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ABSTRACT 

In this dissertation, first the experimental and theoretical ob

servations on the deformational characteristics of brittle geomaterials 

are reviewed and discussed. A basic conclusion is that special features 

such as strain softening can not be considered as true material (con

tinuum) properties. These conclusions created a renewed emphasis on the 

constitutive modelling of such materials. 

A model that accounts for structural changes is developed. Such 

changes are incorporated in the theory through a tensor form of a damage 

variable. It is shown subsequently that formation of damage is respon

sible for the degradation in strength (softening) observed in 

experiments, for the degradation of the elastic shear modulus and for 

mechanical, damage induced anisotropy. A generalized plasticity model 

is incorporated for the so-called topical or continuum part of the be

havior, whereas the damage part is represented by the so-called 

stress-relieved behavior. 

The question of uniqueness in the strain-softening regime is 

examined. It is shown that the constitutive equations lead to a unique 

solution for the case of rate dependent as well as rate independent 

formulation. Its implementation in finite element analysis shows mesh 

size insensitivity in the hardening and softening regimes. 

ix 



The general theory of bifurcation of differential equations is 

employed in order to study the effect of damage accumulation on forma

tion of narrow, so-called shear bands. It is shown that as the damage 

accumulates, the material approaches localization of deformation. 

x 

The theory of mixtures is employed for further theoretical es

tablishment of the proposed model. Energy considerations show the 

equivalence of the two-component damage body to an elastoplastic body 

containing cracks; the equivalence is considered in the Griffith sense. 

The mechanisms of failure are considered and discussed with respect to 

multiaxial stress paths. An explanation of failure, at the micro level, 

is given. 

The material constants involved in the theory are identified and 

determined from available experimental data. The model is then verified 

by back-predicting the observed behavior. 



CHAPTER 1 

INTRODUCTION AND SCOPE 

1.1 General 

Modelling for stress-deformation behavior of (engineering) 

materials plays an important role in providing meaningful and reliable 

results from solution procedures. The importance of material modelling 

has increased with the development of more sophisticated analysis tools, 

in particular computer-based numerical schemes. Often the applied 

loading on structures induces complex responses such as high inelastic 

strains, volume changes, cracking and fracturing. The influence of in

elastic response becomes more prominent in the case of materials that 

are influenced by factors such as micro crack initiation, micro crack 

propagation, microcrack joining, induced anisotropy, friction and 

cohesion. 

In the context of continuum mechanics, material modelling is 

termed constitutive modelling or constitutive laws. In general terms, 

a constitutive law is a mathematical model that describes material be

havior. 

The general principles of continuum mechanics such as conserva

tion of mass, conservation of momenta, and the laws of thermodynamics 

are applicable to all materials, irrespective of their constitution. 

These principles are not sufficient in providing a solution procedure 

1 



for the response of a body under external loading. Additional mathe

matical equations that connect the static (e.g., force, stress) and the 

kinematic (e.g., displacement, strain) variables are needed. The con

stitutive model provides these additional equations. 

The simplest constitutive laws used in engineering are linear 

elastic such as Hooke's law. A theory of this type describes a limited 

class of materials since most engineering systems are nonlinear and in

elastic. For this reason, more complex groups of constitutive laws 

have been developed. The requirements that a model must satisfy can be 

categorized as follows: 

1. Consistency with material test data 

2. Consistency with the laws of mechanics 

3. Mathematical proper posedness. 

The final goal is prediction of the material behavior repre

sented through test data. This goal though must be achieved in such a 

way that requirements 2 and 3 are not violated. If 2 and 3 are vio

lated, then the material model is meaningless! 

The primary objective of this study is to develop a basic and 

simplified realistic material model such that it can capture some im

portant features of the behavior of geomaterials. One of these features 

is strain softening which can be defined as degradation of strength 

under increasing straining after a peak strength has been reached. This 

dissertation concentrates mainly on the theory for strain softening, in

cluding its analysis and implementation. 

2 



1.2 Objective of Investigation 

In general terms, the objective of this investigation is to 

study the behavior of geomaterials under general three-dimensional 

loading conditions. Problems related with the "post peak" or softening 

part of the behavior are addressed and correlated to structural changes 

in the material. Both experimental and theoretical viewpoints are 

cons idered . 

The objectives of the present work can be summarized as follows: 

i) To review the existing theoretical and experimental 

literature. Experimental observations give light to 

some special features of material behavior in the 

softening regime. Models based on elasticity, plas

ticity, damage and other existing theories are also 

reviewed. 

ii) To develop a general, basic and realistic model that 

can capture softening and effects of structural 

changes. 

iii) To determine the material constants associated with 

the model using laboratory test data for typical en

gineering (geo) materials. 

iv) To analyze the model with respect to criteria such 

as uniqueness and stability. The main focus is 

uniqueness in the softening regime and study of bi

furcation points. 
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v) To implement the proposed constitutive model to 

numerical (finite element) procedures and study 

the stability of the procedure in the softening 

regime. 

vi) To verify the proposed model with respect to 

laboratory test data. As mentioned previously, 

the constants associated with the model are de

termined from laboratory tests. These constants 

then are used in a numerical integration procedure 

to back-predict the observed response of the 

materials. 

vii) To propose an extension of the approach to friction 

conditions such as interfaces and joints. Joint 

testing is given due consideration. The coupling 

of shear and normal behavior is analyzed. 

1.3 Summaries of Various Chapters 

Following the introduction and scope chapter, Chapter 2 reviews 

the existing literature. Here important experimental and theoretical 

viewpoints are considered. A large part of Chapter 2 is devoted to the 

review of recent literature, particularly damage-based models. 

Chapter 3 describes, in detail, the proposed theory which in

cludes modelling of strain softening behavior. The effect of damage 

accumulation and its consequences are described and discussed. 
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Elastoplasticity involved in the theory plays an important role 

in the formulation. The generalized plasticity-based hardening model 

used in this study is described in Chapter 4. 

Chapter 5 outlines the procedure for determining the material 

constants. Damage-related and elastoplasticity-related constants are 

considered. The values of constants determined from tests on engi

neering materials are given. 

Chapter 6 is devoted to the analysis of the proposed model. 

5 

The question of uniqueness is examined for the rate dependent and the 

rate independent formulations of the model. It is shown that the pro

posed model leads to a unique solution in the hardening and softening 

regimes. Verification of the uniqueness attribute is considered with 

respect to a numerical implementation and subsequent solution of 

boundary value problems. 

Chapter 7 considers the verification of the model with respect 

to laboratory test data. For this purpose, a numerical integration 

routine is used. Details of the materials considered for verification 

are given. 

Chapter 8 proposes an extension of the damage model to friction 

conditions such as interfaces and joints. Damage and its consequences 

such as coupling of shear and normal behavior is considered. Importance 

of testing and testing procedures using a cyclic multi-degree-of-freedom 

device is an important part of this chapter. 



Finally, a summary of the current work, conclusions, recommen

dations for extensions and modifications of the proposed model are 

presented in Chapter 9. 
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CHAPTER 2 

REVIEW OF EXISTING LITERATURE 

In this chapter, a short review of literature is given. The 

review is limited to literature related to the behavior of geomateria1s 

with emphasis on the strain-softening. The physical bases of strain 

softening are explored and a review of proposed theories follows. 

2.1 Experimental Observations 

There are a number of materials such as concrete, rock and 

soils which exhibit a phenomenon termed as strain softening. Strain 

softening may be loosely defined as decrease in strength during 

progressive straining after peak strength value has been reached. 

Until recently, strain softening has been generally viewed as a true 

material (continuum) property and incorporated into constitutive models 

based on continuum theories. 

A basic hypothesis in constitutive modelling is the concept of 

a continuum in which stress, strain, density, etc., are assumed to be 

defined at every point in the continuum. Under this assumption, mate

rial properties can be determined from tests on finite sized specimens 

undergoing homogeneous stress and strain. As the stress and strain de

viate significantly from homogeneity, the observed behavior may no 

longer represent (continuum) material properties. Due to difficulties 

in identifying the influence of such nonhomogeneities, it is often 
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ignored, and the observed load-deformation relations of finite sized 

specimens are "translated" as stress-strain relations. However, in

fluence of the nonhomogeneity can be very important in interpreting 

certain type of behavior such as strain softening. There is experi

mental evidence indicating that strain softening is not a material 

property of concrete, soil, or rock treated as continua, but rather the 

performance of a structure (e.g., of a finite size specimen) in which 

the individual components such as microcracks, joints and interfaces 

result in an overall loss of strength with progressive straining. The 

physical nature of strain softening in geomaterials has been examined in 

the literature from experimental studies. 

Most strain softening data come from uniaxial (unconfined) com

pression and triaxial compression laboratory tests in which the axial 

strains are applied under displacement (strain) controlled loading. 

During the test, the axial force F varies with the controlled displace

ment u. The function F (u) is then translated to a "stress-strain" 

relation by means of 

a = F/A (2.1 ) 

e: = u/L (2.2) 

where a and e: are the stress and strain, respectively, and A and L are 

the (undeformed) cross-sectional area and length of the specimen, re

spectively. Under this condition, curves such as that shown in 

Fig. (2.1) are obtained, where the following features are depicted: 



Shear 
Stress 

Dilation 

Volume 
Strain 

Compaction 

Strain 

(a) Stress-Strain Behavior 

Strain 

(b) Volumetric Behavior 

Fig. 2.1 Schematic of Exp~rimental Curves for Concrete 
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(1) softening under monotonic shear loading, (2) shear stiffness de

gradation under progressive loading and (3) strongly dilatant behavior. 

The validity of using Eqs. (2.1) and (2.2) depends on the 

satisfaction of the following conditions: (1) the test specimen must 

be homogeneous, (2) a homogeneous state of stress must exist in the 

specimen during the test and (3) no significant changes in the geometry 

of the specimen occur during the test. If any of these conditions are 

not met, the force-displacement relation can not be transformed to 

stress-strain relation by means of Eqs. (2.1) and (2.2). 

Several experiments which consider these aspects in depth have 

been performed on different geomaterials. Read and Hegenier (1985) and 

Sandler (1985) have recently discussed and reviewed such issues. Hudson 

et al. (1971) performed unconfined compression tests on marble speci

mens. Cylindrical specimens of various sizes and length over diameter 

(LID) ratios were tested. The testing strain rate was "slow" and con

stant for all specimens. They found that, in general, the portion of 

the apparent stress-strain curve up to the peak is generally unaffected 

by variations in specimen geometry and size, while the descending 

branches are strongly dependent upon them. Also, it was found that 

structural breakdown of the specimens and subsequent progressive failure 

began at about 50 percent of the peak strength. As a result of the in

homogeneity of the material at the microscopic level, local tensile 

stresses aligned with the loading axis are developed. These tensile 

stresses produce microcracks that grow parallel to the major loading 

axis. As the loading continuously increases, the microcracks align in 



the vertical direction which results in slabbing of the material from 

the specimen's lateral surfaces, as illustrated schematically in 

11 

Fig. (2.2). In general, the density of the axial cracks is higher at 

the center of the specimen's length. This is because the restraints at 

the specimen ends, due to friction, inhibit crack growth near the 

specimen ends where the effect of interface between the loading platens 

and the specimen ends are predominant; this is particularly true for 

long specimens. In the short specimens, microcracks appear to be uni

formly distributed over the entire specimen length. The slabbing (also 

called bursting) of part of the specimen reduces the cross-sectional 

area of the intact (healthy) material. Thus, the stress distribution 

in a cross section is not uniform. In the load-bearing cross-sectional 

area of the specimen, denoted by A in Fig. (2.2), the stress is rela

tively high, while the stress in the slabbed area is diminished. For 

specimens with small LID ratios where D = diameter of the specimen, the 

slabbing of material from the lateral surface does not significantly 

reduce the effective load-bearing area, and in this case a ~ A. For 

long specimens, the true cross-sectional area is reduced significantly 

during the test. The effect of this drastic reduction is strain soft

ening in the overall response of the specimen. 

Hallbauer et ale (1973) performed a series of triaxial com

pression tests on a quartzite. The specimens used were cylindrical 

with LID = 3 and they were jacketed in thin copper tubes so that lateral 

expansion was resisted significantly by the increasing confinement. The 



( A • 

Slabbed 

Slabbed 
Material 

(M:teri~l 

A 

LARGE LID RATIO 

a a = Fla 

Strain Softening 

a = 

£: 

SMALL LID RATIO 

a 

Fig. 2.2 Effect of Slabbing and Specimen G~ometry 
on Stress-Strain Curves (After Sandler, 
1984) 
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purpose was to determine the changes in the structure of the material 

that took place progressively as the rock was compressed to failure. 

Special consideration was given to the zone in the vicinity of the peak 

of the load-displacement curve. This was accomplished by stopping the 

tests at several points along the strain path. After unloading, the 

specimens were removed and sectioned for microstructural examination 

and progressive failure diagnosis. The results obtained can be 

summarized as follows: Little damage occurs until the stress reaches 

about 80 percent of its peak value. After increasing the stress from 

80 to 90 percent of the peak and thereafter, a rapid extension of micro

cracks occurred. The degradation of the load carrying capacity was 

attributed to the failure of existing partially fractured material. On 

the basis of this evidence, it may be concluded that the softening part 

of the stress-strain curve is the result of the propagation of fracture 

planes and subsequent formation of a macroscopic fracture plane through 

the entire specimen. After the peak, the specimens were in the process 

of splitting (bursting) and, therefore, were not homogeneous continua. 

Studies relating the shape of the stress-strain curve of plain 

concrete to the type and extent of internal micro cracking were performed 

by Hsu et al. (1963), Shah and Slate (1965), Maher and Darwin (1982) and 

Van Mier (1984). They investigated the consequences of progressively 

increasing macroscopic fracture and material sliding in the overall 

stress-strain curves for plain concrete. Hsu et al. investigated plain 

concrete cylinders axially compressed over a range of strains from 0.0 

to 0.003. Frictional effects between platens and specimen were 
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minimized since the cylinders were greased. The crack observations 

in the deformed specimens were achieved by two methods. In the first 

method, the specimen was cut, the cracks were filled with colored dye, 

and the cracked specimen was examined under a microscope. In the second 

method, a thin slice was cut and removed from the deformed cross section 

and then examined by using X rays. For both the above methods, the 

shape of the stress-strain curve was correlated to the internal micro

cracking morphology. For concrete, microcracks can, in general, be 

categorized as: (1) interface cracks between aggregate and mortar, 

termed bond cracks, (2) cracks through the mortar and (3) cracks through 

the aggregate. Due to shrinkage, band cracks exist before any load is 

applied to plain concrete. Mortar cracks initiate and propagate when 

increasing load is applied. At all stages of straining, the total ex

tent of mortar cracking is considerably less than that of bond cracking 

(Hsu et al. 1963) and at about 70 percent of the ultimate (peak) load, 

the stress-strain curve begins to curve more sharply towards the hori

zontal, indicating the beginning of internal breakdown. On the 

descending branch of the stress-strain curve, the specimen is exten

sively cracked, the amount of cracking being greater with increasing 

slope of the curve. As Shah and Slate (1968) concluded, " .•. when a 

continuous crack pattern has developed extensively, the carrying ca

pacity of concrete decreases and the stress-strain curve begins to 

descend. II It appears that increase in straining increases the disin

tegration of the material and the inhomogeneity of deformation. 
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Additional noteworthy experimental results are that of Brady et 

ale (1973), Hettler and Vardoulakis (1984), Drescher and Vardoulakis 

(1982). Brady et ale conducted an interesting study of the unconfined 

compression behavior of several rocks. Each specimen was loaded to a 

preselected position along the post peak branch of the curve, then un

loaded and cast in hydrostone. After that, it was "sliced" at half-inch 

slices normal to the main loading axis, and the resulting disks were 

smoothed. The disks were impregnated with fluorescent dye to reveal the 

cracked portions of the cross sections. The assumption that the load 

was carried essentially by the uncracked cross section was made. Under 

this assumption, the true stress-strain curve under uniaxial compression 

was determined and it was found that: (1) there is a maximum true 

stress that the intact material can sustain without extensive inelastic 

deformation, and (2) the maximum true stress does not change with axial 

strain. 

Most information on strain softening of soils comes from con

ventional triaxial compression tests on dense specimens. As pOinted out 

by Hettler and Vardoulakis (1984), experiments with "perfect" homoge

neous material cannot insure, in general, homogeneous deformation since 

various modes of nonhomogeneous modes do develop. The modes of non

homogeneous deformation considered by Hettler and Vardoulakis (1984) are 

shown in Fig. 2.3. 

Studies by Drescher and Vardoulakis (1982) clearly establish 

that when sand is deformed homogeneously in triaxial compression, very 
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little or no softening occurs for axial strains of at least 10 percent. 

For larger strains, instability (bifurcation) develops, producing sub

sequent nonhomogeneous deformation accompanied with strain softening. 

The above-mentioned experimental observations conclude that 

strain softening may not be a material property of concrete, rock or 

soil treated as continua, but rather the performance of a structure 

(finite sized specimen) composed of microcracks, joints and interfaces 

that result in an overall loss of strength. 

In the above, part of experimental observations regal'ding the 

strain softening in geomateria1s were surveyed. Noteworthy experimental 

works related to the subject of micro cracking and fracture are briefly 

discussed subsequently. 

Progressive failure of brittle soft rock in triaxial compressive 

tests were considered by Sture and Ko (1978). Multiple stick-slips were 

found in the strain softening branch. Also, it was concluded that 

strain softening is confined to the jOint developed (shear band) and its 

immediate vicinity, while the rock masses between the joints continue to 

behave in an elastic manner. 

Test results obtained by Carrasquiblo et al. (1981 a, b) show a 

delayed crack-formation process for high-strength concrete when compared 

to low-strength concrete. It was found that at failure, a large amount 

of microcracks run through the aggregate particles. The delayed crack 

propagation is also shown by the nearly straight pre-peak stress-strain 

curve of the high-strength concrete. Experiments based on acoustic 



18 

emission were performed by Spooner et al. (1975, 1976). It was indi

cated that the fracture process of the specimens is progressive. It was 

argued that concrete behaves similar to an ideal material in which two 

specified energy dissipating processes are active. 

Crack detection techniques that use X rays were reported by 

Slate and Olsefski (1963). Fluorescent dye for crack detection was used 

by Diaz and Hilsdorf (1973) and Stroeven (1979). 

Before closing this section, definitions of the different size 

levels should be given so that structural effects can be considered with 

respect to the scales (Wittmann, 1982). Each scale is associated with 

a so-called characteristic length. Such a length is associated with 

properties that can be studied at this scale. 

1. Gross Scale: Here the characteristic length is that of 

1.0 inch (2.5cm). Strength of materials considers this 

as its appropriate scale. 

2. Macroscopic Scale: The characteristic length is of the 

order of 0.1 inch (0.25cm). The structure of the mate

rial at this scale is of interest to crack-formation and 

fracture mechanics. The average stress and strain and 

the nonlinearity of the mechanical properties at the 

gross level will be influenced by phenomena occurring at 

this level. 

3. Microscopic Scale: The characteristic length is of the 

order of 0.001 inch (0.0025cm). Metallurgists and 

material scientists are interested in this scale. Also, 



here we may assume that the behavior at this lower level 

will be affected by mechanisms typical at this level. 

What is mainly active at this level are physical and 

chemical processes. 

4. Atomic Level: The Angstrom (lO-Bcm) is the charac

teristic length. Physicists are interested at this 

level. 
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NOTE: Different definitions of the various scales have been re

ported in the literature. For instance, some authors refer to the gross 

scale defined here as the macroscopic level and the macroscopic as the 

microscopic one. 

2.2 Elasticity and Plasticity Models 

In the preceding section, it was concluded that strain softening 

does not appear to be a true material property of geomaterials. This 

conclusion was based on what is accepted today as accurate and credible 

experimental evidence. The objective of this section is twofold. 

First, the elasticity and plasticity-based models for strain softening 

are reviewed briefly. Second, we examine the consequences of the as

sumption that strain softening is a true material property, 

theoretically and numerically. 

2.2.1 Existing Literature 

Despite the experimental evidence for the occurrence of strain 

softening, there has been little work done in developing consistent 



analytical models. In the absence of a proper formulation for strain 

softening behavior, most analyses are performed with a simplified 

stress-strain curve which assumes either elastic or elastoplastic 

response. 
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The field of elasticity-based models is quite broad and can be 

divided into various sub-categories based on the state of stress (uni

axial, biaxial and triaxial) and the form of the constitutive relations 

such as incremental and total stress-strain models. The majority of 

the models are of the nonlinear elastic type and are used for represen

tation of material behavior under monotonic or proportional loading 

only. 

In the total stress-strain models, it is assumed that a unique 

state of stress can be determined as a function of strain or vice versa. 

In general, 

(2.3) 

where Fij represents the tensorial material response function. One 

limitation is that the behavior is path independent, which is, in 

general, not true for geologic materials. Further limitations arise 

when stress histories including unloading and reloading histories are 

involved. In spite of these shortcomings, these types of models have 

been used in describing behavior of geomaterial, mainly because of their 

simplicity. In general, most of the models are based on a simple exten

sion of the linear elastic and isotropic stress-strain relations by 
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substituting secant shear and bulk moduli which:tre assumed to be func

tions of stress, strain or both. 

The incremental type of elasticity models can, in general, be 

expressed as a hypoe1astic "type" stress-strain relation. The incre

mental stress-strain relation is expressed as 

(2.4) 

where d denotes increment and Cijk~ is the (tangent) material stiffness 

tensor that generally depends on the stress and strain tensor. Because 

of the path-dependent behavior characteristics, these models provide a 

more realistic description of behavior of geomateria1s under general 

loading conditions than the total stress-strain models. However, under 

general stress histories involving unloading, a loading criterion needs 

to be introduced which may cause problems related to or near neutral 

loading (Bathe and Ramaswamy, 1979; Nelson et a1., 1971). 

Uniaxial elasticity-based models have been developed mainly for 

concrete structures in which the concrete can be represented as being 

in a state of uniaxial stress. Interesting works in this area are that 

of Kowson and Jirsa (1969), Sinha et a1. (1964). A review on the sub

ject is also provided in these papers. 

Desai (1974) proposed a hypothesis for strain softening behavior 

for overconso1idated soils (and interfaces) in which the material re-

sponse is decomposed in two or more components: one due to basic, 

normally consolidated part that is continuously hardening and the other 

due to overconsolidation that contributes to progressive loss of 
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strength leading to strain softening. The resulting model modifies the 

initial constitutive matrix through a function that allows for strain 

softening with accumulation of deformation. The function is expressed 

in terms of various physical factors such as peak and residual stress 

and strain, area under the curve and initial moduli, in which the 

progress of softening is expressed in terms of the relative values of 

stresses and strains between the peak and the residual states; similar 

terms are used for description of the damage evolution proposed in this 

study. However, the model proposed in this study contains a number of 

novel and distinguishing features such as generalization of damage con

cept proposed by Kachanov (1958). 

The above model was introduced in a nonlinear (elastic) finite 

element procedure involving a special incremental iterative scheme. The 

finite element predictions were verified with respect to softening be

havior of soil specimen under triaxial conditions and load displacement 

behavior of a pile influenced by softening at the pile-soil interface. 

The majority of the biaxial and triaxial elasticity.models make 

use of isotropic total stress representations (Kotsovos and Newman, 

1978; Ottosen, 1979; Cedolin et al., 1977; Palaniswamy and Shah, 1974; 

Phillips and Zienkiewicz, 1976). These models are based on either 

stress or strain invariants. Material properties are represented by the 

bulk and shear moduli in either the total form or the incremental form. 

Experimental results for geomaterials indicate that the deforma

tion process of these materials is basically inelastic and nonlinear. 
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Upon unloading. only a portion of the total strain is recovered (e.g •• 

Fig. 2.1). Some of the elasticity-based models for geomaterials have 

been summarized and discussed previously. Plasticity-based models have 

been used extensively in order to describe the hardening and the soft

ening behavior of concrete rock and soils. They are basically based on 

extensions of incremental rate independent plasticity theory. 

In the classical theory of plasticity, uniqueness and stability 

are normally discussed in the context of the postulate formulated by 

Drucker (1959), where a distinction is made between materials which ex

hibit hardening and softening. Since, during loading. the incremental 

work done by a softening material is negative, such behavior is con

sidered to be unstable. Drucker's postulate has far-reaching 

implications in the foundations of plasticity theory and completely 

dictates the structure of the stress-strain relations. For geological 

materials though, these postulates are considered to be far too re

strictive. and more general postulates and formulations are required to 

model the complex observed material behaviors. 

The incorporation of strain softening within a plasticity model 

follows the same procedure as for hardening rules. General hardening 

plasticity-based rules are described in detail in many textbooks 

(Hill, 1950; Kachanov. 1971; Mendelson, 1968; Desai and Siriwardane. 

1983). In this dissertation, the general formulation of plasticity 

theory is described in a subsequent chapter. For completeness of this 
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section, plasticity-based models for strain softening are discussed 

herein. The procedure followed by Nayak and Zienkiewicz (1972), Hoeg 

(1972), Sture (1979) and Prevost and Hoeg (1975) is described subse

quently. In these models, the distinguishing difference between 

hardening and softening is in the hardening rule. For the simple scheme 

of isotropic strain hardening/softening, the hardening rule is such 

that for hardening materials, the yield surface continuously expands. 

For softening materials, the yield surface contracts. Details on the 

above concepts are given in a subsequent chapter. 

Motivated by the recent developments in the area of continuum 

mechanics, efforts have been focused on the attempt to develop a con

tinuous model for elastic-plastic behavior which may not require the 

existence of a yield condition and thus is free from the cumbersome 

hardening/softening rules. Among many attempts, the endochronic theory 

has received much attention. It was originated by Valanis (1971) for 

the description of mecLianical behavior of metals. Valanis showed that 

by employing a pseudo-time scale, the intrinsic time, a constitutive 

equation in integral or differential form can successfully be used to 

describe material behavior including cyclic loading. Using Valanis's 

concept, Bazant and co-workers have extended the theory to describe 

behaviors of rock, sand, plain concrete and reinforced concrete under 

various conditions (Bazant, 1978, and its references). 

2.2.2 Implications of Strain Softening 

In this section, we will assume that strain softening is a true 

material property and investigate the consequences of such an 
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assumption. In order to keep the discussion relatively simple, one-

dimensional problems are considered and discussed. Both rate dependent 

(viscous) and rate independent materials are considered. Concepts of 

applied mathematics, in particular the method of characteristics, will 

be used in this section. Let cr and £ denote the stress and strain 

(compression positive) of one-dimensional motion of a semi-infinite 

material which strain softens after some critical strain level is 

reached. The equations of momentum balance and continuity for small 

strains have the form 

(2.4) 

(2.5) 

where P is the initial density, v is the velocity and x is the one
o 

dimensional coordinate. In order that the formulation is complete, the 

constitutive equation for the material must supplement Eqs. (2.4) and 

(2.5). In the following, we consider two cases (Valanis, 1985; Read and 

Hegemier, 1984): 

CASE 1: Simple rate-independent model 

Consider a simple, rate independent constitutive model with 

strain softening 

cr = F (e:) (2.6) 

where F has continuous derivative with respect to £. At peak stress 

value let e: denote the corresponding strain. Then 
o 



F'" (E) > 

F" (E) < 

o for 0 < E < E 
- 0 

o for E > E 
o 

and the superprime denotes differentiation with respect to E. From 
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(2.7) 

(2.4) through (2.6), the following system of quasilinear first order 

partial differential equations result: 

av + 2.f. = 0 ax at 

which have the characteristic determinant (Valanis, 1985) 

F (E) 0 0 Po 

0 1 1 0 
det = 0 

dx dt 0 0 

0 0 dx dt 

From Eq. (2.9) , the characteristics are given by 

dx (E)/Po -= ± IF" dt 

(2.8) 

(2.9) 

(2.10) 

when F (E) > 0, which corresponds to the hardening range of behavior, 

the characteristics are real and distinct as indicated in Eq. (2.10). 

In this case, the system of partial differential equations (2.8) is 
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hyperbolic and the solution to the initial value problem is unique. 

When F~ (£) < 0, which corresponds to the strain softening regime, the 

characteristics are not real (complex) and the system is ill-posed as 

an initial value problem (Valanis, 1985). Lack of well-posedness 

caused due to the existence of complex characteristics implies growth 

of disturbances of all the deformation fields and leads to instabilities 

when these equations are treated by numerical techniques such as the 

finite element method. 

CASE II: Simple rate-dependent model 

One of the simplest one-dimensional models which exhibits rate-

sensitivity and strain softening is given by 

o = F (£) + M ~ dt (2.11) 

where F (£) has the properties of Eq. (2.7) and M is a material con-

stant. From Eqs. (2.4, (2.5) and (2.11), the following system of 

partial differential equations is obtained: 

dO + p dV = 0 
dX o~ 

M dV = F (£) -0 
dX 

The characteristic determinant is given by (Valanis, 1985) 

(2.12) 
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1 0 0 -p 
0 

det 0 0 M 0 
0 (2.13) = 

dx dt 0 0 

0 0 dx dt 

Note that ~ (£) does not appear in Eq. (2.13). Thus, the system re

mains parabolic regardless of the specific form of F (£). Therefore, 

one can conclude that no unusual mathematical or numerical difficulties 

will arise when such a model is used, even in the strain softening 

regime. 

Two example problems were considered. It was shown that when 

the material is rate-independent, the governing equations lead to a 

unigue solution as long as the material is hardening; when softening 

occurs, however, the equations become ill-posed. The ill-posedness 

leads to analytical and numerical difficulties. On the other hand, in 

the case of rate-dependent material, unique solution can be obtained 

independently of hardening or softening of the loading curve. 

The one-dimensional initial value problem mentioned above was 

considered further by Wu and Freund (1984). Actually, they considered 

a somewhat different physical problem; namely, shear wave propagation 

in a half space of strain softening material. Despite the physical 

differences, the mathematical formulation of both systems leads to iden

tical system of equations. What was concluded in this study can be 

summarized as 

- The initial value problem is improperly posed for all 

times greater than that at which the material at the 



boundary x = 0 first reaches the peak of the stress-strain 

* curve, say t. Meaningful analytic or numerical solutions 

* can not be obtained for t > t . 

- At initiation of softening, the vanishing tangent modulus 

F (£) leads to the concept of "deformation trapping" in 

general, and shear bonding for the particular problem con-

sidered by Wu and Freund (1984). 

2.2.3. Numerical Solutions 
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In this section, numerical difficulties that arise when a prob-

lem is solved involving rate-independent strain softening material are 

studied. For this purpose, we consider a numerical study by Wright and 

Sandler (1983) in which the numerical aspects of such a problem were 

considered with a standard one-dimensional finite-difference method. 

Wright and Sandler (1983) considered a rate-independent strain 

softening material whose limiting stress-strain curve for loading is of 

the form 

a = F (£) (2.14) 

and 

(2.15) 

and E ,£ are material constants. The small strain assumption was 
o 0 

adopted. Compressive unloading and reloading beneath the limiting 

loading curve were taken to occur reversibly and parallel to the initial 



slope E , as illustrated in Fig. 2.4(a). The velocity boundary condio 

tion at x = 0 was prescribed as follows: 

1 
(11 t /t )] for t < t 

o 0 
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v (t) {

- V [I-cos 2 0 

V .. for t > t 
o 

(2.16) 
o 

where t = 0.2 msec; the variation of V with time according to 
o 

Eq. (2.16) is illustrated in Fig. 2.4(b). At t = 0, the material was 

assumed to be stress free. The following values of the material 

parameters were adopted which are typical of plain concrete: 

E = 20.684 GPa (3 x 106 psi) 
o 

E = 0.002 o 

Po = 2403 kg/m3 (150 lb/ft3) 

Numerical solutions of the initial value problem described above 

were obtained for two different, but very close, values of the peak 

boundary velocity, V. In one case, the value V = 3.225 m/sec o 0 

(1.27 in/sec) was selected so that the material was driven very near to, 

but not over, the peak of the stress-strain curve. For this case, the 

tangent modulus, r (E), is always positive. In the other case, the 

value V = 3.252 m/sec (128 in/sec) was used, which was just large o 

enough to drive the material into the strain softening regime. As noted 

previously, the problem becomes ill-posed as SOOn as the material begins 

to strain soften and, as demonstrated by Wright and Sandler (1983), the 

corresponding numerical solution develops peculiar features when this 

occurs. 
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Figure 2.5(a) shows the numerical results obtained for the case 

v = 3.225 m/sec (127 in/sec). Here, the calculated velocity histories 
o 

at a depth of 0.3048 m (12 inches) for two different zone sites are 

shown. As this figure reveals, such zoning was adequate, as evidenced 

by the fact that the two calculated histories essentially overlaY one 

another. 

The numerical results for the case V = 3.252 m/sec (128 in/sec) 
o 

are given in Fig. 2.5(b). Here, calculated velocity vs. time histories 

at x = 0.3048 m (12 inches) for three different zone sizes are shown. 

The prescribed boundary velocity drives the material into the softening 

region and, when this occurs, the problem becomes ill-posed; this is 

reflected in the numerical results in several ways: (1) strain soft-

ening was confined, in all cases studied, to the zone adjacent to the 

boundary. Therefore, the amount of material that strain softens is 

actually decided by the numerical solution procedure (zone size) and 

not the physics. As a result, as the zone size approaches zero, the 

amount of material that actually softens can be reduced to zero, 

(2) the calculated velocity profiles depicted in Fig. 2.5(b) show a 

high sensitivity to zone size that was not present in Fig. 2.5(a), 

(3) the strain in the first zone grows very rapidly after the material 

begins to soften and quickly invalidates the assumption of small 

strains. The calculated strain-time history for the case ~x = 0.0254 m 

(1 inch), shown in fig. 2.6, illustrates the pOint. 
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The wave propagation problems considered above illustrate the 

difficulties that arise in the numerical analysis of such problems 

when the material exhibits strain softening. Difficulties of a differ

ent type have been reported in numerical studies of the quasi-static 

loading of strain softening materials (Nayak and Zienkiewicz, 1972; 

Prevost and Hoeg, 1975; and Lo and Lee, 1973). It was found, for ex

ample, that if standard numerical approaches are used, the numerical 

solutions suffer from instability and mesh size sensitivity as soon as 

the material enters the strain softening range. 

A special finite element approach was proposed by Pietruszczak 

and Mroz (1981) for numerically analyzing the behavior of materials 

which soften through shear bonding. In this approach, a shear band of 

specified thickness and orientation is introduced into those finite ele

ments which reach a prescribed shear band initiation criterion. The 

characteristic thickness of the shear band is supposed to be determin

able from compression test data. The incremental stiffness matrix of 

the elements is accordingly modified to reflect the effect of the shear 

bands. To illustrate the advantages of the proposed approach, the 

authors considered the plane strain response of a strain softening mate

rial that was compressed between two rigid parallel plates. The 

material was assumed to be bonded to the plates of their common inter

faces (sticking friction conditions). The material was loaded by 

applying specified increments of vertical displacements. Figure 2.7 

shows the problem geometry and the three finite element meshes con

sidered. The thickness of the shear bond was held fixed as the mesh 
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size changed. The load-displacement relationship calculated by the pro

posed approach is shown in Fig. 2.7(b). Here, it is seen that the 

results are nearly insensitive to the mesh size. In contrast, 

Fig. 2.7(c) shows the corresponding load-displacement relationship cal

culated with the conventional finite element approach. It is seen that 

the resulting curves are very sensitive to the element mesh size. 

The above approach appears to be potentially useful in treating 

materials for which softening is known a priori to occur through shear 

bonding. On the other hand, as Read and Hegemier (1983) mentioned, for 

brittle materials such as rocks and concrete which deform and macro

scopically soften through microcracking, the usefulness of the above 

method is doubtful. 

2.3 Damage Based and Other Models 

Here, models that consider measure(s) of damage are reviewed. 

The majority of the literature considers uniaxial stress conditions and 

damage is defined in such a manner that the effects of voids, micro

cracks, etc., are taken into account. Pioneers in this area are 

Kachanov (1959) and Rabotnov (1969). In their approach, under uniaxial 

cQnditions, a scalar is defined such that it represents a measure of the 

voids in a cross section of a specimen subjected to uniaxial stress. 

The approach proposed by Kachanov considers the effect of voids and 

flaws in metals. A scalar is defined as the quotient between intent 

cross-sectional area and total macroscopic cross-sectional area. The 

theory was implemented for prediction of the creep behavior of metals 
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and it did not include strain softening since softening is not, in 

general, a characteristic of metals. Here, instead of giving complete 

details of the Kachanov-Rabotnov approach, we consider a uniaxial ex-

ample. The example is general enough to give an understanding of the 

approach. For generality and consistency with the present work, the 

example considers strain softening response. 

Let a cylindrical specimen be subjected to uniaxial stress con-

ditions. The total cross-sectional area of the specimen is denoted as 

A. At a cross section, we assume the existence of voids and flaws with 

a total area A . The intact area is denoted as At such that 
0 

A. Let F be the for ce applied. The mean stress is defined 
0 

while the true stress acting on At is a = FIAt' Thus t 

F 
a = A = 

A 
o Now, define r =~. Then, Eq. (2.17) is written as 

a = (l-r) at 

A=A t + 

as a = F/A 

(2.17) 

(2.18) 

For illustration purposes, let us assume that the stress-strain 

behavior of the intact part is linear, as shown in Fig. 2.8(a). The 

overall behavior though is like that of Fig. 2.8(b). It will be shown 

that growth of voids and flaws is responsible for the descending branch 

of the overall stress-strain curve. Since the intact (topical) part is 

linear, we have 

(2.19) 
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Fig. 2.8 Stress-Strain Curves for Example Problem 
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and E is the corresponding modulus. From Eqs. (2.18) and (2.19), we 

obtain 

a = (l-r) E E (2.20) 

which holds for all ranges of E. After the peak is reached, the stress-

strain relation can be written (Fig. 2.8(b» • 

(E - e: ) * a = a +E for e: > E > e: (2.21) s s s s 

where a ,E are the stress and strain at the peak and E is the modulus s s s 

in the descending part of the stress-strain curve. From Eqs. (2.20) and 

(2.21), we obtain 

a + E s s 
(E - e: ) s * = E E (l-r) for e: > E > e: 

- s 

Equation (2.22) can be solved for r so that 

E E E * s s s 
r = 1 - "£" - E (1 -"£") for e: > E > E 

- s 

(2.22) 

(2.23) 

The above equation represents the evolution or r in terms of strain e: 

and material constants. For such an evolution and linear stress-strain 

response for the intact part, the overall response is as of Fig. 2.8(b). 

The above simple example illustrates the effect of defects such 

as void and flaw growth in the overall response of a material under 

uniaxial loading conditions. It is important to note that although the 

intact (topical) response is non-softening, the overall response may 

exhibit strain softening. 
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The above example may not be suitable for real materials. For 

example, when geomaterials like rock or concrete are subjected to uni

axial loading conditions, tensile stresses normal to the loading axis 

are developed. Thus, although the overall response is that of uniaxial 

loading, the response at a local (micro) level is that of biaxial or 

triaxial loading. These aspects are discussed in detail in a subsequent 

chapter. 

Theoretical models based on characterization of damage will be 

briefly discussed subsequently. The majority of the models consider 

uniaxial loading conditions. Loland (1980) has worked out a model based 

on the Kachanov-Rabotnov approach for the behavior of concrete under 

uniaxial tension. The model does not take into account the stress

concentrations ahead of crack tips, but merely assumes that defects are 

initially present and start propagating under loading. Damage accumu

lation is considered to be caused by tensile strains. A similar model 

was proposed by Mazavs (1981). 

The damage models used for tensile loading are usually COn

sidered to be applicable for compressive loading too. Similarities 

between the tensile and compressive stress-strain curves were observed 

by Hughes and Chapman (1966) for concrete. Also, the experimentally 

observed damage-function by Spooner and Dougill (1975) shows 

similarities. 

Betten (1983) constructs constitutive equations by employing 

the damage tensor of rank two and a fourth order tensor characterizing 

the initial anisotropy or the anisotropy of the material in its 

J". .. _ 
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undamaged state. The theory is an extension of the uniaxial theory for 

creep developed by Kachanov and Rabotnov. Problems of creep damage 

have been investigated by many authors, for instance, by Martin and 

Leckie (1972), Hayhurst and Leckie (1973), Parman and Mellor (1980). 

Hayhurst et a1. (1975) employed the finite element method to show how 

stresses, within a tension plate containing a circular hole, redis

tribute due to creep deformation. Constitutive and damage laws 

accounted for the growth of internal defects (or damage) during creep 

deformation. 

Krajcinovic and Fonseka (1981) and Fonseka and Krajcinovic 

(1981) focused on the establishment of the damage law consistent with 

the adopted physical interpretation of the damage. The general theory 

of thermodynamics was employed for the development of the model. In 

addition, the model incorporates a mathematical description of the 

damage growth kinematics. Further, Krajcinovic and Silva (1982) ad

dressed several fundamental aspects of a link connecting the damage 

theory and the existing statistical strength theories. 

Fanella and Krajcinovic (1985) developed a nonlinear analytical 

model based on principles of damage representation for the stress~strain 

behavior of fiber-reinforced concrete subjected to monotonic compressive 

and tensile loading. Under uniaxial conditions, an equilibrium equation 

derived from a parallel bar arrangement of the composite material, 

coupled with the damage laws of the composite and the fibers, formed the 

basis of this model 
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Suaris and Shah (1984) developed a theory for the quasi-static 

and dynamic behavior of brittle materials. A multiaxial generalization 

of the damage theory is achieved by treating the damage as an internal 

state variable which affects the free energy of the material. It is 

postulated that a free energy function dependent on the coupled invari

ants of strain and damage exists. The theory predicts a decrease in the 

nonlinearity of the stress-strain curve as the strain rate is increased. 

The aspect of both degradation of strength and stiffness was 

adopted by Dougill (1976) and Dougill and Rida (1980) in a theory of 

progressively fracturing solids. Underlying the progressively frac

turing theory is an energy dissipation function J which takes 

essentially the shape of the energy requirement curve for stable crack 

propagation, as shown in Fig. 2.9. It was suggested by Dougill and 

Rida (1980) that the dissipation fUnction J should be determined from 

the results of physical experiments rather than by deducing J from 

theoretical considerations. 

The progressively fracturing theory provides for elastic un

loading and reloading, as shown in Fig. 2.10. A plastic fracturing 

variant of the progressively fracturing solid was proposed by Bazant and 

Kim (1979) in order to accommodate this shortcoming. Incremental plas

ticity and fracturing material theory are combined to obtain a nonlinear 

triaxial constitutive relation. The theory combines the plastic stress 

decrements with the fracturing stress decrements to account for strain 

softening and degradation of elastic moduli due to microcracking. 
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Fig. 2.9 Energy Requirement for Stable Crack Growth 
in Compression (After Van Mier, 1984) 
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Fig. 2.10 Progressively Fracturing Solid 
(After Dougill, 1976) 
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Further, work inequalities for stability of plastic strain increments 

and fracturing stress decrements are studied by Bazant (1980). 
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Similar results as those obtained with the theory of progres

sively fracturing solids may be obtained by adopting the self-consistent 

method of estimating the effective elastic properties of a cracked solid 

(Budiansky and O'Connell, 1976; O'Connell and Budiansky, 1974; Cleary, 

1978; Cleary et al., 1980). The models predict the elastic properties 

of a material consisting of a homogeneous isotropic matrix in which flat 

elliptical cracks are dispersed. A crack-density parameter is defined 

which depends on the average size and number of microcracks. A solution 

for non-random crack distributions was reported by Hoenig (1978, 1979). 

Results were obtained for different cases of crack distribution. 

Systems of periodically or randomly distributed inclusions have 

been considered by Nemat-Nasser and Taya (1981), Nemat-Nasser et al. 

(1981, 1982), and Horii and Nemat-Nasser (1983). These theories have 

characterized micro crack textures by controlling micro crack growth along 

selected directions. However, in order to obtain a 'valid" representa

tion of the process of damage, numerous such control directions need to 

be considered. Despite the strong theoretical appeal of this approach, 

the complexity of the analysis is such, particularly in three dimensions 

and in the presence of extended microcracking, that it is not yet clear 

how these theories may serve as a basis for devising material laws for 

concrete and rocks. 



A second order tensoria1 representation has been used by 

Dragon and Mroz (1979). They defined damage as the dyadic product 
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of the unit normal to the crack face and the displacement discontinuity 

at the crack surface. This formulation can account for crack growth in 

~leavage (Mode I) and slip (Mode II and III). In brittle materials 

such as rock and concrete, micro crack growth is assumed to result from 

tensile strains. Then, the microcracks can be defined by a vector 

oriented normal to the plane of the crack and having a magnitude equal 

to the surface area of the crack. 

A rate independent model that considers concrete as a mixture 

of mortar and aggregates was considered by Ortiz (1985). Distributed 

damage was attributed to mortar and the application of mixture theories 

was employed for the composite nature of concrete. The model can ac

count for elastic degradation, both in tension and compression. 

A continuum model derived from the mechanics of tensile micro

cracking was presented by Costin and Holcomb (1983). The model employs 

the assumption that stress and time dependent micro crack growth are 

responsible for the inelastic deformation of brittle rock. The tensile 

part of the deviatoric stress tensor is considered as the cause of 

tensile microcracking. The resulting constitutive equations are essen

tially elastic, but account for behavior due to microcrack growth. 

The models described above constitute only a part of the entire 

class of damage or other approach models. Research in this area is very 

active, especially in the area of concrete and rock mechanical behavior. 

Noteworthy related works are that of Barbee et a1. (1972), Davison and 



Stevens (1973), Shockey et al. (1974), Curran et al. (1977, 1983), 

Davison et al. (1977), Hart (1970), Whitman (1985), and Davis and 

Mroz (1985). 
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CHAPTER 3 

PROPOSED MODEL INCLUDING STRAIN SOFTENING 

3.1 General 

As discussed previously, a basic hypothesis in constitutive 

modelling is the concept of a continuum in which stress, strain, 

density, etc., are assumed to be defined at every point in the con

tinuum. Under this assumption, material properties can be determined 

from tests on finite size specimens undergoing homogeneous stress and 

strain. As the stress and strain deviate significantly from homo

geneity, the observed behavior may no longer represent (continuwn) mate

rial properties. Due to difficulties in identifying the influence of 

such nonhomogeneities, it is often ignored, and the observed load

deformation relations of finite sized specimens are "translated" as 

stress-strain relations. However, influence of the nonhomogeneity can 

be very important in interpreting certain type of behavior such as 

softening in geologic materials like rocks, concrete and soils. In 

Chapter 2 of this dissertation, it was pointed out that various limita

tions arise when strain softening is treated as a (continuum) material 

property with respect to solutions of boundary value and initial value 

problems. Also pointed out was the experimental evidence indicating 

that strain softening is not a true material property but rather the 

performance of a structure; e.g., a finite sized specimen in which the 

49 
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individual components such as microcracks, joints and interfaces result 

in an overall loss of strength with progressive straining (Sandler, 

1983); Brady et a1., 1973; Drescher and Vardou1akis, 1982; Shah and 

Slate, 1965). 

Clearly, development of a model that considers in detail all the 

structural changes such as microcrack propagation in concrete and rock-

like materials is not easy. However, it is possible to model the 

average influence of the s~ructural changes, and such an approach is 

followed in this paper. It is recognized that the total deformation in 

such materials is attributed to elastic deformation, plastic flow. and 

to formation of damage. The damage can be caused mainly due to pre-

existing microfracture and microfracture planes that initiate and 

subsequently grow. 

In the model proposed herein, behavior of an element (specimen) 

is decomposed in two parts. The first part, with volume V
t 

repre

senting topical (continuum) behavior, is non-softening and obeys an 

elastoplastic constitutive law. In the second part. which refers to the 

damaged or fractured part with volume V • the behavior is such that its 
o 

shear stiffness is assumed to be zero. At every finite material element 

the total volume is V; therefore, V = Vt + Vo. Details on this decompo

sition are given subsequently. It will be shown that the proposed model 

is relatively simple and that it can capture the essential features of 

the behavior of geomaterials undergoing general triaxial compressive 
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loading (Spooner and Dougill, 1975; Van Mier, 1984) such as: 

(1) strain softening under monotonic shear loading, (2) shear stiffness 

degradation under progressive loading, and (3) dilatant behavior under 

monotonic shear loading. 

In terms of the decomposition and description of softening, the 

proposed model is similar to that proposed by Desai (1974). Also, the 

proposed model can be seen as being analogous to the uniaxial model 

proposed by Kachanov (1959) and Rabotnov (1969), described in Chapter 2. 

The distinguishing feature of the proposed model is that damage is 

represented through a second order tensor, which has a physical meaning. 

In order for such a multiaxial model to be rational, it should be 

capable of predicting damage induced anisotropy observed in brittle 

materials because microcracks follow preferred orientations. Here, it 

is appropriate to quote Drucker (1980) for his philosophic look ahead 

to the future when he emphasized importance of "renewed emphasis on 

failure and on response of heavily damaged structured and microstruc

tures." The same author further concluded that "an almost limitless 

field of useful but difficult research lies ahead in the extension of 

the damage approach pioneered by Kachanov and Rabotnov." 

3.2 Effect of Structural Changes 

It is an experimental fact that microcrack propagation, micro

crack initiation and joining of microcracks considerably affect the 

behavior of geomaterials. A crack may be defined as a discontinuity, 

of which the boundaries were in an initial parallel position when crack 
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formation occurs. Due to the inhomogeneity of the material at the 

micro1eve1, weak planes are developed leading to crack formation and 

subsequent propagation. For concrete, the microcracks are found to 

appear at the interface aggregate cement matrix and when loading is in-

creased, the cracks tend to propagate along the aggregate surfaces 

(Shah and 'Chandra, 1970; Hsu et a1., 1963). The bond between aggregate 

and cement matrix is, generally, considered as the "weakest link" in the 

concrete structure. 

The laws that govern the above structural changes are not fully 

understood. A model should describe the structural changes effect in a 

qualitative manner. Following Van Mier (1984), we describe herein the 

effects of crack extension and crack joining in a qualitative manner. 

In the initial loading stage, fracture sites may be considered uniformly 

distributed. Qualitatively, the effect of an isolated fracture site is 

that a stress-relieved zone exists around it and a potential crack ex-

tension site at its edges, as shown schematically in Fig. 3.1. Under 

continued loading, stress-relieved zones increase (Fig. 3.1). Upon 

further increase in overall stress, isolated cracks join and finally 

continuous macro cracks are developed. At this stage, the volume of the 

stress-relieved zones is close to the total volume. In order to give a 

physical insight into the damage characterization defined subsequently, 

we note the volume of the stress-relieved zones as V and the total 
o 

volume as V. Obviously, V increases during loading and at every stage 
o 

Vt = V - Vo where Vt is defined as the topical fraction of the total 

volume; the latter of ·the body is assumed to obey an elastic-plastic 

constitutive relation. 
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3.3 Basic Hypothesis 

It was mentioned previously that in the proposed model the 

average material response is decomposed in two parts. Here, we describe 

this concept in more detail. It is assumed that topical material ele-

ments of volume Vt obey an elastoplastic constitutive relation 

(Fig. 3.2a) and the stress-relieved material elements of volumeVo ' a 

law as depicted in Fig. 3.2b, as rigid, perfectly plastic with zero 

yield strength. 

Let r = V lv, (0 < r < 1) with the interpretation that before 
o -

any load is applied, r = 0 and if under monotonic loading the residual 

stress level is reached. r reaches an ultimate value = r , which tends 
u 

to 1. In this model, r is treated as continuum field variable over the 

entire body instead of at isolated parts of the body. Then for compati-

bility at the continuum level, strains in V should be equal to strains 
o 

in Vt • Consequence of the decomposition is depicted in Fig. 3.3 where 

behavior corresponding to volumes V, Vt and Vo are schematically shown. 

The topical behavior for Vt ' curve (b) in Fig. 3.3, plus the stress

relieved behavior for V , curve (c), result in the average behavior for 
o 

the total volume V, curve (a). For monotonic loading, V continuously 
o 

increases and Vt continuously decreases. By average behavior, we mean 

the gross behavior; for example, stress-strain results obtained from a 

(uniaxial) compression test, and it is typically represented by curve 

(a) in Fig. 3.3. We now explain the assumptions and approximations in-

valved in the proposed model. 
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Let the topical stress tensor be denoted as a~. and the average 
1.J 

stress tensor as aij • From the above decomposition, and the fact that 

the strains in the decomposed volumes are equal, it is concluded that 

the average stress is related to the topical stress and the values of 

volumes Vo and Vt . The stress at the stress-relieved volume is not in

cluded in such a relation since it is zero (Fig. 3.3). In order to 

establish this relation, use of experimental observations is made. For 

hydrostatic compression loading, microcracks tend to close and thus no 

significant damage is recorded. This can imply that damage is caused 

from deviatoric components; thus, the topical and average stress lie on 

the same deviatoric plane, as shown in Fig. 3.4a. Now we consider a 

stress path such that, for example, two of the principal stresses of aij 

are equal; that is, a2 = a3 • Then the a .. tensor is positioned as shown 
1.J 

in Fig. 3.4b. In this stress path, cylindrical symmetry exists and if 

the material is assumed as initially isotropic, this symmetry is main-

tained through the above stress path. Then this symmetry must be 

reflected in the topical stress tensor; thus, a~ = a~. Then the topical 

stress tensor a~j is positioned as shown in Fig. 3.4b. The above con

siderations let us come to the assumption that a
i

. and a~. lie on a line 
J 1.J 

perpendicular to the hydrostatic axis, as shown in Fig. 3.4c. When 

t there is no damage induced, r = 0 and aij = aij or (Ae) = (Be) in 

Fig. 3.4c. When the residual stress level is reached, damage is maximum 

and r = r. This implies that distance (AB) in Fig. 3.4c is small, 
u 

representing the residual stress level. Based on these considerations, 

it is proposed that the distances (Be) and (Ae) are connected through 

(AB) = (Ae) (l-r) , 
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(c) In Principal Str~ss Space 

Fig. 3.4 continued 
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IJ2D = IJ~D (l-r) (3.1) 

where IJ2D is the stress intensity of a
ij 

defined as IJ2D = 

1 1/2 (2 Sij Sij) and Sij is the deviatoric part of aij such that aij = 

1 
Sij + e akk °ij' Here summation notation is implied and 0 .. denotes the 

~J 

Kronecker delta. A similar definition holds for IJ~D' Through 

t Eg. (3.1) and the fact that a
ij 

and a
ij 

lie on a line perpendicular to 

the hydrostatic axis, we obtain the tensorial equivalent of (3.1): 

a .. 
~J 

(3.2) 

Relation (3.2) has the following desirable properties: (1) for r = 0, 

t 
= a .. , (2) when specialized to hydrostatic compression, it yields 

~J 

t t 
= akk and (3) for r = ru ~ 1, Sij = (l-ru) Sij' and this implies 

that shear stresses are significantly reduced as happens at the residual 

stress level. It is shown subsequently that through relation (3.2) 

essential features of concrete or rock behavior can be modelled 

satisfactorily. 

For tensile conditions, relation (3.2) is not valid since, for 

example, it would predict no damage progression for a hydrostatic ten-

sion stress path. It is our interpretation of experimental results that 

criteria for damage initiation and progression under tensile conditions 

are different than criteria for compressive states of stress. Thus, for 

t tensile conditions, a relation between aij , aij and r can be assumed but 

such a relation would be different from Eq. (3.2). 
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As already mentioned, material behavior is decomposed in two 

parts. The topical part of the decomposed behavior obeys an elasto-

plastic law given by 

-t 
0 .. = 

l.J 
e-p • 

Cijk.Q, e:k.Q, (3.3) 

and for elastic unloading 

-t 
CJ •• = 

l.J 
(3.4) 

- t t -Here, crij denotes the time rate of the stress tensor crij , e:k.Q, denotes 

e-p time rate at the strain tensor, Cijk.Q, is the elastoplastic constitutive 

tensor (Hill, 1950) involving a yield surface and hardening rule de-

e 
scribed subsequently, Cijk~ is the elasticity tensor; elasticity in the 

present case is assumed linear and isotropic. The usual loading-

unloading elastic-plastic criteria holds here (Hill, 1950). 

3.3.1 Interacting Components 

Total material behavior is assumed to consist of two components; 

namely, the topical and the damaged part. During the loading process, 

topical material is "transformed" to damaged one. The reason for such a 

transformation is that deformation is increasing. The above suggests 

use of the theory of mixtures or theory of interacting continua. In our 

case, the interacting components are the topical and damaged material. 

In order to define static and kinematic variables in the topical and 

damaged part, we consider an area element A, as shown in Fig. 3.5. The 
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F 

Fig. 3.5 Schematic of Component Areas and Forces 



internal forces acting on A are Ft acting on the total topical area At -
and F 0 acting on the total damaged 0 area A • The total force is F such 

that F =Ft+Fo , and it is - - -
stress tensors are defined. 

acting on the total area A. The following 

t The topical stress tensor 0 .. such that 
1J 

t t F. = 0i' n. where n. is the unit vector normal to the area A. Simi-
1 J J J 

o larly, the damaged 0 .. and average 0 .. stress tensors are defined such 
1J 1J 
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o 0 
that F. = a i . n

J
. and Fi = a .. n., respectively. 

1 J 1J J 
t 0 Since F. = Fi + F. and 

1 1 

since from the definition of the damage variable r, r = AO/A, it follows 

that 

0 .. 
1J 

t 0 
= (1-r) 0ij + r 0ij (3.5) 

Relation (3.5) states that the average stress is the summation of the 

partial stresses defined on the two components (Green and Naghdi, 1965). 

It follows from the principle of angular momentum balance that the 

stress tensor 0ij is symmetric (in the absence of body couples). This, 

t 0 
however, does not necessarily imply that the stress 0ij and 0ij are 

symmetric. Although stress couples may be acting at the phases such 

couple stresses are applicable to some cases of fluid mixtures. For the 

present case herein, it is assumed that the stresses in the topical and 

damaged part are symmetric. 

In the general theory of mixtures, factors such as diffusion be-

tween constituents, chemical reactions, etc., can be included (Bowen, 

1969). The theory is considerably simplified if diffusion processes are 
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absent. Absence of diffusion implies that the strains in the two com-

ponents are equal (Bowen, 1969). Thus, we can write 

where £i. is the strain tensor, E~. and E
O
i . are the strain tensors in 

J ~J J 

the topical and damaged part, respectively. 

As described subsequently, the damaged stress-strain response 

may be characterized as rigid perfectly plastic with the yield strength 

in shear reduced to zero. It is inherent of rigid perfectly plastic be-

havior that the strains are not uniquely determined when the stresses 

are specified (Hill, 1950). Thus, when the material behavior of a body 

or substance is rigid perfectly plastic the boundary conditions are to 

be employed for determination of the strain field from the stress field. 

In the case of the two-component material thought, Eq. (3.6) imposes an 

important restriction. It provides a condition such that the indetermi-

nancy involved in the rigid perfectly plastic part is overcome. Thus, 

the topical part imposes restrictions in the deformation of the damaged 

part and vice versa. 

Although the shear stress of the damaged part is assumed to be 

zero, this is not the case for the hydrostatic stress. In the present 

formulation, it is assumed that during the damage process a redistribu-

tion of shear stresses occurs, but the confining pressures remained 

unchanged in the two components. It follows from this assumption that 

Eq. (3.5) reduces to 
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(3.7) 

which is identical to Eq. (3.2). 

3.4 Degradation of Elastic Shear Modulus 

Consider a loading stress path such that plastic deformation as 

well as damage have been induced. Then, 0 < r < r • 
u 

It is assumed 

here that no damage is induced under unloading. Then for unloading, 
. 
r = 0 and from Eq. (3.2) or (3.7), we have 

(3.8) 

Since unloading is elastic, Eq. (3.4) holds and from Eqs. (3.4) and 

(3.8), we obtain 

where A, ~ are the Lame's constants. 

Specializing Eq. (3.7), we have 

(3.10) 

Equation (3.10) implies that unloading shear modulus depends on r where 

r = constant for unloading, and since r increases with loading, shear 

modulus degrades, as shown schematically in Fig. 3.6. This fact is well 

documented experimentally; e.g., Spooner and Dougill (1975), Van Mier 
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Fig. 3.6 Degradation of Elastic Shear Modulus 
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(1984), Wawersik and Fairhurst (1970). Theoretically, this is treated 

as a result of brittle-plastic behavior (Bazant and Kim, 1979; Dragon 

and Mroz, 1979) or as an elastic-plastic coupling problem (Hueckel, 

1975; Maier, 1977; Dafalias, 1984; Young et al., 1985). It is also 

noted that when Eq. (3.9) is specialized for hydrostatic compression, 

we obtain 

(3.11) 

and thus the bulk modulus is independent of r (constant). The degrada-

tion of shear modulus is further discussed and illustrated in a 

subsequent chapter where applications of the model are considered. 

3.5 Induced Anisotropy 

Here anisotropy in the stress-strain response of the material is 

considered. Let us consider a stress-strain relation of the form 

f (IT, £) = 0 (3.12) 

where a and £ denote the stress and strain tensors, respectively, and, 

in general, ~i (i = 1, n) are tensors representing material properties 

involved in the stress-strain relation (3.12). In general, the tensors 

~i can be tensors of any order; e.g., 4th order, 2nd order, etc. In 
/ 

order that the stress-strain relation, Eq. (3.12), is isotropic, it is 

necessary and sufficient that 

f (a, E) = 0 (3.13) 
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(S~.)" :f.S~. 
1J 1J 

(3.19) 

• t This shows that the tensor r S .. yields induced anisotropy in the macro-
1J 

scopic stress-strain relation. 

Obviously, Eq. (3.17) does not hold for unloading where 

Eqs. (3.8) and (3.4) hold. This means that unloading is isotropic and 

loading anisotropic, and this is an assumed simplification of the 

reality. 

3.6 Evolution of Damage 

In the previous formulation, a variable, r, was introduced. 

Now we define an evolution law for r in order that the formulation is 

complete. We exclude the possibility of r being dependent on stress 

since r would be affected under unloading and this contradicts our ini-

tial assumption and experimental fact that no damage accumulation o~curs 

during unloading. For the same reason, elastic strains are excluded. 

Then, generally, we can write 

where superscript p denoted plastic. Since no damage is accumulated for 

(initial) hydrostatic compression, volumetric plastic strains are ex-

eluded; thus, in general 

(3.21) 
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p _ p 1 p 
and e ij - Eij - 3 Ekk 0ij' In order to include effects of history of 

deviatoric plastic strains, we write 

(3.21) 

where 

1/2 

~
• = (.p .p) e .. e .. 

l.J l.J 
(3.22) 

In accordance with experiments (Van Mier, 1984) for low stress levels, 

no significant damage is induced. Thus, for continuity of the stress-

strain curve at point A in Fig. 3.3, the slope of the r versus ~ curve 

at the origin should be zero (Fig. 3.7). Also, when residual stress 

level is reached, r = r where 0 < r < 1. Here we propose that r is 
u u - u 

reached asymptotically, as shown in Fig. 3.7. We note that the shape of 

the damage evolution curve in Fig. 3.7 is similar in shape to the energy 

dissipation curve shown in Fig. 2.9 (Spooner and Dougill, 1975). 

The following function is proposed to define r: 

r = r - r exp (-K ~DR) u u 

where r , K and R are damage-related material constants. 
u 

(3.23) 

The best way to determine the damage evolution parameters would 

be experimental techniques (such as X-ray and radiographic methods) in 

which the actual effects of crack propagation are measured. Since such 
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~D 

Fig. 3.7 Damage Evolution Law 
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techniques are not areadily available, parameters are indirectly evalu

ated from the observed stress-strain relations. An algorithm has been 

developed for this purpose and it is presented in Chapter 5 of this 

study. 



CHAPTER 4 

ELASTOPLASTIC MODEL FOR TOPICAL BEHAVIOR 

Elastoplasticity theory is employed for the description of the 

stress-strain behavior of the topical part. In general, the theory of 

plasticity describes the rate independent, nonlinear, inealstic response 

of materials. In this chapter, details of the derivation of the 

elastic-plastic relations for the topical part are given. 

4.1 Representation of the Yield Function 
and Plastic Potential 

A procedure for finding appropriate yield and potential func-

tions based on polynomial expansion in terms of the direct invariants 

1/2 1/3 
(J1 , J 2 ' J 3 ) of the stress tensor was proposed by Desai (1980). It 

was shown subsequently (Baker and Desai, 1984; Desai and Faruque, 1983) 

that this procedure can be considered a special case of the concepts 

based on form invariance proposed previously (Rivlin and Ericksen, 1955; 

Green and Naghdi, 1965). Accordingly, the plastic potential function, 

Q, and the yield function, F, are expressed by using the same functional 

forms (Desai et al., 1985a; Desai et al., 1985b; Frantziskonis et al., 

1986) 

(4.1) 
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points corresponding to asymptotic stress to stress-strain curves for 

different stress paths. For materials like concrete and rock, the yield 

surface may change shape during deformation; this can be incorporated by 

treating S as a function of J 1 (Salami, 1986). a is chosen as growth or 

hardening function of internal variables such as plastic strain 

trajectory 

1/2 
l: = f (.p .p) <" E: •• E: •• 

1.J 1.J 
(4.5) 

Details of definitions, determination and physical meaning of the con-

stants are given later. 

Typical plots of F = 0 in various stress spaces for a concrete 

(described later) are shown in Fig. 4.1. In order to allow for cohesive 

and tensile strengths, the origin, Fig. 4.1, is shifted along the nega-

tive J 1-axis by an amount T = b Pa where b is dimensionless and Pa = 

atmospheric pressure (Salami, 1986; Desai and Salami, 1986). 

The component function Fb in Eq. (4.3) represents continuous 

surfaces in theJl - IJ~D space. For Sr = 0, the octahedral plane cross 

sections are circular. Here n acts as the shape parameter. If n = 1, 

tIt the surface in J
1 

- vJ 2D space is elliptical. The function F s is termed 

as the shape function and modifies the circular shape in the principal 

stress space, Fig. 4.1c, to shapes appropriate for a given material (the 

topical behavior herein); here constants Sand m define the shape. 

Thus, the function in Eq. (4.3) contains, as special cases, many of the 

yield functions proposed previously such as von Mises, Drucker-Prager, 
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critical state (Schofield and Wroth, 1968), cap (DiMaggio and Sandler, 

1971), Mroz et a1. (1978), Wilde (1977), Van Eake1en (1980), Lade 

(1977), .Vermeer (1978) and Matsuoka and Nakai (1974). A significant 

simplification of the proposed model is that it involves only a single 

continuous function for the entire range of the deformation history. 

The response function a is chosen as growth function given by 

r , 
v (4.6) 

where ~v and ~D are the volumetric and deviatoric parts of ~, respec

tively, and rv and r D = ~v/~ and ~D/~' respectively. A simple form of 

a is given by 

(4.7) 

where a1 and n1 are two material constants for the hardening behavior of 

the topical part. If it is necessary, particularly if the influence of 

hydrostatic and proportional loadings is significant, it may be appro-

priate to express a as (Hashmi, 1986) 

-b
2 

~ (I-A) 
a = b

1 
e (4.8) 

where A and bi (i = 1, 2) are hardening constants. Other forms of the 

growth function are possible and they are discussed by Desai and 

Faruque (1984a, b), Faruque and Desai (1985). For the topical response 
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of a number of materials, the simple form, Eq. (4.7), is found to pro-

vide satisfactory results; hence, it is discussed in detail herein. 

The simplest model for the topical behavior of geomaterials re-

suIts when the normal at a stress point to both Q and F coincide 

(Fig. 4.2). In this case, F = Q, and only F is used as the yield func-

tion and plastic potential. 

When the normals to Q and F do not coincide, Fig. 4.3, the non-

associative model is applicable. A concept in which the yield function 

F is corrected, constrained or controlled to a function F was proposed 

by Desai and Siriwardane (1980) and Desai and Faruque (1984). Ac-

cordingly, F can be expressed as 

F = F + h (J i , ~) (4.9) 

where h (J
i

, ~) is a correction function of the stress invariants J. 
1 

(i = 1, 2, 3) and ~. This can lead to nonassociative flow rule where 

the plastic potential Q is given by F. A simple approach is such that 

the plastic potential Q is obtained by correcting the growth function 

a in the yield surface F during plastic straining. Thus, Q is written 

as 

n 2 
Q = J

2
t
D 

- (-a Jt + y Jt ) F Q 1 1 s (4.10) 

Here the growth function a in Eq. (4.3) is replaced by a
Q 

and the two 

are related as follows (Frantziskonis et al., 1986): 
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(4.11) 

where k is a material constand and a I is the value of a at the initia

tion of nonassociativeness. If there is initial hydrostatic compression 

on an initially isotropic material, initiation of nonassociativeness 

may be assumed to occur after the hydrostatic compression, If not, a
I 

corresponds to the value of a at the initial yield surface demarcating 

the limit of ·the elastic zone. It is noted that for isotropic materials 

under hydrostatic compression, rv = 1 and Eq. (4.11) yields aQ = a. 

That is, nonassociativeness does not occur due to hydrostatic com

pression of an isotropic material. For k = 0, aQ = a, from which it is 

observed that the associative model is a special case of the nonassocia

tive one. The nonassociative model involves only one extra parameter; 

namely, k. The foregoing procedure for nonassociativeness constrains or 

controls the growth function involved in the yield surface. In most 

geomateria1s, the associative flow rule usually overpredicts the volume 

changes as compared to the observed behavior. The nonassociative flow 

rule corrects that overprediction (Frantziskonis et a1., 1986). 

4.2 E1astop1astic Constitutive Relations 

In this section, details of the derivation of the e1astic

plastic relation for the topical part are given. The yield function and 

plastic potential involved were described previously. In general, we 

can write the incremental (rate) constitutive relation for the topical 

part as 



83 

"t 
0 .. = 
~J 

(4.12) 

e-p 
In the above relation, Cijk~ is termed as the elastoplastic constitutive 

tensor. In order to derive the expression for this tensor, the rela-

tions of elastic-plastic theory are used (Hill, 1950). 

(4.13) 

°e that is, strain rate (increment) are decomposed into elastic £ .. and 
~J 

"p plastic £ij. Also, 

"p 
£ •. 
~J 

(4.14) 

known as the flow rule such that 

1 if F elF "t = 0 and ---t- ak2 > 0 
elak~ 

(4.15) 

o otherwise 

For a hardening material (topical part) A ~ 0 and in the present theory 

the topical behavior is hardening (non-softening); thus, always A ~ o. 

The elastic strain increments (rates) are related to stress rates 

(4.16) 
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e where Cijk~ is the elasticity constitutive tensor. In the present case, 

elasticity is assumed linear and isotropic; thus, 

(4.17) 

where G, K denote the initial elastic shear and bulk moduli, respec-

tively. From Eqs. (4.13) and (4.16), we obtain 

(4.18) 

From the definition of the plastic strain trajectory ~, we obtain 

(4.19) 

It follows from the flow rule, Eqs. (4.14) and (4.19), that 

(4.20) 

The consistency condition for the yield function F is expressed as 

(4.21) 

Substituting Eqs. (4.18) and (4.19) into Eq. (4.21), we obtain 
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(4.22) 

The above equation can be solved for A so that Eqs. (4.14), (4.18) and 

(4.22) yield 

(4.23) 

~ce ~_~ (~~)1/2 
~at uvrs ~at a~ ~ t ~ t 
o uv 0 rs oak~ oak~ 

The above relation is the final elastoplastic relation for the topical 

part. 



CHAPTER 5 

DETERMINATION OF MATERIAL CONSTANTS 

The proposed constitutive model involves a number of material 

constants. Determination of such constants for any material requires a 

comprehensive series of laboratory tests. Material constants are cate

gorized as damage-related, plasticity-related and elasticity-related. 

Two different materials are considered here to obtain the material con

stants associated with the proposed constitutive model. They are: 

(i) a concrete, and (ii) a soil (sand). The test data for concrete are 

adopted from Van Mier (1984) and for the soil from Lee and Seed (1967) 

and Lade (1977). Details of the materials and devices used by Van Mier 

and Lee and Seed are given in a subsequent chapter. 

5.1 Procedure 

Each category of constants is considered here. As mentioned 

previously, elasticity, in the present formulation, is assumed as linear 

and isotropic; thus, for the elastic constants, we have 

1. Elasticity constants: 

G, K or E, v 

The plasticity constants involved are ultimate related and 

hardening related. The ultimate constants define the ultimate 

yield envelope in stress space while the hardening constants 

are involved in the growth function, thus 
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2. Plasticity constants: 

2.1 Ultimate: 

y, S, m 

2.2 Hardening: 

Finally, damage-related constants are involved in the model. 

These constants appear in the evolution law for the damage 

parameter r, Eq. (3.23). 

3. Damage constants: 

r , K, R 
u 

The above constants are sufficient for the model. Note that 

if the nonassociative flow rule is to be used, one extra parame-

ter; namely, K, is needed. If the associative flow rule holds. 

the total number of parameters is nine; if the nonassociative 

flow rule is used,. the total number of parameters is ten. In 

this study, only the associative flow rule is employed. 

5.2 Damage Constants 

The best way to determine the damage constants would be experi-

mental techniques (such as X-ray and radiographic methods) in which the 

actual effects of crack propagation are measured. Since such techniques 

are not readily available, parameters are evaluated indirectly from the 

observed stress-strain behavior. Parameter r is determined from shear 
u 

tests, and it is directly related to the ratio of IJ 2D at the residual 

stress level divided by the value of IJ2D at the peak. Given a stress

strain curve, at the residual stress level, we have 
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1 - r = 
u 

(~)res 

(/J2D)ult 
(5.1) 

which is the same as relation (3.1) and the subscript "res" indicates 

ultimate conditions. The ultimate condition is close to the peak and 

represents the asymptotic value to the extension of the prepeak curve. 

Thus, 

r - 1 -u 
(~)res 

(lJ2D) peak 
(5.2) 

Relation (5.2) is used to find the value of r. When more than one test 
u 

is available, the value of r is obtained from each test and then a 
u 

weighted average value for r is calculated. After the value of r is 
u u 

known, constants K and R are determined from back analysis of Eq. (3.1). 

The value of r at each point in the available stress-strain curve is 

given by 

r - 1 -

(IJ 2D) peak 

(5.3) 

where J 2D corresponds to the point under consideration. At every point, 

the value of 8~D is calculated using the incremental deviatoric, prin

cipal plastic strains, 8ei (i = 1, 2, 3) where 
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(5.4) 

The total value of Sn at each point is calculated as 

• 
J 
L ll~ 
i=l 

(5.5) 

• 
where S~ is the value of Sn at the jth point on the stress-strain curve. 

Note that for calculation of lls~, the values of plastic strains at point 

i are required. In the experiment though, only the total strains are 

measured; thus, plastic strains can not be evaluated directly. If un-

loading curves are given then, since unloading is assumed elastic, the 

elastic strains can be calculated at each point. Then the plastic 

strains are calculated from the known total strain and elastic strains 

(£~. = £i. - £:.). With the values of [ and r known at every point on 
l.J J l.J ~ 

a stress-strain curve, Eq. (3.23) can be written as 

exp 
R ru - r 

(-K Sn) = --=-r-
u 

t"R 
-K "'n 

r - r 
= .Q,n (u ) 

r 
u 

(5.5) 

(5.6) 

where .Q,n denotes the natural logarithm. Further, Eq. (5.6) is written 

as 

r - r 
= .Q,n {-.Q,n ( u )} 

r 
(5.7) 

u 



At every point on the experimental stress-strain curve, Eq. (5.7) is 

valid. The unknowns involved in Eq. (5.7) are Rand K or ~n (K). A 

minimum of two points on the experimental curve are required for de-

termination of Rand K. It is a good idea to use more than two points 

(usually 10 to 20 points) and employ a least-square fit for determina-

tion of Rand K from Eq. (5.7), (Fig. 5.1). 

5.3 Elasticity and Plasticity Constants 

5.3.1. Elasticity Constants 

After the damage-related constants r , K and R are known, the u 

value of r at every point in the experimental stress-strain curve is 

known. This value of r is important in determining the elasticity 

90 

parameters. There are two elastic constants for an isotropic material, 

Young's modulus, E, and Poisson's ratio, v. Also, bulk modulus, K, and 

shear modulus, G, may be used as the two elastic constants. As men-

tioned earlier, unloading and reloading in the present study are 

elastic. Then the elasticity constants can be determined from the 

slopes of the unloading-reloading curves. In the damage model, the 

current value of the shear modulus is dependent on the current value of 

r. As shown in Chapter 3, Eq. (3.10), the shear modulus, modified for 

damage, is given by 

if = (l-r) G (5.8) 

This modified value of G, if can be measured from the unloading-

reloading curves of shear tests. It is an experimental fact that the 
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Fig. 5.1 Schematic for Determination of K, R from Eq. 5.7 
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value of ~ degrades with increasing deformation. The measured value 

of G' at a point together with the value of r at this point provide 

sufficient information for determination of G through Eq. (5.8). The 

value of G is determined at several points on the available stress-

strain curves and then a weighted average of G is calculated. 

The bulk modulus K, not dependent on damage, can be determined 

from unloading-reloading curves of hydrostatic compression tests. 

A different but equally good procedure for determining the 

elastic constants is that of measuring Young's modulus and Poisson's 

ratio from the available unloading-reloading curves. For example, if 

unloading-reloading curves for a uniaxial compression test are 

available, then the slope of these curves in the major stress vs. major 

strain space is the modified value of E; namely, E' and the ratio of 

minor strain to major strain represents the modified Poisson's ratio v' . 

The modified E' and v' values are defined as 

(5.9) 

and 

(5.10) 

After E' and v' are known, the values of G' and K can be determined by 

inverting Eqs. (5.9) and (5.10); thus, yielding 
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K 
E'" = (l-2v'" ) 3 (5.11) 

and 

G'" 
E'" 

= (l+v) 2 (5.12) 

5.3.2. Plasticity Constants 

After the damage parameters are known, the value of r is known 

at each stress a ij • Equation (3.2) can be rearranged to yield 

ai' J 
(l-r) 

Then the topical stress 

available experiments. 

(5.13) 

t 
a" and £i' are known at every point in the 

l.J J 

Since a~j and £ij are related through Eq. (4.12), 

determination of plasticity parameters is as follows. 

At the ultimate conditions (topical behavior), the value of a 

tends to zero; thus, the yield surface degenerates to an open surface 

intersecting the J~ axis at infinity. Then, at the ultimate conditions 

(5.14) 

or 

(5.15) 
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t t For each available shear test, the values of J 1 , J 2D , Sr are known at 

the ultimate conditions. Then, by employing a least-square procedure 

on (5.15), Sand yare determined. 

Two parameters define the ultimate yield envelope. Hence, re-

suIts of at least two tests carried to the ultimate topical condition 

are required. It should be noted that as the topical stress approaches 

ultimate conditions, the mean stress approaches residual conditions. 

The growth function, Eq. (4.7), can be written as 

(5.16) 

By setting F = 0 at distinct topical stress levels, a can be determined 

at these states. Also, ~ is known from the strain history and the 

present state of strain. For each test, a least-square fit performed on 

Eq. (5.16) yields the values of n1 and a 1 (Frantziskonis et al., 1986) 

and Fig. 5.2. 

The value of n can be determined at the state of stress (in the 

experiment) at which the volume change is zero. At this state, from 

Eq. (4.3), 

n-2 
= (-a (J

t
) + y) F 

1 s 
(5.17) 

Also, at zero volume change, 

aF 
= 0 (5.18) 
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Fig. 5.2 Schematic for Determination of 
Hard~ning Constants ai' n l 
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or 

+ 2y J 1) Fs = 0 

or 

From Eqs. (5.17) and (5.20), we obtain 

2 
1 - - = 

n 

96 

(5.19) 

(5.20) 

from which n is obtained. The value of n can be also determined from 

He (hydrostatic compression) test. Specialization of Eqs. (4.3), (4.4) 

and (4.22) for He, and then substitution of Eq. (4.22) in Eq. (4.14) and 

elimination of a through Eq. (4.22) leads to 

n-2 

J~ d£kk (J~) = 13 yd Jt (n-2) 
1 

(5.22) 

where "d" denotes increment of the. quantity following it. At any state 

in the He experiment, the total J~, the increment of J~, dJ~ and incre

ment of volumetric strain d£kk are known. Then n can be obtained from 

Eq. (5.22). 
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5.4 Constants for Materials Considered 

Description of the concrete results used is given in the section 

titled "Available Laboratory Test Data" in Cahpter 7. Two test results 

were used for determination of the parameters associated with the model. 

The first test used is a uniaxial compression test in which the measured 

major and minor strains were available. The second test used for de-

termination of parameters is a triaxial test such that the following 

relation between the stresses holds: a1/a2 = a1/a3 = 1.0/0.1. These 

test results are shown in Figs. 5.3 and 5.4, respectively. 

First, the elastic constants (initial) were determined. Since 

no unloading is included in these tests, elastic parameters were de-

termined from the initial slopes of the monotonic stress-strain curve. 

The average values determined from these two tests are 

E = 5.4 x 106 kPa (1 psi = 6.89 kPa) 

\) = 0.25 

The values of stress at the peak and residual stress levels were 

used for determination of the damage parameter, r . 
u 

The values of IJ 2D 

at peak and residual stress were calculated and the following value of 

r was obtained: 
u 

r = 0.875 
u 

which is an average value obtained from the above two tests. 

The values of stress and strain at a number of points on the 

stress-strain curves were used for determination of Rand K. The 

following values were found: 
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R = 1.502 

K = 668.00 

Plasticity-related constants are determined after the damage 

constants are known. The values of the plasticity constants are 

y = 0.068 

B = 1.038 

n = 5.24 

a1 = 4.9 x 10-6 

ill = 0.849 

5.4.1. Cohesionless Soil 

Details on this soil are given in the section titled "Available 

Laboratory Test Data" in Ch,,!p~er 7. The test results available were 

Conventional Triaxial Compression (CTC), in which the specimen is ini-

tially loaded hydrostatically and subsequently one of the stresses is 

increased while the other two stresses are kept constant. Five differ-

ent initial confining pressures were available; namely, 1.0, 3.0, 6.0, 

2 10.5 and 20.0 kg/cm. The confining pressures of 3.0 and 10.5 tests 

were chosen for determination of the constants. These test results are 

shown in Figs. 5.5 and 5.6. The following constants were obtained: 

E = 1600.0 psi 

\) = 0.25 

r = 0.49718 
u 

R = 1. 92705 

K = 31. 932 
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y = 0.2277 

S = 0.0 

n = 3.9616 

a1 = 7.2 E-5 

n1 = 0.3458 
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,The following should be mentioned. The strain level at which 

softening occurred in these test results is high. In most of the tests, 

softening initiated at a strain level of 5% to 10%. At the residual 

stress level, the strains were between 20% and 25%. Clearly, a small 

strain theory is not strictly applicable for such high strain levels. 

Thus, determination of constants and back prediction of such test re

sults involve the approximation and error involved from the small strain 

assumption. 

5.4.2. Concrete-Concrete Interface 

The subject of interfaces and joints is discussed in Chapter 8 

where details on the material used and the parameters determined are 

given. 



CHAPTER 6 

ANALYSIS OF THE PROPOSED MODEL 

In this chapter, first, the question of uniqueness of the pro

posed model is examined. It is shown that the proposed constitutive 

equations lead to a unique solution for the case of rate dependent as 

well as rate independent formulation and its implementation in finite 

element analysis shows mesh size insensitivity in the hardening and 

softening regimes. Conditions for formation of narrow shear bonds are 

developed and discussed. It is shown that as the damage accumulates, 

the material approaches localization of deformation. Finally energy 

considerations and failure criteria are analyzed and discussed. 

6.1 Uniqueness 

In a recent publication by Valanis (1985), the question of 

uniqueness of solution of initial value problems in softening materials 

is examined. An inequality is established which is true for all mate

rials, irrespective of their constitution. It is shown that a number 

of constitutive equations that give rise to realistic softening behavior 

lead to a unique solution. Ordinarily, rate dependent models lead to a 

unique solution but rate independent ones either fail to lead to a 

unique solution or the question of uniqueness is difficult to analyze. 

Valanis addresses a simple uniaxial model (Eq. (6.6» in the paper by 

Valanis (1985) which assures uniquen~ss only when the model is 
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formulated as rate dependent. It seems that formulation of a rate in-

dependent model that assures uniqueness in the softening regime is not 

trivial. 

For convenient reference, we will provide here a brief outline 

of the results of Valanis. Let the solution be unique at time t, and 

let ~t be a vanishingly small nonzero time interval. Let two solutions 

exist at t+~t. -I -I -2-2 
Let 0ij' £ij; and 0ij' £ij be the stress and strain 

rate corresponding to the two solutions evaluated at t. If ~ denotes 

the difference between the two solutions; e.g., ~£ij 

the solution is unique if 

~a .. b.f:. .. > 0 
1.J 1.J 

-2 
= £ .. 

1.J 

(6.1) 

Now, we examine the conditions under which the constitutive equations 

represented through Eqs. (3.17) and (3.18) provide a unique solution. 

Assuming two solutions, we obtain from Eq. (3.17) 

-m 2 -2 -2 t 
(Oij) = LijkJ1. £kJ1. - r S .. 

1.J 
(6.2.1) 

-m 1 
= LijkJ1. 

-1 -1 t 
(Oij) £kJ1. - r Sij (6.2.2) 

where 

LijkJ1. = (l-r) 
e-p r e-p 

CijkJ1. + "3 CppkJ1. °ij (6.3) 

and the superscripts 1 and 2 denote the two solutions. 
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Now we consider two special cases of Eq. (3.21). 

CASE 1 

r = r (~) (6.4) 

CASE 2 

(6.5) 

such that Eq. (3.23) holds for Eq. (6.5). We note that Case 1 ex-

pressed by Eq. (6.4) brings a rate dependency in the formulation, while 

Case 2 expressed by Eq. (6.5) or Eq. (3.23) represents rate independent 

problem. If Eq. (3.29) is used, the formulation is rate independent. 

Here, the question of uniqueness for both cases is considered. 

CASE 1 

It follows from Eqs. (6.2) and (6.4) that 

(6.6) 

e-p 
As already mentioned, Cijk~ is always positive definite. Then 

since O<r<l, it follows from Eq. (6.3) that Lijk~ is always positive 

definite. Then the right hand side of Eq. (6.6) is positive; thus, 

Eq. (6.1) is satisfied. Thus, we see that the rate dependent formula-

tion satisfies the uniqueness criterion. 

CASE 2 

It follows from Eqs. (6.2) and (3.23) that 



where b.; -2 = r -1 
r . 

From Eq. (3.23), we obtain 

and from the definition of ~, we have 

a .. = E~. (EP
kn E

k
P 0)-1/2 

J.J J.J IV IV 

Since hE-P = b.;P - 1 b.EP 0 and h;P = h; .. - b.EP we have U ij "'ij 3 nn ij U"'ij u"'J.J ij' 

where the superscript e denotes elastic. 

-t 
The elastic strain rates are related to 0ij' so that 

De 1 0 0 K 0 0 
stk.!1. = 2G sk .!1.t - 2G (2G + 3K) k.!1. st 
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(6.7) 

(6.8) 

(6.9.1) 

(6.9.2) 

(6.10) 

(6.11.1) 

(6.11.2) 

where G, K denote the initial elastic shear and bulk moduli, respec-

tively. It follows from Eqs. (3.3), (6.8), (6.9), (6.10) and (6.11) 

that 
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11£ pq (6.12.1) 

where 

T = a a De Ce- p 
pq pq - st stk~ k~pq (6.12.2) 

e-p 
Now the elastoplastic tensor Cijk~ needs to be written explic-

itly. In here a generalized plasticity model is used where the 

associative flow rule was assumed. Following Mandel (1947) and 

e-p 
Rudnicki and Rice (1975), Cijk~ is written in terms of the internal 

friction coefficient, ~, and the dilatancy factor, S. If S # ~, the 

nonassociative ~ule holds. Since here it is not required that S = ~, 

the associative flow rule assumption is not necessary. The geometric 

interpretation of S and ~ is shown schematically in Fig. 6.1. For 

clarity, in Appendix 1 of this chapter, S and ~ are related to the 

generalized model used herein, and the strain rates are expressed in 

terms of the stress rates. If h denotes the plastic modulus and Tt = 

(1. st st) 1/2 the 1 t l' . t' t' d 2 ij ij , e as op ast1c const1tu 1ve ensor 1S expresse as 

(p- st + S K <5 ) (~st + K ~ <5 ) 
T t ab ab T t pq pq 

h+G+~kS 

which is the inverse relation of (A.6). Now from Eq. (3.1), we obtain 

t 
that Sij = (1-4) Sij' thus 



t 
T 

s 
1 

F = 0 

Fig. 6.1 G~ornetric.: Interpretation of J-I and B 
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(6.14) 

where T = <! Sij Sij)1/2. The topical stress in Eq. (6.13) can be 

eliminated by using Eq. (6.14); thus, from now on, the mean stress will 

appear in place of the topical stress in Eq. (6.13). 

As it is seen from Eq. (6.9.2), a .. is a unit vector in the di-
1.J 

.p 
rection of E .. in the six-dimensional space. It is a property of the 

1.J 
.p 

plasticity theory, and it can be seen from (A.6) that Eij is dependent 

t on S ..• Then the following holds: 
1.J 

t S .. 
a .. = 1.J 

1.J Tt.f2 

and from Eq. (6.14) 

(6.15) 

(6.16) 

From Eqs. (6.12.2), (6.11.2), (6.13), (6.14) and (6.16), it follows that 

T = pq 

G S + K ]J 0 
T pq pq 

(h + G + ]J K S) 1:2 

From Eqs. (3.1), (3.22), (6.12.1) and (6.17), we obtain 

(6.17) 

(6.18.1) 
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G 
Si' U T Sk5/, 2L • • 

Tl = 12 (h + G + l.I k S) (1 ) 6.f..,' 6.f..1.d -r 1.J 
(6.18.2) 

G 
Si' U T Sk5/, . . 

T2 = .f2 (h + G + l.I K S) 
J 6.f.. .. 6.f..k5/, (l-r) 1.J 

(6.18.3) 

Equation (6.18.1) defines the second term on the right hand side 

of Eq. (6.7). Since Lijk5/, is always positive definite, the first term 

in Eq. (6.7) is always positive. In order that the solution be unique, 

it is sufficient to show that the absolute value of the second term in 

Eq. (6.7) is smaller than the first term. As shown subsequently, the 

absolute value of the second term is not only less but much smaller than 

the first term in Eq. (6.7). From Eqs. (6.3), (6.13) and (6.14), Lijk5/, 

is expressed as 

2 
[K - 3 (l-r) G] 0ab 0pq 

[(1-~) G Sab + S K 0ab J 

(l-r) 

r(I-~) G Spq + K (l-r) l.I 0pqJ 

(h + G + l.I K S) 

(6.19) 

We note that Eq. (6.19) may be obtained from Eq. (6.13) by making the 

following substitutions: 
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G + G~ = (l-r) G (6.20.1) 

II + ll~ = (l-r) (6.20.2) 

h + h~ = (l-r) h (6.20.3) 

From Eq. (6.19), it follows that 

(6.21.1) 

(6.21.2) 

(6.21.3) 

(6.21.4) 

From Eqs. (6.18) and (6.21), we obtain 

(6.22) 

Relations, Eqs. (6.18), (6.21) and (6.22), imply that a suffi-

cient condition for Eq. (6.1) to hold is 

(6.23) 

From Eqs. (3.22) and (3.23), it follows that U is a dimensionless 

(positive) number representing the slope of the r vs. So curve. Its 
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value depends on the value of ~ and the constants associated with the 

damage evolution law. In order to estimate the order of its magnitude, 

the values of the constants estimated for a concrete described in the 

previous chapter are employed. The values of these constants will vary 

from material to material and it is reasonable to assume that the order 

of the values may not be much different for similar materials. Then, 

since SD is of the order of deviatoric plastic strain and Tt/G~ is of 

the order of deviatoric elastic strains (much less than unity), the 

value of the left hand side of Eq. (6.23) is found to vary between zero 

-2 and order of 10 ; thus, Eq. (6.23) is satisfied. Hence, t~ rate inde-

pendent formulation satisfies the uniqueness criterion. Next, the 

numerical implementation of the formulation is examined and discussed. 

6.2 Numerical Implementation 

As mentioned in the introduction, when strain softening of mate-

rials is treated as an elasticity or elastoplasticity problem, numerical 

analysis may suffer from instabilities and high sensitivity to mesh 

size. The subject is discussed in details by Sandler (1984) and 

Pietruszczak and Mroz (1981). Typical load-displacement relationships 

resulting from such analysis, termed as "standard" by Pietruszczak and 

Mroz, are shown in Fig. 6.2. As discussed by Valanis (1985), lack of 

uniqueness in the softening regime may be the reason for such mesh sen-

sitivities when the standard procedures are employed. 

The principle of virtual work leads to the following incremental 

equations in matrix notation, Desai and Abel (1972): 



Foree (kg/em) 

0.1 0.2 0.3 

8 Triangle Elements 
32 Triangle Elem~nts 
72 Triangle Elements 

0.4 0.5 
Displacemt:!nt c.:m 

Fig. 0.2 Typic.:al Load-Displac.:emt:!nt Relationship 
Resulting from Analysis Tt:!rmed as 
Standard (After Pit:!truszc.:zak and Mroz, 1981) 
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(6.24) 

where B is the strain-displacement transformation matrix, da denotes - -
increment in stress, dQ is the increment in external force including 

surface and body forces, and superscript T denotes transpose. The in-

cremental form of the stress-strain relation is written as Eq. (3.16) 

da = L dE - dr st (6.25) 

where the expression for L is given in Eq. (6.3), dr denotes increment 

of rand st is the topical stress vector. From Eqs. (6.24), (6.25) and 

the incremental strain-displacement relations, we obtain 

~ dq = dQ + dQr (6.26.1) 

where 

(6.26.2) 

and 

(6.26.3) 

In Eq. (6.26), ~ is always positive definite since L is always positive 

definite. Thus, k in Eq. (6.26) is non-softening and problems related 

to negative modulus are avoided. 
r 

Further, ~~ , termed the "damage 

force," is responsible for the softening in the average constitutive 
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description. Thus, the formulation is such that the stiffness matrix 

always remains positive definite. The decomposition, depicted sche

matically in Fig. 3.2, and discuss'ed previously, involves the damage 

force that modifies positive definite ~, thus giving the capability of 

stable calculations in the softening regime. 

6.3 Mesh Sensitivity 

For illustration purposes, the following problem adopted from 

Pietruszczak and Mroz (1981) is considered. Figure 6.3 shows the dimen

sions and finite element mesh. Three different meshes were used with 1, 

4 and 16 elements; the 8-noded isoparametric element is used, Zaman et 

al. (1983). The problem is idealized as two-dimensional and plain 

strain conditions are assumed. 

Increments of vertical displacements were applied along the top 

and bottom surfaces while the horizontal displacements at the top and 

bottom were restrained; this represents a sticking friction end condi

tion. An iterative (Newton-Raphson) procedure, Desai and Abel (1972), 

Nagaraj (1986), is employed for the incremental solution of the problem. 

The mater~al parameters used were those given in the previous chapter. 

Figure 6.4 shows the computed load-displacement curves obtained 

by using the model proposed herein. It is seen that the mesh-size sen

sitivity is ,insignificant as compared to the sensitivity depicted in 

Fig. 6.1 that was reported by Pietruszczak and Mroz (1981). The small 

differences can be due to normal finite element discretization errors. 
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DEB 
1 Elem~nt 4 Elements 

100 em 

tt111t1tt 
u 

16 Elements 

Fig. 6.3 Finite Element Dis~retization for Example Problem 



60 

40 

20 

o 

Force (KN) 

1 Element 
4 Elements 

16 Elements 

--~--~--~---r--~--~~--r---~--__ ----
o 0.2 0.4 0.6 0.8 

Displacement (cm) 

Fig. 6.4 Computed Load-Displacement Curv~s for 
1. 4 and 16 Eight-Noded Quadrilateral 
Elements 
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6.4 Localization 

Here, the possibility that the proposed damage model leads to a 

bifurcation point, at which nonuniform deformation can be incipient in 

a planar band, usually called "shear band," is examined. The condition 

for localization of the deformation into a shear band can be derived 

from the requirement that the internal and external stress vectors 

across a shear band boundary are in equilibrium.. This type of analysis 

is usually called "shear band analysis" and has been explained in de-

tail in various publications, Hill (1962), Mandel (1966, Hill and 

Hutchinson (1975); such analysis and results for geomaterials are given 

by Rudnicki and Rice (1975) and Vardoulakis (1980). A brief outline of 

shear band analysis based on the work of Rudnicki and Rice is presented 

here. 

Let ~ denote the difference between the local field at a point 

in the band and the uniform field outside the band. Let the constitu-

tive equations be written in the form 

8 =E D 
ij ijkR- kR-

(6.27) 

'iJ where 0ij is the Jaumann (co-rotational) stress rate defined as 

• o . - (J. W • - o. Wpi iJ ~p PJ JP 
(6.28) 

In Eqs. (6.27) and (6.28), Dij is the symmetric part, and Wij the anti

symmetric part of the velocity gradient, OVj/oxi , and EijkR- in 



Eq. (6.27) denotes the modulus tensor. Let X., i = 1, 2, 3, denote a 
1 

120 

coordinate system such that the direction X2 is perpendicular to the 

shear band, Fig. 6.5. If, at the bifurcation of deformation rates, the 

values of Eijk~ remain the same in and outside the band 

(6.29) 

Expressing the ~W .. and aD .. in terms of ~ (av./ax.), the following 
~ ~ 1 J 

condition for bifurcation results, Rudnicki and Rice (1975): 

(6.30) 

where Rjk denote stress terms resulting from the expression for ~W. If 

a zero th order 'analysis is to be developed, the Rjk terms in Eq. (6.30) 

may be neglected, as compared to the Eijk~ terms. Such an analysis 

amounts to retaining the first term in an expansion of the stress/ 

elastic modulus ratio. 

As shown previously, Eqs. (3.14), (6.3), the constitutive rela-

tions involve evolution of damage in the material. The purpose here is 

to examine how damage and its evolution influence the conditions for 

localization. 

From Eqs. (3.14) and (6.3), the constitutive relations may be 

expressed as 

~= (6.31) 
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1 > 

f· 
Shear Band 

~i-

Fig. 6.5 Shear Band and Coordinate System 
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From Eq. (6.31), the following difference is formed: 

where Eq. (3.23) holds as an evolution of the damage parameter r. In 

this chapter, 6 has different physical meaning than the one assigned in 

the previous section. Mathematically though, the same operations can 

be performed on 6. Thus, following the same steps as in Eqs. (6.8) 

through (6.12), a relation similar to Eq. (6.12) is obtained as 

(6.33) 

and Tk~ is expressed as in Eq. (6.12.2). From Eqs. (6.32) and (6.33), 

the following condition for localization is obtained; here the zero th 

order analysis holds: 

(6.34) 

Following the same steps as in the previous section (relations 

(6.13) through (6.23), it can be shown that the second terms in the left 

side of Eq. (6.34) are much smaller than the first terms as long as 

Eq. (6.23) holds. Then, they can be neglected. The tensor Lijk~ is ex

pressed analytically through Eq. (6.19), and the condition for 

localization reduces to detlL2jk21 = O. As previously noted, the tensor 

e-p 
Lijk~ is obtained from Cijk~ by making the substitutions, Eq. (6.20). 

Thus, the procedure employed for bifurcation analysis of elastoplastic 
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materials may be employed here if the following distinguishing points 

are considered: (1) substitutions as of Eq. (6.20) are made, (2) the 

plastic modulus h, referred to as the topical behavior, is always non-

negative. Similar manipulations are described by Rudnicki and Rice 

(1975) and Vardoulakis (1980). For this reason, we present the results 

for the critical value of h and the angle of inclination of the shear 

band. At the localization conditions, the following holds: 

where 

and 

h [(l-r) X + B ~] (X + 11 ~) 
- = ------~----~~~--~~ 
G !!. (l-r) + K 

3 G 

K = ..::.2-;.;(l;;...;+_V~) 
G 3 (l-2v) 

[(l-r) 11 + B] (l+v) 
X = 2 (l+v) + (l-r) (1-2v) 

N [2 (l-r) (l-2v) + (1+0) 
2 (l+v) + (1-4) (1-2V) 

(6.35.1) 

(6.35.2) 

and V is the Poisson's ratio, N = S22fT. The angle e , which maximizes 
o 

h, and hence defines the plane of localization, is given by 
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tan 8 
o 

x - N 1/2 
1 

= (N - X) (6.36) 
3 

where N1 = Sll/T and N3 = S33/T• Figure 6.6 shows the orientation of 

the shear band with respect to the principal stress coordinate system. 

The angle 8 is the angle between the normal to the plane of 10ca1iza
o 

tion and the 03 principal stress. 

In order to interpret the expressions, Eqs. (6.35) and (6.36), 

the values of h/G and 8 at localization are shown in Figs. 6.7, 6.8 
o 

and inAppendix 6.2 for different values of r. As mentioned before, h is 

always nonnegative. Then, negative values of hlG indicate that to the 

corresponding damage accumulation no critical value of h exists. During 

a monotonically increasing shear path, the value of hlG initially has a 

relatively large value and subsequently decreases. At the same time, r 

is initially zero and subsequently increases. At localization, the 

(h/G) or vs. r lies on the curve shown in Fig. 6.7; e.g., point A. As 

shown in Appendix 6.2 and Fig. 6.7, the value of r influences consid-

erab1y the critical value of h/G. Specifically, the greater the 

accumulation of damage, the closer the material comes to a state where 

localization of deformation can occur. This is expected since accumu-

1ation of damage brings the material closer to an instability or 

collapse. A basic conclusion is that damaged material is more inclined 

to instability by localization of deformation than a material that is 

not damaged. The damage also affects the angle 8as shown in Appeno 

dix 6.2 and Fig. 6.8. 



G 
2 

Fig. 0.6 Orientation of Shear Band in Principal 
Stress Space; 01 ~ 02 ~ 03 
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Fig. 6.7 Effect of Damage Accumulation on the 
Initiation of Localization. Plot 
Corresponds to Pure Shear Stress 
Conditions, N = 0, ~ = 0.9, B = 0.6, 
\! = 0.3 
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Experimental measurements of conditions at the initiation of 

localization is not an easy task. To our knowledge, precise measure-

ments of such conditions are not available in the literature; hence, 

comparisons of the theoretical predictions with observations are diffi-

cult. However, the effect of damage accumulation on the conditions 

under which strain localization can initiate, leading to shear band 

formation, have been examined here. 

6.4.1. Comment 

From Eqs. (6.3) and (6.30), it is clear that damage accumulation 

e-p as well as the elastoplasticity relations, expressed through Cijk~' con-

siderably affect the conditions for shear band formation; for instance, 

Molenkamp (1985) found that considerable variations in the predicted 

instant of initiation for different elastoplastic models occurred. In 

this study, however, the analysis is restricted to only one elasto-

plastic model. 

As shown in the previous section, uniqueness was associated with 

the constitutive relations where the theory of Valanis (1985) was em-

ployed, and small deformations were considered. The localization 

analysis involves large deformation and shows that the formulation may 

allow nonuniqueness, especially at highly damaged states. The analysis 

suggests that initiation of localization depends on the parameters in-

volved in the macroscopic description of damage. 
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6.5 Energy Considerations 

As mentioned earlier, the proposed model accounts phenomeno-

logically for directional properties induced by cracking; it is not 

intended for detailed identification of location and directional propa-

gation of cracks. In this section, balance of energy of the two 

interacting components is considered. The damaged body is compared to 

an elastoplastic body with cracks. Equivalence between the damaged body 

and the cracked body is examined through rate of work considerations in 

the "Griffith Sense" (Griffith, 1920, 1921). A discussion of the con-

cepts and results introduced herein follows subsequently. 

6.5.1 Elastoplastic Cracked Body vs. the 
Two Component Damaged Body 

6.5.1.1 Elastic-Plastic CraGked Body. Consider an elastic-

plastic body that occupies a region R (Fig. 6.9). On part of its 

boundary, dR, surface fractions Ti are applied, while body forces Fi 

act on R. Also, traction-free propagating cracks are contained in the 

body with instantaneous total crack surface area equal to A (t) 

(Fig. 6.9). Balance of rate of global energy for the above requires that 

(Eftis and Liebowitz (1975), Lotsberg (1977» 

(6.37) 

where the left hand side of Eq. (6.37) represents the rate of work by 

• tractions and body forces, E is the internal energy density rate per 



A 1- dR 

~--~~---- Crack 

Fig. 6.9 Schematic of Elastoplastic Body 
Containing Cracks 
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1 d·· unit volume, 2 Rf P dt (ui u i ) dV is the rate of kinetic energy, and by 

following Griffith, we can write crack surface energy rate per unit 

area, r, as 

. 
y A (6.38) 

where y is the crack surface energy per unit area. The internal energy 

density is decomposed in two parts; namely, 

· . . 
E = E +D e (6.39.1) 

• ·e 
E = cr •• e: •. e 1J 1J 

(6.39.2) 

• .p 
D = O"ij e: •. 

1J 
(6.39.3) 

. . 
where E is the elastic energy rate per unit volume, D is the dissipated 

e 

energy rate per unit volume, and the usual decomposition of strain rate 

hold. It is noteworthy that if the body is considered as elastic and 

total strains are employed, Eq. (6.37) reduces to the energy balance 

equation of Griffith. 

6.5.1.2 Two-Component Damaged Body. Now, we consider the mix-

ture of two components or fractions damaged body as described in the 

previous sections. Let F(, aF( denote its volume and boundaries, re-

spectively, and ~i' ~i surface tractions and body forces, respectively . 

... 
Let E denote the rate of work of the external forces which act on an 

element ~V of the material, then 
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B: Unlikely Zone for Crack Extension 
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Fig. 6.10 Schematic of Damaged Body with Development 
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(6.40) 

Part of this work will be stored as elastic energy and part of it will 

be dissipated due to the plastic deformations 

(6.41) 

-where Q represents the rate of dissipated work in order to transform 

topical (undamaged) volume into damaged volume. It can be expressed as 

- -Q=qV (6.42) 
o 

-where V is the rate of change V ; thus, it represents the rate of 
o 0 

change of topical volume to damaged volume, and q is the transformation 

energy peL unit volume. The above considerations allow us to conclude 

that an equation similar to Eq. (6.37) is valid for the damaged body 

with the following distinguishing differences: 

- Instead of f we have Q 

- The internal elastic and plastic rate of energy is the 

summation of the energies involved in the topical and 

the damaged part; thus, 

-e 
f).Vf ° ij 

-e dV 
f).Vf t -e 

dV + E = e: ij = °ij e:
ij t 

f).V f ° ij 
-e 
e: ij dV 

0 

(6.43.1) 
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• 
!:J.V! °ij 

.p t .p D = Eij dV = !:J.V! °ij Eij dV + 
t 

(6.43.2) 

!:J.V! 
0 .p 

dV °ij E .. 
0 

l.J 

6.5.2 Stability of Damage Growth 

Following the concepts of fracture mechanics (Davis and Sih, 

(l965),weconsider two cases. Under "fixed grip" conditions, it is 

assumed that the outer boundary is fixed during damage growth. If, in 

addition, the body force distribution is ignored, the rate of energy of 

the applied forces vanishes, and from Eqs. (6.37) and (6.41), we obtain 

R! E dV + R! D dV + Q = 0 (6.44) 

Here, quasi-static loading are assumed; hence, the rate of kinetic 

energy is neglected. 

Now, by setting 

(6.45) 

(6.46) 

and considering the total potential energy 

l1=U+H (6.47) 

it follows from Eqs. (6.43) to (6.47) that 



135 

- .ElL = ~ + lQ..... = _ 2!!.... = G (6.48) 
av av av av 
000 0 

Here, G is referred to as the strain energy transformation rate. It 

represents the energy required to transform topical volume to damaged 

one. 

Under "fixed force" (dead load) conditions, the load is kept 

constant, while the boundary is free to move. For such a case, the work 

done by the unchanging boundary loads (neglecting body forces) is twice 

the increase of elastic strain energy, Spooner and Dougill (1975), 

Bazant and Kim (1979), Eftis and Liebowitz (1975) and Goodier (1968) 

aH 2 au 
av = av 

o 0 

(6.49) 

It follows from Eqs. (6.37), (6.45) and (6.49) that for the fixed force 

case (quasi-static loading conditions) 

_ 21L = aD + ~ =.£!L = G (6.50) 
av av av av 

o 0 0 0 

Equation (6.48) or (6.50) are fulfilled during the damage growth. As 

the damage growth is assumed to be quasi-static, 

aK 
av = 0 (6.51) 

o 

and K is the total kinetic energy. If the damage growth occurs, then 

the kinetic energy is increased so that 
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> 0 (6.52) 

and the condition for unstable damage growth reduces to 

a (V ) 2 
o 

a (V )2 
o 

(6.53) 

The above relation represents an analytical criterion similar to 

the one proposed according to Griffith's theory. Its pbysical interpre-

tation is similar to the interpretation of unstable crack growth in 

Griffith's sense. 

6.5.3 Discussion 

The rate of energy balance for a medium with cracks and for a 

two-component material were considered. Mathematical similarities in 

the energy balance equations for the two bodies exist if the following 

substitutions are made: 

A(t) ~ V (t) 
o 

(6.54) 

y-H-q 

This shows that the phenomenological approach to the crack initiation 

and growth can be equivalent to a "pure" fracture mechanics approach as 

far as energy balance is concerned. Also, the damage model captures 
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other effects of crack initiation and propagation such as degradation 

of strength, degradation of elastic properties and induced anisotropy. 

These attributes were discussed previously. 

6.6 Multiaxial Stress Paths 

In this section, the question of the effect of damage of the 

stress-strain response is examined with emphasis on the failure be

havior. As damage accumulates, the topical volume transforms into 

damaged volume. Because of this transformation and the increase in the 

damaged volume, the (remaining) topical volume cannot resist stress and 

strain as it would have if there were no damage. As a consequence, 

after damage initiates, the topical volume experiences increased de

formations and approaches failure at a faster rate compared to those 

experienced if no damage occurred. 

Let us now consider a material element (specimen). Let a number 

of cracks exist in the element; thus, damage has already accumulated to 

a (small) extent. Let this element be subjected to a small increment of 

deformation. Part of this deformation will be stored in the element as 

elastic straining. Another part will deform the topical and damaged 

part plastically. Part of the topical volume will be unable to sustain 

the increased deformation and the cracks associated with it will extend 

and/or new cracks will be initiated. Under this extension or formation 

of cracks, the stresses in the element will be redistributed until the 

element reaches equilibrium. On the other hand, the increased deforma

tion may be such that an equilibrium state cannot be reached. This will 
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happen if the stresses in the topical part have reached or are very 

close to the ultimate yield surface associated with the topical part 

resulting in failure of the element. 

In order to ver.ify the model and illustrate the above failure 

considerations, the material parameters were determined from available 

test data for a concrete, given by Van Mier (1984). Next, we consider 

a uniaxial compression test such that all = a (compression positive), 

the other components of oij being zero. For these values, Eq. (3.2) 

yields 

= - r a 
3 (l-r) 

which indicates that the radial stresses in the topical zone are 

(6.55) 

tensile. This is consistent with experimental observations that show 

formation of cracks parallel to the loading axis in a uniaxial com-

pression test (e.g., Van Mier, 1984). This phenomenon is usually termed 

slabbing or bursting. 

Figure 6.11 compares the predicted curves for the average and 

topical responses for a test such that 0 1/02 = 1/0.33 and 0 1/03 = 

1/0.05. It is seen that although the response is softening, the topical 

response is hardening. Figure 6.12 shows the topical and average stress 

paths in J 1 vs. IJ 2D space. Point A corresponds to the peak value of 

the average stress. In the prepeak region, the average stress follows 

oath OA. In the post peak (softening) region, the average path follows 

path AB. Because of damage accumulation, the topical stress path, 
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OAt Bt , is different than that of the average stress path, OAB; the 

hydrostatic part of the topical stress is decreasing after the peak. 
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The rate at which the topical response approaches the ultimate condi

tions (Fig. 6.12) increases with increasing damage accumulation. Also, 

the damage accumulates faster in the post peak region than in the pre

peak region. Note that in the absence of damage, the topical and aver

age stress path would be identical following line OA, and after point A 

is reached, the response would continue to be hardening (not softening); 

thus, the stress would extend beyond point A along line OA. Damage; 

that is, r ~ 0, initiates at point R, at which the shear stress is about 

30% of the stress at peak. This is consistent with experimental ob

servations, Van Mier (1984). 



CHAPTER 7 

VERIFICATION OF THE MODEL 

7.1 ,Integration of the Constitutive Relations 

The constitutive relations derived previously can be written in 

incremental form; matrix notation is used herein 

ida} = [L] {dE} - dr is} (7.1) 

This equation describes a set of nonlinear differential equations in

volving stress and strain. Integration of Eq. (7.1) along a loading 

path yields the total stress and strains. 

A computer procedure is developed (using Fortran) for the nu

merical integration of Eq. (7.1). This routine is similar to an 

integration routine for elastoplastic incremental equations. Important 

features of the integration of elastoplastic incremental equations are 

discussed in detail by Faruque (1983) and Faruque and Desai (1985). In 

a numerical scheme such as the finite element method, the increments of 

strain {dE} are obtained. From this increment of strain, the increment 

in topical stress is calculated through Eq. (3.3), and subsequently the 

elastic strains are computed from Eq. (3.4). Through Eq. (4.13) the in

crement of plastic strains is obtained and subsequently the increment dr 

is calculated from Eq. (3.23). Finally, the increments of stress ida} 

are calculated from Eq. (7.1). 

142 
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The increments of strain, {dE}, obtained from a numerical scheme 

such as the finite element method, may not be small enough, such that 

convergence is assured. Thus, the computed stresses may be far from 

being accurate. There are a number of techniques available to correct 

the stresses within an increment; for example, subincrementation tech-

niques (Faruque, 1983). 

7.2 Laboratory Test Data 

Here a description of the materials used for verification of the 

model is given. The constants for these materials were described in 

Chapter 5. Verification with respect to joints as well as description 

of the materials used are given in Chapter 8. 

7.2.1. Concrete 

Cubical concrete specimens were tested by Van Mier (1984). The 

size of the cubes was 100 x 100 x 10Omm. For all the tests, the same 

concrete mix was used. The maximum aggregate size was 16mrn. The ratio 

between cube size used and maximum aggregate was equal to 6 - 7. The 

cement content was 320 kg/m3 , the type of cement being an ordinary 

Portland cement (type A). The water cement (W/C) ratio was 0.50. The 

specimens were cast in stiff molds and during casting the specimens were 

vibrated on a vibrating table for 180 seconds. Approximately one hour 

after casting, the specimens were vibrated again for 120 seconds. The 

casting surfaces were finished and the specimens were placed under a 

plastic cap to avoid drying out. After 28 days, the prisms were sawn. 
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After grinding them, the specimens were sealed in plastic bags and 

placed in a room with constant temperature at 20°C. During sawing and 

grinding, care was taken that the specimens were always in a wet 

condition. 

A truly triaxial servo-controlled machine was used for testing 

of the cubical specimens. The three loading axes are not connected to 

each other and can be independent. Forces were measured by means of 

calibrated load cells. Deformations were measured using three differ-

ent methods, depending upon the type of test. Details of the concrete 

and the testing devices used are given by Van Mier (1984). 

Figure 7.1 shows the comparison of the prediction and the ob-

servation for a loading test such that 01/02 = 10 and 02 = 03. In 

Fig. 7.1a, the curve for major strain £1 vs. L is plotted, while in 
oct 

Fig. 7.1b, the plot of minor strain £2 = £3 vs. L is shown. Finally, oct 

in Fig. 7.1c, the comparison between prediction and observation of 

volume changes during loading is shown. It is seen from Fig. 5.3 that a 

good agreement is achieved between prediction and observation. 

Figure 7.2 shows the stress-strain response curves for a uni-

axial compression test. It is noted that in the softening regime, the 

volume changes are negative (dilation). The predictions here compare 

well with the experimental results. 

Figure 7.3 shows the comparison of the stress-strain and volu-

metric responses for a test such that 01/02 = 1.0/0.33 and 01/03 = 

1.0/0.05. The initial confining pressure is 0.0 kpa. 
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Figure 7.4 shows the comparisons for a nonproportional loading 

test. This test was performed such that the ratio between the applied 

displacements remained constant such that u1/u2 = 1.0/0.1 and u1/u
3 

= 

1.0/0.1. It is evident from these figures that the predictions from the 

model compare well with the experimental results. Aspects related to 

failure and topical prefailure stress paths for the above tests were 

discussed in Chapter 6. 

7.2.2. Cohesionless Soil 

The material constants for this soil were given in Chapter 5. 

The test results were reported by Lee and Seed (1967). The soil used 

was a fine uniform sand from the Sacramento River. The specific gravity 

and limiting void ratios were G 
s 2.68, e i mn 0.61 and e = 1.03. max 

For the dense samples, the initial density e. = 0.61; the above being 
1 

the maximum obtainable density. 

All tests were performed in a triaxial compression chamber on 

specimens which were initially 1.40 in (3.56 cm) in diameter and 3.4 in 

(8.64 cm) high. The sides of the mold were vibrated sufficiently to 

densify the sand to the desired condition. The axial strain of a number 

of samples was measured when compressed under equal all-round confining 

pressure and compared to the volumetric strain measured with the 

burette. Details of the soil and experimental devices used are given by 

Lee and Seed (1967). 

Figure 7.5 shows the comparison between the predicted and ob-

served stress-strain responses for a test with initial confining 
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2 pressure a
o 

= 3 kg/em. The comparison of stress-strain and volumetric 

response is good. Figures 7.6 through 7.8 show the stress-strain and 

volumetric response curves for conventional triaxial compression (CTC) 

tests at initial confining pressure of 6 kg/cm2, 10.5 kg/cm2 and 

20 kg/cm2, respectively. It is evident from the above figures that the 

predicted stress-strain and volumetric responses are in agreement with 

the experimental results. 

7.2.3. Comments 

In the above comparisons for concrete and soil, the material 

constants were determined from the first two tests presented. These 

constants were then used for back prediction of other tests that were 

not used for finding the constants. 



- -* - - ~-~~ - - - - - - - -
- -I)- __ ~_PR.EDl.CI'JON_ - - - - - --

15 

T oet 
2 -

(kg/em ) -

10 

00 _00 -I)- 00- 41_ II 
11111111 - II -Q-o-

.. II -0.. 41_ II 
.. - a_ Q Jf _ ~ .x- - - - - - __ -"- _ _ -Q -0-

J; ~* ~ -----i(.. -0. ~ , _ _ 00_ II 
x~ - - - - II_D 

.. , - - -x. 
II, ---e)< -----X 

dl 
~' • , 

d 
5 • 

IS , 
-I " " -I~ 

" -I~ 
P 

0 1 
0 

, -, 
5 10 

(a) £1 - Toct 

15 

Fig. 7.0 Comparison for Drained T~iaxia1 Compression 
Test, Soil, a = 0 kg/em 

o 

£1 (%) 
20 

~ 

0-
~ 



15 

T oet -2 (kg/em ) -

10 

5 

0 

-15.0 

__ )Eo - - !!"-~MENf _______ _ 

- -0- - - !"- PREDIcrJON _______ _ 

II _ C. ..0- ~ - C. -0.. 
~,o-~ ~~~ 

II _~ 1111 

II-~ • 
.11_

0
..0- 1111 

0- 0 ~_IJ ~ ~ - - - - - - -)( - - - - - - - ~ II 
,__ _ 11 

_>E- ~ - ~ '\, 
~----~ -.... ~ lJ 

'D 
~ 

1S 
~ 
Il 
tt 

~ 
~', 
b' 
,I , , 
91 

" ~ 
,I 
b' 9: 
9' 
1;1 

I-I I I I I I I I I I I I I I I I I I I I I I I I I I I 

-12.5 -10.0 -7.5 -5.0 -2.5 0.0 
£2 

(b) £z - Toct 

Fig. 7.6 (Continued) .... 
a
N 



4 

E v 

2 

0 

-2 

(%) 

-

-

-

0 

D-O-Q.0-11 •• DO'! x' 
"-~ ...... ~ 

-x-

I 

2 

, 
/ , ,... 

~ 

/ , 
X , 

/ , ,D'" 
/ .ll' 

, 
, 

~ 

X ,II' , 
.~" ~ / , .a-

/ .a~• z .,~o-
0 .o~l.)-

wli-O'l-

I I I 

4 6 

(c) E
1 - E 

v 

Fig. 7.6 (Continued) 

_ -~ __ ~-PREDI.CrJON _______ _ 

-* - ~-.EX.I!ElUMENL ____ _ 

..X , 
/ , 

/ 
~ 

/ 
~ D .,.... , , , 

X" .D' 
/ 

, 
, , 

/ ,I! , 
.a' , , 

,I! , 
P' , 

a' 
~ , 

I I 

8 10 12 
El 

...... 
0\ 
w 



20 

T oct 

2 (kg/em ) 
, 

__ )Eo - - ~_EXEERIh-iEN1' - - - - - - --
_ -0- __ ==_PREDIcrJON_ - - - - - --

..0- -G - II _ 1] 

~' - sa '0.. ~ II'G g~ 'G_. 
• • ••• 

15 
" •• - -x -" -.x _ ••••• ~ ~~.~. 

• -><---- -" •• ~.~, ' x - '. 

• -- ·X - - - --X 

&Ix" 
" ." 

I, 
I 

10 

i! x, 
I I 

, I 
I , , , 

x p , , , . , 
II 
I 

I , 

I P * , 5 I'. 

o * 
o 5 10 15 20 

(a) e: 1 - Toet 

Fig. 7.7 Comparison for Drained Tria~ial Compression 
Test, Soil, a = 10.5 kg/em 

o 

25 
e:

l 
(%) 

..... 
0\ 
~ 



20 

1" oct 
2 -

(kg/cm )_ 

15 

10 

5 

0 

-12 

__ * __ ~_~MENT _______ _ 
_ -D- __ ~_ PREDlCfJON _______ _ 

o ~o ~ ~D- - ~- - II 
11 .. 

0 
_II" -0.11. 

AI- _0" .. 11.11 

__ 0- • .-- . • _" ,"' ~ ______ ~ ______ -x - ~ ~.-.. - -'~- ------ ~ ,-,' ---x._ 
x- _ - - -x - -x 

11 , 
II 

... , 
')( II , , 

,'a 
~ 

" b' 
,)( 
, ' , , 
, ' 
I' 
9 X 
, I 

II' 
, I 

fJ ' 
I' 
I' 
IjI , 

, ~ 
III' 

~ 
fJ 
I 
IjI , 

-10 -8 -6 -4 -2 o 
£2 (%) 

(b) £2 - 1" oct 

Fig. 7.7 (Continued) 
..... 
(J\ 
In 



_ -~ __ !!"_PR.EDICTJON _______ _ 
-* _ !!"' EXPERIMENT... ____ _ 

2 --~------------------------------------------------------------~ 

e: (%) 
v 

1 

-1 

-2 

0.0 

' 
'x ... -

2.5 5.0 

/ 

- •' 

7.5 10.0 

(c) e:l - e:v 

Fig. 7.7 (Continued) 

-... ~ 
II 

12.5 

-~ ...,..,. , n' , 

15·.0 

,_. 
0'\ 
0'\ 



40 

"[ 
oet 

2 (kg/em ) 

30 

__ * __ !:S_EX:eER.IMENf _______ _ 

- -0- _ - ~_PREDu:rJON_ - - - - - --

.D- .0- ~-o.. ra 
,.... 11-0.... 
,. II ~a. 

~' ~'. s ~. . --~-----~-~~ ~. P.. _x--- ~-~_ ~-a..raa 
... x- ~,><~ 

)$' ~~--~~~--x )(p , , 
20 ---t--'f. ~ 

10 

o f 

o 

I 

X 
I 
I 

" ~ x , 
• 

5 10 15 

(a) £1 - "[ oct 

20 25 

Fig. 7.8 Comparison for Drai2ed Triaxial Compression Test, 
Soil, cr 20 kg/em 

o 

£1 (%) 30 

..... 
0-
...... 



40 

'{ 
oet 

2 (kg/em ) 

30 

20 

10 

- -* - -!!"-~- - - - - - --

_ -0- - _!!"- PREDICTJON_ - - - - - --

~,It - II _ 011 
~,o- ... -Q.. 

--~ , .,y Q 
.II'" QQ, 

It~ ~ 
.II'" _ , )( - - - - - ~- - - __ -x l!:J 

11'0' )(,,_ ''''~ 
.a-O-It, 10" ... 

D 

)Eo - - - ' , - , , - ,~ , 

, 
q ~ 

\ q X 
\ 

\ 

I!J ~ 
\ 

~ 
\ 

e 
\ 

\ 

\ 
II 
e 
~ 
Ijl 

II 

i 
o l 

-15.0 -12.5 -10.0 -7.5 -5.0 -2.5 0.0 

(b) £2 - '{ oct 
£2 (%) 

Fig. 7.8 (Continued) 
I-' 
0\ 
co 



_-a- __ ~-PREDI..CfJON _______ _ 
->E--~_EX1!ER.IMENT.... ____ _ 

2 --~--·-------------------------------------------------------, 

e: (%) 
v 

Jl 

•m ~, 

\ aa .... --a.."' ~----- -~-,~~::.....-----
y -. -o. - ~- - -X- - - - - - - - ~D- -., ~-. -· .., •G o--..o-

"-....... , -G-D- - - -a- - - a- - -

'\ ,/ 
' / 
'y 

-2 

-4 

0.0 2.5 10.0 12.5 15.0 
e:l (%) 

Fig. 7.8 (Continued) 



CHAPTER 8 

EXTENSION TO JOINT MODELLING 

The aim of this chapter is to extend the proposed theory to 

modelling of interfaces and joints; whatever mathematical formulation 

is used to idealize the behavior of interfaces, the related constants 

are to be determined from laboratory testing. A review of existing de

vices for joint testing is out of the scope of this dissertation. The 

device developed by Desai (1980) was used for a series of tests on 

joints in concrete. The purpose of these tests was to obtain informa

tion on the softening part of the shear force - shear displacement curve. 

An extension of the damage theory is proposed for the constitutive be

havior of joints. 

8.1 Interface Testing 

Desai (1980) has developed a device called Cyclic Multi Degree 

of Freedom (CYMDOF) for testing of interfaces and joints under both 

static and dynamic (cyclic) loading conditions for simulation of trans

lational, torsional and rocking modes of deformation. The details of 

design, development and construction of the device are given by 

Desai (1980). For convenient reference, a brief description of the de

vice is presented herein. The translational part of the CYMDOF shear 
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device consists of a large shear box. The bottom half of the box is 

fixed to a frame which is designed to withstand a (vertical or hori

zontal) load up to 30 tons (2.72 x 104 kg) and the top box is loaded by 
~ 

a horizontal actuator of approximately 7 tons (6.35 x 10~ kg) capacity. 

Normal load is applied through a vertical actuator of the same cap3city 

as the horizontal one. The bottom part of the box is 16 x 16 x 9 in~hes 

(40 x 40 x 23 cm) and the top part is 12 x 12 x 9 (30.5 x 30.5 x 23 cm). 

The horizontal hydraulic cylinder is fixed to one of the vertical mem-

bers of the loading frame. The vertical hydraulic cylinder is fixed to 

the junction point of upper diagonal members of the frame through a pin 

joint. A hydraulic pump of 3000 psi (2.07 x 104 kPa) supplies the re-

quired pressure input. Load cells. to monitor horizontal and vertical 

loads. and Linear Variable Differential Transformers (LVDT). to record 

horizontal and vertical displacements. are controlled by MTS electronic 

control units. A function generator allows load application in a 

variety of forms. 

8.1.1. Artificial Rock Joint Tests 

In this study. CYMDOF shear device is utilized to test the be-

havior of rock joints. Concrete blocks are used as artificial rock 

since the purpose here is not to determine the properties of actual rock 

joints but to verify the model developed for joints of brittle. rock like 

materials. The concrete blocks used (Fig. 8.1) for the tests are made 

from a mix Gi aggregate. sand and cement. The W/C ratio of the mix is 

approximately 0.5 while the unconfined compression strength of the 



Top Sample (11xllx5.5 in) 

Bottom Sample (17x17x5.5 in) 

Fig. 8.1 Concrete Blocks Used for Joint 
Testing (1 in = 2.54 cm) 
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concrete at the interface is approximately f' = 5000 psi (34450 kPa). 
C 

Mechanical concrete mixer is used for mixing and wooden molds are used 

for casting. Asperities of various angle e" (Fig. 8.2) are created 

through metallic (steel) forms. Details on the sample preparation and 

testing procedure and development of the plasticity model ( 

for joints are given by Fishman (1986). Also, an extensive and rather 

complete series of tests on artificial rock (concrete) were performed by 

Fishman (1986); thus, the present testing program is a part of this work. 

8.1.2. Testing Program 

In the present study, concrete-concrete interfaces are tested 

for static shear (translational) mode. First, the bottom box is placed, 

centered and oriented so that the edges of the block remain parallel 

with the edges of the steel box. Second, the top box is placed in posi-

tion and centered properly. The initial position of the top and bottom 

box is such that the asperities are as of Fig. 8.2. After all the e1ec-

trica1 connections are restored and checked, the hydraulic pump is 

turned on (it needs approximately 10 minutes to warm up) and the data 

acquisition system is activated. The type of the test; e.g., static, 

type of control; e.g., displacement control, etc., are set by adjusting 

appropriate knobs on the MTS control units and on the connected function 

generator. 

In the present tests, the normal load (stress) is kept constant 

and it is applied first by connecting the vertical actuator to the top 

sample. At this point, the initial readings of the LVDT's are recorded. 
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The type of horizontal load is adjusted for proper loading rate, maximum 

amplitude, etc. The interactive computer code developed for data acqui

sition is run on the computer and the horizontal mode is applied. The 

computer (MINe) reads LVDT and load cell channels and stores the load

displacement histories as voltage at selected time intervals. The data 

(voltage) recorded are reduced to load and displacement so that the com

plete load displacement curve can be plotted. 

8.1.3. Tests 

For the purpose of the present study a limited series of static 

tests were performed. A complete series of tests with varying asperity 

construction, normal loads, rate of loading, etc., were performed by 

Fishman (1986). The asperity angle e (Fig. 8.2) considered here is e = 

15°. The maximum amplitude of displacement was 0.5 inch (1.27 em). 

During the test, normal load, shear load, horizontal displacement and 

vertical displacement were measured. The corresponding results to a 

normal stress of 50 psi are shown in Fig. 8.3. 

this test was 0.05 in/minute (0.127 em/minute). 

The loading rate for 

As shown in Fig. 8.3, 

during increasing shearing displacement, the shear stress initially 

reaches a peak value and subsequently a reduction in shear stress is 

noted. Note that slightly before the maximum shear displacements are 

reached, the top sample asperities override the ones of the bottom 

sample. The effect of this is clearly depicted as a (sharp) decrease in 

shear stress during the second part of the test which is decreasing the 

displacement from its maximum to zero. 



Top Sample 

t 
( 

Bottom Sample 

Fig. B.2 Joint Profile Indicating 
Asperity Angle e 

175 



T, psi 

" x x 6~·~1 
it" xx x 

48. 0,. ~ " x " x x 
x " x 

x 
x 
x 

36. ~+ 'X 

" X 

x 
24.0.1-,. 

x 

-=f. 1- . ---=l .. 
0.1 0.20.3 

-12.'lJ 

Xx x 

X 
x 
X 

X 

X 

x 
x 

x 
x 

" 'X 

" 

0~ 4 f'lJ~ 5 ·-rl6·--0~ 7 , 
'X 

" " " x 
x 

I f----i 
'lJ.B 0.9 1.'lJ 

u, inch 

-24.0~x x x" x" xx x x " x 

-36.0 

-48.0 

-6'lJ.0 

x x 
x x 

x " 
'X 

x x 
x 
x 

XX 

" 
" 

Fig. 8.3(a) Shear Stress Versus Displacement Static Test, 
a = 15°, Normal Stress 50 psi (1.0 inch = 2.54 em, 
1 psi = 6.89 kPa) 

I-' 
--...J 
0\ 



.25 -

.20 -

.15 -

.10 .!. 
I 

I 
I 

U, inch 

• 
X 

X 

X X 

.05 " X X X -r- 11 " 

XX -' 7,-
X X 

X 
" • 

X 

I • " 

I."",,," I 

~-1--0~2 -0'.3--·0~4 0.5 -0~ 5 -0:4 -0~-3-·:'D~2 -0~ 1 

-.05 ... 

-.II! 1 
I 

u, inch 

-.15 t 
-.20 -

-.25 .i. 

Fig. 8.3(b) Vertical Displacement Versus Horizontal Displacement, Front LVDT 
Measurements (1 inch = 2.54 cm) 

... 

....... 

....... 



.25 

.2~ 

.15 

.10 

.05 

-0:5 -0:4 -0:3 -0:2 -0:1 

-.05 

-.1~ 

-.15 

-.20 

-.25 

u, inch 

" " 

" 
le:, • ."" 

" " " ,," ,. 
" " x XX X 

X " 

" " " " ,," " ,. 
" " 
0~ 1 0~2 0:3 0~4 0:5 

u, inch 

Fig. 8.3(c) Vertical Displacement Versus Horizontal Displacement, Back LVDT 
Me~surements (1 inch = 2.54 em) 

I-' 
-..,J 

co 



179 

As far as the vertical (normal) displacements are concerned, 

there is an initial, relatively small compaction followed by dilation 

(Fig. 8.3b, c). For clarity, results from two different sets of LVDT's 

are presented in Fig. 8.3. Figure 8.4 shows the recorded shear stress

horizontal displacement response for a test with 50 psi (345 kPa) normal 

stress. Here, the maximum horizontal displacement was 0.25 inches 

(0.64 cm). The above tests are typical of a series for different normal 

loads. 

8.2 Interface Modelling 

The deformational properties of interfaces and joints are, in 

general, different than the deformational properties of a material under

going general three-dimensional deformation. This implies that although 

a constitutive model may be valid for general "continuum" behavior, its 

validity may need analysis and investigation when specialized to joint 

behavior. For example, characterization of damage in a joint may be 

different than characterization of damage in a body undergoing general 

deformation. In the following, experimental observations inspire recom

mendations for damage representation in joints. A theory is proposed to 

describe the force-displacement behavior of softening joints. 

Consider a jOint subjected to a shear force T. The joint is, in 

general, rough (not perfectly smooth). Part of the applied shear force 

will be resisted by interlocking of the asperities. Another part will 

be resisted by friction along the surfaces of contact between the upper 

and lower part of the joint. In a phenomenological approach, we can write 
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(8.1) 

where Tf indicates shear force resisted by friction and Tr is shear 

force resisted from interlocking of asperities. In the case of a smooth 

joint, T = O. Associated with each force is an area such that the 
r 

corresponding stresses are defined .• 

and 

(8.2) 

where Af , Ar denote areas and Tf and Tr are shear stresses. The overall 

shear stress, T, is defined such that 

T = T A (8.4) 

and 

(8.5) 

In order to derive the overall (homogenized) stress deformation rela-

tions, we consider a unit area; namely, A = 1. The ratio of Af to A is 

defined such that 

Af 
r = - = A A f 

(8.6) 
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since A = 1. 

From Eqs. (8.1) through (8.6), we obtain 

(8.7) 

A Coulomb-type law will be assumed for the friction shear stress Tf thus 

(8.8) 

where N is the applied normal load and ~f the corresponding coefficient 

of friction. From Eqs. (8.7) and (8.8), we obtain 

T = r ~f N + (l-r) Tr (8.9) 

Setting r ~f = tan ~ and (l-r) Tr = C. Equation (8.9) can we written as 

T = tan ~ N + c (8.10) 

where ~ here has a meaning of generalized friction angle while c repre

sents cohesion. Thus, roughness can be represented as similar to 

cohesion. Also, under gen~ral loading, r will not remain constant 

since r depends on damage accumulation in the asperities. For the case 

of a smooth joint, Eq. (8.9) or (8.10) reduce to the classical Coulomb 

friction equations. Differentiating Eq. (8.9) with respect to time, we 

obtain 

(8.11) 
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So far, only static variables were considered. It is an experi-

mental fact that during deformation of joints, only part of the relative 

displacements are recovered. In general, 

du = due + duP (8.12) 

dv = dve + dvP (8.13) 

where u denotes the relative shear displacement, v denotes the relative 

normal displacement, a superscript e denotes elastic and p plastic, and 

d denotes an (infinitesimal) increment. The following elasticity re1a-

tions hold: 

dT = G due 
r 

(8.14) 

dN = K dve (8.15) 

where K, G are the elasticity parameters. Also, for the friction part, 

the following holds: 

(8.16) 

Also, the total (average) shear stress increment dT is related to due 

through 

(8. 17) 
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where G' is the elastic shear modulus corresponding to the total 

(average) response. In order that the formulation is complete, the evo-

lution law for the damage parameter r must be specified. Since damage 

growth is irreversible, we can, without loss in generality, write 

dr = R duP (8.18) 

A specific functional expression for R is not studied herein. It is the 

micromechanics of joint behavior that decide and control such a func-

tional representation for R. Finally, the so-called plastic dilatancy 

ratio D is defined such that 

(8.19) 

Thus, Eq. (8.13) can be written as 

dv = l dN - D duP (8.20) 
K 

where K denotes the elastic bulk modulus for the joint. From the above 

equations, we derive the final force-relative displacement equations. 

From Eqs. (8.11), (8.14-8.20), it follows that 

(8.21) 

From Eqs. (8.12), (8.13) and (8.21), we obtain 

(8.22) 

+ r ~f dN 
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Also, from Eqs. (8.12) and (8.20), 

dv = ~N - D du + D ~ (8.23) 

Rearranging Eqs. (8.22) and (8.23) results in 

dT = A du + B dv (8.24.1) 

(8.24.2) 

B = 
r llf K 

(8.24.3) 

A D 
dN = (K - cr) (D du + (K - c; B) dv (8.25) 

Equations (8.24) and (8.25) can we written in matrix form as 

dT A B du 
= (8.26) 

aN A 
(K - cr) D 

D 
(K - G'" B) dv 

Equations (8.26) are the final force-relative displacement equations. 

The first noteworthy fact is that the off-diagonal terms in the con-

stitutive matrix (2 x 2) are, in general, non zero. This implies that 

the proposed constitutive equations capture the effect of coupling be-

tween the shear and normal responses of the joint. 
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The proposed theory is net elastic since irreversible deforma-

tions are present. Also, the theory is not elastoplastic since the 

general theory of plasticity involving yield surfaces, plastic poten-

tials, etc., was not employed. The theory accounts for inealstic 

deformations, damage progression, and coupling of shear and normal 

behavior. 

In order that the theory be implementable for the response of 

real materials, the following parameters are needed: 

- Elasticity parameters: K, G 

The above are assumed constant and can be identified from experimental 

measurements of the reversible part of the deformation. 

- Friction parameter: ~f 

As mentioned earlier, when the theory is specialized for smooth joints 

it reduces to the classical Coulomb friction theory. Thus, ~f can be 

identified from the conditions at "yield" of a smooth joint. 

- Evolution law for the damage functional R (further details 

are given below. 

Finally, 

- Evolution law for the plastic dilatancy factor, D. 

The experiment (micromechanics) is the major deciding factor for 

the evolution law of Rand D. It is possible though to theoretically 

restrict the above evolution laws. If an initial value or r, r I is 

established, depending on the initial roughness, then for uP = 0, the 

value of r should be equal to rIo Also, when the residual conditions 

are reached, r reaches an ultimate value close to unity. Thus, 
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uP = o + r rr 

uP uP + 
= r - 1 res 

Further, since, in general, dilation is suppressed at the residual con-

ditions, we have 

r - 1 + D (r) = 0 

Also 

r = rr + D (r) = maximum 

In order that the above formulation is complete, a comprehensive 

series of tests with measurements at the micromechanics level is needed. 

These measurements will be the key factor in establishing an evolution 

law for Rand D. Proposing and/or verifying such evolution laws is out 

of the scope of this dissertation. 

'~ 



CHAPTER 9 

SUMMARY AND CONCLUSIONS 

In this study, first, the experimental and theoretical observa

tions on the deformational characteristics of brittle geomaterials was 

reviewed and discussed. A basic conclusion is that special features 

such as strain softening can not be considered as a true material (con

tinuum) property. These conclusions created a renewed emphasis on the 

constitutive modelling of such materials. Under the inspiration of the 

pioneer work of Kachanov (1958), a model that accounts for structural 

changes in such materials is developed. These effects are incorporated 

in the theory through a tensor form of a damage variable. It is shown 

subsequently that formation of damage is responsible for the softening 

in strength observed in experiments, for the degradation of the elasti.~ 

shear modulus, and for induced anisotropy. A generalized model is in

corporated for the so-called topical or continuum part of the behavior, 

whereas the damage part is represented by the so-called stress-relieved 

behavior. 

The question of uniqueness in the strain-softening regime is 

examined. It is shown that the constitutive equations lead to a unique 

solution for the case of rate dependent as well as rate independent 

formulation. Its implementation in finite element analysis shows mesh 

site insensitivity in the hardening and softening regimes. 
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The general theory of bifurcation of differential equations is 

employed in order to study the effect of damage accumulation on forma

tion of narrow, so-called shear bands. It is shown that as damage is 

accumulated, the material approaches localization of deformation. 

The theory of mixtures is employed for a further theoretical 

establishment of the model. Energy considerations show the equivalence 

of the two-component damage body to an e1astop1astic body containing 

cracks; the equivalence considered in the Griffith sense. The mech

anisms of failure are considered and discussed with respect to mu1tiaxial 

stress paths. An explanation of failure, at the micro1eve1, is given. 

A number of material constants are involved in the theory. 

Strictly speaking, the constants can be rigorously evaluated through 

microstructural analysis rather than phenomenological procedures. Ex

perimental techniques such as X-ray and radiographic that give light to 

important measurements of structural changes during deformation are not 

readily available. Thus, the material constants are evaluated approxi

mately from available "stress-strain" data. 

From a philosophical point of view, it may be that the present 

investigation creates further questions as far as understanding of mate

rial behavior and its mathematical modelling are concerned. The need and 

feel for further experimental and theoretical studies is rigorous though 

it is believed that the proposed conept can provide a general yet simpli

fied approach for characterizing behavior of (geologic) materials 

undergoing micro cracking and fracture leading to loss of strength and 

strength softening. 



APPENDIX A 

The flow rule of associated plasticity is expressed as 

.p 
£ •• 

1J 
=A~ 

dO .. 
1J 

where F is the yield surface. The coefficient A is expressed as 

where H 

strains 

~~ and ~ is the trajectory of plastic 

From (A.1) and (A.2), we obtain 

(A.1 ) 

(A.2) 

1 dF • 
A = -:-:r -- ° (A.3) 

h oOkJl. kJl. 

of dF 1/2 of-
where 11 = - (-- --) - Now, from the flow rule (A.1) and 

dOkJl. OOkJl. o~' 
(A. 3), we have 

(A.4) 

The yield function F is expressed as 

(A.5) 
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where J 2D is the second invariant of the deviator stress tensor and J
1 

the first invariant of the stress tensor. For convenience, only a 
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truncated form of the general function is adopted herein; however, the 

derivation can be made for the general case also. It follows from 

(A.4) and (A.5) that 

(A. 6.1) 

. 
• °kk 1 aF 2. aF 
e:kk = 3K + r(' [3 (c)J 1 ) °kk + 3 aJ 1 Sk~ 0k.~) (A. 6.2) 

From (A.6) and the relations involving ~ and 8, Rudnicki and Rice 

(1975), the following relations are obtained: 

1 1 1 
-:-:r = - --
h h 412 

(A. 7.1) 

(A. 7.2) 

In the 

parameter such 

yield function expressed in (A.5), a is the hardening 
n1 that a = a1/~ are the hardening constants. 
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APPENDIX B 

VALUES OF (h/G) AT LOCALIZATION AND SHEAR BAND 
INCLINATION ANGLE 8 FOR VARIOUS VALUES OF 
DAMAGE ACCUMULATION~ SOLUTION CORRESPONDS TO 
PURE SHEAR (N = 0) AND v = 0.3 

B (h/G) 8 (degrees) 
cr 0 

0.0 0.0 45.0 
0.0 0.004 46.9 
0.15 -0.007 49.0 
0.3 -0.009 51.0 
0.0 0.016 49.0 
0.15 -0.01 51.0 
0.3 -0.028 53.1 
0.45 -0.038 55.2 
0.6 -0.04 57.4 
0.0 0.036 51.0 
0.15 -0.05 53.1 
0.3 -0.038 55.2 
0.45 -0.06 57.4 
0.6 -0.08 59.6 

0.0 0.0 45.0 
0.0 0.001 46.0 
0.15 -0.002 48.1 
0.3 0.003 50.2 
0.0 0.005 47.1 
0.15 -0.007 49.2 
0.3 -0.009 51. 3 
0.45 -0.003 53.4 
0.6 0.013 55.6 
0.0 0.011 48.1 
0.15 -0.009 50.2 
0.3 -0.020 52.3 
0.45 -0.022 54.5 
0.6 -0.014 56.7 
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(h/G e (degrees) cr 0 

(c) r = 0.9 

0.0 0.0 0.0 45.0 
0.3 0.0 0.0002 45.4 
0.3 0.15 0.0018 47.5 
0.3 0.3 0.014 49.7 
0.6 0.0 0.0008 45.8 
0.6 0.15 -0.001 47.9 
0.6 0.3 0.007 50.1 
0.6 0.45 0.026 52.3 
0.6 0.6 0.056 54.5 
0.9 0.0 0.0018 46.3 
0.9 0.15 -0.0036 48.4 
0.9 0.3 0.0014 50.5 
0.9 0.45 0.0167 52.7 

-0.9 0.6 0.0426 54.9 

(d) r = 0.99 

0.0 0.0 0.0 -9 45.0 
0.3 0.0 0.2x10 45.0 
0.3 0.15 0.0056 47.1 
0.3 0.3 0.022 -9 49.3 
0.6 0.0 0.9x10 45.0 
0.6 0.15 0.0056 47.15 
0.6 0.3 0.023 49.3 
0.6 0.45 0.051 51.5 
0.6 0.6 0.0899_8 53.7 
0.9 0.0 0.2xlO 45.0 
0.9 0.15 0.0056 47.2 
0.9 0.3 0.022 49.3 
0.9 0.45 0.051 51.5 
0.9 0.6 0.089 53.7 
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