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ABSTRACT 

The onset conditions and the behavior of the developed 

secondary flow were investigated for double-diffusive convection in a 

horizontal layer of porous medium. The work concentrated on the case 

in which the 1 ayer is heated from below and saturated with a fl uid 

having a stabilizing concentration gradient. Because the component with 

the larger diffusivity (heat) is destabilizing and the component with 

the smaller diffusivity (solute) is stabilizing, the motion at onset is 

predicted to be oscillatory according to linear stability theory. 

Experiments were conducted in a rectangular tank 24 cm long x 

12 cm wide x 4 cm deep filled with glass beads 3 mm in diameter. The 

saturating fl uid was distill ed water and NaCl was the sol ute. The 

basic state salinity profiles were slowly diffusing in time, because the 

salt concentration was not maintained fixed at the solid top and bottom 

boundaries. Sustained oscill ations were not detected at onset in the 

experiments; instead, there was a dramatic increase in the heat flux at 

the critical temperature difference. After more than one thermal 

diffusion time, the heat flux reached a steady value, which increased 

monotonically if the temperature difference was increased further. 

When the temperature difference was reduced, the heat flux exhibited 

hysteresis. Flow visualization indicated that the convection pattern of 

the developed flow was three-dimensional. 
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In order to better model the experiments, 1 inear theory was 

extended to inc1 ude the effects of temperature - dependent thermal 

expansion coefficient and viscosity for water and the actual sol ute 

boundary conditions in the experiment. These extensions of the linear 

theory required numerical sol ution procedures. In addition, non1 inear 

solutions were obtained using finite differences, assuming the problem 

is two-dimensional. In the nonlinear calculations, the oscillatory 

motion predicted by linear theory was found to be unstable at finite 

amplitude. The breakdown of the initial oscillatory motion is followed 

by a large increase in the heat transport, similar to what was observed 

in the experiments. Both steady and oscillatory nonlinear asymptotic 

sol utions were found, depending on the governing parameter val ues. 

Hysteresis in the heat curve was also obtained. 



CHAPTER 1 

INTRODUCTION 

1.1 Double-Diffusive Convection 

The realm of buoyancy driven convection continues to be an area 

of active research in Engineering, Physics, and Mathematics. For one 

reason, the applications in this area are quite far reaching. From the 

point of view of basic research, problems in this area lend themselves 

quite well to both experimental and theoretical study. Quite 

interesting dynamical behavior is found from relatively simple models. 

Doubl e-diffusive convection in either a fl uid or a fl uid saturated 

porous medium falls into this category. 

Doubl e-diffusive convection differs from the more preval ent 

thermal convection in that it requires the presence of two diffusing 

components, both affecting the density of the fluid, rather than simply 

a single component (heat) as in thermal convection. A second essential 

requirement is that the two components have different mol ecul ar 

diffusivities. The presence of gradients of these two diffusing 

components yiel ds more compl icated dynamic behavior than singl e 

component convection for both the onset of convection and beyond. It 

is possibl e to general ize the probl em by considering more than two 

diffusing components (multicomponent convection) and also include force 
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fields other than gravity (Turner, 1985), but the concern here is with 

buoyancy driven double-diffusive convection. 

2 

The largest amount of work in both the viscous fluid and porous 

medium cases has been done for the horizontal layer configuration. 

Heat and sal t (NaCl) are the two diffusing components studied most 

often. Vertical temperature and sal t concentration gradients are 

imposed on the layer. Depending upon how these gradients affect the 

vertical density distribution, the initially motionless fluid can become 

unstable. For a single component fluid, a statically unstable density 

distribution (density increases with vertical distance) leads to steady 

convection, if the driving gradient is large enough to overcome the 

stabilizing effect of viscosity. For the two component case, with the 

components having opposing effects on the density, the situation is 

more complicated. At least for the viscous fluid case, convection can 

occur even when the density is statically stably stratified. The 

instability in this case results from the difference in diffusivities of 

the two components. If a fl uid parcel is displ aced vertically in the 

stratified layer, the faster diffusing component equilibrates first. 

Because the density of the fluid is affected by both components, the 

parcel is not in equil ibrium with the surrounding fl uid. As a resul t, 

the parcel is subjected to a buoyant force which either displaces it 

further in the original direction or back in the opposite direction, 

depending on how each component affects the density. 

For the horizontal layer configuration, two types of double

diffusive convection have been identified (Turner, 1973). The first 



occurs when the component with the small er diffusivity (sal t) is 

destabil izing and the component which diffuses faster (heat) is 

stabilizing. For this case, the motion at onset of convection is 

steady. Long, narrow vertical convection cell s form when the 

instabil ity grows to finite ampl itude. This situation is call ed the 

fingering instabil ity. In the converse case, when temperature is 

destabil izing and the salt concentration is stabil izing (heated and 

salted from below) the motion is predicted to be oscillatory at onset. 

This case is called the diffusive instability. The current research is 

focused on the probl em of the diffusive instabil ity in a 1 ayer of 

porous medium. 

1.2 Viscous Fluid Research 

Doubl e-diffusive convection in a horizontal 1 ayer of viscous 
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fl uid is a probl em of considerabl e interest. It has appl ications in a 

wide range of areas which includes oceanography, chemical engineering, 

mechanical engineering, and astrophysics. An extensive amount of work 

has been done on the problem. Several review articles (Turner, 1985; 

Chen and Johnson, 1984; Huppert and Turner, 1981) discuss the variety of 

discipl ines where there are appl ications and the various approaches 

used to study the probl em. The situation for the probl em in a 

horizontal 1 ayer of fl uid saturated porous medium is somewhat 

different. In spite of the fact that there are interesting applications 

in porous media, the amount of work done so far is relatively small. 

From what has been done, it appears that the behavior in porous media 

parallels the viscous fluid case to some extent, so it is helpful to 

review the work done for the fluid case. 
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Much effort has been focused on util izing 1 inear stabil ity 

theory to determine the criteria for the onset of the instability in a 

horizontal layer of viscous fluid. Baines and Gill (1969) performed an 

extensive study for the case where the boundaries are dynamically free 

and conducting to heat and solute. Nield (1967) considered the effect 

of a variety of boundary conditions. In both these cases the initial 

gradients were constant in the vertical direction. The effect of 

nonconstant gradients was addressed by Zangrando and Bertram (1985) and 

Walton (1982). The important resul ts from 1 inear theory for the 

diffusive instability are that the motion at the onset of instability is 

oscillatory and, for large enough solute gradients, onset occurs even 

though the overall density is stably stratified. 

The onset probl em for the diffusive instabil ity has been 

studied experimentally using heat and salt as the two components. The 

experiments fall into two categories depending on the approach used to 

establish the stabilizing salt concentration gradient. Wright and 

Loehrke (1976) and Krishnamurti and Howard (1984) provided the sal t 

gradient by maintaining the boundaries, which are porous wall s, at 

different fixed salinities. In the experiments of Wright and Loehrke, 

the onset temperature difference obtained for several stabil izing 

sal inity gradients agreed very well with the predictions from 1 inear 

theory assuming dynamically free boundary conditions. Evidently, the 

porous walls used to allow for salt diffusion do not enforce the no 

sl ip condition adequately. Wright and Loehrke al so detected 

oscillations close to onset. In some cases, the measured oscillation 
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period agreed quite well with the theoretical values. Krishnamurti and 

Howard concentrated more on the nonlinear aspects in their experiments. 

They measured both the heat and salt transfer across the layer. They 

found that at onset the heat and salt transfer increased to several 

times the conduction and diffusion values. When the power providing 

the temperature difference across the layer was reduced. the heat and 

solute transfer exhibited a marked hysteresis, with the increased 

transport being maintained at temperature differences lower than the 

onset val ues. Krishnamurti and Howard al so observed oscill ations in 

the temperature after onset but noted that the oscillations disappeared 

as the power level (temperature difference) was decreased. leaving a 

steady convective flow. 

The Soret effect (mass diffusion resul ting from thermal 

gradients) was the second approach used experimentally to set-up the 

salinity gradient. This was the approach used by Caldwell (1974). In 

his experiments. the Soret effect was only important in setting-up the 

initial salinity gradient. Soret transport did not affect the dynamics 

at onset. He detected oscillations initially, but found steady motion 

away from onset, which he attributed to the destruction of the salinity 

gradient by convective mixing. He also observed hysteresis, with steady 

convection being maintained below the onset temperature difference as 

the destabilizing influence of the heat input is reduced. 

Finite ampl itude behavior has been studied by analytical and 

numerical solutions of the nonlinear governing equations. Difficulties 

with the numerical solution procedures permit solutions only for 
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diffusivity ratios (defined as the ratio of the diffusivity of sal t to 

heat) much larger than the actual value for the heat-salt system 

(10-2). Typically, diffusivity ratios of 10-1/2 and 10-1 are considered. 

Using a truncated eigenfunction expansion, Veronis (1965,1968) found 

that finite ampl itude subcritical steady convection occurs, whil e 

oscill atory onset is predicted by 1 inear theory. Huppert and Moore 

(1976) extended the range of parameters studied by Veronis. Using a 

finite difference sol ution, they found that finite ampl itude steady 

convection can occur below the linear critical conditions for 

oscillatory onset. They also calculated finite amplitude oscillatory 

solutions and found that, as the temperature gradient is increased, the 

oscillations are characterized by additional frequencies and eventually 

can become aperiodic. For the cases considered, the finite amplitude 

oscill atory sol utions eventually broke down and steady convection 

resulted. Also, the solutions exhibited hysteresis similar to that seen 

in the experiments. 

1.3 Porous Medium Research 

Most of the work done on doubl e-diffusive convection in a 

horizonta 1 1 ayer of porous medium concerns 1 inear stabil ity theory. 

Nield (1968) determined the critical conditions for onset, in terms of 

thermal and solute Rayleigh numbers, assuming constant temperature and 

salinity values specified on the boundaries. Darcy's law was used to 

represent viscous effects in the momentum equation for flow in 

saturated porous media. Just as in the viscous fluid case, there are 

onset values for both oscillatory and steady motions, with oscillatory 
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onset predicted first for the diffusive regime. Nield also determined 

the frequency of the oscillations. It should be noted that the energy 

and solute concentration conservation equations used by Nield were each 

missing one parameter, related to the nature of the saturated porous 

medium. However, his results for the diffusive case are still valid if 

an effective diffusivity ratio for the fluid saturated porous medium is 

defined. But expl icit consideration of these two parameters is 

necessary when comparing with experiment. 

Taunton, Lightfoot, and Green (1972) extended Nield's analysis. 

For the diffusive probl em, they pOinted out that the oscill ation 

frequency for the overstable mode goes to zero at a thermal Rayleigh 

number less than the steady onset value. This result was also shown 

in the fluid case by Baines and Gill, who suggested that oscillatory 

motion at zero frequency be interpreted as steady convection. Also in 

the realm of linear theory, Rubin (1973) considered a nonuniform 

stabil izing sal inity gradient and found it to be destabil izing for the 

oscillatory onset mode. 

A nonlinear solution using a minimal Fourier expansion was 

obtained by Rudraiah, Srimani, and Friedrich (1982). They employed a 

two term expansion identical to that used by Veronis (1965) for the 

fluid case, and found subcritical steady convection, just as in the 

fluid case. However, in later work, Veronis (1968) showed that the two 

term expansion substantially underestimated the subcritical thermal 

Rayleigh number. It is expected that the results found using the two 

term representation are not correct in the porous medium case as well. 
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Brand and Steinberg (1983) considered the rel ated probl em of 

the instability of a binary mixture in a porous layer, where the 

concentration gradient resul ts from thermodiffusion (Soret effect). 

They used a weakly nonlinear analysis to study the problem close to 

onset, and obtained an estimate for the Nusselt number for finite 

ampl itude oscill ations. Rehberg and Ahl ers (1985) measured the heat 

transport for a binary mixture of normal fluid 3He - "He in a porous 

medium heated from below. They observed finite amplitude oscill atory 

motion beyond onset, for the case when thermodiffusion yiel ds a 

stabilizing concentration gradient. Also, they found that the heat flux 

exhibits hysteresis. At some point, as the temperature difference is 

increased, the heat flux jumps off the conduction curve to a higher 

value. A further increase in the temperature difference again yields a 

monotonic increase in the heat fl ux. However, when the temperature 

difference is reduced the heat flux gradually decreases all the way 

back to the pure conduction line. 

1.4 Appl ications in Porous Medium 

Two areas where appl ications of convection in porous medium, 

including double-diffusive convection, are relevant are geophysics and 

materials processing. Cheng (1978) gave an overview of the interest in 

transport processes occurring in geothermal reservoirs. Often these 

reservoirs, which can be idealized as a saturated porous medium, 

contain very high salt concentrations. For example, geothermal fields 

of this sort exist in the Imperial Valley, California. It is desirable 

to understand the effects of salt concentration gradients on the energy 
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transport in these reservoirs. Another situation where double-diffusive 

effects in porous media may be important is in the ground region 

beneath a solar pond. If the ground region beneath the pond is porous, 

temperature and salinity gradients may exist. The existence of this 

situation may affect the conditions in the stratified pond. Doubl e

diffusive effects in porous medium are also relevant to the problem of 

pollutant transport in aquifers. 

Another interesting application arises in the area of materials 

processing. It is bel ieved that certain segregation probl ems in the 

sol idification of mul ticomponent castings and ingots may be attributed 

to double-diffusive (or multicomponent) convection effects. The region 

at the interface between the solid and liquid is referred to as the 

mushy zone. Often the fl uid sol idifies in the form of dendritic 

structures in the interface region with fluid occupying the void space 

around these dendritic structures. It is suggested that convection of 

interdendritic fluid, and perhaps multi-component convection, is 

responsible for segregation of some of the constituent materials. This 

type of effect is found in large steel castings and ingots. 

Experiments have shown that segregation effects known as freckles are 

indeed caused by natural convection in the mushy zone (Copley, Giamei, 

Johnson, and Hornbecker, 1970). The problem has been modelled by 

treating the mushy zone as a saturated porous medium and studying the 

stabil ity of the fl uid in this region by consideration of the energy, 

mass, and momentum transport. Early work along these lines did not 

couple the momentum transport with the energy and mass transport. 
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But more recent studies (Fujii, Poirier, and Flemings, 1979) have begun 

to look at the coupling of these effects. The presence of temperature 

and concentration gradients in the porous mushy zone may provide the 

required conditions for the double-diffusive mechanism. 

1.5 Objectives of the Present Research 

The initial objective of the research was to experimentally 

study the onset of the diffusive instability in a horizontal layer of 

porous medium. The intention was to see if the 1 inear theory 

predictions for onset could be verified by a straightforward 

experimental model, using heat and salt as the two diffusing components 

and water as the saturating fl uid. This incl uded verifying the 

predictions for the critical temperature difference as well as trying 

to determine whether the flow at onset does indeed exhibit 

oscill ations. Al so, experiments woul d provide an indication of the 

structure of the developed secondary flow. In the process of comparing 

the experimental results with 1 inear theory predictions, some new 

information was brought to light concerning the mathematical modelling 

of the problem. The validity and applicability of the model equations 

used to repre~ent momentum, energy, and species conservation in 

saturated porous media are not as soundly based and well established 

as they are for a viscous fluid. It was found that the equations used 

in early theoretical studies did not properly account for the effects 

of the saturated porous media compl etely, and therefore a 1 arge 

discrepancy between theoretical and experimental values was obtained. 

This led to a closer evaluation of what the model equations should be, 

--------------_ .•. _--------
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and to a reworking of the stability analysis with equations that more 

accurately model the problem. 

The experiments involved significant temperature differences, 

and hence, in order to permit accurate comparisons, the linear stability 

theory was extended to account for the effect of temperature dependent 

thermal expansion coefficient and viscosity. The effect of variab1 e 

viscosity for 1 inear stabil ity theory has been studied previously, 

assuming a general viscosity dependence on temperature (Patil and 

Vaidyanathan, 1982). In the present case, the concern was with the 

effect for water, specifically. Another effect considered was that of 

the nonconstant sol ute gradient, which results from specifying zero 

f1 ux of sol ute boundary conditions. In this case, the sol ute basic 

state varies with time as well as with the vertical coordinate. 

The final aspect of this research was a theoretical study of 

the non1 inear behavior. Numerical sol utions of the full non1 inear 

governing equations were used to model the behavior of the experiments 

away from onset. A numerical simulation was favored over weakly 

nonlinear analysis, because of the type of behavior evidenced in the 

experiments. A large increase in the heat transport at onset and 

substantial hysteresis were observed. The objective was to model and 

hopefully explain this behavior with the help of the theoretical work. 



CHAPTER 2 

EXPERIMENTAL INVESTIGATION 

2.1 Introduction 

The primary objective of the experiments was to determine the 

critical temperature difference required for onset of the instability, 

and to compare the experimental val ue with the existing theoretical 

results from linear stability theory. The theoretical model assumes 

the layer is of infinite extent in the horizontal plane, and that the 

salinity values are held constant at the top and bottom solid 

boundaries. Rather than attempting to approximate an infinite layer, 

the present experiments were carried out in a rectangular tank of fixed 

finite aspect ratio. An investigation of the effect of finite aspect 

ratio on the linear theory results will be presented in Chapter 3. In 

the experiments, the solid top and bottom boundaries provided a zero 

fl ux boundary condition for the sol ute concentration, rather than 

maintaining it at fixed values as specified in the existing theory. The 

zero fl ux boundary conditions yiel ded a nonconstant sol ute gradient 

which varied in time due to diffusion, even in the absence of 

convection. However, because the solute diffuses at a much slower rate 

than heat, it is still possibl e to approximate a constant gradient in 

the experiments. In any case, the differences in the conditions between 

the experiment and theory will be addressed later. 

12 
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The porous medium used in the experiments was made up of a 

randomly packed array of approximately spherical glass beads. Beads 

with diameters of 1, 3, and 6 mm were readily available commercially. 

It was desired to have a good approximation of a uniform porous medium. 

This required that the layer height be more than several bead diameters 

in order to minimize the effect of the solid boundaries. Glass was 

chosen as the sol id material because its thermal properties are not 

substantially different from the saturating fl uid which was distill ed 

water. This is a requirement of the theoretical model. Also, if some 

type of visualization technique could be developed, it most likely 

would require glass for the solid. Heat and salt (NaCl) were chosen 

for the diffusing components for two primary reasons. First, heat 

provided the easiest means of obtaining a destabilizing effect on the 

fluid density, and secondly, the properties of sodium chloride solutions 

are well established (Ruddick and Shirtcliffe, 1979). Setting opposing 

initial gradients using two solutes would be difficult, and again there 

would be the problem of maintaining constant solute values at solid 

boundaries. 

A considerabl e amount of previous experimental work is 

available on thermal convection in a horizontal layer of porous medium. 

Both the onset problem and high Rayleigh number convection have been 

studied extensively. The onset problem serves as a basis of comparison 

for the double-diffusive results, and was considered here initially for 

that reason. Again, the objective was to compare the experimentally 

determined onset conditions wit~ the predictions of stabil ity theory. 



Both the experimental and theoretical work done on this problem have 

been reviewed thoroughly by Cheng (1978). 
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A difficulty encountered in studying the transport of momentum, 

heat, and mass in porous media was obtaining the values of parameters 

appearing in the formulation of the problem. Some properties depend on 

the medium alone, such as the porosity and the permeability (K), while 

others (e.g., thermal properties) depend on the saturating fluid as well 

as the solid medium. It was desired to obtain the property values as 

accurately as possibl e for the conditions of the experiment. An 

attempt was made to measure the permeabil ity val ue for a randomly 

packed array of spherical beads. A measurement of the thermal 

conductivity (km) of the water saturated medium in the experimental 

1 ayer was al so obtained. The measured val ues were compared to the 

values available in the literature from previous studies. 

2.2 Apparatus 

2.2.1 Experimental Tank 

The tank used had a 1.3 cm thick sol id brass bottom pl ate 

(Figure 2.1). The side walls were made from 0.64 cm glass plates that 

were cemented to the brass plate. The corners were reinforced with 

brass angl e brackets which were fastened to the bottom pl ate with 

screws. The inside dimensions of the tank were 24 cm in the 

longitudinal direction and 2 cm in the lateral direction. The glass 

side walls were 5 cm high. The top wall was a 0.95 cm brass plate 

which rested on 0.64 cm thick plexiglas supports located at each end of 

,-----------------'------' 
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Figure 2.1 Diagram of experimental apparatus 
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the tank. The height of the supports varied from 1 to 4 cm in 1 cm 

increments. 
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The tank rested on an al uminum heat exchanger. The bottom 

wall of the tank was maintained at constant temperature by circulating 

water in the heat exchanger. The brass top wall was itself a jacket 

through which water circulated. Both the heat exchanger and the top 

wall used the same water jacket design. Each had a meandering channel 

pattern mill ed into one side. The al uminum heat exchanger, which is 

1.6 cm thick, has 1.1 cm wide and 0.95 cm deep channels. The brass top 

wall channels were 0.95 cm wide and 0.79 cm deep. In both cases, the 

channels are covered by a 0.64 cm thick plexiglass plate, which was 

fastened to the metal pl ate with a water·-tight seal. Each water 

jacket had an inlet and outlet fitting for connection to the circulating 

water from a constant temperature bath. To insure good conductive 

heat transfer between the aluminum heat exchanger and the bottom brass 

wall of the tank, each of the contact surfaces was coated with high 

thermal conductivity heatsink compounds (Dow Corning 1M 340). The 

constant temperature baths used included a Brinkman Instrument Lauda 

K-2/R, and either a Haake model FE circul ator (with external cool ing 

unit) or a Haake A80 complete constant temperature bath/circulator. 

All the units were rated for "'0.02°C temperature control. The 

circulating water flowed from the bath reservoirs to the wall plates 

via insulated Tygon tubing. 

Sandwiched between the bottom of the tank and the heat 

exchanger was a RdF Model 27025 Micro-Foil'" heat flux sensor. It was 

------------------ ---------- --------- ------ --- --
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located in the center of the tank and covered an area of about 4 cm x 

1.5 cm. A slot equal to the thickness of the sensor (0.15 cm) was 

milled out of the aluminum heat exchanger in order to allow the bottom 

of the tank to rest on the heat exchanger evenly. Again, conductive 

grease was used to insure good thermal contact between all surfaces. 

The heat flux sensor was calibrated and used to monitor the heat flow 

into the bottom of the tank. 

The wall temperatures were monitored by thermocoupl es which 

were imbedded approximately 2 mm from the inner surface in both the 

top and bottom plates. The thermocouples were located in the center 

and around the perimeter of both of the pl ates. The thermocoupl es 

were cemented into the plates using Devcon~ high thermal conductivity 

epoxy. All thermocoupl es used in the experiment were Omega type T 

(copper/constantan). 

In addition to measuring the wall temperatures, temperatures at 

the mid-height of the 1 ayer in the saturated porous medium were 

monitored with an array of fine (36) gauge thermocouples. A rack was 

used to fix the locations of the thermocouples in the longitudinal (x) 

and 1 ateral (y) directions. The rack was made up of a pl exigl ass 

frame, which fits the inside perimeter of the tank. The thermocouples 

were attached to nylon wires which were strung between the midpoints 

of the frame in the two horizontal directions. The origin of the 

coordinate axes (x = 0, y = 0) was at the center of the tank where the 

two wires cross. Fourteen thermocouples were located along the x axis 

at 1 cm intervals: six to the left of the origin, one at the origin, and 
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seven to the right of the origin. In the y direction, there were six 

thermocouples located symmetrically from the origin at 1.5 cm 

intervals. The thermocouple wires were routed horizontally to the edge 

of the tank and then upwards along the side walls. The thermocouple 

rack could only be used for a four centimeter layer height, for which 

the thermocoupl e junctions were located at the midheight in the 

vertical direction (2 cm). Figure 2.2 is a photograph of the 

thermocoupl e rack with the thermocoupl es attached. The compl ete 

experimental set-up is shown in Figure 2.3. The tank was filled to a 4 

cm layer height with 3 mm beads, and the thermocouple rack was in 

place at the midheight of the layer. 

2.2.2 Data Acquisition System 

The thermocouples used to measure the fluid temperature at the 

midheight of the layer were calibrated against a platinum resistance 

thermometer for the range of temperatures 10-50°C in a constant 

temperature bath stabl e to O.05°C. A Fl uke model Y2037 pl atinum 

resistance probe, accurate to O.OloC, was used as the reference in the 

cal ibration. The difference between the individual thermocoupl e 

readings and the reference temperature varied approximately linearly 

with the temperature 1 evel of the measurement. The cal ibration 

relationship allows for thermocouple accuracy to approximately O.l°C. 

Two different systems were used to measure and record the 

output of the thermocoupl es. In early experiments, Omega OM-lOl 

modular reference junction units provided the cold junction 

compensation. The DC output from the reference junction units was 



Figure 2.2 Experimental tank packed to 4 cm layer height with 3 mm 
glass beads. 

Figure 2.3 Thermocouple array used to measure midheight layer 
temperature. 
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measured using a Fluke 8520A digital multimeter. The meter output was 

directed to an Apple II personal computer via an IEEE 488 interface. 

From the computer, the data could be printed or stored on floppy disk. 

The output from the thin foil heat flux sensor was also measured using 

the Fluke multimeter. The heat flux sensor and thermocouple outputs 

were mul tipl exed into the meter. In the system used for 1 ater 

experiments, all data were measured and recorded using a Fluke 2280A 

data logger, which has sixty available channels for either thermocouple 

compensation or for the direct DC voltage measurement required by the 

heat flux sensor. 

The standard calibration provided by the manufacturer of the 

heat flux sensor was not accurate for the present installation. 

Because the sensor itself provided higher resistance to heat flow than 

the surrounding area, the measured heat flux values were found to be 

quite low, if the standard calibration was used. Therefore, it was 

necessary to calibrate the sensor for the experimental set-up in order 

to properly relate the output from the sensor to the average uniform 

heat flux into the layer. The calibration was performed using a 1 cm 

high layer of glycerine in the experimental tank. The output from the 

sensor was calibrated against the heat flux due to conduction across 

the glycerine 1 ayer. Shadowgraph visual ization was used to confirm 

that no convection occurred in the layer. In order to calibrate the 

system for larger values of heat flux, it was necessary to heat the 

layer from above to avoid convection. In performing the calibration, 

about a 50°C maximum temperature difference was appl ied across the 



glycerine layer. The available data for glycerine (Newman, 1968) 

showed that its thermal conductivity was fairly constant over this 

temperature range. 

2.3 Procedure 

2.3.1 Uniform F1 uid Case 
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Experiments were run to study the onset of thermal convection 

in the tank for the porous medium consisting of 3 mm gl ass beads 

saturated with either pure distilled water or water with a uniform salt 

concentration. All the experiments were conducted for a layer height 

of 4 cm, so that the thermocouple array could be used to determine 

temperatures internally in the layer. Measured quantities of glass (by 

weight) beads and saturating fluid (by volume) were used to maintain 

consistency for different experiments. For these experiments, the tank 

was filled in two stages. First, the tank was filled to the 2 cm 

height in a manner which minimized the amount of air trapped in the 

pore space. Next, the thermocouple rack was positioned, and the tank 

was then fill ed to the 4 cm 1 eve1 with beads and water. The bead 

level at the top of the layer was made approximately level to assure 

good contact with the top wall. Also, the water level was checked to 

avoid air gaps between the top of the beads and the wall. Once the top 

wall was in place, the tank was insulated using one or two layers of 2 

inch thick styrofoam. The tank was insulated in this manner on all 

sides and on the bottom. The top wall was insu1 ated to a 1 esser 

degree. 
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The experiments were initiated by bringing the wall s and the 

layer to the same uniform temperature. This initial temperature was 

the reference value at which the f1 uid and medium properties were 

evaluated, and it was the mean temperature of the layer throughout the 

experiment. Starting from the uniform initial temperature, the initial 

temperature difference was imposed by increasing· the bottom wall 

temperature and decreasing the top wall temperatures by the same 

amount. Approximately 2-10 minutes were required for the wall 

temperatures to stabilize depending on how large a change was made. 

The temperature and heat f1 ux data were monitored for a period of 

between 1 to 1-1/2 hours after the wall temperatures had stabilized. 

Once steady readings had been obtained for about 1 hour, which was 

about two therrna 1 diffusion times, the temperature difference was 

increased in 1-4°C increments and the monitoring procedure repeated. 

For the thermal convection case, onset was marked by a subtle increase 

in the heat f1 ux over the conduction val ues. Generally, the onset 

point was found from the data taken for several temperature 

differences starting from the conduction regime and extending beyond 

the critical value. Utilizing a plot of the heat flux versus the 

temperature difference, the onset point was defined by the temperature 

difference where there was a marked change in the slope of the curve. 

2.3.2 Experiments with Salt Gradients 

For experiments with the stabilizing salinity gradient, the tank 

was fill ed in four 1 cm 1 ayers. The three lower 1 ayers were of 

different uniform salt concentration. The bottom 1 ayer had the 
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maximum desired salt concentration, the next layer two-thirds of the 

maximum val ue, and the next 1 ayer one-third. The top 1 cm 1 ayer 

contained pure distill ed water. In adding each 1 ayer, the quantity of 

glass beads was measured by weight and the amount of fluid by volume 

to yield consistent fillings. Also, the required amount of fluid was 

mixed thoroughly with the beads for each 1 cm layer in a separate 

container in ordel" to prevent air bubbl es from being trapped in the 

pores. The saturated fluid-bead mixture was then ladled into the tank. 

Care was taken to minimize the amount of mixing at the interface 

between two layers. Once the bottom two layers had been added, the 

thermocouple rack was placed into the tank so that the thermocouples 

were at the 2 cm midheight of the layer. The remaining two layers 

were added and the top wall, which rests on end supports exactly 4 cm 

high, was placed over the saturated porous layer. 

The time allowed for the salt in the four layers of uniform 

concentration to diffuse was counted from the moment the tank was 

completely filled. The salt in the discrete layers diffused slowly at 

a uniform temperature until an essentially linear stabilizing gradient 

was obtained at least over the center portion of the layer. Because 

there was no diffusion of salt through the sol id wall s (zero fl ux 

boundary conditions), there was a uniform region of low salt 

concentration fluid at the top wall and a uniform region of close to 

the maximum salt concentration at the bottom. An indication of the 

existing salinity gradient at the start of each experiment was obtained 

by removing small amounts of fluid from specific heights in the layer, 
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using a syringe and hypodermic needl e. The sal inity of the fl uid was 

determined by measuring its refractive index using an American Optical 

refractometer (Model 10402). 

Once the salinity gradient was established, the experiment was 

started in the same manner as the uniform concentration case. The tank 

wa 11 s and the porous 1 ayer were all brought to the same uniform 

temperature, which was usually the room ambient. The tank was 

insulated on all surfaces to minimize heat loss, primarily from the 

side wall s. Again, the temperature difference across the layer was 

imposed by raising the bath temperature for the bottom wall and 

lowering the temperature of the top wall by approximately the same 

amount. Generally, depending on the amount of the change, 2 to 10 

minutes were required for the wall temperatures to stabil ize. 

Temperature changes as large as 10°C were used in some instances to 

bring the temperature difference to near the critical value in three to 

four temperature changes. 

Because of the zero flux boundary conditions on the salinity, 

the gradient varied continuously in time. Eventually, the salinity 

would become uniform due to diffusion alone. However, because salt 

diffuses much slower than heat, it was possible to make several 

temperature changes before an appreciabl e change in the sal inity 

gradient occurred. In spite of this fact, an effort was made to match 

the time elapsed before reaching the onset conditions in different 

ex peri ments. 
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Several prel iminary tests were requi red for each imposed 

salinity gradient in order to establish the approximate values of the 

critical temperature difference. When the actual experiments were run, 

the temperature difference was brought to within the vicinity of the 

critical val ue in three to four 1 arge changes, then the temperature 

difference was increased in small increments (usually 1°C) to determine 

the critical val ue precisely. As in the uniform fl uid experiments, 

about 1-1/2 or 2 hours were allowed between temperature changes. The 

wa 11 temperatures, midhei ght temperatures, and heat fl ux were a 11 

recorded at 15 minute intervals. Because oscillations at onset were 

expected for the double-diffusive case, the temperature and heat flux 

measurements were monitored carefully to observe any time-dependent 

behavior as the onset temperature difference was approached. Also, for 

this case, there are dramatic changes in the heat flux and temperature 

distribution after onset, so the data were recorded more frequently 

until steady behavior was exhibited. 

Once onset had occurred and convection had been established, 

data were obtained for several temperature differences above critical. 

For 1 ater experiments, data were obtained whil e decreasi ng the 

temperature difference to see if hysteresis occurred. 

2.3.3 Flow Visualization 

An attempt was made to identify the convection patterns once 

the motion was established. The approach used consisted of removing 

the top wall of the tank and adding a thin layer of Kalliroscope AQI000 

rheoscopic fluid on the top surface of the beads. In some cases, it 
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was necessary to remove a small amount of fluid from the top of the 

tank, so that when the visualization fluid was added, there was not a 

deep layer of fluid on top of the beads. The entire top surface of the 

beads was ill uminated with alight source. A camera was mounted 

directly over the tank and focused on the top surface of the beads. 

The rheoscopic fl uid was carried by the convective motions, and after 

about one minute a pattern of dark and highly reflecting areas became 

apparent. The dark regions occurred where fl uid was being drawn 

downward by the convection. Highly reflecting regions occurred where 

fl uid was moving upwards and there was a 1 arge accumul ation of the 

rheoscopic fluid. 

The above visualization technique was applied for only a small 

number of tests, but was performed for enough cases to verify that the 

results were reproduci bl e. In order to verify that the pattern 

observed was representative of the actual convection in the layer and 

not simply a manifestation of some type of surface convection, a second 

visual ization technique was appl ied. In this technique, a red dye was 

used to follow the motion of the fluid in the porous layer. A line of 

dye placed in the dark region on the top surface of the beads did 

indeed travel downward in the layer and eventually returned through 

the highly reflecting regions. The path taken by the dye was seen 

through the gl ass side wall s of the tank as well. For the uniform 

fluid case, the visualization photographs were taken at a temperature 

difference 1.2 times the critical value, when the convection was of an 

appreciable magnitude. In the experiments with the salt gradient, the 
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visualization was done at the onset temperature difference, but at a 

time of about 3 hours after onset, when the behavior of the convection 

had stabil ized somewhat. 

2.4 Fl uid and Porous Medium Properties 

Severa 1 parameters which depend on the porous medium, the 

fluid, or on the two combined had to be specified in order to compare 

the experimental resul ts with the theoretical predictions. Primarily, 

these parameters appear in the definition of the thermal and solutal 

Rayleigh numbers, RT and RS, respectively, 

g 

~T, ~s 

a 

a 
K 

d 

v 

K* 

I 
KS 

RT = ga~TKd 
v K* 

RS = gB~Sfd 
v KS 

- gravitational acceleration (981 cm/sec 2), 

- imposed temperature and salinity differences, 

- thermal expansion coefficient, 

- sol ute expansion coefficient, 

- permeabil ity of the porous medium, 

- height of the 1 ayer, 

- kinematic viscosity, 

- effective thermal diffusivity, 

- effective sol ute diffusivity. 

There was some difficulty in obtaining reliable values for the 

(2.1) 

(2.2) 

effective porous medium properties. In some cases, an attempt was 
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made to measure particular parameter values; however, values for most 

of the parameters were avail abl e from other previous experimental 

investigations or from approximate theoretical model s. This section 

summarizes how the parameter values used in the experimental Rayleigh 

numbers were obtained. 

The porosity (e:) of t~e porous medium doesn't appear explicitly 

in the Rayleigh numbers, but it was required in order to determine some 

of the other parameters. It can be used to determine the permeability 

(K), the thermal conductivity of the medium (km), and the effective 

sol ute diffusivity (KI s). For regul ar arrays of packed spheres, 

theoretically, the porosity varies upwards from 0.26 (Scheidegger, 

1974). However, random packings exhibited a much smaller range of 

val ues. Publ ished val ues for the porosity of randomly packed 3 mm 

glass beads fall largely in the range 0.36-0.40. Ideally, the porosity 

should be measured for each particular packing of the beads in the 

experimental set-up. However, this was not a practical possibil ity 

here. The porosity for a randomly packed layer of the 3 mm beads used 

here was determined by measuring the volume of the porous medium and 

the saturating fluid as accurately as possible in a separate 

experiment. The range of porosity values measured was 0.38-0.40. The 

value of the porosity used here was e: = 0.385. 

The permeability for a packed array of spheres with diameter D 

and porosity e: can be obtained from the well-known Kozeny-Carman 

equation (Combarnous and Bories, 1975), 
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(2.3) 

This equation is a theoretical resul t that required an empirical 

determination for the constant val ue appearing in the denominator. 

Some variation in the value of this constant exists. However, the . 
resul t for the permeabil ity is most sensitive to the porosity used. 

The value 172.8 in (2.3) came from the \'1ork of Wyllie and Gregory 

(1955). For 3 mm diameter spheres, the permeability predicted by (2.3) 

for three porosity values is listed in Table 2.1. 

An attempt was made to measure the permeability directly, 

rather than calculate it from the porosity. The permeability can be 

determined by measuring the flow rate and pressure drop for flow 

through a col umn of the medium. The rel ationship between the 

quantities was obtained by Darcy's law for unidirectional flow 

] = [K/~] AP 
A R. 

(2.4) 

An apparatus was built to determine the permeability in this manner. 

The spherical beads, which make up the porous medium, were contained in 

a circul ar tube of cross-sectional area A. The porous medium was 

confined between two wire mesh screens •. The height of the column is R. 

and ~ is the viscosity of the fluid. The water flow through the medium 

was supplied by a constant head tank, and the flow rate (Q) was 

measured by collecting the discharge for a specified period of time. 

There are pressure taps at each end of the porous medium column. The 

pressure drop across the medium was determined from the difference in 

height of two water columns connected to the pressure taps. 
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Table 2.1 Permeability of Randomly Packed Layers of 3 mm Spheres 

Source Permeabil it,l K [cm 2] 

Eqn. (2.3) 

e: = 0.35 0.33 x 10-4 

e: = 0.385 0.79 x 10-4 

e: = 0.40 0.93 x 10- 4 

Measured 0.85 x 10-4 
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The height of the column (£) was 5.5 cm and the area was 52 

cm 2• Figure 2.4 shows that a straight line was obtained for the flow 

rate as a function of the pressure drop (given in cm of water). The 

slope of this curve yields the permeability and the value obtained from 

these measurements is 0.85 x 10-4 cm~ This measured value is also 

contained in Table 2.1 and can be compared to the Kozeny-Carmen values 

for different values of the porosity. 

In the saturated porous medium, both the solid and the fluid 

conduct heat, so an effective thermal conductivity (km) must be 

specified. The simp1 est theoretical model for determining the 

effective conductivity, in terms of the conductivities of the fluid (kf) 

and solid (ks), assumes that heat is conducted by regions of fluid and 

solid in parallel. Using this model, the effective thermal conductivity 

is given as 

km = (1 - e:) ks + e: kf (2.5) 

This model gives good results as long as the conductivities of the 

solid and fluid are not too different, as is the case here for glass 

and water. This same relationship is used to specify the heat capacity 

of the medium (pC)m. Tabl e 2.2 summarizes the therrnophysical 

properties used for the fl uid, sol id, and porous medium. Because the 

heat flux measurement in the experimental tank had been calibrated, it 

was possibl e to al so measure the effective conductivity of the 

saturated porous medium directly. For pure conduction heat transfer 

across the layer, the thermal conductivity was obtained from Fourier's 

law by measuring the heat flux and temperature difference for a 
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Experimental determination of the permeability for 3 mm 
spherical glass beads. 
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Table 2.2 Property Values at 25°e 

Water Glass Medium 

p [g/cm 3] 0.997 2.5 

c [cal/gOe] 0.998 0.2 

pC [cal/cm 30 e] 0.995 0.50 0.69 

k [W/mOe] 0.61 0.97 0.83 

K* [cm2/sec] 2.0 x 10- 3 

KS [cm2/sec] 1.5 x 10-5 

KS [cm2/sec] 4.0 x 10-6 

~-----------------.---.--
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specific layer height. The effective thermal conductivity of the 

medium determined in this manner (0.83 W/mOC) agrees very well with the 

theoretical value in Table 2.2. 

The effective thermal diffusivity (K*) is defined in terms of 

km as fo.ll ows, 

(2.6) 

The heat capacity of the fluid, rather than that of the porous medium 

appears in the denominator, as first suggested by Katto and Masouka 

(1967). The effective thermal diffusivity is calculated from the data 

listed in Table 2.2 and the value given there as well. 

The diffusion of a solute is also affected by the presence of 

the porous medium. When the sol ute diffuses in a porous medium, it 

travels along a tortuous path depending on the size and shape of the 

voids. Fick's law still represents the diffusion of the solute, but an 

effective diffusivity must be specified. For a porous medium with 

porosity €, the effective solute diffusivity is defined by 

K1S 

€ 
= n KS (2.7) 

where KS is the diffusivity of the solute in the fluid alone, and n is a 

parameter which represents the reduction of the diffusivity due to the 

tortuous path. For the porous medium used here, n must be determined 

experimentally. Wooding (1959) provided a range of values for n 

(0.66-0.8) measured by different techniques for spheres ranging from 
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1-3 mm. The value n = 0.7 was assumed here. The diffusivity of salt 

in water is a weak function of concentration. For the concentration of 

salt used (0-9 g/~), KS was assumed constant with the value given in 

Tabl e 2.2. Appendix A contains a summary of the property data and 

lists the sources where they were obtained. 

2.5 Results and Discussion 

A total of 35 experiments were performed to study onset in 

both the uniform fluid and double-diffusive cases. All the experiments 

reported here were conducted using the 4 cm layer height and 3 mm 

glass beads for the porous medium. Onset of the diffusive instability 

which occurs in the presence of the stabil izing salt gradient was 

studied for two different sal inity gradients in 19 experiments. 

Maximum salt concentrations of 0.6% and 0.9% by weight yielded 

salinity gradients of 0.15%/cm and 0.225%/cm, respectively, across the 

4 em 1 ayer he'ight. It was not practical to study 1 arger stabil izing 

salinity gradients because it would have been difficult to provide the 

large temperature differences required to cause the instability. 

2.5.1 Convection with a Fluid of Uniform Concentration 

As previousl y mentioned, the onset probl em for thermal 

convection in the experimental tank provided both a means to test the 

experimental system and a basis for comparison with the doubl e

diffusive resul ts. For these experiments, both pure distill ed water 

and distilled water with 0.3% uniform salt concentration were used as 

the saturating fluid. The experiments with uniform salt concentration 

provided a simpl e means to assure that the Soret effect was not 
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important for the time scale of the experiments. Hurle and Jakeman 

(1971) make note of the fact that a solute gradient can be established 

by an appl ied temperature gradient even at very small sol ute 

concentrations. However, the time scal e over which a concentration 

gradient develops due to the Soret effect is proportional to ed 2/ K5, 

which for the experiments here is on the order of one week. None of 

the present experiments extended beyond 30 hours, and those for a fluid 

of uniform concentration typically were conducted over a 12-14 hour 

period. 

A plot of the measured heat transfer versus the temperature 

difference across the layer for 8 separate experiments is shown in 

Figure 2.5. The results are from experiments with both pure water and 

water with a 0.3 % sal t concentration. The initial uniform temperature 

of the layer, which was also the mean temperature of the experiment 

used to evaluate the fluid properties, ranged from 21-23°C for these 

experiments. The figure shows that, for low values of the temperature 

difference (~T < 14°C), the data points fallon a straight line passing 

through the origin indicating pure conduction heat transfer across the 

layer. As mentioned in Section 2.4, the thermal conductivity of the 

layer obtained from the slope of this part of the curve agrees very 

well with the theoretical estimate for km• For temperature 

differences above 14°C, the heat flux departs from the conduction line 

indicating the presence of convection. For temperature differences 

only sl ightly above onset, the heat fl ux still varies 1 inearly with 

temperature difference but with a larger slope than the conduction 

line. If a straight line drawn through the initial convection points is 
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extrapolated for smaller tem~erature differences, the onset point is 

defined as the temperature difference where the conduction and 

convection 1 ines intersect. For these data, onset occurs at a 

temperature difference of 13.8°C. For larger values of the temperature 

difference, the measured heat flux is found to increase quadratically 

with the temperature difference. Also, it should be noted that there 

is no difference in the results between the experiments with pure water 

and those with 0.3% uniform salt concentration. As expected, the Sot'et 

effect does not playa role here. 

As seen in Figure 2.5, onset in the uniform fluid case is marked 

by only a slight increase in the slope of the heat transfer curve. At 

onset, the ampl itude of convection is small, and it is difficul t to 

observe changes in the temperature field resulting from the convection. 

The longitudinal temperature distributions at the midheight of the 

layer for three values of ~T around the onset value are shown in Figure 

2.6. Because these data points were obtained from two experiments with 

slightly different mean temperatures, the temperature data are shown 

as the difference from the mean val ue to avoid confusion. For 

temperature differences below 13.8°C, the temperature in the 

longitudinal direction was constant and equal to the mean temperature. 

At ~T = 13.8°C, the data points start to show a slight departure from 

the uniform value, but no definite conclusions can be made. However, 

at ~T = 15°C, a distinct spatial variation in the temperature indicates 

clearly the presence of convection. Judging from the magnitude of the 

temperature variation, ~T = 15°C is already beyond the onset point. 
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Thus, the critical temperature difference is best determined from the 

heat fl ux curve (Figure 2.5). 

The experimental Rayleigh number for l1Tc = 13.8°C was 

calculated to be RT = 55. This was determined using the parameter 

val ues presented in Section 2.4. The measured val ue of the 

permeability was used. The fluid properties were evaluated assuming a 

mean temperature Tm = 22°C (see Appendix A). The data points presented 

in Figure 2.5 are plotted nondimensionally as the Nusselt number versus 

Rayleigh number in Figure 2.7. The Nusselt number was determined by 

dividing the measured heat flux by the conduction value (kml1T/d) for 

each l1T. The figure shows that the critical Rayleigh number for the 

experiments is approximately 55. 

The real utility of the internal temperature measurements at 

the midheight of the layer is that they provide an indication of the 

finite amplitude convection patterns. The temperature distributions in 

the longitudinal and 1 ateral directions at a supercritical Rayl eigh 

number of about 70 are shown in Figure 2.8. The top curve is the 

longitudinal distribution. It indicates that there was a col d 

descending plume in the middle near x = 0, and two hot rising plumes 

each 4 cm from the middle. This type of temperature distribution is 

consistent with a 2-D roll cell pattern, with the axes of the cells 

being parallel to the short side of the tank. The lateral temperature 

distribution, shown in the bottom of the figure, is essentially uniform, 

lending further support to the hypothesis that 2-D rolls are present. 

However, with only the temperature distributions along these two lines, 

-------------------------
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it is not possible to say conclusively what the pattern is throughout 

the tank. A more complete indication of the convection pattern is 

obtained from the flow visual ization. Figure 2.9 is a photograph of the 

convection pattern obtained using the technique described in Section 

2.3.3. The visualizations clearly show that the convection cells are 

2-D rolls. White and dark regions parallel to the short side of the 

tank are observed. Fluid is descending in the three dark regions and 

returning upwards in the center of the two white regions and along the 

side walls. Thus, the visualization technique indicates the presence of 

three pairs of counter-rotating cells. Each roll pair is approximately 

8 cm wide. The spacing and the location of the cells in the photo 

correspond to those of the longitudinal temperature distribution in 

Figure 2.8. 

The critical Rayleigh number from linear theory for an infinite 

horizontal 1 ayer of fl uid saturated porous medium was determined by 

Lapwood (1948). Using Darcy's 1 aw in the momentum equation and 

assuming constant properties, the critical value RT = 4n2 (= 39.5) was 

obtained. The experimental value determined here, 55, is almost 40% 

higher than the theoretical value. The largest amount of uncertainty 

in calculating the experimental Rayleigh number comes from uncertainty 

in the values of AT, K, and K*. There are basically two possible 

sources of error in the value of ~T. First, there is the uncertainty of 

the wall temperature measurement itsel f. The accuracy of the 

thermocouples with calibration is ±O.l°C, which yields a total 

uncertainty of about 2% in the value of AT. Secondly, because the 



44 

Figure 2.9 Convection pattern of the water-saturated porous layer. 
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onset point for singl e component convection is determined from the 

change in the slope of the heat fl ux curve, error in the heat fl ux 

measurement could lead to error in the critical value of ~T. With the 

calibration of the heat flux measurement, its accuracy is estimated to 

be within ±4%. Taking into account both of these souces of error, the 

uncertainty in the value of ~T is estimated to be about 10%. The 

permeability value K has a somewhat larger uncertainty associated with 

it. The uncertainty of the measurement is ±10%, and there is some 

question as to how accurately the value measured in a tall column 

applies to the 4 cm high layer. The value of K* depends primarily on 

the value of km• The experimental value of km is determined from the 

measured heat flux and ~T values, so the uncertainty in its value 

depends upon the uncertainties in the individual measurements. 

However, there is al so the theoretical estimate for km' which, as 

al ready stated in Section 2.4, agrees very well with the measured 

values. The model used to determine km is only an approximation, but 

generally provides an upper bound on the value. The estimate for the 

uncertainty of the measured value is 15%. Based on the good agreement 

between the theoretical and measured values, any larger uncertainty 

seems unwarranted. There is al so a sl ight uncertainty in the fl uid 

property values due to variation in the mean temperature. As a result 

of the combined uncertainties in all the parameters used to determine 

the experimental Rayleigh number, it is possible that it is in error by 

as much as 40%. 
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In previous experimental investigations (Elder, 1967; Katto and 

Masuoka, 1967; Combarnous and LeFur, 1969; Buretta and Berman, 1976), 

40 has been reported most often as the critical Rayleigh number. 

Circul ar geometry tanks were used in three of these investigations. 

Onl y Combarnous and LeFur used a rectangul ar tank, which had the 

dimensions 60 em x 37 cm x 5.35 em high. Beads made from gl ass, 

polypropylene, lead, and quartz, with diameters ranging from 0.09 to 

0.4 cm, were used for the sol id matrix. Oil was used in addition to 

water as the saturating fluid. The stated uncertainty in the critical 

Rayl ei gh number is 10 % for thei r experiments. They used the Kozeny

Carmen relation to determine the permeability and listed the porosity 

values for the different bead-fluid combinations they considered. For 

an experiment with 0.4 em glass beads and water, the critical 

temperature difference and mean temperature were obtained from one of 

their figures. Only the value of the thermal diffusivity was not 

provided. Working backwards using the critical Rayleigh number 40, the 

effective thermal diffusivity was calculated to be 3.1 x 10- 3 cm 2/sec. 

This value is 55% higher than the one used in the present experiments 

for glass beads and water. Furthermore, this value is 15% higher than 

the theoretical value obtained using the largest thermal conductivity 

for glass that could be found. 

Two of the remaining three investigations also used glass beads 

and water. Elder (1967) listed an uncertainty of ±10% on the value of 

40. Buretta and Berman (1976) obtained 38 for the critical Rayl eigh 

number, but failed to specify the accuracy of their measurements. 
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The parameter values used to calculate the Rayleigh numbers in both of 

these investigations were not completely documented, so it is not 

possible to gauge properly how the parameter values used here compare. 

Katto and Masuoka (1967) al so used spherical beads for the porous 

medium in their experiments, but the saturating fluid was nitrogen. As 

a result, no information about the medium thermal properties pertaining 

to the present experiments could be obtained. It should be pointed out 

that, although a critical Rayleigh number value of 4n2 goes through 

most of their data points on a log-log plot, some of their data for 

glass beads falls well below the theoretical value, with differences as 

high as 40 %. After looking at these previous experimental studies, 

there is some question about how well the porous medium parameters 

were determined. This difficulty is compounded by the fact that there 

is still some question concerning the model assumptions used in 

studying thermal convection in saturated porous media. The intention is 

not to justify the val ue of the critical Rayl eigh number determined 

here, but rather to leave the question open as to the source of the 

discrepancy. 

2.5.2 Double-Diffusive Results 

The experiments carried out to study the instabil ity in the 

pres~nce of the stabilizing salinity gradient revealed quite different 

behavior at onset. Figure 2.10 shows the heat fl ux curve for an 

experiment with an initial salinity gradient of 0.15%/cm. As expected, 

because of the stabilizing effect of the salinity gradient, conduction 

across the layer persists for larger values of bT. Again, the solid 
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line passing through the origin is the conduction curve. Even for this 

small salinity gradient, conduction was maintained to a value of 6T 

more than twice the value in the case without the salinity gradient. 

However, in contrast to the uniform concentration case, at onset with 

the salinity gradient, the heat flux increased steadily to several times 

its initial value at fixed 6T. Actually, as the figure shows, the 

temperature difference decreased somewhat due to the larger convective 

heat transport. The temperature of each bath providing the circulating 

water to maintain the wall temperatures remained constant. Therefore, 

the system was limited by the heat transfer between the circulating 

fluid and the brass walls. 

As can be seen in Figure 2.10, onset occurs at 6T = 35°C. This 

value was obtained repeatedly in several experiments for which this 6T 

was reached within 18-20 hours after the initial set-up of the layer. 

Since the salt was slowly diffusing in time, it was necessary to 

produce onset at approximately the same time, so that the same 

gradient existed. The salinity profiles from a one-dimensional unsteady 

diffusion calculation are shown in Figure 2.11 at four time levels. The 

profil es were obtained numerically as described in Chapter 4. The 

initial profile and boundary conditions were those of the experiment. 

The dashed line in the figure represents a linear salinity gradient, and 

the data points are measurements from a typical experiment, 12 hours 

after the initial set-up. 

Once the heat fl ux began to rise, it generally increased 

steadily over a period of 1-1/2 to 3 hours. For the results shown in 
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Figure 2.10, the heat flux increased slowly from 730 W/m2 to a final 

steady value of 1670 W/m2 in approximately 3 hours. At that time, the 

temperature difference had decreased to 32.1°C. This temperature 

difference was maintained for two additional hours. The remainder of 

the sol id 1 ine in the figure was obtained by further increases in ~T. 

In this region, the heat flux curve was nonlinear and had a much larger 

slope than the conduction curve. 

The broken line in the figure shows the results obtained as ~T 

was reduced. The heat fl ux exhibited hysteresis, as it decreased 

monotonically back to the conduction 1 ine. The hysteresis resul ted 

because the stabilizing salinity gradient, which initially delayed the 

onset to a much larger ~T, was gradually destroyed by the convection. 

As ~T was reduced, the heat flux followed a curve much like the one 

for a fluid of uniform concentration. Further support to this 

explanation is provided by the behavior of the temperature distributions 

at the midheight of the layer. Figure 2.12 shows the longitudinal and 

lateral temperature distributions for the same experiment at 3 hours 

after onset. The longitudinal distribution again indicates a cellular 

convection pattern, but what is si gnificant in this case is the 1 arge 

variation of temperature in the lateral direction. This may indicate 

that for some time beyond onset, the presence of the salinity gradient 

leads to a three-dimensional pattern. Figure 2.13 shows the 

temperature distributions at two later times in the experiment. At 5 

hours after onset, the lateral distribution has become much more 

uniform, and at 14 hours, the two distributions look very much like 
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those for the uniform fl uid case shown in Fi gure 2.8. Thus, as the 

sal inity gradient is destroyed, the convection reverts back to a 2-D 

roll cell pattern. 
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The consistency of results between different experiments was 

quite good. There was some variation in the details of the observed 

temperature distributions. The location of the downward and upward 

plumes was not always the same. For the eventual return to 2-D roll 

cells, the location of the upward and downward moving plumes depended 

upon the direction the cell s were rotating. In the longitudinal 

direction, the center point was usually either a temperature minimum or 

maximum. 

In order to obtain more evidence of the observed behavior, a 

set of experiments was conducted for a second slightly larger salinity 

gradient of 0.225 % /cm. The same procedure was foll owed, resulting in 

an onset AT = 41°C, again at approximately 18 hours after the initial 

set-up of the four uniform concentration layers. At onset, the same 

behavior was observed. The heat flux curve for this case is shown in 

Figure 2.14. In the same manner as the 0.15 %/cm gradient case (al so 

shown), the heat flux increased significantly at the onset temperature 

difference from approximately 760 W/m 2 to 2080 W/m2. This is 2.7 times 

the conduction value. For the 0.15%/cm case, the heat flux increased 

to 2.3 times the conduction value. Once again, the temperature 

difference across the 1 ayer decreased somewhat as the convection 

developed. For the 0.225 % /cm gradient case, no experiments were run 

where AT was decreased. However, there should again be hysteresis 



-N 
E 

" 3: -
X 
::J 

LL 

2000 

13 1000 
Q) 

I 

00 

-0- 0.15% cm-I Salinity Gradient /d 
/1 -6.- 0.225% cm- I Salinity Gradient 

/0 \ 
~ 6. 

'a \ 

Uniform Concentrafion 

/" \ 6. 

,," \ 

~o ""," . 0\ 
./' " ~o "",,," _____ ~-----6.-t-~--=-~ 0; I 

o..so . I I 
I I 
I I 
I ·1 
I 1 
: I I 

5 10 15 20 25 30 35 40 
(). T (OC) 

Figure 2.14 Heat flux curves for the different experimental cases. 
<.n 
<.n 



exhibited by the heat fl ux curve, since the sal inity gradient is 

destroyed by the convection in the same manner. 

56 

The temperature measurements in the layer indicate how the 

convection affects the basic state. Figure 2.15 shows the development 

of the temperature distributions at the midheight of the layer for 

three different times after onset was first detected. At 30 minutes 

(circles), both the longitudinal and lateral temperature distributions 

show indications of convection. The longitudinal profile at 45 minutes 

(squares) shows a cell ul ar structure. The distance between two 

neighboring peaks or vall eys is about 4 cm, which is one-hal f the 

wavelength for 2-D rolls. The lateral distribution is at a uniformly 

low temperature at this time. However, for times somewhat greater 

than 45 minutes, both the longitudinal and lateral distributions have 

significant variations in temperature. The curves marked by the 

triangl es are the distributions at 2 hours after onset was first 

detected. The longitudinal distribution has become more regular with 

larger spacing between the maximum and minimum temperatures, while the 

lateral distribution is nonuniform and irregular. It is still not 

possibl e to concl ude much about the overall convection pattern from 

only these two profiles. 

Note that for the experiment shown in Figure 2.15, hot fluid 

was carried up in the center region of the tank. Figure 2.16 shows the 

temperature distributions for another 0.225 %/cm experiment 3 hours 

after onset was first observed. In this experiment, fluid is descending 

in the center region, exactly opposite to the previous case. 
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Although the lateral temperature distribution is approximately uniform 

near the center, the two end points are about goC hotter than the 

center region. Based on only these two profil es, the pattern looks 

fairly two-dimensional. The Kall iroscope visual ization procedure was 

used here to obtain more information. 

Visual ization was attempted for a total of three 0.225 %/cm 

salt gradient experiments. Figure 2.17 is a photograph of the flow 

visualization obtained for the experiment with the temperature 

distributions shown in Figure 2.16. This experiment differs somewhat 

from the others in that the top wall was maintained during the entire 

run at the ambient temperature in order to facil itate the flow 

visualization procedure. Unlike the uniform concentration case, the 

visualization indicates some three-dimensional structure when the salt 

gradient is present~ In this case, the dark regions where fluid was 

descending tended to form closed irregular patterns. Fluid was rising 

in the center white areas of these patterns. The temperature 

distributions shown in Figure 2.16 corroborate the description for the 

motion of the cells. The peak at -4 cm in the longitudinal temperature 

profil e is located in the middl e of the white region of the closed 

pattern to the left of the center in the photograph. Likewise, the 

peak at 4 cm occurs in the middle of the pattern to the right. Thus, 

hot fl uid rises at these locations. Al so, the 1 ateral temperature 

distribution shows that fluid rises closer to the side walls. Again, 

these locations correspond to the middle of two of the white regions. 

Further proof that hot fluid rises in the center of these regions was 



Figure 2.17 Convection pattern in the porous layer with a 0.225%/cm 
salinity gradient. 
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obtained by placing a line of dye on the dark region surrounding one 

pattern, as shown in Figure 2.18. Figure 2.19 shows that, after a short 

time, the dye comes up through the center of the cell. As discussed in 

§2.3.3, this served to verify that the visualization provided by the 

rheoscopic fl uid represented the actual flow in the porous medium. 

Visualization from two other salt gradient experiments showed similar 

behavior but with some variation in the location and size of the 

patterns. 

For the diffusive instabil ity studied here, 1 inear theory 

predicts that the onset of convection is in the oscill atory mode. 

Therefore, in the experiments as onset was approached, the measured 

data were monitored in an attempt to observe oscillations. Because the 

heat flux sensor was located beneath the bottom brass wall of the 

tank, it effectively provided an average measure of the heat transfer 

across the layer (see Carslaw and Jaeger, Chapter 2, §2.6). 

Consequently, the heat flux measurement was not expected to clearly 

exhibit any oscillations. The thermocouple measurements in the porous 

medium were the best means for detecting oscillations. In addition to 

the thermocoupl es at the midheight of the 1 ayer, a differential 

thermocouple probe, which measured the temperature difference between 

two points, 2 mm apart vertically, was located near the bottom wall in 

the center of the tank. The accuracy of the thermocouple measurements 

was ±O.l°C so no discernible oscillations below this level could be 

detected. 



Figure 2.18 A line of red dye was placed around the border of one 
cell. 
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Figure 2.19 The dyed fluid appears at the center of the cell and 
near the top wall as a result of the motion in the cell. 

63 



64 

Figure 2.20 shows a representative thermocouple output versus 

time after the reading first started to deviate from the steady 

conduction value for a typical 0.15%/cm experiment. The thermocouple 

was located in the center of the tank at the midheight of the layer. 

The time period for the first complete oscillation exhibited is about 28 

minutes. However, as the figure shows, regular oscillations are not 

sustained. There is a 1 arger monotonic decrease in the temperature 

after the first oscillation, before a second oscillation cycle of the 

same period occurs. Figure 2.21 shows similar behavior in a 0.225%/cm 

experiment. In this case, the output from the differential 

thermocouple probe versus time is shown as it begins to vary from the 

steady conduction val ue. The first discernabl e compl ete oscill ation 

starting from t = 0 has a period of approximately 22 minutes. Just as 

in the 0.15%/cm case, the oscillations do not persist, but instead a 

significant irregular variation in temperature occurs. 

2.5.3 Summary of Experimental Results 

Values for the thermal and solute Rayleigh numbers for the 

experiments were cal cul ated using the parameter val ues 1 isted in 

Section 2.4 and Appendix A. Tabl e 2.3 1 ists the conditions of the 

experiments and the corresponding Rayl eigh numbers. The fl uid 

properties used in the Rayleigh numbers were eval uated at the mean 

temperature val ues 1 isted in the tabl e. The measured val ue of the 

permeability was used. The diffusivity ratio T, based on the effective 

diffusivities, is 0.002 for the experiments here. 
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a function of time from the onset of convection for a 
0.15 % fcm sal inity gradient experiment. 
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Figure 2.21 Output from a differential thermocoupl e monitored in 
time for a 0.225 %/cm sal inity gradient experiment. 



Sal inity 
Gradient 

o 

0.15%/cm 

O.225%/cm 

Table 2.3 Summary of Experimental Results 

No. of 
Tests 

8 

8 

5 

T (ot) 

22 

23 

25 

13.8 

35 

41 

o 

37,800 

59,100 

RT ,c 

55 

150 

200 
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Because of the discrepancy between the theoretical and 

experimental values for the onset Rayleigh number in the uniform 

concentration case, the accuracy of the Rayleigh numbers in the double

diffusive case must al so be questioned. If the discrepancy in the 

uniform concentration case is the resul t of the parameter val ues 

specified, then the experimental Rayleigh numbers for the double

diffusive probl em will be correspondingly lower. In any case, it is of 

interest to compare the experimental results with the predictions of 

theoretical model s in order to gain a better understanding of the 

problem. This is the concern of the remainder of this work. The 

utility of the quantitative results from the experiments is addressed 

via the comparison. 

At this point, it is useful to summarize the qualitative 

features of the problem observed in the experiments: 

Uniform Concentration Case 

1. Onset of convection is marked by only a slight increase in the 

slope of the heat flux versus ~T curve. 

2. For the range of thermal Rayleigh numbers considered (RT < 200), 

the convection pattern consists of two-d'imensional roll s, which 

are aligned with the short side of the tank. 

Double-Diffusive Problem 

1. When a stabilizing salinity gradient is present, the heat flux 

increases dramatically at onset, with no further increase in ~T. 

'----------------_._._-_ .. _._-
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2. There is some evidence that oscillations exist at onset; however, 

the osci1l ations are not sustained. Instead, 1 arge monotonic 

growth occurs, leading eventually to steady convection. 

3. The heat flux exhibits hysteresis when ~T is decreased below the 

critical value, once convection has started to develop. The heat 

fl ux foll ows a curve simil ar to the one for a uniform 

concentration fl uid as ~T is decreased. This is expected, since 

convection enhances the mixing of the sol ute and destroys the 

stabilizing gradient. 

4. The flow pattern for the experiments with the initial stabil izing 

salinity gradient consists of three-dimensional cells in the fully 

developed state. 

Rehberg and Ahlers (1985) observed a similar jump in the heat 

flux and the same type of hysteresis for experiments in a porous layer 

using the So ret effect to produce the concentration gradients in a 

mixture of 3He - !tHe. Simil ar behavior has al so been seen in 

experiments for the heat-salt system in a layer of viscous fluid. The 

jump in the heat flux and the hysteresis were observed both for the 

case when the concentration gradient is supplied externally 

(Krishnamurti and Howard, 1984) and when it results from Soret 

diffusion (Caldwell, 1974). 



CHAPTER 3 

THEORETICAL FORMULATION AND STABILITY ANALYSIS 

3.1 General Form of Governing Equations 

The governing equations for momentum, energy, and species 

conservation in a fl uid saturated porous medium are not as well 

establ ished as the equations for the pure fl uid case. For a porous 

medium, the integral balance for the conservation laws must be taken 

over a representative elementary volume. The characteristic length for 

this volume is larger than the length scale of the porous medium, but 

much smaller than any macroscopic length scale in the problem. 

Therefore no attempt is made to study the transfer processes at the 

pore level; rather the effects of the small scale processes are 

modelled and represented in a macroscopic sense. 

The concept of fil tration or Darcian velocity (u) is used 

instead of the interstitial or average pore velocity (Ui). The 

filtration velocity is defined by taking the volume flow over the total 

area and not the area of the pores alone. The model equations used 

here are all written in terms of the filtration velocity. The momentum 

and energy conservation equations used are the most widely used in the 

1 iterature for thermal convection studies in porous media. The 

momentum equation comes from a generalization of Darcy's law for slow 

flow in saturated porous media. Darcy's law is generally found to be 
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valid for Reynolds numbers, based on some measure of the pore size, 

less than one. Inertial effects are included by adding the acceleration 

terms from the Navier-Stokes equations written in terms of the 

filtration velocity. The pseudo-fluid model is employed for the energy 

equation. A single equation represents the heat transfer in both the 

fluid and solid, which are assumed to have the same temperature. 

Effective thermal properties account for the presence of the sol ide 

The sol ute conservation equation employed comes from a general 

derivation for two-phase flow (Gray, 1975). The derivation shows that 

the interstitial velocity belongs in the advection term and not the 

filtration velocity as has been assumed in previous work. The 

interstitial velocity can be replaced by the filtration velocity using 

the following relation 

... ... u 
ui = e: 

where e: is the porosity of the porous medium. Furthermore, specific 

attention is paid to explicit consideration of the effective solute 

diffusivity in porous medium. 

The general form of the governing equations is, 

Conservation of Mass, 

e: E.£ + V·(pu) = 0 at 

Conservation of Momentum, 

p[l au + 1. (u.V)U1 = 
e: at e: 2 J ... Il'" -vp + pg - K u 

-------------------_._-----

(3.1) 

(3.2) 



Conservation of Energy, 

Solute Conservation Equation, 

+ 
as + .!! • vS = 
at e: 

Equation of State, 

p = p(T,S) 

K'S 

e: 
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(3.3) 

(3.4) 

(3.5) 

Since the problem here is a buoyancy driven phenomenon, the following 

assumptions are made to simplify the governing equations (3.1) to (3.5), 

i) Incompressi bl e Flow 

ii) General Boussinesq Approximation: 

Density varies only in the buoyancy term in the momentum 

equation 

Density is only a function of T and S 

Neglect viscous dissipation in the energy equation 

The two additional assumptions usually made in the basic approximation, 

i.e., constant properties and linear variation of the density with T and 

S have been relaxed in order to account for viscosity and higher order 

density variation with temperature. These two property variation 

effects have been included because the temperature differences in the 

experiments are quite large. Also, it is interesting to see how the 

variation of these two properties with temperature affects the 

theoretical results in general. 
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The general form of the density and viscosity assumed here are, 

P = Pr[1 - <1(T - Tr } - a2(T - Tr }2 + a{S - Sr)] (3.6) 

Jl = JlrF(T - Tr) (3.7) 

where 

a is the thermal expansion coefficient 

a2 is the second thermal expansion coefficient 

8 is the solute analog of a 

F is a function to be specified 

The subscript r denotes reference values. 

With these assumptions the governing equations become, 

+ 'Y. u = 0 

where 

K* 
km = (Prch 

M = 
(Prc)f 
(Prc)m 

--------------------------- --------- - ------ --------_. __ ._---

(3.8) 

(3.9) 

(3.10) 

(3.11) 
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The set of equations (3.8)-(3.11) is the starting point here for both 

the 1 inear and nonl inear analysis of doubl e-diffusive convection in 

porous media. In the next section, the specific form of the equations 

and the boundary conditions for linear stability theory are developed. 

The nonl inear aspects of the probl em are considered in the next 

chapter. 

3.2 Linear Stability Theory 

The problem configuration studied using linear stability theory 

is shown in Figure 3.1. The horizontal layer of saturated porous 

medium is bounded above and below by solid walls. The height of the 

layer is denoted by d, and the layer extends to infinity in the two 

horizontal directions. The figure shows the definition of the 

coordinate system. The y direchon is perpendicul ar to the pl ane of 

the figure. The motionl ess basic state sol ution to Eqns. (3.8)-(3.11) 

with constant temperature and salinity specified on the boundaries as 

shown in Figure 3.1 is given by 

where 

+ + 
u = 0 

TB = To - Bz 

S8 = So - Bsz 

8 = 
To - T1 

a = 

Bs = 
So - Sl 

a 

(3.12) 

liT 
d 

liS = d 
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Configuration of linear stability problem for a horizontal layer of porous 
medium. The linear basic-state profiles correspond to constant temperature 
and solute concentration maintained at the walls. 
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The basic state sol ution for the pressure is hydrostatic and is not 

shown. The linear problem is to study the stability of the basic state 

sol uti on subject to small disturbances. The dependent variabl es are 

decomposed into a superposition of the basic state solution and a small 

perturbation, 

p = PB + 1T 

T = TB + a 

S = SB + Y 

(3.13) 

Since there is no basic state velocity, it = (u,v,w) is taken as the 

perturbation velocity. Substituting the decomposed variabl es into 

equations (3.8)-(3.11), and neglecting terms of quadratic order in the 

perturbation quantities yields, 

1 ait 1 
VlT + g[ex(1 + ex'(1 - ¥))a - 8yJit at = e: Pr 

\lr F(T)it -If (3.14) 

1 aa Bw + K*v2a M at = (3.15) 

e: h = Bsw + K'SV2y at (3.16) 

where 

T = TB - Tr 

--------------------------------------------
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These are the 1 inearized equations for the disturbance 

quantities in the most general form, accounting for property variation. 

By taking the curl of equation (3.14) twice, and then the dot product 

with the unit vector in the vertical direction, an equation for the 

vertical velocity component (w) is obtained, 

= g { a[ 1 + a' (1 - ¥)] v~a - 13 vh} 

~ [FCfl v2w - B d ~~T) ;~ ] ( 3.17} 

Equations (3.15), (3.16), and (3.17} now provide a set of three equations 

for three unknowns (w, a, y). 

3.3 Sol ution of Stabil ity Equations 

Nield's analysis (1968) assumed constant properties and a linear 

variation of the density with temperature and sal inity. In his 

formulation, M did not appear in the energy equation (3.15) nor did e: 

appear in the sol ute equation (3.16). The physical basis for these 

parameters has been established, and they should appear explicitly in 

the theoretical results in making a comparison with experimental data. 

For this reason in the next section, the analysis for constant 

properties will be reworked using the present equations. However, the 

following development of the linear theory equations is left general, 

since the effect of property variation will be considered in 3.3.3. 

Note that most of the definitions and the nondimensionalization used by 

Nield have been adopted here for the linear analysis. 
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In order to solve the set of linear equations, solutions in the 

form of normal modes are assumed, 

[w,e,y] = [W(z),e(z),r(z)]e[ot + i(k1x+k2Y)] (3.18) 

After the normal mode solutions are substituted into the governing 

equations the following nondimensional variables are defined, 

s = 1TZ 
d 

where b is the nondimensional wavenumber and 01 is the growth rate 

which is assumed to be compl ex. 

Making these substitutions, the governing set of linear POE's 

(3.15)-(3.17) reduces to the set of three second order ODE's, 

(3.19) 

(3.20) 

(3.21) 

where 

-------------------
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RT = g aK~Td thermal Rayl ei gh number vr K* 

RS = g aK~Sd 
i vr K S 

solute Rayleigh number 

Pr 
vr Prandtl number = K* 

SC 
vr 

Schmidt number = iT s 

Six boundary conditions are required. The vertical velocity is zero at 

the top and bottom solid boundaries and the temperature and salinity 

disturbances are also assumed to vanish. These conditions are specified 

as 

at ~ = a and 1T (3.22) 

The equations (3.19), (3.20), and (3.21) with the above boundary 

conditions yield the eigenvalue problem for linear stability theory. 

3.3.1 Analysis for Constant Properties 

In the case of constant properties, F = 1 and a' = 0, and 

equation (3.19) becomes an ODE with constant coefficients like (3.20) 

and (3.21), 

(3.23) 

An analytic sol ution to the set of three equations with the simpl e 

boundary conditions is then possible. It was only necessary to redefine 

two parameters in order to have Nield's results apply for the present 

formulation. The significance of the results will be discussed in 

Section 3.4. 

------------------



The set of equations (3.20), (3.21), and (3.23) subject to the 

boundary conditions (3.22) are satisfied by 
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(3.24) 

Eliminating the constants Band C leads to the following dispersion 

relation, 

(1 + A(1)(n2 + b2)(n2 + b2 + ~ (1)(n2 + b2 + e:Sc(1) 

b2 b2 Pr = - RT(n2 + b2 + e: Sc(1) + - RS(n2 + b2 + - (1) 
n2 n2 M 

(3.25) 

To investigate neutral stabil ity, the real part of 01 is set to zero, 

and the imaginary part is written as iw. If w = 0, then onset is steady 

and the minimum value of RT from equation (3.25) occurs for 

RT = RS + 4n2 (3.26) 

with the critical wavenumber b = 1. If w ~ 0, then the onset criteria 

depends on the the additional parameters appearing in equation (3.25). 

For most cases of interest, the val ue of A is much 1 ess than 1. For 

the experiments here, A = 1.36 X 10-4• As shown by Nield, the result is 

simplified considerably if A is set equal to zero. The minimum Rayleigh 

number for oscillatory onset assuming A = 0 is given by, 

RT = e:~~c RS + 4n2( 1 + e:~~c) (3.27) 

with the oscillation frequency, 

-------------------
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(3.28) 

The critical wavenumber is again b = 1. These are the results obtained 

by Nield, except for the factor eM which appears in equations (3.27) and 

(3.28). This factor appears because of the equations used in the 

present formul ation. At this point, the diffusivity ratio T is 

introduced, which is defined as 

(3.30) 

This parameter was not used by Niel d, but appears extensively 

throughout the remainder of this work. In terms of T, equation (3.27) 

for oscillatory onset becomes, 

(3.31) 

3.3.2 Constant Property Solution for Finite Boundaries 

The onset conditions for doubl e-diffusive convection in a 

rectangul ar box of porous medium can be obtained by a sl ight 

modification of the analysis for the infinite horizontal layer. This 

analysis follows the work of Beck (1972), who considered finite 

boundary effects for thermal convection onset alone. The box is 

assumed to have sol id vertical side wall s, which are thermally 

insulated and nondiffusive for the solute. These are good 

approximations for the actual experimental sidewall boundaries. 

Incl uding the previously specified conditions at the horizontal 
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boundaries, the boundary conditions on the perturbation quantities for 

the finite box are, 

e = y = w = a z = a & d 

()e = 11 = u = a x = a & Lx (3.32) ax ax 

as = 11 = v = a y = a & Ly ay ay 

where Lx and Ly are the dimensions of the box in the x and y 

directions. The additional boundary conditions are homogeneous and it 

is still possible to solve the linear problem in terms of separable 

modes. The assumed separable solutions for the infinite layer (3.18) 

are replaced by the following solutions for the finite domain, 

u = e crts in k1x cos k2y U(z) 

v = e crtcos k1x sin k2y V(z) _ 

w = e crtcos k1x cos k2y W(z) (3.33) 

s = e crtcos k1x cos k2y e(z) 

y = e crtcos k1x cos k2y r(z) 

The boundary conditions in the lateral direction are satisfied by 

choosing 

Boundary conditions on u and v at the horizontal boundaries cannot be 

specified when using Darcy's law in the momentum equation. However, as 

in the infinite layer case, it is only necessary to consider the 



equations for w, a, and y in order to determine the onset criteria. 

substituting the sol utions for these variab1 es from (3.33) into 

equations (3.15) to (3.17) and using the same nondimensional ization 

yields equations (3.19) to (3.21) with b2 defined as 
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(3.34) 

where 

1,m = 0,1,2, ••• but l+m of a 

Ly 
d2 = d 

The parameters d1 and d2 are the aspect ratios of the box in the x and 

y directions, respectively. 

Assuming constant properties, a l = a and F = 1, the analytic 

sol ution for the infinite 1 ayer still appl ies with only this more 

detailed prescription of the wavenumbers to account for the effect of 

the finite 1 atera1 boundaries. Foll owing the same sol ution procedure 

described in Section 3.3.1, the initial Rayleigh number for steady onset 

in the finite box is determined from 

(3.35) 

whil e for oscill atory onset, assuming A = 0, it is determined from the 

rel ation, 

= 1T2( n2 + b2)2 

b2 
(3.36) 



In order to find the actual critical Rayleigh numbers, RT must be 

minimized in equations (3.35) and (3.36) over the integers 1, m, and n 
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for given aspect ratios. The absolute minimum will always occur for n 

= 1 and b = 1. For the absol ute minimum, equations (3.35) and (3.36) 

become (3.26) and (3.31), which are the results for the infinite layer. 

Therefore, the presence of lateral boundaries can only serve to 

increase the critical Rayleigh number. 

3.3.3 Solution for Temperature Dependent Properties 

In order to study the effects of temperature dependent 

viscosity and quadratic density variation with temperature, equation 

(3.19) must be sol ved in the general form. The function representing 

the viscosity variation with temperature (F) must be suppl ied and 

written as a function of the vertical coordinate via the basic state 

temperature solution. Because equation (3.19) for the general case no 

longer has constant coefficients, the solution to the stability problem 

must now be found numerically. 

The Galerkin method was used to solve the set of equations 

(3.19) to (3.21) subject to the boundary condition (3.22). The specifics 

of how the method is used to solve this type of stability problem is 

discussed in Finl ayson (1972). Briefly, the method invol ves expanding 

the dependent variabl es in a series of functions. Here the functions 

used are complete and satisfy the boundary conditions 

N 
[W 1,01,ra = L [An,Bn,CnJsin n~ (3.37) 

n=1 
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These expansions are substituted into the equations (3.19) to (3.21). 

The three equations are then mul tipl ied by sin m~, and integrated in t; 

from 0 to 1T. As a result of this procedure, the set of ODE's is 

reduced to the following set of algebraic equations for the expansion 

coefficients, 

1T 

-~ 2 [(n4b 2) j F(t;)sin m~ sin n~ d~ 
n 0 

- n t' * sin m 1; cos n 1; d 1;] An (3.38) 

Am (m 2 + b2) 8m 
Pr 

(3.39) = °1 M 8m 

Am (m 2 + b2) Cm = 01 e:ScCm (3.40 ) 

where 

m = 1, ••• N; n = 1, ••• N 

J 1, m = n 
~n = 

1 0, m ~ n 

= I 0, for (m-n), (m+n) even 
Hmn 

1 1 
{m + n}2 - {m - n}2' 

for (m-n), (m;l"n) odd 



The differential system eigenval ue probl em has now become a matrix 

eigenvalue problem of the form, 
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+ + ( Ax = a&x 3.41) 

with compl ex eigenval ues al. The vector ~ contains the 3N expansion 

coefficients. The solution of. the matrix eigenvalue problem must be 

obtained numerically. 

A FORTRAN code was developed to determine the critical thermal 

Rayl eigh number (RT) and the corresponding critical wavenumber (b) for 

specific val ues of the remaining parameters. In general the function F 

is too complicated for the integrals in equation (3.38) to be evaluated 

analytically. This was the case fot the empirical relation for water 

considered here. The integrals were evaluated numerically in the code 

using Simpson's rule. The accuracy of the numerical results depends on 

both the number of terms in the Gal erkin expansion (N) and on the 

accuracy of the numerical integrations. The matrix eigenvalue problem 

(3.41) was sol ved using a commercially avail abl e FORTRAN subroutine. 

For the probl em here with nonsymmetric real matrices !l and i!., the 

subroutine EIGZF was used, which is part of the EISPACK family of 

eigenval ue sol verso The subroutine is avail abl e through the IMSL 

library on the CYBER 175 at the University Computer Center. 

The primary aim of investigating the effects of quadratic 

density variation and temperature dependent viscosity was to determine 

whether they were important for the temperature range of the 

experiments (5-50°C). For this reason, empirical rel ations for the 
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property values of water were used. A relationship with up to cubic 

dependence on temperature and salinity for the density of water in the 

heat-sal t system was given by Ruddick and Shirtcl iffe (1979). The 

salinity values used in the experiments were small (less than 1%), so 

1 inear dependence on sal inity is adequate. However, the density 

variation for the temperature range of interest is such (5-50°C) that 

the thermal expansion coefficient a is not constant. To represent the 

variation of the expansion coefficient more accurately in this range, 

quadratic temperature dependence was assumed for the density, which 

yields a linear variation for the expansion coefficient. The viscosity 

variation used for water is an empirical curve fit from the NBS found 

in the CRC Handbook (Weast, 1977). Both the density and viscosity 

relations used, as well as other properties for the heat-salt system in 

water, appear in Appendix A. 

Because the property relations require the actual dimensional 

temperature, the mean temperature Tm and the temperature difference ~T 

must be specified in the 1 inear analysis, which was formul ated 

nondimensionally. Since RT is a nondimensional ization of ~T, the two 

are related using the definition of RT, 

The parameter values used are those from the experiment, including the 

value of Tm. In the numerical procedure, a point on the neutral curve 

is obtained by varying RT until an approximately zero val ue for the 

real part of the 1 east stabl e eigenval ue (01) is obtained for a given 
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wavenumber b. The matrix eigenvalue problem is solved each time one 

of the parameter values is changed. The above relationship provides 

the value of ~T required by the property relations for a given RT. 

3.4 Results from Linear Stability Theory 

In this section, the onset conditions predicted by linear 

stability theory are first discussed in general and then a comparison is 

made with the experimental results. Seven nondimensional parameters 

appear in the theoretical formulation of this problem (RT' RS, A, Pr, 

SC, E, M). The assumption A = 0 not only eliminates A, but also makes 

it possible to simply rescale the growth rate (01) so that only the 

ratio of the Prandtl number to the Schmidt number appears. This ratio 

is the parameter T, which is simply the effective sol ute diffusivity 

divided by the effective thermal diffusivity. In addition, the 

parameters E and M appear only as the product EM. Therefore, for 

constant properties, the critical RT is determined for given values of 

RS' T, and EM. When temperature dependent properties are included, the 

temperature difference across the layer and the mean temperature 

become explicit parameters in addition to the other four. 

A plot of the critical thermal Rayleigh number versus the 

solute Rayleigh number from Nie1d ' s solution for constant properties 

developed in 3.3.1 is shown in ~gure 3.2. The first quadrant is of 

interest here, since positive RT and RS correspond to the diffusive 

regime (heated and salted from below). The straight lines representing 

both steady (01 = 0) onset (Eq. 3.27) and oscil1 atory [Re( (1) = 0] onset 

(Eq. 3.31) are shown. The val ues T = 10- 1 and EM = 0.539 were used in 

------------------------- ----
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Figure 3.2 
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the oscill atory onset rel ation. This val ue of T was used in the 

studies of double-diffusive convection in a layer of viscous fluid. It 

is representative of the diffusivity ratio between two solutes, rather 

than the heat-sal t system. The val ue of EM corresponds to the 

experiments here. In general, it varies between zero and one. The 

figure shows that for other than very small RS values, oscillatory 

onset occurs for the lowest value of RT in the first quadrant. The 

dashed curve passing through the origin, RT = t RS, is the static 

stability line. Below this curve, the stabilizing effect of the solute 

is larger than the destabilizing effect of temperature (S6S > a6T), and 

the density of the static fl uid in the porous 1 ayer decreases with 

increasing vertical distance from the bottom wall. 

It is important to observe that in the porous medium case, the 

stability boundary predicted by linear theory lies entirely above the 

static stability line. The slope of the straight line representing 

oscillatory onset is always greater than the slope of the hydrostatic 

stability line. This is a result of the fact that the coefficient of RS 

in the oscillatory onset relation (3.31) is inversely proportional to 

the quantity EM, which is less than one. The experimental value of EM, 

(0.539) is a typical value for saturated porous media satisfying the 

model assumptions here. Therefore, the two curves will never intersect 

regardless of how large RS becomes. This result is in contrast to the 

viscous fluid case, where for large enough values of RS' oscillatory 

onset is predicted even when the fluid is statically stably stratified. 

In porous media, according to linear theory based on the present model 
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equations, a statically unstable density distribution must exist before 

onset can occur. 

Also shown in Figure 3.2 is the curve for RT obtained from the 

oscillatory onset solution by setting the imaginary part of the complex 

growth rate (the oscillation frequency) equal to zero. The relationship 

between RT and RS in this case was determined by Taunton, Lightfoot, 

and Green (1972) and is shown in the figure as the broken line curve. 

Sincp. their result does not represent the marginal state for steady 

onset (01 = 0), the real part of the growth rate is greater than zero 

for this RT - RS locus. As already discussed in Section 1.3, the result 

obtained from the oscillatory solution in the limit of zero frequency 

can be interpreted as steady convection. The curve for steady onset at 

the marginal state lies above the curve obtained as a limiting case of 

the oscillatory solution, and this difference increases for even 

smaller values of r. This limiting case of the oscillatory solution 

makes the marginally stabl e steady onset resul t unimportant in the 

first quadrant. Both these results for steady onset are mentioned here 

only for completeness. The actual critical onset relationship between 

RT and RS is the one for' oscill atory onset, since it predicts the 

lowest RT value for instability in the range of RS values of interest 

here. 

Figure 3.3 shows the critical RT for oscillatory onset (Eq. 

3.31) and the nondimensional oscill ation frequency (Eq. 3.28) as a 

function of rRs for three values of r, including the experimental value 

(0.002). In all cases, the value of e:M was 0.539. The quantity rRS is 
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a nondimensionalization of the solute gradient with K* rather than K~. 

This facilitates the comparison of RT for a wide range of T values, 

because the quantity TRS remains fixed for a particul ar sol ute 

gradient. This figure illustrates that asymptotic values of RT and w 

are obtained as T becomes small. The curves for T = 0.002 are 

essentially the same as those for the limiting case of T approaching 

zero with TRS remaining finite. Once again, it is important to point 

out that the curves for the critical RT values lie entirely above the 

hydrostatically stable line (shown as the dashed curve). Also, as TRS 

is increased, the critical RT value moves farther into the statically 

unstabl e region. Figure 3.3b shows that the oscill ation frequency 

increases as TRS becomes larger for a given T, or as T becomes smaller 

for a fixed value of TRS. The steady portion of the RT curves were not 

included to avoid complicating the figure for small TRS. 

The data points marked by the symbols in Figure 3.3a are the 

experimental critical Rayl eigh numbers for the two salt gradients 

considered here (TRS equal to 75 and 118). The experimental val ues 

fall below the linear theory predictions by as much as 30%. In order 

to account for this discrepancy, it was necessary to investigate the 

difference in the conditions assumed by the theory and those realized 

in the experiment. The first difference to be addressed was the effect 

of finite boundaries on the linear theory results. 

The analysis of Section 3.3.2 led to predictions for the 

critical thermal Rayl eigh numbers in a finite box geometry (Eqs. 3.35 

and 3.36). Just as in the infinite layer case for positive RT and RS' 
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oscillatory onset occurs first except for small values of RS. 

Actually, the finite analysis yields the same relation for the critical 

RT (Eq. 3.31) as in the infinite layer case; however, the value of the 

coefficient Cb in the rel ation can be 1 arger in the finite geometry 

case, depending on the values of the aspect ratios dl and d~ 

Figure 3.4 is a contour map of the value of Cb as a function of 

the two aspect ratios. This map was obtained by Beck (1972) for the 

case of thermal convection in a box. The same determination for the 

minimum of the constant applies for the double-diffusive problem, only 

in this case the constant simply appears in the more compl icated 

relation for the critical RT value. Again, the absolute minimum occurs 

for the infinite layer case. As can be seen from the figure, the value 

of Cb, and thus RT, is significantly larger only for aspect ratios less 

than one. The grid lines for integer aspect ratio values correspond to 

the minimum value of Cb = 41T2. Nominally, the aspect ratios of the 

experimental tank are d1 = 6 and d2 = 3. When the internal 

thermocouple rack was in place in the tank, the aspect ratio d1 was 

effectively reduced to 5.65. However, again there is no effect on the 

critical val ues. Therefore, according to 1 inear theory, the finite 

boundaries of the experimental tank do not affect the onset values. 

This is provided that the boundary condition assumed by the theory is 

adequately represented in the experiment. The theory assumes that 

there is no fl ux of T and S at the 1 ateral boundaries. In the 

experiments, that is the correct boundary condition for the solute; 

however, the lateral walls are only approximately adiabatic. 
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The numerical solution procedure presented in Section 3.3.3 was 

used to assess the effect of temperature dependent expansion 

coefficient and viscosity on the 1 inear theory predictions. The two 

effects were considered individually and together. Both the accuracy 

of the numerical sol ution and the val idity of the formu1 ation were 

eva1 uated. The accuracy of the sol ution procedure was checked by 

comparing val ues of the thermal Ray1 eigh number and the oscil1 ation 

frequency for 6, 8, and 12 terms in the Ga1erkin expansion. The number 

of integration intervals in the Simpson's rule evaluation of required 

integral s was varied as well. Five significant figures in RT were 

obtained by using 6 terms in the expansion and 75 integration intervals. 

These were the minimum val ues used for the resu1 ts presented. To 

verify that the numerical a1 gorithm was working properly, three 

comparisons were made. First of all, results obtained numerically in 

the case of constant properties agreed with the val ues from the 

analytic solution presented in Section 3.3.1. Secondly, results based 

on linear disturbance theory could also be obtained from the nonlinear 

finite difference code discussed in Chapter 4. In both the Ga1erkin and 

finite difference sol ution formu1 ations, the temperature dependent 

thermal expansion coefficient was inc1 uded in the same manner; 

therefore, results for linear onset with variable expansion coefficient 

were obtained from two entirely different algorithms. The same values 

for the critical Rayleigh number and oscillation frequency were 

obtained from the two approaches. Finally, results for the viscosity 

variation of water were compared with those of Kassoy and Zebib (1975) 
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for the onset of convection (RS = 0). Only one point· coul d be 

compared, because different temperature ranges in the viscosity 

variation of water were treated. Agreement was better than 1% for the 

critical Rayleigh number. This is quite good considering that different 

relations were used for the viscosity variation, with the relation used 

here being more accurate over a smaller temperature range. 

In order to make the comparison between variabl e property 

1 inear theory and the experiments, the parameter val ues from the 

experiments were used for the theoretical analysis. Table 3.1 is a 

summary of the critical conditions from 1 inear theory for the two 

experimental values of the solute Rayleigh number. Results are 

presented for constant properties, variable expansion coefficient alone, 

variabl e viscosity alone, and for the variation of the two properties 

taken together. The dimensional wavel ength and oscill ation frequency 

are given in addition to the critical Rayleigh number. The results show 

that the effect of variabl e expansion coefficient is to reduce the 

critical Rayleigh number, while viscosity variation alone increases it 

slightly. Note that the reference values in the Rayleigh number are 

taken at the mean of the boundary temperatures. Surprisingly, when the 

two effects are taken together, the critical Rayleigh number is reduced 

even more than in the case of variable expansion coefficient alone. 

In order to understand these results, it is helpful to look at 

how the expansion coefficient and viscosity of water vary over the 

temperature range of interest. Both quantities are plotted in Figure 

3.5, using the relations given in Appendix A. Since the reference 
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Table 3.1 The Effect of Temperature Dependent Thermal Expansion 
Coefficient and Viscosity on the Linear Theory Onset 
Criteria. 

RS = 37,800 Rs = 59,200 

Property RT RT 
Variation w A w A 

{sec-I} 1CnlT (sec r) 1CniT 
Constant 180 0.0065 8.0 259 0.0081 8.0 

Variable 11 182 0.0065 8.0 267 0.0081 8.0 

Variable C1 167 0.0084 6.6 231 0.0110 5.7 

Variable C1 162 0.0089 6.2 222 0.0135 5.3 
and 11 
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values of the expansion coefficient and viscosity in the Rayleigh number 

are evaluated at the mean of the boundary temperatures, it is important 

to consider how the properties vary with temperature around the 

reference values. For a reference temperature of 25°C, the viscosity 

increases by a larger amount for lower temperatures than it decreases 

for temperatures greater than 25°C. Also, the magnitude of the slope 

of the viscosity curve is larger at temperatures lower than this 

reference value. As a result of this unequal variation, the viscosity 

of the fluid in the upper half of the layer is increased to a larger 

degree than the viscosity of the fluid in the lower half is reduced. 

Thus, the net effect of this viscosity variation is to make the layer 

slightly more stable overall, which accounts for the increase in the 

critical Rayleigh number val ue. The increase is small here since the 

viscosity varies overall by 1 ess than a factor of three. It will be 

seen shortly that if the reference temperature is increased, the effect 

of the viscosity variation is reduced. This occurs because at higher 

reference temperatures the viscosity variation is more uniform on 

either side of the reference value. 

A similar argument can be used to account for the effect of 

the thermal expansion coefficient variation with temperature. However, 

in contrast to the viscosity effect, the thermal expansion coefficient 

variation reduces the critical Rayleigh number. For constant expansion 

coefficient, the density gradient is symmetric about the reference 

value. In the case of variable expansion coefficient, the density in 

the bottom half of the layer is reduced to a larger degree than the 
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density of the fluid in the upper half layer is increased. Because of 

the nonl inear density distribution, the fl uid becomes unstabl e in a 

sublayer extending from the bottom wall, which is more unstable than 

the entire 1 ayer. This argument is supported by inspection of the 

eigenfunctions at the onset conditions from the 1 inear theory 

calculations. Figure 3.6 shows a comparison of the vertical velocity, 

temperature, and salinity disturbance eigenfunctions for the different 

assumptions relating to the property variation. The parameters used 

for the calculation correspond to the larger salt gradient experiment. 

The reference temperature is 25°C. The eigenfunctions pertaining to 

constant properties, variabl e viscosity alone, variabl e expansion 

coefficient alone, and the variation of both properties taken together 

are shown. For constant properties, the eigenfunctions from the 

analytic solution are simply sinnz, and therefore are symmetric. 

However, when property variation is included, the eigenfunctions are all 

skewed in such a way that the maxima are shifted downward. For the 

case of variable expansion coefficient, this supports the idea that the 

fluid becomes unstable in a sublayer extending from the bottom wall. 

When viscosity variation is considered alone, the curve is also skewed 

downward but to a lesser degree. The upper half of the layer is made 

more stable by the increase in viscosity resulting from the temperature 

dependence. This is evidenced by the small er disturbance ampl itudes 

near the top. However, the density still varies 1 inearly, so to 

overcome this net stabilizing effect of the viscosity, the temperature 

gradient must be larger and thus the Rayleigh number goes up. When the 
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variation of both properties is included, there is a synergistic effect 

whereby the sublayer region is made more unstable by the reduction of 

viscosity there. This explains why the critical Rayleigh number is 

reduced further when both property variation effects are included. 

The rol e pl ayed by the reference temperature 1 evel in 

determining the strength of the property variation effects is seen by 

comparing Figures 3.7 and 3.8. Plotted in each figure are the critical 

therma 1 Rayl eigh number and the corresponding wave number as a 

function of the solute Rayleigh number. The experimental values of T 

and eM were used once again. A reference temperature of 25°C was used 

for the results presented in Figure 3.7, while a value of 40°C was used 

for those in Figure 3.8. The different curves correspond to solutions 

for constant properties and the property variation effects. Both 

figures show, for a range of solute Rayleigh numbers, the behavior of 

the critical thermal Rayl eigh number al ready discussed. However, the 

rel ative effect of property variation is small er at the higher 

reference temperature. This is primarily due to the fact that the 

critical temperature difference is small er at higher reference 

temperatures, because of the change in reference parameter values in 

the Rayleigh number. But it also results from the more uniform change 

in the expansion coefficient and viscosity at higher temperatures. At 

the 40°C reference temperature, the effect of temperature dependent 

viscosity on the critical Rayleigh number is less than 1 % for the range 

of solute Rayleigh numbers considered; therefore it is indistinguishable 

from the constant property curve. There is also no significant effect 
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of the viscosity variation on the critical wavenumber. For expansion 

coefficient variation alone and both effects taken together, the 

critical wavenumber is found to increase, with the increase being 

1 arger when both temperature dependent expansion coefficient and 

viscosity are taken together. Therefore, as a result of the property 

variation, the initial cell size is predicted to be smaller than in the 

case of constant properties. 

Although it is useful to consider the variation of each 

property individually to understand the mechanism of each effect, the 

results for both effects taken together are more important from a 

physical standpoint. In Table 3.2, the experimental conditions at onset 

are compared with the theoretical values, determined assuming 

temperature dependent expansion coefficient and viscosity. The 

constant property results are included as a basis for comparison. The 

uniform concentration (thermal convection) results are presented as 

well as the doubl e-diffusive val ues. In the case of RS = 0, the 

theoretical RT value for variable properties is only slightly reduced 

from the constant property value (4n~, and the 40% difference between 

linear theory and experiment remains. However, in the double-diffusive 

cases property variation reduces the theoretical Rayleigh number values 

and improves the agreement between theory and experiment. For the 

doubl e-diffusive probl em the experimental val ues fall below the 

theoretical val ues, whil e the situation is reversed in the uniform 

concentration case. If the discrepancy in the latter case is due to the 

uncertainty in the parameters used to specify the experimental value of 

-------------------~~-----



Table 3.2 Comparison of Onset Conditions Between Linear Theory and Experiment. 

Linear Theory 
Constant Variabl e 

Salinity Properties a and lJ Experiment 
Gradient Tm RS RT w RT w RT w 

(OC) (sec-I) (sec-I) (sec-I) 

0 22 0 39.5 39.3 55 

0.15 %/cm 23 37,800 180 0.0065 162 0.0089 150 0.0037 

0.225%/cm 25 59,200 259 0.0081 222 0.0135 200 0.0048 

--' 
a 
'-oJ, 
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RT, then the experimental values of RT and RS in the double-diffusive 

case are lowered as well. However, the theoretical value of RT is also 

reduced corresponding to the lower RS' and, as a result, the difference 

between theory and experiment does not change substantially. The 

experimental RT remains lower than the theoretical val ue for the 

double-diffusive problem. 

Values for the oscillation frequency at onset are also given in 

Tab1 e 3.2. The experimental val ues were determined from the two 

extrema of the first apparent oscillations in the measured 

temperatures. This was discussed in Section 2.5. For both sol ute 

Rayleigh numbers, the experimental values fall below the theoretical 

val ues with the difference being 1 arger when property variation is 

accounted for. The small er experimental val ues for the oscill ation 

frequency could result from a local reduction of the stabilizing solute 

gradient. As shown by Figure 3.3, the oscillation frequency decreases 

for smaller solute gradients. In the experiments, a local reduction of 

the solute gradient could be due to the time-dependent nonlinear solute 

profile, which results from the zero-flux solute boundary conditions. 

It cou1 d al so result from the inf1 uence of finite amp1 itude motion, 

since the oscillations were detected right before significant monotonic 

change occurred. 

The final important difference between the experimental 

configuration and the conditions of the theoretical analysis yet to be 

addressed is the boundary conditions on the solute at the top and 

bottom walls. The linear theory results discussed so far had constant 
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solute values specified, which yielded a linear, steady basic state 

profile. In order to model the experiments here accurately, zero-flux 

of solute at the walls must be specified. Because the basic state for 

this boundary condition is time-dependent and a nonlinear function of z, 

a different approach must be used to solve the linear onset problem. 

The means chosen was an unsteady finite difference calculation. The 

primary use for this sol ution approach was to study the non1 inear 

aspects of the problem; however, it was also possible to study linear 

onset for the time dependent basic state. The results for this case 

are discussed in the next chapter, after the sol ution procedure is 

formulated. It is he1 pfu1 at this point to consider an intuitive 

argument for the effect of the time dependent sol ute basic state. 

Figure 2.11 shows the normalized basic state solute profiles at 

different times. Not only is the e'ffective slope over the center 

portion of the layer decreasing in time, but there are two regions' near 

the walls where the solute is essentially uniform. The two regions of 

uniform concentration are stable by virtue of their small depth. 

Therefore, the problem becomes one of an effective layer over which 

the salinity gradient exists. Because of the reduced height of the 

layer, the effective salt Rayleigh number, having the same overall 

constant gradient, will be smaller. This could, in part, explain why 

the experimental thermal Ray1 eigh number is lower than the critical 

value based on constant solute boundary conditions. It is expected 

that the calculations for the time dependent solute profile will show a 

reduction in the critical RT value. 



CHAPTER 4 

NUMERICAL STUDY OF NONLINEAR BEHAVIOR 

4.1 Introduction 
The initial objectives of the numerical study were threefold. 

First, it was desired to model the experiments more closely by 

accounting for the zero solute flux boundary conditions at the top and 

bottom walls. Secondly, it was necessary to consider a fully nonlinear 

theory in order to understand the behavior exhibited by the 

experiments. Finally, it was of interest to study the effect of finite 

amplitude disturbances to see whether subcritical instability exists. 

The formulation of the numerical study \lJas developed from 

these objectives. Ideally, a three-dimensional simulation of the 

experiments was the goal, but the computer facilities available at the 

time the numerical sol ution was developed prohibited a practical 3-D 

cal cul ation. Irrespective of the computing facil ities, a two-

dimensional model was chosen to study the nonl inear aspects of the 

problem first, with the 3-D calculation remaining a future goal. A 3-D 

formulation of the governing equations was found (Hirasaki and Hellums, 

1968) which would enable a relatively straightforward extension of the 

sol ution procedures used in two dimensions. However, only the 

formul ation and results from the 2-D cal cul ation will be presented 

here. 

110 
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The numerical sol utions were obtained using finite difference 

methods. Several finite difference representations of the governing 

equations were considered to find a method that was both efficient and 

accurate. Much previous work has been done for the probl em of 

nonl inear thermal convection in both the viscous fl uid and porous 

medium cases. In particular, the previous numerical investigations of 

oscillatory convection at high Rayleigh number in a horizontal layer of 

porous medium provided a good starting point for the numerical work 

proposed here. Numerical sol utions have been obtained by different 

workers using spectral techniques and a variety of finite difference 

methods. This work provided not only possibil ities for the numerical 

schemes, but the available results served as a means for both testing 

and verifying how well a particul ar method and its corresponding 

algorithm worked. 

4.2 Formul ation 

4.2.1 Two-Dimensional Governing Equations 

The starting point for the nonl inear study is the set of 

equations (3.8) to (3.11) which employ Darcy's law and the Boussinesq 

approximation. Quadratic density variation with the temperature is 

retained, but only constant viscosity is considered (F = 1). The 

equations are nondimensionalized using a different set of scales from 

the 1 inear theory analysis. The foll owing scal es are used for the 

numerical study: 
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length: d 

time: d2/(MK*) 

velocity: K*/d 
(4.1) 

pressure: ~ 
K 

dimensionl ess temperature: 
T-Tr 
---:t;T 

dimensionl ess solute concentration: 
S-Sr 
6S 

The continuity equation has the same form in terms of the dimensionless 

velocity as equation (3.8), whereas equations (3.9) to (3.11) in 

nondimensional form become, 

). au 1 + + 
[ + J Pr M at + E (u • v) u = - vp 

(4.2) 

aT + 2 at + u • vT = v T (4.3) 

e:M ;~ + ~ • VS = T v2S (4.4) 

where again, 



RT = g aKATd 
VK* 

T = 
K* 

Pr = v K* A = K 
E<f2 

RS = gaKASd 
VK~ 

M = (pch 
{ pC)m 
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As previously discussed in Chapter 3, the parameter A is small 

for many situations of practical interest in porous media. The 

momentum equation (4.2) is simplified considerably by taking A = O. 

This is a standard assumption made in numerical studies of buoyancy 

driven convection in porous media (Horne and O· Sull ivan, 1974; 

Cal tagirone, 1975). The assumption neg1 ects inertial effects in the 

momentum equation for porous media. Beck (1972) pOinted out that, 

because of difficulties in specifying the boundary conditions, it is only 

correct to include the nonlinear acceleration term in equation (4.2), if 

the Lap1 acian term accounting for viscous drag is inc1 uded as well. 

Nield and Joseph (1985) suggest including inertial effects with Darcy's 

law by adding a term proportional to Ivl V. However, they conc1ude 

that this term is negligible for buoyant convection problems with Pr') 

1, which is the case here. Assuming "A = 0, the momentum equation 

becomes a steady, elliptic type equation. As a result, time variation 

in the velocity field comes in only through its coupling with the 

unsteady temperature and concentration equations. 
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It is convenient in the analysis of two-dimensional problems to 

introduce the stream function by defining 

u = _ti az w = ~ ax (4.5) 

From these definitions, the continuity equation is identically satisfied. 

The momentum equation is written in terms of the streamfunction by 

taking the curl of equation (4.2) to eliminate the pressure and obtain 

an equation for the vorticity component (Wy). Using the relations (4.5) 

and the definition of the vorticity, the vorticity is eliminated in the 

resulting equation by the relationship 

where 

From the prescribed procedure, and the assumption A = 0, the momentum 

equation (4.2) becomes 

v~ IjJ = RT (1 + 2 (XI T) ~~ - TRS ~; (4.6) 

Equations (4.3), (4.4), and (4.6) govern the nonlinear problem to be 

solved numerically. 

4.2.2 Computational Domain and Initial Conditions 

The computational domain is a rectangle of dimensionless height 

1 and width AR in the x direction, where AR represents the horizontal 
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aspect ratio. The domain and coordinate system are shown in Figure 

4.1. The boundary conditions are also shown and result from the 

following assumptions: 

i) Velocity - with Darcy's law, the no-slip condition cannot be 

enforced. The boundaries of the domain are taken to be solid 

walls, and so the normal components of velocity vanish along 

the boundaries of the domain. In terms of 1/1, this condition 

becomes 1/1 = 0 along the boundaries. 

ii) Temperature - the side wall s are taken to be insu1 ated, whil e 

the top and bottom wall s are maintained at constant 

temperatures, the bottom wall being hotter than the top. 

iii) Sal inity - 1 i ke the temperature, on the side wall s the x 

derivative of S is taken to vanish, representing no flux of salt 

through the sol id wall s. However, two types of boundary 

conditions were considered on the top and bottom walls. For 

theoretical interest, constant S values were considered; while 

to better represent the conditions of the experiment, zero flux 

conditions were also used. 

Equations (4.3) and (4.4) are time-dependent parabo1 ic type 

POE's which require initial conditions. The starting point for all the 

calculations is the basic state solution to the equations for no motion, 



Figure 4.1 
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Two-dimensional computational domain and boundary 
conditions. ljJ = 0 on a 11 boundaries. 
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S = Si (z ,t) 
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(4.7) 

(4.8) 

(4.9) 

The sol ution (4.8) is obtained for constant S val ues specified 

on the boundaries, while (4.9) applies for the zero solute flux boundary 

conditions. The actual form of Si(z,t) is obtained from a numerical 

sol ution of equation (4.4) for no flow and a prescribed initial S 

profil e. Since the objective in this case is to compare with the 

experiments, Si(Z,t) is defined using conditions which model the 

experiment. Starting at t = 0 with four uniform salinity layers (S = 0, 

1/3, 2/3, 1), the salt diffusion equation is solved until some time t = 

tS. The profile Si(z,tS) becomes the initial condition for S in the full 

problem here. The value of ts is the time S diffuses before R~ is 

reached in the experiment. Once the initial S profile is calculated, 

the dimensionless time is reset to t = 0 in the full calculation, and a 

temperature disturbance is introduced. 

Because of the accuracy of the numerical solution methods, it 

is not practical to study the onset by starting with a motionless basic 

state and letting round-off error generate the disturbance. In order 

to facil itate the cal cul ations, it is necessary to introduce some type 

of perturbation into the initial solution. The intention at present is 

not to study the growth of arbitrary disturbances; rather, the 

important aspect here is the nonlinear development of a particular type 
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of two-dimensional secondary flow, i.e., 2-D rolls. The simplest 

approach is to impose on the computational domain a single roll cell 

with the wavelength from linear stability theory. This is achieved by 

superimposing on the basic conduction temperature profile a disturbance 

as follows, 

TI = A sin~z cosax (4.10) 

where A is the amplitude of the disturbance and a is the wavenumber of 

the disturbance in the x direction, which can be varied. It is only 

necessary to disturb one of the variables initially, the same effect 

being achieved by disturbing the salinity instead of the temperature. 

4.2.3 Measures of the Ampl itude of the Flow 

For the nonlinear calculation, the amplitude of the solution 

variables is important. In particular, it is necessary to calculate 

- some measure of the excess heat and sol ute transported across the 

layer by thG secondary flow. Nondimensionally, the thermal (NT) and 

solute (NS) Nusselt numbers represent the additional transport of heat 

and solute above the diffusion values due to convection. Because the 

main interest here is with the transport in the vertical direction, it 

is convenient to consider the horizontally averaged val ues. The 

averaged Nusse1t numbers are defined as follows: 
AR 

NT = lR fa I aT ] - az + wT dx (4.11 ) 
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NS = IR t [ -:~ + wS ) dx (4.12) 

Generally, the integrand is evaluated at z = 0, where the 

velocity is equal to zero. From a computational standpoint, there are 

some difficulties encountered in obtaining the boundary gradient 

accurately in convection-dominated flows. Both thermal and solute 

boundary layers exist when constant values of T and S are specified at 

the top and bottom wall s. It is al so possibl e to define a 

representative Nusselt number as the average over the z direction as 

well, or the value at the midheight of the layer. However, the 

boundary value is desirable, since it is more readily measured 

experimentally. This issue is discussed further in the evaluation of 

the computational results. 

Additionally, the total kinetic energy of the flow in the 

computational domain is calculated to provide a means for monitoring 

the temporal behavior of the initial disturbance in the flow. The 

total kinetic energy averaged over the domain is defined 

nondimensionally as 

1 AR 

KE 1 1 10 (u 2 + w2
) dxdz 

= 2AR 0 
(4.13) 

The two Nusselt numbers, determined at z = 0, and the total kinetic 

energy are obtained as functions of time for each calculation. It is 

also of interest to monitor the temporal behavior of the temperature 

and solute at some point in the domain. This was done for the point (x 

= 0.125, z = 0.125). 
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4.3 Numerical Method 

In the set of governing equations to be sol ved numerically, 

equations (4.3) and (4.4) are both nonlinear parabolic equations of the 

same form, so the same finite difference method is used. Equation (4.6) 

is an ell iptic Poisson equation. Several fast, direct sol vers for the 

Poisson equation exist (Busbee, Golub, and Nielsen, 1970) which are much 

more efficient than iterative relaxation procedures. The direct solvers 

work best for simpl e domains and boundary conditions, which are the 

case here. The choice of using a direct approach to sol ve equation 

(4.6) puts some constraints on the choice of the method for equations 

(4.3) and (4.4). Using a direct solver for equation (4.6), it would be 

exceedingly costly to use a method requiring iteration to evaluate the 

nonlinear terms in the parabolic equations. Explicit methods avoid the 

need for iteration at the cost of more stringent numerical stability 

restrictions. Generally, the stabil ity restrictions for expl icit 

methods require that a much small er time step be used than is 

necessary for an accurate sol ution with an impl icit scheme. In the 

next section, three finite di fference treatments of the parabol ic 

equations are considered. 

4.3.1 Finite Difference Schemes 

A general representation for the parabol ic equations (4.3) and 

(4.4) is given by 

a af + u af + w af = c [ 
at ax az (4.14) 
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This is the two-dimensional, unsteady advection-diffusion equation. For 

the present problem, the equation is nonlinear (quasilinear) because the 

velocities (u,w) are coupled with T and S via the elliptic equation 

(4.6). In the numerical solution, the continuum variables are 

discretized by 

where 

t = nAt 

Xi = i AX 

z· J = jAZ 

AX AR = 1[ 

n = 0, ••• , N 

i = 0, ••• , IL 

j = 0, ••• , JL 

1 
AZ = JL 

Three codes, each using different finite difference procedures 

for the treatment of (4.14) were developed and tested. A brief summary 

of each of the methods follows: 

Code 1) Fully Impl icit Scheme - the al ternating direction impl icit (ADI) 

method was used for the entire equation (Peyret and Taylor, 

1983). This method is extremely popular because, although it 

is an implicit method which is unconditionally stable, it 

requires that only tridiagonal systems of equations be solved. 

The method is second order accurate in space and time provided 

that the nonl inear advection terms are treated impl icitl y. 

However, implicit treatment of the nonlinear terms requires an 

iterative solution of the equation to obtain the velocity field 

at the new time 1 evel. If in the equation the velocities are 
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simply taken at the previous time level, the method is only 

first order accurate in time. Roache (1976) outlines several 

methods for overcoming this problem. A method used by Briley 

(1971) extrapolated the velocities at the new time level from 

the current and previous values. This method avoids the need 

to iterate and is approximately second order accurate in time. 

Code 2) Fully Explicit Scheme - this method was employed by Horne and 

O'Sullivan (1974, 1978) in their studies of nonlinear thermal 

convection in a porous medium. The scheme uses forward 

differences in time, Arakawa's (1966) fourth order accurate 

property conserving treatment on the non1 inear advection 

terms, and standard central differences on the diffusion term. 

The scheme is only first order accurate in time. Fourth order 

spatial accuracy was used for the nonlinear terms because they 

were felt to be dominant. Being fully explicit, this method is 

subject to stabi1 ity restrictions. A von Neumann stabil ity 

analysis yields the following criteria for stability, 

t [ 1 + 1 ]< 1 c A Ax2 Az2 "2 

At(lul + Iwl)2 < 2 
ac 

(4.15) 

(4.16) 

In order to satisfy these criteria for problems of interest, 

very small time steps are required. This partially offsets the 

disadvantage that this method is only first order accurate in 

time. 
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Code 3) Hybrid Expl icit/Impl icit Scheme - this method treats the 

diffusion term implicitly with ADI, while second order accurate 

Adams-8ashforth is used on the nonlinear advection terms. The 

method is second order accurate in both space and time. It is 

subject only to the stability condition, 

tot [ ill + hl ] ( 1 toX toz ( 4.17) 

Again, because ADI is used, only tridiagonal systems of 

equations occur. In the implementation of the scheme, the 

velocities must be updated twice to advance a full time step 

by solving equation (4.6) at the end of each half time step. 

This requires more computations per time step than the first 

method. 

One additional method which has been used considerably for 

convection problems employs the leapfrog Dufort-Frankel scheme for the 

diffusion terms and Arakawa's scheme for the nonlinear terms. The 

advantage of the Dufort-Frankel scheme is that it is an explicit method 

without a stability restriction. However, the method is not consistent 

and must be used carefully. Moore, Peckover, and Weiss (1974) point 

out that in order to get accurate solutions with Dufort-Frankel, a time 

step on the order required by the standard expl icit staibil ity 

requirement (4.15) must be used. This being the case, the method 

offers no real advantage over the method used in Code 2. It has the 

added disadvantage of being more difficult to implement and it requires 

more computer storage. 
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Two al gorithms using direct methods to solve equation (4.6) 

subject to Dirichl et boundary conditions were avail abl e. The Fourier 

analysis-cyclic reduction algorithm of Hockney (1969) and the odd-even 

reduction al gorithm of Buneman (1969) were both eval uated. Both 

require the number of grid points used in each direction to be 2k + 1 (k 

= 1, 2, ••• ). Both gave identical results from the standpoint of the 

desired accuracy, but Hockney's algorithm required slightly less CPU 

time to run, and was chosen as the method used for the computations 

here. 

4.3.2 Code Testing and Evaluation 

As is al ways the case in numerical studies, the stabil ity, 

consistency, and accuracy of the computational scheme used needs to be 

addressed. Because the finite difference methods considered here are 

widely used, the analytic evaluation of the truncation error, the 

stabil ity restrictions based on 1 inearized equations, and the con

sistency of the methods for the present equations are well established. 

The stabil ity criteria and the order of the truncation error were 

discussed in the last section, and all three methods are consistent for 

the model equation. What is more essential here is to evaluate the 

methods by a direct comparison of numerical results, and to check the 

convergence of the actual numerical solutions. Often times problems 

arise due to nonlinearities, which cannot be determined from analytic 

evaluation of the stability, consistency, and convergence. 

The problem of single component thermal convection at higher 

Rayl eigh numbers was used to eval uate the three finite difference 
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al gorithms. Just as with the experiments, this 1 imiting case of the 

doubl e-diffusive probl em (RS = 0) was a good starting point for the 

numerical work. FORTRAN 77 programs were written to implement each of 

the three finite difference algorithms discussed in the last section for 

the sol ution of the energy equation (4.3). The FORTRAN subroutine 

provided by Hockney (1969) was used to solve the Poisson equation (4.6) 

along with the energy equation in each program. These same programs 

were used to study the double-diffusive problem, by including the 

solute equation (4.4). 

Caltagirone, Cloupeau, and Combarnous (1971), in their 

experimental investigation of convection in a layer of porous medium, 

found that a oscillatory mode of convection occurs for Rayleigh numbers 

several times higher than the first onset val ue (41T2). Since their 

work, it has been well documented that for Rayleigh numbers greater 

than about 380-400, numerical sol utions for cell ul ar convection in a 

porous layer exhibit regular oscillations. Solutions for RT = 300 and 

400 were obtained here using the finite difference methods discussed. 

Results for these Rayl eigh numbers are avail abl e from different 

previous numerical studies. At RT = 300, steady convection is obtained, 

while for RT = 400, after some initial development period, high 

frequency, small amplitude oscillations appear superimposed on a larger 

steady motion. In all cases presented here, the calculation was 

initiated with the perturbation (4.10). The perturbation amplitude was 

5%. 
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Some representative results for steady convection at RT = 300 

are summarized in Table 4.1. The steady values of the Nusselt number 

at the bottom wall and the maximum of the stream function obtained from 

the three difference methods are presented. All three of the 

calculations used 33 grid points in both the x and z directions. The 

time steps used in each case are listed. For Codes 2 and 3, smaller 

time steps were required to satisfy the explicit stability conditions. 

All three methods give equivalent results. For this steady solution, a 

time step of 10-3 is sufficient to yield an accurate solution, but can 

only be used with the fully implicit method Code 1. Published results 

from two different studies are incl uded in the 1 ast two col umns. 

Caltagirone (1974) used a finite difference scheme similar to Code 1 

here with 48 points in each direction. Schubert and Straus (1979) used 

a truncated Fourier expansion with the Galerkin approach, rather than 

finite differences. In all cases, the agreement is good. 

Because the fully explicit method of Code 2 must satisfy the 

stability condition (4.15), it requires a smaller time step than the 

other two methods. The advantage of the explicit method is that it 

requires fewer lines of code and less operations. However, the smaller 

cost per time step of the fully explicit method here did not offset the 

cost of the increased number of time steps required. And it becomes 

even less competitive for finer meshes. Even for unsteady calculations 

when smaller time steps are required for accuracy, it is not 

competitive. As a result, the fully explicit method of Code 2 was not 

used for the double-diffusive calculations. 



Table 4.1 Comparison of Numerical Results for RT = 300 in the Thermal Convection Problem 
(RS = 0). 

Present Work (33 x 33 mesh) 
Schubert 

Code 1 Code 2 Code 3 Caltagirone & Straus 
(At) ( 10-3) (2x10-4) (5x10-4) (1974) (1979) 

NT 4.52 4.52 4.52 4.52 4.51 

%lax 11.41 11.40 11.41 11.41 

...... 
N 
-.....J 
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Although it is possible to use larger time steps with Code 1 

than Code 3, it is not an advantage for highly unsteady flows which 

require good temporal accuracy. Tabl e 4.2 is a comparison of the 

results obtained for unsteady convection at RT = 400. The results from 

Codes 1 and 3 can be compared to those from two previously published 

studies. The peak-to-peak variation in the Nusse1 t number and the 

temporal period of the osci11 ations are given. For the present 

calculations, the Nusse1t number was determined using both a two point 

and a three point eva1 uation of the temperature gradient at the 

boundary. There is some difference between the various calculations in 

the magnitude and range of the Nusse1t number variation. Horne and 

Cal tagirone (1980) did not state where their Nusse1 t number was 

evaluated or how it was calculated. Schubert and Straus (1982), using 

the Ga1erkin method, have done the most accurate computations for high 

Rayleigh number unsteady convection in a porous medium. The three 

point evaluation of the Nusselt number from Code 1 with 65 points 

compares well with their value. The three point value from either Code 

1 or Code 3 with 33 points in both directions has a larger magnitude 

and variation because of insufficient resol ution. The val ue for the 

mean osci1l ation period varies by 1 ess than 2 %. 

There is some difficulty in obtaining a good quantitative 

estimate for the Nusse1 t number at the boundary. The horizonta 11 y 

averaged Nusselt number is defined by equation (4.11). Computationally, 

the derivative at the boundary is cal cu1 ated using a one-sided 

difference formula. For second order spatial accuracy, this requires 



Tabl e 4.2 

NT (2 pt.) 

NT (3 pt.) 

Period 

Comparison of Numerical Results for Oscillatory Convection at RT = 400. 

Present Work (~t = 2.S x 1O-~2 
Horne & Schubert 

Code 1 Code 3 Code 1 Caltagirone & Straus 
(33x33) (33x33) (65x65) (1980) (1982) 

S.00-S.21 S.01-S.20 S.01-S.1S 

S.32-5.60 S.33-S.55 5.09-5.24 5.23-S.32 S.09-5.29 

0.0117 0.0117 0.0116 O.OI1S 0.0116 

....... 
N 
I.C 
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three points be used in the difference formul a. In boundary 1 ayer 

flows, unless these three points lie completely within the boundary 

layer, the second order boundary gradient evaluation will lead to an 

overestimate of the Nusselt number value. The solution methods used 

here require the number of grid points in each direction be 2k+l, where 

k is an integer. In order to refine the mesh in one direction, twice as 

many points have to be used. Because of this constraint, in many 

cases, if the boundary layer is completely resolved, a finer mesh is 

used than is necessary for a good solution overall. It was suggested 

(Fasel, 1985) that, when the boundary layer is not completely resolved, 

a first order, two point, one sided difference may give a better 

estimate for the wall Nusselt number. Comparing the two point Nusselt 

number values in Table 4.2 for the two different mesh sizes with the 

three point value on the fine mesh, it is seen that the two point value 

gives a better estimate on the coarse mesh. By monitoring both values 

of the Nusselt number, an indication of the adequacy of the resolution 

was obtained. 

The time step used to obtain the results in Table 4.2 (2.5 x 

10-4) was close to the largest allowable for Code 3 with 33 points in 

each direction. It is possible to use a larger time step with Code 1, 

but the numerical resul ts woul d not be sufficiently accurate. For 

oscill atory sol utions, it was determined that approximately 50 time 

steps per oscillation period are required for good temporal accuracy. 

For the same time step, Code 3 requires about 40 % more computation 

time; however, the nonlinear terms in Code 3 are fully second order 
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accurate in time, while in Code 1 the order of the truncation error in 

time is approximately second order. For this reason, both Codes 1 and 

3 were used to study the double-diffusive problem. Code 1 was used 

for the majority of the calculations, while Code 3 was used to check 

and verify the numerical solutions obtained. 

For the double-diffusive calculations, where all three 

equations (4.3), (4.4), and (4.6) are solved, the computational 

requirements depend on RT, TRS, and T. A considerable amount of 

preliminary testing was done in order to determine the mesh size and 

time step requirements for different ranges of the parameter values. 

Although the method used in Code 1 is unconditionally stable from a 

linear point of view, numerical instability can occur in nonlinear 

calculations, especially when the convection terms are dominant. In 

practice, good results are obtained with the method of Code 1 if the 

stability restrictions on the standard explicit method (4.15 - 4.17) are 

not violated by more than a factor of 2 or 3. For values of T smaller 

than 0.1, it becomes impractical to stay within the recommended limits 

for accurate numerical solutions. For this reason, the majority of the 

calculations considered larger T values. Whenever possible, the 

convergence of the numerical solutions presented here was evaluated in 

both time and space. A thorough evaluation of the numerical results 

presented here for smaller values of T was not possible. The accuracy 

and convergence of the numerical solutions for the nonlinear problem 

will be discussed further in Section 4.5, after some of the results are 

presented. 

------------------""---" 
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The majority of the cal cul ations were carried out on the 

University of Arizona's CYBER 175, which has 131,000 decimal words (60 

bit) of main memory. The largest grid that could be used with this 

amount of memory was 65 points in each direction. For the double

diffusive problem, Code 1 required 0.35 seconds of CPU time per time 

step for this mesh, whil e Code 3 required sl ightly more than 0.47 

seconds per time step. For calculations requiring a larger 

computational mesh, a CRAY X-MP/48 supercomputer was used. Access to 

this computer became available only in the latter stages of this work. 

This machine has a total of 8 million 64 bit words of main memory, 

which relaxed the limitation on memory for the calculations here. A 

mesh of 129 x 129 was used for the majority of the cal cul ations 

performed on the CRAY. About 0.15 seconds of CRAY CPU time were 

required per time step with this mesh for Code 1. 

4.4 Linear Onset with Zero Solute Flux Boundary Conditions 

The two-dimensional finite difference code was used to 

determine the 1 inear critical val ue of RT when zero sol ute fl ux 

boundary conditions are specified at the top and bottom walls. This 

type of boundary condition yiel ds a time-dependent, nonl inear basic 

state profile, which makes the analytical treatment of the linear 

stability problem difficult. By simply using a small initial 

perturbation, the solution obtained from the finite difference 

calculation pertains to linear onset. The solute distribution used as 

the initial condition in the calculation is obtained by modelling the 

procedure used in the experiments. Starting with four layers of 
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different uniform solute concentration (see §4.2.2), a one-dimensional 

diffusion calculation is run to a physical time of 18 hours, which is 

the average time after the initial set-up at which onset occurred in 

the experiments. For this calculation j time is nondimensionalized using 

the layer height and the effective solute diffusivity. In the full 

calculation, the flow is initiated with a small perturbation added to 

the linear basic state temperature. Convective stability is determined 

by monitoring whether the dependent variables grow or decay with time 

at a given thermal Rayleigh number. 

The effect of a temperature-dependent thermal expansion 

coefficient was included because the results of Chapter 3 showed that 

it was important for the conditions of the experiment. Temperature 

dependent viscosity was not incl uded in the finite difference 

formul ation. The numerical sol ution procedure is considerably more 

complicated if the viscosity is not constant. The added complexity was 

not warranted, since the analysis of Chapter 3 showed viscosity 

variation with temperature to be less important than the thermal 

expansion coefficient variation. 

The calculated results for two values of RT are shown in 

Figure 4.2 The logarithm of the total kinetic energy (defined by 

equation 4.13) versus time is presented in each case. The parameters 

used correspond to the smaller salinity gradient in the experiment (RS 

= 37,800, 't = 0.002, EM = 0.539). Figure 4.2a shows how the kinetic 

energy of the initial disturbance decays in time for RT = 150, while 

Figure 4.2b shows a growing case at RT = 155. The figure illustrates 
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the oscill atory behavior of the sol utions. The period of the 

characteristic oscillations spans two of the peaks displayed by the 

kinetic energy. The approximatel y zero kinetic energy between two 

peaks corresponds to no motion in the cell. From that point, the cell 

rotates in one direction until a maximum velocity is reached. The 

rotation of the cell then decreases to zero and reverses direction, 

completing one oscillation cycle. This is the linear instability which 

results from the difference in diffusivity of the two stratifying 

components. The motion is oscillatory at onset because the component 

with the smaller diffusivity is stabilizing. 

Tabl e 4.3 summarizes the critical thermal Rayl eigh numbers 

obtained from linear theory under the various assumptions. The results 

from Chapter 3 for constant solute boundary conditions are shown in the 

first three columns. The theoretical values for the zero-flux solute 

boundary conditions and variable thermal expansion coefficient, obtained 

from the finite difference calculation, are given in the fourth column. 

The actual critical value in this case was only determined to within 

the range shown. The final column lists the experimental results. All 

values are listed for the two experimental solute Rayleigh numbers. As 

argued in Section 3.4, the effect of the nonlinear solute basic state, 

corresponding to the experimental boundary conditions, is to lower the 

theoretical critical RT. This is attributed to the lower average 

gradient and shorter effective layer height of the nonlinear solute 

profil e. Accounting for the actual sol ute boundary conditions and 

temperature-dependent expansion coefficient, good agreement between 
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theory and experiment is obtained for RT. The effect of temperature 

dependent viscosity if taken together with the expansion coefficient 

variation would presumably serve to lower the theoretical value 

slightly more. 

4.5 Nonlinear Results 

The remainder of the results concern the nonlinear aspects of 

the problem. The straightforward numerical model formulated here was 

used to investigate the finite amp1 itude behavior. As discussed in 

Section 4.2, the cal cu1 ations assume a two-dimensional roll cell of 

specific wavelength. The aspect ratio of the cell was equal to one for 

all the results presented here. The flow is initiated with a sinusoidal 

perturbation which yie1 ds a finite amp1 itude sol ution in a minimum of 

computation time. These conditions are not representative of the 

physical situation, but this type of study is useful as a first attempt 

to understand some aspects of the nonlinear problem. It is necessary 

to constrain the disturbance, because nonlinear problems can yield a 

variety of solutions depending on the initial conditions and governing 

parameters. Also, to further limit the study of the finite amplitude 

behavior, the case of constant sol ute boundary conditions was 

considered more than that of the zero solute flux conditions at the 

horizontal boundaries. 

To serve as a comparison for the non1 inear behavior of the 

double-diffusive calculations, two examples for the case of nonlinear 

thermal convection (RS = 0) are presented first. The convection 

problem served as a test case for the numerical algorithms in §4.3.2. 

-----------------------------
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The critical RT for steady onset in this prob1 em is 41f2. In the 

numerical calculation, if RT is greater than this value, then the 

initial disturbance grows in time until an asymptotic state is reached. 

B~ck (1972) has shown that finite amplitude subcritica1 instability does 

not occur for this prob1 em, so that 41f2 is the energy 1 imit as well. 

For RT less than 41f2, the initial disturbance decays regardless of how 

large a perturbation amplitude is used. For RT greater than 41f2 but 

less than about 380, the initial disturbance develops into non1 inear 

steady convection. Figure 4.3 shows the horizontally averaged thermal 

Nusselt number at the bottom wall versus time for a calculation with 

RT = 300. The initial disturbance amp1 itude was 5 %. As seen in the 

figure, the Nusselt number grows rapidly and overshoots the eventual 

steady Nusselt number. The overshoot is quite large since RT is 

several times larger than the critical value. Similar initial behavior 

is obtained for an RT of 400 (Figure 4.4a). However, after the initial 

overshoot and an irregular adjustment period, the Nusse1t number begins 

to oscillate with a small amplitude about a large mean value. Figure 

4.4b shows the oscillations magnified. All the quantities monitored in 

the calculation, ~, T, NT, and the total kinetic energy,osci1late at the 

same frequency. As discussed in §4.3.2, this behavior in the high 

Ray1 eigh number non1 inear sol ution is well documented. Horne and 

O'Sullivan (1978) investigated the cause of the oscillations and 

concluded that they result from an instability of the thermal boundary 

layers which exist at the top and bottom walls. The oscillations are 

made regular by the cyclic triggering of new disturbances by previous 
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ones that had circulated around the cell. The frequency of the 

oscillations increases with RT' Kimura, Schubert, and Straus (1986) 

have found that multiple 'frequencies and eventually chaotic behavior 

can occur for RT larger than 500. 

4.5.1 Finite Amplitude Steady Convection 

The first part of the numerical work for the double-diffusive 

problem concerns the finite amplitude behavior for larger values of T 

where accurate nonlinear numerical solutions are more readily obtained. 

The values 0.316 and 0.1 were used for this purpose. Also, it is of 

interest to see how the results here compare with those of similar 

numerical studies for these 1 arger T val ues in the viscous fl uid case 

(Veronis, 1968; Huppert and Moore, 1976). In addition to T, the 

parameters RS' RT, EM, and the initial perturbation amplitude are 

specified for a given calculation. Only constant solute boundary 

conditions and constant thermal expansion coefficient are considered in 

this part of the study. The combined parameter TRS is used rather than 

RS alone to vary the level of the stabilizing solute gradient. Values 

of TRS up to 205 were considered, but many of the calculations had TRS 

= 75, which corresponds to the lower value used in the experiments. 

The value of EM from the experiments (0.539) was used for all the 

cases presented here. It is convenient for comparing the nonl inear 

results to define the following differential thermal Rayleigh numbers, 

~R = 
RT - Rf 



where RT is the value in the calculation and Rf is the oscillatory 

onset value for the given T, TRS, and EM. 
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For a given value of TRS' the calculations in this section were 

carried out by starting with a supercritical val ue of RT (positive 

val ues of bR). It is emphasized that only constant sol ute boundary 

conditions are considered in this and the next two sections. For 

initial perturbation amplitudes generally less than or equal to 1%, 

approximately 1 inear behavior is obtained. The sol ution oscill ates 

almost harmonically at the frequency predicted analytically. Measures 

of the amplitude of the flow variables grow in time as they oscillate. 

Figure 4.5 shows the oscill atory behavior for the set of parameter 

val ucs: T = 0.316, TRS = 75, and RT = 202. The initial perturbation 

ampl itude is 1 %. Plotted versus time are the thermal and sol utal 

Nusselt numbers at the bottom wall and the temperature and salinity at 

one point in the computational domain. The oscill ation frequency 

displayed by the temperature and salinity is the value predicted by 

equation (3.28) from linear theory. (Note that the nondimensional time 

from the linear theory analysis is not the same as that in the finite 

difference formul ation.) The Nussel t numbers defined by equations 

(4.11) and (4.12) are covariant in two of the flow variables and 

therefore oscill ate at twice the frequency. It is important to 

emphasize that this is still approximately a linear calculation, since 

the amplitudes of the quantities are relatively small. For example, 

the Nusselt numbers are close to one. The value of bR is only 0.11% 

(using Rf = 201.77 from equation (3.31)). At this value of bR, the 
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sol ution ampl itudes in crease slowly, since the rate of growth is 

governed by the extent that RT is supercritical. 
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To study the behavior at finite amplitude, the value of RT was 

increased. Figure 4.6 shows the logarithm of the total kinetic energy 

and the thermal Nusselt number at the wall versus time for a slightly 

1 arger val ue of RT = 208 (AR = 3 %). All of the other parameters 

remain the same. For this larger value of RT something very 

interesting occurs. As best seen from the plot of the thermal Nusselt 

number in Figure 4.6b, the initially linear double-diffusive oscillations 

grow in amplitude beyond the small disturbance level and into the 

nonl inear regime. However, at the nondimensional time t = 0.6, the 

growth levels off and the period of the fourth oscillation is extended 

considerably. This final oscillation is followed by a large increase in 

the Nusselt number to almost 3 times the largest oscillatory value. It 

appears that the initial oscillatory motion became unstable at finite 

amplitude and there was an overturning of the initially unstable 

density distribution. The breakdown in this case 1 eads to a fully

developed steady convective motion. The results shown in Figure 4.6 

were obtained using Code 1. In order to verify that this breakdown of 

the oscillatory solution is not an artifact of the numerical treatment 

of the nonlinear terms in the temperature and solute equations, results 

obtained using Code 3 were compared with those from Code 1 for the 

same case in Figure 4.7. The results from Code 1 are given by the 

dashed curves. The representation of the nonlinear terms is entirely 

different in the two codes. The breakdown occurs in both solutions, 
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although the point in the calculation when it occurs is slightly 

different. The comparison shows that the instability of the weakly 

nonlinear oscillatory solution is sensitive to the truncation error in 

the numerical solution. Further testing of this behavior was required 

to ascertain whether this was the case. The first two sol utions 

presented were calculated with 33 grid points in each direction and a 

time step of 5 x 10-4• This temporal and spatial discretization is more 

than adequate to yie1 d a good sol ution for the developed non1 inear 

steady convection which occurs after the breakdown. With a smaller 

time step (2.5 x 10-4), the solutions from both codes converged to the 

results shown for Code 3 in Figure 4.7 on the 33-point mesh. For a 

refined mesh of 65 points in each direction, the results obtained from 

Code 1 are shown in Figure 4.8. There is less elongation of the last 

oscillation peak, with the breakdown happening earlier on the finer 

mesh. Identical resul ts were obtained on the refined mesh when the 

time step was halved. This analysis of the convergence shows that 

more accuracy in the numerical sol ution procedure is required than 

ori ginall y expected in order to properl y capture this finite ampl itude 

instabil ity of the growing oscill atory motion. Appendix B 1 ists the 

mesh size, time step, and program used for all the results presented 

here. 

It is not as difficult to obtain an accurate numerical solution 

for the developed flow, since identical behavior is obtained after the 

breakdown in each case. It is ~nteresting that this breakdown occurs, 

since it is very similar to what was observed in the experiments here. 
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Also, the behavior of the numerical solution in this case after the 

breakdown is essentially the same as in the case of thermal convection 

(RS = 0). This is seen by referring back to Figure 4.3, which shows the 

development of the Nusse1t number for thermal convection with RT = 

300. The comparison here is relevant because, in both cases, finite 

amp1 itude convection develops out of a statically unstab1 e density 

arrangement. With the present model equations for the double-diffusion 

convection problem in porous media, the fluid in the porous layer is 

statically unstable at the RT for oscillatory onset. 

Figure 4.9 shows the horizontally averaged nondimensional 

temperature, sol ute, and densit.Y as the function of the vertical 

coordinate. In the top half of the figure, the quantities are displayed 

at the time t = 0.56, which is before the breakdown. The curves 

correspond to the basic state profil es, a1 though the sol ute shows a 

slight amount of distortion. The density profile is statically unstable 

as it would be for thermal convection alone. The bottom half of Figure 

4.9 shows the three quantities after steady convection has been 

established (t = 1.5). The overturning of the fluid has led to a core 

of essentially uniform density fluid, with unstably stratified regions 

near the top and bottom walls. It is interesting to note that even 

though the T and S gradients near the walls have opposite effects on 

the density, the density is entirely unstably stratified in these 

regions. This is a result of the fact that RT is almost 3 times 

greater than TRS. 
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It is helpful to look at contours of the flow variables for the 

finite amplitude case discussed so far. Figure 4.10 shows contours of 

1/1, T, and S at two time 1 evel s. The first time 1 evel shown is at a 

fixed time in the growing oscill atory sol ution. The streamfunction 

contours at this time show that the singl e cell is rotating in one 

direction. Throughout a complete oscillation cycle, the direction of 

the rotation reverses twice. The temperature and solute contours are 

only slightly distorted at this time because the amplitude of the 

motion is still small. The solute field is distorted more by the flow 

because it's diffusivity is smaller. The contours at the second time 

level correspond to fully developed steady convection. In this case, 

the motion is simply a unidirectional rotation. The temperature 

contours have the usual backward S-shape. The solute contours show 

that it has been well-mixed in the center region of the cell. The only 

significant solute gradients which remain are near the top and bottom 

boundaries, since S is maintained fixed there. 

It is interesting to consider the effect of the initial 

disturbance amplitude and the value of RT on the breakdown of the 

oscillatory' solution. Figure 4.11 again shows the kinetic energy and NT 

for the same parameters as Figures 4.6 - 4.8, except that the initial 

disturbance ampl itude has been increased to 5 %. In this case, the 

solution grows directly to the same steady convection. If an initial 

perturbation amplitude smaller than 1% is used, then the linear 

oscillations are obtained for a larger amount of the initial 

computation time, but once the amplitude reaches a certain level, the 
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breakdown occurs. Therefore, regardl ess of the ampl itude of the 

initial disturbance, steady convection is ultimately obtained. As the 

value of RT is increased farther beyond the oscillatory onset value, a 

smaller initial disturbance amplitude is required in order for the 

motion to remain approximately 1 inear for a given period of time. 

Figure 4.12 shows the behavior for RT = 225. The initial disturbance 

ampl itude is 0.2 %. The logarithm of the total kinetic energy shows 

that the initial motion is still OSCillatory, but once again this 

oscill atory motion becomes unstabl e. The ampl itude at which the 

breakdown occurs is smaller at the higher RT value. The amplitude of 

the Nusselt number oscillations is barely observable on the scale used 

for the overall plot. 

It is important to point out that the oscill ation period has 

decreased at this higher RT val ue. As discussed in Chapter 3, the 

linear solution for oscillatory onset (see Section 3.4) produces a value 

of RT with zero oscillation frequency, which is lower than the RT value 

obtained from 1 inear theory assuming steady onset. Therefore, the 

period of the linear oscillations should increase as RT becomes larger, 

approaching the value with zero oscillation frequency. Of course, the 

oscillation frequency is also modified by nonlinear effects, which 

become important as the amplitude of the solution increases. 

4.5.2 Finite Amplitude Oscillations 

For the results discussed so far, the initial double-diffusive 

oscillatory motion was not sustained at finite amplitude. Instead, the 
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breakdown of the oscill atory motion 1 ed to an asymptotic steady 

convection solution. At larger values of '[RS' the behavior of the 

asymptotic sol ution becomes quite different. Rather than steady 

convection, the developed secondary flow becomes unsteady and exhibits 

oscill ations. Once again, the sol ute is maintained constant at the 

horizontal boundaries for the calculations in this section. 

For '[ = 0.316 and '[RS = 150, Figure 4.13 shows, once again, the 

logarithm of the total kinetic energy and the thermal Nusselt number 

as functions of time. The value of RT is 350, and R~ is equal to 341 

(.~R is 2.66 %). The val ue of '[RS in this case is twice. as 1 arge as in 

the first results discussed. As seen from the figure, the breakdown of 

the initial osC"illatory motion is followed by the same type of jump in 

the amplitude of the quantities. After the large increase in amplitude, 

there are some decaying oscillations at an intermediate frequency, and 

eventually the so"iution settles down into very regular finite amplitude 

oscill ations. These oscill ations in the Nussel t number of the 

secondary flow are averaged about a mean value which is on the order 

of that obtained for steady convection. The average val ue of the 

thermal Nusselt number is close to 4 in this case. Thus, the overall 

motion is quite vigorous and resul ts in high heat transport. The 

secondary oscillations appear to be superimposed onto a larger 

developed flow. The character of the secondary oscillations is 

different from the initial double-diffusive motion. The frequency of 

the secondary oscillations is over 6 times larger than that of the 

approximately linear initial oscillatory motion. The oscillation of the 
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Nusselt number in the secondary flow is similar to that found at high 

RT values in the thermal convection problem (refer' to Figure 4.4); 

although the secondary oscillations occur for lower RT values and have 

a larger amplitude than those in the single component case. 

There is no reversal of the flow due to the secondary 

oscillations, and all quantities oscillate at the same frequency. This 

is contrary to the initial double-diffusive oscillations for which 

quantities like the kinetic energy and the Nusselt numbers oscillate at 

twice the frequency of the primary field variables (1/1, T, and S). This 

difference in behavior is shown clearly in Figure 4.14. The thermal NT 

at the bottom wall and the temperature at a single point in the domain 

are shown for a larger value of TRS (205) and a correspondingly larger 

value of RT (450). The value of T is still 0.316. Figure 4.15 shows 

the analogous quantities for the salt. The two figures clearly show 

the change in behavior between the initial doubl e-diffusive flow and 

the secondary oscillations. At the nondimensional time of 

approximately 0.4, the breakdown of the initial growing solution leads 

to the secondary oscill ations. The time period of the initial 

oscillations from linear theory (0.17) is displayed for about one cycle 

by the temperature in Figure 4.14b and the solute in 4.15b. The time 

period of the secondary oscillations changes as what looks like the 

second harmonic grows and saturates. Eventually, only a single 

oscillation frequency is apparent. The nondimensional period of the 

developed secondary oscillation is 0.025. The thermal Nusselt number 

oscillates between 3.6 and 4.7. By comparing the results for the two 
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cases shown here for TRS = 150 and TRS = 205, it was found that both 

the oscill ation frequency and the magnitude of the oscill ations 

increase with larger values of TRS and RT. 

161 

Figure 4.16 shows contours of the flow variables (1/1, T and S) 

at equally spaced time increments over one finite amplitude oscillation 

cycle. The streamlines display how the unicellular convection is 

affected by the presence of the small oscillations. The streamfunction 

is entirely positive. The maximum value of 1/1 oscillates between 

12.2-13.3 over the cycle. The interval for the T and S contours is 0.1. 

At the first time level shown, the kinetic energy is slightly lower 

than the maximum. The transport of heat and solute at the top and 

bottom walls is correspondingly large, as evidenced by the small 

spacing between the T and S contour lines. As the energy decreases 

over the oscill ation cycl e, the wall gradients decrease as well. 

Overall, the contours resemble the ones obtained for steady convection 

(Figure 4.10b). Over the course of one cycle, there is little variation 

in the flow structure as a result of the finite amplitude oscillations, 

with solute showing more of an effect than the temperature due to the 

oscillatory character of the flow. Again, this is a result of the 

smaller solute diffusivity. 

For T values smaller than 0.316, the finite amplitude secondary 

oscillations occur at lower TRS values. For TRS = 75, corresponding 

to the smaller of the two experimental solute gradients, the secondary 

oscillations were obtained at finite amplitude for smaller values of T 
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equal to 0.1, 0.05, and 0.025. The behavior for T = 0.1 is shown in 

Figure 4.17. The critical RT from linear theory is 186. This value is 

closer to the critical RT (180) for the experimental T, due to the 

asymptotic (as T + 0) behavior of the linear theory result. For this 

calculation, the value of ~R was 1.1% and the initial perturbation 

amplitude was 5%. The kinetic energy and Nusselt number both display 

the growing initial oscill atory motion. However, as in the previous 

cases, the initial oscillations become unstable at finite amplitude. 

For this particular solution, there is some irregular behavior before 

the rapid increase in ampl itude and development into secondary 

oscillations. The results shown are from a converged numerical 

sol ution. The fine detail s of the irregul ar behavior exhibited by the 

solution did not appear to be sensitive to the numerical accuracy. 

The secondary oscillation period is again smaller than that of 

the initial oscillations. The nondimensional period of the secondary 

oscillations shown in Figure 4.17 is 0.051. The period here for T = 0.1 

is greater than the previous two cases for T = 0.316, which had larger 

values of TRS and RT; however, the same secondary oscillation period 

was obtained for T = 0.05 with TRS and RT the same as in the T = 0.1 

case. It appears that the frequency of the finite ampl itude 

oscillations is influenced more by the values of TRS and RT than by T. 

The value of T does affect the amplitude of the oscillations. At a 

fixed value of TRS, as T is reduced, the amplitude of the secondary 

oscillations becomes larger. For T = 0.1 (Figure 4.17), the Nusselt 

number variation of the finite amplitude oscillations is 2.53-3.06. 
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This variation increases to 2.26-3.66 for T=0.05 with all the other 

parameters being the same. The thermal Nusselt number versus time for 

T = 0.05 is shown in Figure 4.18. 

4.5.3 Nonlinear Solutions at Subcritical Rayleigh Numbers 

Based on the behavior obtained for supercritical values of RT' 

the bifurcation of the oscill atory sol ution at finite ampl itude was 

investigated for RT less than critical. If a small initial disturbance 

is used to initiate the calculations at a subcritical value of RTs the 

resulting sol utions oscill ate and decay in accordance with 1 inear 

theory. However, if an initial disturbance amplitude of sufficient 

magnitude is used, then instability at subcritical RT values is 

obtained. Depending on the parameter val ues, the sol utions either 

directly develop into a large amplitude motion or oscillate via the 

double-diffusive mechanism initially before undergoing transition to a 

large amplitude motion. 

Figure 4.19 shows the kinetic energy and thermal Nusselt number 

for a subcritically unstable solution. The parameters used were T = 

0.316, TRS = 75, and RT = 190 (l1R = -5.9%). The initial perturbation 

amplitude was 10%. There is essentially no difference in the behavior 

of the solution in this case and the one obtained for a supercritical RT 

with a large initial disturbance amplitude (Figure 4.11). The 

asymptotic solution is steady convection, as it was for RT larger than 

R~ at this value of TRS and T. It appears that the linear restoring 

mechanism is overshadowed by nonl inear effects for a 1 arge initial 

perturbation amplitude. 
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The 1 evel of the initial disturbance amplitude required to 

cause the subcritical instability depends on the value of RT. Figure 

4.20 is a plot of the subcritical RT value for finite amplitude 

convection as a function of initial disturbance ampl itude. The 

parameter values here are T = 0.316 and TRS = 63. The figure shows 

that an energy limit is reached eventually, since the solution decays 

for RT 1 ess than 125 regardl ess of the initial ampl itude. The val ues 

of RT were determined to within an uncertainty indicated by the 

vertical bars. The limiting RT is still larger than the hydrostatically 

stable point (RT = TRS) by more than 4~2, the smallest value of RT for 

disturbances to grow at any amplitude when RS = O. 

Figure 4.21 displays the same quantities at a higher value of 

TRS (158), with T still equal to 0.316. The situation in this case is 

more complicated because finite amplitude oscillatory solutions occur 

for higher RT at this larger TRS. However, for large values of the 

initial perturbation amplitude, steady subcritical instabil ity occurs 

because the value of RT is lower. For RT values in the region between 

the vertical dotted lines in the figure, the finite amplitude solutions 

initially exhibit small oscillations which eventually decay. Thus, the 

curve shows that the finite amplitude oscillations require a certain 

level of imposed temperature difference to be sustained at a given 

value of TRS. 

At subcritical RT values, it is possible to obtain the initial 

double-diffusive oscillatory solutions at finite amplitude for an 
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extended period of time. Figure 4.22 shows the thermal and solutal 

Nusselt numbers along with the temperature and solute at one point in 

the domain as functions of time for a calculation with T = 0.1, TRS = 

75, and RT = 175 (~R = -5.9%). An initial disturbance amplitude of 10% 

produces finite ampl itude doubl e-diffusive oscill ations up to a 

nondimensional time of 2 (only one-half of the calculation is shown). 

This figure ill ustrates the nature of the oscill ations which are still 

influenced by the diffusion of heat and salt throughout the domain. 

This is in contrast to the finite amplitude secondary oscillations which 

occur when the gradients of T and S exist primarily near the horizontal 

boundaries. In the figure, the scales of the corresponding temperature 

and solute quantities are the same to emphasize the difference in their 

amplitudes. Since the solute has a smaller diffusivity, it is affected 

to a greater extent by the motion, which accounts for the 1 arger 

amplitude~. In the calculation, these finite amplitude double-diffusive 

oscillations do not persist at subcritical RT. Asymptotically stable 

finite ampl itude oscill ations from the di ffusive mechanism were not 

obtained for the parameter range considered in the present study. 

The solution in the previous case is useful to illustrate the 

difference in behavior between the approximately 1 inear doubl e

diffusive oscillations and the secondary oscillations. Figure 4.22 

shows cl early that the Nussel t numbers oscill ate at twice the 

frequency of T and S. The oscillation period has increased slightly at 

finite ampl itude over the onset val ue predicted by 1 inear theory. 

Contour plots at equally spaced time intervals over one oscillation 
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cycle illustrate how the diffusive oscillations affect the flow (Figure 

4.23). Also included are perspective plots of the streamfunction, which 

show cl early the change in direction of the cell rotation, as the 

streamfunction changes from positive to negative over the cycle. The 

contours of T and S show how each field is distorted by the motion, 

with the sol ute being affected to a greater extent. It is interesting 

that this type of finite amplitude oscillation is sustained for any 

significant time, considering the extent to which the density is 

statically unstable in the porous medium case. It may be that the 

exclusion of inertial effects in the momentum equation for porous media 

allows this unbalanced oscillatory motion to exist for some time. 

However, eventually the fluid in the medium overturns as a result of 

the unstable density arrangement. It is interesting to compare the 

flow field that exists during a diffusive oscillation cycle with the one 

during a secondary oscill ation cycl e, where the fl uid has al ready 

overturned (see Figure 4.16). 

The fact that finite amplitude subcritical instability occurs in 

the numerical solutions here is of theoretical interest, but it may not 

be relevant to the actual physical problem. It is difficult to specify 

what constitutes a finite amplitude disturbance. The large amplitude 

deterministic perturbation used in the numerical study is an 

ideal ization which has 1 imited util ity when modell ing experimental 

systems. The emphasis in the present study is on the behavior at finite 

amplitude of the solution arising from the linear instability mechanism. 

This necessitates concentrating on supercritical values of RT. 
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4.5.4 Zero Solute Flux Boundary Conditions and Hysteresis 

Since one of the objectives of the nonlinear study was to model 

the conditions of the experiments, the necessity of treating small T 

values in the nonlinear calculations had to be evaluated. The critical 

RT and the oscillation frequency of linear theory depend on T, but they 

approach asymptotic values as T becomes small. There is only a 1% 

difference between the linear critical RT for T = 0.025 and T = 0.002 

(the experimental value). In the numerical calculations, the initial 

doubl e-diffusive osci" ations were found to be unstabl e at finite 

amplitude for a range of T values as small as T = 0.025. There was no 

indication that the size of T strongly affects the nonlinear instability 

mechanism. Therefore, it may not be necessary to consider the actual T 

in order to model the breakdown behavior in the system. However, the 

size of T does playa role in the developed nonlinear solution, since 

small er T val ues yiel d 1 arger ampl itudes for the secondary 

oscill ations. These secondary oscill ations were not observed in the 

experiments, and hence their dependence on the solute boundary 

conditions needed to be addressed. The remaining aspect of the 

numerical study here concerns the nonl inear behavior for the zero 

solute flux boundary conditions. 

The effect of the zero-flux solute boundary conditions on the 

linear theory results was discussed in Section 4.4. The slowly 

diffusing nonl inear initial sol ute profil e 1 ed to instabil ity of the 

motionless basic state for lower RT values, so the treatment of the 

actual sol ute boundary conditions improved the agreement for RT 

--------- .-
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critical between linear theory and experiment. For linear onset, it 

was necessary to treat the actual T, because it determines the rate at 

which the basic solute profile diffuses, and this affects the RT at 

which onset occurs. However, once the initial oscill atory sol ution 

grows to finite ampl itude, the nonl inear breakdown of the sol ution 

occurs in the same manner as in the case of fixed solute concentration 

at the boundaries. Since the convection terms are negligible at small 

amplitude, finite difference solutions can be obtained for the actual T 

in the linear case. It is only at finite amplitude, when convection is 

important, that it becomes difficult to obtain accurate solutions for 

small T. It was not practical to calculate asymptotic solutions for T 

less than 0.025. This T was used for two final calculations to be 

discussed. Since the focus is on the nonlinear behavior, large initial 

disturbance amplitudes were used to initiate the flow. 

For the remaining results, TRS = 75, which corresponds to the 

small er experimental sol ute gradient. The initial sol ute distribution 

for the nonlinear calculations is the same in as the linear 

calculations for the zero solute flux boundary conditions. The effect 

of the solute boundary conditions alone is illustrated by a calculation 

with RT = 183, which is in the same range of RT as the previous 

calculations. Because the magnitude of RT affects the finite amplitude 

secondary oscillations, the intention here is to consider only the 

effect of the sol ute boundary conditions. If constant sol ute 

concentrations were maintained at the top and the bottom walls, R~ 

would be 180.5 for T = 0.025. In the calculation, a 10% initial 
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perturbation amplitude was used in order to minimize the computation 

time, since the nonlinear behavior after the breakdown of the initial 

oscillatory solution is of interest. The kinetic energy and thermal 

Nusse1t number for this case are shown in Figure 4.24. Both quantities 

display secondary oscillations of large amplitude at first, 

corresponding to the smaller T. Instead of developing into oscillations 

of fixed amplitude, as when the solute is maintained fixed at the top 

and bottom walls, the oscillations decay in time. With the zero solute 

flux boundary conditions at the top and bottom walls, there is no 

mechanism for maintaining the stabil izing sol ute gradient at any point 

in the flow field. The oscillations decay as the solute gradient is 

eventually destroyed by the mixing. 

The previous resu1 ts ill ustrate the re1 ationship between the 

secondary oscil1 ations and the remaining gradients of the two 

components in the developed convection. The opposing temperature and 

sol ute gradients which exist in the regions near the horizontal wall s 

appear to cause the oscillations in the secondary flow. If the solute 

concentration is not maintained fixed at the boundaries, then the solute 

gradients are destroyed eventually due to mixing. It is conjectured 

that in the experiments, the mixing process is much stronger than that 

by molecular diffusion alone. This would account for the lack of 

secondary oscillations in the experiments. Since the oscillations are 

re1 ated to the imposed T and S gradients, the behavior of the 

oscillations depends on RT and TRS. If RT is not large enough at a 
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given TRS, then only steady convection results, even if S is maintained 

fixed at the boundaries. To better model the experiments, it is 

necessary to consider RT closer to the experimental val ue (150). For 

TRS = 75, T = 0.025, and RT = 155, a small initial disturbance will grow 

if the temperature dependence of the thermal expansion coefficient and 

zero solute flux boundary conditions are included. The thermal Nusselt 

number versus time is shown in Figure 4.25 for a calculation with these 

parameter val ues. The initial perturbation ampl itude was 5 %. One 

cycle of the double-diffusive oscillatory solution is obtained at the 

start of the calculation. This is followed by a larger amplitude 

oscillatio~ before the actual breakdown and overturning of the unstable 

fluid. To simulate an enhancement of the mixing at finite amplitude, 

the solute diffusivity was increased by a factor of 10 at t = 0.3. As 

a result of both the smaller RT and the larger solute diffusivity, the 

developed solution, as illustrated by the behavior of NT, oscillates 

only briefly before settling into steady convection. This is by no 

means a comprehensive simulation of the experiments. However, it does 

lend insight into the possible explanations for the behavior observed in 

the physical system. 

There is some difference between the magnitude of the Nusselt 

number predicted by the nonlinear calculation and the measured value. 

The steady NT in the calculation with RT = 155 is 3.4, while the 

experimental value is 2.4 at RT = 150. Because of the very idealized 

conditions of the calculations, quantitiative agreement should not be 

expected. The qualitative similarity obtained between the calculations 
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and the experiments is more rel evant. One final aspect of the 

comparison is the behavior of the steady developed solution as RT is 

reduced. The previous case is used~ since the conditions approximate 

those of the experiments. For times greater than 0.70, if RT is 

reduced, the value of NT at the wall decreases and remains time

independent. Figure 4.26 is a plot of NT versus RT. The solid curve is 

calculated, while the dashed curve is the experimental data shown 

dimensionally in Figure 2.10. Conduction across the layer is maintained 

until RT = 150 in the experiment and until RT = 155 in the calculation 

(based on a small initial disturbance). The conduction region lies 

along the abscissa where NT = 1. In both the experiment and the 

calculation, there is a large increase in NT after onset. Eventually, 

steady NT values are obtained. When RT is reduced, the Nusselt number 

decreases in the manner shown by the curves in both cases. The 

symbols represent the ~iscrete increments by which RT was reduced. In 

the calculation, conduction across the layer is restored (NT = 1) at 

approximately RT = 40, while in the experiments, the convection ceases 

at RT = 55. These val ues correspond to the initial RT for thermal 

convection alone in the calculation and experiment, respectively. Both 

the experiment and the calculation exhibit the same hysteresis. 
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CHAPTER 5 

CONCLUSIONS AND RECOMMENDATIONS FOR FURTHER WORK 

The present research addressed the problem of double-diffusive 

convection in a horizontal layer of saturated porous medium. In 

particular, the work concerned the onset and development of convection 

in a horizontal layer of porous medium heated from below and saturated 

with a fl uid having a stabil izing concentration gradient. From the 

three aspects of the work --- the experiments, linear stability theory, 

and the nonlinear finite difference calculations --- the following 

~onclusions may be drawn: 

1. Good agreement for· the critical RT is obtained between the 

experiments and linear theory if the conditions of the experiments 

are properly accounted for in the theory. The effects of 

temperature-dependent thermal expansion c08fficient and viscosity 

for water and zero sol ute fl ux boundary conditions had to be 

included in order to obtain this agreement. 

2. For the onset of thermal convection alone (RS = 0), the critical RT 

from the experiments is al most 40 % higher than the theoretical 

val ue. One possible explanation for the discrepancy is the 

uncertainty of the property val ues in the Rayl eigh number 

definitions. 
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3. When the porous 1 ayer is saturated with a fl uid having a 

stabll izing sal inity gradient, onset is marked by a dramatic 

increase of the heat flux at the critical temperature difference. 

The heat fl ux increases steadily over a period of 1-2 thermal 

diffusion times before reaching a steady val ue. The heat fl ux 

exhibits hysteresis when ~T is decreased below the critical value, 

once the heat flux had reached the steady value. 

4. Linear theory predicts the motion to be oscillatory at onset. The 

mechanism for this oscillatory motion requires the presence of the 

two opposing gradients. In the experiments, there is generally a 

small oscillation of one cycle in the monitored temperature, close 

to onset. However, regul ar oscill ations at frequencies predicted 

by 1 inear theory were not observed. Instead, 1 arge ampl itude 

irregular variation of the temperature in the layer occurs at the 

same time that the heat flux increases steadily. 

5. For thermal convection alone at slightly supercritical conditions 

(~T ~ 17°C), the observed convection patterns in the experimental 

tank appear as two-dimensional roll s. In the sal inity gradient 

case, after the convection has developed at approximatel y the 

critical ~T (40°C), the convection patterns are observed to be 

three-dimensional. 
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6. For the temperature range used in the experiments (5-50°C), the 

variation of the thermal expansion coefficient and viscosity with 

temperature had important effects on the results of the linear 

stability theory. The expansion coefficient variation was the more 

substantial effect, and it served to lower the critital RT. 

7. An important nonlinear feature observed in the experiments --- the 

large increase in heat flux close to onset --- was modelled with a 

straightforward two-dimensional unicellular calculation. Although 

the doubl e-diffusive oscill ations were obtained for small but 

finite amplitude, they were found to become unstable eventually, 

which led to a rapid increase in the solution amplitude. Since the 

initial density distribution is unstably stratified, this finite 

amplitude breakdown is associated with an overturning of the fluid 

in the porous layer. 

8. Both steady and oscillatory asymptotic solutions were obtained in 

the nonlinear calculations. When both the temperature and solute 

concentration were maintained fixed at the top and bottom 

boundaries, finite amplitude oscillations were obtained for a given 

diffusivity ratio T if RT and TRS were large enough. The frequency 

and amplitude of these oscillations were found to depend on the 

same three parameters. 
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9. In the cal cu1 ations, finite amp1 itude sol utions were obtained for 

RT less than the linear critical value. This subcritica1 behavior 

is attributed to the fact that the layer is unstable at RT values 

significantly lower than the linear critical value. 

10. With the zero solute flux boundary conditions in the calculations, 

the secondary flow oscillations decayed, which led to steady 

thermal convection as the sol ute became mixed. This resu1 t 

exp1 ains why no sustained finite amp1 itude osci11 ations were 

detected in the experiments. 

As future work, it would be interesting to perform experiments 

with permeab1 e boundaries in order to maintain the sol ute at fixed 

values. The objective of these experiments would be to investigate the 

occurrence of the oscillatory motion at finite amplitude obtained here 

in the calculations. There are at least three aspects of the problem 

here that warrant further theoretical consideration. First, the 

non1 inear breakdown of the initial oscil1 atory motion shou1 d be 

analyzed from the point of view of bifurcation theory. Some type of 

weakly non1 inear theory shou1 d be employed to sol ve the non1 inear 

governing equations used here for small amplitudes. Secondly, a more 

extensive numerical investigation of the finite amp1 itude oscil1 atory 

sol utions is required to determine the dependence on the boundary 

conditions, initial disturbance, and parameters in the problem. Based 

on the fact that temporally chaotic behavior has been obtained in 

numerical sol utions for the simp1 er thermal convection prob1 em in 
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porous media, it is reasonable to suspect that even more complicated 

dynamic behavior will be found in the probl em considered here. 

Finally, some work needs to be done on the pattern selection at onset 

for the double-diffusive case in order to explain the three-dimensional 

patterns observed. 



APPENDIX A 

PROPERTIES FOR THE HEAT-SALT SYSTEM IN WATER 

i) Polynomial for the density of the salt solution as a function of 

temperature and salinity (Ruddick and Shirtcliffe, 1979) 

p = 0.9971 - 2.539 x 10-4 (T-25) - 4.968 x 10-6 (T-25)2 

+ 2.7 x 10-8 (T-25)3 + 0.69976 S + 0.1404 S2 + 0.3375 S3 

- [1.6803 x 10-3 (T-25) - 3.551 x 10-5 (T-25)2 

+ 3.52 x 10-3 (T -25)3J S 

+ [2.714 x 10-3 (T-25) - 8.11 x 10-5 (T-25)2 

+ 9.0 x 10-7 (T-25)3J s2 

Limits: 0 < T < 60 °c, S ( 0.2 (weight fraction) 

Error < 5 x 10-4 

ii) The expansion coefficients are obtained from the above density 

relation as follows: 

a = _1 ~ 
p aT 

1 a2 
a2 = -- ~ 2p aT 

e = 1 ~ 
p as 
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iii) Empirical relations from the National Bureau of Standards for 

the viscosity variation of water with temperature (Weast, 1973). 

o .. T .. 20°C, 

log -1!.. - 1301 1 30317 
~20 - 998.33 + 8.1855 (T -20) + 0.00585 (T -20F - • 

20 .. T .. 100°C, 

log l = 1.3272 (T -20) - 0.001053 (T -20)2 
IJ20 T + 105 

IJ20 = 0.01002 g/cm sec 

iv) Diffusivity of NaCl in water at different concentrations and 

temperatures (Chapman and Newman, 1968) 

KS (cm2/sec) 
Concentration Temperature (OC) 

Moles/Liter Wt. % 0 18 25 35 ---
0 0 7.8x10-6 1.319x10-s 1.612x10-s 2.031x10-s 

0.05 0.3 1.506 

0.1 0.6 7.18 1.241 1.484 1.884 

0.15 0.9 7.10 1.480 1.874 

0.21 1.2 7.07 1.228 1.478 1.865 

0.5 2.9 1.227 1.474 1.858 



T TRS 

0.002 75 

0 

0 

0.316 75 
0.316 75 

0.316 75 
0.316 75 
0.316 75 
0.316 75 

0.316 150 
0.316 205 

0.1 75 
0.05 75 

APPENDIX B 

Computational Mesh and Time Step Used for the 
Calculated Results 

RT A Mesh At Code 

150 0.005 33x33 5xl0-4 1 

300 0.05 65x65 lx10- 3 1 

400 0.05 65x65 2.5xl0- 3 1 

202 0.01 33x33 5xl0-4 1 
208 0.01 33x33 5xl0-4 1 

208 0.01 33x33 5xl0-4 1 
208 0.01 65x65 2xl0-4 1 
208 0.05 33x33 5x10-4 1 
225 0.002 65x65 2xl0-4 1 

350 0.01 65x65 2xl0-4 1 
450 0.01 65x65 2xl0-4 1 

188 0.05 65x65 2x10-4 1 
188 0.05 65x65 2x10-4 1 
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Data 
Presented 

Table 4.3 
Figure 4.2 
Table 4.1 
Figure 4.3 
Tabl e 4.2 
Figure 4.4 

Figure 4.5 
Figure 4.6 
Figure 4.7 

Figure 4.7 
Figure 4.8 
Figure 4.11 
Figure 4.12 

Figure 4.13 

Figures 4.14 
thru 4.17 

Figure 4.18 
Figure 4.19 



T 

0.316 75 
0.1 75 

0.025 75 
0.025 75 

Computational Mesh and Time Step Used for the 
Calculated Results 

Continued 
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Data 
A Mesh ~t Code Presented 

190 0.1 65x65 5x10-4 1 Figure 4.20 
175 0.1 65x65 2.5xl0-4 1 Figure 4.23 . 

183 0.1 129x129 1.25xl0-4 1 Figure 4.26 
155 0.05 129x129 2xlO- 4 1 Figure 4.27 

Fi gure 4.28 
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