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ABSTRACT 

This dissertation considers a method for processing two-dimensional (2-D) 

signals (e.g. imagery) by transformation to a coordinate space where the 2-D 

operation separates into orthogonal I-D operations. After processing. the 2-D output 

is reconstructed by a second coordinate transformation. This approach is based on 

the Radon transform. which maps a two-dimensional Cartesian representation of a 

signal into a series of one-dimensional signals by line-integral projection. The 

mathematical principles of this transformation are well-known as the basis for 

medical computed tomography. This approach can process signals more rapidly than 

conventional digital processing and more flexibly and precisely than optical 

techniques. 

A new formulation of the Radon transform is introduced that employs a 

new transformation--the central-slice transform--to symmetrize the operations between 

the Cartesian and Radon representations of the signal and to aid in analyzing 

operations that may be susceptible to solution in this manner. 

It is well-known that 2-D Fourier transforms and convolutions can be 

performed by I-D operations after Radon transformation. as proven by the central

slice and filter theorems. Demonstrations of these operations via Radon transforms 

are described. An optical system has been constructed to derive the line-integral 

projections of 2-D transmissive or reflective input data. Fourier transforms of the 

projections are derived by a surface-acoustic-wave chirp Fourier transformer. and 

filtering is performed in a surface-acoustic-wave convolver. Reconstruction of the 

processed 2-D signal is performed optically. The system can process 2-D imagery at 

approximately 5 frames/second. though rates to 30 frames/second are achievable if a 

xii 
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faster image rotator is added. 

Other signal processing operations in Radon space are demonstrated, 

including Labeyrie stellar speckle interferometry, the Hartley transform, and the joint 

coordinate-frequency representations such as the Wigner distribution function. Other 

operations worthy of further study include derivation of the 2-D cepstrum, and 

several spectrum estimation algorithms. 



CHAPTER 1 

INTRODUCTION 

A signal can be defined as any detectable entity conveying information 

from a source to a receiver. Signals can be of any format and occupy any 

number of coordinate dimensions. The transfer of information between the source 

and receiver requires an exchange of coded energy through a medium of 

transmission called a communication channel. Coding is accomplished by varying, 

or modulating, some otherwise predictable characteristic of the medium. For 

example, some unknown being at the dawn of time discovered that breath 

expelled from the lungs could be modulated by a variable constriction in the 

throat to generate waves of variable duration and frequency in air. The resulting 

sounds were detectable at a distance by other beings equipped with suitable 

receivers. Eventually. meanings were associated with particular sounds to allow 

the communication of ideas. In this example, the transmitted signal is temporal, 

and hence one-dimensional (1-0), but the ancients could also convey two

dimensional (2-D) spatial information by modulating surface reflectance with 

pigment; this was the first means of signal storage. The information was 

retrieved at a later time by reflecting electromagnetic radiation from a source (a 

burning torch) off the medium (pigmented rock wall) to a detector (the human 

eye). After a time, conventi' 5 were established that enabled large quantities of 

information to be encoded into collections of a small number of special shapes-

the alphabetic characters. Still later, mechanisms were developed for replication 
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and distribution of the information, thus making it available to many potential 

users via printed words. 

Signal processing can be defined as any means by which one signal is 

converted into another. However, this definition is so broad as to be almost 

meaningless, since virtually all acts of communication so qualify. Two examples 

are the transformation of a thought ("Wanna see my etchings?") into modulated 

acoustic energy, and the inverse transformation of the detected sound into an 

interpretable message ("I'd rather eat berries."). A more suitable definition of 

signal processing would be limited to signal conversions where the output signal 

is a "better" representation of the conveyed information, in some sense, than the 

original signal. Even when using this stricter definition, a multitude of operations 

qualify as signal processing. Examples include augmenting signal-to-noise ratio 

(e.g. signal filtering), reducing the quantity of data required to convey a particular 

piece of information (signal coding or data compression), and transforming the 

signal into a more suitable representation for interpretation (e.g. Fourier 

transformation). 

Generally speaking, a signal is processed by applying it to a system, i.e. 

a set of rules that remap the energy distribution. The action of a system is often 

denoted by an operator acting on the input signal to produce an output, e.g. 

Of(x) = f'(x'). (I.I) 

The most common systems used in signal processing are linear, i.e. they satisfy 

the following requirement: 

O[o:f(x) + Ilg(x)] = 0: O[f(x)] + Il O[g(x)] 

= 0: f'(x') + Il g'(x'), ( 1.2) 

~--~--------------~-------------------
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where Q: and (J are any complex constants. This equation expresses the principle 

of superposition, i.e. the response of a system to' a linear combination of inputs is 

the same linear combination of individual outputs. Linear systems can be 

specified by a superposition integral, or integral transformation: 

O[f(x)] :: f'(x') = J _: dx f(x) k(x;x'), 0.3) 

where k(x;x') is a function characteristic of the system 0 and is called the kernel 

of the transformation. The general superposition kernel is a function of both the 

input coordinate x and the output coordinate x'. In the special case where the 

kernel is a function of the difference between the input and output coordinates. 

i.e. k(x;x') = h(x'-x), the superposition becomes a convolution of the input 

function and the kernel, and is denoted by an asterisk. e.g. 

O[f(x)] = f'(x') = J 00 dx f(x) h(x'-x) :: f(x) • h(X)1 _ ; 
-00 x-x 

0.4) 

In common parlance, the kernel of a convolution is called an impulse response or 

point spread function (PSF). Since the size and shape of the kernel is constant 

for all points in the input space in a convolution, such a system is shift-invariant. 

The general superposition operator is shift-variant, because its kernel is a function 

of both the input and output coordinate. Much research in signal processing is 

directed at developing new algorithms and devices for implementing superposition 

operations. This effort can be expected to grow, as perceived needs develop that 

require processing ever-larger quantities of information more rapidly. 

In recent years, researchers have given much attention to optical methods 

for signal processing because of its oft-touted potential for processing large 

.. .... ------------------_. ----------------------- .---~- . 
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amounts of data very rapidly. Optical systems have the capability to perform 

identical operations in parallel on the entire data plane. and can therefore 

. convolve 2-D functions. In addition. spherical lenses intrinsically perform 2-D 

Fourier transformation. which is one of the most useful of all signal processing 

operations. For several reasons. however. the promise of optical signal processing 

has never come to fruition. These include limitations of available input/output 

devices for 2-D signals. noise considerations. mechanical stability requirements. and 

lack of processing flexibility. The use of optical processing has been restricted to 

a few applications where the system parameters can be carefully controaed (e.g. 

off-line synthetic aperture radar processing and stellar speckle interferometry). 

In marked contrast to the situation for optical signal processing. the 

technological capability of processors for 1-0 electronic signals is very high. 

having resulted from an intensive research and development program encompassing 

the last 40 years or more. The fruits of this research now present the el'ectronic 

design engineer with choices among such diverse device technologies as analog 

and digital electronics. charge-transfer devices. and acoustic wave processors. The 

devices exhibit a wide variety of available processing bandwidths. throughput 

capacities. and characteristics of precision. stability. and immunity to noise. 

However. they are not directly applicable to other signal formats. e.g. signals of 

two or more dimensions. For example. it should be obvious that any naive 

attempt to use a passive electronic bandpass filter (a 1-0 temporal processor) to 

reduce the noise of a Jackson Pollack painting (a 2-D spatial signal) is doomed to 

failure. However. if the signal format can be transformed in a manner making it" 

compatible with the processor. then it might be feasible to perform some useful 

processing operations. A very familiar example of such a transformation is the 
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television raster (Figure 1.1), where a 2-D spatial distribution of irradiance is 

mapped to a 1-0 temporal modulation of a radio frequency (RF) signal for 

transmission. The television receiver performs the inverse transform to regenerate 

a 2-D spatial image from the 1-0 signal. The sampling raster is the most 

common operation for creating a discrete matrix image f(n,m) from a 2-D scene 

for digital processing. The 2-D matrix can then be processed using 1-0 discrete 

signal-processing algorithms, e.g. the discrete Fourier transform in a digital 

computer. The raster was also the first dimensional transformation to be used in 

optical processing. Thomas (1966) derived a 2-D spatial signal from 1-0 

temporal data for application to a 2-D optical Fourier transformer. An extensive 

discussion of its application was made by Rhodes (1981a). 

There are other mathematical transformations available to match the 

dimensionality of signal and processor (Bartelt and Lohmann, 1981). This 

dissertation considers at length one such transformation whose properties make it 

particularly suitable for performing certain processing operations on signals of two 

or more dimensions. In the general case of a signal of M dimensions, a sequence 

of 1-0 signals is derived by integration over hyperplanes of M-l dimensions. In 

the 2-D case, integration is performed over sets of parallel lines. The 

transformed signal is comprised of the set of these 1-0 signals, or projections, 

that have been computed at all azimuth angles. The mathematical analysis of the 

forward and inverse transformation by projection was first described in detail by 

an Austrian, Johann Radon (1917), and the transformation now bears his name-

the Radon transform. Radon applied the theory to the solution of Poisson's 

differential equation in electrostatics, but his work has since been applied to a 

myriad of scientific disciplines, including crystallography, radio astronomy, 
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Figure 1.1. Transformation of 2-D Image to I-D Signal by Raster Scanning 
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geophysics, nuclear magnetic resonance, radiative scattering, and diagnostic 

radiology. A large number of papers in these fields have been published on the 

subject, especially within the last 15 years or so. For a good discussions of 

applications and extensive bibliographies, see Deans (1983) and Barrett (1984). 

But there is no doubt that the most familiar application of the Radon transform is 

in diagnostic radiology. X-iay computed tomography (CT). emission computed 

tomography (ECT), and magnetic resonance imaging (MRI) use Radon's mathematics 

to reconstruct cross-sectional images of a patient's body from sets of projection 

data. 

Radon's mathematical theory is most commonly employed to solve 

inverse problems, i.e. the unknown source function is reconstructed from a set of 

known projections. However, this discussion contends that certain processing 

operations on a signal of two or more dimensions are feasible and perhaps even 

desirable to perform via 1-0 operations on the projections. In other words. the 

Radon transform serves as dimensional transducer to generate 1-0 functions from 

a source function of higher dimensionality. and the inverse transform enables the 

processed output signai to be reconstructed for the processed projections, if 

required. Among the advanta~es that may accrue from this approach relative to 

conventional optical processing are fewer restrictions on the format and quality of 

input signals, better computational precision, increased flexibility, and greater 

convenience of displaying the output signal. Chapter 2 will consider the 

mathematical development of the Radon transform, including proofs of two 

important theorems that are relevant to signal processing via 1-0 operations. In 

chapter 3, the feasibility and inherent limitations of performing 2-D space-variant 

signal processing via 1-0 operations will be considered. Methods for generating 
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the Radon projections will be presented in Chapter 4, along with a discussion of 

1-0 devices appropriate for pedorming the signal processing. Chapter 5 will 

describe methods for implementing 2-D Fourier transformation, and will introduce 

the 1-0 chirp Fourier transform. Chapter 6 considers an experimental hybrid 

processor based on surface-acoustic-wave chirp filters for performing 2-D 

spectrum analysis and complex Fourier transforms in Radon space. Several signal 

processing operations based on the Fourier transform will be demonstrated in 

Chapter 7, including Labeyrie stellar speckle interferometry, the Hartley transform, 

and three joint coordinate-frequency representations of 2-D functions. In 

chapter 8, methods for image filtering and reconstruction will be discussed, while 

the final chapter will consider promising directions for future investigations. 



CHAPTER 2 

THE MATHEMATICAL BASIS FOR SIGNAL PROCESSING 
IN RADON SPACE 

This chapter will concentrate on developing the mathematics of the 

Radon transform, with emphasis placed on its characteristics useful for signal 

processing via I-D operations. The mathematical logistics can be intimidating, as 

at times there will be simultaneous consideration of as many as three different 

representations (Cartesian, polar, and Radon-space coordinates) of three different 

functions (input, integral kernel, and output). To minimize confusion, a standard 

convention for notation has been adopted that uses the most common conventions 

where possible, but with certain changes and additions for greater clarity. A 

compilation is presented in Table 1. For example, Cartesian coordinates are 

always denoted by square brackets, e.g. [x,y], and polar or polar-like coordinates 

by parentheses, e.g. (r,e) and (p,If». Lower-case functions (e.g. f[x,y], f(r,e» are 

coordinate-space representations, while upper-case functions denote frequency-space 

representations (e.g. F[tll]). Unprimed characters generally denote coordinates and 

representations in the input space, while primed characters exist in the output 

space. Bold-face coordinates (e.g. r) are vectors, with normal-face being scalars 

(e.g. r :: Irl). Operators are represented by bold-face upper-case script letters, 

with subscripts to denote the dimensionality, e.g. tTl is the I-D Fourier transform 

operator. If the functional representation on which an operator acts (Le. 

coordinate space or frequency space) is ambiguous, frequency-space operators are 

9 
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Table 1. Mathematical Notation 

Coordinates 

r = (r,e) = [x,y] 

r' = (r',e') = [x',y'] 

p = (p,e p) = [~,11] 

p' = (p·.ep·) = [~"11'] 

p = (lpl.cJ» = [p coscJ>, p sincJ>] 

p = ~ = [cos cJ>. sin cJ>] = (l.cJ» 

11 = </111.cJ>u) 

input coordinate space vector 

output coordinate space vector 

input frequency space vector 

output frequency space vector 

Radon pedal vector in coordinate space 

unit pedal vector in coordinate space 

Radon pedal vector in frequency space 

unit pedal vector in frequency space 

Operators 

Jt1 

Rotation by angle cJ> 

forward and inverse Radon transform 
operators in coordinate space 

Radon transform operator in frequency 
space 

1-0 and 2-D Fourier transform 
operators 

central-slice operator in coordinate 
space 

central-slice operator in frequency space 

azimuth-selector operator 

2-D Hartley transform operator. 
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Signal Representations 

f(r) = f[x,y] = f(r,e) 

f'(r') = f'[x'S'] = f'(r',e') 

k(r;r') 

h(r) :: k(r-r') 

F(p) , F'(p') 

Cfg(r,p) 

Aff(r,p) 

Wff(ro,p) 

coordinate-space representations of the 
input signal to a system 

coordinate-space representations of the 
output of a system 

coordinate-space representation of the 
general space-variant superposition 
kernel 

coordinate-space representation of the 
space-invariant kernel 

frequency-space representations of input 
and output 

Radon-space representation of the 
system input and output, respectively 

Central-slices of the coordinate-space 
representation of the system input and 
output 

Central-slices of the frequency-space 
representation of the system input and 
output 

Complex spectrogram of f(r) obtained 
with window function g(r) 

Ambiguity function of f(r) 

Wigner distribution function of f(r), 
WDF 

f( r 0 + ~) f*( r 0 - ~'). function 

product used in WDF 

,-----------,-------------------
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signified by a tilde over the operator, e.g. j 2 is the central-slice operator acting 

on a 2-D frequency-space representation. 

After the forward Radon transform has been defined and analyzed, the 

relationship between the Fourier transform of a source function and the 1-D 

Fourier transforms of its projections will be considered. This is expressed by the 

central-slice theorem and conveniently leads to the introduction of the central-slice 

operator. After a discussion of Fourier methods in Radon space, the inverse 

Radon transform is derived, thus enabling reconstruction of the source function 

from its projections. In the concluding section of this chapter, the filter theorem 

of Radon projections will be considered. This demonstrates that 2-D image 

filtering can be performed via I-D convolutions. 

Definition of The Radon Transform 

Given a 2-D function f(r) = f[x,y], the Radon projections are obtained 

by integration along the complete set of parallel lines at all angles. A line of 

integration can be specified by the perpendicular vector from that line to the 

origin (sometimes called the pedal vector p), which can, in turn, be represented 

by its magnitude (or range) p and azimuth relative to the x-axis et> (Le. (p,et» = 

[p coset>, p sinet>]). Consider first the simple case of projection parallel to the y-

axis (Figure 2.0. The pedal vectors for the integration lines lie along the x-axis, 

and therefore et> = O. Mathematically, this projection can be expressed by: 

hf(p,O) = J 00 dy f[x,y] I _. 
-00 x-p 

(2.0 
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y 

----------~~~~----~---------x 

--------------~------~------p 

Figure 2.1. Projection Along Lines Parallel to the y-Axis, i.e. q, = 0 

This can be rewritten using the sifting property of the Dirac delta function 

(Gaskill, 1978, p. 56): 

X/lP,O) = [dY [[ dx f[x,y 1 !(p-x) 1 

= J J 00 dxdy f[x,y] 8(p-x) = f[x,y] •• 8(x) I = ' 
- -00 x p 

(2.2) 

where •• denotes two-dimensional convolution. Note that the 2-D input function 

f[x,y] is convolved with a I-D delta function (or line mass) 8(x), thus collapsing 
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the area integral to a series of line integrals. In linear systems theory, this 

convolution generates the line-spread function (Gaskill, 1978, p. 339), so-named to 

indicate its similarity to the point-spread function (PSF) obtained by convolution 

with a 2-D delta function (point mass). 

This analysis can be generalized to projection at other azimuth angles by 

integrating along lines parallel to the yl/>-axis in a set of rotated coordinates 

[xl/>,yl/>] (Figure 2.2). The rotation of coordinates is defined by the operator fIJI/>: 

flJq,{f[x,y]} = fl/>[xl/>,yl/>] = f[xl/> cosl/> - yl/> sinl/>, xI/> sinl/> + yl/> cosl/>], (2.3) 

where fl/>[xl/>,YI/>] represents the source function f[x,y] in the rotated coordinate 

system. Substitution of (2.3) into (2.1) yields an expression for the projection of 

fer) at an arbitrary angle 1/>: 

= J co dYI/> f[xl/> coslP - yIP sinl/>, xI/> sinl/> + YI/> cosl/>] I (2.4) 
-co xl/>=P 

Rotation of the coordinate axes by I/> is equivalent to rotation of the 

function by -I/>. Thus, an equivalent expression is obtained by rotation of the 

line mass in eq. (2.2): 

Af(P,I/» = f[x,y] "'8 fIJ _",{l)(x)} = f[x,y] "'. o(x_l/» = f[x,y] •• o(x cosl/> + y sinl/» I 
." XI/> = p 

rCOJCO 
= J -co -co dx dy f[x,y] o[p - (X cosl/> + y sinl/»]. (2.5) 
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Figure 2.2. Projection at Arbitrary Azimuth 
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By identifying the Cartesian coordinates [x.y] = rand [cosrJ>. sinrJ>] = p (Table 1). a 

convenient expression for the Radon projection of a 2-D function is obtained: 

(2.6) 

where d2r denotes the 2-D differential area element and the subscript 00 indicates 

integration over the infinite plane. Several important features of the 2-D Radon 

transform are immediately apparent from this formula. First. it is a superposition 

integral of the form shown in eq. (1.3). and is therefore linear (Le. ~2{f(r) + g(r)} 

= ~2{f(r)} + ~2{g(r)}). The kernel of the transformation is a function of the 

scalar product of the input Cartesian coordinate r and the output polar-like 

coordinate P. rather than the difference of the input and output coordinates. 

Therefore. the Radon transform is space-variant. Other useful expressions for the 

Radon transform are: 

= Ipi J J 00 d2r f(r) 6[p . (p - r)]. (2.7) 

The last of these expressions can be easily understood with the aid of Figure 2.2. 

For a particular value of p = (P.rJ». the Dirac delta function limits the integration 

to those points where p - r is perpendicular to p. 

There are two choices for the domains of the new coordinates. If p is 

considered to be bipolar (-00 !5: p !5: (0). then Af(P.rJ» = Af( -P.rJ>+7T). and the azimuth 

angle can be limited to the range (0 !5: rJ> < 11'). Alternatively. a polar-coordinate

like convention could be used where p is limited to non-negative values and rJ> 
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runs over 21T radians. Usually the former choice is preferred, as it simplifies the 

mathematical development of the inverse Radon transform. A plot of the Radon

space representation hf(p,~) is often called a sinogram, since a point in Cartesian 

space maps to a sinusoid in Radon space (Figure 2.3). 

The Radon transform maps the input function to a new coordinate 

system by a superposition integral, so it could be argued that the· convention of 

primed output coordinates should apply. But the Radon transform is intended to 

serve as an intermediate step in other calculations, so it is more appropriate to 

retain unprimed coordinates. The same logic will be followed for frequency-space 

representations, i.e . .9"z{f(r)} = F(p), not F'(r'). 

The projection operation described by eq. (2.6) can be easily extended to 

functions of higher dimensionality (Barrett, 1984). For example, a I-D projection 

of a 3-D function can be obtained by integration over parallel 2-D planes. The 

I-D Dirac delta function in eq. (2.6) reduces a 3-D volume integral to a planar 

integral, where the plane is defined by three parameters (the radius p, azimuth ~. 

and colatitude 9) specifying the pedal vector of the plane. i.e. its perpendicular 

distance from the origin (Le. §e,{f[x,y.z]} = hf(p,9,~». 

The Central-Slice Theorem 

The central-slice theorem, which relates the 2-D Fourier transform of 

f(r) to the I-D transforms of its projections hf(P,~), is the source of the most 

important applications of the Radon transform. This easily proven relationship 

arises from the similarity between the kernels of the Radon and Fourier 

transforms. The 2-D Fourier transform is commonly defined. as: 



y 

----~~----------x 

O~---------T--~--~--
'----~p 

Cartesian Space Radon Space 

Figure 2.3. The Sinogram 
The Radon transform maps points in Cartesian space to sinusoids 

in Radon space 
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9'"z{f(r)} = F(p) = J J 00 d2r fer) e-21fip·r • (2.8) 

where p = (P.Op) = [~.11] is the 2-D spatial frequency vector. Like the Radon 

transform. the Fourier transform is a superposition integral whose kernel is a 

function of the scalar product of the input and output coordinates rand p. Both 

transformations are linear and space-variant. The central-slice theorem is most 

easily derived by taking the 1-0 Fourier transform of a Radon projection 

(eq. 2.6). where " is the conjugate coordinate to p: 
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(2.9) 

By substituting the definition of the projection (eq. 2.6) into eq. (2.9). the 

following expression is obtained: 

AfW •• ) = L: dp [I L d'r f(r) 6(p - r - p>] e-2• ivp . (2.10) 

After exchanging the order of integration. the integral over p can be evaluated by 

the sifting property of the Dirac delta function: 

Af(II.t/) = I Ioo d2r f(r) r: dp 5(p - r . p) e-27Tiup 

(2.11) 

Comparison of eqs. (2.8) and (2.11) identifies the relation between Af(u.t/) and 

F(p): 

Af(II.t/) = F(p) I ,.. = F(pu). 
p=pu 

(2.12) 

Thus the central-slice theorem demonstrates that the I-D Fourier transform of a 

Radon projection at azimuth angle t/) relative to the x-axis yields one radial line 

through the origin of the 2-D Fourier transform of the original function f(r). 

This line (central-slice) in Fourier space is oriented at the same azimuth angle ¢. 

but relative to the ~-axis (Figure 2.4). To simultaneously avoid and create 

confusion. the azimuth angle of the slice in frequency space will be signified by a 

subscript II. i.e. t/)u' Because it relates the Fourier transform of a projection to a 
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slice in the Fourier plane, this result is also known as the projection-slice 

theorem. 

Note that the 2-D frequency-space representation produced via the 

central-slice theorem has a sampling density in Cartesian frequency space that falls 

off as ,,-1 (Figure 2.5). This sampling nonuniformity must be compensated 

whenever a Cartesian-space representation is derived from a Radon-space 

representation, e.g. for qisplaying the 2-D Radon-Fourier transform or for 

reconstruction of the source function from its projections via the inverse Radon 

transform. This requirement will be discussed in greater detail when considering 

the central-slice operator. 

Insight into signal-processing operations can often be obtained by use of 

operator notation. As a first illustration, consider the expression for the 2-D 

Fourier transform via the central-slice theorem. The procedure is diagrammed 

schematically in Figure 2.6, where the sides of the box represent operations that 

relate the functions at the endpoints. To perform 2-D Fourier transformation 

via the Radon transform, the detour path into Radon space is taken. Central

slices of the 2-D Cartesian frequency-space representation are derived via the slice 

transform operator. Naturally, the inverse slice transform generates the Cartesian 

representation of the 2-D Fourier transform from the series of central slices. 

Though this may seem mathematically trivial, incorporating such an operator adds 

a pleasing symmetry to the derivation and will be helpful when investigating 

signal-processing operations that are feasible to perform via projections. The slice 

operator selects one bipolar radial line at azimuth t/J out of a 2-D function f(r), 

and can be expressed as a superposition integral whose kernel is a 2-D delta 

function. In coordinate space, the slice operator is defined: 



y 

71 

A( 71, <i?,) 

Figure 2.4. The Central-Slice Theorem 
The 1-0 Fourier transform of a projection yields one central-slice 

of the 2-0 Fourier transform. 
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Figure 2.5. Nonuniform Sampling of Frequency Space by the 
Radon Transform 

~--------------~-------------------------------------------------------
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f(r) g'z 
~ 

F(p) 

Cartesian Space [x.y] t 
§Ez J z-l 

t Radon Space (p,l/» 

hf(P,I/» g'1 .. Af(II,I/» 

Figure 2.6: Processing Schematic of the Central-Slice Theorem 

.f z{f(r,O)} = I lI'~(O_I/» dO I 00 dr f(r,O) ~(r-p) E "'f(P,I/». 
o -00 

(2.13) 

The slice operator maps Cartesian space [X,y] to polar-coordinates (p,I/», but with 

p and I/> displayed in sinogram format, i.e. with range p plotted as ordinate and 

azimuth I/> as abscissa (Figure 2.7). The same two choices for the domains of the 

output coordinates of the sinogram apply to slices, Le. either bipolar radial 

coordinate (-00 ~ p ~ 00) and a semicircle of azimuth (0 ~ I/> < 1T), or a polar-

coordinate-like representation: (0 ~ p ~oo) and (0 ~ I/> < 21T). Note that either 

choice may yield a discontinuous representation of a continuous function due to 

the discontinuity of the azimuthal coordinate, Le. "'f(P,I/» = "'f(P,I/>+21T) = "'f( -p,I/>+1T), 

as illustrated in Figure 2.7a. The former choice may be preferred for consistency 

with the treatment of the Radon transform. The same coordinates (p,l/» are used 



(a) 

(b) 

y f/J Or-------r--Tp----rlt~--...., 

f/& 

----4---~~~~---x 

p 
f~---------------, 

--+--T~--------t__x f/Jo'l---~--------~--~ 
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.!. 
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Figure 2.7. Examples of the Central-Slice Transform 
(a) f(r) is a square centered at the origin 

(b) f(r) is an off-axis square 
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for Radon space and central-slice space, since the two transformations are often 

cascaded. 

Since it is a superposition integral, the central-slice operator is clearly 

associative with respect to addition, i.e. linear: 

.f z{o:f(r) + pg(r)} = 0: .f z{f(r)} + P .f z{g(r)}, (2.14a) 

where 0: and P are arbitrary complex constants. Because it merely selects a 

particular radial line from a 2-D function, the slice operator preserves the value 

of the function at a point, and is thus associative with respect to any point 

operation (e.g. multiplication, exponentiation, logarithms): 

(2.14b) 

Of course, this last result is not true for the Radon transform operator !7tz. A 

point in a projection is influenced by all points in Cartesian space along the line 

of integration, and therefore the Radon transform is not associative with respect to 

point operations other than addition. 

It will be very useful to perform central-slice operations in frequency 

space as well. The expression for the frequency-space slice operator is: 

J z {F(p,8p)} = I lI'd8 6(8p - <Pv) J 00 dp F(p,8p) 6(p-v) :: \lIF(V,<Pv), 
o -00 

(2.15) 

where v = (v,<pv) defines the frequency-space bipolar radial vector of the selected 

slice, and the tilde signifies that the operator acts on a frequency-space 

representation. 

The slice operation merely transforms points from [x,y]-space to 

(p.<p)-space, and is therefore clearly invertible. By applying the Jacobian of the 

transformation, it is easy to show that the inverse central-slice transform in 

coordinate space is: 
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cf:a -l{1Pf(P)} = r 71'd/f) 6(/f)-8) J 00 p dp 1Pf(P,/f) 6(p-r) 
Jo -00 

(2.16) 

and the inverse transform in frequency space is: 

(2.17) 

Multiplication by the Jacobian <lpi or Ivl) compensates for the sampling 

nonuniformity illustrated in Figure 2.5. Using operator notation for the processes, 

the central-slice theorem can now be written: 

(2.18) 

The proof of the central-slice theorem given in eqs. (2.9)-(2.12) and 

pictured in Figure 2.6 was straightforward, due to the similarity of the Radon 

and Fourier kernels. However, it is not a satisfactory model for investigating 

other Radon-space signal-processing operations because no formal procedure for 

deriving the appropriate 1-0 kernel was established. With this goal in mind, 

consider the relationship between the kernels of 2-D and 1-0 Fourier 

transformation: 

k2(r,p) = e-271'ir'p = exp[ -271'ilrllpl cos(8-8p)], and 

k1(p,v) = e-271'ipv. 

(2.19a) 

(2.19b) 

In the 2-D Fourier kernel, the radial and angular coordinates of the polar 

representations are mixed together in the exponent. They can be separated by 

performing central-slice transforms on the 2-D kernel k2(r,p) in both the 

coordinate and frequency domains: 
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I 211' I 00 I 11' J 00 = d9 dr d9p dp e-211'ir'p ~(4)-9) ~(p-r) 5(4)v-9p) ~(v-p) 
o 0 0 -00 

= e-211'ipv(p'0') = exp[ -211'ipv cos(4)-4>v)]' (2.20) 

This expression has the form of the 1-0 Fourier kernel with an extra 

dependence on the azimuths of the vectors in the input and output spaces. This 

dependence can be removed by application of a new operator ..ttlt which selects 

the appropriate azimuth angle via a Dirac delta function: 

(2.21) 

where: 

(2.22a) 

The inverse azimuth selection operator is similar, but acts on the angle in 

frequency space: 

(2.22b) 

The transformation of the 2-D Fourier kernel to a 1-0 kernel appropriate for 

Radon-space implementation can be interpreted two ways. First,..tt l can act in 

unison with the two central-slice operators to generate the 1-0 Fourier operator, 

which in turn acts only on the radial coordinate of the Radon-space 
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representation. Here, it is appropriate to think of the Radon projections as 

functions only of p, as shown in the schematic in Figure 2.8a and as expressed 

in eq. (2.17). Alternatively, the two central-slice operators can be viewed as 

transforming the 2-D Fourier operator into a pair of commuting space-variant 

operators: the I-D Fourier transform operator tTl which acts only on the radial 

coordinate of the Radon-space representation, and a new operator hi which acts 

only on the azimuthal coordinate (Figure 2.8b). In this interpretation, the Radon-

space representation of the input is considered to be a two-dimensional function 

of p and c/> (i.e. a sinogram). Some operations that mix radial and angular 

components in Cartesian space can be separated into independent operations in 

Radon space. The operator notation for this interpretation of the central-slice 

theorem is: 

(2.23a) 

(2.23b) 

where the equality of the two terms on the right-hand side follows because tTl 

and hi operate on orthogonal coordinates in Radon space and therefore commute. 

Note that the duality of the coordinate- and frequency-space 

representations requires that other forms of the central-slice theorem exist. For 

example, a frequency-space version of the projection operator rJl z can be used to 

derive the inverse 2-D Fourier transform of F(p) via a "backward" central-slice 

theorem: 

I'r -1 _ ,. -1 ~ -1 ,;r -1 A\" 
iT Z - cJ Z -""1 iT 1 !'V z· (2.24) 

By the usual rules for operator manipulation, the operator inverse of eq. (2.24) 

yields another version of the forward central-slice theorem: 

-- .... -----------------



f(r) !Tz .. F(p) 

Cartesian Space [x.y] ~ 
~2 .,(,lJZ J z 

Jz-I 

t Radon Space (p,4» 

. !Tl ~ 
I\f(I1,4>,,) 

Af(P,4» 

f(r) !Tz .. F(p) 

Cartesian Space [x.y] ~. 
~z Jz J'z JZ-I 

t Radon Space (p,4» 

.,(,l!Tl 1\[(",4>,,) 
Af(p,4» .. 

Figure 2.8. Two Interpretations of the Central-Slice Theorem 
(a) as I-D operation on radial coordinate only 

(b) as orthogonal I-D operations on radial and azimuthal coordinates 
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tTz = rilz-1 tT, --", J'a = rilz-1 
--", tT, J'z . (2.25) 

In words, eq. (2.25) states that the 2-D Fourier transform can also be obtained 

by the following steps: 

(1) derive the central slices of f(r), i.e. 1/!f(P,I/», 

(2) select proper azimuth in frequency space: 1/!f(p,I/>/I) 

(3) I-D Fourier transform each slice over p to obtain 'I!(/I,I/>/I)' and 

(4) inverse Radon transform in frequency space to obtain F(p) 

(expressions for the inverse Radon transform operator will be derived in the next 

section). The second and third steps can be interchanged, since tT, and --"I 

commute. A schematic of this version of central-slice is shown in Figure 2.9. 

Note that even with the conventions adopted, there is still a plague of notational 

ambiguity: 'I!(/I,I/>/I) = hF(/I.I/>/I)' 

The central-slice theorem is the foundation for many of the potential 

applications of the Radon transform in signal processing. It is also provides the 

most direct route to the derivation of the inverse Radon transform, i.e. 

construction of the source function from its projections. 

The Inverse Radon Transform 

The mathematics of the Radon transform have usually been applied to 

solving the inverse problem. By consequence, there is a plethora of available 

publications devoted to solution of the inverse Radon transform. Before diving 

blindly into the mathematical derivation, one word of caution is in order; it is 

important to realize that the infinite set of projections is never collected in the 

real world. The data are generally sampled in both azimuth angle I/> and radial 

coordinate p, and have extraneous additive noise to boot. Therefore, the real-
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fer) tTa ... F(p) 

Cartesian Space [x.y] 

+ 
J"a J"a J a !Za -1 

+ 
Radon tpace (P.~) 

Af(P.!/) ~ltTl ... Af(/I'!/)/I) 

Figure 2.9. Alternate Formulation of the Central-Slice Theorem 

world reconstruction of a source function is not generally unique; hopefully. it is 

the "best" estimate of the source in some sense. This discussion of the inverse 

Radon transform will not consider the quantization or noise questions in detail, 

but will be limited to a straightforward mathematical derivation. Some comment 

will be made about those algorithms that are most appropriate in signal-processing 

applications. In-depth mathematical developments of the inverse transform are 

available from other sources. notably Rowland (1979), Helgason (1980), Deans 

(1983). and Barrett (1984). 

As stated previously. Fourier methods provide the most direct route to 

the inverse Radon transform. The polar form of the 2-D inverse Fourier 

transform is: 
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(2.26) 

After invoking the central-slice theorem (eq. 2.10, the following identifications are 

made: " = sgn(6p) -Ipl, 16pl = ~" = ~. and F(p) = F(iM = Af(IJ.~). The resulting 

expression is: 

This is one valid form of the inverse Radon transform. In words, it states that 

the reconstruction of a 2-D function f(r) is obtained from the complete set of its 

projections hf(P,~) by these steps: 

(I) 1-0 Fourier transform hf(P,~) to obtain Af(IJ,~). 

(2) multiply by 1"1, 

(3) inverse 1-0 Fourier transform the product [IIJIAf(IJ,I/»], 

(4) map this 1-0 function of p back onto 2-D space by "smearing" 

perpendicular to the line defined by p = r'p, and 

(5) repeat 0)-(4) while summing over 1/>. 

Steps (1)-(3) perform 1-0 filtering on the projections in Fourier space with 

transfer function 1111 to correct for the sampling nonuniformity of the 

transformation from Cartesian to Radon space previously discussed. The fourth 

step generates a 2-D function from these filtered projections by "smearing" the 

1-0 functions. This is commonly called back-projection since it is the 
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complementary operation to projection. The operations required to implement this 

algorithm are the source of its common name, filtered back-projection. 

It is instructive to rearrange these steps to obtain another recipe for the 

inverse transform (Barrett and Swindell, 1977, 1981). Back -projection and 

summation (steps 4,5) may be performed first to generate a 2-D unfiltered 

summation image (sometimes called a layergram). The point spread function of 

the layergram (Le. the reconstructed image of a delta function input obtained by 

back-projecting and summing its projections), has been shown by Peters (1974) to 

be her) = Irl-1
• The corresponding transfer function (Gaskill, 1978, p. 329) is 

9"'2{1rl-1
} = Ipi-i. In other words, the distortion of the layergram may be 

corrected by 2-D filtering with transfer function Ipl, Le. a linear boost in signal 

amplitude with spatial frequency. This 2-D operation is commonly known as 

rho-filtering, but often the 1-0 filtering operation with transfer function Ivl (step 2 

above) is called rho-filtering as well. The remainder of this discussion will 

accede to this imprecise convention. Rho-filtering compensates for the nonuniform 

sampling inherent in transformation to Radon space. In reality, noise tends to 

dominate the projection signal at high spatial frequencies, where the boost from 

rho-filtering is the greatest. For this reason, the rho-filter must be apodized. 

The effects of different apodizations on irr.age reconstruction has been studied 

extensively (for example, see Rowland, 1979), and will not be discussed here. 

The rationale for signal processing in Radon space was the elimination of 

unnecessary 2-D operations; therefore this image reconstruction algorithm will not 

be considered further. 

The inverse Radon transform (eq. 2.27) can be recast into a more 

concise form by invoking the filter theorem of Fourier transforms to create a 
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convolution of coordinate-space representations instead of product of their Fourier 

transforms. Steps (1-3) can be replaced by: 

(2.28) 

where h(p) :: !T1-11l"1l is the 1-0 filter function in the coordinate-space 

representation. Heiss and Welke (1986) considered the solution of the general 

problem !T zll"ln}, obtaining this result for n = I: 

h(p) = -2 f(n+ 1) sinhrn/2) 
1211'pln+ 1 

(2.29) 

where P { ~} denotes the Cauchy principal value of ~. The singularity at the 

origin of coordinates requires that h(p) be interpreted as a generalized function. 

A realizable representation is (Gmitro et al., 1980): 

h(p) = lim [ - ~z 
e-+O 1 

f2 
(2.30) 

as illustrated in Figure 2.lOa. The width of the filter PSF and hence the 

resolution of the reconstruction are determined by the parameter e; the smaller the 

value of e, the better the resolution of the reconstruction and the wider the 

dynamic range required in filtering (Barrett and Swindell, 1981, p. 400). As e-+O, 

h(p) approaches a Dirac delta function of infinite weight at the origin with tails 

that fall off as l/rz on either side. While remaining cognizant of the generalized 

nature of the filter function, the inverse Radon transform can be written as: 

f(r) = - 21 Z I I'd!/> [Xf(P,!/» • plz ] I A • 

11' 0 p=r'p 
(2.31) 
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Other forms of the inverse transform can be generated by integrating the 

convolution by parts (Barrett, 1984): 

f(r) = ~ p{I "dl/) rdXf(p,I/) • 1]11 A 

2" 0 _ dp p f p=r"p 
(2.32) 

(2.33) 

By analogy to eq. (2.30), a feasible representation of the filter in eq. (2.32) is: 

p{ I} = lim [~ 
P e-l{) 12 

e2 

Ipi ~ el' 
Ipl < e 

(2.34) 

where the ultimate resolution of the reconstruction is again determined by the 

parameter e. This function is illustrated in Figure 2.10b, while the filter required 

in eq. (2.33) is shown in Figure 2.1Oc. Note that each filter function used in 

eqs. (2.31-2.33) is bipolar, a fact having important consequences for optical 

implementation. 

The inverse Radon transform can also be expressed in operator notation 

(Barrett, 1984). After defining {iJz as the operator for back-projection. the 

expressions for eq. (2.27) and eqs. (2.31-2.33) become: 

~Z-l = {iJz tTI -
1 Ivl tTl (2.35) 

(2.36) 
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(2.37) 

(2.38) 

The implementation of the inverse Radon transform will be discussed more fully 

in Chapter 8. 

The Filter Theorem 

A second very useful attribute of the Radon transform for signal 

processing may be easily derived using the central-slice theorem. Consider 

filtering of a 2-D function f(r) with impulse response h(r): 

f'(r') ~ f(r) ** h(r):: J J 00 dlr f(r) h(r' -r). (2.39) 

The convolution theorem for Fourier transforms can be applied to yield: 

[F a{f(r) ** h(r)} = [F a{f(r)} [F a{h(r)} = F(p) H(p). (2.40) 

Substitution of the operator notation for the central-slice theorem (eq. 2.23) 

[Fa = J a -l../tl [F 1 !iea• and using associativity of the slice operator with respect 

to multiplication (eq. 2.14b) leads to the result: 

[Fa{f(r)**h(r)} = [Fa{f(r)} . [Fz{h(r)} = F(p) H(p) 

= [J Z -l../tl [F 1 !iez{f(r)}] . [J z -l../tl [F 1 !iez{h(r)}] 

= [J a -l../tl [Fl{Af(P.4»}]· [J z -l../tl [Fl{Ah(P.4»}] 

= [J z -1 ../tl{Af(II.4>II)}] • [J z -1 ../tl{Ah(II.4>II)} 

= [J z -l{Af(II.4>)}] • [J z-l{Ah(II.4>)}] = J z -l{Af(II.4» Ah(II.4»}. (2.41) 



h pI 
A 

----~--~~~----P 

B prxl 
"I. 

c Inipi 

--~~---+.----~---p 

Figure 2.10. Filter Functions for the Three Reconstruction Algorithms 
(a) h(p) (eq. 2.30) 

(b) p{ ~} (eq. 2.34) 

(c) in Ipi (eq. 2.38) 
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After applying the central-slice theorem to the left-hand side: 

.9"z{f·*h} = J z -I..It1 .9"1 !iez{f**h} = J z -'{Af(v,4» . Ah(v,4»}. (2.42) 

The operator .9"1-1 J z is applied from the left to both sides of eq. (2.41) to 

produce the filter theorem: 

.9"1-1 Jz J z-I.9"1 !iez{f**h} = !iez{f**h} :: A(f**h)(P,4» 

= .9"1-1 J z J z -'{Af(v,4» Ah(v,4»} 

= .9"1 -'{Af(v,4» . Ah(v,4»} 

= Af(P,4» * Ah(P,4». (2.43) 

The filter theorem can be expressed in concise terms by use of the inverse Radon 

transform operator: 

(2.44) 

In words, this extended proof has demonstrated that the projection of the 

convolution of two 2-D functions is the 1-0 convolution of the projections of the 

functions. A schematic diagram of filtering in Radon space is shown in 

Figure 2.11. 

The proof of the filter theorem is easily adapted to demonstrate the same 

relationship for the correlation of two 2-D functions by inverting one of the 

input functions, i.e. for: 

fer) 98 her) = f'(r') = J J 00 d2r f(r) her - r'), (2.45) 

then: 

f(r) 98 her) = !iez -I {!iez {f(r)} 9 !iez{h(r)}}, (2.46) 

where 9 and 98 represent 1-0 and 2-D correlation, respectively. The filter 

theorem and its extension to correlations will be of significant value when 

considering signal processing operations that are feasible in Radon space. 



fer) $'z 

Cartesiaq. Space 

Radon Space 

______ ~ _____ ~l$'l ______________ _ 

f'(r') 

Figure 2.11. Processing Schematic of the Filter Theorem 
The operators $'1 and $1 represent [** h(r)] and [* Ah(P,4»] respectively. 
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CHAPTER 3 

THE LIMITATIONS OF 2-D SIGNAL PROCESSING VIA I-D OPERATIONS 

As discussed in Chapter I, processing of a signal is performed by 

applying it to a system characterized by some desired response, which can itself 

be represented by an integral superposition operator (eq~ 1.1), if the system is 

linear. In Chapter 2, two coordinate transformations were introduced that offer 

the potential for reducing some 2-D signal processing operations to a cascade of 

1-0 operations. Fourier transformation and space-invariant convolution were 

shown to be especially suitable for implementation in this manner. In this 

chapter, application of this technique to solution of the general 2-D space-variant 

integral will be considered. First, a method for performing completely general 

2-D space-variant processing via 1-0 operations will be discussed and found 

wanting. Next, specific types of processing that might be feasible will be 

considered by an analysis of the relevant qualities of the coordinate 

transformations. This treatment will not be able to fix hard and fast limits on 

the useful application of 1-0 operations to 2-D processes, since the potential 

utility of coordinate transformations in signal processing is very much dependent 

on the functional form of the desired operation. But some general statements can 

be made about certain cases, and the intuition developed through discussion of the 

general qualities may be helpful when considering application of these techniques. 

By analogy to eq. (1.1), the general 2-D superposition operator t9- 2 is an 

integral of the product of a 2-D input signal and a 4-0 kernel, ka(r;r'): 

40 
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f'(r') = dla{f(r)} = J J 00 d2r fer) ka(r;r·). (3.0 

Because it represents the response of the system at output coordinate r' to an 

input at coordinate r. the kernel ka can be interpreted as a space-variant impulse 

response. Another possible expression for the kernel emphasizes the relative 

position of the input and output coordinates: 

dla{c5(r-r')} = kb(r-r';r'). (3.2) 

At this point, it may be useful to recall that the intent of this work is 

to broaden the application of optical methods in signal processing. Optical 

systems have the inherent ability of operating on 2-D signals and are well-suited 

to performing 2-D convolutions, Le. superposition integrals with space-invariant 

kernels. In addition, systems with spherical lenses can easily derive one particular 

space-variant superposition operation--the Fourier transform. The 2-D processing 

capability of optics matches the requirement for I-D space-variant processing, 

since the kernel of such an operation is 2-D. Optical architectures for space

variant processing of I-D signals have been developed and implemented (e.g. 

Goodman et al.. 1977 and Marks et aI., 1977). The I-D signal is written along 

one axis of the processor, while the variation of the kernel with position of the 

input is mapped along the orthogonal axis. The desired output appears along one 

axis of the 2-D output plane. However, the 4-D nature of the 2-D space-variant 

kernel prevents application of these methods to space-variant operations, except 

when certain special techniques are employed. For example, simultaneous control 

of position and direction of rays in an optical processor can provide the four 

necessary degrees of freedom for 2-D space-variant processing (Bryngdahl, 1974). 
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Also, holographic multiplexing of the 4-0 space-variant impulse response has been 

discussed (Goodman, 1981). 

Bamler and Hofer-Alfeis (1982) developed another procedure for 

performing space-variant signal processing. They recognized that a space-variant 

operation on a signal of N-dimensions can always be implemented as a space

invariant operation (i.e. convolution) in 2N-dimensions. They implemented 2-0 

space-variant processing of simple band limited signals by sequential convolution of 

the remapped 2-0 input signal with 2-0 slices of the 4-0 space-variant PSF. To 

demonstrate the mathematics of the 2-0 case, consider a particular space-variant 

kernel: 

(3.3) 

A 4-0 representation of f(r) is generated by "smearing" the 2-0 input into the 

"output" space defined by rO and sampling along the 4-0 hyperplane defined by 

o(r-rO), i.e. 

f.(r;rO) = f(r) o(r-rO). (3.4) 

Convolving f. and k in 4-0 yields a 4-0 representation in a 4-0 output space, 

which is defined by new output coordinates (s, s') (N.B. the adopted convention 

for unprimed input and primed output coordinates is being violated in this 

instance to emphasize that the function being transformed is really 2-0). In other 

words, the 4-0 input in (r,rO)-space is transformed to a 4-0 output in (s,sO)-space. 

In this case, the output of the 2-0 space-variant operation exists in the of plane 

of the 4-0 "output" space defined by s=O. Mathematically, this operation yields: 
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f'(s') = J J ~ d'r J L d'r' I(r)8(r-r') exp[ -2.i(s-r)·((s- r)-(s' -r'») I s=o 

= I I d2r f(r) exp[ -21ri(s-r)-(s-r-s'+r)] I 
w s~ 

(3.5) 

which is the 2-D Fourier transform with p = s·. 

This technique can be adapted to the implementation of general space-

variant operations in Radon space. The expression for the Radon transform 

(eq. (2.6» can easily be generalized to 4-0 functions: 

(3.6) 

where the 1-0 Dirac delta function collapses the 4-0 integral to a volume 

integral. A 1-0 projection is derived by computation of the complete set of 
-

these 3-D volume integrals perpendicular to the hyperplane defined by the 4-0 

vector I).. The generalization of the filter theorem (eq. 2.44) to 4-0 is: 

(3.7) 

Space-variant superpositions of 2-D signals can be performed in Radon space 

following the procedure of Bamler and Hofer-Alfeis, i.e. a 4-0 version of the 

input (eq. 3.4) is generated and its projections derived. These are filtered in 1-0 

by the corresponding projections of the 4-0 space-variant kernel. The inverse 

4-0 Radon transform reconstructs the 4-0 filtered output, which is evaluated in 

one plane to derive f'(r·). At first glance, it would seem that much of the output 



44 

is superfluous and needn't be computed. This is not the case, since each 1-0 

convolution influences every point in the 4-0 convolution (and hence every point 

in the 2-0 output plane) via 4-0 back-projection. Therefore, there are no 

computational shortcuts possible by throwing out 1-0 projections. There is, 

however, much unnecessary output generated, since the desired 2-0 output exists 

in only one plane. 

The difficulties of this procedure for performing space-variant operations 

are painfully obvious. First, it violates the original goal of the this work by 

increasing rather than reducing the dimensionality of signal-processing operations. 

In addition, the derivation of the 1-0 projections of 4-0 functions and the 

reconstruction of the processed 4-0 signal are very computationally intensive 

operations and would probably require special-purpose digital hardware to be 

performed economically. To illustrate the scope of the data storage and 

manipulation problem, consider that the forward Radon transform requires the 

calculation of a volume integral for each point in each projection. Given a 

discrete input function f(r) encompassing 5002 data points, the general space

variant kernel k(r.) has 500· = 6.25 X 1010 samples. Calculation of each of the 

500· projections would require evaluation of 500 volume integrals over 5003 

points. The storage and computational requirements for performing 4-0 back

projection are similarly prodigious. Barrett (1981) proposed a hybrid optical

digital 3-0 Radon-space signal processor that could be adapted to this 4-D 

application, but the additional dimension significantly complicates the data storage 

and manipulation requirements. Therefore it appears that space-variant signal 

processing in Radon space has no advantage over direct digital processing at this 

time. 
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Since the direct method of performing general 2-D space-variant 

operations in Radon space is not practical. further consideration will be given 

instead to specific types of 2-D space-variant operations that may be susceptible 

to solution via I-D processing. It is clear that simplification of a space-variant 

computation is possible if the kernel is separable into orthogonal components in 

some representation. e.g. the kernel of the 2-D Fourier transform in Cartesian 

space: 

(3.8) 

The 2-D transform can be evaluated by cascaded orthogonal I-D operations (note 

that if the function f[x.y] is separable as well. Le. f[x.y] = flex] f2[y]. the 2-D 

transform reduces to the product of two I-D transforms). Derivation of the 2-D 

Fourier transform is still computationally intensive even after separation of 

coordinates. since the same I-D transform must be performed in sequence along 

all lines parallel to the axes. For a discrete array of 5002 data points. the I-D 

transform must be performed 1000 times. 

In polar coordinates. the Fourier kernel is not separable. Le. 

= J f( dO J oor dr f(r.O) e -271'irp cos(O-Op) • (3.9) 
-f( 0 
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Of course, if f(r) = f(r) (i.e. the input is circularly symmetric), the integral over e 

can be performed and the computation reduces to a single I-D space-variant 

superposition integral--the zeroth-order Hankel transform (Gaskill, 1978, pp. 

317-319) 

9"z{f(r)} = $.{f(r)} = 211' J cor dr f(r) Jo(211'pr). 

o 

(3.1O) 

A separable kernel also simplifies the computation of space-invariant 

convolutions to a cascade of I-D convolutions, i.e. given h(r) = h[x,y] 

f'[x',y'] = f[x,y] • h1[x] • h2[Y]. (3.11) 

If the input function is separable also (Le. f[x,y] = f1[x] f2[y]), the 2-D convolution 

reduces to the product of two I-D convolutions: 

(3.12) 

In the light of these examples, it is perhaps easier to understand the 

utility of the Radon and central-slice transforms in signal processing. By 

remapping the input signal and the superposition kernel, a nonseparable 2-D 

operation can sometimes be transformed into a cascade of I-D superposition 

integrals. In the case of 2-D Fourier transformation, the input signal is remapped 

by the Radon transform to 2-D sinogram space. The Fourier kernel is sliced in 

both coordinate- and frequency-space to obtain a 3-D operation which is 

separable into the commuting operations: 9"1{f1(p,v}} and Jt1ff2(1/>-l/>v}}. On the 

other hand, the integral kernel (impulse response) of a 2-D filtering operation is 

already a 2-D function, i.e. k(r;r') :: h(r-r'). By Radon transforming both the 

input signal and kernel, representations in Radon space are generated for both 
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input and kernel. The 2-0 filtering operation reduces to two orthogonal 1-0 

operations followed by the inverse Radon transform. 

By themselves, these two results are certainly significant, as 2-0 Fourier 

transformation and filtering are classic signal-processing operations and can be 

combined to form the basis for other important processing algorithms. But are 

these the only operations susceptible to solution by 1-0 processing? To answer 

this question, a comprehensive analysis of the properties of transformations from 

2-0 to 1-0 representations (!lea and ,fz) is needed. These results will be applied 

to the schematic model of integral transforms in Radon space as shown in Figures 

2.8 and 2.10. 

The coordinate transformations !lea and ,f z have both been shown to be 

linear invertible integral superpositions that define polar-like representations with 

respect to the origin of coordinates. The linearity of the transformations implies 

that the trivial operation of 2-0 signal addition can be performed via orthogonal 

1-0 operations on either the projections or slices. That is: 

f(r) + g(r) = !lea -l..;tl{!lea{f(r)} + !lez{g(r)}} 

= ,f z -l..;tl{,f z{f(r)} + ,f z{g(r)}. 

(3.13a) 

(3.13b) 

In either transformation, rotation of the input function rotates the azimuth of the 

projection or slice by the same angle, i.e. 

!lez{f(r,8+w)} = hf(P,4>+w), and 

,f z{f(r,8+w)} = 1/!f(P,4>+w). 

At this point the similarity in properties of the two operators ceases. 

previously, the kernel of the Radon transform is: 

k(r,8;p,4» = 6(p - r·p) = p 6(p·p - r'p), 

(3.14a) 

(3.14b) 

As shown 

(3.15) 
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i.e. a function of the difference of the output variable and the scalar product of 

both the input and output variables. It is not separable in either Cartesian or 

polar coordinates. Recall that an infinite line integral of the input signal maps to 

a point in Radon space, and therefore each projection contains information about 

the entire 2-D signal. In other words, the Radon transform is a global operation. 

This fact enables a single Radon projection to be directly mapped to the 

corresponding projection obtained relative to a new origin of coordinates, i.e. a 

shift theorem for projections exists (Deans, 1983, p. 71). Given ~2{f(r)} :: Af(p,cf», 

then: 

~2{f(r-R)} = J J 00 dZr f(r-R) 6(p - r . p) 

=Af(P-p·R,cf» (3.16) 

This result can also be used to prove the filter theorem (eq. 2.44) directly rather 

than via the central-slice theorem. Strictly speaking, the entire set of projections 

is needed to unambiguously reconstruct any portion of the signal. 

The dependence of the Radon kernel on the scalar product of the input 

and output coordinates suggests that the transform may be useful for remapping 

signals before the application of operators whose kernel has the same scalar

product dependence. This has already been demonstrated via the central-slice 

theorem for the classic example of Fourier transformation. The dependence of the 

kernel on a functional difference of the coordinates, combined with the global 

quality of the transform demonstrated by the shift theorem, hints that the 

transform might be useful for processing operations whose kernel depends on the 

difference of the input and output coordinates. This has also been demonstrated 

by the filter theorem. 
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The other available coordinate transformation, the central-slice operator 

(eq. 2.12>, is local: it maps points in [x,y]-space to points in (p,(iI)-space. 

Because a single slice contains information about only that part of the signal along 

one azimuth, complete information about a segment of the signal can be 

reconstructed from an appropriate subset of the slices. Thus arises the expression 

(eq. 2.13b) that the slice transform is associative with respect to all point 

operations, such as multiplication and logarithms. There is no shift theorem for 

slices: a slice of the input function after a translation of coordinates can only be 

obtained by reconstructing the original 2-D signal from the its complete set of 

slices, translating to the new origin, and reslicing. Since an expression for the 

shifted slice is required to derive an expression for a convolution, there can be 

no filter theorem for J'z{f(r)}. The kernel of the slice operator is a function of 

the difference of the conjugate variables and is separable into components 

dependent on the azimuth only and on the radius variable only. This hints that 

the slice operator might be useful as a remapping before operations that are 

themselves separable into radial and azimuthal components. As an example, 

consider the following space-variant kernel: 

k(r;r') = ~(r; -r) Rect [ 8~: l (3.17) 

This represents a uniform angular image blur, as might occur during an exposure 

of a rotating object. Substitution of this kernel into the superposition integral 

yields: 



50 

= J:Rec{ e~:] de r: dr f(r,e) 6(r'-r) 

(3.18) 

The radial and angular dependences of the kernel are mixed through the input 

function f(r,e). A remapping of the input function that preserves the radial and 

angular dependences might allow the entire operation to be performed via 

orthogonal 1-0 operations. The Radon transform is not appropriate, since it 

mixes information about all azimuths in each projection. As demonstrated by 

Sawchuk (1973,1974), this space-variant distortion can be transformed to a space

invariant blur by transformation to polar coordinates, i.e. by performing the 

central-slice transform. Once transformed, the blur can be removed by linear 

filtering by standard techniques (Swindell, 1970) (Honda and Tsujiuchi, 1975). 

The normal Cartesian representation of the deblurred function is then obtained by 

the inverse slice transform. 

Figure 3.1. 

An illustration of this algorithm is shown in 

To summarize, this chapter has considered the application of coordinate 

transformations to 2-D space-variant processing. Intuitive arguments indicate that 

the Radon transform is applicable to two types of operations: those whose kernel 

is a function of the scalar product of the input and output coordinates (e.g. 

Fourier transforms), and those with a kernel depending on the difference of the 

input and output coordinates (e.g. correlations and convolutions). The slice 

operator can be profitably applied to operations whose kernel is separable into 

radial and azimuthal components, e.g. angular (de)blurring. 
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Figure 3.1. Application of the Central-Slice Transform to Angular Deblurring 
(left) angular motion of object produces space-variant blur. 
(right) space-variant angular blur is transformed to space-invariant 

linear blur by the slice transform. 
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CHAPTER 4 

GENERATING AND PROCESSING PROJECTIONS OF 2-D SIGNALS 

This chapter will discuss two hardware issues of concern for 2-D signal 

processing by coordinate transformations: optical methods for deriving the 

transformed signals from the original 2-D functions. and the available types of 

1-0 devices that may be used to process the data. Thus far. the emphasis has 

been on the broad interpretation of coordinate transformations as mappings of a 

2-D Cartesian signal to other 2-D representations with orthogonal radial and 

azimuthal coordinates. This approach was exemplified by the schematics of the 

central-slice theorem in Figure 2.7 and Figure 2.8b. and was taken to admit the 

widest range of possible applications of coordinate transformations in signal 

processing. In this interpretation. processing operations on the azimuthal 

coordinate of the new representation are allowed. as demonstrated by the 

algorithm for angular (de)blurring in slice-space. Henceforth. however. the 

interpretation will return to the simpler notion of coordinate transformations as 

mappings of 2-D Cartesian signals to sequences of 1-0 functions of the range p. 

The 1-0 signals are processed independently of azimuth angle. as indicated in the 

schematic diagram in Figure 2.6. In subsequent chapters. the Radon-space 

representation of the 2-D input signal will be used to implement several useful 

signal processing algorithms based on Fourier transformation and filtering. 
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Optical Radon Transformers 

A projection of a 2-D signal is derived by integrating along the set of 

lines perpendicular to the azimuth ~, as was shown in Figure 2.1. This can be 

accomplished optically in several ways, depending on the format of the input 

signal and the type of I-D processor to be used. One feasible passive means is 

pictured in Figure 4.1. The input scene is imaged anamorphically onto an 

imaging detector or discrete linear array. The anamorphic optical element, which 

can be a cylindrical lens (Gindi and Gmitro, 1984) or a coherent optical fiber 

bundle (Farhat et aI., 1983), "collapses" the image onto the detector in one 

f(r) 

Image 
Rotator 

Anamorphic 
Optics 

~;\(p,lP) 

1-0 Array 

Figure 4.1. Optical Radon Transformer Using Anamorphic Optics 

dimension. Therefore, each point on the detector "sees" the integrated irradiance 

from the input signal along a line of collapse; voila a line integral. Alternatively, 

a discrete detector with N elements each of aspect ratio N: 1 (i.e. a square I-D 

array with N elements each 1 unit wide and N units long) will derive the line 
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integrals without anamorphic imaging. In any of these cases, rotating the object 

(or equivalently, an image thereof) prior to passage through the anamorphic 

element generates projections at different azimuth angles. In most cases, rotation 

of the image is more easily accomplished (e.g. by a dove prism). The distance of 

the detector element from the axis of image rotation is the radial variable p of 

the projection. Because the azimuth of the projection is varied by image rotation, 

the projections are produced as a sequence of I-D temporal signals. This system 

is suitable for deriving projections of reflective scenes or self-luminoull objects 

(e.g. CRT images). Note that the central-slice transform can instead be derived 

by removing the anamorphic element or by replacing the line-integrating detector 

array with a conventional linear array. 

The Radon transform can also be derived by actively illuminating a 

transmissive or reflective scene with a line of light and detecting the integrated 

intensity. The detected light is proportional to one line integral of the 

transmittance or reflectance of the signal. By sweeping the line of light 

perpendicular to itself, a temporal signal proportional to one Radon projection is 

generated. The azimuth of the line integral is optically rotated to interrogate 

other projections and thus derive the entire Radon transform. Because the light 

transmitted or' reflected by the 2-D input is integrated onto a single detector, the 

speckle noise that would exist when using a coherent light source is irrelevant. 

A bright laser source can be used to advantage, since its coherence enables 

acousto-optic deflectors to be employed for scanning the illuminating line. Such a 

system is known as a flying-line scanner, for obvious reasons, and is shown 

schematically in Figure 4.2. 
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Figure 4.2. Schematic of Flying-Line Scanner 
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To process imagery with video resolution (5002 samples) at video rates 

(30 frame/S) in Radon space, a complete set of 500 projections, each with 500 

data samples, must be produced every 30 mS. The spatial sampling requirements 

can be understood by comparing the sampling density of the Fourier transform in 

[t71]-space (resulting from a 2-D FFT) with that in (u,tPu)-space via the central

slice theorem (Figure 2.5). Although high spatial frequencies are undersampled in 

Radon space (thus requiring interpolation for display in Cartesian space), the total 

number of samples required to achieve the same resolution is of similar order 

(Mersereau and Oppenheim, 1974). Fortunately, the technology of optical scanners 

and image rotators permits a flying-line scanner with this capability to be built. 

Acousto-optic Bragg-cell scanners capable of resolving more than 1000 points per 

lOpS have been reported (Gottlieb et al., 1983). Derivation of a full projection 

set in 30 mS would require an image rotation rate of 180°/30 mS = 900 RPM. 

The required mechanical rotation rate is 450 RPM, since dove prisms and their 

relatives rotate images at twice the physical rotation rate. The act of image 

scanning transforms spatial phase information to temporal phase, so the 

preservation of absolute phase information requires that the flying-line must pass 

through the same value of the range p at the same time in each scan. It is 

therefore essential that there be no wobble of the image-rotation axis. Optical 

image rotators capable of such performance have been built (Stetson and Elkins, 

1977) (Gmitro and Gindi, 1985). 

The optical flying-line scanner is useful for deriving projections of 2-D 

signals on transparencies or for real reflective scenes. Note that the central-slice 

transform can be obtained by scanning a spot of light rather than a line of light. 
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Even though a video-rate flying-line scanner is mechanically and 

optically feasible, image rotation by a motor-driven prism is obviously undesirable 

due to its mechanical complexity. However, an emerging technology may 

eventually produce a device capable of scanning lines-of-light at arbitrary 

azimuths without moving parts. Manipulation of magnetic-stripe domains in 

bismuth-garnet epitaxial films can generate diffraction gratings of arbitrary spatial 

frequency at arbitrary orientations (Sauter et. aI., 1981). Theoretical diffraction 

efficiencies up to 60% are possible in the near-infrared with space-:-bandwidth 

products up to 105
• The existence of such a scanner would significantly simplify 

production of projection data and no doubt make Radon-space signal processing 

more attractive. 

Experimental Apparatus 

The optical Radon transformer constructed for this project is a flying

line scanner (Figure 4.3). A line-image of a 15 mW He-Ne laser is produced at 

the output plane by an anamorphic optical system. The line is scanned by a 

Bragg cell deflector (Intra-Action model AOD-150). The aperture of the cell is 

41 mm with an access time of lOllS. An analog voltage in the range 0-1 V 

controls the frequency of a voltage-controlled oscillator (VeO) in the range 

between 100 MHz and 200 MHz. A piezoelectric transducer at one end of the 

Bragg cell generates a longitudinal acoustic wave, which travels through the 

crystal at the acoustic velocity. The wave modulates the atomic density of the 

crystal (and thus its refractive index) to create a phase grating which can deflect 

a light beam passing through the crystal. The number of resolvable spots 

addressable by the deflector is equal to the total possible angular deflection 

--------------



58 

Figure 4.3 Flying-Line Scanner Apparatus 
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divided by angular siz~ of the diffraction spot. The former is proportional to the 

available veo bandwidth, while the spot size is inversely proportional to the 

crystal aperture. Thus the time-temporal bandwidth product (TBW) determines 

the number of resolvable deflection angles. For this Bragg cell deflector, the 

TBW = 100 MHz . lOpS = 1000. At 100 MHz, the deflection angle for He-Ne 

light (A = 632.8 nm) is 7.7 mr = 0.44°, and increases to 15.4 mr at 200 MHz. 

This angle is optically magnified to span up to 25 mm at the input plane. 

A linear voltage ramp of duration T = lOpS is generated (by circuitry 

presented in the appendix) and applied to the veo, which produces a sinusoidal 

signal whose frequency decreases linearly from 200 MHz to 100 MHz in the same 

interval. This type of signal is called a chirp and will be discussed in great 

detail in Chapter 5. When applied to the Bragg cell, the veo signal generates a 

spatial phase grating that transits the aperture at the acoustic velocity 

(:!!4.1 .103 m/S). The corresponding acoustic wavelength at 200 MHz is :!!20 pm. 

After lOpS, the. initial 200 MHz signal reaches the far end of the aperture just 

as a 100 MHz signal is generated at the source end. Laser light illuminating the 

aperture is diffracted by the grating, with the diffraction angle being linearly 

dependent on the position in the aperture. In other words, the grating acts like a 

moving lens, i.e. it diffracts light to or from a focal point whose position changes 

with time. Therefore, the focal spot (or focal line in this application) sweeps 

across the input plane. The power of the Bragg-cell lens is proportional to the 

rate of change of the veo frequency, or chirp rate. The power of the entire 

optical system depends on the scan rate, thus precluding static focusing; aU 

adjustments must be made dynamically. 

._-------- ----- - .. _---
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Rotation of the line is accomplished by a three-component prism that is 

physically rotated by a stepper motor under computer control. The clear aperture 

of the prism is approximately 50 mm and the maximum rotation rate is 

approximately 150 RPM. The time interval required to derive a full set of 

Radon projections is limited by the rotation rate of the prism to approximately 

0.1 S. The stepper motor resolves 200 azimuth angles per 3600 of image 

rotation. 

After transmission through (or reflection by) the input function, the light 

is collected by a lens and detected. Because of its intrinsic amplification 

capability, a photomultiplier (PMn is the detector of choice. The red He-Ne 

source requires the use of a red-sensitive PMT, such, as the Hamamatsu R712 

tube which is useful between 185 nm and 900 nm. The signal rise time 

(10%-90%) is 15 nS, or ~1!700 of the scan time. The PMT preamplifier, based 

on a Burr-Brown 3554AM operational amplifier, is compensated to drive 50 12 

coaxial cable for signal transmission. With a specified gain-bandwidth product of 

1.7 GHz and ±200 rnA output current, the amplifier has plenty of available gain 

and can supply plenty of current to drive the RF modulators used in the chirp 

Fourier transformer (Chapter 5). However, the large gain-bandwidth product 

makes proper compensation critical; the amplifier has a pronounced tendency to 

oscillate if not properly terminated. 

Noise Considerations 

The major sources of noise in the projection signal arise from 

deficiencies in the Bragg-cell deflector and from the detector. The diffraction 

efficiency of the cell is a function of scan angle, with a maximum of 80% at scan 
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center and 60% at the edges. The spot brightness varies with position by 25%. 

thus creating a kind of fixed-pattern noise in the projection data. By magnifying 

the optical scan angle to use only the points in the center. a more reasonable 

variation of e!5% is possible at the cost of angular resolution. In this system. the 

effective time-bandwidth product of the projection is approximately 60 for a 

lOllS-long signal. The modulation of the projection is approximately 40% for a 

transparent square-wave grating of spatial frequency ~ = 2 cy/mm. as shown in 

Figure 4.4. 

Another potential source of noise in the scanner is nonuniformity in 

line-width and line-brightness due to aberrations in the projection optics. The 

spherical lenses in the flying-line scanner are doublets used at large conjugates to 

limit spherical aberration. However. cost and size constraints precluded 

acquisition of a cylindrical doublet; a plano-convex cylindrical lens is used to 

generate the line-image of the source on the Bragg cell. Even though the 

anamorphic lens is oriented for minimum spherical aberration (Le. convex surface 

facing collimated light). the width and brightness of the line image vary 

significantly along its length when viewed statically. However. only a small 

region in the center of the line is used due to the magnification of the optical 

"lever." When well-aligned. the variation in brightness along the line image is 

approximately 10%. 

The detector is the other major source of noise in the flying-line 

scanner. Although one theoretical advantage of photomultiplier detectors is large 

noise-free gain. this particular device exhibits significant dark current at supply 

voltages (Vs) above e!600V. For example. the amplified peak-to-peak noise 
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Figure 4.4. Projection of Grating of Spatial Frequency 2 cycles/mm 
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voltage ranges from ~5mV at Vs = 500V to ~30mV at Vs = 750V. For most of 

the experiments, Vs is set at 600V, giving a peak-to-peak noise of 6.7mV. At 

this setting, the signal voltage obtained for maximum light throughput is ~1.3V, 

which is more than sufficient to drive the signal processors. 

trace illustrating the noise voltage level is shown in Figure 4.5. 

An oscilloscope 

To quantify the 

linearity of the PMT output, it was measured as a function of input light 

intensity by overlaying a fixed circular aperture with a Kodak step tablet. The 

result is plotted in Figure 4.6. 

1-0 Signal Processing Technology 

The advanced state of technology of processing devices for 1-0 temporal 

signals is the result of an intensive and extensive research and development effort 

that began with the invention of radio. With the exception of photographic film, 

research and development of 2-D signal processing devices has been actively 

pursued for a much shorter period of time. It is therefore no surprise that 1-0 

devices demonstrate a higher level of capability, flexibility, and durability over 

their 2-D counterparts and are still preferred for most signal processing 

applications. In this section, the capabilities of four types of 1-0 signal 

processors will be described: electronic devices (both digital and analog), charge

transfer devices (mainly CCOs), acousto-electric devices (primarily those based on 

surface acoustic waves, or SAWs), and acousto-optics (AO). 

Electronic Systems 

Electronic systems for processing temporal signals are generally quite 

familiar. They can be as simple and inexpensive as a passive RC filter or as 

complex and costly as a Cray digital supercomputer. The technology of such 
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F~gure 4.5. Noise-Voltage Level of PMT Signal 
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Figure 4.6. Output of Flying-Line Scanner vs. Input Light Level 
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systems is continuing to advance, with new materials (e.g. gallium arsenide) and 

new fabrication methods (e.g. x-ray lithography) and promises further 

improvements in packing density, speed, and device cost. Even optical 

processing's traditional technological bastion of parallelism is threatened by the 

electronic juggernaut, as new chip architectures and processing algorithms add 

parallel capability to the electronic wor1d.~ 

Electronic signal processing is usually divided into analog and digital 

domains, with each having its own advantages and drawbacks. In analog 

processing, signal amplitudes are represented by proportional voltages that can be 

added, subtracted, or divided by active or passive circuits. Some nonlinear 

operations (e.g. signal thresholding), are also possible. Processing can be fast, 

with reported bandwidths to E!!2 GHz for silicon-based technology and up to 

20 GHz for GaAs devices (Bierman, 1985). More complicated operations (e.g. 

multiplication, root finding) are possible with special analog modules, but operation 

is much slower and subject to severe limitations in linearity, stability, and 

precision. The situation can be improved modulating a radio-frequency (RF) 

carrier with the analog signal voltage. RF devices can be then used for 

processing; though limited in linearity and stability, modules are available that are 

capable of several useful operations, including multiplication, phase shifting, and 

phase detection. 

The advantages of digital electronic systems are 

precision, and operational flexibility being the most prominent. 

many--linearity, 

However, they 

have their limitations too, especially in speed and power requirements. Present 

digital clock rates are limited to ~500 MHz for silicon-based logic. Temporal 

sampling of analog data subjects the signal to possible aliasing, and conversion to 
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and from analog voltages forces a trade of speed for precision and dynamic range. 

Fortunately. these limitations are constantly receding in the face of advancing 

technology. New GaAs devices are much faster than those based on silicon, due 

to the much higher mobility of GaAs charge carriers (9.0 x 103 cm2jV-S vs. 

1.3 x 103 cm2jV-S for Si at room temperature). thus allowing much faster clock 

rates. 

Generally, the disadvantages of digital processing are been more than 

offset by its advantages. Binary representation of signal quantities by discrete 

voltages is inherently resistant to noise, and processing linearity over many 

decades is feasible. The availability of inexpensive programmable processors offer 

processing flexibility at low cost. New special-purpose hardware promises to 

increase processing speed dramatically. The very-high-speed integrated circuit 

(VHSIC) program of the Department of Defense has stimulated the design and 

production of new devices, such as the Westinghouse complex arithmetic vector 

processor, which can perform a 16-bit 1024-point complex fast Fourier transform 

(FIT) in 130 /lS, compute one point of a 16 -bit 256 -point correlation in 6 /lS, or 

multiply a 16-bit 64x64 matrix by a 64-element vector in 35 /lS (Marr, 1982). 

Digital parallel operation is becoming more economical as design costs drop and 

fabrication yields increase, but the cost is still a significant limitation for many 

applications and is likely to remain so. 

Charge-transfer Devices 

The generic term charge-transfer device is used for two structurally 

different circuit technologies that store, manipulate, and detect packets of electronic 

charge. The amplitude of a sampled signal is represented by the quantity of 
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charge in the packet. By moving, summing, and detecting the packets in various 

ways, a variety of processing" operations can be performed. Since the signals are 

discrete samples of a continuously variable, the resulting devices are an interesting 

hybrid of digital and analog qualities. The older "bucket-brigade" charge-transfer 

device is comprised of a series of MOS transistors and capacitors, and the packets 

are moved between storage capacitors by alternate switching of the transistors. 

Bucket devices have been largely superseded by charge-coupled devices (CCOs), 

where minority charge carriers are stored under closely-spaced electrodes. Charge 

packets are shifted to charge detectors at the edge of the array by sequential 

pulsing of the electrodes ("clocking out"). The most common use of CCOs has 

been as 1-0 and 2-D optical detector arrays, where the amount of charge 

generated in a detector cell is proportional to the photon flux. However, 

application of these devices to signal processing is becoming more widespread. 

A 1-0 charge-transfer device can obviously be used as a clocked delay 

line, with applications to temporal signal compression/expansion and bandwidth 

compression. By spacing nondestructive charge detectors along the charge 

pathway, a tapped delay line can be built. If the tapped signals are summed, the 

device is a fixed transversal filter (Buss et aI., 1973) (Beynon and Lamb, 1980). 

A programmable transversal filter can be constructed by adding a mechanism to 

vary the tap weights. Multiplication of tapped signals from two CCO delay lines 

and summation of the products allows computation of discrete convolutions or 

correlations. The useful dynamic range of CCOs when used as signal processors 

is limited by the quantum noise floor and the signal saturation level, with typical 

specifications of 60-70 dB for a filter, and 30 dB for the convolver. 

------------------ --
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By combining the CCD devices described above, a wide variety of I-D 

processing operations are possible. The utility of fixed and programmable CCD 

transversal filters and of the CCD convolver for signal processing is obvious. 

Two or three CCD filters with linear FM (or chirp) impulse responses can be 

combined to implement the discrete Fourier, or chirp z-transform (Rabiner et aI., 

1969). This chirp transform algorithm with be discussed in some detail in the 

next chapter. CCD spectrum analyzers using the chirp z-transform algorithm 

capable of computing a 512-point z-transform at a 5 MHz sampling rate have 

been demonstrated. 

Acousto-electric Devices 

Piezoelectric materials distort when placed in an electric field and 

generate an electric field when mechanically stressed. By applying a modulated 

RF electric field to a piezoelectric medium, a corresponding acoustic distortion is 

generated which can be detected and processed. This acoustic wave propagates 

through the medium at the characteristic sound velocity Vs (vs ~ 10-5 c, where c 

is the velocity of light). Acoustic wavelengths are much shorter than 

electromagnetic wavelengths, thus allowing processing devices many wavelengths 

long can be constructed in small packages. Components based on bulk acoustic 

waves, such as the quartz crystal oscillator and acoustic delay line, have been 

used for many years. More recently, however, acoustic Rayleigh waves on the 

surface of a medium have been utilized for signal processing because of their 

accessibility. A diagram of a simple surface-acoustic-wave, or SAW, device is 

shown in Figure 4.7. An electric signal is applied to buss bars connected to two 

sets of interleaved conductive "fingers" that have been deposited on the surface of 
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the piezoelectric crystalline substrate. Such an assembly is commonly called an 

interdigitaJ transducer (IOn, for obvious descriptive reasons. When an electric 

field is applied across fingers of opposite polarity, a distortion of the substrate is 

produced via the piezoelectric effect. This deformation is resisted by the 

mechanical restoring force of the atomic bonds in the crystal, and the opposing 

forces generate transverse acoustic waves travelling in either direction on the 

surface at the characteristic sound velocity of the material. Because the waves 

travel along the surface of the substrate, they can be sampled at any point in 

their journey by a similar output transducer to regenerate an electric signal via 

the inverse piezoelectric effect. The acoustic wave can be tapped and summed at 

several points simultaneously, thus creating a transversal filter. The spacing and 

overlap of the fingers in the interdigital transducers determines the impulse 

response of the filter. By proper design, a wide variety of operations can be 

performed. Several design procedures for SAW filters have been developed 

(Matthews, 1977) (Gerard, 1978), and the filters have found wide application since 

they are inexpensive to manufacture in large quantities using standard 

photolithographic techniques (Smith, 1978). SAW bandpass filters are available 

with carrier frequencies between 10 MHz and 2 GHz and bandwidths from 

S:100 kHz up to 50% of the carrier frequency (Morgan, 1985). Typically, the 

noise-limited dynamic range is 70 dB, comparable to that available from CCOs. 

In fact, CCOs and SAW devices are complementary in many ways, thus offering 

similar signal-processing capability over a wide range of frequencies (Roberts. 

1977). 

Linear FM, or chirp, SA W filters are easily constructed and have been 

applied to radar systems to derive coded transmitted signals and to matched-filter 
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Figure 4.7. Schematic of a Simple SAW Filter 
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received echos (Klauder et al., 1960). More recently, they have been employed in 

spectrum analyzers and Fourier transformers (Jack and Paige, 1978) (Jack et aI., 

1980). The transducers of a chirp filter are designed with spacings that vary 

linearly with position on the substrate; the impulse response is an RF signal of 

uniform amplitude whose frequency rises or falls linearly with time. SA W 

interdigital chirp filters are limited in bandwidth to about 500 MHz, in dispersion 

time to ~500 MHz, and to effective time-bandwidth products of about 1000 

(Morgan, 1985l. Alternatively, the frequencies of the input signal can be 

dispersed by appropriately spaced acoustic reflectors on the substrate. These so-

called reflective array compressors, or RACs, can have bandwidths to 180 MHz. 

dispersion times of up to 90 pS, and time-bandwidth products of up to 16,200 

(Gerard et aI., 1977). 

Other types of useful SAW signal processors can be made by utilizing 

the nonlinear response of the substrate to severe distortions. Consider two signals 

Sl(t) and S2(t), each modulating a carrier at angular frequency WOo These are 

applied to transducers separated by a distance L on a piezoelectric substrate. As 

the acoustic waves travel along the surface, a distribution of acoustic energy is 

generated at the second harmonic by the nonlinear interaction: 

(4.1) 

where v is the acoustic velocity of the surface waves, A is the acoustic 

wavelength, and k = 211' is the acoustic wave number. By integrating this second 
A 
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harmonic frequency over the substrate, a temporal signal proportional to the 

convolution of the inputs is detected, i.e. 

(4.2) 

where T - X This is a finite-length convolution of Sl and S2' If the durations v' 

of Sl and S2 are less than b. then the finite limits can be ignored. Note that the 
v 

temporal scale of the convolution is compressed by a factor of two because the 

relative signal velocity is 2v. Second harmonic generation is very inefficient 

(typically 80 dB below the input signal levels). so the convolution signal is weak. 

Even so, noise-limited dynamic ranges of 60 dB and spurious-signal-limited 

dynamic ranges of 30 dB have been reported (Ash, 1978). Commercially 

available acousto-electric convolvers have time-bandwidth products of up to 2000 

(Morgan, 1985). A schematic diagram of a SAW convolver is shown in 

Figure 4.8. 

Acousto-optic (AO) Devices 

In the description of the flying-line scanner given above, the 

t.ansformation of RF electromagnetic signals into modulation of light via an 

acoustic phase grating was described. Devices based on the interaction of light 

and sound have long been used as efficient spatial light modulators and beam 

deflectors in optical signal processing (Korpel, 1981). New developments in 
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Figure 4.8. Schematic of SAW Convolver 
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materials and processor architectures in the last 15 years or so have led to new 

applications for bulk A-O devices in processing of temporal signals. including 

time- and space-integrating signal correlators/convolvers (Sprague. 1976) (Berg et 

al.. 1979) (Rhodes. 1981 b). Fourier transformers (Lee et al.. 1982) (Pancott and 

Reeve. 1985). and the generation of joint coordinate-frequency representations of 

I-D signals. e.g. the Woodward ambiguity function (Athale et al.. 1983). The 

interaction of light and surface acoustic waves has . also been applied to 

convolution and Fourier transformation (Casseday et al.. 1983). Because the 

processing mechanisms are so similar. AO and SAW devices are inherently 

compatible and have comparable restrictions on carrier frequency (1 MHz ::;; 110 

::;; 1 GHz) and bandwidth (~11 ::;; 500 MHz). The interaction time of the acoustic 

wave and light beam is limited by the physical length of the acoustic deVice. with 

a reported maximum of 80 IlS (Berg et at. 1979). 

Devices based on any of these technologies can be used to perform the 

types of I-D signal processing that was discussed in Chapter 2. The Fourier 

transform can be performed by digital electronics using the fast transform 

algorithm. by CCD chirp transversal filters via the chirp-z algorithm. by SAW 

filters via the chirp Fourier transform (discussed in detail in Chapter 5). or by 

AO spectrum analyzers. Convolution and/or correlation operations are possible 

via direct calculation or multiplication of Fourier transforms on digital computers. 

or by CCD convolvers. nonlinear SAW convolvers. or AO space- or time

integrating convolution architectures. The choice of technology for a particular 

application must be based on the specifications required. especially with regard to 

speed and precision. In the hardware demonstrations described in succeeding 

._----------------------------------_. ----
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chapters, signal processing was performed by SAW devices to take advantage of 

their low cost, precision, and speed. 



CHAPTER 5 

TWO-DIMENSIONAL FOURIER TRANSFORMATION 
IN SIGNAL PROCESSING 

In 1807, Jean Baptiste Joseph de Fourier demonstrated that any arbitrary 

function defined over a finite interval may be represented by an infinite sum of 

harmonic basis functions. The complex coefficients of this expansion comprise the 

spectrum of the function, i.e. the amplitudes and phases of the harmonic 

components. For a function of infinite length, the sum defining the spectrum 

becomes the familiar Fourier integral transform. The representation of a function 

by the magnitudes and phases of its constituent harmonic components is of such 

importance in all of the natural sciences (and even in some of the social sciences) 

that its significance is impossible to overstate, and much effort has been expended 

over the last 170 years to find better ways to compute it. J.S. Cooley and J.W. 

Tukey (1965), developed the fast Fourier transform (or F Fn, an efficient 

algorithm for computing the I-D discrete Fourier transform on digital computers. 

The widespread application of digital computers to signal processing is due in 

large part to this computational breakthrough. The FFT is easily adapted to 

transformations of higher dimensionality at the cost of extra data manipulation. 

Even with the FFT, digital computation of 2-D transforms on general-purpose 

computers is too slow for many applications. The use of special-purpose 

hardware, such as array processors, can speed the process considerably, but digital 

techniques cannot as yet approach video rates (30 frames/sec) with large arrays. 

76 
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Optical Methods for Fourier Transformation 

The capability of spherical lenses to perform Fourier transformation had 

been recognized for many years (Ouffieux, 1946, building on work of Abbe and 

Lord Rayleigh), Since the development of lasers as bright sources of coherent 

light, much work has been devoted to application of optical methods to spectrum 

analysis of 1-0 and 2-D signals. It is easy to prove mathematically that the 

correct magnitude and phase of the Fourier transform (limited by the lens 

aberrations) are present in the back focal plane of a spherical lens when the input 

function is placed in the front focal plane. The magnitudes of the Fourier 

components are readily measurable by optical detection. Coherent Fourier 

transformation is fast, since it operates "at the speed of light," and clever 

combinations of anamorphic and spherical lenses can be used to derive many 

spectrum representations of 1-0 and 2-D functions. However, coherent optical 

Fourier transformation suffers from some severe shortcomings tt.at are well-known 

to workers in the field. Though the correct phase of the transform is 

theoretically present, it is encoded in the relative phase of the coherent wavefront 

at the Fourier plane. Preservation of the optical phase requires precise alignment 

and a very stable mechanical configuration. Also, no optical detector is capable 

of measuring the phase of visible light directly, so difficult heterodyne techniques 

must be used to recover the phase of the transform. In addition, all coherent 

optical systems are susceptible to speckle noise, i.e. spurious output signals arising 

from unwanted phase distortions in the optical path. Variations of the optical 

thickness of the input (e.g. a photographic transparency) and flecks of dust on the 

optical components are notorious perpetrators of speckle noise. Lastly, the input 
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and output transducers (i.e. spatial light modulators and detector arrays) of optical 

Fourier spectrum analyzers have performance limitations as well. especially with 

regard to bandwidth and uniformity. 

Because of the limitations of digital and coherent optical Fourier 

analyzers. a considerable body of work has been directed at producing the 

Fourier transform by incoherent optical means. Katyl (1972) used a temporally 

incoherent source with appropriate dispersion correction in the 2-f single-lens 

coherent optics processor. The source must still be spatially coherent (and hence 

prone to speckle noise) and derivation of the complex transform is difficult. 

Several workers have used geometric "shadow-casting" correlators for 

Fourier transformation. The input is imaged onto a reference mask carrying a 

harmonic signal of known spatial frequency and phase. The integrated light 

transmitted through the mask is proportional to one Fourier coefficient. Mertz 

(1965) recognized that the complete set of reference frequency masks could be 

created at once by the Moire pattern from two Fresnel zone plates. Different 

magnitudes and orientations of the reference frequency are "seen" from different 

points in the output plane via parallax. This idea was later refined by 

Richardson (1972) to compute the real and imaginary parts of the Fourier 

transform (i.e. the cosine and sine transforms) individually by sequential 

replacement of one zone plate by another in quadrature. The Fresnel-zone-plate 

spectrum analyzer is an implementation of the chirp Fourier transform algorithm. 

which decomposes the Fourier integral into multiplication and convolution with 

quadratic phase factors. The chirp transform will be described in detail shortly. 

as it is the avenue for calculating the I-D Fourier transform to implement the 

central-slice theorem. In another demonstration of spectrum analysis via 
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noncoherent optical correlation, Leifer et al. (1969) used a stored reference mask 

with a limited range of spatial frequency and orientation in a shadow-casting 

correia tor for alphabetic character recognition. Each of of these geometric optical 

correlator systems achieved the necessary spatial shifts by optical parallax--no 

physical movement is required. The maximum spatial frequency response is 

limited by vignetting of the reference masks and by diffraction. Vignetting may 

be eliminated by using a moving correia tor architecture, i.e. the reference mask is 

physically shifted over the input function. Even in this case, physical motion is 

unnecessary if 'an imaging detector is used (Monahan et aI., 1977). Regardless, 

the assumption of geometric optics severely limits the spatial frequency resolution 

of incoherent optical correlators to arrays of no more than approximately 100 x 

100 pixels. In addition, extra correlation terms present in the output plane 

decrease the contrast and reduce the output dynamic range. 

Other authors have investigated different avenues to Fourier transform 

computation by optical means. Recent work by Tai and Aleksoff (I 984) 

demonstrated I-D complex transformation of incoherently illuminated signals by 

selection of the proper output term from a grating interferometer. Xu et al. 

(1984) produced the complex transform of incoherently illuminated 2-D data 

occupying one-half of the input plane. A symmetric object is optically 

synthesized by reflection through the origin, and it is processed through two 

illumination channels polarized orthogonally. The system performs well, but the 

restriction on input format limits its utility. George and Wang (1984) also 

performed Fourier cosine transformation of transmissive or reflective objects in 

incoherent light by synthesis of a symmetric object followed by an achromatic 

optical Fourier transform. A "double" image of the input is produced 
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interferometrically, and the output of the optical system is the cosine transform on 

a bias. Adjustment of the interferometer allows separate generation of the sine 

transform. The output signal is detected with a photodiode array for later digital 

manipulation. The bias could be subtracted electronically or interferometrically. 

They report system response to 20 cycles/mm and their results agree very well 

with calculations. This system has the potential disadvantage of nonsimultaneous 

generation of the cosine and sine transforms. Glaser et a1. (1984) implemented 

the chirp transform of Mertz and Richardson to produce the complex Fourier 

transform. A holographic filter is used to perform the required convolution with 

a quadratic phase term, and thus a temporally quasi-coherent source must be 

used. Spatial coherence is not required. The optical output is a spatial carrier 

modulated by the complex Fourier transform. The real and imaginary parts of 

the transform can be recovered by digital demodulation, but this requirement 

limits processing speed. 

Fourier Transformation via 1-0 Processing 

Each of the 2-D Fourier transforming systems discussed above is 

restricted in utility by limitations on speed, format of input and/or output, system 

space-bandwidth product, or output dynamic range. Many of these systems have 

proven useful in some applications, but none truly fills the need for rapid 

calculation of the complex 2-D Fourier transform with large space-bandwidth 

product. The central-slice theorem of the Radon transform maps another route to 

2-D Fourier transformation that has yet to be commonly travelled. Recall that 

the basic central-slice theorem states that the 1-0 Fourier transform of a Radon 

projection yields one central-slice of the 2-D transform of the function. Some 
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possible ways to implement this theorem were demonstrated by Farhat et al. 

(1983), who adapted both coherent optical transformation and shadow-casting 

correlation to perform the 1-0 Fourier transformation of Radon-transformed data. 

The incoherent transformer produces full complex transforms of complex input 

data by using two color channels. 

The Chirp Fourier Transform 

Still another possible route to Fourier transformation via the the central-

slice theorem disposes of optical Fourier transformation altogether and instead 

implements 1-0 Fourier transformation with 1·-0 signal processors via the so-

called chirp Fourier transform. The Fourier kernel can be decomposed into three 

terms, 

[ . (VI 1 [ . (vall -171' - +m - - ",t 
e-271'ivt = e (3 • e-i7l'«(3t)2. e (3 , (5.1) 

where the multiplicative factor (3 has dimensions of temporal frequency and has 

been introduced only to rationalize the units of the exponent. The complex 

exponentials are commonly called "chirps" by the radar community, since an 

audible quadratic phase factor resembles such a sound. Substitution into the 

defining equation for the 1-0 Fourier transform yields: 

- (3t \ . 
) dt 

(5.2) 
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where .. denotes convolution. The instantaneous frequency of the positive 

complex quadratic phase term e+i7r«(lt)2 at time tn is 

v(T) = _1 • £! I = +(l2T 
21r dt t=T ' 

(5.3) 

which increases linearly with T. Therefore, another common name for the signal 

is a linear frequency modulation, or linear FM. Because of the positive change in 

frequency, e+i7r«(lt)2 is called an upchirp, and similarly the negative exponential is 

a downchirp. In words, the algorithm of eq. (5.2) can be broken down into four 

steps (Figure 5.1): 

1. multiplication of the signal by e- i7r«(lt)2, a downchirp, 

2. convolution of the product with an upchirp, e+i7r«(lt)2, 

3. multiplication by a downchirp, e- i1r«(lt)2, and 

4. remap the temporal signal to frequency, v = (l2t. 

Note that the third step in the algorithm may be deleted if only the modulus of 

the transform (Le. the power spectrum) is required. This analysis assumes that 

the chirps are complex exponentials of infinite length. Because of the order of 

operations, this algorithm is often called the M-C-M chirp transform, for 

multiply-convolve-multiply. The duality of convolution in coordinate space and 

multiplication in Fourier space (and vice versa) implies that the operations can be 

exchanged to produce a second feasible algorithm, the C-M-C transform (Jack et 

aI., 1980) It requires all three chirps even if the power spectrum only is 

required. 

Temporal filters with chirp impulse responses can be constructed using 

any of the technologies described in Chapter 4. For this demonstration, surface 
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Figure 5.1. The Chirp Algorithm for Fourier Transformation 

acoustic wave filters are used to take advantage of their speed, precision, 

durability, and low cost. In a SAW chirp filter. the separation of the fingers in 

the interdigital transducer (and hence the wavelength of the emitted acoustic wave) 

increases or decreases linearly with position on the substrate. The filter must 

have a finite temporal response. so tht:t sinusoidal wave is truncated by a function 

with compact support. e.g. a rectangular window. The impulse response h(t) of 

the ideal SA W chirp filter is a real sinusoidal signal of uniform amplitude 

commencing at t = 0 and persisting for a finite duration T. The frequency 

decreases or increases linearly from some initial carrier frequency Wo at a rate Q: 

(the chirp rate). i.e.: 
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(5.4) 

This signal is identical in form to that driving the Bragg cell of the flying-line 

scanner. as discussed in Chapter 4. The instantaneous frequency of the chirp at 

time T is found in the same fashion as eq. (5.3): 

(n - 1 d [ a:e] I 1 [ T] a: T " - 211' • dt wot ± 2 t=T = 211' Wo ± a: = "0 ± 211" (5.5) 

SAW filters have carrier frequencies in the RF domain. i.e. (0.5 MHz ~ "0 ~ 
300 MHz). thus allowing convenient application of RF devices for signal 

multiplication and phase detection. The pre- and postmultiplication chirps needed 

to implement the algorithm can be generated by applying an impulsive input to 

appropriate SAW chirp filters. while the convolution is performed by applying the 

signal as the input to a filter with upchirp impulse response. It is important to 

note that the impulse response of a SA W chirp filter is real. not complex. 

Implementation of the chirp transform with SAW filters is not as straightforward 

as the four-step recipe for complex exponential chirps. but with the aid of some 

mathematical gymnastics and electronic wizardry it is still possible (Jack and 

Paige. 1978). 

The first operation necessary to implement the realistic chirp Fourier 

transform is multiplication of the input signal by an RF chirp in a mixer. This 

device. shown schematically in Figure 5.2. consists of two transformers and four 

diodes. A large-amplitude RF local oscillator signal is applied to the LO port of 

the device. thus alternating each diode pair between conduction and open circuit 

during each half cycle of the LO signal. The virtual ground of the transformer 

--------------------------
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between the IF (intermediate frequency) port and the output RF (radio frequency) 

port is thus switched from one end of the transformer winding to the other at 

the LO frequency. thus reversing the phase of the signal transmitted from the IF 

port to the RF port at twice the LO frequency. The product of the IF signal 

and the local oscillator appears at the RF port. Mathematically speaking. the 

device takes two amplitude modulations A(t) and B(t) on carriers at angular 

frequencies wa and wb. resp~ctively. and produces an output: 

A(t)cos(wat) • B(t)cos(wbt) 

= [A(~B(t)] (cos[(wa+wb)t] + cos[(Wa-Wb)t]). (5.6) 

The two harmonic terms resulting from the sum and difference frequencies are 

the called the sidebands. 

Now consider the effects of double-sideband-mixer multiplication and of 

real quadratic phase factors on the recipe for the chirp Fourier transform. An 

arbitrary real temporal signal f(t) is applied to the IF port of the mixer. and a 

premultiplication chirp of the form Rec{ T~ - ~ 1 cos ["u -"i'l is applied '0 

the LO port. The RF output signal thus obtained is: 

5,(0 = f(O • Rect [r'_ - ~ 1 cos ["u -If 1 

= ~ • Rec{ T~ - ~ 1 [e+i("U - 0."/2) + e-i(",-, - 0.,'/2)]. (5.7) 

where T _ represents the temporal duration of the chirp signal (also called the 

dispersion time) and w_=21r11_ is the angular frequency at t=O (the subscript _ 

indicates that the impulse response is a downchirp). The function f(t) to be 
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LO 

Figure 5.2. Schematic of an RF Mixer 

transformed has been truncated by the rectangular window. This product signal 

is applied to a SAW filter with upchirp impulse response h(t): 

[ 
t 1] [ n.2t2] h(t) = Rect T+ - 2 cos w+t + u; 

(5.8) 

where T + is the time dispersion of the filter and w+=211'v+ is the initial angular 

carrier frequency. Since h(t) has a finite extent, this is a finite impulse response, 

or FIR filter. The convolution c2(t) = Sl(t) • h(t) is a complicated function, but 

the effect of the window functions is easily discerned and determines the region 

of interest. The total width of c2(t) is the sum of the widths of the windows, 



T + + T _. but the convolution will be apodized except within a region of width 

T + - T _. as illustrated in Figure 5.3. This interval of unapodized convolution is 

defined by: 

() R [
t-(T++TJ/2] w t = eet . 

T+ - T_ 
(5.9) 

Figure 5.3. Duration of tne Nontruncated Convolution in an FIR Filter 

During this time, the premultiplied input signal wholly interacts with the filter 

impulse response and a nonapodized convolution is computed. Therefore, the 

duration T _ of the premultiplication chirp must be less than T +. The optimum 

ratio of T _IT + will be derived shortly. Within the time period defined by w(t). 

the output of the filter is: 

cz(t) = w(t) . [Sl(t) • h(t)] 
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(5.10) 

By tedious, though straightforward, manipulation, the complex exponentials can be 

multiplied and terms in t' collected. Four complex exponential terms result: two 

depending on the carrier sum frequency e±i(w+ +wJt' and two on the difference 

frequency e±i(w+-wJt'. The sum-frequency term oscillates rapidly and can be 

neglected (this is the rotating wave approximation of quantum mechanics). The 

remaining terms are: 

I 
T_ 

= WJt) exp(i[w+t+CkW2]) 0 dt' f(t') exp(-int') + C.C. (5.1l) 

where C.C. denotes the complex conjugate of the entire expression and 

(5.12) 

The integral is an expression for the finite Fourier transform of f(t) at angular 

frequency n. If the squared-magnitude of (5.10 is derived by a diode detector, 

and the rectified carrier removed by low-pass filtering, the output signal will be 

the power spectrum of f(t): 

----------------
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1.,(1)1' = "i'~) II: -dl' 1(1') exp( -illt1I'· (5.13) 

By decomposing f(t) into its symmetric and antisymmetric components. 

eq. (5.10 can be rewritten as: 

- w~t). sin [ w+l+ ef 1 I: -ell' 1(t1 sinE - in!']] 

= w~t) [Re[F(u)] cos [ w+l+ "i'l -Im[F(U)] sin [ w+l+ "i'll (5.14) 

which represents the real and imaginary parts of the windowed input function on 

chirped carriers. To recover the desired transform. the expression must be 

demodulated in another RF mixer. Application of an upchirp cos [w+t+ a:t] in 

eq. (5.6) will demodulate the first term of eq. (5.14) to obtain: 

S2(t) cos [w+t+ a:t] = w~t) Re[F(n)][l + cos(2W+t+a:T2)]. (5.15) 

The product of the postmuItiplication chirp and the second term of eq. (5.14) 

vanishes because the carriers are out of phase. The rapidly oscillating term of 

eq. (5.15) can be removed by low-pass filtering to leave only the bipolar real 

part of [F(n)], i.e. the cosine transform. In identical fashion, the imaginary part 

of the transform, Im[F(n)], can be recovered by postmultiplication by 



90 

In this case, the term dependent on Re[F(1'2)] 

vanishes due to the out-of-phase carrier. Note that the combination of 

multiplication in a double-sideband mixer and low-pass filtering requires that the 

postmultiplication chirp have the same sign as the convolution chirp filter--they 

are both upchirps. This was not the case in eq. (5.0, where the chirps were 

fully complex unmodulated functions. 

The cosine and sine transforms may be demodulated simultaneously with 

an RF phase comparator: a four-port device that can be considered as a 

combination of a signal splitter, a quadrature hybrid, and two RF double-sideband 

mixers in one unit. A schematic is shown in Figure 5.4. Given an input 

voltage signal Vs and a reference signal VR of the form: 

Vs = A cos(wt + 1/1) 

VR = S coswt, 

the ideal phase comparator produces an in-phase signal VI: 

VI = VR . Vs = AS coswt cos(wt + 1/1) 

= AS [cos2wt cosl/l + coswt sinwt sinl/l] 

= ~S [cosl/l + cosl/l cos2wt + sinl/l sin2wt], 

and a quadrature signal V Q: 

VQ = iVR . Vs = AS cos( wt + ~) cos(wt + cjJ) 

= AS [sinwt coswt coscjJ + sin2wt sinl/l] 

= AS [sinl/l + cosl/l sin2wt - sinl/l cos2wt]. 
2 

--------------

(S.16a) 

(S.16b) 

(S.17a) 

(S.17b) 
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Low-pass filtering removes the second harmonic and passes terms proportional to 

the cosine and sine. respectively. of the phase difference between VR and VQ. 

The operation of the realistic RF phase comparator device is not so 

simple as this analysis implies. since nonlinear components are used. In the actual 

device. the reference signal level must be approximately 10 dBm (I V peak into 

son) and the input signal 0 dBm or less (0.32V into SOn). Since it is so much 

larger than the input signal. the reference can be approximated by a square-wave 

switching signal at frequency w. The Fourier series decomposition of the square 

wave is: 

cos[(2N+ 1)wtJ 
2N+l . (5.18) 

With Vs given in eq. (5.16a). VI and VQ are now given as products of the 

input and the Fourier series coefficients. After discarding terms of frequency 

greater than w. the in-phase and quadrature outputs are: 

VI = AB . [cos!/> + cos2wt cos!/> + sin2wt sin!/>] 
1r 

V Q = ~B • [sin!/> + sin2wt (cos!/> - sin!/»J. 

(5. 1 9a) 

(5.19b) 

Note that the second-harmonic components of VQ are in phase. and so will have 

a larger amplitude than those of VI' The second harmonic terms are removed by 

low-pass filtering to leave outputs proportional to the cosine and sine of the 

phase between the reference and input signals. 

Note that the realistic chirp transform does not derive the magnitude and 

phase of the transform. but rather its real and imaginary parts. The squared-

magnitude of the transform is. of course. obtainable by incoherent detection as 
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Figure 5.4. Schematic of an RF Phase Comparator 
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previously described. If the phase of the transform is required. it can 

theoretically be obtained from the real and imaginary parts via: 

<P(v) = tan- 1 [- Im[F(V)]]. 
Re[F(v)] (5.20) 

The ratio and arctangent operations can be performed electronically with special-

purpose analog modules (e.g. the Burr··Brown 4302 and the Analog Devices 433J 

multifunction chips), but operation is quite slow (typical bandwidth of 60 kHz) 

and the available dynamic range is only about 20 dB. The phase discontinuity of 

the inverse tangent operation is also a potential problem. However. it should be 

noted that the digital FFT algorithm also computes the real and imaginary parts of 

the transform, so implementation of Fourier transformation by the SAW chirp 

algorithm suffers no particular disadvantage relative to digital processing in this 

respect. 

If necessary, the SA W chirp transformer can be adapted for complex 

inputs available as real and imaginary parts (Jack and Paige, 1978). The 

imaginary input signal must be modulated by a carrier in quadrature to that 

modulating the real part. This can be done by using a phase comparator 

"backwards" for premultiplication. That is, the real part of the input signal is 

applied to the in-phase port, the imaginary input to the quadrature port, and the 

premultiplication chirp to the reference port. The output from the signal port is 

applied to the convolution filter. Demodulation of the real and imaginary parts of 

the transform are performed as before. 
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Theoretical Performance of the Chirp Fourier Transformer 

The duration of the convolution in the filter is determined by wet) (eq. 

5.9), which has a width of T+ - T_. The bandwidth of the transformed signal 

an can be found from eq. (5.12): 

(5.21) 

The maximum duration of an input signal that can be fully analyzed is equal to 

the duration of the premultiplication downchirp T _. Therefore, the maximum 

time-bandwidth product of the analyzer is: 

This equation may be maximized with respect to T _IT + :: 1 to find the maximum 

possible transformer bandwidth: 

d O:T +2 
d1 (TBW) = 21r . [I - 21] = 0, (5.23) 

which implies that: 

(5.24) 

In words, this analysis demonstrates that for maximum time-bandwidth product in 

the output signal, the time dispersion and bandwidth of the premultiplication chirp 

must each be half as large as their counterparts for the convolution chirp filter. 

Therefore, the maximum time-bandwidth product of the Fourier transform (i.e. the 

maximum number of resolvable frequencies) is one-fourth of the time-bandwidth 

product of the convolution chirp. The spectral components are convolved with 

----_ ... __ ._---- .------------------
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the transform of the window function. i.e. .9" ,{ Rec{ T~ J} = Siner'" -1; some may 

be obscured by the large sidelobes of the Sinc function. If smaller sidelobes are 

required. SA W chirp filters with other window functions (e.g. Hamming) are 

available. 

The transformer bandwidth is centered on zero frequency. and so the 

"spectral window" spans temporal frequencies Ivl /' Q:
8
T:. 

.:::. II Of course. the 

information at negative frequency in the Fourier transform is redundant. i.e. 

Re[F(n)] = Re[F(-n)] and Im[F(n)] = -lm[F(-n)]. If the center frequency of the 

premultiplication chirp is offset such that its initial carrier frequency w_ is 

identical to the center frequency of the convolution filter. then the spectral 

window is 
Q:T+ o ~ V ~ 4'11' • i.e. the effective bandwidth of the chirp transformer 

has been doubled (Jack and Paige. 1978). 

The SA W chirp Fourier transformer has been demonstrated as a useful 

tool for rapidly deriving spectrum information from 1-0 electronic signals. By 

combining it with the optical Radon transformer described in Chapter 4. 2-0 

spectrum analysis can be performed at a rapid rate. A demonstration of such a 

system is described in the next chapter. 



Chapter 6 

THE RADON-FOURIER TRANSFORMER 

The SAW chirp Fourier transform algorithm discussed in Chapter S was 

implemented with three interdigital SAW chirp filters from Andersen Laboratories 

(models DS-120-1O-20-2S1A and -2S2A). each having a bandwidth of 10 MHz. a 

time dispersion of 20 p.S. and thus a time-bandwidth product of 200. The filter 

windows are unapodized. To compensate for the 40 dB insertion loss of the 

SA W filters. the output of each is immediately applied to an A vantek modular 

amplifier (UTCS-112M). which has a typical gain of 48 dB over the frequency 

range of S-SOO MHz. The actual gain of the amplifiers was measured at 48 dB 

for the premultiplication chirp. 47 dB for the convolution filter. and 42 dB for 

the postmultiplication chirp. 

The duration of the input function f(t) is limited to 10 p.S to truncate 

the premultiplication chirp for maximum system time-bandwidth product. The 

signals are multiplied in a double- balanced RF mixer; the limitations of this 

approach will be discussed in detail shortly. Typical mixers require local 

oscillator levels of + 10 dBm for best performance. but even with boost from the 

A vantek amplifier. the signal level out of the premultiplication chirp filter is only 

about -4 dBm (200 m V peak into SOn). A special "starved LO" mixer (CDBS

S004). which requires levels in the range -10 to + 7 dBm. was purchased from 

Olektron Corporation. 

96 
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After convolution with the upchirp, the signal is demodulated in a phase 

comparator (Olektron model PC-120), which operates over a frequency range of 

80-160 MHz with a maximum absolute phase error of 5°. As indicated in the 

analysis of the phase comparator leading to eqs. (5.19a) and (5. I 9b), the reference 

port of the phase comparator requires a signal level of + 1 ° dBm (I V peak into 

50n). The required 20 dB of gain is obtained with a second RF amplifier 

(Trontech W500C) plus attenuator. To minimize signal leakage between the 

output channels of the phase comparator, very precise timing of the pre- and 

postmultiplication chirps is required. For example, 40 dB of isolation (Le., a 

leakage of I %) corresponds to a maximum phase error of: 

(6.1) 

At the high end of the SA W passband, the corresponding timing error is: 

[
0.570

] I 
At = 3600 . 125 MHz = 13 pS (6.2) 

The precision of the time interval between the multiplication chirps is comparable 

to the precision required in positioning optical components to preserve the phase 

of optical Fourier transforms. Coarse control of the time interval is provided by 

a Berkeley Nucleonics digital delay generator operating under the control of an 

IBM personal computer. Upon receiving a trigger pulse from the computer, the 

delay generator transmits two TTL pulses separated by approximately 14 p.S, with 

a time resolution of I nS (at the center frequency of 120 MHz, 1 nS corresponds 

to 43° of phase--approximately 1/8 of a wave period). The TTL pulses trigger 

two A vtech A VH impulse generators, which in turn produce pulses less than 

I nS wide. These are applied to the multiplication SAW filters to generate their 

impulse responses. Fine adjustment of the time interval is obtained by shifting 
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the phase of the entire postmultiplication chirp via a continuously variable RF 

phase shifter (Lorch Electronics VP40I B-I20), which has a range of about 2000
• 

The bandwidth of the phase shifter is 12 MHz, just sufficient to span the entire 

10 MHz bandwidth of the postmultiplication chirp. Two off-the-shelf three-stage 

RF tubular low-pass filters (K&L 3L 120-30, with a 3-dB cutoff at 30 MHz) are 

used to remove upper sideband from each channel after demodulation. 

OEHEAA'OA 
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Figure 6.1. Schematic of SAW Chirp Fourier Transformer 

A schematic of the SAW chirp transformer is shown in Figure 6.1, and 

its operation is illustrated by the sequence of photos in Figure 6.2. The input 

function is: 

f(t) = Rect[ ~l] . Sinc[ {]. (6.3) 

where Tl = lOllS and T2 = 1.28 IlS. For this demonstration, the input signal 

was produced by a digital function generator which will be described in 

Chapter 8. The input f(t) is shown at the top of Figure 6.2-A, with the 
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Figure 6.2. Operation of the SAW Chirp FO;,Jrier Transformer 
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premultiplication chirp in the center and the product of the two produced by the 

mixer at the bottom. The input function and the output of the convolution chirp 

filter, i.e. the modulated Fourier transform of eq. (5.14), are seen in Figure 6.2-B. 

For a Sinc function input, this is a Rect function modulation of the RF carrier. 

To obtain Figure 6.2-C, the modulated transform was applied to a diode detector. 

The result is the power spectrum as shown in eq. (5.13). The same result for 

the input function after a translation by approximately 2 JlS is shown in 

Figure 6.2-0. Note that there is no significant difference between the power 

spectra. Figures 6.2-E and 6.2-F show the input function and signals from the 

in-phase and quadrature ports of the phase comparator before low-pass filtering. 

Note the larger second-harmonic modulation in the quadrature channel, as 

predicted by eq. (5.19b). After low-pass filtering, Re[F(n)] and Im[F(n)] are 

obtained (Figures 6.2-G and 6.2-H). In 6.2-G, the input function was centered 

in the window of the premultiplication chirp and the transform is purely real. 

The input f(t) producing the result of Figure 6.2-H is identical to that for 

Figure 6.2-0, Le. there is a temporal offset of approximately 2 JlS, which adds a 

linear phase that is manifested as a cosine in Re[F(n)] and a sine in Im[F(n)]. 

Figure 6.2-1 is a magnified version of 6.2-G, and demonstrates the effect of the 

finite rectangular window function, Le. a convolution of the true transform with a 

sinc function. 

Performance of the SA W Chirp Transformer 

The SAW chirp transformer resolves 50 temporal frequencies in the 

frequency window <1111 ~ 2.5 MHz). As discussed above, the redundancy of the 

transform allows the effective window to be enlarged if desired by offsetting the 
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center frequency of the premultiplication chirp. In this system, this is most easily 

done by delaying the function and postmultiplication chirp by equal amounts 

relative to the premultiplication chirp. The result is illustrated in Figure 6.3. 

The input is a simulation of a Ronchi grating in circular aperture, as produced 

by the digital function generator. In Figure 6.3a, the input is centered in the 

premultiplication chirp window, and the transformer bandwidth is symmetric 

about zero frequency. In Figure 6.3b, the premultiplication chirp is offset to 

enlarge the bandwidth. However, given an input function of length lOllS and a 

premultiplication chirp of length 20 IlS, the maximum offset can only be 5 IlS 

without truncating the signal. In this case, the frequency window is (-1.25 MHz 

!5: " !5: 3.75 MHz), thus truncating the -1st order of the grating while admitting 

the +2nd order. Input signals of shorter duration can have larger offsets and 

therefore a proportionally larger effective bandwidth. 

The SAW chirp transformer has a significant limitation in linear dynamic 

range due to RF mixer multiplication. Modulation is derived by the nonlinearity 

of the diodes in the mixer, thus implying that "linear" performance is strictly an 

approximation. Nevertheless, it can be sufficiently linear over a limited range of 

signal levels to obtain useful results. The region of linear response was measured 

by applying a variable-amplitude Rect function signal to the chirp transformer and 

plotting the maximum voltage (i.e. at zero temporal frequency) of the output 

transform. A graph of the transform amplitude over a range of signal levels 

(Figure 6.4) demonstrates that the system is linear to a very good approximation 

for input amplitudes in the range of 50-350 mY. 

As discussed above, timing inaccuracies cause crosstalk between the two 

demodulated transformer outputs. Jitter in the pulse timing creates crosstalk 



(a) 

(b) 
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Figure 6.3. Increasing Transformer Bandwidth by 
Offsetting Premultiplication Chirp 

(a) f(t) centered on premultiplication chirp 
(b) f(t) delayed relative to premultiplication chirp 
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Figure 6.4. Amplitude of SAW Chirp Output vs. Input Voltage Level 
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which varies from one transform cycle to the next and appears in the output 

signals as noise. In the transform example of Figure 6.2. the cosine transform 

signal level is 65 mV with a peak-to-peak noise level of <2 mY. The output of 

the sine transform is noisier. mainly due to the larger carrier signal before low

pass filtering. The peak-to-peak noise level in the sine transform is ~5 mY. 

Chirp Transformation of Optical Projections 

The chirp transformer was coupled to the flying-line scanner described 

in Chapter 4. Actual slices of the 2-D transform thus obtained are shown in 

Figure 6.5. with a computer simulation also presented for comparison. A 

transparent grating (75% clear. 25% opaque) was placed in a circular aperture of 

20 mm diameter in the flying-line scanner. The azimuth of scan was oriented so 

that the line of integration was parallel to the grating lines. The grating was 

mounted on a translation stage so that it could be shifted within the circular 

aperture. Four cases are shown for both the actual and computed outputs. In 

each example. the top trace is the output of the flying-line scanner. i.e. the Radon 

transform of the object for one azimuth. The second and third traces are the 

cosine and sine transform outputs of the complex Fourier transformer. Le. one 

line through the 2-D real part and imaginary part. respectively. of the Fourier 

transform of the original object. via the central-slice theorem. The scanning time 

is 10 pS. and the two transforms have been output less than 30 pS after the 

beginning of the flying-line scan. In the first case. the grating is symmetrically 

positioned in the aperture. The Fourier transform of a symmetric object is 

purely real. and hence the sine transform vanishes as shown. Also note that the 

cosine transform is bipolar and symmetric . In the succeeding three cases. the 

. _----_._--
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grating is translated in the aperture, resulting in an asymmetric input to the 

complex transformer and a non-vanishing bipolar and antisymmetric sine 

transform. The actual transformer output agrees very well with the computer 

simulations. 

The spatial frequency bandwidth of the system is dependent on the 

spatial scanning rate at the input plane. Typically, an area 25 mm in diameter is 

scanned in lOpS, with 50 resolvable frequencies. Under these conditions, the 

maximum spatial frequency magnitude is ±50 = ±I cycleslmm, with a 
2 . 25 mm 

resolution of 2/50 = 0.04 cY/mm. Had a diameter of 10 mm been scanned in 

the same time, the range would be p(max) = ±2.5 cy/mm. A similar system 

incorporating the chirp Fourier transformer of Gerard et aI., as discussed above, 

and a flying-line scanner resolving 900 points over a 30 mm aperture in 30 pS, 

the spatial frequency bandwidth would be ±30 cylmm with a resolution of 

1115 cy/mm. 

The resolution limit of the flying-line scanner is well-matched to the 

spectral window of the chirp transformer, as illustrated in Figure 6.6. The input 

function was a square-wave grating (75% clear, 25% opaque with a spatial 

frequency of 1 cycle/mm) in a circular aperture of 25 mm diameter. The 

gaussian-like character of the envelope of the projection is due to the circular 

aperture. The modulation of the projection is approximately 40%. The temporal 

frequency of the signal is 2.5 MHz, which is the extremum of the spectral 

window for fully redundant. spectra. 

The significance of the limited dynamic range of the SAW chirp 

transform on the 2-D transform is heavily dependent on the character of the 2-D 



Figure 6.6. Maximum Resolution of Flying-Line Scanner 
and SAW Transformer 
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Figure 6.7. Schematic of Radon-Fourier Spectrum Analyzer 
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input f(r). A scene consisting of lines of discrete bright points will require a 

wider dynamic range than a "normal" scene. At certain azimuths of the discrete

point scene, the bright sources will line up and add together, thus requiring a 

wide linear range. In pictorial scenes, where the brightness is diffused 

throughout, different projections will likely have similar integrated intensities, and 

thus the dynamic range required of each will be similar. 

Displaying Spectra--The Inverse Central-Slice Transform 

The systems for deriving the optical Radon transform and performing the 

I-D Fourier transform have now been described. To completely implement the 

central-slice theorem, the inverse central-slice transform must be performed (eq. 

2.16). The slices must be displayed at the proper azimuth angle, and the 

sampling nonuniformity compensated by multiplication by the so-called rho-{iller. 

lvl. A vector CRT monitor (Tektronix 606) serves as the display. An 

electronically generated ramp signal is applied to one input of each of a pair of 

analog multipliers. The value of the cosine and sine of the appropriate display 

angle is retrieved from a lookup table in the computer and sent to the other 

input of each multiplier. The output voltages thus obtained are applied to the x

and y-axis, respectively, of the CRT display, thus writing a line at the proper 

angle. 

Before display, each slice of the 2-D transform must be multiplied by 

Ivl. This V-shaped function is produced electronically by passing a bipolar ramp 

function through an absolute-value amplifier (see circuitry in appendix). For 

displaying power spectra, the multiplication can be performed in an RF mixer 

before demodulation in the diode detector, as shown in the schematic of 
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Figure 6.7. Filtering of the coherently demodulated signal is somewhat more 

difficult, since the maximum frequency of interest (up to 5 MHz) is higher than 

most analog multiplier modules can handle, but not high enough for RF mixers. 

In their stead, a balanced modulator-demodulator integrated circuit (Motorola 

MC1496) was used. The IF signal (V-function) amplitude-modulates the LO 

signal (cosine or sine transform). The output is applied to the z-axis of the 

display CRT. The modulation circuitry is documented in the appendix, and an 

example of electronic rho-filtering is shown in Figure 6.8. After filtering, the 

power spectrum or the complex transform signal is applied to the z-axis of the 

CRT. No attempt was made to linearize the z-axis, i.e. make the intensity of the 

CRT spot proportional to the driving voltage. By consequence, most transforms 

are displayed in a near-binary mode. However, the slices of the 2-D transform 

(Figure 6.5) demonstrate that accurate gray-level information is available. Display 

of a unipolar power spectrum is straightforward, but the bipolar complex 

transform can be applied to the z-axis in two ways; the signal can be thresholded 

at ground to display the complex transform in four parts (positive and negative 

real, and positive and negative imaginary), or the bipolar signal can be biased up 

to display the complete real or imaginary transform at one time. Since the I-D 

cosine and sine transform signals are available simultaneously, they can be 

displayed simultaneously on separate CRTs. 

Experimental Results 

Examples of 2-D power spectral and complex transforms of both 

transmissive and reflective objects are presented in Figures 6.9-6.17. The frame 

rate was 2.5 Hz, limited by the mechanical rotation rate of the image-rotating 

------------------------------ ----- ------ ----------
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Figure 6.8 Demonstrations of MCI496 Modulator as Rho-Filter. 
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prism. The power spectrum of a square-wave grating in a small circular 

aperture is shown in Figure 6.9. The power spectrum is the convolution of the 

spectra of the aperture and grating. i.e. an Airy disk located on each order of the 

grating. In Figure 6.10. the object was a grid-coded magnitude of a zeroth-order 

Bessel function Jo• Its power spectrum is the convolution of the orders of the 

grid with ar 2{JO(a:r)} = 6~r). i.e. a ring Dirac delta function. 
a:r 

Complex spectra obtained with the system are presented in Figures 

6.11-6.17. In each case. the positive part of the Fourier transform is presented: 

i.e. areas of the transform with amplitude greater than zero are bright. while 

those areas with amplitude less than zero are dark. Note the difference from the 

usual optical presentation of the power spectrum. where areas with amplitude both 

greater than or less than zero are bright and the zero-crossings are dark. In 

Figure 6.11a. the object was a circular aperture 1.5 mm in diameter. In the first 

case. the aperture was centered on the optic axis of the flying-line scanner. The 

Fourier transform of this symmetric object is a purely real bipolar Airy pattern. 

If the aperture is translated relative to the optic axis so that the object is no 

longer symmetric. the linear phase term appears as fringes in the transform: the 

greater the shift. the larger the frequency of the linear phase. Computer 

simulations of the same cases are shown in Figure 6.11 b. In Figure 6.12. the 

object was a transparent grating in a circular aperture. and the Fourier transform 

is the Airy pattern of the circular aperture on the it orders of the grating. 

Each transform was obtained for a different shift of the grating in the aperture. 

resulting in different phasing of the Airy patterns. In Figure 6.13a and 6.13b. 

the object was a pair of circular apertures. each 1 mm in diameter. with the 
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Figure 6.9. 2-D Power Spectrum of Grating in Circular Aperture 

Figure 6.10. 2-D Power Spectrum of Grid-Coded Jo-Bessel Function 



centers separated by 5 mm. 
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The first case is the cosine transform of the 

centered pair. Note the change in phase of the fringes when crossing zeros of 

the Airy pattern. The other cases are cosine and sine transforms of the pair 

with the optical axis positioned 1 mm above the center line through the apertures. 

and with the axis located 1 mm along the center line. 

Figure 6.14 demonstrates the complex transform of the grid-coded 

magnitude of the Jo Bessel function. Note that the grid is intrinsically 

antisymmetric. Therefore. there is always an odd part of the function and the 

sine transform never vanishes. Figure 6.15 is the complex transform of a grid

coded spiral zone plate, and demonstrates that the transform of a spiral zone plate 

is a spiral zone plate. 

Figure 6.16 demonstrates the capability of this system to compute the 

complex Fourier transform in reflection. A beam splitter was inserted into the 

system ahead of the object to direct the reflection of the flying line onto the 

photomultiplier. The object was identical to that of Figure 6.12. Since the 

overall reflectance is less than the transmittance. and since the modulation in 

reflectance is less as well, the signal-to-noise ratio of the reflective transforms is 

lower than that in the transmissive case. However. The capability of performing 

complex reflective transforms with this system is clearly demonstrated. 

One reason given for pursuing the Radon approach to complex Fourier 

transformation was to avoid the problems associated with 2-D spatial light 

modulators (incoherent-to-coherent converters). However. the Radon-Fourier 

transformer derives image phase information from the relative timing of the chirp 

signals and is total.ly insensitive to phase distortions of the input transducer. 

Therefore, 2-D modulators with poor coherent image quality may be profitably 
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utilized in such a system. Recently, there has been much interest in applying an 

inexpensive liquid crystal television receiver (LCTV) to optical processing (Liu et 

aI., 1985) (McEwan et aI., 1985). It has been modified to improve the phase 

uniformity, with great success (Tai, 1986). However, such a device can be 

profitably used in the Radon-Fourier transformer without modification. Examples 

are shown in Figure 6.17, along with computer simulations of the same cases. 
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Figure 6.11. 2-D Complex Transforms of Circular Aperture 

(a) system output for three locations of object 
(b) computer simulation 
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Figure 6.12. 2-D Complex Transforms of Grating in Circular Aperture 
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Figure 6.13. 2-D Complex Transforms of Two Circular Apertures 

(a) system output for three locations of object 
(b) computer simulation 
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Figure 6.14. 2-D Complex Transform of Grid-Coded Jo-Bessel Function 

(top) input function, (bottom) system outputs. 
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Figure 6.15. 2-D Complex Transform of Grid-Coded Spiral Zone Plate 

(top) input function, (bottom) system outputs. 

--------_._----------_ .. -- -.. --- -.----- ....... --_._-- --_._--_._------
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A 

B 

Figure 6.16. 2-D Complex Transform of Reflective Signal 

(top) input function, (A) cosine transforms, (B) sine transforms. 
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(b) 

Figure 6.17. 2-D Complex Transform of LCD TV Signal 

(a) (left) grating input, (right) checkerboard input 
(b) computer simulations. 

---------------------- ----- ------. 
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CHAPTER 7 

FOURIER-BASED SIGNAL PROCESSING VIA I-D OPERATIONS 

Because the frequency-space representation is so useful for gleaning 

information from signals. many signal representations and processing algorithms 

based on the Fourier transform have been developed. In this chapter. a collection 

of such useful processes that are susceptible to solution via I-D operations will 

be considered. including Labeyrie stellar speckle interferometry. the Hartley 

transform. and a joint coordinate-frequency representation. the Wigner distribution 

function. 

Labeyrie Stellar Speckle Interferometry 

Resolution of images of faint objects obtained with large telescopes is not 

usually limited by aberrations of the optical system. but rather by the long-term 

transfer function of the atmosphere. Stochastic phase variations in the pupil of 

the telescope generate time-varying aberrations (predominantly tilts) that distort the 

image. However. the phase of the pupil can be approximated as uniform in small 

areas (isopianatic patches) within the pupil. Each isoplanatic patch can be 

considered to be an effective pupil that produces an image at a point determined 

by the position and phase of the patch. The image is the superposition of the 

images due to all of the patches. Over time. atmospheric turbulence changes the 

configuration of the patches in the pupil. thus smearing the long-exposure image. 
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i.e. atmospheric distortion acts as a low-pass filter for long exposures. 

Mathematically speaking, the instantaneous impulse response of a telescope looking 

through a turbulent atmosphere is: 

per) = L Pn(r), 

n 

(7.1) 

where the short-term impulse response due to the nth isoplantic patch is Pn(r). 

The complex amplitude of the image is the convolution of eq. (7.1) with the 

object amplitude: 

i(r) = per) -- o(r), (7.2) 

and the time-averaged image power spectrum is: 

<ll(pW> = <IO(p) L Pn(pW>· (7.3) 

n 

Labeyrie (1970) developed a technique based on optical Fourier 

transformation that permits retrieval of image information out to the diffraction 

limit of the telescope regardless of atmospheric turbulence. By taking very short 

exposures of an astronomical object, the motion of the isoplanatic patches can be 

"frozen" in time, though relatively few photons will be recorded in each frame. 

The images due to individual isoplanatic patches are called speckles due to their 

appearance. Each speckle image contains information out to the diffraction limit 

of its pupil. For example, a double star will generate matching pairs of speckles 

at the image plane through each isoplanatic patch. Labeyrie took a series of 

speckle images and computed the Fourier modulus in a coherent optical system. 

The phase information is discarded, but it is not very useful in this technique 

anyway, being primarily due to the unwanted tilt coefficients of the isoplanatic 



125 

patches. The Fourier moduli of the frames in the series are averaged, i.e. 

(7.4) 

n n 

where the last step follows because O(p) is constant over time. Therefore, the 

squared-modulus of the object is: 

IO(pW = Il(p}j2 (7.5) 

L Ipn(pW 
n 

where the denominator on the right-hand side is the Fourier modulus of the 

time-averaged intensity of the autocorrelation function of the pupil. Although the 

complex impulse response of the pupil varies rapidly over time, the time-averaged 

intensity of the pupil's autocorrelation function varies fairly slowly, and can be 

considered as constant over an observing session. The Fourier transform of the 

result is computed optically to yield: 

(7.6) 

The end result is the autocorrelation of the unaberrated image and contains 

information out to the diffraction limit of the telescope. 

Since it requires the computation of large numbers of Fourier transforms, 

Labeyrie stellar speckle interferometry is a likely candidate for implementation in 

Radon space. In fact, infrared speckle imagery is often obtained with a scanning 

slit detector, so the original data are projections (Sibille et al., 1979). 

To demonstrate application of the Radon-Fourier transformer to stellar 

speckle interferometry. a simulated sequence of 20 speckle patterns from a double 

star was created digitally. Each pattern consists of 50 pairs of identical ellipses 

----------------------------- ----------- ----
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of varying sizes, orientations, and aspect ratios, but with constant separation 

between identical members. A typical example is shown in Figure 7.1, and its 

Fourier power spectrum generated by the Radon-Fourier transformer is shown in 

Figure 7.2. The 2-D integrated Fourier modulus is derived by obtaining the 

power spectra of the individual frames in the Radon-Fourier transformer and 

integrating the result on a single piece of film. The result is the averaged Fourier 

modulus (Figure 7.3). The fringes due to the double-star are clearly seen. The 

averaged modulus can then be retransformed in the Radon-Fourier system to 

produce the autocorrelation of the simulated double star (Figure 7.4). 

The Hartley Transform 

A particular integral transformation that has received some attention 

among the signal processing community in recent years is the Hartley transform 

(Bracewell 1983, 1984), which was originally considered by Ralph Hartley (1942) 

as an alternative to the Fourier transform. Decomposition of the kernel of the 

Fourier transform into real and imaginary parts yields: 

F(v) = L: dt f(t) COS(27Tvt) - iL: dt f(t) sin(27Tvt) 

=Re[F(v)] + ilm[F(v)]. (7.7) 

Hartley defined a new operator !Tel which acts of f(t) to generate FH(v), the 

difference between the real and imaginary parts of the Fourier transform (Le. the 

cosine and sine transforms): 
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Figure 7.1 Simulated Speckle Image of Double Star 

Figure 7.2. Power Spectrum of Simulated Speckle Image 
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Figure 7.3. A verage of 20 Power Spectra of Simulated Speckle Imagery 

Figure 7.4. Autocorrelation of Simulated Double Star 
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S'C1{f(t)} = FH(v) = Re[F(v)] - Im[F(v)] 

= J _: dt f(t) [cos(2'11'vt) + sin(2'11'vt)] 

:: r: dt f(t) cas(2'11'v). (7.8) 

The extension of the definition to 2-D functions is straightforward: 

(7.9) 

Note that the Hartley transform is a space-variant superposition integral whose 

kernel is the scalar product of the conjugate variables. The Hartley transform of 

any real or complex function is real, since it is a combination of two real 

components. Also, the Hartley transform operator is its own inverse, because the 

cosine and sine transform operators are individually their own inverses (Bracewell, 

1978, p. 17). Clearly, the even and odd parts of FH(v) are the cosine and sine 

transforms, respectively: 

E(v) :: FH(v) + FH( -v) = Re[F(v)] 
2 

and therefore F(v) can be derived from FH(v): 

F(v) = E(v) - iO(v). 

(7. lOa) 

(7. lOb) 

(7.11) 

The 2-D Hartley transform carries all of the information of the Fourier 

transform in a single 2-D real array. Its characteristics have led some proponents 

to tout the Hartley transform as being of potential significant value in signal 
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processing, so much so that optical methods have recently been proposed for 

deriving the Hartley transform of real 2-D signals (Bracewell et aI., 1985). 

However, it is difficult to fathom the significance of the advantages ascribed to 

the Hartley transform. Its real-valuedness is hardly special; the redundancy of the 

Fourier transform enables a convenient real-valued representation to be obtained 

simply by butting one half-plane each of the cosine and sine transforms. Optical 

derivation of the Hartley transform may be advantageous over optical Fourier 

transformation, since there would be no need for extracting the optical phase 

information, but only when FH(v) is known to be positive. Such a constraint 

would not normally be known a priori, and the presence of any zero crossings 

would introduce a sign ambiguity. 

However dubious its utility may be, the 2-D Hartley transform is easily 

derived via the central-slice theorem. Since FH(P) is a linear combination of the 

real and imaginary parts of the 2-D Fourier transform F(p), a slice of FH(P) is a 

linear combination of the real and imaginary. parts of Af(v). Recall that 

implementation of the central-slice theorem via SAW chirp Fourier transformation 

yielded Re[AC(v)] and Im[AC(v)] as temporal electronic signals. Applying these 

signals to a simple difference amplifier (constructed in five minutes from an 

LM318 operational amplifier), true bipolar slices of the Hartley transform are 

obtained. Displaying the slices to derive the 2-D image of FH(P) is performed in 

identical fashion. A schematic oC the operation is shown in Figure 7.5, with 

some experimental results in Figure 7.6a. A computer simulation of the case of 

Figure 7.6a is shown in Figure 7.6b. 
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Figure 7.5. Schematic of Radon-Hartley Transformer 

---------- .--------------------- ---
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Figure 7.6. 2-D Hartley Transform of Grating in Circular Aperture 

(top) system outputs for three object positions 
(bottom) computer simulations 

132 



133 

Joint Coordinate-Frequency Representations 

The coordinate-space and frequency-space representations of a signal are 

equivalent in the sense that knowledge of one allows derivation of the other via 

the Fourier transform. Either representation gives a complete picture for 

stationary signals. i.e. the amplitude and phase can be derived at any position. 

However. this is not the case for nonstationary signals. i.e. where the spectrum 

varies with coordinate. A familiar illustration is a piece of music. The 

composer must specify the amplitude and frequency produced by ,each instrument 

for each interval of time. e.g. a quarter of a measure if the time signature is 4/4. 

In other words. the composer describes the local spectrum of the sound. Of 

course. the precision of such a specification is constrained by the uncertainty 

principle. though this limitation is hardly relevant in everyday experience. This 

mode of describing a nonstationary signal is the complex spectrogram. where the 

local frequency information is obtained by Fourier transforming the product of the 

signal with a function of compact support w(t). i.e. a window. For a 1-0 signal 

f(t) and window function g(t). one expression for the complex spectrogram is: 

Cfg(t·.V) = r: dt f(t) g *(t-t') e-211'ivt. (7.12) 

The 1-0 time signal is represented as a 2-0 function of time and frequency. 

The spectrogram is often used in speech analysis. e.g. voiceprints. Of course. 

such a representation is as much a function of the window as the nonstationary 

signal. i.e. the resolution of the spectrum can be increased by using a larger 

window. at a cost of "smearing out" variations due to the nonstationarity of the 

signal. The artifacts due to w(t) can be eliminated by using the function itself as 
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the window, Le.: 

Cff(t',V) = r: dt f(t) f*(t-t') e-21Tivt. (7.13) 

A symmetric version of Cff is more often used: 

E J 00 dt wff(t,t') e-21Tivt, 
-00 

(7.14) 

where wff defines the product function and: 

Cff(t"v) = Aff(t',v) e- i1Tvt'. (7.15) 

The function Aff(t' ,v) is commonly called the Woodward auto-ambiguity function, or 

AF, after its inventor (1953), who applied it to the problem of uncertainty in 

range vs. Doppler shift in radar. The windowed spectrogram of eq. (7.12) is an 

example of the cross-ambiguity function. The auto-ambiguity function evaluated 

along the coordinate axis is: 

= r: dT f(T) f*(T-t'), (7.16) 

i.e. the autocorrelation of the signal. Therefore, the AF can be interpreted as a 

generalized correlation at nonzero frequency (Szu and Blodgett, 1980). 
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A close relative of the AF can be obtained via double Fourier 

transformation: 

Wff(t,I") = tT tT-1{Aff(t',I1)} = J 00 dt' wf{(t,t') e-211'il1't' . 
t'-+I1' l1-+t -00 

(7.17) 

This representation was developed by Wigner (1932) as a joint phase-space 

description in quantum mechanics, and is commonly called the Wigner distribution 

function, or WDF. It was later adapted (Ville, 1958) (de Bruijn, 1967) to the 

description of the energy density of a signal in a joint coordinate-frequency space. 

Unlike the AF, the WOF is always real since it is the Fourier transform of a 

Hermitian quantity. The WOF evaluated along the coordinate axis is: 

= 2 L: dT f(T) f*(2t-T), (7.18) 

i.e. a scaled autoconvolution. Thus, the WOF can be considered as a generalized 

convolution at nonzero frequency. 

Obviously, the inverse Fourier transform yields of the WOF yields the 

product function: 

(7.19) 

By substitution of the frequency-space representations of f [t ± ~] into eq.(7.17), 

an equivalent expression for the WOF can be derived: 
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Wff(t,V') = r: dv F[V'+~] F*[V'-~] e+21rivt. (7.20) 

Note the symmetry between eqs. (7.17) and (7.20), indicating that the coordinate 

and frequency have equal significance in this representation. It is easy to show 

that the WDF has the same regions of support in coordinate space and frequency 

space as the function and its transform. That is, if f(t) = 0 for It I > T, then 

f[t+ ~] f*[t- ~] (and hence the WDF) = 0 for It I > T. Similarly, if F(v') = 0 for 

Iv'l > N, then Wff(t,v') = 0 in that region as well. These results do not follow 

for the AF, as can be seen since it is related to the WDF via Fourier 

transformation. Because of this characteristic, arid because it is real, the WDF is 

often the more convenient to calculate and use. 

All of the commonly used representations (e.g. complex amplitude, 

intensity, frequency spectrum, power spectrum) of a signal can be derived from 

the WDF. For this reason, it has been called a master/orm signal (Bartelt et aI., 

1980). For completeness, some of the important relations of the WDF are listed 

below (Claasen and Mecklenbrauker, 1980): 

r: dt Wff(t,v') = r: dv F[V'+ ~] F*[V'- ~] r: dt e+21rivt 

= IF(v'W, the power spectrum. (7.21) 

r: dv' Wff(t,v') = r: dt' f[t+ ~] f*[t- ~] r: dv' e-21riv't' 

= I((tW, the signal intensity. (7.22) 
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L: du' L: dt Wff(t.u·) = L: dt 1f(t)12 = L: du' IF(u'W 

= E. the total signal energy. (7.23) 

The original signal can be derived up to a phase factor by use of eq. (7.19): 

f(t) = eiif' ~. (7.24) 
JWff(O.O) 

The WDF is often interpreted as the distribution of energy of the 

function over coordinate and frequency. However. this interpretation is not 

strictly correct since the WDF take on negative values. Bartelt et at. (1980) 

compare the WDF with a probability density function: the value of the function 

at a point has no meaning. but its integral over a finite interval is a true 

probability. The WDF itself is not a representation of the energy of the signal, 

but integrals over a region of t-u' "space" yield the energy density in a local 

region if the area of this region is larger than a minimum size set by the 

Heisenberg uncertainty principle, i.e. (at au') > I. 

Because it describes a signal simultaneously in Fourier reciprocal 

variables, the WDF has potential applications in the recognition of nonstationary 

patterns (Szu and Blodgett, 1981) (Vijaya Kumar and Carroll, 1984a and 1984b). 

It should be noted that computation of the WDF requires Fourier transforms to 

be calculated for each value of the shift variable t', and so is a very expensive 

operation to perform digitally. For example, consider a 1-D signal comprising N 

samples. Each point in the WDF requires N multiplications and one Fourier 

transform, or N + N log2N multiplications per point if the FFT is used. The 
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total number of multiplications required for the full array is N(N + N logzN) ~ 

NZ logzN. Obviously. this is an excellent candidate for optical computing 

methods. Optical production of the WOF of real 1-0 signals is fairly 

straightforward. and several methods have been proposed (Bartelt et al.. 1980) 

(Athale et al.. 1983). If the input is represented as a hologram. the WOF of 

complex 1-0 functions can be calculated (Brenner and Lohmann. 1982). 

The WOF of 2-D functions is also potentially useful. but is even more 

expensive to generate digitally. Following the analysis given above. NZ(NZ + 

NZ logzNZ
) E!! 2N4 logzN multiplications are required. The operation is further 

complicated by the fact that the WOF of a 2-0 signal is a 4-0 function of (r,p), 

and is usually displayed as a 2-0 array of 2-0 slices. Optical production of the 

2-0 WOF is possible by several met.hods, if the input function is real. The 

product of the shifted input signals, 

wff(r.r') = f[r + ~] f*[r - ~,] -+ f[r + ~,] f[r - ~ J. (7.25) 

can be generated optically by passing light twice through a transparency of f(r), 

either by reflecting an image back onto the transparency, by overlaying copies, or 

by imaging onto a copy. Note that the first method is only suitable for auto

Wigner distributions, Wff(r,p), while the other two can be used for computation 

of the cross-Wigner distribution Wfg(r,p). The Fourier transform can be 

performed by coherent optics, at a cost of the sign information in the WOF. 

Although some workers (Conner and Li, 1985) have demonstrated optical 

generation of "hybrid" slices (e.g. in (x,~)-space for fixed (Yo,71o) ), these require 

that multiple copies of the input signal be physically translated to perform the 

required shifting. Several optical methods (Bamler and Glilnder. 1983) (Subotic 
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and Saleh, 1984) have demonstrated production of frequency-space slices 

parameterized by coordinate ro (Le. Wff(ro,p) ). 

Since it involves Fourier transformation of 2-0 functions, the WOF can 

also be generated in Radon space. Projections of the bilinear signal wff(r,r') can 

be derived optically and 1-0 Fourier transformed to yield slices of the 4-0 WOF. 

For computing auto-WOFs, the first scheme for computing wff(r,r') is preferred 

since only one input transparency is required. The system of Bamler and 

Glunder (1983) was adapted for use in the flying-line scanner, as shown in 

Figure 7.7. The transparency is positioned in the scanner with the space 

coordinate ro located on the optical axis. At one instant, the line-of-light is 

imaged on the transparency at a perpendicular distance 1 ~ 1 from the axis. 

The line is reimaged onto the transparency by a "cat's-eye" retroreflector, but 

now at a distance -I ~' 1 from the axis. The total transmitted intensity is 

proportional to one line-integral through wff(r,r'). As the line-of-light is swept 

across the transparency, the temporal signal from the PMT is proportional to the 

set of line-integrals over ~ at one azimuth through wff(ro,r'), Le. one projection 

of wff(ro,r'). SA W chirp Fourier transformation of the projection yields one slice 

through the origin of the 4-0 WOF. The 2-0 frequency-space slice (Le. 

Wff(ro,p) can be built up from the set of all slices at ro as before. The 4-0 

WOF consists of these slices for all values of r o. 

Recall that the WOF is real, though not always positive. As discussed 

in Chapter 5, coherent optical Fourier transformation yields the squared-modulus 

of the transform unless heterodyne techniques are used. When computing the 
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Figure 7.7. System for Computing Slices of WDF in Radon Space 
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of the transform unless heterodyne techniques are used. When computing the 

WOF by coherent optics, the sign information is therefore destroyed. The 

coherent demodulation of the Radon -WOF system preserves this sign information. 

Slices of the WOF of real 2-0 inputs obtained with the Radon-WDF 

system are shown in Figures 7.8 and 7.9. In Figure 7.8a, the input signal was a 

circular aperture, f(r) = CYI[ a J. d = 4 mm. On-axis (i.e. ro = 0), the product 

function is wff(O,r') = cyt[ ~~ J. and Wff(O,p) is an Airy disk pattern. In the 

second and third cases, ro = .25 mm and 1 mm, and Wff(ro,p) is an elliptical 

"Airy disk." Computer simulations of the same cases are presented in Figure 

7.8b. The object in Figure 7.9a is a Fresnel zone plate. In each of the three 

cases, the picture on the left is the product function wff(r"r'). In the center is 

pictured oscilloscope traces for the projection along the axis of displacement. The 

first trace is the projection data, the second trace is the cosine transform, and the 

third trace is the sine transform (which vanishes since wff(ro,r') is even). The 

photo on the right side is the 2-0 slice of the WOF, Wff(ro,p). As was the case 

in Figure 7.8, when ro = 0, the product function is identical to the input, i.e. 

wff(O,r') = f(O,r'). The WOF is the Fo~rier transform of the zone plate, i.e. 

another zone plate. As ro is increased from 0, the product function a cosine 

grating whose frequency is proportional to ro, as shown. Computer simulations of 

the same cases are shown in Figure 7.9b. 
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Figure 7.8. 2- D Slices of WDF of Circular Aperture 

(top) system outputs for three values of fo 

(bottom) computer simulations 
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Figure 7.9. 2-0 Slices of WOF of Fresnel Zone Plate 

(top) system outputs for three values of fo 

(bottom) computer simulations 
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CHAPTER 8 

IMAGE FILTERING IN RADON SPACE 

Like Fourier transformation, convolution is a signal-processing operation 

that is widely applicable, e.g. to image feature extraction, image enhancement, and 

noise reduction. The filter theorem, proven in Chapter 2, demonstrates that 2-0 

linear filtering operations can be performed via I-D convolutions of the 

projections, i.e. 

f(r) ,.,. h(r) = ~2 -i{ ~2{f(r)} ,. ~2{h(r)} }. (8.1) 

Three distinct operations are required to implement 2-0 linear filtering in Radon 

space: derivation of 1-0 projections, convolution of 1-0 signals, and 

reconstruction of a 2-D signal from its 1-0 projections. The first two of these 

were considered in Chapter 4, and this chapter is devoted in large part to a 

discussion of the last. 

Hybrid Methods for Implementing the Inverse Radon Transform 

As discussed in Chapter 2, the application of the Radon transform has 

generally been directed at solving the inverse problem, i.e. the unknown source 

function is to be reconstructed from a subset of its projections. The projection 

data are sampled in both azimuth and range, and the reconstruction is performed 

digitally using one of several possible algorithms. Even though the speed of 

digital reconstruction has been dramatically improved by incorporating special

purpose digital hardware (e.g. array processors), reconstruction of large arrays 
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requires a fairly long time, i.e. several minutes. Though often annoying, this 

delay between data acquisition and display is acceptable in many applications. 

However, it does preclude the use of digital methods for high-data-rate signal 

processing. A desire to decrease processing times economically has motivated the 

application of optical methods for image reconstruction. Several such schemes 

will be briefly discussed below, though none of them is applicable to real-time 

signal processing. The 1-0 processor technologies described in Chapter 4 offer 

some hope that imagery may be reconstructed from projections at video rates. 

This chapter will focus primarily on the design and performance of a 2-0 signal-

processing system based the surface-acoustic-wave convolver. 

Before discussing image reconstruction methods, it will be useful to 

review the mathematics of the inverse Radon transform. Several valid expressions 

were derived in Chapter 2 for filtered back-projection image reconstruction 

(eqs. 2.31-2.33). For convenience, these are repeated here: 

(8.2) 

= _1 p{I 11d/f) [dAf(P,/f) a 1]} = _1 (lJ {p 1 a dAf(P,/f)} (8.3) 
2112 dp p p=r.p 2112

:Z p dp 
o 
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where p{ ~} denotes the Cauchy principal value of ~ and {lJz is the back

projection operator. The best algorithm for implementation under given 

conditions is strongly dependent on the limitations of the signal and of the 

processors to be used. For example, the dynamic range of lnipi in eq. (8.4) is 

much less than that of either P{p-l} or p-2 over the same domain of p, thus' 

reducing the dynamic range of the kernel of the convolution. However, the 

algorithm requires that the signal be differentiated twice, an act which will 

certainly increase noise and may increase dynamic range. The characteristics of 

the signal to be filtered and of the filtering mechanism must be carefully 

considered before choosing the reconstruction algorithm; the limitations of the 

SAW convolver when applied to image reconstruction illustrate this point nicely, 

and will be discussed in a subsequent section. 

Several hybrid optical-electronic systems have been proposed or built to 

implement 1-0 filtered back-projection (Barrett and Swindell, 1977) (Gmitro et aI., 

1980). Incoherent illumination is used to decrease noise problems associated with 

coherent light, but since the filter functions in eqs. (8.2) - (8.4) are all bipolar. 

the use of two signal channels or a bias is required to preserve the sign 

information. Neither of these alternatives is desirable; biasing reduces the contrast 

of the reconstruction and dual-channel systems are subject to differential errors. 

After filtering, each of the algorithms requires back-projection and summation 

over azimuth to reconstruct the 2-D signal. As discussed in Chapter 2, back

projection generates a 2-D function from a 1-0 signal by "smearing" perpendicular 

to the pedal vector p. This is easily accomplished by viewing the display device 

(e.g. a CRT or an LED array) through a cylindrical lens placed one focal length 

._--------------- ---
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from the display. An image rotating prism can be used to orient each smeared 

image at the azimuth defined by p. and a 2-D integrating image detector performs 

the summation (e.g. photographic film. a video camera. or the human eye). The 

motor-driven image rotator adds undesirable mechanical complexity to the system 

and makes it unsuitable to many applications. However. it is possible to 

construct an electro-optical back-projector without moving parts. An image 

rotator using a magnetically focused image intensifier has been recently reported 

(Hara et a1.. 1986) could be applied to image reconstruction from projections. It 

should also be possible to write the back-projection directly on the face of a 

CRT at the proper orientation. similar to the display of complex transforms in 

Chapter 6. If the CRT deflection amplifiers are fast enough. the smearing 

operation could be performed by applying an RF frequency to oscillate the trace 

orthogonal to the azimuthal angle. As new filtered projections are presented. the 

azimuth would be rotated to build up the reconstructed 2-D signal. 

Each .of the hybrid reconstruction schemes implemented the rho-filter 

algorithm of eq. (8.2). but differed greatly in detail and degree of success. The 

system built by Duinker et al. (1978) used optics only for filtering; most 

processing was performed by analog electronics. The projections were displayed 

in sequence on a CRT and imaged onto two area-weighted optical masks 

representing the positive and negative parts of the filter function. The images of 

the projections were swept across the filter masks by electronic deflection. and the 

transmitted light was integrated on two detectors. The resulting temporal signals 

were electronically subtracted to obtain the bipolar filtered projection. which was 

back-projected and summed electronically. Edholm et al. (1978) stored the Radon 

projection data on film as a sinogram. i.e. Af(P.4». where p and 4> are displayed as 
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orthogonal Cartesian variables. A filtered and biased sinogram was generated by 

sandwiching a positive image of hf(P.cf» and a negative image of hf(P.cf» • h_(p). 

where h_(p) represents the negative part of the filter function illustrated in 

fo'igure 2. lOa. The lines of the filtered sinogram were back-projected in sequence 

by a cylindrical lens and summed on a suitably rotated piece of photographic 

film. Despite the limitation on dynamic range inherent in using a bias. this 

system produced some good reconstructions. 

The most successful incoherent optical reconstruction systems generated 

the required filter function by optical transfer function (OTF) synthesis. This 
\ 

method is based on the fact that the OTF of an optical system is the 

autocorrelation of the pupil function (Lohmann. 1977). Two pupil functions are 

calculated for which the difference of the autocorrelations is the Fourier transform 

of the required PSF of the filter. An infinite number of pupil function pairs will 

theoretically produce the same synthesized OTF. since the phase of the pupil is 

irrelevant. The optimum choice is determined by system requirements such as 

light throughput or noise considerations. Because the positive part of the required 

PSF in eq. (8.2) is a Dirac delta function. a clear pupil is an appropriate choice 

for the positive channel. Successfully demonstrated pupils for the negative 

channel are the so-called Ronchi pupil (Barrett. Greivenkamp et aI.. 1979) and a 

logarithmic phase plate (Barrett. Chiu et al.. 1979). The amplitude of the PSF of 

either pupil falls off as 1, and therefore the PSF of the synthesized pupil drops 
p 

as I as required. Successful reconstruction systems based on OTF synthesis p2' 

have been constructed by Gmitro et ai. (1980). and Greivenkamp et ai. (1981). 
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Image Reconstruction via AO Filtering 

Though each may have some advantages in speed over conventional 

digital processing. none of the hybrid reconstruction systems discussed above is 

capable of processing data at the rates necessary for "real-time" signal processing. 

i.e. 30 frames/So As described in Chapter 4. 1-0 analog signal processors are 

often faster than digital systems. and can have adequate precision and dynamic 

range if properly integrated into a system. By combining rapid AD or SAW 

filtering with optical back-projection. imagery can be reconstructed at video rates. 

A system based on AD convolution capable of video-rate reconstruction 

of diagnostic CT imagery has been built by Gmitro and Gindi (1985). The filter 

is encoded as a 2-D area-weighted binary transmission mask. Projections of x

ray imagery are read out line-by-line from a fast digital memory to a fast O/A 

converter. though it would be feasible to generate projections of 2-D 

transparencies or reflective scenes as needed with a flying-line scanner. Each 

projection modulates the RF carrier (/10 = 45 MHz). which is then impressed onto 

an acousto-optic cell to produce an amplitude-modulated phase grating. Coherent 

light illuminating the AD cell is therefore phase-modulated. and these phase 

variations are converted to amplitude variations by optically filtering the zero

order diffraction. As the phase grating transits the AO cell at the acoustic 

velocity. the amplitude-modulated light is swept across the filter mask. Light 

transmitted through the mask is integrated by a detector to produce an amplitude

modulated temporal signal representing the rho-filtered projection. After 

demodulation and addition of a bias. the filtered projection is displayed on a 

CRT. A video camera views the CRT through a cylindrical lens (for back

projection) and an image-rotating prism (for azimuth selection). and the 
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reconstructed image is displayed on a video monitor. A set of 512 projections, 

each with 512 pixels, can be filtered and displayed in 1/30 S. The time

bandwidth product of the AO convolver is greater than 1000, providing more 

than adequate spatial resolution of the output signal. Contrast resolutions of <5% 

have been measured. 

Image Reconstruction via SAW Filtering 

The AO tomographic videography system just described is the first to 

achieve the processing speed necessary for video-rate image reconstruction. In 

this section, a similar system for image reconstruction will be considered where 

the filtering is performed by a SAW device instead of an AO convolver. 

As described in Chapter 4, electronic signals can be filtered by applying 

them to a SAW device of appropriate impulse response; the SAW chirp filter 

considered in Chapter 6 is an example. One of the original goals of this project 

was construction of a custom SAW filter to perform rho-filtering. An appropriate 

filter was designed which employed chirped acoustic transducers to decompose the 

signal in frequency, i.e. the spatial distribution of the acoustic wave is determined 

by the frequency content of the applied electronic signal. Frequencies at the 

extrema of the acoustic passband are emitted from the spatial extrema of the 

transmitting transducer. An identically oriented receiving transducer "recomposes" 

the temporal electronic signal from the spatial acoustic decomposition. The 

required amplitude response at each frequency is obtained by apodizing the lengths 

of the transducer fingers resonant with tnat frequency. The transfer function of 

the rho-filter for a carrier-borne signal vanishes at the center frequency Vo and 

rises linearly in amplitude for frequencies above or below Voo To obtain an 
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accurate null response at vo, the filter was designed in two parts: one having a 

nonapodized response over the passband and the other with a triangular response 

tapering to zero at the extrema of the passband. Mathematically speaking, the 

transfer functions of the two parts of the filter are: 

(8.Sa) 

(8.Sb), 

and the overall transfer function is: 

(8.6) 

By subtracting the outputs electronically with adjustable weights, a precise zero at 

the center frequency (vo = 60 MHz) could have been obtained. The filter was 

designed for a lithium niobate substrate with a bandwidth of 10 MHz. However, 

to obtain adequate bandwidth and resolution, the filter would require transducers 

with 600 pairs of fingers of width I pm or less. The available photolithographic 

equipment was not capable of writing linewidths less than -7 pm, and was very 

unreliable even at this spacing. Therefore, the effort to construct a dedicated 

SAW rho-filter was abandoned. 

Instead of using a custom SAW device, rho-filtering was performed in a 

SAW convolver. As described in Chapter 4, the nonlinear interaction of surface 

waves can be used to multiply electronic signals. Signals to be convolved are 

separately mixed onto an RF carrier and applied to opposite ends of the 

convolver substrate through wide-band interdigital transducers. As the acoustic 

waves counterpropagate on the substrate, the small nonlinear interaction creates a 



152 

modulation of the second harmonic of the carrier that is proportional to the 

product of the signal amplitudes. By integrating the second harmonic over space, 

a modulated temporal signal is generated that is 'proportional to the convolution of 

the two inputs (eq. 4.0. Obviously, rho-filtering can be performed by applying 

the projection as one input and the filter function as the other. 

An image reconstruction system using a SAW convolver and optical 

back-projection was designed and constructed. This is combined with the flying

line scanner (Chapter 4) to create a complete imaging system, i.e. an acousto

electro-optic "lens." The temporal rho-filter signal is produced by a digital 

function generator based on fast ECL memory and an 8-bit Of A converter 

(Ana logic AH8308E). A block diagram of its operation is presented in the 

appendix. Functions up to 1024 points long with 8 bits of dynamic range are 

programmed into the memory by the IBM PC. After storage of the function, a 

TTL trigger pulse initiates "clocking-out" of the memory at a selectable rate 

between 3.125 MHz and 50 MHz (nominally 25 MHz), as determined by the 

internal clock. The stored samples of the filter function are converted to analog 

voltages in the Of A converter, which is capable of operation at 150 MHz. 

Additional circuitry supplies a single ECL comparator pulse at any selected 

memory address which can be electronically added to the Of A output. This 

pulse was originally intended to serve as the positive part of the rho-filter h(p), 

but proved insufficient due to the limited small-signal response of the SA W 

convolver discussed below. The analog output is amplified and biased in 

circuitry based on Burr-Brown 3554 wideband operational amplifiers (gain

bandwidth product of 1. 7 GHz, slew rate of 1000 V f p.S). The completed unit is 

shown in Figure 8.1. 
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The SAW convolver was made available by Paul Carr of the Rome Air 

Development Center at Hanscom Field, MA, and is pictured in Figure 8.2. It is 

a product of Andersen Laboratories (Model PSC 120-20-15), with a center 

frequency of Vo = 120 MHz, a bandwidth /J.v = 20 MHz, a processing time T 

= L/v = 15.8 IlS, and a time-bandwidth product of 300. The front-end 

electronics of the convolver restrict the level of the input signal to the range 

between -40 dBm and -10 dBm (i.e. 3 m V -100 m V into SOn). The noise-limited 

dynamic range of the convolution is 30 dB with a specified noise level of 

-30 dBm (10 mV into SOn). 

The first step in SA W convolution is amplitude modulation of the RF 

carrier by the input signals. In this system, the 120 MHz carrier is supplied by 

a VHF oscillator (Hewlett-Packard 3200B). The signals from the flying-line 

scanner and the function generator separately modulate the carrier in two RF 

mixers (Olektron model O-CHD-3026). The filtered projection is bipolar, so the 

output of the SAW convolver must be coherently demodulated from the 240 MHz 

carrier. A portion of the local oscillator signal is frequency-doubled in an RF 

doubler (Anzac 01-4), and applied to the reference port of a phase comparator 

(Olektron PC-240, with Vo = 240 MHz and /J.v = 160 MHz). The output of the 

convolver is applied to the signal port of the phase comparator. Just as in the 

complex chirp Fourier transformer, the phase comparator generates two output 

signals: one due to the modulated signal in-phase with the reference and one due 

to the signal in-quadrature. Variation of the frequency of the 120 MHz local 

oscillator shifts the phase of the 240 MHz reference relative to the phase of the 

carrier of the filtered signal. By adjusting the phase to null the quadrature signal 

from the phase comparator, the output of the in-phase port is the bipolar 
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Figure 8.1. ECL Function Generator 

Figure 8.2. SAW Convolver 
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demodulated convolution. The performance of the SA W convolver and associated 

electronics was tested by applying the output of the function generator to both 

inputs to produce the auto-convolution. The result is shown in Figure 8.3a. 

The input function f(t) = sin[ '~b1l1 where -200 ::;; n ::;; 200. The result should 

be compared to the digital convolution shown in Figure 8.3b. The agreement 

between the two cases is excellent, both qualitatively and quantitatively. The 

output noise level from the convolver (E!!:20 mV) is close to that specified. 

Application of the stored rho-filter h(p) to one input of the SA W 

convolver and the projection to the other should theoretically generate the proper 

filtered projection. As usual, however, real life isn't as straightforward as theory. 

Recall the illustration of the rho-filter in Figure 2.IOa. The function has a large 

positive spike at the origin whose width 2e is inversely proportional to the 

ultimate resolution of the reconstruction. In actual fact, the width of the filter 

peak is limited by the bandwidth and slew rate of the analog amplifier in the 

function generator and by the response of the SA W convolver. The analog 

amplifier must have a wide bandwidth and high slew rate to follow the rapid 

vertical excursions of the function at its center. If the amplifier is not fast 

enough, the rendition of the filter will have asymmetric wings as shown in 

Figure 8.4. The performance of the SAW rho-filter is also limited in a more 

subtle way by the electronics of the convolver. This can be understood by 

reconsidering acoustic second-harmonic generation. The process is very inefficient; 

the signal level of the second-harmonic is approximately 80 dB below that of the 

fundamental. Even so, the dynamic range of the convolution is not usually 

limited by noise, which can be as much as 60 dB below the second-harmonic 



(a) 

(b) 

Figure 8.3. Au!oconvolution oC cm = 'in[~!f] 

(a) Output of SAW Convolver 
(b) Digital Convolution 
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signal, but rather by interfering signals created within the convolver itself. These 

can result from acoustic reflection at the ends of the substrate. The reflected _ ... ,..: . 

acoustic signal can interact with itself to create:'4self-generated second harmonics 
, 

which will appear in the output as a spurious convolution. However, inadequate 

filtering of the fundamental frequency is a more damaging culprit. Since the 

second-harmonic is so weak, even a tiny leakage of the fundamental frequency 

into the output is significant, and therefore the electronic filters must have very 

sharp cutoffs. These problems are most severe for widely disparate input levels. 

In the self-convolution illustrated in Figure 8.3a, the two inputs are obviously at 

the same level and the resulting convolution is very clean. However, the 

convolution of a projection by the rho-filter shown in Figure 8.4 is a very 

different kettle of fish. The rho-filter has a wide dynamic range and a narrow 

width, and generates little acoustic energy on the substrate. The projection has 

less dynamic range but a longer duration; it generates more acoustic energy, in 

general. The output level is proportional to the product of the acoustic energies 

and is therefore limited by the maximum signal amplitude of the rho-filter, which 

in turn is limited by the maximum input dynamic range of the convolver. In 

other words, the acoustic energy generated by the rho-filter can be increased by 

amplification, but the amount of boost is limited by the dynamic range of the 

input electronics. It is possible to compensate for the limited acoustic energy in 

the rho-filter by amplifying the projection signal instead, but this approach is 

limited by signal leakage, as illustrated in Figure 8.5. The SAW convolver 

works best when the two signals have similar energies and dynamic ranges, which 

is not the case here. 
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Figure 8.4. Rho-Filter Produced by Function Generator 

Figure 8.5. Spurious Convolution Due to Leakage of Fundamental Frequency 
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Even with the limitations of the function generator and of the SA W 

convolver, a recognizable filtered projection can be obtained, as shown in 

Figure 8.6a. However, it is quite possible that the other paths to the inverse 

Radon transform that may work better than straightforward rho-filtering for 

filtered back-projection, given the constraints of the equipment. Recall that the 

projection can be differentiated once or twice before filtering, and the 

corresponding filter functions are p{ ~} or lnipi (eqs. 8.4 and 8.5). The 

renditions of the filters produced by the function generator are shown in Figures 

8.6b and 8.6c. Both are more easily followed by the analog electronics, and 

both contain more energy than the rho-filter because the wings fall off more 

slowly. But Murphy's law strikes again; what one hand giveth the other hand 

taketh away. The required differentiation of the projection is performed by a 

passive RC circuit after the photomultiplier in the flying-line scanner. The signal 

level is attenuated by the voltage-divider effect of the RC circuit. Though the 

filter function is more easily applied to the convolver, there is now less projection 

signal to filter. Implementation of eq. (8.4) requires double differentiation, which 

attenuates the projection so severely that no filtered output is detectable. Of the 

three choices, it was found that the first-derivative algorithm generally worked 

best, due to the relative equivalence of acoustic energy of the projection and filter 

in the convolver. 

The remaining two steps of the inverse Radon transform, back-projection 

and summation, are performed optically in the same fashion as in the system of 

Gmitro and Gindi. A video camera views the face of a CRT through a 

cylindrical lens (for back-projection) and image rotator (for azimuth selection). 

---"------
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(a) 

(b) 

(c) 

Figure 8.6. SAW -Filtered Projections for Three Filter Functions 

(a) Rho-Filter (eq. 8.2) 

(b) p{ ~ } (eq. 8.3) 

(c) Iri(lpl) (eq. 8.4) 
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The reconstruction data rate is limited by the prism rotation rate to approximately 

5 frames/So Integration over azimuth is aided by the decay time of the phosphor 

in the video monitor, thus enabling comfortable viewing of the reconstructed 

image by eye. To test the performance of the optical back-projector, a computed 

projection of a radially symmetric object was loaded into the function generator 

and imaged through the system. The object was an annulus of outer diameter 80 

pixels and inner diameter 40 pixels, which corresponds to a function duration in 

the time domain of 3.2 IlS. The projection and filtered projection of the annulus 

are shown in Figure 8.7. The optical reconstruction is shown in Figure 8.8. 

From this and other examples, the resolution of the system was determined to be 

approximately 5 pixels, or 0.2 IlS in the time domain. 

The total Radon-space imaging system (Le. a hybrid electro-acousto

optical lens) is diagrammed in Figure 8.9 and pictured in Figure 8.10. The entire 

system runs under control of the IBM PC. Projections are derived by the f1ying

line scanner and filtered in the SAW convolver. A reconstruction of a capital 

letter "E" (10 mm x 6 mm) using the rho-filter algorithm of eq. (8.2) is shown in 

Figure 8.11. The blurred edges are probably due to the poor reproduction of 

the rho-filter by the function generator. The image is much improved when 

reconstructed by the first-derivative algorithm. as shown in Figure 8. I 2. 

2-D Filtering via 1-0 Convolutions 

All of the hardware ingredients are now available to convolve 2-D 

imagery with rotationally invariant filters in Radon space. Given a 2-D input f(r) 

and a filter g(lrl), the filter theorem can be combined with eq. (8.2) to yield: 



Figure 8.7. Digitally Simulated Projection and Filtered Projection 
of Annulus 

Figure 8.8. Optical Reconstruction of Simulated Annulus 

--------------------------_._-
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Figure 8.9. Schematic of Acousto-Electro-Optic 
Image Reconstruction System 
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Figure 8.10. Radon-Space Imaging Apparatus 
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Figure 8.11. Reconstruction of "E" Obtained with Algorithm of eq. (8.2) 

Figure 8.12. Reconstruction of "E" Obtained with Algorithm of eq. (8.3) 
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= J 1I'dq, [Xf(P,q,) * Xg(p)] * h(p) 
o 

= J 1I'dq, Xf(P,q,) * [Xg(p) * h(p)] , (8.7) 
o 

where the last step follows from the associativity of convolutions. Similarly, 

combining eq. (8.0 with eq. (8.3) yields: 

f'(r') = J 1I'dq, ddp [Xf(P,q,) * hg(p)] * P { ~ } 
o 

(8.8) 

because .£.. [f(x) * g(x)] = df(x) * g(x). The convolution of the projection of 
dx dx 

the PSF of the rotationally invariant filter with the reconstruction filter is digitally 

computed and stored in the EeL memory. The projection is generated by the 

flying -line scanner. differentiated. Iiltered by [Xg(P) • P U IJ in the SA W 

convolver, and optically back-projected to obtain the 2-D filtered image. An 

comparison of normal reconstruction with high-pass filtering is illustrated in 

Figure 8.13. The object was a circular aperture 20 mm in diameter. The cutoff 

temporal frequency of the high-pass filter is u(min) = 0.6 cycles/IlS, corresponding 

to a cutoff spatial frequency ~(min) = 0.35 cycles/mm at the scan rate used. In 

each case, oscilloscope traces are shown (Figure 8.13a and 8.13c) representing 
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(from top) the differentiated output of the flying-line scanner, the stored filter 

function, and the demodulated output of the SAW convolver. The demodulated 

output in the normal reconstruction exhibits the flat top and negative wings 

expected from a circular disk, while that of the filtered case shows some edge 

enhancement. The reconstructions are shown in Figures 8.13b and 8.13d. 

Figure 8.14 illustrates low-pass filtering of the capital letter "E" with a cutoff 

spatial frequency ~(max) = 0.35 cycles/mm. In Figure 8.15, a high-pass filter 

with a cutoff at ~(min) = 0.7 cycles/mm was used. Edge-enhancement due to 

high-pass filtering is apparent. 

Performance Limitations of the Radon-Space Image Filtering System 

The most obvious limit on system resolution is the 

performance of the SAW convolver under the conditions of use. 

inadequate 

Its limited 

dynamic range restricts the character of 2-D signals that can be processed. The 

projections of the input signal can exhibit neither wide variation in a single 

projection nor wide variation as a function of azimuth. If some projections 

exhibit a much broader dynamic range than others (e.g. if f(r) is a grating), it is 

impossible to adjust the signal levels into the convolver to obtain good filtering at 

all azimuths. 

As discussed above, the signal-to-noise ratio of the demodulated output 

of the SA W convolver is quite poor for any typical projections under these 

operating conditions; for most objects, it was estimated that SNR < 20. In 

addition, the SNR drops quickly with increasing spatial frequency. This 

contributes to the blurred edges seen in the reconstructions. 
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The transfer function of the entire system was not systematically 

measured. but it is estimated that the resolution limit is approximately 1 cycle/mm 

at the scan rate used. It is certainly not satisfactory for useful image filtering. 

but is able to demonstrate the principles involved. 



(a) 

(c) (d) 

Figure 8.13. Image Filtering in Radon Space 

(a) (top) d~f~P), (center) filter, (bottom) filtered projection 

(b) normal reconstruction using algorithm of eq. (8.2) 
dXf(p) . . 

(c) (top) dP' (center) hIgh-pass fIlter, (bottom) filtered projection 

(d) high-pass-filtered reconstruction 
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Figure 8.14. Low-Pass-Filtered "E" 

Figure 8.1 ~. High-Pass-Filtered "E" 



CHAPTER 9 

DISCUSSION 

The mathematics of the Radon transform have been applied to two

dimensional signal-processing operations that are based on Fourier transformation 

and/or convolution. By reducing the 2-D signal to a sequence of 1-0 signals, 

this approach enables the high speed and flexibility of 1-0 processing devices to 

be applied to 2-D operations. The resulting systems can have significant 

advantages over other processing methods, i.e. they can be faster than digital 

processing and more flexible and precise than optical techniques. The advantages 

are gained at a cost of some increased system complexity, since derivation of 

projections and image reconstruction both require image rotation. 

The mathematical principles of the Radon transform have been applied to 

a number of inverse problems in the past. In this dissertation, a new 

transformation operator--the central-slice transform--was introduced to aid in the 

analysis of operations that are feasible in Radon space. Signal processing 

operations that were demonstrated in Radon space were Fourier spectrum analysis, 

complex Fourier transformation, Hartley transformation, generation of the Wigner 

distribution function, Labeyrie stellar speckle interferometry, and image filtering. 

There are several other useful 2-D signal processing operations that are 

susceptible to implementation by this approach. but have yet to be thoroughly 

investigated. For example. the principles of 1-0 adaptive filtering could be 

applied to 2-D problems via the filter theorem. In adaptive filtering. filter 
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parameters are adjusted over time to minimize an error signal. The parameters 

are determined from the correlation between two channels. one carrying the 

desired signal plus time-dependent noise. and the other containing only noise that 

is correlated in some unknown way with the noise in the first channel. 

Adjusting the parameters maximizes the signal-to-noise ratio of the filter output. 

This technique has been successfully applied to a number of 1-0 problems. 

including 'echo cancellation in satellite communications (Gritton and Lin. 1984). 

and fetal electrocardiography (Wid row et al.. 1975). Since the Radon transform 

reduces 2-D filtering to a, series of 1-0 convolution operations. the principles of 

adaptive filtering can be directly applied to 2-D time-dependent problems by 

transformation to Radon space. 

Processing of spectral imagery is another potential application of the 

Radon transform. Optical detection and display systems are well-suited to 2-D 

data formats. but most real-life imagery carries a third dimension of information 

encoded in the spectrum of each image point. The Radon transform provides a 

mechanism for processing spectral imagery in 2-D systems. This approach 

reduces a 3-D signal (two spatial and one spectral dimension) to a series of 2-D 

signals (one spatial and one spectral dimension). After deriving 1-0 projections 

of the imagery. the spectrum would be dispersed in the orthogonal direction to 

generate a 2-D hybrid (spatial + spectral) signal. which could then be filtered by 

2-D optical techniques. e.g. for matched filtering of spectral information. After 

filtering. the spectrum would be "inversely dispersed" to rederive 1-0 projections 

for reconstruction via the inverse Radon transform. This approach could be 

applicable to imaging spectroscopy. 
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Another operation that may be usefully performed in Radon space is the 

2-D cepstrum (Childers et ai., 1977), which is defined as the inverse Fourier 

transform of the log of the Fourier transform: 

(9.1) 

Since the logarithm is taken pointwise in Fourier space, it can be performed on 

the I-D transforms of the projections, i.e. 

C(r') = ~z -1.9"1-I{ln [.9"1 ~z{f(r)}]}. (9.2) 

The cepstrum was originally developed to perform homomorphic filtering 

(deconvolution) of I-D signals, i.e. if the desired function g(t) is degraded by a 

convolution with impulse response h(t) (e.g. an echo) to produce the detected 

signal f(t), the following operation can be performed: 

In [.9" l{f(t)}] = In [.9" I{g(t) • h(t)}] 

= In [G(II) H(II)] = In G(II) + In H(II). (9.3) 

By taking the inverse transform, the cepstrum of f(t) is obtained. Under certain 

conditions, the cepstra of g and h occupy different regions of que!rency, and h 

can be filtered out. If the inverse cepstrum is then calculated, theoretically the 

original function g(t) can be recovered. The I-D cepstrum has been applied to 

many areas, including radar, seismology, and electroencephalogram analysis. The 

2-D generalization of the cepstrum has been introduced (Dudgeon, 1977), and has 

applications to 2-D digital filter theory and image processing. The Radon 

transform offers a new approach to calculation of the 2-D cepstrum, with 

potential advantages in speed. 

The Radon transform could also be applied to estimation of the Fourier 

spectrum of a 2-D signal from noisy or partial data (Robinson, 1982). The 

Labeyrie algorithm for stellar speckle interferometry is one method for estimating 
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the spectrum of a 2-D signal that can be performed in Radon space, but there 

are several others. One of the most common is the periodogram, where averages 

of Fourier transforms of segments of the data are computed. Labeyrie's method 

is a type of periodogram where the signal is segmented in the time domain rather 

than spatially. The Blackman-Tukey algorithm is based on Norbert Wiener's 

observation that the power spectrum of a sequence is the Fourier transform of the 

autocorrelation sequence. Since it requires both autocorrelations and Fourier 

transforms, the Blackman-Tukey estimate is feasible to implement in Radon space. 

The third common approach to spectrum estimation is the Yule-Walker 

autoregressive method. which fits the autocorrelation sequence of the data to a 

particular signal-spectrum model. Since autocorrelations of 2-D data can be 

performed in one dimension via the Radon transform, it should be possible to 

construct Yule-Walker models of the 2-D spectrum in Radon space. Preliminary 

experiments have been quite promising. 

Processing of 2-D signals via coordinate transformations and I-D 

operations has been shown to be a versatile approach with several advantages 

over conventional digital and optical processing techniques. If an electro-optical 

back-projector can be built without moving parts, and if a SAW convolver is 

developed with better performance specifications, this approach could become 

viable for many complex processing tasks. 

----------------------- ---



APPENDIX 

ELECTRONIC CIRCUITRY 

This appendix contains schematics of the device drivers and signal 

conditioning circuitry used in the Radon-space signal processing experiments, 

which were constructed on four boards. A block diagram of the ECL function 

generator is also supplied. 

The assistance of Tony Ticknor was invaluable in designing and 

constructing these circuits, and his contribution is gratefully acknowledged. 

The first board (Figure A.I) generates the VCO drive signal for the 

Bragg cell, the trigger for the digital delay generator, and also has circuitry to 

generate a delayed TTL pulse (at = 9 to 67 /lS). The ramp voltage to drive the 

VCO is produced by controlled charging of a 0.0033 /IF capacitor from ground. 

The charging rate is determined by a 500Kn trimming potentiometer, and the 

maximum ramp voltage is limited to approximately 1.4V by the two 1 N4148 

diodes across the capacitor. A 74LS123 one-shot causes a 4066 CMOS switch to 

close the charging circuit for 10 /lS upon reception of a trigger pulse from the 

IBM PC. 

The second circuit board (Figure A.2) converts digital data from the 

computer look-up table into analog voltages proportional to the sine and cosine of 

the azimuth angle of the projection. The data values are strobed into four 

74LS375 latches and converted to voltages in two National 0806 8-bit D/A 

converters. The board also derives pulses of duration 20 J.lS and 28 J.lS via one

shots to gate the CRT display. 
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On the third board (Figure A.3), the x- and y-axis driving signals for 

the CRT display are generated. A voltage ramp 28J.LS long is produced in the 

same fashion as the VCO driving ramp on board no. 1. This ramp is multiplied 

by the sine and cosine signal from board no. 2 in two Burr-Brown 4214 analog 

multiplier chips. 

The fourth board (Figure A.4) performs the inverse slice transform 

required to display the 2-D Fourier transform. The ramp signal from board 

no. 3 is applied to an absolute-value circuit based on a 4066 CMOS switch, a 

74LS393 comparator, and a TL084 operational amplifier. The center position, 

zero-crossing, slope, and bias of the resulting V -shaped signal are adjustable. 

This is applied to the IF port of the Motorola MCl496 modulator, while the 

demodulated Fourier transform is applied to the LO port. The product signal is 

the Fourier transform F(v) multiplied by Ivl. This is amplified and biased by 

analog amplifiers based on LM318 operational amps and LM310 voltage followers. 

The block diagram of the ECL function generator (Figure 8.1) is shown 

in Figure A.5. The generator can store and output 1024 8-bit numbers as 

analog voltage levels. In addition, a single memory location can be selected to 

emit an ECL comparator pulse. The digital addresses and data from the IBM PC 

are latched and strobed into memory. After storage, a 50 MHz oscillator 

(normally divided down to 25 MHz) updates counters to read-out the memory 

locations in sequence. This digital data is sent to the Analogic AH8308E for 

conversion to an analog voltage. The final analog circuitry is based on two 

Burr-Brown 3554 operational amplifiers for gain, adding the bias, and adding the 

comparator pulse to the output, if desired. 
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