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ABSTRACT

The oscillatory de Haas-van Aiphen (DHVA) magneti-
zation has been studied in Pt crystals containing more-than
100 ppm vacancies. Magnetic fields as high as 75 kG were
used. The oscillations were observed at temperatures as
low as 0.45 K, and found to be strongly attenuated by the
vacancies in this concentration range. The emphasis of
this work is on the measurement of this attenuation for the
purpose of studying conduction electron scattering due to
single vécancies.

Dingle (scattering) temperatures due to vacancies.
are reported for four cyclotron orbits with the field in a
(110) plane, along with a new measurement of the cyclotron
effective mass (mﬁ=2.31 * 0.03) for the electron orbit 33°
away from <100>. Vacancies were generated by quenching Pt
single crystals from temperatures as nigh as 1730 °C in
air, using a technique which minimizes the induced strain.
The vacancy contribution to the electron scattering rate
;as separated by measuring the Dingle temperature in both
quenched and annealed specimens which had been subjected to
the same quenching process. The results suggest that there
is only a moderate variation in this scattering rate over

%ii



Xiii
the s-pflike electron sheet of the Fermi surface.
However, the scattering rate for the d-like open hole
sheet, which contacts the Brillouin zone, is about 49%
larger than that for the electron sheet. This anisotropy
is attributed mainly to the lattice distortion around a
vacancy and to tne difference between the hole and eleEtron

wave-function symmetries.,



CHAPTER 1
INTRODUCTION

The magnetic susceptibility of a crystalline
electrical conductor varies periodically with the recipro-
cal of the field H under suitable conditions. This
variation is known as the de Haas-van Alphen (DHVA) effect
(1930). It arises from the formation of magnetic quantum
levels ( Landau levels) which pass tnrough the chemical
potential as the field changes. Theoretical understanding
of this oscillation (Lifshitz ana Kosevitch 1955) has
permitted the DHVA effect to become a powerful tool for
detailed studies of the properties of conduction electrons.
The frequency F of the oscillatory magnetization is
directly proportional to a Fermi surface (FS) cross-
sectional area A through the Onsager (1952) relation
F=hcA/(2me), while the amplitude is related to other
dynamical properties of the charge carriers.

?

DHVA Effect in the Presence of Defects

The DHVA amplitude is appreciable only at low
temperatures and it is attenuated by defects in the crystal
specimens. Dingle and Robinson (1250) and Dingle (1952)

1






and Ketterson (1977) investigated conduction electron
scattering rates in Au single crystals which were plunged
into a liquid quenching medium from a temperature near the
melting point. This quenching technique, together with the
high quench rate, is known, however, to increase substan-
tially the number of dislocations and therefore the ndmber
of vacancy sinks and scattering centers (Lengler 1977).
Also, the migration and clustering of vacancies at room
temperature and above are important effects in Au, which
requires complicated handling procedures at low tempera-
tures after quenching. Furthermore, the contribution to
the Dingle temperature of the background at elevated quench
temperatures was not measured by Lengler under the assump-
tion that this background effect is constant, even though
higher quench temperatures produce more thermal strain.
Although this work is difficult to interpret in detail, it
does show that the DHVA effect is sensitive to the strain
field around a vacancy, and that this effect is therefore a
potentially useful tool for studying structural defects.
It is clear that a great deal of information can be gained
from new quenching experiments (about the electronic
;cattering properties of vacancies) in metals more suitable
than Au.

Pt is a particularly interesting metal for studies

of this type for several reasons. Vacancies in Pt are well



characterized by the field ion microscopy technique which
shows that 94% of the vacancy defects quenched in from

1700 9C are single vacancies (Berger et al. 1973). Thus,
very little clustering in Pt takes place, and specimen
handling is greatly simplified. Comparatively, in Au there
is an = 24% contribution from divacancies at the me]tiﬂg
temperature (Lengler 1976). Furthermore, Pt crystals can
be quenched 1in air relatively slowly to trap a large
fraction of the vacancies in equilibrium at the quench
temperatures (Emrick 1982). This introduces relatively
little quenching and handling strains. Thus, the number of
dislocations generated during the quench can be minimized.
Also, the equilibrium concentration of vacancies in Pt is.
large at the melting point, so that a wide range of concen-
trations is available. To date, however, there is no
information about conduction electron scattering from
vacancies in this metal using quantum oscillatory pheno-
mena.

In the present work, Dingle temperatures due to
single vacancies are reported for cyclotron orbits in Pt at
Adifferent field directions in the (110) plane. The results
yield detailed information about the conduction electron-
vacancy interaction, Scattering rates are presented for
electron and hole orbits over the FS, Lattice distortion

around the vacancies is thought to contribute appreciably



to the large difference between the electron and po]e
scattering rates.

A brief review of methods for producing vacancy
defects and determining vacancy concentrations is given in
the remainder of this chapter. Only those techniques which

are applicable to Pt are considered.

+ Vacancy Defects

An imperfection in the arrangement of the ions in
a crystal is considered a defect. Defects on the atomic
scale are callea point defects. Point defects are con-
trasted to line defects, such as dislocations, and surface
defects, such as grain boundaries. The study of point
defects remains of considerable interest, primarily because
many important properties of solids are controlled by
imperfections. Point defects include vacancies, intersti-
tials, and small clusters thereof. Vacancy defects are
unoccupied atomic sites in the crystal lattice. They can
be generated either by quenching, irradiation, or mechani-
cal deformation. Crystalline defects alter the ideal
’periodic potential, and thereby change the shape of the FS
and the lifetime of the conduction electrons in metals.

A vacancy is created when an atom moves from its
lattice site to the surface of the crystal ( Schottky

defect ) or to the interstitial region ( Frenkel pair ).



This changes the configurational entropy and the crystal
internal energy. Yhen monovacancies combiné, divacancies,
clusters, or even sheets are formed. In equilibrium, there
is a balance between the internal energy change and the
entropy change in creating a vacancy. W4When a specimen is
quenched rapidly from a high temperature, the vacancy

defects supersaturate and tend to form clusters.

Equilibrium Properties of Vacancies

For tne simple case of monovacancies, the concen-
tration is obtained by setting (aF/an)FO, where F is the
free energy and n is the number of monovacancies. The free
energy F is given by

F=Ep+nEF-TST-TSC, (1.1)

where Ep is the internal energy of the perfect lattice and
EF is the formation energy of a monovacancy, defined as tne
difference between the energy required to take an atom to
the surface and the lattice energy per atom. The quanti-
ties N and n are the number of lattice sites and vacancies,
and S; and S; are the thermal and configurational entropy,

respectively. These entropies are given by

S1=(3N-ax)kIn(hv/kT)-nxkTLn(hv'/KT), (1.2)
and
Scakln((N+n)!/Ninl), (1.3)

where x is the number of neiyghbors per vacancy which



vibrate with a frequency v' smaller than the natural
frequency .

Since the number N is usually large, one uses the
Stirling approximation to get the following monovacancy
concentration

Co=n/N=(v/v )X exp(-EF/kT). (1.4)
If larger clusters are present in the system, the total
vacancy concentration at equilibrium is generally expressed
as

C,) = najexp(sh /) exp(-Ef /kT(), (1.5)
where n is the number of n-vacancy clusters, o is a

geometrical factor specific to the nth

cluster, Sﬁ and Eg
are respectively the entropy and the enthalpy of formation
of a cluster of n vacancies, and TQ is the temperature of
the quench. In most metals, however, trivacancies happen
to be the biggest clusters. In the case of Pt, Berger et
alo (1973) found that monovacancies are the dominant vacancy
defect type.
As mentioned earlier, vacancy defects can be

‘obtained by quenching from a high temperature. In Pt, this

Auenching method generates mainly single vacancies. We

will discuss now the particularities of this method.

Quenching
In this work, the purpose of quenching a specimen

is to generate a useful concentration of vacancy defects,



In an ideal quenching process, the distribution of vacan-
cies at high temperatures is frozen in place by rapid
cooling. The actual number of quenched-in vacancies,
however, depends greatly on the quenching temperature and
the quenching rate. The measured vacancy concentration is
usually lower than the equilibrium value at the quench
temperature (Siegel 1978). These vacancy losses are due
mainly to sinks such as dislocation lines, grain

boundaries, impurities, or clusters of vacancies.

Dislocations

Tne coagulation of point defects on some atomic
plane may form a dislocation line which occurs when an
extra half plane of atoms is inserted in the regular
lattice. Dislocations may also be generated by the
presence of strains in the metal during the quench. For
instance, Jackson (1967) showed that thin specimens are
strained during the quench by hydrodynamic forces. It was
also shown (Jackson 1963) that for strains greater than
1073 in 0,41 mm diameter Pt wires, strain generated dislo-
Eations absorb a considerable amount of vacancies.
However, it was concluded that the number of strain
generated vacancies is small relative to the total number
of vacancies (Balluffi 1970).

In éingle crystals, Siegel (1978) pointed out that

the loss of vacancies can be siynificant for dislocation



densities ranging from 106 to 108 cm'z. Using a model

where vacancies miyrate to parallel arrays of dislocation
lines, Emrick (1982) snowed that vacancy losses are
insignificant when dislocation densities are less than
2x108/cm? and quench rates are greater than 500 °C/s from

quench temperatures less than 1100 °C in Pt.

Clustering

During the rapid cooling of a specimen, vacancies
supersaturdte and tend to form clusters because of the
positive binding energy. Small clusters 1like divacancies
and trivacancies can also be created during the self
diffusion mechanism, However, the vacancy defect becomes
frozen in below a certain temperature T*. Koehler et al.
(1968) gave an estimate of T* in the case when only
monovacancies and divacancies are taken into account and
when there are no defect losses. They get the following

result

* B B M *
T —EZVexp[(EZV +E1V )/ KT ]/DT' (1.6)

.Vj'hEIE
D.= 4 I +148 C exp EB /KT / dT/dt 1.7

and where Egv is the divacancy binding energy, E?v

monovacancy migration energy, and C1V is the equilibrium

!

is the

concentration of monovacancies.

In Pt, small clusters like divacancies exist in

very small proportions, Zetts and Bass (1974) showed that



10
the vacancy-vacancy binding in Pt is too small (<0.1 eV) to

allow significant divacancy formation.

Effect of Impurities

Impurities, even in small concentrations, form
centers of precipitation for vacancies ( Ytterhus et al.
1965), and affect the value of the formation energies of
monovacancies (Misek 1979). Jackson (1967) showed that a
reduction of 1 ppm in the impurity concentration increased
the precipitation time by two orders of magnitude in some
cases. He also pointed out that the role of impurities in
Pt consists mainly of retarding the diffusion of vacancies,
and that impurity concentrations of less than 10'6 are
therefore desirable for sample purity. Zetts and Bass
(1974) obtained specimens of very high purity by annealing
drawn Pt wires at very high temperatures. The thermal
treatment consisted of 1 hour at 1600 °C. 10 hours at
1400 °C, 10 hours at 800 °C, and afterwards 6 half-hour
steps down to 500 °C. For thicker Pt rods, the rf
floatiny zone technique was used in order to increase

sample purity (Jackson, 1967).

’

Annealing
The formation and mobility of defects are important
factors in the study of the diffusive motion of vacancies.

The annealing process can give some information about the



11
migration, binding, and activation energies of small
clusters found in metals like Pt. However, the annealing
process is in general a very complex problem in the sense
that most methods of macroscopic measurements do not
distinguish between the type of vacancy clusters after the
quench., Annealing kinetics are usually complicated bj
phenomena such as defect clustering and vacancy trapping by
impurities.

The diffusion process is characterized by a
coefficient D, which is proportional to the probability of
an atom jumping ( and therefore leaving a vacancy behind )
and to the square of the mean free path. The diffusion
coefficient D can be expressed as

D=Dy exp(-Ey/kgT), (1.8)
where E, is the activation energy, and D, is a factor which
is proportional to the frequency of vibrations. Here,
EA=EF+EM, where EF is formation energy and EM is the migra-
tion energy.

One approach to solving this problem is to assume
the existence of an effective diffusion coefficient Deff‘
;he rate of change of the total vacancy concentration Cv
can then be written as

de/dtc-GZDeffcv, ‘ (1.9)
where a is a factor which depends on the sink density. 1In

this model, the effective migration energy, which is
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measured experimentally, is given by
Egge=-d(1n(Dgss))/d(1/kpT). (1.10)
Assuming o to pe time independent, one can use this model
to explain quenching results in copper (Siegel et al.1978).

More elaborate models using computer simulation of
migration of mono-,di-, and tri-vacancies were used td.
interpret the experimental data ( Balluffi et al. 1978).

The results show that temperature, sink density, and
vacancy concentration do have an effect on the annealing
process,

Effective migration energies were measured in
quenched Pt by several authors. For low vacancy concentra-
tions, Ascolli et al. (1958) found ngf=1,42 eV; Bacchella
et al. (1959) found Efo=1.48 eV, and Jackson (1965) found
Egff=1.38 eV. For nigh vacancy concentrations, the same
three groups found respectively 1.0, 1.13, and 1.10 eV for
the effective migration energy.

In a later publication, Berger et al. (1973)
monitored the number of vacancies first in a quenched, and
then in a partially annealed specimen. The results
Jindicate that divacancies are more mobile than single
vacancies, and that divacancy binding energies are relati-
vely small. Tnere is not, however, sufficient information

to determine the binding entropy.
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Measurement of the Concentration of Vacancy Defects

Various techniques are used to determine the
concentration of quenched-in vacancies. There are direct
techniques which can distinguish between different vacancy
clusters. These techniques include field ion microscopy
(FIM), transmission electron microscopy (TEM), differential
dilatometry, and positron annihilation spectroscopy (PAS).
The other kind of techniques rely on the measurement of
physical quantities that are related directly to the total
vacancy concentration., These indirect techniques involve
the measurement of changes in quantities including electri-
cal resistivity, thermoelectric energy, and differential
susceptibilities in ferromagnetic materials. For rapidly
quenched strain-free specimens, the change of resistivity
method for determining single vacancy concentrations is

convenient, and is consequently widely used for metals.

Direct Methods

Field lon Microscopy and Transmission Electron

Microscopy. FIM is the only direct method that is used to
‘determine the concentration of vacancies in solution after
‘quenching in metals, FIM is also used to determine
interaction parameters like binding energies. The FIM
technique relies on the imaging of the specimen layer Dy
layer (Muller 1970).

A detailed investigation of vacancy defects in
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quenched Pt using FIM has been carried out by Berger et alo
(1973). They found 157 monovacancies and 9 divacancies in
593 800 sites in three Pt specimen which were quenched from
1700 °C. After partially annealing the quenched specimen,
they counted 76 monovacancies and 1 divacancy in 321 300
sites. These observations indicate clearly the dominéﬁce
of the monovacancy concentration which was determined to be
equal to (2.64 *+ 0.14)10°% at.fr.vac. for a 1700 °C quench.
This value, however, is less than the equilibrium value at
1700 °C because of vacancy losses, Simultaneous measure-
ments for the resistivity of a monovacancy yield the value
(5.75 :‘0.30)10'4 Q-cm (at.fr'.vac.)'1 . In the case of
vacancy losses, FIM does not measure the equilibrium
concentration at the quench temperature since only those
vacancies in solution after the quench are sampled. Other
significant problems in the determination of monovacancy
concentration occur when artifact defects develop (Balluffi
1970).

In contrast to FIM, TEM samples all those vacancies
Wwhich precipitated. One must be careful in the statistical
;Sampling when using TEM because this metnod cannot account
for vacancy losses to pre existing sinks (Balluffi 1970),
Cotteril (1961) was the first to apply tnis technique to

gold with limited success. On the other hand, TEM is used
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to complement FIM to determine the total equilibrium
vacancy concentration (Simmons et al. 1963).

While FIM and TEM determine individual vacancy
concentrations, the differential dilatometry technique
proves to be a useful and reliable technique for measuring
the total equilibrium vacancy concentration and ]atti;e

distortions around the vacancy defects.

Differential Dilatometry. This technique is based

on the simultaneous measurement of the change of crystal
volume and the change of the average lattice parameter
caused by the presence of vacancy defect. The introduction
of vacancies in a crystal causes a fractional volume change
AV/V=C (1-f), | (1.11)
where f is the fractional atomic volume relaxation f=VF/Qa,
vF being the formation volume of a monovacancy which is
defined by the increase in crystal volume per vacancy
defect, and 1, is the atomic volume. The formation volume
of a cluster of size j is given by
_ VJs-kT(dlnCJ(T,P)/dP)T, (1.12)
vwhere P is the pressure, and CJ is the concentration of
’Jth order clusters,
On the microscopic scale, the fractional lattice
volume change is expressed as

Sviva-C £, (1.13)

The total vacancy concentration is therefore equal to
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C abV/V=8v/v, (1.14)
In the case of an isotropic expansion in a crystal with
cubic symmetry, C  is reduced to
C,=3(81/1 - sal/a)(l + 61/1 - 26a/a), (1.15)
where §1/1 is the macroscopic linear thermal expansion
along any dimension of the crystal, and 6a/a is the thermal
expansion coefficient of any lattice parameter. Experimen-
tally, one gets 6§1/1 from the measurement of the specimen
dimensions, and da/a from X-ray measurements of lattice
parameter changes. Tne fractional changes ¢1/1 and §a/a
were measured with sensitivities of 10'7 (Guerard 1974)
and 5x10°° (Azan 1974) respectively. Tnese results
indicate that measurements of vacancy concentrations
greater than 5)(10'5 can be done accurately using the
differential dilatometry tecnnique.
Differential dilatometry techniques can also be
used to evaluate lattice distortion around a vacancy.
Hertz and Peisl (1975) used lattice and resistivity
measurements to get the following specific volume change in
Pt

vF/0=-0.42+40.06. (1.16)

4
This result is in fair agreement with the value (-0.30 *
0.07) obtained by Emrick(1972).

One should also mention another direct technique

which is called positron annihilation spectroscopy (PAS).
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In this technique, experimentally detectable positron bound
states are created after the specimen is bombarded with an
energetic beam of positrons (E<0.5 MeV). The results are
used to monitor the temperature dependence, therefore the
mobility, of the vacancy concentration (Siegel 1978).
In addition to direct techniques, indirect methods
like resistometry have been widely used to determine

vacancy concentrations, This method is discussed beilow.

Indirect Techniques
Indirect techniques are used primarily in quenched
metals. The total vacancy concentration is related to the
Change of a macroscopic variable p by the equation
AP=AC,=C (ZpnCpy/EnCy),
where P, 1s the change in p per unit concentration of the

th . . .. .
n vacancy cluster, Cnv is the individual concentration of

the nth order cluster, and n is the number of n-vacancy
clusters ( Balluffi et al. 1970). However, the major flaw
associated witn indirect methods 1is the inability to
91stinguish between single vacancies and vacancy clusters,
In the absence of clustering, the parameter A is indepen-
dent of Cv which makes an indirect method like resistometry
a simple and effective way for determining monovacancy
concentrations.

Among all indirect techniques, the change of

resistivity measurement is perhaps the most convenient
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method for obtaining vacancy concentrations and the
formation volume and energy of the monovacancy. This
technique is based on Matthiessens's rule which states that

p(CV,T)zo(T)+o0(cv), (1.17)
wnere o(C ,T) is the total resistivity of a metal with a
total vacancy concentration Cv, p(T) is the temperatufé
dependent lattice resistivity of the pure metal, and po(Cy)
is the temperature independent lattice resistivity of the
quenched metal. Deviations from Matthiessens's rule are
generally expected. Farmer and Jackson (1976) showed that
the deviation in Pt depends on the temperature and
quenched-in resistivity. Specifically, they showed that
the deviation peaks at T=40 K, and that the percent
deviation at 77 K is roughly linear with the quenched-in
resistivity and is dependent on the quenching temperature.
The change in resistivity Ap can sometimes be used
to determine the formation energy of the n-vacancy clusters
via the relation
Coy(T)=gexp(s,Frejexp(-€ FriT), (1.18)
“which leads to
ef

n
Thus, one usually extracts information about the formation

=-kdin(C  )/d(1/T). (1.19)

energies from the Arrhenius plot of C.. A curvature would
be displayed in such a plot if clusters are present or if

the formation energies show a temperature dependence.
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and this can be determined satisfactorily from the residual
resistivity of the specimen.

In Pt, monovacancies constitute the dominant point
defects quenched in, and this supports the contention that
conduction electron scattering at low temperatures in pure,
quenched Pt crystals is due mainly to monovacancies, “This
scatterinyg is studied in the present work using the DHVA
effect. The general theory of this effect including defect
scattering is reviewed in Chapter 2. The present experi-
ment to measure conduction electron scattering rates from
vacancies using tne DHVA effect is described in Chapter 3.
The results are presented in Chapter 4 and discussed in

Chapter 5.



CHAPTER 2
THEORY OF THE OHVA EFFECT AND THE FS OF PT

The quantum oscillatory DHVA magnetization in -
metals can be obtdained from the free energy for a system of
charged particles in a magnetic field. To determine the
free energy, the allowed magnetic quantum levels are
needed. These have been obtained with a great deal of
success using a quasi-classical treatment (Shoenberg
1984), 1instead of approaching the problem through the
Schrodinger equation for a periodic lattice potential. One
of the main effects of point defects in the crystal lattice
is the limiting of the relaxation time of the electron

states and this attenuates the DHVA amplitude.

Semi-Classical Approach

In a magnetic field, a conduction electron follows
a cyclotron orbit in momentum k-space which is the inter-
section of a plane perpendicular to the field and an
flectronic constant energy surface. Tne projection of the
motion in real space on this plane mimics the periodic
motion in momentum space with the real space orbit scaled
Dy the factor ch/eH and rotated Dy 90°.

If p and @ designate, respectively, the generalized
momentum and coordinate of an electron with periodic

21
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motion , the Bohr-Sommerfield quantization rule states that
Jp.dg = (n+v)h, (2.1)
where n is an integer and h is Plank's constant. In the
presence of a magnetic field H , p and g are defined by
p=hnk-eld/c and g=R' , where A is the vector potential and R'
is the component of the vector position R in a plane
perpendicular to M. Using the Lorentz equation, one finds
that the area a, enclosed by the elactron trajectory is
quantized, i.e., an=(n+y)(2WeH/ch)-1. The corresponding
quantized area in reciprocal space an(E,k)= 2reH(n+y)/ch.
The phase'constant Y for non-parabolic bands departs
slightly from the parabolic value of 1/2 (Roth 1966). In
the free electron case, the energy is given by
n=(n+1/2)BOH+h2kH2/2m0=h2(kH2+an/ﬂ)/ZmO. (2.2)
In the general case, however, the double Bohr magneton BO
is replaced by B=eh/mc, where m is the cyclotron mass which
is defined by m=n®(3a/3E) /27 One may notice that the
energy levels are degenerate, and that the number of

electron states lying between kH and k,+dk

H H is equal to
'eHdeH/(273cﬁ), independent of E.

At T=0 K, the occupied states lie within a constant
energy (E=E.) surface called the Fermi surface. At high
magnetic fields and small finite temperatures, the shape

and sharpness of the Fermi surface can be determined from

the study of the oscillatory part of the magnetization.
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When a magnetic field is applied to a metal, the electron
states in the reciprocal space lie on coaxial tubes called
the Landau tubes (Fig. 2.1). As the field is increased,
the outermost Landau tube of nighest index n leaves the FS.
When this happens, the number of occupied states on this
tube drops abruptly, and the extremal area of the FS is
then equal to the cross-sectional area of tne occupied
Landau tube of nighest index for that particular field
direction. Thus, the energy oscillates as the magnetic
field is varied. The energy difference between two
adjacent tubes E=ehH/mc=8H is related to the difference
between their cross-sectional areas Aa=27eH/hc. Thus, the
period of the oscillations A(1/H)=2me/hcA and the fre-
quency

F= hcA/(2Te),

where A is the extremal cross-sectional area of the FS

normal to the field direction,

Calculation of tne Magnetization

One usually starts this calculation by expressing
‘the thermodynamic potential $ of N electrons at a tempera-
ture T as
Q=E-TS-Nu ' (2.4)
where E is the internal energy and S is the entropy. This

leads to the expression
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f2=-kT.th(eHV/z1@cﬂ) In(l+exp(¥-Ep)/kT), (2.5)
where u is the chemical potential, and n is a quantum
index ( Landau and Lifshitz 1980 ).
Magnetization at T=0 K
The oscillatory part of the above potential in
the 1imit as T approaches 0 K can be written as (Shoeﬁberg

1984, p.53)

2

Q= fdkH(eHZV/dﬂzcﬁ) (7p) "cos[(2mp(¥(k,)-1/2)], (2.6)

where Y(k,)=cnA(k,)/2reH, and A(k,) is the FS cross-

H)
sectional area at k.. The integral can be simplified by
expanding Y(kH) in a Taylor series around values of Ky
where Y(kH) is an extremum. Thus for T=0 K, the resulting
magnetization is given Dby

M=C z p™3/ Zsin(2pn(F/H-1/2)+n/ 4], (2.7)

3/2 2A/dkﬁ.

This result reduces to the Landau 