
ESTIMATION OF RECEIVER OPERATING
CHARACTERISTIC (ROC) CURVE PARAMETERS:
SMALL SAMPLE PROPERTIES OF ESTIMATORS.

Item Type text; Dissertation-Reproduction (electronic)

Authors BORGSTROM, MARK CRAIG.

Publisher The University of Arizona.

Rights Copyright © is held by the author. Digital access to this material
is made possible by the University Libraries, University of Arizona.
Further transmission, reproduction or presentation (such as
public display or performance) of protected items is prohibited
except with permission of the author.

Download date 24/05/2023 20:35:07

Link to Item http://hdl.handle.net/10150/184127

http://hdl.handle.net/10150/184127


INFORMATION TO USERS 

While the most advanced technology has been used to 
photograph and reproduce this manuscript, the quality of 
the reproduction is heavily dependent upon the quality of 
the material submitted. For example: 

.. Manuscript pages may have indistinct print. In such 
cases, the best available copy has been filmed. 

.. Manuscripts may not always be complete. In such 
cases, a note will indicate that it is not possible to 
obtain missing pages. 

.. Copyrighted material may have been removed from 
the manuscript. In such cases, a note will indicate the 
deletion. 

Oversize materials (e.g., maps, drawings, and charts) are 
photographed by sectioning the original, beginning at the 
upper left-hand corner and continuing from left to right in 
equal sections with small overlaps. Each oversize page is 
also filmed as one exposure and is available, for an 
additional charge, as a standard 35mm slide or as a 17"x 23" 
black and white photographic print. 

Most photographs reproduce acceptably on positive 
microfilm or microfiche but lack the clarity on xerographic 
copies made from the microfilm. For an additional charge, 
35mm slides of 6"x 9" black and white photographic prints 
are available for any photographs or illustrations that 
cannot be reproduced satisfactorily by xerography. 





8716347 

Borgstrom, Mark Craig 

ESTIMATION OF RECEIVER OPERATING CHARACTERISTIC (ROC) CURVE 
PARAMETERS: SMALL SAMPLE PROPERTIES OF ESTIMATORS 

The University of Arizona 

University 
Microfilms 

International 300 N. Zeeb Road, Ann Arbor, MI48106 

PH.D. 1987 





PLEASE NOTE: 

In all cases this material has been filmed in the best possible way from the available copy. 
Problems encountered with this document have been identified here with a check mark_...f_. 

1. Glossy photographs or pages __ 

2. Colored illustrations, paper or print __ _ 

3. Photographs with dark background __ 

4. Illustrations are poor copy __ _ 

5. Pages with black marks, not original copy __ 

6. Print shows through as there is t~xt on both sides of page __ _ 

7. Indistinct, broken or small print on several pagesL 

8. Print exceeds margin requirements __ 

9. Tightly bound copy with print lost in spine __ _ 

10. Computer printout pages with indistinct print __ _ 

'11. Page(s) lacking when material received, and not available from school or 
author. 

12. Page(s) seem to be missing in numbering only as text follows. 

13. Two pages numbered . Text follows. 

14. Curling and wrinkled pages __ 

15. Dissertation contains pages with print at a slant, filmed as received ___ _ 

16. Other ___________________________ _ 

University 
Microfilms 

International 



-----------------------------------------



ESTIMATION OF RECEIVER OPERATING CHARACTERISTIC (ROC) 

CURVE PARAMETERS: SMALL SAMPLE PROPERTIES 

OF ESTIMATORS 

by 

Mark Craig Borgstrom 

A Dissertation Submitted to the Faculty of the 

DIVISION OF EDUCATIONAL FOUNDATIONS AND ADMINISTRATION 

In Partial Fulfillment of the Requirements 
For the Degree of 

DOCTOR OF PHILOSOPHY 
WITH A MAJOR IN EDUCATIONAL PSYCHOLOGY 

In the Graduate College 

THE UNIVERSITY OF ARIZONA 

1 9 8 7 



THE UNIVERSITY OF ARIZONA 
GRADUATE COLLEGE 

As members of the Final Examination Committee, we certify that we have read 

the dissertation prepared by _M~a~rk~C~.~B~o~r~g~s~t~r~o~m~ ________________________ ___ 

entitled ESTIMATION OF RECEIVER OPERATING CHARACTERISTIC (ROC) 

CURVE PARAMETERS: SMALL SAMPLE PROPERTIES OF ESTIMATORS 

and recommend that it be accepted as fulfilling the dissertation requirement 

for the Degree of Doctor of Philosophy 

Date 

Date 

3/d ;/17 
I I 

5,/;z3&Z 

3/aLJ/f' Z 
Date I I 

Date 

Date 

Final approval and acceptance of this dissertation is contingent upon the 
candidate's submission of the final copy of the dissertation to the Graduate 
College. 

I hereby certify that I have read this dissertation prepared under my 
direction and recommend that it be accepted as fulfilling the dissertation 
requirement. 

Date r 7 



STATEMENT BY AUTHOR 

This dissertation has been submitted in partial 
fulfillment of the requirements for an advanced degree at 
The University of Arizona and is deposited in the University 
Library to be made available to borrowers under rules of the 
Library. 

Brief quotations from this dissertation are 
allowable without special permission, provided that accurate 
acknowledgment of source is made. Requests for permission 
for extended quotation from or reproduction of this 
manuscript in whole or in part may be granted by the head of 
the major department or the Dean of the Graduate College 
when in his or her judgment the proposed use of the material 
is in the interests of scholarship. In all other instances, 
however, permission must be obtained from the author. 



DEDICATION 

This dissertation is dedicated to my parents, 

Maebert and Valerian Borgstrom, 

whose strength of character gave their youngest son 

a model for the attainment of a graduate degree. 

iii 



ACKNOWLEDGMENTS 

I wish to thank my major committee members for their 

involvement with my dissertation and my graduate career. 

Dr. Darrell Sabers, my major advisor, has been fundamental 

in the completion of my doctoral studies. Dr. Sabers helped 

me tie up the loose ends of my graduate studies to weave a 

strong research program. I greatly appreciate his patience 

and humor while he guided his often dilatory graduate 

student through the final stages of doctoral study. 

Dr. Lawrence Aleamoni often helped me clarify my 

thinking in class, in meetings, and in the general 

application of measurement theory. I am grateful to Dr. 

Aleamoni for improving the quality of my graduate work. 

Dr. George Seeley deserves special recognition and 

gratitude for his constant support. He supervised my work 

as a graduate research associate for several years. Dr. 

Seeley provided numerous opportunities for research, 

professional presentations, and publications. This 

dissertation is an extension of research initiated and 

supported by Dr. Seeley. 

Also, I wish to thank the members of my minor 

committee for their contribution to my doctoral program of 

iv 



v 

study. Dr. James LaSalle helped me develop my minor ~rogram 

of study. Dr. Averill Law is responsible for sparking my 

interest in Monte Carlo simulation. 

Other individuals deserve credit for their support 

of my doctoral program and research. Mark Stempski, Dr. 

Clem Stone, Dr. Michael SobE'I, Dr. Joseph Stevens, and Dr. 

John Mazzeo provided valuable consultation on various 

aspects of design and methodology. Dr. Dennis Patton, Dr. 

Kyle Myers, and Dr. Harrison Barrett made numerous helpful 

comments and suggestions on early aspects of this research. 

Dr. Michael Topliff supplied valuable resources for the 

completion of this dissertation. 

Finally, I wish to thank my wife, Dr. Julie 

Reichman, for her loving support during my doctoral program. 

Her constant encouragement was crucial to the completion of 

this dissertation. 

This research was supported in part by grant NCI POI 

CA23417 from the National Institute of Health. 



1. 

TABLE OF CONTENTS 

LIST OF TABLES 

LIST OF ILLUSTRATIONS 

ABSTRACT 

INTRODUCTION 

Signal Detection Theory • • . • • • 
Characteristics of Good Estimators 
Methods of Estimator Evaluation 
Statement of the Problem 
Purpose of the Study • • • • • • 
Significance of Study . •••• 

Page 

. • viii 

x 

xi 

1 

1 
13 
15 
17 
18 
18 

2. REVIEW OF THE LITERATURE 20 

3. 

A Brief History of Signal Detection Theory 20 
Methods of Estimation • . • • . • . • • . 23 

Least Squares Estimation . • • . 23 
Maximum Likelihood Estimation • 27 
Distribution Free Estimation • • • • 30 

METHODS 

Data Source 
Design 
Estimators 

Area under the curve 
Intercept and Slope 

Procedure . 

33 

33 
33 
34 
34 
36 
36 

4. RESULTS ••.••. 38 

Data Reduction . • . • . • • • 
Bias • . • • • . • • . • . . . 

Area Under the Curve 
Intercept and Slope • • . 

vi 

38 
38 
38 
44 



TABLE OF CONTENTS--Continued 

Efficiency • • . . • • . 
Area Under the Curve 
Intercept and Slope • 

Consistency • • • . • . • • 
Area Under the Curve • • . • 
Intercept and Slope • 

Confidence Intervals (Ellipses) . 
Area Under the Curve 
Intercept and Slope • 

Sununary .. ....... . 

5. DISCUSSION 

Discussion of Results and Conclusions 
Bias 
Efficiency 
Consistency • . . . . • • . . • • • . 

Recommendations . • . 
Area Under the Curve . • . . . 
Intercept and Slope . . . . • . 

Future Research . . . . . . 

APPENDIX A: MONTE CARLO STANDARD ERRORS FOR 
VARIOUS ESTIMATORS . . • • . . • . . 

SELECTED BIBLIOGRAPHY . . • . . . • 

vii 

Page 

56 
56 
60 
65 
65 
67 
73 
73 
74 
76 

80 

80 
80 
82 
83 
84 
84 
86 
88 

91 

109 

. _-_._- ......... _-----------------



LIST OF TABLES 

Table 

3.1 Area Under the Curve Parameters Associated 
with the selected values of Intercept 

Page 

(~) and Slope (~) • • . • 35 

4.1 Observed Statistics for Bias in Area under the 
ROC Curve • • • . • • • • . • • • 40 

4.2 Regression Coefficients for Correcting the 
Bias in Area Under the Curve Estimates 
and Associated Coefficients of 
Determination • . • • . 43 

4.3 Statistics for Bias in Intercept and Slope of 
the ROC Curve • . • • • . • . • 45 

4.4 Regression Coefficients for Correcting the 
Bias in Intercept (a) and Slope (b) 
Estimates and AssocIated Coefficients 
of Determination • • • . . • • • • • 55 

4.5 Average Mean Square Error for Estimators of 
Area Under the Curve • . . . • • . 57 

4.6 Summary Table for Analysis of Variance in Area 
Under the Curve Mean Square Error 58 

4.7 Average Mean Square Error for Estimators of 
Intercept and Slope • • • • • • • • • • •• 61 

4.8 Summary Table for Analysis of Variance in 
Intercept Mean Square Error 62 

4.9 Summary Table for Analysis of Variance in 
Slope Mean Square Error • . • • . 63 

4.10 Regression Coefficients for the Relationship 
between Difference in Area Estimates 
from Parameters as a function of 
Sample Size . • . • . . • • . • . .. 68 

viii 



LIST OF TABLES--Continued 

Table 

4.11 Regression Coefficients for the Relationship 
Between Difference in Intercept and 
Slope Estimates from Parameters as a 

ix 

Page 

Function of Sample Size • • • • . • • • .• 72 

4.12 Percent of Area Estimates Falling Within 
Confidence Intervals of Varying Sizes 75 

4.13 Percent of Maximum Likelihood Estimates of 
Intercept and Slope Falling Within 
Confidence Intervals (Ellipses) of 
Varying Sizes ••• • • • • • • • 77 

A.1 Standard Errors for Estimators of Area under 
the Curve at Varying Levels of Area 
and Sample Size • • • • . . • • • . • . 92 

A.2 Standard Errors and Correlation Coefficients 
for Estimators of Intercept and Slope 
at Varying Levels of Intercept (a), 
Slope (Q) and Sample Size (li) .-... 97 



LIST OF ILLUSTRATIONS 

Figure Page 

1.1 Conditional probability distributions for 
Noise Only and Signal plus Noise • • . 3 

1.2 The four possible events associated with the 
signal detection decision process 5 

1.3 An example traditional Receiver Operating 
Characteristic Curve • • • • • • • • . 7 

1.4 An example Normal-Normal Receiver Operating 
Characteristic Curve • • • . . • • • • • 8 

4.1 Ninety-Five Percent Confidence Ellipses for 
Estimates of ROC Slope and Intercept • • 47 

4.2 A 95% Confidence Band for the ML estimate of 
the ROC Expected Curve • . . • . • • • . 48 

4.3 A 95% Confidence Band for the LS-V estimate of 
the ROC Expected Curve • . • . • • • . • •. 49 

4.4 A 95% Confidence Band for the LS-P estimate of 
the ROC Expected Curve . • . • • • • • • .• 50 

4.5 A 95% Confidence Band for the LS-H estimate of 
the ROC Expected Curve • . • . • 51 

4.6 Mean Absolute Bias in Area Estimates as a 
Function of Sample Size . • • • 66 

4.7 Mean Absolute Bias in Estimates of Intercept 
as a Function of Sample Size • . . •. 70 

4.8 Mean Absolute Bias in Estimates of Slope as a 
Function of sample Size • • •. 71 

x 



ABSTRACT 

When studying detection systems, parameters 

associated with the Receiver Operating Characteristic (ROC) 

curve are often estimated to assess system performance. In 

some applied settings it is often not possible to test the 

detection system with large numbers of stimuli. The 

resulting small sample statistics may have undesirable 

properties. The characteristics of these small sample ROC 

estimators were examined in a Monte Carlo simulation. 

Three popular ROC parameters were chosen for study. 

One of the parameters was a single parameter index of system 

performance, Area under the ROC curve. The other 

parameters, ROC intercept and slope, were considered as a 

pair. ROC intercept and slope were varied along with sample 

size and points on the certainty rating scale to form a four 

way factorial design. Several types of estimators were 

examined. For the parameter, Area under the curve, Maximmo 

Likelihood (ML), three types of Least Squares (LS), and 

Distribution Free (DF) estimators were considered. Except 

for the DF estimator, the same estimators were considered 

for the parameters, intercept and slope. 

These estimators were compared with respect to three 

characteristics: bias, efficiency, and consistency. For 

xi 
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Area under the curve, the ML estimator was the least biased. 

The DF estimator was the most efficient, and all the 

estimators except the DF estimator appeared to be 

consistent. For intercept and slope the LS estimator that 

minimized vertical error of the points from the ROC curve 

(line) was the least biased for both estimators. This LS 

estimator was also the most efficient. This estimator along 

with the ML estimator also appeared to be the most 

consistent. The other two estimators had no significant 

trend toward consistency. 

These results along with other findings, illustrate 

that different estimators may be "best" for different sample 

sizes and for different parameters. Therefore, researchers 

should carefully consider the characteristics of ROC 

estimators before using them as indices of system 

performance. 



CHAPTER 1 

INTRODUCTION 

This chapter provides the foundation for this study. 

The first three sections discuss Signal Detection Theory 

(SDT), Characteristics of Good Estimators, and Methods of 

Estimator Evaluation to provide a theoretical framework for 

invest,igating the effects of small samples on estimation of 

receiver operating characteristic (ROC) curve parameters. 

Subsequent sections present the Statement of the Problem, 

Purpose of the study, and Significance of the Study. 

Signal Detection Theory 

A detection system can be thought of as a 

configuration of elements that work together to identify a 

signal in a background of noise. In the field of radiology, 

this signal could be a nodule in the background mottle of a 

lung in a standard chest x-ray film. For an air-traffic 

controller it could be a bright spot in a noisy background 

on a radar scope. The systems in these examples are usually 

man-machine detection systems. That is, information flow in 

part of the system is governed by a machine (or machines), 

while the other part of the system includes information 

1 



processing by a human. This detection information 

processing by the human will be considered in detail. 

2 

The detection task usually takes the same form for 

most detection systems. During some time period stimuli are 

presented to the detection system. These stimuli contain 

noise of some type and for part of the presentations also 

contain a signal of some type. The nature of the signal is 

defined a priori for the system. The system then responds 

to the stimuli by indicating that a "signal" is present in 

the stimuli or that only "noise" is present in the stimuli. 

For example, in a medical situation the "signal" response 

might correspond to the presence of some abnormality in the 

patient while a "noise" response would indicate the absence 

of abnormality. 

Signal Detection Theory (SDT) is primarily concerned 

with the processes underlying signal detection. Signal 

Detection Theory hypothesizes a perceptual dimension 

corresponding to detection ability. This detection ability 

is measured as a function of two conditional probability 

distributions. One probability is conditional on only noise 

being present in the stimuli (the left distribution in 

Figure 1.1), while the other is conditional on signal being 

present along with the noise in the stimuli (the right 

distribution in Figure 1.1). The difference between these 

distributions is a function of the signal. Decision 

thresholds (e.g. Z in Figure 1.1) also lie along this 
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Figure 1.1. Conditional probability distributions for Noise 
Only and Signal plus Noise 



4 

detection dimension. In the case of the binary response 

mentioned above. one threshold would be necessary to divide 

the dimension into two decisions. The parts of the 

conditional probability distributions to the left of the 

threshold would correspond to the response "noise" while the 

parts to the right would correspond to the response 

"signal". 

Four outcomes are possible for each decision. These 

are shown in Figure 1.2. If the system responds "signal" 

when signal is indeed present in the stimulus, the event is 

labelled a "True Positive" (TP). If the system responds 

"signal" when no signal is present, the event is called a 

"False Positive" (FP). If the system respons "noise when 

noise only is present in the stimulus, the event is labelled 

a "True Negative" (TN). If the system responds "noise" when 

signal is present, the event is called a "False Negative" 

(FN). The probability of each of the events can be 

determined from the conditional probability distributions. 

For example, the probability of a true positive (P(TP» 

would be equal to the proportion of the area under the 

signal plus noise distribution to the right of the decision 

threshold. The probability of a false positive (P(FP» 

would be equal to the proportion of the area under the noise 

only distribution to the right of the decision threshold. 

If the P(TP) is plotted against the P(FP) as the decision 
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Figure 1.2. The four possible events associated with the 
signal detection decision process 

5 



6 

threshold moves from right to left for an infinite number of 

points, a curve would be obtained in the unit square that 

would rise from the lower left hand corner of the plot (0, 

0) to the upper right hand corner (1, 1). This curve is 

called a Receiver Operating Characteristic (ROC) curve and 

is illustrated in Figure 1.3. The farther apart the two 

conditional distributions are, the closer the curve comes to 

the upper left-hand corner of the graph and the better the 

detection system works. If the two distributions overlap 

exactly, the ROC curve will fallon a line extending from 

(0, 0) to (1, 1). This would indicate chance performance of 

the detection system. 

If the conditional probability distributions are 

assumed to be Gaussian (Normal), the ROC curve can be 

plotted in double-probability (Normal-Normal) space. The 

ROC curve then becomes a line (see Figure 1.4). As with the 

traditional ROC curve, the closer the line is to the center 

of the plot the wot'se the system performance, and the closer 

the line is to the upper left-hand corner, the better the 

system performance. In this type of plot two of the ROC 

parameters to be discussed become more meaningful. This 

type of plot also allows visual inspection of the fit of the 

Gaussian model. If the model fits the data well, the data 

points will fall close to the ROC line. 

Unfortunately, the conditional probability 

distributions described above are not directly available to 
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the experimenter. If the system uses only one decision 

threshold (as in the situation above) to respond to the 

stimuli, only one point on the ROC curve can be obtained. 

9 

It is desirable to have more than one point on the ROC curve 

to determine the form of the underlying distributions 

(Normal, Uniform, Negative Exponential, etc.). Obtaining 

several points on the ROC curve can be achieved by 

manipulating the costs or rewards for the different 

detection events. For example, increasing the rewards for 

true positives while leaving the costs and rewards for the 

other three events the same will move the decision threshold 

to the left. If the decision threshold can be changed 

several times in an experiment, more points on the ROC curve 

can be obtained. Manipulating the payoff matrix has the 

disadvantage of requiring a large number of stimuli to 

obtain stable points on the ROC curve. An alternate 

procedure was tested by Swets, Tanner, and Birdsall (1961). 

This procedure requires the system to respond to the stimuli 

using a rating scale such as the one in Table 1 rather than 

using a binary response. The "rating method" was shown to 

be equivalent to manipulating the payoff matrix. With the 

rating method procedure, one less point than the number of 

levels on the rating scale are obtained for the ROC curve. 

A six point rating scale would yield five points on the ROC 

curve which corresponds to the five decision thresholds 

between levels of the rating scale. 
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The decision thresholds are generally expressed with 

respect to the noise only distribution. This distribution 

is often assumed to be Standard Unit Normal (i.e. having a 

mean (~N) of 0 and standard deviation (oN) of 1). The 

decision threshold (~) values can be expressed as 

deviations from the mean of the noise only distribution. 

The decision thresholds relative to the signal plus noise 

distribution can be obtained by noting that if both 

distributions follow the normal density function, any point 

on the signal plus noise distribution can be expressed as a 

linear function of the noise only distribution. By invoking 

two more parameters, the decision threshold value (~N) 

relative to the signal plus noise distribution can be 

expressed using the formula: 

~N(i) = ~ + E(&N(i»; i = 1,~-1; (1) 

where a = (~SN - ~N)/oSN' E = 0N/oSN' and ~ is the number of 

points on the rating scale. These parmeters can best be 

illustrated on the Normal-Normal ROC curve where ~ 

corresponds to the intercept of the line and E corresponds 

to the slope. Thus, the parameters needed to describe the 

performance of this detection system are ~, E, and the ~-1 

threshold values. The ~ and E values corresponding to an 

ROC curve are a popular two parameter index of system 

performance. Other indices of system performance are 

functions of these variables. 

-----------------------
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One of the more popular single value indices of 

system performance is area under the ROC curve. It is 

sometimes represented by the symbol ~Z. This value 

corresponds to the area under the binormal ROC curve (Swets 

& Pickett, 1982). The area under the ROC curve can be 

expressed as a function of the slope and intercept of the 

ROC curve in Normal-Normal space. The function is 

~Z = r{~/(£2+1)}. (2) 

Area under the curve is often used to estimate the 

proportion of images correctly identified. In some types of 

signal detection experiments it is equivalent to proportion 

correct. Theoretically, area under the curve ranges from 

0.5 to 1.0. An ~ of 0.5 would indicate chance performance, 

while one of 1.0 would indicate perfect performance. 

Occasionally, a system will mistake signal plus noise for 

noise only. In this case the value of ~Z can become less 

than 0.5 and can become as small as 0.0 (for perfect 

"reverse" discrimination). Reverse discrimination only 

happens occasionally and, therefore, ~Z is usually a good 

single parameter index of system performance. 

Often only a small number of stimuli can be used 

when assessing the performance of detection systems. This 

may be due to the difficulty of obtaining (generating) 

stimuli or to time limitations of individuals who judge the 

stimuli. In a medical setting, obtaining enough films of a 

specific type (e.g. scintigrams with focal lesions in the 
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liver) may be quite difficult if the incidence is small. 

Even if a sufficient number of films are collected, a 

physician's time is generally so limited that reading a 

large number of films is not feasible. For these practical 

reasons, an experimenter is often forced to use a smaller 

number of stimuli than is statistically expedient. 

From a practical perspective it is desirable to 

limit the number of stimuli presented in a detection task to 

be relatively small. This would have the advantage of 

decreasing the experiment time for presentation and time in 

obtaining or generating stimuli. These practical 

considerations are often at odds with statistical 

considerations. From a statistical perspective, obtaining 

good estimates of parameters associated with system 

performance is best accomplished through the use of the 

maximum number of stimuli possible. This follows from the 

Strong Law of Large Numbers which states that as sample size 

becomes arbitrarily large, the parame~er estimate becomes 

arbitrarily close to the actual parameter (Law & Kelton, 

1980). Simply stated, the larger the sample size, the 

better the estimate. 

A second statistical problem arising from small 

sample size is that the traditional estimates of variance 

associated with detection parameters underlying system 

performance are derived from large sample theory and may not 

be optimal for small samples. If only poor estimates of 



13 

standard errors associated with parameter estimates can be 

made, hypothesis testing and confidence interval building is 

at best tenuous. With poor standard error estimates, the 

precision of the parameter estimates cannot be accurately 

determined. Therefore, correct probabilistic statements 

about the parameter estimates cannot be made. It is 

therefore necessary to evaluate the characteristics of good 

estimators before selecting one (or more) to evaluate system 

performance. 

Characteristics of Good Estimators 

The performance of parameter estimates is 

traditionally evaluated with regard to three 

characteristics. The first of these characteristics is lack 

of bias and is related to the first statistical problem 

mentioned above. Lack of bias refers to an estimator being 

arbitrarily close on the average to the parameter it is 

supposed to estimate. Lack of bias is often symbolized by 

E(a) = a, which is read as "the expectation of the statistic 

a is equal to the parameter a". A statistic whose 

expectation is equal to the parameter it is supposed to 

estimate is called unbiased. Conversely, a statistic whose 

expectation is not equal to the parameter is called a biased 

estimator. Lack of bias in an estimator is a desirable 

property, but is not the only property to be considered when 

selecting estimators. For example, an estimator could be 
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unbiased but have a large sampling variance associated with 

it. 

A second property of a good estimator is 

efficiency. The second problem mentioned above is closely 

related to efficiency. Given two unbiased estimators, the 

estimator with the smallest variance is the most efficient. 

Often the variances of two unbiased estimators are put in 

ratio to one another to determine their "relative 

efficiency". Another approach is to combine the bias and 

variance of an estimator into a single quantity, mean square 

error (MSE). The MSE is defined as 

MSE = E(A-9)2. 

Hanushek and Jackson (1977) have shown that this equation 

reduces to 

MSE = var(a) + BIAS2, 

thus showing MSE to be a function of the variance of the 

estimator and bias. The MSE of estimators can be used to 

compare performance of estimators. Estimators with small 

MSEs would be considered to be better estimators than those 

with large MSEs. 

A third property of good estimators is consistency. 

An estimator is consistent if the estimator approaches the 

parameter value as the sample size becomes large. This is 

considered an "asYJl)ptotic" characteristic, since comlistency 

depends on the sample size being large. Consistency is 

obviously related to bias in that a consistent estimator 
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becomes less biased as sample size increases. Consistency 

is also related to efficiency because as the estimator 

approaches the parameter the variance of the estimate 

decreases. Note that consistency does not ensure 

unbiasedness nor does it guarantee efficiency. An estimator 

can be consistent and still possess some bias (Kendall & 

Stuart, 1979). Although several consistent estimators are 

often available to estimate a parameter, only some of these 

possess the minimum variance property. 

Methods of Estimator Evaluation 

Three major methods exist for evaluating estimator 

performance. The preferred method is by analysis. Analysis 

refers to being able to prove algebraically that an 

estimator possesses certain characteristics. For example, 

it can be shown that the estimator R is an unbiased 

estimator of the parameter ~ for the normal distribution, 

where 

n 
-_x =.E X;/n 

~=1-· -

and ~ is the sample size. Often it is difficult or 

impossible to prove algebraically that an estimator 

possesses a particular characteristic. This is generally 

because the algebra associated with estimation formulas is 

intractable. Sometimes estimation p~ocedures use iterative 

algorithms to estimate parameters. This can make the 



algebra very complex. Therefore, two other methods are 

often used to ev&luate estimator characteristics. 
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The second method of evaluating estimator 

performance is to conduct empirical studies using real 

subjects or real systems. This procedure has the 

disadvantage of being rather time consuming because a large 

number of subjects or trials must be used to obtain stable 

estimates of system performance. A second disadvantage is 

that it is often difficult or impossible to know the true 

system performance (parameters) a priori. This becomes 

important when trying to determine how well the estimator 

estimates the parameter it is supposed to estimate. The 

third method generally has neither of these problems. 

The third method of evaluating estimator performance 

is by Monte Carlo simulation. In a simulation, a model of 

the system to be studied is chosen. Then a large number of 

estimates of the simulated system performance are taken. 

From these estimates, expected values associated with the 

estimates are estimated and compared with the true 

parameters, which are set a priori. Often, these 

simulations can be done on a digital computer if the model 

can be specified in some programming language. With a 

simulation, large numbers of estimates can be collected, 

which allows for good estimates of the expected values for 

estimators to be performed in a relatively short time. A 

second advantage is that the parameters can be set before 
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the experiment so that they can be compared to values that 

are estimated by different estimators. sometimes it is 

difficult to specify the model to be tested in a programming 

language. Even if it can be specified, one has to assume 

that the model selected is appropriate. The validity of the 

simulation results depends on the validity of the model. In 

spite of this limitation, simulation is often a viable 

technique for estimator evaluation. 

statement of the Problem 

The major problem facing researchers using only 

small numbers of stimuli in signal detection studies is the 

quality of parameter estimates of system performance. As 

suggested above, two aspects of estimates affect the 

accuracy of system performance evaluation in essentially the 

same way. First, estimates of parameters underlying system 

performance should be very close to the true parameters. 

Second, the variance estimates associated with the parameter 

estimates should be very close to the true variance of the 

sampling distribution. The estimates of variance become 

important when making hypothesis tests using the parameter 

estimates while the parameter estimates themselves are 

important when trying to determine absolute system 

performance. 
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Purpose of the Study 

The purpose of this study is to determine how well 

estimates of system performance perform when the number of 

stimuli used in a signal detection study is small. Stated 

simply, this study seeks to determine the "best" estimator 

of ROC parameters when only small numbers of stimuli can be 

sampled. "Best" estimators are defined by three 

characteristics: unbiasedness, efficiency, and consistency. 

Estimators are evaluated on the basis of these 

characteristics. 

Significance of Study 

The contribution of this study to SDT takes three 

forms. The first and most important contribution is to 

provide help in selecting the type of estimator to use when 

evaluating system performance. This type of information 

allows a researcher to choose an estimator depending on the 

type of parameter to be estimated and the sample size to be 

taken. The result is better estimation of systel. 

performance. 

A byproduct of the first contribution is help in 

selecting the number of stimuli to be sampled. Since the 

precision and bias of an estimator depend on sample size, a 

researcher can use this information to help in comparisons 

of two or more systems or when constructing confidence 

intervals. This information can be used to decrease the 
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size of confidence intervals around the estimates or around 

differences between or among estimates that have the same 

sample sizes. Confidence intervals around differences 

between or among estimates correspond to hypothesis tests 

about differences in performance of two or more systems. 

For these confidence intervals and hypothesis tests to be 

valid, unbiased estimates need to be made. If no unbiased 

estimators exist, then available estimates must be adjusted 

(if possible) to be as close as possible to the true 

parameters. 

The third contribution of this study is the 

construction of adjustment factors that can be applied to 

available estimates to make them more closely estimate the 

true ROC parameters. Since the true parameters are known in 

a simulation, estimates can be compared to them. If the 

estimates differ from the parameters by a constant, that 

amount can added (subtracted) to (from) the estimates so 

that they will be closer to the true parameters. If these 

differences are a linear function of some extraneous 

variables such as sample size, this function can be 

identified to adjust the estimates to more closely estimate 

the parameters. 

------------------------------------------



CHAPTER 2 

REVIEW OF THE LITERATURE 

A variety of authors have reviewed SDT and the 

history of SDT from its earliest foundations in 

psychophysics (1800s) to its first application in the late 

1950s (Egan and Clarke, 1966; Green and Swets, 1966; Swets, 

1973; Lusted, 1984). This chapter will provide a brief 

history of SDT based extensively on a review by Swets (1973) 

and a book by Baird and Norna (1978). A more detailed review 

of the literature dealing with the estimation of ROC 

parameters is also presented. 

A Brief History of Signal Detection Theory 

Gustav Fechner is often considered the father of 

psychophysics. He perceived himself to be a philosopher 

concerned with the relationship of mind and body. His 

approach was to relate sensation to physical stimuli, hence 

the name psychophysics. Most of his research was focused on 

precisely measuring sensory thresholds, particularly with 

regard to the difference between two stimuli, the so called 

"just noticeable difference (jnd)". Fechner expressed the 

jnd as a function of physical intensity based on 

psychophysical data. This expression is known as Fechner's 

20 
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Law, one of the few laws in psychology. Fechner's Law was 

obtained from summarizing over many trials in psychophysical 

experiments and was essentially a measure of central 

tendency. Therefore these thresholds were statistical 

rather than the physiological thresholds previously 

hypothesized (Swets, 1973). 

Another researcher who provided much of the 

foundation for SDT was Louis Thurstone. Although he also 

used techniques from classical psychophysics, Thurstone was 

more interested in psychological scaling. In other words, 

he applied scale values to complex stimuli, such as 

attitudes which often had no corresponding physical 

measurements. Thurstone completely ignored the concept of a 

physiological threshold and concentrated instead on 

generalizing the .. ~t:..?tistical threshold approach begun by 

Fechner to mo~e complex stimuli. Some of the psychometrics 

developed by Thurstone were later applied to ROC analysis. 

For example, Thurstone often only compared two stimuli at a 

time to reduce the complexity and distortions of the 

observers responses in a paired-comparison approach often 

used in SDT research. He conceived of these stimuli as 

varying in magnitude along some continuum with overlapping 

distributions. This concept is often used today when 

describing the signal plus noise and the noise only 

distributions of SDT. 
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The translation of Thurstone's ideas to that of SDT 

was started by H. Blackwell, who made the translation of the 

two stimuli distributions to the noise only and signal plus 

noise distributions of SDT. Blackwell also developed what 

he called the forced-choice procedure where observers are 

asked to indicate which one of a pair of stimuli contains 

signal. Blackwell noticed in his experimentation that the 

observers often biased their responses to increase their 

true positives. However he felt the bias introduced by 

these responses were negligible. He felt that if the 

results were corrected for guessing they would be generally 

valid. Blackwell's assumption of negligible response bias 

was incorrect. The correction for response bias is one of 

the major contribution of SDT to psychophysics. 

The concept of signal in a background of noise 

developed largely as a result of technology. One of the 

first applications of SDT and statistical decision theory 

was to radar detection problems. A variety of people were 

involved directly or indirectly with this research which 

formed the basis for much of SDT. Some of these were Wilson 

Tanner, Wesley Peterson, Theodore Birdsall, and John Swets. 

They encpuraged their observers to vary their decision 

criteria for deciding whether the stimuli contained signal 

and found that correction for chance did not map the results 

from different experiments onto the same curve. Therefore, 

they used statistical decision theory to develop metrics for 
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indicating system performance. One of the results of this 

research is the ROC curve which portrays the tradeoff 

between true positive and false positive results. This 

allows the researcher to remove response bias from 

experimental results so that the changing decision criteria 

do not effect the evaluation of system performance. The ROC 

curve could then indicate system performance without 

response bias and parameters of the ROC curve could be used 

to quantify that performance. Thus the estimation of ROC 

parameters became important for the quantification of system 

performance. 

Methods of Estimation 

A variety of methods exist for the estimation of 

parameters (Kendall and Stuart, 1979). Because of their 

many desirable properties, maximum likelihood (ML) and least 

squares (LS) estimators are probably the most widely used 

for the estimation of parameters in a variety of contexts. 

Because of their computation simplicity estimators that do 

not infer underlying distributions often are used. These 

can be termed distribution free (DF) estimators. These 

three types of estimators, ML, LS, and DF, will be discussed 

with respect to the estimation of ROC parameters. 

Least Squares Estimation 

Least squares estimators have been used to estimate 

ROC parameters almost since the inception of SDT (Green and 



Swets, 1966). Unfortunately, two properties of LS 

estimators make them less than ideal for ROC estimation 

purposes. 
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Probably the most obvious difficulty when applying 

LS estimators to estimation of ROC parameters is the 

direction of squared differences that are going to be 

minimized. In most bivariate applications of LS estimation, 

one variable is usually identified as dependent and one 

variable is identified as independent. In this case the 

regression procedure is fairly straightforward. The 

regression line is selected such that the squared distances 

from each point to the regression line are minimized along 

the dimension associated with the dependent variable. The 

rationale for this approach is that often the independent 

variable does not have error associated with its 

measurement. In other words, each value on the dimension 

associated with the independent variable is known exactly. 

Therefore, the dependent variable is assumed to be a linear 

function of the independent variable plus some error 

associated with its measurement. This function is often 

expressed in the following manner: 

! = .e. + !2X + e 

where! is the predicted value associated with the dependent 

variable X, .e. is the intercept of the regression line, b is 

the slope of the regression line, and ~ is measurement error 

associated with the dependent variable. Measurement error 
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associated with the independent variable is not in itself a 

great problem, but with no identifiable independent variable 

the question becomes one of which errors to minimize. In LS 

estimation associated with ROC analysis, the variables 

regressed can not be labelled as independent and dependent 

variables. It is just as appropriate to regress the

thresholds expressed in normal-deviates for the noise-only 

distribution on the signal+noise distribution values as vice 

versa. In terms of squares to minimize, minimizing the 

horizontal distances to the ROC line is as appropriate as 

minimizing the vertical distances. One solution to this 

problem is to minimize the distances from each ROC point 

perpendicular to the ROC line. An interesting statistical 

property of this estimator is that its estimates fall 

between the estimates minimizi.ng the vertical distances and 

the estimates minimizing the horizontal distances 

(Malinvaud, 1970). This estimator works particularly well 

because the units in both dimensions are the same. 

Therefore, the estimates of intercept and slope are not 

influenced by the units of the variables. Unfortunately 

this method, and least squares methods in general, suffer 

from another problem when applied to ROC analysis. 

T~e second problem associated with LS estimation in 

ROC analysis is non-independence of ROC points for the 

method most often used in ROC experiments. This is because 

the probability data are summed across points on the rating 
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scale to obtain probabilities for each threshold. Therefore 

each data point is correlated to some extent with the data 

points whose probabilities were summed across to obtain it. 

With respect to the regression model expressed above, this 

assumption constrains the errors (~i) to be uncorrelated. 

Because the data points are correlated the errors are also 

correlated. Often, this has undesirable and sometimes 

unknown effects on the optimum properties associated with 

the linear model. For example, unbiasedness of the least 

squares estimates depends on the error terms being 

uncorrelated or the expected values of the error terms being 

equal. Since the error terms are correlated, the only way 

for the LS estimators to be unbiased is for the expected 

values of the error terms to be equal (usually equal to 

zero). This mayor may not be true for LS estimation with 

ROC estimation. 

A third practical problem associated with LS 

estimators for ROC analysis is that these estimates have no 

calculable standard errors associated with them. This makes 

hypothesis tests and confidence interval building 

impossible. However, this problem can be circumvented with 

standard errors estimated from Monte Carlo simulation. 

Because a large number of ROC curves can be generated in a 

simulation for various levels of the intercept and slope, 

the standard errors calculated from these simulations can be 

used as estimates of standard errors associated with each of 
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the levels. Therefore, the third problem with ~S estimators 

can be, at least to a large extent, eliminated. This 

practical problem along with the first problem of direction 

of errors to minimize and to a greater extent the second 

problem of non-independence of data points associated with 

LS estimation are the chief reasons methods for ML 

estimation were derived. 

Maximum Likelihood Estimation 

Maximum likelihood estimation of ROC parameters with 

an underlying Gaussian model is a fairly complex and 

numerically cumbersome procedure. This is due in part to 

the fact that several parameters have to be estimated. 

These are ~, £, and the ~-1 decision criteria, where ~ is 

the number of points on the certainty rating scale. The 

main difficulty does not arise from estimation of each 

parameter, but the estimation of-all- the parameters 

simultaneously. Maximum likelihood estimation seeks to 

maximize the likelihood of obtaining a particular parameter 

given a set of data. This is achieved by maximizing the 

likelihood function. Maximum likelihood estimation is a 

relatively simple procedure if only one parameter is to be 

estimated. The derivative of the likelihood function is 

taken with respect to the parameter being estimated. This 

derivative is set to zero to maximize the function. 

Generally the second derivative is taken to ensure the 
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function is at a maximum rather than a minimum. With the 

case of several parameters, the likelihood function must be 

maximized with respect to all the parameters simultaneously. 

This is achieved by taking the derivatives and partial 

derivatives with respect to each of the parameters and 

setting them equal to zero. This yields a set of nonlinear 

equations that must be solved numerically. The method often 

used to solve these equations is the Newton-Raphson method. 

A variation of this technique, the Method of Scoring, is 

used for ML estimation of ROC parameters. The Method of 

Scoring is an iterative technique that uses the matrix of 

negative expected second partial derivatives to modify 

initial estimates so that the likelihood function is 

maximized for all parameters simultaneously. This method 

changes the estimates slightly for each iteration until they 

converge to the ML solution. 

A second difficulty of ML estimation is that 

integration across the normal distribution is necessary to 

obtain estimates. Since this area can not be calculated 

directly, it must be solved numerically. However, this 

difficulty was solved with computer software so that ML 

estimati,on is not done by hand calculation. 

A third difficulty with ML estimation is a set of 

problems associated with the iterative procedure. For 

example, sometimes the estimates will not converge to the ML 

estimates. There are also sets of data that lead to matrix 
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inversion problems (i.e. singular matrices). For the most 

part these problems have been resolved with software fixes. 

However these numerical difficulties can still cause 

estimation problems, particularly with small samples. These 

three difficulties associated with ML estimation of ROC 

parameters are to blame for much of its meandering 

evolution. 

Because of the numerical difficulties of integrating 

across normal distributions, the first approach to ML 

estimation of ROC parameters was to approximate underlying 

normal distributions by replacing them with logistic 

distributions (Ogilvie and Creelman, 1968). This had the 

advantage of making the equations for calculation relatively 

simple and circumvented the need for numerical approximation 

of the cumulative normal function. These logistic estimates 

were good approximations to their normal distribution 

counterparts. Ogilvie and Creelman gave an adjustment 

formula that approximated the values obtained with normal 

distributions quite well. 

The same year Dorfman and Alf (1968) published a 

paper describing an algorithm for calculating ML estimates 

of ROC parameters for underlying normal distributions. 

However, this algorithm only applied to data collected such 

that the data points were uncorrelated with each other. It 

was not until the following year that Dorfman and Alf (1969) 

published a description of an algorithm for the rating 



30 

method. This algorithm has several errors associated with 

it which were corrected in a paper by Grey and Morgan 

(1972). The corrected Dorfman and Alf algorithm is the 

algorithm most widely used today for the estimation of ROC 

parameters. They published a FORTRAN program for the 

calculation of their algorithm in a recent book by Swets and 

Pickett (1982). This algorithm was compared to several 

other algorithms for efficiency (Dorfman, Beavers, Saslow, 

1973) and was later improved by Metz, Kronrnan, Wang, and 

Shen {1985) t'3ho also ~·J.ve developed algorithms for 

calculating test statistics for differences between (among) 

ROC curve parameters. With these developments, ML 

estimation of ROC parameters has evolved to a fairly refined 

state. 

Distribution Free Estimation 

Recently a fairly simple method of estimation has 

been described by Hanley and McNeil (1982) for Area under 

the ROC curve. This method, sometimes called distribution 

free estimation, because it does not assume underlying 

probability density functions, is based on the Wilcoxon 

statistic. Numerically it is equivalent to a method that 

has been used for estimation of Area under the curve for 

years, namely the trapezoid rule. With the trapezoid rule, 

each point in the ROC space is linked with a line. The 

leftmost and rightmost points are linked with the points 
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(0, 0) and (1,1), respectively. A line is then dropped from 

each point to the abscissa and the ~ resulting trapezoid 

areas are calculated and summed to obtain a total area under 

the curve. Tnis is a fairly good estimate, but did not have 

a standard error associated with it until Hanley and McNeil 

derived the DF estimator. One would expect this area 

estimate to underestimate the true area under the ROC curve 

and empirical studies of this estimate and the ML estimate 

suggest that this estimate is consistently smaller than its 

ML counterpart (Centor and Schwartz, 1985). The standard 

errors associated with the DF estimator do not appear to be 

consistently larger or smaller than the ML standard errors 

from their data. A second standard error can be calculated 

for the DF estimator of area under the curve. It assumes 

underlying negative exponential distributions. These 

standard errors are relatively simple to calculate (much 

simpler than ones for underlying normal distributions) and 

Hanley and McNeil have shown these standard errors to be 

close to those obtained from underlying normal 

distributions. 

The chief advantage of the DF estimator of area 

under the curve is that it is very easy to calculate. It 

can be calculated on a hand calculated or even a simple 

spreadsheet program such as VisiCalc (Centor, 1985). It 

also has a standard error associated with it, which allows 

the experimenter to calculate confidence intervals for 
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performing hypothesis tests. The chief disadvantage is that 

it would appear from the empirical data and from intuition 

to underestimate the t·rue area under the curve, however this 

might best be determined by Monte Carlo simulation. 



CHAPTER 3 

METHODS 

This chapter reports the methods used in this study. 

First, the source of the data is discussed, followed by a 

description of the experimental design and types of 

estimators that were used. Finally the details of the Monte 

Carlo simulation procedure are presented. 

Data Source 

Data for this experiment was obtained from a Monte 

Carlo simulation. A FORTRAN program (SIMROC) written by 

Borgstrom and Seeley (1984) was modified and used to 

generate signal detection data on a Digital Equipment 

Corporation 8600 computer. Five hundred of each type of 

estimate and type of estimator were generated for each 

design cell. 

Design 

Four variables were manipulated to form a completely 

crossed factorial design. Two ROC parameters (ROC intercept 

and slope) were varied across five levels each. The levels 

for the intercept (~) parameter took the values: 0.0, 0.5, 

1.0, 1.5, and 2.0. The levels for the slope (£) parameter 

took the values 0.50, 0.75, 1.00, 1.25, and 1.50. These 
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levels of ~ and ~ create 21 values of area under the curve 

(~). These values appear in Table 3.1. The third variable 

was sample size. Stimulus sample size took five values: 30, 

50, 70, 90, and 110. The fourth variable was size of the 

rating scale and took four values: 4, 6, 8, and 10. These 

variables yielded a 5 (intercept) X 5 (slope) X 5 (sample 

size) X 4 (rating scale) factorial design. This design 

contains 500 cells. As stated above 500 estimates per cell 

were generated, which yielded 250,000 data points. 

Estimators 

Area under the curve 

Five estimators were considered to estimate the 

parameter area under the ROC curve. These were maximum 

likelihood (ML), least squares minimizing vertical error 

(LS-V), least squares minimizing perpendicular error (LS-P), 

least squares minimizing horizontal error (LS-H), and 

distribution free (DF). The ML, LS-V, LS-P, and LS-H 

estimates were obtained from the a and b values using 

formula 2, while the DF estimator has no corresponding ~ and 

~ values. As suggested above, the least squares estimates 

can be obtained in three ways. One method minimizes the 

squared vertical distances from the ROC line to the observed 

points. A second method minimizes the squared distances 

perpendicular to the ROC line to the observed points. The 

third method minimizes the horizontal squared distances. 
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Table 3.1. Area Under the Curve Parameters Associated with 

the selected values of Intercept (a) and Slope (b) 

.50 

.75 

1.00 

1.25 

1.50 

.0 

.5000 

.6726 

.8145 

.9101 

.9632 

.5 

.5000 

.6554 

.7881 

.8849 

.9452 

a 

1.0 

.5000 

.6382 

.7603 

.8556 

.9214 

1.5 

.5000 

.6226 

.7339 

.8256 

.8942 

2.0 

.5000 

.6092 

.7105 

.7973 

.8664 



All three types of methods were considered, which resulted 

in a total of five types of estimators. 

Intercept and Slope 

Four estimators of the ~ and £ values were 

considered. They are ML, LS-V, LS-P, and LS-H estimators. 

These are the same estimators used for estimation of the 

area under the curve. 

Procedure 

Data points were generated for each cell according 

to the following algorithm: 

36 

1. Generate ~-1 li(O,l) decision criteria (~s) for 

noise only distribution and order from lowest to 

highest. 

2. Obtain decision criteria (~Ns) relative to the 

signal+noise distribution via formula (1). 

3. Convert ~s and ~Ns to probabilities via the 

formula: RN(i) = I(~(i» and PSNs are defined 

similarly, where I is the cumulative Normal 

function. 

4. Generate g uniform on the interval (0,1) random 

numbers for the noise only and signal+noise 

conditions and separate into 2~ bins, where g is 

the sample size and ~ is the number of points on 

the rating scale. 

5. Calculate parameter estimates. 
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6. Accumulate summary statistics. 

7. If enough estimates have been collected 

calculate summary statistics and stop otherwise 

go to Step 1. 

Once the data for the first cell had been collected, the 

data for the rest of the cells were collected in the same 

manner. 

Only data that could be fit by the ML method were 

used. The Metz routine for calculating ML estimates 

contains a subroutine that screens for data that will not 

foT. various reasons converge to a ML solution. This 

subroutine was used as the decision mechanism for excluding 

data from the simulation. Data sets were collected for 

analysis until 500 per cell were collected regardless of the 

number of data sets discarded. Therefore, the sample used 

in this study is representative of the population of samples 

that can be analyzed by means of the method of ML. 



CHAPTER 4 

RESULTS 

Data Reduction 

The data produced by the Monte Carlo simulation were 

first reduced to obtain data at a level that could be 

analyzed for bias, efficiency, and consistency. Each of the 

500 cells of the experimental design contained 500 

estimates. Variables appropriate for analyses of bias, 

efficiency, and consistency were calculated by collapsing 

across the 500 trials in each cell. This yielded 500 data 

points (one per cell) for each of the variables defined. 

The data were reduced from 250,000 data points to 500 in 

this manner. The estimators were then analyzed for bias, 

efficiency, and consistency using the statistical packages, 

BMDP (Dixon, 1985) and SAS (SAS Institute, 1985) implemented 

on Digital Equipment Corporation VAX 8600 computers. 

Area Under the Curve 

To determine the amount of bias in estimates of area 

under the curve (~), the mean of each estimator was 

subtracted from its associated parameter for each of the 500 
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cells. These differences were averaged across all cells of 

the experiment to yield a bias mean for each estimator. 

These values appear in Table 4.1. 

For each of the 500 estimates, a two-tailed! test 

at the .05 level was performed to test the null hypothesis 

(HO) of no difference between estimates and parameters. The 

percentage of these tests that were significant for each 

estimator appear in Table 4.1. Around each of these 

percentages, 95 percent confidence intervals were 

constructed and they also appear in Table 4.1. These 

confidence intervals were constructed using the large sample 

approximation for a binomial confidence interval (Hollander 

and Wolfe 1973). One would expect 5 percent of the! tests 

to be significant by chance. None of the confidence 

intervals include the 5 percent value expected by chance, 

thus suggesting that each of the estimators is significantly 

biased. 

Although we can reject the hypothesis that the 

number of significant ! tests is what would be expected by 

chance, the amount of bias in area estimates is relatively 

small. For each! test performed, the amount of variation 

around the area parameter explained by the difference in the 

estimate and the parameter was computed by the formula 

Variance Explained = 1 - Var(a)/MSE(9) 

where MSE(a) = Var(9) + (a-s)2. In this formula, Var(9) can 

be thought of as "error" variance, while MSE(9) can be 



Table 4.1. Observed Statistics for Bias in Area under the 
ROC Curve 

Statistic 

Mean Biasa Percentage of 95% C.L for Variance 
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Significant Percentage Explained 
& ! tests in Column 3 by Bias 

ML -.0019 22.4% (18.7%, 26.1%) 1.0% 

LS-V -.0071 52.8% (48.4%, 57.2%) 4.4% 

LS-P -.0073 53.4% (49.0%, 57.8%) 4.5% 

LS-H -.0074 55.4% (51.0%, 59.8%) 4.7% 

DF -.0184 77.6% (73.9%, 81. 3%) 13.7% 

aMean Bias = Estimator Mean - Parameter 

* E<.05, two-tailed 
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thought of as "total" variance. Therefore, the amount of 

total variance left after removing the error variance leaves 

the proportion of variance explained by the difference 

between the estimate a and 8. 

Variance explained was calculated for each t test of 

differences between the mean estimated area and the 

parameter area. Variance explained was averaged across all 

500 cells for each estimator and appears in Table 4.1. The 

amount of variance explained by bias is rather small for 

most estimators of area. The largest mean proportion of 

variance explained by bias is with the DF estimator, 13.7%. 

The mean proportion of variance explained by bias with the 

ML estimator is very small and explains only 1.0% of the 

total variance. Therefore, the variance-explained values 

cast some doubt on the practical significance of the bias in 

estin,ators of area, particularly in the case of the ML 

estimator and less so in the case of the DF estimator. 

Because the biases found in Table 4.1 were statistically 

significant, the effects of scale use, sample size, and the 

relative size of the area parameter were considered. 

A useful way to determine the relative effects of 

the independent variables on bias of the estimators is to 

predict the parameters based on the independent variables 

and the estimate. This allows a determination of the 

magnitude of these independent variable effects and has the 

additional benefit of yielding a formula for correcting the 
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estimates so that they more closely represent the 

parameters. This was accomplished for the estimators of 

area under the curve by multiple regression. To decide 

which effects are significant one can test (via r values) 

the relative decrease in prediction power by dropping terms 

from the regression equation. Unfortunately, these tests 

have a large number of degrees of freedom associated with 

them, which makes it likely for them to be statistically 

significant while explaining only small amounts of variance 

in the dependent variable (area under the curve parameter). 

For this reason, proportion of variance explained was 

selected as the best indicator of an effect's significance. 

The proportion of variance explained by each effect 

on the area parameter was calculated by subtracting 

appropriate g2 (coefficient of determination) terms. 

Fortunately, the proportion of variance associated with the 

par.ameter area explained by just the estimate of area was 

over .99 with each of the estimators. Therefore, a simple 

linear function of area estimates can be used to correct the 

area estimates for bias. These functions appear in Table 

4.2 with their associated coefficients of determination. 

For example, the coefficients from Table 4.2 can be used to 

correct the DF estimate of area for bias. If the DF 

estimate was .75 the expression would take the following 

form: 
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Table 4.2. Regression Coefficients for Correcting the Bias 
in Area Under the Curve Estimates and Associated 
Coefficients of Determinationa 

Coefficient ML 

~o -.00651 

~1 1.01156 

g2 .9986 

LS-V 

-.01691 

1.03306 

.9969 

Estimator 

LS-P 

-.01648 

1.03268 

.9967 

LS-H 

-.01596 

1. 03207 

.9965 

DF 

-.02250 

1.05719 

.9916 

aArea estimates <!z) can be corrected for bias by the 

following formula: 
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Az' = £0 + £l(Az) 
.770 = -.02250 + 1.05719(.750) 

where Az' is the corrected estimate, £0 is the intercept, 

and £1 is the slope. In this case, the biased estimate of 

.750 is corrected to .770, a value which should be 

relatively unbiased. A similar approach could be used to 

correct for bias in the other estimates. If a ML estimate 

were .750, the corrected estimate would be .752. Notice 

that this corrected estimate is not very different from the 

original estimate. This is because the ML estimator for 

area is relatively unbiased. 

Intercept and Slope 

Bias in ROC intercept and slope estimates (~ and £, 

respectively) were calculated in the same manner as Area 

under the ROC curve. Mean bias for each estimator appears 

in Table 4.3. For both ~ and £ the ML estimator has a 

larger amount of bias associated with it. The LS-V 

estimator has the least amount of bias associated with it 

for both ~ and £. 
For each cell of the design, a i test to test the 

null hypothesis of no bias was conducted for each estimator 

(ML, LS-V, etc.) and estimate (~, £). In addition a 

Hotelling !2 test for the (lack of) joint difference of 

intercept and slope estimates from their respective 

parameters was performed (Tatsuoka, 1971). This test is 
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Table 4.3. Statistics for Bias in Intercept and Slope of 
the ROC Curve 

Estimator 

Statistic ML LS-V LS-P LS-H 

Mean Biasa a .0948 -.0042 .0178 .0361 
£ .1012 .0133 .0496 .0807 

! tests * 
HO test a 72.0% 52.0% 50.2% 55.2% 

£ 83.8% 73.8% 77.6% 82.4% 

95% C.!. a 68%, 76% 48%, 56% 46%, 55% 51%, 60% 
£ 81%, 87% 70%, 78% 74%, 81% 79%, 86% 

Variance a 3.1% 2.8% 2.4% 3.1% 
Explained £ 3.4% 4.9% 5.1% 8.2% 

:r2 tests* 

HO test 88.4% 73.8% 80.2% 85.6% 

95% C.!. 86%, 91% 70%, 78% 77%, 84% 83%, 89% 

Variance 4.7% 6.7% 6.9% 10.1% 
Explained 

aMean Bias = Estimator - Parameter 
*Per cent of significant values, p'<.05, two-tailed 
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equivalent to forming a confidence ellipse around thp. means 

of the estimates (centroid) and determining if the ellipse 

contains the parameters. This is illustrated in Figure 4.1 

for the both the ~ and E parameters equal to 1 and a sample 

size of 30. In this case it is easy to see that most of the 

estimates are biased. With these 95% confidence ellipses 

the parameter centroid falls outside the confidence ellipses 

for all estimators except for the LS-V estimator. This 

suggests that all the estimators except for the LS-V 

estimator are biased for ~ and E equal to 1. In this case 

the LS-V estimator is the least biased with the ML and LS-H 

estimators being the most biased. For all estimators except 

the LS-V estimator the null hypothesis of no bias would be 

rejected at the .05 level. 

Another way of representing the confidence ellipse 

of Figure 4.1 is to construct confidence bands around the 

ROC curve represented by the parameters. Confidence bands 

around the ROC curves for the parameters as estimated by the 

different estimators appear in Figures 4.2 to 4.5. These 

are equivalent to the confidence ellipses in Figure 4.1. 

Some of the estimators of the ROC curve are not completely 

containe~ in their confidence bands, although this departure 

is not as obvious as in Figure 4.1. However, these graphs 

are useful in that they illustrate the !2 test in ROC space. 

The conclusions are the same as those drawn from Figure 4.1. 
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1.21065 

These 95% confidence ellipses were calculated for the 
intercept and slope parameters both equal to 1.0, the sample 
size equal to 30, and the rating scale equal to 6. 
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Figure 4.2. A 95% Confidence Band for the ML estimate of 
the ROC Expected Curve 

This 95% confidence band was calculated for the intercept 
and slope parameters both equal to 1.0, the sample size 
equal to 30, and the rating scale equal to 6. 
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Figure 4.3. A 95% Confidence Band for the LS-V estimate of 
the ROC Expected Curve 

This 95% confidence band was calculated for the intercept 
and slope parameters both equal to 1.0, the sample size 
equal to 30, and the rating scale equal to 6. 
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Figure 4.4. A 95% Confidence Band for the LS-P estimate of 
the ROC Expected Curve 

This 95% confidence band was calculated for the intercept 
and slope parameters both equal to 1.0, the sample size 
equal to 30, and the rating scale equal to 6. 
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Figure 4.5. A 95% Confidence Band for the LS-H estimate of 
the ROC Expected Curve 

This 95% confidence band was calculated for the intercept 
and slope parameters both equal to 1.0, the sample size 
equal to 30, and the rating scale equal to 6. 



The percentage of each of t tests and Hotelling T2 - -
test that were significant for the different estimators 

andestimates are presented in Table 4.3. A significantly 

greater proportion of both the i tests and Hotelling !2 

tests were significantly different from the 5% expected by 

chance as suggested by the 95% confidence intervals (also 

presented in Table 4.3). However, as with the area under 

the curve i tests, only a small proportion of variance is 

explained by the bias in estimators. 
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To calculate the proportion of variance explained by 

the t tests for bias in ~ and £ estimators, the same formula 

was used as the one with the area under the curve. For the 

!2 tests an analogous test is based on formulas described by 

Johnson and Wichern (1982). They showed that 

Wilk's lambda = Iti/itol, 
where t is the variance-covariance matrix of the estimates 

varying around their means and to is the variance-covariance 

matrix of the estimates varying around the parameters. In 

this case Wilk's lambda indicates the proportion of variance 

from the parameters that is not explained by the bias of the 

estimators. Therefore 1 - Wilk's lambda indicates the 

proportion of variance from the parameters that is explained 

by the bias of the estimators. Johnson and Wichern have 

shown that 

Wilk's lambda = [1 + !2/(n-1)]-1 

where T2 is Hotelling's !2 and n is the sample size. 
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Wilk's lambda as computed by this formula was used in 

estimating variance explained for this study. 

Variance explained by both the ! tests and !2 tests 

is relatively modest. This is true for both ~ and £ 
estimates. The proportions of variance explained are 

greater for the !2 tests than the ! tests because of the 

correlation between ~ and £, but in the largest case (LS-H) 

is only about 10%. Because the amount of bias in the ~ and 

£ estimates was statistically significant, the ~ and £ 
estimates were corrected for bias. 

Multivariate multiple regression was used to correct 

the ~ and £ estimates for bias. Fortunately, the 

multivariate multiple regression model requires no new 

estimation procedures. The least squares estimates can be 

computed individually for each response variable. However, 

the model requires that the same independent variables be 

used for all dependent variables (Johnson and Wichern, 

1982). Therefore, ~ and £ parameters we~e regressed 

individually on the independent variables and the estimates 

of ~ and £ for each estimator. As with the area under the 

curve estimators, the actual estimates account for the 

majority of the variance in the ~ and £ parameters. In the 

smallest case, the amount of variance explained was 96.9%. 

This was for the LS-H estimator predicting the £ parameter. 

With all the independent variables and their interactions 
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including the estimates of ~ and £, only 2.1% was explained 

over the model with just the estimates of ~ and £. 

The regression coefficients and associated g2s f~r 

regressions appear in Table 4.4. The estimates of ~ and £ 

may be corrected individually by using the coefficients from 

Table 4.4. The ~ estimate would be corrected by 

at = £0 + £1(~) + £2(£) 

and the £ estimate by 

0' = £0 + £1(~) + E2(£) 

where £0' £1' and £2 are regression coefficients associated 

with the ~ and £ parameter estimates. For example, if ML 

estimates of ~ = 1.000 and £ = .950 are corrected using the 

formulas above, the computations would take the following 

form: 

a' = .05079 + .90154(a) + (-.03434)(0) 

.920 = .05079 + .90154 (1. 000) + (-.03434) (.950) 

and 

0' = .07778 + (-.02738) (a) + .86471(0) 

.872 = .07778 + (-.02738) (1.000) + .86471(.950) 

so that the corrected estimates a' and £' would be .920 and 

.872, respectively. The corrected estimates are 

substant~ally smaller than the original estimates in this 

case. This is due to the overestimation of the parameters 

by the ML method. 
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Table 4.4. Regression Coefficients for Correcting the Bias 
in Intercept (a) and Slope {bA Estimates and Associated 
Coefficients of Determination 

Estimator 

Coefficient ML LS-V LS-P LS-H 

£0 a .05079 -.15751 -.14294 -.15402 
~ .07778 -.16212 -.13607 -.15388 

£1 a .90154 1.00884 .98103 .95673 
~ -.02738 -.01470 -.02984 -.04492 

£2 a -.03434 .15088 .13765 .15063 
~ .86471 1.16127 1.11134 1.11076 

g2 a .9950 .9911 .9934 .9932 
~ .9718 .9698 .9718 .9659 

aEstimates (a and :6) can be corrected for bias by the 
following formulas: 

~' = £0 + £1{~) + £2 (£) 
and 

:6' = £0 + £1(~) + £2{£) 
where £n (g = 0,1,2) is the regression coefficient 
associated with the ~ or £ parameter. 
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Efficiency 

Area Under the Curve 

When evaluating the efficiency of estimators, the 

classic approach is to compare variances of unbiased 

estimators. Since the estimators used in this study to 

estimate ~Z appear to have at least some bias, and more 

importantly they have different amounts of bias, a strict 

comparison of variances would be inappropriate. Hanushek 

and Jackson (1977) recommend using mean square error (MSE) 

which combines both the expected value and the dispersion of 

an estimator. 

To compare the efficiency of estimators of ~z, MSE 

was calculated by the general formula described by Hanushek 

and Jackson 

MSE = Var(e} + Bias 2 

for each estimator and averaged across cells of the 

experiment. The resulting grand means appear in Table 4.5. 

Visual inspection would suggest that the ML estimator is the 

least efficient, the DF estimator the most efficient, and 

the LS estimators falling between in efficiency. An 

Analysis of Variance (ANOVA) was used to test for 

differences among the different estimators and 

simultaneously test for the effects of sample size, rating 

scale, and parameter area. The summary for this analysis 

appears in Table 4.6. 
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Table 4.5. Average ll.lean Square Error for Estimators of Area 
Under the Curve 

ML LS-V LS-P LV-H DF 

.004855 .004664 .004670 .004648 .004572 



Table 4.6. Summary Table for Analysis of Variance in Are~ 
Under the Curve Mean Square Error 

Source of Degrees of Sums of R Variance 
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Variance Freedom Squares Value Value Explained 

Between 

Rating Scale (S) 1 .00001155 1. 86 .173 39" • 0 

Sample Size (N) 1 .00031507 50.73 <.001 6.8% 
Area (A) 1 .00044479 71.62 <.001 9.6% 
SN 1 <.00000001 <1. 00 
SA 1 .00000006 <1. 00 
NA 1 .00011295 18.19 <.001 2.4% 
SNA 1 .00000162 <1. 00 
Error 492 .00305537 65.9% 

Within 

Estimator (E) 4 .00015605 429.18 <.001 3.4% 
ES 4 .00008283 227.81 <.001 1.8% 
EN 4 .00002566 70.56 <.001 .6% 
EA 4 .00013915 382.70 <.001 3.0% 
ESN 4 .00001408 38.73 <.001 .3% 
ESA 4 .00007415 203.93 <.001 1.6% 
ENA 4 .00001760 48.41 <.001 39" • 0 

ESNA 4 .00000938 25.79 <.001 .2% 
Error(E) 1968 .00017889 3.9% 
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The effect for estimator was significant at the 

.001, but other variables also had a significant effect on 

area MSE. For example, both parameter area and sample size 

had a relatively large effect on the MSE. The effect of 

these variables can be seen in Table 1 of Appendix A on the 

standard error associated with area. The standard error of 

area decreases as the value of the parameter area increases. 

As the sample size increases the standard errors decrease. 

Although the area MSE is not a direct function of standard 

error, the relationships between the independent variables 

and MSE should take essentially the same form. 

Table 4.6 illustrates that a relatively small 

proportion of variance in area MSE is explained by the 

independent variables. Error variance accounts for 

approximately 69% of the variance. Of the remaining 31% of 

variance, almost a third is explained by the parameter area, 

with sample size and estimator effects (among others) 

accounting for the rest of the variance. The main test for 

differences in MSE for estimators explains only a little 

more than 3% of the total variance. This result suggests 

that although there is a measurable difference among the 

estimators in efficiency, the effect is not large. The 

effects are even smaller for the Intercept and Slope MSEs. 
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Intercept and Slope 

The efficiency of ~ and E estimators was evaluated 

in the same manner as area under the curve. The MSEs 

averaged across the cells of the experiment for each 

estimator appear in Table 4.7 for both ~ and E. The ML 

estimator of ~ and E appears to be the least efficient while 

the LS-V estimator appears to be the most efficient. To 

test for significant differences among these means analysis 

of variance was used. Mean square errors for ~ and E 
estimates were subjected to separate ANOVAs. The summary of 

the ANOVA for ~ MSEs appears in Table 4.8. From this table, 

one can see that very few independent variables effect a 
MSE. Most notable is the fact that estimators do not appear 

to differ with respect to MSE. The largest of the effects 

is associated with the parameter E, but only explains 1% of 

the variance in MSE. The only other significant effect is 

due to the interaction among estimators, rating scale, and 

the parameter~. This effect accounts for .1% of the 

variance, suggesting that this interaction is not 

substantial. The standard errors associated with ~ and ~ 

estimates appear in Table A.2 of Appendix A. There is 

little systematic variation except for a· tendency for 

standard errors associated with ~ to increase with an 

increase in the E parameter. This provides some support for 

the findings of the ANOVA. 
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Table 4.7. Average Mean Square Error for Estimators of 
Intercept and Slope 

Parameter ML 

.37094 

.34698 

LS-V 

.20429 

.15797 

LS-P 

.23441 

.18282 

LV-H 

.24647 

.18977 



Table 4.8. Summary Table for Analysis of Variance in 
Intercept Mean Square Error 

Source of Degrees of Sums of E P Variance 
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Variance Freedom Squares Value Value Explained 

Between 

Rating Scale (S) 1 .004226 <1. 00 
Sample Size (N) 1 .001171 <1.00 
Intercept (A) 1 .112893 3.00 .084 .4% 
Slope (B) 1 .275351 7.31 .007 1.0% 
SN 1 .001127 <1.00 
SA 1 .000270 <1. 00 
SB 1 .078757 2.09 .149 <.1% 
NA 1 .000071 <1.00 
NB 1 .054164 1.44 .231 <.1% 
AB 1 .057132 1.52 .219 <.1% 
SNA 1 .017168 <1.00 
SNB 1 .012728 <1. 00 
SAB 1 .022954 <1. 00 
NAB 1 .026188 <1. 00 
SNAB 1 .005160 <1. 00 
Error 484 18.240423 69.2% 

Within 

Estimator (E) 3 .003128 <1.00 
ES 3 .004920 <1.00 
EN 3 .000760 <1. 00 
EA 3 .006268 <1. 00 
EB 3 .016564 1.10 .348 <.1% 
ESN 3 .003197 <1. 00 
ESA 3 .052437 3.48 .015 <.1% 
ESB 3 .000122 <1. 00 
ENA 3 .001051 <1.00 
ENB 3 .004457 <1.00 
EAB 3 .005699 <1. 00 
ESNA 3 .019416 1.29 .276 <.1% 
ESNB 3 .000565 <1. 00 
ESAB 3 .024803 1.65 .177 <.1% 
ENAB 3 .012851 <1. 00 
ESNAB 3 .023268 1.55 .201 <.1% 
Error(E) 1452 7.285904 27.6% 
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Table 4.9. Summary Table for Analysis of Variance in Slope 
Mean Square Error 

Source of Degrees of Sums of F P Variance 

Variance Freedom Squares Value Value Explained 

Between 

Rating Scale (S) 1 .104831 3.32 .069 .3% 
Sample Size (N) 1 .144179 4.56 .033 .4% 
Intercept (A) 1 .169139 5.35 .021 .5% 
Slope (B) 1 2.895387 91. 59 <.001 9.0% 
SN 1 .023923 <1.00 
SA 1 .026926 <1. 00 
SB 1 .934070 29.55 <.001 2.9% 
NA 1 .074776 2.37 .125 
NB 1 1.049339 33.19 <.001 3.3% 
AB 1 .157070 4.97 .026 .5% 
SNA 1 .012325 <1.00 
SNB 1 .295793 9.36 .002 99-

• 0 

SAB 1 .079177 2.50 .114 29-
• 0 

NAB 1 .154941 4.90 .027 .5% 
SNAB 1 .081447 2.58 .109 .3% 
Error 484 15.300065 47.6% 

Within 

Estimator (E) 3 .012102 <1. 00 
ES 3 .036144 1. 70 .166 19-

• 0 

EN 3 .001072 <1. 00 
EA 3 .000367 <1.00 
EB 3 .074212 3.49 .015 29-

• 0 

ESN 3 .035525 1.67 .172 19-
• 0 

ESA 3 .005056 <1. 00 
ESB 3 .047097 2.21 .085 19-

• 0 

ENA 3 .001490 <1. 00 
ENB 3 .015688 <1. 00 
EAB 3 .002609 <1.00 
ESNA 3 .001252 <1.00 
ESNB 3 .057723 2.71 .044 .2% 
ESAB 3 .006580 <1. 00 
ENAB 3 .018977 <1. 00 
ESNAB 3 .015436 <1. 00 
Error(E) 1452 10.303543 32.1% 
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The ANOVA summary table for the MSE associated with 

£ appears in Table 4.9. Like the ~ MSEs there appears to be 

no differences in MSE for the different estimators. In 

general very little of the variance is explained by the 

independent variables. Over 75% of the variance is 

associated with the error terms. Of the remaining variance, 

the largest amount is explained by the parameter E, and is 

9%. By looking at the tables of standard errors for £ 

(Table A.2 in Appendix A), one can see a tendency for 

standard errors to increase with an increase in 

parameter E values. The other effects in Table 4.9 are less 

pronounced and probably are of little value in predicting 

MSE. 

A visual representation of efficiency in ~ ~nd E 

estimators is shown in Figures 4.1 to 4.5. The size of the 

confidence ellipses and bands indicates the relative 

efficiency of the ~ and E estimators. For example, in 

Figure 4.1 the confidence ellipse for the ML estimator is 

much larger than the ellipse for the LS-V estimator. 

Unfortunately, the MSEs for the ~ and E estimators seem to 

be affected by other factors so that the obvious difference 

in efficiency suggested by Figure 4.1 is not a general 

effect. 
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Consistency 

Area Under the Curve 

Consistency of estimators was assessed by 

determining the magnitude of absolute differences between 

estimates and parameters and relating these differences to 

sample size. If the estimators are consistent these average 

differences should decrease as sample size increases. This 

would probably take the form of a monotonically decreasing 

function in a simple or polynomial regression. This 

hypothesis was tested by regressing differences between each 

area estimate and its parameter on sample size. The 

improvement in model fit with higher degree polynomials was 

tested. When a model of degree g did not improve 

significantly upon the fit of the model of degree g-l, the 

model of degree g-l was selected as the appropriate model. 

Plots of mean absolute differences between area 

estimates and parameters for levels of sample size appear in 

Figure 4.6. For the ML, LS-V, LS-P, and LS-H a quadratic 

model for each estimator was fit to the data. The fit of 

the quadratic model to the LS-V and LS-P estimators over the 

quadratic model was significant at the .05 level. However, 

the amount of variance explained by the additional parameter 

in each case was only about .6%. Therefore the quadratic 

fit was taken to be the most parsimonious. In the case of 

the DF estimator, there was no significant relationship 
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between the differences and sample size. For this 

estimator, the line of best fit is one parallel to the 

abscissa and intersecting the ordinate at the grand mean 

difference. 

The equations for the models appear in Table 4.10. 
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The columns labelled "0", "1", and "2" correspond to the 

intercept, coefficient associated with the estimate raised 

to the first power, and the coefficient associated with the 

estimate raised to the second power, respectively. A 

curvilinear regression model equivalent to the model fit to 

the other estimates is included for the DF estimator 

although this regression model is not significant. The 

coefficients of degree 2 are quite small, which suggests 

only a small curvilinear trend. The coefficients of degree 

1 are all negative, which suggests a trend towards 

efficiency, even in the case of the DF estimator. Evidence 

for the efficiency of most of the estimators was 

demonstrated. In the case of the DF estimator, there is a 

possibility that the function had already become asymptotic 

for the sample sizes used in this experiment. Testing the 

consistency of the DF area estimator might be enhanced by 

using even smaller sample sizes. 

Intercept and Slope 

To test whether intercept and slope estimators are 

consistent, the regression approach was used again. 



Table 4.10. Regression Coefficients for the Relationship 
between Difference in Area Estimates from Parameters as a 
function of sample Size 

Estimator 

ML 

LS-V 

LS-P 

LS-H 

DF* 

o 

.0135713 

.0315368 

.0316801 

.0317971 

.0267132 

Degree 

1 

-.0002363 

-.0005623 

-.0005602 

-.0005570 

-.0002090 

*Regression was not significant 

2 

.0000012 

.0000029 

.0000029 

.0000028 

.0000012 
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Polynomial regressions were performed for ~ and ~ estimators 

individually for both estimators (ML, LS-V, etc.) and 

estimates (~and E). The plots of mean absolute difference 

against sample size appear in Figure 4.7 and 4.8. The 

regression coefficients for these functions appear in Table 

4.11. For the ~ estimates the simple regression model fit 

all of the estimators except for the LS-P and LS-H 

estimator. In the case of the LS-P and LS-H estimators, the 

regression was not significant. For all of the estimators 

the slope coefficient (degree 1) was negative. This 

suggests that the estimators have a tendency toward 

consistency. Even in the case of the LS-P and LS-H 

estimators the slope coefficients are negative, which 

suggests that the LS-P and LS-H estimators are consistent. 

However, this conclusion does not have strong statistical 

support. 

The estimators for the ~ estimate all have 

significant regressions between sample size and difference 

in estimates and parameters. These functions were generally 

more complex and tended toward curvilinearity. This was 

true in all cases, although the LS-V estimator had a 

marginal improvement in fit over the linear trend associated 

with its function. In all cases the coefficient of degree 2 

was negative. As can be seen in Figure 4.4, all curvilinear 

functions were monotonically decreasing. In general, these 

estimators appear to be consistent for the parameter b. 



~ 
d,-----------------------------------------------~ 

~~ 
i6 d 

(D 
~ 
:;, 

-> a 
(f) 

.D 
a: 

51!! 
(DO 

l:: 

.. 
C! 
o 

8 

a 

I>--. __ x 
x·...... ·--. __ .x 

LEGE:ND 
a - NL 
11 - LS-V 
+ - LS-P 
x - LS-H 

..... ----
.;------ .... ~........ '--'K---

- -- - ---.:.~.::::::t:. '.0 
~"' .......... ".---t. x ..... :.:-.:.~.~.~.~:~1l 

d~------~------~-------~---------~---------~--------~ 
10.0 30.0 50.0 70.0 

SampLe sLze 
90.0 110.0 130.0 

70 

Figure 4.7. Mean Absolute Bias in Estimates of Intercept as 
a Function of Sample Size 
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Table 4.11. Regression Coefficients for the Relationship 
Between Difference in Intercept and Slope Estimates from 
Parameters as a Function of Sample Size 

Degree 

Estimator Estimate o 1 2 

ML a .18416 -.00124 
~ .31401 -.00490 .000023 

LS-V * .07839 -.00034 a 
~ .13495 -.00161 .000007 

LS-P a .06684 -.00019 
~ .16873 -.00225 .000010 

LS-H a .07945 -.00023 
~ .22930 -.00314 .000014 

*Regression was not significant 
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Confidence Intervals (Ellipses) 

Perhaps the most appropriate way to determine which 

estimator is "best" for estimating a particular parameter is 

to consider the performance related to confidence building 

and hypothesis testing rather than characteristics of 

estimators for point estimation. In general, hypothesis 

testing can be considered a function of confidence intervals 

(and vice versa) so the coverage of confidence intervals 

associated with estimators can be considered as an indicator 

of "good" estimators. It should be noted that the 

performance of these confidence intervals is a function of 

the characteristics of estimators. The advantage of a 

confidence interval approach is that it combines the 

characteristics to form a more global indicator of 

"goodness". Coverage of confidence intervals will be 

applied as an index of "goodness" to estimates of ROC curve 

parameters. 

Area Under the Curve 

The coverage of confidence intervals for Area was 

considered for the ML and DF estimators. The least squares 

estimates of Area could not be considered because they do 

not have confidence intervals associated with them. In 

addition to the standard confidence interval associated with 

the DF estimator, a second confidence interval was 

calculated for that estimator using calculations which 
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assume an underlying negative exponential distribution. The 

confidence intervals for area estimators appear in Table 

4.12. These confidence intervals reflect performance 

collapsed across all levels of sample size, rating scale, 

and parameter area. 

The coverage of confidence intervals in Table 4.12 

suggests that both the ML and DF estimators have associated 

confidence intervals that are too small. In all cases the 

coverage of the confidence intervals is less than the 

confidence level associated with each interval. In general, 

the confidence intervals associated with the DF estimator 

appear to have greater coverage than the confidence 

intervals associated with the ML estimator. This occurred 

in spite of the fact that the DF estimator is generally more 

biased than the ML estimator. This finding suggests that 

the bias in the DF estimator is compensated for by the 

standard error associated with the estimator. Data in Table 

4.12 reveal that the negative exponential confidence 

interval and the standard confidence interval for the DF 

estimator perform similarly. The negative exponential 

confidence interval did have slightly better coverage in 

some cases. 

Intercept and Slope 

With respect to intercept and slope of the ROC 

curve, only the performance of the confidence interval 



Table 4.12. Percent of Area Estimates Falling Within 
Confidence Intervals of Varying Sizes 

Estimator 90% 

ML 88.2% 

DF 87.9% 

87.8% 

Confidence Interval 

95% 

92.9% 

93.3% 

93.3% 

99% 

97.2% 

97.9% 

98.1% 

aAssumming Negative Exponential Distributions when 

calculating Standard Error 
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associated with the ML estimator could be considered. This 

occurred because the least squares estimates have no 

calculable standard errors associated with them. The 

confidence intervals and confidence ellipses for the ML 

estimators appear in Table 4.13. 

For the intercept parameter, the coverage of the ML 

estimator is very good. The ML confidence intervals also 

perform fairly well for the slope parameter, although the 

coverage is usually less than the confidence level for the 

associated confidence interval. The joint confidence 

ellipses associated with the ML estimators of intercept and 

slope have similar coverage as the slope parameter 

confidence intervals and are in general too small. In 

summary, the confidence intervals and ellipses for the ML 

estimators associated with intercept and slope parameters 

perform fairly well, but the actual coverage tends to be 

slightly less than confidence levels associated with each 

interval or ellipse. 

Summary 

The Monte Carlo simulation results suggest that 

several of the estimators are biased with respect to area 

under the curve, intercept, and slope. For area, the DF 

estimator possesses the greatest amount of bias, with the ML 

estimator being the least biased. For the intercept and 

slope estimators, the LS estimators tend to be the least 



Table 4.13. Percent of Maximum Likelihood Estimates of 
Intercept and Slope Falling Within Confidence Intervals 
(Ellipses) of Varying Sizes 

Pararneter(s) 

!? 

~ and !? 

Confidence Interval (Ellipse) 

90% 

92.0% 

89.1% 

90.0% 

95% 

96.1% 

92.9% 

93.3% 

99% 

99.1% 

96.6% 

96.9% 
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biased with the ML estimator having the largest amount of 

bias in both ~ and £ estimates. Multiple regression 

coefficients were estimated to correct the estimates for 

bias. These regressions are successful in correcting for 

bias and account for 96 to 99 percent of the variance in the 

parameters. 

In terms of efficiency for small sample sizes, the 

results were not conclusive. The estimators demonstrated 

some significant differences in efficiency with regard to 

area estimates. The results suggest that the ML estimator 

is the least efficient and has the largest overall MSE in 

spite of the fact that it is the least biased. Surprisingly 

the estimator with the largest bias appears to be the most 

efficient. This was the DF estimator. For the intercept 

and slope parameters, the efficiency of estimators was less 

clear cut. Although the average MSEs differ from one 

another for the different estimators, the ANOVAs for MSEs 

did not have significant effects for e~timators, which 

suggests no difference in estimator efficiency. 

Most of the estimators are consistent for all three 

types of parameter estimation. One of the exceptions to 

this trend is the DF estimator of area, whose absolute bias 

has litte relation to sampl~ size. As suggested above this 

could have occurred because the absolute estimator bias may 

have already become asymptotic for the sample sizes used in 

this study. For the ~ and £ estimators good evidence for 

------------------------------------------------------------------------------
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efficiency is shown in the data except for the case of the 

LS-P and LS-H estimates of ~, which did not have significant 

regressions. However, even for the LS-P and LS-H 

estimators, the slope coefficients are negative, which 

suggests some tendency toward consistency. 

With respect to coverage of confidence intervals, 

the DF estimator of area performs fairly well. This is also 

true for the ML estimator, although to a lesser extent. In 

both cases the coverage of the confidence intervals is 

slightly less than the actual confidence associated with the 

interval. The ML estimator of intercept and slope of the 

ROC curve also has good coverage associated with its 

confidence intervals and ellipses. The confidence intervals 

associated with the estimates of intercept are particularly 

good. Again, the coverage of the confidence intervals and 

ellipses is slightly less than the confidence associated 

with the intervals and ellipses. 



CHAPTER 5 

DISCUSSION 

This investigation examined the effects of small 

sample size on estimators of ROC parameters. A Monte Carlo 

simulation was conducted to evaluate the performance of the 

estimators with respect to the three statistical properties: 

bias, efficiency, and consistency. The results of the study 

provide the basis for discussion, conclusions, and 

recommendations. 

Discussion of Results and Conclusions 

Bias 

Area Under the Curve. For area under the curve the 

results suggest that all the estimators have some bias. For 

the ML and LS estimators the amount of bias is negligible. 

However, the bias with respect to the DF estimator is 

somewhat greater. Centor and Schwartz (1985) found the DF 

estimator to differ from the ML estimator by about 0.016 for 

their 27 data sets. This is very close to the mean 

difference found in this study which was 0.017. The 

relative lack of bias in the ML estimator may be due in part 

to the sample being biased toward ML estimation. As 

discussed earlier, the data sets were sampled such that ML 

80 
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estimates for the ROC parameters could be obtained. This 

selection effect may have biased the results toward the ML 

estimator because the other estimates may h~ve fared better 

(in both an absolute and relative sense) if data sets that 

could not be estimated by the ML estimator were included in 

the analysis. The amount of data that was discarded was 

quite substantial in some cases (up to approximately 75% in 

one extreme case), particularly with the four point rating 

scale. 

Intercept and Slope. The results for intercept and 

slope of the ROC curve were essentially the same for both 

parameters. In this case, the LS estimators perform better. 

This is particularly true for the LS-V estimator, which has 

very little bias associated with estimation of either 

parameter. The bias associated with the LS-P and LS-H 

estimators is also relatively small. Their bias is only 

slightly larger than the LS-V estimator. The ML estimator 

has the largest amount of bias for bot~ the intercept and 

slope estimates. In this case, any advantage afforded by 

sample selection for the ML estimator, did not have the 

effect of making the ML estimator the least biased. Perhaps 

using a more representative sample with a statistic for 

which convergence is possible, would have resulted in the ML 

estimator having even greater bias. This question can not 

be answered by this study. 
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Efficiency 

Area Under the Curve. With respect to area under 

the curve the results of the study are less straightforward. 

Although the estimators are different from one another in 

most respects, closer inspection suggests that the standard 

errors are affected by the absolute size of the area 

estimate, the sample size, and, to some extent by their 
-

interaction. There is an overall effect for the type of 

estimator, but this effect accounts for less variance that 

some of the other effects and should only be considered in 

the context of the other effects. It is probably best to 

consider the efficiency of each estimator at each level of 

sample size and area value. Doing this allows the 

experimenter to select the most efficient estimator for a 

particular situation. 

Intercept and Slope. As with the efficiency of the 

Area under the Curve estimators, the efficiency of the 

Intercept and Slope estimators is fairly straightforward. 

Analysis of the MSEs associated with the estimators suggests 

that the apparent differences in estimator efficiency are 

rather small when compared to the overall amount of 

variation in MSE across levels of sample size, rating scale, 

intercept, and slope. Even taking these effects into 

account, most of the variance associated with MSE remains 

unexplained. As with the area estimator efficiency, 

superior efficiency of an estimator can only be judged under 



the circumstances in which it is to be used. Considering 

all the effects named above may enhance selection of the 

most efficient estimator. 

Consistency 
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Area Under the Curve. For area, most of the 

estimators tested appear to be consistent. With all 

estimators except the DF estimator, the relationship between 

absolute bias and sample size was significantly negative. 

For all the estimators the relationship between absolute 

bias and sample size tend toward curvilinearity. Also, all 

the estimators seem to approach asymptote. The only 

estimator that was questionable with regard to consistency 

is the DF estimator. In this case, the DF estimator may 

have already achieved asymptote, such that the relationship 

between absolute bias and sample size is essentially zero. 

To test this assumption, smaller sample sizes would need to 

be used. 

Intercept and Slope. The results for estimators of 

intercept and slope of the ROC curve were somewhat different 

for the two parameters. This is mainly reflected by the 

functions that fit the data for the relationship between 

absolut~ bias and sample size for each parameter. The 

functions associated with the estimators for the intercept 

parameter are linear while the function for the slope are 

all curvilinear. Not surprisingly, the functions for the LS 
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estimators are similar. This is true particularly for the 

intercept parameter and to a lesser degree for the slope 

parameter. For the intercept parameter, the function 

associated with the ML estimator is much steeper than for 

the LS estimators. This is also true for the slope 

parameter but to a lesser degree. These results suggest 

that the ML estimator approaches asymptote rapidly as the 

sample size increases, while the LS estimators are fairly 

unbiased even with small sample sizes. In general, all 

estimators are consistent for both parameters, although the 

slope of some functions are not significantly different from 

zero such as the LS-P and LS-H estimators for the intercept 

parameter. As with the DF estimator of area these 

estimators may have already achieved asymptote for the 

sample sizes studied. A wider range of sample sizes would 

have to be tested to determine conclusively if these 

estimators are consistent for the intercept parameter. 

Recommendations 

Area Under the Curve 

The results of the simulation suggest that all the 

estimators contain some degree of bias. The selection of 

the "best estimator" becomes one of choosing the estimator 

with the least bias. For this study the estimator of area 

that has the least amount of bias is the ML estimator, which 

was not affected hy the independent variables manipulated in 



this study. The estimator can be corrected for bias by 

means of linear regression, but the amount of bias is so 

small that this correction seems unnecessary. 
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Although seemingly inappropriate for estimating ROC 

parameters, the LS estimators also yielded relatively 

unbiased estimates of area. Although these estimators 

possess more bias than the ML estimator, these estimates can 

also be corrected for bias using linear regression. since 

these estimates do not have standard errors associated with 

them the Monte Carlo estimates in Appendix A can be used to 

construct confidence intervals or test hypotheses. Given 

the availability of both ML and LS estimators, the probable 

estimator of choice would be the ML estimator for estimating 

area. The reason for using the ML estimator is that 

corrected LS estimates and Monte Carlo standard errors 

contain an extra measure of error. This could slightly 

reduce the accuracy of the LS estimator. 

Finally, the DF estimator of ar~a has significant 

bias associated with its estimation of the area parameter in 

this study. This is a case in which the co~rection for bias 

using linear regression might be the most beneficial. The 

DF estimator does have standard errors associated with its 

estimate. In fact it has two: (1) a standard error 

associated with the Mann-Whitney U statistic, and (2) the 

standard error based on underlying negative exponential 



distributions. Therefore, the Monte Carlo standard errors 

do not have to be used with the DF estimates. 

86 

The best estimator of a parameter can not be 

selected solely on the basis of unbiasedness. Dispersion or 

efficiency of the estimator must also be considered. For 

the area estimator, the DF estimator, which was the most 

biased, is also the estimator that is the most efficient. 

The ML estimator was the least efficient and the LS 

estimators were intermediate in their efficiency. Perhaps 

the best way to resolve this dilemma is to consider 

confidence interval construction. The coverage of the DF 

confidence intervals is somewhat better than that of the ML 

estimator. For the DF estimator, the negative exponential 

stancard error improves over the coverage of the usual DF 

standard error when used for confidence interval building. 

For both estimators, the coverage of the confidence 

intervals is less than the confidence level stated, but the 

coverage of 'the DF estimator is slightly closer than the ML 

estimator. Perhaps with a correction to the DF estimator 

for bias, the coverage of confidence intervals would be even 

closer to the stated levels. 

Intercept and Slope 

The intercept and slope parameters can be considered 

in tandem, because the best estimator for both parameters is 

the same in this study. The LS-V estimator has the least 
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amount of bias, with the other LS estimators in close 

competition and the ML estimator greater in terms of bias. 

The LS-V estimator also is the most efficient, while the ML 

estimator are the least efficient for these small samples. 

Consistency also is n.ot a problem with the LS-V or ML 

estimators in that the absolute bias associated with the LS

V and ML estimators decreased significantly with sample 

size. The only difficulty with the LS-V estimator and the 

LS estimators is that they have no calculable standard 

errors associated with them. This problem can be 

circumvented by using the standard errors tabulated in 

Appendix A which were calculated from the Monte Carlo 

simulation. Another approach would be to correct the ML 

estimates for bias using the equations in Chapter 4. Either 

approach should yield good estimates of the intercept and 

slope parameters. 

A final issue that should be addressed with respect 

to all types of ROC curve parameter est~mation is the size 

of the standard errors associated with estimates made from 

small samples. Appendix A reveals that the standard errors 

associated with estimates of area, intercept, and slope are 

quite large with the smaller sample sizes. Estimates made 

with sample sizes that are very small have questionable 

utility because of these large standard errors. If 

hypothesis testing is a major tool of the research using 

these estimates, only large differences will be detected 
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using these estimates. This issue should be considered when 

designing studies for detecting differences. If a 

researcher is limited to only small samples of stimuli, then 

large differences between systems will have to be obtained 

to show significant effects. Perhaps one of the most useful 

products of this study is the information given to 

researches about the size of standard errors associated with 

estimates for small samples. 

Future Research 

A variety of issues regarding estimation of ROC 

parameters could be examined in future research. For 

example, to verify the prediction equations of Chapter 4 for 

correcting the estimates for bias, follow-up studies could 

be conducted to determine if the corrected estimators 

perform better than their uncorrected counterparts. The 

same study could examine the utility of the Monte Carlo 

standard errors obtained from this study. 

A variety of other indices of system performance 

associated with SDT exist that could be studied with respect 

to bias, efficiency, and consistency. One of the more 

popular indices would be Qe, a parameter closely related to 

the intercept parameter examined in this study (Swets and 

Pickett, 1982). A study of estimators of this parameter 

would useful to a variety of researchers who use this 

parameter as an index of system performance. 
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A variety of other types of estimation methods could 

be studied. For example, Gray and Morgan (1972) suggested 

that the minimum logit chi-square procedure would be a good 

method for the estimation of ROC parameters. In fact the 

minimum logit chi-square estimator has several of the 

desirable properties of the ML estimator (Kendall and 

Stuart, 1979). This estimator could be compared to the 

other estimates of ROC parameters using a simulation similar 

to the one used in this study. 

Another type of estimator that is much easier to 

calculate, particularly with the availability of the 

computer, is the jackknife estimator. One of the attractive 

properties of the jackknife estimator is that (for a biased 

estimator), its corresponding jackknife estimator is less 

biased. The jackknife estimator works by estimating the 

parameter using the data minus one of the data points. By 

selectively removing each of the data points, one at a time, 

a set of ~-1 estimators can be obtained and averaged to 

adjust the original estimate. The resulting jackknife 

estimate is less biased than the original estimate. The 

jackknife estimate does not have to stop with removing only 

a single data point at a time, but the procedures that 

remove more than one data point at a time are much more 

complex. 

This jackknife technique could be applied fairly 

easily to the DF estimator of area under the curve. Because 



90 

the DF estimate is relatively simple to calculate, it would 

be ideal for the jackknife correction. This jackknife 

corrected DF estimator could be compared to the other 

estimators in a Monte Carlo simulation study similar to this 

one. 

In general much of the future research in ROC 

estimation could use the techniques of Monte Carlo 

simulation. It is very important to know characteristics of 

the estimators used in medical and psychological research if 

these statistics are to be used for making meaningful 

decisions. The results of this study and future studies 

like it should make the decision process much easier. 



APPENDIX A 

MONTE CARLO STANDARD ERRORS FOR VARIOUS ESTIMATORS 

Standard errors and correlations between estimates 

are presented in this appendix. Table A.1 presents standard 

errors for Maximum Likelihood, the three Least Squares, and 

Distribution Free estimators for area under the ROC curve. 

Table A.2 presents standard errors and correlations between 

estimates for the Maximum Likelihood and three Least Squares 

estimates of intercept and slope of the ROC curve (line). 

The standard errors and correlations from these tables can 

be used for constructing confidence intervals (or ellipses) 

and performing hypothesis tests when other estimates of 

these quantities are unavailable. 
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Table A.1. Standard Errors for Estimators of Area under the 
Curve at Var~in9 Levels of Area and SamEle Size 

Maximum Likelihood Estimator 

Sample Size 

~ 30 50 70 90 110 

.5000 .11719 .09251 .07821 .06942 .06195 

.6092 .11544 .08969 .07584 .06650 .06416 

.6226 .11298 .08903 .07650 .06957 .06064 

.6382 .10981 .08422 .07398 .06507 .06015 

.6554 .11333 .08484 .07374 .06397 .05865 

.6726 .11084 .08707 .07096 .06455 .05718 

.7105 .10400 .08635 .07165 .06221 .05881 

.7339 .09923 .07917 .06776 .05863 .05457 

.7603 .09327 .07493 .06523 .05698 .05155 

.7881 .09201 .06925 .06075 .05365 .04951 

.7973 .09293 .07156 .06128 .05332 .04644 

.8145 .08752 .06914 .05819 .05237 .04753 

.8256 .08326 .06616 .05591 .04872 .04393 

.8556 .07500 .05930 .05217 .04388 .04051 

.8664 .07164 .05806 .04944 .04384 .04219 

.8849 .06718 .05453 .04519 .03867 .03699 

.8942 .06413 .05035 .043:35 .03714 .03466 

.9101 .06257 .04731 .04221 .03614 .03376 

.9214 .05291 .04288 .03651 .03343 .03008 

.9452 .04501 .03441 .02967 .02739 .02306 

.9632 .03839 .03042 .02423 .02358 .02044 
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Table A.1. Standard Errors for Estimators of Area under the 
Curve at var~in~ Levels of Area and SamEle Size 

Least Squares-Vertical Estimator 

Sample Size 

~ 30 50 70 90 110 

.5000 .11228 .09031 .07752 .06905 .06203 

.6092 .10788 .08757 .07509 .06623 .06446 

.6226 .10704 .08719 .07519 .06878 .06042 

.6382 .10539 .08225 .07270 .06460 .05963 

.6554 .10848 .08353 .07243 .06433 .05817 

.6726 .10738 .08659 .07029 .06519 .05746 

.7105 .09742 .08446 .07029 .06239 .05997 

.7339 .09328 .07609 .06678 .05848 .05424 

.7603 .08709 .07072 .06391 .05609 .05070 

.7881 .08714 .06750 .06013 .05325 .04928 

.7973 .08599 .06835 .06109 .05423 .04782 

.8144 .08219 .06784 .05654 .05163 .04671 

.8256 .07770 .06299 .05502 .04764 .04407 

.8556 .06987 .05496 .04879 .04141 .04047 

.8664 .06638 .05578 .04955 .04516 .04154 

.8849 .06120 .05089 .04336 .03708 .03630 

.8942 .05866 .04776 .04227 .03706 .03432 

.9101 .05459 .04366 .03913 .03447 .03221 

.9214 .04961 .04077 .03587 .03314 .02850 

.9452 .04074 .03167 .02728 .02531 .02203 

.9632 .03174 .02579 .02107 .02013 .01823 
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Table A.1. Standard Errors for Estimators of Area under the 
Curve at Varying Levels of Area and SamEle Size 

Least Squares-Perpendicular Estimator 

Sample Size 

~ 30 50 70 90 110 

.5000 .11245 .09023 .07747 .05905 .06202 

.6092 .10747 .08732 .07492 .06584 .06424 

.6226 .10699 .08718 .07538 .06905 .06046 

.6382 .10531 .08255 .07289 .06454 .05994 

.6554 .10846 .08383 .07248 .06444 .05820 

.6726 .10744 .08687 .07036 .06532 .05751 

.7105 .09714 .08429 .07007 .06203 .05950 

.7339 .09323 .07587 .06664 .05836 .05414 

.7603 .08732 .07111 .06416 .05608 .05085 

.7881 .08707 .06736 .06018 .05326 .04954 

.7973 .08613 .06846 .06106 .05394 .04758 

.8144 .08206 .06795 .05655 .05180 .04680 

.8256 .07787 .06298 .05490 .04770 .04411 

.8556 .07015 .05493 .04904 .04138 .04052 

.8664 .06660 .05583 .04959 .04501 .04146 

.8849 .06098 .05086 .04340 .03707 .03638 

.8942 .05869 .04794 .04233 .03703 .03435 

.9101 .05492 .04351 .03905 .03443 .03229 

.9214 .04944 .04082 .03572 .03311 .02855 

.9452 .04050 .03161 .02724 .02529 .02201 

.9632 .03166 .02573 .02097 .02012 .01817 
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Table A.l. Standard Errors for Estimators of Area under the 
Curve at Varying Levels of Area and samEle Size 

Least Squares-Horizontal Estimator 

Sample Size 

~Z 30 50 70 90 110 

.5000 .11236 .09000 .07738 .06899 .06186 

.6092 .10679 .08683 .07456 .06546 .06385 

.6226 .10666 .08700 .07520 .06903 .06042 

.6382 .10491 .08243 .07285 .06427 .05998 

.6554 .10816 .08383 .07240 .06438 .05824 

.6726 .10717 .08672 .07028 .06541 .05745 

.7105 .09648 .08378 .06977 .06159 .05907 

.7339 .09287 .07545 .06629 .05810 .05392 

.7603 .08702 .07101 .06403 .05589 .05090 

.7881 .08649 .06698 .05987 .05298 .04963 

.7973 .08572 .06835 .06066 .05353 .04715 

.8144 .08156 .06756 .05633 .05173 .04668 

.8256 .07768 .06273 .05468 .04757 .04402 

.8556 .07006 .05469 .04886 .04126 .04043 

.8664 .06657 .05567 .04935 .04460 .04128 

.8849 .06033 .05043 .04323 .03687 .03620 

.8942 .05848 .04791 .04222 .03694 .03426 

.9101 .05450 .04268 .03848 .03402 .03204 

.9214 .04926 .04076 .03553 .03262 .02852 

.9452 .04011 .03157 .02704 ,,02517 .02188 

.9632 .03132 .02519 .02048 .01973 .01770 
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Table A.l. Standard Errors for Estimators of Area under the 
Curve at Var~ing Levels of Area and SamEle Size 

Distribution Free Estimator 

Sample Size 

~ 30 50 70 90 110 

.5000 .10213 .07926 .06736 .05968 .05368 

.6092 .09999 .07629 .06432 .05781 .05397 

.6226 .09758 .07686 .06478 .05777 .05200 

.6382 .09650 .07208 .06399 .05541 .05158 

.6554 .09939 .07489 .06395 .05685 .05266 

.6726 .10154 .07968 .06576 .06076 .05463 

.7105 .09176 .07585 .06369 .05530 .05264 

.7339 .08911 .07102 .06054 .05322 .04972 

.7603 .08499 .06771 .05890 .05190 .04643 

.7881 .08G50 .06544 .05688 .05026 .04596 

.7973 .08640 .06663 .05801 .05131 .04636 

.8144 .08310 .06562 .05524 .05004 .04660 

.8256 .07922 .06211 .05338 .04876 .04361 

.8556 .07238 .05736 .05012 .04389 .04234 

.8664 .07006 .05792 .05050 .04605 .04369 

.8849 .06656 .05465 .04566 .04060 .03970 

.8942 .06480 .05207 .04475 .04142 .03817 

.9101 .06234 .04786 .04258 .03874 .03614 

.9214 .05580 .04552 .038f.7 .03681 .03218 

.9452 .04903 .03805 .03354 .03109 .02784 

.9632 .04239 .03399 .02800 .02616 .02333 

---------------------------------------
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Table A.2. Standard Errors and Correlation Coefficients for 
Estimators of Intercept and Slope at Varying Levels of 
Intercept (a), Slope (b) and Sample Size (N) 

Maximum Likelihood Estimator 

,2, 

E !i .0 .5 1.0 1.5 2.0 

SE(,2,) .3796 .4287 .5753 .8184 .8823 
30 SE(E) .3050 .3695 .4427 .5504 .5641 

r(,2"E) .0558 .3747 .6313 .8016 .8410 

SE(a) .2810 .3109 .3902 .6021 .9442 
50 SE(b) .2202 .2368 .2892 .3971 .5570 

r (,2,,~) .0103 .2042 .5629 .8087 .8976 

SE(,2,) .2231 .2490 .3296 .4818 .7179 
.50 70 SE(b) .1862 .1968 .2430 .3156 .4160 

r(,2,,~) -.0072 .3196 .6038 .7708 .8768 

SE(a) .1995 .2199 .2701 .3751 .6370 
90 SE(~) .1617 .1780 .1939 .2669 .3967 

r(,2"E) -.1337 .2446 .4966 .7269 .8652 

SE(a) .1747 .1898 .2406 .3883 .5492 
110 SE(b) .1404 .1467 .2147 .2756 .3158 

r(,2,,~) .0654 .2906 .5346 .7763 .8481 

SE(a) .4237 .4941 .7050 .8306 1. 0671 
30 SE(b) .4684 .4501 .5821 .6444 .7330 

r(,2,,~) -.0584 .2905 .6737 .7745 .8649 

SE(a) .3229 .3505 .4185 .6410 .9646 
50 SE(~) .3168 .3374 .3770 .4824 .6801 

r(,2"E) -,.0088 .3874 .5818 .7790 .8826 

SE(a) .2614 .3029 .3935 .5351 .8737 
.75 70 SE(~) .2545 .2862 .3341 .4040 .5966 

r(,2"E) -.0472 .3482 .6429 .7770 .8895 

SE(a) .2385 .2585 .3085 .4420 .7239 
90 SE(b) .2268 .2525 .2856 .3310 .4901 

r(,2,,~) .0714 -.0569 .5531 .7728 .8912 

SE(a) .2229 .2226 .2746 .3777 .5866 
110 SE(b) .2157 .1894 .2928 .3086 .4078 

r( a ,b) -.2742 .3445 .2894 .7173 .8670 

-----------~-~-------------------------
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Table A.2. Standard Errors and Correlation Coefficients for 
Estimators of InterceEt and SloEe at Var~ing Levels of 
InterceEt (a), SloEe ( b) and SarnEle Size ( N) 

SE(~) .5080 .5735 .7323 .8676 1.1161 
30 SE(b) .6109 .6710 .7838 .8387 .8320 

r(~,~) -.0534 .3567 .6328 .7320 .8422 

SE(a) .3664 .3927 .4767 .6480 .9907 
50 SE(~) .4068 .4608 .4858 .5743 .7681 

r(~,!2) .0131 .3201 .5124 .7380 .8521 

SE(a) .3144 .3349 .3946 .5500 .7850 
1.00 70 SE(~) .3604 .3933 .3961 .5142 .6339 

r(~,!2) -.0386 .1447 .5272 .6813 .8400 

SE(a) .2711 .2782 .3262 .5040 .6236 
90 SE(~) .2907 .2971 .3182 .4174 .4762 

r(~,!2) .0193 .2253 .4794 .7908 .8222 

SE(~) .2656 .2546 .3300 .4013 .5306 
110 SE(b) .2724 .2487 .3336 .3608 .4427 

r(~,~) .1448 .2939 .4936 .7168 .7870 

SE(a) .6593 .6477 .7665 .9552 1.1508 
30 SE(b) 1.0001 .8396 .9116 1.0043 .9680 

r(~,~) .0941 .2848 .5933 .6739 .7940 

SE(~) .5057 .5257 .6001 .7099 .9327 
50 SE(b) .6511 .6875 .6192 .7316 .7872 

r(~,~) -.2982 .3637 .5674 .7137 .8110 

SE(a) .4306 .3872 .4669 .6147 .9260 
1.25 70 SE(~) .5364 .4646 .5641 .5611 .7153 

r(~,!2) .0648 .2866 .5106 .7478 .8361 

SE(a) .3291 .3467 .3556 .4780 .7530 
90 SE(~) .4179 .3958 .3697 .4722 .6196 

r(~,!2) -.0243 .3192 .4951 .6631 .8532 

SE(a) .2694 .3125 .3874 .4456 .5991 
110 SE(b) .3184 .3422 .3884 .4089 .5146 

r(~,~) -.0054 .1491 .6133 .6888 .8023 
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Table A.2. Standard Errors and Correlation Coefficients for 
Estimators of InterceEt and SloEe at Var~ing Levels of 
InterceEt ( a), SloEe (b) and SamEle Size (N) 

SEta) .7982 .7660 .8668 1. 0966 1.3388 
30 SE(~) 1.2023 1.1253 1.1001 1.1608 1.3666 

r(~,B.) -.0273 .2599 .5639 .7112 .8201 

SEta) .5375 .6250 .7582 .9425 1.0385 
50 SE(b) .7574 .8704 .8437 .9459 .9656 

r(~,~) -.0258 .3305 .5585 .7626 .8123 

SEta) .4715 .4655 .5666 .7281 .8979 
1.50 70 SE(~) .6483 .5887 .6836 .7396 .8825 

r(~,B.) -.0324 .3451 .5875 .7393 .7692 

SEta) .4217 .3999 .4946 .6855 .7397 
90 SE(b) .4760 .5658 .5234 .6039 .8623 

r(~,~) -.1836 .3083 .5555 .7636 .7613 

SEta) .3487 .3855 .4317 .5319 .6669 
110 SE(~) .4203 .4593 .5355 .5387 .6017 

r(~,B.) .1009 .2779 .4358 .7588 .7653 
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Table A.2. Standard Errors and Correlation Coefficients for 
Estimators of Intercept and Slope at Varying Levels of 
Intercept (a), Slope (b) and Sample Size (N) 

Least Squares-Vertical Estimator 

~ 

!! !i .0 .5 1.0 1.5 2.0 

SE(~) .3759 .4022 .4542 .5262 .5656 
30 SE(!!) .2776 .3243 .3429 .3619 .3942 

r(~,!!) .0851 .3143 .5280 .7105 .8176 

SE(~) .2815 .3060 .3739 .4445 .6197 
50 SE(:Q) .2034 .2154 .2595 .2870 .3750 

r(~,E) .0223 .2614 .5347 .7155 .8570 

SE(~) .2243 .2502 .3183 .3965 .4861 
.50 70 SE(!!) .1734 .1911 .2269 .2440 .2966 

r(~,!!) .0255 .3200 .5919 .7165 .8192 

SE(~) .2013 .2272 .2651 .3464 .4971 
90 SE(b) .1597 .1761 .1821 .2172 .3019 

r (~,~) -.1236 .2712 .4647 .7003 .8257 

SE(a) .1766 .1924 .2400 .3302 .4748 
110 SE(b) .1374 .1390 .1917 .2109 .2613 

r(~,~) .0229 .2938 .5196 .6899 .8341 

SE(a) .4046 .4452 .5249 .6036 .7825 
30 SE(~) .3626 .3644 .4106 .4676 .5498 

r(~,!!) -.0478 .2262 .5663 .7442 .8712 

SE(~) .3090 .3397 .3857 .4785 .6132 
50 SE(b) .2716 .3010 .3255 .3377 .4107 

r (a ,b) .0225 .3810 .5390 .6881 .8307 

SE(a) .2633 .2828 .3437 .4763 .6227 
.75 70 SE(~) .2396 .2451 .2729 .3400 .3888 

r(~,!!) -.0133 .3108 .5588 .7402 .8551 

SE(a) .2340 .2633 .2846 .3711 .5287 
90 SE(~) .2122 .2435 .2407 .2642 .3306 

r(~,!!) .0648 -.0443 .4900 .7056 .8356 

SE(~) .2000 .2223 .2672 .3272 .4516 
110 SE(b) .1771 .1807 .2498 .2432 .2882 

r(a,b) -.0074 .3320 .3122 .6622 .8245 

------_._-- ------- ~-------------------------------
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Table A.2. Standard Errors and Correlation Coefficients for 
Estimators of InterceEt and SloEe at Var~ing Levels of 
InterceEt (a), SloEe ( b) and SamEle Size (N) 

SE(!!.) .4474 .4853 .5095 .6187 .7634 
30 SE(£) .4464 .5035 .5020 .5435 .5720 

r (!!.,£) .0248 .2699 .5357 .6722 .8271 

SE(!!.) .3354 .3484 .3965 .4999 .7353 
50 SE(b) .3422 .3506 .3450 .4046 .5260 

r(!!.,~) .0337 .2335 .5029 .6821 .8338 

SE(!!.) .2961 .3060 .3607 .4233 .5788 
1.00 70 SE(£) .2868 .2915 .3207 .3457 .4316 

r(!!.,£) .0198 .2265 .4991 .6387 .7688 

SE(a) .2634 .2680 .3019 .3830 .5398 
90 SE(b) .2469 .2602 .2629 .3092 .3662 

r(!!.,~) -.0213 .2122 .4496 .6922 .7997 

SE(a) .2531 .2454 .2773 .3547 .4229 
110 SE(b) .2443 .2309 .2683 .2958 .3420 

r(!!.,~) .0322 .2631 .4407 .6625 .7411 

SE(!!.) .5004 .5198 .5897 .6671 .8101 
30 SE(b) .5431 .5674 .5955 .6114 .6075 

r(!!.,~) .0107 .1846 .5177 .6490 .8018 

SE(!!.) .3964 .4378 .4748 .5467 .6642 
50 SE(b) .4585 .4670 .4732 .5265 .5400 

r( a,b) -.1225 .3583 .4622 .6317 .7761 

SE(!!.) .3547 .3445 .3942 .4862 .5596 
1. 25 70 SE(£) .3585 .3631 .4175 .4090 .4405 

r(!!.,£) .1209 .2286 .421;' .6590 .7476 

SE(a) .2932 .3139 .3136 .4156 .5605 
90 SE(b) .3313 .3458 .3158 .3554 .4320 

r(!!.,~) -.0042 .2493 .4122 .6463 .8040 

SE(!!.) .2622 .2995 .3020 .3482 .4990 
110 SE(b) .2836 .3016 .2921 .3074 .3798 

r(!!.,~) .0141 .0899 .4226 .6158 .7794 
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Table 'A.2. Standard Errors and Correlation Coefficients for 
Estimators of InterceEt and SloEe at Varying Levels of 
InterceEt ( a), SloEe ( b) and Sample Size (N ) 

SE(a) .5440 .5670 .5678 .6462 .7818 
30 SE(~) .6762 .6360 .6328 .6251 .6739 

r(~,£) .0097 .2857 .4026 .5504 .7480 

SE(~) .4259 .4702 .5577 .5540 .6604 
50 SE(b) .4919 .6617 .5549 .5283 .5718 

r(~,li) -.0499 .1762 .4864 .6255 .7512 

SE(a) .4042 .3926 .3999 .5222 .5770 
1. 50 70 SE(b) .4476 .4320 .4331 .4997 .5370 

r(~,li) .0365 .2835 .3833 .6309 .6766 

SE(a) .3352 .3296 .3509 .4808 .5487 
90 SE(b) .3490 .3790 .3833 .4099 .4880 

r(~,li) .0251 .0420 .3774- .6280 .7247 

SE(a) .2935 .3176 .3821 .3593 .5068 
110 SE(b) .3287 .3474 .3862 .3604 .4365 

r(~,li) .0915 .2879 .4126 .6051 .7705 
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Table A.2. Standard Errors and Correlation Coefficients for 
Estimators of Intercept and Slope at varying Levels of 
Intercept (a). Slope (b) and Sample Size (N) 

Least Squares-Perpendicular Estimator 

~ 

~ !i .0 .5 1.0 1.5 2.0 

SE(~) .3840 .4145 .4791 .5787 .6392 
30 SE(~) .2925 .3693 .3694 .4050 .4496 

r(~,~) .0870 .3533 .5738 .7467 .8504 

SE(~) .2848 .3185 .3905 .4794 .6896 
50 SE(b) .2121 .2281 .2822 .3127 .4200 

r(~,~) .0260 .2164 .5699 .7524 .8801 

SE(~) .2254 .2534 .3233 .4157 .5353 
.50 70 SE(~) .1776 .1975 .2335 .2599 .3262 

r(~,~) .0241 .3317 .6005 .7390 .8477 

SE(~'> .2030 .2304 .2706 .3584 .5372 
90 SE(b) .1634 .1811 .1903 .2276 .3275 

r(~,~) -.1346 .2883 .4725 .7175 .8457 

SE(~) .1776 .1933 .2471 .3394 .5144 
110 SE(~) .1406 .1416 .1984 .2199 .2839 

r(~,~) .0218 .2922 .5341 .7004 .8541 

SE(~) .4212 .4615 .5839 .6632 .8957 
30 SE(~) .3983 .3892 .4598 .5140 .6296 

r(~,~) -.0697 .2597 .6278 .7761 .8953 

SE(a) .3143 .3467 .4038 .5252 .7156 
50 SE(~) .2838 .3137 .3419 .3725 .4733 

r(~,~) .0359 .3805 .5667 .7261 .8678 

SE(a) .2692 .2868 .3570 .5051 .6928 
.75 70 SE(~) .2501 .2569 .2861 .3620 .4393 

r(~,~) -.0197 .3158 .5787 .7603 .8746 

SE(a) .2381 .2674 .2913 .3865 .5807 
90 SE(b) .2183 .2490 .2478 .2775 .3627 

r(~,~) .0853 -.0263 .5068 .7241 .8577 

SE(a) .2020 .2243 .2744 .3448 .5006 
110 SE(~) .1807 .1848 .2583 .2590 .3141 

r(~,~) -.0059 .3404 .3340 .6876 .8484 
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Table A.2. Standard Errors and Correlation Coefficients for 
Estimators of InterceEt and SloEe at Varling Levels of 
InterceEt ( a), SloEe ( b) and SamEle Size (N) 

SE(~) .4639 .5109 .5465 .6794 .9148 
30 SE(b) .4766 .5444 .5343 .5951 .6678 

r<.~,~) .0143 .2952 .5670 .7029 .8668 

SE(a) .3421 .3628 .4179 .5384 .8137 
50 SE(b) .3598 .3753 .3657 .4291 .5752 

r(~,~) .0296 .2109 .5270 .7099 .8544 

SE(a) .3015 .3177 .3770 .4578 .6423 
1.00 70 SE(~) .2987 .3056 .3366 .3706 .4839 

r(~,!2.) .0236 .2572 .5205 .6672 .8038 

SE(a) .2668 .2714 .3119 .4367 .5768 
90 SE(b) .2552 .2676 .2714 .3390 .3899 

r(~,~) -.0182 .2191 .4727 .7397 .8173 

SE(~) .2559 .2510 .2853 .3779 .4622 
110 SE(!2.) .2515 .2398 .2756 .3124 . .3623 

r(~,!2.) .0484 .2468 .4542 .6878 .7617 

SE(~) .5210 .5505 .6278 .7294 .9163 
30 SE(!2.) .5806 .6180 .6422 .6674 .6785 

r(~,!2.) .0262 .2217 .5429 .6808 .8286 

SE(a) .4195 .4553 .4996 .5846 .7226 
50 SE(b) .5146 .5294 .5031 .5515 .5800 

r(~,~) -.1646 .3802 .4963 .6541 .7939 

SE(a) .3680 .3595 .4275 .5054 .6042 
1. 25 70 SE(b) .3815 .3902 .4401 .4245 .4640 

r(~,~) .0852 .2530 .4608 .6755 .7689 

SE(a) .2975 .3232 .3222 .4399 .6222 
90 SE(b) .3443 .3613 .3264 .3727 .4685 

r(~,~) -.0007 .2528 .4235 .6720 .8281 

SE(~) .2661 .3055 .3134 .3603 .5376 
110 SE(b) .2911 .3096 .3032 .3225 .4033 

r( a ,b) .0240 .1159 .4511 .6274 .7974 
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Table 1\.2. Standard Errors and Correlation Coefficients for 
Estimators of InterceEt and SloEe at Varying Levels of 
InterceEt ( a) , SloEe ( b) and SamEle Size (N) 

SE(a) .5785 .5928 .6162 .6995 .8660 
30 SE(b) .7239 .6913 .6794 .6783 .7444 

r(~,~) -.0018 .3044 .4525 .5834 .7710 

SE(~) .4362 .4945 .5832 .6032 .7267 
50 SE(b) .5175 .7119 .5817 .5704 .6238 

r(~,~) -.0601 .2234 .4920 .6520 .7777 

SE(~) .4126 .4058 .4106 .5514 .6267 
1.50 70 SE(:Q) .4645 .4562 .4533 .5294 .5711 

r(~,:Q) .0436 .2919 .3946 .6385 .7025 

SE(~) .3457 .3419 .3640 .4950 .5787 
90 SE(:Q) .3776 .4034 .3971 .4245 .5094 

r(~,:Q) -.0286 .0036 .4091 .6404 .7367 

SE(~) .3026 .3231 .3895 .3744 .5328 
110 SE(b) .3469 .3563 .3940 .3700 .4534 

r(~,~) .0594 .2992 .4285 .6240 .7819 
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Table A.2. Standard Errors and Correlation Coefficients for 
Estimators of Intercept and Slope at Varying Levels of 
Intercept (a), Slope (b) and Sample Size (N) 

Least Squares-Horizontal Estimator 

,2, 

£ !i .0 .5 1.0 1.5 2.0 

SE(,2,) .3935 .4247 .5005 .6059 .6709 
30 SE(£) .300e .3762 .3829 .4200 .4670 

r(~,£) .0811 .3674 .6015 .7603 .8579 

SE(a) .2888 .3259 .4048 .5011 .7203 
50 SE(~) .2166 .2332 .2904 .3245 .4343 

r(~,£) .0268 .2196 .5913 .7715 .8888 

SE(,2,) .2278 .2568 .3288 .4303 .5643 
.50 70 SE(£) .1797 .2005 .2360 .2676 .3392 

r(,2,,£) .0237 .3380 .6094 .7552 .8616 

SE(,2,) .2054 .2344 .2773 .3711 .5594 
90 SE(!?) .1656 .1834 .1952 .2345 .3373 

r(~,£) -.1435 .3049 .4885 .7328 .8564 

SE(,2,) .1791 .1948 .2534 .3500 .5354 
110 SE(b) .1421 .1432 .2018 .2255 .2941 

r(~,li) .0261 .2944 .5447 .7119 .8637 

SE(a) .4333 .4718 .6016 .6829 .9214 
30 SE(~) .4048 .3930 .4657 .5198 .6375 

r(~,£) -.0660 .2725 .6426 .7837 .8982 

SE(,2,) .3196 .3520 .4144 .5431 .7434 
SO SE(b) .2867 .3154 .3451 .3808 .4826 

r(~,~) .0447 .3774 .5783 .7393 .8745 

SE(a) .2721 .2898 .3639 .5168 .7140 
.75 70 SE(b) .2514 .2603 .2896 .3672 .4473 

r(~,~) -.0147 .3151 .5884 .7671 .8806 

SE(a) .2413 .2703 .2959 .3967 .5997 
90 SE(b) .2196 .2501 .2492 .• 2823 .3700 

r(~,~) .0957 -.0166 .5167 .7344 .8630 

SE(~) .2046 .2264 .2787 .3537 .5177 
110 SE(£) .1817 .1858 .2605 .2632 .3208 

r(~,£) -.0080 .3447 .3411 .6974 .8553 
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Table A.2. Standard Errors and Correlation Coefficients for 
Estimators of InterceEt and SloEe at Varying Levels of 
InterceEt (a), SloEe ( b) and SarnEle Size ( N) 

SEta) .4717 .5198 .5611 .7009 .9361 
30 SE(~) .4780 .5476 .5356 .6001 .6702 

r(~,!;2.) .0113 .3007 .5748 .7088 .8705 

SE(~) .3461 .3687 .4282 .5513 .8332 
50 SE(!;2.) .3608 .3779 .3681 .4306 .5790 

r(~,£) .0276 .2146 .5363 .7163 .8583 

SEta) .3046 .3217 .3838 .4703 .6544 
1.00 70 SE(~) .2998 .3068 .3380 .3729 .4853 

r(~,£) .0224 .2616 .5259 .6765 .8080 

SEta) .2693 .2731 .3176 .4468 .5891 
90 SEth) .2566 .2678 .2727 .3420 .3929 

r(~,~) -.0182 .2227 .4803 .7468 .8219 

SEta) .2569 .2540 .2891 .3852 .4754 
110 SEth) .2517 .2408 .2761 .3149 .3639 

r(a,h) .0534 .2457 .4572 .6942 .7658 

SEta) .5293 .5593 .6390 .7437 .9325 
30 SEth) .5805 .6213 .6439 .6663 .6766 

r (~,~) .0268 .2275 .5464 .6845 .8311 

SEta) .4231 .4606 .5048 .5948 .7332 
SO SEth) .5151 .5319 .5035 .5505 .5775 

r(~,~) -.1628 .3797 .5006 .6571 .7942 

SE(a) .3711 .3636 .4332 .5100 .6163 
1. 25 70 SEth) .3826 .3918 .4404 .4221 .4618 

r(~,~) .0836 .2560 .4672 .6782 .7736 

SEta) .2993 .3261 .3256 .4465 .6328 
90 SEth) .3448 .3622 .3262 .3716 .4685 

r(~,~) -.0005 .2524 .4289 .6782 .8314 

SEta) .2671 .3076 .3170 .3648 .5444 
110 SEth) .2907 .3102 .3040 .3226 .4021 

r(~,~) .0253 .1213 .4593 .6306 .8000 
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Table A.2. Standard Errors and Correlation Coefficients for 
Estimators of InterceEt and SloEe at Varying Levels of 
Intercept (a), SloEe (b) and samEle Size (N) 

SE(§.) .5883 .6004 .6257 .7140 .8796 
30 SE(~) .7258 .6913 .6784 .6754 .7408 

r(§.,!2) -.0047 .3086 .4562 .5878 .7719 

SE(§.) .4388 .4991 .5886 .6134 .7367 
50 SE(!2) .5176 .7118 .5800 .5702 .6186 

r(§.,£) -.0610 .2260 .4960 .6546 .7778 

SE(a) .4146 .4101 .4137 .5560 .6353 
1. 50 70 SE(~) .4642 .4575 .4525 .5272 .5677 

r(§.,!2) .0438 .2992 .3963 .6391 .7036 

sEta) .3471 .3437 .3669 .4977 .5822 
90 SE(~) .3786 .4024 .3961 .4212 .5030 

r(§.,!2) -.0309 .0060 .4157 .6444 .7373 

SEta) .3041 .3240 .3910 .3782 .5362 
110 SE(b) .3472 .3552 .3920 .3666 .4489 

r(§.,~) .0535 .2988 .4347 .6292 .7819 



SELECTED BIBLIOGRAPHY 

Biard, J.C., & Norna, E. (1978). Fundamentals of Scaling and 
Psychophysics. New York: Wiley. 

Borgstrom, M.C., & Seeley, G.W. (1984). SIMROC: A FORTRAN 
c. program for Monte Carolo simulation of signal 
detection data [Computer program]. Department of 
Radilogy and Department of Optical Sciences, The 
University of Arizona, Tucson, Arizona. 

Centor, R.M. (1985). A Visicalc program for estimating the 
area under a Receiver Operating Characteristic (ROC) 
curve. Medical Decision Making, ~, 139-148. 

Centor, R.M., & Schwartz, J.S. (1985). An evaluation of 
methods for estimating the area under the Receiver 
Operating Characteristic (ROC) curve. Medical 
Decision Making, ~, 149-156. 

Cohen, J. (1969). Statistical power analysis for the 
behavioral sciences. New York: Academic Press. 

Dillon, W.R., & Goldstein, M. (1984). Multivariate analysis: 
Methods and Applications. New York: Wiley. 

Dixon, W.J. (Ed.). (1985). BMDP statistical software: 1985. 
Berkeley: University of California Press. 

Dorfman, D.D., & Alf, E. (1968). Maximum likelihood 
estimation of parameters of signal detection 
theory--A direct solution. Psychometrika, 11, 117-
124. 

Dorfman, D.D., & Alf, E. (1969). Maximum-likelihood 
estimaton of parameters of signal-detection theory 
and determination of confidence intervals--Rating
method data. Journal of Mathematical Psychology, ~, 
487-496. 

Dorfman, D.D., Beavers, L.L., & Saslow, C. (1973). 
Estimation of signal detection theory parameters 
from rating-method data: A comparison of the method 
of scoring and direct search. Bulletin of the 
Psychonomic Society, 1, 207-208. 

109 



110 

Egan, J.P. & Clarke, F.R. (1966). Psychophysics and signal 
detection. In J.B. Sidowski (Ed.), Experimental 
methods and instrumentation in psychology. New 
York: McGraw-Hill. 

Green, D.M., & Swets, J.A. (1966). Signal detection theory 
and psychophysics. New York: Wiley. 

Grey, D.R., & Morgan, B.J. (1972). Some aspects of ROC 
curve-fitting: Normal and logistic models. Journal 
of Mathematical Psychology, ~, 128-139. 

Hanley, J.A., & McNeil, B.J. (1982). The meaning and use of 
the area under a receiver operating characteristic 
(ROC) curve. Radiology, 143, 29-36. 

Hanushek, E.A., & Jackson, J.E. (1977). Statistical methods 
for social scientists. New York: Academic Press. 

Hollander, M., & Wolfe, D.A. (1973). Nonparametric 
statistical methods. New York: Wiley. 

Johhson, R.A., & Wichern, D.W. (1982). Applied multivariate 
statistical analysis. Englewood Cliffs, NJ: 
Prentice-Hall. 

Kendall, M., & Stewart, A. (1977). The advanced theory of 
statistics (4th ed., Vol. 2). New York: Macmillan. 

Law, A.M., & Kelton, W.D. (1982). Simulation modelling and 
analysis. New York: McGraw-Hill. 

Lusted, L.B. (1984). ROC recollected. Medical Decision 
Makiug, i, 131-135. 

Metz, C.E. (1986). ROC methodology in radiologic imaging. 
Investigative Radiology, 21, 720-733. 

Metz, C.E., Kronman, H.B., Wang, P-L, & Shen, J-H. (1985). 
ROCFIT: A modified maximum likelihood algorithm for 
estimatinga binormal ROC curve from confidence
rating data. [Computer program]. Department of 
Radiology and the Franklin McLean Memorial Research 
Institute, The University of Chicago, Chicago, IL. 

Neter, J., & Wasserman, W. (1974). Applied Linear 
Statistical Models: Regression, Analysis of variance 
and Experimental Designs. Homewood, IL: Irwin. 



111 

Ogilvie, J.C., & Creelman, C.D. (1968). Maximum-likelihood 
estimation of receiver operating characteristic 
curve parameters. Journal of Mathematical 
Psychology, ~, 377-391. 

SAS Institute. (1985). SAS Statistics. Cary, NC: SAS 
Institute. 

Swets, J.A. (1973). The relative operating characteristic in 
psychology. Science, 182, 990-1000. 

Swets, ~.A., & pickett, R.M. (1982). Evaluation of 
diagnostic systems: Methods from Signal Detection 
Theory. New York: Academic Press. 

Tabachnick, B.G. & Fidell, L.S. (1983). Using multivariate 
statistics. New York: Harper & Row. 

Swets, J.A., Tanner, W.P., & Birdsall, T.G. (1961). Decision 
processes in perception. Psychological Review, ~, 
301-340. 


