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ABSTRACT 

This dissertation presents a non-relativistic microscopic mean 

field theory of finite nuclei in which the nucleus is described as a 

collection of nucleons and delta resonances. The ground state 

properties of the nuclei 16 0 and .. oCa are determined within the 

spherical Hartree-Fock (SHF) approximation using a realistic effective 

no-core Hamiltonian in basis spaces consisting of up to six major 

oscillator shells. A detailed study of the zero temperature 

properties of these nuclei under compression and dilation is presented 

in order to gain insight into the nuclear equation of state. Under 

certain conditions a transition to a mixture of nucleons and deltas is 

found. The transition is reminiscent of a first order phase 

transition. 
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CHAPTER 1 

INTRODUCTION AND MOTIVATION 

1.1. Introduction 

Conventional non-relativistic microscopic structure calcula

tions for a nuclear many-body system are based on modeling the 

nucleus as a collection of nucleons interacting through a nucleon

nucleon potential. The natural framework for such a study is 

therefore the ordinary (non-relativistic) quantal many-body theory. 

The nucleons are treated as elementary structureless particles so 

tha t no internal excita tion of a single nucleon is considered. With 

the advent of precision experiments at intermediate and high energy 

using electromagnetic and heavy ion beams, the contribution of baryon 

resonances to the structure of nuclei in their ground state and under 

compression is clearly a major theoretical question. 

In proceeding to address this question one faces a major task. 

In view of the intermediate number of degrees of freedom of a 

nucleus, the co-existence and the interplay of both the individual 

particle and the collective degrees of freedom in the nucleus is 

important. An exact microscopic quantal treatment of the many-body 

nuclear system even as a system of structureless nucleons is not yet 

possible. Some approximations are thus necessary. 

By analogy with atomic physics, one approximation is to apply 

to nuclei the concepts of the independent particle (or Hartree-Fock) 

I 



approximation. 

2 

This has been indeed the assumption underlying the 

shell model description of nuclear structure. 

The independent particle approximation consists of finding the 

solution of the Schroedinger equation governing the dynamics of the 

system in a restriction of the many-body Hilbert-space to a 

variationally determined single-Slater determinant. The price one has 

to pay for such an approximation is the introduction of an effective 

Hamiltonian allowing a reproduction of the properties of the physical 

system when described in such an unphysically limited subspace. 

Solving the stationary Schroedinger equation in the Hartree-Fock (H-F) 

approximation is equivalent to searching for a Slater determinant 

which yields a minimal expectation value for the effective 

Hamiltonian. It has been shownl - 7 that one can indeed extract out of 

the free nucleon-nucleon (N-N) interaction an effective interaction 

giving a fair account of the static properties of doubly magic nuclei 

such as binding energies and spatial nuclear densities. 

The form of the free N-N interaction is restricted by 

symmetry principles, which arise from certain conservation laws. 8 At 

relatively low energy (~ 300 MeV) it is convenient to represent the 

N-N interaction by a potential. Over the past three decades, various 

high quality potential models for the N-N interaction have been 

proposed, 9-10 and parameters in these models have been fitted using 

the results of scattering experiments. 11
-

12 The S-wave phase shifts 

obtained from analyzing data change sign with increasing energy to 

negative values. Now it is well known that positive phase shifts 

arise from negative (or attractive) potential,l' in contrast with 
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repulsive potentials which give negative phase shifts. Thus a purely 

attractive potential can never produce the effect just mentioned. 

That is, the N-N force cannot be purely attractive. This may be 

deduced on other grounds as well; if it were so, the potential energy 

per particle in nuclei would increase as the number of particles (A). 

However, we know tha t the energy per particle of nuclei goes to a 

constant value with increasing atomic number A.l~ In fact, the binding 

energy grows less rapidly than the number of pairwise interaction and 

this indicates that the predominant N-N interaction is of a rather 

short range. 

Following the original Yukawa hypothesis, the range of the N-N 

interaction is divided into classical (r > 1.5 fm: long range), 

dynamical (0.7 < r < 1.5 fm: medium range), and core (r < 0.7 fm: 

short range) regions. 

The "one boson exchange potential (OBEP)" model is based on 

the. hypothesis that the N-N potential is meson mediated and the 

exchanged particles are adequately represented by experimentally 

observed meson and meson resonances. The n-exchange yields the long 

range part of the N-N potential, the p- and the w-exchange are 

responsible for the short-range repulsion, the n- and a-exchange 

describe some fine structure. In addition, a scalar-isoscalar a-meson 

is considered to give the right medium range attraction of the N-N 

potential. The drawback of this model is the introduction of the 

phenomenological a-meson which can be interpreted as a correlated 

2n-exchange. 
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The origins of the short-range part have long constituted a 

major question mark. 1S A more recent viewpoint is that this part of 

the nuclear force arises directly from the interaction of quarks and 

the force confining them in the nucleons. Explicit calculations based 

on these tenets have met with ·some success.16 The idea is that 

nucleons are regarded as composite objects made up of quarks; so that 

a considerable repulsion might result when the structures of the two 

nucleons overlap.17-18 However, the medium and long range parts of 

the N-N interaction have not yet been obtained consistently in this 

model and considerable effort is being directed in this direction.1' 

However, it has been shown20 that the leading theory of the strong 

interaction, Quantum Chromodynamics (QCD), and the meson field theory 

are equivalent in the large number of colors, Nc ' limit. Therefore, a 

quark description of the short-range part of the N-N interaction could 

in principle be connected in a consistent way with the medium and 

long-range part described in terms of meson exchange. 

Extensive microscopic nuclear structure calculations with 

different realistic N-N interactions have been performed to produce 

the global ground state ~roperties of nuclei. None of them reproduced 

the correct empirical root mean square radius and the empirical 

binding energy simultaneously. The Clark group21-22 showed that a 

discrepancy occurred between the results of the Brueckner-Bethe or 

Brueckner-Hartree-Fock many-body theory and the variational methods 

in nuclear matter calculations. Neither theory reproduced the 

accepted "empirical" values, but it raised questions of the adequacy of 

the many-body methods. OthersH accounted for this discrepancy by 
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incorporating three- and four-nucleon correlations into the Brueckner

Bethe theory. It was found2
- that the four-body correlations 

contribute much 

establishing the 

less than 

convergence 

the three-body correlations, thus 

of the Brueckner-Bethe perturbation 

expansion. Nevertheless, the empirical values for the binding energy 

and saturation density of nuclear matter are not obtained. This 

implies that the disagreement between the ca.lculated value in the 

Brueckner-Hartree-Fock approximation and the experimental binding 

energy cannot be traced to higher order terms in nuclear many-body 

theory. 

Two major improvements for the N-N interaction are still 

possible. On the one hand one may argue that one may yet find an N-N 

potential which gives the right saturation density and binding energy. 

On the other hand, one may argue that we must extend our model of 

nuclei to include the dynamics of nucleon excitations. Here our 

motive is to investigate this second viewpoint by including in our 

model the excitation of nucleons into delta isobars (also known as the 

~(3,3) resonance of pion-nucleon scattering). We examine the effect of 

such isobar degrees of freedom in nuclear structure calculations. 

Additional improvements may arise by developing a theory of 

the nucleus in a consistent relativistic framework but this is well 

beyond the scope of this dissertation. 

The importance of nucleon resonances in many-body systems has 

been recognized for a long time. 25
-

27 For example, in nuclear matter 

Green and Niskanen28 have estimated the effect of the ~ on the binding 

energy. Their calculation concentrated on estimating the differences 
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that arise between two interactions equivalent from the point of view 

of two nucleon-scattering. One interaction was the Reid 29 potential, 

whereas the other contained a ~-generating potential. The result was 

that the ~-generating potential gave an additional repulsive 

contribution not contained in the binding energy due to the Reid 

potential. This amounted to about 5 MeV at kF = 1.4 fm- 1
• Day and 

Coester 30 have found a loss of at least 5.4 MeV binding at the same kF 

when they modified the lSo and 3~1 components of Reid's potential and 

included the ~ explicitly_ Holinde and Mach1eidt 31 have also carried 

out a Brueckner calculation with their OBEP potential with the ~ 

included. Their results are qualitatively the same as those of the 

other groups. 

In neutron matter Pandharipande 32 has found the.t, at densities 

greater than 0.3 baryons fm- 3
, i.e., about twice the normal nuclear 

matter density, it becomes favorable for the ~ to set up their own 

Fermi sea. At even higher densities (> 3 baryons fm- 3
) the A sea 

begins to dominate. 

The effects of the ~ have been studied also in the two 

nucleon system both in the bound state (the deuteron) and in the 

scattering state. These studies!3 show the probability of occurrence 

of the ~~ component in the deuteron wave function ranges from 0.3-2%. 

'~_3 5 + Other studies show that in the reaction p+p + d+ TT which occurs 

for proton energies greater than 400 MeV, the A contribution dominates 

the cross section. Whereas in the reaction n+p + d+Y with thermal 

neutrons ou·t of the 10 % theory-experiment discrepancy' 6 in the cross 
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section, various estimates 36
-

39 place the ~(3,3)-contribution from 

2-4% • 

In all these investigations it is the ~(3,3) resonance that has 

been included. This resonance was seen to be most important for the 

understanding of the intermediate range of the N-N force because of 

the strong N-~ coupling, and hence there is a high excitation 

probability of such a process in comparison to the processes where the 

nucleons might be excited into other resonances (see Fig. 1.1). 

It is worth mentioning here that two different methods have 

been used to investigate the role of the ~-resonance (see Fig. 1.2). 

The first method is to include the ~- implicity and to treat it in a 

manner where it is hidden in the vertex as a component in the 1TN+1TN 

scattering amplitude. The second method is to treat the ~-degrees of 

freedom explicitly side by side with the nucleons as a possible 

component of the nuclear wavefunction. 

In our work we advocate the second method where the ~(3,3) 

appears explicitly. This is necessary to investigate where ~ 's are 

excited in nuclei as a function of density or temperature. The result 

is that the nuclear wave function is written in the schematic form 

'¥ = a\)l(NN ••• NN) + b\jJ(NN ••• N~) + c\)l(NN ••• ~~) + ..... 

where \)I(NN ••• NN) is that part of the total wave function '¥ consisting 

only of nucleons. The term \)I(NN ••• N~) is the component in which a 

single nucleon has been transformed into a ~-resonance; and so on. 

Furthermore, we introduce an effective Hamiltonian suitable for 

Hartree-Fock calculations which features a nucleon-delta transition 
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Fig. 1.1. Spectrum of excited states of the nucleon. -- I is isospin, 
P is parity, and J is the total angular momentum of the 
state. The shaded area indicates the width of resonance. 

~ --

fill 

Fig. 1.2. Alternative ways of including the resonance state. 
(a) as a component in the nN+nN scattering amplitude, 
represented by the oval loop, or (b) as part of th~ 
correlation in the nuclear wavefunction, again represented 
by the oval loop. 

8 
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potential and delta-delta interaction terms. It is the goal of this 

work to investigate the contribution of these new configurations in 

• 16 It 0 two representative nucle1 0 and Ca. 

1.2. Statement of the Problem 

We consider a nuclear system of A-baryons (nucleons, mass = 

1 1 
m; spin s = -t"; isospin T = -t" each, and 1l(3,3) baryons, mass = M; spin 

3 
S = -t"; isospin T = 3 

"2' each) at zero temperature where the Coulomb 

interaction has been switched off. 

First, if we assume a fixed number of nucleons (A-D), then the 

fixed number of 1l(3,3) particles is D. The total mass operator of the 

system is 

H' = 
A-D 

~ 
D 

+ ~ 
Pi

2 

2M + M + VBB ••••• (1.1) 

i=1 i=1 

Here Pi is the single particle momentum, m is the nucleon mass, and M 

is the ll-mass. Then VBB is the baryon-baryon interaction given by 

with 

vNN = 

VBB = 

A-D 

~ vilN , VNll 

i(j 

= 

A-D D 
~ L villi, Villi 
i=1 j=1 

= 
D 

'v M 
L ij 
i(j 

(1.2) 

Up to this point we have kept D fixed and have not considered 

transitions of nucleons to deltas and deltas to nucleons. 
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Secondly, we consider a full dynamical treatment that allows 

1 
""'% 

3 
""'% 

for such transitions. We introduce 't 
Op' 

't 
Op 

projection operators 

1 3 
defined in the 't :::""'% and ""'% spaces as follows: 

where 

such that 

and 

1 
""'% 

't l't = ~> op = 1 , 

3 
""'% 

't l't = ~> op = o , 

1 
-z 

't 
op = 

1 3 
,. ""7 

't - 't op op 

1 3 

= 

"'T "'T 

1 ,. 
't l't::: ~> op 

3 ,. 
't l't =-i> op 

, 
""7 

't 
op = 

3 2 2 
,.-.'t 

't 't = 0 op op 

The nuclear mass operator is then 

A 
HI = L 

i=l 

VBB is the two-baryon interaction operator given by 

: } (1.3) 

= 

(1.4) 

VBB = VNN + VNA + VAA + VNN++NA + VNN++AA + VNA++NA + VNA ++ AA 
••••• (1.5) 

For more details about VBB see Chapter 2. This is the full baryon-

baryon mass operator for the many-body system. It includes the 
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center-of-mass motion and allows for the number of A IS (D) to take 

values from zero to A. 

It is clear that for any state la> we have 

HIla> = ma la> ••••• (1.6) 

with 

a=l, ••• ,"" 

and 

1 

<al ~ 
"'T 

la> ('T oph = A-D 

i 
(1.7) 

l 

<al ~ 
"'T 

la> ('T oph = D 
i 

where A-D(D) are the number of nucleons (deltas) in the state la>. 

These numbers need not be integers. 

The intrinsic mass operator H" is 

H" = H' - TCM , 

where 

... 
TCM = PCM = 

are the center of mass kinetic energy and momentum, respectively. mi 

is the total mass of the nuclear system. In general, mi is state 

dependent and determined self-consistently, via: 

(1.8) 



12 

In our work we use the following conventional approximation. First, 

we approximate mi :: Am (i.e., state independent); second, we neglect 

binding energy which is typically less than 1 % of total mass. We 

rewrite H" then as 

H" = Trel + M + VBB (1.9) 

It can be shown (see Appendix A) that H" can be written as 

H" = Am + Trel(m) + L~ ~~ (m;M) + M-m] 't' 
op 

+ VBB ••••• (1.10) 

with 

= (1.11) 

The intrinsic interaction Hamiltonian of the system is 

H = H" - Am 

[t ~~ (m;M) + M-m] 
3 

"7 

= 't' + Tre1(m) + vBB 
op 

i=l 

= Hl(one-body) + H2(two-body) ••••• (1.12) 

where 

L~ Pi
2 

(m;M) + M-m] 
l 

""7 

H1 (one-body) ::: 
2M 

't' 
op 

(1.13) 

and 

H2(two-body) = Trel(m) + VBB ••••• (1.14) 
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The one-body part of the Hamiltonian HI serves as a correction and 

gives a non-zero contribution when it acts on many-body states with 

a-components which we refer to as the a-sector. It is evident from 

equation (1.13) that HI goes to zero if M+m. H2 is a two-body 

operator since it is composed of the relative kinetic energy operator 

Trel(m) and the two-baryon interaction operator VBB. 

In the literature, numerous many-body formalisms with varying 

approximation schemes have been introduced and applied to finite 

nuclei. We follow in this work the shell model formalism which is 

based on the assumption of independent particle motion in an average 

field generated through a given two-body interaction. Then one has 

either to diagonalize the Hamiltonian in an infinite dimensional 

Hilbert space, or to truncate the space and define an effective 

Hamiltonian. We choose the latter (this is the subject of Chapter 3). 

Next we imagine that the many-body method we invoke is suitable to 

appr,oximate the results of a shell model diagonalization in a very 

large but finite space. In particular we choose a no-core basis space 

in order to avoid the need to calculate core-polarization effects upon 

the effective interaction. We approximate the effective no-core 

NN NN Hamiltonian with V eff replacing V in H by 

= 
BB 

Hl(one-body) + Trel(m) + Veff (1.15) 

BB BB NN where Veff is the same as V defined in equation (l.5) with Veff 

replacing VNN. NN V
eff 

is the sum of the Brueckner G matrix and the 
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lowest-order folded diagram (second order in G) acting between pairs 

of nulceons in the model space. The underlying nucleon-nucleon 

interaction is the Reid soft-core potential. 29 

For evaluating matrix elements of Heff we choose the 

harmonic-oscillator basis with 1\1.11 ::: 14 MeV, and we select two spaces 

abbreviated as the 3-space (Os, Op, ls-Od, and lp-Of shells) and the 

5-space (3-space, 2s-ld-Og, and 2p-lf-Oh shells). We use a recently 

proposed method~O to adjust the matrix elements of some components of 

Heff and to scale the matrix elements of Heff to account for the 

major role of changing the harmonic oscillator constant of the basis 

space. It is desirable to change the oscillator constant along with a 

change in baryon number. With these scaling procedures we need only 

to calculate Heff for one representative value of the oscillator 

constant. It is then a simple matter to apply this same Hamiltonian 

to both 16 0 and ~oCa. 

1.3. Resume of Subsequent Chapters 

We perform a non-relativistic microscopic mean field theory of 

finite nuclei in which the nucleus is described as a collection of 

nucleons and delta resonances. 1 6 The ground state properties of 0 and 

are determined within the spherical Hartree-Fock (SHF) 

approxima tion. Now we outline the contents of the individual 

chapters. 

In Chapter 2, we describe in detail the different terms of the 

nuclear Hamiltonian we develop. Next, we show how to evaluate the 

two-body matrix elements in a two-particle basis having good total 
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angular momentum J and good isospin T. Then we demonstrate the 

techniques used in calculating these matrix elements with a brief 

description of the computer codes used for this purpose. 

In Chapter 3, we study the conventional treatment of the 

nucleus (Le., as nucleons without transitions to resonances). We give 

a brief sketch of how to obtain the effective Hamiltonian Heff of this 

system. Then we derive the Hartree-Fock (HroF) single-particle 

Hamiltonian matrix elements for protons and neutrons and the H-F 

energy for the whole system and express it in terms of the particle 

densities and the H-F single-particle Hamiltonian matrix elements. 

In Chapter 4, we introduce our Hartree-Fock method which 

includes the ~ degrees of freedom. By including the ~ 's, new 

quantities arise in the derivation such as the transition densities and 

the H-F single-particle transition Hamiltonian matrix elements. We 

restrict ourselves to the case where the H-F orbits have good isospin 

projection ~z = - ~ (i.e., neutrons and ~o are allowed to mix) and ~z 

1 = + -:r (i.e., protons and ~+ are allowed to mix). We find an 

expression for the H-F energy of the whole system and express it in 

terms of the single-particle densities, transition densities, H-F 

Single-particle Hamiltonian matrix elements, and H-F single-particle 

transition Hamiltonian matrix elements. 

Finally, in Chapter 5 we display our results and summarize the 

achievements with our conclusions and an outlook for future 

theoretical efforts. 



CHAPTER 2 

EFFECTIVE NO-CORE HAMILTONIAN FOR A MANY-BARYON SYSTEM 

2.1. Introduction 

This chapter is mainly concerned with obtaining an effective 

baryon-baryon interaction at low to intermediate energies, where it is 

possible to represent this interaction by a potential. We also show 

how the Hamiltonian is generated in a harmonic oscillator 

representation. We organize this chapter as follows. 

First, we revisit equation (1.15) and describe briefly the 

first two terms; then we give full description for the transition 

potential we use in our work. Next, a full derivation of the two-body 

matri~ elements using harmonic oscillator (H·O) wavefunctions is given. 

Finally, a description of the techniques used in evaluating the 

effective Hamiltonian numerically are given. 

2.2. The Effective Hamiltonian 

If we use equation (1.13) in equation (1.15), then we rewrite 

equation (1.15) for the effective Hamiltonian as: 

3 

= T ~p + Tre1(m) + veiBf (2.1) 

The bracket term in equation (2.1) arises due to the presence of the 

6's. It consists of a mass correction term plus a kinetic energy term 

16 
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for the Il particles multiplied by factor which is negative. Both of 

these terms give a non-zero contribution in the Il-sector only due to 

, 
z 

the T operator which itself is non-zero only in the T op 
3 = ,. space. 

To see how the negative kinetic energy contribution arises in 

proportion to the number of IllS, we go back and examine equation (1.4) 

for the nuclear mass operator HI which does not have the center-of-

1 , 
Z Z 

mass correction. If we use T = 1 - T then we can rewrite (1.4) op op 

as 

(Pi 2 ) [Pi
2 

_ 
Pi 2 

+ M-m] 

3 

=' L L 
z + V BB HI 2m + m + 2M 2m TOp eff (2.2) 

i i 

1 
But M 

1 is less than zero, leading to a negative kinetic energy m 

contribution from the Il-sector. It arose from the desire to have an 

isospin independent kinetic energy term, and it carries through even 

when the spurious center-of-mass motion has been removed. 

The second term in equation (2.1), Trel(m), is the relative 

kinetic energy operator. We see that we ended up with a relative 

kinetic energy as if we have nucleons only independent of the number 

of IllS. This is because we made the approximation mi = Am in the 

center-of-mass kinetic energy. 

The third term in equation (2.1) is the effective baryon-baryon 

interaction which consists of the effective nucleon-nucleon 

interaction plus the transition potentials which are generally labeled 
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are the two baryons finally; IT- and p- are the exchanged mesons in 

the transition process. In this work we use Reid's soft core 

potential U for the nucleon-nucleon interaction and the potentials 

given by Gari "I for the transition potentials. These are summarized 

as follows: 

V BB 
eff 

N 

N 

= NN++NN NN++N~ NN++~~ VN~++N~ VN~++~N V +V +V + + 
eff 1T, P ~ IT, P IT, P 

+ VN~++t.~ + V ~~++~~ 
IT,p IT,P 

N 

+ + + 

+ 

Fig. 2.1. Diagrammatic representation of all possible kinds of 
transitions. 

Figure 2.1 is a diagrammatic representation of these potentials. wben 

the ~ degrees of freedom are included explicitly the nucleon-nucleon 

potential has to be modified according to the phase shifts and 

deu teron binding energy requirements. The modified Reid sof t core 

potential and parameters of the transition potentials were obtained by 

Gari et al.~l in a coupled channels fit to the nucleon-nucleon 
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scattering and deuteron data. It is worth mentioning that the allowed 

exchanged mesons are ~- and p- only. Other mesons do not contribute 

since they cannot change the spin and isospin of a nucleon to the 

value of 4 for the /}. isobar. The explicit form of the transition 

potentials are 

[VCBaBa'BaBa"~(r) + 2 vcBaBa'BaBa',P(r)] 

+ s
12

Ba Ba'Ba Ba' [VTBaBa'BaBa"~(r) _ VTBaBa'BaBa',P(r)] 

+ " Vs B.B.,BpBp' '"(r) + ',(1*2)} ..... (2.3) 

The functions Vc(r), VT(r), Vs(r) are given by: 

(2.4) 

= mil 

""3 
2 fBaBa 'llfBaBa 'Il 
11 411 

(2.5) 
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= 

(2.6) 

with 

= 

F ~, F ~, and F ~ denote form factors required for the regularization 

of the potential and are taken to be 

••••• (2.8) 

The propagator 

function f(q2) has the following form for the different processes BaBe 

fNN++NN 
1 

fN6+"'N6 
1 1 = ~ = w w+6 

fNN++N6 = 
1 ( 1 + 1 

) fN6+"'6N 
1 ( 1 + 1 

) 2w = 2w w+26 w w+6 w .... (2.9) 

fNN+"'66 
1 1 

fN6++66 
1 ( 1 1 ) = w+6 = 2w + w+26 w w+6 

f66+"'66 = 1 1 - w+26 w 
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where ~ denotes the mass difference of delta and nucleon, 

II = M-m , 

and w = Iq2 + m~2 , q denotes the momentum of the exchange particle 

and m~ its mass. The various baryon-meson coupling constants used in 

this work are also taken from Gari et al.~l Their values are: 

2 
g NNp 

2 g ~~p 
4iT 4n 

0.077 4.5 0.55 0.35 13.0 0.003 0.55 0.18 

The factors au a 2 occurring in equation (2.3) for the different 

resonance potentials are: 

~ 

NN 

~~ 

NN 

N~ 

N~ 

N~ 

Ba,BB' ~ a2 

~~ 0 0 

~~ 1 0 

N~ 0 1 

M 0 1 

~N 0 1 

N~ 1 1 

2.3. Two-Body Matrix-Elements Calculated 
with Oscillator Wavefunctions 

In this section we evaluate matrix elements of the two-body 

potential using harmonic oscillator (H·O) wavefunctions. The 

motivation for an oscillator basis follows from the dependence of the 

two-body interaction on relative coordinates. By using harmonic 

oscillator wavefunctions we can readily separate the relative 
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coordinates from the center-of-mass coordinates. Therefore a great 

simplification results in the calculation of the two-body matrix 

elements. Because of this separability we may write the spatial part 

of the two-particle wavefunctions as 

= ~ M1(n1N~;n111n2i2) [<Pnt(r) x <PN~(!)]LM 
n1~ 

(2.10) 

Here the notation n 1 1 1 (1 ), n 21 2(2) means particle number 1 is in the 

state n 1 1 1 and particle number 2 is in the state n 2i. 2 orbit, n.2.(~ 

denote relative (center-of-mass) quantum numbers. The <Pn' 1 '(r') 

describe states with energy (2n' + 1' + {)~w and have the form 

with 

n 

X ~ 
k=O 

Rn ' 1 ' ( a r ' ) y 1 ' m ' ( e ' , <P ' ) •••• • 

[ 
2~n+2 (21+2n+1)! !]~ r1+1 e-a2r2 /2 

In n! [(21+1)!!] 2 

( -1 ) k 2 kn ! ( 2 1 + 1 ) ! ! ( a 2 r 2 ) k 
k! (n-k)! (21+2k+1)!! 

(2.11) 

(2.12) 

and a 2 = mw/fi. The coefficient ML(n1N ;n11 1n 21 2) is the Moshinsky 

coefficient 
4 2 

and its square gives the probability that the two-

particle system will be found in a state of relative motion 

characterized by the oscillator function Rn1Cr) Y1m(e,cp) and center-

of-mass motion characterized by the oscillator function 
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RN.!((R) Y,(M(e,~). Both sides of equation (2.10) must describe a state 

with the same energy; it follows that 

2nl + i. 1 + 2n2 + i. 2 = 2n + i. + 2N +;< •..•. (2.13) 

Thus the ni.~ sum in equation (2.10) is finite. 

In nuclei one usually adopts the J-J coupled wavefunction 

because of the strong one-body spin-orbit force which leads to the 

required shell structure. To exploit the simplicity afforded by the 

oscillator wave functions it is necessary to change the J-J coupling 

scheme to the L-S coupling scheme. This can be done easily in terms 

of diagrams 1+ 2 

S1 Q,2 

= 
~11/f'NS2 

JM 

= L 
LS 

(2.14) 

... 
where j stands for (2j+1), and 

~11 J2 
J 

are the 9-J symbol. 



Equivalently, using Dirac notation, we write 

In l1 1(1)sd" n21 2(2)S2j2; JM) = ~ r{8(R.dl,1 2j2) 
L8 

x Inl11(1) n21 2(2) L(SIS2) 8j JM) ••••• 

If we combine equations (2.10) and (2.15) then we get 

= 
n1N,( L8 

24 

(2.15) 

(2.16) 

For a system of nucleons and deltas; the isospin T can take the values 

T = 0,1,2,3 for two-deltas, T = 0,1 for two-nucleons, and T = 1,2 for 

a nucleon-delta. The space-spin wave function is symmetric 

(antisymmetric) for T = 0,2(1,3) for the first two cases, while there 

is no such restriction of symmetry-antisymmetry for the third case. 

Then for two identical particles the normalized state can be written 

as 

1 ~ [3132LSri = 

L8 

(2.17) 
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Here for XSm (1,2), the two-particle spin s 

wavefunction and 

relations 

for XSm (2,1). s 

and the property of the Clebsch-Gordan coefficients 

then 

= 

Using the same procedure it can be shown that 

By using the 

(2.18) 

(2.19) 

Combining equations (2.10), (2.17), (2.18), and (2.19) and using the 

following property of Moshinsky coefficients~2 

= 

then we have 
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1 

.; 2(I+oa b) LS nR.~ 

~11 Jz 
J 

(2.20) 

multiply by (-I)-S • (-I)+S and use R.l+R.2-~ = R., (-I)-2s = 1, (-I)-2L = 

1, then we get (-I)SI+S 2+R.+S+T, but SI+S2 = 1(3) for NN(l1l1). Therefore 

(-I)SI+S Z = -1 and we end up with (-1) x (_I)R.+s+T. Then equation 

(2.20) becomes 

1 A AI. AA 1 

[j d 2LS ]" 
.; 2(1+oa b) LS nR.N,( 

~ 1 I Jz 
J 

(2.21) 

with 

cab = 
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Finally we change from LS coupling to,fg coupling using the rela tion It' 

I nN(R.'<)L(s1 s 2)S;JM(t 1 t 2)T) = L [Lg]"4- (-1)s+L-H{+g 
g 

[ ~; ~} inN(S£)g,(JMT> ••••• 

Equation (2.21) becomes 

In1R. 1sd1 n2R.2s2j2;JM(t1t2)T) = L L (-1)s+L+ +g 

LSg nU~ 

[l-(-l)R.+s+T] [3132Ssri L 
12(l+oab) 

{
R. s gt l~: 
J II{ Lf L 

where g is the relative angular momentum. 

s 

(2.22) 

(2.23) 

Now we write the two-body potential operator in the 

oscillator two-particle basis as follows: 



= L L L L (_l)s+L+~+g+S'+L'+,,('+g' 
L8L'8' nNRJ( n'N' R.'~' gg' 

[l-~-l)R.'+s'+T][l-(-l~R.+s+T] .... A.... .... ............... 1 
[j d 2j 1 ' j 2' S s' gg' ]a 11' 

12(l+oa b)2(l+oc d) 

t" 
SI jl) {" ' 

S 1 ' . 'j Jl 
R.2 S2 ~2f R. 2 ' S 2' j2' {R. s g} {R.' s' g'} 
L 8 L' 8' J Jd'(L J ;(' L' 

28 

(2.24) 

We use the facts that the t~10-body interaction is independent of the 

center.-of-mass coordinates and center-of-mass quantum numbers and it 

conserves the relative angular momentum (i.e., g=g') to write the 

matrix elements of V in the right-hand side of equation (2.24) as 

<n'N' (s l' S 2' )8' R.' g'.(' (t l' t 2')JT I V I nN(s IS 2)SR.gI{(t 1 t 2)JT> 

= <n'R.'(sl'S2')S'(tl't2')gTlvlnR.(sls2)8(tlt2)gT> ONN' ~, ••••• (2.25) 

The phase factor (_l)s+L+.<+g+s'+L'+t.'+g' in equation (2.24) also 

becomes (_l)S+s'+L+L'. But (-1)S+8' = 1 because we consider either 

S=S' or 8 = S' ± 2. Then our final result is 



= ~ 
n't's'nts 

It. ~ 
N,( 

x 

{
t s 
J~ 

with 

~ [D] (n's't'(t l't 2')gTlvln5t(t l t 2)gT) 
g 

( l)L' i' ( ,"': '''''''']-i {t' 5' - Jl J2 5 g J ,( l'" g t2' 
L'} L' 

D ::a 
[l-(-l)t+s+T][l-(l-)~'+s'+T] 

12(l+oab)2(l+Ocd) 
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51 ' 
j. 'I 52' . , 
J2 

S' J 

(2.26) 

(2.27) 

2.4. Calculation of the Two-Body Matrix Elements 

The calculation of the two-body matrix elements is done in 

two major steps. First, we calculate the relative center-of-mass 

(RCM) matrix element of the transition potentials: Second, we 

construct the Hamiltonian matrix elements in two-particle basis. Now 

we describe both steps in more detail. 



2.4.1. Step 1: Calculation of the RCM Matrix Elements 
of the Transition Potentials 

The matrix elements to be calculated are: 

VgT (NN) Alm' 2.'s' n2.s , AA 

= 

-{ [1-(-1)R.+s+T] [1-(-1)R.'+s'+T] .•••. 

with 

s, - s, - t, - t, - {1} · 

VgT (NN) NAn' 2.'s' n2.s , AA 

/2 
T [1-(-1)2.+s+T] .•••. 

with 

s, - s, - t, - t, - W . 

30 

(2.28) 

(2.29) 
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VgT 
NAn' I.'s' ,NA nl.s 

Vg
T 

ANn' I.'s' ,NA nl.s 

(_1)1'+s'+T+1 (2.31) 

Ba'Ba' ++B Ba 
where V a are the transition potentials defined in equation 

IT,P 

(2.3). In evaluating these matrix elements, the following expressions 

will occur: 

:: s'} 1 6ss ' 61. .. ' ••••• (2.32) 

i} ..... (2.33) 



( ~' ~ ~) { ~' ~' ~ } 
S 2' 

S2 

1 

32 

(2.34) 

(2.35) 

where the bracket quantities in the third expression are the 3-J, 6-J, 

and 9-J symbols respectively. RnR.(r) in the integral is the radial 

part of the H·O wavefunction and is defined in (2.12). The factors a2 , 

y 2 occur in the above expressions from the spin, isospin reduced 

matrix elements defined by: 

(2.36) 

The values of a I, a 2t Y It Y 2 for the differ~nt resonance transitions 

are summarized in Table 2.1. 
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Table 2.1- The factors a" a H y" Y a of Equations (2.32)-(2.34) for 
the different resonance potentials. 

BIBa Bl 'Ba' a 1 aa Yl Y2 

NN Illl s 4 s'+g 4130 

Illl Illl s+1 60 s'+g 60130 

NN Nil s 2/6 s'+g 1215 

Nil Illl s 4/15 s'+g 60/2 

Nil IlN s 4 s'+g+1 4130 

Nil Nil s 6/IO s'+g 6013 
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Our plan i8 to evaluate the integral J: Rn,., Vi(r) Rn.(r) dr, 

where Vi represents Vc(r), VT(r), or Vs(r) defined in (2.4), (2.5), and 

(2.6), respectively, and the Vi are expressed as integrals over the 

momentum (q) of the exchange particle. Our task is to evaluate the 

double integral, one integral over (r), the other integral over (q). 

We use Simpson's rule to evaluate the integrals. To test the accuracy 

we did the following tests: 

(1) We evaluated J: Rn,.,(r) Rn.(r) dr. 

We have found that rmax = 5 fm and a step (llr = .05) (Le., number of 

points = 100) is good enough to obtain the orthonormality property of 

the radial wavefunction. 

(2) We have evaluated Vc(r), VT(r) for the transition NN+llll 

with n-exchange. We have found that with qmax = 80 fm- 1 and 400 

points we get a non-oscillatory and convergent result. Figures (2.2) 

and (2.3) show our results for Vc(r) and VT(r), respectively. We 

compared our results with that of Gari et al.~l Figure 8 and 9. Upon 

private communication with Gari he confirmed that his results are 

scaled by a factor. Our reproduction of the shape of his curve is 

therefore considered a good agreement. In our actual calculations we 

consider n- and p-exchange, and since for p-exchange qmax = Ap/An 

qmax( n) = 110 fm- 1 we found it is sufficient to increase qmax to 100 

fm- 1 and the number of points to 500 to evaluate for n- and 

p-exchange. 
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Fig. 2.2. Radial dependence Vc(r) of the central part of the NN++1l1l 
interaction (n-exchange). 
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Fig. 2.3. Radial dependence VT(r) of the tensor part of NN~+1l1l 
interaction (n-exchange). 
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Next, we developed a computer code to evaluate the RCM 

transition matrix elements. The limits on the quantum numbers n, nt, 

JI., Jl. t , s, st, T are all taken to be 3. For g (the relative total 

angular momentum) the limit is 6, and changes of the orbital angular 

momentum ld, = 0,±2, and spin 6s = 0,±2 when we evaluate the tensor 

part of the potential V llTP • Under these limits on the quantum 

numbers, a total of 7505 non-vanishing RCM matrix elements are 

obtained which serve as input for our next phase of the calculations 

described below. It is worthwhile to mention here that it takes about 

12 hours of cpu time on the supercomputer to evaluate the 7505 matrix 

elements with high precision. 

2.4.2. Step 2: Construction of the Hamiltonian Matrix 

Our goal at this stage is to construct the matrix elements of 

the two-body part of the effective Hamiltonian NN 
Trel(m) + Veff + 

V( transition) in the chosen model space using two-particle harmonic 

oscillator basis having good total angular momentum J and good total 

isospin T. We remind the reader here of our motivation for using the 

effective Hamiltonian rather than the bare Hamiltonian in order to 

overcome what we call the "two infinities": the infinite dimensional 

Hilbert space ana the short range repulsion of the core in VNN. The 

solution to the first infinity is by truncating the Hilbert space using 

Block-Horowitz theory.~~ The second infinity is removed by solving 

the Brueckner-Bethe-Goldstone equation,~5 in which the VNN matrix 
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elements are replaced by Brueckner G-matrix elements in the series 

expansion of v~:. We will discuss these points more in Chapter 3. 

Now we go back to complete our description of how to 

construct the effective Hamiltonian. The two-body part of the 

effective Hamiltonian in matrix form will appear as 

<Heff(two-body» = 

pure N-N sector 
NN 

<V eff > + Trel(m) 
(1) 

A-N sector 
<VANtransition> 

(3) 

I 

N-A sector 

<VNAtransition> 
(2) 

-,- - -- - - - -- -
, pure A-A sector 
I <VAAtransition> 

+ <Trel(m» 
(4) 

A pure N-N sector, a pure A-A sector, an N-A sector, and a A-N sector. 

These are represented by the numbers (1), (4), (2), and (3) 

respectively. The corresponding matrix elements belonging to each 

sector are shown also. 

To evaluate these matrix elements we initially specify the 

single particle states (nucleon orbitals and A-orbitals). Each state 

is characterized by the quantum numbers n, R., s, J, t, and we 

construct from these the two-particle basis with good (J,T). We read 

in the RCM transition matrix elements. Each RCH matrix element 

undergoes a set of tests to see if it is required by this basis space, 

and it is stored with an identifying code number if it passes all the 

required tests. To the elements diagonal in spin and isospin the 

Trel(m) matrix elements are evaluated and added. The code then 
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calculates the quantities in curly brackets occurring in equation 

(2.26) where we call the sum 

~ 
L' 

,... ...... ...... 1 {n' S' 
(-l)L L' (. ,. , ']- .. 

J1 J2 S g 2 J tJf. 

and a similar quantity for FKET. These are stored as a one-

dimensional array. In doing this we are extending methods developed 

earlier for effective Hamiltonian evaluation.·o,.6 

The sums over N~ (the center-of-mass quantum numbers) in 

equation (2.26) are evaluated by defining the variables N, l given by 

N = 2N + -<, l = 2N - ~ , 

allowing the ReM matrix elements to have a dependence on 2N+oiso that 

the total sum in equation (2.27) looks like 

I' 

~ (D] ~ <Ivl> ~ {FBRA} {FKET} • 

,-
Actually the L and ~ sums are not independent. The value of N is 

N 

fixed by the other summation indices and by 



2nl + 11 + 2nz + 1 z = 2n + 1 + N 

2nl'+£I'+2nz'+1z' = 2n'+1'+N 
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Here we would like to remind the reader that these 

calculations are very involved. To sense some of the difficulties we 

mention that using 12 single particle orbitals (8 nucleon orbitals and 

4-6 orbitals), the F-coefficients one-dimensional array should be 

dimensioned to 300,000. By increasing the number of single particles 

to 17 (13 nucleon orbitals and again 4-6 orbitals), the dimension of 

the array should be increased to 800,000. This number changes very 

rapidly as we increase the model space; of course this causes a 

problem in space and storage even on a supercomputer. As a result we 

have eliminated some of 6, and nucleon orbitals which do not mix both 

in 3- and 5-spaces. We will discuss this point later in Chapter 5. 

Our computer code is designed such that if it encounters a 

two-particle 

preViously 

matrix element in the N-N sector, it retrieves a 

calculated"O G-matrix 

matrix element that are 

element and 

appropriate. 

the 

We 

kinetic energy 

introduce the 

parameters AI' Az to scale the Trel(m) and G-matrix elements, 

respectively, for reasons to be discussed in Chapter 5 also. 

Finally, we output the two-body matrix elements of the total 

Hamiltonian calculated in two-particle basis with good (J and T) in a 

format convenient for the third phase of our calculations, the 

spherical Hartree-Fock (SHF) calculations. 



CHAPTER 3 

HARTREE-FOCK FOR NUCLEONS ONLY 

3.1. Introduction 

For a nucleus consisting of A-nucleons the Hamiltonian H is 

assumed to be a sum of kinetic energy and a two-body interaction 

H = L t(i) + L V(ij), 
i i(j 

which we rewrite by adding and subtracting a single-particle potential 

as 

H = L (t(i) + U(i» + (L V(ij) - L U(i») 
i i(j i 

= Ho + Hl •.••• (3.1) 

Here Ho is the single-particle Hamiltonian, and HI is the residual 

interaction. 

If the particles move independently in single-particle orbitals, 

each particle occupies a single-particle state described by a single-

particle wavefunction $a(ri,a,.) which satisfies 

(3.2) 

For a mean field theory such as Hartree-Fock U in Ho is the average 

one-body field generated through the give! two-body interaction V(ij). 

40 
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One frequently assumes this field is spherically or axially symmetric. 

The goal of a mean field approach is to develop a theory for the 

potential U which minimizes the corrections remaining in Hi. One 

invokes the variational principle in the hope of accomplishing this 

goal. For many-fermion problems these precepts are realized in the 

Hartree-Fock (H-F) method. 

3.2. Hartree-Fock (H-F) Method 

First we introduce our notation; we des:!.gnate the H-F states 

in the potential U(i) by the Greek letters a,a, ••. ,p; A and ~ will stand 

for any of the states a,a, ... ,p. Each of the quantum numbers a,a, ... ,p 

stand, of course, for the set of quantum numbers of a particle in the 

H-F single-particle potential; for a spherically symmetric potential 

we have 

a ( a. " i"a Ma 1 ) n , .. , S"""T, J, , 't"""T, m't ••••• a 
(3.3) 

where the quantum numbers in equation (3.3) are defined as follows: 

Quantum Number Si~nificance 

n principal quantum number 

R. orbital angular momentum quantum number 

s ::0 
1 spin quantum number of a nucleon "Y 

j total angular momentum 

M projection of j along the z-axis 

't ::0 
1 isospin .quantum number of a nucleon orbital "Y 

m't projection of 't along the z-axis 
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In Hartree-Fock self-consistent field approximation, the 

variational wave function for the A-nucleon system is assumed to be a 

single Slater determinant: 

ljIo(l, ••• ,A) .. lilA! ••••• (3.4) 

., . 

Equivalently, this can be written in occupation number formalism 

(usually known as second quantization) as: 

(3.5) 

The creation operators a+ and the corresponding adjoint destruction 

operators a obey the usual fermion anticommutation relations: 

{aa+,aa+} .. {aex,aa} .. 0, {a + a } .. I1:. ex , a lJa a ••••• (3.6) 

The vacuum state 10) is a state with no particles, zero 

energy, zero momentum, zero angular momentum, etc. The Hartree-Fock 

method attempts a variational solution of the corresponding 

Schroedinger equation. The variation of IjI 0 will be carried out by 

assuming independent variation for the 2A functions Cl!A, and qJ~ where 

~~ is understood to be the wavefunction describing the state A. 

irrespective of which particle is in that state. The nonlinear 

equations determining CI! A, are obtained by varying the expression for 

the energy 



E 
<~o IHI ~o> 
<~ol~o> 

..... 
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(3.7) 

with respect to CPt. These nonlinear equations can be solved by an 

iterative procedure referred to as the self-consistent method. 

In order to obtain a set of equatlons for ~ A we expand q, A in 

terms of a complete orthonormal set {Xk} 

I ~ A> = L c~ I X k> ••••• 
k 

(3.8) 

with expansion coefficients C~. The basis set {Xk}, for example, is 

generated by a spherically symmetric harmonic oscillator (H·O) 

potential. The set {Xk} span the entire single-particle Hilbert 

space. The set of all possible A-particle Slater determinants 

constructed from the set {Xk} span the entire A-particle Hilbert-

space and therefore account for an infinite set of excitations of 

particles from occupied to unoccupied single-particle states. In 

principle if we manage to diagonalize the complete, infinite 

dimensional matrix in the space of all possible A-particle Slater 

determinants we have solved the A-particle problem exactly, and the 

eigenvectors and eigenfunctions of H are then independent of Ho. Ho in 

this case serves only as a convenient prescription for generating 

antisymmetrized A-particle wave functions. In practice, some sort of 

truncation is unavoidable. Therefore, we truncate the Hilbert space 

and hence only a subset of excitations is considered. The truncation 

1s two-fold: first the single particle basis set {Xk} is limited to a 
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finite number of oscillation states and, second, in H-F only a single 

Slater determinant is used. Because of the truncation, excitations to 

states outside the space have been omitted. To account for these 

states the nucleon-nucleon interaction should be modified. The two 

body potential V(ij) should be r.eplaced by an effective interaction 

Veff(ij). An often used procedure for evaluating Veff(ij) was given by 

Bloch and Horowitz.~~ 

It is worthwhile to mention here that because the two body 

interaction V(ij) has a hard core (or nearly so) the two body matrix 

elements of V in a single-particle basis are divergent (or nearly so). 

A standard solution to the problem is given by solving the Brueckner-

Bethe-Goldstone equation.~5 

3.3. Model Space and Effective Interaction 

We represent the complete solutions by ~i so 

We denote the A-particle eigenstates of the unperturbed Hamiltonian Ho 

by <Pi' then we divide the entire space into a finite model space M and 

an excluded space N by the use of projection operators P and Q 

respectively: 

P = ~ I <Pi> < <Pi I ..... (3.9) 
ie:M 
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Q ::I ~ I ~> < ~I ..... (3.10) 
iEN 

Obviously P+Q = 1, p2 = P, Q2::1 Q, PQ::I QP = O. 

We now seek an effective Hamiltonian in the model space 

defined by 

(3.11) 

where 

(3.12) 

Using Brillouin-Wigner perturbation theory it can be shown 

that Veff can be given by 

co 

Veff = (3.13) 

In the above equation Veff is energy dependent. However, it is not 

convenient to handle an energy dependent Hamiltonian and the 

evaluation of the energy eigenvalues is more complicated. In addition, 

the resulting eigenfunctions are non-orthogonal. So the next step in 

conventional shell model theory is to convert to Rayleigh-Schroedinger 

or the state independent form of perturbation theory. This can be 

done by subdividing the particles into core particles with energy Ec 

and valence particles which will be restricted to some finite number 

of single particle states of H 0 above the states of the core with 

unperturbed energy Eov. Then the effective interaction is given by 



Veff = J i H 1 ( E oV ~ H 0 H 1 )k} linked folded ••••• l k .. O 
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(3.14) 

In a full Hartree-Fock. application where we use the H-F 

orbitals themselves as the basis states, it can be shown that many 

terms in (3.14) cancel due to the self consistent nature of the 

single-particle wavefunctions and single-particle potential. Thus all 

terms in (3.14) which arise from [ V(ij) cancel the -U(j) terms. 
i e:Core 

The only terms surviving in (3.14) are the remaining terms in V(ij). 

We signify this restriction on the summation by a ·prime and rewrite 

Veff as 

Veff = {i.' V ( Eov ~ Ho V)ktlinked folded ••••• 
k=Q f 

(3.15) 

As we mentioned the hard core of the N-N interaction causes the 

matrix elements of V to be infinite or anyway very large for the Reid 

Soft Core (RSC) potential. Hence the additional N-N correlations 

induced by the short range component of realistic N-N interaction is 

taken into account by solving the Bethe-Goldstone equation which 

Yields the Brueckner G-matrix 

G( w) = V + V _Q- G( w) ••••• 
w-H 0 

(3.16) 

Here the variable w is the starting energy and Q the Pauli operator 
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which prohibits particles from scattering into occupied states. 

Finally Veff can be rewritten in terms of the G-matrix as 

{ r. G( Q G)k} 1i k d f Id d ••••• Eov - Ho n e 0 e 
k=O 

(3.17) 

Here Q is the many-body projection operator which is like Q except 

that all intermediate two-particle states iterated into G are excluded 

by Q to avoid double counting. 

At this stage the effective shell-model Hamiltonian is simply 

= Ho + Veff ••••• (3.18) 

where we have implicitly worked with the self-consistent single

particle states ~ and single-particle potential U. 

We next address the question of how to extend the above 

discussions and to obtain these self-consistent quantities through the 

Hartree-Fock approximation. In so doing we will arrive at an 

effective Hamiltonian for the core particles written as 

= Ho + Veff • 

3.4. Our Technique and Motivations 

Even with all these developments, the effective interaction 

theory in the conventional shell model still faces two major 

problems. First, the order by order convergence of the effective 

expansion in equation (3.17)"7 is in doubt due, most probably, to the 

presence of intruder states'" whose character is quite different from 
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those in the shell model but which come down in energy and mix with 

states in the model space. The second major problem is the slow 

convergence~6,~9 of intermediate states sums in higher order terms of 

the effective interaction expansion. In second order, this is caused~6 

by the effective tensor force which possesses an intermediate range 

interaction which couples strongly particle-hole states over a several 

hundred MeV range of energy. Thus, it is a major undertaking to 

evaluate higher order terms of the effective interaction. 

Therefore, motivated by the need to alleviate the above 

mentioned difficulties, our technique in this work is to use a no-core 

effective Hamiltonian; that is, all the nucleons are active. We write 

Heff as 

Heff = ~ hij = Trel + Veff ••••• 
i<j 

(3.19) 

where its pure two body nature is evident from the use of a relative 

kinetic energy operator between pairs of nucleons 

= (3.20) 

Veff is the sum of the Brueckner G-matrix and the lowest 

order folded diagram (second order in G) acting between pairs of 

nucleons in the model space. It neglects effective three-body forces, 

effective four-body forces, etc. 

With no-core one has in mind treating much larger spaces which 

could, for example, include the intruder states directly rather than 
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forcing them into a perturbative treatment. In addition all nucleons 

are active, and hence there are no longer any terms in the Veff 

expansion involving particle-hole excitations. One more distinct 

advantage of the no-core effective Hamiltonian stems from the fact 

that all single particle energies are now dynamically generated. In 

contrast, the conventional shell-model takes them from experiment or 

treats them as adjustable parameters. 

3.5. The Hartree-Fock (H-F) Equations 

First we introduce our notation for this section. If I ~ is a 

single particle H-F state, and I k) is a harmonic oscillator state or 

other suitable single-particle basis, then we rewrite equation (3.8) as 

I~ = L c~ I k) ••••• (3.21) 
k 

k represents the set of quantum numbers 

k 

and similarly for A, i.e.: 

(nAt R.I., j).). 

1 Since we are dealing with nucleons only here, we suppress the s = ., 

1 and T = ., labels. For simplicity we restrict the H-F approximation to 

only allow mixing of the radial wavefunctions. Thus, we impose 

spherical symmetry (0R.k R. A)' time reversal symmetry (<1nkm A)' isospin 



50 

symmetry (6m 'tkm t >.), and total angular momentum symmetry (Ojkj >.); 

consequently parity is also conserved through 152.k 2. >.. The expansion 

>. 
coefficients Ck in equation (3.21) then have the form 

C>' = 
k (3.22) 

c£ (m Tk) indicates that we have different coefficients for neutrons 

and protons. The C~ coefficients will be required to satisfy the 

conditions 

) I c~1 2 = 1 ••••• (3.23) 
1< 

so that orthonormality is preserved in the H-F basis. It would be 

worthwhile to relax these symmetry constraints in future 

investigations. 

The H-F energy of the system expressed in terms of 

antisymmetric two-body matrix elements of Heff is 

EH-F ::I -i ~ <>.~IHeffl >'~A ••••• 

>.~ 

(3.24) 

Using equation (3.21), then the H-F energy in terms of harmonic 

oscillator basis becomes 



EH-F = -i ~ ~ ~ (C~)* (Ck,A) (Ck 11l)* (Ck zll) 
A)J kk' k lk 2 

..... 
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(3.25) 

The unknowns are now the coefficients c~. The variational principal 

becomes 

(3.26) 

where C is one member of the c~. The constants {£A} are the Lagrange 

multipliers that insure orthonormality of the single-particle states. 

Then £A becomes the single-particles energies through the variational 

principle. 

>~ 
IJ k' 

or 

Using equation (3.25) in (3.26) we get 

[' (Ck,A) (Ckl~* (Ckz~ <kk 1IHe ffl k 'kZ>A = 
k lkZ 

)" (Ck 11)* (Ck z~ <kk 11 Heff I k'k Z>A] = 
k lk Z 

We define 

= 

'" 

£ A C~ •••• (3.27) 
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k' k' 

(3.28) 

Then from (3.27) and (3.28) we have 

The two particle states lij) can be coupled to good total angular 

momentum J and isospin T and can be written as (see .Appendix B) 

I ij> = R-
ij 
I[ 
JM~ 

Then equation (3.29) becomes 

I (ij)JMTMT> ..••. 

~I (C~l ) * <klhlk'> = (CU ) 
k2 IL ~kl ~'k2 

l.1 klk2 JM T~ 

jkjk/ jk,jk/ ~ ~ T ~ ~ T 

C C 
~'~2M 

C C 
~~lM m m ~ m m ~ 

Lk Lkl Lk ' Lk2 

(3.30) 

(3.31) 



Now using equation (3.22) in equation (3.31) we have 

<k/h/k'> = 

LI. 
JM TM.r 

)J m 
m )J 

T 
U 

We can sum over mil' mTIl, mk:, then equation (3.32) becomes 
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(3.32) 

(3.33) 
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Now using 

(3.34) 

we rewrite (3.33) as 

<klhlk'> 

[I 2J+l 

JM TMor 

(3.35) 

Because of spherical symmetry of Heff and the neglect of the 

Coulomb potential, its matrix elements are independent of Hand HT; 

therefore we use the Wigner-Eckhart theorem twice and the fact that 

Heff is a scalar operator to obtain the doubly reduced matrix 

elements signified by additional vertical bars: 

then equation (3.35) becomes 
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2J+l 

(3.36) 

We use the relation 

to write equation (3.36) as follows: 

~ ~ T 

em m M-.- < (kk dIll He f f I II (k' k z ) > JT ••••• 
Lk' Lkz-""T 

(3.37) 

Now we evaluate equation (3.37) for protons and neutrons separately. 



For protons, equation (3.37) becomes 

(p) [~~ T]2J + p e ..... 
klk2 ~ ~ 1 

where we have defined the single particle density matrices: 

Now 

[ e~* (-~) 
II kl 

~ e~* (-rI~) 
jJ kl 

[
c ~ ~ T]2 = 
~ ~ 1 

<k(p) !h!k'(p» = 

ell (_~) 
(n) 

= p- -
k2 klk2 

e~ (-rI~) 
(p) 

= p--
k2 klk2 

[ ~ ~ T]2 = 
e~ _~ c 

56 

(3.38) 

(3.39) 



If we follow the same steps we find for neutrons 

I 2J+1 
JT 2 (2jk+1) 
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(3.40) 

Now we rewrite the Hartree-Fock energy in terms of the single 

particle energies. Using equation (3.21) with equation (3.24) we have: . 

~-F ~~I [ (CA)* A (Cll )* (CU ) <kklIHefflk'kz>A = (Ck ' ) 
AU kk' klkz k kl kz 

~I L ecA) * A (C~ )* (CU ) <kklIHefflk'kZ>A = (Ck ' ) 
AU kk' klk2 k 1 k2 

-~~L L (CA)* A (CJ.l )* (CU ) <kklIHeffik'k2>A 
U kk' klk2 k (Ck ' ) kl k2 

= I[ (CA).{r c\[I 6, (C~,). (C~,) <kkdHefflk'k'>A] 1 A kkk' k U 

-~[ L (CA)* A (CU )* (Cll ) <kklIHefflk'kz>A 
AU kk'klk2 k (Ck ' ) kl k2 

(3.41) 
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If we use equations (3.28 and 3.29) in equation (3.41) we get 

(3.42) 

The solution of equation (3.27) involves choosing an appropriate set 

{ I k>} in order that the series for I).) converges rapidly and we can 

cutoff after a few terms. Once {Ik>} is chosen one can attempt to 

find a solution by iteration. 
). 

One guesses a set of values <1t from 

which <klhlk'> is determined. Then equation (3.28) is solved for a new 

set {C~} from which <klhlk'> is calculated. This p~ocess is continued 

until a self-consistent solution is obtained. One can make many 

random initial guesses to obtain confidence in the lowest self-

consistent solution. 

We note from equation (3.42) that although the H-F self 

consistent potential leads to the best wave-function of the type (3.4) 

for the A-nucleon system, the nuclear energy that corresponds to this 

wavefunction is not the sum of the single-particle energies. This 

reflects the important point that if the single-particle potential is 

determined in a self-consistent way, then it should be understood only 

as a prescription for the generation of the "best" nuclear 

wave function within a specified trial space. Al though ~ 0 is an 

eigenfunction of the self-consistent protential, it will be erroneous 

to conclude that the eigenvalue that goes with it also gives the 

nuclear energy. 
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To understand the origin of this difference between EH-F and 

L £ A let us look for the best single-particle potential which 

determines the behavior of the single-particle in '0; we find this 

potential is the average potential felt by the single-particle due to 

its interaction with all others. Since £ A is an eigenvalue for the 

single-particle Hamiltonian that involves the single-particle 

potential, it too reflects this interaction. If we add up all the £A , 

we take into account each interaction V(ij) twice. The H-F energies 

L £ A therefore overestimates the nuclear binding energy and hence 

the difference between EH-F and L £ A in equation (3.42). 

Now we write the H-F energy in terms of the H-F single-

particle density matrix pn, PP. 

~ [[ (~) * <,c~,) (C}.l )* (Cll ) <kk 1 /Heff /k'k2>A 
AlJ kk' kl k2 ~-F = 

klk2 

= ~I I IL L L (5. j 5 5 
}.jJ mAmll kk' klk2 ~~, m m J k A ~k~A ~mA 

In-rAlD-rll ~1~2 
Tk Tk , 

m m 
Tkl Tk2 
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(3.43) 

where we have used equations (3.22 and 3.30) in writing equation 

(3.43). 

We can sum over mA, mT A, mk2' m\.b mT~' mk'j equation (3.43) 

can be written as follows: 

II 
JM T~ 

(3.44) 
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Again the matrix elements of Heff are indepenoent of M, Mr, and uSing 

the relation 

j Ij 2j 3 j d d 3 ' 

e e ... O(j),j3') 0(m3,m3') , mlm2 m3 mlm2m3' 

then equation (3.44) becomes 

E1i-F = ~ [I I r (OJ j ) (OJ j) (OR. R. ) (OR. R.) 
'XJi kk' klk2 m m k A k' A k A k' A 

Tk Tk , 

m m 
Tkl Tk2 

(Om m ) (0. .) (OJ j) (oR. R. ) (oR. R.) (0 m 
) ~kl ~'k2 

J kl J).J 
m 

Tk Tk , k2 ).J kl ).J k2 ).J Tkl Tk2 

[c~ (tl f [eI (m )] [c~ (me f [c~ (mT )] I2: (2J+l) 
k Tk k' Tk , kl kl k2 k2 J TM.r 

(3.45) 

Equation (3.45) can be simplified more by noting that 

L ~ ~ T ~ ~ T 

° ° C C m m m m m m ~ m m M.r m m Tk Tk , Tkl Tk2 Tk Tkl Tk , Tk2 Tk Tk , 

m m 
Tkl Tk2 

I ~ ~ T ~ ~ T 
= C C 

m m M.r m m ~ m Tk Tkl Tk Tkl Tk 
mT 

kl 



Then equation (3.45) becomes 

E1t-F 

I (2J+1) 
JTXr 

As before we define 

[ 
A 

\"" ,,* L c" (m ) 
- T 

)J kl kl 

(m ) 
Tk 

= P 
kk' 
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(3.46) 
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Equation (3.46) becomes 

E1i-F = 

(2J+l) 

JT ••••• (3.47) 

The summation over m'Tk' m'T ,T, MT now can be performed and we get 
leI 

(~) 
+ p 

kk' 

. j (~) 
«kkl) 11IHeffili (k'k2»JT + ~ l\k' 

«kit,) IllHeffll1 (k'k,)'JT} ..... 

(~) } ~ ~ 
u L (2J+l) 

klk2 Tl J 

(2J+l) 

L (2J+l) 
J 

(3.48) 
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Finally equation (3.48) can be rearranged as follows: 

E
H

_
F = ~ ~ 0.. . O~k~k,tA Ojkl j k2 j U O~k ~k ~ ~kl ~'k2 kk'klk2 JkJk.J A 

1 2 U 

I { F~) (n) (p) (p)] 
(2J+1) p- - + P P «kkl) IllHeffll1 (k'k2»JT=1 

J kk' k k kk' k k 

(3.49) 

where 

(n) (-~) (p) (~) 

p-- = p p = p- ---ij ij kZ kl 

This represents the most convenient form from which we evaluate the. 

self-consistent H-F energy. 



ChAPTER 4 

HAKTR£t.-FUCK. FUR t-.uCLEUNS Ar~D DELTAS 

4.1. Introduction 

In th1s chapter we extend our study by considering the nucleus 

t t . A b . . 1 ( . 1 1 ) d d 1 as a sys eru o - aryons L1.e., nuc eons s = ,., T = 2 , an e ta 

part1cles (s 3 
,. J 1 

3 . 
2) j. wE! derive expressions for tne single-

particle energy and the Hartree-Fock energy for the entire system. To 

the best of our knowledge tlli.s is the most detailed derivation in the 

literature. 

4.2. Hartree-Fock Equations 

Let Ia>, IS>, lr>, represent the H-F single-particle 

states determined as self-consistent solutions of the nucleon-delta 

Hartree-Fock problem; let A.,J.l stand for any of those labels. We 

ex~and the H-F single particle state lA.> in terms of harmonic 

oscillator basis 

[ c~ l N> + > c~ I D> ..... (4.1) 
N D 

The first sum in equation (4.1) extends over nucleon states while the 

second sum extends over delta states. N, D, A. are generalized single-

particle state labels, e.g.: 

65 
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N :: nN R.N sN jN mjN TN mTN = N mjN mTN 

0 '" nO R.O So jo mjo TO mTD 
... o mjo mTO 

;I. ::: n>. R.>. J>. mj>. mT>. :: >. mj>. mT >. 

The {c>.} 
N 

and {c~} are the expansion coefficients of I>.) in the 

nucleons and delta states respectively and satisfy the condition 

(4.2) 

N D 

If we relabel the delta stac:es ana the coefficients we can 

write equation (4.1) as 

I >.) ::z L c~ I B) •.••• 
B 

(4.3) 

The sin51e sum now extenas over the nucleon and delta states. 

The co~ff~cient C>' now defined as 
B 

and 

c>' 
B 

CA
B 

:: if 

::: if 

:: 

:: 

~ I c~ 12 = 1 ••••• 
B 

(4.4) 

At this stage the derivation becomes similar to the treatment with 

nucleons only. Major differences arise when we introduce the explicit 

nucleon-delta transition potentials. 
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The nuclear Hamiltonian can be expressed as a one body 

operator and two body operator (see Chapter 1), i.e.: 

d = H1(one body) + H2 (two body) ••••• (4.5) 

The H-F energy of the system in terms of H-F single particle states is 

(4.6) 

or 

EH-F = ~ ~ (C~)* (CB~) <B I Hli B'> 
A Bd' 

(4.7) 

us~ng equation (4.3). The unknowns are the coeffic~ents c~, so the 

variationdl principle reads 

where C is one member of the c.;~, and {e: A J are the single particle 

energies. 

Using equation (4.7) in (4.~) we get 



~ CB~ <BIH1IB'> + ~ ~ (CB~) (CB~)* (CB~) (BB 1IH zjB'B 2>A 
B' I.l B'BzB1 

::I £A CA 
B 

or 

L Ca; {<HIH.I B') + ~ ~ (CB;)' (Ca;) <aB.1 H, I.'B,) A} 
B' lJ B1Bz 

= £A CA 
B 

We define 

hlA> = £AIA> 

<illh!A) = £A (BI A) 

L CH~ <B I hi rl '> = £A ~ CB~ (BIB'> 
lS' B' 

or 

~ CB~ (BlnIB'> = 

B' 

If we compare (4.10) and (4.11) we find 

<slhIB'> = (BIH1IB'> + L 
I.l 
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(4.9) 

(4.10) 

(4.11) 

(4.12) 



Using the relation 

I ij> = 

where 

R-
ij II 

JM TM.r 

then equation (4.12) becomes 

IL 
JM 1'M.r 
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(4.13) 

(4.14) 

Invoking the same symmetries as in the nucleons only treatment, the 

cA 
are defined 

B 
as: 

(4.15) 
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Then using (4.15) we write (4.14) as 

(4.16) 

If we sum over mil' mB J m-r , then we write equation (4.16) as 
:& \l 

<BlhIB'> :a <BIHlIB'> + [ L .r o. 0 Og, g, 
U B1B2 ~ m m JB1ju jB2j\.l 

1 TB1 TB 
B1 U 

o g, g, Om m 
B2 \.l TBl TB2 

[c~ (~ f 
Bl B1 

[c~ (m, l] 
B2 B2 

~- ~- I. L 
Bl 'B2 JM T~ 

jBj B1 J jB,jB/ TBTB2T T
B

,T
B2

T 

C C C C «BEl) IIIH2111 (B'B2»JT 
~~lM ~'~lM m m M.r m m ~ 

TB TB1 LB' LB2 

(4.17) 
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Now if we use the following relations~3 

j d2j 3 j2+m2 2j 3+1 
C = (-1) m1 m2m3 2j 1+1 

hj 3j 1 )" j}j 2J j 1j 2J' 
C C C = 0JJ' °MM' -m2m3ml L-. ml m2M ml m2M' mlm2 

then equation (4.17) reduced to the following expression: 

o . 0 0 ~Bl ~'B2 [c~ (m, »* [c~ (m, l] 
jBJB' ~~, m m 

TB1 TB2 Bl B1 B2 B2 

I 2J+1 
1"B1"BIT 1"B,1"B2T 

C C 
JT~ 1(2j B+l ) ( 2j B,+1) m m ~ m m Mr 

1"B 1"B1 1"B' 1"B2 

(4.18) 

or 

0 o. j 6 ~B1 l13'B2 [c~ (m, f [c~ (m, l] m m J B B' ~~, 1" B1 1"B2 B 1 B 1 B2 B2 

[ 2J+1 
1"B1"B1T 1"B,1"B2T 

<BBIIIIH211IB'B2>JT ..... 
2jB+1 

C C 
JTMr m m Mr m m Mr 

1"B TB1 1"B' 1"B2 

(4.19) 
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In the H-F we restrict the particles to have good isospin projections 1: 

1 That 1s 1 for protons and A+ particles which allowed ,.. mT "'+,. are 

to mix while 1 for neutrons and AO particles which allowea mT =-2' are 

to mix. The following cases will be cons ide rea: 

a) <B(n) I h I B'(n» b) <B( A 0) I h I B' (A 0» 

c) <B(n) I hi B' (A 0» d) <B( A ° ) I h I B' (n» 

e) <B(p) I hi B'(p» f) <B(A+)lhIB'(A+» 

g) <B(p)lhIB'(A+» h) <B( A+) I h I H' (p» 

Matrix elements in C and d are related by hermiticity as are 

matrix ~lements in g and h. 

The first tt!rm <BIH1IB'> in equation (4.19) gives non-zero 

contribution to cases b,f only. Now we employ equation (4.19) to find 

expliclt expressions for the eight cases above. We show ht:!re the 

derivations for the flrst case only; the aerivation for the other 

cases is stralghtforward. 



<B(n) /h/B' (n» 

[ 
~ ~ 1 ~ ~2 1] 

+ C C <B(~)Bl(~)"/H2"/B'(~)B2(~»JT=1 
-~ -~ -1 -~ -~ -1 

+ rc ~ ~ 1 C ~ ~ 1] <1i(~lBl(o/,l IIIH'IIIB'(~lB'("l>JT_l) 
l -~ -~ -1 -~ -~ -1 
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+ [{ (~l r [c~, ("l] ([c _~ ~ : r <B(~l B 1 ("l IIIH, IIIB' ("l Ii, ("l > JT=O, 1 

+ [c ~ ~ TO]2 <B(~)Ble1)///H2///B'(~)Bd31»JT=1,2 
-~ ~ 

+ [c ~ ~ 1 C ~ ~ 01]<B(~)BtC~) ///H2///B' (~)B2(~»JT=1 
-~ ~ 0 -~ ~ 

+ fc ~ ~ 1 C ~ ~ 01]<B(~)Bl(~)//IH211/B'(~)Bd~»JT=1)1 
L -~ ~ 0 -~ ~ 

(4.20) 
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Now we define the following one-body density matrices: 

nn 

I jj* 
p- - .. C (-~) clJ 

(-~) 
BIB2 

lJ 
BI (T

BI 
=~) H2(TB2"~) 

p:.p- L )i * (~) clJ (~) = C 
B1B2 B1 (T =~) H2 (T =~) 

lJ BI B2 

f:J.0f:J. 0 

L il * 
p- - .. C (-~) clJ (-~) 

BIB2 
- 3 - 3 

j.1 
Bl(T =:.'2) EdT =~) 

BI B2 

f:J.+f:J.+ 

I il * 
p-- = C (~) clJ . (~) 

- 3 - 3 
BlB2 BI(T = V2 ) B2 (T =~) 

\.l Bl B2 

nf:J.° L )i * C\.l 
p- - = C (-~) (-~) 

BIB2 Bd T
BI

= ~) 
- 3 

lJ 
B2 (T

B2 
=~) 

f:J.°n 

~ lJ * P = C (-~) C\.l (-~) 
BlB2 

- 3 H2 (T
B2 

=~) 
\.l 

Bl(TBl"~) 

pf:J.+ 

L il * 1J 
P = C (+l~) C (~) 

B 1 (TB 1 =~) - 3 
BlB2 B2 (T .. ~) 

\.l B2 

f:J.+p 

L 1J * C\.l P = C (~) (~) 

BlB2 
- 3 H2(TB2=~) Bl(T =~) 

\.l Bl 
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Equation (4.20) can be rewritten as: 

(a) 

~On 

- ~ P 
BIB2 

p~+ 
- ~ p--

BIB2 

(4.21) 

where we used the abbreviation 
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Using the same argument we get the following expressions for the rest 

of the above mentioned cases: 

(b) <B(60)lhIB'(60» = <B(6o) IH1IB'(6o» + ~ 
B1B2 

/:/6+ 

+ ~ P __ (OTO + 1"5 0Tl + 0T2 + ~ 0T3) <H2(3"2,3-'2»JT 
BIB2 

6+ ( 1 1) 3 6+p ( 1 1) 
+ P - ~Tl - - 0T2 <H2(~' ~»JT + P_ - - on - - 0T2 

. PB1B2 140 18 B1B2 140 18 

<H2(l-,'~»JT J ..... (4.22) 
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(c) 

(4.23) 

6 <H (~ 3~) > TI 2 2, 2 JT 

(4.24) 
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(4.25) 

(0 <B(~+)IHI1B'(f,+» + L. 
BIB2 

(~ 0T! - l 0T2) <H2 (~, 3-'2) > JT + p~O: (~OTl - l 0T2) 
140 IS B IB2 140 IS 

pp ~+~+ 
<H2(~'~»JT + ~ P __ (OT1+30T2) <H2(~'~»JT + Ys p __ (20T1+30 T3) 

BIB2 BIB2 

+ + 
1 p~ 1 ~ P 

<H2(3"2'~»JT - - p __ 0T1 <H2(~,31»JT - - pOl 
/IO B1B2 JIO BIB2 T 

<H2 (~ ,'oJ> JT I· .... (4.26) 
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(g) 

(4.27) 

(h) = L 

- 6 --6 ( 1 1) 
/40 TI rs T2 

(4.28) 
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Now we rewrite equation (4.7), the H-F energy, in terms of H-F 

single particle density matrices. Using equation (4.15) the first term 

can be written as 

LL (C
A >* A 

<B IHI I B'> L I L L (CB' ). = B BS' A BB' Ami. ~~, m m 
m LB LB, 

LA 

0 o 0 o 0 15 15 15 
jBjA jB,jA ~B~A ~B'~A ~~ ~,mA m

L 
m m m 

B LA LB' LA 

[C~ * [cX (m )] (m
LB

)] <B IHdB'> 
B' LB, 

We can sum over mA, m. A' mB, mB" m. B" then we get 

II 
A BB' 

Hl will give a contribution if it is sandwiched between.6 states only. 

Therefore, the above expression can be written as 

IL 
A BB' 

(4.29) 
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The second term in equation (4.7) can be written in terms of H-F 

single particle densities as follows: 

= ~ I L L [ L L 1JJ" mAm)J m m BB' ~~, m m 
LA LlJ lflB"2 LB LB' 

~1~2 m m 
LBI LB2 

(4.30) 



~ 

= 

reduces to the following expression: 
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mB' m'"C , then equation (4.30) 
: ~ 

L L (C~) * A (C~l)* ,(C~2) <BBt! H2IB'B2> (CB• ) 
All BB'B 1B2 

~ ~L I_ I L L OJ . OJ . ° ° >-ll BB' BIB2 ~~1 m m m m BJ). B']}.. R.B R.A R.B ' R.}.. 
LB LB, LBl LB2 

(4.31) 
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To taste the difficulties in evaluating the expression in equation 

(4.31), we remind the reader here that the sums over i, H', B1._ H%, 

include in addition to n,R.,j the isospin (t) of the particle occupying 

these states. Therefore the expansion coefficients 

which have a dependence on the z-projection of isospin in the case of 

nucleons only now have an additional dependence on the isospin of the 

particles. This dependence occurs also in the matrix elements 

the Clebtch-Gordan coefficients. In 

performing the summations over mtB' mtB " mtB1 , mtB% and 'the isospin 

of the corresponding states, the following bilinear combinations for 

the densities will occur: 

[ nn n6' 6 0n 6°6° pp p6+ 6+P II+II+] 
p . + p + p + p + p +p +p +p 
EB' EB' BB' BB' BE' BE' BB' BE' 

~ nn 
n6° 6 0n 6°6° pp p6+ 6+p 6+11+] 

PihE2 
+p +P + p + p + p + p + p--

BIB2 BIB2 BIB2 BIB2 BIB2 BIB2 BIB2 

(4.32) 

That is, 64 terms will arise with, each term multiplied by the 

appropriate Clebtch-Gordan coefficients and the appropnate two body 

matrix element. Finally we get the following expreSSion for the 

second term in equation (4.7): 
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= 

6°6° pp 
+ ~ p ( 0 T I + 30 T 2 ) < H 2 (~ 3/2 , ~ 3/2 ) > J T + ~ p - - (0 TO + 0 T 1 ) 

BIB2 BIBl 

p6+ 6+p 

<H2(~~'~~»JT - ~ P __ 0TI <H2(~~,~3/2»JT - ~ P __ 0TI 
BIB2 BIB2 

~+6+ ] 
~ p (OTl+OT2) <H2(~3/2t~3/2»JT 

BIB2 

[~ 
6 0 n 

<H2(~~,3"23/2»JT - ~ p (OTl-30T2) <H2(~3/2t3/2~»JT 
BIB2 

pp 
<H (k 3/. 3/, 3,/. ) > - k pOT 1 2 "" 2, 2 2 JT"" 

BIB2 



n£lO 
<H2(3/2~'~~»JT - ~ P __ (OTl- 30 T2) <H2(3/2~'~%»JT 

BIB2 

~On ~o£lo -Fs P- - 0TI <H2(3/23~'~~»JT + ~ Fs P- - 0TI 
BIB2 BIB2 

pp p£l+ 
<H2(~23/2,~3"2»JT - ~ P 0Tl <H2(~2~'~~»JT + ~ P 

BIB2 BIB2 

£I+p 
(0 T 1 +0 T 2) <H 2 ( 3/2 ~ , ~ 3/2 ) > JT - P (2.. ° + _1_ 0 T l) 

BIB2 18 TO 140 

(
10 

140 TI 

pp 
+ P_

BB' 
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nn 
(oTl+ 30 T2) <H2(!~3""'2,~3""'2»JT + ~ P __ (oTO+oTl) 

BIB2 

n~O ~On 
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<H2(~~'~~»JT + ~ P __ 0Tl <H2(~~'~~2»JT + ~ P 0TI 
BIB2 BIB2 

[ -~ 

nn n~O 

<H2(3/23/2,~3/2»JT + ~ P __ 0Tl <H2(3/2~'~~»JT + ~ P __ 
BIB2 BIB2 



nn 
<H2 (3-'2 31, % ¥2) > JT + ~ P __ (oT 1 +oT2) <H2 (312~, 3/2~) > JT 

BIB2 

(
1 o 140 TI 
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(4.33) 
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If we add equation (4.29) to (4.33) and use equations (4.21-4.28), then 

we can express the H-F energy as follows: 

= ( 2j B+ l ) 8
jBjB

, 8. n n 
.... B .... B' f 

nn 
p __ <B(n)lhIB'(n» 

BB' 

pp 
<B(llo)lhIB'(llo» + P __ <B(p) IhIB' (p» 

BB' 

(2j B+l) 

(4.34) 

This represents a convenient form upon which the numerical evaluations 

are based. 



CHAPTER 5 

RESULTS AND CONCLUSIONS 

5.1. Introduction 

In this chapter we present our results for 160 and .oCa 

nuclei. We have evaluated the ground state properties of 160 in the 

3- and 5-spaces and the ground state properties of .oCa in the 5-space 

only. Our results are obtained within a constrained spherical 

Hartree-Fock (CSHF) approximation with the delta degrees of freedom 

included explicitly. We outline this chapter as follows. 

In sec;:tion 5.2 we discuss the scaling rule for the effective 

Hamiltonian and how and why we adjust the components of the effective 

Hamiltonian in the nucleon-nucleon sector. In section 5.3 we describe 

the technique we have used for efficiency of computation. In the same 

sec tion we summarize the major processes of the computation for one 

iteration in order to calculate the required quantities. 

In section 5.4 we present our CSHF results for 16 0, and in 

section 5.5 we present our CSHF results for .oCa for different 

strengths of the transition potentials. 

Finally, in section 5.6 we summarize the achievements of this 

work and outline fruitful paths for future investigations. 

5.2. Phenomenological Adjustments and Scaling 

In Chapter 2 we evaluated the two-body matrix elements of the 

effective Hamiltonian using a harmonic oscillator basis with 'hw = 14 

89 



90 

MeV. In order to simplify the application of the effective 

Hamiltonian to as wide a range of nuclei as possible we follow the 

scaling rule of reference 4U. That is, if we signify a matrix element 

of an operator, e.g., Heff by <Heff> implying it was calculated in an 

oscillator basis with hw, the matrix elements of Heff in a basis with 

nw' are approximately given by 

l1w' 
tlw <Heff> ••••• (5.1) 

Therefore, we introduce the factor bw' to scale the matrix element of 

Heff when we use them in 3- and 5-spaces for 160 and _DCa. 

We also introduce overall factors A1, AZ for the kinetic 

energy and the effective nucleon-nucleon interaction matrix element, 

respectively. Our motives behind this can be understood as follows: 

We anticipate that SHF results for a system of nucleons would be 

similar to those of the Brueckner-Hartree-Fock (BHF) approximation. 5 0 

Small differences may be ascribed to different choices of the Pauli 

operator. Indeed, standard deficiencies were found- o in the solution 

of 160 and -oCa in the SHF approximation, i.e., too little binding but 

approximately correct rms radii. Our philosophy is to adjust the 

matrix elements of Heff in the N-N sector in order to achieve 

agreement with measured ground state properties in the SHF 

approximation before proceeding to see the effect of including the 

delta degrees of freedom in the Hamiltonian. 

Therefore, we adjust A1, AZ and ~w' simultaneously to achieve 

the desired rms radius and binding energy for a given nucleus within 
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the SHF for each choice of the model space. The values of AI, A2 and 

'fiw' we have used in this work are taken from refE!rence 40 and are 

listed in Table 5.1. 

Table 5.1. Factors tiw', AI, A2 used in this work for 16 0 and "DCa in 
the 3- and 5-spaces. 

Nucleus Model Space fiw' Al A2 

160 3 9.47 .95 1.18 

5 8.65 .977 1.35 

"DCa 3 10.08 .99 1.11 

5 7.87 .985 1.29 

We note that the value of Al is less than unity. This is 

because the kinetic energy operator (Trel) is a positive definite 

operator, and if it is normalized by itself into a finite model space 

this will reduce its magnitude. We use values of A2 greater than 

unity in order to compensate for the lack of suf ficient binding 

observed even with BHF. The value of A2 increases as the model space 

increases. This is because as the model space increases the 

NN renormalization procedure used to obtain Veff produces an effective 

interaction with weaker attraction. As the model space becomes very 

large, the effective interaction approaches the bare interaction whose 
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oscillator matrix elements are large and positive. Thus, our whole 

procedure of remaining within the HF approximation must break down 

eventually with increasing model spaces. 

On the one hand it is a strong point of this phenomenology 

that we can fit simultaneously certain nuclear properties. As model 

spaces increase substantially beyond those employed here we anticipate 

that the many-body dynamical framework must be augment~d to include 

correlations more directly. 

5.3. Techniques and Validity Tests 

In our calculations we increase the model space to include up 

to 6 major shells. For such calculations, considerable computer time 

and space for storage are needed. To overcome such difficulties we 

omit some nucleon and delta orbitals which are not expected to play 

significan t role s. We use this technique because we are primarily 

interested in the self-consistent occupied orbitals. In future work 

at finite temperatures we will not invoke this simplification. 

We have tested the validity of this technique in the 3-space 

for 16 0 with nucleons only. We have found that the results obtained 

when all 3-space orbitals are included are the same as the results 

when the orbitals Ods, Ods, Ofs, Of7 have been omitted. 
'"2' '"2' "7 '"2' 

Therefore, in the 3-space for nucleons and deltas we use the 

following 8 nucleon orbitals: 

(omitting only the Of 5 and Of 7) and for the 4 delta orbitals: Op 1, 
'"2' "7 '"2' 

OP3, Od3, and Ods. Thus, we include a total of 12 baryon orbitals. 
'"2' '"2' '"2' 
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In the S-space we use 13 nucleon orbitals, i.e., the 8 orbitals 

in 3-space, plus 2s 1, 1d 3, 1d 5, 2p 1, 2p 3. For the delta states we ,. ,.. ,.. ,. ,.. 
use the same 4 orbitals in 3-space. A total of 17 baryon orbitals are 

therefore included. 

We have used· these orbitals to determine which two-body 

matrix elements of the effective Hamiltonian are to be evaluated. The 

SHF computer code has been developed according to equa tions 

(4.21-4.28) and (4.34) and is restricted to work within the basis space 

defined by these orbitals. 

The radial constraint is added to the problem by introducing 

the constraint term -"3 <BI rzIB'> in equations (4.21-4.28) where "3 is 

the constraint parameter. The radial constraint acts like an" external 

force to compress or expand the nucleus. If "3 is negative (positive) 

then the nuclear radius decreases (increases) from its equilibrium 

value obtained when "3 = 0.0. 

Now we outline the main processes in one iteration of the CSHF 

calculations in sequence. The following information is read in and 

stored: the number of particles, number of single-particle states, 

the number of HF occupied states and their 2j values; the 2j, £, and n 

values of the harmonic oscillator orbitals nw, ~w', and the number of 

iterations. 

The first quantities to be calculated and stored are the 

<BlhIB'>, the HF Hamiltonian matrix elements according to the 

expressions in equations (4.21-4.28). To do that we start with baryon 

densities of unity which are read in and stored. The appropriate two-
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body matrix elements of the effective Hamiltonian which are 

precalculated and stored in stage 2 of our calculation are retrieved 

and scaled according to equation (5.1). 

<BIH1IB'> which are needed if <BI 

calculated directly and added. 

The one-body matrix elements 

IB'> are delta states are 

This set of HF Hamiltonian matrix elements is used to 

calculate a second set of HF Hamiltonian matrix elements <B I hi B'>' 

which includes the constraint term and is defined by 

(5.2) 

This second set of HF Hamiltonian matrix elements is used to calculate 

the corresponding eigenvalues and eigenvectors. The eigenvectors in 

turn are used to calculate new baryon densities and the number of 

delta particles in the occupied orbitals. 

are used to calculate the rms radius. 

The new baryon densities 

Finally, the Hartree-Fock 

energy (EHF) is calculated according to equation (4.34) using the HF 

Hamil tonian ma trix elements from the first set and the new baryon 

densities. This ends.the first iteration. The second iteration starts 

with the baryon densities calculated in the first iteration and 

proceeds as in the first iteration to calculate the described 

quantities. This self consistent process continues until a convergent 

soltuion is achieved. 

5.4. Results for 160 

The results we present are obtained neglecting the Coulomb 

interaction. Since the Coulomb interaction is a relatively weak 
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interaction this should be a safe approximation for the nuclei we 

consider. The parameters AI, Au and -bw' we have used are listed in 

Table 5.1 for 160. The 3- and 5-space orbitals are those that we have 

discussed in section 5.3. The occupied orbitals we find for 160 are 

OSl, OP1, and Ops in agreement with the standard shell model. ,.,. ,. 

We present in Tables 5.2 and 5.3 our CSHF results of Heff( 160) 

in the 3- and 5-spaces respectively. (We also label these results as 

results with transition potentials of strength unity). We display 

these results in Figures 5.1 and 5.2 for 3- and 5-spaces respectively. 

In Figure 5.3 we combine both Figure 5.1a and 5.2a in order to compare 

how sensitive the Hartree-Fock energy (EHF) is to variations in the 

rms radius. 

In the 3-space, we have found an equilibrium rms radius equals 

2.61 fm and the corresponding EHF equals -138.67 MeV. In the 5-space, 

we have found the same quantities equal 2.61 fm and -138.57 MeV. We 

remind the reader here that the experimental rms radius for 160 is 

2.74 fm and the measured binding energy is -127.68 MeV. The 

difference between the experimental quantities and our calculated 

results may be attributed to the neglect of the Coulomb interaction 

which gives a repulsive energy of about 14 MeV for 160. In both 

spaces we have found that the number of delta particles in the 

occupied orbitals at all values of the rms radius obtained is very 

small (of the order of 10- 1"). 

We note that the nucleon-delta transition potentials are 

evaluated in reference 41 with a one boson exchange potential model. 



Table 5.2. Hartree-Fock energy (EHF) ana the corresponding rms radius 
of He ff( 160) in the 3-space. 

rms radius 

2.61 
2.58 
2.56 
2.55 
2.54 
2.5285 
2.5261 
2.5245 
2.5231 
2.5225 
2.5224 

------
2.66 
2.69 
2.73 
2.80 
2.93 
2.98 
3.01 
3.0~ 

3.16 
4.37 

A3 is the constraint parameter. The strength of the 
transition potentials equals unity -- that is, they are as 
given in reference 41. 

(fm) EHF (MeV) A3 (MeV /h12) 

-138.67 0.0 
-138.0U -0.5 
-136.95 -1.0 
-135.96 -1.5 
-135.10 -2.0 
-Ul.ti9 -5.0 
-130.76 -7.0 
-129.69 -10.0 
-128.09 -20.0 
-126.87 -5U.0 
-126.03 -500.0 

- - - - - - - - - - - - - - - - - - - - - - - - - - - - -
-137.95 +0.3 
-137.10 +0.4 
-135.52 +0.5 
-132.42 +0.6 
-124.60 +0.7 
-120.94 +0.72 
-1l8.74 +0.727895 
-1l3.78 +0.737895 
-108.2 +0.741225 

-16.05 +0.757895 
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Table 5.3. Hartree-Fock energy (EHF) and the corresponding rms radius 
of Heff( 160) in the 5-space • 

rms radius 

2.61 
2.51 
2.49 
2.39 
2.32 
2.31 
2.30 
2.2838 
2.2795 
2.2785 

2.73 
2.81 
2.96 
3.05 
3.17 
3,.25 

.1.3 is the constraint parameter. The strength of the 
transition potentials equals unity -- that is, they are as 
given in reference 41. 

(fm) EHF (MeV) 

-138.57 
-136.76 
-133.49 
-126.56 
-111.20 
-104.70 

-98.03 
-87.10 
-77 .97 
-71.10 

-136.75 
-134.26 
-127.88 
-123.32 
-117.00 
-113.00 

0.0 
-0.5 
-1.0 
-2.0 
-5.0 
-7.0 
-10.0 
-20.0 
-50.0 
-500.0 

+0.3 
+0.4 
+0.5 
+0.53 
+0.55 
+0.553 
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Fig. 5.1. Constrained spherical Hartree-Fock energy (CSHFE) of Heff ::>£ 
defined in the text for 1 6 0 in the 3-space versus rms radius t:::l s: r ~:-- "' 
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The model has numerous parameters: masses, coupling constants and 

regularization parameters. Some are constrained by the coupled 

channel fits to nucleon-nucleon scattering data. As in all such 

models there are uncertainties. We remark that one uncertainty could 

be the possibility of multiple parameter sets yielding equivalent fits 

to the nucleon-nucleon data. With this in mind, we sense some freedom 

in adjusting the overall strength of the transition potentials. In 

addition, by increasing the transition potential strength, we hope to 

isolate the character of transition from nucleon matter to delta 

matter in finite nuclei. 

We have therefore increased the strength of the transition 

potentials in Heff by mUltiplying the matrix elements of the 

transition potentials by a factor of 5, 10, 15, or 40. We repeated the 

CSHF calculations in the 5-space with the same strengths. We founci 

that the number of the deltas in the occupied orbitals is still very 

small (of the order of 10- 12), and the EHF has not changed. 

From Figure 5.3, where the CSHF results in 3- and 5-spaces are 

displayed, we draw the following conclusions. First, both EHF versus 

rms radius curves manifest the general shape of a parabola as 

expected. Second, the Hartree-Fock energy (EHF) in the 3-space is 

more sensitive to variations in the rms radius than in the 5-space. 

Third, it is possible to compress the nucleus to a smaller radius in 

5-space than in 3-space. Both of these latter conclusions merely 

represent the fact that the 3-space is inadequate for all but the 

smallest range of variations in the rms radius. One can see this also 

by the behavior of rms radius with A, in these tables. For more 
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extensive discussions on the adequacy of model spaces with nucleons 

only degrees of freedom, see reference 40. 

5.5. Results for ~DCa 

Here we restrict our CSHF calculations to the 5-space only 

since the 3-space was judged inadequate even for 160. Again the 

Coulomb effects are neglected. The calculations proceed in the same 

manner as the calculations for 160 in the 5-space. The only 

difference is the change of the values of AI, Az, "hw', and the mass 

number from 16 to 40. 

Our CSHF results of Heff( ~ DCa) are presented in Table 5.4 and 

displayed in Figure 5.4. Our CSHF results with strengths 5.0, 10.0, 

15.0, 20.0, 25.0, 26.0 are presented in Table 5.5-5.10 and displayed in 

Figures 5.5-5.10, respectively. 

With strength unity we have found an equilibrium rms radius of 

3.38 fm and the corresponding EHF of -414.5 MeV. The experimental 

rms radius for ~ DCa is 3.48 fm and the binding energy is -342 MeV. 

The difference between our calculated results and the experimental 

results may be attributed to Coulomb effects which give a repulsive 

energy of about 70 MeV. We have found also that at all rms radii 

available that the transition potentials are too weak to produce 

mixing between the delta orbitals and nucleon orbitals; hence, the 

number of delta particles in the occupied orbitals is almost equal to 

zero. 

Now we discuss the results we have obtained with strengths 

which are different from unity. We divide the results for each 
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Table 5.4. Hartree-Fock energy (EHF) and the corresponding rms radius 
of ~oCa in the 5-space. 

rms 

particles in the occupied orbitals 
table) equals zero. A3 is the 

The strength of the transition 
-- that is, they are as given in 

The number of delta 
(not shown in the 
constraint parameter. 
potentials equals unity 
reference 41. 

radius (fm) EHF (MeV) A5 (MeV/fm2) 

3.38 -414.51 0.0 
3.36 -414.17 -0.1 
3.32 -412.24 -0.3 
3.29 -409.57 -0.5 
3.26 -402.19 -1.0 
3.23 -395.15 -1.5 
3.22 -38~.79 -2.0 
3.20 -378.10 -3.0 
3.19 -362.69 -5.0 
3.1742 -342.10 -10.0 
3.1695 -326.05 -20.0 
3.1684 -31Y.38 -30.0 
3.1678 -313.45 -50.0 

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - -
3.53 -407.09 +0.3 
3.65 -395.07 +0.4 
3.76 -382.08 +0.45 
3.84 -37u.83 +0.475 

·3.97 -349.50 +0.50 
5.56 -72.45 +0.525 
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Table 5.5. Hartree-Fock energy (EHF) and the corresponding rms radius 
of .oCa in the 5-space for the strength of the transition 
potentials equals 5.0. 

rms 

N~ is the number of delta particles in the occupied 
orbitals. A5 is the constraint parameter. 

radius (fm) EHF (MeV) N~ A5 (MeV/fm2) 

3.38 -414.51 0.0 0.0 
3.32 -412.24 0.0 -0.3 
3.29 -409.57 0.0 -0.5 
3.26 -402.19 0.0 -1.0 
3.23 -395.15 0.0 -1.5 
3.22 -388.79 0.0 -2.0 
3.20 -378.10 0.0 -3.0 
3.19 -362.69 0.0 -5.0 
3.1742 -342.10 0.0 -10.0 
3.1695 -326.10 0.0 -20.0 
3.1684 -319.38 0.0 -30.0 
3.1678 -313.45 0.0 -50'.0 
3.1677 -311.87 0.0 -60.0 
3.0928 +177.23 4.0804 -62.0 
3.0927 +193.26 4.0800 -65.0 
3.0923 +257.82 4.0714 -80.0 

- - - - ------ - - - - - - - - - - - - ------
3.53 -407.09 0.0 +0.3 
3.65 -395.07 0.0 +0.4 
3.76 -382.0~ 0.0 +0.45 
3.84 -370.83 0.0 +0.475 
3.97 -349.50 0.0 +0.5 
5.56 -72.45 0.0 +0.525 
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Table 5.6. Hartree-Fock energy (EHF) and the corresponding rms radius 
of ~oCa in the 5-space for the strength of the transition 
potentials equals 10.0. 

N~ is the number of delta particles in the occupied 
orbitals. A3 is the constraint parameter. 

rms radius (fm) EHF (MeV) 

3.38 
3.36 
3.32 
3.29 
3.26 
3.23 
3.22 
3.20 
3.19 
3.1742 
3.1695 
3.1685 
3.1680 
3.1678 
3.1677 
3.0981 
3.0980 
3.{J977 
3.0973 
3.0968 
3.0961 
3.0956 
3.0952 
3.0948 
3.0947 

3.53 
3.65 
3.76 
3.84 
3.86 
3.91 
5.52 
5.53 
5.54 

-414.51 
-414.17 
-412.24 
-409.57 
-402.19 
-395.15 
-388.79 
-378.09 
-362.69 
-342.09 
-326.05 
-319.38 
-315.74 
-313.45 
-312.60 
-863.86 
-856.21 
-841.29 
-812.88 
-773.39 
-714.42 
-662.19 
-615.23 
-572.50 
-556.41 

-407.09 
-395.07 
-382.08 
-370.83 
-367.80 
-360.00 
-81.74 
-79.56 
-77.71 

0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
4.3433 
4.3431 
4.3425 
4.3407 
4.3368 
4.3284 
4.3186 
4.3082 
4.2977 
4.2935 

0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 

0.0 
-0.1 
-0.3 
-0.5 
-1.0 
-1.5 
-2.0 
-3.0 
-5.0 
-10.0 
-20.0 
-30.0 
-40.0 
-50.0 
-55.0 
-63.5 
-64.0 
-65.0 
-67.0 
-70.0 
-75.0 
-80.0 
-85.0 
-90.0 
-92.0 

+0.3 
+0.4 
+0.45 
+0.475 
+0.48 
+0.49 
+0.50 
+0.505 
+0.51 
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Table 5.7. Hartree-Fock energy (EHF) and the corresponding rms radius 
of -oCa in the 5-space for the strength of the transition 
potentials equals 15.0. 

N~ is the number of delta particles in the occupied 
orbitals. As is the constraint parameter. * indicates 
that at these values of As the even iterations converge to 
the answers in the first line while the odd iterations 
converge to the answers in the second line. These points 
are not shown on the EHF versus rms radius curve. 

rms radius (fm) EHF (MeV) 

3.38 
3.32 
3.29 
3.26 
3.23 
3.22 
3.20 
3.19 
3.1742 
3.1695 
3.1604 
3.1680 
3.1679 
3.1835 
3.1099 
3.1795 
3.1009 
3.1785 
3.0989 
3.1780 
3.0980 
3.1778 
3.0974 
3.1774 
3.0970 
3.1102 
3.1096 
3.1090 
3.1085 
3.1080 
3.1075 
3.0216 
3.1123 

-414.51 
-412.24 
-409.57 
-402.19 
-395.15 
-388.78 
-378.09 
-362.69 
-342.09 
-326.05 
-319.38 
-315.74 
-315.20 

-3549.24 
-753.94 

-3222.47 
-446.60 

-3116.12 
-357.33 

-3058.32 
-310.95 

-3021.92 
-282.50 

-2987.05 
-255.80 

-2314.26 
-2284.8 
-2256.16 
-2228.30 
-2201.20 
-2174.81 
+1706.46 
-2588.49 

0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
1.34 
3.9098 
1.1716 
3.9798 
loll 
3.9903 
1.0754 
3.9944 
1.0534 
3.9966 
1.0320 
3.9983 
4.9739 
4.9659 
4.9577 
4.9495 
4.9413 
4.9331 
12.114 
5.9182 

0.0 
-0.3 
-0.5 
-1.0 
-1.5 
-2.0 
-3.0 
-5.0 
-10.0 
-20.0 
-30.0 
-40.0 
-42.0 
-43.0* 

-55.0* 

-60.0* 

-63.0* 

-65.0* 

-67.0* 

-68.0 
-69.0 
-70.0 
-71.0 
-72.0 
-73.0 
-74.0* 
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Table 5.7. (Con tinued.) 

rms radius (fm) EHF (MeV) N6 A3 (MeV/fm2) 

3.53 -407.09 0.0 +0.3 
3.65 -395.07 0.0 +0.4 
3.76 -382.08 0.0 +0.45 
3.84 -370.8 0.0 +0.475 
3.97 -349.5 0.0 +0.5 
5.56 -72.45 0.0 +0.525 
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Fig. 5.7. Constrained spherical Hartree-Fock energy (CSHFE) of Heff 
for .. °Ca in 5-space versus rms radius for the strength of 
transition potentials equals 15.0. -- Coulomb effects are 
neglected. a: upper graph, shows solutions in the nucleon 
sector and delta sector (nearly vertical line). b: lower 
graph, shows the details of the solutions in the delta 
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Table 5.8. Hartree-Fock energy (EHF) and the corresponding rms radius 
of ~oCa in the 5-space for the strength of the transition 
potentials equals 20.0. 

N6 is the number of delta particles in the occupied 
orbitals. As is the constraint parameter. * indicates 
that at these values of A5 the even iterations converge to 
the answers in the first line while the odd iterations 
converge to the answers in the second line. These points 
are not shown on the EHF versus rms radius curve. 

rms radius (fm) EHF (HeV) 

3.38 
3.32 
3.29 
3.26 
3.23 
3.22 
3.20 
3.19 
3.1742 
3.1695 
3.1684 
3.1682 
3.1681 
3.1467 
3.1477 
3.1392 
·3.1445 
3.1336 
3.1420 
3.1293 
3.1399 
3.1264 
3.1382 
3.0512 
3.1279 
3.0432 
3.1259 

3.53 
3.65 
3.76 
3.84 
3.97 
5.64 

-414.51 
-412.24 
-409.57 
-402.19 
-395.15 
-388.79 
-378.09 
-362.69 
-342.09 
-326.05 
-319.38 
-317.33 
-316.65 

-44&4.75 
-1762.37 
-4317.66 
-1548.81 
-4178.75 
-1369.64 
-4()54.52 
-1215.42 
-3965.35 
-1104.77 
+145.05 

-3911.49 
+360.67 

-3798.87 

-407.09 
-395.07 
-382.07 
-37u.83 
-349.50 

-50.82 

0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 
7.4986 

12.3211 
7.3974 

12.1431 
7.2623 

12.0423 
7.1086 

11.9295 
6.977 

11.8298 
12.2942 

7.1721 
12.2988 

7.0935 

0.0 
0.0 
0.0 
0.0 
0.0 
0.0 

0.0 
-0.3 
-0.5 
-1.0 
-1.5 
-2.0 
-3.0 
-5.0 
-10.0 
-20.0 
-30.0 
-35.0 
-37.0 
-43.0* 

-48.0* 

-53.0* 

-58.0* 

-62.0* 

-67.0* 

-72.0* 

+0.3 
+0.4 
+0.45 
+0.475 
+0.5 
+0.6 
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Table 5.9. Hartree-Fock energy (EHF) and the corresponding rms radius 
of ~oCa in the 5-space for the strength of the transition 
potentials equals 25.0. 

N~ is the number of delta particles in the occupied 
orbitals. As is the constraint parameter. * indicates 
that at these values of As the even iterations converge to 
the answers in the first line while the odd iterations 
converge to the answers in the second line. These points 
are not shown on the EHF versus rms radius curve. 

rms radius (fm) EHF (MeV) N~ 1.3 (MeV/fm2) 

3.38 -414.51 0.0 0.0 
3.32 -412.24 0.0 -0.3 
3.29 -409.57 0.0 -0.5 
4.08 -2708.45 3.61 -1.0* 
3.99 -6023.16 1.93 
3.91 -8363.39 8.88 -1.5* 
3.82 -9099.47 8.17 
3.86 -8440.35 9.46 -2.0* 
3.78 -9478.94 8.56 
3.18 -357.05 0.0 -6.0 
3.57 -9753.97 11.93 -6.5 
3.56 -9736.3 11.92 -7.0 
.3.54 -9699.23 11.89 -8.0 
3.51 -9623.68 11.78 -10.0 
3.52 -9329.61 11.77 -11.0* 
3.43 -9962.86 10.26 
3.51 -9367.12 11.74 -12.0* 
3.41 -9907.74 10.27 
3.37 -9844.77 9.75 -20.0 
3.33 -9710.73 9.30 -30.0 
3.30 -9514.50 8.60 -40.0 
3.16 -5388.58 9.37 -50.0* 
3.15 -3461.54 12.84 

------ - - - - - - .... - - - - - - - - - - - -
3.53 -407.09 0.0 +0.3 
3.65 -395.07 0.0 +0.4 
3.76 -382.08 0.0 +0.45 
3.84 -370.83 0.0 +0.475 
3.97 -349.50 0.0 +0.5 
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neglected. a: upper graph, shows solutions in the nucleon 
sector. b: lower graph, shows the solutions in the delta 
sector. 

116 



117 

Table 5.10. Hartree-Fock energy (EHF) and the corresponding rms radius 
of ~oCa in the 5-space for the strength of the transition 
potentials equals 26.0. 

N8 is the number of delta particles in the occupied 
orbitals. A3 is the constraint parameter. * indicates 
that at these values of A3 the even iterations converge to 
the answers in the first line while the odd iterations 
converge to the answers in the second line. These points 
are not shown on the EHF versus rms radius curve. 

rms radius (fm) EHF (MeV) N8 A3 (MeV/fm2) 

3.84 -10164.6 12.09 0.0 
3.79 -10258.7 12.32 -0.75 
3.75 -10311.4 12.485 -1.5 
3.70 -10341.6 12.63 -2.5 
3.66 -10343.4 12.71 -3.5 
3.62 -10316.3 12.77 -5.0 
3.56 -10236.8 12.75 -7.5 
3.52 -10148.U 12.65 -10·.0 
3.47 -9991.5 12.34 -15.0 
3.39 -10476.3 10.62 -18.0 
3.38 -10458.1 10.61 -20.0 
3.35 -10391.7 10.50 -25.0 
3.34 -10317.0 10.31 -30.0 
3.31 -10168.1 9.79 -40.0 
3.30 -10091.0 9.48 -45.0 
3.1783 -5864.4 10.22 -47.5* 
3.1798 -4498.1 13.22 
3.1738 -5804.9 10.39 -50.0* 
3.1581 -4365.3 13.17 
3.1465 -3110.7 12.61 -80.0* 
3.1423 -5231.3 8.87 
3.04 -888.1 12.69 -100.0* 
3.14 -4837.2 8.37 

- - - - - ------ - - - - - - - - - - - - -
3.8660 -10089.4 11.92 +0.4 
3.8739 -10067.0 11.87 +0.5 
3.89 -10017.0 11.77 +0.7 
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Fig. 5.10. Constrained spherical Hartree-Fock energy (CSHFE) of Heff 
for uCa in 5-space versus rms radius for the strength of 
transition potentials equals 26.0. - Coulomb effects are 
neglected. 
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strength into two sectors: results in what we call the "nucleon 

sector", the ot!lers in the "delta sector." In the former the mixing is 

very small or negligible (number of deltas = 0.0), and in the latter 

the mixing is noticeable (the number of deltas is not zero). 

5.5.1. Results with Strength 5.0 

The results with this strength are the same for a wide range 

of radii as with strength unity. However, for a small interval of the 

nuclear radius (around 3.09 fm) we find mixing of nucleons and deltas 

for the first time. In that region of r, a substantial change in the 

Hartree-Fock energy occurs. 

If we examine this region where mixing occurs carefully we 

find several fe.atures of the results, some of which are evident in 

Table 5.5 and Figure 5.5a. 

(1) As the Lagrange multiplier, 1.3t is changed slowly to 

increasingly negative values there is an abrupt change in the 

character of the CSHF solution. 

(2) The nature of this change can be easily characterized by 

considering the number operator for the delta particles Nfl which is 

given by 

= L 
i(occ) 

where P, is a projection opera.tor which projects onto , = -i space, 

and evaluating its expectation value in the CSHF solution gives 
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j(over lI-orbitals) i(occ) 

where the factor of 2 arises from considering 1I 0, 1I+ contribution. 

The results are tabulated in Table 5.5 and exhibit a sudden 

discontinuous change at the critical value of h3 = -62. 

(3) Accompanying this change, both the rms radius of the 

solution and the CSHF energy change discontinuously. In addition, in 

the range where mixing occurs the binding energy is very sensitive to 

a small variation in the rms radius as seem from Table 5.5 and Figure 

5.5a. 

(4) The solutions of the CSHF equations take a dramatically 

increasing number of iterations to converge as we approach the 

critical value of h,. All the above features are reminiscent of a 

first order phase transition. However, we cannot completely rule out 

the possibility that the transition is second order in character. The 

fact that it occurs with only a 5 % change in the rms radius is 

remarkable! To our knowledge this is the first observation of this 

transition in any calculations reported in the literature for finite 

nuclei. 

In the range r = (3.16-3.97) fm the results behave very 

smoothly and simulate the shape of a parabola. At r > 3.97 fm the 

results become very sensitive to small variation in the constraint 

parameter , e.g. f a change in h, by 0.025 resulted in stretching the 

radius by about 1.6 fm and a change in the binding energy by 280 MeV, 
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indicating the character of the HF solution was again changing 

dramatically but with no mixing of nucleons and deltas here. 

5.5.2. Results with Strength 10.0 

In the nucleon sector the. results are similar to those with 

strengths 1.0 and 5.0. However, with this strength mixing occurs at a 

value of rms radius closer to the equilibrium rms radius than with 

strength 5.0 and covers a wider range indicating it is becoming easier 

to populate the delta orbits under compression. A dramatic change in 

the binding energy occurs when the nucleons start to convert to 

deltas (see Table 5.6 and Figure 5.6). All the features of the 

transition observed with strength 5.0 are again observed here. NOw, 

however, the transition potentials are strong enough to yield a CSHF 

energy in the delta sector lower than the equilibrium CSHF energy. At 

first' one might worry that tunneling could occur from the nucleon 

sector to the delta sector. However, we remind the reader that such 

tunneling is not predicted unless the solution in the delta sector can 

be obtained with the unconstrained HF equations. We have searched for 

such solutions of the unconstrained HF equations but have not found 

any solutions in the delta sector until we increase the transition 

potentials' strength to a critical value of 26.0 as we describe below. 

At this strength we have tested the effect on our results of turning 

off the AA++AA interaction. We have found the total binding energy is 

smaller by only about 20 MeV (2.4% of the total binding energy). This 

rather small effect of the AA interaction tells us that the A self

energy comes mainly from its interaction with the nucleons. It also 
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explains why it is energetically favorable for only a fraction of the 

nucleons to convert to deltas. 

5.5.3. Results with Strength 15.0 

Again here the results in the nucleon sector are the same as 

with strengths 1.0, 5.0, and 10.0. Differences occur in the delta 

sector where nucleons transformed into deltas. With this strength 

mixing occurs at an rms radius closer yet to the equilibrium radius 

than with strengths 5.0 and 10.0. In addition, a substantial change in 

the binding energy occurs in the mixing sector from a range (500-900) 

MeV to a range (2000-2400) MeV as the transition potentials' strength 

changes from 10.0 to 15.0 (see Tables 5.6 and 5.7). In Table 5.6 and 

the following, those values of A, with an asterisk correspond to 

results which are not converged. Instead, the solutions fluctuate 

between two values (e.g., even iterations converge to the values 

listed in the first line, while odd iterations converge: to the values 

in the second line). This in~tability is suggestive of another first 

order phase transition between two different states in the delta 

sector. These results are not shown in the figures. 

5.5.4. Results with Strength 20.0 

The nucleon sector results are the same as before. The delta 

sector results do not converge at all values of A3 we have tried. 

Therefore, a graph for the delta sector results is not included for 

this strength. The general trend even with these fluctuating results 

is that mixing occurs at an rms radius closer yet to the equilibrium 

rms radius. 
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5.5.5. Results with Strength 25.0 

In the nucleon sector the results are the same as before with 

other strengths. Mixing occurs now at two isolated rms radii 

intervals; see the left and right branches of Figure 5.9b. In the left 

branch the mixing occurs at an rms radius less than the equilibrium 

rms radius in the nucleons sector, while mixing in the right branch 

occurs at an rms radius larger than the equilibrium rms radius. In 

either branch the binding energy is very large. This is due to the 

fact that about one fourth of the nucleons have been converted into 

deltas and the N-ll interaction strength is so large. This is the 

first time in the calculations that two different solutions in the 

delta sector are clearly evident. 

5.5.6. Results with Strength 26.0 

With this strength the effect of the transition potentials 

starts to dominate and to produce mixing at all values of the rms 

radii. About 30% of the occupied orbitals are occupied by the deltas, 

or the number of nucleons transformed into deltas is between (9-12) 

out of 40 particles. Figure 5.10 shows the EHF versus rms radius for 

this strength, where we have a symmetric parabola with a minimum EHF 

of about -10343 MeV at an rms radius of 3.66 fm and a branch to the 

left. We anticipate that this branch is part of a missing parabola 

which will appear if we keep increasing the strength. Actually that 

is what happened in the right branch in Figure 5.9b when we increased 

the strength from 25.0 to 26.0; the whole parabola completed. We 

notice that the minimum of this parabola (at rms radius of 3.66 fm) is 
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shifted to the right compared with the minimum of the parabola in the 

nucleon sector which occurs at an rms radius of 3.38 fm. We estimate 

that the minimum of a third parabola will probably occur even at a 

higher rms radius (i.e., larger than 3.66). 

We imagine that if we keep increasing the strength of the 

transition potentials, the general picture will be several parabolas, 

each one occurring at much deeper values of EHF and each parabola 

having its minimum shifted to the right with respect to the minimum of 

the preceding one. 

It is worth mentioning here that the minimum of the second 

parabola we have obtained does not correspond to a value of A3 = o. 

5.6. Summary and Conclusions 

A model for a many-baryon system has been presented in which 

the nucleons and the isobars are the basic degrees of freedom. A no

core effective Hamiltonian has been developed. The matrix elements of 

this effective Hamiltonian have been evaluated in two model spaces 

using a harmonic oscillator basis. The Hartree-Fock theory has been 

extended to include the delta resonance. Expressions for the Hartree

Fock Hamiltonian matrix elements and the transition Hartree-Fock 

Hamiltonian matrix elements have been derived. These matrix elements 

have been expressed in terms of the effective Hamiltonian matrix 

elements, baryon densities, and the transition densities. We have also 

derived an expression for the Hartree-Fock energy (EHF) and expressed 

that in terms of the H-F Hamiltonian matrix elements and the 

densities. 
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We have employed these expressions in 1 '0 and It DCa nuclei to 

obtain the Hartree-Fock energy (EHF) versus rms radius curves using 

the constrained spherical Hartree-Fock (CSHF) approximation in a self

consistent method. For 160, we find that the number of delta 

particles in the occupied orbitals equals zero even if we increase the 

strength of the transition potential by a factor 40.0 at all values of 

the rms radii accessible by constraint. We have found the equilibrium 

rms radius equals 2.61 fm and the corresponding EHF equals -138.5 MeV. 

We remind the reader again that we neglected the Coulomb effects 

which, for 160, would provide a repulsive contribution to EHF of about 

14 MeV. Therefore, with Coulomb effects included, our results for EHF 

become -124.5 MeV. Note that the experimental ground state energy 

for 160 is about -128 MeV and the experimental rms radius is 2.74 fm. 

For "DCa, we find the number of deltas in the occupied 

orbitals equals zero at transition potential strength of unity, an 

equilibrium rms radius of 3.38 fm, and the corresponding EHF of -414.5 

MeV. The Coulomb energy for "DCa is about +70.0 MeV. Thus with 

Coulomb effects included our EHF becomes -342.5 MeV. The 

experimental binding energy for "DCa is -342 MeV, and the experimental 

rms radius is 3.48 fm. 

By increasing the strength of the transition potentials we 

have found that some nucleons started to convert to deltas. Dramatic 

changes in the character of the CSHF solution accompany the 

transition. We explain this change as follows: The system appears to 

undergo a first order phase transition reminiscent of a transition 

from a gaseous state to a liquid state or from a liquid state to a 
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solid state. This phase transition can happen either by increasing the 

transition potential strength and applying an external force or by 

increasing the transition potential strength only. We observed the 

former in our CSHF solutions with strengths 5.0, 10.0, 15.0, 25.0, and 

the latter with strength 26.0. 

With a transition potential strength of 5.0, we have found 

that (10-12)% of nucleons are converted to deltas. This percentage 

goes up to 30 % with strength 26. 

Before we close this section we would like to mention the 

limitations imposed on this model and the improvements which can be 

implemented to yield a more general model. 

All the results we have presented are limited to zero 

temperature and to the spherical mean field approximation. In 

addition we neglected Coulomb effects to allow mixing only between 

states with isospin z-projection of - ~ (e.g., n, 4°) or between states 

with z-projection of + -i (e.g., p, 4+). 

We believe this model can be improved along the following 

lines: 

(1) When the delta degrees of freedom are treated explicitly, 

the nucleon-nucleon interaction should be modified to meet the 

requirements of the deuteron properties and the scattering phase 

shifts. In our calculations we have used the G-matrix element which 

has been calculated using the Reid soft core (RSC) interaction. In 

future work a modified RSC interaction should be used. 
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(2) Thermal properties of finite nuclei can be incorporated in 

this model through the guidelines of reference 40. One may then 

explore the phase transition as a function of temperature as well. 

(3) Coulomb effects can be incorporated in a straightforward 

manner but will require a substantial effort. 

(4) As we mentioned, we allow mixing between states with 

1 ( A 0) 'r z = -""I e.g., n, ... A more general 

treatment should relax this restriction in order to allow for other 

(5) Spherical symmetry, which we have imposed, can be relaxed 

to investigate the role of deformations. 51 

(6) Finally, relativistic effects can be investigated also 

through the guidelines of references 52 and 53. 

Ultimately, results at finite temperature and as a function of 

density (compression) would be important as input to semi-classical 

descriptions of heavy-ion reactions at intermediate energies. 



APPENDIX A 

INTRINSIC MASS OPERATOR FOR A MANY-BARYON SYSTEM 

The intrinsic mass operator for a system of baryons is (see 

equa tion 1.9): 

H = Trel + .M. + VBB (A.1) 

Here VBB is the baryon-baryon interaction, H is the total mass of the 

system, and Trel is the relative kinetic energy operator defined in 

equation (1.11) which can be written as the difference between the 

total kinetic energy minus the center-of-mass kinetic energy. That 

is: 

= Ttotal - TCl-! 

A 
( Pi

2 
1 

Pi 2 
L -i ) _ A + + 

L 
-y 

L Pi • Pj 
= L + 2M 2m op , op 2mi 

i=l ij=l 

(A.2) 

where t mi = Am. Therefore 

tActually mi = (A-D)m + DM - EB. Two approximations in hand 

here: (1) we neglect the mass difference M-m = 4; (2) we neglect the 

binding energy compared to Am. This ratio (EB/A)/m < 0.01. 
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We introduce the reduced mass of a nucleon and a delta by ~, then 

and 

1 
)J 

1 
M 

= ~ + ~ 

1 = -- 1 
m 

Then (A.3) becomes 

= 

1 [ Pi 
2 
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Trel + .M. = 
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.. .. 
1 '" Pi • Pj 
A L 2m 
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1 3 
"'I' "'I' 

If we use 't = 1 - 't op op 

equation (A.4) becomes 

't 
op 

't 
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op 

1 3 3 
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(A.4) 

't - 't = 1 - 2't , then op op op 

3 

~ (~~ + m) ~ (Pi
2 

_ 2Pi2 
+ M - m) "'I' 

Trel + 11. = + 2m 't 2\.1 op 
i i 

.. .. 
1 ~ 

Pi • Pj 
A 2m (A.5) 

ij 

But 

1 1 m+M 1 m-M 1 (m~M). 2\.1 - - = 2mM = 2mM = 2M m m 



Then equation (A.5) can be written as 

Tre1 + M = 

If we use 

... ... 
1 ~ Pi • Pj 
A L 2m 

ij. 

then equation (A.6) becomes 

... ... 
~ Pi· Pj 
L 2m 
ij 

Tre1 + M = Am + Tre1(m) + ~ 
i 

and 

H = Am + Trel(m) + ~ [ ~~ (m~M) + M-r:] 'f 

'f 
op 

3 
~ 

op 
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APPENDIX B 

NORMALIZED TWO-PARTICLE STATES 

In this appendix we show that a two-particle state can be 

coupled to good total angular momentum J and isospin T and can be 

written as: 

InlR.dlmlm'TlnzR.zjzm2m'Tz> = 11+onlnz°R.1R.ZOjdz ~ ~ 
JM TMT 

1 1 T ,. ,. 

We start with the relation 

= N 

(B.l) 

where at n • is the creation operator which acts on the vacuum nl"'lJlmlm'Tl 

state 10> to create a particle in the state n1R.dlmlm'T1' N is the 

normalization constant. Then 
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= NN' L L j1 'j2'J 
C m1 'm2'M 

= 

= 

m1m2m1 'm2' m m m 'm ' T1 T2 T1 T2 

1 1 T z z 

1 1 T -r "T 

oOn1'n 1R. 1 'R.d1'j1 OnZ'n 2R. 2 'R. 2j2'j2 - L L 
m1 m2 mT1 mT2 

1 1 T z z liT z -r 

NN' {O , 0' no,. 0 , 0'. .,. n1 n1"'1 "'lJ1 J1 n2 n2"'2 "'2J2 J2 
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1 1 T -r "T 

(B.3) 

(B.4) 
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where we have used equation (3.6) to write equation (B.3), and the 

following relations to write equation (B.4): 

reduces to 

1 

and 

N = 

= 

= N% {2 if J+T 
o if J+T 

1 

= 1 • 

odd 
even 

11+on n oR. n oJ· J. 
1 2 1"2 1 2 

Therefore, equation (B.l) becomes 

lIT 
2' 2' 

1 

(B.5) 
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Now we multiply both sides of equation (B.5) by the Clebsch-Gordan 

coefficients 

c 

and sum over J, M, T, MT' then we have , 

= 1 

liT -r 2' 
1 1 

2' "'%" T 

Equation (B.6) can be written as: 

LL 
JM TMT 

= 

C jl'j2'J 

ml 'm2 'M 

1 

1 

I I T 
2' 2' 

L L 

(B.7) 



where we have used the relation 

L = 
JM 

Equation (B.7) can be rewritten after suppressing the primes 

1 1 
2" 2" T 

or 

= 
JM TMT 

liT 
2" 2" 

JM TMT 

I (1.fJMTMT> ••••• 
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(B.8) 



REFERENCES 

1- K. A. Brueckner, A. M. Lockett, and M. Rotenberg, Phys. Rev. 121 
(1961) 255-269. 

2. S. H. Kobler, Phys. Rev. 137 (1965) B1145-Bl157. 

3. S. H. Kcihler, Phys. Rev. 138 (1965) B831-B846. 

4. J. W. Negele, Phys. Rev. C1 (1970) 1260-1321. 

5. X. Campi and D. W. L. Sprung, Nucl. Phys. A194 (1972) 401-442. 

6. J. Nemeth and D. Vautherin, Phys. Lett. 32B (1970) 561-564. 

7. J. Nem~th and G. Ripka, Nucl. Phys. A194 (1972) 329-352. 

8. D. M. Brink, Lecture Notes (Orsay, 1969). 

9. J. M. Eisenberg and W. Greiner, Microscopic Theory of the Nucleus, 
Vol. 3. (North-Holland, Amsterdam, 1970). 

10. H. A. Bethe, Ann. Rev. Nucl. Sci. ~ (1971) 93. 

11. G. Breit, Rev. Mod. Phys. 34 (1962) 766. 

12. R. A. Arndt and M. H. MacGreger, Phys. Rev. 141 (1966) 873; M. H. 
MacGreger, R. A. Arndt, and R. M. Wright, Phys. Rev 169 (1968) 
1128; and many other papers. 

13. L. I. Schiff, Quantum Mechanics, 3rd Ed. (McGraw-Hill, New York, 
1968), p. 121. 

14. W. E. Burcham, ;,..N~u+-c.,-l~ea~r __ P_hLy_si_c_s,-,: __ A_n_I.;,;..n.....;t_r_o_d_u_c_ti_o_n. 
London, 1963), p. 644. 

(Longmans, 

15. G. E. Brown and A. D. Jackson, The Nucleon-Nucleon Interaction. 
(North-Holland, Amsterdam, 1975). 

16. D. A. Liberman, Phys. Rev. D16 (1977) 1542. 

17. A. Chodas, R. J. Jaffe, K. Johnson, and C. B. Thorm, Phys. Rev. D10 
(1974) 2599. 

18. W. A. Bardeen, M. S. Chanowitz, S. D. Drell, M. Weinstein, and T. 
M. Yan, Phys. Rev. DI0 (1975) 1094. 

137 



138 

19. K. Maltman and N. Isgur, Phys. Rev. Lett. 50 (1983) 1827. 

20. E. Witten, Nucl. Phys. B160 (1979) 57. 

21. S. O. Backman, J. W. Clark, W. J. Terlouw, D. A. Chakkalakal, and 
M. L. Ristig, Phys. Lett. 41B (1972) 247. 

22. V. R. Pandharipande and R. B. Wiringa, Rev. Mod. Phys. 51 (1979) 
821. 

23. B. D. Day, Nucl. Phys. A328 (1979) 1. 

24. B. D. Day, Phys. Rev. Lett. 47 (1981) 226. 

25. G. E. Brown and A. D. Jackson, The Nucleon-Nucleon Interaction. 
(North-Holland, Amsterdam, 1967). 

26. K. Erkelenz, Phys. Rep. 13C5 (1974) 191. 

27. For reviews see H. J. Weber and H. Arenhove1, Phys. Rep. 36C4 
(1978) 277; A. M. Green, Rep. Prog. Phys. 39 (1976) 1109; G:-E: 
Brown and W. Weise, Phys. Rep. 22C6 (1975) 281: 

28. A. M. Green and J. A. Niskanen, Nucl. Phys. A249 (1975) 493-509. 

29. R. V. Reid, Ann. Phys. 50 (1968) 411. 

30. B. D. Day and F. Coester, Phys. Rev. C13 (1976) 1720-1740. 

31. K. Holinde and R. Machleidt, 1976C,D, University of Bonn Preprint. 

32. V. R. Pandharipande, Nucl. Phys. A178 (1971) 123-144. 

33. A. M. Green, Rep. Prog. Phys. 39 (1976) 1109-1190, and references 
listed therein. 

34. B. Goplen, W. R. Gibbs, and E. L. Lomon, Phys. Rev. Lett. 32 (1974) 
1012-1015. 

35. A. M. Green and J. A. Niskanen, Nucl. Phys. A271 (1976) 503-524. 

36. M. Co1occi, B. Mosconi, and P. Ricci, Phys. Lett. 45B (1973) 
224-226. 

37. G. Stranaham, Phys. Rev. 135 (1964) 953-960. 

38. D. O. Riska and G. E. Brown, Phys. Lett. 38B (1972) 193-195. 

39. M. Gari and A. H. Huffman, Phys. Rev. C7 (1973) 994-1003. 



139 

40. G. Bozzolo and J. P. Varyp Phys. Rev. Lett. 53 (1984) 903; Phys. 
Rev. C31 (1985) 1909. --

41. M. Gari, G. Niephaus, and B. Sommer, Phys. Rev. C23 (1981) 
504-517. 

42. R. D. Lawson, Theory of the Nuclear Shell Model. (Clarendon 
Press, Oxford, 1980). 

43. A. de Shalit and I. Talmi, Nuclear Shell Theory. (Academic Press, 
New York and London, 1963). 

44. C. Bloch and J. Horowitz, Nucl. Phys. ~ (1958) 91. 

45. K. A. Brueckner, Phys. Rev. 97 (1955) 1353. 

46. J. P. Vary, P. U. Sauer, and C. W. Wong, Phys. Rev. C7 (1973) 1776. 

47. B. R. Barrett and M. W. Kirson, Nucl. Phys. A148 (1979) 145; A196 
(1972) 628. 

48. T. H. Schucan and H. A. Weidenmuller, Ann. Phys. (N.Y.) 73 (1972) 
108; 76 (1973) 483. 

49. C. L. Kung, T. T. S. Kuo, and K. F. Ratcliff, Phys. Rev. C19 (1979) 
1063. 

50. K. T. R. Davies and R. J. McCarthy, Phys. Rev. C4 (1971) 81, and 
references listed therein. 

51. H. G. ,Miller, R. M. Quick, G. Bozzolo, and J. P. Vary, Phys. Lett. 
168B (1986) 13. 

52. B. D. Serot and J. D. Walecka, Advances Nucl. Phys. 16 (1986). 

53. M. R. Anastasio, L. S. Celenza, W. S. Pong, and C. M. Shakin, Phys. 
Rep. 100 (19B3) 327. 


