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ABSTRACT 

The application cf multi-concentration group mathematical model

ling,to the leaching of radionuclide waste-forms which have continuous 

porous m&trix such as cemented waste form is described. The modelling 

is illustrated analysing a hypothetical of some transport mechanisms 

such as molecular diffusion, ionic migr::>tion and convective flow for 

release of interest radionuclide from a solidified waste form which con

tains discrete particles of radioactive Sr-85 nuclides into the aqueous 

environment. The group parameters are derived from the classical elec

trochemistry concept of ion transport in dilute electrolytic solution. 

The numerical analysis is based on the Crank-Nicolson Implicit Methods 

which assures the stability of the solution at a practical time step. 

The results show that, for a short-time period of leaching in demineral

ized water the leaching be~3vior follow the predominating diffusion 

mechanism. After this point, the role of other processes apparent and 

continue until all radionuclides in the cement waste ere leached out 

when compared to the Semi-Infinite Diffusion model which is based on 

pure diffusion mechanism. 

The multi-concentration group model can also be applied to long

term predfction of complicated release mechanisms of the radionuclides 

in the waste form of a particular disposal environment, unless the 

variables of interest such as the corrosion rate, the chemical reaction, 

erosion rate and etc. are determined by experiment or theoretical 
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hypothesis. The appropriate differential equation then can be solved by 

the same general numerical approach. Also, the results of the modelling 

indicate which para~eters should be measured experimentally in order to 

provide a quantitative test of the hypothetical release mechanism. 



CHAPTER 1 

INTRODUCTION 

Many binder materials are being used or being considered for the 

immobilization of low-level radioactive wastes, the most common of which 

are cements, polymers, and bitumen. These differ widely in their chemi

cal and physical ?ropertieso However, all these materials are capable of 

retaining radionuclides for relatively long periods of time. Knowledge 

of the leaching transport mechanism that occurs when radioactive waste 

forms come into contact with water is important in predicting the long

term leaching behavior of a particular solidified waste form in its dis

posal environment. 

Cement is the most frequently used material for solidification 

of low-level radioactive wastes, since waste forms can be fabricated at 

lower temperatures and at a lower cost ~han other binder materials. 

However, cement is usually much more porous than the other wa8te binders 

and consequently more susceptible to int~rnal attack by leachant (i.e., 

water), results in a relatively high diffusivity porous waste form. 

Because of the complex micro-structure cement bounded materials, 

most experiments and studies of the leaching of radionuclides from 

solidified cement waste forms have revealed that the quantity of radio

nuclides released is proportional to the square Toot of the leaching 

time (Dejonghe, 1963). The release kinetics of release are often 

1 



assumed to indicate a diffusive mechanism, although the diffusion path 

is unidentified and the factors contributing to the apparent diffusion 

coefficient are not well understood. 

2 

Many investigators have studied the leaching of radionuc1ides 

from a solidified waste-form into the surrounding water under the stan

dard test procedures recommended by lAEA (Hespe, 1971), AI~S 16.1 (ANS, 

1984), and MCCl-4 (PNL 1980, 1981) such as Fuhrmann (1981), Roy (1982), 

CZ'oney (1983), and Dayal (1983). The mathematical models ~-1hich simu

lated the leaching mechanism by using a parabolic partial differential 

equation i.e., diffusion equation, in a semi-infinite medium was pro

posed and investigated by Dejonghe et a10 (1963). Godbee (1974) modi

fied Dejonghe's work by introducing additional processes into the mathe

matical models, such as chemical dissolution, linear surface transfer, 

and the change from immobilized nuclides to mobilized species. These 

factors had been separated from the diffusion process in the basic dif

fusion equation. A1g·.:>; Griffing (1974) included source ter:r:s in the 

equation, that is, the concentration of mobiles and immobile ions, and 

the contribution from dispersed-phase microinc1usionso Atkinson (1982) 

considered leaching mechanisms as a three-phased diffusion processes in 

his mathematical model diffusion: a radiophase, a continuous phase and a 

stable phase in the porous solidified waste form. 

Similarly, leaching mechanisms in different solidified forms 

have been studied and discussed by other investigators, namely Bell 

(1971), Anders et ale (1978), and Pescatore (1984). The mathematical 

models that predict long-term leaching form solidified waste-forms are 



generally categorized into three types: the statistical model, the 

semi·~infinite solid diffusion model, and the finite solid diffusion 

model. In the partial diffusion equation, the additional factors 

describing the behavior of a leaching process other than that of the 

pure diffusion led to difficulties in the analytical results. The only 

way of overcoming this problem may be by using comput~r :tteration tech

niques to achieve a numerical approximation. 
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The introduction of the leaching transport model to a cement so

lidified waste form with multi-diffusion concentration groups of radio

nuclides in a multi-phase of the solid-liquid system will be applied 

with computer numerical analysis to solve the partial differential equa

tions. Additional processes will be addad to the equdtion to provide a 

realistic description of the transport of particular radionuclides in 

the solidified waste form. 



CHAPTER 2 

CEMENT 

Cement or hydraulic cement was the original agent used. for 

solidification of low-level radioactive waste and it has remained in 

('.ommon use. The materials incorporated into cement waste forms 

generally consist of liquid wastes and sludge. Hydraulic cement 

incorporates waste in two ways: water in the waste combines chemically 

with constituents in the cement to form hydrated compounds, although 

som2 water also is contained in the pore structure. Similarly, certain 

ionic radionuc1ides in the waste may be incorporated into or absorbed by 

cement hydration products. Other liquid wastes are held in the 

porosities of the cemen~ matrix, some of which actually may interfere 

with the hydration process. Solidfl contained in liquid wastes are 

mechanically held by the cement matrix. Large material wastes such as 

pipes, gloves and used equipment can be incorporated in cement; they not 

only to retain their associated activity but also to reduce dispersion 

and provide shielding from radiation. 

2.1 Definitions of Hydraulic Cements 

Hydraulic cement is a generic term for a group of inorganic ma

terials which, when mixed with "later, form a "rigid" interlocking ma

trix of hydration producEs-that gradually replace the water between the 

cement grains and finally bind the composite m3SS together (Double, 
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1977). The following traditional definitions are based on the 

ingredients of the mixtures (Power, 1978): 

10 Cement paste is essentially a mixtur.e of cement and water. 

2. Mortar is essentially a mixture of cement, water and fine 

(small sized) aggregate~ 

3. Concrete is essentially a mixture of cement, water, fine 

aggregate, and coarse (large sized) aggregate. 

2.2 Type of Hydraulic Cement 
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Hydraulic cement is produced by heating clay minerals at high 

temperature (about 1480 CO) with lime (CaO). Typically, the clay miiler

als are derived from crushed slate or shale while lime is produced from 

heating limestone (CaC03). When combined in the proper proportions, 

these minerals form a "clinker" ~lhich, when cooled, mixed with gypsum 

(CaSQ. 02H2 0) and pulverized is called Portl~md cement. By adjusting the 

proportions of the major raw materials, different types of cement can be 

made, which in turn determine their properties, such as strength, time 

of setting, chemical heat generation, and resistance to shrinkage. 

Currently, there are five main types of Portland cement recog

nized in the United State: 

I. Type I cement, or according to British terminology~ 

"Ordinary Portland Cement" (OPC), is the general purpose 

cement that can be used when the special properties of the 

other types are not required. 



2. Type II cement, is a modification of Type I, to increase 

resistance to sulfate attack and decrease the rate of heat 

of hydration. 
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3. Type III cement, or according to British terminology, "Rapid 

Hardening Portland Cement" is used when high strengths and a 

short setting time are desired. 

4. Type IV cement is a special cement used when the amount and 

rate of heat generation must be minimized. 

5. Type V cement is intended for use only in areas subject to 

severe sulfate attack, that is, when in contact with soils 

and ground water containing large amounts of sulfates. 

Another major type of hydraulic cement that is potential for use 

as a solidification agent is High-Alumina cement (HAC)~ This cement is 

primarily composed of monocalcium aluminate (CaO.A12 03 ) and is highly 

resistant to the attack of sulfate and sea water. However, under 

conditions of high temperature and humidity, its strength of this cement 

can decrease rapidly. High alumina cement is made by heating bauxite 

and limestone together and griding the resultant clinker. 

Pozzolanic cement and Masonry cement also may be useful for the 

solidification of waste. Pozzolanic cement is a mixture of pozzolans 

and Portland cement clinker that has been ground together. Pozzolans 

are any number of materials such as volcanic tuff, fly ash, and burnt 

clay which, when mixed vlith lime and l.;rat:er prociuce a cementitious matQ

rial. Pozzolans ~re typically used to reduce the heat of hydration, 

prevE:.lJ.t calcium hydroxide bleeding and reduce attack from salts and 

sulfates. 



Masonry cements consist of a mixture of Portland cement, ground 

limestone or slaked lime and an additive to entrain air. These materi

als are designed for plasticity, to improve water retention and reduce 

shrinkage. They also set and cure more rapidly which can be useful for 

the solidification of waste containing chemicals that tend to retard or 

inhibit hydration. 

2.3 Composition of Portland Cement 

Portland Cement is composed mainly of the oxides of silica 

(Si~), lime (CaO) and alumina (Al2 ~) and contains small quantities of 

magnesia (MgO), ferric oxide (Fe203)' sulfur trioxide (S03), potassium 

oxide (K20), and sodium oxide (Na20). The percentage of each component 

varies from product to product. When these components are mixed 

together, they form four major types of constituent compound oxides 

which characterize the properties of the cement. These compounds are 

dicalcium silicate (2CaO.Si~), tricalcium silicate (3CaO.Si~), 

tricalcium aluminate (3CaO.Al2 ~ ), and tetracalcium aluminoferrite 

(4CaO.Al2 ~ .F~ ~). 
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The chemical formulas of these compounds traditionally are 

written in the oxide notation frequently used in ceramic chemistry. .The 

common notati3n is summarized in Table 2.1. Each formula is abbreviated 

to a single capital letter, with the number of oxides ~n the compound 

designated by a subscript placed after the letter. To write carbonates 

and sulfates in shorthand notation, the symbols C and S are used for CO2 

and S~ respectively. Thus, calcium carbonate (CaC~) becomes as 

CaO.C~ or CC and gypsum (CaS<\ .2H2 0) is denoted as CS~. 



Table 2.1 The Common Notation of Oxide Composition of the Portland 
Cements 

= 

Chemical Name 

Calcium oxide (lime) 

Silicon dioxide (silica) 

Aluminum oxide (alumina) 

Ferric oxide 

Manganese oxide (magnesia) 

Potassium oxide (alkalis) 

Sodium oxide (alkalis) 

Sulfur trioxide 

Carbon dioxide 

Water 

Dicalcium silicate 

Tricalcium silicate 

Tricalcium aluminate 

Tetracalcium 
aluminoferrite 

Calcium sulfate 
dihydrate (gypsum) 

Chemical Formula 

CaO 

K2 0 

NaO 

SD.3 

C0.2 

3CaO. Si02 

3CaO.Al2 D.3 

4CaO. Al2 0:3 • Fe2 D.3 

CaS~· 2H2 0 

Shorthand Notation 

C 

S 

A 

F 

M 

K 

N 

S 

C 

H 

C2 S 

G.3S 

G.3A 

C4AF 

CSH2. 

8 
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Table 2.2 Typical Percentage Composition of Cement 

Oxide Type I Type II Type II! Type IV TYPE:! V 

Lime (CaO) 62-56 62-65 63-67 58-65 64 

Silica (S102.) 19-23 20-24 18-22 22-26 26 

Alumina (A12 O:3) 5-8 4-6 4-7 3-6 2.5 

Magnesia (MgO) 1-4 2-4 .6-4 1-4 2.5 

Sulfur Trioxide (S0:3 ) 1-2.5 1-2 2-3 1-2 2 

Ignition loss .6-2 102 .8-2 1-2 1.3 

Insoluble residue .01-.08 .01-.05 .07-.1 .01-.03 .01 

Compound Composition 

<2 S 27 30 20 52 33 

G.3S 48 43 57 20 33 

G.3A 12 7.5 11 6 4.5 

~AF 8 12 7 14 16 
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Table 2.2 f~hows the typical percentages of the major constituent of the 

cements. 

2.4 Hydration of Pure Cerilent Compounds 

The chemical reactions describing the hydration of the cement 

compounds were obtained from studi~s of the hydration of pure com

pounds. It is assumed that the hydration of each compound occurs inde

pendently of the' others that are present. This assumption is not 

compl~tely valid, since interactions between hydrating compounds can 

have important consequences, but in most cases it is reasonable. 

2.4.1 Calcium Silicates 

The hydration reactions of the two calcium silicates are shown 

as follows: 

2<; S + 6H -----) <; ~ Hg + 3CH, 

2~ S + 4H -----) <; ~ H3 + CH. 

(C-S-H) gel 

(2.1) 

(2.2) 

The stoichiometry is very similar in both cases and the reac-

tions differ only in the amount of calcium hydroxide formed. The prin

cipal hyd~ation product is a calcium silicate hydrate or C-S-H gel. The 

formula <;S2H3 is an approximation because the composition of this 

hydrate varies over a wide range. The hydrate gel is a poorly crystal

line material which forms extremely small particles with sizes in the 

range of colloidal matter (less than 1 Vrn) in any dimension. The name, 

C-S-H gel, is used now instead of the old name, tobermorite gel, and 
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reflects the poor crystalline properties. In contrast, calcium hydrox

ide is a crystalline material with a fixed composition. On first con

tact with water, calcium ions and hydroxide ions are rapicly released 

from the surface of each C:3 S grain. and the pH rises to over 12, which 

indicates a very alkaline solution. When the calcium and hydroxide 

concentrations reach a crit~cal value, their hydration products, CH and 

C-S-H, start to crystallize from the solution. The CH crystallizes from 

the soluticn, while the C-S-H apparently develops on the surface of the 

C:3S grain and forms a coating it. As hydration continues, the thickness 

of this layer increases and forms a barrier through which water must 

flow to reach the unhydrated C3S grain and through which ions must dif

fuse to reach the growing crystals. Eventually, movement through the 

C-S-H layer determines the rate of diffusion controlle~ are quite slow 

and become slower as the thickness of the diffusion barrier increases. 

Thus, hydration tends to approach 100% completion asymptotically. The 

~S hydrate reacts in a similar manner, but is much slower because it is 

a'less reactive compound than C:3 S. 

2.4.2 Tricalcium Aluminate 

In Portland cement, the hydration of C3A involves reactions with 

sulfate ions which are supplied by the dissolution of gypsum. The pri

mary reaction of C3 A i::: 

C3 A + 3CS~ +26H -----) q, A~ H32 (2.3) 

gypsum ettringite 
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This calcium sulfoaluminate hydrate, whose correct name is 

6-calcium aluminate trisulfate-32-hydrate, is commonly called 

12 

"ettringi ten. The formula is often wri tten as C:3 A.3CS ~H~2. Ettring~ te 

is a stable hydration product only while there is an ample supply of 

sulfate available. If sulfate is all consumed before the ~A has 

completely hydrated, then ettringite transforms to another calcium 

sulfoaluminate hydrate containing less sulfate as follows: 

(2.4) 

This second product is called tetracalcium aluminate monosul

fate-12-hydrate, or simply monosulfoaluminate, and is often written as 

~A.CS.H12. The formation of ettringite slows down the hydration of ~A 

by creating a diffusion barrier around ~A grain analogous to the 

behavior of C-S-H during the hydrati.on of the calcium silicates~ The 

more gypsum there is in the system, the longer the ettringite will 

remain stable. 

Gypsum is added to curb the vigorous initial reaction of the ~A 

with water, which can lead to flash set, i.e., the rapid formation of 

calcium aluminate hydrate, 

~ A + 21 H -----> 4. AH13 + Cz AHa (2.5) 

These hydrates are unstable and later convert to C:3 AHs (hydrogarnet): 

~AH13 + CzAHa -----> 2~A% + 9H. (2.6) 

This conversion occurs so rapidly that pure ~A pastes do not 

develop substant.i.al strength when compared to the high alumina cement. 

Even with gypsum present, the formation of sulfate-free hydrates may not 



D 

13 

be entirely suppressed if the C3A is very reactive and small amounts of 

hydrogarnet may be found in the hydrated cement. 

2.4.3 Tetracalcium Aluminoferrite 

Tetracalcium aluminoferrite (C4AF) forms the same sequence of 

hydration products as does C3A, with or without gypsum. The reactions 

are slower and involve le~s heat generation. Gypsum retards C4AF hydra-

tion even more drastically than that of C3A. Changes in the composition 

of the ferrite phase affect only the rate of hydratlon; for example, if 

the iron content is raised, hydration becomes slower. Iron oxide 

apparently plays the same role as alumina during hydration. Practical 

experience has shown that cements low in C3 A but high in C4 AF are resis-

tant to sulfate attack (Mindess, 1981). 

2.5 Hydration of Cements 

Portlan':: cenl':!ut is composed of a number of compounds, whose 
~ , 

reaction with water 12ads to the setting and hardening of cement. All 

the compounds present in Portland cement clinker are anhydrous, but when 

brought in contact with water they all react or are decomposed and form 

hydrated compounds. Supersaturated and unstable solutions are formed 

tempora~ily, but these gradually deposit their excess solids and come 

into dn ~f.j'lilibrium with the hydrated compound produced. The rate of 

hydration and the degree of temporary supersaturation of the solutions 

are determined by the physical state of the cement compounds as well as 

by their chemical nature. 
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In fact, the original anhydrous compounds cannot exist in an 

equilibrium with aqueous solutions: the ultimate result of the action 

of water must be complete hydration. On the other hand, the hydrated 

compounds can exist permanently in contact with certain solutions, 

though in many cases, they form what 8:.e known as incongruent solu

tions. This is the cause of the complete decomposition of the hydration 

products of cement when they are continually exL~2cted aud reacted with 

water and is one of the important factors in deterior~tion of cement and 

concrete structures under particular conditions. 

This change in the hydration or the cement compound will be more 

clearly illustrated by looking at the reaction of the C3A with water as 

follows: 

3CaO.Si02 + H2O -----) Ca(OH)2 + xCaO.ySi02 (aq.) (2.7) 

The reaction does not stop whe~ solution is saturated with cal

cium hydroxide; but th~ hydration continues and the additional lime lib

erated by the reaction and deposited as crystals of calcium hydroxide. 

The hydrated silicate form remains stable in contact with the saturated 

lime solution; but if it is placed in water it undergoes hydrolysis, 

liberating more lime into solution until the concentration is raised to 

the new stable value. Continued extraction of the hydrated calcium sil

icate with water eventually leaves a solid composed only of hydrated 

silica. With all the lime having been dissolved and removed, very lit

tle silica is dissolve~. Equilibrium is attained when a less basic 

hydrated calcium silicate is present in the solid and the concentration 

of lime in solution has reached the value required to stabilize the 
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Table 2.3 The Hydration Behavior of the Major Compounds in Portland 
Cement 

Pro;)erty c;S 

Rate of reaction slow moderate fast moderate 

Heat of liberation moderate very high moderate 

Ultimate strength high high low low 

remaining more basfc silicate. Table 2.3 shows the hydration behavior 

of the major compounds in Portland cement. 

2.6 Hydration Products 

The various hydration products that are formed in hydrated 
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cement pastes have quite different properties, and the behavior of each 

compound ~vill contribute to the overall behavior of the paste. The 

important properties of the hydration products are summarized in TavIe 

2.4. 

2.6.1 The Hydrated Calcium Silicate 

Composition variations. The precise composition of the calcium 

silicate hydr.ate in the cement paste is not well defined mainly due to 

difficulties in differentiating between combined and "free" lime and 

silica, as well as in distinguishing adsorbed water from constituitive 

uater. Contamination with atmospheric carbon dioxide may also play some 

part. The formula C3S2H3 (afwill~te) is only an approximate descrip-

tion, and its stoichiometry is quite variable. The CiS ratio varies 

between 1.5 and 2.0, and may be ~ven higher, because of many factors 
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Table 2.4 Summary of Properties of the Hydration Products of Portland 
Cement Compounds 

Specific Crystal 
Compound Gravity Crystallinity Morphology Dimensions 

C-S-H 2.3-2.6a very poor spines; 1xO.1 1I m 
unresolved 

CH 2.24 very good nonporous .01-.1 mm 
otriated 

Ettlingite - 1.75 good long slender 10xO.5 lIm 
needles 

Monosulfo- 1.95 fair-good thin plate 1xIx.01 lIm 
aluminate rosettes 

a. depends on water content 

such as the age of the paste, the temperature of hydration, the water/ 

cement ratio, and the amount and kind of impurity oxides that are incor-

porated into the product. 

At room temperatures, the hydrated calcium silicates appear to 

be poorly crystallized tobermorite-like compounds of two closely related 

C-S-H gels; C-S-H (I) and C-S-H (II), and are infinitely persistent in 

the hydration of Portland cement. Also, it is evident that at the nor-

mal room temperatures no hydrated gel with less than one molecule of Hz 0 

will be formed so that in contact with aqueous solution the hydrate must 

contain at least 2 to 2.5 molecule of HzO (Lee, 1971). 

Physical behavior. Because of its variable composition the 

C-S-H gel is not a 't"ell-crystallized material. The matrix is composed 

of many small ircegular particles of indefinite morphology that can be 



studied only by electron-optical techniques, and even then cannot be 

completely resolved. As a consequencE:! of this very finely .. :Ii "dded 

state, the C-S-H hydrated cement pastes have very high surface areas, 

varying between 10 to 450 ~/g depending on the re~thod of analysis and 

techniques measurement (Mindess, 1981). 
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The C-S-H gel makes up about one-half to two-thirds of the vol

ume of the hydrated paste and therefore must dominate its behavior. Lit

tle evidence of hydration of the calcium silicates can he seen in SEH 

micrographs until the paste has set, and the grains are covered with a 

ccating of the C-S-H. It appears as a burr spiny and radiates outward 

into the surrQunding pore space. The spines do not have a unique mor

phology, being variously pointed, blunt, flat, long and thin, or 

branched. At other times, the spines are scarcely dev~loped, forming 

more of a "honeycomb morphology" or reticular network. This type of 

C-S-H gel is particularly prevalent when certain admixtures have been 

added to the paste. 

As the C-S-H forms a coating around the grain, it creates a dif

fusion barrier to slow down further hydraticn, and becomes the dominant 

fona of the C-S-H in a mature pastes. Therefore, if hydration is to be 

a continuous process, water or OH ions must diffuse through the hydrated 

material and enter th~ anhydrous structure. As this hydration layer 

grows, its 'larger specific volume causes each cement grain effectively 

to increase in size and the spines of the C-S-H begin to intermesh. 

This process is the beginning of the formation of a solid bond between 

two neighbouring cement grains. As this bond develops with continuing 



18 

hydration, the spines, appear to transform into the underlying the 

C-S-H. Exactly how this happens and what the true relationships between 

the kind of C-S-H gels re~ain unknown but it seems reasonable to suggest 

that cement grains are cemented together by the underlying C-S-H and 

that these "points of contact" grow in area and number as hydration 

proceeds. 

Bond formation and model. Because of its poor degLee of crys

tallinity, its compositional variability and finely divided state, C-S-H 

is a difficult material to study. Various structural models have been 

proposed to explain the properties and behavior of the C-S-H (Power, 

1962; Feldman, 1970; Whiteman, 1973). 

The C-S-H can be considered to have a degenerate clay structure, 

which means that it is based on a layer structure. A well-defined clay 

mineral has the structuLe being composed of layers of silicoaluminate 

sheets that are stacked in a specific orientation. These layers of 

sheets are held together by comparatively weak electrostatic attractions 

between positive charges in the inter-layer and the residual negative 

charges on the sheets. Water is also present between the layer sheets. 

In the C-S-H structure, the layers composed of calcium silicute 

sheets (Si02 , CaO, OH); and the space between the layers is filled with 

calcium ions and water. Unlike a well-crystallized clay mineral how

ever, the sheets are crumpled and randomly arranged so that they do not 

fit together neatly ae shown in Fig. 2.1 and Fig. 2.2. 

The Powers-Brunauer and Feldman-Serada models stress the chemi

cal structure of C-S-H and both are based on the idea of 3 layer 
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Fig. 2.2. Schematir.. modE:1 of a poorly-cryst~llized C-S-H layers in 
aament pastec 
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structure. Powers (1958) and Brunauer (1962) consider the C-S-H to be 

colloidal particles made up of two or three layers bonded together es in 

a clay. This is not sufficient long-range order to consider as a mate

rial crystalline. There is a rando'm arrangement of these particles that 

are bonded together by surface forces, with occasional strong ionic-con

valent bonds linking adjacent particles. Water vapor can penetrate all 

the spaces between the particles to provide a measure of their surface 

area, whereas nitrogen can only penetrate layer spaces and does not mea

sure the whole surface area. Feldman and Serada (1970) visualized the 

stru.cture of the C-S-H as a completely irregular array of single layers 

which may come together randomly to create interlayer space, as is 

observed in clay minerals. In contrast to Powers and Brunauer, they 

consider that water can move reversibly in and out of the interlayer 

space. Thus, nitrogen adsorption most accurately measures the surface 

area of the pores within the matrix, while adsorption of water molecules 

within the interlayer region distorts measurements with water vapor. 

Bonding between layers is considered to be through solid-solid contacts 

which are visualized as bonds intermediate in character between weak van 

der Waal's and strong ionic-covalent bonds. The solid-solid contacts 

are formed when the paste is drying, but are disrupted on wetting. 

Interlayer bonding is a special kind of a chemical bonding and cannot be 

considered as interactions between free surfaces. 

The Munich model was developed by lVittmann and coworkers (197b'i 

and is primarily a physical model that considers the C-S-H as a Xerogel, 

i.e., a taree dimensional network of colloidal size particles, with the 



21 

actual chemical structure being of secondary interest. This model con-

siders the binding energy between adjacent particles and ~onc1udes that 

van der Waals' forces between surfaces make an important contribution, 

but that strong ionic-covalent bonding s~i11 predominates. The extent 

of van der Waals' bonding depends on the present of moisture •. Water is 

strongly attract~~ to solid surfaces, thereby creating disjoining pres-

:"'::res which can force adj acent surfaces apart and severely reduce their 

interactions. The influence of water adsorption on the surface free 

energy also is important. 

In addition to these three models, there have been many other 

suggestions concerning bond formation of the C-S-H gel in cement paste 

such as Rehbinder et a1. (1974), Sychev (1974) and Co11epardi (1973)n 

All of these suggestions are differ indicating that the exact structure 

of the C-S-H is not easy to elucidate. Considering several possibi1i-

ties by which the atoms and ions are bonded to each other, Re.macr.rmdran 
~' , 

et a1. (1981) drew a picture of th~ C-S-H model as shown in Fig. 2.3. 'I' 

The figure illustrates a number of possible ways in which si10xane 

groups, water molecules and calcium ions may contribute to bonds across 

surfaces or in the inter1ayer position of poorly crystallized, malformed 

tobermorite-like material. In the figure vacant corners of the silica 

tetrahedral would be associated with cations. 

2.6.2 Calcium Hydroxide 

In contrast to C-S-H, calcium hydroxide is a well-crystallized 

material with a definite stoichiometry in the hexagonal system as plates 
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or short hexagonal prisms with perfect cleavage parallel to the face 

(0001). The crystals are large enough to be seen with the naked eye and 

grow inside voids space formed in concrete. Within the body of the 

paste, the crystals are smaller, but can still be seen under a light 

microscope. 

Calcium hydroxide crystals occupy about 20 to 25% of the volume 

of the paste and will only grow where free space is available. If 

Growth ~& impeded by another calcium hydroxide crystal, a crystal may 

stop or grow in another direction, or if it encounters a hydrated cement 

grain it may grow around it. The characteristic striated appearance of 

the crystal is a consequence of the way that it fractures within the 

paste. Often a calcium hydroxid~ crystal may completely occlude a 

cement grain: this process of occlusion increases the effective volume 

that the crystal occupies in the paste, but what is more important, it 

suggests that calcium hydroxide crystal grown in situ may behave quite 

differently from pure crystals. Calcium hydroxide may vary in morphol

ogy, being found as small equidimensional crystals; large flat, plate

like crystals; large, thin, elongated crystals; and all variations in 

between. Morphology is particularly affected by admixtures and by the 

temperature of hydration. The density of calcium hydroxide is 2.30 

g/cm3 and its solubility in water decreases with a rise in temperature. 

Solubility 'as a function of temperature between 24-25 Co was expressed 

by Hedin (1955) as 

C(g CaO per liter) = 3.947 - 0.0094 T , (2.8) 



where T is the absolute temperature. The solubility product, K, is 

given by Greenberg (1960) as 

(2.9) 

where a is the activity of the ions. Calcium hydroxi1~rrJstals of 

small particle size give apparently higher solubi,lities because in 

asupersaturated solution large crystals form only very sloHly. 

2.6.3 Calcium Sulfoaluminate (Ettringite) 
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Calcium sulfoaluminates are relatively minor constituents of a 

mature paste, making up about 10 to 15% by volume. Thus, they playa 

correspondingly minor role in the microstructure of the hydrated cement 

paste. SEM micrographs of very young pastes as needles of Ettringite 

growing into the capillar~ pore between cement grains. Ettringite also 

crystallizes as hexagonal prisms, but with a much greater aspect ratio 

than CH crystals. The exact morphology depends on the available space 

and supply of ions for crystal growth. In the common Portland cements 

they are typically seen as long as needles, measuring 10xO.5 urn. In 

general, however the crystal is not large enoueh to be seen under the 

optical ruicroscc~e. In some concretes that have deteriorated from 

attacks by sulfates pet~ographic examination reveals large clusters of 

Ettringite needles radiating from center~ 

2.6.4 Minor Components 

The minor components are the unhydrated residues of the cement 

grains, that may persist even in well hydrated cements. Occlusion by 

calcium hydroxide may preclude c0mplete hydration, or they may be 



insufficient free space within the paste. There also will be small 

amounts of magnesium hydroxide. Altogether these components are 

unlikely to ,occupy more than 5% by volume in mature pastes, although 

unhydrated residues will be more prevalent in young pastes. 

2.7 Properties of Hydrated Cement Pastes 

2.701 Porosity 
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Porosity is one of the basic properties of hardened cement 

paste. The pores, or spac~s, inside the cement matrix are irregular and 

of variable size. One can distinguish between two kinds of pores: 

micropores and capillary (gel) pores. Capillary pores are spaces in 

which water can behave as bulk water creating menisci as the pores are 

filled or emptied. In the micropores the adjoining surfaces are so 

close together'that water cannot form a meniscus consequently, it has a 

different behavior :tJ:'0m that of bulk water. Table 2.5 shows the 

classification of pore size in hydrated cement pastes. 

Water ill the micopores keeps the layers apart by exerting a 

disjoining pressure. The disjoining pressure depends on the relative 

humidity and disappears below 50% RH. When the C-S-H gel sheets forming 

the micropores are close and in a specific orientation, they may form 

clay-like interlayer spaces which bond the sheets together. The inter

layer bonding can be regarded as a special cas'e of van der Waals' 

bonding. In addition, from time to time C-S-H sheets will be bonded 

directly by strong ion-covalent bonds which do not involve the weaker 

interlayer bonding. 
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Table 2.5 Classification of Pore Sizes in Hydrated Cement 

~':-

Pore Role of Properties 
Designation Diameter Description Water Affected 

Capillary 50 nrn La"cge Bulk Strength; 
pores capillaries water permeable 

10-50 nm }tedium Moderate Strength; 
capillaries surface 

tension 

.Gel pores 10-2.5 nm Small St;rong Shrinkage 
capillaries surface to 50% RH 

tension 

2.5-0.5 mn Micropores Strongly Shrinkage 
adsorbed & creep 

<- 0.5 nm Interlayer Bonding Shrinkage 
& creep 

In common with other porous materials, the strength of cement 

paste depends primarily on its porosity. As lo~~ as the cement is 

fully hydrated, the gel porosity is independent of the w/c ratio, and 

depends only on the degree of hydration, or maturity of the paste. 

Addition of water in the normal range of w/c ratio for concrete (0.40 to 

0.55) affects only the capillary porosity. Since the gel porosity is an 

intrinsic property of the paste structure, many of the changes in the 

characteristics of concrete will be directly related to changes in 

capillary porosity. 

Porosity also dominates the permeability of cement pastes. 

Paste with high capillary porosities have high permeabilities as watp.r 

flows easily through the larger pores. Well-hydrated pastes with lew 

w/c ratios have permeabilities that may be over three orders of 
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Table 2.6 Pore Volume and Surface Area . ~ c: Hydrated Cement 

Pore Volume Percentage 

w/c Ratio Helium l-later Methanol Surface Area 

0.1 23.3 37.8 19.8 30 nl- /g 

0.5 34.5 44.8 36.6 55 nl- /g 

0.8 51.4 58.7 51.6 57 nt /g 

magnitude lower than a paste with a high w/c ratio (Mindess, 1981). 

This occurs because the larger pores become isolated and water movement 

is controlled by flow through the gel pores, which proceeds only with 

difficulty. 

Porosity and pore distribution in cement paste are usually 

determined by using mercury porosimetry and nitrogen or water vapour 

adsorption isotherms. The porosity and surface ere a have been measured 

by several different techniques (Orr, 1970) as shown in Table 2.6. 

2.7.2 Volume Changes 

An important aspect of microstructural development is the 

clecrease in porosity that occurs ~uring hydration. All the hydration 

products of cement compounds have lower specific gravities and larger 

specific volumes than cement compounds themselves. Thus, every hydra

tion reaction is accompanied by an increase in solid volume. 

It was noted that Cll either grows aro~nd solid particles or 

stops growing in that particular direction when it meets such obsta

cles~ The same is true for C-S-H. Thus, the hydration of calcium 
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silicates is not accompanied by an increase in the total volume of the 

paste. The hydrat~on products will only occupy space that is available 

within the paste, which is the volume originally occupied by water. If 

this space is filled before hydration is completed further hydration 

virtually will cease. 

A knowledge of porosity is very useful in assessing the trans

portation of a radionuclide in the cement waste form, because porosity 

has a strong influence on ·the properties of the paste, particularly on 

its strength and durability. The total porosity of the paste can be 

calculated quite simply. In theory, it is possible to calculate volume 

changes, and hence porosities, fLom the chemical equations describing 

hydration, using the specific gravities of each species. However, apart 

from the problems of compositional variations,. particularly with C-S-H, 

this would require a knowledge of the composition of compound and the 

rate of hydration of each compound. Clear, this is not a practical 

approach. 

Power (1958) proposed a simple empirical set of equations 

derived from the experiment data, that can be applied to all Portland 

cement (Type I to V). These equations can be solved if the amount of 

hydration is known. The relations are summari~ed as follows: 

The amount of water hela in the gel pore (micropore) Wg is: 

Wg c 0.18 a gig of original cement, (2.10) 

where a is the degree of hydration (i.e.~ the fraction of cement that is 

hydrated). When the cement is fully hydrated, a is equal to 1. 



The volume of the hydration products, Vg , is given by: 

Vg = 0.68 ex cm3 /g of original cement, 

The gel porosity, Pg, is 

p ::: W /V 
g g • 

and the capillary poros~ty, Pc, is given by: 

PC! = (~l/C) - 0.36 ex cm3 /g of original cement 
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(2.11) 

(2.12) 

, 
(2.13) 

where w is the original weight of water used to form the paste. The w/c 

therefore is the water/cement ratio (by weight) and capillary porosity 

is strongly dependent on w/c. As the w/c ratio of a p&ste increases, 

its capillary porosity also increases in (Fig. 2.4). The volume unoc-

cupied in unhydrated cement, Vu , is calculated by: 

(2.14) 

where vc is the specific volume of the cement and is approximately 

equal to 0.315. The original volume of the paste, Vp ' is given by: 

Vp ::: (vc + w) cm3 /g of original ce,nent. (2.15) 

The relation of a paste porosity varies with the degree of hydration 

(ex) are shown in Fig. 2.5. 

The minimum w/c ratio is the ratio of w/c of sufficient space 

to ensure complete hydration, and is given by: 

(w/C)nlif!. ::: 0.42 ex. (2.16) 

Fin~lly, the hydraulic radius of the pore is computed by divid-

ing the total pore volume by its surfac8 a~ea. The values differ 

depending on the method of measurement. Burnauer (1970) obtained the 

average value of a hydraulic radius of 1.23 AO by using Nitrogen 
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pycnometry with the cement paste of w/c ratio between 0.35-0.57. The 

Helium pycnometry gave a higher value, of 39.4 AO at a w/c of 0.4. 

2.7.3 Influence of Hydration Products on Cement Properties 
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The hardened cement paste is composed of a complex mixture of 

diverse compounds. On a microscopic level, the paste is a heterogeneous 

anisotropic, composite matrix. From a macroscopic viewpoint, the 

assumption of a homogeneous, isotropic material is based 0n a uniform 

dispersion or the !lydration productE\. SincE: C-S-H makes up the bulk of 

the matrix, it is reasonable to assume that it has the dominant effect 

on the properties of the paste but that the other components also will 

modify the properties of the paste. 

Chemical bonding. The chemical bonding can be illustrated by 

considering the general mechanisms governing the behavior of hydrated 

cement paste. It is recognized that hardened cement paste more closely 

resembles ceramic materials (whose mechan:fcal behavior is dominated by 

ionic covalent bonding) than it does organic polymers (dominated by van 

der Waals' bonding). There probably is an appreciable van der Waals' 

bonding between the surface of the colloidal particles of C-S-H, perhaps 

one-third to one-fourth of the total bonding energy. The influence pf 

van der Waals' bonding may be reflected in the unique creep and shrink

age behavior of concrete and the influence of moisture on these proper

ties. 

Role of Calcium HydrG~r.ide. Any solid material of a comparable 

stiffness that reduces porosity must contribute to strength, regardless 
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of its nature. Calcium hydroxide must affect strength ~imply because it 

fills the pores. The effect of CH on long-term strength is not ao 

clear. It may limit the strength of cement paste because of its 

tendency to cleave under shear, and also may limit durability becausp. it 

is morescluble than C-S-H. The leaching of CH can provide a point of 

entry for other agents. The high alkalinity of CH also may contribute 

to alkali-aggregate attack, and is important in attack from acids. On 

the other hand, the high alk811nity m~y protect the reinforcing steel 

from corrosion. 

Role of CalciuM Sulfoaluminates. Calcium sulfoaluminate also 

effects the properties of the paste. Ettringite and monosulfoaluminate 

can contribute to early strength. It is known that the ~A content of a 

cement can affect its creep and shrinkage so that calcium sulfoalumi

nates must have some influence on these properties. 

Role of Water. Water is a polar molecule and therefore stJ~ong 

secondary interactions with hydroxylated surfaces, such as occur in 

hydrated paste are to be expected. Because of its highly polar nature 

and small molecular size, water appears to have a special rcle in the 

structure of C-S-H, and hence has an important influence on the proper

ties of ' concrete. Saturated conc~ete is about !O% weaker in compression 

than is dry concrete. This can be due to three reasons: (1) as adsorbed 

water is removed, C-S-H particles can come closer together and produce a 

strong system due to an increase in van der Waals' bonding; (2) water 

may attack Si-0-S1 bonds under stress; and (3) water may reduce mechani

cal interlocking by acting a& a lubricant. 



The presence of water in C-S-H also is important in creep and 

shrinkage of the paste. The high degree of hydrogen bonding within 

water results in high s~rface tension, that is responsible for the 

development of large capillary st.ress. The strong affinity of water 

surfaces for each other must also be important in admixture chemistry, 

as chemical admixtures must themselves be highly polar molecules. 

2.8 Waste Form and Chemical Compatibility 
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Hydraulic cements are available in a wide range of composi

tions. By manipulating the mixture of cement, types of radioactive 

waste and additives, one can produce the solidified waste form. Com

plete hydration is assumed if there a sufficient enough w/c ratio and a 

long enough curing time •. The characteristics of the solidified waste 

form may be significantly changed by the reaction between the cement and 

the wastes. The properties of the solidified waste form are highly 

dependent upon the nature and the amount of the waste incorporated in 

the cement. 

Consideration of the chemical compatibility of the waste with 

the solidification agent usually refers to the ability to produce a pro

duct meeting the regulatory criteria that require the waste form to be a 

free-standing monolithic solid with no free-standing water. Some wastes 

havp. poor compatibility, indicating that small quantities only can be 

incorporated into cement waste forms. Specific waste within each typi

cal waste type can be difficult to solidify, even if there is good 

compatibility. 
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Beric acid acts as a retardant for setting and curing, and when 

present in significant cencentratiens, it can prevent the cement frem 

solidifying. Other additives, such as lime, can medify the chemical 

ferm of beric acid and the pH ef the waste sufficiently to. i.ncerperClte 

them in cemento 

Detergent wastes, eils and erganic liquids are difficult to. 

selidify in cement, primarily because they tend to prevent hydratien ef 

the dry cement pewder. Hewever, these materials can be. selidified with 

cement when present in lew cencentratiens in waste er by mixi~g under 

high shear cenditiens. 

Acidi ;r.;-astes can be difficult to. selidify. Cement is a highly 

alkaline medium- and selidificatien requires the waste-cement mixture to. 

have an alkaline pH. 'In additien, the reactien between highly acidic 

waste and cement tends to. be a vielent ene. Acidic wastes must be neu

t~alized befere being selidified. Seme cement types and/er cements with 

additives are better suited than ethers fer selidificatien ef acidic 

waste. Table 2.7 shews the chemical cempatibility ef wastes with the 

hydraulic cements (Fuhrmann, 1981). 

2.9 Advantages and Disadvantages ef Cement Waste Ferm 

Table 2.8 presents the advantages and disadvantages ef employing 

cement as a selidificatien matrix fer lew-level radioactive waste. The 

greatest advantages to. its use that cement is a cemmen material which is 

particularly adaptable to. variety ef cenditiens; it is cheap, and can be 
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Table 207 The Chemical Compatibility of Waste Types With the Hydraulic 
Cement 

Waste Type 

Ion exchange 

Sludges 

Boric acid wastes 

Sulfate wastes 

Nitrate wastes 

Phosphate wastes 

Carbonate wastes 

Acidic wastes 

Alkaline wastes 

Organic liquids 

lolaste Compatibility 

poor-gooda 

good 

poor-goodb 

fair 

good 

good 

good 

poor-goodC 

goo:! 

poor 

ao Depends upon resin type, waste loading and cement/water ratio. 

b. Good with additives. 

Co Poor for highly acidic wastes, good with additives. 

fabricated at normal temperature. The greatest disadvantages of cement 

are the higher leaching capability because of its porosity and the fact 

that it is much heavier than other solidified agents. 
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Table 2.8 The Advantages and Disadvantages of Cement 

Solidified Agent 

Advantages 

1. Material and technology 
are well-known and available 

2. Low cost of cement 

3. Low temperature fabrication 

4. Compatible with many wastes 

5. Most 'aqueous waste chemical
ly bound to matrix 

6. Good radiation self-shielding 
and stability 

7. Good impact and compressive 
strength 

8. No vapor problems 

9. No free water if properly 
formulated 

Disadvantages 

1. High leaching property 

2. Some wastes affect setting or 
produce poor waste forms 

3. Volume increase and high 
density in shipping and 
disposal 

4. pH sensitive, and pretreatment 
is required 

5. Sw'elling and cracking occurs 
under exposure to water 

6. Excessive setting ~xotherms 
with some combination of 
wastes 

7. Equipment for powder feedir.g 
is difficult to maintain 

8. Potential maintenance problems 
from premature setting of the 
cement 



CHAPTER 3 

LEACHING MECHANISM 

The leaching mechanism which :1.9 measured during a standard 

dynamic leaching test is known as desorption (Hung, 1982) and the trans

portation of radionuclides from a solidified waste-form is described 

below. 

When radioactive waste is solidified with a binder material 

(iee., cement), the radionuclides are bound chemically by absorption or 

physically by adsorption withip. the massive or crystallized solid matrix 

structure. The incoming ionized or non-ionized nuclides are absorbed 

and/or adsorbed to the surface of the solid matrix structure and immo

bilized. The process by which radionuclides interact with each other 

and are collected in the soli.d matrix structUrE! form is referred to as 

the SORPTION process. 

In the leaching process, when the solidifieu waste form is 

immersed in water, water is transported from the outside into the center 

of the solid matrix until it becomes saturated and the static piezo

metric presscre of the water in the structure b8t3ncen the pressure of 

the external water. The liquid involved in the leaching process is cat

egorized in two types: 

1. The aqueous solution, which is the water contained in the 

solid matrix st~ucture, and 
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2. The leachant, liThich is the water that is outside the 

solid matrix. 
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As soon as the solid makes contact the water, the radionuclides 

in its matrix begin to be released into the aqueous solution by the pro

cess referred to as DESORPTION. Desorption may occur by two processes; 

dissolution and ion exchange. Dissolution is a physico-chemical ~rocess 

which tends to adjust the unbalanced electrostatic force between ions 

that are sorbed in the solid matrix structure and. ions dissolved in the 

aqueous solution. Ion e-v:'~~:·ange Is the process which tends to convert a 

immobilized nuclide in to:"I:). ~ ... olid matrix to a mobile form in aqueous 

solution. The desorption process 2CtS to produce an equilibrium state 

between the dissolved and the sorbed radionuclides. 

The transport of radionuclides begins when the concantraticn of 

interest nuclides in the aqueous solution increases as a result of 

desorption. A system is said to react as a solid-liquid electrolyte 

when it has at least one component that is partially dissociated into 

inns, so creating a driving force for a spontaneous change of the gra

dient of electro-chemical potential. A positive concentration gradient 

is formed, which results in the transport of radionuclides from within 

the solidified waste along the irregular transportation paths of the 

matrix structure to the waste form/leachant boundary by molecular diffu

sion, ionic migration and fluid convection processes. 

During transport, the radionuclides may be lost along the way 

because of chemical/physical sorption, ion exchange, precipitation and 

radioactive decay. As the radionuclides are transported out of the 
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solid matrix into the leachant, their concentration in the internal 

aqueous solution decreases. As a result, the desorptiofi process within 

the solid matrix is accelerated. This will cause a cnntinuous transport 

of radionuclide, continuous desorption to the aqueous solution, concur

rent with the transport of the radionuclides throughout the surrounding 

leachant. 

301 Definition of Porous Medium 

The solidified cemcnl waste form is a type of porous medium is 

defined as a portion of space that is taken up partly by a persistent 

solid phase in which radionuclides are sorbed, and partly hy a void 

space, the later being occupied by a fluid phase. In addition, it is 

required that the solid phase be distributed throughout the domain of 

the porous medium. For the mathematical approach, l~ must be possible 

to define a Representative Elementary Volume (REV, Vo), so that no 

matter where it is ~laced within the ~jnsidered porous medium domain, 

it will contain both a solid phase and a void space {Fig. 3.1). 

If Vo ' Vv and Vs denote respectively the volume of the 

REV, the volume of th~ void space and the volume of the solid phase in 

the defined domain, then: 

o < Vs < Vo , 

o < Vv < Vo , 

Vo = Vv + Vs 

or 0 < p < 1 , where p = Vv/Vo (3.1) 

and p is the porous medium volumetric porosity. 
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Pores 

Fig. 3&1. The microsCopic structure of porous medium in a Representative 
Elementary Volume with solid and void phases. 

'\, 

1c:J-\-- Surface 
Sa/3 

Figo 3.2. The microscopic structure of porous medium in a Representative 
Elementary Volume with ex and 8 phases. 
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Similarly, it should be pos~ible to define a Representative Ele

mentary (planar) Area (REA, So), such that no matter where it is 

placed witll"'.!1 the porous medium, it always will intersect the solid 

matrix and the void space. 

Of particular interest is the desorption process of radionuclids 

from the solid phase and their transport through the porous domain with

in the aqueous phase o~cupying the void space. Therefore, it is neC~ti

sary that the void space contain a persistent multi-connected subdomain 

or interconnected void space, and also that the entire void space is a 

single domain with multiplicate connections. Similarly, this assumption 

is applied to the solid phase. 

3.2 The Continuum Media 

In principal, processes t.!i.king place in a porous medium could be 

studied with an emphasis on what is happening at a mathematical point 

within a phase. Then, by solving a differential equation, subject to 

known initial and br:.undary conditions of that phase, the variables and 

spatial distributions describing the particular process could be 

derived. However, because of the complexity of the boundary surface and 

its configuration, this procedure is not practical. The level describ

ing such a process is referred to as tbe "microscopic level." At this 

lev21, the porous medium is a heterogenous medium because of the pres

ence of solid-liquid phase interfaces. 

Even if a solution could be found at the microscopic level, 

there is no instrument for measuring the particular variables in the 

porous medium domain for comparison with such solutions. Therefore in 



42 

order to know the exact co figuration of the interface boundaries, and 

describe the phenomena in terms of measurable quantities an assumption 

is necessary. The assumption is, that matter is a continuous medium 

completely filling space, and the values of kinematic and thermodynamic 

variables that reflect its behavior can be assigned to any point in this 

medium and at every instant of time. These parameter variables are con-

tinuous and differentiable as a function of the spatial coordinates and 

time. The effect of the microsopic configuration of the solid-liquid 

interface and the processes occurring on it, is repres~nted by the 

macroscopic coefficlent. Therefore~ for any porous medium, these 

macroscopic transport coefficients must be determined experimentally. 

3.3 Microsopic Leaching Transport Equation 

To illustrate the configuration of a porous medium, the solid-

liquid system is diagramed in Fig. 3.2. The liquid phase is represented 

by the a-phase, while the solid phase is represented by the 8-phase. 

With a general knowledge of heat, mass and momentum in the fluid-solid 

system (Sherwood, 1975; Bear,1984), one can develops the microscopic 

leaching transport equaL ion representing the desorption of the radio-

nuclide from the solid matrix and transport in the aqueous phase inside 

the porous medium: with the domain of control volume of Vo ' that is 

bounded by a surface So at the fixed space. The porous medium system 

is non-deformable. 
(a) + 

If Ci (r,t) represents the concentration of species of 
+ 

interest, I, in the a-phase of the volume d3 r about r, at time t, in 

units of mass/unit vol~me~ as illustrated in Fig. 3.3, 



Fig. 3.3. The definition of the concentration C(r,t)d3 r of the 
radionucliqe of interest. 

---":Ln:t> 
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Fig. 3.4. The direction of the partial and the total concentration 
flux i(r,t). 



where i = 1,2, ••• ,1. For a given REV, Vo ' the total concentration of 

species I of a-phase is given by: 

J d3 reiCl 
) (i- , t) • 

Vo 
(3.2"> 

The time rate of change of concentration of species I, a-phase 

at a particular instant of time, is: 

3 ae(a)+ 
d r -i (r, t) • (3.3) 

at 

It is assumed that the volume Vo is independent of time. 

+(a) +. 
If Ji (r,t) represents the total conceutration flux due to molecular 

diffusion, ionic migration and fluid convection of species I, a-phase 
+ 

passing through an area dSo per unit time, then the net influx of 

thes~ species into the volume Vo through So is given by: 

·,.(a) + '\ 
J. (r,t u 
~ 

(3.4) 

+ 
tht: minus sign results from the fact that nS , denotes an outward unit 

o 

vector normal to So' as illustrated in Fig. 3.4. 
(a) 

If Ai represents the decay constant of the radionuclide 

species I, a-phase, then the total amount of species lost due to 

radioactive decay during the transport process in volume Vo is given 

by: 

(3.5) 

4/: 



(a) 
Furthermore, if Ri represents the production rate of species 

I, a-phase due to the desorption mechanism of nuclides from the solid 
(a) (J) 

phase, per unit volume of a-phase. For example, if Ri :: Lj vi 
(J) (J) 

Yi where vi is the stoichiometric coefficient in which i appears 
(J) 

in the j-th chemical reaction and Yi is the rate of j-th chemical 

reaction, then the total production rate in volume Vo is given by: 

f 
V 

o 

(3.6) 

and the total balance equation of the concentration species I? a-phase 

in volume Vo ' at time t is given by: 

f Vd3r }tCia)(t,t) :: - f sdSo • "risojia)(t-,t) - f Vd3r xia)cia)(t-,t) 
o . 0 0 

(3.7) 

Applying Green-Gauss's theorem to the surface integral of Eq. 

( 3. 7), yields 

f d3 r 
a cia)(t,t) -fd3rv.j(a) + - f d3 rX (~) C (~) (t, t) 
at 

:: (r,t) 
v V i V 

0 0 0 

+ f d3 rR(a)C(a)(t t' Vii ,~. 
(3.8) 

0 

Eq. (3.8) must hold for any volume, then: 

~ c(a)(+ t) :: V +J(a)(~ t) '" X (a)c(a)(t t) + R(a)C(a)(t t) 
at i r, • i ' ii' ii' (3.9) 

Eq. (3.9) is referred to as the general microscopic leaching 

transport equation. 
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3.4 Transport Processes in Electrolytic Solution 

The leaching of nuclides from a solidified cement structure 

into the aqueous solution phase may take place through the mechanisms of 

desorption and rearrangement ionic species within the solid-liquid sys-

tem. Therefore, one can regard such a system as a solid-liquid electro-

1yte. An electrolyte solution is in thermodynamic equilibrium if four 

conditions have been fulfilled: (1) th~ chemical potentials of all com-

pouents are equal at all points, (2) the electrical potential is equal 

at all points, (3) the temperature is equal at all points in the solu-

tion, and (4) the mechanical forces are in equilibrium. In a system in 

which there are no chemical reactions taking place and the equilibrium 

conditions are not fulfilled, some change will occur in the system. If 

the activity of a component is not cor-stant in all parts of the solu-

tion, diffusion will take place. If an electrical field is imposed on 

the system a flow of charge occurs in the syste.m. If the tempe.rature is 

not constant, heat is transferred. The effect of the action of mechani-

cal forces (i.e., stirring) is to cause streaming of the solutiori. All 

these phenomsna are called transport since matter or energy is trans-

ported in the system. 

In the system of isothermal, i.e., no heat transfer occurs, the 

electrochemical potential is a quantity representing the effect of con-

centration and electrical potential. The electro-chemical potential is 

represented by~. For a given species I, of a~phase in the solid-liquid 

electrolyte system, the electro-chemical potential can be expressed as: 

-(a) =1I(a) + 't:W,(a) 
~ i .. i zi J.''V i (3.10) 
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where, 
(a) 

p represents the ordinary chemical potential of species I, 
i 

z represents the charge number (including sign) of species I. 
i 

F represents the Faraday constant, 
(a) 

~ repr.esents the inner electrical potential acting on species I 
i 

The ordinary chemical potential is defined as follows: 

where, 

T 

+ RT Ina (a) 
i (3.11) 

represents the standard state chemical potential of species I, 

represents the ideal gas constant, 

represents the absolute temperature, and 

represents the activity of species, I, which °is directly 

proportional to the product of concentration and activity 

Therefore, if the system is isothermal and isobaric, then the 
-(a) 

gradient of th~ electro-chemical potential Pi corresponds in general 

to a gradient of the concentration and the activity coefficient. 

Considering a configuration of the solid-liquid system of porous 

medium in detail, the a-phase represents the liqu:f.d phaae and the 

a-phase represents the solid phase in the REV, Vo as illustrated in 
, 

Fig. 3.5. Because the Rurface of the a-phase is remarkedly different 

properties (Ad<lillSOn, 1976), from the bulk matriJc of a-phase itself, one 

may regard the 6-phase as two subphases; a·~bulk phase (b) and a-su.cface 

phase(s). 
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a-Phase ------:r--I> 

{3 -Phase --7~'="'i> 

"'/<t.~--. Surface 

Sap 

Fig. 3.5. The microscopic structure of a porous medium with surface 
bet'tVeen the two phases. , 

ex -Phase ---"""~i> 

,a-Phase --,H+'~ 

{<'+--- Surf:lce 
Sa{3 

REV--

Saa 

Fig. 3.6. The microRcopic structure of 2. porous medium with the 
definitj.on of the averaging phase system. 
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At the equilibrium condition: 

-6(s) -6(b) 
lli =lli (i=1,2, ••• ,q; t<O) (3.12) 

where q represents the number of components of 6-phase~ 

At a particular time (ioea, t=O), the solid-liquid system of 

Vo ' represents a heterogeneous syst~m consisting of a~ least three 

phases: the a-aqueous phase; the solid 6-bulk phase; and the solid 

6-surface phase. 

When the v~id space in Vo is filled with aqueous solution and 

the solid 6-surface phase has contact with the aqueous, the electr~-

chemical potential in the system is differed: 

-(a) ...J {-6 (s) _ -B (b)} 
\1 1 T II i -lli ' i=1,2,0 •• ,I; teO (3.13) 

where I represents the number of components o~ the solid-liquid system 

in the REV. 

Because of the inequality in electro-chemical potential of the 

phases, the electro-chemical potential gradient of species I is estab-

lished in the part of the 6-bulk immediately adja~ent to the e-surface; 

this results in the activation of the diffusion of species I through the 

e-a interface. In fact, the concentration gradient can be in their 

direction. For exanple, water consists of several ionic species: H30+, 

U+, OH-,H2 0- (Pourbaix, 1966), and the direction depends on the 

species of interest. The difference in the electro-chemical potential 

results in diffusion of these species from the a-phase directed into the 

a-phase. 
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For a system with constant pressure and temperature, a differ-

ence in electro-chemical potential between these phases results in an 

effective driving force per unit volume~ and the net flow of the mass 

flux of species I through a unit cross section in unit time as 

(Newmann,1967; Koryta, 1970): 

+J(ex)(+ ) 
i r,t = -

Flux diffusion migration 

+ V (ex)ciex)(t,t) (3.14) 

convection. 

The mass flux transfer of species I is associated ~vith three 

mechanisms: ionic migration due to the difference in electrical poten-

tial, molecular diffusion due to the diffekence in chemical pu~ential, 

and fluid convection due to the difference in aqueous density. 

The flux is the amount of species I moving through a plane (nor

mal to the direction of the flow) per unit time measured in moles/emf-s. 

The movement is due first of all to the motion of the aqueous solution 
+ 

with the bulk velocity V(ex). The movement of the species can deviate 

from this average velocity by diffusion if there is a concentration gra .. · 
(ex) + 

dient VCi (r,t) or by migration if there is an electric field 
+ (ex) (ex) 
Ei (= -V~i ). 

(ex) (ex) 
If the species has a charge zi ,then zi F is the charge 

per mole (F = Faraday's constant = 96487 C/mol). This value multi
(ex) + 

plied by -V~i (r,t) gives the force per mol; multiplied by mobility 
(ex ) 

ui it gives the migration velocity, and finally multiplied by 
(ex) + 

concentration Ci (r,t) it gives the flux due to the migration of 



'. 

species i. 
(a) (a) + 

The term -Di VCi (r,t) is the contribution of the 

diffusion to the total flux with the molecular diffusion coefficient 
(a) 
Di of the species I. 

Combining Eq. (3.9) and (3.14), the general microscopic trans-
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port in the electrolyte solution of species I of a-phase is described by 

+ -V(a)C(a) 
i i 

+ R(a)C(a) 
i i 

(t,t) } - A (ct)C(a) (~,t) 
i i 

+ (r,t) 

(a) (a) (a) (a) + 
where Bi = zi ui FV~i (r,t) and is referred to "the drift 

velocity" , in cm/s. 

3.5 The Aver·aging Methods 

3.5.1 Volume Averaging 

(3.15) 

The microscopic leaching transport equation Eq. 3.15 can be 

solved provided that the location of a-e phase, i.e., the boundary con-

dition is known. However, the configuration of the system and the 

boundary interface .is never known. In general, it is possible to 
(a) 

describe the details of such concentration of species I, Ci by using 
(a) 

the volume average or spatially smooth value of Ci This average 
(a) 

value is determined by intergration of Ci over the averaging volume 

Vo ' i11uGtrated in Fig. 3.6, assuming that the radius of the average 

volume r o ' must be large compared to 10 , the characteristic length 

of a-phase, in order to obtain a sufficiently smooth value of the 
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average quantity. If these averages vary significantly over the macro-

scopic characteristic length of the porous medium domain L, a furt~er 

assumption is made that L must be large compared to ro in order that 

the average of the spatial deviation is sufficiently small, so: 

1 « r « L. a 0 
(3.16) 

The satisfaction of Eq. (3.16) ensures that the size selected 

for the REV will remove the effect of the microscopic nonhomogeneity 

without eliminating the effect of the macroscopic inhomogeneity; or in 

another word, it requires that the average of the macrosopic quantities 

over a REV is equal to the average of their microscopic counterparts 

over the REV (Whitaker, 1969). This implies that the microscopic quan-

tities are assumed to vary linearly within the REV. 

A si~ilar reqGirement of Eq. (3.16) is the method of averaging 

where constituitive equation are also applied to the time-smooth value 

and the spatial deviation of the d~pendent variables. 

The method of volume averaging is based on Whitaker's report 

(1967), that is, at every point in space there is an averaging volume in 

the porous medium. This averaging is the REV and has a sphere volume of 

radius ro as illustrated in Fig. 3.6n The a.veraging values of any 

function computed on the basis of this volume are assigned to the 

+ 
centroid of the volume, r'. The porous medium consists of at least two 

phase systems, where a-phase represents the liquid phase and S-phase 

represents the solid phase. At a particular time t, each phase occupies 

a volume Va and Vs within REV volume of Vo. If ea represents 

the volumetric fraction of a-phase, then: 



+ e (r' t) 
a ' 

+ 

= Va (t' ,t) 
+ 

V (r' ,t) 
o 
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• (3.17) 

The position vector r' indicates points at the macroscopic level, while 
+ 
r indicates points at the micr.osopic level. 

If ra represents a phase distribution function for a-phase 

which is defined as 
+ + 

r~ = ra(r,t) = 1 where r falls inside Va 
-I> 

= 0 where r falls outside Va. (3.18) 

Then the quantity of interest, i.e., the microscopic concentration of 

species I, in a-phase can be described as the averaging values in two 

different ways. 

1. The phase average is defined as: 

cia)(t' ,t) 1 J c(a) + + + + = (r,t;r')ra(r,t) dyer) 
V (~') V (~') i 

0 0 

1 J C(a) (~,t;~') dV (t). (3.19) = 
V (~') V (t') i a 

0 a 

In general, the phase average Eq. (3.19) is not the average of 

choice in the analysis of multiphase transport phenomena; the other 

averaging value is preferred. 

2. The intrinsic phase average is defined as: 

---a 

c~ a) (t, " t ) 1 J C(a)(t tot')r (t t) dV(t) = +. + i " a' 
V (r') V (r') a 0 

1 f (a) + + + 
(3.20) = + C (r tor') dV (r). 

+ V (t') i " a V (r') a a 



Note that the symbol a next to the overbar (--a) indicates 

that the average is taken over Va" If the macroscopic concentration 
(a) + 

Ci (r' ,.t) is constant, the intrinsic phase is equal to that concen-

tration, whereas the phase average is related to that concentration by 

the volumes fraction, 

54 

Another definition which is useful and will be used later is the 
(a) + . 

deviation of the local microscopic value of Ci (r' ,t) from its 
(a) + 

intrinsic phase average, Ci (r',t), is defined as: 

---it 

cia)(t,t;~') = cia) (i-' ,t) + ~ia)(i-,t;t') (3.22) 

3.5.2 The Averaging Rules 

Several averaging rules introduced by Whitaker (1967) and Gray 

(1977) are necessary to transform description of the leaching trans-
..;. 

port phenomena from the microscopic level (r) to the macroscopic lev\~:' 

+ + 
(r'). The average values are always at the centroid of REV, r'. 

(a) (a) 
1. Averaging the sum of two quantities, 4>1 and 4>2 ' both 

(ex ) (a) 
being in a-phase, such that 4>1 and 4>2 are additive, then: 

--------cx 1 
",,(a)+ ",,(a)l+ = + r rJl..(a) (+ t) + ",(a),+ t)l dV (+r). 
'>1'1 '<1'2 r' V (r') V (t,)''1.'1 r, "'2 ,1', a 

a a 

(3023) 
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(a) ( a) 
2. Averaging the product of tt.ro functions, 4)1 and 4>2 ,both 

(a) (a) 
being in a-phase, such that 4)1 dV a and 4>2 dV a are additive, then: 

-a 
{ ~~a)(;, ,t) + l~a)(i,t)} dV (i) 

a 

-a -a a 

a (9\a)(;. ,t) + 4>~a) (t' ,t) + 4>\a)(t,t) 4)~a)(;,t) I ;. (3.24) 

( a) 
3. Averaging the time derivative of ~Qant!ty 4)1 , such that 

( a) 
4)1 dV a is additive. The velocity of displacement of a point on the 

+( a) a-a interface is denoted by Ui and an outward unit vector is denoted 
.... 

by na as illustrated in Fig. "3.6, then: 

--a 
e a "'( a) 
'alft" '6'i 

+ + + • n (r,t) dS(r) 
a • (3.25) 

( a) 
4. Averaging the spatial derivative of the quantity 4)1 such 

( a) 
tha t 4) 1 dV a is addi tive, then: 

--a --a 
'iJ4) ( a) = a 'iJ{jJ (a) + 1 

i a i V (;') 
o 

f lei a) ri dS( t) 
S a as 

(3.26) 
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5. A useful relationship which is neccessary for derivation of 

macrosco~ic equation: 

1 
'9'" 

a 

dT.(a) 1 ( ) 
v = _ J (\1 a - t ). t (t, t) d S 

CIt V (~') S B a a 
o a 

3.6 .The Macroscopic LeacM.ng Transport Equation 

(3.27) 

The macroscopic leaching transport equation can be derived from 

the microscopic leaching equation, i.e., Eq. 3.15 by apply the averaging 

rules mentioned above as follows: 

~tCia)(t;t) = -V.Bia)cia)(i-,t) - nia)v cia)(t,t) 

+ -V(a)C(a)(t t) - A (a)C(a)(t t) + R(a)C(a)(~ t) 
ii' ii' ii' (3.28) 

Integrating each term of Eq. 3.28 over volume Va and dividing by REV 

Vo ' one can obtain: 

-------------a a 
+V(a)C(a)(r t)} -8 A(a)C(a)(t t) 
ii' ai i ' 

-------a 
+ 8aRia)cia)(~'L) (3.29) 

Applying the averaging rules to £q. 3.29, one can obtain; 
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----0 --{l --{l 

hea C~a)(t' ,t) = -v.e
a 

{~~a)C~a)(t' ,t)_.~(a)VC~a)(~, ,t) 

--{l--Q IX 

+ V~a) cia)(~,'t) + ~(a)~ia)(~, ,t) 

- ~ r rHill)C~Il)(~,t)-Di~\'Ci~)(~,t) 
o SaB 

+ (V(a) - t )C(a)(~ t).n 1 dS l 
ai' a 

----a 

+ e a [Ria) - A ia ) ] cia ) (~, ,t) (3.30) 

where some terms in Eq. 3.30 have physical meaning as follows: 

--{l 

1. {~(a)c(a)(~,t>l 
. i . i ' 

represents the flux contributed from electrical migration in 
*(a) 

porous electrolytic solution system with Bi ,the effective drift 
*(a) (a) 

velocity of species I. The product of Bi Ci is the conductivity 

of species I in solution. 

--{l 

2. f -.pia)vcia)(~, ,t)} 

represents the flux contributed from molecular diffusion with 

the effective diffusion coefficient of species I in porous medium, 
*(a) 
Di The effective diffusion coefficient can be expressed as: 
'" 

D
(a) (a) 

= i ~i 

(Il ) 

(3.31) 

w'here '[ i is a second rank symmetric tensor which repr~sents 
ru 

a fundamental characteristic of the a-phase configuration, such as 

tortousity within REV (Bear, 1984). 
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-------(1 
'~(a)*(a) + 

3. V Ci (r,t) represents the dispersive flux due to the 
+ (a) (a) 

variation of V and Ci in a-phase. Bear (1984) derived an 

alternative form of this term as: 

----a ---Q 

= -n(a). V c~a)(t,t) (3.32) 

where D(a) is a second rank tensor and is called the of con~ 
~ 

vective dispersion of a-phase. The combination of the effective 

diffusion coefficient and convective dispersion coefficient is referred 

to the coefficient of hydrodynamic dispersion Dh, and is defined as 
~ 

(Whitaker, 1967; Bear, 1972): 

(3.33) 

4. { ~ J [ Bia)cia)(t,t) 
o SaS 

+ (V(a) - t )c(a)].ri dS } 
a i a 

(a) 
The surface integral represents the flux of Ci across the a-13 

interface by advection related to the 
+ 

velocity of displacement ua of 

SaB and by migration and diffusion of 
(a) 

Ci If the surfaces SaS 

is a material surface with respect to the volume of a-phase, then 
+ + + 

[V(a)-Ua)ona] = o. The physical interpretation of this integral 

term is the rate of the mass of component I leaving the field phase by 

absorption or ion exchange per unit ~olume of porous mediu~. 
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For simplicity~ the macroscopic leaching transport equation will 

be written as; 

where: 

~t 9
a
cir.&)d""t) = - Vo9aJia)(lr,t) - 9afia)cia)(tl,t) 

+ e R (a ) C(a ) (t r ,t) 
a i i 

----a (l -----a 

(3.34) 

= ~ia)cia)(tl ,t) - 'p~a)vcia)(tr ,t) + -v(a)cia)(t r ,t) 

(3.35) 

(a) 
is the total flux due to flux of the species I of a-phase, and fi 

represents the rate of loss of the species during the process due to 

absorption,· ion exchange and radioactive decay, i.e., including integral 

term and decay term in Eq. 3.30. 

3.7 The Current Flow and Electrical Neutrality 

Before leaching occurs, the system is assummed in the internal 

equilibrium state at all points, and the electrical equilibrium is main-

tained at all times during the leaching period. Any tendency for 

cations and anions to separate into regions with a net electrical charge 

would create a strong electrical field that would immediately cause 

ionic migration to restore the local charge back to its equilibrium 

state. The current in an eletrolytic solution due to the motion of 

charge particles can be expressed on the basic of Faraday's law as: 

(3.36) 
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+ 

where, i is the current density expressed in ampere per crnt, ziF is 

the charge per mole. Combining Eq. (3.35) and (3.36) and for simplicity 

dropping the subscripts and suppersr.ript of the parameters, one can 

have: 

+ 

+ 
~.FC.V 
~ ~ 

(3.37) 

The coefficient of E is called the electrolytic conductivity of the 

solution at a given point, 

(3.38) 

I~ most of the cases, the field strength will be electrically 

neutral, such as: 

~ Z C 
i i 

i 

c: 0 (3.39 ) 

then, the lab .. term in Eq. (3.37) is equal to zaro. The field strength 
+ 
E, then can be split into t~"o terms 

+ 

E = ~ + .!.) zi FDigrad Ci K' K':i 
+ + 

::> Eohm + Ediff (3.40) 
• 

+ 
The first term, Eohm is the ohmic electrical field strength 

which is due to the flow of electrical current through a medium of a 
+ 

given conductance. The other term, Ediff' is the diffusion electrical 

field strength (the internal field) due to unequal mobility of the 



61 

different particles. Because the ions of opposite charge may have 

different diffusion coefficients under the influence of the concentra-

tion gradient they are mobilized with different velocities. Over dis-

tances of the order of molecular dimension only, this leads to the 

sp.paration of positive and negative charges and then to the fOT.elation of 
+ 

an electrieal field. Therefore, the Ediff tenn does not disappear in 

the absence of an external electrical field, but will contribute to the 

total diffusion transport phenomena in the electrolytic solution. 

3.8 The General Leaching Equation of Electrolytic Solution 

In an absence of an external electrical field, the diffusion of 

radionuclides produces an inner electrical potential drop in the 

electrolyte solution. This will contribute to the total flux in the 

leaching pro~ess. The total diffusive flux of species I, in an ideal 

electrolyte solution is: 

For a non-ideal electrolytic solution, by taking atofiei, 

the diffuei~e flux is: 

j 

+ 
For a single electrolyte solution of Av+Bv-( i=O, 

is given by: 

(3.42) 
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-grad <P diff = Ediff 

l<.T [ {a lnf+} 
= z+D+" + l+a InC 
CF(~D+" ++z2D_"_) 

+ z D" {l+.dlnf_..}] 
- - - alnC grad C e (3.43) 

Then the general leaching transport equation in electrolytic 

solution can be written as: 

~i 
at 

where fi and Ri are the loss r.ate and the production rate of the 

species I respectively. 

3.9 Multi-Concentration Diffusion Groups 

Consider the configuration of the solidified cement waste form, 

illustrated in Fig. 3.7. The transport of th~ species of interest from 

the solid matrix through the diffusion path can occur in two ways; a) 

transport through the solid cement crystal matrix itself by a diffusion 

process, and b) transport by diffusion, migration and convection proces-

ses through the aqueous aolution which occupies the void space in the 

waste form matrix. The first process takes a much longer time than the 

latter. For this reason, only transport in the aqueous solution is con-

sidered. 

The transport of radionuclides in the aqueous solution begins 

when the radionuclides des orbed from the solid matrix move into the 

aqu~ous solution which occupies the pore spaces and so creates a concen-

tration flux gradient. Radionuclides are transported from a higher 
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Fig. 3.7. The solidified cement waste form in a leaching flow-through 
system. 

Fig. 308~ Discretization of concentration variables, C(g)o 
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concentration inside the wast~ form to lower concentrations outside. 

During the transport, some of the radionuc1ides are lost due to the 

sorption process and to radioactive decay. 

In the methodo10y of the multi-concentration diffusion groups 

(i.e., those that assume that the diffusion pr.ocess will be the dominat-

ing process), the concentration variable can be discretized into inter-

val of groups, as illustrated in Fig. 3.8. A backward-indexing scheme 

is used corresponding physically to the diffusion of radionuc1ides take 

place from the higher concentration group to the lower one. 

The multi-concentration diffusion techniques can be applied to 

the general leaching transport equation Eq. 3.44 by balancing the radio-

nuclides entering and leaving a particular concentration group as fo1-

lows; 

[

the time rate of change ] 
of species concentration = 
in concentration group g 

[
species loss in ] 
concentration group g 

+ r
L 

species produced in l 
concentration group g J 

wher:e each term can be expressed as follows; 
(3.45) 

[
species loss in ] 
concentration group g 

= [speCies transport out 
concentration group g 
migration, diffusion, 

of J by 
convection 

+ [speCies sorption through the] 
surface of the solid matrix 
in concentration group g 

+ [speCies radioactive decay I 
in concentration group g J 

(3.46) 



[
species produced in ] 

concentration group g 
= 

+ 

[
species desorption from solid ] 
matrix in concentration group g 

[

species transferred 
concentration group 

from higherl 
(g+l) J 
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(3.47) 

Also, assume that species do not diffuse from the lower concen-

tration group to the higher concentration group. The mathematical rep-

resentation for multi-concentration diffusion equation can be written 

as: 

a (a) + ) 
~i C (r,t. a , g 

+(a) + (a) + 
= -V·Ji,Cg(r,t) - fi,CgCi,cg(r,t) 

(a) (a) + I'" (a) (a) + 
+ Ti,~.1+1Ci,Cg+1(r ,t;r) + ~i,cgCi,cg(r,t.) 

+(a) (a) (el) 
wbere Ji,Cg' fi,Cg' and Ri,Cg represent the species fluxes, the 

(3e48) 

loss rate and the production rate in the concentration group g, as 
(a) 

expressed in Eq. 3.35 respectively, while ~i,Cg+1 representB the 
transfer rate of the species I from the higher concentration group 

Cg+1 to Cg • 

3.10 Multi-Phases Cement-Leachant System 

Consider the solidified cement waste form suspended in the water 

(Fig. 3.7). The system represents a heterogeneous system consisting of 

at least three phases; a) the cement matrix phase, b) the cement-leach-

ant interfa~e phase, and c) the leachant phase (Fig. 3.9). The multi-

concentration diffusion group equation (i.e., Eq. 3.48) can be applied 

to these heterogeneous system with the boundary conditions satisfied at 
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Fig. 3.9. The solidified cement-water system with a three phases: 
a solid-cement phase, a cement-water interface phase, 
and a water-leachant phase. 
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each separated phase. The boundaries of a region in which flux satis-

fies the differential equation must be continuous across the phase 

boundary betlo1een the tl-TO regions 0 Furthermore, the solution of the dif~ 

ferential equation must also be real, non-negative, and have single 

value in those regions where the equation applies. The solution must be 

finite in those regions where the equation is valid. 

3,10.1 The Cement Matrix Phase 

In the solid cement phase, the multi-concentration diffusion 

group equation can be applied directly to the diffusion of radionuclides 

in the aqueous solution of the matrix, with superscript Us" for this 

phase, then '. 

+(s) + f(s) C(s) 
= -V·Ji,Cg(r,t) - i,Cg i,Cg 

(s) (s) +, + + (s) (s) + 
+ Ti ,cg+1 Ci,Cg+1(r ,t;r) Ri,CgCi,cg (r,t) 

(3.49) 

3.10.2 The Cement-Leachant Interface Phase 

This phase is important in leaching mechanisms and has a strong 

influence on mechanical properties, chemical phenomena and electrical 

electrolytic properties of the waste form. If the leachant flows over 

the surface of the waste form with a low velocity, then the boundary 

layer is created near the surface. The fluid in immediately contact 

with the fixed surface can properly said to be stagnant, and the local 

velocity approaches zero at the surface. This IJoundary layer is resis-

tant to th~ transport of radionucldies. The radfolluclide species may be 
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accumulated in this region and remain in contact with the surface for 

some time. The fractional rate of a rene\·ml of the area exposed to the 

penetration is assumed to have an age distribution function along the 

surface. The coefflcient properties of leaching mechanism in this 

interface region will be different from the solid cement phase. If the 

superscript (sf) denotes the solid-liquid phase, then the multi-concen-

tration diffusion in this phase are: 

a C(sf)(t t) = 
1rt i, Cg , 

3.10.3 The Leachant Phase 

• (3.50) 

For the flow-through system, as illustrated in Fig. 3.7, the 

cement waste form is immersed in leach ant and the diffusing nuclides 

that leach out are carried away by the flow-rate of the system. How-

ever, some radionuclides may be precipitated. If the superscript (f) 

denotes the fluid phase, S denotes the total surface area of the waste 

• form, V denotes the total volume of leachant and m denotes the volumet-

ric flow rate of the leachant in the system. Then, the multi-concentra-

tion diffusion in this group are, 

~(t) 
Vet) [ 

(f) ..,. 
Ci C (:.,0) , g 

f(f) C(f) (t t) 
i,Cg i,Cg , 

(f) ..,. ] 
Ci C (r,t) , g 

(3.51) 
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+ 
where, U is the effective veloci'ty of the leachant across the 

+ 
surface, and U.Ci,Cg is the leaching rate in mOle/cm2-sec. The S/V 

ratio is referred to as the surface area to solution volume ratio, and 

~/v is the renewal frequency of the leachant. 



CHAPTER 4 

PARAMETERY CONSIDERATION 

One of the main problems in solving the multi-concentration 

group and multi-phase system equations is the parameters. Because data 

are not available, some assumptions have to be made to overcome the dif

ficulty of solving a set of equations. The classical theoretical ap

proach is applied instead of experimental dat~. The parameters are; 

1. Ion mobility 

2. Activity coefficient 

3. Diffusion coefficient 

4. Diffusion potential 

5. Desorption rate 

6. Diffusion layer 

7. Electrical double layers 

8. Radioactive decay rate 

4.1 Ionic Mobility 

One assumption of ionic moveme~t in solution is that the ions 

perform a random walk, in which all pcs~ible directions are equally 

likely for any particula~ step. The analy£is of such a random walk 

indicated that the m~an displacement of any ion is zero (Bockris, 1973). 

The diffusion process occurs because of j.nequality in the number of ions 

l.n different regions, the~ results in a statistical bias in movement of 

ions. However, when the ions are situated in an electric field, their 
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movement are affected. The walk is no longer random and is r~ferred as 

ionic drift. In an electrolytic solution, the ions very soon collide 

with oth~r ions or with solvent molecules which cross their path. This 

collision introduces a discontinuity in their speed and dtrection. The 

motion of the ion is not smooth if the medium offers resistance to its 

motion. Thus, the ion stops' and starts, moving a zig-zag path. subject 

to a direction of driving force. 

The drift velocity, vd' of the ion is given by the relation of 

driving force, mass and mean time between collisions as follows: 

(4.1) 

+ 
where F is the driving force, m is the mass of particle and T is the 

mean time between collisions. The proportionality constant (T/m) is of 

considerable importance in the ion transport and it is referred to as 

the absolute mobility, 

u abs 
T 

=- =-
m • 

The absolute mobility has a unit of em/sec/dyne. 

(4.2) 

In electrochemistry, the mobilities of ions are not usually ex-

pressed in the absolute form. Instead, they are expressed in conven-

tional (electrochemical) mobilities as: 

u conv • (4.3) 

Equati0n 4.1, shows that drift velocity is proportional to the 

driving force of the electric field. The flux of ions is related simply 
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Flux = (Concentration of ion) x (Prift velocity) (4.4) 
+ 

The electrical force F operating on the ion is equal to the electric 

field multiplied by the charge on each ion: 

+ + 1 
F = z.e E. ___ dynes. 

~ 0 300 
(405) 

From Eq.4.2 and Eq.4.3, the relation between the absolute and conven-

tional mobilities can be written as: 

u = u z e • conv abs i 0 300 
1 

• (4.6) 

The factor 1/300 is the unit convertor of 300 volts equal to 1 electro-

static unit (esu). 

4.1.1 The Transport Number 
+ 

The current density ii due to an ionic species is SiDlply 

derived from the ionic flux of spec:f.es i (J = Civd) , multiplied by 

the charge ziF borne in one mole of ion: 

or in term of the mobility as: 

-)- + 
ii = ziFci u i E (4.8) conv, 

+ 
Therefore, if on consideracion of a unit field E 1 in an elec-

trolyte solution containing a z:z valent electrolyte, z+ = z_ = z 

and c+ = c_ = c, then one can see that uconv+ * uconv-' and it 

follows: 

(4.9) 
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This indicates that some ions respond by a greater migration 

than do others or if there are equal numbers of various ions, those 

which have higher mcbility contribute more to the communal task of 

transporting the current through the alectrolytic solution than the ions 

that have lower mobilities • 

. The transport number is defined as the quantitative measure of 

the fraction of the total current carried by the particular ionic 

species: 

(4.10) 

This definition requires that the sum of the transport numbers of all 

the ionic species in solution be unity: 

L t. = 1 • 
1. 

(4.11) 

In a single general electrolyte solution Av+Bv-, where 

number depends on the conventional mobilities of the components. 

u+v+ 
t+ = 

u+v++ u v 
(4.12) 

ant:' u v 
t = 

u+v++ u v 
(4.13) 

4.1.2 Influence of Ionic Atmosphere 

In the absence of a driving force, no direction in space from 

the central ion is privileged. The coulombic field central ion has 
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spherical symmetry. l~en the ions are subjected to a driving force (an 

electric field or chemical potential), one direction in space becomes 

privileged. The ionic cloud around the moving central ion is no longer 

spherically symmetrical, and is egg-shaped (Bockris, 1970). Since the 

center of charge on a drifting central ion does not coincide with the 

center of charge of its ionic cloud (opposite charge), an electrical 

force develops between the ion and its cloud. The ion then is subject 

to an electric field in the opposite direction to its movement. This 

electric field arises from the decay of the cloud behind the ion and its 

build up in front of the ion (simply, distortion of the cloud). This is 

known as the relaxation field and the force is known as the relaxation 
+ 

force, FRo A finite time delay is required for the renewal of the 

spherical symmetry of the ionic atmosphere around the central ion, that 

is called the time-of-relaxation. 

Another effect which slows down the motion of the ions is the 

electrophoretic effect, which is ana.logous to the opposing movement of a 

colloidal particle in an electric field (Glasston, 1946). The electro-

phoretic effect is caused by the simultaneous movement of the ion in the 

direction of an applied electrical field and of the ionic atmosphere in 

the opposite direction. Both the central ion and its cloud take the 

neighbouring solvent molecules along with them during their motion, 

which results in a retardation of the movement of the central ion. The 
+ 

retarding force is called an electrophoretic force, FE' 

The net total forces (Fig. 4.1) acting on the moving ion are: 

+ + + + 
F = F - (F

E
+ F

R
) , 

total 
(4.14) 
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-0-

F 

Fig. 4.1. The ion drift due to an electrical driving force and two 
retarding forces; the relaxation and the electrophoretic 
forces. 
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and the net drift velocity is, 

(4.15) 

where vO is the velocity directly resulting from the total applied 

field only, which excludes the influence of the interaction between the 

ion and ionic cloud. The vE and vR correspond to the electrophore-

tic and relaxation velocities respectively. 

Bockris (1973) expresses vE and vR as follows: 

Zi eaX + 
E 

v = • --E 61Tn 300 
(4.16) 

and 

u
O e2 X IJ) + conv 0 E v = ------- • R 6e:K T 

(4.17) 

_1 
The value of X refers to the thickness, or the radius, of 

~he ionic cloud which surrounds a refe~ence ion. Sometimes it is refer-

red to as the Debye-Huckel reciprocal length, and has a dimension in 

length. The value of X is: 

X = 
2 z2 e 2 N 

{ i 0 ~} 1/2 C 1 / 2 (4.18) 
e: e: kT o 

The value IJ) in Eq. 4.17 is the correction factor due to the type 

of electrolyte solution and is given by: 

1 + '1'2 
(4.19) IJ) =----

From Eq. 4.15, 4.16 and 4.17 the net drift velocity becomes 

Zie f __ o + 
IJ) 

6rrn &:kT 
1 

+ 
XE 
300 

(4.20) 
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and the conventional mobility is: 

Z e 300 uO 
if.!J) 

0 {~+ conv 0 } .lL u co u 
conv conv 

6rrn 6ekT 300 
(4.21) 

or in short form of 

0 _ A'c1/2 u u , conv "" conv 

1 
z e 

where, 0 i 0 u = conv 300 61Tn r 

and, 
2 2 2 

Zieo zieoNA 1/2 
A' = { } 

1800 1Tn E e: kT 
0 

0 e2 
!J) 2 4e~NA } 1/2 u 

+ 
conv 0 

f (4.23) 
6e:kT €o~kT 

where r is the effective radius of the ion, 

n is the ,,~scosity of the solution, 

€ is the dielectric constant of water and 

€o is the permitivity of the free space. 

From Eq. 4.22 shows that the mobility of ion is not a constant, 

but depends on the concentration of the ions. 

Since, the e~uivalent conductivity, A, of an electrolytic 

solution is simply Telated to the mobility of the constituent ion as 

follows: 

and 

A = F(u+ + u- ) 
conv r.onv 

AO = F(u+o + u-o ) • 
conv conv 

(4.24) 

(4.25) 



78 

From Eqso 4.22, 4024 and 4.25 one can derived the well-known 

Debye-Huckel-Onsager equution (Debye-Huckel,1923; Onsager!1927) for a 

symmetrical, z=z+==z_, electrolyte solution as: 

A = AO _ (A + BAo ). C1/ 2 , (4.26) 

zeoF 2 z2 e2 N 
}1/2 where A { i 0 A = , (4.27) 

900rrn €oEkT 

2 
2 2 

eo w 2 zeoNA }1/2 and B = 0K'r"""" { € € kT 
, (4.28) 

0 

or A = AO _ (constant) C1/ 2 • (4.29) 

Eq. 4.29 is known as the empirical law of Kohlrausch. The value 

of A and B of different electrolytes are tabulated in many publications 

(Robinson, 1959; Bockris, 1970). For water, A = 60.65 and B = 0.229. 

4.2 The Activity Coefficient 

In non-electrolytic solutions, the classical thermodynamic for-

mula for the chemical potential of solute species I is given by, 

o 
~i ~ ~i + RT InC i' (4.30) 

o 
where Ci is the concentration of the solute and ~i is the chemical 

potentiel in the standard state, or: 

o 
11 =" y1hen C

i 
= 1. 

"'i "'i' 

Since the solute psrticles in a solution of non-electrolyte are 

uncharged, they do not ~ngage in long-range coulombic interactions. The 

short-range interactions arising from dipole-dipole or dispersion forces 
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become significant only when the mean distance between the solute parti-

c1es is small. Thus, one can assume that there are no interactions 

between solute particles in dilute non-electrolyte solutions. 

However, in an electrolytic solution, the ion-ion interactions 

operate, whether one ignores them or not. Therefore, the measurements 

of the chemical potential Pi of an ionic species or any properties 

which depend on the chemical potential would reveal the error in Eq. 

4.30. In other words, experiments show that even in dilute solutions: 

o 
Pi - Pi :f:. RT 1nCi • 

In order to use Eq. 4.30 for non-electrolytic solutions, an 

empirical correction facto~ fi is introduced to modify the concentra-

tion term: 

(4.33) 

The term fiCi is an effective concentration and also known 

as the activity (ai) of the solute species i, that is 

and the correction factor, fi is called the activity coefficient. For 

an ideal solution, the activity coefficient is unity, and the activity 

becomes identical to the concentration: 

(4.35) 

The physical lueaning of the activity coefficient is a measure of 

the chp.mica1 potential change arising from ion-ion interactions. 

According to the Debye-Hucke1 ionic cloud model (1923), the activity 

coefficient is given by: 



RT lnfi = 
2 2 

NAZi eo 

8ne: e:X- 1 
o 

. where X_I is the radius of the cloud, 

-1 
X 

o 
and ni = CiNA, Ci is the concentration in mol/cm3 and NA is 

Avogadros' number. 
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(4.36) 

(4.37) 

It is realized that the reaction between ion-solvent leads to 

difficulties in measuring the free energy change of individual ionic 

specieso Therefore the mean ionic activity coefficient (f±), is 

introduced instead of the individual activity coefficient. It the 

uni-univalent electrolyte is: 

(4.38) 

the chemical potential of ~ ion is: 

(4.39) 

and the chemical potential of A- ion is: 

(4.40) 

Adding two expressions, one can obtain: 

0 + RT InC
A

_ + RT Inf
A

_ 11± = 11± , (4.41) 

where, 

~IM+ + l1 A_ 
11± = 

2 
(4.42) 
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0 0 

0 IlM+ + lJ
A

_ 

lJ± = 
2 

(4.43) 

C± = (C C )1/2 
M+ A- (4.44) 

and f± = (f f )1/2 
M+ A- , (4.45) 

where lJ± is the half chemical potential of IlMA-

For the general form 0f an electrolyte which has v+z+ valent 

positive ions and v_z_ valent negative ions, where v+ and v_ ~re 

the number of mole of positive and negative ions re8pectively, then 

z+ z z+ z 
M • A = v+M + v A (4.46) 

v+ v 

The mean chemical potential becomes 

0 + RT lnC± + RT lnf± (4.47) Il± = Il± 

0 + v 0 v, lJ , lJ 
where, 

..,.. ..,.. 
(4.48) lJ± ;:: 

v 

C± (Cv+ 
+ 

C~-)1/V (4.49) 

f± = (fv+ f~-) 1/v (4.50) + 

and, v = v+ + v (4.51) 

From Eq. 4.47, taking logarithms of both sides, the result is: 

lnf± 
1 

lnf+ lnf ) (4.52) ;:: v (v+ + v • -
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Apply Debye-lJuckel ionic-cloud model to f+ and f_ i.e., Eq. 

4.52, then 

where, 

c _ 
NA (z+z_)e~ 

Srre: oe: RT 

1 
X = {--

e: e: kT o 

Furthermore, 

I ni
o ~i e'2 = NAe2 ) Ci ~i i 0 0 i 

• X , (4.53) 

(4.54) 

(4.55) 

2 
Empirically, term 1/2.ECizi is known as the ionic strength 

of the electrolyte solution, symbolized by I, 

1 
I = -. 

2 
? C ~ 
iii 

Then, X can be written in term of ionic strength as: 

X = PI 1/ 2 

2N e2 

where, B = f A 0 11/2 • 
e: e: kT o 

Finally, the average activity coefficient becomes 

where, R = kNA, 

(z+z )e2 
- 0 

81Te: e: kT o 

• BI1/2 , 

or in term of logarithm base 10 

= - A(z z )1
1/ 2 

+ -

(4.56) 

(4.57) 

(4.58) 

(4.59) 

(4.60) 
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where, .t .. ;", __ 1_ 

2.303 
• B , (4.61) 

8rre: e: kT o 

~~he value of A and B for water at various temperature have been 

tabulated in Robinson (1959) and Bockris (1973), i.e., at 25 Co, ~ = 

0.5115 and B = 0.329.1. 

4.3 The Diffusion Coefficient 

From the empirical Fick's f1-rst lm.;r of steady state diffusion, 

the macroscopic description of the t~ansport process of species I from a 

region of high to a region of low chemical potential results from the 

chemical potential gradient created by a non-uniform concentration. 

This gradient is equiv,lent to a driving force for diffusion, which is: 

+ 
F = 

D 
(4.62) 

+ 
The diffusion flux (J) is related to the diffusion force by a 

power series: 
+ + + + 
J = A + BF D + cFt + D~ + ••• ( 4 .63) 

+ 
where A, B, C and etc, are constants. If however, FD is less than 

unity and sufficiently small, the terms containing the power greater 

than unity can be neglected, then: 

+ + 
J = A + BFD (4.64) 

But the constant A must be zero, otherwise, there is no driving force 

for diffusion. Then, the diffusion flux is linearly related to· the 

driving force as: 

+ + 
J = BF' • 

D 
(4.65) 
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The driving force on 1 mole of ions has been stated to be 

(-d~i/dx). Therefore, if the concentration of the diffusing species 

is Ci moles/unit volume, then: 

dll i 
J :: - BC -

i dx 
(4.66) 

The chemical potential is related to the activity of the species 

I, as: 

o 
Pi = ~i + RTln ai (4.67) 

which is the concentration dependent. For the non-·ideally solution, the 

diffusion flux is: 

+ 
J i = - BC i ~ {ll~ + RTln fiC i } , (4.68) 

or 

+ dCi dlnf i 
J = - BRT - f 1 + l 

i dx' dlnCi' 
(4.69) 

This is equivalent to 

+ dCi 
J i = D-

dx 
(4.70) 

BRT {I 
dlnf i where, D = + 1 (4.71) 
dlnC,· 

is the diffusion coefficient of the species I" that is not constant, but 

varies with activity coefficient and the concentration of the species. 

However, if the variation of the activity coefficient is not signifi-

cantly great~r than the concentration difference which produces diffu-

sion, then (Ci/fi)(afi/aCi) « 1, therefore, D is aSEumed to be 

a constant. 
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For the ideal solution, i.e., fi = 1, the diffusion coeffi-

cient is represented by Do, is becoming Do = BRT, which is known as 

the Fick's first law of steady state. However, the general rliffusion 

coefficient can be written as: 

D = 
dlnfi } D{1+ __ _ 

o dlnC • (4.72) 

i 

4.3.1 The Einstein Relation of Diffusion Coeffient and Ionic Mobility 

The diffusion process is characterized by the diffusion coeffi-

cient D, while the migration (conductiou) process is characterized by 

the absolute mobility uabs. Both processes are irreversible and are 

not in equilibrium in terms of thermodynamics or statistical mechanics. 

However, it is possible to imagine a situation where the processes op-

pose and balance each other as a "pseudoequilibrium" state, that is: 

Diffusion flux + Migration flux = o. (4.73) 

The diffusion flux is given by Fick's first law as: 

... 
J = - D dC 
D dx • 

The migration flux is given by: 

... ... ... 
= Cell b .F. a ~ 

By equating these two equationd, one obtains: 

dC 

dx 

... 
C.u b .F a s =-----

D 
• 

(4.74) 

(4.75) 

(4.76) 
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Under balanced conditions, the situation may be regarded as 

tantamount to equilibrium because there is no net flux or trans?ort of 

ionso Hence, the potential energy and concentration are related by the 

Boltzmann equation as: 

C = C e-U/ kT 
o ' 

(4.77) 

where U is the potential energy of an ion in the applied field, and Co 

is the concentration in a region where the potential energy is zero. 

Differentiating Eq. 4.77, the result is: 

1 dC == _ C e- U/kT ax 0 o-k-T o 

By definition of force, 

... 
F = dU 

dx 

dU 
dx 

C 
- 0 

kT 

Comparing Eq. 4.78 and 4.79, one obtains: 

dC C 
... 
F • = - 0 

dx kT 

dU 
dx 

o (4.78) 

(4079) 

(4.80) 

From Eq. 4.76 and 4.80, one can derive the Einstein relation between the 

absolute mobility and the diffusion coefficient (Einstein, 1926) as 

follows: 

D = 
U P'l' abs .... .L 

uabskT = -I-z-i-I-F- o (4.81) 

This relation is useful and permits experiments on diffusion to be 

linked up with other phenomena involving the mobility of ions, such as 
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the relation of diffusion and viscosity (Stoke-Einstein relation) and 

the relation of diffusion and conductivity (Nernst-Einstein relation). 

4.3.2 The Stoke-Einstein and Nernst-Einstein Relatiuns 

During the diffusion process, individual particles are execu-

ting complicated starts, accelerations, collisions and stops; which is 

known as the random walk. When a particle is engaged in its random 

walk, it is subjected to a viscous-drag force exerted by its environ-

mente But the application of Stoke's law (F=6nrnv) to these detailed 

randum motions is not easy because of the ranQ~m variation in the speed 

and direction of the: particles. Instead, one can apply Stoke's law to 

the diffusion m0vements of ions as Einstein suggested (Robinson, 1955; 

Koryta, 1970; Bockris, 1970). Thus, the Stokes-Einstein relation of 

diffusion and viscous flow is: 

D _ kT 
-~ , (4.82) 

where v is the velocity of the macroscopic body, r is the radius of the 

body and n is the viscosity of the medium. 

Also, the diffusion coefficient can be linked to the equivalent 

conductivity of the solution (A) as: 

where, 

and, 

z:F2 
A = RT. { D + + D J 

D => u b kT '" a s 

This relation is known as the Nernst-Einstein e~uation. 

(4.83) 

(4084) 
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4.3.3 The Porous Diffusion Coefficient 

In the cement waste form of leaching process, the system is sat-

urated with water throughout the porous matrix. It is also assumed that 

diffusion only takes place in the aqueous phase within the pore spaces. 

For such a system, it is possible to define. various di.fferent coeffi-

cients and care must be taken into account when quoting "the diffusion 

coefficient" to indicate the system being considered. 

In the free liquid, the diffusion coefficient (Df), if de-

fined, as usual, as: 

(4.85) 

where Ci is the concentration of species I in the solution. 

When the liquid is constrained by the pore structure of the por-

ous medium, one can define a similar diffusion coefficient (Dp), for 

the diffusion within the pore liquid as: 

+ 
J 

x 

+ 

dC
i = - D 

P dx 
(4.86) 

in which Jx is the flux per unit cross-sectional area of the pore li-

qU.'.d rather than the per unit area of the porous medium. The value of 

Dp is less than Df for two reasons: (1) the diffusion paths, and 

(2) the con~tricted cross-section. The diffusicn path in the pore 

structure is tortucus compared to diffusion in the free liquid and also 

the path direction is not parallel to the concentration gradient. The 
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diffusion paths are unlikely to have uniform cross-sections and may be 

become constricted at certain points. If e: is the volume fraction of 

porosity, 0 is the constrictivity and T is the tortuosity in the porous 

medium, then: 

(4.87) 

The quantitye:6/T2 or Q is known as the diffusivity of the porous medium 

(Brakel, 1974)~ and it is a useful parameter to measure the characteris-

tic properties of the transport in the porous medium. Whilst ~ and T 

are the properties of the porous medium alone, a depends both on the 

porous medium and the diffusion process. 

4.4 The Diffusion Potential 

If the solution of a z:z valent is instantaneously brought into 

contact with water at the plane x=O, as in Fig 4.2, then concentration 

gradients are formed. Concentration gradients exist for positive and 

negative ions, that start diffusing into the water. Since u+ * u-, 

for demonstration, assuming that u+ > u-. Frow Einstein's relation: 

"+ + D = u b kT and D - = u -b kT a s a s 
(4.88) 

or, 

The positive ions lead the negative ions in their rate of diffusion in 

water. When an ionic species of one charge ~Jves faster than a species 

of the opposite charge, any unit volume in the water phase will receive 
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. ... 

. ..... . 

Figo 4.2. An electrolytic solution is instantaneously placed in contact 
with water at Xo; the diffusion potentials develope at Xl 
X2. 

lJIo 

:: . 

x=o 

Electrolyte of 
Concentration Ceo) 

interphase 
region 

:;;;; ~ HH ~; l;: l :l; H;l H 

~::::::::::: 1:::::':-::1' 
x=.l 

Electrolyte of 
Concentration cO) 

Fig. 4.3. The potential difference 0/0-0/1 developed across the 
interphase region. 
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more of the fast-moving ions. At a distance away from the plane (x=O), 

at xl and X2 where X2 is farther away than xl' the pos:i.tive ions dif

fuse faster than the negative ions, and therefore, the greater the value 

of x, the greater is the ratio of C+/C-. The center of the positive 

charge tends to separate from the center of the negative charge. Hence, 

there is a tendency for segregation of charges and breakdown the law of 

electroneutrality. The potential difference between two unit volumes at 

X2 ana xl opposes the attempt at charge segregation. The faster moving 

positive ions face strong opposition from the electroneutrality field, 

and they are slowed down. 

In contrast, the slow moving negative ions are assisted by the 

potential difference (arising from the incipient charge separation), and 

are speeded up. When a steady state is reached, the acceleration of the 

slow negative ions and the rleceleration of the initially fast positive 

ions, resulting from the electroneutrality field that develops, exactly 

compensate the inherent differences in mobilities. The electronuetral

ity field level ionic mobilitie.s, accelerating and retarding ions ac

cording to their need, so as to keep the situation as electroneutral as 

possible. 

In conclusion, whenever solutions of differing concentration 

come into contact diffusion occurs, and there is a tendency for charge 

separation due to differences between ionic mobilities. A potential 

difference develops across the interphase region in which there is 

a transition from the concentration of the other. This potential is 

known by the generic term of "diffusion potential", (11' diff). 
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The important step in the derivation of the diffusion potential 

is the assumption of a steady state condition, i.e., the electroneutral-

ity field is maintained. This means that the quantity of positive 

charge flowing into a volume element is equal in magnitude but opposite 

in sign, to the quantity of negative charge flowing. That is: 

(4.89) 

or, (4.90) 

... ... 
Substituting J+ and J_ into above equation, one has: 

(4.91) 

Applying the electroni;~trality condition 1: Cizi ::: 0, to Eq. 4.91 and 

rearranging it gives: 

RT 

F 
• .' grad Ci • 

Generally for a single electrolyte, Av+Bv- with C = C+/v+ 

=c_h>_, z+v+ + z_v_ ::.: 0, ai = fiCi and dlnC = dlnC+ = dlnC_, 

then Eq. 4.92 bec~ffies (Koryta, 1970): 

+ RT 
Ediff = [z+D+v+. 

CF f ~D+v+ + z:D_v _ 1 ' 

a lnf+ a lnf 
{ 1 + 1 + z D V {+ -} ] grad C • - - -a InC a InC 

(4.92) 

(4.93) 
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In terms of transport number, Bockris (1973) applied the Onsager 

phenomenological (1931) to the derivation of diffusion potential, on the 

basis of non-equilibrium process. The results are: 

• (4.94) 

Figure 4.3 shows the potential difference that develops across the f~-

terphase region of thickness dx. 

The total diffusion potential across a transition region extend-

ing from x=o to x=l, can be derived by integrating Eq. 4.94 making the 

following assu~ptions: 

1. The activity coefficient is equal to 1 for the ideal solu-

2. The transport number ti is constant. 

3. The concentration varies linearly with distance, that is: 

and 

Ci (1) Ci(o) 
k i = ---1--- (4.95) 

where 1 is the thickness of the interphase region, and k is the 

constant. The results are: 

- bVf diff • In (4.96) 

Equation 4.96 is known as the Plank-Henderson equation of 

diffusion potential or liquid-junction potential. 
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In general the case of the single electrolyte of Av+Bv-, Eq. 

4.96 becomes: 

- l::.'¥diff = 
RT 
F 

(4.97) 

where 

u " 
and t (4.98) 

4.5 The Desorption Rate 

The desorption rate, or the product:f.on rate of a radioactive 

species desorbed from the solid matrix into aqueous solution, is consid-

ered by the interaction of the species ion in the solid crystal and the 

surrounding solvent. The interaction then is expressed in terms of 

energy changes and the desorption rate considered by the activation com-

plex theory_ 

Recent concepts of the ionic solids suggest that the solid will 

be dissociated completely into ions (Kuning, 1982). Each ion of the 

crystal is surrounded by a fixed number of ions of the opposite charge, 

and is subjected to a certain coulombic attractive force which depends 

on the relative charge of the ions and the distnnce between them. It 

follows that an ion at the surface of a crystal is subject to fewer 

attractive forces than a similar ion beneath the crystal's surface. If 

the ~rystal is placed in a highly polar medium such as water, the net 
.'. 

attractive forces binding the ion to the crystal are diminished to such 



a degree that an ion exchange, or a reaction with another ion in solu

tion may occur. The replacement of surface ions by other ions depends 

on: 

1. The nature of the forces binding the ion to the crystal. 

2. The concentration of the exchanging ion. 

3. The charge of the exchanging ion. 

4. The sizes of the two ions. 

58 The accessibility of lattice ions. 

6. The solubility effects. 
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The exchange of these crystal lattice ions is analogous to the 

mixing of two soluble electrolytes. However, the structure must be por

ous enough to permit an exchanging ion to diffuse into the lattice. 

Dense structures will not permit the exchange of ions unless they are in 

c fine state of subdivision, whereas, less dense structures allow ion 

exchange without prior reduction to a finely divided state. Therefore, 

the exchange of ions in heterogeneous systems is quite common and some 

should occur whenever any ionic solid comes into contact with any elec

trolyte. But the exchange of crystal lattice ions may occur in many in

stances by solubility effects and by the ability of ions to penetrate 

the crystal lattice. 

4.5.1 The Ion-solvent Interaction. 

When radioactive waste is solidified in cement, the nuclides 

contained in the waste are bound chemically by absorption or physically 

by adsorption within the massive or cry~tallized solid structure by the 

inter-ionic force in a crystal matrix. lfuen the waste form is immersed 
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in water, the radioactive ions desorbe from the crystal matrix. Desorp

tion occurs by two processes; dissolution and ion exchangeu Water help~ 

to loosen the inter-ionic forces in the ionic crystal and mobilizes ions 

into solution. Ions in solution are constantly affected by ion-solvent 

forces. The ion-solv~nt inter.~ctiono can be developed and measured 

quantified by computating the free energy change of ions transferring 

from the crystal into the solution, as shown in Fig. 4.4. 

4.5.2 The Free Energy 

In general, the free energy change (tG), which a system under

goes in a process is given by: 

~ G = ~ E + p~ V + V~ P - T~ S - S~ T. (4.99) 

If the process occurs at constant pressure and temperature, that is, 

~p = 0 = ~T, (4 .. 100) 

then, 

~ G = ~ E + p~ V - Tt. S. (4.101) 

Furthermore, the process is rever.sible, and the heat (Q) put into the 

system is related to the entropy change through: 

Q = T~S, (4.102) 

and, from the first law of thermodynamics~ 

~E = Q - W = T~S - w, (4.103) 

where W is the total work done by the system. From Eq. 4.101 and 4.103, 

one derives: 

~G = - (W - p~ V). 
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Initial State Final State 

No ion-solvent Free Energy ion-solvent 
interactions 

Change 
interactions 

, 

~G I-S 
, 

. 

" Fig. 4.4. The free energy change arising from ion-solvent interaction. 

Water Molecules Network 

Unassociated Water Molecules 

Fig. 4.50 The schematic of a network of water molecules with 
unassociated moleculeso 



Since, W is the total work (including mechanical work) and p~V is the 

mechanical work of volume expansion, then: 

~G CI - (Work other than mechanical work done by the system) 

or, 

~G CI (Work other than mechanical work done on the system) • 
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(4.105) 

4.5.3 The Structure of the Water Molecule Network 

The structure of water is a bent molecule of hydrogen and oxygen 

atoms. Six electrons from oxygen and two from hydrogen interact, when 

the oxygen atom forms a bond with the hydrogen atom; the four pairs of 

electrons tend to become distributed so that they are most likely to be 

foun4 in four approximately equivalent directions in space. T~e elec

tron orbitals ~re arranged approximately along the directions joining 

the oxygen atom to the corners of a tetrahedron.' Eight electrons around 

the oxygen are s?:~ hybrids ~ Of the four electron orbitals, two are used 

for the Q-H bond, and the remaining two remain as free orbitals for the 

lone pair of electrons. 

The free orbital electrons have an interesting property on water 

molecule. The center of gravity of the negative charge in the water 

molecule does not coincide with the center of the positive charge. In 

other words, there is a charge separation within the electrically neu

tral water molecule. The molecule can be considered as electric dipole. 

The moment of a dipole is defined by the product of the full electronic 

charges at either end multiplied by the distance between the centers of 

the electrical charge. 
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The two lone pairs of electrons can bond e1ectrostatic;aJ.1y to 

other hydrogen atoms of anot-her molecule of water, to form an associated 

water molecule. In aGdition to the water molecules which are part of 

the network, there can be a certain fraction of structurally free, 

unassociated water molecules in the interstitial regions of the network 

(Fig. 4.5). When a water molecule breaks i16 hydrogen bond with the 

network, it can move into the interstitial regic~s and th~n rotate 

freely. 

405.4 The Structure of Water Molecule Near an Ion 

When an ion is in water~ the spherically symmetrical electric 

field of the ion may tear water dipoles out of the water lattice and 

orient them so that they point the appropriately charged \~nrl toward the 

central ion. The force interact between ion point charge and the sol

vent molecule electric dipole is known as the ion·-d:tpo1e forces. 

Because of these forces, a certain number of water molecules in the 

immediate vicinity of the ion may be trapped and oriented in the ionic 

field. Such water molecules cease to associate with other water mole

cules that form the water network. They are immobilized except when the 

ion moves, in which case the sheath of immobilized water molecules moves 

with the ion. This stabilized region is referred as the prima~y solvent 

sheath as depicted in Fig. 4.6. 

At a sufficient dista~ce from the ionr the influence of the ion

dipole forces becomes negligible, because the ionic fields have attenu

ated to zero. The normal structure of water is undisturbec1, and is 

referred as bulk water. 
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'~~~-In-between Region 

::.;.o-~~~--Ion 

Primary Sheath _~~;-;-;-;~~I 
01 Water 

'J>o;.l~-- Bulk Water 

Fig. 4 .. 6. The schematic diagram indicates the appropriate water·-dipole 
end nriented toward the central ion in the primary solvent 
sheath. 

Primary Region -+......,.,.~~,<-\--=~ ~~~~_Secondary Region 
Oriented Water Partly-oriented Water 

Unoriented Water 

Fig. 4.7. The neighborhood of an ion in the water, with three regions; 
the primary, the secondary and the bulk regions. 
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In the region between the primary solvent sheath and the bulk 

~fater, the water molecules are caught between two types of influences; 

the ions and the water network. The "in-between" water therefore adopts 

a compromise structure that is neither completely c~iented nor disori

ented depending on the distance from the ion. This region is referred 

to as the secondary region with partly-oriented water or structure

broken region (Fig. 4.7). 

4.5.5 The Ion-Quadrupole Model 

B~ckingham (1957) introduced the concept that the structure of 

the water molecule was a quadrupole, i.e., it had four charges, instead 

of a dipole, as shown in Fig. 4.8. When an fon contacts a water mole

cule in the primary hyJration sheath, the ion is close enough to see one 

positively charged region near each hydrogen nucleus and two negatively 

charged regions, corresponding to the lone pairs near the oxygen atom. 

The charge distribution in water molecule is represented by four chargE1 

of equal magnitude q, a charge of +q near each hydrogen atom and two 

charges each of value -q near the oxygen atom. 

The work of ion-water molecules may be viewed, in theory, as 

consisting of six steps as follows (Fig.4.9); 

1. A cluster cf n+1 water molecules is removed from the solvent 

to form a cavity (WCF). 

2. The cluster is dissociated into n+! independent water mole

cules (Wo). 



Oxygen 
Atom 

Hydrogen 
Atoms 

-Lone 
Pairs 

102 

-q -2q 

Fig. 4.8. The electrical equivalence betweeIl a water molecule and 
a quadrupole. 

Ion 

@ 

Molecules 

Remove 
n+1 
Molecules! 

n-Solvent 
Molecules 

Transfer 

1 
Solvent 
Molecule 

CondensF! 

Fig. 4.9. A thought experiment to separate out various aspects of 
ion-solvent interactions. 
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3. The n out of n+l water molecules are associated with an ion 

in the gas phase through the agency of ion-quadrupole 

(WI-Q)· 

4. The primary solvated ion thus formed in the gas phase is 

plunged into the cavity (WBe). 

5. The introduction of the primary solvated ion into the cavity 

leads to some structure breaking in solvent outside th-:! 

cavity (WSB). 

6. The water molecule left behind in the gas phase is condensed 

into the solvent (We). 

The six steps are summarized in Fig. 4.10. 

The Wn work of breaking the cluster and separating the n+l 

water molecules is the work required to break hydrogen bonds or dipole

dipole forces. About 5 kcal/mole is required to break hydrogen bonds, 

therefore the value of Wn depends on the number of water molecules in 

the cluster (n). FoT. an ion surrounded with four water molecules in a 

tetrahedral configuration, (Fig. 4.11) the cluster consists of five 

watcL' molecules, and four hydrogen bonds must bl? bro1:<en per. cluster to 

separate the water molecules. Since one mole oi a cluster must be 

removed from the water for the solvation of one mole of ions, it is 

necessary to break four moles of hydrogen bonds per mole of ions. This 

l>1Ork is required 20 kcal /mole of ions. 

The tole work of condensing one mole of water molecules per mole 

of ions may be obtained from experimental data on the latent heat of 

condensation; and thiE· 'york is required -10 kcal/mole. 
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....------------f. +' :}~:;J.' ----, 

ws 

Fig. 4.100 The total work of ion-solvent ~W interaction separated into 
various steps of cavity formation \Vl, cluster didsociation 
W2, ion-ciipule W3, Born charging W~, structure breaking Ws 
and condensation Ws. 
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Oxygen_~~~ 

Atom 
~9-1;f-_Hydrogen 

Atom 

Fig. 4011. Four hydrogen bonds in a tetrahedral configuration have to 
be broken to separate the cluste~ of 4+1 water molecules. 
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The cavity formation work (WCF), and the structure-breaking 

work (Wsn), may be considered as follows. When the n+l water mole

cules are removed to form the cavity, a certain number of hydrogen bonds 

linkir.g these molecules to those outside the cavity are broken. When 

the primary solvated ion is introduced into tha cavity, some of the sol

vent molecules surrounding this ion have to be-reoriented. This orien

tation leads to the breakage of some hydrogen bonds and the formation of 

the others. Thus, if one considers the combined steps of cavity forma

tion and structure-breaking, a certain net number of hydrogen bonds will 

be broken. 

A simple way of getting this number is to look at the water 

structure before and after the solvated ion is introduced into the cavi

ty (Fig~ 4.12). Twelve hydrogen bonds are broken during the cavity for

mation step when five water molecules are removed, but only ten hydrogen 

bonds are formed when the primary solvated positive ion is introduced 

into the cavity. A net number of two hydrogen bonds are broken per ion 

in these combined processes of cavity formation and structure-breaking. 

Correspondingly, work or WeF + P.SB :reG'.JireG 10 l~cnl/!!l.cl of ions < 

Therefore; 

(l· " 106) 

The' WBC 'to1Ork required tn put the ion into the solvent is given 

by the sum of the work done to discharge an ion in vacuum and of the 

work done to charge it up in the solvent of dielectric constant Ew. 

According to the Born model (1920), a sphere of radius ri and charge 

of zieo' this work is given by: 



Ion Atom 

Oxygen 
Atom 

a) BEFORE INTERACTION 

~ 2-Hydrogen Bonds 
~ -Not Re~ormed 

Hydrogen Atom 

t" b) AFTER INTERACTION 
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Fig. 4.12. The schematic diagram of a water cluster before and after 
ion-solvent interaction: two hyaro&cn bonds are not 
reformed. 
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WBe Q Work of discharging equivalent sphere in vacuum 

+ Work of charging equivalent sphere in solvent. 

Z2. e2 Z2. e2 
i 0 + i 0 per ion r.: - • 

2 r., ... 2e: wr i 

NAzi~ 
{I - ~} mole of ions =. per • 

2 ri E: w 
(4.107) 

The WI-Q work needed to form a a primary solvated ion through 

the agency of ion-quadrupole force is consisted of two terms, ion-dipole 

interaction ~nd ion-quadrupole interactions. This work is given by 

Bockris (1973) as follows: 

Zi e II zi e p 
W

I
_
Q 

o w + o w per ion = 
(rii- r )2 (r i + r )3 

w w 

4NAzieollw 
+ 

4NAzi eopw 
per mole of ions (4.108) --= -

(ri + rw)2 2(ri + rw)3 

~olhere ll,ol is the dipole mOiuent of water molecule an.d Pw is the quad-

rupole moment of water molecule. 

Therefore, the total work of ion-w?te.r :i ntc.i:"Cict ........ ··1 is 

= 20 

+ 

2(r i + 2r ) 
v1 

LiN AZieopw 

2(r i+ rw)3 

= ~G (Ion-water interaction). (4.109) 
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4.5.6 The Rate of the Process 

The rate of the process may be obtained by the application of 

the activation complex theory, i.e., an ion jumping from site to site 

(Glasston, 1946; Sheehan, 1970; Moor, 1972; Bockris, 1973). If the 

reaction of 

A B (AB)++ + P d . + + ro ucts , (4.110) 

the transition-state then is expressed in terms of thermodynamic func-

tions as follows: 

(AB++] 

[A] [B] 
{4.1l1) 

From Eyring's equation of rate constant (Eyring, 1935), the rate 

constant of the process (k2 ), is given by: 

kT 
= -. 

h 
(4.112) 

Since, flG = - RT ln K++ = flH - ThS • (4.113) 

Combining these two equations gives a final value for the rate 

process of the the reaction as: 

k = kT • e - fl GI RT = kT 
2 h h 

fl SIR -flH/RT 
• e .e. , 

where k is the Boltzmann costant, h is the Plank constant, R is the gas 

constant and T is the absolute temperature when the reaction takes 

placeo 

4.6 The Diffusion Layer 

In the interface region between the solid and the solution 

boundary of the fluid flow system, ion transport may included the diffu-

sion and convection. In the case of laminar flow over any plane 
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parallel co the direction of flow, a shear stress develops due to dif-

ferences in velocity at the successive points normal to the direction of 

flow. If the process is in steady state in the neighbourhood of the 

interface region, a hydrodynamic layer is formed near the phase boundary 

where there is a considerable velocity gradient in the solution. At 

positions adjacent to the phase boundary, the relative velocity of th~ 

solution with respect to the solid phase is equal to zero. Consequent-

1y, the velocity distribution near the boundary is similar to that shown 

in Fig. 4.13. This layer is sometime refe~red to as the Prandtl bound-

ary layer of the thickness 00. 

4.6.1 The Prandt1 Boundary Layer 

The Prandt1 boundary layer is a consequence of the non-ideal 

(viscous) properties of the liquid. The viscous flow is described by 

the Navier-Stokes equation as: 

~~ + (~ grad)~ = - grad g + V\1L~ + ! (4.115) 

+ 
where V is the velocity of the liquid, p is the hydrostatic pressure at 

a given point, p is the density of the liquid, v is the kinematic vis-

cosity of the liquid (v = nIp), n is the viscosity coefficient of the 
+ 

liquid and F is the external force acting on a VOLume element of the 1i-

quid. Such an eAternal force may be the force of gravity, which causes 

streaming of the liquid in cases where there are density gradients. For 

the steady state and in the absence of a density gradient, the partial 

differential equation is reduced to: 

+ + + 
(V grad)V = - ! grad p + v\1L V , 

P 
(4.116) 
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Fig. 4.13. The hydrodynamic layer 00 along a flat surface& 
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(4.117) 

If the liquid is incompr~ssible, the equation of continuity holds; 

a" x 
-ax + (4.118) 

Applying the dimensionless parameter to the co-ordinateG, veloc-

ity and pressure as follows: 

x x y=!... and Z 
z = , = 

1 1 1 
(4.119) 

v v v 
V x V y and V z = = = (4.120) 

x V y V z V 
0 0 0 

and pressure; P = P 

V2 
P 0 

(4.121) 

where 1 is the length of the phase bou~dary in the direction of the flow 

and Vo is the flow rate outside the hydrodynamic layer. The Eq. 4.117 

and 4.118 become 

V x 

av 
u 

ax 

av 
+V ~ 

y ay 

av av av 

+ V 
av 

u 

Z az 
a P, \1 =-_T __ • 

au V 1 o 

and x + __ y + __ z = 0 for u = x,y,z and U = X,y,Z. 
al ay az 

The dimensionless number in Eq. 4.122, 

V 1 o 
\1 

i::: Re 

(4.122) 

(4.123) 

(4.124) 
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is called the Reynolds number, whose value, characterizes the flow of the 

liquid in the system. l~en the Reynolds number is small, the flow is 

laminar, which means that the velocity is stationary and its change is 

monotonic in a direction perpendicular to the phase boundary between the 

solid phase and the region of maximum relative velocity of the liquid. 

For very large values of Reynolds number, the flow becomes turbulent, 

which is the movement of the liquid becomes chaotic and is accompanied 

by local, pulsations. The critical value of the Reynolds number of a, 

liquid flowing along the smooth plate is greater than 1.5xl03 will be 

considered as the turbulent flow. However, the critical value may be 

considerably decreased by the roughness of the surface. 

For the purposes of assessing the thickness of the Prandtl layer 

00 , the system is characterized by two coordinates; the distance in 

the direction of the flow x and the perpendicular distance from the 

boundary y. If the dimensionless variables are: 

x x and Y - Y = -- r 
I 0 

where, o < X ~ 1, o < y < 1, and I » 0 , (4.125) 
0 

then Eq. 4.117 and 4.118 become: 

v av v av 1 
aLv aLv 

x x y x ~+~ __ x+~ x (4.126) + = 
1 ax 0 ay pI ax 1L ax..! oL ayL 

0 0 

v 3v v av aL v aLv 
x y + y +2 __ l_~+~ __ y_+~ y (4.127) = 

1 ax 0 ay po ay lL a XL OL a yL 
0 0 0 
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From Eq. 4.128 , one may calculate: 

cS 1 a v 
v = - ~ f • dYe y 1 0 ax 

The value of avx/ax is of the order of vx• In view of this, the 

value of the integral also is the order of vx ' then: 

« v 
x 
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(4.128) 

(4.129) 

(4.130) 

Applying Eq. 4.130 to the Eq. 40126, one can see that the left-hand 

sided has two terms of the same order of magnitude V2/l. At the outer 
x 

edge of the thermodynamic layer, this value is equivalent to V2 /l. On 
o 

the right-hand side, the change of the pressure along the coordinate x 

can be neglected, and the remaining two terms wculd have the approxima-

tion of 

\l .,. --v 
cS~ x 

(4.131) 

and one can neglect the term \la 2 vx/12a X2. At the outer edge of th" 

thermodynamic layer, the remaining term is approximated as: 

a2 v 
\l x --- '" 
02 ay2 

o 

then Eq. 4.126 becomes: 

1 
\l V 
~ 0 o 

(4.132) 

(4.133) 
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and the thermodynamic thickness is 

0
0 

AI {"~ } 1/2 ::: l//Re • (4.134) 
o 

In the case of the flow along the planar surface, the velocities are ap-

proxima ted by: 

V RI 
X 

v . oy 
and V AI 

Y 
(4.135) 

and in this conclusion, the formation of the hydrodynamic layer is pos-

sible if the flmY' is laminar. 

4.6.2 The Nernct Diffusion Layer 

From the equation of electrolyte transportation, 

+ + 
(4.136) 

combining the effect of diffusion and migration in one term with the ef-

fective diffusion coefficient D, and at the steady state, so that: 

+ 
D ",2 C - V grad c = 0 , 

or, in the Cartesian coordinates: 

with the dimensionless parameters; 

V 
Y 

v 
= y 

V-o 
and 

v z 
Vz = V

o 

(4.137) 

(4.138) 

(4.139) 
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and 

x y :: y Z 
z and C X::_, c: ""- c=-

I 1 I Co 
(4.140) 

one can obtain 

~+ ~+ ac D f a2 c a2 c a2 c 
V V V ----- -+-+-l • x 

ax Yay Z a z v I a x2 a y2 a Z2 
0 

(4.141) 

The expression vol/D:: Pe is the Peclet number, and Pe/Re = Sc is the 

Schmidt number. For the most liquids, Sc » 1 (water under normal con-

dition Sc ~ 103). Since the hydrodynamic layer is formed at 

the phase boundary if Re » 1, the Peclet number always will be much 

larger than unity. This means that the diffusion coefficient in liquids 

is snaIl even at low velocity of flow. Under the~c conditions, one may 

neglect the right-hand side of Eq. 4.141, then 

v 
x ax 

dC +V~+vac 
y ay Z az 

:: o • (4.142) 

which describes the situation outside and (in part) also inside the hy-

drodynamic layer. The solution of Eq. 4.142 is obvio'.l9J.y~ c :: 1. 

However, at the phase boundary the concentration has a different 

value c = C*/Co which is determinp.d by the processes occurring in 

this region. Furthermore, in the thermodynamic layer, the flow velocity 

d~creases, so that, finally the diffusion process expressed by the term 

in brackets on the right-hand side of Eq. 4.141 no longer be neglected. 

This region, which is situated inside the hydrodynamic layer, is the 

d:f.ffusion boundary layer or the Nernst layer, having a thickness of 15 • 
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In conclusion, there are two regions in the interface region 

between the solid and the solution, in the first of which the concentra-

tion is determined by convection (and is held constant) while in the 

second, a rather thin layer at the phase boundary, the convective diffu-

sion controls the concentration as shown in Fig. 4.14. 

For the approximation'of 0 it may be assumed that the phase 

boundary is situated in the x-z plane and the flow of the liquid occurs 

in the direction of the x-axis. Then one may neglect the the differen-

tial with respect to z, and also assume that C* = O. Various terms in 

Eq. 4.141 have the following approximate 'Jalues: 

.. 
a2 C ac C ac C a' C C C (4.143) ~ ~ - '" --~ • 

ax 1 ay c ax2 12 ar 02 

Therefore: 

ac « ac , and a2 C « a2 C -- -- • (4.144) 
ay ax ar ax2 

Inserting the value of Vx and Vy tcgether with the approximation of 

Eq. 4.144 in to Eq. 4.138 with y = 0, one obtains, 

(4.145) 

or, 

(4.146) 

4.7 The Double Layer Model 

At any interface of nonhohlogeneous syste~, there is always an 

unequal distribution of electrical charges between the two phases. This 

unequal distribution causes one side of the interface to acquire a net 
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Fig. 4.14. The sketch of two layers at the interface of the solid
leachant system; the Nernst's layer and the hydrodynamic 
layer. 

Layer 1 Layer 2 

(Electrode) 

( '-

Fig. 4.15. An electrical double layer at the solid-solution 
interface. 
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charge of a particular sign and the other side to acquire a net charge 

of the opposite sign, 60 giving rise to a potential across the inter

face, the so-called electrical double layer (Fig 4.15). Since overall 

electrical neutrality must be maintained, the net charge of one side of 

the interface must be balanced by an exactly equal net charge of oppo

site sign on the other side of the interface. 

Many of the general text books on electrochemistry discussed 

thr.ee models of this double layer at the interface region. The first is 

Helmholtz-Perrin paraJlel plate condenser model (Helmholtz, 1879; Per

rin, 1904), that generates perfect parabolic electrocapillary curves and 

constant double layer capacities independent of potential. The second 

model is the Gouy-Chapman ionic atmosphere model (Gouy, 1903; Chapman, 

1913), that 'argues for an inverted parabolic dependence of capacity on 

the electrode charge. The third model is the Stern synthesis (Stern, 

1924) of the Helmholtz-Perrin and Gouy-Chapman models which is based on 

finite sized ions and so eliminates the troublesome high Gouy-Chapman 

capacities. These three models still have some inexplicable values in

cluded in their models. 

A new concept of the double layer has been obtai.ned by applying 

the contact adsorption model into the interface region (Bockris, 1973). 

In this new hypothesis of the double layer, three sublayers are consi

dered (Fig. 4.16): 

1. The solid suface layer. 

2. A second layer that is largely occupied by water dipoles. 

The excess charge on the soiid surface layer produces a pre

ferential orientation of the water dipol~s. This is 
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Fig. 4.15. A detail of the double layer model, with three layers: 
solid surface layer, Inner Helmholtz Plane and Outer 
Helmholtz Plane. 
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Interphase Region 

Adsorbed 
Material 
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Fig. 4.17. The surface excess at the interphase region. 
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analogous to the hydration sheath of the electrode of a 

electrod-electrolyte system. The net orientation of dipoles 

varies with the charge on the solid surface layer, and the 

dipoles can even turn around and be oriented away from the 

solid surface layer. The locus center of these water di-

poles sheath is referred as the Inner Helmholtz Plane (IHP). 

3. The third layer is largely reserved for solvated ions. The 

locus center of these solvated ions is called the Outer 

Helmholtz Plane (OHP). The excess charge density in this 

layer is due to the solvated ions and is equal and opposite 

to that on the solid surface layer. The solvated ions in-

cluded are the central ion and those primary water sheath. 

4.7.1 The Accummulation of Ions at the Interface Region 

At the instant when the solidified waste form is immersed in 

water, the double layer has not yet been formed. At t > 0, the ions 

from the solid waste f;.yrm diffuse to the water and create a concentra-

tion gradient between the two phases. The anisotropic forces at the 

boundary begin to operate, separating and sorting-out the various 

charges in the interface. The double layer then is formed. The expect-

ed concentration as the time increase would have altered the initial 

value from the value before the double layer was formed. The departures 

from the initial concentration is referred to the excess concentration: 

C ( ) = C'(x) - CO i xii (4.147) 

Excess concentration = Actual concentration - Initial concentration 
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and the total excess concentration, known as the Gibbs surface excess 

(r), is given by: 

Ci(x) dx • (4.148) 

The surface excess is either a positive or negative quantity 

depending on whether the depature from the initial concentration is 

positive or negative, i.e., on whether there is an accummulation or 

depletion of a particular ionic species in the interface region. 

The surface excess of a particular species can be assumed to be 

equal to the quantity of that ion adsorbed per unit area on the surfa~e 

of the interface region, that is: 

r 
i 

= 1 

A 
ra C (x) dV =.!.. fa d(Lln ) 

o i A 0 i A A 

where dV is' the volume of an infinitesimally thin lamina'having a cross 

section A, ni is the actual number of moles of species I in the 
o 

interface region, n is the number of moles that there would have been 
i 

if there had been no double layer, and A is the area of the interface, 

(Fig.4.17). 

From Eq. 4.149 one can see that the amount of adsorbed material 

per unit area nitA is not equal to the surface excess. However, if 
0 

the initial C.oncentration (n i)' tends to approach zero, adsorption may 

be taken as approximately equal to the surface excess. Generally, this 

excess is expressed in terms of surface tension and chemical potential 

energy and is known as the Gibbs adsorption equation (Gibbs, 1928) as 

follows: 

(4.150) 
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where, dy is the change in the surface tension of the solvent at the in-

terface , ri is the surface excess concentration of the component of 

the system per unit area, and ~i is the change in its chemical 

potential. 

Equation 4.150 is the equation that is fundamental to all the 

adsorption processes that occur in the interface region of a solid-li-

quid system. At the equilibrium state, the chemical potential may be 

written as ~i = RT dIn ai, thus Eq. 4.150 may be written as: 

dy = - R'I' L r dIn a i ' i i 
(4.151) 

or, 

dy = - RT L r i dOn Ci + In f i ) . 
i 

(4.152) 

4.7.2 The Gouy-Chapman Free Energy 

Consider a plane surface of a solid phase, bearing a uniform 

charge density, that is in contact with a solution phase containing 

positive and negative ions. The electrical potent~al at the surface is 

~o' and it"decreases as one proceeds out into the solution. At any 

point, the potential ~ determines the potential energy, zeo~' of the 

ion in the electric field, where z is the valency of the ion and eo is 

the charge on the electron. The probability of finding an ion at some 

particular point will be proportional to the Boltzmann factor of 

exp(-zeo~). For an elect~olyte solution consisting of two kinds of 

ions of equal and opposite charge, +z and -z, then: 

n 
ze ~ /kT 

c n e 0 
o 

and 
+ -ze ~ /kT • 

n = n e 0 
o 

(4.153) 
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Some assumptions are necessary to estimate the energy change in 

the double layer: 

I. Some charges are repelled from the surface, and some are 

attracted, depending on the charge at the surface of the 

solid layer. 

2. The system as a whole should be electrically neutral so that 

at a distance far away from the surface n+ = n-. At the 

distance close to the surface, however, there will be an 

excess of some charges, that will be balanced by an equal 

and opposite net charge on the solid surface. 

3. The lor-al potential is affected by the local charge density, 

and the interrelation between the two must be considered. 

Since, the net charge density p at any point is given by: 

p = ze (n+ + n-) = -2n ze sinh (ze ~/kT) • 
000 0 

(4.154) 

The integral of p out to infinity gives the total excess charge in solu-

tion per unit area, and is equal in magnitude but opposite in sign to 

the surface charge density a: 

a = - fa p dx • 
o 

(4.155) 

This situation is one in which a double layer of charges develop at the 

interface region with one layer localized on the s~rface of the solid 

plane, and' the other localized in the diffusioa region extending into 

the solution. 

The mathematic relation between the divergence of the gradient 

of the electrical potential at a given point and the charge density at 

that point is known as Poisson's equation; 
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, (4.156) 

wnere € is the dielectric constant of the medium and €o is the permit

-1'+ tivity of vacuum (=8.854x10 F/cm). Various forms of the solutions 

to the Eq. 4.154 and 4.156 were proposed by Gouy (1917), Chapman (1913), 

and Debye-Huckel (1924) and these were summarized by Verwey and Overbeck 

(1948) and Kruyt (1952). Perhaps the best known treatment is that of 

the simple Debye-Huckel theory that concerns itself with inter-ionic 

attraction effects in electr.olyte solution. From Eq. 4.154 and 40156, 

CIne has: 

2n ze 
V2'l' '" 1 0 °l. sinh (ze '¥ IkT) • . €€ 0 

o 
(4.157) 

If zeo'l' is small compared to KT the exponentials in Eq. 4.157 may be 

expanded in series, and only the first terms employed. The result is: 

when ions of various cha~gcs involved, X2 is given by: 

e2 
X2 = __ 0_ 

€€okT 

The general solution to Eq.4.158 for the jth kind of ion is: 

e z. 
'l'j(r) = ~ 

€€o 

-xr e . -r 

(4.158) 

(4.159) 

(4.160) 
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This solution, kno~m as the solution of the Poisson-Boltzmann equation, 

describes how potential falls off with distance. The quantity X now is 

associated with the size of the ion atmosphere around each ion, and as 

usual X-I is, the ion atmosphere radius. 

In the case of a plane charged surface, the diffuse double layer 

is treated by the Gouy and Chapman approaches. In one dimension, the 

term 'i] 21i' is replaced by d21i' /dx?-, hence 1jJ is now only a function of dis-

tance normal to the surface. It is convenient to define the quantities 

y an'i Yo as follows: 

Y = ze Ii' /kT and y = ze Ii' /kT o 000 
(4.161) 

then Eq. 4.157 b~comes; 

:J = x2 sinh y .• (4.162) 

Applying the boundary condition of y = 0 and dy/dx = 0 for x = a, then 

the first integral is: 

dy 
dx = 2.)( sinh (y/2) • 

Combine Eqs. 4.155 and 4.156 one can obtain 

a :::I - ra 
p dx 

. 0 
a d2'1' = ££ f {~ • dx o 0 d x 

(4.163) 

= 1:":£ 
o 

{ d¥} • 
dx x= 0 

(4.164) 

Inserting the value of (d'l'/dx) at x = 0 from Eq. 4.163, this becomes: 

1/2 a = (8.e:e: n kT) sinh (y /2) • 
000 

For small value of Yo' Eq. 4.165 can be reduced to: 

a c: e:e: X'l' o 0 

(4.165) 

(4.166) 
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The free energy change in the diffusion double layer then may be 

evaluated by calculating the reversible electrostatic work for the 

process; 

Charged surface plus diffusion double layer of ions ----+ 

Uncharged surface plus normal solution of uncharged particles. 

One way of doing this uses the Gibbs equation, Eq. 4.150 in the 

form; 

=-},rdlJ =-O'd'l' 
iii 0 

(4.167) 

The only surface adsorption is taken to be that of the charge balancing 

the double layer charge, and the electrochemical potp.ntial 1s equated to 

a change in '1'0. Integration then giv,:,s: 

GS 

elect = G = Gouy 

'I' 
- J 0 0' d'l' 

o 0 
(4.168) 

and using Eq. 4.165 one obtains a value fo~ the electrostatic free en-

ergy per square centimeter of a diffusion double layer as (Kruyt, 1952; 

Adamson, 1967); 

8.n ItT 
G = - { O}. [cosh y /2 - 1] • 

Gouy X 0 
(40169) 

4.7.3 The Accummulation Rate 

The rate of ac~umulation can be computed by application of the 

activation complex theory. The equation is given by 

ItT 

h 
-~GG /RT e ouy • (4.170) 



4.8 The Radioactive Decay Rate 

Radioactive decay is the H.rst order reaction t.,hich is 

propol'tional to the number of radioactive atoms ?resent. Th:f.s is 

expressed by: 

dN 
dt 

= AN , 
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(4.171) 

where dN/dt is the disintegration rate of the radioactive atoms, A is 

the decay constant, and N is the number radioactive atoms present at 

time t. The minus sign is indicative of a decrease in the total number 

of atoms with time. In terms of the concentration the expression is: 

dC 
- -- :: A C :I ( 4 • 1 72) 

dt 

and its solutio~ is 

c = - At C e 
o 

(4.173) 

where Co is the concentration in mole/cc, at a time equal to zero, and 

the decay constant is in units of disisec: 

= O.693/T1/ 2 
(4.174) 

where Tl/2 the half life of the radioactive nuclide. 



CHAPTER 5 

ILLUSTRATION 

The methodology c1eveloped earlier was illustrated by appling it 

to an experiment in which the radionuclide Sr-83 was solidified in 

ce~ent Type I and leached in demineralized water in a flow system. An 

outline is given of the leaching experiment, specimen preparation, data 

collection and .malysis, mathematic approach and computer numerical 

analysis. 

5.1 Experiment Procedure 

Many different tests have been performed to determine tile 

amount of radionuclide lea:led out of solidified cement waste form. The 

standard procedures are different, due to mathematic model assumptions. 

These procedures are ANS 16.1 (1984), MMC-1 Static Leach Test (1980), 

MCC-3S Agitated Powder Leach Test Method (1981), and MCC-4S Low-Flow 

Rate Leach Test Method (1981). The experimental procedure in this pres

ent test is a combination of ANS 16.1 and MCC-4S. 

5.1.1 Specimen Preparation 

Cylinders of various sizes were used in this experiment in order 

to study the size effect to the leaching mechanism of the specimen. 

The experiment also was performed with specimens of a constant size but 

which varied in the concentration of Sr-85 radionuclides added to the 

waste form in order to study the effect of the concentration to the 

129 
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leaching. The mixture of cement and water in each particular specimen 

was based on precalculation of the minimum w/c ratio, with the assump-

tion of 100% hydration (Section 207.2)~ The components were mixed in a 

preparation container with a known concentration of Sr-85 for a period 

of 10 minutes to make sure tha~ they are well mixed and homogenized. 

Precautions were taken to ensure that the sides of the preparation con-

tainer provided a smooth surface of the specimen. Then the preparation 

containers were se9led for curing a period of 42 days to ensure COln-

pIe ted hydration. 

5.1.2 Leaching System 

, ",.. The leaching system consisted {n: a leaching reservoir, a leach-

ant container, a flow-rate control pump, plastic connecting tube and 

leachate collecting containers. Iu the leachant container, the speci-

men was placed on a supportor which maintain the specimen at the center 

of the leachant volume. The leachant reservoir and the leachate col-

lecting container were vented with a small h0le. The leachant container 

was' filled with leachant volume of 10 times the surface area of the spe-

cimen and the cover was sealed to prevent an excess air entering the 

system. Demineralized water was used as the leachant for the leaching 

test. The leachant system is shown in Fig. 5.1. 

, 
5.1.3 Data Collection 

After 42 days of curing, the specimen was removed from the prep-

aration container and rinsed in demineralized water by immersion for 10 

seconds. The volume of the rinse water was 10 times the surface area of 

the specimen: this is the "specimen rinsed water" or "washed off". The 
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Fig. 5.1. The flow-through leaching system .:onfigurntion. 
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preparation containeL then was rinsed with an amount of demineralized 

water equal to its volume, to recover any radioactivity left in the 

residual liquid or retained on the container walls. This rinsed water 

is called "container rinsed water." Then the specimen was loaded in the 

leachant container in the flow system. The leachate was collected every 

day for three weeks and once a w'eek for the next twelve weeks. 

501.4 Data Analysis 

Five aliquots each of 5 cc were sampled from the collecting 

leachate and counted in a Na-I counting system. The detector was 

calibrated at the energy peak of 0.514 MeV and counting time was 1000 

seconds. The dead time of the system waG less than 1%. By comparing 

count rates of the aliquots and the standard count rates which is known 

the amount of activity at the same energy region, one can determined the 

activity of radionulides leached out of the specimen in a particular 

leaching peroid. The amount of radionuclide leached out of the specimen 

in one leaching period is called the "Incremental Fraction Release" 

(IFR) , and the summation of these IFR is called the "Cumulative Fraction 

Release" (CFR). The incremental and cummulative fract:ton releases are 

calculated by: 

IFR 
atV 

== (5.1) 
A - A 

P r 

and, 

T 
CFR == Y. (IFR) (5.2) 

t==o t 



where at is the activity of the radionuclide released from specimen 

during the leaching period t in ~Ci/CC, V is the volume of the leach

ate collected in the same period. Ap and Ar are the preparation and 

rinsed water activity in ilCi/CC. The computer program used to calcu

late the incremental and cumulative fraction releases is sho~m in 

Appendix 2. 

5.2 The Mathematical. Approach 
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The multi-concentration diffusion group and multi-phase system 

is appplied to the flow-through leaching experiment with Sr-85 in the 

cement solidified waste form. A three phased system with four concen

tration groups was chosen for this demonstration. Two concentration 

groups were in the solid cemen~ phase, one group was in the cement-water 

interface phase and one group in the water leachant phase. In each con

centration group, the solution is assumed to be an ideal electrolyte 

which is f=l. Details of each concentration group aredescribed below. 

5.2.1 The Solid-Cement Phase 

Two concentration groups are applied in this phase. The ~r-85 

radionuclides desorbed from cement matrix into the aqueous solution 

occupied the pore space with the concentration of CI' and were trans

ported through an irregular diffusion path {n the cement matrix of con

ce:1tration C2. 

Concentration group l~ In this group, the initial concentration 

of Sr-85 is assumed to be uniform throughout the cement matrix, with a 

number N, of discrete spheres per unit volume in a volume of radius R. 
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Thus, the volume fraction of group 1 (VI) is 41T R3 N/3. The assumed 

leaching mechanism of this group is that Sr-85 nuclides diffused out of 

a sphere volume, characterized by the diffusion coefficient DI • The 

diffusion mechanism is assumed in this group due to a small volume of VI 

ar.d the diffusion potential (migration effect) are small compared to the 

diffusion effect. The contribution of the convection effect to the 

transport of Sr-85 is neglected. The production rate of Sr-85 is 

assumed to be due to the desorption of Sr-85 from the cement matr.ix and 

is characterized by a desorption rate, Pl. The loss rate is considered 

only by the radioactive decay of Sr-85 and is characterized by A ; 

chemical absorption is ignored. Fig. 5.2 illustrates the mechanism 

involved in this group. The mathematic representation is gj,.,en by: 

for r = 0 (5.3) 

where KI = (PI -A). 

For non-zero value of r, there is no difficulty in expressing 

each derivative in terms of standard finite difference approximations, 

but at r = 0 the right side of Eq. 5.3 appears to contain singulari-

ties. This complication can be dealt with replacing the polar coordi

nate from of V2 C by its cartesian equivalent, and Eq. 5.3 at r = 0, "then 

becomes (Smith, 1978): 

for r = 0 (5.4) 

The production rate is given by: 
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-flG/RT e (5.5) 

,,,here fl G is given by 

1 4NAzie 1-1 4NAzi e p {I __ } _ 0 ,,"' + ___ o_w_ • 

E lv (r i + rw)2 2(ri + r )3 
. w (5.6) 

Concentration group 2. In this group, the Sr~85 nuclides travel 

through an irregular path in fissures of the cement matrix. The leach-

ing mechanisms include diffusion and the migration effect. Diffusion is 

characterized by D2 and migration is characterized by uabs. The dif-

fusion coefficient in this group is less than the diffusion coefficient 

in group 1, due to the irregular diffusion path. The irregular diffu-

sion path of the porous cement is characterized by diffusivity (Q) which 

includes porosity, tortousity and constrictivity of the cement m~trix. 

The volume fraction of this group is V2 and it is assumed that 

each sphere of group 1 is completely surrounded by a layer of group 2 

that extends into the cement-water interface phase, as illustrated in 

Fig. 5.3. 

The mathematic representation in this group in the x-direction 

with radioactive decay and the production terms contributed from the 

release of Sr-85 from each sphere of group 1 is given by: 

+ z u FE 2.S - A ~ + 3V1 11. 
i abs diffax V2 R 

For simplicity of numerical analysis, one can modify this equa-

tion as follows: 
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If the electrolyte solution is ideal Sr(OH)2 solution: 

(5.8) 

Combining the first two terms of Eq. 5.7, with the help of 

u == (5.9) 
RT 

(5.10) 

and ~ == ~/v+ = C_Iv_, dln~ = dlnC-f = dlnC_ and the electro-

neutrallity condition Z+V7 + z_v_ == 0, the results are: 

~I 
or r=R 

(5.11) 

where (Deff)2 is the effective diffusion coefficient: of eleC'.trolytic 

solution (Koryta, 1970), given by: 

RTu+u_ [v + + v _] 

Fv + z + [ u + + u _] 
= • (5.12) 

Equation 5.12 is known as the Nernst-Hartley equation with an ideal 

solution, or in term of transport number and ~quivalent conductivity; 

(5.13) 

The unit of variables in Eqs. 5.12 amd 5.13; u is expressd in cm2 /secov, 

F is Faraday's constant in C/mol, RT in VC/mol (= J/mol) and I\ 0 in 

cut egm-equi/ohm, then the diffusion coefficient is obtained as the usual 

units of cm2 /sec. 
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Furthermore, in porous medium, the effective coefficient 

accounts for diffusivity of the cement matrix, then: 

(5.14) 

where Q is the diffusivity (= €O/T2) of the cement, then Eq. 5.11 

becomes: 

~I 
ar r=~ 

(5.15) 

Alternatively, the release from group 1 may be expressed in integral 

form to give; 

a C2 
2 3V1 a rR = fD l a ~ - ,,~ + C1 r'2 dr (5.16) 

at . p 2 a~ V2 R3 at 0 

5.2.2 The Cement-Water Interface Phase 

In this phase, the thickness of the cement-water interface phase 

is assumed to be equivalent to the thickness of the diffusion layer in 

low velocity flow (laminar) as discussed in Section 4.6. An electrical 

double layer is formed at the surface of the cement and causes an excess 

concentration of Sr-85 to accumulate in this region (Fig. 5.4). The 

accumulation is characterized by the accumulation rate Rg. The leaching 

mechanisms in this phase include diffusion, migration and the effects of 

flow rate cunvection. The diffusion and the migration effect can be 

combined as diJcussed in Group 2 and characterized by (Deff)3. The 

+ 
convection effect is characterized by the convective velocity vx • The 

mathematical expression in this phase is given by: 



1.39 

Solid Matrix Interphase Region 

Figo 5.4. The sketch or concentration group 3, the interphase phase 
of the solid-leachant system • 

....... 

,:Tii:ii::i:mWi,i'ilIIII"Wii:ll"ii'!!llljilllliiiiIH , 0:' 

o 
Fig. 5~5. The leachant phase with the volume flow rate m and the 

component velocities. 
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a~ = {D ff} a2ca. - t ~ + K3~ + ~ • ~ I ' 
ate 3 i) Xl x a x V3 a x xes 

(5.17) 

where the last term accounts for the contribution of Sr-S5 released from 

Group 2. The accumulation rate is obtained as discussed in Section 4.7, 

and is summarized as follows: 

R 
kT -!J.G

G 
/RT 

3 = - • e ouy 
h 

S.kTNA 
!J.GGouy = - { X C f }.[cosh y /2 - 1] sur ace 0 

2e;z+z_NA 
X = {----

e:e: kT o 

ze 
o 

C }ol/2 
• surface 

Yo ""-
kT 

'¥ surface ,and 

'¥ surface 

t = + 

A = O.693/T1/ 2 

and t 

{ 
Cz ,s 

In 
C:2 ,s 

v u 

= 

1 
1 

(5.1S) 

(5.19) 

(5.20) 

(5.21) 

(5.22) 

(5.23) 

(5.24) 

The hydrodynamic and the diffusion layers and the convective velocity 

are summarized as follows; 

<5 = If./Re , o 

+ 

V 1 o Re =-
v 

<5 ={~ll/2. {Deffl:/3. (v)I/6 

o 

(5.25) 

(5.26) 

(5.27) 



+ 
v x 

2 vy 
=--
o~ 

where y = 0/2, 

and the effective coefficient in this group is: 

RT 
= -. 

F 

u+u_ [" + + ,,_1 

,,+z+ [u+ + u_l 

5.2.3 The Water Leachant Phase 

• 
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(5.28) 

(5.29) 

For a low-velocity flow system as shown in Fig.5.5, the water-

leachant phase is considered to be continuous from the cement-water 

interface phase. The concentration of Sr-85 in this phase is character-

ized by ~. The leaching mechanism is dominated by volumetric flow 

• 
rate of the leachant, m and the release from Group 3. No chemical 

reaction and precipitation terms are considered for the loss term, other 

than by the radioactive decay of Sr-85 nuclides. The mathematic 

representation in this phase is given by: 

+ 

a~ = 
at 

• 

[~(o) - ~(t)l - A~ (5.30) 

where Vx is the hydrodynamic velocity perpendicular to the surface of 

the boundary, and ~(o) is the initial concentration of Sr-85 in the 

incoming leachant 

a~ = ~~ -K..~ at 
(5.31) 

where 

• 
=~ + and ~ [~ + A 1 G3 • v = 

V4 
JC 

V4 

(5.32) 
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5.3 Solution of Numericals 

Num.erical methods for solving par.abolic partial differential 

equations are discpssed in many standard numerical text books such as 

those of Fox (1962), Smith (1965), Mitchell (1969), Carnahan (1969), 

Cohen (1973), Fenner (1974) and Gerald (1978). By appying these methods 

to a set of multi-concentration groups and multi-phases system equa

tions, the solution of Sr-85 leaching mechanism from solidified cement 

could be solved in a time dependent manner. 

In general, the numerical techniques to resolve these problems 

are always expressed in terms of a number of dimensionless quantities. 

Then one applies a finite difference approximation to the linear partial 

equations plus associated boundary and initial conditions. A network is 

grid points is first established throughout the region of interest occu

pied by the independent variables such as space and time. If X and T 

represent space and time variables, and ~X and ~T represent the grid 

spacing, subsripts i and j then may be used to denote that space point 

having coordinate ~X, j~T, also called the grid point (i,j). 

Let the exact solution to the partial differential equation 

(PDE) be U = U(X,T) and l~t its approximation, to be determined at each 

grid point by method of finite differences, be Vi,j. Also use Ui,j 

to denote the exact solution U(~X, j~T) at a particular grid point. 

The partial derivatives of the original PDE are then approximat

ed by suitable finite difference expressions involving ~X, ~T and the 

Vi,j. The Crank-Nicolson implicit method (1947) was chosen for this 

purpose because of its stability and convergence at a practical time 
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step. This procedure leads to a set of algebralic equations at the grid 

point Vi1j, whose values may then be determined. By making the grid 

spacings sufficiently small, Vi,j will become sufficiently close 

approxi~ation to the exact solution Ui,j at any grid point (i,j). 

The set of algebralic equations is a tridiagonal matrix and the 

methods of solving these set of equations are by well-known direct tech

niques (Gaussian elimination, L-U decomposition) and indirect techniques 

(iteration). 

5.3.1 The Dimensionless Parameters 

The advantages of using dimensionless parameters in numerical 

work is that they normalize the different phys~cal parameters for the 

whole set of the system. For example, the different sizes of the cement 

waste form can be obtained from one basic solution in dimensionless 

variables resulting in considerable economy in computing time. 

For the leaching mechanism, the dimensionless parameters are 

given in each concentration group. 

Concentration group 1. The dimensionless parameters are: 

cl = ~ /Co 

Yl = Kl R2/Dl 

T == Dl t/R2 and 

rl = r/R (5.33) 

where Co is the initial concentration of Sr-85 nuclides in the cement 

waste form, and R is the radius of the sphere of the volume fraction of 

Group 1. Substituting these dimansionless variables into Group 1 equa

tion, one can obtain: 
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~ :::: a~ +3. .~ + Y1 c1 r1 "" 0 
aT arZ r1 a r1 1 

(5.34) 

and 

a C1 Clef 
::: 3 _1_ + Y1 c1 r1 :: 0 • 

aT arZ 
(5.35) 

1 

Concentration Group 2. The dimensionless variables are; 

~ ::: C;. ICo , 

82 "" ~/Dl , 

Y2 ::: A R2 /D1 , and 

X = x/R , (5.36) 

where Y. is the thickness layer of Group 2 surrounding the sphere volume 

of Group 1. Substituting these dimensionless variables in Group 2 equa-

tion, one can obtain; 

a 
aT 

(5.37) 

Similarly, for Groups 3 and 4, if the dimensionless variables 

are; 

c3 = C'..3 /Co c;. == ~/Co 

83 ::: Ds/D1 84 = 0 

Y3 ::: 1<S R2 /D1 Y4 = ~ R2 /11-
+ ::: Gs R2/Dl ~3 ::: vxR/Dl ~4 , and 

y ::: y/R (5.38) 

where y is the thickness of the cement-water interface phase. Substi-

tute these variables into Equation of Group 3 and 4, and the results 

are: 
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Concentration Group 3. 

a 
~XdX . -

aT (5.39) 

and, 

Concentration group 4. 

• (5.40) 

5.3.2 The Finite Difference Approximation to Derivatives 

~fuen a function c and its derivatives are single-value finite 

and continuous functions of x, and assuming that c possess a sufficient 

number of partial derivatives, the results of c at the t"70 points (x+Q x) 

and (x-ox) are related by Taylor's expreFsions; 

c(x+t5x) = c(x) + QXc'(x) + i (t5x)2 c"(x) + i (t5x)3c'''(x) 

+ •••• (5.41) 

and, 

c(x-Qx) = c(x) - QXc'(x) + i (t5x)2 c"(x) - i (t5x)3c'''(x) 

+ •••• (5.42) 

Combining these two expressions give: 

c(x+Ox) + (x-ox) = 2c(x) + (ox)2C"(x) + O(h4 ) (5.43) 

t-1here O(h4) denotes terms containing fourth and higher powers of 15 dx • 

. Assuming these are negligible in comparision to the lower powers of QX, 

then: 
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(5.44) 

with a leading error on the righthand side of the order of (8x)2. 

On subtraction of Eq. 5.42 from Eq. 5.41 and neglecting terms of 

order (8 x)3 leads to: 

c' (x) dc 
dx 

1 [c(x+Ox) - c(x-Qx)] 
20x 

with an error of the order of (ox)2. 

(5.45) 

Eq. 5045 approximates the slope of the tangent at P by the slope 

of the cord AB in Fig. 5.6. This is called a central difference approx-

imation. 

Another approximation of the slope of the tangent at the point P 

can be obtained from the slope of the cord PB or from Eq. 5.41: 

c' (x) :: 1 

ox 
[c(x+o x) - c(x)] (5.46) 

assuming that the seco~d and highe~ power of o~ ~r~ negligible. This is 

the forward-difference formula. Or, if approximating the slope of AB by 

the slope of AP, this give the backward-difference formula as follows, 

c' (x) :: 1 
ox 

[c(x) - c(x-Qx)] 

5.3.3 The Crank-Nicolson Implicit Method 

(5.47) 

If c is a function of the independent variables X and T, subdi-

vide the X-T plane into sets of equal rectangles with sides oX and 8T, 

as shown in Fig. 5.7. If i and j represent the cordinates of (X,T) 

plane, then the derivatives of concentration can be written as: 
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A 

e(x -{oS x) e (x) e(x+ 8 x) 

8x 

x-8x x x+S x 

Fig. 5.6. The finite difference approximation of point P. 

T 

1+1 
1-1, j+1 , j+1 . 1+1,1+ .. 

t 1-1, j ~ j 1+1,i 

aT 
l 

1-1, j-l ~ j-1 i+l, j-

-sx- x 
1+1 

Fig. 5.7. The subdivision of X-T plane indicating the rectangular 
mesh points. 
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a2 c 1 [cj - 2,cj + i 
::! -- ci - 1 ] ax2 (aX)2 i+l 

(5.48) 

an4, 

ac 1 [cj +1 _ c j ] := (5.49) 
aT oT i i 

with a leading error of (ox)? and O(aT)t respectively. 

Concentration group 1. Apply the central difference approxima-

tion in (i,j) coordinates to Eq. 5.34 with rl = O. The difference quo

tient of [ici (i,j+l) - cl (i,j)]/oT can be considered as a central dif-

ference if it is taken as corresponding to the mid-point of the time 

interval. Equate it to a central-difference quotient for the distance 

derivative, also corresponding to the midpoint in time, by averaging the 

difference quotients at the begining and the end of the time step. The 

resufts arp.: 

_1_ [c1j+I 
aT i 

= 1 [{ 1 [1 2 1 ' ] c i+1 - c1 i + c i-I 
2 (0 rl )2 

central difference 

at T = j+l/2 2 +---
2io rl 

central difference at T = j+1 

+ f 1 [c1 i +I - 2cl i + eli_I] 
, (0 rl )2 

+ 2 [c1i +1 - eli-I] +YI C1 i lj 
2io rl 

central difference at T = j 

For convenience, define new variables as: 

(5.50) 

(5.51) 



and by substituting into Eq. 5050 and rearranging, one can obtain: 

{.!.. + I} W I j +l 1 c i+l 
i 

c: {I - .!.. 1 Wl c 1 i -1 + (I - 2Wl + Y 1 ) c 1{ + {I + -4 Wl c 1 i + 1 
i i 
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,i =I: 0 (5.52) 

In general, the left-hand side of Eq. 5.52 contains three 

unknowns and the right-hand side three known values of concentrations. 

If there are N internal mesh points along each time step row, then for j 

c 0, and i = 1,2, ••• ,N, Eq. 5.52 gives N simultaneous equations for the 

N unknown pivotal values along the first time rm·, in terms of known ini-

tial and boundary values. Similarly, for j = 1 expresses N unknown val-

ues of c along·the second time row in terms of 'the. calculated values 

along the first, etc .. , (Fig. 5.8). 

Such a method for the calculation of an unknown pivotal value 

necessitates the solution of a set of simultaneous equations and is 

known as implicit scheme or Crank-Nicolson scheme (1947). 

For rl = 0 , the finite approximation of Eq. 5.35 becomes; 

(1 + 6Wl - Yl)Cl~+1 - 6Wl Cl{+1 

= (1 - 6Wl + Yl)cl~ + 6Wlc11 r = 0 • (5.53) 

Similarly, the procedure is applied to equation of Groups 2, 3 and 4. 

The results are as follows: 

Concentration GrouE 2. If the new variables are: 
-----------

W2 
1 

82 
!5T Y2 

1 
Y2!5 T (5.54) = - = - -

2 (15 X)2 2 
1 

~ :::: 3Vl /V2 and ~d = .r 
0 
cl~ drl 
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Unknown value c(~D I 
T /l~ 

1+1 
1-1, j+1 ~ 1+1 1+1,1 +1 

-sx- x 
1+1 

Fig. 508~ The implicit scheme shows three unknown val~es of c(i,j) at 
time step j+l and three known values of c(i,j) at time step 
j for each equation. 

T 

1+1 

x 

Fig. 5.9. The relevant grid points at particular surface o 



then the fin~te approximation is: 

_ ~ 2j +1 + c " 1 1-

. j j j 
co W2 c2 i _1 + (1 - 2~ + Y2 )c2 i + W2 c2 i +1 

+ ~ (~c1j+1 - ~c1j) • 

Concentration Group 3. If the new variables are; 

, 

~ :: 2V2 /V3 X2 and ~ c2 = r ~ ~ X dX 
Xl 

then the finite approximation is: 
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(5.55) 

(5.56) 

- .(W3 + ~ )c3{~i + (1 + 2W3 - Y3 )c3I+1 '+1 
(W3 - Xs )c3I+1 

::: (W3 
j 

+ X3 )c3 i _1 + (;1 - 2W3 + Y3 )c3{ + (W3 - X3 )c3I+1 

+ Zs (~c2j+1 - ~c2j ) 

Concentration Group 4. If the new variables are; 

Xi. = ~,+8 T/2 

then the finite approximation is: 

5.3.4 Boundary Condition 

y, 
and ~c3 = f 2 

Y1 
c3Y dY 

The boundaries of the mathematic model are summarized as 

follows: 

(5.57) 

(5.58) 

(5.59) 
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1. The surface concentration is a given function of time. The 

concentration at a particular surface region varies with time and may be 

given in the form of an algebralic formula, a graph, or a set of tabu-

lated values. The data can be substituted directly at each time step in 

the finite differen~e equation representing the surface of the region of 

interest. 

2. Derivative condition. The boundary conditions involving the 

gradient of concentration occur frequently in the partial differential 

equation. The equation representing this boundary condition is: 

- D ~ = F(t) X - 0 , - , (5.60) 
ax 

where F is a kno~m function of time and may be a constant or zero. 

In the system of symmetry, when the derivative boundary condi-

tion is equal to zero, then the finite difference can be applied to 

this condition and easily be arranged to become the first equaticn of a 

set of equations. Figure 5.9 depicts the relevant grid at X = 0 and X = 

1, if similar conditions were to hold on both surfaces. In Fig 5.9 one 

may introduce a "fictitous" concentration C-l,j at the external grid 

point (-o~'j8T), i.e ., imagine that there is one extensive layer. 

Then Eq. 5.60 becomes: 

1 . 
- (c~ 
28X 

c j
) = F( t) 

-1 
(5.61) 

The value of C-l,j is unknown, but it can be eliminated by using the 

~eplacement of the differential equation. For the surface point this 

is: 
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::: (5.62) 

Eliminate C-1,j from Eq. 5061 and Eq. 5.62, then by appling a finite 

difference to a Co,j la T and rearranging, one can obtain the first equa

tion of a set of finite'difference equation, as follows; 

o (5.63) 

3. Interface between two different media. At the interface 

between the different media, one can apply the sam~ procedure that was 

mentioned in the derivat:J,ve condition. For example, let X ::: Xs be the 

interface, and the suffices a and b refer to the left side (X<Xs ) and 

right side (X>Xs ) of the interface respectively, (Fig. 5.10). If 

desired, the space intervals oXa and OXb may be different. Let 

F(Cs,t) denote the flux across the interface. The conditions to be 

satified are: 

ac a Cr-
n a F(C ,t) X X (5.64) ::: Db -- ::: at ::: 

a ax a~ 
s s 

a 

which expresses in the fact that ~ne diffusant enters one medium at the 

same rate as it leaves the other, with the same relation between con-

centrations on the two sides of the surface. The simplest cases of 

C ::: 
a 

C s 

and the modification of more general relationship, such as 

(5.65) 
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Medium A Medium B 

Interface 

Fig. 5.10. The boundary condition between different media. 

Fig. 5.11. The boundary condition of concentration group 1 and group 2. 
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+ (5.66) 

will be obvious, where 1<1 and 1<2 are cons tants. 

A replacement is possible, by imagining that the medium to the 

left of the boundary is extended one step () Xa to the right of Xs and 

eliminating the fictitious concentration, one can obtain: 

a cj 
D C

j 
- C

j 
_ F ] s 2~ [{ s-1 s} (5.67) = • 

at oX ax D a a a 

Similarly, by extending the medium to the right of the interface one 

step 0 Xb to the left, one can obtain: 

= 
c.i 

[{ s+1 (5.68) 
at oX

b 

By eliminating F from Eq. 5.67 and Eq. 5.68, writing it in terms of di-

mension1ess variables, then appling the finite difference to acs/aT, 

the implicit scheme becomes: 

where 

A = __ S...,2:-o_T_ 

oX(oX+OY) 

- j+l 
BC s+ l 

and B = _....;.S ..... 3t-°_T_ 

o Y(o X+O Y) 
(5.69) 

40 A restricted amount of diffusant. A boundary condition be-

tween the spherical volume of concentration of group 1 (VI) and the con-

centration of group 2 (VI) is the fact that the rate at which a species 

leaves Group 1 is ahlays equal to that at which it enters· the volume of 

Group 2 over the interface surface. If there is no loss of concentra-

tion from the solution, the boundary condition at r = R is: 
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::I r=R,t>O (5.70) 

on the assumption of t>O, the concentration of the solute just within 

the surface of the sphere is the same as that in the solution. Since 

the volume of the sphere is VI = 4uR3/3 the above equation can be 

written as: 

:::: - r = R, t > 0 • (5.71) 

Apply the dimensionless parameters, ci = <1. /Co and T = 11. t/R2, then 

~ ::I _ 3V1 • ~ = a ~ (5.72) 
aT V2 a rl a rl 

where a = - 3V1 /V2 • 

Introduce a fictitious concentration cl s+l,j at the external grid 

point (orl,joT) as in Fig. 5.11 and the finite difference approxima-

tion, one has: 

1 1 (5.73) =--
a aT 

The value of cls+l,j is unknown, but it can be eliminated by using the 

replacement of the partial differential equation. For the surface point 

this is: 

::I 

aT . 
1 

orZ 
I 

(cl j - 2cl j + cl j ) s-1 s s+l· (5.74) 

Eliminating cl s+l,j from Eq. 5.73 and Eq. 5.74 and apply the appropri-

ate finite difference to a cIs j then the implicit sc.hemes become: , , 
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Acl j +1 + (I+A)cl j +1 
s-1 s + (5.75) 

where, 6T 
A= -------

( 1-2/a6 rl )6 r'l 
1 

5.3.5 The Initial Condition 

The initial concentration of the multi-concentration groups is 

assumed that the concentration of Sr-85 in Group 1 uniformly distributed 

at ~ime = 0, i.e. cl=1 for all grid points rl and X at T = O. The con-

centration of Groups 2, 3 and 4 are assumed equal to zero, when T = O. 

5.3.6 Gaussian Elimination of Tridiagonal Matrix 

The Gauss~an elimination technique was chosen to solve the set 

of partial differential equation because it consumes less com~uter time 

than the L-U decomposition or the iteration m~thods (Carnahan, 1969). 

In general, the implicit schemes of PDE have three unknowns on the left-

hand side and three known values on the other side of each equation. If 

the known quantities are called d1 ' ~ , ••• ,dN with N = M-l and the 

coefficient of the unknown variables are ai, bi and ci then the , 
general equations can be represented as: 

bi u1 + cl ul .- d1 

~Uz + ~Uz + c3 u3 = d2 

a3 ul + ~ ~ + c3 u3 = d3 
• .J ............... 0 •• 

= d. 
1. 

••••• 0 •••••••••• 0 •••• 

(5.76) 
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The matrix of coefficients ai, bi, and ci alone is called the tri-

diagonal matrix. These system equations can be solved by a Gaussian 

elimination method, with a maximum of three variables per equation, and 

the solution can be expressed very concisely. Other methods of solving 

tridiagonal matrix that can be used are published in general numerical 

text books. 

In the Gaussian elimination method, the solution of the equation 

can be written in term of recursion solution as: 

= 

and, 

y -
i 

for i = N-l, N-2 ••• ,1 , (5.77) 

where the a's and y's are determined from the recursion formula as: 

and, 

Y 
i 

= 

, i=2, 3, ••• ,N 

i = 2, 3, ••• ,N 

The computer program for this technique is given in Appendix 3. 

5.3.7 Steps of Solving Multi-Concentration Diffusion Groups 

(5.79) 

(5.80) 

The steps of solving multi-concentration groups and multi-phases 

systems of 4 concentration groups are: 
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Step 1. In a particular size of waste form and leachant volume, evalu

ate the Reynold number, diffusion layer and parameters for 

Gtoups 1, 2, 3 and 4. 

Step 2. Input the initial condition with the guess value of diffusivity 

(Q), and set up the time step as required. 

Step 3. Group 1. Evaluate the concentration of Group 1 of each grid 

point using Gaussian elimination techniques, with corresponding 

initial and boundary conditions. Evaluate the transfer terms 

of Group 1 to Group 2. 

Step 4. Group 2< Evaluate the concentration of Group 2 of each grid 

point and transfer terms to Group 3. Evaluate the double layer 

accumulated term for Group 3. 

Step 5. Group 3. Evaluate the concentration of Group 3 and transfer 

terms to Group 4. 

Step 6. Group 4. Evaluate CFR 2nd compare to the experimental data at 

the same leaching period. If the differences are not within 

the convergent limit go back to Step 2 with the new guess valt'e 

of Q. 

Step 7. The time step is increased and the procedure is repeated for 

all the experimental leaching periods, the sum of the error 

square of the difference between calculation and experiment 

CFR's are accumulated of each value of Q. 

Step 8. The smallest value of the error square is used to determine the 

Q value for long-term prediction. 
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Step 9. The results are compared to the semi-infinite model and refer-

ence data. 

Step 10. The procedure is repeated for the different sizes of the waste 

form. 

The computer flow chart for solving multi-concentration group is 

summarized in Fig. 5.12 and the computer programs are listed in Appendix 

5. 

5.3.8 The Iteration Conve-gence 

In general, the mathematical solutions may be assumed to take 

the form of infini.te series, and such series are convergent. Conver-

gence is used in the sense that not only do the terms become progres-

sively smaller in magnitude, but that their sum tends towards a constant 

value as the number of terms is increased indefinitely. The problem is 

to obtain a sufficiently accurate numerical approximation to the Gum, by 

using only a finite number of terms. This concept is called truncation 

error (e), or 

e = true value - approximate value (5.82) 

C0nvergence is assumed when lei < a, where a is some suitably small 

tolerance. 

The new guess of diffusivity is assumed to be dependent on the 

concentration and take the form: 

o 
'ney1 

= Qold [1 + a CFR(Cal.)] 
CFR(Exp.) 

where a is a constant. 

, (5.83) 
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Now 0 

. . 

Fig. 5.120 The computer flow chart of solving Multi-Concentration 
Diffusion Groups. 
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5.3.9 Numerical Consideration 

In the finite difference methods, one assumes that the numerical 

approach provides a reasonable approximation to the true solution of the 

partial differential equation. However, there some problems to be jus-

tified to overcome the nature properties of the numerical analysis. 

These properties are consis.'cency, convergence and stability. 

1. Consistencl. In deriving the finite difference equation, 

one assumption is neglecting the higher terms in Taylor series. These 

constitute a truncation error. One requirement is that the truncation 

error should tend towards zero as oX and oT approach zero. If this is 

not so, the difference scheme is said to be inconsistent or incompatible 

with the partial differential equation. In this case, the difference 

solution is unlikely to approach the solution sought. ' 

2. Convergence. Assuming that there is a consistency in the 

scheme u.nder consideration, there is still the question of whether the 

numerical solution of the difference solutions converges to the exact 

solution of the partial differential equation as the gLid size approach-

es zero. If U represents the exact solution of the partial differential 

equation, with x and t as independent variables, and u is the n,umerical 

solution, the finite difference solution is said to be converged when u 

tends to U as ox and ot both tend ro zero. Convergence is usually more 

difficult to investigate than consistency. Once established, however, 

it should be possible to decrease the difference of U-u, usually called 

the "discretization error", aud hence, improve the difference solution 

by decreasing ox or ot or both, perhaps subject to some relationship 



between them. tVhen two solutions obtained with different grid sizes 

agree to within the desired accuracy, it !s usually assumed that the 

solution is completed. 
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3. Stability. It is possible to carry out calculations to an 

infinite number of decimal places if the initial and boundary data are 

specified and then the numerical calculations would produced the exact 

solution. In practice, each calculation is carried out to a finite num

ber of figures and "round off" errors are introduced. The numerical 

solution computed is never equal to U. However, the set of finite dif

ference equation is said to be stable if the magnitudes of round off 

error at the various grid points are each less than a positive small 

number of 0 and do not increase exponentially with the number of time 

rows in the computation. 



CHAPTER 6 

CONCLUSIONS 

The application of multi-concentration groups and the multiphase 

system models to describe the leaching behavior of Sr-85 radionuclide 

transport from the solidified cement waste form to the aqueous environ-

ment with the molecular diffusion, ionic migration and leachant convec-

tive flow processes shows an excellent agreement to the experimental 

data. The results indicate that some mechanisms other than molecular 

rliffusion play an important role in the long-term release of radionu-

clides to the environment. In the mathematical approach 0f this model, 

the group parameters such as the diffusion coefficients, the ion mobili-
~, 

ties, the desorption terms, the diffusion layer, and the electrical dou-

ble layers, are derived from the classical theory of electrochemistry. 

The numerical analysis is based .on the Crank-Nicolson Implicit Method 

which assures the stability of the solution in practical time steps. 

The equation is solved in a one dimensional approacil because of the 

unavailability of data relevant to space dependent parameters, and for 

the purposes of comparison to the only aV&1lable reference model (semi-

infinite diffusion model) this leads to a less complex analysis. 
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6.1 Comparision of Results 

In comparision with the semi-infinite diffusion model, the 

results can be closely fitted in a short leaching period due to the dif

fusion process. The semi-infinite model is derived in Appendix 5. The 

curve fitting of this model gave the effective diffusion coefficient of 

6.705xl0-8 cm2 /sec. Based on the derived diffusion coefficient, the 

long-term prediction for leaching of Sr-85 (Tl/2 = 85 days) from 

solidified cement waste form (7.30 cm. in diameter by 8.83 cm. in 

height) in demineralized water indicates that the cumulative fraction 

release is less than 50% during a 10 half-life leaching period (850 

days). The leaching index according to ANS 16.l Leach test is 7.02. 

According to this model, diffusion occurs rapidly during the first two 

weeks of the leaching period and then levels off to the end of the pre

dicted time. 

In the ululti-concentration group model, the cumulative fraction 

release of Sr-85 sharply increases during the first three weeks of 

leaching period due to the predominating diffusion mechanism. At this 

point, the role of other mechanisms such as migration and convection 

become apparent and continue at a slower leaching rate to the end of the 

prediction time. The multi-cohcentration group model indicates that the 

total amount of Sr-85 in the cement waste form would be leached out 

before the 10 half-life of leaching period, as compared to the semi

infinite diffusion model. The effective diffusion coefficients derived 

by this model are 1.6258xl0-5 , 703189xl0-5 and 3.3659xl0-6 cm2 /sec for 
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the concentration Groups 1, 2 and 3, respectively, also, the flow of the 

leachant is laminar with the convective velocity was calculated as 

2.34951x10-7 cm/sec. 

The comparison of the experimental data, the semi-infinite 

diffusion model and the multi-concentration groups are illustrated in 

Fig. 6.1. 

6.2 Application of the Multi-Concentration Diffusion Groups Model 

Most leaching studies have been limited to the early stages of 

the leaching process according to iO CFR 61; a particular waste form 

requires to have 90 days ANS 16.1 leaching experiment, and have a leach

ing index greater than 6 in order to get a license for disposal. All 

the r.eferences on leaching according to the data base created at the BNL 

(Dougherty, 1986), are based on short-term experiments, and long-term 

leaching data are not available for comparison. The ANS 1601 model is 

based on the diffusion mechanism in the semi-infinite medium of the 

waste form only. However, it is acknowledged that the diffusion is not 

the only prevailing mechanism in the release of radioactivity from a 

solidified waste form into an aqueous environment. Other' mechanisms 

such as dissolution, corrosion, ion exchange and erosion may also ?tfect 

the long-term leaching behavior of the waste forms in the disposal envi

ronment. Omitting the contribution of these mechanisms in the semi

infinite diffusion model will lead to incorrect long-term predictions. 

The multi-concentration groups model is a basic guideline to mathemati

cal approaches that takes into account the additional mechanisms which 
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Fig. 6.1. The long-term prediction of Sr-85 CFR by MCD model and the 
Semi-Infinite Diffusion model compared to the short-term 
experimental data. 



provide a more realistic prediction of the leaching behavior of waste 

forms and the subsequent release of radionuclides to the environment. 

6.3 Further Studies and Experiments 
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In the complex waste form of different kinds of radionuclides 

incorporated in the solidified wasted form, the chemistry of the waste 

and the solidified agent need to be studied. The reaction of the waste 

and the solidified agent will influence the leaching mechanism of the 

nuclides. Different nuclides have the different characteristic param

eters in the waste form, and their effective diffusion coefficients, 

mobility, the solution conductivity, and the chemical reaction rate of 

each needs to be determined by experiment. 

Also the effect of the leachant compositions on the waste form 

should be investigated: such as the nuclides in the undergroud water and 

sea water, interact differently with the surface of the waste form and 

may accelerate the leaching mechanism. Cracks may form in the waste 

form due to corrosion or to the effects of bacteria, fungi or living 

organisms that degrade the surface of the waste form. These processes 

result in the release of radionuclide from the destructive waste form 

during long-term disposal. Knowledge of these effects is necessary and 

provides useful information for the design of a safe disposal site. 

They need to be emphasized in further studies before any long-term deci

sion on disposal is made. 

. . 
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APPENDIX 1 

NOMENCLATURE 

Symbols used only locally and defined there, such as constants, 

are not included in this list. Certain subscripts use only infrequently 

are not shown in the table as such, but the complete Greek symbol, 

subscripted, superscripted and abbreviation items are listed. 

NOTATION 

ai Activity of substance i, coefficient of tridiagonal matrix. 

an, at Leaching activity of radionuclide in leaching interval. 

Ao Initial radioactive source activity. 

Ap Preparation activity. 

Ar Rinse activity~ 

bi Coefficient of tridiagonal matrix. 

Bi Drift velocity of species i. 

B* 
i 

Effective drift velocity of species i. 

ci Coefficient of tridiagonal matrix. 

ci, Cg Group concentrations. 

C+, C_ Volumetric concentration of cation and anion. 

Ci Volumetric concentration of species i. 

Co Initial volumetric concentration. 

di Right-hand side of a set of equation. 

d Diameter of a specimen waste form. 

Di Diffusion coefficient of species i. 
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Deff 

Dp 

D 

E 

Eohm 

Ediff 

fi 

f+, f_ 

f± 

F 
-J. 

F 
-J. 

FE 
+ 
Fn. 

G 

I::.G 

-GGouy 

h 

H 

+ 
i 
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Diffusion coefficient of cation and anion. 

Group diffusion coefficier.t. 

Effective diffusion ccefficient. 

Porous diffusion coefficient. 

Coefficient of convective dispersion. 

Effective molecular diffusion coefficient. 

Coefficient of hydrodynamic dispersion. 

Electronic charge. 

Electrical field. 

Thermodynamic energy. 

Ohmic electrical fieldc 

Diffusion electrical field. 

Activity coefficient of substance io 

Activity coefficient of cation and anion. 

Mean activity coefficient. 

Faraday's constant. ' 

Force per unit voll·.me. 

Electrophoretic force. 

Relaxation forceu 

Gibb's free energy. 

Free energy change. 

Gouy-Chapman free energy in double layer. 

Plank's constant. 

Enthalpy. 

Total current density of solution. 



i+, :1.-

I 

+ 
J 

J+, 
+ 
Jm 
+ 
Jd 

k 

k2 

K++ 

1 

lex 

L 

Li 

m 

Mt 

no 

n+, 

N 

NA 

P 

P1il 

Pe 

q 

Q 

r 

J_ 

n_ 
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Current density of cation and anion. 

Generic species under investigation. 

Total concentration fluxes including diffusion, migration 

and convection. 

Partial flux in and out at a particular surface. 

Migration flux. 

Diffusion flux. 

Boltzmann's constant. 

Rate process in activation complex theory. 

Transition rate. 

Specimen length. 

Characteristic length of a-phase. 

Macrosopic characteristic length of porous medium. 

Leachability index for species i. 

Volumetric flow rate of leachant. 

Total amount of diffusing substance has left medium. 

Initial atom density. 

Atom density of cation and anion. 

Atom density, number of atom, number of equation. 

Avogadro's number. 

Pressure, volumetric porosity. 

Quadrupole moment of water molecule. 

Pelect number. 

Charge of electricity. 

Heat input to the system, diff~sivity. 

Radius of specimen waste form. 



+, 
r 

+ 
r 

R 

Re 

S 

Sc 

t 

ttl 

T 

u 

ui 

uabs 

ucon 
+ 
u 

u 

v 

Vx,y,z 

v 
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Radius of an ion. 

Radius of water molecule. 

Radius of REV. 

Space coordinate in macroscopic domain. 

Space coordinate in microscopic domain. 

Ideal gas constant. 

Reynold number .. 

Surface area, Entropy. 

Schmidt number. 

Representative Elementary (plannar)' Area. 

Inter-surface between a and b phase. 

Time. 

Transport number of species i. 

Leaching time of period n. 

Half-life'of radioisotope. 

Absolute temperature. 

Exact solution of the partial differential equation. 

Mobility of species i. 

Absolute mobility. 

Conventional mobility. 

Velocity variation. 

Potential energy. 

Approximate solution of the partial differential equation. 

Drift velocity of species. 

Partial velocity of solution in x, y and z direction. 

Leachant volume. 



+ 
Vox,y 

WCF 

WI-Q 

WSB 

x 

x 

y 

y 

Zi 

z 

Representative Elementary Volume. 

Dimensionless velocity of solution. 

Volume of solid phase in REV. 

Volume of void space in REV. 

Volume of a-phase. 

Volume of f3-phase. 

Work in the system. 

Born charging ,.;rork. 

Condensation work. 

Cavity formation work. 

Cluster dissociation work. 

Formation of primary solvated ion work. 

Structure breaking work. 

distance, axis-coordinate. 

Dimensionless variable. 

Distance, axis-coordinate. 

Dimensionless variable. 

Valency of ion species i. 

Dimensionless variable. 

GREEK SYMBOL 

y Surface tension. 

Gibbs surface excess. 

a-phase distribution function. 

Diffusion layer, constrictivity. 
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00 Hydrodynamic layer. 

!J. Finite change. 

E Dielectric constant of medium, volume fraction porosity. 

EO Permittivity of free space. 

Elol Dielectric constant of water. 

n Viscosity. 

6a Volumetric fraction of a-phase. 

K Conductivity of solution. 

A Decay constant of radioisotope. 

11.+, 11.- Equivalent conductivity of cation and anion. 

11. 0 Equivalent conductivity of species at standard state. 

lJ Electro-chemical potential. 

lJi Chemical potential of species i. 
0 

lJi Chemical potential at standard state. 

lJ± Mean chemical potential. 

lJw Dipole moment of 'tolater molecule. 

V Y.inrp~~tic viscosity. 

v+, v_ Number of ion arising from an electrolyte. 

p Charge density, density of solution. 

a Surface charge density. 

L Summation. 

T Mean time between collision, tortousity. 

cp Partial electrical potential. 

<l>h2 Quantities have additive property. 



Total electrical potential. 

-1 
X Radius of ionic cloud, Debye length. 

'l'diff Diffusion potential. 

SUBSCRIPT 
• .,. i' 

diff Diffusion. 

eff Effective. 

i i-th number of a group as LCi, species i, space coordinate. 

j Time step coordinate. 

+ -, Number of cation and anion. 

w Water. 

SUPERSCRIPT 

a a-phase. 

-a Average over a-volume. 

13 l3-phase. 

b Solid bulk. 

f Fluid. 

s Solid. 

sf Solid-fluid interface. 

0 Initial state. 

* Standard state, effective. 
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ABBREVIATION 

ANS American Nuclear Society. 

BNL Brookhaven National Laboratory. 

CFR Cumulative Fraction Release. 

Cis CaO/Si02 ratio 

IFR Incrp.mental Fraction Release. 

IHP Inner-Helmholtz Plane. 

MCD Multi-Concentration Diffusion Group. 

MPS Multi-Phase System. 

OHP Outer-Helmholtz Plane. 

PDE Partial Differential Equation. 

PNL Pacific Northwest Laboratory. 

RES Representative Elementary (Plannar) Surface. 

REV Representative Elementary Volume. 

SEM Scannin6 Electron Microscope. 

W/C Water/Cement Ratio 



APPENDIX 2 

INCREMENTAL AND CUMULATIVE FRACTION RELEASE 

Computer program to calculate IFR and CFR from the experimental 

data is based on the comparison of leachate activity and the standard 

Sr-85 activity counted at the same experimental period. TIle set of 

standard is prepared with various conc~ntrations and also give a linear 

variation to the counts. The computer program also accounted for the 

background and the propagation error of the counting system and are 

listed belows: 
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! PROGRAM IFR CFR TO CALCULATE THE INCREMENTAL AND CUMULATIVE FRACTION 
RELEASE FROM THE Sr-85 LEACHING FROM CEMENT SOLIDIFIED WASTE FORMS. 
! 
DIM CSTAND(40) ,MGST(8),EGST(8) ,MNST(7),ENST(7),ACT(7),VOL(9) 
DIM CSAMP(55),MGSAMP(II),EGSAMP(II),FRR(9),EFRR(9),DUM(5) 
DIM A(4),B$(6)[24],NAME$[6] 
! 
B$(l)="SR STANDI :HP8290X,700,1" 
B$(2)="SR MCI:HP8290X,700,1" 
B$(3)="SR VOL:HP8290X,700,1" 
B$(4)="SR SAMP Dl:HP8290X,7.00,1" 
B$(5)="SAMPLE SR DAY I" 
B$(6)~"IN ACT :HP8290X,700,1" 
NAME$~"FRRDl" 

M=8 
N=5 

CALCULATE THE NET STANDARD COUNT AND ITS STANDARD 
DEVIATIONS 

CALL READATA(CSTAND(*),40,B$(1» 
FOR 1=1 TO M 

L=(I-l)*5 
FOR J=1 TO N 
EGST(I)=STDEV 

NEXT I 
MBKG=MGST(1) 
EBKG=EGST( 1) 
FOR 1=2 TO M 

MNET=MGST(I)-MBKG 
ENET:::EGST(I) 
CALL PROPAGATE(MNET,ENET,MBKG,EBKG,1,PROP) 
MNST(I-l)=MNET 
ENST(I-1)=100*PROP/MNST(I-1) 

NEXT I 

CALCULATE THE RELATION OF THE STANDARD COUNTS AND 
THE ACTIVITIES BY USING LINEAR REGRESSION ANALYSIS 

CALL READATA(ACT(*),7,B$(2» 
CALL LlNEAR(MNST(*),ACT(*),7,M,B,R) 
CALL READATA(A(*),4,B$(6» 
! 

CALCULATE THE INCREMENTAL FRACTION RELEASE OF SAMPLE 
IN A PARTICULAR LEACHING PERIOD 

CALL READATA(VOL(*),9,B$(3» 
CALL READATA(CSAMP(*),55,B$(4» 
FOR 1==1 TO 11 

L=(I-1)*5 
FOR J=1 TO 5 



DUM(J)=CSAMP(L+J) 
NEXT J 
CALL MEAN(DUM(*),5,AVER,STDEV) 
MGSAMP(I)=AVER 
EGSAMP(I)=STDEV 

NEXT I 
CONBKG=MGSAMP(I) 
ECON=EGSAMP( 1) 
SIZEBK=MGSAMP(2) 
ESIZE=EGSAMP(2) 
FOR 1=3 TO 11 

IF 1>7 THEN 
MNET=MGSAMP(I)-CONBKG 
MBKG=ECON 

ELSE 
MNET=MGSAMP(I)-SIZEBK 
MBKG=ESIZE 

END IF 
CALL PROPAGATE(MNET),ENET,MBKG,EBRG,I,PROP) 
MCI=B+(M*MNET) 
TOTMCI=MCI*VOL(I-2)/5 
FRR(I-2)=TOTMCI/A(I) 
IF 1-2=2 THEN FRR(I·)=TOTMCI/A(2) 
IF 1-2=3 THEN FRR(I-2).=TOTMCI/A(3) 
IF 1-2=4 THEN FRR(I-2)=TOTMCI/A(4) 
PROP=B+(M*PROP) 
EFRR(I-2)=ABS(PROP*VOL(I-2)/(A(I~2)*5» 

NEXT I 

! PRINT OUT THE DATA AND STORE IN THE FILE 
I 
CALL PRINTA(B$(5),CONBKG,SIZEBK,MGSAMP(*),EGSAMP(*),VOL(*), 

FRR(*),EFRR(*),9,B,M) 
CALL STOREDAT(FRR(*),NAME$) 
END 

! SUBROUTINE 

SUB READATA(A(*),N,NAME$) 
ASSIGN @PATHI 'J:'O NAME$ 
ENTER @PATHl;A(*) 
ASSIGN @PATHI TO * 
SUBEND 
I 
SUB MEAN(A(*),N,AVER,STDEV) 
SUMl=O 
SUM2=O 
FOR 1=1 TO N 

SUMl=SUMI-1-A(I) 
SUM2=SUM2+A(I)*A(I) 

NEXT I 
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AVER=smn/N 
STDEV=SQR«SUM2-SUMl*SUMl/N)/(N-l) 
SUBEND 
! 
SUB PROPAGATE(C,B,EC,EB,N,PROP) 
IF N::.l THEN 

Xl=EC*EC 
Yl=EB*EB 
PROP-=SQR(Xl+Yl) 

ELSE 
Xl=EC/C 
Yl=EB!B 
PROP=SQR(Xl*Xl+Yl*Yl) 

END IF 
SUBEND 
! 
SUB STOREDAT(FRR(*),NAME$) 
MASS STORAGE IS "~HP8290X,700,1" 
CREATE BDAT NAME$,9,8 
ASSIGN @PATH TO NAME$ 
OUTPUT @PATH;FRR(*) 
ASSIGN @PATH TO * 
SUBEND 
! 
SUB PRINTA(B$;CONBl,SIZEBl,ACOlJNT(*),SCOUNT(*),VOL(*), 

FRR(*),SFRR(*),N,AO,BO) 
ALLOCATE V$[S],W$[S] 
V$="CON" 
W$="SIZE" 
PRINTER IS 701 
PRINT USING "24A";B$ 
PRINT "ALIQUOT SAMPLE USED = S CC AND COUNTING TIME IS 

= 1000 SEC." 
PRINT "BACKGROUND COUNT: CONB l";CONBl 
PRINT "BACKGROUND COUNT: SIZEB l";SIZEBl 
PRINT USING "14A,SD. SDE, 1 X, SD. SDE, IX, 12A," ; "ACTIVITY(mCi )==" , 

AO , BO , "x NET COUNTS" 
PRINT TJSING "SAMPLE COUNT +/- STD.DEV. VOLUME FRACTION 

+/.:. STD.DEV." 
FOR 1=1 TO N 

IF I<S THEN 
PRINT USING "SA,D,4X,SD.SDE,3X,SD.2DE,3X,DDDD,6X,SD.SDE, 

3X,SD.2DE";V$,I,ACOUNT(I+2),SCOUNT(I+2), 
VOL(I),FRR(I),SFRR(I) 

ELSE 
PRINT USING "SA,D,4X,SD.SDE,3X,SD.2DE,3X,DDDD,6X,SD.SDE, 

3X, SD. 2DE"; \01$ ,1-4 ,ACOUNT( 1+2) ,SCOUNT( 1+2) , 
VOL(I),FRR(I),SFRR(I) 

END IF 
NEXT I 
SUBEND 
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SUBEND 
I 
I 
I PROGRAM TO CALCULATE THE CUMULATIVE FRACTION RELEASE 

AFTER IFR HAVE BEEN STORE IN FILE "FRRD1 ,FRRD2, ••• , 
FRRD10S 

DIM AA(9),BB(9),CON(21,4),SIZE(21,S) 
DIM N~~$(21)[7],D$[25]rTITLE$(2)[7] 
DIM IFR(lS,9),CFR(15,5),IFR1(15,S) 
I 
N=2l 
FOR 1=1 TO 9 

BB(I)=O 
NEXT I 
TITLE$(l)="IFRDATA" 
TITLE$(2)="Ci?RDATA" 
NAME$(1)="FRRD1" 
NAME$(2)="FRRD2" 
OClOO •••• 

NAME$(21)="FRRD10S" 
FOR 1=1 TO 21 
CALL GETDAT(AA(*),NAME$(l» 
VIAT BB==BB+AA 
FOR J=l TO 4 

CON(I,J)=BB(J) 
NEXT J 
FOR K=l TO 5 

SIZE(I,K)=BB(K+4) 
NEXT K 
IF 1==7 THEN 

FOR L=l TO 9 
IFR(l,L)=BB(L) 

NEXT L 
END IF 
IF 1)7 THEN 

FOR L=l TO 9 
IFR(I-6,L)=AA(L) 

NEXT L 
ELSE 

NEXT I 
END IF 
FOR J=l TO 5 

FOR 1=1 TO 15 
IFRl(I,J)=IFR(I,J+4) 

NEXT I 
NEXT J 
FOR J=l TO 5 

CFR(1,J)=IFR1(1,J) 
NEXT J 
FOR J=l TO 5 
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FOR 1=1 TO 15 
CFR(I,J)=CFE(1-l,J)+1FRl(1,J) 

NEXT I 
NEXT J 
CALL STOREDAT(1FRl(*),T1TLE$(l» 
CALL STOREDAT(CFR(*),T1TLE$(2» 
END 
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Table A.1 The Composition of Specimens 

= 

Specimen Cement ~lt. Water Wt. Sr-85 Cone Dia. Hi. 
Name (gm. ) (gm.) (lJ Ci) (em. ) (em. ) 

CON-B 140 60 4.70 6.35 

CON-1 140 59 100 4.70 6.35 

CON-2 140 58 200 4.70 6.35 

CON-3 140 57 300 4.70 6.35 

CON-4 140 56 400 4.70 6.35 

SIZE-B 90.04 41.20 100 4.70 5.69 

3IZE-1 18.87 7.90 100 2.50 3.03 

SIZE-2 35.98 14.44 ·100 3.10 3.75 

SIZE-3 96.04 40.20 100 4.70 5.69 

SIZE-4 331.63 141.27 100 6.50 7.87 

SIZE-5 469.80 200.19 100 7.30 8.83 



Table A.2 The ~~ample of Computer Printout 

SAMPLE Sr-85 IN DAY 105 

ALIQUOT SAMPLE USED = 5 CC AND COUNTING TIME IS 1000 SEC. 

BACKGROUND COUNT: CONB 1 =323.2 

BACKGROUND COUNT: SIZEB 1 =340.6 

ACTIVITY(~Ci) ~ - 5.45036E-06 + 3.51432E-07 x NET COUNTS 

SAMPLE 

CON-1 

CON-2 

CON-3 

COUNT STD.DEV. VOLUME FRACTION STD.DEV. 

9.02500E+03 ± 7. 65E+01 1280 7.81475E-03 ± 3.1SE-06 

1.47228E+04 ± 1.95E+02 1280 1.29409E-02 ± 3.15E-06 

2.21906E+04 ± 1.32E+02 1280 1.96594E-02 ± 3.1SE-06 

CON-4 3.74390E+04 ± 2.27E+02 1280 3.33778E-02 ± 3.15E-06 

SIZE-1 4. 13384E+04 ± 2.10E+02 330 9.50563E-03 ± 1.00E-06 

SIZE-2 2.33668E+04 ± 1.89E+02 510 8.24842E-03 ± 1.S5E-06 

SIZE-3 8.79580E+03 ± 7.45E+01 1110 6.58446E-03 ± 3.37E-06 

SIZE-4 3.76280E+03 ± 2.l2E+01 2260 5.41143E-03 ± 6.8SE-06 

SIZE-52.77940E+03 ± 2.49E+01 2860 4.87127E-03 ± 8.67E-06 
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APPENDIX 3 

GAUSSIAN ELIMINATION 

The implicit technique employs the algorithm expressed in Eqs. 

5077-81 for the solution of M-l algebraic equations (Eq. 5.76) in 

concentration that result at each time-step. For convenience in solving 

equation of multi-concentration group, this algorithm is written as 

subroutine named "TRIDAG", for which a typical call is 
I 

CALL TRIDAG(FIRST,LAST,A(*),B(*),C(*),D(*),CG(*» 

where A, B, C, and D are the coefficient vector that are used to store 

the corresponding elements appearing in Eq. 5.76. In order to make the 

subroutine more general two additional integers, "FIRST", and "LAST" 

have been introduced into the arguement list. These correspond to the 

first and last subscripts of the computed variables, i.e., 

CG(FIRST), ••• ,CG(LA ST), where CG(*) are the return variables. 

193 



SUBROUTINE GAUSSIAN ELIMINATION 

SUB TRIDAG(FIRST,LAST,A(*),B(*),C(*),D(*),CG(*» 

ALLOCATE BET(FIRST:LAST),GAM(FIRST:LAST) 

! COMPUTE INTERMEDIATE ARRAY 
! 
BET(FIRST)=B(FIRST) 
GAM(FIRST)=D(FIRST)/BET(FIRST) 
P1=FIRST+1 
FOR I::;Pl TO LAST 

BET(I)=B(I)-A(I)*C(I-1)/BET(I-1) 
GAM(I)=(D(I)-A(I)*GAM(I-1»/BET(I) 

NEXT I 

COMPUTE FINAL SOLUTION VECTOR OF CG'S 

CG(LAST)=GAM(LAST) 
P2=LAST-FIRST 
FOR K=1 TO P2 

I::::LAST-K 
CG(I)=GAM(I)-C(I)*CG(I+1)/BET(I) 

NEXT K 
SUBEND 
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APPENDIX 4 

SEMI-INFINITE MODEL 

Dejonghe et a1. (1963), applied the diffusion equation to 

explain the amount of material leaving per unit surface of the waste 

form for a semi-infinite medium of uniform initial concentration of 

mobile species with the surface concentration equal to zero for time 

greater than zero, 

at a2c = D-
at ax2 

(A.I) 

where, C = Co, o < X < h, t = 0 

C :::2 0 ~ X > h, t = 0 

X = 0, t > 0 

The solution of Eq. A.l is given by: 

X 
= e r f -""-r-r-=-:-~ 27 (Dt) • (A.2) 

For C1 = 0 at the surface (X=O), the rate of loss of diffusing 

substance from the se71(t-infinite medium is given by: 

a C I 
D -- I 

ax X=O 

= 
DC o 
J (1T Dt) 

and the total amount Mt of diffusing substance which has left the 

(A.3) 

medium at time t is given by integrating Eq. A.3 with respect to t, and 

the result is 
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1/2 
M = 2C {Dt} • 

t 0 1T 
(A.4) 

For a particular leaching period tn' the amount of radioactiv-

ity leaching in period n, an' through the medium surface S, to the 

leachant volume V. If the initial radioactivity is Ao, then the cum-

ulative fraction release is given by: 

-
= 2 {;} 1/2 n t n 11 / 2 , 

n 
(A.S) 

where D is an effective diffusion coefficient. The Eq. A.S shows the 

'"linear relation between (l.an/Ao)(V/S) and (Itn)I/2 with the 

slope of 2(D/n )1/2. 

Amarantos (1972) applied·Eq. A.S to a general fitting data as 

(A.6) 

where b is the intercept in y direction of the linear curv~ fitting 

which data not passing through the origin and has the value of 

[(y. ~/ Ao) (V /S)] o. The effective diffusion coefficient can be 

found by evaluating the slope of the linear curve fitting of Eq. A.6. 

The leaching index according to the ANS 16.1 Leaching Test then becomes 

L = Log {1} 
D 

(A.7) 

The computer program of the semi-infinite written in subroutine called 

"SEMI" is given as follows: 
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SUBPROGRAM SEMI-INFINITE MODEL 
ISUB SEMI-INFINITE: APPLIES LINEAR REGRESSION ANALYSIS TO THE SET OF EXP 
ERIME~~ DATA, EVALUATE THE INTERCEPT, SLOPE, AND CALCULATE THE EFFECTIVE 

DIFFUSION COEFFICIENT. THIS DIFFUSION COEFFICIENT THEN USING FOR LONG-
TERM PREDICTION. 

R : THE RADIUS OF THE WASTE FORM 
L THE LENGTH OF THE WASTE FORM 
V THE LEA CHANT VOLUME 
CFR THE EXPERIMENTAL CFR DATA 
N NUMBER OF DATA POINT 
DSEMI: THE RETURN OF THE DIFFUSION COEFFICIENT. 

SUB SEMI(R,L,V,CFR(*),N,DSEMI) 
ALLOCATE RF(100),X(lS),Y(lS) 
S=2*PI*R*(R+L) 
ARATIO=S/V 
IRATIO=V/S 

FOR 1=1 TO N 
Y(I/'""CFR(I,5)*IRATIO 
X(I)=SQR(I*7*7.864E+4) 

NEXT I 
CALL LINEAR(X(*),Y(*),N,M,B,R) 
DSEMI=M*M*PI/4 . 

PEN 1 
CSIZE 1 
LORG 5 

PLOT THE ORIGINAL DATA 

FOR 1=1 TO N 
J::.I*7 
MOVE J,LGT(CFR(I,S» 
LABEL "*" 

NEXT I 

LONG-TERM PREDICTION 

FOR 1=1 TO 100 
J=IoJ:7 
RF(I);(2*SQR(J*8.64E+4*DSEMI/PI)+B)*ARATIO 
PLOT J,LGT(RF(I» 

NEXT I 
PENUP 
SUBEND 



S2=0 
R1=0 
R2.,.0 
SRaO 
FOR 1=1 TO N 

Sl=Sl+X( I) 
S2=S2+Y(I) 
SR=SR+X(I)*Y(I) 
R1=R1+X(I)*X(I) 
R2=R2+Y( I)*Y( I) 

NEXT I 
M=(SR-Sl*S2/N)/(Rl-S!*S2/N) 
B=( S2-1-1*Sl) /N 
SX=SQR«Rl-S1*Sl/N)/(N-1» 
SY=SQR«R2-S2*S2/N)i(N-1» 
R=M*SX/SY 
SUBEND 
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APPENDIX 5 

MULTI-CONCENTRATION DIFFUSION GROUPS 

The multi-concentration diffusion group (MCD) program is written 

to solve a set of equations describing the leaching behavior of Sr-85 

from solidifed cement waste form with four concentration groups and 

three phases system. The variables used in the program are correspond

ing to the derivaticu in chapter 5. Some of important variables are: 

CFR 

CGi 

A:(,Bi,Ci 

Di 

XS 

LS 

SAMPVOL 

LVOL 

SUR A 

DFi 

VX 

NRE 

DELTA 

NAME$ 

Cummulative fraction release data 

Concentration of Sr-85 group i 

Coefficient of tridiagonal matrix group i 

Right-hand side 9f equation 

Radius of the waste form 

Length of the waste form 

Volume of the waste form 

Volume of the leachant 

Surface area of the waste form 

Diffusion coefficient of group i 

Convective velocity 

Reynold number 

Diffusion layer thickness 

Data file name 

The computer program is listed below: 
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I PROGRAM "MCO": TO SOLVE A SET OF LEACHING EQUATION OF RADIONUCLIOE FRO 
M CEMENT SOLIDIFIED WASTE FORM BY USING THE CRANK-NICOLSON IMPLICIT METH 
OD AND GAUSSIAN ELIMINATION TECHNIQUES THEN USE TO PREDICT LONG-TERM CFR 

OF THE WASTE FORM. 
I 
I 
OIM CFR(15,5),NAME$[7] 
DIM CGl(O:11),CG2(0:26],CG3(0:16) 
DIM A1(0:11),A2(0:26),A3(16) 
DIM B1(0:11),B2(O:26)tB3(16) 
DIM C1(0:11),C2(0:26),C3(16) 
DIM D1(0:11),D2(0:26),D3(16) 
DIM TEST(0:120),VALUE(120) 
I 
! INPUT GENERAL DATA OF WASTE FORM 
I 
XS=3.65 
LS=8.83 
SAMPVOL=369.72 
LVOL=2860 
SUR A=286.33 
NAME$="CFRDATA" 
CALL GETDAT(CFR(*),NAME$) 
! 

INPUT DATA FOR GROUP 1 AND CALCULATE THE 
RELATIVE QUANTITIES 

DF1=1.62583E-5 
K1=7.00273E·-8 
TS=9.072E+6 
V1:::0.26471 
V2=0.05854 
NR=10 
NX=25 
NY=15 
R=(V1*SAMPVOL*3/(4*PI»A(1/3) 
X=XS/R 
OX=X/NR 
T=DFl*TS/(R*R) 
OT=T/15 
DR1=1/NR 
GAMMAl=K1*R*R/DF1 
Wl=DTi(2*DR1*DR1) 
Y1=GAMMA1*DT/2 

! 

INPUT DATA FOR GROUP 2 AND CALCULATE THE 
RELATIVE QUANTITIES 

DF2=3.65949E-6 
LAMDA=9.41412E-8 



GAMMA2~LA}IDA*R*R/DF1 
Y2=-GAMMA2*DT/2 
Z2=-3*Vl/V2 

! INPUT DATA FOR GROUP 3 AND CALCULATE THE 
! RELATIVE QUANTITIES; REYNOLD NUMBER, 
! DIFFUSION LAYER, ETC. 

DF3=3.65949E-6 
NU=0.01002 
EO=1.60219E-19 
KS=1.38062E-23 
TEMP=298.16 
NO=3.00767E+13 
EP=78.30 
EPO=8.85419E-14 
DPOS=lo62583E-5 
DNEG=2063755E-6 
VPOST=l 
VNEG=2 
ZP=2 
ZN=l 
RC=8.31430 
F=9064867E+4 
HS=6.6260E-34 
NA=6.02217E+23 
MDOT=I,VOLioo048E+5 
VO=MDOT/ (2*PI*R*LS) 
NRE=VO*LS/NU 
DELTAO=LS/(NRE~.5) 
DELTA=«LS/VO)A.5)*(NU~(1/6»*(DF3A(1/3» 
VX=(NU*(DELTA/2)A2)/«DELTAO)A3) 
XI3=VX*R/DFl 
Y=DELTA/R 
DY=Y/NY 
BETA3=DF3/DFl 
W3=BETA3*DT/(2*DY*DY) 
X3=XI3*DT/(4*DY) 
RATl=DT/(DRl*DR1) 
RAT2=DT/(DX*DX) 
RAT3=DT/(DY*DY) 
GEN=(ZO*EO*EO*NO*NA)/(EP*EPO*RC*TEMP) 
GENl=SQR(GEN) . 
TPOS=DPOS*VPOS/(DPOS*VPOS+DNEG*VNEG) 
TNEG=DNEG*VNEG/(DPOS*VPOS+DNEG*VNEG) 
GEN2=(TPOS/ZP-TNEG/ZN)*RC*TEMP/F 
GEN3=2*EO/(KS*TEMP) 
GEN4=KS*TEMP/HS 
S3=2*PI*L~~(XS+DELTA) 
V3=PI*LS*«XS+DELTA)A2-(XS)A2) 
Z3=2*V2/(V3*X*X) 
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! 
I 

INPUT DATA FOR GROUP 4 AND CALCULATE THE 
RELATIVE QUANTITIES 

I 
CT20LD=0 
CT30LD~0 

ATEST(O)=O 
U3=(NU*DELTA*DELTA)/«DELTAO)A3) 
V4=LVOL-(PI*LS*(XS+DELTA)A2) 
G3=S3*U3/V4 
X4=(MDOT/V4)+LAMDA 
! 
! INPUT INITIAL CONDITION AND BOU~~ARY CONDITION 

AND SOLVE MULTI-GROUP EQUATION 

CALL INITIAL(NR,NX,NY,CGl(*),CG2(*),CG3(*),CG30,CG40) 
CPLL COEFFl(DRl,RATl,Wl,Yl,Z2,NR,A(*),Bl(*),Cl(*» 
QI=20 
FOR ITERATE=l TO 100 

BETA2=QI*DF2/0Fl 
W2=BETA2*RAT2/2 
CALL COEFF2(DT,DX,DY,Y2,Z2,BETA2,RAT2,BETAl,NX, 

A2(*),B2(*),C2(*),Y) 
CALL FFUNCT(CGl(*),DRl,NR,2,FF(*» 
CALL TRANINT(FF(*),DR,CTOLD) 
CALL RHSl(DRl,RATl,Wl,Yl,CGl(*),Z2,NR,Dl(*» 
CALL TRIDAG(O,lO,Al(*),Bl(*),Cl(*),Dl(*),CGl(*» 
CALL FFUNCT(CGl(*),DRl,NR,2 p FF(*» 
CALL TRANINT(FF{*),DRl,NR,CTNEW) 
CT=CTNEW-CTOLD 
CTOLD=CTNEW 
CALL RHS2(DT,DX,DY,W2,Y2,Z2,RAT2,BETAl,BETA2,CG2(*), 

CT,NX,D2(*),Y,CGl(10),R) 
CALL TRIDAG(1,25,A2(*),B2(*),C2(*),D2(*),CG2(*» 
CG2(0)=CGl(10) 
CALL FFUNCT(CG2(*),DX,NX,1,FF(*» 
CALL TRANINT(FF(*),DX,NX,CT2NEW) 
CT2=CT2NEW-CT20LD 
CT20LD=CT2NEW 
CALL EXCESS(GENl,GEN2,GEN3,GEN4,CG2(25),CG2(0),NO,R, 

LS,DFl,DT,LAMDA,Y3) 
CALL COEFF3(W3,X3,Y3,NY,A3(*),B3(*),C3(*),VX,R,DFl, 

DY,RAT3) 
CALL RHS3(CG2(25),W3,X3,Y3,CG3(*),NY,Z3,CT2,D3(*),VX, 

R,DFl,DY,RAT3) 
CALL TRIDAG(1,15,A3(*),B3(*),C3(*),D3(*),CG3(*» 
CG3(O)=CG2(25) 
CALL FFUNCT(CG3(*),DY,NY~1,FF(*» 
CALL TRANINT(FF(*),DY,NY,CT3NEW) 
CALL GROUP4(G3,K4,R,DFl,DT,CG40,CT30LD,CT3NEW,CBOUND) 
CT30LD=CT3NEW 
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CG40=CBOUND 
VALUE(ITERATE)=CBOUND 
ATEST(ITERATE)=VALUE(ITERATE)-ATEST(ITERATE-1) 

NEXT ITERATE 
! 

OUPPUT DATA 
! 
CALL PTFRAME 
PEN2 
FOR 1= 1 TO 50 

J=I*R*R/(DF1*24*3600) 
PLOT J,LTG(4*ATEST(I» 

NEXT I 
PENUP 
! 

COMPARE RESULTS TO THE SEMI-INFINITE DIFFUSION MODEL 
AND THE EXPERIMENTAL DATA, PRINT THE RESULTS 

CALL SEMI(XS,LS,LVOL,CFR(*),15,DSEMI) 
PRINT "DO) = ",DF1 
PRINT "D(2) = ",DF2*QI 
PRINT "D(3) = ",DF3 
PRINT "Re =" ,NRE 
PRINT "Vx =" , VX 
PR:':NT "Dsemi= ",DSEMI 
END 

SUBPROGRAMMS 

SUBROUTINE GETDATA 

SUB GETDAT(CFR(*),NAME$) 
ALLOCATE D$[251 
D$=NAME$&":HP'i895,700.0" 
ASSIGN @PATH TO D$ 
ENTER @PATH;CFR(*) 
ASSIGN @PATH TO * 
SUBEND 

! SUBROUTINE INITIAL CONDITION 

SUB INITIAL(M,N,L,CG1(*),CG2(*),CG3(*),CG30,CG40) 
FOR 1=0 TO M 

CGl( 1)=1 
NEXT I 
CGl(M+l)=O 
FOR 1=0 TO N+1 

CG2(I)""0 
NEXT I 
FOR 1=1 TO L+1 

CG3(I)=0 
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NEXT I 
CG30=0 
CG40=0 
SUBEND 
! 
! SUBROUTINE COEFFICIENT GRCJP 1 
! 
SUB COEFFl (DRl ,RATl, lVl, Yl, Z2 ,NR,Al(*) ,Bl(*) , Cl(*» 
M=NR 
ALPHA=Z2 
Cl(O)=-6*Wl 
Bl(O)=1+6*Wl-YI 
FOR 1=1 TO M-l 

Al(I)=Wl*(l/I-l) 
Bl( I)=1+2*WI-Yl 
Cl(I)=-Wl*(l/I+l) 

NEXT I 
DUMl=1-(2/(ALPHAl*DRl» 
DUMA=RATI/DUMI 
Al (M)=-DUMA 
Bl (M) = 1+ DUMA 
SUBEND 
! 
! SUBROUTINE RIGHT-HAND SIDE OF GROUP 1 

SUB RHSl(DRl,RATl,Wl,Yl,CGl(~),Z2,NR,Dl(*» 
M=NR 
ALPHAl=Z2 
DUM2=6*Wl 
DUMl=I-6*Wl+Yl 
Dl(0)=DUMl*CGl(0)+DUM2*CGl(1) 
FOR 1=1 TO M-l 
DUM3=Wl*( 1-1/1) 
DUM4=1-2*Wl+Yl 
DUM4=(I+I/I)*Wl 
Dl(I)=DUM3*CGl(I-l)+DUM4*CGl(I)+DUMS*CGl(I+l) 
NEX I 
DITM6=1-(2/(ALPHAl*DRl» 
DUMA=RATl/DUM6 
Dl(M)=DUMA*CGl(M-l)+(l-DUMA)*CGl(M) 
SUBEND 
! 
! SUBROUTINE COEFFICIENT OF GROUP 2 
! 
SUB COEFF2(DT,DX,DY,Y2,Z2,BETA2,RAT2,BETAl,NX,A2(*),B2(*), 

C2(*),Y) 
N=NX 
W2=BETA2"~RAT2/ 2 
C2(l)=-W2 
B2( 1)=1+2"'lV2-Y2 
FOR 1=2 TO N-l 
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A2(I)=-W2 
B2( I)=1+2~"W2-Y2 
C2(I)=-W2 

NEXT I 
ALPHAl=-BETA2/Y 
DUMl=1-(2/(ALPHAl*DX» 
DUMA=RAT2/DUMl 
A2(N)=-DUMA 
B2(N)=1+DUMA 
SUBEND 

I SUBROUTINE RIGHT-HAND SIDE OF GROUP 2 
I 
SUB RHS2(DT,DX,DY,W2,Y2,Z2,RAT2,BETAl,BETA2,CG2(*),CT,NX, 

D2(*),Y ,CGl ,R) 
M"'NX 
DUM3=W2 
DUM4=1-2*W2+Y2 
DUMS=-Z2 
D2( 1)=DUM3*CG2( 0)+DUM4'''CG2( 1 )+DUM3*CG2( 2)-DUMS*CT+DUH3*CGl 
FOR 1=2 TO M-l 

D2(I)=DUM3*CG2(I-l)+DUM4*CG2(I)+DUM3*CG2(I+l)-DUMS*CT 
NEXT I 
ALPHAl=-BETA2/Y 
DUH6=1-(2/(ALPHAl*DX» 
DUMA=RAT2/DtJM6 
D2(M)=DUMA*CG2(M-l)+(1-DUMA)*CG2(M) 
SUBEND 

! SUBROUTINE EXCESS TERM FOR THE DOUBLE LAYER 
! 
SUB EXCESS(GENl,GEN2,GEN3,GEN4,CS,CSl,NO,R,LS,DFl,DT, 

LAMDA,Y3) 
A=2*PI*RS*LS 
DEBYLL=GENl*SQR(CS) 
PHIS=GEN2*LGT(CSl/CS) 
YO=GEN3*PHIS 
COSHXO=(EXP(YO/2)+EXP(-YO/2»/2 
XO=COSHXO-l 
DOMO=-(S*NO*XO*CS*Z.39006E-4/DEBYLL) 
DUMl=DUMO*A/2 
IF DUMI > 70 THEN R3=O 
GOTO 100 
IF DUMl < 70 THEN 

R3=GEN4*EXP(DUMl) 
END IF 
100 K3=R3-LAMDA 
GAMMA1=K3*R*R/DFl 
Y3=GAMMA3*DT/2 
SUBEND 
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! SUBROUTINE COEFFICIENT OF GROUP 3 
! 
SUB COEFF3(W3,X3,Y3,NY,A3(*),B3(*),C3(*),VX,R,DFl,DY,RAT3) 
M=NY 
FOR 1=1 TO M-l 

A3( I)c-(W3+X3). 
B3(I)=1+2*W3-Y3 
C3(I)=-(W3-X3) 

NEXT I 
A3(1)=0 
ALPHA1=-VX*R/DFl 
DUMl=1-(2/(ALPHAl*DY» 
DUMA=RAT3/DUMl 
A3(M)=-DUMA 
B3(M)=1+DUMA 
SUBEND 

1 SUBROUTINE RIGHT-HAND SIDE OF GROUP 3 

SUB RHS3(CG2,W3,X3,Y3,CG3(*),NY,Z3,CT2,D3(*),VX,R,DFl,DY, 
RAT3) 

M=NY 
DUMl=W3+X3 
DUM2=1-2*W3+Y3 
DUM3=W3-X3 
D3(1)=DUMl*CG3(0)+DUM2*CG3(1)+DUM3*GG3(2)+DUMl*CG2 
FOR 1=2 TO M-l 
D3(I)=DUMl*CG3(I-l)+DUM2*CG3(I)+DUM3*CG3(I+l)+Z3*CT2 
NEXT I 
ALPHAl=-VX*R/DFl 
DUM4=1-(2/(ALPHAl*DY» 
DUMA=RAT3/DUM4 
D3(M)=DUMA*CG3(M-l)+(1-DUMA)CG3(M) 
SUBEND 

! SUBROUTINE GROUP 4 

SUB GROUP4(G3~K4,R,DFl,DT,CG40,CT30LD,CT3NEW,CBOUND) 
GAMMA4=K4*R*R/DFl 
XI4=G3*R*R/DFl 
X4=XI4*DT/2 
Y4=GAMMA4*DT/2 
DUM=(1-Y4)*CG40+X4(CT3NEW+CT30LD) 
CBOUND=DUM/(1+Y4) 
SUBEND 
! 
! SUBROUTINE GROUP TRANSFER 
! 
SUB TRANINT(FF(*),DR,NR,CTOTAL) 
N=NR+1 
NPANEL=N-l 
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NHALF=NPANAL/2 
NBEGIN=1 
CTOTAL=O 
IF(NPANEL·-Z*NHALF)=O THEN GOTO 200 
CTOTAL=(FF(I)+3*FF(2)+3*FF(4»*3*DR/8 
NBEGIN=4 
200 CTOTAL=CTOTAL+(FF(NBEGIN)+4*FF(NBEGIN+I)+FF(N»*DR/3 
NBEGIN=NBEGIN+2 
IF NBEGIN=N THEN GOTO 300 
NEND=N-~ 

FOR I=NBEGIN TO NEND STEP 2 
CTOT~~=CTOTAL+(2*FF(I)+4*FF(I+l»*DR/3 

NEXT I 
300 SUBEND 

! SUBROUTINE FUNCTION 
! 
SUB FFUNCT(C(*),DR,NR,P,FF(*» 
FOR 1=1 TO NR+l 
FF(I)=C(I-l)*(DR*(I-l)AP 
NEXT I 
SUBEND 
! 
! SUBROUTINE PLOT GRAPH 

SUB PTFRAME 
GINIT 
PLOTTER IS 705, "HPGL" 
GRAPHICS ON 
PEN 1 
CSIZE 4 
LORG 6 
X GDU MAX=90*MAX(I,RATIO) 
Y GDU MAX=90*MAX(1,I/RATIO) 
FOR 1=-.25 TO .25 STEP .1 
MOVE X GDU MAX/2+I,Y GDU MAX 
LABEL .... MCD-& SEMI-INFINITE PREDICTION" 
NEXT I 
CSIZE 3 
MOVE X GDU MAX/2,Y GDU MAX*.95 
LABEL .... Sr-85 CFR LEACHING IN CEMENT WASTE FORM" 
DEG 
LDIR 90 
CSIZE 3 
MOVE .1*X GDU MAX,Y GDU MAX/2 
LABEL "Sr-85 eFR" - -
LOGR 4 
UER 0 
MOVE X GDU MAX/2,.07*Y GDU MAX 
LABEL .... TIME (Days)" - -
VIEWPORT • 2*X_GDU_MAX, • 85*X_GDU_MAX, .Z*Y...:..GDU_MAX, 
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.85*Y GDU MAX 
XMIN=O 
XMA=300 
XRANGE:::XMAX-XHIN 
DX=5 
YMIN=-3 
YMAX=O 
YRANGE=YMAX-YMIN 
DY:::.1 
WINDOW XMIN,XMAX,YMIN,YMAX 
CLIP OFF 
FOR DECADE=YMIN TO YMAX 

FOR UNITS=l TO 1+8*(DECADE<YMAX) 
Y~DECADE+LGT(UNITS) 
MOVE XMIN,Y 
DRAW XMAX,Y 

NEXT UNITS 
NEXT DECADE 
FOR Y=YMIN TO YMAX STEP DY*10 
CSIZE 2.5 
LORG 8 
MOVE XMIN-XRANGE*.03,Y 
LABEL USING "tf,K";"10" 
CSIZE 1.5 
LORG 1 
MOVE XMIN-XRANGE*.025,Y+YRANGE*.01 
LABEL USING "/f,K";Y 
NEXT Y 
CLIP ON 
AXES DX,YRANGE,XMIN,YMIN,S,1,3 
AXIS DX,YRANGE,XMAX,YMAX,S,1,3 
GRID 2S,1,XMIN,y}IIN,1,1 
CLIP OFF 
LORG 6 
CSIZE 2.5 
FOR 1=0 TO 300 STEP 25 

MOVE I,YMIN-YRANGE*w01 
LABEL USING "/I,K";I 

NEXT I 
SUBEND 
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