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ABSTRACT 

The aim of this dissertation is to present an algo

rithm for mixed integer programs which when started with a 

good heuristic solution can find improved solutions and 

reduce the error estimate as quickly as possible. This is 

achieved by using two ideas: a fixed order branch-and-bound 

method with selective expansion of subproblems and the sieve 

strategy which uses stronger than optimal bounds. The fixed 

order branch-and-bound method with selective expansion of 

subproblems is effective in reducing the error estimate 

quickly whereas the sieve strategy is effective in reducing 

the error estimate as well as finding improved solutions 

quickly. 

Computational experience is r<?,{)orted. 

ix 



CHAPTER 1 

INTRODUCTION 

1.1. A Canonical Statement of the 
Mixed Integer Linear Programming 

Problem 

A mixed integer linear programming problem (MIP) with 

m constraints, n integer variables and n l continuous vari

ables can be defined as [23] 

(MIP) Max ex + hy 

s.t. Cx + Hy < b 

y ~ 0, x ~ 0 and integer 

where C and H are matrices of dimensions m x nand m x n l ; 

c, h, b, x and yare vectors of appropriate dimensions. 

By taking hand H to be empty, this problem reduces 

to the pure integer programming problem. We will assume 

that the feasible region of (MIP) is bounded if the problem 

is not feasible. 

1.2. Importance of Mixed 
Integer Linear Programs 

Most of the industrial applications of large-scale 

mathematical programming models are oriented towards planning 

decisions in complex real world situations. Many of these 

applications require planning models which contain integer 

1 



valued variables, i.e., the models are mixed integer pro

gramming problems. For example, some of the frequently 

occurring models l37] are given below. 

1. Capital Budgeting Decisions: 

2 

There are many situations which require "either

or" decisions. A zer%ne variable can be used to 

represent such situations. Some examples of such 

situations are (i) build a new factory or not; (ii) 

open a new sales territory or not; (iii) buy a new 

piece of equipment or not; (iv) invest in specific 

projects among several proposed ones, etc. 

2. Equipment Utilization: 

If a variable x is defined as the number of 

pieces of equipment that are to opera"ce during the 

model's planning horizon and the pieces have large 

capacities and are expensive (for example, a plane 

or a ship), then a fractional value of x is meaning

less in making the actual decision. A mixed integer 

programming model is required in such situations. 

3. Setup Costs: 

If an activity requires a setup or fixed cost 

and this fixed cost is independent of the level of 

the activity, then integer-valued variables are 

required to model this situation. 
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The problems described above are only a few examples 

of situations which require models containing integer 

valued variables. There exist a large number of real world 

situations which can only be modelled using integer vari

ables. Some additional examples are selection of batch 

sizes, sequencing and scheduling problems, plant and ware-

house location decisions, and matching and set-covering 

problems. 

1. 3. Difficulty of SOlving l1ixed 
Integer Programming Pro ferns 

It is well known that mixed integer programming 

problems are much more difficult to solve than linear pro-

gramming problems. Traditional methods from calculus and 

linear algebra cannot be applied to problems with discon-

tinuous variables. The mixed-integer programming problem 

is at least as hard to solve as any of the pure integer 

programs that could be obtained by fixing all of the con-

tinuous variables at arbitrary values. The pure integer 

programming problem is known to be NP-complete [24, 18]. 

This means that there is probably no algorithm that can be 

guaranteed to solve any instance of .the integer programming 

problem in an amount of computation time that is bounded 

above by a polynomial function of the problem's size (e.g., 

number of constraints and variables). The "probably" means 

that such an algorithm exists if and only if a polynomial 
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time algorithm exists for every other NP-complete problem 

(e.g., the travelling salesman problem). There is a general 

consensus aIliong researchers in the computational complexity 

field that there are no such polynomial time algorithms for 

any of the NP-complete problems, but this has not yet been 

proven and, in fact, remains as one of the most important 

unresolved questions in contemporary mathematics [18]. 

One way to solve a mixed integer programming problem 

is to completely enumerate all possibilities and evaluate 

them. For very small problems this may be a good way to 

solve the problem. But for medium- and large-scale mixed 

integer programming problems the total number of possibili-

ties becomes an astronomical figure, e.g., an (MIP) problem 

with 20 0/1 variables will have 220 possible answers. 

The standard methods for solving mixed integer pro

gramming problems are: (1) the branch-and-bound method; (2) 

the group theoretical approach; (3) the cutting plane 

method; and (4) Benders' decomposition. These methods do 

not require complete enumeration. Even then, however, it 

may require a large amount of computation to find the opti-

mal solution of a large-scale (MIP) problem. Indeed some-

times it is not at all possible to solve a large-scale 

(MIP) problem exactly in a reasonable amount of time and 

effort. 
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1.4. Motivation for the Current Work 

The intractability of large (MIP) problems has led 

to a shift in the focus of integer programming research. 

Rath~~ than finding the exact optimal solution and veri

fying its optimality, the emphasis is now on finding near

optimal solutions as quickly as possible and then expending 

a reasonable amount of computational effort to improve that 

solution and/or get an upper bound on the error, i.e., the 

amount by which the best solution found falls short of being 

optimal. (In a maximization problem where LB denotes the 

value of the best solution found and UB denotes the smallest 

known upper bound on the optimal value, the absolute error 

is UB-LB and the relative error is generally measured by 

(UB-LB)/UB or (UB-LB)/LB.) 

The bulk of current research in integer programming 

is being directed at the development of heuristics for 

special classes of programs [7], on the theoretical deriva

tion of ~ priori worst case and average case error bounds 

for specific heuristics [14], and on general computational 

techniques for estimating the error associated with any 

given solution [38, 13]. The approach taken in the present 

work is to assume a good, heuristically determined starting 

solution and to investigate how the conventional branch-and

bound method for mixed integer programming might be modified 

to facilitate achievement of the following goals: 



1. Finding improved solutions as quickly as possible. 

2. Reducing the error estimate for a given solution 

as quickly as possible. 

The contribution of the present research consists 

6 

of two ideas: a fixed-order branch-and-bound method with 

selective expansion of sub-problems; and the sieve search 

strategy. The fixed order branch-and-found method with the 

selective expansion idea is particularly effective in reduc

ing the error estimate quickly, while the sieve strategy 

addresses both of the above goals. The sieve strategy 

permits some parametric control over the amount of computa

tional effort expended, with greater effort resulting in 

better solutions and smaller errors. 

1.5. Overview of the Dissertation 

In Chapter 2, we describe some basic concepts in 

branch-and-bound methods. Chapter 3 contains background 

and description of the fixed order branch-and-bound method 

with the complete expansion strategy. The advantages and 

disadvantages of this method are also discussed and two 

approaches to overcoming the disadvantages are suggested. 

In Chapters 4 and 5 these two approQchGs, the selective 

expansion strategy and the sieve strategy, are explained in 

full. In Chapter 4, we explain the h3.sic idea, advantages 

and implementation problems of the selective expansion 
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strategy. The need for the sieve strategy and its use in 

complete expansion and selective expansion contexts are 

discussed in Chapter 5. In Chapter 6, we state and discuss 

computational results. Chapter 7 contains a summary of 

the dissertation and some ideas for future work. 



CHAPTER 2 

BRANCH-AND-BOUND METHODS 

2.1. General Framework 

We have defined a general mixed integer programming 

problem (MIP) in Chapter 1. The most popular and in general 

also the most effective method to solve such a problem is 

a search technique called Branch-and-Bound. Branch-and

Bound algorithms methodically search the set of all pos-

sible solutions in such a way that all possibilities need 

not be considered individually. 

The general framework for Branch-and-Bound algo-

rithms can easily be described using three basic concepts: 

separation, relaxation, and fathoming [23, 19]. We 

describe these three concepts next. 

1. Separation. 

Let F(MIP) denote the set of all feasible solu

tions for (MIP). Then we can separate (MIP) into 
1 2 q subproblems (MIP ), (MIP ), .. , (MIP ) if 

a. every feasible solution of (MIP) is a feasible 

solution of exactly one of the subproblems 
1 2 q (MIP ), (MIP ), ... , (MIP ) and 

b. a feasible solution of any of the subproblems 

8 



1 2 q (MIP ), (MIP ), . . . ,(MIP ) is a feasible 

solution of (MIP). 

A problem can be spearated into subproblems in 

several ways. Usually a problem is separated into 

subproblems by means of contradictory constraints 

on a set of one or more integer variables. For 

example, a problem with 0/1 variables can be 

separated into two subproblems by using the con-

straints xr = a and xr = 1, where xr is one of the 

0/1 variables. 

2. Relaxation: 

Relaxation of any constrained problem of the 

form (MIP) can be achieved by loosening its con

straints. We will denote a relaxation of (MIP) 

by (MIPR). 

9 

The only condition for (MIPR) to be a relaxation 

of (MIP) is 

F(MIP) must be a subset of F(MIPR) . 

The problem (MIP) can be relaxed in many ways, 

e.g., dropping some or all constraints. The most 

popular way to relax (MIP) is by dropping the 

integrality property of integer variables. The 

resulting relaxed problem (MIPR) is then an 

ordinary linear programming problem. 
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From the definition of relaxation, the following 

relationships hold. 

a. If the relaxed problem is infeasible, so is the 

original problem, i.e., if F(MIPR) is empty, 

then F(MIP) is also empty. 

b. The value of the relaxed problem is greater than 

or equal to the value of the original problem, 

i.e. , 

value of (MIPR) > Value of (MIP) 

c. If an optimal solution of the relaxed problem 

is feasible for the original problem, then it 

is an optimal solution of the original problem. 

3. Fathoming: 

When we consider a subproblem (MIPq), we want 

to know whether its feasible region F(MIPq) may 

possibly contain an optimal solution of (MIP) and 

if it does, to find it. If we can ascertain that 

F(MIPq) does not contain an optimal solution of 

(MIP) or if we succeed in finding an optimal solu

tion of (MIPq), then there is no need to separate 

(MIPq) further and we can discard (MIPq). In this 

case, (MIPq) is said to be fathomed. 

We will refer to the best solution found so far 

to (MIP) as the current incumbent, and let LB (lower 

bound) denote the value of the incumbent. 



To fathom a subproblem (MIPq), one uses the 

following fathoming criteria: 

11 

a. Let (MIP~) be a relaxation of (MIPq). If (MIP~) 

has no feasible solution, then (MIPq) also does 

not have a feasible solution. 

b. If (MIP~) does not have a feasible solution 

better than the incumbent, then (MIPq) also does 

not have a feasible solution better than the 

incumbent. That is, (MIPq) can be discarded 

if 

value of (MIP~) ~ LB. 

This is called the bounding test. 

c. If an optimal solution of (MIP~) is feasible for 

(MIPq), then it is an optimal solution of (MIPq) 

also. 

With the help of the concepts of separation, relaxa-. 

tion and fathoming we can outline the general framework of 

a Branch-and-Bound algorithm as follows: 

Given a problem (MIP),try to solve it with a reas

onable amount of effort. If it cannot be solved, then 

separate it into two or more subproblems. Add all the sub-

problems to the candidate list. The candidate list is a 

list of all the subproblems which have not been fathomed yet. 

Select a subproblem and remove it from the candidate list. 
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This problem is called the current candidate problem (CP) 

or the current node. Try to fathom (CP) by analyzing a 

relaxation of it. If the subproblem cannot be fathomed, 

then either the problem can be separated further or a 

tighter relaxation can be tried first and then separation, 

if needed. Add all the newly-created subproblems to the 

candidate list. If necessary update the current incumbent, 

i.e., the best solution of (MIP) found so far and its value, 

LB. Extract another candidate problem from the candidate 

list and try to fathom it. Proceed in this manner until 

the candidate list is empty. When the candidate list becomes 

empty, then (MIP) is solved. The incumbent is the optimal 

solution of (MIP). If there is no incumbent, then (MIP) 

does not have a feasible solution. 

The Search Tree 

A branch-and-bound search can be easily represented by 

using a search tree. (A tree is a graph with N nodes and (N - 1) 

branches.) The topmost node in the search tree is called the root 

of the tree. Each node in the search tree represents a subproblem 

and the root represents the original problem (MIP). Each branch 

represents a constraint on one or more of the integer variables. 

The level or depth of a node is given by the number 

of constraints added to (MIP) to create that node. The 

original (MIP) problem is at level or depth O. For a 0/1 
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(MIP) problem where the subproblems are created by locking 

a 0/1 variable at either 0 or 1, the level or depth is 

simply given by the number of variables locked to create 

that node. A node A created from a node B is called a child 

of node B and node B is called the parent of node A. All 

the nodes on the path from a node A to the root are called 

the ancestors of node A. A node with no children is said 

to be terminal. 

Figure 2.1 shows a typical search tree for an (MIP) 

problem with all integer variables as 0/1 variables. Let 

the branching variable for depth j be x j . We obtain nodes 

Band C by branching on variable xl. Therefore nodes Band 

C are children of node A. The ancestors of node G which 

represents subproblem (MIp6) are nodes E, C and A. Node G 

is at depth 3 since we have locked three variables (xl' x 2 

and x 3) to create it. Nodes B, D, F and G are the terminal 

nodes. The current set of unfathomed terminal nodes consti-

tutes the candidate list, which is sometimes also called 

the "front." 

2.2. Major Strategic Decisions 

There are several major strategic decisions which 

must be made before employing the general framework in 

practice, and that is where various Branch-and-Bound algo

rithms differ. Some of the major strategic questions are: 
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Depth 

a (MIP) 

1 

1 

1 

2 

a 1 

3 

Figure 2.1. A Typical Search Tree. 
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1. Which relaxation is to be used? The most popular 

method to relax a problem is by dropping the integ

rality constraints on all the integer variables. 

The resulting relaxed problem is an ordinary linear 

programming problem. Another widely used relaxation 

for problems which have two sets of constraints, 

one "easy" and the other "difficult," is Lagrangian 

relaxation [15, 21]. 

2. How is a problem to be separated? For a zero-one 

(MIP) problem separation is almost always done by 

placing contradictory constraints on a single 0/1 

variable. (For exceptions see the discussion of 

special ordered sets in [16].) Of course the next 

question is: which variable? The variable which is 

selected to separate the problem is called the 

separation or the branching variable. One method 

of selecting a branching variable is to select it 

randomly. Another method is to use any specific 

knowledge about the problem, if known. A third 

method, which is commonly used, is to be guided by 

the solution of a relaxed problem, e.g., the optimal 

solution of the corresponding LP problem. One can 

use the optimal solution and choose a branching 

va:ciable by using one of the following rules. 



16 

i. Choose an integer variable which is closest to 

a bound (0 or 1) in the optimal solution to LP. 

ii. Choose an integer variable which is closest to 

1/2 in the optimal LP solution. 

iii. Choose an integer variable which has the largest 

(smallest) penalty. 

Penalties can be described in the following 

way. Let Vj (A) denote the value of problem 

(MIP) with the additional constraint that Xj A, 

where_xj is one of the zer%ne variables. 

Vj(A) is a piecewise linear concave function 

attaining its maximum at xj , the optimal value 

of Xj in the linear programming relaxation of 

(MIP). Let us denote by TIll and -mO the right

hand dnd left-hand slopes of Vj at x j . These 

derivatives -mO and m1 can be computed directly 

from the optimal simplex tableau and enable 

estimation of V.(O) and V.(l) by linear extrap-
J J 

olation. The quantity mOxj is called the 

simple down penalty and m1 (1-xj ) is called the 

simple up penalty. The values of Vj(xj ) + 

mOx. and V. ex.) + 1T11 (1- x .) provide upper bounds 
J J J J 

for the nodes created by branching on variable 

x j . Hence the values ~f penalties can be used 

to choose the branching variable. 
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3. How to select a candidate problem for evaluation 

among all the problems in the candidate list? All 

the existing methods for candidate selection can be 

grouped under three categories. 

i. Last-In-First-Out (LIFO) Search Strategy. 

ii. Best Bound Search Strategies. 

iii. Composite Search Strategies. 

These three categories of methods for candidate 

selection are discussed in more detail in' the next 

three sections. 

4. If a candidate problem is not fathomed using the 

initial relaxation, then should it be separated 

immediately or should a tighter relaxation be tried? 

If the answer is not to separate immediately, then 

the next question is how to tighten the relaxation 

and how often. Most algorithms do not try to 

tighten the initial relaxation, but separate the 

candidate problem immediately. Some a1sorithms do 

try to fathom a candidate problem by tightening 

the relaxation a certain number of times before 

separating the problem further. 

5. Should one solve each relaxed candidate problem 

starting from scratch or reoptimize the solution 

obtained from the last problem evaluated? The 

answer to this question depends on several factors 
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including how one is selecting candidate problems 

for evaluation and what relaxation is being used. 

2.3. Last-In-First-Out (LIFO) 
Search Strategy 

In the LIFO type of search, the next candidate 

problem to be selected from all the existing ones is always 

the last one that was added to the candidate list. The 

following are the two main advantages of LIFO search. 

i. 1be bookkeeping associated with maintaining the 

candidate list is minimal. 

ii. It requires, in general, less work to optimize the 

current candidate problem if one starts from the 

solution of the last problem evaluated. 

Because of these advantages, several algorithms use 

LIFO search for candidate selection [8, 9]. 

The main disadvantage of LIFO search is that there 

is very little flexibility in selecting a candidate problem. 

If at a certain point in the process an older problem looks 

more attractive, there is no way to take it as the next 

candidate problem. The search can easily become trapped 

in parts of the tree where there are simply no good solu-

tions to be found. 
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2.4. Best Bound Search S.trategies 

In best bound search strategies, a bound (in the 

case of a maximization problem, an upper bound) is computed 

for each subproblem at the time of its creation and is 

stored for future reference. The rule for candidate selec

tion is to always select the problem which has the best 

bound (for a maximization problem, the largest upper bound) . 

The bounds can be computed in several ways. One approach 

is to solve the relaxed problem, e.g., the LP problem, and 

use its optimal value as the bound for each problem. Another 

approach which is more in use, is to use penalties in finding 

the bounds [10, 11]. 

A best bound search strategy is optimal (i.e., it 

minimizes the number of problems generated to find an optimal 

solution [17] if: 

i. no ties occur among upper bounds. 

ii. separation rule, lower bounds and upper bounds com

puted for candidate problems do not depend on the 

search strategy. (For example, if the bounds are 

computed from all the information obtained so far 

[22], then the best bound search strategy may not 

be optimal.) 

Even if these two condition~ do not hold, the best 

bound strategy may be a good heuristic. 
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The main disadvantages of a best bound strategy are 

1. Excessive time to find an active node (i.e., a 

candidate problem) with best bound. 

2. Excessive bookkeeping. 

3. Excessive storage requirements. 

Another disadvantage is that in best bound search, 

the nodes with the best bounds are usually at a lesser depth 

in the search tree. Therefore one does not evaluate a prob

lem, i.e" a node, at a relatively greater depth till late. 

These are the very nodes likely to give a good solution of 

(MIP). Therefore the chances of improving the incumbent are 

better while evaluating nodes at greater depths. The incum

bent is not likely to improve early in the search when we 

are using the best bound strategy. 

2.5. Composite Search Strategies 

In addition to LIFO and best bound search strate

gies some combination of the two can also be employed for 

candidate selection. 

Gauthier and Ribiere [6, 20] use a compromise 

LIFO/best-bound strategy. Their method can be described 

as follows. 

Suppose the current search tree has q nodes. If a 

separation is performed at node k, then two nodes (q+l) and 

(q+2) are created by branching on integer variable, say x j . 
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The corresponding LP relaxed problems for nodes (q+l) and 

(q+2) are solved. If we find that the relaxed problem for 

either node is infeasible or has an all-integer optimal 

solution, then that node is fathomed. Otherwise we will 

obtain the upper bounds Fq+l = value of (MIP~+l) and Fq+2 

value of (MIP~+2) for nodes (q+l) and (q+2). Let Fk 

k value of (MIPR). 

The lower and upper pseudo-costs of integer variable 

x. are defined as 
J 

and 

PCU j = absolute value of [(Fq+2 - Fk)/(l - f~)] 

where f~ is the fractional part of the value of x. in the 
J J 

optimal solution of (MIP~). Thus pseudo-costs are the 

deterioration of the upper bounds per unit of change of x j , 

one corresponding to a decrease and the other to an increase 

in the value of x j . 

The "estimation" Ep of a candidate problem p is 

computed from the heuristic formula given below: 

E = F + I min [PCL .. fPJ" PCU. (1 - f~)] 
p p j J J J 

where the summation is over all the integer variables. The 

most recent values of PCLj and PCU j are used when Ep is 

computed. 
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After creating nodes (q+l) and (q+2) , we try to 

fathom them. Suppose both nodes (q+l) and (q+2) survive. 

Then we compute estimations Eq+l and Eq+2 for these two 

nodes. One of these two nodes which has the better estima-

tion will be selected as the current candidate problem if 

its estimation is better than 

(2.1) 

where Hq is the best estimation for any of the first q 

problems that are in the candidate list, Fl is the value 

of (MIPR) and p is a constant generally set to 0.5. 

If one of nodes (q+l) and (q+2) was fathomed, then 

the other is tested to see if it satisfies condition 2.1. 

If both the nodes (q+l) and (q+2) were fathomed or if 

neither node (q+l) nore node (q+2) satisfies this condition, 

then the node with the best estimation among all candidate 

problems is chosen as the current candidate problem. 

Another algorithm that uses a composite LIFO/best

bound strategy is OPHELIE MIXED [34]. The candidate problem 

is selected using mainly the best bound search strategy but 

secondary criteria are also employed to take into considera-

tion the relative ease with which a candidate problem can 

be reoptimized and the idea that the quality of the bound 

is likely to be better as more variables are fixed. 



CHAPTER 3 

FIXED ORDER BRANCH-AND-BOUND METHODS 

3.1. Background-Dynamic Programming 

The fixed-order branch-and-bound method developed 

in this dissertation is the latest step in a line of re

search that began with the work o"f Morin and Esogbue [30] 

on mitigating the "curse of dime:1.sionality" that limits the 

practical usefulness of dynamic programming (DP) algorithms. 

The imbedded state space approach of [30] permits, in some 

cases, an equivalent but much lower dimensional state space 

to be used in solving a discrete dynamic program. This 

approach was applied by Morin and Marsten [31] to a special 

class of integer programming problems: nonlinear, multi

constraint knapsack problems. The standard DP recursion for 

an M-constraint knapsack problem uses an M-dimensional state 

space, but the imbedded state space approach permits an 

alternative recursion over a one-dimensional state space of 

points of discontinuity of the optimal value function. In 

addition, the imbedded state space context made it clear that 

bounding arguments could be used to eliminate states in DP 

algorithms in much the same way that they are uSed to elim

inate search tree nodes in branch-and-bound (B & B) 

23 
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algorithms. The idea of using bounding arguments to elim

inate states was extended to general discrete dynamic pro-

grams in [32]. The synthesis of the DP stage-by-stage 

approach with conventional B & B techniques led to a hybrid 

B & B / DP method for linear multi-constraint knapsack prob-

lems in [26] and for general mixed integer programs in [28]. 

The DP contribution to the algorithms of [26] and [28] is 

simply that the branching order is fixed, i.e., there is a 

specific integer variable associated with each level of the 

search tree. It will be shown below ho'w this permits 

bounding information to be shared among all of the nodes at 

the same level in the search tree. 

The synthesis of branch-and-bound and dynamic pro

gramming techniques can also be found in Alekseyev and Volodos 

[2], Aust [3] and El-Abiad [12]. For more recent work on 

the subject, see Barnes and Vanston [5] and Villareal and 

Karwan [36]. Morin [29] has done an excellent survey of 

the methods which combine branch-and-bound techniques and 

dynamic programming techniques for solving discrete mathe

matical programming problems. 

3.2. Marsten and Morin's Mixed 
Integer Programming M8thod 

(Complete Expansion) 

Marsten and Morin have developed a hybrid B & B / DP 

algorithm [26] by combining the relaxation -and fathoming 
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idea of branch-and-bound methods with the separation scheme 

provided by the dynamic programming framework. We describe 

this hybrid algorithm from the point of view of branch-and

bound methods, and call it Marsten and Morin's Mixed Integer 

Programming algorithm (M3IP) [28]. We next consider what 

motivates this algorithm. 

In M3IP, the branching order is pre-selected and 

fixed. By fixed branching order, we mean that for a given 

level in the search· tree the branching variable will be the 

same for all nodes at that level. In the branch-and-bound 

context, "level" or "depth" is defined as the number of vari-

ables locked. For example, if a node is created by locking 

two variables then the node is said to be at level 2 or 

depth 2. 

Consider a partial solution x q (node q) at depth d 

Xq = (xq
l , x q xq) 2' ... , d 

h q q 
were xl' x2 ' ,xd are the values of variables xl' x2 ' 

,xd to reach node q. 

We can write (MIP) as 

n n l 
max I c.X. + I h.y. 

j=l J J j=l J J 

n n l 
S.t. I CijX j + I H .. y. .s b i , i 1 ,m 

j=l j=l 1.J J 

(3.1) 
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Yj > 0 and Xj > 0 and integer 

At node q, the problem reduces to 

(MIPq) 
d n n l 

max I q + I c.x. + I h.y. c.x. 
j=l J J j=d+l J J j=l J J 

d 
c .. x9 

n l n l 
s. t. I + I c .. x. + I H .. y. < b., 

j=l lJ J j=d+l lJ J j=l lJ J - l 

i = 1, ,m (3.2) 

x. > 0 and integer, j = d + 1, ,n 
J -

y. > 0, j = 1, n l J -

cq d q Let I c.x. 
j=l J J 

and 

B9 
d q 

i 1, I c .. x., ,m l j =1 lJ J 

Bq 
(Bi, Bq) 'm 

Both c q and Bq are fixed and known for node q, since 

xq is fixed and known. Bq gives the resource consumption 

vector for xq since it represents the amount of resources 

consumed to reach xq . 

Using cq , Bq and rearranging the terms, we can write 

(MIPq) as 



s. t. 
n 
I 

j=d+1 

n1 
c .. x. + I H .. y. < b. - B~, 
~J J j =1 ~J J ~ ~ 

i = 1, ... ,m 

x. > 0 and integer, j 
J 

d + 1, ... ,n 

y . .:.0, 
J 

j 1, ... ,n1 

The LP relaxation of (3.3) is 

s. t. 

n 
c q + max ( I 

j=d+1 

n 
I 

j=d+l 
c .. x. + 
~J J 

n 1 
c.x. + I h.y.) 

J J j=l J J 

n 1 
\ H .. y. < b. - B~, 
!.. ~J J ~ ~ j=l 

i 1, ,m 

y. > 0, j 
J -

j d + 1, ... ,n 

1, ... ,n1 

where Wj is the highest integer value Xj can attain. 

The dual of (3.4) can be written as 

m 
c

q + mine I 
i=l 

n 
u.(b.-B~) + I 
~ ~ I, j =d+l 

v.W.) 
J J 

27 

(3.3) 

(3.4) 
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m 
s.t. L u.C .. + v. > cj ' j d + 1, ,n 

i=l 1. 1.J J 

(3.5) 
m 
L u.H .. > h., j 1, ,nl i=l 1. 1.J - J 

u., v. > 0 
1. J 

where u and v are dual variables. The constraints in (3.5) 

constitute the dual feasible set Dd for node q at depth d. 

But clearly Dd does not contain Bq and is the same for all 

the nodes at depth d. Thus Dd is the dual feasible set for 

all the nodes at depth d. This means that all nodes at 

depth d share the same set of dual feasible solutions. This 

is true for every depth. 

Therefore one can use parametric linear programming 

on the right-hand side to solve a sequence of linear pro-

grams obtained by relaxing mixed integer programs at nodes 

q = 1, ... ,Q at a depth, where Q is the number of nodes 

existing at that depth. At each iteration (dual simplex 

pivot) we move to a dual extreme point which gives a new 

dual feasible solution that can be used to perform a bound-

ing test on every node at depth d. Thus we can work simul-

taneously on all the nodes at a given depth and any node q 

can be fathomed by bounding test if 

n 

I 
j=d+l 

-v. < LB 
J 
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where UBq(u, v) is an upper bound on the value of node q; 

-u, v belong to Dd and LB is the value of the incumbent. 

This parametric procedure of solving linear programs 

at a given depth is called a "Resource Space Tour." 

This motivates Marsten and Morin's Mixed Integer 

Programming method. This method can be described as follows: 

Step 1. Select a branching order. Find an initial incumbent 

LB by using an appropriate heuristic (if no heuristic 

solution is available, set LB = -infinity). Set 

UB = value of (MIPR) , where UB is the global upper 

bound. If LB = UB, stop. Select £6[0,1]. Set d = O. 

Step 2. Expand all the surviving nodes at depth d by branch

ing on all the integer values of the branching 

variable for depth (d + 1). 

Step 3. Make a resource space tour as follows: 

(i) Set seq) = 1 for q = 1, . ,Q where Q is the 

number of nodes at depth (d + 1). Solve (3.5) 

for Bq = Bl. If 

UBI < LB 

1 · . 1 b . (1) 0 S t 1 e ~m~nate x y sett~ng s =. e p = . 

(ii) Set B* = BP . B* is the starting point for the 

next parametric segment. 

(iii) If P = Q or seq) = 0 for all q > p, go to Step 

4. Otherwise set c = min{q > p:s(q) = I}. BC 
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is the destination of the next parametric seg-

ment. 

(iv) Use parametric programming on (3.5) with B = B 

c * + A(B - B ) to drive A from 0 to 1. At each 

basis change, A X, use the dual solution 

(u, v) to execute (v) and (vi). 

(v) For q = c, c + 1, • ,Q if s (q) = 1 and 

m n 
L u.(b. - B~) + L v.W. ~ LB, 

i=l l l l j=d+l J J 

eliminate xq by setting seq) = o. 

~'~ 

(vi) If X 1, set p = c and go to (ii) . If X < 1 but 

* 'J~ 
X(Bc 'k 

s (c) 0, set B = B + - B ) , set p c 

and go to iii. Otherwise go to iv. 

Step 4. If a feasible solution for (MIP) has been found 

during the resource space tour, which is better 

than the value of the incumbent LB, then update LB. 

Step 5. If s(~) = 0 for all q = 1, ... ,Q or if d = n, 

stop. Incumbent is the optimal solution for the 

problem. If value of the incumbent is equal to 

minus infinity, then the problem is infeasible. 

Step 6. Update global upper bound 

UB = max {UBq q has survived} 

Step 7. If (UB LB) / UB < E, stop. The incumbent is 

sufficiently close to an optimal solution in value. 

Step 8. Set d = d + 1 and go to Step 2. 
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The parameter € determines the approximation to 

optimality, with € = a corresponding to exact optimality. 

The algorithm outlined above is for the case when a resource 

space tour is made at each depth. A bettel:' strategy is to 

expand all the surviving nodes several levels down till a 

certain number of nodes (e.g., 100 or 200) are collected, 

since this gives a large number of indirect hits and leads 

to computational efficiency. An "indirect hit" is defined 

as the elimination or fathoming of a node q when Bq was not 

the destination of the current parametric segment. On the 

other hand, if Bq was the destination of the current para

metric segment and we succeed in eliminating node q, then 

this case is called a "direct hit." 

A typical resource space tour in two-dimensional 

space is illustrated in Figure 3.1. In Figure 3.1, node 4 

is eliminated by a direct hit and node 2 is eliminated by 

an indirect hit. 

The principal features of Marsten and Morin's Mixed 

Integer Programming method are 

1. The branching order is pre-selected and fixed. 

2. The search tree is generated one level at a time. 

3. The nodes at each level are generated from all the 

survivors at the previous level (complete expansion). 

4. There is no backing up in the search tree. 
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bZ r---------------------------------------~ 

Figure 3.1. A Typical Resource Space Tour in RZ. 
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5. Parametric linear programming is used to solve a 

sequence of linear programs, one for each node. 

Every pivot gives a new dual feasible solution that 

is used to perform a bounding test on every node. 

3.3. Advantages 

The computational efficiency of the M3IP method is 

due to the fact that because of the fixed branching order, 

all nodes at a particular depth in the search tree share the 

same set of dual feasible solutions. Therefore one can use 

parametric linear programming to solve a sequence of linear 

programs obtained by relaxing mixed integer programs cor

responding to the nodes existing at that depth and a bounding 

test can be made on each node for every dual simplex pivot. 

Thus nodes can be eliminated by direct hits or indirect hits 

during a resource space tour. The computational advantage 

achieved by a resource space tour is mainly due to the occur

rence of a large number of indirect hits. All the nodes at 

a given depth share dual solutions and therefore share the 

computational burden of the simplex pivots. Thus LP over

head is shared by all the nodes existing at any given depth. 

3.4. Disadvantages 

The main disadvantages of M3IP are 

1. Because of the ,:omplete expansion, the number of 

nodes in the search tree increases rapidly. This 
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can require solving of too many linear programming 

problems, before reaching greater depths in the 

search tree where the chances of finding a better 

solution to (MIP) than the starting lower bound are 

greater. 

2. Since the number of nodes simultaneously present in 

the search tree tends to be large, the storage re

quirements can make the algorithm unsuitable for 

large-scale problems. 

3. The complete expansion or the ultimate breadth first 

search strategy is an extreme one and does not allow 

one to fathom particular sub-trees, which can give 

more strategic control. 

Two approaches which can mitigate these disadvantages 

are (a) the Selectiye Expansion Strategy and (b) the Sieve 

Strategy. These two strategies are discussed in the next 

two chapters. 



CHAPTER 4 

SELECTIVE EXPANSION STRATEGY 

4.1. Basic Idea 

The basic idea behind the selective expansion stra

tegy can be stated as follows. Let us retain the pre

selected and fixed branching order feature of M3IP but 

instead of making a complete expansion at each depth, select 

a -fixed number of nodes at some depth and expand only those 

selected nodes to a fixed number of levels. In other words, 

we choose only K nodes at some depth (or less than K if K 

exceeds the number of candidate problems at that depth) in 

the search tree and expand them completely to the next L 

levels, where K and L are fixed numbers. 

When using the complete expansion strategy we expand 

all the nodes existing at a level. Some of these nodes may 

be "bad" nodes which could be eliminated later after a 

better incumbent has been found. Even if the initial incum

bent is optimal, the purpose of the search is to reduce the 

gap and we can do this most rapidly by concentrating on the 

most attractive nodes and delaying consideration of the 

less attractive ones. This is exactly what we want to 

achieve by using the selective expansion strategy. 

35 



4.2. The Fixed Order Branch-and-Bound 
Method with Selective Expansion Strategy 

Let us define 

DB global upper bound 

LB value of the incumbent 

36 

K maximum number of nodes to be selected for each 

expansion 

L maximum number of levels the selected nodes 

should be expanded 

n = total number of integer variables in (MIP) 

E the parameter which determines the approxima

tion to optimality with E = 0 corresponding 

to exact optimality 

[niL] 

NO(t) 

value of (niL) rounded to next lower integer 

number of candidate problems fl.t depth t in the 

search tree, for t = L, 2L, . ,[n/L]L 

The Fixed Order Branch-and-Bound Method with Selec-

tive Expansion Strategy may then be stated as follows. 

Step 1. Select a branching order. Set DB ~ value of (MIPR). 

Set DBO = DB. Find an initial incumbent value for 

LB by using an appropriate heuristic method (if no 

heuristic solution is available, then set LB = 

-infinity). Select E6[0, 1]. If (DB - LB) I DB < 

E, stop. Otherwise set d = 0, k = 1. Set NO(t) 0 

for t = L, 2L, ... ,[n/L]L. 
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Step 2. If d + L .:. n, set dO = L. Otherwise set dO = n - d. 

Step 3. Expand all the k best nodes selected at depth d 

(i.e., the k cffildidate problems with the k largest 

upper bounds at depth d) to next dO levels by branch

ing on all the integer values of branching variables 

for (d + 1), ... ,(d + dO) depths to obtain Q new 

nodes at depth (d + dO)' 

Step 4. Make a resource space tour as outlined in Step 3 of 

the MCIP algorithm on these newly created Q nodes. 

Save an upper bound UB q for each survivor q of the 

tour. 

Step 5. Set NO(d + dO) = NO(d + dO) + number of nodes surviv

ing after the resource space tour. 

Step 6. If a feasible solution for (MIP) which is better than 

the incumbent is found during the resource space 

tour, update the incumbent value, LB, and eliminate 

every node q currently in the search tree that has 

UBq < LB. 

Step 7. Update 

UB = max {max(UBq 

LB} 

q is in the candidate list), 

Step 8. If (UB - LB) / UB ~ E, stop. We arc sufficiently 

close to optimality. 

Step 9. If NO(t) = a for all t = L, 2L, ... , [n/L]L~ 

stop. Incumbent is the optimal solution for the 
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problem. If incumbent value is minus infinity, 

then the problem is infeasible. 

Step 10.For every t = L, 2L, ... ,[n/L]L, if NO(t) + 0, 

compute 

where go = LB / DBO 

Select a new value of d as given by 

* r UBq (d) 
d 

upper bound among all the candidate problems 

at depth t} 

Step 11.If K < NO(d) , set k = K and NO(d) = NO(d) - K. 

If K > NO(d) , set k NO (d) and NO (d) O. 

Step 10 needs some explanation. This is the step 

where we are choosing a new set of "best" nodes at a partic-

ular depth. This is similar to the selection of the current 

candidate problem in the general framework for the branch

and-bound methods. The difference between the two is that 

now we are not selecting "one" candidate problem but want 

to select "many" candidate problems (at the same depth) for 

simultaneous expansion and evaluation. We propose to use a 

"discounted upper bound" strategy for this purpose. 
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The main idea of the discounted upper bound strategy 

is to discount the upper bounds associated with the candi-

date problems at lesser depths (i.e., lesser d values) in 

the search tree to discourage the frequent jumping to lesser 

depths and to encourage the selection of greater depths 

(higher d values) for candidate selection. This can be 

justified by the observation that in general, one often finds 

"good" solutions of a mixed integer programming problem only 

when solving (relaxations of) candidate problems at rela-

tively greater depths in the search tree. In other words, 

we think that large upper bounds associated with nodes at 

lesser depths are deceiving and are overestimates of the 

real upper bounds (the amount of overestimation decreases 

as we go deeper in the search tree) and should be discounted 

somewhat to counteract the overestimation. Obviously there 

is no overestimation of the upper bounds of any nodes present 

at the bottom (i.e., nth) depth in the search tree. This 

implies that we should start with a discounting factor of 

o and increase it as we go up in a search tree. Let (l-rt ) 

be the discounting factor for depth t, then we want 

> (1 - r ) = 0 - n 
or 

r l < r2 < • . . < r = 1 - - - n 

The discounted upper bound for a node q with upper bound 

UBq at depth t will then be equal to rtx(UBq). 
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We further propose to compute the r-factors as given 

by the heuristic formula 

where go = LB/UBO' 

For t = n, this formula gives r = 1 and as we de
n 

crease the value of t, the value of r t decreases too. 

Therefore, this formula gives values for the rls which 

satisfy condition (4.1). 

In step 10, we are not really discounting the upper 

bounds of all the candidate problems at all the depths, but 

only one candidate problem with the largest upper bound for 

each depth, which has at least one candidate problem. We 

are then selecting the depth which contains the candidate 

problem with the largest discounted upper bound. This may 

not be the only good method to select the current candidate 

problems at the same depth. Possibly another good method 

for candidate selection would be to select the depth which 

has the largest average of discounted upper bounds for K 

nodes (or number of candidate problems existing at that 

depth if that number is less than K). 

Note also that we could select the depth with the 

greatest single upper bound in the entire tree simply by 

taking r t = 1 for all t. 
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4.3. Advantages 

The Fixed Order Branch-and-Bound Method with Selec

tive Expansion Strategy reduces to Marsten and Morin's 

Mixed Integer Programming Method (i.e., Fixed Order Branch

and-Bound Method with Complete Expansion Strategy) if we 

take K equal to a very large number (infinity) and L = 1 

since all the nodes at a depth will always be expanded to 

the next depth and there will be no backing up. For K = 1 

and L = 1 (with r t = 1 for all t), the selective expansion 

strategy reduces to the best-bound strategy. For K = 1 

and L = n, of course, the selective expansion strategy 

reduces to the complete enumeration strategy. Therefore we 

can say that the complete expansion strategy, the best

bound strategy and the complete enumeration strategy are 

special cases of the selective expansior. strategy. 

The selective expansion strategy retains almost all 

of the advantages of the complete expansion strategy but 

still succeeds in overcoming most of the disadvantages. 

With the selective expansion strategy, we can fathom par

ticular sub-trees while retaining more strategic control in 

other parts of the search tree. This provides more flexi

bility in solving a problem. 

Another advantage of using the selective expansion 

strategy is that by selecting "good" candidate problems, we 

expect to find better solutions than the starting one early 
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in the search and then to eliminate nodes at lesser depths 

using the bounding test. This process avoids the expansion 

of "bad" nodes which happens so often when using the com

plete expansion strategy, especially if the starting lower 

bound is not close to the true optimal value. 

One more advantage of using the selective expansion 

strategy is the reduction of storage requirements. Since 

only a few nodes are expanded and evaluated at one time, the 

number of nodes simultaneously existing in the search tree 

does not increase nearly as rapidly and this results in·a 

much more modest storage space requirement than when using 

the complete expansion strategy. 

4.4. Implementation 

The implementation of the Fixed Order Branch-and

Bound Method with Selective Expansion Strategy requires a 

code which is somewhat more complex than the code required 

to implement M3IP or the code required to implement a typical 

Branch-and-Bound method. 

To implement the Fixed Order Branch-and-Bound Method 

with Selective Expansion Strategy, we have to keep track of 

the total search tree. Let us assume for simplicity, that 

all the integer variables are 0/1 variables. In this case, 

the search tree becomes a binary tree. This tree is not a 

full binary tree since when a node is fathomed, we are not 
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going to expand it any further. Also we will be adding 

nodes to or deleting nodes from the search tree. This nec

essitates the use of a linked representation for the binary 

tree [1]. To implement the algorithm it is necessary that 

we should be able to trace the ancestors of any node in the 

tree. This is necessary because in order to find the partial 

solution at a node we have to know which variables, and at 

what values, have been locked to create that particular node. 

This means that we should know at what depth each node 

exists, which node is its parent node and what is the value 

of the integer variable used to create the node. Since the 

branching order is fixed, we use a SORT array to store the 

branching variables for all the depths. All that remains to 

construct the partial solution for a node is to find its 

ancestors and particular values of the variables locked to 

create that node. Both of these tasks can be accomplished 

by using a single integer array PNOBE. We use the conven

tion of representing a zero branch by a negative value and 

a one branch by a positive value where the absolute value 

of the entry gives the number of the parent node. For 

example, suppose we want to find the parent of node i at 

depth d and the value at which the branching variable for 

depth d is locked to create the node i (the branching 

variable itself is given by SORT(d)), then j = absolute 

value of PNODE(i) gives the parent node of node i and if 
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PNODE(i) < 0, then the branching variable was l~cked at 0 

to create node i from node j, otherwise it was locked at 

one. The parent of node j can be traced in a similar way 

and repeating this procedure, we can find all the ancestors 

of node i till we reach the root and all the values of the 

branching variables locked to create the node i from the 

root. 

One benefit of this procedure is that we do not have 

to know the depth at which a nonterminal node exists. We 

just have to know the depth at which an unexpanded (leaf) 

node exists. If an unexpanded node exists at depth d, then 

obviously its parent node is at (d - l)st depth and parent 

of the parent, i.e., grandparent, is at (d - 2)nd depth and 

so on till we reach the root which is at depth zero. 

Rather than storing a depth number for each candidate 

problem, we keep a separate linked list of all the candidate 

problems at each depth t, where t = L, 2L, . ,[n/L]L 

(there can not be any candidate problems at any other depth), 

where the first entry in the linked list is the node with 

the largest upper bound and the last entry is the node with 

the smallest upper bound. We store pointers to all the 

nodes w'ith largest upper bounds for depths t = L, 2L, . . . , 

[n/L]L (one node for each value of t), in an integer array 

FIRST and all the other links in an integer array named 

LINK. LINK array also contains a chain for free spaces 
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available in the PNODE and UBCHLD (see below) arrays. This 

means that LINK array may contain up to ([n/L]+l) separate 

linked lists. The use of linked lists for this purpose is 

necessary because in Step 10 of the algorithm we find the 

depth for the next expansion by discounting the largest 

upper bound at each depth and selecting the one with the 

largest discounted upper bound. Therefore we repeatedly 

need to determine the candidate problems with the largest 

upper bounds for all the relevant depths. This can easily 

be done by referring to the FIRST array. Next, once we have 

selected a depth for expansion, we have to know which are the 

K candidate problems with the K largest upper bounds for that 

depth. Using the FIRST and LINK arrays, we can easily accom

plish this. Once the selected nodes are expanded, we have 

to remove them from the FIRST and LINK arrays and update the 

FIRST and LINK arrays. Similarly when new nodes are created 

at a depth, we will have to update the FIRST (if needed) and 

LINK arrays for that depth. 

When we expand the selected nodes, we obtain the 

nodes for which a resource space tour is to be made. For 

each one of these nodes, we need a resource consumption 

vector and the contribution of the locked vari~bles to the 

objective function. As discussed above, we find the partial 

solution for each node and compute the resource consumption 

vectors and contributions to the obj ecti ve function for each 
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node by using appropriate constraint matrix and objective 

function coefficients. The resource consumption vectors and 

contributions to the objective function are stored in an 

array named FLIST of dimensions MAXFLx(m + 1), where MAXFL 

is the maximum number of nodes for any resource space tour, 

and m is the number of constraints 

In addition to finding the partial solutions for 

different nodes in the search tree, we also have to know the 

upper bound associated with each candidate problem in order 

to facilitate the selection of candidate problems at the 

same depth. However, a closer look at the algorithm reveals 

that there is no need to store upper bounds for nodes which 

have already been expanded or fathomed. If a node has been 

fathomed, we would like to remove it from the search tree 

and also remove all of its ancestors who have no children 

left in the tree. If a node has been expanded, then we will 

have to know how many children it currently has in the search 

tree. Thus if a node has not been expanded yet, we want to 

store an upper bound for that node, while if it has been 

expanded then we want to store the number of children it 

has left in the tree (if a node has already been expanded 

and later both children are fathomed, th.en obviously that 

node is also fathomed and we do not want to store any data 

for that node either, so we can throw that node away and all 

the data associated with it and reduce the number of children 



47 

for its parent by one). Both of these objectives can be 

achieved by using a single array. We call this array 

UBCHLD. Its dimension has to be M~OD, the maximum number 

of nodes simultaneously present in the search tree. 

Summarizing, we can say that we have succeeded in 

1. Tracing a nOt1e to its root and also finding which 

variables were locked at what values to create that 

particular node. 

2. Storing the upper bounds for nodes (only the ones 

that will be needed). 

3. Storing the nodes with largest upper bounds for each depth. 

4. Storing the candidate problems in order of their 

upper bounds for each depth 

5. Storing enough information for pruning the tree when 

a node is fathomed using only four integer arrays 

FIRST, LINK, PNODE and SORT with dimensions [niL], 

MAXNOD, MAXNOD and n respectively and one real (or 

double precision) array UBCHLD with dimension MAXNOD 

and still keeping the code simple. 

We demonstrate the data structure and uses of the 

different arrays by the following example. 

Example: 

Assume that we are solving an (MIP) problem by the 

Fixed Order Branch-and-Bound Hethod with the Selective 
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Expansion Strategy and are using K = 2, L = 1. Further 

assume that we are at a point in the execution of the algo

rithm where the situation is represented by the search tree 

in Figure 4.1. Also assume that the upper bounds for nodes 

4, 5, 8, 9, 10 and 11 are equal to 100, 90, 70, 80, 85 and 

90, respectively. If we denote the upper bound for node q 

by UBq, then clearly UB4 > UB5 and UBll > UB10 > UB 9 > UB8. 

The arrays FIRST, PNODE, LINK, UBCHLD and SORT will 

have entries as given in Figure 4.2 and the value of NFREE 

is equal to 12, where NFREE gives the lowest integer that 

can be assigned to a new node. 

To find out what different entries in an array mean, 

let us consider the tree level by level. At depth 0, there 

is only one node representing (MIP). It has no parent, so 

PNODE(l) is zero. It has been expanded and both of its 

children are ·surviving, thus UBCHLD(l) = 2 and LINK(l) = O. 

At depth 1, there exist node 2 and node 3. The branching 

variable for depth 1 is 2. Hence SORT(l) = 2. Both node 2 

and node 3 have been expanded and each has two surviving 

children. Therefore LINK(2) = 0, LINK(3) = 0, UBCHLD(2) 

and UBCHLD(3) = 2. Nodes 2 and 3 are created from node 1 

by locking x2 at values 1 and O. This means we should have 

PNODE(2) = 1 and PNODE(3) = -1. 

2 

For depth 2, the branching variable is 3 and SORT(2) 

= 3. There are four nodes at depth 2. Nodes 4 and 5 aIe 
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created from node 2 by locking variable 3 at values 1 and 

O. This explains PNODE(4) = 2 and PNODE(S) = -2. Nodes 4 

and 5 have upper bounds equal to 100 and 90 and these values 

are stored in UBCHLD(4) and UBCHLD(5). Node 4 has the 

largest upper bound among all the unexpanded nodl:s at depth 

2 and therefore FIRST(2) = 4. The only other node that is 

unexpanded at depth 2 is node 5 and can be traced by LINK(4) 

= 5. LINK(5) is equal to zero since there are no more 

unexpanded nodes at depth 2. 

To find which the une~I',panded nodes at depth 2 are, 

we start with FIRST(2) = 4, which tells us that node 4 has 

the largest upper bound equal to UBCHLD(4) (=100) at depth 2. 

Next we look for node in the chain by finding LINK(4) = 5, 

which tells us that node 5 is the node with the next lower 

largest upper bound equal to UNBHLD(5) (=90). To find the 

next node in the chain, we find LINK(5) = 0, which tells us 

that there are no more unexpanded nodes at depth 2. 

Similarly the entries for the remaining nodes at 

depth 2 and for nodes at depth 3 can be explained. 

Now, let us assume, that after reaching the situation 

in Figure 4.1, we find that nodes 8 and 9 can be fathomed. 

Note that since both nodes 8 and 9 can be fathomed, node 6 

can be fathomed too. The new situation is shown in Figure 

4.3. 
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Let us consider what changes are needed to represent 

this new situation. The SORT array will not change since 

branching order is fixed. Node 3 has only one child, node 

7, left in the tree, and hence UBCHLD(3) = 1. Nodes 6, 8 

and 9 are deleted, therefore corresponding PNODE and UBCHLD 

area should be empty. The lowest integer number available 

to be assigned to a new node is 6, thus NFREE should be equal 

to 6 and LINK(6) should be 8 and LINK(8) should be 9 and 

so on. 

At depth 3, node 11 is still the node with the 

largest upper bound and no change is needed for FIRST(3). 

Link(ll) is still 10 but link (11) should be zero since 

there are no more unexpanded nodes at depth 3. After incor

porating these changes, the arrays will have entries as 

shown in Figure 4.4. 
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CHAPTER 5 

THE SIEVE STRATEGY 

5.1. Motivation and Basic Idea 

As discussed in Section 1.3, mixed integer program

ming problems belong to the class of NP-complete problems 

and are therefore very difficult to solve. Sometimes it is 

not possible to solve these problems to optimality with an 

acceptable amount of computational effort. Also, sometimes 

a good (i.e., near optimal) solution is sufficient for the 

purpose at hand. This motivates one to limit the search 

to certain parts of the tree where good solutions are likely 

to exist. We try to evaluate only good nodes in a search 

tree and find a good solution using the sieve strategy [27, 

33] . 

The objective of using the sieve strategy is to 

elimi.nate "bad" nodes and consider only the "good" nodes so 

that near optimal solutions can be found more quickly. A 

"good" or more attractive node is one whose feasible region 

is likely to contain a good solution of (MIP) and a "bad" 

or less attractive node is one whose feasible region is not 

likely to contain a good solution of (MIP). The basic idea 
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of the sieve strategy is to achieve this objective by modi

fying the bounding test. 

5.2. The Sieve Strategy 

Consider the bounding test as defined in Section 

2.1. 

Eliminate (i.e., fathom) a node q if 

(5.1) 

where UBq is an upper bound for node q and LB is the value 

of the incumbent. 

This test may not be very helpful since UBq is too 

big and LB is too small and hence the gap (UBq - LB) may be 

large. This happens because UB q is an overestimate of the 

optimal value of (MIPq) and LB is an underestimate of the 

optimal value of (MIP). Let the amount of overestimation 

be given by a and the amount of underestimation by S. Then 

the perfect bounding test would be: 

Eliminate a node q if 

(5.2) 

o < a <. 1, s > 0 

Of course, the problem is that "true" values for Ci 

and S are unknown and all we can do is to use estimates of 

a and S. Let. the estimates of a and S be given by a and 8. 

Then a "modified bounding test" will be: 
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Eliminate a node q if 

(5.3) 

o < a < 1, 

Rearranging the terms, we can write the modified 

bounding test as: 

Eliminate a node q if 

UB q 2. LB (1 + E) (5 . 4 ) 

where E = (a + 8) / (1 - a) > 0 is called the value of the 

sieve .. 

Since we do not know true values of a and S and are 

using estimates of them, we are in a sense "cheating." 

The problem is to find good estimates of a and S, 

i.e., a reasonably good value of E. Two observations which 

are helpful in determining the value o~ E are the following. 

First, E cannot be negative. Secondly, as we go down in a 

search tree, the amount of over and underestimation, i.e., 

the values of a and S decrease. This justifies the use of 

a different E for each depth. Let E t be the sieve value for 

a node q at depth t. Then we want 

> E = 0 n 

and the modified bounding test will be: 

Eliminate a node q at depth d if 

(5.5) 
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(5.6) 

where Ed .::. 0 for d 1, .... ,n 

It is the gradual tightening (5.5) of the bounding 

test (5.6) that suggests the "sieve" terminology. 

Let BD denote the best upper bound for any node that 

is discarded because of the modified bounding test. Then, 

during the search, the global upper bound UB is given by 

UB = max {BD, max 
t 

* UBq (t)} 

* where UBq (t) = max {UBq : q is an unfathomed node at depth t}. 
q 

The global upper bound UB after the completion of the search 

is given by 

UB max {BD, LB} 

where LB is the final incumbent. 

Also, at any point in the search we have 

LB ~ optimal value of (MIP) ~ UB 

and the incumbent solution is within (UB - LB)xlOO/UB per-

cent of optimality. 

The incumbent may change during the course of the 

search. If LBd denotes the best (largest) incumbent value 

ever used at depth d, then 



If the incumbent never changes, LBd 

(5.5) implies 

and so 

LB for all d, then 

LB ~ optimal value of (MIP) ~ LB(l + 8 1) 
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which means that the final incumbent is at least sl-optimal. 

5.3. The Sieve Strategy in M3IP Context 

Obviously the value of the sieve should be different 

for different nodes in the search tree. But it is difficult 

to find a method which can find good values of SIS for each 

node separately. For the fixed order branch-and-bound 

method it is somewhat easier to find a method which can 

provide reasonable values of SIS. In M3IP we are doing 

complete expansion at each depth and the nodes at any depth 

are created by branching on the same set of variables. 

Therefore we expect some inherent similarity among different 

nodes at the same depth. This expectation gives rise to 

three heuristic methods to compute sieve values. 

1. The Linear Sieve Method: 

The linear sieve method is to compute s for depth 

d by using the formula 

s = s (n - d) / n 
d 0 

where s is a constant. o 

(5.7) 
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This is a simple linear sieve because Ed de

creases linearly as d increases (see Figure 5.1). 

The value of e gives the amount of sieve we would o 

like to have at the zeroth depth (for MIP problem). 

After that the sieve value decreases linearly till 

at the greatest depth (i.e., at the nth level) it 

is zero. 

2. The Adaptive Sieve Method: 

After completely expanding the search tree to 

depth d, let 

E: • 
J 

gd(n-j)/(n-d); 

where gd = (UB d - LB) / 

and UB d = largest upper 

j 

LB 

bound 

We would need the value of 

tree to depth (d+l). In fact, 

d 1, ... ,n (5.8) 

at depth d. 

Ed+l to expand the 

we only use formula 

(5.8) for the case j = d + 1, so that Ed+l is given by 

Ed+l = gd[n - (d + 1)] / (n - d) 

or 

(5.9) 

Next we discuss what this formula means in terms 

of the modified bounding test. The modified bound-

ing test is as follows: 

Eliminate a node q at depth (d + 1) if 
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Depth n 

Figure 5.1. The Linear Sieve Method. 
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Substituting the value of E d+l from (5.9), this 

becomes 

UBq < LB + gd~[l - 1 / (n - d)]xLB 
..... 

or, 

UBq < LB + [(UBd - LB) / LB]x[l - 1 / (n - d)]xLB 

or, 

UB q < LB + (UB d - LB) [1 - 1 / (n' - d)] 

or, 

UBq 
< LB + UBd - LB - [(UB d - LB) / (n - d)] 

or, 

UB
q ~ UB d - [(UB d - LB) / (n - d)] 

(UB d - LB) is the difference between UB d , which 

is the local upper bound, and the incumbent LB. 

Therefore (UB d) - LB) / (n - d) is the average drop 

per remaining level in an upper bound if we expect 

to find an integer solution as good as the current 

incumbent. Hence the modified bounding test with 

the adaptive sieve method implies that a node q at 

depth (d + 1) should be discarded if it has an 

upper bound which is less than the largest upper 

bound for depth d reduced by the amount we expect it 

to decrease on average to get a solution of (MIP) at 

least as good as the current incumbent. 



63 

In other words, our reasoning is as follows. 

Suppose we are at depth d with local upper bound 

UB d in the search tree and assume that there is an 

optimal solution of (MIP) equal to LB at the great

est depth of the tree. Then we expect UB d to 

decrease by an amount (UB d - LB) / (n - d) for each 

remaining depth, on average. So if a node q at 

depth (d + 1) (or at any other greater depth) has 

an upper bound UB q less tha.n the average decreased 

value, '\ve are going to discard it since we do not 

expect it to lead to a feasible solution of (MIP) 

which is better than the incumbent. In practice 

we are going to use this expected drop in upper 

bound for the next depth only, since we can update 

the values of UB d and LB after finishing each level 

in the tree. 

Figure 5.2 shows this relationship graphically. 

Without the sieve strategy we would have discarded 

any nodes with upper bounds less than or equal to 

LB, i.e., below the line BC. With the adaptive 

sieve we are going to discard any nodes which fall 

below the line AC. Therefore, we are discarding 

additional nodes that fall within the triangular 

area ABC because of the use of the adaptive sieve 

strategy. 
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Figure 5.2. The Adaptive Sieve Method. 



3. The Adaptive Sieve Method with Shrink Rate s: 

After completely epxanding the search tree to 

depth d, take 
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(5.10) 

where s is a parameter, called the shrink rate, 

which controls how fast ErS should decrease as we 

go down the tree. 

To have a closer look at this method, we substi

tute the value of E d+1 from (5.10) in the modified 

bounding test (5.6). This gives the following rule. 

or, 

or, 

or, 

Eliminate a node q at depth (d + 1) if 

UBq 
< LB + LB [1 + gd(l - s / (n - d)] 

UB q < LB + LB [( UB d - LB) / LB] [1 - s / (n - d)] 

UBq 
< LB + UB d - LB - [s (UB d - LB) / (n - d)] 

UBq 
< UB d - [s (UBd - LB) / (n - d)] 

For s equal to 1, adaptive sieve method with 

shrink rate s reduces to the adaptive sieve method. 

For s > 1, we want the drop in upper bound to be 

greater than the average drop per level before we 

discard the associated node. How much drop is 
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needed before we discard a node is controlled by 

the value of s. This implies that the bigger sis, 

the more conservative we are in discarding nodes. 

Hence, the computational effort expended during the 

tree search depends on the value of s. The bigger 

s is, the more work we will have to do. 

If s > (n - d), E d+l is less than zero, which 

would imply that we are going to keep nodes with 

upper bounds less than LB! To avoid this we have 

to take E d+ 1 at least equal to 0., 

Figure 5.3 is a graphical comparison of adaptive 

sieve method (s = 1) and adaptive sieve method with 

shrink rate s (s > 1). For the adaptive sieve 

method any nodes falling in the triangular area ABC 

will be the extra discards. For the adaptive sieve 

method with shrink rate s, any nodes falling in the 

triangular area ABD will be the extra discards. 

5.4. The Sieve Strate~y in the 
Selective Expansion Met od Context 

The siev"e strategy as used in the M3IP context can 

be directly extended to the Fixed Order Branch-and-Bound 

Method with the Selective Expansion Strategy with a few 

minor changes. Since we are still using a fixed branching 

order, we expect the nodes at the same depth to have certain 

similarities and the idea of using one sieve value for each 
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Figure 5.3. The Adaptive Sieve Method with Shrink Rate s. 
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depth still seems to be reasonable. Thus we can still use 

the linear sieve method, the adaptive sieve method and the 

adaptive sieve method with shrink rate to find sieve values 

by adjusting these methods for the selective expansion 

strategy. The only problem is that now we do not know the 

value of the largest upper bound at depth d, UBd , until we 

have expanded all the surviving nodes at higher levels to the 

depth d. However, we will need E d+l before that is done. 

For this we would have to use an estimate UB d of UB d . By 

far the most suitable value for UB d will be the best upper 

bound for any node found so far at depth d. Update this 

value whenever a node with upper bound greater than UB d is 

found at depth d. This is justified because we are expanding 

the nodes with the largest upper bounds first, and hence we 

expect the nodes created first at any depth to have larger 

upper bounds than nodes created later. Note that UB d is a 

lower bound on the best upper bound at depth d. 

The three sieve methods for the selective expansion 

strategy are given below. 

1. The Linear Sieve Method: 

Compute 

E = E (1 - d / n) 
d 0 

where EO is a constant and gives the value of sieve 

at depth O. 
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The formula in the linear sieve method for the 

complete expansion strategy does not use UB d and 

hence it can be directly used while using the selec-

tive expansion strategy. 

2. The Adaptive Sieve Method: 

The formula in the adaptive sieve method for 

the complete expansion strategy does use the largest 

upper bound for each depth and we will have to re

place it with the estimated largest upper bound for 

each depth. 

Suppose we are at depth d and going to expand K 

nodes by L levels. Then we would like to discard a 

node q with an upper bound UBq at depth (d + L) if 

the drop in the upper bound is more than the average 

drop for the largest upper bound at depth d for L 

levels. In other words, we want to discard a node 

q at depth (d + L) if 

UBq < UB - L [(UB d - LB) / (n - d)] - d 

Consequently, the modified bounding test is given 

as follows: 

Eliminate a node q at depth (d + L) if 

(5.11) 

where E d+L 
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LB) / LB 

It is clear that UB d ~ UB d . This means that 

gd ~ gd for the same LB and the sieve value for any 

depth would be the same or smaller for the selective 

expansion strategy than for the complete expansion 

strategy. This, in turn, means that fewer nodes 

would be eliminated under the selective expansion 

strategy. 

Another implication of using (5. 11) is that all the 

same depth we may be using different sieve values. 

This could be due to' one or both of the following 

reasons: (1) the value of UB d may increase causing 

E d+L to increase; or (2) the incumbent may be up

dated and hence LB will increase. In the second 

case E d+L will decrease with the same value of UB dl 

but the cutoff value, LB y (1 + E d+L) , will increase 

in both the cases. The cutoff value for any depth 

is the minimum value of upper bound a node must 

have in order to survive at that depth. This can be 

easily proved as follows. 

In the first case, the sieve value increases and 

from (5.11) the cutoff value also increases. 

In the second case, let LBO be the initial 

incumbent value, Co the initial cutoff value, LBl 
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the updated incumbent value, Cl the updated cutoff 

value and UB d be the unchanged largest upper bound 

for depth d. Obviously LBl > LBO' 

and 

Suppose we expand some of the nodes at depth cl, 

and some other nodes are left behind to be evaluated 

later. When we return to depth d later, it is pos-

sible that we may use a different sieve value, E d+L , 

and the cutoff value for depth (d + L) may be greater 

than before. This happens becuase as we execute the 

algorithm, we get better and better estimates of both 

the largest upper bound at each depth and the optimal 

value of (MIP). The net result is that less attrac-

tive nodes are postponed until later when better 

incumbents, and hence larger cutoff values, make them 

easier to fathom. 

3. The Adaptive Sieve Method with the Shrink Rate s: 

After including the shrink rate s in the formula 

for the adaptive sieve method, vie get the modified 

bounding test as: 
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(5.12) 

where E: d+L 
and 

max {gd[l - (s + L --I) / (n -d)], O} 

For L = 1, (5.12) reduces to (5.10) and for 

s = 1, (5.12) reduces to (5.11). 

Similar to the adaptive sieve method, in this 

case also we may be using different sieve values at 

the same depth and the cutoff value may increase 

for successive returns to the same depth. 

3.5. Locking of Variables Using 
the Sieve Strategy 

In Branch-and-Bound methods, the locking of integer 

variables is quite common. The reasoning for this is as 

follows. Suppose we have a mixed integer programming prob-

lem with all the integer variables as 0/1 variables and we 

are using linear programming relaxations for fathoming. 

Suppose further that at the top of the search tree we have 

solved (MIPR), the LP relaxation of (MIP). Let the optimal 

value of (MIPR) be dentoed by v(MIPR). In the optimal solu

tion of (MIPR), each non-basic integer variable will be 

either at its upper bound 1 or at its lower bound O. If an 

integer variable j is at its lower bound 0, then from the 

optimal tableau for (MIPR), we can find its relative profit 
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p. (where p. < 0). If we now take the variable to its upper 
J J -

bound 1, then the new value of (MIPR) will at most be equal 

If 

where LB is the value of the incumbent, then obviously any 

feasible solution which has Xj = 1 is not going to have a 

value better than the incumbent and the value of the vari-

able j can be locked at 0 throughout the search. 

Similarly, if a 0/1 variable j is at its upper bound 

1 and its relative profit from the optimal simplex tableau 

for (MIPR) is Pj (where Pj > 0) and 

then we can lock the variable j at its upper bound 1 and no 

branching is required for variable j. 

Variables can also be locked during the search when 

a new incumbent is found. 

The sieve strategy can be used in the locking of 

variables in the following ways. 

1. Locking of Variables at the Top of the Tree Using 

the Sieve Strategy: 

Suppose we have locked all the 0/1 variables we 

could lock at the top of the search tree without the 
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sieve strategy and the branching variable for depth 

1 is a 0/1 variable j which is at its upper (lower) 

bound 1 (0) in the optimal solution of (MIPR). Then 

with the sieve strategy we would be using a value of 

LB(l + E l ) as the cutoff value for depth 1. This 

implies that if 

(5.13) 

then the node with Xj = 1 (xj = 0) will be the only 

survivor. Thus if condition (5.13) is satisfied then 

there is no need to do branching and we can achieve 

the same result by locking x. at 1 (0). 
J 

Consider a 0/1 variable j to be branched on at 

depth t as per branching order, then by similar 

reasoning as above, we can lock variable j at its 

upper bound 1 if 

A 0/1 variable j which is at its lower bound a 
in the optimal solution of (MIPR) is to be branched 

on at depth t, can be locked at its lower bound if 

In either case, we would have to update the best 

discard value 
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and remove the tth level from the search tree. 

Note that if one decides to branch on all the 

0/1 variables, which are at either lower or upper 

bound in the optimal solution of (MIPR) and in order 

of the absolute value of their relative profits as 

given by the optimal simplex tableau for (MIPR), 

then all the variables that would be locked during 

the sieve strategy would be the branching variables 

for the top levels in the search tree. 

2. Locking of Variables Using the Sieve Strategy after 

Finding a New Incumbent: 

1f during the execution of a Fixed Order Branch

and-Bollild method with the sieve strategy, a new 

incumbent is found, then we can try to lock addi

tional variables. 

When we are using the sieve strategy to lock 

variables, there are two things we can do after 

finding a new incumbent: 

a. If the variable we can lock has not been 

branched on yet, follow the same procedure as 

for locking of variables at the top of the 

search tree using the sieve strategy. 

b. If the 0/1 variable j has already been branched 

on and no more branching is to be done for that 
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depth, do nothing. All the nodes with branches 

Xj at the opposite value will be eliminated 

automatically. If some more branching is 

needed for that depth, then for all future 

branching just branch on the locked value of 

the variable j. 



CHAPTER 6 

COMPUTATIONAL EXPERIMENTS 

6.1. The Test Problems 

The fixed order branch-and-bound method with the 

Selective Expansion Strategy has been tested on four dif

ferent problems. These problems have also been used for 

other computational experiments. TOYODA is the famous 

30 x 60 capital budgeting problem from Senju and Toyoda 

[35]. AMOCO is a 52 x 119 project sequencing problem from 

a real world application. APM is a 77 x 121 agricultural 

planning problem from another real world application. 

RANDOM is a randomly generated 20 x 50 problem. All four 

problems are pure 0/1 integer programming problems. TOYODA, 

AMOCO and APM are knapsack type--i.e., all objective func

tion coefficients, constraint matrix coefficients and the 

right-hand side values are non-negative. RANDOM problem 

does not have any special structure. 

Table 1 summarizes the details about the four prob

lems. In Table 1, m and n denote the number of constraints 

and the number of variables; "LP Optimum" gives the optimal 

value of LP relaxation; "IP Optimum" is the optimal value of 
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Table 1. The test problems. 

Problem 
Name 

TOYODA 

AMOCO 

APM 

RANDOM 

m 

30 

52 

77 

20 

n LP Optimum 

60 7839.278 

119 34684.122 

121 36735.547 

50 41792.577 

Integer 
Optimum 

7772.00 

34050.86 

36414.00 

39016.00 

78 

% Gap 

0.26 

0.88 

1. 83 

6.64 
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the problem and "% Gap" gives the gap between LP optimum and 

IP optimum as a percentage of the LP optimum. 

The computations were performed on a VAX-VMS 11/780 

using a FORTRAN IV code. All of the LP computations were 

performed by the subroutines of the XMP system [25]. 

6.2. Effect of the Sieve Strategy 

Tables 2, 3, 4, 5, 6, 7, 8 and 9 summarize computa

tional results for different shrink rates for problems TOYODA, 

AMOCO, APM and RANDOM. The "Shrink" column gives the shrink 

- rate sand "No· Sieve" means that the sieve strategy was not 

used. The "No. of Variables Locked" column gives the number 

of variables locked using the sieve strategy (for No Sieve 

case, the sieve strategy is not used in locking of variables) 

at the top of the tree. "Best Discard" column gives the 

largest upper bound that was discarded using the modified 

bounding test. "Final Incumbent" column gives the value of 

the final incumbent. "Final % Gap" is the gap between the 

best discard and the final incumbent value as a percentage 

of the best discard. "Total LP Pivots," "Direct Hits" and 

"Indirect Hits" columns give the number of total LP pivots, 

number of direct hits and the number of indirect hits made 

during the run. "CPU Time" column gives the computation 

time in CPU minutes and seconds for a VAX/VMS 11/780. 

All computations for the different shrink rates (and 

also for "no sieve" case) for all the four problems were 



Table 2. 

Shrink 

2.0 
3.0 

4.0 
5.0 
6.0 
7.0 
8.0 
9.0 

10.0 
12.0 

14.0 
20.0 

25.0 
30.0 
No Sieve 

Effect of the sieve strategy on TOYODA problem (initial LB by P&C). --
Initial LB =7761.0; Initial % Gap = 1.00. 

No. of Final Best Final Total LP Direct Indirect CPU Time Variables 
Locked Incumbent Discard % Gap Pivots Hits Hits Min:Sec 

46 7761. 0 7827.73 0.85 261 11 30 24.51 

44 7761.0 7824.56 0.81 383 33 58 31.48 

43 7761.0 7821.09 0.77 461 42 68 36.74 

42 7761.0 7819.43 0.75 566 55 71 42.03 

41 7761.0 7819.43 0.75 616 61 80 45.57 

40 7761. 0 7819.43 0.75 691 67 63 49.41 

38 7772.0 7819.43 0.61 1149 73 96 1:11.30 

37 7772.0 7797.06 0.32 1343 93 172 1:26.56 

37 7772.0 7796.09 0.31 1512 103 183 1:34.57 

37 7772.0 7796.09 0.31 1761 114 225 1:49.51 

36 7772.0 7796.09 0.31 2006 124 252 2:01.95 

30 7772.0 7792.06 0.26 3397 149 675 3:22.65 

27 7772.0 7781. 95 0.13 4516 176 1045 4:33.41 

25 7772.0 7777.26 0.07 5182 192 1311 5:19.39 

22 7772.0 0.00 5399 203 1465 5:46.93 

co 
o 



Table 3. 

Shrink 

2.0 

4.0 

6.0 

8.0 

10.0 

12.0 

20.0 

30.0 

40.0 

50.0 

No Sieve 

Effect of the sieve strategy on AMOCO problem (initial LB by P&C). --
Initial LB = 33931.0; Initial % Gap = 2.17. 

No. of Final Best Final Total LP Direct Indirect CPU Time Variables 
Locked Incumbent Discard % Gap Pivots Hits Hits Min:Sec 

93 33931. 99 34655.06 2.09 142 7 20 1: 48.45 

87 33931. 99 34565.98 1. 83 393 23 47 2:02.72 

83 33931. 99 34559.31 1. 82 491 29 44 2:05.08 

79 33931.99 34531.46 1. 74 763 70 69 2:25.89 

76 33931.99 34500.65 1. 65 869 77 116 2:37.21 

73 33931. 99 34477.87 1.58 1530 131 157 3:12.82 

65 33931. 99 34464.12 1.54 3710 269 418 5:27.98 

60 33931. 99 34301. 61 1.08 8481 650 1114 10:28.30 

50 33931. 99 34214.02 0.82 13245 902 1519 15:42.26 

49 33931. 99 34165.48 0.34 11577 696 1359 13:57.60 

30 34050.86 0.00 15580 929 2054 20:04.71 

00 
t-' 



Table 4. Effect of the sieve strategy on APM problem (initial LB by P&C). --
Initial LB = 35860.0; Initial % Gap = 2.38. 

No. of Final Best Final Total LP Direct Indirect CPU Time Variables Shrink Locked Incumbent Discard % Gap Pivots Hits Hits Min:Sec 

2.0 80 35860.0 36707.19 2.308 206 16 45 1:20.83 

4.0 75 35860.0 36678.97 2.233 287 79 132 1:30.96 

6.0 72 35860.0 36623.34 2.084 330 91 210 1:31.41 

8.0 71 36860.0 36623.34 2.084 380 91 315 1:36.48 

10.0 68 35860.0 36582.60 1. 975 460 107 389 1:45.49 

12.0 66 35860.0 36582.60 1.975 516 120 436 1:48.43 

16.0 62 36316.0 36545.63 0.628 1093 211 819 2:45.71 

20.0 58 36414.0 36476.54 0.171 1063 214 959 2:45.12 

25.0 56 36414.0 36470.44 0.154 1202 188 997 2:51.02 

30.0 53 36414.0 36424.07 0.028 1259 180 1007 3:01.03 

40.0 44 36414.0 36424.07 0.028 1410 181 1121 3:13.49 

50.0 37 36414.0 36424.07 0.028 1481 208 1154 3:18.24 

60.0 29 36414.0 36424.07 0.028 1569 232 1298 3:29.56 
00 

No Sieve 15 36414.0 0.000 1909 231 1316 4:05.11 N 



Table 5. Effect of the sieve strategy on RANDOM problem (initial LB by P&C). --
Initial LB = 39016.0; Initial % Gap = 6.64. 

No. of Final Best Final Total LP Direct Indirect CPU Time Variables Shrink Locked Incumbent Discard % Gap Pivots Hits Hits l'1in:Sec 

2.0 36 39016.0 41471.89 5.92 394 66 25 25.95 

3.0 34 39016.0 41282.32 5.50 448 72 79 28.29 

4.0 31 39016.0 41247.09 5.41 1144 170 86 1:03.79 

5.0 28 39016.0 41061.17 4.98 1845 244 419 1:35.87 

6.0 28 39016.0 41061.17 4.98 2220 350 643 1:45.30 

8.0 26 39016.0 40881.17 4.56 3472 573 1032 2:57.26 

10.0 24 39016.0 40744.85 4.24 8990 1214 1656 8:00.09 

12.0 21 39016.0 40638.90 4 . .00 8378 1024 2757 6:50.01 

16.0 19 39016.0 40366.57 3.35 18562 2218 5229 14:23.67 

20.0 14 39016.0 40219.96 2.99 21064 2063 7807 16:29.32 

25.0 10 39016.0 40060.31 2.61 29799 2524 12416 22:03.76 

No Sieve 1 39016.0 0.00 47769 2583 22633 32:06.05 

00 
w 



Table 6. Effect of the sieve strategy on TOYODA problem (initial % gap 

No. of Final Best Final Total LP Direct Indirect Variables Shrink Locked Incumbent Discard % Gap Pivots Hits Hits 

2.0 31 7761. 0 7813.39 0.67 720 . 25 37 

4.0 21 7761. 0 7814.36 0.68 1920 28 149 

6.0 15 7761. 0 7814.36 0.68 1986 17 142 

8.0 13 7761. 0 7813.38 0.67 2750 48 147 

10.0 12 7761. 0 7808.92 0.61 2861 56 173 

12.0 11 7761.0 7812.97 0.66 2782 41 123 

14.0 10 7761. 0 7799.31 0.49 4212 80 220 

No Sieve 6 7772.0 0.00 11479 188 1331 

10.0) . 

CPU Time 
Min: Sec 

50.48 

2:19.84 

2:35.70 

3:21.61 

3:36.26 

3:37.65 

5:10.91 

13:32.41 

ex> 
+="-



Table 7. 

Shrink 

2.0 

4.0 

6.0 

8.0 

10.0 

12.0 

No Sieve 

Effect of the sieve strategy on AMOCO problem (initial % gap = 10.0). 

No. of Final Best Final Total LP Direct Indirect CPU Time Variables 
Locked Incumbent Discard % Gap Pivots Hits Hits Min: Sec 

77 33931. 99 34522.80 1. 71 824 39 46 53.24 

67 33931. 99 34521. 84 1. 71 1147 53 60 1:20.53 

61 34050.86 34567.87 1. 50 '985 46 32 1:08.08 

53 34050.86 34567.87 1.50 1279 53 56 1:28.82 

50 34050.86 34555.02 1.46 1459 65 73 1: 41. 86 

46 34050.86 34534.59 1.40 1639 74 73 1:55.46 

0 34050.86 0.00 15883 921 2055 18:10.51 

ex> 
VI 



Table 8. 

Shrink 

2.0 

4.0 

6.0 

8.0 

10.0 

12.0 

No Sieve 

Effect of the sieve strategy on APM problem (initial % gap 10.0). 

No. of Final Best Final Total LP Direct Indirect CPU Time Variables Incumbent Discard % Gap Pivots Hits Hits Min: Sec Locked 

71 36316.0 36623.34 0.839 1086 184 832 1:29.55 

63 36402.0 36576.24 0.476 1511 171 859 2:18.66 

57 36414.0 36476.54 0.171 1158 203 879 1:4l.29 

51 36414.0 36433.56 0.054 1248 221 923 1:47.15 

43 36414.0 3643'3.56 0.054 1286 228 984 1:55.35 

38 36414.0 36433.56 0.054 1426 238 1044 2:05.48 

0 36414.0 0.000 7659 95 681 12:47.95 

00 
Cl' 



Table 9. 

Shrink 

2.0 

3.0 

4.0 

5.0 

6.0 

7.0 

8.0 

10.0 

Effect of the sieve strategy on RANDOM problem (initial % gap 10.0) . 

No. of Final Best Final Total LP Direct Indirect CPU Time Variables 
Locked Incumbent Discard % Gap Pivots Hits Hits Min:Sec 

34 None 41282.32 647 123 88 29.73 

30 None 41214.87 1284 259 282 57.31 

28 39016.0 41061.17 4.98 3584 537 678 2:49.63 

26 39016.0 40881.17 4.56 3477 509 821 2:50.55 

24 39016.0 40841.15 4.47 4103 588 1150 2:56.91 

23 39016.0 40744.85 4.24 9414 1193 1793 7:32.48 

21 39016.0 40638.90 3.99 6770 713 1816 5:40.15 

19 39016.0 1 Hour 
Time Limit+ 

00 

" 



done by using the following set of parameters and strate

gies: 

1. We take K = 5 and L = 4, where K is the maximum 

number of nodes selected for each expansion and L 

is the maximum number of levels these nodes were 

expanded. 
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2. The candidate selection was done by using the dis

counted upper bound strategy. 

3. For TOYODA, AMOCO and APM problems a basis was . saved 

for each depth at which a resource space tour was 

made. Each resource space tour was made. starting 

from the saved basis for that depth (if available) 

or from the saved basis at a lesser depth. 

For RANDOM problem, each resource space tour was 

started with an all slack basis. 

4. The variables were locked whenever possible using 

the sieve strategy except for the no-sieve case in 

which the variables were locked without using the 

sieve strategy. 

5. The following procedure was used to determine the 

branching order. 

a. First all the variables which could be locked 

without using the sieve strategy are locked. 

b. All the variables at their upper bounds in the 

optimal solution of the initial LP problem are 
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ordered according to their relative profits. 

Any variable among these variables which can be 

locked using the sieve strategy (see Section 

5.5) is locked next. 

c. All the variables at their lower bound in the 

optimal solution of the initial LP problem are 

ordered according to the negative value of 

their relative profits. Any variables among 

these variables that can be locked using the 

sieve strategy are locked next. 

d. The branching order is then taken in the follow

ing sequence. 

i. All the basic variables according to their 

absolute values in the optimal solution of 

the initial LP problem. 

ii. All the variables at their upper bounds 

which were not locked, according to their 

relative profits. 

iii. All the variables at their lower bounds 

which were not locked, according to the 

negative value of their relative profits. 

This branching order is kept fixed during tne 

execution of the algorithm. If a new incumbent is 

found later, then we try to lock additional vari

ables at the same level they are to be branched on. 
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Note that if we are not using the sieve strategy 

in locking of variables, then the branching order 

is simply given as follows: First all the basic 

variables according to their absolute values in the 

()ptimal solution of the initial LP problem, then all 

the variables at their upper bounds according to 

their relative profits and finally all the variables 

at· their lower bou..'1ds according to the negative 

value of their relative profits. 

We call this branching order the branching 

order 1. 

Tables 2, 3, 4 and 5 show the effect of the sieve 

strategy on TOYODA, AMOCO, APM and RANDOM problems when the 

starting lower bound was found by using Balas and Martin's 

Pivot and Complement (P & C) heuristic procedure [4]. 

The P & C heuristic was quite effective on all the 

four problems. For RANDOM problem it succeeded in finding 

the optimal solution. For TOYODA problem, the heuristic 

solution value was within 0.15 percent of the optimum. For 

AMOCO problem, it was within 0.35 percent of the optimum 

and for APM problem, it was within 1.52 percent of the 

optimum. 

Tables 6, 7, 8 and 9 summarize the effect of the 

sieve strategy on TOYODA, AMOCO, APM and RANDOM problems 
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when the starting lower bound was assumed to be 90 percent 

of the value of the initial LP relaxation. 

All eight tables clearly show the tradeoff between 

the computational effort expended and the final gap obtained. 

As the shrink rate s increases the final gap decreases and 

the number of total LP pivots and CPU time increase. 

Our main surprise was that even for a gap as big as 

10 percent the computational effort required was comparable 

to that in the case of small initial gap. Indeed for the 

AMOCO problem, the results were better for an initial gap 

of 10 percent than those for an initial gap of 2.17 percent. 

The reason for this lies in the fact that the Selective 

Expansion Method succeeded in finding a good integer solu-

tion quite early in the search. 

6.3. A Comparison of ~he Selective 
Expansion Strategy Versus the 

Complete Expansion Strategy 
Versus the Best Bound Strategy 

Tables 10, 11 and 12 summarize the computational 

results for the Selective Expansion strategy, the Complete 

Expansion strategy and the Best Bound strategy applied to 

APM problem. 

The Selective Expansion strategy was applied to APM 

problem with K = 5 and L = 4. The candidate selection was 

done by using the di~counted upper bound strategy. 



Table 10. Computational results for the selective expansion strategy 
(APM prob1em).* 

No. of Final Best Final Total LP Direct Indirect CPU Time 
Shrink Variables Incumbent Discard % Gap Pivots Hits Hits Min:Sec Locked 

2.0 80 35860.0 36707.19 2.308 206 16 45 1:20.83 

4.0 75 35860.0 36678.97 2.233 287 79 132 1:30.96 

8.0 71 36860.0 36623.34 2.084 380 91 315 1:36.48 

12.0 66 35860.0 36582.60 l. 975 516 120 436 1:48.43 

16.0 62 36316.0 36545.63 0.628 1093 211 819 2:45.71 

20.0 58 36414.0 36476.54 0.171 1063 214 959 2:45.12 

25.0 56 36414.0 36470.44 0.154 1202 188 997 2:5l.02 

30.0 53 36414.0 36424.07 0.028 1259 180 1007 3: Ol. 03 

40.0 44 36414.0 36424.07 0.028 1410 181 1121 3:13.49 

No Sieve 15 36414.0 0.000 1909 231 1316 4:05.11 

* Table 10 is a part of Table 4; reproduced for the ease of comparison. '" N 



Table 11. Computational results for the complete expansion strategy 
(APM problem). 

No. of Final Best Final Total LP Direct Indirect CPU Time Variables Shrink Locked Incumbent Discard % Gap Pivots Hits Hits Min:Sec 

2.0 80 35860.0 36707.19 2.31 234 7 4 1:33.25 

4.0 75 35860.0 36678.97 2.23 246 8 12 1:3l.68 

8.0 71 35860.0 36623.34 2.08 463 13 69 1:47.90 

12.0 66 35860.0 36582.60 l. 98 603 14 111 1:55.92 

16.0 62 3631l. 0 36545.63 0.64 4178 51 767 10: 5l.15 

20.0 58 36168.0 1 Hour Time 
Limit+ 

25.0 56 3619l. 0 1 Hour Time 
Limit+ 

\.0 
W 



Table 12. Computational results for the BEST BOUND strategy (APM problem) . 

No. of Final Best Final Total LP Direct Indirect CPU Time Variables Shrink Locked Incumbent Discard % Gap Pivots Hits Hits Min; Sec 

2.0 80 35860.0 36707.19 2.308 235 9 2 1:36.53 

4.0 75 35860.0 36678.97 2.233 260 16 4 1:51.55 

8.0 71 35860.0 36223.34 2.084 729 75 7 3:55.53 

12.0 66 35860.0 36582.60 1. 975 1404 120 5 5:14.32 

16.0 62 36288.0 36545.63 0.705 2324 162 21 8:10.29 

20.0 58 36414.0 36476.54 0.171 2605 166 27 9:33.81 

25.0 56 36414.0 36470.44 0.155 2620 148 19 9:44.75 

30.0 53 36414.0 36444.76 0.084 3644 203 32 13:46.29 

40.0 44 36414.0 36444.76 0.084 3861 189 34 15:00.11 

No Sieve 15 36414.0 0.000 5342 274 53 20:30.99 

\0 
-P'-



For the Complete Expansion strategy, a resource 

space tour was made at each depth. 
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For the Best Bound strategy (K = 1, L = 1), the 

node with the best bound was selected as the current candi

date problem. 

For all three strategies, the branching order was 1 

and each resource space tour was started with a saved basis 

(see Section 6.2). Variables were locked whenever possible 

using the sieve strategy. 

The P & C heuristic was applied only once at the top 

of the tree to find an initial bound. The values of shrink 

used covered a range of 2.0 to 40.0. The case of no sieve 

was also tried (except for the Complete Expansion case). 

For the Complete Expansion strategy case (see Table 

11) the results compared well with the Selective Expansion 

strategy case (Table 10) for very small shrink values (up 

to shrink = 12.0), but for relatively large shrink values 

the computing time increased very rapidly. For a shrink 

value as low as 20.0, it exceeded a time limit of one CPU 

hour of VAX/VMS 11/780. 

The Best Bound strategy case (Table 12) required a 

lot more LP pivots and CPU time than the Selective Expansion 

strategy case (Table 10). When we did not use the sieve 

strategy (i.e., we solved APM problem to exact optimality), 
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the Best Bound strategy case required more than 5 times the 

time required for the Selective Expansion case. 

Summarizing, we can say that the Selective Expansion 

strategy performed very much better on APM as compared to 

both the Complete Expansion strategy and the Best Bound 

strategy. 

6.4. Effect of Different K and L Values 

Tables 13, 14 and 15 summarize the effect of using 

different K and L values for TOYODA, AMOCO and APM problems. 

All the computations were performed tG exact opti

mality (the sieve strategy was not used). The branching 

order was 1 and a saved basis was used to start each re

source space tour. Variables were locked whenever possible 

without using the sieve strategy. The P & C heuristic was 

applied only once at the top of the tree to find an initial 

lower bound. The candidate selection was done by using the 

discounted upper·bound strategy. 

For all three problems the (K = 5, L = 4) combina

tion seemed to fare much better than any other combination 

tried. 

6.5. Effect of Different Branching Orders 

Tables 16 and 17 report the results for different 

branching orders for TOYODA and APM problems. The different 

branching orders we tried are the following: 
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Table 13. Effect of different values of K and L (TOYODA 
problem). 

K L 

1 4 

1 6 

5 2 

5 4 

10 2 

Total LP 
Pivots 

12604 

9397 

9762 

5399 

8089 

Direct 
Hits' 

542 

.491 

236 

203 

154 

Indirect 
Hits 

1120 

2304 

623 

1465 

708 

CPU Time 
Min: Sec 

12:43.96 

9:33.98 

10:06.89 

5:46.93 

8:37.35 
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Table 14. Effect of different values of K and L (AMOCO 
problem) . 

K L 

1 4 

1 6 

5 2 

5 4 

10 2 

Total LP 
Pivots 

33770 

20052 

28639 

15580 

22519 

Direct 
Hits 

2180 

2310 

961 

929 

631 

Indirect 
Hits 

803 

1559 

1073 

2054 

1401 

CPU Time 
Min:Sec 

40:36.65 

26:30.65 

33:07.44 

20:04.71 

27:57.17 
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Table 15. Effect of different values of K and L (APM 
problem) . 

K L 

1 4 

1. 6 

5 2 

5 4 

10 2 

Total LP 
Pivots 

2883 

2781 

2238 

1909 

2406 

Direct 
Hits 

660 

789 

118 

231 

113 

Indirect 
Hits 

687 

2815 

359 

1316 

620 

CPU Time 
Min:Sec 

6: 11. 64 

6:08.86 

4:32.43 

4:05.11 

4: 21. 46 
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Table 16. Computational results for different branching 
orders (TOYODA problem) . 

Branching 
Order 

1 

2 

3 

4 

Total LP 
Pivots 

12122 

6360 

1836 

9186 

Direct 
Hits 

200 

178 

45 

1062 

Indirect 
Hits 

4171 

369 

191 

3977 

CPU Time 
Min: Sec 

13:51.48 

6:46.75 

2:12.90 

10:34.71 
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Table 17. Computational results for different branching 
orders (APM problem) . 

Branching 
Order 

1 

2 

3 

4 

Total LP 
Pivots 

1951 

1296 

3661 

Direct 
Hits 

334 

121 

792 

Indirect 
Hits 

1639 

536 

2493 

CPU Time 
Min: Sec 

4:54.09 

25 Minute 
Time Limit+ 

3:16.62 

8:33.80 
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Branching order 1 was explained in Section 6.2. 

Branching order 2 was found as follows. 

a. All the variables at their upper bounds in the 

optimal solution of the initial LP problem are 

the first to be branched on. These variables 

a.re ordered according to their relative profits 

in the optimal tableau and the one with the 

largest relative profit will be the first 

branching variable. 

b. All the basic variables in the optimal solution 

of the initial LP problem are the next to be 

branched on. These variables are ordered accord

ing to their absolute values in the optimal 

solution, with the variable with the largest 

absolute value to be the first branching vari

able among all these variables. 

c. All the variables at their lower bounds in the 

optimal solution of the initial LP problem are 

the last to be branched on. These variables 

are ordered according to the negative value of 

their relative profits, with the 9ne with the 

largest negative relative profit to be the first 

branching variable among all these variables. 

3. In branching order 3, all the variables are ordered 

according to their objective function coefficients, 



with the one with the largest objective function 

coefficient to be the first branching variable. 

4. In branching order 4, the branching order is the 

same as the ordering of variable in the problem, 
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i.e., the branching variable for depth j is variable 

Xj . That is, no special ordering is done. 

All the runs are made to exact optimality, with no 

locking of variable at any time during the execution of the 

algorithm. A saved basis was used to start each resource 

space tour. The P & C heuristic was used only once at the 

top of the tree to find an initial lower bound; The candi-

date selection was done by using the discounted upper bound 

strategy. The values of K and L were 5 and 4. 

Among all the four branching orders we tried, the 

branching order 3 was the most efficient for both TOYODA and 

APM problems. This was evidently because of the very large 

range of magnitudes found in the objective coefficients. 

Our purpose here is only to demonstrate the large effect 

that branching order can have, not to advocate any particu-

1ar ordering. 

6.6. A Comparison of Saved Basis 
Versus All Slack Basis 

Tables 18, 20, 22 and 24 summarize the computational 

results for problems TOYODA, AMOCO, APM and RANDOM when a 



Table 18. Computational results for TOYODA problem when each resource space tour 
is started with a saved basis.* 

No. of Final Best Final Total LP Direct Indirect CPU Time Variables Shrink Locked "Incumbent Discard % Gap Pivots Hits Hits Min:Sec 

2.0 46 776l.0 7827.73 0.85 261 11 30 24.15 

3.0 44 7761.0 7824.56 0.81 383 33 58 3l.48 

4.0 43 776l. 0 782l. 09 0.77 461 42 68 36.74 

5.0 42 7761.0 7819.43 0.75 566 55 71 42.03 

6.0 41 776l. 0 7819.43 0.75 616 61 80 45.57 

7.0 40 776l. 0 7819.43 0.75 691 67 63 49.41 

8.0 38 7772.0 7819.43 0.61 1149 73 96 1:1l.30 

9.0 37 7772.0 7797.06 0.32 1343 93 172 1:26.56 

10.0 37 7772.0 7796.09 0.31 1512 103 183 1:34.57 

12.0 37 7772.0 7796.09 0.31 1761 114 225 1:49.51 

14.0 36 7772.0 7796.09 0.31 2006 124 252 2:0l.95 

No Sieve 22 7772.0 0.00 5399 203 1465 5:46.93 

* Table 18 is a part of Table 2; reproduced for the ease of comparison. I-' 
0 
+'-



Table 19. Computational results for TOYODA problem when each resource space tour 
is started with an all slack basis. 

No. of Final Best Final Total LP Direct Indirect CPU Time Variables Shrink Locked Incumbent Discard % Gap Pivots Hits Hits Min:Sec 

2.0 46 776l. 0 7827.73 0.85 171 11 30 3l. 58 

3.0 44 7761.0 7824.56 0.81 296 33 58 4l. 33 

4.0 43 7761.0 782l.09 0.77 368 42 68 50.09 

5.0 42 776l. 0 7819.43 0.75 446 55 71 57.77 

6.0 41 776l. 0 7819.43 0.75 504 61 80 1:01.16 

7.0 40 776l. 0 7819.43 0.75 527 67 63 1:03.85 

8.0 38 7772.0 7819.43 0.61 775 73 96 1:30.28 

9.0 37 7772.0 7797.06 0.32 1024 93 172 1:57.96 

10.0 37 7772.0 7796.09 0.31 1141 103 183 2:08.68 

12.0 37 7772.0 7796.09 0.31 1341 114 225 2:29.64 

14.0 36 7772.0 7796.09 0.31 1482 124 252 2:48.70 

No Sieve 22 7772.0 0.00 3670 203 1465 8:16.77 

t-' 
0 
lJl 



Table 20. Computational results for AMOCO problem when each resource space tour 
is started with a saved basis.* 

No. of Final Best Final Total LP Direct Indirect CPU Time Variables Shrink Locked Incumbent Discard io Gap Pivots Hits Hits Min: Sec 

2.0 93 3393l. 99 34655.06 2.09 142 7 20 1:48.45 

4.0 87 3393l. 99 34565.98 l. 83 393 23 47 2:02.72 

6.0 83 3393l. 99 34599.31 l.82 491 29 44 2:05.08 

8.0 79 33931.99 3453l. 46 l. 74 763 70 69 2:25.89 

10.0 76 3393l. 99 34500.65 l. 65 869 77 116 2:37.21 

12.0 73 3393l. 99 34477.87 l. 58 1530 131 157 3:12.82 

No Sieve 30 34050.86 0.00 15580 929 2054 20:04.71 

* Table 20 is a part of Table 3; reproduced for the ease of comparison. 

t-' 
o 
(J'. 



Table 21. Computational results for AMOCO problem when each resource space tour 
is started with an all slack basis. 

No. of Final Best Final Total LP Direct Indirect CPU Time 
Shrink Variables Incumbent Discard % Gap Pivots Hits Hits Min:Sec Locked 

2.0 93 33931. 99 34655.06 2.09 157 7 20 2:21.90 

4.0 87 33931.99 34565.98 1. 83 316 25 45 2:47.02 

6.0 83 33931. 99 34559.31 1. 82 395 30 43 2:59.31 

8.0 79 33931. 99 34531.46 1. 74 638 75 64 3:33.75 

10.0 76 33931. 99 34500.65 1.65 741 76 117 3:44.29 

12.0 73 33931. 99 34477.87 1. 58 1245 133 155 4:53.53 

No Sieve 30 34050.86 0.00 13395 977 2006 37:02.97 

I-' 
o 
--.J 



Table 22. Computational results for APM problem when each resource space tour 
is started with a sa~ed basis.* 

No. of Final Best Final Total LP Direct Indirect CPU Time Variables Shrink Locked Incumbent Discard % Gap Pivots Hits Hits Min: Sec 

2.0 80 35860.0 36707.19 2.308 206 16 45 1:20.83 

4.0 75 35860.0 36678.97 2.233 287 79 132 1:30.96 

6.0 72 36860.0 36623.34 2.084 330 91 210 1:31.41 

8.0 71 36860.0 36623.34 2.084 380 91 315 1:36.48 

10.0 68 35860.0 36582.60 1. 975 460 107 389 1:45.49 

12.0 66 35860.0 36582.60 1. 975 516 120 436 1: L~8. 43 

No Sieve 15 36414.0 0.000 1909 231 1316 4:05.11 

* Table 22 is a part of Table 4; reproduced for the ease of comparison. 

I-' 
o 
Co) 



Table 23. Computational results for APM problem when each resource space tour 
is started with an all slack basis. 

No. of Final Best Final Total LP Direct Indirect CPU Time Variables Shrink Locked Incumbent Discard % Gap Pivots Hits Hits Min:Sec 

2.0 80 35860.0 36707.19 2.308 238 10 51 1:4l.04 

4.0 75 35860.0 36678.97 2.233 396 77 134 1:58.96 

6.0 72 35860.0 36623.34 2.084 502 87 214· 2:07.74 

8.0 71 36860.0 36623.34 2.084 596 93 313 2:18.54 

10.0 68 35860.0 36582.60 l. 975 753 95 401 2:40.69 

12.0 66 35860.0 36582.60 l. 975 792 94 462 2:47.46 

No Sieve 15 36414.0 0.000 3677 568 1450 9:30.17 

t-' 
o 
'" 



Table 24. Computational results for RANDOM problem when each resource space tour 
is started with a saved basis. 

No. of Final Best Final Total LP Direct Indirect CPU Time Variables Shrink Locked Incumbent Discard % Gap Pivots Hits Hits Min:Sec 

2.0 36 39016.0 4147l. 89 5.92 432 66 25 42.83 

3.0 34 39016.0 41282.32 5.50 498 72 79 44.90 

4.0 31 39016.0 41247.09 5.41 1190 170 86 1:5l.45 

5.0 28 39016.0 4106l.17 4.98 1879 244 419 2:46.40 

8.0 26 39016.0 4088l.17 4.56 3766 573 1032 5:1l.99 

10.0 24 39016.0 40744.85 4.24 8990 1214 1656 8:00.09 

12.0 21 39016.0 40638.90 4.00 8559 1024 2757 13:06.07 

t-' 
t-' 
o 



Table 25. Computational results for RANDOM problem when each resource space tour 
is started with an all slack basis.* 

No. of Final Best Final Total LP Direct Indirect CPU Time 
Shrink Variables Incumbent Discard % Gap Pivots Hits Hits Min:Sec Locked 

2.0 36 39016.0 4147l. 89 5.92 394 66 25 25.95 

3.0 34 39016.0 41282.32 5.50 448 72 79 28.29 

4.0 31 39016.0 41247.09 5.41 1144 170 86 1:03.79 

5.0 28 39016.0 4106l.17 . 4.98 1845 244 419 1:35.87 

8.0 26 39016.0 4088l.17 4.56 3472 573 1032 2:57.26 

10.0 24 39016.0 40744.85 4.24 8990 1214 1656 8:00.09 

12.0 21 39016.0 40638.90 4.00 8378 1024 2757 6:50.01 

* Table 25 is a part of Table 5; reproduced for the ease of comparison. 

I-' 
I-' 
I-' 
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basis was saved to start each resource space tour. Tables 

19, 21, 23 and 25 report the results for TOYODA, AMOCO, APM 

and RANDOM problems when each resource space tour was 

started with an all slack basis. (Note that Tables 18, 20, 

22 and 25 are parts of Tables 2, 3, 4 and 5, reproduced for 

the ease of comparison of results.) 

For all the runs, K was equal to 5 and L was equal 

to 4. The P & C heuristic was applied only once at the top 

of the tree to find an initial lower bound. Variables were 

locked whenever possible using the sieve strategy. The 

branching 'order was 1 and the candidate selection was done 

by using the discounted upper bound strategy. 

Note that the computations for Tables 18, 20, 22 

and 25 were done on a different VAX/VMS 11/780 system than 

the VAX/VMS 11/780 system on which computations for Tables 

19, 21, 23 and 24 were done. Therefore the CPU times cannot 

be compared directly. However, the number of total LP 

pivots in each case provides a measure for comparing the 

results. 

It was surprising to see that using an all slack 

basis to start each resource space tour was somewhat more 

efficient than using a saved basis for three problems out 

of the four problems tried. The only problem for which 

computational results were better for the saved basis case 

was APM. 



6.7. A Comparison of the Discounted 
Upper Bound Strategy Versus the 

Best Bound Strategy 
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We performed some computational experiments using 

the discounted upper bound strategy and the best bound 

search strategy. However, the results were not much dif

ferent for the two strategies. 



CHAPTER 7 

CONCLUSION 

7.1. Summary 

This dissertation has presented a Fixed Order 

Branch-and-Bound method with the Selective Expansion of sub

problems and the application of the Sieve Strategy for the 

mixed integer programming problem and evidence of its 

computational effectiveness. 

The difficulty in solving large-scale mixed integer 

programming problems necessitates the use of heuristic 

algorithms which can find improved solutions and reduce the 

error estimates as quickly as possible. The work in this 

dissertation addresses these two objectives. 

The Selective Expansion Strategy uses a pre-selected 

and fixed branching order like the Complete Expansion 

Strategy, but instead of making a complete expansion at each 

depth, only a few nodes are selected and expanded to several 

levels down. The nodes selected for expansion are the nodes 

with the best bounds. This helps in reducing the error 

estimates rapidly. 

Earlier work on the use of the Sieve Strategy in the 

Complete Expansion context is extended to the Selective 

114 
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Expansion case. The Sieve Strategy is also used in a novel 

way for locking of variables. 

Many computational experiments were performed and 

the results are reported for several problems. 

Computational results for different values of the 

shrink parameter clearly show a tradeoff between the effort 

expended and the final error (i.e., final gap). The higher 

shrink values require more computation time and result in 

smaller final error .. 

The computational results also demonstrate that the 

Selective Expansion Strategy performs much better than the 

Complete Expansion Strategy or the Best Bound Strategy. 

7.2. Directions for Future Work 

The work presented in this dissertation can be ex

tended in several directions. Some of the more promising 

ideas for future research are given below. 

1. One can try to solve the (MIP) problems which have 

two sets of constraints (one "easy" and the other 

"difficult") by using a Fixed Order Branch-and-Bound 

method with Lagrangian relaxation replacing LP 

relaxation. 

2. Suppose we want to have a solution of (MIP) withi"ll 

€ x 100 percent of optimality. Then we can solve 

the problem using the Fixed Order Branch-and-Bound 
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method with the Selective Expansion Strategy and the 

adaptive sieve with shrink rate s. We can start 

with a relatively lower s value and solve the prob

lem. After completing the search if we find that 

we have failed to find a solution within E x 100 

percent of the optimality, then we can increase the 

shrink value s and evaluate the previously discarded 

nodes using the new value of s. We can repeat this 

procedure till we have foun~ a solution within the 

desired error. 
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