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A numerical procedure is presented which uses the truncation error injection 

methodology to efficiently achieve accurate approximations to complex prob

lems baving disparate length scales in. the context of solving viscous, tran

sonic flow over an airfoil. The truncation error distribution is estimated using 

the solution on a coarse grid. Local fine grids are formed which improve the 

resolution in regions of large truncation error. A fast fourth-order accurate 

scheme is presented for interpolating and relating the solutions between the 

generalized curvilinear coordinate systems of the local and global grids. It is 

shown that accurate solutions can be obtained on a global coarse grid with 

correction information obtained on local fine grids, which mayor may not be 

topologically similar to the global grid as long as they are capable of resolving 

the local length scale. Dirichlet boundary conditions for the local grid yield 

the best results. The scheme also serves as the basis of a local refinement 

technique wherein a grid local to the nose of an airfoil is used to resolve a 

supersonic zone terminated by a shock and its interaction with a turbulent 

boundary layer. The solution on the local grid reveals details of the shock 

structure and a jet-like flow emanating from the root of the normal shock in 

the shock boundary layer interaction zone. 
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CHAPTER 1 

INTRODUCTION 

In the following a methodology will be described which allows the 

decoupling of a complex problem of multiple distinct length scales into prob

lems of single length scale so that they can be solved more efficiently on a 

computer. The method is demonstrated in the context of viscous, transonic, 

lifting flow over an airfoil. 

Computation of flows over aerodynamic bodies has reached a stage 

where solutions to most engineering problems can be found with some degree 

of accuracy. Solvers are available for equation sets ranging from the Laplace 

equation for subsonic or supersonic flow to the Reynolds-averaged compressi

ble Navier-Stokes equations for transonic flow. The choice of equations to be 

solved to predict some given flow situation depends on such variables as 

degree of accuracy required, computer resources available, codes available, 

complexity of geometry, and complexity of flow situation. Ideally, the most 

accurate code available would be used on a grid with sufficient resolution to 

capture all of the relevant physics of the flow field. However, the computer 
• 

resources, in terms of memory and CPU time required to implement the 

desired code on a suitable grid, are always limited. 

The generation of such a grid is one of the main stumbling blocks in 

the solution process. One way to simplify the grid generation process and to 

increase the resolution for a given number of points is to break up a single 

global grid into several local grids that either overlap each other or interact 

through a single, coarse, global grid. The local grids could be generated abou t 
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individual components of the geometry or in regions where the characteristic 

length scale is much smaller than that of the surrounding flow field. Since 

the individual grids are only required to resolve one or two length scales, the 

task of generating them is greatly simplified, allowing points to be clustered 

where needed without wasting them elsewhere. Also, since the grids are 

separate, they do not have to be solved simultaneously, only requiring infor

mation pertaining to one grid to be resident in memory at a time. Although, 

in general, more points will be used overall, they will be used more efficiently 

and will give greater accuracy for a given amount of computing effort. 

It is also possible to use different solvers on the different grids. 

Therefore, the solver that is most appropriate to the purpose of each grid can 

be chosen. For example, the full-potential equation could be solved on a 

coarse global grid while the Euler equations are solved around a shock to 

correctly predict the shock jumps and the Navier-Stokes equations are solveq, 

in the region near the body to resolve the viscous effects that are important 

there. In this way, a solver that is only as sophisticated as needed can be 

used. This approach is similar to the singular perturbation techniques in 

applied mathematics and also to viscous-inviscid interaction methods in aero

dynamics. 

Of course, using a multiple mesh scheme adds problems inherent to 

the approach. Information must be passed between the grids in such a way 

that the accuracy and stability of the scheme is not compromised. In addi

tion, the bookkeeping required to keep track of the solution on several 

different grids is more involved and needs to be automated or it will become 

burdensome. There is also some memory and CPU time overhead due to 
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storing bookkeeping information and setting up the grid interaction algo-

rithms. Another possible problem area is conservation. Most equation 

solvers used today in transonic aerodynamics applications are in conservative 

or divergence form. This form is required for the scheme to conserve such 

quantities as mass, momentum, and energy. In regions of the flow field 

where the solution is smooth, conservative form is not important, but when 

discontinuities, such as shocks, appear in the solution, conservation must be 

maintained in order to correctly predict their location. Even when the solvers 

themselves are conservative, if shocks cross a grid boundary that is not 

treated conservatively, the accuracy of the solution could suffer. 

The method described here will interact two or more grids together in 

the solution of transonic, viscous flow over an airfoil. The method will sup

port the use of a different solver for each grid, which will be interacted 

through a global coarse grid using the method proposed by Fung, Tripp, an..d 

Goble (1988). This approach treats the local grid solutions as more accurate 

approximations to the correct flow field than the global solution and use-s 

them to correct the global solution. In this way, the global solution is 

influenced by each local grid and serves to transmit this data to each of the 

other local grids. 

The next section presents a brief discussion on transonic flow, inclucll

ing its importance and characteristics. The rest of the chapter then provides 

some background material on other multiple mesh schemes in the literature., 

as well as a brief look at some current work in viscous-inviscid interaction.. 

Chapter Two reviews the approach of Fung et al. (1988) and extends it b.> 

account for differences in operators, or formulations, as well as discussing the 



17 

interpolation routine and boundary conditions. Chapter, Three presents the 

development of the solver used in this work and Chapter Four presents 

results using two interacting grids. Cases using both viscous-viscous and 

viscous-inviscid interaction are presented. Chapter Five follows with some 

conclusions and recommendations for future work. 

1.1 Transonic Flows 

The Navier-Stokes equations are the governing equations for fluid 

flow. These equations are a set of coupled, second-order, nonlinear, partial 

differential equations. In their complete form, they are indeed formidable to 

solve for practical aerodynamic problems. In many cases, however, these 

equations can be simplified by making some assumptions. Prandtl (1904) 

realized that the flow field could be effectively split into a viscous region and 

an inviscid region. He determined that viscous effects were only important in 

the region of the flow near a solid wall. He called this region the boundary 

layer. For high Reynolds number flows, where the boundary layer remained 

thin and attached to the body, the inviscid physics determined most of the 

qualities of the flow field and the boundary layer could be ignored. This 

deduction allowed the soon-to-be-bom field of aerodynamics to grow and 

develop using strictly classical inviscid theory. However, as aircraft become 

more maneuverable and fly at higher angles of attack, an understanding of 

separated flow phenomena, which classical aerodynamics cannot provide, 

becomes more important. Viscous effects can no longer be assumed small 

and hence neglected. 

To include viscous effects, one approach is to solve the viscous and 

the inviscid regions separately and match them in some way such as to have a 
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continuous solution. This approach is called viscous-inviscid interaction. 

Typically, the boundary layer equations are solved in the viscous region and 

matched with the solution of the potential equation for the inviscid part of 

the flow field. For mildly separated flows, where the boundary layer remains 

thin and the separated region has thickness on the order of that of the boun

dary layer, this procedure works very well and is very fast. For more strongly 

separated flows, where the separated region has thickness on the order of the 

chord, this approach breaks down, leaving the Navier-Stokes equations as the 

required equation set. 

A flow field is transonic when both subsonic and supersonic flow 

regions exist in the flow field, typically separated by a sonic line and shock. 

Therefore, by its very nature, transonic flow is strongly nonlinear with many 

diverse length scales. The relevant scales range from the chord for the global 

aspects of the flow down to the thickness of the viscous sublayer at the wall 

and the thickness of a 'shock layer. This range of length scales spans several 

orders of magnitude, but any calculation must be able to capture them all in 

order to accurately predict the flow field. Another important phenomenon 

encountered in the transonic flow regime is shock wave-boundary layer 

interaction. The shock wave terminating the supersonic region impinges on 

the boundary layer, possibly causing separation and usually causing the boun

dary layer to thicken dramatically. 

The ability to predict complex, transonic flow fields is becoming more 

important today. Most modern jetliners cruise in the transonic regime and 

military aircraft maneuver through it as well. As more rigorous demands are 

made on aircraft maneuverability and fuel efficiency, methods must be found 
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that can accurately predict separated Bows with strong shocks in an efficient 

manner. Due to the nonlinearity of the equations, most studies of transonic 

Bow have been done numerically, with the main exception being the hodo

graph methods for use in two dimensions, in which case the dependent and 

independent variables are interchanged. The transformation renders the 

resulting equation linear in the spatial variables at the expense of greatly com

plicating the boundar.y conditions. Nevertheless most of the theoretical work 

done in transonic Bow has used the hodograph transformation. 

The numerical approaches to inviscid, transonic Bow began with the 

transonic small-disturbance equation, advanced to the full-potential equation, 

and finally to the Euler equations as computers became more powerful and 

understanding of transonic Bows increased. Efforts at including viscous 

effects have included the aforementioned viscous-inviscid interaction tech

niques and solving the Navier-Stokes equations themselves. In order to cap

ture all of the relevant physics and provide an accurate solution for the 

difficult problems found in transonic Bow fields, the Navier-Stokes equations 

must be solved. 

1.2 Multiple Mesh Schemes 

The literature contains several different approaches to multiple mesh 

schemes. They can be grouped into two categories according to how the 

meshes contact each other. The first approach, known as patched gridding, 

abuts the meshes together in such a way that the bounding gridline for one 

mesh is the bounding gridline for the other mesh as well. The grids can be 

continuous or discontinuous across the interface and even if they are continu

ous, they can have discontinuous metrics. Rubbert and Lee (1982) discussed 
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two ways of generating patched grids, one which provides analytical continuity 

between the patches and one which generates grids without continuity but 

with improved control over mesh spacing and orientation at the boundaries. 

They claimed that a combination of the two approaches works best. 

Rai (1984) used patches that were discontinuous across the boun

daries. He chose the patched grid approach so that it would be easier to 

enforce conservation across the grid boundaries. In solving the Euler equa

tions in 2-D with an explicit, first-order scheme, the fluxes are calculated 

across the boundaries to solve the boundary points for grid 1. The grid I 

fluxes are interpolated from grid 2 values using an interpolation scheme that 

forces the line integral of the fluxes in each coordinate system to be 

equivalent, thus enforcing conservation. Once the grid I boundary values are 

found, standard interpolation is used to get boundary values for grid 2. 

These values are used to solve for the interior points in grid 2. Rai presented 

results that show shocks passing through grid boundaries with ease, 

confirming that conservation is being satisfied. This approach was extended 

to second order implicit schemes in a later paper (Rai 1985) which also 

showed the time accuracy of the approach. 

The second approach to multiple mesh schemes is known as overlaid 

gridding or component gridding. Here it will be referred to as overlaid grid

ding. There has been considerably more work done using this approach than 

the patched grid approach, probably due to its flexibility. In overlaid gridding, 

grids are generated about a component such as an external store or nacelle, or 

about regions of the flow field that will require more resolution than the rest 

of the flow field. These grids are generated independently of each other with 
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the only stipulation being that either they intersect each other in such a way 

that the entire domain is covered, or that all the local grids lie on top of a sin

gle, coarse, global grid which has the purpose of passing information between 

the grids. Rai (1984) pointed out two advantages of this approach over the 

former as being that the grids are easier to generate and that grids with move

ment relative to each other will be easier to handle. Two disadvantages are 

that interpolation of the same dimension as the problem must be used and 

that conservation will be more difficult to achieve. 

Atta (1981) interacted two dissimilar grids together using the full 

potential equation to solve flow over an airfoil. The inner grid was a body 

conforming O-grid using a generalized cnrvilinear coordinate system, while 

the outer grid was Cartesian with a square cutout in the middle for the airfoil. 

The grids overlapped by two to four cells. Boundary conditions were interpo

lated using second order 2-D Lagrangian interpolation without any attempt 

being made to ensure conservation at grid boundaries. Results are presented 

for a supercritical case with the shock crossing the grid boundary. A super

critical flow is defined as a flow in which the local Mach number exceeds 1.0 

somewhere in the flow field. Atta claimed that the maximum relative error in 

the sonic line position did not exceed 1.5%. The computing times and accu

racy compared favorably with single grid results using TAIR, a full-potential 

code by Holst (1979). Atta and Vadyak (1982) extended this method to 3-D 

and studied flow about a wing-pylon-nacelle configuration. 

Mastin and McConnaughey (1984) discussed both the patched and 

overlaid grid approaches. They pointed out that when patching grids together, 

special cells can result that have more than four sides, or nodes that have 
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more than eight neighbors. These points require special treatment, which is 

discussed in their paper. The corresponding problem in the overlaid grid 

approach is the choice of interpolation scheme. Several schemes are 

presented, including first and second order Taylor schemes, first and second 

order bivariate schemes and finite-element-like triangular interpolation. The 

second order bivariate scheme appeared to give the best results in the exam

ples shown. The conservation problem is not considered in this paper. 

Benek, Steger and Dougherty (1983), Steger, Dougherty, and Benek 

(1985), and Dougherty, Benek and Steger (1985) presented their overlaid 

grid scheme, CHIMERA, which interacts one or more component grids with 

a global grid via interpolated boundary conditions. The grids are all generated 

independently, without even the restriction that they do not intersect any 

bodies. A hierarchy is set up such that grids on one level are completely con

tained within grids of the next level up. Points in the higher grids that are 

covered by a lower grid or the body are "blanked" out and effectively elim

inated from the calculation. The resulting "holes" form interior boundaries 

for the higher grids. Boundary conditions for the boundaries of these holes 

and the outer boundaries of the component grids are found by interpolation 

using first order Taylor interpolation. For an unsteady case, these grids are 

allowed to move with respect to each other, so the holes and boundary points 

are found at every step. The code handled complex boundaries well and gave 

good results for a plunging airfoil. The interpolation routines are not conser

vative, giving inaccurate results when a shock crosses a grid boundary. 

Holst et al. (1985) presented a zonal method that uses both of the 

above approaches. A 3-D Bow field is divided up into four blocks in three 
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levels, with each block being fully enclosed within the block above and fully 

enclosing the block below it. Blocks 3 and 4 are the exceptions; they are at 

the same level and are both fully contained within block 2. The interface 

between grids 1 and 2 is an overlaid grid boundary with a one 0.. cell 

overlap. The last three in terfaces, between grids 2 and 3, between grids 2 and 

4, and between grids 3 and 4, are patched . grid boundaries with values being 

injected from one grid to the other to ensure conservation. These inner 

boundaries are the only boundaries which are conservative. The Euler equa

tions are solved on grids 1 and 2 and the thin-layer Navier-Stokes equations 

are solved on grids 3 and 4. Results are presented that show good agreement 

with experimental results for lifting and nonlifting supercritical cases, as well 

as a case with massive separation. The results also show that the shocks cross 

the conservative interfaces without noticeable distortion. 

1.3 Viscous-Inviscid Interaction 

In the study of 2-D transonic flow over an airfoil, the inclusion of 

viscous effects is important in order to obtain accurate predictions of the lift 

and drag forces, as well as the position of the shock and separation points. 

These viscous effects can be incorporated into the solution in several ways. 

The two most common ways are to solve the Navier-Stokes equations in the 

entire flow field or to interact a solution of the boundary layer equations with 

some inviscid solver. In the Navier-Stokes approach, the equations are usu

ally solved throughout the entire flow field on a single grid (e.g. Briley 1971, 

Pulliam 1984, Pulliam, Jespersen and Barth 1985, Barton and Pulliam 1986). 

Recently zonal methods utilizing the N avier-Stokes equations have appeared 

in the literature (Holst et a1. 1985, Kaynak, Holst and Cantwell 1985). 
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The second approach, often called interacting boundary layer theory or 

viscous-inviscid interaction, does not have the same problem with boundary 

conditions as does the Navier-Stokes approach. Also, boundary layer codes 

are usually quite fast and give excellent resolution of the boundary layer. 

Their main disadvantage is that they cannot compute cases with separation 

that extends beyond the thin region near the body in which the equations are 

valid. He,wever, these codes can calculate flow with local separation and reat

tachment. Catherall and Mangler (1966) showed that by integrating the 

boundary layer equations in inverse mode, with displacement thickness 

prescribed instead of the pressure gradient, the singularity associated with the 

separation point was eliminated. Since that time, several improved codes 

have been developed that can do the calculations in either direct or inverse 

mode (Carter 1974, 1978, Klineberg and Steger 1974, Van Dalsem and Steger 

1983). Carter (1979, 1981), Van Dalsem and Steger (1983), Van Dalsem 

(1984), and Steger and Van Dalsem (1985) have interacted their codes with 

full-potential codes to achieve complete viscous-in.viscid interaction. Steger 

and Van Dalsem (1985) also interacted their boundary layer code with a 

vector-potential code allowing rotational flow and convection of entropy, 

which improved the shock capturing capabilities of the scheme. These 

different viscous-inviscid interaction codes have been applied to a wide variety 

of transonic flow problems, including cases with shock induced separation 

(Carter 1981). 

The conventional matching procedures used in most viscous-in viscid 

interaction schemes are very efficient and lead to rapid convergence. How

ever, in most cases, they do not allow convection of vorticity and entropy 
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into the inviscid region of the flow field. Also, the interaction schemes are 

very complex and require some engineering judgement in applying them to 

non-standard problems. In an effort to generalize and simplify the interaction 

scheme, Steger and Van Dalsem (1985) used a forcing function approach to 

interact a boundary layer code with a vector-potential code. The boundary 

layer code generated values for vorticity, entropy, and changes of stagnation 

enthalpy which are input to the vector-potential solver in the entire viscous 

region of the flow field. Although the vector-potential formulation cannot 

generate vorticity or entropy, it adequately convects these quantities. 
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The scheme to be described here combines elements of overlaid grid

ding and interacting boundary layer theory, as mentioned in Chapter One. 

Several grids can be used, as necessary, to resolve a viscous, transonic flow 

field in a computationally efficient manner. One possible local grid would be 

a boundary layer type grid encompassing the region immediately adjacent to 

the airfoil where viscous effects are important. Another possibility would be 

to generate a grid about each shock that appears in the flow field. These 

grids, and any others deemed necessary, would be interacted together through 

a single, global, coarse grid which covered the entire domain of interest. The 

global grid would have the purpose of passing information between the grids 

and the far field using the truncation error injection scheme proposed by 

Fung et al. (1988). This scheme was used by Liang and Fung (1987) to 

study inviscid, steady, transonic flow past a wedge using the transonic small

disturbance equation. In that study, the truncation error injection scheme 

was used with only one solver. The effect of the scheme was to improve a 

coarse grid solution using a sel'ies of fine grids. Fung and Fu (1987) used 

this method in the study of a pitching airfoil to fix the solution at the mean 

position. Their study used the unsteady transonic small-disturbance equation 

and produced a speedup factor of 16 when comparing a solution achieved on 

a coarse grid with truncation error injection to a fine grid solution of 

equivalent accuracy. These two previous works each dealt with only one 
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equation set. In the scheme proposed here, truncation error injection will not 

only be transmitting information due to differences in mesh size, but also due 

to differences in solvers. 

Truncation error occurs when a differential equation is discretized on a 

grid with finite mesh spacing. To illustrate what is meant by truncation error 

injection, a simple symbolic approach will be used. The Navier-Stokes equa

tions can be written as 

LQ = F(Q,Re) (2.1) 

where F(Q,Re) represents the terms due to viscous effects and L is the 

inviscid operator for the Euler equations. The function F will be nonzero 

only in a small region of the flow field where viscous effects are important. 

This usually occurs only in the region adjacent to a solid boundary where the 

boundary layer forms due to the retarding effect of the boundary. Eqn. (2.1) 

can now be discretized on some grid, Gf , which encompasses this part of the 

domain and ;~ fine enough to resolve the boundary layer adequately. The 

equation can be solved to find Qf. This fine grid solution is next operated on 

once with the Euler operator discretized on a coarse, global grid Gc to form a 

new function 

(2.2) 

which is a measure of both the viscous terms and the difference in the grid 

resolutions. The grid Gc should be fine enough to resolve the inviscid aspects 

of the flow field but not so fine as to resolve the viscous effects. Now, 

accounting for the fact that Qf was found on Gf and is zero outside of this 

region, the new function can be represented as 
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(2.3) 

, 
Now solve the Euler equations on Ge using Fe as defined in Eqn. (2.3) as a 

forcing function. The Euler solution will be influenced by the viscous effects 

represented in the forcing function. 

The development shown above used the Euler and Navier-Stokes 

equations to illustrate the idea behind the interaction strategy, but the 

approach is solver-independent. The viscous solution could actually be found 

using one of the boundary layer solvers mentioned in Chapter One and any 

other appropriate inviscid solver could be used instead of an Euler solver. 

In order to form the forcing function F;, the fine grid solution must 

be interpolated to the coarse grid. Ideally, this process would be done in a 

conservation-preserving manner in order to allow shocks to cross grid boun

daries. As pointed out by Rai (1984), conservation is difficult to enforce in 

an overlaid grid approach. Therefore, another approach must be found to 

ensure that shocks are not smeared in the final solution. Two steps are being 

taken in this work to solve this problem. First, the supersonic region and 

shock location must be fully enclosed within a local grid. In this work, where 

the flow is only slightly supercritical, this is achieved by extending the boun

dary layer grid a sufficient distance into the free stream to fully surround the 

supersonic zone. Ideally, and definitely for flow fields with large supersonic 

zones, a separate grid would be generated for this purpose as mentioned 

above. Either way, the shock will not be required to cross a grid boundary. 

Second, a two-dimensional bicubic Lagrangian interpolation scheme 

will be used to reduce the interpolation error between the grids. This 
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interpolation scheme is described in the next section; Section 2.2 then 

presents the far-field boundary conditions used by the code. Section 2.3 

presents some details of applying the method to a representative problem. 

2.1 Interpolation Scheme 

The interpolation scheme has been set up to interpolate a function 

from one generalized' curvilinear coordinate system to another. Figure 2.1 

shows an example of how one physical coordinate system, (x ,y), is mapped 

into the computational plane, (~,'rn. Figure 2.2 shows parts of two grids used 

here as an example of how the interpolation is set up. Since the mapping 

between the two coordinate systems is, in general, unknown and nonlinear, a 

Newton iteration scheme is used to find the correct coefficients for bicubic 

patches to approximately map one system to the other. Bicubic patches have 

been used in order to retain sufficient accuracy in the interpolation process. 

Brandt (1980a) recommended using an interpolation scheme of order m+p in 

his multigrid approach, where m is the order of the highest derivative in the 

equations and p is the order of the approximation to the equations. Applying 

this rule in the present work indicates using bicubic patches. The scheme has 

been tested and optimized and should provide fourth-order accuracy with 

minimal cost in computer time and memory. 

The approach is as follows. Suppose that some function Q 1 is known 

as Ql(X 1(~,rt),Y 1(~,1n), where (X I'Y 1) are the physical coordinates of grid 1 

and (~,11) are the coordinates in the corresponding computational plane. First 

of all, each point in grid 2 is located in grid 1 with a nearest neighbor search 

routine. The mappings X 1(~,11), Y 1(~,11), and Q 1(~,11) are found approxi

mately using a local bicubic surface to represent the evenly spaced data. 
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Figure 2.2 shows an example of two generalized coordinate systems and a 

bicubic patch imposed on grid 1. Grid 1 is shown using dotted lines except 

where the bicubic patch is imposed in solid lines. The origin for the patch, 

0, and the unknown point, P, in grid 2 are indicated. The point in grid 1 

found in the nearest neighbor search is used as the origin for the bicubic sur

face and as an initial guess to a Newton type zero finding routine. Let (~,il> 

be the coordinates of the nearest neighbor point and (~,ii) the new estimates 
. 

relative to (~,'ri) for the location of the grid 2 point in the computational 
. . 

plane. Then X l(~,'ri) and Y l(~,it) are found, as well as the partial derivatives 

with respect to ~ and 11 at that point. This new data is used in the Newton 

routine to drive the following functions to zero, 

f (~,;;) = x' - X l(~,ii) g(~,;;) = y' - y l(~,T1> (2.4) 

where (x ',y') are the physical coordinates of the current point in grid 2 . 
.. 

After each step, the (~,ii) are updated. At convergence, the coordinates 

(~,ii) of the current grid 2 point in the computational domain are known. 

Using the mapping Q 1(~,11) found earlier, the value Q2(~,ii) can now be 

found. 

Several different nearest neighbcl routines were tried in the course of 

this work. For interpolation accuracy, a routine was needed which ensured 

that the grid 2 point was inside the quadrilateral with the nearest neighbor as 

one of the vertices. Grid skewness and curvature prevented a minimum phy

sical distance routine from dependably providing the correct quadrilateral. 

Oftentimes, the nearest neighbor was actually across several grid lines, reduc

ing the accuracy of the interpolation routine. An attempt at estimating the 

distances in the computational plane met with the same obstacle. Finally, a 
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modified version of the above interpolation scheme was used with bilinear 

patches instead of bicubic patches. The compact support of the bilinear 

patches provided positive data as to the location of the grid 2 point in relation 

to the local origin of the patch. An initial guess was made for the origin and 

local coordinates were set up to the grid 2 point. If the point was not within 

the four sides of the patch, then the guess for the origin was moved in the 

direction of the grid 2 point and the process was repeated until the point was 

within the confines of the quadrilateral. This scheme works very well and has 

the added benefit that the coding is the same as for the bicubic patches used 

in the interpolation. Once the nearest neighbor is found such that it is the 

lower left vertex of the quadrilateral containing the grid 2 point, the bicubic 

interpolation can proceed using that point as its origin. The local patch is set 

up such that the grid 2 point is always in the middle cell of the patch, except 

at the boundaries. 

In the present work, the grids do not move relative to each other. 

Therefore, the nearest neighbor search routine and the Newton iterations 

only need be performed during code initialization. For each node in each 
. .. 

grid, (~,it) and (~,ii) are found and saved. Then, whenever the interpolation 

process needs to be performed, the new coefficients for the mapping Ql(~,Tl) 

are found, based on (~,it), and the interpolation is executed using (~,ii) as 

the local coordinate value. Note that the mappings are local and, therefore, 

are independent of each other. The process of inverting the 16x16 matrix to 

find the coefficients for each mapping can be vectorized over the number of 

points in the stream wise direction. Also, since the mappings are based on 
. 

local coordinate systems with (~,it) as their origin, the matrix is the same for 
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all points. Only the right-hand sides change. Therefore, the matrix is fac-

tored once and stored. The coefficients are found using this factorization, 

which improves the speed of the process. 

A test case was run to determine the overhead for the interpolation 

routines. A 129x33 global grid was interacted with a 239x37 local grid. The 

setup routines required 1.1 seconds of CPU time on the NASA-Ames CRA Y 

X-MP/48. Each subsequent call to the interpolation routines for interpolating 

up or down required an average of 0.056 CPU seconds. Forming the forcing 

function required an additional 0.042 CPU seconds per call. Totaling over the 

length of the calculation gives a total overhead of about 2.6 CPU seconds or 

approximately 0.25% of the total CPU time for the job. Even if a much 

shorter job was being run, the total overhead due to the interpolation process 

amounts to less than 1.0% of the total CPU time. 

2.2 Boundary Conditions 

The boundary conditions being used in the code are very similar to 

those used in the original code (Pulliam 1984). The wall and wake conditions 

are the same. The far field characteristic-like boundary conditions are slightly 

modified so they may also be used for the local grid. As used by Pulliam 

(1984), the locally one-dimensional Riemann invariants are 

2a 
R 1 = Vn --1 

'Y-
2a 

R 2 =Vn +-
1 'Y-

(2.5) 

where V n is the velocity normal to the far field boundary. For a subsonic 

boundary where '11 = 'I1max, R 1 is an incoming characteristic evaluated from 

free stream conditions and R 2 is an outgoing characteristic evaluated using 

conditions within the domain. For an inflow boundary, where V n < 0, R l' the 
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tangential velocity, V" and an approximation to the entropy, S = Plp'Y, are 

all specified from free stream conditions, while R 2 is extrapolated from the 

interior. For outflow, where Vn> 0, R 2, V, and S are extrapolated from the 

interior, while R 1 is then specified from free stream conditions. From these 

quantities, the four conservative variables p, pu, pv, and e can be found. 

In the present work, this approach has been modified slightly. The 

Riemann invariants, as shown above, are found by assuming a locally I-D 

flow and neglecting the derivatives perpendicular to this direction. Though 

these terms may be small if the outer boundary is far enough away from the 

body, they will not be small for a boundary that is near the body, as is the 

case in this study. However, these terms are tedious to evaluate. In order to 

better account for these cross terms without having to evaluate them, the 

governing equations are linearized about the previous time step and dealt with 

in perturbation form. 

Starting with the equations of motion of unsteady flow in two dimen-

sions 

k + ull!. + au + vll!. + av = 0 at ax p ax ay p ay (2.6a) 

au + u au + v au + .!.. ap = 0 
at ax ay p ax (2.6b) 

av av av 1 ap -+ u-+ v-+ --= 0 at ax ay p ay (2.6c) 

as + u as + v as = 0 at ax ay (2.6d) 

with the speed of sound defined by 

(2.7) 
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and assuming isentropic flow of a perfect gas, with locally I-D Riemann 

in varian ts defined as 

2a R 1=u--
1-1 

the above equations yield 

2a 
R 2 = u +-

1-1 

aR 1 aR 1 au a any -+ (u-a)-= - v-+-~ 
at ax ay p ay 

aR 2 aR 2 au a any -+ (u+a)-= - v---~ 
at ax oy p ay 

(2.8) 

(2.9a) 

(2.9b) 

Instead of neglecting the right hand sides (RRS) of these two equations to get 

the original boundary conditions, in Eqn. (2.9b), for example, set 

R 2 = R 2 + aR 2, which gives 

aR 2 a~R 2 [ aR2 a~R 2 ] ---at + at + (u+a) a;- + ax 

= _ v au _ ~~ 
ay p ay 

Assume that R2 satisfies the original equation, this gives 

a~R2 a~R 2 
at + (u+a) ax = 0 

from which it follows that 

2aa 
~R2= ~u +-

1- 1 

and similarly 

2aa 
aR 1 = ~u --

1-1 

along 

along 

dx -= u+a 
dt 

dx -= u-a 
dt 

(2.10) 

(2.11) 

(2.12a) 

(2.12b) 

are constants. For an outer boundary, exchanging au for ~Vn' aR 1 is 
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always evaluated using information from outside the b'oundary and !:J.R 2 is 

evaluated one gridline in from the boundary. Solving for A V n and Aa gives 

AR 1 + AR2 
AVn = '---2--

'V - 1 AR 2 - AR 1 
Aa = -'---=-

2 2 

under general conditions. Vt and s are calculated from 

vf = vf- 1 + AVt SN = SN-l + AS 

where, for example, 

AVt = vf - vf- 1 

(2.13) 

(2.14) 

(2.15) 

is evaluated according to the following conditions. For inflow, V n < 0, so !:J. Vt 

and AS are evaluated using information from outside the boundary. For 

outflow, V n> 0, so AVt and AS are evaluated one gridline in from the boun

dary. Once A Vt and AS are found, they are used in the following expressions 

to find Ap and !:J.P. 

A = --L. [a
2
s ]'Y~l-l [a

2
AS + 2aAas] 

p 'Y- 1 'Y 'Y 'Y 
(2.16a) 

AP = a
2
Ap + 2aAap 

'Y 'Y 
(2.16b) 

The new values for P and p can now be found using equations analo

gous to Eqn. (2.14) and the other conservative variables can be formed from 

p, V n' V" and P. Note that when the conditions outside the boundary do 

not change, AR 1 = ° and V t and S do not change for inflow boundaries. 

These boundary conditions give results virtually identical to the origi

nal versions when used for far field conditions in a single grid calculation. 

However, their formulation allows them to be used for the outer boundaries 
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of local grids as well where the initial boundary conditions are interpolated 

from the global solution and Jl.R 1 is always zero. Extrapolation conditions are 

used for the downstream outflow boundaries. 

These far field boundary conditions are designed only for subsonic 

boundaries and are used for both the global and the local grids. The same 

wall conditions are also used on both grids. For viscous runs, the velocity is 

set to zero at the body to enforce no-slip and no-penetration conditions. The 

pressure and density are each extrapolated from one point above the boun

dary using zeroth order extrapolation. Though it may seem to be overspecify

ing the problem to use viscous boundary conditions on the global grid when 

solving the Euler equations, the conditions are consistent with the final solu

tion. As of yet, no problems have been encountered due to using these 

viscous conditions. However, some effort in the future should be spent on 

replacing them with something more consistent with the equations being 

solved. 

2.3 Implementation of the Scheme 

This section describes some aspects of applying the method to a prob

lem once it has been defined. Since this method is independent of the 

solvers being used, the following description will be discussed generally. Two 

grids will be used, the global or coarse grid, and the local or fine grid. A set 

of equations will be solved on each grid and interacted together. These equa

tions will not necessarily be the same. In order to solve these sets of equa

tions, an appropriate solver must be used. The solver for the equations being 

solved on the global grid is designated SI and the solver for the local grid 

equations is designated S2. 
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Chapter Four presents results of two variations of the above arrange-

ment. The first results presented constitute a global, coarse grid and a fine 

grid which is local to the wall and near wake region. The Navier-Stokes equa

tions are solved on the boundary layer type fine grid and the Euler equations 

are solved on the global grid. The second situation consists of a global grid 

and a refined grid local to the nose of the airfoil. Since the local grid is not 

covering the full viscous region, the global equations must also be the 

Navier-Stokes equations. In this case, the local grid is serving to provide 

extra resolution in a particular region of the flow field. Figure 2.3 shows the 

grid topology for each of the two cases along with the global grid. In each 

plot, the local grid stands out from the global grid. 

U sing some type of grid generator, one can generate the global grid so 

that it will give some insight as to the general nature of the flow field, but will 

not necessarily have the resolution required to give an accurate solution. The 

solution can then be found on this grid using S2. Then, a half grid is gen

erated containing every other point in the coarse grid in both directions. This 

grid is then used to estimate the truncation error distribution in the field in 

the following way. 

The coarse grid solution is interpolated to the half grid using the inter

polation scheme described in Section 2.1. Then, the solution is operated on 

once by the discretized SI operator. The resulting residual is an estimate of 

the truncation error incurred in the coarse grid solution due to grid resolution 

and/or differences in the equation sets being solved. This residual can be 

plotted and inspected. Figure 2.4 shows an example of the truncation error 

distribution found for one of the cases discussed in Chapter Four. The 
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negative logarithm of the magnitude of the truncation error is plotted. Once 

this distribution is known, a local fine grid can be generated which will cover 

the regions which contain error greater than some predetermined tolerance. 

Again, this grid can be generated by any means. Optionally, one could use 

pattern recognition schemes from the computer science field and have a rou

tine generate the grid required. Berger (1982) has taken this approach, but it 

is beyond the scope of this dissertation. 

The calculation now proceeds using both the fine and coarse grids. 

Computations alternate between the two grids. The global grid solution 

proceeds first using solver SI in order to initialize the flow field. After 

sufficient initialization, the solution is interpolated down to the fine grid. 

Computation now proceeds on the fine grid using solver S2 and boundary 

conditions from the global grid as discussed in Section 2.2. After some 

number of iterations on the fine grid, the calculation is stopped and the fine 

grid solution is interpolated up to the global grid. The solution in the regions 

of the global grid not covered by the fine grid is not modified in any way by 

the interpolation process. 

This interpolated solution is then operated on once by the operator for 

solver SI to generate the forcing function. This function is zeroed outside of 

the region common to both grids and then stored. Calculation now proceeds 

on the global grid, again using solver S1. However, at each step, the forcing 

function is added to the RHS of the calculation so that the global solution is 

influenced by the fine grid solution. 

The computation proceeds in this manner for several up and down 

cycles until convergence is reached or an acceptably converged solution is 
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achieved. The number of iterations for each grid and the number of cycles to 

use was studied to determine the optimal values. Th~ more cycles there are, 

with fewer iterations per cycle, the faster the convergence of the two solu

tions to a common solution. However, each interpolation process introduces 

error into the solution which must be damped out before the real solution can 

actually proceed with convergence. It took approximately 50 iterations to 

damp, out this error. Figure 2.5 shows a convergence history for a typical cal

culation. The root mean square (RMS) residual for the conservation of mass 

equation is plotted versus equivalent fine grid iterations where the root mean 

square of some function f is defined as 

RM S (/) = [.1... f f:f ) ~ 
N n=l 

(2.17) 

Each of the upward spikes is an interpolation process. The narrow regions 

between the spikes are the residual for the coarse grid. The broader regions 

between the spikes are the residual for the fine grid. 

Most of the results presented later were run with the sequencing input 

shown in Table 2.1. In this table, the first two columns indicate the size of 

the grid on which iteration will be conducted, the third column indicates how 

many iterations to perform for each grid, and the fourth column contains the 

scaling factor for the spatially variable time step. The fifth column contains 

values for LQ, the grid index for the grid on which iteration was last per

formed. LQTO is the grid index for the grid to be iterated on this time. If 

LQ and LQTO are equivalent, then no interpolation takes place. Otherwise, 

interpolation occurs from grid LQ to grid LQTO. The global grid is always 

grid 1. 
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TABLE 2.1 SAMPLE JCL FILE SEQUENCING INPUT - ORIGINAL 

SAMPLE JOB SEQUENCING INPUT - ORIGINAL 
JMXI KMXI lENDS DTISEQ LQ LQTO 

129 33 400 1.0 1 1 
245 37 400 1.0 1 2 
129 33 400 3.0 2 1 
245 37 400 3.0 1 2 
129 33 400 5.0 2 1 
245 37 400 5.0 1 2 
129 33 400 5.0 2 1 
245 37 400 5.0 1 2 
129 33 600 5.0 2 1 
245 37 600 5.0 1 2 
129 33 800 5.0 2 1 
245 37 800 5.0 1 2 
129 33 1000 5.0 2 1 
245 37 1000 5.0 1 2 
129 33 1000 5.0 2 1 

Figure 2.6 shows that the solution did not change very much in the 

later cycles. The case shown here is a viscous-inviscid interaction run using a 

129x33 global grid and a 245x37 local grid. The free stream Mach number is 

0.676 and the Reynolds number is 5.7x 106• The angle of attack is 1.93 

degrees, producing a small supersonic zone near the nose of the airfoil. Fig

ures 2.6a-2.6c shows plots of CL , CD' and CM versus equivalent fine grid 

iterations. The cyclic differences in each plot in the later iterations is in 

accordance with which grid the calculations are proceed~g on. Note that each 

of these cycles does not change as the calculation proceeds. Therefore, 

sequencings similar to that in Table 2.2 were used in the end. The cycles 

with 200 iterations per grid served to synchronize the solutions and the final 

cycle with 800 iterations per grid served to converge the solutions to reason

able levels. 
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TABLE 2.2 SAMPLE JCL FILE SEQUENCING INPUT - REVISED 

SAMPLE JOB SEQUENCING INPUT - REVISED 
JMXI KMXI lENDS DTISEQ LQ LQTO 

129 33 200 1.0 1 1 
245 37 200 1.0 1 2 
129 33 200 3.0 2 1 
245 37 400 3.0 1 2 
129 33 400 5.0 2 1 
245 37 400 5.0 1 2 
129 33 400 5.0 2 1 
245 37 400 5.0 1 2 
129 33 400 5.0 2 1 
245 37 800 5.0 1 2 
129 33 800 5.0 2 1 

In order to save CPU time and memory, the solver handles data for 

only one grid at a time. The data for the other grids must be saved when it is 

not being used. Also, the interpolation routines require some storage over

head. Most of this overhead could be absorbed into existing scratch space in 

the solver since the interpolation and solution routines will not b,e running at 

the same time. In all, extra memory equivalent to 25 times the maximum 

number of points used in anyone of the grids is used. This is rather exces

sive and could be reduced significantly by saving the data on disk instead of 

in core, as is done now. Since the grids are exchanged only about 20 times 

during a normal calculation, the extra 1/0 time would not be excessive. 

This chapter has served to present the building blocks for the trunca

tion error injection scheme. The interpolation scheme, boundary conditions, 

and injection methodology are pu t together with the appropriate solvers to 

build the full scheme. The next chapter serves to introduce the solver used 

in this work. 



2S71C1i5 
5xS 

GRml 
GRm z 

42 

Figure 2.1 Mapping of generalized curvilinear coordinate system in physical 
space to computational space. 
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Figure 2.2 Two generalized curvilinear coordinate systems and bicubic patch 
for interpolation. 
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Figure 2.3 Local grid topologies. Boundary layer type grid and grid local to 
nose of airfoil. 
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Figure 2.4 Truncation error distribution for the conservation of mass equa
tion. Case VRGA2A. Flow field 1. 
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Figure 2.5 Convergence history. RMS Density residual vs. equivalent fine 
grid iterations. Case VTK37. 
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Figure 2.6a Convergence history. Coefficient of Lift, CL , vs. equivalent fine 
grid iterati()ns. Case VTK37. 
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Figure 2.6b Convergence history. Coefficient of Drag, CD, vs. equivalent 
fine grid iterations. Case VTK37. 
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Figure 2.6c Convergence history. Coefficient of Pitching Moment, eM, VS. 

equivalent fine grid iterations. Case VTK37. 
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CHAPTER 3 

DEVELOPMENT OF EQUATIONS 

The governing equations used in this work are the two-dimensional 

Navier-Stokes equations in strong conservation form. Strong conservation 

form is chosen to allow the scheme to capture shocks as opposed to fitting 

them. The development of the equations in this chapter follows that of Pul-

liam (1984). 

where 

with 

The equations can be written in nondimensional form as 

[~] pu~: p 
Q= E= puv 

u(e+p) 

0 0 
'txx 

Fy = 
't xy E -y -

'txy 't yy 
14 g4 

'txx = Jl( 4ux - 2vy )/3 

'txy = Jl( uy + Vx ) 

'tyy = Jl( -2ux + 4vy )/3 

pv 

F= RUV 
pv2 + p 
v(e+p) 

/4= u'txx + v'txy + JlPr- 1(y-1)- lox a2 

g4 = u'txy + v'tyy + JlPr- 1(y-1)-lOya 2 

(3.1) 

(3.2) 

(3.3) 
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Pressure is related to the conservative flow variables, Q, by the equation of 

state 

(3.4) 

where 'Y is the ratio of specific heats, generally taken as 1.4. The speed of 

sound, a, for ideal fluids is a 2 = 'Yplp. The dynamic viscosity, Jl, is typically 

made up of a constant plus a computed turbulent eddy viscosity. Also, 

Stokes' hypothesis has been assumed in the above equations, Re is the Rey

nolds number and Pr is the Prandtl number. 

The variables are nondimensionalized as follows 

p= L, 
poo 

_ u 
U --- , 

aoo 

_ v _ e 
v-- e----- a ' - p 2 

00 ooa oo 
(3.5) 

where 00 refers to free stream conditions. The reference length used here is 

the chord of the airfoil and the velocities have been scaled by the free stream 

speed of sound instead of the free stream velocity. The viscous parameters 

are scaled as 

Jl = -1:L , 
Jloo 

(3.6) 

Note that the Reynolds number is scaled by the free stream speed of sound 

instead of the free stream velocity. The traditional Reynolds number can be 

recovered by multiplying by the free stream Mach number, Moo = uoola oo • 

For convenience, the tildes will be dropped through the rest of the develop

ment. Also, note that the Euler equations result when Re~oo and the right

hand side of Eqn. (3.1) goes to zero. 
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3.1 Generalized Curvilinear Coordinate Transformations 

The N avier-Stokes equations are now transformed from Cartesian 

coordinates to a general curvilinear coordinate system. This transformation 

eases the application to complex geometries, especially with regard to wall 

boundary conditions. Also, it is easier to cluster points where they are 

needed using the curvilinear coordinate system. In the transformation used 

here, the computational space is Cartesian with unit cell size, and has a rec-

tangular domain regardless of the shape of the physical (x,y) domain. The 

transformation can be written as 

't = t 
~ = ~(x,y) 

TI = T1(x ,y) 

(3.7) 

These expressions are used to transform the above equations. The resulting 

transformed equations remain in strong conservation form and can be written 

as 

where 

with 

pU 
puU + ~xP 
pvU + ~yP , 
U(e+p) 

pV 
puV + T1xP 
pvV + T1yP 
V(e+p) 

(3.8) 

(3.9) 
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(3.10) 

Here, ~ and V are the contravariant velocities perpendicular to the 1'1 and ~ 

coordinate lines, respectively, and J is the Jacobian of the transformation. 

The viscous flux terms can be written as 

with the transformed stress terms 

'txx = Jl( 4(~xul; + 1'1x uTI) - 2(~y vl; + 1'1y vTI ) )/3 

'tX)' = Jl( ~yUl; + 1'1yu TI + ~x vl; + 1'1x vTI ) 

'tyy = Jl( -2(~xul; + 1'1x u TI) + 4(~y vl; + 1'1y v TI) )/3 

f 4 = u'txx + v'txy + JlPr-l('Y-l)-1(~xol;a2 + 1'1xoTla2) 

g4 = u'txy + v'tyy + JlPr-l('Y-1)-1(~yOl;a2 + 1'1yoTla2) 

where terms such as Ux have been expanded by the chain rule. 

3.2 Thin-Layer Approximation 

(3.11) 

(3.12) 

In high Reynolds number flows, the effects of viscosity are important 

only near wall boundaries. Prandtl, recognizing this, developed his famous 

boundary layer equations. However, Prandtl neglected all but one term in the 

normal component of the momentum equation, settia,g pressure constant 

across the boundary layer. Consequently, the equations are singular at a 

separation point, i.e. where the local wall shear stress goes to zero. When 

scaling the normal component of the momentum equation, terms of at least 

three different orders appear. Prandtl eliminated all but the highest order. 

term, the normal derivative of the pressure, therefore setting it equal to zero. 

We can back off one step and keep the terms of the two highest orders. The 

result is the thin-layer Navier-Stokes equations which can be written as 



with the viscous flux term being 

and 

o 
11,xm 1 + 11ym2 
11,xm2 + 11ym 3 

11,x(um 1 + vm2 + m4) + 11y ( Um 2 + vm3 + mS) 

ml = J.1( 411.xUl1 - 211yVl1 )/3 

m2 = J.1( 11y U l1 + 11,x v l1 ) 

m3 = J.1( - 211,x u l1 + 411y vl1 )/3 

m4 = J.1Pr- 1(r-1)-111,xd'l1a2 

ms = J.1Pr-l(r-1)-111ydl1a2 
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(3.13) 

(3.14) 

(3.15) 

As can be seen, the thin-layer version of the Navier-Stokes equations retains 

the normal momentum equation. The terms that are eliminated from the full 

equations are all the viscous terms in the stream wise direction. 

In a typical calculation, the grid is heavily clustered normal to all solid 

surfaces in order to resolve the boundary layer, but the grid lines perpendicu

lar to the surface are widely spaced. Even if the full Navier-Stokes equations 

were programmed in, the streamwise viscous te~ms would not be accurately 

resolved. Also, these terms are negligible in attached and mildly separated 

flows. Pulliam(1984) lists three requirements for using the thin-layer approx-

imation: 

1. All body surfaces must be mapped onto 11 = constant surfaces. 

2. Grid ~pacing is clustered at the body surfaces such that sufficient reso

lution for a particular Reynolds number is obtained. (At least one or 
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two grid points in the sublayer). 

3. All the viscous derivatives in the ~-direction are neglected, while the 

terms in the ll-direction are retained. All of the inviscid terms are 

used. 

The thin-layer approximation can break down for low Reynolds number flow 

and for flow with massive separation regions. 

3.3 Numerical Method 

The finite difference scheme used to solve Eqn. (3.13) is the diagonal 

implicit algorithm of Pulliam and Chaussee (1981). This scheme is an exten

sion of the implicit approximate factorization algorithm of Beam and Warm

ing (1976) in delta form. An implicit scheme is used to avoid the excessive 

time step restrictions inherent in explicit formulations. In computing tran

sonic, viscous flows, highly clustered grids are used to resolve the boundary 

layer and shocks in the flow field. These fine grids result in very stiff prob

lems requiring small time steps for stability using an explicit scheme. An 

implicit scheme lessens or eliminates these restrictions. 

As implemented here, the Beam-Warming scheme uses first-order 

accurate Euler implicit time differencing and second-order accurate spatial 

differencing. The scheme is an approximate factorization dividing the opera

tor into a ~-inversion and an ll-inversion. Eqn. (3.16) shows the scheme in 

delta form 

[I + hBl;An ][1 + hBT)Bn - hRe-1BT)J-1M n ]~Qn 

= --h [Bl;E n + BT)Fn - Re-1BTlS n 
] = Ii n 

(3.16) 

where h is the time step, Ii n is the residual or RHS, and the central 
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difference operator, 8, is defined as 

" 1 [" " ] 8;Q = 2A; Q(;+Al;;n) - Q(l;-A;,11) (3.17) 

The term "delta form" comes from the manner in which the solution vector, 

Qn, shows up as ~Qn = Qn+l - Qn. The Jacobian matrices An and An are 

found by linearizing the fiux vectors in+ 1 and ftn+ 1 in time such that 

where 

in+l = in + An~Qn + O(A't2) 

ftn+1 = ftn + AnAQn + O(~'t2) 

" ai A--- aQ and " aft B--aQ 

(3.18a) 

(3.18b) 

(3.19) 

are the fiux Jacobian matrices. These fiux Jacobians and the viscous 

coefficient matrix, M , which comes from the time linearization of the viscous 

vector Sn+l, are documented in Appendix A. 

Solving Eqn. (3.16) requires multiple inversions of a 4x4 block 

tridiagonal-matrix, which constitutes the major fraction of the work in the 

Beam-Warming algorithm. The diagonal version of this algorithm due to Pul

liam and Chaussee (1981) eliminates the need for block tridiagonal inversions 

by using similarity transformations to diagonalize the Jacobian matrices An 

and An. The result is scalar pentadiagonal matrices which are computation

ally more efficient. 

Each Jacobian matrix has a set of eigenvalues and a complete set of 

distinct eigenvectors. Therefore; similarity transformations can be used to 
A " diagonalize A and Bas, 

1 " A; = T~ AT; and -1" 
A'I'I = T'I'I BT'I'I (3.20) 



57 

where Al;' A", T l; and T" are also given in Appendix A. Substituting these 

transformations into Eqn. (3.16) results in 

[Tl;T~l + hal;(Tl;Al;T~l) ][T"T~l + ha"(T"A,,T~l) l~Qn 
= R n (3.21) 

which is still equivalent to Eqn. (3.16), except for the implicit viscous term. 

The viscous flux vector, M n, does not diagonalize along with the convective 
A A 

flux vectors A and B. Therefore, in the method being used here, the implicit 

viscous terms are discarded completely. Although this approach seems a little 

drastic, Pulliam (1984) has shown that it results in a fast, robust code. Pul-

liam also discusses some other alternatives to discarding the implicit viscous 

terms. Note that the explicit viscous terms are still used, so the converged 

solution will be the same as that in Eqn. (3.16). 

Now, returning to Eqn. (3.21), factoring the eigenvector matrices 

ou tside the spatial operators yields 

(3.22) 

where N = T~lT", ( see Appendix A). Note that the eigenvector matrices 

are functions of space and therefore the accuracy of the scheme is reduced to, 

at best, first order in time. However, the RHS of Eqn. (3.22) is the same as 

in Eqn. (3.16) so the converged solution is still second-order accurate in 

space. Eqn. (3.22) is the final version of the scheme. This diagonal algo

rithm results in an overall savings in computational work of as high as 40%. 

A linear stability analysis for the implicit scheme (Beam and Warming 

1976) shows that it is unconditionally stable, but there are actually stability 

bounds due to nonlinear effects. This is especially true in strongly nonlinear 
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cases, such as flows with shocks. 

3.4 Artificial Dissipation Model 

When flow situations, such as shocks or high Reynolds number 

viscous behavior, are numerically calculated, scales of motion ar~ generated 

which are too fine for a grid to resolve. These scales are generated by the 

nonlinear interactions in the convection terms of the momentum equations. 

In these interactions, high wavenumber components are generated which can 

cause problems. Physically, they represent shocks or viscous dissipation of 

the very high wavenumbers. Numerically, they can cause problems by either 

aliasing onto the lower wavenumber components, which can be resolved, or 

by continually building up at the upper reaches of the grid's resolution capa

bility. Either way, serious problems with accuracy and stability can occur. 

The most common way of dealing with these high wavenumber com

ponents is to add some form of numerical dissipation to the algorithm which 

introduces an error level that does not compromise the physical viscous dissi

pation. In the Pulliam-Chaussee version of the code being used here, this 

dissipation takes the form of a nonlinear artificial dissipation model by Jame

son, Schmidt, and Turkel (1981). This model is a combination of second

and fourth-order dissipation terms and, for the ~-inversion step, can be writ-

ten as 

with 

£J~ = 1C2At max(Xj+2t b Xj+ I t k' Xjtb Xj-1tk ) 

I Pj+ I t k - 2pjtk + Pj-ltk I 
X' k = 

J, I Pj+ I t k + 2pjtk + Pj-ltk I 

(3.23) 

(3.24a) 

(3.24b) 



e}:2 = max(O, K4At - e}?b 
CJ j ,k = I U I + a" ~; + ~i 
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(3.24c) 

(3.24d) 

where typical values for the constants are K2 = 114 and K4 = 11256. The term 
... 

0' j,k is the spectral radius of A. Similiar terms are used in the Tl-direction. 

The first term in Eqn. (3.23) is a second-order dissipation, term with a 

coefficient which varies with the pressure gradient and is used to increase the 

dissipation around shocks. The second term is a fourth-order dissipation term 

with a constant coefficient. This term is turned off when the coefficient for 

the second-order dissipation is larger than that for the fourth-order dissipa

tion. This occurs in the vicinity of a shock where the pressure gradient term, 

Xj,b is large. Pulliam (1984) presented results that demonstrate the 

effectiveness of this nonlinear artificial dissipation scheme in reducing non

physical oscillations around a shock. 



60 

CHAPTER 4 

VISCOUS-IN VISCID INTERACTION RESULTS 

N ow that the building blocks for the truncation error injection scheme 

have been presented, the code can be applied to some interaction cases. In 

this chapter, two types of problems will be presented. They both consist of 

steady flow of air over an airfoil. The first problem consists of viscous

inviscid interaction in subcritical and slightly supercritical flow fields. In these 

cases, the Euler equations are solved on the global grid and the thin-layer 

Navier-Stokes equations are solved on the local grid. This local grid com

pletely surrounds the airfoil and extends into the near wake region. There

fore, the entire region where viscous effects are important is covered by the 

local grid. 

Two different flow fields will be used in studying this problem. Flow 

field 1 is the flow around a RAE2822 airfoil at 1.93 degrees angle of attack. 

The free stream Mach number is 0.64 and the Reynolds number is S.7x 106• 

Turbulence modeling is turned on at 11 % of chord using the algebraic tur

bulence model due to Baldwin and Lomax (1978). This flow field is fully su b

critical, i.e., the local Mach number is everywhere less than 1.0. Flow field 2 

is similar to flow field 1 except that the free stream Mach number is 0.676. 

This flow field is slightly supercritical, i.e., somewhere within the flow field 

the local Mach number is greater than 1.0. 

The second problem consists of a relatively fine global grid and a 

refined local grid which only covers the near nose region of a NACA 0012 air

foil at a high angle of attack. This local grid is used to resolve the rapidly 
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expanding flow occurring as the flow rounds the nose of, the airfoil. In this 

problem, the thin-layer Navier-Stokes equations are solved on both grids. 

Flow field 3 consists of steady Bow around a NACA 0012 airfoil at 13.5 

degrees angle of attack. The free stream Mach number is 0.301 and the Rey

nolds number is 3.91x 106• Turbulence modeling is turned on at the leading 

edge. This Bow field is also slightly supercritical. A small supersonic bubble 

exists just behind the nose. 

4.1 Effects of Truncation Error Injection 

In order to efficiently use truncation error injection, here referred to as 

TEl, one must have some idea of where refinement is needed in the flow field 

in order to improve the solution. One could find the fine grid solution, inter

polate it to a coarser grid, and then form the truncation error (or TE), but 

once the fine grid solution is known, there is no reason to continue. The goal 

is to ascertain which part of the domain can be effectively resolved by the 

coarse grid and which part of the grid requires refinement before the solution 

is found. One must be able to estimate the spatial distribution of the TE 

easily and then be able to interpret the distribution in a way that will indicate 

where the grid needs refinement. 

Define the term T.E.: to be the truncation error found on a grid of 

characteristic mesh size h using the solution found on a grid of characteristic 

mesh size k. The TE found using the solution from a grid with characteristic 

mesh size h on a half grid with characteristic mesh spacing 2h is designated as 

T.E.h
2h• This TE can be estimated by performing the desired calculation on a 

coarse grid and then forming the TE using an even coarser grid, i.e., forming 

T.E. ~C. There is a direct relationship between T.E.lk and T.E. h
2h• In other 
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words, one can find the solution on a coarse grid with mesh spacing h, form 

the truncation error on a grid with mesh spacing 2h and relate it directly to 

the TE found on a grid with mesh spacing of 2k using a solution found on a 

grid with mesh spacing k. If one does a simple analysis using central 

differences on a cartesian grid with constant mesh spacing, one finds the fol

lowing relation to first order, 

h2 
TE 2h_ - TE 2k • ·h - 2 ··k , 

k 
(4.1) 

confirming the relationship. 

Two runs were made to test the validity of the relationship. First, a 

solu tion was found on a 257x65 fine grid for flow field 1. Pressure and Mach 

contours for this case are shown in Figure 4.1. Once the solution was found 

on the fine grid, it was interpolated to a 129x33 grid consisting of every other 

point from the fine grid. Then the TE distribution was found. The distribu

tion of the TE for each of the four governing equations is shown in Figure 

4.2. The plots show contours of the negative logarithm of the magnitude of 

the TE, so the more negative the number the larger the TE. There are no 

negative contours labeled in this plot because they are too close to the body. 

Note how the magnitude of the terms increases moving toward the body and 

that, although far from smooth, the distribution is somewhat monotonic. 

The process was repeated using the 129x33 grid as the fine grid and a 

65x 17 coarse grid. Again, the coarse grid was formed by taking every other 

point from the fine grid. The TE distribution from this run is shown in Fig

ure 4.3. Aside from the differences due to the differing densities of the grids, 

the two distributions look sufficiently similar to accept the coarse grid results 
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as an estimate of those on the fine grid. In fact, the coarse grid TE, T.E. tc, 
appears to overpredict the size of the TE at any given radius from the airfoil. 

Once a method was found for estimating the TE on the fine grid, the 

effects of injecting the error had to be determined. The forcing function 

T.E.h
2h is used in solving the Euler equations on the coarse grid with only 

some subset of the forcing function injected. The subsets were formed by 

turning off the truncation error beyond some specified 11= constant line. The 

calculation was run until the RMS density residual dropped below 10- 14• 

Table 4.1 shows the lift, drag, and moment coefficients for the various runs as 

compared with the coarse grid viscous solution, VSSTRT, and the fine grid 

viscous solution, VRGAA. 

TABLE 4.1 STRAIGHT INJECTION RUNS - GRID RGA 
LIFT, DRAG, AND MOMENT RESULTS - FLOW FIELD 1 

RESULTS - V AR YING THE INJECTION REG ION SIZE 
INJECTED COARSE GRID SOLUTIONS - FLOW FIELD 1 

CASE K S-S CL CDP CDF CM 
% LIFT 

PTS ERROR 
Fine and Coarse Grid Solutions 

VRGAA 0 .54648 .00376 .00646 -.08144 0.00 
VSSTRT 0 .53020 .00545 .00572 -.07967 2.98 

Injected Coarse Grid Solutions 
VK21 8 3 .61312 .00410 .00746 -.09540 12.19 
VK23 9 1 .59831 .00441 .00710 -.09247 9.48 
VK25 10 0 .58097 .01183 -.08964 6.31 
VK27 11 0 .56545 .01197 -.08676 3.47 
VK29 12 0 .55644 .00468 .00701 -.08413 1.82 
VK31 13 0 .55112 .00458 .00698 -.08302 0.85 
VK35 15 0 .54807 .00456 .00697 -.08243 0.29 
VK37 16 0 .54769 .00446 .00697 -.08229 0.22 
VK43 19 0 .54719 .00422 .00695 -.08189 0.13 
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The flow field in this example is fully subcritical. Note, however, that 

injecting TE only inside the eighth or ninth K-line caused a very small super

sonic zone to appear in the coarse grid solution. The lift and moment 

coefficients are also quite different from those of the fine grid solution. Fig

ure 4.4 compares the boundary layer profiles for the fine grid solution and for 

solution VK21. The longer arrows in the profile are from VK21. The line 

parallel to the wall is the limit of injection for this case. It is obvious that the 

injection region does not cover the full viscous region. Therefore, not all of 

the viscous effects are accounted for by the forcing function. The result is the 

boundary layer profile in Figure 4.4 which is too full. The flow around the 

leading edge of the airfoil is not damped enough by the inadequate viscous 

forcing terms and consequently accelerates enough to reach a supercritical 

state. 

The solutions VK25 and VK27 diverged after only a few hundred 

iterations. It is not presently understood why they diverged, while VK23 and 

VK21 con verged. 

The rest of the solutions provided fairly accurate approximations to the 

fine grid solution with the accuracy improving as the size of the injection 

region was increased. Note how the lift monotonically converges to the 

correct value with increasing injection region size. The highest relative errors 

occurred for the coefficient of drag due to pressure, CDP ' although the highest 

absolute errors occurred in the lift. The injection regions for VK29 through 

VK35 fully covered the boundary layer on the forward part of the airfoil, but 

did not cover the boundary layer on the aft 10% of the airfoil nor all of the 

near wake region. The solutions VK37 and VK43 took into account all of the 
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TABLE 4.2 MAXIMUM TRUNCATION ERROR FOR EACH 11-LINE 

RESIDUAL FORCING FUNCTIONS 
FINE GRID TO COARSE GRID 

VISCOUS-INVISCID INTERACTION - FLOW FIELD 1 
MAXIMUM 

11 TRUNCATION J N 
ERROR 

2 0.62x 103 63 4 
3 0.17x 103 64 4 
4 0.31x 102 65 4 
5 0.17x 102 63 '4 
6 0.13x 102 62 4 
7 0.12x 102 63 4 
S O.l1x 102 63 4 
9 0.S7x 101 63 4 
10 0.60x 101 63 4 
11 0.34x 101 63 4 
12 0.19x 101 64 4 
13 O.l1x 101 120 4 
14 0.16x 101 119 4 
15 0.12x 101 120 4 
16 0.S7x 10° 120 4 
17 0.6Sx 10° 121 4 
IS 0.29x 10° 121 2 
19 0.32x 10° 122 4 

boundary layer and the near wake region as well. 

The above results confirm that in order to get a good solution, the full 

boundary layer and near wake region must be included in the injection zone. 

From these cases, what can be deduced about the size of the truncation error 

required in order to get a good solution? Table 4.2 shows the maximum trun

cation error for each 11=constant line in the coarse grid. The table also shows 

the J location for the maxim urn value and for which equation the maxim urn 

value occurred. One can see that the maxim urn TE almost always occurred 

for the energy equation. This trend has been observed in all other runs to 

date as well. If it is assumed that the solutions beyond VK27 provided 
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adequate approximations to the fine grid solution, all being within about 1 % of 

the fine grid value for lift, then it can be deduced that TE larger than O( 1) 

must be included in the forcing function. Later runs tend to support this con-

elusion as well. 

4.2 Characteristics of Viscous-Inviscid Interaction Runs 

N ow that some guidelines have been set for determining the required 

size of the injection region, the effect of injection in interaction runs needs to 

be determined. For these interaction runs, local grids were chosen based on 

the fine grid TE distribution, T.E.h
2h• Table 4.3 shows the sizes of the 6 grids 

that were chosen and the size of the TE which they cover. Grids RGA31, 

RGA33 and RGA37 were added to find a lower limit on the acceptable local 

grid size. All these grids were taken from the 257x65 fine grid by eliminating 

points outside of the required region. Figure 4.5 shows grid RGA37 as com

pared to the 257x65 fine grid, RGA. 

TABLE 4.3 LOCAL GRIDS FROM GRID RGA 

MAGNITUDE OF TRUNCATION ERROR COVERED 
BY EACH LOCAL GRID 

VISCOUS - INVISCID INTERACTION - FLOW FIELD 1 

GRID GRID SIZE COVERS TRUNCATION 
ERROR LARGER THAN 

RGA 257x65 10-4 

RGA55 257x55 10-3 

RGA49 253x49 10-2 

RGA43 245x43 10- 1 

RGA37 243x37 10° 
RGA35 233x35 10° 
RGA33 233x33 10+ 1 

RGA31 233x31 10+ 1 

RGA21 209x21 10+ 1 



67 

Calculations were made using each of the local grids and the results 

compared to the single grid result on the 257x65 grid. The lift, drag, and 

moment coefficients are shown in Table 4.4 along with the number of super

sonic points and the residual achieved on the grid. The coarse grid solution is 

included for completeness. All the interaction runs executed the same 

number of iterations, 4000 for the fine grid and 5000 for the coarse grid, 

unless the residual for any part of a cycle dropped below some fixed tolerance. 

When the residual for the current grid calculation reached 10- 14, the calcula

tion was ended and control was moved to the next grid. Appendix C shows a 

sample JCL file for case VS37. 

TABLE 4.4 VISCOUS-INVISCID INTERACTION RUNS - GRID RGA 
LIFT, DRAG, AND MOMENT RESULTS - FLOW FIELD 1 

RESULTS - VARYING THE LOCAL GRID DOMAIN 
VISCOUS-INVISCID INTERACTION - FLOW FIELD 1 

CASE RESID CL CDP CDF CM 
% LIFT 
ERROR 

Fine and Coarse Grid Solutions 
VRGAA 10- 14 .54648 .00376 .00646 -.08144 0.00 
VSSTRT 10-09 .53020 .00545 .00572 -.07967 2.98 

Local Fine Grid Solutions 
VS33 10- lU .52194 .00368 .00641 -.07667 4.49 
VS35 10- 14 .54685 .00407 .00647 -.08180 0.07 
VS37 10- 11 .54527 .00433 .00648 -.08166 0.22 
VS43 10- 14 .54654 .00407 .00647 -.08173 0.01 

Injected Coarse Grid Solutions 
VS33 10- 11 .52177 .00422 .00691 -.07688 4.52 
VS35 10- 11 .54631 .00452 .00696 -.08208 0.03 
VS37 10- 12 .54499 .00452 .00696 -.08187 0.27 
VS43 10- 13 .54638 .00435 .00695 -.08192 0.02 

As can be seen by comparing the coefficients in the table, the solution 

accuracy drops for local grids smaller than RGA35. In fact VS33 gave worse 
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results than using the coarse grid solution alone. Figure 4.6 shows the pres

sure contours and Mach number contours for VS33 as compared to the fine 

grid solution. Figure 4.7 shows the same comparison but for VS37. Both 

solutions are fairly close, but in VS33, the Cp contours oscillate in the wake. 

This is due to the boundary conditions (BC's) on the local grid and will be 

discussed later. Note that VS37 is much better in this regard. The line sur

rounding the body and extending off the plots to the right represents the edge 

of the injection region. One can see the big improvement in the solution 

achieved by adding just four lines to the fine grid. However, the difference 

between VS37 and VS43 is not nearly as large. Note also that the interacting 

solutions compare favorably with equivalent straight injection solutions shown 

in Table 4.2 although the accuracy does not improve monotonically here. The 

lack of monotonicity is due to the failure of the local grid in case VS37 to con

verge to as Iowa residual as in the neighboring cases. This was due to prob

lems in the turbulence model which prevented convergence beyond some 

point, and is not a consequence of the current method. 

Cases using grids smaller than RGA33 diverged. This result is in 

agreement with the straight injection runs in Section 4.1, which diverged with 

TE injection regions of similar size. As Figure 4.4 shows, the boundary layer 

in case VK21 was not adequately accounted for by the forcing function. In 

that run, the injected coarse grid solution was found by injecting the correct 

fine grid TE and then iterating to convergence. Figure 4.8 shows the boun

dary layer from the equivalent interaction run, VS21, just before it diverged. 

There are three parallel lines running the length of the plot. The bottom one 

is the airfoil, the middle one is the outer limit of the injection region, and the 
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outer one is the outer limit of the region in which the'Navier-Stokes equa

tions are solved. There is a six point buffer zone between the edge of the 

injection region and the end of the viscous grid. Neverthele:ss, the extent of 

the zone is not sufficient to provide an accurate representation of the viscous 

effects and, apparently was too restrictive on the solver. All of the runs on 

grids smaller than RG A33 diverged due to instabilities on the local grid, most 

likely due to not covering the full viscous region. 

TABLE 4.5 VISCOUS-INVISCID INTERACTION RUNS - GRID RGA 
LIFT, DRAG, AND MOMENT RESULTS - FLOW FIELD 2 

RESULTS - VARYING THE LOCAL GRID DOMAIN 
VISCOUS-INVISCID INTERACTION - FLOW FIELD 2 

CASE S-S CL CDP CDF CM 
% LIFT 

PTS ERROR 
Fine and Coarse Grid Solutions 

VRGAB 91 .57580 .00420 .00638 -.08456 0.00 
VTSTRT 2 .55673 .00608 .00572 -.08263 3.31 
VRGHA 376 .58182 .00379 .00615 -.08516 1.05 
VRGDA 235 .57618 .00404 .00640 -.08453 0.07 

Local Fine Grid Solutions 
VT31 9 .51360 .00442 .00624 -.07146 10.80 
VT33 28 .54069 .00431 .00632 -.07823 6.10 
VT35 74 .57309 .00466 .00638 -.08449 0.47 
VT37 76 .57369 .00489 .00639 -.08479 0.37 
VT43 85 .57566 .00458 .00639 -.08493 0.02 

Injected Coarse Grid Solutions 
VT31 2 .51529 .00472 .00674 -.07288 10.51 
VT33 5 .54105 .00483 .00683 -.07844 6.04 
VT35 19 .57253 .00510 .00689 -.08476 0.57 
VT37 20 .57337 .00509 .00690 -.08502 0.42 
VT43 21 .57541 .00489 .00688 -.08517 0.07 

The runs mentioned so far were all performed using subcritical condi

tions. Similar runs were made using flow field 2 as the test case to ascertain 

the effects of a supersonic zone. This case has been run by Pulliam (1984) 



70 

and others, so there are solutions available for comparison. The truncation 

error for this case was found to have the same basic distribution as above, so 

the same grids can be used. Table 4.5 lists the results from these runs as 

compared to the 129x33 coarse grid solution, VTSTRT, and the 257x65 fine 

grid solution, VRGBA. A 385x97 case, VRGHA, and a 385x65 solution, 

VRGDA, are included as well. The accuracy of the cases using grids larger 

than RGA33 is apparent. However, the most notable point in these results is 

that the size of the supersonic zone decreased as the extent of the local grid 

decreased. The supersonic zone as found in the fine grid solutions is small 

enough to be covered by all of the local grids larger than RG A21. The injec

tion region is also large enough to cover the supersonic zone for all cases 

shown. Although it is not known exactly why the size went down, the effect 

is very small. The supersonic bubble is mainly along the wall where the grid 

is highly clustered. A difference of 17 supersonic points is not physically 

significant. 

TABLE 4.6 LOCAL GRIDS FROM GRID RGK 

MAGNITUDE OF TRUNCATION ERROR COVERED 
BY EACH LOCAL GRID 

VISCOUS - INVISCID INTERACTION - FLOW FIELD 2 

CASE GRID SIZE COVERS TRUNCATION 
ERROR LARGER THAN 

VTK65 257x65 10-4 

VTK49 257x49 10-2 

VTK37 245x37 10- 1 

VTK31 221x31 10 0 

VTK21 205x21 10+ 1 

The above supercritical flow situation was also run using grids based 

on another 257x65 fine grid, RG K. The only difference between RG A and 
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RG K is the slope of the wake gridline as it comes off the trailing edge of the 

airfoil. Figure 4.9 shows grids RGA and RGK for comparison. Since grid 

RGK better resolves the wake for this case, it should provide a better solution 

than did grid RG A. Table 4.6 shows the grid sizes that were indicated using 

T.E.l-h for VRqKA. Note that the grids required using RGK are smaller in 

the 11 direction for the larger magnitude TE than those required using the 

RGA grid as shown in Table 4.3. Table 4.7· shows the results from the runs 

made on these grids. Note the difference between the fine grid solution here, 

VRGKA, and the previous fine grid solution, VRGAB. Less circulation is set 

up around the airfoil using this grid resulting in a 1.4% difference in the 

coefficient of lift. The interaction runs provided similar accuracy as in the pre

vious case. Solution VTK21 did not converge, but the results are shown here 

from just before it diverged. These results differ from the previous ones in 

that including the 0 (1) TE did not drastically improve the solution, e.g., case 

VTK31. This is explained by noting that the boundary of grid RGK31 still 

does not cover the full viscous region on the aft part of the airfoil. 

The solution VTAK37 interacts the 245x37 local grid RGK37 with the 

129x33 global grid RGA2 as the global grid. One can see that the solution 

tends towards the solution favored by the local grid. Although the results are 

not as accurate as VTK37, they are still quite acceptable. 
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TABLE 4.7 VISCOUS-INVISCID INTERACTION RUNS - GRID RGK 
LIFT, DRAG, AND MOMENT RESULTS - FLOW FIELD 2 

RESULTS - VARYING THE LOCAL GRID DOMAIN 
VISCOUS-INVISCID INTERACTION - FLOW FIELD 2 

CASE S-S CL CDP CDF CM 
% LIFT 

PTS ERROR 
Fine and Coarse Grid Solutions 

VRGKA 80 .56796 .00415 .00638 -.08289 0.00 
VRGK2A 0 .54379 .00594 .00572 -.07982 4.26 
VRGOA 342 .57584 .00376 .00615 -.08389 1.39 

Local Fine Grid Solu tions 
VTK21 150 .54362 .04442 .00446 -.07750 4.29 
VTK31 1 .50339 .00527 .00628 -.07241 11.37 
VTK37 68 .56769 .00479 .00640 -.08332 0.05 

VTAK37 56 .56341 .00492 .00639 -.08305 0.80 
VTK49 80 .56818 .00422 .00638 -.08303 0.04 
VTK65 80 .56827 .00413 .00638 -.08289 0.05 

Injected Coarse Grid Solutions 
VTK21 16 .59420 .01046 .00423 -.09564 4.62 
VTK31 0 .50560 .00478 .00677 -.07206 10.98 
VTK37 18 .56773 .00515 .00691 -.08375 0.04 

VTAK37 14 .56228 .00480 .00688 -.08269 1.00 
VTK49 21 .56814 .00441 .00688 -.08311 0.03 
VTK65 21 .56807 .00432 .00688 -.08292 0.02 

4.3 Effects of Different Local Grid Boundary Conditions 

The previous section studied the effect of the size of the local grid 

domain on the resulting interactive solution. In that section, the local and 

global grids used the same boundary conditions. Viscous boundary conditions 

were used at the wall, characteristic boundary conditions on the constant-l1 

boundary and extrapolation boundary conditions along the constant-~ boun

daries at the rear of the domain. In those runs, the local and global grids 

were topologically similar. For both grids the outer constant-l1 boundary was 

outside the viscous boundary layer and the constant-~ boundaries were far aft 

in the wake region. The other local grid topology studied here is a grid local 
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to the nose of the airfoil. The global grid BC's would not be as effective in 

this case and other types of boundary conditions must be studied. 

In the interaction runs discussed so far, the global solution is being 

computed inviscidly. Therefore, one could possibly use inviscid boundary 

conditions for the global grid while retaining viscous BC's for the local grid. 

Obviously, inviscid BC's would not work for the local, viscous calculation. 

However, Dirichlet conditions would be a possibility for the local grid. They 

would use quite a bit less CPU time than the extrapolation and characteristic 

BC's and might provide faster convergence. Also, they would probably be 

more suitable for the airfoil nose local grid mentioned above than the global 

grid BC's are. 

The case VTK37 from above was chosen to study the effects of boun

dary conditions on the final solution. Three cases were run using different 

combinations of boundary conditions for the local grid. The wall BC's were 

always the viscous wall conditions, even on the global grid. The global grid 

always used characteristic BC's on the constant-l1 far-field boundary and extra

polation BC's on the constant-~ far-field boundaries. The local grid boundary 

conditions 'had to be suited to a viscous calculation. Therefore the constant-1l 

outer boundary BC's were either Dirichlet conditions specified from the global 

grid or characteristic BC's. The constant-~ boundary BC's were either Diri

chlet conditions or extrapolation conditions. Table 4.8 shows the results from 

the three runs. The first column of the table indicates which type of boundary 

condition was used on that grid. For example, a listing of CE indicates that 

characteristic conditions were used on the constant-1l outer boundary and 

extrapolation conditions were used on the constant-~ boundaries. A listing of 
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DE indicates that Dirichlet conditions were used on the constant-" outer 

boundary and extrapolation conditions were used on the constant-; boun

daries. A listing of DD indicates that Dirichlet conditions were used on both 

the constant-; and constant-" far field boundaries. 

TABLE 4.8 VISCOUS-INVISCID INTERACTION RUNS - GRID RGK 
VARYING THE LOCAL GRID BOUNDARY CONDITIONS 
LIFT, DRAG, AND MOMENT RESULTS - FLOW FIELD 2 

RESULTS - VARYING THE LOCAL GRID BOUNDARY CONDITIONS 
VISCOUS-INVISCID INTERACTION - FLOW FIELD 2 

BC 
RESID 

S-S CL CD CM 
CPU 

TYPE PTS TIME 
Local Fine Grid Solutions 

CE 1.7x 10- lU 68 .56769 .01119 -.08332 1074 
DD 1.6x 10- 10 68 .56796 .01118 -.08333 1030 
DE 1.6x 10- 10 68 .56796 .01118 -.08333 1037 

Injected Coarse Grid Solutions 
CE 3.1x 10 ,11 18 .56773 .01206 -.08375 1133 
DD 3.1x 10- 11 18 .56800 .01207 -.08377 1087 
DE 3.1x10- 11 18 .56800 .01207 -.08377 1095 

As the results in Table 4.8 indicate, the choice of boundary conditions 

is flexible for the local grid. Figure 4.10 compares the global solutions for the 

first two cases. They give essentially the same global solution. However, 

comparing the local solutions in Figure 4.11 shows that the DD solution 

reduces the tendency for wiggles in the solution towards the aft end of the air

foil and in the wake region. Figure 4.12 compares the DD local grid solution 

with the fine grid solution. They agree quite well. Assuming that no instabili

ties show up in future runs, the Dirichlet conditions are recommended for the 

local grid. They produced results as accurate as the original boundary condi

tions, while saving some computation time and memory. 
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4.4 Interaction Using Dissimilar Grids 

In the cases presented so far, the global coarse grid has been a subset 

of the same grid from which the local, fine grids were cut. The coarse grid 

has been found by eliminating every other point from the global fine grid. 

Therefore, the global grid has essentially been a coarse viscous grid in that the 

clustering of points near the wall has been very high. In the viscous-inviscid 

interaction method being presented here, the global grid must adequately 

resolve the inviscid part of the flow field. The grid must only be clustered 

enough at the wall to accept the truncation error injection from the fine grid. 

In this light, we form a new 257x65 grid, RGL, similar to RGA but with a 

minimum wall spacing of 1.0x 10-4 instead of 2.Ox 10-5 as in RGA. A 129x33 

coarse grid, RGL2, is formed by taking every other point from RGL. This 

grid and grid RGM2, corresponding to RGM and RGK, are used as the global 

grid in two more viscous-inviscid interaction runs. 

First, the Euler equations were solved on each of the four grids and, 

using inviscid-inviscid interaction, on the two grid sets. Table 4.9 shows the 

results from these six runs. IRGLB and IRGMB are each fine grid runs and 

IRGL2B and IRGM2B are each coarse grid runs. IRGL2C and IRGM2C 

interact the 257x65 grids as local grids with their respective 129x33 grids as 

global grids. The coarse grid solutions approximate the fine grid lift 

coefficients to within 1.9% and 3.9% respectively. The size of the supersonic 

zones are only predicted to within about 40% for each grid. However, when 

the coarse and fine grids are interacted together, essentially the fine grid solu

tion is returned. 



TABLE 4.9 INVISCID RUNS - GRIDS RGL AND RGM 
LIFT, DRAG, AND MOMENT RESULTS - FLOW FIELD 2 

RESULTS - VARYING THE LOCAL GRID DOMAIN 
INVISCID RUNS - FLOW FIELD 2 

CASE S-S CL CD CM 
% LIFT 

PTS ERROR 
Fine and Coarse Grid Solutions 

IRGLB 596 .70121 .00238 -.10835 0.00 
IRGL2B 103 .68787 .00438 -.10746 1.90 
IRGMB 500 .67299 .00220 -.10238 0.00 

IRGM2B 71 .64675 .00399 -.09864 3.90 
Local Fine Grid Solutions 

IRGL2C 596 .70119 .00239 -.10837 0.00 
IRGM2C 501 .67297 .00221 -.10240 0.00 

Injected Coarse Grid Solutions 
IRGL2C 149 .70087 .00259 -.10844 0.05 
IRGM2C 127 .67258 .00241 -.10241 0.06 
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Inviscid lift prediction to within 2% and 4% is considered adequate for 

this case, so the two coarse grids can be used as global grids in the viscous

inviscid interaction runs. The required size of the local fine grids was found 

using both methods mentioned in the beginning of th~ chapter for comparison 

purposes. The two approaches yielded slightly different results. Table 4.10 

shows the grids indicated by using the fine grid truncation error, T.E.lh, and 

the coarse grid truncation error, T.E. ~C. In the earlier runs, the coarse grid 

truncation error provided estimates that tended to be more conservative than 

the actual TE as measured on the fine grid, so the 245x49 grid was chosen to 

cover 0 (10- 2) TE and the 237x35 grid was chosen to cover the 0 (10- 1) TE 

for the RGM grid. For the RGL grid, the 245x47 grid was chosen to cover 

the 0 (10- 1) TE. Table 4.11 presents the results from the runs using these 

grids. 
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TABLE 4.10 LOCAL GRIDS FROM RGL AND RGM GRIDS 

MAGNITUDE OF TRUNCATION ERROR COVERED 
BY EACH LOCAL GRID 

VISCOUS - INVISCID INTERACTION - FLOW FIELD 2 
TE COVERS TRUNCATION GRID SIZE 

USED ERROR LARGER THAN RGL GRID RGMGRID 
10-2 253x51 245x49 

T.E·h
2h 10- 1 245x47 229x37 

10 0 237x35 221x31 
10-2 245x45 249x43 

T.E·tC 10- 1 233x41 237x35 
10 0 233x25 229x23 

As can be seen by comparison to the results ill Table 4.5, these runs 

produced predictions to the viscous fine grid solution which were as accurate 

as the previous ones. However, upon comparing the solutions graphically, 

one can see that these new solutions are better than the old. Figure 4.13 

compares the global solutions for VTK37 and VTKM37 and Figure 4.14 com

pares the local solutions. These two cases used the same local grid RGK37, 

but different global grids. Note the wiggles in the pressure contours in the 

wake region for solution VTK37. They are not present for solution VTKM37, 

possibly due to the wider spacing of the global grid points in grid RGM2. 

Both solutions used characteristic and extrapolation boundary conditions (CE) 

on the local grid, so the wiggles can apparently be eliminated by using the 

inviscid grid with its wider mesh spacing or by using Dirichlet conditions on 

the local grid as shown in Section 4.3. 

The difference between the A and B runs for VT AL43 and VTKM37 

was the number of iterations performed. The A runs used 2000 iterations on 

the global grid and 1800 iterations on the local grid. The B series ran 5000 

iterations on the global grid and 4000 iterations on the local grid. The 



TABLE 4.11 VISCOUS-INVISCID INTERACTION RUNS 
CASES USING DISSIMILAR GRIDS 

LIFT, DRAG, AND MOMENT RESULTS - FLOW FIELD 2 

RESULTS - VARYING THE LOCAL GRID SIZE AND SEQUENCING 
VISCOUS-INVISCID INTERACTION - FLOW FIELD 2 

CASE S-S CL CDP CDF CM 
% LIFT 

PTS ERROR 
Fine Grid Solution - Grid RGA 

VRGAB 91 .57580 .00420 .00638 -.08456 0.00 
Local Fine Grid Solutions - RGA Based 

VTAL43A 89 .57672 .00443 .00638 -.08486 0.16 
VTAL43B 89 .57653 .00443 .00638 -.08483 0.13 
VTAL47 91 .57627 .00429 .00638 -.08470 0.08 

Injected Coarse Grid Solutions - Grid RGL2 
VTAL43A 19 .57677 .00475 .00336 -.08516 0.17 
VTAL43B 19 .57656 .00475 .00336 -.08515 0.13 
VTAL47 20 .57643 .00461 .00336 -.08496 0.11 

Fine Grid Solution - Grid RGK 
VRGKA 80 .56796 .00415 .00638 -.08289 0.00 

Local Fine Grid Solutions - Grid RGK Based 
VTKM35 75 .56928 .00442 .00639 -.08329 0.23 

VTKM37A 75 .56898 .00453 .00639 -.08331 0.18 
VTKM37B 75 .56926 .00450 .00639 -.08335 0.22 
VTKM49 80 .56866 .00416 .00638 -.08297 0.12 

Injected Coarse Grid Solutions - Grid RGM2 
VTKM35 18 .56992 .00492 .00336 -.08387 0.34 

VTKM37A 17 .56875 .00493 .00336 -.08366 0.14 
VTKM37B 16 .56903 .00495 .00336 -.08375 0.19 
VTKM49 16 .56894 .00445 .00336 -.08321 0.17 
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difference between the two solutions in each case was minimal, indicating that 

the !ater iterations serve to reduce the residual, but do not change the solu

tion very much. Case VTKM35 converged slowly using the A series sequenc

ing scheme so it was run using 400 iterations per grid per cycle instead of 200 

as in the A series. Overall, it ran 2800 iterations on the global grid and 2400 

iterations on the local grid. Case VTKM49 was run with the same sequencing. 
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However, case VTAL47 used the A sequencing and converged well. It is pos

sible that the convergence problems showed up only with VTKM35 since it 

was a marginal run anyway, in terms of covering the viscous region. 

Nevertheless, the sequencing used in that run is recommended for other runs 

as well. 

4.5 Local Grid used for Resolution Enhancement 

The next flow field studied was flow field 3. The flow field is largely 

subsonic, but with a small supersonic zone where the flow must accelerate to 

round the nose due to the high angle of attack. Figure 4.15 shows the Mach 

number contours as calculated on a 257x65 fine grid. Note the supersonic 

zone appearing just behind the nose in the second plot. The sonic line is the 

bolder line in the middle of the other contour lines. This supersonic ~one 

should be terminated by a shock but there is not enough resolution to capture 

it. Figure 4.16 shows the same case as calculated on a 129x33 coarse grid con

sisting of every other point of the fine grid. The supersonic zone is even less 

developed here than in the fine grid case. In order to resolve the rapid expan

sion zone terminated by the shock, as well as the generation of most of the 

vorticity in the flow field, a local, fine grid is chosen which will cover the nose 

of the airfoil from behind the stagnation point on the underside around to 

after the shock region on the top side of the airfoil. 

Unlike the previous runs, the local grid used here does not cover the 

entire near wall and wake region. Therefore, in order to account for the 

viscous effects everywhere, the Navier-Stokes equations must be solved on 

the global grid as well as on the local, fine grid. Also, in the previous runs, 

the local grid was chosen to cover some magnitude of the estimated TE. 
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Here, the local grid is chosen to provide added resolution in one particular 

region of the flow field in order to help understand the physics occurring in 

that region. 

The calculation was run using a patch which covered the region of 

interest, yet had the exact grid spacing of the global grid. In other words, the 

patch was a subset of the global grid. This patch was interacted with the glo

bal grid to see if the interaction scheme itself would affect the overall solution. 

Ideally, the same solution would be found as in the single grid case. Several 

different size patches were used, all producing exactly the same solution as the 

single grid case. It can be concluded that the interaction scheme itself does 

not bias the solution to any noticeable degree. 

Now, the interaction can proceed using a patch which has been refined. 

The patches chosen here are formed from the fine grid using a program that 

will refine a given grid in the computational plane using the interpolation rou

tine described in Section 2.1. For example, in this case here, a 41x33 patch is 

removed from the fine grid. In the computational plane, this grid can be 

refined by a factor of two in each direction to form an 81x65 local grid with 

the same domain. Every other point in the new grid will lie on a node from 

the original grid. The remaining nodes will be distributed in accordance with 

the distribution function as used to generate the original grid. The process 

was repeated to form a 241x65 grid, with total refinement factor of six in the 

~-direction and two in the l1-direction. 

Several runs were made using each of the above three local grids with 

the 129x33 global grid and with the 257x65 global grid. Table 4.12 shows the 

results from these runs. Table 4.13 shows the global and patch grid sizes for 



TABLE 4.12 VISCOUS-VISCOUS INTERACTION RUNS 
LOCAL PATCHED GRIDS 

LIFT, DRAG, AND MOMENT RESULTS - FLOW FIELD 3 

RESULTS - VARYING THE LOCAL GRID DOMAIN 
VISCOUS-VISCOUS INTERACTION - FLOW FIELD 3 

CASE S-S 
CL CDP CDF CM 

% LIFT 
PTS ERROR 

Fine and Coarse Grid Solutions 
VNGAA 135 1.42893 .02728 .00548 .02542 0.00 

VNGA2A 15 1.32333 .04402 .00439 .02393 7.39 
Local Fine Grid Solutions 

VNGA2F 122 .32218 -.18290 .00070 .06260 -
VNGA2H 127 .65270 -.14708 .00143 .11856 -
VNGA2G 121 .32206 -.18309 .00071 .06256 -
VNGA2I 528 .33180 -.19118 .00047 .06435 -
VNGA2J 1661 .33695 -.19463 .00030 .06531 -
VNGAF 563 .33623 -.19492 .00040 .06515 -
VNGAG 1685 .33818 -.19567 .00027 .06553 -

Injected Coarse Grid Solutions 
VNGA2F 30 1.41851 .03073 .00537 .02365 0.73 
VNGA2H 30 1.42091 .02985 .00544 .02344 0.56 
VNGA2G 29 1.41032 .03219 .00546 .02376 1.30 
VNGA2I 32 1.45580 .02741 .00568 .02213 1.88 
VNGA2J 35 1.45666 .02720 .00579 .02212 1.94 
VNGAF 142 1.44621 .02515 .00563 .02485 1.21 
VNGAG 144 1.45014 .02481 .00551 .02479 1.48 

81 

each case, the refinement ratio, A, the total number of iterations, N, the total 

CPU time and the final RMS residual. Note how each of the first three cases 

in Table 4.12 using the 129x33 grid as the global grid gave lift coefficients 

within abou t 2% of the value as found on the fine grid alone. The local grids 

for each of these cases were taken directly from the fine grid. Figure 4.11 

shows the Mach number contours for case VNGA2G. The solution compare-s 

quite favorably with the fine grid solution, underpredicting the maximum 

Mach number and minimum pressure by only 3-4% as opposed to 16-17% for 

the coarse grid solution. 
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Using the two finer local grids with the 129x33 global grid produced 

lift values higher than produced in the 257x65 single grid case. Figure 4.18 

shows the Mach number contours for VNGA2I, using the 81x65 local grid, 

and Figure 4.19 shows the Mach number contours for VNGA2J, using the 

241x65 local grid. Although case VNGA2G showed no evidence of a shock at 

all, case VNGA2I shows the beginnings of a shock forming. The resolution 

of the grid is still insufficient to capture the shock. As Figure 4.19 shows, 

case VNG A2J adequately resolves the supersonic zone and shock. The thick

ening of the boundary layer due to the shock impingement is also evident in 

the plot. The minimum pressure is about 5% lower for this' solution than for 

VNGAA, further indication that the expansion has been more accurately 

resolved. 

TABLE 4.13 VISCOUS-VISCOUS INTERACTION RUNS 
LOCAL PATCHED GRIDS 

GRID SIZES AND RUNTIME INFORMATION - FLOW FIELD 3 

RESULTS - VARYING THE LOCAL GRID DOMAIN 
VISCOUS-VISCOUS INTERACTION - FLOW FIELD 3 

CASE 
GRID SIZE 

A- N 
CPU 

RESID 
GLOBAL LOCAL TIME 

Coarse and Fine Grid Solutions 
VNGA2A 129x33 5600 564 10- 14 

VNGAA 257x65 5950 2067 10-9 

Interacting Solutions 
VNGA2F 129x33 41x45 2x2 3400 276 10- 12 

VNGA2H 129x33 61x45 2x2 3400 302 10- 12 

VNGA2G 129x33 41x33 2x2 3400 263 10- 12 

VNGA2I 129x33 81x65 4x4 3400 365 10-9 

VNGA2J 129x33 241x65 12x4 8400 1640 10- 13 

VNGAF 257x65 81x65 2x2 4800 1251 10-9 

VNGAG 257x65 241x65 6x2 8400 2772 10- 10 
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Switching to the 257x65 global grid produced results similar to the two 

previous cases. Figure 4.20 shows the Mach contours for case VNGAF, using 

. the 81x65 local grid, and Figure 4.21 shows the Mach contours for case 

VNGAG, using the 241x65 local grid. Again, the increasing resolution of the 

shock can be seen as the density of the local grid is increased. Figure 4.21 

shows the best resolution of the shock achieved here. Figure 4.22 compares 

the global solution for VNGAG to the 257x65 single grid solution. The solu

tions agree very closely on a global level. They differ only in the nose region 

where the local grid is located in case VNGAG, showing that the local grid is 

needed to help resolve the details of the flow field. However, it is conceivable 

that if the interaction between the shock and the boundary layer becomes 

stronger and the local grid is fine enough to capture the physics of separation, 

the global grid alone might give erroneous results due to lack of local resolu

tion. 

In Figure 4.21, note the delineation of the sonic zone by the bolder 

line in the second plot. There appears to be a jetlike behavior where the 

shock meets the boundary layer. Note the contour lines jutting out down

stream. Figure 4.23 shows the vorticity magnitude contours for the same 

case. By comparing the two plots,· one can see that the jetlike r~gion is 

approximately at the edge of the boundary layer. Each contour in Figure 4.23 

represents an order of magnitude of the vorticity. Therefore, the flow in the 

jet region is only slightly rotational. Figure 4.24 shows the 241x65 local grid 

NGAL5 in the same scale in which the fine grid results have been presented. 

It should be mentioned that the Reynolds number at the foot of the 

shock is only about 3.91x 104• However, throughout the boundary layer the 
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.. 
same model of turbulence viscosity is used. The shock structure, the sonic 

zone, and the behavior of the boundary layer are highly interdependent. It is 

conceivable that a different turbulence model may yield a completely different 

local flow field. Such studies are beyond the scope of this work, which at this 

poin t only provides a better tool. 
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Figure 4.1 Pressure and Mach number contours for 257x65 fine grid case, 
VRG AA. Flow field 1. 
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Figure 4.2a Negative logarithm of truncation error magnitude. Conservation 
of Mass equation. Case VRGA2A. Flow field 1. 
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Figure 4.2b Negative logarithm of truncation error magnitude. Conservation 
of X-Momentum equation. Case VRG A2A. Flow field 1. 
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Figure 4.2c Negative logarithm of truncation error magnitude. Conservation 
of V-Momentum equation. Case VROA2A. Flow field 1. 
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Figure 4.2d Negative logarithm of truncation error magnitude. Conservation 
of Energy equation. Case VRGA2A. Flow field 1. 
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Figure 4.3a Negative logarithm of truncation error magnitude. Conservation 
of Mass equation. Case VRGA4A. Flow field 1. 
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Figure 4.3b Negative logarithm of truncation error magnitude. Conservation 
of X-Momentum equation. Case VROA4A. Flow field 1. 
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Figure 4.3c Negative logarithm of truncation error magnitude. Conservation 
of Y-Momentum equation. Case VRGA4A. Flow field 1. 
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Figure 4.3d Negative logarithm of truncation error magnitude. Conservation 
of Energy equation. Case VRGA4A. Flow field 1. 
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Figure 4.4 Boundary Layer profiles. Fine grid solution, VRGAA, and solu
tion VK21. Straight Injection run. Flow field 1. 
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Figure 4.6 Pressure and Mach number contours for VS33 global solution and 
the 257x65 solution VRGAA. Flow field 1. 
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Figure 4.7 Pressure and Mach number contours for VS37 global solution and 
the 257x65 solution VRGAA. Flow field 1. 
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Figure 4.9 Grids RGA and RGK. 
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Figure 4.10 Pressure and Mach number contours comparing global solutions 
for VTK37 with local boundary conditions CE and DD. Flow field 2. 
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Figure 4.11 Pressure and Mach number contours comparing local solutions 
for VTK37 with local boundary conditions CE and DD. Flow field 2. 
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Figure 4.12 Pressure and Mach number contours comparing global solution 
for VTK37 with local boundary conditions DD to VRGKA. Flow field 2. 
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Figure 4.13 Pressure and Mach number contours comparing global solutions 
for VTK37 and VTKM37. Flow field 2. 
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Figure 4.14 Pressure and Mach number contours comparing local solutions 
for VTK37 and VTKM37. Flow field 2. 
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Figure 4.15 Mach number contours. 257x65 single grid solution VNOAA. 
Flow field 3. 



,,-_ .. - .. - .......... 
, , , .... ,.!"D' .... 

, '~ 
I IDIISE arID III..IITICIIf , \ 

I \ 
CDIT1III ~, \ ...... : ' 
•• 1_ I " •• aeee I , 
•• 11188 , , ....... \ \ 
~~ I I 
•• l1li88 , I 

.... 
D.SlIG 
•• 111 ........ 
7.ZZxle-3 

1Z5x33 

• 
•• ?1e81 \ I ALPHA 

•• - \ ;' .,:'!I!.I ...... --·--
•• - \ ___ - _----- ..... 1lle-3 TDE t:' - ----:. :::::: : .. --.:~~ __ . .JiUI~-
I.aeee 
1.-. 

•• 16888 
•• 11i888 
•• ZS1118 
•• 1IiI8I 
•• 41i888 
•• 1i5I88 
•• 1iIS8I8 
•• ?58Ia 
•• 1IiI8I 
•• 1IS888 
1.16188 
1.11i888 
1.ZS1118 
1.1IiI8I 

CDIT1III LSnS 
I.BBe118 
•• 1IZI88 
•• 8t888 
•• 1IiII88 
•• 11188 .. -•• 1IZ888 
•• 1tt888 .. -.. -I ..... 
1.1IZI88 
1 ..... 
1.11i1188 
I ..... 
1.1_ 
l.lZII88 
1.1 ..... 
1.1_ 
1.1_ 
1.288118 
1.ZZ188 
1.z.te88 
1.Z1i1811 
1.Z1J188 1._ 
1.a:zeee 
1 ..... 1._ 1._ 
1 ...... 
1 ..... 
1.111112!i 

\ 
\ 
I 
I 

I I 
I I 
I , 
\ , 
\ I , , ... , 

' ......... _ .. --' 

•• 381 tw::H 
U.se om ALPHA 
I.!II.I ...... R& 
7.ZZxI"''' TIlE 

1Z5x33 5RDI 1 
•• 381 tw::H 
1I.1iII1G ALPHA 
I.!II ........ R& 
•• 11xl ..... TDE 

Z57JS 5RDI Z 

106 

Figure 4.16 Mach number contours. 129x33 single grid solution VNGA2A. 
Flow field 3. 
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Figure 4.17 Mach number contours for case VNGA2G. 129x33 global grid 
interacting with 41x33 local grid. A = 2x2. Flow field 3. 
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Figure 4.18 Mach number contours for case VNGA2I. 
interacting with 81x65 local grid. A = 4x4. Flow field 3. 

129x33 global grid 
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Figure 4.19 Mach number contours for case VNGA2J. 129x33 global grid 
interacting with 241x65 local grid. A. = 12x4. Flow field 3. 
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Figure 4.20 Mach number contours for case VNOAF. 257x65 global grid 
interacting with 81x65 local grid. A. = 2x2. Flow field 3. 
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Figure 4.21 Mach number contours for case VNGAG. 257x65 global grid 
interacting with 241x65 local grid. A. = 6x2. Flow field 3. 
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Figure 4.22 Pressure and Mach number contours for VNGAA and fine grid 
interacting with 241x65 local grid, VNGAG. Flow field 3. 
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Figure 4.23 Vorticity Magnitude contours for case VNGAG local solution. 
Flow field 3. 
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Figure 4.24 Local grid NG AL5 - 241x65. 



CHAPTER 5 

CONCLUSION 

115 

An effective method for splitting a problem with multiple length scales 

into multiple problems with single length scales has been presented in the 

context of viscous, transonic flow over an airfoil. It has been shown that the 

viscous effects in the flow field can be effectively decoupJed from the inviscid 

solution and resolved by a fine grid local to the body and near wake region. 

This grid has been interacted with a coarser global grid and provides approxi

mations to a global fine grid solution to within 1 %. The effects of injecting 

different magnitudes of truncation error have been ascertained and it has 

been concluded that truncation error of order 0 (1) must be included in order 

to produce a solution with lift coefficient accurate to within about 1%. How

ever, there is the added requirement that the local grid fully enclose the 

viscous region towards the aft end of the airfoil and in the near wake region. 

The presence of a supersonic zone did not affect the utility of the method, as 

long as the zone is fully enclosed within the local grid and does not cross any 

grid boundaries. 

Best results are achieved using Dirichlet conditions on the fine grid 

and a global grid clustered only enough to accept the injected truncation error. 

Otherwise, although the integrated coefficients may be accurate, the solution 

can have waviness in the pressure coefficient field. 

The method has also been applied to a grid local to the nose region 

only. This case served to demonstrate the usefulness of the method in 

resolving very fine scales in one region without refining the entire grid. In 
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this case~ the shock terminating the supersonic bubble at the nose of an air-

foil at a high angle of attack but at low free stream Mach number was 

resolved. Details of the shock boundary layer interaction were captured and 

the existence of a jet emanating from the base of the shock has been indi

cated. The results were found assuming fully turbulent flow using an alge

braic turbulence model. 

An interpolation routine capable of interpolating between two general

ized coordinate systems has also been presented. This routine has been vec

torized and optimized such that its memory and CPU time requirements are 

almost negligible compared to the work of the solver. It is felt that in three 

dimensions, the requirements will be relatively less burdensome. Therefore, 

this routine could replace existing trilinear or tetrahedron based schemes in 

common use now, greatly increasing the accuracy of the interpolation process 

without greatly increasing computational work. 

It is felt that future work should focus on several points. First, the 

wall boundary conditions for the global grid should be improved for viscous

inviscid interaction runs. Although the use of viscous wall conditions in solv

ing the Euler equations did not appear to cause problems in this work, the 

possibility always exists and should be dealt with at some later time. 

Second, it is recommended that a grid which expands laterally with 

downstream distance be used. The large size of the viscous zone at the aft 

end of the airfoil is the limiting factor in reducing the size of the local grid. 

An expanding grid could cover this viscous region without having to use 

more points than necessary. The boundary layer is thickening and the grid 

can thicken with it without losing resolution. The grids used in this work had 



117 

unnecessary points towards the nose of the airfoil. In sev.eral cases, a smaller 

local grid with boundary layer type growth in the stream wise direction could 

have been used and still covered all of the required injection region. A 

different grid generator or a modified version of the one used here should be 

employed in future work to generate more efficient grids. 
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APPENDIX A 

SIMILARITY TRANSFORMATION MATRICES AND 

THE TIME-LINEARIZED FLUX JACOBIAN MATRICES 

A A 

In two dimensions the Jacobian matrices A or B = 

let 

lex~2 - u8 

ley~2 - v8 

-9(1 e1 p - 2~2) 

let + 8 - lex (1- 2)u 

lexV - ley(1- I )u 

lex(1elp-~2) - (1-I)u8 

ley 

ley U - lex (1-I)v 

let + 8 - ley (1- 2)v 

ley(1elp-~2) - (1-I)v8 

o 
lex (1- I) 

ley (1-1) 

let + 1 8 

with le = ~ or 11 for A or Ii respectively. 

The viscous flux Jacobian is 

0 0 0 0 

m21 <XIOT\(p-l) <X201l(p-l) 0 
" M= 

<X20T\( p-l) <X3Oll(p-l) 0 
J 

m31 

m41 m42 m43 m44 
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(A.I) 

(A.2) 

(A.3a) 



where 

m21 = -(X1al1(ulp) - ~al1(vlp) 

m31 = -~al1(ulp) - (X3al1(vlp) 

m41 = (X4al1[ _(elp2) + (U 2 + v 2)/p ] 

- (X1 a l1(u 2/P) - 2(X2al1(uvlp) - (X3al1(v 2/p) 

m42 = -(X4al1(ulp) - m21 

m43 = -(X4a~(vlp) - m31 

m44 = (X4al1(p-1) 

(Xl = Il[ (4/3)11: - 11; ] 

(X2 = Il( 1/3)Tlx 11y 

(X3 = Il[ 11: + (4/3)11; ] 

(X4 = Il,¥Pr- 1(11: + 11;) 
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(A.3b) 

The flux Jacobian matrices of Eqn. (3.16) have real eigenvalues and a 

complete set of eigenvectors. The similarity transforms are 

A = T~A~T~l and A -1 
B = T l1ATJT 11 (A.4) 

where 

U 0 0 0 
0 U 0 0 

A~= 
0 0 U + av;: + ;; 0 

(A.Sa) 

0 0 0 U - av;: + ;; 

V 0 0 0 
0 V 0 0 

ATJ = 
0 0 V + a V 11: + 11; 0 

(A.Sb) 

0 0 0 V - a V 11: + 11; 



with 

T ... = 

T - 1 -... -

1 0 
U fS,p 
v -fexP 

!2 
p(feyu - fexv) 

(,,(-1) 

a a 
a(u + fexa) a(u - fexa) 

a(v + fey a ) a(v - fey a ) 

[
!2+ a2 _) [$2+ a2 _) 

a ("(-1) + as a ("(-1) - as 

(1 - $2Ia 2) (,,(-I)ula 2 

feylp - (fey u - fex v ) I P 

J3(cj>2 - ae) 13 [fex a - ("( - 1) u ] 

("(-I)vla 2 

-fexlp 

13 [fey a - ("( - 1) v ] 

- (,,(-I)/a 2 

o 
13(,,(-1) 

- 13 [fey a + (,,(-I)v] 13(,,(-1) 

120 

(A.6) 

(A.7) 

and a = pI (..J2a ), 13 = lI(..J 2pa), e = fexu + fey v, and, for example, 

fex = lex I" le; + le;. le is equal to either ~ or 11 as required. cj> 2 is defined as 

before. 

Relations exist between T ~ and T 11 of the form 

(A.B) 
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where 

1 0 0 0 
0 m1 -J,1m 2 J,1m 2 ,. 

N= 
0 J,12(1 + m 1) J,12(1 - m 1) J,1 m 2 

(A.9a) 

0 -J,1m 2 J,12(1 - m 1) J,12(1 + m 1) 

1 0 0 0 
0 m1 J,1 m 2 -J,1m 2 

iI- 1 = 
0 J,12(1 + m 1) J,12(1 - m 1) -J,1m 2 

(A.9b) 

0 J,1 m 2 J,12(1 - m 1) J,12(1 + m 1) 

with m1 = (~xftx + ~yfty), m2 = (~xfty - ~y"x) and J,1 = 1/..J2. 

Note that the matrix iI is a function of the metrics only and not of 

the flow variables. 



122 

APPENDIX B 

TEINJECT CODE: DESCRIPTION OF VARIABLES AND I/O FILES 

This material was taken in part from subroutine COMMENT in Tom 
Pulliam's ARC2D code (1984). 

1/0 Files 

TAPE3: Binary restart data, read in IOALL(4). 

TAPE4: Binary restart data, written in IOALL(lO). 

TAPE5: Standard input, data at bottom of .jel file. 

TAPE6: Standard output, data returned with .cpr file. 

TAPE7: Output of FINEITS, DELQ, DELQMX, RESID, RESIDMX, CL, 
CD, and CM for plotting using program RESID on the VAX. 
Written in IOALL(8). 

TAPE8: Binary or formatted grid input, accessed in IOALL(3). 

TAPEIl: Grid output, unformatted from IOALL( 16). 

TAPEI3: Store a binary solution file for plotting on IRIS workstation using 
PLOT3D. Written in IOALL(13). 

TAPE20: Store the forcing function. This is the most recent forcing function 
calculated by the program. Written in IOALL(20). 

TAPE23: Output of CPBOD vs time in IOALL(12) for IRIS plotting. 

TAPE3!: Read in the geometry for the first local grid. Read in IOALL(21). 

T APE32: Read in the binary restart file for the first local grid. Read in 
IOALL(22). 

TAPE33: Read in the geometry for the second local grid. Read in 
IOALL(23). Not currently used. 
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TAPE34: Read in the binary restart file for the second local grid. Read in 

IOALL(24). Not currently used. 

TAPE35: Store a binary restart file for the local grid. Written in IOALL( 19). 

T APE36, T APE37, T APE38, TAPE39: 
Same as TAPE13 but split into four files for ease of transfer back 
to UofA. Written in IOALL(13). 

Sequencing Procedure 

Time step sequencing and mesh sequencing is available. The last few lines of 
the input control the mesh sizes and the time steps used. The format is: 

READ(*, *) : A comment line 
READ(*,*) ISEQUAL 
READ (*, *) : A commen t line 
DO II = 1, ISEQUAL 

READ(*,*) JMXI(II),KMXI(II),IENDS(lI),DTISEQ(II), 
> LQS(I1) ,LQTOS(II) 
ENDDO 

You can use this to get mesh sequencing from a coarse m.esh to the target 
fine mesh. For example if: 

JMAX = 193, KMAX = 33 

then you can sequence to the fine mesh using 

ISEQUAL 
3 
JMXI KMXI lENDS DTISEQ LQ LQTO 

49 11 100 5.0 1 1 
97 18 100 5.0 1 1 

193 33 100 5.0 1 1 

or if different time steps are required on the same grid you could use 

ISEQUAL 
5 
JMXI KMXI lENDS DTISEQ LQ LQTO 
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49 11 100 5.0 1 1 
97 18 100 3.0 1 1 
97 18 100 5.0 1 1 

193 33 100 2.0 1 1 
193 33 100 5.0 1 1 

The variables LQ and LQTO are only used in an interaction run. A typical 
sequencing input for an interaction run follows. In this case, the above 
193x33 grid is used as a global grid interacting with a 65x45 local grid. Note 
that LQ and LQTO are both 1 for the first step. If this were a restart run, 
then LQ would be set equal to the value of LQTO at the end of the previous 
run. 

ISEQUAL 
7 
JMXI KMXI lENDS DTISEQ LQ LQTO 

193 33 400 1.0 1 1 
65 45 400 1.0 1 2 

193 33 400 3.0 2 1 
65 45 400 3.0 1 2 

193 33 400 5.0 2 1 
65 45 400 5.0 1 2 

193 33 400 5.0 2 1 

In the case of a emesh, JTAILI and JTAIL2 must be set such that all sub 
meshes have a point at the physical trailing edge of the airfoil. That is: 

(JTAILl-l) must be divisible by 2 to a whole integer to produce a 
sub mesh JTAILI at the trailing edge. 

ISEQUAL: 
The number of mesh sequences or time step sequences. 

JMXI(I): The J dimension on sub mesh I. (May be JMAX). Must be 
JMAX or (JMAX-l)/ (JMXI(I)-I) must be an integer. 
JMXI(ISEQUAL) must be JMAX. 

KMXI(I): The K dimension on sub mesh I. (May be KMAX). Must be S 
KMAX. KMXI(ISEQUAL) must be KMAX. 

DTISEQ(I): 
The time step used on mesh I. 
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IENDS(I): The number of time steps used on mesh I. 

LQ: Grid level previously used or calculated on. Used in MAIN for 
interactive runs only. 

LQTO: Grid level about to be used. LQ(I) = LQTO(I-l). Used in MAIN 
for interactive runs only. Also used in BCFOIL and BCLOCAL. 

Dimension Parameters 

MAXJ, MAXK, MAXJK: 
Used as original dimensions of the permanent arrays. A grid must 
have a maximum J size less than or equal to MAXJ and a max
imum K .size less than or equal to MAXK. The maximum total 
size must be less than or equal to MAXJK. Typically MAXJK = 
MAXJxMAXK. 

MAXM, MAXN, MAXMN: 
Exactly analogous to MAXJ, MAXK, MAXJK but only used in 
arrays which are used for interaction runs. If a single grid run is 
being made, these can all be set to 1. If an interaction run is being 
made, they must be equal to their counterparts in the JK case. 

MAXQ: Number of grids being used. 

MAXLQ: Number of local grids being used. Equal to MAXQ-l. 

MESDIM: Dimension for number of sequences which are allowed. 

JJDIM, KKDIM: 
Set equal to MAXJ and MAXK respectively. These dimensions are 
used in the arrays which save old values for the characteristic boun
dary conditions. The dimensions are specified this way because all 
the arrays are in common instead of being passed as arguments. 
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Variables 

Q: Conservative variables. 

Q(I,J,l) 
Q(I,J,2) 
Q(I,J,3) 
Q(I,J,4) 

Density 
DensityxU 
DensityxV 
Energy 

I determinant of metric Jacobian 
I determinant of metric Jacobian 
I determinant of metric Jacobian 
I determinant of metric Jacobian 

PRESS: Pressure = GAMlx( Q4 - O.Sx( Q2**2 + Q3**2 )/Ql ) NOTE: 
Scaled by the Jacobian. 

SNDSP: A = SQRT( GAMMAxPRESS/Ql ) NOTE: No Jacobian scaling. 

S: Used for explicit right hand side in RHS, altered in VISRHS, 
smoothed in SMOOTH or FILTER, holds intermediate quantities in 
the AF scheme in STEP, etc., and ultimately holds the change in Q. 

XY: Metric transformations. 

XYJ: 

XIT: 

ETT: 

DS: 

X, Y: 

FMU: 

XY(I,J,l) 
XY(I,J,2) 
XY(I,J,3) 
XY(I,J,4) 

o~/ax 
a~/ay 
aT'll ax 
oTlIoy 

Jacobians of metric transformations. 
XYJ = ( a~/ax x a"/ay ) - ( o~/ay x a"lox ) 
a~/at 

a,,1 at 
Spatially variable time step, scaled on metric Jacobian, set in 

SETUP, used in STEP, STEPF2D, EIGEN, FLMATX2, 
FLMATY2. 

Cartesian X and Y coordinates of the grid. ~,,, are the coordinates 
in the computational plane. 

Laminar molecular viscosity from Sutherland's Law. 

TURMU: Turbulent Eddy viscosity. 
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VORT: Vorticity. Holds total vorticity. NOTE: The way it is computed, 

routine VORTDXI must be called first. 

A, B, C: Lower diagonal, diagonal, and upper diagonal elements, respec
tively. 

D: Jacobians from FILLMAT, intermediate results in BTRIX, BTRIY. 
See note in MAIN about the use of D for temporaries. 

E: Temporary space for periodic block solver BTRIPX. 

Storage Arrays 

QSA VB: Stores the grid and solution fields in an interaction run. Used in 
MAIN. 

FORCE: Array containing the residual after the RHS is calculated using the 
solution interpolated from the local grid. This is the forcing func
tion. Found in FITOCO, used in INTEGRAT. 

In terpolation Arrays. 

JPTS, KPTS: 
Stores the J, K indices for the node in one grid which is closest to a 
particular node in the other grid. In XYDOWN, ( JPTS(M,N), 
KPTS(M,N) ) are the indices for the global grid point which is 
closest to the point ( X(M,N), Y(M,N) ) in the local grid. In 
XYUP, ( JPTS(M,N), KPTS(M,N) ) are the indices for the local 
grid point which is closest to the point ( X(M,N), Y(M,N) ) in the 
global grid. Used in QDOWN and QUP. 

XNEWT, YNEWT: 
( XNEWT(M,N), YNEWT(M,N) ) stores the local coordinates for 
the point ( M, N ) in the bivariate patch with origin at ( 
JPTS(M,N), KPTS(M,N) ). These coordinates, and the interpola
tion they are used for, are in the computational plane. See interpo
lation notes. Found in XYDOWN and XYUP. Used in QDOWN 
and QUP. 

FFLAG: Flag array set to zero for points in the global grid outside of the 
local grid domain. The value is set to 1.0E- 9 if the point is to be 
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interpolated to but not included in the forcing function. This will 
happen for global grid points that are in the fringe of the local grid. 
The size of this fringe zone is determined by JSHIFTU and 
KSHIFTU. The value of FFLAG is set to 1.0 if the point is to be 
interpolated to and is to be included in the forcing function, i.e. 
for all global grid points which are in the interior of the local grid 
domain. Found in XYUP, used in .QUP and FITOCO. 

Characteristic Boundary Condition Storage Arrays 

QNFOLDJ, QTFOLDJ, CSFOLDJ: 
Arrays which hold the freestream values for normal velocity, 
tangential velocity, and sound speed along the" = constant far
field boundary for the previous time step. 

QNFOLDK,QTFOLDK,CSFOLDK: 
Arrays which hold the freestream values for normal velocity, 
tangential velocity, and sound speed along the ~ = constant far-field 
boundary for the previous time step. 

QNXOLDJ, QTXOLDJ, CSXOLDJ, ENXOLDJ: 
Arrays which hold the extrapolated values for normal velocity, 
tangential velocity, sound speed, and entropy along the" = con
stant far-field boundary for the previous time step. 

QNXOLDK, QTXOLDK, CSXOLDK, ENXOLDK: 
Arrays which hold the extrapolated values for normal velocity, 
tangential velocity, sound speed, and entropy along the ~ = con
stant far-field boundary for the previous time step. 

Physical Parameters 

These are the parameters that govern the physics of the flow field being simu
lated. Unless otherwise specified, they are read in or computed in INPUT. 

ALPHA: Angle of attack of the airfoil. (DEFAULT=O.O) 

FSMACH: 
Free stream Mach number. (DEFAULT=0.397) 
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RE: Reynolds number based on free stream velocity. The code scales 

this to RE based on AINF in INITIA. Referenced in VISRHS, 
VISMAT, MUTUR. (DEFAULT=O.O) 

WTRAT: Ratio of fixed wall temperature (Rankine) to TINF. Used in 
BeFOIL. 

WTRAT= 0.0: 
Adiabatic wall conditions. (DEFAULT) 

WTRAT ¢ 0.0: 
Isothermal wall conditions. Temperature at the wall is 
then WTRA Tx TINF. 

GAMMA: Gas constant. (1.4) 

GAMI: GAMMA - 1-

PI: 4.0xATAN( 1.0) 

RHOINF, UINF, VINF, EINF, PINF: 
Freestream values for RHO, U, V, E, AND PRESS. 

TRANSLO, TRANSUP: 
Transition point in terms of % chord for lower and upper surfaae 
respectively. Read in in LINPUT and GINPUT. Used in LINITIA 
and GINITIA. Note: TRANSLO = 0.0 implies transition at leacli
ing edge. These two variables are not grid dependent but the ne~t 
two are. (DEFAULTS=O.O) 

JTRANLO, JTRANUP: 
J index for transition on lower and upper surface respectively. 
Found in LINITIA for the local grid and G INITIA for the global 
grid. U sed in MUTUR. TURMU (J ,K) = 0.0 for J = JTRANLO>, 
JTRANUP. 

Global Logical Variables 

These logical variables are read in in INPUT and affect all grids which atte 
used in the calculation. 
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STORE: Write restart data on TAPE4. Used in MAIN. 

STORE = .FALSE.: 
No write of data. (DEFAULT) 

STORE = .TRUE.: 
Write restart data. 

PATCH: Logical variable determining whether Unver Kaynak's Mach 
number scaling is used in FaTERX and FaTERY. Used in FOF
MACH. 

PATCH = .TRUE.: 
Mach number scaling is used. 

PATCH = .FALSE.: 
Mach number scaling is not used. (DEFAULT) 

FORCER: Logical variable determining whether the calculation is an interac
tion run or a single grid run. Used in MAIN and INTEGRAT. 

FORCER = .TRUE.: 
Interaction run. Two grids are assumed to be used. 
Interpolation logic is set up and used. 

FORCER = .FALSE.: 
Single grid calculation. One grid is assumed. No interpo
lation set up is performed. (DEFAULT) 

VISXI, VISET A, VISCROSS: 
Logicals to tum on various explicit viscous terms. VISETA = 
.TRUE., VISXI = VISCROSS = .FALSE. is the thin-layer approxi
mation, which is the standard option. CAUTION: Implicit viscous 
terms are only programmed for the thin layer approximation. In 
general this is the case which should be used. These variables are 
used in VISRHS. 

VISXI = .FALSE.: 
No explicit viscous terms in l;. (DEFAULT) 

VISXI = .TRUE.: 
Explicit viscous terms in l;. Note!! Eddy viscosity turned 
off for VISXI = . TR UE. 
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No explicit viscous terms in 11. 

VISETA = .TRUE. 
Explicit viscous terms in 11. (DEFAULT) 

VISCROSS = .F ALSE.: 
No explicit viscous cross terms. (DEFAULT) 

VISCROSS = .TRUE.: 
Explicit viscous cross terms. 

CHARBC: Determines whether switch for characteristic far-field boundary 
conditions or extrapolation conditions depends on VISCBC or 
VISCOUS. Used in BCFOIL and BCLOCAL. 

CHARBC = .TRUE.: 
Switch depends on VISCOUS. 

CHARBC = .FALSE.: 
Switch depends on VISCBC. (DEFAULT) 

DRCHLT1, DRCHLT2: 
Determines whether Dirichlet conditions are used on constant-eta 
and constant-xi boundaries respectively for the local grid. Used in 
BCLOCAL. 

DRCHLT1, DRCHLT2 = .TRUE.: 
Dirichlet conditions are used on the boundaries. 

DRCHLT1, DRCHLT2 = .FALSE.: 
Characteristic or Extrapolation boundary conditions are 
used. (DEFAULT) 

Local Logical Variables 

These logical variables are read in for each grid, in GINPUT for the global 
grid and in LINPUT for the local grid. 

RESTART: 
Logical variable used to indicate a restart run. Expects data on 
TAPE3. Note that one solution can be a restart without the other 
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being a restart. Used in BCFOIL to determine if scaling occurs in 
startup. Used in LINITIA and GINITIA. 

RESTART = .FALSE.: 
No read of restart data. Scaling used in BCFOIL. 
(DEFAULT) 

RESTART = .TRUE.: 
Read restart data. No scaling used in BCFOIL. 

PERIODIC: 
Switch for nonperiodic vs periodic coding. 

PERIODIC = .FALSE.: 
Non-periodic option. (DEFAULT) 

PERIODIC = .TRUE.: 
Periodic option. 

BCAIRF: Option for different boundary conditions. 

BCAIRF = . TR UE.: 
BCFOIL called for airfoil conditions. 

BCAIRF = .FALSE.: 
BCLOCAL called for local grid conditions. (DEFAULT) 

SHARP, CUSP: 
Special logic is used at the trailing edge of an airfoil when it is sharp 
or cusped and an '0' type mesh is being used. In that case some
times the metrics and Jacobian are ill behaved and errors occur. 
This special logic changes the metrics and Jacobian (see XYMETS) 
and modifies the boundary conditions (see BC). NOTE: These 
only have meaning for periodic meshes. 

SHARP = .FALSE.: 
Nothing special done. (DEFAULT) 

SHARP = .TRUE.: 
Special logic. 

CUSP = .FALSE.: 
Nothing special done. (DEFAULT) 
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CUSP = .TRUE.: 

Special logic. 

cmCUL: Switch for circulation model at farfield boundary. Sets circulation 
at farfield boundary based on body value. Circulation computed 
from CL. 

cmCUL = .FALSE.: 
For no model. (DEFAULT) 

cmCUL = .TRUE.: 
For model. 

VISCBC: Logical variable determining whether wall boundary conditions are 
for viscous flow or inviscid flow. 

VISCBC = .TRUE.: 
Viscous boundary conditions are used on the body. 

VISCBC = .FALSE.: 

VISCOUS: 

Inviscid boundary conditions are used on the body. 
(DEFAULT) 

Determines whether flow is treated viscidly or inviscidly. Read in 
in INPUT. 

VISCOUS = .FALSE.: 
Inviscid flow. (DEFAULT) 

VISCOUS = . TR UE.: 
Viscous flow. 

TURBULNT: 
Switch for turbulence model. Only used for VISCOUS = .TRUE. 

TURBULNT = .FALSE.: 
Laminar flow. (DEFA,uLT) 

TURBULNT = .TRUE.: 
Turbulent flow. 
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Algorithm Options 

The following parameters set method options. Unless otherwise specified, 
they are all read in in INPUT. 

METH: Determines which method is used. 

METH = -1: 
Standard block pentadiagonal implicit scheme with con
stant coefficient dissipation. 

METH = 1: 
Standard block tridiagonal implicit scheme with constant 
coefficient dissipation. 

METH = 2: 
Block pentadiagonal scheme with 2nd - 4th order non
linear artificial dissipation. 

METH = 3: 
Pentadiagonal implicit scheme with 2nd - 4th order non
linear implicit smoothing. (DEFAULT) 

METH = 4: 
Pentadiagonal implicit scheme with 4th - 4th order 
implicitl explicit constant dissipation. 

Use block implicit scheme for time accurate computation. The present ver
sion uses constant coefficient artificial dissipation. For steady state computa
tions use pentadiagonal scheme with nonlinear artificial dissipation. 

IVIS: Determines implicit treatment of viscous terms. For METH = 3, 4. 

IVIS = 1: Uses pentadiagonal for ~ and block for 11 with implicit 
viscous eigenvalues included. 

IVIS = 2: Inviscid implicit operator in ~ and 11 viscous explicit 
operator. (0 EF A UL T) 

JACOT: Switch to tum on variable time step. For unsteady problems, use a 
constant time step. For steady - state use a variable time step. 
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JACDT = 0: 

Constan t time step. 

JACDT = 1: 
Time step scaled by Jacobian. (DEFAULT) 

JACDT = 2: 
Time step based on minimum. 11 eigenvalues. 

JACDT::: 3: 
Time step based on constant CFL at each point. 

DTRATE: A scaling factor for the variable time step based on Jacobian. 
Allows for larger time steps when Jacobian gets large, for instance 
near the body. Only used for JACDT = 1. The formula for vari
able dt is shown below. (DEFAULT= 1.0) 

dt(used) = DT (1 + ~J) 
1 + ~ J IDTRATE 

A class of three step first or second order time accurate schemes can be 
employed. For steady state, Euler Implicit performs the best. For unsteady, 
3pt Implicit is a good choice. 

PHIDT, THETADT: 
Time integration parameters. 

PHIDT = 0 THETADT = 1 
PHIDT = 0 THETADT = 11 2 
PHIDT = 112 THETADT = 1 

ORDERXY: 

EULER IMPLICIT (DEFAULT) 
TRAP. IMPLICIT 

3PT IMPLICIT 

Order of operations for implicit integration. 

ORDERXY = .TRUE.: 
XI - ETA order. Works for all methods. (DEFAULT) 

ORDERXY = .FALSE.: 
ETA - XI order. See INPUT for exceptions. 



136 
Dissipation Parameters 

These parameters are used to determine the character of the artificial viscosity 
being used in the scheme. Unless otherwise specified, they are read in in IN
PUT. 

SMU: Smoothing parameter in explicit right hand side. Used for METH 
= 1,4,-1 in SMOOTH. Rescaled by DT. (DEFAULT= 1.0) 

SMUIM: Smoothing parameter in implicit left hand side. Used for METH = 
1,4,-1 in FLMATX2, FLMATY2. Rescaled by DT. 
(DEFAULT=3.0) 

DIS2X, DIS2Y: 
Second order X and Y coefficients for FILTER. Used for METH = 
2,3 in FILTER X, FILTERY, STEPF2DX, STEPF2DY. 
(DEFAULT=O.O) 

DIS4X, DIS4Y: 
Fourth order X and Y coefficient for FILTER. Used for METH = 
2,3 in FILTER X, FILTERY, STEPF2DX, STEPF2DY. 
(DEFAULT=0.64) 

ISPEC: Switch for spectral radius scaling in artificial dissipation. 

ISPEC = 0 Form SPECTX and SPECTY the same. 
For METH = 1, 4, -1. 
SPECTX = SPECTY = 1.1 XYJ 

ISPEC = 1 Form SPECTX and SPECTY independently. 
For METH = 2,3. (DEFAULT) 
SPECTX = ( ABS(UU) + CCX )/XYJ 
SPECTY = ( ABS(VV) + CCY)/XYJ 

ISPEC = 4 Form SPECTX and SPECTY independently. 
SPECTX = (ABS(;x) + ABS(;y) )/XYJ 
SPECTY = ( ABS(11x) + ABS(11y) )/XYJ 

ISPEC = -1 Form SPECTX and SPECTY the same. 
SPECTX = SPECTY = 64.1XYJ 

SPECTX, SPECTY: 
The spectral radius scaling in the; and 11 directions, respectively. 
Formed in SPECT from INTEGRAT and FORCE. Used in 
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FILTERX and FILTERY. 

UU, VV: The contravariant velocities in the ~ and 11 directions, respectively. 
Formed in EIGVAL from INTEGRAT and FORCE. Used to form 
SPECTX and SPECTY. 

CCX, CCY: 
The Eigenvalues in the ~ and 11 directions, respectively. Formed in 
EIGVAL from INTEGRAT and FORCE. Used to form SPECTX 
and SPECTY. 

COEFX, COEFY: 
The pressure coefficients in the ~ and 11 directions, respectively. 
Formed in GRADCOEF from INTEGRAT and FORCE. Used in 
FILTERX and FILTERY respectively. 

FMACH: Function suggested by Unver Kaynak to decrease the artificial dissi
pation near the wall in viscous runs. Varys as FSMACH. Found in 
FOFMACH from INTEGRAT and FORCE. Used in FILTERX 
and FILTERY. 

J, K Indices 

The following variables are all grid dependent. They are read in in the ap
propriate input routine for the grid or calculated in SETUP for each grid. The 
local grid input routine is LINPUT and the global grid input routine is GIN
PUT. 

JDIMEN, KDIMEN: 
The size of the current grid in an interaction run or the final grid in 
a single grid run. Equal to JMAXOLD, KMAX in most cases. 
Sent as arguments to all the subroutines that bring in permanent 
arrays as arguments. 

JMAX: Total number of points in XI direction. Equal to JMAXOLD-l for 
a periodic grid with overlap. (DEFAULT= 193) 

KMAX: Total number of points in ETA direction. (DEFAULT=33) 

JMAXOLD: 
Inputted value of JMAX. If overlap, then set JMAXOLD = JMAX 
and JMAX = JMAX-l in INITIA. For cases with overlap, the 
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output routines (especially for PLOT3D) use JMAXOLD so that 
the plots show a closed geometry and solution domain. 

JM: JMAX - 1. Set in SETUP. 

KM: KMAX - 1. Set in SETUP. 

JBEG IN, JEND: 
Absolute lower and upper limits on J, typically 1 and JMAX. Set in 
SETUP. 

KBEG IN, KEND: 
Absolute lower and upper limits on K, typically 1 and KMAX. Set 
in SETUP. 

JLOW: Lower do loop limit in J direction. Found in SETUP. 

JLOW = 2 for PERIODIC = .FALSE. 
JLOW = 1 for PERIODIC = .TRUE. 

JUP: Upper do loop limit in J direction. Found in SETUP. 

JUP = JMAX-l for PERIODIC = .FALSE. 
JUP = JMAX for PERIOD IC = . TR UE. 

KLOW: Lower do loop limit in K direction, typically KLOW = 2. Found in 
SETUP. 

KUP: Upper do loop limit in K direction, typically KUP = KMAX - 1. 
Found in SETUP. 

JTAILl: First solid body point. Must be ~ 2 for nonperiodic grid. Set = 1 
in LINITIA or GINITIA if PERIODIC (O-grid). 

JTAIL2: Last solid body point. Must be ~ JMAX-l for nonperiodic grid. 
Set = JMAX in LINITIA or GINITIA if PERIODIC (O-grid). 

JPLUS: Index array for J differencing. Found in SETUP. 

JPLUS(J) = J + 1 
JPLU S(JMAX) = JMAX for PERIODIC = .FALSE. 
JPLUS(JMAX) = 1 for PERIODIC = .TRUE. 



JMINUS: Index array for J differencing. Found in SETUP. 

JMINU S(J) = J - 1 
JMINUS(1) = 1 for PERIODIC = .FALSE. 
JMINUS(I) = JMAX for PERIODIC = .TRUE. 

KPLUS: Index array for K differencing. Found in SETUP. 

KPLUS(K) = K + 1 
KPLUS(KMAX) = KMAX 

KMINUS: Index array for K differencing. Found in SETUP. 

KMINUS(J) = K - 1 
KMINUS(I) = 1 
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NOTE: Code has the option to use an overlapping or nonoverlapping periodic 
grid. In the overlap case the 1 and JMAX point are overlapped in the grid 
and special logic in the above parameters is used to account for this. See 
SETUP. 

Other Global Parameters 

These are all read in in INPUT. 

STRTIT: The number of iterations over which the slow (rather than impul
sive) start is spread. Used in BCFOIL. (DEFAULT= 12) 

IPRINT: Output switch for frequency of residual history output on TAPE6. 
Used in MAIN. (DEFAULT= 1) 

NP: Frequency of calls to IOALL(15) to show RHO, U, V, E, P, Cp, 
MACH, X, Y on TAPE6. (DEFAULT= 10000) 

NPCP: Frequency of calls to IOALL(12) to output CP vs time for plotting 
on IRIS or other devices. Writes to TAPE23. (DEFAULT= 10000) 

Some Parameters Used in MAIN 

ISTAR T: The starting iteration, read in from the restart data file. 
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NUMITER: 

Iteration counter for main steps. 

DT: Time step. Either a true dt for time accurate computation or a scal
ing factor for the spatially variable time step. In a steady state cal
culation DT is order(1.0}. (DEFAULT=5.0) 

TOTIME: DTxNUMITERxFSMACH 

CPUTIME: 
CPU time. 

ISTEPS: Actual number of iterations executed by the solver. 

lEND: Ending value for NUMITER in the iteration do loop. 

SCALIT: Determines ratio of coarse grid size to fine grid size. 

FINEITS: SCALITx NUMITER 

IBAIL: Flag in MAIN used to show that a set of iterations has converged. 

IRATE: Parameter in MAIN which determines the number of iterations 
over which the convergence rate is calculated. 

IP: Used to determine which function in IOALL is executed when 
IOALL is called. 

IIO: Sequence level in MAIN. 

NSUPER: Number of supersonic points. Computed in IOALL(5}. 

RESID: L2-Norm of residual. Computed in RESIDL2. Output in 
IOALL(8} onto TAPE7. Output in IOALL(5} to TAPE6. Zeroed 
in INITIA. 

RESIDMX: 
Max-Norm of residual. Computed in RESIDL2. Output in 
IOALL(8} onto TAPE7. Zeroed in INITIA. 

MAXRES(2}, MAXDQ(2}: 
The J and K locations of the maximum residuals and the change in 
Q, over the 4 conservative variables. 
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CLFINE: The lift on the airfoil as computed on the fine grid in an interaction 

run. Found in IOALL(S) and used in BCFOIL. 

IIGRID: Sequence level in MAIN. Used in BCFOIL. 

Grid Parameters 

These are all read in in INPUT. 

IREAD: Determines how the grid is brought into the program. Used in 
IOALL. 

IREAD = 0: 
Create grid for cylinder. (DEFAULT) 

IREAD = 1: 
Formatted read of grid from TAPES in IOALL(3). 
JMAX, KMAX (215) X, Y (SEI4.7). 

IREAD = 2: 
Unformatted read of grid from TAPES in IOALL(3). 

DSWALL: 
Minimum spacing at body for cylinder grid. Passed as parameter to 
CYLGRID from INITIA. Referenced only in CYLGRID. 
(DEFAULT=-O.OOS) 

DSWALL = 0.0: 
Produces uniform circle grid. 

DSWALL > 0.0: 
Produces stretched grid with DSWALL minimum spacing 
in 11 and cosine clustering to front and back. 

DSW ALL < 0.0: 
Produces uniform grid in ~ and stretched in 11. 

SOBMAX: 
Upper dimension in diameters (D= 1) for cylinder grid. Passed as 
parameter to CYLGRID from INITIA. (DEFAULT= 12.0) 



CL vs ALPHA Logic 

CLALPHA: 
Option to com pu te ALPHA for a given CL. 

CLALPHA = .FALSE. 
Logic not used. (DEFAULT) 

CLALPHA = .TRUE. 
Logic turned on. 

CLINPUT: 
Target coefficien t of lift. 

ICLSTR T: Start ALPHA modification after ICLSTR T iterations. 

ICLFREQ: 
Update ALPHA every ICLFREQ steps using the formula: 

DELTA ALPHA = -RELAXCL x DELTA CL 
DELTA CL = CLINPUT - CL(CALCULATED) 

RELAXCL: 
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Relaxation parameter for DELTA ALPHA. Should use values of 
order 1.0. 

CLTOL: Update of ALPHA stopped when ABS(DELTA CL) reaches toler
ance, CLTOL. Order (1.0E-4). 

ISW: Dummy switch for print out. 

Forcing Parameters 

LQMAX: Number of grids to be used in the calculation. Read in in INPUT 
U sed in MAIN. 

LQPAR: Grid which is the parent of the current local grid. Used in MAIN. 

INTDOWN: 
Switch used to determine whether down interpolation actually takes 
place. Down interpolation is not desirable if a coarser grid is only 
being used to estimate the size of the forcing function. 
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ICOUNT, IPOINT, IND: 

Quantities used to calculate, store and use pointers needed in 
MAIN for the indirect indexing of JPTS, KPTS, XNEWT, and 
YNEWT. 

JPLOW, JPUP, KPLOW, KPUP: 
Approximate boundaries of the local grid in the global grid. Initial 
values read in in LINPUT, recalculated in XYDOWN. 

JSHIFTD, KSHIFTD: 
Determines integer distance which bicubic patch centers are dis
placed away from boundaries for the down interpolation. Read in 
in INPUT. Used in XYDOWN. (DEFAULTS=2) 

JSHIFTU, KSHIFTU: 
Determines integer distance which bicubic patch centers are dis
placed away from boundaries for the up interpolation. Read in in 
INPUT. Used in XYUP. (DEFAULTS=2) 

NMIN, NMAX: 
The smallest and largest values of N in the global grid for which up 
interpolation takes place. Used in XYUP and QUP. 

MMIN, MMAX: 
The smallest and largest values of M in the global grid for each N 
for which up interpolation takes place. Used in XYUP and QUP. 

M, N: The indices for the points in the grid being interpolated TO in 
XYDOWN and XYUP. (J, K ) are the indices for the po in ts in 
the grid being interpolated FROM. 

SUMX, SUMY, SUMl, SUM2, SUM3, SUM4: 
Scratch arrays used in finding the coefficients for the bivariate 
patches. Used in XYDOWN, XYUP, QDOWN, and QUP. 

RX, RY, RQl, RQ2, RQ3, RQ4: 
Initially hold the RHS's in the matrix equation for the coefficients 
of the bivariate patches, then holds the coefficien ts themselves. 
U sed in XYDOWN, XYUP, QDOWN, and QUP. 

NUMX, NUMY: 
Temporaries holding the numerators in the Newton zero-finding 
algorithm. Used in XYDOWN and XYUP. 
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FX, FXX, FXY: 

The function value, x-derivative, and y-derivative for tile X(M,N) 
bivariate patch, evaluated at ( XNEWT, YNEWT ). Used in 
XYDOWN and XYUP. 

FY, FYX, FYY: 
The function value, x-derivative, and y-derivative for the Y(M,N) 
bivariate patch, evaluated at ( XNEWT, YNEWT ). Used in 
XYDOWN and XYUP. 

IFmST: Switch set in MAIN. Determines whether down interpolation is 
performed for the entire local grid or just for the boundary points. 
Interpolation is performed for the entire grid when IFmST > 0, 
implying that the local grid is being initialized by the global grid. 
Otherwise, only the boundary points are interpolated to, so that the 
local grid solution does not have to redevelop after every down 
in terpolation. 

QTEMP: Temporary array containing the interpolated values in XYUP and 
QUP. Needed in the case of the local grid crossing the cut at the 
trailing edge of the airfoil. 

MCUT: Value of M at the cut of the airfoil in XYUP and QUP. 



APPENDIX C 

SAMPLE .JCL FILE FOR CODE TEINJECT 

CASE VS37 

JOB.JN= VS37.T= ISoo.MFL= 1900000. 
ACCOUNT.AC= .US= .UPW= • 
.... 
.... LINK IN THE LIBRARIES. 
AMESLIB. 
IMSLIB . 
... 
.... ACCESS THE RESTART Fn.ES. 
ACCESS.DN ... REST1.PDN= VS37Ql .ID= STTBDG.NA. 
ACCESS.DN ... REST2.PDN= VS37Q2 .ID= STTBDG.NA. 
ASSIGN.DN ... REST1.A= FT03. 
ASSIGN.DN ... REST2.A= FT32 . 
... 
.... ACCESS THE INPUT GRIDS. 
ACCESS.DN= GRID1.PDN= RGA2 .ID= STTBDG. 
ACCESS.DN .. GRID2.PDN ... RGA37 .ID ... STTBDG.NA. 
ASSIGN.DN= GRID1.A= FTOS. 
ASSIGN.DN= GRID2.A= FT31. 
.... 
ASSIGN.DN= SOLN1.A= FT04. 
ASSIGN.DN= SOLN2.A= FT35. 
ASSIGN.DN ... FORC.A= FT20. 
ASSIGN.DN= SOLNA.A= FT36. 
ASSIGN.DN= SOLNB.A= FT37. 
ASSIGN.DN= SOLNC.A= FT3S. 
ASSIGN.DN= SOLND.A= FT39. 
ASSIGN.DN= CLCD.A= FT07 . 
... 
.... HELPING. INTEGRATOR. INPUT AND BC ROUTINES. 
FETCH.DN= CM.MF= EA.TEXT= 'STT1:< GOBLE.WORK.TCOD> COMDECK.F;3· . 
.... FETCH.DN= HP.MF= EA.TEXT= 'STT1:< GOBLE.WORK.TCOD> HLPDECK.F;3· . 
.... FETCH.DN= IG.MF ... EA.TEXT= 'STT1:< GOBLE.WORK.TCOD> IGRDECK.FI3·. 
·.FETCH.DN= BC.MF= EA.TEXT= 'STT1:< GOBLE.WORK.TCOD> BCNDECK.F2S· . 
.... 
.... MAIN PROGRAM AND LffiRARY ROUTINES. 
FETCH.DN= MP.MF= EA.TEXT= 'STT1:< GOBLE.WORK.TCOD> MAINA.FOR· . 
.... FETCH.DN ... LB.MF= EA.TEXT= 'STT1:< GOBLE.WORK.TCOD> ML150.FOR·. 
ACCESS.DN= ARCLIB.PDN= MLI50FOR6.ID= STTBDG.ED= 3 . 
.... 
.... UPDATE. CFT AND RUN THE CODE. 
UPDATE.P= 0.1= MP:CM.C= COMP.N= O.L.E.S ... O.DW.DC ... OFF.F. 
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CFT,Ie COMP,Le O,OPT ... FULLIFCON,MAXBLOCK ... 4000,ONe Z. 
LDR,MAPe OFF,LIB- ThISL:ARCLIB. 
• · •• SAVE THE RESTARTS AND FORCING FUNCTION FOR LATER USE. 
·.SA VB,DNe:: SOLNl,PDN- VS37Ql ,ID .. STTBDG,NA. 
·.SAVB,DN= SOLN2,PDN ... VS37Q2 ,ID= STTBDG,NA . 
•. SA VB,DNe FORC,PDNe VS37F ,IDe STTBDG,NA. 
·.SA VB,DN= CLCD,PDN ... VS37C ,ID- STTBDG,NA • 
•• 
•. USE SENDWKS. 
• · ·.ACCESS,DN= SENDWKS,PDN= SENDWKS,ID= STTRDM,OWN= RFTRDM. 
·.SENDWKS,DN= FORC ,VON= '[GOBLE.WORK.SCRR]VS37F.BIN',NOREC. 
• · EXIT. 
DUMPJOB. 
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DEBUG ,NOTSYMS= Q:XY:XIT:ETT:PRESS:XYJ:X:Y:QSA VB:FORCE:TURMU :VORT:" 
SNDSP:DS:S:SPECTX:SPECTY:XNEWT:YNEWT:FFLAG,MAXDIM= 1:1:I,BLOCKS= BASE. 
• 
IEOF 
$INPUTS FSMACH= 0.64, ALPHA... 1.93, RE= S.7E6, 

DIS4X ... 0.64, DIS4Y= 0.64, DIS2Xe 1.0, DIS2Y= 1.0, 
IPRINT= SO, IREAD... 2, 
FORCER= TRUE, PATCH= FALSE, STORE ... TRUE, 
CHARBC= FALSE,· DRCHLTl= FALSE, DRCHLT2= FALSE, 
LQMAX= 2 $ 

$LINPUTS JMAXa 243, KMAX ... 37, JTAILl= 26, JTAIL2= 218, 
JPLOW = 2, JPUP= 128, KPLOW... 1, KPUP= 19, 
TRANSLO= 0.11, TRANSUP= 0.11, LQPARIN= 1, 
RESTART= FALSE, 
BCAIRF= FALSE, CIRCUL= FALSE, PERIODIC= FALSE, 
VISCOUS= TRUE, VISCBC= TRUE, TURBULNT= TRUE $ 

$GINPUTS JMAX= 129, KMAX= 33, JTAILl= 17, JTAIL2= 113, 
TRANSLO= 0.0, TRANSUP= 0.0, 
RESTART= FALSE, 
BCAIRF= TRUE, CIRCUL= FALSE, PERIODIC= FALSE, 
VISCOUS= FALSE, VISCBC= TRUE, TURBULNT= FALSE $ 

ISEQUAL IF ISEQUAL GT 1 THEN JMXI,KMXI,mNDS,DTISEQ: 11= I,ISEQUAL 
13 
JMXI, KMXI, mNDS, DTISEQ, LQ, LQTO FOR 11= I,ISEQU AL 
129, 33, 400, 1.0, 1, 1 
239, 37, 400, 1.0, 1, 2 
129, 33, 400, 3.0, 2, 1 
239, 37, 400, 3.0, 1, 2 
129, 33, 400, 5.0, 2, 1 
239, 37, 400, 5.0, 1, 2 
129, 33, 400, 5.0, 2, 1 
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239, 37, 400, 5.0, 1, 2 
129, 33, 600, 5.0, 2, 1 
239, 37, 600, 5.0, 1. 2 

/ 

129. 33, 800, 5.0, 2. 1 
239, 37. 800. 5.0, 1. 2 
129, 33, 1000, 5.0. 2. 1 
239, 37, 1000, 5.0, 1, 2 
129, 33. 1000, 5.0, 2, 1 

IEOF 
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