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ABSTRACT 

The Hotelling trace criterion (liTC) is a measure of class 

separability used in pattern recognition to find a set of linear 

features that optimally separate two classes of objects. In this 

dissertation we use the HTC not as a figure of merit for features, 

but as a figure of merit for characterizing imaging systems and 

designing filters for feature enhancement :in nuclear medicine. 

If the HTC is to be used to optimize systems, then it must 

correlate with human observer performance. In our first study, a 

set of images, created by overlapping ellipses, was used to 

simulate images of livers. Two classes were created, livers with 

and without tumors, with noise and blur added to each image to 

simulate nine different imaging systems. Using the ROC parameter 

da as our measure, we found that the HTC has a correlation of 0.988 

with the ability of humans to separate these two classes of 

objects. A second study was performed to demonstrate the use of 

the HTC for system optimization in a realistic task. For this study 

we used a mathematical model of nrrmal and diseased livers and of 

the imaging system to generate a realistic set of liver images 

from nuclear medicine.· 

x 



xi 

A method of adaptive, nonlinear filtering which enhances the 

features that separate two sets of :images has also been developed. 

The method uses the HTC to find the opt:imal linear feature 

operator for the Fourier moduli of the :images, and uses this 

operator as a filter so that the features that separate the two 

classes of objects are enhanced. We demonstrate the use of this 

filtering method to enhance texture features in s:imulated liver 

:images from nuclear medicine, after using a training set of :images 

to obtain the filter. We also demonstrate how this method of 

filtering can be used to reconstruct an object from a single 

photon-starved :image of it, when the object contains a repetitive 

feature. 

When power spectrums for real liver scans from nuclear 

medicine are calculated, we find that the three classifications 

that a physician uses, normal, patchy, and focal, can be described 

by the fractal d:imension of the texture in the liver. This fractal 

d:imension can be calculated even for :images that suffer from much 

noise and blur. Given a s:imulated :image of a liver that has been 

blurred and :imaged with only 5000 photons, a texture with the same 

fractal d:imension as the liver can be reconstructed. 



CHAPI'ER 1 

lliTRODUCTION 

When presented with a medical image a physician needs to 

make a clinical decision based on the information extractable from 

that image. If the object being imaged is a liver, for example, the 

task is to determine whether the liver is normal or abnormal and 

if, abnormal, the type of abnormality (e.g. cirrhosis, hepatitis, 

or metastatic cancer). The physician will, unfortunately, not 

always give a correct diagnosis. Too many times a misdiagnosis is 

made because the image did not provide the necessary information 

to the physician. This information, such as a tumor, may have been 

missed altogether due to the physical limitations of the image

forming system. However, the diagnostically important information 

may have been imaged, but the physician was not able to detect it 

in the final image due to such factors as low contrast, low signal

to-noise, or blurring. 

One way of improving the amount of information a physician 

receives from an image is to develop a new technique for 

generating the images. This has led to the many different types of 

medical images, such as magnetic resonance imaging (MRI) , computed 

tomography (CT) , ultrasound, and nuclear medicine, each with their 

own advantages and disadvantages. The quality of the images 

1 
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produced by anyone of these techniques can be improved by 

modifying and optimizing the imaging system. This usually means 

improving a physical measure, such as the system's modulation 

transfer function or the signal-to-noise ratio. Many times, 

however, a tradeoff w ill exist between one physical measure and 

another, and the connection between this tradeoff and improving a 

physician's ability to make a correct classification is not clear. 

Various restoration techniques can be applied to the image 

after it has been digitized to estimate the ideal image that would 

be produced if no image degradation were present in the imaging 

system (Hall 1979, Huang 1975). One of the most common image 

restoration tasks is that of spatial image restoration to remove 

geometric distortion, compensate for image blur, and diminish 

noise effects. Wiener filtering (Helstrom 1967, Andrews and Hunt 

1977), for example, uses knowledge of the noise field, the 

transfer function, and the object itself to restore the image. The 

Wiener filter permits an image restoration that is neither 

singular nor ill-conditioned. In most practical cases, however, 

information about the transfer function, the noise field, and the 

Object is limited, so they must be estimated. Wiener filtering also 

involves a trade-off between noise and blur in the final image, but 

it is not clear at what trade-off the physician w ill perform best. 

Image enhancement can be applied to the image to improve the 

visual appearance of the image, or to convert the image to a form 

that is better suited for human or machine analysis (Castleman 
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1979, Pratt 1978, Gonzalez and wintz 1977). This includes contrast 

manipulation, edge enhancement, median filtering, noise smoothing, 

and pseudocoloring. A common technique used for image enhancement 

is to modify the gray-level histogram of the image. Figure 1.1 

shows an example of a liver scan from nuclear medicine that has 

been blurred to smooth the noise, enhanced by a histogram 

modification, and then processed with an edge detector in order to 

make the dark nodules within the liver more noticeable. The gray

level histogram was modified by replacing the gray-level of each 

pixel by a gray-level proportional to the value of the derivative 

of the histogram at the original gray-level value. The edges in the 

final image were enhanced by replacing the gray-level of each 

pixel by a gray-level proportional to the local variance. Although 

image enhancement might make the image more subjectively 

pleasing, it w ill not necessarily increase the diagnostic accuracy 

of the physician. A study would need to be conducted to determine 

whether or not the enhancement technique described above would 

lead to a higher classification accuracy by the physician. Studies 

have been performed for different methods of image enhancement, 

but the relationship between image processing and its ability to 

improve detection performance has not been clear (Ishida et ale 

1984). Ideally we would like the diagnostically important features 

enhanced and the diagnostically unimportant features depressed in 

the final image. 



a b 

c d 

Fig. 1.1. Example of image enhancement techniques on a 
nuclear-medicine liver scan. 

(a) Original digital image. 

(b) Image (a) slightly blurred to smooth noise. 

(c) Image (b) after a histogram modification. 

(d) Image (c) after an edge detection has been applied. 

4 
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Once the image restoration and enhancement techniques have 

been applied and the final image is analyzed by the physician, it is 

still possible to make an incorrect diagnosis because of the 

difficulty of the perceptual task presented. Image-analysis 

techniques have been developed to aid the physician in making a 

diagnosis by using feature extraction and pattern recognition, 

where the output is usually not a picture but a number. If the 

object and noise statistics are known, then statistical-decision 

theory (SOT) can be applied to the final image. Here, the detection 

task is performed in an optimal way according to some Bayesian 

criterion so that the probability of error is minimized. The 

difficul ty with using SOT is that the features are usually random 

objects buried in noise that is not well characterized. 

This dissertation is concerned with incorporating ideas from 

pattern recognition and SOT to solve the problems of system 

optimization and feature enhancement in nuclear-medicine imaging. 

Nuclear-Medicine Imaging 

Nuclear-medicine images provide a visual representation of 

dynamic and physiological functions of organ systems, whereas 

conventional x-ray, CT, and MRI images provide mainly anatomical 

information. In nuclear-medicine imaging, a" patient ingests or is 

injected with a radiopharmaceutical that is tagged with a 

radioactive label. The radioactive element or compound is chosen 

because of chemical or physical properties that cause it to 



accumulate in a particular organ or region. For example, a 

physician might use Iodine-123 for a thyroid scan, Technetium-99m 

DTPA for a renal scan, Thallium-201 for a myocardial study, and 

Technetium-99m sulfur colloid for a liver scan. In the final 

image, pathology is usually indicated by an activity level 

different from the norm. 

6 

Gamma rays emitted from the radionuclide in the patient' s 

body are collected to form the .image. The energy of these 

gamma-ray photons are typically on the order of 100-500 keV, 1:vhich 

makes it .impossible to reflect or refract these photons as we 

would to .image optical photons, which have energies around 2-3 eV. 

The .imaging system used in conventional nuclear medicine .imaging 

uses a pinhole aperture or a collimator placed in front of the 

detector to select only those photons that will generate a 

meaningful image. The coll.imator, however, filters out most of the 

photons emitted from the patient. The final image will, therefore, 

suffer from photon noise, or Poisson noise, since the object is not 

imaged with very many photons. For example, a typical liver scan 

will be .imaged with a total of 500,000 photons, whereas the .images 

we see with our eye are :imaged with about 10 billion photons every 

second. To increase the number of photons that reach the detector 

we could increase the coll.imator bore diameter or decrease the 

bore length, both of which blur the image. Increasing the patient 

dose or increasing the exposure time would also result in more 

photons reaching the detector, but both of these methods are 
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unacceptable. Hence, nuclear-medicine images are severely 

degraded from Poisson noise. Coded apertures (Barrett and 

swindell, 1981) have been used to increase the number of photons 

that reach the detector without decreasing the resolution, but 

this method requires a reconstruction step before the image can be 

analyzed and may not improve the statistical accuracy of the 

image. 

The stationary Anger camera (Anger 1964) is the gamma-ray 

camera currently used by most conventional nuclear-medicine 

imaging systems. This camera uses a collimator placed in front of 

a large scintillation crystal that converts the gamma-ray photons 

into optical photons. These low-energy photons then exit through 

the rear of the crystal and enter an array of photomultiplier 

tubes. A point is then recorded on photographic film or a CRT 

display at a location that corresponds to an estimate of the 

position of the original event. The final image produced is a two

dimensional projection of a three-dimensional object, as in 

conventional x-ray images; hence all depth information is lost. 

Diagnor·tically important information can be lost from the 

attenuation of the gamma-rays in the body, overlapping from the 

projection onto two dimensions, Poisson noise, and blurring, which 

is due to the inherent resolution of the detector and collimator, 

scatter of the gamma ray, and patient movement. 
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Scope of this Dissertation 

This dissertation shows how the Hotelling trace criterion 

(HTC) , a concept from pattern recognition, can be applied to solve 

the problems of system optimization and feature enhancement in 

nuclear medicine. 

A brief overview of current techniques used for system 

optimization is presented in chapter 2. Here we discuss 

psychophysical studies, ROC analysis, and the ideal observer 

model. 

The underlying theory behind the HTC is outlined in chapter 

3. A problem with calculating the HTC is that it requires a large 

training set and a lot of computing t:ime to calculate the inverse 

of a large covariance matr:ix. Solutions to these problems have 

been worked out and are also given. 

If the HTC is to be used for system opt:imization, then it 

must have a high correlation vlith human observer performance. The 

results of an observer study to show that the HTC has a high 

correlation with human observer performance are presented in 

chapter 4. We also take a look at other feature extraction 

techniques to test their performance with that of the HTC. The 

results of a second study, performed to show that the HTC can be 

used to opt:imize a system in nuclear medicine, are also presented 

in chapter 4. 
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In chapter 5 we show how the HTC can be used to filter 

photon-starved images produced in nuclear medicine, such that the 

diagnostically important features are enhanced. We demonstrate 

the use of this filter when a training set is available and also 

when a training set is not available. 

In chapter 6 we outline the classification task physicians 

face when presented with liver scans from nuclear medic,ine. If we 

calculate the power spectrum of the liver scans in order to 

characterize the texture of the livers in each class, we find that 

each class corresponds to a different fractal dimension. A brief 

overview of fractals is given and then we show how this 

information can be applied to construct a texture that simUlates 

the texture in a liver image that has been severely corrupted by 

noise and blur. By using the fractal dimension as the feature that 

determines whether a liver is normal or abnormal, the radiation 

dose given to a patient can be reduced to only 1 percent of the 

normal dose and still correctly classify the liver as either 

normal or abnormal 85 percent of the time. An observer study was 

conducted to measure the rank-order correlation between the 

fractal dimension of a liver scan and how human observers rank the 

images according to the perceived disease state of the liver. 

A summary of the work presented in this dissertation is 

given in chapter 7 with some suggestions for future work. 



CHAPTER 2 

GENERAL METHODS FOR OPTIMIZnTG IMAGnTG SYSTEMS 

We would like to optimize an imagmg system so that the 

images produced allow the physician to have the highes~ possible 

diagnostic accuracy. An imagmg system is said to be improved if 

the images it produces allow the physician to perform better m 

his classification task than he would with the images produced by 

the system before any alterations were made. But how do we 

measure this? One way would be to measure physical 

characteristics of system before and after any adjustments are 

made, such as contrast, modulation transfer function, signal-to

noise ratio, resolution, efficiency, etc. The problem here is that 

it is unclear how to relate the data collected to clmical 

efficacy. A more relevant procedure is detailed clinical 

evaluation, but here the clmical cases must be carefully matched 

for meanmgful comparisons of the two systems, and each case must 

be verified by biopsy, autopsy, or corroborating studies. Even if 

an adequate sample of cases is used, the results of a clmical 

study will apply to only the particular disease entity bemg 

studied. 

10 
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Figure 2.1 (Myers, et al. 1985) shows a general scheme for 

optimizing an imaging system with two different approaches for 

calculating a figure of merit. The left branch involves 

psychophysical studies, which use humans observers to calculate a 

figure of merit, while the right branch uses feature extraction 

which allows a direct calculation of a figure of merit. since the 

diagnosis of an image contains many complex perceptual tasks, 

psychophysical studies seem necessary in the optimization scheme, 

but the right branch is easier to implement and less time 

consuming. Ideally we would like a calculable figure of merit that 

w ill correlate highly with the figure of merit obtained from the 

psychophysical studies. 

ROC CUrves and Psychophysical Studies 

We need a way of knowing whether or not a change in the 

medical images produced will favorably affect the diagnostic 

decision quality. A physician's performance could be rated by an 

accuracy defined as 

Accuracy = number of cases classified correctly 
total number of cases classified 

(2.1) 

The problem with this definition of accuracy is that it does not 

show how the prevalence of a disease or the decision threshold 

chosen by a physician can alter the value of the accuracy. 



Fig. 2.1. General scheme for optimizing an imaging system. 

MODIfY 
SYSTEM 

Two different methods for calculating a figure of merit 
can be used. The first method involves psychophysical 
studies while the second method involves feature 
extraction to directly calculate a figure of merit. 

12 
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For example, if a disease only occurs in 5 percent of the patients, 

then the physicians accuracy will be 95 percent if he always says 

the disease is not present. This problem arises because there are 

two types of errors that must be considered here. False negative 

(FN), where the physician says the disease is not present but it 

really is, and false positive (FP), where the physician says the 

disease is present but it really i:.:m't. The above definition of 

accuracy should be separated into two different kinds of accuracy 

(Metz 1978). The true-positive fraction (TPF), or sensitivity, is 

defined as 

TPF = number of true positive decisions - P (T+ I 0+) (2.2) 
number of actually positive images - , 

where P(T+ 10+) is the conditional probability that the physic:ian 

says the disease is present (T+) given that the disease is really 

present (0+). The true-negative fraction (TNF) , or specificity, is 

defined as 

TNF = number of true negative ?ec~ions = P (T-I D-) (2.3) 
number of actually negatl.ve ll11ages ' 

where P(T-I D-) is the conditional probability that the physician 

says the disease is not present (T-) given that the disease is 

really not present (D-). 
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Two more ratios can be defined. The false-positive fraction 

(FPF) is defined as 

FPF = number of false positive decisions = P(T+ I D-) (2.4) 
number of actually positive images ' 

and the false-negative fraction (FNF) is defined as 

FNF = number of false negative decisions = P(T-ID+) (2.5) 
number of actually negative images . 

Note that 

TPF + FNF =1 (2.6) 

and 

TNF + FPF = 1 , (2.7) 

so that there are therefore only two independent ratios. 

The definition of accuracy can now be written as 

Accuracy = P (T+ I D+) P (D+) + P (T- I D-) P (D- ) , (2 .8) 
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where P(Dt) = the disease prevalence, hence P(D-)=I-P(Dt). Here the 

definition of accuracy contains two error terms that must be 

considered separately. Note that each term is dependent upon the 

decision threshold that the physician chooses. He can, for 

example, say that the .image is always positive, in which case his 

TPF=1 and his FPF=1. On the other hand, if he says the image is 

always negative, then his TPF=O and his FPF=O. One way of 

representing both terms in Eg. (2.8) is to plot the TPF vs. the FPF 

as a function of the decision threshold. This plot is known as a 

receiver operating characteristic (ROC) curve. 

To illustrate how an ROC curve is generated, we consider a 

hypothetical test that yields a single feature value, labeled x, 

that is to be used for diagnosing images into two classes, where 

class 1 is ''positive'' and class 2 is "negative". Figure 2.2 shows a 

plot of the probability densities for each class, where 

p(x/ class 1) is the conditional probability that a feature value of 

x is obtained given that the image was from class 1, and 

p (x / class 2) is the conditional probability that a feature value of 

x is obtained given that the image was from class 2. Figure 2.2 

shows the mean and variance for each class, and a possible 

decision threshold, labeled Xt has been placed along the feature 

axis. If the threshold is moved to the left (smaller feature 

values), both the TPF and the FPF decrease. If the threshold is 

moved to the right (larger feature values), both the TPF and the 

FPF increase. An ROC curve for this test is shown in Figure 2.3. 
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Each point on the ROC curve represents the tradeoff between the 

TPF and the FPF for a given threshold. Note that the curve passes 

through the points (0,0) and (1,1), as any ROC curve must. 

The diagonal line TPF=FPF on the ROC plot is called the 

"chance line" and would be the ROC curve if the two distributions 

were identical and completely overlapped; hence this feature 

would not help the physician to correctly classify the objects. If 

the test were perfect, i.e. the distriliutions never overlapped, the 

ROC curve would follow up the left side and then across the top of 

the plot. Point A on Figure 2.3 would be the operating point of the 

physician if he chose a conservative threshold, point B if he chose 

a moderate threshold, and point C if he chose a liberal threshold. 

The slope of the ROC curve at any point is equal to the likelihood 

ratio at the threshold value Xt that gen8rated that point, i.e. 

slope at operating point (x=Xt) = =-..l,!~~=....::!:..L I . (2.9) 
x=Xt 

Note that when the slope = 1.0, the operating point on the curve is 

the farthest from the chance line and would give the highest value 

for the accuracy defined in Eg. (2.8). Therefore, the optimal 

operating point would be Point B in Figure 2.3, assuming the a 

priori probabilities of each class occurring are equal and that no 

other cost functions are introduced. 



PROBABILITY 
DENSITIES 

p(x I class 1) 
"positive" 

DECISION THRESHOLD Xt 

p(x I class 2) 
''negative'' 

Fig. 2.2. Probability densities for a two-class problem. 
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Fig. 2.3. Example of an ROC curve. 

Points A, B, and C refer to different decision 
thresholds. 
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If we assume the two distributions are normal then the ROC 

curve can be completely specified by two parameters (Metz 1984). 

The first parameter describes the separation of the means of the 

distributions i it is defined by 

(2.10) 

The second parameter describes the ratio of the standard 

deviations of the two distributions i it is defined by 

(2.11) 

After making the change of variable x' = X-(xh , the TPF and FPF can 
0'1 

be calculated as a function of the threshold xt' by 

(2.12 ) 

and 

(2.13 ) 

where <P (x) is the error function, defined by 
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J
x 2 

~ (X) == -L dt e -t . 
..;; -00 

(2.14 ) 

These equations show that the ROC curve is given explicitly by 

FPF(TPF) = ~[b·~-l(FPF) - a] • (2.15 ) 

On normal-normal probability paper the ROC curve is given by 

~-l(FPF) = b·~-l(TPF) - a', (2.16) 

i.e. the plot is a straight line with the ordinal intercept equal to 

a and the slope equal to b. Therefore, the parameters a and b the 

completely describe any given ROC curve can be measured by 

plotting the ROC curve on normal-nornal probability paper and 

measuring the slope and intercept of the linear fit to the data. 

Various figures of merits can be derived from the ROC curve, 

such as Az , d' , or de, to determine the separability of the two 

classes (Green and Swets 1966). In our studies, we choose to use 

the figure of merit da defined by 

(2.17 ) 



for reasons that will be obvious later. Note that da=O for a 

system that is worthless because the two classes completely 
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overlap and cannot be separated; hence the ROC curve lies directly 

on the chance Line. If there is no overlap between the 

distributions of the two classes then da-+oo and we have the best 

possible system for separating the two classes. 

The figure of merit de is similar to da , except that de uses 

the average standard deviation instead of the average variance; 

hence de is defined as 

(2.18) 

If G1 =a2=a, then both da and de reduce to the figure of merit d' , 

defined by 

d' _ (X}2-(X)1 
G 

(2.19) 

and the ROC curve will be symmetric. The figure of merit Az is 

simply the area under the ROC curve. If the underlying 

distributions of the feature x are normal, then Az is related to da 

by 
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(2.20) 

Therefore Az=1.0 for a perfect system and Az=0.5 for a worthless 

system, Le. when the ROC curve falls on the chance line. Also, Az 

is theoretically equal to the probability of a correct response in 

a two-alternative, forced-choice test (Green and Swets 1966). 

All of these figures of merit are independent of the decision 

threshold chosen. Figure 2.4 shows ROC curves for four tests with 

different da values. Test IV has the highest da value and can 

therefore separate class 1 from class 2 the best. Note that the 

ROC curve for test IV also has the largest area under its curve. 

We have shown that the ROC curve can be generated from a set 

of feature values, but the features that a physician uses are the 

result of a complex psychological task; hence they cannot be 

measured. In order to use ROC analysis for medical images, 

psychophysical studies are performed. Here one creates a large set 

of images with the imaging system being tested and presents these 

images to a large number of human observers in a random order. 

Each observer looks at the images one at a time and gives a rating 

for each image that corresponds to the certainty that he (or she) 

believes it belongs to a particular class of objects. Table 2.1 

shows an example of a six-point rating scale. These numerical 

answers correspond to the various decision thresholds the 
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Fig. 2.4. Four ROC curves with different da values. 



OBSERVER SWDY RESPONSES: 

o - ABSOWTELY CERTAlN NO TUMOR IS PRESENT 

1 - RELATIVELY CERTAlN NO TUMOR IS PRESENT 

2 - JUST GUESSlNG NO TUMOR IS PRESENT 

3 - JUST GUESSlNG A TUMOR IS PRESENT 

4 - RELATIVELY CERTAlN A TUMOR IS PRESENT 

5 - ABSOWTELY CERTAlN A TUMOR IS PRESENT 

Table 2.1. A s:ix-point rating scale used for psychophysical 
studies 
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observer used. with these data an ROC curve is created and a figure 

of merit, such as da , is calculated that measures the observer's 

ability to correctly classify each object (Green and Swets 1966, 

Metz 1978, Swets 1979). 

This technique is time-consuming because of the number of 

images and observers needed to give meaningful results. If the 

imaging system has a set of parameters that can be varied, a new 

ROC curve must be generated for each setting and hence a whole new 

set of images must be created and a new observer study must be 

run. Psychophysical studies are essential for evaluating a system 

with a given task, but are not practical for optimizing a system. 

We would like a method of calculating a single, scalar figure of 

merit that correlates well with human observer performance and 

hence eliminates the need for running time-consuming 

psychophysical studies. 

The Ideal Observer 

The application of signal-detection theory (SDT) has been 

used to overcome this problem by defining an ideal observer (Egan 

1975, Wagner and Brown 1985). The ideal observer is a mythological 

being who has full knowledge of the object being sought, the noise 

statistics, the blur of the system, and any cost functions that 

might be involved in making a decision. Using this information, the 

ideal observer performs a likelihood-ratio test (Fukunaga 1972) to 

minimize the probability of error in making a classification. An 
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ROC curve is then generated from the ideal observer's performance, 

just as with a human observer, but without the need for time

consuming psychophysical experimentation. with this technique we 

can, in principle, calculate a figure of merit and use it for 

system design and optimization. 

The ideal-observer approach does have its disadvantages 

though. We must know the probability density functions of the 

objects, which may not be easy to estimate. It usually assumes 

that the object is determ inistic and that the object and 

background have a very simple form. This is not very realistic 

since it oversimplifies a complex perceptual task that is 

performed by a human who may not have much information regarding 

the system or the object. Since the ideal observer has knowledge 

the human observer does not, the human observer will not perform 

as well as the ideal observer. If the ideal-observer model is to be 

used as a model of the human visual system, then we must assume 

that humans can perform a prewhitening operation, i.e. an 

operation that decorrelates the noise, when presented with 

correlated noise. Myers et al. (1985), however, have shown that 

humans apparently cannot perform a prewhitening operation. The 

ideal observer can also use a nonlinear feature operator, which 

humans may not be able to do. 

To consider realistic detection tasks, such as in clinical 

diagnosis, we need to consider random objects buried in noise. The 

problem is thus a cross betwee!l SOT and pattern-recognition, since 
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SDT is typically concerned with detecting a non-random object 

buried in a well-characterized noise field, while pattern 

recognition is typically concerned with classifying a random 

object with no noise. The pattern-recognition literature offers 

many ways to measure the separability of object classes. These 

measures are usually used as figures of merit in determining which 

features are important for separating objects, already imaged, 

into their respective classes (Insana et al. 1986), but we suggest 

here that they may also be very useful for characterizing imaging 

systems. In particular, this dissertation is concerned with a 

measure of class separability, adopted from the pattern

recognition literature, called the Hotelling trace criterion (HTC). 

By considering object variability, noise, and system design in the 

calculation of the HTC, we can use it as a realistic figure of 

merit to measure the performance of an imaging system with 

respect to object classification (Smith and Barrett 1986). We need 

to show that the HTC correlates well with human performance and 

hence can be used for optimizing the design of an imaging system 

when the goal is to separate the objects being imaged into their 

respective classes by humans. 



CHAPI'ER 3 

THE HOTELLlNG TRACE CRrrERION 

Let us suppose that we can measure two features, labeled xl 

and x2, that are useful in classifying an image into one of two 

classes, and a plot of one feature versus the other feature for 

each image results in Figure 3.1, where the mean of the first class 

is given by (f}V the mean of the second class is given by (f}2, and 

the mean of both classes is given by (f}o. To measure the ability of 

these features to separate the images into their respective 

classes, the separability of the class means and the within-class 

scatter must be considered. If the class means become more 

separated, then discrimination between the two classes becomes 

easier, i.e. a discriminant line that will result in fewer 

misclassifications could be drawn to separate the two classes. If 

the clusterings of the two distributions in Figure 3.1 become 

tighter about their class means, then discrimination between the 

two classes becomes easier too. As we shall see, the Hotelling , 

trace criterion is a scalar measure of class separability from the 

pattern recognition literature that considers both the separation 

of class means and the within-class scatter. 
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Feature Space 
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Fig. 3.1. Two-d:imensional feature space for a two-class problem. 
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Any N-element object can be represented, regardless of its 

dimension, as an Nx1 column vector f by lexicographically ordering 

the elements, such as the pixels of a two-dimensional image, in 

any convenient fashion. (Variables in bold type will be used to 

represent vectors and matrices; variables not in bold type w ill be 

used to represent scalars.) A set of objects that have common 

characteristics define an object class, such as all normal livers 

or all abnormal livers. It is useful to define two scatter 

matrices (Fukunaga 1972). The first is an interclass scatter 

matrix that depends on the separation of the class means; it is 

defined by 

K 

81 == L Pi«(f)i-(f)O) «(fh-(f)O)T , 

i=l 

(3.1) 

where T denotes the transpose operation, Pi is the a priori 

probability of the ith class occurring, (fh is the mean object 

vector of the ith classs, and (f)o is the grand mean object vector 

of all objects for all classes, given by 

K 

(f)O = L Pi(fh' • 

i=l 

(3.2) 
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The second matrix of interest is an intraclass scatter 

matrix, or average covariance matrix, that depends on the scatter 

of the objects about their class means. It is defined by 

(3.3 ) 

where Ci is the NxN covariance matrix of the ith class, given by 

(3.4) 

The brackets indicate an ensemble average over all objects f i in 

the ith class. 

Various figures of merit are defined using these scatter 

matrices (Fukunaga 1972, Devijver and Kitter 1982), but here we are 

concerned only with the one known as the Hotelling trace criterion 

(HTC) (Hotelling 1931, Fukunaga 1972, Stark 1982), defined as 

(3.5) 

where tr denotes the trace of the matrix. Note that J is a scalar 

quantity that increases as the between-class scatter increases or 

the within-class scatter decreases, i.e. the larger J is, the 



32 

better the class separability. For the two-class problem with 

equal a priori probabilities, the HTC has been referred to as the 

divergence between the probability densities of the two classes 

(Tou and Gonzalez 1974, pp. 291-307), and if the covariance 

matrices are equal, then J is a Mahalanobis generalized distance. 

If we image an object fi from the ith class through an 

imaging system, we can use its image as a new object, denoted by a 

Wx1 vector gi and defined by 

(3.6) 

where H is an WxN array that represents a generally space-variant 

point spread function and ni is an Wx1 element column vector of 

zero-mean noise associated with the ith class. We can now 

calculate two new scatter matrices for the image classes, in 

terms of the object classes, given by, 

(3.7) 

and 

(3.8) 

where en is the average covariance matrix of the noise given by 



33 

K 

, en = I Pi(niniT) . 
i=l 

(3.9) 

The noise term does not appear in the Slg matrix since the noise 

has a mean of zero, and we have also assumed that the noise is 

uncorrelated with f. The HTC for the :images, J g, is then, 

(3.10) 

By comparing J g to the HTC of the objects before being :imaged, we 

can measure the ability of the imaging system to preserve the 

intrinsic class separability between the object classes (Smith and 

Barrett 1986). Note that the separability will be preserved if ni 

is zero for all K classes and the inverse of H exists, since in this 

case Eg. (3.10) reduces to J g = J. 

The HTC as a feature extractor 

We would like to find the opt:imum linear feature operator Ah 

that gives us a feature vector h, with some d:imension Q«N (Q is 

the number of features desired), for each object vector f. The 

relation between Ah, f, and h is 

h = Ah f . (3.11) 
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The solution is given by the first Q columns of the matrix A, where 

the columns of A are the eigenvectors of S2-1Slt ordered by their 

corresponding eigenvalues in descending order (Fukunaga 1972). 

This involves solving the eigenvalue problem 

(3.12 ) 

where A is the diagonal matrix of eigenvalues, which is 

accomplished by simultaneously diagonalizing Sl and S2· The 

procedure is outlined in Appendix A and results in 

N R 

L >'i= L >'i , (3.13 ) 

i=l i=l 

where R is the rank (number of nonzero eigenvalues) of S2-1S1 and, 

therefore, >'i=O for all DR. Note that ~ (K-l) since the rank of Sl 

is less than or equal to K-l. It follows, then, that the minimum 

number of features Q required to preserve the J of the original 

object classes is just R. Therefore, if Ah consists of the first R 

columns of A, then J is preserved in Eg. (3.11). For a two-class 

problem, R=(K-l)=l, so Ah is a lxN row vector and our expression 

for the HTC is 
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(3.14 ) 

where Ah is given by (Fukunaga 1972) 

(3.15) 

We now explore a link between the HTC and signal detection 

theory. If we are trying to detect a known feature, such as a dark 

lesion, in additive noise and we assume that the covariance matr.ix 

for the class of objects with the lesions is equal to the 

covariance matr.ix for the class of objects that do not have any 

lesions, then the application of SOT to this problem w ill yield a 

prewhitened, matched filtering operation, given by 

«(f)2 - (fh) T Cn -1, (3.16) 

as our feature operator, where Cn is the covariance matr.ix of the 

noise. Note that Eg. (3.16) is very similar to Eg. (3.15), except 

that the prewhitening operator, S2-1 , for the HTC contains 

information about the noise and the object. 

For a two-class problem Ah reduces each object f to a scalar 

h. In the case where the probability density functions of h for 

each class of objects are Gaussian, we get 
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(3.17) 

where (h) 1 is the expectation of h given that it is from class 1, 

(h) 2 is the expectation of h given that it is from class 2, and (h) 0 

is the expectation value of h given that it is from either class 1 

or class 2. Similarly, 0Jl12 is the variance of h given that it is 

from class 1 and 0Jl2 2 is the variance of h given that it is from 

class 2. Since (h}O=P1(hh +P2(h}2 , Eq. (3.17) can be written as 

(3.18) 

(3.19) 

where da is a figure of merit used with ROC analysis. Therefore, if 

the underly:ing distributions are roul tivariate-normal, the HTC 

figure of merit J is uniquely related to the binormal ROC figure of 

merit da (Private correspondence with C. E. Metz, 1986). 
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Furthermore, if m... 2 = m... 2 = 0 2 , then J = 1 d' 2 where d' is -u1 -112 4 

defined in Eg. (2.19). The scalar d' is the ROC figure of merit, 

also known as the detectability, if the "receiver" uses h as the 

decision variable. It can also be shown that h reduces to the 

familiar log-likelihood function I. if P1=P2 and Ob12~22, but in 

general h is a less opt:imal test statistic than f.. 

The HTC J can also be related to the minimum probability of 

error € in making a correct classification by an inequality similar 

to the Chernoff bound (see Appendix B). For P1 =P2= ~ , we have 

(3.20) 

Iterative Implementation of the HTC 

One :immediate problem with the calculations of J and Ah is 

the calculation of S2-1 . If f is a 64x64 pixel image, then N = 642 = 

4096 and hence S2 is a 4096x4096 matrix. Even if Sl and S2 could be 

stored, the calculation of S2-1 would be very computer intensive. 

In fact, we usually have only M sample objects, selected at 

random, from each of the K classes and, therefore, need to 

approx:imate the ensemble covariance matrices used in the 

calculation of S2 with sample covariance matrices given by 
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M 

ci ~ Ci = ~ L (fij-{fh) (fij-{fh)T , 

j=l 

(3.21) 

where 

M 

{f}i = ~ L fij , 
j=l 

(3.22) 

and f ij is the jth sample object from the ith class. We then have 

K 

L 
i=l 

P.C. , 
]. ]. 

(3.23 ) 

For the approx.imation in Eg. (3.21) to hold, according to a rule

of-thumb suggested by Meisel (1972), we need enough samples so 

that M~3N. In fact, if our number of samples is small enough such 

that KM<N, then S2 is singular and, hence, its inverse does not 

exist. 

To fill the rank of S2 so that S2 -1 exists, we can add any 

NxN full-rank matrix to S2' If all of the .images have zero-mean 

noise added to them, then we can see from Eg. (3 .8) that a better 

approx.imation to S2 would be 
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(3.24 ) 

where 

K 
8 (nf) = '\""""' P.c. (nf) , 

2 L 1. 1. 
i=l 

(3.25) 

Ci (nf) is the covariance matrix calculated from the noise-free set 

of objects from the ith class, and the matrix en represents the 

ensemble covariance matrix of the noise alone averaged over many 

images. Therefore, 82 will be full-rank and approximate the 

ensemble covariance matrice S2 with sample covariance matrices 

that simulate an average over many noisy images. This method is 

better than simply using the KM noisy images to calculate the 

sample covariance matrices, which may not be full rank. If the 

noise is white, stationary, and statistically the same for all 

classes, then Eg. (3.24) becomes 

S '" s- (nf) + 2I 
2 - 2 an' (3.26) 

where an 2 is the variance of the noise and I is the NxN identity 

matrix. This technique may also be used for signal-dependent noise 

by letting an be a variable dependent on the pixel values of (f}O. 
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It is also interesting to note the relationship of our 

approach to a common ad hoc solution (Ben-Isreal and Greville 

1974) to the problem of low rank in S2' ~lhich is to replace S2 -1 by 

a form of the Moore-Penrose pseudo-inverse S2t , given by 

(3.27) 

We see that our S2 -1 thus has the same structure as S2t, except for 

the limit 0'-0. The key difference is that in our case we assume 

that a noise-free training set is available, since our goal is to 

characterize imaging systems rather than classify images. Thus we 

can effectively synthesize an infinite ensemble of images by 

starting with a finite set of objects fij, transforming each 

through the system matrix H, and then adding an excellent full-

rank approximation to the noise covariance matrix en. 

We have now overcome the problem of getting a good estimate 

of S2 that is full rank, but we still have the computational 

problem of Sl and S2 being very large dimensionally. To handle 

this problem, we define an NxI< matrix 

such that Sl = W1W1T. Following Gu and Lee (1984), we also define 
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an NxKM matrix 

(3.29) 

If we now include white noise and a space-variant point spread 

function into our calculation of J, as suggested in Eg. (3.10), and 

substitute WI and W2 into Eg. (3.13), we get 

or 

J = tr([ (AhHW2) (AhHW2)T + O'n2AhAhT]-1 [(AhHW1) (AhHW1)T]) 

= tr(D-1B) , (3.31) 

where 
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(3.32 ) 

and 

(3.33 ) 

Note that for the two-class problem if H is an NxN matrix, the 

dimension of AhHWl is lx2, the dimension of AhHW2 is lx2M, and 

AhAhT, D, and B are all reduced to scalars. 

This gives us a simple technique for calculating J if we know 

Ah, but Ah is what we are trying to calculate. Thus we need only 

guess an Ah, calculate a J, then perturb the first element of Ah 

and see if it increases J. If it does, then we accept that 

perturbation and then perturb the next element of Ah and see if it 

increases J, accept it if it does, and so on. We continue this 

process until J converges to its maximum value. Since we perturb 

only one element of Ah at a time, we do not need to multiply out 

AhHWl and AhHW2 every time we make a new perturbation. Since for 

.. the two-class problem Ah is a row vector and B is a scalar, if we 

add a perturbation l:l.A to the nth element of Ah, we have 

2M 
Bpert = B + (2l:l.A.Ahn + l:l.A2) L HWlmn2, 

m=l 

(3.34) 
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where HWlmnis the (m,n)th element of the matrix product HWI. The 

expression for Dpert is similar. 

If we are imaging the same objects through different 

systems, then we do not need to calculate a new WI and W2 for each 

system, as seen in Eg. (3.31). This is because Sl and S2, and hence 

WI and W2, depend on only the objects we are trying to classify, 

whereas Ah depends on the objects and the system, and hence a new 

Ah must be calculated for each new system. 



CHAPTER 4 

SYSTEM OPTIMIZATION USJNG THE HTC 

To test the correlation between the HTC and human observer 

performance so that we may use the HTC as a figure of merit for 

optimizing imaging systems, two psychophysical studies were 

performed. The first study was designed to test the correlation 

between the HTC and human performance, while the second study was 

designed to demonstrate the use of the HTC to optimize an imaging 

system with a realistic task. 

Study I: Correlation Between the HTC and Human Observers 

Experimental Methods 

A set of 64 objects simulating livers of varying size and 

shape were generated. To create a two-class problem, half of 

these objects had a dark "tumor" placed in them, with the tumor 

varying in size, shape, location, and brightness. Both sets of 

objects are shown in Figure 4.1: the first 32 have a tumor placed 

in them while the second 32 do not. Each object is a square, 

64x64-pixel array (4X4cm2 ) and the gray levels were stretched to 

span 8 bits (0-255). 
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Fig. 4.1. Two object classes for study I. 

The first 32 objects have a dark lesion placed in 
them and form the training set for the abnormal 
class. The second 32 objects form the training set 
for the normal class. 
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For our study, nine imaging systems were simulated by adding 

different amounts of Gaussian blur and Gaussian white noise to the 

objects (see Table 4.1). The blurring operation was performed by 

convolving the original object set with a Gaussian of a specified 

variance, and the Gaussian white noise was created by adding a 

Gaussian random number of a specified variance and a mean of zero 

to each pixel. Figure 4.2 shows an object after being imaged 

through the nine different imaging systems. 

The images within each of the nine sets were randomized and 

shown one at a time to an observer, who was told to give one of the 

responses in Table 2.1. The order of the nine sets was also 

randomized for each observer. A total of nine observers viewed the 

nine sets of images (total of 576 images) on a Sierra video 

monitor. (The software used for running the study is described by 

Seeley, Borgstrom, and Mazzeo, 1982.) For each observer an ROC 

curve for each of the nine sets of images was generated. The 
... 

parameters a and b, given in Eqs. (2.10) and (2.11), that describe 

the ROC curve were then measured. The ROC figure of merit 

da (human) was then calculated by (Green and Swets 1966) 

d (human) = J 2a
2 

= 
a 1+b2 

(4.1) 

0 2 + 0 2 
s+n n 

2 



Fig. 4.2. An object imaged through the nine simulated imaging 

systems. 
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where L is some decision variable the observer is using, (Ls+n> and 

a + are the mean and standard deviation of the Gaussian s n 

distribution that best approx:imates the probability distribution 

of the observer's response to the signal plus noise. s:imilarly, (Ln) 

and an are the mean and standard deviation of the Gaussian 

distribution that best approx:imates the probability distribution 

of the observer's response to the noise only. Here the signal is 

the tumor, and everything else in the :image is considered noise. 

Although the ROC figure of merit d' , defined in Eg. (2.19), can also 

be related directly to the HTC, it was not used since it assumes 

the standard deviations of the two distributions are the same. The 

ROC figure of merit da was chosen instead because it can be easily 

calculated for the HTC features, since the standard deviations of 

the HTC features from each class are not equal and can be 

calculated separately. 

Results 

We calculated the opt:imum linear feature operator Ah and J 

for each set of :images using Eg. (3.30) and the iterative technique 

described above. The feature operator Ah for each of the nine 

:imaging systems is shown in Figure 4.3, where we have reordered 

the elements of Ah into a 64x64-pixel :image. By comparing the 

feature operators to each of the 64x64-pixel objects f in Figure 

4.1, we note that the bright region in Ah corresponds to the region 

within each object where a tumor is most likely to occur. 
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Fig. 4.3. The feature operators from study I. 
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The feature operator can be thought of as a template that is to be 

placed over each object. The amount of light collected through the 

template would correspond to the feature value for that object. A 

dark tumor located m the object will decrease the amount of light 

collected through the template and hence the image will have a 

lower feature value than one that would be obtamed from that 

same object if no tumor were present. Note that as the amount of 

noise and blur m the images mcreases, the correspondmg feature 

operator contams less structure. 

We used Eg. (3.11) to calculate the feature value h for each 

object and then calculated the figure of merit da (Hotellmg) by 

usmg Eg. (3.19) and generated the correspondmg ROC curve. Figure 

4.4 and Figure 4.5 show the ROC curves generated from the HTC 

method and the psychophysical study for each of the nme systems. 

Table 4.1 shows a summary of the results for all nme sets of 

images, where da (human) is the average of the nme observers' da 

values for that particular image set. A plot of J versus 

da 
2 (human) with a lmear fit to the data pomts is shown in Figure 

4.6, and a plot of da (Hotelling) versus d a (human) is shown m 

Figure 4.7. The linear fit to the data points in Figure 4.7 is given 

by 

d a (Hotelling) = 1.24 da (human) + 0.861. (4.2) 

The correlation between da (Hotelling) and da (human) is 0.988. 
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Image set 0 Blur Variance Noise variance J da(Hotelling) 

2 (scaled to signal peak) (in pixels ) 
---- -- - -- --

1 10.0 0.04 1.48 2.72 

2 10.0 0.09 1.08 2.37 

3 20.0 0.04 1.09 2.25 

4 10.0 0.16 0.84 2.12 

5 20.0 0.09 0.80 1.97 

6 10.0 0.25 0.75 1.93 

7 20.0 0.16 0.63 1.77 

8 30.0 0.16 0.51 1.56 

9 30.0 0.49 0.32 1.30 

Table 4.1. Summary of the results from study I. 

da(human) 

1.63 

1.31 

1.15 

0.96 
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It is surprising to note that the simple procedure used by 

the HTC to classify the objects, i.e. using a template in a 

matched-filtering operation, performed better than the human 

observers, especially when one considers that, for this task, the 

optimal Bayesian test statistic, the log-likelihood function, is a 

nonlinear function of the data and hence cannot be realized as a 

template. It is thus tempt.ing to speculate that the human observer 

cannot implement nonl.inear decision strategies. Of course, the 

possibility of human .internal noise must also be considered 

(Burgess 1986). 

If the feature operators had been calculated from the same 

set of images that the HTC was later given to classify, then we 

would have expected the HTC to outperform the human observers. 

However, Eg. (3.24) was used to approximate the ensemble 

covariance matrix .in the calculation of the feature operators; 

hence even though the train.ing set and the set of images to be 

classified by the HTC were not completely .independent, they were 

not equivalent either. 

The HTC does have problems that we have not addressed. It 

does not consider nonl.inear features .in the calculation of h that 

the human may use. S.ince we have a limited number of samples from 

each class, we have approximated the covariance matrix of each 

class. The HTC method describes the object classes by their mean 

and covariance matrices, so if the objects are Gaussian, then the 

HTC gives a complete description of those classes. If, however, 
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the object classes are not Gaussian, then the HTC method can give 

us a misleading description of the object classes. It might be 

helpful in this case to break up an object class into separate, 

smaller object classes that can be better approximated by 

Gaussian statistics. Furthermore, even if Gaussian statistics are 

applicable, the HTC does not consider the covariance matrix from 

each class separately, but rather uses the average covariance 

matrix S2. 

A Look at Other Feature Operators 

The feature operator derived from the Hotelling trace 

criterion is only one of many different feature extraction 

techniques that can be used to reduce each object to a single 

scalar feature value, with the goal of classifying each object 

into one of two classes. One method that can be used is to replace 

each object with a scalar feature derived from its gray-level 

histogram, such as the mean, variance, skewness, or kurtosis of 

the distribution (Pratt 1978). Although these features may perform 

well if texture is important, they do not contain any information 

about the spatial distribution of the gray-levels within the 

object and, therefore, will not separate the two classes as well 

as other features that may be extracted. Some of the feature 

extraction techniques that use information about the spatial 

distribution of features within the objects are listed here (Van 

Trees 1968, and Stark 1982, pp. 470-472). 
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Log-Likelihood Ratio 

The likelihood ratio is defined as 

(4.3) 

where P (f / k=l) is the probability that we receive object f given 

that it is from class 1, and P(f/k=2) is the probability that we 

receive object f given that it is from class 2. If the conditional 

probabilities are normal, that is, 

where I Cil is the determinant of the covariance matrix from the 

i th class, f is the object, and (fh is the average of the objects 

belonging to the ith class, then the log-likelihood ratio, defined 

as the natural log of L, i.e. i == in (L), is given by 

Each N-element object f can now be replaced by i to reduce it to a 
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scalar feature value. This is not a linear transform since it 

contains quadratic terms of the object and, hence, cannot be 

realized as a template. However, if the covariance matrices are 

equal, i.e. C1=C2=C, then the log-likelihood ratio becomes 

which is a linear transformation. We note that only the first term 

in Eg. (4.6) is dependent on the object f, hence if C=~ (C1+C2)=S2, 

then Eg. (4.6) is the same as Eg. (3 .11), where Ah is given in Eg. 

(3.15). For this case then, the log-likelihood ratio is identical to 

the HTC. For our calculations of the log-likelihood ratio, 

however, we will use the nonlinear transform given by Eg. (4.5). 

The log-likelihood ratio is the discriminant function used 

for the Bayes likelihood test, which the ideal observer performs, 

and is opt:imal in the sense that it minimizes the probability of 

error. However, it requires that we have the conditional 

probability density functions of each class, which must usually be 

estimated. Even if we can obtain the densities, the likelihood 

ratio test may be difficult to implement due to the computer time 

and memory requirements. 
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Foley-Sammon Transform 

The Foley-Sammon transform (Foley and Sammon 1975) finds 

the Nxl feature operator d that maximizes the modified Fisher 

ratio R, given by 

(4.7) 

For the two-class problem with Pl=P2, Eg. (4.7) is identical to Eg. 

(3.14), hence the Foley-Sammon transformation is identical to the 

HTC transformation, i.e. d=AhT, where Ah is given in Eg. (3.15). 

Difference of means 

The difference-of-means operator is simply 

(4.8) 

This operator is similar to the HTC feature operator except that it 

does not contain the S2-1 term, i.e. no information about the 

covariability of the objects is incorporated into the feature 

operator. 

Karhunen-Loeve (K-L) Transform 

The K-L transform (Chien and Fu 1967) is optimal in reducing 

the dimensionality of a set of data, but it is not optimal with 
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respect to discrim:inat:ing two sets of data. If we wish to use the 

K-L transform to reduce each object to a single feature value, 

then the feature operator is given by the eigenvector of S2 with 

the largest corresponding eigenvalue. This involves solving the 

eigenvalue problem 

(4.9) 

where A is the matrix of eigenvectors and A is the diagonal matrix 

of eigenvalues. 

The entropy m:inimization transform (Tou and Heydorn 1967) is 

similar to the K-L transform except that here the transformation 

vector A is the eigenvector associated with the smallest 

eigenvalue of the S2 matrix. The idea is that features which reduce 

the uncerta:inty of a given situation, as measured by entropy, are 

considered more informative than those which have the opposite 

effect. This transform was not considered in our studies due to 

poor initial results. 

Fukunaga-Koontz (F-K) Transform 

The F-K transform (Fukunaga and Koontz 1970) was developed 

to improve the discrim:ination ability of the K-L transform. Here 

we don' t use the eigenvector from Eg. (4.9) that has the largest 

correspond:ing eigenvalue as our feature operator, but instead we 

use the eigenvector that gives the best fit to one class and the 
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poorest fit to the other class. This eigenvector can be calculated 

by def.in.ing a transfonn R such that 

(4.10) 

where R=(Wlt w2, ••• , wN), wi is the ith eigenvector, and I is the 

NxN identity matrix. This then gives us 

(4.11) 

So the eigenvector which represents class 1 the least and class 2 

the most is the wi for which d=I'>' (~.>- 0.51 is the largest. If the 

kth eigenvector gives the maximum value for d, then the feature 

operator is WkT. The F-K transform does not use any .infonnation 

about the difference of means between the two classes and does not 

always correctly rank-order the features that have good 

discrim.inat.ing capabilities (Foley and Sammon 1975). 

Projection on One Dimension (POD) 

The POD transform simply calculates N da values, where each 

da is calculated by replac.ing each object with the value of its ith 

element. If the kth element has the largest da value, then each N

element object is replaced by its value at the kth element, i.e. 

the feature operator Ah = (alta2, ••• ,aN) is given by 



ai = {O if ii=k, 1 if i=k} . 
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(4.12) 

This transformation is not very powerful in its ability to 

discriminate between two classes because it does not use the 

covariability of the objects and does not involve rotating the 

space. 

comparison of Other Feature Operators to the HTC 

We have shown that the HTC has a very high correlation with 

human observer performance, but we need to know if any other 

feature extraction technique will generate a set of features 

whose da values for different imaging systems w ill also give a 

high correlation with human observer performance. Since some of 

the techniques listed above require the direct calculation of the 

inverse of the covariance matrices, each object in Figure 4.1 was 

reduced to a 32x32-pixel array. Each technique was compared with 

the HTC, assuming from our study that if a given technique has a 

high correlation with the HTC, then it w ill also have a high 

correlation with the human observer performance. After different 

amounts of blur and noise were added to the set of objects to 

simUlate a number of different imaging systems, a da was 

calculated for each imaging system using each of the techniques 

listed above. Figure 4.8 shows the linear feature operators for 

each of the techniques listed above, except for the log-likelihood 
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Fig. 4.8. Example of five different linear feature operators. 
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Transformation d for a particular a Correlation 

imaging s~stem with HTC 

log-likelihood 3.32 0.77 

Foley-Sammon / HTC 1.56 1.00 

Difference of means 0.88 0.96 

Human 0.65 0.99 

Fukunaga-Koontz 0.61 0.83 

Ka rhunen-loeve 0.47 0.85 

Projection on one-dimension 0.32 0.86 

Table 4.2. Comparison of other feature extractors to the HTC. 
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ratio which is nonlinear, for one of the simulated imaging 

systems. Table 4.2 shows the correlation of each technique with 

the HTC, as well as a da value for one of the simulated imaging 

systems. Note that the log-likelihood ratio, which is a nonlinear 

feature operator, gives us feature values with the best 

separability, i.e. the highest da value; however, it does not 

correlate well with the HTC, which is a linear feature operator. 

This supports our claim that, for this particular task, the human 

observer used only linear features in making his classification. It 

is also interesting to note that the difference of means operator, 

which is the same as the HTC feature operator except that it does 

not contain the S2 -1 term, has a high correlation and a da value 

that is still higher than the human observer, but closer than the 

HTC. This suggests that the S2-1 term may playa minor role in the 

human observer's performance. 

study II: An Example of Application in Nuclear Medicine 

Now that we have shown the HTC to be a good predictor of 

human observer performance for a very simple task, we would like 

to apply it to a realistic task of system optimization. since our 

concern is in nuclear medicine, we have chosen to apply it toward 

the problem of finding the optimal collimator for the Anger 

camera, with the task of detecting a tumor in a liver from its 

image. A second study was conducted using a mathematical model of 

normal and diseased livers (Cargill et al. 1985), and of the 
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imaging system to generate a realistic set of liver images. These 

images simulate those a physician would use in nuclear medicine to 

make a diagnosis, yet we have control over the disease state of the 

liver, and hence the object class it belongs to, as well as the 

amount of degradation added to the image from the imaging system. 

The Liver Model 

E. B. Cargill (1985) determined the shape of a basic normal 

liver by fitting cross-sectional anatomy contours to a truncated 

set of spherical harmonics 

7 £ 

r(O,t/J) = L L aim Yim (O,t/J) 

£=1 m=-£ 

(4.13 ) 

Once the shape has been determined, i.e. the aim's have been 

calculated, the volume is filled with functional units of uniform 

intensity that represent the liver lobules. From this basic liver, 

an object class of 32 normal livers is created by randomly 

perturbing the spherical harmonic coefficients. In order to create 

an object class of metastatic livers, a single cold, focal lesion 

is introduced into each of the normal livers. The lesions are 

modelled as ellipsoids having uptake equal to 0.1 of uptake of the 

normal liver parenchyma. The major axis of each ellipsoid are 

chosen randomly over the range from 1 em to 6 em. The position of 
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the center of each elljpsoid is chosen randomly within the liver 

with the constraint that each tumor must lie completely within the 

liver. The 64 livers generated are shown in Figure 4.9. 

Once these object classes have been created, projections of 

each object are made through nine different simulated nuclear 

imaging systems. Each projection incorporates image degradation 

due to attenuation, intrinsic camera blur, and Poisson noise. 

A. V. Clough (1985) modelled the attenuation by assuming a 

constant attenuation coefficient within the body. The body contour 

is approximated to be a 60 degree elljptical cylinder. For each 

functional unit of the liver the distance is calculated to the body 

wall, then the value of the intensity is mu1tjplied by exp(-Jlx) 

where x is the distance from the lobule to the body wall, and Jl is 

the attenuation coefficient. 

For our nine different imaging systems, we have chosen Anger 

cameras equjpped with nine different parallel-hole collimators 

having various bore diameters and bore lengths. 

Image blur is caused by both the detector and the 

collimator. The PSF for the detector blur is modelled as a 

Gaussian with FWHM=0.80cm for all nine systems. For each of the 

nine collimators, a depth-dependent collimator PSF is calculated 

from standard formulas (Barrett and Swindell 1981, pp. 127, 171). 



----------- ----

Fig. 4.9. Two object classes for study IT. 

The 64 images were generated from a mathematical 
model of the liver and the Anger camera. The first 
32 objects form the training set for the normal class. 
The second 32 objects, each with a tumor placed in the 
liver, form the training set for the abnormal class. 
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Poisson noise was added to each .image depend.ing on which 

coll.imator was used. The collection efficiency is given by 

70 

(4.14) 

where Db is the bore diameter and Lb is the bore length. The .images 

made with a particular coll.imator, no. 3, are based on 1,000,000 

counts. To determ.ine the number of counts for the .images made with 

the other coll.imators, the ratio (77n!773) for the nth coll.imator is 

calculated, then multiplied by 1,000,000 counts. Poisson noise is 

added with variance equal to the number of counts per pixel .in each 

.image. 

Figure 4.10 shows the .images of a liver conta.in.ing a tumor 

with each of the nine .imaging systems. Each .image is a 64x64-pixel 

array (4X4cm2 ) and the gray levels are stretched to span 0-255. 

Results 

We calculated the opt.imum linear feature operator Ah and J 

for each set of .images. The feature operator Ah for each of the 

n.ine systems is shown in Figure 4.11. We note that the bright 

regions .in Ah correspond to regions with.in each object where a 

tumor is most likely to occur. Once again the feature operator can 

be thought of as a template that is to be placed over each object 

in a matched-filtering operation. 
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A summary of the data and results is presented in Table 4.3. 

The data from one observer were not used because it was 

inconsistent with the data from the other eight observers. Note 

that from both the psychophysical study and the HTC calculation, 

system no. 8 performed the best, system no. 3 the worst, and all 

of the other systems perform about the same. A plot of J versus 

da 2 with a linear fit to the data points from this study is shown 

in Figure 4.12, and a plot of da (Hotelling) versus da (human) is 

shown in Figure 4.13. The linear fit to the data points on Figure 

4.13 is given by 

da(Hotelling) = 0.955 da(human) + 0.770. (4.15) 

A plot of da (Hotelling) versus da (human) for this study and the 

previous study is shown in Figure 4.14. The correlation between 

da(Hotelling) and da(human) from this study is 0.829, versus 0.988 

from our previous study. If the noise and blur level had been such 

that a greater spread between the da values of the systems was 

achieved, perhaps the correlation would have been better in this 

study, but seven of the systems are virtually indistinguishable 

with respect to da , hence we really have three points on the line, 

not nine. In our previous study we controlled the level of noise 

and blur to get a good spread, but this study was designed to show 

that the HTC can be used realistically. We note that the slope and 

intercept of the linear fit to the data are very close for the two 



studies, and that a line of slope equal to unity falls between 

them. This would indicate that da (Hotelling) is different from 

da (human) by an additive factor only. 
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Fig. 4.10. A simulated liver imaged through the nine different 
imaging systems. 
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Fig. 4.11. The feature operators from study II. 



System /I Coli imator Coli imator J 

Bore Diameter (em) Bore Length (em) 

0.20 2.0 0.439 

2 0.40 2.0 0.298 

3 0.60 2.0 0.262 

4 0.20 5.0 0.432 

5 0.40 5.0 0.417 

6 0.60 5.0 0.411 

7 0.20 8.0 0.303 

8 0.40 8.0 0.583 

9 0.60 8.0 0.373 

Table 4.3. Summary of the results from study II. 

da (Hotel 1 ing) 
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0.623 
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CHAPrER 5 

FEATURE ENHANCEMENT USlNG THE HTC 

Once the :imaging system has been opt:imized for a given task, 

we can then produce the desired :images. These :images may still 

need to be filtered, enhanced, or reconstructed. For example, the 

:images produced in nuclear medicine suffer from Poisson noise due 

to the llInited dose of radioactive material given to a patient. We 

would like to be able to decrease the dose given to a patient even 

further, but this increases the noise in the :image. The dosage 

could be decreased if a filtering technique was used that would 

reconstruct or enhance the diagnostically :important features from 

the noisier :image so that a proper diagnosis could still be made. 

Given any noisy :image of an unknown object, we are faced with the 

problem of extracting information about the object from the lInage 

so that it w ill be useful to us. We must first decide what 

information we wish to get from the lInage. We could, for example, 

attempt to reconstruct the entire object from the :image, which is 

usually accomplished by noise-smoothing or Wiener filtering (Pratt 

1978) • Noise-smoothing techniques, however, eliminate any 

possibility of reconstructing any high-frequency features that 

may exist, and the Wiener filter requires knowledge of the noise 

and object power spectra, which are often unavailable. 
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If the goal is to classify the photon-starved image, then 

principles from statistical-decision theory (SDT) can be used 

(Wernick and Morris, 1986) to decide whether or not the feature is 

present in the photon-starved image. In many cases, the optimal 

decision is reached by a template-matching or matched-filtering 

operation. These techniques w ill produce a number from the image 

that, when used with the proper discriminant function, will 

indicate to which class the image belongs. Using SDT, however, 

would not be helpful without a good description of the important 

features, e.g. a dark lesion or a texture. 

We would like to combine SDT and image reconstruction so 

that the methods employed in SDT can be used to enhance the 

features that separate two sets of images from each other. One way 

of doing this is by making use of the Hotelling trace criterion. In 

this chapter we show how the HTC can be used to construct an 

adaptive, nonlinear filter that will enhance the features that 

separate two classes of objects. 

Filtering Technique 

Given two classes of photon-starved images, the modulus of 

the Fourier transform of each image is given by 

I FI = I Q fl , (5.1) 

where I I denotes the modulus, Q is the NxN Fourier transform 
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operator (Pratt 1978), and F is the Fourier transform of f. Using 

the Fourier moduli of the mages as a set of objects, the optmal 

linear feature operator that separates them can be calculated. If 

this feature operator is now applied to the Fourier modulus of 

each mage by Eg. (3.11), each mage will be reduced to a scalar 

while preserving the class separability as measured by J. This 

would be the familiar application of the HTC, as presented in the 

previous chapter, but it is not how we wish to use it here. After 

the feature operator is shifted and scaled so that all of the 

elements in the feature operator lie between zero and one, it can 

be used to filter each mage in the Fourier domain by 

G = A' F , (5.2) 

where G is the Fourier transform of the filtered mage, and A' is 

the normalized feature operator. Note that the feature operator A: 

is derived from I FI , but acts on F so that the phase information 

from the original mage is preserved. The filtered mages have the 

spatial frequencies that are mportant in separating the two 

classes of objects enhanced, While all of the frequencies that are 

not mportant are depressed. This filtering technique can be 

applied to mages of objects where a texture is the mportant 

feature since the modulus of the Fourier transform of such an 

object contains most of the information about the texture. 
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Applications of the Filter 

The first example shows the use of the filter to aid a 

physician in detennining whether or not a patient's liver is 

cirrhotic, based on an image of the patient's liver using nuclear 

medicine. Figure 5.l(a) shows 64 64x64-pixel objects after each has 

been .imaged with 5000 photons to s.imulate a set of noisy images 

generated with nuclear medicine when a very low dose of 

radioactive substance has been ingested by the patient. These 

.images fonn the training set from which the optimal feature 

operator is calculated using the HTC. Note that it is very 

difficult to distinguish the first 32 .images from the second 32 

images. Figure 5.l(b) shows the 64 64x64-pixel objects before being 

.imaged, where the first 32 objects have a texture added to them in 

order to define a class of s.imulated cirrhotic livers, and the rest 

have no texture added to them in order to define a class of 

s.imulated nonnal livers. The nonnalized feature operator, shown 

in Figure 5.l(c), will be used as the filter. Four test objects were 

created by generating two s.imulated nonnal livers, and then adding 

the texture to them to create two s.imulated cirrhotic livers. 

Figure 5.l(d) shows the four test objects after .imaging each of 

them with 5000 photons, and Figure 5.l(e) shows these images after 

fil tering. Note that the filtering operation enhanced the texture 

in the images from the cirrhotic livers, but that the filtered 

images from the nonnal livers also seem to have some of the 

texture added to them, although it is a very small amount. 
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Fig. 5.1. Feature enhancement using two training sets. 

(a) The 64 s:imulated livers after each has been 
:imaged with 5000 photons. 

(b) The two sets of 32 objects before being :imaged. 
The first 32 contain texture. 

(c) Filter calculated by using the HTe. 
(d) The four test objects generated to test the filter 

after each has been :imaged with 5000 photons. 
(e) The filtered :images. 
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We next consider the problem where a training set is not 

available, but we wish to reconstruct an unknown object from a 

single, photon-starved image, where the object contains a 

repetitive feature. One solution is to take the modulus of the 

Fourier transform of the image and threshold out the background 

level of noise to construct a template that can be used as a filter 

for the Fourier transform of the image. This filter will let 

through only those frequencies that separate this image from a set 

of images that contain pure white noise, since the power spectrum 

of white noise is constant. When we take the inverse Fourier 

transform after applying the filter, the filtered image is a good 

reconstruction of the textured object. The problem with this 

technique is knowing where to set the threshold level. If the 

threshold level is too low, then the reconstructed :image is still 

too noisy, but if the threshold level is too high, important 

features may be thresholded out, and there is also a chance of 

creating a texture in the reconstructed :image that did not appear 

in the original object. This technique requires that the second 

class of images always be represented as a set of uniform objects 

with white noise added to each one. 

The HTC method offers a solution to this reconstruction 

problem by generating an adaptive filter for reconstructing the 

object. A set of photon-starved images of a uniform object, i.e. an 

object with no structure, created with the same number of photons 

as the image we are trying to reconstruct, is used as the second 
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class of objects. The HTC feature operator is then calculated from 

the moduli of the Fourier transform of the photon-starved images 

in order to separate the photon-starved image of the unknown 

object from the photon-starved images of a uniform object. The 

theoretical mean and covariance matrices of the modulus of the 

Fourier transform of uniform noise for an infinite number of 

objects is used for the second class in the calculation of the 

feature operator, since the HTC calculation depends only on the 

mean and covariance matrices of each class. After normalizing the 

operator, we multiply the Fourier transform of the :image of the 

object by the operator, and then take the inverse Fourier 

transform to get the reconstructed :image. The only a priori 

knowledge used is the number of photons in the :image. This 

filtering is very nonlinear since the filter depends on the 

particular :image being filtered, as opposed to the previous 

example where the filtering is approx:imately linear since a 

training set was available. 

Figure 5.2 (b) shows an :image of the 128x128-pixel textured 

object in Figure 5.2(a) after being :imaged with 5000 photons. 

Figure 5.2(c) shows that a noise-smoothing filter yields a poor 

reconstruction of the object. The adaptive filter is shown in 

Figure 5.2 (d) and the reconstruction in Figure 5.2 (e). Note that the 

reconstruction is excellent if we are concerned about the texture, 

but that the dark blem ishes in the object are not reconstructed 

very well in the filtered image. This is because the features in 
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the Fourier domain produced by the texture overwhelmed the 

features produced by the dark blemishes, so the HTC feature 

operator assigned much higher coefficients to the texture features 

than to the dark blemish features. 

Figure 5.3 (b) shows an image of the 128x128-pixel object in 

Figure 5.3(a), a chirp, after being imaged with only 5000 photons. 

Performing a noise-smoothing filter does not give a very good 

reconstruction, as shown in Figure 5.3 (c). Figure 5.3 (d) shows the 

adaptive filter calculated from the HTC feature operator and 

Figure 5.3(e) shows the reconstructed object after filtering. 

Without any a priori information about the original image, it would 

be very difficult to say what the object is, but with the filtered 

linage, we can see that the object is a chirp. 
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Fig. 5.2. Reconstructing a textured object from a noisy image. 

(a) Textured object before being imaged. 
(b) Image with 5000 photons. 
(c) Image after a low-pass filtering operation has 

been performed on (b). 
(d) Filter calculated by using the HTe. 
(e) The reconstructed object after filtering. 
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Fig 5.3. Reconstructing a chirp object from a noisy .image. 

(a) Chirp object before being :imaged. 
(b) Image with 5000 photons. 
(c) Image after a low-pass filtering operation has 

been performed on (b). 
(d) Filter calculated by using the HTC. 
(e) The reconstructed object after filtering. 
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CHAPI'ER 6 

FEATURE RECONSTRUCTION OF NUCLEAR-MEDICnm LIVER SCANS 

Liver scintigraphy 

The use of nuclear medicine to produce liver scans is 

referred to as liver scintigraphy. The basic technique for liver 

scanning was developed at UCLA in the mid 1950' s by George Taplin 

and Ben Cassen with the development of the rectilinear scanner and 

Iodine-131-labeled rose bengal as the radioactive tracer. The 

University of Arizona currently uses Technetium-99m sulfur 

colloid (TcSC) as the radioactive tracer because it is easily 

prepared, has a very high count rate, has a photon energy of 140 

kev, and has a half-life of only 6 hours, which minimizes the dose 

given to the patient. colloid particles in the size range of 

0.1-1.0 microns are used, since particles of this size will be 

phagocytized by the reticuloendothelial cells of the liver, also 

known as the Kupffer cells. The tracer is injected intravenously 

to the patient with an adult dose between 3 and 10 mCi, depending 

on the study. About 20 minutes after the injection, 90% of the 

colloid particles have accumulated in the liver and spleen, and an 

Anger camera with a lead parallel-hole, high-resolution 
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collimator is used to image the liver. Typically eight different 

views of the liver are imaged, each with 600,000 counts. 

Liver scintigraphy is a safe and simple method for 

diagnosing space-occupying diseases by allow ing the physician to 

detect focal and diffuse pathological processes involving the 

liver. A physician will generally make one of three 

classifications of the liver scans - normal, patchy (or diffuse), 

or focal. A set of anterior-view liver images that were classified 

as normal by three different physicians is shown in Fig. 6.1. Note 

that the shape of the liver is highly variable, but the texture 

within each of the livers appears fairly uniform. 

If a space-occupying disease is present, an uneven uptake 

will appear in the liver. Fig. 6.2 shows a set of anterior-view 

liver images that were classified as patchy by three different 

physicians, and Fig. 6.3 shows a set classified as focal by the 

same physicians. It is difficult to diagnose the actual disease 

simply by its classification of patchy or focal, since many 

different diseases will produce liver scans that appear patchy, 

focal, or both. The most common diseases producing liver scans 

classified as patchy are cirrhosis, hepatitis, and chronic passive 

congestion. The most common diseases producing liver scans 

classified as focal are an abscess, a cyst, cirrhosis, hemangioma, 

hepatoma, metastases, and hematoma. A more complete descrjption 

of diagnosing liver diseases from liver scans is given by Patton 

(1982), and by Rocha and Harbert (1979). 
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Fig. 6.1. A set of normal livers. 
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Fig. 6.2. A set of patchy livers. 
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Fig. 6.3. A set of focallivers. 
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Feature Extraction 

It is not altogether clear what features a physician uses in 

ciassifying a liver as normal, patchy, or focal, since the 

classification is the result of a psychophysical task. From 

looking at Figs. 6.1-3 it would appear that much of his decision is 

based on the texture within the liver. Many studies have been 

conducted in an attempt to describe texture for classification 

purposes (Harlick et ale 1973, Hall et ale 1971) and to relate 

texture to human visual perception (Tamura, Mori, and Yumawaki 

1978). CUrrent models suggest that the human eye uses second

order statistics as a discriminator between texture fields (Caelli 

and Julesz 1978, Gagalowics 1981). This suggests using the HTC 

filtering technique described in chapter 5 to enhance the textures 

of the liver .images, since the filter is designed from second

order statistics of each class. 

If we apply the HTC filtering technique in an attempt to 

enhance the features that separate the three classes of livers, we 

notice that the feature operator is enhancing different spatial 

frequencies for each classification task. For the task of 

classifying normal vs. patchy livers, the feature operator 

attempts to enhance the higher spatial frequencies of the patchy 

livers. For both the task of classifying normal versus focal 

livers and patchy versus focal livers, the feature operator 

attempts to enhance the higher spatial frequencies of the focal 
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livers. This is not very surprising since the texture of the patchy 

livers contains a finer structure than the texture of the normal 

livers, and the texture of the focal livers contains the finest 

structure of the three classifications; hence it has more high

spatial frequency components than the other two. 

A plot of the radial dependence of the power spectra for 

each class is shown in Figure 6.4. As pointed out by the feature 

operator, the focal livers contain more high-frequency components 

than the patchy or the normal livers, and the patchy livers 

contain more high-frequency components than the normal. What is 

surprising is that the power spectra seem to follow inverse power 

laws, i.e. 

P(lJ) -m _lJ (6.1) 

where P(lJ) is the power spectrum, lJ is the vector magnitude of the 

spatial frequency, and m is the exponent of the power-law 

relation. Taking the log of Eg. (6.1) results in a line of slope m, 

given by 

(6.2) 



96 

~ 

0,004 

·1 
0,003S 

0.003 

I o.oCI2a 

0.002 

I 0.00'15 

0.001 

o.oooIS 

0 
4 e IS 10 12 14 

SPA1W. FR£QU£HCY 

Fig. 6.4. Power spectra for normal, patchy, and focal livers. 
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Figure 6.5 shows a log-log plot of the power spectrum from each 

class. The plot of each class has a linear fit with a correlation 

greater than 0.99 for all points up until the camera noise 

dominates. The slope m of each plot is different, i.e. the exponent 

of the power law is different for each class. To insure that the 

camera MTF is not altering the values of m, the square modulus of 

the Fourier transform of each image was divided by the camera MTF. 

This has the effect of subtracting -0.7 from the slope calculated 

without any MTF correction. The camera MTF was claculated from 

the point-spread function of the camera, which was obtained by 

imaging a point source with the Anger camera. 

If we look at a log-log plot of the radial dependence of the 

square modulus of the Fourier transform of an individual liver 

image, the points also have a linear fit with a correlation of 

greater than 0.99. Figure 6.6 shows the log-log plots of three 

livers with their corresponding slopes. The slopes, ranging 

between -4.2 and -2.70 for the 34 liver images studied, do tend to 

differ between the three classes of normal, patchy, and focal, but 

with large intraclass variances. Figure 6.7 shows an ROC curve for 

16 confirmed normal liver images and 16 confirmed abnormal liver 

images, where the slope of each image is used as the feature value 

for classifying the livers as either normal or abnormal. Here, 

da=1.47, Az=O .852, and at the optimal operating point the true

positive fraction (TPF) is 75 percent and the true-negative 
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Fig. 6.6. Log-log plot for three individual liver images. 
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Fig. 6.7. ROC curve for classification of livers with the slope 
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fraction (TNF) is 80 percent. By comparison, a study performed by 

Fritz, et al. (1981) found the TPF of a physician to detect a liver 

disease from liver scintigraphy is 77 percent and the TNF is 80 

percent. 

To test the correlation between the slope and the perceived 

texture, a psychophysical study was performed. Figure 6.8 shows 

sixteen liver :images that were ordered, moving from left to right 

and from top to bottom, according to their slope, with the slope 

closest to zero in the lower right corner. As the slopes tend 

toward zero, more structure can be perceived in the texture of the 

liver. The fourteen liver :images between the first and the last 

:image were placed in a random order for each observer. The 

observer was then told to order the :images according to their 

texture, with the first and last :images as references. The average 

rank-order correlation calculated between the slope order and the 

order given by four human observers is 0.90, thus supporting the 

cla:im that the slopes correlate with the perceived texture. 

Fractals 

A class of objects that have power spectra that follow power 

laws is that of fractals (Mandelbrot 1977); hence the plots shown 

in Fig. 6.5-6 suggest that livers may indeed be fractals. The 

defining characteristic of a fractal is that it has a fractional 

d:imension, from which we get the word "fractal." A fractal is 
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(fractal dimension). 



103 

strictly defined as an object where the Hausdorff-Besicovitch 

dimension D is strictly larger than the topological dimension d, 

i.e. the only consistent description of its metric properties 

r~quires a dimension value larger than our standard definition of 

"dimension." 

Fractals are found extensively in nature (Mandelbrot 1982). 

They are the end result of patterns generated after many 

iterations of physical processes that modify shape through local 

action. Some examples are erosion, turbulent flow, percolation, 

and aggregation, which is the process that produces galaxies and 

snow flakes. 

An important property of fractals is that of "self

similarity," i.e. the pattern of the fractal is scale-invariant in a 

statistical sense. As the fractal is magnified it reveals 

repetitive levels of detail, so that similar structure exists at 

all scales. A fractal w ill look the same whether it is viewed on 

the scale of a meter or a millimeter. It is this property that 

requires the power spectrum of a fractal to follow a power-law 

distribution. Figure 6.9 shows an image that is not a fractal, 

hence a log-log plot of the radial dependence of the square 

modulus of the image is not linear. 

Measuring the fractal dimension D from the slope m depends 

on the model chosen to describe the fractal nature of the object. 

Depending on the model, there are at least nine fractal dimensions 
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Fig. 6.9. An example of an object that is not a fractal. 
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that can be calculated, including a random walk fractal dimension 

and a backbone fractal dimension for percolation clusters, plus 

the ":intrinsic" fractal dimensions, which are ratios of two fractal 

dimensions (Stanley 1984). The most common model used to describe 

fractal objects found in nature is the mass fractal model. If the 

object is a mass fractal, then its mass scales as its radius by 

Mass _ (radius) D , (6.3 ) 

where l~D<d, and D=-m. 

Surface fractals are objects whose mass scales as the radius 

in a Euclidian fashion (D=d) , but whose surface area increases as 

Surface area _ (radius) Ds , (6.4 ) 

where (d-1)~Ds~d. The fractal dimension of a surface corresponds 

quite closely to our perception of roughness (Pentland 1984). For 

the case of d=3, a flat plane w ill have a surface fractal dimension 

of 2, but as the surface becomes rougher the surface fractal 

dimension will increase towards a value of 3. scattering from 

surface fractals generates a power-law profile with Ds =6+m 

(Schaefer and Keefer 1986). This model seems to best describe the 

values observed from the liver images, since the values for m 

range between -4.2 and -2.7, hence the Ds values range between 1.8 

and 3.3, with the average Ds for confirmed normal livers equal to 
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2.17 and the average Ds value for confirmed abnormal livers equal 

to 2.60. As described by the surface fractal model, normal livers 

have a smooth texture hence their Ds values are close to 2, 

whereas diseased livers have a rougher texture so their Ds values 

approach 3. 

Reconstructing Texture 

If a liver is a fractal, then a perfect imaging system would 

produce plots similar to those shown in Figure 6.6, except that the 

line would continue on until it crossed the frequency axis. 

Therefore, if the texture of a liver can be characterized by the 

slope of the log-log plot of the power spectrum, then we can 

construct a texture that would statistically simulate the imaged 

texture of the liver if it could be imaged with a system that had 

no image-degrading effects, i.e. we can create an image of the 

liver with statistical superresolution. A texture that has a slope 

m can be generated by filtering white noise, where the filter has 

the form of Eg. (6.1). 

The effects of using a poor imaging system to image a 

fractal are shown in Figure 6.10. If the imaging system were 

perfect and the object being imaged were a fractal, then the log

log plot of the square modulus of the Fourier transform of the 

image would produce a straight line that continues for all spatial 
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frequencies, as shown in Figure 6.10(a). If the imaging system 

blurs the image, then the system MTF will bend the line into a 

curve that w ill destroy the information at higher spatial 

frequencies. If the object is imaged with only a few thousand 

photons, Poisson noise also destroys the information at higher 

spatial frequencies by adding a constant noise level to the plot. 

Figure 6.10 (b) illustrates the plot obtained from an image of a 

fractal that has been severely blurred and imaged with few 

photons. Al though the original image may appear useless for making 

a clinical diagnosis, note that the slope of the line can still be 

calculated from the information that exists in the low spatial 

frequency region, assuming we know the functional form of the 

system MTF. Thus we know what the plot from a perfect imaging 

system would be which gives us the statistical characteristics of 

the fractal for all spatial frequencies. 

Figure 6.11 illustrates the technique for statistically 

reconstructing the texture of a severely degraded image, assuming 

that the texture is a fractal. The three liver images in the first 

column of Figure 6.11 are simulated by filtering white noise to 

generate a texture and then multiplying the texture by an outline 

of a liver. The top image has a texture characterized by a slope of 

-5.0, the second by a slope of -4.0, and the bottom by a slope of 

-3.0. The multiplication of the template alters the value of the 

measured slope by approximately 0.2. The second column in 
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Fig. 6.11. Reconstructed texture from blurred, photon-starved 
simulated liver images. The first column are the 
objects with textures of slopes -5.0, -4.0, and 
-3.0 from top to bottom. The objects are blurred 
m the second column and then imaged with only 
5,000 counts m the third column. The fourth 
column shows the reconstructed images by calculatmg 
the slope from the degraded images. 
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Figure 6.11 shows the images after being blurred, and the third 

column shows the images after being blurred and imaged with only 

5000 photons. It appears that all infonnation about the textures 

has been lost. However, as illustrated in Figure 6.10, the slope 

that characterizes the texture can still be measured by dividing 

by the blur MTF and fitting the first few points of the data to a 

line. White noise can then be filtered with the appropriate value 

of m and used to fill the blurred outline of the liver, resulting 

in the final column of images in Figure 6.11. The liver borders in 

the final image are still blurred, since we have no means for 

extrapolating the higher frequencies for the liver outline. The 

liver texture, being modeled as a fractal, can be statistically 

reconstructed to higher frequencies. Therefore, if the texture is 

the diagnostically important feature in the liver images, the 

radiation dose given to a patient can be drastically reduced 

without affecting the diagnosis. This technique could be used for 

scanning a large population of people for cirrhosis, especially 

since the livers containing cirrhosis have slopes that differ the 

most from those of nonnal livers. 

Figure 6.12 shows this procedure as applied to an actual 

liver scan. Figure 6.12 (a) is the image of a liver that has been 

imaged with 500,000 photons. The liver was diagnosed as nonnal by 

a physician after viewing this image. Figure 6.12 (b) is an image of 

the same liver, but it has been imaged with only 5,000 photons. The 

slope for the liver in Figure 6.12(b) was calculated to be -3.82 
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(Os=2 .18), which differed by only 1 percent from the slope value 

calculated for Figure 6.12 (a). This liver would, therefore, also be 

classified as normal using the slope value as the diagnostic 

feature. Figure 6.12 (c) is the statistically reconstructed texture 

of Figure 6.12 (b) using the same procedure used in the above 

simulation. 

This technique could be used to scan a large population of 

people to determine if any of them might have a liver disease. 

Since an image is not necessary for this preliminary inspection, we 

could use a hand-held detector with a Fourier aperture (Chou and 

Barrett 1978) to directly obtain the few data points needed to 

calculate the slope value. Those patients that have slope values 

corresponding to diseased livers could then have a full nuclear

medicine liver scan performed to determine the pathology of their 

liver. 
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Fig. 6.12. Reconstructing texture from an actual photon-starved 
liver scan. 

(a) Liver scan with 500,000 counts. 
(b) Liver scan with only 5,000 counts. 
(c) Reconstruction of (b) by calculating the slope. 



CHAPTER 7 

CONCLUSION 

In this chapter we summarize the results presented in this 

dissertation. Some directions for future work are also discussed. 

Summary 

We have demonstrated how the Hotelling trace criterion 

(lITC), a scalar measure of class separability from the pattern

recognition literature, can be used in nuclear-medicine .imaging 

for system opt.imization and feature enhancement. In order to use 

the HTC in practice, we need to calculate the covariance matrices 

for each class of objects and then calculate the inverse of the 

average covariance matrix. This requires a large number of sample 

objects in each class so that the average covariance matrix is not 

singular. Even if the matrix is not singular, it would be very 

computer intensive to calculate the inverse directly. The problems 

involving the covariance matrices were solved in chapter 2 by 

developing an iterative technique to calculate the HTC. 

We have shown that the HTC can also be used as a figure of 

merit for opt.imally designing an imaging system that produces the 

images of objects that are to be classified. The HTC can include 
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the effects of blur, noise, and object variability and is, 

therefore, a more realistic figure of merit than those used in SOT 

for the signal-known-exactly case and those used in pattern

recognition for the noise-free case. In the case where the signal 

is not known exactly, SOT uses a full Bayesian approach, such as 

the ideal observer, that calculates a log-likeliliood ratio that :¥.; 

nonlinear with respect to the data (Le. the images) and hence can 

not be realized as a linear filter. With the Bayesian approach we 

need to estimate the full probability density functions of the 

data, which is in general more difficult than estimating the 

average covariance matrix needed for the HTC. 

If the HTC is to be used for system optimization, it must be 

able to predict human observer performance. An observer study was 

set up to measure the correlation between the HTC and human 

observer performance. A surprising result from the study is that 

while humans could in principle use nonlinear features, and hence 

outperform the HTC, which uses a simple matched-filtering 

operation to classify the objects, this did not seem to be the 

case. The human observer did, however, have a high correlation 

with the HTC. The ROC figure of merit da calculated by the HTC 

method and the da calculated from the observer study method was 

0.988. This suggests that the HTC may be used as a relatively fast 

and simple way to predict human observer performance in a simple 

classification task. A look at other feature operators showed that 

they did not correlate as well with the human observers. 
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A second study was conducted to demonstrate how the HTC may 

be used m nuclear medicme to fmd the optimal collimator for the 

Anger camera. We used a mathematical model of normal and diseased 

livers and of the imaging system to generate a realistic set of 

liver images. These images simulate those a physician would use m 

makmg a diagnosis, yet we have control over the disease state of 

the liver, and hence the object class it belongs to, as well as the 

amount of degradation added to the image from the imaging system. 

When an observer study was performed with these images we found 

the performance of the HTC to have a correlation of 0.829 with the 

performance of the human observers, with da as our measure of 

performance. Both the human observers and the HTC found that one 

of the nine collimators tested clearly outperformed the others 

and that seven of the collimators performed virtually the same. 

We have shown that the HTC can be used as a method of 

nonlinear, adaptive filtering that w ill enhance the important 

features separatmg two classes of photon-starved images. The HTC 

calculates the optimal linear feature operator that separates the 

Fourier moduli of the two classes, and this feature operator is 

then normalized between zero and one and used as a Fourier filter. 

When given a training set of two classes of photon-starved images 

that are separated by a feature, such as images of normal livers 

and images of cirrhotic livers, a filter can be calculated that 

w ill enhance that feature and can be stored to be used on future 

images to enhance that feature if it exists. However, when a filter 
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for a given feature is used to reconstruct a photon-starved image 

that does not contain that feature, the filtered image will show 

some characteristics of that feature. When presented with a single 

photon-starved image of an object (i.e. a one-member class), we 

can reconstruct any repetitive features that were present in the 

object by calculating the filter that separates it from a class of 

photon-starved images of uniform objects. 

After applying this filter to nuclear-medicine liver images 

we found that the livers all had a power spectrum that obeyed 

inverse power laws, the power depending on its classification as 

normal, patchy, or focal. A trait of a fractal object is that its 

power spectrum follows an inverse power law, with the value of 

the exponent related to its fractal dimension. Thus the texture of 

the liver, which is an important feature in classifying a liver 

scan, can be described by this exponent, which is measured by 

fitting the points of the log-log plot to a lin40.~. Since the 

exponent can be calculated with only the first few points of the 

power spectrum, the texture of the liver can be statistically 

reconstructed from an image that is very noisy and badly blurred. 

Therefore, a diagnosis can be made from an image produced with 

very few photons, thus allow mg the physician to decrease the dose 

of the radioactive material injected into the patient and decrease 

the imaging t.ime necessary to make a diagnosis. 
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Future Work 

The HTC approach needs to incorporate more information 

about the human visual system; for example, it does not consider 

nonlinear features that the human may use . Although we calculated 

a high correlation between the HTC and the human observer 

performance, suggesting that the humans used only linear 

features, this may be true only for the specific task presented in 

our studies. A study would need to be developed that would force 

the human to use nonlinear features if he can, and then test the 

correlation between the HTC and the human observers using this 

study. 

since we have a limited number of samples from each class, 

we have approximated the ensemble covariance matrix of each class 

by adding an analytic expression for the noise to the sample 

covariance matrix. The problem here is that this approx:imation 

assumes that we can generate a set of noise-free :images, which is 

not possible if an :imaging system is being opt:imized for a task 

that cannot be s:imulated or where the actual medical :images 

produced are desired. Here one would need to develop another 

method of approx:imating the average covariance matrix such that it 

is full rank and that its inverse can be calculated directly. This 

is essentially a problem involving computer memory and speed. 
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The process that takes place in the liver that gives rise to 

its fractal properties needs to be understood. More research needs 

to be perfonned in order to extract the actual fractal dimension 

of the liver from the infonnation given by the power spectrum. H. 

H. Barrett and E. B. cargill at the University of Arizona are 

currently studying this problem. The design and implementation of 

the Fourier aperture detector to calculate the slope value of a 

patient's liver needs to be carried out. 



APPENDIX A 

SIMULTANEOUS DIAGONALIZATION OF Sl AND S2 

The follow ing derivation is outlined in Fukunaga (1972) and 

is outlined here for the purpose of notation. 

To solve the eigenvalue problem 

(A1) 

where A is the diagonal matrix of eigenvalues and A is the matrix 

of eigenvectors, we need to simultaneously diagonalize Sl and S2. 

The first step is to whiten S2 by 

_1 T 
Y=9 2 ~ X, (A2) 

where 9 and ~ are the eigenvalue and eigenvector matrices of S2, 

Le. 

(A3) 
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and 

(A4) 

This step is shown for a two-dimensional case in Figure A.1 (a). 

Next we transform S2 and S1 to 

(AS) 

and 

(A6) 

This step is shown in Figure A.1 (b). 

Now we apply the orthonormal transformation 

z = ~T Y (A7) 

to diagonalize K, where ~ and A are the eigenvector and eigenvalue 

matrices of K, i.e. 

(AB) 
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and 

vT V = I • (A9) 

The step-by-step effect of performing these operations on Sl and 

S2 is shown in Figure A.I. Figure A.1 (a) is transformed to Figure 

A.I (b) by the whitening operation given in Eq. (A2) , and Figure A.1 

(b) is transformed to Figure A.1 (c) by the transformation given in 

Eq. (A7). Note that since we applied the whitening operation we 

have 

(A1D) 

and 

'IlfT K'Ilf = A. (All) 

For the eigenvectors we substitute (A6) into (AS) we get 

(A12) 

or 

(A13) 
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By using (AS) we now get 

(A14) 

or 

(A1S) 

Therefore, both Sl and S2-1 are diagonalized by 

(A16) 



~~ 
~--------------------~~y. 

(b) 
~----------------~ __ ~_XI 

(0) 

~-----=~-------------~Zl 
(c) 

Fig. A.1. Simultaneous diaganolization of Sl and S2. 

(a) Is transformed into (b) by performing a 
whitening transformation, and (b) is transformed 
into (c) by an orthonormal transformation. 
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APPENDIX B 

RELATIONSHIP BETWEEN J AND THE CHERNOFF BOUND 

The following relationship was derived by Harrison H. 

Barrett at the University of Arizona (1985). 

For a two-class problem, 

From Eg. (2.1) we get 

or 

- -T Sl = P(l-P) Af Af 

where .p == P2 and Af == «f}2-(fh) • 
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(B1) 

(B3) 

(B4) 
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From Eg. (2.3) we get 

(B5) 

Substituting Eg. (2.14) and Eg. (B4) into Eg. (B1), we get 

Noting that the term .1.i? S2-1 .1.f is a scalar we have 

(B7) 

and after substituting in Eg. (B5) into Eg. (B7), this becomes 

(BS) 

The minimum probability of error E, i.e. the minimum probability 

that an object is assigned to the wrong class, is given by the 

Chernoff bound (Fukunaga 1972) by 

(B9) 

where O~s~l. 
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If the object distributions are Gaussian, then j.L(s) is given by 

1 -T -1 - 1 I (1-S)Cl+sC21 
I-'(s) = 2 s(s-l)~f [(1-s)Cl+sC2J ~f + 2 in I clll-S I C21 s (BlO) 

where in is the natural log and I I denotes a detenninant. If we 

let s=P and substitute Eg. (BB) into Eg. (BlO) , we get 

(Bll) 

~'lhere 

f3 = I CII (l-P) I C21 P 
- I (l-P)Cl +PC21 • (B12) 

With our expression for I-' (P) in Eg. (Bll) , Eg. (B9) becomes 

(B13) 

since Cl and C2 can be simultaneously diagonalized, we may write f3 

as 



or 

f3= 

11 [(l-P».ln + P).2n] 

n 

f3 = 11 
n 

).ln1- p ).2nP 

(l-P».ln + P).2n ' 
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(B14) , 

(B15) 

where ).In is the nth eigenvalue of C1 and ).2n is the nth eigenvalue 

of C2 after a diagonalization process as described in Appendix A. 

Now, for any non-negative x and y, 

xr y1-r ~ rx + (l-r)y , (B16) 

therefore, f3 ~ 1, and we have 

(B17) 



For P = 1 I we find 
2 
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(BI8) 
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