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ABSTRACT 

An analytical investigation was carried to determine the nature and extent 

of the variability of selected collapse criteria and collapse-related soil parameters 

both areally and with depth within the city of Tucson. Collapse-related soil param

eters of about 1000 sample points from over 400 borehole locations throughout the 

Tucson basin were collected from several consulting geotecnical engineering offices 

of the city. 

Statistical analysis on seven data sets corresponding to six different depth 

increments below the surface showed high dispersion tendencies expressed by the 

value of coeffecient of variation (cov). The value of cov was found to increase linearly 

with depth for most criteria and parameters. All the collapse criteria and collapse

related soil parameters were found to follow the Gamma distribution function except 

insitu dry density bd) and porosity (no) which were found to follow the Weibull 

distribution function. 

A polynomial regression model developed for the collapse parameter Cp 

showed that it varies with depth almost linearly. A stepwise regression analysis 

revealed that the collapse parameter Cp is strongly correlated with 'Yd and insitu 

moisture content, woo Factor analysis validates this finding by producing two strong 

factors 'Yd and insitu degree of saturation, 80, which described almost 80% of the 

variation encountered in the data. 

The application of geostatistical concepts was found to be feasible in ana

lyzing the collapse criteria and collapse-related soil parameters. Almost all criteria 

and parameters were strongly dependent spatially. A spherical variogram model 

was found to be appropriate for them. 

xv 



xvi 

The method of Ordinary Kriging provided an unbiased estimation of a 

parameter at an unsampled location with known estimation variance. The method 

of Indicator Kriging was used to develop contour plots for the various data sets that 

showed the probability that the value of a certain parameter is above or below a 

critical level. These contour plots can ·be used to identify the areas within the City 

of Tucson that contain soils having a low- medium- or high-collapse potential. The 

ability to predict the occurence of such soils with a known degree of certitude is 

invaluable to planners, developers and geotechnical engineers. 



CHAPTER 1 

INTRODUCTION 

All civil engineering projects deal with soil or rock as a foundation mate

rial. The soil in its natural condition may not always be suitable for the intended 

structures due to the very complex physical and chemical processes that it had to 

undergo during its formation from parent rock. Due to this complexity a consider

able portion of the geotechnical engineer's effort is devoted to the identification of 

soils and the evaluation of the appropriate properties for use in a particular analysis. 

The variety of soil materials encountered in engineering problems is virtually limit

less. Soils may be residual or transported. Transported soils may be either alluvial 

(stream borne) ,aeolian (wind borne) orcolluvial (gravity transported). Alluvial soils 

are usually found at stream banks where they are deposited when a mountain run

off flows in to a valley or on to a plain. When such soils are deposited in an arid or 

semi-arid environment, there is insufficient time for them to consolidate under their 

own weight due to high evaporation rates. They become partially saturated with 

large voids. Application of typical foundation loads on such soils will cause minor 

deformation as long as the degree of saturation remains low. As soon as the soil 

becomes saturated, large deformations take place due to the reduction of volume 

and collapse of the intergranular structure. The rate of the volume change depends 

on the rate at which water is available to the soil. If water is readily available, 

the subsequent volume change and deformation are rapid and the phenomenon is 

refered to as collapse. Thus a collapsing soil may be defined as a soil that undergoes 

a large decrease in bulk volume virtually instantaneously upon saturation or load 

application or both (Michell, 1976). 
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However, even within the context of the above definition, it is difficult to 

identify collapse-susceptible soils due to the existence of many different types of clay 

minerals and the many different factors that contribute to the collapse phenomenon. 

Much theoretical as well as experimental work has been done to predict the collapse 

potential of soils. The details are found in Sultan (1969c), Sabbagh (1982) and Alfi 

(1984). In general, collapse-susceptible soils can be identified by a dry density 

criterion. If the dry density of the soil is sufficiently low to give a void space 

larger than that required to hold the liquid limit water content, then collapse upon 

saturation is likely. Otherwise collapse generally occurs only when the soil is loaded 

(Michell, 1976). 

Statement of the Problem 

Collapsing soil has been recognised throughout the world; particularly in 

Africa, part of Asia, Europe as well as in the United States. In the United States 

the severity of the problem has been observed for well over two decades. In the 

Midwestern and Western United States, where soil deposits are generally either 

aeolian or alluvial, collapsing soils are likely to be present. In some cases, collapse 

susceptible soils are found in residual soil also. However, regardless of the formation 

process, most collapsible soils are geologically young (Alfi, 1984). 

In recent years, due to rapid industrial and urban development in the SUN

BELT states, collapsing soil have been recognised over a wide area of Tucson. Struc

tural damage in the form of cracks in walls and slabs due to foundation movements 

has been observed in numerous residential homes and commercial buildings by sev

eral investigators (Platt, 1963; Crossley, 1969). For some residential houses the 

damage was extremely severe. For example, in. the Silvercroft Subdivision, 52 out 

of 120 residential homes experienced various degrees of cracks occuring in footings, 

walls and Hoor slabs (Sultan, 1969b). Cracked buildings were also observed at other 
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locations in the city. Acording to Crossley (1969), "virtually no section of the city 

is entirely free from trouble" . 

The consequences of these foundation failures include: high cost of repairs, 

and the fears of occupants that they may suffer injury from the complete failure 

of a cracked wall, roof or other part of the structure. A lack of understanding of 

the causes of the cracking has led to the employment of compensating construction 

techniques such as increased footing size, use of more reinforcing steel, thickening 

of the walls, etc. to avoid crack development (Sabbagh, 1982). 

As has been noted earlier, the causes of many foundation failures in Tuc

son have been attributed by previous researchers (Abdullatif, 1969) to the presence 

of collapsing soils beneath the foundations of the cracked structures. Most of the 

researchers attempted to identify the severity of the problem and tried to correlate 

collapse potential with soil parameters. Platt(1963) mapped areas of highly cracked 

buildings in Tucson and attempted to correlate crack intensity with observed dif

ferentialland surface subsidence. Anderson (1968) made field observations of col

lapsing soils in Tucson and tried to correlate collapse potential with soil parameters 

such as dry density and liquid limit. Sultan (1969b,1971) identified potentially trou

blesome soils in the Silvercroft Subdivision and reported a case history of massive 

foundation failures in that area. Sabbagh (1982) developed a new collapse criterion 

based on physical testing. He also tried to correlate collapse susceptibility with the 

clay mineralogy of the soils he investigated. He classified the soils of an extended 

area of Tucson with respect to collapse based on existing criteria. More recently, 

Alfi (1984) conducted research on a stabilized, collapse-susceptible soil from Tuc

son. He studied both the mechanical and electron optical properties of these soils. 

He found that the collapse-potential of a soil deposit is due mainly to weakening or 

failure of the clay connectors between the large soil (silt or sand) particles due to 
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swelling of the expansive clay minerals, reduction of the strength of clay connectors 

due to wetting, dispersion of the supporting buttreses and reduction of capillary 

tension. He concluded that lime treatment could signficantly modify the collapse 

and swell potential of the soil. In some cases the collapse and swell potential of 

these soils were completely destroyed. 

From this brief review, it is evident that the presence of collapse-susceptible 

soils in the Greater Tucson area has become a serious problem for owners, devel

opers and/or housing authorities. Investigations to date have been directed toward 

correlating collapse susceptibility to particular soil properties and for limited areas. 

From the literature it can be found that there are altogether about 10 

criteria for predicting the collapsing potential of a soil. Some of these criteria 

are empirical. Others are derived theoretically from consolidation test results. The 

methods for evaluating collapse susceptibility vary from very simple to very complex 

and time consuming. All of the available indices that are used to identify collapse 

susceptible soils are not universally accepted and are even found to be contradic

tory (Sabbagh, 1982; Nowatzki, 1986). The indices themselves are a function of soil 

properties that vary from point to point due to the inherent variation in composi

tion of soil strata during their formation. For a small residential housing project, 

it is not economically feasible to evaluate the collapse potential of the site soils 

through expensive laboratory testing. For large projects, although it may be possi

ble to obtain the collapse parameters from laboratory tests conducted on samples 

retrieved from the field, such tests are generaly performed on only a relatively few 

representative samples. The uncertainties and 'risks involved in extrapolating those 

test results to the entire site are high. In-situ soil properties are difficult to know 

exactly but must be estimated within a certain degree of accuracy. In practice, in 

order to obtain deterministic solution to foundation problems some approximations 
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and simplifications must be introduced either with respect to soil properties or the 

theories involved. Consequently, there are some uncertainties involved In parame

ter determination and analysis and this uncertainty is best treated probabilistic ally. 

For these reasons, the distribution of collapse-susceptible soil throughout Tucson 

has not yet been throughly investigated. 

Purpose of the Research 

The research described herein mainly aims at the probabilistic investigation 

of the distribution of collapsing soil throughout Tucson. Contour plots of selected 

collapse criteria expressed as a function of measurable physical soil properties were 

developed. Their plots supply information about the distribution of a specific crite

rion and quantify the risks involved in any building project in a particular area. The 

variables considered in the analysis are of mainly two categories, established col

lapse criteria and collapse related soil parameters. The two types of parameters 

with their abbreviations used in this investigation are as follows: 

Collapse Parameter: 

Cp = % Collapse value due to saturation and loading. 

R = Gibb's collapse ratio. 

A = Alfi's collapse parameter. 

Collapse Related Soil Parameter: 

"Yd=Initial dry density(pcf)=wt.of solid (W.)/ total volume (VT). 

eo=Initial void ratio=void volume (Vv)/solid volume (V.). 

no=Initial porosity=void volume(Vv)/total volume (VT). 

So=Initial degree of saturation=void vol. (Vv)/water vol.(Vw). 

wo=Initial moisture content=wt. of water(Ww)/ wt. of solid (W.). 

P L= Plastic Limit (ASTM, 1958). 
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Some of the above parameters are redundant as they can be calculated from a 

combination of others. However, the objective is to investigate the effect of each 

available parameter on the collapse phenomenon. The broader objectives of the 

research may be stated as follows: 

1. Statistical 

a) Compile information and create a data base for collapse criteria and 

their related geotechnical parameters for the Tucson area. 

b) Calculate all statistical parameters with a view to understanding the 

extent and nature of the variability of collapse criteria and collapse related param

eters. 

c) Determine the theoretical distribution that best describes the collapse 

parameters and calculate the distribution parameters. 

d) Develop a simple regression model for the collapse parameters and de

termine the significant variables that contribute to collapse phenomenon, i.e. sta

tistically evaluate the reliability of the collapse criteria commonly used to classify 

collapse susceptibility of soils. 

e) Perform factor analysis to validate the findings of the regression model 

and to extract clusters of variables as different factors. 

2. Geostatistical. 

a) Check the feasibility of analyzing a given set of geotechnical data by 

applying the principles of geostatistics. 

b) Determine the structure of spatial dependence of collapse and collapse 

related soil parameters of a deposit over relatively long distances. 

c) Examine and interpret semi-variograms of collapse and collapse related 

soil parameters. 
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d) Investigate the geostatistical procedures for making the best linear un

biased estimation of available parameters at an unsampled location with known 

variance of estimation. 

e) Produce a collapse probability contour map of Tucson at different depths 

for identifying areas of particular concern, i.e. areas of high, medium and low or non-

collapse potentials. 

The Collapse Parameters 

Collapse susceptible soils are generally found in arid or semi-arid regions. 

They are formed due to rapid evaporation from fiuvially transported sediments. 

The sediments do not have time to consolidate under their own weights. Due to the 

high evaporation rate the smaller size clay particles are drawn to the contact points 

between the larger particles and form strong bonds due to surface tension effects 

as shown in Fig. 1.1a. This dry structure is stable upto a certain load. Collapse 

of the grain structure with appreciable volume change occurs when a critical load 

and/or moisture content is exceeded. The failure can occur prior to saturation if 

the dry strength of the clay contacts is exceeded by the applied load. Failure can 

also occur under a load that the dry strength can carry following saturation. Such 

failure is due to reduction in strength of the clay bridges and results on rapid change 

in volume or "collapse" as shown in Fig. LIb (Dudley, 1970). 

°D ...... . ~ . @,oo.,·· 
~ro,:© .~.\ .~ 

(a) (b) 

Fig. 1.1. Collapsing Soil Structure a) Before Collapse b) After Collapse 
(After Jennings and Knight, 1957) 
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Considerable effort has been expanded to establish criteria for predicting 

the collapse potential of a Boil. The more commonly used criterIa are described 

by Sabbagh (1982) and Sultan (1971). The two criteria most widely used in the 

United States were chosen as parameters in the preseIlt investigation. These are the 

Giggs (1961) collapse parameter(R) and the Jennings and Knight (1957) Double 

Odeometer(Cp ). A third parameter, recently developed by AIR (1984) was also 

included. 

The Gibbs collapse parameter was developed by Gibbs (1961). He utilized 

the relation between the natural void ratio and the void ratio at liquid limit, which 

was established by Denisov (1951). Mathematically, 

R = bw/'Yd) - 1/G/l 
W, 

(1.1) 

where, R = collapse ratio, 'Yw = unit weight of water, 'Yd = dry unit wt. of soil, 

W, = liquid limit moisture content, and G /l = specific gravity of solids. The term 

~ - G1 = moisture content at saturation = W/l' Therefore, the Gibbs criterion 
'Yd • 

can be expressed simply as 

R= W/l 
W, 

(1.2) 

H the collapse ratio is equal to or greater than unity, the soil is collapse susceptible. 

The Double Oedometer Test developed by Jennings and Knight (1957) 

provides a method for evaluating the collapse phenomenon and predicting the mag

nitude of collapse due to both loading and wetting. The magnitude of collapse as 

defined by the double odeometer test is expressed as the percent collapse ( Cp ) due 

to saturation of the sample while it is loaded in an odeometer under a pressure 

P=200 kPa as shown in Fig. 1.2 i.e, 

C _ .6.ee .6. He 
p - 1 +eo = Ho (1.3) 
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where, Aec = change in void ratio due to saturation under pressure P, eo = initial 
-

void ratio, AHc = change in sample height due to saturation, and Ho = initial 

height of the sample. 

Alfi's qualitative method was developed by Alfi (1984) and according to this 

method a soil is considered susceptible to collapse if eo > 0.67 and A > -0.67. The 

parameter A is obtained from: 

A = (eo - e,h'w 
(1 + eo)( WO"Yd) 

(1.4) 

where, eo = natural void ratio, e, = void ratio at liquid limit, Wo = natural 

moisture content, "Yd = natural dry density, and "Yw = unit wt. of water. Other 

collapse related parameters that have been used in the present investigation are, 

Depth of Sample (d), Natural Void Ratio (eo), Natural Porosity (no), Degree of 

Saturation (so), Plastic Limit (PL), Insitu Dry Density bd), and Natural Moisture 

Content (wo). 

200 kPa LogP 

eo t---__ . 

Fig. 1.2. Typical Collapse Potential Test Result (Mter Jennings and Knight, 1957) 
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The Study Area and Data Set 

Collapse related data have been collected from consulting enginers' offices 

in Tucson and from reports of previous research conducted on collapsing soils in 

Tucson (for example, Sabbagh, 1982). An attempt was made to consider as much 

as possible of the entire area of Tucson as shown in Fig. 1.3. Within the period 

of approximately 2 years it has been possible to collect data from 411 different 

locations with 992 sample points. Seven to ten soil parameters were determined for 

each sample point. Sample depths range from the surface to about 40.0 ft.Table 

1.1 shows the data set for the range of depths considered and the total number of 

sample points for each set. Data set one through six each have seven parameters 

D, Cp , eo, no, So, 'Yd and woo Data set seven has three additional parameters 

R, A, and PL. 

Table 1.1. Data Sets Used in the Analysis 

Data Set Range of No. of Data 
No. Depths, ft. N 

1 0.0-1 125 
2 1.0-2 286 
3 2.0-3 254 
4 3.0-4 100 
5 4.0-6 104 
6 6.0-40 123 
7 0.0-40 219 
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CHAPTER 2 

LITERATURE REVIEW 

The application of geostatistical techniques for estimating geotechnical pa

rameters is quite new. Till recently this technique has been used only for the 

characterization of spatial variability of insitu soil parameters (Soulie, 1984). Since 

the theory behind the classical statistical and probabilistic techniques is different 

from that of geostatistical techniques, a review of the basic concepts and definition 

of useful terms of the later are presented here. 

In general, any geostatistical analysis is done by following the theory of re

gionalized variables. A regionalized variable (RV) is defined as a variable distributed 

in space. From a mathematical point of view, RV is simply a function, z(x) ,which 
• 

takes a value at point x in a three dimensional space and can be interpreted as a 

realization of a random function, Z(x) (Journel and Huijbregts, 1978). A random 

function Z(x), can be considered a set of random variables Z(Xi) defined at each 

point Xi in a particular soil formation. Based on observations the variability of the 

random variables have particular structure. The properties z(x) and z(x + h) of 

a soil deposit at points x and (x + h) are autocorrelated and this autocorrelation 

depends on both the vector h which separates the two points and the particular soil 

deposit considered. 

Definitions 

The terms: support, stationarity, intrinsic hypothesis, anisotropy and drift 

have fundamental importance and specific meanings in geostatistics. Their defini

tions follow: 

12 
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Support 

The support on which a random variable is defined is the ·volume (area in 

two dimension or length in one dimension) over which a sample is taken (Journel 

and Huijbregts, 1978). Two general types of support exist; point support and block 

support. Point support is characterized by a sample taken over an area which, in 

the limit, is zero. In practical terms the area is so small as to be insignificant in 

relation to the total area of the field. Block support occurs when the samples are 

taken over larger areal extents in which a significant averaging of the property of 

interest occurs over the sampled area. 

Hypothesis of Stationarity 

Statistics as well as geostatistics utilize probabilistic models and models are 

not reality. Probabilistic models are used when there is an inability to fully under

stand the deterministic processes which generate the present state of phenomenon 

which is observed (David, 1977). In order to establish a model some simplifying 

assumptions are necessary which are known as hypotheses. Stationarity is defined 

with respect to random variables. A random function is said to be stationary 

when its spatial law is invariant under translation. In the geostatistical literatu.:re 

(Journel and Huijbregts, 1978; David, 1977), three plausible hypotheses have been 

introduced, we will proceed from the most restrictive to the more general case. 

The first hypothesis of stationarity is known as strict stationarity, strict 

in the sense that it is seldom found in natural phenomenon. A random function 

Z(x) is said to be stationary, when its joint probability distribution at a location 

Xi is the same as those at all the points (Xi + h), where h is the separation vector. 

Therefore, the joint distributions do not depend on the location of the samples 

and the expected value of Z(x), E[Z(x)] is constant. This enables one to make 

statistical inferences. 
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The second hypothesis of stationarity is called second-order stationarity 

which has slightly weaker or less restrictive assumptions than the first one. Under 

second-order stationarity, the mean is assumed to exist and be independent of po

sition over a field. In addition the covariance function (which implies the existence 

of a variogram) exists and depends only on the separation distance. A consequence 

of stationarity is that the variance (i.e. covariance at zero lag) must be finite. 

The third hypothesis of stationarity, known as intrinsic hypothesis, implies a 

weaker assumption than second-order stationarity and, in a similar manner, requires 

that the expected value of Z(x) exists and is independent of position. Unlike second 

order stationarity, the intrinsic hypothesis requires that the variance exists for the 

first order increments [z(x + h) - z(x)]. Therefore, the variogram may exist even if 

the variance is undefined. 

Anisotropy 

When the spatial variability of a random function is the same in all di

rections, it is said to be isotropic. Otherwise, it is said to be anisotropic . More 

explicitly, if x represents a point with coordinates (x, y, z) in the three dimensional 

space, then 'Y(h) represents a function of the vector h of rectangular coordinates 

(hz, hy, hz) or spherical coordinates (Ihl, Q, tfJ), where Ihl is the modulus of the vector 

h and Q and tfJ its longitude and latitude. When the function 'Y(lhl, Q, tfJ) depends 

only on the modulus Ihl of the vector h, the phenomenon is said to be isotropic. 

Therefore, in spherical coordinates, 

(2.1) 

and in rectangular coordinates, 

(2.2) 
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The phenonmenon is said to be anisotropic when its variability is not the same 

in every directions. The structural function characterizing this spatial variability 

depends on the direction parameters Q and 4>. In a two-dimensional problem, as 

is the case being treated, anisotropy, if it exists, is incorporated by writing the 

variogram function in polar coordinate with Ihl as the distance vector and 0, the 

angle from the origin. 

In geostatistical analysis and in particular in the modelling of variograms, 

anisotropies can be incorporated by transforming to the isotropic case through lin

ear transformation of the rectangular coordinates (x, y, z) of the vector h in case of 

geometric anisotropy, or by representing separately each of the directional variabil

ities in the case of zonal anisotropy. The definitions 'of the two kinds of anisotropies 

follows: 

According to Journel (1975), it is possible to classify anisotropy in one of 

two categories according to whether it is possible or not to state that the variations 

to be expected between two points h units of distance apart in one direction are 

equivalent to the variations expected betwen two points k times h units of distance 

apart in another direction. An anisotropy of this type is known as a geometric 

anisotropy and k, which is a characteristic of the deposit for a given size of sample, 

is the anisotropy ratio or affinity modulus. 

The other kind of anisotropy, which cannot be as simply characterized as 

the geometric anisotropy occurs, when the difference between two samples is due to 

two sources of variation, one due to the distance between the two samples (isotropic 

component), the other due to the vertical distance (layering for instance) between 

the samples (zonal component). This type of anisotropy is typical oflayered deposits 

and is known as zonal anisotropy. However, it is possible to have a layered deposit 

where variations can be interpreted with simple geometric anisotropy. It is also 

possible to have deposits without apparent layering exhibit zonal anisotropy. 
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Drift 

Drift has been defined as a non-stationary expectation of a random function 

Z(x). As will be discussed later, the principal tool for linear estimation is the semi

variogram function defined by, 

1 
ry(h) = 2 Var[Z(x) - Z(x + h)] (2.3) 

where Z(x) is a random function representing the soil parameter of interest at 

location x, and where ry(h) is assumed to be a function of h alone. It is not necessary 

for [Z(x + h) - Z(x)] to have finite variance implying that [Z(x + h) - Z(x)] must 

have finite mean. This mean is called the drift of Z(x). The simplest form of drift 

is no drift of Z (x), i.e. the mean is zero. This is implied by stationarity of Z (x) 

with finite mean. Under the zero drift assumption, ry(h) has the simpler form: 

ry(h) = E[Z(x + h) - Z(x)]2 (2.4) 

The Variogram 

The most natural way to compare two values, such as the soil parameters 

Z(x) and Z(x+ h) at two points in space x and (x + h), is to consider the difference 

in their values. For a set of pairs of sample points it would be helpful to know the 

absolute average values of the difference, i.e {Average/Z(x) - Z(x + h) I}. Since ab-

solute values are difficult in calculus, the squared differences are considered instead 

and the folowing dissimilarity function is chosen: 

2ry(h) = Ave[Z(x) - Z(x + h)]2 (2.5) 

The term 2ry(h) is known as variogram. It is a function of the distance vector 

and expresses how the average value of the parameter differs with respect to the 
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distance in that direction. If the data demonstrate directional anisotropy, then the 

'Y(h) function will also depend on direction as well as the separation distance. In 

such cases 'Y(h) could be written as 'Y(h,6). The variogramcan also be interpreted as 

the elementary estimation variance of a variable Z(x) by another variable Z(x + h) 

at a distance h units from x and can be expressed as: 

E{[Z(x + h) - Z(x)]2} = 2'Y(h) (2.6) 

The variogram can be estimated by: 

(2.7) 

where, (Xl, Xl + hj··· j XN(h), XN(h) + h) are N(h) pairs of samples separated by 

a vector h. 'Y(h) is called the semi-tJariogram and when 'Y(h) is estimated by Eq. 

(2.7) 'Y*(h) is called the experimental semi-tJariogram. This parameter bears the 

same relationship to 'Y that a histogram do~ to a probability distribution (Clark, 

1979). 

An example of the estimation of 'Y(h) is shown in Fig. 2.1. If the samples 

are regularly distributed along a line with n points at an interval of h units apart, 

then there will be (n -1) pairs to compute 'Y* (h), (n - 2) pairs to compute 'Y. (2h) 

and so on (David, 1978). 

Thus the sample semi-variogram represents a measure of the difference be

tween the value of the parameter a distance h units apart. The easiest way to 

display these differences is in the form of a graph such as that shown in Fig. 2.2. 

The distance between the pairs of samples is plotted along the horizontal axis and 

the value of the semi-variogram along the vertical axis. Usually the values of h 

and 'Y* start at zero. When h is zero, two samples are exactly at the same lo

cation and the difference between the two values is theoretically expected to be 



~'Y(h) 

Fig. 2.1. Schematic Computation of Variogram using Pairs of Samples a 
given Distance Apart (after David, 1977). 

c 

o L-____________ ~ ____________ ~ 

o a h 

Fig. 2.2. The 'ideal' Shape for a Semi-variogram-The Spherical Model 
(after Clark, 1979). 

18 
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zero. If the distance between the two samples increases a little, some difference 

is expected in the value of the parameter. Therefore, the sample- semi-variogram 

takes a small positive value. As the sampling points move farther apart, the dif

ferences in the value of the parameters can be expected to rise. In the ideal case 

when the distance becomes very large, the parameter values become independent of 

one another. The semi-variogram value then becomes essentially constant, since it 

represents the difference between sets of independent samples. The so called "ideal 

shape" for a semi-variogram was shown in Fig 2.2. It is called the Spherical or 

Matheron semi-variogram model (Clark, 1979). The importance of the spherical 

model in geostatistics is analogous to the normal distribution in classical statistics. 

The shape of the semi-variogram gives an indication of the spatial dependence of the 

parameter being investigated. If for all values of separation distance or lag greater 

than zero, 1(h) is found to be a constant, say Co, the semi-variogram indicates 

that the observations are spatially independent. If, on the other hand, the value 

of 1(h) approaches Co gradually or in some consistent manner as the value of the 

lag increases, then the observations are spatially dependent. The distance at which 

samples become independent of one another is usually denoted by the symbol a, 

(Fig. 2.2) and is called the range of influence of a sample. The value of 1(h) at 

which the graph levels off is denoted by C and is called the "sill of the variogram" . 

Under the hypothesis of second order stationarity, for a random variable 

Z(x) sampled at locations Xl, X2,···, Xn , the centered covariance between allloca

tion pairs is given as a function of the separation distance, h, by: 

C(h) = E[Z(Xi + h)Z(x)] -IL! 

The covariance, C (h), can be approximated from data by: 

1 N(h) 

C*(h) = N(h) t; [Z(Xi + h)Z(Xi)]2 - Z2 

(2.8) 

(2.9) 
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where J.Lz is the expected value of Z{x), Z is the sample average and N{h) is the 

number of couples used in the estimation process for a lagged distance h. The 

relationship between the covariance and the variogram function is given by David 

(1977) and Rendu (1978) as: 

--y{h) = C{O) - C{h) (2.1O) 

where C{O) is the variance and C{h) is as defined in Eq. (2.8). The relationship as 

expressed in Eq. (2.10) indicates that under the hypothesis of second order station-

arity, the covariance and the variogram are two equivalent tools for characterizing 

the auto-correlation between two variables Z{x) and Z{x + h) separated by a dis-

tance h. However in most cases the variogram functions are used to describe the 

spatial structure of regionalized variables. The variogram functions are compara-

tively easier to estimate and the possibility of a variogram with non-finite variance 

is allowed, whereas for a covariance function a separate estimation of the mean is 

required and the variance would have to be finite (Myers, 1986). A third function 

to characterize spatial dependence can be defined by: 

(h) = C{h) = 1 _ --y{h) 
P C(O) C(O) (2.11) 

which is called the "correlogram" (Journel and Huijbregts, 1978). 

Theoretical Models 

Many theoretical models are mentioned in geostatistical literature. Some 

of the important isotropic models are given below: 

i) Spherical Model: The spherical model was originally derived (Matheron, 

1957) and has been widely used to characterize the spatial variability of regionalized 

variables, particularly in ore reserve estimation. 
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The spherical model (isotropic) is given as: 

'Y(r) = C [~: - ~::] for r ~ a 

= C for r>a (2.12) 

=0 for r=O 

The properties of this model will be discussed in a later section. 

ii)The Exponential Model: The exponential model, due to its theoretical 

infinite range, is associated with continuous processes. Therefore it is not found 

to be used too much in practical problems. Although the exponential model has 

"infinite" range, it has a practical range that is "finite" . The model is mathematically 

expressed as: 

'Y(r) = C[1 - e(-;)] (2.13) 

The value of 'Y(h) for the exponential model rises more slowly from the origin than 

for the spherical model and never quite reaches its "sill". Generally, the sill value 

of a model is estimated by the ordinary sample variance of the parameter. Fig. 

2.3(a) shows a comparison between the spherical and exponential model for the 

same range of influence a and sill C. Fig. 2.3(b) shows a comparison betwen the 

spherical model and the exponential model for the same initial slope and sill. In 

both cases the exponential model approaches the sill at much higher values of a 

than the spherical model. 

iii)Linear Model: This is a model with no sill. The simplest form is given 

by: 

'Y(h) = p(h) (2.14) 

where p is the slope of the line. An extension of this model is called the generalized 

linear model and is given by: 

(2.15) 
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where 0 < a < 2. Another model which is encounterd in the cases where there 

is no range of dependence, i.e. "Y(h) keeps increasing as h increaSes is. known as 

De Wiisian (Matheron, 1963) model. This model has been most often utilized for 

hydrothermal deposits where the variogram plots as a straight line when "Y(h) is 

plotted against In(h). The model may be expressed as: 

"Y(h) = aln(h) + b (2.16) 

where a and b are constants. generally a is taken as 3a and is called the "coefficient 

of intrinsic dispersion" (David, 1978). 

Fig. 2.4 illustrates the linear and generalized linear models. Fig. 2.5 

contrasts the linear, spherical and De-Wijsian models with geometric and zonal 

anisotropy. Fig. 2.5.1 has two linear models with slopes in a ratio k. Fig. 2.5.2 has 

two spherical variograms with the same sill, and ranges in a ratio k. Fig.2.5.3 has 

two parallel lines at a vertical distance of al~(k). All of these conditions indicate 

geometric anosotropy. 

For a zonal anisotropy, the spherical variogram will have a different sill if 

the zonal component is also spherical as in Fig.2.5.4 or if the zonal component is 

spherical in one direction only and increases in the other direction as shown in Fig. 

2.5.5 if the zonal component is linear (Fig. 2.5.5). In the De-Wijsian case the lines 

will have different slopes (Fig. 2.5.6). 

iv)Nugget Effect: This model represents a purely random phenomenon. In 

geostatistical analysis it is commonly found that "Y(h) does not tend towards zero 

when h approaches zero. This means that the variability between two values, Z(x) 

and Z(x + h), taken at two close points may be quite high and may increase as the 

size of the discontinuity at the origin of "Y(h) increases. This local variability has 

been described as a random phenomenon. As the distance h increases, the variability 
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often becomes more continuous as reflected by the continuity of "1(h) for h > O. 
-

This discontinuity of the variogram at the origin is known as the nugget effect and 

it essentially describes the semi-variogram of a purely random phenomenon. It is 

the same as a spherical model with 8. very small range of influence. Mathematically, 

"1(0) = 0 

and 

"1(h) = Co for h> 0 (2.17) 

Such a variogram can be represented as a transition phenomenon with a sill, (Co) 

and a range a = f, where f is very small in relation to the distances of experimental 

observation. It is to be noted that even with completely random phenomenon the 

semi-variogram at h = 0 must be zero, because two samples measured at exactly 

the same position must have the same value (Clark, 1977). The limiting case in Eq. 

(2.17) appears solely as a discontinuity at the origin. It is known as the pure nugget 

effect and is shown in Fig. 2.6. 

v)Nested Models: The variability between two values of a soil parameter 

Z(x), and Z(x+h), which is characterized by the variogram E{[Z(x+h) - Z(x)]2}, 

is due to many causes and these causes may appear over a range of different scales. 

For example at h ~ O. i.e. at the level of support, the variability may be due 

to measurement errors. For small lag a second variability may appear due to the 

transition from one type of soil to another. At larger lags a third variability may 

occur due to the alteration of strata or the presence of lenses of other material and so 

on. All of these sources or "structures" of variability and possibly many more occur 

simultaneously at all distances for a practical problem. Therefore most experimental 

semi-variograms are found to be combinations of one or more of the models described 

previously and are known as "nested models". The most commonly used model, 
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which is known as the "spherical model" , is virtually a combination of the theoretical 

spherical models shown in Fig. 2.3 and the pure nugget effect shown in Fig. 2.6. 

The spherical model is generally described as a model with a sill. It has been found 

that in almost all practical cases, a nugget effect is present due to measurement 

errors or other short range variability. Therefore the theoretical spherical model 

with a sill and nugget effect is universally known as the "Spherical Model". The sill 

of a variogram can be shown to be equal to the variance of samples over the whole 

area in which they are distributed. Since, 

1 1 2" Var{Z(x + h) - Z(x)} = 2" [Var{Z(x + h)} + Var{Z(x)}] 

= Var{Z(x)} 

because 

Var{Z(x)} = Var{Z(x + h)} 

when Z(x + h) and Z(x) are independent of each other (David, 1977). This char

acteristic of sills is extensively used in model fitting of variograms. 

In view of the preceding discussions the general mathematical definition of 

the most commonly used spherical model is given by: 

[3h Ih
3

] 'Y(h) = C - - - + Co 
2a 2a3 

for h<a 
(2.18) 

=C+Co for h>a 

and 

"1(0) = Co for h=O (2.19) 

which was also mentioned in Matern (1960) and is shown graphically in Fig. 2.7. 

As indicated in the figure, "a" is the range, "Co" is the nugget effect and "(C+Co)" 

is the sill of the variogram. This relationship models all naturally occuring deposits 

where the soil parameters become independent of each other when a given distance 

"a" is reached. 
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Fig. 2.7. The Spherical Model Variogram. 
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It should be mentioned here that modelling of a variogram requires knowl

edge of the physical phenomenon under study as well as experience in fitting geo

statistical models (Journel,and Huijbregts, 1978). In most practical cases a visual 

fit is sufficient. If a leasts-square curve fittng technique is to be used, it should 

be a weighted least-squares method, since the different points are estimated from 

different numbers of samples. Even this method does not ensure optimal estimation 

of the parameters in the variogram model (Myers, 1986). A satisfactory method of 

modelling variogram is yet to be developed. 

Model Fitting Procedures 

In order to fit a spherical model, a tangent is drawn at the origin of the 

curve. The intercept of that tangent with the ordinate axis results in the nugger 

effect, Co. As already mentioned, the sill of the variogram is estimated by the 

v,ariance of the samples of the deposit. This can be computed from the sample 

data points and estimates the sill(C + Co) C?f the variogram. The tangent at the 

origin is assumed to intersect the sill at a distance of ~a from which the range, 

a, may be determined. Though this procedure seems very crude and empirical, it 

usually provides as good a fit as more sophisticated methods such as the non-linear 

least-squares fitting program of David (1977). 

Properties of Covariance and Variogram 

The mathematical proof of the properties of covariance and variogram are 

not of direct interest here. Indeed, most of the literature in geostatistics simply 

states the properties and makes minor comments on them as follows: 

If Z(x) is a stationary random function with expectation, m , and covari

ance, C(h), or semi-variogram, 'Y(h), and Y is any finite linear combination of the 

type: 

(2.20) 
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for any weight ,x" then this linear combination is a regionalized variable and its 

variance must never be negative, i.e Var{Y} > 0, or explicitly, 

Var{Y} = L L ,x,,xjC(Xi - Xj) 
, j 

> 0 (2.21) 

The covariance function must be such that it ensures that the variance will always 

be positive or zero. Consequently the function C(h) is said to be "positive definite". 

Since, 

'Y(h) = C(O) - C(h) 

C(h) = C(O) - 'Y(h) 

C(Xi - Xj) = C(O) - 'Y(Xi - Xj) 

L L ,xi,xjC(Xi - Xj) = C(O) L,xi L,xj - L L ,xi,xj'Y(Xi - Xj) 
i j , j 

therefore, 

Var{Y} = C(O) L,xi L,xj - L L ,xi,xj'Y(Xi - Xj) 
, j 

(2.22) 

In the case where the variance C(O) does not exist and only the intrinsic hypothesis 
n 

is assumed then the variance of Y is defined only under the constraint, L ,x, = O. 
,=1 

Then 

Var{Y} = - L L ,xi,xj1(Xi - Xj) 
, j 

(2.23) 

The variogram function must be such that Var{Y} is positive or zero, with the 

condition that E,xi = O. Then by definition -'Y(h) is said to be a "conditional 

positive definite" function. The positive definite property of the covariance function 

C(h) implies that 

C(O) = Var[Z(x)] > 0, and C(h) = C( -h) 

i.e. the covariance is an even function. 
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Since the degree of correlation between two variables Z (x) and Z (x+ h) gen

erally decreases as the distance between them increases, the covariaIice function also 

decreases from its value at the origin 0(0). Correspondingly, the semi-variogram 

"((h) = 0(0) - O(h) increases from its value at the origin as shown in Fig. 2.8. 

Kriging 

Kriging is a word which has been used by the geostatisticians to cover both 

"best linear unbiased estimator" (BLUE) of a point and the "best linear weighted 

moving average" of a specified volume or block containing the point. The name 

kriging was chosen by G. Matheron around 1960 to designate a technique developed 

in France by Matheron, in honor of D.G. Krige (1951) who was probably the first 

one to make use of spatial correlation and BLUE in the field of mineral resources 

evaluation (David, 1977). 

H a semi-variogram for a given soil parameter indicates that it has a spatial 

structure, it may be advantageous to consider that spatial dependence to describe 

the distribution of observed values over the area and to interpolate between the 

observed values. This geostatistical estimation process is known as kriging and may 

be defined as a local estimation rechnique which provides the best linear unbiased 

estimation of the values for the parameter under study. 

There are three types of kriging: Punctual, Block and Universal kriging. 

When estimations are made at points where there is no drift, this is known as 

puntual kriging. Punctual kriging may take two forms according to whether the 

mean value of the parameter is known or not known. The latter form is known 

as simple kriging and the former as ordinary kriging. Block kriging is used when 

an estimation of the spatial average over a block, i.e. a volume or area is required. 

Universal kriging is an optimal method of interpolation that takes local drift into 

consideration. 
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Fig. 2.8. Covariance and Semi-variogram. 
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Unbiasedness 

An estimation is said to be unbiased when the expected value of the error 

of estimation is zero. 

For a given data set Z(Xi), the simple kriging estimator Z·(xo) for Z(xo) 

can be expressed as: 
n 

Z·(xo) = m+ LAI{Z(XI- m)} (2.24) 
1=1 

where m = E{Z(Xi)} is known. Then the expected value of error of estimation is: 
n 

E{Z(xo) - Z·(xo)} = E[Z(xo) - m - L AI{Z(XI - m)] 
1=1 

n 

= E{Z(xo) - m} - L AIE{Z(XI - m)} 
1=1 

n 

= m-m- LAI(m- m) 
1=1 

= 0 for all the choices of the weights Ai 

Consequently the simple kriging estimator is unbiased. 

Linear Estimators 

H an estimate of a soil parameter at a location x from a set of n observed 

data points Z(x) is required, then the estimator Z· will be a function of the observed 

data, i.e. 

The estimator must also satisfy the conditions of 

i) unbiasedness, i.e. E{Z(x) - Z·(x)} = 0 and 

ii) minimum estimation variance, i.e. that 

(1~ = Var[Z(x) - Z·(x)] 

= E{[Z(x) - Z·(x)]2} 

= E{Z(x)}2 - E{Z·(x)}2 - 2E{Z(x)Z·(x)} 
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be minimum. For linear estimation it is always possible to calculate the mean and 

variance of the error from the variogram or the covariance (Journel and Huijbregts, 

1978). 

In order to interpolate between measured values, an equation is needed that 

links a given interpolated point with its neighbors. Since the semi-variogram gives 

the expected relation between pairs of neighboring points, it is natural that different 

weights should be given to the surrounding points depending on their distance from 

the one to be interpolated and on the nature of the kriging techniques used. As 

mentioned before there are three kinds of kriging: punctual, block and universal 

kriging. The data collected as part of this research represent parameter values at a 

point. Therefore punctual kriging was used in this study. A detailed description of 

punctual kriging follows: 

As indicated previously, kriging, in general, is a method of estimating r~

dom variable at an unsampled location. This method has the advantage over other 

methods such as regression models in that the spatial correlation is taken in to con

sideration during the estimation process. Also like regression models, the estimate 

is unbiased and has a minimum variance between the estimate and the actual value 

(Clark, 1979). 

Two forms for writing the punctual kriging equations are simple kriging 

and ordinary kriging. In the simple kriging method the mean value of the variable 

of interest is known and the variance, generally known as a priori variance, exists. 

This variance is defined as the second order moment about the expectation m(x) 

of the variable Z(x), i.e. 

Var{Z(x)} = E{[Z(x) - m(x)]2} (2.25) 

H Z(Xi) is a second-order stationary random function on a point support 

and has a known mean 1', the covariance, under this hypothesis can be written as 
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C(h) = C(Xi - x;). The simple kriging estimator for a known mean can be defined 

as the mean value plus a weighted sum of the difference between tlie mean and the 

samples used in the estimation, i.e. 

n 

Z· (xo) = p. + L Ai[Z(Xi) - p.] (2.26) 
i=l 

where Xi is the position vector, Ai is the weighting factor associated with the data 

set Z(Xi) and n is the total number of sample values used in the estimation. 

The Simple kriging Equation 

The definition for the variance of errors, Var[Z(xo) - Z·(xo)], and Eq. 

(2.26) are used to develop the following system of equations for simple kriging: 

n n n 
(12 - 2 L AiC(XO - Xi) + L Ai L AiC(Xi - Xi) (2.27) 

i=l i=l ;=1 

The minimum variance of errors is determined by taking the derivative with respect 

to each of the lambda!s an setting it equal to zero. This results in 

n 

L AiC(Xi - Xi) = C(xo - Xi) (2.28) 
i=l 

where j = 1,2,3,· ..... , n. This sets of equations can be written in matrix form as 

follows: 

[ ~;: ~;: 
C~l C~2 

. . . Cln] [ AI] [COl] ... C2n A2 C02 
-. . . . . . . . .. . . 

Cnn An COn 

(2.29) 

where Cii designates the variance, C(Xi - Xi) for i and j = 1,2,3, •.. ,n and Co; 

designates variance C(xo - Xi) for j = 1,2,3, ... , n (Yates, 1985). 

H an estimate is required at a point where a sample is located, the only 

solution to Eq. (2.28) is A~ = 1, for the "i'" which corresponds to the data points at 
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which the estimate is desired. The other weights are all equal to zero. This demon

strates that the simple kriging equations are exact interpolators. One disadvantage 

associated with simple kriging is that the mean value must be known a priori. H 

this value is to be estimated from the data, as is the case in this research, then an 

alternative method, ordinary kriging, should be used. 

Ordinary Kriging 

For problems where the mean value of a random function is unknown the 

kriging equation must be written in such a way so that the mean becomes part of 

the solution. 

Consider a random variable Z(x), sampled at locations XI,X2, ••• ,Xn • The 

ordinary kriging estimator Z·(xo), is given as linear combination of the sample 

values similar to the way it is in the simple kriging method. However, the ordinary 

kriging estimator 'does not include the mean and can be written as: 

n 

Z· (xo) = L ~iZ(Xi) (2.30) 
i=l 

To satisfy the unbiasedness condition i.e., E{Z(xo) - Z*(xo)} = 0, it is necessary 

to put the following constraint on the weighting factors, ~i: 

(2.31) 

By following the same procedure as was followed in the simple kriging method 

the ordinary kriging equations are developed from minimization of the variance of 

errors. However, an additional complication arises due to the constraint on the 

weigheting factors. Minimizing the variance requires introduction of a Lagrange 

Multiplier 'm (Journel and Huijbregts, 1983). The minimization process is written 

as: 

(2.32) 
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If Z(x) is a second-order stationary random variable then the following ordinary 

kriging equation is obtained: 

n 

L C(Xi - x,,) -1m = C(xo - x;) (2.33) 
i=l 

for j = 1,2,3, ... ,n. 
This equation is similar to the simple kriging equation except for the constraint on 

the weighting factors and the addition of the Lagrange Multiplier. 

Universal Kriging 

In certain practical cases, it may be known that a "drift" exists within 

certain zones of a deposit and that there is not enough data available in these 

zones to allow stationary or reduced stationary (quasi-stationary) estimates. It 

then becomes necessary to take the drift in to account when estimating in these 

zones by kriging. As noted previously, this geostatistical procedure of estimation 

taking drift in to account is known as universal kriging. Al,though universal kriging 

gives the best estimates, it has not been as used widely in engineering applications 

because of its complexity. Even with the availability of standard solution techniques, 

univ-ersal kriging requires very large computation times and this for the simplest 

of conditions. Any departure from the simplest cases introduces problems which 

made it difficult to model. There are many ways to circumvent the problem. A 

theoretical solution is available in Matheron (1969). 

Indicator Kriging 

Often the histogram for a particular soil parameter includes several values 

that are anomalous. Most soil parameters approximate a normal or log-normal 

distribution (Lumb, 1971); however, other distributions for soil parameters are also 

possible. Balasubramaniam (1979) reported that the cone resistance parameters 
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of Bangkok clay follow the Beta I distribution. The eft'ective strength parameters 

of Bangkok clay were found to follow the Pearson Type I and Beta I distribution 

(Ali, 1981). However with several anomalous values, the actual distribution does 

not follow any particular theoretical distribution. For reasonably well behaved 

data with small coefficient of variation (cov) it is usually possible to obtain an 

experimental variogram that depicts the main feature of the parameter under study. 

In such cases linear kriging provides a good local estimator for the parameter at 

unsampled locations with minimum error variance. Problem arise when highly 

variant phenomenon are considered where the data present long-tailed distributions 

with high cov. In such cases the raw variogram becomes extremely sensitive to high 

valued data and a poor experimental variogram results. To circumvent this problem, 

Journel (1983) proposed trimming oft'the high-valued data and transforming the 

other data by taking squre roots or natural logarithms. This approach was rejected 

on the grounds that trimming off bothersome data may carry the most valuable 

structural information and that non-linear estimation techniques are required for 

non-linearly transformed data. 

Indicator kriging has been recently introduced as a non-parametric and 

distribution-free estimation technique. This technique has expanded the field of 

geostatistics since it represents the first techniques which does not require a distri

bution hypothesis a priori. Because of this,it must rely exclusively on the informa

tion provided by the data. In addition, indicator kriging provides an estimation of 

the spatial distribution of a given parameter with the probability that the param-

eter is above or below a cut-off value. The indicator data used in the estimation 

process are simple transforms of the function Z:(x) which is defined as: 

'( ) {I, for 
'XjZ = 0 ~ , ,or 

Z(X) ~ Z 

z(x) > Z 
(2.34) 
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where i(x; z) represents the "indicator function" of parameter x with cut-off value 

z. A useful property of the indicator function is that when cut-off z is varied, the 

bdicator i(x; z) can be seen as a crude distribution function as shown in Fig. 2.9. 

Once the data has been transformed into a distribution function, which is similar 

to a probability density function, it can then be used to estimate the probability 

distribution of the parameter over the area for a particular cut-off value. This 

estimate can be performed through simple kriging at a required number of cut-off 

values. All of the structural functions used in simple kriging can also be used in 

indicator kriging. A FORTRAN program is required to convert the variable z(x) 

to the indicator value i(x; z). 

The indicator kriging estimate is based on the indicator variogram which 

can easily be interpreted as the probability that z(x) < z, i.e. Pr{z(x) < z}. 

Therefore, estimates based on indicator kriging provide a probability contour for 

the parameter under study that shows whether its expected value is above or below 

a pre-defined critical value. 
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Fig. 2.9. Indicator Function for z with Cut-off value Zc. 



CHAPTER 3 

STATISTICS AND PROBABILITY DISTRmUTION 

The uncertainties encountered in geotechnical engineering are due to many 

causes including variations in the soil properties, variations of loading conditions 

and the uncertainty in the mathematical model used to analyze a given problem. 

Uncertainty in the soil properties is by far the greatest component no matter how 

comprehensive an investigation conducted be (Balasubramaniam, 1979). Variability 

in soil properties may be due to i) the inherent variation or hetrogeniety of the soil 

stratum, ii) geology and geometry of the soil deposit, iii) method of soil sampling, 

iv) choice of testing method, v) variation in the simulation of field condition in the 

laboratory and vi) the human factor in testing. Thus experimentally determined 

soil parameters may be assumed to have a random component. Hence statistical 

methods may be used to analyze soil properties based on those parameters in order 

to provide a rational approach to quantify the risk involved in a particular project. 

Characteristics of Data Used in This Research 

Out of the 992 sample values from 411 locations throughout Tucson, used 

in this research 40 samples from 40 locations were obtained from a previous thesis 

(Sabbagh, 1982), 90 sample values from 49 locations were obtained from Desert 

Earth Engg., and 862 sample values from 332 locations were obtained from West

ern Technologies Inc. The data collected from the various reports include: the 

depth (d) of the sample, USCS symbol for soil classification, liquid limit (LL) and 

plastic limit (PL) test results in a few cases, and the "pseudo" consolidation test 

results (Nowatzki, 1981). All the tests were conducted according to the standard 

test procedures of the American Society for Testing and Material8 (ASTM, 1958). 
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For consolidation tests the load varied from as low as 0.1 ksf to as high as 9.9 ksf 

depending upon the foundation pressure dictated by the geotechnical and structural 

engineering aspect of the proposed construction. The important data for this inves

tigation were mostly obtained from the consolidation test results. These include: in

situ dry density ('Yd), in-situ moisture content (wo) and percent consolidation upon 

loading (ca) and saturation (Cp ). From these four parameters (PL, 'Yd, wo, Cp ), 

other collapse related parameters eo, no, 80 and collapse parameters Cp , R, A were 

determined using the basic relations given in chapter 2. The consolidation test 

results directly give the collapse parameter Cpo Collapse parameters R and A are 

calculated using Eqs.(1.1) and (1.4). 

A FORTRAN program was written to carry out all the calculations. A 

data file was created containing the following information for each of the sample: 

C U 8 C 8 soil classification symbol 

Cp % Collapse upon loading and saturation 

d Depth of sample (ft.) 

p Final load in consolidation test (ksf). 

PL Plasti Limit 

8L Coordinates of the data points 

Wo In-situ moisture content 

'Yd In-situ dry density (pcf.) 

The coordinates of the data points(8L) were measured in cm. with origin at the 

intersection of Broadway Road and Stone Avenue ( scale 3.7 cm. = 1 mile). 

The FORTRAN program sorted the data according to the depths as indi

cated in Table 1.1, creating six data files (1 - 6). An aditional data set (7) was 

created for those sample points for which the P L values were available. The output 

from this program was formatted in such a way so that each output file could be 
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used as an input data file for subsequent analysis. The collapse parameter A was 

found to have both positive and negative values. Therefore it was- not possible to 

carry out all statistical analyses on A. 

Descriptive Statistics 

Summary Statistics 

Among the various descriptive statistics, the parameters that describe the 

central tendency and dispersion are important in order to understand the extent of 

variability of a particular soil parameter. The common statistical measure of the 

central tendency is called the mean which is simply an arithmetic average. There are 

several quantities used as measures of dispersion, these include the range, standard 

deviation (0'), variance(0'2), and some empirical indices (Harr, 1977). The variance, 

which is the average of the squared deviations from the sample mean, was used in 

this research as a measure of dispersion. The square root of the variance is called 

the standard deviation. 

Other measures of dispersion utilize absolute values and can not be used 

for relative assesment. A common relative measure of dispersion is known as the 

coefficient of variation (cov), which is the standard deviation as a percentage of 

the mean. The cov provides a quantitative measure of the degree of uncertainty 

associated with the random variable. It can be calculated from: 

0' 
cov = - x 100 

J.t 
(3.1) 

The coefficient of skewness (cos) symbolized as PI is a quantative measure 

of the skewness of the distribution in relation to the spread of the data. The cos 

is given by the ratio of the third moment of the set of random variables about the 

mean to the cube of the second moment of the set. 
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In general, moments for a set of random variables X IJ X2, ... ,XN are de

fined with respect to an integer k and are centralized about the origin or the mean. 

Therefore, the kth moment of the random variable X about the origin is approxi

mated by: 

(3.2) 

The k th moment about the mean X, i.e. k th central moment of X is approximated 

by: 

EI(X - Xl'] = ~ [t(Xi - Xl'] (3.3) 

The second central moment (k = 2) is known as the variance (Harr, 1977). 

Kurtosis, which is the fourth moment about the mean, is a quantitative 

measure of the degree of peakedness of a distribution. The dimensionless measure 

of Kurtosis, called the coefficient of kurtosis (cok) and denoted by {J2 is a ratio of 

kurtosis to the square of the variance. In some cases (SPSS) 3, being the value of 

Kurtosis for Normal distribution is subtracted from the definition of (J2 • The fol

lowing Tables and discussion describe the important statistical parameters obtained 

for each soil parameter in this study. 

1. % Collapse due to saturation under loading(Cp ): The descriptive sta

tistics fo? all Cp values collected are given in Table 3.1. As shown in the Table, 

the mean values varied from 2.0 to 7.1 with the average being 5.2, a value which 

suggests that the soil tested is highly collapsible (Sabbagh, 1984). The cov for this 

parameter was found to vary from 105% to 117%. Fig. 3.1 shows a plot of cov vs. 

depth, d. It is seen that as the depth increases the value of cov increases indicating 

higher variability at higher depth possibly due to sample disturbance. A linear 

regression analysis performed on the data in Fig. 3.1 suggests that the variation of 

the cov of Cp with depth d can best be modeled as: 

cov(Cp ) = 107.11 + 1.433d (3.4) 
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Table 3.1. Descriptive Statistics for Cp at all Depths 

Data Mean Std. Skew Kurt cov N 
Sets Dev. fh {J2 

1 6.7 7.06 1.54 2.25 105.8 125 

2 7.1 7.73 1.59 3.02 109.1 286 

3 5.2 5.90 1.44 1.81 114.4 254 

4 4.3 4.83 1.33 0.95 111.6 100 

5 3.6 4.06 1.44 1.51 111.8 104 

6 2.0 2.33 2.34 7.91 117.0 123 

7 5.7 6.01 1.40 1.79 104.3 219 

All 5.2 6.32 1.87 4.37 120.1 992 
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with a correlation coefficient r of 0.629. Included in Table 3.1 are sample estimates 

of higher moments; skewness and kurtosis. The overall value of cov is 120%. 

Cp is one of the most important parameter among the available collapse 

parameter. The magnitude of this parameter can be obtained directly from the 

consolidation test results. The higher the value of cov for the parameter the greater 

is the risk of encountering a collapse susceptible soil at the site of a building project. 

2. Natural Void Ratio(eo):The descriptive statistics for all eo values are pre

sented in Table 3.2. The mean values varied from 0.786 to 0.920. The cov for this 

parameter has a narrow range, from 28% to 42%. As was the case with C p the 

variability increases with depth as shown in Fig. 3.2, perhaps for the same rea

son. The mean value of eo for all data is found to be 0.840 and the value of cov 

32.2%. The value agrees well with the value of cov(eo) of Glacial Lake Edmonton 

sediment reported by Fredlund and Duhlman (1972) to be 31.6% from an analysis 

of 21 samples. The value of eo has a direct influence on the field dry density(''Yd) 

of a deposit. A higher value of cov for eo indicates a higher variability for "Id, thus 

reducing confidence in selecting critical values. A linear regression analysis of the 

data presented in Fig. 3.2 suggests that the variation of cov( eo) with depth can 

best be modeled as 

cov(eo) = 25.55 + 2.21d (3.5) 

with r=0.580. 

3.Degree of Saturation(so):The statistical parameters for So are presented 

in Table 3.3. The mean values range trom 22.5% to 26.8%. The cov has a narrow 

range of values from 50% to 67% and as with the previous parameter considered, 

increases with depth as shown in Fig. 3.3. Based on the results of a nonlinear 

regression analysis, the variation of the cov(so) can be modelled as: 

cov(so) = 48.56 + 0.0099d" (3.6) 
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Table 3.2. Descriptive Statistics for eo at all Depths 

Data Mean Std. Skew Kurt cov N 
Sets Dev. {31 {32 

1 0.92 0.26 0.73 -0.02 27.7 125 

2 0.84 0.22 0.78 0.92 26.5 286 

3 0.82 0.25 0.79 0.82 30.3 254 

4 0.85 0.34 3.18 18.33 39.1 100 

5 0.78 0.23 1.14 1.67 30.2 104 

6 0.79 0.34 2.10 6.05 42.4 123 

7 0.94 0.26 1.02 2.55 28.3 219 

All 0.84 0.27 1.60 6.61 32.2 992 
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Table 3.3. Descriptive Statistics for 80 at all Depths 

Data Mean Std. Skew Kurt cov N 
Sets Dev. fh {32 

1 22.5 11.21 0.78 0.05 49.7 125 

2 24.9 11.29 0.66 -0.03 45.4 286 

3 25.1 12.55 0.70 0.02 50.0 254 

4 24.5 12.94 0.57 -0.51 52.7 100 

5 23.4 12.29 1.16 1.48 52.6 104 

6 26.3 17.60 0.62 -0.99 66.8 123 

7 26.3 13.87 . 1.05 0.98 52.7 219 

All 24.8 13.04 0.85 0.40 52.7 992 
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with r=0.908. The mean value for So and cov for all available data were found to 

be about 25% and 53% respectively. This does not agree well with -the low (19.2%) 

value of cov(so) from an analysis of Rhineland silt, West Germany, reported by 

Schultze (1972) for 334 samples. The reason may be attributed to the fact that the 

soil deposit being investigated is not the same as Rhineland silt. 

4.Insitu Dry DensitY(-yd):Table 3.4 provides all the descriptive statistics for 

'Yd. The mean values varied from 95 pcf to 103 pcf. The cov were found to be 

the lowest in magnitude compared to the other variables and to have the narrowest 

range, being from 9.8% to 11.4%. The soil parameter, 'Yd is the one whose mea

surement is influenced by minimum number of factors for its variability. As shown 

in Fig. 3.4, unlike the other parameters, the cov remains almost constant as the 

depth increases and can be modeled as: 

cov( 'Yd) = 10.5 + 0.028d (3.7) 

with r=0.98. The mean value for all data sets is found to be 98.9 pcf with a mean 

cov of 10.8%. This agrees well with Hammitt (1966) who reported a value of cov 

for 'Yd of 99 samples as 12.3% for medium plastic clay. 

5.Natural Moisture Content(wo):Descriptive statistics for Wo are presented 

in Table 3.5. The mean values fall within a very narrow range from 7.2% to 8.6%. 

On the other hand cov has a very high range, varying from 54% to 96%. Many 

factors affect the accurate determination of the moisture content of a soil sample. 

Moisture may be lost during transportation and storage as well. The environmental 

factors are very important since during hot dry summers moisture loss is faster and 

extends to a greater depth than during cool wet winters. Human factors are also 

involved in accurate moisture content determinations. As shown in Fig. 3.5 the cov 

increases sharply with depth and can be modelled as: 

cov(wo) = 50.5 + 6.25d (3.8) 
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Table 3.4. Descriptive Statistics for "Id at all Depths 

Data Mean Std. Skew Kurt cov N 
Sets Dev. Ih {J2 

1 94.2 10.7 -0.29 -0.55 11.4 125 

2 98.0 9.6 0.28 0.10 9.8 286 

3 99.4 10.8 0.02 -0.33 10.9 254 

4 98.5 10.5 -0.50 0.34 10.6 100 

5 100.7 10.0 -0.57 1.48 9.9 104 

6 102.5 11.7 -0.82 0.57 11.4 123 

7 94.8 10.7 0.14 0.02 11.3 219 

All 98.8 10.7 -0.17 -0.12 10.8 992 



30 

20 -"tl 
~ -...-
> 
0 
I,) 

• 
10 

o 
a 

• 
• • 

2 4 

Depth (d) in ft. 

COV(ryd) = 10.5 + 0.028d 

r=O.981 

6 8 

Fig. 3.4. Variation of COV(ryd) with Depth d 

54 



55 

Table 3.5. Descriptive Statistics for Wo at all Depths 

Data Mean Std. Skew Kurt cov N 
Sets Dev. {3I {32 

1 0.078 0.042 0.93 0.71 53.8 125 

2 0.081 0.047 1.55 3.45 58.0 286 

3 0.080 0.052 1.63 3.58 65.0 254 

4 0.085 0.071 3.05 16.18 83.5 100 

5 0.072 0.049 1.74 4.23 68.1 104 

6 0.086 0.083 2.03 5.67 96.5 123 

7 0.094 0.068 3.60 22.50 72.3 219 

Al1 0.081 0.060 2.79 15.64 74.1 992 
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with r=0.738. The mean value of Wo for all data sets is 8.1% and the cov approxi

mately 74.1%. 

6.Natural Porosity(no): Table 3.6 shows the statistical parameters for no. 

The mean values have a very narrow range and vary from 42% to 47%. The cov 

also have a narrow range, varying from 14% to 20%. As shown in Fig. 3.6 they also 

increase with the increase of depth. Regression analysis on the data suggests that 

the variation can be modelled as: 

cov(no} = 13.14 + 0.966d (3.9) 

with r=0.790. The mean value of no for all data sets is found to be 44.5% with a cov 

of 16.3%. This is significant because, according to Feda (1966), a soil is described 

as highly collapsible if no is greater than 45%. 

7.Plastic Limit(PL): There are 219 sample points for which the plastic limit 

(PL) values are available. These 219 points have been designated as Data Set-7 in 

Table 1.1. Their depths vary from 0.0 to 40 ft. Due to insufficient data at each 

depth calculation of the PL and the variation of the cov with depth could not be 

characterized. The descriptive statistics for PL are presented in Table 3.7. The 

plastic limit has a mean value of 0.27 with a cov of 25.6%. On this basis, PL can 

be considered as a reliable parameter according to Schultze (1972). The PL value 

for the deposit is also important because other collapse parameters are obtained by 

direct application of this property. 

8. Collapse Parameters R and A: The collapse parameters R and A can be 

calculated from the equations: 

R= (3.10) 
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Table 3.6. Descriptive Statistics for no at all Depths 

Data Mean Std. Skew Kurt cov N 
Sets Dev. {it {J2 

1 47.0 6.6 0.19 -0.51 13.5 125 

2 45.0 6.4 0.02 0.18 14.1 286 

3 44.1 7.2 0.08 -0.43 16.4 254 

4 44.7 7.7 0.69 1.28 17.3 100 

5 43.0 6.9 0.43 -0.21 16.0 104 

6 42.5 8.6 0.86 0.50 20.3 123 

7 47.5 6.8 -0.04 0.44 14.3 219 

All 44.5 7.3 0.30 0.11 16.3 992 
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Table 3.7. Descriptive Statistics for R, A and PL at all Depths 

Parameter Mean Std. Skew Kurt cov N 
Dev. fh (32 

R 1.12 0.40 0.67 0.34 29.7 219 

A 0.79 1.81 -1.75 12.0 228.6 219 

PL 0.27 0.07 1.13 1.24 25.6 219 
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where R "- collapse ratio, "Iw = unit wt. of water, "10. = dry unit wt. of soil, W, = 

liquid limit moisture content, G. = specific gravity of soil, and 

A = (eo - e,)"Iw 
(1 + eo)wo"lo. 

(3.11) 

where eo = natural void ratio, e, = void ratio at liquid limit, Wo = natutal moisture 

content, "10. = natural dry density, and "Iw = unit wt. of water. 

Descriptive statistics for R and A are presented in Table 3.7. Due to the same 

reasons as for PL their variations of cov with depth could not be determined. 

The Gibb's collapse parameter R has a mean value of 1.12 and a cov of 

30%. A soil deposit is said to be collapsible if the value of R is greater than 1.0. 

The mean value of Alfi's collapse parameter A was found to be 0.79 with a cov of 

229%. The high cov is due to the negative values of the parameter. According to 

Alfi (1984) a soil is collapsible if eo > 0.67 ,and the parameter A is greater than 

-0.67. For the plastic limit (PL) the mean value is found to be 0.27 with a cov of 

26%. The minimum and maximum value observed were 0.15 and 0.52 respectively. 

Probability Distribution 

The development of probability distribution or the frequency of occurence 

of different values of a random variable is a remarkably simple means by which the ' 

homogeniety of the spatial distribution can be verified and extreme or suspect data 

can be identified. In general, the frequency distribution is constructed by grouping 

the observations in to classes over a selected interval by arranging them in increasing 

order of magnitude. This class interval is very important in the construction of 

frequency tables and histograms because regularity w~1l not be obtained if the class 

interval is too narrow or too wide. Another concern is the smoothness of the actual 
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frequency distribution. A first approximation for the width of the class interval can 

be obtained from Sturge's (1926) equation given by: 

. Range 
I = ------'~~ 

1 +3.22IogN 
(3.12) 

where i is the width of the class interval and N is the number of observations. The 

usual practice is to round the value of i close to a theoretical value. The regularity 

and smoothness of the frequency distribution can be controlled by varying the class 

boundary. The class intervals are also bounded by upper and lower theoretical 

values to produce suitable frequency table or histogram. 

Sturge's equation is simply a guideline and not the only method for selecting 

the number of class intervals. In many cases the number of class intervals is choosen 

arbitrarily between 5 and 20 depending upon the amount of data available (Walpole 

and Myers, 1978). The class interval width is then calculated by dividing the range 

by the numbers of class intervals. In practice the width of the class interval is 

rounded off to the same number of significant places as the given data. Frequency 

histograms are prepared by showing the values at midpoints of each class interval. 

According to the central limit theorem (Hahn and Shapiro, 1968), for a 

sufficiently large number of observations of an independent random variable the 

probability distribution will follow approximately a normal distribution function for 

many physical phenomena. Although various distribution functions can be derived 

theoretically to describe the random variation of different properties, many of the 

controlling factors that are responsible for the variations in soil properties are not 

well understood (Corotis et aI., 1975). Hence it is necessary to determine the 

appropriate probability distribution function empirically by fitting experimental 

data. 

Different investigators (Lumb, 1966, 1970; Holtz and Krizek, 1971; and 

others) have reported various distributions used to fit almost every soil property. 
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The general conclusions resulting from these studies is that the variation of most, 

but not all soil properties, can be well described by either a Normaror a Lognormal 

distribution. The Gamma, 88 well 88 Beta distributions have also been used to 

represent soil parameter variability. An approximate, quick method for determining 

the appropriate distribution is given by the use of the Ih -P2 plane (Pearson, 1954). 

Values PI and P2 were given in each Table of the descriptive statistics (Table 3.1 

to 3.7) 88 Skew({h) and Kurt(P2). The charts shown in Figs. 3.7(a) to 3.7(f) give 

the region in the PI - P2 plane where the different distributions apply. There are 7 

types of distributions shown in the charts marked from I to VII. Pearson (Elderton, 

1969) discovered and classified these distriJ:>utions by "the criterion" parameter K 

given by: 

(3.13) 

Three main types of curves are defined depending on the value of K. These are 

types I, IV and VI. Type I is the Beta distribution for K < o. Type IV generally 

represents a skewed distribution and is unbounded in both directions for 0 < K < 1. 

Type VI corresponds to a distribution that is bounded on one side and occurs only 

for 1 < K. These three types of distributions describe virtually the entire range 

of possibilities. However, there are transition distributions .For K = 0 and P -:;:. 3, 

Pearson defined two symmetrical distributions, Type II and Type VII. For the C88e 

when K is theoretically infinity he defined the Type m distribution which is the 

generalization of the gamma distribution. When K = 1, the distribution is known 

88 a Type V distribution and is the generalization of the Lognormal distribution 

(Harr, 1977). 

These charts may be used to provide an indication of whether the given data 

might be appropriately represented by one of the distributions shown in the figures. 

For example, from Table 3.2 the values of PI and P2 for data set 7 are found to be 
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1.02 and 2.55 respectly. This point (1.02, 2.55) in the f31 - f32 plane of Fig. 3.7(b) 

shows that the distribution function can be approximated by the Beta distribution 

function. From the same Table for Data Set-6, the point (2.10,6.05) in Fig. 3.7(b) 

identifies the Gamma function as a possible distribution function and so on. In cases 

where the f31 - f32 coordinates fall outside the region in the chart, they are described 

as "Unknown". In applying this method, however, two important limitations must 

be recognized. First, the values of both f31 and f32 are very sensitive to a few extreme 

observations and are also subjected to sampling fluctuations. Thus the method must 

be used cautiously. Second, the shape of the distribution is not, in general, uniquely 

defined by its standardized measures of skewness and peakedness. Thus, simply 

fitting a given set of data by the distribution suggested by the Pearson's plane as 

described previously does not ensure an adequate fit. However, this method has 

been used successfully in many cases (Corotis et aI., 1975) in the past. 

Before verification of the theoretical models is given, a brief description of 

the more commonly used models for statistical distributions is presented here. 

Theoretical Models of Distribution 

The Normal Distribution 

The Normal (or Gaussian) distribution is the most important continuous 

probability distribution in the entire field of statistics (Walpole and Myers, 1978). 

A continuous random variable is said to have a Normal distribution if its ranges are 

all real numbers and its probability density function has the form: 

1 ( __ ,.)2 

f(x) = e-2';'r 
u~ 

- 00 < x < +00 (3.14) 

where x is the random variable with mean Jl. and standard deviation u. The equation 

depends on these two parameters only and the distribution has no shape parameter. 

Fig. 3.8(a) shows the Normal distribution curve with nu bounds. Fig. 3.8(b) shows 
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two normal curves with different means but with the same standard deviation. Fig. 

3.8(c) shows two normal curves with the same mean but with different standard 

deviation. 

According to Chebyshev's inequality (Lipschutz, 1965) for any distribution 

function with finite variance associated with a particular ±nO' interval can be spec-

ified with sharp limits. Table 3.8 gives the value of ±n and their corresponding 

probabilities for the Normal distribution. The Table shows that if a random variable 

is normally distributed then, the probability that a randomly selected value will lie 

within a bandwith of ±10' about the mean is 68.3%, for ±2u is 95.5% and so on. 

The Lognormal Distribution 

It has been observed that in many cases the random variable of a particular 

phenomenon does not follow a Normal distribution, but rather that its logarithm 

tends to be normally distributed. In general if x = In(y) is a normal variate, the 

random variable y is said to have a lognormal distribution. The probability density 

function of a Lognormal distribution is given by: 

( ) 
1 _ (In.,-ln.)2 

f x = e 2 ... 3 

xuVii x > 0 (3.15) 

The parameters normally used to describe a Lognormal distribution are the median 

of the distribution, which is "'1 = eQ
, if a is the average of the logarithms, and 0' their 

standard deviation (David, 1977). A representation of a Lognormal distribution is 

given in Fig. 3.9. 

The Gamma Distribution 

Although the Normal and Lognormal distributions can be used to solve 

many problems in engineering and science, there are still numerous situations that 

require a different type of distribution or density function. One such density function 
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(a) 

(b) 

(c) 

Fig. 3.8 a) Normal Curve Showing ±nu Bounds. 
b) Normal Curves with Different Mean (1'1 =f: 1'2). 
c) Normal curves with Different Standard deviation (Ul =f: U2). 
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Table 3.8. Probabilities for ±nO' bound for Normal Distribution 

±n 1.0 1.5 2.0 2.5 3.0 

P(p, - nO' ~ x < p, + nO') 68.3% 86.6% 95.5% 98.76% 99.73% 
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is the Gamma distribution function which derives its name from the well known 

Gamma function given by: 

Q > 0 (3.16) 

A random variable x is said to have a Gamma distribution, with parameter Q and 

fl, if its density function is given by: 

where Q > 0 and fl > o. 

f(x) = 1 xQ-le-~ 
flar(Q) 

=0 x ~ 0 

x>O 
(3.17) 

Representations for several Gamma distributions are shown in Fig. 3.10 for certain 

specified values of the parameters Q and fl. The special Gamma distribution for 

which Q = 1 is called the Exponential distribution (Walpole and Myers, 1978). 

The Weibull Distribution 

A continuous random variable x has a Weibull distribution, with parameters 

Q and {J if its density function is given by: 

x>O 
(3.18) 

=0 x <0 

where Q > 0 and fl > O. The graphs of the weibull distribution for various values 

of the parameters Q and fl are illustrated in Fig. 3.11. As can be seen, the curves 

change in shape considerably for different values of the parameters, particularly 

the parameter fl. For fl = 1 the Weibull distribution reduces to the Exponential 

distribution, which as indicated previously is also a special case of the Gamma 

distribution function. For {J greater than 1, the curves become somewhat bell-

shaped and resemble a skewed normal curves. 
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Verification of Models 

It is desirable to evaluate the adequacy of a fitted model by comparing its . .. 
predictions with the observed data. The Kolmogorov-Smirnov (KS) and Chi-square 

(X2 ) goodness of fit tests are generally used for this purpose. 

The Kolmogorov-Smirnov (KS) Test 

Goodness of fit is evaluated by the KS one-sample test by measuring the 

reasonableness of the agreement between the distribution of a set of sample val

ues and some specified theoretical distribution. Briefly, the test involves specifying 

the cumulative function which would occur under the theoretical distribution and 

comparing that with the observed cumulative frequency distribution function. The 

theoretical distribution represents what would be expected under the null hypoth

esis. The KS test is based on the maximum difference between the observed de-

viations, called the maximum deviation, or test statistic, D, and the hypothesized 

cumulative distribution function, where the sampling distribution of D is known 

(Siegel, 1956). This test can be applied to any model and has been claimed to be 

superior to the Chi-square test (Massey, 1951). The region of rejection for the hy

pothesis consists of all values of D which are so large that the probability associated 

with their occurrence under the hypothesized distribution is equal to or less than 

a desired significance level as given by Massey (1951). For n > 30 an asymptotic 

expansion which assumes the intrinsic hypothesis (i.e. that the mean and variance 

are calculated from the samples) is used to calculate the critical values as follows: 

c 
KScrit = --(VnJ (3.19) 

where c is a constant that depends on the probability level and n is the number of 

samples. If the test statistic is greater than the critical value, then, based on the 

KS test, the samples are not drawn from the theoretical distribution. 
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The Chi-square (X2) Test 
-

The X2 test examines whether the observed frequencies of occurence are 

sufficiently close to the expected frequencies to have likely occured under the hy

pothesized distribution. The statistical procedure to make this assessment is also 

called a test for goodness 0/ fit. The test is based upon calculating the test statistic, 

D, which is defined as the summation over all categories of the normalized square 

of the difference between the observed and expected values, i.e. 

(3.20) 

where 0. are observed frequencies and e. are expected frequencies based on some 

theoretical probability distribution. It can be shown (Maisel, 1971) that D closely 

approximates to a X2 distribution with n - k degrees of freedom, where k is the 

number of parameters required to calculate the expected frequencies e.. If the 

agreement betwen the observed and expected frequencies is close, the test statistic 

value D will be smaller with respect to the critical value X! at specified level of 

significance Q given by Biometrica Tables of Statistics. Therefore, if D < X~, it 

can be concluded at the specified level of significance that the data is drawn from 

the assumed distribution. 

An available FORTRAN program was modified to carryout the computa

tions and to choose an appropriate theoretical distribution function. The program 

has the capability to test eight distribution functions. These are Poisson, Exponen

tial, Normal, Gamma, Weibull, Lognormal, Uniform and Triangular distributions. 

The usual procedure is to start with the Normal, because the literature mentions 

the possibility that soil properties follow Normal distribution. The next one is log

normal and then others. All parameters of each data set were checked with Normal, 

Lognormal and Gamma distribution in succession and the test statistic values D 
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were compared with the critical values KScrit and X~. Table 3.9 summarizes the 

results for goodness of fit tests for the parameter eo of Data Set-2 with normal, 

lognormal and gamma distribution functions. By comparing the values of D with 

both KScrit and X~, it is found that the parameters are closer (D < X~ and KScrit) 

to the Gamma distribution function than to either the Normal or the Lognormal 

distribution. 

Results of both the KS test and the X2 goodness of fit tests for all pa

rameters are presented in Tables 3.10 through 3.16. Frequency histograms show

ing basic statistical parameters for Data Set-2 (Table!.l) are shown in Figs. 3.12 

through 3.17. Histograms for collapse parameters R, A and PL are shown in Figs. 

3.18 through 3.20. All the histograms were obtained using an available program , 

BLUEPACK. All the histograms were unimodal and show a slight skewness either 

to the left or right. 

Table 3.10 gives the critical values as well as the test statistics for both the 

KS and the X2 test for the collapse parameter Cp at all depths. The critical values 

(KScrit) at 0.10, 0.05 and 0.01 probability level are presented here for comparison. 

These KScrit values are given by Massey (1951). The Chi-square critical values 

(X~) at 0.05, 0.10 and 0.005 probability levels are given by Pearson (1966). It is 

observed from the Table that at 0.01 probability level the parameter Cp at about 

all depths approximately follow the Gamma distribution function with distribution 

parameters Q and {J. The parameters Q and {J are known as the shape parameters 

of the distribution function. 

The shape parameters are obtained by expressing the mean, mode or vari

ance of the distribution function in terms of Q and {J and then solving any two of 

the three equations. Theoretical values obtained for the parameters do not always 

fit the histogram satisfactorily and in some cases trial and error procedures are used 

(Ali, 1981). 
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Table 3.9 KS and X2 Test values for eo for Data Set-2 

KS Test 

Parameter Distribution KScrit N D DF 
Function a = 0.01 Closest 

Normal 0.096 286 0.638 

eo Lognormal 0.096 286 0.626 Gamma 

Gamma 0.096 286 0.025 

Chi-square Test 

Parameter Distribution DOF X~ D Distn. DF 
Function v a = 0.01 Paramo Closest 

Normal 9 21.667 1831.2 -

eo Lognormal 9 21.667 1662.7 - Gamma 

a = 14.3 
Gamma 9 21.667 15.17 

{J = 0.06 
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Table 3.10. KS and X2 Test values for Cp at all Depths 

KS Test 

Data DF from KScrit D DF N 
Sets Fig.3.7(a) 0.010 0.050 0.010 Adopted 
1 Unknown 0.019 0.122 0.160 0.310 Gamma 125 
2 " 0.072 0.084 0.096 0.090 " 286 
3 " 0.076 0.085 0.102 0.216 " 254 
4 Beta 0.122 0.136 0.163 0.211 " 100 
5 Beta 0.120 0.134 0.160 0.192 " 104 
6 Unknown 0.110 0.122 0.147 - - 123 
7 " 0.082 0.092 0.110 0.190 " 219 

Chi-square Test 

Data DOF X~ D Parameter DF 
Sets v 00.050 00.010 00.005 a (3 Adopted 
1 8 15.507 20.090 21.955 13.92 1.9 4.2 Gamma 
2 9 16.919 21.666 23.589 14.23 1.9 3.0 " 
3 9 16.919 21.666 23.589 10.87 1.7 2.7 " 
4 5 11.070 15.086 16.750 4.29 1.6 2.9 " 
5 4 9.488 13.277 14.860 4.12 1.2 3.8 " 
6 - - - - -
7 8 15.507 20.090 21.955 12.54 1.9 3.7 " 
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Table 3.11. KS and X2 Test values for R and PL 

KS Test 

Parameter Distribution KScrit N D DF 
Function a = 0.01 Closest 

R Gamma 0.110 219 0.040 

Normal 0.110 219 0.591 
PL Lognormal 0.110 219 0.643 Gamma 

Gamma 0.110 219 0.281 

Chi-square ·Test 

Parameter DOF X~ D Paramter DF 
v a = 0.01 a {J Adopted 

R 9 21.667 5.26 7.8 0.15 Gamma 

9 21.667 1963.0 Noraml 
PL 9 21.667 17410.0 Lognormal Gamma 

9 21.667 529.0 10.1 0.03 



80 

Table 3.12. KS and X2 Test values for eo at all Depths 

KS Test 

Data DF from KScrit D DF N 
Sets Fig.3.7(b) a = 0.01 Adopted 

1 Unknown 0.160 0.065 Gamma 125 
2 " 0.096 0.026 " 286 
3 " 0.102 0.063 " 254 
4 Lognormal 0.163 0.109 " 100 
5 Beta 0.160 0.039 " 104 
6 Gamma 0.147 0.078 " 123 
7 Beta 0.110 0.029 " 219 

Chi-square Test 

Data DOF X~ D Parameter DF 
Sets v a = 0.01 a {J Adopted 
1 7 18.475 31.96 13.0 0.07 Gamma 
2 9 21.667 15.15 14.0 0.07 " 
3 8 20.090 51.16 10.9 0.10 " 
4 6 16.812 - 6.5 0.14 -
5 6 16.812 1.80 11.0 0.07 " 
6 6 16.812 9.41 5.6 0.20 " 
7 9 21.667 13.50 13.8 0.07 " 
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Table 3.13. KS and X2 Test values for "Yd at all Depths 

KS Test 

Data DF from KScrit D DF N 
Sets Fig.3.7{c) a = 0.01 Adopted 
1 Unknown 0.160 0.047 Weibull 125 
2 " 0.096 0.080 " 286 
3 " 0.102 0.048 " 254 
4 " 0.163 0.035 " 100 
5 " 0.160 0.051 " 104 
6 " 0.147 0.046 " 123 
7 " 0.110 0.057 " 219 

Chi-square Test 

Data DOF X~ D Parameter DF 
Sets v a = 0.01 a {J Adopted 
1 8 20.090 22.05 1.0 6.5 Weibull 
2 9 21.667 90.30 1.2 7.0 " 
3 9 21.667 20.47 1.5 8.0 " 
4 7 18.475 4.23 0.8 5.4 " 
5 7 18.475 5.67 0.6 3.4 " 
6 7 18.475 7.10 0.9 10.0 " 
7 - - - -- -
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Table 3.14. KS and X2 Test values for no at all Depths 

KS Test 

Data DF from KScrit D DF N 
Sets Fig.3.7(d) O! = 0.01 Adopted 
1 Unknown 0.160 0.011 Weibull 125 
2 " 0.096 0.058 " 286 
3 " 0.102 0.037 " 254 
4 " 0.163 0.079 " 100 
5 " 0.160 0.080 " 104 
6 " 0.147 0.110 " 123 
7 " 0.110 0.041 " 219 

Chi-square Test 

Data DOF X~ D Parameter DF 
Sets v O! = 0.01 O! (J Adopted 
1 7 18.475 27.70 1.0 8.6 Weibull 
2 9 21.667 14.98 1.5 8.7 " 
3 9 21.667 13.36 2.0 7.5 " 
4 5 15.086 21.47 1.3 7.0 " 
5 7 18.475 13.56 1.1 7.7 " 
6 7 18.475 28.60 1.0 6.0 " 
7 8 20.090 18.13 1.9 8.6 " 
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Table 3.15. KS and X2 Test values for So at all Depths 

KS Test 

Data DF from KScrit D DF N 
Sets Fig.3.7(e) a = 0.01 Adopted 
1 Unknown 0.160 0.080 Gamma 125 
2 " 0.096 0.031 " 286 
3 " 0.102 0.060 " 254 
4 " 0.163 0.068 " 100 
5 Beta 0.160 0.619 " 104 
6 Unknown 0.147 0.087 " 123 
7 " 0.110 0.047 " 219 

Chi-square Test 

Data DOF X~ D Parameter DF 
Sets v a = 0.01 a f3 Adopted 

1 7 18.475 17.32 4.0 5.6 Gamma 
2 10 23.209 7.71 4.8 5.2 " 
3 7 18.475 4.66 4.0 6.3 " 
4 7 18.475 4.50 3.6 6.8 " 
5 7 18.475 9.50 3.6 6.5 " 
6 8 20.090 14.85 2.3 11.8 " 
7 10 23.209 18.80 4.0 6.5 " 
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Table 3.16. KS and X2 Test values for Wo at all Depths 

KS Test 

Data DF from KScrit D DF N 
Sets Fig.3.7(f) a = 0.01 Adopted 
1 Unknown 0.160 0.160 Gamma 125 
2 Beta 0.096 0.094 " 286 
3 Beta 0.102 0.116 " 254 
4 Gamma 0.163 0.160 " 100 
5 " 0.160 0.192 " 104 
6 " 0.147 - - 123 
7 Lognormal 0.110 0.159 ". 219 

Chi-square Test 

Data DOF X~ D Parameter Dist. 
Sets v a = 0.01 a {3 Adopted 

1 8 20.090 3.87 3.4 0.03 Gamma 
2 10 23.209 11.72 2.9 0.03 " 
3 7 18.475 22.80 2.3 0.04 " 
4 4 13.277 - 1.4 0.06 -
5 4 13.277 6.70 2.2 0.04 Gamma 
6 8 20.090 235.0 1.1 0.08 Gamma 
7 9 21.667 18.92 2.85 0.03 Gamma 
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The critical values for the Gibb's parameter, R, and plastic limit, PL, are 
-

given in Table 3.11. The parameter R shows very close agreement with the Gamma 

distribution. The PL values show closer agreement with the Gamma distribution 

in comparison with the Normal and Lognormal distributions. 

Tables 3.12 through 3.16 give the KS and X2 test value for the collapse 

related parameters eo, ''Yd, no, 80 and wo respectively. In an attempt to fit the 

theoretical curves, both the KS test and the X2 goodness of fit test strongly rejected 

both the Normal and Lognormal distributions for all collapse and collapse-related 

parameters. Typical test values for strong rejection are presented in Table 3.11. All 

parameters except 'Yd and no were found to be in close agreement with the Gamma 

distribution with distribution parameters 0: and p. The parameter 'Yd and no were 

found to follow approximately the Weibull distribution with parameters 0: and p. 

Comparison of Evaluations 

Some obvious discrepancies between the results obtained by the two tests 

can be observed from the previous Tables. The reason for these discrepancies is 

that individual observations are treated separately in the KS test. Thus unlike 

the X2 test, information is not lost through the selection of ranges. Moreover, for 

a very small number of samples, the X2 test is not applicable. The KS test has 

no such restriction (Corotis, 1975). On the other hand, the KS test is valid only 

if the model is hypothesized independently of the data, because it is not known 

quantitatively how to adjust the distribution in a manner analogous to subtracting 

degrees of freedom as in the X2 test. 

As indicated previously, the probability distributions for the different col

lapse and collapse-related parameters are presented Tables 3.9 through 3.14. In 

some cases only one of the two tests passed the test criterion for the assumed dis

tribution. In actuality, the choise of the most appropriate model to represent the 
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data is often influenced by a number of factors such as professional judgement, ac

curacy of representation, and the ability to reproduce certain aspects displayed in 

the data (limits, skew etc.). Although KS and X2 goodness of fit tests have some 

drawbacks in certain cases, they both suggest that the Gamma and Weibull distribu

tion functions are best for defining the distribution of collapse and collapse-related 

soil parameters. However, the possibility of fitting other models is not completely 

rejected by this proposition. 



CHAPTER 4 

REGRESSION AND FACTOR ANALYSIS 

When a specific statistical model is chosen to describe a population under 

consideration, there are certain implications and assumptions associated with the 

model. These include assumptions about how the data were observed and how 

the samples were selected. Since relationships among the variables of interest may 

not be readily apparent, particularly with complex phenomena, a preliminary for

mulation based on a simple statistical model is necessary. Sometimes measured 

parameters exert no significant influence on the variable under consideration. Ob

servational effort should be concentrated only on those variables which are likely 

to be relevant. This is especially important when the specific interactions of the 

variables within a certain region are not known. It is also true in geotechnical 

engineering, where site conditions or the extent of the project warrants detailed 

investigation as well as analysis. This chapter describes the use of regression and 

factor analysis to investigate relationships between the collapse and the collapse

related parameters. 

Regression Analysis 

For the purpose of obtaining general descriptive parameters, attention was 

given primarily to what is called univariate data, i.e. numerical values obtained 

for a single characteristic of a sample. A bivariate population is one that in

corporates two dependent variables. One tool for studying these relationships is 

called regre88ion analY8i8. When the problem is treated with only a single inde

pendent variable it is called a simple linear regre8sion. For N pairs of sample data 

(XI, yIl, (X2' Y2),'" ,(XN, YN), if.a linear relationship is assumed then, 

y=Mx+B+€ 

92 

(4.1) 
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where M and B are unknown constants and E is the error term. In this form y 

is said to be the dependent variable and x is the independent variable. The least 

squares method is used to determine constants m and b where m estimates M, b 

estimates B so that L:(y - mx - b)2 is minimum. 

For more than one independent variable a multiple regression model is 

necessary, preferably with linear coefficients for simplicity. For the case of N in

dependent variables x!, X2, Xg, ... , XN, the multiple linear regression model can be 

expressed as: 

(4.2) 

where the constants bi are estimated using the method of least squares. When a 

linear model involves powers and products of the independent variable, it is known 

as a polynomial regression model. For N = 1 if y does not fall on a straight line 

then it can be more appropriately described by the polynomial regression model of 

the form: 

(4.3) 

Linear regression as well as multiple linear regression analyses were con

ducted on all data sets in order to establish possible functional relationships among 

the variables. Polynomial regression analyses were conducted on the whole data set 

and Data Set-7 to model the non-linear variation of the parameters with respect to 

depth d. The multiple linear regression used herein is a direct application of the 

general linear model. In general the extent to which certain independent variables 

XI,X2,Xg,'" ,XN, can predict a dependent variable, y is desired. The principal 

assumption is that the x' 8 are independent mathematical variables and are deter

ministic, i.e. they are not random variables. In this case y is an observed random 

variable. This assumption is not strictly satisfied in most regression analyses, espe

cially for preliminary data analyses. Although the x' 8 are indeed random variables, 
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they are assumed to be perfectly measured. Consequently, stepwise regression was 

applied in an attempt to identify the strongest variables from a statistical perspec

tive (Holtz and Krizek, 1971). 

The functional relationship between the x' 8 and Y is found by the method 

of least squares. The goodness of fit or strength of this relationship is expressed 

in terms of a "percent reduction of variance", which is defined as 100 times the 

"sum of the squares of the computed y" divided by the "sum of the squares of the 

observed y". Mathematically: 

R2 = (SSR/SST) x 100 (4.4) 

where SSR = regression sum of squares and it reflects the amount of variation in 

the y values explained by the chosen model, SST = E(Yi - y)2 = total sum of 

squares of Y = SSR + SSE and SSE= E(Yi - mXi - b)2 = error sum of squares. By 

use of a stepwise procedure the statistically strongest single variable is determined 

with all other variables held constant. That strongest x is then held constant, and 

the second strongest variable is found. The process continues until all possible 

combinations of the x' 8 are tried. In this process, the first few strongest variables 

are choosen having the largest percent reduction. The process is continued with 

other combination of x' 8 and the relative importance of each variable is estimated 

to arrange the net combination of each in order of decreasing contribution. The 

weaker variables taken one at a time, may increase in importance when taken in 

combination with other variables and some previously strong variables may decrease 

in importance. 

Table 4.1 gives the results of the poly~omial regression analyses in terms 

of the regression equations for R and A for the whole data set. The depth d is in 

ft. and varies from 0.5 to 40.0 ft. Also included in the Table is the F -value used 
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to test the null hypothesis that the multiple correlation is zero. The test statistic 

employed for the overall test is given by: 

F = SSR/k _ R2/k 
SSE/(n - k - 1) (1 - R2)/(n - k - 1) 

(4.5) 

The null hypothesis is rejected at level of significance Q when F > Fa(k, n - k - 1). 

From Table 4.1 it is seen that all F values are greater than Fa at Q = 0.01 level of 

significance indicating that the regression explained by the model is significant. 

Table 4.2 gives the results of a similar analysis for the Data Set-7 where the 

data values for all the collapse and collapse related par~eters are available. The 

regression equations obtained for each parameter from the two data sets are different 

because of the number of the data points, as well as their dispersion tendencies. The 

results in Table 4.1 were derived from 992 data points whereas those in Table 4.2 

were derived from 219 data points. 

In Table 4.1 it is seen that none of the parameters was found to have a linear 

relationship with depth whereas in Table 4.2 all parameters except Cp and A were 

found to be a linear function of depth. It is likely that this is due to the smaller 

number of data points used in the analyses. The results tabulated in Table 4.1 

conform to the findings of Balasubramaniam (1979), where a polynomial regression 

analysis was applied to model the non-linear variation of the index properties of 

Bangkok clay. 

In an attempt to relate the collapse parameter Cp and associated parame

ters a stepwise regression analysis was utilized. The summary of the results of this 

analysia is given in Table 4.3. In general, the analysis shows that the parameter 

Cp is strongly related to the dry unit weight 'Yd and natural moisture content Wo, 

and weakly related to natural void ratio eo, porosity no, degree of saturation 80 and 

depth d. As has been mentioned before the importance of a variable may increase 
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Table 4.1. Polynomial Regression Equations for All Data Sets 

Para- Regression Equations(d=Depth in ft.) Fa Fcomputed 
meter a: = 0.01 

Cp Cp = 7.89 - 1.035d + 0.0488d2 - 0.00067d3 3.78 23.7 
eo eo = 0.90 - 0.0305d + 0.0016d2 3.78 6.8 
no no = 46.67 - 0.91d + 0.043d2 - 0.00002d4 3.78 9.9 
So So = 24.05 + 0.018d2 6.63 23.6 
"Id "Id = 95.33 + 1.39d - 0.076d2 + 0.0014d3 3.78 13.3 
Wo Wo = 0.078 + 0.00006d2 6.63 14.4 

Table 4.2. Polynomial Regression Equations for Data Set-7 

Para- Regression Equations(d=Depth in ft.) Fa Fcomputed 
meter a: = 0.01 

Cp Cp = 7.42 - 0.63d + 0.014d2 3.78 8.01 
PL P L = 0.26 + 0.05d 4.61 4.9 
A A = 1.21 - 0.16d + 0.005d2 4.61 4.3 

80 80 = 21.8 + 1.14d 6.63 48.3 
"Id "Id = 93.1 + 0.5d 6.63 11.0 

Wo Wo = 0.077 + 0.0035d 6.63 25.7 



97 

or decrease when taken in combination with other variables. Moreover, a linear 

regression model is not the only model that can be used to explain the data set 

adequately. 

Table 4.4 tabulates the results for a similar analysis of Data set-7. Here 

the parameter Cp is also seen to be strongly related to 'Yd and woo The collapse 

parameter R is primarily related to A, P L and 'Yd as is seen in step 5. The parameter 

A is seen to be related to almost all parameter except 'Yd and eo; it is strongly related 

to R, PL and woo 

Correlation Coefficient Matrix 

The correlation coefficient matrices for the various data sets considered 

in this study are presented in Tables 4.5(a) to 4.5(f). These matrices show the 

interrelationships among the variables. To obtain the correlation coefficient matrix 

for a given data set a deviation matrix must first be developed from the data matrix. 

The deviation matrix is simply the deviation 'of a given observation from the mean 

of all the observations of that variable divided by the standard deviation of that 

observation. If the data matrix is of size n X m and is designated as[X] = [Xij], 

then the deviation matrix is defined as: 

[
x .. -X.] 

[Z] = [Zij] = 'J Sj J (4.6) 

where Xj is the mean of the ith variable and Sj the standard deviation of the 

ith variable. This is a transformation similar to that used to convert any normal 

distribution to a form called the "standard normal density". Some characteristics 

of the deviation matrix are: its elements are dimensionless, the sum of the elements 

in each column is equal to zero, and the column standard deviation is unity. 

The correlation coefficient matrix [R] is obtained by left-multiplying the 

deviation matrix [Z] by its transpose, and then multiplying this product by the 
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Table 4.3. Stepwise Regression Equations for Cp 

Data Step Regression Equations (d=Depth in ft.) % Variation 
Set No. Explained 

1 1 Cp = 310.86 - 0.18680 8.7 
2 Cp = 8.03 - 0.19580 + 5.06d 10.8 

1 Cp = 14.23 - 0.2880 17.6 
2 2 Cp = 34.45 - 0.4780 - 0.21'Yd 24.4 

3 Cp = 54.59 - 0.09480 - 0.436'Yd - B7.8wo 26.4 

3 1 Cp = 28.46 - 0.23'Yd 18.5 
2 Cp = 37.41- 0.29'Yd - 39.29wo 29.2 

1 Cp = 7.5 - 0.1380 12.0 
4 2 Cp = 21.4 - 0.1480 - 0.13'Yd 21.0 

3 Cp = 29.8 - 0.02680 - 0.22'Yd - 29.26wo 24.6 

5 1 Cp = 22.07 - 0.0741d 20.4 
2 Cp = 73.22 - 0.551d - 17.1eo 32.54 

6 1 Cp = 9.576 - 0.0741d 13.7 
2 Cp = 12.28 - 0.094'Yd - 6.87wo 18.5 
3 Cp = -11.47 + 0.082'Yd - 23.7wo 

+8.95eo 22.8 
4 Cp = -19.14 + 0.125'Yd - 47.23wo 

+ 13.4eo + 0.07280 27.2 
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Table 4.4. Stepwise Regression Equations for R, Cp and A 

Para- Step Regression Equations ("fd in pef.) % Variation 
meter No. Explained 

1 R = 0.98 + 0.17A 59.2 
2 R = 2.60 + O.llA - 0.17"fd 71.26 

R 3 R = 4.76 + 0.004A - 0.03'Yd - 3.SSP L 93.2 
4 R = 4.30 - 0.004A - 0.024"fd - 3.62P L + 0.16eo 93.3 
5 R = 2.27 - O.OOOSA - 0.009"fd - 3.51P L 

-0.geo - 1.5wo - 0.90eo - 1.5wo 93.9 

1 Cp = 10.16 - 0.1780 13.6 
Cp 2 Cp = 9.39 - 0.1580 + OA5A 15.4 

3 Cp = 9.34 - 0.13880 + 0.437 A - 0.109d 16.0 

1 A = -3.09 + 3.48R 59.2 
2 A = -3.18 + 3.28R + 0.04Cp 60.0 
3 A = -3.88 + 3.48R + 0.05Cp + 0.01680 61.6 

A 4 A = -4.21 + 3.7 R + O.OSCp + 0.03880 - 5.46wo 62.1 
5 A = -7.71 + 3.13R + 0.034Cp + 0.07780 

-19.38wo + 0.09Sno 64.4 
6 A = -6.77 - 0.31R + 0.02Cp + 0.06580 

-22.96wo + 0.25no -14.7PL 69.3 
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Table 4.5. Correlation Coefficient Matrices of the Data Sets 

(a)Data Set-1 

D Cp eo no So "Yd Wo 
1.00 0.13 -0.06 -0.05 0.10 0.07 0.04 

1.00 0.37 0.05 -0.29 -0.14 -0.24 
1.00 0.99 -0.05 -0.95 0.44 

1.00 -0.04 -0.95· 0.45 
1.00 0.33 0.84 

1.00 -0.16 
1.00 

(b )Data Set-2 

D Cp eo no So "Yd Wo 
1.00 -0.10 0.11 0.11 0.12 -0.07 0.13 

1.00 0.17 0.21 -0.42 -0.36 -0.26 
1.00 0.96 0.15 -0.92 0.64 

1.00 0.11 -0.94 0.56 
1.00 0.22 0.82 

1.00 -0.31 
1.00 
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(c) Data Set-3 

D Cp eo no 80 'Yd Wo 
1.00 -0.06 0.01 0.01 0.12 0.03 0.08 

1.00 0.30 0.31 -0.36 -0.46 -0.15 
1.00 0.98 0.16 -0.92 0.63 

1.00 0.14 -0.95 0.60 
1.00 0.19 0.83 

1.00 -0.31 
1.00 

(d) Data Set-4 

D C~ eo no 80 'Yd Wo 
1.00 0.10 0.11 0.14 -0.10 -0.19 -0.02 

1.00 0.33 0.32 -0.28 -0.46 -0.00 
1.00 0.94 0.39 -0.88 0.84 

1.00 0.42 -0.95 0.75 
1.00 -0.12 0.78 

1.00 -0.53 
1.00 
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(e) Data Set-5 

D GJ) eo no So '''fd Wo 
1.00 -0.05 -0.07 0.06 0.03 0.07 -0.03 

1.00 0.44 0.47 -0.08 -0.52 0.10 
1.00 0.96 0.26 -0.94 0.62 

1.00 0.28 -0.94 0.63 
1.00 0.04 0.88 

1.00 -0.35 
1.00 

(f) Data Set-6 

D Gp eo no So "Yd Wo 
1.00 -0.22 0.01 -0.11 0.33 0.16 0.25 

1.00 0.29 0.33 0.10 -0.37 0.10 
1.00 0.97 0.36 -0.89 0.76 

1.00 0.39 -0.92 0.72 
1.00 -0.01 0.82 

1.00 -0.42 
1.00 
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(g) Data Set-7 

D R Cp eo A no 80 PL 'Yd Wo 
1.00 -0.24 -0.22 -0.06 -0.16 -0.08 0.43 0.15 0.22 0.33 

1.00 0.36 0.63 0.77 0.64 -0.43 -0.62 -0.75 -0.10 
1.00 0.27 0.38 0.31 -0.31 -0.14 -0.40 -0.17 

1.00 0.52 0.98 -0.01 0.10 -0.91 0.47 
1.00 0.55 -0.25 -0.52 -0.62 -0.04 

1.00 -0.02 0.09 -0.93 0.45 
1.00 0.27 0.37 0.83 

1.00 0.02 0.30 
1.00 -0.11 

1.00 
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scalar 1., where n is the number of observations in the data set. Mathematically 
n 

the correlation coefficient matrix [R] is given by: 

(4.7) 

Since the correlation coefficient is a measure of the linear association among vari

ables, or how well one variable predicts another variable, it is an example of simple 

linear regression. The range of the correlation coefficient is between -1 and +1; if 

it is zero, no sccess in prediction is indicated. Perfect prediction is indicated by ei

ther +1 or -1. The correlation matrices were obtained by the use of the Statistical 

Package for Social Science (SPSS) on a Vax 11/780 at the Center for Computing 

and Information Technology (CCIT), University of Arizona. Based on the correla

tion matrices presented in Tables 4.5 and several regression analysis for each data 

set , the following conclusions are reasonable. 

1) No significant correlation is observed between the depth and the other 

parameters for Data Set 1 through 5. This is to be expected since for each data 

set the depth increments are limited to the numerical values given in Table 1.1, 

i.e 0.5-2.0 ft. It is also clear because of the near-zero values in the first column 

of Tables 4.5(a) through 4.5(f). The lack of correlation between depth and the 

other parameters is also clear from Table 4.3 where as for Data Set 1 through 5 the 

parameter d does not appear in the regression equation. For Data Set-6 the depth 

varies from 6.0 to 40.0 ft. The first column of Table 4.5(f) gives higher values of the 

correlation coefficient indicating a stronger correlation of d with other parameters. 

This conclusion is also supported by the regression equation obtained from Data 

Set-6 presented in Table 4.3. 

2) The parameter Cp has a strong negative correlation with "'ttl and We, as 

was also seen by the use of regression analysis. 
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3) the natural void ratio eo exhibits a strong negative correlation with 'Yd 

and a strong positive correlation with no which are expected. 

4) The degree of saturation, 80, has a strong positive correlation with Wo 

and a negative correlation with Cp as expected. The degree of saturation has a very 

weak correlation with 'Yd. 

5) Table 4.5(g) gives the correlation coefficient matrix for Data Set-7. Since 

the depth varies from 0.5 to 40.0 ft., a higher value of the coefficients for d is obtained 

here than the coefficients of other data sets. 

The Gibb's collapse parameter R has a strong correlation with eo , A , PL 

and 'Yd. Since both R and A are functions of PL, the high correlation is justified and 

expected. A comparison of the regression equations for R presented in Table 4.4 with 

the values of the correlation coefficient for R presented in Table 4.5(g) reveals fair 

agreement except for the parameter wo, which enters in to the regression equation. 

One possible explanation is that when two or more variables are considered together, 

their effect on a third parameter is markedly different than if either of the two 

variables were taken alone. Moreover, when there is an extreme value for anyone 

of the parameters an unusual value in the deviation matrix may be developed. This 

can erroneously result in a very low or high coefficient in the matrix. 

A similar comparison can be made with respect to the parameter A. This 

parameter was found to be medium to strongly correlated to R, Cp , no, 80, PL 

and 'Yd. The parameter 'Yd apparently did not enter in to the regression equation. 

No simple explanation was found for this inconsistency. Another example can be 

found in Table 4.5(g) where A is seen to have a medium to strong correlation with 

'Yd. On the other hand 'Yd does not enter into the regression equation as presented 

in Table 4.4. It is often difficult to select the one or two strongest variables for a 

regression analysis on the basis of the correlation matrices or vice versa, since the 
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importance of a given variable may change when entered in the regression analysis in 

combination with one or more other variables. In addition, the analysis of the results 

obtained from a regression analysis is somewhat subjective. On the other hand, the 

correlation matrices provide a linear association for each pair of the variables. Each 

analysis has its own advantages. Regression equations are useful for predicting one 

variable from others, whereas correlation matrices identify relationships among all 

pairs of variables. 

Factor Analysis 

The various different statistical techniques described in previous sections 

provide for rapid data evaluation determination of statistical significance, evalua

tion of parameters and the fitting of linear models. However neither the predictor 

equations nor the correlation coefficients provide a complete characterization of the 

variability in collapse properties. For this reason a higher order statistical tech

nique, factor analysis was applied to each of the available data sets. The use of 

factor analysis serves not so much as an alternative to regresion analysis, but rather 

as a supplement to it with a view to studying the variations more closely and to 

further confirm the earlier findings. Factor analysis is a powerful multivariate ana

lytical tool which is useful in reducing a larger number of variables to a relatively 

small number of factors. The technique is useful in screening large data sets and it 

is helpful in formulating a hypothesis for an observed phenomena (Wong, 1979). 

According to Harman (1976), factor analysis resembles multivariate regres

sion analysis to some extent since the variables are described as a linear combination 

of another set of variables, in this case factors,. plus a. residual term. In regression 

analysis, the independent variables are observable, while in factor analysis they are 

hypothetical constructs which are estimated from the observed data. 
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Method of Analysis 
-

The mathematical theory for the development of factor analysis is described 

by a number of authors, for example Harman (1967), Cooley and Lohnes (1971) and 

others. Several factor solutions have been developed; procedures by which the factor 

coefficients are computed have been presented. The most general and widely used 

procedures is the principal-factor solution (Harman, 1967) which is also known as 

the method 0/ principal axes. In this method the first axis in an ellipsoid is selected 

so that the sum of squares of the distances of points from the axis is minimized. 

Successive axes, each orthogonal to the preceeding ones, are chosen in order to 

minimize the squares of the distances of the points from the new axis. As a result 

.. of the process, the factor loadings, which are the correlations between the factor and 

the variables, on each successive axis become smaller and smaller until the number 

of factors reaches the rank of the correlation matrix. The analysis is concluded 

when the first few factors can reproduce very well the original correlation matrix. 

The principal axes method locates the principal axes, the factors, in such a 

way that the variance in axial alignment is maximal. In many cases this procedure 

provides non-interpretable results, since the high unique variance of a factor often 

comes about because many variables load moderately high on this factor. For this 

reason a new position is sought for the system of coordinates so that as many 

variables as possible take up extreme positions to the axis, i.e. they lie either 

very close to, or very far away from the axis. As many factors as possible should 

aquire high or low loadings in order to improve interpretability of the factor pattern. 

The eigen values of the factors are changed by the rotation. The relative position 

of the axes and the relative position of the points remain unchanged. The total 

communality, i.e. the sum of the eigen values of all the factors, contained in the 

unrotated factor pattern, also remains the same. If a simple structure of this kind 
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can not be obtained by orthogonal rotation, then 'oblique' rotation can also be 

employed. In such case a correlation between the factors needs to be assumed. 

The present factor analysis is based on principal components. There is 

an essential difference between principal component analysis and factor analysis. 

Principal component analysis transforms a given set of variables in to a new set of 

variables which are orthogonal or uncorrelated. In factor analysis, it is believed that 

a variable is influenced by certain determinants some of which are shared by other 

variables while others are not shared by any other variable. The main purpose of 

factor analysis is to define a minimum number of hypothetical variables or factors 

with which the correlations can be reanalyzed. 

From the data matrix Znxm with m measurements on n objects we want to 

find m new measurements with zero as mean and an identity matrix I as variance. 

These measurements, called factors, are linear functions of Z scores. With the new 

neasurements we rediscover and analyze the correlation matrix [R] which is given 

by: 

(4.8) 

It is assumed that the rank of R is m. After calculating the m eigen values Al ~ 

A2'" ~ Am and the corresponding eigen vectors Uh U2, ••• , U m we have, 

!'ZTZU = RU = UA 
n 

(4.9) 

where U = matrix of eigen vectors and A = diagonal matrix of eigen values. The 

matrix of factors F is given by, 

(4.10) 
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the z scores expressed as a linear function of" factors are: 
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r ] 
..;x;; 

(4.11) 

where i = 1, 2, 3,.··, m. The correlation coefficient of. Zi with 1m is given by 

L = U VA and is known as loading. 

With the availability of the SPSS and other similar programs, lengthy rou-

tine calculation have been shortened considerably. This is particularly important 

when inverting a large matrix and in obtaining the solutions of characteristic equa-

tions which are used in factor analysis. 

The factor model used here is based on the least squares method of the 

form: 

(4.12) 
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where aii is a factor coefficient (loading) and i =1, 2, 3, .. ',m, j = 1, 2, 3, .. ',mj 
-

which is same as Eq. (4.11). In matrix notation Eq. (4.12) can be expressed as: 

{z} = fA){f} (4.13) 

where fA] is the matrix of common factors coefficients aii and {f} is the vector of 

factors 1;. Table 4.6 presents Eq. (4.12) and (4.13) in tabular form for summarizing 

the factor analysis results. 

Presentation of Results 

Factor analysis was applied to all seven data sets for collapse and collapse 

related parameters. In adition the same analysis was applied to the entire data 

set.· The results are presented in the form of rotated factor matrices in Tables 

4.7(a) through 4.7(g). the corresponding correlation coefficient matrices were given 

in Tables 4.5(a) through 4.5(g). In grouping the variables with a given factor, 

small factor loadings (less than 0.3) were arbitrarily considered to be zero and 

were not reported in order to facilitate reading. However, all of the loadings for 

Factor-1 and Factor-2 are reported in order to present the result in a 2-factor plane. 

Factor loadings having values greater than about 0.3 were considered to be strong 

factors. In all cases the vectors representing the variables in 2-factor space are 

shown graphically in order to indicate the different factors and their strength of 

association. 

a.)Data Set-l:Seven variables for 125 observations or samples were ana

lyzed. The result in the form of a rotated factor matrix is shown in Table 4.7(a). 

Four factors were extractedj the first three factors accounted for 90% of the total 

variance. The factors extracted were: 
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Table 4.6. Tabular Form of Eq.4.12 for Summarizing Factor Analysis results 

Variables Factors 
FI F2 ... Fm 

ZI all aI2 ... aim 
Z2 a21 a22 ... a2m 

· · · · · · · · · · · · 
Zm ami a m2 ... a mm 

Eigen Value 
m 

Ai = La~j Al A2 ... Am 

i=1 

% Total Variance h ~ ... k 
m m m 

Cum. % of 
Total Variance h e1!.\a) ... 1 m 

• 
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Table 4.7. Rotated Factor Matrices of the Data Sets 

(a) Data Set-l 

Variables Fl F2 Fg F4 
D -0.073 0.095 0.887 -
Cp 0.580 -0.516 - 0.673 
eo 0.994 0.034 - -
no 0.997 0.031 - -
So -0.007 0.963 - -
"Yd -0.941 0.291 - -

Wo 0.481 0.843 - -
Eigen Value 3.299 2.000 0.993 0.661 
Cum.% of 
Total Var. 47.1 75.7 89.9 99.4 

(b) Data Set-2 

Variables Fl F2 Fg 
D 0.164 0.201 0.960 
Cp 0.153 -0.738 -
eo 0.987 -0.094 -
no 0.983 -0.144 -
So 0.268 0.898 -
"Yd -0.877 0.443 -

Wo 0.719 0.648 -
Eigen Value 3.404 2.089 0.969 
Cum.% of 
Total Var. 48.6 78.5 92.3 
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(c) Data Set-3 

Variables Fl F2 Fa F4 
D 0.014 0.227 0.973 -
Cp 0.362 -0.673 - 0.641 
eo 0.986 -0.034 - -
no 0.989 -0.072 - -
80 0.227 0.918 - -
"Id -0.905 0.373 - -
Wo 0.672 0.707 - -

Eigen Value 3.408 1.994 0.970 0.560 
Cum.% of 
Total Var. 48.7 77.2 91.2 99.2 

(d) Data Set-4 

Variables Fl F2 Fa 
D 0.132 -0.395 0.902 
Cp 0.323 -0.745 -0.321 
eo 0.974 -0.063 -
no 0.975 -0.092 -
80 0.520 0.760 -
"Id -0.880 0.373 -

Wo 0.862 0.438 -
Eigen Value 3.813 1.633 0.934 
Cum.% of 
Total Var. 54.5 77.8 91.2 
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(e) Data Set-5 

Variables Fl F2 Fa F4 
D -0.083 0.108 0.990 -
Cp 0.523 -0.492 - 0.691 
eo 0.972 -0.110 - -
no 0.981 -0.106 - -
80 -0.409 0.875 - -
"Id -0.882 0.413 - -

Wo 0.728 0.664 - -
Eigen Value 3.667 1.664 0.990 0.619 
Cum.% of 
Total Var. 52.4 76.2 90.3 99.2 

(f) Data Set-6 

Variables Fl F2 Fa 
D 0.067 0.733 -
Cp 0.367 -0.7490 0.703 
eo 0.968 -0.114 -
no 0.974 -0.144 -
80 0.536 0.703 0.360 
"Id -0.829 0.456 -

Wo 0.844 0.453 -
Eigen Value 3.716 1.72 0.795 
Cum.% of 
Total Var. 53.1 77.2 89.00 
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(g) Data Set-7 

Variables FI F2 F3 F4 Fs 
D -0.268 0.464 0.395 0.447 -0.587 
R 0.892 -0.214 - - -
Cp 0.512 -0.227 - 0.717 0.343 
eo 0.847 . 0.490 - - -
A 0.976 -0.144 0.381 - -
no 0.863 0.472 - - -
So -0.378 0.779 - - -
PL -0.305 0.551 - - -
'Yd -0.940 -0.153 - - -

Wo 0.055 0.931 - - -
Eigen Value 4.362 2.600 1.223 0.745 0.691 
Cum.% of 
Total Var. 43.6 69.6 81.9 89.3 96.2 

(h) Data Set-All 

Variables FI F2 F3 F4 
D -0.132 0.397 0.906 -
Cp 0.411 -0.624 - 0.658 
eo 0.981 -0.019 - -
no 0.985 -0.067 - -
So 0.287 0.877 - -
'Yd -0.895 0.312 - -

Wo 0.701 0.679 - -
Eigen Value 3.493 1.920 0.976 0.587 
Cum.% of 
Total Var. 49.9 77.4 90.4 98.7 



F2 : Cp , 80, Wo 

F3: D 

F4 : Cp 
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Factor 1 is clearly dependent on the density and other natural properties 

of the soil deposit. For each factor the variables associated with the factor are 

quite strong with respect to that factor and negligible for other factors. The inverse 

relationship betwen 'Yd and eo is as was expected. 

Factor 2 can be designated as factor of degree of saturation 80. The Cp 

value is largely dependent on the degree of saturation. A strong correlation with 

water content is justified. 

Factor 3 is primarily determined by depth d since d came out with the 

strongest loading. 

Factor 4 can be considered as the Cp factor since Cp came out as the 

strongest loading. 

b.)Data Set-2: For this data set the same variables were considered as 

for Data Set-1 and 286 observations were analyzed. As shown in Table 4.7(b) 

three factors account for 92.3% of the total variance. The first two factors are the 

same as were previously obtained for Data Set-l. The third factor appears here as 

combination of the third and fourth factors of Data Set-l. 

c.)Data Sets-3,4,5 and 6: All these data sets have the same seven variables 

and 254, 100,104 and 123 observations respectively. The rotated factor matrices for 

these sets are given in Tables 4.7(c) through 4.7(f). It is observed that the factors 

extracted for each data set are virtually the same indicating that all of the collapse 

related parameters are from the same population. 

In Data Set-3 four factors were extracted. The Cp value is found to have 

a strong negative correlation with the degree of saturation 80 within factor 2. This 

unusual relationship is probably due to some extreme value in the deviation matrix. 
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In Data Set-4, three factors accounted for 91.2% of the total variance, 

essentially the same as for Data Set-2, except that a weak loading on d is combined 

with Factor-2. 

In DataSet-5 four factors accounted for 99.2% of the total variance. The 

factor lao dings and variables are similar to those of Data Set-l. 

In Data Set-6, two factors accounted for 77.2% of the total variance. Factor 

1 is same as was found in all the other sets. Factor 2 appears here as a combination 

of the other factors. 

d.)All Data Sets: An additional run was made for all data sets with seven 

variables for 992 observations. The resulti~g rotated factor matrix is presented in 

Table 4.7(h). Four factors were extracted accounting for 98.7% of total variance. 

The similarity in the variables of the factors with the other data sets considered 

confirms the earlier findings (those were grouped acording to depth). It can be 

concluded that the strongest factor in the factor analysis of the collapse related 

data is the density factor. The second strongest factor appears to be related to 80 

and can therefore be called the degree of saturation factor. The third factor was 

depth, and the fourth strongest factor was Cpo 

e.)Data Set-7: A separate analysis was done with the three collapse pa

rameters and seven colapse-related parameters, i.e. ten variables altogether for 219 

observations. Five factors were found to account for 96.2% of the total variance as 

shown in Table 4.7(g). The factors extracted were: 

F1 : R, Cp , eo, A, no, "Id 

F2: D, 80, P L, Wo 

F3: A, PL 

F4: D, Cp 

Fs: D, Cp 
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Factor 1 is clearly a factor of collapse parameters A and R. The strong 

negative correlation with "Id is as expected from their theoretical relationships. 

Factor 2 is determined by water content Wo which includes PL and BO. Factor 3 is 

determined by PL. Factors 4 and 5 are the same as for other data sets. 

Table 4.8 presents a summary of the general results of the factor analysis. 

It is observed that the cumulative proportion of total variance among the eight sets 

of data are uniform. There is little difference between the proportion of variance 

extracted from ten variables vs. the proportion of variance extracted from seven 

variables. However, it seems that the lower the number of variables the smaller 

the number of the factors. In data Set-6 for example, a lower proportion of total 

variance extracted is observed. The factor patterns are also found to change for 

Data Set-6 and Data set-7. The change in factor pattern in Data set-7 is probably 

due to the addition of three more variables in the analysis. The change in Data Set-

6 is difficult to explain. It is perhaps due to the variability in sample depth, since 

the parameter D in this data set varies from 0.5 to 40. ft. for only 123 observations. 

In order to obtain meaningful associations from a factor analysis in this 

case, two conditions are required. The first is that the number of variables that 

characterize the collapse susceptibility should be same for all the strata analyzed. 

The second is that the sample source from different locations and different depths 

should be identical. In other word, the deposit should be homogeneous. 

In this analysis the most stable factors appear to be density and degree of 

saturation. The introduction of unique factors such as Cp and d in to the analysis 

reflects the independent character of these quantities and does not influence the 

deduced variables significantly. The parameter. R and A may be strong factors as 

obtained from Data Set-7, but this cannot be investigated fully since sufficient data 

at different depths was not available. 
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Table 4.8. Summary of Factor Analysis 

Data N No.of Fl F2 Fa F4 F5 Cum.%of 
Sets Variables Tot. Var. 

1 125 7 'Yd 80 d Cp - 99.4 

2 286 7 'Yd 80 d - - 92.3 

3 254 7 'Yd 80 d Cp - 99.2 

4 100 7 'Yd 80 d - - 91.2 

5 104 7 'Yd 80 d Cp - 99.2 

6 123 7 'Yd d Cp - - 89.0 

7 219 10 'Yd,R,A 80 PL Cp d 96.2 

All 992 7 'Yd 80 d Cp - 98.7 
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Factor analysis has been described as a supplement to multiple regression 

analysis. In regression analysis, the significance of the regression and correlations 

can be tested. In factor analysis, there is no significance test for factor loadings. 

However, factor analysis provides more insight into the understanding of theoret

ical concepts and procedures than the multiple regression analysis. In some cases 

rotation in factor analysis may yield meaningless factors (Wang, 1979). 

The factor analysis presented above validates all of the findings of the pre

voius statistical analysis. Point plots on a Factor I-Factor 2 plane for all of the 

eight cases discussed above are shown in Fig. 4.1. The different variables and their 

interrelationships are easily identified from the plots. For example, in Fig. 4.1(a) 

Factor 1 has closer association within its variables that Factor 2. Similarly in (g) 

Factor 1 has even more closer association within its variables than Factor 2, and so 

on. 
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CHAPTER 5 

MODELLING OF VARIOGRAMS AND ORDINARY KRIGING 

The use of probabilistic models and statistical techniques in various disci

plines of geotechnical engineering has increased rapidly in the recent past. These 

techniques are not limited to data analysis alone but include reliability assessment of 

earth structures and other constructed facilities, risk assessment for regulatory con

trol, economic optimization and project feasibility determination (Beacher, 1984). 

In performing these tasks geotechnical engineers use theories of statistics and prob

ability for an assessment of the uncertainty in the prediction of the performance 

of the structures which have been designed on the basis of the average parameters 

obtained from a limited number of laboratory and/or field test results. As a re

sult of small sample sizes, the statistical estimation error plays an important role 

in geotechnical reliability. In order to examine the variability over an area, the 

classical statistical method relies upon analysis of the variance which quantifies the 

variability without regard to direction. Generally, the sample size necessary to es

timate the mean within some specified confidence interval is calculated on the basis 

of a frequency distribution of the observations (Vieira et. a!., 1981). Regardless 

of the sampling plan, these methods provide an incomplete description of the vari

ability of the property since there is no link between the calculated variances and 

the distance between observations. In other words, a knowledge of the frequency 

distribution of the observations alone does not provide any information about the 

variability of the observations with respect to spatial locations. The spatial variabil

ity of a soil parameter given in terms of the position coordinates provides additional 

characterization not derived from the frequency distribution of observations alone. 
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The statistical treatment known as geostatistic8 provides the tools necesary for an 

adequate description of the spatial variability of a parameter as weli as an unbiased 

estimation of its value at unsampled locations. To do this only the coordinates 

of the sample locations are utilized and no knowledge of the theoretical frequency 

distribution is required. While the application of geostatistical techniques to typ

ical geotechnical problems that deal with a limited, small number of sample data 

points may be questionable, there are examples of its application in cases where 

large amounts of data are available from reliable sources. Such is the case for the 

present investigation. 

The theory of regionalized variables, which provides the foundation of the 

entire field of geostatistics, was discussed in chapter 2. The modelling of variograms 

is the first and most essential step in applying the technique of unbiased estimation 

or kriging. The kriging estimation requires adequate determination of the semi

variogram. The advantage of kriging over other interpolation methods is that the 

variance of the error of estimation can itself be estimated, and interpolated values 

can therefore be used with a known level of confidence (Burgess and Webster, 1980). 

This technique can be appropriate for the study of the spatial variability of collapse 

and collpase-related soil parameters, which can then be estimated with known pre

cission within a study area. Since kriging is a weighted moving average process, the 

actual value at a given location could be slightly different from the estimated value 

due to the smoothing effect of kriging. 

This chapter deals with the modelling of variograms and the use of model 

as a tool to identify the degree of dependency of collapse and collapse-related soil 

parameters in terms of the distance between pa4's of observed points. Geostatistical 

methods take the advantage of this dependency, if indeed, it is shown to exist, in 

estimating the parameter at an unobserved location. The objective of this chapter 
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is to show the usefulness of geostatistical concepts to describe soil variability over 

large distances. 

Computation of a Variogram 

The application of geostatistics, to a large extent, depends on the adequacy 

of the estimation of the variogram. A considerable amount of computation is nec

essary to obtain an adequate estimate of the variogram because of the emperical 

and subjective nature of the estimation process. 

Theoretically, the variogram of Z(x) is defined by Knudsen and Kim (1978) 

as: 
1 

--r(h) = 2 Var[Z(x + h) - Z(x)] (5.1) 

The formal definition of the variogram is given by: 

--r(h) = 2~ iv[Z(x + h) - Z(x)]2 dx (5.2) 

where Z(x) is a particular parameter value at point x and Z(x + h) is the 

parameter value at a point located a distance h from x. The variogram --r(h) is 

a function in one, two or three-dimensional space and is a function of distance h 

between the points x and (x + h). Since a variogram is a vector function, compu

tations must be performed for each specific direction. In choosing the direction a 

spread in degrees must be allowed through which the assay data be accepted. This 

allowable spread or tolerance is required, because the data points do not always lie 

on a regular grid. Fig. 5.1 shows a hypothetical data points through which a regular 

grid has been overlayed. Computation of variogram in specific direction is made 

taking the pair of data points whose angle a are less than the specified tolerance 

value, ±tJ. 



126 

0 
0 0 

0 0 
0 

l6:" ~ ~ 0 

~ 0 

0 
0 

0 
0 

0 

0 0 

-
0 

0 0 

0 
0 0 

0 0 

0 

0 b 0 0 

0 

0 
0 

Fig. 5.1. Hypothetical Data Points illustrating the use of Tolerance on Angle during 
Variogram Computation 



127 

In practice, variograms are computed using a discrete number of points 

obtained from the tolerance. Therefore Eqn. (5.2) can be written as: 

(5.3) 

with Nh pairs of samples, each being separated by h. It is assumed that all these 

samples lie on a straight line, along which the computation is being performed. 

The basic unit h, used for the interval in Eq. (5.3) is known as the class size. A 

tolerance on the class size is also required so that data points closer to one class 

interval than another can be considered during computation. For example, if the 

class size is 10 and the tolerance is 5, then any pair of data points whose distance is 

o to 10 units are included in the computation. Any intermediate points are shifted 

to either 0 or 10 depending upon their closeness to 0 or 10 and the tolerance value 

5. After computing the 1(h) value for the first class size i.e. 10 the next clas size 

of 20 (2 X 10) is used to obtain pairs of data points whose distances fall between 10 

and 20. The 1(2h) value is then computed using these pairs and so on. In practice, 

the computation is rarely carried out beyond the half the extent of the data set as 

the class size. The following numerical example elaborates the way variograms are 

computed. 

Example of Variogram Computation: Fig. 5.2 shows a small project area 

for which the SPT (Standerd Penetration Test: Number of blows required to drive 

a specially made 2 inches diameter hollow rod (split spoon) in to ground for 7th 

to 18th inch of penetration under the blowing action of a 140 lbs. weights faIling 

freely for a distance of 30 in.) To simplify the computations the sample locations 

are assumed to be on a uniform grid with a mesh of 10 units. The variogram will 

be computed in the four directions indicated by at, a2 ,aa and a" that correspond 

to E-W, N-S, SE-NW and NE-SW directions respectively. To compute the sample 
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Fig. 5.2. Small Project Area Showing SPT values to Compute Variograms. 
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variogram for the E-W directions Eq. (5.3) is used. Since all the data points lie on 

a straight line, the angle tolerance in this case is zero and the distance tolerance is 

not used. Then for h=10 

"Y(10) = 2(~2) [(Xl - X2)2 + (X2 - X3)2 + ... + (X14 - XI5)2] 

= 2
1
4 [(20 - 22)2 + (22 - 24)2 + ... + (16 - 20)2] 

= 19.5 

for h=20 

"Y(20) = 2~) [(Xl - xa)2 + (X2 - X4)2 + ... + (X13 - XI5)2] 

1 . 
= 18 [(20 - 24)2 + (22 - 10)2 + ... + (10 - 20)2] 

= 72.44 

Similar calculations can be made for other values of h such as h=60. It should be 

noted that as h increases the number of pairs decreases, thus the reliability of the 

variogram decreases. 

Similar calculations can be made for each direction with a sample variogram 

for each direction. For directions aa and a4 the distances are multiples of hy'2. 

Several computer programs have been developed (Journel and Huijbregts, 1978; 

David, 1977 and others) to carry out these computations for large data sets. The 

directonal variograms are used to detect the presence of anisotropies. In many 

instances isotropy is assumed and average variogram is utilized. 

For data points not on a regular grid the distance tolerance shifts them to 

the regular grid choosen by the lag distance h. By increasing the angle (window) 

tolerance more data points can be included in the computation. Increasing the 

window provides more sample pairs during variogram computation. When the 

window is increased by as much as ±90o
, it is possible that the number of sample 
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pairs exceeds the total number of samples. Such a variogram shows the general 

characteristics of the variogram to be modeled. For insufficient data this may be 

the only variogram possible to compute. 

Modelling of Variograms 

The first step in variogram modelling is to define the purpose of the eval

uation. This must be done in order to decide which variables are' of interest. In 

this study the purpose, as mentioned earlier, is to determine whether collapse and 

collapse-related soil parameters have any particular structure. The variogram is 

utilized to estimate the parameters at unsampled locations and to produce a prob

ability contour plot using indicator kriging. 

The variables of interest are all the collapse and collapse related soil pa

rameters as listed in Table 1.1. Representative variograms will be obtained for all 

these parameters. However, the full description of the procedures of modelling a 

variogram will be limited to a single parameter. 

Determination of Zones and Class Size: The entire study area has been di

vided in to six zones by considering the area to consist of a layered system as shown 

in Table 1.1. Each data set (1-6) corresponds to a layered zone. This subdivision 

allows the problem to be considered as two-dimensional. Thus the computations 

are simplified without any loss of the practical aspects of the problem. In fact, it is 

quite natural to consider any soil deposit as a layered system, because layering usu

ally occurs during soil formation in depositional environments such as the Tucson 

Basin. 

All of the geostatistical computations Picluding variogram estimation and 

kriging were performed by using the program BLUEPACK. It is necessary to decide 

which parameters are t<l: be incorporated in the computation. For this study the 
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most important are direction, window size and class interval. Sample variograms 

were computed for all four directions. The average variogram was- also computed. 

A value of 45° was chosen for the window to investigate whether or not any kind of 

structure exists. It is not recommended to proceed with the variogram development 

effort if the average variogram exhibits a total lack of any structure. Choosing a 

suitable class interval or lag is necessary since the data points are not on a regular 

grid as can be seen from Fig. 5.3 through 5.9. These Figures show the available 

sample points at each depth (zone) in the x - y plane with origin (0,0) at Broadway 

Road and Stone Avenue (Fig. 1.3). A trial and error procedure is the only way, at 

least for the time being, to select a distance class size. Poor variogram is commonly 

obtained with the initial trial. This may also occur after the final stage as shown 

in Fig. 5.10. This may be a consequence of choosing a wrong class size or too fine 

a subdivision of the area for the amount of available data. Since the modelling of a 

variogram is in part an art requiring some subjective judgement, multiple trials are 

usually necessary in order to obtain a satisfactory variogram. 

In this study the shape of the function that corresponds to an appropriate 

theoretical function was of primary interest. The important parameters for this 

function are the range of influence, a, and the sill C. Several class sizes were tried 

in order to obtain a reasonable sample variograms. For example, Figs. 5.11 and 

5.12 show two variograms, one with a lag of 4.0 and the other with a lag of 10.0. It 

is seen that a spherical model is more appropriate for the graph in Fig. 5.12 than 

for the one in Fig. 5.11. The first plotted point in Fig 5.12 is obtained fron 195 

data pairs and the second point from 777 data pairs. The first point was neglected 

in this case and a spherical model was fitted. In Fig. 5.11 even the first few points 

were neglected only the pure nugget effect model appears to give a good fit. A 

lag of 10.0 was utilized for the computation of the variograms for the selected soil 

parameters. 
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Figs. 5.13 through 5.18 show the variograms for parameters Cp , ''Yd, no,80, 

wo, and eo respectively of data set 5. Figs. 5.19 to 5.21 show variograms for PL, 

R and --!' _respectively of data set 7. In several cases a pure nugget effect model :Was 
obtained indicating a complete lack of geologic structure. Figs. 5.22 and 5.23 sho~ 

two such models for the parameter eo and no of Data Set-6. 

Searching for Anisotropy: Variograms were calculated in all four directions 

for all the parameters. An example of variograms for all four directions obtained 

by the use of the program BLUEPACK is shown in Fig. 5.24. Although it is very 

likely that an anisotropy is present as indicated by the difference in geometry of the 

variogram, the directional variograms were combined in to an average variogram 

because of the poor directional variograms obtained in almost all cases and in all 

directions as seen in Fig. 5.24. 

Fitting a Theoretical Variogram Model 

The final step in the modelling of variograms is to find the theoretical model 

that best describes the experimental variogram. Choosing a theoretical model and 

estimating its parameters are generally done subjectly. In geostatistical literature, 

it is found that the choice is often limited to linear or spherical models, with a 

spherical model being the most common. 

Fitting and subsequently using a model are usually done arbitrarily. This 

does not alter the results of the geostatistical claculations. What is important is 

that the choosen theoretical model ry(h) should be a good fit to the experimental 

semi-variogram within the model's limits of reliability (Journel and Huijbregts, 

1977). 

As was the case for the computation of variograms, there is no unique 

technique or method for fitting a theoretical model to a region identified by a set 
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of experimental variograms. The choice of a theoretical model is generally made 

by exainining the experimental variogram and taking in to account the fact that 

variogr!,-xPs are subject to significant fluctuations at large distances. 

It must be realized that the true variograms of a soil deposit can never b.e 

known, but it is expected that the experimental variograms will reflect the under

lying theoretical variogram. Since most of the experimental variograms could be 

approximated by a spherical model, such a model was fitted to all the computed 

variograms. The fitting procedure was the same as that described in Chapter 2. 

Theoretically, the selected model can be fitted using a least squares method, 

but this does not ensure an optimal selection. According to David (1977) a visual 

fit by hand is usually sufficient and may be preferable. If least squares fitting is 

used, weightings must be used. 

Verification of the Model: Fitting a theoretical model to an experimental 

variogram is simple if the experimental variogram is well behaved. However, in 

some cases, it is difficult to find a model that provides a good visual fit to the 

experimental variogram. 

The geostatistical procedure used to test the validity of the selected model 

is known as Cr088 Validation. In this procedure, each known data point is estimated 

by kriging using only the su.rrounding data points. The error of estimation is then 

calculated. This procedure is repeated varying the model parameters. The model 

that gives the minimum error in several scores is considered to be the best model. 

If the variogram model choosen is close to the true but unknown model then, the 

mean error of estimation [Z(Xi) - Z· (Xi)] should be small. Similarly, the estimation 

variancf;! 
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should be close to 1. For a perfect model, the mean error of estimation must be 

zero. This procedure is relevant in part because the kriging estimation is exact . 
. 

Table 5.1 illustrates how the parameters of the spherical model are selected. 

The Table provides a part of the summary of cross validation results of "Yd(Data 

Set-1) for five different sets of parameters for a spherical model. In practice it is 

difficult to satisfy all the requirements mentioned above and it has been found that 

when one parameter approches, the others deviate from the criteria. Therefore the 

parameter (Z· - Z) has been selected for the verification of model parameters. It 

is clear from the Table that the fifth model is the best model as is evidenced by 

minimum error of estimation. 

The key parameters of the selected spherical model with the cross-validation 

results are presented in Table 5.2 for all data sets. The nugget value (Co) which 

is the estimate of "Y at h=O, provides an indication of short distance variation 

and is a characteristic with particular parameters. The greater the value of Co, 

the greater is the variance of the data set. For example, the value of Co for the 

parameter Cp varies from 11.0 to 100.0 indicating higher variability at depth 3.0-4.0 

and so on. Some of the models show a pure nugget effect indicating lack of spatial 

correlation. The range a of the variogram can be interpreted as the diameter of the 

zone of influence which represents the average maximum distance over which a soil 

property is spatially related. At distances less than the range, mel!.Sured properties 
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Table 5.~ ~xample Illustrating Verification of Model Parameters by Cross-Validation 

Model Parameter Nugget Range Sill Mean Error 
No. Z Co a C (Z· - Z) 

1 100.0 15.0 120.0 -0.06810 

2 100.0 15.0 115.0 -0.06329 

3 'Yd 100.0 15.0 110.0 -0.05816 

4 100.0 12.5 125.0 -0.08512 

5 100.0 20.0 110.0 -0.00492 



~Table 5.2 Parameters of Sph~rical Models Fitted to Each Data Set 

Data Parameter Nugget Range Sill Mean Error 
Set Z Co a C (z* - z) 

Cp 30.0 20.0 45.0 0.0045 

'Yd 100.0 20.0 110.0 -0.0049 
no 38.0 25.0 45.0 -0.0061 

1 So 185.0 12.5 120.0 -0.0157 
Wo 0.0015 20.0 0.0018 0.0003 
eo 0.073 - - -
Cp 18.5 - - -
'Yd 80.0 35.0 100.0 0.0057 

2 no 32.4 35.0 45.0 0.0125 
So 102.0 30.0 148.0 0.0576 
Wo 0.002 25.0 0.0025 0.0002 
eo 0.042 30.0 0.053 0.0000 
Cp 13.0 25.0 16.0 -0.0039 
'Yd 85.0 45.0 140.0 0.0356 
no 40.0 35.0 57.5 0.0246 

3 80 155.0 - - -
Wo 0.0021 40.0 0.0029 0.0011 
eo 0.047 30,0 0.065 0.0006 
Cp 14.0 20.0 17.0 0.0356 
'Yd 85.0 27.0 120.0 -0.0793 

4 no 40.0 27.5 65.0 0.0915 
80 140.0 12.0 170.0 0.0896 
Wo 0.005 - - -
eo 0.09 17.0 0.12 0.0070 

Contd ..... . 
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Table 5.2 Contd ...... . 

Model Parameter Nugget Range Sill Mean Error 
No. Z rr a C (Z· - Z) vo 

Cp 100.0 20.0 175.0 0.0557 
"'Id 70.0 25.0 105.0 -0.3190 
no 35.0 30.0 50.0 0.1769 

5 80 130.0 20.0 162.0 0.0293 
Wo 0.0016 25.0 0.0028 0.0002 
eo 0.04 25.0 0.06 0.0061 
Cp 11.0 30.0 16.5 0.0970 
"'Id 150.0 - - -

6 no 75.0 - - -
80 150.0 20.0 350.0 -0.1433 
Wo 0.05 25.0 0.08 -0.0015 
eo 0.11 - - -
Cp 23.0 20.0 27.0 0.1363 
"'Id 110.0 - - -
no 45.0 - - -
80 140.0 35.0 200.0 0.0258 

7 Wo 0.005 - - -
eo 0.07 - - -
PL 27.5 25.0 52.0 0.0007 
R 0.11 12.0 0.16 -0.0037 
A 21.0 20.0 35.0 -0.0041 
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of two samples are more alike with decreasing distance between them. Thus the 

range provides an estimate of areas of similarity. 

~he zone of influence for each soil property is seen to vary approximatelY 

20 to 30 cm. on the scaled distance from the map (Fig. 1.1) used in this studl:. 

This corresponds to an actual distance of 5.5 to 8.0 miles. This distance is large 

relative to the distances over which soils are us ally sampled for laboratory tests for 

a particular project. On the average, this distance also represents the minimum 

distance at which maximum variation occurs. 

The above discussion suggests that geostatistical concepts can be success-

fully applied to the study of collapse and collapse-related soil parameters in Tucson. 

The spherical model was found to be appropriate for most of the parameters. The 

following section describes how the model parameters can be used for linear esti-

mation of a given property at an unsampled location. 

Ordinary Kriging 

Spatial dependence between neighboring observations is expressed by the 

semi-variogram function, 

(5.4) 

and estimated by the function: 

N" 
,. (h) = 2~h ?=[Z(x + h) - Z(x)]2 

.=1 
(5.5) 

These functions have been investigated for all available parameters. The experi

mental variogram of most of the parameters can be fitted by a spherical model with 

range a, sill C, and a nugget value Co. Measurements separated by distances smaller 

than the range are spatially correlated. For some parameters the variogram shows 
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complete discontinuity at the origin resulting in a pure nugget effect. This behavior 

corresponds to a total lack of any geologic structure over the spacing interval mea-
- - -

sured. Ji'qr these parameters the kriging techniques are not more advantageous than 
--

other estimation techniques available. Additional data points at closer spacing may 

show some adequate structures. For those parameters exhibiting a spatial structure 

at the available sampling spacing, kriging can be used to estimate values at any 

desired point within the region using the initial set of observations. 

The ordinary kriging system of equations given by Eq. (2.33) can be written 

in terms of the variogram function 'Y(h) as: 

n 

L ~i'Y(Xi - Xi) + 1m = 'Y(xo - Xi) (5.6a) 
i=l 

(5.6b) 

This system of equations consists of (n+1) linear equations and (n+1) unknowns (n 

weights, ~i' and Lagrange parameter, 1m). This system of equations can be written 

in matrix notation as: 

AX=B (5.7) 

where, 
'Y(Xt,XI) 'Y(X:l, Xl) 'Y(Xn, Xl) 1 
'Y(xt, X:l) 'Y(X:l, X:l) 'Y(Xn.X2) 1 

A= (5.7a) 

'Y(XI,Xn) 'Y(X:l,xn) 'Y(xn,xn) 1 
1 1 1 0 

'Y(XI, XO) 
'Y(X:l, xo) 

B= (5.7b) 
'Y(xn, xo) 

1 



and 

X= 

An 
1m 

The solution of the equation AX = B is of the form: 

where 

The estimation at an unknown location is 

and the minimum estimation variance or kriging variance uk is given by 

n 

uk = 1m + L Ai1(Xl, XO) 
i=l 
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(5.:7~ 

(5.8) 

(5.9) 

A numerical example is presented here to show how Zo and uk are obtained (Myers, 

1985). 

Considering the geometry of the problem as in Fig. 5.25; the value of 

parameter Z is required at the point shown. The problem is then to estimate Zo 

for a lag of 20 with a linear model given by: 

'Y(h) = 7.8 [0.4 + 06 4~0] for h < 400 

=0 for h ~ 400 

From the lag distance and the given mode,l each element of matrix A can be cal

culated as follows: 
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r- 20+ 20-l • • • 
Zl Zo Z2 

? 

Fig. 5.25. Geometry of a Hypothetical Problem to Estimate Unknown Value by 
Kriging. 



Then 

. [40] "Y(XI, X2) = 7.8 0.4 + 0.6 400 

= 7.8[0.46] 

= 3.588 

"1("''''''0) = 7.8 [0.4 + 0.6 :O~] 
= 7.8[0.43] 

= 3.354 

AX=B 

[ ~:~~~ ~:~~~ ~:~~~] [~~] = [~:~~:] 
1.000 1.000 0.000 1m 1.000 

The solution to these equations can be easily obtained as 

XT = [0.5,0.5,0.0] 

Therefore from Eq. (5.8) 

i.e., 

z~ = 0.5Z1 + 0.5Z2 

and from Eq. (5.9) 

= 0.0 + 0.5 x 3.354 + 0.5 x 3.354 

= 3.354 

159 

Thus the .estimation at the required point is obtained with known estimation vari

ance and therefore can be applied to practical problems with known confidence. 
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When the number of available measurements n is not too large, matrix [A] 

is the same regardless of the position of the point, Xo, to be estimated. However, 

the matrix [B] changes for every location. Therefore, only one inversion of matrEc 

[A] is necessary to obtain weights Ai and lm in order to estimate any number Qf 

values within the area. In cases where n is "large" and the distance b~yond which 

the variogram is not known is smaller than one-half the largest distance of the area, 

an estimation neighbors, i.e. number of samples to be considered in the estimation 

process, must be selected. Kriging estimations are made for each . locations, Xo, 

taking in to account only the neighboring point located inside a circle of a given 

radius. This is the case for the present investigation. 

One advantage of kriging over other interpolation methods is that the es

timation variance can be calculated before the actual sampling is made. The esti

mation variances depend on the semi-variogram and the configuration of the data 

points in relation to Xo. They do not depend on the observed value Z (Burgess and 

Webster, 1980). Therefore, if the variogram is known for a given soil property on a 

particular location, sampling intervals for the desired variance of estimation can be 

selected before actual samples are taken at the site. 

Presentation of Results 

The mechanism by which an interpolated surface is displayed is essentially 

a separate problem from that of interpolation itself, especially if the display is to 

be produced on an automatic plotter. In most automatic contouring systems a fine 

grid of values is generated to represent the surface, usually by methods that are not 

optimal. For example in the program SURFACE II (Sampson, 1975) contour lines 

are laced through grids by linearly interpolating between grid nodes. The points 

where a contour line of specified value crosses the edge of a grid cell is located in 
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this way. The string of successive X and Y coordinates of these intersections define 

the contour line to be drawn. Figs. 5.26 through 5.31 show the contour plots of 

Cp , 'Yd,-nO, 80, wo, and eo of Data Set-2 as obtained from program SURFACE_,ll 
, . ' 

(Sampson,1975). Areas where no points are available can be easily detected fro~ 

these figures and can be planned to estimate using kriging technique. Figs. 5.32 

through 5.34 show similar plots for R, A and PL of Data Set-7. 

Results of ordinary kriging with known variance of estimation have been 

obtained by the use of BLUEPACK. All contour plots were generated from 1763 

points estimated by kriging on a (2 x 2) grid system. The choice of a 2 x 2 grid is 

arbitrary. However, this grid size has been found to produce a satisfactory contour 

plot for the scale used, because the contour plot is largely dependent on the size of 

the contour interval which is also dependent on the actual scaled dimension of the 

ordinates. In addition to parameters R, A and PL of Data Set-7, one parameter 

from each data set has been selected for presentation. Figs. 5.35 to 5.37 show 

the contour plots of the estimated values and their associated kriging variance for 

the parameters R, A and PL. Figs. 5.38 to 5.43 show similar contour plots of the 

selected parameters Cp , 'Yd, eo, no, 80, and Wo of Data Set-1 through Data Set-6 

respectively. If the critical values are known, areas containing high, medium or 

low collapse-susceptible soils can be obtained from these contour plots with known 

confidance. 
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Fig. 5.26. Contour Plots of Available Values for Cp of Data Set-2. 
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Fig. 5.27. Contour Plots of Available Values for "fd of Data Set-2. 
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Fig. 5.28. Contour Plots of Available Values for no of Data Set-2. 



165 

50 

40 

30 

20 

10 
~ 

0 
0 

- 1 0 

- 2 0 

-30 

-20 - 1 0 0 10 20 30 40 

Fig. 5.29. Contour Plots of AV,lI.ilable Values for "0 of Data Set-2. 
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Fig. 5.30. Contour Plots of Available Values for Wo of data Set-2. 
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Fig. 5.31. Contour Plots of Available Values for eo of Data Set-2. 
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Fig. 5.32. Contour Plots of Available Values for R of Data Set-7. 
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Fig. 5.33. Contour Plots of Available Values for A of Data Set-7. 
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Fig. 5.34. Contour Plots of Available Values for P L of Data Set-7. 
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(a) 

Fig. 5.35. Contour Plots of a) Estimated Values and b) Asso~iated Kriging Variance 
for R of Data Set-7 by Ordinary Kriging. 
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Fig. 5.35. Contour Plots of a) Estimated Values and b) Associated Kriging Variance 
for R of Data Set-7 by Ordinary Kriging. 
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(a) 

Fig. 5.36. Contour Plots of a) Estimated Values and b) Associated Kriging variance 
for A of Data Set-7 by Ordinary Kriging. 
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Fig. 5.36. Contour Plots of a) Estimated Values and b) Associated Kriging variance 
for A of Data Set-7 by Ordinary Kriging. 
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Fig. 5.37. Contour Plots of a} Estimated Values and b} Associated Kriging Variance 
for P L of Data Set-7 by Ordinary Kriging. 
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(b) 

Fig. 5.37. Contour Plots of a) Estimated Values and b) ABBoci~ed Kriging Variance 
for P L of Data Set-7 by Ordinary Kriging. 
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(a) 

Fig. 5.38. Contour Plots of a) Estimated Values and b) Associated Kriging Variance 
for Cp of Data Set-l by Ordinary Kriging. 



178 

(b) 

Fig. 5.38. Contour Plots of a) Estimated Values and b) Associated Kriging Variance 
for Cp of Data Set-l by Ordinary Kriging. 
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Fig. 5.39. Contour Plots of a) Estimated Values and b) Associated Kriging Variance 
for ''Yd of Data Set-2 by OrdinarY Kriging. 
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Fig. 5.39. Contour Plots of a) Estimated Values and b) Associated Kriging Variance 
for "Yd of Data Set-2 by Ordinarx Kriging. 
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Fig. 5.40. Contour Plots of a) Estimated Values and b) Associated Kriging Variance 
for eo of Data Set-3 by Ordinary Kriging. 
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Fig. 5.40. Contour Plots of a) Estimated Values and b) Associated Kriging Variance 
for eo of Data Set-3 by Ordinary Kriging. 
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Fig. 5.41. Contour Plots of a) Estimated Values and b) Associated Kriging Variance 
fet: no of Data Set-4 by Ordinary Kriging. 
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Fig. 5.41. Contour Plots of a) Estimated Values and b) Associated Kriging Variance 
for no of Data Set-4 by Ordinary Kriging. 
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Fig. 5.42. Contour Plots of a) Estimated Values and b) Associated Kriging Variance 
for 80 of Data Set-5 by Ordinary Kriging. 



SO 

40 

30 

20 

10 

0 

- 1 0 

-20 

-3C' 

0 

-30 

(b) 

D 

V 

186 

'- --

Fig. 5.42. Contour Plots of a) Estimated Values and b) Associated Kriging Variance 
for 80 of Data Set-5 by Ordinary Kriging. 
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Fig. 5.43. Contour Plots of a) Estimated Values and b) Associated Kriging Variance 
for Wo of Data Set-6 by Ordinary Kriging. 
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Fig. 5.43. Contour Plots of a) Estimated Values and b) Associated Kriging Variance 
for Wo of Data Set-6 by Ordinary Kriging. 



CHAPTER 6 

ESTIM:ATION OF PROBABILITY DISTRIBUTION 

Various estimation te'chniques for estimating regionalized variables have 

been introduced in the geostatistical literature over the past 10 to 15 years. These 

can be broadly grouped into two estimation techniques, parametric and nonpara

metric. In parametric estimation, some assumptions concerning the distribution 

of the variable under study are made. Multi-gaussian Kriging (MK), Disjunctive 

Kriging (DK) and Lognormal Kriging (LK) are examples of parametric estimation 

procedures. All of these techniques share a distinct disadvantage in that the para

metric hypothesis which forms the basis of the techniques may not hold for any 

given application. Additionally there are no available statistical tests which can be 

utilized to investigate the validity of a multivariate distribution hypothesis. Thus it 

is possible that these techniques may be applied in instances which do not conform 

to the initial hypothesis. In those cases they will yield poor results. A further 

drawback of the parametric methods is that many practitioners find them difficult 

to comprehend and apply due to their mathematical complexity (Sullivan, 1984). 

NOll-parametric methods in contrast to parametric methods, require no 

assumptions concerning the distribution of the variable. The basis of these tech

niques is the indicator transform, which essentially transforms the variables at each 

location in to a distribution function. These transformed data can then be used 

to estimate the spatial distribution as well as the probability 'distribution of the 

variable within a region. In addition to not requiring any distribution hypothesis, 

nonparametric solutions are easier to obtain because the estimates are derived from 

solutions of linear kriging systems which are nearly identical to the ordinary kriging 

systems. 

189 
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. As indicated before, the main goal of the present investigation is to obtain 

the probability distribution of each collapse and collapse related parameter at its 

three pre~efined cut-off levels, i.e. at low, medium and high collapse susceptibility 

level. There are several geostatistical methods for estimating the probability distr~

butions. These are Multi-gaus~ian Kriging (MK), Disjunctive kriging (DK), Indica

tor Kriging (IK) and Probability Kriging (PK). MK is based on the assumption of 

multivariate normality after a transformation. DK is based on the hypothesis of bi

variate normality after an appropriate transformation. The requirement of bivariate 

or multivariate normality may not be satisfied for a specific application. Moreover 

these two methods are difficult to apply due to their mathematical complexity. on 

the other hand IK and PK are distribution-free methods and, being nonlinear in 

nature, they are, generally preferable to linear estimation techniques. When the 

distribution is skewed or has heavy tails (for example; lognormal, gamma), it is 

usually difficult to model the variogram. As a result, linear techniques are very 

poor for estimating the probability distribution. In light of these consideration, 

it was decided to use IK to estimate the probability distribution of collapse and 

collapse related parameters at different depths. 

Indicator Kriging 

The theory and development of non-parametric estimators of spatial distri

butions is similar to the theory and development of non-parametric estimators of 

the local mean value. The major differences betwen these two types of estimators 

are in the variables estimated and the types of data used. For the data set, at loca

tion Xh a random variable z(x) can be defined at each and every location, Xi, within 

the deposit. The set of these random variables may be called a random function. 

As a set of random variables, the random function expresses both the points and 

regional behavior of the v~iable of interest. At a given point in space, the random 
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function Z(XI) is a random variable z(x), but over a region, the random function 

incorporates the complete spatial correlation structure of any subset of the random 

variables.: Thus the random functions describes both the random and structurea. 

aspects of the variable of interest. 

For any kind of estimation, some knowledge of the spatial law of the random 

function is necessary before an optimal estima.tor can be defined. Since the data is 

from only one realization and since it is impossible to infer any property of a random 

function from a single realization, a stationarity assumption must be included in the 

model to allow inference of the properties of the random functions. Therefore, the 

type of stationarity invoked for non-parametric estimation of spatial distributions 

is stationarity of the bivariate distribution of z(x) and z(x + h) for various values 

of the distance vector h, i.e. 

(6.1) 

One consequence of bivariate stationarity is that the bivariate distribution of two 

random variables z(xt) and Z(X2) depends on the magnitude of the vector h separat

ing these two random variables and not on the particular locations Xl and X2' This 

properties implies stationarity of the univariate distribution, i.e. the random vari

ables representing the variable of interest of each particular location Z(XI), Z(X2), 

... , z(xn) are identically distributed, non-independent random variables (Sullivan, 

1984). 

With the stationarity of the bivariate distribution established, non

parametric estimators of the probability distribution can be developed. 
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The Indicator Function 

-The spatial distribution of a random variable on a point support within a 

region :A: can be defined mathematically as: 

4>(A, zc) = : f i(x, zc) dx JZeA 

. -- -

(6.2) 

where 4>(A, zc) is the spatial distribution of point values within the region A for 

cut-off Zc (Le. the proportion of point values within region A less that zc), and 

i(x, zc) is an indicator defined as: 

z(x) < Zc 
z(x) > Zc 

z(x) is the observed value at location x and Zc is the cut-off' value. 

(6.3) 

The spatial distribution 4>(A, zc) can be considered as a realization of a random 

variable ~(A, zc), where ~(A, zc) is the following integral transform of the random 

variable z(x). 

~(A, zc) = : f I(x, zc) dx JzeA 
where I(x, zc) is the indicator random function defined as: 

{ 
1 if 

I(x, zc) = 0 if 
z(x) < Zc 
z(x) > Zc 

The expected value of this random variable can be determined as: 

E [~(A,zc)] = : E [leA I(x,zc) dX] 

= ! f E [I(x, Zc)] dx JzeA 

E [~(A, Zc)] = : f [(1)Pr(z(x) < Zc) + (O)Pr(z(x) > Zc)] dx JZeA 
= Pr [z(x) < Zc] 

= F(zc) 

from stationarity of z(x) 

(6.4) 

(6.5) 

(6.6) 

(6.7) 
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where Pr(z(x) ~ zc)= Probability that z(x) < Zc abd F(zc)=Stationary univariate 

cumulative distribution function. 

The spatial distribution function defined as <p(A, zc) can thus be seen as a realization 

of a random function 4.)(A,zc), whose expected value is equal to the value of-th_e 

stationary univariate cumulative distribution function F(zc). The distribution of 

indicator variables at sampled points, i(x, zc), will be the same with only two values, 

o and 1. If the observed value is less than the cut-off value, the indicator variable 

will be 1, otherwise, it will be o. It is clear that the indicator variables i(x, zc), 

will change as the cut-off value increases, more samples are below the cut-off value, 

therefore , the more and more indicator variables have the value 1. 

The distribution of indicator variables is called the Bernoulli distribution 

and is similar to that given in Eq. (6.7). It can be shown that the expected value 

E[i(x,zc)] = (1)Pr{Z(x,zc) ~ z} + (O)Pr{Z(x,zc) > z} 

= F(zc) 

and its variance 

Var [i(x, zc)] = F(zc)([1 - F(zc))) 

Estimation of Cumulative Probability Function 

The purpose of transforming raw data in to indicator variables is to use the 

indicator variables to estimate the cumulative probability function <p(A, Zc. The 

<p. (A, zc) functions are built using the information from the indicator function. 

This function is the exact proportion of a variable z(x) below the cut-off value Zc, 

within any area A. If probability measure is used, the valueof <p. (A, zc) can be taken 

as the probability that an estimated parameter is below the cut-off values. 

The form of the estimator <p(A,zc), <p·(A,zc) is given by 

n 

<p·(A,zc) = L ~Q * i(xQ'zc) (6.8) 
01=1 
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with the constraint 

(6.9) 

for unbiai;edness, where Aor are different weights. 
-

Ordinary kriging approach can be used to find the weights in Eq. (6.8) using the 

indicator variables i(x, zc) and indicator variogram.. The final form of the estimator 

is: 

(6.10) 

The estimation variance of this estimator is: 

n 

ulk = Ci(A,A,zc) - L Aor * Ci(xor,A,zc) (6.11) 
or=1 

where 

C(A,A,zc) = E[~(A,zc) * ~(A,zc)] - [F(zc)]~ 

For each region 4>·(A,zc) is a function of the cut-off value Zc. If a series of ~ut

off values is applied, a series of estimates will be obtained. As the cut-off value 

increases 4>. (A, zc) increases, since the percentage of points below the cut-off grade 

is increased. Since 4>. (A, zc) is to be cumulative probability function the following 

order relations must be satisfied. 

i) 4>·(A,-oo) = 0 and 4>. (A, +00) = 1. 

ii) 0 < 4>. (A, zc) ~ 1 for all regions of A and for all cut-off values Zc 

iii) 4>*(A,zc) is non-decreasing, i.e. 4>·(A,zc) < q,·(A,z~), if Zc < z~ 

If either of the following occurs 

.i) q,·(A,zc) estimated by IK is decreasing, i.e. q,*(A,zc) > 4>·(A,z~), or 

ii) 4>·(A,zc) has negative values or values greater than 1, 
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the order relations are not satisfied. In short, if an estimated distribution has order 

relation problems it is not a valid distribution function. Whenever a order relation 

probleIII'occurs, one simple method of resolving it is to set tP·(A,z~) = tP·(A,zkLas 

shown in Fig. 6.1. 

Indicator Varlogram 

The indicator variogram. can be estimated by 

where Nh=number of pairs. 

The indicator variogram. can also be interpreted as a bivariate probability 

I"'fi(h, ze) = O.5{Pr [z(x) > Ze 

+ O.5{Pr [z(x + h) < 

and Z(x + h) < ze]} 

and z(x) > ze]} 

(6.12) 

(6.13) 

The indicator variograms "/i(h, ze) are estimated for each cut-off value obtained for 

low, medium and high collapse susceptibility criteria. Fig. 6.2 shows the indicator 

functions for the three cut-off values. Mathematically these functions (a), (b) and 

(c) can be expressed as: 

For high collapse susceptibility, 

{
I if Z 

i(x,z) = 0 if Z 

For low or non-collapse susceptibility, 

{
I if Z 

i(x,z) = 0 if Z 

For medium collapse susceptibility, 

> 
< 

ZeB 

ZeB 

< Zeb 
> Zeb 

i(x,z) = {~ if ZeB < Zee < 
otherwise 

(6.14a) 

(6.14b) 

Zeb (6.14c) 



-" 

, 

o 

------. c/>·(A,Zk) 

c/>·(A,z~) 

Z 

Fig. 6.1. Solving the Order Relations Problem. 
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.i(:c, Z) (High) 

1.0 - - - - - - - - - - - - - - - - - - - - - - - - -- - - '~~'7777.:"777)~ 

o Zc = ZCCl z 

(a) 

i(:c, z) 

(Low or Non) 

o Zc = Zcb z 

(b) 

i(:c, z) 
(Medium) 

1.0 - - - - - - - - - - --~777''''''''''-::~~~'"'11 

o Zcb Zc = Zcc 

(c) 
ZCCl 

Z 

Fig. 6.2. Indicator Functions for Different Cutoff Levels. 
a) High Collapsing (HC). 
b) Non Collapsing (NC). 
c~ ¥edium Collapsing (MC). 
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Table 6.1 gives the specific cut-off values for each parameter for each collpase cri

terion (R, Cp , A) and collapse-related parameter bd, eo, no, 80, P L) for the three 

differen-r collapse conditions used in this study (low, medium and high). The c~ity: 

cal values for parameters R, Cp and no were obtained from Sabbagh (1982). Other 

critical values were derived from a conventional volumetric-gravemetric relation

ships among the parameters. The critical values for water content, Wo could not be 

obtained from the other available values. Therefore a ratio of Wo to 80, designated 

as So, was used as a measure of its critical value. 

- Indicator variograms for each parameter were obtained for each cut-off level 

folowing the same procedure as is followed for ordinary variograms. The variograms 

are summarized in Tables 6.2 through 6.4. Data Set-l through Data Set-6 each have 

five parameters (Cp , "Id, no, So, eo). Data Set-7 has three additional parameters 

(R, A, P L). Two types of models were found to be appropriate for the parameters. 

The spherical model (Fig. 2.7; Eqn. 2.18) with range a, sill C and Nugget Co; 

and the pure nugget model (Fig. 2.6; Eqn. 2.17) with Nugget value Co. In some 

cases the calculated critical value falls too far from the available measured values. 

In such cases it is meaningless to compute the variograms. An example parameter 

is So as shown in Table 6.2 for all Data Sets except Data Set-I. 

Presentation of Results 

Equations 6.10 and 6.11 were used with the indicator variograms for critical 

values of low-, medium- and high-collapse to develop contour plots for each of the 

collapse criteria and collpase-related parameters. Table 6.5 presents a summary of 

all of the probabilistic analysis performed in this study from which contour plots 

could be developed. As shown in the table, there were seven data sets containing 

a minimum of five parameters each. The table indicates in the third column by 
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-Table 6.1. Critical Values for HC, NC and MC Soil Parameters 
. -"-

Parameters High Collapsing Non-Collapsing Medium Collapsing 
HC NC MC 

R ~ 1.4 < 1.0 1.0 < R < 1.4 

Cp (%) >5 <2 2 < Cp ~ 5 

no(%) ~45 < 40 40 < no < 45 

eo > 0.82 < 0.67 0.67 < eo < 0.82 

"fd, (pcf.) < 91.0 > 99.0 91.0 < 'Yd ~ 99.0 

So(~) > 0.308 < 0.253 0.253 < So < 0.308 

PL ~ 23 < 19 19 < PL < 23 

A eo> 0.67,A > -0.67 eo < 0.67,A < -0.67 -
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Table 6.2"ihdicator Variogram Model Parameters of All Data Sets at He Cut-off ievels 

Data Parameter Nugget Range Sill 
Set Z Co CI C 

Cp 0.18 30.0 0.26 
'Yd 0.21 20.0 0.24 
no 0.20 25.0 0.26 

1 So 0.18 - -
eo 0.19 30.0 0.25 
Cp 0.22 - -
'Yd 0.19 - -

2 no 0.22 - -
So - - -
eo 0.22 - -
Cp 0.18 15.0 0.24 
'Yd 0.16 15.0 0.19 
no 0.22 30.0 0.26 

3 So - - -
eo 0.22 30.0 0.26 
Cp 0.24 - -
'Yd 0.19 - -

4 no 0.17 40.0 0.26 
So - - -
eo 0.17 40.0 0.27 
Cp 0.18 20.0 0.22 
'Yd 0.16 - -
no 0.19 20.0 0.22 

5 So - - -
eo 0.18 20.0 0.22 
Cp 0.16 30.0 0.21 
'Yd 0.15 - -

6 no 0.22 - -
So - - -
eo 0.22 - -
Cp 0.22 25.0 0.25 
'Yd 0.18 20.0 0.25 
no 0.18 15.0 0.24 

7 So - - -
eo 0.17 20.0 0.24 
R 0.12 25.0 0.18 
A 0.12 25.0 0.18 

PL 0.11 25.0 0.22 
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Table 6.3 Indicator Variogram Model Parameters of All Data Sets at NC Cut-off Leyels 

Data PlIJ'lUlleter Nugget Range Sill 
Set Z Co a C 

Cp 0.15 22.0 0.22 
'1d 0.18 20.0 0.22 
no 0.07 20.0 0.12 

1 So 0.16 - -
eo 0.07 20.0 0.12 
Cp 0.18 - -
'1d 0.21 20.0 0.25 

2 no 0.13 40.0 0.18 
So 0.18 15.0 0.22 
eo 0.12 35.0 0.17 
Cp 0.21 - -
'1d 0.21 30.0 0.26 
no 0.14 40.0 0.27 

3 So 0.22 - -
eo 0.15 45.0 0.26 
Cp 0.24 - -
'1d 0.19 30.0 0.22 

4 no 0.17 30.0 0.24 
So 0.21 - -
eo 0.18 25.0 0.24 
Cp 0.21. - -
'1d 0.1~ 25.0 0.23 
no 0.10 30.0 Q.23 

5 So 0.21 - --
eo 0.10 30.0 0.2.' 
Cp 0.25 - -
'1d 0.20 - -

6 no 0.22 - -
So 0.22 - -
eo 0.22 - -
Cp 0.14 20.0 0.19 
'1d 0.16 20.0 0.24 
no 0.06 15.0 0.10 

7 So 0.14 25.0 0.19 
eo 0.07 15.0. 0.11 
R 0.17 20.0 0.26 
A 0.05 - -

PL 0.12 15.0 0.22 
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Table 6.4 Thdicator Variogram Model Parameters of All Data Sets at MC Cut-off Levels 

Data Parameter Nugget Range Sill 
Set Z Co a C 

Cp 0.14 30.0 0.17 
1d 0.18 15.0 0.22 
no 0.21 -

1 So - - -
eo 0.21 - -
Cp 0.19 15.0 0.22 
1d 0.21 - -

2 no 0.21 - -
So - - -
eo 0.21 - -
Cp 0.21 - -
1d 0.16 15.0 0.21 
no 0.17 20.0 0.21 

3 So - - -
eo 0.17 20.0 0.21 
Cp 0.20 - -
1d 0.20 - -

4 no 0.13 20.0 0.20 
So - - -
eo 0.13 20.0 0.20 
Cp 0.14 15.0 0.21 
1d 0.18 - -
no 0.18 - -

5 So - - -
eo 0.18 - -
Cp 0.21 - -
1d 0.05 15.0 0.10 

6 no 0.11 20.0 0.16 
So - - -
eo 0.11 20.0 0.16 
Cp 0.17 - -
1d 0.15 15.0 0.20 
no 0.16 20.0 0.22 
So 0.005 - -

7 eo 0.15 20.0 0.21 
R 0.17 20.0 0.26 
A - - -

PL 0.17 - -
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Table-&.5 Summa.xy of Probabilistic Analysis on all Data Sets at 3 Cut-off Lev~la 

Data Par. Indi. Vargr. Indi. Krig. Results 
Set Z HC NC MC HC NC MC HC NC MC 

Cp * * • * * * * • * 
'ld * * * * * * • * • 

1 no * * * * * * * * -
So * * - - - - - - -
eo • • • * * - • • -
Cp • • " - .. - - - -
'ld * • * - • - - - -

2 no * * * - * - - - -
So - • - - • - - • -
eo * * • - • - - - • 
Cp • • * • - - - - -
'ld >II • • * • * - - -

:I no * • * • * * - - -
So - • - - - - - - -
eo • * • * * • - - -
Cp • • • - - - - - -
'ld * * * - • - - - -

4 no * * * * • • - - -
So - • - - - - - - -
eo • • • • * • - - -
Cp * * * • - * - - -
'ld * * * - * - - - -

5 no * * * * * - - - -
So - * - - - - - - -
eo * * * * • - - - -
Cp • --. -. -. - - - - -
'ld • * * - - • - - -

6 no • • • - • - - - -
So - • - - - - - - -
eo • * * - - * - - -
Cp * * -. • • - - - -
'ld • * * • * * - - -
no * • • * • • - - -

7 So - • - - • - - - -
eo • • • • * • - - -
R • • • • • * • • • 
A * • - * - - • - -

PL • * • • • - * * -
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an asterisk that modelling of indicator variogram was done with these parameters 

for HC, NC and MC conditions. The asterisk in the fourth column indicates that 

the Indfcator Kriging (IK) technique was applied with the model to estimate .the 

probability contour plots with associated kriging variance. For parameters showing 

a pure nugget model, application of the kriging technique is not advantageous; 

therefore the absence of an asterisk indicates that no analysis was performed. Since 

presentation of all these contour plots would require an enormous amount of space, 

only results of selected cases have been presented here as indicated by the asterisk 

in the fifth column of Table 6.5. 

Figures 6.3 through 6.9 show the estimated probability contour plots (a) 

and their associated variance of estimation (b) for the parameters Cp , 'Yd, no and 

eo of Data Set-l and R, A and P L of Data Set-7 for high collapse (HC) criterion. 

The (a) part of these figures present probability contours. The probability shown 

is the probability that the value of the parameter is above or equal to the specified 

critical value for collapse in the case of high collpase susceptibility. Regions of highly 

collpase-susceptible soils within the top foot oh the surface can easily be detected 

from these plots. 

Similar plots for non-collapsing (NC) critical values are presented in Figs. 

6.10 through 6.13 respectively for Cp , 'Yd, no, eo of Data Set-I, in Figs. 6.14 and 

6.15 for R abd P L of Data Set-7 respectively, and in Fig. 6.16 for So of Data Set-2. 

In this case the probability shown is the probability that the value of the parameter 

is less than or equal to the specified critical value for collapse in the case of low 

collpase susceptibility. 

The results for the medium collapsing (MC) critical values are presented in 

Figs. 6.17 through 6.18 for the parameters Cp and 'Yd respectively of Data Set-I, in 

Fig. 6.19 for R of Data Set-7 and in Fig. 6.20 for eo of Data Set-2. In this case the 
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Fig. 6.3. Contour Plots of a) Estimated Probability and b) Associated Kriging 
Variance of Cp (Data Set-I) for HC by Indicator Kriging 
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Fig. 6.3. Contour Plots of a) Estimated Probability and b) Associated Kriging 
Variance of Cp (Data Set-l) for HC by Indicator Kriging 
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Fig. 6.4. Contour Plots of a) Estimated Probability and b) Associated Kriging 
Variance of 'Yd (Data. Set-I) for HC by Indicator Kriging 
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Fig. 6.4. Contour Plots of a) Estimated Probability and b) Associated Kriging 
Variance of 'Yd (Data Set-i) for HC by Indicator Kriging 
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Fig. 6.5. Contour Plots of a) Estimated Probability and b) Associated Kriging 
Variance of no (Data Set-I) for HC by Indicator Kriging 
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Fig. 6.5. Contour Plots of a) Estimated Probability and b) Associated Kriging 
Variance of no (Data Set-I) for He by Indicator Kriging 



211 

40 

.30 

20 

10 

o 

- I 0 

-20 

- 30 

-30 -20 -10 o .30 40 

(a) 

Fig. 6.6. Contour Plots of a) Estimated Probability and b) Associated Kriging 
Variance of eo (Data Set-1) for HC by Indicator Kriging 
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Fig. 6.6. Contour Plots of a) Estimated Probability and b) Associated Kriging 
Variance of eo (Data Set-I) for HC by Indicator Kriging 
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Fig. 6.7. Contour Plots of a) Estimated Probability and b) Associated Kriging 
Variance of R (Data Set-7) for HC by Indicator Kriging 
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Fig. 6.7. Contour Plots of a) Estimated Probability and b) Associated Kriging 
Variance of R (Data Set-7) for He by Indicator Kriging 
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Fig. 6.8. Contour Plots of a) Estimated Probability and b) Associated Kriging 
Variance of A (Data Set-7) for HC by Indicator Kriging 
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Fig. 6.8. Contour Plots of a) Estimated Probability and b) Associated Kriging 
Variance of A (Data Set-7) for He by Indicator Kriging 
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Fig. 6.9. Contour Plots of a) Estimated Probability and b) Associated Kriging 
Variance of P L (Data Set-I) for HC by Indicator Kriging 
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Fig. 6.9. Contour Plots of a) Estimated Probability and b) Associated Kriging 
Variance of P L (Data Set-I) for He by Indicator Kriging 
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Fig. 6.10. Contour Plots of a) Estimated Probability and b) Associated Kriging 
Variance of Cp (Data Set-1) for NC by Indicator Kriging 
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Fig. 6.10. Contour Plots of a) Estimated Probability and b) Associated Kriging 
Variance of Cp (Data Set-I) for NC by Indicator Kriging 
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Fig. 6.11. Contour Plots of a) Estimated Probability and b) Associated Kriging 
Variance of "Yd (Data Set-i) for NC by Indicator Kriging 
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Fig. 6.11. Contour Plots of a) Estimated Probability and b) Associated Kriging 
Variance of "tel (Data Set-I) for NC by Indicator Kriging 
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Fig. 6.12. Contour Plots of a) Estimated Probability and b) Associated Kriging 
Variance of no (Data Set-I) for NC by Indicator Kriging 
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Fig. 6.12. Contour Plots of a) Estimated Probability and b) Associated Kriging 
Variance of no (Data Set-1) for NC by Indicator Kriging 
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Fig. 6.13. Contour Plots of a) Estimated Probability and b) Associated Kriging 
Variance of eo (Data Set-l) for NC by Indicator Kriging 
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Fig. 6.13. Contour Plots of a) Estimated Probability and b) Associated Kriging 
Variance of eo (Data Set-I) for NC by Indicator Kriging 
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Fig. 6.14. Contour Plots of a) Estimated Probability and b) Associated Kriging 
Variance of R (Data Set-7) for NC by Indicator Kriging 
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Fig. 6.14. Contour Plots of a) Estimated Probability and b) Associated Kriging 
Variance of R (Data Set-7) for NC by Indicator Kriging 
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Fig. 6.15. Contour Plots of a) Estimated Probability and b) Associated Kriging 
Variance of P L (Data Set-7) for NC by Indicator Kriging 
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Fig. 6.15. Contour Plots of a) Estimated Probability and b) Associated Kriging 
Variance of P L (Data Set-7) for NC by Indicator Kriging 
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Fig. 6.16. Contour Plots of a) Estimated Probability and b) Associated Kriging 
Variance of So (Data Set-2) for NC by Indicator Kriging 
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Fig. 6.16. Contour Plots of a) Estimated Probability and b) Associated Kriging 
Variance of So (Data Set-2) for NC by Indicator Kriging 
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Fig. 6.17. Contour Plots of a) Estimated Probability and b) Associated Kriging 
Variance of Cp (Data Set-I) for MC by Indicator Kriging 
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Fig. 6.17. Contour Plots of a) Estimated Probability and b) Associated Kriging 
Variance of Cp (Data Set-I) for MC by Indicator Kriging 
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Fig. 6.18. Contour Plots of a) Estimated Probability and b) Associated Kriging 
Variance of "Id (Data Set-I) for MC by Indicator Kriging 
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Fig. 6.18. Contour Plots of a) Estimated Probability and b) Associated Kriging 
Variance of 'Yd (Data Set-l) for Me by Indicator Kriging 
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Fig. 6.19. Contour Plots of a) Estimated Probability and b) Associated Kriging 
Variance of R (Data Set-7) for MC by Indicator Kriging 
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Fig. 6.19. Contour Plots of a) Estimated Probability and b) Associated Kriging 
Variance of R (Data Set-7) for MC by Indicator Kriging 
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Fig. 6.20. Contour Plots of a) Estimated Probability and b) Associated Kriging 
Variance of eo (Data Set-2) for MC by Indicator Kriging 
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Fig. 6.20. Contour Plots of a) Estimated Probability and b) Associated Kriging 
Variance of eo (Data Set-2) for MC by Indicator Kriging 
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probability shown is the probability that the value of the parameter is greater than 

the specified critical value for low collapse susceptibility but less than the critical 

value for high collapse susceptibility. 

Results in the form of contour plots have been developed for the paramete~s 

of a data Set for which the parameters show some spatial structure other than the 

pure nugget model. As has been mentioned previously, in some cases the calculated 

critical values fall far below or above the available values and therefore it was not 

possible to compute a variogram (So of all Data Sets except Data Set-l and A of 

Data Set-)7. 

The contour plots give a probability measure and the associated variance 

of estimation helps to indicate how good was the estimation of the probabilities. 

Accurate estimation requires an accurate development of the variogram. 

The usefulness of the contour plots developed in this study is demonstrated 

by a numerical example Fig. 6.21(a) shows the estimated probability contours of 

Cp (Data Set-I) for high collapsing. Overlaying the City Map indicates that the 

60-80% probability contours (shaded area) passes around the "SUNBELT" and 

the area adjascent to the Santa Cruz River. This sugests that there is 60-80% 

probability that the value of Cp at 0 to 1 ft. depth within this area is a.bove the 

high collapsing critical value of Cp as listed in Table 6.1. . 

Associted with this estimation is the estimation variance as shown in Fig. 

6.21(b). This figure indicates how good were the estimation of the probabilities 

shown in Fig. 6.21(a). The variance is seen to have a narrow range and lies be

tween 0.5 and 0.6. As such it can be considered as a moderate value. The accuracy 

of the estimation depends largely upon the accurate development of the variogram. 

As was discussed in the previous chapters the development of the variogram involves 

subjective evaluations and is not done by theoreticaly rigorous analysis, improve

ment in the value can be obtained by treating each parameter separately. 
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Fig. 6.21. Example of Use of a) Probability Plot to Determine Zone Where 
Probability of Encountering Soils Having High Collapse Within Top Foot 
is Between 60-80% with b) Variance of the Estimation of Probability 
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Fig. 6.21. Example of Use of a) Probability to Determine Zone Where Probability 
of Encountering Soils Having High Collapse Within Top Foot of Surface is Between 
60-80% with b) Variance of Error of the Estimation 
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A better and more accurate picture of the probabilities can be obtained 

by having the data plotted for closer probability intervals. To develop such plots 

would require either larger size paper or enlarging small scale plots to a suitable 

scale. By combining the three (low, medium and high) probability contour plots A 

complete and clear understanding of the collapse-susceptibility can be obtained for 

all depths and each separate region of Tucson. 



CHAPTER 7 

CONCLUSIONS AND RECOMMENDATIONS 

Statistical as well as geostatistical techniques were applied to collapse and 

collapse-related soil parameters of Tucson with a view to understanding their extent 

and the nature of their variability, to model associations among the variables, to 

investigate the structure of spatial dependency, and to estimate the probability that 

certain parameter is above or below a critical value. Based on the analytical inves

tigation, the following conclusions and recommendations regarding the collapsing 

soil parameter of Tucson can be drawn. 

Conclusions 

1. The data base created with collapse and collapse-related soil parameters 

can be utilized for information and further investigations. 

2. The statistical parameters for all the variables considered in the analysis 

manifest high dispersion tendencies as is expressed by the high values of the co

efficient of variation (cov). The value of the cov was found to increase with depth. 

The variations of cov with depth were best modelled as linear for eo, ''(d, Wo and no 

and were non-linear for Cp and 80. 

3. The frequency histograms for all parameters indicated peaked distribu

tions with skewness either to the left or right. 

4. In an attempt to fit a theoretical distribution to each parameter, it was 

found that the distribution for all parameters except "Id and no were closely approx

imated by the Gamma distribution function. The distributions for the parameters 

"Id and no were found to follow Weibull distribution function. 
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5. All parameters were regressed with depth using a polynomial model 

to obtain a higher order equation that takes non-linearity within the profile into 

account. It was observed from these equations that higher order terms had a very 

insignificant contribution to the variation and could be ignored. 

6. A stepwise regression analysis of collapse parameter, Cp revealed it to be 

significantly correlated with 'Yd and woo A similar analysis on the Gibbs Parameter 

R revealed a stong correlation between it and A, PL, and 'Yd. 

7. Use of factor analysis enabled to reduce the number of variables to two 

independent parameters that describe approximately 80% of the variation encoun

tered in the data. A good estimate of the variation of collapse susceptibility can 

be obtained from the two collapse-related parameters, the dry unit weight, 'Yd and 

degree of saturation, So. This validates the earlier findings revealed by regression 

analysis. 

8. The principles of Geostatistics can be applied successfully to geotechnical 

problems where large amounts of data are available from a reliable source. 

9. Geostatistics is a valuable tool for characterizing and modelling the 

spatial variability of geotechnical parameters. 

10. The collapse and collapse-related soil parameters can be considered as 

regionalized variables having spatial structures that can best be fitted by a spherical 

model variogram. The range of influence of the structure varied from 5.5 to 8.0 miles. 

This distance is large relative to the usual distances over which soils are sampled. 

Therefore the application of geostatistical concepts for estimation of collapse and 

collapse-related soil parameters is justified. 

11. The method of Ordinary Kriging provides a means for estimating soil 

properties at an unsampled location with known variance of estimation. Therefore 

it can be applied to estimate any collapsing soil parameter of Tucson with a certain 

degree of confidence. 
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12. The method of Indicator Kriging provided a means whereby plots 

have been developed that contain contours of probability that certain collapse and 

collapse-related parameters are below or above predetermined critical values for low, 

medium and high collapse susceptibility. Such plots with their estimation variance 

are presented for practical use and which confirms the findings of previous author 

(Crossly, 1968) to locate the area that contain highly collapsing soil in Tucson. 

Recommendations 

The application of the principles of geostatistics to geotecnical problems is 

quite new. There are numerous areas for further investigations in this field. The 

following topics are based on the present state of development of geostatistics and 

the problems encountered during the performance of this study. 

1. The present data base should be updated with more data from reliable 

sources so that experimental results are available at closer spacings. 

2. Effort should be directed to increase the number of parameters in each 

data set. Suggested parameters include, for example: liquid limit, LL; plastic limit, 

PLj plasticity index, PIj effective overburden pressure, quo; maximum past pressure, 

Pcj clay fraction « 21'); silt fraction (21' - O.06mm)i type of clay minerals; pore

water or pore-air pressure, suction and so on. 

3. The value of plastic limit, PL, should be obtained at ea,~h location for 

all depths. Two important collapse parameter R and A are functions of PL. Their 

interrelationship with other parameters should be investigated. 

4. Modelling of variograms should be done independently for each parame

ter. The lag and angle window that results in the best model should be determined. 

5. Cokriging should be utilized to estimate a pair of variables at a time. In 

undersampled cases where some values are missing for certain parameters cokriging 

can be used efficiently to estimate those values. 
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6. Non-linear techniques, such as Disjunctive Kriging, (DK) should be used 

to estimate the value of a parameter a.t an unsampled location. In general, non

linear techniques produces better results than Ordinary Kriging. DK should also 

be used to estimate the conditional probability that the variable is above or below 

a cut-off value. 

7. Probability Kriging (PK), which represents a further development in the 

field of non-parametric, distribution free conditional distribution estimation should 

be used to estimate the probability distribution for better results than Indicator 

Kriging. This technique has the potential to be an accurate and efficient estimator 

on an actual deposit with a relatively high value of cov, which is appropriate to the 

present problem with collapsing soil in Tucson. 
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