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ABSTRACT 

The H 20 critical point defines the parabolic vertex of the p(T) vaporiza

tion boundary and, as a geometric consequence, a positive vertical asymptote for 

first partial derivatives of the equation of state. Convergence of these derivatives, 

isothermal compressibility and isobaric expansivity, to the critical asymptote ef

fectively controls thermodynamic, electrostatic, and transport properties of fluid 

H 20 and dependent transport and chemical processes in hydrothermal systems. 

The equation of state for fluid H 20 d~veloped by Levelt Sengers et a1. 

(1983a) from modern theories of revised and extended scaling affords accurate 

prediction of state and thermodynamic properties in the critical region. This for

mulation has been used together with the virial equation of state proposed by Haar 

et a1. (1984) and predictive equations for the static dielectric constant (Uematsu 

and Franck, 1980), thermal conductivity (Sengers et a1., 1984), and dynamic vis

cosity (Sengers and Kamgar-Parsi, 1984) to present a comprehensive summary 

of fluid H 20 properties within and near the critical region. Specifically, predic

tive formulations and computed values for twenty-one properties are presented as a 

series of equations, three-dimensional P-T surfaces, isothermal and isobaric cross

sections, and skeleton tables from 350°-475°0 and 200-450 bar. The properties 

considered are density, isothermal compressibility, isobaric expansivity, Helmholtz 

and Gibbs free energies, internal energy, enthalpy, entropy, isochoric and isobaric 

heat capacities, the static dielectric constant, Z, Y, and Q Borr~ functions (Helge

son and Kirkham, 1974a), dynamic and kinematic viscosity, thermal conductivity, 

thermal diffusivity, the Prandtl number, the isochoric expansivity-compressibility 

coefficient, and sound velocity. 

xiii 



xiv 

The equations and surfaces are analyzed with particular emphasis on 

functional form in the near-critical region and resultant extrema that persist well 

beyond the critical region. Suell extrema in isobaric expansivity, isobaric heat ca

pacity, and kinematic viscosity delineate state conditions that define local maxima 

in fluid and convective heat fluxes in hydrothermal systems; at the critical point, 

these fluxes are infinite in permeable media. Extrema in the Q and Y Born func

tions delineate state conditions that define local minima in the standard partial 

molal volumes and enthalpies of aqueous ions and complexes; at the critical point, 

these properties are negative infinite. Because these fluxes and thermodynamic 

properties converge to vertical asymptotes at the critical point, seemingly trivial 

variations in near-critical state conditions cause large variations in fluid mass and 

thermal energy transfer rates and in the state of chemical equilibrium. 



CHAPTER 1 

INTRODUCTION 

Classical transport theory and modern theoretical geochemistry demon

strate that transport and chemical processes in hydrothermal systems are largely 

controlled by thermophysical and electrostatic properties of fluid H 20 (liquid, va

por, and supercritical fluid phases). Of particular importance is the dependence 

of fluid flux, thermal energy convection rates, and thermodynamic effects of ion 

solvation on first derivatives of the fluid H 2 0 equation of state. This dependence 

causes the magnitude of fluid and convective heat fluxes in permeable media and 

most standard partial molal properties of aqueous species to become infinite at the 

H 20 critical point and remain anomalously large within a restricted sector of the 

pPT surface known as the critical region. This sector, delineated by the 421.85°C 

isotherm and 0.20 and 0.42 g/cm3 isochores (Levelt Sengers et aI., 19830.), encom

passes state conditions intermediate to those of magma solidi and geothermal gra

dients in the upper crust; as a result, pressure-temperatuI'e evolution of intrusive 

bodies and their proximate host rocks invariably includes traversal of the critical 

region. Because all epizonal subsurface and submarine magma-hydrothermal sys

tems attain critical region conditions, description and analysis of the transport and 

chemical consequences of critical phenomena is fundamental to our understanding 

of these environments. 

Numerous equations of state for fluid H 20 have been proposed since 

the late nineteenth century; although conceptually varied, one common theme 

1 
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emerges: unique treatment of the critical region where first partial derivatives of 

the pPT surface converge to a positive vertical asymptote at the critical point. 

Traditional methods of representing this convergence have involved appending to 

the proposed state function an empirical regression polynomial: a theoretically 

unsatisfactory and computationally inconvenient approach. Moreover, regression 

coefficients used in such polynomials must be derived from experimental volumet

ric data; because the abundance and resolution of such data diminishes as the 

critical state is approached, this procedure has necessarily resulted in predictions 

of the near-critical region (a subset of the critical region restricted to within a few 

degrees and bars of the critical point) that are inferior to those elsewhere. Recently, 

however, the modern theory of critical phenomena has led to development of an 

equation of state that describes the critical region of the pPT surface with a level 

of accuracy comparable to that attained for the global region (state conditions of 

fluid H20 stability excluding the critical region). This advancement makes possi

ble, for the first time, quantitative assessment of transport and chemical processes 

in the critical region. 

The purpose of this communication is to summarize both the theoreti

cal development of predictive equations for fluid H 20 properties and the proper

ties themselves within and near the critical region as computed from equations 

and data given by J"evelt Sengers et al. (1983a), Haar et al.(1984), Sengers and 

Kamgar-Parsi (1984), Ser.gers et al.(1984), Uematsu and Franck (1980), Helgeson 

and Kirkham (1974a), and Helgeson et al. (1981). In the present study, prop

erty values are given in the context of independent variable, triple point, and unit 

conventions commensurate with those of modern theoretical geochemistry and are 

presented as a series of surfaces, cross-sections, and skeleton tables. The values 

were computed, drafted, and tabulated using a software package designed and 



3 

developed by the author in the course of this investigation. This package im

plements equations and data from the above references and utilizes an Evans & 

Sutherland PS-300 graphics workstation together with graphics software developed 

by L. Stephen Sorenson. 

To a large extent, this contribution represents an update and refinement of 

Helgeson and Kirkham's (1974a) summary of the thermodynamic and electrostatic 

properties of fluid H 20 at elevated temperatures and pressures. However, the 

scope of the discussion has been in one sense focused, on the critical region, while 

in another, expanded, to include transport properties. Accurate prediction of 

the thermophysical and electrostatic properties of fluid H20 within and near the 

critical region is of paramount importance in numerical modeling of transport 

and chemical processes in hydrothermal systems. It is hoped that the present 

communication will provide a comprehensive summary of equations and data that 

facilitate such prediction with state of the art accuracy. 



CHAPTER 2 

THEORETICAL DEVELOPMENT 

Because of their importance in all branches of engineering and natural 

science, no substances have been more thoroughly investigated by the scientific 

community than the fluid phases of H 20. The myriad experimental and theoretical 

studies involving measurement and description of various properties of these phases 

have produced a data base and set of predictive equations whose comprehensive 

and precise nature is unsurpassed by those of all other substances. At the core 

of these equations is, of course, the equation of state: derived from theory, but 

implemented with inseparable dependence on experiment. 

The following discussion presents a review of thermodynamic considera

tions in developing such an equation, the most widely employed classical (in a sense 

defined below) formulations, reprenentation of critical phenomena by these classi

cal state functions, and finally, development of improved, nonclassical, equations 

and their predictions of the near-critical region. This review provides theoretical 

basis and historical context for equations of state most recently proposed for the 

critical and global regions of the fluid H 20 pPT surface. These equations are 

present.ed in chapter 3 and employed in chapters 5-9. A glossary of all symbols 

that appear in text equations is provided in Appendix A. 

4 
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thermodynamic considera.tions 

The Gibbs-Duhem equation relates differential changes in intensive vari-

abIes for a given substance. For a one-component fluid of constant mass, this 

relation can be expressed as 

ndJ,L = -SdT + CVdP (2.1) 

Four thermodynamically equivalent functional forms for an equation of state are 

obtained from (2.1) by choice of extensive property with which to normalize inde

pendent variables and subsequent choice of second dependent variable (in addition 

to temperature). 

Normalizing (2.1) with respect to V(cm3) and rearranging leads to 

(2.2) 

The equation of state consistent with (2.2), p(T,J,L), is obtained from isothermal 

differentiation with respect to J,L: 

p=MC (OP) 
OJ,L T 

(2.3) 

Equation (2.2) can be recast in terms of Helmholtz free energy per volume, defined 

by 



p.p AI/=--CP 
M 

6 

(2.4) 

by transposing variables in the second right-hand term (Legendre transformation, 

cf. Kestin, 1970; Munster, 1966) and rearranging to obtain 

(2.5) 

The corresponding equation of state, p.(T,p), follows from isothermal differentia

tion of (2.5) with respect to p. 

P.=M(OAI/) 
op T 

(2.6) 

If equation (2.1) is initially normalized with respect to n, as opposed to V, 

two different equations of state are obtained following the same procedure outlined 

above. The initial normalization results in 

(2.7) 

for which the corresponding equation of statp., Vm(T, P), is given by 

1 (Op.) 
Vm = C oP T 

(2.8) 



7 

Equation (2.7) can be expressed in terms of Helmholtz free energy per mole, defined 

by 

Am=p.-CPVm (2.9) 

again, as above, by Legandre tr<IDsformation of the second right-hand term which 

yields 

(2.10) 

and the equation of state, P(T, Vm ), becomes 

P = _.!.. (OAm) 
C oVm T 

(2.11) 

Expressions for all thermodynamic properties follow from appropriate first 

and higher order differentiation of, equivalently, (2.2), (2.5), (2.7), or (2.10) in ac

cord with the first and second laws of thermodynamics. As a result, practical 

utility of the associated equation of state, (2.3), (2.6), (2.8), or (2.11), is depen-

dent on its formulation as a readily integrable function in addition to its accuracy 

with respect to experimental pT p. or V mT P data (from which function coefficients 

are obtained by numerical fitting). Because these data are invariably reported as 

V mT P measurements, most proposed equations of state are based on equations 

(2.7-2.11); an example is the Haar et al. (1984) formulation which is an imple

mentation of equations (2.10-2.11). In r~presenting near-critical convergence of 

equation of state derivatives to their critical vertical asymptote, however, it is 
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advantageous to formulate the description in terms of equations (2.2-2.6); the 

Levelt Sengers et 0.1. (1983a) equation implements 0. modified version of equations 

(2.2-2.3). 

van der Waals and virial e_quations 

Most proposed equations of state bo.sed on equations (2.7-2.11) can be 

clo.ssified o.s either van der Waals-type or virial equations; both classes represent 

modified or extended versions of the ideal go.s law which can be expressed o.s 

PVm=RT or (2.12) 

P=pRT (2.13) 

The van der Waals equation (1873) is given by 

( aV dW ) ( ) A P + V 2 V m - bvdw = RT 
m 

(2.14) 

where avdw and bvdw are empirical molecular parameters that account for inter-

molecular attractive forces and finite molecular volume. Equation (2.14) was the 

first published equation of state to J"epresent a critical point (Levelt Sengel's, 1976), 

defined by the following unique inflection of a single PV m isotherm 

( ap) _ (a2 P) _ 0 
aVm T. - aVm

2 T.-
(2.15) 
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Supercritical isotherms and segments of subcriiical isotherms defined by V m > 

Vm,l or Vm < Vm,II' where Vm,1 and Vm,lI represent coexisting liquid and vapor 

molar volumes, are charactei'ized by (8P/8Vm )T < O. Subcritical segments where 

(8P /8Vm )x > 0 are replaced, using Maxwell's rule (Maxwell, 1875), with zero

slope segments that ensure equality of intensive properties of coexisting phases on 

the vaporization boundru-y. 

Although van der Waals equation provides considerable improvement over 

(2.12) in representing experimental PTV m data of real fluids, it suffers from several 

limiting restrictions, most of which were evident to van der Waals himself (Lev

elt Sengers, 1974). Among these are assumption of a constant molecular volume 

parameter (budw ): such a parameter is certainly temperature-dependent (Powell 

et al., 1979); quantitative limitation of the attractive force term (aUdw/Vm2) to 

infinitely long-range intermolecular. forces (Kac et al., 1963): in real fluids, such 

attraction forces are not infinitely long-range (Sengers and Levelt Sengers, 1978); 

and nonanalyticities inherent to the mathematical form of the equation: analytic

ity is limited to the one-phase region where Vm > budw (Levelt Sengers, 1974). 

As a consequence of these difficulties, va..."l der Waals equation yields quan

titatively acceptable results only over a limited range of state conditions (Powell 

et al., 1979); the equation is particularly inept in the critical region (Sengers and 

Levelt Sengers, 1978). In addition, although modifications to (2.12) incorporated 

in (2.14) follow from and are therefore generally consistent with experimental re-

8ults, (2.14) itself is not based on any rigorous theoretical model (Powell et a1., 

1979; Kac et a1., 1963). 

These practical and theoretical shortcomings of van der Waals equation 

(and of its direct decendents, van der Waals-type equations) were largely respon-
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sible for the initial development (Onnes, 1901) of vinal equations. These formula

tions, whose first order approximation is given by the ideal gas law (2.13), define 

pressure as a power series in density. 

1=00 
P = pRT L BfJ,i pi-l . 

i=l 

(2.16) 

where coefficients BfJ,i are known as virial coefficients; BfJ,l == 1. In contrast to van 

der Waals-type formulations, virial equations of state have a firm theoretical basis 

in statistical mechanics from which these coefficients can be determined on the 

basis of molecular interactions (Mayer and Mayer, 1940; Kac et al., 1963; Powell 

et al., 1979; Haar and Shenker, 1971). Alternatively, the virial coefficients can 

be evaluated empirically by numerical fitting of (2.16) to experimental PTp data 

(Haar et al., 1980, Levelt Sengers et al., 1972). 

The number of higher order terms retained in specific statements of (2.16) 

depends on the magnitude of departure from ideality of the fluid being described. 

In practice, virial equations are most frequently implemented with i = 2; hence, 

only the second virial coefficient need be determined. This convention is commonly 

adopted for several reasons: theoretical determination of higher order virials is 

mathematically unwieldly (Powell et al., 1979); polynomial terms beyond i = 2 

are usually negligible for T > Tc (Haar and Shenker, 19'11); and real gases are, in 

general, adequetely described by i = 2 (Powell et al., 1979). 

In contrast to (2.14), the virial equations are not characterized by non

analyticities in the two-phase region. In the typical case of two-term expansion, 

however, they are nonanalytic for case of B fJ ,2 < O. Moreover, although (2.16) 

yields good results for slightly imperfect gases at high temperatures and at large 
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densities, such is not always the case in other regions; like van der Waals-type 

equations, virial descriptions are particularly inept in the immediate vicinity of 

the critical point (Levelt Sengers and Greer, 1972). In these regions of unaccept

able fit, agreement with experiment can be improved, at some cost in theoretical 

rigor and computational expense, by appending empirical terms onto the polyno

mial (e.g., Haar et aI., 1980, 1982a,b, 1984). However, this procedure is impractical 

in the critical region due to the prohibitive number of correction terms requirp.d to 

achieve the level of accuracy obtained elsewhere (Levelt Sengers and Greer, 1972). 

Van der Waals-type and virial equations implicitly assume that all deriva

tives of equations (2.2), (2.5), (2.7), and (2.10) exist everywhere; consequently, 

P, A v , p" and Am can be expanded in Taylor series at the critical point (Levelt 

Sengers, 1970, 1974; Griffiths, 1967; Fisher, 1964; Levelt Sengers et a1., 1976, 

1983b; Sengers and Levelt Sengers, 1978). Equations of state with this continuity 

property are referred to as classical, analytic, inner-field, or mean-field equations. 

Because of their analyticity at the critical point, all classical equations of 

state, when evaluated in the context of (2.15), lead to the same thermodynamic 

predictions in the near-critical region (Levelt Sengers, 1970; Sengers and Levelt 

Sengers, 1978). 

classical equations in the near-critical region 

Near-critical thermodynamic anomalies predicted by the classical equa

tions ,are represented by Taylor expansions for P, Av, p" or Am in the immediate 

vicinity of the critical point. The expansions are cast in terms of dimensionless 

properties reduced by normalization with respect to the appropriate critical pa

rameter{s) (Levett Sengers, 1970; Sengers and Levett Sengers, 1978): 



T· = T/Te 

p. = PiPe 

AT· = T· - 1 = (T - Te) /Te 

Ap· = p. - 1 = (p - Pc) / Pc 

AI'· = [1'(p,T) -1'(Pe,T)]Pe/(CPe) 

Ap· = p. -1 == (P - Pe)/Pr: 

12 

(2.17) 

where for T < Te, I'(T, Pc) is defined by the chemical potential of coexisting liquid

vapor, in accord with continuity of slope between the vaporization boundary and 

critical isochore at the critical point. The Taylor series expansions for All, P, and 

I' can be expressed as 

(2.18) 

where 

(2.19) 

From equations (2.4) and (2.9) the expansion coefficients (2.19) are interrelated 

by (Sengers and Levelt Sengers, 1978): 

I'i,; = AII,H1,; (i ~ 0) 

Pi,; = AII,i-1,; + (i - I)AII,i,; (i ~ 1) 



1'i,j = 14,; + (i - l)/li-I,; (i ~ 1) 

In addition, at the critical point, equations (2.15), (2.4), and (2.9) lead to 

PIO == P20 == AI/,2o == AI/,3o == /lIO == /l20 == 0 

13 

(2.20) 

(2.21) 

Near-critical thermodynamic anomalies predicted by the classical equa

tions are described by evaluating (2.18) and its partial derivatives under the sim

plified conditions afforded by specific AT-, Ap~ paths of approach to the critical 

point: the critical isotherm, vaporization boundary, and critical isochore. In ad

dition, the following derivations implicitly presume that proximity to the critical 

point is such that (1) the Taylor series are closely approximated by considering 

only first order terms and (2) critical point identities, equation (2.21), can be 

considered valid. 

Along the critical isotherm, AT- = 0, expansion (2.18) ill /l reduces, given 

the above assumptions, to 

(2.22) 

Because /loo = /l(Pc, T)pc/ Pc (Levelt Sengers et al., 1976), (2.22) can be rearranged 

in terms of reduced variables (2.17) to read 

(2.23) 
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where DCQ = ""30/6 and cce = 3 (Levelt Sengers, 1970, 1974; Sengers and Lev

elt Sengers, 1978). Consequently, the asymptotic shape of the classical critical 

isotherm is cubic to a first order approximation. 

Along the vaporization boundary, the foregoing assumptions and liquid

vapor equilibrium, [p., aT·, a,.,,·], == [p., aT·, a,.,,·]v, permits expression of (2.18) 

(2.24) 

Because P11 = ""11 and P30 = ""30, unique expressions for apj and ap~ cannot be 

obtained from (2.24). However, such expressions can be derived from an initial 

hypothesis that these density differences can be represented by power series in 

laT·1 (van Laar, 1911, 1912; Levelt Sengers, 1970): 

co 

api"v) = :EBCQ,i,[I,v)laT·liPco (2.25) 
i=1 

Incorporating a first order approximation to (2.25) into (2.24) and slight algebraic 

rearrangment yields 

(2.26) 

Because ap~ ~ 0 ~ apj, BcQ,I,1 and BcQ,I,v are of opposite sign; consequently, 

(2.26) can be simplified to 
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(2.27) 

Excepting aT", all parameters in (2.27) are temperature independent; hence, 

Pce = 1/2 is deduced (Levelt Sengers, 1970). Values for BclI.I.[I.u) are obtained by 

first substituting (2.25) into (2.24) following expansion of the latter in laT"IP •• , 

then utilizing [IL, Pju = [IL, Ph for each order (Levelt Sengers, 1970; Sengers and 

Levelt Sengers, 1978). This procedure reveals BclI.I.1 = -BclI•l •u = '(6ILu/ IL30)1/2 

which permits expression of (2.25) as 

(2.28) 

Consequently, the classical vaporization boundary, to first order approxi

mation, is quadratic with a symmetric parabolic top (Levelt Sengers, 1970, 1974; 

Sengers and Levelt Sengers, 1978). 

Along the critical isochore, ap" = 0 and aT" ~ 0, near-critical thermo

dynamic anomalies are evaluated in terms of second derivative properties of the 

specific-volume Helmholtz free energy, Au; specifically, the convergence of isother

mal compressibility and isochoric heat capacity to positive vertical asymptotes at 

the critical point. 

Symmetrized, Pc-normalized isothermal compressibility, X;" is defined by 

(Sengers and Levelt Sengers: 1978) 

(2.29) 
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Taking into account the assumptions specified above, equation (2.29) can be ex

pressed in terms of equation (2.18) as 

(2.30) 

where reo = (2ILn)-1 and "tee = 1. AB a result, isothermal compressibility ev

idences logarithmic convergence to its critical asymptote when the direction of 

approach is along the critical isochore (Levelt Sengers, 1970, 1974; Sengers and 

Levelt Sengers, 1978). When the critical state is approached along either branch 

of the !::J.T' - !::J.p' vaporization boundary, X;' can also be expressed, again to first 

order approximation, by (2.30). Along this boundary, however, the coefficient and 

exponent are, by convention, given by r~o = reo and "t~e = "tee (Levelt Sengers et 

aI., 1976). 

(Te, Pel-normalized isochoric heat capacity, c~, is defined by (Sengers and 

Levelt Sengers, 1978) 

(2.31) 

Along the critical isochore, c~ can be expressed in terms of (2.18), again assuming 

the foregoing approximations, as 

(2.32) 
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where Aca = AII ,02 and ace = O. Consequently, isochoric heat capacity does not 

converge to a vertical asymptote at the critical state when approached along the 

critical iso~hore; rather, c: is finite at the critical point for classical equations (Lev

elt SenF "=lrs, 1970, 1974; Sengers and Levelt Sengers, 1978). When approaching the 

critical state along the vaporiza.tion boundary or the subcritical analytic extension 

of the critical isochore, c: is again approximated to . first order by (2.32). Coeffi

cientB and exponents associated with these latter two paths, again by convention, 

are given by A~a = A~a = Aca and a~e = a~e = ace (Levelt Sengers et al., 1976). 

Equations (2.23), (2.28), (2.30), and (2.32) constitute a set of asymptotic 

power laws which together with definition of their associated critical amplitudes, 

Aca, Bca, rca, and Dca, and critical exponents, ace, f3cCJ '"'fcu and oce, summarize near

critical thermodynamic predictions of classical equations of state (Levelt Sengers, 

1970, 1974j Levelt Sengers and Greer, 1972j Sengers and Levelt Sengers, 1978; 

Levelt Sengers et aI., 1{}76). Associations between preferred directions in the 

tJ.T* - tJ.p. plane and derived power laws and critical exponents and amplitudes 

are summarized in figure 1. 

Although the power laws do not follow directly from thermodynamic or 

statistical mechanic principles (Griffiths, 1965a), consideration of thermodynamic 

stability does impose certain restrictions on interrelationships of the critical expo

nents (Griffiths, 1965a,b; Rushbrooke, 1963; Lieberman, 1966; Mermin and Rehr, 

1971; Rowlinson, 1969); in particular, 

2 - a~e < f3ce(oce + 1) 

'"'f~e < f3ce(Oce - 1) (2.33) 
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c" = v 

Dcc 
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Dca(Ap") IAp"16c.-1 AT" 

B IAT"IPc. ca,l,[',v) 
r cal AT"I-'1c. 
-Aca(AT")-aco 
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! a". "/,, 
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Figure 1: Asymptotic power laws 
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Ap" 

LIQUID 

Correlation among asymptotic power laws and paths of critical point approach in 
the AT"-Ap" plane. Modified from Levelt Sengers et al. (1976), figure 3. 
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where for the classical case, a~e = a~e = aee and 'Y~e = 'Yee, (2.33) holds with 

equality signs; hence, only two of the critical exponents are independent. 

Numerous experimental investigations of the asymptotic power laws have 

led to two fundamental conclusions: real one-component fluids do indeed obey 

such power laws,' however, actual critical exponent values differ significantly from 

those derivf!d above from the classical equations of state. In particular, PT p data 

for coexisting phases indicates the vaporization boundary is closer to cubic than 

quadratic: Pee ~ 0.34 - 0.36 (e.g., Verscheffelt, 1900; Eck, 1934; Michels et aI., 

1937; Guggenheim, 1945; Lorentzen, 1953; Pings and Teague, 1968; Levelt Sengers 

et aI., 1967-1970) and CII data indicates that isochoric heat capacity does in fact 

converge to a vertical asymptote at the critical point: aee ~ 0 - 0.15 (e.g., Voronel 

et aI., 1964, 1965; Voronel, 1976; Moldover and Little, 1968; Moldover, 1969; 

Edwards et aI., 1968; Kerimov, 1968; Gasparini and Moldover, 1969; Lipa et aI., 

1970). 

Data pertaining to the critical isotherm and isothermal compressibility are 

relatively difficult to obtain (Levelt Sengers, 1970); however, limited experimental 

evidence indicates Dee ~ 4.0-4.6 (e.g., Widom and Rice, 1955; Wallace a:,ld Meyer, 

1970) and 'Yee ~ 1.1-1.3 (e.g., Weber, 1970; Smith et aI., 1934; Smith and Keyes, 

1934; Rivkin and Akhundov, 1962, 1963, 1966; Rivkin and Troianovskaia, 1964). 

These values are consistent with those suggested by the experimental a ee and Pee 

approximations in the context of (2.33). 

Despite the multitude of constraints and difficulties inherent to critical 

region experiments (for reviews see Moldover, 1982; Greer and Moldover, 1981; 

Levelt Sengers, 1979; Fisher, 1964), the results summarized above clearly indicate 

quantitative failure of the classical theories near the, critical. point. In particular, 

the convergence of CII to a critical vertical asymptote and the value of Pee satisfying 
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1/4 :::; (ice:::; 1/2 are both irreconcilable with the existence of a Taylor expansion 

in A[u,m) at the critical point (Fisher, 1964; Levelt Sengers, 1970; Levelt Sengers 

and Greer, 1972). In summary, experimental emdence clearly implies the critical 

region 0/ real fluids is decidedly nonclassical in nature. 

The classical theories are also unsatisfactory from a theoretical viewpoint. 

At the molecular scale, near-critical anomalies are produced by density fluctua

tiOl1& (order parameter correlation lengths) that extend well beyond the range 

of both intermolecular spacing and characteristic short-ranged attractive forces 

(Levelt Sengers, 1970, 1983; Levelt Sengers and Greer, 1972; Levelt Sengers et a1., 

1976, 1983b; Sengers and Levelt Sengers, 1978; Levelt Sengers and Sengers, 1981). 

Classical equations of state, in contrast, implicitly assume infinitely long-range 

intermolecular attractive forces that exceed these correlation lengths (Kac et a1., 

1963; Fisher, 1964; Griffiths, 1967; Levelt Sengers, 1970). 

A theoretical model consistent with asymptotic power laws, nonclassical 

critical amplitude and exponent values, singularities (nonanaiyticities) in P, Au, Il, 

and Am at the critical point, and short-ranged (finite) intermolecular attractive 

forces is required to describe near-critical thermodynamic anomalies of real fluids. 

The development of such a model is outlined below. 

nonclassical equations in the near-critical region 

The modern theory of critical phenomena in fluids can in large part be 

credited to a handful of major contributions: Ising's (1925) statistical model of 

ferromagnet phase transition in solids; Onsager's (1944) exact solution of the two

dimensional Ising model; Yang and Lee's (1952) translation of the Ising model into 

the "lattice gas" model of vapor-liquid critical point phase transition; Widom's 
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(1965) introduction of a scaled equation of state near the critical point; Wil

son's (1971a,b) application of renormalization group theory to critical phenom

ena; Wegner's (1972) development of a thermodynBmic potential for ferromag

netic phase transition that incorporated corrections-to-scaling; and Ley-Koo and 

Green's (1977) translation of Wegner's potential into an analogous description for 

fluids. The following discussion outlines the most relevent aspects of this develop

ment; for a more comprehensive treatment, the reader is refered to three excellent 

reviews (Levelt Sengers, 1974; Sengers and Levelt Sengers, 1978; Levelt Sengers 

and Sengers, 1981). 

In the theoretical lattice gas, lattice sites are filled with various symmet

ric patterns of molecules and voids, all molecular interactions are of the nearest

neighbor type, and perfect symmetry of the vaporization boundary in T-p space 

and antisymmetry of JLp-isotherms with respect to Pc exists (Yang and Lee, 1952; 

Fisher, 1964; Brush, 1967; Levelt Sengers, 1970, 1974; Sengers and Levelt Sengers, 

1978; Levelt Sengers and Greer, 1972). Although these features define a rather 

crude approximation to the structure of real fluids (Fisher, 1964; Levelt Sengers, 

1970), the lattice gas nonetheless affords close approximation to observed critical 

anomalies (Levelt Sengers, 1970; Sengers and Levelt Sengers, 1978). In particular, 

the model predicts a vertical asymptote for e" at the critical point (i.e., a singu

larity in the Helmholtz free energy at the critical point), in agreement with earlier 

discussed experimental results. 

The asymptotic power laws derived above for the classical equations are 

also characteristic of the three-dimensional Ising model (the ferromagnetic analog 

to the lattice gas) (Levelt Sengers and Greer, 1972). Although this model has 

not yet been solved exactly, estimates for the associated critical exponents, ob

tained from series expansions (Domb, 1974; Camp et a1., 1976; Gaunt and Sykes, 
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1979), are much closer to the experimental values than to those predicted by the 

classical theories (table 1). Moreover, the model indicates that in the vicinity of 

the critical point, the predicted Helmholtz singularity can be considered a gener

alized homogeneous function of AT·, Ap· (Sengers and Levelt Sengers, 1978), as 

was also suggested by Widom (1965, 1974) and Kadanoff (1966). This homogene

ity hypothesis was confirmed on theoretical grounds by Wilson's (1971a,b, 1983) 

application of renomalization group theory to critical phenomena in fluids. 

The renormalization group approach provides a second set of theoretical 

critical exponent values, obtained from field theory methods (e.g., Le Guillou and 

Zinn-Justin, 1980). These values are very close to the three-dimensional Ising 

model estimates although some slight discrepancies, especially with regard to {ice, 

remain unresolved (Baker, 1977; Zinn-Justin, 1979). 

Thus, critical exponents computed from two independent theoretical frame

works are in close accord with each other and with experimental results, and in 

contradiction with classical theory (table 1) (Levelt Sengers and Sengers, 1981; 

Sengers, 1982). 

An equation of state that incorporated all asymptotic power laws, non

classical critical exponents, and homogeneity of thermodynamic functions near the 

critical point was first proposed by Widom (1965). Incorporation of the homogene

ity property is crucial; in addition to being theoretically sound, this ensures that 

the equation of state can be reduced to a 8caling law in which original dependence . 
of the dependent property on two independent variables is recast as dependence 

on one scaling variable, a new combination of the original two variables (Griffiths, 

1967; Levelt Sengers, 1970; Sengers and Levelt Sengers, 1978). 

Choice of variables, JLpT or PV mT, with which to implement the scaled 

equation of state is determined by the presence of symmetry features with respect 
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Table 1: Critical exponent values from theory and experiment 

Comparison of critical exponent values derived from experimental data and those 
predicted for classical equations of state, the three-dimensional Ising model, and 
from renormalization group theory. 

critical classical 3-D Ising Renorm. 

exponent eqn. stateO experimentb modelc groupd 

Q ce 0 0-0.15 0.125 ± 0.02 0.110 ± 0.02 

Pec 0.5 0.34--0.36 0.312 ± 0.02 0.110 ± 0.005 

"fcc 1 1.1-1.3 1.25 ± 0.003 1.241 ± 0.002 

Dcc 3 4.0-4.6 5.01c 4.82c 

Ai - - 0.50 ± 0.08 0.50 ± 0.02 

°e.g., Levelt Sengers (1970, 1974), Sengers and Levelt Sengers (1978) 

bnumerous sources; see text 

cFisher (1967), Moore et al. (1969), Domb (1974), Camp et al. (1976) 

dBaker et al. (1974, 1976), LeGuillou and Zinn-Justin (1977, 1980) 

Cestimated from Q m llcu "fcc values and equation (2.33) 
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to the critical isochore (Pc or V m,c) similar to those of the theoretical lattice gas 

(Levelt Sengers, 1970; Vicentini-Missoni et al., 1969a). Perfect symmetry of the 

lattice gas vaporization boundary is very nearly attained by real fluids in T - P 

coordinates, but decidedly lacking in T- Vm space (e.g., Cailletet and Mathias, 

1886; Guggenheim, 1945; Tisza and Chase, 1965). Moreover, model antisymme

try of JLp-isotherms is also observed experimentally in T - p but again lacking 

in analogous PVm-iaotherms (figure 2) (Wallace and Meyer, 1970; Michels et aI., 

1937, 1958; Roach, 1968). The preferred set of intensive variables with which to 

model near-critical anomalies is therefore clear: JLpT, and the state function will 

be theoretically based on equations (2.2-2.6). 

The scaling law derived by Widom (1965) follows directly from appro-

priate rearrangement and approximation of the Taylor series expansion in JL* at 

the critical point (Levelt Sengers et aI., 1976; Sengers and Levelt Sengers, 1978). 

Assuming (2.15) and recognizing that AJL- = JL* - JLoo - JLol(AT*), equation (2.18) 

in JL can be expressed to first order approximation as 

A * (A *)3 { JL11 ( AT* )} 
JL = JL30 ~p 1 + JL30 (Ap*)2 (2.34) 

Taking simultaneous account of the critical isotherm, (2.23), and convergence of 

coexisting densities along the vaporization boundary, (2.28), equation (2.34) can 

be recast as 

(2.35) 

where for classical equations the scaling function, gcl(X), is given by 



-120 

-130 

-140 

-150 

1 3 

VmlVm,c 

200 

150 

P (bars) 

100 

50 

1 2 

VmlVm,c 

0.5 1.5 

plPc 

0.5 1.5 

plPc 

25 

T(Vm) and T(p) 
VAPORIZATION 
BOUNDARIES 

IL (kJ Imol) 

100 

P(Vm) and IL(P) 
ISOTHERMS 

25 

Figure 2: Alternate equation of state variables: symmetry comparison 
The argon vaporization boundary and isotherms in thermodynamically equivalent 
state variables: PVmT, consistent with equation of state (2.11) and ILpT, consis
tent with equation of state (2.6). Note preferred symmetry of the vaporization 
boundary and preferred antisymmetry of isotherms with respect to the critical 
isochore in ILpT coordinates. Modified from Levelt Sengers et 0.1. (1976), figure 1. 
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(2.36) 

and the scaling variable, x, by 

(2.37) 

where Dca = 1'30, Xo = 1'30/1'11 = B~l/{J .. , and Bea is defined in the context of 

equation (2.27) (Levelt Sengers et at, 1976; Senger,s and Levelt Sengers, 1978). 

Equation (2.35) satisfies the homogeneity property (Widom, 1965; Griffiths, 1967); 

consequently, AI'-, when scaled by (Ap-)6 .. , becomes a function of the single scal

ing variable, x. It is important to note, however, that for classical equations, 

second derivatives of the Helmholtz free energy do not, in general, scale to first or

der; this is the practical limitation of scaling for the classical descriptions (Sengers 

and Levelt Sengers, 1978). 

The as yet unspecified nonclassical scaling function, gncl(X), must satisfy 

several requirements so as to ensure thermodynamic stability and yield asymp

totic power law predictions (Widom, 1965; Griffiths, 1967). These requirements 

include the following: (1) analyticity throughout the one-phase region with sin

gularity restricted to the critical point, (2) gncl(X) = 0 (i.e., x = -xo) on the 

vaporization boundary, (3) gncl(X) = Dca (i.e., x = 0) on the critical isotherm, 

and (4) gncl(X) = X = 00 on the critical isochore. In addition, gncl(X) must be 

integrable in closed form in order to avoid evaluation of a temperature-dependent 

integration constant for the Helmholtz free energy and a value for I'(Pc, T) (Levelt 
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Sengers, 1970; Vicentini-Missoni et aI., 1969b; Levelt Sengers and Greer, 1972; 

Sengers and Levelt Sengers, 1978). 

Although the scaling concept is well-suited for description of critical anoma

lies in fluids (Griffiths, 1970; Levelt Sengers, 1970; Vicentini-Missoni et at, 1969b, 

1970), initial attempts to formulate a practical scaling function that met all the 

above requirements (e.g., Vicentini-Missoni et at, 1969b) were not entirely suc

cessful, mainly in regard to attainment of closed form integrability. This difficulty 

was alleviated by the introduction of methods that transformed the physical vari

ables aT· and ap· into parametric variables r and 0 where r represents a measure 

of distance from the critical point and 0 specifies an r-contour location (Josephson, 

1969; Schofield, 1969). This transformation, although nontrivial from a computa

tional standpoint (Moldover, 1978), has the distinct advantage that all anomalies 

are now cast in terms of the r-dependence which becomes singular only at the 

critical point where r = 0; the O-dependence is analytic everywhere (Schofield, 

1969). 

The actual transformation functions are not unique (Fisher, 1971); the 

following set, for which all pow~r laws, scaling function requirements, and sym

metry features are preserved, is known as the linear model parametric description 

(Schofield, 1969): 

(2.38) 

where 0 is specified such that it equals ±1 on the vapor and liquid branches of 
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the vaporization boundary, ±1/b.c on the critical isotherm, and 0 on the critical 

isochore (figure 3). Substance-specific adjustible tonstants am k.c,o, and b.c are 

determined from numerical fitting of (2.38) to PTp data (Schofield, 1969; Sengers 

and Levelt Sengers, 1978; Levelt Sengers et 0.1., IMSa). 

Ratios of physical variables that define biSth the scaling variable, (2.37), 

and the scaling function, (2.36), become functions of only 0 in their parametric 

representation, (2.38); as a result, all requirements of the scaling law, (2.35), are 

implicitly fulfilled by (2.38). Furthermore, the linear model is readily integrated in 

closed form to yield All so all other thermodynamit functions can be subsequently 

obtained in closed parametric form by appropriate differentiation (Hohenberg and 

Burmatz, 1972; Schofield, 1969). 

The parametric scaling law, (2.38), accurately describes near-critical ther

modynamic anomalies within the region where its implicit symmetry features and 

power laws are valid. From symmetry considerations, this region is rather large: 

the slight asymmetry of actual vaporization boundaries is of negligiblt: concern 

and experimentia11y determined antisymmetry of I'P-isotherms appears valid to 

at least ±30% of Pc (Vicentini-Missoni et 0.1., 1969a,b). In contrast, the validity 

range of asymptotic power laws is quite restricted: the conflict between experi

mental (0.34 - 0.36) and theoretical (0.31 - 0.32) values for Pee was resolved by 

experimental evidence (e.g., Hocken and Moldover, 1976) that the theoretical val·· 

ues were indeed attained, but only within a fraction of a degree of the critical 

point (Levelt Sengers and Sengers, 1981). AB a result, correction terms are clearly 

required in order to formulate a practical scaled equation of state. 

Renormalization group theory provides estimates of both the functional 

form and magnitude of such correction terms (Wegner, 1972; Ley-Koo and Sengers, 

1982; Sengers and Levelt Sengers, 1978). Wegner (1972) first implemented this 
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Definition of parametric variables, r and 0, in the AT· - Ap· plane. Modified from 
Levelt Sengers et al. (1976), figure 4, and Levelt Sengers et al. (1983b), figure 5. 
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concept by formulating an expansion of the Glbbs free energy of ferromagnetic 

systems around their Curie point that incorpors.ted corrections-to-scaling terms 

into asymptotic power laws. Incorporation of such terms is referred to as extended 

scaling (Green et al., 1971). Ley-Koo and Green (1977, 1981) translated Wegner's 

model into an analogous thermodynamic potential for fluids near their critical 

point: P = P(T,ji,) where 

P = P* = Te (P) 
T* Pc T 

ji, = 11-. = PeTe (II-) 
T* Pc T 

T = -~ = -T. (!) T* e T (2.39) 

This potential, which is in fact a temperature-normalized version of equation (2.2), 

can be expressed as the sum of analytic (background), scaling, and corrections-to

scaling contributions: 

(2.40) 

where 

Preg = Preg (ue, u lI ) 

P,e - a,e IUt 12-
a 

•• k.e,ogncl,o (x) 
00 

Peorr = a,elutI 2
-

a 
•• L k.e,iIUtl~ignel,i(X) 

i=l 
X = ull /lutI 6 

.. P .. (2.41) 

-."l-. 
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The scaling fields up and u, are analytic functions of il and T that are equivalent in 

coexisting liquid and vapor phases. The u,-axis defines the vaporization boundary 

and its analytic continuation into the one-phase region; the up-axis intersects 

the vaporization boundary at an angle chosen such that experimentally observed 

asymmetry is introduced into the T-p vaporization boundary (Levelt Sengers and 

Sengers, 1981; Levelt Sengers et al., 1983b). In other words, up is a measure of 

distance from the vaporization boundary; u, is a measure of distance from an axis 

that originates at the critical point but satisfies T(il) I- -1 elsewhere (figure 4). 

In practice, the desired angle between up and u, axes is achieved by defining u, 

as a linear combination of T and jl and up as a function of jl only; this procedure 

is known as revised scaling (Rehr and Mermin, 1973; Balfour et aI., 1978; Levelt 

Sengers and Sengers, 1981). 

In the linear model parametric representation, scaling and corrections-to

scaling functions gncl, 0 (x) and gnclA x) become simple polynomials in (J2; am k.c,o, 

and k.c,i are substance-specific adjustable constants obtained from numerical fit

ting to experimental PTp data; and Ai represent corrections-to-scaling or "gap" 

exponents obtained from renormalization group theory (Levelt Sengers and Sen

gers, 1981). 

The ,PjlT surface is continuous everywhere with the vaporization bound

ary being defined by slope discontinuity. As the critical point is approached, the 

magnitude of this discontinuity diminishes while curvature of the vaporization 

boundary increases. At the critical point, the slopes are equivalent and finite and 

the curvature infinite. Consequently, first derivative properties of the surface, re

duced dimensionless density and internal energy, are unequal in coexisting liquid 

and vapor but converge to a finite value at the critical point. Second derivative 
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Definition of scaling fields, u, and u"', in the T-;;' plane. 
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properties, reduced dimensionless isothermal compressibility and isochoric heat 

capacity, are also unequal in coexisting liquid-vapor, but converge to a vertical 

asymptote (infinity) at the critical point (Ley-Koo and Green, 1977, 1981; Levelt 

Sengers and Sengers, 1981). 

Equation (2.40) with incorporation of nonclassical exponent values and 

extended (one corrections-to-scaling term) and revised scaling has been used suc

cessfully to predict near-critical thermodynamic anomalies of several one-component 

fluids, including H 20 (Balfour et al., 1978, 1980; Levelt Sengers et al., 1983a), over 

the approximate range of ±35% in Pc and from -1% to +8% in Tc (Levelt Sengers, 

1983). The importance of including a corrections-to-scaling term in the descrip

tion is underscored by analyses that indicate the magnitude of this term exceeds 

1% of the scaling contribution for laTI > 10-4 (Levelt Sengers, 1983). 

The specific statement of (2.40) implemented by Levelt Sengers et al. 

(1983a) for H 20 is presented in chapter 3. 

global and critical region boundary 

Although classical and nonclassical equati~ns of state provide accurate 

representation of state and thermodynamic properties over the global and critical 

regions of the pPT surface, there are unresolved difficulties in numerically joining 

the two descriptions along their near-coincident validity boundaries. Obviously, 

the ultimate goal is development of a single continuous function that combines 

asymptotic scaling predictions in the critical region and classical predictions else

where. Although eventual realization of such a function is conceivable (Levelt 

Sengers et al., 1983b), contemporary research has focused on procedures that 
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facilitate improved agreement of existing clasfilcal and nonclassical formulations. 

Two current approaches are outlined below. 

The first approach involves formulation df a differentiable crossover, switch

ing, or blending function that through some linear combination of classical and 

nonclassical property values yields a third intermediate value (e.g., Chapela and 

Rowlinson, 1974; Woolley, 1983). The logical property choice is the Helmholtz free 

energy because all thermodynamic properties can be represented as appropriate 

derivatives of this function. The generic expression is given by 

Atnt = fco(r)Acl + (1 - fco(r))Ancl (2.42) 

where Atnt, Acl, and Ancl represent the intermediate, classical, and nonclassical 

predictions of the Helmholtz free energy; fco(r) represents an appropriate blend

!ng function that assumes a value of zero near the critical point and one when well 

outside the critical region, r representing, in some sense, distance from the critical 

point. Considerations in developing the function include its mathematical form, 

which must be readily differentiable, and width of the blending region, which de

termines the relative magnitudes of function derivatives and surface discrepancies 

(Woolley, 1983). An unfortunate drawback to the blending function concept is the 

inherent inability of any such function to produce intermediate values for, simul

taneously, the Helmholtz free energy and its first and second derivatives (Woolley, 

1983). 

The second approach involves augmenting the data set used for numerical 

fitting of, if possible, both the classical and nonclassical description with values 

predicted by the alternate equation within their overlapping validity regions. Lev-
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elt Sengers et ai. (1983c) utilized this technique in developing a scaled equation 

of state for isobutane. They incorporated data predicted by the cbrresponding 

analytic equation (Waxman and Gallagher, 1983) and in so doing obtained very 

close agreement, on the order of 1% in Cv, with this classical description where 

both formulations were valid. From a practical standpoint, this latter approach 

seems more promising than the former. 



CHAPTER 3 

FUNDAMENTAL EQUATIONS 

Equations of state recently proposed by Haar et al. (1984) for the global 

region of the pPT surface and by Levelt Sengers et al. (1983a) for the critical 

region are the most reliable and accurate formulations currently available for pre

dicting state and thermodynamic properties of fluid H 20 (Kestin et al., 1984). 

These equations are presented below in the context of the foregoing overview of 

theoretical development. 

equation of state in the global region 

The Haar et al. (1984) equation of state is theoretically based on equa

tions (2.10-2.11) and represents a specific statement of (2.16); namely, a modified, 

augmented version of the Ursell-Mayer virial expansion of the dimensionless com

pressibility factor (Z == P / pRT) in density (Mayer and Mayer, 1940) which can 

be expressed as (Haar and Shenker, 1971; Powell et al., 1979) 

(3.1) 

where BI),i and bl),i represent the actual and hard-sphere virial coefficients and 

BI),l == bl),l == 1. The first Bummation term of (3.1) defines the equation of state 

36 



37 

for a gas of uniform hard spheres; this term incorporates all intermolecular repul

sion forces. The second summation represents departures from the hard-sphere 

description; this term incorporates all intermolecular attraction forces (Haar and 

Shenker, 1971). 

For the hard-sphere equation of state, Haar and Shenker employed the 

Thiele and Wertheim integrations of Percus-Yevick theory (Percus and Yevick, 

1958; Thiele, 1963; Wertheim, 1963, 1964); for departures from the hard-sphere 

description, they demonstrated that at 8upercritical temperatures this summation 

was closely approximated by considering only the two lowest order terms. Incor

porating the Thiele-Wertheim equation and this departure approximation recasts 

(3.1) as 

P = pRT { 1 + y + ~2 + 4y (Bl',2 _ 1) } 
(1 + y) bu,'l 

(3.2) 

where y = bu,2P/4. Equation (3.2) represents an equation of state for fluids where 

intermolecular interactions are spherically symmetric (Powell et at, 1979; Haar 

and Shenker, 1971); it contains only two temperature-dependent parameters: the 

second virial coefficients, B u,2 and bu,2, the latter of these can be regarded as 

the excluded volume term relative to the hard-sphere equation of state. These 

coefficients may be obtained from least squares fitting of (3.2) to experimental 

PTp data or, in the case of Bu,2, may be taken from published values (Powell et 

at, 1979; Levelt Sengers et aI., 1972). 

Equation (3.2) is readily generalized to polar fluids whose intermolecular 

interactions are strongly influenced by molecular orientation and, therefore, not 

spherically symmetric. This generalization is accomplished by regarding the effect 
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of strong dipole forces as transforming the symmetry of intermolecular repulsions 

from a spherical to an ellipsoidal character. The transformation is incorporated 

into (3.2) by substituting a hard-ellipse equation of state (Few and Rigby, 1973; 

Gibbons, 1969) for the hard-sphere equation of state. In the context of a two-term 

approximation for departure contributions, as was employed in (3.2), rigorous 

validity of the ellipsoid ally symmetric model is limited to T > lATe (Wardell et 

al., 1975; Powell et al., 1979). The hard-ellipse based equation of state is given by 

(Wardell et al., 1975; Powell et al., 1979): 

P = RT { 1 + (1- 2)y + (1 - 1 + 12/3)y2 + 4 (BI),2 _ 1 + 1) } 
P (1 + y)3 Y bl),2 4 

= RT { 1 + ay + ,8y2 + 4 (BI).2 _ A 0) } 
P (1 + y)3 Y bl),2 'Y 

(3.3) 

where 1 is a substance-specific geometric constant representing eccentricity of the 

ellipsoids and bl),2, the second virial coefficient for the hard-ellipse equation of state, 

can again be regarded as the excluded volume. As in the case of second virial 

coefficients, a value for 1 can be obtained by numerical fitting of experimental 

PTp data (Powell et aI., 1979). In the second equality of (3.3), a = 1- 2,,8 = 
1 - 1 + 12/3, and 1* = (1 + 1)/4 (Haar et al., 1980, 1982a,b, 1984). Note that 

(3.2) and (3.3) are equivalent for 1 = 3. 

Powell et al. (1979) performed a least squares fit of theoretical (Keenan 

et al., 1969) and experimental (Maier and Franck, 1966) PTp data for H 20 to 

(3.3) using several values for 1; their best results were obtained for 1 = 13. They 

then fit the Keenan et al. (1969) B2 data to a modified form of the Stockmayer 

potential (Hirshfelder et al., 1966) and utilized a previously determined temper-
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ature dependence for bu,2 (Wardell et aI., 1975) to complete numerical evaluation 

of the equation of state. 

Equation (3.3) is, in differentiated form, the direct antecendent of the 

theoretical base function for Helmholtz free energy given by Haar et a1. (1980, 

1982a,b, 1984). The fundamental difference between (3.3) and these more recent 

versions lies in the functional form of expressions for B u,2 and bu,2' The tempera

ture dependence of these second virial coefficients is given by (Baar et aI., 1980, 

1984): 

bu,2 = B1ln (~) + . E bi(;); 
.1=0,1,3,5 

B u,2 = L B;(To)'" (3.4) 
;=0,1,2,4 T 

where To = 647.074°K and b; and Bi represent regression coefficients obtained 

from numerical fitting of equations (3.3-3.4) to experimental volumetric data; 

these coefficients are summarized in table 2. 

As implied above, (3.3) is quantitatively accurate only for T > 1.4 Tc; 

however, because the equation remains qualitativelll correct for T < 1.4 Tc, it 

serves in this latter region as a base function. An auxiliary residual function, 

regressed from volumentic data, brings this theoretical equation of state into close 

agreement with its experimental counterpart. 

(3~5) 



40 

Table 2: Haar et 0.1. (1984) coefficients bi and Bi 

Coefficients bi and Bi in equations (3.3), (3.4), and (3.8). Modified from Haar et 
0.1. (1984), table A.l. 

i bi (cm3 jg) Bi (cm3 jg) 

0 0.7478629 1.1278334 

1 -0.3540782 -0.5944001 

2 0 -5.010996 

3 0.007159876 0 

4 0 0.63684256 

5 -0.003528426 0 

where Pbo,e is equated with P in (3.3). The residual function, Pmid, was developed 

by Haar et 0.1. (1980, 198.2a,b, 1984) from least squar~s fitting of experimental data 

to (3.3); the version of this function given by Haar et a!. (1984) was regressed 

from data given by Chen et 0.1. (1977), Grindley and Lind (1971), Hilbert (1979), 

Kell and McLaurin (1977), Koster and Franck (1969), Kell et 0.1. (1974, 1978), 

Kell and Whalley (1975), Maier and Franck (1966), Rivkin and Akhundov (1963, 

1966), Vukalovichet 0.1. (1961,1962), Woolley (1980), Osborne et 0.1. (1933, 1937, 

1939), Stimson (1969), and Guildner et 0.1. (1976). The function can be expressed 

as 
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where g(i) represent the fit coefficients, l(i), k(i), lri, Pi, and kp are integer con

stants, C and b are conversion factors, and Oi and ri are given by . 

P-Pi 
Oi=--j 

Pi 
ri = 

T-T; 
(3.7) 

where Pi and T; represent density and temperature constantsj the fit coefficients 

and integer, density, and temperature constants are given in table 3. The first 

summation represents a global, least aquares fit to the above experimental data. 

The first three terms of the second summation represent a least squares fit to 

two near-critical isotherms (roughly 31 PTp measurements) reported by Rivkin 

and Akhundov (1963, 1966)j the last term contributes only in the high-pressure, 

low-temperature region (Haar et at, 1984). 

Incorporation of this second summation term is the only differentiating 

feature between the Haar et at (1980) and Haar et at (1982a,b, 1984) equations 

of state. Moreover, all experimental data within the critical region were excluded 

from the regression procedure with the exception of the two isotherms mentioned 

above (Haar et al., 1984). The region of excluded data as specified by Haar et al. 

(1984) is closely approximated by the validity region of the Levelt Bengers ct al. 

(1989a) equation of state: figure 5. Presumably, this exclusion was necessitated 

by the prohibitive computational expense of incorporating a sufficient number of 

terms to represent near-critical density fluctuations with the accura.cy a.chieved 

elsewhere (e.g., Levelt Sengers and Greer, 1972). 

Equations (3.3) and (3.6) are readily integrable in closed form with re

spect to density to obtain, respectively, the base and residual contributions to the 

Helmholtz free energy per mole (Haar et at, 1980, 1984): 
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Table 3: Haar et aI. (1984) coefficients g(i), lei), k(i), Pi, CXi, Pi, and T; 

Coefficients g(i), lei), k(i), Pi, CXi, Pi, and T; in equations (3.6), (3.7), and (3.9). 
From Haar et al. (1984), table A.2. 

, k(i) lei) g(i) (Jig) , k(i) lei) g(i) (Jig) 

1 1 1 -5.3062968529023( 102) 19 5 4 -1.3802577177877 (106) 

2 1 2 2.2744901424408(103) 20 5 6 -2.5109914369001(105) 

3 1 4 7.8779333020687 (102) 21 6 1 4.6561826115608 (106) 

4 1 6 -6.9830527374994(101 ) 22 6 2 -7.2752773275387 (106) 

5 2 1 1.7863832875422(104) 23 6 4 4.1774246148294(105) 

6 2 2 -3.9514731563338(104) 24 6 6 1.4016358244614(106) 

7 2 4 3.3803884280753(104) 25 7 1 -3.1555231392127(106) 

8 2 6 -1.3855050202703(104) 26 7 2 4. 7929666384584( 106) 

9 3 1 -2.5637436613260(105) 27 7 4 4.0912664781209(105) 

10 3 2 4.8212575981415(105) 28 7 6 -1.3626369388386( 106) 

11 3 4 -3.4183016969660(105) 29 9 1 6.9625220862664 (105) 

12 3 6 1.2223156417448(105) 30 9 2 -1.0834900096447 (106) 

13 4 1 1.1797433655832(106) 31 9 4 -2.2722827401688(105) 

14 4 2 -2.1734810110373(106) 32 9 6 3.8365486000660( 105) 

15 4 4 1.0829952168620(106) 33 3 0 6.8833257944332 (103) 

16 4 6 -2.5441998064049(105) 34 3 3 2.1757245522644(104) 

17 5 1 -3.1377774947767(106) 35 1 3 -2.6627944829770(103} 

18 5 2 5.2911910757704(106) 36 5 3 -7.0730418082074(104) 

, k(i) lei) Pi (glcm3
) T; (OK) CXi Pi g(i) (Jig) 

37 2 0 0.319 640. 34 20000 -2.25(10-1) 
38 2 2 0.319 640. 40 20000 -1.68(10°) 
39 2 0 0.319 641.6 30 40000 5.50(10-2) 

40 4 0 1.55 270. 1050 25 -2.2~(10-1) 
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Figure 5: t.-p regions of (a) excluded data for the Haar et al. (1984) equation and 
(b) validity for the Levelt Sengers (1983a) formulation 

The t-p region where experimental data were excluded from those used to obtain 
coefficients for the Haar et al. (1984) equation (sparce data along the 374 and 
375°C isotherms (Rivkin and Akhundov (1963, 1966) were included in the fit - see 
text) and the estimated validity region of the Levelt Sengers et al. (1983a) scaled 
equation of state. Note close correspondence between the two regions. 
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- { 6-1 a+ p+l} Am,6an(p,T) - CMRT -In(l- y) - 1- Y - 2(1- y)2 + 

CMRT{4Y(~: -7-) - a-:+3 +In(P;oT)} (3.8) 

Am,retid (p, T) 
M 36 (.) (T. )'(i) = ... L 9 '. ~ (1- e-kpp)k(i) + 
C i=l k(,) T 

M ~ (.)~l(i) -a.6~(i)_R.f'? 
... L..J 9 '''i e " .. , , 
C i=37 

(3.9) 

There is also a temperature-dependent ideal gas contribution (integration con

stant) to the Helmholtz function that does not, as a consequence of its density 

independence, contribute to the equation of state (Woolley, 1980; Haar et aI., 

1980, 1982a,b, 1984): 

where TR = T /(1000 K) and the coefficients, Ci, are given in table 4. 

The sum of base (3.8), residual (3.9), and ideal (3.10) contributions to 

the Helmholtz free ener.gy defines the composite fundamental equation (Haar et 

aI., 1980, 1982a,b, 1984): 

(3.11) 
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Table 4: Haar et al. (1984) coefficients Ci 

Coefficients Ci for equation (3.10). Modified from Haar et al. (1984), table A.3. 

, Ci i Ci 

1 1.97302710180(101 ) 10 4.1238460633 (10-3) 

2 2.09662681977(101) 11 -2.7929052852(10-·) 

3 -4.83429455355(10-1) 12 1.4481695261(10-5) 

4 6.05743189245 (10°) 13 -5.6473658748(10-7) 

5 2.256023885 (101) 14 1.620044600(10-8) 

6 -9.875324420(10°) 15 -3.3038227960(10-1°) 

7 -4.3135538513(10°) 16 4.51916067368(10-12) 

8 4.581557810(10-1) 17 -3.70734122708(10-14) 

9 -4.7754901883(10-2) 18 1.37546068238(10-16) 

The equation of state, (3.5), and all thermodynamic properties are readily 

obtained from appropriate differentiation of (3.11) in accord with the first and 

second laws of thermodynamics. 

equation of state in the critical region 

The thermodynamic potential for fluid H 20 in the critical region given by 

Levelt Sengers et al. (1983a) is both a temperature-normalized version of equation 

(2.2) and a specific statement of equation (2.40). The potential can be expressed 

(3.12) 
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where Prell represents the analytic potential tangent to PiLT at the critical point 

that describes all finite first derivative properties of (3.12); ap represents asymp

totic scaling and corrections-to-scaling contributions that account for convergence 

of second derivative properties to a vertical asymptote at the critical point (Levelt 

Sengers at al., 1983a). The analytic potential is defined by 

(3.13) 

where 

aT = l' + 1 = aT" IT" = (T - Tc)ITc 

aiL - iL - iLo(T) = ap," IT" = ~~~ (p,(p, T) - p,(Pc, T)) (3.14) 

and 

3 

iLo(T) = iLc + E iLi(aT)i 
i=1 
3 

1'0(1') = 1 + Epi(aT)i (3.15) 
i=1 

The function iLo(T) represents the Tp, vaporization boundary and its analytic 

continuation into the one-phase region; 1'0(1') represents background l' for the 

analytic potential, Prego 

The asymptotic scaling and correction-to-scaling terms are expressed as 



1 

AP = aacIUtI2-a .. Lk.c"IUtl~;9ncl,i(X) 
,=0 
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(3.16) 

where the first and second summation terms define respective contributions of the 

asymptotic scaling law (hence, Ao = 0) and the first Wegner correction-to-scaling 

term. The scaling and correction-to-scalingfunctions, 9ncl,o and 9ncl,l, are functions 

of the scaling variable, x, which is a combination of the two independent scaling 

fields, ttt and U w The scaling fields are defined in the AT- AiJ, plane (figure 6) 

and in linear parametric representation, (2.38), by 

Up = A'it/a.c = rP .. 6"0(1 - 02
) 

Ut = AT + cacAiJ,/a.c = r{l - b282
) (3.17) 

As discussed in chapter 2, representation of Ut as a linear combination of AT and 

AjJ, (revised scaling) introduces experimentially observed asymmetry into the T-p 

vaporization boundary. 

The scaling variable is specified as 

(3.18) 

and the sca.ling and correction-to-scaling functions, in linear parametric form, are 

given by 

(i = 0,1) (3.19) 
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Definition of scaling fields, Ue and u", in the AT-Aji, plane. Modified from Levelt 
Sengers et al. (1983b), figure 6. 
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where 

Pi (0) = POi + P2i02 + P4iO' 

POi = {3ceoce - 3{3ce,i - b~cace,i"Yce,i 
2b!e(2 - a ce,i)(1 - ace,i)ace,i 

P2i = (3eeoee - 3{3ee,i - b~caceA2{3eeoce - 1) 
2b~e(1 - aee,i)ace,i 

p" = 2{3eeoce - 3 
(3.20) 

2ace,i 

Thus, the scaling variable and scaling and correction-to-scaling functions are all 

independent of r and depend only on 0; this restricts non analyticity of the equation 

of state to the critical point itself (Balfour et al., 1980; Levelt Sengers et al., 1983a). 

Implementation of equations (3.12-3.20) requires values for three criti

cal exponents ({3ee, Oee, and AI) predicted by theory (LeGillou and Zinn-Justin, 

1980) and sixteen substance-specific constants that must be determined from var

ious experimental data: three critical parameters (Pe,Pe, and Te), five scaling 

function parameters (a,e, b.c, e,e, k.e,o, and k.c,l), four background pressure param

eters (Ph P2 , P3 , and Pu), and four chemical potential background parameters 

(JtltJt2,Jt3, and Jte). The adopted values are given in table 5; techniques from 

which they were obtained (Balfour et al., 1980; Levelt Sengers, et al., 1983a) are 

briefly summarized below. 

Critical parameters were determined from latent heat, vapor pressure, 

and near-critical PTp data evalated in the context of asymptotic scaling laws. A 

value for Te was estimated from latent heat data (Osborne et al., 1933, 1937), the 
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Table 5: Levelt Sengers et 801. (198380) constant parameters ' 

Summary of critical exponents, critical state parameters, scaling function parame
ters, background pressure parameters, and chemical potential background param
eters for the Levelt Sengers et 801. (198380) equation of state. Modified from Levelt 
Sengers et 801. (198380), table Bl. 

parameter value 
Pce 0.325° 

critical exponents bce 4.82° 
.1.1 0.50° 
Tc 647.0670K b 

critical parameters Pc 0.322778 9 / em3 c 
Pc 220.46 bar d 
a.c 23.667C 

scaling function k.c•o 1.4403C 

parameters k,C.l 0.2942C 

e,c -o.01776C 

b~c 1.3757C 

PI 6.8445C 

pressure background P2 -25.4915C 

parameters Pa 5.238C 

Pll 0.4918e 

P.c -11.2331 

caloric background ILl -22.655
' parameters P.2 -17.888g 

P.a -4.933g 

°fixed from theory 

bfrom latent heat data of Osbourne et at (1933, 1937) 

cfrom fit to PVT data. of Rivkin et 801. (1962, 1963, 1966) 

dderived from vapor pressure curve 

efrom known coexistence curve diameter 

Ifrom equating the Levelt Sengers et 801. (198380) equation of state with that of 
Ha.a.r et 801. (1980) at 648.15°K, 0.23 g/em3• ' 

gfrom fit to speed of sound data of Erokhin and Kalyanov (1979, 1980) 
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corresponding Pc was obtained from vapor pressure data (Osborne et aI., 1933, 

1937), and Pc was then determined from scaled fitting to PTp data (Rivkin et aI., 

1962, 1963, 1966) (Levelt Sengers et al., 1983a). In the near-critical region, the 

thermodynamic potential, (S.le), and its derivatives are extremely sensitive to the 

value of Te. The seemingly minute discrepancy between values utilized by Levelt 

Sengers et al. (198Sa), 373.917°0, and Balfour et al. (1980), 373.848°0, is in 

fact the main distinguishing feature of the two equations (Levelt Sengers et aI., 

1983a). 

All scaling function parameters were determined by numerical fitting of 

the equation of sta.te, p = (ap /ajJ,)t, to critical region PTp data (Rivkin et aI., 

1962,1963, 1966). All pressure background parameters were also obtained in this 

manner with the exception of I'll which was derived from the slope of the vaporiza

tion boundary diameter. Two of the chemical potential background parameters, 

il2 and il3, were determined from sound velocity data (Erokhin and Kalyanov, 

1979, 1980); the other two, ill and ilc, were obtained by equating enthalpies, in

ternal energies, and entropies predicted from this equation of state with those 

given by the Haar et a1. (1980) formulation at 375°0, 230 bars (Levelt Sengers et 

aI., 1983a). 

global and critical region boundary comparison 

The validity region of the Levelt Sengers et a1. (1983a) thermodynamic 

potential is bound by the 0.20 and 0.42 g / cms isochores and the 421.85°0 isotherm. 

Comparison of property values computed along this perimeter using both this 

equation and the Haar et a1. (1984) formulation reveals that even at the second 

level of differentiation (e.g., Q, (3, c\;, cp , and w,) the two functions agree, in gen-
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eral, to within 1% (Johnson, unpub. data). As a result, the two equations can be 

considered continuous for all practical purposes. 



CHAPTER 4 

COMPUTATIONAL CONVENTIONS 

Implementation of the Levelt Sengers et al. (1983a) and Haar et al. (1984) 

equations of state requires specification of unit and triple point conventions. These 

conventions, determined on the basis of computational convenience with regard to 

associated conventions in modern theoretical geochemistry, are summarized below. 

In addition, the pressure-temperature grid over which fluid H 20 properties are 

anaylzed in chapters 5-6 is described. 

The most convenient unit conventions for fluid H 20 in the context of geo

chemical calculations (Helgeson and Kirkham, 1974a) are adopted. All property 

units are consistent with temperature in degrees Kelvin (oK), pressure in bars, 

energy in thermochemical calories (cal or kcal), mass in grams (g), and volume in 

cubic centimeters (cm3 ). Energy properties are expressed as per mole quantities 

and density as g/cm3• Units for specific properties are summarized in the symbol 

table (Appendix A). 

Energy properties tabulated by both Levelt Sengers et al. (1983a) and 

Haar et al. (1984) are referenced to the following triple point (tr) conventions: 

Sm,tr == E m,tr == 0 which leads to Am,tr == 0 and Hm,tr == Gm,tr ~ o. This refer

ence frame is useful in most engineering applications but inconsistent with stan

dard state conventions in common use for calculating thermodynamic properties 

of minerals, gases, and aqueous ions (e.g., Helgeson et al., 1978, 1981; Robie et al. 

1978; Helgeson and Kirkham, 1974b, 1976). In order to attain consistency with 
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Table 6: Triple point properties 

Triple point values for AmI Gml Em and Hm in kcaljmol and Sm hi. caljmoloK. 
Modified from Helgeson and Kirkham (19740.), table 2. 

Em,tr Sm,tr 

-55.415 -56.290 -67.887 -68.767 15.132 

these geochemical data, fluid H20 energy properties computed from the Levelt 

Sengers et 0.1. (19830.) and Ha.a.r et 0.1. (1984) descriptions (Eml Hml AmI Gml Sm) 

have been converted to apparent molal (~Eml I:l.Hml I:l.Aml I:l.Gm) and third law 

molal (Sm,tI) quantities of non-zero triple point reference (Helgeson and Kirkham, 

19740.): 

Sm,,, = Sm +Sm,tr 

I:l.Em = Em + Em,tr 

I:l.Hm - Hm+Hm,tr 

I:l.Gm - Hm - T Sm + TerSm,tr + Gm,tr 

- Gm + TtrSm,tr + Gm,tr 

I:l.Am = Em - T S + T~rS'r", + A,r ... 

- Am + TerSm,Ir + Am,Ir (4.1) 

where Sm,Irl Em,Ir! Hm,Ir! Gm,Ir! and Am,Ir are given in table 6. 

Fluid H 20 properties presented in chapters 5-6 are analyzed with refer

ence to a pressure-temperature grid whose axes are di~ensioned from 200-450 bars 



55 

and 350°-475°C and incremented by 6.25 bars and 3.125 °C (figure 7). Approx

imately 20% of this grid is enclosed within the critical region as defined by the 

validity boundary of the Levelt Sengers et at (1983a) equation of state. Within 

this region, all property values are computed with reference to the Levelt Sengers 

et at (1983a) formulation; elsewhere, the Haar et a1. (1984) equation of state 

is used. Also displayed on figure 7 are the vaporization boundary, critical point 

(647.0670 K = 373.917°C, 220.46 bars), and critical isochore (0.322778 gjcm3). 

Five pressure-temperature regions of fluid H 20 stability are distinguished 

by location with respect to the vaporization boundary and critical point (figure 8). 

The liquid region falls between the vaporization boundary and critical isobar; the 

vapor region falls between the vaporization boundary and critical isotherm. The 

8upercritical liquid region is constrained to supercritical pressures and sub critical 

temperatures; the 8upercritical vapor region is constrained to supercritical temper

atures and subcritical pressures. Finally, the 8upercritical flUId region encompasses 

all conditions of supercritical temperature and pressure. Strictly speaking, only 

three fluid phase8 of H 20 are distinguished: liquid, vapor, and 8upercritical fluid. 
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Figure 7: Pressure-temperature grid 

The pressure-temperature grid employed for computation and projection of 
H 20 properties in chapters 5-6. Note axis dimensions (350° - 475°C and 
200-450 bars) and granularities (3.125° and 6.25bars) and locations of the crit
ical region (421.85°C isotherm and 0.20 and 0.42 isochores), critical isohcore 
(0.322778 g/cm3), critical point (373.917°C,220.46 bars), and vaporization bound
ary. 
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Fluid phases of H 20: liquid, vapor, and Bupercriticalliquid, vapor, and fluid. 



CHAPTER 5 

STATE PROPERTIES 

The fundamental thermodynamic functions, P(T,ji,) in the critical re

gion (equation 3.12) and A(T,p) in the global region (equation 3.11), were ini

tially obtained from integration of the corresponding state functions, iJ(T,ji,) (a 

temperature-normalized version of equation 2.3) and P(T,p) (a molar volume ver

sion of equation 2.11). As a result, these equations of state and their partial 

derivative properties, isothermal compressibility and isobaric expansivity, are now 

cast as first and second order derivatives of the fundamental functions. 

equations of state 

The equation of state in the critical region is given by 

(5.1) 

The analogous expression for the global region is 

p= L (8Am) 
eM 8p T 

(5.2) 
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Density (0-0.75 g/cm3) as a function of temperature 3500 -475DC and pressure 
(200-450 bar) computed from equations (3.12), (3.11), (5.1), and (5.2). 
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475 

Density (0 - 0.75 g / cm3) as a function of pressure (200 - 450 bar) at constant 
temperature (3750 

- 475°C) computed from equations (3.12), (3.11), (5.1), and 
(5.2). 
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Table 7: Computed density values (gjcm3) 

Density values (gjcm3) computed from equations (5.1), (5.2), (3.12), and (3.11) 
and illustrated in figures 9-11. The exponentiation is shorthand for xl0-1• 

P\t 375 400 425 450 475 

250 0.50521 0.16663 0.12682 0.10909 0.97935-1 

300 0.55825 0.35838 0.18866 0.14845 0.12829 

350 0.58798 0.47489 0.29194 0.20163 0.16519 

400 0.60956 0.52367 0.39456 0.27091 0.20998 

450 0.62680 0.55478 0.45749 0.34337 0.26170 

Equations (5.1), (5.2), (3.12), and (3.11) were used to compute the pep, T) values 

listed in table 7 and illustrated by the pep, T) surface of figure 9 and p(T)-isobars 

and p(P)-isotherms of figures 10-11. 

Density increases with pressure at constant temperature and decreases 

with temperature at constant pressure. Although both functions are monotonic, 

their first derivatives display local maxima in the ,critical, region. These max

ima increase exponentially through the near-critical region and become infinite 

at the critical point. Consequently, the pep, T) surface, p(T)-isobars, and p(P)

isotherms all display a sharp sigmoid form in the near-critical region that dampens 

with temperature and pressure (figures 9-11). This functional form is a geomet

ric consequence of the parabolic 8hape and critical point vertex of the peT or P) 

vaporization boundary; moreover, it i8 ultimately responsible for all near-critical 

thermodynamic anomalies in one-component fluids and fluid mixtures. 

Because the critical region state function is a first derivative property of 

the fundamental equation, all properties (not just equation of state derivatives) de

pendent on 8econd derivatives of this equation will converge to vertical asymptotes 
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at the critical point. In addition, note that inflection points of p(P)T and p(T)p 

converge toward the critical isochore with critical point approach (figure 9). As a 

result, third derivative properties of the fundamental equation will be of opposite 

sign in supercritical fluid of approximately sub- and supercritical densities. 

Levelt Sengers et al. (1983a) report that equation (5.1) represents the 

experimental PTp data of Rivkin and Akhundov.(1962, 1963) and Rivkin et 

al. (1966) to within their estimated accuracy. This excellent correspondence 

is, of course, a consequence of employing these data in the regression analysis 

from which several adjustable constants inherent to the equation were obtained 

(chapter 3). However, comparison of equation (5.1) with recent high-quality 

PTp measurements in the critical region (Hanafusa et al., 1983a) that were not 

used in this fitting procedure indicates average discrepancy of less than 2% (John

son, unpub. data). Incidently, this agreement is superior to that achieved using 

equation (5.2). For the global region of the PTp surface, however, Haar et al. 

(1984) report that equation (5.2) represents experimental data excluded from their 

regression analysis (chapter 3) to within, in general, a few parts per thousand. 

compressibility and expansivity 

The coefficient of isothermal compressibility is defined as 

(3 == !. (8P) == _.!. (8V) 
p 8P T V 8P T 

(5.3) 

Within the critical region, this coefficient is expressed as 

(5.4) 
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Table 8: Computed isothermal compressibility values (bar-I) 
Isothermal compressibility values (bar-I) computed from equations (5.4), (5.5), 
(3.12), and (3.11) and illustrated in figures 12-14. Exponentiations are shorthand 
for XlO[-I, -2, -3). 

P\t 375 400 425 450 475 

250 0.33310-2 0.12095-1 0.75424-2 0.62678-2 0.56422-2 

300 0.13097-2 0.11996-1 0.85019-2 0.61119-2 0.51992-2 

350 0.83914-3 0.27715-2 0.81093-2 0.61192-2 0.49296-2 

400 0.62480-3 0.14225-2 0.40864-2 0.55020-2 0.46433-2 

450 0.50103-3 0.94939-3 0.21459-2 0.39090-:2 0.41082-2 

In the global region, isothermal compressibility is given by 

(5.5) 

Equations (5.4), (5.5), (5.1), (5.2), (3.12), and (3.11) were used to compute the 

{3 (P, T) values given in table 8 and illustrated by the {3 (P, T) surface of figure 12 

and {3(T)-isobars and {3(P)-isotherms of figures 13-14. 

Isothermal compressibility diverges from a positive vertical asymptote at 

the critical point toward background values (~ 10-3 bars-I) both with tempera

ture at constant pressure and with pressure at constant temperature. This diver

gence is relatively strong (large-magnitude governing exponent) or weak (small

magnitude governing exponent) depending on the P - T path considered. The 

P - T directions of strongest divergence in the {3 - T and {3 - P planes are defined 

by the locus of relative maxima in {3(T)-isobars and {3(P)-isotherms (figures 13-
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BETA bar -1 xl0 2 

Isothermal compressibility (0 - 0.05 bar-I) as a function of temperature 
(350°-475°0) and pressure (200-450 bar) computed from equations (3.12), (3.11), 
(5.4), (5.5), (5.1), and (5.2). 
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Isothermal compressibility (0 - 0.05 bar-1 ) as a function of temperature 
(350°-475°C) at constant pressure (250-450 bar) computed from equations (3.12), 
(3.11), (5.4), (5.5), (5.1), and (5.2). 
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Figure 14: Isothermal compressibility isotherms 

Isothermal compressibility (0-0.05 bar-1) as a function of pressure (200-450 bar) 
at constant temperature (375°-475°0) computed from equations (3.12), (3.11), 
(5.4), (5.5), (5.1), and (5.2). 
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14), respectively. In the near-critical region, these two maxima projections are 

near-coincident with each other and the critical isochore (equation 2.30). With 

increasing pressure and temperature, however, the two maxhna diverge unequally 

in the P - T plane from the critical isochore toward subcritical densities. As a 

result, the fJ(P,T) surface is folded upward along a P-T crease that is sharpest 

at its critical point origin, then flattens as it diverges toward subcritical densities 

in the critical region; the surface is relatively flat in the global region (figure 12). 

Unequal divergence of P(T)p and P(P)T maxima from the critical isochore 

in the P-T plane subdividp.s the PCP, T) surface into three major regions of specific 

partial derivative variation: (1) a region that includes the entire low- density 

side of P(T)p maxima at temperatures ~ 450°0 but is confined between the two 

maxima at lower temperatures; in this region P decreases with both pressure and 

temperature, (2) a region to the low-density side of the P(P)T maxima where 

fJ increases with pressure and decreases with temperature, and (3) a region to 

the high-density side of the fJ(T)p maxima where P decreases with pressure and 

increases with temperature. Isothermal compressibilities of low- density (~ Pc) 

supercritical fluid are typically several times larger than those of high-density 

(~ Pc) supercritical fluid. 

Note that in the near-critical region, P > 5(10-2) bar-1 have been trun

cated to this arbitrary upper limit for illustrative purposes; this area amounts to 

approximately 0.6% of the fJ(P, T) surface. 

The coefficient of isobaric expansivity is defined as 

(5.6) 
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Table 9: Computed isobaric expansivity values (0 K-l) 
Isobaric expansivity values (0 K-1) computed from equations (5.7), (5.8), (3.12), 
and (3.11) and illustrated in figures 15-17. Exponentiations are shorthand for 
x101- 1,-21. 

P\t 375 400 425 450 475 

250 0.16539-1 0.17301-1 0.74655-2 0.49601-2 0.37902-2 

300 0.80443-2 0.37789-1 0.13504-1 0.70818-2 0.48880-2 

350 0.57986-2 0.12957-1 0.20761-1 0.10224-1 0.63297-2 

400 0.46932-2 0.79718-2 0.14958-1 0.12932-1 0.79750-2 

450 0.40164-2 0.59774-2 0.97763-2 0.12177-1 0.91929-2 

Within the critical region, this coefficient is expressed as 

(5.7) 

In the global region, isobaric expansivity is given by 

8 Am 2 8Am 8 Am ( 2 ) {( ) (2) }-1 
a = 8p8T T,p 8p . T + P 8p2 T 

(5.8) 

Equations (5.7), (5.8), (5.1), (5.2), (3.12), and (3.11) were used to compute the 

a(P, T) values given in table 9 and illustrated by the a(P, T) surface of figure 15 

and a(T)-isobars and a(P)-isotherms of figures 17-16. 

Comparison of the a(P, T) and f3(P, T) surfaces reveals striking similarity 

in their functional form. In particular, isobaric expansivity diverges from a positive 

vertical asymptote at the critical point toward background values (10-3-10-2 ° K-l, 
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Isobaric expansivity (0-0.15 OK-I) as a function of temperature (3500 -475°C) 
and pressure (200-450 bar) computed from equations (3.12), (3.11), (5.7), (5.8), 
(5.1), and (5.2). 
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450 

Isobaric expansivity (0-0.15 oK-I) as a function of temperature (3500 -475°C) 
at constant pressure (250-450 bar) computed from equations (3.12), (3.11), (5.7), 
(5.8), (5.1), and (5.2). 
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figures 15-17) in the same manner as described above for isothermal compressibil

ity (e.g., Sengers and Levelt Sengers, 1978; Levelt Sengers et al., 1983b). There 

are, however, subtle differences between the properties. 

Relative maxima in a(T)p and a(P}T occur at larger densities than their 

f3 counterparts. This density shift has two noteworthy consequences. First, the 

restricted region where a decreases both with temperature and pressure, confined 

between the two maxima projections, is approximately centered on the critical iso

chore (figure 15); the corresponding region for f3 is located to the high-temperature 

side of the critical isochore (figure 12). Second, this near-symmetric relationship 

of a(T)p and a(P}T maxima with respect to the critical isochore results in a lack 

of significant discrepancy between expansivities of supercriticalliquid and vapor; 

the corresponding f3 extrema both follow 8ubcritical paths which results in such 

discrepancy as noted above. 

Expansivity and compressibility also differ slightly in magnitude. Within 

the critical region, a(P, T) is typically several times larger that f3(P, T); in the 

near- critical region, this difference approaches an order of magnitude. Asa con

sequence, the truncated area of the a(P,T) surface, a > 5(10-2 ) °K-l), is-large, 

approximately 2.1% of the overall area, relative to its f3 counterpart. 



CHAPTER 6 

THERMODYNAMIC PROPERTIES 

All thermodynamic properties are obtained from appropriate differentia

tion of the two fundamental functions, 1'(1', ji,) within the critical region (equation 

3.12) and Am(T,p) elsewhere (equation 3.11), in accord with the first and second 

laws of thermodynamics. These derivatives are presented and analyzed below in 

terms of their pressure-temperature projections as obtained from the equations of 

state, p(1',{t) (equation 5.1) and P(T,p) (equation 5.2). 

Helmholtz and Gibbs free energies 

The Helmholtz free energy, A, is defined as 

dA == d(U - TS) == -SdT - PdV (6.1) 

Within the critical region, Helmholtz free energy per mole is expressed as 

(6.2) 

Over the global region, this property is the fundamental thermodynamic function 

itself, equation (3.11). Equations (6.2), (3.11), (4.1), (5.1), and (5.2) were used to 
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Table 10: Computed apparent molal Helmholtz free energy values (/c.cal / mol) 
Apparent molal Helmholtz free energy values (kcal/mol) computed from equations 
(6.2), (3.12), (3.11), and (4.1) and illustrated in figures 18-20. 

P\t 375 400 425 450 475 

250 -64.599 -65.908 -67.063 -68.179 -69.290 

300 -64.577 -65.531 -66.758 -67.893 -69.005 
., 

350 -64.564 -65.438 -66.497 -67.645 -68.762 

400 -64.555 -65.406 -66.355 -67.441 -68.555 

450 -64.546 -65.387 -66.291 -67.300 -68.383 

compute the AAm(P, T) values listed in table 10 and illustrated by the AAm(P, T) 

surface of figure 18 and AAm(T)-isobars and AAm(P)-isotherms of figures 19-20. 

The apparent molal Helmholtz free energy, AAm, decreases with temper

ature at constant pressure and increases with pressure at constant temperature. 

Outside the near-critical region, AAm(T)p and AAm(Ph are both close to linear 

and (8AAm/8T)p is several times larger than (8AAm/8P)T (figures 19-20). As 

a result, the global region of th" AAm(P,T) surface is essentially planar, tilting 

slightly upward with pressure, more distinctly downward with temperature (figure 

18). 

In the near-critical region, however, (8AAm/8T)p and (8AAm/8Ph de

velop distinguishable local maxima; both partial derivatives are infinite at the 

critical point. These anomalies cause a slight warping of the AAm(P, T) surface 

(figure 18) and impose a subtle sigmoid form on AAm(T)-isobars and AAm(P)

isotherms (figures 19-20). These near-critical anomalies in AAm have the same 

geometric basis as similar features in density (figures 9-11): unique equality of 
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Pc 

Apparent molal Helmholtz free energy (-70 ... - 60 kcal/mol) 8.8 a function of 
temperature (350°-475°C) and pressure (200-450 bar) computed from equations 
(6.2), (3.12), (3.11), (5.1), and (5.2). 
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Figure 19: Apparent molal Helmholtz free energy isobars 
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Apparent molal Helmholtz free energy (-70 ... - 60 keal/mol) as a function of 
temperature (3500 

- 475°C) at constant pressure (250 - 450 bar) computed from 
equations (6.2), (3.12), (3.11), (4.1), (5.1), and (5.2). 
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Figure 20: Apparent molal Helmholtz free energy isotherms 
Apparent molal Helmholtz free energy (-70 ... - 60 kcal/mol) as a function of 
pressure (200-450 bar) at constant temperature (375°-475°C) computed from 
equations (6.2), (3.12), (3.11), (4.1), (5.1), and (5.2). 
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coexisting liquid and vapor properties at the critical point. These anomalies are 

much lesH pronounced in AAm than in density becau8e the critical point vertex of 

the parabolic AAm(P or T) vaporization boundary has a much smaller radiu8 of 

curvature than its density analog. 

The Gibbs free energy, G, is defined as 

dG == d(U - TS + PV) == -SdT+ VdP (6.3) 

Within the critical region, Gibbs free energy is given by 

Gm = CMPc (0~)-1 {( ~ + 1) P _ (1' + 1) (o~) _ (~) (o~)} (6.4) 
Pc 01-' t T oT" T 01-' t 

The corresponding expression for the global region is 

(6.5) 

Equations (6.4), (6.5), (4.1), (5.1), and (5.2) were used to compute the AGm{P, T) 

values given in table 11 and illustrated by the AGm(P, T) surface of figure 21 and 

AGm(T)-isobars and AGm{P)-isotherms of figures 22-23. 

Excluding the near-critical region, the functional form of apparent molal 

Gibbs free energy, AGm, is nearly identical to that of apparent molal Helmholtz 

free energy (cf. figures 21-23 and figures 18-20). Because AGm values of coexist

ing liquid and vapor are equivalent along the entire vaporization boundary, this 
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Figure 21: Apparent molal Gibbs free energy surface 
Apparent molal Gibbs free energy (-70 ... - 60 kcal/mol) 88 a function of 
temperature (3500 -4750 0) and pressure (200-450 bar) computed from equations 
(6.4), (6.5), (3.12), (3.11), (4.1), (5.1), and (5.2). 
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Apparent molal Gibbs free energy (-70 ... - 60 kcal/mol) as a function of 
temperature (350°-475°C) at constant pressm:e (250-450 bar) computed from 
equations (6.4), (6.5), (3.12), (3.11), (4.1), (5.1), and (5.2). 
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Figure 23: Apparent molal Gibbs free energy isotherms 

Apparent molal Gibbs free energy (-70 ... - 60 kcal/mol) as a function of 
pressure (200-450 bar) at constant temperature (375°-475°0) computed from 
equations (6.4), (6.5), (3.12), (3.11), (4.1), (5.1), and (5.2). 
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Table 11: Computed apparent molal Gibbs free energy values (kcal/mol) 
Apparent molal Gibbs free energy values (kcal/mol) computed from equations 
(6.4), (6.5), (3.12), (3.11), and (4.1) and illustrated in figures 21-23. 

P\t 375 400 425 450 475 

250 -65.260 -66.136 -67.088 -68.067 -69.065 

300 -65.220 -66.045 -66.947 -67.897 -68.872 

350 -65.182 -65.994 -66.855 -67.772 -68.724 

400 -65.146 -65.951 -66.792 -67.680 -68.608 

450 -65.111 -65.912 -66.742 -67.610 -68.517 

property, in contrast to AAm, is devoid of near-critical anomalies. 

internal energy and enthalpy 

The differential change in internal energy (dE) of a closed system during 

some time interval is defined by the first law of thermodynamics as the sum of 

thermal and mechanical energy received by the system from its surroundings (e.g., 

Prigogine and Defay, 1954). This differential change can also be expressed, by 

combining the first and second laws, as the Clausius equation: 

dE:: TdS-PdV (6.6) 

Within the critical region, internal energy per mole is given by 

Em = CMPc (a~) -1 (a~) 
Pc aJl. t aT '" 

(6.7) 
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Table 12: Computed apparent molal internal energy values (kcal/mol) 

Apparent molal internal energy values (kcal/mol) computed from equations (6.7), 
(6.8), (3.12), (3.11), and (4.1) and illustrated in figures 24-26. 

P\t 375 400 425 450 475 

250 -60.136 -57.431 -56.653 -56.167 -55.786 

300 -60.403 -58.978 -57.319 -56.604 -56.118 

350 -60.555 -59.642 -58.189 -57.124 -56.491 

400 -60.667 -59.901 -58.858 -57.700 -56.899 

450 -60.756 -60.065 -59.221 -58.212 -57.321 

The corresponding expression for the global region is 

(
aAm) Em = Am - T aT p' (6.8) 

Equations (6.7), (6.8), (4.1), (5.1), and (5.2) were used to compute the AEm(P, T) 

values given in table 12 and illustrated by the I1Em(P, T) surface of figure 24 and 

I1Em(T)-isobars and I1Em(P)-isotherms of figures 25-26. 

In contrast to I1Am and I1Gm, apparent molal internal energy, aEm, 

increase8 with temperature at constant pressure and decrease8 with pressure at 

constant temperature. In further contrast, local maxima in (aAEm/aT)p and 

(aI1Em/aT)p are not constrained to the near-critical region; these maxima per

sist throughout the critical region, increase exponentially through the near-critical 

region, and become infinite at the critical point (figures 25-26). Consequently, the 

I1Em(P, T) surface, I1Em(T)-isobars, and I1Em (P)-isotherms all have distinguish

able sigmoid form throughout the critical region that sharpens with proximity to 

the critical point. (figures 24-26). These functional anomalies have the same geo-
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Apparent molal internal energy (-65 ... - 55 kcal / mol) 88 a function of temper
ature (350°-475°C) at constant pressure (250-450 bar) computed from equations 
(6.7), (6.8), (3.12), (3.11), (4.1), (5.1), and (5.2). 
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Figure 26: Apparent molal internal energy isotherms 

Apparent molal internal energy (-65 ... - 55 kcal / mol) as a function of pressure 
(200-450 bar) at constant temperature (375°-475°C) computed from equations 
(6.7), (6.8), (3.12), (3.11), (4.1), (5.1), and (5.2). 
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metric basis as those noted above for density and ~Am' Moreover, because critical 

point vertices of the parabolic Em(T or P) and ~p(T or P) vaporization bound

aries are of similar curvature, the functional form of ~Em(P, T) and its first and 

higher and order derivatives mirrors that of p(P, T) and its derivatives (cf. figures 

1!4-1!6 and figures 9-11). 

Enthalpy, H, is defined as 

dH == d(U + PV) == TdS + V dP (6.9) 

Within the critical region, enthalpy per mole is computed from 

Hm = CMPc (a~)-l {p _ T (a~) } 
Pc aj.l. t aT j'.I 

(6.10) 

The corresponding expression for the global region is 

( aAm) (aAm) Hm=Am-T -- +p --
aT p ap T 

(6.11) 

Equations (6.10), (6.11), (4.1), (5.1), and (5.2) were used to compute the ~Hm(P, T) 

values given in table 13 and illustrated by the ~Hm(P,T) surface of figure 27 

~Hm(T)-isoba.rs and ~Hm(P)-isotherms of figures 28-29. 

The functional form of app~ent molal enthalpy, ~Hm' corresponds closely 

to that of ~Em (cf. figures 27-29 and figures 24-26). Consequently, (a~Hm/aPh 

== (a~Hm/aT)p == 00 at the critical point; the latter definition causes cp to con

verge to a positive vertical asymptote at the critical point. Again as the result 

of geometric similarity between vaporization boundaries, the functional form of 
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Apparent molal enthalpy (-OS ••. - 55 kcal/moI) as a function of temperature 
(350"--475-0) and pressure (200-450 har) computed from equations (6.10), (6.11), (3.12), (3.11), (4.1), (5.1), and (5.2). 
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Apparent molal enthalpy (-65 ... - 55 kcal/mol) as a function of temperature 
(350°-475°0) at constant pressure (250-450 bar) computed from equations (6.10), 
(6.11), (3.12), (3.11), (4.1), (5.1), and (5.2). 
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Apparent molal enthalpy (-65 ... - 55 kcal/mol) as a function of pressure 
(200-450 bar) at constant temperature (375°-475°0) computed from equations 
(6.10), (6.11), (3.12), (3.11), (4.1), (5.1), and (5.2). 
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Table 13: Computed apparent molal enthalpy values (kcal/mol) 

Apparent molal enthalpy values (kcal/mol) computed from equations (6.10), 
(6.11), (3.12), (3.11), and (4.1) and illustrated in figures 27-29. 

P\t 375 400 425 450 475 

250 ~0.805 -57.667 -56.687 -56.063 -55.570 

300 ~1.055 -59.500 -57.517 -56.616 -55.994 

350 ~1.182 ~0.207 -58.555 -57.259 -56.461 

400 ~1.267 ~0.454 -59.304 -57.947 -56.962 

450 ~1.330 ~0.599 -59.680 -58.530 -57.463 

AHm(P, T) and its first and higher order derivatives mirrors that 0/ p(P, T) and 

its derivatives {c/. figures In-eo and figures 0-11}. 

entropy 

The differential change in entropy (dS) of a closed system during some 

time interval is defined by the second law of thermodynamics as the quotient of 

thermal energy received by the system from its surroundings and the uniform 

temperature at which the reversible exchange proceeds (e.g., Prigogine and Defay, 

1954). Within the critical region, molal entropy values are given by 

Sm = CMPe (8~)-1 {p _ T (8~) _ (8~) } (6.12) 
TePe 8IJ. t 8T fA 8IJ. T 

The corresponding expression for the global region is 

s = _ (8Am) 
m 8T (6.13) 

p 

"-;, j> 
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Table 14: Computed third law molal entropy values (cal / molo K) 

Third law molal entropy values (cal/moloK) computed from equations (6.12), 
(6.13), (3.12), (3.11), and (4.1) and illustrated in figures 30-32. 

P\t 375 400 425 450 475 

250 32.502 37.259 38.692 39.570 40.242 

300 32.056 34.400 37.301 38.571 39.417 

350 31.802 33.275 35.682 37.509 38.595 

400 31.615 32.844 34.520 36.430 37.771 

450 31.464 32.570 33.909 35.526 36.978 

Equations (6.12), (6.13), (4.1), (5.1), and (5.2) were used to compute the Sm,tl(P, T) 

values given in table 14 and illustrated by the Sm,tl(P, T) surface of figure 30 and 

Sm,tI(T)-isobars and Sm,tI(P)-isotherms of figures 31-32. 

The functional form of apparent molal entropy, Sm,tl (equation 4.1), within 

and near the critical region is nearly identical to that of I:l.Em and I:l.Hm (cr. figures 

30-32, figures 24-26, and figures 27-29). As a result, although Sm,tl,c is finite, 

(aI:l.Sm,tl,c/aT)p == (aASm,tl,c/aT)p == 00. The latter of these two definitions, in 

equivalent fashion to its I:l.Hm analog, causes cp to converge to a vertical asymptote 

at the critical point. In addition, as noted above for I:l.Em and I:l.Hm, the functional 

form of Sm,tl(P,T) and its derivatives mirrors that of p(P,T) and its derivatives 

(cf. figures SO-Sf and figures 9-11). 

heat capacity 

Isochoric heat capacity is defined by 
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Third law molal entropy (25 - 50 cal/mol' K) as a function of temperature 
(350'-475'0) and preo'ure (200-450 bar) computed from equatio"" (6.12), (6.13), (3.12), (3.11), (4.1), (5.1), and (5.2). 
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Third law molal entropy (30 - 45 cal/molo K) as a function of temperature 
(3500-475°C) at constant pressure (250-450 bar) computed from equations (6.12), 
(6.13), (3.12), (3.11), (4.1), (5.1), and (5.2). 
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Figure 32: Third law molal entropy isotherms 
Third law molal entropy (30-45 cal / molo K) 88 a function of pressure (200-450 bar) 
at constant temperature (375° -475°0) computed from equations (6.12), (6.13), 
(3.12), (3.11), (4.1), (5.1), and (5.2). 
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(6.14) 

Within the critical region, Cu is given by 

(6.15) 

The corresponding expression for the global region is 

(8
2Am) 

Cu = -T 8T2 p 
(6.16) 

Equations (6.15), (6.16), (5.1), and (5.2) were used to compute the cu(P, T) values 

given in table 15 and illustrated by the cu(P, T) surface of figure 33 and cu(T)

isobars and cu(P)-isotherms of figures 34-35. 

Isochoric heat capacity diverges from a positive vertical asymptote at 

the critical point toward background values (~ 10-15 cal· mol-1 
.0 K-l) both 

with temperature at constant pressure and with preSSUI'e at constant temperature. 

This character of this divergence, relatively strong or weak, varies depending on 

the P - T path considered. The P - T directions of strongest divergence in the 

cu-T and cv-P planes are defined by the locus ofrelative maxima in c.,(T)-isobars 

and cu{P)-isotherms (figures 34-35), respectively. 

Although these two maxima projections are near-coincident with each 

other and the critical isochore in the immediate vicinity of the critical point 

" ,~ 
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Isochoric heat capacity (0 - 25 cal/molo K) as a function of temperature 
(350°-475°C) and pressure (200-450 bar) computed from equations (6.15), (6.16), 
(3.12), (3.11), (5.1), and (5.2). 
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Isochoric heat capacity (10 - 20 cal/molo K) as a function of temperature 
(350°-475°0) at constant pressure (250-450 bar) computed from equations (6.15)' 
(6.16), (3.12), (3.11), (5.1), and (5.2). 
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Figure 35: Isochoric heat capacty isotherms 

Isochoric heat capacity (10-20 cal / molo K) as a function of pressure (200-450 bar) 
at constant temperature (375°-475°C) computed from equations (6.15), (6.16), 
(3.12), (3.11), (5.1), and (5.2). 
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Table 15: Computed isochoric heat capacity values (cal/molo K) 
Isochoric heat capacity values (cal/mol o K) computed from equations (6.15), 
(6.16), (3.12), and (3.11) and illustrated in figures 33-35. Exponentiations are 
shorthand for Xl0[I,2). 

P\t 375 400 425 450 475 

250 0.137052 0.140862 0.117412 0.105122 0.977391 

300 0.130522 0.146512 0.131572 0.114452 0.104302 

350 0.127742 0.132872 0.138122 0.122952 0.110702 

400 0.126122 0.128052 0.132522 0.127642 0.116122 

450 0.125042 0.125582 0.127592 0.127202 0.119562 

(equation 2.32), they diverge unequally from the critical isochore with increas

ing temperature and pressure. Initially, supercritical maxima in cv(T)-isobars and 

cv(P)-isotherms follow paths of decreasing density. However, these trends reverse 

in the critical region, at approximately 230 - 240 bars for cv(T)p maxima and 

415 - 420°0 for cv(P)x maxima. These reversals ultimately cause the two max

ima projections to cross the critical isochore, at approximately 300 - 310 bars for 

cv(T)p maxima and 475 - 480°0 for Cv(P)T maxima. As a result, the cv(P, T) 

surface is folded upward along a P-T crease that is sharpest at its critical point 

origin, then flattens in the critical region as it diverges first toward subcritical 

densities, then toward supercritical densities; the surface is relatively flat in the 

global region (figure 33). 

Because cv(T)p and cv(P)x maxima diverge unequally from the critical 

isochore in the supercritical P - T plane, the cv(P, T) surface is subdivided into 

three regions of specific partial derivative variation: (1) a region confined between 

the two maxima where Cv decreases with both pressure and temperature, (2) a re

gion to the low-density side of the cv(P)x maxima where Cv increases with pressure 

" . ~ 
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and decreases with temperature, and (3) a region to the high-density side of the 

ctI(T)p maxima where Ctl decreases with pressure and increases with temperature. 

The functional form of ctI(P, T) is similar to that of P(P, T) and a(P, T) 

(cf. figures 33-35, figures 12-14, and figures 15-17). At pressures < 300 bars 

and temperatures < 4000 G, the ctI(P,T) surface corresponds most closely to the 

P(P, T) surface because their isothermal and isobaric maxima projections are 

nearly coincident. At higher pressures and temperatures, up to approximately 

450 bars and 475°G, the functional form of ctI(P,T) is most comparable to that 

of a(P, T) because in this region Ctl maxima projections are near-coincident with 

those of a. 

One noteworthy feature distinguishes the functional form of Ctl (P, T) from 

that of both P and a: the character of divergence from the vertical asymptote at 

the critical point toward background values. The governing exponent of this di

vergence for Ctl is small (ace = 0.11) relative to that for P and a bee = 1.241); as 

a result, divergence of Ctl from its vertical asymptote at the critical point is much 

sharper than that of P and a and therefore less apparent outside the near-critical 

region. This distinction is discernable, though not obvious, from comparison of 

figure 33, figure 12, and figure 15. However, the sharpness of Ctl divergence from 

its critical point asymptote is readily appreciated by examination of the critical 

isochore on the aEm (P, T) and Sm,tl (P, T) surfaces (figure 24 and figure 30). Al

though the temperature-derivative along this path is, by definition, infinite at the 

critical point, it is clearly finite and small in the near-critical field. Consequently, 

only the infinite critical Ctl value had to be truncated in figure 33. 

Nontrivial discontinuity between equations (6.15) and (6.16) is indicated 

along certain segments of the critical region boundary. In particular, discrepancies 

in computed Ctl values approaching 3% are noted for the 0.20 g / cm3 isochore at 
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400°C and 300 bars (figures 33-35). Discontinuities of this magnitude do not occur 

for any other thermodynamic property. 

Isobaric heat capacity is defined by 

Cp == (8AH) == (8H) == T (8S) 
8T p 8T I" 8T p 

(6.17) 

and related to CII by first derivative properties of the equation of state: 

(
Ta

2
) cp = CII + C M p{3 (6.18) 

Within the critical region this property is obtained from 

(6.19) 

The corresponding expression for the global region is 

2 (8
2
Am)2 {(8Am) 2(82Am) }-l 

Cp = CII + Tp 8p8T T,P 2p ---ap T + P 8p2 T 
(6.20) 

Equations (6.19), (6.20), (5.1), and (5.2) were used to compute the cp(P, T) values 

given in table 16 and illustrated by the cp(P,T) surface of figure 36 and cp(T)

isobars and cp(P)-isotherms of figures 37-38. 

The functional form of cp is similar to that of CII and {3i in detail, however, 

it corresponds most closely to that of a (cf. figures 15-17 and figures 36-38). In 
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Isobaric heat capacity (0 - 100 cal/molo K) as a function of temperature 
(350°-475°0) and pressure (200-450 bar) computed from equations (6.19), (6.20), 
(3.12), (3.11), (5.1), and (5.2). 
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Figure 37: Isobaric heat capacty isobars 
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Isobaric heat capacity (0 - 400 cal/moloK) as a function of temperature 
(350°-475°C) at constant pressure (250-450 bar) computed from equations (6.19), 
(6.20), (3.12), (3.11), (5.1), and (5.2). 
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Figure 38: Isobaric heat capacty isotherms 

Isobaric heat capacity (0-400 cal / molo K) as a function of pressure (200-450 bar) 
at constant temperature (375°-475°C) computed from equations (6.19), (6.20), 
(3.12), (3.11), (5.1), and (5.2). 
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Table 16: Computed isobaric heat capacity values (cal / molo K) 

Isobaric heat capacity values (cal/mol o K) computed from equations (6.19), (6.20), 
(3.12), and (3.11) and illustrated in figures 36-38. Exponentiations are shorthand 
for xlO[2,3l. 

P\t 375 400 425 450 '475 

250 0.590702 0.571372 0.292562 0.217162 0.181492 

300 0.377532 0.110933 0.473322 0.286572 0.219692 

350 0.317932 0.502552 0.685402 0.386762 0.269192 

400 0.287522 0.375322 0.549662 0.476992 0.326262 

450 0.268392 0.322202 0.420252 0.471202 0.372782 

the context of equation (6.17), this close correspondence reflects the mirror re-

lationship of AHm(T)- and Sm,t/(T)-isobars to p(T)-isobars noted above and the 

convention of positive expansivity (equation 5.6). The striking functional similar

ity between cp(P, T) and o:(P, T) also follows from equation (6.18). This equation 

expresses cp as the sum of cv , which diverges weakly from a critical point asymp

tote, and a second term whose functional form in the critical region is dominated 

by 0:, which diverges strongly from a critical point asymptote. The strong di-

vergence of 0: effectively controls the functional form of cp , as indicated by the 

near-concidence of 0: and cp extrema projections. The presence of temperature as 

a multiplicative factor in (6.18) causes cp background values (~ 20-40 cal /molo K) 

to be several times larger than those of Cv ; in the near-critical field this discrepancy 

exceeds an order of magntude. 

In the critical region, experimental maxima in cp(T)p reported by Sirota 

and Maltsev (1962) agree with those predicted by equation (6.19) to within accu

racy estimates for the measurements (Levelt Sengers et al., 1983a). In the global 

region, similar agreement is obtained between experimental data and equation 
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(6.20) (Haar et al., 1984). 
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CHAPTER 7 

ELECTROSTATIC PROPERTIES 

Theoretical equations that represent the thermodynamic properties of 

aqueous ions and complexes require valu,::: for the static dielectric constant of 

fluid H 20, f, and its partial derivatives (Born, 1920; Bjerrum, 1929j Helgeson 

and Kirkham, 1976; Helgeson et aI.,1981). The Uematsu and Franck (1980) 

formulation for f and its relevant derivative properties (Helgeson and Kirkham, 

1974aj Helgeson et at, 1981) are presented and analyzed below in the context of 

the Levelt Sengers et at (1983a) and Haar et at (1984) equations of state, (5.1) 

and (5.2). 

static dielectric constant 

Numerous theoretical and empirical equations that represent the static 

dielectric constant of supercritical fluid H 20 have been proposed during the past 

half-century. The fundamental theoretical description, developed by Kirkwood 

(1939) and Oster and Kirkwood (1943) from Onsager's (1936) quantitative anal

ysis of local polarization fields in liquids, is the Kirkwood equation (Oster and 

Kirkwood, 1943): 

(7.1) 
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where the right-hand side of (7.1) represents the local polarization field normalized 

by V m' In this expression, N A is Avogadro's number, kB is Boltzmanns constant, ak 

is molecular polarizibility, u is the molecular dipole moment, and g, the Kirkwood 

coefficient, represents local geometric structure of the fluid H 20 molecule. 

With few exceptions (e.g., Bradley and Pitzer, 1977; McKenzie and Helge

son, 1984), subsequent theoretical formulations are, in essence, the Kirkwood equa

tion modified by some proposed function for a specific term such as u2g (e.g., 

Franck, 1956; Quist and Marshall, 1965) or 9 (e.g., Heger et aI., 1980; Pitzer, 

1983). Adjustable constants inherent to the proposed functions are obtained by 

numerical fitting to a limited experimental data base (e.g., Heger, 1969; Heger 

et aI., 1980). Although each of these modified versions of equation (7.1) achieves 

limited success, none provides sufficiently accurate representation over the entire 

range of experimental measu~ements (Helgeson and Kirkham, 1974a). 

The failure of theoretical descriptions to produce an acceptable compre

hensive equation has encouraged development of several purely empirical formu

lations: e.g., Helgeson and Kirkham, 1974a; Silvester and Pitzer, 1977; Uematsu 

and Franck, 1980). These equations generally provide considerable improvement 

over their theoretical counterparts except in the vapor and low-density supercrit

ical fluid regions. In particular, the Uematsu and Franck (1980) description is 

currently endorsed by the lAPS for the temperature range 0° - 550°C up to 5kb 

pressure; this formulation is also adopted in the present study. Note, however, that 

at higher temperatures where experimental data are as yet unavailable, the Pitzer 

(1983) expression appears to provide the most reasonable theoretical extrapolation 

of lower temperature predictions. 

The Uematsu and Franck (1980) equation can be expressed as a forth 

order power series in T, p: 

;:'~ . 
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• 
e = Eki(T)pi (7.2) 

i=O 

where T = T /(298.15° K), p = p/(1 g. emS), and ki(T) are given by 

ko(T) = 1 

k1(T) = A 1 a(,lT-

k2(T) 
A 1 A 

- a(,2T- + a(,S + a(,.T 

ks(T) = 
A 1 A A 2 

a(,5T- + a(,6T + a(,7T 

k.(T) 
A 2 A 1 (7.3) - a(,sT- + a(,gT- + a(,lO 

The coefficients a(,l ... lO (table 17) are obtained from numerical fitting of 

(7.2) to experimental data. Although the equation is of the form e(T,p), as are 

virtually all such empirical formulations, the experimental data are invariably 

reported as e(T, P). As a result, an equation of state must be chosen with which 

to compute p(T, P) prior to the regression analysis. This initial step is crucial. 

The same equation of state used to compute p(T, P) prior to regression fitting of 

e(T, p) should be used to compute p(T, P) before implementation of e(T, p) i using 

two different equations of state introduces a pressure shift in predicted e{T, P) 

values of possibly unacceptable magnitude, especially in the critical region. 

As an example of this situation, note slight discrepancies between several 

e{T, P) values tabulated by Haar et al. (1984) and Uematsu and Franck (1980). 

The Haar et al. (1984) values were computed from (7.2) following evaluation 

of p(T, P) from equation (5.2) whereas Uematsu and Franck (1980) implemented 
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Table 17: Coefficients a(,i 

Coefficients a(,i for equation (7.3). Modified from Uematsu and Franck (1980), 
table 3. 

i a(,i i af,i 

1 7.62571(10°) 6 4.17909(101) 

2 2.44003(102) 7 -1.02099(101) 

3 -1.40569(102) 8 -4.52059(101) 

4 2.77841(101) 9 8.46395(101) 

5 -9.62805(101) 10 -3.58644(101) 

(7.2) in the context of equations of state given by Juza (1966) and Vukalovich et al. 

(1967). Fortunately, these discrepancies are well within accuracy estimates of the 

experimental data. As a result, similarly acceptable correspondence is assumed 

in the context of the Levelt Sengers et al. (1983a) formulation. Accordingly, 

equations (7.2), (7.3), (5.1), (5.2), (3.12), and (3.11) were used to compute the 

e(P, T) values listed in table 18 and illustrated by the e(P, T) surface of figure 39 

and e(T)-isobars and e(P)-isotherms of figures 40-41. 

The static dielectric constant increases with pressure at constant temper

ature and decreases with temperature at constant pressure. Although e(P)T and 

e(T)p are monotonic, their partial derivatives display local maxima in the critical 

region. These maxima increase exponentially through the near-critical region and 

at the critical point (8e/8P)T == -(8e/8P)T == 00. Consequently, the e(P, T) 

surface, e(T)-isobars, and e(P)-isotherms all display a sharp sigmoid form in the 

near-critical region that dampens with temperature and pressure (figures 39-41). 

The functional form of the static dielectric constant is thus very similar to that of 

density (cf. figures 99-~1 and figures 9-11); however, e(P, T) exceeds p(P, T) by 
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Figure 39: Static dielectric constant surface 
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~ 

Static dielectric constant (0 - 20 dimensionless) as a function of temperature 
(350°-475°C) and pressure (200-450 bar) computed from equations (7.2), (7.3), 
(5.1), (5.2), (3.12), and (3.11). 
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Figure 40: Static dielectric constant isobars 

Static dielectric constant (0 - 20 dimensionless) as a function of temperature 
(350°-475°C) at constant pressure (250-450 bar) computed from equations (7.2), 
(7.3), (5.1), (5.2), (3.12), and (3.11). 
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Figure 41: Static dielectric constant isotherms 

Static dielectric constant (0 - 20 dimensionless) as a function of pressure 
(200--450 bar) at constant temperature (375°-475°C) computed from equations 
(7.2), (7.3), (5.1), (5.2), (3.12), and (3.11). 
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Table 18: Computed static dielectric values (dimensionless) 

Static dielectric constant values (dimensionless) computed from equations (7.2), 
(7.3), (5.1), (5.2), (3.12), and (3.11) and illustrated in figures 39-41. Exponentia
tions are shorthand for x1O(1,21. 

P\t 375 400 425 450 4.75 

250 0.103172 0.239511 0.187401 0.167021 0.155191 

300 0.120292 0.595861 0.263071 0.207211 0.182631 

350 0.130312 0.901811 0.435741 0.274751 0.222521 

400 0.137762 0.104672 0.660541 0.384961 0.280401 

450 0.143812 0.114362 0.821911 0.525731 0.359841 

an order of magnitude. 

The negative reciprocal of f and its derivatives are required for computa

tion of standard partial molal properties of aqueous ions and complexes (Helgeson 

et al., 1981). These properties, referred to as Born .functions following Helgeson 

and Kirkham (1974a), are evaluated below. 

Born functions 

The Z Born function is defined as (Helgeson et al., 1981) 

1 
Z=--

f 
(7.4) 

Equations (7.4), (7.2), (7.3), (5.1), (5.2), (3.12), and (3.11) were used to compute 

the Z(P, T) values listed in table 19 and illustrated by the Z(P, T) surface of figure 

42 and Z(T)-isobars and Z(P)-isotherms of figures 43-44. 

The Z Born function, like f, has a functional form that corresponds closely 

to that of density. In addition, Z(P, T) and p(P, T), unlike f(P, T) and p(P, T), 
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Figure 42: Z Born function surface 
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450 

Z Born function (-1 ... 0 dimensionless) as a function of temperature 
(350°-475°C) and pressure (200-450 bar) computed from equations (7.4), (7.2), 
(7.3), (5.1), (5.2), (3.12), and (3.11). 
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Z Born function (-1 ... 0 dimensionless) as a function of temperature 
(350°-475°C) at constant pressure (250-450 bar) computed from equations (7.4), 
(7.2), (7.3), (5.1), (5.2), (3.12), and (3.11). 
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Figure 44: Z Born function isotherms 

Z Born function (-1 ... 0 dimensionless) as a function of pressure (200-450 bar) 
at constant temperature (3750-4750 0) computed from equations (7.4), (7.2), (7.3), 
(5.1), (5.2), (3.12), and (3.11). 
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Table 19: Computed Z Born function values (di"!ensionless) 

Z Born function values (dimensionless) computed from equations (7.4), (7.2), 
(7.3), (5.1), (5.2), (3.12), and (3.11) and illustrated in figures 42-44. Exponentia
tions are shorthand for X10[-l,OJ. 

P\t 375 400 425 450 475 

250 -0.96926-1 -0.41752° -0.53362° -0.59874° -0.64435° 

300 -0.83134-1 -0.16783° -0.38013° -0.48261° -0.54755° 

350 -0.76742-1 -0.11089° -0.22950° -0.36396° -0.44940° 

400 -0.72592-1 -0.95541-1 -0.15139° -0.25977° -0.35664° 

450 -0.69538-1 -0.87445-1 -0.12167° -0.19021° -0.27790° 

are of nearly equivalent magnitude, albeit of opposite sign (cf. figure 42 and figure 

9). Other than this sign conflict, Z and p differ only in the magnitude of their 

partial derivatives outside the critical region. Specifically, isothermal pressure and 

isobaric temperature derivatives of Z exceed those of p for low-density supercritical 

vapor and are smaller than those of p for high-density supercriticalliquid. In the 

critical region, however, (8Zj8P)T ~ (8pj8Ph and (8Zj8T)p ~ (8pj8T)p (cf. 

figu.res 49-.14 and figu.res 10-11). 

The isothermal pressure derivative of Z defines the Q Born function 

(Helgeson and Kirkham, 1974a) 

(7.5) 

where, from differentiation of (7.2) 

(7.6) 
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Table 20: Computed Q Born function values (bar-I) 
Q Born function values (bar-I) computed from equations (7.5), (7.6), (7.2), (7.3), 
(5.1), (5.2), (3.12), and (3.11) and illustrated in figures 45-47. Exponentiations 
are shorthand for xlO[-4,-3,-2). 

P\t 375 400 425 450 475 

250 0.49438-3 0.46694-2 0.28616-2 0.22402-2 0.18896-2 

300 0.16784-3 0.28558-2 0.32333-2 0.23833-2 0.19678-2 

350 0.99345-4 0.46550-3 0.24205-2 0.23067-2 0.19358-2 

400 0.69921-4 0.20811-3 0.89785-3 0.17769-2 0.17446-2 

450 0.53642-4 0.12754-3 0.39146-3 0.10267-2 0.13813-2 

Equations (7.5), (7.6), (7.2), (7.3), (5.1), (5.2), (3.12), and (3.11) were used to 

compute the Q(P, T) values listed in table 20 and illustrated by the Q(P, T) surface 

of figure 45 and Q(T)-isobars and Q(P)-isotherms of figures 46-47. 

The Q Born function diverges from a positive vertical asymptote at the 

critical point toward background values (~ 10-3 bar-I) both with temperature at 

consta.nt pressure !LTld with pressure at constant temperature. This divergence is 

relatively strong or weak as a function of the P - T path considered. The P - T 

directions of strongest divergence in the Q - T and Q - P planes are defined by 

the locus of relative maxima in Q(T)-isobars and Q(P)-isotherms (figures 46-47), 

respectively. These two maxima are coincident at the critical point, but with 

increasing pressure and temperature they diverge unequally in the P - T plane 

from the critical isochore toward subcritical densities. At temperatures> 450°C, 

the Q(P)T maxima projection becomes nearly temperature-independent, being 

essentially fixed at ~ 315 bar. The Q(P, T) surface is therefore folded upward 
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Figure 45: Q Born function surface 
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Q BORN bar -1 xl0 2 

Q Born function (0 - .01 bar-I) as a function of temperature (3500 
- 475°C) and 

pressure (200-450 bar) computed from equations (7.5), (7.6), (7.2), (7.3), (5.1), 
(5.2), (3.12), and (3.11). 



123 

ISOBARS 

C') 16 
0 
.,....-! 

:>< 
12 250 

.-t 

I 

~ 
8. m 

~ 

CY 4. 

450 

375 400 425 450 

TEMPERATURE o C 

Figure 46: Q Born function isobars 

Q Born function (0 - .01 bar-I) as a function of temperature (3500 
- 475°C) at 

constant pressure (250 - 450 bar) computed from equations (7.5), (7.6), (7.2), 
(7.3), (5.1), (5.2), (3.12), and (3.11). 
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Figure 47: Q Born function isotherms 

Q Born function (0-.01 bar-I) as a function of pressure (200-450 bar) at constant 
temperature (375°--475°C) computed from equations (7.5), (7.6), (7.2), (7.3), (5.1), 
(5.2), (3.12), and (3.11). 
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along a P-T crease that is sharpest at its critical point origin, then flattens as it 

diverges toward subcritical densities in the critical region; the surface is relatively 

fiat in the global region (figure 45). 

Because Q(T)p and Q(P)T maxima diverge unequally from the critical 

isochore in the supercritical P-T plane, the Q(P, T) surface is subdivided into three 

regions of specific partial derivative variation: (1) a region confined between the 

two maxima where Q decreases with both pressure and temperature, (2) a region 

to the low-density side of the Q(Ph maxima where Q increases with pressure and 

decreases with temperature, and (3) a region to the high-density side of the Q(T)p 

maxima where Q decreases with pressure and increases with temperature. 

The functional form of Q(P,T) is controlled by that of (3(P,T) (cf. fig

ures 45-47 and figures 12-14). For example, note close correspondence between 

their isobaric temperature and isothermal pressure maxima. As a result of this 

correspondence, Q values of supercritical vapor typically exceed those of super

critical liquid, as is also the case for {3 values. However, because projections of Q 

maxima occur to the low-density side of their {3 counterparts, this difference in 

supercritical vapor and liquid values is even larger in Q than in (3. 

The control of (3(P,T) on Q(P,T) is most striking in the critical region 

where (8Zj8Ph bar-1 ~ (8pj8Ph g.cm-3 .bar-1 and p-l ~ 2.4-5.0 cm3 jg. As 

a result of this correlation between Z and p derivatives, magnitude discrepancy 

between Q and {3 is almost entirely accountable to normalization of (8pj8Ph by p 

to obtain {3 (equation (5.3)). Consequently, to a first approximation in the critical 

region 

(7.7) 
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Table 21: computed Y Born function values (OK-I) 
Y Born function values (OK-I) computed from equations (7.8), (7.9), (7.2), (7.3), 
(5.1), (5.2), (3.12), and (3.11) and illustrated in figures 48-50. Exponentiations 
are shorthand for xlOl-3,-21. 

P\t 375 400 425 450 475 

250 -0.26187-2 -0.71158-2 -0.32373-2 -0.21267-2 -0.15744-2 

300 -0.11729-2 -0.92407-2 -0.55187-2 -0.31286-2 -0.21774-2 

350 -0.81822-3 -0.23462-2 -0.64802-2 -0.41921-2 -0.28100-2 

400 -0.65029-3 -0.13149-2 -0.34898-2 -0.44544-2 -0.32945-2 

450 -0.55018-3 -0.94022-3 -0.19522-2 -0.34195-2 -0.33499-2 

Approximately 1.2% of the Q(P, T) surface, localized in the near-critical region, 

has been truncated to Q = 0.01 bar-I. 

The isobaric temperature derivative of Z defines the Y Born function 

(Helgeson and Kirkham, 1974a) 

(7.8) 

where, from differentiation of (7.2) 

(7.9) 

Equations (7.8), (7.9), (7.2), (7.3), (5.1), (5.2), (3.12), and (3.11) were used to 

compute the Y(P, T) values listed in table 21 and illustrated by the Y(P, T) surface 

of figure 48 and Y(T)-isobars and Y(P)-isotherms of figures 49-50. 
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Y Born function (-.01 ... 0 °K-l) as a function of temperature (350°-475°C) 
and pressure (200-450 bar) computed from equations (7.8), (7.9), (7.2), (7.3), 
(5.1), (5.2), (3.12), and (3.11). 

.,_,,1. 



C') 

0 
.....-l 

>< 

...... 
I 

~ 
0 

~ 

-8.0 

-16. 

-24. 

-32. 

ISOBARS 

400 

250 

375 400 425 450 

TEMPERATURE °C 

Figure 49: Y Born function isobars 
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450 

Y Born function (-.01 ... 0 OK-I) as a function of temperature (350o -475°C) 
at constant pressure (250-450 bar) computed from equations (7.8), (7.9), (7.2), 
(7.3), (5.1), (5.2), (3.12), and (3.11). 
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Figure 50: Y Born function isotherms 

Y Born function (-.01 ... 0 OK-l) as a function of pressure (200-450 bar) at 
constant temperature (375°-475°C) computed from equations (7.8), (7.9), (7.2), 
(7.3), (5.1), (5.2), (3.12), and (3.11). 
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The Y Born function diverges from a negative vertical asymptote at the 

critical point toward background values (~ _10-30 K-l) both with temperature at 

constant pressure and with pressure at constant temperature. The nature of this 

divergence, relatively strong or weak, varies with the P - T path considered. The 

P-T directions of strongest divergence in the Y - T and Y - P planes are defined by 

the locus of relative minima in Y(T)-isobars and Y(P)-isotherms (figures 49-50), 

respectively. These two mimima are coincident at the critical point, but diverge 

unequally from the critical isochore in the P - T plane from the critical isochore 

toward subcritical densities. As a result, the Y(P,T) surface is folded downward 

along a P - T crease that is sharpest at its critical point origin, then flattens as it 

diverges toward subcritical densities in the critical region; the surface is relatively 

flat in the global region (figure 48). 

Unequal divergence of Y(T)p and Y(P)T minima from the critical iso

chore in the P-T plane subdivides the Q(P, T) surface into three regions of specific 

partial derivative variation: (1) a region confined between the two minima where 

Y increases with both pressure and temperature, (2) a region to the low-density 

side of the Y(P)T minima where Y decreases with pressure and increases with tem

perature, and (3) a region to the high-density side of the Y(T)p minima where Y 

increases with pressure and decreases with temperature. 

The functional form of Y(P, T) is controlled by that of -a(P, T) as was 

Q(P,T) by (3(P,T) (cf. figures 48-50 and figures 15-17). Extrema projections 

for Y occur to the low-density side of their a counterparts in analogy to the 

corresponding relationship between Q and (3. However, in this case the density 

shift is sufficient to translate the Y(T)p minima from the sub- to supercritical 

density side of the critical isochore. As a result, Y values of supercritical fluid 

typically exceed those of supercritical vapor, in contrast to the a(P, T) surface 
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which is not characterized by such discrepancy. 

Again in analogy to the P(P, T), Q(P, T) relationship, the control of 

-a(P,T) on Y(P,T) is most striking in the critical region. The correspond

ing partial derivative approximation is given by (8Zj8T)p °K-l ~ -(8pj8T)p 

g . cm-3 .0 K-l and the difference between Y and a corresponds closely to nor

malization of (8pj8T)p by -p to obtain a (equation (5.6)). As a result, to a first 

approximation in the critical region 

(7.10) 

Approximately 4.0% of the Y (P, T) surface has been truncated to Y = -D.Ol oK-I. 

Contributions to the standard partial molal volume and enthalpy of aque

ous species associated with their solvation in fluid H 20 are dependent functions of, 

respectively, the -Q and Y Born functions (Helgeson et. al., 1981). In the critical 

region, these dependencies dominate and enhance the ion solvation contributions 

to an extent that effects of all other processes become negligible. Moreover, near 

the critical point these -Q and Y dependent terms attain values that overwhelm 

standard molal volumes and enthalpies of minerals and, as a result, effectively de

fine standard molal volumes and enthalpies of fluid-mineral reactions. Equations 

(7.7) and (7.10) 8uggest that in the near-critical region the magnitude of these 

reaction properties can be closely approximated by taking account only of contribu

tions dependent on partial derivative properties of the fluid H20 equation of state 

(Johnson, in prep.). 



CHAPTER 8 

TRANSPORT PROPERTIES 

Values for the dynamic viscosity, tJ, and thermal conductivity, A, of fluid 

H 20 are required for numerical modeling of fluid mass and thermal energy trans

port in hydrothermal systems (e.g., Norton and Knight, 1977). Equations that 

accurately represent t~ese transport properties within and near the critical region 

have recently been developed for dynamic viscosity by Watson et al. (1980) and 

for thermal conductivity by Basu and Sengers (1977). These equations are pre

sented and analyzed below in the context of the Haar et al. (1984) and Levelt 

Sengers et al. (1983a) equations of state. 

The dynamic viscosity and thermal conductivity equations are functions 

of T, p (specifically, the reduced dimensionless quantities T = T /Tc·, P = p / p~. 

Regression coefficients inherent to these equations are obtained by numerical fit

ting to experimental data. Because experimental measurements are invariably 

taken as [tJ, A](P, T), an equation of state must be chosen with which to com

pute p(P, T) prior to the fitting procedure. This situation is analogous to that 

described above for the static dielectric constant (chapter 7), and its importance 

bears reemphasis. The same equation of state used to compute p(P, T) prior to 

regression fitting of [tJ, A](T,p) should be used to compute p(T, P) before implemen

tation of [tJ, A j(T, p) i using two different equations of state introduces a pressure 

shift in predicted [tJ,pj(P,T) values of possibly unacceptable magnitude, especially 

in the critical region. However, again in analogy to the static dielectric constant, 

132 
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implementation of these equations in the context of equations of state given by 

Haar et 801. (1984) and Levelt Sengers et 801. (1983a) does not shift computed 

transport property values beyond accuracy estimates for their experimental coun

terparts (Sengers and Kamgar-Parsi, 1984; Sengers et ai., 1984). 

dynamic viscosity 

The equation currently adopted by the lAPS for computation of dynamic 

viscosity (Aleksandrovet ai., 1975; Hendricks et 801., 1977; Nagashima, 1977) can 

be expressed as 

(8.1) 

The first term in the right-hand product is the ideal gas contribution representing 

17 in the low density limit (Aleksandrovet ai., 1975): 

(8.2) 

where k,., = 10-6 g. cm-1 • 8-1 and a,."i (table 22) are coefficients determined from 

numerical fitting of (8.2) to experimental data. The second right-hand term in 

(8.1) represents dynamic viscosity over the global region as a power series expan

sion in t,p (Aleksandrovet ai., 1975): 

(8.3) 
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Table 22: Coefficients a'll' 

Coefficients a'll' for equation (8.2). Modified from Aleksandrov et al. (1975). 

, a'll' 

0 1.81583(10-2) 

1 1.77624 (10-2) 

2 1.05287(10-2) 

3 -3.6744(10-3) 

where a'l,"; (table 23) represent coefficients again obtained from least-squares fit

ting to experimental data. The third right-hand term in (8.1), 112(T,p), is unity 

in the context of the adopted lAPS formulation. 

In the global region, equation (8.1) represents all high-quality experi

mental data to within measurement accuracy (Sengers and Kamgar-Parsi, 1984). 

In the near-critical region, however, the convergence of 11 to a positive vertical 

asymptote predicted by theory (Hohenberg and Halperin, 1977) and verified by 

experiment (Rivkin et al., 1975, 1976; Oltermann, 1977) cannot be accounted for 

by (8.1) as defined above. However, incorporating into the 112(T,p) term a theoret-

ically justifiable expression that represents this convergence permits reconciliation 

of the equation with theory and experiment. Such an expression, predicted from 

both mode-coupling and dynamic renormalization group theory (e.g., Sengers, 

1985), was implemented by Basu et al. (1980a) and Watson et al. (1980): 

(8.4) 

where q is a system-dependent wave parameter (3.76(108 ) m-1), e is a correla-
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Table 23: Non-zero coefficients a"",i 

Non-zero Coefficients a"",i for equation (8.3). Modified from Aleksandrov et al. 
(1975). 

, i a"",j 
, J a"",i 

0 0 5.132047(10-1) 2 1 1.241044(10°) 

0 1 2.151778(10-1 ) 2 2 -1.263184(10°) 

0 2 -2.818107(10-1) 2 3 2.340379(10-1 ) 

0 3 1.778064(10-1 ) 3 1 1.476783(10°) 

0 4 -4.176610(10-2) 3 3 -4.924179(10-1) 

1 0 3.205656(10-1 ) 3 4 1.600435(10-1 ) 

1 1 7.317883(10-1 ) 3 6 -3.629481(10-3) 

1 2 -1.070786 (10°) 4 0 -7.782567(10-1) 

1 3 4.605040(10-1 ) 5 0 1.885447(10-1 ) 

1 5 -1.578386(10-2) 
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tion length that represents the range of near-critical density fluctuations, eo is a 

system-dependent amplitude (1.31(10-1°) m), rPce, Vce, and "'tce are universal criti

cal exponents (see section 2), GammaCQ is a universal critical amplitude (section 

2), and XT is reduced isothermal compressibility (XT = p2 pc· (3). By combining 

constants, (8.4) can be simplified to (Basu et al., 1980aj Watson et al., 1980) 

(8.5) 

Dynamic viscosity values computed from (8.1), (8.2), (8.3), and (8.5) 

begin to convergence to their critical point asymptote when (8.5) exceeds unitYj 

this condition is specified by 

XT > 22 or, equivalently, 

p2f3 > 10-2 (g/cm3 )2bar (8.6) 

which in turn defines the theoretical T, p region of this asymptotic convergence 

(Watson et al., 1980): 

372.15°C < T < 379.40°Cj 0.24 < p < 0.41 g / cm3 (8.7) 

Imposing a simple crossover function, i'1,co(XT), on (8.5) effectively restricts its 

contribution to within this region 

(8.8) 
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Table 24: Computed dynamic viscosity values (xl(P g cm- l 8-1) 

Dynamic viscosity values (x103 gcm-l 8-1) computed from equations (8.1), (8.2), 
(8.3), (8.8), (5.1), (5.2), (3.12), and (3.11) and illustrated in figures 51-53. 

P\t 375 400 425 450 475 

250 0.58216 0.29176 0.28453 0.28957 0.29746 

300 0.64570 0.44024 0.31861 0.30850 0.31104 

350 0.68393 0.55783 0.39422 0.34026 0.33080 

400 0.71309 0.61306 0.48612 0.39017 0.35883 

450 0.73735 0.65068 0.54963 0.45055 0.39582 

where the crossover function equals one when equation (8.6) is satisfiedj elsewhere, 

it equals the reciprocal of (8.5). Both the nature ~d T,prange of near-critical 

convergence of TJ to its vertical asymptote predicted by (8.8) are in close agreement 

with experimental observations (Basu et aI., 1980aj Watson et aI., 1980j Sengers 

and Kamgar-Parsi, 1984). 

Equations (8.1), (8.2), (8.3), (8.8), (5.1), (5.2), (3.12), and (3.11) were 

used to compute the TJ(P, T) values listed in table 24 and illustrated by the TJ(P, T) 

surface of figure 51 and TJ (T)-isobars and TJ (P)-isotherms of figures 52-53. 

Outside the near-critical region, dynamic viscosity increases with pressure 

at constant temperature but displays 0. subtle local minima with temperature at 

constant pressure. In the critical region, (oTJ/oT)p and (oTJ/oP)T display local 

maxima that increase exponentially through the near-critical region to within less 

than a degree of the critical pointj at the critical point, however, these partial 

derivatives are zero. The TJ(P,T) surface, TJ(T)-isobars, and TJ(P)-isotherms there

fore display a sharp sigmoid form in the near-critical region that dampens with 
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Dynamic viscosity (0-10-3 g cm-1 8-1 ) as a function of temperature (3500 -475°C) 
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temperature and pressure (figures 51-53). This general functional form is quite 

similar to that of density (cf. figures 51-53 and figures 9-11). 

In the immediate vicinity of the critical point, extremely sharp conver

gence of'f'/ to its vertical asymptote (8.5), causes local maxima in 'f'/(T)p and 'f'/(P)T. 

The governing exponent for this convergence is obtained by incorporating equa

tion (2.30) into equation (8.5). This exponent is exceedingly small: ~ 0.0326. 

As a result, the convergence is sufficiently weak that these local maxima are not 

developed until within aJraction of a degree and/or bar from the critical point. 

Hence, they are not discernable in figures 52-53. In addition, although 'f'/ is, in 

theory, infinite at the critical point, the critical value illustrated in figure 51 is 

finite. This seeming discrepancy reflects the extreme sharpness of 'f'/ convergence 

to its critical asymptote together with the adopted convention of approximating 

infinite critical parameters by their values at Tc + 10-6 °C, Pc + 10-5 bar. 

thermal conductivity 

The thermal conductivity equation currently recommended by the lAPS 

can be expressed as (Sengers et aI., 1984) 

(8.9) 

The ideal gas contribution to (8.9), >'0(1'), is given by (Aleksandrov and Maltveev, 

1978) 

(8.10) 
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Table 25: Coefficients a~,i 

Coefficients a~,i for equation (8.10). Modified from Aleksandrov et al. (1978). 

i a~,i 

0 2.02223(10°) 

1 1.411166(101) 

2 5.25597(10°) 

3 -2.01870(10°) 

where k~ = 2.39(10-3) cal • cm-1 • 8-1 • K-1 and a~,i (table 25) are coefficients 

determined from numerical fitting of (8.10) to experimental data. Note that the 

functional form of (8.10) is identical to that of its dynamic viscosity counterpart, 

(8.2). Variations in .A with T, p over the global region are represented by (Watson, 

1977): 

(8.11) 

where a~,i,; (table 26) are coefficients obtained from least-squares fitting to exper

imental data. Again, the functional forms of .Al(T,p) and 171(T,p) are identical. 

The final term in (8.9) accounts for convergence of .A to a positive vertical 

asymptote at the critical point as predicted by dynamic critical phenomena theory 

(Sengers, 1973; Basu and Sengers, 1977; Sengers et al., 1984) and verified by 

experiment (e.g., Le Neindre et aI., 1973). The theoretical expression for this 

critical enhancement term is given by (Basu and Sengers, 1977; Sengers et aI., 



143 

Table 26: Non-zero coefficients a>.,i,; 

Coefficients a>.,i,; for equation (8.11). Modified from Watson et al. (1977). 

, j a>.,i,; i j a>.,i,; 

0 0 1.3293046(10°) 2 0 5.2246158(10°) 

0 1 -4.0452437(10-1) 2 1 -1.0124111(101) 

0 2 2.4409490(10-1 ) 2 2 4.9874687(10°) 

0 3 1.8660751(10-2) 2 3 -2.7297694(10-1) 

0 4 -1.2961068(10-1) 2 4 -4.3083393(10-1) 

0 5 4.4809953(10-2) 2 5 1.3333849(10-1 ) 

1 0 1. 7018363(10°) 3 0 8.7127675(10°) 

1 1 -2.2156845(10°) 3 1 -9.5000611(10°) 

1 2 1.6511057(10°) 3 2 4.3786606(10°) 

1 3 -7.6736002(10-1) 3 3 -9.1783782(10-1) 

1 4 3.7283344 (10-1) 4 0 -1.8525999(10°) 

1 5 -1.1203160(10-1) 4 1 9.3404690(10-1) 
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1984) 

(8.12) 

where A. is a dimensionless coefficient, kB is Boltzmanns constant, rca, Vce, '"Yce, eo, 
X-T, '70(1'), and '71(T,p) are defined above, and bee - vce)hce) = 0.4678. 

The region over which equation (8.12) contributes significantly to the 

functional form of equation (8.9) extends to temperatures approximately 20% 

above critical (Watson et al., 1980), a much wider range of conditions than that 

associated with analogous convergence of dynamic viscosity (equation 8.7). As a 

result, the crossover or blending function, f>.,co(T, p), imposed on (8.12) to restrict 

its contribution to (8.9): 

(8.13) 

can no longer be a simple step function as was appropriate in the case of dynamic 

viscosity; rather, it must be smooth-varying and approach unity near the critical 

point and the reciprocal of (8.12) beyond the critical region. A crossover hnction 

satisfying these criteria was proposed by Basu and Sengers (1977): 

f>.,co(T,p) = pl/2 exp {-18.66(T - 1)2 - (p - 1).f} (8.14) 

By combining constants in (8.12), equation (8.13) can be expressed as 

.,,:' ; 
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Table 27: Computed thermal conductivity values (cal cm-1 8-1 OK-I) 

Thermal conductivity values (cal cm-1s-1 oK-I) computed from equations (8.9), 
(8.10), (8.11), (8.15), (8.14), (5.1), (5.2), (3.12), and (3.11) and illustrated in 
figures 54-56. Exponentiations are shorthand for xlO!-3.-21. 

P\t 375 400 425 450 475 

250 0.98325-3 0.40466-3 0.29450-3 0.26011-3 0.24554-3 

300 0.10468-2 0.79439-3 0.42126-3 0.32515-3 0.28836-3 

350 0.10934-2 0.91889-3 0.62003-3 0.42175-3 0.34621-3 

400 0.11309-2 0.98960-3 0.77283-3 0.54409-3 0.42017-3 

450 0.11629-2 0.10398-2 0.86865-3 0.66049-3 0.50514-3 

(8.15) 

where L = 9.013(10-1°) cal· g • cm-2 • e-2 
.0 K-l. With the critical enhancement 

term so-defined, equation (8.9) provides close representation of high-quality ex

perimental data both within and beyond the critical region (Sengers et al., 1984). 

Equations (8.9), (8.10), (8.11), (8.15), (8.14), (5.1), (5.2), (3.12), and 

(3.11) were used to compute the >'(P, T) values listed in table 27 and illustrated 

by the >'(P, T) surface of figure 54 and >'(T)-isobars and >.(P)-isotherms of figures 

55-56. 

The functional form of thermal conductivity is similar to that of dynamic 

viscosity (cf. figures 54-56 and figures 51-53). There are, however, ,wo notable 

differences. First, as noted above, the range of state conditions over which >. 

converges to its critical asymptote is considerably larger than that of 71. This rela

tionship simply reflects the difference in magnitude of the exponent that governs 
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450 

Thermal conductivity (0-2(10-3) cal cm-1 8-1 ° K-l) as a function of temperature 
(350°-475°C) and pressure (200-450 bar) computed from equations (8.9), (8.10), 
(8.11), (8.15), (8.14), (5.1), (5.2), (3.12), and (3.11). 
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Figure 55: Thermal conductivity isobars 

Thermal conductivity (0-2(10-3) cal cm- l 8-1 ° K-l) as a function of temperature 
(350°-475°0) at constant pressure (250-450 bar) computed from equations (8.9), 
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Figure 56: Thermal conductivity isotherms 
Thermal conductivity (0 - 2(10-3 ) cal cm-1 8-1 ° K-1) as a function of pressure 
(200-450 bar) at constant temperature (375°-475°C) computed from equations 
(8,9), (8.10), (8.11), (8.15), (8.14), (5.1), (5.2), (3.12), and (3.11). 
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this convergence for the two properties. For >., this exponent is obtained by incor

porating equation (2.30) into equation (8.15); the value is ~ 0.5805. Because this 

exponent value is so much larger than that associated with 11 (~ 0.0326), near

critical convergence of >. to the critical asymptote is much stronger than that of 

11. This expanded region of convergence causes local ,maxima in >.(T)p and >.(P)T 

to extend beyond the near-critical region (figures 55-56). The second difference 

between >'(P, T) and 11(P, T) is the lack of local minima in (8)'j8T)p; this minima 

is characteristic of (811 j 8T)p. 

Finally, note that although>. is, in theory, infinite at the critical point, 

this value has been truncated to 2(10-3 ) cal· cm-1 • 8-1 
.0 K-l in figure 54. 



CHAPTER 9 

COMBINED PROPERTIES 

Several ratios of state, thermodynamic, and transport properties pre-

sented in chapters 5-8 define additional fluid H20 properties of practical imp or-

tance in numerical modeling and analysis of heat and mass transfer processes in 

hydrothermal systems. Among the more important of these "combined" prop-

erties are kinematic viscosity, thermal difi'usivity, the Prandtl number, and the 

isochoric expansivity-compressibility coefficient. These properties, and sound ve

locity, which provides a valuable barometer of equation of state performance, are 

evaluated below. 

kinematic viscosity 

Kinematic viscosity is the quotient of dynamic viscosity and density: 

v =!! (cm2/s) 
p 

(9.1) 

This property provides a mass-independent measure of the viscose state of the 

fluid. It is frequently used in fluid transport models because it casts Darcy's Law 

in terms of fluid flux (e.g., Norton and Knight, 1977). 

Equations (9.1), (8.1), (8.2), (8.3), (8.8), (5.1), (5.2), (3.12), and (3.11) 

were used to compute the v(P, T) values listed in table 28 and illustrated by the 

150 
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Table 28: Computed kinematic viscosity values (x102 cm2 j 8) 
Kinematic viscosity values (x102 cm2j8) computed from equations (9.1), (8.1), 
(8.2), (8.3), (8.8), (5.1), (5.2), (3.12), and (3.11) and illustrated in figures 57-59. 

P\t 375 400 425 450 475 

250 0.11523 0.17509 0.22436 0.26544 0.30374 

300 0.11566 0.12284 0.16888 0.20782 0.24246 

350 0.11632 0.11746 0.13503 0.16876 0.20025 

400 0.11699 0.11707 0.12321 0.14402 0.17089 

450 0.11764 0.11729 0.12014 0.13121 0.15125 

v(P, T) surface of figure 57 and v(T)-isobars and v(P)-isotherms of figures 58-59. 

The v(P, T) surface displays subtle minima in v(T)p and v(P)T in the 

supercritical region. Between these two minima, v increases slightly with pressure 

and temperature; to their high-density side, v increases slightly with pressure and 

decreases slightly with temperature; and to their low-density side, v decreases 

with pressure and increases with temperature, the magnitude of these derivatives 

in this latter region being large relative to the other two. In the critical region, 

both (ovjoT)p and (ovjoP)T dispay local maxima that increase through the 

near-critical region to within the immediate vicinity of the critical point; at the 

critical point, however, these derivatives are zero. As a result, the v(P, T) surface, 

v(T)-isobars, and v(P)-isotherms all display a gentle sigmoid form in the critical 

region that dampens with temperature and pressure (figures 57-59). 

In general, the functional form of kinematic viscosity mirrors that of dy

namic viscosity and density. Although '7 and p are functionally similar (cf. figure 

51 and figure 9), their difference in magnitude (p gjcm3 ~ 102 '7 g. cm-1 .8-1) 
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Figure 57: Kinematic viscosity surface 
Kinematic viscosity (0-5(10-3) cm2 / s) as a function of temperature (3500 -475°C) 
and pressure (200--450 bar) computed from equations (9.1), (8.1), (8.2), (8.3), (8.8), 
(5.1), (5.2), (3.12), and (3.11). 
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Figure 58: Kinematic viscosity isobars 

Kinematic viscosity (0-4(10-3) cm2 / s) as a function of temperature (3500 -475°C) 
at constant pressure (250-450 bar) computed from equations (9.1), (8.1), (8.2), 
(8.3), (8.8), (5.1), (5.2), (3.12), and (3.11.). 
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Figure 59: Kinematic viscosity isotherms 

Kinematic viscosity (0-4(10-3) cm2 /8) as a function of pressure (200-450 bar) at 
constant temperature (375°-475°C) computed from equations (9.1), (8.1), (8.2), 
(8.3), (8.8), (5.1), (5.2), (3.12), and (3.11). 
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causes this mirror relationship relative to kinematic viscosity. Their functional 

similarity does, however, effectively dampen in v the sigmoid character of isobaric 

and isothermal cross-sections so pronounced in p and ". 

In the near-critical region, kinematic visosity displays the same extremely 

sharp convergence to a vertical asymptote at the critical point characteristic of 

dynamic viscosity (cf. figure 57 and figure 51). Although this convergence causes 

local maxima in v(T)p and V(P)T, its sharpness restricts occurrence of these 

maxima to within a fraction of a degree and/or bar of the critical point. At 

the critical point, v = 00; however, because of computational approximations 

discussed in chapter 8, this critical value is is finite in figure 57. 

thermal diffusivity 

Thermal diffusivity is the quotient of thermal conductivity and the prod

uct of density and isobaric heat capacity: 

(9.2) 

This property provides a mass-independent measure of the energy state of the 

fluid. For this reason, thermal diffusivity is typically used in preference to thermal 

conductivity in heat transfer calculations. 

Equations (9.2), (8.9), (8.10), (8.H), (8.15), (8.14), (6.19), (6.20), (5.1), 

(5.2), (3.12), and (3.11) were used to compute the I<:(P, T) values listed in table 

29 and illustrated by the I<:(P, T) surface of figure 60 and I<:(T)-isobars and I<:(P)

isotherms of figures 61-62. 
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Thermal diffusivity (0-5(10-:1) cm2 /8) as a function of temperature (3500 -475°C) 
and pressure (200-450 bar) computed from equations (9.2), (8.9), (8.10), (8.11), 
(8.15), (8.14), (6.19), (6.20), (5.1), (5.2), (3.12), and (3.11). 
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Figure 61: Thermal diffusivity isobars 

Thermal diffusivity (0-4(10-3) cm2 / 8) as a function of temperature (3500 -475°C) 
at constant pressure (250-450 bar) computed from equations (9.2), (8.9), (8.10), 
(8.11), (8.15), (8.14), (6.19), (6.20), (5.1), (5.2), (3.12), and (3.11). 
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Figure 62: Thermal diffuslvity isotherms 

Thermal diffusivity (0-4(10-3) cm2/s) as a function of pressure (200-450 bar) at 
constant temperature (375°-475°C) computed from equations (9.2), (8.9), (8.10), 
(8.11), (8.15), (8.14), (6.19), (6.20), (5.1), (5.2), (3.12), and (3.11). 
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Table 29: Computed thermal diffusivity values (cm2Is) . 
Thermal diffusivity values (cm2Is) computed from equations (9.2), (8.9), (8.10), 
(8.11), (8.15), (8.14), (6.19), (6.20), (5.1), (5.2), (3.12), and (3.11) and illustrated 
in figures 60-62. Exponentiations are shorthand for xlO[-3,-2). 

P\t 375 400 425 450 475 

250 0.59356-3 0.76571-3 0.14299-2 0.19781-2 0.24887-2 

300 0.89482-3 0.36000-3 0.84986-3 0.13770-2 0.18432-2 

350 0.10538-2 0.69363-3 0.55822-3 0.97431-3 0.14026-2 

400 0.11624-2 0.90708-3 0.64199-3 0.75853-3 0.11049-2 

450 0.12454-2 0.10479-2 0.81394-3 0.73542-3 0.93282-3 

Because TJ and A are of similar functional form and magnitude (cf. figure 

51 and figure 54), the functional form of thermal diffusivity corresponds to that of 

kinematic viscosity except that K:(T)p and K:(P)T minima are sharpened relative 

to their v counterparts by the strong convergence of Cp to a vertical asymptote 

at the critical point (cf. figures 60-62 and figures 54-56). These minima do 

not, however, attain the sharpness or magnitude of cp maxima because (Alp « 
1 cal· cm2 . g-l • s-l .0 K-l) (cf. figures 60-62 and figures 36-38). 

In the immediate vicinity of the critical point the functional form of ther

mal diffusivity is complex because the convergences of A and cp to the critical 

asymptote are governed by different exponents. Highlighting this complexity is 

consideration of the critical point value. The general functional form of K: suggests 

convergence to a negative vertical asymptote (figures 61-62). In contrast, the the

oretical value, K:c = 3.1 cm2 I s, exceeds by several orders of magnitude all other 

values in the critical region. 
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Table 30: Computed Prandtl number values (dimensionless) 

Prandtl number values (dimensionless) computed from equations (9.3), (8.1), 
(8.2), (8.3), (8.8), (8.9), (8.10), (8.11), (8.15), (8.14), (6.19), (6.20), (5.1), (5.2), 
(3.12), and (3.11) and illustrated in figures 63-65. Exponentiations are shorthand 
for XlO[O,II. 

P\t 375 400 425 450 475 

250 0.194141 0.228671 0.156901 0.134191 0.122051 

300 0.129261 0.341231 0.198721 0.150921 0.131541 

350 0.110381 0.169351 0.241901 0.173211 0.142771 

400 0.100641 0.129061 0.191911 0.189861 0.154661 

450 0.944590 0.111921 0.147601 0.178421 0.162151 

Prandtl number 

The Prandtl number is defined as the dimensionless ratio of kinematic 

viscosity to thermal diffusivity: 

v f7 Cp Pr=-=-
If, A (9.3) 

As a result, this property measures the ratio of viscous and energy relaxation in 

the fluid (Basu et al., 1980b) 

Equations (9.3), (8.1), (8.2), (8.3), (8.8), (8.9), (8.10), (8.11), (8.15), 

(8.14), (6.19), (6.20), (5.1), (5.2), (3.12), and (3.11) were used to compute the 

Pr(P, T) values listed in table 30 and illustrated by the Pr(P, T) surface of figure 

63 and Pr(T)-isobars and Pr(P)-isotherms of figures 64-65. 

Functional form of the the Prandtl number corresponds closely to that of 

cp (cf. figures 63-65 and figures 36-38) as a consequence of similarity in functional 



Figure 63: Prandtl number surface 
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Prandtl number (0-5 dimensionless) as a function of temperature (3500-47500) 
and pressure (200-450 bar) computed from equations (9.3), (8.1), (8.2), (8.3), 
(8.8), (8.9), (8.10), (8.11), (8.15), (8.14), (6.19), (6.20), (5.1), (5.2), (5.12), and 
(3.11). 
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Figure 64: Prandtl number isobars 
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Prandtl number (0-10 dimensionless) as a function of temperature (3S00-47SoC) 
at constant pressure (2S0-4S0 bar) computed from equations (9.3), (8.1), (8.2), 
(8.3), (8.8), (8.9), (8.10), (8.11), (8.1S), (8.14), (6.19), (6.20), (S.l), (S.2), (3.12), 
and (3.11). 
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Figure 65: Prandtl number isotherms 
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475 

Prandtl number (0-10 dimensionless) as a function of pressure (200-450 bar) at 
constant temperature (375°-475°C) computed from equations (9.3), (8.1), (8.2), 
(8.3), (8.8), (8.9), (8.10), (8.11), (8.15), (8.14), (6.19), (6.20), (5.1), (5.2), (3.12), 
and (3.11). 
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form and magnitude of Tf and>' (cf. figures 51-53 and figures 54-56). The slight 

magnitude difference between Pr and cp is attributable to that between dynamic 

viscosity and thermal conductivity (Tf < >.). At the critical point, Pr == 00; 

however, in the near-critical region the exact nature of convergence to the critical 

asymptote is complicated to an even greater extent than than of II: because of 

functional dependence on three properties whose convergence rates are governed 

by different exponents. 

isochoric expansivity-compressibility coefficient 

The isochoric expansivity-compressibility coefficient is defined as the ratio 

of isobaric expansivity and isothermal compressibility: 

(9.4) 

This property provides a useful measure of local fluctuations in confined fluid pres

sure as a function of t~lllperature variation (e.g., Knapp and Knight, 1977). The 

isochoric expansivity-compressibility coefficient can be obtained directly from ap

propriate differentiation of the fundamental thermodynamic functions, equations 

(3.12) and (3.11). Specifically, in the critical region 

(9.5) 

and in the global region 
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Table 31: computed isochoric expansivity- compressibility values (bar;a K) 
Isochoric expansivity-compressibility values (bars/oK) computed from equations 
(9.5), (9.6), (5.1), (5.2), (3.12), and (3.11) and illustrated in figures 66-68. Expo
nentiations are shorthand for XlO[O,ll. 

P\t 375 400 425 450 475 

250 0.496521 0.143051 0.98980° 0.79136° 0.67177° 

300 0.614231 0.315011 0.158831 0.115871 0.94015° 

350 0.691011 0.467491 0.256011 0.167081 0.128401 

400 0.751151 0.560391 0.366031 0.235041 0.171751 

450 0.801631 0.629611 0.455581 0.311521 0.223771 

(9.6) 

Equations (9.5), (9.6), (5.1), (5.2), (3.12), and (3.11) were used to com

pute the 0./ (3(P, T) values listed in table 31 and illustrated by the (0./ (3)(P, T) 

surface of figure 66 and (0./ (3)(T)-isobars and (0./ (3)(P)-isotherms of figures 67-

68. 

The isochoric expansivity-compressibility surface maps the pressure-temperature 

slopes of contours (isochores) of the p(P, T) surface, (figure 9). These slopes are 

steep for supercritical liquid, nearly flat for supercritical vapor, and in the crit-

ical region display smooth variation between these extremes. This variation is 

characterized by local maxima in (iJ2 P /iJT2)p and (iJ(iJP /iJT)/iJP)p that increase 

exponentially through the near-critical region and become infinite at the critical 

point. As a result, the functional form of 0./ {3 for conditions of interest in this 

study corresponds closely to that of density (cf. figures 66-68 and figures 9-11). 
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Isochoric expansivity-compressibility (0-10 bar;o K) as a function of temperature 
(350°-475°C) and pressure (200-450 bar) computed from equations (9.5), (9.6), 
(5.1), (5.2), (3.12), and (3.11). 
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Figure 67: Isochoric expansivity-compressibility isobars 

Isochoric expansivity-compressibility (0-10 barr K) as a function of temperature 
(350°-475°C) at constant pressure (250-450 bar) computed from equations (9.5), 
(9.6), (5.1), (5.2), (3.12), and (3.11). 
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Figure 68: Isochoric expansivity-compressibility isotherms 

Isochoric expansivity-compressibility (0 - 10 bar /0 K) as a function of pressure 
(200-450 bar) at constant temperature (375° -475°C) computed from equations 
(9.5), (9.6), (5.1), (5.2), (3.12), and (3.11). 
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Note that although a == {3 == 00 at the critical point, the associated a/ {3 value 

is not unity; rc.ther, it is defined by the P - T slope of the critical isochore at 

the critical point which, by definition, is continuous with that of the vaporization 

boundary. Hence, (a/{3)c ~ 2.67 barrK. 

sound velocity 

The speed of sound in fluid H20 is defined by 

w, = {CCP (8P) }1/2 = { Ccp }1/2 (cm/s) 
CII 8p T cll p{3 

(9.7) 

Because sound velocity is defined by a ratio of three properties each obtained at the 

second level of differentiation of the fundamental surface, comparison of calculated 

values with those obtained experimentally provides an excellent benchmark of 

equation performance. 

Equations (9.7), (6.19), (6.20), (6.15), (6.16), (5.4), (5.5), (5.1), (5.2), 

(3.12), and (3.11) were used to compute the w.(P, T) values listed in table 32 

and" illustrated by the w,(P, T) surface of figure 69 and w,(T)-isobars and w,(P)

isotherms of figures 70-71. 

Sound velocity is the quotient of a property that converges strongly to 

a positive critical asymptote (cp ) and the product of two similarly convergent 

properties, one of strong convergence ({3), the other weak (c ll ). As a result, the 

functional form of w, is one of weak convergence to a negative critical asymptote, 

very similar to that of thermal diffusivity, the quotient of weak and strong con

vergent properties (cf. figures 69-71 and figures 60-62). However, in contrast to 

thermal diffusivities, sound velocities in Bupercriticalliquid generally exceed those 
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!? 
C SPEED(P)T 

---MIN IMA 

450 

Speed of sound (0 -1000 mj 8) as a function of temperature (3500 
- 475°C) and 

pressure (200 - 450 bar) computed from equations (9.7), (6.19), (6.20), (6.15), 
(6.16), (5.4), (5.5), (5.1), (5.2), (3.12), and (3.11). 
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Figure 70: Speed of sound isobars 

Speed of sound (0 - 1000 m/ 8) as a function of temperature (350 0 
- 475°C) at 

constant pressure (250-450 bar) computed from equations (9.7), (6.19), (6.20), 
(6.15), (6.16), (5.4), (5.5), (5.1), (5.2), (3.12), and (3.11). 
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Figure 71: Speed of Bound isotherms 

Speed of sound (0-1000 mj 8) as a function of pressure (200-450 bar) at constant 
temperature (375°-475°C) computed from equations (9.7), (6.19), (6.20), (6.15), 
(6.16), (5.4), (5.5), (5.1), (5.2), (3.12), and (3.11). 
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Table 32: Computed sound velocity values (m/s) 
Sound velocity values (m/s) computed from equations (9.7), (6.19), (6.20), (6.15), 
(6.16), (5.4), (5.5), (5.1), (5.2), (3.12), and (3.Ii) and illustrated in figures 69-71. 

P\t 375 400 425 450 475 

250 506.08 448.63 510.40 549.65 579.70 

300 628.99 419.66 473.59 525.32 561.96 

350 710.23 536.07 457.83 504.93 546.46 

400 773.70 627.26 507.20 500.71 536.82 

450 826.74 697.95 579.23 525.34 538.54 

in supercritical vapor. In the immediate vicinity of the critical point, the func

tional form of w, is complicated by the unequal rates of convergence to the critical 

asymptote of cv , cp , and p. 

Within the critical region, equations (9.7), (6.19), (6.15), (5.4), (5.1), and 

(3.12) are in close agreement with near-critical w,(Ph minima determined exper

imentally by Erokhin and Kalyanov (1979, 1980). In the global region, equations 

(9.7), (6.20), (6.16), (5.5), (5.2), and (3.11) represent all recent high-quality data to 

within measurement accuracy (Haar et al., 1984). These findings represent strong 

evidence of both theoretical validity and practical utility of the Levelt Sengers et 

al. (1983a) and Haar et al. (1984) formulations. 



CHAPTER 10 

SUMMARY 

Transport and chemical processes in hydrothermal systems are to a large 

degree controlled by the properties of fluid H 20 (e.g., Norton and Knight, 1977; 

Helgeson et aI, 1981). Thermodynamic, electrostatic, and transport properties 

of this fluid phase are, in turn, controlled by the equation of state. As a result, 

development of an accurate function relating state variables of fluid H 20 is of 

central importance to quantitative analysis of the hydrothermal environment. 

Four thermodynamically equivalent functional descriptions for the equa

tion of state can be derived from the Gibbs-Duhem equation: Vm(T, P), P(T, Vm), 

p(T,J..L), and J..L(T,p). The explicit form of the state function is, in principal, arbi

trary and may be theoretical or empirical. The most useful expressions, however, 

are readily integrable to obtain the specific-volume or molar Helmholtz free en

ergy from which all other thermodynamic functions are obtained by appropriate 

differentiation. Following choice of independent variables and functional form, the 

regression coefficients inherent to the equation are obtained by numerical fitting 

to experimental data. Because of this ultimate dependence on experiment, most 

equations of state are of Vm(P, T) or P(T, Vm) form as a consequence of data avail

ability; examples include van der Waals-type and virial equations. In the critical 

region, however, it is advantageous to cast the equation of state as p(T, J..L) or 

J..L(T, p) because these descriptions provide symmetry features in real fluids anal

ogous to those predicted by theoretical models of liquid-vapor phase transition 

developed from statistical mechanics. 
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The global region of the PTp surface can be represented to within ex

perimental accuracy by a modified version of the Ursell-Mayer virial equation 

augmented with a minimum number of residual terms as proposed by Haar et al. 

(1984). In contrast, convergence of compressibility and expansivity to positive ver

tical asymptotes at the critical point cannot be modeled, in theory or practice, by 

virial or other (classical) equations of state that presume critical point analyticity 

and. These critical anomalies are, however, accurately predicted by a revised and 

extended scaled equation of state proposed by Levelt Sengers et al. (1983a) that 

incorporates asymptotic power laws, nonclassical critical exponents, and critical 

point singularity. 

Because the Haar et al. (1984) and Levelt Sengers et al. (1983a) equations 

yield nearly equivalent results along their near-coincident validity perimeters, the 

two formulations can be used together with dependent electrostatic and transport 

functions to provide comprehensive prediction of fluid H 20 properties within and 

near the critical region. 

The presence of vertical asymptotes for partial derivatives of the equation 

of state at the critical point results in development of local extrema in dependent 

fluid H 20 properties. For each property, these isothermal pressure and isobaric 

temperature extrema are infinite at the critical point and from here diverge un

equally from the critical isochore in the P - T plane and in magnitude at rates 

determined by the governing critical exponent or combination of exponents. These 

extrema for several properties of particular importance in transport theory and 

aqueous chemistry are summarized in figures 72-73. 

Local extrema in a, Cp , and v have an important effect on the nature of 

heat and mass transport processes in hydrothermal systems (Norton and Knight, 

1977). For a given rock permeability, fluid flux predicted from Darcy's law with 
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Figure 72: Summary of isobaric extrema 
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Y BORN 

Summary of isobaric extrema in a, /3, CP' v, 1], Y, and Q computed from equations 
(5.7), (5.8), (5.4), (5.5), (6.19), (6.20), (9.1), (8.1), (8.2), (8.3), (8.8), (7.8), (7.5), 
(7.2), (7.9), (7.6), (5.1), (5.2), (3.12), and (3.11). 
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Summary of isothermal extrema in a, {3, Cp , v, 1/, Y, and Q computed from equa-
tions (5.7), (5.8), (5.4), (5.5), (6.19), (6.20), (9.1), (8.1), (8.2), (8.3), (8.8), (7.8), 
(7.5), (7.2), (7.9), (7.6), (5.1), (5.2), (3.12), and (3.11). 
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imposed Boussinesq approximation is proportional to a and inversely proportional 

to v. Maximum flow rates therefore occur at state conditions intermediate to a 

maxima and v minima. Because a 0 K-l ~ 102 v cm2 / s, these conditions are in 

fact closely approximated by those of a maxima. The local rate of convective 

heat transfer is proportional to both fluid flux and Cpo Because cp is a dependent 

function of a, their extrema projections are nearly coincident. As a result, fluid 

flux and convective heat transfer rates in hydrothermal systems attain local maxima 

within the critical region in the t~cinity of a extrema. These maxima increase 

exponentially toward the critical point where they become infinite. 

Convergence of the Q and Y Born functions to positive and negative ver

tical asymptotes at the critical point controls the thermodynamic properties of 

charged and neutral aqueous ions and complexes (Helgeson et al., 1981). Specif

ically, standard partial molal volumes of these aqueous species are functionally 

dependent on Qj their standard partial molal enthalpies are functionally depen

dent on Y. These Born functions are in turn controled by f3 and a, as evidenced 

by near coincidence of Y, a and Q, f3 extrema projections. 

- Consequently, the standard partial molal volumes and enthalpies of aque

ous species are negative infinite at the critical point (Helgeson and Kirkham, 

1974aj Helgeson et al., 1981). Moreover, in the near-critical region these proper

ties attain sufficient magnitude to control standard molal volumes and enthalpies 

of fluid-mineral reactions (Johnson, in prep.). 

In summary, derivative properties of the fluid H 20 equation of state ef

fectively control a variety of transport and chemical processes in hydrothermal 

systems during transient attainment of near-critical conditions. The extent of 

this control is such that certain of these processes, e.g. local variations in fluid 

mass flux and the state of chemical equilibrium, can be closely approximated by 



179 

accounting only for contributions of the Q- and ,a-dependent terms. With the de

velopment of an accurate scaled equation of state for fluid H20 (Levelt Sengers et 

al., 1983a), it is now possible to quantitatively assess these transport and chemical 

consequences of critical phenomena in hydrothermal systems. 
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a>." 

A 

[A, A', AI/jclI 

A,nt 

APPENDIX A 

GLOSSARY OF SYMBOLS 

definition 

- Scaling function parameter (dimensionless) in equations 
(2.38), (2.41), (3.16), and (3.17). 

- Parameter (bar (cm3mol-1)2) accouting for intermolecular at-
tractive forces in van der Waals equation (2.14). 

- Coefficients used to compute E(T,p) in equation (7.2). 

- Coefficients used to compute 17o(T,p) in equation (8.2). 

- Coefficients used to compute 171(T,p) in equation (8.3). 

- Coefficients used to compute Ao(T,p) in equation (8.10). 

- Coefficients used to compute Al(T,p) in equation (8.11). 

- Helmholtz free energy (cal) defined by equation (6.1). 
- Critical amplitudes (dimensionless) for asymptotic power laws 

associated with c: along the critical isochore, vaporization 
boundary, and sub-Tc analytic extension of the critical iso
chore: equation (2.32). 

- Helmholtz free energy per mole (cal/mol) predicted by classi
cal equations of state along the classical-nonclassical validity 
boundary. 

- Helmholtz free energy per mole (cal/mol) intermediate to those 
predicted by classical and nonclassical equations of state along 
their validity boundary; see equation (2.42). 

- Helmholtz free energy per mole (cal/mol); defined by equation 
(2.9) and computed with laquations (6.2) and (3.11). 

- Base function contribution to Helmholtz free energy per mole 
(cal/mol) in the 'Haar et al. (1984) forn,:ulationj defined by 
equation (3.8). 
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Am,ideal 

Am,re,jd 

Am,tr 

A· m 
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definition 

- Ideal gas function contribution to Helmholtz free energy per 
mole (cal/mol) in the Haar et al. (1984) formulation; defined 
by equation (3.10). 

- Residual function contribution to Helmholtz free energy per 
mole (cal/mol) in the Haar et al. (1984) formulation; defined 
by equation (3.9). 

- Helmholtz free energy per mole (cal/mol) at the H20 triple 
point. 

- Helmholtz free energy per mole normalized with respect to crit
ical parameters (dimensionless); defined by equation (2.17). 

- Helmholtz free energy per mole (cal/mol) predicted by non
classical equations of state along the classical-nonclassical va
lidity boundary. 

- Helmholtz free energy per unit volume (cal / cm3); defined by 
equation (2.4). 

AII,i; - Coefficients for near-critical Taylor expansion of 
A:(l!lT., l!lp.); defined by equation (2.19). 

A: - Helmholtz free energy per unit volume normalized with re-
spect to critical parameters (dimensionless) defined by equa
tion (2.17). 

l!lAm - Apparent molal Helmholtz free energy (cal/mol) defined by 
equation (4.1). 

b; - Coefficients (cm3 /g) used to compute bll ,2 in equation (3.4). 

b,e - Scaling function parameter (dimensionless) in equation (2.38) 
and equations (3.18-3.20). 

blldw - Parameter accounting for molecular volume (cm3 /mol) in van 
der Waals equation (2.14). 

bll,i - ith virial coefficient (cm3/ g )i-l for hard-sphere equation of 
state used in the Haar et al. (1984) formulation. 

Bea - Critical amplitude (dimensionless) for the asymptotic power 
law associated with the near-critical vaporization boundary: 
equation (2.28). 

Bi - Coefficients (cm3 /g) used to compute B II ,2 in equation (3.4). 

BlI,i - Virial coefficients (cm3/g)i-l in equations (2.16), (3.1), (3.2), 
and (3.3); computed with equation (3.4). 
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Cv 

c· v 

c 
C 
C 

!CO(r) 

!AICO 

!",CO 

9 

g(i) 

gcl(X) 

gncl,o(X) 
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definition 

- Coefficients (dimensionless) used to compute Aideal in equa
tion (3.10). 

- Isobaric heat capacity (cal mol-1 0 K-l); defined by equation 
(6.17) and computed with equations (6.19-6.20). 

- Scaling function parameter (dimensionless) in equation (3.17). 

-Isochoric heat capacity (cal mol-1 OK-I); defined by equation 
(6.14) and computed with equations (6.15-6.16). 

- Isochoric heat capacity reduced and normalized with respect 
to appropriate critical parameters (dimensionless); defined by 
equation (2.31). 

- Conversion factor: 0.02390054 cal bar-1 cm-3 • 

- Conversion factor: 10-4 bar cm s2 g-l. 

- Conversion factor: 4.814 J / cal. 

- Critical amplitude (dimensionless) for the asymptotic power 
law associated with the critical isotherm: equation (2.23). 

- Internal energy (cal) defined by equation (6.6). 

- Internal energy per mole (cal/mol); computed with equations 
(6.7-6.8). 

- Internal energy per mole (cal/mol) at the H20 triple point. 

- Apparent molal internal energy (cal/mol); defined by equation 
(4.1). 

- Unspecified crossover function used to compute Aint(AchAncl) 
in equation (2.42). 

- Crossover function defined by equation (8.14) and used to com
pute the relative contribution of A2(1',p) to A. 

- Crossover function used to compute the relative contribution 
of '12(1',p) tot]. 

- Kirkwood coefficient that accounts for local geometric struc
ture of the H 20 molecule in equation (7.1). 

- Coefficients (J/g) used to compute Preeid in equation (3.6). 

- Scaling function for classical equations of state; defined by 
equation (2.36). 

- Universal scaling function for nonclassical equations of state; 
defined by equation (3.19). 
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definition 

- Universal correction-to-scaling functions for nonclassical equa
tions of state; defined by equation (3.19). 

- Gibbs free energy (cal); defined by equation (6.3). 

- Gibbs free energy per mole (cal/mol); defined by equation (6.3) 
and computed with equations (6.4-6.5). 

- Gibbs free energy per mole (cal/mol) at the H20 triple point. 

- Apparent molal Gibbs free energy (cal/mol); defined by equa-
tion (4.1). 

- Enthalpy (cal); defined by equation (6.9). 

- Enthalpy per mole (cal/mol); computed with equations equa-
tions (6.10-6.11). 

- Enthalpy per mole (cal/mol) at the H20 triple point. 

- Apparent molal enthalpy (cal/mol); defined by equation (4.1). 

- Boltzmanns constant: 3.29957(10-24 ) calla K. 
- ith scaling function parameter (dimensionless) in equations 

(2.38), (2.41), and (3.16). 

- Integer constants used to compute Pmid in equation (3.6). 

- Polynomials defined by equation (7.3) and used to compute 
f(T, p) in equation (7.2). 

- Numerical constant in equation (8.10): 
2.39(10-3 ) cal cm-1 S-1 a K-1. 

-k,., - Numerical constant in equation (8.2): 10-5 g cm-1 8-1 • 

kp - Numerical constant in equation (3.6): 1 cm3/g. 
l(i) - Integer constants used to compute Pmid in equation (3.6). 

L - Numerical constant in equation (8.15): 
9.103(10-1°) cal g cm-2 S-2 a K-1. 

M - Molecular weight of H20: 18.0152 g/mol. 

n - Number of moles (mol). 

NA - Avogadro's number: 6.02252(1023) mol-1• 

Pi(O) - Polynomials used to compute gnclli~a(X); defined by equation 
(3.20). 

Pji - Coefficients used to compute Pi(O); defined by equation (3.20). 

P - Pressure (bar). 
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p. 

P 

p. 
c 

Peorr 

AP 

Pr 

q 

Q 
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definition 

- Pc-normalized pressure (dimensionless); defined by equation 
(2.17). 

- Temperature-normalized pressure variable defined by equa
tions (2.39), (2.40), and (3.12). 

- Base function contribution to pressure (bar) in the Haar et al. 
(1984) formulation; defined by equation (3.3). 

- Pressure at the H20 critical point: 220.46 bar. 
- Coefficients (dimensionless) for near-critical Taylor expansion 

of P·(AT., Ap·); defined by equation (2.19). 

- Pressure constant in equation (3.8): 1.01325 bar. 
- Residual function contribution to pressure (bar) in the Haar et 

al. (1984) formulation; defined by equation (3.6). 

- (Near-critical) pressure constant used in dynamic viscosity and 
thermal conductivity equations: 221.15 bar. 

- Correction-to-scaling function contribution to P; defined by 
equation (2.41). 

- Analytic contribution to P; defined by equations (2.41) and 
(3.13). 

- Scaling function contribution to P; defined by equation (2.41). 

- Pressure background parameters for Preg in equations (3.13) 
and (3.15). 

- ~olynomial representing the background 1> contribution to 
Preg • 

- Pc-normalized/reduced pressure (dimensionless); defined by 
equation (2.17). 

- Sum of asymptotic scaling and correction-to-scaling contribu
tions to P in the Levelt Sengers et al. (1983a) formulation; 
defined by equation (3.16). 

- Prandtl number (dimensionless); defined by and computed 
with equation (9.3). 

- System-dependent wave parameter in equation (8.4): 
3.76{108 ) m. 

- Q Born function (bar-I); defined by and computed with equa
tion (7.5). 
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definition 

- Variable representing distance from the critical point in the 
linear model parametric equation of statej see equation (2.38). 

- Gas constant: 1.9872 cal mol-1 ° K-l. 
- Gas constant (= R/C): 83.145 bar cm3 mol-l oK-I. 

- Gas constant (= R C-l M-l): 4.6152 bar cm3 g-1 oK-I. 

- Entropy (calr K). 
- Entropy per mole (cal mol-1 ° K-l)j computed with equations 

(6.12-6.13). 

- Third law molal entropy (cal mol-1 ° K-l)j defined by equation 
(4.1). 

- Entropy per mole (cal mol-1 oK-I) at the H20 triple point. 

- Entropy per unit volume (cal cm-3 ° K-l). 

- Temperature in °C. 
- Temperature in OK. 

- Temperature variable in equations (7.2) and (7.3): 
TO K/298.15° K (dimensionless). 

- Temperature at the H 20 critical point: 647.067° K = 
373.917°C. 

- Temperature constants (OK) in equation (3.7). 

- (Near-critical) temperature constant in equation (3.4), (3.6), 
and (3.9): 647.074°K. 

- Temperature variable in equation (3.10): 
TO K/lOO° K (dimensionless). 

T" - Tc-normalized temperature (dimensionless)j defined by equa-
tion (2.17). 

T - Normalized tempera-
ture variable in dynamic viscosity and thermal conductivity 
equations: TO K/647.27° K (dimensionless). 

T - Tc-normalized temperature variablej defined by equation 
(2.39). 

Tc· - (Near-critical) temperature constant used in dynamic viscosity 
and thermal conductivity equations: 647.27 oK. 

AT· - Tc-normalized/reduced temperature (dimensionless)j defined 
by equation (2.17). 
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definition 

- Te-normalized/reduced temperature variable (dimensionless) 
in the Levelt Sengers et al. (1983a) formulation; defined by 
equation (3.14). 

- Molecular dipole moment in equation (7.1). 

- Scaling field; the Ut-axis originates at the critical point and 
represents the vaporization boundary and its supercritical an
alytic extension (see text); defined by equation (3.17). 

- Scaling field; the u~-axis originates at the critical point and 
intersects the Ut-axis at an angle such that appropriate asym
metry is introduced into the vaporization boundary (see text); 
defined by equation (3.17). 

- Volume (em3 ). 

- Molar volume (em3 / mol). 

- Molar volume at the H20 critical point: 55.8130 (em3/mol). 

- Scaling variable; defined by equation (2.37) for classical equa-
tions of state, by equation (2.41) for nonclassical equations 
of state, and by equation (3.18) for the Levelt Sengers et a1. 
(1983a) formulation. 

- Numerical constant in equation (2.36). 

- Density parameter (= bv,2P/4 dimensionless) in equations 
(3.2), (3.3), and (3.8). 

- Y Born function (OK-I); defined by and computed with equa
tion (7.8). 

- Z Born function (dimensionless); defined by and computed 
with equation (7.4). 

- Coefficient of isobaric expansivity (0 K-l); defineCl by equation 
(5.6) and computed with equations (5.7-5.8). 

- Critical exponents (dimensionless) for asymptotic power laws 
associated with ev along the critical isochore, vaporization 
boundary, and sub-Tc analytic extension of the critical iso
chore: equation (~.32). 

- Integer constants used in equations (3.6) and (3.9). 
- Molecular polariziblity (1.444(1O-24em3/mol) in equation 

(7.1). 

- Geometric constant (= '1-2 dimensionless) in equations (3.3) 
and (3.8). 
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definition 

- Coefficient of isothermal compressibility (bar-I); defined by 
equation (5.3) and computed with equations (5.4-5.5). 

- Critical exponent (dimensionless) for the asymptotic power 
law associated with the near-critical vaporization boundary: 
equation (2.28). 

- Integer constants used in equations (3.6) and (3.9). 
- Geometric constant (= 1-7 + 72/3 dimensionless) in equa-

tions (3.3) and (3.8). 
- Critical exponent (dimensionless) for the asymptotic power 

law associated with XT along the critical isochore and vapor
ization boundary: equation (2.30). 

- Geometric constant (13 dimensionless) representing ellipsoid 
eccentricity in the hard-ellipse equation of state employed by 
Haar et al. (1984); see equation (3.3). 

- Geometric constant (= 1 + 7/4 dimensionless) in equations 
(3.3) and (3.8). 

- Critical amplitudes (dimensionless) for asymptotic power laws 
associated with XT along the critical isochore and vaporization 
boundary: equation (2.30). 

- Critical exponent (dimensionless) for the asymptotic power 
law associated with the critical isotherm: equation (2.23). 

- Normalized/reduced density variable in equations (3.6) and 
(3.9); defined by equation (3.7). 

- Correction-to-scaling ("gap") exponent in equations (2.41) and 
(3.16). 

- Static dielectric constant (dimensionless); computed with 
equation (7.2). . 

- Dynamic viscosity (gem' _ -I); computed with equation (8.1). 
- Polynomial representing the ideal gas contribution to YJ; defined 

by equation (8.2). 
- Polynomial representing YJ in the global region; defined by 

equa.tion (8.3). 
- Function accounting for anomalous enhancement of YJ very near. 

the critical point; defined by equation (8.4). 

" ~-. ;' 
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definition 

- Variable representing location on an r-contour in the linear 
model parametric equation of state; see equation (2.38). 

- Thermal diffusivity (cm2/s); defined by and computed with 
equation (9.2). 

- Thermal conductivity (cal cm-l s-l 0 K-l); computed with 
equation (8.9). 

- Polynomial representing the ideal gas contribution to A; de
fined by equation (8.10). 

- Polynomial representing A in the global region; defined by 
equation (8.11). 

- Function accounting for anomalous enhancement of A in the 
critical region; defined by equation (8.12). 

- Numerical constant in (8.12): 1.2 dimensionless. 

- Chemical potential (cal/mol). 

- Coefficients (dimensionless) for near-critical Taylor expansion 
of J,L*(ATo, ApO) defined by equation (2.19). 

- Chemical potential normalized with respect to critical param
eters (dimensionless); defined by equation (2.17). 

- Temperature-normalized chemical potential variable; defined 
by equation (2.39). 

- Chemkal potential background parameters (i = c, 1 ... 3) in 
equation (3.1S). 

- Polynomh .. l representing ji, along the vaporization boundary 
and its supercritical analytic extension; defined by equation 
(3.15). 

- (Pe, Pel-normalized/reduced chemical potential 
(dimensionless); defined by equation (2.17). 

- Normalized/reduced chem-
ical potential variable (dimensionless) in the Levelt Sengers 
et al. (1983a) formulation; defined by equation (3.14). 

- Kinematic viscosity (cm2/s); defined by and computed with 
equation (9.1). 

- Universal critical exponent in equations (8.4) and (8.12). 
- Correlation length representing the range of near-critical den-

sity fluctuations in equation (8.4). 
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definition 

- System-dependent amplitude (1.31(10-1°) m) in equations 
(8.4) and (8.12). 

- Density (g / em3). 

- Density constants in equation (3.7) (g/em3). 

- Density at the H 20 critical point: 0.322778 (g/em3). 

- pc-normalized density (dimensionless); defined by equation 
(2.17). 

- Normalized density variable in dynamic viscosity and thermal 
conductivity equations: 
p [g/em3I1o.317763 [g/em3] (dimensi.onless). 

- Density variable in equations (7.2) and (7.3): 
p[g/em3]/1 [g/em3] (dimensionless). 

- (Near-critical) density constant used in dynamic viscosity and 
thermal conductivity equations: 0.317763 g / em3• 

- pc-normalized density (dimensionless); equivalent to p •. 

- pcnormalized/reduced density (dimensionless); defined by 
equation (2.17). 

- Normalized/reduced temperature variable in equations (3.6) 
and (3.9); defined by equation (3.7). 

- Universal critical exponent in equation (8.4). 

- Pc-normalized ieothermal compressibility (dimensionless) ; de-
fined by equation (2.29). 

- Reduced isothermal compressibility (p2 P f3 / P dimensionless) 
in equations (8.4-8.6). 

- Speed of sound in fluid H 20 (em/s); defined by and computed 
with equation (9.7). 
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