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ABSTRACT 

A numerical model has been developed which simulates the 

three-dimensional stability and transition of a periodically forced free 

shear layer in an incompressible fluid. Unlike previous simulations of 

temporally evol ving shear 1 ayers, the current simul ations examine 

spatial stability. The spatial model accommodates features of free 

shear flow, observed in experiments, which in the temporal model are 

precluded by the assumption of streamwise periodicity; e.g., divergence 

of the mean flow and wave dispersion. The Navier-Stokes equations in 

vorticity-velocity form are integrated using a combination of numerical 

methods tailored to the physical problem. A spectral method is adopted 

in the spanwise dimension in which the flow variables, assumed to be 

periodic, are approximated by finite Fourier series. In compl ex Fourier 

space, the governing equations are spatially two-dimensional. Standard 

central finite differences are exploited in the remaining two spatial 

dimensions. For computational efficiency, time evol ution is 

accomplished by a combination of implicit and explicit methods. Linear 

diffusion terms are advanced by an Alternating Direction Implicit/Crank

Nicol son scheme whereas the Adams-Bashforth method is appl ied to 

convection terms. Nonl inear terms are eval uated at each new time 

1 evel by the pseudospectral (coll ocation) method. Sol utions to the 

velocity equations, which are elliptic, are obtained iteratively by 

approximate factorization. The spatial model requires that inflow-

xi 



xii 

outflow boundary conditions be prescribed. lnf10w conditions are 

derived from a simi1 arity sol ution for the mean inflow profil e onto 

which periodic forcing is superimposed. Forcing functions are derived 

from inviscid 1 inear stabi1 ity theory. A numerical test case is 

se1 ected which c1 ose1 y parall e1 s a well-known physical experiment. 

Many of the aspects of forced shear layer behavior observed in the 

physical experiment are captured by the spatial simulation. These 

inc1 ude initial 1 inear growth of the fundamental, vorticity roll-up, 

fundamental saturation, eventual domination of the subharmonic, vortex 

pairing, emergence of streamwise vorticity, and temporary stabilization 

of the secondary instability. Moreover, the spatial simulation predicts 

the experimentally observed super1inear growth of harmonics at rates 

1.5 times that of the fundamental. Super1inear growth rates suggest 

nonlinear resonances between fundamental and harmonic modes which are 

not captured by temporal simulations. 



CHAPTER 1 

INTRODUCTION 

Shear layers, jets, and wakes belong to a class of flows 

characterized by inflectional profiles in the mean streamwise velocity. 

Such flows arise in science and nature whenever adjacent fluid streams 

flow at differing velocities in the absence of solid boundaries. The 

planar free shear layer, with which this work is concerned, is 

distinguished by a velocity profile which possesses a single inflection 

point as shown in Fig. 1. 

A fundamental length scale of the planar shear layer is the 

momentum thickness a(x). The momentum thickness is a measure of the 

momentum transferred between the two streams and is defined as 

foll ows (Oster and Wygnanski, 1982): 

(1.1 ) 

-In the above expression, x is the streamwise coordinate, y the 

transverse coordinate, and UT and UB the upper and lower stream 

velocities respectively. (Throughout this work, barred quantities 

denote dimensional variables, and, for convenience, UT > UB). 

Typically, momentum is transferred through several mechanisms including 

viscous diffusion and turbulent inixing so that the shear layer <'I 'ws in 

1 
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the streamwise direction (Fig. 1). Expression (1.1) for steady laminar 

flow holds also for unsteady or turbulent flow provided u(x,y) is the 

time-averaged streamwise velocity. 

Certain universal features of shear layers are best observed in 

terms of vorticity dynamics. Vorticity, the negative curl of the 

velocity field l , is a vector field whose components represent local 

rotation rates of fluid elements. In two dimensions, the single 

(spanwise) vorticity component is defined as 

- -au av 
w = (1.2) -ay ax 

For a nearly parallel, laminar shear layer, the first term on the right 

hand side of (1.2) dominates and the vorticity maximum occurs at the 

inflection point of the stream wise velocity profile as illustrated in 

Fi g. 2. 

In general, flows characterized by inflectional profiles are 

highly unstable. Consequently, small perturbations of a free shear 

layer grow to large fluctuations in very short time and length scales. 

The primary instabil ity of pl anar free shear 1 ayers is the Kel vin

Hel mhol tz instabil ity mechanism which appl ies, in general, to inviscid 

flows possessing a vorticity maximum. Through this mechanism, small 

two-dimensional waves grow at first exponentially with streamwise 

distance x. Further downstream, the perturbed vorticity "ridge" 

(Fig. 2) roll s up into discrete spanwise vortices connected by thin 

1 For later convenience, the European sign convention is adopted, 
namely, OJ = -v x u. 



u 

-w 

Figure 2. Streamwise velocity-u and vorticity-w distributions 
in a laminar planar free shear layer. 

---------~-----------------------
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braids of vorticity. The regions of concentrated vorticity are known as 

"Kelvin cat's eyes" (Ho and Huerre, 1984). The origin of the descriptive 

nomenclature is obvious from Fig. 3. Another typical feature of 

vorticity dynamics in free shear 1 ayers is vortex merging. Due to 

nonlinear effects, the discrete vortices saturate at finite amplitudes 

and subsequently coalesce with adjacent vortices. The pairing process 

continues and dominates viscous diffusion as the momentum transfer 

mechanism for growth of the 1 ayer. 

Shear layers remain laminar only for brief distances. Once 

two-dimensional disturbances become large, three-dimensionality appears 

through secondary spanwise instability and the layer becomes turbulent. 

Because of the rapid momentum exchange and turbulent breakdown, inten

sive mixing of the two streams occurs within a free shear layer. For 

this reason, shear layers are known interchangeably as mixing layers. 

Mixing layers are common in science and nature: in oceans and 

atmosphere; in jets and wakes; in flows around obstacles. Warm water 

Kelvin waves originating in the oceanic shear layer played a major role 

in the disastrous effects of the 1982 "El Nino", a periodic global 

weather anomaly (Canby, 1984). Other less dramatic shear layers in 

nature are the jet stream and Gulf Stream. In both cases, dynamics 

typical of shear layers are observed. Large scale turbulent eddies in 

the jet stream occasionally threaten commercial flights with a 

phenomena known as "cl ear air turbul ence". Vast regions of circul ation 

in the Atlantic persist for months at the interface of the Gulf Stream 

(Lugt, 1983. pp. 175-181). 

------------------------------
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Shear layers also occur frequently in technological 

applications. Jet noise is thought to originate in the shear layer and 

manipulation of the shear layer affords the possibility of reducing jet 

noise (Oster and Wygnanski, 1982). Combustion efficiency can be 

improved by enhancing shear layer mixing in combustion chambers. 

Because shear layer dynamics play an important role in such 

seemingly diverse phenomena as jet noise and global weather patterns, 

the shear layer has been the subject of intense scientific investigation 

over the past three decades. Currently, most of our knowledge of free 

shear 1 ayers is derived from cl assical 1 inear stabil ity theory, 

experimental investigation, and numerical simulation. Some salient 

results of each of these areas of investigation are presented below. 

1.1 Linear Stability Theory 

The foundation of classical linear stability theory is the 4th 

order ordinary differential equation (1.3) derived independently by Orr 

and Sommerfeld in 1907 and 1908 respectively (Schlichting, 1979, p. 460). 

(1.3) 

Equation (1.3) governs the two-dimensional hydrodynamic stability of a 

fluid of velocity profile O(y) and kinematic viscosity v with respect to 

small wavy disturbances. Equation (1.3) arises when the total flow is 

decomposed into an essentially parallel base flow and a small 

(lull « G) perturbation as follows: (1 
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u (x ,y ,t) = 0 (.y) + ij I (x ,y ,t) 
v(x,y,t) = 0 + vl(x,y,t) 

~(x,y,t) = iii(.Y) + ~1(X,y,t) 

(1.4a) 

(1.4b) 

(1.4c) 

(The primes on u, v, ~ denoting perturbations are not to be confused 

with the primes on cjl and U denoting derivatives.) The perturbation 

stream function is modelled as a travelling wave of the form 

( 1.5) 

Equations (1.4) and (1.5) are then substituted into the Navier-Stokes 

equations governing two-dimensional incompressible flow. Since the 

perturbations are assumed to be small, nonlinear products are neglected 

and the linear equation (1.3) for the complex disturbance amplitude $(y) 

results. 

The Orr-Sommerfeld equation (1.3) is an eigenvalue problem for 

which, in general, both the wave number a and the frequency ~ are 

complex. In practice, either a or ~ is chosen to be real. Given a 

velocity profile fi(.Y) and a = ar , the eigenvalue ~ is complex and (1.3) 

describes a temporally growing or decaying disturbance whose growth 

rate is ~i. On the other hand, given a purely real frequency Br , the 

eigenvalue a is complex and (1.3) models a spatially evolving 

disturbance whose growth rate is -&;. In terms of dimensionl ess 

quantities, the solution to (1.3) depends on the Reynolds number 

Re = OL/V and either the Strouhal number St = ~L/O, in the case of 

spatially developing disturbances, or the parameter aL, in the case of 
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temporally evolving disturbances (Michalke, 1970). It is customary to 

use the momentum thickness as the length scale (i.e., [ = e) and either 

the average velocity, maximum velocity, or velocity difference as the 

velocity scale. In the case of the mixing layer, the solution to (1.3) 

depends on an additional dimensionl ess parameter, the velocity ratio 

US/UT' which arises through the boundary conditions. 

A solution of the Orr-Sommerfeld equation for all pairs (Re, 

St) [or (Re, ~[)] yields the linear spatial [temporal] stability diagram 

of a given velocity profile DcY). Fig. 4 contrasts the temporal 

stability diagram of a boundary layer on a flat plate with that of a 

boundary 1 ayer whose velocity profi 1 e is infl ectional due to the 

imposition of an adverse pressure gradient in the outer flow 

(Schlichting, 1979, p.461). The so called "neutral curve" separates the 

parameter spaces into stable ~nd unstable regions. Points inside the 

neutral curves represent unstabl e (Re, ~[) pai rs which correspond to 

temporally amplified disturbances. Similarly, points outside represent 

stable, decaying waves. In these examples, there exist critical 

Reynolds numbers Recr below which small disturbances of all 

wavelengths are damped. 

The inviscid, 2nd order form of the Orr-Sommerfeld equation is 

known as the Rayleigh equation, first published by Lord Rayleigh (1880). 

The Rayleigh theorem, which originated from this early work, initiated 

the study of free shear 1 ayers; namely that the presence of an 

inflection point in the velocity profile is a necessary condition for 

instability of an inviscid fluid. The implication of Rayleigh's theorem 
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is far reaching. Free shear layers, by virtue of their inflectional 

velocity profiles, are inherently highly unstable. 

It was not until the 1950's that significant further progress 

regarding the free shear layer emerged. Orr-Sommerfeld calculations 

by Lessen (1950), Esch (1957), and Betchov and Szewczyk (1963) all 

confirmed that, as Re + ~, the neutral curve approaches asymptotically 

that predicted by Rayleigh's inviscid theory, and that for finite Re, 

amplification rates are al ways small er than their inviscid 

counterparts. Therefore, viscosity, which can be destabilizing to 
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boundary layers, is always damping in free shear layers. Unlike the 

closed neutral curve of the boundary layer with zero pressure gradient 

in Fig. 4, the neutral curve of inflectional profiles must be open as 

Re +~. In practice, the linear amplification rates achieve their 

inviscid asymptotes for Re ~ 100 when nondimensional i zed by velocity 

difference l\U and momentum thickness a (Morkovin, 1984). Since most 

practical shear flows involve Reynolds numbers significantly greater 

than 100, viscosity normally plays a very minor role in the initial 

instability mechanism. 

Tatsumi and Gotoh (1959) considered the behavior of shear 

1 ayers at the other extreme of small Re; namely the question of 

whether or not shear flows possess minimum critical Reynolds numbers. 

Their analysis of temporal stability of generic shear layers resulted 

in the following asymptotic relationship as Re + 0: 



Re 
413 
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( 1.6) 

Equation (1.6) impl ies that shear flows are al ways unstabl e to some 

wavelength. However, as pointed out in their work, the parallel flow 

assumption in the Orr-Sommerfeld equation is valid only for large Re. 

Although other hydrodynamicists have tac kl ed this probl em more 

recently, the minimum critical Reynolds number question remains 

unsatisfactorily resolved. In practical occurences, shear layers are 

always unstable and as Morkovin (1984) states in his forthcoming book: 

IIA convincing demonstration that Recr is not zero for practical 

purposes is still missing. 1I 

The two seminal papers of Michal ke (1964, 1965) offer ·an 

excell ent comparison between temporal and spatial 1 inear theories. 

Both papers consider the inviscid stabil ity of a prototypical shear 

layer with the following profile: 

U(y) = 0.5[1 + tanh(y)] (1.7) 

In each case, the eigenvalues and corresponding eigenfunctions of the 

Rayleigh equation were computed numerically for a range of unstable 

wave numbers (temporal) or frequencies (spatial). Whereas the temporal 

analysis (1964) predicted the roll-up process, other features of the 

temporal point of view were in poor agreement with shear layer 

experiments and 1 ead Michal ke to consider spatially evol ving waves 

(1965). The real and imaginary parts of the complex eigenfunction 

obtained from temporal theory were perfectly symmetric and· 
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antisymmetric respectively. In contrast, the complex eigenfunction in 

the spatial case exhibited an asymmetry which results in a phase 

reversal of the u velocity component at a location outside the critical 

layer (y = 0). The location of the phase reversal in the spatial theory 

was in qualitative agreement with the experimental results of Freymuth 

(1966). Moreover, spatial growth rates agreed with experimental 

observations. Michalke concluded that spatial theory is the 

appropriate conceptual framework from which to view the shear layer. 

Since then other researchers have reached similar conclusions. As Ho 

and Huerre (1984) state categorically in their review of the shear 

layer: liThe use of temporal theory to describe forced instability waves 

in mixing layers with 0 < R < 1 is not valid." (Here, R is the velocity 

ratio.) 

Perhaps the most rigorous inviscid stability analysis to date 

for the free shear layer is that of Monkewitz and Huerre (1981). Their 

study considers the spatial stability of families of mixing layers with 

tanh and Blasius profiles (see Appendix A) for different values of the 

velocity ratio parameter A, where 

- -
A :: uT - uB (1.8) - -uT + uB 

An interesting result is that, for the Blasius profile, the maximum 

spatial amplification rate is linear in A. 

The analyses of Michal ke (1964, 1965) and of Monkewitz and 

Huerre (1981) illuminate a fundamental distinction between temporal and 
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spatial linear theories. Temporal theory for the free shear layer 

leads to nondispersive wave propagation; spatial theory, in contrast, 

leads to wave dispersion. Travelling waves are said to be dispersive if 

the phase speed CpH depends on the wavelength (or wave number arlo 

From (1.5), the appropriate definition of the phase speed can be 

inferred to be 

(1.9) 

The function f3r(ar) is known as the dispersion relation. From (l.9) it 

is clear that a dispersion relation which varies linearly implies 

nondispersive wave propagation, whereas a nonlinear relation results in 

dispersion. The term "dispersion" arises since a wave composed 

initially of several Fourier components of different wave numbers will 

appear to "disperse" in space or time if the different components 

propagate with different velocities. 

Fig. 5, from Michalke (1965), contrasts the dispersion relations 

and growth rates obtained from temporal and spatial linear theories for 

the free shear layer with the velocity profile of (1.7). Although the 

dispersion relation of spatial theory does not deviate markedly from a 

linear one, the effect on phase speed is dramatic at lower frequencies. 

Monkewitz and Huerre (1981) obtained similar results for values of the 

velocity ratio parameter A (l.8) between zero and one. For a given 

ratio A, the maximum waves peed is obtained in the limit as f3r ... 0 and 

is given by CPH = Uaverage(l + 11.2). Consequently, the fastest wave 

-----------"---------------
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propagation velocity in a free shear layer, according to inviscid linear 

theory, is CpH = UT for A = 1 (UB = 0). In summary, spatial linear 

stability theory predicts strongly dispersive wave propagation at 

frequencies less than that of the maximally amplified frequency. 

The physical mechanism for dispersion, however, is unclear, at 

least to the author. Since dispersion follows from spatial inviscid 

linear theory, fluid viscosity, mean flow divergence, and nonlinear 

effects must all be ruled out as principal causes, although they may 

modify a pre-existing nonlinear dispersion relation. It has been 

suggested that dispersion results because waves of varying 1 ength 

scal es "see" differing transverse structures rel ative to thei r 

characteristic lengths. A similar phenomenon accounts for the 

dispersion of deep water gravity waves (Lighthill, 1978). Shallow 

water waves, characterized by wavelengths which are long relative to 

transverse depth, propagate at a fixed velocity independent of 

wavelength. Deep water waves, however, penetrate to varying depths so 

that the characteristic transverse scale depends on wavelength. As a 

consequence, deep water waves are dispersive. While a dimensional 

analysis may shed light on the mechanism of dispersion, it does not 

clearly account for the disparity between temporal and spatial 

theories. It is clear, however, from Freymuth's (1966) experiment that 

wave speeds in the free shear layer vary with the frequency of forcing. 

Thus any mathematical model which purports to model the forced free 

shear layer must admit dispersion. 
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1.2 Experimental Results 

In recent years, the mixing layer has been the focus of 

intensive physical experimentation. Certain of these experiments stand 

out as particularly enlightening; a few report truly remarkable 

findings. It is helpful to classify shear layer experiments according 

to whether the flow is natural or forced, initially laminar or fully 

turbulent, and composed of stratified or homogeneous fluid streams. 

The experiments of Miksad (1972) are scientifically rich in that 

they examine the entire transitional process for both a natural shear 

layer and one which is forced at near the maximum amplified frequency 

from linear theory. The physical apparatus is a wind tunnel in which 

two laminar boundary layers merge from opposite sides of a splitter 

plate to form a shear layer. Forcing is accomplished using a 

loudspeaker on the fast stream side of the splitter plate at an r.m.s. 

level of about 10-3UT. In the forced experiment, six developmental 

stages, identified by their respective spectral contents, characterize 

the process from initially laminar to fully turbulent flow. The six 

stages distinguish six successive regions corresponding to increasing 

streamwise distance from the splitter plate. They are the following: 

I: Fundamental mode grows exponentially and obeys (spatial) 

linear theory. No nonlinear modes are measureably present. 

II: Fundamental mode continues to grow exponentially; harmonics 

and subharmoni cs appear and grow exponenti ally. The 

harmonic modes are not unstable modes of the basic flow. 

--------------------------- ---- --~-----------



III: Fundamental mode deviates from exponential growth and 

equilibrates into finite amplitude oscillations; harmonics 

and subharmonics equilibrate in unison with the 

fundamental. 
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IV: Sub- and 3/2-harmonics start a second region of growth; 

fundamental mode remains in equilibration; second and third 

harmonics start to decay. 

V: Terminati on of fundamental mode equil ibration. Three-

dimensional distortions of the fundamental appear and a 

secondary (streamwise) vortex structure is formed; second 

and third harmonics decay strongly; suh- and 3/2-harmonic 

growth rates decrease. 

VI: Final breakdown into turbulence. Intermittent secondary 

instabilities appear; disturbance spectra loses discrete 

character. Three-dimensional activity dominates the flow. 

In the natural (unforced) experiment, a broad spectrum of disturbances 

emerged much farther upstream than in the forced case. The peak, 

however, was near the maximum ampl ified disturbance from spatial 

linear theory. It seems apparent that one effect of forcing is to 

focus random energy content of the natural shear layer into a single 

frequency resonating initially with the frequency of the forced 

oscillation. 
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Perhaps the most remarkable results are those of Brown and 

Roshko (1974). Originally intended as a study of the effects of density 

ratio between the two streams of a turbulent mixing layer, the 

experiment employed shadowgraph flow vi sua 1 ization. The resul ti ng 

shadowgraphs were totally unexpected in that they clearly identified 

large coherent vortical structures coexisting with fine scale 

turbulence. Fourier time series analysis of velocity fluctuations 

exhibited all the usual markings of turbulence: randomness and broad 

spectral energy content. On the other hand, the shadowgraphs 

unmistakably showed rollers of an essentially two-dimensional 

structure which persisted as they travelled downstream (Fig. 6). Other 

researchers have since confirmed the existence of large coherent 

structures in turbulent mixing layers (Browand and Troutt, 1980; Oster 

and Wygnanski, 1982; and Ho and Huang, 1982). The idea of order amidst 

chaos has completely upset previous thinking about the nature of 

turbulence and is one of the fascinating concepts to emerge from shear 

1 ayer research. 

At about the same time of the Brown and Roshko experiment, 

Winant and Browand (1974) observed the primary mechanism for the 

growth of a turbulent shear layer to be pairing of adjacent vortical 

structures. With each pairing, the vortex strength is doubled, the 

dominant frequency of the energy spectrum is halved, and the momentum 

thickness is increased. In the natural shear layer, the pairings occur 

randomly in space and time (Ho and Huang" 1982). Momentum thickness in 

the unforced turbulent shear layer is observed by Brown and Roshko 

.------------------~-. ~.-~--~ --
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(1974) to grow linearly with downstream distance at a rate proportional 

to the velocity ratio parameter A (1.8). 

The more recent forced mixing layer experiments of Oster and 

Wygnanski (1982) and Ho and Huang (1982) have helped clarify the merging 

process. Indeed, they have shown that the turbulent mixing layer can 

be manipulated through selective low level forcing. The former 

experiment was performed in a wind tunnel in which forcing was 

accomplished by periodic oscillation of a trailing edge flap at the 

splitter plate. Oster and Wygnanski demonstrated that it is possible 

to inhibit shear layer growth using extremely low level forcing at near 

the maximum amplified natural frequency of linear theory and that, 

using large amplitude forcing, growth could actually be reversed. The 

fact that dramatic differences in downstream development were obtained 

using 1 evel s of forcing which were insignificant in terms of either 

turbulent energy content or mean velocity distribution lead Oster and 

Wygnanski to suggest that forcing must excite a particul ar natural 

instabil ity. 

The rel ation between natural instabil ities and vortex pai ri ng 

has been further clarified by Ho and Huang (1982) on the basis of their 

water channel experiments. A common thread throughout all shear layer 

experiments is the fundamental connection between vortex pairing and 

emergence of a subharmoni c frequency. Ho and Huang suggest that 

vortex merging in either the initially laminar or the fully turbulent 

case can be viewed as subharmonic instability. Rather than the result 

of merging, the growing subharmonic is the catalyst for merging, 
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because adjacent vortices are displaced alternately into the faster or 

slower streams. This is convincingly demonstrated in that two, three, 

four, or more vortices can be made to merge simultaneously by fine

tuning the forcing frequency to reinforce specific subharmonics. 

For the forced shear layer, vortex pairings occur periodically 

at the same streamwise stations, rather than randomly as in the 

unforced case. At stations where pairings occur, mean momentum 

thickness grows dramatically--the more simul taneous pairings, the 

greater the growth. The linear growth rate observed in the unforced 

case arises because the random distribution of the mergings tends to 

average growth over space. 

Ho and Huang (1982) also account for the inhibited shear layer 

growth observed whenever the forcing frequency is near the maximally 

amplified frequency (Miksad, 1972; and Oster and Wygnanski, 1982). 

Excitation of only the fundamental frequency initially supresses 

subharmonic excitations, which, in turn, inhibits pairing. The mechanism 

by which the subharmonic is eventually excited is that of resonance 

with the fundamental. Such resonance is possible only when the phase 

speeds of the fundamental and subharmonic coincide. Very close to the 

splitter plate, the phase speeds are quite different and agree closely 

with the dispersion relation of Monkewitz and Huerre (1981) discussed 

previously. Further downstream, nonlinear effects alter the phase 

speed of the subharmonic which is then excited by the fundamental. It 

is clear that the interplay between linear instabilities, dispersion, 

and nonlinear interactions ;s intricate. 



The mechanism suggested by Ho and Huang (1982) sheds light on 

another remarkable feature of shear flows, namely that linear theory 

predicts with qualitative accuracy certain aspects of fully turbulent 

mixing layers. In their model, the dynamical processes involved in 

merging are similar regardless of whether the pairing occurs between 

two Kelvin cat's eyes in transitional shear flow or between two large 

coherent structures in the fully turbulent mixing layer. 
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The spanwise structure of free shear layers is presently poorly 

understood and is likely to be the focus of future experimental work. 

During transition, an initially laminar two-dimensional shear layer 

exhibits secondary (spanwise) instability, which manifests itself in the 

generation of regularly spaced braids of streamwise vorticity. 

Previous experiments in transitional flow (Miksad, 1972; and Breidenthal, 

1978) suggest that the initial spanwise wavelength is close to that of 

the primary Kel vin-Hel mholtz wave and that spanwise periodicity is 

maintained for an appreciable distance downstream. In a fully 

turbulent shear flow which has achieved self-similarity, however, the 

spanwise scales grow proportionally to the local momentum thickness 

(Browand and Troutt, 1980). Little is known regarding the interaction 

between the primary and secondary instabilities. Is fine scale three

dimensional structure incidental to the large scale two-dimensional 

motion? Recently proposed experiments (Glezer, 1985) which wiil use 

surface film heaters to introduce independent streamwise and spanwise 

periodic forcing should help clarify the nature of secondary 

instabilities in free shear layers. 
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1.3 Numerical Simulations 

In the past decade and a half, several numerical simulations of 

free shear layers have been performed. On the whole, their qualitative 

agreement with shear 1 ayer experiments is encouraging. Nearly all 

these computations, however, have modelled a spatially periodic shear 

1 ayer which grows in time. (An exception is the two-dimensional 

simul ation of a spatially evol ving forced shear 1 ayer of Davis and 

Moore, 1985.) Because of the spatial periodicity assumption, these 

simulations are more analogous to the tilt-tube experiment of Thorpe 

(1971) than to the wind tunnel and water channel experiments discussed 

in the previous section. Until very recently, all computations have 

been two-dimensional. A variety of numerical methods have been 

employed including finite differences, spectral techniques, and discrete 

vortex methods. Three of the simulations are discussed briefly below. 

Paitnaik, Sherman, and Corcos (1975) used two-dimensional finite 

difference approximations to the Boussinesq equations to model a 

stably-stratified shear layer. The motivation was primarily to 

understand the mechanism by which vorticity concentrations evolve from 

Kel vin-Hel mhol tz waves in oceans and atmospheres. Thei r simul ations 

were able to reproduce Kelvin cat's eyes, and, moreover, to accomplish 

merging of vortices whenever the initial condition incl uded both a 

fundamental and an out-of-phase subharmonic. 

The simulations of Riley and Metcalfe (1980) further 

corroborated the findings of previous researchers regarding the key 

role of the subharmonic frequency in vortex dynamics. Although their 

------- ----- -- --



expressed intent was to gain insight into the forced mixing layer, the 

temporal model was adopted in order to simplify computations. Both 

two and three-dimensional versions of the simul ation were developed 

using pseudospectral methods in the streamwise and, for the 3-D 

simulation, spanwise dimensions. The basic flow profile was that of 

the symmetric hyperbolic tangent. Both laminar and turbulent mixing 

layers were simulated. In the turbulent case, a large eddy model was 

adopted which filtered out turbulent scales too fine to be resolved. 

Because of the finer resolution, the results of their 2-D simulations 

are of most interest. Although computed growth rates agreed poorly 

with experimental observations, vorticity contour plots are most 

enl ightening. Whenever the initial condition incl uded both a 
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fundamental component and an out-of-phase harmonic, a saturated state 

was attained after vortex merging. In the absence of the subharmonic, 

a saturated state was attained in which the original vortices remained 

distinct and separated by one wavelength. Whenever the subharmonic was 

in phase with the fundamental, a third saturated state appeared in 

which alternate vortices remained' distinct but elongated through a 

"shredding" action. 

Currently, Metcalfe, Orszag, Brachet, Menon, and Riley (1985) 

are investigating, again by temporal simulation, the transition of 

laminar planar mixing layers. Specifically, they examine the three

dimensional stability of two-dimensional vortical states. When initial 

conditions are purely two-dimensional, 'their findings confirm the 

observations of Ril ey and Metcal fe (1980) just described. When initial 
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conditions. include a spanwise perturbation, different relative 

amplitudes among the fundamental, the subharmonic, and the three

dimensional perturbation lead to very different states. A spanwise 

perturbation alone typically leads to a highly chaotic three

dimensional state. The state closest to that observed in experiments 

occurs when the fundamental initially dominates the subharminic, which 

in turn dominates the spanwise perturbation. From J:his initial 

condition, the flow evol ves through a vortex merging process to a 

configuration in which large spanwise vortices, which are essentially 

two-dimensional, are connected by braids of streamwise vorticity. The 

secondary instability is shown to grow initially at convective rates but 

to be stabilized temporarily by both the roll-up and merging processes 

of spanwise vortices. No saturated three-dimensional state is 

observed. 

In virtually all the numerical simulations and physical 

experiments, Reynolds number is shown to playa relatively minor role. 

The fine detail of vortical structures depends on Re but the global 

vortex dynamics do not. This is consistent with the initially inviscid 

nature of shear layer instability. This is not to say, however, that Re 

is unimportant. A shear layer can never be strictly parallel in the 

presence of viscosity. (As mentioned previously, viscous diffusion is 

the initial mechanism for shear layer growth.) Unlike in parallel 

flows, in slowly diverging flows fundamental parameters such as 

Strouhal number and Reynolds number vary in the streamwise direction 

according to the local value of momentum thickness e(x). A fixed 
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frequency ar, which is initially highly amplified, is locally neutral at 

some streamwise coordinate further downstream (Ho and Huang, 1982). 

Herein lies a fundamental inconsistency in temporal numerical 

simulations, in that the underlying assumption of streamwise periodicity 

requires the mean flow to be strictly parallel. As Brachet and Orszag 

(1984) state in their preliminary work to Metcalfe et al. (1985): liThe 

assumption of periodicity in the streamwise-x direction is unrealistic 

in a spatially growing mixing layer unless the modes being studied are 

localized in x and grow much more rapidly than the shear layer 

spreads ." 

Thus, what was true for linear stability theory is also true 

for numerical simulations. The temporal model cannot capture all the 

features observed in forced free shear 1 ayers. In particul ar, non

parallel effects and wave dispersion can be incorporated only in 

spatial numerical model s which incorporate infl ow-outflow boundary 

conditions. 



CHAPTER 2 

PROBLEM STATEMENT 

Chapter 1 concerned itself primarily with the contributions of 

linear stability theory, physical experimentation, and numerical 

si mul ations to the understanding of free shear 1 ayers. For fl uid 

dynamics in general, the third member of this triad is becoming 

increasingly more important. Cl assical 1 inear analysis is extremely 

hel pful in identifying asymptotic states: for the shear 1 ayer, for 

example, the cases of small disturbance amplitudes and large Reynolds 

numbers. Classical nonlinear analysis can deal with weakly nonlinear 

interactions. But as Ho and Huerre (1984) point out in their survey of 

the shear layer: "Truly nonlinear phenomena must be, however, simulated 

numerically." Moreover, numerical computation has some advantages over 

physical experimentation. One such advantage is that in numerical 

simulation, the spectral content of periodic forcing can be precisely 

controlled. On the contrary, in a wind tunnel, broad band noise due to 

turbulence is always present at some level. Since the isolation of 

individual stability modes or mode combinations is an important process 

in understanding transition phenomena, numerical simul ation is highly 

desirable. 

Two-dimensional Navier-Stokes cal cul ations of transition have 

been feasible only since the advent of the "supercomputer" in the early 

1970's. Perhaps only in the past five years has computing power 
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reached the point where three-dimensional transition simul ations are 

feasible. To date, the most extensive fluid dynamics computation of 

which this author is aware is that of Brachet and others (1984) which 

uses 2563 spectral modes to simul ate Taylor-Green three-dimensional 

vortex flows. However, computing speed and capacity continues to 

improve at an amazing rate. According to Chapman (1979), the trend of 

successive generations of computers over the past three decades 

suggests a ten-fold advancement both in computational speed and memory 

every seven years. Moreover, computing costs have decreased by a 

factor of ten approximately every eight years since 1950. In contrast, 

experimental costs continue to rise so that numerical simul ation 

becomes ever more economically attractive. Consequently, it is both 

scientificall y desi rabl e and computationally feasibl e to develop a 

three-dimensional Navier-Stokes simul ation of free shear 1 ayer 

transition. Whil e such a computation will be 1 imited by present 

computer capacity as to the size of the eddies which can be resolved, 

continued improvement in supercomputer technology promises higher 

resolution within the near future. 

In this work, a three-dimensional Navier Stokes simul ation is 

developed which is the computational analog of the forced mixing layer 

experiment of Miksad (1972) described in Chapter 1. More precisely, the 

simul ation model s the three-dimensional hydrodynamic stabil ity of an 

initially laminar, incompressible shear layer with respect to periodic 

forcing. As previously mentioned, the correct conceptual framework for 

the forced mixing layer is spatial rather than temporal theory. 
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Consequently, a flow-through model is used in which inflow and outflow 

boundary conditions are prescribed. A steady flow sol ution of the 

Navier-Stokes equations is obtained for a specified steady inflow 

velocity distribution. This sol ution defines the basic flow whose 

spatial stabil ity is to be investigated. Then periodic forcing of 

selected frequency content is initiated at the upstream boundary and an 

unsteady Navier-Stokes solution is computed for several periods of the 

oscillation. Fourier time-series analysis is used to examine the 

spectral content of the spatially propagating disturbance at various 

downstream locations, in the same way that data obtained from hot wire 

anemometry is analyzed in physical experiments. 

Precedents for this work were set by De Santo and Keller (1962) 

and by Fasel (1976) whose works investigated the spatial stability of a 

B1 asius boundary 1 ayer by numerical integration of the Navier-Stokes 

equations. More specifically, the simul ations modell ed the cl assic 

forced boundary layer experiment of Schubauer and Skramstad (1947), 

which first validated linear stability theory. The numerical methods 

of these simulations differed considerably, although both cases were 

based on finite difference models. In particular, Fasel used a 

vorticity-velocity formulation of the governing equations and a fully 

implicit scheme for time evolution. Fasel's small amplitude results 

were in close agreement with linear stability theory and experimental 

observation. Later, the same simulation with larger oscillations was 

used to predict nonl inear effects in the two-dimensional stages of 

boundary layer transition (Fasel, Bestek and Schefenacker, 1977). A 



modified version of this simulation was also used to study nonlinear 

oscillations in plane Poiseuille flow (Fasel and Bestek, 1980). 
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This current work adapts these previous numerical model s 

specifically to the problem of shear layer transition and extends the 

model to three spatial dimensions. The extension to three dimensions 

is made using a spectral representation in the spanwise dimension which 

exploits the periodic spanwise structure of the transitional shear 

layer observed in experiments (see Chapter 1). Standard finite 

difference approximations are retained in the streamwise and transverse 

dimensions. Recent advances in numerical methods are incorporated 

which promote computational efficiency on vector processors. The 

mathematical model and the numerics of this simulation are both 

described in detail in the following chapters. Specifically, Chapter 3 

describes the systems of equations which govern incompressibl e fl uid 

flow in three dimensions and time. Boundary and initial conditions play 

an extremely important role in the proper formulation of flow-through 

problems. Hence, Chapter 4 is devoted entirely to this subject. The 

numerical methods used to approximate the mathematical model and 

boundary conditions are described in detail in Chapter 5. Finally, 

Chapter 6 presents typical results of numerically simulated free shear 

flow and compares these results with appropriate findings of other 

researchers. 

This work focuses on the three-dimensional numerical simulation 

of a spatially evolving free shear layer. However, to provide 
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experience both with the shear 1 ayer and with rel evant numerical 

methods, the developmental process was accomplished in five stages of 

generall y increasing compl exity. Stage I invol ved a two-dimensional 

temporal simul ation in which finite differences were used in both 

spatial dimensions. In Stage II, based on the assumed streamwise 

periodicity in the temporal model, the finite difference approximation 

in the streamwise dimension was replaced by a spectral representation. 

The temporal code was extended to three dimensions in Stage III, in 

which finite differences, finite differences, and spectral techniques 

were employed in the x, y and z dimensions respectively. In Stage IV, a 

two-dimensional spatial simul ation was developed. Based on the 

experience of Stage IV, the three-dimensional temporal code was 

converted to its spatial counterpart in Stage V. 

The numerical resul ts shown in Chapter 6 were obtained from 

the two- and three-dimensional spatial simulations. And, for the sake 

of comparison, the results of some temporal simulations are presented. 

To limit computational costs, it was practical to retain only a few 

modes in the spanwise direction while maintaining reasonably high grid 

resolution in the streamwise and transverse directions. Consequently, 

only the beginning stage of spanwise instability in the transition 

process of a free shear layer was captured. However, the code is 

designed so that only input parameter changes are required to refine 

the computational grid or to incl ude more spanwise modes. The code is 

designed for CRAY class supercomputers and is structured to facilitate 

auto-vectorization on the CRAY X-MP. The program was developed using 
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an interactive link to the Boeing Computer Services CRAY X-MP in 

Renton, Washington, from the University of Arizona's Computational Fluid 

Mechanics Laboratory. Production runs were also accomplished at the 

Boeing facility. 



CHAPTER 3 

GOVERNING EQUATIONS 

Viscous fl uid motion is governed by the well-known Navier-

Stokes system of nonlinear, second order partial differential equations. 

These equations assume various forms depending on the physical 

properties of the fl uid, the coordinate system, and the specific 

variables chosen to describe the flow field. This work considers the 

motion of an incompressible fluid in a rectilinear coordinate system of 

three spatial dimensions. The vorticity-velocity representation of the 

Navier-Stokes equations is preferred to the more conventional primitive 

variable (velocity-pressure) formulation. In the paragraphs below the 

governing equations are described in detail and are nondimensionalized 

according to 1 ength, vel oeity, and time scal es characteri stic of the 

prob 1 em at hand. 

3.1 Equations of Motion 

The Navier-Stokes equations describe the conservation of the 

mass and the momentum components of a viscous fl uid. For 

.incompressible, three-dimensional flow of a Newtonian fl uid, the 

conservation laws are (Batchelor, 1967, p.267) 

Continuity: 

-V·u=O 
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(3.1) 
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Momentum: 

U- + u- Vu 1 Vp + v-v':. ~t ~. ~ = :! (3.2) 
p 

-where p and v are the fl uid properties of density and kinematic 

viscosity respectively. The velocity ~ is the Eulerian vector field 

whose components are functions of location ~ and time t; i.e., 

U' = u'(x t) J J ~, j = 1,2,3 (3.4) 

i = [x, y, iJ (3.5) 

The pressure p is a scalar field, namely 

(3.6) 

Here, the upper bars denote dimensional quantities. 

Because vorticity dynamics play such an important role in the 

behavior of free shear layers, the vorticity transport form of the 

Navier-Stokes equations (3.7) is more advantageous than (3.2) in 

modelling shear flow. 

(3.7) 

Equation (3.7) is derived from (3.2) by using the curl operator on both 

sides of the equation and by employing (3.8), the definition of 

vorticity. 
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-
~ = -v x ~ (3.8) 

Note that the pressure p has vanished from (3.7) since, for any scalar 

field a(R), V x va = O. Furthermore, for any vector field, a = a(x) 
I"Y' I"V"'" 

V x (V x ~) = V(V • ~) - V2~ (3.9) 

In particular, for ~ = ~ 

V x (V x ~) = V( V • ~) - V~ (3.10) 

where the first term on the right hand side vanishes by virtue of 

continuity (3.1). Hence, from (3.10) and (3.8), the velocity and 

vorticity components are rel ated through the following system of 

Poisson-type equations: 

(3.11) 

Moreover, for any vector ~ 

V • (V x ~) = 0 (3.12) 

which impl ies from (3.8) that vorticity, 1 ike velocity, must be 

divergence free. That is, 

(3.13) 

Equations (3.1), (3.7), (3.11), and (3.13) represent the 

fundamental set of equations used in this work to model free shear 

flow. For convenience, these are grouped together below as equations 

(3.14). 



-V·,!!=o 

v • ~ = 0 

~ + M · v~ - ~ • v~ = VV2~ 

V2M = v x !e 
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(3.14a) 

(3.14b) 

(3.14c) 

(3.14d) 

Equations (3.14) comprise a system of eight equations for the six 

velocity and vorticity components; hence, not all eight conditions can 

be independent. By taking the divergence of equation (3.14d) it can be 

shown that this expression enforces the following condition: 

v2( V • M) = 0 (3.15) 

The maximum principle for Laplace's equation (Stakgold, 1979, p. 495) 

guarantees from (3.15) that velocity divergence vanishes everywhere in 

the domain provided it vanishes on the boundary. In practice, then, it 

is necessary to enforce condition (3.14a) only in the boundary 

conditions. A similar minimum principle does not follow from 

the vorticity equations (3.14c). For this work, (3.14h) is not enforced 

explicitly; however, deviation from zero vorticity divergence provides a 

check of the quality of the numerical solution. 

To complete the mathematical model it is necessary to specify 

al so an integration domain and appropriate boundary and initial 

conditions, the subject of Chapter 4. Before proceedi ng further, 

though, it is helpful to first consider the dimensionless form of the 

governing equations. 
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3.2 Nondimensionalization 

When modell ing mathematicall y any physical phenomenon, non

dimensionalization of the governing equations is advantageous both to 

reduce the number of independent parameters and to afford physical 

insight. In general, the characteristic scales used should correspond 

closely with physical scales. For the spatial stability problem under 

consideration, the length scales in the streamwise, transverse, and 

spanwise dimensions can be disparate. For example, a typical length in 

the streamwise direction is the disturbance wavelength, while in the 

transverse direction, the momentum thickness is a characteristic scale. 

To account for a general disparity, let Lx, Ly, and Lz be characteristic 

1 engths in the three prine; pl e directions respectively. Furthermore, 

let 0 be a characteristic velocity. Typically, researchers use either 

the maximum velocity, the average velocity, or the velocity difference 

to characterize the shear layer. Given these scales, it is convenient 

to nondimensionalize the flow variables as follows: 
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- - - -
x x y L = -L z z = 

z - - -
Lx Ly r2Lx Lz r3Lx 

- - -Ul U2 U3 
Ul - U2 - U3 -

0 r20 r3U 

WI -
WILy 

002 -
W2Ly 

003 - W3Ly 
(3.16) 

0 r2U r3U 

t to Re 
OLx - -

Lx 
-
" 

where r2 
Ly 

and r3 
Lz - - -. 

Lx Lx 

The dimensionless set of equations which results from (3.14) and 

definitions (3.16) is the foll owin9: 

v • ,l! = 0 (3.17a) 

V • 00 = 0 (3.17b) 
"'" 

!et- 1 v2w = f Ire "'" ... (3.17c) 

V2,l! = g (3.17d) 

where the components of the vectors f = [fhf 2,f3J and !l = [9h92,93J are 

defined as follows: 

j = 1,2,3 (3.18) 

and 

------------------ --- ---- ----------
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rg aWg 1 aW2 
(j = 1) ;;-:2 - - - --r2 ay rg az 

--L aWl .!L aW3 (j = 2) rlrg - r22 gj - az ax (3.19) 

1 aW2 1 aWl 
(j 3) - - -;:-z;::-: - = 

r3 ax r2 rg ay 

Note that the dimensionless Laplacian has the modified form 

(3.20) 

Note too, that in (3.17c) all nonlinear terms have been transferred to 

the right hand side as the single vector f defined by (3.18) while the 

linear diffusion terms have been transferred to the left hand side. 

Later, this convention will facil itate expl anation of the numerical 

methods. Finally, recall that (3.17a) need be enforced onl y at the 

boundaries of the domain. 

It can be seen from the dimensionless equations (3.17c), 

(3.17d), (3.19) and (3.20), that there exist three dimensionless 

parameters which govern the fl uid motion; namely, the Reynolds number 

Re, and the dimensionl ess 1 ength ratios rz and rg. In general, the 

scales Lx, Ly , Lz, and 0 can be arbitrarily chosen. For the spatial 

stability problem it is useful to fix these scales as follows: 

Lx 
_ 0 
= --

f3 

Ly - e (3.21) 

[z - Az = 2Tl/Y 
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where 13 is the circular disturbance frequency, e is the moment un 

thickness at the infl ow boundary, and )'z(y) is the spanwise wave 1 ength 

(number). For this work 0 = UT, the fast stream velocity. Given the 

scales (3.21), then r2 = ~a/O, the Strouhal number. The scale Lx is 

roughly twice the streamwise disturbance wavelength, so that r3 is 

proportional to the ratio of spanwise to streamwise wavelengths. Three 

additional dimensionl ess parameters arise through the imposition of 

boundary conditions. One is the velocity ratio of the coflowing 

streams, UB/UT. Another, for a forced shear layer, is the relative 

disturbance amplitude IU'max I/O. Finally, the ratio 16u'l/ IU'max I 

represents the amount of spanwise modulation of the forced oscillation. 

(Sl ight spanwise modul ation is requi red to induce three-dimensional ity 

in a numerical computation.) 

In sum, the spatial stability problem studied in this work is 

characterized by the following six parameters: 

1) velocity ratio, UB/UT 

2) Reynolds number, Re 

3) Strouhal number, St = 89/0 

4) ratio of spanwise to streamwise wavelengths 

5) disturbance amplitude Iu'maxl/O 

6) spanwise modulation amplitude 16U'I/lu'maxl 

-------------------------- - -- ------------



CHAPTER 4 

INTEGRATION DOMAIN, BOUNDARY AND INITIAL CONDITIONS 

To complete the mathematical statement of the problem posed in 

Chapters 2 and 3, it is necessary to specify an integration domain and 

appropriate boundary and initial conditions on that domain. For the 

problem at hand, this is an especially tricky task. Mathematicians 

have yet to resolve the issue of well posedness for the Navier-Stokes 

equations in three dimensions. Flow through systems further complicate 

the matter in that physically realistic inflow and outflow conditions 

are generally difficult to ascertain. 

For this work, boundary and initial conditions are based on 

physical insight and on the analytical works of Blasius (Appendix A) and 

Rayleigh (Appendix B). We11-posedness is assumed. As will be shown in 

Chapter 6, the resu1 ting numerical simu1 ation produces resu1 ts 

consistent with both of these analytical sol utions and with physical 

experiments, which suggest that the we11-posedness assumption is valid. 

4.1 Time Domain 

As mentioned in Chapter 2, the spatial stabil ity prob1 em at 

hand is the analog of the forced shear layer experiment of Miksad 

(1972). Modelled mathematically, the problem is twofold: 

42 
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1) Obtain the steady, 1 ami.nar, two-dimensional sol ution of 

(3.17) which defines the "undisturbed flow" whose stability 

is to be investigated. 

2) Initiate periodic forcing and obtain a time-dependent, 

three-dimensional, "disturbed flow" solution to (3.17) for 

several periods of the oscillation. 

The two steps above are continuous in time when viewed in the time 

domain as shown in Fig. 7. From an initial condition at to' equations 

(3.17) are integrated forward in time until the asymptotic steady state 

is "attained". At time t l , a periodic perturbation is superimposed on 

the inflow boundary condition to initiate forcing. An appropriate ramp 

function r(t) is prescribed during the start up interval tl ~ t i t2 to 

minimize transient harmonics. Full disturbance amplitude is reached at 

t = t 2• The integration continues for t2 i t as the disturbance 

propagates downstream. Boundary conditions switch from undisturbed 

flow to disturbed flow conditions at t = tl as described in Sections 

(4.3) and (4.4). 

4.2 Coordinate System and Spatial Domain 

The spatial domain considered in this investigation is a 

rectangular box whose streamwise, transverse, and spanwise dimensions 

are specified by input parameters p, ql' q2' and r. The coordinate 

origins are arbitrary; however, for convenience the transverse 

coordinate origin is chosen to coincide with the inflection point of the 

inflow u-velocity profile and the spanwise coordinate origin is chosen 



(a) 

IC:X:: 

.,.. 
r
Oo 

JE 

(b) 

tl 
Time, t 

. -
Frequency, B 

Figure 7. Monochromatic periodic forcing in the (a) time and (b) 
frequency domains. 
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to be zero. The parameter p specifies the streamwise length of the box 

in disturbance wavel engths based on the 1 inear theory of Rayl eigh 

(Appendix B), where the streamwise wave number ~ is a specified 

parameter. Parameters ql and q2 specify the transverse dimension of 

the box in terms of inflow momentum thicknesses below and above the 

inflection point (y = 0) respectively. The parameter r specifies the 

spanwise width of the box in terms of spanwise wavelengths where the 

spanwise wave number Y is al so an input parameter. To guarantee 

spanwise periodicity, r is an integer. Equations (4.2) specify the 

spatial domain mathematically. Fig. 8 portrays the domain pictorially. 

Xo ~ x ~ XN = xo + p(2n/~) 

-qle = Yo i y ~ YM = +q2e 

o = zo ~ Z i ZK = zo + r(2n/y) 

integral r 

(4.2a) 

(4.2b) 

(4.2c) 

For later utility in reference to boundaries, the corners of the box 

are labelled in Fig. 8 with letters A through H. 

4.3 Boundary and Initial Conditions for the Undisturbed Flow 

Both Bl asius and hyperbol ic tangent profil es are frequentl y 

used as prototypical velocity profiles in the analysis of planar free 

shear layers. Whereas the hyperbolic tangent profile is more amenable 

to analysis because of its symmetry, the Blasius profile is widely 

accepted as more physically realistic and is used in this work. 

Let uBdx, y), vBdx, y), and Wadx, y) denote the dimensional 

veloeity components and the vorticity respectivel y of the pl anar 

--------------------_ .... __ .... -
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Blasius shear layer of velocity profile UB/UT as obtained by the method 

of Appendix A. Given the streamwise coordinate Xo of the inflow 

boundary, the UBL, VBl, and ~l profiles specify the inflow conditions 

of the undisturbed flow. Rather than specify Xo directly, however, it 

is convenient to introduce the dimensionless parameter Rea whose value 

fixes Xo indirectly. The Reynolds number based on momentum thickness 

Re a is defi ned as 

Rea = ( 4.3) 
\I 

and is related to the conventional Reynolds number Re through equations 

(3.16) as follows: 

Rea = Re (~) 
Lx 

(4.4) 

Given UT, \I, Rea, and uBdx, y), the upstream coordinate Xo is 

unambiguously defined through (4.3) and (1.1) as the streamwise location 

where the Blasius u-velocity profile has momentum thickness a. 
Given these data, a complete set of undisturbed flow boundary 

and initial conditions is formulated below. As mentioned previously, 

the undisturbed flow is two-dimensional; consequently, the u3 velocity 

component and the WI and W2 vorticity components vanish everywhere, and 

for brevity, are omitted from discussion. The conditions below are 

presented in dimensionless form based on the nondimensionalization of 

(3.16). Note also that boundary conditions are omitted for the lateral 

------------------.-----_._---------------------------
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faces of the domain (B-F-G-C) and (A-E-H-D) since, again, the base flow 

is purely two-dimensional (Fig. 8). 

Inflow (A-B-C-D) 

Ul(XO,y,z,t) = uBdxo,y) 

U 2( x o,y ,z , t) = vB d x o,Y ) 

w3(XO,y,z,t) = wBdxQ,Y) 

Outflow (E-F-G-H) 

Upper (D-C-G-H) 

Lower (A-B-F -E) 

Ul(X,YM,z,t) = 1 

aU2 
ay (X,YM,z,t) = 0 

w3(X,YM,z,t) = 0 

-uB 
Ul(X,YO,z,t) = -uT 

aU2 
ay ( x ,Y 0, z , t) = 0 

w3( x ,Y 0, z , t) = 0 

(4.5a) I 
(4.5b) 

(4.5c) 

(4.7a) I 
(4.7b) 

(4.7c) 

(4.8a) 

(4.8b) I 
(4.8c) 

(4.5) 

(4.7) 

(4.8) 

----------- ------ -- . --- - ----.---_.------
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Several comments are in order regarding conditions (4.5) through (4.8). 
, ' 

Recall that it is necessary to enforce mass continuity (3.l7a) on the 

boundaries. At inflow, (3.l7a) is satisfied automatically by virtue 

that the Bl asius velocity profil es are derived from the stream 

function. Gradient conditions (4.7b) and (4.8b) enforce continuity at 

the upper and lower boundaries respectively. Conditions (4.6) are 

"soft" boundary conditions which,induce minimal upstream influence on 

the flow. They are motivated by an underlying dimensional 

consideration in the analysis of Blasius, namely that for large 

Reynolds number, the a2u/ax2 viscous term in the boundary layer equation 

is negligible. The omission of this term renders the Blasius boundary 

layer equation parabolic everywhere. In contrast, the present Navier

Stokes flow neglects this term only at the outflow boundary. Finally, 

conditions (4.7c) and (4.8c) are based on the physical and analytical 

consideration that vorticity is confined to the region of high shear. 

These conditions are valid provided the domain is sufficiently large in 

the transverse-y direction. 

In addition to conditions (4.5) through (4.8), the auxil iary 

condition (4.9) below is imposed, for the undisturbed flow problem only, 

to resolve the nonuniqueness of the u2-velocity equation (3.17d) subject 

to boundary conditions (4.5b), (4.6), (4.7b), and (4.8b). The necessity 

for this additional condition is discussed in Appendix E; the complete 

set of undisturbed flow boundary conditions is shown schematically in 

Fi g. 9. 



y 

Lx 
W3 = BL 

y 

Lx 
U1 = UBL 

y 

L~-x 

W3 = a 

U1 = 1 

v2 U1 = gl 

Ul = uB/LiT 

aU2 
-- a ay 

U21 = a y=o 

aU2 
-= a ay 

-- -

a2U1 
axz = a 

Figure 9. Boundary condition for the undisturbed flow. 
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Auxiliary 

U2(X,O,z,t) = ° (4.9) 

Initial Condition 

In principle, the two-dimensional steady state to (3.17) which 

defines the undisturbed flow could be obtained from any initial 

velocity and vorticity distributions. In practice, to minimize 

computational time, it is desirable to have the initial condition close 

to the steady state. Therefore, for this work, the flow field is 

initialized everywhere to the Blasius solution. As will be shown in 

Chapter 6, the converged Navier-Stokes sol ution for finite Rea, whil e 

close to the Blasius initial condition, is not identical. 

4.4 Boundary and Initial Conditions for the Disturbed Flow 

The two-dimensional steady state solution obtained as described 

in the previous section serves as the initial condition at t = t1 (Fig. 

7) to the disturhed flow integration. Formally 

U1(X,y,z,t1) = [U1JST(X,y) 

U2(X,y,z,t1) = [u2JST(X,y) 

Ug(x ,y ,Z ,t 1) = ° (4.10) 
w1(X,y,z,t 1) = ° 
w2( x ,y ,z , t 1) = ° 
Wg(x,y,z,t 1) = [WgJST(X,y) 

where the subscript "ST" denotes the steady sol ution previously 

obtained. 
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Because the disturbed flow problem is fundamentally different 

from the undisturbed flow problem, different boundary conditions are 

necessitated. The boundary conditions discussed below accommodate the 

three-dimensionality of the disturbed flow and impose periodic forcing. 

4.4.1 Lateral Boundaries 

To facilitate the numerical method to be discussed in the next 

chapter, the flow is assumed to exhibit spanwise periodicity. Thus, 

periodicity conditions (4.11) replace more customary boundary conditions 

at the lateral boundaries (A-D-H-E) and (B-C-G-F). 

j = 1,2,3 (4.11) 

and similarly for the vorticity components. 

4.4.2 Inflow Boundary Conditions 

Forcing is accomplished at the inlet plane (A-B-C-D) (Fig. 8) by 

superimposing on the steady Blasius inflow condition (4.5) a small 

periodic perturbation. Let the perturbation components be denoted by 

primes. The time-dependent inflow condition then is the following: 
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To be physically consistent, the perturbations above must satisfy zero 

divergence conditions (3.17a,b) and the definition of vorticity (3.8). In 

principle, then, there are five conditions and six perturbation 

components so that one component can be arbitrarily defined. In 

practice, however, it is desirable to design a perturbation which has 

physical significance. In this work, the disturbance is modelled after 

the two-dimensional Kelvin waves predicted by spatial linear stability 

theory for the shear layer (see Chapter 1). In particular, for a given 

forcing frequency 13, the Rayleigh equation (Appendix B) is solved to 

obtain expressions of the following form for the two-dimensional wave 

components: 

u'RAY(X,y,t) = e-aixl<I>u(y)1 cos[arx - 13t + Xu(Y)] 

v'RAy(X,y,t) = e-aixl<I>v(y)1 cos[arx - 13t + Xv(Y)] ( 4.13) 

The subscript "RAY" distinguishes the Rayl eigh waveform from an 

arbitrary perturbation. The functions I <l>u(Y) I and xu(Y) denote the 

transverse dependence of the magnitude and phase respectively of the u

velocity fl uctuation and simil arly for I <l>v(y) I and xv(Y)' etc. Equation 

(4.13) is presented in dimensionless form where all variables are non

dimensionalized in accordance with (3.16). An inflow perturbation is 

then constructed from the Rayleigh solution as follows: 



For convenience, the inflow magnitude distribution e-aiXoj 4>u(Y) I is 

normalizec1 to a maximum of unity and I 4>v(y) I and I 4>w(y) I are scaled 

proportionately. 

Several comments are in order regarding (4.14). Many 

possibil ities exi st for the ramp function r(t); however, the one 

exploited in this work is the following: 
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r(t) (4.15) 

The ramp time T = t2 - t1 is an input parameter which is specified as a 

fraction of the disturbance period. 

The ampl itude parameter e:l control s the ampl itude of the u

disturbance relative to the undisturbed upper stream velocity UT. 

Since the inflow forcing functions are based on the inviscid 1 inear 

theory of Rayleigh, expressions (4.14) ar~ val id only for small e:1. The 

nonlinear analysis of Benney and Bergeron (1969) suggests that linear 
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theory is applicable whenever [€i/2Re~-1 » 1 but that nonlinear effects 

dominate whenever [€i/2Re] « 1, where Re is to be interpreted, in this 

case, as the local Reynolds number. For this work, €1''''10-3 and 

Ree(xo)"'102 so that at inflow [d/2Rer1 '" 3xl02• 

In a numerical simul ation, some three-dimensional ity must be 

introduced into the fl owfiel d either through chance or intent; 

otherwise the flow remains strictly two-dimensional. Here, three 

dimensionality is imposed at the inflow boundary through the amplitude 

parameter €2 and the spanwise modul ation distribution function s(z) 

where s(z) has a maximum modulus of unity. As will be discussed in the 

next chapter, there are practical reasons to choose s(z) continuous; and 

more specifically, s(z) = cos(yz + 0). For €2 = 0, the inflow condition 

is purely two-dimensional and conditions (3.8) and (3.17a,b) are 

satisfied exactly. For €2 > 0, the conditions (4.14) violate (3.8) and 

(3.17a,b) as three-dimensionality in one velocity or vorticity component 

implies three dimensionality in all six components. To derive totally 

consi stent three-dimensional inflow conditions for the spati al case, 

however, is itself a formidable task (Rist, 1985). Rather, let the 

product €1€2, which specifies magnitude of the inflow three

dimensionality, be small to minimize the inflow inconsistency. Recall 

that condition (3.15) guarantees that any deviation from (3.lla) is 

small er inside the domain than on the boundary. In practice, for small 

€2, (say €2 '" 10-1 + €1€2 '" 10-4 ) the sol ution adjusts quickly downstream 

of the inflow boundary and the inflow inconsistency is inconsequential. 
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In sum, in addition to the flow parameters previously specified 

(namely, Re, UT, UB, V, y), the inflow condition for the forced flow 

computation requires the following input data: 

Circular forcing frequency, e 
-Rayleigh perturbations u'RAY, ViRAY, w'RAY based on a 

Relative disturbance amplitude, £1 

Relative spanwise modulation, £2 

Spanwise modulation distribution function, s(z) 

Ramp function, r(t) 

Ramp time, T 

4.4.3 Upper and Lower Boundary Conditions 

The upper (C-D-H-G) and lower (B-A-E-F) boundary conditions are 

formul ated by matching the inner three-dimensional Navier-Stokes 

solution to an outer two-dimensional solution based on linear stability 

theory. In the outer region defined by Iy 1 » 1, the Rayl eigh stabil ity 

equation degenerates to a trivial form whose general solution is 

(4.16a) 

where A is an arbitrary real constant. Transverse differentiation of 

(4.16a) leads to the following approximations which impose exponential 

decay for the ul disturbance at large Iyl: 

au l 
- I ay = -ar r2u (y » 1) (4.16b) 

au l 
- I ay :c +ar r2u (-y » 1) (4.16c) 

-------------------------------------------
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Expressions (4.16b,c) are val id provided that I (~~u) I « arr2 for Iy I » 

1, a condition that is more nearly satisfied the 1 arger the wave 

number. For wave numbers equal to or greater than that arising from 

the most unstabl e frequency, expressions (4.16b ,c) are reasonabl e 

approximations. On the basis of (4.16), the following upper and lower 

boundary conditions are formulated for the three velocity components: 

aUl a[ulJST 
ay (x,yo,z,t)- ay (x,Yo) = +ar r2 {Ul(X,YO,z,t)-[UlJST(X,yo)} (4.17a) 

aUl a[ulJST 
ay (X,YM,z,t)- ay (x'YM) = -ar r2 {ul(X,YM,z,t)-[UlJST(X,YM)} (4.17b) 

aU2 aUl 
ay (x,yo,z,t) = - ax (x,yo,z,t) (4.17c) 

aU2 aUl 
ay (X,YM,z,t) = - ax (X,YM,z,t) (4.17d) 

U3(X,YO,z,t) = u3(x,YM,z,t) = 0 (4.17e) 

Equations (4.17a,b) follow from (4.16), and (4.18) below, in which the 

disturbance (denoted by a prime) is defined as the difference between 

the disturbed and undisturbed flows; e.g. 

(4.18) 

Conditions (4.17e) are assumed for convenience and force the flow to be 

two-dimensional at the upper and lower boundaries. Equations (4.17c,d) 

follow directly from continuity (3.17a) and assumption (4.17e). 

For vorticity, the following upper and lower boundary 

conditions are functional and convenient: 



Wl(X,YO,z,t) = W2.(X,yo,z,t) = W3(X,YO,z,t) = 0 

Wl(X,YM,z,t) = W2.(X,YM,z,t) = W3(X,YM,z,t) = 0 
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(4.19a) 

(4.19b) 

Several considerations play into the assumption in equations 

(4.17) and (4.19) that the outer flow is essentially two-dimensional. 

Analytical work concerning free shear 1 ayers reveal s that vorticity 

decays rapidly in the transverse dimension and is almost wholly 

confined to the region of highest shear. As will be confirmed in 

Chapter 6, assumptions (4.19) are entirely reasonable whenever the 

domain is adequately large in transverse extent. Thus, in the outer 

regions, the Poisson equations for the velocity components (3.17d) can 

be regarded as homogeneous. Consider then the solution in the upper 

outer region (y » 1) of 

VLul(X,y,Z) = a (4.20) 

Further assume that (4.20) is separabl e, that Di richl et boundary 

conditions prevail at the transverse boundaries, and that the flow is 

periodic in the streamwise and spanwise dimensions with wavelengths 

21T/ar and 21T/Y respectively. (For the sake of simplifying this 

analysis only, the temporal model is assumed.) The general solution of 

(4.20) with the stated boundary conditions is the superposition of modes 

of the following form: 
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+ complex conjugate (4.21) 

The n = 0, k = a mode above represents the parallel mean flow and the 

n = 1, k = a mode represents, if Al 0 is considered a function of time, , 
the Rayl eigh sol ution for the temporal case. It is cl ear from (4.21) 

that modes representing higher streamwise harmonics and three

dimensional modes all exhibit faster transverse decay than does the 

Rayleigh mode. Since similar analyses apply for the other velocity 

components as well as in the lower outer region, it is concluded that 

the outer flow is predominantly two-dimensional. 

4.4.4 Outflow Boundary Conditions 

A major stumbling block in the numerical simulation of spatial 

stability is the outflow boundary condition. Ideally, a condition which 

is transparent to all disturbance wavelengths is desired. Such a 

condition is known as a radiation condition. For waves which are 

primarily monochromatic, the downstream boundary can be tuned to pass 

the specific wavelength). = 2n/ar using the following radiation 

condition: 

etc. (4.22) 

The boundary layer simulations of De Santo and Keller (1962) and Fasel 

(1976) employed quite successfully outflow conditions like (4.22). When 

similar conditions were tried for the shear flow problem at hand, the 
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results were marginal. Due to the extremely 1 arge spatial 

amplification rates in the shear layer, the propagating disturbance is 

large and highly nonlinear at outflow. Conditions (4.22) appear to pass 

the fundamental but to reflect harmonics. 

In general wave refl ection is probl ematic in numerical 

simul ations of wave propagation whenever the physical domain is 

infinite but the computational domain is finite. The methods of 

treating this probl em vary widely depending on the nature of the 

particular physical problem. In their survey article, Israeli and 

Orszag (1981) review some current approaches to the numerical 

approximation of radiation boundary conditions. Among these are 

absorbing conditions, which are designed to pass certain wave 

components, and damping conditions, in which "viscous" dissipation is 

used to diminish reflections. Each method, however, has its 

limitations. Particul arly attractive is the concept of the "sponge 

layer", a narrow region artificially introduced into the computational 

domain at the boundary in which both absorbing boundary conditions and 

damping are used to contain reflections. The numerical approximation 

of radiation conditions, however, remains a compl icated and poorly 

understood area. 

Alternately, if the integration domain is sufficiently large in 

the streamwise dimension, the infl uence of the boundary on the 

propagating wave is insignificant, in which case the outflow boundary 

condition is relatively unimportant. Spatial linear theory for the free 

shear layer predicts finite wavespeeds, which range between the average 
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-velocity anq the fast stream velocity u, depending on the frequency. 

Numerical experiments using long domains confirm that the propagating 

wave, even when nonl inear, exhibits a characteristic wave front and 

that ahead of the wave front the flow remains undisturbed. 

For this work, the outflow boundary dilemma is resolved by 

utilizing a long integration domain for which simple Dirichlet 

conditions based on the undisturbed flow are imposed at outflow. For 

computational efficiency, the outflow boundary is propagated ahead of 

the disturbance, sufficiently far ahead to minimize upstream influence. 

The boundary propagation is controll ed by two additional input 

parameters: the relative boundary velocity VB = VB/UT and the relative 

initial boundary displacement 0B = 6B/Lx. Given these parameters, the 

dimensionless boundary position xB is governed by 

Xo ~ xB = (xo + 0B) + VB(t - t 1) ~ xN (4.23) 

for t ~ tl 

The di sturbed flow integration terminates at that time when the 

outflow boundary position reaches or exceeds its maximum; i.e., for xB 

~ xN. Please note by contrast, the boundary position is fixed at its 

full extent xB = xN for the undisturbed flow computation described in 

Section 4.3. Based on the above considerations, the boundary conditions 

at the receding downstream boundary are as follows: 
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Wl(XB,y,z,t) = w2(XB,y,z,t) = U3(XB,y,z,t) = 0 

Ul(XB,y,z,t) = [Ul]ST(XB,y) 

U2(XB,y,z,t) = [u~ST(XB'Y) 

w3(XB,y,z,t) = [w3]ST(XB,y) 

(4.24) 

In a computation of practical magnitude, how far downstream 

must the boundary be propagated? Because of the rapid spatial growth 

of disturbances in the shear layer, transition to turbulence occurs 
\ 

within a relatively few disturbance wavelengths. Miksad's (1972) 

experiment reveal ed full y developed turbul ence within about si x 

wavelengths. Thus, in practice, an integration incorporating transition 

phenomena need proceed only for a few, say six, disturbance periods 

which suggests an integration domain of at most twelve streamwise 

wavelengths. 

Finally, the disturbed flow boundary conditions described in 

this section are shown schematically in Fig. 10. 
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aui 
Ty = - cxr r 2ul 

WI = a I ul = UI ul = [uI]ST wI I 
- __ J, -l UBL , + 

uRAY aui WI = 0 
ay-- +cxr r2ul 

aU2 aUI 
W2 = a - ax 

= 

U2 = 
W2 = a W2 U2 vBL U2 = [u2]ST 

+ 
vRAY 

W2 = 0 aU2 
-= - ax ay 

W3 = a 
[w3]ST U3 = a 

W3 = 
I WBL U3 U3 = a 

--~ , 
" , , 

W3 = a U3 = a 

Figure 10. Boundary conditions for the disturbed flow. 

-------------------- ---



CHAPTER 5 

NUMERICAL METHOD 

The current chapter develops the numerical method by which an 

approximate solution to the mathematical model of Chapters 3 and 4 is 

obtained. Many factors have been weighed in the choice between 

competing numerical al gorithms. Mathematical considerations incl ude 

accuracy, stabil ity, and convergence rates. Computationa 1 

considerations include coding complexity, storage limitations, 

computational speed, and facil ity for vectorization. The resulting 

hybrid numerical scheme, summarized below, is described in detail in 

the following sections. 

The numerical method of this work employs standard central 

finite difference approximations in the streamwise-x and transverse-y 

dimensions and a spectral representation in the spanwise-z dimension. 

The flow variabl es, which are assumed to exhi bit spanwi se periodicity, 

are approximated by firiite Fourier compl ex exponential series expan

sions in the spanwise-z coordinate. From the Fourier ansatz emerges a 

set of governing equations in Fourier space comprised of 3K complex 

vorticity transport equations and 3K compl ex Hel mhol tz equations for 

the velocity modes, where K is the number of modes retained in the 

spectral approximation. A solution is sought in Fourier space to each 

of the spatially two-dimensional mode equations. Vorticity mode 

equations are advanced in time using a combination of implicit and 

64 

------------------ -- - ._--



65 

explicit methods. Linear diffusion terms are advanced by means of an 

a lterna ti ng di rection implicit (ADI)/Cran k-Ni co 1 son scheme. On 

nonlinear convection and vortex stretching terms, an Adams-Bashforth 

explicit method is employed. At each time step, nonlinear terms are 

updated in physical space by a pseudospectral (collocation) method with 

dealiasing, which uses fast Fourier transforms to shuttle efficiently 

between Fourier space, in which the mode equations are solved, and 

physical space, in which nonlinear terms are evaluated. Following each 

half time-step advance of the vorticities, the Helmholtz equations are 

solved to update the Fourier modes of the velocity components. This is 

accomplished by approximate factorization, an iterative al gorithm. 

Formally, the numerical scheme has second-order accuracy in time and in 

the streamwise-x and transverse-y spatial dimensions. Spectral 

accuracy is obtained in the spanwise dimension. 

For clarity, the spatial computational domain is discussed first 

in Section 5.1, followed by the spectral approximation in Section 5.2, 

and the time discretization in Section 5.3. Spatial discretization is 

compl eted in Section 5.4. Section 5.5 describes the approximate 

factorization method used in solution of the Helmholtz equations for 

the velocity modes, and Section 5.6 discusses evaluation of nonlinear 

terms. The chapter concludes with a discussion of the consistency and 

stability of the numerical method in Section 5.7. 

The numerical method is inherently the same for computation of 

the undisturbed "base flow" and the periodically forced "disturbed flow" 

except that boundary and initial conditions differ as discussed in 

-------------- - -- -- - - -- . 



Chapter 4. Where boundary conditions differ, distinctions will be 

drawn. Fig. 11 portrays schematically the flow of the computational 

method. 

5.1 Computational Domain 

Let the spatial domain of Section 4.2 be discretized in the 

streamwise, transverse, and spanwise dimensions into N, M and K 

intervals of lengths 6X, 6y, and 6Z respectively, as shown in Fig. 12, 

where N, M and K are input parameters. Furthermore, let n, m, and k 

denote grid point indices such that 

Xn = Xo + n 6X n = (O,1,2,···,N) 
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I 
Ym = Yo + m 6y m = (O,1,2,···,M) (5.1) 

j zk = Zo + k 6X k = (O,1,2,···,K) 

Similarly, let 6t be the time incrememt and R. the time index so that 

t R. = to + R. 6t R. = (0, 1 , 2, • •• , Lit· •• , L 2, • •• , L) (5.2) 

where 6t and L are al so input parameters and Ll and L2 correspond to 

, times tl an'd"t2 respectively. 

Recall that Uj(x,y,z,t) (j=1,2,3) represent the streamwise 

velocity components in physical space, and adopt the convention that 

Let a similar convention hold for the vo~ticity components. 

Note that by the assumed spanwise periodicity of the flow 

(5.3) 
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Figure 11. Flow diagram of the computational algorithm. 
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= uj,R, 
qK,n,m 

for integral values of q. 

etc. 
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(5.4) 

The eval uation of nonl inear terms to be described in Section 

5.6 requires fast Fourier transforms to and from Fourier space and 

physical space in the spanwise-z dimension. To facilitate these 

transforms, which are most efficient when K is a power of two, it is 

convenient to define K, the number of collocation points, as 

K = 2Ke (5.5) 

where Ke is specified at input. 

5.2 Spanwise Spectral Approximation 

Any continuous real-valued function ~(z) which is periodic in z 

with period 2n/y can be approximated arbitrarily closely (for large 

enough K) as foll ows (Appendix C): 

~(z) _ 

K 
"2 
I 4>k e i kyz 

k= -K 
2 

where the Fourier coefficients 4>k are complex conjugates; that is 

(5.6a) 

(5.6b) 

As discussed in Appendix C, the proper formulation of (5.6a) in terms of 

the discrete approximations ik of the exact Fouier coefficients 4>k is 
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the foll owing: 

K 

-1 
i k k * I ~ I 

~ 
4>(Z) - L i k eikyz where i~ (5.7) 

= I k- -K 1 ;; K -2 2" ~k k = ~ 

Since for the problem at hand, all flow fields are assumed to be 

continuous and periodic in the spanwise dimension (4.11), the velocities 

and vorticities can be expanded according to (5.7), namely 

K 
~ 

Uj(x,y,z,t) - L u~ (x,y,t) eikyz 

k- -K -2 
(5.8) 

K 
"'Z 

Wj(x,y,z,t) - L ?i~ ( x ,y , t) e i k yz 

k- -K -2 
for j = 1,2,3 

Here u~ and n~ are the k-th discrete Fourier coefficients of the j-th 

velocity and vorticity components respectively. Throughout this work, 

lower case symbols represent physical flow variables and upper case 

symbols represent their Fourier coefficients. Since all further 

discussion conserns discrete rather than exact Fourier coefficients, the 

cumbersome notation of an upper 11",11 to denote discrete coefficients is 

subsequently dropped. Note that the Fourier coefficients are functions 

of two spatial dimensions and time. Simil ar expansions for the 
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nonlinear right hand side components fj of equation (3.17c) and the 

components gj of (3.17d) yield 

K 
~ 

fj(x,y,z,t) - L F~ (x,y, t) e i k y z 

k- -K -2 

K 
(5.9) 

~ 
gj(x,y,z,t) - L G~ (x,y,t) eikyz for j = 1,2,3 

k- -K -2 

Substitution of expressions (5.8) and (5.9) into governing equations 

(3.17) results in a new set of governing equations (5.10) in terms of 

Fourier modes rather than physical variables. 

(5.10a) 

(5.10b) 

(5.10c) 

(5 .10d) 

K K (k = - ~, ••• ,0,1, "'2' ) 

(j = 1,2,3) 

Several comments are in order regarding system of equations 

(5.10). Equations (5.10) utilize the following relations for the Fourier 

expansions of the first and second partial derivations with respect to 

z: 

._--------------_. _. __ . __ .-._------_.--
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K 

aUj 2 
- L iky ~ eikyz 

az 
k- -K -2 

(5.11) 

(j = 1,2,3) 

Expressions (5.11) and simil ar expressions for vorticity components, 

etc., are readily derived (assuming two times differentiability) from 

(5.8) and (5.9). Special care must be taken in the application of (5.11) 

for discrete rather than exact Fourier coefficients. When properly 

interpreted in the light of (5.7) and the discussion of Appendix C, the 

"sawtooth" K/2 coefficient of spanwise derivatives must vanish. 

Expressions (5.11) in conjunction with (3.18) yield the explicit form for 

the GJi in (5.10d), namely 

r3 a Oo~ 
"'1< i k y 2 

r 2 oy (x ,y , t) - ""F3 ~ (x,y, t ) (j = 1 ) 
2 

~(x,y,t) = 

r3 a Oo~ i k y l() "'1< T ~ x,y,t - r2 ax (x,y,t) 
r 2: 3 2 

(j=2) (5.12) 

1 a~ 
r 3 ax ( x ,y , t) -

1 a~ - -av (x,y ,t) (j=3) 
r3r~ ~ 

K K k = (-2,···,0,1, •.. , 2 

Because physical variables are purely real, (5.6b) applies. In practice 

-------------_.-_.- - -- . 



then, the mode equations (5.10) need, be solved only for nonnegative 

values of k. And, as in the case of the physical equations (3.17), the 

zero divergence conditions (5.10a) need be enforced only at boundaries. 

5.2.1 Fourier Space Boundary and Initial Conditions for the 
Undisturbed Flow 

In a manner analogous to the above, the physical space boundary 

and initial conditions of Chapter 4 are converted using (5.8) to 

corresponding Fourier space boundary and initial conditions. 

Since the undisturbed flow is two-dimensional, all three-

dimensional components of the flow vanish everywhere for t < tl and 

are omitted from further discussion. That is, 

U~ (x,y,t) = n~ (x,y,t) = n~ (x,y,t) = 0 

U~ (x,y, t ) = n~ ( x ,y , t ) = 0 
k > 0 

(5.13) 

so that all non-zero Fourier modes have only the trivial solution in 

the undisturbed flow computation. The mode zero boundary conditions 

are as follows and by virtue of (5.6b) are purely real: 

1 uBL (xo,y) Uo (xo,y,t) = 
2 

VBL (XO,y) (5.14) Uo (xo,y, t) = 
3 

~L (XO,y) no (xo,y,t) = 

Recall that subscript IIBLII denotes the Bl asius sol ution. 

Following (4.6), outflow conditions become 

-------- ------------ - - - -------.------------.. ----



Fourier space upper boundary conditions (4.7) become 

u ~ ( x ,y M , t) = 1 

au 2 
o ay (X,YM,t) = 0 

fl ~ ( x ,Y M , t) = 0 

Analogously, the lower boundary conditions, after (4.8) are 

u ~ ( x ,Y 0' t) = liB / U T 

au 2 

a/ (x ,Y 0' t) = 0 

fl ~ ( x ,y 0' t) = 0 

In Fourier space, the auxiliary condition (4.9) is simply 

u2 (x ° t) = 0 o " 
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(5.15) 

(5.16a) 

(5.16b) 

(5.16c) 

(5.17a) 

(5.17b) 

(5.17c) 

(5.18) 

Finally, it is convenient to initialize the undisturbed flow computation 

to the Blasius solution as follows 

1 . 
U 0 ( x ,y ,0) = U B L ( x ,Y ) 

u~ (x,y,O) = VBL (x,y) 

fl ~ (x ,y ,0) = wB L ( x ,Y ) 

(5.19) 



5.2.2 Fourier Space Boundary and Initial Conditions for the 
Disturbed Flow 

As in Chapter 4, 1 et "ST" denote the converged steady state of 

the undisturbed flow computation. Analogous to the physical space 

initial condition (4.10), the initial condition to the disturbed flow 

computation in Fourier space is the two-dimensional steady sol ution; 

i.e ., 
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(5.20) 

All other components and modes are identically zero at tl. 

For the case in which the streamwise modulations distribution 

function is given by s(z) = cosyz + ~, with ~ = 0, physical space inflow 

conditions (4.14) transform to the foll owing Fourier space inflow 

conditions: 

1 Uo (Xo,y,t) = uBL (Xo,y) + £1 r(t) u' RAy (Xo,y,t) 
2 

Uo (Xo,y,t) = vBL (Xo,y) + £1 r(t) viRAY (xo,y,t) 
312 Uo (Xo,y,t) = no (xo,y,t) = no (xo,y,t) = 0 

n~ (Xo,y,t) = wBL (Xo,y) + £1 r(t) w' RAY (Xo,y,t) 

n~ (Xo,y,t) = i £1£2 r(t) w' RAY (Xo,y,t) 

(5.21) 

Recall that the subscript "RAY" denotes the Rayleigh linear stability 

solution. The particular form of s(z) has subtle and far reaching 

implications for the numerical computation. The choice of s(z) 
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continuous and sinusoidal implies that three-dimensionality is excited 

through the first mode only. Thus, higher modes which emerge in the 

computation do so purely through nonlinear interactions. 

In general, all Fourier space .components are complex. The 

arbitrary choice of Ij> = 0 is equivalent to a shift of the spanwise 

coordinate-z origin and renders n~ purely real at inflow. This trait 

carries through the entire computation in that all computed Fourier 

coefficients are either purely real or purely complex, as can be 

inferred from (5.10) and (5.12). 

From physical space conditions (4.17) and the continuity 

condition (5.10a) come the Fourier space upper and lower boundary 

conditions for the disturbed flow: 

n~ (x,yo,t) = n~ (x,yo,t) = n~ (x,yo,t) = 0 

n~ (X,YM,t) = n~ (X,YM,t) = n~ (X,YM,t) = 0 
} all k 

:~; (xSo,t) - [~~! (X,YO)]ST = +V2{ U;(x'YO,t) - [U;(X'YO)]STj 

:~; (X,YM,t) - [~~i (X,YM)]ST = -V2{ U;(X,YM,t) - [U;(X,YM)]STj 

(5.22a) 

(5.22b) 

(5.22c) 

(5.22d) 

(5.22e) 

(5.22f) 

(5.229) 



au 3 U3 

a/ (X,yo,t) = a; (X,YM,t) = 0 

U~ (x,yo,t) = U~ (x'YM,t) = 0 

au~ au~ 
ay (x,yo,t) = ay (X,YM,t) = 0 

k > 1 

j = 1 ,2,3 
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(5.22h) 

(5.22i) 

(5.22j) 

Condition (5.22i) and (5.22j) are mandated by the assumed two

dimensionality of the outer flow and can be inferred from (5.l0a) and 

the Fourier space analog to (3.8). 

Finally, from (4.24), the Fourier space outflow conditions are: 

o~ ( x B ,y , t ) = o~ ( x B ,y , t ) = o~ (x B ,y , t ) = 0 I 
123 

Uk (XB,y,t) = Uk (XB,y,t) = Uk (XB,y,t) = 0 

1 ( 2 ( 0
0 

xB,y,t) = 0
0 

xB,y,t) = U ~ ( x B ,y , t ) = 0 

U~ (xB,y,t) = [U~ST (XB,Y) 

2 2 
Uo (XB,y,t) = [U~ST (XB,Y) 

o~ (XB,y,t) = [O~ST (xB,Y) 

5.3 Discretization in Time 

k f. 0 

(5.23a) 

(5.23b) 

(5.23c) 

(5.23d) 

(5.23e) 

(5.23f) 

For the nonlinear convection-diffusion equation in one spatial 

dimension, Peyret and Taylor (1982, pp. 60-62) suggest the Crank

Nicol son Adams-Bashforth method when diffusion (viscosity) is small. 

For such problems, the hybrid implicit/explicit method is quite effi

cient computationally. Since nonlinear terms are handled explicitly, 

iteration is avoided. However, the unacceptable time step restriction 



78 

characteristic of fully expl icit methods is rel axed by advancing 

diffusion terms implicitly. The logical extension of this method to the 

two-dimensional vorticity transport equations (5.10c) on a rectangular 

domain is the Alternating Direction Implicit (ADI)/Crank-Nicolson Adams

Bashforth scheme (5.24). 

n~ (x ,y , t + M /2) - n~ (x,y, t ) 
llt/2 

1 1 a2n~ 1 a2n~ re a;(2"" (x,y,t) + i1 ayr (x,y,t+llt/2) 

Explicit Implicit 

ADI 

k2 2 r . . ] } - 2rY~ Ln~ (x,y,t) + n~ (x,y,t+llt/2) 

T 

Crank-Nicolson 

1 [ . . ] ="2' Tl F~ (x,y,t) - T2 F~ (x,y,t-llt/2) 

T 

Adams -Bashforth 

(5.24a) 

for 

j=1,2,3 

_ K 
k-O,l, ••• , "2' 



~ (x,y ,t+At) - ~ (X,y,t+At/2) 
At!2 

1 { a2~ 1 a2~ 
Re aX2'" (X,y,t+At) + ? ayz- (X,y,t+At/2) 

2 

Implicit Explicit 

ADI 

- ~2rY; [lli1 (X,y,tHt) + lli1 (XoY,t+At!2)] } 

T 

Crank-Ni.col son 

= { [Tl F~ (x,y,t+At/2) - T2 F~ (x,y,t)] 

T 

Adams -Bashforth 
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(S.24b) 

Several comments are in order regarding equations (S.24). At t = to, 

let Tl = 2 and T2. = 0 so that the nonlinear terms are advanced initially 

by the forward Euler method. Thereafter, Tl = 3 and T2 = 1 in which 

case the right-hand sides of (S.24) represent the Adams-Bashforth 

method which is of second order time accuracy. After steps (S.24a) and 

(S.24b), equations (S.10d) with right-hand sides (S.12) yield the newly 

updated velocity coefficients, as described in detail in Section S.5. 

The velocity coefficients ~ at each half step are then used to update 

the nonlinear terms F~ by the method described in Section 5.6. 
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Note that the Adams-Bashforth method requires the storage of 

information from previous time levels. 

5.4 Discretization in the Streamwise and Transverse Dimensions 

Spatial derivatives in the streamwise-x and transverse-y 

dimensions are approximated in the interior of the computational domain 

using standard central finite differences, as defined in (5.25), where 

~(x,y) is any complex function of two variables. 

a~ _ ~(X+Ax,y) - ~(X-Ax,y) ax - AX2. (5.25a) 

(5.25b) 

5.4.1 Fully Discretized Vorticity Equations 

Application of convention (5.3) and definitions (5.25) to (5.24) 

yields the fully discretized vorticity transport system, applicable for 

j = 1,2,3 and k = 0,1,2, ..• ,K/2. 
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rnj,R.+l/~ nj,R. J 
~ R,n,m l<,n,m 

!J.t/2 (5.26a) 

I [nj,R. 2nj ,R. nj,R. ] - Je l<,n+l,m - !J.:~n,m l<,n-l,m 

+ R,n,m+l R,n,m R,n,m-l 
[

nj ,R.+l/2 _ 2nj ,R.+l/2 + nj ,R.+l/2] 

r~l\y2 

- k2y2 rnj,R.+l/~ nj,R. Jj 2r2 l R,n,m l<,n,m 
3 

1 [ . R. • R.-l/2] 
="2' Tl F1',n,m - T2 F~:n,m 

and 

rnj,R.+l _ nj ,R.+l/2] 
~ l<,n,m K,n,m 

!J.t/2 (5.26b) 

[

nj , R.+l/2 _ 2nj , R.+l/2 + nj , R.+l/2] + R,n,m+l R,n,m R,n,m-l 
r2 !J.y2 

2 

_ k2y2 rnj,R.+l/2+ nj 'R.+l]j 
2r2 l K,n,m l<,n,m 

3 

= 1 [T Fj ,R.+l/2 - T Fk,R. ] "2' 1 l<,n,m 2 k,n,m 

----------------.--.- ..... . 



The equations above are valid in the interior of the computational 

domain, i.e., for 

1 ~ n ~ NB - 1 

1<m<M-1 
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where NB is the streamwise index of the outflow boundary. It remains 

to discretize the inflow and outflow boundary conditions corresponding 

to n = 0 and n = NB respectively, the upper and lower boundary 

conditions corresponding to m = 0 and m = M respectively, and the base 

flow and disturbed flow initial conditions corresponding to t = 0 and 

t = Ll respectively. 

For the undisturbed flow, recall that only the k=O modes of 

the 2-0 components are significant and that NB = N. From (5.14), at 

inflow, 

n3,t = O,O,m 
1 < m < M-1 

From (5.16) and (5.17), at the upper and lower boundaries 

n 30, t 0 = n 3, t = 0 ,n, o,n,M 
o < n < N 

( 5.27) 

( 5.28) 

At outflow, by virtue of (5.15), equations (5.26) degenerate to the 

following: 
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[oP'J+l/~ rl3,R. J 
·'U,~,m o,N,m 

b.t/2 
1 [oP"'~+1/2 _ 2oP",~+l/~ n..3"'~+l/2] 

''U,I~,m+l ·'U,I''l,m ·'U,I~,m-l 

- 1re r~ b.y2 

= -l [T F3,R. T F;3",~-1/2J 
Co 1 O,N,m - 2 O,~,m (5.29a) 

and 
(5.29) 

[
rl 3,Hl _ ()ft3\~+1/2J 

O,N,m ·'U,I't,m 
b.t/2 

1 [
n..3\~+1/2 _ 2()ft3\~+1/~ n..3\~+1!2] 
''U,~,m+l ·'U,I~,m ·'U,I~,m 1 

- 1re r~ b.y2 

= -l [T F;3\~+1/2 T F3,R. ] 
Co 1 O,~,m - 2 o,N,m (5.29b) 

1<m<M-1 

Following (5.19), the undisturbed flow initial condition at R. = 0 is 

si mply 

o < n < N 

o < m < M 
(5.30) 

I 

For R. > Lit boundary conditions switch from the undisturbed 

flow conditions given by (5.27) through (5.29) to the disturbed flow 

conditions described below. The streamw;se index of the propagating 

outflow boundary NS (5.31) follows directly from (4.23). (The notation 

[ ] denotes the greatest integer function.) 



From (5.21) follow the discrete inflow conditions 

n5:~,m = wBL (xo,Ym) + €l r(tR) wRAY (xo,Ym,t R) 

ni:~,m = -! €1€2 r(t~) wRAY (xo,Ym,t~) 
n3,~ = 0 k,o,m 

nj,~ = 0 1< ,o,m 

k f 0 

j f 3 
all k 

1<m<M-l 

The discrete upper and lower boundary conditions are 

all j,~,k,n 
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(5.31) 

(5.33) 

(5.34) 

Dirichlet outflow values are obtained from the steady 2-D solution as 

follows: 

(5.35) 

The utility of the ADI method lies in the block tridiagonal 

matrix structure which resul ts whenever the computational domain is 

rectangular. It is helpful to examine, for the problem at hand, the 

tridiagonal matrices which arise from the vorticity systems and which 

render the method extremely efficient. For notational simpl ication, 

the following definitions are implemented: 

(5.36) 
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( 5.37) 

(5.38) 

u:j,R.. = l1t [T Fj,R. _ T Fj ,R.-l/2] 
nl< ,n ,m - T 1 1< ,n ,m 2 K ,n ,m (5.39) 

When y is the implicit dimension, matrix system (5.40) results from the 

discrete equations, boundary conditions and definitions above. 

Similarly, when x is the implicit dimension, (5.41) results. 
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1 n~ ,R.+l/2 ,n,O 

-PI (l+2Pl+Pk) -PI n~ ,R.+l/2 ,n,l 

-PI (1 +2Pl+Pk) - PI n~ ,R.+l/2 ,n,2 

• • 
0 • (5.40) 

• • 
-PI (l+2Pl+Pk) - PI n~ ,R.+l/2 ,n,M-l 

1 n~ ,R.+l/2 
"n ,M 

o 

(l-Pk)n{,R.n 1 + , , 
P2[nj ',R.n+l,1 - 2n j ,R. + nj,R. J j R. 1< k,n,1 1<,n-1,1 + H1<',n,l 

(l-Pk)n{',~,2 + P2~{',~+l,2 -

= • 
• 
• 

o 



= 

1 
,.j,R.+l 
uk,O,m 

-P2 (1+2P2+Pk) -P2 
,.j, R.+l 
uk,l,m 

• 
• 
• 

-P2 (1+2P2+Pk) -P2 

1 

,..j,R.+l 
uk,2,m 

• 
• 
• 

. HI 
rrk',NB-l,m 
. R.+l 

~',NB,m 

n{:~~~ [specified by (5.33)] 

(l-P )oj,R.+l/2+ P [nj ,R;+l/2 _ 20j ,R.+l/2+ oj,R.+l/21 + Hj ,Hl/2 
k R,I,m 1 R,I,m+l R,I,m R,I,m-lj R,I,m 

(l-P )nj,Hl/2+ P [n j ,R.+l/2 _ 2nj ,Hl/2+ nj ,R.+l/21 + Hj ,R.+l/2 
k R,2,m 1 R,2,m+l R,2,m R,2,m-lJ R,2,m 

(l-P )nj,R.+l/2 + 
k R,NB-l,m 

[ 
j ,R,+1/2 

PI nR,NB-l,m+l 

• 
• 
• 

_ 2 nj , R, + 1/ 2 
R,NB-l,m 

+ nj ,R.+l/2 1 + Hj ,R,+1/2 
R,NB-l,m-1J K,NB-1,m 

ni:~L,m (specified for R. > LJ 

I ()A3,.~ + 1/ 2 + 
"'U'~B,m 

1 P [()A3,.~+1/2 _2()'p,.~+1/2 + ()'p,.~+1/2 ]+H3,.~+1/2 (1_<t_<L1) 1 "'U, ~B ,m+ 1 .'U, ~B ,m "'U, ~B,m -1 0, I~B,m 

(1 ~ m ~ M - 1) 
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(5.41) 

--------------- -~-~- -- ~ ._._-_._--_. 



Note that to exploit the tridiagonal structure, the ordering of the 

el ements in the sol ution vector depends on the direction of 

implicitness. 
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Systems (5.40) and (5.41) apply both to the disturbed and 

undisturbed flows although there are procedural differences. For the 

undisturbed flow computation, j = 3 only, k = 0 (+ Pk = 0) only, NS = N, 

and 1 i ~ iLl. Whenever n = N, the underlined terms on the right hand 

side of (5.40) vanish to enforce the outflow boundary condition (5.29a). 

System (5.41) is of fixed order N + 1. 

In contrast, the disturbed flow computation (~ > Ll) is 

performed for the full range of indices j and k; namely, j = 1,2,3 and 

k = 0,1,2,···K/2. System (5.40) is sol ved only for n ranging 1 i n i 

NB-1. The order of system (5.41) is NS + 1 and varies as the domain 

grows. 

Finally, it is instructive for purposes of accounting for 

computer resources, to estimate the operation counts invol ved in 

updating the vorticity transport mode equations. The sol ution of a 

singl e tridiagonal system of equations of order M requires 3(M-1) 

additions, 3(M-1) multiplications, and 2(M-l) divisions. On CRAY class 

supercomputers additions and multiplications each require one machine 

cycle whereas divisions require three: reciprocal approximation (2) 

followed by multiplication. In total, 12(M-1) floating point operations 

are required. Since for each k, system (5.40) represents NS tridiagonal 

systems, each having a complex right hand side of length M, the 

operation count is approximately 24Ns(M-l) exclusive of overhead such 

---------------------- --- -----
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as evaluating the right hand sides. Similarly, the solution of (5.41) 

requires approximately 24M(NB-l) real operations. And since 3(K/2+1) 

Fourier modes are evaluated at each time step, the aggregate operation 

count per time level is 72(K/2+1)[(NB-l)M + NB(M-l)]. It is most 

useful, however, to recognize that for large K, NB, and M, the 

operation count is O(KNM). That the number of operations varies 

tril inearl y with K, N, and M accounts for the efficiency of the 

numerical approximation of vorticity transport. Moreover, the 

solutions of (5.40) and (5.41) vectorize nicely on array processors. In 

the sol ution of a singl e tridiagonal system, vectorization is inhibited 

because of inherent recursion. Fortunately, however, recursion is 

avoided for mul tipl e tridiagonal systems by performing each step of 

Gaussian elimination for an inner computational loop which ranges over 

all right hand sides (Peterson, 1983). For a CRAY X-MP processor, for 

example, the ratio of speeds for vector mode vs. scalar mode is as high 

as 10:1 (Simon, 1984). 

5.4.2 Fully Discrete Velocity Equations 

Definitions (5.25) in concert with equations (5.10d) and (5.12) 

lead to the fully discrete Helmholtz equations below for the velocity 

com ponents: 
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.j,R. 2. j ,R. + .j,R. ul<,n+l,m - ul<,n,m ul<,n-l,m 
AX2 

ttk' , R. 2 u-l' , R. + ttk', R. 
+1 - 1 k2y2' 0 + ,n,m ,n,m ,n,m- .J,A. 

~Ay2 - ~ ul< ,n ,m (5.42) 

r3 [n 3,R. n3,R. ] i ky n2 ,R. (j 1) 
2r~AY 

k,n ,m-l - k~n,m+l ~ k,n,m = 

iky nl,R. r3 [n 3 ,R. n3,R. ] (j = 2) r2r k,n,m - 2~AX k,n+l,m - k ,n-l,m 
2 3 

1 rn2 ,R. n2 ,R. ] 
2r3Ax ~ k,n+l,m - k,n-l,m 

(j = 3) 

Since the Helmholtz equations are elliptic, the superscript "R." above is 

extraneous but is retained for consistency in nomenclature and as a 

reminder that velocity updates must follow each vorticity update. As 

in the previous discussion, the above expression is valid in the interior 

of the domain and discrete expressions are required for boundaries. 

For the undisturbed flow (1 ~ 1 ~ L1), the discrete inflow 

conditions (5.43) follow trivially from (5.14) 

u1, R. = O,O,m 

U2 ,R. = O,O,m 

U3,R. = 0 O,O,m 
, R. 

u-k',o,m = 0 j = 1,2,3 
k > 1 

1<m<M-1 

(5.43) 

Upper and lower boundary conditions on streamwise velocity follow from 

(5.16) and (5.17); namely, 
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U1,R, - /-o,n,o = uB uT 

U1, R, 1 o,n,M = 
1 < n < N (5.44) 

At the upper boundary, the transverse (j = 2) velocity equation (5.42) 

degenerates to 

1 rU2,R, 2U2,R, U2,R, ] 
6X2 L 0,n+1,M - o,n,M + 0,n-1,M 

+ 1 rU2,R, 2U2,R, U2,R, ] = 0 
r26y2 L 0,n,M+1 - o,n,M + 0,n,M-1 

2 

(5.45) 

A linear combination of (5.45) and the central difference approximation 

to condition (5.16b) eliminates the IM+1" index resulting in the 

following second order upper boundary condition: 

1 ~U2, R, 2U2, R, U2, R, ] 
6X2 L o,n+l,M - o,n,M + o,n-l,M 

+ r2~2 [-2U~:~,M + 2U~:~,M-1J = 0 
2 

( 5.46) 

Similarly, the lower boundary condition for the transverse velocity 

(5.47) is derived. 

1 ~U2, R, 2 U2, R, U2, R, 1 
6x2 L 0,n+1,0 - o,n,o + 0,n-1,oJ 

+ r2hz [-2U~:~,0 + 2U~:~,lJ = 0 
2 

( 5.47) 

Conditions (5.46) and (5.47) hold for 1 ~ n ~ N provided that the 

underlined terms vanish whenever n = N so that condition (5.15) is 
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simultaneously enforced. In addition to (5.46) and (5.47), auxiliary 

condition (5.48) follows from (5.18) 

u2,R. = 0 O,n ,mid o < n < N (5.48) 

where "mid" denotes the index corresponding to y = o. 
At out flow, the foll owi ng degenerate form of (5.42) is 

enforced: 

~ • R. u-6:N,m+l - 2~'R. ,N,m + ~,R. J ,N,m-l 

r~6y2 

_ I r3 [n3,R. n3,R. J (j 1) 
2r~llY 

k,N,m+l - k,N,m-l = 

-1 ( 5.48) 
r3 [n3,R. n3, R. ] (j 2) - r26x k,N,m - k,N-l,m = 
2 

In the above expression, the a2/'dx2 term has vanished by virtue of 

(5.15). By the same token, second order accuracy is preserved in the 

backward difference approximation of a/ax above (j = 2). 

The initial condition at R. = 0 to the undisturbed flow 

computation is, as before, the 2-D Blasius solution. That is, 

~:tm = uBdxn,Ym) 

u5:~,m = vBdxn,Ym) 
all n,m ( 5.49) 

Finally, it remains to derive discrete boundary conditions for 

the velocities whi ch appl y for the forced flow computati on (R. > Ll). 

Periodic inflow conditions (5.50) follow trivially from (5.21). 



ut:~,m = uBdxo,Ym) + €1r (t RJu~Ay(xO,ym ,t R.) 

u~:~,m = vBdxo,Ym) + €1r(t R.)uRAy(xO,Ym,t RJ 

U3,R. = 0 O,O,m 
• R. 

ttk',o,m = 0 (k ~ 1; j = 1,2,3) 
o < m < M 
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(5.50) 

For the zeroth mode of the streamwi se (j = 1) velocity, the 

following condition holds at the lower boundary, 

1 {~U1'R. 2U 1,R. U1,R. ] ~Ul,Ll 2U1,Ll U1,Ll ]} - ° n+1 0- ° n 0+ ° n-1 ° - ° n-fl 0- ° n 0+ ° n-1 ° t.x 2 " " " """ 

_1_ { -(2+C a/U6'; o-uJ,}lO' + 2rU6'; 1-UJ'}11J} = 0 
r2t.y2 L " " ~ L" " 

2 
1 < n < NB - 1 - -

(5.51a) 

where 
(5.51b) 

Equation (5.51) foll ows from a 1 inear combination to el iminate the "m = 

-1" index of (5.42) (with indices k = 0, m = 0, j = 1) and the discrete 

approximation to (5.22c), namely 

(U1,R. U1,L1) (U 1,R. U1,L1) o,n,l- o,n,l - 0,n,-1- o,n,-l 
2t.y + ~U1,R. U1,L11 

= ar r2L O,n ,0- o,n ,oJ (5.52) 

Simil arly, (5.53) appl ies at the upper boundary. 

(5.53) 
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In anal agous manner, lower boundary condition (5.54) for the zeroth 

mode of the transverse (j = 2) velocity follows from (5.22e) and (5.42). 

1 [-2U~:~,0 + 2U~:~ ,1] = 
rll!.y2 

1 [U2,R. 2U2,R. U2,R. ] 
- I!.x2 O,n+1,O - O,n,O + 0'n-1,0 (5.54) 

1 ~ n ~ NB - 1 

Similarly, (5.55) applies at the upper boundary. 

1 [ 2U2,R. 2U2,R. ] 2 2 - O,n M + O,n ,M-1 = 
r2 I!.y , 

1 ~U2, R. 2 U2, R. U2, R. ] 
- I!.x2 L 0,n+1,M - O,n,M + 0,n-1,M (5.55) 

1 ~ n ~ NB - 1 

Following (5.22g), the zeroth mode of the spanwise (j = 3) velocity 

vanishes at the upper and lower boundaries; i.e., 

U30'R. 0 = U3o'R. M = a ,n" . ,n, 1 ~ n ~ NB - 1 (5.56) 

Moreover, from (5.22i) the nonzero modes of all velocity components 

vanish at upper and lower boundaries, that is, 

. R. . R. 
tik',n,o = tik',n,M = a 

j = 1,2,3 
k > 1 
1 < n ~ NB -1 

(5.57) 
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As mentioned previously, to enforce two-dimensionality in the outer 

flow it is necessary not only that the nonzero modes of the velocities 

vanish at upper and lower boundaries, but also their transverse 

gradients. Thus following (5.22j) in linear combination with (5.42): 

where 

_ 1 r.j,R. 2. j ,R. + .j,R. 1 (5 58 ) - - bx 2 LUl<,n+l,o - Ul<,n,O Ul<,n-l,oJ • a 

1 [ 0 R. 0 R. J 
-2 2 -(2 + Ck)ttk' n M + 2ttk' n M-l r 2by , , , , 

1 ~0R. OR. OR.. J 
= - !!.x 2 Lttk',n+l,M - 2ttk',n,M + ttk',n-l,M (5.58b) 

j = 1,2,3 
k > 1 
1 < n 5.. NB - 1 

(5.58) 

(5.58c) 

But by virtue of (5.57) the above expressions degenerate to simply 

.j,R. _ .j,R. - 0 
uK,n,l - ul<,n,M-l - (5.58d) 

Finally, it remains to state the discrete outflow conditions which 

follow immediately from (5.23). These are: 

• j , R.N = Uj , LNl uK, B,m k, B,m 
j = 1,2,3 
R. > Ll 
k > 0 
o "< m < M 

(5.59) 

-------------------- - --- - - --------------
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The approximate factorization method, by which the solutions to 

equations (5.42) with boundary conditions (5.43) through (S.S9) are 

obtained, is the subject of the next section. 

5.S Solution of Helmholtz Equations by Approximate Factorization 

Each of the 3(~ + 1) discrete Hel mhol tz equations represented 

by equation (S.42) and boundary conditions (5.43) through (5.59) is 

conveniently expressed as a matrix equation of the form 

(5.60) 

where i and ~ are vectors of length (NB + l)(M + 1) and L is a square 

matrix of corresponding order. Let functional val ues cjln,m and 

nonhomogeneous terms gn,m be ordered such that 



.i = 

cf>o,o 
cf>1,0 
cf>2,0 

cf>Ns,o 

cf>O,1 
cf>1,1 

cj> NS,1 

90,0 
91,0 
92,0 

9NS,0 

90,1 
91,1 

9. = 9NB,1 

</lO,M 
IjIl,M 90,M 

91,M 

9NS,M 

Disregarding boundary conditions for the moment, the matrix 

discrete Helmholtz operator defined by 

L :: oxx + 
1 k2y2 

I F2 Oyy - rr 2 3 

where 

oxx <Pn ,m 
1 

2 <Pn ,m + <Pn-l,m] - ~x2 [<Pn+l,m -

Oyy <Pn ,m 
1 

2 <Pn,m + <Pn ,m-l] - ~y2 [<Pn,m+l -
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(5.61) 

Lis the 

(5.62) 

(5.63a) 

(5.63b) 
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A number of methods exist by which to obtain the exact solution 

.i = L -IE (of 5.60) or an approximation thereof. In general, so call ed 

"direct" methods yield the exact sol ution whereas iterative methods 

yield approximate sol utions. For the problem at hand, the matrix L, 

though sparse, is enormous so that direct inversion by means of 

Gaussion e1 imination is prohibitive both in terms of storage and 

computational time. Among the iterative schemes commonly used are the 

Jacobi, the Gauss-Seidel, and the successive line overre1axation (SLOR) 

methods. Of these, SLOR was used successfully in the initial 

development of the code described herein. However, SLOR has two 

serious di sadvantages. Fi rst, convergence is slow re1 ative to more 

sophi sticated methods. Second, SLOR is inherent1 y recursive so that 

vectorization is inhibited on vector machines. 

An attractive method which is at once direct and iterative is 

the generalized minimization of residuals (GMRES) method (Simon, 1985). 

Based on the conjugate gradient concept, GMRES yiel ds the exact 

solution in a finite number of iterations. In practice, high resolution 

approximate solutions are obtained in far fewer iterations. 

When L represents the discrete Helmholtz operator on a 

rectangular domain, as is the case for this problem, two additional 

attractive methods surface: the fast Helmholtz solver; and approximate 

factorization. Fast direct solvers (Poisson and Helmholtz), which make 

use of spectral concepts, are extreme1 y efficient means to exact 

solutions of elliptic systems. Structurally, however, such methods are 

complicated, particularly when unusual boundary conditions exist. 



Despite some advantages of GMRES and fast direct sol vers, 

approximate factorization (AF) is the method of choice for this work. 

First, the AF method, a generalization of the AD! method, results in a 

code which is structurall y si mil ar throughout. Second, for "ideal" 
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problems, AF converges rapidly. (Just what is meant by "ideal" will be 

explained later.) And third, the AF algorithm is inherently 

vectorizable. Approximate factorization is described in detail and is 

compared to other iterative methods for ell iptic and hyperbol ic 

problems in an excellent paper by Ballhous, Jameson, and Albert (1978). 

Here, their work is adapted to the discrete Helmholtz operator with 

inhomogeneous right hand side. 

Let E denote the residual vector defined from (5.60) as 

(5.64) 

Any iterative method can be cast using the residual vector as follows: 

(5.65) 

where i is the iterat·ion index, fi is the correction vector 

(5.(56) 

a is a rel axation parameter to be chosen (optimally), and P is an 

invertible matrix which remains to be specified. For the problem at 

hand, an appropriate initial guess assigns the elements of ~o equal to 

the converged values of velocity from the previous time level t; i.e., 

o . R. 
cjln,m = I..]'n m. Note that R = 0 implies C = 0, in which case the exact ul< , , t"tJ roJ 
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sol ution has been obtained. In practice, iteration is terminated 

whenever 

(5.67) 

where E « 1 is a convergence criterion specified at input to guarantee 

a solution of desired accuracy. Further define the error vector e such 
"'" 

that 

(5.68) 

in which case it follows that 

(5.69) 

From (5.65), (5.66), (5.68), and (5.69), it can be seen that 

(5.70) 

where ~o is the error of the initial guess .to and S is the iteration 

matrix given by 

S = I - ap-lL (5.71) 

Convergence to the exact solution is guaranteed provided all 

eigenvalues of S have modulus less than unity; the smaller the maximum 

eigenvalues, the faster convergence. For any iterative scheme to be 

practical 

1. £i must be easily computed, and 

2. The eigenval ues of S should be significantly less than 

unity in modul us. 
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In the approximate factori zation method, the matrix Pis formed 

from two or more matrix factors, each of which has "nice" structure; 

e.g., block tridiagonal. That is, 

(5.72) 

For Poisson or Helmholtz operators on a rectangular domain, as in the 

case of the problem at hand, the following splitting is ideal: 

Px = [T - 6xx]; Py = [T - ;~ 6yy] 

and (5.73) 

P = PxPy 

From (5.65) and (5.73), the iteration equation is 

(5.74) 

from which the correction vector £i is obtained in successive steps 

(5.75) foll owed by (5.76). 

px£i = atBi (5.75) 

py£i = £i (5.76) 

In the case of Dirichlet boundary conditions on all four boundaries, 

matrix Px has the following block tridiagonal structure: 

- -- -------------------------- ---------------
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• 
Px = • (5.77) 

• 
PXM 

where 

Ilx2 

-1 (2+T') -1 

-1 (2+TI) -1 

• (5.78a) 

PXm = 1 1ft for 
Ilx2 

-1 (2+T') -1 1 < m < M-1 

Ilx2 

I for m = 0 and m = M (5.78b) 

and 

(5.79) 

To exploit tridiagonal structure in the solution of (5.76) it is 

necessary that the elements of £i and 1i be reordered so that m is the 

"fast" index (in contrast to (5.61) in which n indexes most rapidly), in 

which case 

.. --_ ... _---- ._--------------------------------_._-_._. 
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• 
• (5.80) 

~ 

PYNB 
where 

r2t::.y2 
2 

-1 (2+T") -1 

-1 (2+T") -1 

• (5.81a) 

PYn 
1 • for - r2t::.y2 2 

-1 (2+T") -1 1 5... n 5... NB-1 

r2!::.y2 2 

I for n = 0 and n = NB (5.81b) 

and 
(5.82) 

The above procedure is a general i zation of the Peaceman 

Rachford AD! scheme. As such, the parameter T plays the role of the 

time step in a truly time-dependent problem. In the iterative solution 

of an elliptic problem, T remains a free parameter by which to 

manipulate the eigenvalues of the iteration matrix S, which, in this 

case, is 

(5.83) 
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where 

a :: k2y2 and b 1 
r2 - r2 

(5.84) 
3 2 

In the case when L is the Laplacian operator (k = 0) with Dirichlet 

boundary conditions, and a = 2, 8allhous et ale (1978) show that the 

exact sol ution is obtained in M+1 iterations using a sequence of 

optimally chosen Ti's. That sequence is approximated by 

( )i -l/M Ti = TH TL/TH 

where TL = 1.0 and TH 

i = 1,2,···M+1 I (5.85) 
= 4/ /ly2 

The sequence is designed to "kill off" various frequencies of the error 

vector! where TL is most effective against low frequency error and TH 

against high. The above sequence gives near optimal convergence for 

the Hel mholtz operator as well whenever pure Di richl et boundary 

conditions are prescribed. 

Again, it is most hel pful for purposes of eval uating 

computational efficiency, to estimate operation counts. Si nce, 

approximate factorization is a generalization of the AD! method, it can 

be concluded immediately from the discussion of the previous section 

that approximately 72(K/2 + 1)[(N8-1)M + NS(M-1)] operations are 

required during each iteration at each time level. In the ideal case 

discussed above, the exact sol ution is obtained in M+1 iterations. 

Convergence is generally slower than ideal; however, a less than exact 

sol ution is accepted so that "M" represents a reasonabl e estimate of 

the average number of iterations. For 1 arge K, N, and M then one 
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expects an operation count of O(KNM~~ It is immediately apparent that 

the computational effort required to solve the elliptic equations for 

the velocities is order M times that required to advance the parabolic 

equations for the vorticities. 

The discussion thus far concerned itsel f primarily with the 

implementation of approximate factorization whenever Dirichlet boundary 

conditions prevail. This section concl udes with a brief discussion of 

the modificatio~s necessary to accommodate the non-Dirichlet boundary 

conditions of the current problem. Fortunately, the AF method admits 

considerable freedom in the definition of Px, Py, a, and T. The only 

constraint is that the choices must lead to convergence, and preferably 

to rapid convergence. The modifications shown below are not 

necessarily optimal but have been found to yield convergence rates 

superior to SLOR. 

To accommodate the second order gradient out flow condition in 

the undisturbed flow computation, matrices PXm of (5.78) are modified 

as follows: 

t:.x2 1 < m < M-1 
-1 (2+T') -1 for (f=1) 

-1 (2+T') -1 

• 
PXm :: 1 • (5.86) 

t:.x2 

-1 (2+T') -1 o < m < M 
T' for (j=2) 

I for m = o and m = M (j = 1) 
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To accommodate the upper and lower gradient conditions, (5.46) and 

. (5.47) respectively, and the auxiliary condition (5.48) on the trans

verse (j = 2) velocity in the undisturbed flow computation, matrices 

P'Yn of (5.81) become 

(2+1"") -2 

-1 (2+1"") -1 

• 
• 

-1 (2+1"") 

o 

I for n = 0 

-1 

1 o 
-1 (2+1"") -1 

• 
-2 (2+1"") 

1 < n < N 
for (j=2) 

(5.87) 

For the j = 1 velocity component PYn retains the same form as in (5.81) 

with the exception that (5.81a) also applies at the outflow boundary n 

= N. 

For the disturbed flow computation, equation (5.78a) for PXm 

holds not only for 1 < m < M-1 but also for m = 0 and m = M for the 

zeroth mode of both the streamwise (j = 1) and transverse (j = 2) 

velocities. Definition (5.81a) is modified as follows for the 

computation of the zeroth mode of the j = 1 velocity component to 

accommodate the exponential decay of the disturbance at upper and 

lower boundaries: 
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(T II +2+C a ) -2 
-1 (2+TII)' -1 

-1 (2+TII) -1 

• 
• (5.88) 

1 ~ n ~ NB - 1 

To accommodate the gradient lower (5.54) and upper (5.55) boundary 

conditions on the zeroth mode of the transverse (j = 2) velocity 

component, (5.81a) assumes the same form as (5.8R) above except that 

the terms containing IIC a
ll vanish. 

For computation of the zeroth mode of the spanwise (j = 3) 

velocity, Dirichl et conditions prevail on all boundaries so that the 

lIideal ll situation to use AF results. Moreover, if gradient conditions 

(5.58) are rel axed, as shoul d be justified for a domai n of 1 arge 

transverse dimension, Dirichlet conditions prevail also for all nonzero 

modes for all velocity components. As a check on the validity of the 

assumption of a two-dimensional outer flow, the results in Chapter 6 

were obtained without enforcing conditions (5.58), in which case near 

optimal convergence of the AF method was obtained using the sequence 

of parameters (5.85). Whenever boundary conditions other than Dirichlet 

were enforced (e.g., for the undisturbed flow computation), a fixed 

value of T = 1.0 was used. 

To summarize, Fig. 13 shows the flow of the AF algorithm. 
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Figure 13. Flow diagram of the approximate factorization method . 
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5.6 Evaluation of Nonlinear Terms 

In expanded notation, the physical space nonlinear term 

components fj defined by (3.18) have the following form: 

fj(x,y,z,t) ;: wI aUj/ax + w2 aUjtay + w3 aUj/az 

- [UI aWj/ax + U2 aWj/ay + U3 aWj/azJ 

-j = 1,2,3 

(5.89) 

In order to update the vorticity modes according to equations (5.26), it 

is necessary to evaluate at each half step in time the discrete Fourier 

coefficients r~(x,y,t) of (5.89) above at all node points (xn,Ym). In 

other words, find r{',~,m where, according to (5.7) 

K -j 
r{,R, k*1 { I 

2" "'. R,I 

,n ,m 

eikyz and ri'R. ' fj(xn,Ym,z,tR.) - L F{',n,m ,n ,m 
= I 

(5.90 ) 
_ K 

k--2" 1 F'{,R. K 
2' ,n,m k=1 2' I 

This section addresses alternative methods of determining these Fourier 

coefficients and comments of their relative efficiency. As before, the 

cumbersome notation of "~I is dropped from subsequent discussion. 

Since for each value of j, all six terms of (5.89) are computed 

similarly, consider only the evaluation of the Fourier coefficients of 

the first quadratic product for the case of j = 1; namely 

(5.91) 

-. - ------- -----.-_._------------------_._------------- --- --- -- -----------
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It is straightforward to compute the coefficients of (5.91) directly 

from the spectral expansions of each factor; that is, from 

K K 
2 2 nl,JI. 3U 1,JI. 

[ L eikyz] [ L _k,n,m eikyz] (5.92) k,n,m ax K 
k=-2 

K 
k=-2 

Excl usive of the computation involved in the finite difference 

eval uation of au/ax ahove, approximately 3/4 (2K - 1)2 compl ex 

operations are required (Orszag, 1971). When one considers that the 

above operations are performed for six terms at every time level JI., and 

for the full range of indices j, n, and m, the computational burden is 

considerable even for relatively small values of the cutoff K. 

An alternative is the pseudospectral method (collocation) of 

Gottlieb and Orszag (1977) which is made practical by fast transform 

techniques (see Appendix C). Recall that values zk k = 0,1,2,···K 

partition K equal intervals across the spanwise dimension in physical 

space. (Refer to Fig.12.) From the updated Fourier coefficients n1k,Jl.n m , , 

and ~:~,m (k = 0,1,2,"'K/2), obtained as described in the previous 

sections, perform the fall owing fast Fourier transforms (FFT) to 

physical space over the full range of indices 1 ~ n ~ NB and 

1 < m < M-l: 

REVERSE 
nl,JI. FFT • 1,JI. 

k,n,m wk,n,m (5.93) 

REVERSE (k = O,1,2""~-1) 
FFT 1,JI. ----+. uk,n,m (5.94) 
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Recall from. (5.6b) that Fourier coefficients of negative modes are 

obtained by conjugation of their positive counterparts, and observe also 

that ~ = ~-K by periodicity. Note al so, that in Fourier space, the 

subscript k denotes the Fourier mode; in physical space, k denotes a 

physical val ue at collocat;on point zk. Transforms (5.93) and (5.94) 

each requi re 0(Klog2K) operations per nand m. 
aUl 0 

The derivative ax 1S 

evaluated in physical space using standard central finite differences 

and the product 

1,R. au \ 1, R. 
wk,n ,m ax 

k,n,m ( 5.95) 

is computed in physical space at a cost of K operations per nand m. 

All six nonlinear products of (5.89) are computed similarly except that 

(5.11) is exploited in the eval uation of the spanwise derivatives of 

terms three and six so that (5.94) is replaced by 

REVERSE 
Ok U1,R. 
1 Y k,n,m 

FFT au \ 1, R. 
az k,n,m 

K K (k = -2" , .. ·,-1,0,1,2'''''2") 

( 5.96) 

One other modification is required at the outflow boundary in the 

undisturbed flow computation. Whenever n = N backward differences are 

employed to approximate the a/ax derivatives, but by virtue of (5.15), 

second order accuracy is preserved. Once all six quadratic products 

have been accumulated in the physical space values f~',~,m' the Fourier 

coefficients are obtained by forward transform (5.97), again at a cost 

of 0(Klog2K) operati ons per nand m. 

------------------------- ---- - - -- ------.-.. --
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FORWARD 
fl,JI. k,n,m FFT Fl,JI. 

I k ,n ,m ( 5.97) 

Only the nonnegative coefficients (k ~ 0) are needed to once again 

advance vorticities to the next time level. 

While the pseudospectral method appears to involve more work, 

it is in fact considerably more efficient than the former method 

whenever K is even moderately large, say 8 or greater. The aggregate 

operation count is (N~1K log2K) for the pseudospectral method as 

compared to 0(NMK2) for the di rect method. Moreover, as noted by 

Peterson (1983), multiple FFT calls are rendered particularly efficient 

on vector machines whenever the inner computational loop ranges over 

all nand m (work in progress). 

Although the collocation method is attractive and efficient, it 

must be implemented with caution because of the phenomenon of aliasing 

which occurs whenever the cutoff K is "too small". In such cases, a 

modified "dealiasing" procedure should be adopted. Because the current 

code was designed to be efficient for 1 arge K, the pseudospectral 

method is adopted for nonlinear term evaluation. However, due to 

present computational 1 imitations, the test cases of Chapter 6 were 

performed for small K so that dealiasing is a necessity. Appendix D 

contains a discussion of the origin of aliasing error as well as 

techniques for dealiasing. Although the dealiasing technique of 

Appendix D increases the operation count by effectively doubling K, the 

global operation count remains O{NMK 10g2K). 
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5.7 Consistency, Stability, and Convergence 

A fundamental question arising from any numerical approximation 

is whether the approximate solution converges to the exact 

mathematical solution as the temporal and spatial mesh is refined. The 

Lax Equivalence Theorem state (Peyret and Taylor, 1982, p.37): 

For a well-posed initial-val ue probl em associated with a 
linear equation of evolution and approximated with a 
cons; stent scheme, stabil ity is a necessary and sufficient 
condition for convergence. 

Strictly speaking, the theorem of Lax does not apply to the problem at 

hand which is nonlinear and for which well-posedness is assumed. 

Neverthel ess, since the Lax Theorem is often a good rul e of thumb, it 

is helpful to consider consistency and stability. 

A scheme is said to be consistent if the truncation error 

approaches zero in the 1 imit of vanishing spatial and temporal 

increment si ze. It is well-known that the ADI, Crank-Nicol son, and 

Adams-Bashforth schemes individually are consistent to second order in 

time. It folloVIS then that the vorticity e'vo1ution equations (5.24) are 

of second order time accuracy. Within the spatial computational domain 

central difference approximations (5.25) have been used exclusively so 

that second order spatial accuracy prevail s both for the vorticity 

equations (5.26) and the velocity equations (5.42). Also at the 

boundaries, care has been taken to preserve second order spati al 

accuracy. Thus, to summari ze 

(5.98) 

- --- - --- -- ---- ----
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Furthermore by virtue of (5.6), it is guaranteed that the finite Fourier 

series (5.10) converges to (3.17) as K + m (~z + 0). Therefore, the 

aggregate numerical scheme of this chapter is consistent to second 

order in time and in the streamwise-x and transverse-y spatial 

dimensions with spectral accuracy in the spanwise-z dimension. 

A complete analysis of stability of the system represented by 

(5.26) and (5.42) and their respective boundary conditions from Section 

5.4, is an enormous task for which, because of the inherent 

nonlinearity, the usual von Neumann method of stability analysis is not 

applicable. Moreover, it is particularly difficult to analyze stability 

for time varying boundary conditions, such as the inflow condition for 

the disturbed flow. Rather, consider the stability of the ADI/Adams

Bashforth scheme of Section 4.3 applied to the model problem below, 

whose stability should shed light on that of the full problem, but 

primarily on the undisturbed flow computation. 

- -- -- - 2-lilt + AIIlX + Billy = vV III (5.99) 

If A and B are assumed to be constants, then equation (5.99) represents 

the linearized form of the two-dimensional (j = 3) vorticity transport 

equation (5.26). For the model probl em, further assume 21T spatial 

periodicity so that at fixed time tt = t~t 
+co 
L (5.100) 

The AD! Adams-Bashforth scheme when applied to (5.99) with y as the 

implicit dimension, results in a discrete equation analagous to (5.26a) 
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for index val ues k = 0 ann j = 3. Substitution of (5.100) into this 

discrete equation yields, after algebraic manipulation, the following 

evo.l ution equation for the Fourier coefficients gn,m: 

Equation (5.101) above is simpl er in the matrix form 

where 

[ 

R.+1/2] gn,m 
R. 

gn,m 

1 -

Ry -
1 + 

.... __ ... _--_._.- ._-

= [Ry-3iIy iIy] [g~,m J 1 a R.-1/2 gn,m 

v~t (1 - cos n i\X) 
i1X2 

v~t (1 - cos m~y) 
~y2 

(5.101) 

(5.102) 

(5.103a) 
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and 

*" [A_ si n n6X + B_ sin m6Y] 
6X 6y 

Iy :: -.....::.--------.,;---~ 

1 + v6t (1 - cos m6Y) 
6y2 

(5.103b) 

Simil arly, the ADI hal f step which is impl icit in x resul ts in the 

evolution equation 

where 

[ HI ] 
[ W/2] 9 n,m = [R-3i Ix i Ix] 9 nim 

1.+1/2 1 0 9n,m 9n,m 

(5.104) 

1 -
v6t (1 - cos m6y) 

Rx 
6y2 

-
1 + 

v6t (1 - cos n6X) 

(5.105a) 

6;(2 

and 

6t [A_ sin nAX + 8_ sin mAY] 4" 
6X 6y 

Ix -
1 + 

v6t 
(1 - cos n6X) 

(5.105b) 

6;(2 

From (5.102) and (5.104), follows the evolution equation for a complete 

time step, namely 

(RxRy-9IxIy) 3IxIy+iRxRy 

+i (Ix -3Rx Iy -3Ix Ry) 

Ry - 3i Iy iIy 

[
1.] 9n,m 

1.-1/2 
9n,m 

(5.106) 
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Given initial data g~,m (and assuming. that gl~~m is available from some 

other scheme, say forward Euler), then successive applications of 

(5.106) compute the Fourier coefficients g~,m for 1 > 1. Strict von 

Neumann stability is~uaranteed if the eigenvalues of the transition 

matrix above are 1 ess than or equal to unity in modul us for all 

possible n,m. 

Conventional analysis of the transition matrix in (5.106) fails 

to yield analytical stability criteria. As Peyret and Taylor (1982, 

pp.61-62) point out, even for the simpler Crank-Nicolson/Adams

Bashforth scheme in one spatial dimension and time, an analytical 

criterion has not been found and it is necessary to resort to a 

numerical search of the parameter space to assess the region of 

stability. For the model problem at hand, tlie parameter space is 

1 arge, namely 

Ii\! & , I B I 6t v& & v6t for all n,m 
--=- ' - -

iX fly iX2 6y2 

To render the problem tractable, further assume that IAI = IBI and 

6x = 6y, in which case the parameters of interest reduce to two: 

S 
_ v6t 

} (5.107) 

=-
iX2 

and 

T IAI 6t -
iX 

- - . - - - .- .- -- -- - -----_._----.-_._--
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Some brief analysis is helpful in limiting the domain of the parameter 

search. Gershgorin's Theorem (Ortega, 1981, p. 204) applied to the 

second row of the transition matrix (5.106) leads to 

IRy - 3iIyl + lily I ~ 1 (5.108) 

In the (unlikely) event that Ry vanishes, then 

41 Iyl ~ 1 ( 5.109) 

from which it is concluded 

I A I ~t + I B I ~t < 1 ( 5.110) 
~x ~y 

Also, it should be observed that for Rx and Ry to be less than unity in 

modul us, then 

and (5.111) 

Fig. 14 below results from a coarse search of the parameter 

domain a < S < 1 and 0 ~ T ~ 1 using increments in T of 0.05 and 

varying increments in S. All points plotted represent stable (T,S) 

pairs, whereas points 0.05 to the right of those shown lie in the 

unstable region. The most probable stability boundary is shown by 

solid line. Also shown in the stability domain are points PI and P2 

where 



STABLE 

I~I~ '«;' 
<l <l a 

.-4 I;:> 
II 

Pl. 
(/) 

UNSTABLE 
0;' • a 
.-4 P2 

TO 
4-------~------~------~i.------,i.------, - o 0.2 0.4 0.6 0.8 

T = IAI ~~ 
. ~x 
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PI ;: {liid max 
At VAt (.47, .00105) 

} (5.112) 

- = 
AX Ax2 

and 

P2 ;: (lii2lmax 
At vAt (.30, .0046) - = 
Ay Ay2 

based on dimensional val ues obtained from Test Case I in Chapter 6. 

When all four parameter values represented by (5.112) are incorporated 

into the elements of the transition matrix (5.106), the maximum 

eigenval ue has modul us 1.004, indicating marginal instability. Most 

likely, however, the values (5.112) represent an overly conservative 

estimate since, in the physical probl em, the iiI and ii2 velocity maxima 

never coincide. Where the iiI velocity is a maximum, ii2 is small. On 

the other hand, ii2 attains a maximum near y = 0 where iiI has roughly 

its mean val ue. Either of these scenarios 1 eads to the numerical 

stability of (5.106). In practice, stability has been maintained in 3-D 

calculations whenever the following restriction has been observed: 

(5.113) 



CHAPTER 6 

RESULTS AND CONCLUSIONS 

Due to the large number of dimensions of the parameter space 

(see page 41) and the magnitude of Navier-Stokes computations in three 

dimensions and time, it was not feasibl e for this work to incl ude 

results of an exhaustive or even sparse search of the parameter space. 

Rather, a single test point is analyzed thoroughly for purposes of code 

verification and physical insight into shear layer dynamics. Even from 

this single test point, differences emerge between the results of the 

present spatial code and the temporal simulations of other researchers. 

Suggestions are made for further study. 

6.1 Test Case 

The numerical test case chosen is a close parall el to the 

forced shear layer experiment of Miksad (1972) described briefly in 

Chapter 1. Miksad's research is selected as a benchmark because it 

examines the entire transitional process of both unforced and forced 

shear layers and is well supported by analysis. 

In the physical experiment, the fl uid is air whose kinematic 

viscosity ~ at standard temperature and pressure (assumed) is 0.15 

cm2/s and whose upper uT and lower uB stream velocities are 210 cm/s 

and 38 cm/s respectively. Thus, the velocity ratio uB/uT = .181 and 

parameter A defined by (1.8) is about 0.69. The numerical and physical 
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experiments correspond precisely with regard to these parameter values. 

In the numerical experiment, the unforced inflow conditions are those 

of the Blasius shear layer obtained as in Appendix A. Fig. 15 shows the 

Blasius shear layer profile of velocity ratio 0.18. Here the numerical 

experiment differs somewhat from the physical experiment in which the 

inflow velocity profiles result from the merging of two laminar 

boundary layers on opposite sides of a splitter plate. Consequently, in 

the physical experiment a small wake exists which persists 

approximatel y one wavel ength downstream. In both the numerical and 

physical experiments Re e = 185.6 although in the physical experiment 

6(xo) is defined as the sum of the momentum thickness of the two 

boundary layers. The physical flow is forced at a frequency of 29.5 

Hz, which is very near the most amplified frequency predicted from 

linear theory based on the mean physical inflow profile (including 

wake). Forcing is accomplished by means of a loudspeaker in the test 

section ahead of the splitter plate on the fast stream side. The rms 

forcing 1 evel is about 10-3 Ur For the numerical experiments, forcing 

is accomplished at a frequency giving the most amplified Strouhal 

number of 0.15 (Fig. 16) based on inviscid linear theory (Appendix B). 

For the given parameter values, the dimensional frequency is f = 28.8 

Hz. The amplitude and phase distributions of the Rayleigh velocity u l
, 

Vi and vorticity £Ill perturbations used for forcing (4.13) are shown in 

Fig. 17, where a = 2lTt. To parallel the physical experiment, e:l, the 

relative forcing amplitude, is 10- 3
• 

---------------- ----------- - -- -------------
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Three separate computations of the above test case were 

accomplished. These are identified and referred to later as: 

Run I: Coarse 2-D 

Run II: Coarse 3-D 

Run III: Finer 3-D 

126 

Run I was primarily a "stepping stone" to the 3-D computations and is 

not discussed specifically. In each of these runs, the computational 

domain is 8 wavelengths (based on linear theory) in streamwise extent 

and 36 momentum thicknesses in transverse extent, 18 above and 18 

below the inflection point of the inflow profile. Sixteen grid points 

per streamwise wavelength are employed in all cases so that N = 128. 

For the "coarse" runs, M = 36 so that each transverse increment is 

exactly one momentum thickness. For the "finer" run, M = 72. For all 

runs, the convergence criterion E was adjusted to maintain at least 6 

digits of accuracy in the sol ution of the Poisson or Hel mhol tz 

equations. 

Both the experimental results of Miksad and the temporal 

computations of Metcal fe, Orszag, Brachet, Menon, and Riley (1985) 

suggest the most unstable spanwise wavelength to be of the same order 

as the most unstabl e streamwise wavel ength. On this basis, 3-D 

computations were performed with y = ~. Thus, the test case r 

represents one of the near maximum primary and secondary instabilities. 

Due to computational limitations, 3-D runs were performed with K = 4 so 

that only the spanwise mean (mode 0) and the first spanwise harmonic 

(mode 1) are computed. Thus, the 3-D runs are primarily investigations 
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of the development of the initial (linear) stages of secondary 

instability of highly nonlinear 2-D states. In the physical experiment 

there exists an inflow 3-D randomness (low level turbulence) of order 

10-4 Ur In the numerical experiment e:2 = 10-1 + e:1e:2 = 10-4 so that 

the upstream three-dimensionality is of the same order of magnitude as 

in the physical experiment al beit continuously rather than randomly 

distributed. 

In all runs the outflow boundary is positioned initially two 

wavelengths from the inflow boundary and is propagated at a velocity 

of 0.7,5 ur The time increment is fixed to yield 64 full time steps 

per period, sufficiently small in each case to maintain numerical 

stabil ity. Computations I and II terminate at time step 314, just short 

of 5 disturbance periods, when the propagating boundary attains its 

1 imit. Computation III proceeds to about 5-1/2 periods (time step 354), 

with the outflow boundary fixed at its full extent for the final half 

period. 

Regarding computational resources, the author had at his 

disposal about 20 hours of CRAY X-MP CPU time made available at Boeing 

Computer Services through a grant by National Science Foundation. Of 

that time, about 7 hours were consumed in the two and three 

dimensional production runs, about 4 hours by Run III alone. The 

remaining time was used for 1 ater stages of code development and 

analysis of results. The finer 3-D run occupied virtually all of the 

1.75 ~1words of memory available to one CPU of the CRAY X-MP/24. It 

should be noted, however, that when the CRAY 2 (256 Mword memory) and 



other simil arly powerful supercomputers become widely avail abl e, in 

core 3-D computations with a 1 arge number of spanwise modes become 

practical (though expensive). 

6.2 Verification of Code 
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Several checks of the code were performed which assure proper 

functioning and accuracy of results. Fi rst, the undisturbed flow 

computation converges to a sol ution consi stent with the simil arl ity 

sol ution of P.l asius, as shown in Fig. 18, obtained from Run III. For 

computational efficiency, the undisturbed base flow is computed from a 

2-D code ~/ith Bl asius initial condition and the nearly converged 

sol ution is passed to the 3-D code as a new initial condition. The 

residual being monitored is that of the discrete steady 2-0 vorticity 

transport equation and its maximum over all grid points is shown (by 

solid line) to decay monotonically over time. The dotted line displays 

the streamwise index of the maximum residual as a function of time. It 

is interesting to note that the error front propagates downstream as a 

decaying wave at a nearly constant velocity of about 0.71 up midway 

between the minimum and maximum phase speeds predicted by 1 inear 

theory (Fig. 16). It is important that the undisturbed flow computation 

be "cl ean"; otherwi se, disturbances cannot be distingui shed from base 

flow error. Thus, it is necessary to integrate long enough in time for 

the error front to exit the computational domain; in this case, about 8 

periods (512 time steps). The hump in th,e maximum residual in Fig. 18 

beginning at about time step 450 corresponds to the exit of the error 

wave. After exit, the maximum residual remains nearly constant at 

----------------------- - -- - - -- -------------. 
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about 4 x 10-6 , this due to noise in u and v velocity computations. In 

contrast, the Blasius initial condition results in maximum residuals of 

about 3 x 10-4 and 9 x 10-5 in the coarse and fine grid computations 

respectively. The base flow computation, therefore, is converging to a 

solution close to, yet distinct from, the Blasius similarity solution. 

One would expect these two approximations to converge toward a common 

solution in the limits Re + m ~nd ~x, ~y + O. Fig. 19 further compares 

the growth of momentum thickness predicted by the numerical and 

Blasius solutions. For the finer grid computation, the Blasius and 

numerically computed growths are almost indistinguishable. For later 

comparison with the disturbed flow solutions, the converged undisturbed 

flow sol ution (for the coarse grid) is shown in Fig. 20. 

A second verification of the code is that the disturbed flow 

computations reproduce closely the Rayleigh solution in the region of 

linear growth. Miksad references analytical works which suggest that 

linear theory is valid whenever (A3I2R)-1 » 1, where A is the 

disturbance amplitude and R is the local Reynolds number. For the 

problem at hand, this corresponds roughly to the region within 1-1/2 

wavelengths downstream of the inflow boundary. Fig. 21, obtained from 

Run III, displays the streamwise growth of the u-velocity and v

velocity fundamentals within (and slightly downstream of) this linear 

region. The amplitude profiles are obtained by Fourier time series 

analysis over the two periods of oscillation from time steps 226 to 

354. The 1 inear growth of the di sturbance is quite evident on the 

semi-log scale of Fig. 21. The growth rate of the maximum amplitude is 

- -------- ----- -- -- --- ----------------------~-----------------
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about -~i 8(Xo) = 0.056 which is 90% of -cxi (3 = 0.062 predicted by 

linear theory. As a point of reference, the growth rate obtained by 

Miksad was -~. O(xo) = 0.099, 83% of that predicted by linear theory 
1 

for the shear 1 ayer with wake profil e, which is considerably more 

unstable than the Blasius shear layer. The fact that, in both cases, 

the measured amplifications rates fall short of those predicted by 

linear theory can be accounted for by the divergence of relatively low 

Reynolds number flow (Fig. 19). As Miksad points out, temporal 

amplification rates diminish by ---25% over the first wavelength 

whenever the growth of momentum thickness of the mean velocity profile 

is taken into consideration. Three-dimensionality is discounted as a 

reason for the discrepancy between theoretical and actual amplification 

rates because the rates obtained from Runs I (2-D) and Run II (3-D) are 

identical in the linear region. It is obvious from Fig. 21, however, 

that the disturbance eigenfunctions obtained by simulation agree well 

with those of Rayleigh (n = 0). Moreover, the fundamental phase 

velocity is also in close agreement with the linear theory prediction 

of Br/(;rUT) = 0.61 as shown in Fig. 22 obtained from Run II. 

Third, the computation conserves mass approximately. Fig. 23 

displays velocity divergences in Fourier space (see 5.10a) at time step 

186 of the finer 3-D computation. In Fig. 23a,. the mean spanwise 

veloeity divergence (mode 0, purely real) is shown as a function of 

(x,y); in Fig. 23b the first spanwise harmonic (mode 1, also purely 

real) is likewise shown. There is a spike in mode 0 divergence at 

inflow due to the inconsistency between the relatively coarse discrete 
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divergence operator and the highly refined Blasius inflow condition. As 

expected, mesh refinement reduces the spike, which is 2.3 x 10-2 and 6 

x 10-3 in amplitude on the coarse and fine meshes respectively. From 

Fig. 23a it is ap.parent that the mode 0 boundary conditions (5.22c,d,e,f) 

are effective in conserving mass at the upper and lower boundaries. 

like mode 0 divergence, there is a small spike of mode 1 divergence at 

inflow, this due to the inconsistency in the 3-D inflow conditions. In 

contrast, mode 1 divergence is small but non-zero at upper and lower 

boundaries due to the rel axation of conditions (5.22j) in the sol uti on 

of the velocity Helmholtz equations. Note that both mode 0 and mode 1 

divergences attain their respective maxima on the boundaries in 

accordance with (3.15). The non-zero divergence at the transverse 

boundaries of Fig. 23b, though small, suggests, as is discussed shortly, 

that the outer flow is not strictly two-dimensional. Finally, note 

that the inflow inconsistency appears to affect only the first half 

wavelength of the computation. 

Vorticity divergence (5.10b) is also monitored in Fourier space 

as a check on the quality of the solution. Figures 24a and 24b show 

mode 1 vorticity divergence at time step 186 for Runs II and III 

respectively. Hode 0 vorticity divergence is satisfied trivially. In 

both of Figures 24a,b there is an inflow spike due to the inflow 

i nconsi stency in the 3-D boundary conditi ons. As in the case of 

velocity divergence, the inconsistency is largely resolved by the 

computation within a half wavelength of , inflow. Unlike the velocity 

equations, the discrete vorticity transport equations do not 

-. - .. ---------------
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collectively satisfy a vorticity divergence maximum principle. The 

maximum divergence in Fig. 24b is about 1.6 x 10-4 in the region of 

maximum shear, roughly a quarter of that of Fig. 24a. That the maxima 

diminish with grid refinement suggests that the numerical scheme is 

consistent with (5.10b) as /).x, /).y + O. 

Finally, a comment is in order regarding "robustness." In the 

development process, early computations were made with parameter 

val ues of Re e = 1000 and uB/liT = 0, a more stringent test case in 

terms of numerical stability and maximum growth rates. No problems 

have yet been encountered with the code for any of the grid resolutions 

tested, provided that (5.113) is observed to maintain stability. 

6.3 Interpretation.of Results 

As a point of reference, Fig. 25 presents the spanwise mean of 

the disturbed 2-D components (U6, U~, and ng, each purely real) at time 

steps 186 and 354 of Run III. By comparison with Fig. 20, one observes 

qualitatively some intrinsic features of perturbed free shear layers, 

particularly the rapid growth of disturbances to large amplitudes and 

the roll-up of the vorticity ridge. The roll-up process is more 

clearly represented in Fig. 26, which displays w3-vorticity contours (z 

= 0) at time step 314 of Run III. The qual itative agreement with 

experiment is apparent from the inset to Fig. 26, taken from Miksad's 

1972 paper. Rather than isovorticity contours, inset contours represent 

2n-phase repetition distances relative to a reference frame moving at 

the fundamental phase velocity. The peaks, however, correspond to the 

centers of the Kel vin "cat's eyes" and overl ay well with the vortex 



a) 

u~ 

TIME-354 PIELD-I 
SCALE - 1. 126 " 1 0 0 
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centers uf Fig. 26 for 2R ~ n ~ 80. Fig. 26 also agrees qualitatively 

with temporal calculations in which the initial condition includes both 

fundamental and out-of-phase subharmonics (Riley and Metcalfe, 1980; 

Metcalfe and coworkers, 1985). For comparison, Fig. 27, from a 2-D 

computation using the author's temporal code, shows vorticity contours 

at a time level when subharmonic and fundamental amplitudes are nearly 

equivalent. The corresponding 2>. streamwise interval in the spatial 

computation is approximately 50 ~ n ~ 82 of Fig. 20. 

Although forcing at the fundamental frequency delays vortex 

pairing by supressing the subharmonic (Oster and Wygnanski, 1982; and Ho 

and Huang, 1982), incipient pairing is indicated in Fig. 28a, which shows 

w3-vorticity contours at a 1 ater time step (354) of Run III. Initially, 

the vortex centers lie at intervals of exactly one wavelength of the 

forci ng frequency. Further downstream the vortices are displ aced 

alternately upward into the faster stream or downward into the slower 

stream and convected at differing velocities. The separation distance 

between shed vortices II and III has grown to about 1-1/4 wavelengths 

By the same mechanism, the distance between vortices I and II will 

diminish as they travel downstream, leading eventually to pairing. The 

pairing process is associated with an emerging and eventually dominant 

subharmonic. Whether the subharmonic is the cause or the effect of 

merging is still open to debate; however, Ho and Huang (1982) suggest 

that the subharmonic is the catalyst for pairing. 

Fig. 28h further shows the spanwise distortion of the 

predominantly 2-D w3-vortices at y = O. That the flow remains nearly 
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two-dimensional several wavelengths downstream is consistent with the 

strong two-dimensionality of the flow near the splitter plate observed 

in many laboratory experiments. 

The processes which lead to the velocity and vorticity waves 

exhibited by Figs. 25, 26, and 28 are further illuminated by examination 

of the streamwise growth rates of the various harmoni cs and thei r 

respective energy contents. Fig. 29, obtained by Fourier time series 

analysis of Run III data over the last two periods of oscillation, 

compares growth of the ul-velocity spectra maxima. The analagous 

experimental data, obtained by hot wire anemometry, are shown in the 

inset. In Fig. 29, computational data are strictly valid only for those 

streamwise stations which have attained an essentially periodic state 

for a duration of at least two periods; i.e., 0 ~ n ~ 50. The linear 

growth of the fundamental and harmonics characterize Miksad's 

transitional Regions I and II (refer to page 16), which extend to 

approximately 1-1/2 wavelengths downstream of the splitter plate. As 

in the physical experiment, the computed fundamental rises linearly, 

grows nearly two orders of magnitude, and saturates at an rms level of 

about 10- 1 UTe In the experiment, however, saturation occurs in about 

1-1/2 wavelengths rather than three in the computation, this due to the 

greater instability of the inflow profile with wake. 

The measureable growth of harmonics distinguishes Miksad's 

Region II from Region I where only the fundamental is significant. In 

the computation, since much lower fluctuation levels are "measureable", 

these regions are not clearly separated. A major difference between 

-- --------------------------~---~~~-----------
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temporal and spatial frameworks is apparent from the behavior of the 

harmonics. In temporal computations the sub-harmonic emerges only if 

present in the initial conditions and grows initially at a rate in 

quantitative agreement with linear theory. This suggests that the 

subharmonic is fed by the mean flow and that there is little coupling 

with the fundamental (Riley and Metcalfe, 1980; and Metcalfe and 

coworkers, 1985). In marked contrast, in the monochromatically forced 

spatial computation, both the sub- and 3/2- harmonics appear to emerge 

naturally and to grow at rates higher than that of the fundamental 

(whose rate in this case is maximal according to linear theory). 

Moreover, integral harmoni cs al so exhibit superl inear growth rates. 

Specifically, the growth rates shown in Fig. 29 over the interval 8 ~ n 

< 24 are 1.50, 1.56, 1.96, and 1.58 times that of the fundamental for 

the (3/2, 3(3/2, 2(3, and 3(3 harmonics respectively. As Miksad points 

out, the superlinear rate of 1.5 for all harmonics is predicted by 

strong nonlinear theory whenever the mean flow inflection point and the 

critical point coincide. Indeed, for the case of maximally amplified 

forcing frequency, Miksad observes rates of almost exactly 1.5 times 

that of the fundamental in all (at least through order 5) integral 

higher harmonics, a rate of about 1.25 for the subharmonic, and a rate 

equivalent to that of fundamental for the 3/2-harmonic. At other 

forcing frequencies, Miksad observed harmonic growth rates between 1.15 

and 1.73 times that of the fundamental. The superlinear growth of 

harmonics observed in the physical experiment and spatial simulation 

suggests a wholely different energy transfer mechanism than that 

exhibited by temporal theory. 
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Miksad1s Region III occupies the interval between about 1.5 and 

3 wavelengths downstream of the splitter plate and is defined by the 

deviation from linear growth of the fundamental and the subsequent 

equilibration of fundamental and harmonics. Region IV begins coincident 

with a second period of subharmonic growth in which the subharmonic 

eventually dominates the fundamental at 4.5 A• Similar phenomena are 

observed in Fig. 29 although at different downstream lengths. In the 

computation, the subharmonic equilibrates for a brief interval at about 

2.5A and resumes growth at 3A. As fundamental and other harmonics 

remain equilibrated, the subharmonic appears to overtake the 

fundamental at 3.5A (although the Fourier analysis is suspect this far 

downstream). The dominant subharmonic coincides with the vortex 

merging process observed in Fig. 28. 

Before proceeding with a comparison of the 3-D activities 

observed in the physical experiment, in the temporal computations of 

Metcalfe and coworkers, and in the present spatial simulation, a caveat 
\. 

is warranted. In temporal simulations of a given?, resolution, the 

computation is valid in time only to that point when sub-grid scales 

have been generated. Since, in spatial simulations, higher scales 

develop with increasing downstream distance rather than time, the 

question becomes: IIFor a given spatial resol ution, how far downstream 

are the physical scal es resol ved?1I For the present simul ation, the 

retention of only a single spanwise harmonic may compomise the solution 

at larger values of x. The only way to quantify the region of validity 

of which the author is aware is by means of a convergence study using 

----.-.. _-----------------------------------
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successive spanwise refinements. Unfortunately, such a study was 

prohibited by limited computer resources. Thus, quantitative conclusions 

regarding 3-D activity are ill-advised on the basis of the single test 

case presented. 

Fig. 28, presented earlier, indicates that the flow remains 

strongly two-dimensional to at least 5 wavelengths downstream. There 

is some indication that the 3-D disturbances at inflow have been 

stabilized. This is not inconsistent with Miksad's observation that up 

to 3.5 wavelengths downstream the flow is essentially 2-D. In t~iksad's 

Region V between 3.5 and 5.0 downstream wavelengths, the emerging 

three-dimensionality is characterized by spanwise distortions of the 

fundamental and the appearance of a weak secondary (streamwise) vortex 

structure. Coincidentally, the fundamental begins to decay. Fig. 30 

presents the instantaneous val ue of the Fourier coefficient of 

streamwise W3-vorticity (n1, purely imaginary) at time steps 186 and 354 

of Run III. Streamwise WI-vorticity contours at various downstream 

stations are compared in Fig. 31, having been reconstructed from the 

Fourier coefficient ni at time step 354. The structure is that of pairs 

of counterrotating streamwise vortices in the region of highest shear. 

It is interesting to note that, in general, streamwise vorticity is 1 ess 

at cuts between [n = 56, n = 76 (negligible, not shown)] rather than 

through (n = 50, 66, 86) spanwise vortices (refer to Fig. 28a). 

Streamwise vorticity is weak at n = 50, about 3% of the maximum 

spanwise vorticity, and tends to diminish ,further downstream. Thus Fig. 
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Figure 30. Continued . 
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31 seems to confi rm that three-dimensional growth is at 1 east 

temporarily stabilized. 

159 

The energy content of the spanwise u3-velocity fl uctuation 

provides a more quantitative measure of 3-D growth. Fig. 32 from Run 

III compares total u3-energy, denoted by E30, to the 2-D fundamental and 

subharmonic energies, denoted El and E1/ 2 respectively. Analagous 

comparisons of 2- and 3-D energies were made by Metcalfe and coworkers 

(1985) for their temporal calculations of a maximally unstable shear 

layer and are shown in Fig. 33. In Fig. 33a, the initial subharmonic 

amplitude surpasses the initial 3-D amplitude. In Fig. 33b, the reverse 

is true. In the spatial case, E30 is obtained by Fourier time series 

analysis of u3(x,y,z,t) = 2Re[Ui(x,y,t)ei yZ] and is defined as the sum of 

the energy spectra so obtained integrated over y at the peak station yz 
= ~/2. As a point of reference, Fig. 34 shows the instantaneous value 

at time steps 186 and 354 of the Fourier coefficient U~ (purel y 

imaginary). With the exception of the first 1/2 wavelength, which 

should be disregarded due to the 3-D inflow inconsistency, E30 in Fig. 

32 grows initially at a rate quite similar to that of the fundamental 

energy E1• Such growth is in qual itative agreement with the findings of 

Metcal fe and coworkers who note: 1I ••• two-dimensional and three

dimensional modes grow at very simil ar rates when all disturbance 

amplitudes are in the linear range. 1I These researchers further note 

that the spanwise instability IIturns offll whenever y > ~ IRe so that, 

as Re + co, all spanwise wave numbers appear to be unstable. The 

conjecture then of Metcal fe and coworkers is that the secondary 

- -- -- ------------ ------------.---- --------------- ---- - -- ----------
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Figure 34. 
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FigUre 34. Continued. 
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instability, like the primary, is inviscid in nature. Certainly the 

initial convective growth rate in the spatial simulation would seem to 

corroborate their conjecture. 

After the initial interval of rapid growth, E3D saturates at a 

level about 3 orders of magnitude below that of El (Fig. 32) preserving 

the predominantly 2-D character of the flow. While the mechanism for 

the saturation is uncl ear, it shoul d be noted that Metcal fe and 

coworkers find both the roll-up and pairing processes to be temporarily 

stabilizing to low amplitude 3-D modes. This is evidenced in Fig. 33 by 

a change in th~ 3-D growth rate whenever the fundamental achieves 

nonl inear ampl itudes and by the temporary reversal of E3D growth in 

Fig. 33a when the subharmonic saturates. In fact, in their temporal 

simulations, it was possible to recover primarily 2-D states from 

highly chaotic 3-D states whenever the subharmonic, initially absent, 

was introduced. Whatever the stabil izing mechanisms in the spatial 

simul ation, it woul d appear that they take increasing effect 

continuously rather than at threshold values as one might infer from 

the temporal results of Fig. 33. 

An outcome of Miksad's experiment is that low level forcing 

tends to del ay transition and to preserve two-dimensional ity in the 

shear layer. For the forced shear layer, turbulent breakdown, denoted 

as Region VI by Miksad, occurs in the interval between 5 and 6 

wavelengths downstream of the splitter plate as opposed to perhaps 2 

to 3 wavelengths for the natural shear layer. Since growth rates in 

the spatial numerical simulation are somewhat lower than in the 
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experiment, one might expect final transition to occur in the interval 

of, say, 6 to 7 wavelengths. This suggests that a quantum leap in 

computational resources may be necessary in order to carry the 

integration much further downstream. 

6.4 Recommendations 

On the whole, the results of the previous section strongly 

encourage further development and use of the spatial numerical 

simulation documented in this work. The spatial model appears to 

capture the physics of forced free shear layers and the computational 

method is potentially highly efficient. The results of the single test 

case suggest also, in hindsight, ways to either refine the mathematical 

model, improve accuracy, or enhance computational efficiency. Before 

proceeding to recommendations for further study, this section addresses 

proposed refinements. 

6.4.1 Recommended Refi nements 

As alluded to in Chapter 4, formulation of appropriate boundary 

conditions constitutes perhaps the most difficult aspect of the spatial 

model. An assumption of Chapter 4 was that the outer flow is 

essentially two-dimensional. For this to be val id all three 

dimensional modes and their transverse derivatives must vanish at upper 

and lower boundaries. As can be inferred from Fig. 23b, the mode 1 

velocity divergence, most of which originates from the transverse 

au2 

derivative term a/' is small but non-zero at the 
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transverse boundaries. Surface plots of mode 1 of the other velocities 

also reveal a small but non-zero transverse gradient. For a domain of 

finite extent, it is therefore recommended that upper and lower 

boundary conditions be modified to impose exponential decay on three

dimensional modes as well as on the two-dimensional disturbances. 

Since there are many more degrees of freedom with three-dimensional 

upper and lower boundary conditions, some additional physical insight is 

needed to insure consistency among all the conditions. Since all 

disturbances should be small at upper and lower boundaries, perhaps 

linearized three-dimensional theory can provide this insight (Mack, 

1977). Alternately, the infinite physical domain can be mapped to a 

finite computational domain using an appropriate transformation of the 

transverse y-coordinate. Many candidates for transformation exist and 

care should be taken that the physics of the problem are not obscured 

by the transformation. Upper and lower boundary conditions are greatly 

simplified for a physical domain of infinite transverse extent since all 

disturbances vanish as Iyl + co. However, mappings are certain to 

introduce complications of their own. 

While it is true that the inflow inconsistency represented by 

equations (4.14) when e:2 > 0 is resolved shortly downstream of the 

inflow boundary (Figs. 23,24), a minor difficulty does arise. It is 

desirable to control precisely the amplitudes and distributions of both 

the two and three dimensional disturbances imposed at inflow. If 

inflow conditions are not completely consistent, there is disparity 

between the intended and the actual excitations. Again, it is 

-------------------- ---- - - -- ------------
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recommended that 1 inearized three-dimensional theory be exploited to 

resolve the inflow inconsistency. 

As a final recommendation regarding boundary conditions, future 

efforts devoted to the development of radiation outflow conditions are 

encouraged so that computational domains of smaller streamwise extent 

(and hence cheaper computations) are possibl e. This is perhaps the 

most complex issue concerning boundary conditions and it is not likely 

to yield an easy solution. 

Regarding computational accuracy, two considerations emerge 

from resul ts of the test case which encourage direct rather than 

iterative solution of the Helmholtz equations. First, as emphasized by 

Metcal fe and coworkers, their 3-D temporal computations are very 

sensitive to initial conditions due to fierce competition between 

convectively driven instability modes. There are many paths to 

turbulent states, depending on the initial data. In the forced shear 

layer simulation, then, one expects many paths to turbulence based on 

the energy content of the periodic forcing. When the goal of the 

numerical experiment is to distinguish these paths, it is imperative 

that the spectral content of forcing be precisely known and controlled. 

However, the inadvertant effect of noise in the iterative solution of 

the Hel mhol tz systems (in this case 10-6 or 10-7) is to randomly force 

all spanwise modes at the 1 evel of the noise. Once generated, 

numerical noise propagates just as any physical instability of the same 

wave number. For the results of this section, where a single spanwise 

harmonic is computed, the signal to noise ratio is sufficiently 1 arge. 
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However, for larger K, noise easily overwhelms the physical 

significance of higher modes unless the convergence criterion is tight, 

in which case the computation may be prohibitively expensive. Thus, it 

is al most a necessity to obtain machine accuracy of the Hel mholtz 

equations if meaningful solutions with large K are to be computed. 

Second, a similar phenomenon makes accurate determination of 

phase speeds difficult. Recall from the discussion of Chapter 1 that 

wave dispersion distinguishes the spatial stabil ity model from the 

temporal one. To shed light on dispersive phenomena, it is essential 

that the phase speeds of wave components be accurately determined, 

al though such determination is ill-conditioned both in physical and 

numerical experiments. For the numerical simulation, phase velocity is 

computed from (1.9) where or is interpreted as the local wave number. 

If cp(x,y) represents a phase distribution obtained from Fourier time 

series analysis, then the local streamwise wave number is defined as 

a,.(x,y) = acp/ ax. When data are noisy, the phase distribution cp is poorly 

defined and numerical differentiation further magnifies errors. In the 

numerical test case, phase speeds were computed accurately for the 

fundamental (Fig. 22). Meaningful phase speeds for harmonics were not 

attainable, however, most likely due to the inadequate signal to noise 

ratio of low amplitude disturbances. Certainly both truncation error 

and numerical noise resul ting from the approximate factorization 

residual error contribute to errors in computed phase velocities. The 

latter source of error however, can be virtually eliminated by direct 

solution of the Helmholtz equations. 
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For the above two reasons, it is recommended that the 

approximate factorization method be replaced by a fast elliptic solver. 

An added bonus of this revision, provided that the fast solver is 

vectorizable, should be a marked improvement in computational 

efficiency. It should be noted, however, that fast direct solvers are 

more suited to specific types of boundary conditions (e.g., periodic, 

Dirichlet, or Neumann) and that any changes in boundary conditions must 

be coordinated with solver selection and design. For this reason, an 

optimal revision may incorporate a transverse coordinate mapping 

discussed previously in conjunction with the fast direct inversion of 

the discrete Helmholtz equations. 

As suggested previously, the change to a fast direct solver 

should considerably improve the computational efficiency of the current 

code. It is enlightening to estimate the improvement in efficiency of 

this change and to predict the potential "speed-up" factor for an 

optimized version of the present numerical algorithm. 

Amdahl's law (Worlton, 1985) is often used to estimate the 

average execution rate R of an algorithm as the weighted harmonic mean 

of the subcomponent execution rates; i.e., 

R = l/(I Fi/Ri) 
i 

(6.1) 

where Fi ;s the fraction of results at rate Ri and I Fi = 1. An obvious 
i 

consequence of Amdahl's law is that computer programs spend 

disproportionate amounts of time in their least efficient subroutines. 

Thus, it is most profitable when optimizing to concentrate first where 

inefficiencies are worst. 
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The major components of the simul ation described in thi s work 

are the ADI subroutine which advances vorticities, the approximate 

factorization subroutine which advances velocities, and the subroutine 

which performs the pseudospectral evaluation of the nonlinear terms 

(Fig. 11). In light of (6.1), the O(KNM) operations performed by the ADI 

subroutine represent only a small fraction of the total computational 

effort relative to the 0(KNM2) operations of approximate factorization 

and 0(NMKlog2K) operations of the nonlinear terms evaluation (refer to 

Chapter 5). Indeed, an accounting of the nearly four hours consumed by 

Run III reveal s that al most 70% of the effort is consumed by 

approximate factorization, and the remaining 30% by evaluation of 

nonlinear terms. The time consumed by all other program components 

combined is on the order of 1-2% of the total. Fortunately, dramatic 

improvements in both of these program components are possible. The 

operation count for fast elliptic solvers, according to Swarztrauber 

and Sweet (1979), is 0(NMlog2M). The total for all modes then is 

0(KN~1l0g2M), significant savings, for large M, over the 0(KNM2) 

operations for approximate factorization. Ther~fore, it is reasonable 

to expect that a vectorized fast elliptic algorithm could diminish, by 

at least an order of magnitude, the time required to update velocities. 

An order of magnitude speed-up is al so possible for the 

subroutine which evaluates nonlinear terms, but through vectorization 

(work in progress) rather than through reducing the operation count. 

Historically, there has been a trade-off between the computational 

resources of time and storage. The current evaluation of nonlinear 
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terms conserves storage in such a way that vector lengths are too 

short for vector processing to be efficient. Hence, the O(NMKlogzK) 

operations are performed at essentially a scalar rate. The most recent 

generation of supercomputers, however ~ have massi ve memories. For 

example, the CRAY 2 offers 256 Mwords of memory as contrasted to the 2 

Mwords availahle on the CRAY X-MP, to which the author had access. It 

is, therefore, recommended that the Fourier transform used by the 

author be repl aced by an FFT al gorithm simil ar to that of Peterson 

(1983). In the latter algorithm, each step of the FFT is performed for 

an inner loop whose vector length is NS x M. For such long vector 

lengths, it is possible to approach the optimal vector speed on a CRAY 

X-MP9 which is about ten times that of the scalar rate (Simon, 1984). 

Equation (6.1) suggests that a 10-fold speed-up of both time

consuming subroutines should yield a global improvement in efficiency 

of nearly an order of magnitude. Thus, with the proposed changes, a 

simulation equivalent to Run III should consume no more than 1/2 hour 

on th~ CRAY X-MP or 15 minutes on the CRAY 2, which executes ahout 

twice as fast. How large a computation, then, is feasible on existing 

supercomputers? On the basis of the results of the previous sections, 

grid refinement by a factor of at least two in both the streamwise and 

transverse dimension is recommended. For such a computation, storage 

requirements will increase by a factor of four to about 8 Mwords and 

computational time will increase (since, to maintain stability, the time 

step must also diminish) by a factor of eight to about two hours on a 

CRAY 2. As mentioned previously, it is also highly desireable to refine 
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in the spanwise dimension not only to have more confidence in the 

predicted 1 inear regime of the secondary instabil ity, but al so to 

examine secondary nonlinear effects. Suppose that K is increased by a 

factor of four to K = 16 (2K = 32). Storage requirements should rise 

approximately linearly to 32 Mwords and computational time, on the 

basis of operation counts, to about 14 hours. By use of the "2/3-rul e" 

to dealias, modes of order up to 2/3 (2K) = 10 can be computed as 

opposed to modes up to order 8 by the current method (Appendix D). 

Though large, a computation of this magnitude is certainly reasonably 

on present machines and it is the opinion of the author that most of 

~1iksad's stages of shear layer transition prior to final turbulent 

breakdown (refer to Chapter 1) can be resolved by a computation of this 

si ze. 

6.4.2 Recommendations for Further Study 

The changes recommended above shoul d 1 ead to a numerical 

simulation which is not only highly descriptive of forced shear layer 

dynamics, but also highly efficient. Such a model can be a valuable 

research tool in shedding light on a variety of stability phenomena. It 

is appropriate then to discuss briefly some possible appl.ications. 

Certainly the results of the single test case presented in the previous 

section 1 eave open many basic questions. In order to resol ve basic 

phenomena, it is recommended that the parameter space of this problem 

(Re, e, y, uB/UT) be explored in some depth. Of particular interest, 

for example, ii the mechanism for the observed temporary stabilization 

of the secondary instability. Even more fundamental is the question: 
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What possible states exist for various parameter values? Simulations 

comparing the states attained from continuously vs. randomly 

distributed spanwise perturbations should hel p clarify how various 

spanwise 1nstabiity modes compete. 

Perhaps the ultimate outcome of all stability research will be 

the eventual abil ity to manipul ate transition processes. For what 

forcing frequencies or combinations thereof can growth of the shear 

layer be inhibited or enhanced? How can downstream spectral content 

be altered by upstream forcing? Can transition be prevented? 

Finally, it should be noted that, with relatively minor changes 

to boundary conditions, the numerical model of this work is equally 

applicable to other prototypical flows. Among these are the free shear 

layer subject to a disturbance in the form of a wave packet, the 

periodically forced planar wake, and the wake perturbed by a wave 

pac keto 

6.5 Conclusions 

A numerical simul ation of the spatially evol ving forced free 

shear layer has been developed which, for a single test point, appears 

to capture many aspects of shear layer transition observed in 

experiments and/or temporal simulations. These include: initial linear 

growth of the fundamental, superlinear emergence of sub- and higher

harmonics, saturation of the fundamental at finite amplitude, vorticity 

roll-up, eventual domination of the subh~rmonic, vortex pairing, initial 

convective growth of 3-D energy, subsequent temporary suppression of 

low amplitude 3-D modes, and the emergence of streamwise vorticity. 

------------- _.-_ ... _-- ---
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Results of the test case seem to corroborate the findings of Metcalfe 

and coworkers (1985) based on temporal computations, that the secondary 

instability, like the primary, is convectively driven at low amplitudes. 

While their assertion that roll-up and pairing are stabilizing 

mechanisms for low amplitude 3-D modes cannot be confirmed, temporary 

stabilization of 3-D modes is observed in the spatial simulation. 

However, certain aspects of the spatial results (e.g., superlinear 

growth of sub- and higher- harmonics) suggest subtler couplings among 

fundamental, subharmonic, and 3-D energies than is captured in the 

temporal framework. 

The numerical model which has been developed for this study is 

robust, accurate and potentially highly efficient. Where computational 

efficiency can be improved, specific recommendations are offered. And 

where the mathematical model can be refined, suggestions are made for 

further analysis. 

In sum, the dynamics of the free shear layer are subtle and 

prototypical of the intricate relationships between ordered and chaotic 

states in physical systems which possess many degrees of freedom. 

Such intricacies will most probably be revealed only through the 

continued assault of analysis, physical experimentation, and numerical 

simulation. It is felt that the spatial simulation developed in this 

work is a valuable complement to the temporal simulations of other 

researchers in the ongoing scientific probe of the free shear layer. 

Still the fundamental questions perSist: 



What are the paths to turbul ence admissibl e by the various 

parameter values? 

What are the energy transfer mechanisms along these paths? 
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What types of manipulation can be exploited to favor selection of 

a particular path? 

-------------------- --_.- -------------.. 



· APPENDIX A 

SOLUTION OF THE BLASIUS EQUATION FOR FREE SHEAR FLOW 

In 1908, Bl asius derived his famous "boundary 1 ayer equation" 

(A.l) and obtained a similarity solution to it for the case of the two

dimensional laminar boundary layer (Schlichting, 1979, p.26). 

(A.l) 

A similarity solution is one in which velocity profiles u(x,y) at various 

streamwise locations x are self-similar in terms of a scaled transverse 

coordinate n = y/h(x) where h(x) is cleverly chosen. (Note for 

consi stency with previous sections, dimensional quantities are barred.) 

White (1974, pp.288-290) presents a method for obtaining simil arity 

solutions of (A.l) for stratified shear flows. Here, White's method is 

adapted to the present case of a shear flow of velocity ratio UB/UT in 

a homogeneous fluid of viscosity ~ (refer to ~g. 1). 

-Let the simil arity variabl e n and the stream function 1jI be 

defined as follows: 

- uT ~ n = Y 2vx (A.2) 
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(A •. 3) 

where f is an unknown function of n. From the definition of the stream 

function follow expressions for the velocities in terms of f; i.e., 

- a:i, -u - -'I' = uTf ' (n) 
ay 

(A.4) 

v " - a~ = J W_T [nf' (n) - f( nll 
ax 2x 

(A.5) 

Moreover, the vorticity w is derived as follows: 

w :: au 

(A.6) 

=V"!- {UTfH(n) + v [nZfIl(n) + nf'(n) - f(n)Jj 
2 \IX 2x 

In the above expressions, primes denote derivatives with respect to n. 

Definitions (A.4) and (A.5) reduce the boundary layer equation (A.1) to a 

third order nonlinear ordinary differential equation for f; namely, 

f"'(n) + f(n)f"(n) = O. (A.7) 

Now, arbitrarily let n = 0 denote the interface of the two streams and 

require each to satisfy (A.1), and consequently, (A.7). If subscript i = 

1 denotes the lower stream, and i = 2, the upper stream, then 



filII + fif;" = 0 i = 1,2 

Exterior boundary conditions for u give 

and 
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(A.B) 

(A.9) 

Matching conditions at the interface require equality of v and u 

velocities as well as shear stress. Respectively, these conditions are 

the foll owi ng: 

f 1 ( 0) = f 2{ 0) = 0 

fll(O) = f21{O) = a 

ft{O) = f211{O) = b 

{A. lOa) 

(A.10b) 

(A.IOc) 

Condition (A.IOa), which requires VI = v2 = a at n = 0, is arbitrary. 

Equations (A.B) are integrated numerically by the shooting 

method with initial conditions (A.IO). The procedure is outlined below. 

Equations (A.B) are written as two first order systems 

where 

Fl' = F2 

F21 = Fa 

Fa' = -Fla 

F 1 :: f( n) 

F2 :: f'{n) 

Fa:: fll{ n) 

and initial conditions are 

(A.ll ) 

(A.I?) 



FI(O) = a 
F2(O) = a 

F3(O) = b 
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(A.13) 

Since both systems are formall y identical, the i indices have been 

dropped. For assumed val ues (a,b), equations (A.ll) with initial 

conditions (A.13) are integrated in both directions from n = a using the 

Runge-Kutta-Gill method. Now penalty functions EI and E2 are defined 

to be the deviations from the desired boundary conditions (A.9). That 

is; 

-uS (A.14a) -uT 

E2(a,h) :: f2(+ao) - 1 (A.14b) 

In practice, the integration need only to range from, say, -10 ~ n ~ 

+10. The desired solution occurs for the initial condition pair (a,b) 

for which the penalty functions vanish. The Newton-Raphson method is 

used to successively improve the iterates (ai,bi ) as shown in equation 

(A.15) 

(A.15) 

<lEI 2 
The Jacobian Ji = <la,b I(ai,bi ) is approximated numerically. 

Once f(n) is obtained on -10 ~ n ~ +10, the velocities u(x,y), 
v(x,y), and the vorticity w(x,y) are determined from equations (A.4, 5, 

6) • 



APPENDIX B 

EIGENFUNCTIONS OF THE RAYLEIGH EQUATION 

The Rayleigh equation (B.1) governs the linear stability of an 

inviscid fluid of mean velocity profile u(.y). 

(B.1) 

A sol ution to the Rayl eigh equation defines the perturbation stream 

function through its travelling wave ansatz (B.2). 

(B.2) 

(Primes on U and <p denoting derivatives are not to be confused with 

primes on ljI, u, v, w denoting perturbations). In this application, the 

dimensional mean velocity profile OeY) is that of a shear layer of 

maximum velocity UT. The dimensionless variables in (B.1) and (B.2), 

denoted by 11"'11 (to avoid confusion with the scaling used in previous 

sections), are defined as follows: 

- '" [j ,. tOT y = ~ U = t = 

I s OT a 
(B.3) 

'" as 
a = as a = 

OT 
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The 1 ength scal e e is the momentum thickness inherited from the 

velocity profil e UeY). 
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The Rayleigh equation (B.1) is an eigenvalue problem whose 

eigenvalue is either a or a, depending on whether spatial or temporal 

stability is to be considered. (See also the discussion of linear 

stability theory in Chapter 1.) For the case of spatial stability, a is 

assumed to be purely real and the solution to (B.1) yields the complex 

eigenval ue a = ar + iai and the compl ex eigenfunction IjIcY) = IjIrcY) + 

iljliCY). The real part of the eigenvalue (ar) is the wave number; the 

negative of the imaginary part (-ai) is the spatial amplification rate. 

Once the perturbation stream function is known, perturbation velocities 

u' and v' and perturbation vorticity w' are reconstructed through the 

following definitions: 

A 

A 

a~' u' = (8.4) 
ay 

A 

_a~' v' = (8.5) 
ax 

A A 

A au' av' \12~' w' = A - A = (8.6) 
ay ax 

In practice, the algebraic expressions arising from definitions (8.4), 

(8.5), and (8.6) are quite involved. Notation is simplified by defining 

u', v', and w' "eigenfunctions" anal agous to the stream function 

eigenfunction such that 
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,. ,. ,. ,. 

:: <l>uCv)e i (ax - ~) + complex conjugate ul (x,y,t) 

,. ,. ,. A 

:: $v tV) e i (ox - ~) + complex conjugate (B.7) vl(x,y,t) 

,.,. 
A AI."'" 

:: <l>w(.Y)ei(OX - ~) + complex conjugate 
Wi (x,y,t) 

From equation (B.2), (B.4), (B.5), and (B.6) and definitions (B.7), the 

real and imaginary parts of <l>u, cl>v, and cj>w are computed to be the 

fall owi ng: 

"A A'" 

[$u(y)]r = 4>rl(y) [<I>u(y)]i = -cI>i'(Y) 

[<I>vCY)]r = ~4>rCY) + ~4>iCY) ; [4>vCY)]i = -[~4>i(Y) - ~4>r(y)J 
[4>w(Y)]r = 4>r"(Y) - (~2_ ~2)4>r(Y) + 2~~4>i(Y); 

[4>w(Y)]i = -[4>i"(Y) - (~2 - ~2)4>i(Y) - 2~~cj>r(Y)] 

Yet more convenient is to express the ul , Vi, and Wi 

perturbations in terms of magnitude and phase distributions; e.g., 

... ... 
AI ,.. A A -a. AI A A,..,.. "-

ul(x,y,t) = e ,x ! cj>u(Y) !cos[arx - at + Xu(Y)] 

where the magnitude distribution is defined 

and the phase distribution ;s 

(B.8) 

(B.9) 

(B.10) 

(B.11) 

Expressions analogous to (B.9), (B.10), and (B.11) hold also for Vi and 

Wi. Since (B. 1) ;s an eigenval ue probl em, any constant mul ti pl e of (B.2) 



183 

is also a solution. Therefore, perturbations ul
, VI, and WI given by 

(B.9) and similar expressions can be scaled by any arbitrary amplitude. 

The sol ution technique appl ied to (B.1) is borrowed from 

Michal ke (1965) and, for completeness, is described briefly. For the 

shear layer profile O(y), l1''(,y) vanishes for large 191 and (B.1) 

degenerates to 

The general solution to (B.12) $(Y) = Ae+ qy + Be- qy , constrained by the 

physical consideration that $(Y) + 0 as Iyl + 00, yields the gradient 

conditions 

$1 (+00) = _ ~~( +00) 

~I(_oo) = +~4>(+00) 

The convenient transformation 

o(y) = exp [r «n) d ~ 
o 

1 
J 

(B.13) 

(B.14) 

reduces the second order Rayleigh equation to the first order Ricatti 

equation (B.15) 

(B.15) 

with boundary conditions 

I%{+oo) = -a 

} (B.16) ,.. 
I%{ - 00) = + a 

--------------~--~~ _ ... - . --
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Given e = er and an initial guess ~o = ~rO + i~iO' equation (B.15) with 

boundary conditions (B.16) is integrated as a first order system of two 

real O.D.E.'s by the shooting method. Fourth order Runge~Kutta-Gill 

integration is used to shoot in both directions from +~ and -~ toward 
,. 
y=O using (B.16) as initial conditions. In practice, the integration 

need only cover, say, -10 ~ Y ~ +10. Penalty functions El and E2 are 

defined as the mismatch between the upper ~+ and lower ~- solutions at 
,. 
y = a for given a. 

(B.l7) 
,. ,. 

E2(ar, ai) = ~i+(O) - ~i-(O) 

,. ,. 
The desired eigenvalue ar + ia; is the one for which the penalty 

functions vanish. Newton's method is used to refine the iterates of a. 

(Refer to Appendix B where an analogous method is used to solve the 
,. 

Blasius equation.) Given the eigenvalue a and the Ricatti eigenfunction 

~ty), the Rayleigh eigenfunction 4>(.Y) is obtained from (B.14). 

--- ------- --- -- ----------------- -~-~=-'-'----'--------



APPENDIX C 

NOTES ON THE FAST FOURIER TRANSFORM 

Let f{x) be a real or complex-valued function on the real line 

-= < x < +=. Moreover, let f{x) be continuous and periodic with period 

2n; i.e., f{x) = f{x + 2n). Then the compl ex exponential Fourier series 

converges uniformly to f{x) so that 

f{x) = f Fke ikx (C.1) 
k=-ao 

where the complex Fourier coefficients Fk are defined (Stakgold, 1979, 

p. 128) 

Fk = in r:'f(Xle-ikX dx k = 0.±1.±2.··· .. • (C.2) 

When f{x) is real valued (as is the case in this work), the coefficients 

Fk and F_k are complex conjugates. 

Consider now the approximation of (C.2) by numerical 

quadrature. Let K be an even integer and partition the interval [0, 

2nJ into N = K equal segments. Further, let fn :: f{xn) denote the 

functional val ues at the N "sampl e points" xn :: 2nn/N (n = 0, 1, 2, ••• , 

N-1). Note that periodicity implies fN = foe The application of either 
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rectangl e ~ul e or trapezoid rul e t9 (C.2) yiel ds the foll owing 

approximate integration: 

1 N-1 ok 1\ = ~ L f(xn)e-1 xn(21T/N) 
n=O 

= 1 N~l f
n
e-i(21Tkn/N) 

~ L k = 0,±1,±2,··. 
11 n=O 

186 

(C.3) 

Here, the convention of an upper IINII distinguishes the discrete Fourier 

coefficients Fk from the exact Fourier coefficients Fk. Periodicities 

of both the compl ex exponential and the fn in (C.3) imply that the 

discrete Fourier coefficients themselves are periodic; i.e., 

all k (C.4) 

The usual form of the discrete Fourier transform (DFT), equation (C.5), 

foll ows immediately from (C.3) and (C.4). 

Fk = ~ N~l f ne-i(21T kn/N) k = 0,1, ••• ,N-1 
n=O 

Now consider the approximation of (C.1) by the truncated 

Fourier series of K + 1 terms; namely 

(C.5) 

---- -------------_._-_._---------------------------_._.- _ .. __ . 



K/2 
f(x):: } Fk eikx 

k=-1</2 

The choice of K even with negative ann positive modes equally 

represented in (C.6) guarantees that the approximation of a real 
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(C.6) 

function is itsel f real. Let f(x) above be further approximated by 

replacing the exact Fourier coefficients in (C.6) with their discrete 

counterparts so that 

= J 
i\ k t I f I 

K/2 i kx 
f(x):: ~ tl e where 'f!k 

k=- /2 k 
- I 

~k 
k K 

2" = ~ 

From (C.4) it is clear that the discrete transform (C.3) cannot 

distinguish between the K/2 and -K/2 coefficients, in which case 

(C.7) 

r_K/ 2 = ~K/2 = FK/2 + F_K/2 + higher mode aliasing errors (C.8) 

The phenomenon of aliasing which leads to (C.8) is discussed more fully 

in Appendix D. The special treatment of the "sawtooth" K/2 mone in (C.?) 

follows from (C.8). Equation (C.7) eval uated at the sample points xn 

yields the approximate functional val ues, distinguished by 11"'11 from the 

exact values: 

-------------- ----- - --- - - - - -----------------



'l:' _ K/~2 "'1 ei (2 1rnk/N) n - 0 1 2 N-1 In - r k - ", ••• , 
k=- /2 

or equivalently from (C.7) and (C.8), 

K/2 () y rk ei 21rnk/N n = O,1,2, ••• ,N-l 
k=-1</2+1 
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(C.9) 

(C.lO) 

Again, use is made of the periodicity of the discrete Fourier 

coefficients (C.4) to obtain the conventional form of (C.lO); namely 

(C.ll) 

With the exception of the factor l/N and the sign of the exponential, 

the transform pair elements (C.5) and (C.ll) are identical. Here, the 

convention is adopted that the transform from physical to Fourier space 

(C.5) is the "forward" transform, and (C.ll) the "reverse". 

It appears that O{N2) operations are required to evaluate the N 

discrete Fourier coefficients 1\ by the forward transform (C.5). This 

was in fact the case until the emergence of the fast Fourier transform 

(FFT) by Cool ey and Tukey (1965). The FFT al gorithm exploits 

symmetries of the complex exponential to reduce the operation count to 

O(Nlog2N), a dramatic computational savings for large N. The most 

efficient FFTls require that N = 2r, where r is an integer, an 

additional reason that N is an even integer. The transform definitions 

(C.5) and (C.11) apply also to the FFT. For a short course on the DFT 

and FFT, see Stremler (1977, pp.75-13l) • 

... --.-.----.---.-~------------------------
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In the event that f(x} is periodic with period other than 2n, 

say T, transforms (C.5) and (C.11) still hold provided that 

and 

nT 
xn = 1f 

fn = f(lt} 
} (C.12) 

------------------- ---- - ---._-_._----



APPENDIX D 

ALIASING ERROR IN THE PSEUDOSPECTRAL METHOD 

Consider a real 2'IT-periodic function f(x} which can be repre

sented exactly by a (K+l}-term Fourier complex exponential series (C.6). 

For the sake of illustration (Fig. 35a), let K = 8. If f(x} is sampled 

at a sufficient number of points, then the discrete Fourier coefficients 

i\ computed by fast Fourier transform (C.5) agree precisely with the 

exact Fourier coefficients Fk in the interval k = -3,"',0,.' ',3 (Fig. 

35b). On the other hand, if the number of sample points N is 

insufficient, say 4, then the higher modes are ill-resolved and "alias" 

onto lower modes (Fig. 35c). In general, the relationship between the 

exact and discrete spectra is expressed by (Stremler, 1977, p. 53) 

+00 
J\ = Fk + L Fk+mN (k = O,l, ••• ,N-l) (D.l) 

m=-co 

Equation (D.l) follows immediately from the periodicities of the fk and 

the complex exponentials (C.5). To guarantee that the double infinite 

sum in (D.l) is negl igibl e 

I} the exact spectra must be band limited; i.e., the Fk must 

vanish for +00 > I k I > kl 

and 2} the sample rate must be adequate to resolve the highest 

order mode; i.e., N > 2kl 

The latter condition is sometimes referred to as the Nyquist criterion. 
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Figure 35. Exact vs. di screte spectra a) exact, b) adequately 
resolved discrete, c) ill-resolved discrete. 

-- ----- - --- ---------------------------------- -----------------



192 

In the pseudospectral evaluation of nonlinear terms (Gottlieb 

and Orszag, 1977) described in Section 5.6, al iasing error is 

probl ematic unl ess special precautions are taken. To ill ustrate, 

consider the model coupled nonlinear system 

aa } at (x,t = 

ab at (x,t) = 

cla(x,t}b(x,t} 
(D.2) 

C2a( x,t }b( x ,t} 

where a and b are real functions of one space coordinate and time and 

Cl and c2 are real constants. A spectral approach, assuming spatial 

periodicity (refer to Section 5.2), yields the following evol ution 

equations for the complex Fourier modes 

~(t) = cl[AB]k(t} 

Bk(t) = ciAB]k(t) 

K k = 0,1,2,··· "'2" (D.3) 

Let the forward Euler method be applied to (D.3) from which results the 

discrete evolution equation 

A~+l = A~ + Cl[ABJ~ 

B~+l = B~ + CiAB J~ R. > ° 

Here R. and 6t are the time level and time increment respectively, 

(D.4) 

C1 = c16t, and C2 = c26t. From (5.6), (D.2), and (D.4) it is apparent 

that if N modes are necessary to resolve the initial data a(x,O), b(x,O) 

then 2N modes are required to resolve their quadratic product [ab](x,O). 

In general, pN modes are required to resol ve a p-order nonl inearity 
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invol ving primary variabl es which exhibit N physical modes. Moreover, 

at each new time 1 evel thereafter modes through order 2R.-IN are 

generated by nonlinear interaction so that the physical spectra are not 

strictly band limited. At each time step then, the nonlinearly 

generated higher order modes, which are ill-resolved, contribute small 

aliasing errors to the lower modes. The accumulation of those errors 

over time can be catastrophic. 

To prevent such numerical instabil ity it is essential to 

"deal ias" at each time step. The deal iasing procedure used in this work 

is ill ustrated in Fig. 36 (Baker, 1986). For the sake of ill ustration 

let K = 4 and consider the advancement of system (D.4) from time level 

R. to R.+1. First, the K-spectra Fourier coefficient (K)~~ and (K)~~ (Step 

1) are extended artificially to corresponding 2K-spectra coefficients 

(2K)~~ and (2K)~~ (Step 2). The extension is accomplished by setting 

all higher modes (Ikl > K/2) to zero. The "sawtooth" K/2 coefficient, 

whi ch contains the al iased sum of the K/2 and -K/2 modes, requi res 

special treatment and is distributed evenly between the K/2 and -K/2 

modes of the extended spectra. The extended spectra (2K)~~ and (2K)B~ 

are reverse transformed whereby the physical space values (2K)a~ and 

(2K)b~ are obtained (Step 3). The nonlinear product 2K[ab]~ is computed 

at the 2K collocation points in physical space (Step 4). The nonlinear 

product is returned to Fourier space by forward transform (Step 5) from 

which result the Fourier coefficients· 2KEAB]~. The extended 2K-spectra 

are truncated to the corresponding K-spectra (Step 6). Again the K/2 

coefficient requires special treatment. Because there is no conjugate 

------------ --_ .. - -- - ---
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Figure 36. Dealias;ng procedure. 
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in the K-spectra for the K/2 mode, (K)[AB] ~/2 contains the aliased sum 

of (2K)[AB] ~K/2 and (2K)[AB] ~K/2. The Fourier modes A~+l and B~+l are 

then computed by (0.4) for k = O,1,···,K/2. Due to the conjugate 

symmetry of the Ak and Bk, it is unnecessary to compute modes 

k = -K/2+1,···, -1. 

The interested reader is invited to compare (0.4) with and 

without dealiasing for several time steps. The above procedure, though 

effective at preventing aliasing error, is conservative. It can be 

shown that the nonlinear instability due to aliasing can be prevented 

provided the following relation is observed (Meiron, 1984): 

(0.5) 

where q is the integer number of physical modes, p is the order of the 

nonlinearity, and N is the number of collocation points. For a 

quadratic nonlinearity, the "2/3's-rule" requires that no more than 

2/3 N physical modes be retained at each time step and that zero's 

occupy the remaining 1/3 N coefficients. 



APPENDIX E 

NONUNIQUENESS OF THE TRANSVERSE VELOCITY EQUATION 
FOR THE UNDISTURBED FLOW 

Let A be a linear operator on a Hilbert space H. In general, 

the Fredholm alternative (Stakgo1d, 1979, p. 321) states that Au = f 

has a unique sol ution u E H for every f € H if and only if the 

homogeneous equation Au = 0 has only the trivial solution u = O. If Au 

= 0 has nontrivial solutions, then Au = f has solutions only for right 

hand sides f which satisfy a certain compatibility condition, namely 

that they are orthogonal to the null space of the adjoint of A. 

Let this principle be applied to the Poisson equation for the 

u2""ve10city of the undisturbed flow; i.e., (3.17d) with boundary 

conditions (4.5b), (4.6), (4.7b), and (4.8b). For clarity, these 

expressions are repeated below as equation (E.1). 

a~2 1 a~2 r3 aW3 
~ + r l a.?' = - r 22 ax 

au2 au2 ay (x ,.y 0) = ay (x 'YM) = 0 

u 2 (x o,Y) = VBL (x O,y) 

a~2 axz (xN'Y) = 0 

(E.la) 

(E.lb) 

(E.1c) 

(E.ld) 

(E.1 ) 

By inspection, it is clear that the homogeneous equivalent of 

(E.l) with homogeneous boundary conditions has the nontrivial solution 
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(E.2) 

where cl is an arbitrary constant. Thus, (E.l) has either no solutions 

or many solutions. 

The compatibility condition for which sol utions exist is 

obtained as follows. At outflow, by virtue of (E.ld), (E.la) 

degenerates to 

Integration with respect to y yields 

/

y 
aW3 ax (XN'~) d~ 

Yo 

(E.3) 

(E.4 ) 

where the lower boundary condition (E.lb) has been enforced to resolve 

the constant of integration. But (E.4) must al so satisfy the upper 

boundary which implies the following compatibility condition: 

/ 

YM aW3 

ax (xn,Y) dy 
Yo 

(E.5) 

Condition (E.5) appears to be severely restrictive, and it would 

seem that independent solution of the vorticity transport equation 

might result in an outflow vorticity distribution for which the 

u2-velocity equation had no solutions. That these systems are coupled, 

however, guarantees that (E.5) is met. 
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Further integration of (E.4) ~esults in 

y r 
to Yo 

(E.6) 

It is now clear that boundary conditions (E.1b,c,d) collectively are 

equi~alent to the specification of Dirichlet conditions at outflow, but 

only up to an arbitrary constant. It is not clear, at least to the 

author, on what physical basis to fix C2 in {E.6}. It is convenient, 

however to specify C2 so that 

(E.7) 

in which case (E.1) now has a unique sol ution. 

It should be noted that a simil ar ambiguity arises when the 

Blasius boundary layer equations are applied to free shear flows and 

that the convention is to arbitrarily impose v = a at y = a (Monkewitz 

and Huerre, 1981). 

Let U2* (x,y) denote the solution to (E.1) obtained by choosing 

C2 according to (E.?). From (E.2), it follows that all other solutions 

to (E.1) can be represented by 

U2 (x,y) = u2* (x,y) + C1 (x - xo) (E.R) 

From (E.8), it is clear that the specification of C2 is equivalent to the 

superposition of a transverse velocity which is linearly distributed. 

Though unnecessary, it was convenient for thi s work for 

comparison with the Blasius shear layer to impose a condition similar 

to (E.7) for all x (4.9) rather than only at outflow. Such a condition 

-------------- -- -- - - _._. 



has the effect of fixing the vorticity maximum and the ul-velocity 

inflection point at y = 0 for all streamwise stations. 
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It should be noted that the above issue of nonuniqueness 

applies only to the undisturbed flow computation. For the disturbed 

flow boundary conditions, the solution of the u2-velocity equation is 

uniquely determined. 
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