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ABSTRACT 

The Mueller scattering matrix elements (Sij) and the cross-sections 

for the scattering of an electromagnetic plane wave from two infinitely long, par

allel, circular cylinders at oblique incidence are derived. Each cylinder can be of 

arbitrary materials (any refractive index). The incident wave can be in any polar

ization state. 

To find the scattering coefficients, which are essential for calculating 

Sij and the cross-sections, the multiple scatterings were taken into account for all 

orders such that the 'incident' field of one cylinder is the true incident field plus 

the scattered field from the other cylinder. 

The formal solutions of the scalar wave equation are obtained in the 

three regions; the region outside the two cylinders, the region inside each cylinder 

and the scattering coefficients are found by satisfying the boundary conditions. 

A computer program was written. The scattering coefficients are cal

culated from a matrix equation. 

This is the first comprehensive study of the two cylinder problem. 

Special cases are considered in comparison with other published works. Calcu

lations are shown of Sij and of cross-sections for some selected cases of configura

tions of the two cylinders. 

x 



CHAPTER 1 

INTRODUCTION 

The scattering of electromagnetic waves from objects has attracted the 

attention of many scientists. Lord Rayleigh (1881) was the first to obtain the so

lution of the scattering of a plane wave from an infinitely long, dielectric cylinder 

at normal incidence using the original formalism of Maxwell. Others have since 

extended the formalism to other problems. Andy (1955) obtained the scattering 

coefficients for two coaxial dielectric cylinders at normal incidence. He solved the 

scalar wave equation in the three different regions. The solution was obtained by 

matching the boundary conditions between adjacent regions. 

The scattering of electromagnetic plane waves from an infinitely long, 

dielectric cylinder at oblique incidence was solved by Wait (1955). Wait obtained 

the scattering coefficients by solving the scalar wave equation in the region inside 

and outside the cylinder. The boundary conditions were then applied on the sur

face of the cylinder. In the case of normal incidence the two polarization modes, 

the T.E. and the T. M. (see Chapter 2 for definition) are uncoupled. However, in 

this case of oblique incidence the two modes are coupled. This follows from ap

plying the proper boundary conditions. 

The scattering of electromagnetic waves from two cylinders at normal 

incidence was a target of many authors. Twersky (1952a) obtained an approx

imate solution for many parallel, conducting cylinders at normal incidence. He 

took into account the various orders of multiple scatterings (the first order 

1 



is the excitation of each cylinder by the incident field). In another paper, Twer

sky (1952b) applied his previous method to two conducting cylinders and added 

a restriction that the distance between the two cylinders is large compared to the 

wavelength. 

Row (1954) solved the scattering of a cylindrical wave by a conduct

ing array of cylinders at normal incidence using the Green's function approach. 

By a.pplying the boundary conditions, an infinite set of integral equations were 

obtained from which the scattered fields were found. Row (1954) also did exper

imental work in the microwave region by measuring the electric fields in the near 

field region. This is the only experimental data we know of. 

2 

Millar (1960) used an approach similar to that used by Row (1954), to 

find a solution for the scattering of an electromagnetic plane wave from an array 

of parallel, conducting cylinders of small radii. 

Olaofe (1970) derived expressions for the scattered fields from two in

finitely long, identical, dielectric cylinders at normal incidence. He obtained his 

solution by solving the scalar wave equation and satisfying the boundary condi

tions. 

Others have extended or modified Olaofe's solution to accommodate 

their problems. Krill et a1. (1978) used Olaofe's approach to find the solution 

of the scattered electromagnetic plane waves from two perfectly conducting, in

finitely long, half cylinders lying on a perfectly conducting sheet. Ragheb and 

Hamid (1985) derived the solution of the scattering of a plane wave from a num

ber of infinitely long, identical, conducting cylinders. 

The scattering of electromagnetic waves from two cylinders of arbi~ 

trary material and small radii at oblique incidence was constructed by Wait 

(1986). His formulas apply only for the T.M. polarization. He noted that the 

--------------------------- --- ---



general case (cylinders of arbitrary material and radii) is a complica.ted one. 

Wait's solution was obtained by finding the current distribution on the surface 

of each cylinder from which the scattered field was found. 

3 

The general solution of the problem of scattering from one cylinder has 

been of great help for experimentalists. However, there is no general solution for 

the two cylinder problem. As mentioned earlier, the solution exists for some spe

cial cases: small radii, perfect dielectric or perfectly conducting cylinders. The 

last two cases are for normal incidence. As a consequence, there has been a great 

demand from the experimentalists to obtain the general solution and formulate 

it in terms of Stockes vectors and Mueller matrices. The purpose of this thesis 

is to obtain the analytical and the numerical solution for the scattering of two 

infinitely long, parallel cylinders of different radii and materials at oblique inci

dence; i.e., the complete general case. It is clear that the previous cases (men

tioned earlier in this Chapter) are special cases of this problem. 

This problem will have its applications in biology, chemistry, atmo

spheric science and engineering. 

The arrangement of this thesis will be as follows. In the next chapter 

the scattering coefficients will be found by solving the scalar wave equation and 

applying the boundary conditions. In Chapter 3, the Mueller scattering matrix 

elements (Sij) will be found in the far field region. In Chapter 4, expressions for 

the scattering and the extinction cross-sections will be derived using the Poynting 

vector. Chapter 5 will discuss the analytical solutions for some special cases and 

will compare these with other works. In Chapter 6, the numerical techniques will 

be discussed. Chapter 7 discusses a numerical study for special cases. In Chapter 

8, some interesting special cases will be discussed and finally the conclusion of the 

study will be made in Chapter 9. 



CHAPTER 2 

THE FORMALISM 

The purpose of this chapter is to find the amplitude scattering coeffi-

cients of two parallel cylinders due to a plane wave excitation. 

Consider two parallel, infinitely long, circular cylinders C1 and C2 • 

The radius of each is ai(i = 1,2). The permittivity, conductivity and permeability 

of each cylinder is Ei, (1i and J-tii while that of the surrounding medium is Eo, (10 

and J-to. The two cylinders are located in two separate, parallel, cylindrical coor

dinate systems 0 1 and O2 • The coordinates of each system are Pi, <Pi and z. The 

distance between their centers is d. The axis of each cylinder lies along the z-axis 

as shown in Figure 1. 

The direction of propagation of the incident electromagnetic plane 

wave makes an angle 00 with the positive z-axis. Its projection on the x-y plane 

makes an angle <Po with the positive x-axis. Figure 2A shows the geometry of the 

problem in the x-y plane. The endside illumination, Figure 2B, (when <Po = 0) 

and the broadside illumination, Figure 2C, when (<Po = i) are also shown sepa

rately. 

Arbitrary incident electromagnetic waves may be considered as the 

sum of any two independent polarizations. We will choose the following two po-
, 

larizations: a. The incident electric field is parallel to the incident plane (the 

plane which contains the z-axis and the direction of propagation of the incident 

wave. We will refer to this case as the T .M. polarizationi b. The incident electric 

4 
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c, 

Fig. 1. Two Infinitely Long, Circular Cylinders C1 and C2 are nIustrated. 

The coordinates of each cylinder is (Plo tPO! z). The distance between their centers 
is d. The propagation constant (ko) makes an angle (Jo with the z-axis, and its 
projection on the x-y plane makes an angle tPo with the x-axis. 
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field is perpendicular to the incident plane. We will refer to this case as the T .E. 

polarization. 

Since the T.M. and the T.E. polarizations are independent, we will 

treat them separately. 

A. Case 1: The incident electric field is parallel to the incident plane 

(the T.M. polarization). 

7 

The z-component of the incident electric field (H!jC) in each of the two 

coordinate systems is given by (see Appendix B for the derivation) 

Ei,,!c = E sin (J "im J (>. p o)e-im(tP;-tPo)eikozcosOoei6(j-l) eiwt 
Z) 0 0 ~ m 0) , (2.1) 

m 

with i = 1,2. J m is a Bessel function of the first kind; and 8 = kod cos C/>O sin (Jo 

is the phase of the incident wave on cylinder two (i = 2). The center of cylin

der one was chosen to be the location of the zero incident wave phase. (The loca

tion of the zero incident wave phase is arbitrary. It can be chosen at the center of 

cylinder one, cylinder two or any point in space). >'0 and ko are given by equation 

(2.7). 

Since the cylinders are infinitely long, the electric field inside or out

side each cylinder varies as eikozcosOo. In addition, the field (inside or outside 

each cylinder) satisfies the scalar wave equation. If u represents the z-component 

of E or H then 

(2.2) 



The z-component of the scattered electric field from cylinder j (j = 
1,2) is therefore given by 

8 

E 8ca = "'"' aU) H (A p ')e- im(4)i-4>o)!(z t) Zj L....J om m 0 J , , (2.3) 
m 

(j = 1,2); where Hm is a Hankel function of the second kind. f(z, t) = 
eikoz 

COB 80 + eiwt• Hankel function of the second kind is used because it represents 

an outgoing cylindrical wave at infinity since the time dependence eiwt is adopted. 

Similarly, the z-component of the electric field inside cylinder j(j = 
1,2) is given by 

Ein8ide = "'"' a~i) J. (A'P ')e-im (4)j-4>o)f(z t)· Zi L....J 1m m J J , , (2.4) 
m 

where Aj is given by equation (2.8). 

In the case of normal incidence, the scattered field and the internal 

field do not contain crossed polarized components. In other words, the mode of 

the internal field and the scattered field is the same as the mode of the incident 

field. For oblique incidence, the scattered wave and the internal wave are super

position of the T.E. and the T.M. modes, regardless of the incident wave mode. 

Therefore, the z-component of the scattered magnetic field from cylinder j is given 

by 

H 8ca = "'"' b(i) J. (A'P ')e- im(4)i-4>o)f(z t) 
Zj L....J om m J J , (2.5) 

m 

Similarly, the z-component of the magnetic field inside cylinder j is 

given by 



9 

Hinside = ~ b(;) J (A 'P ')e-im(tPr</>o)f(z t) 
Zi L.J 1m m J J , • (2.6) 

m 

(2.7) 

where w is the angular frequency of the incident wave. 

1 

A; = [k; - k~ cos2 00 ] 2 j = 1,2 
(2.8) 

k; = -iJ.t;w(u; + i€;w) j = 1,2 

The "effective" incident field on one cylinder is equal to the original in

cident field plus the scattered field from the other cylinder. If t/Jinc is the original 

incident field and t/Jfca is the scattered field from cylinder 1 and t/J~ca is the scat

tered field from cylinder 2, then the total field (t/Jtotal) outside the two cylinders 

is 

(2.9) 

By using the above equation, the z-component of the total electric field 

outside both cylinders can be found from equation (2.9) where t/Jinc, t/Jica and 

t/J~ca are given by equations (2.1) and (2.3) 

E!;tal = [( Eosin 00 L imJm(Aop;)ei6(;-1) + ai~Hm(AoPj) )e-im(</>r</>o) 
m 

+ ai% Hm (AoPi)e-im(</>i-</>O) ] f(z, t). (2.10) 
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i = 1 if i = 2 and i = 2 if i = 1. 

Similarly, the z-component of the total magnetic field outside cylinder 

j is found from equation (2.9) where t/;inc = 0, t/;fca and t/J~ca are given by equa-

tion (2.5). 

Htotal = ~[b(j) H (,\ P ')e-im(t/li-t/lo) 
Zi ~ om m O:J 

m 

(2.11) 

In order to apply the boundary conditions, the electric field and the 

magnetic field outside cylinder j must be expressed in terms of the coordinates of 

cylinder j. In other words, (Pi,tPi) in equations (2.10) and (2.11) must be changed 

to (Pj' tPj). This means that the scattered field from cylinder i must be trans

formed as an incident field on cylinder j. The last transformation can be done 

by using the results from Appendix F. Therefore, the z-component of the total 

electric field outside cylinder j is 

H;;'·' ~ [E. sin 8. ~ {im Jm(~.pj)ei6C;-l) + aif.!.Hm (~.P;) 

where 

+ A~~ Jm (~.P;) }c-'mc., - •• ) 1 f(o, t), 

Ai~ = L (-l)(m-t)(i-l)a~'l Ht_m('\od)ei(t-m)t/lo. 

t 

In the above expressions i '# j. If j = 1, i = 2 and if j = 2, i = 1. 

(2.12) 

(2.13) 
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Similarly, the z-component of the magnetic field outside cylinder j is 

where 

H!;tal = L [bi'"JHm(AoPi) + B£2 Jm(AoPi) ] e-im(tPi-tPo) f( t), 
m 

B£2 = L(-l)(m-l)(i-l)b~~Hl_m(Aod)ei(l-m)tPo. 
l 

(2.14) 

(2.15) 

The tP-components of the total electric field outside cylinder j is found 

from the last equation in Appendix C with k = ko, f.L = f.Lo, A = Ao and P = Pi 

E total _ ,"" e-im(tPi-tPo) [mko cos 00 {'mE . 0 J (\ .) i(j-l)6 
tPi - L..J k 2 _ k 2 2 0 . l 0 SIn 0 m AoP, e mOo cos 0 P, 

+ aiiJHm(AoPi) + Ai2Jm(AoPi) } + if.LoWAo{ biiJH:n(AoPi) 

+ B£2 J:n(AoPi) }] f(z, t), (2.16) 

where (I) is the derivative with respect to the argument. 

Similarly, the tP-component of the electric field inside cylinder j is 

found from the last equation of Appendix C with k = kj, f.L = f.Li, A = Ai and 

P = Pi 

(2.17) 



The <p-components of the total magnetic field outside cylinder j is 

found from the last equation of Appendix D with k = ko, f = fo, (1 = (10 and 

P = Pj 

12 

(2.18) 

Similarly, the 4>-components of the magnetic field inside cylinder j is 

found from the last equation of Appendix D with k = k,., f = f,., (1 = (1j and 

P = Pj 

(2.19) 

Applying the boundary conditions (the tangential components of E 

and H are continuous) at Pj = aj(j = 1,2) 

Etotal = Einside • Htotal = Hinside 
Zi Zi' Zi Zi 

(2.20) 
E total _ Einside • Htotal _ Hinside 

<Pi - <Pi ' <Pi - <Pi ' 

yield the following eight coupled equations 
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a~~Jm(Alad = imEo sinOoJm(Aoad +a~~Hm(Aoad 

+ Ai~Jm(Aoad (2.21) 

a!!!Jm(A2a2) = imEo sinOoei6Jm(Aoa2) + ai~Hm(Aoa2) 

+ Ai~Jm(Aoa2) (2.22) 

(2.23) 

(2.24) 

(2.25) 

(2.26) 
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(2.27) 

(2.28) 

The last eight equations are coupled linear equations. Each equation contains the 

coefficients for the T .E. and the T .M. polarizations. It is not possible to separate 

the eight equations into two groups, where one contains the T.E. coefficients and 

the other group contains the T.M. coefficients. However, it is possible to simplify 

them further by eliminating the coefficients of the internal fields (a~~, a~~, b~~ 

and b~~). 

From equation (2.25) one eliminates a!~ by using equation (2.21) and 

b!~ by using equation (2.23) 



where 

and 

1 1 
'\01 = >'02 - >'1 2 • 
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(2.29) 

From equation (2.26) one eliminates a~~ by using equation (2.22) and 

b~~ by using equation (2.24) 

(2.30) 

where 
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and 

From equation (2.27) one eliminates ai!l. using equation (2.21) and b~~ 

using equation (2.23) 

(2.31) 

where 

From equation (2.28) one eliminates a~!! using equation (2.22) and b~!! 

using equation (2.24) 

bi~ = mko C;s 00 [im·Eo sinOoei6 Jm(>'oa2) + ai~Hm(>'oa2) 
a2 4 

+ Ai!l.Jm(>'oa2)] >'02 

- .wBi}J [P-2 Jm(>'oa2) J' (>. ) - P-o J' (>. )] 
'84 >'2 J,(>'2a2) m 2a2 >'0 m oa2 , (2.32) 



where 

It is clear from the last four equations that the scattering coefficients 

of each cylinder is modified by the presence of the other cylinder. We may write 

the last four equations as the independent scattering coefficients of one cylinder 

plus a correction term due to multiple scatterings. 

Case!!: The incident magnetic field is parallel to the 

incident plane (the T.E. polarization) 

The z-component of the incident magnetic field H!~C can be writ-
J 

ten for both cylinders, respectively, in a compact form (see Appendix B for the 

derivation. 
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H!;C = ei6(j-l) Ho sin 0
0 
L i m Jm (>'oPj)e-im(tPi-tPo)eikozcos 8oeiwt. (2.33) 
m 

The solution of this case is similar to the solution of the previous case. 

Therefore, an outline of the solution will be given below to avoid repetition of the 

same equations. 

The scattered electric and magnetic fields inside and outside cylinder j 

must satisfy the wave equation V 2 u + k 2 u = 0, where u is the z-component of the 

electric or the magnetic fields. 



18 

In order the satisfy the boundary conditions, the fields outside and 

inside cylinder j must be expressed as superpositions of the T.M. and the T.E. 

modes. Therefore, the z-components of the scattered and the internal fields can 

be written as 

EinBide = ~ d~j) J ('\'p ')e-im(4)i-4>o)f(z t) 
lei L-t 1m m J J , (2.34) 

m 

Hinside = ~ c~j) J ('\'p ')e- im(4)i-4>o)f(z t) 
lei L-t 1m m J J , (2.35) 

m 

E Bca = ~ d(j) H (.\ P ')e- im(4)i-4>o)f(z t) lei L-t om m 0 J , (2.36) 
m 

H;;a = L ci~ H m('\oPj)e- im(4>r4>o) f(z,t). (2.37) 
m 

The z-component of the total electric field outside cylinder j can be 

written as 

E total - ~ [d(j) H (.\ p.) + D(i) J (.\ p.)] e-im(4)i-4>o)f(z t) %i - L-t om m 0 J om m 0 J , , 

m 

(2.38) 

where 

Di~ = L d~2(-I)(m+t)(i-l)Hl_m(.\od)ei(l-m)4>o (2.39) 
l 

i ¥= jj if i = 1, j = 2 and if i = 2, j = 1. 

Similarly, the z-component of the total magnetic field outside cylinder 

j can be written as 
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H!;tal = L [imHosinOoei6(i-l)Jm(AOPi) + ciiJHm(AoPi) 
m 

+CJ2Jm(AoPi)] e-im(tPrtPo) f(z, t), (2.40) 

where 

cJ2 = Lc~2(-1)(m+l)(i-l)Hl_m(Aod)ei(l-m)tPo. (2.41) 
l 

Equation (2.38) was found using equation (2.9) where t/Jinc = 0, t/Jfca and t/J~ca 

are given by equation (2.36) (j = 1,2) and the result of Appendix F was used 

(i.e., the coordinate of cylinder i was transformed into the coordinate of cylinder 

j). Similarly, equation (2.40) was found using equation (2.9); t/Jinc, t/Jtca and t/J~ca 

are given by equations (2.35) and (2.37). The results of Appendix were also used. 

The tP-component of the electric field outside cylinder j is found by 

using the result from Appendix C with k = ko, J), = J),o, A = Ao and P = Pi 

total _ ~ 1 [mko cos 00 {(i) ( .) (i) ( .} EtPj - L- k 2 _ k 2 20 . domHm AoP, + Dom Jm Aop,) 
mOO COS 0 P, 

+ iJ),oWAo{ ei6(j-l) Ho sin Ooim J:n, (AoPi) + ci~Hm(AoPi) 

+ J~(~op; )Cj:.n] e-'m(';-'o) f(z,I). (2.42) 

The ,p-component of the electric field inside cylinder j is found in the 

same way, using the result from Appendix C with k = k;, J), = J),i, A = Ai and 

P = Pi 
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Einllide = ~ 1 [mkO cos 00 d(j)Jm(>"P') 
<Pi ~ kj 2 - ko 2 COS2 00 Pj 1m 3 3 

+ ill ·w>. ·c(i) J' (>,.p .)] e-im(<Pi-4>o)f(z t) '-3 3 1m m 3 3 , • (2.43) 

The cp..component of the magnetic field outside cylinder j is found us

ing the result from Appendix D with k = ko, (7 = (70, f = fo and P = Pj 

(2.44) 

Similarly, the cp..component of the magnetic field inside cylinder j is 

HinBide = " e-
im

(<I>r4>o) f(z, t) [mko cos 00 d(i) Jm(>..p.) 
<l>i L...J kj 2 _ ko 2 cos2 0

0 
Pj 1m 3 3 

+ i"iWAiC~J:"(AiPi)]' (2.45) 

Applying the boundary conditions (equation 2.20), the following eight 

coupled equations are obtained 

(2.46) 
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(2.51) 

( mk
o 

cos 0
0 

) [imHosinOoJm(>.oad + ci~Hm(Aoad 
al ko 2 - ko 2 COS2 00 

+ CJ~Jm(Aoad] 

(2.52) 
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(2.53) 

The last eight equations may be simplified by eliminating the coeffi

cients of the internal fields (c~~, c~~, d~~ and d!~). Therefore, the scattering 

coefficients are 

(2.54) 

(2.55) 

Similarly: 
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(2.56) 

Similarly: 

(2.57) 

The equations (2.29-2.33) for the T.M. polarization and equations 

(2.54-2.57) for the T.E. polarization provide an exact solution for the two cylin

der problem in terms of the scattering coefficients ai~, bi~, cV,l, di~ U = 1,2). 

They apply in the near field region as well as in the far field region and for any 

separation. 

The scattering coefficients for both cases (T .E. and T .M.) are func

tions of the radii, refractive indices, the separation between the two cylinders, and 

the angles 00, 4>0' The numerical solutions of the coefficients will be discussed in 

Chapter 6. 



CHAPTER 3 

THE FAR FIELD APPROXIMATION AND Sij 

The purpose of this chapter is to find the Mueller scattering matrix 

elements Sij in the far field region. 

The sequence of developing the analysis will start by finding expres

sions for the scattered electric fields parallel and perpendicular to the scattering 

plane (the plane containing the z-axis and the direction of propagation of scat

tered fields) in the far field region. From these expressions, the amplitude scatter

ing matrix will be constructed and finally the Mueller matrix will be found from 

the amplitude scattering matrix by using the Stockes vectors for the incident and 

scattered electric fields. A brief description of the Stockes vectors and Mueller 

matrix will also be given. 

One way to measure the scattered field is by moving a detector in a 

circle around the scatterer. The center of this circle is in our case, conveniently 

chosen to be at the midpoint between the two cylinders. The plane of this circle 

is often called the plane of measurement. If the scatterer is two cylinders, then 

the plane of measurement may be chosen to be perpendicular to the z-axis (the 

axis of the two cylinders). In the following discussion this plane is chosen. There

fore, the scattering plane is perpendicular to the plane of measurement. In the 

limit that the radius of the circle mentioned above is large, the following points 

will be true. 

24 
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1. The observed scattered field on the circumference of the circle (or at 

any distance far away from the center of the circle) at any direction is 

the algebraic sum of the scattered fields from cylinders 1 and 2 along 

that direction. For example, the p-component of the total scattered 

field at large distance is the algebraic sum of the p-component of the 

scattered field from cylinder one and the p-component of the scattered 

field from cylinder two. This is not true (except for the z-component) 

at finite distances from the center of the circle because the unit vector 

associated with any component of the scattered field from cylinder one 

has different direction than that scattered from cylinder two. 

2. It is permissible to replace Hankel function and Bessel function with 

their limiting asymptotic expressions. 

The calculation of the fields at large distances from the scatterers (the 

scattering region) is often referred to as the far field approximation. 

Since we want to find expressions for the scattered electric fields in 

the far field region, the two orthogonal polarizations which we considered in the 

solution (Chapter 2) will be considered separately here as well. 

A. Case 1: The Incident Electric Field is Parallel 

to the Incident Plane (T.M. Polarization) 

The Mueller matrix 8ij is defined in terms of the amplitude scattering 

matrix in the far field region. The latter matrix is defined in terms of components 

of the field perpendicular and parallel to the scattering plane. 

The scattered electric field has the three cylindrical components Ep , 

Ez and E</>. Therefore, the scattered field must be written as a sum of two com

ponents, the first component is parallel to the scattering plane (Ep and E z ) while 



the other component is perpendicular to the scattering plane (E",). Expressions 

for the scattered electric field in the z-direction, ¢-direction and p-direction will 

now be found in the far field region. 

In the far field region Hankel function of the second kind may be re

placed by its asymptotic value 
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(3.1) 

Therefore, the z-component of the scattered electric field from cylinder 

j in this region is 

The last equation was found by substituting the asymptotic value of Hankel func-

tion (3.1) in equation (2.3). 

der j is 

Similarly, the z-component of the scattered magnetic field from cylin-

~ -+ 0 in the scattering region. Therefore, equation (C.7) reduces to p 

(3.4) 
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The ¢-component of the scattered electric field from cylinder j is found 

by substituting equation (3.3) into equation (3.4) 

(3.5) 

The total ¢-component of the electric field, E~otal = E4>l + E4>2 is 

In acquiring equation (3.6)' the following limits were used (see point 1 

in the beginning of this chapter) 

¢I = ¢2, ¢1¢2 are unit vectors associated with the ¢=fields from cylin

der 1 and 2, respectively. 

P2 = PI - dcos¢ 
(3.7) 

P = PI 
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The factor ei>'odcos,p in equation (3.6) accounts for the phase difference 

between the scattered waves from the two cylinders. 

By using equation (3.7), the z-component of the total scattered electric 

field (the sum 01 the z-components of the scattered electric fields from cylinders 1 

and 2) in the far field region is 

In the far field region ~ ~ O. Therefore, equation (E.4) reduces to 

O E Bea 
E Bea = cos 0 z 

p sin 00 

(3.9) 

By using equations (3.9) and (3.8), the p-component of the total scat

tered electric field is found 

EBca = cosOoE;ea = [_2_]!" [a(l) + a(2)ei>'odCOS,p] 
p sin 00 7r>"oP ~ om om 

X e-im(,p-,po) e ikoz cos OOimei7r/4e-i>.op. (3.10) 

Tne total scattered electric field in the far field region is 

...... /lea 
E = epE;ea + ezE;ea + e,pE;ca, (3.11) 

where ez , ep and e,p are unit vectors along the z, P and ¢ directions. 
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Substituting equations (3.6), (3.8) and (3.10) into equation (3.11), the 
-+sca 

total scattered electric field E in the far field region is given by 

(3.12) 

where 

Equation (3.11) can be written as the sum of two components, the first 

one is parallel to the scattering plane and the second is perpendicular to it. 

-+sca 
E A EBca + A EBca = ell II e.l.l' (3.13) 

After comparing equations (3.12) and (3.13) and noticing that ell = 

(3.14) 

(3.15) 

From equations (3.14) and (3.15), two elements of the amplitude scat

tering matrix can be found. To find the other two elements, the following polar-

ization must be considered. 



B. Case £: The Incident Electric Field is Perpendicular 

to the Incident Plane (T.E. Polarization) 

From the symmetry of the problem, the total scattered electric field 

can be found by replacing b with c and a with d in equation (3.12). 
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(3.16) 

The scattering coefficients (ci~, ci~, di~, and di~ were obtained in 

Chapter 2 under the assumption that the incident magnetic field parallel to the 

incident plane has a unit magnitude. An incident magnetic field parallel to the 

incident plane corresponds to the incident electric field perpendicular to the inci

dent plane. 

In this chapter we want to compare the responses of the two cylinders 

to an incident electric field of unit amplitude parallel to the incident plane with 

those of an incident electric field of the same amplitude perpendicular to the inci

dent plane. Therefore, it is necessary to multiply equation (3.16) by (",:ow) which 

makes the amplitude of the incident electric field perpendicular to the incident 

plane of unit amplitude. Equation (3.16) then becomes 

If/ca 
= "'{e",[c(1) + ci2) ei>'odcos "'] _._1_ + [. ko ] [d(l) 
~ om m sm 0 sm 0 II. W om 

m 0 OrO 

+ d(2) ei>'od cos 8] (e sin 0 + e cos 0 )} II"> om Z 0 P 0 .,.-m· (3.17) 

Comparing equation (3.17) with (3.13), the scattered electric fields 

parallel and perpendicular to the scattering plane are, respectively 
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(3.18) 

(3.19) 

Equations (3.12) and (3.17) can be written in a matrix form 

(3.20) 

The 2 x 2 matrix in equation (3.20) is called the amplitude scattering 

matrix with 

(3.21) 

(3.22) 

(3.23) 

(3.24) 

It is evident from equation (3.20) that the scattering electric field from 

the two cylinders is a superposition of the T.M. and the T.E. modes even though 



the mode of the incident field is either T.M. (Einc = 1, E~nc = 0) or T.E. 

(ETC = 0, Eflnc = 0). Clearly, the two cylinders change the polarization state 

of the incident field. 

In order to find the Mueller matrix, the Stockes vectors for the inci

dent and scattered field must be defined first. Therefore, we will discuss them 

briefly. 
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The Stockes parameters are a set of four quantities (written as a col

umn matrix) which describe the polarization state of the radiation. Following 

Walker (1953), we will denote them by I, Q, U, and V which relate to the electric 

fields by 

(3.25A) 

(3.25B) 

(3.25C) 

(3.25D) 

where Ell and El.. are the electric fields parallel and perpendicular to the inci

dent plane or to the scattering plane if the Stockes parameters of the incident 

field or the scattered field, respectively, are to be found. The brackets «» sig

nify the time average. I represents the total intensity while Q, U and V repre

sent the polarization state. The Stockes parameters are related by the following: 

12 ~ Q2 + U2 + V2 where the equal sign holds true for completely polarized light. 



33 

It is worthwhile to note that equations (3.25A-C) are the same if ei

ther eiwt or e-iwt is used for the time dependence, while V is dependent on this 

choice. Thus, equation (3.25D) can be interpreted as the difference of the irradi

ance between the right handed circular polarization and the left handed circular 

polarization. (We choose the sense of rotation of the electric field counter clock

wise for right handed circular polarization as looking toward the source, i.e., eiwt 

is chosen.) 

The relation between the incident and the scattered Stockes vectors 

can be written by using the amplitude scattering matrix (equation 3.20) and the 

Stockes parameters (equation 3.25). 

r 8 11 8 12 8 13 8 14 Ii 

QB 

= [1r;op] 
821 822 823 824 Qi 

Ui 
(3.26) 

UB 
831 832 833 834 

VB 841 842 843 844 Vi 

The 4x4 matrix on the right hand side in equation (3.26) is called the Mueller 

matrix. It is a mathematical model which describes the interaction between the 

incident field and the optical device (the two cylinders in our case). The sixteen 

elements in the Mueller matrix can be reduced to fewer than sixteen for specific 

cases as we will discuss in Chapter 8. 

The relations between the Mueller scattering matrix elements (8ij) 

and the amplitude scattering matrix elements are 



512 = ~[I Tl 12 - 1 T2 12 + 1 T4 12 - 1 T3 12J 

513 = Re[TIT3 * + T4T2 *J 

521 = ~[I Tl 12 -I T2 12 - 1 T4 12 + 1 T3 12'] 

822 = ~[I Tl 12 + 1 T2 12 - 1 T4 12 - 1 T3 12J 

8 23 = Re[TIT3 0 - T2T4 *J 

8 24 = 1m[T3Tl * + T4T2 oJ 

8 31 = Re[TIT4 * + T2 T3·] 

532 = Re[T1T4 * - T2 T3 .] 

533 = Re[T2T1 * + T2T4 *J 

541 = 1m [TlT4 * + T3 T2 *J 

5 42 = 1m[TIT4 * + T2 T3 *J 

Re and 1m represent the Real and Imaginary parts of the quantities of interest. 
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The importance of the Mueller elements (8ij) is that they are measur

able quantities. 

A comprehensive discussion of the Mueller matrix and the Stockes vec

tors and their physical meanings can be found in Bohren and Huffman (1983). 

An elegant description of 8ij is given by Bickel (1984); his treatment is general. 



CHAPTER 4 

THE CROSS-SECTIONS IN THE FAR FIELD REGION 

In this chapter, expressions for the total scattering and extinction 

cross-sections per unit length will be obtained for the two polarizations of the in

cident wave (the T.M. and T.E. polarizations which we considered in Chapter 2). 

We will express the scattering cross-sections in terms of the scatter

ing coefficients and the extinction cross-section in terms of the forward scattering 

amplitude. 

The scheme of developing this chapter will begin by finding the rate at 

which energy is abstracted from the incident beam due to scattering. The scat

tering cross-section can then be found. Similarly, the rate at which energy is ab

stracted from the incident beam due to scattering and absorption will be calcu

lated. The extinction cross-section can then also be found. 

The scattered or absorbed energy per unit time will be found from the 

real part of the Poynting vector. 

In the following discussion, we will refer to the two cylinders as the 

scatterer. Since the scatterer is of an infinite length, the cross-section per unit 

length is the quantity of physical interest. 

A. The Scattering Cross-Section Per Unit Length 

The scattering cross-section per unit length is the total power scat

tered in all directions by a length (l) of the scatterer when the irradiance of the 
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incident beam is assumed to be unity. Therefore, the scattering cross-section per 

unit length (C"ca) may be written as 

C 1· P"ca 
"ca = 1m -£1 ' 

t-+oo i 
(4.1) 

where P"ca is the scattered power in Watts, £ is the length of the scatterer in 

meters and Ii is the irradiance of the incident plane waves in Watts/m2 • It is 

clear from equation (4.1) that the SI units of the scattering cross-section per unit 

length are meters. 

The total scattered power can be found by integrating the radial com

ponent of the scattered Poynting vector (Sp) over a very large surface which en

closes the scatterer. It is natural for this problem to choose a cylindrical sur

face (which we want to integrate over) of length £ and radius p. The advantage 

of choosing such a surface is that the radial component of the Poynting vector is 

perpendicular to it. Therefore, equation (4.1) can be written as 

(4.2) 

where dA is the differential element of the cylindrical surface. 

The Poynting vector is related to the electric field (E) and the mag

netic field (H) by 

-+ 1-+ -+-
S ="2E x H , (4.3) 

where H- is the complex conjugate of the magnetic field (H) by 

The radial component of the Poynting vector (Sp) can be expanded in 

terms of the components of the fields; this follows directly from equation (4.3) 
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(4.4) 

The total scattered power may be found by integrating the previous 

equation over the cylindrical surface. This gives 

j l/2121r 
P = !Real [EBCa H uca _ E BCa H uca] dA..dz Bca 2 t/> III III t/> 'f" 

-l/2 0 

(4.5) 

where E~ca and E;ca are the t/>-component and z-component of the total scat

tered electric field which are given by equations (3.6) and (3.8). H;ca is the z

component of the total scattered magnetic field in the far field region; obtained by 

adding the contribution from each cylinder. From equation (3.3) one finds 

The ¢>-component of the toal magnetic field H~ca in the far field region 

can be obtained by using the result of Appendix D, i.e., 

OEBca 
H Bca '" . foW III 

t/> = -I ko 2 sin2 0
0 

op . (4.7) 

This result was obtained by dropping the first term of equation (D.4) in the far 

field and set q = 0, f = fo and k = ko (the property of the region outside the two 

cylinders). 

------------ --------
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By substituting equation (3.8) into equation (4.7), the following ex-

pression for H~cO is found 

In equation (4.5) the integrand does not depend on z. Therefore, it 

reduces to 

(4.9) 

If the expressions for the fields (E.p, Hz, Ez and H.p) are substituted 

into equation (4.9) and if the integration over ~ is performed, then by using equa

tions (B.5) and (B.6), we obtain the following expression for the cross-section per 

unit length for the T.M. polarization of the incident wave 

(4.10) 

c:clfI = L {/ ai~ /2 + / ai~ /2 +Real L 'Y [e-i,8ai~a~~2) 
m n 

+ ei,8a(2)a·(I)]} om on (4.11) 

C™II = ~{/ b(l) /2 + / b(2) /2 +Real ~ '" [e- i,8b(l) b.(2) .co ~ om om ~ I om on 
m n 

+ eiPb(2) b·(I)] } 
om on (4.12) 
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with 

TMI and TMII refer to the scattered T.M. and T.E. polarizations, re-

spectively. 

In equation (4.2) Ii = 2~ is the irradiance of the incident wave, where 

11 is the impedance of the free space (= 12011"). This last result is a consequence of 

our original assumption that the amplitude of the incident wave for the T .M. case 

is one. 

The cross-section per unit length for the incident T .E. polarization 

b I.' d f: h If (I) (2) I d b d(l) d(2) d b(l) may e loun rom t e symmetry. a om , aom are rep ace Yom, om an om, 

bi~ are replaced by ci~, ci~, the following expression is obtained 

(4.13) 

where 

cic~I = I.:{I ci~ 12 + 1 ci~ 12 +RealI.:1[e-i,8ci~c~~2) 
m n 

(4.14) 

C TEII = ~{I d(l) 12 + 1 d(2) 12 +Real~'V[e-i,8d(l)d*(2) sea ~ om om ~ , om on 
m n 

+ ei,8d(2)d*(1)] } 
om on (4.15) 

--------------- --- --
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TEl and TEll refer to the scattered T.E. and T.M. polarizations, respectively. 

The irradiance (Ii) of the incident wave is now equal to [~]. Because 

of our original assumption that the amplitude of the incident magnetic field is one 

(Chapter 2). 

B. The Extinction Cross-Section per Unit Length 

If the scatterer has a finite conductivity, some of the incident energy 

will be absorbed. The absorbed energy will be converted into other forms such as 

heat. The absorbed power (Paba) is related to the incident irradiance (Ii) by 

(4.16) 

where Qaba is the absorption cross-section. 

Since scattering and absorption remove energy from the incident field, 

the incident wave will be attenuated. The extinction cross-section is designed to 

account for the attenuation of the incident waves. Therefore, we may define the 

extinction cross-section as the power removed from the incident radiation due to 

scattering and absorption (Pezt ) when the irradiance of the incident field is as

sumed to be unity, i.e., 

(4.17) 

where Qezt is the extinction cross-section. 

The extinction cross-section is the sum of the absorption cross-section 

and the scattering cross-section. 

(4.18) 
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The above statement is another way of stating conservation of energy. 

In order to find the extinction cross-section, the total energy per unit 

time removed from the incident beam due to scattering and absorption must be 

found. This can be calculated by integrating the radial component of the Poynt

ing vector (S;zt) over the cylindrical surface (described in the first part of this 

chapter). 

(4.19) 

where i and s refer to incident E;.nd scattered fields, respectively. Discussion of 

equation (4.19) can be found in many references. See, for example, Bayvel and 

Jones (1981). 

It is clear from equation (4.19), that the radial component of the 

Poynting vector (S;zt) depends on the polarization state of the incident wave; 

therefore, the extinction cross-section will be found for the two independent po

larization (the T .M. and T .E. polarizations). 

1. T.M. Case. 

Since the incident magnetic field has no component along the z-axis, 

i.e., H!nc = 0, equation (4.19) reduces to 

(4.20) 

The power due to extinction may be found by integrating equation 

(4.20) over the cylindrical surface which we described in the first part of this 

chapter. 
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Pe:tt = lim ill1" S;ztpd¢dz. 
t-+oo _II" 

(4.21) 

Since the integrand has no dependence, equation (4.21) reduces to 

Pezt = lim ill1' s;zt pd¢. 
t-+oo _II' 

(4.22) 

Substituting (4.20) into (4.22), the extinction power per unit length 

[ 
Pezt] Pnorm = -i-

may be found. 

p. - 1R 1/11' {E iH*" E iH*" E "H*i} d'" norm - - ea '" z - z '" - z '" P ",. 2 _II' 

(4.23) 

If the appropriate expressions for Ez i, H", ", Ez " and H", i are substi

tuted into equation (4.23), the first integral is zero and the second integral is the 

complex conjugate of the third integral. Therefore, equation (4.23) may be writ-

ten as 

(4.24) 

If the limit is divided into two parts (the first part being (-11",0) while 

the second is (0,11"), then equation (4.24) may be written as 
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Each of the previous integrals, written this way in equation (4.25) may 

now be performed by using the stationary phase method, which is given by Born 

and Wolf(1959). 

Km £0 xm - 1 F(x)eikzdx -t F(O)-y(m)etimll", (4.26) 

with K = p, x = 1 + cos tjJ and m = 1/2. The upper limit a = 2. By using 

equation (4.17), the extinction cross-section can be found. 

2. T .E. Case. 

For the T.E. polarization, the expression for the extinction cross

section per unit length can be written from the symmetry (!'eplace Tl by T2) 

(4.27) 

(4.28) 



CHAPTER 5 

SPECIAL CASES/LIMITING CASES 

The purpose of this chapter is to discuss some interesting special cases, 

give interpretations of the results, and to compare it to the work of others. 

A. Case 1 - Perpendicular Incidence 

This case corresponds to 00 = ~. The scattering of electromagnetic 

waves from two parallel cylinders at normal incidence becomes a two-dimensional 

problem (the fields do not vary in the z-direction). The scattering coefficients re

duce to 

1. The T.M Polarization 

The cross modes reduce to zero, i.e., bi~ = bi~ = O. This result is 

similar to that for a single cylinder (no coupling between the T.E. and the T.M. 

modes for perpendicular incidence). 

44 
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These equations (5.1-2) show explicitly that the scattering coefficient 

of each cylinder is modified by the presence of the other. A~~ and Ai~ (which 

are given in Chapter 2) represent the modification to the single cylinder coeffi

cient. The first term on the right hand side of equation (5.1) (containing Eo) is 

identical to the single scattering coefficient for cylinder 1. We will refer to it as 

such. The second term (containing Ai~ is due to multiple scattering. We may 

look at this second term as a "correction" to the zero order scattering coefficient. 

The expression for Ai~ (equation 2.13) includes a Hankel function, which results 

in the multiple scattering becoming unimportant, as it should, if the separation 

between the two cylinders becomes very large (:~~ = 0). Then ai~ and ai~ re

duce to the correct expressions for the single cylinders at normal incidence. Sim-

Bar interpretation pertains to equation (5.2). Equations (5.1) and (5.2) are cou

pled linear equations. The matrix method will be employed in the next chapter to 

solve these equations. 

2. The T.E. Polarization 

The foregoing discussion is applicable to this case as well. The scatter-

ing coefficients reduce to 

(5.3) 

(5.4) 
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The expressions for the scattering coefficients, which are given by 

equations (5.1), (5.2), (5.3) and (5.4) are more general than those given by Olaofe 

(1970), because his expressions are only valid for two dielectric, identical cylin

ders. Our equations cannot be put in a form such that they are identical to those 

given by Olaofe (1970), because we use eiwt for the time dependence in our so

lution, while Olaofe on the other hand bases his solution upon the e-iwt factor. 

Consequently, our equations involve Hankel function of the second kind while 

his involve Hankel function of the first kind. However, we will show in Chap-

ter 7 that his expressions and ours give identical results in the case of two iden

tical cylinders having identical radii and materials at normal incidence, the case 

treated by Olaofe. 

B. Case !J - The Low Frequency Region 

We will consider the case when Aoal and Aoa2 are < < 1. Ao is given 

by equation (2.7). (This limit can be achieved either by low frequency or by small 

radii.) 

1. The T .M. Polarization 

In this limit, the only non-vanishing term is m = o. In other words 

ao(lm) and ao(2m) -- 0 l'f m ..J. O. Therefiore the general expressl'ons fior a(l) A(2) bel) T, om, om, om, 

and bi~ reduce to 

a(1) = a: [Ii sin 0 + A (2)] 00 0 0 00 (5.5) 

a(2) = f.l [E ei6 sinO + A(l)] 00 fJ 0 0 00 (5.6) 



0: = ~Jo('\ladJo('\oad - ~J~('\lal)JO('\oad 
::;0 H~('\oadJo('\lad - :1';1 J~('\ladHo('\oad 

A(l) = H (,\ d)a(l) 
00 0000 

A (2) = H (,\ d)a(2) 
00 0000 

Equations (5.5) and (5.6) can be solved for aW and ai~) . 

and boo = boo = O. 
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(5.7) 

(5.8) 

(5.9) 

(5.10) 

(5.11) 

(5.12) 

The assumption made is that the m = 0 term is the leading term in 

the equation and is easily justified. The induced current on the surface of each 

cylinder does not depend on the angle <p if the radius is small. As a consequence, 

the scattered field from each cylinder does not depend on the angle <p. 

Further approximation is possible. Bessel function of the first kind 

goes to one in the limit that the argument goes to zero. To compare with Wait 
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(1986), we also specialize in perfectly conducting cylinders. The scattering coeffi

cients then reduce further to 

(5.13) 

(5.14) 

It is worthwhile to notice that the m = 0 approximation uncoupled the linear 

equations of the scattering coefficients even though this problem is still three

dimensional. Equations (5.13) and (5.14) are essentially those given by Wait 

(1986). However, Wait expresses his results in terms of modified Bessel function 

which is related to Hankel function of the second kind (which we used in our solu

tion), by the following relationship: 

where "y = i>.o 

With this substitution, equations (5.13) and (5.14) reduce exactly to Wait's re

sults. 

In the limit of large d/a the equations (5.13) and (5.14) can be ex-

d d d · Ho2(>.od) Th fi 11 • . fi (1) d pan e to zero or er m Ho (.\oBSHo(.\oB2). e 0 owmg expreSSIOns or aoo an 

ai~) are then found. 

(1) Eo sin 00 EosinOo Ho(>'od) i6 

aoo = - Ho(>'oaI) + Ho(>'oa2) HO(>'oa1) e 
(5.15) 
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a(2) = 
00 

EosinOoei6 + EosinOo Ho(>'od) 
Ho(>'oa2) Ho(>'oa2) Ho(>'oa2) 

(5.16) 

Equations (5.15) and (5.16) reveal the fact that each cylinder is ex

cited by the incident field and by the scattered field from each of the other cylin-

ders. We now note that for a single cylinder of radius a, the scattering pattern 

from a plane wave is almost the same as that from a cylindrical wave if ~ > 10 

where b is the distance between the cylinder and the source of the cylindrical 

waves. Therefore, the scattered field from one cylinder in the neighborhood of 

the other resembles a plane wave, when d/ a > > 1. 

The first term of the right hand side of equation (5.15) represents the 

zero order scattering coefficient (the response of cylinder 1 as if it were by itself in 

the field), while the second term represents the response of cylinder 1 if the inci

dent field is Eo Bin eoHo a Aod e
U

• As noted above, this wave is actually a cylindrical 
00:01 

wave but is in the limit of d/a» 1, a plane wave. 

The signs justify further discussion. Term 1 represents a direct exci

tation from the incident field; therefore, the scattered field suffers one reflection 

(scattering), that explains the minus sign in that term. (The zero order scattered 

field from cylinder 1 is out of phase with the incident field in the neighborhood of 

cylinder 1 apart from the phase due to the complex scattering coefficient). The 

second term represents indirect excitation of cylinder 1 (the incident field hits 

cylinder 2 first and cylinder 1 second). Therefore, the second term suffers two re

flections (scattering) that explains the plus sign in that term. 

Ho(>'od) in the second term takes into account the strength of the 

scattered field from cylinder 1 in the neighborhood of cylinder 2, as well as the 

phase of the wave. Careful examination of the argument of Hankel function of the 
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separation reveals the fact that it represents the phase difference between the in

cident field and the zero order scattered field from cylinder 2 in the neighborhood 

of cylinder 1. (The phase factor in Hankel function is due to cylindrical character 

of the wave and it has nothing to do with the scattering process.) 

2. The T.E. Polarization 

In this case, the m = 0 term is not the only dominant term in the 

series. Therefore, the previous approximation, i.e., Wait's limit, is not valid in 

this case. 

C. Case 9 - Single Cylinder 

The T.M. polarization will be discussed here only because the T.E. 

case is similar to it. We will allow the scattering coefficients of the second cylin

der to be zero. 

a(2) = 0 om 

b(2) = 0 
om 

This will lead to A~~ = B~:J. = O. Our equations then reduce to two 

linear equations with two unknowns a~:J. and b~:J.. Using the following relations 
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The resulting expressions for ai~ and bi~ are equivalent to equations (10) and 

(11) in Wait (1955). (Our result for bi~ is different from that given by Wait by a 

minus sign. This is because we assume that the incident wave is making an angle 

00 with the positive z-axis while Wait's incident wave is making an angle 00 with 

the negative z-axis.) 

D. Case -I - Perfectly Conducting Cylinders (T.M. polarization) 

In this case the conductivity of each cylinder is infinite. As a conse

quence, there will be no fields present within the cylinders. The expressions for 

the scattering coefficients reduce to 

(5.17) 

(5.18) 

The scattering coefficients for perfectly conducting cylinders at oblique 

incidence are simpler than those for perpendicular incidence of arbitrary material. 

In the former case, the scaling technique may be used (replace ko with ko sin 0), 

while this simple scaling technique cannot be used in the latter case. 

The first term of the left hand side of equation (5.17) or (5.18) rep

resents the zero order scattering coefficient of cylinder i (i = 1 or 2), while the 

------------------------ --- --
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second term represents the multiple scattering (the interaction) between the two 

cylinders. 

Equations (5.17) and (5.18) are general equations for the perfectly con

ducting case and they may be used for any separation. 



CHAPTER 6 

NUMERICAL METHODS 

The purpose of this chapter is to describe the various numerical tech

niques which we used to calculate the scattering coefficients and the other quanti

ties of interest such as the cross-sections and Mueller scattering co elements (5i;). 

In order to compute these quantities, a computer program in the For

tran language was written, using the University of Arizona's Cyber 175 computer. 

The equations which contain the amplitude scattering coefficients 

(ai~, ai~, bi~ and bi~ for the T.M. Case and c's and d's for the T.E. Case) con

tain Bessel functions of the first kind and Hankel functions of the second kind and 

their derivatives. Both of these functions are of the integral order, but the argu

ment of Bessel function of the first kind may be complex (the argument becomes 

complex if the refractive index of either one cylinder or both is complex). There

fore, these functions must first be generated. 

The computation of Bessel functions of the complex argument can be 

avoided. It is sufficient to calculate the logarithmic derivatives [~:~:n, which are 

easier to calculate. 

We used the routines supplied by Bohren and Huffman (1983) to gen

erate the necessary Bessel functions. 

Hankel functions of the second kind can then be generated easily by 

using 
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In addition, the following recurrence relation is used to compute the 

derivative of any Bessel function. 

We may add that any Bessel function of the negative integral order is obtained 

from 
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The values of Bessel functions and the logarithmic derivatives for lim-

ited values of n and the argument were computed and compared with values tab-

ulated by Abramowitz and Stegan (1964). Good agreement is found in each case. 

In the following, the procedure by which the scattering coefficients are 

obtained for the T .M. polarization will be described. The coefficients for the T .E. 

polarization are obtained in the same manner. 

Each of the four equations (equations 2.29 - 32) represents an infinite 

set of equations for the unknowns (the scattering coefficients). In order to solve 

them, some truncations must be considered. Let us assume for a moment that 

the number of terms needed (for convergence) in the sum over the index m is N. 

Therefore, the four equations can be put in a matrix form 
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y=Ax (6.1) 

where y is a 4(2N + 1) column vector 

A is a 4(2N + 1) square matrix 

and x is a 4(2N + 1) column vector 

contains the unknown (ai~, ai~, etc.). 

In order to solve for the scattering coefficient, the complex matrix in 

equation (6.1) must be inverted 

(6.2) 

where A-I is the inverse of A. 

We employed a standard routine supplied by IMSL to invert the ma

trix and solve equation (6.2). Information about that routine is not available. 

However, it seems efficient. 

We initially tried to solve the equations for the scattering coefficients 

by iteration. This method has been used by other authors. We found it less suf-

ficient, especially for oblique incidence in which case it actually, often, did not 

converge. 

The number of necessary terms (N) depends on the size parameters of 

the cylinders and the separation between them. In order to get a valid solution 

for this problem, the following empirical formulae seems to be valid for the cases 

which were investigated, 

N = 2koasinOo + 2, 
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where koa is the size parameter of the larger cylinder. 

It is clear from the previous discussion that if ka is large, the matrix A 

is also large. 

The other quantities of interest such as the cross-sections were calcu

lated by using the equations derived in the previous chapters. A brief description 

of the computer program is given in Figure 3. The list of the computer program 

will be given in Appendix G. 



Two cylinder program 

r-- -----.. ------, , Generating Bessel functions , 
L - _ - _ :-~ ______ _ I 

r--- - -- ---------~ ~---- -- ------ --] 
I putting equations (2.29-32) I i putting equations (2.54-57~ 
I in a matrix form. Solving I : in a matrix form. Solving I 
; the matrix : : the matrix : L ___________ I L ______________ .. I 

.--------, r-----' 
I 

bel) (1) '. : I eel) del) om aom uSing • : using om om 
b(2) 

om 
a(2) 

om L :q:.. ~·101J 

T.M. 
scattering 

cross
section 

Le~. (4.1.:L! 

T.E. 
scattering 

cross
section 

Extinction cross-sections 

r----t----, 
I using equations , 
I (4.28-29) : -------- ~ 

e(2) 
om 

d(2) 
om 
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r--- - ---1 
~sing equations 1 

(3.21-24) r---t.! 

r----- ---, 
l using equations l 

__ ----1, (3.21-24) : 
1---- _____ ./ 

Ta 

Figure 3. Schematic Diagram of the Computer Program 



CHAPTER 7 

COMPARATIVE STUDIES 

In this chapter, we will show numerical comparisons with the work of 

other authors. 

There is, prior to ours, no general treatment of the two cylinder prob

lem at oblique incidence, so we cannot provide a direct check with it. However, 

we will discuss special (limiting) cases and check these with other work in the lit

erature. This also provides a check on the consistency of our formalism. 

For this purpose, we will generate numerical results including the am

plitude scattering matrix elements, extinction cross-section, scattering cross

section and the Mueller scattering matrix elements for two special cases. The first 

special case is that of two non-absorbing (perfect conductor or perfect dielectric) 

cylinders with equal radii and refractive indices at a finite distance from each 

other. We will refer to these as the interacting cylinders. The second special case 

is that of two cylinders with arbitrary material and radii; the distance between 

them being very large. We will refer to these as the non-interacting cylinders. 

Multiple scattering between the two cylinders becomes negligible in this case. 

From this last case, the numerical calculations for the scattering from 

a single cylinder can be obtained as will be described in detail below. 

In what follows, the incident angle which appears on the diagrams of 

other authors was redefined to agree with our definition. Some authors define the 
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incident angle as that between the normal to the cylinder and the incident field 

which differs from ours (see Figure 1). 

A. Non-interacting Cylinders and Single Cylinder Case 
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Letting the radius of one cylinder approach zero, our equations for the 

two cylinders reduce to those for a single cylinder. This provides a first check of 

the two cylinder formalism. We cannot numerically set the radius equal to zero in 

the two cylinder program since Hankel function of zero argument is infinity. 

Studying this limit, we instead let the separation between the two 

cylinders become very large. The scattering coefficients of two in~ependent cylin

ders (non-interacting) are then obtained. To calculate the quantities of interest 

(the cross-section, for example) the coefficients of the second cylinder are put 

equal to zero in the program. 

For this case the following checks are made. 

1. The Scattering Coefficients 

When the separation between the two cylinders is large, the scattering 

coefficients of each cylinder must reduce to that of a single cylinder. 

In order to provide a direct check of the scattering coefficients gener

ated by the two cylinder program, equations (10) and (11) of Wait's (1955) one 

cylinder paper were programmed on the computer. The scattering coefficients 

generated by this program, compared with the two cylinder program, give exact 

agreement in each case over the limited range of the size parameter (ka) and the 

tilt angle (00 ) which we investigated. 

The range that we investigated for the size parameter is between 0.1 to 

5.0 and that for the tilt angle is between 50 to 900
• Our two cylinder equations 



actually reduce exactly to Wait's special case as discussed in Chapter 5. This 

comparison, therefore, is just a check of the programming on the computer. 
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The scattering coefficients of non-interacting cylinders are equal if the 

two cylinders have equal radii and refractive indices regardless of the tilt angle 

(00 ). Furthermore, the scattering coefficients associated with the crossed polar

ized components vanish at normal incidence (00 = ~), as they should. 

2. The Amplitude Scattering Matrix Elements for a Single Cylinder at 

Obliquelncidence 

This check is made to show the correctness of the scattering matrix el

ements (Tb T2, T3 and T4), which are defined by equations (3.18) through (3.24). 

The squares of these elements are plotted as a function of the obser

vation angle (tfJ) for selected values of the size parameters (koa) and the tilt angle 

(00 ) in order to compare them with that obtained by Kerker, et al (1965). Fig

ure 4 shows the numerical results for a single cylinder using our two cylinder pro

gram. Figure 5 shows the corresponding results obtained by Kerker, et al (1965). 

It can be seen that the agreement is good. Our calculations also verify the rela

tionships T3 = -T4 as discovered by Kerker. They vanish in the forward and 

backward direction (T3 = T4 = 0 when 0 = 0 or 11'), and they are identically zero 

for normal incidence. 

3. The Cross-Sections for a Single Cylinder at Oblique Incidence 

This check is designed to test the scattering coefficients and scattering 

matrix elements (Tl and T2) at the same time. 

We plotted the extinction cross-section per unit area [a~a] as a func

tion of size parameter (koa) for selected values of the tilt angle (00 ) for a single 

cylinder at oblique incidence. 
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The results of the numerical calculations are shown in Figure 6. Fig

ures 6(C) and 6(D) show our calculations for the T.M. and T.E. polarizations, 

respectively. The corresponding results obtained by Lind and Greenberg (1966) 

are shown in Figures 6(A) and 6(B). 

The two results are almost identical. We also verified that the scat

tering cross-section is identical to the extinction cross-section when the refractive 

index is real. 

The scattering cross-section and the extinction cross-section are two 

independent checks because the scattering cross-section was expressed in terms df' 

the scattering coefficients, while the extinction cross-section was calculated from 

the real part of the scattering amplitude, according to the optical theorem (see 

equations (4.29) and (4.30)). 

B. Interacting Cylinders 

For this section, the scattering amplitude (Td will be compared with 

that obtained by Ragheb and Hamid (1985) for two perfectly conducting, iden

tical cylinders; and the extinction cross-section will be compared with that ob

tained by Olaofe (1970) for dielectric, identical cylinders. 

The pTevious authors considered normal incidence only. The first ref

erence treated the T.M. polarization of the incident field, while the second trea1ltrll 

both polarizations. 

1. Two Perfectly Conducting Cylinders 

Figure 7 shows the absolute value of the scattering amplitude of the 

electric field for the T.M. polarization I Tl I as a function of the observation an

gle (¢) in the far 'field region. The calculations are for two perfectly conducting, 



II • 
c ... 
CJ 

4 

0 

4 

II • C -(.) 

0 

I 
, l , " , .. 

A 

C 
,,"\ 

•• ...J \. .. 
I. \ 

/"-"'. \ 
; \.', I \ ~ 

'1 '\, 

Ko· 

5 

5 

64 

B 

4r-------------------------

" • c ... 
(.) 

0 

4 

II 
II c ... 

(.) 

0 

5 

0 

Koa 5 

Fig. 6. The extinction cross-section per unit area (C/area) for non-permeable 
cylinder and for m = 1.6 and A = 3.18 em for different tilt angles (0 0 = 5, 
45 or 90). Panels A and B are the results reported by Lind and Green
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identical cylinders at normal incidence for two size parameters. Figure 7(C) and 

Figure 7(D) are our calculations for ka = 0.1 and ka = 1.0, respectively. The 

separation between the two cylinders (kod) is equal to 3.0 and the incident an

gle = 190°. Figures 7(A) and 7(B) show the corresponding results obtained by 

Ragheb and Hamid (1985). As can be seen, the agreement is excellent. 

A value of 300 for the imaginary part of the refracti~e index was used 

in the above calculations. This makes the cylinders totally reflective for computa

tional purposes. Higher values for the imaginary part of the refractive index were 

also tried. That did not produce any change in the scattering pattern. 

2. Two Dielectric Cylinders 

The extinction cross-section per unit area [a~a] of two dielectric, 

identical cylinders at normal incidence as a function of the separation between 

them was studied by Olaofe (1970). He presented numerical results for two size 

parameters (koa = 0.5 and 1.0); for each value of the size parameter, the incident 

angle is 0 (endside illumination) or ~ (broadside illumination). 

Figure 8(A) shows Olaofe's results for koa = 0.5 and refractive index 

= 1.5 for the two polarizations of the incident field while Figure 8(B) shows our 

calculations. As can be seen, the agreement is excellent. 

Figure 9(A) and Figure 9{B) show Olaofe's results for koa = 1.0 while 

Figure 9(C) and Figure 9(D) show our calculations for the ends ide illumination. 

Finally, the extinction cross-section for the size parameters (koa = 0.5 

and koa = 1.0) was plotted as a function of the separation when the illumination 

is broadside (ifJo = ~). 
Figures lO(A) and lO{B) show Olaofe's results for koa = 1.0 and koa = 

0.5, respectively. Figure lO{C) and Figure lO(D) show our corresponding results. 

As can be seen, the agreement is excellent. 



66 

A B 

OgO~~------------~~ 2'~---------------_, 

o 3eo o 3eo 

c o 
0,8 -....--------...,.., 2, ,c:----------------.., 

o 
4» 

3eo o 3eo 

Fig. 7. The scattered field I Tl I versus the observation angle (tP) for two identical 
and perfectly conducting cylinders. The separation value (kod) between 
them is equal to 3.0. Panels A and B show data reported by Ragheb and 
Hamed (1985) for koa = 0.1 and 1.0, respectively. Our calculations are 
shown in panels C and D, respectively. 
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CHAPTER 8 

NUMERICAL EXAMPLES AND DISCUSSIONS 

In this chapter, numerical calculations of the Mueller scattering matrix 

elements (8i;) and the cross-sections will be discussed for some selected cases. 

It is clear that there are countless numbers of interesting cases that we 

can investigate numerically. Our purpose here is to demonstrate that the theory 

we have developed is of general applicability, and there is no restriction on the 

two cylinders except that they are infinitely long with circular cross-sections. 

The cases which we will present here, summarize the effect of the ma

terial and the radii of the two cylinders as well as the separation between them on 

the Mueller scattering matrix elements (8ij) and the cross-sections. 

The following cases will be discussed: 

A. two identical, dielectric cylinders of size parameters 0.1 at normal inci

dence, 

B. like case a, but with size parameter 3.0j and 

C. two different cylinders (one glass and one metal) each with size param

eter 3.0 at oblique incidence. 

The wavelength of the incident light, which we used in our calculations 

in this chapter, is red light (>. = 0.6328JL). 

For non absorbing cylinders, the extinction cross-section is identical to 

the scattering cross-section, and they are not shown separately. 
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In the following, the non-normalized 811 (the actual values of 8 11 ) will 

be plotted as a function of the scattering angle. The other elements 8ij will be 

presented as normalized to 8 11 at each angle. One can show quite generally that 

18ij 12< 1 811 12. See Fry, et al. (1981). Thus, for the normalized elements 

-1 < 8ij < + l(i,j =f 1); the total intensity signal (811 ) will be plotted on a log 

scale as a function of the scattering angle. It is important to point out that the 

forward angle is taken to be the zero angle. 

A. Two Small Dielectric Cylinders 

This limiting case was discussed, and the analytical solution was con

structed for the T.M. polarization in Chapter 5. 

In order to study this limit numerically, the Mueller scattering ma

trix elements (8ij) for two cylinders (size parameter = 0.1 and refractive index = 
1.55) were generated as shown in Figures 11 and 12 for the broadside and endside 

illuminations, respectively. In each figure, the calculations for two cylinders sep

arated by 50(Rl + R2 ), for two touching cylinders and for a single cylinder are 

shown. 

The only nonvanishing Mueller scattering matrix elements are: 

8 11 = 8 22 . 8 12 = 821 and S33 = 8 44 . 

The element 834 = (843) is zero for this case indicating that the scat

tered fields do not contain circularly polarized light. This element being zero, is a 

good indicator that the scatterers are small compared to the wavelength. 

The remaining eight elements (SI3, 8 14 , 823, 8 24 , 8 32 , 8 41 and S42) 

are all zero, indicating that the scatterers do not depolarize the light. 

As can be seen from Figures 11 and 12, 8ij for a single cylinder and 

for two touching cylinders are similar. This point can be explained by assuming 
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that the scatterers oscillate in an electric dipole fashion. This assumption is valid 

since the scatterers receive a uniform incident field. The behavior of 8ij can be 

explained along this line. For example, the behavior of 8 11 (total intensity) can 

be explained by replacing the scatterers by two independent dipoles. One dipole 

is parallel to the cylinder axis and the other is perpendicular to it and also the 

incident plane. We will refer to the first dipole as the vertical dipole and the lat

ter as the horizontal dipole. Since the cylinders are of small radii, the strength of 

the horizontal dipole is less than that of the vertical one. From elementary con

siderations, the vertical dipole radiates isotropic ally in the plane of measurement, 

while the horizontal one does not. This latter one does not radiate in the direc

tion of its orientation (¢> = ~). This explains the small dip in 8 11 at ¢> = ~. By 

constructing similar models, the signals of 8 12 and 833 can be explained. 

The distance between the two cylinders was varied from touching to 

50(Rl + R2). The elements 8 12 and 833 for two cylinders close to each other dif

fer by a small amount from that for a single cylinder, and they slowly approach 

that for a single cylinder as the separation increases. In fact, as can be seen from 

Figures 11 and 12, they are identical to that for a single cylinder when the sepa

ration between them is 50(Rl + R2). This last result suggests that for small cylin

ders and large separations, the Mueller scattering matrix elements (812 and 833) 

are additive quantities. It is impossible to tell whether the signal for 8 12 or B33 

is for a single cylinder or two. This result is true, regardless of the illumination 

angle. The only indicator that distinguishes between the two cases is Bu. 

The behavior of 8 11 when the separation between the two cylinders is 

large can be understood from the elementary considerations of the interference of 

two rays. The locations of the minima in the scattering pattern can be predicted 

precisely by calculating the path difference between the scattered waves from the 

two cylinders. 
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In conclusion, the Mueller scattering matrix elements (812 and 833) 

are the same for a single cylinder or for two cylinders separated by a large dis

tance; therefore, these elements are poor indicators to monitor this distinction. 

The element 8 11 is the only indicator which predicts the existence of the other 

cylinder and also their orientations (for the broadside illumination back scattering 

intensity is equal to that in the forward direction). 

Figure 13 shows the extinction cross-section per unit area as a function 

of kod (the wave number times the separation), for the broadside and the endside 

illuminations. For each panel of Figure 13, the cross-sections for the T.M. and 

the T.E. polarizations are shown. (In this chapter, we normalized the extinction 

cross-section differently from that of Olaofe (1970).) 

The cross-section for the T .M. polarization is always greater than that 

for the T .E. This result can be understood, since for small radii the induced cur

rent on the surface of the cylinder in the ¢-direction is small. Consequently, the 

scattered field for the T .E. polarization is always less than that for the T .M. po

larization. 

Our calculations confirm that the extinction cross-section for small 

cylinders is periodic in 211' for the endside illumination and in 11' for the broadside 

illumination. This last result was discovered by Olaofe (1970). For large cylin

ders, as we will see later, this will not be true. 

The cross-sections for the T.M. polarization is greater than that for 

the T.E. regardless of the illumination angle so that the element 8 12 in the for

ward direction is positive for cylinders of small radii. 

B. Two Identical Dielectric Cylinders oj Radii Comparable to the Wavelength 

Numerical calculations (8ij and the cross-sections) for two identical, 

dielectric cylinders with size parameter of 3.0 and refractive index of 1.55 were 
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generated as a function of the separation between the two cylinders. The distance 

between the two cylinders was changed from touching position to 20(Rl + R2) to 

establish a trend for this case and see how sensitive the scattered signals are to 

the separation. 

Since the radii are comparable to the wavelength, we cannot employ a 

simple model for this case as we did in the previous one. The exact theory must 

be employed here. One point which complicates the analysis is that as the radii 

grow, the multiple scattering becomes very important and interaction between the 

two cylinders becomes complex. However, this will not prevent us from monitor

ing the changes in the scattering signals and discuss them. 

The only nonvanishing 8ij are 

8 11 = 8 22, 5 12 = 8 2 }, 833 = 844, and 834 = -843. 

One important point which must be noticed is that 834 is no longer 

zero for this case, which indicates that the scattered light has a circularly polar

ized component. 

Figure 14 shows 8ij as a function of the scattering angle for two touch

ing cylinders, for two cylinders separated by 1.1(RI + R2 ) and for two cylinders 

separated by 1.15(Rl + R2)j by using solid, dashed and dotted solid lines, respec

tively, for the broadside illumination. Figure 15 is the same as Figure 14 solely 

for the endside illumination. 

As can be seen from Figures 14 and 15, the Mueller scattering ma

trix elements (8ij) are very sensitive to the separation. All 8ij showapprecia

ble changes. For the broadside illumination the change, as it can be seen, is a big 

amplitude change. For the endside illumination, in addition to the change in the 

amplitude, there is a phase change. These results can be explained by consider

ing the phase of the incident wave. It is clear that for the broadside illumination 
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the phase of the incident wave on each cylinder is the same regardless of the sep

aration between the two cylinders; but for the endside illumination, changing the 

separation results in changing the phase of the incident wave. Consequently, the 

phase of the scattered waves from the second cylinder will be different. This point 

reflects on the backscattering cross-section, also. The orientation of the two cylin

ders is evident from the backscattering cross-section. For the broadside illumina

tion, the backscattered intensity is almost the same regardless of the separation, 

while this point is not true for the endside illumination for the reason mentioned 

earlier. 

When the separation between the two cylinders is large, some interest

ing features start to develop. Figure 16 shows 8ij as a function of the scattering 

angle for two cylinders (solid line) separated by 17(Rl + R 2 ) and that for a single 

cylinder (dashed line). Figure 16 is for the broadside illumination. Figure 17 is 

the same as Figure 16 but for the ends ide illumination. 

It is clear from both diagrams that 8ij approaches that for a single 

cylinder except for high frequency components. 8 11 is an interesting element be

cause for broadside illumination there are not too many oscillations about <p = 90 

comparable with the other illumination; while for the forward direction, the num

ber of oscillations increase (the effect of the shadow of one cylinder on the other). 

This is opposite, as you can see, from Figure 17 to the other illumination angle. 

In conclusion, 8ij for two large cylinders approaches that for a single 

cylinder (same size parameter) regardless of the illumination angle. The element 

8 11 is a good indicator of the existence of two cylinders and also gives informa

tion about their orientation at () = 0, ~ and 11". 

Figure 18 shows the extinction cross-section per unit area as a function 

of the separation (kod) for two identical cylinders (size parameter = 3.0 and re

fractive index = 1.55). Both illuminations are shown. As the figures indicate, the 
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scattered light for the T.E. polarization becomes comparable to that for the T.M . 

. polarization. This can be understood because the cylinders are of large radii that 

permit the fields to drive currents in the ¢-direction. 

C. Two different cylinders at oblique incidence {one metal and the other glass)i 

the size parameters of each is 9.0 

Van de Hulst (1957) discussed the symmetry of Bi,. for a single particle 

and/or randomly oriented particles (incoherent particles). He concluded that for 

the latter cases the number of independent elements Bi,. is 10. This number is the 

same as for a single cylinder at oblique incidence (Bohren and Huffman (1983)). 

Van de Hulst's discussion is not valid for our case because we took into 

consideration the phase relations in the scattering process (coherent scattering). 

In fact, the symmetry for the general case of two cylinders at oblique incident 

breaks. All Bi,. will be presented and none of them are equal to each other even 

for the case of two identical, dielectric cylinders. 

Previous works (experimental or theoretical) do not show all Bi,. ele

ments for a single cylinder at oblique incidence. For example, Kerker (1969) only 

shows B11 and B12 • Therefore, it seems of interest to show also the single cylin-

der scattering matrix elements for oblique incidence. The calculations for a single 

cylinder are made, using the two cylinder computer program setting the refractive 

index of the second cylinder equal to one (i.e., vacuum). Figures 19, 20, 21 and 

22 show all sixteen Ba,. as a function of the scattering angle for one metal cylin-
, 

der, one dielectric cylinder and one metal/one dielectric cylinder separated by 

1.15(R1 + R 2 ) with a tilt angle of 600
, and for endside illumination. These three 

cases are shown using dotted solid, dashed and solid lines, respectively. For the 

metal cylinder the only non-vanishing Bii are: 
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8u = 822 

812 = 821 

8 34 = 8 34 

and 8 33 = 8"4' 
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The above relations are the same for a single cylinder or for two cylin

ders of any refractive indices at normal incidence, and as it can be seen, they are 

symmetric with respect to ¢ = 11'. The remaining elements being zero is a conse

quence of the fact that the crossed polarized components are zero, which again is 

a result of the boundary conditions (no fields inside the cylinders). 

For one dielectric cylinder at oblique incidence, the crossed polarized 

components are not zero any more. All sixteen elements are non-zero, but they 

still obey the following symmetries: 

8 12 = 8 21 

8 13 = -831 

8 14 = 841 

8 23 = -832 

8 24 = 842 

8 34 = -843 

Thus, there are now few independent matrix-elements to.be compared, 

with only four for normal incidence. It is interesting to notice that the elements 

which are zero for normal incidence are antisymmetric with respect to the scatter

ing angle ¢ = 11' and they are zero at ¢ = 0 and 11'. These last results follow from 

the fact that the crossed polarized components are antisymmetric (see Bohren 

and Huffman (1983)). 

With one cylinder being metal the other dielectric, the Mueller scatter

ing matrix elements (8ij) are all non-zero and there is no symmetry among them 



except in the forward direction (cp = 0) and the backward direction (cp = 11"), in 

which cases 

8 11 = 8 22 

8 12 = 8 21 

833 = 8 44 

834 = -843 

In addition, the remaining elements are zero for these angles, which 

is consistent with the optical theorem. They are antisymmetric with respect to 

cp = 11". 

----------------------
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metal and the other dielectric) (solid line). The tilt angle is 60 deg. 00 
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Fig. 21. 821. 844 , 843 and 842 as a function of the scattering angle for a single metal cylinder 
(dotted solid line), a single dielectric cylinder (dashed line) and two cylinders (one 
metal and the other dielectric) (solid line). The tilt angle is 60deg. 00 
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CHAPTER 9 

CONCLUSION 

The analytical and numerical solution of the most general case of the 

two cylinder problem are obtained. The material of each cylinder is arbitrary as 

well as the separation between the two cylinders. The angle between the prop

agation constant of an incident plane wave and the axis of each cylinder is also 

arbitrary. 

All of the 16 elements of the Mueller scattering matrix and the cross

sections are obtained and presented. 

This study shows that the Mueller scattering matrix elements are sen

sitive to the change in the separation between the two cylinders, provided that 

the latter is not large. However, if the separation is large, these elements, except 

for the total intensity signal (511), approach that of a single cylinder. This sug

gests the following: 

a. for a large separation, these Mueller scattering elements are additive 

quantities for a collection of cylinders, and; 

b. they are a poor probe for using them as a diagnostic tool for this situ

ation. 

5 11 is a special element in that it gives information about the sepa

ration as well as the orientation of the two cylinders; therefore, special attention 

must be given to this element. 
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Since the theory of the scattering of electromagnetic plane waves from 

two cylinders has been completed, this will provide a good opportunity for serious 

experimental investigation. 



APPENDIX A 

MAXWELL'S EQUATIONS IN CYLINDRICAL COORDINATES 

Maxwell's equations in cylindrical coordinates (p, t/>, z) and in a free 

source region may be written 

( 
.) 1 aHz aH", 

q+1EW Ep = --- ---
p at/> az 

( .) 1 a ( ) 1 aHp 
q +'EW Ez = -- pH", - ---

pap p at/> 

( .) aHp aHz 
q + lEW E", = -- - --

az op 

. 1 a ( ) 1 aEp 
-1J1.wHz = -- pE", ---

pap p at/> 

(A.I) 

(A.2) 

(A.3) 

(A.4) 

(A.5) 

(A.6) 

where q is the conductivity, J1. the permeability, E the permittivity and W the an

gular frequency. For all fields eiwt time dependence is assumed. Ep , Ez and E", 

are the components of the electric field whilw Hp , Hz and H", are that of the 

magnetic field. 
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APPENDIX B 

EXPANSION OF PLANE WAVES INTO CYLINDRICAL WAVES 

With respect of the Cartesian Coordinates (x, y, z), an incident plane 

wave is assumed to make an angle 00 with the z-nxis and the projection of the 

Poynting vector on the x-y plane is making an angle </>0 with the x-axis. The 

wave may then be written as: 

(B.I) 

where ko is the wave number and w is the angular frequency. 

x = pcos</> 

y = psin</> 

(B.2) 

The plane wave in equation (B.2) may be expanded in a series of cylindrical 

waves: 
00 

eikopsin 80 cos(cp-cpo} = L CmJm (kop sin (Jo)e-im(CP-CP,,) , (B.3) 

m=-oo 

where Jm is a Bessel function of the first kind, and Cm is a constant that needs 

to be determined from the properties of Bessel function: 
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Multiply (B.3) by ein(4)-4>,,) and integrate over 4>. 

Since 

1271' ein (4)-4>'')e-im(4>-4>'')d4> = 21TOmn , 

where omn is Krenker delta function. 

Therefore, equation (B.4) becomes: 

From the definition of Bessel function, Watson (1966) 

95 

(B.4) 

(B.5) 

(B.6) 

(B.7) 

By changing the variables in the integrand and making use of the fact that the . 

integrand is periodic in 21T, one gets: 

Substituting (B.8) into (B.6) the result is: en = in. Therefore, any plane wave 

can be expanded in terms of cylindrical waves by: 

eik"pain (Jo cos(4)-4>o) = Lim Jm e-im(4)-4>o). 

m 



APPENDIX C 

EXPRESSION FOR E4> 

IT 4>(m) is any component of the electric or any component of the mag

netic field for each mode (m), the general solution may be obtained by superposi

tions of all the solutions of each mode (4)m iG a particular solution), i.e., 

m 
IT Hp m is the p-component of the magnetic field for each mode (m), then the gen-

eral solution Hp may be written 

(C.I) 

where 

Therefore, 

aHpm ·k 0 H m -a;:- =, 0 cos 0 p , (C.2) 

Substituting (C.2) in (A.3), eliminating Hp by using (A.4) 

iko cos 00 aEz m . aH:" 
p -a;;- --IJ.LW ap' (C.3) 

where 

(C.4) 
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Differentiating 

(C.S) 

with respect to t/J, one gets: 

BEzm . E m 
~=-'m z • (C.6) 

Substituting (C.6) in (C.3) and arrange terms we get: 

E m _ 1 [mko cos OoEz m . aHz m] 
¢ - k2 - k 2 2 0 + 'J.LW a ' o cos 0 p p 

(C.7) 

where k, J.L are the wave number and the permeability of the medium in which the 

field needs to be found. 



APPENDIX D 

EXPRESSION FOR H f/J 

To find an expression for H", eliminate Ep (m) from (A.6) by using 

(A.I), then 

(D.I) 

But 

(see Appendix C) 

Therefore, 

(D.2) 

and, 

(D.3) 

Substituting (D.2) and (D.3) into (D.I) and using k 2 = -iJlw(u + i €w), we obtain 

H m _ I [mkocosOOH m _ ( . )BEzm] 
'" - k2 k 2 20 z U + HW B . 

- 0 cos 0 p p 
(D.4) 

98 



APPENDIX E 

EXPRESSION FOR Ep 

To find an expression for Ep eliminate H", m from (A.1) by using (A.6) 

and arranging terms 

( . )E m 10Hz m 1 [02 Ez m + 0 2 Ep m] 
u +, EW p = p a;r- + ip,w ozop Oz2' (E.1) 

But 

(see Appendix C) 

Therefore, 

oHzm . H m 
ot/J = -1m z (E.2) 

(E.3) 

(E.4) 

Substituting (E.2), (E.3) and (E.4) into (E.1) and arranging terms, we get: 

E (m) = 1 [imHz m _ ko cos 00 oEz m] (E.5) 
p k 2 - ko 2 cos2 00 P P,W op' 

where k2 = -ip,w(u+iEW). 
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APPENDIX F 

TRANSLATIONAL THEOREM OF BESSEL FUNCTIONS 

From Watson (1966 pg. 361) the following relations are given: 

cos ~ cos 
Jm(w) . mt/J = L....J JHm(Z)Jm(z) . £4> 

sm t. sm 
(F.1) 

cos ~ cos 
Ym(w) . mt/J = L....J YHm(Z)Jm(z) • £4>, 

sm t. sm 
(F.2) 

where Jm and Y m are Bessel functions of the first kind and the second kind, re

spectively. 

Combining (F.1) and (F.2) by using Hankel function of the second 

kind (H~) = Jm - iYm ) and the exponential function (e=Fimif> = cos x T i sin x), 

the following relation may be obtained: 

Hm(w)e=Fimt/l = L HHm(Z)Jm(z)e=Fimif>, 
t. 

(F.3) 

comparing the triangle on page 361, Watson (1966) with the triangle 0102P in 

Fig. 2A, it is easy to see t/J = 4>11 4> = 11" - 4>2, W = >'oPII z = >'oP2 and 

Z = >'od; therefore, equation (F.3) may be written as 

Hm (>'opt}e=Fim<l>l = L( _1)t. Hm+t. (>'od) Jt.(>'OP2)e±ilt/>2 . (F.4) 
t. 
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Similarly, 

Hm (AOP2)e=Fim
4>2 = (_I)m L Hm+t(Aod)Jl (AOpde±it4>l. (F.5) 

t 

In the solution (Chapter 2), we will have the following expressions: 

L Cm (1) Hm(AOpde-im(t/>l-t/>O) (F.6) 
m 

or 

L Cm (2) Hm(AoP2)e- im(t/>2-t/>O) , (F. 7) 
m 

where C!,:hi = 1,2) is the scattering coefficient of cylinder i. 

Equations (F.6) and (F.7) are expressed in terms of the coordinates of 

cylinder 1 and cylinder 2, respectively. However, we will have to express equation 

(F.6) in terms of the coordinates of cylinder 2 and equation (F.7) in terms of that 

of cylinder 1. This can be done by using equation (F.4) and (F.5) as we will do 

below. 

m 

= L c!;) L(-I)tHl+m(Aod)Jt(AoP2)eitt/>leimt/>o (F.B) 
m t 

m 

= L(-I)mc~) LHl+m(Aod)JdAopdeitt/>2eimt/>o (F.9) 
m t 

Interchanging the order of the summations of the right hand sides of 

equations (F.8) and (F.9), as well as the indices and assuming that they converge 
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uniformly, the order of the summations may be interchanged again. Thi5 !eads to 

the following equations: 

eM) Hm(>'opde-im(<I>l-<I>O) 

= Jm(>'oPI)e-im(<I>:z-<I>a) L a~l) Hl_m(>'od)ei(l-m)<I>a (F.10) 
l 

e~) H m(>'oP2)e- im (<I>:z-<I>a) 

= Jm(>'oP2)e- im(<I>1-<I>a) L(-1)l+ma~2) Hl_m(>'od)ei(l-m)<I>a (F. 11) 
l 

Equations (F.10) and (F.11) are the required expressions which translate the scat

tered field of one cylinder as incident on the other. 



APPENDIX G 

THE COMPUTER PROGRAM 

C THIS PROGRAM IS DESIGNED TO CALCULATE THE lWELLER 
C SCATTERING MATRIX ELEWENTS (SIJ), THE SCATTERING 
C CROSS SECTION AND THE EXTINCTION CROSS SECTION FOR 
C THE SCATTERING OF A PLANE WAVE FROY TWO INFINITELY 
C LONG,PARALLEL CYLINDERS OF ARBITRARY MATERIALS AT 
C OBLIQUE INCIDENCE. 
C THE CYLINDERS ARE OF CIRCULAR CROSS SECTIONS. 
C THIS PROGRAM IS IN FORTRAN,USING CYBER 175 COMPUTER 
C THIS PROGRAM USES IMSL LIBRARY TO INVERT THE MATRIX 
C FOR THE SCATTERING COEFFICIENTS. THE CAI,L FOR THE 
C INVERSION IS INSIDE SUBROUTINE MAT. 
C 

PROGRAM OBLI(INPUT,OUTPUT,PLOT,TAPE5=INPL7, 
+ TAPE6=OUTPUT,TAPEgg=PLOT) 

COMPLEX H1(-5OO:500),H2(-500:500),BD(-5~00) 
REAL BFl(-5OO:5OO),BF2(-5OO:5OO) 
REAL PHASEI 
REAL BJl(5OO) ,BJ2(500) ,BY1(5OO) ,BY2(5OO) 
COMPLEX HlD(-5OO:5OO) 
COMPLEX H2D(-5OO:5OO),T1(0:400),T2(0:400) 
COMPLEX T3(0:4oo),T4(0:4oo) 
REAL BF1D(-5OO:500) ,BF2D (-500: 500) 
REAL ABO, ABZ 
REAL BJ3(500),BY3(5OO) 
COWPLEX CCC,PH 
REAL R1,R2,XLAK,DI,THETAO,ZCOO,WN,AEZ 
REAL AANGLE(O:4oo),PHI1(0:4oo),AZ 
COMPLEX BOW1(-2oo:2oo) ,BOM2 (-200: 200) 
COMPLEX AOK1(-200:200) ,AOW2 (-200: 200) 
COKPLEX COK1(-200:2oo),C0W2(-2oo:2oo) 
COMPLEX DOKl{-2oo:200) ,DOW2 (-200: 200) 
COMPLEX G1(-5OO:5OO),G2(-5OO:5OO) 
COKPLEX WANl,WAN2,AWAN1,AWAN2 
REAL FJD(-2oo:2oo) 
COMPLEX POTW,PlTU,P2TU,POTE,PlTE,P2TE 
COMPLEX QOTU,Q1TU,Q2TW,QOTE,Q1TE,Q2TE 
RF.AL ASTl,ABT2 ,AST3 ,ABT4 
REAL S11(O:4OO),S12(0:4OO),S13(O:4OO) 
REAL S21(O:4oo),S22(0:4OO),S23(0:4OO) 
REAL S31(O:4oo),S32(0:4oo),533(0:4oo) 
REAL 541(O:4oo),S42(0:4oo),S43(0:4oo) 
REAL S14(0:4OO),S24(0:4oo),S34(0:4oo) 
REAL 544(0:400) 
REAL PHIO 
REAL DINORY 
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C 

COMYON/Cl/Hl,H2,HD,BF1,BF2,HlD,H2D,BFlD,BF2D 
6,Gl,G2,WAN1 ,WAN2,AWAN1 ,AWAN2 ,WANO ,AWANO 

COWYON/R22/AOM1,A0M2,BOM1,B0M2 
COMWON/R30/COM1,COM2,DOM1,D0M2 
PI=4.0.ATAN(1.0) 

C-------------------------------------------C INPUT PAl!.AWETERS ____ _ 
C 
C XLAli IS THE WAVELENGTH OF THE INCIDENT WAVE 
C IN IlETERS 
C 

XLAM=O.6328 E-9 
C 
C R1,R2 ARE THE RADII OF CYLINDER1 AND CYLINDER2 
C, RESPECTIVELY. R1&R2 HAVE THE SAllE UNITS AS XLAM. 
C 

C 

R1=XLAM 
R2=R1 

C REF1,REF2 ARE THE REAL PARTS OF THE REFRACTIVE 
C INDICES OF CYLINDER1 AND CYLINDER2 ,RESPECTIVELY. 
C 

C 

REF1=1.5 
REF2=REF1 

C REFM1 AND REF1l2 ARE THE IMAGINARY PARTS OF THE 
C REFRACTIVE INDICES OF CYLINDER1 AND CYLINDER2, 
C RESPECTIVELY. (THEY ARE POSITIVE NUMBERS) 
C 

C 

REF)'!1=O.01 
REFM2=O.01 

C DI IS THE DISTANCE BETWEEN THE CENTERS OF 
C THE CYLINDERS. IT HAS THE SAME UNIT AS R1i:R2 
C 

DI=R1+R2 
C 
C PHlO IS THE ORIENTATION ANGLE (THE ANGLE BETWEEN 
C THE LINE CONNECTING THE CENTERS OF THE TWO CYLINDERS 
C AND THE INCIDENT FIELD) IN RADIANS. 
C PHIO=O.O CORRESPONDS TO THE ENDSIDE ILLUMINATION 
C (CYLINDER1 IS IN THE SHADOW OF CYLINDER2), 
C AND PHIO=PI/2.0 FOR BROADSIDE ILLUMINATION. 
C SEE FIG. 1 
C 

PHIO=O.O 
C 
C THETAO IS THE TILT ANGLE(THE ANGLE BETWEEN THE 
C POYNTING VECTOR OF THE INCIDENT FIELD AND THE 
C AXES OF THE CYLINDERS) IN RADIANS. IN THE CASE 
C NORMAL INCIDENCE, THETAO IS PI/2 (90 DEGREES). 
C 

THETAO=PI/3.0 
C 
C NSTA=THE INITIAL SCATTERING ANGLE 
C IN DEGREES. THIS ANGLE IS USUALLY ZERO. 
C 

NSTA=O 

------ ----------------- --------------------
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C NEND=THE FINAL SCATTERING ANGLE 
C IN DEGREES.THE PROGRAM TAKES THE 
C FORWARD ANGLE AS THE ZERO ANGLE. 
C 

NEND=360 
C 

C-----------------------------------_ C THE END OF THE PAlWoIETERS 
C-- --

C EPSO IS THE PERlaTTMTY OF FREE SPACE 
C 

C 
EPSO=1.0 E-9/(36.oPI) 

C cce IS THE SQURE ROOT OF -1. 

C 
CCC=CYPLX(O.O, 1.0) 

C CHANGE THE ANGLES FROW RADIANS TO DEGREES. 
C 

C 

XTH=THETAOo180.0/PI 
XPHIO=PHIOo180.0/PI 

C WN IS THE WAVE NUWBER IN FREE SPACE. 
C 

C 

C 

WN=2.0oPI/XLAll 
DINOIUl=DIoWN 
RADl=R1 
RAD2=R2 
A1=WN*R1 oSIN (THETAO) 
A2=WNoR2oSIN(THETAO) 
D=WN.DI.SIN(THETAO) 
ALA=WN.SIN(THETAO) 
WA VEL=XLA1l 

WANO=2.0.PI/XLAW 
AWANO=WANO.SIN(THETAO) 

C WANI, WAN2 IS THE WAVE NUllBER IN CYLINDERl, 
C CYLINDER2 RESPECTIVELY. 

C 

WAN1=2.0.PI/XLAW.CYPLX(REF1,-REFY1) 
AWAN1=SQRT(WAN1 •• 2-(WANO.COS(THETAO» •• 2) 
WAN2=2.0.PI/XLAW.CUPLX(REF2,-REFW2) 
AWAN2=SQRT(WAN2 •• 2-(WANO.COS(THETAO» •• 2) 

C AFY IS THE ANGULAR FREQUENCY OF THE INCIDENT WA VB. 
AFY=2.0.PI.3.0 E+08{XLAW 

C 
C PERB IS THE PEIWEABn.ITY OF FREE SPACE. 

PERB=PI.4.0 E-07 
POTW=ceC.WANO •• 2/(AFYoPERBoAWANO) 
PITW=CCC.WANloo2/(AFY.PERB.AWAN1) 
P2TW=CCCoWAN2o.2/(AFY.PERB.AWAN2) 
QOTW=CCC.AFYoPERB/AWANO 
QITW=CCC.AFYoPERB/AWANI 
Q2TW=CCC.AFY.PERB/AWAN2 
POTE=-QOTll 
P1TE=-Q1TW 
P2TE=-Q2TW 
QOTE=-POTW 
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Q1TE=-P1TI4 
Q2TE=-P2l1l 

C 
C THE NUlffiER OF BESSEL FUNCTIONS WHICH WE 
C NEED FOR THE SERIES SOLUTION TO CONVERGE 
C ARE DETEIUlINED FROW THE SIZE PARAllETER OF 
C EACH CYLINDER BY USING THE FOLLOWING 
C 

NNl=WN.Rl.SIN(THETAO). 
NN2=WN.R2.SIN(THETAO) 

C 
C FOR OUR LDlITED USE THE ABOVE STATEltENT IS ENOUGH. 
C HOWEVER, IT IS EXPECTED THAT THE NUMBER OF BESSEL 
C FUNCTIONS WILL INCREASE AS THE REAL PARTS OF THE 
C REFRACTIVE INDICES INCREASE. THEREFORE, NBG NEEDS 
C TO BE INCREASED TOO. 

C 

C 
C 

C 

NBG=2.0.KAXO(NN1,NN2)+5 

AEO=1.0 
AHO=1.0 
AZ=AEO.SIN(THETAO) 
AH=AHO.SIN(THETAO) 
PHASEI=D.COS(PHIO) 
PH=CWPLX(COS(pHASEI),SIN(PHASEI» 

C GENERATING BESSEL FUNCTIONS OF THE 
C FIRST AND THE SECOND KIND 
C 

C 

CALL BESS(BJ1,BY1,Al,NBG+1) 
CALL BESS(BJ2,BY2,A2,NBG+1) 
CALL BESS(BJ3,BY3,D,NSTOP+1) 

C GENERATING THE LOGARITIDlIC DERIVATIVES 
C OF BESSEL FUNCTIONS. 
C 

C 

CALL DRLOG(AWAN1.Rl,NSTOP+l,Gl) 
CALL DRLOG(AWAN2.R2,NSTOP+1,G2) 

WRITE (6, 188)Rl,R2 
188 FORWAT(/////,5X,'R1=·,E13.7,/,5X,·R2=',E13.7,/) 

WRlTE(6,101)DI 
101 FORWAT(5X,'SEPARATION= ·,E13.7) 

WRlTE(6,290)DI/(Rl+R2) 
290 FORWAT(5X,'SEP.=',F13.7, I (Rl+R2) I) 

WRlTE(6,10)REF1,REFM1 
10 FORWAT(5X,mNl=',E13.7,lX,',-',E13.7) 

WRITE (6, 20)BEF2,REFH2 
20 FORWAT(5X,'N2=',E13.7,lX,·,-',E13.7) 

WRlTE(6,30)WANO.Rl 
30 FORWAT(5X,'SIZE PARAHETER 1=',E13.7) 

WRlTE(6, 40) WANO.R2 
40 FORWAT(5X,'SIZE PARAHETER 2=',E13.7) 

WRITE(6,99)XLAW 
gg FORWAT(5X,'WAVE LENGTH=',E13.7,//) 

mTE(6,lOO)XTH,XPHIO 
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100 FORWAT(5X,'TILT ANGLE=',F7.3,/,5X,'ORIENTATION ANGLE=',F7.3) 

C CONSTRUCTING HANKEL FUNCTIONS OF THE SECOND KIND 
DO 2 I=l,NBG 

2 

4 

25 

23 
C 
C 

J=I-1 
H1(J)=CWPLX(BJ1(I),-BY1(I» 
H2(J)=CWPLX(BJ2(I),-BY2(I» 
BFl(J)=BJ1(I) 
BF2(J)=BJ2(I) 
CONTINUE 
DO 4 I=-NBG+1,-1 
HI (I)=(-l) •• I.Hl (-I) 
H2(I)=(-1) •• I.H2(-I) 
BF1(I)=(-1) •• I.BF1(-I) 
BF2(I)=(-1) •• I.BF2(-I) 
CONTINUE 
DO 25 I=l,NSTOP 
J=I-1 
HD(J)=CWPLX(BJ3(I),-BY3(I» 
FJD(J)=BJ3(I) 
CONTINUE 
DO 23 I=-NSTOP+l,-l 
HD(I)=(-l) •• I*HD(-I) 
FJD(I)=(-l) •• I.FJD(-I) 
CUNTINUE 

C CALCULATING THE DERIVATIVES OF BESSEL 
C FUNCTIONS AND HANKEL FUNCTIONS. 
C 

C 

.CALL RDERV(BF1D,BF1,NBG,Al) 
CALL RDERV (BF2D, BF2, NBG, A2) 
CALL CDERV(HID,H1,NBG,Al) 
CALL CDERV(H2D,H2,NBG,A2) 

C THE SCATTERING COEFFICIENTS FOR THE T .W. 
C POLARIZATION WILL BE CALCULATED USING THE 
C FOLLOWING, 
C 

C 

CALL KAT(Rl,R2,NBG-2,POrw,PlTY,P2TY,QOTY,QlTM 
6 ,Q2TW,AZ,PH,THETAO,PHIO,AOY1,A0U2,BOM1,B0K2) 

C THE SCATTERING COEFFICIENTS FOR THE T.E. 
C POLARIZATION WILL BE CALCULATED USING THE 
C FOLLOWING, 
C 

CALL KAT(Rl,R2,NBG-2,POTE,P1TE,P2TE,QOTE,Q1TE 
'6 ,Q2TE,AZ,PH,THETAO,PHIO,COW1,C0K2,DOY1,D0K2) 

C 
C THE SCATTERING CROSS SECTION PER UNIT LENGHT (QSTW) 
C IS CALCULATED NEXT FOR THE T. Y. POLARIZATION. 
C 

C 

CALL SCTTY(NBG-2,CETU,CHTM,WANO,AWANO,THETAO,PHIO 
6,FJD,AFY,PERB,EPSO) 
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C THE SCATTERING CROSS SECTION PER ~LT LENGHT(QSTE) 
C FOR THE T.E. POLARIZATION IS CALCULATED NEXT. 
C 

C 

C 

CALL SCTTE(NBG-2,CETE,CHTE,WANO,AWANO,THETAO,PHIO 
6,FJD,AFY,PERB,EPSO) 

QSTE=CHTE+CETE 

WRITE(6,15)QSTK/(2.(Rl+R2»,QSr.E/(2.(Rl+R2» 
15 FORWAT(//,3X,'QSC/2L(Rl+R2) T.W.=',E13.7,2X 

6,IQSC/2L(Rl+R2) T.E.=',E15.9) 
C 
C THE AlIPLITUDE SCATTERING ELElLENTS ARE NEXT. 
C 

C 

CALL CROSS(Tl,NBG-2,PHIO,AOWl,A0Y2,1.O/SIN(THETAO) 
6,NSTA,NEND,DI,ALA) 

CALL CROSS(T4,NBG-2,PHIO,BOMl,B0Y2,120.0.PI/SIN(THETAO) 
6, NSTA,NEND,DI,ALA) 

CALL CROSS(T2,NBG-2,PHIO,COMl,C0W2,1.O/SIN(THETAO) 
6,NSTA,NEND,DI,ALA) 

CALL CROSS(T3,NBG-2,PHIO,DOMl,D0Y2,1.O/(120 .• PI.SIN(THETAO» 
6,NSTA,NEND,DI,ALA) 

C THE EXTINCTION CROSS SECTION IS CALCULATED 
C USING THE OPTICAL THEOREM. 
C 

C 

QEXTM=-4.0/(WANO).REAL(Tl(O» 
QEXTE=-4.0/(WANO).REAL(T2(O» 

WRITE(6,19)QEXTW/(2 .• (R1+R2»,QEXTE/(2 .• (R1~R2» 
19 FORMAT(3X,'QEX/2L(R1+R2) T.Y.=",E1S.7,2X 

6,'QEX/2L(R1+R2) T.E.=',E15.9) 
C 
C THE MUELLER SCATTERING MATRIX ELEMENTS(SIJ) ARE CALCULATED 
C FROW T1, T2, TS AND T4 
C 

DO 81 I=NSTA,NEND 
AANGLE(I)=FLOAT(I) 
ABTl=Tl(I).CONJG(Tl(I» 
ABT2=T2(I).CONJG(T2(I» 
ABTS=TS(I).CONJG(T3(I» 
ABT4=T4(I).CONJG(T4(I» 
Sll(I)=(ABTl+ABT2+ABTS+ABT4)/2.0 
S12(I)=(ABTI-ABT2+ABT4-ABT3)/2.0 
S13(I)=REAL(Tl(I).CONJG(T3(I»+T4(I).CONJG(T2(I») 
S14(I)=AIWAG(T3(I).CONJG(T1(I»+T2(I).CONJG(T4(I») 
S21(I)=(ABTI-ABT2-ABT4+ABT3)/2.0 
S22(I)=(ABTl+ABT2-ABT4-ABT3)/2.0 
S23 (I)=REAL (Tl (I).CONJG(T3(I»-T2(I).CONJG(T4(I») 
S24(I)=AIWAG(T3(I).CONJG(Tl(I»+T4(I).CONJG(T2(I») 
S31 (I)=REAL(TI (I).CONJG(T4(I»+T2(I).CONJG(T3(I») 
S32 (I)=REAL (Tl (I).CONJG(T4(I»-T2(I).CONJG(T3(I») 
S3S(I)=REAL(T2(I).CONJG(Tl(I»+T3(I).CONJG(T4(I») 
S34(I)=AIWAG(T2 (I).CONJG (Tl (I»+T3(I).CONJG(T4(I») 
S41 (I)=AIWAG(CONJG(T4(I».Tl (I)+CONJG(T2(I».T3(I» 
S42(I)=AIWAG(CONJG(T4(I».Tl(I)+CONJG(T3(I».T2(I» 
S43(I)=AIWAG(T1(I).CONJG(T2(I»+T3(I).CONJG(T4(I») 
S44(I)=REAL(Tl(I).CONJG(T2(I»-T4(I).CONJG(T3(I») 

81 CONTINUE 
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IRITE(6,708) 

C 
708 FORWAT(//,5X,IANGLE',6X,'S11 1 ,12X,'S12',12X,'S13-,12X,'S14') 

C NORMALIZED SIJ 
C 

DO 87 I=NSTA,NEND 
S12(I)=S12(I)/Sll (I) 
S13(I)=513(I)/S11 (I) 
S14(I)=514(I)/S11 (I) 
821(1)=521 (I)/S11(I) 
S22(I)=S22(1)/S11 (I) 
S23(I)=523(I)/S11 (I) 
824(I)=524(I)/S11 (I) 
S31 (1)=531 (1)/S11 (I) 
S32(I)=532(I)/S11 (I) . 
S33(I)=S33(I)/SI1 (I) 
S34(I)=S34(I)/SI1 (I) 
S41 (1)=541 (I)/SII (I) 
842 (I)=542(I)/S11 (I) 
843(1)=543 (1)/S11 (I) 
844 (I)=S44 (I)/SII (I) 

87 CONTINUE . 
DO 86 1=NSTA,NEND,60 
WRITE(6,89)AANGLE(I),SI1(I)/S11(0),SI2(I),S13(I),S14(I) 

89 FORYAT(3X,F6.2,4(2X,E13.7» 
86 CONTINUE 

WRITE (6, 102) 
102 FORMAT(//,5X,·ANGLE·,6X,·S21·,12X,'S22-,12X,·S23 ft ,12X,ftS24ft) 

DO 50 I=NSTA,NEND,60 
WR1TE(6,89)AANGLE(I),S21(I),S22(I),S23(I),S24(I) 

50 CONTINUE 
WRITE(6,804) 

804 FORYAT(//,5X,'ANGLE',6X,'S31',12X,'S32',12X,'S33-,12X,'S34ft ) 
DO 351 I=NSTA,NEND,60 
WRITE(6,321)AANGLE(I),S31(I),S32(I),S33(I),S34(I) 

321 FORYAT(3X,F6.2,8(2X,E13.7» 
351 CONTINUE 

WRITE(6,29) 
29 FORMAT(//,5X,'ANGLE',6X,'S41',12X,'S42',12X,'S43 ft ,12X,ftS44ft) 

DO 733 1=NSTA,NEND,60 
WRITE(6,321)AANGLE(I),S41(I),S42(I),S43(I),S44(I) 

733 CONTINUE 
STOP 
END 
SUBROUTINE BESS(BJ,BY,X,NSTOP) 

C THIS SUBROUTINE IS DESIGNED TO CALCULATE BESSEL 
C FUNCTIONS OF THE FIRST AND THE SECOND KIND. THE 
C ARGIDlENT OF BESSEL FUNCTION IS REAL. SEE BOHREN 
C AND HUFFUAN(19S3) FOR THE DETAILS. 

DIYENSION BJ(500),BY(500),F(1500) 
C BJ IS BESSLS FUNCTION OF THE FIRST KIND 
C BY IS BESSEL FUNCTION OF THE SECOND KIND 

NX=INT(X) 
C 
C DEL=CONVERGENCE CRITERION 
C IT=~ NUWBER OF ITERATIONS 
C 

DEL=O.OOO1 
1T=5 
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C 

C 

WST=YAXO(NX,NSTOP) +15 
WST=(WST/2).2 
lIllAX=WST+4.IT 
BJPREV=O.O 

DO 190 W=WST,KWAX,4 
)lS=W 
F(W+1)=O.0 
F(W)=1.0 E-32 
W1=W-1 

DO 201 L=l,W1 
IlL=W-L 

201 F(IlL)=2 .• FLOAT(IlL).F(IlL+1)/X-F(IlL+2) 
ALPHA = F(l) 
W2=W-2 

C 

C 

DO 202 LL=2,W2,2 
202 ALPHA=ALPHA+2 .• F(LL+1) 

BJTEST=F(NSTOP+1)/ALPHA 
IF(ABS (BJTEST-BJPREV)-ABS(DEL.BJTEST»2oo,2oo ,190 

190 BJPREV=BJTEST 
200 W3=W2+1 

C 

DO 203 N=l,W3 
203 BJ(N)=F(N)/ALPHA' 

BY(1)=BJ(1).(ALOG(X/2.0)+.577215664) 
W4=WS/2-1 

DO 204 L=1,1I4 
204 BY(1)=BY(1)-2 .• «-1.) •• L).BJ(2.L+1)/FLOAT(L) 

BY(1)=O.636619772.BY(1) 
BY(2)=BJ(2).BY(1)-0.636619772/X 
BY(2)=BY(2)/BJ(1) 
NS=NSTOP-1 
DO 205 KK=1,NS 
BY(KK+2)=2 .• FLOAT(KK).BY(KK+1)/X-BY(KK) 

205 CONTINUE 
RETURN 
END 
SUBROUTINE RDERV(XOUT,XINT,NSTOP,R) 

C THIS SUBROUTINE IS DESIGNED TO CALCULATE 
C THE DERIVATIVE OF BESSEL FUNCTIONS 
C WHEN THE ARGUMENT IS REAL 

DIYENS10N XOUT(-5OO:5OO),XINT(-5OO:5OO) 
C 

DO 63 1=1,NSTOP-1 
J=1-1 
K=1-2 
XOUT(J)=(XINT(K)-XINT(1»/2.0 

63 CONTINUE 
DO 64 1=l,NSTOP-2 
XOUT(-1)=«-1) •• 1).XOUT(1) 

64 CONTINUE 
RETURN 
END 
SUBROUTINE CDERV(XOUT,XINT,NSTOP,R) 
CO~LEX XOUT(-500:5OO),XINT(-5OO:5OO) 
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C THIS SUBROUTINE IS DESIGNED TO CALCULATE THE 
C DERIVATIVE OF BESSEL FUNCTIONS WHEN THE ARGUMENT 
C IS COMPLEX. 

DO 63 I=l,NSTOP-l 
J=I-l 
K=I-2 
XOUT(J)=(XINT(K)-XINT(I»/2.0 

63 CONTINUE 
DO 64 I=l,NSTOP-2 
XOUT(-I)=«-l) •• I).XOUT(I) 

64 CONTINUE 
RETURN 
END 
SUBROUTINE CROSS(TT,NBG,PHIO,BB1,BB2,XX,NSTA,NEND,DI,ALA) 

C THIS SUBROUTINE IS DESIGNED TO CALCULATE THE AKPLITUDE SCATTERING 
C llATRIX ELEllENTS (TI, T2, T3 AND T4). 

COMPLEX TT(O:4oo),SUW,EWPH,SCAA,CCC,ELD 
COMPLEX BBl(-2oo:200),BB2(-2oo:2oo) 
PI=4. O.ATAN (1.0) 
CCC=CYPLX(O.O,I.O) 
DO 444 I=NSTA,NEND 
SUW=CWPLX(O.O,O.O) 
DO 333 W=-NBG,NBG 
ANGLE=FLOAT(I+180).PI/180.0 
AEWPH=W. (ANGLE) 
EWPH=CWPLX(COS(AEWPH),-SIN(AEWPH» 
AELD=ALA.DI.COS(ANGLE+PHIO) 
ELD=CWPLX(COS(AELD),SIN(AELD» 
SCAA=(BBI(W)+BB2(Y).ELD)$ (CCC) •• W.EWPH 
SUY=SUW+SCAA 

C 

333 CONTINUE 
TT(I)=SUY.XX 

444 CONTINUE 
RETURN 
END 

SUBROUTINE DRLOG(ARG,NN,G) 
COMPLEX G (-500: 500) , ARG, TElUI1, TEIUl2 

C THIS SUBROUTINE IS DESIGNED TO 
C CALCULATE THE LOGARITBYIC DERIVATIVES 
C OF BESSEL FUNCTIONS. SEE BOHREN AND HUFFMAN 
C FOR THE DETAILS 

mIX=NN+1S 
G(NMX)=CMPLX(O.O,O.O) 
DO 20 I=NYX,I,-l 
TERWl=FLOAT(I-l)/ARG 
TEIUl2=FLOAT(I)/ARG+G(I) 

G(I-l)=TERYl-l.O/TERY2 
20 CONTINUE 

.DO 30 I=-NN,-l 
G(I)=G(-I) 

30 CONTINUE 
RETURN 
END 
SUBROUTINE HAT(Rl,R2,NBG,PO,Pl,P2,QO,Ql,Q2,AZ,PH 

6,THETAO,PHIO,AOYl,A0H2,BOY1,B0Y2) 
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C THIS SUBROUTINE PUTS THE SCATrERING 
C COEFFICINTS IN A IlATm FORlI. SEE CAHAPTER 
C 2. SUBROUTINE LEQTIC (FROIL OOL LIBRARY) IS 
C USED TO INVERT THE COMPLEX YATm. 
C 

COKKON/Cl/Hl,H2,HD,BFl,BF2,HlD,H2D,BFlD,BF2D 
6,Gl,G2,WANl,WAN2,AWANl,AWAN2,WANO,AWANO 

COMPLEX A(150,150),B(150) 
COMPLEX H1(-500:5OO),H2(-5OO:5OO) 
COMPLEX HD (-500: 500) ,H1D (-500: 500) 
REAL BF2(-5OO:5OO),BF1(-5OO:5OO) 
COMPLEX H2D(-5OO:5OO) 
COMPLEX CCC,PH1,X1,X2 
COMPLEX G1(-5OO:5OO),G2(-5OO:5OO) 
REAL BF2D (-500: 500) ,BF1D (-500: 500) 
COMPLEX WAN1,WAN2,AWAN1,AWAN2 
REAL WA(loo) 
COMPLEX AOU1(-2oo:2oo),A0Il2(-2oo:2oo) 
COMPLEX BOU1(-2oo:2oo),B0Il2(-200:2oo) 
COMPLEX COIl1(-2oo:2oo),C0Y2(-2oo:2oo) 
COMPLEX DOlll(-2oo:2oo) ,DOIl2 (-200: 200) 
COMPLEX PH,TERK,EXPP,PO,Pl,P2 
COMPLEX QO,Ql,Q2 
CCC=CMPLX(O.O, 1.0) 
X1=(1/AWANO) •• 2-(1/AWANl) •• 2 
X2=(l/AWANO) •• 2-(I/AWAN2) •• 2 

C LOAD aom1 and bom1 first 
NN=1 

C 

40 DO 10 U=-NBG,NBG 
DO 20 L=-NBG,NBG 
I=ltI+NBG+1 
J=(NN-l).(2.NBG+l)+L+NBG+l 
IF(U.NE.L)A(I,J)=CYPLX(O.O,O.O) 
IF(NN.EQ.l.AND.Il.EQ.L)THEN 
A(I,J)=PO.HID(U)-Pl.GI(Il).HI(U) 
END IF 
IF(NN.EQ.2.AND.Il.EQ.L)THEN 
A(I,J)=-Il.WANO. (COS(THETAO».Hl (Y).Xl/Rl 
END IF 

20 CONTINUE 
10 CONTINUE 

IF(NN.EQ.2)GO TO 30 
NN=NN+l 
IF(NN.EQ.2)GO TO 40 

C LOAD BOIl2 AND AOIl2 
C 
30 NN=2 
630 DO 50 Y=-NBG,NBG 

DO 60 L=-NBG, NBG 
I=Il+NBG+l 
J=NN. (2.NBG+l) +L+NBG+l 
IF (NN.EQ. 2)TERK=-BFl (K).Xl.U. (COS(THETAO».WANO/Rl 
IF (NN .EQ. 3) THEN 
TERK=PO.BFID(K)-Pl.Gl (K).BFl (K) 
END IF 
PU=(-l) .. (K+L) 
EXPP=CYPLX(COS«(L-U).PHIO),SIN«L-H).PHIO» 
A(I, J)=TERK.PK.EXPP.HD (L-H) 

-.----------~-.~----.-.. _---- ---.~.-.¥--.----.---.--------- ----
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60 CONTINUE 
50 CONTINUE 

IF(NN.EQ.3)GO TO 70 
NN=NN+l 
IF(NN.EQ.3)GO TO 630 

C 
C 
C LOAD EQUATION #2 
C 

C 

70 
110 

gO 
80 

NN=l 
DO 80 M=-NBG,NBG 
DO gO L=-NBG, NBG 
I=(2.N8G+1)+M+NBG+l 
J=(NN-l).(2.NBG+l)+L+NBG+1 
IF(NN.EQ.1)THEN 
TERW=PO.BF2D(W)-P2.G2(M).BF2(M) 
END IF . 
IF (NN.EQ.2)TBEN 
TERY=-M.WANO* (COS (THETAO».BF2(M).X2/R2 
END IF 
EXPP=CMPLX(COS«L-M).PBIO),SIN«L-M).PBIO» 
A(I,J)=HD(L-W).EXPP.TERW 
CONTINUE 
CONTINUE 
IF(NN.EQ.2)GO TO 100 
NN=NN+1 
IF(NN.EQ.2)GO TO 110 

100 NN=2 
160 DO 130 M=-NBG,NBG 

DO 140 L=-NBG, NBG 
I=(2.NBG+1)+M+NBG+1 
J=NN.(2.NBG+1)+L+NBG+1 
IF(M.NE.L)A(I,J)=CMPLX(O.O,O.O) 
IF(M.EQ.L.AND.NN.EQ.2)THEN 
A(I,J)=-W.WANO.(COS(THETAO».H2(M).X2/R2 
END IF 
IF(M.EQ.L.AND.NN.EQ.3)THEN 
A(I,J)=PO.H2D(M)-P2.G2(M).H2(M) 
END IF 

140 CONTINUE 
130 CONTINUE 

IF(NN.EQ.3)GO TO 150 
NN=NN+l 
IF(NN.EQ.3)GO TO 160 

150 NN=1 
C LOAD EQUATION # 3 
210 DO 180 M=-NBG,NBG 

DO 19O L=-NBG,NBG 
I=2.(2.NBG+1)+M+NBG+l 
J=(NN-1).(2.N8G+1)+L+NBG+1 
IF(NN.EQ.1.AND.M.EQ.L)THEN 
A(I,J)=-Y.WANO.(COS(THETAO».H1(M).X1/R1 
END IF 
IF(NN.EQ.2.AND.M.EQ.L)THEN 
A(I,J)=Ql.H1(Y).G1(M)-QO.HlD(M) 
END IF 
IF(M.NE.L)A(I,J)=CMPLX(O.O,O.O) 

190 CONTINUE 

---- --------
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180 CONTINUE 
IF(NN.EQ.2)GO TO 200 
NN=NN+1 
IF(NN.EQ.2)GO TO 210 

200 NN=2 
240 DO 220 W=-NBG,NBG 

DO 230 L=-NBG, NBG 
Ic 2.(2.NBG+1)+W+NBG+1 
J=NN.(2.NBG+1)+L+NBG+1 
IF (NN .EQ. 2) THEN 
TERM=Q1.G1(W).BF1(W)-QO.BF1D(Y) 
END IF 
IF (NN .EQ. 3) THEN 
TERM=-W.WANO.(COS(THETAO».BF1(W).X1/R1 
END IF 
EXPP=CWPLX(COS«L-W).PHIO),SIN«L-W).PHIO» 
PY=(-l) .. (K+L) 
A(I,J)=HD(L-M).PW.EXPP.TERM 

230 CONTINUE 
220 CONTINUE 

C 

IF(NN.EQ.3)GO TO 231 
NN=NN+1 
IF(NN.EQ.3)GO TO. 240 

C LOAD THE FORTH EQUATION 
C 
231 
280 

260 
250 

270 
320 

300 
290 

NN=l 
DO 250 K=-NBG,NBG 
DO 260 L=-NBG, NBG 
I=3.(2.NBG+1)+Y+NBG+1 
J=(NN-1).(2.NBG+l)+L+NBG+l 
IF(NN.EQ.1)THEN 
TERY=-W.WANO.(COS(THETAO».BF2(Y).X2/R2 
END IF 
IF (NN. EQ. 2) THEN 
TERM=Q2.G2(W).BF2(Y)-QO.BF2D(W) 
END IF 
EXPP=CWPLX(COS«(L-Y).PHIO),SIN«L-W)$PHIO» 
A(I,J)=TERY.EXPP.HD(L-W) 
CONTINUE 
CONTINUE 
IF(NN.EQ.2)GO TO 270 
NN=NN+1 
IF(NN.EQ.2)GO TO 280 
NN=2 
DO 290 U=-NBG,NBG 
DO 300 L=-NBG,NBG 
I=3.(2.NBG+l)+Y+NBG+l 
J=NN.(2.NBG+1)+L+NBG+1 
IF(W.NE.L)A(I,J)=CYPLX(O.O,O.O) 
IF(Y.EQ.L.AND.NN.EQ.2)THEN 
A(I,J)=Q2.G2(W).H2 (W)-QO.H2D (Y) 
END IF 
IF(Y.EQ.L.AND.NN.EQ.3)TBEN 
A(I,J)=-W.WANO.(COS(THETAO»).H2(Y).X2/R2 
END IF 
CONTINUE 
CONTINUE 
IF(NN.EQ.3)GO TO 310 

.-----------------
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NN=NN+1 
IF(NN.EQ.3)GO TO 320 

C 
C 

C 

310 DO 400 W=-NBG,NBG 
I=W+NBG+1 
B(I)=-CCC __ W_AZ_(PO_BF1D(W)-P1_G1(W).BF1(W» 

400 CONTINUE 
DO 410 W=-NBG,NBG 
I=2-NBG+1+W+NBG+1 
B(I)=-CCC--U.AZ.PH.(PO.BF2D()l)-P2.G2(W).BF2(W» 

410 CONTINUE 
DO 420 W=-NBG, NBG 
1=2. (2.NBG+1)+W+NBG+1 
B(I)=W.(COS(TBETAO».WANO.CCC •• W.AZ.BF1(M).X1/R1 

420 CONTINUE 
DO 430 M=-NBG,NBG 
I=3-(2.NBG+1)+W+NBG+1 
B(I)=W.(COS(TBETAO».WANO.CCC •• W.AZ.BF2(W).X2.PH/R2 

430 CONTINUE 
1OOl=4. (2.NBG+1) 

C THE FOLLOWING SUBROUTINE IS FROM IWSL LIBRARY. 
C---------------------------------------------
C----------------------------------------------
C 
C 
C700 
C600 

CALL LEQT1C(A,KYW,150,B,1,150,0,WA,IER) 
DO 600 1=1, IOOl 
WRITE (6, 700)B (I) 
FORWAT(2X,2E13.7) 
CONTINUE 
DO 500 W=-NBG, NBG 
I=NBG+1+W 
AOW1(M)=B(I) 

500 CONTINUE 

C 
C 

DO 501 W=-NBG,NBG 
1=1+1 
BOWl (M)=B(I) 

501 CONTINUE 
DO 502 U=-NBG,NBG 
1=1+1 
BOW2 (M) =B (I) 

502 CONTINUE 
DO 503 W=-NBG,NBG 
1=1+1 
AOW2(ll)=B(I) 

503 CONTINUE 
RETURN 
END 
SUBROUTINE SCTTK(NBG,CETY,CHTM,WANO,AWANO,THETAO 

6,PHIO,FJD,AFY,PERB,EPSO) 

C THIS SUBROUTINE IS DESIGNED TO CALCULATE THE SCATTERING 
C CROSS SECTIONS FOR THE T.M.POLARIZATION. 
C 

CO)l)lON/R22/AOK1,A0W2,BOW1,B0W2 
COYFLEX AOW1(-200:200),A0W2(-200:200) 
COMPLEX BOWl (-200:200) ,BOV2 (-200: 200) 
REAL FJD(-200:200),CSCI,CSCII 
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C 
C 

COMPLEX CCC,EXPP,Xl,XlB,XlA,X2B,X2A,PHAP,PHAM 
CCC=CMPLX(O.O,l.O) 
PI=4.0~ATAN(1.0) 
SUWTA=O.O 
SUYTB--o.O 
DO 10 W=-NBG,NBG 
SUWA=O.O 
SUYB--o.O 
DO 20 N=-NBG,NBG 
EXPP=CMPLX(COS{{N-M).PHIO),-SIN«N-M).PHIO» 
Xl={-l) •• N.CCC •• {N+W).EXPP.FJD(N-W) 
PHAP=C~LX(COS«N-W).PI/2.0),SIN«N-Y).PI/2.0» 
PHAY=CMPLX(COS«N-M).PI/2.0),-SIN«N-Y).PI/2.0» 
XIA=AOWl(W).CONJG(AOY2(N».PHAM 
XIB=BOYl(M).CONJG(BOY2(N».PHAM 
X2A=A0W2(Y).CONJG(AOYl(N».PHAP 
X2B=BOY2(Y).CONJG(BOYl(N».PHAP 
SUWA=3UWA+REAL(Xl.(XlA+X2A» 
SUWB=SUYB+REAL(Xl.(XlB+X2B» 

20 CONTINUE 
SUWTA=SUYTA+SUUA+AOMl(W).CONJG(AOMl(M»+AOK2(Y).CONJG(AOK2(M)) 
SUNTB=SUHTB+SUYB+BOMl(W).CONJG(BOMl(Y»+BOY2(Y).CONJG(BOK2(Y» 

10 CONTINUE 
CETW=4.0.120 .• PI.EPSO.AFY/(AWANO •• 2).SUYTA 
CHTY=4.0.120 .• PI.PERB.AFY/(AWANO •• 2).SUYTB 
~ 
E~ 
SUBROUTINE SCTTE(NBG,CETE,CHTE,WANO,AWANO,THETAO 

6,PHIO,FJD,AFY,PERB,EPSO) 

C THIS SUBROUTINE IS DESIGNED TO CALCULATE THE SCATTERING 
C CROSS SECTIONS FOR THE T.E. POLARIZATION. 
C 

COYWON/R30/COMl,C0K2,DOMl,D0K2 
COMPLEX COYl(-200:200),COM2(-200:200) 
COMPLEX DOMl{-200:200),D0Y2(-200:200) 
REAL FJD(-200:200),CETE,CHTE 
COMPLEX CCC,EXPP,Xl,XlB,XlA,X2B,X2A,PHAP,PHAM 
CCC=CMPLX(0.O,I.0) 
PI=4.0.ATAN(I.0) 
SUYTA=O.O 
SUYTB--o.O 
DO 10 Y=-NBG,NBG 
SUWA=O.O 
SUWB=O.O 
DO 20 N=-NBG,NBG 
EXPP=CMPLX(COS({N-W).PHIO),-SIN«N-Y).PHIO» 
Xl=(-I) •• N.CCC •• (N+Y).EXPP.FJD(N-Y) 
,PHAP=CYPLX(COS«N-Y).PI/2.0),SIN«N-Y).PI/2.0» 
PHAY=CYPLX(COS«N-Y).PI/2.0),-SIN«N-Y).PI/2.0» 
XIA=DOWl(Y).CONJG(DOY2(N».PHAM 
XIB=COYl(Y).CONJG(CDK2(N».PHAM 
X2A=DDK2(Y).CDNJG(DDYl(N».PHAP 
X2B=COW2(W).CONJG(CDYl(N».PHAP 
SUMA=SUWA+REAL(Xl.(XIA+X2A» 
SUMB=SUYB+REAL(Xl.(XIB+X2B» 

20 CONTINUE 
SUYTA=SUYTA+SUMA+DDMl(Y).CONJG(DDMl(M»+DDM2(M).CDNJG(DDK2(M» 
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10 
SUUTB=SUYTB+SUYB+COMI (M)-CONJG(COMI (M»+COW2(W)-CONJG(COW2(M» 
CONTINUE 
CETE=4.0-EPSO-AFY/(120.0-PI-AWANO--2)_SUYTA 
CHTE=4.0-PERB-AFY/(120.-PI-AWANO--2)_SUYTB 
RETURN 
END 

Rl= .6328oooE-09 
R2= .6328oooE-09 

SEPARATION= . 1265600E-08 
SEP.= 1.0000000(Rl+R2) 
Nl= .1500000E+01 ,- .1000000E-01 
N2= .1500000E+Ol ,- .1000000E-Ol 

. SIZE PAlWiETER 1= .6283185E+01 
SIZE PARAWETER 2= .6283185E+01 
WAVE LENGTH= .6328oooE-09 

Tn.T ANGLE: 60.000 
ORIENTATION ANGLE= .000 

QSC/2L(R1+R2) T.M.= .2084542E+00 QSC/2L(R1+R2) T.E.= 
QEX/2L(R1+R2) T.M.= .4173243E+00 QEX/2L(R1+R2) T.E.= 

ANGLE SI1 S12 S13 
.00 .1000000E+01 .2040666E+00 . 1890305E-ll 

60.00 . 3441286E-01 .3671597E+00 . 3949056E+00 
120.00 . 1153171E+00 . 4237154E+00 . 7194754E+00 
180.00 . 4498252E-Ol -.6207589E+00 -.3022540E-I0 
240.00 .1153171E+00 . 4237154E+00 -.7194754E+00 
300.00 . 3441286E-Ol . 3671597E+00 -.3949056E+00 
360.00 .1OOOOOOE+Ol .2040666E+00 . 1923814E-ll 

ANGLE S21 S22 S23 
.00 .2040666E+00 . 1 OOOOOOE +01 -.2034574E-ll 

60.00 • 5378902E+00 .7503768~+OO . 6231139E+00 
120.00 -.2732155E-Ol . 4369127E+OO -.2747570E+OO 
180.00 -.6207589E+00 .1000000E+01 . 2785377E-I0 
240.00 -.2732155E-01 • 4369127E+00 . 2747570E+00 
300.00 . 5378902E+00 . 7503768E+00 -.6231139E+00 
360.00 .2040666E+00 .1000000E+Ol -.2025674E-ll 

ANGLE S31 532 S33 
.00 .4518388E-ll . 4555866E-ll . 9335405E+00 

60.00 -.6745806E-01 . 9382814E-Ol -.4074545E+00 
120.00 -.8064526E+00 -.4784204E+00 -.8329124E+00 
180.00 • 1245883E-10 .7804572E-ll -.7623558E+00 
240.00 .8064526E+00 .4784204E+00 -.8329124E+00 
300.00 . 6745806E-01 -.9382814E-Ol -.4074545E+00 
360.00 . 457S958E-ll . 4566503E-11 • 9335405E+00 

. 980444064E-01 

.304133253E+00 

S14 
-.6188998E-ll 

.8085471E-Ol 
-.1728755E+00 
-.3136816E-I0 

. 1728755E+00 
-.8085471E-Ol 
-.6281010E-ll 

S24 
. 5885134E-ll 
.2017309E+00 
. 8542126E-Ol 
.3113347E-10 

-.8542126E-Ol 
-.2017309E+00 

. 5907477E-ll 

S34 
-.2947184E+00 

. 7296804E+00 

. 2590610E-Ol 

. 1829538E+00 
• 2590610E-Ol 
. 7296804E+00 

-.2947184E+00 
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ANGLE 841 
.00 -.6489601E-11 

60.00 -.5846112E-01 
120.00 .2755962E+00 
180.00 . 1878542E-10 
240.00 -.2755962E+00 
300.00 .5846112E-01 
360.00 -.6573925E-11 

842 
-.6218695E-ll 

. 5154056E+00 
• 1808049E+00 
. 1716951E-10 

-.1808049E+00 
-.5154056E+00 
-.6259384E-ll 

S43 
. 2947184E+00 

-.5516939E+00 
. 1460987E+00 

-.1829538E+00 
• 1460987E+00 

-.5516939E+00 
• 2947184E+00 

844 
.9335405E+00 

-.3689369E+00 
-.5430032E+00 
-.7623558E+OO 
-.5430032E+00 
-.3689369E+OO 

. 9335405E+OO 
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