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ABSTRACT 

Finite difference numerical models based upon the 

Navier-Stokes equations with the Boussinesq approximation 

have been utilized to study the dynamics of a rotating 

liquid with horizontal density gradients. There are two 

configurations analyzed: a cylindrical annulus of water 

rotating about a vertical axis (parallel to the body force), 

and a hemispherical shell of silicone oil with a radial body 

force, rotating about the polar axis. In both the cylin

drical and spherical configurations, the thermal and mech

anical forcings (boundary conditions) are symmetric about 

the axis of rotation. The physical parameters varied are 

the rotation rate and the amplitude of the horizontal 

thermal forcing. 

Two numerical models have been developed for each 

geometrical configuration: one to calculate axisymmetric 

flows and another to test the stability of those flows to 

non-axisymmetric perturbations. The primary purpose of the 

models is to determine whether axisymmetric or non

axisymmetric flow will be observed in a corresponding 

laboratory experiment. For the cylindrical annulus, the 

predictions of axisymmetric and non-axisymmetric flow are in 

good agreement with laboratory experiments previously 

performed. In the spherical experiment considered, which 

xi 
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has not been performed in the laboratory, there is evidence 

that if the rotation rate is fixed and the latitudinal 

thermal forcing is reduced, there exists a transition from 

non-axisymmetric to axisymmetric flow, but that as the rota

tion rate is decreased for a fixed latitudinal thermal 

gradient on the boundaries, the flow does not become axi

symmetric. The structures of some of the fastest growing 

eigenmodes are presented for both cylindrical and spherical 

cases. Analyses of the energetics indicate that the waves 

in all cases considered are essentially baroclinic in 

nature. 



1. INTRODUCTION 

It has long been observed that the state of earth's 

atmosphere varies with longitude. One can try to explain 

this fact by pointing out that there exists longitudinal 

variations in thermal forcing, due to the presence of large 

bodies of land and water with different radiative prop

erties, and to orographic lifting of moving air masses. 

However, with consideration of the pioneering works of 

Charney (1947) and Eady (1949), it is evident that non

axisymmetries in the atmospheric general circulation might 

be present even if the earth's surface were axisymmetric. 

(See Appendix A.) The latitudinal heating gradient due to 

the differential heating by the sun, combined with the 

earth's rotation, produces a zonal (east-west) wind, which 

increases with height. Charney's and Eady's works indicated 

that an axisymmetric zonal wind with vertical shear might be 

hydrodynamically unstable to infinitesimally small, longi

tudinally varying perturbations. This type of instability 

has been called baroclinic instability, since the increase 

of zonal wind with height is related to baroclinity in the 

atmosphere. (Baroclinity is defined to exist when surfaces 

of constant pressure and constant density do not coincide 

or, more roughly speaking, when there exist horizontal 

density gradients.) It may be noted that Rossby (1939) had 

1 



flow-without shear on the sphere. These waves are neutral, 

however, and cannot give non-axisymmetric flow when the 

perturbations are infinitesimal. Other waves with longi

tudinal variation, such as barotropic and Kelvin-Helmholtz 

waves, are also possible under certain circumstances but 

probably do not playas important a role as baroclinic 

instability in maintaining the general circulation of the 

atmosphere. 

In a most remarkable monqgraph, Lorenz (1967) dis

cusses the development of our notions of the general circu

lation of the atmosphere, and physical explanations for the 

conjectures that were put forth from time to time. 

by Hadley (1735) is perhaps still the most famous. 

The one 

What is 

2 

now called the Hadley cell is a single-celled meridional 

circulation, with rising motion in the warm region, and 

sinking in the cold region. Due to the rotation of the 

planet, this circulation is accompanied by a westerly 

component at high latitudes and an easterly component at low 

latitudes. It eventually became clear that this single cell 

is not the actual state of the atmosphere, or even of the 

zonally-averaged circulation. In particular, near the 

surface at middle latitudes the prevailing flow is from 

slightly south of west, rather than having a northerly 

component as Hadley suggested. Since Hadley's work, there 
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were many suggestions for the state and causes of the gen

eral circulation of the atmosphere, and until fairly re

cently all of them £ell short of being consistent with the 

observed state that was slowly discovered as a global set of 

observations was collected. 

The understanding that has finally emerged of the 

general circulation is that the zonally-averaged flow cannot 

be explained without considering the baroclinic eddies. 

Were it not for the (nonlinear) interaction with the eddies, 

the zonally-averaged flow observed would be similar to that 

conjectured by Hadley. Most notably, the eddies act to 

transport heat northward and to transport angular momentum 

towards the zonal jet, which results in an intensifying of 

the jet and in an indirect meridional circulation at mid

latitudes. In order to fully understand the processes that 

maintain the general circulation of the atmosphere, it is of 

crucial importance that baroclinic instability be well 

understood. 

One of the means that has been used to develop an 

understanding of baroclinic processes has been the use of 

laboratory models. In carefully conducted experiments, the 

thermal and mechanical forcing can be made virtually axi

symmetric, and the effects of varying such parameters as 

the amplitude of the thermal forcing and rotation rate can 

be studied. As early as the nineteenth century, there were 

attempts to model the earth's circulation in the laboratory. 
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Vettin (1857) used a shallow dishpan containing air, which 

was cooled at the center and rotated. The result was a 

circulation fairly similar to that of earth's atmosphere as 

conjectured by Hadley. According to Lorenz (1967), the work 

of Vet tin did not have any immediate successors. It was 

much later, in the 1940's, that laboratory modelling was 

more seriously pursued. Experiments were conducted at the 

University of Chicago in which the thermal gradient and the 

rate of rotation were varied independently in a shallow 

cylinder of water. (See Fultz, Long, Owens, Bohan, Kaylor 

and Weil, 1959, which gives a review of this effort.) The 

flow at the upper free surface can be observed by using a 

fine metallic powder. For very small rotation and for large 

thermal gradients, axisymmetric flow was observed. Other

wise, non-axisymmetric flow was observed and was usually 

very irregular. It was discovered by Hide (1953), who was 

trying to model possible flow in the earth's liquid core, 

that a cylindrical annulus, with heating on the outer 

cylinder and cooling on the inner (Figure 1.1), was more 

conducive to systematic study, in the sense that there 

existed for some combinations of the physical parameters 

waves which were quite steady, and that the transitions from 

axisymmetric flow to the wave regime and from flow dominated 

by one wave number to that of another were quite well 

defined. For combinations of high heating and high rota

tion, irregular non-axisymmetric flow was observed. Further 



investigations were made by Hide (1958) and by Fowlis and 

Hide (1965), among many others. Further references and more 

detailed discussions are given in these works, in Lorenz 

(1967), and in the excellent review article by Hide and 

Mason (1975). 

A convenient way to present the essential results of 

the laboratory studies is seen in Figure 1.2 (adapted from 

Fowlis and Hide, 1965). The information is presented on a 

graph with the thermal Rossby number as the ordinate and the 

Taylor number as the abscissa. These dimensionless para

meters are defined to be: 

= 

Ta = 

where E is the thermal expansivity, g is the acceleration 

due to gravity, ~T is the temperature difference, d is the 

height of the annulus, (b-a) is the radial thickness of the 

annulus, n is the rotation rate, and v is the viscosity. In 

Figure 1.2, the outermost knee-shaped curve denotes the 

transition from axisymmetric flow to non-axisymmetric flow, 

and is often referred to as the critical curve. The axi

symmetric and non-axisymmetric regimes have been referred to 

as the "Hadley" and "Rossby" regimes, respectively, although 

5 
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it should be noted that the resemblance of the waves to 

those discovered by Rossby (1939) is superficial. For small 

enough Taylor number the flow is axisymmetric. This is due 

to the relatively large influence of viscous damping, which 

suppresses the instability. For larger Taylor number, the 

type of flow present depends upon the thermal Rossby number. 

For moderate values of the Rossby number the flow is non

axisymmetric, and for either small or large enough Rossby 

number the flow is axisymmetric. The axisymmetric regions 

above and below the knee-shaped critical curve are referred 

to, respectively, as the nupper symmetric n and nl ower 

symmetric n regimes. The upper symmetric regime owes its 

existence to the high static stability present in the basic 

state due to a large radial flow. The resulting high static 

stability (dense fluid beneath lighter fluid) results in the 

suppression of baroclinic instability. The lower symmetric 

regime is attributed to a small vertical shear in the zonal 

wind, which is insufficient to overcome the damping effects 

of viscosity. 

The resemblance of the non-axisymmetric flow in the 

annulus experiments to atmospheric flows is discussed by 

Lorenz (1967). (See also Starr and Long, 1953.) The most 

important similarities are that the thermal wind rela

tionship (see Chapter 2) is closely satisfied, indicating 

that the fluid motions are approximately geostrophic, and 

that the baroclinic eddies act to concentrate the thermal 
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gradient in the vicinity of a rather narrow jet stream and 

to increase the transport of heat from warm to cold lati

tudes. In essence, the baroc1inic eddies of the annulus and 

of the atmosphere are of similar structure and have similar 

effects upon the large-scale circulation. An obvious 

geometrical discrepancy exists, however, and a natural 

extension of the annulus studies is to conduct an analogous 

experiment in a spherical configuration. This requires a 

radial body force, which would have to be quite large to 

overcome the influence of terrestrial gravity if the exper

iment were conducted on earth. Recently, there has been 

work towards conducting a spherical laboratory experiment in 

a low gravity environment--the Atmospheric General 

Circulation Experiment (AGCE, Fow1is and Ficht1, 1977). 

(See Figure 1.3.) This experiment would confine a dielec

tric liquid in a rotating hemispherical shell. A radial 

body force, ana1agous to gravity, would be imposed via an 

electric field across the gap. To eliminate the influence 

of terrestrial gravity, the experiment would be conducted on 

the low-gravity orbiting laboratory, Spacelab, which will be 

transported by the space shuttle. Boundary temperatures 

would be fixed by cooling at the pole, heating at the 

equator, and by using conductive materials for the con

taining spheres (sapphire for the outer, transparent one). 

The thermal profile would be such that the fluid is warmer 

above than below. One may expect that the regime diagram 
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for this spherical configuration would have qualitatively 

similar features to those of the cylindrical case, with 

similar physical explanations for these features. It is an 

interesting question, however, how the behavior of the fluid 

in the spherical configuration (where the coriolis parameter 

varies with latitude) will be different from the cylindrical 

cases. Hopefully, what will be learned from this experiment 

will have immediate geophysical applications; the analogy 

between the spherical experiment and the earth's atmosphere 

will presumably be even stronger than that between the 

previous cylindrical work and the atmosphere. 

Because of the relatively large expense of 

conducting an experiment in an orbiting laboratory, and also 

because the set of points in parameter space (RoT-Ta) 

studied will probably have to be determined in advance, 

numerical studies of the experiment are most desirable. It 

would be helpful (indeed, one might even consider it to be 

necessary) to know the approximate shape and position of the 

critical curve before conducting the experiment, so that for 

a particular shuttle flight both axisymmetric and non

axisymmetric flow could be observed, and the experimental 

critical curve could be found at minimal cost. The 

technique used in this study is developed after making the 

following observation (Lorenz, 1956): A steady axisymmetric 

solution to the governing equations exists everywhere in 

parameter space. (For further discussion and analysis of 



this point, see Ladyzhenskaya, 1963, and Dutton, 1982.) In 

the region where non-axisymmetric flow occurs, the axi

symmetric solutions are unstable to infinitesimal, non

axisymmetric perturbations. The question of whether a 

particular pOint in parameter space is axisymmetric or not 

can be answered mathematically by first calculating the 

axisymmetric solution, and then by finding the eigenvalues 

to the equations linearized about that axisymmetric solu

tion. If exponential growth is found for perturbations of 

any wavelength, then the axisymmetric solution is unstable 

and will not be observed in the actual physical situation. 

Otherwise, the axisymmetric solution is stable and will be 

observed in the experiment. The technique therefore in

volves the use of two (finite difference) numerical models: 

one to calculate the axisymmetric flow, and another to 

determine the stability of that flow. In particular, the 

tasks are: (1) To calculate and study the physics of the 

axisymmetric flows; (2) To determine where in parameter 

space axisymmetric flow will be seen, and where non

axisymmetric flow will occur; and (3) To determine the 

structures and the energy conversion processes of growing 

linear waves when the axisymmetric states are unstable. 

9 

The primary goal of the present study is to develop 

numerical models that can be used to predetermine the 

critical curve for the AGeE. However, besides assisting in 

the design of the spherical experiment, numerical models may 
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be used to study the problem in cylindrical as well as 

spherical configurations in order to increase our knowledge 

of the physics of baroclinic processes. For example, it has 

not been previously determined whether a linear model 

applied to realistic axisymmetric flows can predict the 

critical curve for a cylindrical configuration, and whether 

the linear waves have much similarity in structure with 

nonlinear waves. Williams (1967a, 1967b, 1971 and 1972) has 

previously studied the cylindrical experiment with axi

symmetric and nonlinear three-dimensional numerical models. 

Except for the axisymmetric cases, however, he did not study 

the flows for a variety of points in parameter space. In 

fact, he studied only one non-axisymmetric point in any 

detail. For these reasons, and for the purpose of 

validating the computer codes and the basic technique, 

detailed studies are made of the cylindrical annulus, for 

which experimental data already exists and which is 

physically much more simple than the spherical cases. 

Chapter 2 develops the equations used in this study, 

and gives the relevant dimensionless parameters. Chapter 3 

describes the axisymmetric model and presents both cylin

drical and spherical results for steady flows. Since the 

axisymmetric cylindrical work has been previously done by 

Williams (1967a, 1967b), the results emphasize the spherical 

flows. Physical explanations are offered for the different 

flows when the physical parameters are varied. It is shown 
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that non-hydrostatic effects are important for the cylin

drical annulus, but not for the spherical shell. It is 

suggested that this result is due to differing aspect 

ratios, not to inherent differences between the sphere and 

cylinder. Chapter 4 details the linear model, and presents 

the results of calculations for a cylindrical annulus and 

spherical shell. Because some of the physical parameters 

have not yet been determined for the spherical experiment, 

and because of the time and computer resources required, a 

detailed regime diagram is not calculated for the sphere. 

The cylindrical case is analyzed in much more detail. The 

results, when compared with previous experimental data, give 

encouragement that the calculation of a critical curve for 

the spherical experiment will be quite feasible using the 

models described herein, although it is pOinted out that 

further development of the linear model would be desirable. 
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Figure 1.1. Schematic diagram of the cylindrical annul~s 
experiments.-- Ta and Tb refer to the inner and outer 
temperatures, respectively, and Q refers to the rotation 
rate. In the configurations considered in this work, 
Ta < Tb• 

Figure 1.3. Schematic diagram of the spherical experi
ments.-- In the configurations considered in this study 
Tl - T3 = T2 - T4 = ~T~ > 0, and T2 - Tl = T4 - T3 = 
~Tr > O. Not indicated on the diagram, there is a body 
force directed radially inward. Q refers to the rotation 
rate. 
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13 

Figure 1.2. Experimental regime diagram adapted from Fowlis 
and Hide (1965).-- Ta and ROT refer to the Taylor and ther
mal Rossby numbers, respectively. The outermost knee-shaped 
curve represents the transition from axisymmetric to non
axisymmetric flow. The numbers in the steady wave region 
indicate that the adjacent curves represent a transition to 
waves of the given number. The experimental configuration 
was a cylindrical annulus, similar to that shown in 
Figure 1.1. 



2. EQUATIONS AND APPROXIMATIONS 

2.1 The basic equations 

Since the primary motivation for this work is to 

model the spherical system, the equations will be developed 

in spherical coordinates. We define a coordinate system, 

rotating with the physical system under consideration, in 

the same manner as generally done in meteorology. The 

radial distance from the sphere's center is r, the lati

tudinal angle from the equator is ~, and the longitudinal 

angle eastward is >... In this system, the complete, three-

dimensional Navier-Stokes equations of momentum are: 

au 
at 

ov 
at 

aw 
at 

+ 

+ 

+ 

= 

+ 
V·'i/v = 

= 

tan~ uv-r 

+ 2nvsin~ 

2tan~ -u --r 

- 2nusin~ 

uw 
r 

1 1 ap 
p rcos~ IT 

2nwcos~ + FA' 

vw -r 

1 oP 
p ar 

1 1 ap 
p r~ 

9 

+ 

The left hand side of equations 2.1, 2.2 and 2.3 are 
du dv dw the expressions for the accelerations dt' dt and dt' 
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(2.1) 

(2.2) 

(2.3) 



respectively. 
Dv Dw 
Dt and Dt·) 

the physical 

(These quantities are sometimes written ~, 

A list of symbols is given in Table 2.1, and 

meaning of each term on the right-hand side of 

equations 2.1, 2.2 and 2.3 is given in Table 2.2. The 

frictional terms, denoted by FA' F~ and Fr' are rather 

complicated expressions, most easily expressed in tensor 

notation in Cartesian coordinates xl' x2' and x3 as: 

F .. 1 a f 1 (2.4) = P ax
i 

2)J (eij e .. o .. )] , i,j 1,2,3 1. - ~ = 
1.1. 1.J 

where 

e .. 1 ( aUi + aUj J = '! ax. ax:-1.J 
J 1. 

r' i j 
(2.5) 

= 
o .. = 

1.J 0, i F j 

and where the summation convention is used. Derivations of 
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the equations are given in many standard textbooks on fluid 

mechanics (e.g., Batchelor, 1973). Textbooks on atmospheric 

dynamics (e.g., Holton, 1979) and dynamic oceanography 

(e.g., stern, 1975) also derive the equations, but often 

include approximations not used in the equations above. 

Since the fluid considered is a liquid and the 

density differences are not large, the Boussinesq approx

imation is made: that the density is treated as constant 

except where it is coupled with the body force. This 



approximation is discussed by Chandrasekhar (1961), pp. 

16-18. It is valid when the density variations are rela

tively small, as they are in this study «3%). The mass 

conservation equation, which in its complete form is: 

16 

ap 
at + = 

-+-
- p'iJ·v (2.6) 

reduces to 

(2.7) 

The second term in the equation giving the viscous 

frictional acceleration (equation 2.4), is zero with the 

Boussinesq approximation. Furthermore, it is assumed in 

this study that the dynamic viscosity may be treated as 

constant with negligible error. This assumption is often 

considered to be part of the Boussinesq approximation. 

The frictional terms therefore reduce to 

(2.8) 

" where i is the unit vector in the i'th direction. The 

Laplacian operator in 2.8 applies to the unit vectors as 

well as the velocity components. Although in Cartesian 

coordinates the Laplacian of the unit vectors is zero, in 

spherical coordinates it is not. 
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The equations which shall henceforth be refered to 

as the Boussinesq Navier-Stokes equations of momentum are: 

au -+ tanp uw 1 1 ap' 
at + Ve'i/u = uv r - rcoscp n (2.9) r Po 

+ 2Qvsincp 2QwcosCP + v['i/ 2
U 

+ 2 aw 2sin~ av 
r 2c:s2cp] r 2coscp aA r 2cos 2cp aA 

av -+ 2 tancp vw 1 1 ap' 
at + Ve'i/v = -u -- - r~ (2.10) r r Po 

- 2Qusincp £.'Q2rcoscpsinCP 
Po 

+ v['i/ 2
V + 

2 aw 
r 2c:s 2cp ] r2a<p 

aw -+ u 2 + :l 1 ap' £.' v 
at + Ve'i/w = poar 

g (2.11) r Po 

+ 2QucosCP + £.'Q2rcoscp 
Po 

+ v ['i/ 2w 
2w 2 ~(vcosCP) 
r2 r 2coscp acp 

2 au 1 
r 2coscp aA 

where pi = P - P • In the above equations, no assumption has 
o 

been made that the centrifugal acceleration is small. A 

modified pressure, pi = P - Po' where the basic hydrostatic 

pressure p is defined by the equations: 
o 
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apo = 
i:)r (2.12) 

1 ap 
__ 0 = 
r acp (2.13) 

Following standard notation, the prime on pressure will be 

dropped henceforth, and it will be understood that P is the 

residual (modified) pressure. 

The equation of state is: 

p = pI.,. e: (T - T ) o 0 
(2.14) 

where e: is the thermal expansivity. This is the Boussinesq 

equation of state, and describes density variations in a 

fluid with temperature and pressure variations small enough 

that the fluid can be regarded as being incompressible and 

that density varies approximately linearly with temperature. 

The thermodynamic equation describes local temper

ature changes due to advection by the flow and conduction: 

aT 
at + = V· (KVT) (2.15) 

Here, the generation of heat by viscous disSipation of the 

fluid motion is neglected. This is shown by Chandrasekhar 



(1961), p. 17, to be negligible in a Boussinesq system of 

similar scale to that considered here. In addition, the 

variance of the thermal diffusivity is assumed to be small 

enough that the last term in equation 2.14 is equal to 

K~2T with negligible error. Thus, the thermodynamic equa-

tion is: 

19 

+ = (2.16) 

Equations 2.7, 2.9, 2.10, 2.11, 2.14 and 2.16 form 

the complete set of basic equations utilized in this 

study. In the spherical cases, the equations are applied 

to the domain: 

o < ¢ < ; 

a < r < b 

o < A < 2TI 

For the cylindrical calculations, the geometry is approx

imated by taking the inner spherical radius to be very large 

and confining the latitudinal angle to [¢ ,¢ ] (near the 
1 2 

TI TI pole), where r(2 - ¢2) and r(2 - ¢l) are the inner and outer 

radii of the annulus, respectively. The dependent quan

tities are the three velocity components (u, v, and w) 

and the state variables T, pi, and pl. The six equations, 

along with appropriate boundary and initial conditions, 

constitute an initial value problem which has no hope of 
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being solved analytically when applied to the configurations 

considered here, in the present or even the near future. 

Existence and uniqueness of solutions are very difficult 

questions, and have not been answered definitely. (See 

Dutton, 1982.) Ladyzhenskaya (1969) has proven the exist-

ence and uniqueness of a steady solution under some restric-

tions on the Reynolds number and on the boundary conditions. 

In Dutton (1982), we are promised a proof of existence and 

uniqueness of the steady axisymmetric solutions, which will 

soon appear in the literature. No attempt is made to 

address these questions here. It is assumed that unique 

steady-state axisymmetric solutions exist. Indeed, the 

numerical model has no trouble producing such solutions (or, 

rather, approximations to them). 

2.2 The hydrostatic approximation 

In applications of the dynamic equations to the 

earth's atmosphere and oceans, it is usually assumed that 

the radial pressure gradient is determined solely by gravity 

and the density of the fluid. (See Holton, 1979, p. 39.) 

The radial ("vertical") momentum equation then reduces to: 

= * -p'g (2.17) 

* where g = g - nrcos 2 ¢. This is called the hydrostatic 

equation, and assumes that the terms in equation 2.11 
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besides the terms which make up equation 2.17 are very 

small in comparison. Another way to state the assumption is 

that the radial pressure gradient is approximately that 

which would be present in the absence of fluid motion. 

The validity of the hydrostatic equation, of course, 

depends upon the character (especially the magnitude) of the 

fluid flow and upon the strength of the body force. In the 

cases of the earth's atmosphere and oceans, it is well known 

that the assumption is quite good, except in regions of 

strong vertical accelerations or shear in the vertical 

motion, such as in a severe thunderstorm. However, in a 

study such as this which attempts to model physical systems 

which have not been observed in reality, the hydrostatic 

assumption cannot be made ~ priori. previous results for 

the cylindrical annulus (Williams, 1967a, 1967b) indicate 

that the contrary may be true. When the vertical dimension 

exceeds the horizontal, the vertical boundary layers occupy 

a relatively large area of the domain. Near these vertical 

walls, there exists large shear in the vertical motion, 

suggesting that ignoring the viscous damping on the vertical 

velocity may result in large error. 

In this study, calculations for the axisymmetric 

case are performed both with and without making the 

hydrostatic assumption for a sampling of cases, and the 

validity of the hydrostatic assumption is checked ~ 

posteriori. The motivation for doing this, rather than 
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simply utilizing the full, nonhydrostatic system, is one of 

economy: The numerical technique for solving the 

hydrostatic system is less expensive that that for the full 

system. This is discussed in more detail in a later 

section. 

2.3 Non-dimensionalized equations 

It is illustrative to non-dimensionalize the 

equations, so that it may be seen what algebraic combina

tions of the physical parameters determine the flow. So 

that our results may be compared with experiments, it is 

convenient when non-dimensionalizing the equations to use 

characteristic scales which are controlled by the experi

menter, rather than those which are properties of the flow. 

In particular, we need to use a characteristic velocity 

which is an algebraic function of the experimental 

parameters. 

It has been observed, both in the annulus experi

ments and in the earth's atmosphere, that the zonal 

(azimuthal) velocity is approximately geostrophic away from 

the boundary. That is (in spherical coordinates): 

2Qusin~ 

Multiplying by r and differentiating with respect to r 

gives: 

(2.18) 



2nSin<P~r(Ur) 1 a2 p 
- Poard<p 

1 a * p a;p(p 'g 

° 

where the hydrostatic equation is used to eliminate P. 

Therefore, the thermal wind equation becomes: 

au 
rr 
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(2.19) 

(2.20) 

where the centrifugal acceleration is assumed to be small in 

comparison with gravity, and u is assumed to be be smaller 
au 

than r!r" (The latter assumption is equivalent to assuming 

that the radius is much larger than the gap.) 

A characteristic velocity UT, then, is defined to be 

the thermal wind: 

= 
E.g (b-aLAT<p 

Q a 
° 

(2.21) 

for the spherical case, where no = 2n sin (45°), and where 

~<p is the horizontal temperature difference imposed on the 

boundaries. The characteristic time period, horizontal 

length, and vertical length are taken to be a/U T, a and 

(b-a) = d, respectively. Various dimensionless quantities 

(indicated below with asterisks) are then defined: 
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* * Cu,v) = tUTu, UTV ) (2.22) 

d * w = a UTw (2.23) 

* r = a + dr (2.24 ) 

* * T = T + (r .,.. ~)llTr + llTe/>T (2.25) 

* P = POauTS'GOp (2.26) 

where llTe/> and llT r are the temperature differences imposed 

upon the horizontal surfaces and across the gap, respec

tively. Dropping the asterisks, the equations are then 

wri tten: 

= 

+ 

sine/> + - u-.---.-slone/> 0 

+ Ekfe/> (u,v ,w) 

= 

+ 

cose/> 
y cose/> 0 w 

(2.27 ) 

+ Ekf", (u,v,w) 

(2.28) 

(2.29) 

Ekf (u,v,w) . r 
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C2.30) 

The dimensionless parameters are given in Table 2.2. The 

fixed part of the centrifugal acceleration terms has been 

absorbed into the pressure gradient terms. Note that 

a is a linear function of the dimensionless r- 1 , and is thus 

a variable. The other dimensionless parameters are fixed 

for each experimental configuration. The dimensionless, 

linear friction and vector operators are defined: 

+ 
a a 

coscp a;p(vcosCP) + = o (2.31) 

A a ax "- ax A ax 
vx = A coscp TI + cp a]4i + rrr (2.32) 

(ya) 2 
1 a2x 2 1 a ax v 2 x = 

aA 2 + (ya) coscp ]1i(cosCPacp) cos 2cp 

(2.33) 

fA = \){1;] 2u + 2 (a:O 2aw 
coscp IT 

2 
lay) sinp av 

cos 2cp aT 

- (ay) 2 co~cp } (2.34) 

fcp \){1;] 2 v 2aw (ay) 2 v = + 2 (aY)aT 
cos 2 cp 

+ 2 lay ) 2 since au } (2.35) -cos 2cp aA 



+ 

2(a.y)2W + 2(a.:y:)2a (vcos<jl) 
COScp ~ 

2(a.y)2 au} 
coscp ~ 

2.4 Energy and angular momentum equations 
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(2.36) 

For diagnostic purposes, we derive equations for the 

time evolution of kinetic energy and absolute angular mom

entum. The kinetic energy equation is derived by taking the 
-+-

dot product of V with the vector equation of motion 

(equations 2.9,2.10,2.11), and then integrating throughout 

the spatial domain. The result is: 

a<K> 
~ = £Q2<Trcos<jl(vsin<jl + wcos<jl)> + <wT>£g 

(2.37) 

where <Fk> is the kinetic energy dissipation due to the 

viscous force, and the brackets indicate global (spatial) 

integration. The coriolis and curvature terms disappear 

when the dot product is taken, and the advection and 

pressure terms disappear when the integration is performed. 

The term involving the product of wand T with gravity is 

often called the baroclinic energy source term. Energy is 

converted from potential energy into kinetic energy via the 
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process represented by this term and the term involving the 

centrifugal force. The energy is dissipated by viscous 

friction. In the steady state, the sum of all energy 

sources and sinks is zero. 

Absolute angular momentum about the rotational axis 

is written M = r 2Qcos2¢ + urcos ¢. An angular momentum 

equation is derived from 2.9 by multiplying through by 

rcos¢, and then adding ~(Qr2cos2~) to both sides. The dt 'I' 

result is: 

dM 
at = -loP 

'PIT o 
+ rcos¢F" (2.38) 

Any further approximations to the equations should result in 

energy and angular momentum equations consistent with 2.37 

and 2.38. (See Lorenz, 1960.) 



Table 2.1. 

u 

v 

w 

-+ 
V 

P 

T 

To 

g 

P 

Po 

t 

r 

A 

cp 

" " '" A, cp, r 

E 

11 

v 

Q 

List of symbols used in the basic equations. 

1 dA 
eastward velocity component, rcoscp dt 

1 dCP northward velocity component, r at 

radially outward ("vertical") velocity 
dr component, at 

total velocity vector 

pressure 

temperature 

reference temperature 

radial body force (gravity) 

density 

reference density 

time 

radial distance 

longitudinal angle, increasing eastward 

latitudinal angle, increasing northward 

unit vectors 
1 dP thermal expansivity, - ~ 
poaT 

dynamic viscosity 

kinematic viscosity 

rotation rate 
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Table 2.2. Physical significance of terms in the 
momentum equations. 

Term 

uv tancj> uw , -r r 

-u tancj> vw , - - , r r 

u 2 + v 2 

r 

2Qvsincj>, -2Qwcoscj>, 

-2Qusincj>, 2Qucoscj> 

1 1 ap 
- porcoscj> IT ' 

1 al? 
- p ar 

o 

~ g 

1 1 ap 
p r ~ , 

o 

Significance 

Apparent centrifugal 
forces per unit mass 
due to curvature of 
surfaces of constant 
coordinates rand cj>. 

Apparent forces per 
unit mass due to motion 
in the rotating coordinate 
system (coriolis terms). 

Pressure gradient force 
per unit mass. 

Radial body force (inward) 
per unit mass. 

Components of apparent 
centrifugal force per unit 
mass due to the rotating 
coordinate system. 

viscous friction force 
per unit mass. 
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Table 2.3. Dimensionless parameters. 

Symbol Name Definition 

ROT thermal Rossby Eg(b-a)llTp number 
S'2 2 a 

0 

y aspect ratio d/a 

Nl -------- EllTcpS'2oa 

UT 

N2 -------- EToga 

S'2 oUTd 

Ek Ekman number v 

S'2 d 2 
0 

Pr Prandtl number V/K 

-------- a/r (dimensional r) 

r temperature llTr 
ratio 

llTcp 



3. AXISYMMETRIC MODEL AND RESULTS 

3.1 Equations and boundary conditions 

The axisymmetric equations are formed from the basic 

equations (equations 2.7, 2.9, 2.10, 2.11, 2.14 and 2.16) by 

setting all derivatives in the azimuthal direction zero. A 

solution to the axisymmetric system is also a solution to 

the full system. We wish to find such solutions, and to 

test their stability. The non-hydrostatic form of this 

system is: 

= { 1 a (uvcos$) 
- rcoscp ~cp + 

+ uv tancp 
r 

uw - -r + 2nvsincp - 2nwcoscp 

= 

+ v{V 2 u _ U }, 

= 

r 2 cos 2 cp 

{ 1 9 (v 2 CO S cp ) 
rcoscp acp 

{ 1 9 lvwcosp) 
.... rcoscp acp 
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(3.1) 

2nusincp 

(3.2) 



aT 
at = 

+ + 2Qucos</> 

2w - -r 
- G w 

2 a 
~ rcos</> ~ (vcos</»} 

1 ap 
~ PO ar 

1 a( 1a( 2 rcos</> a¢ .vcos</» + ;2ar wr) = 0 

P I = 
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(3.3) 

(3.4) 

(3.5) 

(3.6) 

where equation 3.4 has been used to write the advective 

terms in equations 3.1, 3.2, 3.3 and 3.5 in flux (conser

vative) form. The spherical, axisymmetric Laplacian 

is: 

= + 1 a ax 
--- ~(cos</>~) 
r 2cos</> 'I' 

(3.7) 

where X is any scalar quantity. 

The boundary conditions for the spherical cases are: 

T ( </>' a, t) ::: T a <. </» , 

T( </>,b,t) = Tb (</»; 

aT = 0 at ~ 0 d¢ 'I' = f 

(3.8) 

(3.9) 
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u = v = 0 for the entire boundary 

(including at ¢ = ; ) ~ 
w = 0 at r = a, r = b, ¢ = o. 

(3.10) 

(3.11) 

There is actually no physical boundary at the pole, of 

course, but the pole is a computational boundary. We need 

conditions on u and v because of the particular grid used. 

These conditions become arbitrary as the grid interval near 
dt. 

the pole approaches zero. The condition on u ( = at rcos¢), 

is derived from the requirement that ~~ remain finite in the 

limit as the pole is approached. The condition on v is that 

there is no flow across the pole. 

The hydrostatic model is formed by truncating the 

vertical equation of motion (3.3) to that of equation 

2.17. Referring to Section 2.4, however, we observe that 

if this truncation is performed there are terms due to the 

coriolis deflection and curvature in equations 3.1 and 

3.2 that do not drop out when the kinetic energy equation 

is derived. We could drop those coriolis and curvature 

terms which include w as a factor in equations 3.1 and 

3.2, which is often done in atmospheric dynamics. By 

numerical experiment, however, it was found in this study 

that these terms may be important in determining the flow in 

the tropics in the spherical cases considered here. (In 

particular, the coriolis exchange of momentum between u and 

w is important.) Furthermore, we would have an inconsistent 



angular momentum equation, unless the factor llr .were 

approximated by l/r, where r is a fixed, average radius. 

This, also, is often done in meteorology, where the 
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spherical shell considered is very thin. In this study the 

shell is not necessarily thin, however, and this approxi-

mation would be unacceptable. Therefore, we use a "quasi-

hydrostatic" system, where the equation for the vertical 

pressure gradient is: 

1 ap 
Po ar = * gET' + 

* where g = g - Q2r cos2 cp 

+ 2QucosCP (3.12) 

and T' = T - T Thus, the 
o • 

coriolis and curvature terms are retained in the vertical 

equation of motion. 

Returning to the non-hydrostatic system, one method 

of solution is to eliminate pressure from the equations by 

defining a stream function: 

~ ar = vrcoscp 
(3.13) 

and then to form a vorticity equation from equations 3.2 

and 3.3. When equation 3.2 is operated upon by ~rr 

equation 3.3 by ~ , and the results subtracted, we have: 

= (3.14 ) 



With the hydrostatic case, a stream function need not be 
Cl defined. When equation 3.2 is operated upon by Clr r, we 

have an equation where pressure appears only as differen

tiated with respect to r; we can then substitute for 

using the hydrostatic equation (3.12). Thus, we have a 

prediction equation for ~r (rv) with pressure eliminated: 
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+ 2S2ucos<j» (3.15) 

An equation is necessary to determine the integration 

constant to find v; this comes from mass continuity. When 

the continuity equation (3.4) is multiplied by ~and then 

integrated with respect to r, we have the result: 

b 

J 
r Cl 

cos<j> a;p(vcos<j>ldr = 0 (3.16) 

a 

Here, the integration of the w-part of the equation leaves 

the boundary values, which are zero. Furthermore v = 0 

everywhere on the equator boundary. Thus, the rigid lid 

condition requires that: 

b 

J vrdr := Q 

a 

The hydrostatic system, then, utilizes equations 3.12, 

3.15 and 3.4, whereas the non-hydrostatic system uses 

(3.17) 



the stream function formulation, equations 3.13 and 3.14, 

to find the meridional flow. 

There are two fundamental differences between the 
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equations for the meridional flow in the hydrostatic 

(equation 3.15) and non-hydrostatic (equation 3.14) 

systems. Firstly, the time derivative (left-hand side) in 

the hydrostatic system neglects the latitudinal derivative 

of the vertical velocity. This results in a system that is 

much less costly to solve numerically. The second differ

ence is that the advection and viscous terms are neglected 

on the right-hand side. One could propose a system that 

. a h' retains these terms, continulng to neglect atW, oplng that 

we could use the (possibly) less expensive hydrostatic 

numerical technique and increase the accuracy of the 

solutions. We are encouraged to try this by the fact that 

we are seeking steady-state solutions, and the left-hand 

becomes zero in any case. Attempting to solve this system, 

however, did not meet with success. Including the Laplacian 

of w in equation 3.15 induces severe numerical restraints 

upon the time step, especially for the case of the cylin-

drical annulus. This problem is resolved in the analysis in 

Appendix B. Even when a code was developed which did not 

require such a small time step, the system did not converge. 

The problem was not d~finitely resolved, but intuitively one 

can expect that neglecting the latitudinal derivative of w 

in the same region where we are attempting to make a 



correction is a serious error. Therefore, this system was 

abandoned in favor of a complete non-hydrostatic system 

which includes the time derivative of w. 

3.2 Numerical technique 
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Finite difference approximations to the basic 

equations (in dimensional form) are solved via a numerical 

model which integrates the prediction equations forward in 

time until a "steady" state is reached. A staggered, 

"stretched" grid is used. (See Figure 3.1.) The stretching 

allows for finer resolution of the boundary layers. The 

staggering (different variables defined on different grid 

points) permits more accurate differencing and avoids 

certain false (numerical) dispersion. (See Haltiner and 

Williams, 1980, pp. 226-230.) Note that the placement of 

the zonal wind u (whether on v-points or on T-points) is not 

important, since the axisymmetric model has no pressure 

gradient term and u is not included in the continuity 

equation. The placement for the axisymmetric model is on 

the v-points, so that averaging is not necessary for the 

horizontal coriolis terms. 

In order to describe the differenqing, an indexing 

scheme must be defined. Referring to Figure 3.1, we shall 

use the u, v points (solid circles) as reference points. 

That is, u and v are defined on latitudes ~j' where 

1 : j : J, and ~l and ~J are the boundary values. The 



38 

variables wand T are defined at latitudes midway between 

the ~j. These latitudes shall be defined for I ~ j ~ J-I. 

These variables are also defined at points across the 

latitudinal boundary (for the sphere, this is actually not 

necessary at the pole) such that their distances (in 

radians) from the boundary are the same as that to the first 

points inward. Thus, wand T are defined at latitudes for 

1 ~ j ~ J+l. The variables u, v and T are defined at radial 

distances rk' for 1 ~ k ~ K, and where the boundary is 

straddled. Verticai velocity w is defined at rk+~ for 

1 ~ k ~ K-I, and is defined on the upper and lO\'ler physical 

boundaries. Thus, we have the convention where the vari-

abIes are indexed: 

T. k -> ~. 
~ 

~ (ji . , rk~ J , J J (3.18 ) 

(ji . , -w. k rk+~ - r k • J , --> J 

The grid intervals are defined as follows: 

< j < J-l, 

i\¢. 
J 

(3.19) 



Time indexing is denoted by a superscript on the dependent 

variables. 
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A "leapfrog" scheme is used for the time differ

encing of all terms except the Laplacians, which are forward 

differenced, and except for the first time step and for an 

occasional Euler-backward step to avoid time splitting. 

(See Matsuno, 1966.) The finite difference equations of 

continuity, u-momentum, and temperature are: 

1 
n 

(v. +1 k,co,s<j>, "+'1 J, J 
n - v. kcos<j>.) J, J 

(3. 20) 

n+l n-l 
u. k - U. k J, J, = 

21St 

+ 

n n 
u. k+1(w, k+ 

J , J ' 
n -2 n n 

Wj +1 ,k)rk - uj,k_l(wj,k_l+ 

2rk,lllrk _l + llrk ) 



+ 

+ 
n-1 n-1 

{[(
Uj +1 ,k- Uj,k _ 

~$ )COS$J'+l 
j+1 

n-1 n-1 
u. k - .u. 1 _ ( J, J-,k -

~$ . ) COS$j ] 
1 . 

• t:~. cos$. ~. 

n 
Uj',k 

+ 

+ 

• 

J 

n-1 n-1 

[ 
u. k 1- U. k 

( J, + J, )j::2 
.1rk+1 k 

1 

.1$. lCOS~. 
J" J 

n-1 
T. k .,.. J, 

= 

+ 

J J COS 2 $j 

n-1 n-1 
.u. k - u. k 1 ] 1 } ... (J, J'-}r 2 _ 

~r 1 k-1-k- ~r 

n-1 
(T. k -J , 

k 

n-1 
T. 1 k}cOSCP. J- , J 
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(3 • 21) 

(3.22) 



From equations 3.21 and 3.22, u and T for each succes

sive time step are found directly. The variable v is more 

complicated. For the hydrostatic model, the velocity v is 

calculated by first finding the vertical difference of vr 

(equation 3.15), and then finding v so that the rigid lid 

constraint (equation 3.17) is satisfied. We first define 

a vertical difference operator: 

41 

(3.23 ) 

for any quantity X. We also define the quantities: 

n 
A. k J , 

n 
C. k J p 

... 1 
= 2rk(~~'+~~' l)cos~. J J- J 

n n n - ] ... v. 1 k tv. 1 k+v . ·k) cos~ . J-, J-, J, J 

1 .... 

v. w. + W. 2 n ( n n -] 
J,k-l J,k-l J+l,k-l)rk- l 

n2 '" u. ktan't'. J, J 
r k 

= 

t3 .24) 
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(3.26) 

n-l n-l 
v. k - v. 1 k ] 1 J, J- f COS<P

J
. 

~~. ~~.cos~. 
J J J 

+ 

+ 

~I[uj+l'k- uj-l'k+ vj+l,k-
r k 

un 2 un 2 + v n 
2 v n 2 ] 

+ j+l,k+l j-l,k+l j+l,k+l-. j-l,k+l 

r k+1 

+ 2n(coS.j+lu~1,k - cos.j_1uj_l,k>! 

n 2 
V. 1 k J- , 

(3.27 ) 
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After ~kvj,krk is calculated at each time step for 

2 < k < K-2, the rigid lid condition is used to find v for 

2 < k < K-1. The finite differencing of this condition is: 

But, 

K-1 
L rkv. kArk-1 = 0, 2 < j < J-1 

k=2 J, 

;:: 

k 
t r 2v

J
. ,2 + I Ii. (v. . r . ) 

i=3 1 J,1 1 

(3.28) 

(3.29) 

for 3 < k < K-1. Thus, v. 2 (on the first grid point inward 
- - J, 

from the lower boundary) is found directly by the formula: 

n+1 
v. 2 J, = 

K-1 
- I 

k=3 
[ 

~. n+l] --L ~. (v. . r .) t::,.r
k

_1 i=3 1 J,1 1 
(3.30) 

where d is the distance between the horizontal (physical) 

boundaries. Then, the v. k for k > 3 are found from 3.29. 
J, 

After the v-field is calculated, the w-fie1d is found by 

continuity (equation 3.20). 

The non-hydrostatic system is more complicated due 

to the presence of the time derivative for w (equation 

3.14). Equation 3.27 in the hydrostatic model is replaced 

by a prognostic equation for the stream function: 



= 
n-1 

!J.k (rkv. k) J , 
n-1 w. 
J 
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(3.31) 

where !J.~ is the difference operator in the ¢-direction, and 

where Wjk includes all terms from the w-equation and is 

def ined: 

n 
W. k J , = 2 

n n 
(T. k+1+ T. ·k - 2To) (g 

£ J, J, 

n n 
.w j., k+l' (wj , k+1 +. 

+ . , 

n 
v. 1 k+1)cos¢. 1 J- , J-



+ 

+ 
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n
2 

n
2 

n
2 

n2) U. k+ U. 1 k+ V. k+ V. 1 k ], J-, J, ]- , 
r k 

n-l n-l 
1 

[ 

(w'+l k- w. k)cos~. _____ J, J' J 

cos~.~~. 1 ~~. J J~ J 

n-l n-l 
(w. k-w , 1 k)COS~.] _ J, J-, J 

Ll~. 1 J-

( n-l 
w. k _ J, 

n 
2w. k 1 [ n n 

J, - cos~ . (v. k l+v. k) 
-r ~ ~ . r- co ~ . J J, + J , 

k J-l k ~J 

The stream function is defined: 

IjJj,k+l -ljJj,k 

Llrk 

= 

-2 --w. ·krkcos~ . J, J 

IjJ ~ 0 on boundaries. 

(3.32) 

(3.33) 

At each time step, a Poisson-type equation must be 

solved for the new stream function field. The method 

utilized here is a successive line over-relaxation (SLOR) 

iterative scheme, where a direct solution method is used in 

the r-direction, and iteration proceeds in the ~-direction. 
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(See Gary, 1976.) At each iteration, the unknowns in each 

column (j fixed) are found by a direct, Gaussian elimination 

routine, using old values from one of the adjacent columns 

and new values from the other one. For each column, there 

is a tridiagonal system whose coefficients do not change in 

time (or as the iteration is performed), and on which 

forward elimination is performed at the beginning of program 

execution. For each column, forward elimination is 

performed on the right-hand side, and the ~'s within that 

column-are found by back substitution. With SLOR, each 

column is updated as the iteration proceeds (rather than at. 

the end of the iteration sweep). The over-relaxation factor 

that gives fastest convergence depends upon the particular 

grid being used, and is found by trial and error, running 

the program for a few time steps and observing the rate of 

convergence. If the ~-field of the previous time step is 

used as an initial value, convergence is fairly rapid: 

About 10 iterations are needed near the beginning of time 

integration, and only 1 iteration is necessary as steady 

state is reached. Overall, however, the computer time 

required for the non-hydrostatic model is about twice that 

for the hydrostatic model. (Besides the additional 

calculations necessary to invert the poisson-type equation, 

the required time step is smaller for the non-hydrostatic 

model. ) 
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The properties of the numerical schemes presented to 

this point are well known. (See Haltiner and Williams, 

1980, and Roache, 1979.) The time integration technique is 

conditionally stable, requiring that the time interval ~t be 

sufficiently small. It was found that the allowable ~t 

could be increased (thus reducing computer time) if 

Dufort-Frankel differencing is utilized for the finite 

difference operator for the viscous terms. (See Richtmeyer 

and Morton, 1967.) This scheme is semi-implicit, greatly 

complicating the algebra, and was therefore utilized only 

for the hydrostatic model. With this improvement, ~t varied 

for different flows, implying that the terms limiting the 

size of the time step were those of the nonlinear advection. 

The differencing and averaging in the momentum 

equations has been constructed so that the terms that drop 

out in the differential kinetic energy equation (equation 

2.36) also drop out exactly in the difference equations. 

The advective scheme is discussed by Warn-Varnas, Fowlis, 

Piacsek and Lee (1978). It conserves velocity squared even 

when mass is not exactly conserved for the finite volume 

"box" of the particular variable being advected. Consid

ering Figure 3.1 and the finite difference equations, it is 

clear that the only variable for which the finite difference 

box is the same as that for continuity (equation 3.20) is 

temperature. Thus, the differencing of T-advection follows 

the usual conservative differencing, and both T and T2 are 



conserved by the advection terms. The momentum advecting 

terms conserve kinetic energy exactly, but not momentum; 

this is less undesirable than vice versa. 

All differences are constructed in central form. 
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For a grid of equal spacing, the scheme is second-order 

accurate. For a stretched grid, the accuracy depends upon 

the degree of stretching. (See Roache, 1979, pp. 288-290.) 

Although it is easily shown that the formal accuracy of the 

differencing deteriorates quickly as the degree of stretch

ing increases (particularly for the finite difference 

Laplacian), it has been observed that quite good results can 

be obtained for appropriately stretched grids (e.g., 

Warn-Varnas, et.al., 1978; Roberts, 1971). 

3.3 Results of calculations 

Calculations were performed for both cylindrical and 

spherical cases. The equations were integrated forward in 

time until a "steady state" was reached. A convenient 

initial condition was found to be that of solid rotation 

(u = v = w = 0), with temperature linearly interpolated 

between the inner and outer boundaries. The criteria for 

having reached steady-state were: (a) Insignificant 

visually apparent differences in any of the fields, 

contoured at least 30 seconds apart. (b) The ratio of the 

total heat flux of the outer boundary to that of the inner 

boundary within 5% of unity (some integrations were within 



2%), and monotonically approaching 1.0. (c) Total kinetic 

energy changing by less than .05% per second. 
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This quasi-steady state was usually achieved within 

5 minutes of model time. Note that to reach a true steady 

state, where all variables are changing near the truncation 

limit of the computer, would have required much more 

computer time and is not necessary for the present purposes. 

Cases computed and numerical values of of the physical 

parameters are given in Tables 3.1 and 3.2. The dimension

less parameter Ta is equal Ek- 2 , and the parameters ROT and 

Ek for the sphere are given in Table 2.3. For the cylinder: 

= 

Ta = 

Egt:.Td 
Q2(b_a)2 

3.3.a. The cylindrical annulus 

To verify the model, it was first used to compute 

the flow within the cylindrical annulus for the case Bl of 

Williams (1967b). The code used in the cylindrical 

calculations was virtually the same as that used for the 

spherical calculations described in section 3.3.b. The 

approximation of the annulus, as previously mentioned, was 

achieved by setting the radius of the inner sphere to a 

large value, using a gap between the concentric spheres 

equal to the height of the annulus, and using the domain 
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$1 ~ $ ~ $2 (near the pole), rather than the entire 

hemisphere. The nlatitudes n $ and $ were chosen so that 
1 2 

the dimensions were approximately equivalent to those of the 

annulus. The grid used was suchh that the finest boundary 

resolution was the same as or finer than Williams' (41 

points in each direction), and the maximum grid spacing in 

the interior was equivalent to that of 11 points. The 

boundary conditions used were the same as Williams': fixed, 

constant temperatures on the outer and inner cylinders, with 

the top and bottom insulated, and all velocity components 

zero on the boundaries. It is important to note that 

Williams compared some of his results with actual experi

ments and found good agreement. 

The results of the calculations may be seen in 

Figure 3.2. With the hydrostatic model, there was fair 

agreement with Williams' calculations for the temperature 

field (Figure 3.2.A) and the zonal velocity field (Figure 

3.2.B). The contour plot of the stream function (Figure 

3.2.C) indicates that the hydrostatic model cannot 

accurately predict the vertical velocity near the side 

walls. In fact, this model predicts the maximum vertical 

velocity to be at the first grid column from the walls, 

regardless of resolution. This unrealistic result is 

clearly because the viscous drag on vertical motion is 

neglected in the equations. The viscous force WOUld, 

because of the presence of the side walls, cause the very 
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thin vertical jet to spread out ho~izontally and reduce the 

vertical motion on the walls to zero. 

The hydrostatic model p;cedicts the zonal jet to be 

about 40% larger than that of Wtlliams' results. This is an 

indirect result of the model's ~ailure to accurately 

calculate the vertical motion n~ar .the side walls. It is 

important to note that the heat conduction is through the 

side walls, and that the temperfFltull:e profile in the interior 

is largely determined by conduction between the side-wall 

layers (Williams, 1967b). Thus, for an accurate calculation 

of the thermal wind (vertical s~ear in the zonal velocity), 

which is essential for a barocltnic instability study, the 

temperature prof ile wi thin the ~idE~-wall layers must be 

accurately predicted. This can be accomplished only if the 

vertical velocity profile near the walls is accurately 

computed. 

The results of the non-pyd]~ostatic model are seen in 

Figures 3.2.D, 3.2.E, and 3.2.F. In particular, the 

horizontal thermal gradient in the, interior is weaker than 

when the side-wall layers were inaccurately modelled in the 

hydrostatic case. The result o~ this correction is a 

smaller thermal wind. The read~r can verify that the 

non-hydrostatic results are virtually identical to those of 

Williams (1967b). 

Another case that was cpmputed was for a free

surface annulus in which the vertical depth and radial 
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thickness were equal, and which was computed by Williams 

(1971). In this case, the error in the zonal wind of the 

hydrostatic solution was about 25%. It is not unexpected 

that the error becomes less as the annulus is flattened. 

3.3.b. The spherical shell 

Calculations were performed for four spherical 

cases. The temperature profiles on the boundaries were 

taken to be linear in ~, with corner temperatures of 2SoC 

and 3SoC at the equator and lSoC and 2SoC at the pole for 

three of the cases, and with corner polar temperatures of 

20°C and 30°C for the other case. The physical parameters 

(Table 3.2) and a gravitational acceleration of 980 cm S-2 

were approximately those currently being anticipated by NASA 

for use use in the AGCE (W.W. Fowlis, personal communi-

cation). It should be noted that g actually will vary with 

radial distance in the true physical situation (Hart, 1976). 

Theoretical studies by Giere and Fowlis (1980) and Geisler 

and Fowlis (1980) have shown, however, that this variation 

should not significantly affect the dynamics from the 

constant gravity case, and it may be expected that the 

approximation of constant g used here shall result in only 

minor differences in the fields from the case where g 

varies. 

The vertical grid spacing was such that there were 

three points for each column in the Ekman layers for the 
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case of highest rotation (which has the thinnest boundary 

layers), with a maximum vertical grid spacing in the 

interior of 0.1 of the gap. The horizontal grid spacing was 

about 0.024 radians nearest the polar and equatorial 

boundaries, and about .157 radians in the interior. The 

stretched grid, in terms of grid points where u and v are 

defined, was 17 by 14 points. This resolution was shown to 

be sufficient by computing a hydrostatic flow for the case 

of highest rotation at double the resolution in both the 

vertical and horizontal. The finer grid did resolve 

somewhat' finer detail in the inner and outer boundary 

layers. However, the thickness of these layers and the 

maximum meridional velocities in them were very little 

affected, and the interior was not affected at all, in terms 

of the appearance of the contoured fields. Thus, the 

coarser grid is adequate for the axisymmetric spherical 

calculations for the range of parameters considered here. 

The stream function shown in the following sections 

to illustrate the meridional flows is the negative of that 

defined in equations 3.33. Note that the gradient of ~ is 

proportional to mass flux, not fluid speed. The reader 

should keep this in mind when viewing the figures, since 

vertical fluid speed may be large near the pole, but not 

clearly indicated on the ~ contour plot (due to the factor 

cos~). 
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n -1 Case Sl. This is for ~, = 3 s ,and for a latitu-
o 

dinal temperature difference of 10 C on both the inner and 

outer boundaries. The radial temperature difference across 
o 

the gap was 10 C for this and all spherical cases reported. 

This particular case had the largest Taylor number and the 

smallest thermal Rossby number. This case shall be dis

cussed in detail because of the symmetric structure of the 

zonal wind, which is much like an idealized baroclinic flow. 

The other cases will then be discussed by contrasting them 

with this case. 

Considering first the flow in the meridional plane, 

there is a primary Hadley-type cell, with flow northward 

near the upper boundary and southward near the lower 

boundary. Vertical motion is upward near the equator and 

downward near the pole. (See Figure 3.3.A, which shows the 

non-hydrostatic meridional stream function. Not indicated 

in the figure is that there is a vertical jet near the 

pole.) Horizontal meridional flow is mostly confined to 

Ekman layers, the exception being in the lower tropical 

region. In this region, there is a secondary cell where the 

rising fluid near the lower part of the equator wall turns 

northward. Associated with this cell is another, much 

weaker, secondary cell near the upper boundary layer at 

about 300 latitude. 

The explanation for the existence of the secondary 

cells lies in the thermal (and therefore density) gradients 
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that are established by the boundary conditions and the 

primary Hadley flow. Figure 3.3.0 depicts the steady-st~te 

temperature field. The meridional thermal advection has 

distorted the temperature distribution from the purely 

conductive solution. In the equatorial and polar region~, 

the static stability has been changed from that of, resp~c

tively, colder and warmer fluid f rom across the gap. Sir.ce 

the temperature on the upper and lower boundaries is fix~d, 

the radial thermal gradients are made large near the upp~r 

equatorial boundary and the lower polar boundary. Hori

zontal advection in the boundary layers, on the other hand, 

reduces the radial temperature derivative near the lower 

equatorial boundary and the upper polar boundary. The 

horizontal gradients in the interior are also affected b~ 

this Hadley circulation. <See Figure 3.3.E, which depic~s 

the latitudinal temperature derivative.) Since the regi~n 

near the pole is warmed by advection and the equatorial 

region is cooled, the horizontal temperature gradients in 

the interior are weakened, and are in fact reversed in t~e 

lower equatorial region. The effect of the meridional 

circulation upon the temperature field is further illus

trated by Figure 3.4, which graphs the magnitudes of the 

important individual terms in the prognostic equations f~r T 

and v (equations 3.2 and 3.5) for two latitudes: one ne,r 

5° and one near 50o~ Figures 3.4.A and 3.4.B are for th~ 

temperature equation and indicate that the relative bala~lce 
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of terms at the two latitudes is quite different. At 50° 

(Figure 3.4.A), the flux divergence (diffusive term) is 

small in the interior relative to that of the boundary 

layers. This is because the thermal advection in the 

interior is weak, and the steady-state solution there is 

primarily that of conduction. In the tropical region, 

thermal advection is strong at all levels, and the diffusive 

flux divergence is fairly constant with height. Thus the 

temperature field is determined by both conduction and 

advection at all levels. The reversals in direction of the 

horizontal advection which is caused by the tropical second

ary cell are also evident in Figure 3.4.B. 

The effect of the tropical meridional thermal advec

tion upon the density gradients and hence the origin of the 

secondary cells, is clearly shown in the graph of the hori

zontal pressure gradient in Figures 3.4.C and 3.4.0 and 

in the contour of ~T/~~ in Figure 3.3.E. Whereas at middle 

and upper latitudes the pressure gradient is fairly linear 

with height, at low latitudes it is not. In fact, the 

pressure gradient force nearly becomes zero in the lower 

tropical region, and other forces deflect the rising fluid 

northward. Further upward, however, the pressure gradient 

is re-established by the fixed temperature profile on the 

upper boundary. The fluid (except that which is imbedded in 

the interior of the lower secondary cell) is then turned 

southward as it rises further, until it is drawn into the 
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upper, northward-flowing boundary layer. The zonal wind is 

shown in Figure 3.3.B. Like the cylindrical annulus, but 

unlike the earth's atmosphere, there are two jets of 

reversed direction and of approximately equal magnitude. 

This is due to the radial symmetry imposed by the rigid 

upper and lower boundaries. The jets are near the 

boundaries and are centered at about 50° latitude. The 

vertical shear between them is very nearly linear between 

the boundary layers, as indicated by the graph of the 

coriolis term in v-equation in Figure 3.4.C. This striking 

linearity is a consequence of the conductive nature of the 

temperat~re field in the interior, as discussed above, and 

of the geostrophic balance. Similar to the earth's 

atmosphere, there is weak easterly flow in tropics. This 

was shown by numerical experiment to be a result of the 

coriolis defection of the upward vertical motion in that 

region. This term is not present in the cylindrical 

equations; therefore this feature is not present in the 

annulus. (This is not intended to imply, of course, that 

the source of these easterlies in the spherical experiment 

is the same as that for the atmosphere.) 

The size of the effects of using the non-hydrostatic 

model was evaluated by comparing the results of the hydro

static and non-hydrostatic cases. The coriolis and 

curvature terms involving w in equations 3.1 and 3.2 and the 

corresponding terms in equations 3.3 were included in 
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the hydrostatic calculations, as mentioned in section 3.1. 

It was found that omitting t~em did not affect the flow, 

except in the tropics. There, the omission of the coriolis 

force due to vertical motion resulted in the disappearance 

of the easterlies. Including these terms in the hydrostatic 

calculations provides solutions which are much closer to 

those given by a full non-hydrostatic model and gives vir

tually the same savings in computer time. 

The complete non-hydrostatic solution has two small 

differences from the hydrostatic solution. First, the 

viscous damping of w widens and lessens the magnitude of the 

vertical jets at the equator and pole. Since the equatorial 

jet is the stronger of the two, the effect is greater there. 

The damping of the vertical motion may be expected to have 

an effect upon the temperature field at the equator and the 

pole (in particular, upon the static stability) because of 

the decreased vertical advection of heat. The decreased 

advection in the non-hydrostatic case results in less ex

treme static stabilities in the equatorial region. That is, 

the low stability in the lower region is increased, and the 

high stability in the upper region is decreased. These 

effects are present only very near the equator wall, how

ever, and the percentage changes (in terms of the average 

static stability) are very small. 

The other non-hydrostatic effect is upon the zonal 

velocity and may be seen in Figure 3.3.C. This is a plot of 
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the non-hydrostatic zonal velocity minus the hydrostatic 

zonal velocity. The hydrostatic plots of u (not shown) are 

virtually identical to the non-hydrostatic one seen in 

Figure 3.3.B. The same is true for all fields, except w. 

It is clear that the effects upon zonal velocity are sig

nificant only near the equator wall, and even there they are 

of small magnitude. The vertical shear in the interior is 

insignificantly affected. The non-hydrostatic effects upon 

horizontal meridional velocity v were also confined to very 

small areas in the polar and equatorial regions, were very 

inconsequential, and are not shown here. In summary, one 

may infer that the non-hydrostatic differences are small and 

may suspect that they will not affect the stability 

characteristics of flow. 

Case S2. When rotation is decreased from n = 3 S-1 

to n = 1 S-1, one may speculate that we are moving from a 

region of baroclinic instability into an ftupper symmetric ft 

region. (Whether or not case S2 actually is stable or 

whether Sl is in the unstable region is not determined in 

this section, but one can anticipate that at least we are 

moving in the direction of decreasing instability or of in

increasing stability.) The Ekman number is increased three

fold. This indicates that the stabilizing viscous force has 

a much greater influence relative to the destabilizing cor

iolis force. The thermal Rossby number is increased 
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ninefold, which indicates that greater meridional flow will 

be expected. This would increase thermal advection which, 

in turn, may increase static stability in the interior. 

Figures 3.5.A and 3.5.B show the zonal flow and the merid

ional stream function, respectively. The most striking 

difference between this case and that for higher rotation is 

that the zonal jets have moved into the polar region. To 

understand this, one must consider the meridional flow. 

Comparing Figure 3.5.B with Figure 3.5.A, it is clear that 

meridional transp~rt into the polar region is much greater 

in case 52. This is due to the decrease in the restoring 

coriolis force (which restrains latitudinal motion in the 

absence of longitudinal pressure gradients) compared with 

viscous and latitudinal pressure gradient forces. Addi

tionally, the Ekman layer is not so well-defined in the 

case when rotation is higher, and fluid particles emerge 

from the boundary layer in the polar region with more of a 

horizontal component to their motion. Thus, less angular 

momentum attained at lower latitudes is lost to friction 

against the upper boundary than in the case of higher 

rotation, where particles are ejected from the upper 

boundary layer with very little latitudinal motion. The 

lower jet in case 52 is also in the polar region because of 

the sharp turning southward of the flow as it descends, 

before fluid particles are sucked into the boundary layer. 

An important note is that fluid particles in the region of 
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negative zonal velocity near the pole are travelling 

southward, and have lost much of their absolute angular 

momentum to friction when they were closer to the pole. It 

is easily shown that the size of the jets and the lati

tudinal difference between the two jets more than account 

for the apparently quick change from positive to negative 

zonal velocities. The zonal velocities at lower latitudes 

decrease because friction quickly damps the angular momen

tum. The reason, then, that the jets are near the pole is 

that it is there that fluid velocities in the direction 

perpendicular to the axis of rotation are great enough that 

the time scale of the motion is small enough, relative to 

that of friction, to allow a certain degree of "conser

vation" of absolute angular momentum. 

The greater meridional transport in the case 52 has 

additional effects upon the fields. The polar vertical jet 

has greater speed than the equatorial jet and is displaced 

upward. This displacement is due to increased thermal 

advection, which causes the static stability to be very high 

in the lower polar region. Increased thermal advection also 

has an important effect upon the flux of heat through the 

inner and outer equatorial walls, and there is a stronger 

reversal (from the purely conductive case) through the outer 

and inner walls in the polar and equatorial regions, respec

tively; The net result is that the total heat flux across 

the gap is about 12% greater in case 52 than in case 51. In 



both cases, the total heat flux is less than in the purely 

conductive solution. 

Non-hydrostatic effects (not illustrated with 

figures) are similar, both quantitatively and .qualitively, 

to case Sl. The exception is that because of the larger 

vertical velocity at the pole, the effects due to viscous 

drag on w may be seen at both the pole and the equator, 

rather than mostly at the equator as in Sl. Again, it was 

clear that the effects were small. 
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A phenomenon which appeared to be due to a compu

tational mode in the form of small convective cells arose 

for case S2 when central differencing of thermal advection 

was utilized, near the outer polar region (not illustrated). 

It is possible that the convective cells were physical and 

are present due to low static stability in the outer polar 

region. However, the structure of the cells was such that 

the sign of w continued to change with each grid interval 

when the grid was refined, indicating that a computational 

mode was present. The problem was eliminated by using 

upstream differencing of thermal advection. The magnitude 

of the velocities was insignificantly changed, suggesting 

that the effect of numerical dissipation by the first-order 

upstream differencing was small. 

CaseS3. This is the case with no rotation. Merid

ional flow (Figure 3.S.C) is similar to that of S2, but it 
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is stronger and penetrates more into the interior. The two 

secondary cells are more separated than when rotation is 

present, since the pressure gradient reversal is greater 

with the stronger thermal advection by the primary cell. 

Vertical motion downward in the polar region is more vig

orous. Non-hydrostatic effects may be seen mostly near the 

pole (not illustrated). The hydrostatic vertical jet's 

speed there is stronger than that for the non-hydrostatic 

solution by about 24%, and narrower. The interior and 

equator regions are not significantly affected by the non

hydrostatic terms. 

There was a problem with a spatial computational 

mode near the pole, similar to that of case 52. The remarks 

regarding case 52 apply here as well. 

Case 54. The rotation rate was the same as in 52 

Q = 1 S-l), but the horizontal temperature contrast from 
o equator to pole was reduced to 5 C. The type of flow is 

tending towards that of the "lower symmetric" regime. One 

would expect that although static stability in the interior 

is weaker, due to the decreased meridional flow, the thermal 

wind might be small enough that the energy source for 

baroclinic waves would not be large enough to overcome the 

damping effects of viscous friction. 

The reduction in the thermal gradient lessens 

meridional flow from case 52, as seen by comparing Figures 
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3.5.B and 3.5.E. (Note that the contour interval is four 

times larger in case 82.) One effect of reducing this. flow 

is that the meridional flow is more symmetrical, both in the 

radial and in the latitudinal directiona. The packing of 

the: isotherms in the outer equator and inner polar regions 

is much decreased from case 82. Thus, the static stability 

maxima there are lessened, vertical motions are not so 

inhibited, and the vertical jets are more nearly equal in 

the! lower and outer parts of the domain. The secondary 

sells are still present, as the meridional flow is strong 

enough to cause reversals in the weak horizontal thermal 

gradient (Figure 3.5.F) throughout the interior region. 

The zonal jets have moved southward, from case 82. 

This can be attributed, again, to the reduced meridional 

transport. It is interesting to note the strong radial 

asymmetry in the ver~ical shear of the zonal wind, which is 

stI:ong near the upper boundary layer and weak elsewhere. 

Thi.s shear is proportional to the latitudinal temperature 

derivative (from the thermal wind equation, which is 

approximately satisfied outside of the boundary layers). 

Thjls temperature derivative (Figure 3.5 .F) is made very 

weakly positive (reversed from the boundary gradient) 

throughout the interior~ therefore, one would not be 

surprised that the sonal wind shear is small throughout this 

region. What is perhaps surprising is that there is not a 

re9ion of shear in the lower region similar in magnitude to 
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that in the upper region. It may noted that the decrease in 

the magnitude of the latitudinal temperature derivative as 

one moves away from the outer boundary is not as quick as 

that on the inner boundary. Thus, the region of weak posi

tive thermal gradients is slightly lower than midway in 

the gap. This appears to be oriented such that, at the 

"edge" of the lower boundary layer, the (still negative) 

thermal gradient has proportionally much smaller magnitude 

than that at the edge of the upper boundary layer, which 

would account for the wind shear's asymmetry. This radial 

asymmetry in the horizontal thermal gradients appears to be 

a result of the spherical geometry: For mass continuity, 

the magnitude of the fluid velocities near the lower 

boundary nust be larger than those near the upper boundary 

because of the spreading radians. Also, the thermal gra

dient (the latitudinal derivative divided by r) is larger 

on the lower boundary. Thus, the horizontal temperature 

advection is larger there, and the effect of the meridional 

flow upon the latitudinal derivative of temperature is 

greater. Evidently, this effect appears in the zonal wind 

profile only when the horizontal thermal gradient is 

relatively small. 

Another case that was computed and not shown here 

was with the temperature difference further reduced to laC. 

The symmetry in the radial direction of the meridional flow 

was even more pronounced than for 54, and the secondary 
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cells were more nearly at equal latitudes and slightly more 

separated. The secondary zonal jets were relatively weaker 

than the main jets, and asymmetry in the vertical shear in 

the zonal wind was similar to 54. 
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Figure 3.1. Placement of grid points, with the grid 
stretching illustrated.-- Dependent variables are defined on 
the points: • - U,Vi 0 - Wi x - T. The stream function is 
defined midway (radially) between. points. 



Table 3.1. Axisymmetric cases. 

Case Vertical Temperature Horizontal Temperature Rotation Ro Ta Difference (OC) 01 fference (OC) Rate T 

Bl (cylindrical) 0.0 2.3 I. I 0.296 1.010X106 

51 (spherical) 10.0 10.0 3.0 0.029 1.8 xlOs 

52 (spher I ca I) 10.0 10.0 1.0 0.263 2.0 xIO~ 

53 (spherical) 10.0 10.0 0.0 

54 (spherical) 10.0 5.0 1.0 0.131 2.0 xlO~ 

The cylindrical case had height = 5 cm, Inner radius = 3.48 cm, outer radius = 6.02 em. 

All spherical cases had Inner radius 5 em, outer radius 6 em. 

Table 3.2. Fluid properties. 

Case 

Cylinder (water) 

Sphere (silicone 011) 

Viscosity (\I) 

cm2 sec- 1 

.01 

.01 

Dlffuslvlty he) 

em2 sec-1 

.00142 

.000716 

Expanslvlty (£) 

(OC)-l 

.000205 

.00134 

0'\ 
~ 
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Figure 3.2. Contour plots g1v1ng results of calculations for the cylindrical 
case.-- positive values are indicated by solid lines, negative values by dashed 
lines. Zero contours are the first solid lines. "Del~a" refers to the difference 
between contours. (A) Hydrostatic temperature field ( C); (B) Hydrostatic zonal 
velocity (em S-1); (C) Meridional stream function, hydrostatic solution (cm 3 s- 1

); 

(D) Non-hydrostatic temperature field; (E) Non-hydrostatic zonal velocity; 
(F) Meridional stream function, non-hydrostatic solution. 
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Figure 3.3. contour plots g1v1ng results of calculations for the case.Sl (n = 3 S-l, 
~T~ = lOoC.-- Units and the contour scheme are the same as in Figure 3.2. 
(A) Meridional stz:eam function; CBl Zonal velocity: (C) Non-hydrostatic minus 
hydrostatic zonal velocity difference field; (D) Temperature, eE) Latitudinal 
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Figure 3.4. Magnitudes of important terms in the thermal 
equation (3.5) and in the latitudinal momentum equation 
(3.2), in the steady state for case Sl.-- (A) and (B): 
Temperature equation terms for columns at 49.5° and 4.7° 
latitudes, respectively. Dotted lines are vertical 
advective flux divergence, dashed lines are horizontal 
advective flux divergence, and solid lines are total 
diffusive flux divergence. (C) and (D): Latitudinal 
momentum equation terms for columns at 54° and 6.3 0 

latitudes, respectively. Solid lines are for the coriolis 
term, short-dashed lines are for the viscous term, long
dashed lines are for the pressure gradient, and dotted lines 
are for the centripetal term.' The vertical axis is' radial 
distance from the inner sphere, increasing upward. 
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Figure 3.S. Results of calculations for cases 82, 83, and 84.-- (A) Zonal velocity, 
case 82 (Q = I S-l, ~T¢ = 10oC; (B) Meridional stream function, 82; (C) Meridional 
stream function, case S3 (Q = 0, ~T~ = 10oC); (D) Zonal velocity, case 84 (Q = I S-1, 
~T~ = SoC); (E) Meridional stream function, 84; (F) Latitudinal temperature deriva
tive, 84. Units and the contour scheme are as in Figure 3.2. 
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4. LINEAR MODEL AND RESULTS 

4.1 Equations 

The full set of equations (equations 2.7, 2.9, 2.10, 

2.11, 2.14 and 2.16) are linearized about the axisymmetric 

solution. That is, for any dependent quantity X, we con

sider infinitesimal perturbations to the axisymmetric solu

tion X. The variables u, v, w, P, T and P are written: 

-u = u + u' 

-v = v + v' 

-w = w + w' 
(4.1) 

T = T + T' 

P = P + p' 

-
P = P + P , 

These quantities are substituted into the basic equations, 

and the nonlinear t,erms are expanded. For example, the te rm 

describing vertical advection of heat becomes: 

= - aT ,aT aT' aT' 
W ar + W ar + W ar + w' ar (4.2) 

From this result, the axisymmetric equations are subtracted. 

Finally, all nonlinear terms are dropped~ since the per

turbations are infinitesimal, these terms are very much 
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smaller than the others. The result is (dropping the primes 

and eliminating p): 

au + -+ -+ - (uv + uv)tan</> (uw + uw) V·'i/u + v·'i/u = -at r r 

1 1 ap 
+ 2nvsin</> 2nweos</> fi -

Po reos</> 

2 aw 2sin</> av + V ['i/"2U + 
r 2eos</> in r 2eos 2</>IT - r2e~s2</> 1 

av + -+ -+ - -2uu tan</> V·'i/v + v·'i/v = at r 

1 1 ap 
2nusin ra¢" -Po 

8w -+ -+
at" + V·'i/w + v·~w = 2(iiu + vv) 

r 

~T -+ -+-
o + V.'i/T + v.'i/T = 
at 

1 au 
rees</> fi + 1 a (veos</» 

reos</> a</> + 

2 

(vw + vw) 
r 

+ e:Tn 2reos</> sin</> 

1 ap 
Po ar + 2nueos</> 

3 (veos</» 
a</> 

= 0 

(4.3) 

(4.4) 

(4.5) 

(4.6) 

(4.7) 
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where V refers to the axisymmetric velocity vector, and v is 

the perturbation velocity vector. This linearization 

procedure has been used in studying hydrodynamic stability 

for more than half a century. <See Chandrasekhar, 1961.) 

It has been mathematically justified for the Navier-Stokes 

equations by Sattinger (1973). 

It was demonstrated in the results of Chapter 3 that 

the hydrostatic assumption is good for the spherical shell 

but not for the cylindrical annulus, at least when the 

vertical dimension is not much smaller than the horizontal. 

In the nonlinear results of Williams (1971), it is seen that 

the deviations from the azimuthally-averaged state for a 

square cylindrical annulus were, however, fairly hydro

static. This is primarily because the amplitudes of the 

waves were small near the vertical side walls, and 

accelerations due to viscous drag on ware therefore not 

important. Furthermore, from past theoretical results one 

would expect that the deviatoric waves will develop near the 

zonal jets, well away from the side walls. One might 

anticipate, then, that the hydrostatic approximation may be 

valid for the cylindrical annulus, as well as for the 

spherical shell, when it is applied to the linear model. 

What was done in this study was to use a hydrostatic linear 

model to test the axisymmetric states for stability, and 

then check the hydrostatic assumption a posteriori by com

paring the results with laboratory· experiments. 



If the non-hydrostatic terms are dropped from 

equation 4.5, or if the hydrostatic equation (3.12) is 

linearized, we have: 

1 ap 
Po ar = * e:Tg 

2 (uu+vv) 
+ r + 2Qucoscj> 

75 

(4.8) 

where we retain the curvature and coriolis terms for energy 

consistency. (See Section 3.4.) 

For any dependent variable X, we consider the 

Fourier expansion in the azimuthal direction: 

X(A,cj>,r,t) = Re{EXk(cj>,r,t)exp(ikA)} 
k=O 

(4.9) 

where the Xk are complex. Since the equations are linear, 

each Fourier component develops independently, and we can 

consider each one separately. 

When a single Fourier component is substituted into 

the basic equations, the result is: 

au 
at 

2ik -+ uu 1 a (vuccscj> + vucoscj» 
+ rcoscj> a<ji rccscj> 

= (uv+uv)tancj> 
r 

(uw+uw) 
r 

+ 2Qvsincj> + 2Qwcoscj> 

+ 

+ w 
'2iksincj> 
-.......;...-~v 

1 ik 
-~-:- p 

Po rcoscj> 

(4.10) 
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-
av + ik 'uv-\. + uv) at· rcoscp 

+2a (vvcosCP) + 1 a - 2 -
rcoscp aiji rr ar (wvr +wvr2) 

aw + ik 
at rcoscp 

+ 2 a 
~2ar 

+ e:T (g 

1 

= 2u- taI!.cp - .u~ r 
(vw + Vw) 1 1 ap 

r -pera¢" (4.11) 

- 2nusincj> + 8T0 2rcoscpsincp + v[ -~ v 
r 2cos 2cp 

+ 1 a av 1 a ~v) 2 aw acp (cosCPaiji) + -2ar {r + ~2a<p r 2cos¢ r ar 

v + 2iksin 
u] r 2cos 2 cp r 2cos 2cp 

(uw + uw) + 1 Q (vwcosCP + vwcosCP) rcoscp aiji 

(wWr2 ) 2(uu + vv) 1 ap + 20ucoscp = Parr r 

- 02rcoscp) + [ _k
2 '2w 

v r 2 cos 2 cp w Z r 

9 aw 1 a + 
r 2coscp ~ 

(cosCP~) + ~2ar 
(r 2 aw) rr 

2 a 2'k ] (vcosCP ) ~ u (4.12) 
r 2coscp ~ r 2 coscp 

aT + ik 
at rcoscp (uT + uT) + rc~scp ~~(VTCOSCP+VTCOSCP) 

= + 

(4.13) 
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ik 
-~..,....u 

rcoscfJ 
10 

+ rcoscfJ a¢(vcos cfJ ) :ac 0 (4.14 ) 

where u, v, wand T are now the Fourier components, with 

index k understood. 

and for 

The boundary conditions for the spherical shell are: 

T = 0 for r = a, r = b 
aT 
~ = 0 for cfJ = 0, cfJ = TI/2 

u = v = 0 on all of the boundary 

w = 0 for r = a, r = b, cfJ = 0 

the free surface annulus are: 

'Ii -- 0 for cfJ = cfJ l , cfJ = cfJ 2 
aT 

0 for b ar= r = a, r = 

u = v = 0 for r = a, cfJ = cfJ l , cfJ = cfJ 2 
au av 
ar = ar = 0 for r = b 

w = 0 on all of the boundary 

(4.15) 

(4.16) 

(4.17) 

(4.18) 

(4.19) 

(4.20) 

where the use of spherical coordinates is continued, as 

explained in section 2.1. (Note that r is the vertical 

coordinate, and that the velocity component v for the 

cylinder is radial, and is positive inward.> The boundary 



condi tions above apply to both the Four ier compoIlents and 

the perturbation variables themselves. 
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Some discussion of the polar conditions eor the 

sphere is in order. The pole is, of course, not a physical 

boundary but rather a boundary of the chosen com~)utational 

domain. Furthermore, the spherical velocity com~nents u 

and v are not defined at the pole, even though there may: be 

flow across the pole in the non-axisymmetric cas~. The I 

horizontal part of this flow can be approximated with 

arbitrarily small error as parallel shear flow w~thin a I 

cylinder around the pole of small enough radius. The shear 

part of this flow (which has zero amplitude at the pole): can 

be subtracted, and the remaining flow is contain~d in wave 

number 1. Thus, ,the problem with the above boun~ary 

conditions arises only with waves of this number, The 

boundary conditions above in effect places a sma~l solidi 

cylinder, the size of the first grid interval, a+ound the 

pole. It is acknowledged here that this is not ~he 

analytically correct boundary condition when k = 1, and I 

represents an error when wave number 1 is used i~l the linear 

model. However, in all cases considered here, t~e question 

of stability of wave number 1 was either not of ~rucial 

importance or the wave was clearly stable, due t9 the re~a

tively large decay rate of wave numbers 2 and 3, and thel 

observation throughout this work that change in pecay (or 

growth) rate is smooth with change in wave numbe;c. Futulre 
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work, however may conceivably require the resolution of this 

problem, al though it can probably be simply (and adequat:.ely~ 

enough resolved by using a very small grid interval nea~ the 

pole. 

The technique employed here can be explained by 

decomposing each Fourier component into a set of eigenmqdesl: 

= (4.21 ) 

We are assuming that any state consists of an infinite ~um 

of eigenmodes ~, each growing or decaying exponentially in 

time. There exists one particular eigenmode with the 

largest real part of the eigenvalue ni this eigenmode w~ll 

dominate the field if the system evolves long enough, a~ 

long as the initial perturbation is not orthogonal to i~. 

The numerical technique employed here takes advantage o~ 

this fact to find the fastest-growing (or slowest-decay~ng)! 

eigenmode and its growth (or decay) rate. 

A kinetic energy equation can be derived from 

equations 4.3, 4.4 and 4.8 by multiplying them by the 

perturbation u, v and w, respectively. After integrati~g 

over the domain we obtain: 

a<K> <K K > + <K ,K ">v + <P ,K > ~ = a' e H a e 9 e 
(L,l. 22) 

+ <p ,R· > ce + <F> 
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where the kinetic energy in this hydrostatic case refers to 

that of the horizontal velocity components only. The first 

two terms on the right-hand side represent the conversion of 

kinetic energy of the basic state to kinetic energy of the 

perturbation, which"is often called "barotropic" energy 

conversion. The third and fourth terms represent the energy 

conversion from potential energy to kinetic energy. These 

terms are defined: 

rn rn 

<K ,K >H {-A! ail + uvAu tanp = - uv --a e r Cl</> r (4 • 23) 

-2:)\! avIn _X m 

u 2 - tan</>} + v -- + v r a</> r 
rn m 

<Ka,Ke>V = - {-Aau wu ar + -Aav wvar (4.24 ) 

rn - -X m 
-A _A - - -A 

+ (u 2 + v 2 ) w eu uw + v vw )} -r r 

_Am 
<P ,K > = gt:wT (4.25) 9 e 

<P c,Ke> = r (Tvsin cos - Tw (4. 26) 

m 
t:rn 2 (TvAsin</>cos</> -A 2 <P ,K > = - Tw cos </» (4,27) 

c e 

The ~-overbar indicates integration around the latitude 

circle, and the m-overbar indicates integration over the 

meridional plane. If the waves predicted by the model are 

baroclinic, we would expect the third (and possibly the 

fourth) term to be much larger than the other other terms, 

which may even be negative. The last term <F> represents 
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dissipation by friction, and will always be negative. It 

should be noted that the energy terms above involve "eddy 

fluxes"; that is, the integrated value of a perturbation 

quantity times a perturbation velocity. A positive value 

indicates that the correlation between the two perturbation 

quantities is positive. 
-A 

For example, wT greater than zero 

indicates that the wave structure is such that the pertur

bation w tends to be positive when the perturbation T is 

positive, and that w is negative when T is negative (warm 

fluid is rising and cold fluid is sinking). 

4.2 Numerical technique 

One method that has been previously used to find the 

eigenmodes and eigenvalues to the equations (or, a1ter-

natively, to find critical points in parameter space) is a 

direct method. If the basic (axisymmetric) state is of a 

very simple form this is sometimes possible analytically. 

(See, for example, Eady, 1947, or Appendix A.) In the cases 

considered here, where the basic state is quite complicated 

and in fact has been found numerically, one may propose to 

set up the matrix equation: 

dx 

dt 
= Ax (4.28) 

where the vector x is of size approximately 4 x J x K; four 

is the number. of dependent variables, and J and K are the 



grid sizes. The matrix A is that which results from the 

spatial finite differencing of the linear equations and 

includes the particular basic state which is considered. 

For the size of the grid that is needed here, A would be 

about 1600 x 1600. This is much too large to consider a 

direct method on present day computers. 
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An alternative method, and that which is used in 

this study, is to use an initial-value approach; this was 

first used on a meteorological problem by Brown (1969). The 

equations are finite-differenced in time as well as in 

space. An arbitrary initial disturbance is introduced, and 

time integration is performed. Eventually, linear (expo

nential) growth (or decay) will occur as the fastest growing 

(or slowest decaying) mode dominates the field. This method 

has been has been used extensively in stability problems in 

meteorology (e.g., Simmons and Hoskins, 1976; Gall, 1976). 

In order to solve the system of equations (4.3, 4.4, 

4.6, 4.7 and 4.8), we must devise a scheme to either solve 

for the pressure field or to eliminate pressure from the 

equations; here, we do the latter. Equations 4.3 and 

4.4 are multiplied by r and then differentiated with 

respect to r: 

= (4.29) 

I: <.4.30 ) 



where Gu and Gv are equal to the sum of all terms in 

equations 4.3 and 4.4, respectively, except for the time 

derivative and pressure gradient. Next, the hydrostatic 
1 ap 

equation 4.8 is used to eliminate p are 
o 
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Pressure is thus eliminated from the equations, but 

integration constants are needed to find u and v from 4.28 

and 4.29. The technique is similar to that of Bryan and 

Cox (1967). The continuity equation (4.7) is multiplied by 
2 r and integrated: 

b 

~J all. ru dr 
a 

b 

+ h (cos<j> J vr dr) 

a 

= o (4.31) 

where the vertical velocity integration is zero due to the 

rigid lid boundary condition. The second condition that 

will determine the integration constants is found by taking 

the cross derivative of equations 4.3 and 4.4: operate 

upon 4.3 by ~rcos<j> and upon 4.4 by trr, then subtract 

and integrate: 

it {I [~(urcos$) h(vr )] dr} (4.32) 

When the form 4.9 is sUbstituted into the equations 4.29 

through 4.32, the A-derivatives may be taken explicitly, as 

in equations 4.10 through 4.14. 
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The equations are differenced similarly to the 

axisymmetric model, except that the grid points where zonal 

velocity u is defined are the same as for T rather than for 

v (refer to Figure 3-1), and that Dufort-Frankel differ-

encing is not used for the friction terms. Defining u on 

the same grid points as T, rather than on those of v, is 

desirable in the non-axisymmetric model because of the 

existence of a pressure gradient term in the A-momentum 

equation. (See Ha1tiner and Williams, 1980, pp. 226-230.) 

Temperature is found directly from the finite-differenced 

conservative version of equation 4.13. The vertical 

difference approximations to h(ur} and h<vr} are 

calculated from the differenced equations 4.29 and 4.30. 

Equations 4.31 and 4.32 are then used to find the 
K-1 K-1 

vertical integrals l rkv. kKrk and l rku. kKrk" With the 
k=2 J, k=2 J, 

grid system used here, there are J-2 of the former and J-1 

of the latter. This involves the solution of a system of 

equations of size 2J - 3, which is performed directly by 

Gaussian elimination. The forward elimination on the matrix 

is performed at the beginning of prograJ'!l execution. Forward 

elimination on the time-dependent vector and backward 

sUbstitution are performed each time step. After these 

vertical integrals ,are known, the velocity components u and 

v are calculated, and then w is calculated from the mass 

continuity equation (4.14). A check on the code is that 
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applying 4.14 to the entire u and v fields must result in w 

being zero on both the lower and upper boundaries. 

Like the axisymmetric model, this scheme is 

conditionally stable and requires that the time step be 

sufficiently small. The time step was in all cases less 

than that needed for the axisymmetric calculation-

especially for the spherical shell. This is due to the 

terms representing longitudinal differentiation, where there 

is a cos$ in the denominator, resulting in the coefficient 

becoming large near the pole. 

The model can be initialized with an arbitrary 

initial disturbance (say, a constant temperature pertur

bation) or with a mode from a previous result. If the 

logarithm of an integrated magnitude (for example, kinetic 

energy) is plotted against time, exponential growth can be 

observed by that plot being a straight line. An example of 

such a plot, initialized with a constant temperature 

perturbation, is shown in Figure 4.1. Near the beginning of 

integration, it cannot be determined even whether there is 

growth or damping. Later, it is clear that growth is 

occuring and that the basic state is unstable. Eventually 

(not seen in Figure 4.1), a constant growth is seen, and the 

growth rate (real part of the eigenvalue) can be determined 

from the slope. This growth rate is eventually seen for 

each dependent variable everywhere in the domain; the phase 

speed also becomes constant. To determine the growth rate 
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(or 'phase speed) to a desired accuracy, the integrations 

must proceed for a long enough time. In this study, the 

growth rates are not determined to a high degree of 

accuracy. It was usually sufficient to (1) determine 

whether the growth rate was positive, and (2) determine for 

some cases which wave number was predicted to have largest 

growth rate. 

4.3 Results of linear calculationi 

The debugging of the code and the testing of the 

performance of the linear model were accomplished by using a 

simple basic state: a zonal wind with linear vertical 

shear, varying sinusoidally with latitude so that the jet is 

at mid-channel and that the zonal wind is zero at the end

latitudes, and with constant (positive) static stability 

(vertical temperature derivative). The latitudinal temp

erature profile was such that the thermal wind relationship 

was satisfied. There was no meridional flow in this test 

basic state. with the ratio of the inner radius to the gap 

made very large and diffusion removed, the results could be 

compared with previous, quasi-geostrophic results. 

Song (1971) calculated linear waves from such a 

basic state using a quasi-geostrophic model without 

diffusion. A numerical model was constructed similar to 

that of Song, but which was based upon the quasi-geostrophic 

system derived from the Boussinesq equations 4.3, 4.4, 
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4.5, 4.6 and 4.7. This model was tested by applying 

it to the one-dimensional (basic state) Eady problem 

(Appendix A), with the result that the Eady solution was 

obtained. The quasi-geostrophic model was then applied to 

the two-dimensional test case of Song, and the result 

compared well. The primitive equation linear model was then 

applied to cases which could be compared with the quasi

geostrophic model, and the agreements were excellent. It 

should be noted that several months were spent on this 

development and validation process, and that the reader who 

may be contemplating a similar effort should not infer from 

the brevity of this account that this procedure is trivial. 

4.3.a. The cylindrical case 

Since laboratory results exist for the cylindrical 

annulus, it was analyzed extensively. Figure 4.2 depicts an 

experimental critical curve which Williams (1971) adapted 

from results by Fowlis and Hide (1965). Williams used a 

full, nonlinear three-dimensional numerical model to compute 

solutions at points A through H for a square annulus. 

Fowlis and Hide did not perform the experiment for a square 

annulus, but did study the effect of varying the aspect 

ratio. Williams extrapolated their results to obtain the 

experimental curve in Figure 4.2; why he did not use a 

geometry identical to the experiments is not clear. In this 

study, Williams's geometry is used so· that the linear waves 



calculated here may be compared w~th Willjlams's nonlinear 

waves. Also, the centripetal acc~leration terms were 

dropped for those points with whiqh these Iresults are com

pared with those of Williams, sinqe he neglected them. 
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The dashed curve in Figur~ 4.2 is Ithe critical curve 

predicted by the models used in t~is stud~. There is very 

good agreement everywhere except #or the extreme lower 

critical curve, where the present models predict an accurate 

cut-off for the experimentally ob~erved wavelength, but that 

longer waves are predicted to be 4nstablewell into the 

axisymmetric region. This discrepancy sh~ll be further 

discussed after the structure of tihe waves; and some analysis 

are presented. 

The procedure used to con~truct the dashed critical 

curve shall now be described. Firrst, an slxisymmetric state 

was calculated using the non-hydrqstatic model described in 

Chapter 3. Some of these states ijre depicted in Figures 

4.3, 4.4, 4.5 and 4.6. For each qritical ,point studied, 

axisymmetric calculations were pe~:formed 1:or a point inside 

the region in parameter space whiqh had been determined in 

the laboratory to be non-axisymmetiric. The (hydrostatic) 

linear model was then used to testi the stability of that 

axisymmetric state, using a wave ~umber that would be 

expected to be unstable, either frrom laboI:atory results or 

from the result of previous analy~es at a nearby point. 

After a point in Figure 4.2 was e~tablished as being 
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unstable to some wavelength, calculations were performed for 

a point nearby, in the direction towards the region where 

axisymmetric flow was observed in the laboratory. By moving 

only a short distance at a time, results from the previous 

pOint could be used as initial values, for both the axi

symmetric state and the linear eigenmode. This resulted in 

considerable savings in required computer time over using 

arbitrary initial conditions. If the new point also proved 

to be unstable, the procedure was repeated until a point was 

found which was stable to the particular wavelength consid

ered. Then, at the previous point (which was unstable) 

other wavelengths were analyzed for stability. At least 

three wave numbers were tested, so that a wavelength of 

maximum growth rate could be determined. Before it was 

concluded that a point was stable, it was tested for 

stability for at least three wave numbers: that of the 

maximum growth rate for the nearby unstable point, and the 

two adjacent wave numbers. The details of the results of 

this search are given in Table 4.1. In that table, the 

energy conversion integrals have been normalized by dividing 

by the total kinetic energy (of both horizontal and vertical 

motion). The column labelled "nr" (the real part of the 

eigenvalue) gives the growth (or decay) rate. Because it 

was desirable to use no more computer time than necessary, 

the growth rates and energy conversion integrals given in 

this table are approximate, and are presented for the 
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purpose of comparing different wave numbers and points in 

parameter space. To give more precise estimates of these 

quantities would have required significantly more computer 

time, and are not necessary for the purposes of this study. 

It should be noted that the values of the barotropic energy 

conversion integrals (not included in Table 4.1) were small 

in comparison with the baroclinic energy integrals in all 

cases, and in fact were usually negative. This indicates 

that the instability was baroclinic, not barotropic, in 

nature. 

Williams (1971) performed detailed calculations for 

point H. He presented plots of the axisymmetric state, the 

zonally-averaged state after the wave had been allowed to 

develop, and plots of the wave components themselves. The 

zonally-averaged state after the wave had developed was very 

different from the axisymmetric state; from this Williams 

concluded that the wave formation could not be explained 

with a linear model, since the nbasic staten on which the 

waves are imposed is so very different when nonlinear 

feedback from the waves is present. One would expect that 

if two basic states are different, then the unstable 'linear 

waves will be different; indeed, the waves are determined by 

the basic state. Furthermore, nonlinear processes as the 

wave reaches finite amplitude would be expected to alter the 

wave structure even if the basic state were not different 

from the linear case. From Williams's results, then, one 
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would expect that the linear waves calculated herein would 

have very different structures from the nonlinear waves. It 

may be noted, for example, that although Williams' results 

had some important similarities with the linear case of Eady 

(1949), the amplitude structure of the temperature field of 

the wave was quite different. The results of the present 

study are quite surprising. The linear wave calculated by 

the present linear model, using the axisymmetric solution as 

the basic state (Figure 4.3), is very similar in both 

amplitude and phase distribution to the nonlinear waves of 

Williams. (See Figures 4.7, 4.8 and 4.9, and the corre

sponding figures of Williams.) Additionally, the wave 

number of fastest growth given by the linear model was the 

same as the the dominant wave number that was observed in 

the experiment and in the nonlinear results. This suggests 

that, although nonlinear processes significantly alter the 

basic state as the wave grows, these processes do not much 

affect the wave structure. An alternative suggestion is 

that nonlinear processes give rise to the growth of an 

axisymmetric wave, which results in a different zona11y

averaged state but which does not interact with the non

axisymmetric wave except to limit the wave's growth. The 

question of which of these is the actual case cannot be 

answered here; a nonlinear model would be requi~ed. 

The structure of the nonlinear wave has been 

examined in detail by Williams (1971,1972), and the linear 
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wave is therefore rather briefly described here. The temp

erature amplitude (Figure 4.7.A) has an interior maximum 

near the center of the annulus, and slants upward toward the 

inner wall. There is also a maximum near the upper part of 

the inner wall, which is larger than the interior maximum in 

the linear case here and smaller in williams's nonlinear 

solutions. This difference may be attributed in part to the 

hydrostatic assumption in the present work, since a similar 

feature occurs in the w.field (Figure 4.7.D). A non

hydrostatic model, by including viscous damping of w in the 

calculations, would probably eliminate at least some of this 

discrepancy. The temperature field tilts eastward with 

height (Figure 4.8.A), consistent with the Eady waves 

(Appendix A) and with Williams's results. The correlation 

between wand T (Figures 4.8.A, 4.8.0 and 4.9.A) is positive 

everywhere except very near the side walls. The plot 4.10.A 

shows that the baroclinic energy source comes mostly from 

the interior. This result is fortunate, for it is what 

allows the use of the hydrostatic linear model to study the 

stability of the axisymmetric flow. If the energy source 

near the walls were very important, then the linear 

hydrostatic model, as in the axisymmetric case (Chapter 3) 

would not be able to give accurate solutions, since the 

viscous damping of vertical motion near the side walls is 

neglected. 
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The amplitude of the v-field (Figure 4.7.C) is a 

maximum near the upper and lower surfaces, and tilts 

somewhat northward. The phase tilt (Figure 4.8.C) is 

westward with height, consistent with the Eady solution and 

the results of Williams. That v is so much larger tb,an w 

near the upper and lower surfaces indicates that the wave 

forces fluid to travel at very different angles from the 

isotherms of the basic state, resulting in a source of 

potential energy. The u-field (Figure 4.7.B) has two double 

maxima, on either side of the maxima for v, and the phases 

of the maxima (Figure 4.8.B) are such that the direction of 

u is opposite on either side of the v maxima. This and the. 

phase distribution of v results in a changing of sign of the 

eddy flux of zonal momentum as the upper v-maximum is 

crossed (Figure 4.9.B). This convergence of zonal momentum 

near the upper zonal jet of the basic state would result in 

an intensifying of the "jet stream" if nonlinear interaction 

were present, and is a well-known and important function of 

the baroclinic eddies of the earth's atmosphere. The mostly 

positive correlation between v and T (Figure 4.9.C) would 

result in a net transfer of heat from warm to cold regions 

by the wave, which would, if nonlinear interaction were 

allowed, reduce the horizontal temperature gradient and 

therefore the vertical shear in the zonal wind in the basic 

state. It should be noted that Figure 4.9.C also shows that 

the energy' source from the neglected centripetal 
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acceleration term would be everywhere positive if it were 

included in the calculations. The calculation of its 

integrated magnitude, however (see Table 4.1) shows that it 

would be relatively unimportant. (Recall that these terms 

were excluded from these particular calculations, since 

Williams excluded them and it is his results with which 

these are being compared. They are included for rotation 

rates higher than 0.8 s-! however. It is found that they 

become very important for the extreme lower part of the 

critical curve, but that for the other regions they are not 

important. ) 

Figure 4.2 indicates that the models herein predict 

a critical curve (dashed curve) very close to the experi

mentally observed critical curve everywhere except for 

large Ta and small ROT. The points labelled J, K, Land M 

were all found to be unstable to some wavelength. The 

cut-off of instability for wave number 11 was between J and 

K. (Wave 11 was the dominant wave number observed in the 

experiment.) The critical point for wave number 9 was 

between K and L, and for wave number 7 it was between Land 

M. For the Taylor number of pOints J, K, Land M (6 x 107
), 

instability was computed for Rossby number as small as 

7.26 x 10 ... 4 (which is below the scale of the diagram), for 

wave number 4 (Table 4.1). Calculations for smaller ROT 

were not performed. Before discussing this discrepancy 
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further, we shall view the wave structures at various points 

in parameter space. 

The structures of waves for some points other than 

for point H on the regime diagram are shown in Figures 4.10 

through 4.16. These figures, when compared with those of 

the wave of point H, indicate that some change is seen in 

the wave structures for different points in parameter space. 

In particular, as the thermal Rossby number is decreased and 

the Taylor number increases, the vertical variation in the 

temperature perturbation diminishes, and the vertical motion 

becomes more confined to the region very near the side walls 

and changes phase <i.e., direction) very rapidly away from 

the walls. This is further indicated in Figure 4.16, which 

plots the eddy flux w~ and shows alternating signs near the 

walls. The differences in the w-field are of particular 

interest, for they may indicate that the hydrostatic model, 

by neglecting viscous drag on w, may be failing to predict 

the vertical motion field correctly, which may in turn 

affect the other fields and, indeed, may affect the con

clusion of whether a particular point is stable or not. 

This suggests a reason for the fail~re of the model to 

predict a cut-off of non-axisymmetric motion for the region 

in parameter space near the extreme lower critical curve: 

The energy sink of the viscous damping on w, which is 

ignored in this model, may be important in damping non

axisymmetric waves and therefore in maintaining the 
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axisymmetric flow which is experimentally observed in that 

region. Another indicator that this may be so is that the 

energy source due to the conversion of centripetal potential 

energy to kinetic energy becomes relatively large (Table 

4.1). Somewhat analogous to the Ekman pumping that counter

acts the conversion from gravitational potential energy 

which occurs due to viscous damping of u and v on the lower 

horizontal boundary (see Barcilqn, 1964), there may be a 

npumpingn due to viscous damping on u and w on the side 

walls which would counteract the the conversion from 

centripetal potential energy. There is not total analogy, 

of course, for Ekman pumping involves viscous damping of 

those velocity components which exchange momentum by the 

coriolis deflection; the damping on the side walls involves 

u and w, which do not exchange momentum by the coriolis 

deflection. However, even if the analogy is not complete, 

it is certainly clear that the relatively large magnitude of 

w near the side walls indicates that the neglected energy 

sink (viscous dammping on w) may not be small. One may ask 

whether the fraction of total perturbation kinetic energy 

which is contained in the vertical motion differs in 

parameter space in such a way as to give additional support 

to the suggestions above. If this fraction were to be 

larger in a particular region, then we might suspect that 

the hydrostatic assumption is becoming more erroneous, since 
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the error in neglecting viscous damping on w would be 

larger. Calculation of this fraction, however, did not 

indicate that it is much different for the wave shown for 

point K than it is for that of point H. In addition, the 

fraction of the energy conversion from potential energy to 

kinetic energy away from the side walls changes only 

slightly (Figures 4.9.A, 4.l6.C). Figure 4.l6.C does 

indicate, however, that the energy conversion occurs 

throughout the entire depth of the side-wall layers for the 

wave at point K, which is quite different from the others, 

and supports the suggestion that including viscous damping 

on w in the linear calculations might lead to different 

prediction of the critical point. 

It is important to note that the resolution at point 

K and for a nearby pOint was tested for adequacy. In this 

region in parameter space, the Ekman layer is relatively 

thin due to the relatively high rotation rate, and as pre

viously noted this layer is important in providing the 

damping mechanism to stabilize the axisymmetric flow. It is 

important, therefore, that this layer be adequately re

solved. Calculations were performed for a grid which sub

stantially increased the resolution in the lower boundary 

layer, and the growth rates were virtually unchanged (Table 

4.1) 
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4.3.b. The spherical shell 

Since some of the details of the experimental 

design, such as the dielectric constant of the fluid and 

whether a small solid cone will be inserted at the pole, 

have not yet been determined for the spherical case, the 

results presented here are preliminary in nature. The 

geometry and fluid parameters were the same as those for the 

spherical cases of Chapter 3. Several points in parameter 

space were analyzed1 that is, an axisymmetric state was 

calculated and tested for stability with the linear model. 

The results were that some axisymmetric states were pre-

dieted to be stable, some were unstable with eigenmodes 

somewhat resembling those of the cylindrical cases, and some 

were unstable with eigenmodes that were quite different from 

those of the annulus. In all cases, the energy conversion 

integrals indicated that barotropic influences are very 

small. The growth rates (Table 4.3) are very roughly 

estimated. It seemed to be pointless to consume large 

amounts of computer time to calculate them more precisely, 

considering the preliminary nature of these results. 

The result of analyzing case Sl en = 3 S-l, LlT<jl = 
10°C, LlTr = IOoC) from Chapter 3 was that is was stable, and 

therefore that combination of physical parameters was 

predicted to give axisymmetric flow (Table 4.3). Raising 

the rotation rate to n = 4 S-l still did not give instabil

ity. As noted in Chapter 3, the temperature profile on the 



inner and outer boundaries was taken to be linear in ¢. 

When calculations were performed for a more realistic 

boundary temperature profile, the results were quite 

different. 

If one assumes an isothermal cap on the pole, a 

fixed (higher) temperature at the equator, and that the 

temperature of the conducting (thin) spherical shell is 
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unaffected by the fluid flow near it (i.e., that the 

conductivity of the shell is large compared with that of the 

fluid), the equation that the temperature profile must 

satisfy is: 

Cl [ ClTa (¢)] 
a¢ cos¢~ = 0 (4.33) 

for the inner shell (r = a), and similarly for the outer 

shell (r = b). The solution to this equation is: 

(4.34) 

where c a and da are constants and are determined by the 

boundary conditions. An approximate profile, then, would be 

isothermal near the pole (to a small angle a), and a profile 

linear in In tan<; - t) from the polar cap to the equator. 

Although this profile is continuous, at the edge of the 

polar cap the latitudinal derivative is not. In the true 

physical situation, however, the edge" of the polar cap will 
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not be isothermal. Instead, there will exist a latitudinal 

thermal gradient, and the heat flux will be directed 

latitudinally as well as vertically. An analytical (or 

numerical) solution to this situation cannot be found 

without knowing precisely the nature I of the heat sink; for 

example, if the sink were constructed by using a fluid bath, 

then the fluid flow and thermal boundary profile in the bath 

itself would have to be modelled. Here, the situation is 

approximated by use of the fUnction: 

= 4(TI $ 4'U c a In tan T -~) + tan ~~) (4.35) 

Table 4.2 compares this function with the piecewise 

isothermal-Iogaritrunic function for a = .185. A similar 

function to (4.35) is used for the o~ter boundary, and U is 

taken to be .185, for both the inner, and outer boundaries. 

The remainder of the cases discus.edlhere shall use this 

logarithmic temperature profile. 

Figure 4.17 shows the axisymmetric state when this 

more realistic profile is used. Close inspection reveals 

that there exists larger vertical shear in the zonal wind at 

high latitudes than that of Figure 3.3, which had linear 

boundary temperature profiles. Whenlthe linear model is 

applied to this state, it is found to be unstable to wave 

numbers 2, 4 and 7, and stable to wave number 11. (These 

were the only waves tested.) Figure 4.18 shows the v and w 
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components and the baroclinic energy conversion (EgwTA) of 

the linear wave for wave number 4. Corresponding plots of 

waves of the other numbers are qualitatively similar. 

Vertical motion is relatively very large in the upper polar 

region, where the static stability of the basic state is 

low. There are two maxima in the energy conversion term, 

one near 87° and the other near 79°. This term is negative 

throughout most of the domain, but the maxima are large 

enough that the integrated value is positive and can give 

rise to growth of the perturbation (Table 4.3). This wave 

is quite different in structure from those of the annulus1 

it appears to be confined to a small region, and vertical 

motion is more vigorous than the horizontal. 

It may be speculated that in the true physical 

situation, nonlinear and non-hydrostatic effects will act to 

limit the growth of the part of the mode near the pole, 

while the deeper part of the mode becomes more apparent. In 

particular, viscous damping on w, which is neglected here, 

would be an energy sink, and could even result in the 

observance of axisymmetric flow. On the other hand, the 

vigorous vertical motion near the pole may not be essential 

for the growth of a non-axisymmetric wave, and a growing 

mode might be present even if this strong convection were 

damped. Although the present linear model cannot truly test 

this hypothesis, there is the possibility of testing whether 

the instability will continue to exist if the wave is forced 
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to be zero near the pole. If the wave continues to grow 

when a small polar region is excluded, and if vertical 

motion is no longer confined to such a small region near the 

computational boundary, then one would expect that the wave 

will grow even when viscous damping on w is present. The 

computer model was programmed to allow the extent of the 

region excluded from the calculations to be input as a 

parameter: this is labelled neon in Table 4.3. 

Figures 4.19, 4.20 and 4.21 show the results of 

forcing the wave to be zero from the pole to a latitude of 
o 86.44. This wave has a positive growth rate, indicating 

that the strong vertical convection very near the pole is 

not necessary to cause non-axisymmetric flow. The structure 

of this "truncated" wave is much more typical of baroclinic 

waves seen in the annulus and for the atmosphere. The 

amplitude of the vertical motion is somewhat smaller than 

that of the horizontal, and is not so confined to a small 

region. The amplitudes of all compon~nts extend further 

south than in Figure 4.18 and closer to the inner boundary. 

Phase relationships are such that v, T and ware closely in 

phase: the temperature and v components tilt westward with 

height. That T and v are losely in phase indicates that the 

temperature wave is west of the pressure wave, which is 

essential for the growth of the disturbance. (See Appendix 

A.) Figure 4.21 shows the eddy fluxes EgwTA, uvA, and VTA. 



Note that the horizontal and vertical eddy T-fluxes are 

positive wherever the wave is of large amplitude. 
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Returning to calculations over the entire meridional 

domain, instability did not cease when the rotation rate was 

decreased, but the axisymmetric states did become stable to 

disturbances of the particular wave number considered for 

decreased latitudinal temperature gradient (Table 4.3). 

Recall from Chapter 3 that for decreased rotation rate, the 

zonal jets of the axisymmetric solution moved towards the 

pole. This phenomenon did not differ much when the logar

ithmic temperature profile was used. When n is decreased to 

1 S-1, keeping the temperature gradients on the boundaries 

constant, the growth rate became quite large (Table 4.3), 

and the wave was confined to a very small region near the 

pole. When the wave in the region from the pole to 86.44° 

latitude was forced to be zero as in the previous case, 

growth continued, but most of the amplitude remained near 

the computational boundary. As more of the polar region was 

gradually eliminated from consideration, growth continued 

until a region 13° from the pole was forced to be zero, the 

amplitude always remained large only next to the "boundary", 

and the vertical motion remained large relative to the 

horizontal. This suggests that the result would be quite 

different if a non-hydrostatic model were used, and that in 

the laboratory experiment non-axisymmetric flow would 

probably be observed only in a small region near the pole, 



if at all. An experimental worker observing the flow at 

this point might tend to classify the flow "symmetric." 
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When the rotation rate is fixed at 3 S-1, but the 

latitudinal temperature difference is reduced to aOc, a 

growing wave is observed whose amplitude extends to near the 

pole but which also extends into the midlatitudes (Figure 

4.22). The phase and eddy flux diagrams of this wave are 

very similar to Figures 4.20 and 4.21. When the temperature 

difference is further reduced to 7°C, the axisymmetric flow 

is predicted to be stable (Table 4.3). For this temperature 

difference, however, instability confined near the pole 

occured when the rotation rate was reduced to 1 S-I. The 

axisymmetric state in this case was similar to that of case 

S2 of Chapter 3, with zonal jets and low static stability in 

the polar region due to large meridional flow. Again, it 

may be speculated that this configuration will result in 

non-axisymmetric flow confined to a small region near the 

pole. Holding the rotation rate fixed (Q = 1 S-1), 

reduction in ~T$ to 5°C resulted in a prediction of 

stability of the axisymmetric flow to disturbances of the 

wave number considered (4). (See Table 4.3.> For this 

° temperature difference (t.T$ = 5 C), reducing the rotation 

rate to .25 S-1 resulted in, again, the appearance of 

instability, with the wave amplitude confined to a small 

region near the pole. 
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An important note is that several cases, both 

cylindrical and spherical, were found to be not very 

dependent upon the meridional part (v and w) of the basic 

state. When v and w were assumed to be zero, with u and T 

those of the axisymmetric solution, the results from the 

linear model were not much different from the case when the 

basic rneridionalflow was that of the axisymmetric solution. 

This result leads to the conclusion that it is the 

temperature and zonal velocity fields that directly 

determine the flow regime. (As noted in Chapter 3, these 

are determined to a great extent by the meridional flow.) 

This was to be expected from the results of previous work 

which considered the earth's atmosphere (Blakeslee and Gall, 

1978) • 

TIME 

Figure 4.1. Log kinetic energy with time for a sample 
integration of the linear equations. 



106 

Table 4.1. Growth rates from cylindrical calculations. 

<P g,Ke 
>1 <P ,K > \']ave # nr c e 

ROT = 1.153 .218 ---- 2 > .0 

10
6 .223 ---- 3 .028 

Ta = 2.074 x .194 ---- 4 .028 

ROT = 1. 363 .210 ---- 2 0 

10 6 .219 ---- 3 .012 
Ta = 2.074 x .171 ---- 4 -.01 

ROT = 1. 573 .205 ---- 2 -.01 

106 .208 ---- 3 -.005 
Ta = 2.074 x .154 ---- 4 -.04 

ROT = .524 .187 ~--- 3 .036 

106 ---- ---- 4 .059 
Ta = 2.074 x .197 .0005 5 .067 

.079 ---- 6 .056 
(Point H) .126 ---- 8 -.059 

ROT = .684 .180 ---- 3 .032 

106 .184 ---- 4 .048 
Ta = 1. 588 x .172 ---- 5 .047 

(Point E) 

ROT = .932 .173 ---- 3 .024 

106 .168 ---- 4 .035 
Ta = 1.166 x .148 ---- 5 .02 

(Point D) 

Ro = 1.109 .163 ---- 3 .011 
T .149 4 .013 

10 6 
----

Ta = .980 x .121 ---- 5 -.01 

ROT = 1. 341 ---- ---- 2 -.013 
.153 ---- 3 -.003 

Ta = .810 x 106 ---- ---- 4 -.010 
.084 ---- 7 -.03 

(Point A) .11 ---- 11 -.07 

ROT = .698 ---- ---- 3 -.0024 

10~ 
---- ---- 4 -.00065 

Ta = 1. 714 x ---- ---- 5 -.0019 
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Table 4.1. Growth rates from cylindrical calculations. 

<P g,Ke 
>1 <p c,Ke 

> ~·lave .!L 
nr T,' 

ROT = .590 ---- ---- 3 >.0 

105 
---- ---- 4 .0027 

Ta = 2.025 x .069 .00001 5 .0044 
---- ---- 6 .0039 

(Point P) 

ROT = .506 ---- ---- 4 .0055 

Ta = 2.362 x 105 

ROT = .414 ---- ---- 3 <.0 
4 >.0 -

105 
---- ----

Ta = 2.362 x ---- ---- 5 <.0 

ROT = .322 ---- ---- 4 <.0 

105 
---- ---- 3 <.0 

Ta = 2.362 x 

ROT = .336 ---- ---- 4 .0013 

Ta = 2.916 x 105 

ROT = .298 ---- ---- 4 .00044 

105 
---- ---- 5 .00059 

Ta = 2.916 x ---- ---- 6 <.0 

ROT = .261 ---- ---- 3 <.0 

105 
---- ---- 4 <.0 

Ta = 2.916 x ---- ---- 5 <.0 

ROT = .225 ---- ---- 6 <.0 

Ta = 2.916 x 105 

ROT = .200 ---- ---- 5 .0049 

Ta = 5.991 x 105 

ROT = .163 ---- ---- 5 .0025 

Ta = 5.991 x 105 



108 

Table 4.1. Growth rates from cylindrical calculations. 

<P ,K >1 <P e,Ke 
> Wave JL 

nr g e 11' 

ROT = .145 ---- ---- 4 .0011 

105 
---- ---- 5 .0022 

Ta = 5.991 x ---- ---- 6 .0017 

ROT = .127 ---- ---- 3 <.0 

105 
---- ---- 4 <.0 

Ta = 5.991 x ---- ---- 5 <.0 
---- ---- 6 <.0 

ROT = .133 ---- ---- 8 .0094 

Ta = 9.801 x 105 

ROT = .111 ---- -- .. -- 8 >.0 

Ta = 9.801 x 105 

ROT = .0887 ---- ---- 5 .0019 

105 
---- ---- 6 .0024 

Ta = 9.801 x ---.- ---- 7 .0022 
---- ---- 8 >.0 

ROT = .0776 .08 .0001 5 .0005 

105 
.09 .0001 6 .0003 

Ta = 9.801 x ---- ---- 3 <.0 
.07 .00008 4 -.0001 

(Point Q) 

ROT = .0665 .079 ---- 4 <. 0 

105 
---- ---- 5 <. 0 

Ta = 9.801 x ---- ---- 6 <.0 
---- ---- 7 < .0 

ROT = .0554 .070 ---- 3 -.0015 
---- ---- 4 -.0011 

Ta = 9.801 x 105 ---- ---- 5 -.0010 
---- ---- 6 -.0018 
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Table 4.1. Growth rates from cylindrical calculations. 

<P ,K >1 
g e <P ,K > 

c e Wave # nr 

Ro = .0209 .065 .0014 3 .0003 T 6 .073 .0017 4 .001 
Ta = 7.290 x 10 .087 .0018 5 .001 

---- ---- 6 .001 
.115 ---- 7 <.0 

Ro = .0179 .065 ---- 3 <.0 T .07 .0015 4 -.0002 
Ta = 7.290 x 106 .083 ---- 5 -.0004 

.093 ---- 6 -.0006 

Ro = .00907 .121 .088 9 .040 T .166 .078 11 .035 
Ta = 5.991 x 107 

Ro = .00726 .111 .096 9 .030 T .151 .078 11 .025 
Ta = 5.991 x 107 

Ro = .00544 .097 .085 9 .021 T .135 .077 11 .015 
Ta = 5.991 x 107 

ROT = .00363 .083 .084 9 .011 

107 .116 ---- 112 .0044 
Ta = 5.991 x .083 ---- 9B .01 

.056 .089 7B .01 
(Point J) 

Ro = .00254 .033 5 .01 
T .05 .09 7 .009 

Ta = 5.991 x 107 .073 9 .005 
.074 .080 9B .0043 

(Point K) .073 11 -.001 

ROT = .00145 .041 .085 7 .002 
.064 9 -.002 

Ta = 5.991 x 107 

(Point L) 
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Table 4.1. Growth rates from cylindrical calculations 

ROT = .00109 

Ta = 5.991 x 107 

(Point M) 

ROT = .000726 

Ta = 5.991 x 107 

<P ,K >1 
g e 

.026 

.025 

.028 

.032 

.033 

.024 

.026 

.030 

<P ,K > 
c e 

.076 

.082 

.084 

.081 

rlave # 

3 
4 
5 
6 
7 

4 
5 
6 

.0015 

.002 

.002 

.001"3 
-.0001 

.0003 
-.0001 
-.001 

lEnergy conversion integrals were not calculated for those 
cases where they are not given. 

2The suffix B indicates that a grid of higher resolution 
was used for these calculations. 



Table 4.2. Comparison of functions giving latitudinal temperature profiles. 

cp 90° 85°80° 75° 70° 

F o •. 005Q .0613 .170 .278 

G 000 .147 .2.70 

e ' '185 

1 
ln( tan4 

('2) + tan4 (~») 
F = 

In tan4 (.185) 
2 

e 
ln tan(~} TI 

{ 1 - , .IB 5 ' $ < "2 - .18 5 
G = In tan(~) 

0, cp ~ ~ - .185 

e _ 7T 
- "2 - cp 

65° 

.370 

• .366 

° 6.0 . 

.448 

.446 

45° 

.630 

.629 

30° 15° 0 

.769 .889 1.0 

.769 .889 1.0 

I-' 
I--' 
I-' 



112 

Table 4.3. Growth rates from spherical calculations. 

(a) Boundary temperature linear in cp : 

Q llTcp eo 1 Wave # l1r 

3 10 8.91 2 -.02 
" " " 4 -.03 
" " " 6 -.035 

4 10 3.56 2 -.013 
" " " 3 -.016 
" " 8.91 3 -.017 
" " 0 4 -.021 
" " 1.78 4 -.020 
" " 5.79 4 -.020 

(b) Logarithmic boundary temperature: 

n llTcp e 1 Wave # 
0 n;r.o 

3 10 3.56 4 .06 
" " 0 4 ·>.085 
" " 8.91 4 .03 
" " 0 2 >.04 
" " 0 7 >,03 
" " 0 11 <0 

2 10 0 4 .06 

1 10 0 4 >1. 
" " 3.56 4 .7 
" " 5.79 4 .4 
" " 8.91 4 .4 
" " 13.4 4 <.0 

.5 10 0 4 4. 

3 8 0 3 .005 
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Table 4.3. Growth rates from spherical calculations. 

Q ~T~ eo 
1 Wave # nr 

2 8 0 3 .005 

1 8 0 3 >.3 

4 7 0 3 -.005<n<0 
" ,I " 4 -.005 
" " " 2 -.005 

3 7 0 2 <-.006 
" " " 3 -.004 
" " " 4 -.01 

2 7 0 3 -.015 

1 7 0 2 .1 

4 5 0 1 -.02 
" " " 2 -.01 
" " " 3 -.01 
" " " 4 -.02 

3. 5 0 2 <-.02 

2 5 0 2 -.02 
" " " 4 -.04 

1 5 0 .2 -.05 

.• 5 5 0 2 -.065 

.25 5 0 2 >0 

le 
0 

is the angle (degrees) from the pole to which the 

wave was forced to be zero. 
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Figure 4.2. Experimental and numerical regime for a square, 
free-surface annu1us.-- The solid curve is an adaptation of 
experimental results of Fow1is and Hide (1965) by Williams 
(1971), and represents the transition between axisymmetric 
and non-axisymmetric flow. The dashed curve is the result 
of calculations performed by the present models. Open 
circles are transition points determined experimentally. 
Solid points A through H were considered by Wi11iams1 solid 
points J through Q, and triangles and squares were consid
ered by the present models. The calculations by the 
present models predict points indicated by squares to be 
non-axisymmetric, and those by triangles to be axisymmetric. 
RoT is the thermal Rossby number and Ta is the Taylor 
number. The inner radius of the annulus was 2 cm, the outer 
radius was 5 cm, and the height was 3 cm. The fluid 
considered was water. 
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~--.. ... 
l ............... _ . 
\. ...... - - - - .--- _.:::.... <:'::' 

TEMPERATURE IELlA.. 0.6000 ZONAL VELDCITY IlEl.TA.. 0.0600 

STRERtI FUNCTlON 

Figure 4.3. Axisymmetric state for ROT = .524, Ta = 
2.074 x 10 6 (point H).-- Temperature is in degrees C, 
velocity is in cm S~l, and stream function is in cm 3 S-l. 
Temperatures given at the bottom of the temperature plot 
refer to the inner and outer wall. Dashed contours are 
negative, and the first solid contour is zero. "Delta" 
refers to the contour interval. 
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r"- - -- - ---
\ --- -- - --, 
.' ...... - - - - -- ---- -- - . __ .... ' 

TEMPERRTURE DELTR = 0.D500 ZONAL VELOCITY DELTR = 0.0200 

STRERI FLKTlON DEL TR c 0.1Xl2O 

Figure 4.4. Axisymmetric state for ROT = .590, Ta = 
2.025 x 105 (point p) .-- Units and contour scheme ar,e 
as in Figure 4.3. 
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30.175 

TEMPERATURE IEUA = 0.0400 ZONAL VELOCITY IEI..TA = 0.0100 

STRERI1 FUNCTI ON DELTA = 0.0005 

Figure 4.5. Axisymmetric state for ROT = .0776, Ta = 
9.801 x 10 5 (point 0).-- Units and contour scheme are 
as in Figure 4.3 



19.65 20.35 

TEMPERATURE DELTA = 0.0600 ZONAL VELOC ITY DELTA = 0.0020 

STREAM FUNCTION DELTA = 0.0001 

Figure 4.6. Axisymmetric state for ROT = .00254, Ta = 
5.991 x 10 7 (point K). Units and contour scheme are 
as in Figure 4.3. 
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T-FIELD DELTA = 0.0020 U-FIELD DELTA = 0.0010 

V-FIELD DELTA = 0.0010 N-FIELD DELTR = 0.0005 

Figure 4.7. Amplitudes of linear wave components for point 
H, wave number 5.-- Units and contour scheme are as in 
Figure 4.3. Note that in the linear case, only the relative 
sizes of the various perturbation quantities are of impor
tance. 
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DELTA = 0.5000 

SHIFT = -1.6763 

DELTA = 0.5000 

SHIFT:: -2.4016 

Figure 4.8. Phase angles of linear wave components for point 
H, wave number 5.-- units are radians, and the contour scheme 
is as in Figure 4.3. The shift should be added to the angle 
displayed on the contour plot to find the actual phase angle 
at the time integration was halted. 
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ENERGY SOURCE (A) EDDY U-FLUX (B) 

EDDY T-FLUX (C) 

Figure 4.9. Eddy flux quantities for point H, wave number 
5.-- (A) EgwTA 1 (B) uvA 1 (C) VTA. Units are arbitrarYI the 
contour scheme is as in Figure 4.3. The number above (A) 
refers to the fraction of the total contained between tick 
marks. 
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T-FIELD DELTA = 0.0040 U-FIELD DELTA = 0.0020 

V-FIELD DELTA = 0.0020 II-FIELD DELTA = 0.0050 

Figure 4.10. Amplitudes of linear wave components for point 
P, wave number 5.-- Units and contour scheme are as in Figure 
4.7. 
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DELTA = 0.5000 

SHIFT = 2.8299 

DELTA = 0.5000 

SHIFT = 2.6300 

Figure 4.11. Phase angles of linear wave components for 
point point P, wave number 5.-- Units and contour scheme are 
as in Figure 4.8. 
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T-FIELD DELTR = 0.0020 U-FIELD DELTR = 0.0005 

v 

L<--~ 
V-FIELD DELTR = 0.0010 W-FIELD DELTR = 0.0040 

Figure 4.12. Amplitudes of linear wave components for 
point Q, wave number 5.-- Units and contour scheme are as in 
Figure 4.7. 



I I 
i , 
I I 

I I 

I 
I I 

I 

I 
I 

\ I 
\ I , 
\ \ \ 

\ \ 
\ \ , 

\ \ 
\ \ , 

\ 
" \ , \ , 

I I I I 

T-ANGlE DELTA = 

SHIFT = 

I 
\ 

.\ \ 
,'\\ ,~ 

\'h\ 
\\~~, "-
'1\''-'' ........ --'-..----II \ " -.... ' 

,1\ ..... , " ... i \ " "- , ...... 
,\\ " '\ , \" . \ \ \ 
\' "- \ \ . ,,,.... \ I 

I 

0.5000 

1.5154 

V-ANGlE DELTA = 0.5000 

SHIFT = 2.1917 

, , 
\ I 
\ I 

,I 

", 
\ 

',,\ \ ',. , \. 

"" \\' 
.... 'i .,' 

\''''' 

- ..... 

Cl-ANGlE 

W:-ANGlE 

125 

DELTA = 0.5000 

SHIFT = 2.1020 

DELTA = 0.5000 

SHIFT = 1.5912 

Figure 4.13. Phase ang1~s of 1irlear wave components for 
point Q, wave number 5.-- Units and contour scheme are as in 
Figure 4.8. 
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T-FIELD DELTA = D.0020 U-FIELD DELTA = 0.0001 
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r-
r-..., 

, ,... 

\ f' 

~ 
II 
II 
1/ " 
II I' 

i~ ~ 
" 

V-FIELD DELTA = 0.0002 W-FIELD DELTA = 0.0002 

Figure 4.14. Amplitudes of linear wave components for 
point K, wave number 7.-- Units and contour scheme are as 
in Figure 4.7. 
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DELTA = 0.5000 
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Figure 4.15. Phase angles of linear wave components for 
point K, wave number 7.-- Units and contour scheme are as in 
Figure 4.8. 
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ENERGY SOURCE (A) 
ENERGY SDURCE (B) 

.920 

ENERGY SOURCE (C) 

. 4 . -A f h F~gure .16. Energy convers~on e:gwT or waves at tree 
points.-- (A) Point P, (B) Point Q; (C) Point K. The 
numbers above each of the figures refer to the fraction 
of the total contained between tick marks. 
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TEMPERATURE 

DEL TA = 2.0000 

STREAM FUNCTION 

DELTA = 0.0020 

MAX = 0.01886 

ZONAL VELOC ITY 

DEL TA = 0.0200 

MAX = 0.09473 
MIN = -0.08816 

129 

Figure 4.17. Axis~metric state for the spherical case 
n = 3 S~l, AT~ = 10°C, with a logarithmic boundary tempera
ture profile.-- Units and contour scheme are as in 
Figure 3.3. 
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V-AMPLI TUDE DELTA = D.0050 W-AMPLITUDE DELTA = 0.0200 

ENERGY SDURCE 

Figure 4.18. Components of the linear wave with wave number 
4 for the case corresponding to Figure 4.17.-- Units and 
contour scheme are as in Figure 4.7. 
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T-AMPLITUOE DELTA = 0.0200 U-AMPLITUOE DELTA = 0.0020 

V-AMPLITUDE DELTA = 0.0020 W-AMPLITUDE DELTA = 0.0010 

Figure 4.19. Amplitudes of linear wave components for the 
same case as in Figure 4.18, but with the region to 86.44° 
latitude excluded from the calculations.-- Units and contour 
scheme are as in Figure 4.7. 
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DELTA = 1.0000 U-ANGLE DELTA = 1.0000 

DELTA = 1.0000 W-ANGLE DELTA = 1.0000 

Figure 4.20. Phase angles of linear wave components corre
sponding to Figure 4.19.-- Units and contour scheme are as in 
Figure 4.8. 
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ENERGY SOURCE EDDY U-FLUX 

EDDY T-FLUX 

-A -A -A Figure 4.21. Eddy fluxes EgwT , uv , and vT for the linear 
wave shown in Figures 4.19 and 4.20.-- contour scheme is as 
in Figure 4.9. 
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T-AMPLITUDE DELTA = 0.0050 U-AMPL ITUDE DELTA = 0.0002 

V-AMPLITUDE DELTA = 0.0005 H-AMPLITUDE DELTA = 0.0001 

Figure 4.22. Amplitudes of linear wave components for the 
spherical case Q = 3 s 1, ~T¢ = aOc, wave number 3.-- Units 
and contour scheme are as in Figure 4.7. 



5. CONCLUDING REMARKS AND 
SUGGESTIONS FOR FURTHER RESEARCH 

From the results presented in the preceding chap-

ters, it is clear that the spherical cases are much more 

complex than those of the cylindrical annulus. This arises 

from three factors: 

(1) The difference in the thermal forcing configu-

ration. In the cylindrical cases considered here, 

the forcing is by a radial (horizontal) temperature 

difference between isothermal side walls. Since the 

top and bottom are insulated, nowhere in the fluid 

does the vertical density gradient become positive. 

The meridional flow acts only to increase the static 

stability, giving rise to the "upper symmetric" 

regime. In the spherical configuration, the forcing 

is by heating and cooling the inner and outer, 

horizontal boundaries. Due to the meridional flow, 

horizontal thermal boundary layers exist, where the 

vertical density gradient becomes positive. A 

relatively large region near the pole has negative 

or very small positive static stability in the 

axisymmetric state, which encourages non-

axisymmetric instability in that region. It seems 

likely, therefore, that an upper symmetric regime 
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will not exist for this spherical configuration. 

There does seem to be an abrupt onset of growth of 

the polar convective mode as rotation is decreased. 

This, along with the fact that the structure of the 

polar wave is so different suggests the existence of 

what is basically another flow regime, which would 

be characterized in the actual experiment as axi

symmetric except for some non-axisymmetric flow near 

the pole. The transition curve for this regime of 

polar asymmetry may be the analog of the upper part 

of the critical curve for the annulus. 

(2) In the spherical cases, the pole is included as 

part of the fluid domain, whereas the cylindrical 

cases are of an annulus, and the pole is not in

cluded. The inner cylinder for annulus precludes 

the po~sibility of the npolar n wave predicted to 

exist in some of the spherical cases. The presence 

of a pole also results in the computer expense for 

the spherical cases being somewhat higher than that 

of the cylindrical cases for the linear model. 

(3) The direction of the coriolis deflection varies 

with latitude (relative 'to the unit vectors of the 

spherical coordinate system and to the radial body 

force) in the spherical case. The large amplitude 

of the effect (1) makes the evaluation of this 

effect difficult. This is perhaps unfortunate, for 



137 

it is the effect of varying coriolis parameter that 

is of greatest interest to meteorologists. Further 

studies should be performed to help isolate this, 

the "beta-effect"; cylindrical and spherical studies 

should be conducted in parallel which have more 

nearly analagous heating configurations: (a) For 

example, a flat cylinder or cylindrical annulus with 

heating and cooling on the upper and lower bound

aries, rather than on the side walls, could be 

studied. Laboratory studies of this configuration 

are currently underway at NASA's Marshall Space 

Flight Center (W.W. Fowlis, personal communi

cation). (b) The spherical experiment could be 

modified by placing an insulating cone in the polar 

region of the sphere, so that it could be compared 

more readily with the annulus. (c) The heating 

configuration for the spherical experiment could be 

modified so that there does not exist such 

statically unstable regions in the axisymmetric 

state. For example, the outer sphere could be of 

thermally insulating material, so that the polar 

region does not become so unstable. Alternatively, 

a conducting cone, with a statically stable thermal 

profile imposed upon it, could be placed around the 

pole. To prevent low static stability in the lower 

equatorial region, the equator wall could be made of 
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a conducting material, with a statically stable 

thermal profile imposed upon it. Cylindrical 

studies should be made with similar heating configu

rations, so that the beta-effect could be isolated. 

The use of the hydrostatic approximation in the 

linear model gave very good results in the cylindrical case. 

The experimental critical curve was adequately reproduced, 

the only exception being near the extreme lower critical 

curve. The hydrostatic model was shown to be very adequate 

for the axisymmetric spherical cases, but much less so for 

the spherical linear model. This is due to the strong 

vertical convection near the pole in the linear waves for 

some of the cases studied. It would be desirable to 

construct a non-hydrostatic linear model to resolve whether 

these waves would be growing-in the true, physical situa

tion. It was encouraging, however, that for those cases 

where the polar convective wave was not present the 

hydrostatic linear model gives results that seem quite 

plausible. If a fluid with higher dielectric constant were 

used, the hydrostatic assumption may become better as the 

radial body force would be larger and the buoyancy term in 

the vertical equation of motion would become more dominant. 

(However, this would be at least partially offset by more 

vigorous flow.) Also, the use of a thermally conducting 

cylinder (or cone) at the pole, as mentioned above, might 
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increase the validity of the hydrostatic assumption, since 

the vertical convection in the perturbations would then be 

discouraged by the imposed high static stability. 

The result that the linear waves for the annulus are 

so similar to the nonlinear deviations from the zonally 

averaged state gives rise to an interesting speculation. 

Let the total, three-dimensional quantities be partitioned 

into three parts: the axisymmetric solution, the difference 

between the zonal average and the axisymmetric solution, and 

the non-axisymmetric deviation. For example, let the total 

zonal wind u be partitioned: 

u = u + u' + u', a 

where uta is the axisymmetric state subtracted from the zonal 

average. The speculation is that u' a is created by nonlinear 

processes, but does not affect u' except to limit its amp

litude. A suggestion for further research is to construct 

a nonlinear numerical model which allows the testing of this 

hypothesis, and to study the possibility of extending pre

vious analytical results using this formulation. 

Notwithstanding a certain degree of weakness in the 

hydrostatic linear model, several significant conclusions 

regarding the question of baroc1inic instability in the 

experimental configurations considered here may be drawn: 

(1) The techniques used here can be utilized to 

determine whether the flow for a particular point in 

parameter space is axisymmetric or not. This is 
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evidenced by the fact that the important part of the 

critical curve for a cylindrical annulus was fairly 

accurately predicted. 

(2) For spherical cases, non-axisymmetric flow 

exists for large enough latitudinal temperature 

difference (~T~). For smaller ~T~ (fixed Q), 

axisymmetric flow is stable. This suggests the 

existence of a lower symmetric regime for the 

sp~ere. 

(3) The structure of the linear eigenmode~ for the 

cylinder, for at least one point in parameter space, 

are very similar to the nonlinear waves of previous 

numerical results, to the linear waves of classical 

analytical results, and to the linear waves of 

previous numerical results in studies of the 

atmosphere (e.g., Gall, 1976). 

(4) The structure of the linear eigenmodes for 

those spherical cases not dominated by vertical 

convection have some of the same aspects as those of 

the cylindrical case. These waves are predicted to 

be large north of the axisymmetric zonal jets, where 

the static stability is low. 

(5) The meridional flow of the basic state has 

little effect upon either the growth rate or the 

structure of the linear waves. 

(6) The energy conversion integrals indicate that 
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the growing waves are baroclinic in nature for all 

cases conside~ed in this study. 

The lack of an upper symmetric regime for the spherical 

configuration is suggested. Before this may become a more 

nearly definite conclusion, studies with a non-hydrostatic 

linear model should be performed. 



APPENDIX A. 

A.l. The Eady problem 

It is instructive to consider cases where there 

exists simple, analytical solutions to the axisymmetric and 

linear eigenvalue problems. The simplest of these was 

solved by Eady (1949), and is often referred to as the "Eady 

problem". It is presented here for illustrative purposes. 

The assumptions are: 

ROT « 1 (A.I) 

Y « 1 (A.2) 

Ek « ROT (A.3) 

N2 « 1 (A. 4) 

NI « N2 (A.5) 

EkPr « ROT (A.6) 

a ::: 1 (A.7) 

w/u (dimensional) ::: ROTY (A.8) 

sincp ::: 1, coscp ::: 0 (A.9) 

Definitions of the dimensionless parameters are given in 

Table 2.3. This is the diffusionless case of a cylinder, 

where the horizontal dimension far exceeds the vertical, and 

the horizontal divergence is small. We consider a region 
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far from the axis of rotation and far from the side walls. 

Curvature effects are neglected. Cartesian coordinates may 

be utilized, where x, y, and z are eastward, poleward and 

vertical distances, respectively. The axisymmetric, 

steady-state equations (in dimensional form) reduce to: 

1 ap + 
Po ay 

2Qu = 

gET = 

o 

o 

Combining these, we have the thermal wind equation: 

au 
az = _ gE aT 

~ry 

(A .10) 

(A .11) 

(A .12) 

The basic (axisymmetric) state is that of a 

specified constant horizontal temperature gradient, re

sulting in a linear vertical shear in the zonal wind. There 

is no motion in the y or z directions, and hydrostatic 

equilibrium exists. The assumed configuration is that both 

the vertical and horizontal temperature derivatives are 

positive, and that they are constant. This configuration, 

with horizontal temperature gradients, rotation, and posi

tive vertical convective stability constitutes the basic 

baroclinic stability problem. Perturbations of this basic 

state with variations in the azimuthal directions are 

considered. When the nonlinear terms are dropped, and the 
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basic state's equations (A.10 and A.11) are subtracted, we 

have the linearized perturbation equations: 

au uau 1 ap 
+ 2Qv (A .13) 

at = ax pax 
0 

av uav 1 ap 2Qu (A.14 ) 
at = p ay ax 

0 

1 ap gEe (A. IS) paz = 
0 

ae ae aT aT (A.16) at = Urx Vay ... Waz 

+ + = o (A.17) 

where 0 is the perturbation tempe~ature. Here, all terms of 

order R02 are dropped. (See Pedlosky, 1964.) A vorticity 

equation is formed by differentiating A.13 with respect to 

y, differentiating A.14 with respect to x and subtracting: 

az;; uar,; _ 2Q(au + av = ay) , (A .18) at ax ax 

where 

Z;; 
av au (A .19) = ax - ay 
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A divergence equation is formed by taking the x-derivative 

of A.13, the y-derivative of A.14 and summing: 

where 

dD = -u dD - 1 ~2 P + 2n~ 
at dX Po H 

D = dU + dV 
ax ay 

(A. 20) 

(A.21) 

and ~~ is the horizontal part of the Laplacian. Next, e is 

eliminated in A.16, using equation A.ls: 

= (A.22) 

A crucial assumption is now made: that the terms 

containing D in equation A.20 are small in comparison with 

the other terms, and are dropped. This gives the balance 

equation: 

(A. 23) 

" " The horizontal velocity V = uI + vj is written as the sum of 
-+ -+ -+ 

its divergent and non-divergent parts, V = vN + vD• The 

non-divergent part may be written in terms of a stream 

function : 

= 

= 

(A. 24) 
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so that 

(A. 25) 

Furthermore, it is assumed that horizontal advection of heat 

by the divergent part of the perturbation velocities is 

small. The result, when all is combined into two equations 

for 1jJ and w is: 

(a + ua ){~2"1 + (~)21" } = 0 at ax H'I' N 'l'zz 
(A. 26) 

= (A. 27) 

where N = (EgaT)~ is the Brunt-Vaisala frequency, the square 
az 

root of what is called the static stability. Equations 

A.26 and A.27 are known as the potential vorticity and 

thermodynamic equations, respectively. The boundary con

ditions are that w = 0 on the upper and lower boundaries. 

The equations are non-dimensionalized using the following 

definitions: 

* (A. 28) t = (25'2) t 

'" * (A. 29) (x ,y) = (Lx ,Ly ) 

* (A. 30) z = Hz 

* (A. 31) w = 25'2Hw 



147 

u = (A.32) 

where Land H are characteristic horizontal and vertical 

lengths, respectively. (This non-dimensionalization and the 

presentation for the remainder of this section is adapted 

from Hyun and Fowlis, 1979.) The potential vorticity and 

thermodynamic equations become, dropping the asterisks: 

(~t + Ro U~x (A.33) 

= w 
F (A. 34) 

where Ro and F are the dimensionless Rossby and Froude 

numbers: 

U 
Ro 

max = 2nL (A.35) 

F = 
(2m 2L2 

N2 H2 
CA.36) 

We seek solutions of the form: 

1P (x,y, z, t) = ~ (z) exp{ i (k (x-ct) +ly) } CA.37} 

and we have 

(A.38) 

* where c = c/Ro. On the boundary: 
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* (z - c)¢ - ¢ = 0 z (A. 39) 

There exists a closed form solution for ¢: 

* 
¢(z) = A (eXp(-KZ) - l.,..Kc ) )exp(Kz) 

l+l<c* 
(A. 40) 

where A is arbitrary, and 

K = (A.41) 

The eigenvalue c is given by 

C = RO{! ± ~K [ (~ - coth (~) ) (~- tanh (~)) ]"} (A.42) 

It may be noted that, when c i = 0, the phase speed (c r ) is 

equal to the basic state zonal wind speed at z = 1/2. 

Instability will exist if c. ~ 0 (note that c occurs in 
. ~ 

conjugate pairs), which will occur when 

K < Kcr = 2.3994 (A.43) 

Thus, waves shorter than the critical K are neutral. A cr 
wave of specified wavelength will be stable when the Froude 

number F is small. Thus, instability' is suppressed by large 

static stability. Furthermore, it should be noted that the 

growth rate is proportional to Urnax ' to the basic wind 

shear, or equivalently, to the horizontal thermal gradient. 
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The Eady model gives a cut-off for non-axisymmetric 

flow, in terms of the basic state's zonal wind shear and 

static stability, and of the geometry. For given F and Ro, 

there is some wavelength (long enough) that instability 

occurs. The geometry of the physical system, .however, 

constrains wavelengths of the Fourier components to be 

integral multiples of the circumference of the rotating 

system. The primary importance of this model is that it 

gives us the structure of the eigenmodes. Graphs of the 

solution for the fastest-growing modes are presented in 

Figure A.l (from Hyun and Fowlis, 1979). In that figure, 

the amplitudes and relative phase angles of temperature, 

stream function, vertical velocity, and horizontal 

divergence are deno,ted by 0, <P, W, and 0, respectively. The 

character of the Ea.dy solution may be summarized in the 

following points: 

(I) Amplitudes of temperature, pressure (pro

portional to the stream function), and horizontal 

divergence are a maximum at the upper and lower 

boundaries, and minimum at the midpoint. Amplitude 

of vertical velocity is a maximum at the midpoint. 

All amplitudes are symmetric about z = 1/2. 

(2) Pressure, vertical veloc ity, and divergence tilt 

westward with height. The thermal wave tilts 

eastward. (3) The correlation betwe~n v, w, and T 
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is such that near the thermal minimum flow is upward 

and is from the north. The opposite is true at the 

thermal maximum. The temperature maximum lies to 

the west of the pressure maximum. The points that 

the pressure wave tilts westward with height and 

that the thermal trough lags the pressure trough are 

the essential features required to be able to 

physically explain why the disturbance grows in the 

presence of vertical shear of the zonal wind 

(Holton, 1979, pp. 140-143). 

A.2. .Other analytical results 

Charney (1947) included the so-called nbeta-effect n 

in his model, which allows for variations in the corio1is 

parameter with latitude. The other difference from Eady's 

model is that Charney assumed a free upper surface. In the 

beta-plane approximation, the corio1is parameter 

(f = 2Q sin~) is taken to vary linearly with y: 

f = fo + Sy (A.44) 

with S = constant. The potential vorticity equation then 

becomes: 

(a + Ro U~) (V21jJ + FtIJ ) + 8tIJ = 0 at ax H zz x 
(A.45) 
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One effect of ~ is to remove the equation)s symmetry 

about z = 1/2~ Green (1960) analyzed the differences 

between Eady's model and Charney's model by considering a 

beta-plane model with a rigid upper surface. He summarizes 

the beta-effect: 

(i) There exists a growing wave for nearly all 
wavelengths--there is no short-wave limit to 
instability; (ii) An additional long-wave solution 
is possible; (iii) If ~ ~ 0 and westerly shear, then 
the steering level is below mid-level for all wave
lengths. 

The result is that there is no cut-off for instability, and 

thus a critical curve in parameter space cannot be con-

structed. One must include the effect of viscosity in order 

to achieve a cut-off. 

Barcilon (1964) added the effect of viscous damping 

to the Eady model. The technique employed is to consider 

the viscous boundary layers separately from the interior, 

where viscous damping is small. One can solve for the ver

tical velocity at the edge of the boundary layers, resulting 

in the Ekman pumping velocity: 

w = ±V~~( ~ }~ (A.46) 

where the sign depends upon whether the upper or lower 

boundary is considered. (See Holton, 1979, p. 112.) The 

heights z = 0 and z = 1 in the Eady model are taken to be 

the edge of the boundary layers, and condition A.46 is 

applied rather than w = 0 at the boundaries. The effect of 
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this is to force a vertical velocity opposite in sign to 

that which the wave is trying to generate. The result of 

this analysis is that there are regions in parameter space 

where axisymmetric flow is stable to disturbances of all 

wavelengths. A transition curve can be obtained in terms of 

the characteristics of the basic state's flow. (A tran

sition curve in terms of the experimental parameters, 

however, cannot be obtained.) Geisler and Fow1is (1979) 

applied the same technique to the beta-plane model, 

obtaining transition curves for a "quasi-spherical" 

configuration. 
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Figure A.l. Amplitude and phase variations of the most 
unstable Eady mode.-- (A) Amplitude variations. Scale fac
tors are 0.5 for I~I, 0.5 for lei, 1.0 for Iwl, and 0.3 for 
IDI. (B) Negative relative phases of perturbation pressure 
~ and temperature e. Phase shift is 11.35°. (C) Negative 
relative phases of vertical velocity Wand divergence D. 
Phase shift is 11.35°. 



APPENDIX B. 

The effects on numerical stability of adding the 

viscous term to the diagnostic equation for ap/ar in the 

axisymmetric model may be analyzed by considering the 

following system: 

a (av) ataz = (B.I) 

av 
ay + aw 

az = o (B.2) 

Here, we consider only the viscous part of ap/ar, which is 

substituted into the r-differentiated c equation of motion. 

For simplicity, rectangular Cartesian coordinates are used. 

("z" is used for "r", and "y" is used for "c".> C is a 

constant with units cm 2 S-1. This system of equations is 

central differenced on a staggered, homogeneous grid in the 

following manner: 

+ 

Ca.3) 

~tyC [(Wj+l,k- 2wj ,k+ wj_l,k) 

/:'y (~y) 2 

(W. k- 2w. I k+w , 2 k) . ), J-,)- , 
(~y) 2 

Wj ,k+1- 2Wj ,k+ wj ,k_1 

(~z) 2 

Wj - l ,k+1- 2wj _1 ,k+ Wj - 1 ,k-1] 

(~z) 2 
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n 
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Vj+l,k .,... vj,k 

b.y 
+ 

Wj,k- wj,k.,...l 

b.z 
= o (B. 4) 

The indexing here is as follows: 

v. k - V(j6y,kb.Z) J, 
(B.5) 

w. k - w(j+~)b.Y, (k+~)6Z) J, 

The two difference equations are not centered at the same 

grid point: B.3 is centered at y = j6y, z = (k+~)6z, and 

B.4 is centered at y = (j+~)6y and z = kb.z. The index m 

will be n for forward differencing, in which case y = 1, and 

n - 1 for centered differencing, in which case y = 2. 

Proceed to eliminate v, reducing to one equation in 

w. Write B.3 at j + 1, and subtract B.3 at j from it. 

Write B.4 at k + 1, and subtract B.4 at k from it. The 

result is: 

~ 2 n+l = 
u w. k ~tYr [0 2W 20 2W (6) 6y 2 Y j+l,k - y j,k B. z J, 

+ 0 2W. 1 k + Y J-, 

n 
oz2 wj +l ,k - 20 Z

2wj ,k + Oz2 Wj _l ,k] 

. 
where .02W. k has the usual meaning: 

:z: J, 

o 2W. k = z J, 
Wj+1,k- 2wj ,k+ wj_l,k 

(b.y) 2 
(B. 7) 



and similarly for O~Wj,k. The usual Fourier analysis may 

now be performed. Assume components of w of the form: 
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n 
w. k J, 

= 
n ipj/:'y iqk/:,z 

w wee (B 0 8) 
o 

and sUbstitute into B.6: 
(eiq/:,z + e -iq/:'z _ 2) ("w _ wrn.,..n) = CB 0 9} 

a[(/:'~)2(e2iP~y - 4eip/:,y + 6 _ 4e-ip/:,y + e-2ip/:,y} 

+ 1. (eiq/:,z + -iq/:'z 2) (eip/:,y + 
(6Z)2 e-

where a = /:,tyCC/:,z//:,y) • 

The essential character of the stability problem may 

be seen by considering the horizontal and vertical parts 

separately. Taking the horizontal part in the case of 

centered differencing: 

aw 2 + Tbw - a = 0 (BolO) 

where 

a = 1 - cosq/:'z 

b = 2(1 - cosp/:,y} 2 
(Boll) 

a 
T = (/:,y) 2 

In the singular case where a = b = 0, the multiplier til is 

not determined. When only a = 0, then w = O. When only 

b = 0, w = 1. When neither are zero: 
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-Tb ± IT 2b 2 + 4a2 
w = 2a (B .12) 

which is a real number. Now, 

w2 1 + 2T 2b2 + 2Tb/T~b2 + 4a2 
(B.13) = 4a 2 

which can clearly be greater than one. Thus, the scheme is 

unstable. 

If forward differencing is utilized, 

w = 1 _ Tb 
a 

(B.14) 

Now, a can be small, but not arbitrarily so with a finite 

grid for the case (considered here) where w = 0 at the top 

and bottom of the domain. (That is, the component with zero 

wave number has zero amplitude.) The longest wave possible 

is where q = TI/d, where d is the domain's height. Thus, the 

worst case is: 

8T 
W = 1 - 1 - cos (TI!K) (B.lS) 

where K is the number of grid spacings in the vertical. The 

stability requirement, then, is: 

CB.16) 
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or: 

l\t < (B .17) 

This is a very severe requirement, expecially if K is large 

or if l\y < l\z. 

The vertical part is much simpler. For forward 

differencing, we have from B.9: 

w ;:: 1 + 2a (cospl\y - 1) 
(LlY) 2 (l\z) 2 . 

(B .18) 

The last term is non-positive. Thus, the stability require-

ment is: 

l\t < 
(l\y) 2 

2C (B.19) 

The interested reader can verify that centered time differ

encing is, again, absolutely unstable. 
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