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ABSTRACT 

A numerical study is done of a plasma in contact with a cold solid surface 

that is emitting a neutral gas. Two numerical models have been developed to 

describe the dominant phenomena of surface plasma structures. The first model 

entails a steady-state, kinetic treatment of the transport equations in one space 

dimension and one velocity dimension, to determine self-consistently the distri

bution functions of the interacting species and the electrostatic potential near the 

solid surface. The dominant phenomena in this region are the ionization of the 

neutral gas and the acceleration of the resulting ions by the electrostatic field in 

a pre-sheath region. Other effects involved are a Debye sheath structure between 

the solid surface and the pre-sheath, and collisional trapping and untrapping of 

electrons in an electrostatic potential well that, is predicted in the pre-sheath 

region. Results are presented from a nondimensional model with a monatomic 

returning neutral species and for diatomic molecular hydrogen returning from 

the surface. For each set of physical parameters chosen, a one parameter family 

of solutions is obtained. 

The second numerical model involves a steady-state treatment of the 

transport equations in a (x, VII' v.d phase space for the interacting species. In

cluded in this model are ionization of the refiuxing monatomic neutrals, a self

consistently determined electrostatic potential and a nonlinear Fokker-Planck 

treatment of ion-ion Coulomb collisions. Both the region near the surface domi

nated by kinetic effects and the region away from the surface in which Coulomb 

collisional effects are significant are treated. Results are presented which identify 
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the correct physical solution for the region near the surface from the permitted 

family found with the kinetic model. Additionally, results are shown which span 

a temperature range from the high temperature kinetic regime where Coulomb 

collisional effects are negligible, to the low temperature, highly collisional fluid 

regime. At low temperatures the collisional model agrees well with standard fluid 

techniques. 
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I. INTRODUCTION 

The first thing which happens when a plasma comes in contact with a 

solid density surface is that a conventional Debye sheath developsl,2. In a few 

plasma periods electrostatic fields develop which regulate the electron and ion 

fluxes to the surface such that the net electric current across the surface is zero. In 

the process, plasma ions impinging on the surface are recombined with electrons 

and neutralized. 

The next thing which happens in low Z (atomic number) plasmas at 

higher Z surfaces is that most of the neutrals produced at the surface from the 

incident plasma ions return into the plasma and are reionized. This returning 

of neutrals occurs through reflection at low incident plasma ion energies or by 

embedding and reemission at higher energies3 ,4. The former process occurs in-

stantaneous. The latter takes longer but occurs well within the length of many 

pulsed experiments4- 7 • Some sputtering removal of the higher Z surface material 

into the plasma also occurs but is typically modest compared to the returning 

flux of plasma species neutrals3 • The reionizing of the returning neutrals pro

duces an additional sheath structure, which is the subject of this dissertation. 

Steady-state solutions will be obtained numerically. 

The parameter space of these surface plasma structures can be divided 

according to the ratio of the mean Coulomb collision length to the dominant 

length for non-momentum transferring atomic or molecular collision effects. The 
, 

most important of the latter is usually the extinction length for electron impact 

ionization of the neutrals returning from the solid surface. The ratio of these 
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lengths is a function of temperature only, except for a weak Coulomb logarithm 

dependence on density, because the leading inverse dependencies on density in 

the length scales cancel. In the higher temperature regime, roughly above 50 

e V plasma temperatures, momentum transferring Coulomb collisions can be ne

glected near the surface relative to atomic and molecular dissociation and ion

ization collisions and charge-exchange, whose momentum transfer is negligible 

for present purposes. At large distances from the surface, i.e. many ionization 

extinction lengths, the atomic and molecular collision effects become insignificant 

and Coulomb collisions dominate the plasma behavior. The high temperature 

regime, where highly non-Maxwellian ion velocity distributions can occur, is the 

kinetic regime, in contrast with the lower temperature regime where ion velocity 

distributions are nearly Maxwellian and fluid theory is applicable. This disser

tation presents numerical calculations of surface plasma structures in the kinetic 

regime, including the region near the surface dominated by atomic and molec

ular non-momentum transferring collisions and the region far from the surface 

dominated by momentum transferring Coulomb collisions. 

The equations that describe surface plasmas in the kinetic regime are the 

transport equations with non-momentum transferring ionization, dissociation 

and charge-exchange processes, momentum transferring Coulomb collisions, and 

Poisson's equation for the self-consistent electrostatic potential. The surface 

plasma structures considered here are approximately charge neutral throughout 

most of space, but finite charge separation occurs in the non-neutral Debye 

sheath adjacent to the solid surface. Boundary conditions at the surface specify 

a returning, or "refluxing", of some fraction of the incident ions as neutrals with 

an appropriate distribution of velocities, and specify a net electric current, usually 

--- --------- --~~ .. ~- ._-
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zero. Calculating the contribution to the current of the electrons requires the 

specification of an electron secondary emission coefficient of the surface material. 

The situation is shown schematically in Fig. 1. A planar solid surface 

and planar symmetry are assumed. Two qualitatively different forms of the elec

trostatic potential, 4>, are shown as a function of the coordinate x normal to 

the surface. Also shown schematically in Fig. 1 is the returning neutral density, 

nn. Figure 1 indicates the spatial region dominated by electron impact ioniza

tion of the neutrals returning from the surface and the region in which Coulomb 

collisions are significant. When little or none of the incident plasma ion flux is 

returned from the surface as neutrals, the resulting plasma structure is a conven

tional Debye sheath with a monotonic electrostatic potential profile as sketched 

in Fig. 1. When the returning fraction of the incident ion flux is larger, the form 

of the potential changes qualitatively. The neutral reflux provides a source of 

cold ions to the plasma through electron impact ionization and charge-exchange 

with the incident plafima ions. The resulting increase in ion density will also 

produce an increase in electron density through the charge neutralizing tendency 

of the plasma. This increase in electron density will be shown to produce a max

imum in the electrostatic potential in the pre-sheath region, which occurs at a 

distance from the surface approximately equal to the ionization extinction length 

of a neutral returning from the surface. A Debye sheath must occur adjacent to 

the surface. In most laboratory plasmas, the thickness of this Debye sheath is 

small compared to the ionization length. In such cases most neutrals are ion

ized in a region beyond the Debye sheath which is approximately charge neutral 

and which includes the potential maximum. The plasma structure in this region 

where most of the ionization occurs, is called the pre-sheath. 
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In kinetic regime sheath problems the electrons have generally been as

sumed to be isothermal with a Maxwell-Boltzmann (M-B) velocity distribution 

everywhere except in the non-neutral Debye sheath region8 - 10 • This assump

tion eliminates the necessity to solve the transport equation for the electrons, 

and permits a description of the electrons using only electron distribution mo

ment quantities. The isothermal M-B assumption for the electrons is valid only 

if all electrons near the surface can move relatively easily to and from the plasma 

far from the surface, which acts as a source to the surface region. Without ade

quate communication via free streaming and/or collisional effects, the electrons 

need not maintain an isothermal character. If, as we find, a potential maximum 

is present in the region near the surface, electrons with sufficiently low energy, 

including some of the electrons produced locally from electron impact ionization 

processes, see this potential profile as a well, and communication with the remote 

source plasma through free streaming is eliminated. These slow moving electrons 

are "trapped" if their frequency of collisional energy transfer with the background 

electron distribution is small relative to their frequency of oscillation in the well. 

This trapping of electrons will require some justification of the isothermal M-B 

assumption. At higher temperatures where the M-B approximation begins to 

fail, a correction for non isothermal electron distributions is obtained. 

The general problem of a plasma in contact with a solid surface can 

include many physical complications, not all of which are treated in this dis

sertation. The primary purpose of this dissertation is to present the qualitative 

features and scalings of surface plasmas while holding the number of effects and 

parameters to a readable minimum. Additional effects include neutral parti

cle pumping and magnetic fields non-normal to the surface. The treatment 
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presented here is consistent with a magnetic field normal to the surface or no 

magnetic field at all. Non-normal magnetic fields would make the ion transport 

problem fundamentally more complex and would introduce additional questions 

concerning the actual angle at which the ions strike the surfacell ,12. Neutral 

particle pumping can be modeled in a variety of ways including the addition 

to the neutral transport equation of a loss term that contains a pumping ex

tinction length, or by simply decreasing the amount of neutral reflux from the 

surface. The latter approach will be utilized in the solutions presented here by 

introducing the reflux ratio, R B , between the incident ion flux and the returning 

neutral flux at the surface. This ratio also represents the difference between the 

absorption and re-emission of the plasma species by the solid surface material. 

Further inclusion of a pumping extinction length, which would add an additional 

parameter, is not done here. 

In addition to their significance as a fundamental plasma phenomenon, 

surface plasma structures have some potentially interesting applications. Among 

these are their essential roles in the determination of sputtering rates from solid 

surfaces exposed to plasmas and in the determination in fusion devices of the 

pumping removal rates of neutrals in general and impurity neutrals in particular. 

An understanding of these structures in the kinetic regime may also have experi

mental diagnostic value through the use of the predicted highly non-Maxwellian 

ion distributions leaving a surface, as signatures of plasma characteristics near 

the surface. Surface plasma phenomena will also play a role in determining the 

"floating" potential of solid objects immersed in plasmas. Where the latter ap

plication is to objects that are small relative to ionization extinction lengths, 
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as spacecraft will usually be, solutions will need to be modified for spherical 

geometry. 

The remainder of this dissertation is organized as follows: The determina

tion of the plasma structure in the region near the surface dominated by atomic 

and molecular collisions is presented in Chapter II. The model utilized in this re

gion neglects Coulomb collisions and will be referred to as the collisionless model. 

Chapter III is devoted to the problem including both the region dominated by 

atomic and molecular collisions as well as the region in which Coulomb collisions 

are significant. This "collisional" model incorporates a nonlinear Fokker-Planck 

description of the Coulomb collisions with the dominant atomic collision pro

cesses. Results from this calculation are used to rectify the limitations which 

arise when momentum transferring collisions are neglected. Finally, the conclu

sions and proposals for future research are presented in Chapter IV. 
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II. COLLISIONLESS TREATMENT OF SURFACE PLASMAS 

The general description of surface plasma structures in the kinetic regime 

requires the solution of the transport equations of the interacting species. Inter

action between the species can include ionization, dissociation, charge-exchange 

and Coulomb collisions. Additionally, a self-consistent electrostatic potential 

must be included to achieve charge:"neutrality. This chapter will be devoted 

to the determination of the plasma structure near the surface, which is domi

nated by ionization of the cold neutral reflux from the surface and acceleration 

of the resulting ions by the electrostatic field. This region will be referred to 

as the collisionless region where momentum transferring collisions can be ne

glected. A preliminary numerical model of this problem region has previously 

been reported 8 • However, that model assumed the existence of a Debye sheath 

region near the surface but did not include the region between the potential max

imum and the surface in the calculation. The current model explicitly considers 

the Debye sheath and adjoining pre-sheath regions on the surface side of the po

tential maximum, which connect the rest of the pre-sheath to the surface (refer 

to Fig. 1). The present work also treats a number of other effects, correlations 

and details of the solution not considered in Ref. 8. Additionally, Bailey and 

Emmert9 have found an analytic model which obtains the general features of 

Ref. 8. 

The material in this chapter will be presented as follows: A description 

of the physical model and governing equations is presented in Section A, with 

detailed justification of assumptions pertaining to collisional processes deferred 
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until after the solutions are obtained in Section C. The numerical model, solu

tion technique and boundary conditions are discussed in Section B. Results for 

the nondimensional problem with atomic reflux from the surface are given in 

Section C. Section D on Coulomb collisional phenomena presents justification 

and estimates of the temperature ranges of applicability of; 1) the neglect of 

Coulomb collisions in treating the ions; and 2) the use of the isothermal M-B 

approximation in treating the electrons. Also obtained in Section D is a correc

tion for non isothermal behavior of the electrons at higher temperatures where 

the the M-B approximation begins to fail. Section E presents the results from a 

dimensional treatment with molecular reflux from the Imrface. 

A. Physical lVlodel Description 

This section presents the physical model employed in the kinetic regime 

calculations and will indicate in what respects the collisionless ion and isothermal 

electron approximations must be justified. First the collisional phenomena con

sidered will be discussed, followed by a discussion of the electron treatment. The 

inclusion of a self-consistent electrostatic potential is presented and finally a sim

plified nondimensional model of the problem region is introduced. The problem 

to be addressed is that of a steady-state plasma in contact with a cold surface 

which is reflecting or absorbing and reemitting the incident plasma ions in a 

neutralized form back into the plasma. In all dimensional calculations presented 

here the plasma is hydrogen. 

The only collisional interactions between electrons, ions and neutrals in

volved will be those that cause some chemical change of the ions or neutrals, 

Le., ionization, dissociation or charge-exchange. Collisions that impart momen-
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tum change to ions or neutrals, ion-ion Coulomb collisions and any momentum 

transfer part of the chemistry collisions, are assumed to be negligible. It will be 

shown that on the length scale of the pre-sheath region treated in this chapter, 

Coulomb collisions between hydrogen ions can be neglected if the plasma tem

perature is sufficiently large. Ions produced by ionization and accelerated away 

from the potential maximum are seen to have highly' non-Maxwellian distribu

tions. If these distributions are significantly modified by Coulomb collisions the 

kinetic model fails. After the form of the kinetic solutions has been obtained, it 

will be shown that for hydrogen plasmas the kinetic approximation for the ions 

in the pre-sheath region is useful above about Ti =50 eV and of course improves 

with further increasing temperature. At lower temperatures, the momentum 

transferring collisions must be included, as is done in the following chapter. 

The problem therefore requires the solution of the steady-state transport 

equation for the ion and neutral species, 

(1) 
source 

where x and v represent the vector dependence in space and velocity, 1m, qm 

and mm are the distribution function, charge and mass of the mth species, E is 

the electrostatic field and the source term is given by 

= L {ne [(ave)l_mfl(Vm) - (ave)m_dm(vm)] 
source l=l=m 

+ / / / avzlvm - vzl [arcel_mfl(Vm)lm(VI)-

uro'm~lfm(vm)h(VI)] } (2) 

Here ne is the electron density, (ave)m_l is the M-B averaged rate of change of 

species m to 1 by electron impact and a rce I is the resonant charge-exchange 
m-
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cross section for species m to become species 1 by exchange of an electron, which 

is a function of the relative velocity of the particles, IVm - vzl. Only resonant 

charge-exchange cross sections are large enough to be significant here; a third 

species would have to be included in Eq. (2) if general charge-exchange processes 

were to be included. The species interactions included in the model are shown 

in Table 1. The subscript on the hydrogen species in Table 1 refers to the mass 

and the superscript denotes charged (+) or neutral (0) species. 

Table 1. Atomic and molecular interactions. 

Electron-impact ionization: 

1. e- + Hg --. Hi + 2e-

2. e- + H? --. Hi + 2e-

3. 

4. 

5. 

6. 

7. 

8. 

Electron-impact dissociation: 

e - + H~ --. 2HP + e-

e - + Hg --. HP + Hi + 2e-

e - + Hi --.2HO 1 

e - + Hi --. HP + Hi + e-

Charge-exchange: 

Hi + Ii? --. HP + Hi 

Hi + H~ --. H~ + Hi 

Here all species are assumed to be in the ground state. In reality some 

electronic and molecular excitations occur in the plasmas considered here, but 

these are not important in the energy balance in the kinetic regime. The source of 
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most of the excitation energy is the approximately isothermal electrons. Calcula

tion of these excitations and their decay through line radiation could, however, be 

important for diagnostic purposes. The most important process in determining 

pre-sheath structure will be seen to be electron impact ionization of the neutrals, 

in which case either m or 1 is a neutral and the other is an ion. 

While charge-exchange processes will be treated, their effect on solutions 

will be found to be much smaller than the effect of electron impact processes. 

This makes possible a simplification of Eq. (1). Charge-exchange rates depend 

on ion and neutral velocities, as seen in Eq. (2), but electron impact rates do 

not. If the perpendicular velocities of ions and neutrals (v y, vz ) are replaced by 

average values, the treatment of the more important electron impact processes is 

unchanged and charge-exchange processes are adequately treated to assess their 

relative unimportance and to obtain the form of their contribution. Equation (1) 

can then be simplified to 

(3) 
source 

which is now limited to an (x, v:z:) phase space. The V.l dependence of the 1m's 

has been retained, as it must be, in the collisional treatment of Chapter III 

and could easily be done here but would complicate the presentation without 

significantly improving the solutions. 

For ion temperatures in the kinetic regime, above approximately 50 eV, 

almost all of the neutral reflux from the surface is due to the embedding of 

the incident ion flux in the surface material and subsequent re-emission of the 

plasma species as neutrals at the surface temperature. The conclusion that the 

incident ions from a kinetic temperature regime plasma embed in the surface 
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rather than reflecting from it is made more definite by the fact that the ions pass 

through an electrostatic Debye sheath potential drop of 2 to 4 kTe before striking 

the surface. Consequently, if the plasma temperature is above approximately 50 

eV, most plasma ions will strike the surface with energies above 100 eV. Because 

embedding occurs in most solid materials above approximately 20 e V3 , almost all 

of the incident ions will embed. The solid surface temperature is necessarily very 

small compared to the characteristic kinetic temperature regime ion energies, 

and the returning neutral velocities are therefore negligible compared to ion 

velocities. The neutrals returning from the surface are represented in this model 

as a monoenergetic beam moving normal to the surface with energy equal to this 

surface temperature. If the observed velocity distribution of neutrals emitted 

from surfaces always had the same form it would be reasonable to use that form in 

the calculations, but the situation is not that simple. The observed distributions 

do, however, have a maximum at about the thermal energy of the surface and 

an angular distribution peaked in the normal direction. In detailed engineering 

calculations more realistic velocity distributions could easily be used. For the 

relatively qualitative purposes of this dissertation, the monoenergetic distribution 

is believed to be adequate and, again, reduces the number of solution parameters. 

Thus the distribution function of low energy neutrals returning from the surface 

is taken to be nno(vx - vn), where nn and Vn are the neutral atom density and 

x-velocity. 

The electron distribution for the majority of the solutions obtained below 

is assumed to be an isothermal Maxwellian. Thus the electron density is given 

by 

(4) 
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where neO is the electron density at x = 0 where ¢ = O. This is the standard 

treatment of electrons in surface plasma calculations. However, the presence of a 

potential maximum in the pre-sheath region (see Fig. 1) will alter the isothermal 

behavior. Electrons in the electric field of the conventional Debye sheath have 

phase space characteristic trajectories as sketched in Fig. 2a. Electrons are sim

ply repelled by the potential drop near the surface. But if the ionization of the 

neutral reflux creates a potential maximum near the surface, the electron char

acteristics will be modified as shown in Fig. 2b. (These "sketches" of phase space 

characteristics are actually taken from self-consistent calculations presented later 

in the chapter.) Electrons which have sufficiently low velocities near the potential 

maximum have trajectories which confine them to a limited spatial region, i.e. the 

characteristics are closed contours and the electrons are trapped. The electron 

separatrix (the characteristic which has Vx = 0 where x ~ 00 and Ex ~ 0) thus 

defines a well in velocity space for relatively cold electrons. Because the trapped 

characteristics do not intersect the problem boundary, the trapped electrons can 

communicate with the electron distribution at infinity only through collisional 

effects that transfer them onto characteristics outside of the separatrix. 

Electrons freed by electron impact ionization within the spatial extent 

of this well will be trapped if their Vx velocity is less than the local separatrix 

velocity. In fact this is the situation for most of the freed electrons in most ki

netic regime cases. The result is that more electrons accumulate in the well than 

are given by the Maxwell-Boltzmann expression and the self-consistently deter

mined well depth is reduced. The distribution of trapped electrons is determined 

by a competition between their ionization source rate and collisional untrapping. 

The Maxwell-Boltzmann distribution and, therefore, the model equation (4), 
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Figure 2. Electron velocity characteristics; a) for the conventional monotonic 
Debye sheath potential; b) for the typical kinetic solution with a 
potential maximum near the surface. 
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will be shown to be a useful approximation in the lower temperature part of the 

kinetic regime where electron collisional effects are stronger. At higher temper

atures where collisional untrapping is weaker, the additional trapped electrons 

are a stronger effect and cannot be ignored. In the section below on collisional 

phenomena, a correction for this effect will be obtained using the results of the 

nondimensional calculations with Maxwell-Boltzmann electrons. It will be shown 

there, that for Te ;5200 eV this correction is small. 

The electrostatic potential, <p( x), to be self-consistent must satisfy Pois-

son's equation, 

(5) 

where ne is obtained from Eq. (4), or the corrected electron density obtained 

below and 

(6) 

Notice that both ne and the ion densities depend locally on <p, and that the 

neutral density is indirectly affected by <p. Throughout most of the pre-sheath 

region in most applications of interest here the relative charge density difference is 

very small. This is equivalent to saying that we shall mostly be interested in cases 

in which the Debye length is much smaller than the ionization extinction length 

for returning neutrals. Where the plasma is approximately neutral, approximate 

solutions can be obtained by requiring that <p be such that the right hand side 

of Eq. (5) is zero. In the Debye sheath region, Eq. (5) must be solved directly in 

all cases. 

A simplified physical model will now be introduced which can easily be 

put in a nondimensional form and exhibits the most important features and 

scalings of the complete system with a smaller number of solution parameters. 



27 

In this simplified model the neutral reflux from the solid surface is assumed to 

consist of a single monatomic species, and charge-exchange is completely ne

glected. Charge-exchange, the effect of which is relatively small, is included in 

the treatment of the complete dimensional model with diatomic molecular hy

drogen reflux. Monatomic reflux yields solutions quite similar in form to those 

obtained with diatomic reflux (including all the additional interaction processes) 

because the first ionization of cold neutrals and the immediate following acceler

ation of the produced ions in the self-consistent electric field are the dominant 

effects in determining the form of the solutions. 

Restricting the interaction between the neutral and ion species to elec

tron impact ionization and utilizing Boltzmann electrons enables the following 

nondimensional treatment. The source term, Eq. (2), is significant over a scale 

length on the order of the ionization extinction length. It is therefore useful to 

scale all equations to this length and to a characteristic ion velocity. For the 

latter it is desirable to use the isothermal ion sound speed. The location of the 

anticipated potential maximum will be taken to be x = 0 in the calculations. 

Then neO and niO are defined as the electron density and the incoming plasma 

ion density at the potential maximum or x = O. Thus the scaled variables are 

x = x/xo (7) 

(8) 

where Xo = vn/[(ave)neo], Vo = y'kTe/mi and Vn is the velocity of the neu

trals returning from the surface. Note that (ave) is a constant because Te is 

uniform in space. Defining ~ = e¢/kTe, Nn = nn/niO and Ne = ne/niQ, gives a 
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dimensionless ion transport equation, 

(9) 

where Ii is now the ion distribution scaled by niO. The neutral equation is similar 

but the ionization term is negative and the acceleration term is zero. 

The electron density prescription becomes simply 

(10) 

Additionally, Poisson's equation can now be written as 

(11) 

B. Numerical Model and Solution Procedure 

This section presents the numerical model employed in the collisionless 

calculations and will describe the solution procedure utilized and necessary pa

rameters needed to specify a particular solution. A solution to the kinetic regime 

problem consists of determining the distribution function, fsp(x, vx ), for each 

neutral and ion species and the self-consistent electrostatic potential, ¢(x). For 

a solution to be physical, ¢(x) must be constant at large x, i.e. Ex ---+- 0 as x ---+- 00, 

and the net electric current into the surface must be zero (or some other specified 

value). 

The mean free path of a typical ion or neutral is of the order of or 

greater than the thickness of the collisionless pre-sheath structure. A significant 

fraction of the incident plasma ions pass through the entire sheath structure to 

the surface without experiencing a collision. All diatomic neutrals are dissociated 

- ._------._-- _.-----------------_._------------------------
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in the pre-sheath, and all neutrals are ionized as they return to the main plasma, 

but most of the monatomic ions produced then leave the problem region without 

experiencing any further collisions. Consequently, the most attractive choice of 

numerical transport methods is one based on collisionless characteristics, which 

can propagate the constancy of the Isp's along characteristics in the absence of 

collisions exactly, i.e. without truncation error. (A similar calculational technique 

is described by the author in Ref. 13.) The characteristics for each ion or neutral 

species are determined in the (x, vz ) phase space of the system by conservation 

of energy, s, 

(12) 

The numerical method developed and used here is also conservative in the sense 

that total mass flux is conserved in coordinate space without truncation error, 

regardless of collisions that change various species into others. 

To resolve the phase space of a given species sp, the method uses a dis-

crete set of characteristics with energies Ssp,k' Figure 3a shows a typical form 

of the anticipated electrostatic potential profile and a set of ion characteristics 

representing the behavior of a particular ion species in this potential. Charac

teristics of ions with larger charge to mass ratio, Q8P/m8P ' would have larger 

slopes (in magnitude), Idvz/dxl, at a given x, and neutrals have characteristics 

parallel to the x-axis. Notice that the lower energy characteristics turn through 

V z = 0 while higher energy characteristics do not and that a saddle point occurs 

at (x=O, V z =0) through which a separatrix passes that separates characteristics 

that pass over the potential maximum from those that turn back on either side. 

The turning point of a characteristic is of course determined by its energy. Note 

that the turning points of the chosen characteristics are not uniformly spaced 
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Figure 3. Anticipated electrostatic potential profile and resulting ion charac
teristics for a particular ion species in this potential. 

Figure b presents a section of the solution grid of Fig. a to the right of 
the potential maximum and has a typical set of neutral characteristics 
(dashed lines) included. Also show in Fig. b is the propagation of 
several discrete ion fluxes and the ion characteristic numbering and 
velocities. 
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in x and that the choice of these turning points dictates the velocity resolution 

provided elsewhere in phase space by these characteristics. The characteristic 

energies, csp,k, are chosen in the method to optimize resolution in x and V:C. 

Typically the turning points chosen are more closely spaced where the spatial 

gradient of ¢(x) (Le. E:c) is larger, as can be seen in Fig. 3a. 

The chosen characteristics for a given species and the spatial grid lines 

(x = constant) constitute a nonorthogonal computational grid in phase space 

for that species as shown in Fig. 3b. Fig. 3b presents a section of a typical 

(x, v:c) computational grid, through which the V:c =0 axis passes. The velocities, 

Vi,k, of a characteristic with energy ck are calculated at the spatial grid points, 

xi, and the characteristics are linearly interpolated between the grid points as 

shown. The Vi,k'S are of course different for species with different charge to 

mass ratios (typical neutral characteristics are also shown with dashed lines in 

Fig. 3b). The velocity indexing is done such that a particular characteristic will 

maintain a constant k index throughout space. Because the velocity of a given 

characteristic is not constant at different spatial locations, the spatial index, i, 

must also be maintained to identify the characteristic velocity throughout space. 

Typical labeling of the ion characteristics and velocities is shown in Fig. 3b. 

Notice that the characteristics maintain their kth index as they are turned at 

V:c = 0 and that there is an additional characteristic added to the computational 

grid at each successive grid point. This coupling of the velocity and spatial grids 

makes it useful to start numbering the characteristics with the one having the 

largest energy and increment the characteristic number with each added spatial 

zone. 
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If Isp(x, v:z;) is the distribution function of species sp, then the station

ary flux of particles in phase space between a pair of adjacent characteristics 

separated by ~v:z; at x is 

(13) 

In the numerical model the basic plasma variable is the flux in phase space be

tween characteristics k -1 and k, r,;,k, at spatial location x,;. The treatment can 

be viewed as a series of energy bands through which particle flux is transported, 

i.e. a discrete multi-energy group treatment. Typical ion fluxes are shown in 

Fig. 3b. In the absence of collisions, the Boltzmann equation says that I(x, v:z;) 

and r(x) are constant along a characteristic v:z;(x), so that without collisions, 

r,;,k is independent of j. 

At x,;, the value of Isp(X,;,Vk) is assumed uniform between V,;,k-l and 

V,;,k with the value 

f 
r sp,j,k 

sp,,;,k = (V,;,k-l - V,;,k)[(V,;,k-l + v,',k)/2] 
(14) 

Obtaining a solution requires propagating the multiple species particle fluxes 

from X,;-1 to x,; and adding the incremental change in flux, ~r sp,,;,k = r sp,,;,k -

r sp,,; -1,k, resulting from the interaction between the species, for all J', k, in such 

a way that charge neutrality or Poisson's equation is satisfied at all x,;. The 

density of the interacting species is given by 

LL LL 2r 'k± sp,.1, , 
nsp,,; = (V,;,k-l - v,;,k)lsp,,;,k,± = (, +,) 

± k ± k V"k-l V"k 
(15) 

where the (±) refers to the upper and lower half planes in velocity space. The 

~r's are given by a finite difference equation similar to Eq. (2). For species 1 at 
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a particular velocity index, kl, this yields: 

Ar spl,j,kl = (Xj - xi-d 

{ [ 
r ""' (ave) spl-sp2 

ne,j-! - spl,j-!,kl L- V 
sp2 spl,kl 

+ ""' ""' (ave) sp2-spl r w 1 L- L- V sp2,j-~,k2 2-1 
sp2 k2 sp2,k2 

(16) 

+ [_ r spl,j-~,klac:c,spl-sp2 L (Vspl,kl - Vsp2,k2)r sp2,j-~,k2 
Vspl,kl k2 Vsp2,k2 

+ L r sp2,j-~,k2ac:c,8p2-spl W
2

_
1 
L (V sp2,k2 - V SP 1,k3)r SP1,j-~'k3l } 

k2 Vsp2,k2 k3 Vsp l,k3 

The j - ! subscript denotes quantities evaluated at the midpoint between spa

tial grid points j - 1 and j, ne is the electron density and W2_ 1 is defined 

as the fraction of r sp2 " _ 1. k2 in the phase space of species 2 that is converted 
, 2' 

into r spl,'-J. kl in the phase space of species 1 by any collisional process. By 
, 2' 

definition, this mapping between velocity grids must satisify 

LW2- 1 = 1 
k2 

(17) 

i.e. the total flux lost by species 2 is gained by species 1 as required for flux conser-

vation. In general, a linearly interpolated mapping between the average particle 

velocities is used. The average M-B rate coefficients for the electron impact inter-

actions (constant throughout space for Te = constant) and the charge-exchange 

cross sections are taken from the literature14,15. The velocities written in the 

form Vspl,kl and used in Eq. (16) are the average particle velocities between 

characteristics, evaluated at the j - ! spatial location. 

In order to treat charge-exchange properly, the velocities used in Eq. (16) 

need to be the total particle velocities, i.e. include (Vy, vz ). Because the effect 
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charge-exchange (eX) has on the solutions is small compared with the electron 

impact effects, average values of the perpendicular velocities are used, assuming a 

Maxwellian distribution of velocities in the perpendicular directions. The thermal 

spread chosen for the perpendicular velocities is that of the plasma at infinity, 

Ti, and is utilized in the calculation of the ex cross section, O'cx. This average 

treatment of the ex interactions enables the form of their contribution and 

relative impact on the solutions to be determined without greatly complicating 

the solution procedure. 

In some applications, the values of the r's are chosen at the forward 

spatial grid location, Xj, when determining the source terms defined by Eq. (16). 

This fully implicit differencing avoids possible negative values of the fluxes during 

the iteration procedure and is found in tests to give almost the same results as the 

centered flux differencing. All other quantities, i.e. velocities and interpolation 

functions, W, are calculated at the centered spatial location. When charge

exchange is included in this implicit algorithm (centered or fully implicit) the 

fluxes at j must be found iteratively in order to be self-consistent. This is 

accomplished during the potential iteration to be described below. 

In order to obtain the electrostatic potential, ¢j, from Poisson's equation 

or charge-neutrality, the electron densities, n e,;, must be known. The electron 

density is not only needed in the expression (ni - ne) for charge density differ

ences, but also in Eq. (16) to obtain the flux changes, and hence the ion densities. 

The electrons in the main plasma have a Maxwellian distribution with temper

ature, Te. This model is to be applied where Te is sufficiently large that the 

electrons can be treated as isothermal and the electron density is given at most 
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locations by 

ne(X) = neo exp [ e:~) 1 (18) 

However, Eq. (18) fails and must be corrected when it local maximum occurs in 

cP(X) and electron trapping interferes with the isothermal behavior of the electrons 

(described in Section A of this chapter). The modifications needed to Eq. (18) 

for non isothermal behavior will be discussed in Section D, after the solutions 

utilizing the M-B electrons have been presented and can be used to obtain the 

corrections. 

One additional correction must be made to Eq. (18) that has a signif

icant effect only very near the solid surface. Of the electrons which strike the 

surface, only a fraction, given by the secondary emission coefficient, Use, are re-

turned directly to the plasma. These returned electrons range in energy from 

slightly less than their incident energy to the thermal energy of the surface. This 

returned current of electrons has little significance in determining either the po-

tential, except very near the surface, or the ion distribution functions, but it 

does control the electron flux to the surface. For the majority of the parameter 

variations discussed in the results, Use is taken to be zero, in which case the 

electron distribution at the surface is a half-Maxwellian. When Use is non-zero, 

a half-Maxwellian form for the secondary electrons with temperature Tse$Te is 

used. The appropriate electron density in the region between the surface and the 

potential maximum is found by truncating the isothermal Maxwellian distribu

tion on the positive side by the surface potential, cPs, and including the density 

of the secondary electrons: 
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( ) = neO { [ecP(x)] (1 + f e(cP(x) - cPs)) + 
ne x 2 exp kTe er kTe 

-rr: [ecPs] [e(cP(x) - cPs)] 
Use Y T.: exp kTe exp kTse x 

(
1 - erf e( cP(x) - cPs) ) } (19) 

kTse 

where neO is the electron density at the potential maximum. Typically the surface 

potential is 3 - 4 kTe, so the truncation of the isothermal Maxwellian and the 

added secondary electrons have little effect on the solution in the pre-sheath. 

The electron current at the surface is given by 

( ) -~ [ecPs] Je = 1- Use neoy ~ exp kTe 

where Use can range from 0 - 1. 

The field equation satisfied by cP(x) is Poisson's equation, 

where the direct dependence of ne on cP in this application is indicated. If 

~ «1 , 
ene 

Eq. (21) is approximately satisfied by p=O, or 

L qspnsP - ene(cP) = 0 , 
sp 

(20) 

(21) 

(22) 

(23) 

and Eq. (23), the quasi-charge neutrality condition, is the field equation satisfied 

by cPo For a discussion of the charge neutrality condition in the context of sheath 
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problems see Ref. 16 and the references contained therein. When the quasi

neutral condition above is not satisfied, Poisson's equation must be solved. The 

standard three point finite difference form for Eq. (21) is used, and is written 

assuming a uniform spatial grid as 

(24) 

and is readily generalized if D..x is not uniform. 

As discussed in Ref. 16, we can determine whether Eq. (23), charge neu

trality, is adequate or if Eq. (24) must be solved by obtaining cP(x) with Eq. (23) 

and using this potential in Eq. (24) to estimate p. If the p obtained satisfies 

Eq. (22), then the charge neutral solution is accepted; if not Poisson's equation 

must be used. The criteria usually applied is that Ip / ene I < 10-3 • It can eas

ily be shown that if the characteristic curvature length of ¢(x) is much greater 

than the Debye length, then the quasi-neutral condition is satisfied. In the pre-

sheath region the characteristic length scale is the ionization extinction length, 

xo, defined in Section A. In most laboratory plasmas, Xo » Ad, and charge neu

trality is a good approximation throughout the pre-sheath, including the region 

around the potential maximum. In the Debye sheath nearer to the solid surface, 

quasi-neutrality always fails and Eq. (24) must be used. 

Equation (23) or (24) yields a condition on the electron and ion densities 

at each grid point, xi' The solution consists of finding the cPi that satisfies this 

condition through the dependence of ne and ni on cPi obtained by integrating 

the system of transport equations as described above. 

The procedure followed is to integrate the system of equations in both 

directions from the potential maximum, toward the main plasma and to the 
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solid surface. This is a convenient choice because the parameters of the family 

of solutions obtained are available as boundary conditions at x = 0, with which 

to start the integrations. This is most easily understood by considering the 

relatively simple case without charge-exchange. 

Without charge-exchange, ions moving to the left (refer to Fig. 3a) from 

the main plasma toward the potential maximum experience no collisions until 

they reach the location on their trajectory where Vx = o. That is, f and rare 

constant along characteristics in the x > 0, Vx < 0 quadrant of phase space 

for the inbound species. The inbound species is ionized monatomic hydrogen 

in these applications. As the inbound ions that do not pass over the potential 

maximum turn through Vx = 0 and move into the upper half phase plane, they 

experience collisions in the sense that electron impact processes add ions to these 

characteristics. Neutrals moving at thermal velocities from the surface on the 

left are ionized and join the plasma flow on the ion characteristic with this same 

velocity at the location of the ionizing event. In most applications, these neutral 

characteristics lie so close to Vx = 0 relative to typical ion velocities that, for 

purposes of visualization and some modeling purposes, these processes can be 

thought of as occurring at Vx = O. If the neutrals are monatomic, electron impact 

simply converts an HP to an Hi which joins the flow at that location. If the 

neutrals are diatomic hydrogen this process proceeds in at least two steps. On 

one reaction branch, for example, H~ is first ionized to Hi and accelerated in 

this form by the Ex field until a second electron impact dissociates the Hi into 

Ht and Hp. The Hi then joins the Hi flow and the HP moves on a relatively 

high velocity neutral characteristic until it too is ionized and joins the Hi flow. 
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As the integration proceeds to the right from x = 0, the necessary informa

tion is available in the lower half plane. An uncollided Maxwellian distribution of 

ions with temperature, Ti, is assumed from the main plasma. The information in 

the upper half plane is obtained by integrating the transport equations with the 

source term given by Eq. (16). Self-consistency with the electrostatic potential 

is obtained by a secant iteration. Given that the r's in the upper half plane and 

¢ are known at Xj-lJ a value of ¢j is estimated and the fluxes are advanced to 

Xj adding the Ar's. At Xj, a value of the charge separation is calculated using 

the new r /s in Eq. (15) for the ions and the estimated ¢j in Eq. (18) for the 

electrons. The process is continued iteratively until an acceptable value of the 

charge separation is found, usually with Ipj / enej 1 < 10-5 • Figure 4 shows a typ

ical plot of charge separation, Eq. (23), as a function of A¢j = I¢j - ¢j-ll. Two 

roots are found; the smaller root is the physical one, the large root is spurious 

being caused by the exponential dependence of ne on ¢ at very large values of 

A¢j, and must be avoided. 

Next a similar solution procedure is followed for x < O. The inbound ion 

fluxes are continued across the x=O, Vx < 0 line. Whatever thermal neutral flux 

from the surface that was assumed at x = 0 at the beginning of the integration 

for x > 0 is also continued. The only ions on the Vx = 0, x < 0 line are those 

produced by ionization of these neutrals and are immediately accelerated toward 

the surface by the negative Ex field. Otherwise there are no ions in the upper 

left (vx > 0, x < 0) quadrant, and all information that is needed to integrate to 

the left is available. 

If ions reflected from the surface with a significant fraction of their inci

dent energy are treated, a complication occurs in the x < 0 integration that is 
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root 2 

Figure 4. Charge separation at a given spatial location, as a function of the 
(assumed) potential difference. 
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similar to that caused by charge-exchange in the x > 0 integration. Ions and 

neutrals are present that are moving in the direction opposite to the direction 

of integration whose distribution cannot be calculated without first knowing the 

distributions in the other half plane. In both cases, an iterative procedure gives 

the desired solutions without much difficulty. Integrations are performed alter

natively in upper and lower planes in the direction of the characteristics, while 

holding distributions fixed in the opposite half plane. 

Certain obvious conditions must be met in order that a solution be con

sidered physical. For x > 0, 4> must approach some constant value as x -4 00, 

i.e. Ex -4 O. Also as x -4 00 all species must vanish except Ht. For x < 0, 

the electron and ion currents at the surface must be equal and opposite, or in 

some special cases they must add to a specific net current. Also at the surface, 

the ratio of incident and emitted mass fluxes must have a prescribed value, R B • 

This ratio will be discussed and a range of values considered in the results sec

tion below. Solutions with specified properties at the surface are obtained by 

iteration. The outbound neutral flux at the potential maximum in the molecular 

reflux case consists of molecular hydrogen from the surface and atomic neutrals 

produced from dissociation of H~ to HP (interactions 3 and 4 of Table 1) during 

traversal from the surface to x = O. The relative densities of the two neutral 

species at x = 0 which yield zero outbound atoms at the surface are not known 

at the onset of the calculation and are found by iteration. In fact, the HP mass 

flux is found to be a small fraction of the H~ flux at x=O. 

There is an important component of the plasma at x = 0 arising from 

the ionization there of cold neutrals. Ions born near the potential peak are 

relatively weakly accelerated (Ex=O at x=O), and because they have negligible 
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initial velocity, they contribute a fluxless density at ¢ = O. If we assume that 

the potential very near ¢=O can be written, ¢ = -¢o{x/xe)2, Le. the electric 

field is linear and zero at x=O, that the electrons have a M-B distribution, the 

plasma is charge neutral, and the outbound mass flux of neutral atoms is small 

compared to the molecular flux, then it can be shown that the cold and therefore 

fluxless Hi ion density is given by 

7r(C1Ve} lneOnO (Hg) 
neW = 2J2e¢o/mix~ (25) 

Here Xc is a curvature length, (C1V e ) 1 is the reaction rate for interaction 1 in 

Table 1, no{Hg) is the Hg density at x = 0, and mi is the mass of the cold 

molecular ions. Equation (25) relates the cold ion density to the curvature of 

the potential profile at ¢ = O. The potential curvature is an additional starting 

parameter which must be specified. Alternatively the cold ion density at x = 

o may be treated as the starting parameter. The latter parameterization is 

employed here in the form of a dimensionless quantity, P, 

(26) 

where nhiO is the density of the hot incoming plasma ions at x=O. 

The M-B electron distribution is specified by choosing the density to be 

equal to the total ion density specified and by choosing an electron temperature, 

Te. If trapped electrons are included, their contribution to the total density must 

be found by iteration, in a way that is discussed in Section D of this chapter. A 

complete solution is found when all calculated quantities have relative differences 

of ~10-3 between successive iterations. Convergence to a particular solution is 

ensured by halving spatial and velocity grid sizes until the solution characteristics 

do not change appreciably. 
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The starting conditions are considerably simpler in the nondimensional 

model with atomic reflux from the surface. Because charge-exchange is not in

cluded, specification of a half-Maxwellian inbound ion distribution at x = 0 will 

yield a half-Maxwellian distribution at the x > 0 boundary as required. Also 

there will be no inbound neutrals for the same reason. The outflow of particles 

at the potential peak consists simply of atomic neutrals. Their density is again 

found by prescribing a fixed ratio, Rp , of the outbound mass to inbound mass 

fluxes. The cold ion density at the peak is still present and can be related to the 

curvature of the potential at ¢=O using Eq. (16) with the appropriate change in 

mass to account for atomic rather than molecular particles. The starting param

eter, P, will also be used to prescribe the cold ion density in the nondimensional 

calculation. The electron density and temperature and the secondary emission 

coefficient are chosen in the same fashion as in the molecular reflux calculation. 

C. Results of the Nondimensional Monatomic Reflux Problem 

This section presents the results of calculations with the atomic reflux 

model in nondimensional form. The simplifications discussed in Section A of this 

chapter were introduced in order to obtain a basic formulation of the problem 

with a minimum number of dimensionless parameters while retaining the im

portant qualitative features of the solutions. As explained earlier, the boundary 

conditions on the problem region are a fixed neutral reflux ratio and zero net 

current at the surface, and a Maxwellian inbound ion distribution at the positive 

X boundary where the potential becomes asymptotic, i.e. Ex, ~ O. The scaled 

problem still requires a number of parameters to specify a solution, namely P, Rp , 

Ti = Ti/Te , Vn , Ads and 0' se. Of these, the scaled Debye length and the secondary 
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emission coefficient only affect the solution between the potential maximum and 

the surface. The parameters, P, Rp and Ti, have the greatest effect on the overall 

form of the solutions. 

The solution for a typical set of dimensionless parameters (P = 3.1, Rp = 1, 

Ti = 1.0, Vn = 0.03, Ads = 10-3 (corresponding, for example, to a plasma with 

electron and ion temperatures of 100 eV, a surface temperature of 0.05 eV, and 

ne(x=O) = 1012 cm-3), use =0), is shown in Figs. 5 and 6. The value of P, 3.1, 

is chosen for a reason that will become clear shortly. Note that this "scaled" so

lution can be obtained from any combination of dimensional quantities, Le. tem

peratures and densities, which yield these same dimensionless parameters. In 

Fig. 5, the electrostatic potential, the ion characteristics defined by Eq. (12) 

resulting from this potential, and the neutral, ion and electron densities which 

result are shown as functions of X. Only the pre-sheath potential is plotted 

in Fig. 5 for clarity because the potential drops in the sheath to <1>s ~ -3.75 

in a few scaled Debye lengths. The ion density is separated into components 

with different origins. As the inbound ion distribution from the main plasma 

encounters the increasing potential, the lower energy portion of the distribution 

function is turned back. This portion of the density is labeled "Turned ion" in 

Fig. 5. The inbound ions with sufficient energy to reach the potential maximum 

are then accelerated toward the surface through a drop in potential of much 

greater magnitude than the increase through which they passed in going from 

the right (asymptotic) boundary to the potential maximum. 

In Figs. 6a and 6b, distribution functions are shown at the boundaries 

of the problem. Figure 6a is at the positive boundary and Fig. 6b is at the 

surface. For this example case, Fig. 6a is chosen to be at sufficiently large X 
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that q>(x) is asymptotically approaching its value at X = 00. The acceleration 

of the inbound Maxwellian is evident in Fig. 6b, where the maximum of the 

distribution function, located at V = 0 at q> = 0, occurs at V = -~ at 

the surface. The ions produced from ionization of the cold neutral flux are 

labeled "Ionized product" in Figs. 5 and 6 and make up the largest fraction of 

the ion density. The ionized product also represents most of the distribution for 

V > 0 at the positive boundary; the remainder is due to the ions turned by the 

potential maximum. The collisionless nature of the solution is evident from the 

sharp discontinuities in the distribution functions. A singularity occurs along 

the ion separatrix (Le. the characteristic which has V = 0 at q> = 0) as a result of 

having cold ions at X = 0, q> = 0 with a finite density but zero flux. These ions 

have infinite Ii at X = 0 and, therefore, everywhere along the separatrix in the 

(X > 0, V > 0) and (X < 0, V < 0) quadrants of phase space. 

Not all combinations of (P, Rp) will yield solutions for a fixed temperature 

ratio rio Solutions are found to lie above a line in (P, Rp) space as shown in 

Fig. 7. For values of P below this solution existence line, the potential does 

not asymptote to a constant value, Le. Ex -+ 0, as required by the boundary 

condition, but diverges (q> -+ -00) rapidly. The location in (P, Rp) space of 

the example solution presented in Figs. 5 and 6 is also indicated in Fig. 7. It 

is located on the solution existence boundary. It will be argued later that it is 

these boundary solutions that are most likely to occur physically. 

The reflux ratio at the solid surface, Rs , is a physical property of the 

surface material and therefore a more useful variable than Rp , though slightly 

less convenient mathematically. Rs will not, in general, be equal to Rp because 

the net ion and neutral fluxes will be modified due to ionization between the peak 

------------------------------- -------------
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and the surface. At any location in space, the total flux is simply the difference 

in the magnitudes of the neutral and ion fluxes, r = r n - r i (neutral and ion 

flux are in opposite directions). Using the definitions of Rp, Rs and conservation 

of flux, the following expression is obtained: 

(Rp -1) riB 

(Rs - 1) = rip (27) 

where r is and rip are the total surface and peak ion fluxes, respectively. The 

ion flux is always larger at the surface than at the peak because the cold ions 

born between the peak and surface are turned and accelerated toward the surface 

by the electric field, thus contributing to the flux there. Eq. (27) can then be 

written as an inequality, (Rp-l)/(Rs-l) > 1, which yields the following relations 

between Rp and Rs: 

{ 

< Rs if RB < 1; 

Rp = Rs if RB = 1; 

> RB if RB > 1. 

(28) 

The relationship between the peak and surface reflux ratios is plotted in Fig. 8 

for solutions along the solution existence boundary of Fig. 7. As a result of the 

potential peak, the cold ion flux returned to the plasma is determined by Rp, 

not Rs. Therefore the relationship between the returned flux and the incoming 

plasma flux is better thought of in terms of Rp rather than the surface reflux 

parameter. The existence boundary presented in Fig. 7 as a function of Rp is 

shown in Fig. 9 as a function of Rs. 

The relationship between Rp and Rs is a function of the scaled ion tem

perature, rio For very small values of ri, i.e. Te » Ti, the pre-sheath approaches 

uniform density. Additionally, the curvature of the potential profile at the poten

tial peak becomes small (Le. a flat potential profile), and the distance between the 
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surface and the potential maximum extends many ionization extinction lengths. 

As seen from Eq. (27), the relationship between Rp and Rs depends on the rela

tive magnitude of the ion flux at the surface and the potential peak. If the peak 

is many ionization extinction lengths from the surface, the ion flux at the surface 

will be much larger than at the potential peak because of the large conversion 

of neutrals to ions between the surface and the potential peak. Equation (27) 

then suggests that Rp is a sensitive function of the surface reflux. Additionally, 

because r is/r ip > 1, there is a minimum surface reflux required to yield Rp > 0, 

i.e. to yield a potential peak (see Fig. 10). For Rs below this minimum, the 

potential decreases monotonically from infinity to the surface. For increasing 

values of 'ri the curvature of the potential profile increases and the location of 

the potential maximum moves closer to the surface (in units of the ionization 

extinction length). The result is a decrease in ris/rip and increased correlation 

between Rp and Rs. In the limit Of'ri --t 00 or Te --t 0, the distance between the 

surface and potential peak vanlshes and Rp ~ Rs. 

Spatial profiles of the potential for several values of P are shown in Fig. 11 

for Rs = 1 and 'ri = 1.0. The profiles are plotted as a function of the scaled 

distance from the surface (X = X - Xsurr). As in Fig. 5, only the pre-sheath 

potential is plotted for clarity. For large values of P the asymptotic potential 

drop, q, asm, is small and the magnitude of the potential curvature (or dE / dX) at 

the potential peak is small. As P decreases, the 1/ p2 dependence of the electric 

field gradient results in an increase of the curvature of q,. This shifts the potential 

maximum toward the surface and increases the magnitude of the asymptotic value 

of q,. A minimum value of P is found, below which the potential curvature is 

too large to enable Ex --t 0 at large X. The electric field diverges rather than 
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satisfying the Ex -+ 0 boundary condition (the existence boundary in Fig. 9). 

A further characteristic of the solutions as a function of P is found for R8 < 1. 

Depending on the ratio of the surface to peak ion fluxes, (recall r i8 > rip), 

Eq. (27) can result in negative values of Rp , which are clearly unphysical. For 

a fixed value of R8 < 1, increasing P decreases the curvature of the potential 

profile at the potential maximum and moves the location of the peak away from 

the surface. This results in an increase in r i8/r ip until Rp -+ 0 and no neutrals 

cross the potential peak. Above this limiting value of P, the solutions do not 

predict a potential maximum, rather the potential increases monotonically from 

the surface towards the incoming plasma. When R8 > 1, Rp 2:: R8 (Eq. 28) and 

a potential peak is found for all permitted values of P. 

In order to apply these scaled results to specific physical conditions, the 

correct (P, R 8 ) solution must be chosen. The inability of these calculations to 

determine a unique value of P for specific plasma temperatures and surface reflux 

ratio reflects a problem introduced by neglecting Coulomb collisions. In order 

to predict the correct value of P, it is suggested that the effect of collisions in 

determining a unique solution can be related to ion thermal conduction. It may 

be argued that the ion heat flux will be flux limited, as is electron thermal flux in 

other situations17- 20 , and that the effect will be to increase the ion heat flow here 

until this limit is reached. The ratio of the ion heat flux, Qi, to the convective 

limit, Qz, defined by 

(29) 

is shown in Fig. 12. Because the heat flux of the ionized neutrals has only a small 

effect on Qi, the ratio, a = Qi/Qz, plotted in Fig. 12, is dominated by the density 

used to determine Q z. For a fixed value of the ion temperature and decreasing P, 
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the total density drops and Ql decreases. This leads to a maximum ion heat flux 

at the lowest P for which solutions exist. If the thermal conduction is limited, the 

solution which maximizes the heat flow to the surface should correspond to the 

physical solution. In order to justify this hypothesis, the collisional effects must 

be included in the calculation. The surface plasma structures with the collisional 

effects included are the subject of Chapter III. The results of the collisional 

calculations support the hypothesis that the physical solutions are located at the 

minimum P for a given Rs. 

Spatial profiles of the potential for solutions along the proposed physi

cal solution line for various reflux ratios are shown in Fig. 13 for Ti = 1.0 (as 

in Fig. 11, the profiles are plotted as functions of the scaled distance from the 

surface). As the neutral reflux is reduced, the magnitude of the potential curva

ture at ~ = 0 is also reduced consistent with Eq. (25). This shifts the potential 

maximum away from the surface and decreases the asymptotic potential drop. 

As Rs -+ 0, the potential peak moves towards infinity, i.e. ~asm -+ o. . 

The scaled Debye length, Ads, and electron secondary emission coefficient, 

Use, influence the solutions only between the potential peak and the surface, 

consequently these parameters will not alter the allowable solution space shown 

previously. The scaled Debye length is a measure of the relative thicknesses 

of the sheath and pre-sheath regions. It depends on the electron density and 

temperature along with the surface temperature via Un. By varying the electron 

density, solutions with the same scaled parameters as those of Figs. 5 and 6 

but different values of Ads are found (see Fig. 14). As Ads becomes small, the 

solutions become indistinguishable. For large values of Ads, there is a noticeable 

variation in sheath thickness along with small variations in the curvature of 



58 

O.O~--~~~~~~----~------~---------T--------~ 
.~.--.--.-.-'-'-'-'-'-'-'-'-' 

-0.2 

-0.4 

-0.6 

--- Rs = t5 (Rp = 5.0) 

-0.8 ----.. -----.. ---------- Rs = to (Rp = to) 
_._.-._.- Rs = 0.4 (Rp = 0.1) 

----- Rs = 0.1 (Rp = 0.001) 
-1.0 -+----------r---------r-----~~------_T--------_t 

0.0 2.0 4.0 6.0 B.O 10.0 
r-.I 

X 

Figure 13. Spatial profiles of the electrostatic potential for various reflux ratios 
along the physical solution line (Ti = 1). 

-X is the scaled distance from the surface. 



59 

-0.2~--------------~--------------~--------------~ 

-0.5 

-0.8 

-1.1 

-1.4 ----- Ads = 10-2 

....................... Ads = 10-3 

----- Ads ~ 10-4 

-1.7 -4-----'---------L......!,---------------.....f-.--------------f 
-1.3 -1.2 -1.1 -1.0 

x 

Figure 14. Spatial profiles of the electrostatic potential for various scaled Debye 
lengths. 

Only the transition from the pre-sheath region to the sheath region 
is plotted (Rs =l, Ti=l, Te=100, P=Pmin)' 



60 

CJ? near the sheath due to the small amount of ionization occurring inside the 

sheath. However, the magnitude of the surface potential for the cases shown in 

Fig. 14 varied by less than one percent because there is a very limited amount 

of interaction between species in the sheath. 

The principal effect a se has on the solution is to modify the surface po

tential (see Fig. 15). Because variations in CJ? s have little effect on the ion current 

at the surface, these variations also have little effect on the electron current due 

to the imposed zero current boundary condition. For increasing secondary elec

tron emission, a greater portion of the inbound electron distribution must reach 

the surface to maintain a constant electron current. This requires a smaller 

magnitude of CJ?s (see Eq. (20)). Variations in ase have very little effect on the 

pre-sheath solutions, i.e. the potential profile varies by less that a few percent 

for values of ase~0.9 compared with ase = O. The choice of the secondary elec

tron temperature, Tse, does not effect the surface potential shown in Fig. 15. 

The electron density at the surface, however, will vary with Tse, consistent with 

Eq. (19). This variation in electron density near the surface changes the Debye 

length, and therefore the width of the Debye sheath. 

D. Coulomb Collisional Phenomena 

This section discusses the relevant Coulomb collisional processes for sur

face plasmas in the kinetic regime. Included is a justification and estimated tem

perature range of applicability of; 1) the neglect of Coulomb collisions in treating 

the ions; and 2) the use of the isothermal M-B approximation in treating the 

electrons. These justifications will utilize the surface plasma solutions 
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determined in the previous section with atomic reflux from the surface and in

teractions between species limited to electron impact ionization. 

In order to neglect ion-ion Coulomb collision effects, it is necessary to 

determine how the cold ions produced from ionization of the neutral reflux in

teract collisionally with the incoming plasma. This can· be done by comparing 

the typical length scale for collisional interaction to the total length scale of the 

pre-sheath. However, the cold ions produced from the neutral reflux initially 

have negligible velocity, which increases due to the electrostatic field present as 

they traverse the problem region. Therefore, the collisional scale length will be 

a function of where the ion was born and the spatially varying electrostatic field 

it encounters along its trajectory. If the ion is produced very near the potential 

maximum, the initial acceleration will be small (Ex = 0 at ¢ = 0) and the colli

sional scale length will be very small. But if the ion is produced a small distance 

away from the potential peak (a few tenths of an ionization extinction length 

is adequate) the electric field will rapidly accelerate the cold ion, yielding much 

larger collisional scale lengths. Therefore, the ability to neglect the ion Coulomb 

collisions effects is constrained by the collisional probability of the ions produced 

very near the potential maximum. 

Because the collisional scale length is not a constant value throughout 

the problem region an alternative estimate of the collisional effects is used. One 

such estimate is obtained by integrating the change in velocity an ion incurs 

due to collisional effects along its collisionless trajectory. This velocity change 

must be small compared with the velocity the ion obtains collisionlessly, if one 

is to neglect Coulomb collisions. As stated previously, the ions which have the 

minimum initial acceleration are those born near the potential maximum. In 
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fact, because the electric field is zero at the potential peak, an ion born at x = 0 

is not accelerated, i.e. v~ = 0, and has an infinitely small collision' scale length. 

Because of this singular nature, there will always be a limited region around 

the potential maximum where the cold ions will be moving slowly and hence 

have large probabilities for collisional interaction. Therefore, the temperature 

limits to be determined for collisionless behavior will be based on collisional 

effects incurred by the ions produced at distances greater than some 6 p from the 

potential peak. This restriction can be made more or less stringent by varying the 

6 p used for the collisional estimates (varying this distance changes the percentage 

of the cold ions produced which are included in the collisional estimates). 

Two collisional estimates will be made to justify the collisionless calcula-

tions. These are the slowing down of an ion along its trajectory and the average 

parallel velocity diffusion of an ion, 

(30) 

(31) 

where VB and vII are the average friction and parallel diffusion collision frequen

cies, computed for test particles incident on a Boltzmann ion distribution21 (in 

the limit miv~/2kT;. ~ i), 

(32) 

(33) 

where ni and Ti are the ion density and temperature of the Boltzmann 'field' 

plasma and In A is the usual Coulomb logarithm. The derivatives, D / Dt, are 
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taken along the uncollided characteristics. The collisional estimates are obtained 

by integrating Eqs. (30) and (31) along the ion characteristics. The result is a 

measure of the slowing down of the ion, Avs , from Eq. (30), and the average 

squared parallel velocity diffusion, (AvlI)2, from Eq. (31). Notice that vII > Vs 

because the cold ion energies are only a fraction of the background ion temper

ature for the cases of interest here. Therefore the effect of parallel diffusion on 

the ions will be larger than the drag effect on the ions. 

Also note that these collisional estimates do not consider the collisions 

of the cold ions produced with themselves. Because these ions are cold and slow 

moving.) they will be very collisional among themselves. This will tend to smooth 

the singular features of the distribution function but will not greatly effect the 

gross kinetic behavior of the cold ions. The kinetic behavior is significantly 

effected only if the cold ions interact strongly with the background plasma. 

As stated previously, the collisional estimates will only consider ions cre

ated at distances greater than Ap from ¢ = 0, x = O. The ions which have the 

largest collisional probability are those born nearest to x = 0 because of the small 

initial acceleration. (Note that the ions produced far from the potential maxi

mum also incur very little acceleration, however the density of ions produced in 

this region is very small because the refluxing neutral beam has been significantly 

depleted.) After the cold ions produced near x = 0 have traveled a few ionization 

extinction lengths, Lei, their collisional effects become small because of the ac

celeration encountered in this region. Therefore, the maximum collisional effects 

are obtained by integrating Eqs. (30) and (31) from Ap over ~ 2Lei. 

The results of these collisional estimates are shown in Fig. 16. The es

timates are normalized to the collisionless velocity attained over the path of 
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integration, i.e. V:c at ~ 2Lei' The integration was done over the standard col

lisionless solution (Le. Fig. 5) with Ti = Te, R = 1, P = Pmin = 3.1, Tsurf = 0.05 

eV, Ads ~ 10-3 and Use =0. The starting distance from the potential peak, Ap, 

was chosen such that the collision estimates would include 90 and 95% of the 

cold ions produced in the problem region. The collisional estimates, Avs/v and 

(A vII) 2 / v2 , are proportional to T;2, and hence fall off rapidly. However, because 

the parallel diffusion frequency is larger than the slowing down frequency, dis

persion effects are significant at larger temperatures than drag effects. Also Vs 

does not depend on the cold ion velocity therefore varying A p does not effect 

the collisional drag estimates. While the collisional drag effects become small 

around 20 - 25 eV, the dispersion effects are still significant until ion tempera

tures ~50 eV. Therefore, the neglect of ion-ion Coulomb collisions is justifiable 

for ion temperatures greater than 50 eV. 

The remainder of this section will discuss the impact of the trapped 

electrons described in Section A of this chapter. These electrons arise from 

the ionization of the cold neutral reflux from the surface and will modify the 

isothermal M-B description assumed previously. In order to account for the 

nonisothermal electron behavior, a modified form of the electron distribution 

function is needed. A description of the trapped electrons which satisfies the 

Vlasov equation is proposed since the collision rate between the cold electrons and 

the hot background electrons is small compared to their frequency of oscillation in 

the well. Electrons having velocities with magnitudes greater than the separatrix 

velocity can move freely to and from the plasma at infinity, and therefore will 

not contribute to the trapped electron distribution. Additionally, the trapped 

electrons will have negligible drift velocity because they are produced from the 
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cold reflux from the surface. Thus a distribution of trapped electrons which 

is symmetric about v = 0 and goes to zero at the separatrix velocity, ± Vs = 

.j2e¢(x)/me , is desired. A simple form for It which meets these criteria is linear 

in particle energy and defined for velocities v < v s as 

(34) 

where Ct is a normalization constant and ¢well = ¢asm - ¢(x) is the potential 

well depth. Outside the electron seperatrix the additional trapped distribution 

is zero. The trapped electrons will be taken to be isotropic in velocity space 

in the following treatment. The validity of the isotropic assumption for the ad-

ditional trapped electrons is reinforced if electron-ion collisions are considered. 

Collisions between the electrons and ions will transfer little energy between the 

species because of the large mass difference. The collisions will, however, scatter 

the electrons which aids in maintaining the isotropic character of the trapped dis

tribution. Maintaining an isotropic distribution of trapped electrons indirectly 

increases untrapping because it does not permit electrons to gain a large perpen-

dicular component of energy before they escape the well, which would increase 

their resident time in the well. The electron-ion collisions will not be directly 

included in this discussion. The trapped electron density is found by integrating 

Eq. (34) over velocity, i.e. f 411" ft(v)v 2dv from 0 to Vs, which yields 

[ 

( )]
5/2 

¢well x 
nt(x) = ntmax A.. 

'f'wmax 
(35) 

where ¢wmax is the maximum potential well depth and ntmax is the trapped 

density at ¢wmax' The normalization constant in Eq. (34) is simply related to 

the density normalization in Eq. (35), i.e. ntmax = (411"/15) Ct mev~max' where 

vsmax is the separatrix velocity at ¢wmax' 
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Before Eq. (35) can be used to predict the local trapped electron density 

for a particular solution, the normalization, ntmax or Ct, must be determined. 

This is accomplished by equating the production of cold electrons in the well 

to the leakage of electrons from the well. The total production of electrons is 

simply the integral of the ionization. source, 8ne/8tlp = (uve}ne(x)nn(x), over 

the volume of the well as if all the cold electrons are born inside the potential 

well, i.e. they have negligible energy. The electrons freed by electron impact 

ionization will have a distribution of ene!gies depending on the temperature of 

the background electrons. Assuming all the freed electrons are born inside the 

potential well amounts to assuming the freed electrons are born with zero energy. 

This conservative assumption will lead to trapped electron densities higher than 

would be if only a fraction of the freed electrons were born in the well. 

The leakage of electrons out of the potential well is found by consider

ing the electron-electron collision process. The change in electron distribution 

function due to Coulomb collisions can be determined using a Fokker-Planck de

scription. For collisions of particles 1 (test) with particles 2 (field), the collision 

operator can be written 22 

8II(VI) {mi [(_) (_)] 8 = A --V· II VI V 82 VI 
t c m 

+ ~VV: [1I(VI)VVT2(VI)]} 

(36) 

where, 

and (37) 

and mI, m2, ZI, Z2 are the masses and charges of the two species, respectively, 

and InA is the Coulomb logarithm. 82(vI) and T2(VI) are the Rosenbluth po

tentials which can be expressed as 

(38) 

-------------_. ------------. - -
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and 

(39) 

The quantity A(ml/m)V' S2( vt} is the coefficient of dynamical friction23 and 

corresponds to the slowing down of the test particle along its path. The quan

tity involving T2, AV'V'T2(Vt}, is the dispersion coefficient and corresponds to a 

diffusion in velocity space. 

The assumed trapped electron distribution and the background M-B elec

trons are both isotropic in velocity space. Therefore, the leakage from the poten

tial well at a fixed spatial location can be found by calculating the flux of particles 

across the v = Vs surface in velocity space. Again note that the electron-ion col-

lis ions will help maintain an isotropic trapped electron distribution which does 

not impart energy to the electrons but indirectly aids in untrapping by reducing 

the number of electrons found at large perpendicular energies inside the potential 

well. To determine this flux of particles it is useful to write Eq. (36) as 

c 

where 

= Cl V' . [h (Vl)V' S2(vd] + C2 V' . [V' Idvd . V'V'T2(V 1)] 

and 
1 

C2 = -A . 
2 

(40) 

(41) 

If the trapped electron density is small compared to the background electron den

sity, the collision term can be expanded, treating the background (hot) electrons 

and the additional trapped electrons as separate distributions. The collision term 

can then be written as the sum of four terms, 

a h = a It + a It I + a I h I + a f h 
at c at h at t at t at h ' 

(42) 



70 

where the subscript on I represents the test particle distribution and the sub

script on the collision opperator, Ih or It, represents the field particle distribu

tion. Of these four terms, the second, 8 It/ 8t It, will be a second order effect if 

the trapped electron contribution is small. Additionally, contributions from the 

fourth term, collisions of the hot distribution with itself, is zero because it is a 

Maxwellian distribution. Therefore, the dominant terms are the first, collisions 

of the trapped (test) electrons with the hot (field) distribution, and the third, 

collision of the hot (test) electrons with the trapped (field) distribution. 

After expanding the V operators in Eq. (40) and integrating over velocity 

space (using the Divergence Theorem on the right hand side) the electron leakage 

from the well at a fixed spatial location can be written as 

8n = -4?Tv2 A {[_ It 8Sh +~ 81t 8
2
Th] + [_ Ih 8St +~ 81h 8

2
Tt ] } 

Bt w 8 8v 2 8v 8v 2' Bv 2 8v Bv 2 
v=vs 

(43) 

The required gradient quantities in Eq. (43) can be determined analytically, 

yielding the following expression for the rate of electron leakage from the potential 

well: 

8n 2 { 1 v~ [2 (v; ) 1 ( Va ) ] = 4?Tva AmenhCt -- exp -2"" - -erf -
8t w 2 Va -J1Tvm Vm Va Vm 

+ 5~:n~-:1:rJ} (44) 
where Vm = .J2kTh/me is the thermal velocity of the Maxwellian distribution 

and erf is the error function normalized to erf( 00) = 1. The terms in the first 

set of square brackets represent the effects on the trapped particles of collisions 

with the Maxwellian (field) distribution which result in particles escaping the 

well. The terms in the second set of square brackets represent the effects on the 
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Maxwellian distribution of collisions with the trapped (field) distribution. These 

terms pull particles into the well from higher energies and counter the leakage of 

electrons from the well. However, this counter flow of particles is only,..; 3% as 

large as the outflow of particles from the well for electron temperatures in the 

kinetic regime. The normalization constant of the trapped distribution function, 

Ct, can now be found by integrating Eq. (44) over the volume of the well and 

equating the result to the total rate of production of cold electrons. 

Incorporating the trapped electron distribution with the background M

B distribution yields the following prescription for the total electron density in 

the kinetic calculation: 

(45) 

where nt(x) is given by Eq. (35). The introduction of the trapped electron 

term in the prescription for the local electron density complicates the solution 

procedure. Because nt is a function of the potential well depth, the asymptotic 

potential is needed to begin the kinetic solution procedure from the potential 

maximum, and the normalization of the trapped density requires an integration 

over the potential well. Since the spatial dependence of ¢(x) is a result of the 

calculation, a guess of ntmax in Eq. (35) and the depth of the well must be made 

to start the solution procedure, and the correct values determined iteratively by 

successive integrations in x. 

The effect of the modified electron density prescription on the solution 

presented in Fig. 5 is shown in Fig. 17. Notice the general character of the solution 

is unchanged but the magnitude of the electron density at the potential maximum 

and the asymptotic potential drop (well depth) have changed. The addition of 

--------------------.------- - --_._._-_._-_._- .. --- --
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Figure 17. Effect of trapped electrons on the solution presented in Fig. 5, Te = 
Ti=100 eV, Rs=1. 
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the trapped electron density to the isothermal electron prescription introduces an 

additional parameter into the scaled equation set. For small perturbations, the 

changes in electron density and asymptotic potential drop from the isothermal 

calculation will scale with the ratio of the characteristic time for an electron to 

leak from the well, Tw , to the production time, Tp. A measure of the production 

time is simply Tp = 1/ (uve)ne(O). The leakage time can be estimated from 

Tw = nt/(dn/dt)w, evaluated at the potential maximum, CP=O. 

The deviation of the asymptotic potential from the isothermal calculation 

and the maximum trapped electron density are shown in Fig. 18 as a function of 

Tw/Tp . Additionally, the background electron temperatures for particular values 

of Tw/Tp are given (Ti = Te , other parameters have the values used in Fig. 5). 

The trapped electron density is found to scale linearly with Tw/Tp . The deviation 

of the asymptotic potential from the isothermal calculation only shows linear 

behavior for small values of Tw/Tp. This arises for two reasons. First, the asymp

totic potential drop is proportional to the density variation from the potential 

maximum to the asymptotic region, which is ,.,; 0.2 nh(O) for the typical solu

tions presented. Because this density variation is small, even modest additions 

of trapped electrons to the calculation have a significant impact on the total 

density variation, and hence the asymptotic potential drop. Also, the trapped 

electron density continually increases with increasing Th and Tw/Tp• The asymp

totic potential drop, however, is bounded, i.e. has a minimum value of zero. 

Therefore as Tw/Tp becomes large, the relative change in asymptotic potential 

will approach its maximum value of 100%. 

The results of the trapped electron treatment can be summarized as fol

lows. First, the use of only isothermal M-B electrons in the kinetic calculations 
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Figure 18. Deviation of the asymptotic potential from the solutions with M
B electrons when trapped electrons are included and the maximum 
trapped electron density. 

Ti = Te , other parameters have the values used in Fig. 5. 
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can be thought of as a zero order treatment. For lower electron temperatures (in

creased energy transfer rate) or reduced neutral reflux (reduced ionization source 

and decreased well depth), the simple isothermal M-B prescription for electrons 

is a good asumption. As the background temperature and the neutral reflux 

increase, the Boltzmann expression underestimates the electron density. The ne

glected cold electron density can be estimated from Tw/Tp, which is determined 

with only zero order quantities, so that its impact on a given solution can be 

estimated from the solutions with the isothermal electrons. As the background 

temperature is increased, the isothermal electron approximation fails progres

sively. Although the Boltzmann expression may not yield the exact electron 

density in the higher temperature regimes, its simplicity makes it qualitatively 

useful to perhaps as much as 200 e V or more. 

The addition of the trapped electron term to the electron density pre

scription represents the next level of accuracy and enables solutions to be found 

in higher electron temperature regimes than the isothermal Boltzmann prescrip

tion alone. It requires an iterative solution, as does the solution to the problem 

with molecular reflux, but it is simple enough to fit into the framework of the 

existing kinetic calculation procedure. The inclusion of the trapped electrons can 

be thought of as adding an additional parameter, Tw/Tp, further complicating the 

physical behavior. 

E. Results of the Molecular Reflux Problem 

This section presents the results of calculations with the molecular hy

drogen reflux model in dimensional form. In spite of the added complexity, the 

general structure of the molecular reflux solutions is similar to the atomic re-
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flux solutions because of the dominance of the electron impact ionization of cold 

neutrals. A similar family of allowable solutions is found in (P, Rp) and (P, Rs) 

space, and similar solution dependence is found on the surface reflux ratio. This 

section presents a representative calculation and discusses the added structure 

not found in the atomic reflux model. The boundary conditions for the molec

ular problem are similar to those of the atomic problem. At the right, where 

(Ex --. 0), the inflow atomic ion distribution function is Maxwellian and there 

is no neutral inflow from the plasma at infinity. At the surface, equal electron 

and ion currents are required and the mass reflux is parameterized by the ratio 

of mass flux of molecular neutrals leaving the surface to the incident mass flux, 

Rs. 

The potential and density profiles for a representative solution are shown 

in Fig. ~9 (P = 3.2, Rs = 1, Te = Ti = 100 eV, Vn = 1.55 X 105 em/sec (surface 

temperature of 0.05 e V) , Use = 0). As in the representative atomic solution shown 

in Figs. 5 and 6, the value of P, 3.2, is chosen to lie on the physical solution line 

as discussed in Section C. The potential profile is similar to the atomic reflux 

solution (only the pre-sheath potential is shown). However, the density profiles 

do exhibit more structure with molecular reflux. A notable feature is the inflec

tion in the Hi, Hi and Hr profiles at the potential maximum. This structure 

arises from the high rate of dissociation of Hi to Hi and H~, (reaction 6 in Ta

ble 1), near 4> = O. At this location, Hi born from ionization of the cold H~ 

reflux encounters very little acceleration and hence is moving slowly. This yields 

a small mean free path (mfp) for dissociative ionization and produces large den

sity gradients in the vicinity of the potential maximum. As the potential drops 

and electric field increases, the Hi particles are accelerated and the mfp for 
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Figure 19. Potential and density profiles for a typical solution to the molecular 
reflux problem. 

P = 3.2, Rs = 1, Te = Ti = 100 eV, Vn = 1.55 X 105 em/sec (surface 
temperature of 0.05 eV), Use =0. 
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this reaction increases, diminishing the importance of the reaction. The solution 

presented in Fig. 19 without reaction 6 included is shown in Fig. 20. Notice that 

the inflections present in the density profiles of Fig. 20 have been eliminated. 

As in the atomic reflux problem, the ionization of the cold neutral reflux is the 

dominant reaction in determining ¢>(x). The dissociative interactions 3 through 

5 of Table 1 have reaction rates an order of magnitude smaller than reactions 1, 

2, and 6 for temperatures in the kinetic regime and thus have little effect on the 

solution. 

Charge-exchange (CX) is also found to have little effect on the potential 

and density profiles. When CX is not included in the calculation, the asymptotic 

potential drop and cold ion density at the potential peak decrease by '" 5% 

(see Fig. 19). This small effect can be explained as follows. The ex rate is 

dependent on the relative velocity of the particles. Because the majority of the 

ions are cold (produced from the cold neutral reflux), the velocity difference 

between the ions and the neutrals is small; hence a small interaction rate. As 

these cold ions are accelerated, the relative velocity between the ions and neutrals 

increases, but due to flux conservation the ion density falls and the ex rate 

remains small. The ex between the inbound ion distribution and the outbound 

HP distribution accounts for the majority of the charge-exchange interaction. 

The ions produced by this interaction are cold and behave like the ions produced 

by electron impact ionization. This also accounts for the small quantitative 

differences of the solutions with and without ex. The neutrals produced will 

have the velocity distribution inherited from the ions. This will yield a inbound 

stream of neutrals in the pre-sheath region not found without ex. 
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Figure 20. Potential and density jrofiles for the molecular problem shown in 
Fig. 19 without the H2 dissociative ionization reaction included . 
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The distribution functions for the solution presented in Fig. 19 are shown 

in Fig. 21 at a) the asymptotic boundary; b) x = 2 cm; and c) the surface. In 

Figs. 21a and 21b, there are HP atoms present at velocities greater than that of 

Hi (and Hg) because of charge-exchange with Hi. Without charge-exchange, 

f(HP) is restricted to the velocity range of the molecular species from which 

it was produced. Figure 21b also shows the inbound Hr distribution in the 

pre-sheath resulting from charge-exchange (J(HP) = 0 for v < 0 at the positive 

boundary as required by the boundary condition). Additionally, there is a small 

distribution of Hg present at energies higher than the surface temperature due 

to charge-exchange with Hi. The Hg distribution is not seen at the asymptotic 

boundary because f(Hg) has decayed by several orders of magnitude from the 

values shown in Fig. 21b. 

The distribution functions shown in Fig. 21 have qualitatively similar 

features as those shown for the case of atomic reflux (Fig. 6). The discontinuity 

located at the separatrix is still present, but the atomic and molecular discon

tinuities are at different velocities due to the different charge to mass ratio. At 

the surface, the tail of the Hi distribution is at velocities greater in magnitude 

than the separatrix velocity, arising from the acceleration of the inbound plasma 

through the surface potential drop as in the atomic reflux problem. The Hi 
distribution arises from ionization of, and charge-exchange with, the molecular 

reflux. Because the molecular reflux has negligible velocity, the H2 ions produced 

cannot have velocities greater than their separatrix velocity anywhere in space. 

f(HP) at the surface is peaked at low velocities because the primary source is 

reaction 6 in Table 1 which is largest when the H2 ions are moving slowly. As 

the H 2 ions are accelerated toward the surface, the mfp for reaction 6 decreases 
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Figure 21. Ion velocity distributions at different spatial locations; a) the right 
boundary of Fig. 19, where Ex -. OJ b) x = 2 cmj and c) the surface. 



82 

and the production of Hf decreases. The majority of f(Hf) at higher velocities 

(Ivl ~ 107 em/sec) present at the surface arises from charge-exchange in the 

pre-sheath. The H~ distribution at the surface results from charge-exchange 

with the Hi distribution. 

------------------------- -
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III. COLLISIONAL TREATMENT OF SURFACE PLASMAS 

The previous chapter discussed the surface plasma structures in the re

gion dominated by electron impact ionization of the cold neutrals returning from 

the surface. The model used in that region neglected momentum transferring 

collisions and could be described by a nondimensional calculation which en.abled 

an extensive study of the plasma behavior. However, neglecting the Coulomb 

collisions resulted in a family of permitted solutions for a given set of physi

cal boundary conditions. Previous arguments suggested a choice for the correct 

physical solution from this family, but to be more definite the Coulomb colli

sional effects must be included. This chapter will be devoted to the solution of 

the surface plasma problem including the momentum transferring collisions. 

The material in this chapter will be presented as follows: Section A 

describes the physical model, including the Fokker-Planck collision operator in 

detail. The numerical model, solution procedure, and boundary conditions are 

discussed in Section B. Section C presents the results of calculations without 

neutral reflux from the surface in order to show agreement with analytic heat 

flow problems and establish confidence in the numerical model. Additionally, 

a discussion of thermal flux limiting will be given. Finally, the results for the 

complete calculation with neutral reflux are presented in Section D. 

A. Physical Model Description 

As in chapter II, the problem to be addressed is a hydrogen plasma in 

contact with a cold surface which is re-emitting neutral hydrogen at a surface 

temperature small compared with the plasma temperature (refer to Fig. 1). The 
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solution will include both the region domiI].ated by ionization of the refluxing 

neutrals and the region in which Coulomb collisions are significant. Because 

of the highly disparate length scales involved in the problem, the Debye sheath 

adjacent to the surface will be neglected. The neutral reflux from the surface will 

be taken as atomic hydrogen and the only atomic collision process treated will 

be electron impact ionization. Therefore, solutions will be obtained which can 

be compared to the solutions of the simplified nondimensional physical model 

presented in Chapter II. 

A steady-state representation of the problem region in one space dimen

sion is utilized. Inclusion of Coulomb collisions requires the perpendicular com-

ponents of the velocity phase space to be treated. Therefore a solution of the 

transport equation for the ion and neutral species on a (x,vlI,v.d phase space 

grid is required. Thus, for the ions: 

(46) 

where Ii and f n are the ion and neutral distribution functions, Ex is the electric 

field, qi and mi are the ion charge and mass, (ave) is the M-B averaged electron 

impact ionization rate and ne is the local electron density. The direction of the 

velocity components is with respect to the normal to the surface, i.e. VII is in the 

x-direction. The first term on the right hand side of Eq. (46) is the source term 

due to ionization of the refluxing neutrals from the surface. The neutral distribu-

tion function is taken as a monoenergetic beam at the surface temperature. The 

second term on the right hand side of Eq. (46) is the Coulomb collision term. The 

momentum transferring collisions are limited to ion-ion collisions and a Fokker-

Planck representation is used. As was introduced in Section D of Chapter II, for 
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collisions of particles 1 (test) with particles 2 (field), the collision operator can 

be written 

, = A {-::: V· [Mv1)VS2(Vl)] + iVV : [fdvl)VVT2(VIlJ} 

(47) 

where 82 and T2 are the Rosenbluth potentials as defined in Eqs. (38) and (39). 

Expanding Eq. (47) in cylindrical velocity coordinates, assuming azimuthal ve

locity symmetry, yields the following form for the Coulomb collision term: 

8il 8 [ f 882 8il 8
2

T2 8il 8
2
T2 ] =- Cl 1--+C2---+ C2------

8t c 8vII 8vII 8vII 8v" 8vJ. 8vJ.8vlI 

1 8 [ 882 8il 82
T2 8il 8 2

T2 ] + ---VJ. clil-- + C2---- + C2----
VJ. 8vJ. 8vJ. 8vJ. 8vl 8vII 8v1l8vJ. 

, (48) 

where Cl and C2 are defined in Eq. (41) in Chapter II. The expression given in 

Eq. (48) is for a multi-component plasma. The ion-ion collisions considered 

here are self-scattering events, hence the 1 and 2 subscripts can be eliminated. 

Because the atomic collision processes are restricted to electron impact ionization, 

the governing equation for the neutral species is simply 

(49) 

The electron distribution is assumed to be an isothermal Maxwellian. 

Thus the electrons are described by 

[
ef/>(x)] 

ne(x) = neO exp kTe (50) 

Utilization of the isothermal expression for the electrons neglects the cold elec

trons trapped by the resulting potential well described earlier. The current treat

ment will, therefore, concentrate on plasma temperatures in the lower portion of 

the kinetic regime. 
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The electrostatic potential, ¢(x), to be self-consistent must again satisfy 

Poisson's equation, 

(51) 

where ne is obtained from Eq. (50) and 

(52) 

Because the narrow Debye sheath adjacent to the surface will not be treated, the 

plasma is approximately neutral throughout the problem space and approximate 

solutions can be obtained by requiring a potential such that the right hand side 

of Eq. (51) is zero. 

B. Numerical Model and Solution Procedure 

The complete solution to the surface plasma problem requires the deter

mination of Ii (x, v), fn(x, v) and ¢(x). The calculation will extend from the solid 

surface to the region where Ex ~ O. The model does not include the narrow 

Debye sheath adjacent to the surface. The imposed boundary conditions will be 

zero ion emission or reflection at the surface and a fixed fraction of the incident 

ion flux, Ra, returned from the surface as neutrals. The neutrals are taken to be 

a monoenergetic beam at the surface temperature. At the asymptotic boundary, 

Le. large x (Ex -+ 0), the inflow ion distribution is assumed to be a Maxwellian 

with a temperature, Ti, and drift velocity, Vd. 

The solution technique utilized in the collisionless model was based on 

integrating along energy conserving characteristics. Without Coulomb collisions, 

the ion transport equation has a hyperbolic form with a straightforward source 

term. Additionally, because the ions have a mean free path comparable to the 

collision less pre-sheath structure, they interact infrequently in this region and 
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the source term is generally small. Therefore, the collisionless region is well suited 

for the method of characteristics. When momentum transferring collisions are 

added the complexity of the collision term destroys the simple hyperbolic form 

of the governing equations. Utilizing a characteristic based solution algorithm 

does not significantly reduce the complexity of the ion transport equation and 

introduces some calculational difficulties. The boundary conditions for the colli

sional calculation are imposed at the surface and in the asymptotic region, where 

Ex ~ 0, not at the potential maximum. Therefore, the potential peak will occur 

in the interior of the calculational grid. This leads to difficulty in converging 

to the correct potential profile for a characteristic based algorithm and dramat

ically increases the complexity of the phase space zone structure. Additionally, 

utilizing characteristics directly couples the parallel velocity grid to the spatial 

grid. This does not, in general, produce the best velocity zoning to adequately 

resolve the ion collision term and leads to excessive memory requirements for 

the calculations. After several attempts to overcome these limitations and uti

lize a characteristic based grid, the calculations presented here were done on a 

rectangular mesh in phase space, which can be non-uniform in all dimensions to 

resolve varying velocity and spatial gradients. 

The calculation begins with the assignment of the inflow boundary con

ditions. As stated previously, the inward flowing ions at the asymptotic (right) 

boundary are chosen as a drifting Maxwellian distribution with temperature, Ti. 

This is chosen to approximate the inbound portion of the expected perturbed 

Maxwellian form at the right boundary required to propagate heat to the sur

face. The drift velocity, tid, chosen has very little effect on the solutions near the 

surface which are of primary interest. It has the largest effect on the asymptotic 
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behavior of the electric field in the last few spatial zones on the right boundary 

of the solutions. The interior portion of the calculational grid is initialized to 

a starting guess for the ion distribution function. The final result of the calcu-

lation is, of course, not a function of the starting guess, although convergence 

is obtained more quickly if a better starting guess is made. Additionally, an 

initial form of the potential profile required for charge neutrality is chosen. At 

the surface, the returning ion distribution is zero and the refluxing neutrals are a 

monoenergetic beam at the surface temperature normalized to maintain a fixed 

surface reflux parameter, Rs. 

The calculation requires the determination of the ion and neutral dis

tribution functions in three dimensions, (x, vII' Vol), self-consistently with the 

electrostatic potential profile. This is accomplished by stepping through the spa-

tial coordinate and solving a series of two-dimensional problems in velocity space 

to determine the local velocity distribution functions (see Fig. 22). At a fixed 

spatial location, the local ion distribution functions can be found by rewriting 

Eq. (46) as 

(53) 

where tt = Ax/vII is the transit time across Ax for a particle traveling at vII' 

Equation (53) is written assuming forward implicit differencing in the spatial 

coordinate. The spatial derivative can be centered in space with some added 

complexity and reduction in stability. Using Eq. (53), h(x) can be determined by 

adding to h(x ± Ax) the changes in the distribution function due to acceleration, 

ionization and collisions. The distribution functions at x ± Ax are the inflow 

source to the local distribution and are held fixed while calculating h(x). 
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(''(x - Ax) is the inflow source to "(x) for vII > 0 and ''(x + Ax) is the inflow 

source to Ji(x) for vII < 0.) 

The local distribution calculation requires the determination of the ac

celeration, ionization source and Coulomb collision terms which are described in 

detail in Appendix A. A specific detail of the local distribution function calcula

tion which will be referred to throughout this chapter is the manner in which the 

field quantities in the collision operator are determined (i.e. the derivatives of 8 2 

and T2 in Eq. (48)). The field quantities can be calculated directly, which entails 

using the local distribution function to self-consistently determine 8 and T, or 

by an approximate technique which assumes a Maxwellian field distribution with 

an equivalent density, energy and drift velocity as the actual local distribution 

function. The Maxwellian field quantity technique decreases the computer costs 

per run by a factor of 5 - 10 and yields results similar to the direct field quantity 

calculations. This point will be described in more detail in the following section 

and also in Appendix A. 

The neutral distribution function is determined using 

(54) 

Since the neutrals are described by a monoenergetic beam, they only occupy the 

VII > 0 half of phase space, thus fn(x) depends only on fn{x - Ax). 

Updated values of the distribution functions are found throughout the 

problem region by stepping the local calculations from the surface to the asymp

totic boundary and back. Given new ion distribution functions, the ion density, 

ni{x), is calculated and compared to the electron density. H the current potential 
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profile does not yield charge neutrality throughout space, it is adjusted using 

(55) 

where 4>cn(x) is determined by setting ne(4)) = ni(x) in Eq. (50) and solving for 

4>cn; O:cn is an adjustable relaxation parameter. If O:cn = 1, the new potential 

profile would yield charge neutrality if the ion density were not a function of 

the potential. The relaxation parameter damps the change in potential profile 

from iteration to iteration to offset the ion density changes which result from the 

potential changes. This new potential profile will modify the ionization source 

term as well as the \14> term in the Boltzmann equation. Additionally, changes in 

h(x, VII' v_d will result in changes to the local source, acceleration and collision 

terms of Eq. (53). After the neutral reflux at the surface is adjusted to maintain 

the prescribed reflux ratio, the spatial stepwise procedure for determining the 

distribution func~ions can continue. This global iteration in x is continued until 

h(x, VII' v.d and fn(x, VII' vJ.) converge between successive iterations and charge 

neutrality is achieved. Convergence to a particular solution is ensured by halving 

spatial and velocity grid sizes until the solution characteristics do not change 

appreciably. The procedure thus yields self-consistent distribution functions for 

the interacting species and the electrostatic potential profile required for charge 

neutrality. 

C. Results of Thermal Flux Calculations 

When a plasma has a distribution function very near Maxwellian, ana

lytic forms of the transport quantities can be derived from kinetic theory (gas 

dynamics)24. Given these transport coefficients, analytic solutions can be found 

for some plasma problems which can be used to check the accuracy of the finite 
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difference methods utilized in this collisional solution technique. Additionally, 

conditions in which departures of distributions from a Maxwellian form become 

large and the thermal heat flux becomes limited can also be determined. A useful 

test problem for these purposes is the ion thermal conduction problem specified 

by choosing the ion temperature at the asymptotic (or hot) boundary as Th, and 

returning the ions incident on the surface in the form of a cold half-Maxwellian 

ion distribution with temperature Te. The cold ion distribution is normalized 

such that there is zero net particle flux into the surface. If the ion distribution 

is very near Maxwellian, the ion thermal conductivity is given by24 

(56) 

where 1i is the ion temperature and T is the ion collision time given by 

(57) 

Given the form of the ion conductivity in Eq. (56), an analytic solution can be 

obtained for the problem with constant heat flux and zero net particle flux. The 

analytic solution predicts the spatial variation of the temperature to be 

(58) 

This physical problem is used to test the numerical technique. Because 

the conductivity is a strong function of temperature, T 5/ 2 , it is useful to com

pare analytic and calculated values of K.,. The numerical value of K.i is found 

from Fourier's law using the local temperature gradient in the calculation. A 

comparison of calculated and analytic values of K., is shown in Fig. 23. Two 

calculated curves are presented, corresponding to the two methods of determin

ing the field quantities in the collision term (see Section B of this chapter and 
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Figure 23. Comparison of ion thermal conductivity determined analytically and 
with the collisional calculation. The resulting electrostatic potential 
profile is also shown. 

The two calculated curves represent the two methods of determining 
the field quantities in the collision operator (Th "" 50 eV, Tc "" 5 eV, 
Te = 1000 eV, ni "" 2 X 1013 cm-3). 
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Appendix A). The conditions used for the comparison are Th ,..,. 50 eV, Tc ,..,. 5 

eV and ni ,..,. 2 X 1013 cm-3 • The ion density was chosen to yield a thermal 

gradient length, LT = T /VT, 5 - 10 times larger than the collision scale length, 

L c , on the hot side, for the total problem length chosen. The analytic treatment 

requires the moment quantities to vary slowly when compared to the collision 

scale length. The electron temperature was chosen large, Te = 1 keY. Because 

the plasma is in pressure equilibrium, a large electron temperature gives a more 

uniform ion density across the grid. The self-consistent potential profile deter

mined using the direct field quantity representation in the collisional operator is 

also shown in Fig. 23. When the approximate Maxwellian representation of the 

field quantities is utilized the potential is within,..,. 10% of that found using the 

direct field quantity representation. Approximately one collision length has been 

neglected at the boundaries to eliminate numerical boundary effects. The ion 

distribution function is prescribed only on the inflow portion of the boundary. 

This can lead to some mismatching with the outflow distribution function. This 

mismatching is overcome roughly one collision length inside the grid. 

The calculation with either the direct or approximate determination of 

the field quantities agrees with the analytic solution at large x, i.e. where the 

ion temperature is large. The differences between the the two calculational tech

niques there are well within the uncertainty in the numerical heat flux calcuiation. 

This occurs because the perturbations in the distribution function in this region 

are small and the field quantity calculation based on a Maxwellian distribution is 

a good approximation. The agreement between the numerically calculated and 

analytic solutions breaks down near the cold boundary. As the ion temperature 

decreases, the analytic conductivity decreases, requiring an increase in the tem-



95 

perature gradient to maintain constant heat flow. Near the cold boundary, the 

plasma can no longer remain very near Maxwellian and produce the required 

thermal gradients. Instead, the distribution function becomes highly perturbed 

from a Maxwellian to propagate the thermal flux and the plasma flux limits. In 

this region the two calculational techniques do not agree as well. This is a result 

of the large perturbations in the distribution function which the approximate 

Maxwellian field quantity calculation does not include. 

The ion distribution functions at x = 1 em (Ti ,...; 5 e V) and x = 200 

em (Ti ,...; 40 e V) from the calculation using the direct determination of the 

field quantities are presented in Figs. 24 and 25, respectively. The distribution 

functions are shown in two forms, first (top figure) as a function of the parallel 

velocity coordinate at fixed perpendicular velocities. The bottom figure presents 

contours of Ii. The contours give the magnitude of the distribution function 

at e-folding values of the local maximum Ii. If the distribution function was 

a Maxwellian, the contours would be semicircles. The near-Maxwellian form 

of Fig. 25 is typical in the region where good agreement is found between the 

calculated and analytic solution. The distorted form shown in Fig. 24 results 

when the moment quantities change over length scales smaller than the collision 

length scale. 

Before proceeding to the results of the complete calculation with neutral 

reflux from the surface, it is useful to investigate the problem with ion reflux in 

the plasma regime of the complete problem. The plasma conditions of interest are 

lower electron temperatures, 50 - 100 eV, and lower densities, ,...;2 - 4x1012 cm-3 

for similar total problem lengths as in Fig. 23 (,...; 1000 em). In this density

temperature regime the collisional scale length is too long compared with the 
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thermal gradient length to yield near-Maxwellian behavior. The heat flow in 

this regime will be flux limited throughout space. The amount of heat flow 

towards the surface for fixed plasma inflow conditions can be varied by varying 

the surface temperature, Ts. The thermal flux to the surface is of interest because 

the hypothesized physical collisionless solution (see Chapter II) should maximize 

this quantity. The behavior of the thermal flux as the surface temperature is 

varied is shown in Fig. 26 (Th ~ 50 eV, Te = 50 eV, ni f'J 3 X 1012 cm-3, direct 

calculation of field quantities). The results are presented as the ratio of the ion 

heat flux, Qi, to the convective limit, Qz, defined by 

(
3 ) . rw:: 

Qz = 2kTin niV ~ , (59) 

where ni is the total ion density and Tin is the inflow temperature, evaluated near 

the surface and beyond any numerical boundary effects. The values of Q = Q / Q t 

are insensitive to the actual spatial location near the surface at which they are 

evaluated. 

The dependence of Qi/QZ on TB/Tin can be explained as follows. 'When 

TB/Tin = 1, there is no heat flow across the system. As TB/Tin decreases from 

unity, the heat flow increases until it reaches a maximum near the free streaming 

limit. Additionally, as Ts decreases, the density of the cold plasma returning 

from the surface must increase to maintain zero net particle flux. This increase 

in total plasma density results in an increase in Qz. Therefore as TB/Tin -+ 0, 

Qz -+ 00, and Q/Qz -+ O. The maximum heat flux ratio occurs at TB/Tin f'J 

0.1, where Q ~ 0.55. (The maximum heat flux ratio for the calculation with 

the approximate field quantities also occurs at Ts/Tin f'J 0.1, with a value of 

Q ~ 0.5.) This compares well with the maximum predicted in the collisionless 

calculation, Q f'J 0.52. The value obtained from the collisionless calculation is for 
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The direct calculation of the field quantities in the collision operator 
was used (Th '" 50 eV, Te = 1000 eV, ni I"'<J 3 X 1012 cm-3). 
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a temperature ratio of Ti = TdTe = 0.5. This is the temperature ratio found near 

the surface where Q I is evaluated in the collisional calculation. The following 

section will discuss the complete collisional calculation with neutral reflux from 

the surface, including a verification of the correct collisionless solution. 

D. Collisional Results with Neutral Reflux 

The results of the plasma surface calculations presented in this section 

include ion Coulomb collisions, electron impact ionization and a self-consistent 

electrostatic potential. The monatomic neutral reflux from the surface is chosen 

to be a monoenergetic beam at the surface temperature, normalized to a fixed 

fraction of the incoming ion flux, R 8 • The Debye sheath which occurs between 

the surface and pre-sheath region described here is not treated due to the highly 

disparate length scales of the Debye sheath structure and the ion Coulomb col

lisions. 

The results of the plasma surface calculations are organized as follows. 

Solutions are desired in the temperature regime previously determined to yield 

kinetic behavior near the surface. Therefore, a representative calculation in this 

regime is presented and discussed in detail. The determination of the correct 

collisionless solution near the surface is shown, including a discussion of the 

limitations of the current calculational technique. Lastly, the behavior of surface 

plasmas as they span the temperature regime between highly collisional, fluid 

behavior to the ionization dominated kinetic regime will be presented. 

The typical solution characteristics are shown in Fig. 27. The calculation 

presented is for Te=50 eV, Tih"'" 50 eV (asymptotic temperature), T8 =0.05 eV 

(surface temperature), and a reflux ratio of R8 = 1. The left side plots of Fig. 27 
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show the region near the surface with the abscissa expanded. The right side plots 

present the moments throughout the calculational region. The large variation 

in length scales is evident from these figures. The ionization length, Lei, is ,..., 2 

cm near the surface and produces a rapid decay of the refluxing neutrals. This 

rapid ionization rate is responsible for the localized buildup of cold ions, and 

hence electrons; because of the charge-neutral tendency of the plasma, resulting 

in a potential maximum in the pre-sheath region. The solution presented has a 

surface potential value of ,..., -40 eV. This potential does not include the 3 - 4 

kTe Debye sheath drop typical in this parameter regime. 

The Coulomb collisional effects can be described by considering three 

different collision length scales. The cold ions produced from ionization of the 

neutral reflux initially have a small drift velocity (consistent with a surface tem

perature of 0.05 e V) and Ti ,..., O. These cold ions will interact strongly among 

themselves, creating a cold isotropic distribution. The scale length for these in

teractions is Lc! ,..., 0.1 - 1.0 cm. The cold ion distribution will interact with 

the incoming plasma on a longer length scale. The interaction between the cold 

ions and the incoming plasma is much like a stream of slow moving test particles 

through a background plasma of higher temperature. The scale length for these 

interactions is Lc2 ,..., 25 cm. This length scale is of interest because the ability 

to neglect collisions in the region near the surface depends on the ratio of this 

length and the ionization extinction length. The final length scale of interest 

measures the distance required for the anisotropic distribution functions which 

exist near the surface to relax to perturbed Maxwellian forms expected in the 

asymptotic region of the problem. This collision length is of interest past the 

region dominated by the cold ions. The magnitude of this scale length varies 



103 

across the calculation because of the variations in ion temperature and density. 

Near the ionization region where the ion temperature is "'"' 25 eV, Le3 "'"' 200 cm. 

At the asymptotic boundary the ion temperature is "'"' 50 e V and the collision 

scale length increases to "'"' 1000 cm. 

The microscopic characteristics cap. be seen in Figs. 28 - 31. These figures 

present the ion distribution functions at several locations across the solution 

region. Figure 28 shows the ion distribution function at the surface. There are 

no ions returned from the surface, therefore li(vlI > 0) = o. The distribution 

has been distorted by the acceleration of the ions toward the surface by the 

electric field. The distribution at the potential maximum is shown in Fig. 29. 

The cold ions produced by ionization clearly dominate the distribution function 

in this region. The collisional interaction of the cold ions among themselves is 

apparent from the contour plot. The cold distribution is very isotropic, consistent 

with a small, ;5 1 cm, collision scale length. The contour plot also shows the 

inbound plasma distribution function. (Ten e-folds of f from the local maximum 

are shown. The ion distribution is nonzero at all velocities larger than those 

presented.) The inbound plasma is not greatly distorted by the cold ions and 

has a distinctly different energy. This two temperature behavior is consistent 

with the longer collisional interaction scale length, L e2 , between the cold and 

incoming ions discussed previously. 

The distribution function at x ~ 20 cm, where the cold ion source is 

approximately zero, is shown in Fig. 30. In this region of space the distribution 

functions are highly distorted and still show a degree of the two temperature 

behavior found in the region dominated by the cold ions. The dominant col

lisional effect from this region to the asymptotic boundary is the relaxation of 
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the anisotropic distribution form. Figure 31 presents the distribution function at 

x ~ 900 cm. The two temperature behavior found near the surface is no longer 

present. The distribution function is perturbed from a Maxwellian form which 

is required to transport sufficient energy to heat the cold ions (note that there is 

zero net particle flux in the region). 

The surface plasma structures in the kinetic region near the surface were 

presented in Chapter II. Those results did not include the collisional interaction 

of the ions. This led to a family of permitted solutions for a fixed set of plasma 

boundary conditions. The current calculations include the collisional interac

tion in order to determine the correct solution from this family. An estimate of 

the collision effects presented in Section D of Chapter II suggested that at ion 

temperatures ~50 eV, the ionization of the neutral reflux an subsequent accel

eration of the cold ions dominate the plasma behavior near the surface. The 

ion temperature on which this is based is the temperature of the inbound ion 

distribution in the region near the surface where the cold ion source is large. The 

calculation shown in Figs. 27 - 31 has an asymptotic ion temperature of ~ 50 eV, 

however, the incoming distribution temperature in the region near the surface 

has decreased to ~ 25 eV. The estimated collisional interaction between the cold 

ions and the incoming plasma, Lc2 ~ 25 cm, still suggests the plasma is domi

nated by kinetic effects. The calculation of Lc2 is similar to the collisional drag 

estimates used in Chapter II which also predict only limited interaction between 

the cold ions and the incoming plasma at 25 eV. The solution shown in Figs. 27 

- 31 therefore should approach the collisionless behavior in the region near the 

surface. 
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In order to determine the correct collisionless solution from the allowed 

family, several moment quantities will be discussed. They are the electrostatic 

potential profile near the surface, the cold ion density at the potential maximum, 

and the thermal heat flux ratios calculated by the different techniques. The 

electrostatic potential profile of the collisional calculation (from Fig. 27) is shown 

in Fig. 32 with a series of profiles generated with the collisionless calculation. The 

different collisionless curves correspond to different permitted values of the cold 

ion density parameter, P. The collisionless solutions correspond to a temperature 

ratio of Ti = 25/50=0.5, which is the resulting temperature ratio found near the 

surface in the collisional solution. Agreement is found between the calculations 

at the minimum permitted value of the cold ion density. As the cold ion density 

is increased from its minimum value, the potential profile agreement rapidly 

degrades. The solution agreement is limited to the region where the cold ion 

source is significant. As the ion source is depleted, the collision less potential 

flattens out, whereas the collisional potential continues to decrease into the region 

w here only Coulomb collisions occur. 

The cold ion density in the collisionless calculation is parameterized to 

P times the inbound plasma density at the potential peak. This parameter is 

difficult to estimate using the distribution function at the potential maximum in 

the collisional calculation. An estimate can be obtained, however, by considering 

the distribution in the asymptotic region of the collisionless calculation, i.e. past 

the potential peak but before the cold ion source has decayed significantly. In 

the collisionless calculation, the ion distribution is separable into the inbound 

Maxwellian, the outbound cold ions, and the portion of the inbound Maxwellian 

reflected by the potential peak. Taking the inbound plasma distribution of the 
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collisional calculation to be a half-Maxwellian, the outbound distribution can be 

separated into the fraction turned by the potential and the portion consisting 

of the the cold ions. This cold ion density can then be extrapolated to the 

potential peak to estimate the collisionless P parameter. The value obtained by 

this method in the collisional calculation is Pc ~ 2.7 which corresponds well with 

the minimum value permitted in the collisionless calculation, P = 2.76. 

The final moment quantity utilized to compare the collisionless and colli

sional calculations is the thermal flux ratio. In Chapter II it was suggested that 

the correct collisionless solution was the one which maximized the heat flow to 

the surface. This also corresponds to the solution with the minimum cold ion den

sity. The previous section presented a collisional calculation which determined 

the maximum heat flow for the plasma regime of interest to be a = Qi/Ql ~ 

0.50 - 0.55. That calculation did not treat the neutral reflux but had an ion 

flux from the surface at different surface temperatures. This value agrees well 

with the maximum collisionless value of a ~ 0.52 for comparable solution pa

rameters. The current collisional calculation with the neutral reflux included 

does not yield an easily defined value of the heat flux ratio to compare to the 

collisionless calculation. Values of a are found to be'more sensitive to the spatial 

location where they are evaluated than in the collisional calculation with ion 

reflux from the surface. Values of a ranging from 0.45 - 0.55 are found in the re

gion which corresponds to the asymptotic portion of the collisionless calculation 

(several ionization extinction lengths past the potential maximum). 

The collisional solution used for the determination of the correct colIi

sionless solution has an asymptotic ion temperature equal to the electron temper

ature. By varying the ratio of Tih/Te, coIIisionless solutions with different scaled 
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ion temperatures, Ti, can be compared. Collisional solutions with Tih/Te """ 1/2 

- 2, are also found to agree well with the collisionless solution with the minimum 

permitted cold ion density. 

The previous discussion has supported the assumption that the correct 

collisionless solution from the allowable family occurs at the existence boundary 

shown in Figs. 7 and 9. The discussion presented arguments based on moments 

of the distribution function and not the form of the distribution function itself. 

The distribution functions generated with the collisionless calculation show large 

discontinuities and gradients in velocity space (see Fig. 6). These discontinuities 

are not present in the collisional Figs. 28 - 31 for several reasons. When Coulomb 

collisions are included, large gradients in velocity space permit significant veloc

ity diffusion to occur. This diffusion will decrease as the plasma temperature is 

increased (decreased collisionality). Increased plasma temperatures also increase 

the disparity in the length scales for ionization and collisional effects (assuming 

the surface temperature and reflux ratio are fixed), yielding more kinetic behav

ior. Increasing the ion temperature relative to the surface temperature, however, 

leads to the numerical limitations in the collisional treatment. As discussed in 

Section B of this chapter, a rectangular velocity grid was chosen for the colli

sional treatment. This requires direct calculation of the acceleration term in the 

transport equation. The calculation uses a finite difference operator which in

troduces numerical diffusion into the solution. As the acceleration term becomes 

large, the error introduced due to this numerical diffusion increases. To overcome 

this error, more spatial and velocity resolution is required and the calculation 

expense greatly increases. The characteristic based velocity grid utilized in the 
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collisionless calculation would not introduce this numerical diffusion, but leads 

to several other limitations as discussed in Section B. 

Because of the numerical difficulties, approaching the collisionless dis

tribution function forms is not practical with the current collisional technique. 

The solution presented (Tih ~ 50 eV, surface temperature of 0.05 eV, Rs = 1) 

is at the practical limits of the technique. The limitations arise from the highly 

disparate ionization and collision scale lengths, Lei· "" 2 cm, Lc '" 20 - 1000 cm. 

Because of the length scales encountered, the solutions presented in Fig. 27 - 31 

utilize the approximate field quantities rather than the direct calculations (see 

Appendix A). As seen in the previous section, the calculations with the approxi

mate field quantities yield similar results as the calculations with the direct field 

quantity calculations for collision dominated plasmas. Additionally, the region 

near the surface should be insensitive to the specific collisional expression used 

because the plasma behavior is dominated by the ionization of the neutral reflux 

and subsequent acceleration of the cold ions. 

Although the sharp discontinuities are not present in the distributions 

shown in Figs. 28 - 31, the collisionless tendency is apparent. The two tempera

ture or two component nature of the plasma distribution functions is indicative 

of the kinetic behavior of the solutions. At lower ion temperatures, this two com

ponent nature of the distribution functions is not found. Additionally, the agree

ment between the collisional and collisionless moment quantities breaks down. 

This can be seen from Fig. 33 which presents the potential profiles from various 

collisional calculations with different asymptotic ion temperatures (Tih ~ Te, 

Rs = 1). For a fixed value of the scaled ion temperature, 'Ti, in the collisionless 

calculation, the same scaled potential profile is found. As the ion temperature 
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Figure 33. Illustration of the change in solution behavior as the plasma temper
ature is decreased from the collisionless (kinetic)' regime to the highly 
collisional (fluid) regime. 
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decreases, the ratio of the collision scale length to the ionization scale length 

decreases and collisions become more significant near the surface. This alters the 

plasma structures near the surface and the plasma behavior approaches the fluid 

regime. The plasma structure determined with a standard fluid treatment25 is 

also shown in Fig. 33 for comparison. The fluid calculation assumes isothermal 

electrons and has Tih = Te , consistent with the transport solutions presented. 

Two additional observations can be made from the results shown in 

Fig. 33. First, the collisional calculations show the valid temperature regime 

for the collisionless description near the surface to be ~ 25 eV, corresponding 

to an asymptotic ion temperature of I">J 50 eV. Ion temperatures greater than 

these are required to approach the collisionless form of the distribution functions 

in this region. Additionally, the collisional calculation can be used in plasma 

regimes which are not well described by either a kinetic or fluid representation. 

The numerical technique is not limited by artificial velocity diffusion in this tem

perature regime (Tih between 15 and 50 e V), making the technique useful in 

plasma regimes not adequately treated with standard fluid or kinetic solution 

algorithms. 
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IV. CONCLUSIONS AND RECOMMENDATIONS 

Multiple techniques have been developed to determine the surface plasma 

structures in the kinetic regime. The first method solves the steady-state trans

port equations for the interacting species in a (x, v:z:) phase space with a char

acteristic based algorithm. The spatially dependent distribution functions are 

determined self-consistently with the electrostatic potential in the region near 

the surface dominated by kinetic effects. The calculation is conservative, nondif

fusive and includes multiple interactions between species and a consistent calcu

lation through the Debye sheath. This kinetic calculation does not treat Coulomb 

collisional effects. 

The dominant phenomena in the pre-sheath region near the surface are 

the ionization of the cold neutral reflux from the surface and the acceleration of 

the resulting ions by the electric field. Because of this, a basic formulation of 

the problem with atomic reflux from the surface is done in nondimensional form. 

This model yields the general features of the problem with molecular reflux from 

the surface. The results presented show a family of permitted solutions for fixed 

values of the plasma temperature and surface reflux ratio. The permitted solu

tions are found to lie above a minimum value of the cold ion density parameter, 

P. 

The solutions with molecular reflux show more structure than the so

lutions with atomic reflux. The large dissociative ionization rate of Hi near 

the potential maximum has significant impact on the local density profiles. The 

global features of the molecular calculation are similar to the atomic reflux case 
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including the one parameter family of allowable solutions found for each set of 

physicai conditions. A further complexity is introduced if the trapping of cold 

electrons produced from ionization is considered. A modification to the isother

mal Boltzmann electron prescription is proposed which can be used in the current 

kinetic calculation to estimate the effect these trapped electrons have on the so

lutions. The inclusion of trapped electrons does not alter the general features of 

the kinetic solutions. 

The second method developed solves the steady-state transport equations 

for the interacting species in a (x, vII' V..L) phase space. Included in this model 

are ionization of the refluxing neutrals, a self-consistent electrostatic potential 

and a nonlinear Fokker-Planck treatment of ion-ion Coulomb collisions. The 

method determines the spatially dependent distribution functions in the region 

near the surface dominated by kinetic effects and the region away from the surface 

dominated by Coulomb collisional effects. The results of this collisional model 

are used to identify the correct physical solution for the region near the surface 

from the permitted family found with the kinetic model. The physical kinetic 

solution is found to be the one which occurs at the minimum permitted cold ion 

density and maximizes the heat flow to the surface and the asymptotic potential 

drop in the pre-sheath. 

The collisional method can also be utilized in plasma temperature regimes 

which are not adequately described by either a kinetic treatment or a fluid treat

ment, i.e. T between 15 and 50 eV. At low plasma temperatures, the collisional 

method agrees well with standard fluid techniques. 

The areas of future study and improvement for the kinetic method include 

the addition of non-normal magnetic fields and a more detailed treatment of the 

------------------------------------ -- .. ---~-
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surface chemistry including sputtering. These effects entail adding additional 

velocity and possibly spatial dimensions to the technique. This will dramati

cally complicate the current solution algorithm and may require an entirely new 

technique. 

Improvements to the collisional method should include a collisional treat

ment of the electron distribution function. This would enable verification of the 

estimated trapped electron effects in the kinetic solutions and also permit solution 

at higher plasma temperatures. Additionally, an improved solution procedure 

would enable solutions in temperatures regimes not practical with the current 

technique. The average computational time for a complete collisional solution 

with electron and ion temperatures of 50 eV is '" 20 hours on a CRAY X-MP 

(with 200 Ax, 200 AVII, and 40 Av.d, whereas a complete collisionless solution 

with comparable (x, vx ) zoning takes", 1 - 5 seconds on a X-MP. The colli

sional solutions are considerably faster with lower temperatures, '" 1 - 2 X-MP 

hours for temperature between 10 - 20 eV. The collisional code is fully vectorized 

and/or written in Cray Assembly Language (CAL) to achieve as much speed as 

currently possible. One solution procedure which may reduce computation costs 

would involve a transformation of variables to enable spectral techniques to be 

utilized. 
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The collision treatment described in this dissertation requires the de

termination of the distribution functions of the interacting species in a three

dimensional phase space, (~, vII' Vol). A stepping procedure is utilized which 

solves a series of two-dimensional problems in (vII' Vol) and sweeps through the 

spatial coordinate. The calculation of the ion distribution at a fixed spatial lo

cation can be viewed as an elliptic problem in (vII' Vol) with source terms due 

to ionization of the neutral reflux and the inflow ions from the adjacent spa

tial zones. Vvith the spatial gradient written in finite difference form and the 

unknown distributions grouped on the left hand side of the equation, the ion 

transport equation can be written 

(AI) 

The x ± Ax denotes the source distribution function to x is located at x - Ax 

for vII > 0 and x+ Ax for vII < 0 (refer to Fig. 22). Eq. (AI) is written assuming 

a fully implicit solution in x. This calculation can also be done with centered 

differencing in space. However, the fully implicit algorithm is more stable and 

used more frequently than the centered algorithm. Because the implicit algorithm 

is not centered between the spatial grid points, it does no conserve particle flux as 

the centered algorithm does. The amount of flux not conserved does not influence 

the solution behavior provided the grid resolution is adequated to resolve the 

spatial and velocity gradients of the solution. The ionization source term is 
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known since ne is fixed during the local iteration procedure. The solution of 

Eq. (AI) is best understood by considering the acceleration and collision terms 

individually. The collision term is more complicated and will be discussed first. 

The collision term can be expressed as gradients in velocity space of the 

distribution function and the Rosenbluth potentials as 

8 h I 8 [ I 8S2 8 h 8
2

T2 8 h 8
2
T2 ] at c = 8vII Cl 1 8vII + C2 8vII 8vO + C2 8vJ.. 8vJ..8v lI 

+---vJ.. clh--+C2----+ C2----
1 8 [ 8S2 8h 8 2

T2 8h 8 2
T2 ] 

VJ.. 8vJ.. 8vJ.. 8vJ.. 8vi 8vII 8vll8vJ. 
. (A2) 

The 1 and 2 subscripts represent the test and field distributions, respectively, 

which will be dropped for the self-scattering collisions considered here. S, T, 

Cl and C2 are defined in Chapter II, Eqs. (38), (39) and (41). Expressing the 

collision term in the form of Eq. (A2) yields the following straightforward finite 

difference expression: 

(A3) 

where 

(A4) 

and 

(AS) 

The i+, i-, i+ and i- superscripts denote the control volume boundaries for 

the difference operator as seen in Fig. AI. The control volume, (~v~, ~ vi)' is 

centered about (v~, vi) with uniform or non-uniform velocity zoning. 

The complete finite difference expression for the collision operator is ob

tained by differencing I, 81/8vlI and 81/8vJ.. at (v~+/-,vi) and (v~,v~+/-) 
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o 

Figure AI. Control volume in velocity space utilized in the local distribution 
function calculation of the collisional technique. 
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holding the field quantities fixed (the derivatives of Sand T). Centered dif

ferencing (and averaging) formulas are used for all quantities. This leads to a 

nine point differencing molecule for the collision operator using the (i - 1, i, i + 

1) X (j - 1,i,i + 1) velocity grid points. Additionally, boundary conditions in 

velocity space must be chosen for the ion distribution function. At V1. = 0, az

imuthal symmetry yields 8/(v1. = o)/aV1. = ° as the boundary condition. At 

large velocities, two separate criteria have been used. First, zero gradients nor

mal to the boundary were chosen to ensure zero ion flow out of the velocity 

boundaries of the calculational grid. Second, the distribution function along the 

velocity boundaries was set to a Maxwellian distribution with equivalent density, 

ni, drift velocity, Vd, and average energy, mV5/2 = kTi, as the current local 

distribution. Neither boundary condition type has an appreciable effect on the 

interior solution if the maximum grid velocities are large compared to the average 

velocity of the distribution. This arises simply because the distribution function 

approaches zero at large velocities. 

The final information needed to proceed with the local distribution cal

culation is the field quantities in Eqs. (A4) and (A5). Direct calculation of these 

entail first solving Poisson's equation in velocity space for S(x) given /(x), then 

solving Poisson's equation for T(x) using the newly found values of S(x). The so

lutions to Poisson's equation are accomplished with a standard Line Successive 

OverRelaxation (LSOR) technique. A nine point cross molecule results from 

the difference equations, which utilizes the (i - 2, i-I, i, i + 1, i + 2) velocity 

grid points at i and (j - 2,i - 1,i,i + 1,i + 2) velocity grid points at i. The 

boundary conditions used for the Rosenbluth potential calculations are similar 

to those used in the / (x) calculation, namely, at v 1. = 0, a / av 1. = 0, and S (x) 
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and T(x) corresponding to a Maxwellian distribution with equivalent ni, Vd and 

v5 as f(x) at the large velocity boundaries. After S(x) and T(x) are found, 

their derivatives are determined by centered finite difference formulas. The local 

solution for f(x) treats these field quantities as const1ftfis--during the iteration 

procedure. The changes in S(x) and T(x) resulting from updated distribution 

function values are utilized on subsequent sweeps across the spatial grid. 

If instead of using the local distribution for the calculation of the field 

quantities, a Maxwellian distribution with equivalent density, drift velocity and 

average energy as Ii (x) is used, the determination of the field quantities is greatly 

simplified. These quantities have the following analytic forms for a Maxwellian 

distribution: 

aS2 = ni(vil - Vd) [_2 exp (_ v2) _ .!.erf (.!.) ] 
aVIl v2 vo~ v5 v , f)O 

(A6) 

(A7) 

,(AS) 

(A9) 

and 

a
2

1'2 = ni {~[(VII _ Vd)2 _ 2vi] exp (_ v2) 
avi v3 ~v v5 

+ [V!~~ + (vII - Vd)' ( 1 - ;!. ) ] erf (:J } (A10) 

where v is the speed given by v = Jvrr + vi and erf is the error function nor

malized to erf( 00) = 1. Good agreement is found for the solutions using these 



124 

approximate forms for the field quantities in place of the direct finite difference 

calculations of the field quantities. Therefore, they are useful in performing 

parametric studies and as starting values for the direct solution. 

Returning to Eq. (AI), the acceleration term still must be treated. With

out Coulomb collisions, the ion transport equation is simply a I-D hyperbolic 

equation. To ensure stability, upwind differencing is used. This requires the use 

of different differencing forms when d¢ / dx is positive and negative. Having de

fined the operators, field quantities and boundary conditions, f(vlI' v.t) is found 

using a LSOR method. 

-------------------
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