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ABSTRACT 

Most models of asset pricing or market equilibrium 

generally require the assumption of stationary price change generation. 

That is, the mean and/or variance of the price change is hypothesized 

to be constant over time. On the other hand, the widely accepted 

models of speculative price change generation, such as the subordinated 

stochastic process models, have their basis in mixtures of random 

variables. These mixtures, or compositisations, define non-stationary, 

non-Normally distributed forms. 

Therefore, the models based on mixtures cannot be reconciled 

to requirements of stationarity. A contaminated process, such as that 

suggested by Mandelbroit, implies continuously changing mean and/or 

variance. However, an alternative concept of mixture exists, which is 

consistent with models requiring stationary moments. This process is 

referred to as slippage. Slippage defines a state where moments are 

constant for intervals of time, but do change value. 

If speculative price changes were found to be characterized 

by slippage, rather than by contamination, then such a finding would 

still be consistent with the empirical distributions of price changes. 

More importantly, slippage would meet the requirement of stationarity 

imposed on the capital market and options models. 

This work advances a methodology that discriminates 

between contamination-based and slippage-based non-stationarity in 

vi i i 



speculative price changes. Such a technique is necessary, i~asmuch 

as curve fitting or estimation of moments cannot so discrimi~ate.1 

The technique employs non-parametric range estimator~. 

Any given form of non-Normality induces an identifiable patt~rn of 

bias upon these estimators. Once a pattern induced by a time series 

of price changes is identified; this pattern then infers whether 'con

tamination, or, alternatively, slippage, generated the time ~eries. 

Due to the composition and technique of the procedure developed Here, 

it is referred to as a "Range Spectrum." 

The results examined here find that stocks do display 

contamination, as hypothesized by the subordinate stochastic modells. 

A broad based index of price change, however, displays the c~aracter

istics of sl ippage. This qual ity not only has impl ications for, :but 

suggests possibilities for further research, in the areas of diver

sification, securities and options pricing, and market timing. 

ix 



CHAPTER 1 

OVERVIEW OF THIS STUDY 

Financial economic theory centers upon models of asset 

pricing and market equilibrium. If models are to be scientifically 

correct, they need only be consistent with their assumptions and be 

developed logically. If, additionally, they are to have practical 

value to economic science, then they also must be consistent with 

reality. 

Many models are founded on the assumption that speculative 

price changes can themselves be modelled as stationary random variables. 

To (he extent that any of the models of finance are dependent upon their 

stochastic assumptions, those assumptions must likewise be realistic. 

However, there is a large body of evidence which suggests that spec

ulative price changes do not behave like stationary, finite moment 

random variables. 

When a series of price change data is examined as a 

probability distribution, the data consistently fail to show the 

character of a Normal distribution. This shortcoming is widely recog

nized; a central motivation of modern models of speculative price 

change has been development of alternatives to Normally distributed 

price changes. 

Most of the modern explantion& of non-Normality found in 

the finance literature define non-stationary price change generation 



over time. That is, the mean or variance of observed price change 

is different at different points in time. 

The most general and appealing way to characterize non-

2 

Normal price-change distributions is to form a distribution that is a 

compositisation, or mixture, of Normal distributions. Mixtures of 

Normals result in distributions which model the non-Normal character

istics of empirical price change data quite closely. However, existing 

models of price change based on mixtures of Normals imply continuous 

non-stationarity. That is, the mean and variance of price change in 

an interval of time is different at different points in time. This 

characterization of non-stationarity is referred to as "contamination." 

The Problem 

Financial economics' best models of market pricing and 

equilibrium require a "stationary world", while the best models of 

price generation not only imply. but define, a non-stationary one. 

This dichotomy has not been resolved; the price change models must 

"fit" the empirical histograms of price change data, and do so via 

non-stationarity. 

The market models cannot easily be modified to accomodate 

non-stationarity. However, the scope of definition of non-stationarity 

can be easily expanded. Viewing means or variances as continuously 

changing is not the only way to envision non-stationarity. Price 

change moments can be stationary for some period of time, then change 

for some reason, and then again be stationary for some period. This 
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characterization of non-stationarity is referred to as "slippage," 

While contamination is continuously non-stationary, slippage is 

"locally" stationary. To the extent that price change is character

ized by contamination, then, models requiring stationarity cannot hold. 

However, to the extent that changes in mean or variance are character

ized by slippage, those models can hold, inasmuch as the moments are 

stationary between slippages. 

The explicit consideration of slippage is the principal 

conceptual contribution of this work. This variety of compositisation 

of Normals was defined and studied by researchers in non-parametric 

statistics some thirty-five years ago. However, it has not been 

treated as an alternative to contamination in the Finance literature. 

Definitions of the contamination and slippage processes are 

first presented. Two parameters define either form of compositisation, 

for shifts in either the mean or the variance. Together, these two 

parameters describe the compositisation and also determine the moments 

of the resulting composite distribution. 

Either of two definitions--one of slippage and one of 

contamination--determines exactly the same distribution of price 

change. Therefore, estimation of moments, or fitting of ex-post 

distributions, cannot differentiate between the two alternative char

acterizations of price change. 
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The Model 

When a time series of data is arrayed as a distribution, 

the data lose their sequencing. It is precisely the sequence in which 

price change expectation or variance shifts that differentiates con

tamination from slippage. Therefore, considered without the sequence 

of observations, a distribution of observed price changes which are 

generated by a contamination process can be identical to a distribution 

of observed price change data generated from slippage. Accordingly, 

the important duality of definition presents a challenge to conventional 

estimation methodology. 

The major methodological contribution of this paper is 

the development of a procedure which can distinguish between contami

nation and slippage in a time series of price change data. A non

parametric methodology is developed, referred to as the "Range 

Spectrum. 11 

The Range Spectrum methodology takes its name because 

it incorporates the "range estimator" --the difference between the 

largest and smallest observations in a sample-- and also the "quasi

ranges", which are the successive differences between interior ob

servations from a sample. There are two primary reasons why ranges 

are appropriate estimators. First, it is known that range estimators 

of population moments should be considered whenever compositisation is 

known to be present or is suspected in a population. Second, the 

methodology takes estimates of the population moments from small 



sub-samples of the entire set of data. It is also known that range 

estimators perform well as estimators in small sample problems. 

The Range Spectrum method proceeds by first defining 

5 

range estimators which would yield unbiased estimates of the population 

standard deviation if the population were stationary Normal. When 

these estimators are applied to a population which is a compositisation, 

then they are no longer unbiased estimators. Further, because each 

estimator is different, the bias which the compositisation induces 

upon it is different, both among the ranges and between compositisation 

and slippage. The pattern of this bias across the estimators is as

sociated with the form and the degree of non-Normality which induced 

that pattern. It is the similarity of this associative inference to 

the methods of chemical spectroscopy which gives rise to the use of 

the term "Spectrum." 

The first step in the application of this technique is 

to establ ish the spectra for compositisations with known values for 

the defined composite parameters. The patterns of the spectra are 

developed by numerically generating random points of data according to 

each defined compositisation. These spectra then provide a Baysian 

framework with which to identify composite forms in empirical data. 

The Range Spectrum is then developed for stock price 

change data: the price relatives of 20 stocks as well as the CRSP 

Equal Weight Index. These empirical spectra are then matched to the 

spectra of the known composite forms already determined. 
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Summary of Conclusions 

The most significant finding of this study is that the 

character of non-stationarity of the variance of stocks is totally 

different from the character of the non-stationarity of portfolios. 

Strong evidence is presented that the broad based index of price 

changes is characterized by slippage in the variance. On the other 

hand, there is strong evidence that stock price change is characterized 

by contamination in the variance, at least for the small sample of 

stocks employed. 

If these same results are found to prevail generally 

for individual securities and for diversified portfolios, then the 

dual characterization of non-stationarity between securities and port

folios carries some broad conclusions and implications. 

A primary conclusion of this finding is that diversifi

cation not only works to reduce the variance of investors' holdings, 

but also works to reduce the non-stationarity of the variance of 

investors' holdings. This, in turn, implies that an additional con

dition which must be placed on valid market proxies is that the 

diversification is complete enough to make the contamination of the 

variance close to zero. 

Further, the duality of non-stationarity may be modelled 

by a "compound events" process of speculative price generation. This 

modelling would seem to conclude that beta coefficients are non

stationary. 



Organization of the Paper 

This work is organized into four chapters subsequent to 

this chapter. 

Chapter 2 introduces the relationship between some 
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important models of market pricing and the assumptions of price change 

generation which are necessary for these models to hold. Thereby, the 

importance of directly considering the nature of price-change gener

ating process is shown. Chapter 2 then discusses the modern models 

of price change generation, emphasizing the non-stationary processes 

common to them. Finally, Chapter 2 defines non-stationarity generally, 

in terms of its detection and its estimation in time series of economic 

data. 

Chapter 3 first describes the concepts of contamination 

and slippage in the statistics literature, and then formalizes defini

tion of both. Chapter 3 then develops the Range Spectrum methodology. 

Chapter 4 applies the methodology of Chapter 3. First, 

range spectra are identified for forms of contamination and slippage 

with different parametric values. Then, spectra are obtained for 

empirical data, and the forms of compositisation indicated in those 

spectra are identified. Chapter 4 discusses the central implications 

of the empirical findings. 

Chapter 5 provides the summary of this work, its con

clusions, implications, limitations, and suggested directions for 

further research. 



CHAPTER 2 

STATISTICAL MODELLING OF SPECULATIVE PRICE CHANGE 

Stock prices, real estate prices, and the prices of 

precious metals or gems in the open market change from day to day; 

even from minute to minute. On this observation all observers would 

certainly agree. Beyond that casual empirical observation, however, 

agreement ends. 

Motivated either by simple scientific curiosity or by 

a search for profit, investigation of the nature of speculative price 

changes has been and remains, an active area of research. An exhaus

tive catalog of all models, "systems ll
, schemes, and opinions about the 

nature of price changes could probably never be written, for new ideas 

would undoubtedly be conceived faster than the cataloging could pro~ 

ceed. 

Those models, systems, and rules of thumb based on 

psychologically aperceptive interpretation, those which draw upon 

experience, or those that perform ex-post linking of past price changes 

to past economic forces, are largely beyond the scope of modern finan

cial economics. Thereby, these hueristic models are beyond the scope 

of this paper. 

The first goal of this chapter is to examine the bases 

of those models of price change derived from closed form mathematical 

8 
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formulations. In other words, the first section will be concerned 

with those models which may be entirely specified by a series of mathe

matical expressions. Typically, the domains of solution of these 

mathematical specifications will be probability spaces; hence, they 

are referred to as stochastic models. 

Further, this chapter will consider these models in terms of 

the important and unresolved question of whether speculative price 

changes may be modelled by stationary stochastic processes. Station

arity is used here in a statistical sense as it will be defined later. 

Accordingly, the second section of this chapter will consider and define 

non-stationarity, in terms of the detection and estimation of non

stationarity in time series of data. 

Stochastic Modelling of Speculative Price Change 

If models of the behavior of financial markets are to have any 

purpose beyond selfish scientific inquiry, they must playa normative 

role in cataloging, explaining, or predicting economic phenomena. That 

is, the models must present a plausible and coherent explanation of 

phenomena which adds to the understanding of those phenomena, even if 

they do not fully explain the events. Then, the assumptions on which 

the models are based must be directly examined and considered. 

In the case of models of speculative price, the most central 

assumptions are involved, expl icitly or implicitly, with the specifica

tion and nature of the process which generates the price changes 

over time. These assumptions are typically manifested in the speci

fication of a probability distribution for the price changes. 
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The assumption of a probability distribution of price 

changes means that price movements are modelled as the observable 

results of random variables. In general terms, this view holds that 

while the price which one will be observing at the next time period 

cannot be known or predicted with certainty, one nonetheless can 

state probabilities of the next observed price taking specific values. 

When this is done, the assumption allows for direct considerations of 

questions such as '~hat is the possibility of a 100% gain this year?11 

In other words, the prices are modelled as being generated from a 

defined stochastic process. 

The conceptualization of price change as a stochastic 

process is very attractive. Market prices should be the result of 

rational analysis of the assets by investors of all relevant economic 

information which will affect the value of the asset in the present or 

in the future. 

Future social, economic and financial market conditions 

cannot be predicted with certainty. They are all inputs to the ration

al valuation of an asset today; as investors change their view of this 

underlying information, the estimates of value thereby derived will 

also change. Even if the opinions which investors held about the 

future were all identical, and the method by which all investors pro

cessed their (identical) opinions to arrive at the valuation of an 

asset were all the same, market prices would still exhibit a seem

ingly random nature, as the passage of time brought new information and 
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saw the resolution of old forecasts into fact. In this case, market 

price changes would be functionally related to changes in the set of 

relevant information about the factors which impact upon valuation. 

Specifying a particular probability distribution to 

model speculative price change means that inferences can then be made 

from the mathematical properties of that distribution. These infer-

ences may refer to price behavior, risk, or the broader question of 

market organization. The next section will discuss the dependence of 

these inferences on the probability distributions underpinning the 

models. This will be followed by discussion of the modern models of 

the process of speculative price change and some implications of these 

stochastic models. 

The Dependence of Financial Models 
on Stochastic Assumptions 

All stochastic models of speculative price behavior, as 

well as modern quantitative models of market organization, embody 

assumptions about the manner in which asset prices or asset returns 

are generated. Thus, these models are not free from the properties of 

the assumed distributions; that is, they are not "distribution free. 11 

The meaning and implications of this will be discussed in the next 

subsections. 

The degree to which the normative validity of a model 

depends upon probability distribution assumptions is a primary area of 

concern. The more dependent that the model is upon its assumptions, 
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the more care that must be exercised in the application of that model. 

That is, the opinion must be held that the assumptions hold in the 

environment in which the model will be applied. 

The various relationships between a stochastic model's 

generality and the assumptions made about the process which generates 

security prices or investor returns will be illustrated by the three 

following examples. 

Specification of the Stochastic Process 

The tightest relationship between a model and its process 

that is assumed to generate price-changes is where the model actually 

specifies a distribution. Then, the model's development and its im

plications may be totally dependent upon the distribution's properties. 

The Black-Scholes Option Model (2), is an example of a model 

which specifies the distribution of stock price changes: the changes 

must be log-normally distributed. It was not an empirical observation 

which motivated this requirement; the stochastic calculus which is 

employed to derive the analytic solution to the price of a call option 

is integrated with the properties unique to the log-normal formulation. 

In this case, one may say that the distribution assumption is the cost 

of analytic elegance. 

There seems to be no option pricing models which do not 

specify a stochastic process, and thereby are bound by the assumed 

process' implications. Models of option pricing which do not use the 
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log-normal assumption for price changes, such as the model of Cox and 

Ross (6), are necessarily different both in derivation and in con

clusion, from the Black-Scholes model. 

Specification of Stochastic Properties 

Another way in which a model may be related to its 

probabilistic assumptions is by the specification of certain stochastic 

properties which price or return changes are assumed to exhibit. These 

properties may perhaps be found in an entire class of distributions, 

any of which would then be consistent with the model. 

An example of an important model of market structure 

which is a consequence of the mathematical properties of the distribu

tion of stock returns is the Capital Asset Pricing Model of Markowitz 

(19), or the "CAPM. II This model postulates a market equilibrium with 

respect to the financial returns that stocks provide in which the 

"expected" return --that is, the mean of the distribution of returns-

is exactly linearly related to the stocks' IImarket beta" --that is, a 

function of the stock's return's covariance with the returns possible 

for all the portfolio of all stocks. 

While CAPM is generally considered to be essentially a 

behavioral hypothesis, the model nonetheless requires the joint prob

ability distribution of 211 stocks' returns to possess certain pro

perties. Specifically, CAPM requires the distribution of returns for 

all stocks to have means and variances which exist and are stationary 
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over time. Further, there must be correlation between the returns of 

every pair of assets, or, at least, correlation between every asset 

and the market as a whole. Finally, CAPM requires that the expected 

return of every asset conditioned upon the return actually realized by 

the market is a linear function of the market return. That is, the 

"regression I ines of the means" must be linear. Whi Ie a large class 

of distributions possess these properties, there are many which do 

not. 

Dependence Upon the Existence of Statistical Moments 

A third, and very general way in which the stochastic 

assumptions of a model may be related is when the model is simply de

pendent upon the existence of the moments of a distribution, such as 

the mean, the variance or the standard deviation, or even the "higher" 

moments. In this case the model would admit a large number of differ

ent alternatives in the specification of a distribution of price 

change. 

Both the Black-Scholes Option Pricing Model and the 

Capital Asset Pricing Model are dependent upon the moments --the mean 

and the variance-- of the distribution held to generate price changes. 

That is, in both cases the distribution which generates the price 

changes, and thereby the rates of return, must have central tendencies 

and a dispersion of outcomes which can be expressed in closed forms, 

because these closed mathematical forms motivate the actual development 
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of the model. In a sense, therefore, these closed forms and their 

implications become the models themselves. 

These three forms of dependence of models upon the 

stochastic assumptions associated with the models implies that the 

direct study of the stochastic assumptions is an important area for 

research. It is sometimes suggested that models should not be judged 

on the basis of their assumptions. While this is perhaps valid by the 

standards of the philosophy of science, models held to have normative 

value and application should certainly not be considered without also 

considering the bases of their assumptions. 

The preceding discussion argues that the direct con-

sideration of the behavior of speculative price changes over time is 

of itself a proper and vital area for research, inasmuch as the most 

fundamental statements of the validity of many models can be made at 

the level of their stochastic assumptions. This consideration has been 

developed principally by the modelling of the nature of speculative 

price distributions. This topic has received considerable attention 

in the past. The next section will describe the general themes of 

this work. 

Speculative Price Distribution 
Assumptions in the Literature 

The first consideration of the distribution of financial 

asset prices is generally attributed to Louis Bachelier (1). In 1900, 

Bachelier suggested in his doctoral thesis that security prices followed 
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a stochastic process known as Brownian Motion, or, descriptively, as 

a Random Walk. The most important implication of Bachelier's work 

was that the difference in the price of a security between two points 

in time would be Normally distributed. Further, inter-temporal price 

differences would be independent over sequential intervals. In other 

words, Bachelier's work held the first denial of the ability to pre

dict future stock prices with certainty. 

Bachelier's hypothesis of normally distributed price 

differences was 1 ittle more than a first step. The validity of nor

mally distributed price differences was called to question shortly 

after the advent of high-speed data collection and numerical analysis 

teehnology, which made the processing and evaluation of large data 

sets feasible. 

The importance of Bachelier's work is primarily that he 

WdS one of the first to consider price-changes of speculative assets-

as random variables, rather than as deterministic sequences which could 

be --but were not-- predicted. Beginning in the 1960's, this elemen

tary consideration gave birth to formal and diverse alternatives to the 

Normally-distributed conjecture. 

The Symmetric Stable Distribution 

In 1963, Benoit Mandelbroit (20), drawing on the mathe

matical foundations laid by Frechet (11), Gnedenko (12), and Gumbel 

(14), and utilizing lengthy time series of speculative price data, 
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argued that the distribution of speculative prices are of a class 

referred to as "Symmetric Stable Paretian." Mandelbroitls hypothesis 

held great appeal but also implied serious difficulties. 

Symmetric Stable Paretian (SSP) distributions have the 

desirable theoretical property that the form of the distribution of 

prices or price differences does not change, except for the values 

of the parameters, over different intervals of time. If one considers 

the distribution of, say, weekly price differences, the distribution 

is of the same form as that for, say, daily price differences. The 

SSP distributions are therefore said to' be listable under addition. 11 

Stability under addition is an attractive theoretical 

property. However, the appeal of the SSP distributions was enhanced 

by its ability to explain a persistent empirical observation about 

speculative price changes. The price-change distributions of spec

ulative assets have persistently shown more Ilpeakedness ll , or 

leptokurtosis, and also significantly more observations in the tails 

of the distribution than would be probable under the hypothesis that 

the distribution were Normal. The SSP distributions all exhibit 

exactly this behavior. 

The SSP distributions therefore provided more Ilexplanatory 

power" than did the Normal distribution. Also, they provided freedom 

from experimental design when working with or examining speculative 

price changes, since the distribution was of the same form whether a 

researcher were considering annual, monthly or even hourly price 

changes. 
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The SSP hypothesis is actually a generalization of 

Bachelierls postulation. It is interesting that the Normal distribu-

tion is in fact itself a Symmetric Stable distribution; it is the 

limiting distribution in the sense of the parameter which character-

izes the SSP class, and is also the only one of the class which ex-

hibits finite mean and variance. 

The cost of the theoretical elegance the SSP class provides 

is very high, however. An "operational" problem is that the general 

SSP distribution is specified only by its characteristic function, 

and not by a closed mathematical expression for the distribution 

i tsel f. 

The distribution function for the SSP class can be 

specified, however, although not in an easily usable form. Clark (5), 

shows that the distribution function can be expressed as an integral 

derived from the inversion of the characteristic function: 

ct 

f(x) = r cos (xu)e-glul 
o 

Here, g and a are the "parameters"of the Stable distribution. If la l 

is equal to one, then the integral defines the density of the Cauchy 

distribution. In a sense, the Cauchy is the "l ower limit" of the 

Symmetric Stable class. If la l is equal to two, then the integral 

defines the density of a Normal distribution. Thus, the Normal is 

the "upper limit" of the Class. ~'hen la' equals two all moments of 

all orders exist. When la l equals one, then no moments of any order 

above zero exist. Hence the Cauchy distribution, as is well known, 
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has neither mean nor variance. If la' is between one and two, the 

distribution has a finite mean, but infinite variance. This latter 

fact is perhaps the most famous property of the SSP class. It is also 

the property which makes the SSP class so ill-suited for experimental 

use. 

Probably due to the virtually untractable nature of the 

Stable Hypothesis, alternatIve models were subsequently proposed. 

However, the work of Mandelbroit and the subsequent work of Fama 

pointed out two empirical facts with which subsequent models would 

have to deal. First is the result that there are too many outlying 

observations in time-series of securities' returns to accept the 

hypothesis of Normal distribution; and second, sample second moments 

--that is, sample variance or standard deviation-- are not stationary. 

The Stable hypothesis finds few loyal supporters. 

Certainly the principal reason for this is that if one assumes that 

speculative price changes are di~~ributed over time in a way which 

has no variance, then all models which rely upon the existence of the 

variance cannot hold. This would then necessitate revision of, for 

example, the Capital Asset Pricing Model. More critically, the 

primary tool of quantitative economics, linear regression, is totally 

dependent upon the existence of joint second moments. The loss of 

these pillars of financial economics is, for most, too great a price 

to pay for·theoretical purity provided by the Stable hypothesis. 
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Subordinated Stochastic Processes 

The principal alternatives in the Finance 1 iterature to the 

Stable hypothesis are essentially generalizations of the concept of 

mixtures, or compositisations, of a probabil ity law. Conventionally, 

a specified probability distribution is a "static" concept in a time 

series setting. That is, the distribution can be expressed in an 

analytical mathematical form which has the same parameter values and 

properties independent of time. Therefore, all the properties of the 

distribution, including its moments, are fixed for all time. However, 

one can easily envision a situation where an economic event such as 

price change obeys a certain type of stochastic law (say, for example, 

a Normal law), but at different times the potential for large price 

changes is greater than at other times. This would mean, formally, 

that the standard deviation of the Normal law which explained the 

price changes would be different at different points in time. If one 

were to then consider the law which "over-all" explained price change, 

he would be considering a situation where a number of Normal laws 

wi th different parameters were "mi xed .11 

It has long been known that if a random variable were generated 

conditionally upon the values of parameters of the distribution which 

are not constant, then the resultant distribution would have properties 

which could differ radically from those of the distr1bution if the 

parameters were held constant. 

As ~/esterfield (34) notes, the basis of most of the 

alternatives to the Stable hypothesis -- Subordinated Stochastic 
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Processes -- can be described as mixtures of Normals. The difference 

between the models is essentially one of the forms of the "mixing" 

process. 

Subordinated stochastic processes, in the context of 

speculative price change sequences,. envision price change over calendar 

intervals as the result of the sum S(n) of a random number, n, of 

identically distributed random variables. If the random variables 

used to mix are independent, than it follows that the variance of 

S(n) would be n times the variance of the mixing variable. However, 

since n is itself random, the variance of the mixed process in, say, 

period t(O) to t(l), will in general be different than the variance of 

the mixed process in, say, period t(l) to t(2). 

The earliest subordinate model, of Mandelbroit and 

Taylor (21), had n obeying a Stable law. Clark (5), proposed n 

following a log normal distribution. Press (27), had n being a 

Poisson variable, and Preatz (25), had n following an inverted gamma 

distribution. Westerfield's model had price change subordinate to 

a normal distribution with variance a function of transactions volume 

in each time interval. 

Press' model (2]), was termed a "compound events" model, 

a term which is perhaps more descriptive than the subordinate stochas

tic terminology. The importance of all of these models, however, is 

that they imply processes of generating price which are neither easy 

to handle analytically nor truly stationary. Some of the implications 

of this will be discussed in the following sub-section. 
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The Implications of Modern Stochastic Models 

Mandelbroit (22), recognized the kinship of all of the 

early Subordinated Stochastic Process specifications, noting that the 

only essential difference is that the variance is finite in the alter

natives to the Mandelbroit and Taylor model. He went on, however, to 

observe that the variance which one observes in any of th~ subordinated 

stochastic models is not stationary over time. Mandelbroit also noted 

that models seemed to be developed on two criteria: "curve fitting", 

or the attempt to fit empirical observations to the model; and second, 

having the model possess a finite variance to satisfy the disciplinels 

"acquired taste" for moments. However, he claimed, "scientific model 

making is not primarily a matter of curve fitting. 11 

Mandelbroitls comments, while somewhat caustic, are not 

without merit. The models of Finance, such as the Capital Asset Pric

ing Model or the Black-Scholes Option Pricing Model, as well as the 

macro~econometric models of Economics are not isolated philosophical 

exercises; they are tools of practitioners and analysts who are re

sponsible for billions of dollars of the worldls capital resources. 

Therefore, the implications of an assumed distribution of speculative 

price change go far beyond the simple scientific question of economic 

plausibility and the empirical exercise of curve fitting. 

The question of non-stationarity deserves to be dealt 

with directly, rather than as a "side issue" in model building. Fur

ther, there appears to be a need for a methodology which directly 
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addresses the issue of non-stationarity of the parameters of distri-

butions of' speculative price change. In addition, apparently there 

is no active lexicography of non-stationarity. The purpose of the 

next section is to illustrate that the most widely used statistical 

estimators of population parameters may not be well suited for investi-

gation of non-stationarity. Direct address of a proposed methodology 

which seems better suited, as well as a first step toward more formal 

definition of the issue, is reserved for the next chapter. 

The Use of Statistical Estimators in 
Considering Non-Stationarity 

Prior to the discussion of non-stationarity, it is 

necessary to present some terminology and definitions of concepts 

which will be employed herein. Some of these concepts have alternative 

usages in different disciplines' literature, or often are employed in 

vague or inappropriate ways. 

Preliminary Concepts 

Most classical statistical inference is based on examination 

of the value of some function of the element which comprise a set of 

data taken by sampling. This function is termed a statistic. Because 

the purpose of most defined statistics is the estimation of some prop-

erty of a stochastic process, those statistics in wide usage are often 

called estimators. Herein, the terms will be used synonymously. The 

statistic or estimator is itself a random variable; this follows 

because it is a function of random variables which generated the 
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sample employed. The distribution of an estimate is termed the 

sampling distrib~tion (of the estimator). The quantity actually 

developed and employed in the inference is, accordingly, the estimate. 

The relationship between these ideas is important. From a sample, one 

derives an estimate, using a mathematical formulation -- the estimator. 

Because of its stochastic nature, the estimate will take on different 

values which are dependent upon the values found in the (random) 

sample. Thus, given one ~ample, the estimate may be envisioned as a 

random observation "drawn" from the population of estimate values 

whose distribution is the sampling distribution. The sampling dis

tribution is functionally related to the distribution from which the 

data sample was generated; it may be the same, may for large samples 

approach a limit, or be different, depending upon the estimator being 

employed and the mathematical properties of the parent distribution. 

Estimators are normally chosen to convey information about 

the parameters of the distribution or "probability law" which generated 

the sample. For example, the sample mean and the sample standard de

viation are estimators which convey information about these two impor

tant parameters of the parent distribution. Other estimators may be 

employed to convey information about other properties of the distri

bution, either directly or inferentially. 

The forms of estimators of population parameters are 

literally constrained only by the limits of human ingenuity; any 

(appropriate) mathematical definition can define a statistical esti

mator. Thus, there are many cases of alternative estimators existing 
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for the same stochastic property or distribution parameter. In such 

a case, the alternatives are usually compared on the basis of how well 

they estimate the parameter or property for which they are defined. 

The criteria employed is the standard error of the estimate. The 

standard error is the exact or asymptotic measure of the standard 

deviation of the sampling distribution of the estimator. That esti

mator, among the available alternatives, which has the smallest stan

dard error is then termed the most efficient estimator, or, simply, 

the best estimator. 

The Importance of Efficiency in Non-Stationarity 

Efficiency of an estimator is an especially important 

issue when one is investigating the stationarity of the population 

distribution's parameters. This is because, by definition, station

arity of a population parameter can only be examined empirically; in 

other words, stationarity must be inferred through the behavior of, 

or in terms of, an estimator of the parameter. 

The relationship between non-stationarity of a parameter 

and estimators of the parameter is central to a clearer definition of 

what will be meant by non-stationarity herein, and is probably best 

explained first by arl example. Consider the observation made by 

Mandelbroit, mentioned above, that in the subordinated stochastic 

models, the sample second moments are non-stationary. This statement, 

which seems very straight-foreward on its face, can have some very 

different implications. Prior to consideration of these implications, 
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it is first necessary to consider the estimators of the second 

moment -- which here shall mean both the true second moment, the 

variance, and also its root, the standard deviation -- of a population. 

There are numerous estimators for population standard 

deviation. The standard deviation is the square root of the popula-

tion's second moment about the mean; therefore, not suprisingly, the 

most efficient estimator, disregarding correction for bias in small 

samples, is the one which most directly employs this defined property; 

that is: 

(2) 

where: 

1 m1 = (lin) 

This estimator, and any estimators derived from it, will be referred 

to as s-class estimators. As mentioned above, they are the most ef-

ficient estimators of standard deviation. They are also parametric 

estimators: that is, they both define and take advantage of the defi-

nitions of the parameter they estimate. 

The variance of the estimator s is given by Kendall and 

Stuart (18), as: 

where m. is the i-th sample moment. 
I 
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In equation (3), ~he u's denote the population's moments about the 

mean. Equation (3) holds for any population; if the population is 

Normal, then it r~duces to: 

var{s) = q. 2 / (2n) (4) 

Thus, the standar~ error of the estimator 5, for a Normal distribution 

being estimated, is given by: 

1 _ 

SEes) = [var{s)]~ = 0./"2n (5) 

The actual distribution of the estimator s is known to be a Gamma 

distribution, defined only for positive values. However, if one were 

to, say, take repeatedl samples of size n from a population, and then 

calculate the values of s, the distribution of the values of s would 

tend to have itself a standard deviation of the size given in (5). 

Now the statement that the second moment appears to be 

non-stationary may be considered in the context of the estimators of 

the second moment. Inl the present context, one would make this claim 

if the values which s took from repeated samples from the population 

were distributed in a more disperse way than would be predicted from 

the standard error calculation in (4) or (5) with the (known or pre-

sumed) population value of sigma. Actually, the claim is that the 

values taken on by the estimator are non-stationary. 

This non-stationarity could, however, arise from several 

causes. Obviously, th~ population parameters could in fact be changing 

over time. Then, ~achltime the sampling was performed, the population 
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moments could be different. Yet, only one value of the parameter 

would have been employed in calculating the standard error. The 

dispersion of the values would then almost certainly be greater than 

expected; the population parameter in this case is actually non-

stationary. 

However, there could be another explanation for observed 

non-stationarity. Say that the population were presumed to be normal, 

and thus the formulation in (4) and, by consequence, (5) were employed. 

If the population were, however, radically non-Normal, then the more 

general formulation in (3) is the appropriate definition of the stan-

dard error of the estimator. In this case, the population moments 
, ' 

could in fact be stationary over the periods sampled. However, the 

error induced by the improper specification of the estimator could 

cause the estimator (and, thereby, the population) to be claimed non-

stationary. 

In the latter case, even though the s estimator is the most 

efficient in the Normal case, it would be biased. Beyond 

this, however, it might actually be inefficient relative to another 

estimator. 

Definition of the Causes of Non-Stationarity 

The differentiation between the two causes of apparent 

non-stationarity are important enough herein to warrant ad-hoc defini-

tion. The former case, where there are actually inter-temporal changes 

in the population parameters which are reflected over the course of a 
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composite sampling experiment shall be referred to as Parametric 

Non-stationarity. The latter case, wherein the non-stationarity 

observed is due to empirical or statistical design considerations, 

while the population being sampled is in fact parametrically station

ary, will be referred to Experimental Non-stationarity. While easy 

to define, the situation in practice is not at all easy to differen

tiate. One cause of Experimental Non-stationarity has already been 

identified: presumption of the I~rongll form of the parent distri

bution. There are other situations which may cause the same result. 

Two other important causes will now be discussed: 

The Influence of the Mean 

It can be seen in equation (3) above that the estimator 

of the sample second moment is a function of the first moment, or 

mean, of the parent distribution. This is true even in the case of 

the s class estimators for the Normal distribution. If the state of 

the world were such that the first moment of the population were 

Parametrically non-stationary, then this would be sufficient to induce 

Experimental non-stationarity. However, non-stationarity of the 

population1s actual (as opposed to estimated) mean is not sufficient, 

nor, strictly. not even necessary to induce non-stationarity in the 

population1s variance. 

An economic scenario in which this would be the state 

of the world is easy to envision. Assume that ex-ante investor 

expectations directly and functionally influence the mean of the 
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distribution of price changes that will be observable ex-post. 

However, assume that the dispersion of these price changes is due to 

the way in which information is processed by investors, by inaccuracies 

in information (llnoise ll in the information IIchannel ll ) anc! exogenous, 

institutional forces. In this simple scenario, say it is hypothesized 

that investors' expectations can and will change over time, but that 

the information processing and outside forces are hypothesized to be 

invariant over time. This is, then, a straight-forward and seemingly 

very plausible situation where the mean of the ex-post population of 

price chang~s is non-stationary and the variance of that population is 

stationary, albeit about a changing mean. Use of an s class estimator 

to investigate the standard deviation of this population would almost 

certainly result in the conclusion that the standard deviation of the 

population were non-stationary. This conclusion is not only erroneous; 

it could result in a totally erroneous model concerning dispersion, and, 

thereby, risk of speculative pricing; while IImissingll the true explana

tion. 

The Influence of Sample Independence 

Another cause of Experimental non-stationarity is the 

violation of the assumption of independence in the population being 

sampled. If the elements of the sample used to derive s are not 

independent, then s will be biased. 

This is most easily shown for the square of the estimator 

s as defined in (2), simply because the IIsquare roots ll are thereby 



dropped from the exposition. Kendall and Stuart show that the 

expectation of the square the estimator s is given by (p. 275): 

2 E(s ) = n-1 
n 

2 [E(x ) - E(x.x.)] 
I J 

(6) 

If the XiS are independent, then the expectation of the cross -

product in (6) equals the square of the population mean; that is: 

E(x.x.) = E(x.)E(x.) = ~12 
I J I J 

(7) 

In the case of independence, then, equation (6) and 

equation (7) show that the expectation of the variance of the esti-

mator is, for large n, equal to the population variance. That is: 

E(x.x.) = 
I J 

= 

12 
/.l, 

n-l 
n 

n-l 
n 

if (x indep. y) 

ex 2 (8) ~ = 2 n 

Equation (8) shows that m (and, by extension, s) is asymptotically 

unbiased in large samples, as n grows to infinity, only in the case 

where equation (7) holds; that is, in the case of independence (or, 
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synonymously, orthogonality) of the XiS. If the elements of the sample 

are not independent, the estimator will remain biased even for large 

samples. 



Summation and Implications Regarding 
The Use of Conventional Estimators in a 

Non-Stationary Stochastic Environment 

The results and observations of this section seem to argue 
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strongly that the conventional lis-class", or parametric, estimators of 

standard deviation are vulnerable to the measurement problems that are 

present in a non-stationary experimental environment. 

While the most efficient estimators available for cases 

of well defined and stationary stochastic processes, their efficiency 

falls when the specification of the process is less certain. Further, 

they may then be biased. 

It was pointed out that non-stationarity in an empirical 

setting must be defined in terms of the behavior of an estimator; the 

standard parametric estimators accordingly could provide erroneous 

conclusions. 

Speculative price changes could be an experimental 

environment where parametric non-stationarity is the state of nature. 

There is no reason a-priori to reject this notion; in fact, the sub-

ordinated stochastic models mentioned above are actually attempts at 

explaining non-stationarity in economic terms. 

Researchers, while doubtless aware of the problems with 

parametric estimators outlined here, have not in general employed 

estimators of security price changes distributions which could differen-

tiate among causes or types of non-stationarity; in fact, in most cases, 

the experimental design ·was such that the issue was not directly raised. 



Further, while there seems to be no shortage of models to explain 

or even motivate non-stationarity of price changes, there does not 

appear to be any systematic taxonomy in the literature of types of 

Parametric non-stationarity. 

Accordingly, the next Chapter will have two major purposes. 
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First, the \!.~ in which a probability law's parameters can change over 

time will he classified. Second, the rationale will be given for using 

an alternative class of estimators for differentiation of the types 

of non-stationarity. 



CHAPTER 3 

DEVELOPMENT OF THE RANGE SPECTRUM ESTIMATOR 

The discussion of both the Stable Pareti~n distribution 

and the general class of Subordinated Stochastic Processes in the last 

chapter shows that non-stationarity is not at all rejected as a plaus-· 

able characterization of price-change distribtuions in the literature. 

In fact, non-stationarity of the generating process is the natural 

consequence of the specification of those models. 

Many different models will induce non-stationarity of the 

moments of the ex-post distribution of price changes; however, the 

form of the non-stationarity will be conditioned upon the form of the 

mode 1. 

For example, consider a naive model which, it will be 

seen, is consistent with the findings of Chapter IV herein. In this 

naive model, it is hypothesized that the volitility of price change 

of an individual security is a result of the "response of investors to 

changes in the information available about that security. It is 

further hypothesized that this response is neither instantaneous nor 

fully rational, due to institutional constraints and pressures for 

performance on portfolio managers. However, it is further hypothesized 

that, for the market as a whole, these pressures are "counter-balanced" 

among individual securities. That is, there is diversification at work 

in the market wherein the "excessive" volitility which one particular 
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issue is experiencing at a puint in time is countered by excessively 

IIlowll volitility in another issue. 

In the above scenario, an ex-post time series of the 

price changes of a particular issue would be a distribution which 

would be said to be IIcontaminated'" That is, the variance of the 

process which characterizes price change would vary from day to day, 

as interest in the issue, volume, press coverage, or the activity of 

IItouts'l of the issue varied. However, the ex-post distribution of 

the changes of a broad market index of many different issues would, 

under the above hypothesis, not contain this contaminati~n. 

The distribution of an individual issue could be analyzed 

35 

for non-stationary variance and if the technique employed were proper, 

it would be found. Further, the technique might indicate that the 

ex-post distribution were a composite, or mixture. 

However, this expository hypothesis can be extended 

to the case the index is also a composite, having a value change 

distribution which is identical to the IIcontaminated ll distributions of 

the individual issues. This may be done by hypothesizing, further, 

that the underlying volitility --or variance-- of the process by which 

macro information --as opposed to information about one particular 

issue-- is received by the market is constant for ~ne 

period, but then is caused to change, perhaps by technological or 

analytical breakthrough, or perhaps by a change from a period of 

economic growth to one of economic recession. 
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In the latter case, the technique which analyzed the issue's 

distribution and found it to be a composite would also find the index's 

distribution to be a composite. The causes of the compositisation are, 

however, fundumentally different; the form of the non-stationarity is 

also fundumentally different. However, if the technique simply 

identified both distributions as composites, no information about the 

nature of the causes would be offered. 

The central purpose and contribution of this work is the 

development of a technique which will allow the identification of 

compositisations similar to those described in the example above. 

Specifically, the technique will not only provide an inference that an 

ex-post distribution of price changes can be characterized as a com

positisation, but also will be able to provide inference as to the 

process of compositisation. 

The technique developed here will employ "non-parametric" 

statistics. It was suggested in Chapter 2 that the conventional para

metric tools available in statistics for the estimation of the moments 

of a probability generating law are not well suited for use if the 

generating process is not parametrically stationary. Simultaneous 

consideration of the behavior of a number of non-parametric estimators 

of population standard deviation when compositisation is present in a 

distribution will lead to a methodology wherein the pattern of the 

values obtained for these estimators are compared with the pattern 

for a known type of compositisation. Accordingly, this pattern of 

est imator behavior is termed the "Range Spectrum. II 



37 

This development of the Range Spectrum technique in 

this Chapter is divided into three sections. The first section will 

expand upon the treatment of non-stationarity that was introduced in 

Chapter 2; that is, treating non-stationarity as a consequence of 

mixed probability laws, and presents a specific taxonomy of types of 

mixtures. The second section provides an overview of a non-parametric 

alternative to the parametric estimators discussed in Chapter 2, and 

provides preliminary justification for the use of non-parametric 

techniques for examination and identification of non-stationarity. 

This overview proceeds by discussing the empirical framework in which 

studies of non-stationarity of speculative price must operate, and 

examining the implications of this empirical environment upon the 

estimators which might be chosen for use. The third section will, 

accordingly, develop an estimation procedure which seems well suited 

to the problem of identifying the causes of non-stationarity, in terms 

of the definitions of the first section, within the constraints on 

methodology presented in the second section. 

A Taxonomy of Non-Stationarity 

This section will introduce non-stationarity of the mean 

and standard deviation parameters of a stochastic function in terms 

of the concept of "compositisation." It will be shown that this con

cept, as it has been extended in the statistical literature and in 

this section, has very general application in treatment of non

stationarity. 



Two alternate forms of compositisation will be treated. 

The definitions of these alternatives are central to the question of 

the manner in which speculative prices are generated. It will be 

seen below that while it is possible that the alternatives generate 

(composite) distributions which are identical ex-post, they imply 

market structures which are very different. These two forms will be 

defined by the terms with which they were originally studied: con

tamination and slippage. 

Contamination: The Basic Concept 

While the consideration of non-stationary populations 

is a fairly recent concern in financial economics, the subject has a 

much longer history in other areas of endeavor. An area of concern 

in production control in the early Post-WWI I period was the issue of 

identifying statistical populations which were "contaminated." 

In production, equipment could break or fallout of 

r.alibration without the fault being detected by mechanical means or 

by those who were monitoring the process. Similarly, some exogenous 

event could suddenly change the operating characteristics of the 

production, again without detection. 

One way in which these circumstances could be detected 
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was statistically. Output from a production process normally will 

have associated with it some specified tolerances of accuracy, purity, 

etc. The accuracy of anyone particular item will typically be a 

random variable whose mean and standard deviation are well kno"'1"\ to 
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the engineers supervising the process. Consequently, the accuracy 

of the items is a random variable with known parameters. If some 

"shock" were to affect the production process in such a way that the 

average accuracy were changed, or in such a way that the dispersion 

of the manner in which the items were produced were changed, then, 

statistically, the random variable which described the accuracy would 

have different parameters. This stochastic cause of this condition 

was referred to as "contamination." The most serious form of defect 

for many processes was that type which wOlild change the dispersion of 

the size, clarity, purity, etc., of the products. Hence the term 

contamination became more closely associated with shifts in the 

standard deviation of a population. 

The extensions of this idea were apparently seen by 

Mande 1 broi t (21), who suggested that the IIfat ta i 1 Sll --that is, the 

prevalence of many more observations in the tails of price change 

distributions-- might be explained by the presence of a "contaminator. 1I 

Formal Definition of Contamination 

Mandelbroitls suggestion is directly related to a more 

formal conceptualization of contamination by Dixon (9). 

In Dixonls definition, it is assumed that the experimental 

environment is such that samples of N observations are drawn from a 

composite population which is the union of two distinct populations. 

In other words, if an observation is "drawn" from a composite (or 

"global") population, then the element chosen would have been generated 
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according to one of two functions, each of which had different 

parameters. 

For purposes of definition, only the first two moments 

are considered here --the mean, or location parameterr, and the stan-

dard deviation, or scale parameter. In eaQh definit~on, contamination 

results from changing one of the two param~ters, while the other re-

mains the same in both distributions. The two distributions which 

enter the definitions are each referred to as the primatives of the 

resulting compositisation. Two definition~, then, ar~possible for 

contamination. 

Scalar Contamination 

Formally, this was defined as follqws. Let x be a random 

variable for t = 1,2,3, ... N. The random vqriable xt lis generated by 

one of the Normal probability laws: 

N (J.l, a) for a random set of pr:oport i on I 

( 1- y) of the observqtions. 

N(J.l, Aa) for a random set of proportion I 

y of the observations. I 

This process shows change in the variance, or scale parameter only. 

Accordingly, it shall be referred to as Scqle Contamilnation, and de-

noted SC ( Y , A ) • 

Location Contamination 

Dixon treated another type of contqmination: I in this 

second type, the shifting parameter is the mean. Thus, formally, the 

random variable is generated by one of the probability laws: 



N ( /.l, CJ) for a sequenced set of proport i on 
(1- A) of. observat ions 

N( /-l,leCJ) for a sequential set of proportion 
y of observat ions. 

This form shall be referred to as Location Contamination, and 

denoted LC ( y , Ie). 

Slippage: Concept and Formal Definition 

An alternative form of composite population appears in 

the statistical literature. It was defined at least as early as the 

work of Paulson (28). This alternative form of compositisation ~as 
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referred to by Paulson as ··slippage." In this form of compositisation, 

events are first generated according to a process with defined para-

meters. At some point in time, there is a ··shock·· which changes the 

value of one of the parameters of the generating process, so that 

thereafter, a 11 the events are generated accord i ng to the "new·· pa ra-

meter. Thus, whereas contamination, in a production setting, could be 

caused by a flaw such as a loose part or intermittant failure, slippage 

could be caused by accidental, non-recoverable damage or wear. 

While this somewhat restrictive definition was suited 

to the purposes of the original study, a more general classification 

can be formed on that principle which is more useful. Two cases are 

possible, parallel to the two cases of contamination. These are: 

Scale 51 ippage 

Assume that one is concerned with random observations 

Xt generated over t = 1,2,3, •.. tJ. Consider that xt is generated 



accor~'ng to a Normal law with mean u and standard deviation s for 

t = 1 ,2,3, .•. T, where (TIN) is equal to the number A. At time 

(T+l), assume that the values of x are now generated according to a 

Normal law with mean u and standard deviation A s. In other words, 
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the standard deviation of the generating process IIslipped" to another 

value at time (T+1). Thereafter, there is zero probability of xt being 

generated ~c~ording to law with the original parameters. This situa

tion will be referred to as Scale Slippage, or,' symbolically, as 

SS(y, I. ;s). 

Location Slippage 

A definition paralled to that above for scale slippage is 

possible for a one-time shift in the mean. In this case, (tiN) = I. 

of the observations on x are assumed to have been generated according 

to a Normal law with mean u and standard deviation s; thereafter, the 

Normal law generating x has mean equal to I.au, and standard deviation 

s. This situation is Location Slippage, and will be denoted as 

LS( y, I.;s). 

Comparison of the Two Types 

A superficial consideration of the two types of com

positisation might lead to the conclusion that there is little differ

ence between them. However, not only is the difference between them 

profound, but the implications of the two types on price change dis

tributions is quite different. 
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Neither Dixon nor Paulson addressed the implications of 

either type of compositisation upon the stationarity of the moments 

of the resultant distributions. There was no motivation or need to 

do so; their motivations were toward the identification of contami

nators and the effects of contaminators upon conventional statistical 

estimators. 

However, any form of non-stationarity can be defined 

by integration of the two types of compositisation. It will be sub

sequently verified that both Scale Contamination and Location Con

tamination as here defined would result in populations which are 

Parametrically stationary. In addition, the populations are, for 

suitable estimators, also Experimentally stationary. On the other 

hand, the forms of Slippage are Parametrically non-stationary. Also, 

it will be seen that the distributions are, for all estimators, also 

Experimentally non-stationary. 

Just as it was mentioned that, in a production situation, 

the causes of the two types of compositisation could be totally dif

ferent, the causes of the two types in generation of speculative 

prices could be totally different. An example of this serves to 

clearly illustrate the desirability of a method for differentiating 

between types of compositisation. 

Curve fitting techniques could, if properly conceived 

and applied, ascertain that an ex-post distribution of speculative 

price changes was a compositisation. Yet, radically different 
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hypotheses of market organization could be consistent with this 

distribution. For example, it could be that the volitility of stock 

price changes is different in a "bull" market than in a "bear" 

market. If the data include observations from both types of markets, 

then the composite would be a result of Scalar Slippage (form SS, 

above). On the other hand, it could be that the volitility on 

Mondays and Fridays was the same, but greater than the volitility on 

mid-week trading days. In this case, the composite would be a result 

of Scalar Contamination (form SC, above). Clearly these are quite 

different explanations; however, the composite distribution which 

would result could appear to be identical. Thus, these definitions 

offer more than an analytical outline. 

By defining two opposing circumstances, a methodology 

is motivated which can differentiate between them, and thereby 

address the question of non-stationarity of price change distributions 

in a more meaningful way. The requirements of experimental design of 

such a methodology is the substance of the next section. Following 

that, a new estimator class, sensitive to the types of compositisation 

presented here, and meeting the requirements of the experimental 

design, will be developed. 

Overview of Alternative Estimators 
for Non-Stationarity 

This section will lay the groundwork for the presentation 

of a new estimation technique for detection of non-stationarity. This 
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will be done by first reviewing the experimental design issues which 

require sample sub-division. In turn, the implications of this sub

division on estimator efficiency, as discussed in Chapter 2, will be 

investigated. Finally, this section will channel these results toward 

justification of the use of order statistics, and, more specifically, 

"Range Estimators," in detection and definition of non-stationarity. 

Overview of the Experimental Problem 

Direct, empirical investigation of the parametric 

stationarity of a time series of price change data constrains the 

experimental IIfreedomll of the researcher. Specifically, these con

straints are invoked both by the necessity of sub-dividing the data 

set under consideration, and by the implications of this sub-division 

on estimator efficiency. 

The reason that a data set must be broken into sub-

samples is almost intuitive. Economic time series data, by their 

very nature, present the researcher with a "one sample" condition for 

any given time frame. That is to say, "there is only one world 

existing at anyone time. 11 Consequently, if the generating process 

of an economic time series is not known, then an observed time series 

cannot be truly replicated for the purposes of statistical investi

gation. This is, of course, certainly true if it is the generating 

process itself which is the subject of the study. 

Operations control sciences, or most physical sciences, 

do not feel this constraint: they are afforded the "luxury" of the 
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ability to replicate an experiment. Consequently, many of the 

statistical tools available were developed either for use in such an 

experimental environment, or assume that replication of an experiment 

is possible. For example, consider one of the main tools of economic 

research, 1 inear regression. In that procedure, the IIbeta coefficient ll 

which one obtains is bivariate regression is a random variable. It is, 

indeed, an estimator in the definitions of Chapter 2. If one were to 

have the ability to repl icate a data set, he would then have two 

estimated IIbetas", and an improved inference on the actual value of 

the functional coefficient he is measuring, subject to the condition 

that the actual structure is described by the linear model. Replication 

of economic data, because it is impossible, constrains the researcher 

to the one IIbeta ll estimate. As a consequence, much more care and 

thought must be given to the question of whether or not data meets 

the requirements for use of the technique. 

Proper methodological design demands that research be 

conducted using the most efficient estimators one has available for 

use in the testing of hypothesis. It also demands the most economical 

and complete use of the data set. Given a lIone sample ll environment, 

this requirement is even more important. 

In considering stationarity of price change distributions, 

replication of the experiment is not a luxury, but a necessity. Since 

the data cannot be replicated IIcross sectionallyll, repl ication must be, 

in a sense, IIsimulated ll by breaking the data set into sub-samples. 
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In so doing, the entire sample, (which will herein be alternatively 

called the "global" sample) must be deemed to be equivalent to the 

population. If the global sample were employed, there would be only 

one estim~te of the parameters available; no inference of change could 

then be made. 

Implications of Sample 
Division of Efficiency 

Because estimator efficiency is a critical issue, it is 

necessary to examine whether there is a "trade-off" between efficiency 

of estimation and the method of sample division. If so, then there 

would be a "best" method of sample division. 

To investigate the efficiency, assume that there exists 

a data set of N observations, and subdivisions of that set of d sub-

samples of n - (N/d) observations each. For simplicity, further 

ass~me that n is an integer. Again for simplicity in exposition, 

assume that the population which generated the data is (or is presumed 

to be) Normal. 

Taking all N observations together, and obtaining the 

s-class estimate of the standard deviation, say, s, then s has itself 

a standard error given by equation (-4) in Chapter 2 as: 

On the other hand, if the sample is subdivided,then the 

sample standard deviation for each of the sub-samples can be taken 



48 

in turn. Each of the d estimates will be generated from the sampling 

distribution of the estimator. Each estimate's standard error will 

be given as: 

SE(S ) 
n 

d~ (J lfiN (10) 

Thus under the sub-sampling, each of the estimates of 

population standard deviation is now the square root of d times as 

large as the global estimate. However, d estimates now may be 

"averaged together" to arrive at one estimate. The effect of "aver -

aging" the d estimates is to add together random variables, and then 

di~ide their sum by d. If the data are assumed to have been generated 

independently, then the estimates will also be independent of one 

another. It is well known from elementary statistics that the vari-

ance of the sum of random variables (with the same variance) is equal 

to the common variance times the square of the number of summands. 

Hence, the standard deviation fo the sum of d random variables will 

be the square root of d times their common standard deviation. The 

standard deviation of each of the random variables here is the standard 

error of s(n) given in (10) above, then the standard error of the sum 

is d times the standard error of s(N). To affect the "average", 

however, the sum is divided by d. Consequently, the standard error 

of the average of the d sub-sample estimates is equal to the standard 

error of the global sample itself. That is: 
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SE(s ) = 
n = a /["iN = (11) 

Hence, the estimate obtained from the mean of the d sub-sample 

estimates gains or loses nothing in efficiency. In reality, these 

are asymptotic results, and for moderate sample sizes there would 

actually be a slight loss of efficiency in subdivision. In addition, 

there could be the introduction of some bias in the estimate. This 

latter problem will be treated below. 

Further, the result will hold only if the standard 

deviation of the global sample is stationary across the subdivisions. 

However, it is this very fact which favors the subdivision approach. 

By subdividing, one has a new, derived set of data, the estimates 

themselves, that have a probability distribution. Further, from the 

global sample, he has the best possible information about the value 

of the population parameter being studied, under the null hypothesis 

that parameter is stationary. 

In other words, the sub-sample estimates were each drawn 

from the same sampling distribution of the estimator, if the parameter 

of the population were stationary. Since the moments of the sampling 

distribution are known under the null hypothesis, then the behavior 

of the d estimates relative to that distribution will allow inference 

as to whether the population parameter actually was stationary over 

the entire time horizon. 

Subdividing of the sample is thus a viable methodology. 

It does not cause any drop in efficiency which cannot be compensated 
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for, and provides a framework to examine non-stationarity of the 

parameters of the global population. However, there is one potential 

drawback. Subdivision means that the sub-samples may become "small " 

in the statistical sense. This must be considered, because statistics 

makes heavy use of asymptotic properties in the development of 

estimators. Small sample situations usually require special handling. 

This will be treated next. 

Suitable Small Sample Estimators 

Even in a small sample environment, the s-class estimators 

remain the most efficient. However, the simple formulation for the 

standard error can no longer be used. This is because as the number 

of observations in a sample falls, the skewed nature of the actual 

distribution becomes more pronounced, and the simple estimator becomes 

seriously biased. This bias, however, can readily be handled if one 

is dealing with a Normal population, because the exact sampling dis

tribution of the estimator is then known and analytic. The exact 

distribution is given by Kendall and Stuart (18:256), for the sample 

variance, and a simple variate transform then yields the distribution 

for the sample standard error. 

The correction for bias is given by Grubbs and Weaver 

(13), as follows. Here, x will refer to the observations, u will 

refer to the mean of the sample of x values, and S will refer to the 

population standard deviation. The letter s, as above, will refer 
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to the estimator, and the operator E(s) to its expectation. Then, 

for a Normal popuiation: 

1 

c = N 
(2/N):2 r (N/2) 

rCN-l/2) s = 1 - 2 ~ 
(N-l) [~ (x-x) ] 2 

Then S = SlcN 

For N = 10, S = .92274753s (12 ) 

Hence if the coefficient of S in (12) is defined as c(n), then 

[ sl c(n)] will be the unbiased estimator of sample standard deviation. 

It is important to recall that this formulation is defined 

thus only for the Normal distribution. If the population is not 

Normal, then the bias correction will not hold rigorously. This is, 

again, a more serious problem in small samples than in large samples. 

Thus, a search for alternative estimators of sample standard deviation 

for a small sample, general population experimental environment is 

warranted. One class of estimators which has been used in the liter-

ature is that developed from lIorder statistics. 1I 

Definition of Order Statistics 

Dixon (9), and other early researchers studied and 

advocated the use of estimators derived from the order properties of 

samples, especially for use in cases of small sample sizes and sus-

pected contamination or other types of non-Normality of the population. 

These estimators are generally classified as "order statistics ll
, and 

are part of the larger class of Ilnon-parametric" statistics. 
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Order statistics are formed by first taking a sample and 

then sorting the values of the elements from smallest to largest. It 

may seem that nothing is gained or lost thereby, inasmuch as the ele-

ments are the same after sorting as they were initially. However, this 

is not the case. Even if the original elements were independent, the 

process of sorting makes them dependent UPOIl one another. This is 

intuitively obvious: there is only one smallest observation in the 

set; therefore, the second smallest, say, has that ordinal property 

because there is one smaller. Consequently, by considering the size 

of the IIsmallestll, relative to the IInext larger ll
, and so on, will 

convey a great deal of information. In fact, the properties of these 

dependent sets have been studied in great detail. It is, of course, 

the Normal distribution which has received the greatest study. 

Prior Research into the Properties 
of Order Statistics 

The earliest apparent reference for the distributions 

of the ordered sample from a Normal population is in Tippett (33). 

In this 1925 work, he calc~lated the mean and standard error of the 

largest member of a sample of N observations for N from two to 1000. 

By 1961, nearly continuous research had resulted in a complete body of 

information about Normal order statistics. Sarhan and Greenburg (31). 

had calculated the covariances of all order statistics, Gupta (13). 

contributed the exact distributions of all order statistics to sample 

size 10, and Harter (14), provided the first ten moments of each 



statistic. An exhaustive bibliography on the topic is available 

in (31). 

Of more interest, however, is the application of this 

information. The widest application of order statistics has always 

been used in estimates of the standard deviation of a distribution 

in a small sample environment. The estimators thus employed are 

referred to as "Range Estimators. 11 

Definition of Range Estimators 
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The term "Range" is very descriptive of the form of the 

estimator: after ordering, the value of the estimator is the differ

ence between the largest and smallest elements of the sample. Clearly, 

the size of this difference will vary, depending on the dispersion 

characteristic --the standard deviation-- of the population. Hence 

this difference conveys information about the standard deviation, even 

though all the other elements of the sample are not used. Other range 

sizes are defined. These are called "quasi-ranges", and refer to the 

difference of the second - largest and second smallest, and so on. 

Value of Range Estimators in Non-Normality 

Range estimators are not widely used in conventional 

statistical appl ications. There are good reasons for this. First, 

conventional statistical applications can and do rely heavily on the 

Normal distribution. Grubbs and Weaver (13) show that the range 

estimators are inefficient relative to the s-class statistics con

sidered above, if the population is known or presumed to be Normal. 
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However, if there is compositisation present, Dixon (9), shows that 

range estimators are not only more efficient that s-class estimators, 

but also less biased. 

Another fact argues for range estimators in considering 

security price change distributions. One of the major "problems" of 

price change distributions is that there are too many outlying obser

vations, relative to the Normal distribution. Range estimators 

by their construction, directly consider "outliers", since the 'first 

range is the difference between the two extreme observations of a 

sample. 

Summary of the Overview 

This section has developed the groundwork for the 

development of an estimator particularly suited to the problem of 

the non-stationarity of security price change distributions. It has 

been shown that a methodology which sub-divides a data sample does not 

do so at meaningful cost of efficiency. It has also been shown that 

while s class statistics remain the most efficient statistics for use 

in a world of Normal distributions, past research has argued for the 

use of Range estimators when the specific types of non-Normality exist 

which might be present in stock prices. 

The next section will be devoted to the primary purpose 

of this work. A new estimation methodology will be developed, espe

cially suited for the problem of detecting and inferring the type of 



non-statIonarity which may be present in speCUlative price changes. 

The use of the method, and its performance, will be the subject of 

Chapter 4. 

Development of a Range Spectrum Methodology 
for Use in Examination of Non-Stationarity 

It was mentioned in the previous section that there is 

no reason, at least in terms of efficiency, to use range estimators 
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over convention~1 s-class estimators for estimating standard deviation, 

even if non-normality caused by compositisation is suspected in a 

sample. 

If estimation of population parameters were the sole 

objective of a study, then there would be no need to seek or to 

develop alternative estimators. However, it was exemplified in the 

last section that inference of compositisation is a superficial treat-

ment of speculative price distributions. Parameter estimations are, 

then, an even more superficial treatment. 

A more interesting treatment of the problems of Finance 

with which this work is concerned would involve attempting to identify 

a type of non-stationarity in stock prices. This is because the type 

of non-stationarity provides much greater insight into the actual 

process which generates speculative price than simply identifying 

non-stationarity pre-see 

Conventional parametric statistics cannot discriminate 

between forms of compositisation; they are not defined to do so. 

Hence, alternative estimators merit research. 
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It is the definition and development of a technique to 

discriminate between types of compositisation which is the major 

purpose of this paper. If the general type of compositisation present 

in speculative prices can be identified, then certain explanations of 

market structure can be rejected in favor of others. For example, if 

it were to be found that stock price change distributions contain 

evidence of slippage, then the basis of the subordinated stochastic 

models would be wholly inconsistent with this finding. 

Accordingly, this section will be devoted to the development 

of an algorithm which can discriminate between the different forms of 

compositisation defined in the first section of this chapter. 

The term "algorithm" is used here, rather than "estimator", 

because it is more descriptive of the process involved. An algorithm 

is defined as a set of rules or procedures which lead to a predefined 

outcome. It is, in other words, a "process." The process developed 

here actually involves no less than ten related estimators. Five of 

them are estimators of the population standard deviation; five of them 

are est imators of these est imators. I t wi 11 be seen that, taken 

separately, none of these estimators convey information which is not 

better obtained by other means. However, through the use of all of 

them together, they will convey information which cannot be obtained 

directly by ot~er means. 

Since the purpose of this development is to address the 

question of non-stationarity of stock price distributions, the use of 
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the algorithm to this end will be the subject of Chapter 4. The con

clusions and implications of that use will be discussed in Chapter 5. 

Definition of the Empirical Environment 

The principle characteristic which defines the procedure 

developed here as an algorithm rather than an estimator is that it 

is first necessary to define the environment in which the procedure 

will be employed. That is, the procedure has a "task-specific" 

character typical of algorithms, rather than a robust character 

typical in estimators. In that sense, even though the concept devel

oped has great generality, the development must be (or should be) 

"tailored" to the task to which it will be applied. 

Accordingly, the development here will not be a general 

one, but rather will incorporate the following three constraints. 

1. There are N (large) observations on daily security 

returns,'which are presumed to be independent. 

2. These data are not necessarily identically distributed. 

However, it is assumed that the process generating any observation is 

a Normal law. In other words, the over-all generation of the data 

follows one of the types of compositisation defined above in the first 

section of this Chapter. Hence the parameters of the Normal distri

butions which generated the data are not necessarily the same over the 

entire time period that the data reflect. 

3. The data shall be sub-divided into subsets of ten 

sequential trading days each, or two normal weeks of trading. 



Therefore, there will be (N/10) independent subsets available for 

consideration, because of the assumptions of 1 above. 

The first constraint above is a conventional assumption 

which is made about security price distributions. The methodology 

here does not test for the validity of this. The second constraint 

is, in fact, a working hypothesis in the application in Chapter 4. 
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At this point, however, it simply directs the development. It is also 

presented for simplicity; as noted previously, a great deal is known 

about the order properties of Normal samples, and the development 

takes advantage of this knowledge. The third constraint is simply a 

choice; there is no claim made of optimal ity in the choice of this 

sub-sampling size. It also was chosen, as was the second constraint, 

because this size is a common size of sample used in the statistical 

literature on ranges. 

Previous Uses of Range Statistics 

Dixon, as previously discussed, employed range statistics 

in a setting of contaminated Normal populations. However, his concern 

was in the identification of contaminators, and arrived at the con

clusion that the range was the best statistic to use in the presence 

of contamination. The ultimate concern in his work was production 

control; the concern was of identification of contamination, not of 

defining it. 

Several other uses were made of range statistics in 

regard to non-Normality. However, in these cases ranges were simply 
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proposed as alternative estimators, and comparative study undertaken. 

David, Hartley and Pearson (7), studied the use of ran~e as an alter

native statistic for kurtosis. David and Johnson (8), proposed the 

use of range as alternative estimators for kurtosis and for skewness. 

None of these studies were concerned with the question of the identifi

cation of compositisation forms. 

General Conceptualization of the Methodology 

The essential logic of the approach taken here is to 

study the biases that non-Normality· induces upon the range statistics 

of the Normal case. Since, by assumption, the population is Normal, 

then the concern is not efficiency of the estimators; they are expected 

to be biased anyway. Consequently, not just the "true" range, or the 

difference between the greatest and the least elements in the sample, 

will be employed, but each successive difference as well. Then, there 

will be five lIe·s timators" of population dispersion, which will be 

denoted R(l), R(2), ..• , R(5). 

It is central to the understanding of this methodology 

to understand that while the R's are, by definition, estimators of the 

dispersion of a Normal population, they are not strictly employed in 

that task. The "higher" ranked R's are in fact inefficient estimators 

of dispersion; in that sense, they carry no independent information 

when the population for which they are employed is Normal. The behavior 

of the values of the R's when the populations is a composite cannot be 

derived from the Normal case; however, if this behavior can be recorded, 



then the R's do in fact convey information. This information can 

then be emp10yed in the inference of the type of compositisation 

which is present in the population. 

Hueristically, as the population diverges from Normality, 
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the expected values of the R estimators diverge from the value which 

they would take on if the population were in fact Normal. The R's 

are constructed so that in each case, their expected values are all 

the population standard deviation if the population were Normal. If, 

instead, the population were the result of a composite process, then, 

in general, the divergence of each of these five expected values is 

different for each of the R's. Also, the divergence is different for 

different types of compositisation. 

If the divergence of the expected values of the R's 

is perceptably different for the different types of compositisation, 

then the pattern can be noted. Undertaking the procedure for the 

empirical sample, if the sample shows a pattern similar to one which 

has been cataloged, then this is evidence of the type of compositisa

tion which is present in the sample. 

A methodology which employs this essential logic is a 

mainstay of astro-chemistry. A bit of a celestial body cannot be 

brought into the laboratory and examined; all that can be examined is 

the light. However, under the assumption that the way that each ele

ment absorbs light is the same in a star as it is on earth, then the 

astronomer need only to examine the light spectrum of a star, and 
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compare that spectrum to that of known elements in the laboratory. 

When the spectra match, the inference is that the matched element is 

present in the star's chemistry. Accordingly, this procedure shall be 

referred to as the "Range Spectrum": if the pattern of deviations in 

the expectations of the R's induced by the data match the pattern of 

a known composite form, then the inference will be that that particular 

composite form is present in the data. 

Properties Anticipated by the Literature 

This procedure will have" some attractive properties 

which can be inferred from previous research. 

The first attractive property is efficiency in actually 

estimating the population standard deviation. In departures from 

Normality, estimates of population standard deviation based on linear 

combinations of order statistics may actually be more efficient than 

other estimates of the parameter. This was shown by Blom (3), who 

developed least squares estimates of population standard deviation 

using all order statistics, as is being done herein. Sarhan and 

Greenburg (31), give the coefficients of the best linear estimate of 

standard deviation in the Normal case for a sample of ten as follows: 

Here, x(l) is the smallest element, and x(10) is the largest. 

x(l): -.2044 x(2): -.1172 
x(S): -.0142 

x(10): .2044 x(9): .1172 

x(3): -.0763 
x(6): .0142 
x(8): .0763 

x (4): -.0436 

x(7): .0436 

The values are presented in "mirrored" form to emphasize the symmetry 

of the quantities. The estimate of population standard deviation is 



calculated along with the range spectrum below. It will there be 

noted that in cases of non-Normality, it "performs" as well if not 

better than the conventional s estimator. 

Another valuable property of the range estimator is that 
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the moments of at least some of the R's will remain finite even if the 

population itself has no finite moments. For example, Jung (17) shows 

that even for the cauchy distribution, which has neither finite mean 

or variance, the means, variances and covariances of R3, R4, and R5 

all exist. A diverting semantic point is raised by this: how can a 

distribution which has no variance have estimators of variance which 

have a finite central tendency? The solution to this riddle is that 

the estimators of standard deviation in this case have irreparable 

infinite bias. The consequence, however, is that a spectrum remains 

defined even in the Cauchy case. 

A third attractive property of the R's is that they are 

non-parametric in the sense that they bypass the estimated population 

mean in their calculation, unlike the conventional s-class estimators. 

Consequently, in cases involving slippage or contamination of the first 

moment, this technique will probably be more effective than parametric 

estimation. 

The procedure developed in this chapter thus carries with 

it the advantages of non-parametric range estimators which have been 

discovered and treated in the literature. However, it is the use of 

the entire available set of range estimators which is central .to 
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providing the ability to discriminate between types of compositisation. 

Since this is provided by deviations under compositisation from the 

IInormll values of the range estimators --that is, deviations from the 

values taken by the estimators when a population is Normal-- these 

norm values must now be developed. This is the subject of the next 

sub-section. 

Development of the Norms of the R(i) 

The first step in the construction of the algorithm is 

the establishment of the norms of the five ranges. If the development 

were a fully general one, accepting any distribution, then this would 

be a non-trivial task. It would require calculation of the means, 

variances and covariances of all order statistics in the sub-sample, 

utilizing the formulations of this sub-section. 

Because the specific development in this chapter relies 

upon the Normal distribution, most of the numeric~l exercises necessary 

to solve the equations below has been performed. The next subsection 

takes advantage of this research. Nonetheless, a more general develop

ment, and any extensions of the methodology of this chapter would 

require the formulations below; accordingly, they should be presented 

here. 

The analytic form of the moments of the order statistics 

is readily available in, for example, Kendall and Stuart (18), or 

Ogawa (24). The mean of the i-th order statistic, x(i), is given as: 



7 tF i - 1 (t) [l-F(t)]n-i f(t)dt (13 ) 
-00 

The variance of the same order statistic is given by: 
00 

V(X(.I)) =. n! . J!t2 Fi - 1 (t)[l-F(t)]n-i f(t) dt 
( I -1) ! (n- I ) ! -00 

I 

2 
- [E(x(i))] (14) 

Finally, the covariance between the i-th and j-th order statistics 
I 

is given by: 

64 

It is obvious that solution of these analytic forms presents .a serious 

numerical task. However, givlen full specification of a distribution 
I 

function, their calculation is no more than a numerical exercise. In 

the case of the Normal distri'bution, this exercise has been accom
I 

plished, as previously mentioned. The direct use of these tabulations 

in deriving the norms of the 'Rls is developed in the next sub-section. 

The Moments of the R Estimators 
in the Normal Case 

The covariance matri~ for the range estimators can be 

derived directly from that of the order statistics. The covariance 
I 

matrix for the order statistilcs of size ten for a population N(O,l) 

is given in Sarhan and Greenburg (31), and the expected values are in 
I 

Teicherow (32). Because of symmetry, the expected value of the first 

order statistic is equal in absolute value to that of the tenth; the 
I 

second is equal to the ninth, and so on. Thus the expected value of 



R1 is twice the absolute value of the first order statistic, R2 is 

twice the absolute value of the se~ond, and so on. 

The most straightforward way to derive the covariance 

matrix is to simply apply the rule for expressing the covariance 

between two 1 inear combinations of random variables. That is, if a 
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is (in the present case) a (10 x 1) vector of the coefficients of each 

of the random variables, and b is another (10 x 1) vector of coefficents 

of another linear combination, then the covariance between a and b is 

given by a'Vb, where V is the covariance matrix of the random 

variables. 

Let V denote the (10 x 10) matrix of order statistic 

covariances. Let i be a (5x1) vector, and e(i) be the expectation 

of the i-th range statistic. The vector i has the value [-l/e(i)] as 

its i-th element, and [l/e(i)] as its (ll-i)-th element, and zeros 

elsewhere. Then, the covariance between any two ranges R(i) and R(j) 

is given by the bilinear form i'Vj. The range covariance matrix is 

presented in Table 1, for the Normal distribution of unit standard 

deviation. 

Modification for Non-Unit Variance 

The definition of the covariance matrix presented above 

is subject to the condition that the variance of the parent distribu

tion is unity --that is, that the parent distribution has a variance 

of one. In that case, the covariance matrix is "scaled", in the sense 

that the variances of the R's is directly related to the variance of 



Table 1. Variance Characteristics of the R Estimator. 

R1 

R2 

R3 

R4 

R5 

R1 

R2 

R3 

R4 

R5 

R1 

0.067077 

0.044528 

0.037233 

0.034009 

0.032695 

R1 

0.258992 

R1 

22.80825 

-11.9605 

0.05794 

0.01388 

0.00128 

COVARIANCE MATRIX 

R2 R3 

0.044528 0.037233 

0.085345 0.071783 

0.071783 0.130073 

0.065742 0.119428 

0.063269 0.115058 

STANDARD DEVIATIONS 

R2 

0.292138 

R3 

0.360656 

R4 

0.034009 

0.065742 

0.119428 

0.244310 

0.235638 

R4 

0.494277 

INVERSE COVARIANCE MATRIX 

R2 R3 R4 

-11.96052 0.05794 0.01388 

28.13978 -12.12350 0.01765 

-12 •. 12350 20.63646 -6.83526 

0.01765 -6.83526 8.93316 

0.00167 0.00166 -1.56074 

R5 

0.032695 

0.063269 

0.115058 

0.235638 

0.845826 

R5 

0.919688 

R5 

0.00128 

0.00167 

0.00166 

-1.56074 

1.61668 

66 
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the parent distribution. Further, the definition insures that the 

expectation of each of the R's is unity. 

In general, one does not deal with unit variances in 

empirical work. A more general definition for the R estimators is 

hence needed. This alternative definition should have the property, 

however, that the expected values of the R's remain unity. This con-

cern is dictated by the primary goal of the procedure of identifying 

"forms" of compositisation. Scaling which would vary with dissimilar 

variances would only serve to obscure possible similarity of patterns 

in estimator values caused by compositisation. 

The most useful modification is to employ a generalization 

of the so-called "studentized range", so named after Student, who first 

suggested its possible usefulness (see Newman (23). The Studentized 

range is, in effect, the ratio of a range estimate of standard devi-

ation to an independent s-class estimate of the same parameter, say, s. 

Then, if w. denotes the observed range estimate, the studentized 
I 

range, say, q, is given by: 

q = w./s 
I 

(16 ) 

The properties of the estimator q has been studied, but only for 

the case where the sample size which generated s is the same as that 

which generated w. The statistic used for s should be as efficient as 

possible. This suggests that the s-class estimator taken over the 

entire sample should be used. One might suggest the use of the best 

linear estimator as defined above; however, it will be seen that this, 
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for a sub-sample of ten, is very inferior to the conventional 

statistic based on the entire data set. 

Some comments about this Ilhybrid" definition are in order. 

Any sub-sample's range estimators are unbiased estimators of the 

population standard deviation if the population is properly identified. 

In that case, the range estimate divided by the best estimate of the 

entire populationls standard deviation will have a value of unity. 

Further, the covariance structure will be that developed above. In 

the present case, then, the modified Studentized range definition will 

present R estimators with the above moments for a distribution hypothe-

sized to be Normal with arbitrary mean and arbitrary standard deviation. 

If the definition is taken one step further, to define s as the null 

hypothesis of the scale parameter of the Normal, then the R's will be 

freed of the problems which may result from consideration of the 

quotient of two estimators, as in the conventional Studentized range. 

Completion of the Algorithm: 
A Test of Normality 

As it has been developed, this procedure is in fact an' 

extremely sensitive test of Normality. This test would proceed in the 

following way: If the ten-point sub-samples were each employed to take 

estimates of the R's, and note were made of the average for each R as 

well as the covariance between the estimates, then the Hotelling T 

distribution could be used for a test of Normality. The T distribution 

is given by Press (26), as' follows, with notation altered to that used 

here: 



Let r1 , ••. r
S 

be independent (5xl) vector observations each 
of which is distributed N(m,s). Then, the smaple mean vector 
and covariance matrix rand S are given by: 

n n 
r = (liN) E (r. - r) 

I 
S = 1 I (N-l) L (r. - r) ( r. - r) 

I I 

Then, if m(Sxl) is the vector of (nu~l-hypothesis) means 
of the five variates, Hotellings T statistic is: 

T2 = (N) (r - m) 1 5- 1 (r - m) 

Finally, the statistic~ 

is distributed with in the F-distribtuion with 
(5, N-S) degrees of freedom. 

The use of this statistic in a Normality test has some problems, 

however. The sample covariance matrix must be inverted each time the 

test is used. While this is not a serious problem in a (SxS) case, 

procedural complications should not be accepted if there is an alter-

native which is simpler and as acceptable in result. In this case, 

there is an alternative. 

Cons i der the quadrat i c form, or Ii sum of squares", given by: 

q = (r-m) 1 E -1 (r-m) (17) 

Press (26) shows that a vector of jointly distributed 

Normal random variables, say, x, can be transformed into a vector of 

independent Normal random variables, say, y, by: 

(18 ) 

Thus the quadratic form in (17) is actually a sum of 

squares of independent, unit variance, Normal variables. In the case 

of the R's, asymptotic Normality is guar~nteed because the Central Limit 
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Theorem shows that the sampling distribution of a mean is asymptoti

cally Normal so long as the population sampled has a finite variance. 

Since the distributions of the R estimators for the compositisation of 

Normal primatives all have finite moments J then the asymptotic 

Normal ity in sampling is assured. 

The sum of squares of independent, unit Normal variates 

is, by defintion, distributed as Chi-Square. Consequently, a test of 

Normality can be based on the Chi-Squared statistic rather than Hotel

ling's statistic. 

Rather than here present an example of this algorithm 

applied to a test of Normality, it will be postponed until the next 

chapter. There are two reasons for this. First, the next chapter 

will be devoted to empirical work, and therefore, expositionally, such 

a test "belongs" there. Second, and more importantly, one of the 

primary purposes of the next chapter will be to establish the behavior 

of the Range Spectra under compositisations of various known types. 

The simulation methods employed use the procedures and results developed 

above. Consequently, the test of Normality can be naturally integrated 

into these simulations. The power of discrimination will be thus 

"automatically" te~;ted. 



CHAPTER 4 

SIMULATION AND EMPIRICAL APPLICATION 
OF RANGE SPECTRUM RESULTS 

The Range Spectrum was so named in the last chapter 

because of the similarity of the technique to spectral analysis of 

light. The full set of range estimators --that is, the true IIrange", 

as well as the inner or "quasi-ranges"-- as defined for the Normal 

distribution is applied to a data set which is generated according to 

a composite process. The individual ranges, referred to as Rl, R2, 

through R5, take values which are biased when the population is a com-

posite; importantly, the form of the biases for the Rls is different 

for the different forms of compositisation. Thus, the pattern of the 

biases, as well as the pattern the composite non-Normality induces 

upon the standard errors of the R ~stimators, becomes associated with 

the form of compositisation. This is similar in concept, then, to the 

pattern of absorption lines in a sample of light from an source of 

unknown composition being associated with the cataloged absorbtion 

lines of known elements. 

The last chapter noted that of range estimators have, 

in general, some attractive properties over parametric estimators when 

investigating moments of distributions which are composite non-Normal. 

More important to the issues of Finance at which this procedure is to 
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be directed, however, the technique as developed in this chapter will 

permit direct inference upon the process by which the composite data 

is generated. 

Knowledge of the process by which speculative prices 

are generated over time is quite superior to knowledge of only the 

form of the distribution of prices; it was noted in Chapter 2 that 

Mandelbroit has written that scientific model making is not primarily 

a matter of curve fitting. 

The results of this chapter will illustrate why curve 

fitting methodologies, no matter how procedurally robust or theoreti

cally elegant, do not always faithfully serve the goals of ordering 

and understanding economic phenomena. 

In the implementation of the definitions of composite 

forms presented in the last chapter, there are two distributions 

generated --one which embodies slippage and one which embodies con

tamination. These mathematical definition of these two distributions 

are identical ex-post; the two distributions have exactly the same 

mean, variance, and skewness. In fact, all moments are the same; 

they are the Iisame 'l distribution. Yet on of the distributions is 

generated by a process totally different than the process generating 

the other. The events, either physical or psychological, which can 

cause one or the other of the processes must be totally dissimilar. 

Thus, even if curve fitting does identify the distribution as a com

posite or mixture, that technique can never say nothing at all about 

the process "behind" the distribution. 
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The procedure developed here does not itself actually 

allow definition of the process which generated the securities' price-

change data with upon which the Range Spectrum is applied. However, 

the results of this chapter do allow insight into the nature of the 

process which appears to have generated securities' price-changes in 

the past. 

It is doubtful that the process which generates price 

change can ever be known; the change of speculative prices is the 

result of a amalgam of predictions, reason, fancy, and the interplay 

of economic and psychological phenomena so complex that Epstein (10), 

called the stock market "the most subtly intricate game invented by 

Man." No straightforward technique can compete in --or analyze-- such 

a game, much less define its rules after the fact. The method of this 

work, however, does allow direct comparision of the modern models of 

the process of generating speculative price with the types of processes 

indicated in the data, rather than simple comparision of the stochastic 

results of those hypotheses with the stochastic record of the data. 

This chapter has two major sections. The first section 

is devoted to the establishment of the behavior of the Range Spectrum. 

The second section is devoted to the application of the methodology 

to actual past data series. 

Simulation of the Range Spectrum 
for Normal Composites 

This section is concerned with establishing the Range 

Spectrum for a broad domain of Normal compositisations. It is 
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organized into four sub-sections. First, the basis of using simulation, 

rather than analysis, to establish the Spectra is discussed in the first 

sub-section. The second sub-section establishes the methodology. The 

third sub-section examines the results and define the inferential 

properties of these results. The fourth sub-section indicates and 

discusses the strengths and shortcomings of the methodology presented. 

Choice of Simulation Methodology 

Development of the Range Spectrum could proceed by direct 

consideration of the IImeasure properties " of the composite distributions 

under study. That is, the well established body of knowledge concern

ing the measured values of the order statistics on which the Range 

Spectrum is based could be invoked, and the analytic properties of 

any Normal composite could be derived therefrom. 

A complete statistical study of the Range Spectrum would 

require an analytical treatment. However, there are reasons why an 

alternative, IIsimulated-result ll procedure is more appropriate to this 

work. 

Numerical Analysis Considerations 

While the distributions of the Range estimators of 

standard deviation of the parent population under study are easily 

expressible as formal, analytic functions, they are numerically' dif

ficult to work with. That is, while the symbolic forms may be written, 

numeric analysis can proceed only'by use of computer. Even in the 



Normal case, the distribution of one single order statistic is 

defined by an expression which requires integration of the normal 

integral itself. That is, if g(x(i» denotes the density of the 

distribution of the i-th order statistic, then g(x(i» is given by: 

9 (x ( i ) ) n! 
= "7(-=-i --:1~);""'! "-r( -n _--:i""'}"7""! F i -1 (x ( i ) ) [1 - F (x ( i ) ) ] n - i f (x ( i ) ) dx ( i ) 

( 19) 

In order to evaluate (19), the powers of the Normal cumulative 

probability function must be evaluated, by numerical analysis. The 

algorithm for this procedure must, further, be a general procedure, 
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for it must be done repeatGdly. Then, in order to derive the cumula-

tive probability function for the order statistic, these powers must 

be integerated numerically. 

The distribution of a single Range Estimator, for a 

two-Normal composite distribution, is a combination of four expressions 

like the one above, with different parameters. Not only is the dis-

tribution of each Range Estimator be numerically different for each 

form of composite, it is also different for each set of parameters 

taken within each form. 

The foregoing by no means implies that the analytic 

approach is an impossible task. However, it is clear that the under-

taking is likely beyond the economic cost constraints of computer re-

sources available. Further, it is not clear that this large expendi-

ture of time and money would be of clear value to the goals of this 

work. This will be discussed next. 



Consistency with Goals 

The goal here is not to attempt parameter estimation 

of forms of Normal compositisation. The analytic approach would 

provide the vehicle for this; in fact, that would be the principle 

result. The goal of this work, however, is to attempt to identify 
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one or another of the forms of compositisation in an empirical environ

ment. This will be carried out by examining the "across-estimator" 

behavior of the Range Spectrum for different known forms of composites. 

Thus, the parameter values taken by the estimators are only of secon

dary interest. 

Accordingly, simulation of the forms of compositisation 

allows direct pursuit of this study's goals at a much lower cost than 

the analytic approach could offer. Simulation, however, requires more 

control and methodological definition than analysis; those consider

ations are discussed in the next subsection. 

Description of the Simulations 

The goal of the simulations is to give a representative 

sample of the behavior of the Range Spectrum under the four different 

forms of compositisation defined in Chapter 3. 

The empirical environment in which the technique will 

be defined to operate was defined in Chapter 3. Sub-sample size was 

there defined as ten observations, and these observations were assumed 

to be independent. Thus, the essential logic of the simulations was, 



77 

simply, to provide independent data sets of ten points each, with the 

data generated from one or another Normal processes, according to the 

definition of the type of compositisation under study. 

Generation of Normal Random Digits 

The first task in the simulation, therefore, was the 

generation of Normal random numbers. The Cyber 175 computer on which 

the simulations were performed, like all modern computers, has an in-

line function which generates random real numbers uniformly distributed 

on the interval from zero to one (non-inclusive). These values may, 

then, be taken as the cumulative probability measures of independent 

Normal observations. 

A very efficient transform was developed by Box and 

Mueller (2), which transforms two uniform random digits, like those 

generated, into two Normal digits randomly and independently generated 

with zero mean and unit variance. If u(l) and u(2) are two uniform 

digits, and x(l) and x(2) are the two transformed Normal digits, then: 

.1. 
x(1) = (-2ln U(l»2 cos(27Tu(l» 

1 

x(2) = (-21n u(2»~ sin(2 7T u(l) (20) 

Since the Box and Mueller method is a theoretical result, the 

"quality" of the Normal digits is a function of the independence and 

uniformity of the original digits. Since the in-line functions em-

ployed by computer system software are necessarily of the highest 

quality, then it is assured that the Normal digits employed are, 
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likewise, of the highest quality. That is, they should carry no 

numerical bias or dependence thc:r'L could be detected statistically. 

Replicative Ability 

Another property desirable in a simulation is the ability 

to replicate the simulation. This ability is provided by the use of 

the in-line number generator. The uniform generator will, for any 

given initial value (the "seed") always generate the same infinite 

pseudo-random sequence of digits. Another consideration in simulation, 

however, is that the same sequence is not always wanted. Therefore, 

the seed value was changed, and each simulation relicated with a 

different seed, to ensure that a highly deviant series was generated 

from a particular seed, and an inaccurate inference was made therefrom. 

Derivation of the Range Estimators ' Values 

Each simulation is comprised of 500 independent generations 

of ten Normal random digits. At each generation, the digits taken are 

sorted, and the Range estimates of the composite population generating 

the digits is calculated. 

In the cases of compositisation in the scale factor, 

the standard deviation of the composite was calculated to be unity. 

Richie (29), gives the variance of a composite of two Normal primatives, 

both with zero mean, as: 

2 
o 2 = L 

c 
p. 

I 

2 
a . 

I 
(21) 



For any simulation in scale compositisation, this relation was set 

equal to unity and solved for 01' for the values then being taken 

for Y , the composite probability parameter, and ~ , the composite 

magnitude parameter. Thus, the value of 01 ' needed to obtain a 

composite with unit variance (and standard deviation) is given by: 

(22) 

Each of the range esti~ate5 taken was divided by the Normal value 

given in Table 1, according to the development of Chapter 3. Thus 

each of the range estimates has~ if the population were Normal, an 

expected value of unity. 

Choice of Simulation D~ration 

Each of the simulations involves 500 independent obser-

vations of the Range E15timators. The motivation for this IIsize" was 
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that the actual security price data to which the Range Spectrum would 

be applied spans a tim~ in1terval of nearly five thousand trading days. 

Therefore, there is a ~lear requirement to IImatch li the simulations to 

the empirical application, ISO as to minimize the impact, if any, of 

different sample sizes on performance and efficiency. While no impact 

is suspected for such ,amp]e sizes, nothing is lost by the matching 

of the size of the sim~lation to the size of the ultimate data of 

application; empirical con~istency, however, is gained thereby. 
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Standard Errors of the Ranges 

Inasmuch as there are, for each simulation, 500 data 

points for each Range Estimator, it was straightforward to calculate 

the standard error of the estimates taken. In the cases of compositi

sation, these observations have value in discriminating among the com

posite forms. This can be anticipated by considering the difference 

between, for example, scale contamination and scale slippage. In the 

former composite, some of the points in each ten-point sample are 

expected to be from the distribution with the larger variance. The 

estimates of composite standard deviation, from one ten-point sample 

to the next, while possibly biased away from the true value of unity, 

should behave somewhat consistently. On the other hand, in simulating 

scale slippage, ~ the points in the ten-point samples are generated 

according to one particular set of Normal parameters for some defined 

fraction of the 500 trials, and, thereafter, generated according to 

a different set of Normal parameters. The dispersion of the estimates 

of scale in the latter case should, clearly, be different than the 

dispersion of the estimates in the former case. Therefore, information 

which is useful for discrimination will be carried in the behavior of 

the standard error. 

Conventional Parameter Values 

The conventional parametric estimates of the Ilglobajll 

mean and standard deviation, --that is, the values realized for all 
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5000 points taken together-- are also calculated. These values give 

"benchmarks" for the comparison of the values of the Range Estimators; 

further, they serve as a consistency check on the structure of the 

simulation. 

Additionally, the conventionally calculated standard 

deviation for the ten-point sub-samples, along with the standard 

error of the resulting 500 observations thereon, is also calculated. 

These values give "benchmarks" for the efficiency of --and the size 

of-- the standard errors of the Range estimates. The standard devia-

tion estimate makes use of the bias correction give by Grubbs and 

Weaver (13), discussed in Chapter 3: 

s = .92274753 
N 

Direct Test of Normality 

[ E 

Chapter 3 laid the ground work for the use of the Range 

Spectrum as a test of Normality. This test procedure is integrated 

into the form of the simulations, because the information required to 

perform the test is exactly that obtained in the simulation process. 

Further, the simulations give a ready base for consideration of the 

power of that test, inasmuch as the simulated populations are known 

non-Normal forms. 

In Chapter 3, the structure of a "full" test of Normality 

was described, utilizing the Hotelling distribution. However, a more 

operationally simple alternative was there proposed utilizing the 
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Chi-Square distribution. The difference between these two procedures 

is that the former tests not only the expected values of the Range 

estimates against their null hypothesis values, which is the extent 

of the latter test, but also the covariance structure of the five 

estimates as well. In spite of the fact that the covariance structure 

is not considered, it will be seen that the Chi-Square procedure is 

very sensitive to deviations from Normality. 

Formally, the Chi-Square test is identical to testing a 

given multivariate mean vector against an alternative with known 

covariances. Such a test is described in Press (26), pp. 172-173. 

Operationally, the test compares the mean of the 500 independent values 

taken by the Range Estimators R1 through R5 against their expectations 

under the null hypothesis of unit-variance Normality --a vector of 

units. The covariance matrix, and its inverse, used in the test are 

those given in Table 2, as was derived from the methods described in 

Chapter 3. The statistic obtained from the test is distributed as 

Chi-Square with five degrees of freedom, from the five Range Estimators 

employed. The critical value at the .995 level of significance is 

16.7. The resultant value of Chi-Square is calculated for each 

simulation. 

Summary of Description of the Simulations 

Each simulation derives the values taken by the Range 

Estimators for a given form of Normal compositisation, for five 

hundred independent trials, each of which is itself ten observations. 
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Additionally, the standard errors of the Range Estimators are 

presented. Further, the conventional parametric estimates of the 

global parameters of the composite are given. Finally, a Chi-square 

statistic, the value of which infers the Normality of the population, 

is calculated. 

The next sub-section will present the results, and 

examine qualitatively the properties which can be used to distinguish 

between forms of compositisation. 

Analysis of the Simulation Results 

This subsection discusses the results of the simulations 

of the four defined forms of compositisation: scalar contamination, 

the case where, in effect, two different standard deviations are re

sponsible for the dispersion of the data; scalar slippage, where the 

distribution is a composite --or equivalently, a mixture-- of two 

Normals, but witn each generating the data in different time intervals, 

and location contamination and slippage, which are effectively the same 

in definition as the two scalar cases, except that it is the means, 

rather than the standard deviations, which differ. 

The primary theme of this discussion is the cataloging of 

the behavior of the estimators which were described in the previous 

sub-section. Recalling the analogy to chemical analysis from which the 

term Range Spectrum was derived, this is analogous to cataloging the 

Angstrom-unit positions of the spectral lines. The approach here, 

however, is far more qualitative than in that exact science; however, 
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it wi 11 be seen that even the extent that the present "spectra" are 

defined enables one to discriminate between the forms of composites 

which are defined. More importantly, the present extend is sufficient 

to infer the presence of slippage, rather than contamination, in the 

broad-based CRSP Equal Weight Index. The latter issue is reserved for 

the last sub-section of this chapter. 

Description of the Tables 

The results of the simulations are reported in Table 2, 

which extends eighteen pages. The reason for this immense amount of 

data is simply that Table 2 spans the combinations of composite prob

abilities and composite factor size. In this way, a better understand

ing of the behavior of the Range Spectrum is possible than would be 

the case with a more abbreviated span of values. 

The composite probability, according to the definitions 

of Chapter I I I is, for the cases of contamination, the probability of 

the data being generated by the Normal primative with the larger moment; 

for the cases of slippage, it is the proportion of time that the data 

are generated by the Normal primative with the larger moment. As it 

was defined in Chapter 3, this probability will be referred to here

after as "gamma." 

The composite factor size is defined as the magnitude of 

difference in the generating moment. As in the definitions of Chapter 

3, it is referred to as "lambda." In cases of compositisation via 

the standard deviation, if the smaller standard deviation is, say, 
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Table 2. Simulated Range Spectra: Normal Composites. 

R1 R2 R3 R4 R5 10 - PT GLBL MEAN CHI-SO 
(STD DEV) (STD DEV) (STD DEV) (STD DEV) (STD DEV) (STD DEV) GLBL STDV SCORE 

------------------------------------------------------------------------------------------
GAMMA : 0.1 
LAMBDA: 8.0 

SCA. CONT. 0.91980 0.49546 0.43862 0.41893 0.42771 0.83344 0.00263 2017.82 
(STD DEV) (0.72372) (0.29206) (0.20013) (0.20359) (0.39688) (0.61000) 0.99727 

SCA. SLIP. 0.61065 0.62200 0.60333 0.55793 0.54783 0.65464 0.03601 1322.15 
(STD DEV) (0.86952) (0.91326) (0.88807) (0.79487) (0.99955) (0.89009) 1.07370 

LOC. CONT. 0.92910 0.75603 0.55275 0.47780 0.44201 0.91059 -0.0030 850.15 
(STD DEV) (0.42937) (0.53912) (0.42810) (0.34795) (0.40316) (0.44338) 0.98213 

LOC. SlIP. 0.38996 0.39411 0.39428 0.38878 0.39595 0.39342 0.01134 3204.79 
(STD DEV) (0.10805 ) (0.13129) (0.16895) (0.24763) (0.47370) (0.11126) 1.00479 

------------------------------------------------------------------------------------------
GAMMA : 0.1 
LAMBDA: 7.0 

SCA. CONT. 0.93593 0.54152 0.48745 0.46819 0.47863 0.85142 0.D0386 1705.48 
(STD DEV) (0.69823) (0.28966) (0.21213) (0.22753) (0.44323) (0.58562) 0.99792 

SCA. SLIP. 0.64454 0.65594 0.63796 0.59282 0.58308 0.68976 0.03685 1102.81 
(STD DEV) (0.84151) (0.88495) (0.86192) (0.77466) (0.98859) (0.86012) 1.07150 

LOC. CONT. 0.94835 0.78516 0.60082 0.52794 0.49377 0.92174 -0.0017 694.88 
(STD DEV) (0.41556) (0.51102) (0.41450) (0.34806) (0.45052) (0.42165) 0.98276 

LOC. SLIP. 0.43502 0.43950 0.43947 0.43285 0.43850 0.43933 0.01311 2747.43 
(STD DEV) (0.11862) (0.14244) (0.18157) (0.26216) (0.48212) (0.11945) 1.00620 

------------------------------------------------------------------------------------------
GAMMA : 0.1 
LAMBDA: 6.0 

SCA. CONT. 0.95389 0.59814 0.54823 0.52859 0.54026 0.87325 0.00542 1351.76 
(STD DEV) (0.66412) (0.28792) (0.22856) (0.25716 ) (0.50041) (0.55398) 0.99883 

SCA. SLIP. 0.68611 0.69754 0.68049 0.63581 0.62656 0.73238 0.03781 861.02 
(STD DEV) (0.80366) (0.84667) (0.82676) (0.74817) (0.97509) (0.81968) 1.06839 

LOC. CONT. 0.96908 0.81894 0.65916 0.58916 0.55718 0.93464 -0.0001 528.07 
(STD DEV) (0.39826) (0.47621) (0.39939) (0.35288) (0.50863) (0.39544) 0.98377 

LOC. SLIP. 0.49020 0.49509 0.49480 0.48678 0.49051 0.49576 0.01529 2235.35 
(STD DEV) (0.13186) (0.15659) (0.19788) (0.28156) (0.50100) (0.13018) 1.00799 

--------------------------------------------_ .. _-------------------------------------------
GAMMA : 0.1 
LAMBDA: 5.0 

SCA. CONT. 0.97293 0.66841 0.62407 0.60435 0.61567 0.89975 0.00742 961.08 
(STD DEV) (0.61725) (0.28807) (0.25040) (0.29449) (0.57180) (0.51203) 1.00014 

SCA. SLIP. 0.73748 0.74889 0.73316 0.68930 0.68073 0.78423 0.03886 603.64 
(STD DEV) (0.75080) (0.79318) (0.77805) (0.71273) (0.95856) (0.76331) 1.06391 

LOC. CONT. 0.98981 0.85749 0.73003 0.66434 0.63536 0.94937 0.00192 355.85 
(STD DEV) (0.37662) (0.43365) (0.38382) (0.36634) (0.58047) (0.36405) 0.98540 

LOC. SLIP. 0.55828 0.56366 0.56304 0.55328 0.55451 0.56569 0.01802 1676.40 
(STD DEV) (0.14854) (0.17465) (0.21906) (0.30756) (0.53692) (0.14427) 1.01028 
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Table 2--Continued 

Rl Rz R3 R4 R5 10 - pi GLB[ MEAN CHI-50 
(STD OCV) (STD OCV) (STD OCV) (STD OCV) (STD OCV) (STD OCV) GLBL STDV SCORE 

------------------------------------------------------------------------------------------
GAMMA: 0.1 
LAMBDA: 4.0 

SCA. CONT. 0.99136 0.75487 0.71768 0.69870 0.71311 0.93131 0.01005 560.72 
(STD OCV) (0.55139) (0.29169) (0.27940) (0.34180). (0.66199) (0.45571 ) 1.00206 

SCA. SLIP. 0.80068 0.81197 0.79815 0.75578 0.74823 0.84655 0.03992 349.88 
(STD OCV) (0.67446) (0.71598) (0.70864) (0.66486) (0.93909) (0.68223) 1.05728 

LOC. CONT. 1.00718 0.90087 0.81196 0.75544 0.73069 0.96568 0.00465 194.88 
(STD DEV) (0.35025) (0.38471) (0.36666) (0.39311) (0.66810) (0.32780) 0.98805 

LOC. SLIP. 0.64206 0.64803 0.64699 0.63504 0.63299 0.65224 0.02144 1098.90 
(STD OCV) (0.16948) (0.19758) (0.24640) (0.34215) (0.59888) (0.16265) 1.01317 

-------------------------~.----------------------------------------------------------------
GAMMA : 0.1 
LAM8DA: 3.0 

SCA. CONT. 1.00257 0.86115 0.82827 0.8'1061 0.82959 0.96654 0.01347 202.00 
(STD DEV) (0.45844) (0.30298) (0.31525) (0.39737) (0.77097) (0.38153) 1.00486 

SCA. SLIP. 0.87541 0.88632 0.87541 0.83585 0.82982 0.91754 0.04068 139.32 
(STD OCV) (0.56185) (0.60230) (0.60887) (0.60221) (0.91924) (0.56332) 1.04750 

LOC. CONT. 1.01508 0.94684 0.89838 0.85541 0.83766 0.98252 0.00822 70.54 
(STD OCV) (0.31879) (0.33972) (0.35718) (0.42893) (0.77222) (0.29014) 0.99227 

LOC. SLIP. 0.74247 0.74913 0.74753 0.73299 0.73033 0.75660 0.02564 567.12 
(STD OCV) (0.19502) (0.22584) (0.28066) (0.38724) (0.69208) (0.18585) 1.01662 

------------------------------------------------------------------------------------------
GAMMA : 0.1 
LAMBDA: 2.0 

SCA. CONT. 1.00462 0.96015 0.94361 0.93327 0.95247 0.99901 0.01778 21.41 
(STD DEV) (0.34355) (0.30493) (0.35373) (0.46268) (0.89108) (0.29683) 1.00869 

SCA. SLIP. 0.95175 0.96203 0.95498 0.92111 0.91746 0.98543 0.04037 24.13 
(STD OCV) (0.40227) (0.44253) (0.47544) (0.53430) (0.90888) (0.39588) 1.03397 

LOC. CONT. 1.01202 0.98225 0.97177 0.94518 0.94751 0.99764 0.01275 11.34 
(STD DEV) (0.28841) (0.31008) (0.36018) (0.46452) (0.85740) (0.26093) 0.99856 

LOC. SLIP. 0.85314 0.86050 0.85876 0.84184 0.83973 0.87214 0.03043 183.26 
(STD OCV) (0.22364) (0.25779) (0.32108) (0.44275) (0.79707) (0.21253) 1.02002 

------------------------------------------------------------------------------------------
GAMMA : 0.1 
LAMBDA: 1.5 

SCA. CONT. 1.00284 0.99146 0.98842 0.98314 1.00203 1.01002 0.02015 1.59 
(STD OCV) (0.29511) (0.29647) (0.36708) (0.48484) (0.92465) (0.26357) 1.01082 

SCA. SLIP. 0.98110 0.99081 0.98568 0.95674 0.95470 1.00871 0.03937 6.45 
(STD OCV) (0.31526) (0.35612) (0.40906) (0.51218) (0.91397) (0.30450) 1.02635 

LOC. CONT. 1.00752 0.99951 0.98691 0.97476 0.95811 1.00368 0.01529 2.73 
(STD OCV) (0.27674) (0.30847) (0.36084) (0.48336) (0.88215) (0.25350) 1.00241 

LOC. SLIP. 0.90594 . 0.91360 0.91220 0.89304 0.89199 0.92719 0.03282 75.14 
(STD OCV) (0.23746) (0.27331) (0.34126) (0.46787) (0.84717) (0.22556) 1.02122 
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Table 2--Continued 

R1 R2 R3 R4 R5 10 - PT G..BL MEAN CHI-SQ 
(STD DEV) (STD DEV) (STD DEV) (STD DfV) (STD DEV~ (STD DEV) GLBL STDV SCORE 

-----------------------------------------~------------------------------------------------
GAMMA = 0.2 
LAMBDA= B.O 

SCA. CONT. 0.9B710 0.536B1 0.39969 0.35926 10.33762 0.90352 0.01470 2195.76 
(STD DEV) (0.64B34) (0.3B527) (0.26152) (0.2490B) (0.3277B) (0.55263) 1.02361 

SCA. SLIP. 0.64606 0.65626 0.64362 0.60515 !0.57771 0.6731B 0.05243 10B7.77 
(STD DEV) (0.B3202) (0.85734) (0.B6302) (0.B37B9) (1.02016) (0.B4043) 1.0426B 

LOC. CONT. 0.B96B2 0.94217 0.B2279 0.6l1693 10.52913 0.99141 0.01052 346.64 
(STD DEV) (0.22761) (0.46337) (0.64936) (0.72BB4) (0.90571 ) (0.2971B) 1.003B7 

LOC. SLIP. 0.30079 0.303B3 0.30340 0.29B4B 10.30763 0.30504 O.OOBBO 421B.06 
(STD DEV) (0.OB431) (0.10067) (0.123Bl~ (0.lB411) (0.40710) (0.OB566) 1.01050 

-----------------------------------------~-----------.-------------------------------------
GAMMA = 0.2 
LAMBDA= 7.0 

SCA. CONT. 0.99297 0.566B5 0.43911 0.40265 0.3B023 0.91117 0.01525 1942.BB 
(STD DEV) (0.63467) (0.375B1) (0.26362) (0.26201) (0.36B18) (0.53942) 1.02337 

SCA. SLIP. 0.67029 0.68054 0.66816 0.629B2 ,0.60316 0.69817 0.05255 944.30 
(STD DEV) (0.81127) (0.83664) (0.84334) (0.B2092) (1.00972) (0.B1BB8) 1.04214 

LOC. CONT. 0.91306 0.95443 0.B42Bl 0.6802B 0.57193 0.99367 0.01132 284.32 
(STD DEV) (0.22786) (0.44593) (0.61643~ (0.6B9B8) (0.B6610) (0.2B970) 1.00410 

LOC. SLIP. 0.33839 0.34170 0.34103 0.33512 ·0.34360 0.34362 0.01025 3775.73 
(STD DEV) (0.09326) (0.11025) (0.13496~ (0.19714) (0.41638) (0.09284) 1.01218 

-----------------------------------------~------------------------------------------------
GAMMA = 0.2 
LAMBDA= 6.0 

SCA. CONT. 0.99939 0.60511 0.4B999 0.45756 ' 0.43494 0.92110 0.01596 1637.77 
(STD DEV) (0.615B5) (0.3641B) (0.26B65) (0.2B057) (0.41701) (0.52150) 1.02300 

SCA. SLIP. 0.700B6 0.71115 0.69914 0.66103 0.63543 0.72959 0.05262 777 .Bl 
(STD DEV) (0.7B312) (0.BOB55) (0.B1673~ (0.79B31) (0.99643) (0.7B964) 1.04135 

LOC. CONT. 0.9317B 0.96B06 0.B663B 0.72162 0.62571 0.99633 0.01233 216.71 
(STD DEV) (0.22904) (0.42409) (0.57503) (0.6423B) (0.B2737) (0.2BOB5) 1.00445 

LOC. SLIP. 0.3B591 0.3B955 0.3BB59 0.3B142 0.3B901 0.39255 0.01211 3251.B7 
(STD DEV) (0.104B2) (0.122BO) (0.14994) (0.21522) (0.43317) (0.10252) 1.01432 

-----------------------------------------~------------,------------------------------------
GAMMA = 0.2 
LAMBDA= 5.0 

SCA. CONT. 1.0062B 0.65493 0.55636 0.5295B 0.50372 0,93423 0.01686 1274.10 
(STD DEV) (0.5BB47) (0.35027) (0.27793) (0.30769) (0.4B164) (0.49626) 1.02244 

SCA. SLIP. 0.74025 0.75059 0.73910 0.70142 0.67732 0.769B7 0.05255 5B7.14 
(STD DEV) (0.74319) (0.76B76) (0.77922) (0.76707) (0.97924) (0.74B17) 1.04013 

LOC. CONT. 0.95274 0.9B249 0.B9396 0.77322 0.69260 0.99943 0.01362 146.46 
(STD DEV) (0.23204) (0.39661) (0.52317) (0.5B5B5) (0.79959 ) (0.27052) 1.00496 

LOC. SLIP. 0.44722 0.45129 0.44995 0.44113 0.44752 0.4559B 0.01453 2633.69 
(STD DEV) (0.12004) (0.13955) (0.17039) (0.24064) (!O.4625B) (0.11579) 1. 01705 
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Table 2--Continued 

R1 R2 R3 R4 R5 10 - PT GLBL MEAN CHI-SQ 
(STD DEV) (STD DEV) (STD DEV) (STD DEV) (STD DEV) (STD DEV) GLBL STDV SCORE 

------------------------------------------------------------------------------------------
GAMMA = 0.2 
LAMBDA= 4.0 

SCA. CoNl. 1.01252 0.72206 0.64532 0.62372 0.59705 0.95182 0.01803 848.38 
(STD DEV) (0.54694) (0.33311) (0.29479) (0.34611) (0.56670) (0.45919) 1.02153 

SCA. SLIP. 0.79195 0.80228 0.79161 0.75473 0.73291 0.82231 0.05215 377.77 
(STD DEV) (0.68343) (0.70933) (0.72362) (0.72218) (0.95693 ) (0.68612) 1.03815 

LoC. CoNT. 0.97435 0.99516 0.92633 0.83643 0.78088 1.00297 0.01530 78.05 
(STD DEV) (0.23829) (0.36306) (0.46229) (0.52446) (0.80363) (0.25905) 1.00575 

LOC. SLIP. 0.52786 0.53249 0.53063 0.51962 0.52432 0.53988 0.01775 1919.99 
(STD DEV) (0.14042) (0.16226) (0.19871) (0.27684) (0.51298) (0.13422) 1.02054 

------------------------------------------------------------------------------------------
GAMMA = 0.2 
LAMBDA= 3.0 

SCA. CONT. 1.01470 0.81557 0.76275 0.74708 0.72186 0.97493 0.01955 392.15 
(STD DEV) (0.48065) (0.31498) (0.32139) (0.39829) (0.68723) (0.40284) 1.01995 

SCA. SLIP. 0.85969 0.86988 0.86057 0.82536 0.80723 0.89004 0.05087 173.57 
(STD DEV) (0.58846) (0.61527) (0.63690) (0.65596) (0.92959) (0.58758) 1.03473 

LOC. CONT. 0.99253 1.00101 0.96205 0.91045 0.89060 1.00676 0.01745 23.03 
(STD DEV) (0.24725) (0.32844) (0.39954) (0.48469) (0.86269) (0.24806) 1.00702 

LoC. SLIP. 0.63457 0.63992 0.63735 0.62340 0.62562 0.65153 0.02208 1148.85 
(STD DEV) (0.16781 ) (0.19315) (0.23797) (0.32829) (0.59671) (0.15975) 1.02476 

------------------------------------------------------------------------------------------
GAMMA = 0.2 
LAMBDA= 2.0 

SCA. CONT. 1.00978 0.92768 0.90603 0.90406 0.88189 1.00135 0.02134 64.92 
(STD DEV) (0.37408) (0.29832) (0.35072) (0.46616) (0.85803) (0.32018) 1.01715 

SCA. SLIP. 0.94098 0.95063 0.94378 0.91233 0.90066 0.96900 0.04724 33.38 
(STD DEV) (0.43270) (0.46277) (0.50135 ) (0.56481) (0.90614) (0.42597) 1.02866 

LOC. CONT. 1.00182 1.00120 0.98778 0.98826 1.00528 1.01030 0.02004 1.50 
(STD DEV) (0.25588) (0.29995) (0.36502) (0.48413) (0.88898) (0.24170) 1.00898 

LOC. SLIP. 0.77051 0.77674 0.77323 0.75563 0.75654 0.79409 0.02771 452.24 
(STD DEV) (0.20312) (0.23339) (0.29016) (0.39814) (0.72325) (0.19338) 1.02876 

------------------------------------------------------------------------------------------
GAMMA = 0.2 
LAMBDA= 1.5 

SeA. CONT. 1.00566 0.91674 0.97047 0.97431 0.97545 1.01171 0.02212 7.48 
(STD DEV) (0.31151 ) (0.28959) (0.36326) (0.49186) (0.93471 ) (0.27562) 1.01511 

SCA. SLIP. 0.97749 0.98652 0.98162 0.95368 0.94699 1.00264 0.04349 7.42 
(STD DEV) (0.33141) (0.36585) (0.42103) (0.52260) (0.90725) (0.32054) 1.02426 

LOC. CONT. 1.00167 1.00401 1.00106 0.99718 1.00502 1.01174 0.02132 0.24 
(STD DEV) (0.25865) (0.29612) (0.36622) (0.48442) (0.87753) (0.24203) 1.01020 

LOC. SLIP. 0.84509 0.85203 0.84812 0.82797 0.82909 0.87174 0.03086 205.96 
(STD DEV) (0.22257) (0.25596) (0.31886) (0.43803) (0.79452) (0.21201) 1.02969 
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Table 2--Continued 

R1 R2 R3 R4 R5 10 - PT Q..BL MEAN CHI-Sa 
(STD OCV) (STD D£V) (STD DEV) (STD DEV) (STD OCV) (STD OCV) GLBL STDV SCORE 

------------------------------------------------------------------------------------------
GAMMA : 0.3 
LAMBDA: 8.0 

SCA. CONT. 1.01214 0.64570 0.47033 0.37610 0.34521 0.93502 0.00694 1628.68 
(STD OCV) (0.55520) (0.43841) (0.36528) (0.32594) (0.41537) (0.48170) 1.02054 

SCA. SLIP. 0.69375 0.70207 0.68840 0.65426 0.64418 0.71553 0.04639 817.55 
(STD OCV) (0.78496) (0.80788) (0.81916) (0.82730) (1.10051) (0.78928) 1.03353 

LOC. CONT. 0.83992 1.01028 1.10867 1.10994 1.01418 1.00169 0.01223 390.66 
(STD OCV) (0.14189 ) (0.32936) (0.60069) (0.98795) (1.71479) (0.21771) 1.00043 

LOC. SLIP. 0.26628 0.26868 0.26895 0.26454 0.27197 0.26921 0.00776 4646.78 
(STD OCV) (0.07688) (0.08816) (0.11628) (0.16115) (0.35682) (0.07755) 1.00763 

------------------------------------------------------------------------------------------
GAMMA : 0.3 
LAMBDA= 7.0 

SCA. CONT. 1.01413 0.66549 0.50064 0.41386 0.38547 0.93905 0.00758 1458.78 
(STD DEV) (0.54721) (0.42834) (0.35954) (0.33023) (0.44350) (0.47379) 1.02042 

SCA. SLIP. 0.71183 0.72023 0.70689 0.67280 0.66293 0.73416 0.04657 724.13 
(STD OCV) (0.76776) (0.79081) (0.80290) (0.81292 ) (1.09040) (0.77156) 1.03330 

LOC. CONT. 0.85685 1.01826 1.11028 1.11059 1.02589 1.00173 0.01294 337.05 
(STD DEV) (0.14700) (0.32191) (0.57506) (0.93468) (1.59685) (0.21654) 1.00026 

LOC. SLIP. 0.30058 0.30320 0.30334 0.29802 0.30480 0.30415 0.00907 4221.73 
(STD OCV) (0.08507) (0.09693) (0.12635) (0.17327) (0.36614) (0.08413) 1.00887 

------------------------------------------------------------------------------------------
GAMMA = 0.3 
LAMBDA: 6.0 

SCA. CONT. 1.01620 0.69078- 0.53998 0.46278 0.43818 0.94450 0.00841 1251.72 
(STD OCV) (0.53605) (0.41558) (0.35357) (0.33807) (0.48024) (0.46278) 1.02024 

SCA. SLIP. 0.73491 0.74341 0.73052 0.69653 0.68693 0.75790 0.04675 613.14 
(STD OCV) (0.74451) (0.76775 ) (0.78100) (0.79376) (1.07716) (0.74762) 1.03295 

LOC. CONT. 0.87716 1.02661 1.11018 1.10954 1.03811 1.00173 0.01383 275.78 
(STD OCV) (0.15458 ) (0.31344) (0.54320) (0.86792) (1.45437) (0.21576) 1.00009 

LOC. SLIP. 0.34443 0.34731 0.34730 0.34082 0.34673 0.34895 0.01076 3708.08 
(STD OCV) (0.09573) (0.10857) (0.13988) (0.19025) (0.38283) (0.09306) 1.01049 

------------------------------------------------------------------------------------------
GAMMA = 0.3 
LAMBDA= 5.0 

SCA. CONT. 1.01808 0.72424 0.59203 0.52823 0.50485 0.95208 0.00954 999.20 
(STD OCV) (0.51954) (0.39896) (0.34811) (0.35183) (0.53615) (0.44677 ) 1.01995 

SCA. SLIP. 0.76519 0.77382 0.76157 0.72778 0.71859 0.78898 0.04691 481. 54 
(STD DEV) (0.71157) (0.73512) (0.75015) (0.76716) (1.05921) (0.71368) 1.03241 

LOC. CONT. 0~90137 1.03421 1.10666 1.10452 1.05083 1.00163 0.01499 206.68 
(STD DEV) (0.16610) (0.30452) (0.50339) (0.78395) (1.29082 ) (0.21589) 0.99996 

LOC. SLIP. 0.40198 0.40520 0.40498 0.39696 0.40169 0.40797 0.01300 3084.57 
(STD DEV) (0.10997) (0.12436) (0.15850) (0.21454) (0.41209) (0.10544) 1.01263 
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Table 2--Continued 

R'I Rz R3 R4 R5 10 - PT GlBL MEAN CHI-SO 
(STD OCV) (STD OCV) (STD DEV) (STD OCV) (STD OCV) (STD DEV) GLBL STDV SCORE 

------------------------------------------------------------------------------------------
GAMMA : 0.3 
LAMBDA: 4.0 

SCA. CONT. 1.01956 0.76929 0.66490 0.61498 0.59825 0.96300 0.01113 698.08 
(STD OCV) (0.49299) (0.37583) (0.34613) (0.37436) (0.61872) (0.42219) 1.01946 

SCA. SLIP. 0.80613 0.81491 0.80363 0.77026 0.76168 0.83082 0.04696 329.02 
(STD DEV) (0.66196) (0.68607) (0.70415) (0.72837 ) (1.03400) (0.66255) 1.03149 

LOC. CONT. 0.92923 1.03807 1.09559 1.09088 1.07225 1.00143 0.01651 130.97 
(STD DEV) (0.18380) (0.29699) (0.45579) (0.68640) (1.11628) (0.21794) 1.00000 

LOC. SLIP. 0.47960 0.48328 0.48277 0.47266 0.47572 0.48799 0.01604 2334.51 
(STD DEV) (0.12948 ) (0.14633) (0.18470) (0.24994) (0.46276) (0.12299) 1.01553 

------------------------------------------------------------------------------------------
GAMMA : 0.3 
LAMBDA: 3.0 

SCA. CONT. 1.018J3 0.83395 0.76790 0.73313 0.73095 0.97895 0.01350 351.98 
(STD DEV) (0.44749) (0.34495) (0.35045) (0.40958) (0.73803) (0.38220) 1.01854 

SCA. SlIP. 0.86261 0.87155 0.86189 0.82946 0.82193 0.88813 0.04659 166.46 
(STD DEV) (0.58124) (0.60658) (0.63067) (0.66886) (0.99775) (0.57932) 1.02978 

LOC. CONT. 0.95758 1.03516 1.06629 1.07278 1.05164 1.00123 0.01851 59.65 
(STD DEV) (0.21021) (0.29183) (0.41118) (0.58809) (1.00288 ) (0.22359) 1.00050 

LOC. SLIP. 0.58647 0.59077 0.58984 0.57681 0.57739 0.59885 0.02029 1472.79 
(STD OCV) (0.15671 ) (0.17741) (0.22218) (0.30215) (0.54898) (0.14819) 1.01941 

-------------------------------,-----------------------------------------------------------
GAMMA : 0.3 
LAMBDA: 2.0 

SCA. CONT. 1.01126 0.92625 0.89783 0.89447 0.90644 1.00062 0.01718 71.96 
(STD DEV) (0.36405) (0.30907) (0.35828) (0.46997) (0.90103) (0.31621) 1.01665 

SCA. SLIP. 0.93722 0.94619 0.93968 0.90931 0.90401 0.96261 0.04476 36.94 
(STD OCV) (0.43983) (0.46884) (0.50812) (0.57850) (0.94945) (0.43328) 1.02629 

LOC. CONT. 0.98109 1.01864 1.03522 1.02727 0.99724 1.00181 0.02098 14.87 
(STD DEV) (0.24123) (0.29344) (0.38714) (0.52578) (0.93895) (0.23444) 1.00220 

LOC. SLIP. 0.73125 0.73637 0.73483 0.71814 0.71740 0.74992 0.02616 620.91 
(STD DEV) (0.19396) (0.22055) (0.27465) (0.37710) (0.68447) (0.18349) 1.02397 

------------------------------------------------------------------------------------------
GAMMA: 0.3 
LAMBDA: 1.5 

SCA. CONT. 1.00497 0.97475 0.96736 0.97157 0.99467 1.01102 0.01967 8.80 
(STD DEV) (0.30994) (0.29240) (0.36755) (0.48764) (0.95205) (0.27525) 1. O~ < 

, 

SCA. SLIP. 0.97504 0.98385 0.97931 0.95151 0.94833 0.99910 0.04L;~7 8.25 
(STD OCV) (0.33835) (0.37216) (0.42695) (0.52933) (0.92870) (0.32784) 1.02329 

LOC. CONT. 0.98904 1.01270 1.01854 1.00784 0.99276 1.00319 0.02222 5.40 
(STD OCV) (0.25523) (0.29251) (0.37934) (0.50824) (0.89776) (0.24107) 1.00394 

LOC. SLIP. 0.81570 0.82127 0.81947 0.80179 0.80067 0.83801 0.02966 291.41 
(STD OCV) (0.21574) (0.24609) (0.30602) (0.42103) (0.76438) (0.20438) 1.02581 
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Table 2--Continued 

R1 R2 R3 R4 R5 10 - PT G..BL MEAN CHI-SQ 
(STD DEV) (STD DEV) (STD DEV) (STD DEV) (STD DEV) (STD DEV) GLBL STDV SCORE 

------------------------------------------------------------------------------------------
GAMMA = 0.4 
LAMBDA= 6.0 

SCA. CONT. 1.03623 0.73354 0.55681 0.43226 0.37054 0.96295 0.00201 1214.45 
(STD DEV) (0.48320) (0.42676) (0.40936) (0.38516) (0.43518) (0.42090) 1.01886 

SCA. SLIP. 0.74588 0.75109 0.74266 0.70804 0.69960 0.75802 0.04454 565.84 
(STD DEV) (0.73083) (0.75019) (0.77480) (0.79551) (1.05814) (0.72834) 1.01826 

LOC. CONT. 0.81096 1.04126 1.27409 1.47480 1.52347 1.01102 0.02731 1109.80 
(STD DEV) (0.10292) (0.21006) (0.44550) (0.93728) (2.14846) (0.15275) 0.99949 

LOC. SLIP. 0.25037 0.25234 0.25268 0.24856 0.25196 0.25274 0.00729 4852.61 
(STD DEV) (0.07312) (0.08309) (0.10639) (0.15210) (0.28579) (0.07242) 1.00676 

------------------------------------------------------------------------------------------
GAMMA = 0.4 
LAMBDA= 7.0 

SCA. CONT. 1.03850 0.74513 0.58001 0.46417 0.40755 0.96496 0.00268 1102.62 
(STD DEV) (0.47823) (0.41885) (0.40119) (0.38326) (0.46072 ) (0.41607) 1.01879 

SCA. SLIP. 0.75978 0.76506 0.75678 0.72246 0.71369 0.77224 0.04467 506.00 
(STD DEV) (0.71592) (0.73550) (0.76075) (0.78309) (1.04965) (0.71314) 1.01827 

LOC. CONT. 0.82894 1.04783 1.26528 1.45302 1.49290 1.01021 0.02784 975.69 
(STD DEV) (0.11015) (0.20958) (0.43097) (0.88563) (2.00186) (0.15475) 0.99898 

LOC. SLIP. 0.28302 0.28514 0.28539 0.28042 0.28274 0.28590 0.00853 4438.67 
(STD DEV) (0.08093) (0.09135) (0.11602) (0.16371) (0.29647) (0.07875) 1.00783 

------------------------------------------------------------------------------------------
GAMMA = 0.4 
LAMBDA= 6.0 

SCA. CONT. 1.03853 0.76009 0.61027 0.50576 0.45557 0.96777 0.00356 964.70 
(STD DEV) (0.47122) (0.40858) (0.39173) (0.38322) (0.49772) (0.40921) 1.01869 

SCA. SLIP, 0.77761 0.78297 0.77492 0.74100 0.73182 0.79050 0.04481 434.11 
(STD DEV) (0.69587) (0.71573) (0.74191 ) (0.76662) (1.03867) (0.69269) 1.01827 

LOC. CONT. 0.85090 1.05450 1.25153 1.42201 1.45217 1.00913 0.02849 813.67 
(STD DEV) (0.12019) (0.21027) (0.41415) (0.82128) (1.82441) (0.15817) 0.99839 

LOC. SLIP. 0.32496 0.32729 0.32740 0.32132 0.32224 0.32861 0.01014 3934.05 
(STD DEV) (0.09114) (0.10233) (0.12909) (0.18003) (0.31767) (0.08737) 1.00922 

------------------------------------------------------------------------------------------
GAMMA = 0.4 
LAMBDA= 5.0 

SCA. CONT. 1.03789 0.78034 0.65059 0.56238 0.51708 0.97184 0.00476 792.54 
(STD DEV) (0.46067) (0.39474) (0.38136) (0.38705) (0.55171) (0.39899) 1.01852 

SCA. SLIP. 0.80120 0.80668 0.79894 0.76563 0.75642 0.81469 0.04495 347.46 
(STD DEV) (0.66756) (0.68787) (0.71545) (0.74386) (1.02364 ) (0.66382) 1.01829 

LOC. CONT. 0.87785 1.06013 1.22903 1.37586 1.39874 1.00765 0.02928 618.33 
(STD DEV) (0.13448) (0.21352) (0.39572) (0.74202) (1.61592) (0.16397) 0.99771 

LOC. SLIP. 0.36039 0.38299 0.36292 0.37536 0.37440 0.36527 0.01228 3313.81 
(STD DEV) (0.10485) (0.11734) (0.14724) (0.20348) (0.35650) (0.09939) 1.01111 
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Table 2--Continued 

R1 R2 R3 R4 R5 10 - PT ILBL MEAN CHI-SQ 
(STD OCV) (STD OCV) (STD DEV) (STD OCV) (STD OCV) (STD DEV) GLBL STDV SCORE 

------------------------------------------------------------------------------------------
GAMMA = 0.4 
LAMBDA= 4.0 

SCAD CONT. 1.035B4 0.80977 0.70591 0.64190 0.60301 0.97800 0.00652 577.65 
(STD DEV) (0.44337) (0.37509) (0.37094) (0.39912) (0. 62!l91) (0.38280) 1.01821 

SCAD SLIP. 0.83355 0.83919 0.83207 0.79933 0.79104 0.84788 0.04502 244.45 
(STD OCV) (0.62499) (0.64605) (0.67602) (0.71057) (1.00237) (0.62039) 1.01832 

LOC. CONT. 0.91038 1.06143 1.19139 1.30398 1.32698 1.00561 0.03021 391.12 
(STD DEV) (0.15538) (0.22224) (0.37784) (0.65122) (1.39280) (0.17384) 0.99702 

LOC. SLIP. 0.45600 0.45895 0.45864 0.44908 0.44556 0.46293 0.01522 2553.67 
(STD DEV) (0.12384) (0.13844) (0.17315) (0.23796) (0.42424) (0.11657) 1.01372 

------------------------------------------------------------------------------------------
GAMMA = 0.4 
LAMBDA= 3.0 

SCAD CONT. 1. 02961~ 0.85693 0.78659 0.75077 0.72569 0.9B774 0.00926 316.30 
(STD DEV) (0.41193) (0.34885) (0.35957) (0.42493) (0.74040) (0.35522) 1.01761 

SCAD SLIP. 0.87936 0.88520 0.87943 0.84702 0.84074 0.89498 0.04485 129.84 
(STD OCV) (0.55531) (0.57785) (0.61266 ) (0.65873) (0.97238) (0.54925) 1.01840 

LOC. CONT. 0.94658 1.05237 1.13008 1.19416 1.23200 1.00292 0.03120 165.07 
(STD DEV) (0.18601) (0.24041) (0.36720) (0.57180) (1.19365) (0.19031) 0.99661 

LOC. SLIP. 0.56197 0.56542 0.56474 0.55319 0.55134 0.57246 0.01940 1654.43 
(STD DEV) (0.15078) (0.16879) (0.21096) (0.29172 ) (0.52394) (0.14166) 1.01735 

------------------------------------------------------------------------------------------
GAMMA = 0.4 
LAMBDA= 2.0 

SCAD CONT. 1.01647 0.93178 0.90073 0.89718 0.90181 1.00278 0.01397 71.03 
(STD DEV) (0.34868) (0.31456) (0.36036) (0.46656) (0.88426) (0.30595) 1.01625 

SCAD SlIP. 0.94309 0.94980 0.94493 0.91475 0.91218 0.96081 0.04362 31.14 
(STD DEV) (0.42979 ) (0.45649) (0.50256) (0.57691 ) (0.93448) (0.42069) 1.01861 

LOC. CONT. 0.97899 1.02628 1.06184 1.06318 1.09478 1.00039 0.03176 30.06 
(STD DEV) (0.22674) (0.26848) (0.36455) (0.51889) (0.98820) (0.21520) 0.99749 

LOC. SLIP. 0.70987 0.71399 0.71352 0.69796 0.69669 0.72638 0.02535 724.58 
(STD DEV) (0.18875) (0.21215) (0.26657) (0.36666) (0.66362) (0.17778) 1.02197 

------------------------------------------------------------------------------------------
GAMMA = 0.4 
LAMBDA= 1.5 

SCAD CONT. 1.00645 0.97650 0.96911 0.96870 0.99743 1.01122 0,01763 8.74 
(STD OCV) (0.30308) (0.29737) (0.36834) (0.48483) (0.93644) (0.27217) 1.01490 

SCAD SL IP. 0.97740 0.98472 0.98070 0.95348 0.95208 0.99666 0.04172 7.19 
(STD OCV) (0.33502) (0.36716) (0.42559) (0.52923) (0.91958) (0.32305) 1.01884 

LOC. CONT. 0.99030 1.01516 1.03208 1.02163 1.00032 1.00042 0.03140 8.11 
(STD OCV) (0.24707) (0.27992) (0.35891) (0.50471 ) (0.90157) (0.22922) 0.99919 

LOC. SLIP. 0.79891 0.80359 0.80327 0.78528 0.78240 0.81925 0.02900 347.51 
(STD DEV) (0.21166) (0.23880) (0.30040) (0.41267) (0.74783) (0.19984) 1.02412 
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Table 2--Continued 

R1 R2 R3 R4 R5 10 - PT GLBL MEAN CHI-SO 
(STD DEV) (STD DEV) (STD DEV) (STD DEV) (STD DEV) (STD DEV) GLBL STDV SCORE 

------------------------------------------------------------------------------------------
GAMMA = 0.5 
LAMBDA= B.O 

SCA. CONT. 1.04955 0.B069B 0.62316 0.4B621 0.4176B 0.97499 0.01454 911.94 
(STD DEV) (0.42729) (0.40970) (0.413BO) (0.41599) (0.50661) (0.37575) 1.01067 

SCA. SLIP. 0.7B996 0.79515 0.7B430 0.7391B 0.71769 0.BOB22 0.04715 395.05 
(STD DEV) (0.67B92) (0.69653) (0.72497) (0.74552) (0.9B205) (0.67716) 1.025B1 

LOC. CONT. 0.B0471 1.04946 1.3055B 1.5306B 1.7B229 1.01359 0.00545 1355.B2 
(STD DEV) (0.09299) (0.16207) (0.39967) (0.90956) (2.25403) (0.12745) 0.99953 

LOC. SLIP. 0.24522 0.24767 0.24B05 0.24316 0.24952 0.24B10 0.00715 4917.47 
(STD DEV) (0.06B10) (0.OB360) (0.10967) (0.14790) (0.310B7) (0.07065) 1.007B6 

------------------------------------------------------------------------------------------
GAMMA = 0.5 
LAMBDA= 7.0 

SCA. CONT. 1.04911 0.B13BO 0.640B7 0.51316 0.45125 0.9760B 0.014B5 B33.93 
(STD DEV) (0.42429) (0.40365) (0.40595) (0.41216) (0.51974) (0.372BO) 1.01069 

SCA. SLIP. 0.B0033 0.B0562 0.79494 0.75026 0.72921 O. B1 890 0.04715 357.64 
(STD DEV) (0.66622) (0.68398) (0.71304) (0.73493) (0.97501) (0.6640B) 1.02574 

LOC. CONT. 0.82267 1.05527 1.29610 1.50550 1.73414 1.01317 0.00617 1194.99 
(STD DEV) (0.10186) (0.16618) (0.38847) (0.86081) (2.08993) (0.13197) 0.99960 

LOC. SLIP. 0.27728 0.27995 0.28023 0.27440 0.28009 0.28074 0.00838 4507.89 
(STD DEV) (0.07576) (0.09181) (0.11918) (0.15932) (0.31996) (0.07683) 1.00900 

-------------------~----------------------------------------------------------------------
GAMMA = 0.5 
LAM8DA= 6.0 

SCA. CONT. 1.04831 0.B2266 0.66415 0.54836 0.49579 0.97766 0.01526 737.00 
(STD DEV) (0.41993) (0.39567) (0.39659) (0.40878) (0.541"93) (0.36850) 1.01071 

SCA. SLIP. 0.81371 0.81913 0.B0868 0.76459 0.74414 0.83266 0.04713 312.14 
(STD DEV) (0.64918) (0.66717) (0.69710) (0.72094) (0.96600) (0.64653) 1.02564 

LOC. CONT. 0.84468 1.06103 1.28151 1.47039 1.66751 1.01259 0.00710 999.74 
(STD DEV) (0.11366) (0.172B8) (0.37593) (0.80008) (1. B8806) (0.13853) 0.99973 

LOC. SLIP. 0.31849 0.32146 0.32162 0.31456 0.31939 0.322B3 0.00996 4007.34 
(STD DEV) (0.08582) (0.10273) (0.13199) (0.17543) (0.33703) (0.08527) 1.01049 

------------------------------~-----------------------------------------------------------
GAMMA = 0.5 
LAMBDA= 5.0 

SCA. CONT. 1.04656 0.83504 0.69580 0.59638 0.55365 0.98006 0.01581 613.54 
(STD DEV) (0.41331) (0.38457) (0.38563) (0.40670) (0.58132) (0.36190) 1.01076 

SCA. SLIP. 0.B3155 0.B3716 0.82703 0.78381 0.76420 0.B5101 0.04706 256.30 
(STD DEV) (0.62521) (0.64357) (0.674B1) (0.70167) (0.95414) (0.62183) 1.02548 

LOC. CONT. 0.871B2 1.06554 1.25823 1.41840 1.57173 1.01176 0.00834 762.66 
(STD DEV) (0.12980) (0.18398) (0.36288) (0.72531 ) (1.6467B) (0.14826) 0.99998 

LOC. SLIP. 0.37308 0.37642 0.37642 0.36772 0.37137 0.37877 0.01207 3389.91 
(STD DEV) (0.09941) (0.11764) (0.14969) (0.19865) (0.36785) (0.09708) 1.01249 
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Table 2--Continued 

R1 R2 R3 R4 R5 10 - PT GLBL MEAN CHI-SQ 
(STD DEV) (STD DEV) (STD ()[V) (STD DEV) (STD DEV) (STD DEV) GLBL STDV SCORE 

------------------------------------------------------------------------------------------
GAMMA : 0.5 
LAMBDA: 4.0 

SCA. CONT. 1.04301 0.85380 0.74058 0.66366 0.63317 0.98391 0.01659 456.23 
(STD DEV) (0.40227) (0.36806) (0.37423) (0.41050) (0.64699) (0.35110) 1.01084 

SCA. SLIP. 0.85633 0.86220 0.85258 0.81073 0.79240 0.87646 0.04686 187.93 
(STD DEV) (0.58925) (0.60825) (0.64164) (0.67371) (0.93815) (0.58476) 1.02520 

LOC. CONT. 0.90490 1.06579 1.21883 1.33938 1.42743 1.01053 0.01005 484.95 
(STD DEV) (0.15254) (0.20214) (0.35311) (0.64000) (1.38230) (0.16293) 1.00049 

LOC. SLIP. 0.44774 0.45161 0.45137 0.44042 0.44239 0.45566 0.01498 2629.01 
(STD DEV) (0.11833) (0.13861) (0.17489) (0.23294) (0.42226) (0.11408) 1.01524 

------------------------------------------------------------------------------------------
GAMMA : 0.5 
LAMBDA: 3.0 

SCA. CONT. 1.03535 0.88525 0.80798 0.75827 0.74452 0.99048 0.01777 261.16 
(STD DEV) (0.38078) (0.34463) (0.36325) (0.42502) (0.74544) (0.33189) 1.01101 

SCA. SLIP. 0.89234 0.89860 0.88984 0.85038 0.83420 0.91332 0.04632 107.69 
(STD DEV) (0.53021) (0.55060) (0.58807) (0.63057) (0.91665) (0.52387) 1.02463 

LOC. CONT. 0.94243 1.05503 1.15422 1.22002 1.21942 1.00882 0.01246 208.12 
(STD DEV) (0.18533) (0.23165) (0.35213) (0.57161 ) (1.13513) (0.18489) 1.00156 

LOC. SLIP. 0.55293 0.55752 0.55694 0.54280 0.54223 0.56466 0.01913 1721.13 
(STD DEV) (0.14542 ) (0.16888 ) (0.21165) (0.28460) (0.51641 ) (0.13908) 1.01903 

------------------------------------------------------------------------------------------
GAMMA : 0.5 
LAMBDA: 2.0 

SCA. CONT. 1.02026 0.94096 0.90630 0.89398 0.90486 1.00206 0.01967 65.37 
(STD DEV) (0.33389) (0.31236) (0.36196) (0.45794) (0.87788) (0.29518) 1.01144 

SCA. SLIP. 0.94530 0.95219 0.94538 0.91030 0.89876 0.96717 0.04461 30.89 
(STD DEV) (0.42162) (0.44602) (0.49345) (0.56203) (0.89352) (0.41169) 1.02328 

LOC. CONT. 0.97643 1.03042 1.07120 1.07647 1.06310 1.00717 0.01588 38.49 
(STD DEV) (0.22881) (0.26744) (0.35638) (0.51909) (0.99278) (0.21482) 1.00383 

LOC. SLIP. 0.70114 0.70672 0.70562 0.68858 0.68762 0.71923 0.02509 767.12 
(STD DEV) (0.18412) (0.21241) (0.26498) (0.36178 ) (0.65713) (0.17552) 1.02377 

------------------------------------------------------------------------------------------
GAMMA : 0.5 
LAMBDA: 1.5 

SCA. CONT. 1.00801 0.97988 0.96953 0.96427 0.99099 1.00985 0.02101 8.32 
(STD DEV) (0.29773) (0.29754) (0.36934) (0.47771) (0.92630) (0.26801) 1.01192 

SCA. SLIP. 0.97646 0.98379 0.97884 0.94809 0.94087 0.99842 0.04237 8.51 
(STD DEV) (0.33558) (0.36549) (0.42427) (0.52173) (0.89315) (0.32264) 1.02183 

LOC. CONT. 0.98946 1.01736 1.03308 1.03606 1.03189 1.00723 0.01797 8.69 
(STD DEV) (0.25009) (0.27870) (0.35666) (0.50384) (0.92059) (0.23043) 1.00572 

LOC. SLIP. 0.79137 0.79754 0.79616 0.77794 0.77748 0.81344 0.02879 372.77 
(STD DEV) (0.20786) (0.23920) (0.29815) (0.40960) (0.74195) (0.19806) 1.02587 
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Table 2--Continued 

R1 R2 R3 R4 R5 10 - PT G..BL MEAN CHI-SQ 
(STD DEV) (STD DEV) (STD DEV) (STD DEV) (STD DEV) (STD DEV) GLBL STDV SCORE 

------------------------------------------------------------------------------------------
GAMMA : 0.6 
LAMBDA: 8.0 

SCA. CONT. 1.04971 0.85953 0.71157 0.59225 0.49764 0.98702 0.01826 578.64 
(STD DEV) (0.38459) (0.39061 ) (0.42654) (0.47058) (0.56745) (0.34119) 1.00958 

SCA. SLIP. 0.83634 0.84375 0.83522 0.80258 0.79674 0.85193 0.04823 235.40 
(STD DEV) (0.61576 ) (0.63554) (0.67370 ) (0.72051 ) (1.02681) (0.61308) 1.01921 

LOC. CONT. 0.81195 1.04150 1.23936 1.41188 1.54095 1.01084 -0.0047 960.52 
(STD DEV) (0.10894) (0.20315) (0.47385) (0.95264) (2.18077) (0.15480) 1.00261 

LOC. SLIP. 0.24975 0.25221 0.25239 0.24718 0.25429 0.25286 0.00729 4859.03 
(STD DEV) (0.07065) (0.08443) (0.10949 ) (0.14581 ) (0.32457) (0.07196 ) 1.00893 

------------------------------------------------------------------------------------------
GAMMA : 0.6 
LAMBDA: 7.0 

SCA. CONT. 1.04904 0.86323 0.72404 0.61210 0.52679 0.98758 0.01845 533.11 
(STD DEV) (0.38291) (0.38673) (0.41997) (0.46522) (0.57436) (0.33949) 1.00961 

SCA. SLIP. 0.84400 0.85148 0.84314 0.81052 0.80486 0.85980 0.04815 214.10 
(STD DEV) (0.60490) (0.62488) (0.66360) (0.71173) (1.02090) (0.60193) 1.01921 

LOC. CONT. 0.82979 1.04724 1.23460 1.39486 1.50331 1.01093 -0.0039 846.11 
(STD DEV) (0.11655) (0.20353) (0.45508) (0.90099) (2.02366) (0.15686) 1.00277 

LOC. SLIP. 0.28227 0.28496 0.28501 0.27881 0.28533 0.28603 0.00854 4446.15 
(STD DEV) (0.07842) (0.09277) (0.11910) (0.15758) (0.33366) (0.07825) 1.01014 

------------------------------------------------------------------------------------------
GAMMA : 0.6 
LAMBDA: 6.0 

SCA. CONT. 1.04788 0.86838 0.74049 0.63768 0.56484 0.9884.1 0.01869 475.94 
(STD DEV) (0.38059) (0.38106) (0.4'-' 84) (0.45972) (0.59008) (0.33696) 1.00964 

SCA. SLIP. 0.85390 0.86147 0.85340 0.82087 0.81518 0.86999 0.04804 188.08 
(STD DEV) (0.59040) (0.61065) (0.65015) (0.70011) (1.01328) (0.58703) 1.01921 

LOC. CONT. 0.85155 1.05288 1.22640 1.36995 1.45165 1.01100 -0.0028 708.59 
(STD DEV) (0.12695) (0.20557) (0.43238) (0.83631) (1.82892) (0.16031 ) 1.00302 

LOC. SLIP. 0.32404 0.32702 0.32691 0.31943 0.32516 0.32875 0.01014 3942.82 
(STD DEV) (0.08859) (0.10385) (0.13206) (0.17429) (0.35037) (0.08682) 1.01172 

------------------------------------------------------------------------------------------
GAMMA : 0.6 
LAMBDA: 5.0 

SCA. CONT. 1.04582 0.87584 0.76268 0.67351 0.61391 0.98971 0.01901 402.44 
(STD DEV) (0.37692 ) (0.37276) (0.40219) (0.45472) (0.61855) (0.33299) 1.00970 

SCA. SLIP. 0.86716 0.87485 0.86714 0.83477 0.82904 0.88363 0.04784 155.92 
(STD DEV) (0.57008) (0.59076) (0.63143) (0.68411) (1.00305) (0.56615) 1.01921 

LOC. CONT. 0.87824 1.05741 1.21147 1.33136 1.37738 1.01101 -0.0013 542.84 
(STD DEV) (0.14158 ) (0.21043) (0.40611) (0.75563) (1.59358) (0.16612) 1.00341 

LOC. SLIP. 0.37924 0.38260 0.38227 0.37308 0.37775 0.38542 0.01228 3324.12 
(STD DEV) (0.10230) (0.11896) (0.14999) (0.19848) (0.38023) (0.09880) 1.01383 
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Table 2--Continued 

R1 R2 R3 R4 R5 10 - PT GlBL MEAN CHI-SQ 
(STD DEV) (STD DEV) (STD DEV) (STD DEV) (STD DEV) (STD DEV) GLBL STDV SCORE 

----------------------------------------------------------_._------------------------------
GAMMA = 0.6 
LAMBDA= 4.0 

SCA. CONT. 1.04215 0.88747 0.79458 0.72493 0.67934 0.99190 0.01947 307.04 
(STD DEV) (0.37047) (0.36006) (0.39121) (0.45238) (0.66904) (0.32627) 1.00981 

SCA. SLIP. 0.88568 0.89355 0.88639 0.85429 0.84853 0.90271 0.04749 116.12 
(STD DEV) (0.53971) (0.56111) (0.60372) (0.66084) (0.98872) (0.53493) 1.01921 

LOC. CONT. 0.91048 1.05853 1.18260 1.27093 1.25991 '1.01089 0.00076 350.07 
(STD DEV) (0.16271) (0.21970) (0.37934) (0.66132) (1.33742) (0.17593) 1.00406 

LOC. SLIP. 0.45450 0.45837 0.45775 0.44622 0.44936 0.46307 0.01522 2565.61 
(STD DEV) (0.12130) (0.14018) (0.17550) (0.23421) (0.43263) (0.11597) 1.01669 

------------------------------------------------------------------------------------------
GAMMA = 0.6 
LAMBDA= 3.0 

SCA. CONT. 1.03446 0.90962 0.84281 0.79910 0.77695 0.99591 0.02016 182.88 
(STD- DEV) (0.35753) (0.34022) (0.37911) (0.45554) (0.74339) (0.31375) 1.01004 

SCA. SLIP. 0.91292 0.92104 0.91480 0.88326 0.87743 0.93082 0.04676 68.50 
(STD DEV) (0.49004) (0.51288) (0.55921) (0.62465) (0.96786) (0.48377) 1.01922 

LOC. CONT. 0.94736 1.04869 1.12830 1.18123 1.12879 1.01060 0.00386 154.10 
(STD DEV) (0.19270) (0.23937) (0.36041) (0.57834) (1.09657) (0.19228) 1.00519 

LOC. SLIP. 0.56000 0.56458 0.56352 0.54868 0.54953 0.57259 0.01940 1667.79 
(STD DEV) (0.14833) (0.17067 ) (0.21261) (0.28793) (0.52307) (0.14108) 1.02057 

------------------------------------------------------------------------------------------
GAMMA = 0.6 
LAMBDA= 2.0 

SCA. CONT. 1.01856 0.95349 0.91754 0.90986 0.92010 1.00384 0.02122 47.70 
(STD DEV) (0.32646) (0.31221) (0.37195) (0.47198) (0.86091) (0.28780) 1.01064 

SCA. SLIP. 0.95404 0.96256 0.95811 0.92798 0.92370 0.97345 0.04485 21.13 
(STD DEV) (0.39845) (0.42515) (0.48063) (0.56543) (0.93702) (0.38908) 1.01922 

LOC. CONT. 0.98157 1.01939 1.05851 1.07951 1.07567 1.01031 0.00862 26.62 
(STD DEV) (0.23167) (0.27091) (0.35870) (0.53003) (0.99495) (0.21721 ) 1.00724 

LOC. SLIP. 0.70737 0.71292 0.71121 0.69363 0.69494 0.72648 0.02535 735.99 
(STD DEV) (0.18656) (0.21418) (0.26613) (0.36474) (0.66283) (0.17735) 1.02522 

------------------------------------------------------------------------------------------
GAMMA = 0.6 
LAMBDA= 1.5 

SCA. CONT. 1.00648 0.98652 0.96969 0.96826 0.99180 1.01000 0.02191 6.17 
(STD DEV) (0.29735) (0.29940) (0.37068) (0.48499) (0.92335) (0.26644) 1.01135 

SCA. SLIP. 0.97944 0.98803 0.98438 0.95672 0.95391 0.99976 0.04254 6.52 
(STD DEV) (0.32484) (0.35665) (0.42092) (0.52767) (0.92251) (0.31268) 1.01923 

LOC. CONT. 0.99249 1.00922 1.03083 1.03992 1.05700 1.01058 0.01182 6.79 
(STD DEV) (0.25160) (0.28213) (0.36386) (0.50523) (0.96540) (0.23148) 1.00874 

LOC. SLIP. 0.79629 0.80241 0.80029 0.78209 0.78574 0.81932 0.02900 355.74 
(STD DEV) (0.20974) (0.24074) (0.29906) (0.41154) (0.75258) (0.19954) 1.02711 
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Table 2--Continued 

R1 R2 R3 R4 R5 10 - PT GlBL MEAN CHI-SQ 
(STD DEV) (STD DEV) (STD DEV) (STD DEV) (STD DEV) (STD DEV) GLBL STDV SCORE 

------------------------------------------_._----------------------------------------------
GAMMA = 0.7 

·LAMBDA= B.O 

SCA. CONT. 1.04089 0.91619 0.79987 0.70607 0.63585 1.00280 0.01776 292.1B 
(STD DEV) (0.33454) (0.36412) (0.41025) (0.48644) (0.67233) (0.29971) 1.01392 

SCA. SLIP. 0.88202 0.88197 0.87461 0.84335 0.84032 0.89524 0.05091 128.91 
(STD DEV) (0.55110) (0.56765) (0.60731) (0,66664) (0.98623) (0.54508) 1.01844 

LOC. CONT. 0.84011 1.01126 1.09435 1.11804 1.08977 1.00474 -0.0046 368.88 
(STD DEV) (0.14564 ) (0.32110) (0.60405) (0.9B900) (1.78146) (0.21563) 1.00427 

LOC. SlIP. 0.26508 0.26769 0.26B40 0.26458 0.27074 0.26933 0.00776 4660.02 
(STD DEV) (0.07339) (0.08770) (0.11562) (0.17451) (0.34904) (0.07615) 1.01174 

------------------------------------------------------------------------------------------
GAMMA = 0.7 
LAMBDA= 7.0 

SCA. CONT. 1.04034 0.91809 0.80707 0.71851 0.65533 1.00301 0.01792 271.72 
(STD DEV) (0.33364) (0.36178 ) (0.40587) (0.48120) (0.66981) (0.29889) 1.01391 

SCA. SLIP. 0.88732 0.88746 0.88021 0.84904 0.84624 0.90076 0.05073 117.92 
(STD DEV) (0.54224) (0.55887) (0.59907) (0.65957) (0.98164) (0.53589) 1.01845 

LOC. CONT. 0.85724 1.01963 1.09801 1.11848 1.09229 1.00541 -0.0037 319.34 
(STD DEV) (0.15106) (0.31254) (0.57723) (0.93436) (1.64790 ) (0.21384) 1.00431 

LOC. SLIP. 0.29916 0.30201 0.30266 0.29800 0.30335 0.30428 0.00907 4236.80 
(STD DEV) (0.08154) (0.09645) (0.12563) (0.18661) (0.35820) (0.08265) 1.01322 

------------------------------------------------------------------------------------------
GAMMA = 0.7 
LAMBDA= 6.0 

SCA. CONT. 1.03948 0.92071 O. 8166f~ 0.73485 0.68063 1.00333 0.01814 245.84 
(STD DEV) (0.33~40) (0.35825) (0.40048) (0.47516) (0.67346) (0.29766) 1.01389 

SCA. SLIP. 0.89417 0.89458 0.88747 0.85644 0.85393 0.90790 0.05048 104.44 
(STD DEV) (0.53044) (0.54720) (0.58814) (0.65028) (0.97574) (0.52364) 1.01846 

LOC. CONT. 0.87782 1.02849 1.10080 1.11655 1.09343 1.00620 -0.0025 262.96 
(STD DEV) (0.15894) (0.30267) (0.54342) (0.86511) (1.48528) (0.21220) 1.00439 

LOC. SLIP. 0.34271 0.34586 0.34642 0.34070 0.~4498 0.34909 0.01076 3725.31 
(STD DEV) (0.09219) (0.10806) (0.13910) (0.20323) (0.37501) (0.09151 ) 1.01511 

------------------------------------------------------------------------------------------
GAMMA = 0.7 
LAMBDA= 5.0 

SCA. CONT. 1.03798 0.92448 0.82996 0.75753 0.71360 1.00386 0.01843 211.94 
(STD DEV) (0.33051) (0.35285) (0.39376) (0.46945) (0.68944) (0.29568) 1.01387 

SCA. SLIP. 0.90338 0.90414 0.89724 0.86640 0.86432 0.91750 0.05012 87.66 
(STD DEV) (0.51397) (0.53095) (0.57300) (0.63759) (0.96788) (0.50655) 1.01849 

LOC. CONT. 0.90240 1.03682 1.10110 1.10938 1.09115 1.00712 -0.0010 199. ~2 
(STD DEV) (0.17072 ) (0.29201 ) (0.50080) (0.77681) (1.29628) (0.21116) 1.00457 

LOC. SLIP. 0.39985 0.40338 0.40383 0.39671 0.39955 0.40812 0.01300 3104.21 
(STD DEV) (0.10645) (0.12382) (0.15764) (0.22657) (0.40489) (0.10384) 1.01758 
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Table 2--Continued 

R1 R2 R3 R4 R5 10 - PT GlBL MEAN CHI-SQ 
(STD DEV) (STD OEV) (STD DEV) (STD DEV) (STD OEV) (5TD DEV) GLBL STDV SCORE 

------------------------------------------------------------------------------------------
GAMMA : 0.7 
LAMBDA: 4.0 

SCA. CONT. 1.03524 0.93029 0.85041 0.78980 0.76191 1.00478 0.01885 166.21 
(STD OEV) (0.32723) (0.34453) (0.38569) (0.46460) (0.72581 ) (0.,29222) 1.01383 

SCA. SLIP. 0.91630 0.91760 0.91101 0.88050 0.87905 0.93101 0.04953 66.62 
(STD OEV) (0.48945) (0.50689) (0.55072) (0.61931) (0.95704) (0.48111) 1.01852 

LOC. CONT. 0.93129 1.04208 1.09399 1.09162 1.07711 1.00816 0.00118 128.58 
(STD DEV) (0.18736) (0.28229) (0.44926) (0.67060) (1.10597) (0.21177) 1.00492 

LOC. SLIP. 0.47690 0.48095 0.48125 0.47221 0.47302 0.48815 0.01604 2356.29 
(STD DEV) (0.12605) (0.14574) (0.18374) (0.26011) (0.45699) (0.12138) 1.02083 

------------------------------------------------------------------------------------------
GAMMA : 0.7 
LAMBDA: 3.0 

SCA. CONT. 1.02948 0.94175 0.88360 0.83790 0.83926 1.00655 0.01951 104.23 
(STD OEV) (0.32056) (0.33156) (0.37717) (0.46286) (0.78594) (0.28550) 1.01375 

SCA. SLIP. 0.93548 0.93766 0.93160 0.90185 0.90074 0.95113 0.04845 40.83 
(STD DEV) (0.44952) (0.46801) (0.51515) (0.59108) (0.94156) (0.43964) 1.01859 

LOC. CONT. 0.96237 1.03951 1.06710 1.06522 1.05662 1.00926 0.00439 55.98 
(STD DEV) (0.21150) (0.27868) (0.39530) (0.56956) (0.97813) (0.21632) 1.00565 

LOC. SLIP. 0.58302 0.58778 0.58784 0.57613 0.57397 0.59899 0.02029 1494.95 
(STD DEV) (0.15348) (0.17678) (0.22110) (0.30901) (0.54589) (0.14668) 1.02498 

------------------------------------------------------------------------------------------
GAMMA : 0.7 
LAMBDA: 2.0 

SCA. CONT. 1.01685 0.96720 0.93806 0.92179 0.94287 1.01033 0.02061 29.77 
(STD DEV) (0.30351) (0.31044) (0.37108) (0.47823) (0.86354) (0.27076) 1.01355 

SCA. SLIP. 0.96508 0.96894 0.96393 0.93622 0.93444 0.98248 0.04599 13.83 
(STD DEV) (0.37589) (0.39785) (0.45267) (0.54550) (0.92097) (0.36310) 1.01874 

LOC. CONT. 0.98734 1.02049 1.02993 1.04693 1.06280 1.01033 0.00919 11.45 
(STD DEV) (0.24341) (0.28785) (0.35851) (0.50819) (0.92466) (0.22810) 1.00717 

LOC. SLIP. 0.72710 0.73279 0.73249 0.71707 0.71686 0.75001 0.02616 638.15 
(STD DEV) (0.19122) (0.21992) (0.27349) (0.37870) (0.68334) (0.18231 ) 1.02935 

------------------------------------------------------------------------------------------
GAMMA : 0.7 
LAMBDA: 1.5 

SCA. CONT. 1.00636 0.98853 0.98101 0.96902 0.99536 1.01339 0.02145 4.32 
(STD OEV) (0.28645) (0.29793) (0.37343) (0.48421) (0.91633) (0.25808) 1.01330 

SCA. SLIP. 0.98379 0.98940 0.98525 0.95908 0.95728 1.00273 0.04326 4.99 
(STD DEV) (0.31608) (0.34319) (0.40630) (0.51781) (0.91417) (0.30107) 1.01891 

LOC. CONT. 0.99488 1.01335 1.01610 1.02956 1.07358 1.01110 0.01233 5.31 
(STD DEV) (0.25688) (0.29279) (0.35297) (0.49077) (0.93593) (0.23626) 1.00839 

LOC. SLIP. 0.81151 0.81772 0.81741 0.79964 0.80189 0.83806 0.02966 303.45 
(STD DEV) (0.21347) (0.24554) (0.30499) (0.42099) (0.76630) (0.20349) 1.03064 
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Table 2--Continued 

R1 R2 R3 R4 R5 10 - PT GlBL MEAN CHI-SQ 
(STD DEV) (STD DEV) (STD DEV) (STD DEV) (STD DEV) (STD DEV) GLBL STDV SCORE 

------------------------------------------------------------------------------------------
GAMMA = O.B 
lAMBDA= 8.0 

SCA. CONT. 1.02964 0.95536 0.88026 0.81667 0.79104 1.00931 0.02063 112.36 
(STD DEV) (0.31562) (0.33845) (0.40224) (0.47969) (0.77660) (0.28302) 1.01500 

SCA. SLIP. 0.91967 0.92669 0.91797 0.89203 0.89082 0.93615 0.04984 5B.50 
(STD DEV) (0.47202) (0.49540) (0.54072 ) (0.62797) (0.97371) (0.46642) 1.01768 

LOCo CoNT. 0.88752 0.92579 0.80617 0.72461 0.69215 0.97939 0.00670 254.75 
(STD DEV) (0.23974) (0.46740) (0.64483) (0.81580) (1.37269) (0.30868) 1 .00111 

LoC. SLIP. 0.29976 0.30291 0.30340 0.29720 0.30496 0.30533 0.00880 4229.10 
(STD DEV) (0.08562) (0.10434) (0.13734) (0.18409) (0.42290) (0.08971) 1.01453 

------------------------------------------------------------------------------------------
GAMMA = 0.8 
LAMBDA= 7.0 

SCA. CoNT. 1.02927 0.95609 0.88319 0.82398 0.79907 1.00942 0.02071 105.92 
(STD DEV) (0.31511) (0.33732) (0.40041) (0.47693) (0.77519) (0.28253) 1.01499 

SCA. SLIP. 0.92304 0.93009 0.92151 0.89560 0.89441 0.93962 0.04965 53.89 
(STD DEV) (0.46523) (0.48883) (0.53463) (0.62294) (0.97061) (0.45938) 1.01769 

LOCo CoNT. 0.90399 0.93896 0.82942 0.75515 0.72548 0.98248 0.00756 200.79 
(STD DEV) (0.23928) (0.44930) (0.61296) (0.77336) (1.29669) (0.30019) 1.00141 

LoC. SLIP. 0.33725 0.34068 0.34105 0.33369 0.34061 0.34391J 0.01025 3787.39 
(STD DEV) (0.09456) (0.11392 ) (0.14838) (0.19706) (0.43175) (0.0968-;) 1.01619 

------------------------------------------------------------------------------------------
GAMMA = 0.8 
lAMBDA= 6.0 

SCA. CoNT. 1.02869 0.95717 0.88693 0.83404 0.81101 1.00960 0.02081 97.56 
(STD oEV) (0.31436) (0.33549) (0.39835) (0.47406) (0.77620) (0.28179) 1.01496 

SCA. SLIP. 0.92740 0.93450 0.92611 0.90024 0.89907 0.94413 0.04939 48.21 
(STD DEV) (0.45622) (0.48013) (0.52659) (0.61634) (0.96662) (0.45004) 1.01772 

LOCo CoNT. 0.92302 0.95365 0.85736 0.79267 0.76666 0.98617 0.00864 143.96 
(STD DEV) (0.23955) (0.42666) (0.57277) (0.72108) (1.20553) (0.29010) 1.00186 

LoC. SLIP. 0.38462 0.38841 0.38864 0.37980 0.38563 0.39291 0.01211 3263.99 
(STD DEV) (0.10609) (0.12642) (0.16295 ) (0.21503) (0.44709) (0.10644) 1.01827 

------------------------------------------------------------------------------------------
GAMMA = 0.8 
LAMBDA= 5.0 

SCA. CoNT. 1.02770 0.95864 0.89263 0.84887 0.82507 1.00987 0.02095 86.02 
(STD DEV) (0.31322) (0.33274) (0.39555) (0.47226) (0.78137) (0.28060) 1.01493 

SCA. SLIP. 0.93326 0.94043 0.93232 0.90651 0.90536 0.95021 0.04901 41.08 
(STD DEV) (0.44371) (0.46808) (0.51550) (0.60734) (0.96128) (0.43707) 1.01775 

LOCo CoNT. 0.94440 0.96931 0.89059 0.83916 0.81811 0.99059 0.01005 87.62 
(STD DEV) (0.24138) (0.39839) (0.52187) (0.65790) (1.10101) (0.27826) 1.00252 

LOC. SLIP. 0.44579 0.45002 0.45006 0.43932 0.44366 0.45640 0.01453 2645.90 
(STD DEV) (0.12125) (0.14303) (0.18255) (0.24032) (0.47335) (0.11947) 1.02091 
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Table 2--Continued 

R1 R2 R3 R4 R5 10 - PT GLBL MEAN CHI-SQ 
(STD OEV) (STD DEV) (STD DEV) (STD DEV) (STD DEV) (STD DEV) GLBL STDV SCORE 

------------------------------------------------------------------------------------------
GAMMA = 0.8 
LAMBDA= 4.0 

SCA. CONT. 1.02592 0.96079 0.90365 0.86743 0.84749 1.01036 0.02114 69.72 
(STD DEV) (0.31126) (0.32850) (0.39197) (0.47212) (0.80119) (0.27852) 1.01486 

SCA. SLIP. 0.94155 0.94880 0.94112 0.91540 0.91430 0.95881 0.04842 32.05 
.(STD DEV) (0.42523) (0.45035) (0.49931) (0.59441) (0.95386) (0.41787) 1.01781 

LOC. CONT. 0.96673 0.98485 0.92758 0.89612 0.88047 0.99579 0.01191 39.73 
(STD DEV) (0.24580) (0.36360) (0.46031) (0.58848) (0.99500) (0.26505) 1.00355 

LOC. SLIP. 0.52627 0.53109 0.53087 0.51759 0.51988 0.54035 0.01775 1931.47 
(STD DEV) (0.14153) (0.16548) (0.20932) (0.27632) (0.51786 ) (0.13748) 1.02420 

------------------------------------------------------------------------------------------
GAMMA = 0.8 
LAMBDA= 3.0 

SCA. CONT. 1.02209 0.96636 0.92201 0.89612 0.88934 1.01129 0.02143 46.01 
(STD DEV) (0.30740) (0.32099) (0.38715) (0.47382) (0.83374) (0.27443) 1.01473 

SCA. SLIP. 0.95396 0.96136 0.95437 0.92886 0.92783 0.97173 0.04738 20.77 
(STD DEV) (0.39543) (0.42195) (0.47371) (0.57453) (0.94311) (0.38686) 1.01792 

LOC. CONT. 0.98712 (!.99465 0.96545 0.9.5658 0.96067 1.00164 0.01438 8.32 
(STD DEV) (IJ.L5336) (0.32662) (0.39887) (0.52361) (0.94158) (0.25247) 1.00520 

LOC. SLIP. 0.63291 0.63849 0.63789 0.62121 0.62055 0.65207 0.02208 1158.06 
(STD ~V) (0.16877) (0.19590) (0.24593) (0.32751 ) (0.59172 ) (0.16233) 1.02803 

------------------------------------------------------------------------------------------
GAMMA = 0.8 
LAMBDA= 2.0 

SCA. CONT. 1.01363 0.97919 0.95590 0.95106 0.94922 1.01326 0.02190 14.67 
(STD DEV) (0.29671) (0.30883) (0.37960) (0.48378) (0.88788) (0.26518) 1.01436 

SCA. SLIP. 0.97359 0.98122 0.97564 0.95065 0.94976 0.99235 0.04511 8.44 
(STD DEV) (0.34135) (0.37123) (0.42932) (0.54221) (0.92802) (0.33041) 1.01819 

LOC. CONT. 0.99743 0.99951 0.99107 1.01220 1.02192 1.00738 0.01754 2.21 
(STD DEV) (0.26359) (0.30263) (0.36979) (0.47966) (0.94581) (0.24580) 1.00775 

LOC. SLIP. 0.76906 0.77559 0.77446 0.75331 0.74835 0.79465 0.02771 457.32 
(STD DEV) (0.20385) (0.23534) (0.293B1) (0.39716) (0.70684) (0.19500) 1.03129 

------------------------------------------------------------------------------------------
GAMMA = 0.8 
LAMBDA= 1.5 

SCA. CONT. 1.00603 0.99312 0.98439 0.98191 0.98856 1.01482 0.02222 2.10 
(STD DEV) (0.28519) (0.30004) (0.37381) (0.48882) (0.91850) (0.25671) 1.01390 

SCA. SLIP. 0.98655 0.99452 0.98990 0.96582 0.96508 1.00623 0.04266 3.98 
(STD DEV) (0.29829) (0.33206) (0.39651) (0.52122) (0.92149) (0.28533) 1.01852 

LOC. CONT. 0.99776 1.00418 0.99952 1.01948 1.04637 1.00987 0.01926 2.52 
(STD DEV) (0.26749) (0.29857) (0.36256) (0.47656) (0.94312) (0.24634) 1.00936 

LOC. SLIP. 0.84396 0.85098 0.84953 0.82625 0.82032 0.87227 0.03086 208.80 
(STD DEV) (0.22314) (0.25711) (0.32038) (0.43666) (0.77652) (0.21309) 1.03165 
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Table 2--Continued 

R1 R2 R3 R4 R5 10 - PT GlBL MEAN CHI-SQ 
(STD DEV) (STD DEV) (STD DEV) (STD DEV) (STD DEV) (STD DEV) GLBL STDV SCORE 

------------------------~-----------------------------------------------------------------
GAMMA = 0.9 
LAMBDA= 8.0 

SCA. CONT. 1.01564 0.97991 0.94156 0.92161 0.91753 1.01446 0.02406 24.72 
(STD DEV) (0.28699) (0.31386) (0.38266) (0.48453) (0.89684) (0.26120) 1.01623 

SCA. SLIP. 0.95858 0.96390 0.96139 0.94623 0.94515 0.98035 0.04345 15.16 
(STD DEV) (0.38373) (0.40957) (0.46987) (0.58657) (0.96528) (0.37678) 1.02164 

LOC. CONT. 0.91478 0.73896 0.56754 0.51180 0.51236 0.90256 0.02402 781.82 
(STD DEV) (0.43946) (0.54159) (0.48073) (0.42109 ) (0.60945) (0.45443) 0.98579 

LOC. SLIP. 0.38594 0.39006 0.39025 0.38349 0.39765 0.39377 0.01134 3247.77 
(STD DEV) (0.11014) (0.13576) (0.16930) (0.24327) (0.58058) (0.11573) 1.01610 

------------------------------------------------------------------------------------------
GAMMA : 0.9 
LAMBDA= 7.0· 

SCA. CONT. 1.01545 0.98020 0.94288 0.92373 0.91820 1.01450 0.02405 23.67 
(STD DEV) (0.28688) (0.31329) (0.38192) (0.48295) (0.89794) (0.26105) 1.01622 

SCA. SLIP. 0.96011 0.96549 0.96299 0.94768 0.94661 0.98193 0.04336 14.12 
(STD DEV) (0.37975) (0.40573) (0.46651) (0.58411) (0.96382) (0.37260) 1.02163 

LOC. CONT. 0.93403 0.76990 0.61148 0.56306 0.56470 0.91517 0.02471 637.65 
(STD DEV) (0.42612) (0.51529) (0.46239) (0.41765) (0.60935) (0.43320) 0.98740 

LOC. SLIP. 0.43053 0.43499 0.43497 0.42696 0.44044 0.43971 0.01311 2791.85 
(STD DEV) (0.12062) (0.14687) (0.18185) (0.25778) (0.58942) (0.12385) 1.01753 

------------------------------------------------------------------------------------------
GAMMA : 0.9 
LAMBDA= 6.0 

SCA. CONT. 1.01517 0.98059 0.94465 0.92658 0.92097 1.01457 0.02403 22.28 
(STD DEV) (0.28670) (0.31239) (0.38099) (0.48'117) (0.89998) (0.26082) 1.01619 

SCA. SLIP. 0.96209 0.96756 0.96507 0.94956 0.94851 0.98397 0.04323 12.84 
(STD DEV) (0.37449) (0.40066) (0.46208) (0.58087) (0.96191) (0.36707) 1.02162 

LOC. CONT. 0.95487 0.80603 0.66454 0.62551 0.62849 0.92983 0.02548 483.73 
(STD DEV) (0.40934) (0.48233) (0.44094) (0.41736) (0.62218) (0.40749) 0.98953 

LOC. SLIP. 0.48519 0.49005 0.48978 0.48020 0.49279 0.49618 0.01529 2280.13 
(STD DEV) (0.13372 ) (0.16089) (0.19804) (0.27723) (0.60389) (0.13440) 1.01924 

------------------------------------------------------------------------------------------
GAMMA : 0.9 
LAMBDA: 5.0 

SCA. CONT. 1.01470 0.98104 0.94719 0.93104 0.92734 1.01466 0.02400 20.24 
(STD DEV) (0.28641) (0.31112) (0.37979) (0.47933) (0.90313 ) (0.26044) 1.01614 

SCA. SLIP. 0.96478 0.97035 0.96788 0.95209 0.95107 0.98672 0.04305 11.21 
(STD DEV) (0.36724) (0.39370) (0.45600) (0.57643) (0.95932) (0.35943) 1.02159 

LOC. CONT. 0.97598 0.84765 0.72872 0.70197 0.70667 0.94671 0.02633 325.58 
(STD DEV) (0.38822) (0.44117) (0.41707) (0.42362) (0.65819) (0.37651 ) 0.99240 

LOC. SLIP. 0.55273 0.55808 0.55749 0.54594 0.55732 0.56616 0.01802 1719.46 
(STD DEV) (0.15020) (0.17869) (0.21905) (0.30342) (0.62723) (0.14817) 1.02128 
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Table 2--Continued 

R1 R2 R3 R4 R5 10 - PT GLBL MEAN CHI-SQ 
(STD DEV) (STD DEV) (STD DEV) (STD DEV) (STD DEV) (STD DEV) GLBL STDV SCORE 

------------------------------------------------------------------------------------------
GAMMA : 0.9 
LAMBDA: 4.0 

SCA. CONT. 1.01390 0.98160 0.95'1"/6 0.93817 0.93799 1.01482 0.02394 17.05 
(STD DEV) (0.285~0) (0.30907) (0.31'/63 ) ((J..47785) (0.91047) (0.25974) 1.01605 

SCA. SLIP. 0.96859 0.97432 0.97188 0.95568 0.95469 0.99062 0.04277 9.13 
(STD DEV) (0.35660) (0.38354) (0.44716) (0.57000) (0.95563) (0.34823) 1.02153 

LOC. CONT. 0.99426 0.89391 0.80532 0.79326 0.79968 0.96553 0.02719 175.95 
(STD DEV) (0.36221) (0.39093) (0.39385) (0.43966) (0.72330) (0.34028) 0.99628 

LOC. SLIP. 0.63607 0.64202 0.64100 0.62700 0.63666 0.65276 0.02144 1136.67 
(STD DEV) (0.17085 ) (0.20119) (0.24618) (0.33843) (0.66426) (0.16600) 1.02357 

------------------------------------------------------------------------------------------
GAMMA : 0.9 
LAMBDA: 3.0 

SCA. CONT. 1.01212 _ 0.98296 0.96005 0.95240 0.95522 1.01511 0.02384 11.84 
(STD DEV) (0.28484) (0.30520) (0.37487) (0.47789) (0.92179 ) (0.25832) 1.01587 

SCA. SLIP. 0.97436 0.98034 0.97796 0.96109 0.96016 0.99649 0.04228 6.47 
(STD DEV) (0.33962) (0.36751) (0.43325) (0.55993) (0.95002) (0.33031) 1.02141 

LOC. CONT. 1.00544 0.93860 0.89039 0.89384 0.90699 0.98509 0.02785 62.15 
(STD DEV) (0.33219) (0.33768) (0.37704) (0.45715) (0.82218) (0.30156) 1.00136 

LOC. SLIP. 0.73644 0.74308 0.74152 0.72448 0.73169 0.75716 0.02564 594.73 
(STD DEV) (0.19603) (0.22881) (0.28021) (0.38388) (0.72073) (0.18839) 1.02580 

------------------------------------------------------------------------------------------
GAMMA : 0.9 
LAMBDA: 2.0 

SCA. CONT. 1.00727 0.98882 0.97716 0.97970 0.98007 1.01566 0.02358 3.97 
(STD DEV) (0.28180) (0.29857) (0.37087) (0.48721) (0.93798) (0.25496) 1.01535 

SCA. SLIP. 0.98371 0.99020 0.98793 0.96977 0.96896 1.00589 0.04122 3.45 
(STD DEV) (0.30924) (0.33949) (0.40905) (0.54243) (0.94090) (0.29816) 1.02106 

LOC. CONT. 1.00616 0.97785 0.96044 0.97720 0.98443 1.00244 0.02784 10.28 
(STD DEV) (0.30069 ) (0.30769) (0.36888) (0.46667) (0.90217) (0.26875) 1.00730 

LOC. SLIP. 0.84805 0.85541 0.85318 0.83259 0.83632 0.87269 0.03043 197.24 
(STD DEV) (0.22421) (0.25986) (0.31943) (0.43823) (0.79973) (0.21404) 1.02700 

------------------------------------------------------------------------------------------
GAMMA : 0.9 
LAMBDA: 1.5 

SCA. CONT. 1.00290 0.99698 0.99229 0.99492 1.00375 1.01598 0.02327 0.55 
(STD DEV) (0.27769) (0.29484) (0.36764) (0.49179) (0.93615) (0.25178) 1.01465 

SCA. SLIP. 0.99019 0.99718 0.99507 0.97547 0.97494 1.01224 0.04005 2.37 
(STD DEV) (0.28501) (0.31810) (0.39043) (0.52877) (0.93466) (0.27246) 1.02057 

LOC. CONT. 1.00469 0.99174 0.97935 1.00223 1.02220 1.00893 0.02733 4.65 
(STD DEV) (0.28692) (0.30227) (0.36664) (0.46868) (0.92430) (0.25832) 1.01009 

LOC. SLIP. 0.90190 0.90957 0.90697 0.88456 0.88609 0.92769 0.03282 82.69 
(STD DEV) (0.23779) (0.27482) (0.33886) (0.46610) (0.84551) (0.22652) 1.02665 
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sigma, then the larger standard deviation is lambda times as great 

as sigma. In cases of compositisation via the mean, if the smaller 

standard deviation is, say, mu, then the larger mean is greater than 

mu by a factor which is the product of lambda and the standard devi- . 

ation common to both primatives. 

The definition for location, or mean, compositisation is 

somewhat different from the definition for scale compositisation in 

that the standard deviation common to both primatives is included. 

The reason for this is that the definition is therefore compatible 

with the definition for scale, or standard deviation compositisation, 

in that it would not otherwise be possible to define the composites' 

standard deviations to be unity in the simulations. 

The entries in the Table are organized by lambda varying 

by integers from 8.0 to 2.0, with the value of lambda of 1.5 also 

appearing. If the value of lambda were 1.0, then the resulting dis

tribution would be standard unit Normal, being the mixture of two 

identical distributions. Consequently, the value of 1.5 is included 

because it represents a.compositisation whkh is very close to Norma 1 . 

The composite parameter gamma is varied from 0.1 at the 

IIfront ll of the Table to 0.9 at the end. Contrary to intuition, the 

effects of gamma are not symmetric about the value of 0.5, particularly 

in the cases of composite by the standard deviation. 

For each pair of gamma and lambda, the values taken by 

the estimators for all four types of composites are given consecutively. 
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For each type, the upper value is the mean value taken by the 

estimator over the 500 independent trials, and the lower number (in 

parentheses) is the value of standard error of that value. The esti-

mators presented are those discussed in the previous sub-section: 

Rl, the largest iange estimator, through R5, the inner-most quasi-

range, the bias-adjusted parametric standard deviation estimator for 

the 10-point sub-samples, and the global mean and standard deviation 

of the entire 5000 points. 

In every case, the values of the means and variances of 

the primatives are those which cause the composite to have unit stan-

dard deviation and zero mean. These values were obtained by solving 

equations derived from the specification of the moments of the com-

positisations. These equations were, for the primative standard 

deviation and mean, respectively: 

For scale composites: 

(J 1 = [y +1- 2 (l-y )]-~ 

(J 2 = I- (Jl 

/.1 = 0 1 

/.1 = 0 2 

For location composites: 

2 -' (J 1 = [1 + (1- y ) y I- ] ~ /.1
1 

= - y I-(J 

(J2 = (J 1 /.1 2 =1- (J (l-y) 

(24a) 

(24b) 

The final number reported in the Table is the Chi-square value. This 

number is the basis of the "test for Normality" proposed in the last 

section of Chapter 3. This value is, for the purposes of testing 



Normality, to be compared with the value 16.7. That is, if the 

population were actually Normal, it would be expected that the value 
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of Chi-square wouid exceed 16.7 only 5 times in 1000 trials. It would 

be expected, then, that such a large value of Chi-square would result 

in an incorrect rejection of the hypothesis of Normality only 5 times 

in 1000. If the value of Chi-square were greater, then the probability 

of incorrect rejection becomes even smaller. 

Analysis of the Values 

Even a cursory examination of Table 2 indicates that the 

values taken by any given estimator, for given values of gamma and 

lambda, are quite different. This appears true not only between com

positisation of the different parameters, but also between contamination 

and slippage of the same parameter. 

The development of this methodology was directed toward 

creating a tool which could differentiate between types of compositi

sation even when the distributions were statistically identical. The 

simulations clearly indicate that this differentiation is possible-

the R values can readily be perceived to be different for different 

forms of composites. 

The values are also in general statistically different 

for different types. The mean values taken by the R's are over 500 

independent trials; hence, the standard errors of these means are 

smaller than the tabled value by a factor equal to the inverse of the 

square root of 500. That is, the standard errors of the mean values 



of the R's presented are on the order of 4 percent of the values of 

the standard errors of the R estimators themselves. 
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A more comprehensive study of the properties of these 

estimators could include T-tests investigating the difference of these 

mean values; in the present development, such tests would result in a 

tabulation equal to the size of the present Table 2, and add little 

towards the goal of defining discriminating characteristics of the 

estimators as a group. 

In simple terms, then, the Range Spectra do indeed vary 

across the different forms of compositisation, as well as across the 

values of the parameters of the compositisations. This information 

does not, by itself, carry much inferential power. To use an analogy, 

this observation is of little more value than the observation that 

different people have different fingerprints. Only if distinctive 

"patterns" in the Spectra can be identified and associated with the 

types of compositisation, can an inference of the presence of a par

ticular composite type be made, just as inference of the presence of a 

particular individual can only be made if a fingerprint from the field 

is matched to one of known identity in the files. The next topic, 

accordingly, is the identification of some relationships and patterns 

exhibited by the Range Spectra under the alternative forms of com

positisation. 

Each of the four forms of compositisation will be 

examined in turn, with observations made on four different qualities: 
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the behavior of the averages taken by the Range Spectrum; the magnitude 

of R estimates relative to the global value; the size of the standard 

deviations of the R estimates over the Spectrum; and the behavior of 

the 10-point root-mean-square estimate relative to the global value. 

Scalar Contamination (SC) 

On the basis of Tables 2, the following observations 

can be made with regards to scalar contamination. 

1. Progressing from Rl to R5, the expected values of 

the each estimate falls monotonically. 

2. The values taken by Rl for moderate values of lambda 

are only moderately biased with respect to the global estimate. 

3. The standard deviations of the R generally fall from 

Rl to R4, and then rise moderately. This behavior is in sharp contrast 

to that of a true Normal population, where the standard deviations 

rise monotonically. 

4. As anticipated by the discussion above, of range 

estimators generally, Rl is a less biased estimator of standard 

deviation than is the s-class estimator for la-point samples. 

The behavior of the higher R estimates has an intuitive 

explanation. As contamination increases, the probability of outlying 

observations being generated increases, but the distribution also has 

more mass at its center than would the Normal. Since the higher R 

are concerned with sample values "close in", they would indicate 
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lower standard deviations, because they are structured by consideration 

of the Normal density in the neighborhood of the mean, which is lower 

than the density with heavy contamination present. 

Scalar Slippage (55) 

Scalar slippage, the case where the standard deviation 

changes for a sequential interval equal to gamma of the total interval 

defined as the total sample period, has behavior quite different from 

that of contamination. The behavior of the estimates in this case can 

be summarized by the following observations. 

1. The estimates of the standard deviation are nearly 

constant from Rl to R5, even in cases of extreme slippage. 

2. There is a suggestion of some moderate bias in the 

middle of the spectrum, but this would not probably be significant 

enough to be consistently observed in practice. 

3. The standard deviations of the R's are nearly constant 

from Rl to R4, and then, for R5 rises dramatically. There does not 

seem to be an intuitive explanation for this behavior at the center of 

the distribution; nonetheless, the behavior is consistent, since the 

standard deviation of R5 is, even under the Normal case, nearly twice 

as large as that of R4. 

4. The 10-point s-class estimator does not perform any 

better than Rl, either in terms of bias or in terms of standard error. 

Further, one can see by inspection that it is highly correlated with Rl. 



Location Contamination (LC) 

Location contamination is that case where the mean is 

shifted, at random, by the amount lambda, but the standard deviation 

of the variates thus generated remains at the same value as the base 

distribution. Again, this form of non-Normality results in a Range 

Spectrum which is markedly different than that in the other forms 

being considered. The following summarizes the behavior. 

1. For extreme levels of contamination, the averages 

values of the R1 estimates are not unlike those obtained in Scalar 

contamination, that is, they fall monotonically from R2 to R5. 

2. As in the case of scalar contamination, the R1 are 
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biased quite severely relative to the global value. In this case, 

however, they actually indicate values closer to the population values 

than does the global estimator. This is because the entire sample is 

badly skewed by the shifts in location, whereas the Rls, being inde

pendent of the mean in fact and in calculation, are less sensitive to 

this location non-stationarity than the s-class estimators. 

3. While the Range Spectrum itself is difficult to 

distinguish from that of Scalar contamination, the pattern of the 

standard deviations does make this form distinct from the others. 

While in form SC, the standard deviations of the Rls fell from R1 to 

R5 for heavy contaminations, here the pattern is one which shows 

general rise from R1 to R5 for low probabilities of contamination, 

and monotonic rise for high probabilities. 
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4. Another characteristic which distinguishes location 

contamination from form SC is that the la-point estimate of standard 

deviation is much closer to the global estimate than it is to the 

Range estimates. In the case of form SC, the s estimate was actually 

poorer than at least the estimate given by Rl. 

Location Slippage (LS) 

Location slippage is the final form considered here. 

As in all the other cases, a pattern is induced which makes this form 

identifiable. These patterns are summarized as follows. 

1. As in several forms previously discussed, the Range 

Spectrum is flat. 

2. The R's, as in form LC, are biased downward from the 

global estimate, since they will more closely measure the unit stan

dard deviations of the two distributions in composition, whereas the 

global estimator is working with a severely skewed population. 

3. The standard deviations of the R's rise essentially 

monotonically, as in the Normal case. 

4. Again, it is the behavior of the la-point s-statistic 

which serves as the point of differentiation. As in the other Location

based form of non-Normal ity, the s-statistic has an average value much 

closer to the global value, and hence is considerably larger, both in 

average value and in standard error, than the lower R's. 

Location slippage is, of the forms studied, the most 

skewed. This skewness, which is not measured by this methodology, 
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would serve as an additional, exogenous method to differentiate 

this form. It is also the skewness which causes the Chi-square scores 

to be, in general, several times greater than the scores for other 

forms, for given composite parameters. 

The four different general patterns induced upon the 

estimators treated in Table 2 by the four forms of non-Normality, 

make it possible to distinguish between all of the forms. By in

spection of the results across different parameters for each form, it 

is clear that the patterns and behavior of the various estimators are 

consistent enough for any given form so that an identification of the 

form is possible from the pattern. 

A more quantified approach to the Range Spectrum's 

behavior and the concurrent behavior of the root-mean-square esti

mators across the types of composites would certainly be possible. 

For purposes of estimating the parameters of non-Normality, this is 

undoubtedly necessary. The needed analysis could readily be undertaken, 

although it would be a significant numerical problem, as in all work 

with order statistics. if it were felt that this estimation were 

sufficiently valuable, then this is a most immediate and important 

direction for further research. 

In order to use the Range Spectrum in the consideration 

of security returns' non-Normality and thereby consider the resultant 

stationarity of generating parameters, however, the analytic treatment 

is not immediately needed. This will be shown in the next section, 
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where the techniques developed thus far will be applied to actual 

returns data. It will be seen then that the somewhat simplistic 

approach thus far attempted is sufficient to make strong argument for 

the non-stationarity of security returns, and sufficient to conject 

that scalar slippage is present in the returns on the CRSP Equal 

Weight Index. Thereby, evidence is presented for the rejection of 

Stable Paretian hypothesis, as well as rejection of the "contaminate" 

basis of many subordinated stochastic models. 

Empirical Results of the Range Spectrum 
Applied to Securities' Price-Change Time Series 

In this section, the Range Spectrum is applied to time 

series of securities price-change relatives. The data employed herein 

are daily returns from the data base of the Center for Research in 

Security Prices (the CRSP). 

Daily returns are especially well suited to the needs of 

the Range Spectrum method, inasmuch as there is a clear requirement 

for a large number of observations. Further, the CRSP data meets the 

requirement that the data span a long enough time frame to detect 

slippages. 

It was felt that initially, a broad-composite index 

should be employed in the application of the Spectrum. The primary 

motivation was that by considering an index, the standard deviation 

would more closely measure systematic risk in the sense of the Capital 

Asset Pricing Model. More generally, the diversification represented 
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in an index would tend to minimize effects which would be unique to 

specific issues traded. Accordingly, the broadest index available 

was chosen: the Equal Weight Index, which measures the arithmetic 

average change in the prices of over two thousand common stocks. The 

index will be referred to herein by its acronym, "EWDEX." 

In addition to the index, the Range Spectrum is applied 

to the price-changes of twenty companies. The only condition imposed 

on the selection of the firms was that they have reported data over 

the longest time period available in the data base version employed: 

that is, from July 3, 1962, through December 20, 1979. The companies 

were all IIC 1 ose" to the top of the CRSP data base. Hence the firm 

selection was not random; however, should this induce a bias in 

results, this would be itself an interesting finding. 

For both the EWDEX and for the twenty firms, six available 

observations in 1979, from December 21, through December 31, were not 

considered although available, because of the methodological con

straint that the data set must contain a multiple of ten observations. 

Thus, the time period considered spans 4,380 trading days, whereas 

there were 4,386 observations available. 

It should be mentioned that Roll (30), has recently noted 

that the final trading days of a year are associated with greater 

volitility than is observed in the rest of the year, at least for many 

smaller issues. In the terminology here, one would say that there is 

recurrent scale slippage in the final days of the year. Because of 



the long time period employed, the exclusion of this seemingly 

important time period is not serious. However, Roll's observation, 

it will be seen, is consistent with the findings here, at least for 

the EWDEX. 

Presentation of the Results 

The Range Spectrum information for the EWDEX and for the 
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20 securities is presented in Table 3. There are several differences 

between this presentation and that of the simulations of Table 2. 

First, the data is presented in a columnar, rather than 

horizontal format. That is, the values taken by the estimators R1 

through R5 run vertically, with the mean values taken in the left 

column, and the standard errors of these values in the right column. 

The ten-point sub-sample parametric standard deviation estimate and 

standard error are on the row denoted "5", and the mean and variance 

of the entire data set is on the row denoted "G. II 

Unlike the convention of standardization employed in 

the simulations above, the value of the global standard deviation is 

not standardized, nor is the mean constrained to zero. The values 

presented are the actual values for the 4.380 observations; there is 

no value to which this can be compared which is meaningful or necessary 

to the procedure. 

Each data series has three different Spectra reported. 

The leftmost listing in each case is the result for the data taken in 

their sequential order. The rightmost two listings are of independent 
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Table 3. Range Spectra Results: Equal-Weight Index and Twenty Stocks. 

COI'1PANY TICKER SYl'1BOL: ASR 
10-POINT RANGE DATA FOR. 
FULL DATA SET (1962 1979) 

R1 .98460 
R2 .87080 
R3 .81590 
R4 .80525 
R5 .79437 
S .94724 
G .00058 
CHI-SQ. : 

.46952 

.40519 

.43171 

.52323 

.85239 

.42424 

.01820 
150.218 

COMPANY TICKER SYMBOL: ARH 
10-POINT RANGE DATA FOR 
FULL DATA SET (1962 1979) 

R1 .95082 
R2 .88748 
R3 .83392 
R4 .80908 
R5 .'77114 
S .92704 
G .00041 
CHI-SQ. : 

.48607 

.48954 

.48990 

.59565 

.95165 

.45694 

.01680 
103.709 

COMPANY TICKER SYMBOL: AYL 
10-POINT RANGE DATA FOR 
FULL DATA SET (1962 1979) 

R1 .94448 
R2 .83711 
R3 .78259 
R4 .76927 
R5 .72126 
S .91232 
G .00053 
CHI-SQ. : 

.50701 

.43726 

.43718 

.52128 

.88238 

.45977 

.01819 
190.024 

1.01120 
.86062 
.82525 
.75880 
.79315 
.96440 
.00058 

1.00885 
.86563 
.79300 
.73347 
.68511 
.96255 
.00041 

1.00745 
.82705 
.74354 
.73429 
.71146 
.95191 
.00053 

.43736 I 

.32470 

.34751 

.40879 

.79893 

.36677 

.01820 
211. 850 

.40514 

.31086 

.34654 

.40166 

.73118 

.34694 

.01680 
230.777 

.44029 

.31390 

.34173 

.43498 

.73173 

.37579 

.01819 
328.674 

1. 01468 
.86238 
.79724 
.74255 
.72386 
.96412 
.00058 

1.02395 
.84654 
.78992 
.74955 
.71385 
.96599 
.00041 

1.02288 
.82615 
.75353 
.66264 
.65082 
.96088 
.00053 

.42258 

.33010 

.34469 

.38605 

.68717 

.36480 

.01820 
235.582 

.39942 

.33144 

.34614 

.40670 

.70399 

.34661 

.01680 
281.313 

.44261 

.30671 

.32809 

.42048 

.75183 

.37233 

.01819 
386.132 



Table 3--Continued 

COMPANY TICKER SYi1BOL: ABG 
10-POINT RANGE DATA FOR 
FULL DATA SET (1962 1979) 

Rl .95945 
R2 .87670 
R3 .79229 
R4 .74694 
R5 .69210 
S .93119 
G .00095 
CHI-SQ. : 

.47714 

.46972 

.42123 

.51230 

.88330 

.44096 

.02790 
166.382 

COMPANY TICKER SYMBOL : 
10-POINT RANGE DATA FOR 
FULL DATA SET (1962 1979) 

R1 .95084 .47626 
R2 .87169 .43504 
R3 .83220 .45496 
R4 .79593 .54031 
R5 .73266 .92667 
S .92555 .43769 
G .00071 .02054 
CHI-SQ. : 121.258 

AST 

COr'1PANY TICKER SYMBOL: T 
10-POINT RANGE DATA FOR 
FULL DATA SET (1962 1979) 

Rl .94800 
R2 .86699 
R3 .84888 
R4 .82413 
R5 .81882 
S .92646 
G .00026 
CHI-SQ. : 

.49989 

.41617 

.45020 

.54257 

.98551 

.44815 

.00899 
107.666 

1.02054 
.83635 
.77270 
.71802 
.67870 
.96081 
.00095 

1.01865 
.85681 
.79002 
.76782 
.76683 
.96511 
.00071 

1. 01328 
.86407 
.78903 
.75698 
.76101 
.96225 
.00026 

.44162 

.32481 

.33889 

.41855 

.76338 

.37300 

.02790 
317.981 

.42489 

.30788 

.32425 

.43970 

.75783 

.36139 

.02054 
246.854 

.41730 

.32896 

.34957 

.41277 

.71378 

.35779 

.00899 
231.314 

1.00924 
.83783 
.75796 
.71506 
.70145 
.95417 
.00095 

1.00398 
.86636 
.81338 
.78382 
.81268 
.95813 
.00071 

1.02063 
.86153 
.79292 
.74521 
.7265LI 
.96609 
.00026 

.42812 

.32528 

.33386 

.40998 

.71533 
037096 
.02790 

305.024 

.42548 

.33371 

.35405 

.41585 

.75878 

.36883 

.02054 
186.702 

.42120 

.31863 

.3216Q 

.40439 

.75255 

.35366 

.00899 
249.298 
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Table 3--Continued 

COi-1PANY TICKER SYMBOL : AT 
10-POINT RANGE DATA FOR 
FULL DATA SET (1962 1979) 

Rl .96105 .47110 1.01411 
R2 .87878 .41871 
R3 .86063 .45707 
R4 .84784 .55668 
R5 .81881 .97842 
S .93542 .43352 
G .00048 .01299 
CHI-SQ. : 92.479 

COMPANY TICKER SYMBOL: AC 
10-POINT RANGE DATA FOR 
FULL DATA SET (1962 1979) 

Rl .95196 
R2 .86555 
R3 .83993 
R4 .81911 
R5 .81625 
S .92519 
G .00025 
CHI-SQ. : 

.45810 

.40061 

.43749 

.50954 

.94864 

.41265 

.01152 
114.884 

COMPANY TICKER SYMBOL: ACY 
10-POINT RANGE DATA FOR 
FULL DATA SET (1962 1979) 

Rl .95627 
R2 .88652 
R3 .87699 
R4 .87434 
R5 .81382 
S .93618 
G .00042 
CHI-SQ. : 

.46297 

.40987 

.43276 

.54482 

.89175 

.41485 

.01561 
76.456 

.86872 

.81475 

.78780 

.74079 

.97051 

.00048 

1.03107 
.86680 
.80190 
.74174 
.68856 
.97200 
.00025 

1.01181 
.88106 
.84294 
.81908 
.80192 
.96930 
.00042 

.38223 

.31516 

.32276 

.40918 

.75487 

.33066 

.01299 
198.885 

.41462 I 

.31219 

.32862 

.39095 

.73295 

.34327 

.01152 
259.269 

.37935 

.31291 

.32008 

.40810 

.78053 

.32562 

.01561 
151.776 

.99826 

.88022 

.81478 

.79921 

.79919 

.95732 

.00048 

1.01852 
.86854 
.80976 
.74998 
.74379 
.96644 
.00025 

1.01371 
.86925 
.83400 
.80671 
.81333 
.96855 
.00042 

.41299 

.33809 

.34674 

.42292 

.83480 

.35906 

.01299 
157.805 

.41060 

.32950 

.34767 

.41465 

.71657 

.34721 

.01152 
222.112 

.38973 

.30178 

.33894 

.43056 

.80445 

.33381 

.01561 
179.363 
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Table 3--Continued 

COMPANY TICKER SYMBOL: AMX 
10-POINT RANGE DATA FOR 
FULL DATA SET (1962 1979) 

Rl .97710 
R2 .87245 
R3 .85579 
R4 .84286 
R5 .83080 
S .94261 
G .00058 
CHI"':SQ. : 

.46663 

.37279 

.43076 

.47943 

.86414 

.40708 

.01698 
112.914 

COi'1PANY TICKER SYMBOL: HES 
10-POINT RANGE DATA FOR 
FULL DATA SET (1962 1979) 

R 1 .95430 
R2 .87092 
R3 .85055 
R4 .81587 
R5 .83503 
S .92938 
G .00068 
CHI-SQ. : 

.47287 

.43922 

.46745 

.53442 

.92751 

.43885 

.02361 
107.579 

COMPANY TICKER SYMBOL: ABA 
10-POINT RANGE DATA FOR 
FULL DATA SET (1962 1979) 

Rl .91701 
R2 .84920 
R3 .81891 
R4 .78896 
R5 .79540 
S .89802 
G .00045 
CHI-SQ.' : 

.54544 

.50076 

.49462 

.63479 
1.12599 
.50537 
.02495 

141. 382 

1.01319 
.87061 

.• 81843 
.79784 
.79874 
.96689 
.00058 

1.01846 
.85303 
.80627 
.76616 
.74788 
.96660 
.00068 

1.01131 
.83216 
.74672 
.70738 
.74158 
.95325 
.00045 

.40464 

.32495 

.30939 

.43032 

.74120 

.34466 

.01698 
187.658 

.38790 

.34178 

.34530 

.42431 

.70745 

.34260 

.02361 
241.999 

, .43892 
.33429 
.30770 
.39724 
.78944 
.38586 
.02495 

332.083 

1.02350 
.87492 
.82035 
.79401 
.76453 
.97166 
.00058 

1.00634 
.87074 
.79505 
.73515 
.77457 
.96060 
.00068 

1.00866 
.82476 
.75051 
.69780 
.65955 
.95155 
.00045 

.38536 

.30238 

.32584 

.40951 

.74127 

.32660 

.01698 
199.496 

.41219 

.32398 

.33412 

.41355 

.72886 

.35666 

.02361 
217.189 

.45898 

.33091 

.34022 

.40615 

.74680 

.39665 

.02495 
340.867 
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Table 3--Continued 

COMPANY TICKER SYMBOL: AG 
10-POINT RANGE DATA FOR 
FULL DATA SET (1962 1979) 

R1 .95200 
R2 .89319 
R3 .86095 
R4 .84292 
R5 .83806 
S .93617 
G .00043 
CHI-SQ. : 

.43585 

.41597 

.47641 

.56469 

.96672 

.40583 

.01736 
76.945 

COMPANY TICKER SYMBOL: ALS 
10-POINT RANGE DATA FOR 
FULL DATA SET (1962 1979) 

R1 .95270 
R2 .87181 
R3 .82995 
R4 .80691 
R5 .77503 
S .92341 
G .00050 
CHI-SQ. : 

.44289 

.41604 

.44541 

.54055 

.95041 

.40745 

.01638 
117.488 

COMPANY TICKER SYMBOL : 
10-POINT RANGE DATA FOR 
FULL DATA SET (1962 1979) 

R1 .93950 .44845 
R2 .90957 .42360 
R3 .88181 .45726 
R4 .88122 .58331 
R5 .90022 .90953 
S .92968 .41539 
G .00034 .01639 
CHI-SQ. : 55.221 

AA 

1.02625 
.88438 
.81777 
.75262 
.74418 
.97701 
.00043 

1.01670 
.88674 
.81344 
.78043 
.79459 
.97121 
.00050 

1.02509 
.90056 
.83899 
.80921 
.80381 
.98122 
.00034 

.37274 

.32247 

.36305 

.43935 

.72796 

.32014 

.01736 
209.046 

.40590 

.33336 

.34793 

.41104 

.76092 

.34124 

.01638 
182.471 

.38463 

.31213 

.34234 

.39625 

.69906 

.32445 

.01639 
153.029 

1.01944 
.88267 
.81280 
.76727 
.77049 
.96996 
.00043 

1.02275 
.86743 
.81638 
.78638 
.80737 
.96927 
.00050 

.99886 

.89935 

.86366 

.84411 

.81786 

.96767 

.00034 

.38222 

.31449 

.35152 

.44435 

.84244 

.32544 

.01736 
196.111 

.40367 

.33838 

.33501 

.44212 

.77131 

.34368 

.01638 
213.277 

.38196 

.30608 

.35742 

.45358 

.75266 

.33365 

.01639 
98.527 
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Table 3--Continued 

CO[vlPANY TICKER SYMBOL: APD 
10-POINT RANGE DATA FOR 
FULL DATA SET (1962 1979) 

R1 .95961 
R2 .89256 
R3 .87002 
R4 .85244 
R5 .85035 
S .93765 
G .00065 
CHI-SQ. : 

.43198 

.40937 

.42094 
,,53732 
.85809 
.39906 
.01725 
73.888 

COr4PANY TICKER SYMBOL: ANK 
10-POINT RANGE DATA FOR 
FULL DATA SET (1962 1979) 

R1 .94639 
R2 .87612 
R3 .83685 
R4 .84301 
R5 .83639 
S .92523 
G .00049 
CHI-SQ. : 

.47240 

.41925 

.47575 

.56178 

.97040 

.42799 

.01955 
101.690 

CO!'1PANY TICKER SYMBOL : 
10-POINT RANGE DATA FOR 
FULL DATA SET (1962 1979) 

R1 .96869 .43629 
R2 .89705 .39783 
R3 .85712 .41919 
R4 .83035 .50615 
R5 .81930 .99910 
S .94505 .39496 
G .00047 .01605 
CHI-SQ. : 83.979 

AL 

1.03324 
.89807 
.83780 
.80686 
.81013 
.98328 
.00065 

1.03078 
.86464 
.81259 
.75892 
.75310 
.97814 
.00049 

1.01427 
.88345 
.84664 
.82754 
.87550 
.97061 
.00047 

.35226 

.30895 

.33917 

.42189 

.79924 

.30098 

.01725 
170.395 

.39200 

.29858 

.31239 

.40431 

.77384 

.32509 

.01955 
245.526 

.40690 

.30661 

.34232 

.44021 

.87131 

.33877 

.01605 
149.309 

1.02282 
.88871 
.83342 
.78092 
.80335 
.97462 
.00065 

1.02422 
.86050 
.81236 
.77785 
.73028 
.97211 
.00049 

.99320 

.89286 

.86837 

.87950 

.85196 

.96575 

.00047 

.36104 

.30434 

.32993 

.39250 

.75939 

.30945 

.01725 
176.099 

.40154 

.33752 

.36128 

.43956 

.75515 

.34880 

.01955 
234.332 

.38088 

.31723 

.34598 

.475'71 

.89079 

.33315 

.01605 
94.224 
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Table 3--Continued 

CRISP EQUAL wEIGHT INDEX 
la-POINT RANGE DATA FOR 
FULL DATA SET (1962 1979) 

Rl .79681 .50717 
R2 .77703 .50288 
R3 .78136 .53444 
R4 .75756 .58788 
R5 .76894 .87033 
S .79081 .48981 
G .00070 .00777 
CHI-SQ. : 341.247 

COMPANY TICKER SYMBOL: AMF 
10-POINT RANGE DATA FOR 
FULL DATA SET (1962 1979) 

Rl .96355 
R2 .87159 
R3 .83724 
R4 .81114 
R5 .75913 
S .93322 
G .00029 
CHI-SQ. : 

.46355 

.41474 

.45050 

.54712 

.93988 

.41674 

.01950 
119.742 

COMPANY TICKER SYMBOL: ABT 
10-POINT RANGE DATA FOR 
FULL DATA SET (1962 1979) 

Rl .97603 
R2 .90535 
R3 .87687 
R4 .84355 
R5 .81990 
S .94900 
G .00067 
CHI-SQ. : 

.40912 

.38583 

.43640 

.50130 

.81002 

.37056 

.01541 
70.742 

1.01455 
.84380 
.75773 
.71424 
.65761 
.95818 
.00070 

1.01895 
.85414 
.79412 
.74952 
.69705 
.96782 
.00029 

1.02196 
.90711 
.84293 
.80751 
.81074 
.97916 
.00067 

.42600 

.34433 

.31981 

.38296 

.62054 

.37132 

.00777 
309.471 

.38479 

.30695 

.32917 

.41456 

.75463 

.32642 
'.01950 

256.832 

.36350 

.31849 

.34527 

.42188 

.74544 

.30804 

.01541 
139.979 

1.00800 
.82540 
.76411 
.72946 
.66937 
.95219 
.00070 

1.00965 
.86749 
.80733 
.78422 
.7652,'2 
.96580 
.00029 

1.02514 
.90676 
.86886 
.84605 
.85328 
.98396 
.00067 
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.43187 

.32752 

.33025 

.38028 

.59230 

.37438 

.00777 
315.998 

.39861 

.32137 

.36663 

.46012 

.81463 

.34270 

.01950 
198.200 

.36120 

.32010 

.34255 

.43073 

.75714 

.31140 

.01541 
119.737 



randomizations of the data. That is, the data points are randomly 

rearranged without regard to the time of the observation originally. 

The reason for and usefulness of these randomizations will be dis

cussed below. 

The Range statistics have expectations of unity; that 

is, under the hypothesis of Normality, one would expect values of 
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1.00. This is a consequence of their construction, which was developed 

in Chapcer 3. The same is true of the average of the ten-point sample 

standard deviation or s-statistic; its expected value is again unity. 

In the non-standardized data, the expected value of the S statistic 

is identical to the global standard deviation (under the condition of 

Normality). The reason for the standardization is to allow comparison 

of the results for anyone firm to those of another, and also to the 

simulations above. The values given, then, both for the Rls and for 

the S statistic, could be interpreted as decimal fractions of the 

global standard deviation reported, were the actual values taken by 

the estimators desired. 

Discussion of the Results 

It is clear that in every case the data is distributed 

non-Normal, for the Chi-Square values are in most cases much greater 

than the .995 significance value of 16.4. This means that the chance 

the data were actually generated according to a stationary Normal law 

is many times smaller than 5 chances in 1000; so small, in fact that 

the values are not tabulated. 



This observation simply verifies the observation of non

Normal distributions of speculative price-changes made known first 
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by Mandelbroit (20). In the present method, this observation is little 

more than an aside: a bi-product of the purpose. From the standpoint 

of considering moments, nothing more with respect to the form of non

Normality is offered. For example, there is no information as to 

whether the non-Normality present results in skewness (the third 

moment), leptokurtosis (a shifted fourth moment), or both. 

This lack of information on the distribution's moments, 

however, does not diminish the present technique, as opposed to 

traditional curve-fitting or moment-based techniques. The Range 

Spectrum allows one to relate the observed non-Normality to a specified 

form by properties, rather than by empirical fitting of the distribu

tion. By comparison with the simulated Normal compositisations, it 

is then possible to make a statement not only of the non-Normality of 

the distribution, but also of the non-stationarity of the process 

which generated the price-change data. 

Considering the results for the R estimators given in 

Table 3, the most striking fact is that almost all of the individual 

stocks show one pattern and that the pattern shown by the EWDEX is 

markedly different. Because the individual stocks should have both 

systematic and unsystematic components in their volitility, and the 

index principally only a systematic component, the EWDEX results will 

be considered first. 
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The most striking characteristic of the Range Spectrum 

of the EWDEX, shown as the leftmost series in the first set of data 

in Table 3, is that the estimates are almost IIflat", and about 20 

percent below the value which would be expected from a Normal distri

bution. Moreover, the standard errors rise only slowly from R1 to R4, 

but jumps to the value for R5. 

Comparing this pattern with those derived in the simulations, 

the same general pattern is found in the simulations of Scale Slippage, 

especially for the gamma value of 0.7 and the larger values of lambda. 

No other form presents patterns of both the estimators and of their 

standard errors which is close to that of the EWDEX. 

Therefore, this is strong evidence that the systematic 

elements of the variation of the components of the Equal Weight Index 

were generated according to a process wherein there were periods of 

stationary variance, but that the variance was not the same in two 

different time intervals. 

It can be seen however, that while the pattern of the 

EWDEX Spectrum is similar to that of Scale Slippage, the values cannot 

be matched exactly. This in not entirely disconcerting. The simu

lations were, of necessity, of the most simple compositisations, and 

then, in only one moment at a time. On the other hand, the EWDEX is 

the ex-post results of what was called the "most subtly intricate game 

devised by.Man." It would, therefore, be naive to assume or assert 

that the slippage of the second moment alone fully describes the 

process of price change generation. 
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It is reasonable to suspect that if slippage in the 

second moment were found, there might concurrently be slippage in the 

mean, or first moment. Examining the Spectra for Location Slippage, 

the values of the R's In the simulations are themselves not unlike 

those in the EWDEX, although the standard errors induced are far too 

low to say reasonably that the piatterns "match. I
' There is no attempt 

in this work to examin, the effects upon the Spectra from compositi

sation in both moments simultaneously. Certainly this is a valuable 

and necessary extensioM. 

There is anoth,r piece of evidence, however, which argues 

for the presence of sc.le slippage in the EWDEX data. This is the 

information found in the randomi~ations of the time series. 

By the definitIon of scale slippage, all of the first 

observations --a proportion of (l-y) of all the observations-- were 

generated with a stand.rd deviation of 0 1 , while the latter obser

vations --a proportion equal to Y --were generated with a standard 

deviation ofAo l' If the time series were randomized, so that those 

first (l-Y) observatiqns now occupied any position in the new series 

with equal chance, theM the proportions of observations generated with 

the two different stan~ard deviations remains the same. However, 

whereas the first seri,s was generated with scale slippage, the random 

series would appear as though they had been generated with scale 

contamination. 
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Accordingly, if the EWDEX series --in which slippage is 

hypothesized-- is randomized, as it was in the generating of the 

results in the rightmost positions in Table 3, the Spectra taken on 

these randomizations should present the patterns characteristic to 

scale contamination. Referring again to Table 2, it is found that the 

patterns of the randomizations are very similar to the patterns of 

scale contamination, for the same general composite parameters that 

"matched ll the original time series with scale slippage. 

Thus, from two points of analysis, there is a strong 

inference that systematic variation of stock prices is not character

ized by a variance which changes from one day to the next. Rather, 

an explanation more consistent with the evidence here is that while 

the variance does seem to change, it is, for periods of time --perhaps, 

for long periods of time-- constant. 

This is the first of the two principal empirical findings 

of this work, and the point to which the methodological development 

was directed. The impl ications of this are immediate; while they will 

be discussed later, one of them should be mentioned here. First, this 

finding is totally inconsistent with the Stable Paretian hypothesis. 

It is known that the Stable class of distributions can be generated by 

a continuous compositisation of Normals with different standard devi

ations. Were Stable Paretian the state of the world, then evidence 

of contamination, and not of slippage, would have been found. Still, 

the distribution could appear to have the distinctive IIfat tails" and 



leptokurtosis of the Stable distribution. However, not only is the 

variance of the process generating the distribution finite, but con

stant for independent time intervals. 

The other implications of this finding are not independent 
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of the consideration of individual stocks. This is simply because the 

major "operational" models of Finance --the CAPM and the Options 

models-- involve the variance of individual stocks, rather than the 

variance of a diversified portfolio exclusively. The results for 

individual stocks must therefore be treated next. 

In the case of the individual stocks, the R values are 

relatively IIflat" from R2 through R4, after a decided drop between 

R1 to R2. The typical pattern found in the standard errors of the R's 

is that the standard errors remain "flat" from R1 to R4, and rise 

sharply at R5. 

Moreover, for most of the individual stocks, it can be 

seen that in general the R estimators and the lO-point sample standard 

deviation average are all biased with respect to the global value, for 

their values are almost all less than unity. It .is interesting in 

passing, however, that Rl, while less efficient than 5, as shown by 

their standard errors, is generally a less biased estimator of the 

global value than 5 itself, in spite of the fact that in the Normal 

case this is not true. 

Having already introduced and used the randomization of 

the time series for the EWDEX, it is logical to compare initially the 



128 

original series results on the left with the randomized series results 

presented to the right. The effect of the randomizations are very 

similar to the results of randomizations of the Index·s series; again 

there is evidence that the randomized series are scale contaminations. 

However, the difference between the original series and the random

izations is, for most of the stocks, not great. For some --for example, 

Abbott Laboratories, (ticker symbol ABT)-- the randomizations can 

barely be distinguished from the original series. In contrast to the 

EWDEX, this implies that contamination of the standard deviation is a 

much stronger characterization of individual stocks than it is of a 

diversified index. 

This is the second principle empirical finding of this 

work. It is consistent with Mandelbroit·s suggestion of contaminators 

inducing outliers in speculative price change distributions, and con

sistent with non-stationarity of the variance, even day to day. 

However, the implications of scale contamination 

characterizing the distributions of individual stocks· price-changes 

is more interesting when, concurrently, the distributions of portfolios 

of those stocks can be characterized by scale slippage. 

First, this implies that the non-stationarity of the variance 

of an individual stock·s price is associated with events or perceptions 

which are particular to that stock. That is, the implication is that 

it is non-systematic risk which is non-stationary. However, the fact 

that the variance of the highly diversified index is stationary for 

period of time suggests that this specific risk is still diversifiable. 
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Second, the dichotomy implies, again, that the Stable 

Paretian form does not define well the process of generating the 

returns of individual stocks. This is simply due to the inconsistency 

of the slippage indicated in the diversified portfolio with the Stable 

class, and not due to the form of the distributions of the securities 

themselves: if they were Stable distributions, then that character

istic could not be diversified away. 

Third, the characterization of scale contamination, can 

be consistent with subordinated stochastic models. For example, 

Westerfield's model (34), has price change subordinate to volume. 

The price-setting strategies of a specialist could certainly be dif

ferent when faced with different levels of demand for his issue; this 

would induce "contaminated" volitility in price-change distribtuions. 

For the subordinated stochastic models to be consistent 

with these findings, however, the following "scenario" would have to 

be tested. A number of issues are hypothesized, each of which has 

price-changes which are modelled by the same subordinate stochastic 

process. The subordinate stochastic process is itself subordinate to 

--or at least allows-- a slippage in a common component of the issues' 

variances. Then, the process would be demonstrated to be consistent 

with these findings if diversified portfolios of these issues indicated 

only the slippage induced in the common component of the variances. 

This test has never been carried out. It is an immediate 

and very interesting methodological extension of the Range Spectrum's 
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use. Further, it would seem that such a test would be a mandatory 

hurdle to plausibility of a proposed model of price-change generation. 

Fourth, the characterization of contamination has strong 

implications for option pricing. This topic has been explored in 

depth by Richie (29), who, in his doctoral dissertation, hypothesized 

that contamination, of both mean and standard deviation, characterized 

stock price-change distributions and developed numerical analysis 

techniques to "fit" the distributions. 

It is not the purpose or scope of this work to pursue 

these impl ications or the others that there may be. However, the 

process developed, and the accordant ability to define the process 

which characterizes the generation of price-change, rather than simply 

characterize the shape and form of generated price-changes, would 

appear to suggest --and to open-- avenues of theoretical and empirical 

research. Some of these suggestions will be discussed in Chapter 5. 

In the full extension of the Range Spectrum technique, there 

are several areas of methodology and theoretical development in the 

Range Spectrum which demand discussion and further development. 

First, this methodology is not in any sense a traditional 

statistical technique. In inferential statistics, criteria for accept

ance or rejection of hypotheses are quantitative; perceptions of the 

researcher are not involved in the acceptance or rejection; properly 

applied, the statistics or estimators employed give precise inferences 

about the hypothesis, subject to a level of confidence that that 
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inference is correct. In the Range Spectrum methodology thus far 

deceloped, the researcher must be actively involved; he is presented 

with a "pattern" --at best, an imprecise, if not aesthetic concept-

and must "match" that pattern to another in order to derive an infer

ence. 

This imprecision can be rectified to a large degree, and 

the methodology thus brought closer to the "mainstream" of statistical 

inference. The elements of the "patterns", after all, are themselves 

estimates of analytic mathematical functions --the R estimators and 

their distributions as well as the distributions of their moments. 

If these functions were studied and quantified, then a test of the 

"match" between two of the patterns could be developed within the 

realm of conventional statistical knowledge and procedure. As was 

seen in the last chapter, this would by no means be a trivial task; 

it is, however, a task that could be defined and executed within the 

confines of existing science and technology. 

A theoretical shortcoming of the procedure is one which 

is potentially more difficult to rectify. The power of the procedure, 

and the validity of the inferences derived therefrom, depends upon a 

one-to-one correspondence of Range Spectrum forms to compositisation 

forms which induce the former. Whereas extensions to correct the 

imprecision of the pattern matching process can be defined, as dis

cussed above, the lack of proof of this correspondence would seem to 

be more persistent. It is here that the analogy of the procedure with 
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chemical analysis ends. In the latter science, spectral line unique

ness can be identified because the set of elements is finite. The set 

of alternative distributions and alternative forms of compositisation, 

however, is (countably) infinite. Even if such a correspondence is 

possible to prove, it would have to wait the development described 

above, before a proof could be undertaken. 

There is no reason to suspect that different forms of 

compositisation would induce identical Range Spectra. The analogy 

to fingerprints was used earlier in this chapter; it would seem im

possible to prove that no two individuals have identical fingerprints, 

but the methodology has proceeded unimpaired by that theoretical fail

ing. Were the method of comparison with known patterns made more 

formal, the Range Spectrum, similarly could be a methodology which, 

likewise, could function without the assurance of mathematical proof 

of the validity and uniqueness of the inferences made. 



CHAPTER 5 

SUMMARY, CONCLUSIONS, AND 
IMPLICATIONS FOR FURTHER RESEARCH 

The principal operational models of Finance are all 

dependent, to some degree, upon assumptions made about the nature of 

the process which generates price change of spe~ulative assets. 

Many of these models, among them the Black-Scholes 

option model and the Capital Asset Pricing Model, rely on the assump-

tion that price change can be characterized as a stationary, finite-

variance random variable. In the former case, for example, the vari-

able is specified to be log-normal; in the latter, the variable need 

only have properties associated with Normality. In either case, how-

ever, stationarity must hold in order to be certain that the model has. 

any practical validity. 

Unfortunately, speculative price changes do not behave 

as stationary, finite-variance random variables. Instead, the empiri-

cal evidence suggests that the process of price change generation is 

best described by a non-stationary --perhaps even infinite-var~ance--

formulation. 

Modern models of price change generation, such as the 

class of models known as subordinate stochastic models employ non-

stationarity to explain the empirical characteristics of distributions 
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of speculative price change. From a standpoint of fitting empirical 

data, most of the published models based on subordinate stochastic 

processes are successful. 

Thus, Financial economics' best models of market pricing 
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and equil ibrium require a "stationary world ll , while the best models of 

price generation not only imply, but hypothesize, a non-stationary one. 

This dichotomy has not been resolved; the price change models must 

"fit" the empirical histograms of price change data, and do so via 

non-stationarity. The market models cannot be easily modified to 

accomodate non~stationarity. 

Non-Normality of speculative price changes is very 

elegantly characterized by "mixtures", or "compositisations", of 

Normal random variables. Mixture-processes are the basis of the sub

ordinate stochastic models; earlier, compositisation in speculative 

price generating processes was suggested by Mandelbroit (20), who used 

the term "contaminator" to describe a process which, at random times, 

would over-ride or augment a basic process. It was assumed that the 

"over-riding" process had greater probable dispersion than the basic 

process. Hence, the ex-post record of the price changes would contain 

not only observations arising from the basic process, but also obser

vations arising from the other, more disperse "contaminating" process. 

Research subsequent to Mandelbroit's concept has proceeded 

with the term "contamination" as synonymous with composite Normals. 

From a standpoint of non-stationarity, the most important character

istic of a contamination process is that it results in continuous 
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non-stationarity. That is, at every instant, the basic process can 

be over-ridden by the contaminating process, and a high-dispersion 

price change realized. The high volitility of that observation, 

however, would have no effect upon the dispersion of the price change 

subsequent to it. 

Contamination is not the only way to conceive of mixtures 

of Normal distributions. Suppose the moments of the generating pro

cess are stationary for distinct time intervals, but that the vaiues 

of these moments can and do shift --or "slip"-- from time to time. 

Between these points of slippage, the value of the moments is constant. 

A time series of data will be non-stationary by definition 

if it spans an interval wherein one or more slippages occured. More

over, if these data are analyzed without consideration of the sequenc

ing of the data, then they will "appear" identical to data generated 

by a process of contamination. That is, arrayed as a distribution 

--ex-post or ex-ante-- slippage and contamination are identical. 

The stationarity of slippage processes over sub-intervals of 

time, however, makes the concept very important to the validity of 

models which require stationary price changes; between points of 

slippage, the stationarity necessary for the model holds. Over-all, 

the models can hold in principle, even if values would change inter

temporally, when slippages occured. 

Thus, price changes which can be characterized by slippage 

offer one --and possibly the only-- scenario that can simultaneously 
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provide a probability distribution meeting non-Normal empirical 

criteria, ~nd yet provide the stationarity of price change generation 

which is n~cessary for practical acceptance of the models of market 

pricing an~ equilibrium. 

Pr~vious stuwies into the nature of the formation of 

speculativ~ price changes usually estimate the moments of an empirical 

distributiqn, or else employ curve fitting techniques to test the 

validity of a hypothesis. Curve fitting techniques are concerned with 

the number and size of the individual price changes, and not with their 

sequencing. Likewise, estimation of moments of a time series of data 

is unconcerned with the sequence in which the data occurred. Because 

the essential difference between contamination and slippage is 

sequencing, these te~hniques cannot be used to examine empirical data 

for evidenqe of these alternative processes. 

Th~ principal contribution of this work is the develop-

ment of a ~echnique 0hich discriminates between a process subject to 

contamination and a process experiencing slippage in a parameter. 

This technique utiliaes estimators which are based on order properties 

of samples of data; these estimators belong to the class of statistics 

known as Illlon-parametric ll statistics. 

It was argued in Chapter 3 that non-parametric estimators 

of population moments should be considered whenever compositisation is 

known to b~ present or suspected in the population. The procedure 

developed incorporates the Ilrange estimator ll , the difference between 



137 

the largest and smallest observations in a sample, and also the 

"quasi-ranges··, which are the successive differences between interior 

observations from a sample. Collectively, all of these estimators are 

referred to simply as ranges. 

The properties, behavior, and values of the ranges for 

the Normal distribution have been studied extensively. The procedure 

developed in this paper defines range estimators which yield unbiased 

estimates of the population standard deviation when the population is 

Normal. However, when these estimators are applied to a population 

which is a compositisation, then they are no longer unbiased estimators; 

further, because each estimator is different, the bias which the com

positisation induces is different, both among the ranges and between 

compositisation and slippage. The pattern of this bias across the 

estimators is associated with the form of non-Normality which induced 

that pattern. Because of the similarity of this associate inference 

to the methods of chemical spectroscopy, this pattern is referred to 

as the IIRange Spectrum." 

The first step in the application of this technique was 

to establish the spectra for different, known composites. This was 

done in Chapter 4. These spectra were developed by numerically gen

erating random points of data according to the desired form of com

positisation and then evaluating the mean of the range values and the 

standard deviation of the values over the sample size. 
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The technique appears to be a valuable methodology for 

the identification of the discrimination among forms of compositisation 

of Normal variables. It is clear, however, that the extent of the 

development in this work is incomplete. 

The most immediate shortcoming, as was discussed in 

Chapter 4, is the lack of analytical values for the estimators under 

forms of compositisation. The values have closed form expression; 

these mathematical expressions are given in Chapter 3. The essential 

problems to be faced in the calculation are numerical. These problems 

arise from the irregular behavior of the integrands in the expressions 

for the mean and variance of the order statistics which enter the ex

pressions for the ranges. Equation (14) and (IS) of Chapter 3 show 

that these expressions are integrals over the entire real line. How

ever, the magnitude of the integrand is very small throughout the 

range; within several units of standard deviation scale the value 

appraoches floating point zero --the smallest number that a digital 

computer can repr-esent. However, if the function being integrated is 

comprised of two primatives, one of them may obtain a value of floating 

point zero while the other is still significant. In that case, the 

integrand is interpreted as zero in that range while it is still 

mathematically non-zero. The values obtained will therefore be in

accurate. 

The method used to integrate the analytic forms of the 

values of the range estimators must accordingly be developed to handle 
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the particular problems caused by the composite forms. Such issues 

were felt to be beyond the purposes and scope of this work; they are, 

however, well within the limits of current numerical methodology. 

Precise analytical values are the most immediate methodological need, 

and thus this work is the most immediate area for development. 

Once the ability to generate analytical values is at 

hand, the Range Spectrum method can be readily extended beyond the 

simple definitions of compositisation presented here. Cl~arly simul

taneous compositisation in both mean and variance should be studied; 

the values which the ranges would be expected to take in these cases 

could be derived as easily as the elementary forms. 

The extended methodology would be necessary to a complete 

study of any hypothesis concerned with market organization. For 

example, if one were concerned with a hypothesis that variance is 

different between bull and bear markets, it is true (by tautology) 

that the ex-post expected price change in a bull market (positive) is 

different from the ex-post expected price change in a bear market 

(negative). If the analysis failed to control for this, it could 

not be complete. 

The Range Spectrum method was applied to stock price 

change data in Chapter 4. Two significant findings arose from this 

analysis. First, there is strong evidence that a broad based index 

of price changes is characterized by slippage in the standard deviation. 

On the other hand, there is strong evidence that stock prices changes 

are characterized by contamination in the standard deviation. 



The conclusions which may be drawn from this duality 

are discussed in the next section, as well as some of the more 

immediate implications. 

The most immediate conclusion of the slippage in an 

index of price change coupled with the contamination for individual 

stocks is upon the concept of diversification of risk. 

In Chapter 4, the findings were related to the "compound 

events·· price change model similar to the development of Press (27). 

It was shown that if an index were composed of a large number of 

stocks, a compound eve"nts model would indicate that the index could 

be distributed as a stationary Normal variable, even if the changes 

in that index value were comprised of non-stationary, contamination

based security price changes. For this to hold, only one generating 

parameter would have to be constant for all securities. 
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If that parameter were defined as being exogenously 

determined, then shifts in this parameter would be possible. A long 

time series of observations of the index would then include two or 

more periods where that parameter·s value was different. This defines 

a sufficient condition for the distribution of the index to be char

acterized by slippage, as was found empirically. 

This conclusion is also a call for further work, to 

investigate alternative characterizations of the parameter defined 

in Chapter 4. 
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Impl ications on Diversification 

The conclusion of a compound events model implies that 

the cause of the contamination in securities' price changes is 

"diversified" away by the process of defining the index. Diversifi

cation is normally thought of as being the consequence of the addition 

of correlated random variables, which thereby reduces the variance of 

the sum. In the compound events model, risk measured by the standard 

deviation or volitility, which is "undiversifiable" is associated with 

a common random variable. Diversifiable risk is associated with a 

random number of other random variables. In this model, however, the 

influence of the other variables does not disappear in the diversified 

index; rather, the influence simply tends to become more consistent. 

The above development implies a possible relationship 

between structural correlation among stocks and the compound events 

models of stock price changes, as well as the larger set of subordinate 

stochastic models. This work is a clear area for further consideration 

and study. 

Implication for Valid Market Proxies 

Due to the implications for diversification, the findings 

of Chapter 4 thereby carry implications for the Capital Asset Pricing 

Model. On an introductory level, for example, it might be argued that 

if the process of price change generation followed a compound events 

characterization, then any index which was sufficiently broad to cause 



the number of variable sums in that index to have an extremely small 

variance would be a valid proxy for the "malrket", because all such 

indexes would be asymptotically identicall~ distributed. 

If the non-stationarity of the dis~ributions of price 
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changes for individual stocks which was observed in Chapter 4 is in 

fact general, then there is serious questidn as to the validity of the 

basic two-parameter tenant of the original Idevelopment of the CAPM. 

Further, it does not seem likely that it would be possible to hypothe

size stationary beta coefficients. These implications should be con

sidered and explored. 

Implications fpr Options Pricing 

The contaminate characterization of stock prices clearly 

has implications for option pricipg. This subject is explored in 

detail in Richie (29). The empirIcal work here supports and adds 

valIdity to the hypothesis of contaminating mixtures made there. 

There currently are no actively traded options on broad 

based indexes, although there is trading in futures contracts on the 

Standard and Poorls Index, the Ne~ York Stock Exchange Index, and the 

Value Line Index. Were options o~ such indexes to arise, the impli

cation here is that the pricing of such an option would be different 

than the pricing of an option on ~ single security. A vital area of 

concern in the former case would ~e the detection of the "slippages·· 

in the volitility of the index. This question is related to a broader 

implication for market organizatiqn, and one which embodies several 

testable hypotheses. 
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Implications on Market Organization 

The finding that market proxies can better be characterized 

by slippages than by contaminations has some interesting implications 

for the behavior of markets during different economic times. The pro

cedure employed in this work did not set out to identify the "slippage" 

points in the data set. The formal definition of slippage in Chapter 

3 indicated two non-overlapping periods, with different variance in the 

two periods. Exactly the same distribution of outcomes would be 

obtained under a state where "bull" markets were characterized by one 

size variance, and "bear" markets were characterized by a different 

size variance. A test of such a hypothesis would be an immediate ex

tension of the technique of Chapter 4. 

A concurrent hypothesis concerning the level of the 

contaminating variance for individual securities during bull and bear 

markets would also be an interesting and immediate extension of the 

technique. Such a hypothesis, however, would bring to light one of 

the principal limitations of the technique, however; the fact that the 

methodology does not present a formal way in which to estimate values 

of the mixture parameters. That limitation, and others, will be 

discussed later, along with suggestions for possible extensions of the 

methodology. 

Implication for the Stable Hypothesis 

A natural extension of the Range Spectrum methodology is 

to apply the development directly to Symmetric Stable distributions. 
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The Range Spectrum can operate inferentially under the null hypothesis 

that price changes are distributed without finite variance, even 

though classical parametric methods cannot. This is due to the fact, 

shown in Chapter 3, that the expected values and covariances of ranges 

remain finite even when the parent is distributed with infinite vari

ance. Accordingly, the Range Specra could be developed for distri

butions of the Stable class, for all values of the characteristic 

parameter. These values could be determined either through numerical 

estimation, as was done in this work for the Normal distribution, or 

through numerical integration of the mathematical forms. The Chi

Square procedure developed in Chapter 3 and employed in the Chapter 4, 

extended to the Stable null hypothesis, would then give powerful 

evidence as to whether or not the Stable hypothesis fits empirical 

data. As mentioned in Chapter 4, the difference between the slippage 

which seems to characterize diversified portfolios and the contami

nation which seems to be present in most stocks would argue for the 

rejection of the Stable hypothesis; the procedure implied here would 

be a direct and convincing empirical investigation of that statement. 

The numerical problems associated with derivation of 

the range means and standard deviation for a Stable distribution are 

even more severe than those for a mixture of Normals; this is because 

the effective range of integration for the Stable distributions is 

very much greated than for Normal distribution --a consequence of the 

"fat tails" of the Stable class. A fast and precise quadrature tech

nique for the Stable class is clearly an area of further research. 
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The method cou 1 d a 1 so be extended to any other Iinu 11 

hypothesis" distribution form --for example, a particular subordinate 

stochastic process model. This type of extension, however, departs 

from the purpose of the development herein. In that type of extension, 

the purpose would be the verification of the null hypothesis. It would, 

in that sense, be a technique of parameter estimation. The technique 

herein was to reject the null hypothesis of Normality a-priori, and 

then to associate the pattern which resulted from the rejectioh with 

a knwon form. The technique herein, then, is Baysian in its logic. 

To employ the Range Spectrum otherwise would first require verification 

that its parameter estimates are at least as efficient as the more 

well-known methods. 

Conclusion 

It appears likely that the notion of compositisations 

can permit an integration of research into price change processes with 

the distribution-dependent models of market price equilibrium in some 

valuable ways. Moreover, the Range Spectrum technique can be extended 

to augment the methods of empirical analysis of price change data. 

If a methodology in any field is found useful, then its 

theory and application evolve with use. The Range Spectrum was devel

oped herein only to the extent required for its application to the 

problem of characterizing the form of compositisation in stock price 

change. To that end, the method was successful, and the implications 

of the findings should be interesting to those who are concerned with 



the normative issues of applied Finance. Whether or not the 

methodology finds --or is capable of-- application beyond this 

specific task is a matter exogenous to the development and the 

purpose of this work. 
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