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- ABSTRACT

Part I of this dissertation examines the effect of
financing c¢osts on the efficiency of the T-bill futures
marKet. The cost-of-carry model is used and three types of
financing costs are selected as proxies for RP (repurchase
agreement) rates. The results suggest that the cost-of-carry
model assuming a c¢onstant RP rate 1is unreliable 1in
explaining the pricing of T-bill futures. A search for
"true" financing costs shows that such financing costs could
be a nonlinearly weighted rate of the term RP rate (or the
90-day-maturity T-Dbill rate) and the federal funds rate.
Theoretically implied RP rates in the year of 1983 are also
generated for comparisons. Part II examines the impact of
inflation uncertainty on the futures-forward rate
differential. The c¢ost-of-carry model assuming a constant RP
rate ignores the future fluctuations of financing costs. A
"risk premium" c¢ould arise due to 1inflation uncertainty.
This part provides evildence that there exists a systematic
relationship between the daily futures-forward rate
differences and the 1inflation rate. Part 1II1 provides a
theoretical treatment of the optimal arbitrage investment
under uncertainty and of equilibrium pricing in the T-bill
futures markKet. A dynamic stochastic programming model shows

ix



X
that a "myopic" properiy exists in the T-bill futures market
in the sense that expectations of the future one-period
price movements do¢ not exert an impact on the current
optimal arbitrage investment decision under uncertainty. It
shows, however, that such a "myopic" property is not pure in
that expectations of financing costs in the next period
affect the investment decision in the current period.
Equilibrium pricing of the T-bill futures is obtained under
arbitrage arguments. . It shows that an equilibrium price is
achieved at the point where the expected current one-period
arbitrage profits are zero when cost-of-carry is required,

even in a multi-period setting.



PART I

TESTING THE EFFICIENCY OF THE T-BILL FUTURES MARKET:

THE ROLE OF FINANCING COSTS

Part I of this dissertation examines the effect of
financing costs on the efficiency of the T-bill futures
market. The cost-of=carry model is used and three types of
financing costs are selected as proxies for RP (repurchase
agreement) rates. The results from béth the mean equality
test and the regression approach test (a Jjoint test) show
that the T-bill futures market may have experienced some
inefficiencies on some days 1in 1983. It 1s suggested that
the cost-of-carrif model assuming a constant RP rate 1is
unreliable in explaining the pricing of T-bill futures. A
search for "true" financing c¢osts which may explain the
futures-forward rate differential shows that such financing
costs could be a nonlinearly weighted rate of the term RP
rate (or the 90-day-maturity T-bill rate} and the federal
funds rate. Theoretically implied RP rates in the year of

1983 are also generated for comparisons.



CHAPTER 1
INTRODUCTION TO PART 1

on January 6, 1976, the International Monetary
MarkKet (IMM) of the Chicago Mercantile Exchange began
trading the Treasury bill (T-bill) futures contract. The IMM
trades T-bill futures contracts for delivery of a $41,000,000
par value, 90-day U.S. T-bill, but 91- or 92-day Dbills are
substitutable. Initially, delivery on each contract was made
on the three business days beginning with the day of the
3-month (13-week) Treaslury bill auction of the third weekK of
the delivery month. Effective June 1983, the delivery of a
futures contract was made in the three su'ccessive business
days beginning with the first day of the delivery month on
which a 3-month Treasury bill is issued. There are eignht
contract maturities currently traded and the delivery months
are March, June, September, and December.!

The efficiency of the T-bill futures marKet has
been studied extensively. Most previous studies used the
mean equality test 110 test whether futures rates are

significantly different from forward rates as 1implied by the

IFor details about the Treasury futures markKet, see
Arpendix 1.
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term structure of spot marKet T-bills. In most cases, the
hypothesis that these forward and futures rates are equal 1is
rejected, and that the efficiency of the T-bill futures
market 1is thereby rejected. Explanations of these
inefficiencies 1include Dars to entry and a liquidation
premium (Puglisi, 1978), expectations and segmentation
{Branch, 1978), the default risk premium of futures rates as
compared to forward rates (Lang and Rasche, 1978), and the
effects of daily resettlement (Chow and Brophy, 1978 and
Morgan, 1981). Several related empirical studies are
summarized in Table 1.

Applying Working’s theory of étorage costs, Vignola
and Dale (1980) used the overnight cost-of-carry model to
explain the pricing of Treasury bill futures. Kawaller and
Koch (1984) also examined the impact of £financing costs on
the efficiency of the T-bill futures market. VWorkKing (1949)
developed the cost-of-carry model in which the difference
between spot and futures prices of a commodity 1s explained
by carrying char‘ge.s that include transportation,
warehousing, ihsurance and interest costs. In the T-bill
futur‘es market interest costs are the only relevant carrying
costs, Vignola and Dale (1980) specify the overnight repo
rate as the overnight carrying cost and they use the federal
funds rate as a proxy. After accounting for the carrying

costs, they show that the mean price differences between



Table 1

Summary of the Related Empirical Studies

cost Time Span Effi- Test
Authors Treatments? of Data ciency Method
Branch No June 76-July 78 No Mean Equality
Capozza &
Cornell No Mar. 76-June 78 NoP Mean Equality
Chow & Regression
Brophy TCC Jan. 76-Jan. 78 Nod Model
Kawaller &
Koch FCC Sep. 77-June 82 Yes€ Mean Equality
Lang &
Rasche No Mar. 76-Mar. 78 No Mean Equality
Poole TC Jan. 76-June 77 Yesf Mean Equality
Puglisi TC Mar. 76-Sep. 77 No Mean Equality
Rendleman With/No Autoregression
& Carabini TC Jan. 76-Mar. 78 No& Model
Vignola &
Dale (1979) TC Mar. 76-Dec. T7 No Mean Equality
vVignola & Difference by
Dale (1980) FC Mar. 76-Dec. T7 NaDn sign

4Tnis applies to the named authors’ obtaining summary
statistics. It does not necessarily indicate that
transactions c¢osts, financing c¢osts and other factors which
may affect the‘_results. are not discussed in the
corresponding papers.

PExcept for the near term contract.

CFC = Financing costs; TC = Transactions costs which are $60



Table 4, Continued
rer Treasury bill futures contract (one million). All those
that follow are in the same amount, Note that such
round-trip costs may be estimated differently. For example,
FiglewsKi (1986) uses $20 for 1transactions costs.
drnis is their inference which serves as one of the
possibilities to explain why they reject the validity of
three conventional term structure hypotheses---pure
expectations, markKet segmentation and liquidity preference.
€0n the other hand, they find that the T-bill futures markKet
is inefficient when the short-term T-bkill rate 1is used as a
proxy for the term RP rate
fpoole concludes that transactions costs in trading bill
futures are very small so that the extra transactions costis
from selling long-term T-bills which are relatively larger
cause futures rates to be slightly lower than forward rates.
€They find, however, that there is no consistent divergence
between T-bill and futures prices.
Dyo decisive conclusion is made. But, they 1indicate 1that

fluctuations of mean differences around 2zero are common.
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futures prices and forward prices constructed from the
cost-of-carry model fluctuate around zero. They 1then
concluded that "the overnight cost-of-carry model 1is better
for explaining futures price.." than other explanations
including institutional practices, risk premia, transactions
costs, and other market imperfections. Similarly, when RP
rates were used, Kawaller and Koch found that the T-bill
futures marKet is efficient when such compounded overnight
financihg rates are used to calculate the implied forward
rates. They therefore in<’11cated that "one need not appeal to
such considerations as transaction costs, variation margin
uncertainty, tax treatment, etc. in order to explain futures
prices."

This study exXtends the previous worK showing the
effect of financing costs, based on the cost-of-carry model,
on the efficiency of the Treasury bill futures market. Since
there can be various +financing costs (RP rates) in elither
overnight RPs or term RPs for different borrowers, the
"appropriate financing charges" used by arbitrageurs must Dbe
carefully chosen when testing the efficiency of the T-khill
futures marKket based on the cost-of-carry model. In this
study, we 4o not specify a "true" RP rate. Rather, the
federal funds rate 1is seclected as the higher proxy for the
level of the overnight RP rates and the 90-day-maturity

T-bill rate as the 1lower proxy for the 1level of the
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overnight RP rates. That is, although both can be regarded
to be ©close" to the "true" overnight RP rétes in practice,
we allow a range for overnight financing rates in testing
the efficiency of the T-bill futures marKet based on the
cost-of-carry model. The actual overnight financing .costs
for most 1traders is liKely to be in this range. For the
third type of financing rate, the term RP rate, the
short-term- T-bill rate is used as its pr‘oxy,2 This T-bill
rate 1is 1in practice called the discount yield or the
banker’s yield (or banKk discount rate, see Appendix 1). We
performed a mean equality test as Kawaller and KXoch (1984)
on daily data for the year 1983 to attempt to explain the
futures-forward rate differential in the form of {financing
costs. In addition, we also ran a regression to cémpare the
results obtained from the mean equality test. In particular,
our results from both the mean equality test and the
regression test show that the‘ cost-of-carry model utilizing
the noted PpProxy borrowing rates cannot explain the pricing
of T-bill futures. Our findings clearly conflict with those
found by Vignola and Dale (1980) and Kawaller and Koch

(1984). The findings are consistent, however, with most of

27he use of the short-term T-bill rate as a Pproxy
for the term RP rate was also adopted by Kawaller and Koch.
The corresponding constructed forward rate 1s essentially
derived from the term structure of T-bill yields. For the
implications of the overnight RP and the term RP, see
Kawaller and KXoch (1984).
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the previous studies, even after financing costs are
considered. The remainder of Part I is organized as follows.
In Chapter 2 we elaborate on how pure arbitrage profits
arise and describe the resulting egquilibrium condition.
Chapter 3 gives the data specification and methodology.
Chapter 4 provides the empirical evidence. Chapter 5

summaries the work in Part I.



CHAPTER 2
PURE ARBITRAGE OPPORTUNITIES

Pure arbitrage consists of risk-free profits on a
zero net investment.3 Pure arbitrage in the nearby T-bill
futures marKet involves a short-term T-bill that matures T
days from now (time t) and a 1long-term T-bill that matures
T+91 days from now. Suppose that an investor sells a
long-term T-bill sho‘rt at time t and uses the proceeds to
buy a short-term T-bill. Simultaneously the investor buys a
T-bill futures contract that expires at time T so that he
can return the T-bpill to the lender at time T. The cash

flows from 1these trades follow the pattern:

sell Buy

Cash In Cash Out
t =t $Pt,T+91 . $P‘t.,T'(PI,T+91/P‘I’.,T)
t =T $100- (Pt, 7+91/Py, T) $Fp T4+914

3The variation in margin requirements of the futures
contract and the appreciation or depreciation 1in the
collateral value are ignored. It 1s also assumed that
investors expect the overnight RP rates to remain constant,
wvhich follows Kawaller and Koch (1984).

9
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The prices of all securities here represent their market
prices. The asKed price (purchased price) 1is conventionally
referred to as the market price. As a result, the so-called
"market price" ignores the bid-asKked spread. The bid-asKed
spread can be a reflection of the existence of transaction
costs, which is regarded as minimal as opposed to financing
costs (see Capozza and Cornell, 1979). With this in mind
when using the cost-of-carry model, we shall use the asked
price to test the efficiency of the T-bill futures market.
For simplicity, the prices are expressed as a percent of
face value, $100. The spot prices of long-term and
short-term T-bills are $Pyp4.91 and $Pt g respectively. The
futures price is $FpT494. It will be paid at time T for the
underlying T-bill that matures 94 days from time T. The net
cash flow at time t is zero so that there 1is no 1initial
investment. Since the total funds available for the investor
at time t are $PyT.9y, he can only buy (Pt r4+91/Pt T
fractional short-term T-bills maturing T days from time t,
where T days is defined as the number of days from time t to
T. The assumption of infinite divisibility of securities 1s
made here for convenience. In practice, the number of units
traded in pure arbitrage is so large that this assumption
which places the analysis on a per dollar basis is o0f no
consequence. At time T, the investor has a cash inflow of

$100(Py,74+91/Pt,7) because each unit of T-bill has a par
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value of $100 at maturity. There is a cash outflow of
$Fp 49y at time T. This 1s the settlement price on the
futures contract at time t to be paid at time T. In order
that no risk-free arbitrage profits can result, the market

equilibrium c¢ondition reguires that

$100- (Py, T+91/P¢, T) = $FT T491. (2. 1)

This eguilibrium condition can be maintained dver' time only
if the futures and cash markets are perfect (such as no
transactions costs, liguidation premiums, etc.) and
efficient. The equilibrium condition can also be expressed

as
(100/Py, 7491) = (100/Py ) - (100/Fp pig1). (2. 2)

The expression (100/Fp q,g4) 1is usually referred to as one
pPlus the implied forward rate. Two investment strategies can
thus Dbe evaluated directly from equation (2.2). The
left-side is the return per dollar from the long-term T-Dbill
cash market, while the right-side is the return per dollar
from an investment of $Pyr 1in the short-term T-bill cash
market followed by re-investment in a 91 day T-bill at a
futures rate given now, The investor can earn a risK-free
profit if $100(Py 7494/Py,T) 1s ¢greater than $Fp 7491 1D
equation (2.1), or equivalently 1if (100/Pt,'1‘+91) is greater

than (100/Py 1) (100/Fq p,9y) £from equation (2.2). 1f
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$100(P¢,74+94/Pt,7) 1s less than $Fp 7494y the investor
simply reverses his position to engage in pure arbditrage.
The cash flows differ, however. The investor sells a
short-term T-bill short, and uses the proceeds 1o buy
(Py,7/Pt,7+91) long-term T-bills in the cash market.
Simultaneously he sells a futures contract of consisting of
the (Pyp/PyT491) long-term T-bills. The cash f£flows then

have the following pattern:

Sell Buy
Cash In Cash Out
t=t $Py, T $P¢, T+91 (Pt ©/Pt, T+91)
t = T $Fp 7491 (Pt, 7/Pt, T491) $100

We can see that the {funds available for the investor at time
T are $Pyr so that he can buy (Py7/P¢r4+91) units of the
long-term T-bill which will be delivered at time T 1o
fulfill obligations on the futures contract. Consequently,
the cash inflow at time T 15 $Fp 7,91 (Py, /Py T491).% On
the other hand, he must return $100 to the lender of the

borrowed short-term T-bill at time T Dbecause at the maturity

date T the value of it is equal to the face value of $100.

“Note that the investor must sell (Pyp/Pt T4+91)
units of the T-kill futures contract, since he holds as many
units as (Pyp/PtTs+91) 0f the long-term T-Dbill,
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The net cash flow at time t is zero so that there is no
initial investment. The investor can reap a risk-free profit
if $Fp 7491(Py,0/Pt,7+91) is greater than $100. It 1is clear
that these risk free profits disappear 1if either equation
(2.1) or (2.2) holds. Thus, the equation (2.I1) or (2.8)
represents a statement of equilibrium condition.

Each of the above trading processes fully satisfies
the definition of a pure arbitrage. In practice, however,
transactions costs must Dbe taken into account. In view of
that, the processes, above, may not be the cheapest ways to
reap an arbitrage profit because three transactions costs
are involved, two for the cash market and one for the T-bill
futures marKet. In practice, such costs must be shared by
investors. As a matter of fact, one of the transactions
costs from the cash markKet can be eliminated Dby a pure
arbitrageur. We shall introduce an alternative pure
arbitrage operation that proceeds as iollows. A banKer’s
discount rate construction is used in this alternative
statement of pure arbitrage.

Let Ry T+91y be the annual banking discount Yyield for
a T-bill with $i{ received at the maturing date, 1i.e.,, T+9¢
days from now, so that its current price
${1-R¢ 7491 [(T+91)/360]} based on theis DbankKer’s discount
rate construction. Similarly, the current price for a T-bill

maturing T days {from now is $[1-Rt'T'(T/360)]. The 1implied
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forward rate, FO, derived from the term structure of

Treasury bill yields is given by

[t - FOp, T4gy°(91/360)]

= {1 - Ry, T+91° [(T+91)/36011/(1 - Ry, - (T/360)]. (2.3)

Equilibrium in the T-bill futures markKet now requires that
the futures rate (FU) equal the forward rate (FO) from T to
T+91 as derived from equation (2.3) when FU is computed -on a
bankKer’s discount basis as well. When the cost-of-carry
model 1is used, however, the financing rate will not be Rt,T
except that it is used as a proxy for the term RP rate as
adopted by Kawaller and Xoch (1980). As a result, the
implied forward rate based on the cost-of-carry me¢del will

be

[1 - FO§ 49y (91/360))

= {1 - Ry, 491 [(T+91)/36011/[1 - CRP*: (T/360)], (2. 4)

where, CRP* represents the compounded overnight financing
rate of either the overnight federal {funds rate or the
90-day-maturity T-bill rate.> The comparison between the
T-bill futures rates and the forward rates derived {from
equation (2.4) will determine whether a pure arbitrage

opportunity exists. It_will be clear from the following pure

SThe compounded overnight RP rate, CRP¥, is
calculated as: CRP* = (360/T)[t - (¢ - RP/360)T).
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arbitrage operation. Note that the transac‘tion of short-term
T-bill will Dbe eliminated.

Suppese that an investor decides to sell short a
long-term T-bill and simultaneously buy a futures contract,

The cash flow pattern will be as follows:5

Sell Short Long-term

Cash Bill Buy Futures
Cash In Cash Out

t =t $11-Ry, 49y [(T+91)/360]} 0

t =T 0 _ $[1-FUp .91 [(91/360))

Since no short-térm T-bill is traded, cash-out and c¢ash-in
at t=t and t:T are zero, respectively. However, the investor
can lend out the amount of $[1-Rt’T+91-[(T+91)/360]] at time
t and earn a CRP* rate through the RP market.” Note that if
t > 1 day, then CRP* represents a continuous rolling over of

the RP at rates not Known at t:=T. The profit can be

It should be <clear that the corresponding
sell-and-buy decision 1o reap profits, if any, can be made a
priori depending on the sign of NP in equation (2.5). Also
note that, for illustration of no requirement in trading
short-term T-bill, the following cash flow pattern does not
include the cash flows resulting from transactions in the RP
marKet, which will appear in the next trading strategy.

Tror consistency, the overnight RP rate is
transformed to the compounded overnight RP rate, CRP¥ That
is, the 1interest rate wused in evaluating potential profits
resulting from sell-and-buy decisions is on the continuous
overnight basis.
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evaluated Dby the time wvalue o¢f money either at time t or
time T.8 For consistency, based on the banKer’s discount
rate construction, we will evaluate the resultant profit at

time t. That 1is,

NP = {1 - Ry, Ts+91 [(T+91)/360]]

-[1 - CRP*(T/360)1-(1 -~ FUp rsgy-(91/360)). (2.5)
or,

NP = {1 - Ry, p4+9y- [(T+91)/36011

-[1 - R¢, - (T/360))-[1 - FUT'T+91'(91/360)]. (2. 5a)

It can be seen that equation (2.5) is comparable to egquation
(2.4) and equation {2.5a) 1is comparable to equation (2.3)
for the relationship Dbetween forward rates and futures
rates. The value of NP depends on which financing rate (CRP*¥
or Rt,T) is used. It can Dbe easily shown that the sign of NP
is determined Dby the difference between FUpmp,9q4 and
FO&-’T+91 in the equations (2.5) and (2.4), or Dby the
difference between FUpq,93 and FOp ps9q 1in the equations
(25a) and (2.3). If NP 1is ¢greater than zero, the 1investor
will gain a profit and it is a pure arbitrage profit because
there 1is no 1initial investment and it is a risk-free profit.
What he needs to do 1is simply to return the Dborrowed

long-term T-bill to 1its lender at time t Dby taKing the

8wnen evaluated at time T, it is still in the world
with certainty, because the cash-out at time T resulting
from the purchased T-bill futures 1s certain.
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delivery of the purchased T-bill futures.
Should NP in equation (2.5) be negative, the
investor simply reverses his position to reap the profit.
The cash flow pattern, however, will be different in order

to satisfy the pure arbitrage conditions. The cash flow is9Y

Buy long-term

Sell Futures : Cash bill
Cash In ' Cash Out
t =t ${[1t - CRP*:-(T/360)] ${1 -Ry, m49q° [(T+91)/360]]

*[1 - FUp 7.91°(91/360)1}

t = T $[1 - FUp Tigy-(91/360)]  $[1 - FUp psgy° (91/360)]

The cash flow pattern shown 1is more complicated. Note that,
first, the investor must agree 1in advance to use the
purchased long-term T-bill as collateral so that he can be
entitled to borrow money from the RP market to purchase the
underlying long-term T-bill. By selling a futures contract,
the funds available to the investor at time T are only ${1 -
FUT,T+91~(91/360)] which 1is the money value at time t of $1
paid (or received) at 1time T+91 based on the banKer’s
discount rate construction. Consequently, he cannot Dborrow

as much as 3$[1 - CRP*(T/360)] at time t because it is the

9The trading strategy 1is as $ollows: borrowing funds
from the RP market (resulting in cash-in at time t), buying
long-term T-Dbill, and simultaneously selling T-bill futures,
This cash flow pattern assumes that the investor uses an
overnight financing rate. In case of a term RP rate being
used, simply change CRP* to Ryr for Cash-In at t=t.
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present value of $1 paid at time T. What he should borrow at
time t and return at time T is 3[1 - CRP¥(T/360))[1 -
FUp 74+91(91/360)], which 1is the present value of $[1 -
FUp 7491+(91/360)) that 1is exactly available to him at time
T. It thus can be seen that the process for a pure arbitrage
profit is completed so 1long as the profit is greater than
Zero.

Following the cost-of-carry model and using the
banker’s discount rate c¢onstruction, we will use equation
(2.3) and (2.4) to calculate the implied forward rates
constructed by three proxies of financing rates,
respeétively. Note that ' CRP*¥ is wused in egquation (2.4)
because the overnight compounding is taKen into account as
investors generally finance their positions on a continuous
overnight basis. By using the mean equality test for the
mean values of the T-bill futures rates and the calculated
implied forward rates, we will Dbe able to test the
efficiency of the T-bill futures marKet. To compare our
findings with those of Vignola and Dale, Xawaller and Koch,
we will repli;ate Kawaller and Koch’s worK by means of the
mean equality test.!0 In addition, a regression approach

will be presented to compare with the results obtained from

the mean equality test.

107ransactions costs and other markKet imperfection
factors are ignored.



CHAPTER 3
DATA SPECIFICATION AND METHODOLOGY

The relationships between the T-bill futures rates
of the neardy contracts and the forward rates derived from
different financing rates will be empirically examined.
Equation (2.3) will Dbe used.to obtain the corresponding
forward rates. The derived forward rates are calculated from
the term structure of Treasury bill yields and Ry 1S
referred to as the term RP financing costs. Equation (2.4)
will Dbe used to calculate the corresponding forward rates
when the compounded overnight financing costs are
considered. This 1is Dbecause investors often enter the
repurchase markKet (RP marKet) in order to finance their
positions. Repurchase agreements are most frequently made
for one business day (overnight). When it is made for longer
than one day, it is called a term RP. In the RP market the
borrower pays interest on the funds at a rate that 1is
negotiated with the 1lender. Consequently, there c¢an be
various RP rates, or repo rates in the RP marKet. For
example, larger and better Known dealers are ofien able 1o
borrow in the RP markKet at more favorable rates than some

smaller dealers and corporations. This diversity raises a

19
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problem in choosing the appropriate financing charges for
testing the efficiency of the T-bill futures market based on
the cost-of- carry model. To circumvent 1this problem, we
selected the overnight RP rates in two ways. The two rates
representing financing c¢osts are the 90-day-maturity T-Dbill
rate (repo ratel! in the c¢orresponding Tables) and the
federal funds rate (repo rate2). Since the federal funds
rate 1is the rate on unsecured overnight loans (Simpson,
1979), it will generally bDbe slightly higher than the
"normal" RP rate.l! Tne 90-day-maturity T-bill rate can be
expected to be lower than the federal funds rate because it
is secured by the U.S. Treasury. After these financing costs
have been taKen into account, we can test whether the T-bill
futures markKet is efficient based on the cost-of-carry

model.

The Data
The daily data covers the period extending from
January 3 to December 20 of 1983.12 Daily T-bill rates are

collected from the asKed vyields of U.S. Treasury Dbillls

iirhe "normal" RP rate can be thought of as the
"average” RP rate in the RP market.

] 12Except for June 1983 because, unfortunately, this
author’s school library had 1lost the microfilm of Wwall
Street Journal for this month at the time this study was
conducted. For those missing data in June, 6 out of 35
observations are in Group { and 15 out of 84 are in Group 5.
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reported in the Wall Street Journal.l3 The corresponding
T-bill {futures rates, the 90-day-maturity T-bill rates (repo
ratel), and the federal funds rates (repo rate2) are
collected from the 1983 Yyearbook published by the
International HMonetary MarKet, Both the 90-day-maturity
- T-bill rates and the overnight federal funds rates are close
rates. The T-bill futures rates are settlement discount
vrates.“*. There are four corresponding nearby T-bill futures
exXxpiration dates in 1983---March 24, June 9, September |,
and December 22. Four data sets are accordingly collected to
match each of the four corresponding neardby futures’
expiration dates. Because of the effect of time span (the

number of days to the delivery of the futures contract) on

137he bond-equivalent yields were c¢ollected first.
We then computed the askKed prices for short-term and long-
term T-bills by the formula: Bond Equivalent Yield = [(Face
Value - Price)-365)/[((Days to Maturity)Pricel. An
annualized forwvard rate can be accordingly computed. When
the overnight financing costs are used, the (compounded)
overnight federal funds rates and the (compounded) 90-day-
maturity T-bill rates are used as substitutes for the short-
term T-bill rates. For computations, see equations (2.3) and
(2.4).

l47he available data maKes it extremely difficult to
match perfectly (in terms of the investment timing) the spot
T-bill rates and T-bill <futures rates in an intra-day. We
also doubt whether one should makKe effort 10 do so0. For one
thing, investors do not necessarily buy-and-sell T-bill and
T-bill futures simultaneously in their intra-day investment
decisions. What we need in testing the efficiency of the
T-bill futures marKet is that investors must complete their
arbitrage trades during the day Dbecause we calculate the
corresponding interest rates by days.
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the divergence between the futures rates and the implied
forward rates derived under different methods of financing
the carrying costs, each set of observations is divided into
five categories (groups) according to the time span. These
‘five categories consist of fewer than 15, 15 to 29, 30 to
44, 45 to 59, and greater than 59 days to expiration. The
category of the time span to the expiration date constitutes
the event. The observations in the four data sets are pooled
together for those cases where they belong to the same time

span category.

The Methodology

For the entire sample and each group we perform both
the mean equality test and the regression approach test to
examine the efficiency of the T-bill futures market based on
the cost-of-carry model. By mean equality test, the null
hypothesis for efficiency is Hgo: D = pgy - Vg = O, where
Vfy = the mean of futures rates; Yo = the mean of 1those
derived forward rates under different {financing costs. The
t-statistic is t = (D - 0) /(SD/JN), where SD 1is the
standard deviation of the N corresponding observations of
daily futures-forward rate differences. By the regression
approach test, we regress forward rates on futures rates.

The model 1s
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Forward Rate - « + B (Futures Rate) + €. (3.1)

In equation (3.i), all Ordinary Least Squares (OLS) standard

assumptions are made, The null hypothesis for
efficiency is a Joint test: Hp: & = 0 and B = 1. The
joint test which requires that & = O is based on the

reason that the financing costs have been implicitly
embodied in the calculated forward rates. The bid-asked
spread is not considered, however. Thus, the Jjoint test also
assumes that
(1) Bid-asked spreads are presumably to account for
transactions costs which are ignored since they
are minimal relative to financing costs;!®
(2) Other factors affecting futures rates and forward

rates (such as liquidity preference and interest

15As mentioned by Capozza and <Cornell (1979),
potential arbitrage costs can be broKen down into (1) the
costs of opening and closing a futures position, (2) the
costs ¢of buying and selling spot bills, and (3) the costs of
taking a short position in spot Dbills (short-selling costs).
They pointed out that the first two ¢osts are minimal, but
the third cost (a2 premium of 50 basis points per annum 1S
required on the borrowed bill) 1is significant which 1s a
function of time because the Dborrower is forced to pay the
premium as long as he maintains the short position. Note
that the c¢ost-of-carry model involves operations of the RP
marKet and thus the short-selling costs in the spot T-bill
markKet is similar to the {financing costs as characterized by
the cost-of-carry model. The similarity between them,
however, is by no means that the amount of the financing
costs 1s necessarily identical bYbecause the financing costs
in the cost-of-carry model is the RP rate.
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rate expectations, etc.) are assumed to be the
same.16

It should Dbe c¢lear that the above reason and assumptions
follow those assumptions in performing the mean-equality
test using the cost-of-carry model advocated by Vignola and
Dale (1980) and Kawaller and KXoch (1984) in explaining the
pricing of T-bill futures and testing the efficiency of the

T-bill futures market.

16phis assumption was also made by Lang and Rasche
{1978).



CHAPTER &4

EMPIRICAL EVIDENCE

Mean Equality Test

Table & presents the summary statistics for
arithmetic differences between {futures rates and forward
rates which are calculated by equation (2.3). Note again
that Rt,'I‘ in the equation 1s used as a proxy for the term RP
rate. From Table 2, the first group (K < 15 and the second
group (15 ¢ K ¢ 29) have insignificant t values at the {4
level by the two-tail test; where, K 1is the number of days
to the delivery of the (nearby) futures contracts. The 1t
values in the rest of groups and the entire sample are
significantly different £from =2zero. The {findings are
consistent with previous studies that indicated evidence of
the inefficiencies of 1the T-bill futures market, when the
term structure of T-bill yields 1is used to derive the
corresponding forward rates. These empilirical results show
that financing costs, when the forward rates derived from
the term structure are used for the proxy for the term RP
rates, cannot explain the futures-forward rate differential.
Except for the first group, it can be observed that the mean

differences (in absolute value) increase with the number of

25
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Table 2

Summay Statistics for Arithmetic Differences: Futures Rates

Minus Forward Rates Calculated Using the Term RP Rates@

Number of
Days to Delivery of Futures Contract

Entire Group 1 Group 2 Group 3 Group 4 Group 5

StatisticsP sample <15 15-29  30-44  45-59 >60
Maximum 0.973 0.973 0.130 0.227 0.026 0. 311
Minimum -0.412 -0.082 -0.227 -0.252 =-0.265 ~-0.412
Mean -0.090 ©0.031 -0.019 -0.102 -0.113 -0.168
Standard

Deviation(SD) 0.131 0.186 0.080 0.099 0.060 0.122
Number of

Observations 218 29 42 414 43 63
t-valueC® -10. 149 -0.90® -1,54€ -6,609 -12,35% -10, 934d

4paily Data for January 1983 through December 1983.The
short-term T-bill rate from t to T 1is used as a proxy for
the term RP rate; where, t 1is the eveﬁt day and T 1is the
days to the delivery of futures contract,

DAl variables are measured 1n percentages.

¢t = (D - 0)/(SD/TN).

dSignificantly' different from 2zero at 1the 1/ level, two-tail
test.

€Insignificatly different from 2zero at the 1% level, two-

tail test.
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days to the delivery of the (nearby) futures contract. It is
also of interest to observe that the minimum value (in
absolute value) of mean difference between futures rates and
forward rates increases with the time to expiration of the
T-bill futures contract. The consistent tendency of this
behavior reveals that the gap between the T-bill futures
rates and forward rates der‘ifed by the term structure of
T-bill yields is reduced as the time to the delivery date of
the futures contract approaches zero. Although the term
structure of T-bill yields 1is observed to be ascending 1in
each of the observation days of 1983, the short-term T-Dbill
rate, Rt,T' does not necessarily increase with the decrease
of t17 As a matter of fact, it fluctuates through time in
the entire data sample. We may conclude that this consistent
tendency suggests that the efficiency of the T-bill futures
markKet could be a function of the time to expiration of the
contract.

Tables 3 and 4 present the summary statistics for
arithmetic differences between futures rates and forward

rates derived from different financing rates. Table 3 shows

Twnen t is decreasing, i.e., closer to the delivery
date of the futures contract, the corresponding calendar
date is 1increasing within each of categories (groups). If
Ry, Were increasing relatively more than Rymq4.94 as tlime
approaching to the delivery date of the futures contract the
corresponding forward rate will be decreasing, vhich can be
seen from equation (2.3).
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Table 3

Summay Statistics for Arithmetic Differences: Futures Rates
Minus Forward Rates Calculated Using the Compounded

Overnight Repo Rateid

Number of
Days 1o Delivery of Futures Contract

Entire Group ! Group 2 Group 3 Group 4 Group 5

StatisticsP  sample <15 15-29  30-44 45-59  >60
Maximum 0.994. 0.994 0.190 0.225 0.161 0. 366
Minimum -0.376 -0.051 -0,089 -0.156 -0.252 -0.376
Mean -0.038 0.055 0.049 0.01f -0.035 -0.174
Standard

Deviation(SD) 0.151 ©0.184 0.064 0.10f 0.096 0.138
Number of .
Observations 218 29 42 41 43 63
t-value€® -3.729  1.861® 4,964 0.70¢ -2.39€ -10.01¢

dpaily Data for January 1983 through December 1983. The
g0-day-maturity T-bill rate (repo rateti) 1is used as a Proxy
for the overnight RP rate,

bPA11 variables are measured in percentages.

¢t = (D - 0)/(SD/{N).

dSignificantly different from zero at the i1/ level, two-tall
test.

€Insignificantly different from zero at the 1/ level, two-

tail test.
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Table 4

Summay Statistics for Arithmetic Differences: Futures Rates
Minus Forward Rates Calculated Using the Compounded

overnight Repo Rate2?2

Number of
Days to Delivery of Futures Contract

Entire Group {1 Group 2 Group 3 Group 4 Group 5

StatisticsP® Sample <15 15-29  30-44  45-59 >60
Maximum 1.352 1.010 0.323 0.360 0.627 1.352
Minimum -0.475 -0.049 -0.042 -0.058 =-0.124 -0.475
Mean 0.193 0.080 ©0.131 0.166 0.172 0.318
Standard

Deviation(SD) 0.226 ©0.184 0.09f ©0.102 0.173 0. 325
Number of

Observations 218 29 42 44 43 63
t-value® 12.61¢ 2.34¢ 9,334 10.429 6,529 7.774

2paily Data for January 1983 through December 1983. The
overnight federal funds rate (repc¢ ratez2) is used as a PpProxy
for the overnight RP rate,

PAll variables are measured in percentages.

¢t = (D - 0)/(SD/{N).

dsignificantly different £from zero at the 1% level, two-tail
test.

. €Insignificantly different from zero at the 1% level, two-

tail test.
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the results when the lower level of the overnight RP rates
(the 90-day-maturity T-bill rates, repo ratei) 1is 1used;
while the results in Table 4 are obtained Dby using the
higher 1level of overnight RP rates {(the federal funds rates,
repo rate2). For the entire sample in Tables 3 and 4, the
results from using both types of {financing rates show
evidence that Kawaller and Xoch’s findings c¢annot bDe
supported. The t values in Table 4 show that the mean
differences Dbetween futures rates and forward rates
constructed Dby the federal funds rate are significantly
different from =zero at the 1/ level by the two-tail test for
the entire sample and four groups except for the {first
group. However, the repo ratet (the 90-day-maturity T-Dbill
rate) seems to give a "better proxy" for the overnight
financ:ing costs because the first, third and fourth groups
are 1insignificant in t values. The systematic tendency of
the (absolute) mean differences across groups in Table 3
begins at Group 3. Such a tendency 1in Table 4, however,
consistently increases with time to the delivery date. The
{absolute) minimum values reveal the similar pattern as that
in Table 2. The evidence presented in Tables 3 and 4 also
indicates that the cost-of-carry model cannot explain the
futures-forward rate differential. Our findings would
clearly conflict with those found by Vignola and Dale (1980)

and KXawaller and Xoch (1984).
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Search {for the "True" Financing Costs

Viewed from the mean differences in the entire
sample for Tables 2, 3 and 4, we see that the Term RP gives
the smallest mean difference and the federal funds rate
gives the largest. This means that, from overall poiht of
view, there must be a relationship among these three types
of financing costs such that Term RP rate < 90-day-maturity
T-bill rate < federal funds rate. Since both the Term RP
rate and the 90-day-maturity T-bill rate give a negative
mean difference whereas the federal funds rate gives a
positive mean difference, it is conceivable that the "true"
financing costs which may lead to the efficiency of the T-
bill futures markKet could be somewhere between the Term RP
rate and the federal funds rate. Two sets of the financing
rates are generated Dby linearly weighting two different
(collected markKet-observed) financing rates. The weights are
chosen so that the averaged rate either approaches the Term
RP rate or the 90-day-maturity T-bill rate when the federal
funds rate is the other rate used in the average. The reason
.J'.S that the federal funds rate appears to give relatively
high mean differences.!8 Tne statistical results based on

these generated financing rates are presented in Appendix 2.

i18we also generate financing rates obtained by
increasing the weight of the federal funds rate. They cannot
explain the futures-forward rate differential Dbetter after
the first weighting (equally weighted), however,
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It is found that the linear-weighting cannot provide a
"true" financing rate, which c¢ould be a "real" financing
cost obtained by practitioners in the market, to explain the
futures-forward rate differential. It 1s therefore
conjectured that either the "true" financing c¢osts are
nonlinearly - weighted between these proxies for financing
costs, or that the T-bill futures marKet is inefficient in
the year of 1983 even if the cost-of-carry model is used.
Theoretically, a "true" financing rate, y, can be

found by using the following formula

(1 - FUp, D494 °91/360)

= [1 - Ry, T+gy- (T+91)/3601/(1 - y-T/360), (4. 1)

where y 1is the implied (constant) RP rate. We used three
interest rates as proxies for financing costs, which are the
short-term spot T-bill rate, the daily compounded federal
funds rate and the daily compounded 90-day-maturity T-bill
rate. They are all assumed 10 Dbe constant financing costs
when a pure arbitrage position 1s engineeredqd. To see the
"degree" of efficiency of the T-bill futures marKet, we may
looK into the frequency of such implied RP rates which 1s

outside the boundary of
Min(STR, FEDR, 90R) < IMRP < Max(STR, FEDR, 90R) (&, 2)

where, STR = the short-term T-bill rate; FEDR = the
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(compounded) {federal funds rate; Q0R = the (compounded) 90-
day-maturity T-bill rate; and IMRP = the implied RP rate
computed Dby equation (4.1). The results are reported in
Table 5. There are 74 (out of 218 total observations) times
giving IMRPs which are outside the bounda.ry of equation
(4.2). That means there are about 347 of the total
observations in the year of 1983 which give an "inefficient"
(not statistically) market of the T-bill futures, provided
that practitioners in the markKet do use these proxies as
their financing costs. Note that it is shown in Table 5 that
Group 1 and 2 give higher frequencies. Noting that we
statistically 100K at the mean difference and t-value 1in
Tables 2, 3, and 4, it can be seen that part of the out-of-
boundary observations in Group 1 and 2 could be
statistically insignificant (recall that all t values of
Group { in Tables 2, 3, and 4 are 1insignificant). This
implies that the out-of-boundary "inefficient" observations

in the entire sample could be statistically lower than 347.

Regression Approach Test

In addition to doing the conventional mean equalitly
test on the T-bill futures and forward rates, we also
performed a regression for comparison. Forward rates derived
from the three different financing rates are regressed on

futures rates, respectively.- For each case in Table 6, there
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Table 5

Frequency of the Implied RP Rate which 1is outside Equation

(4.2)2
Number - -of Days to Delivery of Futures Contract
Entire Group 1 Groupba Group 3 Group 4 Group 5
Sample <15 15-29 30-44 45-59 160
T4 19 22 12 13 8

AEquation (&.2) 1is

Min(STR,FEDR,90R) < IMRP < MAX(STR,FEDR,90R). STR = the
short-term T-Dbill rate; FEDR = the (compounded) federal
funds rate; 90R = the (compounded) 90-day-maturity T-bill

rate; IMRP = the 1implied RP rate.
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Table 6

Regression Results: Joint Test2

Number of
Days to Delivery of Futures Contract

Entire Group I Group 2 Group 3 Group 4 Group 5

Sample <15 15-29 30-44 45-59 160
Case 1I: Forward Rate Calculated Using the Term RP RateP
& 0.632%  0.248 0.219 0. 350 0. 690 0. 943
B 0. 938 C. 968 0. 977 0. 971 0. 933 0.911
R2 0. 953 0. 795 0. 986 0. 974 0. 991 0.971
N 218 29 42 41 43 63
F Value 69.307 0.567 2.067 21.672 124.907  89.501
Critical
Value 4,70 5. 49 5.18 5. 20 5,17 4, 97
Efficiency No* Yes Yes No¥ No* No*
Case II: Forward Rate Calculated Using the Repo Ratet®
& 0.753%Z 0.213 0. 435 1. 170 1. 058 0. 648
B 0.918 0. 970 0. 944 0. 863 0. 882 0. 945
R2 0.938 0. 797 0.993 0. 989 0.978 0. 957
N 218 29 4z 41 43 63

F Value 21.819 1. 199 29. 609 43, 864 21.693 52,959

Efficiency No®* Yes No¥ No¥ No* No*
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Table 6, Continued

Case I11: Forward Rate Calculated Using the Repo Rate2d

& 0. 029% 0. 160 -0, 041 0. 730 0.418 -0. 400
B 0. 974 0.973 0. 390 0. 896 0. 932 1. 009
R2 0,972 0.799 0. 982 0. 979 0. 901 0. 812
N 218 29 42 41 43 63

F Value 83. 179 2. 634 40. 623 98. 498 22. 586 30. 362

Efficiency No* Yes No* No* No* No*

4Hp: « = 0 and B = 1. (Forward Rate) = & + B (Futures
Ra =), The unit is percentage; Daily data for January 1983
through December 1983,

PThe short-term T-bill is used as a proxy for the term-RP
rate.

CThe 90-day-maturity is used as a proxy for Repo Ratel.
dThe federal  funds rate is used as a proxy for Repo Rate2.

*The hypothesis of joint test is rejected at the 1/ level.
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are 8ix regressions containing the entire sample and the

five groups categorized according to the number of days to

the delivery of (nearby) futures contract. The Jjoint test
for the estimated parameters in the regressions!?, & = o
and Q = i, gives the same results as the mean-equality

test, except for the third and fourth groups in Case II
where the 90-day-maturity T-bill rate is used as a proxy for
the overnight financing costs. These {findings seems to
reveal that the mean equality test is not necessarily
equivalent to the regression approach (joint test), when the
value of constant term 1is relatively high. A common
interpretation of the constant term is that some explanatory
variables are excluded from the model (misspecification) and
it measures the impact of these "omitted" variables. These
findings therefore suggest that two statistical methods may
not bde equivalent‘ when the other factors (in addition 1o
financing costs) exert strong impact on the existence of the

futures-forward rate differential.

197ne test statistic is obtained as follows. If the

joint test Hg: & = 0 and B = 1 is true, then [G/(28%)
1s distributed as an F distribution with 2 and (N-2) degrees
of freedom, 1le., F(2N-2); where, Q = N@& - «f +
aNppy(@ - «ip - B) + cPFUi® - B, wpy = the mean of

futures rates and N = the number of observations.



CHAPTER §
'SUMMARY OF PART I

Most of the previous empirical tests rejected the
hypothesis that the T-bill futures markKet is efficient when
financing costs are ignored. Arguing that financing costs
can Pplay an important role in explaining the pricing of
T-bill futures and that the cost-of-carry model will lead to
efficiencies of the T-bill futures market, Vignola and Dale
(1980) and KXawaller and Xoch (1984) have presented some
evidence on this issue. We, however, are not able to support
their findings. After elaborating on the search for pure
arbitrage strategies, we employ three types of financing
costs to examine whether a riskK-free profit 1is possible
without an initial invetment, ‘i.e., whether a pure arbitrage
profit exists. The empirical results show evidence that the
T-bill. futures market is inefficient, at least for the year
of 1983, based on the cost-of-carry model. Two approaches,
the mean equality test and the regression approach test, are
performed and both reveal the similar results. We conclude
that the reliability of the cost-of-carry model in
explaining that the T-bill futures markKet 1is efficient 1is

suspect, although it may hold validity. We should point out

38
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that the validity of trfe cost-of-carry model cannot give
us a license to say that it is reliable. The reason is that
Kawaller and Koch (1984) who used the 1977--1982 data were
able to show that the T-bill futures markKet 1is efficient
based on the cost-cf-carry model, but we cannot suproi-t
their findings by 1using the 1983 data although the
methodology 1is identical. If one 1is able to demostrate
that the findings are different for the same time period, it
could Dbe most 1liKely due to the choice of £financing rates.
As it is Known that a repurchase agreement (RP) rate is
negotiated by individual Dborrower and lender, it could not
be a uniform interest rate at any point in time. Thus, the
choice of suitable RP rates in testing the efficiency of the
T-bill futures market with the cost—of-car‘fy model would De
critical. For 1this reason, we feel that it would Dbe more
appropriate to c¢hoose a range of financing rates as
proxies for the Dborrowing (or lending) rates in the RP
market. They are the federal funds rate which serves as the
higher level of the overnight RP rates, and the
90-day-maturity T-bill rate which serves as the lower level
of the overnight RP rates. The third set of financing rates
is adopted from the term structure of T-bill yields, which
is the conventional way of obtaining the implied <forward
rate, and the corresponding short-term T-bill rate serves as

the term RP rate for the cost-of-carry model. The usz of
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each of the three financing rates, however, rejects the
hypothesis of efficiency of the T-bill futures markKet.
Moreover, all of them identically reveal a systematic
tendency of the 1time pattern regarding the differences
between futures rates and the corresponding constructed
forward rates. Namely, the differences are reduced as the
time approaches the expiration date of the T-bill futures
contract. -

Now that our test period is different, in addition
t0 our different treatments of {financing costs, 1t 1is
therefore suggested that the i‘eliability of the
cost~of-carry model in demonstrating the efficiency of the
T-bill futures marKet is suspect. We feel that the choice of
time periods in doing empirical testing by using historical
data may result in different estimates of the parameters,
and the findings may be accordingly statistically different
from others’. There are two implications relevant to 1the
time periods chosen for an empirical study. First, the
effect of the macro-environment of 1the economy may Dbe

different across time.20 Second, the results may be affected

20an example for the impact of the
macro-environment can be referred to the workK »y Kawaller
and Xoch (1984). Part of their results changed (from

significance to insignificance so that their findings Dbecame
stronger) after they restricted the sample to the period
from January 1980 to June 1982 when Federal Reserve policy
targeted banK reserves and permitted greater interest rate
volatility than previously. Strictly speakKing, this 1is the
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by the length of the time-interval chosen for the empirical
test. The second implication is related to the question of
the statistical significanée of a, sample size 1in terms of
the time horizon selected for an empirical study. Sometimes,
the difference in the time horizon may result in
_controversial conclusions, even 1if the effect of the
macro-environment of the economy is held constant. It should
be noted that, in Table 1, the time length in most of the
studies is two years except for Kawaller and KXoch’s, which
is five years, while our daily data is one year.2! Viewed
from the findings presented in this study, we recommend that
those conventional considerations, mentioned in the
introductory section of this study, not be ignored in
explaining the pricing and testing of the efficiency of the
T-bill futures market, even 1if the cost-of-carry model 1is
used. Additionally, we conjecture that bid-asked spreads and
differences between the quoted price and the transaction
price could partly explain the futures-forward rate
differential. The assumption o¢f constant financing cost

thirough the life of a given. T-kbill futures contract could ke

combined effects of the macro-environment and the
time-interval for makKing such comparison. However, it will
be a pure macro-environment effect, holding other things
equal, that one selects such time-interval for the
comparison as, for example, from January 1977 to June 1979

2igome of them in Table 1 used weeKly or monthly
data.
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too strong in practice since fluctuations in the future repo
rates are unavoidable in th‘e cost-of-carry model. This study
also suggests that a "true" financing cost which may explain
the futures-forward rate differential could be a nonlinearly
weighted rate of the term RP rate (or the 90-day-maturity T-

bill rate) and the federal funds rate.



PART 11

THE COST-OF-CARRY MODEL, INFLATION UNCERTANITY,

AND THE EFFICIENCY OF THE T-BILL FUTURES MARKET

Part II examines the impact of inflation uncertainty
on the futures-forward rate differential. The cost-cf-carry
model commonly assumes a constant RP rate in 1testing the
efficiency of the T-bill futures market. That ignores the
future fluctuations of financing costs. Because pure
arbitrageurs are forced to {finance continuously their
positions until the expiration date of the T-bill futures
contract, a "risk premium" could arise due to inflation
uncertainty. The movement of inflation rate 1is usel as a
surrogate measure of inflation uncertainty. This study
provides evidence that there eXxists a systematic
relationship between the daily futures-forward rate

differences and the inflation rate.
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CHAPTER 6
INTRODUCTION TO PART 11

The empirical findings in Part I indicate that the
Treasury Dbill (T-bill) futures market may have eXxperienced
some inefficiencies on some days after financing costs had
been takKen into account in a cost-of-carry model. In

particular, Part I shows that, provided that practitioners

in the market do use the short-term T-bill, the 90-day-
maturity T-bill or the federal funds rates as proxies for
financing costs, the futures-forward rate differential
exists in some periods of 1983. The primary focus of Part I
was a reexamination of previous findings generated by the
cost-of-carry model. The findings in Part I are just the
opposite of those arising from some previous worK (e.g,
Vignola and Dale, 1980; Kawaller and Koch, 1984). The
findings also do not support the arguments for the existence
of a default risk premium for futures contracts (Lang and
Rasche, 1978; Kane, 1980) or of a greater volatility cost 1in
futures prices (Morgan, i981). From the latter arguments, we
would expect the T-bill futures rate to be statistically
higher than the forward rate. The results in Part I indicate

that it was not always the case for the 1983 period.
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Inflation uncertainty is proposed in an attempt to
explain this puzzling phenomenon. That is motivated by the
various findings in Part I where three 1levels of interest
rates were used as proxies for financing costs in the
c’ost-of-.carry model. It 1is conjectured here that inflation
uncertainty plays an important role in the efficiency of the
T-bill {futures marKet Dbecause there seems to exist
systematic movements in the futures-forward rate
differential. As reported by Fama (1976), his study supports
the hypothesis about the relationships between expected
pr‘efniums and unceriainty about future expected rates of
change in purchasing power. Fama (1975) also demonstirated
that expecte& real returns on bills are constant through
time. As such, the expected premiums in bills, which mature
in a short period such as within 6-month so that a liguidity
premium and a maturity riskK premium are presumably zero,
reduced to the expected inflation rates over time. It 1is
also Known that the uncertainty about future expected rates
of change in purchasing power 1is what the 1inflation
uncertainty is commonly referred to. We therefore will adopt
Fama‘’s findings and use the movement of the inflation rate
as a proxy for the measure of inflation uncertainty which
concerns investors. Of course, there were some debates about
Fama’s {findings (e.g.,, see Nelson and Schwert, 1977). It 1is

not the interest of the current essay, however, to join such



46
a debate. We shall focus on the issue of why inflation
uncertainty arises when cost-of-carry 1is of concern to
investors who perform locKed-in arbitrage positions in the
T-bill futures markKet. In a cost-of-carry model, a pure-
arbitrage investor needs to finance his positions either
daily or in a short period of time (i.e, with a term-RP)
Thus, in no way can the financing costs be c¢onstant through
the 1life of a T-bill futures contract. Some investors may
anticipate that the inflation rate will rise whereas some
may expect a downward movement of the inflation rate.
However, all investors are concerned with changes in the
rates of inflation because the future financing costs (for
both those who are 1in repurchase agreements and in reverse
repurchase agreements) are accordingly affected. Such a
mechanism creates 1inflation uncertainty for arbitrage
investment in a cost-of-car‘r‘y' model. It is clearly that, for
a risk-averse 1n\.;estor, some "riskK premium" needs to Dbe
considered due to the inflation uncertainty associated with
thhe requirements of c¢ontinuously financing his positions.
The impact of inflation uncertainty on the futures-forward
rate differential can be measured in the following way.
Since the markKet efficiency 1is (statistically) measured Dby
the mean difference between futures rates and forward rates,
we may regress the daily futures-forward rate differences on

-

the inflation rates. This procedure accordingly allows us to
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measure the impact of inflation uncertainty on the
efficiency of the T-bill futures markKet. If inflation
uncertainty plays a role in explaining the futures-forward
rate differential (the futures rate was lower 1than the
forward rate in the entire sample as reported in Part I when
two 1lower 1levels of financing costs were used),1 then such
regressions should show a tendency that gives,

(1) From the overall (entire sample) point of view,
B must be significant and the correlation
between the futures-forward rate differences and
the inflation rate must be high.

(2) Since the degree of inflation uncertainty should
be a function of the length of time (i.e, number
of days to the delivery of the futures contract),
if the hypothesis were true then B must be
insignificant and the correlation be extremely low
in those contracts which are c¢lose to the
expiration date of the T-bill futures.

If the tendency of (1) and (2) exists, then inflation
uncertainty will really matter 1in the marKet-observed
*inefficiency" of the T-bill futures markKet. In turn, 1t

means that, if such a "risk premium® were added to the

i?he implied repo rates in 1983 were also reported
in Part I. They are the theoretical rates, not the marKet-
observed rates. We thus do not use them to run regressions
in this part. )
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financing costs the futures-forward rate differential could
disappear, because the derived forward rate will be lower
than otherwise based on the cost-of-carry model., On the
other hand, if a higher 1level of interest rate 1like the
federal funds rate has been used as a proxy for the
overnight financin.g costs, then the derived forward rate
becomes relatively 1low. It could. be even statistically lower
than the futures rate as also reported in Part I. Under this
case, the regression should show a tendency that gives

(3) The correlation between the futures-forward rate
differences and the inflation rate i; relatively
low and B must be insignificant in both the
entire sample and the subsamples (i.e, groups of
observations according to the number of days to
the expiration date of the T-bill futures).

(3) means that the financing costs using a high level of
interest rate as a proxy have taken whatever risk premiums
into account. These premiums giving a relatively high rate
of interest c¢ould include any possible premiums (for
example, recall that the federal funds rate 1is the rate on
unsecured overnight loans). Such high premiums are the
mixture of the premiums required by investors in the market
If (3) were true, it can be interpreted as that there 1is no
need to add any Kind of risk premiums to such a high

financing cost (the federal funds rate).
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The procedures and their implications above are to

test the hypothesis that inflation uncertainty could give
rise to some "risk premium" which attaches to the
fluctuations in the overnight financing rate (overnight RP
rate) or in the short-term financing rate (term RP rate)?
As mentioned earlier, if the relationships between inflation
uncertainty and the movement of inflation rate exist, a
systematic relationship bbetween the daily futures-forward
rate differences and inflation uncertainty can be in turn
investigated by using the inflation rates as surrogate
measures of inflation uncertainty. In other words, the
empirical test 1in Part II for the impact of inflation
uncertainty on the futures-forward rate differential is a
"qualitative" test rather than a "quantitative" test. It 1is
because the "risk premium" of inflation uncertainty in 1the
T-bill futures marKet has not Dbeen successfully quantified

in the current state of art. Put differently, what we

ZA repurchase agreement (RP), or "repo,” is the sale
of securities on a temporary basgis (overnight or longer; the
latter case 1is called term RP). A repo 1involves the seller’s
agreement to repurchase the same or similar securities at a
later date. The other party has a corresponding obligation
to sell them back. A reverse repo 1is simply the same
transaction viewed from the perspective of the other party.
It is clear that every repurchase agreement comprises a repo
on one side and a reverse repo on the other. Repurchase
agreements have been used extensively in the money markKet in
recent years by investors (or institutions) who either seek
to earn a return on idle cash or need to raise funds on a
temporary Dbasis.
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investigate is to see whether there exists a risk premium
resulting from inflation uncertainty when continuous
financing 1is r*equli‘ed t¢ reap pure arbitrage. It is Dby no
means that how muchh the "risk premium" 1is Known. The
fundamental argument of the impact of inflation uncertainty
on the efficiency of the T-bill futures markKet is that the
implied forward rate derived from a long-term T-bill and an
overnight RP rate (or a term RP rate) does not contain the
same riskK premium of inflation uncertainty as does the
futures rate. The inflation uncertainty hypothesis implies
that there exists a "markup" of the futures price over the
forward price because of the uncertainty associated with the
future financing rates.® The inflation uncertainty
hypothesis is aimed to search for new candidate(s) of markKet
imperfection to explain the futures-forward rate
differential. An equilibrium and efficient condition in the
T-bill futures marKet under the assumptions of perfect
marKets implies that T-bills and T-bill futures can be
utilized in perfectly substitutable 1trading stirategies (see
Appendix 3). Therefore, it 1is clear that the eXxistence of

the T-bill futures market must reflect "imperfections" of

3By "forward price,” it actually means "implied
forward price" because it is a derived price, not a price of
a real forward contract. We will write "implied forward
price (rate)® as "forward price (rate)" in the paper when
there can be no confusion as to its real meaning.
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the marKet such as the existence of transaction costs,
financing costs, markKing to the marKet, default risk
premium, liquidity preference, taxes treatment, etc.,, on
wnich an equilibrium and no-arbitrage condition can be
pvased.® Some previous worK has shown that the T-bill {futures
market 1is 1inefficient after one or a combination of the
above-mentioned factors of imperfection have Dbeen
considered. It 1is conjectured that a "risk premium" of
inflation uncertainty resulting from continuous financing
could account for. t.ie phenomenon of futures-forward rate
differential. The empirical results are consistent with the
hypothesis. Because the cost-of-carry model assumes a
constant RP rate through the 1life of a T-bill futures
contract, an ignorance of such a "risk premium" resulting
from the impact of inflation uncertainty on the future RP
rates could bYe a factor to cause "marKet inefficiency."

Part II is organized as follows. Chapter 7 show why
factors of marKet imperfection could exist to affect the
measure of the efficiency of the T-bill futures markKet and
how arbitrage can arise when there exists a futures-forward
rate differential. In Chapter 8, we describe the data and
methodology used in the study. Chapter 9 presents 1the

empirical evidence. We conclude Part II in Chapter 10.

4Note that some of the mentioned factors of
imperfection could also prevail in the cash market,



CHAPTER 7
MARKET IMPERFECTION AND ARBITRAGE OPPORTUNITY

A forward price in the Treasury bill marKet is
constructed with two spot T-bills, a 1long-term T-bill and a
short-term T-bill. Suppose a long-term T-bill matures (T+91)
days frpm now (time 1) and a short-term T-bill matures T
days from now. Further, let a T-bill futures contract expire
T days from now so that the underlying T-bill for delivery
s‘hould mature 91 days from the delivery date of the futures
contract, denoted as time T, according to the IMM
(International Monetary MarKet) rules.® By using the
banKer’s discount rate method, a forward price (POl 7.9¢)
is
POip T4gy = (1 - FOlq qp,gy°-91/360)

= {1 - Rt'T+91-(T+91)/360]/[1 - Rt'T-(T/360)], (7.1)

where, the notation of (T,T+91) in POiT,T+91 represents that
the implied "forward c¢ontract" matures at time (T+91) from

time T; [1 - Rt,T+91‘(T+91)/36°] is the spot price of a

SThere should be no confusion as to T days" and
"time T." The date of "time T" 1s the day on which a T-bill
futures contract expires. "T days" is the number of days
from time t to T and it decreases as t approaches T.
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long~-term 7T-bill with par value of $4; and [1—Rt’T~(T/360)]
is the spot price of a short-term T-bill with a par value of
$1i. By the cost-of-carry model, an investor uses a constant
RP {or "repo") rate in the RP (Repurchase Agreement) market
to construct a forward price in the T-bill marKet so that

equation (1) becomes,

PO27, 7491 = (1 - FO2p q,91°91/360)

= [1 - Rt,T+91° (T+91)/360)/[1 - CRP*. (T/360)], (7.2)

where, CRP* = (360/T)[1 - (I -~ RP/360)T]. That is, RP 1is
the current annual repurchase agreement rate and CRP* is the
current annual repurchase agreement rate using daily
compounding. Since a futures contract requires that 1the
underlying financial instrument mature 91 days from the

delivery date (time T), a T-bill futures price (PUprm,gy) 1S
PUT,T+91 = (1 - FUT'T+91'91/360). (7. 3)

Equations (7.1), (7.2) and (7.3) say that there are
three "financial instruments®" (recall that two of them are
the "implied" forward contracts) which identically run {from
time T to time T+91 in their maturities. If the markets (T-

bill, RP, and T-bill futures markets) are perfect and
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perfectly competitive,5 we must have

POip, 7491 = PUT 7491, (7.4)

or, POZ2p 7491 PUp, T+491- (7.5)

Or, equivalently,

FOip 7491 = FUp 7491, (7. 4a)

or, FOET' T+91 FUT, T+91- " (7.5a)

Note that quation (7.4a) is a *"conventional™ model which
involves two financial markets---T-bill (contains a 1long-
term T-bill and a short-term T-bill) and T-bill futures
markets;7 equation (7.5a) 1is so-called the cost-of-carry
model which involves three financial markets---T-Dbill

(contains a 1long-term T-Dbill), RP and T-bill futures

6a "perfect markKet" 1s sometimes defined as one that
is frictionless and operated in a certainty world. BEY
"perfect competitive" we mean that a marKet 1s sufficiently
large that no individual or group of individuals acting
together can affect markKet prices by changes 1n the amounts
they are willing 1o buy or sell Narrowly speaking, for
example, each investor at any point in time should obtain a
unique repo rate in the RP market regardless of the size of
institutions or the credibirlity of 1nvestors.

TThis "conventional® model considered almost
exclusively transaction ¢osts only. It was predominantly
used, since thie International Monetary MHMarket (IMM) of the
Chicago Mercantile Exchange began trading the Treasury bill
futures contract on January 6, 1976, until an entirely
different focus on the futures-forward rate relationship
(so-called the cost-of-carry model) was provided by Vignola
and Dale (1980). Kawaller and Koch (1984) pursued it in more
detaill.
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markets. These identities comprise the rationale on which
most worX in testing the efficiency (i.e, no arbitrage
opportunity) of the. T-bill futures markKet is based, subject
to a variety of relaxed perfect market assumptions involving
consideration of transaction costs, financing costs, markKing
to the marKet, default risk premium, liquidity preference,
or taxes treatment, etc. Among these factors of imperfection
which have Dbeen taKen either empirically or theoretically
into account in testing for inefficiencies of the T-bill
futures market, there apparently is no research that gives
attention t¢ inflation uncertainty. However, it 1is Known
that uncertainty about the rate of inflation may affect
investors’ investment decisions and, from a macro-point of
view, inflation can distort the allocation of resources 1in
the écdnomy (Barro, 1986; Fama and Gibbons, 1982; Fischer,
1975; Xeynes, 1930; and Roll, 1972; among othersj). Probably
one of the reasons that the previous work in dealing with
the efficiency of the T-bill futures markKet did not give a
weight to 1inflation uncertainty 1is that a c¢ost-of-carry
model was not widely used in this financial market. When
financing costs are considered in calculating arbitrage
profits from trading financial instruments in the futures

marKet against those in the spot markKet, the cost-of-carry
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model is used.b However, a constant RP (either the overnight
RP or the term RP) raté is commonly assumed in using the
cost-of-carry model. This procedure ignores the uncertainty
of future financing costs which a 1locKed-in investor must
face because he needs to continuously finance his pure
arbitrage. positions. As a consequence, ve conjécture that a
"risk premium®™ associated with inflation uncertainty, which
is due to the regquirement of continuous financing for
arbitrageurs, could be a factor to account for the futures-
forward rate differential as observed by using the cost-of-
carry model with constant RP rates. As reported in Part I",
there exist unexplained factors of markKet imperfection which
cause futures rates to be less than forward rates except
that a higher level of interest rate (the federal funds
rate) is used as a proxy for financing costs. If 1inflation
uncertainty gives rise to a premium in compensation for
continuously financing arbitrage positions, this premium
will lower down the forward rates in the cost-of-carry
model. As a result, inflation uncertainty can explain, at
least in part, the puzzling prhenomenon of the futures-
forward rate differential. To gqualitatively demonstrate the

existence of "risK premium" of inflation uncertainty as a

8Tne spot marKets here also include the RP markKet. A
RP is equivalent to a short-term T-bill when the c¢ost-of-
carry model is used.
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new candidate to accocunt for "inefficiency" of the T-Dbill
futures market, we need to show that there exists a
systematic relationship between the daily futures-forward
rate differences and the inflation rate, As mentioned in
Chapter 6, the correlation between the daily futures-forward
rate differences and the inflation rate provides evidence of

an uncertain inflation premium.



CHAPTER 8
DATA AND METHODOLOGY

This chapter will describe the available data sets,
methodologies to interpolate the unavailadble daily CPI data,
and the methods used in testing for the impact of inflation
uncertainty on the futures-forward rate differential. The
tests employ the derived daily inflation rates and the
constructed implied forward rates using different financing
rates. Because the weekly and daily inflation rates are
unavailable, we will first utilize a regression
interpolation methéd to obtain weeKly inflation rates;
secondly, Lagrange interpolating poliyriomial functions are
derived to calculate daily inflation rates. The reasons to
use different financing rates as proxies for RP rates are
exXxplained in section of Test Method. It is c¢lear that the
derived daily inflation rates are the proxies for the "true"
daily inflation rates. The necessity of using proxies for
the daily inflation rates seems unavoidable, that 1s similar
to the choice of proxies for the "true" repurchase agreement
rates (either the overnight RP rates or the term RP rates)

in the RP market to account for financing costs.
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Data Description

Ten data sets were collected for testing for the
impact. of inflation uncertainty on the futures-forward rate
differential. The data sets are divided into five broad
categories: (1) the T-bill marKet (long-term T-hill); (2)
the T-bill futures market; (3) the RP market;g {(4) measures
of the money stocks (M1, M2, M3 and L;1O (5) the CPI
({Consumer Pri_ce Index). The data sets of (1), (2) and (3)
comprise the daily data of year 1983.11 There are two Kinds
of money stocks data. The first consists of the monthly data
of Mi, M2, M3 and L from 1980 to 1965 and the second
consists of the \veékly M1 data in 1983. The CPI data are
monthly data from 1980 to 1985. All daily data sets used in
the study cover: from January 3 to December 20 of 1983. This
period matches the four corresponding nearby T-bill futures’
expiration dates of 198.3 which are March 24, June 9,

September 1, and December 22. The long- and short-term daily

9The overnight federal funds rate and the 90-day-
maturity T-bill rate are used as proxies for the overnight
RP rates. The short-term T-bhill rate is used as a proxy for
a term RP rate. :

10For the definitions of Mi, M2, M3 and L, see Table
1A.

'Except for those data in June 1983, the library
lost them when this study was conducted. For those missing
data in June, 6 (out of 35) observations fall in Group 1
(K<15) and 15 (out of 84) fall in Group 5 (K » 60), where X
represents the number of days to the delivery of a futures
contract.
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data are collected from the vyields of U. S. Treasury bills

reported in the Wall Street JournallZ Thne corresponding T-

bill futures rates, the overnight federal funds rates, and
the 9C-day-maturity T-Dbill rlates are collected from the 1983
yearbooK provided by Internation;l Monetary MarkKet (IMM).
Both the 90-day-maturity T-bill rates and the overnight
federal funds rates are close rates. The T-bill futures
rates are settlement discount rates. Monthly money stock
data {M1, M2,- M3 and L) from 1980-1984 are collected from

Annual Statistical. Digest of the Board of Governors of the

Federal Reserve System. The 1985 monthly money stock data

are collected from Survey of Current Business, because

Anm;al Statistical Digest 1is available only up to 1984 at

the present. The weeKly M1 data of 1983 are collected £from

the U. S. Financial Data by the Federal Reserve Bank of St.

Louis. Finally, the CPI data are collected from the annual

Economic Report of the President.!3

127ye vond-equivalent yields were collected first. We
thien computed the askKed prices for short-term a2nd long-term
T-bills by the formulz: Bond Egquivalent = [(Face Value-
Price)-365)/[(Days to Maturity)Pricel. AN annuzlized
forward rate can ke accordlngly computed. When the overnight
financing costs are used, the overnlght federal funds rates
and the 90-day-maturity T-bill rates are used as substitutes
for the short-term T-Dbill rates.

13The Economic Report of the President is published
annually by United States Government Printing Office,
Washington, D. C. It also 1lists money stock data but some of
1L data are missing.
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Because there are four delivery dates in the T-bill
futures markKet in 1983, four categories of data in terms of
calendar time are colle_cted to match the corresponding
futures’ delivery dates. It 1is conjectured that the effect
of the "time span" (thhe number of days to the delivery
date), which symbolizes the resolution of information about
inflation uncertainty, could be important to the markKet
efficiency. Each category is thus divided into five groups
according to the number of days to the delivery of the
corresponding nearby T-bill futures. The number of days is
specified as fewer than 15, 156 to 29, 30 to 44, 45 1to 59,
and greater than 59. The final step is to assemble those
observations in the four categories which belong to the same
"time span." When a term RP rate is used as a financing
rate, a forward rate is calculated by equation (7.1). When
an overnight RP rate is used as a financing rate, a forward
rate 1s obtained from equation (7.2) The daily inflation
rates are derived from the daily CPIs. Because the CPI data
1s availakble on a monthly' basis, an interpolation procedure
is needed. There are no daily mc.mey stock data so that 1t 1s
impossible to use the parameters obtained from regressing
(monthly) CPI on (monthly) money stockK to procure dally
CPIs. On the other hand, it is impracticable to use the
Lagrange Interpolation lPolynomial (LIP) to obtain daily CPIs

because it would be a polynomial of degree 364 for 365 days
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a year.l?® Thus, a two-step interpolation procedure is used
to obtain daily CPlIs. Namely, a regression interpolation
"method and a Lagrange Interpolation Polynomial (LIP) are

used for this purpose. The details are described as {follows.

Methodology

Regression Interpolation with Highly Related Time Seriesi®
Before using the regression interpolation it is
necessar} to find an interpolator which is highly c¢orrelated
with CPI. As it 1s well Known that money supply 1is
intimately c¢onnected - with CPI, M1, M2, M3 and L are chosen
as the candidates for interpolation. The correlations of Mi,
M2, M3 and L with CPI from 1980 to 1985 are shown 1in Table
1A. We find that M3 has the highest correlation with CPI,
whereas M1 has the lowest. Unfortunately, among these four
mon-ey stocks, M1 is the only one with weeKly-reported data

available. The correlations ranging from 0.951 to 0.976,

141 inear interpolation 1is ruled out, although 11 18
much simpler than the LIP. The weeKly CPls derived £from a
linear regression method are not monoioniczlly i1ncreasing
{or decreasing). Presumably, the LIP w:ill thus Dbetller
estimate daily fluctuations i1n the CPI than will the linear
interpolation method.

15rne relationship between the movements of money
supply and CPI is well acKnowledged. Therefore, from cost-
effective point of view and by Occam’s razor, there 1is no
point to using subtler regression methods. For a more
complex regression method to £it particular needs, the
interested readers may refer to Appendeix 2.
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Table 1A

Correlations of M1, M2, M3, and L with CPI:@&

CPI

M1 M2- M3 L
0. 951 0. 967 0. 976 0. 970
Monthly data from 1980 to 1985. The following

definitions of Mi, M2, M3, and L are adopted from the

annual Economic¢ Report of the President.

Mt is sum of currency, demand deposits, travelers’
checKkKs, and other checKable deposits (OCDs).

M2 comprises M{ plus overnight RPs and Eurodollars,
MMMF (Money MarKet Mutual Funds) balances (general
purpose and DbroKer/dealer), MMDAs (Méney MarkKet Deposit
Accounts), and savings and small time deposits.

M3 comprises M2 plus large time deposits, term RPs, and
institution-only MMMF Dbalances.

L comprises M3 plus other 1liquid assets.

Table (B

Regression of CPI on Mi: (monthly data {from 1980 to 1985)

CPI = 115.33525 + 0. 35670 Mt

(16. 805) (25.693)

RZ = 0.90413; t statistics in parenthesis.
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howewier, suggest that the differences can be conceivably
treated as trivial. We therefore use the monthly M{ and CPI
data from 1980 to 1985 to run a regression and obtain
parameters as shown in Table 1iB. By using the regression
parameters and the 1983 weekKly M! data, the weeKly CPIs of

1983 are estimated and plotted in Figure {.

Interpolation with a Lagrange Interpolating Polynomial (LIP)

' LIP is an approximating polynomial that determines a
function based on certain points on the plane through which
the function must pass. The properties and derivation of LIP
are presented in Appendix 3. After weeKly CPIs have been
generated, we have 54 certain points on the weeKly Dbasis
including the last week in 1982 and the first weeK in 1984,
Because the first weeKly Mt datum is for January 5, 1983,
the last weeKly Mt datum of i982 must be included so¢ that
the daily data from January 1 to 4 can be interpolated. For
similar reasons the first weeKly Mt datum of 1984 1is
included. Even though the degree of the LIP has been reduced
to 53 from 364, it is still impracticable to estimate daily
CPI data from it. Instead 12 LIP functions were generated by
using a month as an interval. As a result, there are
overlaps in the ending and starting points among these
monthly intervals. That is, for those points around the end

of a month and the beginning of its succeeding month, they
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serve as an ending point in one interval and, at the same
time, also as a starting point in the succeeding interval. A
property of the LIP guarantees, fortunately, that the
consecutive functions must pass thfough tﬁese points no
matter whether they are used as ending or starting points.
We thus chose a weeKly-CPl date as the ending point of an
interval so 1long as it is closer t0 the 1last day of a
particular mon{h than its nearby month. This ending point of
the interval will be the starting point of the next
interval. By circularity, the starting and ending points for
each 1interval can be chosen so that 12 LIP functions are
generated as provided in Table 2. The daily CPl data are
accordingly approximated and plotted‘ in Figure 2. Note that

the daily-intervals in each of 12 LIP functions are me:asured
by 1/7 when interpolating them based on -their respective LIP
functions. After inspecting Figure 1 and Figure 2, we see
that Lagrange Interpolating Polynomial fits the (weeKly) CPI
trend surpris_iggly well. These estimated CPIs will be used
as proxies for‘- the "true" daily CPls in 1983. After they
hhave been trnasformed into the calendar-date basis, they are
grouped 1in a way .1dentical to the other data sets.
Therefore, an ex post inflation rate 1is computed Dby
CPIp ¢ - CPIg,

T, T * . (8. 1)
CPIt'T




67

Table 2
Lagrange Interpolating Polynomial (LIP) Functions:2
5 T 3 2
1. Py(m) = -0.0623m +1.2629m -9.4759m +32. 1901m -47. 3949m
+3009. 247.

2. Pp(m) = -0, 2530m4+3. 0902m3-13. 0405m2+22. 3993m+227. 165,
3. P3(m) = -0.1382m +1. 8459m>-8. 7623m°+17. 2586m + 281. 091.
4 3 2

4, Py(m) = ~0.0596m +0. 9767m -5. 3164m +10. 7563m+286. 329.
5 4 3 2
S. Pg{(m) = -0.0146m +0. 3447m -2. 9408m +10. 8368m -15. 1102m
+298. 928.
4 3 2
6. Pg(m) = -0.2677Tm +3. 3671im -15. 0263m +27. 5229m+281. 121.
5 4 3 2
7. Pe(m) = 0.0256m -0. 4947m " +3. 6550m"-12. 8073m +21. 5345m
+284. 733.
4 3 2
8. Pg{m) = 0.0372m -0.4967Tm" +2. 1583m ~3. 7348m + 301. 928.
4 3 2
9. Pg(m) = -0.3019m +3. 8158m"-16. 8106m +30. 1408m+281. 514.
5 4 3 . 2
10. Pyo(m) = -0.0930m +1. 6423m -10. 8808m +33. 2443m

11. Pyq(m)

12. Pyp(m)

-45.7096m

+322. 046.

2

-0. 1248m4+ 1. 4623m3—6. 0457m +10. 5582m+293. 400,

0. 0136m5-0. 3238m4+2. 8690m3-1 1. 6988ma+21. 40032m

+ 287. 559,

41983 is divided into 12 intervals, and 12 corresponding LIP

functions are generated accordingly. The unit in generating

a LIP function is a week.
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Where, CPlpo is the CPI in the delivery date of a T-bill
futures contract; CPIyp is the CPI at time t. Note that t
is approaching T when time passes so that the number of days
to the delivery date is decreasing. It 1is clear that there
are four Ts because there are four expiration dates of the
T-bill futures contracts in 1983. However, there should be
no confusion that the time from t to T is equivalent to the
number of days to the delivery of the T-bill futures
contracts so that the choice of t relative to T 1in
calculating LE is based on the "time span" as previously
described rather than on the calendar time when testing for
the impact of inflation uncertainty on the efficiency of the
T-bill futures. That is, there will be multiple "T days" in

a "time span."

Test HMethod

A regression approach test is performed to test
whether inflation uncertainty can explailn the markKet-
observed differentials of the futures and forward rates 1n
the year of 1983. Daily futures-forward rate differences of
1983 are regressed on the daily 1inflation rates computed by
equation (8.1). There are three types of financing costs
which are selected as proxies for the "true" financing costs
in the RP markKet. The corresponding forward rates from time

T to T+91 are derived £rom these proxies. The choice of
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|
proxies 1is deemed to be necessary to account for the

differentials in the RP rates among different borrowers. AS
it is Known that the Dborrower pays interest on the funds at
a rate that is negotiated with the lender in the RP market,
there can be biases by specifying a unique RP rate at any
particular point in time. That can be easily seen from the
fact that larger and better Known dealers are often able 10
borrow in the RP market at more favorable rates than some
dealers and corporations (see Bowsher, 1979). To circumvent
this problem, we use the federal funds rate and the 60-day-
maturity T-bill rate as proxies for the overnight RP rates.
Since the federal funds rate is the rate on unsecured
overnight loans and the 90-day-maturity T-bill is secured Dby
the U. S. Treasury, the former can be expected to be higher
than the latter. As a consequence, a range in financing
costs is allowed to derive the implied forward rates using
the cost-of-carry model. For the term RP rate, a short-term
spot T-khill rate is used as 11s proxy. All Ordinary Leas?t
Square (OLS) statnard assumptions. are made in the
regression. If inflation uncertainty resulting from 1i1he
requirement of continuously financing aribitrageurs’
positions do exert impact, the empirical results should show

tendencies of (1), (2) and (3) as described in Chapter 6.



CHAPTER 9
EMPIRICAL EVIDENCE

The empirical results presented in Tables 3, 4 and 5
‘are consistent with the implications of inflation
unceriZinty. Tables 3 and 4 are the results using the lower
level of interest .rates as proxies for financing c¢osts,
namely, the short-term spot T-bill rates and the 90-day-
maturity T-bill rates. Both two Tables show that the
correlations between the daily futures-forward rate
differences and 1the inflation rate are relatively high,
except for Group ! where the number of days to the delivery
of futures contract is fewer than 15. The t values of B
are significant in the entire sample in. both Table 3 and
Table 4. Moreover, P is insignificant in the first three
groups and significant in the last two groups of Table 3. In
Tadble 4, £ 1is insignificant in Gro.ups 1 and 5 and
significant in Groups 2, 3 and 4. These findings show that
inflation uncertainty which arises from the requirement of
continuous financing plays a role in explaining the
phenomenon of {futures-forward rate differential. . The
insignificance of B in those groups which have short

length of time to the expiration date of the T-bill futures

7
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Table 3

‘'Futures-Forward Rate Difference
as a Function of Inflation Rate

"CASE I: The Term RP Rate Used as a Financing Costd

Entire Group { Group 2 Group 3 Group 4 Group 5

Sample  X<15 15¢K¢29 30(K(44 45¢K¢59 K160V
C9TT8nc -.408 -.086 -. 256 -.139 -. 497 -. 316
& -. 047 . 033 -. 009 -. 089 -. 079 -. 125
B -.066 -.074 -. 057 -. 017 -.032 -. 046

(-6..568) " (-.451) (-1.678) (-.875) (-3.666)" (-2.60)"*

Cases 218 - 29 42 41 43 63

4The short-term spot T-bill rate is used as a proxy for the
term-RP rate.

bPx = the number of days to the delivery of the T-bill
futures market.

CThe correlation between the daily futures-forward rate
difference and the inflation rate.

t-value which 1is significantly different #from zero at the
17 level, two-tail test.

¥¥t-value which 1is significantly different from zero at the

27 level, two-tall 1test.



Table 4

Futures-Forward Rate Difference
as a Function of Inflation Rate

The 90-day-maturity T-bill Rate Used

as a Financing Cost?@

73

CASE II:
Entire
Sample
T8ET8ac -. 435
& . 014
B -. 080
(-7.104)*
Cases ci18

Group
K<15

-. 001
. 055

-. 001
(-.004)

29

{ Group 2
15(K¢29

-. 403
. 062

-. 072 .
(-2.783)%

42

Group 3
30{K44
-. 765
. 079
-. 097
(-7.413) "
41

Group 4

45¢K¢59
~-. 654
. 036
-. 067

(-5.533) "
43

Group 5
K260P

-. 072
-. 162

-. 012
(-.564)

63

AThe 90-day-maturity T-bill rate is used as a proxy for the

overnight RP

by =

rate.

the number of days

futures market.

CThe

correlation between

to the delivery of

difference and the inflation rate.

Ht-value

17 level, two

which 1is

-tail

test.

the daily futures-forward

significantly different from zero at

the

T-bill

rate

the
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contract 1is consistent with the resolution of inflation
uncertainty through time. The correlation and 9 is Group 5
of Table 4 1is the only exception. In Table 5, a relative
high 1level of interest rate, 1.e. the federal funds rate, 1S
used as a proxy for the financing costs. The correlations
are relatively low and fs are insignificant in both the
entire sample and all five groups. Such an interesting
result could be interpreted as that the premiums (a
combination of all possible risks) contained in the federal
funds rate are so high that the risk premium of inflation
uncertainty is overridden. As evidenced by the empirical
findings presented in Tables 3, 4 and 5, there eXxists a
systematic relationship between the futures-forward rate
differential and inflation uncertainty, at least for the
1983 period, when the cost-of-carry model 1is used to test

the efficiency of the T-bill futures market.
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Taple 5

Futures-Forward Rate Difference
as a Function of Inflation Rate

CASE 111: The Federal Funds Rate Used as a Financing Cost?@

Entire Group I Group 2 Group 3 Group 4 Group 5

Sample  K<15 15¢K29 30¢K{44  45(K(50 K260P
¢2TT8nc .063 -. o054 . 026 -. 371 -. 360 . 059
& . 181 . 080 . 130 . 199 . 242 . 296
2 .018  -.046 . 007 -. 048 -. 067 ., 023

(.934) (-.280) (.166) (-2.495) (-2.472) (. 464)

Cases 218 29 42 43 43 63

aThe federal funds rate is used as a proxy for the overnight

RP rate.

Py = the number of days to the delivery of the T-bill

futures markKet.

¢The correlation between the daily futures-forward rate

difference and the inflation rate.



CHAPTER 10
SUMMARY OF PART 1I

This Part investigates the impact of inflation
uncertainty on the futures-forward raté differential. The
cost-of-carry model commonly assumes a constant RP rate as a
financing cost through the life of a locked-in arbitrage
position. That 1is a natural outcome of the data
availability. The disadvantage is, however, that the future
fluctuations o¢of financing costs are empirically ignored. Any
assertion that the T-bill futures markKet is efficient or
inefficient is therefore only valid under those assumptions
imposed in the studies. Since a pure arbitrageur 1is forced
to continuously finace his positions until the delivery date
of the T-bill futures contract, a risk premium of inflation
uncertainty could arise. As reported in Part I, there exists
a futures-forward rate differential even 1f the cost-of-
carry model is used to test for the efficiency of the T-Dbill
futures market in the year of 1983. There are 1two
possibilities to explain the findings. First, the T-bill
" futures marKet is inefficient in the cost-of-carry model.
Second, there ;re some factors of marKet imperfection which

have not been discovered. The second possibility motivates
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this study to sea‘rch for new candidates of factors of
imperfection which may exist when investors trade financial
instruments in the futures market against the spot markets.
The existence of transaction costs; financing c¢osts, markKing
to the marKet (or daily resettlement), default risk premium,
liguidity preference, and taxes treatment has been
extensively studied as the imperfeci market’s factors +to
explain the existence of the futures-forward rate
differential. 1.::8 study proposes that "risk premium" of
inflation uncertainty be a factor to account for the
puzzling pPhenomenon of the futures-forward rate
differential. The empirical findings are consistent with the
implications of inflation uncertainty which results from the
requirement of continuous financing for arbitrageurs. This
study 1is, however, not a "quantitative" 1investigation 1into
the amount of risk premium of inflation uncertainty which 1is
required by the investors (or arbitrageurs) 1in compensation
for continuously financing their positions. Rather, the
study 1is to qualitatively show the eXxistence of a systematic
relationship between the daily futures-forward rate
differences and the inflation rate.

The empirical findings give evidence that inflation
uncertainty can be one of factors of imperfection in the T-
bill futures markKet. However, whether the T-bill futures

-

markKet is efficient or not in the cost-of-carry model, at
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least as the {findings reported in Part I, remains 1in
question because risk premiums (any Kinds) in this financial
area have not been quantified (or successfully theorized) in
the current state of art. "Inefficiencies" of 1the T-Dhill
futures markKet have been widely reported (see Table 1 and
the findings of Part I)) Among others, Elton, Gruber, and
Rentzler (1984) concluded that the T-bill futures market is
not perfectly efficient; Jarrow and Oldfield (1981) argued
that forward _prices need not equal futures price unless
default free rates are deterministic. HicKs (1946), when he
spoke of the pure "Spot Economy" and the pure "Futures
Economy," said that "..this c¢an have no claim to »be a good
approximation to reality, for it would be in a world where
uncertainty was absent and all expectations definite, that
everything could be fixed up in advance." All of this seems
to favor the notion that the T-bill futures marKet may have
days in which there exists a non-zero futures-forward rate
differential. That most of studies show 1nefficiency of the
T-bill futures markKet is puzzling and mind-boggling bkecause,
on the other hand, everyone recognizes that the T-bill
futures markKet is so large that arbitrage profits should not
exist or exist for very shdr*t periods. Nevertheless, through
the findings of this study, aﬁ alternative could arise to
answer such an enigma: we may not completely take

"practitioners’ concerns" in the form of riskK premiums into
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account when undertaking empirical tests for the efficiency

of the T-bill futures market.



PART 1III

OPTIMAL ARBITRAGE INVESTMENT UNDER UNCERTAINTY
AND EQUILIBRIUM PRICING IN THE T-BILL FUTURES MARKET:

A DYNAMIC STOCHASTIC PROGRAMMING MODEL

This part of the dissertation provides a theoretical
treatment of the optimal arbitrage investment under
uncertainty and of edquilibrium pricing in the T-bill futures
marKet. A dynamic stochastic programming model shows that a
"myopic" property exists in the T-bill futures markKet in the
sense that expectations o¢f the {future one-period price
movements do not exert an impact on the current optimal
arbitrage 1investment decision under uncertainty. It shows,
however, that such a "myopic" property 1is not pure in that
expectations of financing costs in the next period affect
the investment decision in the current period. Equilibrium
pPricing of the T-bill futures is obtained under arbitrage
arguments in the framework of the dynamic stochastic
programming model. It shows that an eguilibrium price 1is
acﬂieved at the point where the expected current one-period
arbitrage profits are zero when cost-of-carry 1s required,

even in a mnmulti-period setting.
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CHAPTER 11
INTRODUCTION TO PART III

Most 0of the empirical tests on the efficiency of the
Treasury Dbill futures markKet are carried out in a certainty
framework. Consequently, the concept of equilibrium in the
T-bill futures markKet is based on arbitrage arguments under
certainty. That 1s, an equlilibrium price in the T-bill
futures marKet at any point in time under certainty 1is
achieved so that there are no arbitrage profits available to
investors by takKing positions in the T-bill futures, T-bill
and/or RP (repurchase agreement) markets. If arbitrage
opportunities exist, investors can 1lock-in a positive return
on a zero initial net investment assuming no transaction
costs. With free entry and costless information, an
equilibrium T-bill futures price will obtain such that
arbitrage-trading stragetegies cannot result in profits.

Investors do not face a world of certainty when
reaping arbitrage profits, however. When investors undertake
arbitrage trades, there are usually two well-Known
uncertainty factors: fluctuations in the margin requirements
and in the future financing rates such as the repo rates. As

documented in Part II, inflation uncertainty is also of

61
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concern to linvestors. The premium due to inflation
uncertainty results from the fact that a 1locKed-in investor
is forced to finance c¢ontinuously his arbitrage positions
with a cost-of-carry model until the expiration date of the
T-bill futures contract. Other uncertainties c¢ontained in
their arbitrage operations include default risk, interest
rate uncertainty, uncertain future personal income tax
bracKets, unstable liquidity Preferences, changeable
consumption plans, .wild card options,! general economic
conditions, etc. All of these uncertainty factors which may
exist through the life of a locKed-in arbitrage position may
exert constraints on the investor’s current arbitrage
decisions. As a result, "arbitrage" in a practical setting
cannot Dbe risk-free. Because speculative arbitrageurs are
exposed to uncertainty, this form of arbitrage 1s called
"risk arbitrage." In this part, we develop a dynamic
stochastic programming model 10 determine the optimal
arbitrage investment under uncertainty in the T-bill futures

marKet. The equilibrium price of T-bill futures 1is then

!The 1International Monetary Market (IMM) of the
Chicago Mercantile Exchange allows the short position in the
T-bill futures contract a delivery option o¢f three business
days in the delivery month. This c¢reates a put option for
the short position in the T-bill futures, which is similar
to the put options for short position in the T-bond futures
contract of the Chicago Board of Trade which allows the
short position to choose any business day 1in the delivery
month to makKe delivery. Such a put option for the short
position has been dubbed the "wild card option."
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obtained by arbitrage érguments. In the frameworkK of a
dynamic stochastic programming model, an investor can close
out his positions in each period before the expiration date
of a T-bill futures contract; new positions are then
reestablished for the next period. The movements of T-bhill
and T-bill futures prices will determine his arbitrage
profits .at the end of each period. By pure arbitrage, it is
clear tlpat the investor starts with ‘zero initial wealth 1f
no other types of c¢osts are involved in pure arbitrage.
However, there will be some net wealth~ realized at the end
0of each period when the investor closes out his positions.
This net wealth could be positive or negative, or even 2zero
again. Because closeout and reestablishment of positions 1in
each pefiod are allowed, the above-mentioned uncertainties
which may exist through the life of a given T-bill futures

contract 1is considered in each period Dby the dynamic

stochastic programming model. As a result, most of those
described uncertainty factors can be conceivably assumed
away in the model, except for the intrinsic uncertainty of
future price movemenis 1n the T-bill and T-bill futures
markets.

Part 1III 1is organized as follows. Chapter {2
describes assumptions of the model and investment decisions
In each period in the frameworkK of pure arbitrage. In

Chapter 13, we introduce a dynamic stochastic programming
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model for an arbitraging investment in the T-bill futures
market. Chapter 14 develops the optimal arbitrage investment
under uncertainty and the equilibrium pricing of the T-bill
futures markKet via the model under arbitrage arguments; it
also describes some implications of the results derived by

the model. We summarize Part III in Chapter 1i5.



CHAPTER 12
BASIC ASSUMPTIONS AND INVESTHMENT STRATEGIES

The dynamic stochastic programming model used in
this part assumes that a pure-arbitrage investment continues
for 1two periods. The investor liquidates his positions at
the end of period 2. We denote the starting time point in
making a pure-arbiirage investment decision as time 0, It is
assumed that the investor will close out his positions at
the end of period 1 which is defined as the period from time
O to time 1. Simultaneously, the investor will reestablish
new ' pure-arbitrage positions at the end of period 1
according to the prices of T-bill and T-bill futures at that
time. It is assumed in the model that "the end of period \{"
is equivalent to "the beginning of period 2. Therefore, the
investor’s net wealth at the beginning of periocd 2 will
equal the realized arbitrage profits, denoted as Wy, from
the investment in the {first period. This net wealthh 1s not
necessarily equal to his 1nitial wealth. Because the
investor reestablishes new positions at the beginning of
period 2, we assume that W, will be included in the funds
needed for the new positions. If transaction costs are 2zero,

any change in positions at the beginning of period 2 can be
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viewed as closing out previous positions and reestablishing
new ones. We assume that the investor maximizes his expected
utility of the net wealth at the end of period 2 via such a
sequence of pure-arbitrage investments. An optimal
investment at the beginning of period 2 is obtained assuming
a level of wealth equal to W; at that time. The optimal
investment at time O can be accordingly obtained using
dynamic stochastic programming. As a result, the equilibrium
prices in the T-bill futures market under arbitrage
arguments can be determined in a two-period dynamic
stochastic programming model.

Our model involves the RP marKet, in addition to
the T-bill and T-bill futures markets. A margin requirement
is required in the T-»ill futures marKet because of daily
resettlement, or marKing to the marKet. The one-period cost-
of-carry 1is incorporated into the model so as to taKe into
account financing c¢osts. Since an investor reestablishes his
arbitrage position in each period, he 1s not in a locked-in

arbitrage position through the life of the T-bill futures

contract. Thus, a new but Known current-period financing
rate will e takKen into account in the positions of each
period. It is assumed that there are no transaction costs.
We assume, for simplicity, that one period is one day in the
model,

To construct a pure arbitrage position at time O, an
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investor borrows PpoXp dollars in the RP marKet, where Ppg
is the markKet price at time 0 of a Dbill used in the
repurchase agreement which expires at time ! and xg 1is the
number of bills, He purchases Pjgoyp dollars worth of 1long-
term T-Dbills, where Pjp 1s the marKet price at time 0 of a
long-term T-bill which c¢an be used for the delivery of the
futures contract (but it may not be necessary to make
delivery at time 1), and yp is the number of long-term T-
bills acquired. Simultaneously, the investor sells PsgoYo
dollars worth of T-bill futures contracts, where Pgo 1is the
marKet price of a T-bill futures at time O and yp is the
number of T-bill futures contracts sold. In the model, Yypo
represents the net positions in T-bill and T-bill futures
and its sign 1s not predetermined. Namely, if yo 1s negative
it means that the investor sells P10|y0| dollars worth of
long-term T-bills and purchases Pfolyol dollars worth of T-
bill futures. For the same reasons, Xg c¢an be elther
positive or negative. When Xp 1is negative it means that the
investor 1is in a reverse repurchase agreement position,
i.e., he' lends Pro|x0| dollars to a fund-raiser in the RP
marKet. Because the number of long-term T-bills and T-bhill
futures is identical (i.e, Yg), the obligation of delivery
(or taKing the delivery) can Dbe fulfilled at 1time 2,
provided that time 2 1is the expiration date of the given T-

bill futures contract. Note that the investor will simply
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close out his positions if time 2 is not the expiration date
and, if that were the case, time 1 cannot be the delivery
date too. By pure arbitrage, it requires that PprpXp be equal
to PjpYpo S© that the investor performs arbitrage with zero
investments, provided that no other types of c¢osts are
needed. As a consequence, the investor starts out pure-
arbitrage investments at time 0 on a one-day position. After
the investor <.:loses out his positions at the end of the
first period, his net wealth 1is Wy which 1is the realized
arbitrage profits. Thus, Wy 1is the increment to his wealth
ov.er the {first period. Such an increment in his wealth
allows the investor to reduce the amounts of funds, which
are to be borrowed from the RP markKet, in order to engage 1in

arbitrage in period 2.2

2y, could turn out negative and it is then a
decrement to the investor’s wealth. However, 1f that were
the c¢ase, an investor holds the option of not closing his
positions in practice even 1if after he had started out a
period-by-period closing-position plan at the beginning of a
multi-period investment as assumed in the dynamic stochastic
programming model, except that the Dbeginning of the next
period happens to be the delivery date of the T-bill futures
contract.



CHAPTER i3

THE DYNAMIC STOCHASTIC PROGRAMMING MODEL OF ARBITRAGE

A discrete-iime two-periocod dynamic stochastic
programming model t0 maximize the expected utility of an
investor’s arbitrage profits in eacn period is formulated as
follows.

At time 1, the maximization 1is

J (W = Max E {U[W Q ,W

V) Hax UL SMTRLE
1

= E {UIW (¥ (W Q W 13,1

1{ [a(Yi( 1))]] y 1! ( )

where, )71(w1) means that )'}1 is a function of the initial
wealth Wy at time {, i.e, the beginning of the last period
(period 2); and Wp which is a function of yy is the random
wealth level at the end of period 2 At time O, we then
regard Wy as a random one-period profit. We have Wg as
initial wealth level and wish to determine Yo. 2y 1s the
information set at time 1 which affects investors’
subjective probability distribution of Wy 4 can bhe dropped
without affecting the results when homogeneous expectations
are assumed in the market,

We first let
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J : E(UIW (F (WNIR W1 = UW .
(W) = E ULV (7 (W IRV D = UW ) (13.2)

be the implicit utility function. So, the maximization at

time O 1is

J (W = M E [UW Q , . 3.
0( O) sz o[(1)|owo] (13.3)

Each maximization problem is subject to the following

constraints,

(1) budget constraint:
Ppt¢xXy + Wy - Pyt = 0, for t=1; and
Pprtxt - Pytyt = O, for t:=0
(2) wealth increment after closing out one-day positions:

Wisg = Prot+1Yt - Xt - Pg t41¥y + Pgeyy, t:=0,1

where,

Prt £ the markKet price of a one-day repurchase agreement
from time t to t+1, with a par value of 3$1.

P;y = the marKet price of a long-term T-Dbill at time ¢
the underlying long-term T-bill can be used for
the delivery of the T-bill futures contract,

Py = the marKet price of a T-bill futures at time ¢t

Xt = the number of repurchase agreements at time

Yy £ the number of long-term T-bills or T-bill futures

at time t.

Note 1that the Dbudget c¢onstraint at time O says that the
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investment 1s a pure-arbitrage investment because of Wg = O
under the provisions of no other types of costs. It can be
seen that the value of (-Pf¢41Yt + Pgt¥Yy) in the wealth
increment after closing out the (pure arbitrage) one-day
position is equivalent to the cash flow into {or out of) the
margin account due to marKing to the markKet (daily
resettlement) in the case where pure arbitrage is performed
in a locKed-in position. From the budget constraint and the
specification of wealth increment, we see that the wealth
increment (Wi44) in each period is rolled over into the next
budget constraint, and so on if the model is specified as
running more than two periods. Note that the optimal value
ot the decision variable y 1s defined to represent the net
positions in the buy-and-sell of T-bills and T-bill futures.
By the two-period model to determine the optimal
investment under uncertainty in the T-bill futures market,
there are two planning periods. As it 1is often the case in
dynamic stochastic programming, we begin worKing on the
optimal investment decision at the beginning o¢f the last
period. This brings us to the well-Known one-period
investment decision problem. Thus, after the optimal value
Jy(W4) 1n equation (i13.1) has Dbeen obtained the optimal
solution for equation (13.3) can be accordingly determined.

From the constraint (1),
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X4 (13. 4)
Substituting (13.4) 1into the constraint (2), we have the

random wealth level, Wp, at time 2 (the end of periecd 2) as
Wo = (P12 - P11/Ppy - Pgp + Pgy)¥y + Wi/Ppry.  (13.5)

It 1is clear 1that W4 1is the realized arbitrage profits
resulting from the positions being constructed at time O.
Because Wy is rolled over into the arbitrage investment at
period 2 as shown by the budget constraint, its value grows
to Wy/Ppry at time 2. Note that the financing costs have been
implicitly built into the growth of Wy since (i - Ppy) 1is
the one-day financing rate from the RP markKet., That is, the
market value of a repurchase agreement maturing in one day
with a par value of $1 is equal to Ppy = (I - one-day
financing rate) based on the DbbanKer’s discount rate
construction. Because it is a par value of $1, such a markKet
value can be treated as a discount function (which is used
for Wp, not for Wy). Pjp and Pgp are the random prices for
the long-term T-bill and T-d»ill futures respectively when
the investor closes his arbitrage positions at time 2. They
determine the wealih 1hcrement per unit of yy. We define the
term of (Pyp - P34/Ppy - Pgp + Pgy) 1in (13.5) as ©6p which 1s

the random wealth increment per unit of arbitrage position
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(cr per unit of yy) being engineered at time 1. As a result,
Wp = ©pyy + Wy/Ppy and we rewrite (13.4) as

J (W = M E [U(6
1( 1) ax 1[(

+ W /P Q W 13.6
e ARIERS (13.6)

ay1
Equation (13.6) allows us to obtain the optimal arbitrage
positions of y; in the T-bill {futures marKet. The optimal
value, J4(W4), can Dbe accordingly Known. By solving the
dynamic stochastic programming recursively by working
backward, we can determine the optimal arbitrage positions
of yp at time O. The equilibrium pricing of the T-bill
futures can be consequently determined by arbitrage

arguments.



CHAPTER 14

THE OPTIMAL ARBITRAGE INVESTMENT AND EQUILIBRIUM PRICING

In this chapter we derive the optimal arbitrage
investment in each period and describe its implications. The
equilibrium pricing in the T-bill {futures markKet will be
accordingly obtained under arbitrage arguments. We first

maximize (13.6) with respect to yy to get,

dJ (W g{[U(®© v /P Q W oW
(W) . [ ([ (2&+ 1/ ri”' . 1] 2]
dyy 1 awp dY1
= By [{[Uwa(wa)] IQi,Wilea] = O, (14, 1)

We have ignored the diversities of subjective probability
distributions and utility functions among investors in that
homogeneous expectations and utility functions are assumed
in the model. We also assume that such a homogeneous utility
function among investors is a type of guadratic utility
function. For a quadratic utility function, the (random)

utility at time 2 is

U(Wp) a + bwp + cwfg

a + b(Opyy + Wi/Ppy) + C(8pY1 + Wi/Ppp)’. (14.2)
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Thus, (i4.1) becomes
E{{[b + 2¢c(Bpyy + W1/Ppry1)16p} = O, (14. 3)
and (14. 3) gives

[b + 2c(Wy/Ppy)lup + 2cyy(oh + pb) = O, (14. 4)

+

E([6z] and (o5 + pb) = Ey[0p° ).

where, vp

The optimal pcesitions the investor will hold given the
wealth level of Wy at time 1 is that
-[b + 2¢(Wi/Ppy1)lvp

¥1(Wwy) = : (14.5)
ac(o% + p%)

Since the initial wealth at time 1 is Wy, and U(Wy) = a + bW,

+ cW{ as of time 1, a property of the quadratic utility

function, gives the absolute risk aversion (ARA) at time 1

as
1
ARA{ = (14.6)
~b/2c - Wy
so that
- 1
= + Wy, (14.7)
2¢ ARA4

Decomposing (14.5) and using (14.7),
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. (1/ARAy + Wy)vp (W /Ppriy) b2
Yy (W) = 2 2 ) 2 2
(o + V2) (o + W2)
Ve (Wyp2) (1/Pry - 1)
= - ) (14. 8)
ARAy (02 + Pb) (65 + %)

This 1implies that the optimal arbitrage decision 1is a
decreasing function of the investor’s absolute risk aversion

at time 1, ceteris paribus. The greater the measure of

absolute risk aversion, the more unwilling is 1the investor
to takKe an arbitrage position in the T-bill futures market.
Thus, the solution is consistent with the well-acknowledged
behavioral characteristic of investors. If Ppy approaches 1
the second term of the right-hand side in (14.8) disappears

so that

va

¥1(Wy) . z
ARA4 (0 + V)

Wi CF
- . (14.9)
RRAy (05 + uvb)

The optimal arbitrage positions at time ! in (14.9) 1s thus
tne/ product of two ratios. The first one is the ratio of the
wealth level at time 1 (i.e.,, the realized arbitrage profits
at time 1) to RRAj4. The second ratio reflects the

relationship ketween the expected dollar return per unit of

arbitrage position and its variation. This relationship 1S
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reflected as the ratio of the expected dollar return per
unit of arbitrage position to the second moment of this
random arbitrage Pprofit per unit of arbitrage position, ©p.

Given the optimal arpitrage investments at time 1,
we can then determine the optimal solution at time O.
Equation (i13.3) can be rewritten as
Jo(wo) = I}J’I;x Eo[Ji(W1)|QO,wo]. (14.10)
Wy here is the random wealth viewed from time O when the
first arbiirage positions are set up. Substituting (13.1)

into (14.10) and using (14.2) one has

E[J(W)IQ , W] = E [E {UIW (¥ (W Q,W lIQ ,VW
NCRURIENAN OB, ULV (¥ (W 1)) |R, W 3|2, W]

EolE([a + b(©p¥y + Wy/Ppq) + c(©pF4 + W /Ppry)? 1],

Eolfla + b(6p%y + Wi /Ppy) + c(8p¥%y + Wi/Ppry)i1]. (14.11)

Egquation (14.11) assumes that investors hold consistent
assessment of probabilities over time. By consistent
assessment of probabilities, we mean that for any random
variable  Xtsg+rr  Et-g[Eqak(Rtaker)) 5= Etog(Xgagar)
>0 and K0 (see, for example, Samuelson, 1965). To maximize

Jol{Wp), we differentiate (14.41) with respect to vYyq,
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dJo (Wo)
0z —
dYo
8J (W oW
C e 2 ! ]
oL awy 3Y0
3y oW 3w /P
= B b[@a 1 Ly Pi]
aw ) 31
i 1 Y5 Y
R oy oW oW /P_
+ 2¢(8 ¥ +W /P )[e 1 1o, 1 ] (14.12)
e 1 i i 2 aw 3y 3y
1 0 0

As viewed from time O, the random wealth of Wy at time 1 1s

Wy = (Pyy - P1o/Pro - Pgy + ProlYo

= 8,70, (14.13)

where, ©, 1is defined as the random arbitrage profits per
unit of position Dbeing engineered at time 0 1in a one-day
holding period, Using the optimal value, 91, ohtained 1in

(14.3) to solve (14.12) and substituting ©3Yp for Wy,

dJo (Wo)

dYO

b6 ©_y_/P .
B [ 17272" 1, e p
0 R 1" r

2cy e p /P
Q1 22 rl 4 pcely /P ] (14, 14)
o+ ob 170" " ri1

It 1s assumed that the arbitrage profit (i.e., the dollar
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return per unit of arbitrage position) in each period is a
random walK so that ©; and ©, are independent, Thus, (14.14)

is simplified as

2¢cE_ (& ? PE [© 2
YO( ¢ O[ 1])[1 ) v ] ) JEO[ 1][ v

2 2 2 2 : 2 - 1]‘ (14.15)
Eo[Ppy] Ve + 0p Eg{Pryl - v2 + 02

Therefore, the optimal arbitrage positions the investor will

hold at time O is

. ~b b1 (Vp1 + Op1)
Yo = . (14.16)
ac (W + oY) Pri
where, Py = Eg[61); i + o)) = Egle{l vwpr = EglPpy); 2and
Wy + oY) = EglP4) Equation (14.16) shows that the

optimal holding at the beginning of the arbitrage horizon 1is
the product of three ratics. The {first ratio, (-b/2c¢), 1is
the measure of investor’s riskK tolerance. The second ratio
is the relationship between the expected dollar return per
unit of arbitrage position established at time O and its
variation. The third ratio shows the similar relationship
(but reversed) for the second-period financing c¢osts which
starts at time 1 and, clearly, is not Known at time 0. The
variations of the first-period random arbitrage profits and
the second-period random financing c¢osts are captured Dby
their respective second moments which implicitly involve the

variances of the respective random variables, Examining
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(14.16), we see that changes in the optimal value fro tends
to be offset by the variances of the first-per s34 random
arbitrage profits and the second-period random financing
costs if their variances move in the same direction, holding
other factors (i.e.,, their expected values and the
investor’s risk aversion) equal. It is of interest to
obgserve that the expected second-period arbitrage profits
disappear in (14.16). It therefore shows that a "myopic"
property of the model exists to the extent that enables
investors in the market to disregard the arbitrage profits
they may reap in the second period. However, this "myopic"
property is not pure in that expectations of financing c¢osts
at the start of 1the second period affects the current
optimal investment decision. The exXplanation of this result
obtained by the dynamic¢ stochastic programming model 1s
qguite simple, however. The investor’s arbitrage positicns 1n
each period in the T-bill {futures markKet depend on the
financing costs at the beginning of the periocd in which an
arbitrage position can be feasibly engineered. And, recall
from footnote 2 in Chapter 12 that an 1investor holds the
option of not closing his positions in practice 1f future
price movements in T-bill and T-bill futures are adverse 1o
position closing. As a result, an investor only cares abogt
the financing costs one period ahead in a multi-period

arbitrage decision. Applying the Pratt-Arrow riskK aversion
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measure again, equation (i14.16) can be rewritten as

H 2

W v (v + 0 )
y = [_L + W ] 1 1 ri
0 RRAg O (W + o Py
= 0, (14.17)
if Wop = 0, ie, 1if the investment is pure arbitrage and
provided no other types of costs are involved. That the

optimal arbitrage positions to maximize the investor’s
utility are always zero is somewhat a strange result; but it
is Jjust the reflection of the intrinsic problem of the risk
aversion measured by a quadratic utility function when the
initial wealth 1is zero. Strictly speaking, (14.17) 1is
undefined 1instead of O Dbecause (Wg/RRAg) = (Wg/WpARAQ) so
that RRAg = O. As a matter of fact, such a result simply
indicates a marKet-observed fact 1that in practice a

"perfect"” pure arbitrage in the T-bill futures marKet 1s

impossible. Among .other things, the existence of tran.saction
costs or the intangible (but real) wealth such as human
capital (e.g., investor’s labor time) can easily show that
an investor somehow must possess some 1initial wealth: at time
0 in order to perform pure arbitrage. Thus, Wgo = 0 1is
generically non-existent even for pure arbitrage so that
(Wo/RRAg + Wp) in (14.17) cannot be zero (or will not Dbe
undefined).

However, arbitrage arguments tell us that arbitrage
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‘positions must be 2zero in egquilibrium. Namely, if the

market is in equilibrium, then it occurs at the point where
)31910 = 0, where 1 represents investor 1. Because we
assumed that investors are homogeneous in those parameters
used in the model, we have 910 = 0 for each 1. With this
in mind it 1is sufficient to describe §'Q = 0O as the marKet
equilibrium point. As mentioned previously in the model,
1'?'0 is the net positions in arbitrage of Dbuying-and-selling
T-bill futures. Therefore, ¥o = O implies that there are
neither buying nor selling activities of arbitrage in the T-
bill futures markKet, and equilibrium 1is so defined.

N

If 0 = O then

-bpy (Vg + 0ny) = O, (14.18)

or equivalently,

-b(Eg(P11)-P10/Pro-Eo[P£1]+Ps0) (Mpy *+ Opy) = O, (14.19)

by equations (14.13) and (14.17). By a gquadratic utility
function, b 1is presumably not zero. (uii + oii) is simply
the second moment of Ppy, i.e, Eg[P{li but Eg[Py] can be
zero only when Ppyj = 0 for each probability J, which 1S
conceivably non-existent. Consequently, we have (Eg(Fi(l-
P1o/Pro - EpolPg) + Pfc;) = 0 and the equilibrium pricing of

the T-bill futures 1is

Pio = P1o/Pro *+ EglPg1) - EglPy1]. (14. 20)
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Part I of the dissertation descriptively showed that P} =

Py/Pg in equilibrium for a locKed-in arbitrage position
through the life of a T-bill futures contract; where P} is
the equilibrium marKet price of T-bill futures at time t; P
is the market price of 1long-term T-bill at time t which
matures at 91 days after the delivery date of the T-bill
futures contract; Py 1is the marKet price at time t of a
"rqllover" repﬁr‘chase agreement from time t to the delivery
date. A special case of (14.20) 1is that time { 1is the
delivery date so that Eg[Py] must be equal to Ep[Pj;] and
we have P%y = P;o/Ppo which 1is exactly the same as that
described in Part L The equilibrium pricing of the T-kill
futures as shown in equation (14.20) by the dynamic
stochastic programming model 1is intuitively simple: 1the
equilibrium T-bill futures price emerges in the markKet where
the expected one-period arbitrage profits are 2zero when
financing costs at time 0O are required. Such a statement 1s
conventionally made in a descriptive manner. The theoretical
developments in our model show that 1t 1s also true when

investors try to manage a multi-period arbitrage investment.



CHAPTER 15
SUMMARY OF PART III

Arbitrage in the T-bill futures markKet cannot Dbe
completely risK-free. If arbitrage is engineered 1in a
locKed-in position through 1the life of a T-bill futures
contract, it 1is at least subject to the risks of
fluctuations in the future £financing rates and in the margin
requirements until the delivery date. On the other hand, if
it is engineered in a period-by-period position, it 1is
subject to the risk of the one-period price movements of T-
bill and T-bkill futures. A dynamic¢ stochastic programming
model is used to provide a theoretical frameworkK for 1the
optimal arbitrage investment under the uncertainty raised in
the second case. By arbitrage arguments, the equilibrium in
the T-bill futures marKet emerges at the point where the
arbitrage activity disappears in the markKet. The dynamic
stochastic programming model enables us to find 1the
equilibrium pricing of the T-bill futures Dby working
backward from the end of the time horizon of a multi-period
investment plan. In the frameworkK of the model developed 1in
this part, we see that a "myopic" property of the medel

exists in the sense that expectations of the future one-

104



105
period price- movements of T-bill and T-bill futures do not
exert an impact on the current optimal arbitrage investment
decision. This "myopic" property 1is not pure, however,
because expectations of financing costs in the next period,
which determine the feasibility of arbitrage in that period,
affect the current optimal level of arbitrage positions. The
equ:@librium pricing of the T-bill futures in a multi-period
setting, however, depends only on expectations of the prices
of T-bill and T-bill futures at the end of the first period.
The price of T-bill futures in equilibrium is obtained by
the dynamic stochastic procgramming model in the case where
expected one-period arbitrage profits are zero when cost-of-
carry is required. Such a result shows that the equilibrium
pricing of the T-bill {futures remains identical regardless
0f whether investors perform a one-period arbitrage
investment or a multi-period one. It also shows that
equilibrium pricing in the case of a locked-in position 1s a
special case of that in a period-by-period position. That 1s
not surprising because a locKed-in position 1is simply
rerformed in a way where an investor treats the whole life
of a given T-bill futures as one "period." This demonstrates
further the "myopic" property of the equilibrium pricing in

the T-bill futures markKet.



APPENDIX 1
AN INTRODUCTION TO THE T-BILL FUTURES MARKET!

The . International Monetary MarKet (IMM) of the
Chicago Mercantile Exchange inaugurated trading 1in
Treasury-bill (T-bill) on January 6, 1976. Each futures
contract is for }3-month (13-week) U.S. Treasur‘.y bills having
a face value at maturity of $1,000,000. There are eight
contract maturities currently traded. The trading months are
March, June, September, and December. The trading hours are
8:00 a.m. to 2:00 p.m. Delivery shall be made to a Chicago
or New YorK bankK, registered with the Exchange and a member
of the Federal Reserve System, specified by the buyer’s
clearing member. Before June 1983, delivery was made on the
three business days beginning with the day of 1issue of
13-weeK T-bills in the third weeK of the spot month. The
"third weeK of the spot month" means the weeK commencing on
the third Monday of the spot month. For those futures
contracts effective June 1983, delivery shall be made on

three successive business days. The {first delivery day shall

iFor complete descriptions of the T-bill futures
marKet, the 1interested readers may refer 1to Figlewski,
1986;International Monetary MarKet, 1983 Yearbook; Kolb,
1985; Rebell,- Gordon and Platnick, 1984; and Schwarz, Hill
and Schneewels, 1986.

106



107

be on the {first day of the spot month on which a 13-week
T-bill 1is 1issued and a one-year T-bill has {3 weekKs
remaining to maturity. In practice, however, 90-, 91- or
92-day T-bills are substitutable. .T-bill prices are dquoted
in terms of the IMM index. For example, A T-bill yield of
5.20 shall be quoted as 94.80. Thus, the IMM index is the
difference between the actual T-bill yield and 100.00. A
T-bill vield, or DbanK discount rate, is the difference
between the face value of a bill and its market value on an
"annualized basis. Minimum price fluctuations of the IMM
index is in multiple of one basis point, referred to as an
"0i" The minimum price change for bills is thus set at $25
(= $1,000,000..0001 90/360). According to IMM rule, there 1is
a2 limit to daily price fluctuations. There shall be no
itrading at a pricé more than .60 (60 basis points) above or
below 1the prec'edAing day’s settlement price except when the
expanded daily .price limit schedule goes into effect, and on
the last day of 1trading when there 1is no limit. The
settlement price may be outside of the day’s High/Low range,
and/or may be different from the midpoint of the Closing
Range.

The settlement price is related to the issue of
margin requirements. There are two Kinds of margin
requirements--initial margin and variation margin. Initial

margin for each contract purchased or sold must be
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established. This margin. is in effect a good faith deposit
t0o ensure that the client fulfills all obligations. Initial
margin requirements vary among investors. Retail rates of
initial maregin are typically the highest, while
institut.ional investors c¢an post lower rates. Hedgers
generally post less than those engaging speculative trades.
Initial margins may be deposited either in cash or in
Trea‘sury bills. The interest on initial margins accrues to
the investor’s account. Variation-margin requirements is due
to "marK to the marKet,” or daily resettlement. This is one
of the risks facing the T-bill futures’ traders.
Variation-margin deposits represent the gains or losses from
changes in the price o0f a contract. Unlike initial margins,
variation margins may be met only in cash. There will be
written margin notices when an account falls below margin
requirements. Normally, margin notices are communicated
daily Dby telephone, referred to as *"margin calls.® If there
are gains 1n a‘day, investors can reaiize them by the
favorable variation margin move.

The cash-futures relationship is represented by the
basis which 1is the difference between the futures price and
the cash (spot) market price. If the Dbaslis exceeds the
financing cost of acquiring the financial instruments in the
cash markKet, then an arbitrage opportunity exists. Suppose

that an investor purchases a 7T-bill, then the c¢ost of
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storing. it equals the interest rate on the funds being used
to bu} the bill minus the yield on the bill. Therefore, the
cost of storing an asset in the futures marKet l1ike T-bill
futures can be sometimes negative. Namely, there can be
arbitrage profits provided that uncertainty, such as
variation margins, is absent. Following is an example. In
the morning of January 21, 1983, one observed a T-bill
futures price under a contract expiring on March 24, 1984.
He also learned at that morning the yields on the two spot
T-bills which respectively matured at March <24, 1984 and
June 23, 1984, He could also notice a federal funds rate at
that day. With this information at hand he c¢ould calculate
pure arbitrage profits after taking financing costs into
account. This example 1is preciéely thé way by which we

collected and constructed the data in this study.



APPENDIX 2

A}

THE MEAN DIFFERENCE FROM
THE GENERATED FINANCING RATES (SET 1I)

Number of Days to Delivery of Futures Contract

Entrire Group I Group 2 Group 3 Group 4 Group 5
Sample <15 15-29 30-44 45-59 160

(FEDR" + 9OR¥)/2

Mean . 077 . 068 . 090 . 089 . 068 . 072
SD . 139 . 184 . 068 . 091 111 . 188
t 8. 179 1. 990 8.577 6. 262 4,047 3. 040

(FEDR + 2#90R) /3

Mean . 039 . 063 . 076 . 063 . 034 -, 010
SD . 129 . 184 . 064 . 092 . 098 . 155
t 4. 464 1. 844 7. 696 4. 385 2.275 . 512

({FEDR + éu90R)/4

Mean .01¢9 . 061 . . 069 . 050 ..016 -, 051
SD - . 129 . 184 . 063 . 094 . 095 . 143
t 2. 175 1. 785 7. 098 3. 406 . 104 -2.831

(FEDR + 4u90R)/5

HMean . 008 . 060 . 065 . 042 . 006 -. 075
SD 131 . 184 . 063 . 095 . 093 . 138
t . 902 1.756 6. 686 2. 831 .. 423 -4, 313
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Mean

(FEDR + 5u#90R)/6

111

.000  .059 . 062 . 037 -.001  -.092
SD .133  .184 . 063 . 096 . 093 . 136
t 0 1.727  6.378  2.468 -.07T1  -5.369
(FEDR + 6%90R) /T
Mean -.005  .0S59 . 060 . 034 -.006  -.104
SD .135 . 184 . 063 . 096 . 093 . 135
t -, 547  1.727  6.172  2.268 .423  -6.115
(FEDR + Tx90R)/8
Mean -.009  .058 . 059 . 031 -.009  -.112
SD .136 . 184 . 063 ..097 . 093 . 135
t .977 1.697  6.069  2.046 .635 -6.585
(FEDR + 8%90R)/9
Mean -.013  .058 . 058 . 029 -.012  -. 119
SD .138  .184 . 063 . 097 . 093 134
t 1.391 1.697  5.967  1.914 . 846  7.049
(FEDR + 9%90R)/10
Mean -.015  .0S58 . 057 . 027 -.015  -.125
SD .139 . 184 . 063 . 098 . 093 134
t 1.593 1.697  5.864  1.764 1.058  -7.404
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APPENDIX 2, Continued

THE MEAN DIFFERENCE FROM
THE GENERATED FINANCING RATES (SET 1I)

Number of Days to Delivery of Futures Contract

Entrire Group 1 Group 2 Group 3 Group 4 Group 5
Sample <15 15-29 30-44 45-59 160

(FEDR + STR¥*)/2

Mean . 037 . 055 . 054 . 025 . 015 . 039
SD . 133 . 184 . 073 . 073 . 100 . 178
t 4,108 1. 610 4. 794 2.193 0. 984 1. 739

(FEDR + 2#STR)/3

Mean -. 015 . 047 . 028 -. 022 -. 037 -. 054

SD . 121 . 184 . 073 . 076 . 080 . 140
t -1.830 1.376 2. 486 -1. 854 ~-3.033 -3. 062

(FEDR + 3u#STR)/4

Mean -. 041 . 043 . 015 -. 045 -. 063 -. 100
SD . 122 . 184 . 074 . 080 . 072 . 126
t -4, 962 1. 258 1. 314 -3. 602 -5.738 -6. 299

(FEDR + 4%STR)/5
Mean  -.057 . 040 . 007 -. 059 -. 079 -. 128
SD 124 . 185 . 074 . 083 . 068 .121

t -6.787 1. 164 .613 -4, 552 ~-7.618 -8, 396
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(FEDR + 5S5u#8TR) /6

Mean -. 067 . 039 . 002 -. 069 -. 089 -. 147
SD . 126 . 185 . 075 >.086 . 065 . 118

t -7.978 1. 135 . 173 -5.137 -8.979 -9. 888

(FEDR + 6#STR) /7

Mean -. 075 . 037 -. 002 -. 075 -. 097 -. 160
SD . 128 . 185 . 076 . 087 . 064 116
t -8. 651 1. 077 -. 171 -5, 520 -9.939 -10.948

(FEDR + 7TxSTR)/8

Mean -. 080 . 037 -. 004 -. 080 -. 102 -. 170
SD . 130 . 185 . 076 . 089 . 063 . 116
t -9. 086 1. 077 -. 341 -5.756 -10.617 -11,632

(FEDR + 8u#STR)/9

Mean -. 085 . 036 -. 006 -. 084 -. 106 -. 178
SD . 132 . 185 . 076 . 090 . 063 . 116
t -9. 508 1. 048 -. 506 -6.120 -10.904 -12.180

(FEDR + 9xSTR)/10

Mean  -.088 . 035 -. 008 -. 087 -. 110 -. 184
SD . 133 . 185 . 077 . 091 . 062 . 115
1 -9.769 1.019 .665 -6.269 -11.498 -12.670
“FEDR = the (compounded) federal funds rate; 9OR = the

(compounded) 90-day-maturity T-bill rate; STR = the short-

term-t-bill rate.



APPENDIX 3

PERFECT SUBSTITUTABILITY BETWEEN T-BILL AND
T-BILL FUTURES IN A PERFECT MARKET
In a perfect annd perfectly competitive marKet, there
should Dbe no arbitrage profits, because otherwise a market
cannot be in equilibrium. The fact that T-bills and T-bill
futures are perfect substitutes in a perfect market can be

demonstrated Dby the following trading strategies.

i. Pure Investment Case:
A. Buy a long-term T-bill + Sell a T-bill futures
s Buy a short-term T-Dbill.
B. Buy a Short-term T-bill + Buy a T-bill futures
= Buy a long-term T-bill.
Therefore the T-bill futures 1is, as matter of fact,

.redundant because either A or E gives the same return.

2. Quasi-Arbitrage Case:
A. When holding a short-term T-bill:
Sell the short-term T-bill and buy a long-term T-
bill and simultaneously sell a T-bill futures, if
the return from buying a long-term T-bill 1is
greater than that from the short-term T-bill held
and a T-bill futures.
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B. When holding a long-term T-bill:
Sell the long-term T-bill and buy a short-term T-
bill and simultaneously buy a T-bill futures, if
the return from buying a short-term T-bill and a
T-bill futures is greater than that from the long-
term T-bill held.
However, one will not bother to complicate his portfolio
holdings because there ar.e no excess returns by doing so. In

other words, the two markKets are perfect substitutes.

3. Pure Arbitrage Case: (No initial holdings)
A. Sell short a short-term T-bill in 2.A and Keep the
rest unchariged.
B. Sell short a long-term T-bill in 2.B and Keep the
rest unchanged. -
Again, investors will not be engaged in such tradings
because the arbitrage profits are 2zero. That implies that T-
bills and T-bill {futures are perfect substitutes and

investors may hold whatever portfolios they prefer.



APPENDIX 4
THE FRIEDMAN INTERPOLATION METHOD

Let X be the series to be interpolated and Y be the
related series to be used in interpolétion. Suppose that xj,
X jr and Xk are Known consecutive monthly values in X. The
weekly values in X are unknown, however. Further, let their
corresponding monthly values in Y are Yyj, Y and ykg which
are all Known values. Moreover, the weeKly values in Y are
Known. The Friedman method is to use a straight-line
interpolation £first to obtain the trend values of Xj and Y;
denoted as xj and y§ respectively. These trend values are

choeosen as

x} = [(1 - aj)x; + ajxg), (A2. 1)
and, yj = [(1 - aj)y; + ajykl, (A2. 2)

where, aj is the relative weight attached to the terminal
value in computing the straight-line trend. For example, a,
is 1/2 when i, J and K are expressed in unit of
(consecutive) month. The deviation of xj; from its trend
value xf} denoted as u 4 and the deviation of Y;j from its
trend value yf‘] denoted as vy are then used to run a

regression, provided that the two series are highly
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correlated. Finally, the weeKly values of X are interpolated
according to equations (A2.4) and (Az.2). For example, let
Xjg Whose value is to be interpolated represent the {irst-
weeK value between month 1 and K (note that the months of 1
and K here now represent the consecutive months). Similarly,
let Yjk be the first-weeK value .which is Known. Then aj will
be 1/4 and the deviation of yji from its trend value Yiy
denoted as vixﬂ can be calculated. By using the regression
line, ujig 1s obtained so that the interpolated value XxXji 1is
acquired (since its trend value xJyx 1is Known Dby using the
fact that ajy = 1/4).

By using deviation form the higher the corelation
between {ujl and {v,} -is, the Dbetter the use of the related

series than the use of linear interpolation. For proof see

Friedman (1962).



APPENDIX 5
DERIVATION OF THE LAGRANGE INTERPOLATING POLYNOMIAL

Applying the Lagrange Interpolating Polynomial (LIP)
Theorem (Burden, et al. 1981), a LIP {function to interpolate
daily CPIls by using weeKly data can be stated as follows. If
there are (N+1) distinct numbers of weekly data and £ is a
function whose values are given at these numbers, then there
exists a unique polynomial P of degree at most N with the

Property that
f(mg) = P(mg) for each X = 0, 1, 2, ..., N.
This polynomial is given by

P(m) = £(mg)Ly, o(m) +...+ £(my)Ly, y(m)

N
= L f(mg)Ly, k(m),
K=0
where,
(m-mgp) (m-mq)... (m-mg_q) (M-Mg4q). .. (M-my)
Ly, x(m) =
(mg-mg) (my-my)... (Mg-Mg-q) (M-MK4q). .. (Mg-My)
N (m - m;)
s 0w for each K = 0, ¢, 2, ..., N
1=0  (mg - my)
ixk
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Note that P(myg) = £(mg), i.e., the polynomial values
coincide with those observed values reported weekKly. That
can be seen from the fact that Lyk(mj = & for J = K and
LN.K(mJ’) = 0 for J \NK, J =0 4 & ., N. The time points
where their 'values will be interpolated 1is between the
consecutive integers from O to N. For daily data 1to bDe
interpolated, the interval of a daily datum be'tween two

consecutive integers is i/7 when K 1is in unit of week.
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