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ABSTRACT 

A popular electrical exploration method is 

controlled source audiomagnetotellurics (CSAMT). Although 

th~ CSAMT method has had practical success, the theory used 

in CSAMT interpretation remains limited. 

The controlled source in CSAMT is a 

electric dipole placed as far as is practical 

grounded 

from the 

survey area. When the source-receiver separation is large 

enough, source fields can be adequately modeled by a single 

plane wave and conventional magnetotelluric interpretation 

methods can be used. Quite often however, data collected at 

lower frequencies can not be interpreted wi th 

magnetotelluric algorithms. If the electrical distance 

between source and receiver is too small, mathematical 

models must explicitly include the dipolar nature of the 

source fields to accurately model the data. 

Models which include a dipole source are limi ted. 

Most interpretation of CSAMT data is based upon horizontally 

layered models. In this dissertation, the model of plane 

layers excited by an arbitrary source is extended to include 

the effects of lateral changes in layer thickness. The 

method developed for modeling undulating interfaces mimics 

nature more accurately than plane-layered models, while 
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preserving the utility of quick evaluation and insight lost 

to more general numerical methods. While the main emphasis 

here is on CSAMT applications, the theoretical results are 

valid for any source type. Topographic effects are modeled 

for plene wave and magnetic dipole sources. The effects of 

relief in basement topography on the response of a 

horizontal loop-loop sys~em are computed and compared with 

scale-model measurements. CSAMT field data which can not be 

adequatelY explained by plane-layered models are analyzed 

using models with variable layer thickness. The correctness 

of the theoretical development is verified by comparison 

wi th physical measurements. The utility of the. theory is 

illustrated by application to problems which can not be 

explained by plane-layered models. 
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CHAPTER 1 

INTRODUCTION 

Controlled-source audiomagnetotellurics (CSAMT), an 

electromagne'tic exploration method, 

oil, and geothermal exploration, as 

engineering and waste disposal 

is used in mineral, 

well as in geological 

investigations. The 

controlled source in CSAMT is either a grounded electric 

bipole antenna or an ungrounded horizontal loop antenna. 

Time varying electromagnetic signals are broadcast in the 

audio frequency range, ,from 1 Hz to 5 kHz. The source 

antenna is placed as far as practical from the area of 

geologic interest to allow magnetotelluric-like measurements 

of electromagnetic field components. Far from the source, 

the primary field behaves like a plane wave. Measurements 

of orthogonal field components can be combined into 

impedances which characterize the ground's electrical 

properties. Measured impedances are compared with 

predictions from theoretical models with the goal of 

inferring the electrical properties of the subsurface. 

Successful interpretation of CSAMT data depends upon sound 

theoretical models of the interaction between 

electromagnetic fields 

theoretical modeling of 

and geologic structure. 

CSAMT is investigated in 

The 

this 



12 

dissertation~ Extensions to exieting theory provide both a 

tool for refined interpretation and a guide for determining 

when traditional interpretation methods are invalid. 

A Description of CSAMT 

CSAMT evolved from the magnetotelluric method. In 

magnetotelluric surveys, orthogonal components of naturally 

excited electric and magnetic fields are measured. 

Filtering extracts information about impedances for a broad 

range of frequencies. Because high frequency 

electromagnetic energy penetrates less deeply than low 

frequency energy, a spectrum of measurements provides 

information about resisti vi ty as a function' of depth. For 

the depths of interest in most exploration surveys, the 

necessary frequencies are in the audio range. 

There are problems associated with the use of 

natural sources in the audio frequency range. Absorption 

effects at 2 kHz limit field strengths available from 

natural sources. Because fields radiated by the tropical 

thunderstorm belt are attenuated too much to be useful, 

only local thunderstorms provide strong enough source fields 

near 2 kHz (Goldstein and Strangway, 1975; Wait, 1981). 

Local thunderstorms are an erratic source. The sporadic 
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presence of sufficiently strong source fields is a major 

drawback of natural source AMT. 

Even with active natural sources, AMT data 

acquisi tion is slow. Since the polarizations of natural 

sources are unknown, mUltiple components of the 

electomagnetic fields e and h must be measured. Collecting 

two components of !it and three components of h requires 

elaborate equipment and data analysis. The frequency 

content of natural sources is also uncontrolled. In order 

to obtain sufficient information for a broadband spectrum 

analysis, data must be collected for an extended period of 

time at each observation site. 

Frustration with erratic natural sources lead to the 

idea of a controlled source for AMT surveys. Goldstein and 

Strangway (1975) proposed a grounded electric bipole for a 

source antenna. A bipole source provides a stable, known 

primary field. The geometry of a CSAMT survey is shown in 

Figure 1.1 The source antenna is a straight, insulated 

wire, often one or two kilometers long, grounded at each end 

wi th metal stakes. A constant current transmitter drives 

the selected waveform, usually a square wave. Measurements 

are typically made broadside to the transmitter bipole. Two 

components are measured at each station, the electric field 

parallel to the transmitter bipole, ex, and the magnetic 
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Figure 1.1 Map View of CSAMT Survey 
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The transmitter is placed as far as is practical from the 
survey area and is oriented so that ex is perpendicular to 
regional strike. 
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field perpendicular to the transmitter, h y• ex is measured 

as a voltage gradient along a wire grounded at each end by 

non-polarizable electrodes. hy is measured wi th a 

ferri te-cored coil. Controlling the polarization of the 

source field reduces the number of electromagnetic field 

components that must be measured. With fewer field 

components to measure at each observation location, 

equipment is lighter and data acquisition is faster. 

An alternative source is a horizontal loop antenna, 

effecti vely a vertical magnetic dipole. Loop antennas do 

not have grounded endpoints, an advantage in highly 

resistive terrains. The disadvantage of large loop sources 

is that, unlike an electric bipole, their orientation can 

not be changed. The large loops must be horizontal. 

Ideally, the transmitter should be oriented so as to produce 

a broadcast pattern with an electric field oriented 

perpendicularly to geologic strike in the survey area. 

Lateral resistivity contrasts are most sharply defined if ~ 

is perpendicular to strike. Primary field orientations can 

be controlled with an electric bipole source, a virtue 

denied to the horizontal loop source. 

As in magnetotellurics, CSAMT 

organized into frequency sounding 

survey results are 

curves for each 

observation location. A sounding curve is shown in Fi,ure 
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1.2, a log-log plot of Cagniard apparent resistivity versus 

frequency, where the Cagniard apparent resistivity, Pa' is 

The relationship between the 

frequency of a time-harmonic electromagnetic field and its 

depth-of-penetration is characterized by a measure of 

electrical distance, the skin depth (Figure 1.3). A plane 

wave propagating through a uniform media is attenuated by a 

factor of 0.37 or 8.7 db in one skin depth. In terms of 

resistivity and frequency, a skin depth, 6, is equal to 

503{p/f, where 6 is skin depth in meters, p is complex 

resistivity amplitude in ohm-meters, and f is frequency in 

Hertz. Skin depths are proportional to the square root of 

resistivity and inversely proportional to the square root of 

frequency. At higher frequencies, electromagnetic fields 

attenuate rapidly with depth. Measurements at high 

frequencies reflect the earth's near-surface electrical 

properties. At low frequencies, electromagnetic fields 

penetrate more deeply into the ground. Measurements made at 

low frequencies reflect the electrical properties of a 

larger volume of the subsurface. 

To investigate a range of depths, a broad band of 

frequencies must be sampled. With natural sources, a broad 

bandwidth is obtained by making measurements for an extended 

time at each station. With CSAMT, the frequency spectrum 
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A log-log plot of apparent resisti vi ty vs frequency for a 
two-layer earth. The solid line is for a horizontal 
electric dipole (HED) source placed at (0,0) km relative to 
a receiver at (5,0.5) km. The x axis is parallel to the 
transmi tter dipole and the y axis is perpedicular to the 
transmitter. The dashed line is for a plane-wave source. 
At low frequencies, apparent resistivities based on the 
plane-wave source model are inappropriate for a HED source. 
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A normally incident plane wave is exponentially damped in a 
lossy material. The distance in which the field amplitude 
decreases by a factor of lie or 0.37 is defined to be one 
skin depth. 
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can be sampled in a more systematic way. By transmitting a 

square wave, several frequencies can be measured for each 

transmitted primary waveform. Fourier analysis of the 

measured data provides information at the primary frequency 

and at several odd harmonics. The transmitter can step 

through the frequency range in large increments, yet the 

spectrum is well filled with measurements. 

Artificial sources provide control over signal 

strength, primary field polarization, and frequency content. 

The well-developed methods of magnetotelluric 

interpretation can be applied directly to CSAMT data for 

measurements made far enough from the transmitter. How far 

is far enough? By standard criteria, the transmitter should 

be more than three skin depths away from the measurement 

area for magnetotelluric-like, plane-wave field behavior. 

As shown in Figure 1.4, for a uniform half-space the 

Cagniard apparent resistivity is accurate if measurements 

are made broadside to the transmi tter and are more than 

three skin depths away. The situation is not so simple 

however, for an earth model which includes a highly 

resistive lower layer. Wait and Spies (1973a, 1973b) 

investigate the dependence of surface impedance on 

source-recei ver for a line source. The same effects are 

apparent for a electric bipole source. Figure 1.5 depicts 
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Figure 1.4 Error in Cagniard Apparent Resisti vi ty over a 
Uniform Half-space. 

The Cagniard apparent resistivity is not exact due to finite 
separation between source and receiver. Contours show 
percent deviation of apparent resisti vi ty, Pa for fields 
excited by HED with respect to Pa for plane-wave excitation, 

where Pa = <.>! I z Z I . 
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the Cagniard apparent resistivity for a low over high 

geometry. The two-layer model is a low resisti vi ty, 100 

ohm-meter overburden layer, 100 meters thick, overlaying a 

resistive basement of 1000 ohm-meters. The apparent 

resisti vi ties deviate from "far-field" magnetotelluric 

values at a distance of 8 skin depths. The finite distance 

to the grounded source has an appreciable effect well beyond 

the three-skin-depth radius, when skin depths are calculated 

with the resistivity of the overburden layer. The 

three-skin-depth criteria is invalid, even for skin depths 

computed with apparent resistivities, rather than overburden 

resistivity. Only when the resistivity of the highly 

resistive basement is used in the skin depth formula is the 

three-skin-depth criteria correct. In areas with a 

resistive geologic unit, the separation between transmitter 

and receiver must be based upon the lowest frequency to be 

measured and the highest resisti vi ty present in the local 

geology. Large enough separation between transmitter and 

receiver may be difficult to achieve. 

The advantages of a controlled source are somewhat 

offset by the disadvantages of the effects that the source 

has on measurements made too close to the transmitter. 

Source effects or "near-field" measurements can be avoided 

by increasing the separation between the transmitter and 
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recei ver. Practical limitations on transmitter size and 

power, however, limit the maximum separation between the 

source and receiver. . Low frequency measurements are often 

made in the near field, where fields are not well 

approximated by a single plane wave component and the 

Cagniard apparent resistivity does not model field behavior 

well. . In the frequency sounding curve shown in Figure 1.2, 

low frequency apparent resistivities are inversely 

proportional to frequency, reflecting the inappropriateness 

of the Cagniard apparent resistivity for near-field data. 

Existing Theoretical Models 

Since CSAMT measurements often include near-field data, 

modeling programs used in CSAMT interpretation should 

explici tly include the artificial source.' The catalog of 

available model types which include a grounded dipole source 

is quite limited. 

The simplest earth model is a uniform half-space. 

Wait (1961) developed analytical expressions for fields 

about a horizontal electric dipole on the surface of a 

homogeneous earth. An immediate application for Wait's 

exact closed-form expressions is the computation of an 

improved apparent resistivity which explicitly includes both 
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the character of the transmitter field and the effects of 

finite separation between the transmitter and receiver. A 

second application of Wait's results is as an aid in 

computing numerical solutions to the plane-layered earth 

problem. By computing the effects of subsurface layers as a 

perturbation to a half-space, the amount of computation 

required for model evaluation is reduced. 

A layered earth model is a 10gical extension to the 

uniform half space. Electromagnetic fields about a 

horizontal electric dipole on a layered earth can be 

computed by 

representation 

numerically 

(Wait, 1966). 

efficient computer program 

models. The convergence 

evaluated by Anderson's 

evaluating an integral 

Anderson (1974) documents an 

which evaluates layered earth 

of the integrals numerically 

routines is accelerated by 

subtracting a half-space response before integration, an 

improvement made possible by Wait's closed form expressions 

for half-space fields. Anderson's computer routines are 

efficient enough for use in routine interpretation and most 

CSAMT interpretation is based upon one-dimensional models. 

In reality, lateral variations are common and can make 

plane-layered models invalid. 

Models which include both an electric bipole source 

and lateral variations are limited. A simple 



25 

two-dimensional shape which is amenable to oathematical 

analysis is a circular cylinder. Howard (1975a) 

describedinductive anomalies due to a circular cylinder 

embedded in a conductive half-space and excited by a 

magnetic dipole source. For vertical magnetic dipole (VMD) 

excitation, Tsubota and Wait (1980) derived equations for 

both frequency and time domain responses of a thin, 

cylindrical conductor. Wait (1959, 1986) included a 

discussion of plane-wave scattering from cylinders for 

oblique incidence. A spectrum of plane waves can be used to 

synthesize a three-dimensional source. 

Another two-dimensional shape which invites 

analytical analysis is the wedge. Al though a wedge-like 

body would be a good model for dipping contacts, the problem 

is surprisingly intractable and few solutions exist. Geyer 

(1972) addressed the issue of magnetotelluric anomalies over 

wedge shapes excited with a uniform and constant magnetic 

field parallel to strike by applying the Lebedev-Kontovovich 

transform. Geyer's results involve integrals with modified 

Bessel functions of fractional order and are of limited 

utilit.y. Schlak and Wait (1967) used a geometrical ray 

approximation to determine fields over a slopina interface 

within a half-space excited by a vertical electric dipole. 

A ray tracing approximation seems to be the most promising 



26 

approach to modeling wedge-like structures. 

A three-dimensional shape which yields analytical 

solutions is the sphere. Wait (1960) considered the effects 

of a sphere excited by a dipole source in a whole space. 

Ogunade, Ramsuany, and Dosso (1974) derived results for the 

response of a sphere in a conductive half-space excited by a 

magnetic dipole source. Lee (1983) also addressed the 

sphere problem and calculated the transient response to VMD 

excitation. 

Numerical methods provide a more general approach to 

modeling, but at the cost of increased computational effort. 

Varentsov (1983) 

modeling. For 

three-dimensional 

reviewed three-dimensional numerical 

two-dimensional geology excited 

source, Lee and Morrison (1985a, 

by a 

1985b) 

reported a finite element solution. Their model's source is 

a magnetic dipole. Three-dimensional finite element 

modeling is described by Pridmore, Hohmann, Ward, and Sill 

( 1981 ) • The finite element method can model almost any 

geological structure, but at a tremendous computational 

cost. 

An al ternati ve to finite elements is the integral 

equation approach. Wannamaker, Hohmann, and San Filipo 

(1984) used the integral equation method to compute the 

response of a brick-like shape in a layered earth. Newman, 
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Hohmann, and Anderson (1986) used Wannamaker, et aI's, 

(1984) frequency domain algorithm to compute the transient 

response of a prism embedded in a layered earth and excited 

by a magnetic dipole source. For the transient response of 

the same model to horizontal electric dipole (HED) 

excitation, Gunderson, Newman, and Hohmann (1986) used the 

same algorithm. A hybrid combination of finite elements and 

integral equations was described by Best, Duncan, Jacobs, 

and Scheen (1985). The hybrid scheme combines the 

generality of finite elements with the numerical efficiency 

of integral equations. Inhomogeneities are restricted to a 

localized finite element mesh. Fields outside of the mesh 

are described by integral equations. By restricting the 

size of the mesh, solution matrix dimensions are kept under 

control. 

For smooth, compact shapes, the T-matrix method can 

be applied. Kristensson and Strom (1982), Karlsson and 

Kristensson (1983), and Kristensson (1984) reviewed 

geophysical applications of the T-matrix method. The 

T-matrix approach is most suitable for objects such as 

elliptical cylinders or ellipsoids. 

Although general numerical model schemes exist, they 

require huge computer resources. Fini te element, finite 

difference, integral equation, hybrid, and T-matrix methods 
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have all been applied to the three-dimensional 

electromagnetic induction problem, but the computation 

required to evaluate a general model remains enormous. 

Analytical results require less computation, but are 

restricted to a limited class of shapes. 

Extensions to Existing Theory 

Most CSAMT interpretation is based upon 

one-dimensional modeling. The interpreter changes 

parameters of a horizontally layered earth until the 

computed model response matches observed data in terms of a 

statistical measure such as root mean square difference. 

Inversion programs automate selection of layer parameters, 

but the theoretical model is limited to layers of uniform 

thickness. To interpret two- or three-dimensional 

environments, one-dimensional models are pieced together. 

The more complicated effects of lateral variations are 

ignored, even though they can be important. An immediate 

extension to horizontal layering is to allow variations in 

layer thickness. The problem of modeling the 

electromagnetic effects of undulating interfaces excited by 

a general source is addressed in this dissertation. 

The problem of modeling the lateral effects caused 
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by variations in layer thiokness is best treated as a 

perturbation to a plane-layer model. The plane-layered 

model itself is evaluated by considering the effects of 

subsurface layering to be a modification to a half-space 

response. 'By splitting the problem into sections, the 

amount of numerical computation required to evaluate a model 

is minimized. 

The theoretical development presented in this 

dissertation follows the strategy outlined above. The first 

section follows Weyl (1919), Weaver (1970, 1973)J Lajoie, 

Alfonso-Roche, and West (1975), and Wait (1980a) in 

developing a representation for the six components of e and 

h in terms of two scalar Hertz vector potential components, 

and A pair of rotation operators are derived, 

providing a useful utility for moving between 

representations with a vertical potential orientation and 

representations with an arbitrary Hertz potential 

representation. The rotation operators are a modification 

of results developed by Olsson (1983). Representations for 

half-space fields excited by HED and VMD sources are derived 

next. Half-space fields are presented in a two-dimensional 

Fourier transform domain, [(x,y,z) +-+ (kx,ky,z)]. Whereas 

previous work has been limited to development of 

representations with just one Hertz potential orientation, 
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the link between Fourier and Hankel transform domains and 

between representations with different choices for Hertz 

potential orientation is demonstrated. The catalog of 

Fourier transform domain representations presented by 

Lajoie, et ale (1975) is extended to include a 

representation for a horizontal, rectangular loop of finite 

size. The analysis for plane layers is described and 

efficient methods for the computation of layered earth 

models are indicated. Previous work by Anderson (1974) for 

efficient evaluation of layered earth models is extended by 

developing an analytical correction term which improves the 

convergence of the required numerical integration. Finally, 

the primary extension developed in this di,ssertation is a 

first-order perturbation solution for the effects of lateral 

changes in layer thicknesses. Expressions for reflection 

from and transmission through an interface with 

three-dimensional undulations are derived. Several special 

cases of the general first-order solution are considered. 

Limiting undulations to two dimensions reduces the numerical 

work required for model evaluation. Assuming the same 

permeability for all materials eliminates many terms in the 

expressions for reflection and transmission. For the 

special case of two-dimensional undulations, uniform 

permeability, and TM or TE mode source fields, the general 
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31 

The plane-layered earth model is extended by allowing 
undulations on one interface. A three-dimensional source is 
placed at the origin and electomagnetic field 'components can 
be computed at any point on the surface. 
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solution reduces to previous results presented by Hughes and 

Wait (1975a). 

Applications of the theory are included at each 

stage of the development. Closed-form solutions for 

half-space fields are useful for determining apparent 

resistivities. Plane-layered earth models lead to inversion 

routines which speed up interpretation and estimate model 

parameter statistics. The undulating interface model is 

applied to several problems. Placing· undulations on the 

air-earth interface models topography. Topographic effects 

are examined for CSAMT and AMT measurements. The effects of 

variable depth-to-basement is modeled for two situations. 

Scale modeling results are duplicated for the response of a 

horizontal loop-loop system over steps in a conductive 

basement. The effects of variable depth-to-basement on 

CSAMT data is illustrated with 

Arizona. The Avra Valley data 

data from Avra Valley, 

can not be explained by 

plane-layer models, while a model with a sloping subsurface 

interface successfully matches the measurements in terms of 

squared differences. 
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CHAPTER 2 

FIELD REPRESENTATIONS 

The first task in solving the problem of modeling 

the electromagnetic effects of non-uniformly layered earths 

is to present a basis for representing electromagnetic 

fields. A Hertz vector potential representation is 

developed in this chapter. Within homogeneous regions the 

six components of e and h can be represented in terms of an 

electric Hertz potential, !!" and a magnetic Hertz potential, 

* follows (Stratton, 1941): n as 

V V x 1\ 
V X n* ( 2 • 1 ) ~ = x n + J,l 

h V x V x * /\ V X (2.2) = n + (J n -
1\ . /\ 

where J,l = -i6)J,l, (J = (J + i6)E, with exp(i6)t) time dependence. 

The definitions of (l and 8 are chosen so as to produce 

* symmetry between e and h with respect to !!, and n .The vector 

potentials themselves are solutions of the vector wave 

equation, 

V x V x n 

V V * X x n 

viz: 

- V'Vn -
* - V'Vn -

}2!!, = 
}2!!,* = 

-P ~(x-x')~(y-y')~(z-z') 

0 

( 2 • 3 ) 

(2.4) 

2 /\/\ where P = ~ Idl, } = -J,l(J, Real(}) > 0, and Imag(}) > O. 



e = [:j 
* g(A), g (A) 

h = [~~ 
J = [~~ 
K u = 8 

kXf k y 

M = m:] 
N 

u = 7i 

p = [i:] 
Rj, R~ 

Tj, T~ 

U = 11'2+ A2 

Y 

Z 

Table 2.1 Mathematical Notation 

Electric field vector (volts/meter). 
Lower case indicates space domain. 
Upper case ~ Fourier transform domain. 

Reflectance functions. * indicates TE mode. 

Magnetic field vector (amperes/meter). 
Lower case indicates space domain. 
Upper case ~ Fourier transform domain. 

Electric current density (amperes/meter 2 ). 
Upper case ~ Fourier transform domain. 

Intrinsic impedance (ohms). 

Spacial wavenumbers (1/meters). 

Magnetic current density (tesla/meter 2 ). 
Upper case ~ Fourier transform domain. 

Negative of intrinsic admittance (-mhos). 

Electric dipole moment per meter 3. 
Upper case ~ Fourier transform domain. 

Reflection coefficients. 
* indicates TM mode. 

Transmission coefficients. 
* indicates TM mode. 

Vertical propagation constant. 

Re ( u ) ) 0, 1m ( u ) > 0, (1 /meters ) • 

Negative of admittance (mhos). 

Impedance (ohms). 
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Table 2.1 (continued) 

6 = 1/Re(J) 

Propagation constant (1/meters). 
Re(J) ) 0, Im(J) ) O. 

Skin depth (meters). 

£ Permitivity (farads/meter). 

A = I k~ + k~ Radial wavenumber (1/meters). 

p Permeability (henries/meter). 
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f1 = i(a)", Complex permeability (henries/meter-second). 

p 

8 = (J + i(a)£ 

Electric Hertz vector potential. 
Lower case indicates space domain. 
Upper case ~ Fourier transform domain. 

Magnetic Hertz vector potential. 
Lower case indicates space domain. 
Upper case ~ Fourier transform domain. 

Resistivity (ohm-meters). 

Conductivity (siemens). 

Complex conductivity (siemens). 

Radial frequency (radians/second). 

Derivative operators (1/meters). 
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~ represents an grounded electric dipole source. A grounded 

dipole source. is a short insulated wire carrying a 

time-varying current of He (Iei<a>t) amperes and grounded at 

each end. The dipole is oriented parallel to the unit 

vector ~ and has a infinitesimal length, dl. Since the wire 

is very conductive and is relatively short, the current is 

assumed to be uniform along the length of the wire. Dirac 

impulse functions, 6(x-x')6(y-y')6(z-z'), fix the location 

of the dipole source at (x',y',z'). The electric dipole 

source represents segments in a transmitter antenna. To 

obtain the response due to a finite length source, the 

response due to a dipole source must be integrated over the 

length of the transmitter antenna. In general, there is no 

requirement that the transmitter antenna be straight or that 

the current along the length of the transmitter antenna be 

uniform, although both assumptions are often made for CSAMT 

source antennas. 

Vertically Oriented Hertz Potentials 

The choice of orientation for and * fr is not 

unique, and the choice of which orientations to use has a 

major impact on the simplicity of solutions to the problem 

at hand. For matching boundary conditions in a layered 

earth problem, a good choice is vertically oriented Hertz 
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potentials, n = (0,0, nz ) and * n = All six 

electromagnetic field components can be derived from 

vertically oriented nand * n • As pointed out by Lajoie, 

Alfonso-Roche, and West (1975), the induction theorem 

presented by Harrington (1961) guaranties the uniqueness of 

fields represented by vertically oriented Hertz potentials 

or vertical electric and magnetic currents distributed on a 

horizontal surface. Any source can be represented by a 

horizontal distribution 

potentials. Choosing 7Iz 

of vertically oriented 

* and 7I z as a basis will 

Hertz 

give a 

complete representation and leads to simple expressions for 

interactions wi th layered earth models. Wri ting out the 

relation~hip between e, hand !!z: in matrix form gives the 

compact notation: 

[::] rxz A ] 
#Jay n 

= OYZ -~:x [n!] 
ozz-1

2 
(2.5) 

[::] = 
[ A axz ][n ] 

(JOy 

-~:x az:~;2 n: 
(2.6) 

where 

~ = [::] 
h = r::] !!..;. = [:;] 
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To make mathematical expressions more concise, 

partial derivatives are symbolized with an operator 

notation, Oy = ~ and OyZ = 
y 

0 2 

8 y oz • 
The notation anticipates 

the use of Fourier and Hankel transforms. In the space 

domain, Oy implies differentiation. In the Fourier and 

Hankel transform domains used later in this theoretical 

development, terms like Oy can be handled algebraically. 

For Fourier transforms with respect to x and y, Ox ... ikx 

and Oy ... iky• In the (kx,ky,z) Fourier transform domain an 

expression like 

1 is valid. 

Rotation of Potential Orientation 

Vertically oriented Hertz potentials are a natural 

representation for vertical dipole sources. Vertically 

oriented potentials can also represent horizontal dipole 

sources, but the representations are more complicated. To 

represent a horizontal electric dipole with a vertical 

potential orientation requires a combination of both 

magnetic and electric Hertz potentials. Horizontal source 

representation is more complicated with a vertical potential 

orientation, but interactions with horizontal layers are 

simplified. 
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z 

y 

--~--------------~X 

Figure 2.1 Hertz Potential Rotation 

A distribution of vertically oriented Hertz potentials in 
the x-y plane uniquely determines electromagnetic field 
components. The rotation operator, V, can transform a 
vertically oriented representation into an equivalent 
representation with p~tentials oriented parallel to an 
arbi trary unit vector a. A second r~tation operator, U A 
rotates representations back, from an a orientation to a z 
orientation. 
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Fortunately it is not necessary to remain with one 

choice of potential orientation throughout the development 

of a problem's solution. It is possible to rotate Hertz 

potentials from one orientation to another, choosing the 

orientation. which is most convenient for solving each 

separate part of the problem. Simple representations of 

horizontal dipoles by horizontally oriented potentials can 

be rotated to vertically oriented Hertz potentials. After 

determining the effect of interaction with horizontal 

layers, a vertically oriented Hertz potential representation 

can be rotated to a horizontal direction, parallel to 

strike, to deal with interactions with two-dimensional 

objects. Rotation of potential orientation can be applied 

to the problem of reflection from sloping interfaces. By 

rotating potential representations to an orientation normal 

to a sloping interface reflection coefficients are easily 

calculated. Rotation back to the original orientation 

creates the more complicated expression for reflection 

coefficients in the original orientation. 

Rotation operators can be constructed to change 

Hertz potential representations from one arbitrary 

orientation to anothei". As pointed out by Olssen (1983), 

field components must be invariant no matter what potential 

orientation is used, allowing the construction of rotation 
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operators to change representations from one Hertz potential 

orientation to another. For example, e z can be represented 

by either nz or ~ and ~* as follows: 

(2.7) 

where nand n* are Hertz potentials oriented parallel to the 

arbitrarily oriented unit vector ~ and ~ is a unit vector 

oriented vertically. Since e z must be the same for either 

representation, 7rz must be related to nand 

relation 

1 

* n by the 

(2.8) 

where n~ and n! are the amplitudes of nand n* respectively - -
and (V x ~)z represents the z component of the curl(~). 

Di vision by the term (ozz-J
2

) requires a Hankel or Fourier 

transform representation of n z • To continue the example, h z 

can be represented either by n! or by ~ and n* as follows: 

2 * 1\ * h z = (ozz-J .)nz = z· [V(V.~ ) + 8(V x ~)] (2.9) 

Since h z must be the same regardless of the choice of 

potential orientation, equation 2.9 implies that: 

1 (2.10) 

Equations 2.8 and 2.10 can be combined into a matrix to form 

a single rotation operator: 
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(2.11) 

where 

~z = [::]. u = 

and 

~. = [::] 

A A To obtain a operator for rotation from z to a, the 

same reasoning can be applied to the field components e a and 

ha' the electric and magnetic field components aligned 

A 
parallel to the unit vector a. Following the same steps as 

used in deriving equation 2.11 and using the fact that 

(9 x ~)a = -(9 x ~)z gives the result: 

!!.z = V !!.a' (2.12) 

Olsson (1983) presents a similar result for the rotation of 

potentials between arbitrary orientations. Equations 2.11 

and 2.12 are in a slightly different notation than used by 

Olsson and are for a slightly different potential 

representation. Potential rotation operators allow the 

option of changing from one potential orientation to another 
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at any stage in a problem's solution. Different parts of 

each problem may be most easily done with different 

potential orientations. The first application of the 

potential rotation operators will be to change the 

representation of an x-directed electric dipole from its 

* simple form using nx to a form using nz and nz • 
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Chapter 3 

SOURCE REPRESENTATIONS 

Two types of sources used in CSAMT surveys 

are horizontal electric bipoles and horizontal loop sources. 

Both source types can be uniquely represented by 

distributions of the vertical components of electric and 

magnetic currents. In anticipation of application to the 

non-planar interface problem, souroe representations are 

developed here in a two-dimensional Fourier transform domain 

«x,y,z) " (kx,ky,z». 

This approach most closely follows the development 

by Weaver (1970) and by Lajoie, Alfonso-Roche, and West 

(1975), who present expressions for a horizontal electric 

dipole (HED) source on the surface of a layered earth in 

* terms of Oz and llz. Lajoie, et ale (1975) include Fourier 

transform domain expressions for fini te length bipole and 

infini te length line sources. Their results are extended 

here to include Fourier transform representations for 

rectangular loop sources of finite size. Wai t and Hill 

(1980) discuss rectangular and circular loops of finite 

size, but their development is in the Hankel transform 

domain. Howard (1975b) considers the problem of 
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three-dimensional scattering from a buried cylinder excited 

by a vertical magnetic dipole (VMD) source. Howard's 

analysis of the problem is within a two-dimensional Fourier 

transform domain. Howard (1975a, 1975b) also includes in 

his analysis a method for choosing sampling windows and 

spacing so as to minimize errors due to aliasing when 

Fourier integrals are approximated by fast Fourier 

transforms. Wai t (1980a), in analyzing a layered earth 

problem, includes some discussion of the Fourier transform 

representation of a general sheet current source using nz 

* and nz • 

For laterally varying layered earth models, the 

two-dimensional Fourier transform domain (k x , ky, z) is the 

most appropriate. To reduce the amount of computation 

needed to evaluate a model, the effects of curved interfaces 

are treated as perturbations to horizontal layering. 

Horizontal layering is treated as a modification to a 

uniform half-space. 

For the plane-layered problem, sources must be 

presented in the Hankel transform domain. The third part of 

this section relates the Fourier transform results using 

* * (nz,nz ) to Hankel transform representation using (nz,nz) 

(Wait, 1985) and to Hankel transform results using (nx,nz ) 

(Wait, 1961, 1985, Hill and Wait, 1973a, 1973b). 
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Closed form equations for half-space fields are ~~so 

possible. Wait (1961) and Hill and Wait (1973a, 19V:'3b) 

deri ve closed form expressions for the surface and 

subsurface fields of a HED on the surface of an uni:ti'"o:rm 

half-space. 

Whole-space Source Fields 

An electric dipole source in an unbounDleil, 

homogeneous region is best re'Presented by an electric H~lMtz 

potential aligned in the same direction. For a vertical 

electric dipole source (Figure 3.1a), the most nat~~l 

representation is a vertically oriented Hertz potent.ileill. 

For vertically oriented potentials the vector wave equa1tiJ.®n 

simplifies to a scalar relationship: 

(( 3 .• 11. ) 

1\ 
where Pz = ~ 0 z I dl. By taking the Fourier transform w&~h 

respect to x and y using the Fourier transform pair, 

(X) 

IIf(x,y,Z) exp(-i(kxx + kyY» dx dy 
.00 

f(x,y,z) = 
(X) 

1 IIF(kx,ky,z)exp ( i(kxx + kyy»dkxdk y 
4n 2 

.00 
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a ) 

--:7Fo---~X 

z 

b ) 

z 

c ) 

Figure 3.1 Cartesian Orientations of an Electric Dipole 

Source representation of an arbitrarily oriented electric 
dipole can be generated by combining the representations of 
a vertical electric dipole (a), an x-directed, horizontal 
electric dipole (b), and a y-directed, horizontal electric 
dipole (c). 
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the partial differential equations in equation 3.1 become 

the ordinary differential equations 

(dzz-u
2

) ~!] [-~zB(Z-Z')eXp(-i(kxX' + kyl'" »] (3.4) = 

where 2 2 2 2 
U = J + kx + ky, with Re(u) > 0, and Im(u) > o. 

Equation 3.4 has the solution 

[

p exp( -u I z-h I)] 
z 2u8 

o 
( 3 . 5 ) 

where the multiplier exp(-ikxx' - ikyY' + i~t) is 

suppressed. Equation 3.5 is called the Weyl solution 

(Stratton, 1941, Weyl, 1919). The Fourier transformed 

representation of a vertical electric dipole (equation 3.5) 

is a spectrum of plane waves traveling in all directions. 

Individually, each plane wave component satisfies the wave 

equation. By summing the spectrum with the inverse Fourier 

transform (equation 3.3), we recover the spatial potential 

distribution. 

The vertically oriented Hertz potential 

representation of a vertical dipole source is 

straightforward. Representation of a horizontal electric 

dipole source is only slightly more complicated. By analogy 

with equation 3.5, the .!!.& representation of ax-directed 

dipole source in an unbounded, homogeneous region is 
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[n] [p exp(-UI~-hl)] * = x 2u(J 
nx 0 

(3.6) 

with the multiplier exp(-ikxx' - ikyy' + i~) suppressed. 

Using the rotation operator U (equation 2.11) we find the 

vertically oriented potential representation of an 

x-directed source to be 

~ eXE ( -u I z-h I ) ( 8xP x) 

[~!] A2 2u8 

= ( 3 .7) 
1 eXE ( -u I z-h I ) (-8 P ) 
A2 2u y x 

where A 2 = 2 2 
kx + k y • 

Similarly, by rotating the y-directed potential 

representation of a y-directed source using the rotation 

operator U (equation 2.11), we find the vertically oriented 

potential representation of a y-directed source to be 

~ eXE ( -u I z-h I ) (8 P ) 
A2 2u8 y y 

(3.8) 
1 eXE ( -u I z-h I ) (8 P ) 
A2 2u x y 

For representation of an arbitrarily oriented, horizontal 

electric dipole (HED), equations 3.7 and 3.8 can be combined 

to give 
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h eXE( -U~Z-h Il ( 8 xPx+ 8 y Py ) 
~2 2u 

1 eXE(-ulz-h l)<_8 P + 8 xPy ) 
~2 2u y x 

In Fourier transforlil spaoe there is a close relationship 

between vertically oriented Hertz potentials and the 

vertioal oomponents of eleotrio and magnetio ourrent, viz 

[~:] = [~ (3.10) 

where 

~ 2 = k; + k~. 

Using the relation between vertioally oriented potentials 

and the vertioal components of current (equation 3.10) 

allows representation of a HED souroe by 

~ 
eXE ( -u I z-h I ) div(P) - for z > h 

[~:] 
2 + for z < h 

= 
A eXE( -u I z-h I ) ourl(P) p 2u 

(3.11) 

where 

P = [::] -

P x 
A 

I dl = x 

P y 
A 

I dl = y 
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The vertical component of electric current, J p , is 

driven by divergence of the source, corresponding to 

injection of ourrent from the grounded ends of the source 

dipole. The vertical component of magnetic current, Mp, is 

driven by curl of the source, corresponding to the inductive 

effects of currents loops at the source dipole. 

Integration over a finite-length line source can be 

carried out on the Fourier transformed source 

representations. Figure 3.2 depicts an arbitrarily oriented 

bipole source of finite length. The position dependent part 

of the source representation is carried in the multiplier 

exp(-ikxx' - ikyY'). Integrating over the length of the 

source wire creates a multiplier holding the effects of 

source length and position, viz 

1 

L = J:eXp(-iS(k~COSe + kysinO»ds 

-2 

(3.12 ) 

where 1 = bipole length and 8 = angle w.r.t. x axis. 

Evaluating the integral in equation 3.12 gives 

L = I sinc[ k~ ) 

where 

sinc(z) sin(z) = z 
and 

k. = kxcos8 + kysin8 

(3.13) 
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~~--~-----------?x 

Figure 3.2 Map View of Electric Bipole Source 

Bipole has a finite length, 1, and makes an angle of e with 
respect to x axis. 
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In the limit as 1 ~ 00, L = 6(k e ), the result expected for an 

infinitely long wire source. For 1 saall enough, 

L = 1 exp(-ikxx' - ikyy'), which is the shift operator 

predicted by Fourier transform theory. 

A rec'tangular loop can also be represented 

analytically. Figure 3.3 shows a rectangular source loop 

wi th sides of length 2a in the x-direction and 2b in the 

y-direction. Using equation 3.13 and the shift operator for 

each side gives 

J p = eXPC-U1Z-h l )[: 
Ok (ikyb e- ikyb ) 1 xa e, -

ikyb(eikxa _ e- ikxa ) 

which can be simplified to 

[

- sin(kyb) 
J p = 2exp(-ulz-hl) 

+ sin(kxa) 

SinC(kXa)] 

sinc(kyb) 

SinC(kXa)] 

sinc(kyb) 

(3.14) 

(3.15) 

The two terms inside the brackets are equal and opposite in 

sign, so J p = O. As expected, a horizontal loop source with 

a uniform current does not drive vertical electric currents. 

Solving for the vertical component of magnetic current 

gives 

Mp 
[

Ok (ikyb -ikyb) = ~ exp(-ulz-hl) 1 ya e -e 
2u ok ok 

+ik yb(e 1 xa _e - 1 Xa ) 

SinC(kXa)] 

sinc(kyb) 

(3.16) 
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Figure 3.3 Map View of Horizontal Loop Source 

The rectangular loop source has sides of 2a parallel to the 
x axis and sides of length 2b parallel to the y axis. 
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Exponential terms in equation 3.16 can be combined to give 

(3.17) 

A horizontal loop source carrying a uniform current drives a 

vertical magnetic current and no vertical electric current. 

In the limit of small loop we obtain 

1\ 2 

Mp = ~ (4ab) exp(-ulz-hl) (3.18) 

which is the result expected for a vertical magnetic dipole 

of moment IdA = 4ab. 

Analytical expressions have been developed for both 

finite~length, grounded electric bipole and horizontal loop 

sources. Both source types are used in CSAMT surveys. The 

grounded electric bipole source represents a straight 

insulated wire lying on the earth's surface. The ends of 

the wire are grounded and it is assumed that the current 

along the length of the wire is constant. An assumption of 

constant current is justified because 11ell « 1 where 1e is 

the effective propagation constant along the antenna wire 

and 1 is the length of the bipole (Chang and Wait, 1974). 

The effect of finite length is expressed by equation 3.13. 

A horizontal loop source is a loop of insulated wire 

carrying a current which is assumed to be constant around 

the circumference of the loop. The effect of finite loop 
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size is shown, for a rectangular loop, by equation 3.17. 

Expressions for more complicated transmitter configurations 

can be constructed by linking dipole segments together. 

Integration over arbitrarily complicated source 

configurations can be carried out within the Fourier 

transform domain v minimizing the number of double Fourier 

transforms needed to determine electromagnetic field 

components in the space domain. 

Dipole sources are useful for modeling controlled 

source magnetotelluric survey configurations. For 

magnetotellurics, natural sources can be represented by a 

spectrum of down-going plane waves impinging upon the 

earth's surface. In magnetotelluric modeling a single 

homogeneous plane wave component is often an adequate 

representation of the source. Having only one plane wave 

component eliminates the need to evaluate a double integral 

in transforming results from the (kx,ky,z) Fourier transform 

domain to the (x,y.z) space domain. A single plane-wave 

component is a simple special case which is often an 

adequate representation of natural sources. 

Half-space Source Fields 

The source representations derived in the previous 

section apply to fields in a whole space. In CSAMT surveys, 

sources are placed right on the air-earth interface. The 
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effect of a source on an interface can be determined by 

first solving the problem of a source above the interface 

and then taking the limit as the source approaches the 

interface from above. By first solving the problem with the 

source away from the interface, we can apply boundary 

conditions in a straightforward manner. 

Interaction between the vertical components of 

current and horizontal boundaries is simple. Both Jz and Mz 

are continuous across horizontal boundaries. The condition 

that tangential E and H be continuous across interfaces 

requires that 

Ex = ~ 2(~Jz + oyMzJ (3.19) 

and 

(3.20) 

be continuous. Continuity of Jz and Hz force continuity of 

OyJ z and oyMz , with the implication that 83 Z J z and ~ Mz 

must be continuous across horizontal interfaces as well. 

The additional requirement that J z and Mz go to zero at 

large distances from the source forces the condition that 

~ Jz and ~ Mz are continuous. The boundary conditions for 

vertical components of J and M on horizontal boundaries do 

not couple Jz and Mz • 
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The plane-wave representation of the source on a 

half-space is 

[~:] = [J p[ exp( Uoz l + R * exp ( -'uoz l 1 ] 
Mp[exp(uoz) + R exp(-uoz)] 

[JZ] = [Jp 

Mz Mp 
T* exp(-U,Zl] 
T exp(-u1Z) 

where 

[~:] = 
-i- div(P) exp(-uoh) 

~2 curl(P) exp(-uoh) Uo -

for 0 < z < h (3.21) 

for z < 0 < h ( 3".22 ) 

in the limit as h ~ z "~O+. Allowing the source to approach 

the air-earth interface from above merely eliminates the 

exponential factor in the expression for for J p and Mp in 

equations 3.21 and 3.22. Applying the boundary conditions at 

the interface z = 0 gives 

(3.23) 

and 

where KJ = 8~ and Nj = p~. 

Solving for half-space R, R*, T, and T* results in 
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r"K . 

[:] 
0 - Kl 

Ko + K1 
= (3.24) 

2KO 
.Ko + K1.· 

and 

NO N· 
1 

[::] No + N1 
= 

2Ng 
No + Nt 

Reflection and transmission coefficients for the vertical 

components of current interacting with horizontal layers are 

the same coefficients as for transverse electric and 

magnetic component representations. The coefficients in 

equation 3.24 are identical to results presented by Wait 

(1985, p148-158) for reflection and transmission of plane 

waves in layered structures. The same symbols used by Wait 

(1985) are used in equations 3.23 and 3.24 to emphasize the 

similarity between the two results. Wait's recursive 

relationships for reflection and transmission in multiple 

layers follow directly from the single interface results for 

the vertical components of current shown by equation 3.24. 

By using the vertical components of current rather than 

vertically oriented Hertz potentials, we find that the 

transmission coefficients in equation 3.24 do not have to be 

modified from their usual transverse electric and magnetic 
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field form.· Using vertioally oriented Hertz potentials 

introduoes additional faotors of OJ and flj in transmission 

ooefficients. 

Making .the quasi-statio assumption (90 = 0) further 

simplifies equation 3.22 to give an expression for the 

vertioal components of source current at the earth's surface 

as follows: 

(3.25) 

The HED souroe representation summarized by equation 3.25 

has one shortcoming. For the special case of ~ = 0, 

representations using the vertioal components of current or 

vertically oriented Hertz potentials fail. There is a 

singularity at ~ = 0 for vertically oriented 

representations. The difficulty is easily avoided however, 

by switching to an alternative representation for the 

special case of ay = o. 

related to Ey and Hy by 

For ay = 0, J z and Mz are simply 

(3.26) 

The simple relationship in equation 3.26 suggests that for 

ay = 0, a HED source is well represented as follows: 
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[::] = L;:J for 8y = O. (3.27) 

This special case representation is useful for the later 

development of theory for interactions with undulating 

interfaces. 

As intuition would suggest, the vertical component 

of electric current on the earth's surface is zero 

everywhere except at the grounded ends of the dipole source 

in the quasi-static limit and is driven directly by the 

divergence of the source dipole. The vertical component of 

magnetic current on the earth t s surface is driven by the 

swirling pattern of surface currents around the dipole 

source. J s represents direct current coupling of the source 

and Ms represents inductive coupling. As frequency 

approaches zero, the inductive component of the source 

disappears. Vertical magnetic source currents vanish at low 

frequencies. The vertical component current representation 

provides a clear separation between direct current coupling 

and inductive current coupling of sources and layered earth 

models. The relative importance of each mode of source 

coupling can be investigated by examining the effects of J a 

and Ms separately. 
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Hankel Transform Representation 

A further check of the methodology of source 

representation in the Fourier transform domain and of the 

validity of Hertz vector rotation is to compare the results 

presented by Wait (1982, 1985) for the same problem, but 

* using (Oz,Oz) or (nz,nx ) in the Hankel transform domain. To 

begin this demonstration, it is convenient to revert to 

vertically oriented Hertz potentials. Specializing the 

source to an x-directed HED gives 

exp(-~~h)( 8xPx) (exp(uoz) + R exp(-uoZ») 
2 X 00 

eXp(-~oh)(-8ypx)(exp(uoz) + R*expC-uoZ») 
2 X Uo 

for 0 < z < b. 

For functions with no angular dependence 

(3.28) 

on 

8 = arctan(ky/kx), the double Fourier transform is related 

to the Hankel transform by (from Bracewell, 1978, p247) 

+ k~ ,z ]eXP[i(kxX + kyy)] dk x dky 

(J) 

= -1 Ix F(X,z) Jo(Xr) dX 
20 0 

where X2 = (k~ + k~) and r2 = (x 2 + y2) 

(3.29) 

The Hankel transform representation of equation 3.28 is 



00 

Idl J 1 4fi8 ax '\ o 1\ 

o 

-Idl 
4i1 

00 

a J_1 [eUOZ 
Y Auo 

o 

for 0 < Z < h. 

63 

(3.30) 

Equation 3.30 is the Debye potential result presented by 

Wait (1985, equations 6.135 and 6.136) for the half space 

problem. The link between a Fourier transform 

representation (equation 3.28) and independent results in 

the Hankel transform domain (equation 3.30) validates the 

Fourier transform solution. 

To check the correctness of potential rotations, 

Debye potential results can be rotated to a (nx,nz ) 

representation. The Hankel transform fix representation of a 

x-directed source can be obtained by using the relation 

between Fourier transforms and Hankel transforms (equation 

3.29) on the Fourier transform fix source representation 

(equation 3.6) to obtain 

00 

n!(r,z) = Idl J A euo(z-h) Jo(Ar)dA 
4fi8 0 U; 

o 
for 0 < z < h. 

(3.31) 



64 

The reflected components are given in equation 3.30 in terms 

* of nz and nz as follows: 

.8 x uo [R n:] 
).2 0 

(3.32) 

. r r* r* To obtaJ.n nx from nz , nz is t t d nr d nr * . ro a e to x an x uSJ.ng 

the Yoperator (equation 2.12), with the following result: 

(3.33) 

To obtain a complete (nx,nz ) representation, part of n~ and 

all of n~* must be rotated back to nz. 

1 = u28~ + 128~ 
. 2 2 

(8xx-l )~ 

gives 

Using the fact that 

(3.34) 

(3.35) 

Rotating the second term on the right-hand-side of equation 

3.35 back to vertical and combining the reflected 

nz terms results in 

[n:* (~, z >] = [Ro*n:] 
nx (~, z) 

(3.36) 

[n~ ().,Z)] = 8 x uQ [(R + Ro*>n:] 
n~*(~,z) ).2 

(3.37) 

By combining the source and reflected terms in the full 



integral expression we obtain 

Idl 
4n6 0 

-Idl 
4n(10 

for 0 < z < h. 
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(3.38) 

which is the complete expression for (nx,nz ) potentials over 

a half space (Wait, 1982). By showing the relationships 

between differing representations, we demonstrate the 

utili ty· and correctness of the rotation operators. 

Potential representations can be transformed from one 

orientation to another directly without having to rederive 

expressions from first principles. 

The source representations developed in this chapter 

include all of the source types used in CSAMT. Fourier 

transform representations for electric bipole, line, and 

rectangular loop sources have been presented, using the HED 

as a basic building block. Naturally excited fields can be 

represented by magnetic dipole or line sources elevated 

above the earth's surface or by a single down-going 

plane-wave component. Although the theme of this 
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theoretical development is CSAMT, the results are general 

and can be applied to other electromagnetic exploration 

techniques. A catalog of source representations has been 

derived. The next step is to describe the interaction of 

electromagnetic fields with a plane-layered earth. 
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CHAPTER 4 

HORIZONTAL LAYBRING 

The source representations developed in the previous 

chapter model half-space fields. Grounded electric bipole, 

horizontal loop, and natural field sources are presented in 

terms of their plane-wave spectrum in the Fourier transform 

(k",ky,z) domain. Chapter 3 also includes source 

representations in the Hankel transform domain and in closed 

form, results which will be applied in this section. 

Interaction with a uniform half-space is explicitly included 

in the source representations presented in chapter 3. The 

next step in developing a representative model is to add the 

effects of subsurface layering as a modification to a 

homogeneous half-space. 

The amount of numerical computation needed for model 

evaluation is reduced by treating the effects of subsurface 

layering as a modification to a uniform half-space. The 

effects of subsurface layering have been described by Wait 

(1953, 1970, 1980a, 1982, 1985) in terms of a recursive 

expression. Wai t' s recursive form is rederi ved here in 

terms of vertical electric and magnetic currents. Wait's 

recursi ve solution can be rearranged into a form which is 

useful both for evaluation of the effects of known 
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subsurface layering and for directly inverting 

magnetotelluric data to obtain parameter estimates for 

layering when the subsurface geology is unknown. Ideas 

presented by Koefoed (1979) for direct interpretation of 

resistivity data and by Keceli (1983) for the direct 

interpretation of magnetotelluric data are combined and 

extended to treat the case of direct interpretation of 

magnetotelluric and far-field CSAMT measurements over a 

multiply layered earth. 

For the single plane-wave source usually used for 

magnetotelluric modeling, plane layered earths are easily 

evaluated. For a general excitation however, the 

modification introduced by horizontal layering must be 

evaluated by integrating a Hankel transform. Efficient 

convolution methods (Anderson, 1974, 1982, 1984, and 

Johansen and Sorenson, 1979) exist for evaluation of Hankel 

transforms. Anderson (1974) documents a computer program 

for evaluating electromagnetic fields around a finite length 

HED source on or above the surface of a layered earth. 

There are many other approaches to evaluation of the 

Sommerfeld integral which results from a Hankel transform 

representation of a plane-layered earth excited by a dipole 

source. The configuration of source, receiver, frequency, 

and material properties determine the applicability of each 
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method. Habashy, Kong, and Tsang (1985) compare several 

methods for computing fields due to a dipole source on or 

within a layered earth. Habashy, et ale (1985), compare 

brute force numerical integration, mode evaluation, 

source-image representation, 

modes and source-images. 

and a hybrid method combining 

For CSAMT-like geometries, 

Habashy, et ale (1985), conclude that modal or hybrid 

modal-image methods are the best approaches. The idea of 

hybrid representations is also advanced in a paper by Kan 

and Clay (1979). Kan and Clay split a Hankel transform 

representation for a HED on a layered earth 

wave part and a source-image part. 

into surface 

For CSAMT 

configurations, the idea of a hybrid representation can be 

combined with Wait's (1961) and Hill and Wait's (1973a, 

1973b) closed-form solutions for half-space fields to 

develop an efficient algorithm for the computation of fields 

about an HED source exci ting a layered earth. In an 

extension to previous work, an efficient hybrid form for 

computation of electromagnetic fields excited by a HED on 

the surface of a plane-layered earth is presented here. 

Reflection and Transmission from Horizontal Layers 

Horizontal layering is the simplest extension to a 

uni form earth. The choice of vertical currents for field 
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representation allows a straight-forward solution to the 

plane layered problem. The boundary condi tiona at 

interfaces are the same as for the air-earth interface 

described in the development of reflection and transmission 

coefficient~ for a half-space. M d 8zMz 
Z' an J1 are 

continuous across "horizontal interfaces. For horizontal 

layers there is no coupling between the vertical components 

of electric and magnetic current. Reflection and 

transmission coefficients for Jz and Mz are independent and 

can be solved for separately. 

A two-layer geometry is depicted in Figure 4.1. The 

model has three regions. Air fills the upper half space 

(z > 0) and has electrical properties denoted by a zero 

subscript, complex conductivity (80 = i~Eo) and complex 

permeability Region 1 represents an 

overburden layer with a complex conductivity of 

8 1 = 0'1 + i~E1' a complex permeability of fi1 = -i(&)f.l1' and a 

thickness of' h. The lower half space has a complex 

conductivity of 8 2 and a complex permeability of fi2' 

Applying the boundary conditions at the air-earth 

interface (z = 0) and at the bottom of the overburden layer 

(z = -h) gives four equations for Jz 
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z 

110&0 Region 0 o < z 
----~~----------------------------_7X 

RegIon 1 -h < z < 0 

RegIon 2 z < -h 

Figure 4.1 Cross-section of Two-layer Model 

Three regions are separated by two horizontal, plane 
interfaces, one at at z = 0 and one at z = -h. The z axis 
is vertical with z positive upwards. 
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Jzol = J Z 11 ( 1 + go) = a( 1 + g1) (4. 1 ) 
z-o z-o 

a a rn Jzol = ~ J Z 11 ... Ko(l - go) - aK1 (1 - g 1) (4.2) -
o z-o z-o 

J z11 = J Z 21 ( -U1h + g1 eu1h ) - T+ (4.3) a e -
z-h z-h 

~ J Z 11 
a -U1h gteu1h ) K2T+ 8 1 = ~ J Z 21 ... aKt(e = (4.4) 

z-h z-h 

with the four unknowns, go, a, g1, and T+ • Dividing 

equation 4.4 by equation 4.3 gives an impedance boundary 

condition at the lower interface, viz 

= 1 + g,exp(2u,h) 
K1 1 - g1exp(2u1h) ( 4 • 5 ) 

K2 is the impedance at the top of the lower half-space. 

Solving for g1 in equation 4.5 gives 

where 

R - X, - K2 
1 - K1 + K2 

(4.6) 

As shown in Figure 4.2, the reflectance function, 

g1' represents plane-wave propagation from the surface down 

to the lower interface (exp(-u1h», reflection from the 

lower interface (R1), and propagation back to the surface 

( exp ( -u 1h ) • 

To solve for the surface reflection coefficient, 

go, the impedance boundary condition is applied at the 
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z 

----~~----------~------_,--------_7X 

Figure 4.2 Geometric Interpretation of Reflectance 

The two-layer reflectance function, g(~) = Rte-2uth, 
represents transmission from the surface down to an 
interface at z = -h, exp(-uth ), reflection off of the 
interface, Rt ~ and transmission back up to' the surface, 
exp( -Uth). 
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air-earth interface (z = 0). Dividing equation 4.2 by 

equation 4.1 gives surface impedance, Z1, as 

( 4 .7) 

The right-hand side of equation 4.7 is an expression of Zl 

in terms of the known· function gl. Rearranging the 

right-hand side of equation 4.7 gives the familiar 

transmission-line relationship for ZJ (Wait, 1985) 

(4.8) 

The middle term in equation 4.7 can be solved for the 

surface reflection coefficient, go, in terms of Zl 

(4.9) 

To solve for the transmission coefficient, T"', gl 

can be eliminated by adding equations 4.1 and 4.2 to get 

(4.10) 

where 

Tt - 2Kl 
- Kl + K2 

To isolate the layer source term, a, equation 4.1 and 

equation 4.2 are added and solved for a to get 



a = T'" g 
1-

1 - Ro g1 
where 

and 

= 2Kg 
Ko + K1 

= K, - Kg 
K1 + Ko 
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(4.11) 

which gives a complete expression for the total transmission 

coefficient 

T "'T '" g 1 exp ( -u 1h ) 
l' 

1 - Rog1 
(4.12) 

For a physical interpretation of T"', the denominator, 

l' 1 - Rog1, can be expanded in a series to give 

(4.13) 

The transmission coefficient includes transmission through 

the air-earth interface, '" To, propagation through the 

overburden layer, exp( -u1h), and transmission through the 

lower interface, Tt. 1-The series in ROg1 represents multiple 

reflections within the overburden layer. R6 is the 

reflection off the underside of the air-earth interface, 

while g1 = R1exp(-2u1h) includes the effects of two-way 

travel through the overburden layer and reflection off the 

top of the lower interface. 

The extension of results from the two layer case to 

multiple layers is straightforward because of the recursive 
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form of the expression for surface impedance. equation 4.8 

(Wait, 1953, 1970, 1982. 1985). Multiple layer problems can 

be solved from the bottom up. Figure 4.3 represents an 

earth model with M layers. The impedance at the top of the 

lower half-space is Z. = K •• Equation 4.8 gives the 

impedance at the top of the next layer as 

(4.14) 

The impedance at the top of layer m-2 can be calculated by 

replacing m with m-1 and m-1 with m-2 in equation 4.14. The 

impedance at the surface of an earth with arbitrarily many 

subsurface layers can be computed by working reoursi vely 

from bottom to top. 

Solutions to the multiple layer problem for vertical 

electric currents are concisely stated in the classic 

transmission line form. Solutions for vertical magnetic 

currents can also be cast in the transmission line format. 

The reflection coefficient for vertical magnetic currents 

over a horizontally layered earth is 

(No - Y,) 
(No + Yt) 

(4.15) 

Where the surface admittance, Y, is given recursively in 

transmission line form as 
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z 

----~--------------------------------------+ X 

<1H = RM-t e -2 u ..... h .... , 

Figure 4.3 Cross-section of M-Iayer Model. 

Recursive relationships for gJ(~) allow easy computation of 
reflection from an entire stack ot plane-layers. 
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~j Nj = f.ij 

78 

(4.16) 

All of the results derived for vertical electric currents 

can be applied directly to vertical magnetic currents with 

g * l' R* 1 i R T~* l' T·, Y rep aC1ng g, rep ac ng, rep aC1ng j 

replacing Zj, Nj replacing Kj, and {lj replacing OJ. The 

vertical components of electric and magnetic currents are 

decoupled in horizontally layered geometries. Horizontal 

layers do not mix direct current and inductive source 

effects. 

The recursive transmission-line form for solutions 

to layered earth problems is not new (Wait, 1953). The 

resisti vi ty transform kernel is formed by taking the low 

frequency limit (w ~ 0) of equation 4.8 which gives 

Z 1 = 'A.p (p 2 + p 1 tanh ( 'A.h ) ) 
1(P1 + pz tanb('A.h» (4.17) 

Koefoed (1979) describes the transmission line solution for 

the direct current resistivity kernel as the Pekeris 

recurrence relationship, and credits Pekeris (1940) with 

developing it for modeling direct current resistivity. 

Another special case of practical interest in 

magnetotellurics is the limit as 'A. ~ 0, indicating a 
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normally incident plane wave. Normal incidence is often 

assumed in magnetotelluric interpretation. Wi th flJ = flo, 

the transmission line impedance relationship simplifies to 

Z1 = {i~PPt (Z2 + {i~PPl tanh(llh» 
({i~PP1 + Z2 tanh(11h » 

(4.18) 

As pointed out by Keceli (1983), the ideas developed by 

Koefoed (1979) for the direct interpretation of resistivity 

data can be applied to magnetotelluric data. 

Direct Interpretation of Plane-wave Data 

A scheme for the direct inversion of magnetotelluric 

data into layered earth parameters evolves from the 

properties of the reflectance function g1(~) = R1exP(-211h). 

Taking the log of g1(~) gives 

Re(ln(g1(~») = lnlRtl - {2~p h t /{P7 

Im(ln(g1(~») = phase(Rt) - {2~p hl/~ 

(4.19) 

(4.20) 

As Keoeli (1983) points out, for the two layer-oase, a plot 

of Re(ln(gl(~») vs ~ is a straight line with an intercept 

of In fRlf and a slope of -{2JJo h{..tP; (Figure 4.4). The 

reflectance function gl (<a» can be directly calculated from 

magnetotelluric observations. 

Observed data from magnetotelluric surveys is a set 

of surface impedances, Z(~), measured over a range of 
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Figure 4.4 Direct Interpretation from Reflectance 
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For the two-layer case, a plot of In(gt)vs/W is a straight 
line. For more than two layers, fitting a straight line to 
higher frequency measurements gives parameters of top-most 
layer. 



81 

frequencies. Using the three highest frequencies, an 

accurate estimate of P1 can be made. Knowing P1' the 

reflectance function g1 (<..» can be calculated from observed 

data 

g1(<"» 1 - Q = 1 + Q (4.21) 

where 

Q = Z(<..>~ K1 
and 

K1 = l1P1 

An estimate of layer parameters h1/1Pt and R1 can be made by 

fitting a straight line to Re(ln(g1(<"»» vs ~. Redundant 

information about layer thickness is obtained by extending 

Keceli ' s suggestion to include fitting a second line to 

Using redundant information increases 

the robustness of parameter estimation. 

Data measured for the highest frequencies can always 

be fitted by a two-layer model. If the data are obtained 

over a two-layer geologic environment, measured impedances 

for all frequencies will be fit by a two-layer model. 

Deviation of In (g 1 (<..») vs ~ from a straight line at lower 

frequencies indicates the influence of a deeper subsurface 

layer, and the need for adding a third layer to the model. 

In view of the utility of the reflectance function 

g1(<"» for direct interpretation of the two layer case, it is 
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useful to recast the classic transmission line formula in 

terms of reflectance functions. For a M-layer problem, the 

reflectance function at the M'th interface is zero. 

(4.22) 

The reflectance function at the top of layer m-l is 

g _ (Rm + gmt') exp(-21.h.> 
m - (1 + Rlllg •• t> (4.23) 

where 

R - {P: - {pat' 
III -

{P;. + {PrtU t 

As for the transmission line formula for impedances, 

equation 4.23 can be e~aluated recursively from the bottom 

half-space to the top of a stack of arbitrarily many layers. 

This recursive relationship for gill is computationally 

efficient, R. is computed with real arithmetic and only one 

exponential term per layer must be evaluated. 

For recursion from the top down, equation 4.23 can 

be inverted to yield 

(4.24) 

where 

Ra = g.exp(21 Mh lll ) 

For the interpretation of magnetotelluric data, equation 

4.24 allows direct inversion of impedance measurements to 

mul tiple layer models. Since gt(t.), ht/{P";', and Rt are 

known from higher frequency measurements, equation 4.24 can 
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be used to "strip off" the effects of the top-most layer. 

With the new g2(~)' two-layer interpretation can be 

continued until either gJ(~) has been fit for all remaining 

frequencies or deviation from a straight line indicates the 

influence of yet another layer. An entire sequence of layer 

parameters can be inferred by fitting ~J(~) from the highest 

measured frequencies to the lowest. 

Direct interpretation can give good estimates of 

layered model parameters. A drawback however, is instability 

of the stripping procedure. Small errors in estimates of 

PI, h1//P1, and HI are amplified during stripping and can 

cause large errors in estimations of g2(w) (Figure 4.5). A 

second stripping amplifies errors even fu~ther. Koefoed 

(1979) describes a procedure for keeping track of error 

amplification during stripping. Monitoring error 

amplification is a crucial key to the successful application 

of direct interpretation methods. 

Direct interpretation is strengthened by use in 

conjunction with iterative inversion methods. Direct 

methods can be used to compute layered-earth models which 

are approximately correct. Iterative inversion methods are 

very good at improving the fit of approximate models. 

Iterative inversion techniques can also be used to explore 

the range of model parameters which give an adequate fit to 
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g over three layers g after stripping 

Figure 4.5 Error Amplification due to Layer Stripping 

The top-to-bottom recursion form for gj amplifies errors. 
Parameter estimates for the second layer must include the 
effects of amplified error bounds. 
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the data. 

AssaI and Mahmoud (1987) describe an inversion 

technique for direct-current resistivity. Their method uses 

the reflectance function, g(X), form of the resistivity 

kernel to obtain a linear system for multiple-layer models. 

Their results for direct-current resistivity can be extended 

directly to the inversion of magnetotelluric data. 

Interpretation methods for magnetotelluric data 

depend upon the simplifying assumption. that the source is 

well represented by a single, normally incident, homogeneous 

plane wave. In general this may not be true (Wait, 1954, 

1982). For CSAMT surveys much of the data which is actually 

collected can not be accurately modeled using 

magnetotelluric algorithms. For general excitation of a 

plane-layered earth, a Hankel transform must be inverted. 

Computer Evaluation of Plane-layered Models 

For excitation by a HED source, the effect of 

horizontal layering must be evaluated by integrating a 

Hankel transform. A Hankel transform representation for 

surface fields generated by a HED on the surface of an earth 

with M horizontal layers is given in terms of ~ by 



Idl 
408 1 [n:<r)] = 

7l z (r) -Idl 
ii1 

where 

go' = T~ ~1~g~1~-
+ Rog1 

T~ = 2KD 
Ko + K1 

T~ = 2Kl 
Ko + Kt 

and 

R. Km - KlI:l:l = K. + K.+t 

The kernels, go' 

r~ ax to- (1 + 
0 r ~*[ ay Tg 1 + 
0). 
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go' ) J 0 ( ).r ) d)' 

(4.25) 

g ~, ] J 0 ( ).r) d)' 

*. T~* 
* 

go' = al 
* * 1 + ROg1 

* R: * 
e-2u• hm + g.l gm = * * 1 + RlIIg.+t 

* 0 gM = 

T~* = 2ND 
No + N1 

T~* = 2Nl 
No + Nt 

R! Nil - N.:tl = N. + Nm+1 

in equation 4.25 represent a 

modification to half-space fields caused by subsurface 

layers. To minimize computational effort, as much as 

possible of equation 4.25 should be evaluated analytically. 

Wait's (1961) closed-form expressions for half-space fields 

can be used to reduce the numerical work involved in 

evaluating equation 4.25. Wait's solutions assume that the 

complex conductivity of air is zero, 80 = 0, and that 
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permeability is uniform everywhere, Both 

assumptions are valid for typical CSAMT applications. 

Subtracting the half-space contribution from equation 4.25 

and substituting the quasi-static forms for T~ and T~* 

creates an expression which treats subsurface layering as a 

modification to a half-space. Writing the modification 

contribution as ~', the integral equation becomes 

[:::;:;J = 

Idl 
2fl0 2 

-Idl 
2n 

00 

axJ ~Q' Jo(:>.r)d:>' 
o (4.26) 

aYJ:(:>.!~:) Jo(:>.r)d:>' 
o 

The modified kernels, go' and g~', in equation 4.26 include 

an exponential term of e-2U1h , which drives both kernels to 

zero exponentially for large values of A.. The modified 

kernels also include the upward transmission coefficients T~ 

and T~*. The transmission coefficients in the quasi-static 

limit and with Po = P1 are 

T~ = 1 - Ro = 0 (4.27) 

T~* 1 * 2uJ (4.28) = - Ro = A. + Ut 

In the presence of the differential operator Oz. the upward 

transmission coefficients are modified to 
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(4.29) 

8 T~*- u (1 + R*) = -2Ul~ 
z 0 - - 1 0 ~ + U1 . (4.30) 

Equations 4.27 through 4.30 have interesting consequences. 

The layering modification carried in the electric Hertz 

potential component 7rz ' only effects electromagnetic field 

components related to 8z7rz , i.e. ex and eye nz ' is zero and 

does not contribute to any component of h in the 

quasi-static limit. 

* 
The magnetic Hertz potential component 

n z ' affects both e and h for nonzero frequencies. In the 

static limit n! is zero. Static magnetic fields are not 

perturbed by horizontal subsurface layering, an observation 

made by Stefanesu (1929, 1963) in a description of 

magnetometric resistivity theory. 

Layered earth fields can be computed using equation 

4.26 and analytical expressions for half-space fields. The 

modifications to half-space field components caused by 

horizontal subsurface layering are expressed by 
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Idl { 2"( f*)J1(~r)d~ • x -37 (f (4.31) ex = 
n0 1 r 0 

J:[:: f + ;; f*J~JO(~r)d~ } 

• Idl ~ { ~ J7f * (4.32) ey = - f ) J 1 ( ~r ) d~ 
n0 1 r 0 

J!f - f*)~Jo(~r)d~ } 

h~ Idl ~ { ! (f* ~J1(~r)d~ (4.33) 
= n,2 2 r 

11 r 0 

(f" ~2Jo(~r)d~ } 
0 

Idl. { 2 2( 
h~ y -3X f* ~J1(~r)d~ (4.34) = 2 

n11 r 0 

00 

~2Jo(~r)d~ } -r: J f* 
r 0 

and finally 

00 

h~ = Id! f- J f'~2J1(~r)d~ (4.35. 
n11 0 
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where 

f()') = u2,R2, ·e-2uth1 
1 + g1 

and 

f*().) 
* * e-2uth1 = u2,RgR2, 

* 1 + Rig1 

Anderson's (1974) program EMFIN evaluates Wait's (1961) 

expressions for half-space fields and expressions equivalent 

to equations 4.31 through 4.35 to compute fields generated 

by a HED on the surface of a plane-layered earth. However, 

the modified kernels f ().) 

further. 

* and f ().) can be reduced even 

Far-field data from CSAMT surveys can be modeled 

successfully with magnetotelluric algorithms. For 

measurements made at a large electrical distance from the 

transmitter, most of the source energy is propagating as a 

surface wave. The direct, through-the-earth signal is 

insignificant. Since most of the interaction with 

subsurface layers in the far field is by energy traveling 

almost vertically, it can be anticipated that the behavior 

of f().) and f* ().) for small values of ). controls 

electromagnetic far-field behavior. The modified kernels 

f()') and f*(~) are well approximated at small values of ). by 
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(4.36) 

(4.37) 

where the constants fo, f~, f1, and f~ are determined by 

* * fo = f(O) = fo = f (0) 

and 

f(Al)e2A1h1 - fo 
A1 ft = and f~ = 

where At = 61/50 

Equations 4.36 and 4.37 capture the behavior of f(A) and 

f*(A) for small values of A with a linear term. The 

exponential damping in equations 4.36 and 4.37 captures the 

behavior of f(A) and f*(A) for large values of A. 

Substituting the approximations for f(A) and f*(A) into 

equations 4.31 through 4.35 results in a set of integrals 

which can be evaluated analytically using solutions of the 

form 



1 
R 

and 

= 

(J) 

1 ( Z) Je-AZ r 1 - R = J 1 ( Ar ) dA 

o 

where R = x 2 + y + Z • ( 
2· 2) 0 .5 
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(4.38) 

(4.39) 

after Wait (1982). Polynomials in A in the integrands of 

equations 4.38 and 4.39 can be created by differentiation 

with respect to z. The results when evaluated with Z = 2hl 

are relatively simple functions of -n R • The equality 

fo = f~ allows a series of cancellations which further 

simplify the analytical results. The closed-form 

expressions for field components are valid for large 

separations between transmitter and receiver. Defining the 

remainder kernels as 

(4.40) 

(4.41) 

the modifications to half-space fields caused by planar 

subsurface layering are expressed by 
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e~ = ~:~ { ~3[-ZfO + [3:: -+1 + [3;: -+:]= 2hl (4.42) 

+ X2~3y2J~Af-Af*)Jl(Ar)dA - J:[::Af + r:Af*]AJO(Ar)dA } J 

, 
ey = 

+ xy 
2 r 

h~ = 

h~ = 

2h1 

[ ~ J~Af-Af*)Jl(Ar)dA - J~Af-Af*)AJO(Ar)dA] 

and finally 

h~ = [;--5~ 2 _ 1] f*t] J<'O * } • + ~ :f A2Jl(Ar)dA 

z = 2ht 

(4.43) 

} 
(4.44) 

(4.45) 

(4.46) 
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Equations 4.41 through 4.46 are hybrid expressions for the 

modifications to half-space field components caused by 

horizontal subsurface layering. The analytical terms are 

valid in the far field while the remaining integrals 

represent correction terms which are important in the 

transition zone and near field. 

Plots of the magnitude of the near-field correction 

* term kernels, Af(A) and Af (A) show a reduced basis relative 

to the original kernels f(A) and f*(A). Figure 4.6 diplays 

log-log plots of IAf(A)1 vs A as a solid line and If(A)1 vs 

A as a dashed line. The. correction-term kernel is driven to 

zero at both limi ts of integration. The correction-term 

kernel, Af(~), has a maximum amplitude near A = 01' 

indicating that the near-field correction terms will make a 

significant contribution to the modified field components in 

the transition zone, where r Q: 01. Plots of IAf* (A) I and 

* If (A)I show a similar result (Figure 4.7). The numerical 

correction terms represented as integrals in equations 4.42 

through 4.46 do not make a significant contribution at large 

transmitter-receiver separations. The correction terms can 

be neglected in the far field. When numerical integration 

of the correction terms is required, in the transition zone 

and near-field, the reduced bases of the kernels Af(A) and 

Af*(A) eases the computational effort required for 
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Figure 4.6 Jz Kernel for Correction Term in Hybrid 
Layered-earth Algorithm. 

The convergence of the Hankel transform is greatly improved 
by subtracting a subsurface source-image from integral 
representation. The solid line is the modified kernel, 
Af(~). the dashed line is the kernel f(~), for computing the 
modification to half-space fields necessary for multiple 
plane-layers. 
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Figure 4.7 Mz Kernel for Correction Term in Hybrid 
Layered-earth Algorithm. 

The convergence of the Hankel transform is greatly improved 
by subtracting a subsurface source-image from integral 
representation. The solid line is the modified kernel, 
Afa(A). the dashed line is the kernel faO.), for computing 
the modification to half-space fields necessary for multiple 
plane-layers. 
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evaluation. 

Treating horizontal subsurface layers as a 

modification to a homogeneous half-space leads to efficient 

algori thms for the computation of fields excited by a HED 

source. In a similar manner, the problem of electromagnetic 

induction over a nonplanar interface can be treated as a 

perturbation to horizontal layering. 
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Chapter 5 

UNDULATING INTERFACE 

A logical extension to plane layered models is to 

compute the effects of undulations in layer thickness. The 

plane layered models developed in the previous section have 

the advantage of simplicity. Simple models allow the 

development of automated interpretation techniques. Layer 

thicknesses, however, often vary between observation sites. 

In routine CSAMT interpretation, the plane layered model is 

assumed to be an adequate representation of the geology 

under each observation site. The actual effects of changing 

layer thickness and of sloping interfaces are not 

considered. In this section, expressions for reflection from 

and transmission through an undulating interface are 

developed. The analysis includes closed-form expressions for 

first-order reflection and transmission coefficients, as 

well as a discussion of the errors involved in the 

approximate solution. 

A relati vely simple result is obtained for 

reflection 

problem as 

from a non-planar interface by 

a perturbation to reflection 

treating the 

from a flat, 

horizontal interface. 

in a first-order 

Closed-form expressions are possible 

approximation to reflection and 
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transmission from an undulating interface by a general plane 

wave with an arbitrary angle of incidence. There is an 

extensive literature dealing with the problem of 

electromagnetic scattering from rough surfaces. For the TE 

and TM plane waves used in magnetotelluric modeling, a 

well-developed theory exists for the undulating interface 

problem. Mann (1964) considers the case of two layers 

separated by a sinusoidal interface. Using a perturbation 

scheme, Mann derives a set of integral equations which can 

be solved exactly. Hughes (1973, 1974), Hughes and Wait 

(1975a), Wait and Chang (1976), and Hill and Wait (1982) 

investigate the effects of two-dimensional structures on TE 

and TM plane-wave fields. Geyer (1976) also examines the 

effects of subsurface structure on magnetotelluric 

measurements. Rosich and Wait (1977) consider perturbation 

solutions of all orders for the TM polarization. For fields 

generated by a line source, Hughes and Wait (1975b) estimate 

the effect of a sinusoidal interface between a overburden 

layer and basement. Perturbation solutions are relatively 

simple, but require that the amplitude and slope of 

undulations in the interface be small in terms of skin 

depths in the surrounding media. More general methods have 

been developed which are less restricted. 

Waterman (1975), Karlsson (1981), Kristensson and 
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Strom (1982), and Karlson and Kristensson (1983) treat the 

problem of scattering from non-planar interfaces in terms of 

the T-matrix method. Although the approach is very general, 

it requires a considerable amount of numerical computation. 

Chuang and Kong (1982) investigate the scattering of 

microwaves from plowed fields using an approach similar to 

the T-matrix method. Chuang and Kong's (1982) results apply 

to a general angle of incidence, but require numerical 

integration along the interface to obtain reflection and 

transmission coefficients. A Fourier transformed, 

point-matching algorithm for computing the scattering of 

plane waves is developed by Jiracek (1972, 1973). Jiracek's 

"Rayleigh-FFT" method requires the numerical inversion of a 

large linear system of equations. Jiracek and co-workers 

have applied the Rayleigh-FFT approach to magnetotelluric 

modeling (Reddig, 1984, Reddig and Jiracek, 1984, Kojima, 

1985, and Jiracek, Reddig, and Kojima, 1986). An iterative 

numerical approach for plane-wave scattering from surfaces 

wi th three-dimensional bumps is presented by van den Berg 

and DeHoop (1984). They describe a conjugate gradient method 

which, again, involves extensive numerical work. Numerical 

approaches to the problem allow solutions to more general 

problems, but at the cost of increased computation and, 

often, loss of insight. 
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Fields excited by a three-dimensional source can be 

represented as a spectrum of plane waves, as the Fourier 

transform source representations developed in chapter 3 

show. For a practical solution to the problem of interaction 

of three-dimension source fields with an undulating 

interface, the reflection and transmission of 'each 

plane-wave component must be treated succinctly. Numerical 

solutions allow the treatment of more general problems, but 

at the cost of increased computational effort. Perturbation 

solutions are in closed form, but the undulations allowed in 

the model must be small in amplitude and slope. For a usable 

solution, the limitations of small slope and amplitude must 

be accepted. The approach chosen here extends the earlier 

work of Hughes (1973, 1974), Hughes and Wait (1975a, 1975b), 

Wait and Chang (1976), Hosich and Wait (1977), and Hill and 

Wai t (1982) for TB and TM polarizations. The extension is 

from reflection of TB and TM modes only to a first-order 

perturbation solution for reflection and transmission of 

plane waves with an arbitrary, complex angle of incidence. 

The problem is first solved for surfaces with 

two-dimensional undulations and then extended to include 

three-dimensional undulations. An analysis of errors 

involved in the first-order approximation is included to 

give guidelines for the range of valid models. 
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Two-dimensional Undulations 

Plane wave source representations and an analysis of 

reflection from plane layers are presented in the preceding 

sections. The problem of electromagnetic interaction with an 

undulating interface is reduced to the reflection and 

transmission of fields excited by a single plane wave 

component by using plane wave source representations. The 

geometry of the problem is depicted in Figure 5.1. An 

outline of the derivation procedure is presented in Table 

5.1 

For two-dimensional undulations, the interface is 

described by a finite Fourier series 

H 

s(x) = L dj e ikjx 

j.-H 
( 5 • 1 ) 

where do = 0 and kj = 6j. The interface is a real-valued 

function, s (x), which varies in the x direction and is 

uniform in the y direction. The slope of s(x) is 

M 

~~(x) = L ikj dj e
ikjx 

j.-H 
(5.2) 

The undulating interface, s(x), separates two regions. The 

medium above the interface is characterized by a complex 

conductivity, 8 1 = 01 + iWE1' and a complex permeability, 

111 = -iCa>1J1. The region below the interface has the medium 

properties 82 and 112. In many geological environments 
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Figure 5.1 Block diagram of Two-dimensional Undulating 
Interface Model 
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The interface is described by a real-valued function, s(x), 
which has gentle slope and has small amplitude in terms of 
skin depths. 
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Table 5.1 Outline of Derivation Procedure 

1 Define electromagnetic field expansion in Jz and Mzo 
Fourier series an approximation to Fourier transform. 
Upgoing plane waves above interface and downgoing plane 
waves below interface, Rayleigh (1896) hypothesis. 

2 Match boundary conditions across undulating interface. 
Tangential E and H are continuous. 
Normal J and M are continuous. . 

3 Expand exponential terms'in Taylor series. 

4 Make first-order approximation. 
Save terms which are zero- or first-order with respect 
to uJs and ds/dx. 
First-order approximation ~ 11jsl and Ids/dxl < 0.3 

5 Express sand ds/dx in Fourier series. 
Fourier series an approximation to Fourier transform. 

6 Use orthogonality of exponential basis functions to 
isolate terms with exp(iknx) dependence. 

7 Solve linear system of equations for Rn and Tn. 
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Pt = fl2 = flo, but constant permeability will not be assumed 

during the development of this problem. 

The incident field is a plane wave traveling 

downward towards the interface. The incident plane wave is 

traveling at an arbitrary angle and represents both Jz and 

Mz components. A single incident wave will be scattered into 

plane waves traveling in all directions. For the gentle 

slopes consid~red in this perturbation approach, the 

scattered field is adequately represented by upgoing plane 

waves above the interface and by downgoing plane waves below 

the interface. This assumption, the Rayleigh hypothesis 

(Rayleigh, 1896, 1907), limits the maximum slope of the 

interface to 31 degrees. The limit on slope imposed by using 

the Rayleigh hypothesis is less restrictive than the limit 

which is imposed by using a first-order perturbation method. 

Using the Rayleigh hypothesis, fields above the interface 

are described by 

( 5 • 3 ) 

z > s(x), where the multiplier e ikyy is suppressed, and 

U1j = ~ l'~ + k~ + k~, Real(utj) and Imag(utj) ) O. 

The down-going source fields are represented by 

while represents a 
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discrete spectrum of reflected, upgoing waves. As the matrix 

character of !!.o. suggests. Jz and Mz are coupled by their 

interaction with an undulating interface. The discrete 

spectrum represented by is an 

. approximation to the continuous spectrum of a Fourier 

integral. The approximation can be improved by decreasing , 

the spacing between consecutive k n • 

Electromagnetic fields below the interface can also 

be approximated by a discrete spectrum of plane waves 

for z < s(x) ( 5 • 4 ) 

As with reflected fields, !a couples Jz and Mz together. 

To solve for the unknown coefficients !!.o. and !a, 

equations 5.3 and 5.4 must be linked by boundary conditions. 

The three boundary conditions linking ~. and l.z together 

across the interface s(x) are continuity of tangential ~ and 

H 

[::] [ [~a ) [ 1 
0 ]H~:] + ~[Ez] -1 Y ds 8 

dx Hz = 0 2 +0 2 0 ~ + dx 1 ( 5 • 5 ) 
x Y y P 0 1i 

~:] r ;;:][~:] -1 ~ ( 5.6 ) = 2 2 
Ox+Oy -Ox 

and continuity of currents normal to the interface 



= [! + 
ds 
(IX 
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(5.7) 

Any two of the three boundary conditions are sufficient to 

uniquely determine field quantities, but all three are 

consistent and are helpful in reducing the complexity of the 

algebra involved in solving for ~ and!n. 

Enforcing the boundary conditions along the 

interface s(x). creates a set of equations linking !!...J.. and 

~. To reduce the equations to a form which can be solved 

algebraically for Ra and !A, some simplifying approximations 

must be made to the way in which the fields are represented. 

Examini~g the representation of one component in detail 

gives 

J J u1ms+ikllx + ~(J R + M R ) -u1ns +iknx 
z1 = ae L a lln 8 12n e 

n. -CD 

(5.8) 

The exponential terms exp( ±UljS) are not constant and must 

be simplified to allow algebraic reduction of field 

representations. Exponential terms in ±U1jS can be expanded 

in a Taylor series as follows: 

2 
J z 1 = J o (l + u111s + (Ul~S) + h.o.t.) e ikmx 

+ ! (J a Rl1n + MoR12n)(1 - u1n s + (Ul~S)2 
n .-CD 

h t) iknx - .0. . e 

( 5 • 9 ) 

For interfaces where lsi is small in terms of skin depths in 
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the surrounding media, approximations to equation 5.9 can be 

made by truncating the Taylor series. 

A zero-order approximation results from truncating 

the Taylor series after the first term. The zero-order 

approximation is equivalent to s(x) = 0, a planar interface. 

Rewriting the results derived for plane layers in matrix 

form gives 

[ KI-K. Nl~NJ !to. = K1+K2 

0 
N1+N2 

(5.10) 

and 

!!JL= 0 for n 'I- m 

[ 
2Kl 

o ] !a= K1+K2 
2Nl 0 

N1+N2 

(5.11) 

and 

!.n.= 0 for n 'I- m 

A first-order approximation can be made by 

t · th T 1 . . f e:l:US after two trunca 1ng e ay or ser1es expanS10ns 0 

terms. With s(x) replaced by its series representation, a 

first-order approximation to equation 5.9 is 

J J [ 
ik.x + ~ d i (k J + kill) x] 

z1 = 8 e U11DL, J e (5.12) 

.. 
Equation 5.12 can be simplified further on the basis of its 
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dependence on x. Terms containing do disappear, since 

do = O. The zero-order reflection coefficient R12. is zero, 

and since R11n and R12n are first-order quantities for 

n ¢ m, terms containing UtnS Rttn and UtnS Rt2n can be 

neglected. For e ik• x dependence, equation 5.12 becomes 

(5.13) 

For e iknx dependence, equation 5.12 becomes 

(5.14) 

The same first-order approximations can be applied 

to ~~ Jxt. Since ~= is a first-order quantity, J~1 must be 

represented by its zero-order approximation, which results 

in 

ds 
dx J xt = 0 (5.15) 

for e ikmx dependence, while for e iknx dependence we have 

where k n - m = k n - k. and 

Substituting first-order, 

222 
~. = km + kyo 

ik.x t t' e represen a 10ns 

(5.16) 

into the 

boundary conditions for the source condition J e = 1 and 

Me = 0 gives 
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I n = 1 + RII. = TIII11 (5.17) 

Mn = R21111 • T21111 (5.18) 

Ex • AIIIKII11(l - R11111) + BII'IR21111 = A.K2 .. T I1111 + B.T21111 (5.19) 

Ey • B.K1111(1 - R11m) - AmR21111 = BIIIK2111T11111 - AII'IT21. (5.20) 

Hx '. AmNI.(l - R21m) + B8IR11m = AIIIN2111T21111 + B.Tum (5.21) 

Hy • B .. NI.(l - R21111) - A.R11m = B.N2111T21111 - AIIITulII (5.22) 

where 

Aj = ikJ 
kj + k~ 

Bj = ik:.: 
kj + k~ 

Kjlll = !!.J..m. 
OJ 

Njlll = !!.J..m. 
(lj 

and 

Uj. = Real(u) and Imag(u) > O. 

The electric current reflection coefficients Ru. and TUIII 

can be decoupled from the magnetic current reflection 

coefficients, R21m and T21., by adding Ex/B. to Ey/A. and by 

adding Hx/BIII to Hy/A .. , which after clearing common factors 

results in 

Equations 5.18 and 5.24 imply that 

(5.23) 

(5.24) 

Equations 5.17 and 5.23 are the same equations as 
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encountered in the plane-layer problem. Doing the same steps 

for the source condition J a = 0 and Me = 1 gives the results 

R12111 = T12111 = 0 

1 + R22111 = T22. 

N1111(1 - R22.) = N2.T22111 

(5.25) 

(5.26) 

(5.27) 

For a first-order approximation, the reflection operators ~ 

and !m. are the same as for a planar interface (equations 

5.10 and 5.11). 

An extension to the plane-layer results comes from 

considering terms with e iknx dependence, which represent 

scattering at an arbitrary angle. Substituting first-order 

approximations for e iknx dependence into the boundary 

condi tions gives a more complicated set of equations. For 

the source condition J s = 1 and Me = 0 the resultant 

equations are as follows 



E t • -AnK1nR11n + A1.K1.T11. + BnR21n + i~~·dnmT11m 

• AnK2nT11n + A2.K2mT11m + BnT~1n + i~:mdn.T11. 
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(5.28) 

(5.29) 

(5.30) 

(5.31) 

(5.32) 

(5.33) 

The pattern of unknowns in equations 5.28 through 5.33 is 

similar to the pattern in equations 5.17 through 5.22. The 

extra complication comes from known terms involving elements 

of Ra and !n. The same operation of adding Ex/Bn + Ey/An and 

Ex/Bn + Ey/An simplifies the algebra. Using the simplified 

equations along with the normal current boundary conditions 

(equations 5.24 and 5.25) makes two separate two by two 

systems of equations to be solved for the top row elements 

of Ra and !A. To solve for elements in the bottom row of Rn 

and Tn. the same procedure is followed with the source 

condition J a = 0 and Me = 1. The final result simplifies to 



the following: 

Run = A Til [B(AP + K2nK2111A8) + C ] 

Ra1n = A*T.D(NanAP - Ka.A8) 

R12n 

While solving for !n results in: 

T11n = A T.[B(AI1 - K1nK2mAo) + C ] 

T12n 

where 

do-m kmk n + k 2 
A = B = y 

K1n + K2n 'A. 2 
81 

A*= d D" m D = (kD-k.~ky N1n + N2n 'A. 
2 
III 

A8 = 02 - 8 1 Afl = P2 - 111 
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(5.34) 

(5.35) 

(5.36) 

(5.37) 

(5.38) 

(5.39) 

(5.40) 

(5.41) 

~) 

The resulting reflection and transmission coefficients are 

remarkably simple considering the extensive algebra required 

to obtain them. 

A limitation of the results in equations 5.34 

through 5.41 is the presence of a singularity as 'A.. 
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approaches zero. For A. near zero, the coefficients Band D 

diverge. The. singularity is fundamental to a vertical 

current or vertically oriented potential representation. 

However, the problems introduced by the singularity at 

normal incidence can be avoided by switching to an 

alternative representation. For the special case of By = 0, 

the source is best represented in terms of Ey and Hy , as 

described by equation 3.27. For By = 0 the coefficients B, 

e, e*, and D in equations 5.34 through 5.41 are modified to 

B = 1 (5.42) 

e = 2ft knk.An 81 - ~) (5.43) 

e*= 2[t knklllAn 1fi - k] (5.44) 

D = 0 (5.45) 

The coefficients in !in. and !.n. represent a perturbation to 

plane-layer reflection and transmission caused by 

undulations of the interface s (x) • Because of the 

first-order approximations made in deriving ~ and !A, the 

amplitude and slope of s(x) must be small in terms of skin 

depths in the surrounding media. 

The special case of constant permeability reduces 

the complexity of !n and !.n. even further. For most rock 

types permeability does not change from its free-space 
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value, Po; therefore Pj = Po. A constant permeability 

eliminates almost half of the terms in equations 5.34 

through 5.41. For Pj = Po the elements of !!.o. reduce to the 

following: 

RUn = A T.[C + B K2nK21111 A8] (5.46) 

* D K2. fl8 (5.47) R21n = -A Till 

R12n = A T! D K2n A8 (5.48) 

R22n = A*T! B A8 (5.49) 

while !a simplifies to 

T11n = A T .. [C - B K1nK2111 118] (5.50) 

T21n * D K211 fl8 (5.51 ) = -A Till 

T12n * D K1n A8 (5.52) = -A Tm 

T 2 2n = A*T! B fl8 (5.53) 

where the definitions of A, A * , B, C, D, and M are 

unchanged. For Oy = 0, the coefficients B, C, and Dare 

modified to the definitions given by equations 5.43 through 

5.45. With Oy = 0, equation 5.46 and 5.49 are the same as 

the reflection coefficients published by Hughes and Wait 

(1975a) for TE and TM mode plane waves. 

The first-order reflection I and transmission 

coefficients describing plane-wave interaction with a 
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two-dimension undulating interface are fairly simple. A 

second-order approximation to Ra and !a can be derived, but 

it involves cross-correlations of the Fourier transform of 

s(x). The second-order approximation is more cumbersome 

computationally, but allows less restrictive limits on 

Is(x)1 and, Ids/dxl. Wait (1974) notes that for forward 

scattering from sea waves at grazing incidence, first-order 

reflection terms disappear and second-order terms become 

important. For the geophysical applications considered in 

this dissertation, the first-order solution is sufficient. 

The simple first-order result for two-dimensional 

undulations suggests that the three-dimensional problem 

should be tractable. 
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Three-dimensional Undulations 

The development of first-order reflection and 

transmission coefficients for three-dimensional undulations 

is only slightly more complicated than for two-dimensional 

undulations. For three-dimensional undulations, the 

interface is described by a double finite Fourier series 

P M 

s(x,y) = 2: L djfk e
ikjx 

e ikkY 

Jr- _ P j--M 
(5.54) 

where do = 0, fo = 0, kj = Aj, and kk = Ak. The interface is 

a real-valued function, s(x,y), which varies in the x and Y 

directions. The slope of s(x,y) in the x direction is 

P M 
as(x,y) = ~ L ikj dJfk,eikjx e ikkY 

ax ~ j--M 
Jr--P 

While the slope of s(x,y) in the Y direction is 

P M 

aS~;'Y) = 2: L ikk djfk e ikjx e ikkY 

k--P j--M 

(5.55) 

(5.56) 

Figure 5.2 illustrates the geometry of the problem. The 

undulating interface, s(x,y), separates two regions. The 

medium above the interface is characterized by a complex 

conductivity, 8 1 = 01 + i~EI' and a complex permeability, 

111 = -i6)fJt. The region below the interface has the medium 

properties 82 and 112' The incident field is a single 

downward-travelling plane wave. The incident plane wave is 
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Figure 5.2 Block diagram of Three-dimensional Undulating 
Interface Model 
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The interface is described by a real-valued function, 
s(x,y), which has gentle slope and has small amplitude in 
terms of skin depths. 
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traveling at an arbitrary angle and represents both Jz and 

Mz components. A single incident wave will be scattered into 

plane waves travelling in all directions with both Jz and Mz 

components. Using the Rayleigh hypothesis, fields above the 

interface are described by the equation 

(5.57) 

for z ) s(x,y) and 

IlIlag ( u ) ) 0 • The field representation for this 

three-dimensional problem is the same as for the 

two-dimensional problem, with the addition of an extra set 

of subscripts to keep track of oblique reflections in the y 

direction. Jz and Mz are coupled by their interaction with 

an undulating interface and oblique reflections will occur 

in both x and y directions. Electromagnetic fields below the 

interface can be approximated by a discrete spectrum of 

plane waves, viz 
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(5.58) 

for z < s(x,y) and U2Jk = ~1~ + k~ + k:, Real(u) > 0 and 

Imag(u) > O. As for reflected fields, ~ couples Jz and 

Mz together. 

To solve for the unknown coefficients in ~ and 

!.os, equations 5.57 and 5.58 must be linked by boundary 

conditions. The boundary conditions for the 

three-dimensional case are a slight extension to the 

as 
two-dimensional problem in that the y-direction slope, ay' 

is not zero everywhere. The three boundary conditions 

linking ~ and ~ together across the interface s(x,y) are 

continuity of tangential E and H, viz 

+ BS[ ~ ax 
o 

--

[::] + i}[::] = 

; ]H~~ 
; ]] ~:] 

(5.59) 

(5.60) 

and continuity of currents normal to the interface, viz 
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[~J _ as [J.] _ 
8x Mx 

~[J.] 
81' My = (5.61) 

[ as [ 8a.] as ~ :::] H~J I + ax Oxz + ax 8xz 

- 8 2 +8 2 (lay axz a2 +a2 
y u 'f x Y 

Any two of the three boundary conditions are sufficient to 

uniquely determine field quantities, but using all three in 

different combinations provides a check for catching 

algebraic errors. 

Enforcing the boundary conditions along the 

interface s(x,y) creates a set of equations linking ~ and 

~. The equations can be reduced to a form which can be 

solved alaebraically for ~ and ~ by making the same 

simplifying approximations used to solve the two-dimensional 

problem. The field representations established in equations 

5.57 and 5.58 are inserted into the boundary condition 

operators 

as ax or 

(equations 5.59 through 5.61). Terms multiplied by 

as 
by 81' can be represented by a zero-order 

approximation. For a zero-order approximation, e±UiJkS(X,y) 

terms are expanded into a one-term Taylor series. All other 

terms are represented by a first-order approximation. For a 

first-order approximation, e±UIJkS (X,y) teras are expanded 

into a two-term Taylor series. Considering terms with the 

same e ikJx e ikkY dependence leads to sets of equations which 
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can be solved algebraically for the coefficients in ~ and 

!aA. The field representations and boundary conditions are 

slightly more complex for three-dimensions rather than two, 

but the methodology for obtaining a solution is the same. 

For e ik•x e ikpy dependence, first-order reflection 

and transmission coefficients are the same as for a 

horizontal plane, viz 

[ KIU-KO:.2 
o ] !!&P.. = Kt.p+Kz. p 

0 N2.e-N2.e 
Nt.p+Nz. p 

(5.62) 

[ 2Kla2 
o ] !a.P. = Kt.p~Kz.p 

2Nl.1! 
Nt.p+Nz. p 

(5.63) 

where 

K!jk = 
and 

For oblique reflection and refraction, e iknx e ikqy 

dependence, first-order coefficients for an interface with 

three-dimensional undulations are similar in form to the 

two-dimensional results. ~ reduces to 
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R11nq = A T. p [B(AIl + K2nqK2.pA<J) + C ] (5.64) 

* = A T. p D(N2nq6P - K2.pA8) '(5.65) 

= A T!pD(K2nq68 - N2 .p6Il) (5.66) 

= A*T!p[B(M + N2nqN2.p6P) + c*] (5.67) 

While solving for ~ results in 

T11nq = A T. p [B(6P - K1nqK2.p68) + C ] (5.68) 

* = A T. pD(-N 1nq6P - K2• p68) (5.69) 

* = A T. pD(-K1nq68 - N2ap6P) (5~70) 

= A*T!p[B(A8 - NtnqN2.p6P) + c*] (5.71) 

whore 

A = du-.fg-E! B - kllko + kekg C = k~ + kekg{1 ~) Ktnq+ K2nq -
k! + k: k! + k~ 81 

A*= dD-.fg_1! D = koke - k.k g c*= k~ + kekg(l $-;) N1nq+ N2nq k! + k: k! + k~ Tfi 
68 = 8 2 - 8 1 A{1 = P2 - {11 

First-order reflection and transmission coefficients for an 

interface with three-dimensional undulations are only 

slightly more complex than for an interface with 

two-dimensional undulations. However, due to oblique 

scattering in both x and y for the three-diaensional case, 

~ and ~ couple both kx and ky source coefficients. The 
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three-dimensional case is much more cumbersome 

oOllputationally. For a Fourier transform representation of 

electromagnetic fields, N basis functions along the kx axis 

and N basis functions along the ky axis represent 

2 computation of N elements for the evaluation of each field 

component. Computing fields for horizontal plane layers does 

2 not couple the basis functions and thus represents an N 

effort. Interface undulations are desoribed by Fourier 

series with M terms. Adding two-dimensional undulations to 

one interface increases the computational effort to N2M. 

An implementatio~ of the first-order perturbation 

solution with N = 40 and M =20 requires 11.3 minutes for 

evaluation on a personal computer using an Intel 8088~ CPU 

chip and a 8087 math coprocessor running at 8MHz. The model 

had three layers with one undulating interface. The 

computer program spent 60 percent of its time in the 

subroutine whioh evaluates downward transmission, 

reflection, and upward transmission. A numerical approach 

to the same problem would be much more time oonsuming. For 

the Rayleigh-FFT approaoh, Jiracek (1972) reports a 

computation time for each plane-wave source component which 

is proportional to M2
•
75

• Generalizing Jiraoek's method to 

include a three-dimensional souroe and a single interface 

with two-dimensional undulations would imply a oomputational 
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effort which is proportional to N2M2. 76
• Based on Jiracek's 

reported times, an extension of the Rayleigh-FFT approach to 

evaluate a three-dimensional source and three layers with 

one undulating interfaoe would take roughly 12 hours on a 

CDC 6400. 

Adding three-dimensional undulations to one interfaoe 

increases the oomputational effort to N2M2. Eaoh additional 

interfaoe with two-dimensional undulations inoreases the 

amount of work needed to evaluate a model by a faotor of M. 

Each additional interfaoe with three-dimensional undulations 

inoreases the amount of work by a factor of M2. To evaluate 

models with multiple, non-planar interfaces, either souroe 

fields must be smooth, to limit the size of N, or 

undulations must be smooth, to limit the size of M. Adding 

interfaces with three-dimensional undulations to a layered 

model quickly inoreases the amount of oomputation needed per 

model beyond reasonable limits. For the three-dimensional 

sources of interest in CSAMT, models limited to 

two-dimensional undulations are the most praotical. 

Multiple Layers 

Evaluating models with multiple non-planar 

interfaoes is possible, but eaoh additional interfaoe adds a 

significant amount of oomputational effort. A simple, yet 
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useful model which can be evaluated on a personal oomputer 

is one non-planar interface in a staok of horizontal layers. 

Allowing just one non-planar interface simplifies the 

interaction between layers, while including any number of 

planar interfaces adds flexibility with little additional 

numerical effort. 

The interaction of vertical components of electric 

and magnetic current is described in chapter 4. The 

reflection function g. (equation 4.23) provides a convenient 

recursive form. The compact recursive form for g. can be 

re-written to more clearly show the geometric organization 

of plane-wave reflection from plane layers. Expanding the 

first three terms of go for a N layer earth gives 

go = 
+ TtTri e-2U1h1[R1 + TtT! e-2U2h2[R2 + T~T;g5 

Ro 1+Rog1 1+R1'a 1+R2g3 

where 

and 

d+ _ R. + g.tl e. - 1 + R.".+1 

(5.72) 

]] 

* The same relationship holds for go. Equation 5.72 provides 

a clear separation between contributions from each layer. 

If a first-order perturbation is added to R2 in equation 
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5.72, the change to go is 

Ago = [TtTri e-2U1h1] [ TtT1 e-2U2h2]AR2 
1+Rog1 1+R1g2 (5.73) 

The factors in equation 5.73 represent transmission down to 

interface two, the perturbation to R2 and transmission back 

to the surface. The downward transmission coefficient is 

(5.74) 

the perturbation to R2 is AR2 and transmission back to the 

surface is 

T~ = [T~ e-U1h1) (Tt e-U2h2) (5.75) 

Equations 5.73 through 5.75 deal with a perturbation to the 

TM mode reflection coefficient R2. A perturbation caused by 

an interface undulation couples J z and Hz components with 

the reflection angle not equal to the angle of incidence. 

Equation 5.74 can be generalized to include the perturbation 

caused by an undulation on the M'th interface in a stack of 

N layers. The downward transmission has a matrix form and 

eik~ dependence, viz 



where 

T.j, 
BI 

= TI Ttm e-uJ+1.hJ+1 
1 + RJ.gJ+1. 

J-o,n-1 

with 

T", -_ 2K I • 
• J K K JII + J.+1 

and 

T"'* = 2Nt. 
m J 'N j. + N J • + 1 
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(5.76) 

h . 1 R T.j, 1 d R * -- T .... *J - 1. d * f w 1 e J. = .j - an J. 8J. an gJ. are rom 

equation 4.23 with e ikmx dependence and KJ. and NJ. are 

defined for equation 5.22. The perturbation reflection 

matrix will be ~, n~m, (equations 5.34 through 5.37). 

Upward transmission has e iknx dependence and is given by 



where 

T! = n TIn e-uJ 1'tnh J9t 

J e O.M-1 

and 

T!* = n . 1'* u h Tjn e- J+1n J+1 

with 

T!J = 2K to. 1 
KJn + KJn+1 

and 

T 1'* = 2N 1 D. 1 
nJ NJn + NJn+1 

l' * while RJn = TnJ + 1 and RJn = T1'* 1 nj + • 
ik x equation 4.23 with e n dependence. 

description of the interaction is 

l' "-iLL = !A !k !a !La. 
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(5.77) 

* gjn and gJn are from 

The matrix equation 

(5.78) 

where iLL is the perturbation of Jz and Hz due to an 

undulation on interface M. The result can be extended to 

three-dimensions by recognizing that the downward 

'k 'k transmission leg will have e 1 .x e 1 pY dependence, !k will 

become !n.s. (equations 5.64 through 5.65), and that the 

upward transmission leg will have e iknx e ikqy dependence. 

For computation, half-space fields should be 

computed using the exact, closed-form solutions published by 
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Wait (1961). The modification to half-space fields caused 

by multiple plane layers is best computed using the hybrid 

solution developed in chapter 4. The hybrid algorithm 

involves analytical expressions which approximate the 

layered earth contribution and a correction term which 

requires the evaluation of a Hankel transform integral. 

Only the perturbation contribution from undulations on 

interface M must be evaluated by the double integration 

required for an inverse Fourier transform. Convergence of 

the undulation perturbation integrations is accelerated by 

exponential attenuation in T! and T! for increasing values 

of kx and kyo 

Error Analysis 

The goal of this dissertation is to provide a useful 

extension to existing theory which will help in 

understanding data collected by the CSAMT method. The 

theoretical results derived in the previous sections for 

two-dimensional undulations were implemented in a computer 

program. An immediate concern is to establish the validity 

of the theory and its computer program implementation. 

Computing boundary-condition errors provides a check on the 

many links in the chain of theoretical development. In 

addition to verifying the correctness of the theory, 
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oomputing errors allows the estimation of bounds on the 

range of permissible model parameters. The refleotion and 

transmission coeffioients derived in preoeding sections are 

not exact. They are first-order approximations whioh are 

valid if the amplitude of s(x) is small in terms of skin 

depths in the surrounding media and if. the maximum slope of 

s(x) is small. How big oan the maximum values of s(x) and 

ds/dx be? A series of tests were run to evaluate the 

correctness of the theory and to check its coaputer program 

implementation. The tests also establish conservative bounds 

on maximum amplitudes of s(x) and ds/dx for a given l·evel of 

error in matching boundary conditions across an undulating 

interface. 

Errors introduced by approximating exponentially 

varying field behavior with a two-term Taylor series are 

detected in matching boundary conditions. The individual 

plane-wave oomponents are exact solutions of the Helmholtz 

equation. For an undulating interface, the first-order 

solutions (equations 5.34 through 5.41) match the 

first-order boundary conditions (equations 5.28 through 

5.33) exactly. The solutions were cheoked algebraically and 

numerically. A more rigorous test is to oompute field 

oomponents in the space domain. The aotual field values 

predicted by the algorithm can be oompared along the 



132 

undulating interface. Errors from all sources are present in 

the computation. Besides the approximate nature of the 

reflection and transmission coefficients, additional error 

is accumulated from the representation of a continuous 

Fourier spectrum by a discrete finite series and from 

numerical round-off in finite precision arithmetic. 

The error introduced by using finite Fourier series 

and single precision arithmetic was checked by computing 

field components for a plane-layered earth usin, the double 

Fourier transform representation. By comparison with results 

from Anderson's (1974) program EMFIN, the field components 

were found to be accurate to within 0.1 percent. Computing 

field values for a plane-layered earth provides a check on 

the superstructure of the computer program. Model input 

routines, source representation, plane-layer reflection 

coefficients, electromagnetic field component computation, 

and integration routines must all be working correctly to 

duplicate independent results for plane-layered earth 

models. An accuracy of 0.1 percent is more than sufficient 

for comparison with field data. The error introduced by 

using finite Fourier series and sin,le precision arithmetic 

is not significant in the computer program implemented for 

this project. 
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The error introduced by using first-order reflection 

and transmission coefficients is more significant. 

Tangential field components were oomputed in the space 

domain at a series of points along an undulating interface. 

For each boundary condition an average relative measure of 

error was defined to be 

= ley " [x I , 0 , s (x j )] - e y 2 [x I , 0 , s( X I ) ] I 

le:t(x,O,s(xj»1 

= lett[xl,O,s(xj)] - et2[xJpO,s(xd1.1 

le!t(x,O,s(Xj» I 

= Ih yt [xl,O,s(xj)l - h y2[xjpO,s(x,)]1 

Ih:t(x,O,s(Xj» I 

£4j = Iht,,[xj,O,s(Xt)] - ht2[Xt,O,s(xt)]1 

Ih!t(x,O,s(Xj» I 

where 

et. = ex + :: e z 

h h + ds h 
t. = x dx Z 

4- 4- 4- 4-
eyt, et.1, h Y1' ht1 are down-going fields in region 

and 

Xj = Aj, j • -N,N 

(5.79) 

(5.80) 

(5.81) 

(5.82) 

For the purpose of evaluating the effect of different model 

parameters on boundary-condi tion error, a simple "'standard" 

model was chosen. The effect of model parameters on 

boundary-oondition error was investigated by varying 
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parameter values from the "standard". The standard source 

was composed of normally incident TE and TM mode plane-waves 

with a frequency of 100 Hz. An undulating interface 

separated a 100 ohm-meter half-space from an underlying 1000 

ohm-meter half-space. The cosinusoidal undulations were 

described by the funotion 

s(x) = a oos(b x) (5.83) 

where a = 0.26, b = n/86, and the skin depth, 6, is oomputed 

using the min(p1,P2). Boundary oondition errors were 

computed at a series of equally spaced points along the 

interface, providing a point-matching estimate of actual 

error. 

The inexactness in first-order reflection and 

transmission ooefficients comes from linear approximations 

to exponential terms. When the maximum amplitude of s(x) is 

the dominate source of error, boundary-condi tion errors 

along an interface should correlate with the amplitude of 

s (x). This is shown to be true for the standard model in 

Figure 5.3. Average relative boundary-condition error (the 

average of equations 5.79 through 5.82) is plotted as a 

function of x in Figure 5.3a for the standard Bodel, 

plotted in Figure 5.3b. The boundary-condition error reaches 

a maximum value of 10 percent and correlates in amplitude 

with the amplitude of s(x). Although the amplitude of s(x) 
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A plot of log1olrelative errorl vs x shows a maximum where 
s(x) is greatest. The contribution to error of Is(x) I is 
not significant for this model. 
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creates the dominate error in Figure 5.3, the error does not 

go to zero when s(x) goes to zero. The boundary-condition 

error includes effects from slope as well as amplitude. For 

this model, however, the effects of slope are minor and 

become apparent only at small amplitudes. 

Boundary condition error can be analyzed as a 

function of the maximum amplitude of s(x) when slope effects 

are small. Since the approximation is first-order, 

boundary-condition errors should be second-order. Figure 5.4 

shows this to be true. All four error measures are averaged 

along the standard mod~l interface. The average error is 

plotted as a function of the maximum value of s(x). Figure 

5.4 is a plot of 10g1o(average error) vs 10g10( Is(x) I.ax>. 

As expected the error is second order. A dashed 1 ine in 

Figure 5.4 is a log-log plot of relative error in a linear 

approximation to e U1S vs s. The error in the exponential 

approximation is second order and is somewhat smaller than 

the average boundary-condition error. The errors in the 

first-order reflection coefficients are related to a linear 

approximation of an exponential, but can not be directly 

predicted by calculating errors in exponential terms. The 

plot in Figure 5.4 provides a guide to how large s(x) can be 

for a given maximum acceptable boundary-condition error. A 

maximum Is(x)1 of 0.28 skin depths creates an average 
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A log-log plot of average relative error vs maximum Is(x)1 
shows that boundary-condition error is second-order. 
Maximum Ids/dxl is much less than maximum Is(x)/61 for this 
model. 
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relative error of 10 percent in the boundary conditions for 

a model with gentle slopes. For models with slopes which are 

comparible in magnitude with maxmimum amplitude, relative 

boundary-condition error is proportional to 
2 2 

Is(x)/eSl.ax + Ids/dxl.ax • 

The effects of slope become significant when the 

amplitude of ds/dx exceeds the amplitude of sex). By holding 

the amplitude of the standard model constant and shortening 

the wavelength of the cosinusoidal undulations, the 

contribution of steeper slopes to boundary-condition error 

can be determined. Figure 5.5 shows log-log plots of average 

relati ve error vs maximum slope for models with different 

maximum undulation amplitudes. The relative error is 

proportional to 2 2 
Is (x) leSl.ax + Ids/dx I.ax. To keep 

boundary-condition errors below 10 percent, 

(ls(X)/eSl!ax + IdS/dxl!axJo.6 should be limited to a maximum 

of 0.28. 

Another factor which affects boundary-condition error 

is the contrast between the resistivities of the two 

half-spaces. Average boundary-condition error is plotted as 

a function of resistivity contrast in Figure 5.6. The error 

is smallest for contrasts near one. For a resistivity 

contrast of exactly one (Pi = P2)' the interfaoe disappears 

and boundary-condition error is zero. For resistivity 
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show that boundary-condition error is proportional to 
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A log-log plot of average relative error vs resistivity 
contrast shows that boundary-condition error reaches 
asymptotic limits for very large and very small resistivity 
contrasts. 
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contrasts greater than one, a low resisti vi ty over high 

resistivity geometry, the boundary-condition errors rise 

smoothly to an asymptotic value. For resistivity contrasts 

less than one, a high over low geometry, boundary-condition 

error approach an asymptotic value, a value which is lower 

than the asymptotic limit for low over high resisti vi ty 

contrasts. The significant information in Figure 5.6 is that 

errors are bounded for large resistivity contrasts. Although 

there is no formal limit on allowable resistivity contrasts, 

there is a practical limit. Increasing the conductivity in a 

layer implies decreasing the skin depth. A very conductive 

layer will have a very small skin depth and consequently, a 

very restrictive bound on the maximum amplitude of s (x) • 

Large boundary-condition error in perturbation solutions to 

reflection from a perfectly conducting half-space with an 

undulating boundary is noted by Jiracek (1972, 1973). 

Restrictive bounds on undulations are a concern when 

modeling extreme high over low resistivity contrasts. 

A final concern in analyzing boundary-condition 

error is the functional relationship between the angle of 

incidence and average relative error. Figure 5.7 is a 

perspective plot of lOgl0(average error) vs kx and kyo The 

error surface has a oomplicated shape, but generally, error 

increases for increasing values of kx and kyo Increasing 
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Oblique angles of incidence increase boundary-condition 
error. In computation of field components, the increase is 
more than offset by exponential attenuation in transmission 
coefficients. 
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error for larger values of kx and ky is to be expected. The 

vertical propagation factors u1(kx ,k y ) and u2(kx ,ky) get 

larger as kx and ky increase. Larger U1 and u2 increase the 

error in approximating e±uJs for a given s. The larger error 

for nonzero values of kx and ky . is not a major concern. 

Bxponential attenuation in the transmission coefficients 

... La. and 
l' !.a. more than offset the increase in 

boundary-condition error for large k~ + k~. 

The relationship between boundary-condition error 

and errors in surface electromagnetic field components or in 

apparent resistivities depends upon both the source spectrum 

and upon the media in which the undulating interface is 

embedded. The relationship between boundary-.condition error 

and errors in other quantities of interest can be estimated 

for specific geometries by computing the effect of 

perturbations in plane-layer reflection coefficients. 

This error analysis shows that the theory developed 

for reflection and transmission from undulatin, interfaces 

is accurate to first order in 's(x)/61 and Ids/dxl. Average 

relative boundary-condition error is proportional ·to 

2 2 
's(x)/61.ax + Ids/dxl.ax ' allowing estimates of relative 

error for all values of 's(x)/61.ax and Ids/dxl.ax • If a 

average relative error of 10 percent in satisfying the 

boundary conditions can be tolerated, then 
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( 
2 12 )0.5 Is(x)/61.ax + Ids/dx aax must be less than 0.28. The 

.prollrams used. to compute boundary-oondi tion error provide 

assurance that the theory has been derived and implemented 

oorrectly. The next step is to evaluate models which can be 

compared with physical measurements. 
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CHAPTER 6 

MODELING APPLICATIONS 

Application of the theory developed in the preceding 

chapters completes verifioation of the theory's oorreotness 

and demonstrates the utility of the modeling algorithm. By 

oomparing results from the undulating interfaoe model with 

data from independent souroes both the theoretioal 

development and its oomputer program i~plementation oan be 

ohecked. 

For a cheok against other numerioal methods, the 

undulating interfaoe model oan be used to predict the 

effects of surface topography. A recent paper by 

Wannamaker, Stodt, and Rijo (1986) analyzes the effects of 

topography on magnetotelluric measurements. The numerical 

computations presented by Wannamaker, et ale (1986) include 

results from Rayleigh scattering and finite element models. 

Modeling using the theory developed in this paper are 

compared with a figure from Wannamaker, et al' s, (1986) 

paper. The plane-wave source used by Wannamaker is a 

special case for the modeling algorithm developed here. To 

show how the undulating interface model developed in this 

dissertation is an extension to previous work, the effects 

of topography are evaluated for a horizontal loop-loop 
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system. Comparison with published results for 

magnetotellurio souroes is a oheok on the oorreotness of the 

modeling algorithm, while extending previous work from a 

plane wave souroe to a loop souroe illustrates the 

originality of the theory developed here. 

As a further oheok on the computer program 

implementation of the undulating interfaoe model, numerical 

calculations are oompared with physical measurements made 

over a soale model by Villegas-Garcia (1979) • 

Villegas-Garcia (1979) measured the response of a horizontal 

loop-loop system over topography in a resistive basement 

overlain by a oonductive overburden. Numerical evaluations 

of a non-planar, layered models closely match anomaly shapes 

observed in scale-model measurements. Modeling the response 

of a loop-loop system highlights the general applioability 

of the theoretical results as well as confirming the 

aoouracy of the modeling algorithm. 

To show the applioabili ty of the undulating 

interfaoe model to CSAMT measurements, a case study from 

Avra Valley, Arizona is presented. CSAMT data reported by 

Zonge, Ostrander, and Bmer (1980) shows "transmitter 

overprint". To measure the influenoe of geologic structure 

near the transmitter, Zonge, et ale (1980) made two sets of 

frequenoy soundings. The first soundings were made with the 
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transmitter over shallow overburden. Without changing 

receiver site locations, a second set of soundings was marle 

with the transmitter located over much thicker overburden. 

The two sets of sounding curves are radically different at 

low frequencies, a result which can not be explained by a 

plane-layered model. A layered model which includes tlhe 

effects of changes in depth-to-bedrock, however, matches the 

observed data well. The transmitter overprint test provides 

an excellent example of the utility of the undulating 

interface model. 

Topography Modeling 

One application of the undulating interface model is 

in predicting the effects of subsurface topography ~n 

electromagnetic systems. For a normally incident plane-wawe 

source, several methods of computing topographic effects are 

possible. An extensive literature addresses the simila:r 

problem of scattering from ocean waves. The theoretical 

development of the perturbation method for reflection of 1i'E 

and TM mode plane waves from undulating interfaces can ~ 

applied to magnetotelluric topography modeling (RayleiglU, 

1907; Rice, 1951i Barrick, 1971; Wait, 1971; Hughes, 1973, 

1974, Hughes and Wait, 1975a, 1975b, Wait and Chang, 1976w, 

Rosich and Wait, 1976; and Hill and Wait, 1982). Wannamaker 
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, Stodt, and Rijo (1986) include figures of magnetotelluric 

topographic effects computed by the Rayleigh scattering 

method and cites Jiracek (1973) and Reddig and Jiracek 

(1984). For comparison with known results, magnetotelluric 

apparent resistivities were computed for the two-dimensional 

topography shown in Figure 6.1. Apparent resistivities are 

plotted in Figure 6.1 for TE mode and TM mode excitation 

calculated by Rayleigh scattering and by finite elements, as 

reported by Wannamaker, et ale ( 1986) • Numerical results 

from the modeling algorithm developed here show excellent 

agreement with Wannamake~, et aI's (1986) data. 

In an extension to plane-wave source modeling, 

topographic effects can be computed over the same model with 

excitation by a three-dimensional source. Figure 6.2 is a 

profile for a horizontal loop-loop system over the 

topographic model evaluated in Figure 6.1. The 

source-receiver geometry is shown in Figure 6.2, the 

transmitter and receiver coils are 100 meters apart and 120 

meters above a 100 ohm-meter earth. The coils move in 

tandem at a constant height. In passing over the 100 meter 

high ridge shown in Figure 6.2, the mutual impedance between 

the coils is disturbed by 50 percent. The topographic 

effect is appreciable for the modeled configuration. 
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Numerical results from the first-order perturbation analysis 
(solid line) compared with finite element and finite 
difference results from Wannamaker, et ale (1986). 



150 

III - ,.... ... 
c 
(l) 0 

In 
0 
'- I kHz (l) 1(1 

0- N -
C 0 

N 0 

" (f) 

N 1(1 ,.... 

0 Tx Rx 
1(1 

~100n~ -C 0 - 0 

- 120n 
x 0 

tn· -(J') 

0 100 Q-n 

0 
ICl 

I 

-J -2 - 1 0 2 

X (kn) 

Figure 6.2 Topographic Effects on Loop-loop System 

The mutual impedance between horizontal loops is perturbated 
by traversal over a ridge. 
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Modeling topographio effeots is an important 

applioation of the undulating interfaoe model. Topographic 

relief is easily measured, and having a practical way to 

predict its effect on electromagnetic measurements allows 

the routine use of topographic correction algorithms. 

Horizontal Loop-loop Modeling 

A convenient check on the validity of the undulating 

interface model is provided by comparison with scale 

modeling results from a thesis by Villegas-Garcia (1979). 

Villegas-Garcia (1979) measured the response of scaled-down 

horizontal loop-loop systems over a conductive overburden of 

varying thiokness underlain by a resistive basement. 

The geometries of Villegas-Garcia's scale models are 

depicted in Figure 6.3. Two small, horizontal loops are 

kept at a constant height, h, a constant separation, R, and 

are moved in tandem over the scale models shown in Figure 

6.3. The four scale models represent a uniform basement, a 

basement step, a basement ridge, and a basement valley. The 

overburden layers were made from slabs of graphite with an 

average conductivity of 9.7 x 10 4 mhos/meter. The 

graphite's coefficient of anisotropy was less than 1.2. 

To measure the effects of finite slab size, data 

from frequency sounding measurements over a graphite slab 
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( a) 

Slob Model 

( b ) 
Step Model 

( C I 

Ridge Model 

( d) 

Va I ley Mo del 

Scale model measurements for a horizontal loop (HLEM) 
configuration were made over graphite slabs milled into 
shapes representing a uni form layer, a basement step, a 
basement ridge, and a basement valley. Adapted from 
Villegas-Garcia (1979, Fig. 2) 
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wi th uniform thickness were compared with the theoretical 

results for a slab with uniform thickness and infinite 

horizontal extent. Scale model measurements were made with 

the loop configuration oriented across the width of the slab 

and with the loop configuration oriented along the length of 

the slab. The results of the frequency soundings are shown 

in Figure 6.4. The scale-model measurements are effected by 

the finite size of the graphite slabs. The curves marked A 

( across) and L (along) bracket the theoretical resul ts , 

marked by T in Figure 6.4. 

percent difference at 888 

Figure 6.4 shows a five to ten 

Hz between the scale-model 

measurements and the results expected for an infinite-width 

slab. The presence of edge effects in the scale-model 

measurements weakens their utility as a check on theoretical 

results. The scale model profiles over basement topography 

should have the right anomaly shape, but anomaly amplitudes 

are not exact. Profiles were run perpendicular to strike 

over the remaining three cross sections shown in Figure 6.3. 

In-phase and quadrature measurements of the vertical 

component of the secondary magnetic field are reported as a 

percentage relative to the primary field. 

For comparison with the scale-model results the 

CSAMT modeling program was modified to compute horizontal 

loop-loop responses. The accuracy of the program's 
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A comparison of scale model measurements with theoretical 
resul ts for plane layers shows the effects of finite slab 
size. . Measurements along the slab, L~ and measurements 
across the slab, A, differ from the theoretical results, T, 
because of the slab's finite size. Profiles over basement 
topography were made with the along-the-slab orientation, L. 
Adapted from Villegas-Garcia (1979, Fig. 1). 
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integration routines was tested by comparing flat-layer 

responses computed using a double Fourier transform with the 

responses computed using Hankel transforms. Both methods of 

model evaluation agreed to wi thin one percent. For the 

evaluation of undulating interface models, the Hankel 

transform method was used for computation of the plane-layer 

contribution and double Fourier transforms were used to 

compute the perturbing effects of undulations. 

The results of a profile over a step model are shown 

in Figure 6.5. The solid lines mark the numerical results 

from the undulating interface model while the letters show 

the results of Villegas-Garcia's (1979) scale modeling. The 

scale-model results and the numerical calculations produce 

profiles with the same shape, but with different anomaly 

amplitudes. The anomaly predicted by the numerical model is 

lower in amplitude than the anomaly resulting from scale 

model measurements. Asymptotic values for plane layers are 

marked by the small letters "ai" and "ar" at the ends of the 

profiles, The numerical results approach the oorrect 

asymptotic values more closely than the results from 

scale-model measurements. The presence of edge effects 

distorts anomaly amplitudes in the scale-model measurements. 

A second model geometry is a profile over a basement 

ridge, shown in Figure 6.6. Again, the agreement between 
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match asymptotic limits. Adapted from Villegas-Garcia (1979, 
Fig. 13). 
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numerical oomputation and scale-model measurements is good 

with regard to anomaly shape, but results differ in 

amplitude. The numerical results are less dramatic than the 

scale-model results. A final profile is over a basement 

valley model, shown in Figure 6.7. For the basement valley 

model, the numerical modeling closely matches physical 

measurements. Comparison with scale-model results provides 

assurance that the numerical modelling is oorrect. The 

versatility of the theoretical undulating interface model in 

accommodating many source types is demonstrated in the 

computing the response of a loop-loop system. 

Transmitter Overprint 

A recurring problem in CSAMT surveys is the effect 

that geologic structure near the transmitter has on 

frequency sounding curves. The effect of near-transmitter 

geologic structure has been termed "transmitter overprint" 

(Zonge, Ostrander, and Emer, 1980). A dramatic example of 

transmitter overprint is provided by a set of CSAMT 

measurements make in Avra Va.lley, Arizona (Zonge, et ale 

1980). 

The geometry of the survey reported by Zonge, et ale 

(1980) is shown in Figure 6.8. Two transmitter sites were 

used to make frequency soundings at the same receiver 
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Two CSAMT soundings were made at the same receiver site. 
One sounding was made with the transmitter placed over 
shallow overburden and a second sounding was made with the 
transmitter placed over deep overburden. 
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looations. As shown by cross section in Figure 6.8, 

depth-to-bedrock in the area increases dramatically from 

right to left. A fairly conductive overburden of 

approximately 20 ohm-meters overlies a resistive basement of 

about 600 ohm-meters. Plane-layer theory prediots that 

frequenoy soundings made at a particular receiver site 

should be the same regardless of transmitter siting. 

For this situation, the plane-layer paradigm fails. 

Two frequency soundings made at one reoeiver site are not 

the same, as is shown in Figure 6.9. Apparent resistivities 

plotted for a transmitter sited over deep overburden, marked 

by D's in Figure 6.9, show a smooth trend from high to low 

resistivity. In contrast, apparent resistivities plotted 

for the transmitter sited over shallow overburden, marked by 

S's in Figure 6.9, make a dramatio rise at low frequencies. 

The steep upward rise at low frequenoies is charaoteristic 

of "near-field" measurements. For CSAMT measurements in the 

near-field, statio current patterns are a much more accurate 

model than the plane-wave source assumed in 

magnetotellurics. 

resistivities for both 

At high frequencies, 

transmi tter sites are 

apparent 

coincident, 

indicating that the magnetotelluric model is valid and that 

near-transmitter geology is not affecting the measurements. 

The discrepancy at low frequencies, however, can only be 
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Figure 6.9 Transmitter Overprint Sounding Curves 

A log-log plot of apparent resistivity vs frequency for the 
area shown in Figure 6.8. Data from the sounding with the 
transmitter over deep overburden i-s marked with "D" and data 
from the sounding with the transmitter over shallow 
overburden is marked with liS". The solid line is the result 
from evaluation of the plane-layered model shown in cross 
section. 
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explained by models with a variable depth-to-basement. 

Conventional wisdom holds that the frequency 

sounding for data collected with the transmitter over thick 

overburden should give acourate results when interpreted 

wi th plane-layer models. The result of inversion of the 

deep transmitter data into a plane-layer model is shown in 

Figure 6.9. The solid line in log-log plot results from 

evaluation of the three-layer model shown in oross section. 

The plane-layered model matches the observed data for a 

transmitter sited over deep overburden. 

inversion predicts a depth of 1.6 km 

The plane-layered 

to the resistive 

basement. Conventional interpretetion would discount the 

data collected with the transmitter sited over shallow 

overburden as contaminated by "transmitter overprint" and 

accept the data collected with the transmitter sited over 

deep overburden as equivalent to measurements over a 

plane-layered earth. The validity of the plane-layered 

model can be tested against results which include a variable 

depth-to-basement. 

Inoluding the effects of varying depth-to-basement 

allows an accurate match to both sets of data with the same 

model. Figure 6.10 oompares modeling results for a slopin, 

basement with the transmitter overprint data from Avra 

Valley. The match is excellent. A cross section of model 
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The results of matching the transmitter overprint data with 
a model which includes a sloping interface. The solid lines 
are the result of evaluating the model shown in cross 
section. The dotted line is from the evaluation of a 
plane-layered model which matches layer thicknesses under 
the receiver site. 
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geometry in Figure 6.10 shows the sloping basement. The 

depth-to-basement predioted by the sloping interfaoe model 

is muoh less than the depth predioted by a plane-layered 

model using the frequenoy sounding made with the transmitter 

over deep overburden. Ignoring the effeots of sloping 

basement results in an inaoourate interpretation. Using a 

model whioh inoludes the effeots of basement topography 

allows a matoh to frequenoy soundings for both transmitter 

sites and gives a more aoourate depth-to-basement estimate. 

The model of a sloping depth-to-basement is 

supported by gravity measurements 0 Oppenheimer (1980a, 

1980b) estimated depth-to-bedrook in Arizona's basin and 

range provinoe by inverting gravity data. 

(1980b) depth-to-bedrook map shows 

Oppenheimer's 

a sloping 

alluvium-bedrook interfaoe in the Avra Valley study area, an 

interpretation whioh is in agreement with the results of 

CSAMT modeling. 

Lateral variations in layer thioknesses oan have a 

signifioant effeot on CSAMT measurements, an effeot whioh is 

not predioted or explained by plane-layered models. The 

undulating interfaoe algorithm suooessfully models CSAMT 

data from Avra Valley, data whioh oan not be matohed by 

plane-layer models. 
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The effects of lateral changes in geology on CSAMT 

data can be significant. The effects are most pronounced at 

lower frequencies. Interpretation of transition zone and 

near field data requires an explicit representation of the 

three dimensional source used in CSAMT. When lateral 

variations are present, both the three-dimensional source 

and geology between the transmitter and receiver must be 

represented in models. The application of plane-layered 

models in cases where lateral variations are present leads 

to inaccurate estimates of geological parameters. 

The theory 'developed here extends the plane-layered 

model to include the effects of lateral variation in layer 

thickness. A first-order perturbation solution is developed 

for reflection from and transmission through an interface 

with two- or three-dimensional undulations. The theoretical 

formulation incorporates. three-dimensional source 

exci tation. A numerical analysis of error indicates that 

the first-order perturbation solution is accurate to within 

10 percent for smooth undulations with a maximumampli tude 

of 0.28 skin depths. 
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Evaluation of the undulating interface model agrees 

wi th results from finite element modeling of topographic 

features for the special case of excitation by a plane-wave 

source. The capabili ty of including both a 

thr.ee-dimensional source and interface undulations is an 

extension to previous work. 

The utility of the theoretical result extends beyond 

modeling CSAMT data. A more general application of the 

theory is illuBtrated by compariBon of numerical modeling 

wi th data form physical scale modelB of a horizontal loop 

electromagnetic Bystem. 

Application of the undulating interface model to 

CSAMT data from Avra Valley highlightB a Bi tuation where 

plane-layered models are inadequate. CSAMT measurementB 

made over a sloping basement can not be interpreted 

accurately uBing modelB with uniform layer thickneBseB. 

Allowing lateral variation in layer thickneBB produces model 

reBponBes which agree with phYBical meaBurements and a model 

geometry which coincideB with what iB known about the 

geology at the case study area. 

Lateral variationB in layer thickness iB only one 

pOBsible extenBion to the plane-layered model. More 

complicated effects are obBerved over areaB where the 

geology varies laterally both in layer thickneBs and in 
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A natural extension of the theory developed 

here would be to derive a first-order perturbation solution 

for variations in layer resistivity. The development would 

be similar to the analysis of an undulating interface. The 

abili ty to model lateral variations in resistivity would 

advance . the theoretical understanding of electromagnetic 

exploration techniques closer to an accurate representation 

of nature. 

CSAMT remains a popular exploration tool. The 

difficulties associated with the interpretation of low 

frequency data can be attacked with theoretical models which 

include the effects of lateral variation. The development 

and application of a model which includes the effects of 

changes in layer thickness provides a useful extension to 

existing theory. 
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