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ABSTRACT 

The purpose of this study is to present the 

development and application of residual flow procedure for 

analysis of t:J.ree-dimensional (3-D) steady-state and 

transient seepage. The finite element equations are 

derived using a pseudo-variational principle which leads to 

a transient residual flow (load) vector that, in turn, is 

used to correct the posi ticn of the free surface 

iteratively. The procedure involves a fixed mesh which 

requires no mesh regeneration during transient analysis and 

during iterations. The procedure is also capable of 

handling material nonhomogeneities and anisotropy with 

relative ease. 

Several applications are made including verification 

with respect to closed-form solutions, and with results 

from a laboratory glass bead model simulating three-

dimensional situations. For these glass beads, the 

coefficients of permeability and specific storage are also 

evaluated experimentally. 



CHAPTER 1 

INTRODUCTION 

The problem of seepage through porous media has long 

been a main concern to civil engineers. In the case of 

stability of earth dams, seepage is an important concern in 

both the design and the daily maintenance [51]. For 

example, a sudden loss of water level, generally known as 

rapid drawdown, could create very high gradients in the dam 

and hence, cause structural failure. 

The seepage flow through an earth dam can occur such 

that a part of the boundary of the flow domain is 

unconfined and can change with time. This changing 

boundary is called a free or phreatic surface. The 

solution of general seepage flow problems requires the 

determination of the fluid head ( unkown parameter) as well 

as the position of the free surface which involves 

consideration of complex and nonlinear boundary conditions. 

Analytical (closed-form) solutions for such problems 

are usually difficult to find [25]. Analytical solutions 

1 



are generally possible for cases which involve linear 

equations and in which geometry and boundary conditions can 

be described by simple functions such as in the case of 

sloped dams with homogenous interiors [13,37]. Therefore, 

for many practical problems, numerical techniques have 

become powerful and superior alternatives to analytical 

methods because they can handle complex geometries and 

material non-homogeneities with relative ease. 

NUmerical Methods 

Ever since the advent of computer technology and the 

present availability of high capacity and high speed 

computers, numerical schemes have increasingly become the 

preferred tool in solving the more sophisticated seepage 

flow problems. The most popular of the numerical methods 

are the finite difference (FDM) and finite element (FEM) 

methods [16,18-30,31-35,43,53]. However, in recent times 

the FE methods have gained greater popularity because of 

the certain shortcomings of the finite difference methods. 

The main disadvantage of the FD methods is that the flow 

domain should be discretized in a regular and uniform 

manner as in the case of rectangular regions. However, for 

an irregular boundary, the mesh points may not fallon the 

boundary and modification of the finite difference 

equations become necessary [24]. 



l<'inite Element Method: The finite element method was 

applied to seepage flow problems by several researchers 

[18,19,21,31,43,49 ,53]. The FE method can be formulated 

by using variational procedures or weighted residual 

methods [21]: the former is used in this study. In the 

variational methods, an (energy) functional is established 

and its stationary state leads to the FE equations. 

Finite element analysis of a physical problem can be 

described as follows: 

i) The physical domain is subdivided into a series 

of finite elements that are connected at a discrete 

number of nodal points; this process is called 

Iidiscretization" . 

ii) Within an element, the unknown Variable associated 

with the problem is approximated in terms of the 

values of the variable at the nodes through what is 

generally known as lIinterpolation functions". 

iii) Then for each element, a matrix expression 

corresponding to the governing equation is 

developed. The resulting matrix is commonly 

referred to as "element (property) matrix". For a 

continuum problem such as the seepage problem, the 

element matrix expression is obtained through a 

mathematical formulation that makes use of a 

variational procedure. 

iv) The element matrices are combined and assembled to 



4. 

form a set of algebraic equations that describe the 

entire global system. The coefficient matrix of 

this final set of equations is called the "global 

(property) matrix". The assembly procedure is 

performed in such a way that certain compatibility 

conditions are satisfied at each node shared by 

different elements. 

v) Prescribed boundary conditions are then 

incorporated into the assembled or global matrix 

equations. 

vi) The resulting set of simultaneous algebraic 

equations is solved. Here many different solution 

algorithms can 'be employed. 'l'his fifth step results 

in the determination of the nodal. values of the 

unknown variable (total head tf>, in seepage 

problems) • 

The finite element procedure used in this study is 

called the Residual Flow Procedure CRFP), and the free 

surface problem investigated herein is the case of three

dimensional" seepaqe through porous media. The RFP was 

deveioped by Desai [20,21,30] and later was used for two

dimensional transient free surface seepage by Desai and Li 

[28], and Li and Desai [42]. Here, it is expanded for 

analysis of three-dimensional transient free surface 

seepage problems. 



Three-dimensional Analysis: Seepage through porous media, 

in most instances, is a three-dimensional phenomenon. For 

example, seepage through the porous dam shown in Figure 1.1 

requires a three-dimensional analysis since a 2-D approach 

will clearly fail to handle the actual flow behavior. 

Therefore, the need for a 3-D study can arise -in the cases 

where the behavior of the free surface in the third 

dimension (e.g., the y-dimension in Fig. 1.1) is essential 

to the study of the particular field problem. Examples of 

such problems are junctions of dams and abutments, flow 

around (finite) galleries, and openings in structures like 

dams with complex geometries (Fig. 1.1). Furthermore, a 

three-dimensional model could handle variation of material 

properties such as anisotropy in an efficient manner. 

Scope and Objectives 

In the residual flow procedure (RFP), the solution 

of the flow domain is extended into the entire physical 

domain. For example, in case of an earth dam, this 

extended domain is the whole physical domain of the dam, 

and therefore, the extended solution involves contributions 

from the actual (saturated) flow domain (below the free 

surface) as well as the extraneous (partially saturated or 
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unsaturated) region. The RFP then solves for this extended 

domain iteratively. It has been shown by Westbrook [50] 

that the procedures involved in the recently proposed 

variational inequality methods are similar to that in the 

RFP. 

A 3-D finite element model is formulated which 

utilizes eight-noded isoparametric elements. The computer 

program developed is implemented on both CYBER 175 and 

CYBER 205 (super) computers. In the first stage of the 

study, the program is used to solve some classical 

problems, and the results are compared with analytical/ 

closed-form solutions as well as those from the existing 

2-D procedures. In the second stage, the 3-D procedure is 

used to solve some typical three-dimensional problems. In 

the same stage, the results of several problems are also 

compared to the variational inequality approach presented 

by Bruch [8-11]. In the third state, a 3-D laboratory 

model is developed and the 3-D procedure is used to verify 

the predictions with respect to the experimental results. 

Presentation of Chapters 

In Chapter l, an introduction of the numerical 

methods, specifically the finite element method, is 

presented. In the same chapter, the necessity of a three

dimensional analysis is discussed which is followed by the 



scope and objectives and finally the format of the rest of 

the dissertation is planned out. In Chapter 2, the general 

seepage flow through an earth dam is discussed and the 

boundary conditions are defined. In the same chapter, 

brief descriptions of variable and invariant mesh methods, 

and the concept of partially saturated domain are 

presented. Also included in this chapter is a review of 

different 3-D solution techniques for the free surface 

seepage problem with a brief description of the variable 

mesh and variational inequality approaches. 

Chapter presents the development of the 

theoretical procedure. This consists of a discussion of 

the variational principle used, derivation of the finite 

element equations, and the discussion of the residual flow 

procedure and the associated algorithm for both the 

transient and steady-state cases. In the same chapter, 

different schemes for finding the free surface are 

investigated and finally, the IIDeflecting Zonel! procedure 

of handling the surface of seepage is explored which 

includes a parametric study of all the factors involved in 

the analysis. 

Chapter presents the solution of classical 

problems and the comparison of results with both the 3-D 

(present) and the 2-D procedures. In this chapter, the 

present 3-D results are compared with those from a 2-D 

procedure and the 3-D variable mesh method developed by 



Desai et. aL [29]. In the same chapter, several practical 

3-D problems are solved and compared to other available 3-D 

solution methods. In this chapter the effect of both 

isotropic and anisotropic variations in hydraulic 

conductivity is also studied and the results are compared 

with those obtained by several other researchers. 

Chapter 5 presents the description of the three

dimensional laboratory model. The experimental results are 

compared with the proposed 3-D procedure. The conclusion 

and final recommendations for future studies are presented 

in Chapter 6. References and appendices are placed at the 

end. 



CHAPTER 2 

SEEPAGE THROUGH POROUS MEDIA 

Analysis of transient free or phreatic surface 

seepage through porous media (dams, river banks, etc.) 

requires the development of a model that accurately 

identifies the location of the free surface. The finite 

element method (FEM) has proven to be a powerful method of 

modeling the free surface problems. In the finite element 

method, the objective is to transform a partial 

differential equation into an integral equation 

(functional) which includes derivatives of the first order 

only. Then the integration is performed numerically over 

elements into which the considered domain is divided. 

In the case of seepage problems studied herein, an 

associated functional must be established for which the 

governing differential equations are the Euler equations. 

It should be noted however, that the Euler equations of a 

certain functional are derived through minimization of that 

functional with respect to the unknown (Chapter 3). 

10 
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Seepage Flow Problem 

In case of seepage flow problems, the functional is 

expressed in terms of the fluid potential or head. The 

stationary value of this functional is then obtained, which 

leads to the governing differential (Euler) equations and 

the corresponding natural boundary conditions. However, 

sometimes a consistent functional cannot be found, or 

sometimes the functional does not even exist. In order to 

overcome these problems, the concept of a pseudo

variational principle is often utilized [44]. A psuedo

functional can be formed in many forms [41,51]. In order 

to obtain the proper pseudo-functional for the seepage flow 

problem, one must first understand the type of problem and 

the boundary conditions involved. 

Governing Flow Equations 

For solutions of the free surface problem, it is 

required to establish the differential equation and the 

associated boundary conditions. To illustrate, consider 

the case of the 3-D dam resting on an impervious base, Fig. 

2.1. 

The governing differential equation of flow for the 
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general case is given by [6,28,34,41,43]: 

V. (k V4>l - Q = S,%t (2.1a) 

or, (2.1b) 

where units 

k ,k,k = permeability coefficients in x,y, 
x y z 

and z directions 

t time 

total head (potential) 

~ =: pressure head 

= elevation head 

2 =: pressure 

,., = unit weight of water 

Q external source or sink 

S specific storage 
s 

~ + z 

(LIT) , 

(T) , 

(L) , 

(L) , 

(L) , 

(M/L2) , 

(F/L3) , 

(LIT) , 

(IlL) • 

The assumptions made in deriving Egs. (2.1) are that 

the flow is continuous and the ·fluid is homogeneous, 

capillary and inertia effects are negligible, magnitudes of 

velocities are small, Darcy I s law is valid, and x, y, z are 

the principal directions of permeability. 

The permeability coefficients usually show 

variations through space within the porous medium. If the 
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permeability is independent of position within the porous 

medium, the medium is called homogeneous. For example, 

k (k ,k ,k) = k (k ,k ,k) in the case of the 
1 lx ly lz 2 2x 2y 2z 

zoned dam in Fig. 2.2. A heterogeneous medium on the other 

hand is one where the permeability is dependent on 

position. Furthermore, if permeability is independer.t of 

the direction of measurement at a point in the porous 

medium, the medium is called isotropic at that point (k 
x 

=k =k). The case where (k =k =k) is generally common 
y z x y z 

in horizontally bedded sedimentary deposits and is said to 

be transversely isotropic [35]. 

The specific storage (8 ) is defined as the volume 
s 

of water· that a unit volume of porous medium releases from 

storage under a unit decline in total head. 
-1 

the dimension of [L] is given by [35]: 

where S, = 'Y(a + n(3) 

8 y saturation-desaturation term 

and 

0: = compressibility of porous medium 

fJ fluid compressibility 

'1 = water density 

n = porosity of the porous medium 

S which has 
s 

(2.2) 

(2.3) 

units 
2 

(L IF) 
2 

(L IF) 

3 
(F/L ) 
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Steady-State Condition: For the case of steady-state 

seepage (i. e., the conditions of the problem do .not change 

with time), Eq. (2.1b) reduces to: 

o (2.4) 

Furthermore, for the special case of homogeneous 

isotropic medium (k = k = k ) with no external sources or 
x y z 

sinks ( Q =0 ), Eg. (2.4) reduces to the well-known 

Laplace equation: 

or simply, 

where 

2 
V 4> = 0 

2 
V = operato~ 

(2.5a) 

(2.5b) 

Boundary Conditions: In the three-dimensional dam shown in 

Fig. 2.1, for the case of steady-state seepage, three types 

of boundary conditions are involved. The first type is 

called Dirichlet, which involves a prescribed pressure or 

total fluid head. The second is a Neumann type boundary 

condition with prescribed gradients. The third type is a 

mixed boundary condition which combines the first two types 

~f boundary conditions. 

In the earth dam shown in Fig. 2.1, the Dirichlet 
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type boundary oondi tion appears along surfaces with known 

potential heads such as upstream . and downstream faces of 

the dam (B1). The Neumann type boundary condition appears 

at ~he impervious boundary of the dam (B 2) and also along 

the free surface (B3).. The above boundary conditions are 

assigned with the adoption of atmospheric pressure as a 

zero reference pressure and the assumption that air-water 

interface is immiscible. Another important boundary 

. condition is the surface of seepage (B 4) . Along this 

surface the pressure is atmospheric and the fluid gradually 

flows out of the medium .. 

In summary, the boundary conditions are stated as: 

i) 4> = ii"(x,y,z,t) on part B'1. of the boundary, (2.6a) 

(2.6b) 

on part B2 of the boundary where q is prescribed, 

where tPn. =intensity of flow [25,32] 

=direction cosines of outward normal 

to the boundary, 

iii) .p(z,y,z,t) = z and, 

o on B 
3 

(2.6c) 



iv) tP(:c,y,z,t) = z . and, 

on B 
4 
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(2.6d) 

Therefore, in a typical seepage flow problem 

involving a free surface, one must deal with two types of 

domains: the flow region (saturated) and the no flow 

domain (partially saturated). The flow domain is defined 

below the free surace and the total head, tP ,in that region 

is greater than the elevation head (z). The partially 

saturated domain on the other hand, is where total head is 

l.ess than elevation head or the negative pressure zone. It 

should be noted that the capillary effect is neglected 

throughout this study. 

In order to model this problem using the 3-D FEM, 

several different solution techniques have been developed. 

The Residual Flow Procedure (RFP) adopted in this study 

involves finite element modeling with a fixed or invariant 

mesh [4,21,28] a This invariant mesh approach, as the name 

implies, requires no restructuring of the discretized 

domain during the solution process a 

Invariant vs. v~riable Mesh: The variable mesh FE method 

has been utilized to solve various seepage flow problems 

[22,29,32]. This method requires the discretization of the 

flow domain (the region below the phreatic surface as in 
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Fig. 2. 3b ). It, however, requires the restructuring of 

.the flow domain at each solution st~p which CQuid lead to 

element distortion and may introduce errors. This 

procedure also requires a large number of iterations and, 

therefore, needs relatively large computational efforts. 

These disadvantages are particularly pronounced in the case 

of three-dimensional analysis [4]. 

The invariant mesh methods such as the RFP and 

. variational inequality methods [3,8-1.1,39-40] require the 

discretization of the full domain (both the flow and nc-

flow domains I Fig. 2. 3a) • These approaches have proven to 

be more efficient in both the manner in which material non-

homogenities can be handled with relative ease and also the 

fact that they usually involve fewer number of iterations 

during the solution process. 

partially Saturated Flow: The physical nature of partially 

saturated flow is microscopically complex and is usually 

considered to be due to capillary action. It is common 

practice to treat partially saturated flow macroscopically 

as a Darcian flow. In accounting for the negative pressure 

in the partially saturated zone, the flow equation is 

written as [34-35,41.,42,43,46,48]: 

. 8., 
Q + S'N (2.7) 
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a) Invariant Mesh 

.b) Vaiable Mesh 

Fiq. 2.3. Different Finite Element Techniques 
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where the coefficient of permeability is a function of the 

moisture content of the soil, which is dependent on the 

pressure head. Typical moisture content-pressure and 

permeability-pressure relations are shown in Fig. 2.4. The 

figures show that the relations are constant in the 

saturated region but are nonlinear and hysteretic in the 

unsaturated region. Hence, the flow equation is composed 

of the positive pressure equation in the saturated region 

and the negative pressure equation in the partially 

saturated (unsaturated) region (Chapter 3). 

Three-Dimensional Solution Techniques 

One method of analysis of 3-D problems with free 

surface was introduced by Jeppson [38]. In his method, he 

defined a potential function t/J. and two stream functions t/J 

and til . The stream functions are defined to be surfaces 

normal to equipotential surfaces and tangential to the 

velocity vector such that their intersection defines the 

streamlines of the flow. This lIinverse formulation" leads 

to a system of three non-linear first order partial 

differential equations which are difficult to solve. The 

solution of this system requires that the equations be 

combined by differentiation with the underlying assumption 

that certain relatively small quantities were known. 
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Therefore, separate equations apply for x, y, and z in 

different planes with space and these equations were solved 

~the finite difference 0J;Pltl0d1. 

Another three-dimensional solution technique is that 

of Desai [23,29] who developed a 3-D FE procedure for 

steady-state and transient seepage based on the variable 

mesh method. This finite element approach employs eiqht

noded isoparametric elements and the free surface is 

evaluated using an iterative scheme. The scheme involves 

an initial estimate of the free surface and then the domain 

below it is discretized and the equations are solved 

iteratively. However, since it is not possible to specify 

simultaneously both Dirichlet and Neumann types of boundary 

conditions on the initial free surface, only one type is 

applied in the iteration. The other type of boundary 

condition is used as a means to check the convergence of 

the solution. After each iteration, the free surface is 

readj usted and a new set of FE equations are formulated. 

This procedure is repeated until both types of boundary 

conditions are satisfied along the free surface. 

France et-a1. [32,33] also developed a three-

dimensional variable mesh procedure. This method uses 

cubic isoparametric elements which result in the boundaries 

to be modeled with fewer elements. The free surface is 

then evaluated using an iterative moving mesh (variable 

mesh) technique. '!'he general problem which was analyzed 
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both for transient and steady-state flow, involved a porous 

dam with impervious bottom -and side. One side of the dam 

was longer than the other, thus creating a three

dimensional effect. A reservoir of constant height was 

maintained on the upstream face. On the downstream face a 

reservoir of variable height (the case of a river with 

variable depths at different points) established the 

boundary conditions. 

The variational inequality approach is another 3-D 

solution method. It was first proposed by Baiocchi and his 

colleagues [3]. Bruch [10] applied this method to some 

three-dimensional problems using both the finite difference 

and finite element successive over-relaxation schemes. 

Baiocchi and Capelo [3], Bruch [8-9] give an extended list 

of references concerning this approach. In this procedure, 

the a priori unknown solution region is extended into a 

known region. A new variable is then defined using the 

Baiocchi transformation within this extended region. 

Through this transformation, a set of variational 

inequalities are obtained. These sets of inequalities are 

then solved using an over-relaxation technique [1,8-9]. 

Kikuchi [39-40] also provides a thorough discussion of this 

approach. 

The variational inequality approach is analogous to 

the RFP developed herein; Westbrook [50] has compared the 

variational inequality approahes of Alt [1] and Baiocchi to 



25 

the RFP and has shown that the general inequality procedure 

of Alt and the RFP are similar. 

Neuman [43] has also developed a procedure that is 

based on an invariant mesh concept and on the Galerkin I s 

method [24,51]. In this scheme, the element matrix 

associated with the time dependent term is diagonalized and 

the pressure-moisture content relation is used for the 

saturated and unsaturated zones. 



CHAPTER 3 

DEVELOPMENT OF THEORETICAL PROCEDURE 

For an incompressible fluid flowing through a porolls 

medium of variable permeabilities, the governing equation 

(Eq. 2.6) is: 

Q + s·lif (3.1) 

The above equation is valid for both the saturated 

and the partially saturated (unsaturated) regions with the 

underlying assumption that Darcy's law holds for the 

unsaturated flow too. As it was illustrated in Chapter 2 

(Fig. 2.4), the coefficient of unsaturated permeability is 

not unique. Therefore, the unsaturated flow effect is 

considered only approximately. 

In the residual flow procedure (RFP), the effect of 

the unsaturated zone is included through the so called 

unbalanced residual flow vector. This vector is created 

through the application of the unsaturated permeability 

coefficient to the governing flow equation. A similar 

26 
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technique has been used by Cathie and Dunqar [14] in 

solution of unsaturated flow problems. Bathe and 

Khoshgoftar [4], have also applied the same' idea to an 

extended region by the introduction of a small and 

fictitious value for the permeability in the negative 

pressure zone. 

Extension of the Flow Domain 

As .it was discussed earlier in Chapter 2, the typical 3-D 

domain D, shown in Fig. 2.1 is compr~sed of ~wo zones: the 

fully saturated domain, n (below the free surface), and the 

partially saturated 'noflo~' domain, 'D - n (above the 

phreatic' line). In the RFP, the unknown, .p (total fluid 

head), is extended from the flow domain into the I naflow I 

domain; i.e, the extended problem is a combination of a 

saturated flow and the unsaturated flow. Therefore, a new 

definit~on should be given to the coefficient of 

permeability in the form: 

k(p) = k. - J(p) (3.2a) 

where k(p) coefficient of permeability as fUnction 

of pressure p, 

k = coefficient of permeability in saturated 
s 

zone, 
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and f(p) a function of pressure head 

It should be noted however, that f (p) is defined to 

be zero when pressure, P, is greater than zero ; i.e., k(p) 

is equal to k in the saturated zone. 
s 

could simply be defined as 

1 k. 

k(p) = 

k. - f(p) 

in n 

elsewhere 

Therefore, k(p) 

(3.2b) 

A new definition should also be given to variableJ~ 

in the 'noflow' domain as 

"1 '" if> 3 

q 

in n 

in 0- n 

where tfl = the extended solution in the full domain, D 

9 = some unknown function in the I no flow ' domain 

q, = solution in the saturated domain 

(3.3) 

And substitution of Egs. (3.2) and (3.3) into Eg. 

(3.1) leads to: 

Q + S.~ (3.4a) 
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Eq. (3.4) can be written in expanded form as 

It is necessary to define function k(p). Bouwer [6] 

and Freeze [34-35] have defined k(p) as a step function 

illustrated in Fig. 3.1a. However, in the case of RFP, the 

fUnction k(p) is defined as in Fig. 3.l.b, since it has been 

shown that the numerical solution converges better if such 

a variation is adopted [28,41]. 

Pseudo-variational Principle 

Pseudo-functional is an integral expression whose 

stationary value at the final stage of an iterative process 

resul ts in the· exact solution. The general pseudo-

functional used in the RFP is set up as a summation of both 

linear and nonl.inear terms as follows: 

where 

U(<f>',f) U(<f>') + U(<f>',f) 

U(¢') = linear term associated with k s 

U(t/J',J) = nonlinear term associated with f 

(3.5) 
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Furtheremore, 'the functional in Eq. (3.5) could be 

expressed as a function of total head r ",', as follows: 

- f"Q.p'dfl + (b.o.) (3.6) 

where (hoc.) = boundary condition term 

(3.7) 

and (3.8) 

The functional of Eq. (3.8) can be expressed in 

expanded forn as: 

_ 2Q.p'}dfl - f B, .p • .p' dB (3.9) 

To find the stationary value, the variation of the 

functional with respect to r; is taken 

5U(.p',f) = f,,{(k, - f)[~6(~) + ¥U6(¥U)+ ~6(~)j 

- Q6.p'}dfl - f B,.p.6.p'dB (3.io) 
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NOw, applying the Green's theorem to the first term 

in Eq. (3.10) .leads to: 

fn{k. - f)~{~)dn = f n~{k. - f)6¢'dn - f n~~6""dn 

+fB{k.-fl~I.6¢'dB (3.11) 

And applying the Green's theorem to the other 

similar terms of Eq. (3.10) and collecting terms yields: 

6U{q,' I) = J, {k - I)V'q,' _ 8f 8~' _ 8f 8if>' _ 8f ad>' - Q}6~'dn , n" "lfi"OZ ITyay Fz7JZ 'P 

Now setting appropriate terms equal to zero results 

in: 

Onn , 

(k, _ fJV'q,' _ 8f 8q,' 8f 8q,' 8f 8q,' 
7fi~-dy7Jy-7fi~ Q (3.13) 

OnB'1. ' 

(k. - f){~l. + Uly + ~l%) - q,n = 0 (3.14) 

Equations (3.13) and (3.14) are the differential 

equation and the corresponding natural boundary condi tien 

of the seepage problem respect! vely. Therefore, the 
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pseudo-functional proves to be a viable choice in 

describing the general seepage problem presented in Chapter 

2. 

Finite Element Formulation· 

As stated earlier, the finite element method used in 

the RFP involves the discretization of the full domain, D, 

with eigth-nodeq. (hexahedral) elements (Fig. 2.2b). A 

typical element is shown in Fig. 3.2. In each element, the 

total head is approximated by using interpolation fUnctions 

given by [5,17,24,50]: 

¢'= [NJ{q} 

where {q} = nodal fluid head vector 

[N] = row matrix of interpolation functions 

and, 

i 1,2, ••• ,S 

here: 

r IS, t = local coordinates 

r.,s"t,= (+) or (-) as shown on Fig. 3.2 
111 

(3.15) 

(3.16) 
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Fig a 3.2 Typical Three-Dimensional Element 
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The concept of isoparametric elements [5,17,23-

25,52,53] is used with the RFP. This concept implies that 

the same interpolation function is used for the coordinates 

as well as the unknown (Eq. 3.16), i.e., 

8. 

X· [N](X.)- ~ N X (3.17a) 
1. i=-l i i 

8 

y- [N](y.)= ~ N, y, (3.17b) 
1. i=l 1. ~ 

8 
(3.170) z • [N](z. )- ~, N z 

1. i=-l i i 

The substitution of the approximate function into 

the pseudo-functional and taking the first variation of the 

functional with respect to {q) results in: 

(f alBjT[.o.J[Bjdn .,.. i o[Bi"[lJ[Bldn){q} 

-io[NIT{Q}dn = is,INjT{4>.}dB (3.18) 

o· 0 n where 1.0.1 Ie, (3.19a) 

0 

(~ 
0 

JJ 
(3.19b) 

[II f. 
0 
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and [B) =[~}[N) (3.19c) 

For each element, Eq. (3.1.9) can be written as 

[K,]'{q} = {Q}' + [K.,j'{q} (3.20a) 

{Q}' + {Q,}' (3.20b) 

, where 

[K,]' (3.21a) 

[K.,]' (3.21b) 

{Q}' 
(3.21c) 

{Q,.} = [Ku~]{q} = Residual Load vector (3.21d) 

Assemblage of the element equations using the direct 

stiffness method [5,17,24,51] leads to: 

[K.I.{r} = {R} + {R,} (3.22) 

where [K] = assembled permeability matrix at saturation 
s a 

{r} = assembled nodal fluid head vector 

{R} assembled forcing fUnction vector 

{R} assembled residual flow vector 
r 
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Residual Flow Algorithm 

Equation (3.22) can be difficult to solve because 

the free surface is unknown a priori, and the function, f, 

varies with the unknown; rp • Therefore, the RFP 

incorporates an iterative scheme into the finite element 

procedure by assuming the whole domain to be saturated (no 

residual flow vector). Then from the solutions for the 

fluid head ( (r) ), the pressure heads of each element are 

checked against the idealized pre.ssure-permeability curve 

(Fig. 3.1b). Fo!:' elements with nonpositive pressure, 

corresponding permeability value is found from Eg. (3.2) or 

Fig. 3.1b) in order to form the r~sidual flow vector 

defined in Eg. (3.22). Subsequently, the problem with the 

enforced residual load vector is solved iteratively with 

the prescribed boundary condi t:ions until the convergence of 

the computed heads is achieved. For convenience the 

algorithm is expressed in terms of element equations as 

follow.s: 

iteration 
1 

i=l [K 1 {q} (Q) (3.23a) 
s 2 1 1 

i=2 [K 1 {q} (Q) + [K 1 (q) (3.23b) 
s 3 us 2 2 

i=3 [K 1 {q} (Q) + [K 1 (q) (3.23c) 
s us 

n n-l n-1 
i=n [K 1 (q) (Q) + [K 1 (q) (3.23n) 

s us 



where 

n = a stage of the iterative proc~dure, i, 

[K ]= as defined in Eq. (3 .21.a), and 
s 

[K ]= as defined in Eq. (3.21b). 
us 
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The convergence c::-iterion can be defined by choosing 

a small value, e , such that the solution {q} at t..'1e it.~ 

ste.p satisfies: 

(3.24) 

where E = a nonneqative small number =0.005 and, 

m = total nUlllber of free surface points. 

Transient flow 

In case of the transient flow, the pseudo-functional 

is defined as: 

- fB,<p.4ldB (3.25) 

The fluid head, ¢/ I is approximated in the same 

manner as_ in Eq. (3.1.6). By taking the first variation of 

the func'eional wi tb. respec~ to (q) and finding the 

cor=esponding stationar-.l value, the following ele!'Jent 
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equations can be obtained [18-1.9,28]: 

[K.j{g} - [K •• J{q} + [p,lm - [P .. IW {Q} (3.26) 

where [P,[ =- J"S,[NIT[NldO (3.27a) 

OF porosity matrix at saturation 

[P.,I = J"g[NIT[NldO (3.27b) 

= residual porosity matrix 

m = {f,q} (3.27c) 

.In the RFP, the saturation-desaturation term 

associated with S is not explicitly considered. Part of 
s 

its effect is included in the RFP since the procedure is 

based on correction to the saturated domain given by the 

first term in Eq. ("3. 26) . Also, with small time steps the 

region between the previous and the current surface 

relevant to S is small. However, if the value of S is 
y y 

known, it can be incorporated through [P 1 term, Eq. 
us 

(3.27b) • 

Time Integration: At this stage, Eq. (3 ~ 26) may be solved 

using time integration techniques [5, 51] . For 

convenience, Eq. (3.26) can be written in the general form 

as follows: 



where 

[elm + [K'){q} {Q} 

[K'I 

[el 
[K,) - [K .. ) 

[P,) - [P • .) 

At tilne (I + ~I), Eg. (3.28) can be written as 

[e){q}, + '" + [K'J{q}, + '" = {Q}, + '" 

but, {qh+~t could be expressed as [4,51]: 

{q}, + '" {q}, + ~I{(l - O){q}, + Om, + .. ,} 

where 9 is a constant parameter. 

Rearranging terms and solving for {qh + At , 

{ .} _ {q}, ... '" - {q}, - ~I(l - O){q}, 
qt+At;- Yilt 
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(3.28) 

(3.29a) 

(3.29b) 

(3.30) 

(3.31) 

(3.32) 

Now, substituting Eg. (3.32) into Eg. (3.30) leads to: 

[el{{q}, ... '" - {q}, - ~t(l - O){ii},} I{ a ~t + [K' q}, ..... , 

= {Q}, + '" (3.33) 

Rearranging, 
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[;h[C[ + 8[K'[[{q}, + .. , 8{Q}, + .. , + ;h[C[{{q}, 

- t:.1(1 - 8jm,} (3.34) 

and substituting Egs. (3.29a) and (3.29b) into Eq. (3.34) 

yields: 

[;h([p,[ - [Pool) + O[([K.[ - [K.,J)J{q}, + .. , = 8{Q}, + .. , 

+ ;h([P.[ - [P .. I){{q}, + t:.t(1 - 8)W,} (3.35) 

Collecting terms, 

[lfil + 8[K.[[{q}, + .. , = 8{Q}, + .. , + 8[K.,[' - '{q}, + .. , 

+ %l{q},+ .. , + [P,I ;;)p.,l{{q}, + t:.1(1 - 8)W,}(3.36) 

Different values of can be used in the above 

equation, each representing a different method, e.g., 

1 .................... .Bac.lcward Euler 

- ~ .•••••..•••••••••••. Galerkin 

i .................... Crank ~ Nicholson. 

It should be noted, however, that for 8 2: ~, all 

schemes are unconditionally stable ; and when 0:$ e < ~ 

stability is conditional [5,51). The three-dimensional RFP 

is set up in the general form and therefore, all the above 

methods could be employed. 



Transient Flow Iteration: 
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In' Eg. (3.36), {g} is known and 

(K~I' [P .... j ana {q}, + .. , are the unknowns. Using a 

similar algorithm as that for the case of steady state 

flow, the following iterative equation is obtained: 

II,W + 8IK,II{q}; + .. , = 8{Q}, + .. , + 81K .. I' - 1 {q};:;: ~, 

+ ~{q}::~, + [P,jlit[P.,j{{q}, + .<l.t(l - 8lm,} (3.37) 

'In order to simplify the expression in Eq. (3.37), the 

following substitutions are made: 

[Kj = [;h[P,j + 8[K,1I (3.38) 

{Q}'-l 8[K",I'-1{q};:;:~, +'~{q}~~~, 

+ [P,j lit [P.,] {{q}, + .<l.t(l - 8lm,} (3.39) 

Therefore, the simplified equation is written as: 

{Q} + {Q.}' - 1 (3.40) 

At this stage, the same algorithm as in the steady 

state case is applied with the residual flow vector ( {Q} ) 
r 

equal to zero in the first iteration. For a sufficiently 
i-I 

small time step, the terms involving the [P] are 
us 

expected to be very small and hence, these terms are 

dropped from the formulation in order to reduce 
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computational effort. 

Therefore, the residual vector could be written as: 

It shoul.d be noted however, that as an approximation{q}~: ~t 

is replaced by {de for a given time step_ 

Search For the Free Surface 

In the previous sections, the algorithm for 

determination of the fluid potential ( tP) was presented. 

At this stage, the procedure for finding the location of 

the free surface is discussed. As it was presented earlier 

(Chapter 2), one of the boundary conditions at the free 

surface requires that the pressure be atmospheric· (;; = z ) • 

In order to find these points of atmospheric pressure, it 

bas been proposed to use linear interpolation between the 

positive and neg-ati ve pressure zones [21]. Thus in a 

typical three-dimensional finite element mesh shown in Fi9~ 

3 ~ 3, after the fluid potential is calculated at each node 

after each iteration, the partially saturated elements are 

identified. These elements are located along' the different 

columns of the dam (Fig. 3.3). Typical possibilities of 

partially saturated elements are shown in Fig. 3.4: as 
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Fig. 3.4. Partially Saturated Elements 
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i11ustrated, the configuration of the free surface could be 

different for each CaSea Therefore, in a typical element, 

RFP searches for the free surface along each of the 12 

nodal lines (Fig. 3 . 5) • Once the negative (~< z) and 

positive (t; > s) pressure nodes are identified inside the 

element, linear interpolation is used to find the location 

of the free surface a10n9 each nodal 1ine (Fig. 3.6). This 

process is continued along every column of the dam, and 

thus the location of the free surface is found throughout 

the dam. 

Artificial. Defleqting Zone 

In the RFP, the boundary between the extended domain 

and the atmosphere is considered to be an impermeable 

boundary, B2 ' in Fig. 3. 7a and 3. 7b. However, in the 

seepage problem with the occurence of a seepage surface, 

the extent of that surface is still unknown. If the 

seepage surface is very small, it may be treated as part of 

the impermeable air-dam boundary B '. 
2 

However, in the 

cases of large seepage surface, some approximate measures 

must be undertaken in order to locate the seepage surface 

[41J. 

In the RFP, the surface of seepage is identified 

through the use of an artificial 'deflecting zone'. The 
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Fig. 3.5. Identification of the Nodal Lines Around an 

Element 
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Fig. 3.6. Location of the Free Surface inside a Partially 

saturated Element 
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idea was suggested b¥" Bromhead [7] in a discussion to 

Desai 1 s residual scheme [21]. The deflecting zone is 

constructed along the boundary where a seepage surface 

occurs. This zone is a strip layer of finite thickness of 

high permeability in which tp =0 is enforced at the ground 

level, AB (Fig. 3.8). A fairly accurate seepage surface 

may be obtained using this method, however I usually a few 

trials will be needed to obtain the best approximation of 

. the dimension of the artificial deflecting zone. Therefore 

in order to obtain an aprroximation of the thickness of 

this zone relative to other parameters involved, the 

following study is performed. 

Parametric study: As presented earlier, the deflecting 

zone is an imaginary I finite I sized layer of high 

permeability in which the total head, tp ~ is assumed to be 

zero at the ground level. In order to evolve criteria for 

the selection of this zone, the case of a sloped dam is 

considered. The dimensions of the dam are presented in 

Fig. 3.9. As illustrated, the slope angle is less than 30 

so that the present numerical procedure could be compared 

to the classical methods. The two classical met·hods used 

for verification are Casagrande [1.3,37] and Schaffernak and 

Van Iterson [37J, Figs. 3.10a and 3.10b respectively. In 

the case of Casagrande's method (Fig. 3.1.0a) I the length of 

the surface of seepage, a, is calculated as follows: 
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Fig. 3.10 General Descriptions of the Classical Solutions 
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d = L' -~ ... O.3~= 7J..29 m p.42) 

a. = ,jd'l + hZ _ Jd~ _ h2 cocanZa. = 6.76 m 
P .43) 

where L' is the base length of the dam and ~ is defined in 

Fig. 3.10a. 

For Schaffernak and Van Iterson's method (Fig. 

3 .10b) I the following ,calculations can be made to find the 

. length of the seepage surface, a, 

d = L' - ~ = 63.27 m p.44) 

" 
p.45) 

= 6.79 m 

Again, L I is the base length of the dam and, ~ is defined in 

Fig. 3.l0b. 

In case of the 3-D RFP, the length of the surface of 

seepage can be affected by a number of factors such, as the 

thickness of the deflecting zone (d 1) , the coefficient of 

permeability of the deflectng zone, the coefficient of 

permeability of the dam adjacent to the zone, the upstream 

head, the slope angle of the dam, and the size of the 

finite element"mesh. 

A gross preliminary parametric study indicates that 
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when the coefficient of permeability of the deflecting zone 

is 10 times that of the dam, the thickness of the zone 

should be between 0.5 to 1. percent of the base length of 

the dam in order to prevent the zone from acting as a 

downstream drain. The results of this preliminary study 

are then used in the following limited parametric study to 

determine the relationships between the thickness of the 

zone and the size of the mesh. 

For this limited study, the sloped dam, Fig. 3.9, is 

discretized in various meshes which are identified with 

three cases involving 4,- 8, and 13 horizontal divisions. 

Thus a total of twelve meshes are considered, Table 3.1. 

The coefficient of permeability of the deflecting zone is 

taken as 10 times that of the homogeneous dam. For all 

meshes, a deflecting zone thickness, d'=0.5m (approximately 

0.5% of L') is used. The finite element results for all 

the above cases are presented in Figs. 3.11 through 3.16. 

In all cases, all meshes are idealized in two dimensions in 

order to compare the results to the classical solutions. 

As it is seen in these figures, the length of the surface 

of seepage is dependent on the size of the finite element 

mesh. Therefore, an average characteristic length, L', of 

the finite element mesh is defined as follows, 

(3.46) 
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Table 3.1- Cases Used in Parametric study 

Mesh No. of Nodes No. of Elements 

1-1 30 20 

1-2 40 28 

Case 1 1-3 50 36 

1-4 60 44 

2-1 54 40 

2-2 72 56 

Case 2 2-3 90 72 

2-4 108 88 

3-1 84 65 

3-2 112 91 

Case 3 3-3 140 117 

3-4 168 143 
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where N is the total number of elements in the finite 

element mesh and 1 is defined as follows, 
c 

1 
c 

where 1C1 and 1C2 are defined in Fig. 3.17. 

(3.47) 

Finally, the following normalized parameters are 

defined: 

A = d'/L (3.48) 

B = h.J.t:n. a (3.49) 

where d I = thickness of deflecting zone 

L = average characteristic length of the 

finite element meshes 

a = length of the seepage surface 

h d = upstream head 

a = slope angle of the dam 

The values of these normalized variables, the average 

characteristic lengths, and the length of the seepage 

surface for each case are presented in Table 3.2. 

The normalized parameters defined in Egs. (3.48) and 

(3.49) are then plotted in Fig. 3.18. The classical 

solutions of Casagrande and Schaffernak and Van Iterson are 
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Fig. 3.17 Characteristic Lengths for an element 
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Table 3.2. Calculated Parameters 

Case Mesh L d'/L a 
hot:" cr (m) 

1-1 9.01 0.056 1.18 0.14 

1-2 6.88 0.073 1.47 0.18 

1 1-3 5.99 0.084 1.78 0.21 

1-4 5.20 0.096 1.84 0.22 

2-1 7.59 0.066 1.99 0.24 

2-2 5.61 0.089 3.41 0.41 

2 2-3 4.59 0.109 6.35 0.75 

2-4 4.11 0.122 7.10 0.84 

3-1 7.12 0.070 2.76 0.33 

3-2 4.99 0.100 4.43 0.53 

3-3 3.96 0.126 6.76 0.80 

3-4 3.34 0.150 8.20 0.97 

Classical n/a n/a n/a 6.77 0.80 
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In this plot, the 

length of the seepage surface is related to the thickness 

of the deflecting zone, the average characteristic length, 

the upstream head, and the slope angle of the dam. 

From Fig. 3.18, the results closest to the classical 

solutions by ± 5% are mesh sizes 3 and 4 of Case 2 and mesh 

size 3 of Case 3. The dashed line in the same figure 

represents an average value of the Case 2 and Case 3 

results. 

From the results of this limited study, it is 

concluded that the dilL ratio should be between 0.12-0.13 

in order to effectively utilize the deflecting zone 

procedure. 



CHAPTER 4 

VERIFICATION OF 3-D RFP 

In order to implement the RFP I a computer code was 

prepared to solve three-dimensional seepage problems. As 

presented in Chapter 3, the finite element model utilizes 

eight-noded (hexahedral) elements. Integration of the 

coefficient matrices is performed numerically using 2x2x2 

gauss quadratures; the complete description of the latter 

is presented in finite element texts [5,24]. In this 

chapter, the results from the present code are first 

compared to the results from the existing 2-D RFP, followed 

by the comparison with the 3-0 variable mesh method and 

variational inequality method. 

Finally, the effect of anisotropic material property 

on the behavior of the free surface is analyzed for the 

case of a rectangular dam and the results are compared with 

those reported by Bruch [11], and Cheng and Li [15]. 

68 
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Comparison with the Existing 2-D RFP and Dupuit's Solution 

The two-dimensional RFP has already been compared to 

numerous other solutions such as graphical solutions [28,41 

,42]. Therefore, for verification purposes herein, the 3-D 

results are compared only with one case of a rectangular 

dam. 

The rectangular dam analyzed is 150m long and 100m 

high. The dam is assumed to be made of homogeneous and 

isotropic material resting on an impervious foundation. 

The upstream and downstream water levels are kept at 80m 

and 40m respectively. Only the steady state flow is 

considered here, and since the height to length ratio is 

low enough to warrant the validity of the Dupuit I s 

assumption, the result from the 3-D RFP are also compared 

with Dupuit's solution. The finite element mesh shown in 

Fig. 4.1. contains 72 nodes and 3.0 elements. 

As shown in Fig. 4.1, the 3-D RFP results are almost 

identical with those from the Dupuit's solution. However, 

the reason for the discrepancy with the existing 2-D RFP 

result can be due to the evaluation of the unsaturated 

permeability (Chapter 3). In the case of the 2-D solution, 

the average pressure inside the partially saturated 

elements is calculated: if this pressure is positive, the 

whole element is assumed to be saturated while for a 

negative pressure, the elements are assumed unsaturated. 



o 2 
100~ 

50'-

o 

Z12x 

@ 

o 

__ 3--0 Presenl , Dupun's 
____ 2-0 

-------
- ... --- --

5U 100 150 

Fig. 4.1. comparison of Present 3-~ Results with the 

Existing 2-D RFP and Dupuit's Solutions 

@ 

" o 



71 

Therefore, the effect of the partially saturated elements 

is somewhat neglected in the previous 2-D RFP. In the 

present 3-D RFP however, the contributions of the partially 

saturated elements are included because the pressure is 

calculated at the integration points, and only the 

unsaturated part of the element is included in the [K J 
us 

matrix (Chapter 3) .. 

comparison with the Variable Mesh Method 

At t;his stage, the results from the 3-D RFP are 

compared with those from the 3-D variable mesh method 

developed by Desai [23,29 J .. The dam analyzed is a 2-D 

laboratory glass-bead model [29] .. Figure 4 .. 2 shows 

dimensions of the model dam section. The finite element 

mesh consists of 1.10 nodes and 40 elements. Glass beads 

of 1 mm size are used to simulate a porous granular medium, 

and the water level at the downstream face is kept at the 

ground level While the upstream level is subj ected to the 

hydrograph shown in Fig. 4 . 3 . The coefficient of 

permeability of the glass beads was found to be equal to 

0.1 cm/sec using a constant head permeability test. A 

detailed description of the laboratory procedures is 

presented in Chapter 5 . The experimental results were 

already compared to the 3-D variable mesh procedure [29]. 

Here, those results are compared with the 3-D RFP for two 



r 
OVllllow 

1........-1/-SIIIIPIV. Tank 

~)ll7l1l1l~;:-OIv~ .. ono + 20" W.h, 

_______ -Conolanl 

" lind Tank 
frame 

01 "·5em fCl.IOdOI 

0.111 .. -11---.....1 • .-. ~ II.:..~,\ -Ii. . 
"lit r- --- , :. 
_. c.:: • tD 

I I [I ' I \ 1 

~- 1.6 em 

-. T 
3O.5.m 

• +(-./......- I ' I. 
I I [:1 " -- -. -..... \ 1 •• .... & 0 

1~lj1'J'/mJ'r,m~7Jiifi7~J,~7]~~j)iJ-
l_ .... ,\ A - ,\ flul-k. 01 .. 0 

Inl.l-=' r.nol 
..."~~~.vnrr~ .. ·, ... ,UI~ .. ~ .. I~~l ... O .. ln 

,;~~~~llilQjll.~:J.lll1a .I_llll J I.J-'LJI;J~I . 

_---·--61 em ----.--~ 

77i}};l1r - l 

Fig. 4.2 configurations of the 2-D Glass-Bead Dam Model 

... 
'" 



73 

15 

E 10 

" 

10 20 30 

Time, min 

Fig. 4.3 Variation of head with time 



74 

different time levels. At ·t=7 minutes I the three results 

compare very well (Fig * 4.4): however, for t=9 minutes, 

the 3-D RFP provides a better correlation with the 

experimental results than the 3-D variable mesh (Fig. 4.5). 

As it was presented earlier (Chapter 2) I the variable mesh 

method discretizes the domain below the free surface only; 

however I for the sake of clarity, only the fixed mesh 

discretization has been shown in Figs. 4.4 and 4.5. 

Comparison with variational Inequality Method 

The 3-D RFP is now compared with the 3-D variational 

inequality method of Bruch [10,11]. TWo specific cases are 

analyzed. The first dam configuration is shown in Fig. 

4.6a. The reservoir on the inlet side has a constant 

height of 10m and the reservoir on the drainage side has a 

constant height of 2m. Here the finite element mesh 

consists of 280 nodes and 160. elements (Fig. 4.7). The 

second dam configuration is shown in Fig. 4. 6b. For this 

configuration, the inlet reservoir is taken to have a 

constant height of 150m. The drainage face reservoir is a 

river of variable height. The height is taken to be 72m at 

the long side of the dam and 42m at the short side of the 

dam with a linear variation between the two. The finite 

element mesh for this problem consists of 96 nodes and 45 

elements (Fig. 4.8). In both cases, a steady-state 
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analysis is performed and the results from the 3-D RFP are 

shown in Figs. 4.7 and 4.8 respectively_ These results 

compare well with those presented by Bruch (Figs. 4. 9a and 

4. 9b), who also has compared his results quali tati vely to 

the 3-D solution of Fr~nce [32] in the case of the second 

dam configuration (Fig. 4. 6b) • However, since the exact 

dimensions were not provided by Bruch, only qualitative 

comparisons have been made. These comparisons involve the 

shape of the free surface and the length of the seepage 

surface. Also compared are the computer times, size of 

meshes, and the number of iterations required for the 

solution in both cases which are presented in Table 4.1. 

In problem of Case 2, Bruch did not apply the finite 

element method; however, he has applied the finite 

difference method in both cases. Total number of nodes, 

total number of iterations, and total solution times for 

the finite difference solutions are also presented in Table 

4. L It should also be noted that the 3-D RFP results were 

obtained using the CYBER 175 computer while Bruch used an 

ITEL AS/6, thus only relative comparisons could be made. 

Anisotropic Permeabilities 

As stated earlier (Chapter 1) , the proposed 

procedure is capable of handling anisotropy with relative 

ease. For verification, a rectangular dam is considered. 
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Table 4.1. Comparison of Results 

* Case 3-D RFP Bruch & Caffrey 

** *** FEM FDM 

No. of Elements 160 n/a n/a 

No. of Nodes 280 2541 26,901 
1 

Solution Time (sec) 4.1 15.62 80.70 

No. of Iterations 46 53 

No. of Elements 45 n/a n/a 

No. of Nodes 96 n/a 15,708 

Solution Time (sec) 1..85 n/a 83.99 

No. of Iterations n/a 131 

* Ref. [10] 

** FEM: Finite Element Method 

*** FDM: Finite Difference Method 



Three cases are studied: i) isotropic (k 
x 

anisotropic with k =3k 
x y 

=3k, and 
z 
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=k =k l. iil 
Y z 

finally, iii) 

anisotropic with k =3k =3k. The results from all three 
z x y 

cases are compared with those by Cheng and Li [15] and 

Bruch [11] (Fig. 4.10). For the isotropic case (1), and 

the anisotropic case (iii), the three methods compare very 

well; however, in the second case, the 3-D RFP and Bruch's 

results are more logical than that of Cheng and Li. 

Furthermore, since k is much larger than the other two 
x 

permeabl1ities, it is logical to assume that the flow 

occurs more freely in the x-direction, hence, there is a 

higher elevation of free surface as compared to the 

isotropic case. Similarly, in the third case, since k is 
z 

much larger than the other two components, the free surface 

is expected to be lower than the isotropic case. 
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CHAPTER 5 

IMPLEMENTATION OF THE 3-D RFP 

In the previous chapter I the 3-D RFP was compared 

with other available solution techniques. In this chapter 

the development of a three-dimensional laboratory model is 

discussed. The observed results of three different 

experiments are compared with the predictions from the 3-D 

RFP. A complete description of the model as well as a 

detailed explanation of the test prcedures are presented in 

the following sections. 

General Description of the Model 

A glass bead model of a three-dimensional dam 

section is used to study the flow behavior. The schematic 

of the model is shown in Fig. 5.1. The 3-D model consists 

of two components: an outside box of plexiglass panels, 

and wire meshes that are placed inside these panels to 

simulate the sloping e.ides of a model dam section and also 

provide a barrier between different size glass beads. The 

85 
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panels of the container can be separated by the removal of 

the connecting screws. Glass beads of various mean 

diameters (3 mIn and 1 mm) are used to simulate granular 

soil media. These beads are coated with silicon by using a 

commercial silicon spray in order to reduce capillary 

effects and then they are placed in the model dam with 

91 yen densities of packing. The permeabilitles of the 

glass beads are obtained using a constant head test. The 

fluid used is glycerin mixed with about 20% water in order 

to prevent capilarity. The fluid level of the upstream 

side of the model can be raised or lowered by means of a 

motorized unit, thus creating rise, drawdown and steady

state conditions. An overflow tank is also provided in 

order to keep the upstream head steady. The time dependent 

locations of the free surface are recorded photographically 

for various sections of the three-dimensional model. In 

the following descriptions, the detailed permeability and 

specific storage calculations are presented followed by the 

different laboratory experiments. 

Determination of the Glass Bead Permeabilities 

Permeability values of the different size glass 

beads are determined using a constant head test using the 

following laboratory test setup (Fig. 5.2). A rectangular 

wire mesh is placed between two parallel plexiglas plates. 
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The glass beads are then weighed and placed inside this 

rectangular mesh in 2 em thick layers which are compacted 

uniformly. The volume occupied by the glass beads is also 

calculated and used to evaluate the density of the beads. 

At the upstream side a constant head is maintained using 

the previously described .procedure. After the steady-state 

is reached, the volume of fluid discharged is measured for 

several different time intervals. For each interval, the 

value of permeability, k, is calculated using the following 

procedure: 

The discharge quantity is calculated as 

Q = V/t 

v = volume of fluid discharqed 

t = time interval 

q = Qlb 

q = discharqe per un! t width 

b = width of the model 

(5.1) 

Units 
3 

(L) 

(T) 

(5.2) 

Units 
3 

(L /T/L) 

(L) 

- Permeability is determined from Dupuit I s formula 

2 2 
q = k(h1 - h2 )/2L' (S.3a) 



90 
2 2 

or, k = (2L' .q)/(h1 - h2 ) (5.3b) 

where hl and h2 are the upstream and downstream 

heads respectively. 

For each size glass beads, several measurements are 

made and an average permeability value is found 

presented in Table 5.1. 

Determination of the Specific storage Coefficients 

As presented earlier in Chapter 2, the specific 

storage, S , is dependent on the compressibility of the 
s 

fluid as well as the porous medium. Therefore, for the 

purpose of determining s, an estimate of the 
s 

compressibility of the glass beads must be made. For this 

purpose, results from a laboratory Hydrostatic Compression 

(He) test performed on the 3mm glass beads were used. The 

first stress invariant-volumetric strain response for this 

test is presented in Fig. 5.3. From the figure, the 

compressibility, ,IX , of the 3mm glass beads is estimated 
-8 -1 

from the initial stage of loading as 4.79xlO (Pa) 

However, the value of compressibility could be 

affected by such factors as the degree of compaction and 

the moisture content of the soil. In case of the He test, 

the 3mm glass beads were tested in a dry condition with a 



Table 5.1 Determination of Permeabili ties 

size V t 
q(ee/see/em) 

k 
(ee) (sec) (cm/sec) . 

1mm 1) 75 660 0.0568 0.0425 

2) 88 780 0.0564 0.0422 

3) 105 1020 0.05147 0.03851 

Average: 0.040 

.. 
3mm 1) 250 510 0.2320 0.119 

2) 250 450 0.2450 0.127 

3) 250 480 0.2610 0.120 

Average: 0.122 

* For Imm: h =9 em, h = 0.9 em, L'= 30 em 
12 3 

density = 1.92 glom 

**For 3mm: h =11.6 em, h =1 em, L'= 33 em 
12 3 

density = 1..46 glom 
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3 

density of packing of 1.59 gm/em which is larger than the 

density used for the same glass beads in laboratory seepage 

tests (Table 5.1). Furthermore, in the laboratory seepage 

tests, the glass beads are saturated with a mixture of 

glycerin and water which, during drained conditions, 

reduces the friction between the glass bead particles so 

that the compressibility under the drained conditions is 

higher than that of the dry glass beads. 

Therefore, a correction factor must be applied to 

the compressibility value of the dry glass beads. From a 

parametric stUdy in which the value of Q was varied by 10 

and 100 times that for the dry condition, it was found that 

the latter value gave the best predictions of laboratory 

tests. Hence, the value of ex for the laboratory conditions 

is adopted as 

-6 -1 
0. = 4.79x10 (pa) 

From Equation 2.2, the specific storage coefficient 

of the 3mm glass beads is calculated as, 

where 

s. = '1(0: + nf3) 
3 

"Y 9,803 N/m 
-6 -1 

0: = 4. 79x10 (Pa) 

(5.4) 

Since the fluid is essentially incompressible, the 
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value of (3 is assumed to he Zero. Substitution of the above 

values in the specific storage equation (5.4) leads to 

-1 
S s (3mm) = 0.0005 em 

Furthermore, it has been shown by Freeze and Cherry 

[35] that the compressibility varies with grain size for 

different geologic materials. Average values of 

. compressibility for various materials are presented in 

Table 5.2. The variation of compressibility with average 

particle size is then plotted in a log-log plot, Fig. 5.4. 

As shown, the average particle sizes are assumed to be 10rnm 

for fine gravel, Imm. for medium sand, and O.0025mm for 

. clay. From this plot, the slope of the line, m, is 

calculated as follows 

m = log (10-7 ) _ log (10-8 ) 

log (0.006) - log (0.5) 

-1/1. 921=-0.521 (5.5) 

The variation of compressibility of the glass beads 

with their particle size is also assumed to follow the 

clay-sand-gravel behavior: also shown in Fig. 5.4. 

Therefore, from this relationship, the value of 

compressibility of lInIn glass beads is calCUlated as, 

m(glass beads) 
-0.521 log (" Imm) - log (" 3mm) (5.6) 

log (1) - log (3) 



Table 5.2 Average compressibility Values for Different 

Geologic Materials * 

Material Average 

compressibility, a , (Pa) -1 

-7 
Clay 10 

-8 
Sand 10 

-9 
Gravel 10 

-9 
Jointed Rock 10 

-10 
Sound Rock 10 

• Ref. [35J 
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From Eq. (5.6) the compressibility of the lmm glass beads 

is calculated as, 
-6 -1 

a (1mm) = 8.49x10 (Pa) 

And from Eq. (5.4), the specific storage coefficient of the 

lmm glass beads is calculated as, 

-1 
Ss(lJnm} == 0.0008 em 

3-D Model 

At this stage, the 3-D laboratory model (Fig. 5.1) 

is used with different size glass beads to perform three 

different experiments: homogeneous, and non-homogeneous 

with two types of zoned conditions. These two 

nonhomogeneous experiments are defined as Zone I and Zone 

II for the second and third experiments respectively. For 

each case, the behavior of th2 free surface is recorded 

photographically for the rise, steady-state and drawdown 

conditions. These results are then compared to the 

numerical results from the 3-D RFP. In order to clarify 

the presentation of the results, the different sections of 

the 3-D model are identified as in Fig. 5.5. In all three 

cases, the finite element mesh consisted of 624 nodes and 

348 elements. The density of packing was approximately 

kept the same as in the permeability tests by using the 
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(top view) 

Fig. 5.5 Identification of d.ifferent sections of the 3-D 

laboratory model 
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same method of compaction. 

Experiment 1- Homogeneous Dam: For this case, the Imm 

qlass beads are used in the model. The upstream water 

level is subjected to the hydroqraph shown in Fig. 5.6. As 

illustrated, the upstream head is raised to 17.4 am' in 

about 20 minutes and maintained at that level for about 140 

minutes. The discharge is then measured for intervals of 

; 10 minutes till the same quantity of fluid is measured for 

two consecutive periods which indicates that the steady-

state stag'e is reached. Then the water level is lowered at 

a rate of 0.96 em/min. 

The experimental results which were recorded 

photoqraphically are presented in Figs. 5.7-5.8. 'l'he 3-D 

RFpls numerical .results are compared with the experimental 

results in Figs. 5.9-5.10. In the numerical model the 

Backward Euler scheme with (9' =1.) is used with a time step 

.6.tt=O.5 minutes, the permeability and specific storage 

coefficients are as defined earlier. As illustrated in the 

photographs, there is a gradual downstream head 

accummulation of 0.5 em after a period of 25 minutes. The 

reason for this accummulation is due to the drainage which 

is limited to one outlet for the entire downstream side of 

the model. This downstream head is accounted for in the 

finite element analysis. 

In the case of rise, the numerical results compare 
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Fig. 5.6 Experiment 1.: Variation of head with time 
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(a) At Front Section, F 

Fig. 5.7 Photographic Results For Homogeneous Dam During 

the Rise and steady-state stages· 



steady-state (8S) 

(b) At Front Section, F 

Fig. 5.7 (Continued) 
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Time = 8 minutes 

(e) At Back Sections, 81 and 82 

Fig. 5.7 (Continued) 

l.03 



Steady-State (SS) 

Cd) At Back Sections, B1 and B2 

Fig. 5.7 (Continued) 
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(a) At Front Section, F 

Fig. 5.8 Photographic Results For the Homogeneous Dam 

During the Drawdown stage 



Time = 164 minutes 

(b) At Front Section, F 

Fig. 5. a (Continued) 
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Time = 158 minutes 

(e) At Back Sections, Bl and 82 

Fig. 5.8 (Continued) 
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Time = 164 minutes 

(d) At Back sections, BI and B2 

Fig. 5.8 (continued) 
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(e) At Side 'Section, S 

Fig. 5.8 (Continued) ... ... ... 
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(a) At Front Section, F 

Fig. 5.9 Comparis.on of Predictions and Observations During 

Rise and Steady- state (BS) For Homogeneous Dam 
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(a) At Front section, F 

Fig. 5.10 COlilparis~n of Predictions and Observations 

During Drawdotm For Homogeneous Dam 
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very well with the experimental. However, in the steady

state stage (SS), the numerical results differ from the 

observed ones due to reasons such as experimental and 

numerical errors. This error is carried over through the 

drawdown analysis. Both the experimental and predicted 

values of selected points on the free surface at different 

times are tabulated in Appendix A. 

Experiment 2- Nonhomogeneous Zone I Dam: For this case 

both 1mm and 3mm glass beads are used and the model is 

sectioned as shown in Fig. 5.11. The upstream head is 

subj ected to the hydrograph shown in Fig. 5.12. Again, the 

rise, steady-state and drawdown conditions are recorded 

photographically as shown in Figs. 5.13-5.14. In the 

drawdown stage, the water level was lowered at a rate of 

0.9 em/min. The discharge quantity is measured for 

intervals of 5 minutes and the steady-state stage (SS)- is 

again established when for the constant upstream head of 

1.7.4 em, the measured discharge quantity is same for two 

consecutive intervals. 

The 3-D RFP results with the Backward Euler scheme 

with Llt=0.5 minutes are compared with the _ experimental 

results in Figs. 5.15-5.16. The coefficients of 

permeability and specific storage for the different size 

glass beads are the same as defined earlier. Again, there 

is a downstream head accumulation of 0.9 cm after a period 
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Fig. 5.11 Schematic of the Nonhomogeneous Zone I Dam 
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Fig. 5.1.2 Experiment 2: Variation of head with time 
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(a) At Front Section, F 

Fig. 5.13 Photographic Results For NonHomogeneous Zone I 

Dam During Rise and Steady-state stages 



steady-state (SS) 

(b) At Front Section, F 

Fig. 5.13 (Continued) 
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Time = 8 minutes 

ee) At Back Sections, B1 and B2 

Fig. 5.13 (Continued) 
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steady-state (SS) 

Cd) At Back Sections, B1 and S2 

Fig .. 5.13 (Continued) 
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(f) At Side Section, S 

Fig. 5.13 (continued) I-' 
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Ca) At Front Section, F 

Fig. 5.14 Photographic Results For the NonHomogeneous Zone I 

Dam During the Drawdown stage 



Time = 67 minutes 

(b) At Front section, F 

Fig. 5.14 (Continued) 
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Time -= 63 minutes 

(e) At Back sections, B1. and B2 

Fig. 5.14 (Continued) 
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Time = 67 minutes 

(b) At Back Sections I Bl and B2 

Fig. 5.14 (Continued) 
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(e) At Side section, S 

Fig. 5.14 (Continued) ::; 
'" 



Time = 67 minutes 

(f) At Side Section, S 

Fig. 5.14 (Continued) 
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(a) At Front section, F 

Fig. 5.15 Comparison· of Predictions and Observations During t;; .. 
Rise and Steady-State (8S) For Nonhomogeneous Zone I Dam 
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o 5 10 15 20 25 30 em 
(a) At Front Section, F 

Fig. 5.16 Comparison of Predictions and Observations s 
During Drawdown For Nonhomogeneous Zone I Dam 
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of 25 minutes which is taken into account in the finite 

element analysis. 
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The numerical results compare very well with the 

experimental results for the rise condition and differ 

slightly for the steady-state condition. For the drawdown 

period, the results correlate well and the difference 

observed is mainly due to the errors carried over from the 

steady-state stage. Both the observed values and the 

predicted values for selected points on the free surface at 

different times for this experiment are also presented in 

Appendix A. Overall, the correlations are considered to be 

highly satisfactory. 

Experiment 3- Nonhomogeneous Zone II Dam: In this 

experiment, the dam is sectioned as shown in Fig. 5.17. In 

the core area the 1mm size glass beads are used while the 

3mm size beads are placed elsewhere. The upstream head is 

subj ected to the hydrograph shown in Fig. 5.18. As 

illustrated, the drawdown period is mueli shorter than in 

the last two experiments. This translates to a drawdown 

rate of 9.33 em/min. 

The photographic results are presented Figs. 5.19-

5.20. The comparison of the numerical and experimental 

results is presented in Figs. 5.21-5.22. Again, the 3-D 

RFP results with 8 =1 (Backward ,Euler) and at =0.5 minutes 

are used during the rise period, however, for the rapid 
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Fig. 5.17 Schematic of the Nonhomogeneous Zone II Dam 



142 

20 

E 15 
(,) 

20 40 60 80 
Time, min 

Fig. 5.18 Experiment 3: Variation of head with time 
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(a) At Front Section, F 

Fig. 5.19 Photographic Results For NonHomogeneous Zone II 

Dam During Rise and steady-state Stages 



steady-state (SS) 

(b) At Front section, F 

Fig. S". 19 (Continued) 
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Time = 7 minutes 

(c) At Back Sections, B1 and B2 

Fig. 5.19 (Continued) 
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Steady-state (SS) 

Cd) At Back Sections, B]. and B2 

Fig. 5.19 (Continued) 
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(a) At Front Section, F 

Fig. 5.20 Photographic Results For the NonHomogeneous Zone II 

Dam During the Drawdown stage 



Time = 61. 5 'minutes 

(b) At Front Section, F 

Fig. 5.20 (continued) 
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Time = 60.7 minutes 

(0) At Back Sections, Bl and B2 

Fig. 5.20 (Continued) 
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Time = 61. 5 minutes 

(d) At Back Sections, Bl and B2 

Fig. 5.20 (Continued) 
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(a) At Front section, F 

Fig. 5.21 comparison of Predictions and Observations During 

Rise and steady-state For the Nonhomogeneous Zone II Dam 
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(a) At Front Section 

Fig. 5.21 compari.::50n of Predictions and Observations During 

Drawdown For the Nonhomogeneous Zone II Dam 
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drawdown stage, .6.t=O.l. minutes is used. The permeability 

and specific storage coefficient are the same as in 

Experiment 2. 

For this case, there is a higher gradual downstream 

head accununulation as compared to the previous two 

experiments. This is due to the fact the 3mm size beads 

are used to a larger extent; and since these beads are more 

pervious than the l.mm size, and also the drainage is only 

allowed at one corner of the model, more downstram head 

accumulation is expected. This head of 2.6 em, which is 

accummulated ~fter a period of 30 minutes, is taken into 

account in the finite element analysis. For this 

experiment, the present 3-D numerical results compare very 

well with the observed results except for the slight 

difference in the steady state stage. The observed and 

predicted values of selected points on the free surface at 

different time intervals are tabulated in Appendix C. It 

can also be seen that at the junctions of the zones, the 

free surface shows discontinuity. 

computer Times and Other Remarks: During the transient 

analysis, each time step required an average of 33 cpu 

seconds on the CYBER 205 'Super' computer. There were a 

total of 100 time steps needed for the homogeneous dam, 98 

time steps for the nonhomogeneous-zone I dam, and 105 time 

steps for the nonhomogeneous-zone II dam. It should also 



162 

be noted that in the case of the nonhomogeneous zone II 

dam, a much smaller time step At=o~l. min.) is used 

during the rapid drawdown stage in order to obtain more 

accurate results. 

other observations that could be made are related to 

the free surface behavior. As presented in the results, in 

case of both nonhomogeneous dams, and at the junctions of 

the zones, the free surface shows discontinuity. In case 

of the nonhomogeneous-Zone II dam, the free surface is 

higher in the section just before the core area as compared 

to the first two experiments. This could be due to the 

fact that the core area is somewhat less permeable (2.5 

times less) than the rest of the dam. Also the wire mesh 

which . is used to separate the two different size glass 

beads could contribute to this rise of free surface in the 

downstream section. 

The Crank-Nicholson integration scheme (8 = ~ ). is 

also used with the above time steps to model the laboratory 

results, however, the results are found to be less accurate 

than the Backward Euler scheme. Zienkiewicz [51.] has also 

discussed this problem and has concluded that even though 

the error for this mid-difference scheme is of a higher 

order, it can still give less accurate results than the 

Backward Euler because of the oscilliatory characteristic 

of the Crank-Nicholson scheme. 



CHAPTER 6 

SUMMARY AND CONCLUSIONS 

The problem of unconstrained flow through porous 

media is very complex in nature. The Residual Flow 

Procedure (RFP), developed by Desai [21] has provided a 

relatively simple numerical solution for the analys'is of 

these problems. This method, which utilizes a fixed mesh 

finite element solution, has already been applied to two-

dimensional problems. This study has extended this 

procedure to the analysis of three-dimensional seepage 

problems. 

In the first stage of this study a three-dimensional 

computer code is developed and implemented on the CYBER 175 

and CYBER 205 (super) computers. In this code, a new 

method of finding the location of the free surface is 

introduced which was described in Chapter 3. Also in this 

code, a new method of including the effect of partially 

saturated elements and a more general time integration 

solution scheme are incorporated. Finally, this code is 

verified by solving several three-dimensional problems and 

comparing the results with other available solution 
163 
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techniques such as the Variable Mesh and Variational 

Inequality methods. A limited parametric study is also 

performed in order to effectively utilize the "Deflecting 

Zone" procedure of handling the surface of seepage. 

Moreover, this code is also shown to be capable of handling 

material anisotropy. 

In the next stage of this study, a three-dimensional 

glass bead laboratory model is developed. Glass beads of 

different mean diameters (lIMn and 3mm) are used to simulate 

granular soil media. A constant head permeability test is 

used to evaluate the permeabilities of these glass beads. 

The specific storage coefficients of these beads, however, 

are calculated using results from laboratory hydrostatic 

compression tests on the glass beads. Three laboratory 

experiments are then performed which involve a homogeneous 

and two nonhomogeneous dam configurations. In all three 

cases, the experimental results during rise, steady-state, 

and drawdown conditions compare satsfactorily to the 

numerical results of the present procedure. 

From this study, the following conclusions have been 

made: 

1. In the 3-D RFP, new methods for finding the 

location of the free surface and including the effect o~ 

partially saturated elements are introduced. 

2. In the 3-D RFP I a more general time integration 

scheme has been incorporated. 



165 

3. The 3-D RFP has shown to be capable of handling 

both homogeneous and nonhomogeneous material properties. 

4. The 3-D RFP has shown to be capable of handling 

both isotropic and anisotropic material behaviour. 

5. For certain three-dimensional problems, the 3-D 

RFP t S results have been compared satisfactorily to several 

other solution techniques such as the variable mesh and 

variational inequality methods. 

6. The 3-D RFP has also shown" to handle different 

geometrical shapes much easier than the variational 

inequality method of Bruch. This is evident since most 

problems solved by Bruch I s inequality method have involved 

vertical boundaries and also there was a need for 

generation of a 'new computational molecule I in order to 

solve the Case 2 problem in Fig. 4.6 using the finite 

element method [10]. 

7. For all three laboratory experiments, the 3-D 

RFP has satisfactorily predicted the observed results. 

The following recommendations have also been made 

for future studies: 

l.. It is recommended that the above procedure be 

combined with stress-deformation analysis in an integrated 

procedure. This integrated procedure will provide a 

convenient means to analyze the effect of seepage on the 

stability of earth dams. 

2. Some approximations have been made in evaluating 



the specific storage coefficients. 
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specifically, the 

saturation-desaturation term has been dropped in this 

analysis. It is recommended, however, that in future 

studies this term be included only for those elements that 

. are affected by the rise and drop of the phreatic surface. 

3. In order to perform the last step, it is 

essential to develop the moisture content-pressure head 

curves experimentally and hence, include the saturation

desaturation term in the specific storage definition. 

4. The deflecting zone procedure of handling the 

surface of seepage has been found to depend on many 

factors. Therefore, it is recommended to investigate 

alternate schemes to locate the surface of seepage. One 

possible i terati ve approach could be based on equations 

derived through the quantity of flow accross the surface of 

seepage. 



APPENDIX A 

TABULATED RESULTS FOR EXPERIMENT 1 

This table supplements the results in Figs. 5.9-

5.10. At each point on the free surface, the predicted 

results are compared to the observed results. X, Y, and Z 

are the coordinates and all dimensions are in centimeters. 

Rise stage 

At Front Section F 

Time = 4 minutes 

X Y Z (Predicted) Z (Observed) 

4.41 o. 2.61 2.70 

10.1 o. 1. 21 1.30 

14.54 o. 0.43 0.50 

17. o. 0.20 0.30 

22. O. 0.02 o. 

25. o. 0.01 O. 

33. O. 0.005 O. 
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Time = 8 minutes 

4.96 o. 6.1 6.8 

10.4 o. 3.8 4.2 

14.54 o. 1.95 2.30 

17. o. 1. 76 1.BO 

22. o. 0.46 0.50 

25. o. 0.30 0.40 

29. o. 0.20 0.20 

Time 12 minutes 

4.8 o. 10.7 11.4 

10.7 o. 6.6 7.2 

14.54 o. 3.94 4.9 

17. o. 2.6 3.1 

22. o. 1.35 1.4 

29. o. 0.55 0.6 

33. o. 0.30 0.4 

steady-State (55) 

5.49 O. 17.4 17.4 

9.54 O. 14.60 15.8 
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14.54 o. 9.85 11.4 

17. o. 7.22 9.8 

22. o. 4.9 6.9 

28.4 o. 3.04 4.4 

32.7 o. 2.0 2.1 

At Back sections B1 and B2 

Time = 4 minutes 

1.21 2. 3.9 3.9 

4.41 2. 2.61 2.4 

B2 10.1 2. 1.21 1.4 

14.54 2. 0.33 0.5 

14.54 13. 0.02 O. 

17. 13. 0.009 O. 

B1 22. 13. 0.003 O. 

29. 13. 0.003 o. 

Time = 8 minutes 

4.96 2. 6.1 6. 

B2 10.4 2. 3.75 4. 
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14.54 2. 1.65 2. 

14.54 13. 0.25 0.2 

17.0 13. 0.24 0.2 

B1 22. 13. 0.2 0.2 

29. 13. 0.15 o. 

Time = l.2 minutes 

3.7 2. 11.7 11.7 

4.8 2. 10.7 11. 

B2 10.7 2. 6.6 7.3 

14.54 2. 3.5 4. 

14.54 13. 1.03 1.1 

17. 13. 0.9 0.8 

B1 22. 13. 0.7 0.4 

29. 13. 0.3 0.2 

steady-State (SS) 

5.5 2. 17.4 17.4 

B2 9.54 2. 14.6 15.2 

14.54 2. 9.41 11. 
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14.54 13. 4.7 5.6 

17. 13. 4.6 5.4 

Bl 22. 13. 4.0 4.S 

2S.4 13. 2.9 3.4 

32.5 13. 1.9 2.1 

At Side section. s 

Time = 4 minutes 

14.54 2. 0.53 0.5 

14.54 S. 0.1 o. 

14.54 13. 0.02 o. 

Time = 8 minutes 

14.54 2. 1.65 2. 

14.54 S. O.S 0.5 

14.54 13. 0.25 0.2 

Time = 12 minutes 
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14.54 2. 3.5 4. 

14.54 8. 1.24 1.6 

14.54 13. 1. 03 1. 

Steady-State (88) 

14.54 2. 9.41 11-

14.54 8. 4.94 6. 

14.54 13. 4.7 5. 

Drawdown stage 

At Front Section F 

Time = 156 minutes 

3.7 O. 11..2 11.2 

5.24 . O. 10.8 12. 

10.94 O. 8.94 10.9 

14.54 O. 7.02 9.0 

17. O. 5.81 7.4 

22. O. 4.4 6.1 

28.4 O. 2.91 3.9 

32.4 O. 1. 87 2. 
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Time = 158 minutes 

2.8 o. 8.4 8.4 

5.3 o. 8.3 9.4 

10.8 o. 7.21 8.4 

14.54 o. 5.9 7. 

17. o. 5.1 6.3 

22. o. 4.1 5. 

28.4 o. 2.77 3.8 

32.5 o. 1.78 1.9 

Time = 162 minutes 

1.65 o. 5. 5. 

4.84 o. 5.2 6.4 

10.5 o. 4.74 6. 

14.54 o. 4.1 5.2 

17. o. 3.8 5. 

22. o. 3.2 4.2 

28.5 o. 2.25 3.2 

32.6 o. 1.4 1.6 

Time = 164 minutes 
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1.14 o. 3. 3. 

4.58 o. 3.71 4.8 

10.4 o. 3.72 4.8 

14.54 o. 3.4 4.6 

17. o. 3.2 4.4 

22. o. 2.8 4. 

28.6 o. 1.98 3. 

32.6 o. 1.21 1.4 

At Back Sections B1 and B2 

Time = 156 minutes 

3.7 2. 11. 2 11.2 

5.24 2. 1.0.9 11.8 

B2 10.94 2. 8.94 10.3 

14.54 2. 7.02 8.5 

14.54 13. 4.4 5.6 

17. 13. 4.32 5.6 

B1 22. 13. 3.87 5.2 

28.4 13. 2.78 3.8 

32.5 13. 1.80 1.8 
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Time = 158 minutes 

2.8 2. 8.4 8.4 

5.3 2. 8.3 9.6 

B2 10.8 2. 7.2 8.8 

14.54 2. 5.6 7.2 

14.54 13. 4.2 5.1 

17. 13. 4.1 5.0 

Bl 22. 13. 3.71 4.8 

28.4 13. 2.67 3.6 

32.46 13. 1. 73 1.8 

Time = 162 minutes 

1.65 2. 5. 5. 

4.84 2. 5.2 6. 

B2 10.5 2. 4.74 5.8 

14.54 2. 4. 5. 

14.54 13. 3.4 4.4 

17. 13. 3.34 4.5 

B1 22. 13. 3.01 4.2 

28.5 13. 2.21 3.2 

32.6 13. 1.36 1.6 
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Time = 164 minutes 

1.14 2. 3.0 3.0 

4.58 2. 3.71 4.8 

B2 10.4 2. 3.7 4.4 

14.54 2. 3.32 4.1 

14.54 13. 3.0 3.8 

17. 13. 2.98 4. 

B1 22. 13. 2.7 3.7 

28.6 13. 1.96 2.8 

32. 13. 1.2 1.5 

At Side section. s 

Time = 156 minutes 

14.54 2. 7.02 8.5 

14.54 8. 5.4 6.2 

14.54 13. 4.4 5.6 

Time = 158 minutes 

14.54 2. 5.6 7.2 
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14.54 8. 4.4 5.2 

14.54 13. 4.2 5.1 

Time = 162 minutes 

14.54 2. 4. 5. 

14.54 8. 3.5 4.6 

14.54 13. 3.4 4.4 

Time = 164 minutes 

14.54 2. 3.31 4.1 

14.54 8. 3.1 4. 

14.54 13. 3. 3.8 



APPENDIX B 

TABULATED RESULTS FOR EXPERIMENT 2 

This table supplements the results in Figs. 5.15-

5.1.6. At each point on the free surface, the predicted 

results are compared to the observed results. Again, X, Y I 

and Z are the coordinates and all dimensions are in 

centimeters. 

Rise stage 

At Front Section. F 

Time = 4 minutes 

X y 
Z (Predicted) Z (Observed) 

1.4 o. 4.7 4.7 

4.5 o. 3.2 3.6 

10.2 o. 1.55 1.6 

14.54 o. 0.6 0.6 

17. O. 0.3 0.2 

22. O. 0.06 O. 

29. O. 0.03 O. 
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Time "'" 8 minutes 

2.76 o. 8.9 8.9 

5.14 o. 7.23 8.0 

10.5 o. 4.5 5.2 

14.54 o. 2.4 3.0 

17. o. 1.5 1.6 

22. o. 0.6 0.6 

29. o. 0.14 o. 

Time = 12 minutes 

4.175 o. 12.9 12.9 

5.34 o. 11.34 12.4 

10.81 o. 7.65 9. 

14.54 o. 4.5 6. 

17. o. 3. 4. 

22. o. 1.53 1.8 

29. o. 1.03 .8 

32.94 o. .57 .4 

Steady-State (SS) 

5.5 o. 17.4 17.4 
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9.54 o. 14.61 15.8 

14.54 o. 9.7 10.8 

17. o. 6.9 8.8 

22. o. 4.4 5.8 

28.4 o. 2.7 3.1 

32.5 o. 1. 74 1.8 

At Back sections, Bl and B2 

Time = 4 minutes 

1. 37 2. 4.7 4.7 

4.5 2. 3.2 3.2 

B2 10.2 2. 1.56 1.5 

14.54 2. 0.45 0.5 

14.54 13. 0.03 o. 

17. 13. 0.02 O. 

Bl 22. 13. 0.01 O. 

29. 13. 0.005 0, 

32. 13. O. O. 
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Time = 8 minutes 

2.76 2. 8.9 B.9 

5.14 2. 7.23 7.3 

B2 10.5 2. 4.5 4.5 

14.54 2. 2.07 2.1 

14.54 13. 0.40 0.2 

17. 13. 0.3 O. 

Bl 22. 13. 0.2 O. 

29. 13. 0.1 O. 

33. 13. O. o. 

Time = 12 minutes 

4.18 2. 12.9 12.9 

5.3 2. 11.3 11.9 

B2 
10.8 2. 7.64 8.2 

14.54 2. 4.15 5.2 

14.54 13. 1.15 .6 

17. 13. 1.14 .4 

Bl 22. 13. 0.96 O. 

29. 13. 0.5 O • 

32.94 13. • 2 O. 
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steady-state (SS) 

5.5 2. 17.4 17.4 

B2 9.5 2. 14.61 15.4 

14.54 2. 9 .. 22 10. 

14.54 13. 3.94 5. 

17. 13. 3.85 4.8 

B1 22. 13. 3.5 4.2 

28.4 13. 2.5 3.0 

32.5 13. 1.5 1.5 

At Side section S 

Time = 4 minutes 

14.54 2. 0.45 0.5 

14.54 8. o. o. 

14.54 13. 0.03 o. 

Time = 8 minutes 
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14.54 2. 2.07 2.1 

14.54 8. 0.44 0.2 

14.54 13. 0.4 0.2 

Time = 12 minutes 

14.54 2. 4.15 4.2 

14.54 8. 1.31 1.2 

14.54 13. 1.20 .6 

Steady-State (88) 

14.54 2. 9.23 9. 

14.54 8. 4.13 4.8 

14.54 13. 3.94 4.4 

Drawdown stage 

At Front Section. F 

Time = 59 minutes 

3.67 O. 11.2 11.2 
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5.7 o. 10.6 12. 

10.9 o. 8.6 10.4 

14.54 o. 6.55 8.6 

17. o. 5.3 7. 

22. o. 3.84 5. 

28.5 o. 2.5 3.2 

32.5 o. 1.65 1.7 

Time = 63 minutes 

2.36 o. 7.2 7.2 

5.1 o. 7.0 8.2 

10.62 o. 5.9 7.2 

14.54 o. 4.6 6. 

17. o. 3.9 5.2 

22. o. 3.1 4.2 

28.6 o. 2.1 3. 

32.6 o. 1.4 1.6 

Time 67 minutes 

1.1 o. 3. 3. 

4.6 o. 3.6 5. 

10.4 o. 3.44 5. 
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14.54 o. 3. 4.3 

17. o. 2.64 4.0 

22. o. 2.24 3.6 

28.7 o. 1. 62 2.7 

32.7 o. 1.12 1.2 

At Back sections. Bl. and B2 

Time = 59 minutes 

3.7 2. 11.2 11.2 

5.22 2. 10.73 11.6 

B2 10.91 2. 8.64 9.8 

14.54 2. 6.55 7.6 

14.54 13. 3.55 4.2 

17. 13. 3.48 4.2 

B1 22. 13. 3.2 3.8 

28.5 13. 2.3 2.7 

32.6 13. 1.4 1.4 

Time = 63 minutes 

2.4 2. 7.2 7.2 
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5.1 2. 6.97 8.0 

B2 10.62 2. 5.88 7.1 

14.54 2. 4.31 5.2 

14.54 13. 2.90 3.1 

17. 13. 2.85 3.2 

B1 22. 13. 2.6 3.1 

29. 13. 1.9 2.3 

32.6 13. 1.2 1.28 

Time = 67 minutes 

1.12 2. 3. 3. 

4.6 2. 3.6 4.6 

B2 10.4 2. 3.44 4.6 

14 .54 2. 2.81 3.9 

14.54 13. 2.3 2.6 

17. 13. 2.2 2.7 

B1 22. 13. 2.0 2.6 

28.7 13. 1.5 2.0 

32.7 13. 1.04 1.1 

At Side section s 
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Time = 59 minutes 

14.54 2. 6.55 7.5 

14.54 8. 3.7 4.7 

14.54 13. 3.55 4.2 

Time = 63 minutes 

14.54 2. 4.31 5.4 

14.54 8. 2.98 3.7 

14.54 13. 2.9 3.1 

Time = 67 minutes 

14.54 2. 2.81 3.9 

14.54 8. 2.23 3.1 

14.54 13. 2.2 2.5 
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APPENDIX C 

TABULATED RESULTS FOR EXPERIMENT 3 

This table supplements the results in Figs. 5.21-

At each point on the freesurface, the predicted 

results are compared to the observed results. Again, X, Y, 

and Z are the coordinates and all dimensions are in 

centimeters. 

Rise stage 

At Front section F 

Time = 4 minutes 

X y 
Z (Predicted) Z (Observed) 

1. 37 o. 4.5 4.5 

4.55 o. 3.55 3.5 

10.2 o. 2.28 2.0 

14.54 o. 1.27 1-

17. o. 0.895 0.7 

22. O. 0.26 0.2 

29. O. 0.16 O. 
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33. o. o. o. 

Time = 7 minutes 

2.81 o. 8.9 8.9 

5.21 o. 7.65 7.8 

10.6 o. 5.43 5.4 

14.54 o. 3.60 3.6 

17. o. 2.75 2.6 

22. o. 1.08 1.0 

29 o. 0.41 0.4 

33. o. o. o. 

Time = 12 minutes 

3.97 o. 12.6 12.6 

5.4 o. 11.5 12. 

10.92 o. 8.8 9. 

14.54 o. 6.4 6.5 

17. o. 5.24 5.2 

22. o. 2.7 2.8 

28.7 o. 1.5 1.4 

32.8 o. 0.6 0.6 
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Steady-State (SS) 

5.50 o. 17.4 17.4 

9.6 o. 14.9 15.8 

14.54 o. 11.23 12. 

17. o. 9.7 10.2 

22. o. 6.2 6.7 

28.1 o. 4.4 4.8 

31.95 o. 3.5 3.5 

At Back sections I B1 and B2 

Time = 4 minutes 

1.37 2. 4.5 4.5 

4.55 2. 3.6 3.4 

B2 10.2 2. 2.3 2.4 

14.54 2. loll 1.0 

14.54 13. 0.26 0.2 

17. 13. 0.23 0.2 

B1 22. 13. 0.14 o. 

29. 13. 0.06 o. 

33. 13. o. o. 
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Time = 7 minutes 

2.B1 2. B.9 B.9 

5.21 2. 7.65 7.7 

B2 10.6 2. 5.43 5.4 

14.54 2. 3.22 3. 

14.54 13. 1.29 O.B 

17. 13. 1.22 O.B 

B, 22. 13. 0.75 0.4 

29. 13. 0.36 o. 

33. 13. o. o. 

Time = 12 minutes 

3.97 2. 12.6 12.6 

5.4 2. 11.53 11.6 

B2 10.9 2. B.76 B.B 

14.54 2. 6.01 6.2 

14.54 13. 3.7 3.4 

17. 13. 3.6 3.4 

Bl 22. 13. 2.22 2.2 

28.7 13. 1.41- 1.6 

32. B 13. 0.54 0.6 
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steady-State (SS) 

5.50 2. 17.4 17.4 

B2 9.6 2. 14.9 15.2 

14.54 2. 10.7 11. 

14.54 13. 6.33 7.6 

17. 13. 6.2 7.2 

B1 22. 13. 4.8 6. 

28.1 13. 3.8 4. 

31.95 13. 3.1 3.2 

Side section S 

Time = 4 minutes 

14.54 2. 1.11 0.6 

14.54 8. 0.34 O. 

14.54 13. 0.26 o. 

Time = 7 minutes 

14.54 2. 3.22 2. 

14.54 8. 1.54 1. 

14.54 13. 1.29 0.6 
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Time = 12 minutes 

14.54 2. 6.01 4.8 

14.54 8. 3.60 3.60 

14.54 13. 3.6 3. 

Steady-State (SS) 

14.54 2. 10.7 10.8 

14.54 8. 7.4 8.2 

14.54 13. 6.33 7.4 

Qral:l9mlD Stiilge 

At Front secti on F 

Time = 60.5 minutes 

3.92 o. 9.6 9.6 

5.06 o. 12.174 12.2 

9.28 o. 12.114 12.4 

14.54 o. 9.15 10. 

17. o. 7.55 9. 
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22. o. 3.94 6. 

28.4 o. 2.95 4. 

32.2 o. 2.70 3.2 

Time 60.7 minutes 

3.5 o. 8.20 B.2 

5.7 o. 11.01 11. 

9.2 o. 10.95 11. 

14.54 o. 8.62 9.2 

17. o. 7.3 8.2 

22. o. 3.99 5.6 

28.4 o. 3.00 4.2 

32.2 o. 2.70 3.4 

Time = 61 minutes 

2.995 o. 5.4 5.4 

5.50 o. 9.45 9.2 

10.96 o. 9.11 9. 

14.54 o. 7.75 8.4 

17. o. 6.8 7.6 

22. o. 4.02 5.4 

28.4 o. 3.06 4.2 
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32.2 o. 2.72 3.2 

Time = 61. 5 minutes 

2.22 o. 3.6 3.6 

5.2 o. 7.3 6.7 

10.8 o. 7.4 6.8 

14.54 o. 6.56 6.2 

17. o. 5.99 5.4 

22. o. 3.99 4.7 

28.4 o. 3.13 3.6 

32.2 o. 2.75 3.1 

At Back Section Bl and B2 

Time = 60.5 minutes 

3.92 2. 9.6 9.6 

5.06 2. 12.174 12.2 

B2 9.28 2. 12.116 12. 

14.54 2. S.88 9.50 

14.54 13. 4.6 6.6 

17. 13. 4.5 6.4 

B1 22. 13. 3.5 5. 
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28.5 13. 2.81 4. 

32.2 13. 2.64 2.8 

Time = 60.7 minutes 

3.5 2. 8.2 8.2 

5.7 2. 11.01 11. 

B2 9.2 2. 10.95 10.8 

14.54 2. 8.62 9. 

14.54 13. 4.63 6.6 

17. 13. 4.50 6.5 

B1 22. 13. 3.5 5. 

29. 13. 2.9 4. 

32.2 13. 2.9 3.2 

Time = 61 minutes 

2.995 2. 5.4 5.4 

5.50 2. 9.46 8.8 

B2 10.96 2. 9.11 8.7 

14.54 2. 7.43 7.5 

14.54 13. 4.60 6.2 
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17. 13. 4.5 6.1 

B1 22. 13. 3.5 5. 

28.4 13. 2.95 4. 

32.2 13. 2.70 3.2 

Time = 61. 5 minutes 

2.22 2. 3.6 3.6 

5.2 2. 7.3 6.4 

B2 10.8 2. 7.4 6.4 

14.54 2. 6.3 7. 

14.54 13. 4.76 5.4 

17. 13. 4.5 5.3 

B1 22. 13. 3.6 4.6 

28.4 13. 3.1 3.8 

32.2 13. 2.8 3.2 

At Side section, S 

Time = 60.5 minutes 

14.54 2. 8.88 8.5 

14.54 8. 4.81 7. 

14.54 13. 4.6 6.6 
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Time = 60.7 minutes 

14.54 2. 8.62 8.4 

14.54 8. 4.896 7. 

14.54 13. 4.6 6.6 

Time = 61 minutes 

14.54 2. 7.43 7.04 

14.54 8. 4.98 6.6 

14.54 13. 4.60 6.2 

Time 61.5 minutes 

14.54 2. 6.3 7. 

14.54 8. 4.9 6.2 

14.54 13. 4.6 5.8 

._- .----------.. ~------
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