ON ELLIPTIC CURVES OF CONDUCTOR N=PQ
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ABsTrRACT. We study elliptic curves with conductor N = pq for p and ¢
prime. By studying the 2-torsion field we obtain that for N a product of
primes satisfying some congruency conditions and class number conditions on
related quadratic fields, any elliptic curve of conductor N has a rational point
of order 2. By studying a minimal Weierstrass equation and its discriminant we
obtain a solution to some Diophantine equation from any curve with conductor
N = pq and a rational point of order 2. Under certain congruency conditions,
this equation has no solutions, and so we conclude that in this situation there
is no elliptic curve of conductor N with a rational point of order 2. Combining
these two results, we prove that for a family of N = pq satisfying more specific
congruency conditions and class number conditions on related quadratic fields,
there are no elliptic curves of conductor N. We use a computer to find all
N < 107 satisfying these conditions, of which there are 67. This work is
similar to and largely inspired by past work on conductors p by Ogg [14, 15],
Hadano [9], Neumann [13], Setzer [17], and Brumer and Kramer [4].
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1. INTRODUCTION

In 1999, after six years of careful labor following the first announcement of Wiles’
breakthrough work, a full proof of the famous Taniyama-Shimura-Weil conjecture
1
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was completed. The conjecture provides a correspondence between elliptic curves
and modular forms with far-reaching implications — for instance, the partial results
of the original paper by Wiles [20] were sufficient to give a proof of Fermat’s Last
Theorem. The conjecture is now known as the Modularity Theorem, and we give
an approximate statement below:

Theorem (Modularity Theorem). Let E/Q be an elliptic curve. Then there exists
a rational map Xo(N) — E where Xo(N) is the classical modular curve and N is
the conductor of E.

Darmon [7] provides a more detailed description of the work leading up to the
full proof as well as an accessible account of the correspondence between weight 2
newforms and elliptic curves implied by the Modularity Theorem. He also offers
further discussion of the proof’s importance in mathematics.

In this work, we will be concerned primarily with the conductors of elliptic
curves, which figure prominently in the statement of the Modularity Theorem.
Indeed, much of the research on the conductors of elliptic curves done between the
late 1960s and the early 1990s was done with an eye toward providing evidence for
the validity of the Taniyama-Shimura-Weil conjecture. The idea was to classify all
the curves of some specific conductors N and then compare that data against the
corresponding data about modular forms - if it did not match up, the conjecture
would be disproven, and if it did match up, then there would be more reason to
think the conjecture true. In particular, a large amount of work was put in to
proving that there were no elliptic curves of certain prime conductors for which it
was already known that there were no weight 2 newforms. In Section 3 we will
discuss some of these results and the techniques used to achieve them.

Many of the results that were proved in order to provide support for the Mod-
ularity Theorem were superseded by its proof. Indeed, even before Wiles’ 1993
announcement, Cremona [6] had already provided effective algorithms to calculate
all isogeny classes of modular elliptic curves of a given conductor, and the Modu-
larity Theorem implies that all elliptic curves are modular and so these algorithms
in fact calculate all isogeny classes of elliptic curves of a given conductor. These
algorithms have been run for all conductors N < 130000 and tables of the results
are available online through John Cremona’s website [5].

However, the study of conductors of elliptic curves has importance beyond just
the verification of the modularity theorem, and there are a variety of questions about
conductors that remain unanswered despite the effective algorithms provided by the
Modularity Theorem. In particular, although the Modularity Theorem provides an
effective method of classifying all elliptic curves of a specific conductor, it does
not allow us to make a statement about the existence or non-existence of elliptic
curves for interesting infinite families of conductors. The goal of this thesis was
to try to expand upon some of the methods used to provide early evidence for the
Modularity Theorem in order to be able to prove such an infinite statement, paying
particular attention to the family of conductors N = pq for distinct primes p and
q. In the end we were not able to provide such a statement. However, by using
methods similar to those pioneered by Ogg [14, 15], Hadano [9], Neumann [13],
and Setzer [17], we were able to prove a non-existence result (Theorem 6.1) for a
family of N = pg where p and ¢ satisfy certain congruency conditions and some
related quadratic fields satisfy certain class number conditions. This family could
be infinite, and indeed by Dirichlet’s theorem the congruency conditions pose no
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obstacle to this, but it is unknown whether or not the class number conditions are
satisfied in infinitely many cases. By running a computer search, we found 67 values
of N < 107 satisfying these conditions. These are listed in a table at the end of
Section 6. Of these 67, only one was less than 130000 and therefore 66 of them are
not contained in Cremona’s Tables. For these 66 values of NV, this non-existence is
a new result.

Before we begin, I'd like to thank Professor Kirti Joshi of the University of
Arizona math department for advising me on this thesis.

2. ErripTic CURVES AND CONDUCTORS

An elliptic curve is a smooth, projective algebraic curve of genus one together
with a distinguished point lying on the curve that we use to define a group law.
Any elliptic curve E can be given as the zero set of a cubic equation with the
distinguished point lying at infinity and if it’s possible to find such an equation
with coefficients in the field K then we say that E is an elliptic curve defined over
K and write E/K. Viewing curves as the zeros of cubic equations, two equations
give the same curve if there is a K-rational change of coordinates taking one to the
other and fixing the point at infinity. The form of an equation for such a curve is
called Weierstrass form and if K is a field of characteristic not equal to 2 or 3 then
any elliptic curve over K can be given by a simplified Weierstrass equation of the
form

(2.1) E:y*=2%+ar+b

with a,b € K and the discriminant 4a® + 27b% # 0 [18].

If E/K is an elliptic curve then the points on E with coordinates contained in an
extension L/K form a group under the group law and we will denote this subgroup
by E(L) [18, ch. 3]. A question of fundamental importance in the study of elliptic
curves is, for an elliptic curve defined over a number field K, what is the group
structure of F(K)? A seminal result, the Mordell-Weil theorem, states that this
group is finitely generated [18, ch. 8]. For elliptic curves over Q, work by Lutz,
Nagell, and more recently Mazur, has firmly established the structure of the torsion
subgroup of E(Q). The question of the rank of F(Q), however, remains relatively
wide open, and more generally the question of the rank of F(K) for any number
field K. The latter is the subject of the Birch and Swinnerton Dyer conjecture,
a Millenium Prize problem and one of the most important unsolved problems in
number theory, which relates the rank of an elliptic curve to the order of the zero
of its associated L-function at s = 1.

Elliptic curves also find significant use in applied mathematics. They are used
heavily in cryptography due to the presumed difficulty of the discrete log problem
on an elliptic curve over a finite field, and in a related vein they are also used in
factoring algorithms and primality tests.

A common technique in the study of elliptic curves over Q is to consider them
as curves over the p-adic numbers - if E/Q is an elliptic curve then we can consider
the group E(Qp). A natural map that arises in this context is the reduction mod p
map: after a change of coordinates we can write an equation for F in Weierstrass
form as in (2.1) with a,b integers, and after taking a “minimal” such equation, we
can reduce the coefficients mod p to obtain a curve E/IFP (indeed, by considering
a more general form of the elliptic curve equation we can find an equation that
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is minimal at all primes). Note that any point on E(Q,) can be written uniquely
as [z : y : z] with each of z, y, and z contained in Z, and at least one in the
units group Z,, and so reduction of the coordinates mod p makes sense and in
fact provides a homomorphism from E(Q,) to E(F,). This restricts to a very
useful homomorphism E(Q) — E(F,) - for instance, we can use it to determine
the structure of the torsion subgroup as it can be shown that if we restrict to the
m-torsion in E(Q) then this reduction mod p map becomes an injection (note that
this is contingent upon E being nonsingular) [18, ch. 7|.

An interesting question to ask is what happens when FE is a singular curve? This
phenomenon is called bad reduction, and can occur in two ways: if F has a cuspidal
singularity then we call it additive reduction and if it has a nodal singularity we call
it multiplicative reduction (the names coming from the fact that singular curves
are isomorphic to either the additive or multiplicative subgroups of the base field).
An elliptic curve can only have bad reduction at finitely many primes, namely
those that divide its discriminant (though it is not necessarily true that an elliptic
curve given by a Weierstrass equation has bad reduction at every prime dividing its
discriminant - it may be possible to make a rational change of variables to obtain
a new Welerstrass equation whose discriminant is not divisible by that prime) [18,
ch. 7]. For an elliptic curve E/Q (or more generally any number field with class
number 1), there is always a Weierstrass form whose discriminant is minimal in the
sense that it divides the discriminant of all other Weierstrass forms for E.

To understand the group structure of E(Q) it is important to understand at
which primes it has bad reduction - for instance, the terms used in defining the
curve’s L-function, which as mentioned earlier is connected to the rank of E(Q),
differ between primes where bad reduction occurs and primes where it does not.

The information about the reduction of an elliptic curve is encoded in an invari-
ant called the conductor. The conductor has an intrinsic definition in terms of the
Néron model [18, Appx. C], but for our purposes we can view the conductor in a
simpler manner: For an elliptic curve E/Q, the conductor N is a positive integer
divisible only by the primes where E has bad reduction. Furthermore, if F has
multiplicative reduction at p then p divides N exactly once, and if E has additive
reduction at p then p?| N and for p > 5 if the curve has additive reduction at p then
p divides N exactly twice [8].

3. PrRIOR WORK

In this section we will make a brief summary of prior work, noting where it has
been superseded by the Modularity Theorem and Cremona’s algorithm.

3.1. Conductors of the form 2™3". Elliptic curves with these conductors were
completely classified before the Modularity Theorem was proven. The most ele-
mentary result, that there is no elliptic curve over Q of conductor 1, can be found
in Ogg [14] where the Diophantine argument given is attributed to Tate. Ogg also
provided the first results for two-power conductors in [14], and in his following
paper [15] he classified curves with conductor 3 - 2" and 9-2". Ogg used a pow-
erful technique whereby he combined the careful study of the 2-division field and
Diophantine analysis; this technique is used in most of the following work. The
full classification is widely attributed to Coghlan in his PhD Thesis, but I cannot
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find enough information to provide a full reference. Hadano [9] has an alterna-
tive approach to conductors of the form 3™, and a complete classification of these
curves can be found in [2, pp. 123-134]. The Modularity Theorem and Cremona’s
algorithm provide alternate proofs for all of these results.

3.2. Prime power conductors. Setzer [17] proved the following existence/non-
existence result:

Theorem 3.1 (Setzer [17]). Let p be a prime s.t. p # 2,3,17. There is an elliptic
curve of conductor p over Q with a rational point of order 2 if and only if p = u? 464
for some rational integer u. If p is of the form u?-+64, there are, up to isomorphism,
Just two such curves.

Slightly weaker but similar forms of this theorem were proven by Hadano [9] and
Neumann [13]. It is unknown whether or not there are infinitely many primes of the
form u? 4 64, so we cannot say whether or not this is supplanted by the Modularity
Theorem. We see here that the hypothesis includes the existence of a rational
torsion point, and in general this greatly simplifies the Diophantine analysis needed.
Indeed, Miyawaki [11] was able to classify all curves of prime power conductor with
at least three rational torsion points. A standard strategy, again stretching back
to Ogg, for showing that no elliptic curves of a certain conductor exists, is to show
that any such elliptic curve must have a rational two-torsion point and then show
that any such elliptic curve with a rational two-torsion point would give rise to a
solution of an insoluble Diophantine equation. This, for instance, is how he proves
the following theorem:

Theorem 3.2 (Ogg [15]). An abelian curve of conductor 10,14,22,30,84,90 has a
rational point of order 2 and there are no elliptic curves of conductor 10 or 22.

Of course, results like this that only apply to a finite lists of conductors are com-
pleted superseded by the Modularity Theorem and Cremona’s algorithm. However,
similar results such as the following, which cover a possibly infinite set of conduc-
tors, remain interesting:

Theorem 3.3 (Setzer [17]). Let p be a prime such that p = £1 mod 8. If the class
numbers of both Q(\/p) and Q(y/—p) are not divisible by 3, then each elliptic curve
of conductor p defined over Q has a rational point of order 2.

Setzer combined Theorems 3.1 and 3.3 in order to prove non-existence of curves of
certain prime conductors, another example of Ogg’s strategy. Brumer and Kramer
[1] also further expanded upon the techniques of Ogg, using the work of Serre
[16] to improve the analysis of the 2-torsion field and also analyze the 3-torsion
field. Their extension of these techniques remains interesting, although the specific
non-existence results they obtained with them are superseded by the Modularity
Theorem. Indeed, their results directly imply our Theorem 4.8, although the proof
we present in this paper is more elementary in that it uses only the basic class field
theory techniques of Ogg and Setzer.

There is another interesting extension of these techniques by Boston:

Theorem 3.4 (Boston [3]). Let N be a prime = 3mod8 such that 3 does not divide
the class numbers of Q(v/£N). Let M be one of the cubic subfields of the unique
cubic extension of Q(v/—N) of conductor (2). Suppose that h(M) is odd and that
the minimal polynomial modulo N of M has a quadratic residue and a quadratic
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non-residue root. Then there is at most one isogeny class of elliptic curve over Q
of conductor N with given trace of Frobenius at 2, as.

Agrawal, et al. [1] provides a classification of the curves of conductor 11, the first
really difficult non-trivial case, but this is obviously superseded by the Modularity
Theorem. Edixhoven, et al. [2] provide some results on curves of conductor p?,
proving most notably the following:

Theorem 3.5 (Edixhoven, et. al [8]). If p is a prime number and p =5 mod 12,
then every elliptic curve over Q with conductor p? is a twist of one of conductor p.

This theorem, combined with earlier non-existence results on curves of conductor
p, allowed them to prove the non-existence of curves of conductor p? for many
primes. These results have been superseded by the Modularity Theorem, but the
theorem itselfs remains interesting, especially if it could be combined with a general
non-existence result on curves of conductor p.

3.3. Conductors of the form 2™p. Hadano provides the following non-existence
results:

Theorem 3.6 (Hadano [9]). If none of the class numbers of the four quadratic
fields Q(v/Ep) and Q(£2p) for a prime p = 3 or 5 mod 8 are divisible by 3, then
there are no elliptic curves of conductor N = 2p.

Theorem 3.7 (Hadano [9]). If none of the class numbers of the four quadratic
fields Q(v/Ep) and Q(£2p) for a prime p = 1 or 7 mod 8 are divisible by 3, then
an elliptic curve of conductor N = 2™p (m > 0) has a rational point of order 2.

In addition, he gives the following classification result:

Theorem 3.8 (Hadano [9]). For any p = 3 or 5 mod 8 satisfying the conjecture
of Ankeny-Artin-Chowla (or its analogy for p = 3 mod 4), all elliptic curves of
conductor N = 2™p" can be effectively determined. If p —2 or p — 4 is a square
number, then the assumption that the conjecture holds can be dropped.

By effectively determined, he means that the problem can reduced to checking
for the existence of solutions to finitely many Diophantine equations. The con-
jecture of Ankeny-Artin-Chowla and its analogy for p = 3 mod 4 can be found in
Mordell’s book on Diophantine equations [12, Ch. 8]. This theorem is in some
sense superseded by the Modularity Theorem and Cremona’s algorithms, as they
also provide a method for classifying all such curves.

4. CURVES WITH NO RATIONAL POINT OF ORDER 2

The goal of this section is to prove Theorem 4.8. We will do so using the methods
of Ogg [14, 15] and Setzer [17], thereby providing a proof of the theorem that uses
only basic class field theory. It should be noted though that this result also follows
directly from the work of Brumer and Kramer [4, Cor. 5.3], who use the machinery
developed by Serre in [16], and in some sense theirs is a more modern approach.

In 4.1 we fix some terminology and develop some basic facts about the 2-torsion
fields of elliptic curves with no rational point of order 2. Our Lemmas 4.1 through
4.5 are lifted directly from Ogg [14, 15] (though they are not all listed as lemmas
there), but we restate and reprove them here for clarity, sometimes also providing
alternate proofs and/or elaborating on the original proofs. In 4.2 we use these
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results to build toward Theorem 4.8 which provides conditions on a product of
primes N = p;...p, that force any elliptic curve with conductor N to have a rational
point of order 2.

4.1. Examining the 2-torsion field. In the sequel let E/Q be an elliptic curve
with no rational point of order 2 and let k = Q(v/A) for A the discriminant of any
Weierstrass form for E. (Note that the discriminants of different Weierstrass forms
differ by powers of 12 so this field is well-defined). Let K = Q(F[2]) where E[2]
is the 2-torsion of F (again note this field is well defined as a rational change of
coordinates sends points of order 2 to points of order 2), and note K is Galois over
Q. If we take a Weierstrass equation for E:

(4.1) E:y? =42 4 bya® + 2byz + b = f(z)

then 16A = d where d is the discriminant of f , so k = Q(v/d). Now, f(z) is
irreducible over Q since any root would give a rational point of order 2, and so, by
standard algebraic result, K, which is obtained by adjoining all of the roots of f,
is a degree 3 cyclic extension of k.

Lemma 4.1 (Ogg). If e, = 1 or 2 for every prime then 3|hy (where e, is the
ramification degree of p in K and hy, is the class number of k) .

Proof. The ramification index of any prime in K over k divides 3, the degree of
the extension. So, since e, = 1 or 2 for every prime in K, all of the ramification
must occur already in k. Thus K is an unramified abelian extension of k& and
we conclude that it is contained in the maximal unramified abelian extension of k
which has order hy. Hence, hy, is divisible by 3. O

Lemma 4.2 (Ogg). If E has multiplicative reduction at p then the ramification
degree of p in K = Q(F[2]) is 1 or 2.

Proof 1 (for p # 2, using only elementary tools). We can pick a Weierstrass equa-
tion 2 = f(x) as in 4.1 minimal at all primes except 2. Reducing over F,, we get
E: g2 = f(x) Now, because the reduction is multiplicative, E,, = F)* so since —1
has order 2 in F,;, there is a non-singular point of order 2 on E, (a,0) where a is a
root of f . Non-singularity implies f’ (a) is non-zero and so this is a simple root in
F, which we can lift to a root of f in Q,. Thus, f either factors completely or into
an irreducible quadratic and a linear factor in Q,. Thus, Q,(E[2])/Q, has degree
one or two and as all of the ramification must occur in the local extension, we see
that the ramification degree of p divides 2. O

Proof 2 (for all p, from Ogg [11]). , Tate [19] shows that (Q,)” /p™? is isomorphic
to E(Qp) . The image of —1 then gives a point of order 2, so we see that K is a
degree 1 or 2 extension of @, where p is a prime above p, and thus the ramification
degree is 1 or 2. |

Lemma 4.3 (Ogg). If E has good reduction at p # 2 then p is unramified in
K =Q(E[2]).

Proof. By [18, Prop VIL4.1], E[2] is unramified at p so I, acts trivially on Q,(E[2])
thus Q,(E[2]) is unramified over Q, so Q(E[2]) is unramified at p. O

Note that the above is really just a specific case of the following result:
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Lemma 4.4. If E has good reduction at p and p ¥ m then p is unramified in
K = Q(E[m]).

Proof. By [18, Prop VIL.4.1], E[m] is unramified at p so I, acts trivially on Q,(E[m])
thus Q,(E[m]) is unramified over Q, so Q(E[m]) is unramified at p.

Lemma 4.5 (Ogg). There is no degree 3 Galois extension of Q,Q(i),Q(v/2), or
Q(v/—2) that is ramified only at the prime above 2.

Proof. Let k be one of these fields and K/k a degree 3 Galois extension. By p
let us denote the prime above 2 (note p = (2) if k = Q and p? = (2) otherwise).
Note k has class number 1 and residue field Fy at p, and since K is ramified only
at p among finite places, K has modulus p"m., where my, is some set of infinite
places. So, Galg/, is some quotient of the ray class group Cljfnm“. Since O
is a principal ideal domain, this is just the elements of k with v,(a) = 0 mod
elements of o € k s.t. 7(a) > 0 for 7|ms and o = 1 mod ™. Thus there are
exactly 2° - 277! classes in C’lfnm‘x’ where s is the number of real places dividing
Moo because #0Oy /" = ¢(2") = 2771, So, Galg y, is a 2-group, contradicting that
it has degree 3. O

4.2. Forcing a rational point of order 2.

Lemma 4.6. Let py,...,p, be distinct odd primes and let N = 2 - p1...p,. Suppose
E/Q is an elliptic curve of conductor N with no rational 2-torsion point and let
k = Q(V/A) where A is the discriminant of E. Then 3|hy where hy is the class
number of k.

Proof. Let K = Q(FE]2]) so that K/k is cubic. Now, for p # p;, 2 we have that F
has good reduction at p so by Lemma 4.3 p is unramified in K. For p = p;, 2, F
has multiplicative reduction at p, so by Lemma 4.6 e, = 1 or 2. Since all primes
have ramification degree 1 or 2, by Lemma 4.1 we obtain 3|hy. (]

Lemma 4.7. Let N = py...p, be a product of distinct primes p; = +1 mod 8.
Suppose E/Q is an elliptic curve of conductor N with no rational 2-torsion point
and let k = Q(v/A) where A is the discriminant of E. Then 3|hy where hy, is the
class number of k.

Proof. Let K = Q(E[2]) so that K/k is cubic. As in the proof of Lemma 4.6, for
D # p;, 2 we see that p is unramified in K and for p = p; we see that e, =1 or 2.
So, it remains to show that the ramification degree at p = 2 is 1 or 2 before we can
apply Lemma 4.1 to finish the proof.

First we suppose K/Q is a degree 3 extension. Then we see that for p # 2, K
is unramified at p since e, = 1 or 2 from above but e,|3 since K/Q is Galois. But
then K is a cubic cyclic extension of QQ ramified only at 2, contradicting Lemma 4.5.
So, we conclude K/Q is a degree 6 extension. Now, let us enumerate the possible
factorizations of (2) in K with ramification degree greater than 2:

(2) = P?» f =2
(2) = p?a f =1

(2) = lp3 f=1
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Where f is the degree of the residue field extension. Now, we can immediately
exclude the bottom two possibilities: e,|(p?)? (p/ — 1) for some j and thus for p = 2
and f =1, 31ep. So, if we can show that (2) either splits or ramifies in k then we
will be done (if it has ramification degree 2 in k then it has ramification degree 2
or 6 in K).

To that end, let m be the squarefree part of A. Then, possibly after renumbering,
m = +p;...p; for some [ < n, and k = Q(y/m). Then we know m = +1 mod 8. If
m = —1 mod 8 then m = 3 mod 4 and 2|disck so 2 ramifies in k. If m = 1 mod 8
then 2 t disck but (2) splits in & (see, e.g., [10, pp. 57-58]). O

Theorem 4.8. Let N = p;...p, be a product of distinct primes such that either
pi = 2 for some i or p; = £1mod 8 for all 1 < i < n and suppose that for any
m = £p; ..y, 1 < i1 < ia < ... < i < n the class number of Q(y/m) is not
divisible by 3. Then any elliptic curve over Q of conductor N has a rational point
of order 2.

Proof. Suppose we have an elliptic curve E of conductor N with no rational points
of order 2. By either Lemma 4.6 or Lemma 4.7, 3|h), where k& = Q(v/A). But
Q(VA) = Q(y/m) for m as in the statement of the theorem or m = +1, and none
of these have class number divisible by three, so we obtain a contradiction. O

5. CURVES WITH A RATIONAL POINT OF ORDER 2

Suppose that E is an elliptic curve with conductor N = pq for distinct odd
primes p and ¢ and also that E has a rational point of order 2. Our initial goal
will be to use this curve to produce a solution to some diophantine equation, which
we will do by examining the discriminant of a minimal Weierstrass equation for F.
For the initial set up in 5.1 we follow Setzer, et al. [L7, Sec. 2] closely, though we
elaborate on several points in the interest of clarity. Afterwards, in 5.2 we restrict
the equations that can arise further using ideas similar to those of Setzer, et al. [17,
Sec. 2], although the addition of a second prime factor makes the analysis much
more complicated. Finally, in 5.3 we show that under certain congruency conditions
on p and ¢ none of these equations have solutions and therefore there cannot be an
elliptic curve of conductor N with a rational point of order 2.

5.1. Diophantine Setup . Consider a minimal model for E:
y2 + a1y +asy = x>+ a2x2 + asT + ag

with discriminant Ag = £p®¢® where 1 < a, 3. By the change of coordinates
1 1
!

y = g(y*aﬂ’*‘las)a a’ = 1"

this curve is also given by
y'? = 2" + boa' + 8byx’ + 16bg

where the by are the standard invariants

by = CL% + 4ao
by = aias+ 2a4
bg = a% + 4ag

and the discriminant of this equation is 2'2A,.
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Now, since 2 ¥ N, the reduction at 2 must be non-singular, and so, since every
Weierstrass model over Fy with a; and a3 equal to 0 gives a singular curve, we see
that at least one of a; and as is odd. Suppose a; is even and agz is odd. Then,
4|by, 2|bg, and 2 1 bg. Now, we know that there is a rational point of order 2, and
so there is a rational root of the polynomial

(5.1) a3 + b2$/2 + 8b4$/ + 16bg

and in particular there is a root of this polynomial in Q,. However, vy(16bg) = 4,
v2(8byg) > 4, and vy (b2) > 2, and therefore, by considering the Newton polygon, we
conclude that this polynomial has exactly three roots in Qo of valuation 4/3, and
thus none of these roots lie in Qo, giving us a contradiction. So, we must have that
ap is odd. This gives us that

(5.2) by =1mod4, bg=0or 1mod4, and by = bsgmod?2
Now, let ¢ be a rational (and thus integral) root of
2’3 4 by’ + 8byx’ + 16bg
Then by the substitution 2’ = X +¢ and ' =Y + ¢ we get a new equation for E

(5.3) Y?=X3+AX?+ BX
where

A = by+3t

B = 3t%+ 2bot + 8by

Now, since t is a root of 5.1, considering the equation mod 8 we see
t3 4 bot? = 0mod 8

and thus t = 0 or — by mod 8. Now, if ¢ = 0 mod 8, plugging this in to 5.1 we see
bg = 0 mod 2 and thus by = 0 mod 2 by 5.2. So, combining this with the other
conditions in 5.2 we find A = 1 mod 4 and B = 0 mod 16. On the other hand, for
t = —bymod 8 we obtain A = 6mod8 and B = 1mod&, and so we have deterimined

that either:
A=1mod4 and B =0mod16

or
A=6mod8 and B =1modS8

Now, since the change of coordinates we made to obtain 5.3 was a translation,
the discriminant did not change, and so we conclude

16B%(A% — 4B) = 2'2A,

SO

(5.4) B%(A? —4B) = +28p°¢°

Furthermore, F has multiplicative reduction mod p and ¢, and thus Y? = X3 +
AX?+ BX has a double root but not a triple root mod p and mod ¢ so we conclude
that each of p and ¢ can divide only one of A and B.

Lastly, suppose « is odd. Then if p| B we see that p|A and thus, since p cannot
divide both, p { B. Similarly if 8 is odd ¢ { B.

We conclude that E gives rise to a solution of Equation 5.4 under all of these
conditions, which we will summarize below at the start of 5.2.
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5.2. Diophantine Solutions . We have established that F gives rise to a solution
of the following equation:

B(A?% — 4B) = £28p“¢® where

1<a,0

p and g each divide at most one of A, B,

if visodd pt A and if 8 is odd ¢t B, and

either A =1mod4 and B=0mod 16 or A = 6 mod 8 and B =1 mod 8

To further refine the possibilties, we will break down into cases:

If o and 3 are both odd, then B = 2% for 0 < k < 4 and we see that, by the
congruency conditions on B, B =1 or B = £16. We consider these cases based on
the sign of the right hand side of the equation:

A() >0:
If B =1 then A? — 4 = 256p~¢”. Letting C = A — 2,
C(C +4) = 256p“¢”

and since the only prime that can divide both C and C'+ 4 is 2 and C =
4mod 8 we see C' = 2%p® and C + 4 = 26¢P, possibly after swapping p and
q. And thus 4 = 26¢°% — 22p | so we get 1 = 2%¢% — p® or 1 = 24p™ — ¢,
If B =16 then A% —64 = p®¢® so (A—8)(A+8) = p®¢” and since the only
prime that can divide both A—8 and A+8 is 2, we conclude [p® —¢°| = 16.
If B = —16 then A% + 64 = p*¢P°.

Ag<O0:

e If B =1 then A% — 4 = —256p~¢” which has no solutions.
e If B =16 then A%2 — 64 = —p®¢” so, since we are only considering p and ¢

not equal to 2 and we must have A = 1 mod 4, by enumeration we see the
only solutions with o and 3 odd are (—3)? —64 = —5-11, 52 —64 = —3-13,
and (—7)%2 — 64 = —3-5.

If B = —16 then A% + 64 = —p®¢®, which has no solutions.

If a is odd and 3 is even, then B = +2%¢" and in fact we see b = (3/2 or 0 because
otherwise ¢ divides both A and B. By the congruency conditions we see that either
B = +16, B = 1, B = +16¢%/2, or B = +¢°/? (the last occurring only when
+¢%/? = 1mod 8). We consider these cases based on the sign of the right hand side
of the equation:

Ag>0:
If B=1,4+16 , we obtain the same equations as above in the case of o and
B both odd except we add a solution to the case A2 — 64 = —p®¢? with
12—-64=-3%-7.
If B =16¢"/2, then A% — 64¢°/% = p°.
If B = —16¢%/2, then A% + 64¢°/? = p*.
If B = ¢%/2 then A% — 4¢%/? = 256p®.
If B= —¢f/? then A% + 4¢°/2 = 256p®.
Ay <O0:
If B=1,+16 , we obtain the same equations as above in the case of a and
(3 both even.
The rest are as with Ag > 0, but with negatives on the right hand side.
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If a is even and (3 is odd, then this is equivalent to the above case with p and ¢
swapped. If both o and 3 are even then B = £2Fp® or B = +2¥¢" where again
we see that ¢ = /2 or 0 and b = (3/2 or 0 because otherwise p or ¢ would divide
both A and B. So, we reduce to the same equations as for o odd and 3 even or
vice versa.

In summary, we have proven the following;:

Theorem 5.1. If there is an elliptic curve of conductor N = pq and minimal
discriminant £p®q® with a rational point of order 2 for p and q odd primes, and
pq s not one of 15,21,39, and 55, then one of the following diophantine equations
has a solution:

Equations a and B values (1 < «,3)

(1) 1=2%% —p* or 1 =2%p> — ¢° all

(2) Ip® —q°| = 16 all

(3) A% + 64 = p~q°® all

(4a) A? £ 64¢°/% = £p© 3 even, all o

(5a) A% — 4¢°/% = £256p°, 6 even and ¢°/? = 1mod 8, all o

(6a) A% + 4¢°/% = £256p° B even and ¢%/? = —1mod 8, all o
(4b) A? £ 64p/? = +¢° « even, all B

(5b) A? — 4p*/? = +256¢° a even and p®/?> = 1 mod 8, all

(6b) A% + 4p*/? = £2564¢° a even and p*/? = —1mod 8, all 8

5.3. Non-existence of curves with a rational point of order 2.

Proposition 5.2. Suppose p and q are distinct primes such that p,q = 1 mod 3,
p,qg = 1mod 5 and p,q = 3mod 4 but p €< q > where < q > is the subgroup
generated by q in (Z/16Z)*. Then there is no elliptic curve of conductor pg with a
rational point of order 2.

Proof. By Theorem 5.1 it suffices to show that there is no solution to any of the
diophantine equations listed in the table therein.

From the equations in (1), we obtain 1 = 0 mod 3, a contradiction.

From the equations in (2), we obtain p® = ¢ mod 16. With our conditions on
p, ¢ mod 16, this can only happen when o and 3 are both even. So, if p* > ¢°, we
obtain

pT=16+¢" = (4+i¢")(A—i ")

and so we see that since p is prime in Q(i) (p = 3 mod 4), both of 4 + i - g%/ are
powers of p, which clearly cannot be. We obtain a similar contradiction if ¢® > p®.
From equation (3), we obtain

(A+8i)(A—8i) = p°¢°
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but since p = 3 mod 4 it is prime in Q(4) and thus since clearly it cannot divide
both A+ 8 and A — 8i , one of them is equal to p®. But then the other is equal to
¢° and in particular they are both rational integers, which cannot be.

From the equations in (4a/b),(5a/b), and (6a/b), we obtain either that a positive
number is equal to a negative number, that 2 is a square mod 3, or that 2 or 3 is a
square mod 5, all of which give contradictions. ([l

6. NON-EXISTENCE OF ELLIPTIC CURVES WITH CERTAIN CONDUCTORS pgq

Here we combine the results of the two previous sections to prove a general
nonexistence result on elliptic curves of conductor N = pq for certain p, q.

Theorem 6.1. Suppose p and q are distinct primes such that p = 7mod 16, g =
15mod 16, and p,q = 1mod 15. Suppose furthermore that none of the class numbers
of Q(v/Ep), Q(v/£q), and Q(v/E£pq) are divisible by 3. Then there are no elliptic

curves of conductor pq.

Proof. By Theorem 4.8, any such curve will have a rational point of order 2, but
by Proposition 5.2 there is no such curve with a rational point of order 2. (|

The following table lists all 67 of the N = pq less than 107 to which Theorem
6.1 applies. In particular, we note that only one of these is less than 130000 and
thus the rest are not contained in John Cremona’s tables [5]. The source code for
the SAGE program we used to find these is contained in Section 8.

N p q
40921 151 | 271
149641 | 151 | 991
171001 | 631 | 271
403321 | 151 | 2671
496201 | 1831 | 271
548281 | 151 | 3631
625321 | 631 | 991
626281 | 2311 | 271
691321 | 2551 | 271
693241 | 151 | 4591
928201 | 631 | 1471
951481 | 3511 | 271
1055641 | 151 | 6991
1454281 | 151 | 9631
1635481 | 151 | 10831
1671721 | 151 | 11071
1685401 | 631 | 2671
1814521 | 1831 | 991
1889161 | 151 | 12511
2179081 | 151 | 14431
2252281 | 8311 | 271
2432761 | 151 | 16111
2528041 | 2551 | 991
2650201 | 151 | 17551
2693401 | 1831 | 1471
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3338761 | 151 | 22111
3479401 | 3511 991
3748201 | 13831 | 271
3752521 | 2551 | 1471
3943321 | 14551 | 271
4172281 | 151 | 27631
4317241 | 151 | 28591
4715881 | 151 | 31231
4890601 | 1831 | 2671
4906441 | 4951 991
5164681 | 3511 | 1471
5331961 | 151 | 35311
5730601 | 151 | 37951
5803081 | 151 | 38431
5925721 | 631 9391
6077161 | 631 9631
6095641 | 6151 991
6172681 | 2311 | 2671
6349801 | 23431 | 271
6414841 | 23671 | 271
6648361 | 1831 | 3631
6813721 | 2551 | 2671
6985801 | 631 | 11071
6999001 | 151 | 46351
7071481 | 151 | 46831
7390441 | 27271 | 271
7780681 | 28711 | 271
7832521 | 151 | 51871
8122441 | 151 | 53791
8235961 | 30391 | 271
8267401 | 151 | 54751
8406121 | 1831 | 4591
8412361 | 151 | 55711
8651641 | 631 | 13711
8774761 | 151 | 58111
9105961 | 631 | 14431
9262681 | 2551 | 3631
9341641 | 34471 | 271
9377881 | 3511 | 2671
9572041 | 151 | 63391
9666841 | 35671 | 271
9731881 | 35911 | 271

7. FUTURE WORK

There are some obvious avenues to explore in future work:
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e We could further examine the Diophantine equations given by Theorem
5.1 in order to find more conditions beyond just those of Proposition 5.2
under which they have no solutions. In particular, it would be useful to
have a result such as the one by Hadano which we restated in Theorem 3.8,
that is to say a result that under certain conditions allows us to bound the
exponents appearing in the equations of Theorem 5.1 so that we can reduce
to checking for solutions of only finitely many equations. We note here
that we have some weak evidence that this may be possible: by examining
the data in Cremona’s tables [5] we find that there is only one conductor
N = pg < 130000 for p and g odd primes such that there is an elliptic curve
of conductor N with a rational point of order 2 but no solution to one of
these diophantine equations for exponents < 12 (this is N = 3 - 33937, for
which we have to go up to discriminant 326 - 33937).

o We could try to extend the results of Edixhoven, et al. [8] in order to show
that for some of the p and ¢ to which our results apply there are also no
curves with additive reduction at p and/or q.

e We could investigate the conditions under which quadratic fields will have
class number three in order to at least give a conjecture or heuristic argu-
ment on the density of conductors N to which Theorem 6.1 should apply.
There is a reasonable amount of literature on class number divisibility that
we have yet to examine.

8. SOURCE CODE

Here we present the source code for the SAGE program that we used to find all
N = pq < 107 to which Theorem 6.1 applies (the table of these N follows Theorem
6.1). We note that we were able to run this search on a small netbook computer in
around 15 minutes, and so it would certainly be possible to go up to a much higher
number.

% Search up to R for prime pairs satisfying
% the congruency conditions
R=10000000;
L=[1;
for p in prime_range(3,R):
if (mod(p,15)==1) and (mod(p,16)==T7):
for q in prime_range(3,R/p):

if (mod(q,15)==1) and (mod(q,16)==15):
L.append((p,q));
% List the primes occurring in the prime pairs
P=[];
for pair in L:
if not (pair[0] in P):
P.append (pair[0]);
if not (pair[1] in P):
P.append(pair[1]);
% Find the primes that satisfy the class number conditions
GoodPrimes=[];
for p in P:



(1]
2]
(3]
[4]
(5]
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pos=QuadraticField(p,’x’).class_number();
neg=QuadraticField(-p,’x’).class_number();
if (not (mod(pos,3)==0)) and (not (mod(neg,3)==0)):
GoodPrimes.append (p) ;
% Find the pairs that satisfy the class number conditions
% Output GoodPairs will be our final list
GoodPairs=[];
for pair in L:
p=pair[0];
g=pair[1];
if (p in GoodPrimes) and (q in GoodPrimes):
n=p*q;
pos=QuadraticField(n,’x’).class_number();
neg=QuadraticField(-n,’x’).class_number () ;
if (not (mod(pos,3)==0)) and (not (mod(neg,3)==0)):
GoodPairs.append((n,p,q));
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