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ABSTRACT 

Part I of this dissertation examines the effect of 

financing costs on the efficiency of the T-bill fu t ur'es 

marKet. The cost-of-carry model is used and three types of 

financing costs are selected as proxi~s for RP (repurchase 

agreement) rates. The results suggest that the cost-of-carry 

model assuming a constant RP rate is unreliable in 

explaining the pricing of T-bill futures. A search for 

"true" financing costs shows that such financing costs could 

be a nonlinearly weighted rate of the term RP rate (or the 

90-day-ma turity T-bill rate) and the federal funds rate. 

Theoretically implied RP rates in the year of 1983 are also 

genera ted for comparisons. Part II 

inflation uncertainty on the 

examines t1:1e impact of 

fu t ures-forward ra te 

differential. The cost-of-carry model assuming a constant RP 

rate ignores the future fluctuations of fInancIng costs. A 

"rlsK premium" could arise due to inflation uncertaInty. 

This part provides evidence that there eXIsts a systematic 

relationship between the daily futures-forward rate 

differences and the inflation rate. Part III provides a 

theoretical treatment of the optimal arbitrage investment 

under uncertainty and of equilibrium pricing in the T-bill 

fu tures market. A dynamic stochastic programming model shows 

ix 
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tha t a "myopic" property exists in the ri'-bill futures marKet 

in the sense that expectations of th.e future one-period 

price movements do not exert an impact on the current 

optimal arbitrage investment decision under uncertainty. It 

shows, however,. that such a "myopic" proper'ty is not pure in 

tha t expectations of financing costs in the next period 

affect the investment decision in the current period. 

Equilibrium pricing of the T-bill futures is obtained under 

arbitrage arguments .. It shows that an equilibrium price is 

achieved at the pOint where the expected current one-period 

arbi trage profits are zero when cost-of-carry is required, 

even in a multi-period setting. 



PART I 

TESTING 'I'HE EFFICIENCY OF THE T-BILL FUTURES MARKET: 

THE ROLE OF FINANCING COSTS , 

Part I of this dissertation examines the effect of 

financing costs on the efficiency of the T-bill futures 

marKet·. The cost-of"'carry model is used and three types of 

financing costs are selected as proxies for RP (repurchase 

agreement) rates. The results from both the mean equality 

test and the regression approach test (a joint test) show 

tha t the T-bill futures marKet may have experienced some 

inefficiencies on some days in 1983. It is suggested that 

the cost-of-carry model assu-ming a constant RP rate is 

unreliable in explaining the pricing of T-bill futures. A 

search for "true" financing costs which may explain trle 

futures-forward rate differential shows that such flnanclng 

costs could be a nonlinearly weigh ted rate of the term RP 

rate (or the 90-day-maturity T-bill rate) and the federal 

funds rate. Theoretically implied RP rates in the year of 

1983 are also genera ted for comparisons. 

1 



CHAPTER 1 

INTRODUCTION TO PART I 

On January 6, 1976, the Internatlonal Monetary 

Market (IMM) of the Chicago Mercantile Exchange began 

trading the Treasury bill (T-bill) futures contract. The IMM 

trades T-b111 futures contracts for deli very of a $1,000,000 

par value, 90-day U.S. T-bill, but 91- or 92-day bills are 

substitutable. Initially, delivery on each contract was made 

on the three business days beginning with the day of the 

3-month (13-week) Treasury bill auction of the third week of 

the deli very month. Effective June 1983, the deli very of a 

futures contract was made in the three successive business 

days beginning with the first day of the delivery month on 

which a 3-month Treasury bill is issued. There are eight 

contract maturities currently traded and the delivery months 

are March, June, September, and December) 

The efficiency of the T-bill futures marKet has 

been studied extensively. Most previous studies used the 

mean equality test to test whether futures rates are 

signiflcantly different from forward rates as implied by the 

1For details about the Treasury futures market, see 
Appendix 1. 

2 



term structure of spot marKet T-bills. 

3 

In most cases, the 

hypothesis that these forward and futures rates are equal is 

rejected, and that the efficiency of the T-bill futures 

market is thereby rejected. Explana t10ns of these 

inefficiencies include bars to entry and a liquidation 

premi urn (PugliSi, 1978), expecta t10ns and segmen ta tion 

(Branch, 1978), the default risk premium of futures rates as 

compared to forward rates (Lang and Rasche, 1978), and the 

effects of daily resettlement (Chow and Brophy, 1978 and 

Morgan, 1981). Several rela ted empirical studies are 

summarized in Table 1. 

Applying Working's theory of storage costs, Vignola 

and Dale (1980) used the overn1gh t cost-of-carry model to 

explain the pricing of Treasury bill futures. Kawaller and 

Koch (1984) also examined the impact of financing costs on 

the efficiency of the T-bill futures market. Working (1949) 

developed the cost-of-carry model in which the difference 

between spot and futures prices of a commodity is explained 

by carrying charges tha t incl ude transporta tlon, 

warehousing, insurance and interest costs. In the T-bill 

fu tures marKet interest costs are the 0I:lly relevant carrying 

costs. Vignola and Dale (1980) specify the overnight repo 

rate as the overnight carrying cost and they use the federal 

funds rate as a proxy. After accounting for the carrying 

costs, they show that the mean price differences between 



Table 1 

Summary of the Related Empirical Studies 

Cost Time Span Effi- Test 
Authors Treatmentsa of Data ciency Metrlod 

Brancrl No June 76-July 78 No Mean Equality 

Capozza & 
Cornell No Mar. 76-June 78 Nob Mean Equality 

Chow & Regresslon 
Brophy TCc Jan. 76-Jan. 78 Nod Model 

Kawaller & 
Kocl"! FCc Sep. 77-June 82 Yese Mean Equality 

Lang & 
Rasche No Mar. 76-Mar. 78 No Mean Equality 

Poole TC Jan. 76-June 77 Yes f Mean Equality 

Puglisi TC Mar. 76-Sep. 77 No Mean Equality 

Rendleman Wi thlNo Autoregression 
& Carabini TC Jan. 76-Mar. 78 Nog Model 

Vignola & 
Dale (1979) TC Mar. 76-Dec. 77 No Mean Equality 

Vignola & Difference by 
Dale ( 1980) FC Mar. 76-Dec. 77 NAh Sign 

aTrlis applles to the named author-s' obtalning summar-y 

sta tistics. It does not necessarily indicate tha t 

transactions costs, financing costs and otrler factors which 

may affect the. results - are not discussed in the 

corresponding papers. 

bExcept for the near term contract. 

cFC :: Financing costSj TC :: Tl"ansactions costs which are $60 



Table 1, Continued 

per Treasury bill futures contract (one 

that follow are in the same amount. 

5 

million). All those 

Note that such 

round-trip costs may be estimated differently. For example, 

FigleVlsKl (1986) uses $20 for transactions costs. 

dThiS is their inference which serves as one of the 

possibilities to explain why 

three con ven tional term 

they reject the validity of 

structure hypotheses---pure 

expectations, marKet segmentation and liquidity preference. 

eOn the other hand, they find that the T-bill futures marKet 

is inefficient when the short-term T-bill rate is used as a 

proxy for the term RP rate. 

fpoole concludes that transactions costs in trading bill 

futures are very small so that the extra transactions costs 

from selling long-term T-bills which are rela ti vely larger 

cause futures rates to be slightly lower than forward rates. 

gThey find, however, that there is no consistent divergence 

between T-bill and futures prices. 

hNo decisive conclusion is made. But, they i·ndica te that 

fluctuations of mean differences around zero are common. 
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futures prices and forward prices constructed from the 

cost-of-carry model fl uct ua te around zero. They then 

concluded that "the overnight cost-of-carry model is better 

for explaining futures price ... " than other explanations 

including institutional practices, risK premia, transactions 

costs, and other marKet imperfections. Similarly, when RP 

rates were used, Kawaller and Koch found that the T-bill 

futures marKet is efficient when such compounded overnight 

financing rates are used to calculate the implied forward 

ra tes. They therefore indica ted that "one need not appeal to . 
such considerations as transaction costs, variation margin 

uncertainty, tax treatment, etc. in order to explain futures 

prices." 

This study extends tl1e previous worK showing the 

effect of financing costs, based on the cost-of-carry model, 

on the efficiency of the Treasury bill futures marKet. Since 

there can be various financing costs (RP rates) in either 

over nigh t RPs or term RPs for different bor'rower's, t11e 

"appropriate financing charges" used by arbitrageurs must be 

carefully chosen when testing the efficlency of the T-blll 

futures marl<et based on the cost-of-carry model. In thlS 

study, we do not speCify a "true" RP rate. Rather, the 

federal funds rate is selected as the higher proxy for the 

level of the overnight RP rates and the 90-day-maturity 

T-bill rate as the lower proxy for the level of the 
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overnigh t RP rates. That is, although both can be regarded 

to be nclose" to the "true" overnight RP rates in practice, 

we allow a range for overnight financing rates in testing 

the efficiency of the T-bill futures market based on the 

cost-of-carry model. The actual overnight financing costs 

for most traders is likely to be in this range. For the 

third type of financing rate, the term RP rate, the 

short-term· T-bill rate is used as its proxy.c~ This T-bill 

rate is in practice called the discount yield or the 

banKer's yield (or bank discount rate, see Appendix 1). We 

performed a mean equality test as Kawaller and Koch (1984) 

on daily data for the year 1983 to attempt to explain the 

fu tures-forward rate differential in the form of financing 

costs. In addition, we also ran a regression to compare the 

resul ts obtained from the mean equality test. In particular, 

our results from both the mean equality test and the 

regression test show that the cost-of-carry model utilizing 

the noted proxy borrowing rates cannot explain the pricing 

of T-bill futures. Our findings clearly conflict with those 

found by Vignola and Dale (1980) and Kawaller and Koch 

(1984). The findings are conSistent, however, with most of 

2The use of the short-term T-bill rate as a proxy 
for the term RP rate was also adopted by Kawaller and Koch. 
The corresponding constructed forward rate is essentially 
deri ved from the term structure of T-bill yields. For the 
implications of the overnight RP and the tel'm RP, see 
Kawaller and Koch (1984). 
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the previous studies, even after financing costs are 

considered. The remainder of Part I is organized as follows. 

In Chapter 2 we elaborate on how pure arb:l,trage profits 

arise and 

Chapter 3 

Chapter .q. 

describe the resulting equil1bri urn condition. 

gives the data specification and methodology. 

provides the empirical evidence. Chapter 5 

summaries the work in Part 1. 



CHAPTER 2 

PURE ARBITRAGE OPPORTUNITIES 

Pure arbitrage consists of ris}{-free profits on a 

zero net investment.3 Pure arbitrage in the nearby T-bill 

futures mar}{et involves a short-term T-bJll that matures T 

days from now (time t) and a long-term T-bill that matures 

T+91 days from now. Suppose that an investor sells a 

long-term T-bill short at time t and uses the proceeds to 

buy a short-term T-bill. Simul~aneously the investor buys a 

T-bill futures contract that expires at time T so that he 

can return the T-»ill to the lender at time T. The cash 

flows from these trades follow the pattern: 

Sell 

t = t $Pt,T+91 

t = T 

Cash Out ----
$Pt, T" (Pt, T+91/Pt, T) 

$FT,T+91 

3The variation in margin requirements of the futures 
contract and the appreciation or depreciation in the 
collateral value are ignored. It is also assumed that 
investors expect the overnight RP rates to remain constant, 
which folloVis Kawaller and Koch (1984). 

9 
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The prices of all securities here represent their market 

prices. The asked price (purchased price) is conventionally 

referred to as the market price. As a result, the so-called 

"market price" ignores the bid-asked spread. The b1d-asked 

spread can be a reflection of the existence of transact10n 

costs, which is regarded as minimal as opposed to financ1ng 

costs (see Capozza and Cornell, 1979). With this in mind 

when using the cost-of-carry model, vie shall use the asRed 

price to test the efficiency of the T-bill futures marRet. 

For simplicity, the prices are expressed as a percent of 

face val ue, $100. The spot prices of long-term and 

short-term T-bills are $Pt,T+91 and $Pt,T respect! vely. The 

futures price is $FT,T+91' It will be paid at time T for the 

underlying T-bill that matures 91 days from time T. The net 

cash flow at time t is zero so that there is no initial 

investment. Since the total funds available for the investor 

a t time tare $Pt,T+91t he can only buy (Pt,T+91/ P t,T) 

fractional short-term T-bills maturing T days from time t, 

where T days is defined as the number of days from time t to 

T. The assumption of infinite di visibili ty of securities 1S 

made here for convenience. In practice, the number of un1 ts 

traded in pure arbitrage is so large that this assumption 

which places the analysis on a per dollar basis is of no 

consequence. At time T, the investor has a cash inflow of 

$100·(Pt,T+91/Pt,T) because each un! t of T-b!ll has a par 
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value of $100 at ma·turity. There is a cash outflow of 

$FT,T+91 at time T. This is the settlement price on the 

futures contract at time t to be paid at time T. In order 

tha t no risk-free arbitrage profits can result, the market 

equi.11br1um condition req 111res that 

$100' (Pt,T+91/Pt,T) = $FT,T+91' (2. 1) 

This equilibrium condition can be maintained over time only 

if the futures and cash markets are perfect (such as no 

transactions costs, liquida tion premiums, etc.) and 

efficient. 'I'he equilibrium condition can also be expressed 

as 

(100/Pt,T+91) = (100/Pt,T)' (100/FT,T+91)' (2. 2) 

The expression (100/FT,T+91) is usually referred to as one 

plus the implied forward rate. Two investment strategies can 

th us be eval ua ted directly from equation (2.2). The 

left-side is the return per dollar from the long-term T-blll 

cash market, while the right-slde is the return per dollar 

from an investment of $Pt,T in the short-term T-blll cash 

market followed by re-investment ln a 91 day T-blll at a 

futures rate given now. The investor can earn a risK-free 

profit if $100'(Pt,T+91/Pt,T) is greater than $FT,T+91 ln 

equation (2.1), or equivalently 1f (100/Pt,T+91) 1s grea ter 

than (100/Pt,TH100/FT,T+91) from equation (2.2). If 
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$1000(Pt,T+91/Pt,T) is less than $FT,T+91' the investor 

simply reverses his position to engage in pure arbitrage. 

The cash flows differ, however. The investor sells a 

short-term T-bill short, and uses the proceeds to buy 

(Pt,T/Pt,T+91) long-term T-bills in the cash market. 

Simultaneously he sells a futures contract of consisting of 

the (Pt,T/Pt,T+91) long-term T-bills. The cash flows then 

have the following pattern: 

Sell 

Cash In Cash Out --- ----
t = t $Pt,T $Pt, T+9 1 ° (Pt, T/P t , T+91) 

t = T $FT,T+91° (Pt,T/Pt,T+91) $100 

We can see that the funds available for the investor at time 

Tare $Pt,T so that he can buy (Pt,T/Pt,T+91) units of the 

long-term T-bill which \'I ill be delivered at time T to 

fulfill obligations on the futures contract. Consequently, 

the cash inflow at time T is $FT,T+91"(Pt,T/Pt,T+91).l!- On 

the other hand, he must return $100 to the lender of the 

borrowed short-term T-bill at time T because at the maturity 

da te T the value of it is equal to the face value of $100. 

un1ts 
un1ts 

l!-Note tha t the investor must 
of the T-bl11 futures contract, s1nce 
as (Pt,T/Pt,T+91) of the long-term 

sell (Pt,T/Pt,T+91) 
he holds as many 

T-b111. 
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The net cash flow at time t is zero so that there is no 

initial investment. The investor can reap a risK-free profit 

if $FT,T+91"(Pt,T/Pt,T+91) is greater than $100. It is clear 

tha t these risK free profits disappear if either equation 

(2.1) or (2.2) holds. Th us, the equation (2.1) or (2.2) 

represents a statement of equilibrium condition. 

Each of the above trading processes fully satisfies 

the definition of a pure arbitrage. In practice, however, 

transactions costs must be taKen into account. In view of 

tha t, the process~s, above, may not be the cheapest ways to 

reap an arbitrage profit because three transactions costs 

are involved, two for the cash marKet and one for the T-bill 

futures marKet. In practice, such costs must be shared by 

investors. As a matter of fact, one of the transactions 

costs from the cash marKet can be eliminated by a pure 

arbi trageur. We shall introduce an alternative pure 

arbi trage operation that proceeds as follows. A banKer's 

discoun t rate construction is used in this al terna ti ve 

statement of pure arbitrage. 

Let Rt,T+91 be the annual banKing discount yield for 

a T-bill with $1 received at the maturing date, i.e., T+91 

days from now, so tha t its current price 

$U-Rt,T+91'[(T+91)/360)l based on theis banKer's discount 

ra te construction. Similarly, the current price for aT-bill 

maturing T days from now is $[1-Rt,T·(T/360». The implied 
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forward rate, FO, derived from the term structure of 

Treasury bill yields is given by 

[1 - FOT,T+91' (91/360)] 

= {1 - Rt,T+91'[(T+91)/360])/[1 - Rt,T·(T/360)]. (2. 3) 

Equilibrium in the T-bill futures market now requires that 

the futures rate (FU) equal the forward rate (FO) from T to 

T+91 as derived from equation (2.3) when FU is computed on a 

banker's discount basis as well. \\Then the cost-of-carry 

model is used, however, the financing rate will not be Rt,T 

except that it is used as a proxy for the term RP rate as 

adopted by Ka waller and Koch (1980). As a result, the 

implied forward rate based on the cost-of-carry mqdel will 

be 

[ 1 - Fo1, T + 9 1 . (9 1/360) ] 

= 11 - Rt,T+91'[(T+91)/360]]/[1 - CRP*'(T/360»), (2. 4) 

where, CRp lI represents the compounded overnight financing 

ra te of either the overnight federal funds rate or the 

90-day-maturity T-bill rate.5 The comparison between the 

T-bill futures rates and the forward rates derived from 

equa tion (2.4) will determine whether a pure arbitrage 

opportunity eXists. It will be clear from the following pure 

5The compounded overnight 
calcula ted. as: CRptI = (360/THl (1 

RP rate, CRp lI , 

RP/360)T). 
is 
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arbi trage operation. Note th~ t the transaction of short-term 

T-bill will be eliminated. 

Suppose that an investor decides to sell short a 

long-term T-bill and simultaneously buy a futures contract. 

The cash f10\'1 pattern will be as fo110\'/s:6 

t = t 

t = T 

Sell Short Long-term 
Cash Bi 11 Buy Futures 

$(1-Rt,T+91'[(T+91)/360)) 0 

o $[1-FUT,T+91' [(91/360») 

Since no short-term T-bill is traded, cash-out and cash-in 

at t=t and t=T are zero, respectively. However, the investor 

can lend out the amount of ${1-Rt,T+91'[(T+91)/360)J at time 

t and earn a CRpll rate through the RP market.7 Note that if 

t > 1 day. tl'len CRpll represents a continuous rolling over of 

the RP at rates not l<.nown at t=T. The profit can be 

6It should be clear that the correspondIng 
sell-and-buy decIsion to reap profits, if any, can be made a 
priori depending on the ~ngn of NP in equation (2.5). Also 
note that, for illustration of no requirement in trading 
short-term T-bPl, the folIow ing cash flow pattern does not 
include the cash flows resulting from transactions in the RP 
market. which will appear in the next trading strategy. 

7For consistency, the overnigh t RP ra te is 
transformed to the compounded overnight RP rate, CRp ll • That 
ls, the interest rate used in evaluating potential profits 
resulting :from sell-and-buy decisions ls on the continuous 
overnigh t basis. 
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evaluated by the time value of money either· at time t or 

time T.e For consistency, based on the banker's discount 

rate construction, we will evaluate the resultant profit at 

time t. Tha tis, 

tIP = {1 - Rt, T+91 . [(T+91) /360)) 

-[1 - CRp lI (T/360»)'[1 - FUT,T+91·(91/360»). (2. 5) 
Or, 

tIP = {1 - R t, T + 9 1 . [ (T + 9 1 ) /360) ) 

- [1 - Rt, T' (T/360») . [1 - FUT, T+91 . (91/360»). (2.5a) 

It can be seen that equation (2.5) is comparable to equation 

(2.4) and equation (2.5a) is comparable to equation (2.3) 

for the relationship bet ween forward rates and futures 

ra tes. The value of NP depends on which financing rate (CRp lI 

or Rt,T) is used. It can be easily shown that the sign of NP 

is determined by the difference between FUT,T+91 and 

FOtr,T+91 in the equations (2.5) and (2.4), or by the 

difference between FUT,T+91 and FOT,T+91 in the equations 

(2.5a) and (2.3). If NP is greater than zero, the investor 

WIll gain a profit and it is a pure arbitrage profit because 

there is no ini Hal in vestment and it is a risK-free profit. 

Vlha t he needs to do is simply to return the borrowed 

long-term T-bill to its lender at time t by taKing the 

8When evaluated at time T, it is stUI in the world 
with certainty, because the cash-out at time T resulting 
from the purchased T-bill futures is certain. 
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delivery of the purchased T-bill futures. 

Should NP in equation (2.5) be nega ti ve, the 

investor simply reverses his position to reap the profit. 

The cash flow pattern, however, will be different in order 

to satisfy the pure arbitrage conditions. The cash flow is9 

Sell Futures 
Buy long-term 

Cash bi 11 

t = t $([l - CRp lI '(T/360») $(l -Rt,T+91'[(T+91)/360)) 
. [1 - FUT, T + 91 . (9 1/360) ] 1 

t = T $ [1 - FUT, T+91 . (91/360») $ [1 - FUT, T+91 . (91/360») 

The cash flow pattern shown is more complicated. Note that, 

first, the investor must agree in advance to use the 

purchased long-term T-bill as collateral so that he can be 

entitled to borrow money from the RP marKet to purchase the 

underlying long-term T-bill. By selling a futures con tract, 

the funds available to the investor at time T are only $[1 -

FUT,T+91'(91/360» which is the money value at tIme t of $1 

paid (or received) at tIme T+91 based on the banKer's 

discount rate construction. Consequently, he cannot borrow 

as much as $[1 - . CRpll'(T /360)) at time t because it is the 

9The trading strategy is as follows: borrowing funds 
from the RP marKet (resulting in cash-in at time t), buying 
long-term T-bill, and simultaneously selling T-bill futures. 
This cash flow pattern assumes that the investor uses an 
overnight financing rate. In case of a term RP rate being 
used, simply change CRplI to Rt,T for Cash-In at t=t. 
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present value of $1 paid at time T. '''hat he should borrow at 

time t and ret urn at time T is $[1 CRP"'(T /360))'[1 

FUT,T+91'(91/360)), which is the present value of $[1 

FUT,'I'+91'(91/360)) that is exactly a vallable to him at time 

To' It thus can be seen that the process for a pure arbitrage 

profit is completed so long as the profit is greater than 

zero. 

Following the cost-of-carry model and using the 

banker's discount rate construction, we will use equation 

(2.3) and (2.4) to calculate the implied forward rates 

constructed by three proxies of financing ra tes, 

respecti vely, Note that· CRpll is used in equation (2.4) 

because the overnight compounding is tal<.en into account as 

investors generally finance their positions on a continuous 

overnight basis, By using the mean equality test for the 

mean values of the T-bill futures rates and the calculated 

implied forward ra tes, we will be able to test the 

efficiency of the T-bill futures marl<.et, To compare our 

findings with those of Vignola and Dale, Kawaller and Koch, 

we will replicate Kawaller and Koch's Vlorl<. by means of the 

mean equality test.10 In addition, a regression approach 

will be presented to compare with the results obtained from 

the mean equality test. 

10Transactions costs and other marl<.et imperfection 
factors are ignored. 



CHAPTER 3 

DATA SPECIFICATION AND METHODOLOGY 

The relationships between the T-bill futures rates 

of the nearby contracts and the forward rates derived from 

different financing rates will be empirically examined. 

Eq'ua tion (2.3) will be used to obtain the corresponding 

forward rates. The derived forward rates are calculated from 

the term structure of Treasury bill 

referred to as the term RP financing 

yields and Rt,T 1S 

costs. Equation (2.4) 

will be used to calculate the corresponding forward rates 

when the compounded overnight financing costs are 

considered. This is because investors often enter the 

repurchase mar:Ket (RP mar:Ket) in order to finance their 

positions. Repurchase agreements are most frequently made 

for one business day (overnight). When it is made for longer 

than one day, it is called a term RP. In the RP mar:Ket the 

borrower pays interest on the funds at a rate that i.s 

negotia ted with the lender. Consequently, there can be 

various RP rates, or repo rates in the RP mar:Ket. For 

example, larger and better :Known dealers are often able to 

borrow in the RP market at more favorable rates than some 

smaller dealers and corporations. This diversity raises a 

19 
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problem in choosing the appropriate financing charges for 

testing the efficiency of the T-bill futures market based on 

the cost-of- carry model. To circumvent this problem, we 

selected the overnight RP rates in two ways. The two rates 

representing financing costs are the 90-day-maturity T-bill 

rate (repo rate1 in the corresponding Tables) and the 

federal funds rate (repo ra te2). Since the federal funds 

ra te is the rate on unsecured overnight loans (Simpson, 

1979), it will generally be slightly higher than the 

"normal" RP rate.11 The 90-day-maturity T-bill rate can be 

expected to be lower than the federal funds rate because it 

is secured by the U.S. Treasury. After these financing costs 

ha ve been taken into account, we can test whether the T-bill 

futures marKet is efficient based on the cost-of-carry 

model. 

The daily data covers the period extending from 

January 3 to December 20 of 1983.12 Daily T-bill rates are 

collected fr'om the asKed yields of U.S. Tr'easury bllls 

11The "normal" RP rate can be thought of as the 
"a verage" RP rate in the RP marKet. 

. 12Except for June 1983 because, unfortunately, this 
a u thor's school library had lost the microfilm of Wall 
Street Journal for this month at the time this study was 
cond ucted. For those missing data in June, 6 out of 35 
observa tions are in Group 1 and 15 out of 84 are in Group 5. 
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reported in the \'Iall Street Journa1.13 The corresponding 

T-bill futures rates, the 90-day-maturity T-bill rates (repo 

ra tel), and the federal funds rates (repo ra te2) are 

collected from the 1983 yearbooK published by tlle 

International Monetary MarKet. Both the 90-day-ma t ur i t y 

T-bill rates and the overnight federal funds rates are close 

rates. The T-bill futures rates are settlement discount 

rates.14 There are four corresponding nearby T-bill futures 

expiration dates in 1983---March 24, June 9, September 1, 

and December 22. Four data sets are accordingly collected to 

match each of the four corresponding nearby futures' 

expiration dates. Because of the effect of time span (the 

number of days to the deli very of the futures contract) on 

13The bond-equivalent yields were collected first. 
We then computed the asKed prices for short-term and long
term T-bills by the formula: Bond Equi valen t Yield = [(Face 
Value Price)'365]/[(Days to Maturity)'Price). An 
annualized forward rate can be accordingly computed. When 
the overnight financing costs are used, the (compounded) 
overnigh t federal funds rates and the (compounded) 90-day
maturity T-bill rates are used as substitutes for the short
term T-bill rates. For compu ta tions, see equations (2.3) and 
( 2 . 4 ) . 

lll-The available data maKes it extremely difficult to 
mat.ch perfectly (in terms of the investment timing) the spot 
T-bill rates and T-bill futures rates in an intra-day. We 
also doubt whether one should maKe effort to do so. For one 
thing, investors do not necessarily buy-and-sell T-bill and 
T-bill futures simultaneously in their intra-day investment 
decisions. Wha t we need in testing the efficiency of the 
T-bill futures marKet is that investors must complete their 
arbitrage trades during the day because Vie calculate the 
corresponding interest rates by days. 
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the divergence bet ween the futures ra t,es and the implied 

forward rates derived under different methods of financing 

the carrying costs, each set of observations is divided into 

fi ve categories (groups) according to the time span. These 

fi ve categories consist of fewer than 15, 15 to 29, 30 to 

44, 45 to 59, and greater than 59 days to expiration. The 

category of the time span to the expiration date constitutes 

the event. The observations in the four data sets are pooled 

together for those cases where they belong to the same time 

span category. 

The Methodology 

For the entire sample and each group we perform both 

the mean equality test and the regression approach test to 

examine the efficiency of the T-bill futures market based on 

the cost-of-carry model. By mean equality test, the null 

hypothesis for efficiency is HO: D = ~fu - ~fo = 0, where 

!Jfu :: the mean of futures rates; !Jfo :: the mean of those 

deri ved forward rates under different financing costs. The 

t-sta tistic is t = (D 

standard deviation of the 

daily futures-forward rate 

0) /(SD/[N), where SD is the 

N corresponding observations of 

differences. By the regression 

approach test, we regress forward rates on futures rates. 

The model is 
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Forward Rate = 0: + 13 (Futures Rate) + E. ( 3 . 1 ) 

In equation (3.1), all Ordinary Least Squares (OLS) standard 

assumptions are made. The null hypothesis for 

efficiency is a joint test: HO: 
1\ 

C( = o and ~ = The 

joint test which requires that ~. 

0: = o is based on the 

reason that the financing costs have been implicitly 

embodied in the calculated forward rates. The bid-asKed 

spread is not considered, however. Thus, the joint test also 

assumes that 

(1) Bid-asKed spreads are presumably to account for 

transactions costs which are ignored since they 

are minimal relative to financing costs;15 

(2) Other factors affecting futures rates and forward 

l"a tes (such as liquidity preference and interest 

15AS mentioned by Capozza and Cornell (1979), 
potential arbitrage costs can be broKen down into (1) the 
costs of opening and closing a futures position, (2) the 
costs of buying and selling spot bills, and (3) the costs of 
taKing a short position in spot bills (short-selling costs). 
They pOinted out that the first two costs are minimal, but 
the third cost (a premium of 50 basis pOints per ann urn IS 

required on the borrowed bill) is signiflcant WhlCh is a 
function of time because the borrower is forced to pay the 
premi urn as long as he maintains the short position. Note 
that the cost-of-carry model involves operations of the RP 
marKet and thus the short-selling costs in the spot T-bill 
marKet is Similar to the financing costs as characterized by 
the cost-of-carry model. The similarity between them, 
however, 1s by no means that the amount of the financing 
costs is necessarily identical because the financing costs 
in the cost-of-carry model is the RP rate. 
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ra te expectations, etc.) are assumed to be the 

same. 16 

It should be clear that the above reason and assumptions 

follow those assumptions in performing the mean-equality 

test using the cost-of-carry model advocated by Vignola and 

Dale (1980) and Kawaller and Koch (1984) in explaining the 

pricing of T-bill futures and testing the efficiency of the 

T-bill futures market. 

16Th is assumption was also made by Lang and Rasche 
(1978). 



CHAPTER 4 

EMPIRICAL EVIDENCE 

Mean Equality Test 

Table 2 presen ts the summary statistics for 

arithmetic differences between futures rates and forward 

rates which are calculated by equation (2.3). Note again 

tha t Rt,T in the equation is used as a proxy for the term RP 

ra teo From Table 2, the first group (K < 15) and the second 

group (15 ! K ! 29) have insignificant t values at the 11. 

level by the two-tail testj where, k is the number of days 

to the deli very of the (nearby) futures contracts. The t 

values in the rest of groups and the entire sample are 

significantly different from zero. The findings are 

consistent with previous studies that indicated evidence of 

the inefficiencies of the T-bill futures marKet, when the 

term structure of T-bill yields is used to derive the 

corresponding forward rates. These emplrical results show 

that financing costs, when the forward rates derived from 

the term structure are used for the proxy for the term RP 

rates, cannot explain the futures-forward rate differential. 

Except for the first group, it can be observed that the mean 

differences (in absolute value) increase with the number of 

25 
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Table 2 

Sum may Statistics for Arithmetic Differences: Futures Rates 

Minus Forward Rates Calculated USing the Term RP Ratesa 

Number of 
Days to Delivery of Futures Contract 

Entire Group 1 Group 2 Group 3 Group 4 Group 5 
Statisticsb Sample <15 15-29 30-44 45-59 ~60 

Maximum O. 973 O. 973 O. 130 O. 227 O. 026 O. 311 

Minimum -0.412 -0.082 -0. 227 -0. 252 -0. 265 -0.412 

Mean -0.090 0.031 -0.019 -0. 102 -0. 113 -0. 168 

Standard 
Deviation(SD) O. 131 0.186 O. 080 0.099 O. 060 O. 122 

Number of 
Observations 218 29 42 41 43 63 

t-value c -10. 14d -0. 90e -1. 54e -6. 60d -12.35 d -10.93 d 

aDaily Data for January 1983 through December 1983.The 

short-term T-bill rate from t to T is used as a proxy for 

the term RP rate; where, t is the event day and T is the 

days to the delivery of futures contract. 

bAll variables are measured In percentages. 

Ct = (D O)/(SD/fN). 

dSignificantly' different fr"om zero at the 11. level, two-tail 

t est. 

elnsignificatly different from zero at the 1:1. level, two-

tail test. 
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days to the deli very of the (nearby) futures contract. It is 

also of interest to observe that the minimum value (in 

absolute value) of mean difference between futures rates and 

forward rates increases with tl1e time to expiration of tIle 

T-bill futures contract. Tl"le consistent tendency of this 

behavior reveals that the gap between the T-bill futures 

rates and forward rates derived by the term structure of 

T-bill yields is reduced as the time to the delivery date of 

the futures contract approaches zero. Although the term 

structure of T-bill yields is observed to be ascending in 

each of the observation days of 1983, the short-term T-bill 

rate, Rt,T' does not necessarily increase with the decrease 

of t.17 As a matter of fact, it fluctuates through time in 

the entire data sample. We may conclude that this consistent 

tendency suggests that the efficiency of the T-bill futures 

marKet could be a function of the time to expiration of the 

contract. 

Tables 3 and q. present the summary statlstics for 

ar·ithme'tic dlfferences between futures rates and forwar·d 

rates derived from different flnancing rates. Table 3 shows 

17when t is decreasing, Le., closer to the deli very 
date of the futures con tract, the corresponding calendar 
date is increasing within each of categories (groups). If 
Rt,T were increasing relatively more than Rt,T+91 as time 
approaching to the delivery date of the futures contract the 
corresponding forward rate will be decreasing, which can be 
seen from equation (2.3). 
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Table 3 

Sum may Statistics for Arithmetic Differences: Futures Rates 

Minus Forward Rates Calculated USing the Compounded 

Overnigllt Repo Rate1a 

Number of 
Days to Delivery of Futures Contract 

Entire Group 1 Group 2 Group 3 Group 4 Group 5 
Statisticsb Sample <15 15-29 30-44 45-59 >60 

Maximum 0.994. O. 994 O. 190 O. 225 O. 161 O. 366 

Minimum -0. 376 -0.051 -0. 089 -0. 156 -0. 252 -0. 376 

Mean -0.038 O. 055 O. 049 0.011 -0. 035 -0. 174 

Standard 
Deviation(SD) O. 151 O. 184 O. 064 O. 101 O. 096 O. 138 

Number of 
Observations 218 29 42 41 43 63 

t-value c -3. 72 d 1. 61 e 4. 96 d O. 70e -2. 3g e -10.01 d 

aDaily Data for January 1983 through December 1983. Trle 

90-day-maturity T-bill rate (repo ratel) is used as a proxy 

for the overnight RP rate. 

bAll variables are measured in percentages. 

Ct = (D - 0) I (SD/[N). 

dSignificantly different from zero at the 1:1. level, two-tail 

test. 

elnsignificantly different from zero at the 1:1. level, two-

tail test. 



29 

Table 4 

Summay Statistics for Arithmetic Differences: Futures Rates 

Minus Forward Rates Calculated Using the Compounded 

Overnight Repo Rate2 a 

Number of 
Days to Delivery of Futures Contract 

Entire Group 1 Group 2 Group 3 Group 4 Group 5 
Statisticsb Sample <15 15-29 30-44 45-59 ~60 

Maximum 1. 352 1. 010 O. 323 O. 360 O. 627 1. 352 

Minimum -0.475 -0.049 -0. 042 -0. 058 -0. 124 -0. 475 

Mean 0.193 0.080 O. 131 0.166 O. 172 O. 318 

Standard 
Deviation(SD) O. 226 O. 184 0.091 0.102 O. 173 O. 325 

Number of 
Observations 218 29 42 41 43 63 

t-value c 12.61 d 2. 34e 9.33 d 10.42d 6. 52 d 7.77 d 

aDaily Data for January 1983 through December 1983. The 

overnight federal funds rate (repo ra te2) is used as a proxy 

for the overnight RP rate. 

b.All variables are measured in percentages. 

Ct = (D O)/(SD/ fN). 

dSignificantlY different from zero at the 11. level, two-tail 

t est. 

elnsignificantly different from zero at the if. level, t wo-

tail test. 
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the results when the lower level of the overnight RP rates 

(the 90-day-maturity T-bill rates, repo rate1) is used; 

while the results in Table 4 are obtained by using the 

higher level Of overnight RP rates (the federal funds rates, 

repo ra te2). For the entire sample in Tables 3 and 4, the 

results from using !}oth types of 

evidence that Ka waller and Koch's 

supported. The t values in Table 4 

financing rates show 

findings cannot be 

show that the mean 

differences between futures rates and forward rates 

constructed by the federal funds rate ar'e significantly 

different from zero at the iii: level by the two-tail test for 

the entire sample and four groups except for the first 

group. However, the repo rate1 (the 90-day-maturity T-blll 

ra tel seems to give a "better proxy" for the overnight 

financing costs because the first, third and fourth groups 

are insignificant in t values. The systema tic tendency of 

the (absolute). mean differences across groups in Table 3 

begins at Group 3. Such a tendency in Table 4, however, 

consistently increases with time to the deli very date. The 

(absolute) minimum values reveal the similar pattern as that 

in Table 2. The evidence presented in Tables 3 and 4 also 

indicates that the cost-of-carry model cannot explain the 

fu t ures-forward rate differential. Our fino.ings would 

clearly conflict with those found by Vignola and Dale (1980) 

and Kawaller and Koch (1984). 
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Search for the ttTrue tt Financing Costs 

Viewed from the mean differences in the entire 

sample for Tables 2, :3 and 4, we see that the Term RP gives 

the smallest mean difference and the federal funds rate 

gives the largest. This means that, from overall point of 

view, there must be a relationship among these three types 

of financing costs such that Term RP rate < 90-day-maturity 

T-bill rate < federal funds rate. Since both the Term RP 

rate and the 90-day-ma turity T-bHI rate give a nega ti ve 

mean difference whereas the federal funds rate gives a 

posi ti ve mean difference, it is conceivable that the "true" 

financing costs which may lead to the efficiency of the T-

bill futures marKet could be somewhere between the Term RP 

rate and the federal funds rate. Two sets of the financing 

rates are generated by linearly weighting two di fferen t 

(collected marKet-observed) financing rates. The weights are 

chosen so that the averaged rate either approaches the Term 

RP rate or the 90-day-maturity T-bill rate when the federal 

funds rate is the other rate used in the aver'age. The reason 

is that the federal funds rate appears to give rela ti vely 

high me,an differences.1 8 The statistical results based on 

these generated financing rates are presented in Appendix 2. 

18\'1e also generate 
increasing the weight of the 
explain the futures-forward 
the first weighting (equally 

financing rates obtained by 
federal funds rate. They cannot 
rate differential better after 
weigh ted), however. 
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It is found that the linear-weighting cannot provide a 

"true" financing rate, which could be a "real" financing 

cost obtained by practi Honers in the marl<et, to explain the 

fu t ures-forward rate differential. It is the refore 

conjectured that either the "true" financing costs are 

nonlinearly· weighted between these proxies for financing 

costs, or that the T-bill futures marl<et is inefficient in 

the year of 1983 even if the cost-of-carry model is used, 

Theoretically, a "true" financing rate, y, can be 

found by using the following formula 

(1 - FUT,T+91 '91/360) 

= [1 - Rt,T+91' (T+91)/360]/(1 - Y'T/360), (4, 1) 

where y is the implied (constant) RP rate, We used three 

interest rates as proxies for financing costs, which are the 

short-term spot T-bill rate, the d-ally compounded federal 

funds rate and the daily compounded 90-day-ma turity T-bill 

ra te, They are a11 assumed to be constant financing costs 

when a pure arbitrage position is engineered, To see the 

"degree" of efficiency of the T-bill futures marl<et, we may 

look into the frequency of such implied RP rates which 1S 

outside th~' boundary of 

Min(STR, FEDR, 90R) < IMRP < Max (STR. FEDR, 90R) (4, 2) 

where, STR the short-term T-bill ra tej FEDR the 
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(compounded) federal funds ra tej 90R :: the (compounded) 90-

day-maturity T-bill ratej and IMRP :: the implied RP rate 

computed by equation (4.1). The results are reported in 

Table 5. There are 74 (out of 218 total observat10ns) Urnes 

gi ving IHRPs which are outside 

(4.2). That means there are 

the boundary of equation 

about 34% of the total 

observations in the year of 1983 which give an "inefficient" 

(not statistically) mar}{et of the T-bill futures, provided 

tha t practitioners in the mar}{et do use these proxies as 

their financing costs. Note that it is shown in Table 5 that 

Group 1 and 2 give higher frequencies. Noting that we 

statistically loo}{ at the mean difference and t-val ue in 

Tables 2, 3, and 4, it can be seen that part of the ou t-of

boundary observations in Group 1 and 2 could be 

sta tistically insignificant (recall that all t values of 

Group 1 in Tables 2, 3, and 4 are insignificant). This 

implies that the ou t-of-boundary "inefficient" observations 

in trle entire sample could be statistically lower than 341.. 

Regression Approach Test 

In addition to dOlng the conventional mean equall ty 

test on the T-bill futures and forward rates, we also 

performed a regression for comparison. Forward rates derived 

from the three different financing rates are regressed· on 

futures rates, respectively.· For each case in Table 6, there 
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Table 5 

Frequency of the Implied RP Rate which is ou ts1de Equation 

Number·of Days to Delivery of Futures Contract 

Entire 
Sample 

74 

Group 1 Group 2 Group 3 Group 4 Group 5 
<15 15-29 30-44 45-59 ~60 

19 22 12 13 8 

aEqua tion (4.2) is 

Min(STR,FEDR,90R) < IMRP < MAX(STR,FEDR,90R). STR the 

short-term T-bill ra tej FEDR the (compounded) federal 

funds ratej 90R - the (compounded) 90-day-rnaturity T-bill 

ra tej IMRP :: the implied RP rate. 
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Table 6 

Regression Results: Joint Testa 

Number of 
Days to Delivery of Futures Contract 

Entire Group 1 Group 2 Group 3 Group 4 Gr'oup 5 
Sample <15 15-29 30-44 45-59 ~60 

Case I: Forward Rate Calculated Using the Term RP Rate b 

" ex 0.6321. O. 248 0.219 O. 350 O. 690 O. 943 

~ O. 938 O. 968 O. 977 0.971 O. 933 O. 911 

R2 O. 953 O. 795 O. 986 O. 974 0.991 0.971 

N 218 29 42 41 43 63 

F Value 69. 307 O. 567 2.067 21. 672 124. 907 89. 501 

Critical 
Value 4. 70 5. 49 5. 18 5. 20 5. 17 4. 97 

Efficiency No lf Yes Yes NOll NOll No lf 

Case II: Forward Rate Calculated Using the Repo Rate1 C 

" O. 7531. 0.213 0.435 1. 170 1.058 O. 648 ex 

~ 0.918 O. 970 O. 944 O. 863 O. 882 O. 945 

R2 0.938 O. 797 O. 993 O. 989 O. 978 0.957 

N 218 29 42 41 43 63 

F Value 21. 819 1. 199 29. 609 43. 864 21. 693 52. 959 

Efficiency NOll Yes No lf No lf NOll NOll 



36 

Table 6, Continued 

Case III: Forward Rate Calculated Using the Repo Rate2 d 

1\ 

O. 029:1. 0.160 -0. 041 o. 730 0.418 -0.400 0: 

~ o. 974 O. 973 O. 990 O. 896 O. 932 1.009 

R2 O. 972 O. 799 O. 982 O. 979 O. 901 0.812 

N 218 29 42 41 43 63 

F Value 83. 179 2. 634 40. 623 98.498 22. 586 30. 362 

Efficiency No~ Yes NOll No~ NOll NOll 

aHo: 0: = 0 and f3 = 1. (Forward Rate) = 0: + ~ (Futures 

Ra -:). The unit is percentage; Daily data for January 1983 

through December 1983. 

bThe short-term T-bill is used as a proxy for the term-RP 

ra teo 

cThe 90-day-maturity is used as a proxy for Repo Rate1. 

dThe federal- funds rate is used as a proxy for Repo Rate2. 

liThe hypothesis of joint test is rejected at the 11. level. 
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are six regressions containing the entire sample and the 

fi ve groups categorized according to the number of days to 

the delivery of (nearby) futures contract. The joint test 

for the estimated parameters in the regressions19, 
1\ a = o 

and ~ = 1, gives the same results as the mean-equality 

test, except for the third and fourth groups in Case II 

where the 90-day-maturity T-bill rate is used as a proxy for 

the overnight financing costs. These findings seems to 

reveal that the mean equality test is not necessarily 

equivalent to the regression approach (joint test), when the 

val ue of constant term is rela ti vely high. A common 

interpretation of the constant term is that some explanatory 

variables are excluded from the model (misspecification) and 

it measures the impact of these "omitted" variables. These 

findings therefore suggest that two statistical methods may 

not be equivalent when the other factors (in additlon to 

financing costs) exert strong impact on the existence of the 

futures-forward rate differential. 

19The test statistic is obtained as follows. If the 
join t test HO: &. = 0 and ~ = 1 is true, then [G/(20

l ») 
is distributed as an F distribution with 2 and (N-2) degrees 

1\ l of freedom, ie., F(2,N-2); where, G = N(a - a) + 
2N~FU(&. - (X)(~ - 13) + E~Fui(~ 13)2, ~FU - the mean of 
futures rates and N :: the number of observations. 



CHAPTER 5 

SUMMARY OF PART I 

Most of the previous empirical tests rejected the 

hypothesis that the T-bill futures market is efficient when 

financing costs are ignored. Arguing that financing costs 

can play an important role in explaining the pricing of 

T-bill futures and that the cost-of-carry model will lead to 

efficiencies of the T-bill futures market, Vignola and Dale 

(1980) and Ka waller and Koch (1984) have presented some 

evidence on this issue. We, however, are not able to support 

their findings. After elaborating on the search for pure 

arbitrage strategies, we employ three types of financing 

costs to examine whether a risk-free profit is possible 

without an initial invetment, i.e., whether a pure arbitrage 

profit exists. The empirical results show evidence that the 

T-bill· futures market is inefficient, at least for the year 

of 1983, based on the cost-of-carry model. Two approaches, 

the mean equality test and the regression approach test, are 

performed and both reveal the similar results. We conclude 

tha t the reliabili ty of the cost-of-carry model in 

explaining that the T-bill futures market is efficient is 

suspect, although it may hold validity. We should point out 

38 
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tha t the validity of the cost-of-carry model cannot gl ve 

us a license to say that it is reliable. The reason is that 

Kawaller and Koch (1984) who used the 1977--1982 data were 

able to show that the T-bill futures marKet is efficient 

based on the cost-of-carry model, but we cannot SUPP01"t 

their findings by using the 1983 data although the 

methodology is identical. If one is able to demostra te 

tha t the findings are different for the same time period, it 

could be most liKely due to the choice of financing rates. 

As it is Known that a repurchase agreement (RP) rate is 

negotiated by individual borrower and lender, it could not 

be a uniform interest rate at any point in time. Thus, the 

choice of sui table RP rates in testing the efficiency of the 

T-bill futures marKet with the cost-of-carry model would be 

cri tical. For this reason, we feel that it would be more 

appropria te to choose a range of financing rates as 

proxies for the borrowing (or lending) rates in the RP 

marKet. They are the federal funds rate which serves as the 

higher level of the overnight RP ra tess and the 

90-day-ma turity T-bill rate which serves as the lowe:- level 
I 

of the overnight RP rates. The third set of financing rates 

is adopted from the term structure of T-bill yields, which 

is the con ven tional way of obtaining the implied iorward 

ra te, and the corresponding short-term T-bill rate se-::'ves as 

the term RP rate for the cost-of-carry model. The us:: of 
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each of the three financing rates, however, rejects the 

hypothesis of efficiency of the T-bi1l f~tures marl<et. 

Moreover, a1l of them idp.n ticall y reveal a systematic 

tendency of the time pattern regarding the differences 

between futures rates and the corresponding constructed 

forward r·ates. Namely, the differences are reduced as trle 

time approaches the expiration date of the T-bill futures 

contract. 

Now that our test period is d.1fferent, in addition 

to our different treatments of financing costs, It is 

therefore suggested that the reliabil1 ty of the 

cost-of-carry model in demonstrating the efficiency of the 

T-bill futures marl<et is suspect. We feel that the choice of 

time periods in doing empirical testing by using historical 

data may result in different estimates of the parameters, 

and the findings may be accordingly statistically different 

from others'. There are two implications relevant to the 

time periocls chosen for an emplricaJ study. First, the 

effect of trle macro-environment of trle economy rna y be 

dIfferent across time. 20 Second, the results may be affected 

20 An example for the impact of the 
macro-environment can be referred to the worl< by Kawaller 
and Koch (1984). Part of their results changed (from 
significance to insignificance so that their findings became 
stronger) after they restricted the sample to the period 
from January 1980 to June 1982 when Federal Reserve policy 
targeted banl< reserves and permitted greater interest rate 
volatility than previously. Strictly spealUng. this is the 
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by the length of the time-interval chosen for the empirical 

test. The second impl1ca tion is related to the question of 

the statistical significance of a. sample size in terms of 

the time horizon selected for an empirical study. Sometimes, 

the difference in the time horizon may resul t in 

controve~sial conclusions, even if the effect of the 

macro-enviropment of the economy is held constant. It should 

be noted that, in Table 1, the time length in most of the 

studies is two years except for Kawaller and Koch's, which 

is five years, while our daily data 1s one year.21 Viewed 

from the flndings presented in this study, we recommend that 

those conventional conSiderations, mentioned in the 

introductory section of this study, not be ignored in 

explaining the pricing and testing of the efficiency of the 

T-bill futures market, even if the cost-of-carry model is 

used. Additionally, we conjecture that bid-asked spreads and 

differences between the quoted price and the transaction 

price could partly explain the futures-forwar(j rate 

differen tial. The assumption of constant financing cost 

through the life of a gl ven. T-bill futures contract could be 

combined effects of the macro-environment and the 
time-interval for making such comparison. However, it will 
be a pure macro-environment effect, holding other things 
equal, that one selects such time-interval for the 
comparison as, for example, from January 1977 to June 1979. 

21Some of them in Table 1 used weekly or monthly 
da tao 
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too strong in practice since fluctuations in the future repo 

ra tes are unavoidable in the cost-of-carry model. This study 

also suggests that a "true" financing cost which may explain 

the futures-forward rate differential could be a nonlinearly 

weighted rate- of the term RP rate (or the 90-day-maturity T

bill rate) and the federal funds rate. 



PART II 

THE COST-OF-CARRY MODEL, INFLATION UNCERTANITY, 

AND THE EFFICIENCY OF THE T-BILL FUTURES MARKET 

Part II examines the impact of inflation uncertaInty 

on the futures-forward rate differential. The cost-of-carory 

model commonly assumes a constant RP rate in testing the 

efficiency of the T-bill futures market. Tha t ignores the 

fu t ure fl uct ua tions of financing costs. Because pure 

arbi trageurs are forced to finance continuously their 

posi tions until the expiration date of the T-bill futures 

contract, a "risk premium" could arise due to inflation 

uncertainty. The movement of in fla tion ra te is usei. as a 

surroga te measure of inflation uncertaInty. This study 

systematic provides evidence 

reI a tionship between 

tha t 

the 

there 

daily 

di fferences and the inflation ra teo 
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CHAPTER 6 

INTRODUCTION TO PART II 

The empirical findings in Part I indicate that the 

.Treasury bill (T-bill) futures market may have experienced 

some inefficiencies on some jays after financing costs had 

been taKen into account in a cost-of-carry model. In 

particu lar, Part I 

in the market do 

shows that, provided that practitioners 

use the short-term T-bill, the 90-day-

maturity T-bill or the federal funds rates as proxies for 

financing costs, the futures-forward rate differential 

exists in some periods of 1983. The primary focus of Part I 

was a reexamination of previous· findings genera ted by the 

cost-of-carry model. The findings in Part I are just the 

oPPosite of those arising from some previous work (e.g., 

Vignola and Dale, 1980; Kawaller and Koch, 1984-). The 

findings also do not support the arguments for the existence 

of a qefault risK premium for futures contracts (Lang and 

Rasche, 1978; Kane, 1980) or of a greater volatility cost in 

futures prices (Morgan, 1981). From the latter arguments, we 

Vlould expect the T-bill futures rate to be statistically 

higher than the forward rate. The results in Part I indicate 

that it Vias not always the case for the 1983 period. 

44 



45 

Inflation uncertainty is proposed in an attempt to 

explain this puzzling phenomenon. That is motivated by the 

various findings in Part I where three levels of interest 

ra tes were used as proxies for financing costs in the 

cost-of-carry model. It is conjectured here that inflation 

uncertainty plays an important role in the efficiency of the 

T-bill futures marl{et because there seems to exist 

systematic movements in the futures-forward rate 

differential. As reported by Fama (1976), his study supports 

the hypothesis about the relationships bet ween expected 

premi urns and uncertainty about future expected rates of 

change in purchasing power. Fama (1975) also demonstrated 

tha t expected real returns on bills are constant through 

time. As such, the expected prem1 urns in bills, which rna t ure 

in a short period such as withln 6-month so that a liquidity 

premium and a maturity risK premium are presumably zero, 

red uced to the expected in £la tion rates over time. It is 

also Known that the uncertalnty about future expected rates 

of change in purchaslng power is what the lnfla tion 

uncertainty is commonly referred to. We therefore w111 adopt 

Fama's findings and use the movement of the inflation rate 

as a proxy for the measure of inflation uncertainty whicl"! 

concerns investors. Of course, there were some· debates about 

Fama's findings (e.g., see Nelson and Sch wert, 1977). It is 

not the interest of the current essay, however, to join such 
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\'Ie shall focus on the issue of why inflation 

uncertainty arises when cost-of-carry is of concern to 

investors who perform locked-in arbitrage positions in the 

T-bill futures market. In a cost-of-carry model, a pure

arbitrage investor needs to finance his positions either 

daily or in a short period of time (Le., with a term-RP). 

Th'us, in no way can the financing costs be constant through 

the life of a T-bill futures contract. Some investors may 

anticipate that the inflation rate will rise whereas some 

may expect a downward movement of the inflation rate. 

However, all investors are concerned with changes in the 

rates of inflation because the future financing costs (for 

both those who are in repurct.l.ase agreements and in reverse 

repurchase agreements) are accordingly affected. Such a 

mechanism creates inflation uncertainty for arbitrage 

investment in a cost-of-carry model. It is clearly that, for 

a risk-averse investor, some "risk premium" needs to be 

considered due to the inflation uncertainty associated wi ttl. 

tbe requirements of continuously financing his POSi tlons. 

The impact of inflation uncertainty on the futures-forward 

rate differential can be measured in the following way. 

Since the marKet efficiency is (statistically) measured by 

the mean difference between futures rates and forward rates, 

we may regress the daily futures-forward rate differences on 

the inflation rates. This procedure accordingly allows us to 
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measure the impact of inflation uncertainty on the 

efficiency of the T-bill futures marKet. If inflation 

uncertainty plays a role in explaining the futures-forward 

rate differentlal (tl"le futures rate was lower Ulan tt!e 

forward rate in the entire sample as reported in Part I WIlen 

two lower levels of financing costs were used),1 then such 

regressions should show a tendency that gives, 

(1). From the overall (entire sample) point of view, 

~ must be significant and the correlation 

between the futures-forward rate differences and 

the inflation rate must be high. 

(2) Since the degree of inflation uncertainty should 

be a function of the length of time (Le., number 

of days to the delivery of the futures contract), 

if the hypothesis were true then ~ must be 

insignificant and the correlation be extremely low 

in those contracts which are close to the 

'expiration date of the T-bill futures. 

If the tendency of (1) and (2) eXists, then inflation 

uncertainty will really matter in the marKet-observed 

"inefficiency" of the T-bill futures marKet. In turn, 1 t 

means that, if such a "risK premium" were added to the 

1The impl1ed repo rates in 1983 were also reported 
in Part I. They are the theoretical rates, not the marKet
observed rates. \'1e thus do not use them to run regressions 
in this part. 
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financing costs the futures-forward rate differential could 

disappear, because the derived forward rate will be lower 

than otherwise based on the cost-of-carry model. On the 

other hand, if a higher level of interest rate lil<e the 

federal funds rate has been used as a proxy for the 

overnight financing costs, then the derived forward rate 

becomes relatively low. It could. be even statistically lower 

than the futures rate as also reported in Part 1. Under this 

case, the regression should show a tendency that gives 

(3) The correlation between the futures-forward rate 
I 

differences and the inflation rate is rela ti vely 

low and ~ must be insignificant in both the 

entire sample and the subsamples (i.e., groups of 

observations according to the number of days to 

the expiration date of the T-blll futures). 

(3) means that the financing costs using a high level of 

inter-est rate as a proxy have tal<en whatever risl< premiums 

into account. These premiums giving a relatively high rate 

of interest could include any possible premi urns (for 

example, recall that the federal funds rate is the rate on 

unsecured overnight loans). Such high prerni urns are the 

mixture of the premiums reqUired by investors in the marl<et. 

If (3) were true, it can be interpreted as that there is no 

need to add any l<lnd of risl< premiums to such a high 

financing cost (the federal funds rate). 
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The procedures and their implications above are to 

test the hypothesis that inflation uncertainty could give 

rise to some "risk premium" which attaches to the 

fluctuations in the overn1g11t financ1ng r'ate (overn1g:tH RP 

ra tel or in the short-term financing rate (term RP ra te).2 

As mentioned earlier, if the relationships between inflation 

uncertainty and the movement of infI"a tion rate exist, a 

systematic relationship between the daily futures-forward 

rate differences and inflation uncertainty can be in turn 

investigated by using the inflation rates as surrogate 

measures of inflation uncertainty. In other words, the 

empirical test in Part II for the impact of inflation 

uncertainty on the futures-forward rate differential is a 

"qualitative" test rather than a "quantitative" test. It is 

because the "risk premium" of inflation uncertainty in the 

T-bill futures market has not been successfully quantlflerl 

in the current state of art. Put differently, what we 

2A repurchase agreement (RP), or "repo," is tr-le sale 
of securities on a temporary basis (overnight or longer; tr-le 
latter case is called term RP). A repo involves the seller's 
agreement to repurchase the same or simllar securities at a 
la ter date. The other party has a corresponding obllga tion 
to sell them back. A reverse r~po is simply the same 
transaction viewed from the perspective of the other party. 
It is clear that every repurchase agreement comprises a repo 
on one side and a reverse repo on the other. Repurchase 
agreements have been used extensively in the money market in 
recent years by investors (or institutions) who either seeK 
to earn a return on idle cash or need to raise funds on a 
temporary basis. 
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investigate is to see whether there eJcists a risK premium 

resul ting from in£la tion uncertainty when con tin uous 

financing 1s required to reap pure arb1 trage. It is by no 

means that how mue!"! the "risK prem1um" 1s Known. Tl'"J.e 

fundamental argument of the impact of inflation uncertainty 

on the efficiency of the T-bill futures marKet is that the 

implied forward rate derived from a long-term T-bill and an 

overnight RP rate (or a term RP rate) does not contain the 

same risK premium of inflation uncertainty as does the 

futures rate. The inflation uncertainty hypothesis implies 

that there exists a "marKup" of the futures price over the 

forward price because of the uncertainty associated with the 

future financing rates. 3 The infla tion uncertainty 

hypothesis is aimed to searoh for new candidate(s) of marKet 

imperfection to explain the futures-forward rate 

differential. An equilibrium and efficient condition in the 

T-bill futures marKet under the assumptions of perfect 

marKets implies that T-bills and T-bill futures can be 

utilized in perfectly substitutable trading strategies (see 

Appendix 3). Therefore, it is clear that the existence of 

the T-bill futures marKet must reflect "imperfections" of 

3By "forward price," it actually means "implied 
forward price" because it is a derived price, not a price of 
a real forward contract. \'le will write "implied forward 
price (rate)" as "forward pr.ice (rate)" in the paper when 
there can be no confusion as to its real meaning. 



51 

the market such as the existence of transaction costs, 

financing costs, marking to the market, defa ul t risK 

premium, liquidity preference, taxes treatment, etc., on 

which an equilibrium and no-arbitrage condition can be 

based.li- Some previous work has shown that the T-bill futures 

market is inefficient after one or a combination of the 

above-mentioned factors of imperfection ha ve been 

considered. It is conjectured that a "risk premium" of 

inflation uncertainty resulting from continuous financing 

could account for. t:!e phenomenon of futures-forward rate 

differential. The empirical results are consistent with the 

hypothesis. Beca use the cost-of-carry model assumes a 

cons tan t RP rate through the Ii fe of aT-bill futures 

contract, an ignorance of such a "risK premium" resulting 

from the impact of inflation uncertainty on the fu tur'e RP 

rates could be a factor to cause "marKet inefficiency." 

Part II is organized as follows. Chapter 7 show why 

factors of mar}{et imperfectlon could exist to affect ttle 

measur'e of the efficlency of the T-blll futures marKet and 

how arbitrage can arise when there eXlsts a futures-forward 

ra te differential. In Chapter 8, we describe the data and 

methodOlogy used in the study. Chapter 9 presents the 

empirical evidence. We conclude Part II in Chapter 10. 

~Note that some of the mentioned factors of 
imperfection could also prevail in the cash market. 



CHAPTER 7 

MARKET IMPERFECTION AND ARBITRAGE OPPORTUNITY 

A forward price in the Treasury bill marl<.et is 

constructed with two spot T-bills, a long-term T-bill and a 

short-term T-bill. Suppose a long-term T-bill matures (T+91) 

days from now (time t) and a short-term T-bill matures T 

days from now. Further, let a T-bill futures contract expire 

T days from now so that the underlying T-bill for deli very 

should mature 91 days from the delivery date of the futures 

contract, denoted as time T, according to the IMM 

(In terna tional Monetary Marl<.et) rules. 5 By using tl1e 

banl<.er's discount rate method, a forward price (P01T,T+91) 

is 

P01T,T+91 = (1-F01T,T+91'91/360) 

= [1 - Rt,T+91' (T+91)/360)/[1 - Rt,T' (T/360»), (7.1) 

where, the nota tlon of (T,T+91) in P01T,T+91 represents that 

the implied "forward contract" matures at time (T+91) from 

time T; [1 Rt,T+91'(T+91)/360) is the spot price of a 

5Th ere should be no confusion as to "T days" and 
"time T." The date of "time T" is the day on which aT-bill 
futures contract expires. liT days" 1s the number of days 
from time t to T and it decreases as t approaches T. 
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long-term T-bill with par value of $1j and [1-Rt,T'(T /360)] 

is the spot price of a short-term T-bill with a par value of 

$1. By the cost-of-carry model, an investor uses a constant 

RP (or "repo") rate in the RP (Repurchase Agreement) marKet 

to construct a forward price in tbe T-bill market so that 

equa t10n (1) becomes, 

POCT, T+91 = (1 - FOcT, T+91 . 91/360) 

: [1 - Rt,T+91' (T+91)/360J/[1 - CRp lI
• (T/360)J, (7.2) 

where, CRp tI : (360/T)o[1 (1 RP /360)T]. That. is, RP is 

the current annual repurchase agreement rate and CRp tI is the 

current annual repurchase agreement rate using dailY 

compounding. Since a futures contract requires that the 

underlying financial instrument mature 91 days from tbe 

delivery date (time T), a T-bill futures price (PUT,T+91) is 

PUT,T+91: (1 - FUT,T+91·91/360). (7. 3) 

Equa tions (7.1), (7.2) and (7.3) say that there are 

three "financial instruments" (recall ttl a t two of them are 

the "implied" forward contracts) Whlch ident1cally run from 

time T to time T+91 1n their maturities. If the marKets (T

bill, RP. and T-bill futures marKets) are perfect and 
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perfectly competitive.6 we must have 

POIT.T+91 : PUT. T+91' (7. 4) 

or, P02T.T+91 : PUT, T+91' (7. 5) 

Or, equivalently. 

FOIT,T+91 : FUT, T+91' (7.4a) 

or. F02T.T+91 : FUT. T+91' (7. 5a) 

Note that quation (7.11a) is a "conventional" model which 

involves two financial marKets---T-bill (contains a long-

term T-bill and a short-term T-bill) and T-bill futures 

mar}{ets;7 equa tion (7.5a) is so-called the cost-of-carr'y 

model which involves three financial marKets---T-bill 

(con tains a long-term T-bill), RP and T-bill fu t ures 

6 A "perfect marKet" 1S sometimes defined as one that 
is frictionless and operated in a certa1nty world. By 
"per'fect competitive" we mean that a marKet 1S sufficiently 
large that no indi vid ual or group of indi vid uals acting 
togettler can affect mar'Ket prices by changes In the amounts 
they ar'e willing to buy or sell. Nar'rowly speaK1ng, for 
example. each investor at any point in t1me should obtain a 
unique repo r'a te in the RP marKet r'egardless of the SIze of 
insti t u Hons or the credll)ll1 t y ()f investor's. 

7This "conventIonal" model considered almost 
exclusively transaction cost!; only. It was predominantly 
used. since the Inter'na tional Monetary MarKet (IMM) of the 
Chicago Mercantile Exchange began trading the Treasury bill 
futures contract on January 6, 1976. until an entirely 
different focus on the futures-forward rate relationshiP. 
(so-called the cost-of-carry model) was provided by Vignola 
and Dale (1980). Ka waller and Koch (1984) pursued it in more 
detail. 
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marKets. These identities comprise the rationale on which 

most rrorl{ j.n testing the efficiency (Le., no arbitrage 

opportunity) of the T-bill futures marKet is based, subject 

to a variety of relaxed perfect marKet assumptions involving 

considera tion of transaction costs, financing costs, marKing 

to the market, default risk premium, liquidity preference, 

or taxes treatment, etc. Among these factors of imperfection 

which have been taKen either empirically or theoretically 

into account in testing for inefficiencies of the T-bill 

futures marKet, there apparently is no research that gives 

a ttention to inflation uncertainty. However, it is known 

tha t uncertainty about the rate of inflation may affect 

investors' investmen~ decisions and, from a macro-point of 

view, inflation can distort the allocation of resources in 

the economy (Barro, 1986; Fama and Gibbons, 1982; Fischer, 

1975; Keynes, 1930; and Roll, 1972; among others;. Probably 

one of the reasons that the previous worK 1n dealing W1 th 

the efficiency of the T-bill futures marKet did not give a 

weight to inflation uncertainty is tha t a cost-of-carry 

model was not wldely used in this flnanclal marKet. When 

financlng costs are cons1dered in calcula tlTIg arbitrage 

profits from trading financial instruments in the futures 

market against those in the spot marKet, the cos~-of-carry 
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model 1s used.8 However, a constant RP (either the overnight 

RP or the term RP) rate is commonly assumed in using the 

cost-of-carry model. Tllis procedure ignores the uncertainty 

of future financing costs which a locked-in investor must 

face because he needs to continuously finance Ilis pure 

arbi trage. positions. As a consequence, we conjecture that a 

"risk premium" associated with inflation uncertainty, which 

is due to the requirement of continuous financing for 

arbitrageurs, could be a factor to account for the futures-

forward rate differential as observed by using the cost-of-

carry model Vii th cons tan t RP rates. As reported in Part I, 

there exist unexplained factors of market imperfection which 

cause futures rates to be less than forward rates except 

that a higher level of interest rate (the federal funds 

rate) is used as a proxy for financing costs. If inflation 

uncertainty gives rise to a premium in compensation for 

continuously financing arbitrage positions, this premium 

w ill lower down the forward rates in the cost-of-carry 

model. As a result, ln fla tlon uncerta ln t y can explal n, at 

least in part, tt!e puzzllng p11enomenon of the fu t ures-

forward rate differential. To qualltatively demonstr'ate the 

existence of "risk premium" of inflation uncertainty as a 

8The spot markets here also include the RP market. A 
RP is equivalent to a short-term T-bill when the cost-of
carry model is used. 
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new candidate to account for "inefficiency" of the T-bill 

fu tures market, we need to show that there exists a 

systematic relationship between the daily futures-forward 

ra te differences and the inflation rate. As mentioned in 

Chapter 6, the correlation between the daily futures-forward 

rate differences and the inflation rate provides evidence of 

an uncertain inflation premium. 



CHAPTER 8 

DATA AND METHODOLOGY 

Th·is ctlapter will describe the available data sets, 

methodologies to interpolate the unavailable daily cpr data, 

and the methods used in testfng for the impact of inflation 

uncertainty on the futures-forward rate differential. The 

tests employ the derived daily inflation rates and the 

constructed implied forward rates using different financing 

ra tes. Because the weekly and daily inflation rates are 

unavailable, 

in terpola tion 

we will 

method to 

first 

obtain 

utilize a regression 

weekly inflation rates; 

secondly, Lagrange interpolating polyriomial functions are 

deri ved to calculate daily infla Hon rates. The reasons to 

use different financing rates as proxies for RP rates are 

explained in section of Test Method. It is clear that the 

derived daily inflation rates are the proxles for the "true" 

daily inflation rates. The neceSSl ty of uSlng proXles for 

the daily infla tlon rates seems una vOldat)le, that lS slmilar' 

to the choice of proxles for the "true" repurchase agreement. 

rates (either the overnight RP rates or the term RP rates) 

in the RP market to account for financing costs. 
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Data Description 

Ten data sets were collected for testing for the 

impact of inflation uncertainty on the futures-forward rate 

differential. The data sets are divided into five broad 

ca tegories: (1) the T-bill mar}{et (long-term T-bill); (2) 

the T-bill futures marKetj (3) the RP mar}{et j9 ('*) measures 

of ,the' money stocks (Ml, M2, M3 and L)jl0 (5) the CPI 

(Consumer Price Index). The data sets of (1), (2) and (3) 

comprise the daily data of year 1983.11 There are two kinds 

of money stoc}{s data. The first consists of the monthly data 

of Ml, M2, M3 and L from 1980 to 1985 and the second 

consists of the weekly M1 data in 1983. The CPI data are 

monthly data from 1980 to 1985. All daily data sets used in 

the study cover from January 3 to December 20 of 1983. This 

period matches the four corresponding nearby T-bill futures' 

expira tion dates of 1983 which are March 2,*, June 9, 

September 1, and December 22. The long- and short-ter'm daily 

9The over'nigl"l t federal funds r'a te ancl tlle 90-da y
maturity T-bIll rate are used as proxies for tl"le overnIght 
RP rates. Tr1e sl"lort-ter'm T-bill r'a te is used as a proxy fol" 
a term RP rate. 

10For tl"le defInl tions of M1, M2, M3 and L, see Table 
lA. 

11Except for those data in June 1983, the library 
lost them when this study was conducted. For those missing 
data in June, 6 (out of 35) observations fall in Group l' 
(K<1S) and 15 (out of 8'*) fall in Group 5 (K ~ 60), where K 
represents the number of days to the delivery of a futures 
con tract. 
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da ta are collected from the yields of U. S. Treasury bills 

reported in the \-/all Street Journa1.1Z The corresponding T-

bill futures rates, the overnight federal funds rates, and 

the 90-day-maturity T-bill rates are collected from tl1e 1983 

yearbool{ provided by International Monetary Marl{et (lHM). 

Both the 90-day-maturity T-bill rates and the overnight 

federal funds rates are close rates. The T-bill futures 

rates are settlement discount rates. Monthly money stOCK 

da ta (M1, MZ, - M3 and L) from 1980-198l! are collected from 

Annual Statistical_ "Digest of the Board of Governors of the 

Federal Reserve System. The 1985 monthly money stocl{ data 

are collected from Survey of Current Business, because 

Annual Statistical Digest is available only up to 1984 at 

the present. The weekly H1 data of 1983 are collected from 

the U. S. Financial Data by the Federal Reserve Banl{ of St. 

Louis. Finally, the CPI data are collected from the ann ual 

Economic Report of tl'le President.13 

12Tl1e bond-equl valent y lE-lds wer-e collected fir-st. We 
tl"ien computed ttle aSKe(l prlces for- stlor-t-term and long-term 
T-bllls by the formula: Bond EqUl valent : {(Face Val ue
Pr-ice)'365)/[(Days to Matur-lt.y)·Prlce). An annualIzed 
forwar-d rate can be accor-dlngly computed. Wtlen tl"le over-nlgI"lt 
flnanclng costs are use(l, the overnlght federal fun(ls rates 
and the 90-day-ma t urH y T-bill rates are use~ as SUbstl tu tes 
for the short-term T-bill rates. 

13The Economic Report of the President is publist.1ed 
annually by United States Government Printing Office, 
Washington, D. C. It also lists money stocl{ data but some of 
L data are missing. 
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Because there are four deli very dates in the T-bill 

futures marKet in 1983, four categories of data in terms of 

calendar time are collected to match the corresponding 

futures' delivery dates. It is conjectured that the effect 

of the "time span" (the number of days to the deli very 

date), which symbolizes· the resolution of information about 

inflation uncertainty, could be important to the marKet 

efficiency. Each category is thus divided into £i ve groups 

according to the n'l;lmber of days to the delivery of the 

corresponding nearby T-bill futures. The number of days is 

specified as fewer than 15, 15 to 29, 30 to 44, 45 to 59, 

and greater than 59. The final step is to assemble tl'"lose 

observa tions in the four categories which belong to the same 

"time span." When a term RP rate is used as a financing 

ra te, a forward rate is calculated by equation (7.1). When 

an overnight RP rate is used as a financing rate, a forwarcl 

ra te is obtained from equation (7.2). The daily infla t10n 

ra tes ar'e der'i ved from the daily CPls. Because tlle CPI data 

is available on a monthly basis, an interpolation proceduroe 

is needed. There are no dally money stocl{ data so that 1 t lS 

imposslble to use the parameter's obtained from regress1ng 

(monthly) CPI on (monthly) money stocl{ to procure daily 

CPIs. On tl'"le other hand, it is impracticable to use the 

Lagrange Interpolation Polynomial (LIP) to obtain daily CPIs 

beca use it would be a polynomial of degree 364 for 365 days 
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a year.l11 Thus, a two-step interpolation procedure is used 

to obtain daily CPls. Namely, a regression lnterpola tion 

method and a Lagrange Interpolation Polynomial (LIP) are 

used for this purpose. The details. are described as follows. 

Methodology 

Regression Interpolation with Highly Related Time Series 15 

Before using the regression interpolation it is 

necessary to find an interpolator which is highly correlated 

with CPl. As it is well known that money supply is 

intimately connected' with CPI, M1, H2, H3 and L are chosen 

as the candidates for interpolation. The correlations of M1. 

M2, H3 and L with CPI from 1980 to 1985 are shown 1n Table 

IA. We find that M3 has the higllest correlation with CPl. 

whereas H1 has the lowest. Unfortunately, among these four 

money stoc}{s, M1 is the only one' with w.ee}{ly-reported data 

available. The correlations ranging from 0.951 to 0.976. 

Ill-Linear int.er·polation IS ruled OUl, altlv)ugl-l It 1,<; 

much simpler t11an the LIP. T11e weeKly CPIs derIved from a 
linear regr'es~aon method ar'e not monot.onlcally In(;r·ea.'::lng 
(or decreasIng). Presumably, trle LIP w 111 ttl us better 
estimate daily fluctuatIon.':; In trle CPI than WIll ttle llnear 
in terpola tion method. 

15The relationship between the movements of money 
supply and CPI is well ac}{nowledged. Therefore, from cost
effective point of view and by Occam's razor, there is no 
point to using subtler regression methods. For a more 
complex regression method to £i t particular needs, the 
interested readers may refer to Appendeix 2. 
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Table lA 

Correlations of M1, M2, M3, and L with CPI:a 

Hl M2· M3 L 

CPI O. 951 O. 967 O. 976 O. 970 

a 
1. Monthly data from 1980 to 1985. The follow ing 

defini tions of Ml, M2, M3, and L are adopted from the 

annual Economic Report of the President. 

2. M1 is sum of currency, demand deposits, travelers' 

chec}{s, and other chec}{able deposits (OCDs). 

3. M2 comprises M1 pI us overnight RPs and Eurodollars, 

MMMF (Money MarKet Mutual Funds) balances (general 

purpose and broKer/dealer), MMDAs (Money MarKet Deposit 

Accounts), and savings and small time deposits. 

4. M3 comprises M2 pI us large time deposits, term RPs, and 

institUtion-only MMMF balances. 

5. L comprises M3 pI us other liquid assets. 

Table 1B 

Regression of CPI on Ml: (monthly data from 1980 to 1985) 

CPI = 115.33525 + 0.35670 M1 
(16.805) (25.693) 

R2 = 0.90413; t stat1st1cs in parenthes1s. 
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however, suggest that the differences can be conceivably 

treated as trivial. \'Ie therefore use the monthly H1 and CPI 

data from 1980 to 1985 to run a regression and obtain 

parameters as shown in Table lB. By using the regression 

parameters and the 1983 weekly Hl data, the weekly CPIs of 

1983 are estimated and plotted in Figure 1. 

Interpolation with a Lagrange Interpolating Polynomial (LIP) 

LIP is an approximating polynomial that determines a 

function based on certain pOints on the. plane through which 

the function must pass. The properties and derivation of LIP 

are presented in Appendix 3. After weekly CPIs have been 

generated, we have 54 certain pOints on the weekly basis 

including the last week in 1982 and the first week in 1984. 

Because the first weekly M1 datum is for January 5, 1983, 

the last weekly Ml datum of 1982 must be included so that 

the daily data from Januar'y 1 to 4 can be interpolated. For 

SImilar reasons the first weekly M1 datum of 1984 is 

incl uded. Even though the degree of the LIP has been r'e(l uced 

to 53 from 364, it is still impracticable to estlmate dally 

CPI data from it. Instead 12 LIP functions were gener'a ted r;y 

using a month as an interval. As a result, there are 

overlaps in the ending and startlngpoints among these 

monthly intervals. That is, for those pOints around the end 

of a month and the beginning of its succeeding month, they 
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serve as an ending pOint in one interval and, at the same 

time, also as a starting point in' the succeeding interval. A 

property of the LIP guarantees, fortunately, that the 

consecuti ve functions must pass through these points no 

rna t ter whether they are used as ending or starting poin ts. 

We- thus chose a weekly-CPI date as the ending point of an 

interval so long as it is closer to the last day of a 

particular month than its nearby month. This ending point of 

the interval will be the starting point of the next 

interval. By circularity, the starting and ending points for 

each interval can be chosen so that 12 LIP functions are 

genera ted as provided in Table 2. The daily CPI data are 

accordingly approximated and plotted in Figure 2. Note that .- . 
the daily-intervals in' each of 12 LIP functions are measured 

by 1/7 when interpolating them based on their respective LIP 

functions. After inspecting Figure 1 and Figure 2, we see 

tha t Lagrange Interpolating Polynomial fits the (weekly) CPI 

trend surprisingly well. These estimated CPIs will be used --
as pr'oxies for the "true" daily .CPIs in 1983. After they 

have been trnasformed into the calendar-date basis, they are 

grouped in a way identical to the other data sets. 

Therefore, an ex post inflation rate is computed by 

CPIT,T - CPIt,T 
(8. 1) 

CPIt,T 
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Table 2 

Lagrange Interpolating Polynomial (LIP) Functions:a 

1. PI (m) = -0. 0623m
5

+1. 2629m
4

-9.4759m
3

+32. 1901m
2

-47. 3949m 

+309.21.!7. 

2. P2 (m) = -0. 2530ml.!+3. 0902m3-13. 0l.!05m2 +22. 3993m+227. 155. 

3. P3 (m) 
I.! 3 2 

281. 091. = -0. 1382m + 1. 8459m -8. 7623m + 17. 2586m + 

q.. Pq. (m) 
. I.! 3 2 

= -O.0596m +0. 9767m -5. 3164m +10. 7563m+286. 329. 

5. P5 (m) 
5 4 3 2 

= -0.011.!6m +0. 31.!47m -2.91.!08m +10. 8368m -15. 1102m 

+298.928. 

+281.!.733. 

8. P8(m) = O. 0372ml.!-0. I.!967m3 +2. 1583m
2

·-3. 731.!8m + 301. 928. 

9. P9(m) = -0. 3019m
4

+3. 8158m
3

-16. 8106m
2

"'30. 11.!08m+281. 514. 

10. P 10(m): -o.0930m
5

+1. 6423m4 -10. 8808m
3

+33.24l!3m
2 

-45. 7096m + 322. 0l!5. 

12. P12 (m) : 
5 l! 3 2 

0.0136m -0. 3232m +2. 8590m -11.6968m +21. 4003m 

+ 287.559. 

a1983 is divided into 12 intervals, and 12 corresponding LIP 

functions are genera ted accordln~ly. The unit in generating 

a LIP function is a week. 
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,.,here, CPIT,T is the CPI in the delivery date of aT-bill 

futures contract; CPIt,T is the CPI at time t. Note that t 

1s approaching T when time passes so that the number of days 

to the' deli very date is decreasing. It is clear that tl1er'e 

are four 'fs because tbere are four expiration dates of the 

T-bill futures contracts in 1983. However, there should be 

no confusion that the time from t to T is equivalent to the 

n umber of' days to the deli very of the T-bill futures 

con tracts so that the choice of t relative to T in 

calculating TIt,T is based on the "time span" as previously 

described rather than on the calendar time when testing for 

the impact of inflation uncertainty on the efficiency of the 

T-bill futures. That is, there will be multiple "T days" in 

a "time span." 

Test Method 

A regression approach test is performed to test 

whetber inflation uncertainty can explain the marKet

observed differentials of the futures and forward rates ln 

the year of 1983. Dally futures-forward rate differences of 

1983 are regressed on the daily lnflatlon rates computed by 

equation (8.1). There are three types of financing costs 

which are selected as' proxies for the "true" financing costs 

in the RP market. The corresponding forward rates from time 

T to T+91 are derived from these proxies. The choice of 
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proxies is deemed to be necessary to account for the 

differentials in the RP rates among different borrowers. As 

it is k.nown that the borrower pays interest on the funds at 

a rate that is negotiated with the lender in the RP marKet, 

there can be biases by specifying a unique RP rate at any 

particular point in time. That can be easily seen from the 

fact that larger and better Known dealers are often able to 

borrow in the RP market at more favorable rates than some 

dealers and corporations (see Bowsher, 1979). To circumvent 

this problem, we use the federal funds rate and the 90-day-

rna turity T-bill rate as proxies for the overnight RP rates. 

Since the federal funds rate is the rate on unsecured 

overnight loans and the 90-day-maturity T-bill is secured by 

the U. S. Treasury, the former can be expected to be higher 

than the latter. As a consequence, a range in flnanclng 

costs is allowed to derive the implied forward rates using 

the cost'-of-carry model. For the term RP rate, a shor't-term 

spot T-bill rate is used as its proxy. All Or'dlnary Least 

Square (OLS) statnard assumptions are made ln tl"le 

regresSlon. If infla tion uncertainty resultlng from tl-le 

requlrement of continuously financing aribitrageurs' 

positions do exert impact, the empirical results should show 

tendencies of (1), (2) and (3) as described in Chapter 6. 



CHAPTER 9 

EMPIRICAL EVIDENCE 

The empirical results presented in Tables 3, 4 and 5 

are consistent with the implications of inflation 

uncer'i.~" nty. Tables 3 and 4 are the results using the lower 

level of interest rates as proxies for financing costs, 

namely, the short-term spot T-bill rates and the 90-day

rna turity T-bill rates. Both two Tables show that the 

correlations between the daily futures-forward rate 

differences and the inflation rate are relatively high, 

except for Group 1 where the number of days to the deli very 

of futures contract is fewer than 15. The t values of ~ 

are significant in the entire sample in both Table 3 and 

Table 4. Moreover. ~ is insignificant in the first three 

groups and significant in the last two groups of Table 3. In 

Ta-ble 4. ~ is insigni f ican t in Groups 1 and 5 and 

significant in Groups 2. 3 and 4-. These findings show that 

inflation uncertainty which arises from the requirement of 

continuous financlng plays a role in explaining the 

phenomenon of futures-forward rate differential. The 

insignificance of ~ in those groups which have short 

length of time to the expiration date of the T-bill futures 
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Table 3 

. Futures-Forward' Rate Difference 
as a Function of Inflation Rate 

72 

CASE I: The Term RP Rate Used as a Financing Costa 

rorre- c a lon 

" ex 

~ 

Entire 
Sample 

-.~08 

-.047 

-.066 
(-6 .. 568)11 

Cases 218 . 

Group 1· Group 2 
K<15 15!K!29 

-.086 -.256 

.033 -.009 

-.074 -.057 
(-.~51) (-1. 678) 

29 ~2 

Group 3 Group ~ 
30!K!~4 ~5!K!59 

-. 139 -.~97 

-.089 -.079 

-.017 -.032 
(-.875) (-3.566)" 

41 ~3 

Group 5 
K!50b 

-.315 

-. 125 

-.0~5 

(-2.50) 1111 

63 

aThe short-term spot T-bill rate is used as a proxy for the 

term-RPra teo 

bK :: the number of days to the deli very of the T-bill 

futures market. 

cThe correlation between the daily futures-forward ra te 

difference anq. the inflation rate. 

lit-value which is significantly different from zer'o at ttle 

11. level, two-tail test. 

WMt-value WhlCh is slgnlficantly differ'ent fr'om zero at. ttl€: 

21. level, two-tall test .. 



Table 4 

Futures-Forward Rate Difference 
as a Function of Inflation Rate 

CASE II: The 90-day-maturity T-bill Rate Used 
as a Financing Costa 

Entire Group 1 
Sample K<15 

Group 2 Group 3 
15!K!29 30!K!44 

Group 4 
45!K!59 

r&ri6nC -.435 -.001 -.403 -.765 -. 654 

1\ 

ex: .014 .055 .062 .079 .036 

73 

Group 5 
K~60b 

-.072 

-. 162 

e -.080 -.001 -.072. -.097 -.067 -.012 
(-7.104)11 (-.004) (-2.783)11 (-7.413)11 (-5.533)11 (-.564) 

Cases 218 29 42 41 43 63 

aT he 90-day-ma turi ty T-bill rate is used as a proxy for the 

overnigh t RP rate. 

bK :: the number of days to the deli very of the T-bill 

fu t ures market. 

cThe correlation between the daily futures-forward rate 

difference and the inflation rate. 

lit-value which is significantly dlfferent from zer'o at the 

11. level, two-tall test.. 
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contract is consistent with the resolution of inflation 

uncertainty through time. The correlation and ~ is Group 5 

of Table 4 is the only exception. In Table 5, a relative 

high level of interest rate, 1.e. 'the federal funds rate, is 

used as a proxy for the financing costs. Tl"le correlations 

are relatively low 

en tire sample and 

result could be 

and ~s are insignificant in both tl"le 

all five groups. Such an interesting 

interpreted as that the premiums (a 

combination of all possible risks) contained in the federal 

funds rate are so high that the risk premium of inflatLon 

uncertainty is overridden. As evidenced by the empirical 

findings presented in Tables 3, 4 aI)d 5, there exists a 

systema tic relationship between the futures-forward rate 

differential and inflation uncertainty, at least for the 

1983 period, when the cost-of-carry model is used to test 

the efficiency of the T-bill futures market. 



Table 5 

Futures-Forward Rate Difference 
as a Function of Inflation Rate 
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CASE III: The Federal Funds Rate Used as a Financing Costa 

f\ 

0: 

Cases 

Entire Group 1 Group 2 Group 3 
Sample K<15 15!K!2930HC!l!l! 

. 181 .080 

.018 -.0l!6 
(.934) (-.280) 

218 29 

. 130 

.007 
(. 166) 

42 

• 199 

-.048 
(-2. l!95) 

41 

Gr'oup 4 
45!K!59 

-. 360 

• 2l!2 

-.067 
(-2. 472) 

l!3 

Group 5 
Kl601') 

,059 

,296 

,023 
(,464) 

63 

aThe federal funds rate is used as a proxy for the overnight 

RP rate, 

bK :: the number of days to the delivery of the T-bill 

fu tures market. 

cThe cor'relation between the dally futur'e,<:;-for"war'd rate 

difference and the in fla tion rate, 



CHAPTER 10 

SUMMARY OF PART II 

This Part investigates the impact of inflation 

uncertainty on the futures-forward rate differential. The 

cost-of-carry model commonly assumes a constant RP rate as a 

financing cost through the life of a locKed-in arbitrage 

posi tion. Tha t is a natural outcome of the da ta 

availability. The disadvantage is. however, that the future 

fluctuations of financing costs are empirically ignored. Any 

assertion that the T-bill futures marKet is effiCient or 

inefficient is therefore only valid under those assumptions 

imposed in the studies. Since a pure arbitrageur 1s forced 

to continuously finace his positions until the deli very date 

of the T-bill futures contract. a risK premium of inflation 

uncertainty could arise. As reported in Part I, there exists 

a futures-forward rate differential even 1f the cost-of

carry model is used to test for the efficiency of the T-blll 

futures marKet in the year of 1983. There are two 

possibilities to explain the findings. First, the T-bill 

futures marKet is inefficient in the cost-of-carry model. 

Second, there are some factors of marK.et imperfection which 

ha ve not been discovered. The second possibil1 ty moti v a tes 
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this study to search for new candidates of factors of 

imperfection which may exist when investors trade financial 

instruments in the futures market against the spot markets. 

The ex1stence of tr'ansaction costs, financing costs, marK1ng 

to the market (or daily resettlement), default risK premium, 

liquidi t y preference, and taxes trea tmen t has been 

extensi vely studied as the imperfect market's factors to 

explain the existence 

differential. 'J..;.,~:.s study 

in £la tion uncertainty be 

of the futures-forward rate 

proposes that "risK premium" of 

a factor to account for the 

puzzling phenomenon of the fu t ures-forw a rd rate 

differential. The empirical findings are consistent with the 

implica tions of inflation uncertainty which results from the 

requirement of continuous financing for arbitrageurs. This 

study is, however, not a "quantitative" investigation into 

the amount of risK premium of inflation uncertainty which is 

required by the investors (or arbitrageurs) in compensation 

for continuously financing their positions. Rather, the 

study is to qualitatively show the existence of a systematic 

rela tionship bet ween the daily futures-forward ra te 

differences and the inflation rate. 

The empirical findings give evidence that inflation 

uncertainty can be one of factors of imperfection in the T

bill futures marKet. However, whether the T-bill futures 

market is efficient or not in the cost-of-carry model, at 
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least as the findings reported in Part I, remains in 

question because risK premiums (any Kinds) in this financial 

area have not been quantified (or successfully theorized) in 

the current state of art. "Inefficiencies" of ttle T-bill 

futures marKet have been widely reported (see Table 1 and 

the findings of Part I). Among others, Elton, Gruber, and 

Rentzler (1984) concluded that the T-bill futures market is 

not perfectly efficient; Jarrow and Oldfield (1981) argued 

that forward .prices need not equal futures price unless 

defa ult free rates are deterministic. Hicks (1946), when he 

spoKe of the pure "Spot Economy" and the pure "Futures 

Economy," said that " ... this can have no claim to be a good 

approximation to reality, for it would be in a world where 

uncertainty was absent and all expectations definite, that 

everything could be fixed up in advance." All of this seems 

to favor the notion that the T-bill futures market may have 

days in which there exists a non-zero futures-forward rate 

differential. That most of studles stww Inefficiency of the 

T-bill futures market is puzzling and mind-boggling because, 

on the other hand, everyone recognizes that the T-blll 

fu tures market is so large that arbitrage profits should not 

exist or exist for very short periods. Nevertheless, through 

the findings of this study, an alternative could arise to 

answer such an enigma: we may not completely take 

"practitioners' concerns" in the form of risk premiums into 
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account when undertaking empirical tests for the efficiency 

of the T-bill futures market. 



PART III 

OPTIMAL ARBITRAGE INVESTMENT UNDER UNCERTAINTY 

AND EQUILIBRIUM PRICING IN THE T-BILL FUTURES MARKET: 

A DYNAMIC STOCHASTIC PROGRAMMING MODEL 

This part of the disserta hon provides a theoretical 

trea tment of the optimal arbitrage investment under 

uncertainty and of equilibrium pricing in the T-bill futures 

mari{et. A dynamic stochastic programming model shows that a 

"myopic" property exists in the T-bill futures mari{et in the 

sense that expectations of the future one-period price 

movements do not exert an impact on the current optimal 

arbi trage investment decision under uncertainty. It shows, 

however, that such a "myopic" property is not pure in that 

expectations of financing costs in the next period affect 

the investment decision in the current period. Equilibrium 

pricing of the T-bill futures is obtained under arbitrage 

arguments in the framewori{ of the dynamic stochastic 

programming model. It shows that an equilibrium price is 

achieved at the point where the expected current one-period 

arbi trage profits are zero when cost-of-carry is required, 

even in a multi-period setting. 
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CHAPTER 11 

INTRODUCTION TO PART III 

Host of the empirical tests on the efficiency of the 

Treasury bill futures marl<.et are carried out in a certainty 

frameworl<.. Consequently, the concept of equilibrium in the 

T-bill futures marl<.et is based on arbitrage arguments under 

certainty. That is, an equilibrium price in the T-bill 

futures marl<.et at any point in time under certainty is 

achieved so that there are no arbitrage profits available to 

investors by tal<.ing positions in the T-bill futures, T-bill 

and/or RP (repurchase agreement) marl<.ets. If arbitrage 

opportunities exist, investors can locl<.-in a positive return 

on a zero initial net investment assuming no transaction 

costs. With free entry and costless information, an 

equilibri um T-bill futures price will obtain such that 

arbi trage-trading stragetegies cannot result in profits. 

Investors do not face a world of certainty when 

reaping arbitrage profits, however. When investors undertal<.e 

arbi trage trades, there are usually two well-l<.nown 

uncertainty factors: fluctuations in the margin requirements 

and in the future financing rates such as the repo rates. As 

documented in Part II, inflation uncertainty is also of 
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concern to investors. The premium due to inflation 

uncertainty results from the fact that a locKed-in investor 

is forced to finance continuously his arbitrage positions 

with a cost-of-carry model until the expiration date of the 

T-bill futures contract. Other uncertainties contained in 

their arbitrage operations include default risK, interest 

rate uncertainty, uncertain future personal income tax 

bracKets, unstable liquidi ty preferences, changeable 

consumption plans, . wild card oPtions,1 general economic 

condi tions, etc. All of these uncertainty factors which may 

exist through the life of a locKed-in arbitrage position may 

exert constraints on the investor's current arbitrage 

deciSions. As a result, "arbitrage" in a practical setting 

cannot be risK-free. Because speculative arbitrageurs are 

exposed to uncertainty, this form of arbitrage is called 

"risK arbitrage." In this part, we develop a dynamic 

stochastic programming model to determine the optimal 

arbitrage investment under uncertainty in the T-bill futures 

marKet. The equillbrium price of T-bill futures is then 

1The International Monetary MarKet (IMM) of the 
Chicago Mercantile Exchange allows the short posi tlon in the 
T-bill futures contract a delivery option of three bUSIness 
days in the deli very month. This creates a put option for 
the short position in the T-bill futures, which is similar 
to the put options for short position in the T-bond futures 
contract of the Chicago Board of Trade which allows the 
short posi Hon to choose any business day in the deli very 
month to maKe deli very. Such a put option for the short 
posi Hon has been dubbed the "wild card option." 
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In the frameworK of a 

dynamic stochastic programming model, an investor can close 

ou this positions in each period before the expiration date 

of aT-bill futures contract; neVi positions are then 

reestablished for the next period. The movements of T-bill 

and T-bill futures prices will determine his arbitrage 

profits at the end of each period. By pure arbitrage, it is 

clear that the investor starts with zero initial wealth if 

no other types of costs are involved in pure arbitrage. 

However, there will be some net wealth realized at the end 

of each period when the investor closes out his positions. 

This net wealth could be positive or nega ti ve, or even zero 

again. Because closeout and reestablishment of positions in 

each period are allowed, the above-mentioned uncertain t.ies 

futures which may exist through the life of a given T-bill 

contract is considered in each period by the dynamic 

of those stochastic programming model. As a result, most 

described uncertainty factors can be conceivably assumed 

away in the model, except for the lntrinS1C uncertainty of 

fu ture price movements ln the T-bill and T-bill futures 

marKets. 

Part III is organized as follows. Chapter 12 

describes assumptions of the model and investment decisions 

in each period in the frameworK of pure arbitrage. In 

Chapter 13, we introduce a dynamic stochastic programming 
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model for an arbitraging investment in the T-bill futures 

marKet. Chapter 14 develops the optimal arbitrage investment 

under uncertainty and the equilibrium pricing of the T-bill 

futures marKet via the model under arbltrage arguments; it 

also describes some impl1cations of the results derived by 

the model. Vie summarize Part III in Chapter 15. 



CHAPTER 12 

BASIC ASSUMPTIONS AND INVESTMENT STRATEGIES 

The dynamic stochastic programming model used in 

this part assumes that a pure-arbitrage investment continues 

for two periods. The investor liquidates his positions at 

the end of period 2. We denote the starting time point in 

making a pure-arbitrage investment decision as time O. It is 

assumed that the investor will close out his positions at 

the end of period 1 which is defined as the period from time 

o to time 1. Simultaneously, the investor will reestablish 

new . pure-arbitrage positions at the end of period 1 

according to the prices of T-bill and T-bill futures at that 

time. It is assumed in the model that "the end of period 1" 

is equivalent to "the beglnning of period 2." Therefore, the 

investor's net wealth at the beginning of period 2 will 

equal the realized arbl trage profits, denoted as W l' from 

the investment in the flrst period. This net wealt:l:1 is not 

necessarily equal to his initial weal tho Because the 

investor reestablishes new positions at tr.le beginnlng of 

period 2, we assume that W1 will be included in the funds 

needed for the new positions. If transaction costs are zero, 

any change in positions at the beginning of period 2 can be 

85 
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viewed as closing out previous positions and reestablishing 

new ones. \1e assume that the investor maximizes his expected 

utility of the net wealth at the end of period 2. via such a 

sequence of pure-arbl trage investments. An optimal 

investment at the beginning of period 2. is obtained assuming 

a level of wealth equal to W 1 at that time. The optimal 

in vestmen tat time 0 can :be accordingly obtained using 

dynamic stochastic programming. As a result, the equilibrium 

prices in the T-bill futures market under arbitrage 

arguments can be determined in a two-period dynamic 

stochastic programming model. 

Our model involves the RP market, in addition to 

the T-bill and T-bill futures markets. A margin requirement 

is required in the T-bill futures market because of daily 

resettlement, or marking to the market. The one-period cost

of-carry is incorporated into the model so as to take into 

account financing costs. Since an investor reestablishes his 

arbi trage position in each period, he is not in a locked-ln 

arbitrage position through the life of the T-bill futures 

contract. Thus, a new but known current-period financing 

ra te will be taKen into account in the positions of each 

period. It is assumed that there are no transaction costs. 

We assume, for simplicity, that one period is one day in the 

model. 

To construct a pure arbitrage position at time 0, an 



87 

investor borrows PrOxQ dollars in the RP market, where Pro 

is the market price at time 0 of a bill used in the 

repurchase agreement which expires at time 1 and xo is the 

number of b11ls. He purchases PlOYO dollars worth of long-

term T-bills, where PIO is trle market price at time 0 of a 

long-term T-bill which can be used for the deli very of the 

futures contract (but it may not be necessary to make 

delivery at time 1), and yO is the number of long-term T-

bills acquired. Simultaneously, the investor sells PfOYO 

dollars worth of T-bill futures contracts, where PfO is the 

market pri<.:e of a T-bill futures at time 0 and yo is the 

number of T-bill futures contracts sold. In the model, yo 

represents the net positions in T-bill and T··bill futures 
. 

and its sign is not predetermined. Namely, if yo is negative 

it means that the investor sells P 10lY 0 1 
dollars worth 

long-term T-bills and purchases P IY 1 dollars worth 
fO 0 

of 

of 

T-

bill futures. For the same reasons, Xo can be either 

posi ti ve or negative. When xo is negative it means that the 

investor is in a reverse repurchase agreement posi tlon, 

Le., he lends dollars to a fund-ralser in the RP 

market. Because the number of long-term T-bills and T-blll 

fu tures is identical (Le., YO)' the obligation of deli very 

(or taKing the deli very) can be fulfilled at time 2, 

provided that time 2 is the expiration date of the given T-

b11l futures contract. Note that the investor will simply 
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close out his positions if time 2 is not the expiration date 

and, if that were the case, time i cannot be the deli very 

da te too. By pure arb1 trage, it requires that PrOxO be equal 

to PlOYO so that the investor performs arbitrage with zero 

in vestmen ts, provided that no other types of costs are 

needed. As a consequence, the investor starts out pur'e-

arbitrage investments at time 0 on a one-day position, After 

the investor closes out his positions at the end of the 

first period, his net wealth is Wi which is the realized 

arbitrage profits, Thus, W1 is the increment to his wealth 

over the first period. Such an increment in his wealth 

allows the investor to reduce the amounts of funds, which 

are to be borrowed from the RP marKet, in order to engage in 

arbi trage in period 2.2 

2W1 could turn out negative and it is then a 
decrement to the investor's wealth. However, if that were 
the case, an investor holds the option of not closing IllS 

posi tions in practice even if after he had started out a 
period-by-period closing-position plan at the beginning of a 
mul ti-period investment as assumed in the dynamic stochastic 
programming model, except that the beginning of the next 
periOd happens to be the delivery date of the T-bill futures 
con tract. 



CHAPTER 13 

THE DYNAMIC STOCHASTIC PROGRAMMING MODEL OF ARBITRAGE 

A discrete-time two-period dynamic stochastic 

programming model to maximize the expected utility of an 

investor's arbitrage profits in each period is formula ted as 

follows. 

A t time 1, the maximization is 

J (W ) = Max E {U[W (y )] \Q ,W J 
1 1 Y1 1 2 1 1 1 

= E (U [W (y (W ») I Q ,W 1 
1 2 1 1 1 1 

(13. 1) 

where, that " Yl is a function of the inl tial 

wealth Wl at time 1, i.e., the beginning of the last period 

(period 2)i and W2 which is a function of Yl is the random 

weal th level at the end of period 2. At time 0, we then 

regard W1 as a random one-period proflt. We have Wo as 

initial wealth level and vHsh to determlne YO' 

information set at time 1 which affects investors' 

subjecti ve probability distrlbu tion of W 2; Ql can be dropped 

without affecting the results when homogeneous expectations 

are assumed in the marKet. 

We first let 
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J (W ) = E {U[W (:1 (W ))]IQ ,w ] = U(W ) 
11 121111 1 

(13.2) 

be the implicit utility function. So, the maximization at 

time 0 is 

J (W ) = Max E [U (W ) I Q ,W ). 
o 0 YO 0 1 0 0 

(13. 3) 

Each maximization problem is subject to the following 

constraints, 

(1) budget constraint: 

(2) wealth increment after closing out one-day positions: 

where, 

Prt - the marKet price of a one-day repurchase agreement 

from time t to t+1, with a par value of $1. 

PI t - the marKet price of a long-term T-bill at time tj 

the underlying long-term T-bill can be used for 

the deli very of the T-bill futures contractj 

Pft - the marKet price of a T-bill futures at time tj 

Xt - the number of repurchase agreements at time tj 

Yt - the number of long-term T-bills or T-bill futures 

at time t. 

Note that the budget constraint at time 0 says that the 
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investment is a pure-arbitrage investment because of Wo : 0 

under the provisions of no other types of costs. It can be 

seen that the value of (-Pf,t+1Yt + PftYt) in the wealth 

increment after closing out the (pure arbitrage) one-day 

position is equivalent to the cash flow into {(It' out of) the 

margin account due to marKing to the marKet (daily 

resettlement) in the case where pure arbitrage is performed 

in a locKed-in position. From the budget constraint and the 

specification of wealth increment, we see that the wealth 

increment (Wt+1) in each period is rolled over into the next 

budget constraint, and so on if the model is specified as 

running more than two periods. Note that the optimal value 

of the deCision variable y is defined to represent the net 

positions in the buy-and-sell of T-bills and T-bill futures. 

By the two-period model to determine the optimal 

investment under uncertainty in the T-bill futures marKet, 

there are two planning periods. As it is often the case in 

dynamic stochastiC programming, we begin worKing on the 

optimal investment deciSion at the beginning of the last 

period. This brings us to the well-Known one-period 

investment decision problem. Thus, after the optimal value 

J 1(W 1) in equation (13.1) has been obtained the optimal 

solution for equation (13.3) can be accordingly determined. 

From the constraint (1), 



92 

( 13. 4) 

Substituting (13.4) into the constraint (2), we have the 

random wea~.th level, W2' at time 2 (the end of per10d 2) as 

(13. 5) 

It is clear that W 1 1s the realized arbitrage prof1 ts 

resul ting from the positions be1ng constructed at time O. 

Because W1 is rolled over into the arbitrage investment at 

period 2 as shown by the budget constraint, its value grows 

to W1/Pr1 at time 2. Note that the financing costs have been 

implici tly builtin to the growth of W 1 since (1 P r 1) is 

the one-day financing rate from the RP marKet. That is, the 

marKet value of a repurchase agreement maturing in one day 

with a par value of $1 is equal to P r 1 = (1 one-day 

f inancing rate) based on the banKer's discoun t rate 

construction. Because it is a par value of $1, such a marKet 

value can be treated as a discount function (which is used 

for W2 1 not for W1)' Pl2 and Pf2 are the random prices for 

the long-term T-bill and T-bill futures respectively when 

the investor closes his arbitrage posi Hons at time 2. They 

determine the wealth increment per unit of Y1' We define the 

term of (Pl2 - Pl1/Pr1 - Pf2 + Pf1) in (13.5) as 92 which is 

the random wealth increment per unit of arbitrage position 
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(or per unit of Y1) being engineered at time 1. As a result, 

W2 = 62Y1 + W1/Pr1 and we rewrite (13.1) as 

J (W ) 
1 1 

( 13. 6) 

Equation (13.6) allows us to obtain the optimal arbitrage 

positions of Y1 in the T-bill futures market. The optimal 

value, J1(\v1)' can be accordingly known. By sol v ing the 

dynami.c stochastic programming recursively by working 

backward, we can determine the optimal arbitrage positions 

of Yo at time O. The equilibrium pricing of the T-bill 

fu tures can be consequently determined by arbitrage 

arguments. 



CHAPTER 14 

THE OPTIMAL ARBITRAGE INVESTMENT AND EQUILIBRIUM PRICING 

In this chapter we derive the optimal arbitrage 

investment in each period and describe its implications. The 

equilibrium pricing in the T-bill futures market will be 

accordingly obtained under arbitrage arguments. We first 

maximize (13.6) with respect to Y1 to get, 

dJ (W ) 
E 1 [ 

a ( [U (e y + W IP ») IQ ,W 1 oW 

] 1 1 = e. 1 l:cl 1 1 2 

dY1 aW2 aY1 

= E 1 [( [UW 2 (W 2) ) I Q 1 , W 1 1 e 2J = o. (14. 1) 

We have ignored the diversities of subjective probability 

distributions and utility functions among investors in that 

homogeneous expectations and utility functions are assumed 

in the model. We also assume that such a homogeneous utility 

function among investors is a type of quadratic utility 

function. For a quadra tic utility function, the (random) 

utility at time 2 is 

(14. 2) 
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Thus, (14. 1) becomes 

(14. 3) 

and (14.3) gives 

(14.4-) 

The optimal positions the investor will hold given the 

wealth level of W1 at time 1 is that 

" Y1(W1) : (14. 5) 

2C(j~ + ~~) 

Since the initial wealth at time 1 is W1 and U(W1) : a + bW1 

+ cwi as of time 1, a property of the quadratic utility 

function, gives the absolute risK a version (ARA) at time 1 

as 

1 
ARA1 : (14. 6) 

-b/2c - W1 

so that 

-b 1 
: + W1' ( 14. 7) 

2c ARA1 

Decomposing ( 14. 5) and using ( 14. 7) , 
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1\ 
(1/ ARA 1 + W1) 1J 2 (W1 /Pr1) 1J2 

y 1 (W 1 ) = 
(O'~ + IJ~) (O'~ + IJ~) 

1J2 (W11J2) (1/Pr 1 - 1 ) 
= ( 14. 8) z IJ~) (O'~ IJ~) ARA1 (0'2 + + 

This implies that the optimal arbitrage decision is a 

decreasing function of the investor's absolute risK aversion 

a t time 1, ceteris paribus. The greater the measure of 

absolute risK averslon, the more unwilling is the investor 

to taKe an arbitrage position in the T-bill futures marKet. 

Thus, the solution is consistent wlth the well-acKnowledged 

beha vioral characteristic of investors. If Pr l approaches 1 

the second term of the right-hand side in (14.8) disappears 

so that 

" 
1J2 

Yl(W1) = z IJ~) ARAl (0'2 + 

W1 1J2 
= ( 14. 9) 

RRAl (O'k + IJk) 

The optimal arbitrage positions at time 1 in (14.9) is thus 

the product of two ratios. The first one is the ratio of the 

weal th level at time 1 (Le., the realized arbitrage profits 

at time 1) to RRA1' The second ra tio reflects the 

rela tionsrlip bet ween t.rle expected dollar return per' unl t of 

arbitrage POSl tion and its variation. ThlS rela tion:::rup lS 
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reflected as the ratio of the expected dollar return per 

unit of arbitrage position to the second moment of this 

random arbitrage profit per unit of arbitrage position, 62' 

Given the optimal arbitrage investments at time 1, 

we can then determine the optimal solution at time O. 

Equation (13.3) can be rewritten as 

J
o 

(W
o 

) = Max E [ J (W ) I Q ,W ]. 
YO 0 1 1 0 0 

(14. 10) 

W 1 here is the random wealth viewed from time 0 when the 

first arbitrage positions are set up. Substituting (13.1) 

into (14.10) and using (14.2) one has 

E [J (W )IQ ,W] = E [E {U[W (y (W »]IQ ,W llQ ,W] 
011000121 1 1 1 0 0 

A A Z 
= EO[El[a + b(62Yl + W1/Prl) + c(62Yl + W1/ Prl) )). 

= Eo[[a + b(62Yl + Wl/ Prl) + C(e2Y1 + W1/ Prl)l)). (14.11) 

Equa tion (14.11) assumes that investors hold conslstent 

assessmen t of probabilities over Hme. By conslstent 

assessmen t of probabilities, we mean that for any random 

... 
variable Xt+K+'l" = 

'l'>o and K!O (see, for example, Samuelson, 1965). To maxlmize 

Jo(Wo), we differentiate (14.11) with respect to YO' 
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d·JO (WO) 
0 = 

dyo 

EO [ 

B.J (W ) oW 

] = 1 1 j 

oWl oyo 

Eo[ b[92 

0" oW oW IP ] 
= 

Yl 1 + 1 1:: 1 
BW oy ay 

1 0 0 

BY
l 

aw 0\'1 IP 
] ] (1~. 12) + 2<:;(9 Y +W IP )[9 1 + 1 r'l 

2 1 1 r'1 2 oW iJy iJy 
1 0 0 

As viewed from time 0, the random wealth of W1 at time 1 is 

(11.!-. 13) 

where, e1 is defined as the random ar'bi trage profits per 

uni t of position being engineered at time 0 in a one-day 

holding period. USing the optimal value, or)tained in 

(11.!-.5) to solve (11.!-.12) and substi t u ting e1YO for W l' 

o = 
dJo(Wo) 

dyo 

[

-be 9 \J IP 
= Eo 1 2 2 r 1 + r)9 I P 

\J~ + a~ 1 r1 

2cy e~ 9 IJ IP~ 
o 1 2 2 r'1 + 2cel y Ipl ] (11.!-.11.!-) 

1 0 r·t 

It 1 S ass u m edt hat the a r' bit rag e pro f 1 t ( 1. e. , the do 11 a r 
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return per unit of arbitrage position) in eacll perlod is a 

random walK so that e1 and e2 are independent. Thus, (14.14) 

is simplified as 

Y (2 c E [e
z

) [ o 0 1 1-
2 

Eo [Pr1) 

Therefor"e, the optimal arbitrage positions the investor will 

hold at time 0 is 

-b 
1\ 

YO = (14. 16) 
2c IJr1 

where, + IJr1 and 

+ Equation (14.16) shows that the 

optimal holding at the beginning of the arbitrage horizon is 

the product of three ratios. The first ratio, (-b/2c), is 

the measure of investor's risK tolerance. The second ratio 

is the relationship between the expected do11ar return per 

uni t of arbitrage position established at time 0 and its 

variation. The third ratio shows the similar relationslHp 

(bu t rever"sed) for the second-period financing costs WhlCh 

starts at time ! and, clearly, is not Known at time O. The 

varia tions of the first-period random arbitrage profits and 

the second-perlod random financing costs are captur"ed by 

their respective second moments which implicitly involve tr.le 

variances of the respectlve random var"iables. Examlnlng 
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(14.16), we see that changes in the optimal value " YO tends 

to be offset by the variances of the first-pel" ~ .":it! random 

arbitrage profits and the second-period random financing 

costs if their variances move in the same direction, riolding 

other factors (Le., their expected values and the 

investor's ris}{ aversion) equal. It is of interest to 

observe that the expected second-period arbitrage profits 

disappear in (14.16). It therefore shows that a "myopic" 

property of the model exists to the extent that enables 

investors in the mar}{et to disregard the arbitrage profits 

th~y may reap in the second period. However, this "myopic" 

property is not pure in that expectations of financing costs 

at the start of the second period affects the current 

optimal investment decision. The explanation of this result 

obtained by the dynamic stochastic programming model IS 

quite simple, however. The investor's arbitrage posit.i.ons in 

each period in the T-bill futures mar}{et depend on the 

fInancing costs at the beginning of the period in WhICh an 

arbitrage position can be feasIbly engineered. And, recall 

from footnote 2 in Chapter 12 trIa t an Investor holds HIe 

option of not closing his positions in practIce If future 

price movements in T-bill and T-bill futures are adverse to 

position closing. As a result, an investor only cares about 

the financing costs one period ahead in a multi-period 

arbi trage decision. Applying the Pra tt-Arrovi ris}{ a version 



measure again, equation (llt.16) can :be rewritten as 

= 0, 

(~l + c/ ) 
r1 rl 

IJrl 
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(llt. 1 7 ) 

if Wo 0, i.e., if the investment is pure ar:bi trage and 

provided no other types of costs are involved. That the 

optimal ar:bi trage positions to maximize the investor's 

utili ty are always zero is somewhat a strange resul tj but it 

is just the reflection of the intrinsiC problem of trle riSK 

a version measured by a quadratic utility function when the 

ini tial wealth is zero. Str ictly speaKing, (llt.17) is 

undefined instead of 0 because (WO/RRAO) : (WO/WoARAo) so 

tha t RRAo : O. As a matter of fact, such a result simply 

indica tes a ma~Ket-observed fact that in practice a 

"perfect" pure arbitrage in the T-bill futures marKet is 

lmpossible. Among ,other things, the existence of t.ransaction 

cost.s or the intangible (but r'eal) wealth sucrl as human 

capi tal (e.g., investor's labor time) can easily show tha t 

an investor somehow must possess some inl tial wealth at time 

o in order to perform pure arbitrage. Trlus, Wo = 0 is 

generically non-exlstent even for pure arbitrage so that 

(WO/RRAO + WO) in (llt.17) cannot be zero (or will not be 

undefined). 

However, arbitrage arguments tell us that arbitrage 
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'posi tions must be ~ in equilibrium. Namely, if the 

marl<.et is in equilibrium, then it occurs at the point where 

1\ 

EiYiO = 0, where i represents investor 1. Because we 

assumed tl".1at investors are homogeneous in those parameters 

" used in the model, we have YiO : 0 for each 1. With trlis 

in mind it is sufficient to describe YO : 0 as the mar'Ket 

equilibrium pOint. As mentioned previously in the model, 

Yo is trle net positions in arbitrage of buying-and-selling 

T-bill futures. " Therefore, Yo : 0 implies that there are 

neither buying nor selling activlties of arbitrage in the T-

bill futures marl<.et, and equllibrium is so defined. 

If " yo : 0 then 

(14. 18) 

or equivalently, 

(14.19) 

by equations (14.13) and (14.17). By a quadratic utility 

function, b is presumably not zero. 

the second moment i.e., but can be 

zero only when Pr 1,j : 0 for each probabill ty j, whicl'l 15 

conceivably non-existent. Consequen tl y, we have (EO[Fl1]-

PIO/PrO - Eo[Pfl] + PfO) : 0 and the equilibrium prl.cing of 

the T-bill futures is 

( 14. 20) 
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Part I of the dissertation descriptively showed that P~ = 

PI/Ps in equilibrium for a locked-in arbitrage position 

through the life of a T-bill futures contract; where Pi is 

the equilibrium market price of T-bill futu.res at time t; PI 

is the marKet price of long-term T-bill at time t whic11 

matures at 91 days after the delivery date of the T-bill 

futures contract; Ps is the market price at time t of a 

"rollover" repurchase agreement from time t to the deli very 

date. A special case of (14.20) is that time 1 is the 

delivery date so that EO[Pf1l must be equal to EO[Pl1l and 

we have Plo = PlO/PrO which is exactly the same as that 

described in Part 1. The equilibrium pricing of the T-bill 

futures as shown in equat10n (14.20) by the dynamic 

stochastic programming model is int uiti vely simple: the 

equilibrium T-bill futures price emerges in the market where 

the expected one-period arbitrage profits are zero when 

financing costs at time 0 are required. Such a sta temen t is 

conventionally made in a descr1pti ve manner. The theoretical 

developments in our model show that 1 t 1S also true when 

investors try to manage a multi-period arbitrage investment. 



CHAPTER 15 

SUMMARY OF PART III 

Arbitrage in the T-bill futures marKet cannot be 

completely risK-free. If arbitrage is engineered in a 

locKed-in position through the life of a T-bill futures 

con tract, it is at least subject to the riSKS of 

fluctuations in the future financing rates and in the margln 

requirements until the delivery date. On the other hand, if 

it is engineered in a perio'd-by-period position, it is 

subject to the riSK of the one-period price movements of T

bill and T-bill futures. A dynamic stochastic programming 

model is used to provide a theoretical frameworK for the 

optimal arbitrage investment under the uncertainty raised In 

the second case. By arbitrage arguments, the equilibrl urn in 

the T-bill f'utures marKet emerges at the pOint where the 

arbitrage acti vHy disappears in tl1e marKet. The dynamic 

stochastic programmlng model enables us to flnd tlle 

equillbri urn pricing of the T-bill futures by Vlorlung 

bacKward from the end of the time horizon of a multi-period 

investment plan. In tl1e frameworK of the model developed in 

this part, we see that a "myopic" property of the model 

exists in the sense that expectations of the future one-

104 
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period price movements of T-bill and T-bill futures do not 

exert an impact on the current optimal arbitrage investment 

decision. This "myopic" property is not pure, however, 

because expectations of financing costs in the next period, 

which determine the feaslbili ty of arbitrage in that period, 

affect the current optimal level of arbitrage positions. The 

equilibri urn pricing of the T-bill futures in a multi-period 

setting, however, depends only on expectations of the prices 

of T-bill and T-bill futures at the end of the first period. 

The price of T-bill futures in equilibrium is obtained by 

the dynamic stochastic programming model in the case where 

expected one-period arbitrage profits are zero when cost-of

carry is required. Such a result shows that the equilibrium 

pricing of the T-bill futures remains identical regardless 

of whether investors perform a one-period arbitrage 

investment or a multi-period one. It also shows that 

equilibrium pricing in th.e case of a locKed-in posi Hon is a 

special case of tJ:1a t in a per'iod- by-period posi Hon. T:t1a t is 

not surprising because a locKed-in poSi Hon is Simply 

performed in a way where an investor treats trle whole life 

of a given T-bill futures as one "period." This demonstrates 

further the "myopic" property of the equilibrium pricing in 

the T-bill futures marKet. 



APPENDIX 1 

AN INTRODUCTION TO THE T-BILL FUTURES MARKET1 

The. International Monetary Market (IMM) of the 

Chicago Mercantile Exchange inaugurated trading in 

Treasury-bill (T-bill) on January 6, 1976. Each futures 

contract is for 3-month (13-week) U.S. Treasury bills having 

a face value at maturity of $1,000,000. There are eight 

contract maturities currently traded. The trading months are 

March, June, September, and. December. The trading hours are 

8:00 a.m. to 2:00 p.m. Deli very shall be made to a Chicago 

or New YorK banK, registered with the Exchange and a member 

of the Federal Reserve System, specified by the buyer's 

clearing member. Before June 1983, delivery was made on the 

three business days beginning with the day of issue of 

13-weeK T-bills in the third weeK of the spot month. The 

"third week of the spot month" means Uie week commenClng on 

the third Monday of the spot month. For those futures 

contracts effectl ve June 1983, deli very shall be made on 

three successive bUSlness days. The first delivery day shall 

1For complete descriptions of the T-bill futures 
marKet, the interested readers may refer to Figlewski, 
1986;Interna t10nal Monetary MarKet, 1983 YearbooK; Kolb, 
1985; Rebell,· Gordon and PIa tn1ck, 1984; and Schwarz, Hill 
and Schneewe1s, 1986. 
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be on the first day of the spot month on which a 13-weel<. 

T-bi1l is issued and a one-year T-bill has 13 weel<.s 

remaining to maturity. In practice. however. 90-. 91- or 

92-day T-bills are substitutable. T-bill prices are quo1:ed 

in terms of the IMM index. For example, A T-bill yield of 

5.20 shall be quoted as 94.80. Thus. the IMM index is the 

difference. between the actual T-bill yield and 100.00. A 

T-bill yield.· or banI{ discount rate. is the difference 

between the face value of a bill and its marKet value on an 

. annualized basis. Minimum price fluctuations of the IMM 

index is in multiple of one basis pOint. referred to as an 

"01" The minimum price change for bills is thus set at $25 

(= $1.000.000-.0001 90/360). According to IMM rule, there is 

a limit to daily price fl uct ua tions. There. shall be no 

trading at a price more than .60 (60 basis points) above or 

below the prec"eding day's settlement price except when the 

expanded daily price limit schedule goes into effect, and on 

the last day of trading when there is no llm1 t. The 

settlement price may be outside of the day'S High/Low range, 

and/or may be different from the mldpo1nt of the Closing 

Range. 

The settlement price is related to the issue of 

margin requirements. There are two Kinds of margin 

requirements--initial margin and variation margin. Initial 

margin for each. contract purchased or sold must be 
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established. This margin· is in effect a good faith deposit 

to ensure that the client fulfills all obligations. Initial 

margin requirements' vary among investors. Retail rates of 

initial margin are typically the highest, while 

insti tu tional investors can post lower rates. Hedgers 

gener.ally post 

Initial margins 

Treasury bills. 

less than 

may be 

those engaging speculative trades. 

deposi ted either in cash or in 

The interest on initial margins accrues to 

the investor's account. Variation-margin requirements is due 

to "mark to the market," or daily resettlement. This is one 

of the rlsks facing the T-bill futures' traders. 

Variation-margin deposits represent the gains or losses from 

changes in the price of a contract. Unlike initial margins, 

variation margins may be met only in cash. There will be 

written margin notices when an account falls below margin 

requirements. Normall y, margin notices are comm unica ted 

daily by telephone, referred to as "margin calls." If there 

are gains in a day, investors can realize them by the 

favorable variation margin move. 

The cash-futures relationship is represented by the 

basis which is the difference between the futures price and 

the cash (spot) market price. If the basis exceeds the 

financing cost of acquiring the financial instruments in the 

cash market, then an arbitrage opportunity exists. Suppose 

that an investor purchases a T-bill, then the cost of 
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storing. it equals the interest rate on the funds being used 

to buy the bill minus the yie~d on the bill. Therefore, the 

cost of storing an asset in the futures market like T-bill 

futures can be sometimes negative. Namely, there can be 

arbitrage profits provided that uncertainty, SUCll as 

variation margins, is absent. Following is an exampl e. In 

the morning of January 21, 1983, one observed aT-bill 

futures price under a contract expiring on March 24, 1984. 

He also learned at that morning the yields on the two spot 

T-bills which respectively matured at March 24, 1984 and 

June 23, 1984. He could also notice a federal funds rate at 

that day. With this information at hand he could calculate 

pure arbitrage profits after ,taking financing costs into 
. 

account. This example is precisely the way by which we 

collected and constructed the data in this study. 



APPENDIX 2 

THE MEAN DIFFERENCE FROM 
THE GENERATED FINANCING RATES (SET I) 

Number of Days to Delivery of Futures Contract 

Entrire Group 1 Group 2 Group 3 Group 4- Group 5 
Sample <15 15-29 30-4-4- 4-5-59 !60 

(FEDR" + 90R It )/2 

Mean • 077 .068 .090 .089 .068 .072 

SD • 139 · 184- .068 . 091 · 111 · 188 

t 8. 179 1. 990 8. 577 6. 262 4-.017 3.0ll-0 

(FEDR +21190R)/3 

Mean .039 .063 .076 .063 · 03ll- -.010 

SD • 129 • 18ll- .06ll- .092 .098 · 155 

t ll-.ll-64 1.8ll-4- 7. 696 4-. 385 2. 275 · 512 

(FEDR + 3"90R)/4-

Mean · 019 .061 .069 .050 .. 016 -.051 

SD · t29 · 184- .063 .094 .095 · 143 

t 2. 175 1. 785 7.098 3. 4-06 · 104- -2.831 

(FEDR + 4-1190R)/5 

Mean .008 .060 .065 .042 .006 -.075 

SD • 131 · 184- • 063 .095 .093 · 138 

t .902 1. 756 6.686 2. 831 .• 4-23 -4.313 
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(FEDR + 51190R)/6 

Mean .000 .059 .062 .037 -.001 -.092 

SD • 133 • 184 .063 .096 .093 · 136 

t 0 1. 727 G. 378 2.468 -.071 -5. 369 

(FEDR + 61t90R)/7 

Mean -.005 .059 .060 • 0311 -.006 -. 104 

SD • 135 • 184 .063 .096- .093 · 135 

t _0. 547 1. 727 6.172 2.~68 .423 -6. 115 

(FEDR + 71f90R)/8 

Mean -.009 .058 • 059 .031 -.009 -. 112 

SD • 136 • 184 • 063 •. 097 • 093 · 135 

t • 977 1. 697 6.069 2.046 · 635 -6. 585 

(FEDR + 81t90R)/~ 

Mean -. 013 • 058 • 058 • 029 -. 012 -. 119 

SD • 138 • 184 .063 · 097 .093 · 134 

t 1. 391 1. 697 5. 967 1. 914- · 846 7.04-9 

(FEDR + - 91190R) 110 

Mean -.015 .058 .057 .027 -.015 -. 125 

SD · 139 · 184- .063 .098 .093 · 134 

t 1. 593 1. 697 5.864 1. 764 1.058 -7.404 
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APPENDIX 2, Continued 

THE MEAN DIFFERENCE FROM 
THE GENERATED FINANCING RATES (SET II) 

Number of Days to Delivery of Futures Contract 

Entrire Group 1 Group 2 Group 3 Group Al Group 5 
Sample <15 15-29 30-AlAl Ll·5-59 l60 

(FEDR + STRtl) 12 

Mean .037 .055 • 05Al ~ 025 • 015 .039 

SD • 133 · 18Al .073 .073 . 100 · 178 

t 4. 108 1. 610 Al.79Al 2.193 O. 984 1. 739 

(FEDR + 2uSTR)/3 

Mean -.015 • OAl7 .028 -.022 -.037 -.054 

SD • 121 · 184 · 073 .076 .080 · 1 AlO 

t -1. 830 1. 376 2.486 -1. 854 -3.033 -3.062 

(FEDR + 3I1STR) 14 

Mean -.041 .043 • 015 -.045 -.063 -. 100 

SD · 122 · 184 , 07Al ,080 .072 · 126 

t -Al,962 1. 258 1. 314 -3. 602 -5. 738 -6. 299 

(FEDR + 4wSTR)/5 

Mean -.057 .0AlO · 007 -.059 -.079 -. 128 

SD · 12Al · 185 , 07Al , 083 .068 · 121 

t -6.787 1. 164 • 613 -Al. 552 -7. 618 -8. 396 
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(FEDR + 5I1STR) 16 

Mean -.067 • 039 .002 -.069 -.089 -. 147 

SD • 126 · 185 • 075 .086 .065 · 118 

t -7. 978 1. 135 · 173 -5. 137 -8. 979 -9. 888 

(FEDR + 6!!STR) 17 

Mean -.075 · 037 -.002 -.075 -.097 -. 160 

SD · 128 · 185 .076 .087 .064 · 116 

t -8 .. 651 1. 077 -. 171 -5. 520 -9. 939 -10.948 

(FEDR + 7I1STR) 18 

Mean -.080 .037 -.004 -.080 -. 102 -. 170 

SD · 130 · 185 .076 .089 .063 · 116 

t -9.086 1. 077 -. 341 -5.756 -10.617 -11. 632 

(FEDR + 8I1STR) 19 

Mean -.085 · 036 -.006 -.08l! -. 106 -. 178 

SD · 132 · 185 · 076 .090 .063 · 116 

t -9. 508 1.048 -. 506 -6. 120 -10.90l! -12.180 

(FEDR + 9I1STR) 11,0 

Mean -.088 .035 -. 008 -.087 -. 110 -. 184 

SD · 133 · 185 .077 .091 .062 · 115 

t -9. 769 1. 019 .665 -6.269 -11. 498 -12.670 

IfFEDR - the ( compouno.ed) federal funds ratej 90R - the 

( compounded) 90-day-maturity T-bill ratej STR - the short-

term-t-b111 rate. 



APPENDIX 3 

PERFECT SUBSTITUTABILITY BETWEEN T-BILL AND 
T-BILL FUTURES IN A PERFECT MARKET 

In a perfect and perfectly competitive marl<.et, there 

should :be no ar:bitrage profits, because otherwise a marl{et 

cannot :be in equilibrium. The fact that T-:bills and T-:bill 

fu t ures are perfect substi t utes in a perfect market can be 

demonstrated :by the following trading strategies. 

1. Pure Investment Case: 

A. Buy a long-term T-bill + Sell a T-bill futures 

: Buy a short-term T-bill. 

B. Buy a short-term T-bill + Buy aT-bill futures 

: Buy a long-term T-bi11. 

Therefore the T-bill fu t ures is, as matter of fact, 

. redundant because either A or B gives the same return. 

2. Quasi-Arbitrage Case: 

A. \'/hen holding a short-term T-bill: 

Sell the short-term T-bill and :buy a long-term T-

:bill and simultaneously sell a T-:bill futures, if 

the return from buying a long-term T-bill is 

greater than that from the short-term T-b1ll held 

and a T-bl11 futures. 
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B. \then holding a long-term T-hill: 

Sell the long-term T-bill and huy a short-term T

hill and simultaneously huy a T-bill futures, if 

the return from buying a short-term T-bill and a 

T-hill futures is greater than that from the long

term T-hill held. 

However. one will not hother to com plica te his portfOliO 

holdings hecause there are no excess retu.rns hy doing so. In 

other words, the two marKets are perfect substi tu tes. 

3. Pure Arhi trage Case: (No initial holdings) 

A. Sell short a short-term T-bill in 2.A and Keep the 

rest unchanged. 

B. Sell s.hort a long-term T-bill in 2.B and Keep the 

rest unchanged. 

Again, investors will not be engaged in such tr'adings 

beca use the arbitrage profits are zero. That implies that T

bills and T-bill futures are perfect substitutes and 

investors may hold whatever portfolios they prefer, 



APPENDIX 4 

THE FRIEDMAN INTERPOLATION METHOD 

Let X be the series to be interpolated and Y be the 

related series to be used in interpolation. Suppose that xi' 

Xjl and xk are kno\'1n consecutive monthly values jn X. The 

weekly values in X are unknown, however. Further, let their 

corresponding monthly values in Yare Yi. Y j. and Yk which 

are all known values. Moreover. the weekly values in Yare 

l{nown. The Friedman method is to use a straight-line 

interpolation first to obtain the trend values of Xj and Y jl 

denoted as x3 and y3 respect! vely. These trend values are 

chosen as 

(A2. 1) 

and, Y j = [( 1 - a j ) Y i + a j Yk) , (A2. 2) 

where, aj is the relative weight attached to the termInal 

val ue in computing the straight-line trend. For example, a J 

is 1/2 when i, j and k are expressed in uni t of 

(consecuti vel month. The deviation of Xj from its trend 

val ue x3 denoted as u j and the de via Hon of Y j from its 

trend value yj denoted as v j are then used to run a 

regression. provided that the two series are highly 
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correlated .. Finally. the weeKly val ties of X are interpolated 

according to equations (A2.1) and (A2.2). For example, let 

XiK whose value is to be interpolated represent the first-

weeK value between month i and K (note that the months of i 

and K here now represent the consecutive months). Similarly, 

let ¥iK be the first-weeK value which is Known. Then a j will 

be 1/4 and the deviation of YiK from its trend value yh-<. 

denoted as viK can be calculated. By using the regression 

line, uiK 1s obtained so that the interpolated value xiK is 

acquired (since its trend value X!K is Known by USing the 

fact that aj : 1/4). 

By using deviation form the higher the corela tion 

between (ujl and JVj) -is, the better the use of the related 

series' than the use of linear interpolation. For proof see 

Friedman (1962). 



APPE~DIX 5 

DERIV ATION OF THE LAGRANGE INTERPOLATING POLYNOMIAL 

Applying the Lagrange Interpolating Polynomial (LIP) 

Theorem (Burden, et al. 1981), a LIP function to in terpola te 

daily CPIs by using weeKly data can be stated as follows. If 

there are (N+1) distinct numbers of weeKly data and f is a 

function whose values are given at these numbers, then there 

exists a unique polynomial P of degree at most N with the 

property that 

for each K - 0, 1, 2, ... , N. 

This polynomial is given by 

P(m) = f(mo)LN,O(m) + ••• + f(mN)LN,N(m) 

N 

where, 

= E f(~)LNIK(m), 
K:O 

N (m - mil 
= 1T 

1=0 (Ill}{ - mi) 
1\}{ 

for each }{ = 
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0, 1, 2, ... , N. 
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Note that P(m}{) : f(mk,', i.e" the polynomial values 

coincide with those observed values reported weekly. That 

can be seen from the fact that LN,k(mj) : 1 for j : }{ and 

LN,}{(m j) : 0 for j ~ k, j : 0, 1, 2, .,,' N. The time pOints 

wl'l.ere their value~ will be interpolated is between t11e 

consecu ti ve integers from 0 to N. For daily data to be 

interpolated, the interval of a daily datum between two 

consecu ti ve integers is 1/7 when k is in unit of week. 
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