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ABSTRACT 

Petrov-Gal erkin finite el ement methods based on time-space 

elements are developed for the time-dependent multi-dimensional linear 

convection-diffusion equation. The methods introduce two parameters in 

conjunction with perturbed weighting functions. These parameters are 

determined locally using truncation error analysis techniques. In the 

one-dimensional case, the new algorithms are thoroughly analyzed for 

convergence and stabil ity properties. Numerical schemes that are 

second order in time, third order in space and stable when the Courant 

number is less than or equal to one are produced. 

Extensions of the algorithm to nonlinear Navier-Stokes 

equations are investigated. In this case, it is found more efficient to 

use a Petrov-Galerkin method based on a one parameter perturbation and 

a semi-discrete Petrov-Galerkin formulation with a generalized Newmark 

al gorithm in time. The al gorithm is appl ied to the two-dimensional 

simulation of natural convection in a horizontal circular cylinder when 

the Boussinesq approximation is val ide New resul ts are obtained for 

this probl em which show the development of three flow regimes as the 

Rayleigh number increases. Detailed calculations for the fluid flow 

and heat transfer in the cyl indel" for the different regimes as the 

Rayleigh number increases are presented. 
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CHAPTER 1 

INTRODUCTION \ 

In transport phenomena, convection and diffusion are two 

important basic mechanisms. In the study of transport phenomena in 

fl uid mechanical systems, it becomes crucial to be abl e to model the 

basic physics of the flow field and heat transfer since convection is 

usually a dominant transport mechanism and temperature gradients the 

driving force in many diffusive systems. In practical situations, the 

complication of geometries, variable physical properties, and the 

consideration of different effects invariably make it impossibl e to 

obtain analytical solutions to the governing equations. This forces us 

to resort to numerical approximations. The finite element method has 

become an important tool in the development of numerical models, 

especially in situations involving irregular domains, variable physical 

properties and complicated boundary conditions. 

Why is the finite element method attractive? The original 

development of finite element methods was basically motivated by solid 

mechanics. In structural analysis, the type of differential operator 

governing the physical processes is self-adjoint and elliptic, and 

variational finite element methods exhibit optimal global approximation 

properties to the probl em in the energy spaces. For the non-sel f

adjoint operators of the convection diffusion type, optimal 

approximation properties are not satisfied by the Galerkin finite 

1 



element method; however, the advantages of geometrical flexibility, 

higher order accuracy and stability of the finite element method 

encourage the use of finite el ement methods in such systems of 

equations. One other reason is that the finite element formulation is 

very flexible, i.e., it is easy to accommodate changes in problem 

parameters, such as boundary conditions, physical properties, and 

geometric domains with 1 ittl e or no program modification. 

2 

In one-dimensional problems, the difference equation system for 

the convection diffusion equation obtained by the Gal erkin finite 

element method using linear trial or shape function is equivalent to 

the finite difference method via central differencing. In the 

1 iterature, it is well known that numerical sol utions are difficult to 

obtain when dealing with convective transport equations, which involve 

a balance between convection and diffusion, at high Reynolds, Rayleigh, 

or Peclet number. Both methods, Galerkin finite element and finite 

difference, yield oscillating or "wiggling" solutions if the 

nondimensional number at the computational cell level is larger than a 

critical value. It was proved in Heinrich and Envia [1982] that these 

methods introduce an artificial 'negative ' diffusivity which increases in 

magnitude if the cell number increases. 

The need to resolve the numerical difficulties leading to 

oscillatory behavior of the solutions has continually drawn many 

investigators in numerical methods. There is a popular method used by 

the finite difference analyst, called upwind differencing, that uses 

backward or forward differences to discretize the convective operator 



depending on the direction of the flow. Upwind differencing renders 

the numerical solution smooth or oscillation-free, but a more careful 

error analysis of a typical difference equation shows that this result 

is overdiffused, i.e., the numerical solution obtained corresponds to 

that of a modified equation with an added artificial 'positive' 

diffusivity that can be many orders of magnitude greater than the 

physical diffusivity. Stability is achieved; however, accuracy is lost. 

3 

Because the standard Galerkin finite element method produces 

oscill atory sol utions to the convective diffusion equation when 

convection dominates, a stable finite element scheme perhaps similar to 

the upwind finite difference method is necessary to overcome this 

difficulty. One possible way was first suggested by Zienkiewicz, 

Gall agher, and Hood [1975J; the breakthrough path to a sol ution was 

firmly establ ished by Christie, Griffiths, Mitchell, and Zienkiewicz 

[1976J in the context of linear one-dimensional problems and extension 

to two-dimensional cases were later given in Heinrich, Huyakorn, 

Zienkiewicz, and Mitchell [1977J. Stable finite element schemes of the 

Petrov-Galerkin family were constructed which introduced a parameter 

to correct the diffusion error. By careful choice of the parameter, 

the accuracy of the schemes can be greatly improved. 

From the error analysiS, it is clear that the Petrov-Galerkin 

finite element schemes indeed lead to weighted combinations of backward 

and central differences discretization of the convective term in the 

equation, which is controlled by the additional parameter, as suggested 

-------------------_._--------_ .. _-_.-
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in Barrett [1974]. An extensive 1 iterature review of the beginning 

work using the Petrov-Galerkin finite element method is given in 

Heinrich and Zienkiewicz [1979]. Later, the concept connecting 

anisotropic balancing dissipation and the Petrov-Galerkin finite element 

methods introduced in Kelly, Naka7.awa~ Zienkiewicz, and Heinrich [1980] 

provided an interpretation of the Petrov-Galerkiii method from a 

physical viewpoint and proved that the Petrov-Galerkin methods can be 

optimal in the sense of adding an exact amount of diffusion so as to 

balance the artificial diffusion and obtain the exact solution at nodes 

when a uniform mesh is used and the equation has constant coefficients. 

The use of the finite el ement method via Petrov-Gal erkin 

formulations of various forms has been extremely effective in the 

numerical solution of steady-state convection-dominated problems. By 

means of rather ad hoc extensions, they have been applied to the time

dependent equations in Bergman and Heinrich [1981], and Hughes and 

Brooks [1982]; however, these extensions were mostly justified by means 

of numerical experimentation, and a formal error analysis is lacking. 

In Hughes and Brooks [1982], the optimal upwind parameter was chosen 

using the criteria for the purely convective case given in Raymond and 

Gardner [1976] to minimize the wave phase error. In Brooks and Hughes 

[1982], this algorithm was further extended to study the time-dependent 

Navier-Stokes equations with a generalized Newmar~-type, time-stepping 

scheme. A local error analysis technique used in Heinrich and Envia 

[1982] showed that the direct appl ication of the Petrov-Gal erkin 

weighting function derived from the steady-state case to the time-
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dependent convection-dominated probl em can generate al gorithms which 

introduce excessive numerical damping and are not capable of describing 

the time evolution with adequate accuracy. An alternative form of the 

Petrov-Galerkin formulation is, therefore, required for time-dependent 

probl ems. 

In this work, a possible extension of the Petrov-Galerkin 

scheme for the time-dependent equation is presented. As suggested in 

Heinrich and Envia [1982], a second perturbation parameter can be added 

in the weighting functions for time-dependent problems, and these two 

parameters can be determined by using a local error analysis technique 

to correct the artificial dissipation and the numerical dispersion, i.e., 

the phase error. This will be accompl ished by using a time-space 

element, so the algorithm is by necessity implicit. However, it will be 

shown that the structure of these schemes can be easily interpreted 

physically and lead to easy-to-implement, highly accurate, single-time

step al gorithms. 

The development of these new algorithms will focus on the use 

of bilinear space-time approximations in the space of trial functions, 

and only singl e-step methods are considered; i.e., assuming that 

conditions are known at time level tn' the solution is calculated at 

time level tn+l = tn + 6t using only the information at time tn. This, 

of course, imposes limitations on the achievable accuracy and stability 

of these algorithms, which will be fully discussed. 

Before using the proposed time-space el ement in the Navier

Stokes equations, more development is required in order to understand 



the algorithm's behavior in nonlinear convective equations of the form 

of the Navier-Stokes equations. The time-dependent Burgers equation is 

currently being investigated by Hanshaw [1986J, motivated by the 

algorithm's success in linear problems. 

6 

In recent years, the fi nHe el ement method has become a 

powerful tool to model problems in many areas of fluid mechanics, heat 

transfer, and other engineering disciplines. In particular, it has been 

extensively appl ied to study buoyancy-driven flows and natural 

convection in enclosures under the assumption that two-dimensional 

approximations are valid. These situations can be found in practice in 

buildings, solar collectors, pipelines, and nuclear cooling systems, 

just to name a few. However, most of the work reported in the 

1 iterature is confined to a rectangul ar geometry; extensive studies 

using the finite el ement method for a variety of aspect ratios and 

angl es of incl ination rel ative to gravity were reported in Marshall, 

Heinrich, and Zienkiewicz [1978], Heinrich and Strada [1982], Strada and 

Heinrich [1982], and Heinrich and Yu [1984J. 

In this study, attention will be given to the probl em of two

dimensional, time-dependent natural convection in a horizontal circular 

cyl inder since this case has not been adequately studied. A finite 

element model was developed for this purpose which is an extension of 

the one used in Heinrich and Yu [1984], and is applied to this problem 

in an attempt to provide information to help in the understanding of 

the fluid dynamics and heat transfer. 
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In order to keep the model in all its generality, the 

advantages offered by the finite element method's ability to deal with 

irregular geometries are exploited and the calculations are performed 

in a Cartesian coordinate system for the circular cylinder. A penalty 

function formulation will be used to eliminate the pressure term in' the 

momentum equations using the continuity equation for incompressibl e 

flow, so the total number degrees-of-freedom is reduced. The 

Petrov-Galerkin finite element method will then be used to formulate 

the semi-discretized equations in space and a predictor-multicerrecter 

time-stepping scheme is used to perform the time integration. 

In Chapter 2, a review of the relation between. the standard 

Gal erkin method, Petrev-Gal erkin method, and the added bal ancing 

dissipation is given. The steady-state case will be used to introduce 

the basic concepts. 

In Chapter 3, new Petrov-Gal erkin al gorithms for one

dimensional time-dependent covection-diffusion equations are presented 

that are based on time-space elements. Two parameters are introduced 

in the weighting function to correct the artificial dissipation and 

numerical dispersion. These algorithms are fully analyzed locally and 

expressions for the two parameters are obta'ined from the truncation 

error analysis. The stability of these algorithms is also analyzed 

using standard methods. Examples involving perturbations in the form 

of Gaussian waves subject to convection and diffusion are solved via 

these new algorithms, and the results compared to exact solutions. 



In Chapter 4, a highly accurate al gorithm using weighting 

functions quadratic in time-linear in space is extended to 

multidimensional problems. The anisotropic balancing diffusion with no 

crosswind diffusion concept is used to perform this extension to the 

two-dimensional case. Examples are presented where an initial 

concentration peak is convected and diffused in time and the results 

discussed. 

8 

In Chapter 5, a general finite element model is introduced for 

the time-dependent coupl ed convective and conductive heat transfer 

system of equations and its effectiveness is ill ustrated through 

applications to the case of natural convection in a horizontal circular 

cylinder at high Rayleigh numbers, i.e., when the flow is convection

dominated. Examples of heating at different angles are presented and 

work for the case of heating-from-below is emphasized through a 

sequence of Rayleigh numbers. Estimates of two values of the Rayleigh 

number at which the flow pattern changes from one mode to another are 

given. In particular, the oscillatory mode of circulation obtained past 

the second bifurcation point will be shown in detail. 

In Chapter 6, concl usions are made from this work, and some 

suggestions about future work are given. 



CHAPTER 2 

PETROV-GALERKIN METHODS FOR CONVECTION-DIFFUSION 

2.1 Preliminaries 

Although the interesting problems are mostly multidimensional, 

the difficulties in the numerical solutions are already present in the 

one-dimensional convection-diffusion equation when convection becomes 

dominant. In order to simplify the analysis, the steady state equations 

will be used to introduce the concepts and relate the Petrov-Galerkin 

schemes to the added diffusion method. This will be done through the 

specific problem 

u d~ = K ~ 
dx dx2 ' 

with boundary conditions 

cp(O) = a 

cp( 1) = b 

o < x < 1 (2.1.1) 

(2.1.2) 

The coefficients u and K are the convective velocity and diffusivity 

respectively. To simplify the problem, these two coefficients are 

taken to be constant and positive. Equations (2.1.1) and (2.1.2) are 

reformulated, weakly through a weighted residual form, that after an 

integration by parts of the diffusion term can be stated as follows: 

Find a function ~ in the space Hl[o,l] such that 

9 
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1 t (uw ~ + K ~ ~) dx = 0 (2.1.3) 

o 
is satisfied for all test functions w in the space HI [0,1]. The spaces 

o 
HI [0,1] and HI [0,1] are defined as subs paces of the Hil bert space 

HI[0,1] 

1 

H' [0,1] = {~ I t { ~2 + (~)2} dx < m } (2.1.4) 

such that 

ii' [0,1] = { ~ € H' [0,1] I ~(O) = a,~(l) = b I (2.1.5) 

and 

g, [0,1] = { ~ E H' [0,1] I ~(O) = ~(1) = 0 } (2.1.6) 

The finite element method then approximates the solution ~ over finite 
- 0 dimensional subspaces of HI [0,1] and HI [0,1]. This sol ution will 

satisfy expression (2.1.3) over the subs paces denoted as 

and 

Sn[0,1] CHI [0,1] 

o 
Wn[O,!] C HI [0,1] 

(2.1.7) 

(2.1.8) 

In this work, perturbed weighting functions are introduced to 

obtain accurate resul ts for convection-dominated probl ems that are 



discontinuous across the interior nodes or boundary between each 

el ement. Therefore, modifications of the above description for the 

continuous testing functions will be needed. 

2.2 Petrov-Galerkin Methods in One Dimension 

Trial functions with piecewise 1 inear interpol ation are now 

used to approximate the function ~ by 

11 

(2.2.1) 

where n is the number of nodes. The weighting functions are given by 

(2.2.2) 

in the Petrov-Galerkin scheme. The parameter a is determined so as to 

eliminate the artificial dissipation, and the value h in the perturbed 

weighting function is the length of each element given by 

hi = xi+1 - xi. The shape functions in an element of length h at the 

origin, i.e. 0 .. x .. h, are 

Nl(X) = 1 - * 
N2(x) = * 

and are shown in Figure 2.1. 

(2.2.3) 

Discretization of equation (2.1.3) using the shape functions in 

expresssion (2.2.3) and the test functions in expression (2.2.2) leads to 

a typical finite element equation at an interior node i given by 
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o h x 

Fi gure 2.1 Typical element shape functions in one dimension. 



where y = u~ defines the cell Peclet number. From equation (2.2.4), 

the analytical solution can be obtained in the form 
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<Pi = A + B 
[

1 + ~ (a+l)] i 

1 + ~ (a-I) 
(2.2.5) 

where the constants A and B can be determined from the boundary 

conditions. In equation (2.2.4), if a = 0, the difference equation 

reduces to the standard Galerkin method, and is identical to a central 

finite difference scheme. From expression (2.2.5) it follows that when 

y > 2 an oscillatory (wiggle form) solution is obtained if the Galerkin 

method is used. On the other hand, the upwind difference method is 

obtained if a = 1. However, full upwind differencing introduces 

excessive damping. An optimal value of a, given by 

a = coth 1 2 
y (2.2.6) 

can be cal cul ated that gives the exact or optimal amount of the . 

numerical dissipation. It can be shown that the use of (2.2.6) will 

produce the exact solution to (2.1.1), (2.1.2) at nodal points. When the 

val ue of the cell Pecl et number y is 1 arge, the val ue of a in (2.2.6) 

can be asymptotically approximated by 
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2 ac=l-y 
(2.2.7) 

which is also a critical value in the sense that (2.2.5) is oscillation 

free for a > ac. Using ac from expression (2.2.7) to replace expression 

(2.2.6) for large values of y will result in a more efficient algorithm 

and the differences are negligible. 

An alternative method using a local analysis technique that 

reproduces the above results can also be found in Heinrich and Envia 

[1982]. 

Petrov-Galerkin methods using higher order elements have also 

been proposed by many authors; for a review see Heinrich and 

Zienkiewicz [1979]. 

2.3 Relation Between Petrov-Galerkin and Added 
Balancing Dissipation in One Dimension 

It is well known that using upwind differences to discretize 

the convective term in equation (2.1.1) smears out oscillation of the 

solution; however, the results obtained are overdiffused as shown by 

Roache [1976]. This suggests adding an appropriate amount of artificial 

diffusion to the convection-diffusion equation so as to obtain a stable 

and accurate solution. Equation (2.1.1) is then modified to the form 

u ~x = (K + K') ~ 
Ox dx 2 

(2.3.1) 

where K' = ~ uh denotes the artificial diffusivity. The parameter a in 

the artificial diffusivity is used to control the accuracy and stability 

as in expression (2.2.2) for the Petrov-Galerkin scheme. 
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The weighted residual formulation of equation (2.3.1) via the 

standard Galerkin method is 

1 

truw M + (K + K') ~ M] dx = 0 (2.3.2) 

where the weighting functions Ware the shape functions. If equation 

(2.3.2) is written using expression (2.2.1) to approximate the function cp 

with linear shape functions, it becomes 

1 

I [UNi.I 
o 1=1 

dNi dNi n dNi 
cj>i + (K + K I) L cj>i] dx = 0 

dx dx i=1 dx 

i = 1,2,···,n (2.3.3) 

This can be rewritten in the form 

1 

Ie [U(N
1 h dNi n dNi dNi n dNi 

+ a -2 ~x).L cj>i + K ~ L ~x cj>i] dx = 0 
UJ'. 1=1 ax uX i=1 UJ'. 

i = 1,2.···.n (2.3.4) 

by repl acing K' with ~ uh. From this equation, it can be seen that the 

Petrov-Gal erkin weighting function in expression (2.2.2) can be 

constructed starting from the added bal ancing dissipation idea via 

standard Galerkin methods. Now the Petrov-Galerkin scheme can be 

interpreted physically. It is also to be noted that the perturbation in 

the weighting functions affects only the convective term. The Petrov

Galerkin scheme is not the same as the finite difference method using 
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upwind differences; it also guarantees the accuracy of the solution to 

the convection-diffusion equation via a suitable choice of the parameter 

a. 

Discretization of equation (2.3.3) using the shape function 

(2.2.3) via the Gal erkin method gives a typical difference equation 

(2.2.4) at node i. Using the local analysis technique, in Heinrich and 

Envia [1982], the left-hand side of equation (2.2.4) equals 

U(~)i - K(.:!......%)i - - (- + a)(cosh y-1) - slnh y (.:!......%)i a.l. a2.1. K [ 2 . J a2.1. 

ax ax2 y Y ax 2 (2.3.5) 

Th, third term of (2.3.5) is the exact truncation 

pa+meter IX is given by expression· (2.2.6), this 

error. If the 

error term is 
! 

el i!minated. Consequently, the Petrov-Galerkin scheme using the 

weighting functions in expression (2.2.2) and the parameter a given by 
! 

(2.~.6) optimally models the convection-diffusion problem at each nodal 

poi fit, and a physical meaning can be attached to it through this 

con[nection to the added balancing dissipation. 

2.4 Extension to the Two-Dimensional Case 

The extension of the Petrov-Galerkin scheme to multidimensional 

problems follows naturally based on the established relationship with 

added balancing dissipation in the one-Jimensional case. Note that the 

artificial dissipation is introduced only in the flow direction. The 

idea of adding an anisotropic balancing dissipation in the flow 

direction was put forward in Kelly, Nakazawa, Zienkiewicz, and Heinrich 

[1980], Hughes and Brooks [1979], and Griffiths and Mitchell [1979]. 
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Initially consider the steady-state equation. In two-

dimensional problems, the constant coefficient equation in the physical 

coordinates is given by 

(2.4.1) 

in a simply-connected open domain n with appropriate Dirichlet boundary 

conditions to simplify the analysis. In equation (2.4.1), 2, is the "del" 

operator, superscript T denotes transposed, ~ is the velocity vector, 

and K the diffusivity tensor. Used in equation (2.4.1) for isotropic 
N 

diffusion, the diffusivity tensor is given by 

K = KI 
N N 

(2.4.2) 

where l denotes the identity matrix and K the diffusion coefficient. In 

general, K can be variable. 

Since the anisotropic balancing dissipation is added in the flow 

direction, a transformation of equation (2.4.1) from the physical 

coordinates (x,y) to streamline coordinates (f;,n) is required. After 

performing the transformation and adding the anisotropic d·issipation, 

equation (2.4.1) becomes 

(2.4.3) 

where 2,f;n' ~f;n' and ~f;n now represent 2" ~, and ~ in the streamline 

coordinates. In expression (2.4.3), ~h is an anisotropiC diffusion 

tensor which is oriented in the flow direction 
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K' = K' ",,~n [6 ~J (2.4.4) 

and contributes no normal or crosswind diffusion perpendicular to the 

flow direction. Above, K' is given by 

(2.4.5) 

where h is a typical length in each element, lIull = I/u 2 + V2 I the 

total velocity, and a is the parameter used to correct the numerical 

dissipation. Figure 2.2 shows the rel ations between these two 

coordinate systems. The transformation matrix from the coordinates 

(x,y) to (~,n) is defined to be 

T = [C?S e -sin eJ 
~ Sln e cos e (2.4.6) 

where the entries of the matrix are given by cos e u 
= lfUlT and sin e = 

v 
TfUlT· 

However, the calcul ation in the finite el ement method is 

performed in the physical coordinates, so equation (2.4.3) needs to be 

transformed back into the original system. Using I in expression 

(2.4.6) and its inverse, the modified equation with no crosswind 

diffusion can be obtained from equation (2.4.3) as 
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y,v 

X,u 

Figure 2.2 Relations of two coordinate systems. 
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_.l. [(K + K'cos2e) 1! + K'cose sine 1!] 
~ ~ ~ 

- .l. [K'cose sine 1! + (K + K'sin 2e) 1!] + u 1! + v 1! = 0 ay ax ay ax ay 

(2.4.7) 

Using the standard Galerkin method with the application of Green's 

theorem to equation (2.4.7) yiel ds the weighted residual formul ation ,of 

equation (2.4.7) in the form 

II K (aN 1! + aN 1!) + UrN + ~ (u aN + v aN)] 1! 
ax ax ay ay II u II - ax ay ax 

&l 

• V[N • ,f.ip (u ;~ • v ~)J ~ I dn = 0 (2.4.8) 

where the essential Dirichl et boundary conditions are appl ied. From 

the above equation (2.4.8), the Petrov-Galerkin weighting functions 

(2.4.9) 

are immediately obtained for two-dimensional problems. Here K'is 

replaced by expression (2.4.5) and the parameter a is calculated from 

(2.2.6) to get the exact nodal solutions for the one-dimensional cases 

with uniform mesh, giving 

a = coth ~ 

with 

2 
y (2.4.10) 
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y = .lli!ll.h 
K (2.4.11) 

being the cell Pec1et number calculated in each element. h is the mesh 

distance defined in equation (4.3.9). Hence, the Petrov-Ga1erkin 

weighting functions can be constructed using the modified equation 

(2.4.7) via the standard Ga1erkin method and the Petrov-Ga1erkin scheme 

can then be interpreted physically through the relationship established 

in the previous derivation. It shows that the Petrov-Ga1erkin algorithm 

is not only designed to obtain an oscillation-free solution, but is also 

used to optimally correct the unwanted numerical dissipation and 

achieve an accurate result when convection is the dominant mechanism in 

the probl em. 

Notice that extension to three dimensions is now trivial using 

the above concepts. 

Finally, for a review on other Petrov-Gal erkin methods in two 

dimensions using both triangul ar and quadril ateral el ements see 

Heinrich and Zienkiewicz [1979]. 

2.5 Summary 

In previous sections, the relation between the Petrov-Ga1erkin 

scheme and added balancing dissipation has been described in some 

detail for the steady-state case. It is shown that the two algorithms, 

Petrov-Galerkin and added balancing dissipation, using linear or 

bilinear elements -are equivalent. Stable and highly accurate 

approximate results can be achieved, and full advantage can be taken of 

the ease of impl ementation of the Petrov-Gal erkin weighting functions, 
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while introducing a physical meaning to the correcting numerical 

dissipation. The equivalence of the methods no longer holds if a 

source term is included in the governing equation. Fortunately, in this 

case the Petrov-Galerkin method gives a consistent way to treat the 

source term which can be shown to preserve the accuracy of the 

algorithm in the presence of such terms. An analysis of this case can 

be found in Heinrich [1980]. 

The straightforward extension of this Petrov-Gal erkin scheme 

developed for the linear steady-state problems to nonlinear or time

dependent cases is dangerous. In Heinrich and Envia [1982], a local 

analysis showed that an inadequate algorithm was obtained by directly 

using the Petrov-Galerkin weighting functions from the steady state in 

transient probl ems. This motivates the study of new Petrov-Gal erkin 

algorithms using time-space elements for the time-dependent convection

diffusion equation, in an attempt to produce schemes of the Petrov

Galerkin type that will be able to accurately model the time evolution 

of transient convection-diffusion phenomena. 

.-------------



CHAPTER 3 

PETROV-GALERKIN ALGORITHMS FOR TIME-DEPENDENT CONVECTION-DIFFUSION 
EQUATIONS: ONE-DIMENSIONAL CASES 

3.1 Introduction 

Petrov-Gal erkin finite el ement methods are presented for the 

time-dependent convection-diffusion equation. The scheme is based on 

bilinear time-space trial functions and several possible test functions, 

the latter being nonconforming, i.e., not continuous across elements. 

The linear convection-diffusion equation 

a'" a·.f. = K a2 .. ~ +u ~ ~ 
at ax ax2 (3.1.1) 

together with appropriate initial and boundary conditions will be 

considered. For simplicity, assume that the convective velocity u and 

the diffusion coefficient K are positive constants and that the equation 

is to be valid over a finite interval a < x < b. Equation (3.1.1) may 

be nondimensionalized and rewritten in the form 

a",1 a",1 
~ + Pe ~ 
atl axl 

=~ 
ax '2 (3.1.2) 

where Xl = x/L, t l = t/-r:, 4>1 = 4>/4>0 are nondimensional quantities; 4>0 is 

a reference value, the characteristic length L = b-a, and the 

characteristic time T = L2/K. The nondimensional parameter Pe is the 

Peclet number and is given by 

23 
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uL Pe = K (3.1.3) 

It is well known that numerical sol ution of equation (3.1.1) 

becomes increasingly difficult as the Peclet number Pe increases, that 

is, when convection dominates over diffusion. In Chapter 2, the 

development of Petrov-Galer~n methods in the steady-state case was 

discussed. In time-dependent probl ems, Hughes and Brooks [1979] 

proposed the use of the weighting function, equation (2.2.2), together 

with 

a = 
2 

'15 
(3.1.4) 

for the purely convective case (K = 0). This number was found to 

minimize the phase error in this limiting case by Raymond and Gardner 

[1976]. Later on, it was suggested in Heinrich and Envia [1982] that, 

for time-dependent probl ems, a second perturbation must be added to 

the weighting functions and a local analysis used to determine the 

parameters. Recently, Johnson, Navert, and Pitkaranta [1983] proposed 

an algorithm using time-space elements of bilinear form and weighting 

functions of the form 

(3.1.5) 

They proved that such an algorithm is stable and gave error estimates 

in an energy norm. 

---------- ---_. 
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Note that to preserve the structure of Petrov-Galerkin methods, 

as developed in Chapter 2, the method must be developed using time-

space elements. 

3.2 Time-Space Petrov-Galerkin Formulation 

Consider the time-dependent convection-diffusion equation 

(3.1.1) including the source term Q in the interval a < x < b 

(3.2.1) 

cp(x,O) = CPo(x) (3.2.2) 

cp(a,t) = CPa(t) (3.2.3) 

Acp(b,t) + B ~ (b,t) = C (3.2.4) 

where cp is the transport quantity. For simplicity, the assumption that 

the convective velocity u and the diffusion coefficient K are positive 

constants is retained. 

Consider the bilinear time-space trial functions given on a < x 

< h, a < t < At by 



26 

Nl(X, t) = (1 - *)(1 - A\) 

N2(x,t) = ~ (1 - .!.) 
/I At 

(3.2.5) 

x t = 11 At 

N4(x,t) = (1 - i) A\ 

for the element shown in Figure 3.1. The weighting functions are taken 

to be 

(3.2.6) 

The choice of the parameters a and a is discussed in the next section. 

This algorithm is used to demonstrate the method of analysis; however, 

using these shape functions and weights, only schemes that are first 

order in time can be obtained. To produce an algorithm that is second 

order in time, a time-space weighting function with a quadratic 

variation in time is used, given by 

( t t T t) = 4 - (1 - -) At At (3.2.7) 

Note that only the weighting functions W3 and W4 are needed in order to 

obtain the finite element equation. The element arrangement and the 

quadratic variation (3.2.7) are shown in Figure 3.2. The \,/eighting 

functions are given by 

-----------------------------
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(a) Element arrangement required to advance the solution 
from time tn to tn+1 at node xi; (b) quadratic time 
variation for weighting functions. 
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(3.2.8) 

W4(x,t) = 4(1 - *) 8\ (1 - 8\) - 2a 8\ (1 - 8\) - 13(1 - ~~) 

The choice of weighting functions (3.2.6) leads to al gorithms that can 

be interpreted as containing two corrections, one (the a term) to 

eliminate artificial diffusion, and the second (the a term) to avoid 

numerical dispersion. These quantities are represented by the terms 

and 

respectively, in the differential equation (3.1.1). 

Note that the weighting functions are of the form 

W = V + p (3.2.9) 

where V is a continuous function and P is a perturbation function 

discontinuous at the nodal points. 

To formul ate the variational probl em, first define the "jump" 

operator 

( 3.2.10) 

where ~+ and ~- denote the right and left limits, respectively. 

The following weighted residuals form of equation (3.2.1) using 

equation (3.2.9) can then be written 
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K ~ - Ql dx 1 dt = 0 
ax 2 J (3.2.11) 

where 

9 = I o 

i [C - Acp(b,t)] 

if B = 0 
(3.2.12) 

if B i: 0 

and the integrals in the summation term are over all element interiors 

ei. Equation (3.2.11) is equivalent to 

(3.2.13) 

From here, it is found that the Euler-Lagrange equations are equation 

(3.2.1) restricted to the element interiors, the continuity conditions 

(3.2.14) 

at all nodes, and, if B f. 0, equation (3.2.4). 

--------_._-_._ ... ~-
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3.3 Error Analysis 

In order to make it easier to study the limiting cases when K + 

o and u + 0, expression (3.1.1) will be used in deriving the finite 

e1 ement equations. Initially assume that the source term Q in the 

weighted residuals form of equation (3.2.11) is zero and further assume, 

without loss of generality, that Dirichlet conditions are given at a and 

b, so that the boundary term in (3.2.11) vanishes. Equation (3.2.11) 

becomes 

+ 1: j p[!1! + u ~ - K ~J dx dt = 0 
. ~ ~ ~2 
1 ei 

(3.3.1) 

Since the bilinear shape functions in (3.2.5) are used to approximate 

the function 4l, the term a2p
2 

weighted by the perturbation weighting 
ax 

functions P in equation (3.3.1) is zero in the interiors of each e1 ement, 

so the perturbation weightings on1 y affect the unsteady term ~ and 

t he convective term ~ ax • 

To determine the parameters a and a, a local error analysis is 

performed on the finite difference equation generated by each 

algorithm. Two Petrov-Ga1erkin algorithms, namely those obtained using 

the perturbed weighting function (3.2.6) and (3.2.8) in conjunction with 
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the bil inear trial function (3.2.5) will be discussed in detail. Other 

algorithms have also been studied, but only the final results will be 

given here for the sake of brevity. 

3.3.1 Bilinear Space-Time Weights 

Discretization of equation (3.3.1) using the shape functions 

(3.2.5) and weighting functio'ns (3.2.6) yields a typical difference 

equation of the form 

1 [ n+ 1 n) + 4(q,~+1 - q,~) n+l 
- q,~+1)J 12At (q,. 1 - q,. 1 + (q,i+1 1- 1- 1 1 

a [ n+l - q,~+I) -
( n+1 cp~-I)J - 8llt (41 i+l q, i-I 

a [( n+l n ( n+1 cp~-l)J - 8llt Ij> i+l - q,i+l) - 41 i-I -

u ( n+l n+1 aU ( n+l 21j>~+1 + q,n.+1) + 6h 41 1 + 1 41 i-I) - 6h cpi-l- 1 1+1 

au ( n+l 2q,~ + 
1 

+ 41 ~: \) + u (cp~+1 - q,~-I) - 8h ~. 1 - T2h 1-

aU ( n n n) au ( n n n) - I2ii cpi-l - 2CPi + cpi+1 - 8h cpi-l - 2cpi + 411+1 

(3.3.2) 

where CP~ = CP(Xi, t n). The truncation error T for this approximation can 

be readily found. After a recursive appl ication of the differential 

equation (3.1.1) to rearrange the higher order derivatives and some 

algebraic manipulations, it can be written as 
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I 
ach2 h2 y2 

- 24 + '? (coshy - 1 - 2") (a + a) 

h3 r} n+l - 24y4 (coshy - 1 - 2) (a+a) (4)i \xxx + HOT (3.3.3) 

where HOT stands for higher order terms; the subscripts t and x denote 

partial differentiation with respect to time and space, respectively, 

e.g. , 

c denotes the Courant number defined as 

C - UAt - -h-

and y is the cell Peclet number defined as 

(3.3.4) 
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uh 
Y = If (3.3.5) 

More details on the present method of analysis can be found in Appendix 

A. From equation (3.3.3), it follows that if 

h Y 2 a + a = cot - - -2 Y (3.3.6) 

the contribution of the truncation error to the diffusion term (~)xx 

vanishes. Substituting (3.3.6) into (3.3.3), the truncation error 

becomes 

bt n+1 ! ach2 ( ) h2 ] ( n+1) '[ = - 12 (~i ) tt + - 24 + a + f3 4y ~i txx 

! ch3 c3h3 h3 + ac2h 3 + (a+f3)h 3 (.£ 1 + 2)] ( n+1) 
+ 72 - 144 - 24y 48 8 y -"6 ~ ~i txxx 

+ HOT (3.3.7) 

In this expression, the dispersion term (~)txx can be el iminated by 

setting 

1 
a+f3="6 acy (3.3.8) 

From equations (3.3.6) and (3.3.8), the parameters become 

a = J.. (coth .1 _ ~) 
yc 2 y (3.3.9) 

a = (1 - J..) (coth -X - ~) yc ~ y (3.3.10) 

-------- ------
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Using expressions (3.3.9) and (3.3.10) in the weighting function (3.2.6), 

an al gorithm which is first order in time and third order in space is 

obtained. It is also unconditionally stable, as will be shown later. 

Unfortunately, it does not appear to be possible to improve the 

order of the error in time if a linear variation in time is assumed 

within an element. As a result, the schemes are dissipative, as will 

be shown in the stability analysis and numerical examples. 

3.3.2 Quadratic in Time-Linear in Space Weights 

Discretization of equation (3.3.1) using the shape function 

(3.2.5) and weighting functions (3.2.8) yiel ds a typical difference 

equation of the form 

1 [( n+1 n) (n+1 n) + (",n+1 n J 
9l\t <P i-I - $i-1 + 4 <Pi - <Pi 'l'i+1 - <P i +1) 

a [n+1 n) (n+1 n)J u (n+l n+l 
- 6l\t (~i+1 - ~i+1 - ~ i-I - <P i - 1 + 6fi ~ i+l - ~ i-I) 

aU (",n+1 2",~+1 + ",n,+I) + au (",n,+1 _ 2",n,+1 + ",n,+I) 
- 611 'l'i+l '1'1 '1'1-1 6h '1'1+1 '1'1 '1'1-1 

u ( n n) au ( n n n) 
+ 6h ~i+l ~i-1 - 6h ~i+l - 2~i + <P i - 1 

K (n n n) - 3fi2 ~i+l - 2<Pi + ~i-l = 0 (3.3.11) 



and in this case the truncation error ~ can be calculated to be 

T c (~~) sinhy { 1 - (a +~) tanh 1] (~t\x 
+ (l~2) 1 sinhy - (a + ~) (coshy - 1)] (~~+ \x 

+ (~2) 1 ~ + ~c + ~2 + ~ sinhy (1 - tanh 1) 

4 ] n+1 h3 1 c2 (1 c-a) - y+ (coshy - 1) (cj!i )txx + ("3) "3 Y - 4 

- ~ (1. _ .£ _ 1, ) _ ..l. + ac 2 + 1" sin h y 
2 6 Y yL. 6y 4 y" 
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x (1 - tanh 1) - :5 (coshy - 1) } (~~+\xxx + HOT (3.3.12) 

Note that a does not appear in the first two terms in 

expression (3.3.12). Moreover, if a is chosen so as to el iminate the 

di ffusive term in the truncation error, the second term will al so 

vanish. The value of a needed for this is 

a = coth 1 2 
y (3.3.13) 

which is the same value found previously for steady-state problems by 

Christie et ale [1976] and Heinrich et ale [1977]. Substituting 

equation (3.3.13) into (3.3.12), the truncation error becomes 
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T = (h2) 1 ~ + Bc - c2 ) (",n+l) 3 y 2 '6 'I'i txx 

( h 3) 1 c 2 C 3 1 a + aC aC 3 
+ T 3y - 12 - 6y - 12 2y + 12 + a + Bc 2) ($ ~ + 1 ) . Y2 4 1 txxx 

+ HOT (3.3.14) 

In equation (3.3.14), B can be chosen to eliminate the dispersion term 

(~)txx' which gives 

(3.3.15) 

This yields an algorithm that is second order in time and third order in 

space, with excellent amplitude and phase angle conservation 

properties, and which exhibits almost no dispersive error. However, in 

order to improve the approximation, we had to comprolnise the stabil ity 

of the scheme, which is shown in the stabil ity analysis, to be only 

conditionally stable if Bra, with a stability limitation of c ~ 1. 

Again, it does not seem to be possible to improve on this, and the 

schemes appear to be optimal in so far as the accuracy that can be 

achieved with a six-point approximation. The parameters a and B as 

functions of yare shown in Figure 3.3. 

The algorithm can be made fourth order accurate in space by 

setting the coefficient of ($)txxx in (3.3.14) equal to zero. This leads 

to the expression 

a 3121 a a 
12 c + 3 y c = 6 y + 12 - y2 (3.3.16) 



Figure 3.3 
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Parameters a and a as a functions of y for c = 1 from 
equations (3.3.13) and (3.3.15) • 
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that can be sol ved for c. It is easily shown that equation (3.3.16) 

always has one real root such that 0 < c < 1, where c + 0 as y + 0 and 

c + 1 as y +~. The behavior of this value of the Courant number as a 

function of y is shown in Figuie 3.4. 

The algorithm is unconditionally stable when 13 = 0 and in this 

case it is second order accurate in space. Third order accuracy can be 

recovered by choosing 

c = "6ya (3.3.17) 

However, expression (3.3.17) gives extremely small val ues of c for 

reasonable values of y. 

It is interesting to observe that as a steady state is 

approximated, the algorithm is fully consistent with the steady-state 

algorithm presented in Kelly et al. [1980J. In the limiting cases when 

y + 0 and y + ~, the parameters a and 13 become 

ao = 1 im a( y) = 0 (3.3.18) 
y+O 

1 im 1 1 
(3.3.19) So = S(y) = - (c - -) 

y+O 3 c 

a~ = 1 im a{y) = 1 (3.3.20) 
y+~ 

S~ = 1 im a(y) 
y+~ 

= c 
"3 (3.3.21) 

Expressions (3.3.18) and (3.3.20) are known from the steady

state case. Equation (3.3.19) is meaningless since y = 0 can only be 



Figure 3.4 

o 
I/) 

c 0 

o 
~ 

- "0+.--00---201-.-00---.. +0-.0-0---1601-.-00--.....,80.00 

y 

39 

Courant number c necessary to make the algorithm (3.3.11) 
fourth order accurate, as a function of y. 
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obtained by having u + 0 and, in that case, expression (3.3.19) is 

undefined. However, equations (3.3.11) becomes independent of a as u + 

0, which is consistent with (3.3.19). For the pure diffusion case, the 

algorithm is equivalent to a semi-discrete Galerkin approximation using 

piecewise linear elements in space and a Crank-Nicolson scheme in time. 

This is always the case when a = a = O. 

In the case of pure convection, equation (3.3.21) has to be 

examined in the 1 imit K + O. This 1 imit is meaningful and consistent 

with equation (3.3.11). The difference equation becomes 

+ y:u [(.!.ni+l n+l) u~t (n+l 2 n+l n+l) (n n) 
.lll 'f ~ i-I + 6h ~ i+l - ~i + ~ i-I + ~i - ~i-l 

u~t ( n n n)] - 6h ~i+l - 2<Pi + clJi-l = 0 (3.3.22) 

This scheme is similar to the ones proposed by Donea [1984J; however, 

it includes a backward approximation of the convective derivative and a 

nonsymmetric discretization of the time derivative. The truncation 

error for equation (3.3.22) is given by 

so the algorithm remai~s third order accurate in space. Moreover, if c 

= 1, the principal term in equation (3.3.23) vanishes and the algorithm 

is fourth order accurate. If a = 0, we can only obtain second order 

accuracy. 



41 

The case of mass 1 umping was al so analyzed for the above 

algorithms; however, the effect of mass lumping was detrimental to the 

schemes' approximation properties. The same pattern was observed for 

all other cases as will be shown in the next section. For this reason 

mass 1 umping is not recommended. 

3.3.3 Additional Cases 

Several other algorithms have also been studied using the local 

analysis technique to obtain the local truncation error and determine 

the parameters a and a to eliminate the artificial diffusion and 

numerical dispersion. These cases are summarized and the final results 

and parameters a and a obtained using this method of analysis are 

given: 

i) The weighting functions are given by 

(3.3.24) 

Expression (3.3.24) is similar to the test functions studied by Johnson 

et al. [1983J as in equation (3.1.5) except a second parameter a is 

introduced. The parameters a and a in (3.3.24) are in dimensional form. 

Discretization of (3.3.1) using weighting functions (3.3.24) and shape 

functions (3.2.5) yields a typical difference equation (not shown here) 

with the following properties: 



i-i) Consistent mass, Petrov-Galerkin 

. 1 ()( n+1 Difference Equatlon = '2 1 + 13 1 c/lt + U c/lx - Kc/lxX)i 

- (#)( hd~+1 + O(h 3)( c/ltxxx)~+1 

where parameters a and 13 are defined as 

At 131 
13 = -2-

1 + 13 1 
al = ( 2 ) el2 

a2 = coth :r _ 1 
2 Y 

(£ - 1:.) el2 
13 1 = 6 Y 

(1:. - £) el2 - £ 
y 6 6 

i-ii) Lumped mass, Petrov-Galerkin 

1 ()( n+1 Difference Equation = '2 1 + 13 1 c/lt + U c/lx - K~XX)i 

At a1At n+1 n+1 
- (IT + 2"C){c/ltt)i + O(h 3)(hxXX)i 

where parameters el and 13 are defined as 
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(3.3.25) 

(3.3.26) 

(3.3.27) 



1 + 13 1 
a1 = ( 2 ) a2 

a2 = coth :r _ 1 
2 Y 

1. - (1. + .£) a2 6 y 6 
13 1 = (1 c CZ 1 

y + "6) a2 - (12 + "6) 
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(3.3.28) 

Expressions (3.3.25) and (3.3.27) show that the schemes are first order 

in time, and third order in space. The stability analysis, however, 

shows that the algorithms are very dissipative. The inconsistent case, 

i 
where the perturbation 13 ~~ does not affect the diffusion term K ~, 

is also considered. 

i-iii) Consistent mass with inconsistent weighting of the diffusion 

term 

Difference Equation = ~ (1 + f31)(~t + uh - K~xx)~+l 

f31K . n+1 
+ (2y slnh Y)(~XX)i 

+ (f3 lK _ * _ f3lK sinh )( )n+1 
2u2 l2 2u2y Y ~tt i 

+ HOT (3.3.29) 

where parameters a and 13 are defined as 
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1 :t. 1 
<Xl = "2 coth 2 - Y 

(...L - ~) <Xl 2y 12 
el = c2 c 1 1 

( . h ) 
24 + -4 + - - - Sln y 

Y y2 y3 

(3.3.30) 

i-iv) Inconsistent weighting of the diffusion term with mass lumping 

1 n+1 Difference Equation = "2 (1 + el)( c/>t + u c/>x - Kc/>xX)i 

+ (~l~ sinh y)(c/>xx)~+1 

( elK 6t <X16t elK )( )n+1 
+ 2u 2 - 12 - 2C - 2u 2y sinh y cl>tt i 

+ HOT (3.3.31) 

where parameters <X and e are defined as 

1 - -y 

(3.3.32) 

(E. - l)<Xl - -11 6 y 2 e 1 = -( -=-c 2,,-----::--~...--J-1---:;----=.=.----

P + .£ + ...L + 1 1. sinh ) 
£:'t 4y 12 y2 y3 Y 



.. 
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Expressions (3.3.29) and (3.3.31) using the algorithm (i-iii) and (i-iv) 

retain some artificial dissipation (~xx) and introduce more terms in the 

coefficient of (~tt) than are present in equations (3.3.25) and (3.3.27). 

The lumped mass algorithms also introduce more error terms in (3.3.31) 

and (3.3.27) than the consistent mass schemes in (3.3.25) and (3.3.29) 

for both the consistent and inconsistent Petrov-Galerkin applications. 

Consequently, from the above analysis, the results suggest that the 

consistent Petrov-Galerkin method with the consistent mass scheme 

should al ways be used to formul ate the finite el ement difference 

equation in the time-dependent convection-diffusion equation. 

Furthermore, the above local analysis shows that an algorithm such as 

(3.1.5), proved stable and convergent in an energy norm is not 

necessarily accurate, and that global analysis needs to be combined 

with local results if good approximation properties for practical grids 

are to be obtained. 

ii) The al gorithm using the shape functions (3.2.5) and weighting 

functions (3.2.6) to discretize expression (3.3.1) using 1 umped mass 

matrices gives 

1 ( n+1 Difference Equation =2" H + u h - K</lxX)i 

_ (~t + a~t + B~t)(", )~+1 
12 4c 4c 'l'tt 1 

( ( n+1 + 0 h3) ~txXX)i + HOT (3.3.33) 

and the parameters a and B are defined as 
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a = (12 + 3)(coth:J.. _ 1) 2 
yc 2 y c 

a = 1. - (2 + 11)(coth :J.. _ 1.) ) (3.3.34) 

c yc 2 y 

Comparing expressions (3.3.33) and (3.3.7), it is evident that the lumped 

mass, petrov-Gal erkin algorithm with weighting functions (3.2.6) 

introduces more terms in the principal error than the consistent mass 

scheme, and the analysis reconfirms the pattern observed in the 

previous subsection (i). 

iii) An inconsistent method is considered where the perturbed 

weights in equation (3.2.6) affect the convective term u ~ only; then 

the algorithm yields 

1 ( n+1 Difference Equation = 2" cfJt + u cfJx - KcfJxX)i 

_ (lit + alit + alit) ('" )~+1 
12 4c 4c 't'tt 1 

+ O(h 3) (cfJtxxx)~+1 + HOT 

and the parameters are determined to be 

a = (3 + If) (coth :J.. _ 1) 
yc 2 y 

12 y 2 a = -(2 + -) (coth - - -) yc 2 y 

(3.3.35) 

(3.3.36) 

Expression (3.3.35) has the same principal error as in (3.3.33), and 

comparison of this result with equation (3.3.7) shows that the 
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consistent Petrov-Galerkin scheme is superior to the inconsistent use 

of the Petrov-Galerkin testing functions. 

iv) Using the quadratic variation in time as given by expression 

(3.2.7) in a similar way as used in Johnson et ale [1983], the weighting 

functions are given by 

W3(X, t) = 4 "fiX' -1. (1 - -1.) + 2 a Att (1 - -1.) + 2 a "fiX (1 _ 2t) 
!J.t !J.t L1!J.t !J.t 

(3.3.37) 

W+(x,t) = 4(1 - ~) -1. (1 - -1.) - 2a -1. (1 - -1.) + 28 (1 - ~) (1 _ 2t) 
h!J.t !J.t !J.t!J.t h!J.t 

which differ from those in equation (3.2.8) in the a perturbation term. 

The algorithm with the testing functions in expression (3.3.37) yields 

( 2 ( n+1 Difference Equation = 3) q,t + uq,x - Kq,xX)i 

+ (a~t) (q,tt)~+1 + O(h 3) (q,txxx)~+l + HOT (3.3.38) 

with parameters a and a defined as 

a = coth ~ 

2a 1 a = -.:r-2 - -yC 3 

2 
Y 

(3.3.39) 

Expression (3.3.38) shows that the scheme is first order accurate in 

time, and the algorithm is over-damped or under-damped depending on the 

sign of a. 
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v) The testing functions of expression (3.2.8) used to obtain a 

second order in time al gorithm are not unique. One al ternative 

approach that uses a time function different than (3.2.7) is 

( 4t t F t) = - (- - 1) + 1 fit fit (3.3.40) 

where the function is one at both time levels tn and tn+1 and zero at 

the mid-point tn + ~t in each element, as shown in Fig. 3.2(a). The 

time-space weighting functions with the quadratic variation in time in 

expression (3.3.40) are given by 

3( _ X (4t2 4t (2t2 2t 1 (2t 
W x,t) - 11 flt2 - fit + 1) + a flt2 - fit + 2) + a fit - 1) 

(3.3.41) 

W4(x t) = (1 - ~) (~ - 4t + 1) - a (~ _ 2t + 1.) _ a (2t - 1) 
, II fit'" fit fit'" fit 2 fit 

Discretization of equation (3.3.1) using the testing function (3.3.41) 

and shape function (3.2.5) yields 

1 n+l Difference Equation = "3 (4't + Uc/lx - Kc/lxX)i 

+ 0(h 3) (hxxx)~+l + HOT 

with the parameters a and a defined as 

a = coth :1 
2 

a C a = yc - "6 

2 - -y 

(3.3.42) 

(3.3.43) 

---------------------
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This algorithm is equivalent to the scheme discussed in Section 3.3.2, 

except for a constant that multiplies all terms in equation (3.3.11). 

Again, the stability of this scheme gives a limitation in the time step 

size, which has to satisfy the condition c < 1 for this method to be 

stabl e. 

vi) A nonconforming 1 inear time variation in the time-space 

weighting functions was also studied; the linear time function is 

( 2t G t) = - - 1 
~t 

(3.3.44) 

Using this time function of (3.3.44), the weighting functions are given 

by 

H 3( x, t) = * (!~ - 1) + ~ (!~ - 1) + ~ 
(3.3.45) 

W,( x , t ) = (I - ~) (2 t _ 1 ) _ 2a (2 t - 1) - 2/3 
II ~t ~t 

Discretization of expression (3.3.1) using weighting functions (3.3.45) 

and shape functions (3.2.5) yiel ds an inconsistent al gorithm, so this 

type of perturbation cannot be used. 

vii) Finally, the case of adding the artificial diffusion and 

numerical dispersion to equation (3.1.1) is considered, so the equation 

to be solved is modified to be 

li + u li = (K + 1. auh) a
2

c1> + 1. /3uh~t ata: px2 at ax 2 ~ 4 a 
(3.3.46) 



In equation (3.3.46), the Gal erkin method with the 1 inear shape and 

weighting functions given in expression (2.2.3) is used to obtain the 
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semi-discrete finite element equation, and a Crank-Nicolson time scheme 

is then used to get a typical difference equation, as in the previous 

cases. Using the local analysis technique on a typical difference 

equation, the scheme yields 

( . )n+1 (alit) ( )n+1 Difference Equation = $t + u $x - K$xx i + 2C $tt i 

+ { C 211 3 _ c 3h 3 _ f3c 211 3 _ J!.:. 
6y 24 8 12y 

ac2t1 3 ah 3 ah 3 } ( )n+1 + -8- + "2y2 + 24 $txxx i 

and the parameters a and a are determined to be 

a = coth 1 - ~ 

f3 = (1 + ..!.) a - E.3 yc 

+ HOT (3.3.47) 

(3.3.48) 

The principal error in expression (3.3.47) is first order in time, so 

this scheme is expected to be dissipative. From the stability analysis, 

it shows that this al gorithm is al so conditionally stable; i.e., it is 

restricted by the condition that the Courant number must be less than 

or equal to one for stability. 

Since convective dominated problems are of most interest, the 

limiting case of equation (3.3.1) for pure convection; i.e., K = 0, is 

examined. A study of the time-dependent convection-diffusion equation 
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and the pure convection probl em was presented in Heinrich and Envia 

[1982], which used Petrov-Galerkin methods with linear shape functions 

to formul ate the semi-discrete equation in space and appl ied the 

backward impl icit marching scheme in time to construct the finite 

difference equations. Here, besides the case in Section 3.3.2 using the 

quadratic in time-linear in space weighting functions, four additional 

cases using time-space el ements with bil inear time-space weights are 

considered. These are: 

viii) The consistent mass Petrov-Galerkin method using a scheme 

simil ar to that of Johnson et ale [1983] with bil inear time-space 

we~ghts given by expression (3.3.24) yields 

Difference Equation = 1 (1 + 131) (h + uljlx)~+l - (U~~t) (ljlxx)~+l 

_ (au ~t + 131u 26t2 ( n+1 
12 24) IjltxX)i + HOT (3.3.49) 

~ta1 
l'Ihl!re a = -2-. The parameter 131 can be chosen so that the 

dispersion term (Ijl)txx vanishes; i.e., 

(3.3.50) 

but a is still undetermined and the diffusion error in expression 

(3.3.49) cannot be corrected. 

ix) The Petrov-Gal erkin method above with mass 1 umping using 

bilinear time-space weights given by expression (3.3.24) yields 
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1 ( ) ( n+1 (u2l\t~) n+1 Difference Equation = 2' 1 + al 4>t + u 4>X)i - 12 + .. (~XX)i 

[ ( U2l\t2 h2 ) h2 aluh l\t] n+ 1 
+ al - '"24 - I2 - 12 + 12 (~txX)i 

+ HOT (3.3.51) 

where a = The parameter al can be obtained by 

correcting the diffusion (~)xx 

(3.3.52) 

and 13 1 is chosen by correcting the dispersion (4))txx as 

(~ + 1) 
13 1 = -

(~2 + 1) 
(3.3.53) 

Here the mass lumping scheme seems to have a positive effect giving a 

scheme which is third order in space for the pure convection case. 

However, the parameter a is negative, and the a perturbation appears in 

the final form of the differential equation at nodal points, as shown 

in expression (3.3.51). These are undesirabl e and non-physical 

properties. 

x) The consistent mass Petrov-Galerkin method using bilinear time

space weights given by expression (3.2.6) yields 
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1 ( n+1 Difference Equation = 2" cjlt + u CPX)i -

( auh ~t) ('" )n+1 - -vr- 'ftxx i + HOT (3.3.54) 

where the parameters a and a cannot be determined from the error 

analysis. 

xi) The 1 umped mass Petrov-Gal erkin method using bil inear time

space weights given by expression (3.2.6) yields 

Difference Equation = ~ (cpt + u CPx)~+1 - (U~~t + ~ + ¥) (CPxx)~+1 

+ (_l!..: + auhflt + auh~t) ('" )n+1 + HOT 
12 12 8 'ftxx i (3.3.55) 

The parameters a and a can be obtained by correcting the dissipative 

(cp)xx and dispersive (cp)txx errors, respectively. Thus, choose 

2 a = - (- + c) c 

a = (.f. + 2c) 
c 3 

(3.3.56) 

This method, like the one in subsection (ix) using mass lumping, gives a 

scheme which is third order in space. Here, the parameter a is also 

negative. 

Finally, from the above error analysis, some conclusions can be 

drawn as follows: 
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1. Consistent schemes should always be used in the construction of 

the finite element equations. Perhaps surprising is the fact that 

lumping the mass improves the accuracy in the purely convective 

case in expressions (3.3.51) and (3.3.55). However s for the case of 

quadratic in time-l inear in space weighting functions the 1 imiting 

case of pure convection in equation (3.3.22) shows that the 

consistent mass is superior. This is also supported by numerical 

experiments not reported here. 

2. The way in which a scheme such as the one in equation (3.2.8) has 

been obtained is not unique. In fact, any function of time that is 

symmetric about t = At/2 and not constant can be used to replace 

equation (3.2.7) and will yiel d the al gorithm as has been shown, 

for example, in equation (3.3.40). 

3.4 Stability Analysis 

The stabil ity analysis in two typical cases of Sections 3.3.1 

and 3.3.2 will be discussed. The stabil ity of these two proposed 

algorithms can be analyzed by standard methods, as given in, e.g., 

Richtmeyer and Morton [1967]. For the case in Section 3.3.1 of bilinear 

time-space wei ghts, the ampl ification factor ~ becomes 

~ = 

[i (1 + 2cos 2 ~) - c(i + l + fr) sin2 ~J -i [(~ + ~) sine] 

[~ (1 + 2cos 2 1) + c( 2a + 1 + .i.) sin2 1J + i[(.£ - ~) sinel 
o 2 3 2 3y 2 3 't j 

(3.4.1) 
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where e is an arbitrary angl e and i :: r-r. From expression (3.4.1), it 

can be easily shown that I ~I < 1 for all values of e and y and the 

scheme is unconditionally stable. The dissipation and phase errors for 

fixed val ues of c and y can be obtained as a function of the wave 

number a over the mesh spacing h, where a is given by 

2n ( a = T 3.4.2) 

and L is the wavelength of the wave mode being considered. The damping 

ratio ~/~, where ~ represents the physical (analytical) damping, and 

the phase error for the case c = 0.8 and for y = 20 after a signal has 

propagated over one full wavelength are shown in Figure 3.5, where the 

dissipative nature of the al gorithm becomes evident. However, the 

algorithm shows little phase error. 

For the case in Section 3.3.2 with quadratic in time-l inear in 

space test functions, the amplification factor takes the form 

[i (1 e 2c (a + a + g) sin2 ~J _ i[(C;a) sin eJ +2cos 2 "2)- 3 y 
~ = 

[2 2c ( 2) sin2 ~J + i[( c;a) sin eJ (1 +2cos2~) "9 +- (£-a+-3 y 

(3.4.3) 

It follows that if a f 0, I~I < 1 if and only if c < 1, and the method 

is conditionally stabl e. If a = 0, the method is unconditionally 

stabl e. 
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(a) Amplitude rate ~/~ for bilinear weighting functions at 
Courant number c = 0.8; (b) phase error for bil inear 
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The time step limitation when a I 0 stems from the fact that a 

two-level only scheme, second order accurate in time, is sought. This 

forces the use of functions in the time dimension which have opposite 

slopes over the first and second half of the interval 0 ( t (~t. As a 

result, the contribution due to a in (3.4.3) appears with opposite signs 

in the numerator and denominator causing the stability to be limited. 

As mentioned before, unconditional stability can only be obtained by 

reducing the accuracy. 

The dissipative and phase errors for this case are shown in 

Figure 3.6 for c = 0.8 and for y = 20 after a signal has travelled one 

full wavelength. Very little quantitative error can be observed. 

3.5 Examples and Discussion 

In the remainder of this chapter and in Chapter 4, only 

numerical values of the dimensional constants K, L, t, to, u, v, x, and 

yare given. The units cm 2/sec, cm, sec, sec, cm/sec, cm/sec, cm, and 

cm have been suppressed for convenience. 

To illustrate the performance of the Petrov-Galerkin 

algorithms, the transport and diffusion of a Gaussian distribution on 

the real line are examined where the initial condition is taken to be 

centered at x = 0.25, to have amplitude one, and is given by 

</l(X,O) = (3.5.1) 
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with u = 0.25 and to = 1.0. For t > 0, the analytical sol ution of 

equation (3.1.1) is given by 

59 

cp(x,t) = 1 e -(x-u( t+to))2/ (4K( t+t o)) 
Ito+t 

(3.5.2) 

and the function is set equal to zero when Icpl < 10-1~ The domain for 

the numerical calculations is the interval [0, 2] where the solution is 

tracked over two full baselengths defined as the length of an interval 

over which the initial perturbation is greater than zero. In Figure 

3.7, the results for y = 20 and c = 0.8 are shown at t = 2.0 and t = 

4.0 using the bilinear time-space weights of Section 3.3.1 and quadratic 

in time-l inear in space weights of Section 3.3.2, and compared with the 

exact solution. In all plots, the analytical solution is calculated at 

the nodal points and interpol ated 1 inearly in between. The results 

obtained using bilinear time-space weights are excessively dissipative 

and are not discussed any further. The quadratic in time-l inear in 

space weighting functions yiel d the Crank-Nicol son Gal erkin al gorithm 

when a = a = O. This solution is out of phase and shows a significant 

amount of numerical dispersion. The Petrov-Galerkin scheme with a f 0 

and 13 f a given by expressions (3.3.13) and (3.3.15) shows the best 

accuracy, as expected. Results obtained using a f a and a = 0 are also 

shown. This yields an unconditionally stable algorithm, as discussed 

previously; however, it is an order lower in accuracy in space than the 

full Petrov-Ga1 erkin scheme and shows significantly more numerical 

dispersion. The maximum relative errors for each case at the two time 
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(c)-(e) Same as Figure 3.7 (a)-(b) using quadratic in time-
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Nicol son); (d) ex f. 0, a = 0 (unconditionally stabl e); 
(e) ex f. 0, a f. 0 (full Petrov-Galerkin). 
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steps depicted are given in Table 3-1. In Figure 3.8, the results for a 

1 0 and a = 0 are shown. When c = 2, it can be seen that the accuracy 

was deteriorated considerably and, although the scheme is 

unconditionally stable, calculations with values greater than one for 

the Courant number led to excessive loss of accuracy. In ~gure 3.9, 

the solution obtained for c = 0.9 and y = 20 is shown. The left peak 

is the initial condition, the middle one is the solution after t = 2.07, 

and the third after t = 4.05. The exact and numerical solutions have 

been superimposed on Figure 3.9 and practically no difference can be 

observed. The same probl em was sol ved for five different meshes, 

keeping the Courant number constant at c = 0.9. The maximum relative 

errors, at time t = 2.07, referred to the maximum magnitude of the 

exact sol ution are shown in Tabl e 3-11. 

In Figure 3.10, the maximum relative error is plotted against 

the mesh size in a log-log curve. It shows the expected linear 

relation with slope 2.7. This is the actual convergence rate and is in 

excellent agreement with the theoretical value of 3. 

Figure 3.11 illustrates the transport of the initial wave form 

(3.5.1) in the limiting case of pure convection for c = 0.9. The same 

general behavior is observed for the different algorithms. Since the 

solution in this case, given by 

4>(x,t) = 1 e-{x-u(t+to))2/(0.00125 L2) 
Ito 

(3.5.3) 
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Table 3-1. Maximum Relative Errors in the Approximation of the Solu
tion to the Transport and Diffusion of the Gaussian Wave 
Form for y = 20 and c = 0.8. 

t = 2.0 t = 4.0 
Bilinear Quadratic-Linear Bil i near Quadrati c-Li near 
Weights Weights l~eights Weights 

a= 0 0.407 0.260 0.438 0.246 
(3 = 0 

a r 0 0.107 0.116 
(3 = 0 

a t- 0 0.400 0.052 0.436 0.040 
(3 t- 0 
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Transport and diffusion of Gaussian wave form (3.5.1) for 
y = 20 and c = 2.0 using quadratic in time-linear in space 
weighting functions with ex f 0 and a = O. Analytical and 
numerical solutions at times t = 0.0, 2.0 and 4.0. 
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0.33 0.67 X 1.00 1.67 2.00 

Transport and diffusion of Gaussian wave form (3.5.1) for 
y = 20 and c = 0.9 using quadratic in time-linear in space 
weighting functions with ~ ~ 0 and a ~ O. Analytical and 
numerical solutions at times t = 0.0, 2.07 and 4.05. 



66 

Table 3-11. Maximum Errors for the Example in Figure 3.9 for Different 
Mesh Sizes. 

Mesh Size Maximum Absolute Error Maximum Relative Error(%) 

0.06250 0.149 26.2 
0.05000 0.077 14.0 
0.04167 0.046 8.7 
0.02500 0.012 2.2 
0.01250 0.002 0.3 
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Figure 3.10 Maximum relative errors versus mesh size for the example 
in Figure 3.9. 
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Figure 3.11 Transport of Gaussian wave form (3.5.1) without diffusion 
for c = 0.9. Analytical solution is shown at time t = 0.0 

- only. Numerical approximations using quadratic in time
linear in space weighting functions at times t. =.2.07 and 
4.05. (a) a = a = 0 (Crank-N-icolson); (b) a # a, a = 0 
(unconditionally stable); (c) a # 0, a # 0 (full Petrov
Gal erkin) 
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with L = 1.0 consists of the initial wave travelling at constant speed, 

the analytical sol ution is not shown for t = 2.07 and 4.05 in Figure 

3.11. The maximum relative errors for this case are shown in Table 

3-UI. It shoul d be mentioned that".c.,3J.;~tions using the Petrov-

Galerkin method in Section 3.3.2 with quadratic in time-linear in space 

weighting functions at Courant number c = 1 yiel d sol utions at the 

nodal points that are exact to four significant digits. 

The next example illustrates the behavior of the algorithms 

when the wave leaves the mesh. Calculations were performed at c = 0.8 

and y = 20 over 0 < x < 1, and the boundary condition at x = 1 was 

replaced by the natural boundary condition 

~ I = 0 ax x=l 
(3.5.4) 

The results of the calculation shown in Figure 3.12 for the Petrov-

Gal erkin scheme with quadratic-in-time weighting functions show no 

undesi red refl ections as the wave 1 eaves the computational domain. 

This cannot be achieved with al gorithms based on symmetrical Gal erkin

type formulations. 

The effect of a source is examined in the example presented in 

Figure 3.13. A source Q(x,t) is added to the right-hand side of 

equation (3.1.1) of the form 

Q( t) - 1 [+ 2K 4K(X-U(to+t))~ at -(x-u(to+t))2/b 
x, - -=- a b - b2 e e 

2lto 
(3.5.5) 



Table 3-III. Maximum Relative Errors in the Approximation of the 
Convecting Gaussian Wave Form without Diffusion, using 
Quadratic in Time-Linear in Space Weighting Functions 
for c = 0.9. 

t = 2.07 t = 4.05 

a = 0 0.472 0.520 S = 0 

a :f 0 0.414 0.465 S = 0 

a :f 0 0.129 0.198 
S :f 0 
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Figure 3.12 Analytical solution and numerical approximation using the 
Petrov-Gal erkin scheme with quadratic in time-l inear in 
space weighting functions for a convected and diffused 
wave form leaving the computational mesh at y = 20 and 
c = 0.8. (a) t = 2.4; (b) t = 2.72; (c) t = 3.04; 
(d) t = 3.36. 
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2.00 

1.67 2.00 
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Figure 3.13 Example with a source term, c = 0.8 and y = 579, at times 
t = 0.0, 2.0 and 4.0. Analytical sol ution and numerical 
approximations using quadratic in time-l inear in space 
weighting functions. (a) a = a = 0 (Crank-Nicol son); 
(b) a -I- 0, a = 0 (unconditionally stable); (c) a ,. 0, a ., 0 
(full Petrov-Galerkin). 



where the parameters have been conveniently chosen so that the 

analytical solution is given by 
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4>(x,t) = (3.5.6) 

The values of the parameters used in the calculation are 

a = 0.1725 (sec-I) 

b = 0.0036 (cm 2) 

u = 0.3 

K = 0.00001296 

to = 1.0 

c = 0.8 

y = 579 

The exact solution is shown in Figure 3.13, together with numerical 

approximations using quadratic variation in time, where the full Petrov

Galerkin scheme shows significant superiority over other approximations. 

The final exampl e invol ves a variabl e diffusion coefficient 

depending on x only and a source term depending on both space and time. 

Although the diffusion coefficient used is not realistic, it allows for 

an exact solution. The governing equation is 



2x(x-u(t+to)) 
L2 

2(x-u(t+to))~ 
- b -J 

x _1_ e(x/L)2 e-(x-u(t+to))2/b 
Ito 

where L = 1.0 and the analytical solution is given by 

q,(x,t) = 
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(3.5.7) 

(3.5.8) 

The analytical solution and the numerical approximations are shown in 

Figure 3.14. The parameters used in this calculation are 

u = 0.3 

K = 0.00001289 

b = 0.00359 (cm 2) 

c = 0.8 

The parameter y is now a function of x and varies between 10 < y < 580. 

The same general behavior of the schemes observed for the constant 

coefficient cases is found here, with the full Petrov-Gal erkin 

al gorithm showing superior approximation properties. 
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Figure 3.14 Variable coefficients problem for c = 0.8 and h = 0.025 at 
times t = 0.0, 2.0 and 4.0. Analytical sol ution and 
numerical approximations using quadratic in time-l inear in 
space weighting functions. (a) a = a = 0 (Crank-Nicolson); 
(b) a ;. 0, a = 0 (unconditionally stable); (c) a ;. 0, a ;. 0 
(full Petrov-Galerkin). 
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3.6 Summary 

In this chapter, new algorithms based on time-space elements 

have been developed. A wide variety of weighting functions was 

considered. Two parameters which are determined from local truncation 

error have been introduced to the weighting functions. The local 

analysis also suggests that consistent mass must be used in the finite 

el ement cal cul ations. As shown in the exampl es, the results obtained 

from the schemes that are first order in time are excessively damped. 

However, the quadratic in time-linear in space weighting functions 

achieve an al gorithm second order in time and third order in space 

which produces highly accurate solutions and is easy to implement. If 

the equations have variable coefficients and a source term, the same 

accurate results can be obtained when the parameters in the weighting 

functions are calculated elementwise. In the next chapter, this 

algorithm will be extended to the two-dimensional case using streamline 

concepts. 



CHAPTER 4 

PETROV-GALERKIN ALGORITHMS FOR TIME-DEPENDENT CONVECTION-DIFFUSION 
EQUATIONS - TWO-DIMENSIONAL CASES 

4.1 Introduction 

In recent years, a significant amount of effort has been 

dedicated to the development of finite el ement al gorithms for 

convection-diffusion equations when convection dominates. A 

breakthrough in this direction was obtained by Christie et al. [1976J in 

the context of one-dimensional steady-state equations where a finite 

element scheme similar to upwind differencing was presented. In the 

paper of Heinrich et al. [1977J, an upwind finite element scheme was 

proposed for the two-dimensional convection-diffusion equation. Later, 

in Heinrich and Zienkiewicz [1977J, upwind finite element schemes for 

quadratic elements were developed in one and two spatial dimensions. 

At this point, stabl e finite el ement schemes were achieved for the 

steady-state case; however, the category of Petrov-Gal erkin finite 

element methods was not completed until the introducion of the concept 

of anisotropic balancing dissipation in Kelly et al. [1980J, and Hughes 

and Brooks [1979J. The extension to two-dimensional time-dependent 

probl ems is now considered. 

In this chapter, the time-dependent convection-diffusion 

equation is presented. A typical two-dimensional equation may be 

written in the form 

77 



78 

v = (U,V)T (4.1.1) 

together with the appropriate initial and boundary conditions. Equation 

(4.1.1) is to be valid in a simply-connected open domain n. It is well 

known that numerical solutions of equation (4.1.1) become increasingly 

difficult as the second term of the 1 eft-hand side increases its 

significance. In the time-dependent problem, these difficulties are due 

to two major factors. One is the artificial dissipation which is well 

understood in steady-state cases, and the second is the numerical 

dispersion which causes phase error in time-dependent problems. In 

Heinrich and Envia [1982], it was shown via a local analysis that the 

direct application of the Petrov-Galerkin weighting functions derived 

from the steady-state case resulted in inadequate algorithms. An 

alternative approach was proposed by Raymond and Gardner [1976] to 

minimize the phase error and was further applied to the Navier-Stokes 

system by Brooks and Hughes [1982]. Besides the use of Petrov-Galerkin 

weighting functions to stabil ize the numerical sol utions, another 

approach, call ed the Taylor-Gal erkin method, was proposed by Donea 

[1984], which modifies 'the original equation with the truncation error 

from time-stepping schemes and then uses the conventional Galerkin 

method to discretize this modified equation in space. This method 

seems successful for the simpler hyperbolic equation; however, for the 

equation including diffusion, this algorithm can only be extended in an 
.. 

ad hoc manner. Similar to Donea1s algorithm, Lohner, Morgan, and 

Zienkiewicz [1984] used an Eul er-Lagrange formul ation to study the 

nonlinear hyperbolic equation. 
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In the study of one-dimensional cases in Chapter 3, the local 

truncation error anal ysis showed that two perturbed parameters were 

required to correct artificial dissipation and numerical dispersion. 

Thus, a highly accurate al gorithm was proposed based on time-space 

el ements with quadratic in time-l inear in space weighting functions. 

This scheme is second order in time and third order in space. 

Consequently, this al gorithm will be extended to two-dimensional 

problems using the concept of anisotropic balancing dissipation, which 

has no dissipation along the direction normal to the flow. This 

extension will use time-space elements, and the consistent mass matrix, 

as in Chapter 3, is retained in the Petrov-Gal erkin finite el ement 

process. (See, e.g., Gresho, Lee, and Sani [1978], and Donea, Giuliani, 

and Laval [1979] for consequences of the lumped mass and consistent 

mass matrices schemes with different time-stepping methods). For the 

single-step method used in time, a stability limitation on the time step 

size must be accepted for the optimal approximation properties in the 

Petrov-Galerkin scheme. 

A modification of the weighted residual formulation using non

conforming weighting functions, the shape functions in time-space 

el ements for two spatial dimensions, and the structure of Petrov

Galerkin weighting functions are given. Finally, several examples are 

used to demonstrate the effectiveness of this al gorithm in two

dimensional problems. 

4.2 Petrov-Galerkin Weighted Residual Formulation 

Consider the time-dependent convection-diffusion equation valid 

in a simply-connected open domain n of the form 



act> + u act> + v act> a = ax at ax ay 

ct>(x,y,O) = ct>o(x,y) 

ct>(x,y,t) = f(x,y) 

~ I ~ Kx ax n x + I,y ay ny = 

(Kx M) + 
a (Ky i9) + Q ay 

on rl 

-q(x,y) - b[ct>(x,y) - ct>aJ, on r2 
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(4.2.1) 

(4.2.2) 

(4.2.3) 

(4.2.4) 

where only steady-state boundary conditions have been considered for 

simpl icity of presentation and ct> is the transport quantity. A typical 

function modelled by this equation is temperature. The coefficients in 

equation (4.2.1) are the convective velocities u and v, and the 

diffusivities in x, y directions, Kx, Ky, respectively. In expression 

(4.2.4), nx and ny are the components of the unit outward normal vector 
... 
n to the portion r2 of the boundary. For simplicity, assume that u and 

v are positive constants, and the fluid is isotropic so that Kx and Ky 

are equal to a positive constant K. Thus equation (4.2.1) becomes 

l! + u ~ + v ~ = K (a2
c1> +a aa

y
.t:2c1> ) + Q 

at ax ay aX2 ~ (4.2.5) 

and expression (4.2.4) becomes 

K ~ = -q(x ,y) - b[ ct>(x ,y) - ct>aJ , on r2 (4.2.6) 

The boundary of the domain n is given by 

(4.2.7) 

so a closed domain including the boundary is defined by n = n U r. 



The weighting functions used to construct the variational 

problem have the form 
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W = M + P (4.2.8) 

where M is continuous and P is a perturbation function discontinuous at 

the interior boundaries between elements. Since the quadratic in time-

linear in space weighting functions constructed in Section 3.3.2 for 

one-dimensional cases will be extended to the two-dimensional case, the 

description of the shape and weighting functions based on that 

structure is deferred until the next section. Here the theoretical 

results in Hughes and Brooks [1982] are applied to obtain the modified 

weighted residual formul ation for this probl em using the weighting 

functions of the form (4.2.8). 

To formulate the variational problem, first define the 

diffusive flux a as 

a = - K (li i + li J~) (4 2 9) ax ay •• 

,.. ,.. 
where i and j are the unit vectors in x and y, respectively. Then the 

"jump" operator of fl ux a is 

(4.2.10) 

where a+ and a- denote the 1 imits at a point (x,y) in n approaching 
,.. 

from the right and left, respectively, and n is a unit vector. Equation 

(4.2.10) can be expressed as 

[an] = -K ap+ + K .!£. an an (4.2.11) 



82 

" In particular, n is the unit normal to the interior boundaries, and the 

interior boundaries are given by 

- e 
r = ~r - r (4.2.12) 

where re is the element boundary, and e denotes the element number. 

Using Green's theorem in the plane, the following weighted 

residual equation based on the space in time and spatial dimensions can 

be written 

+ 

I M[-q - bel> - cj>a)]dr 
r2 

~ I p [~ + u ~ + V 

1 ei 

it a2d> a2d> 
ay - K( ~ + ay2) - ~dn} dt = 0 

(4.2.13) 

where the summation is over all element interiors ei, and the boundary 

integral is positive counterclockwise. Note that, throughout the 

derivation, it is assumed that the trial solutions cj> satisfy cj> = f on rl 

and weighting functions W satisfy W = 0 on rl. Then equation (4.2.13) is 

equivalent to 



t+81 
1 '\' 1 W[li + u li + v li - K( a2

c1l + a2
c1l) - Q1dn 

L. at ax ay ~ a:? ~ 
t 1 ei 

1_ M[an]dr + 
r 
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From here the Euler-Lagrange equations are equation (4.2.5) restricted 

to the element interiors, equation (4.2.6), and the continuity conditions 

[an] = 0 (4.2.15) 

at the interior boundaries. In general, by a modification of the 

definition of the "jump" operator of equation (4.2.11) as 

the Eul er-Lagrange equations can be proved to be expression (4.2.1) 

restricted to the element interiors and expression (4.2.4). 

4.3 Shape and Weighting Functions in Time-Space Elements 

To preserve the structure of Petrov-Gal erkin methods, the 

extension of the quadratic in time-linear in space weighting functions 

from one spatial dimension to higher spatial dimensions must be done in 

the context of time-space elements. This has the inconvenience that 

only implicit algorithms can be obtained; however, the algorithms' 

structure can be easily interpreted physically and lead to easy-to

impl ement, highly accurate, singl e-step methods in two-dimensional 

probl ems. 
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Consider the trilinear time-space shape functions given on 0 < 

x ~ M, 0 ~ Y ~ flY, and 0 ~ t ~ At by 

N l( X ,Y , t ) = ( 1 - -:t.)( 1 - ~)( 1 - L) AI, AX AY 

N2(X,y,t) = (1 - J...)(~)(1 _ L) 
At AX flY 

N3(X,y,t) = (1 - J...)(~)(L) 
At M flY 

N4(X,y,t) = (1 - J...)(1 - ~)(L) At AX flY 

N5(X,y,t) = (J...)(1 - ~)(1 - L) At M flY 

N6(x,y,t) = (~)(:X)(1 - iy) 

N7(x,y,t) = (~)( ;x)(iy) 

N8(x,y,t) = (J...)(1 _ ~)(L) 
At M flY 

(4.3.1) 

for the element shown in Figure 4.1. To produce an algorithm that is 

second order in time, a time-space weighting function with a quadratic 

variation in time is used, given by 

t t T(t) = 4 - (1 - -) At At (4.3.2) 

The form of the weighting functions is then defined as 

Wi( t) Mi( t) + h ( aMi(x,y,t) + v aMi(X,y,t)) 
X ,y, = X ,y,. a 2JlUlT u ax ay 

(4.3.3) 
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where lIull is the absolute value of the local velocity lIull=l/u2 + v2 I 

and h a mesh distance on each el ement defined 1 ater. In equation 

(4.3.3), to construct the perturbed terms, the concept of anisotropic 

bal ancing dissipation given in Kelly et al. [1980J is used, so a no 

crosswind diffusion 'algorithm is obtained by using the above weighting 

functions in the time-space elements. Note that, under the time-space 

element arrangement in Figure 4.1, only four test functions at nodes 5, 

6, 7, and 8 are needed to define the algorithm on each element, and 

these are 

[
4t 4t2 J x L r~ 5( x ,y , t ) = 6 t - "(l1t1"2 (1 - M)( 1 - 6y ) 

M6(X ,y, t) = [4t 4t2} x )( L) 6t -"(l1t1"2 M 1 - 6y 

" (4.3.4) 

r47(x ,y, t) = [4t 4t2} x )(L) 
6 t -"(l1t1"2 6X 6Y 

M B X ,y , t) = - - r:+T? (1 - -)( -L ) ( [
4t 4t2 J x v 
6t \6tr 6X 6Y 

so these expressions are the continuous parts of the weighting 

functions. The discontinuous parts incl ude two parameters a and f3 

which remain to be determined. 

In order to obtain parameters a and f3 in the calculations, the 

results derived in Section 3.3.2 for the one-dimensional case are used. 

These parameters are thus given by 
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a = coth ~ 2 
Y 

(4.3.5) 

and 

T 2a a = 3' - YT 

where the numbers T and yare defined locally as 

T = 

and 

Ilu II At 
h 

(4.3.6) 

(4.3.7) 

(4.3.8) 

In general, K is the diffusivity in the flow direction for the 

anisotropic diffusion. The mesh distance h on each element is defined 

here for the particul ar case of an el ement with a rectangul ar 

projection in the x,y plane as 

h = ~ (I u I Ax + I v I Ay) (4.3.9) 

In the next chapter, h is defined for the irregul ar quadril ateral 

elements, and it is shown that expression (4.3.9) is a particular case 

obtained when the elements are rectangular. 

4.4 Numerical Results 

The performance of the two-dimensional extensions of the 

algorithms employing the quadratic in time-linear in space weighting 

functions is ill ustrated by a series of examp1 es. To improve the 

computational efficiency, the time dependence of the functions in 

expression (4.2.13) is first integrated exactly on each element so that 
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equation (4.2.13) can be separated into two parts, viz., one containing 

the function values ~~+1 to be computed and the other part with known 
1 . 

function val ues ~~ treated as the forcing term. The rest of the 

cal cul ations can be done as usual in spatial discretizations using 

finite element methods with isoparametric elements (see e.g., 

Zienkiewicz [1977]). For the full Petrov-Galerkin scheme; i.e., (l 'I- 0 

and a f 0, only conditional stability is obtained, and the time step 

size is restricted by 

1 
fit (ill ill + V 

fiX fly 

(4.4.1) 

which is the extension to two dimensions of the c < 1 condition in one 

dimension. However, the scheme is unconditionally stable when (l # 0 

and a = O. In the foll owing exampl es, it is further assumed that the 

source term Q of equation (4.2.13) is zero. 

4.4.1 Unidirectional Flow 

The first exampl e invol ves the transport and diffusion of a 

Gaussian distribution "peak" of unit initial amplitude centered at x = 

0.25 and y = 0.25. The initial condition is given by 

~(x,y,O) = 1 e-[((x/L)-0.25)2 + ((y/L)-0.25)2]/(4 x 0.0003125) 
Ito 

(4.4.2) 

where L = 1.0 and to = 1.0. The function is set to zero if the 

exponential is less than 10- 1°. The domain for the numerical 

calculations is the rectangular region 0 i xiI and 0 i y i 0.5, and 

the boundary conditions for t > 0 are given by 
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eIl(O,y,t) = eIl(1,y,t) = 0, 

lil -.til -0 ay y=o - ay y=0.5 - , 

o i y i 0.5 

0< x < 1 

(4.4.3) 

(4.4.4) 

From equation (4.4.1), the Courant number in two-dimensional cases is 

defined as 

c = (hl + M) l\t (4 4 5) l\X l\y • • 

and the cell Peclet number y is obtained from equation (4.3.8). For 

unidirectional flow, the problem has velocities u = 0.25 and v = 0, so 

the flow is parallel to the x coordinate. The numerical grid has 

uniform mesh with l\x = l\y = 0.025. In Figure 4.2, the numerical 

resul ts for c = 0.85 and y = 20 are shown. The 1 eft peak is the 

initial condition, and the right one is the numerical solution after t = 

2.04 so that the peak is traced over one full base diameter in the x 

direction defined as the region over which the initial perturbation is 

greater than zero. When a = a = 0, the scheme becomes the Crank-

Nicolson Galerkin algorithm, and this result shows significant numerical 

dispersion. For the full Petrov-Galerkin scheme with a r 0 and a r 0 

given by expressions (4.3.5) and (4.3.6), the best solution is obtained, 

as expected, with peak value ell = 0.3104. When a r 0 and a = 0, this 

yields an unconditionally stable scheme and the result shows the 

numerical dispersion in the peak tail with peak val ue ell = 0.299. The 

time step is now increased so as to make c = 1.0. In Figure 4.3, these 

results at t = 2.0 are shown. When a = a = 0 or a r 0 and a = 0, the 

numerical dispersion becomes more pronounced in these solutions; 
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Figure 4.2 Transport and diffusion of Gaussian peak form (4.4.2) for 
y = 20 and c = 0.85. The 1 eft peak is the initial 
condition; the right one shows the numerical 
approximations at t = 2.04. (a) a = a = 0 (Crank-Nicolson, 
~max = 0.297); (b) a f. 0, a = 0, (unconditionally stable, 
~max = 0.299); (c) a f. 0, a f. 0 (full Petrov-Galerkin, 
~max = 0.3104). 



(b) 

Figure 4.3 



however, the scheme with a r 0 and a r 0 yields a perfectly smooth 

solution with peak value ~ = 0.3513. 
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Figure 4.4 shows the results for pure convection (K = 0) with c 

= 0.85 which corresponds to the 1 imiting val ues of a :; 1 and a = ./3, 

according to expressions (4.3.5) and (4.3.6). The numerical sol utions 

are at t = 2.04, and the same general behavior is observed for the 

different al gorithms. Figure 4.5 shows numerical sol utions in the 

purel y convective case for c :; 1.0 at t = 2.0. For the full Petrov

Gal erkin al gorithm with a r 0 and a r 0, this yiel ds sol utions at nodal 

points that are exact to ten significant digits. 

In Figure 4.6, the peak leaving the outflow boundary is 

modelled by the full Petrov-Galerkin scheme with a r 0 and a # 0 for 
, 

the pure convection case. The cal cul ations are for c = 1, and the 

boundary condition at x = 1 is replaced by the natural boundary 

condition 

M IX=l = 0, o 5.. y 5.. 0.5 (4.4.6) 

The results at t = 3.0, 3.1, and 3.2 show no undesired reflections as 

the peak leaves the computational domain. At t = 4.0, the peak has 

moved completely out of the integration field, and the transport 

quantity ~ is zero there, as reproduced by the numerical solutions. As 

a further example to verify that the algorithm is free of undesired 

reflections, Figure 4.7 illustrates the effect of a boundary layer at 

the outflow edge using an essential boundary condition there, 



Figure 4.4 

93 

Transport of Gaussian peak form (4.4.2) without diffusion 
for c = 0.85. The left peak is the initial condition; the 
right one shows the numerical approximations at t = 2.04. 
(a) a = a = 0 (Crank-Nicol son, «Pmax = 0.7163); (b) a ~ 0, 
a = 0 (unconditionally stable, «Pmax = 0.6446); (c) a ~ 0, 
a ~ 0 (full Petrov-Galerkin, «Pmax = 0.7563). 

-----------------_._-------_._----- '--



Figure 4.5 
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Transport of Gaussian peak form (4.4.2) without diffusion 
for c = 1.0. The left peak is the initial condition; the 
right one shows the numerical approximations at t = 2.0. 
(a) a = a = 0 (Crank-Nicol son, ~max = 0.6621); (b) a f 0, 
a = 0 (unconditionally stabl e, ~max = 0.6450); (c) a f 0, 
a f 0 (full Petrov-Galerkin, cIlmax = 1.0). 



Figure 4.6 

(a) 

(b) 

(c) 

Numer1cal approXimations Using the fuIJ PetrOV_Ga I erkin 
scheme ~or conVected peak form 14.4.2) I eaving the 
computabonal mesh, c • 1.0. Natural boundary Condition 
impOsed at Outflow boUndary. The left peak is the i01tial 
condition; the rj ght one shows the numerica I So I utions at la) t • 3.0; Ih) t • 3.1; Ic) t • 3.2. 

-~.----------------------------- --------
----------------- -
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Figure 4.7 
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(a) 

(b) 

Numerical approximations using the full Petrov-Galerkin 
scheme for convected peak form (4.4.2) 1 eaving the 
computational mesh, c = 1.0. Essential boundary condition 
imposed at outflow boundary. The left peak is the initial 
condition; the right one shows the numerical solutions at 
(a) t = 3.0; (b) t = 3.1; (c) t = 3.2. 



cp(1,y,t) = 0, o ~ y ~ 0.5 
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(4.4.7) 

The same general behavior is observed as was found using the natural 

boundary condition, except that the function is forced to zero at x = 1. 

4.4.2 Flow Skew to the Mesh 

The influence of flow skew to the mesh is studied in the next 

examples. The velocities are taken to be u = 0.25 and v = 0.1166, so 

the flow makes an angle e ~ 25° with the positive x coordinate. The 

initia] condition is given by 

cp(x,y,O) = 1 

Ito 
e-[ ((x/L)-0.175)2 + ((y/L)-0.175 )2]/(4 xO.0003125) (4.4.8) 

so the peak has amplitude one centered at x = y = 0.175. The boundary 

conditions are the same as equations (4.4.3) and (4.4.4). In Figure 4.8, 

the results for c = 0.7332 and y = 20 at t = 1.3 are shown. At this 

time, the peak is traced over one length of its base diameter. 

Compared to the unidirectional flow, numerical dispersion is smeared 

out here by diffusion in the scheme with a ~ 0 and a = 0 without phase 

error correction; however, the symmetrical Galerkin-type algorithm with 

a = a = 0 shows evidence of numerical dispersion. Figure 4.9 shows the 

limiting case of pure convection (K = 0) at t = 1.3. Lacking diffusion 

to smooth the numerical dispersion, the numerical solution by the a = a 
= 0 algorithm shows significant numerical dispersion both in the x and 

y directions, which deforms the peak to an unacceptabl e extent. 

Comparing the solutions obtained by the two Petrov-Galerkin schemes, 

. ',0 



Figure 4.8 
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Transport and diffusion of Gaussian peak form (4.4.8) with 
flow skew to the mesh for y = 20 and c = 0.7332. The 
left peak is the initial condition; the right one shows the 
numerical approximations at t = 1.3. (a) a = e = 0 
(Crank-Nicol son, hax = 0.3558); (b) a ~ 0, e = 0 
(unconditionally stable, <l>max = 0.34); (c) a ~ 0, e ~ 0 
(full Petrov-Galerkin, <l>max = 0.34) 



Figure 4.9 
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(b) 

(c) 

Transport of Gaussian peak form (4.4.8) with flow skew to 
the mesh for c = 0.7332. The left pe~k is the initial 
condition; the right one shows the numerical 
approximations at t = 1.3. (a) a = a = 0 (Crank-Nicolson, 
cj)max = 0.72); (b) a -;. 0, a = 0 (unconditionally stable, 
cj)max = 0.58); (c) a -;. 0, a -;. 0 (full Petrov-Galerkin, 
cj)max = 0.64). 
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the results of the full Petrov-Galerkin scheme with a ~ 0 and a ~ 0 

have the peak value $ = 0.64, which is higher than the peak value $ = 

·0.58 obtained with the algorithm with a ~ 0 and a = 0, and the latter 

has more numerical dispersion following the peak tail. However, the 

solution of this full Petrov-Galerkin scheme is not satisfactory even 

though its result is the best. This can only be improved by using a 

better wavelength to mesh size ratio, as shown in Figure 4.10, where 

the same problem has been solved in a mesh half the size. The same 

general behavior can be observed, but this time the full Petrov

Galerkin solution is quite good with the peak value $ = 0.91 and almost 

no numerical dispersion. 

4.4.3 Pure Convection with Constant Vorticity 

The performance of the al gorithms is demonstrated with a 

"cosine peak" in a two-dimensional, pure rotation flow field. This is 

taken as a standard probl em in Gresho et ale [1978], Donea et ale 

[1979], and Hughes and Brooks [1982]. The calculation domain in space 

is a unit square -0.5 < x < 0.5 and -0.5 < y < 0.5, and a mesh of 30 x 

30 time-space elements is used for each time step. The flow field for 

this probl em has velocities u = -y and v = x, giving a constant 

vorticity of two. Essential boundary conditions are imposed with $ = 0 

on all parts of the boundary. 

In Figure 4.11, solutions for c(x = -1\ ' y = 0) = 0.251 are 

shown. The left peak is plotted for the initial condition given by 
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Figure 4.10 Transport of Gaussian peak form (4.4.8) without diffusion 
for flow skew to the mesh and c = 0.91 using twelve 
elements in the base diameter. The left peak is the 
initial condition; the right one shows the numerical 
solutions at t = 1.3. (a) a = a = 0 (Crank-Nicolson, 
4>max = 0.94); (b) a ~ 0, a = 0 (unconditionally stable, 
4>max = 0.846); (c) a ~ 0, a ~ 0 (full Petrov-Galerkin, 
4>max = 0.91). 
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figure 4.11 Numerica1 approximations of a rotating cosine peak. The 1eft peak is the Initia1 condition; the right one sho~S the 
peak after l/Z reyolution at t = 3.14. (a) '" = ~ = 0 
(crank-

Mico 
1 son. +max = 1.07) ; (b) '" f O. B = 0 

(unconditionallY stab1e. +max = 0.9589); (c) '" f o. B f 0 
(full vetroy-Ga lerkin • +max = 0.9637). 

--------------------_._----



1 

/to 
COS 1T 
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.(x,y,O) = ! 0 (4.4.9) 

, otherwise 

where L = 1.0, and the right one is the result at t = 3.14 after 1/2 

revol ution around the origin (center of the integration domain). The 

scheme with a = 13 = 0 has the property of no damping; however, a 

significant numerical dispersion is shown in the flow field. The peak 

value of ~ for the full Petrov-Galerkin scheme with a f 0 and 13 f 0 

reaches 96.4% of its (nondecaying) 'value of one, whereas for a f 0 and 

13 = 0, it is only 95.9%. Both Petrov-Galerkin schemes show little 

numerical dispersion. Figure 4.12 shows the solutions after one full 

revol ution around the origin. The same general behavior is observed 

for the different algorithms. However, the peak value of the scheme 

with a f 0 and 13 = 0 has been reduced to 0.875, whereas for a 1 0 and 13 

f 0 it reduced to only 0.88. In these results, the full Petrov-Galerkin 

scheme with a f 0 and 13 f 0 appears to be superior overall to the 

Petrov-Galerkin scheme without the phase correction. 

4.5 Concl usion 

In this chapter, an algorithm based on quadratic in time-linear 

in space weighting functions has been developed to sol ve multi-

dimensional problems. This is a natural extension of the one-
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I 

(a) 

(b) 

(c) 

Figure 4.12 Numerical appro'imations of a rotating peak after one 
revolution at t = 6.28 (a) a = e = 0 (Crank-Nicolson, ~m .. = 1.08); (b) • I 0, ~ = 0 (unconditionallY stable, 
h .. = 0.875); (c) • I 0, ~ I 0 (full Petro.-

Gal 
erkin, 

~max = 0.88). 

,------------------------------------
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dimensional case by using the streaml ine or anisotropic bal ancing 

diffusion concept. The modified variational formulation was presented 

for discontinuous weighting functions in two-dimensional cases. Two 

parameters were introduced in the weighting functions to optimize the 

accuracy of the solution which results in an easy-to-implement 

algorithm. As shown in the examples, the numerical solutions have been 

improved by this new algorithm. However, it can also be seen that in 

some instances, namely when the flow is significantly skew to the mesh, 

none of the algorithms are very accurate. This is unavoidable in this 

type of scheme and can only be significantly improved if higher order 

elements, carrying derivatives as well as functional values as degrees 

of freedom, are used. These, however, lead to expensive and 

complicated algorithms and are not considered in this work. 

It should also be evident that extensions to three-dimensional 

flows are easily done by defining 

i ( ) i ( ) ( h ah l1 t a) W x,y,z,t = M x,y,z,t + a 2\TLilf + '4lfU1T at 

(u aMi(x,y,z,t) + v aMi(x,y,z,t) + w ar4 i (x,y,z,t)) 
ax ay az 

where now 1/ u 1/ and h are defined in three dimensions. 



CHAPTER 5 

PETROV-GALERKIN METHODS FOR NATURAL CONVECTION IN A 
HORIZONTAL CIRCULAR CYLINDER 

5.1 Introduction 

Natural convection in enclosures is an important problem 

involving fluid flow and heat transfer driven by the buoyancy forces. 

The goal of predicting the flow pattern and heat transfer has attracted 

many investigators to the field using experimental, analytical, and 

numerical methods. In past years, the problem of natural convection in 

rectangular cavities has been intensively studied, and a review of this 

work can be found in Catton [1978]. The use of finite element methods 

to model this problem is discussed, for example, in Heinrich and Strada 

[1982], Strada and Heinrich [1982], and references therein. A further 

review that incl udes external natural convection around horizontal 

cylinders is given by Raithby and Hollands [1985]; however, convection 

of fluid confined in a horizontal circular cylinder still leaves many 

questions to be studied, as pointed out in a review article of Ostrach 

[1972], even though the geometry is simple in this case. 

In past decades, few papers have been published on this 

problem. Weinbaum [1964] and Ostrach [1972] used asymptotic techniques 

in the case when the temperature on the boundary is given by 

T = To + ~T cos( e + ~) (5.1.1) 
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where e is the angle to the x-axis of a point in the boundary and $ the 

heating ang1 e as shown in Figure 5.1, AT = ~ (Tmh - Tmc) is the 

reference temperature difference, To is the mean temperature given by 

To = ~ (Tmh + Tmc) and Tmh and Tmc are the maximum and minimum 

temperature respectively, as shown in Figure 5.1. They also made some 

assumptions about the core region to obtain sol utions. However, they 

were not successful in obtaining theoretical results for the case when 

the maximum heating is from the side, i.e., $ = 0 in Figure 5.1. 

In experimental work, three papers shou1 d be mentioned. 

Martini and Churchill [1960] used a step function to define the 

temperature along the boundary which stepped at the two points of the 

vertical diameter, and they studied only one case, heating-from-the-

side, with air as their working fl uid. Brooks and Ostrach [1970J 

studied this problem using a temperature boundary condition which was 

closely approximated by the piecewise linear function of e 

~ T + (1 - ~) T h 
1T me 1T m , 0 < e+$ < 1T 

T(e) (5.1.2) 

For a fluid with a very large Pr, they obtained streamline patterns at 

different heating angl es and found weak motion and a stratified core 

region when heating was from the side, which is the case for which 



Figure 5.1 
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Geometry and coordinate system for natural convection in 
a horizontal circular cylinder. 
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theoretical solutions could not be achieved. Zimin [1972] used thermal 

boundary conditions with a cosine function distribution in his 

experiment; however, the lack of description of the flow pattern in 

this paper makes it difficult to understand the flow phenomena. 

Numerical sol utions have been attempted using the finite 

difference method. All the published work on this problem has been 

done in cylindrical coordinate systems. The first finite difference 

calculation was done by Hellums and Churchill [1961-62] to simulate 

the experimental work of ~'artini and Churchill [1960]. It should be 

mentioned that in the latter work, an attempt to use a finite 

difference method was made; however, the scheme was unstable when 

applied to the momentum equations. 

Later, Takeuchi and Cheng [1976] modelled the case when the 

temperature is uniform along the boundary, and depends linearly on time 

according to T(S,t) = Ti - Ht, where Ti is the initial fluid temperature 

and H represents a wall cooling rate. They assumed symmetry along x = 

o and discretized only for x ) O. Kee and McKillop [1977] considered 

the same problem, and also used a polar coordinate system, except near 

the origin, where they used a Cartesian coordinate system. Leong and 

de Vahl Davis [1979] used a finite difference method in polar 

coordinates where they removed a small region around the origin and 

performed calculations for all the same cases shown here. However, 

they could not obtain solutions for the case of heating from below. 

The last reference appears to be the latest work on this problem. 
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In each of the calculations mentioned, either a symmetry condition was 

imposed on the vertical diameter, with a loss of generality, or an ad 

hoc modification was made to treat the singularity at the origin. 

In this chapter, attention will be focused on the case of 

natural convection in a horizontal circular cylinder. A finite element 

model using the Cartesian coordinate system will be developed, which 

takes advantage of the finite element method's ability to deal with 

irregular computational grids and eliminates the problem of dealing 

with a singularity at the origin if the cylindrical coordinates are 

used, as has been done in finite difference calculations. 

The difficulties stemming from the flow being dominated by 

convection are still present, so a mesh 1 ength used for the 

perturbation part in the form of Petrov-Galerkin weighting functions 

when the el ements are irregul ar is proposed. The penal ty function 

formulation is used to impose the incompressibility constraint in the 

present work, to el iminate the pressure term in the momentum 

equations. The advantages of the penalty function method are explained 

in Hughes, Taylor, and Levy [1978], and Heinrich and Marshall [1981], 

where it has been used to eliminate the pressure gradient using the 

continuity equation so as to reduce the number of degrees-of-freedom in 

the solution. Using the Petrov-Galerkin scheme, the system of semi

discrete equations is constructed in space, where the dependent 

variables (velocities and temperatures) are interpolated by the 

piecewise bilinear shape functions through the nodal points. The time 

integration is done via a predictor-mul ticorrector method used by 
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Hughes, Liu, and Brooks [1979], and Heinrich and Yu [1984], that treats 

viscous, conduction, and penalty terms implicitly in time, with explicit 

treatment of nonlinear convective terms and body force terms. 

The effectiveness of the method is illustrated in calculations 

for laminar natural convection in a horizontal circular cylinder for 

Rayleigh numbers up to 10~ The boundary condition for temperature is 

Tmh for 1T 
- 4> + 1l.251T 1T 1l.251T 

= I -2 180 "s"2-CP- 180 

T( s) (5.1.3) 

Tmc for 1T 
- </> + 1l.251T 

" S " 
31T 1l.251T 

"2 180 2" - </> - 180 

and linear in between. 

5.2 System of Equations 

The governing equations describing the flow motion and heat 

transfer are obtained from the fundamental principles of conservation 

of mass, linear momentum and energy within the Boussinesq 

approximation~ i.e., the variation of density is negligible except in the 

body force term. To simplify the problem, it further assumes that the 

other fl uid properties are constant and the energy dissipation is 

neglected. The equations, valid for a laminar flow in an x-z Cartesian 

coordinate system, are given as follows: 



Continuity equation: 

au + aw = 0 
ax az 

Momentum equation in x-direction: 

p( aatu + u ~ + w au) = - ~ + ...! (2 \l au) ax az ax ax ax 

+ a~ [\l( ~~ + ;~)J 

Momentum equation in z-direction: 

( aw aw + w aw) = _ ~ + a [ (au + aw) ] 
p at + u ax az az ax \l az ax 

a ( aw) + - 2\l - - pg az az 

Energy equation: 

pC (aatT + u aT + w aT) = ...! (k aT) + ...! (k aT) 
ax az ax ax az az 
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(5.2.1) 

(5.2.2) 

(5.2.3) 

(5.2.4) 

where u and ware the velocity components in the x- and z-directions. 

respectively, p is pressure, p the fluid density, t is time, \l denotes 

the dynamic viscosity, g is the magnitude of the gravitational 

acceleration, T is temperature, k denotes the thermal conductivity, c 

the specific heat. The above equations are considered to be valid over 

a bounded region n c R2 with boundary r, and in this work, the 

integration domain is the area of a cross section perpendicular to the 

axis of the horizontal circular cylinder. 
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In order to stress the rel ative importance of terms in the 

momentum and energy equations, expressions (5.2.1) - (5.2.4) can be 

rewritten in nondimensional form as foll ows: 

au + aw = 0 
ax az 

+ W au) = 
az 

+ pr[2 atU + a (au + a~)J 
ax2 az az ax 

aw + I PrRa (u aw + W aw) 
at ax az 

= - 1 a.E: 

+ pr[:' (au + aw) + 2 a
2
w] + IPrRa i 

ax az ax az2 

at +/PrRa (U at +w ~i) = 

at ax az 
a2i + a2i 
ax2 az2 

(5.2.5) 

(5.2.6) 

(5.2.7) 

(5.2.8) 

where U, W, and t are the nondimensional velocity and temperature, 

respectively. p denotes the nondimensional modified pressure, which is 

given by 
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(5.2.9) 

where Po is the reference density, R (radius of the circular cylinder) 

is the reference length, and K is the thet'mal diffusivity. The 

nondimensional paramete~s are the Rayleigh number Ra and the Prandtl 

number Pr given by 

Ra = ag6TR3 
\lK 

Pr = ~ 
K 

(5.2.10) 

(5.2.11) 

where \I is the kinematic viscosity, a is the coefficient of thermal 

expansion, and 6T is the reference temperature difference given in 

equation (5.1.1). The reference velocity is U = lag6TR and the 

reference time T = R2/ K. Impl icit in the above equations is the fact 

that the density in the body force terms is assumed to vary linearly 

wi th tem pera tu re 

p = Po[1- a(T - To)] (5.2.12) 

where To is the reference temperature given in expression (5.1.1). 

To define the problem completely, initial and boundary 

conditions are needed for the system of governing equations, which will 

be detail ed in the probl em description section. It is just mentioned 

here that this study only considers essential boundary conditions for 

velocity and temperature. However, natural boundary conditions can 
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also be included with no additional effort in the solution process via 

the finite element method. 

It is to be noted that from now on, the wiggl e 11M' denoting the 

nondimensional quantities will be dropped to simplify the notation. 

5.3 Penalty Function Weighted Residuals Formulation 

In the nondimensional form of the momentum equations (5.2.6) 

and (5.2.7), the incompressibility constraint, expression (5.2.5), can be 

used to construct the penalty function formulation. The use of the 

penalty function method in fluid mechanics was originally justified by 

the analogy between Stokes flow and incompressible elastic solids. 

This method was then extended to the full Navier-Stokes equations and 

shown to yield good results by means of numerical experimentation, 

which can be found in Hughes, Taylor, and Levy [1978]; Marshall, 

Heinrich, and Zienkiewicz [1978]; and Heinrich and r~arshall [1981] for 

the steady-state case, and in Hughes, Liu, and Brooks [1979]; Heinrich 

and Yu [1984]; and Heinrich [1984] for the time-dependent case. 

Therefore, instead of constructing the weak form directly from 

equations (5.2.5) - (5.2.8) by the finite element method, the system of 

equations is first written in the form 

au A au au A A a au A aW A 
at + IprRa (u A a/ + wA az-) = ax (ax + -) 

IprRa az 

+ pr[2 
a2u A a au A aWA] (5.3.1) TxT + az (az- + -) ax 
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aw). aw aw A A a au A aw A 
at + {PrRa (u _A + wA az) = (ax + -) A ax {PrRa az az 

+ pr[ a~ au A aW A a
2
w J (az + -) + 2 azl + {PrRa T A (5.3.2) ax 

(5.3.3) 

where the penal ty function formu1 ation is used to e1 iminate the 

pressure terms in the momentum equations, using 

p = _ A( au + aw) 
ax az (5.3.4) 

where A is the penal ty parameter and can be used to control the 

accuracy to which the incompressibil ity constraint is imposed. A 

necessary condition for the sol ution (u A' w A) and T A of equations 

(5.3.1) - (5.3.3) to approach the sol utions of expressions (5.2.5) -

(5.2.8) is that 

au + aw + 0 
ax az as A + "" (5.3.5) 

which means that as A + "", then (u A' w A) and T A + (u, w) and T. A 

detail ed discussion on the choice of A can be found in Heinrich and 

Marshall [1981]; however, the basic criterion is that A must be big 

enough to be the dominant term in the momentum equations but not too 

large for smaller terms to be lost by round off error. To simplify 

the notation, the subscript A is dropped in the following expressions. 
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From equations (5.3.1) - (5.3.3) using Green's theorem in the 

viscous, conduction, and penalty terms, the weighted residual 

formulation can be obtained in a similar way, as in Section 4.2 as: 

Find a vector velocity field (u(x,z,t), w(x,z,t))T and a scalar 

temperature field T(x,z,t) such that u, w, T and their first partial 

derivatives with respect to x, z, and t are square integrable over the 

circular domain n and satisfy homogeneous boundary conditions for 

velocities u and w, and the prescribed temperature conditions for T 

along the cylindrical perimeter, and such that 

/1 
w au + /PrRa W(u au + w au) + A aW (au + aw) 

at ax az /-p R ax ax az n r a 

+ pr[2 aaWx au + aw (au + aW)J ) d n 
ax az az ax 

+ 
/ 

w[( _1_ p) nx + Pr(2 
r /PrRa 

au ( au aw) J ax n x + az + ax n z ) d r 

= 0 (5.3.6) 
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In 1 w aw + {P r Ra W ( u aw + w aw) + ). aW (au + aw) 
~,at ax az {PrRa az ax az 

+ Il~[( 1 p) nz + pr((~~ + :~) nx + 2 :~ nz)] dr 
r {PrRa 

= 0 (5.3.7) 

tl v ;i HPrRa V(u ;~ + W ;~) + ;~ ;~ + ~ ;tj dg 

+ t v qn dr = 0 (5.3.8) 

for all test functions W(x,z) and V(x,z) such that W, V and their first 

partial derivatives with respect to x and z are square integrable over 

a at each time t. In the above, r denotes the boundary of a, n is the 

outward unit normal vector to r with nx and nz as the components in 
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the x and z directions, respectively, and qn is the normal heat flux, 

which is given by 

(5.3.9) 

Implicit in the above derivations is that, in the boundary integrals, 

the pressure would only appear if it is prescribed on the boundary. 

As mentioned previously, in the present problem only essential 

boundary conditions for the velocity and temperature are considered. 

The test functions Wand V satisfy homogeneous conditions on r so that 

the boundary integral s in equations (5.3.6) - (5.3.8) vanish. These 

equations are thus rewritten in the simpler form 

I j W au + lPrRa W(u au + w au) + ). aw (au + aw) 
at ax az I PrRa ax ax az 

Q 

= 0 (5.3.10) 

In j w aw + I Pr Ra W (u aw + w aw) + ). aW (au + aw) 
a at ax az IPrRa az ax az 

+ pr[ ~ (;~ + ;~) + 2 ;~ ;~J -{PrRa WT } d" 

= 0 (5.3.11) 



at + {PrRa V(u aT + w aT) + av aT + av aT 
ay ax az ax ax az az 
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= 0 (5.3.12) 

after dropping the boundary integrals. 

It is to be noted that the above description for the 

construction of the weak problem needs to be modified if weighting 

functions of the Petrov-Gal erkin type have a perturbation function 

which is discontinuous on the interior boundaries between each element. 

However, the same argument used in Section 4.2 is applicable in this 

,case. 

To use the penalty function formulation to obtain a nontrivial 

solution for the velocity field, the integration of equations (5.3.10) -

(5.3.12) by Gaussian quadrature requires that the penalty terms in the 

momentum equations (5.3.10) and (5.3.11) be computed using reduced 

integration, i.e., using a quadrature of one order 1 ess than for the 

other terms (see Marshall, Heinrich, and Zienkiewicz [1978]; and Hughes, 

Taylor, and Levy [1978] for details), e.g., if a 2 x 2 quadrature 

formula is used to integrate the bilinear shape functions, a 1 x 1 

quadrature rul e shoul d be used for the penalty term. A proof of 

convergence for the case of Stokes flow using this penalty method can 

be found in Oden [1982], where it is pointed out that the finite 

element method using the type of elements considered in this work will, 
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in general, lead to optimal convergence of the velocity field, but non

convergent pressures are obtained from equation (5.3.4). Al so, 

incompressibil ity is satisfied in the mean on each el ement domain. 

Therefore, if the pressure field is needed for the problem, it should 

be cal cul ated from a Poisson equation formul ated from equations (5.2.5) 

- (5.2.7), once the velocity field is known. 

5.4 Shape Functions and Petrov-Galerkin Weighting Functions 

In this work, the integration domain n of the circular cylinder 

is discretized using quadrilateral elements. The grid used in the 

fi1nite element calculation presented here is shown in Figure 5.2. 

Birinear shape functions are chosen to interpolate the field variables 

(v~locities and temperatures) in the form 

u(x,z,t) _ ~ Ni(x,z) Ui(t) 
1 

w(x,z,t) = ~ Ni(x,z) Wi(t) 
1 

T(x,z,t) = ~ Ni(x,z) Ti(t) 
1 

(5.4.1) 

(5.4.2) 

(5.4.3) 

where the subscript i denotes the value at the nodal point (Xi, Zi)' 

The standard Galerkin finite element method is known to diverge 

when the cell Reynol ds number YR and/or the cell Pecl et number YT 
exceed two. These numbers are defined locally as a function of the 

mesh spacing and are given by 



Figure 5.2 
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z 

x 

Finite el ement grid with 1011 total degrees-of-freedom 
and 96 essential boundary conditions in~an x-z Cartesian 
coordinate system. The gravity vector g is shown in the 
negative z direction. 
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(5.4.4) 

(5.4.5) 

where Ilull is the absolute value of the local velocity Ilull=l/u 2+W 2 I 

and h denotes a mesh 1 ength defined 1 ater for the quadril ateral 

element with irregular geometry. To overcome the solution difficulties 

as mentioned above, Petrov-Gal erkin weighting functions will be 

introduced to formulate the semi-discrete weighted residual 

approximations in space for the penalized momentum equations and the 

energy equation. These weighting functions use the added bal ancing 

dissipation concepts in Kelly, Nakazawa, Zienkiewicz, and Heinrich 

[1980J to obtain an accurate and stable solution and are written as 

Wi(x,z) = Ni(x,z) + "'R pi(x,z) 

Vi(x,z) = Ni(x,z) + aT pi(x,z) 

(5.4.6) 

(5.4.7) 

for the momentum and energy equations, respectively, where the 

perturbation function pi(x,z) is given by 

(5.4.8) 

if Ilull ~ 0, pi(x,z) = 0 if Ilull = O. The parameters "'R and aT used 

in equations (5.4.6) and (5.4.7) are defined locally and given by 
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(5.4.9) 

(5.4.10) 

for the weighting functions Wi(x,z) and Vi(x,z), respectively. 

At this point, the mesh length will be defined. This is 

illustrated by taking a typical irregular element from the 

computational grid in Figure 5.2. Figure 5.3 shows the typical el ement 

in which two mesh distances ~~ and ~n are introduced and the x, z 

components calculated as 

1 
h~x = "2 [(x2 + X3) - (Xl + X4)] (5.4.11) 

1 h ~z = "2 [( Z 2 + z 3) - ( z I + Z 4) ] (5.4.12) 

1 hnx = "2 [(X3 + X4) (Xl + X2)] (5.4.13) 

1 
h nz = "2 [( Z 3 + Z 4) - (z I + z 2)] (5.4.14) 

respectively. From the above expressions, the mesh length is given by 

where 

hI = ~ (uh~x + wh~z) 

h2 = ~ (uh nx + wh nz ) 

(5.4.15) 

(5.4.16) 

(5.4.17) 



Figure 5.3 
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z 

x 

Typical quadril ateral el ement used to show the definition 
of 11.; and l1no 
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so that ~~ and ~n are projected in the direction of the local velocity. 

Using the above definition, values of expressions (5.4.11) - (5.4.14) are 

calculated once and stored to be used later during the calculations. 

It is interesting to point out that expression (5.4.15) is equivalent to 

equation (4.3.9) in the previous chapter when the shape of the 

quadrilateral element is rectangular. 

5.5 ~nite Element Method 

5.5.1 Semi-Discrete Weighted Residual Approximations 

Discretization of the weak form in equations (5.3.10) - (5.3.12) 

using the approximation functions in expressions (5.4.1) - (5.4.3) and 

the weighting functions in expressions (5.4.6) and (5.4.7) yields a 

coupled system of nonlinear ordinary differential equations of the form 

. 
M V + K V = -N(V) + F(T) 
,...,,..,, ,....,'" 'V 'V ,...,,..., 

(5.5.1) 

. 
A T + B T = -G(T, V) 
,..., I'o,J ,....,,...., ,..., N ,...., 

(5.5.2) 

where the dot denotes time derivatives, y.. = (Ul,Wl,U2,W2,···,Un,wn)T, 1= 
(T1,T2,···,Tn)T, and n is the number of nodes. ~ and ~ are generalized 

mass matrices, K contains the contributions of the viscous and penalty 
'" 

terms in the momentum equations, and B accounts for diffusion in the 
'" 

'en",rgy equation. The vectors ~, I, and Q. are respectively the 

discretized nonlinear inertial terms in the momentum equations, the 

buoyancy terms in the momentum equations, and the convective terms in 

the energy equation. These matrices and vectors are given by 
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m
-- _ It WiNj dn if 

1J -I 0 

! i=2k-1 and j=2 R.-1 
or 

.i =2k and j=2 R. 

otherwise (5.5.3) 

(k, R.=1,2,···,n) 

i,j = 1,2,···,n (5.5.4) 

A aW aN d51+Pr (2 ~ aN + a\~ aN}d f j i j I i j i j r"=2k-1 
t"PrRa 51 ax ax 51 ax ax az az 51 or j=2R.-1 

{p~Ra t i j I awl arP t 2k-1 
~ aN d51+Pr az ax dn for " ax az 

n J=2 R. 
kij = 

{p~Ra t awi arP I aw i aNj t2k 
az ax d n+Pr ax az dn for " 

n J=2 £-1 

~ j awl aNj dn+Pr I aW i aN
j 

+ 2 awi aNj t2k 
t"~ az az (ax ax az az) dn for " 
ran n J=2 R. 

(k,R. = 1,2,'" ,n) 

(5.5.5) 



av
i 

aN
j 

+ av
i 

aN
j

) do 
(ax ax az az i,j = 1,2,···,n 

n j n aNm 
+ ( L N wjH L az um)] do for i=2k-1 

j=1 m=1 

(k = 1,2,···,n) 

for i=2k-1 

. n . 
W'( L NJ Tj) do for i=2k 

j=1 

(k = 1,2,···,n) 
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(5.5.6) 

(5.5.7) 

(5.5.8) 



9i = {PrRa I 
n 

= 1,2,··· ,n 
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(5.5.9) 

In performing the above integrations via finite el ement methods, the 

isoparametric element technique is used, which is discussed in detail by 

Zienkiewicz [1977]. 

aR depends only on YR' and aT depends only on YT. To improve 

the efficiency, the Petrov-Gal erkin parameter aR is obtained from 

expression (5.4.9) only when the parameter for element j, YRj' is 

between 0.3 and 20. If YRj is less than 0.3, aR is approximated by 0.0. 

When YRj is greater than 20, the parameter aR is cal cul ated from the 

asymptotic expression 1-(2/ YRj). The same criteria are used for the 

calculation of ~. 

The values of the penalty parameter A used in this work are 108 

or 109 with the latter one used for the case when Ra > 10~ 

5.5.2 Time-Stepping Algorithm 

Discretization of the governing equations will be compl ete 

after a time-stepping algorithm is introduced to approximate the time 

derivatives in equations (5.5.1) and (5.5.2). The algorithm considered 
fj 

here is a predictor-multicorrector scheme which was proposed in Hughes, 

Liu, and Brooks [1979]. In the present study, the flow is driven by the 
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buoyancy forces, so the semi-discrete energy equation (5.5.2) is first 

solved using previous values of the velocities to obtain the 

temperature, and then these new temperatures are used in the body 

force term of equation (5.5.1) to obtain the new velocities. The time 

marching scheme can be described as follows: 

First, an iteration index I is chosen that determines the number 

of times that the predicted solution will be corrected at every time 

step. The temperature at time tn+l = tn + ~t is predicted by setting 

i = 0 

(5.5.10) 

with 
• (0) In = (In - I n )/(y~t) (5.5.11) 

which is then used to obtain the corrected temperature from 

(i+l) (0) (i) 
(~/YAt + ~) I n+l = (yy~t) I n+l - 2(1 n+l' Yn) (5.5.12) 

where i denotes the iteration number for the corrector. If i ~ I, the 

calculations for !(~~{ are continued using equation (5.5.12). After the 

new temperatures have been obtained, the predictor velocities at time 

tn+l = tn + At are given by 

(0) • 
Y n+l = Yn + (l-y) ~t 'in (5.5.13) 

with 

(5.5.14) 

and the corrected velocities are then obtained by 
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(5.5.15) 

if i < I; for i > I, I and ~ will be found for the subsequent time steps 

from equations (5.5.10) to (5.5.15). In the above equations, fit is the 

time step size, n the time step, and y is a parameter used-to control 

the accuracy of the scheme. Expressions (5.5.10) and (5.5.13) are used 

to obtain the initial estimates of the fiel d variabl es at a new time 

step using known val ues of the fiel d variabl es at time tn' and the 

generalized acceleration vectors are obtained from (5.5.11) and (5.5.14). 

Equations (5.5.12) and (5.5.15) calculate the corrected solutions I and 

~ respectively at the new time step depending on the iteration index I 

to achieve the required accuracy. In this work, I = a and y = 1 have 

been used, giving an al gorithm which is first order in time. A second 

order scheme is obtained if I = 1 and y = 1/2; however, no significant 

improvement over the solutions obtained with I = a has been observed in 

separate numerical experiments (Hanshaw and Heinrich [1986] 

unpublished). By choosing I = a and y = 1, the computation time is 

significantly reduced. 

Now the main features of the present al gorithm can be 

summarized: 

(1) Compared to finite element methods which do not use the penalty 

function technique, the present method significantly reduces the 

required storage, by el iminating the pressure degrees-of

freedom, and also solving for velocities and temperatures' 

decoupled from each other, thus reducing the bandwidth of the 

matrices, and 
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(2) Only symmetric matrices need be inverted, moreover, for a fixed 

time increment, only one inversion is needed at 'the first time 

step. Subsequent time steps are cal cul ated by updating the 

right-hand sides and performing forward and backward 

substitutions. 

(3) The al gorithm is stabl e for convection dominated flows. 

(4) A stabil ity 1 imitation on the time step size exists due to the 

expl icit treatment of the contributions stemming from the 

nonlinear terms. This gives 

(5.5.16) 

Details can be found in Hughes, Liu, and Brooks [1979]. 

(5) The al gorithm can be appl ied to systems invol ving irregul ar 

elements using the newly defined mesh length given in equation 

(5.4.15), which requires no additional computational effort. 

5.6 Geometry and Boundary Condition for Natural Convection 
in a Horizontal Circular Cylinder 

The method just described is applied to the problem of natural 

convection in a horizontal circular cylinder. This is shown in Figure 

5.1. The heated and cooled boundaries each cover 180 degrees of the 

cylinder perimeter, and the temperature boundary condition is given in 

equation (5.1.3). Tmh and Tmc are the temperatures at the mid-points 

of the hot and cold sides of the thermal boundary, respectively. 
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The flow is assumed to be two-dimensional, incompressible and laminar. 

The governing parameters are Pr = 1.0 and variabl e Ra which are given 

in the numerical result section for different cases. The resolution 

along the cylindrical wall, as shown in Figure 5.2, ensures proper 

capture of the boundary layers using the boundary layer thickness as a 

function of Ra- 1/ 4 for natural convection in a rectangular cavity as 

given in, e.g., f1arshall et ale [1978]. Calculations are started from 

the quiescent and isothermal conditions with u = w = 0 and T = 0, 

respectively, at time t = 0, when a temperature gradient is imposed on 

the cylindrical boundary, which is shown in Figure 5.4 for the case with 

4> = 0; i.e., heating-from-the-side. For velocities, the no-slip 

condition is used so that u and ware zero on the cylinder wall. 

In the cal cul ations, the criterion to determine whether a 

steady-state condition is achieved, is that the maximum relative 

difference in temperature between two consecutive time steps be less 

than a prescribed value and at the same time the relative change in the 

total kinetic energy be less than a small value prescribed 

independently and usually much smaller than the temperature criterion. 

The numerical results discussed in the next section have been 

obtained using a Cyber-175 computer at the Center for Computing and 

Information Technology at the University of 'Arizona. 

5.7 Numerical Results 

The results shown in the following figures are the streamlines 

for the velocity field and isotherms for the temperature, respectively. 

In the present method, the velocities have been used for the solution 
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Thermal boundary condition for the case of heating angle 
~ = 0 (heating-from-the-side). 
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of the momentum equations, so the streamfunction must be obtained from 

the velocity field. This is given by 

d1/l = wdx - udz (5.7.1) 

where 1/1 denotes the streamfunction at each nodal point of the grid, as 

in Figure 5.2, and 1/1 = 0 on the boundary is the reference value. The 

streamfunction obtained from equation (5.7.1) starting at (x,z) = (-1,0) 

and following the mesh lines is compared to the values obtained by a 

direct integration along the vertical diameter. The maximum relative 

difference has been found to be of the order of 10-5 for all cases 

calculated. This assures that mass conservation is properly enforced 

by the penalty method. 

5.7.1 Heating from the Side 

The present method is first tested in the case of heating-from

the-side with heating angle q, = 0, which is similar to the problem 

treated experimentally by Martini and Churchill [1960] where the left

hand side was kept at a constant low temperature, the right-hand side 

at a constant higher temperature, with a sma.ll insul ated region at the 

top and bottom spanning 7° to each side of x = O. The results shown in 

Figure 5.5 are for Ra = 105 at nondimensional time t = 0.36 when the 

solution approaches the steady state. The criterion used to determine 

steady state is that the maximum relative difference of temperatures 

between two consecutive time steps be less than 0.01% and the total 

kinetic energy in the flow shoul d not change by more than 0.001 %. 

Figure 5.5(a) shows that in the core region, a thermally stratified flow 
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(a) (b) 

Steady state results for Ra = 105 and heating-from-the
side at t = 0.36. (a) isotherms at intervals 8T = 0.15, 
starting at T = 0.75; (b) streamlines, contours at ~ = 
-42.5, -41.5, -39.5, -38.0, -35.0, -30.0, -25.0, -15.0, -5.0. 
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is obtained with an upward temperature gradient. The flow fie1 d is 

shown in Figure 5.5(b), and almost motionless fluid can be observed in 

the central cell. Figure 5.5(b) also shows that the main flow is of 

boundary layer type close to the cylinder wall. Two small 

recirculating cells are observed in the interior with their centers on a 

diameter at an angle of about 45 degrees with respect to the x-axis. 

The above sol utions are in good qual itative agreement with the 

experimental results of Martini and Churchill [1960] for 0.68 < Pr < 

0.71 and 2.5 x IDs ( Ra < 1.63 x 10~ In Brooks and Ostrach [1970], the 

two small cell s are located on the horizontal diameter. This 

difference is possibly due to the use of a piecewise linear temperature 

distribution given by equation (5.1.2) along the boundary in their 

experiment. It should al so be mentioned that the isotherms and 

streamlines in the above figures are in agreement with the results of 

Leong and de Vahl Davis [1979] for Pr = 0.7, Ra = lOs, and the same 

temperature boundary condition using a finite difference method. 

5.7.2 Heating from 45 Degrees 

The second example presented here is for the same conditions as 

the case of heating-from-the-side except the thermal distribution on 

the boundary is rotated 45 degrees clockwise from the positive x 

coordinate, i.e., heating with IfI = 45°. A steady solution (according to 

the above criteria) is obtained here at nondimensional time t = 0.36. 

Figure 5.6(a) shows that the temperature field is isothermal in the 

core region, which agrees with the assumptions used in the asymptotic 

analyses of Weinbaum [1964] and Ostrach [1972] with a cosine 
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(a) (b) 

Steady state results for Ra = 105 and heating-from-45° at 
t = 0.36. (a) isotherms at intervals ~T = 0.15, starting 
at T = 0.75; (b) streamlines, contours at 1jJ = -62.0, -60.0, 
-53.0, -45.0, -35.0, -25.0, -15.0, -5.0. 

------_ ..• _----_._. 
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distribution of temperature as the boundary condition; however, in 

obtaining their asymptotic solutions, they further assumed that a 

single rotating cell occurred in the core area, which is in disagreement 

with the present numerical results, as shown in Figure 5.6(b), where 

three closed cell s are obtained. Figure 5.6(a) shows a stabil izing 

temperature gradient in the upper half core region in which an upward

directed buoyancy force bal ances the inertia force of the main flow 

circulation at a certain position so as to reverse the flow direction 

and form the uppermost cell. The cell in the lower half core region 

can be explained in the same way except the buoyancy force in this case 

is directed downward. Therefore, a third cell must develop in the 

transition region between the upper and lower cells. This third cell 

is indeed obtained, as shown in Figure 5.6(b). Comparison of the 

magnitude of the velocities in the flow shows that the values in the 

core region are an order of magnitude less than the main flow 

circulation. At steady state, the total kinetic energy has been 

calculated for the above cases; i.e., heating-from-the-side and heating

from-45°. The value obtained for the latter case is about twice as 

much as the former. This indicates that heating-from-45° induces 

stronger motion than the case of heating-from-the-side. As mentioned 

before, Brooks and Ostrach [1970J used the piecewise linear thermal 

distribution shown in equation (5.1.2). They obtained a single rotating 

cell in the core area. This is perhaps because their thermal boundary 

condition is closer to the cosine temperature distribution used in the 

asymptotic study. The temperature distribution used in this work is 



given in equation (5.1.2) with cp = 45° and differs from that used by 

Brooks and Ostrach [1970J. 

5.7.3 Heating from Below 
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The foll owing case is the one that motivated this study and 

will be the last presented; that is, heating-from-be10w or cp = 90°, 

where a destab1izing temperature gradient is due to the imposed thermal 

boundary condition. The case will be studied through a sequence of 

Rayleigh numbers trying to provide enough information to estimate the 

values of the Rayleigh number at which changes in the modes of 

circulation occur. 

In the present calculations, instabilities would sometimes 

develop after long periods of time during which the flow appeared to 

have reached a steady state and relative changes in temperature and 

total kinetic energy caul d be very small. For these reasons, the 

calculations were carried on until the relative changes in temperature 

and total kinetic energy remained at the level of machine precision for 

some time before deciding that a steady state had been reached. This 

requires relative differences less than 5 x 10- 11 %. 

As the Rayleigh number increases, two bifurcations are located, 

based on changes in the flow. For low Rayleigh numbers up to 400, a 

steady solution containing four cells, and symmetric about the z-axis 

is found. The first bifurcation occurs at Ra 1 near Ra = 400, beyond 

which the steady sol ution is a main rotating cell with the major axis 

inclined at an angle to one side or the other of the z-axis. 
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From the symmetry (about the z-axis) of the partial 

differential equations and the boundary conditions, there are apparently 

two asymmetric sol utions and one symmetric sol ution. The asymmetric 

solutions are found to be stable. The selection of the sign of the 

angl e of incl ination depends on small imperfections in the 

computations. 

At Rayl eigh numbers above Ra2 := 4000, a periodic sol ution is 

obtained with cell structure oscill ating between the two main cell s 

observed for Rayl eigh numbers between 400 and 4000. This second 

bifurcation is apparently a Hopf bifurcation, and an examp1 e will be 

shown later for Ra = 50000. 

Figure 5.7 shows the steady solution for the case with Ra = 300 

at nondimensional time t = 6.5. As shown in Figure 5.7(b), four cells 

are developed, each of which is located in a single quadrant. 

In the next example, with Ra = 400, the transient development 

of the flow is presented in Figure 5.8. This gives an estimate of the 

Rayleigh number for the first change of the flow to a second mode of 

circulation. Three typical flow regimes which develop over different 

periods in time can be observed in this case when a steady solution is 

obtained. Figures 5.8(a)-(b) are the plots of the isotherms and 

streamlines, respectively, at nondimensional time t = 12.5, which show 

the starting regime. The flow development and heat transfer process 

are mainly dominated by diffusion. As the instabil ity develops, as 

shown in Figures 5.8(c)-(d) at t = 14.5 and Figures 5.8(e)-(f) at 
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(a) (b) 

Figure 5.7 Steady state resul ts for Ra = 3 x 102 and heating-frolO
below at t = 6.5. (a) isotherms at intervals l1T = 0.15, 
starting at T = 0.75; (b) streamlines, contours at 
1/1 = -3.8, -3.0, -1.5, -0.5, 0.5, 1.5, 3.0, 3.8. 
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(a) (b) 

Figure 5.8 (a)-(b) Evol ution of the f1 ow for Ra = 4 x 102 and 
heating-from-below at t = 12.5. (a) isotherms at 

Figure 5.8 

intervals ~T = 0.15, starting at T = 0.75; (b) streamlines, 
contours at 1/1 = -4.5, -3.0, -1.5, -0.5, 0.5, 1.5, 3.0, 4.5. 

(c) (d) 

(c)-(d) Same as Fig. 5.8(a)-(b) at t = 14.5. (c) isotherms 
at intervals ~T = 0.15; (d) streamlines, contours at 
1/1 = -4.5, -3.0, -1.5, -0.5, 0.5, 1.5, 3.0. 
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(e) ( f) 

Figure 5.8 (e)-(f) Same as Fig. 5.8(a)-(b) at t = 16.5. (e) isotherms 
at intervals 6T = 0.15; (f) streamlines, contours at 

Figure 5.8 

1/1 = -9.5, -7.0, -4.5, -2.0, -0.5, 0.5, 1.5. 

(g) (h) 

(g)-(h) Same as Fig. 5.8(a)-(b) at t = 22.5. (g) isotherms 
at intervals ~T = 0.15; (h) streamlines, contours at 
1/1 = -45.0, -35.0, -25.0, -17.0, -10.0, -6.0, -2.5, -0.5, 
0.05, 0.2. 



t = 16.5, the two cells located in the second and fourth quadrants 

become stronger and merge together squeezing the other two cell s 

towards the boundary. The merged cell s strengthen and twist the 
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isotherms, as shown in Figures 5.8{e}-{f}. In this flow regime, the 

nonl inear convective terms in the governing equations are roughly of 

the same magnitude as the linear viscous terms. It should be pointed 

out that there is no preference for cells in quadrants 1-3 or quadrants 

2-4 to merge. This is a random process and either one can occur, as 

illustrated later for Ra = 500, 3000, and 4000, where the cells in 

quadrants 1-3 merge, and Ra = 1000, which results in the same type of 

circulation as the present case. The flow now goes into a third stage 

at about t = 20.0, when it begins to approach a steady solution. In 

this regime, the unsteady term is not important. Figures 5.8{g}-{h} 

show a steady solution at t = 22.5. At steady state, the flow consists 

mainly of one large circulating cell developed from the merged two 

cell s. 

From the above two cases, the first bifurcation occurs at a 

Rayleigh number between 300 and 400, and is estimated to be very near 

to 400. Sherman [1966J solved a related problem in a horizontal 

circular cylinder, where the thermal boundary condition 

T(e} = -oR sine 

were chosen in such a way as to admit a motionless steady solution. 

Here, 0 is the magnitude of the initial temperature gradient and R is 

the radius. He performed a linear stability analysis and found a lower 
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bound of 408 on the critical Ra at which the motionl ess basic state 

becomes unstable. The closeness of the agreement between our Ra 1 and 

Sherman's critical Ra must be regarded as somewhat fortuitous due to 

the difference in the basic state. 

The cases Ra = 500, 1000, 3000, and 4000 were also studied, and 

the same general behavior is obtained as for the case with Ra = 400. 

Here, only the steady solutions are presented. Figure 5.9 shows the 

results for Ra = 500 at t = 10.5. In this case, the two cells in the 

first and third quadrants merged together which is different from the 

case Ra = 400. The reason was pointed out previously. In Figure 5.10, 

the results for Ra = 1000 are shown at t = 4.25, and Figures 5.11 and 

5.12 present the results for cases Ra = 3000 and 4000, respectively, at 

t = 3.5. Frolll these plots, it can be seen that the isotherms are more 

twisted as the total kinetic energy increases with Rayleigh number. 

In order to understand the flow development, the total kinetic 

energy is also calculated during the transient simulation. Figure 5.13 

presents plots of the total kinetic energy versus time for all the 

cases studied in the heating-from-be10w case. A general behavior can 

be observed in that the total kinetic energy displays a local maximum 

prior to reaching a constant value, which persists for a long period of 

time. In Figure 5.13(a), this appears to be a steady state. In Figures 

5.13(b)-(f), a second increase of the total kinetic energy occurs after 

some time. This indicates that an instability is present, leading to a 

main rotating cell, as already described for these cases. When Ra = 

3000 and 4000, Figures 5.13(e)-(f) show several oscillations of the 
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(a) (b) 

Steady state results for Ra = 5 x 102 and heating-from
below at t = 10.5. (a) isotherms at intervals ~T = 0.15, 
starting at T = 0.75; (b) streamlines, contours at 
$ = -0.15, -0.05, 2.5, 7.5, 15.0, 25.0, 40.0, 60.0, 70.0. 
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(a) (b) 

Figure 5.10 Steady state r~su'ts for Ra = 103 and heating-fram-below 
at t = 4.25. (a) isotherms at interval s AT = 0.15, 
starting at T = 0.75; (b) streamlines, contours at 
ljJ = -80.0, -60.0, -40.0, -25.0, -15.0, -7.5, -2.5, 0.1, 0.25. 
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(a) (b) 

,Figure 5.11 Steady state results for Ra = 3 x 103 and heating-from
below at t = 3.5. (a) isotherms at intervals ~T = 0.15, 
starting at T = 0.75; (b) streamlines, contours at 
IjJ = -1.1, -0.5, 2.5, 7.5, 15.0, 25.0, 40.0, 60.0, 80.0, 
100.0. 

(a) (b) 

Figure 5.12 Steady state results for Ra = 4 x 103 and heating-from
below at t = 3.5. (a) isotherms at intervals ~T = 0.15, 
starting at T = 0.75; (b) streamlines, contours at IjJ = 
-1.7, -0.5, 2.5, 7.5, 15.0, 25.0, 40.0, 60.0, 80.0, 100.0. 
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(a)-(b) Total kinetic energy versus time for the cases of 
heating-from-below. (a) Ra = 3 x 102; (b) Ra = 4 x 102• 
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(c) 

(d) 

(c)-(d) Same as Fig. 5.13(a)-(b) for the cases 
(c) Ra = 5 x 102; (d) Ra = 103• 
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Figure 5.13 (e)-(f) Same as Fig. 5.13(a)-(b) for the cases 
(e) Ra = 3 x 103; (f) Ra = 4 x 103• 
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Figure 5.13 (g)-(h) Same as Fig. 5.13(a)-(b) for the cases 
(g) Ra = 5 x 103; (h) Ra = 104• 
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Figure 5.13 (i) Same as Fig. 5.13(a)-(b) for the case 
(i) Ra = 5 x 104• 
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total kinetic energy after the second increase; however, these 

oscillations are not caused by changes in the mode of circulation and 

are damped with time leading to a steady solution. For cases with Ra = 

5000, 10000, and 50000, the periodic change of the total kinetic energy, 

as shown in Figures 5.13(g)-(i), indicates that a second change in the 

mode of circulation occurs in the flow. This happens for a value of 

the Rayleigh number between 4000 and 5000. This new mode has the 

character of a periodic oscillatory motion which will be discussed in 

detail for the case with Ra = 50000. 

For the case of Ra = 50000, Figure 5.14 presents the 

development of the flow with time. At the beginning, soon after 

imposing the temperature boundary condition, the heat transfer process 

is dominated by conduction, as shown in Figure 5.14(a), which depicts 

the isotherms at t = 0.005. It can be observed that the flow is very 

weak at early times, as evidenced by the low values of the 

streamfunction. The flow continues to develop and is shown in Figures 

5.14(c)-(d) at t = 0.09. In Figure 5.14(c), the isotherms show the 

importance of convection, and at this stage, the flow develops due to 

the effects of the diffusive, inertia and buoyancy forces with the 

total kinetic energy remaining about constant, as shown in Figure 

5.13(i). These isotherms al so show that the zero isotherm coincides 

with the horizontal diameter, until two of the rotating cell s in 

quadrants 1-3 or 2-4 merge together. In this case the two cell s 

located in quadrants 2-4 interact first, and Figures 5.14(e)-(f) show 

the isotherms and streamlines, respectively, at t = 0.18. The main 
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(a) (b) 

(a)-(b) Evol ution of the flow for Ra = 5 x 104 and 
heating-from-below at t = 0.005. (a) isotherms at 
intervals AT = 0.15, starting at T = 0.75; 
(b) streamlines; contours at IjJ = -7.5, -6.5, -4.0, -2.5, 
-1.0, 1.0, 2.5, 4.0, 6.5, 7.5. 

(c) (d) 

Figure 5.14 (c)-(d) Same as Fig. 5.14(a)-(b) at t = 0.09. (c) isotherms 
at intervals AT = 0.15; (d) streamlines, contours at 
IjJ = -36.0, -30.0, -20.0, -10.0, -2.5, 2.5, 10.0, 20.0, 30.0, 
36.0. 
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(e) (f) 

Figure 5.14 (e)-(f) Same as Fig. 5.14(a)-(b) at t = 0.18. (e) isotherms 
at intervals ~T = 0.15; (f) streamlines, contours at 
1J! = -36.0, -30.0, -20.0, -10.0, -2.5, 2.5, 10.0, 20.0, 30.0, 
36.0. 

(g) (h) 

Figure 5.14 (g)-(h) Same as Fig. 5.14(a)-(b) at t = 0.214. (g) isotherms 
at intervals ~T = 0.15; (h) streamlines, contours at 
1J! = -54.0, -40.0, -25.0, -15.0, -7.5, -2.5, 2.5, 7.5, 15.0, 
25.0, 40.0, 44.0. 

--------------------------------------
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(i) (j) 

Figure 5.14 (i)-(j) Same as Fig. 5.14(a)-(b) at t = 0.224. (i) isotherms 
at intervals ~T = 0.15; (j) streamlines, contours at 

Figure 5.14 

$ = -34.0, -25.0, -15.0, -7.5, -2.5, 2.5, 7.5, 15.0, 25.0, 
40.0, 56.0. 

(k) (1 ) 

(k)-(l) Same as Fig. 5.14(a)-(b) at t = 0.229. (k) isotherms 
at intervals ~T = 0.15; (1) streamlines, contours at 
$ = -24.0, -15.0, -7.5, -2.5, 2.5, 7.5, 15.0, 25.0, 40.0, 
60.0, 65.0. 
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(m) (n) 

(m)-(n) Same as Fig. 5.14(a)-(b) at t = 0.24. (m) isotherms 
at interval s LlT = 0.15; (n) streaml ines, contours at 
1jJ = -15.0, -7.5, -2.5, 2.5, 7.5, 15.0, 25.0, 40.0, 60.0, 
80.0, 100.0, 120.0, 130.0, 136.0. 
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rotating cell in Figure 5.14(f) grows in strength until it reaches the 

first peak of the total kinetic energy in Figure 5.13(i) at t = 0.214. 

Figures 5.14(g)-(h) show the isotherms and streamlines, respectively, at 

this time step. The two separated cells located in quadrants 1 and 3 

start to increase their kinetic energy which may be due to the fact 

that less heat is being transferred between the cells and the fluid in 

the main cell than the heat flux through the boundaries, as suggested 

by the temperature distribution in the flOl,/. Hence, these two cell s 

grow in size and push the main circul ation cell before merging. In 

Figures 5.14(i)-(j), the isotherms and streamlines are shown just before 

the breakup of the main cell at t = 0.224. When the total kinetic 

energy reaches the first valley in Figure 5.13(i) at t = 0.229, the two 

separated cell s merge together, as shown in Figure 5.14(1) and the 

motion is changed to a main cell aligned with the diameter at about 45° 

to the positive x coordinate. Figure 5.14(k) shows the corresponding 

isotherms for the temperature. The main circul ation cell in Figure 

5.14(1) increases its power and grows in size continuously until the 

total kinetic energy reaches the second peak at t = 0.243, then 

decreasing as previously for the other flow branch to go back to the 

first circulation mode. Figures 5.14(m)-(n) show the isotherms and 

streamlines at t = 0.24 before the kinetic energy reaches the second 

peak. Consequently, an oscillatory motion of the flow continues to 

develop and adjust itself until a periodic mode is reached. 

In order to describe the periodic motion, cal cul ations are 

performed through several cycles. This gives a period of about 0.0834. 
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Figure 5.15 shows the flow at several stages during a full cycle for 

.4354 .. t ... 5188. The general behavior of this cycle follows the 

previous explanation for the development of the periodic motion. The 

good agreement of Figures 5.15(a)-(b) at t = 0.4354 and Figures 

5.15(q)-(r) at t = 0.5188 for the isotherms and streamlines, 

respectively, strongly supports the existence of a periodic motion 

found when the Rayleigh number increases above 4000. The temperature 

behavior at five locations is shown in Figure 5.16, beginning at t = 

0.4306. The periodic behavior is again obtained. The temperatures at 

points 4 and 5 show significantly larger changes in values during a 

cycle than the other points. 

The above resul ts do not agree with those for the case of 

heating-from-below presented in Brooks and Ostrach [1970]. They 

claimed that a three-dimensional motion of the flow was encountered in 

their experiment even for these low Rayleigh numbers. It is felt that 

this was probably caused by the fact that an 8-inch length of 5-inch 

diameter pipe was used for the test cyl inder in their experimental 

apparatus, which was, therefore, introducing strong end effects as the 

aspect ratio is only 1.6. On the other hand, in Martini and Churchill 

[1960], the aspect ratio in their experimental test cylinder was about 

8.37 and in that case, good general qualitative agreement was observed 

between their experiments for the heating-from-the-side case and 

numerical results (§ 5.7.1). Moreover, Inaba [1986] has suggested that 

the aspect ratio, to avoid the end effects in experiments, should be 

taken to be at least 5. It can be concluded that new experimental 
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(a) (b) 

(a)-(b) Cyclic behavior for Ra = 5 x 104 and heating-from
below at t = 0.4354. (a) isotherms at interval s 
l1T = 0.15, starting at T = 0.75; (b) streamlines, contours 
at I/J = -60.0, -40.0, -25.0, -15.0, -7.5, -2.5, 2.5, 7.5, 
15. O. 

(c) (d) 

(c)-(d) Same as Fig. 5.15(a)-(b) at t = 0.4438. 
(c) isotherms at intervals l1T = 0.15; (d) streamlines, 
contours at I/J = -120.0, -100.0, -80.0, -60.0, -40.0, -25.0, 
-15.0, -7.5, -2.5, 2.5, 7.5, 15.0. 
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(e) (f) 

Figure 5.15 (e)-(f) Same as Fig. 5.15(a)-(b) at t = 0.4564. 
(e) isotherms at intervals ~T = 0.15; (f) streamlines, 
contours at ~ = -100.0, -80.0, -60.0, -40.0, -25.0, -15.0, 
-7.5, -2.5, 2.5, 7.5, 15.0, 25.0. 

Figure 5.15 

(g) (h) 

(g)-(h) Same as Fig. 5.15(a)-(b) at t = 0.4672. 
(g) isotherms at intervals ~T = 0.15; (h) streamlines, 
contours at ~ = -32.0, -25.0, -15.0, -7.5, -2.5, 2.5, 7.5, 
15.0, 25.0, 40.0. 



(i) (j) 

Figure 5.15 (i)-(j) Same as Fig. 5.15(a)-(b) at t = 0.4774. 
(i) isotherms at intervals ~T = 0.15; (j) streamlines, 
contours at 1jJ = -15.0, -7.5, -2.5,2.5, 7.5, 15.0,25.0, 
40.0, 60.0. 

(k) (1) 

Figure 5.15 (k)-(l) Same as Fig. 5.15(a)-(b) at t = 0.4858. 
(k) isotherms at interval s ~T = 0.15; (1) stream1 ines, 
contours at 1jJ = -15.0, -7.5, -2.5, 2.5, 7.5, 15.0, 25.0, 
40.0, 60.0, 80.0, 100.0, 120.0. 
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(m) (n) 

Figure 5.15 (m)-(n) Same as Fig. 5.15(a)-(b) at t = 0.4978. 
(m) isotherms at intervals ~T = 0.15; (n) streamlines, 
contours at ljJ = -25.0, -15.0, -7.5, -2.5, 2.5, 7.5, 15.0, 
25.0, 40.0, 60.0, 80.0, 100.0. 

(0) (p) 

Figure 5.15 (o)-(p) Same as Fig. 5.15(a)-(b) at t = 0.5086. 
(0) isotherms at intervals ~T = 0.15; (p) streamlines, 
contours at ljJ = -40.0, -25.0, -15.0, -7.5, -2.5, 2.5, 7.5, 
15.0, 25.0, 33.0. 
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(q) (r) 

(q)-(r) Same as Fig. 5.15(a)-(b) at t = 0.5188 for the 
beginning of the next cycle. (q) isotherms at intervals 
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l\T = 0.15; (r) streamlines, contours at 1jJ = -60.0, -40.0, 
-25.0, -15.0, -7.5, -2.5, 2.5, 7.5, 15.0. 
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Figure 5.16 Temperature versus time for Ra = 5 x 104 in a full cycle 
at five points. 1: (0.1018006, 0.1018006); 2: (-0.77, 0.0); 
3: (-0.70, 0.0); 4: (0.0, -0.077); 5: (0.0, -0.70). 
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results are needed to verify the flow fields obtained by the present 

method for this case using experimental equipment with aspect ratio of 

length to diameter at least five. 

5.8 Concl usion 

In this chapter, a finite el ement model of the Petrov-Gal erkin 

type was developed for the problem of natural convection in the two-

dimensional time-dependent case. A mesh length for a general 

quadrilateral element using the streamline concept was defined which is 

used in the perturbation part of the Petrov-Ga1 erkin weighting 

functions. It has been shown to be very effective by the numerical 

results obtained in a variety of situations, in particular for the 

problem of natural convection in a horizontal circular cylinder with 

integration performed in a Cartesian coordinate system. 

The stability of the flow in the heating-from-be10w case has 

been examined. Two values of Ra at which changes in the flow occur 

are estimated. At the first bifurcation point, near Ra = 400, the cell 

structure changes from a steady four cell rotation to a steady main 

cell. At the second bifurcation point, between 4000 and 5000, the 

steady sol ution loses its stabil ity to a time-periodic sol uti on. 

Certainly, experimental resul ts are needed to verify the present 

numerical work, and, in the future, the comparison will be made. 



CHAPTER 6 

CONCLUSIONS 

In this work, new Petrov-Gal erkin al gorithms based on time

space elements have been developed for the time-dependent convection

diffusion equation which are highly accurate and easy to impl ement. 

The schemes combine local and global characteristics, thus improving 

the approximation properties of al gorithms that are either strictly 

local or strictly global and also incorporate physical considerations. 

Therefore, the adverse effects of classical upwind schemes, which 

introduce unphysical diffusivities, do not occur in these new 

algorithms. Also, the way is open for a variety of families of 

algorithms that can be constructed using these ideas. 

For nonlinear problems, such as the Burgers equation which has 

been treated using the schemes proposed here by Hanshaw [1986], more 

research is needed to improve the efficiency of the al gorithm with 

second order accuracy in time using quadratic in time-linear in space 
~ 

weighting functions. However, the preliminary work of Hanshaw [1986] 

shows that the extension to the nonlinear equation leads to algorithms 

with improved accuracy and stability properties. 

A Petrov-Ga 1 erldn method for the coupl ed Navier-Stokes and 

energy equations has been developed and used in a situation involving 

fully irregular meshes with excellent results. In this algorithm, the 

penalty function method is used to impose incompressibility and to 
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eliminate the pressure terms so that the number of total degrees-of

freedom is reduced and the continuity equation is eliminated. If the 

pressure fiel d is needed, a Poisson equation can be constructed to 

solve for pressure once the velocities are known at each time step. 

The application of this method to natural convection in a horizontal 

circular cylinder has yielded insight into the fluid dynamics of the 

probl em with heating-from-below and results unknown so far have been 

produced. In particular, a second instability is found that leads to a 

periodic mode of circulation in the cylinder. 

Based on the present work, several suggestions can be made for 

future research. More efficient algorithms for nonlinear problems, 

such as the Navier-Stokes equations, need to be produced. Combination 

with adaptive grid methods should be investigated to deal with regions 

of the flow field that need more refinement. 

Experimental work is also needed to verify the validity of the 

1 aminar two-dimensional assumptions for the present cal cul ations. 

Finally, the algorithm will be extended to the three-dimensional 

problem. 



APPENDIX A 

LOCAL ANALYSIS TECHNIQUE 

To illustrate the procedure for obtaining parameters a and a in 

the perturbed weighting functions, the case of bilinear time-space 

weights is chosen to demonstrate the local analysis. The 

discretization of equation (3.3.1) using the shape functions (3.2.5) and 

weighting functions (3.2.6) yields a typical difference equation of the 

form 

a [n+l n) (n+l n)] 
- 8~t (4) i+l - 4>i+1 - </I i-I - </Ii-l 

u (",n+l ",n+l) au (",n+l 2 ",n+1 ",n+l) 
+ 6h 'l'i+l - 'l'i-l - Ofi 'l'i-l - 'l'i + 'l'i+l 

au ( n n n) au ( n n n) - ill </Ii-l - 2<1>i + <l>i+l - IDi <l>i_1 - 2<1>i + </I i +1 

K [( n+1 2",~+1 n+l) 1 ( n n n)] 
- 3h2 </Ii-l - '1'1 + <l>i+l + 2' <l>i-1 - 2<1>i + </I i +1 = 0 (A.1 ) 
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Usi n9 Taylor series expansions and the recursive rel ation from the 

differential equation (3.1.1), each term of expression (A.l) can be 

expanded and written as follows: 

_ ! 1 1 + u At 1 I + (h2 _ KAt + U2At2) 1 II 

- 2 'I'i 4 'I'i 12 4 12 '1'; 

+ (u 24At _ Kutt + ~)~III + HOT h2 2 3 3 } n+1 
(A.2) 

! ah • I auhAt· II (ah 3 aKhAt + au2t1At2)11l1 = -4 ~i - -8- ~i - 24 - -8- 24 '1'; + HOT 
)

n+1 

(A.3) 

! ah· I 
= -4 ~i - auhAt 1.11 (ah 3 aKhAt + aU~At2)11l1 }n+1 

-8- '1'1 - 24 - -8- 24 '1'; + HOT 

(A.4) 



( u )[ n+l n+lJ 
6h ~ i+l - ~ i-I 

= 1 (~;' ,n+l + { ( 3
K
yl[s;nhy - yJo;" + (3~y l[slnhy - yJ~;' 

+ (~)[SinhY - (y + '1::.63)J~." 3u2y 1 

+ (£)[Sinhr- (y + '1::.6
3)J ~.III 

3U3y 1 
+ HOT 

}

n+l 

_( aU )[",".+1 _ 2",~+1 + ",n.+lJ 
6h'l'1-1 '1'1 '1'1+1 

= { -( ~~l[COShY -IJ~;" - (3~~l(COShY - (I + flh 

-( aK2lcoShy - (1 + r:.22)J~." 
3u2y L 1 

K3 r 2 4 ] ]n+l - (3: 3y\COSh y - (1 + f + ii) ~i'" + HOT 

_( au ) [",n.+l _ 2",~+1 + ",n.+lJ 
8h '1'1-1 '1'1 '1'1+1 

= { -( :~l[COSh y -1]0;" - (/uKyl(COSh Y - (I + 12,};, 

-( aK2lcoShy - (1 + r:.22)J~." 
4u2y L 1 

- (:'K,:l(COSh y - (I + f + ~l]~'" + H0rj"+1 
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(A.5) 

(A.6) 

(A.7) 
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( l~h {4>~+1 - 4>~_1] 

= * (+;,)n+1 ~ f (6;)[S;nhy - Y]+;" [ 
uAt (K)(. )]. , + -6 + 6uy slnhy - y 4>i 

+ HOT 
}

n+1 
(A.8) 

= f-( aK)[coShy - 1J4>." -6y 1 

-1- aKyAt + ( aK2lCOShy - (1 + Y2)]]~." 
12 6u2y L' 2 1 

1 
auKyAt2 ( aK3 )r. 

- - 24 + 6u 3y Lcoshy -

) 

n+1 
+ HOT (A.9) 

-----------------------------------------------~--



( au)[ n n n ] - 8h ~i-1 - 2~i + ~i+1 

_ j- aKy~t + ( aK2)fcoShy _ (1 + Y2)J}~.1I 
8 4u2y L' 2 1 

-r au ~~ At' + (:.~~ {COShy - (! + ~' + 1: l] }~i '" 
+ Holl 

( K )[ n+1 2A.n. +1 n+1J 
- 3h2 $i-1 - "'1 + ~i+1 

2K3 r 2 4 J )n+1 + (3u 3y2\COSh y - (1 + t + h) ~i"l + HOT 

---------------------------------------
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(A.10) 

(A.l1) 



- { (..!.... /COShy 
3y2 L' 

+ ---,;;- + (--) coshy -1 
Kut\t2 K3 [ 

.1':: 3u 3y2 

)

n+1 
+ HOT 

where the dot and prime denote time and spatial derivatives. 
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(A.12) 

respectively. The subscript i indicates nodal point xi. the superscript 

n+l is used to denote time tn+l. and y = uh/K denotes the cell Peclet 

number. Now. expressions (A.2) - (A.12) can be used in equation (A.l) so 

that after some manipulations the difference equation (A.l) becomes 

-------------------------_._------



Difference Equation = ~ ($ + U<jl' - K<jl,,)~+l 

+ jus + (2~y)(SinhY)[1 - (. + B + ~)tanh 1]}(~·)~+1 

1
-KL\t - auhL\.! + (a+S)Kh 

+ 12 24 4u 

+ (2~~y)(SinhY)[1 - (. + B + ~)tanh 1]r~ .. )~+1 

jUh2L\t U3L\t3 Kh2 Su2hL\t2 (a+a) ( h3 2K2h) 
+ -=r2 - 144 - 24u + 48 + -8- KhL\t - "6 + u2 

From the above equation, the artificial diffusion (<jl'1)~+1 can be 

eliminated by setting 

177, 

a + S = coth :r. 
2 

2 - -y (A.14) 

so equation (A.13) becomes 

,---------------------------- --
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Difference Equation = 1- (~ + uep' - Kep" )~+1 

jUAt I (.,)n+1 + j- KAt - auhAt + (a+a)Kh l(':''')~+1 
+ 12 ep i 12 24 4u 'I' 1 

jUh2At u3At3 Kh2 au2hAt2 
+ 12 - 144 - 24u + 48 

+ (a+a) (KhAt _ h
3 

+ 2K2h) l(~"')~+l + HOT 
8 6 u2 1 

(A.15 ) 

Use the relation from equation (3.1.1) to replace the term (~,)~+1 in 

the form 

(A.16) 

and substitute expression (A.16) into (A.15) so that equation (A.15) can 

be rewritten as 

Difference Equation = i (~ + u<j>' - K<P")r1 

jAt 1 (oo)n+l j_ ach2 + (a+a)h2I(;''')~+1 
- 12 <j> i + 24 4y 'I' 1 

j ch3 c3h3 h3 ac2h3 (a+a)h 3 (.£ _ 1. + 1..) 1(;.'" )n. +1 
+ n - 144 - 24y + 48 + 8 y 6 y2 'I' 1 

+ HOT (A.I7) 

From equation (A.17), another relation for a and a can be obtained, 

eliminating the dispersion (~,,)~+1 as 
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a + a = age (A.18) 

The parameters a and a are thus determined by solving Equations (A.14) 

and (A.18) simultaneously, to give 

6 .1. 2 

} 
a = - (coth --) 

yC 2 y 
(A.19) 

(1 - 6 .1. 2 a = -)(coth --) 
yC 2 y 

This algorithm is, therefore, first order in time and third order in 

space as discussed in Section 3.3.1 using bilinear time-space weights. 
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