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ABSTRACT 

External nuclear medicine diagnostic imaging of early primary 

and metastatic lung cancer tumors is difficult due to the poor 

sensitivity and resolution of existing gamma cameras. Nonimaging 

counting detectors used for internal tumor detection give ambiguous 

results because distant background variations are difficult to 

discriminate from neighboring tumor sites. This suggests that an 

internal imaging nuclear medicine probe, particularly an esophageal 

probe, may be advantageously used to detect small tumors because of the 

ability to discriminate against background variations and the capability 

to get close to sites neighboring the esophagus. The design, theory of 

operation, prelimfnary bench tests, characterization of noise behavior 

and optimization of such an imaging probe is the central theme of this 

work. 

The central concept lies in the representation of the aperture 

shell by a sequence of binary digits. This, coupled with the mode of 

operation which is data encoding within an axial slice of space, leads to 

the fundamental imaging equation in which the coding operation is 

conveniently described by a circulant matrix operator. The 

coding/decoding process is a classic coded-aperture problem, and various 

estimators to achieve decoding are discussed. Some estimators require ~ 

priori information about the object (or object class) being imaged; the 

only unbiased estimator that does not impose this requirement is the 

xi 



xii 

simple inverse-matrix operator. The effects of noise on the estimate 

(or reconstruction) is discussed for general noise models and various 

codes/decoding operators. The choice of an optimal aperture for 

detector count times of clinical relevance is examined using a 

statistical class-separability formalism. 



CHAPTER 1 

INTRODUCTION 

One important aspect of diagnostic nuclear medicine is the 

spatial mapping, or imaging, of a radioactive-labeled pharmaceutical 

ingested or injected into the human body. The pharmaceutical interacts 

with a particular tissue type organ, or lesion within the body. For 

example, tumor-seeking radiopharmaceuticals include radiolabeled 

chemotherapeutic agents and radio labeled antitumor antibodies 

(Woolfenden 1975). The capability of detecting the presence and location 

(and size) of regions of increased (tumor-seeking) radiopharmaceutical 

activity, via gamma emissions, leads to improved diagnosis. The 

successful diagnosis of early primary or metastatic lung cancer (wherein 

tumors are typically ~ lcm in diameter) requires imaging systems with 

sensitivity and resolution sufficient to unambiguously detect tumors 

within a substantial background sea of activity. 

External nuclear medicine gamma-ray imaging and scanning 

instruments have low sensitivity (Barrett and Swindell 1981), but 

nonimaging internal probes can improve that sensitivity markedly by 

providing a large solid angle when placed close to the source. That is, 

a larger fraction of radiation emitted by nearby matter is intercepted 

by the gamma-ray detector (Woolfenden et al. 1984c; Barber et al. 1980). 

This suggests that small tumors may best be detected by an internal 

instrument. Experimental results from such probes (Woolfenden et al. 
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1984a) indicate that the nonuniformity of (non-tumor) radiopharmaceutical 

distribution in the body makes detection difficult. Internal imaging 

probes may solve these problems (Barber et al. 1984). 

For existing collimator-based external imaging systems (Barrett 

3 4 
and Swindell 1981; Anger 1958) only one in every 10 or 10 emitted 

gamma-ray photons is detected and therefore contributes to the image. 

Clearly, it is highly desirable to increase this fraction. This is 

possible via an alternative gamma-ray imaging technique known as coded-

aperture imaging (Simpson and Barrett 1980; Barrett 1972), where the 

aperture is highly transparent, with transmission up to 50%. However, 

coded-aperture imaging possesses significant problems such as poor 

signal-to-noise ratio for weak or extended sources in a background field, 

and the requirement of a postprocessing reconstruction step that often 

leads to artifacts and ambiguities in the final image (Simpson and 

Barrett 1980). Coded-aperture imaging, to date, has only been 

investigated in the context of an external imaging system. The 

application of coded apertures to an internal imaging device is 

investigated in this dissertation. 

A variety of internal and external (nonimaging) nuclear medicine 

probes have been studied. For instance, fiberoptic-coupled sodium iodide 

(NaI) scintillation detectors were developed to investigate plutonium 

localization in the lymph nodes (Swinth and Ewins 1976). Barber and 

coworkers (1979; see also Woolfenden et a1. 1984c) investigated a 

nonimaging radiation detector of this type, coupled with a visual 

bronchoscopic examination, for the identification of bronchial lung 

------------------------------------- -~.-----
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tumors. Tumors as small as 6mm in diameter were detected. Solid-state 

CdTe gamma-ray sensitive probes have been developed as external probes 

for a variety of clinical applications (Barber et al. 1980; Entine, 

Serreze and Garcia 1976; Martini and Walford 1972; Walford and Parker 

1972). Collimated forward-looking sensitive probes for the diagnosis of 

thyroid cancer (Morris, Barclay and Tanida 1971) and inte:':'operative 

biopsy (Harvey and Lancaster 1981) as well as plutonium detection in the 

lymph nodes (Swinth, Park and Moldofsky 1972) have been studied. 

Williamson et al. (1986) and Colton et al. (1983) have also employed 

hand-held radiation sensitive probes for surgical studies. Hand-held 

HgI
2 

and CdTe devices have been developed for surgical staging (Barber et 

al. 1980, 1979). A hand-held single-bore collimator (using a fiteroptic

coupled NaI(TI) scintillation detector) was used to localize a lost 

iodine brachytherapy seed (Woolfenden et al. 1984b). Martin et al. 

(1985) used a hand-held gamma-ray detector to localize colorectal tumors 

in a number of patients. Preliminary development of hand-held imaging 

cameras is underway by Barrett and coworkers. 

Scope of this Dissertation 

A summary of the content of this work follows. Specific details 

are provided in the introduction of each chapter. 

Chapter 2 will discuss the design, operation, radiometric 

definitions and quantities associated with the imaging probes, including 

the notion of binary code representation of the aperture and derives the 

fundamental imaging equation. The formalism uses linear algebra, and 

relates the object and data vectors via a linear operator (matrix) 
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equation. Chapter 2 concludes with a discussion of object estimation 

from the (noisy) data and some particular aperture code families of 

interest. Chapter 3 presents the results of experimental bench tests 

using two aperture designs (rotating and non-rotating azimuthal 

aperture). Point-source and extended-source distributions are imaged and 

it is demonstrated that predicted resolution can be attained. In Chapter 

4 the noise characteristics of the imaging probes are analyzed for any 

coding/decoding combination and nonstationary noise. The variances in 

and covariances between the elements of the object estimate are examined 

and discussed for a variety of codes and decoding operators. A local (or 

point) signal-to-noise ratio is defined and its significance is discussed. 

The Hotelling trace is then introduced and, based on recent work that 

shows it is an excellent predictor of human performance (Fiete et al. 

1987). it is applied as a figure-of-merit for aperture code optimization. 

The optimality criterion is defined to be the code that maximizes the 

Hotelling trace for a particular detector count time. 

optimization for times of clinical relevance using a 

We stress code 

57 
Co-bleomycin 

radiopharmaceutical activity distribution in a transverse human cross 

section modelled using a numerical torso phantom (Hickernell et aL 

1987). We demonstrate the existence of temporal performance regimes 

whereby one code may be optimal for one time but not another. Chapter 

5 gives a brief summary of this work and suggestions for future 

research. 



CHAPTER 2 

IMAGING PROBES: DESIGN, OPERATION, RADIOMETRY AND CODES 

This work is concerned with the development and behavior of a 

miniature gamma-ray imaging device for use as an internal diagnostic 

nuclear-medicine probe. The device (imaging probe, or just probe, which 

incorporates the detector and shielding components), must be capable of 

providing some information about the distribution of gamma-ray emitting 

matter surrounding it. Gamma-rays are notoriously difficult to focus or 

bend via conventional optical techniques such as lenses and mirrors 

(Smither [1982] discusses some novel approaches to this problem), but 

they may be attenuated. Selective spatial and/or temporal attenuation, 

or shielding, of the gamma-ray emissions from a source may be used to 

garner knowledge about the source distribution. Collimating the incident 

radiation via passive shielding defines the field-of-view of the device. 

The further collimation or encoding of radiation within the field-of-view 

is attained with the aperture of the device. An ideal aperture is 

binary, i.e., at any given point it is either totally transmitting or 

(ideally) totally opaque to incident radiation. To efficiently block the 

incident gamma-rays, the shielding is an absorbing material of high 

atomic number (Z) such as lead (Evans 1972). Precisely how the aperture 

encodes or collimates the incident radiation upon a detector is an 

important design consideration of most gamma-ray imaging systems; 

5 
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Simpson and Barrett (1980) give a good review of coded-aperture systems 

in particular. 

This chapter will vresent basic design principles rather than the 

specific technical and hard ware details. The geometry, coordinate 

representations, radiometry, data encoding and object reconstruction 

(estimation) operations are discussed. The fundamental imaging equation 

is based on the use of circulant matrices; the system coding matrix 

makes use of the binary code representation of the aperture. Particular 

code families are discussed. One family, called uniformly redundant 

sequences, exhibit rather distinctive mathematical properties (Fenimore 

and Cannon 1978; Gunson and polychronopoulos 1976). 

Probe Specifications and Operation 

Probe Specifications 

The probe design incorporates a cylindrical, rotationally 

symmetric geometry, as illustrated in Figure 2.1 (Barber et al. 1984). 

The choice of a cylindrical aperture is motivated by the nature of the 

problem, i.e., internal imaging within tubular passages (such as the 

esophagus or colon). The field-of-view (FOV) is restricted by two end 

shields and a series of parallel, equispaced internal slat collimators to 

an annular region of space. A cylindrical (p,~,z) coordinate system is 

defined, where the axis-of-symmetry of the probe is the z-axis, ~ is the 

i h 1 1 i 00 3600 d i h di 1 di h az mut a ang e spann ng to an pst e ra a coor nate, were 

O~~oo, as shown in Figure 2.2. The angular extent of the wedgelike FOV 



CODED-APERTU RE 
(AZIMUTHAL COLLIMATOR) 

AXIAL COLLI MATOR 

Fig. 2.1. The rotating gamma-ray imaging probe. The azimuthal drum 
modulates radiation incident from the external source distribution. 
Internal axial slat collimators serve to define the field-of-view of the 
device. The detector is situated along the axis. The sequence of open 
and closed segments in the drum define the code (Barber et al. 1984). 
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aperture 

Fig. 2.2. Probe coordinate nomenclature. A simple aperture with a 
single opening is shown for clarity. The axial, radial, and azimuthal 
coordinate system characterizes the position and orientation of the 
device. One "wedge" is defined by the illustrated solid angle. 

8 
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is 6
0

, also shown in Figure 2.2. This angle is determined by the spacing 

between the slat collimators and the radial extent of these structures. 

The binary aperture is the cylindrical drum surrounding the slat 

collimators, shown in Figures 2.1 and 2.2. Its transmission is a 

function strictly of~. If, for example, at some par~icular value of ~ 

the aperture is opaque, it is opaque over its whole length along the 

axis. 

The detector is a single, nonimaging, gamma-ray sensitive 

element (Barber et al. 1980, 1979). It is situated along the axis of the 

aperture between the end shields and radially surrounded by the slat 

collimators. For this chapter it is assumed that the detector simply' 

counts incident gamma-rays. 

The Aperture 

The aperture is defined to consist of N discrete units, or 

elements, each of azimuthal extent A~, where 

A~ = 360
0 

• 
N 

(2.1) 

The division of the aperture into N azimuthal units will partition the 

FOV into N "pie-shaped" wedges. Assuming the aperture is thin and of 

diameter D, one element of the azimuthal aperture drum is of length 

L 
lTD 
N 

Note that the wedges partitioning the FOV overlap if the 

(2.2) 

detector is of finite size. In the following discussion we assume that 
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the azimuthal extent of each wedge (shown in Figure 2.2) is b~ and that 

neighboring wedges do not overlap. 

The aperture may be described via a binary sequence (Barrett and 

Swindell 1981). Assuming that no gamma-rays penetrate the opaque 

component of the aperture, the transmission through each azimuthal 

segment is either 0% or 100%. Let "1" denote a transparent element and 

"0" an opaque element, so that an N-element aperture is completely 

specified by a sequence of binary numbers of the form 

b b b '''b . 
1 2 3 N 

For example, the N=4 binary sequence 1000 represents an aperture with 

one transmitting azimuthal element and three opaque (blocked) azimuthal 

elements. Since the system is rotationally symmetric, the binary 

sequence 0100 signifies the same aperture rotated 90 0 • The binary 

sequence characterizing such a coded aperture is referred to as its code. 

The Object 0 

The imaging probe operates within a sea of gamma-ray emitting 

material. The probe will, by the nature of its collimator and aperture, 

in a given position, view the activity distribution \o1ithin the FOV. The 

measured signal will be a function of the external activity distribution, 

the aperture and axial collimation eo' the efficiency (Tj) of the 

detector, and the integration time (t). As there are N discrete 

azimuthal aperture positions, the object vector is defined in terms of 

the mean detected activity for each azimuthal wedge. The object is 
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denoted as an N-dimensional vector 0, and is radiometrically specified 

below. 

Data Encoding within the FOV 

If the aperture has more than one transmitting azimuthal cell, 

that is, if 

N 

k _ ~ 
i 

b. > 1, 
1. 

(2.3) 

where the b. are the binary numbers defined above, then the radiation 
1. 

incident upon the detector originates from k different wedges. A 

procedure to encode this information, so that a secondary (post-

acquisition) step can allow the external activity distribution to be 

estimated, is accomplished by a discrete time-modulation of the incident 

gamma-rays (Barber et al. 1984). To encode the detected activity, the 

detector first counts gamma-rays over some time interval (t) with the 

aperture in an initial azimuthal position. Denote the number of detected 

counts as del) (for data element #1). Next, rotate the aperture by A~, 

and repeat the measurement for the same time interval. The second data 

element is denoted by d(2). In all, this process is performed N times; 

the aperture is incrementally rotated N times (Barber et al. 1984). For 

one slice there are N data values: 

d(1),d(2),d(3), ••• ,d(N). 

This sequence of numbers is the data set and is conveniently organized 

--- -----------------------------------------------
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as an N-dimensional column vector d. Any given measurement of d 

suffers from Poisson noise. That is, the entries of d will fluctuate 

from measurement to measurement about some mean value. To emphasize 

this fact, d will henceforth be denoted as d. The underline indicates 

that the vector is a random vector (Barrett and Swindell 1981; Papoulis 

1965). 

The measurement noise is denoted as an additive Poisson random 

vector (Barrett and Swindell 1981), denoted as the N-dimensional column 

vector n. The noise vector is an additive term since it is a function of 

the elements of the object vector 0 (Paxman, 1984). The aperture 

encodes the object vector 0 via some mathematical operation, O. The 

data vector d is related to 0 via a general linear operator formula 

d nt 00 + .!!. (2.4) 

where the noise is segregated from the encoding operation. The noise 

vector is of zero mean, Le., <,!!.>=O, where the brackets indicate an 

average over an ensemble of measurements. The units of each term is in 

counts. 

To obtain similarly encoded data over an extended axial interval, 

the probe is advanced along the axis to an adjacent slice. There will be 

overlap with adjacent slices because of the divergence angle 60 ; the 

extent of the overlap is increasingly severe as p increases. A distant 

source will be in the FOV of many slices. It is conceivable that, if the 

size and/or distance of this source were known ~ priori, then the number 

of axial slices in which a signal is detected may be summed to improve 
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the signal-to-noise ratio or detectability of the source (Barber et al. 

1984). This concept is called "image-strip grouping" (Barber et a1. 1984) 

and will be discussed further in Chapter 3. 

Radiometry 

A probe in a fixed axial position does not possess the ability to 

resolve information along the p-axis, i.e., there is no depth resolution. 

This was implicit in the above discussion of the object. The signal 

generated by the detector, with the aperture in a given position, is 

proportional to the integral over activity within all azimuthal wedges 

corresponding to transparent aperture elements. 

Assume that the detector is placed at the origin. Consider a 

small volume element, centered at some point P external to the 

aperture, which emits E(P) gamma-ray photons per cubic centimeter per 

second. The number of detected gamma-rays from this volume element is 

proportional to the fractional solid angle subtended by the detector at 

P. If the medium between the detector and P is attenuating there will 

be an exponential weighting factor of the form 

(2.5) 

where r is the distance parameter along the line connecting the detector 

D, centered at the origin, and P, and per) is the attenuation coefficient. 
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Define the detector efficiency, n, as the ratio of the mean 

number of detected gamma-rays to mean number of incident gamma-rays 

upon the detector. Consequently, the mean number of detected photons is 

N 
P 

(2.6) 

where Gd/4n is the fractional solid angle subtended by the detector at 

P, t is the measurement time, and the integral is over all volume 

elements, dv, within the viewed subspace V. 

This expression may be significantly simplified by imposing some 

assumptions about the external absorbing medium and the axial 

collimation: assume that (1) the attenuation coefficient ~(r) is constant 

over the entire external space, (2) the projected solid angle of the 

detector is small, so that Gd«4n for all external points P. In the 

first case the exponential term, Eq. (2.5), becomes exp(-~r), where r is 

the distance from P to the origin. For a pillbox shaped detector, the 

sidewise projected area is approximately 

where rd is the detector radius and h its height. The fractional solid 

angle, Gd/4n, may be approximated by the ratio of the projected detector 

area to the area of the entire sphere, i.e., 

(2.8) 

_. - ----------_._----_. __ ._- --------------
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Employing a spherical (r,e,4» coordinate representation is 

helpful because of the eo and 4> parameters associated with the FOV and 

aperture. With the specified assumptions, the following form for the 

mean number of detected photons from the ith wedge is obtained: 

nt r h J co J (1T+e 0) /2 J 21Ti/N d -\lr 
N i=ntS i=--z-;r- dr e de sine d4> E(r,e,4», 

p p . (1T-e )/2 21T(i-l)/N 
(2.9) 

rm~n 0 

where N . denotes the detected counts in the ith wedge over the exposure 
p~ 

time t. Here S . is the number of photons per second, originating within 
p~ 

the ith wedge, incident upon the detector. The azimuthal integral is 

over the extent of the ith wedge. Note further that we set the lower 

limit of the radial (r) integral from r. to infinity. Here r i is 
min m n 

assumed to be the radius of the probe. (The radius of the aperture may 

be less than r . because of encapulation required to insulate the probe 
m~n 

from body tissue). For the human body, the upper limit of the integral 

will extend to the edge of the body. 

The object vector 0 is formally defined as 

o(i) (2.10) 

With this definition the object vector 0 has dimensions of counts per 

second. All entries of 0 ar.e non-negative. 
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Circulant Matrix Formulation 

As discussed above the N-dimensional vectors are related via an 

equation with an as yet unspecified operator. The structure of the 

operator 0 will now be addressed. 

The aperture is incrementally rotated through N different 

azimuthal positions to form a complete data set (Barber et a1. 1984), 

i.e., the data vector d. We desire to express the ith entry of d in 

terms of the other variables. Recognizing that d(i) can be related to 

the o(i) via N linear equations of the form: 

d(l) nt [ b10(1) + b20(2) + b30(3) + ..• + bno(n) ] 

d(2) nt [ bno(l) + b10(2) + b20(3) + ...• + b o(n) ] 
n-1 

d(3) nt [ bn_10(1) + bno(2) + b10(3) + ...• + bn_20(n) ] 

den) nt [ b
2

0(1) + b
3

0(2) + b
4

0(3) + ...• + b10(n) ] (2.11 ) 

or 

~(j) nt BTo + n(j) 
J -

(2.12a) 

where 

Bi= [b1 b2 •••• bn ] ' 

B} [bn-j+2 bn- 3+3 ••• bn b1 b2 ••••. bn-j+l J. j>1. (2.12b) 
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The data vector d is therefore of the form 

d = ntCo + !!. , (2.13 ) 

where C is an NxN circulant matrix consisting of entries that are "l's" 

and "O's," i.e., 

C (2.14) 

The type of circulant matrix, i.e., left or right, depends on the chosen 

sense of azimuthal rotation. Here we adopt right circulant matrices for 

our discussion corresponding to clockwise rotation of the aperture. Note 

that, from Eqs. (2.4) and (2.13), O=C. Equation (2.13) is the fundamental 

(linear) imaging equation for the class of imaging probes with which we 

are concerned. When referring to a property of C, we often ascribe this 

property to the code. For example, if a code is called singular, we are 

referring to the associated circulant matrix, C. 

Example: Aperture with a Single Open Element (k=l Codes) 

The structure of C for a special case will be presented. 

Consider the N=7 code 1000000 (k=l). Note that b1=1 and all other 
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members of the binary sequence are zero. Substituting these values into 

Eq. (2.14) gives the matrix 

r 
1 0 0 0 0 0 0 1 
0 1 0 0 0 0 0 

l 
0 0 1 0 0 0 0 
0 0 0 1 0 0 0 
0 0 0 0 1 0 0 
0 0 0 0 0 1 0 (2.15) 
0 0 0 0 0 0 1 

This is the identity matrix, I. For any N, the code 100··· has C=I. The 

imaging equation, Eq. (2.13), for k=l aperture codes reduces to 

d = nto + n. (2.16) 

Codes for which k=l (arbitrary N) will, because of their importance in 

subsequent discussion, be defined as pinhole apertures. [The terminology 

"pinhole" is used here analogous to its usage in the coded-aperture 

literature, where a pinhole aperture is one that does not require a 

post-processing or reconstruction step (Barrett and Swindell 1981).] 

From Eq. (2.16), it is seen that a probe with a pinhole aperture allows 

an immediate estimate of 0 to be made without recourse to a post-

processing step; the pinhole aperture is a direct imaging system. If k)l 

a post-processing step is necessary to estimate o. 

Appendix A lists some mathematical properties of the matrix C. 
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Object Estimation (Reconstruction) 

For imaging, an estimate of 0, given C and ~, must be 

determined. Because of the presence of additive noise (in general 

signal-dependent), an exact determination of 0 is not possible from a 

single measurement, or even several identically performed measurements. 

The estimate of 0 is also called the object reconstruction (or just 

reconstruction) or decoded image (Barrett 1972). Further, the estimation 

of an object from ~ is not the same as the detection of (the presence 

of) some particular signal in ~, the measured data (Barrett and Swindell 

1981). For example, using the imaging probe we may wish to establish, 

from the information in ~, simply if a tumor (signal) is present (or not) 

-- a binary decision task. On the other hand, if we have sufficient a 

priori reason to suspect the presence of a tumor, the imaging probe may 

be used to determine its angular extent and spatial location. The 

former is an estimation task while the latter may be categorized as a 

classification task (one type of signal versus another). The differences 

between these signal detection, estimation, and classification tasks is 

discussed in Melsa and Cohn (1978), Halker and Asher (1979), Barrett, 

Myers and Hagner (1986), and Barrett (1986). In this section we are 

concerned with object estimation; in Chapter 4 we shall analyze the 

variance in the object estimate, and then employ a measure of object

class separability to find those codes that optimally classify two 

different class distributions as a function of detector count time. 

- ------~---~--~--~-----------------~ 
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One estimate of 0 is evident by operating on ! with c-1, i.e., 

'" o (2.17) 

where ~ is reconstruction vector (the same dimension as 0), the 1/ nt 

factor is included so that ~is dimensionally the same as o. For the 

-1 A 
pinhole aperture, Eq. (2.16), C=I=C • If !!.=O, Eq. (2.17) gives 0=0, 

-1 provided C exists. 

Estimation via Eq. (2.17) is referred to as inverse-matrix 

decoding. We shall use it frequently. It has the advantage that if C-1 

exists it gives an unbiased estimate and the point spread function of 

this estimator is a perfect delta-function, i.e., the identity matrix. 

Further, this estimator does not require any ~ priori knowledge of the 

object, its mean, or higher-order statistics. With the exception of the 

pinhole aperture the noise characteristics of this estimator remain to be 

determined (done in Chapter Four). Below we present other estimators 

for a particular category of codes (the URS codes). Further, there exist 

linear estimators that satisfy some optimality condition which may 

perform well regardless of whether C-1 exists or not. An example is 

the linear estimator studied extensively by Smith (1985) and applied to 

coded-aperture imaging. We shall discuss the application of Smith's 

(1985) estimator to our imaging system in Chapter 4. 

Implications of the Inverse-Matrix 

In our analyses the inverse of C is determined using a Gauss-

Jordan matrix inversion technique (Carnahan, Luther and Wilkes 1969); we 



use a symbolic mathematics package, MuMath-83, to compute specific 

matrix inverses (Stoutemyer and Rich 1983). 
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If Det(C)=O the inverse of C does not exist, i.e., C is a singular 

matrix (Golub and van Loan 1983). Equivalently, since the determinant of 

a matrix is the product of the modulus of its eigenvalue spectrum, when 

C is singular one or more of its eigenvalues is zero. This will be of 

significance in Chapter 4 where under particular circumstances it is 

shown that the reconstruction variance depends on the modulus of the 

eigenvalue spectrum of C. 

If C is singular an estimate using Eq. (2.17) is impossible. 

Codes that can be partitioned into a sequence of identical "subcodes," 

such as 100100100 consists of three concatenated 100 subcodes, have 

singular C. This arises because two or more rows of C will be 

identical, and therefore are linearly dependent (Stoll 1952). Physically 

we may consider such codes unacceptable because of the N possible 

azimuthal positions only a subset gives a unique mixture of views. It 

should be stressed that codes with singular C may lend to reasonable 

estimates with other estimators. Our empirical code investigations 

indicate that for prime N(40 there are no singular codes. 

The coding matrix C may be singular but not decomposable into 

identical subcodes. An example is the set of k=2, N=8 codes: all have 

singular C. Another striking example, is the set of k=2, N=12 codes: 

all have singular C except for the code 100010000000. It is interesting 

to note how sensitive the placement of a single opaque element will 

affect the estimate. Of course, the change of one element of a code 



changes N elements in C. Further we stress again that the present 

singularity discussion is only of major importance for inverse-matrix 

decoding and may not be as important for other estimation schemes. 

Classification of Selected Codes 

There are several distinct families of binary code sequences 

that exhibit specific mathematical characteristics, typically in the 

structure of the coding matrix C. its inverse, or matrix-transpose 

T 
product, C C. Here we shall examine the properties of several code 

families, as well as identify codes of interest for later use. Our 

experimental studies (Chapter 3) make use of codes from two families: 

pinhole codes and uniformly redundant sequences (URSs) 

Pinhole (k=l) Codes 

As defined above, the pinhole codes do not require a post-

processing step. T For any N C=C =1. 

Anti-pinhole (k=N-l) Codes 

These codes have only one opaque azimuthal element, the 

complement of a pinhole aperture (Cohen 1982). 
T The product C C has 

diagonal elements equal.to k and all others k-l. For any k=N-l anti-
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pinhole code the modulus eigenvalue spectrum consists of N-l entries of 

value unity and one entry of value k. 



Dual-pinhole Codes (k=2) 

Any code of length N with two lis, corresponding to two open 

segments, is referred to as a dual-pinhole code. For a binary sequence 

of length N there are 
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uniquely different dual-pinhole codes, where Int[·J is defined as nearest 

integer less than or equal to the argument. For example, if N=7, there 

are Int[9/2]-1=4-1=3 unique dual-pinholes. They are 1100000, 1010000, 

and 1001000. As pointed out earlier, cyclic permutations such as 0110000 

and 1000100, while appearing different, are versions of 1100000 and 

1001000, respectively, but with a different starting orientation. The 

dual-pinhole codes are interesting because some of them demonstrate 

unique noise properties; this is discussed further in Chapter 4. 

Uniformly Redundant Sequences 

A unique and interesting family of binary codes are the 

uniformly redundant sequences (URS's). They exhibit a property known as 

minimum redundancy (Harwit and Sloane 1979; MacWilliams and Sloane 1976, 

1977; Lindner 1975; Baumert 1971; Moffat 1968). This property is 

observed by examining the eTe product (often referred to as the 

autocorrelation matrix). The rows of this product are the correlation 

of the code with itself. When the off-diagonal entries are all identical 

and 1<k<N-1, the code is defined as a URS code. The URS codes are also 
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called cyclic difference sets and have been studied extensively 

(MacWilliams and Sloan 1977; Brown 1972; Baumert 1971; Golumb 1967). 

There are several salient properties of these codes not shared 

by any other sequence. T Since the off-diagonal elements of C C are all 

identical, define their common value by~. Then it follows from the 

discussion above that: 

(k-E:)I + [q , (2.18) 

where [~] is defined as a matrix with every entry as E. From Eq. (2.13) 

it is seen that, by operating on both sides with CT, one gets 

(2.19) 

or, by Eq. (2.18), 

(2.20) 

The last expression suggests an alternative formula for estimating 0: 

CT~ -ntECOl[ f O(i)] 
i=l 

'" o nt(k-E) 
(2.21) 

where col['] is defined as a column vector whose elements all are the 

value indicated by the argument. 

This decoding technique is known as correlation decoding. 

Correlation decoding has been used extensively in one-dimensional and 

two-dimensional coded-aperture imaging and in coding theory in general 
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(Fenimore and Cannon 1981; Fenimore 1978; Gunson and Polychronopulos 

1976; MacWilliams and Sloane 1977, 1976; Calabro and Wolf 1968). Two-

dimensional pinhole apertures used for imaging the X-ray and gamma-ray 

sky first consisted of random pinhole patterns (Groh, Hayat and Stroke 

1972; Dicke 1968) and later consisted of uniformly redundant arrays, the 

2D analogue of a URS (Proctor, Skinner and Willmore 1979). Our first 

prototype probes, discussed in Chapter 3, used URS codes as azimuthal 

apertures, and the data was correlation decoded (without using the 

second term in Eq. (2.21), however). 

T 
If in the matrix C we replace the D's by -l's, to get the 

bipolar version of CT, denoted by C~, it may be shown that the following 

identity holds for the URS codes: 

2(k - E)I + (2E - k) [1] (2.22) 

where the quantity E obeys the identity (for the URS codes): 

k(k - 1) E(N - 1) • (2.23) 

This relation is a fundamental property associated with the URS codes 

(Baumert 1971). 

From Eq. (2.22) another form of the object estimate may be 

given: 

~cd 

T 
(N-1)C b~ - k(2k - N - l)nt col[Eio(i)] 

2k (N - k)nt 
(2.24) 

where the col['] refers to a column vector with all elements given by 
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the argument. This form of decoding is called bipolar-correlation 

decoding. [In some previous discussions, such as in Barrett and Swindell 

(1981), the second term is not used; typically, however, only Hadamard 

URS codes were used whereby this term is zero.] The second term in the 

numerator is included to make the estimate unbiased, i.e., ~ = o. For 

decoding real data without any ~ priori information the second term of 

estimators (2.21) and (2.24) cannot be properly used. 

A subset of the URS codes, which we refer to as Hadamard URS 

codes, is defined such that k=(N+1)/2. Under these conditions the second 

term of Eq. (2.24) vanishes identically. Further, it can be readily 

shown, from Eq. (2.22), that for the Hadamard URS codes that: 

-1 
C (2.25) 

For N=7 the Hadamard URS code is 1110100; its complement URS code 

1101000 is not of the Hadamard type. However, both correlation and 

bipolar-correlation decoding work with each code, the primary difference 

is that for bipolar-decoding the Hadamard code operator is proportional 

to the inverse-matrix operator. 

Table 2.1 lists all the URS codes and the (N,k,E:) triad for 

lengths up to N=40 (Baumert 1971). Of this set the codes with the 

smallest E are the most dilute; their complement codes are the most 

filled (the most transmitting). One particular URS code in this table, 

the N=13, k=9 code has been extensively studied for communications and 

radar. This is the Barker code (Barker 1953), which exhibits "ideal" 

-- ._ .. _----------------------
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Table 2.1 URS codes up to length 40 

N Code k ~ 

-------------------------------------------------------------------

7 1101000 3 1 
7 1110100 4 2 

11 11101001000 5 2 
11 11101101000 6 3 
l3 1000110100000 4 1 
13 1111101110010 9 6 
l3 1100101000000 4 1 
13 1111110011010 9 6 
15 111000010100110 7 3 
15 111101011001000 8 4 
19 1111010100001100100 9 4 
19 1111001101100001010 10 5 
21 110000101000000000100 5 1 
21 111111111011001111010 16 12 
23 11110101100110010100000 11 5 
23 11111010110011001010000 12 6 
31 1111011010011000001110010001010 15 7 
31 1111100011011101010000100101100 16 8 
31 1111000101011100001001000110110 15 7 
31 1111011011100100100001110101000 16 8 
31 1101000000100010000000000010000 6 1 
31 1111111111101111001011111101110 25 20 
31 1100101000000100000001000000000 6 1 
31 1111111110011010111111011111110 25 20 
31 1100000000000001000010100000100 6 1 
31 1111111111111011110101111101100 25 20 
31 1100000000000010000010001000010 6 1 
31 1111111111110111110111011110100 25 20 
31 1100000000000001000101001000000 6 1 
31 1111111111111011101011011111100 25 20 
35 11110110001000001110001011011001010 17 8 
35 11111000111010010011010100001001110 18 9 
37 1100010000010110100010000000001000000 9 2 
37 1111111110111111001110111110100101110 28 21 
40 1110110010000110010100001010000000100000 l3 4 
40 1111111011111000100110111100110101111010 27 18 

------------------------------------------------------------------
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aperiodic autocorrelation behavior; no other codes of higher length are 

known to demonstrate similar behavior (Lindner 1975; Baumert 1971; Turyn 

1968). Note also that URS codes of even length are sparse, the shortest 

one in this list having N=40. The next even length URS code has N=400 

(Baumert 1971). 

The historical importance of URS codes, as well as their unique 

mathematical behavior, give them a special role in coded-aperture 

imaging. Our experimental studies were first conducted using these 

codes, and will be discussed in the next chapter. 

Appendix B lists all the unique N=7 codes, which includes three 

dual-pinhole codes and two URS codes. 



CHAPTER 3 

EXPERIMENTAL STUDIES 

Thus far endoscopic imaging probes have been examined from a 

theoretical viewpoint. In this chapter imaging behavior is 

experimentally demonstrated. The discussion includes the aperture 

construction, detector configuration, and imaging arrangements. In these 

initial studies the apertures were made small, in order to simulate an 

internal imaging instrument. 

Two cylindrical aperture designs are discussed: rotating and 

nonrotating apertures. The operation of the former type is discussed in 

Chapter 2. The nonrotating apertures may be mathematically 

characterized (using the formalism developed in Chapter 2) in the same 

way as the rotating apertures. However, they are structurally different 

and their operational characteristics are different than those associated 

with the rotating aperture. Our bench tests of rotating and nonrotating 

aperture devices involved imaging gamma-ray emitting point sources and 

planar gamma-ray configurations. Our efforts to apply imaging probe 

technology to imaging a nuclear fuel rod are presented in Appendix E. 

The Rotating Aperture 

Two lead aperture drums with IS-element and 31-element URS 

codes were fabricated. The design specifications are presented in Figure 

3.1. The wall thickness was considered appropriate for the 57CO (122KeV) 
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Fig. 3.1. Cutaway view of the rotating aperture. Hatched areas consist 
of shielding material. The detector is contained within an aluminum 
tube, about which the end plug/aperture assembly rotates. Shown are six 
internal axial slat collimators. 
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sources used in these studies (Barber et a1. 1984). From Eq. (2.1), 1I$ 

24° for the 15-element aperture and llljl = 1P.6 for the 31-element 

aperture. The end plugs and internal axial slat collimators (made of 

lead) restrict the axial FOV. The axially situated detector is a NaI(T1) 

scintillation crystal (Woolfenden et al. 1984c; Barber et al. 1980) and 

is optically coupled to a flexible fiber-optic lightguide which in turn 

is coupled to a photomultiplier tube (PMT). Figure 3.2 is a photograph 

of the aperture assembly placed in a plexiglass rig. 

One rotating aperture utilizes a 15-element k=8 URS binary code 

111101011001000, 

and the other a 31-element k=16 URS binary code 

1111100011011101010000100101100, 

where O's indicate shielded aperture segments and the l's are 

transparent segments. The total transmission area is 53 % for the 

15-element aperture and 52% for the 31-element aperture. 

As discussed in Chapter 2, imaging an extended (planar) object is 

achieved by independently encoding a number of contiguous slices that 

cut through the external space. After acquiring data for one slice the 

aperture assembly is translated (along the axis) and the process 

repeated. The data for each slice is decoded independently. The final 

image is pieced together by laying strip images parallel to one another. 

The PMT output signal consists of a current pulse for each 

interacting gamma-ray that is converted to a voltage pulse by a 

preamplifier. The preamp output is fed into a spectroscopy amplifier, 

used for pulse shaping and as a linear voltage amplifier. The energy 



Fig. 3.2. Rotating aperture assembly in p1exig1ass support rig. On 
the left is shown the interior arrangement. The photomultiplier tube 
assembly (taped, including the base) is shown attached to a fiberoptic 
light guide. The NaI(T2) detector is within the supported aperture. 
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(pulse-height) spectrum is displayed on a multichannel analyzer, which is 

used as a single channel analyzer for our imaging studies. 

Using a point source we may experimentally verify the resolution 

of the imaging probe. Figure 3.3 shows the reconstruction of data taken 

with a 1. 51lCi point source, 3cm from the de tec tor axis, using the 

31-element aperture and 10sec integration time per azimuthal position. 

The reconstruction was performed using bipolar-correlation decoding 

(Barrett and Swindell 1981). The background fluctuations result 

primarily from Poisson counting statistics and the decoding process (see 

Chapter 4). Note that the signal is confined to one azimuthal element. 

This indicates that for a small enough detector, in this case a O.2cm 

diameter detector for an aperture of diameter 2.1cm, the optimum 

theoretical resolution can be obtained in practice. 

We next imaged an extended source, a planar 13x15 cm
2 

"E", 

containing 1mCi of 57CO • The 31-element URS aperture was translated 

along an axis vertically bisecting the "E" and 6.3cm above it, with a 12 

second integration time for each azimuthal measurement (Barber et al. 

1984). The bipolar correlation decoded image is shown in Figure 3.4; 

brighter pixels correspond to higher intensity levels. Figure 3.5 shows 

the reconstruction after applying smoothing and background substraction; 

the most intense regions are white. In each figure the shape of the "E" 

is easily recognizable, confirming that the device is capable of imaging 

extended (planar) objects. 



Co-57 POINT SOURCE 
31 ELEMENT CODED 

APERTURE 

- ----- AV+u 
AV. 

-~~-4-1------:::~A--I--"""":'-+-""'-'...--J._:""_ Rv. _ u 

Fig. 3.3. Reconstruction of a point source. The computed SNR for this 
particular trial is about 17. Here the source occupies a single 
resolution cell. 
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Fig. 3.4. "E" phantom reconstruction using 31-element aperture. 



Fig. 3.5. "E" phantom reconstruction using 31-element aperture after 
applying smoothing (color display). 
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The Nonrotating Aperture 

The rotating apertures acquire data by incrementally modulating 

the external signal. Eliminating aperture rotation would relieve us of a 

significant mechanical design headache - a nonrotating design is sought. 

Such an approach is now being considered for a clinical esophageal 

imaging probe (Barber et al. 1984). 

Using an axial array of N detectors spaced IJ.z apart, each 

viewing through an aperture that is separately canted in azimuth (IJ.~ 

360o/N from contiguous neighbors), obviates the requirement for rotation 

(Barber et al. 1984). Data is acquired by first counting with all 

detectors, then advancing the device forward by IJ.Z, counting again, etc. 

Each detector is a CdTe crystal (Barber et al. 1984). After the first N-

1 translations of the device are made sufficient data exists to 

reconstruct the image in one slice. After each subsequent translation 

and integration another (contiguous) slice can be reconstructed. Note 

that this design trades off the rotational requirement for a larger 

number of detectors and apertures, as well as the need to take a larger 

number of axial data samples. 

Figure 3.6 shows an exploded schematic of a device with a 

7-element aperture with a 1110100 binary code (k=4 URS). The detectors 

are discrete devices (semiconducting crystals) that are electrically 

isolated from each other. Axial collimators between adjacent apertures 

are also shown. 

A variety of N=7 (pinhole, 1101000 and 1110100) and N=15 

(pinhole, and the above specified URS) nonrotating apertures have been 



Azimuthal 
Collimator 

Axial 
Collimators 
and Detectors 

Axial Collimator Disc 
'-.... 

~ ~ 
~ 

Insulator---

CdTe __ 
Detector 

---'--

Fig. 3.6. Nonrotating aperture and internal detector and collimator 
configuration for the seven-element 1110100 (URS) code. The detector 
and axial collimators slide into the aperture. The electrical wiring 
arrangement is not shown. 
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constructed from lead, with axial thicknesses of 2.Smm for each aperture 

component. Figure 3.7a shows the three N=7 nonrotating apertures and 

Figure 3.7b shows two N=lS nonrotating apertures; the 7-e1ement 

apertures are 1.2cm in diameter and 2.7 cm long, while the IS-element 

apertures are 1.2cm in diameter and 4.2cm long. For reasons of cost 

this prototype device used a single CdTe solid state detector to take 

the data (Barber et al. 1984). The encoding operation with a single 

detector proceeds as follo\vs. With the detector at a fixed axial 

position, the N apertures are incrementally translated over the 

detector, with a measurement taken for each aperture. The detector is 

then advanced to an adjacent slice and this process repeated. The data 

for each slice were reconstructed independently using bipo1ar

correlation decoding. Several images were taken in this manner. 

The imaging experiment used a planar "UA" phantom of activity 

3.8\.lCi 57CO (Barber et al. 1984). Each character is 2.1cm x 2.1cm in 

extent, shown in Figure 3.8a. Figure 3.8b is an image taken with an 

external gamma camera (Siemens Pho/Gamma IV) of the "UA" phantom 

exposed for 90 seconds with 10cm of wood placed between the source and 

collimator to simulate tissue attenuation. Note that the two characters 

are resolved though their individual shapes are not resolved. Figure 

3.8c shows the "UA" phantom imaged with a IS-element nonrotating pinhole 

aperture using a twenty second counting time with the detector axis 

placed 1cm above the phantom and along the line of reflection symmetry 

of the source. The two letters are well separated and recognizable. 

Though the angular resolution of the N=7 aperture is a cour.se ~~=Sl°, 



Fig. 3.7. (a) N=7 nonrotating apertures: 
1101000. (b) N=15 nonrotating apertures: 
111100010011010. 

1110100, pinhole, and 
Pinhole and k=8 DRS code 
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Fig. 3.8. (a) "UA" phantom. (b) "UA" image taken with gamma camera 
at IOcm. (c) Same phantom imaged Icm from the axis of a IS-element 
nonrotating pinhole aperture. 
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the spatial resolution is quite good: sufficient to resolve the features 

of the characters, which are about O.7cm in extent. We can obtain very 

good images if the source is close to the aperture. The activity and 

extent of this phantom are chosen to emulate features smaller than can 

be seen with external camera systems. 

Figure 3.9a shows the coded data from the "UA" phantom using the 

IS-element (k=8 URS) coded-aperture probe, and Figure 3.9b illustrates 

the bipolar correlation reconstruction of the data. The essential 

features of the "UA" structure are apparent in the reconstruction, though 

the pinhole aperture image (Figure 4.8b) has less problems with noise in 

regions where there is no activity. 

Image Strip Grouping 

A point source far from the probe axis will be detected within 

many axial slices because of imperfect axial collimation, i.e., the 

individual slices overlap. Referring to Figure 3.10 (here we consider a 

nonrotating aperture), a point source placed close to the aperture (the 

"near zone") will be detected by the detector in only one slice. Farther 

from the aperture (the "intermediate zone") the point source will be 

detected in many contiguous slices. In the "far zone" the point source 

will be in the FOV of all slices. 

A point source in the "far zone" of the aperture will appear as 

if it were an extended linear source (over the set of reconstructed 

slices). If we ~ priori know that the source is a point (or localized) 

object, or if shape is not important and we only wish to detect the 

presence of an anomaly, then the data from successive slices could be 
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a 

Fig. 3.9. (a) Coded-image data of "UA" phantom taken with an N=15 URS 
aperture using a 10-second count time. (b) Bipolar correlation recon
struction; the "u" is on the right. For (a) the display parameters are: 
<5 counts for the black pixels, <15, <25, <35 for the intermediate 
pixels, and >35 for the brightest (solid white) pixels. For (b) the 
display parameters are :5..0 for the black pixels, :5..20, :5..40, :5..60 for the 
intermediate pixels, and >60 for the brightest pixels. Note that 
negative values can enter the reconstruction when bipolar correlation 
decoding is used with noisy data. 
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intermediate far 
zone zone 

Fig. 3.10. Overlap of the FOV of individual detectors for a seven
element nonrotating aperture probe. Three zones are defined by the 
extent of the overlap. In the far zone a point source will appear in 
all FOV's. 
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added to enhance the SNR, i.e., improve the contrast of the source. This 

procedure is referred to as image-strip grouping (Barber et al. 1984). 

Note that information concerning the shape of the source can be lost by 

performing this process. 

- -------- ---------------



CHAPTER 4 

NOISE CHARACTERISTICS AND CODE OPTIMIZATION 

Using the circulant matrix formalism developed in Chapter 2 we 

now address the important issue of noise handling properties of various 

aperture codes for object estimation, followed by aperture code 

optimization using a technique first suggested by Barrett et al. (1985) 

and implemented for a realistic coded-aperture imaging problem by Smith 

and Barrett (1986). The implementation of our optimization approach 

parallels closely the work of Smith and Barrett (1986); the significant 

departure from that study is the demonstration of temporal performance 

regimes for different aperture codes for our imaging system. 

In the noise analysis we first examine the effect of the 

decoding process, i.e., the noise correlations and variance in the 

reconstruction, for general nonstationary Poisson noise statistics. The 

mean-square error of a ensemble of reconstructions is derived and 

analyzed for several codes. A point (or local) signal-to-noise ratio is 

defined for Poisson noise statistics, and its significance is discussed. 

In the aperture code optimization analysis we allow the object 

itself to be a random quantity. Noise is incorporated as well as 

effects of the system coding matrix C. A code is judged to be optimum 

when a scalar figure of merit (FOM), derived from the pattern 

recognition literature, is maximized for a particular detector count 

time. The FOM is the Hotelling trace, which has been used for feature 
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assessment in pattern recognition (Gu and Lee 1984; Fukunaga 1972), first 

suggested as a measure of imaging system performance by Barrett et al. 

(1985), applied to the optimization of a coded-aperture system using 

realistic system and object specifications by Smith and Barrett (1986), 

and subsequently shown by Fiete et a1. (1987), through a series of 

human-observer performance studies, to be an excellent predictor of 

human observer performance. 

After defining the Hotelling trace we examine its properties for 

the case N=2. Using a numerical simulation approach that computes the 

Hotelling trace for any code as a function of detector count time, which 

makes use of a digital torso phantom developed by Hickernell et al. 

(1988) to generate object class and noise covariance matrices, we suggest 

the best code choice for an N=7 esophageal imaging probe. 

The Hotel1ing trace is used to' find the code that best separates 

two different object class distributions for a given detector count time, 

i.e., this is a classification task. We also present results using the 

MSE FOM for a linear estimator that incorporates first- and second-order 

statistical information about the object class and noise, first studied 

in detail for coded-aperture imaging by Smith (1985), and applied here to 

our specialized imaging system. The MSE is a convenient cost function 

for the estimation task. Here we examine the behavior of the MSE for a 

number of codes as a function of detector count time. 
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Noise Characteristics 

Reconstruction Noise Covariance Matrix 

We first examine the behavior of the covariance associated with 

an ensemble of measurements of a non-random object. The deviation 

(error) between the reconstruction and object is 0 - o. Therefore the 

covariance matrix for this deviation is: 

r _ «~ - 0) (~ - o)T> 

T 
«D~ + b - 0) (D~ + b - 0) > 

«ntDCo + Dn + b - 0) (ntDCo + Dn + b - o)T> 

<DnnTDT> 

D<nnT>DT 

DX DT (4.1) 
n 

where <.> is the ensemble average, Xn is the covariance matrix 

T 
associated with the additive measurement noise n, i.e., X =<nn >, and D 

- n -

is our matrix decoding operator. Since we are assuming non-random 

objects, in the noiseless case we have ntDCo + b = 0 (so D~ is 

unbiased). Here b is a constant (or uniform) vector included to 

generalize D such that the second terms of Eqns. (2.21) and (2.24) 

(correlation- and bipolar-correlation decoding) are present; for inverse-

matrix decoding b=O. For Poisson and Gaussian noise statistics the 

matrix X completely characterizes the noise. 
n 

Equation (4.1) can be studied for various forms of the noise 

covariance matrix Xn and decoding operator D. The trace of r is the 

mean-square error (MSE) of the ensemble of reconstructions. 

-- ----------~~~~-- --------------



49 

For inverse-matrix decoding we have D = (1/nt)C-1• From Chapter 

T 
2, for the URS codes, D = {(N-1)/[knt(N-k)]}C for correlation decoding, 

and D = {(N-1)1 [2k nt(N-k) ]}CT b for bipolar-correlation decoding 

[see Eqns. (2.21) and (2.24)]. For unbiased linear estimators that 

require ~ priori knowledge of the object-class and noise covariance 

matrices, such as the Wiener-Helstrom (Helstrom 1967) estimator and its 

generalizations [see Smith (1985)] Eq. (4.1) will have additional terms. 

Example: The Pinhole Aperture 

For the pinhole aperture we have D = (lint)!, and as discussed 

in Chapter 2 (eg., Eq. (2.16», an immediate estimate of the object may be 

made from the data. Eq. (4.1) becomes: 

r = (1/nt)2X • (4.2) 
n 

If the noise is uncorrelated X is diagonal. For Poisson measurement 
n 

statistics we have: 

X 
n 

T 
<nn > diag(d) diag(nto) (4.3) 

where diag(') refers to an NxN matrix whose diagonal elements are given 

by the enclosed N-dimensional vector, and all non-diagonal elements are 

zero. 



The MSE for the pinhole aperture is therefore: 

MSE = tr(r) 

= (l/n t / tr(Xn) 

N 

(lint) [O(i) 

i=l 

Example: Form of r for Stationary Poisson Noise 
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(4.4) 

For stationary Poisson noise the noise covariance matrix X = 0
2
1. 

n 

This assumption is reasonable only under the rather unlikely condition 

that the object vector 0 is uniform, i.e., all elements identical (or at 

least very close to being identical). Under this hypothesis we have: 

r 

(4.5) 

For inverse-matrix decoding, i.e., D = (1/n t )C-1, the product C-1[C-1 ]T 

is readily computable for any code provided C is nonsingular, i.e., det(C) 

is nonzero. From (4.5) we may derive the MSE: 

2 2 -1 -1 T 
MSE = (lint) a tr{ C [C ] } 

N 

(1/n t )202 L (lh~) 
i=l 

where the Ai are the modulus of the eigenvalues of C. 

(4.6) 

For Poisson statistics and o(j)=B for all j (a uniform object), we 

h 2 k· ave a =nt B whereby: 
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N 

MSE (lint) kB L (l/A~) (4.7) 
i=l 

The MSE will be largest for those codes that have small eigenvalues 

associated with e. For the pinhole code k=l and all the Ai=l so that 

MSE = NB/nt. For all other codes that we have encountered kIi(l/A~»N, 
1. 

so their HSE will exceed that of the pinhole code. 

For the URS codes the modulus-squared eigenvalues may be found 

from the matrix eTc. and are k+(N-1)E and k-E (N-1 of them are the 

latter quantity) (Ikramov 1983), where E;=k(k-1)/(N-l) was defined in 

Chapter 2. Consequently the summation in Eq. (4.7) may be computed 

obtaining: 

MSE urs (lint) (BN/k) (k
2
-E)/(k-E) 

For the coding matrix e the eigenvalues are of the form: 

(4.8) 

(4.9) 

where the hi is the binary code representation of the code, i.e., 

b
1
b

2
"·bN (see Chapter 2), and are O's and l's, and Wj is the Nth root of 

unity (Gray 1971). Geometrically, the N roots of unity are given by the 

complex coordinates of the N equispaced points of the unit circle in the 

complex plane, centered on the origin with the first root at (1,0). 
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r for Nonstationary Poisson Noise 

If we assume that the noise is nonstationary and Poisson so that 

Xn is strictly diagonal, then Eq. (4.1) becomes: 

r, , 
1.J 

N N 

~ a.ik ~ [Xn]km a. jm 
k=l m=l 

N 

~ a.ik[Xn]kk a. jk 
k=l 

(4.10) 

where a." are the elements of the decoding matrix D, and [X ]i'=O if i#j. 
~ n J 

The diagonal elements of r may be found from Eq. (4.10) setting i=j: 

N 

~ a.~k[Xn]kk (4.11) 

k=l 

Equation (4.11) can be expressed as a matrix equation, which for 

Poisson noise takes the form: 

a
2 Kd ntKCo (4.12) 

2 

where K is the matrix of the coefficients a.ij and we used Eq. (4.3) and 

d=ntCo. For inverse-matrix decoding the a.ij are the elements of 

-1 2 
(l/nt)C • The vector a specifies the variance in each element of ~ 

the noise correlations induced by the decoding operation are specified 

by the off-diagonal elements of r. Using Eq. (4.12) we may compute the 

variance in the reconstruction, for any desired object, without having to 

compute r explicitly. The matrix K is called the noise kernel (Barrett 
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and Swindell 1981; Simpson and Barrett 1980). With the exception of the 

pinhole code (K-l) noise in one element of d will contribute to many in 

the reconstruction and conversely noise from many elements of d will 

contribute to individual elements of £; this is a manifestation of the 

non10cal behavior of K which is a fundamental property of coded-aperture 

imaging systems (Barrett and Swindell 1981; Barrett and DeMeester 1974). 

Note that if K consists of all identical elements that 0
2 will 

be a uniform vector. For D = (1/nt)C-1, as discussed further below, K 

will be uniform for Hadamard URS codes and selected dual-pinhole codes; 

for these codes the matrix C-1 consist of entries that are of the same 

absolute value. 
T 

For the URS codes alone, if D is proportional C b (the 

bipolar form of CT; all elements are 1 or -1) then K will also be 

uniform. 

It should be noted that coding/decoding combinations that give 

rise to off-diagonal terms in r that are unequal (for some specified 

object) will lead to the creation of "artifact-type" structures in the 

reconstruction. A particular example of this effect will be discussed 

below. 

For the pinhole code 0
2
= (1/nt)2d = (l/nt)o. The MSE is the sum 

of the elements of 0
2

, which for the pinhole code becomes (l/nt)EiO(i), 

as expected from Eq. (4.4). 

Example: Structure of r for Various N=7 Codes 

Under the assumption of nonstationary and Poisson noise we will 

examine the structure of r for several N=7 codes for an object 

consisting of the form: o(i)=A+B for l~i~M, and o(i)=B for i>M. In other 
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words, the object consists of a signal (A) occupying M contiguous wedges 

situated upon a uniform background (B) [Note that our definition of 

signal is different from that given in Barrett and Swindell (1981, Chap. 

10), where the signal is defined as the image (reconstruction) in the 

absence of noise. We define the signal as what stands out above the 

(uniform) background, also in the absence of noise.] 

The pinhole code was discussed earlier. There are, by our 

convention, two URS codes of length seven: 1101000 and 1110100. Using 

Eq. (4.3) to compute X , we obtain: 
n 

(4.13) 

where X = diag(d) is a diagonal NxN matrix with the diagonal elements 
n 

consisting of the entries of d, the noiseless data vector. Note that 

while C (and therefore C-1) is a circulant matrix that r will not, in 

general, be circulant [unless Xn is circulant, i.e., for example, of the 

form a2I]. 

For the 1101000 code and the given object with M=l and 

Poisson noise, r has the following form for D = (1/nt)C-1: 

(lInt) x 

A/3+4n/3 
-n/6 
-n/6 
-n/6 
-U/6 
-n/6 
-n/6 

-n/6 -n/6 -n/6 -n/6 -n/6 -n/6 
A/6+4n/3 -A/12-B/6 A/6+4n/3 -A/12-n/6 -A/12-B/6 -A/12-n/6 

-A/12-B/6 A/6+4n/J -A/12-n/6 -A/12-n/6 -A/12-n/6 A/6-n/6 
A/6-n/6 -A/12-n/6 A/6+4n/3 -A/12-u/6 -A/12-n/6 -A/12-u/6 

-A/12-u/6 -A/12-u/6 -A/12-u/u A/6+t,u/J A/6-lJ/6 -A/12-u/L 
-A/!2-n/6 -A/12-n/6 -A/12-n/6 A/6-n/6 A/6+4n/J -A/12-n/6 
-A/12-n/6 A/6-n/6 -A/12-n/6 -A/12-n/6 -A/12-n/6 A/6+4B/3 

(4.14a) 
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For D given by the first term in Eq. (2.21), correlation decoding, we 

have: 

3A+9B A+3D A+3D A+3D A+3D A+3D A+3D 
A+3D A+9D 3D A+3D 3D 3D 3D 

(1"/ 4nt) 
A+3D 3D A+9B 3D 3D 3B A+3D 

X A+3B A+3D 3D A+9B 3D 3D 3B 
A+3D 3D 3D 3D A+9D A+3D 3D 
A+3D 3B 3D 3D A+3D A+9D 3D 
A+3D 3D A+3D 3D 3D 3D A+9B 

(4.14b) 

For bipolar-correlation decoding where D is specified by the first term 

of Eq. (2.24), we obtain: 

3A+21D -A-3D -A-3B -A-3D -A-3D -A-3D -A-3D 
-A-3D 3A+21D -A-3B 3A-3B -A-3D -A-3B -A-3D 

(1/ 16nt) x -A-3D -A-3D 3A+21D -A-3B -A-3D -A-3D 3A-3D 
-A-3 3A-3D -A-3D 3A+21D -A-3D -A-3D -A-3D 
-A-3D -A-3D -A-3D -A-3D 3A+21D 3A-3D -A-3D 
-A-3D -A-3D -A-3D -A-3D 3A-3D 3A+21D -A-3D 
-A-3D -A-3D 3A-3B -A-3D -A-3D -A-3D 3A+21D 

(4.14c) 

Note that the diagonal terms are not uniform for Eq. (4.14b). 

On the other hand, for the 1110100 code [which, according to our 

definition in Chapter 2, is a Hadamard URS code, since k=(N+1)/2],the r 

matrix is, again with M=l and D = (1/nt)C-1: 

A!4+7U/4 -U/4 -U/4 -U/4 -U/4 -UII, -U/4 
-D/I, A/4+7D/4 -D/4 -D/4 -n/I, -A/I,-D/I, -0/1, 

(lInt) x -n/4 -B/I, A/I,+7nll, -A/4-nll, -nIl, -BII, -nIl, 
-U/4 -U/4 -A/4-u/4 Al4+7u/4 -U/4 -U/4 -ul l, 
-n/4 -n/4 -D/4 -D/4 A/4+7D/4 -D/4 -A/I,-D/4 
-D/4 -Al4-D/4 -D/4 -D/4 -B/4 A/4+7D/4 -B/4 
-D/4 -D/4 -D/4 -D/4 -A/I,-D/4 -D/4 A/1,+7D/4 (4.14d) 

T 
The result for r, i.e., (4.14d), is identical if D = (1/n tk)C b' If M<2 

additional non-diagonal elements of r will contain terms containing the 
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signal A. For the case A=O all non-diagonal terms in Eq. (4 • IlIa) are 

-B/6 and for Eq. (4.14d) are -B/4. We note that the diagonal terms in r 

2 for the URS codes are all identical if A=O (0 is a uniform vector); this 

is true for URS codes of any length N. The only N=7 code for which the 

off-diagonal elements of r are identical, assuming uncorrelated 

measurements, for any object is the pinhole code, in which case they are 

identically zero. Among the N=7 codes the only other codes that have 0
2 

uniform for inverse-matrix decoding are the dual-pinhole (k=2) codes, the 

r matrix for M=1 has the following form, for D = (l/nt)C-1 and the code 

1100000: 

(l/nt) x 

A/2+7B/2 
-5812 

3B/2 
-B/2 
-B/2 
38/2 
SB/2 

-SB/2 3B/2 -B/2 -B/2 3B/2 -SB/2 
A/2+7B/2 -A/2-SB/2 1I/2+3B/2 -A/2-B/2 A/2-B/2 -A/2+3B/2 

-A/2-SB/2 1I/2+7B/2 -A/2-SB/2 A/2+3B/2 -1I/2-B/2 A/2-B/2 
A/2+3B/2 -1I/2-SB/2 A/2+7B/2 -A/2-SB/2 A/2-SB/2 A/2+3B/2 

-A/2-B/2 A/2+3B/2 -A/2-SB/2 1I/2+7B/2 -A/2-SB/2 A/2+JB/2 
A/2-B/2 -A/2-B/2 A/2+3B/2 -A/2-SB/2 A/2+7B/2 -A/2-SB/2 

-A/2+3B/2 A/2-B/2 -A/2-B/2 1I/2+3B/2 -A/2-SB/2 A/2+7B/2 

Notice that in (4.14e) the off-diagonal elements (the correlations) are 

not identical even if A=O. For the other two unique N=7 dual-pinhole 

codes, i.e., 1010000 and 1001000, the diagonal elements of r will be the 

same as in Eq. (4.14e), though the off-diagonal elements will be arranged 

in a different order. 

For codes with other values of Nand D = (l/nt)C-l, an empirical 

computer search indicates that the only codes for which the diagonal 

elements of r (or 0
2

) are all identical are the Hadamard URS codes 

[k=(N+l)/2], and selected dual-pinhole codes. Table 4.1 indicates which 

dual-pinhole codes have 0
2 uniform up to N=15. Here the quantity S 
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TABLE 4.1: Behavior of a
2 

for the Dual-Pinhole Codes 

N S 
2 

a 

3 ° uniform 

4 0,1 nonuniform 

5 0,1 uniform 

6 0,1.2 nonuniform 

7 0,1,2 uniform 

8 0,1.2,3 nonuniform 

9 0,1,3 uniform 

9 2 nonuniform 

10 0,1,2,3,4 nonuniform 

11 ALL uniform 

12 ALL nonuniform 

13 ALL uniform 

14 ALL nonuniform 

15 0,1,3,6 uniform 

15 2,4,5 nonuniform 



refers to the number of opaque segments between each open cell [or, 

equivalently, the number of zeros between each "1" in the binary code 

representation (as shown in Table 4.1») 
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The effect of the correlation (off-diagonal) terms in r can be 

readily understood, for example, in the case of inverse-matrix decoding 

with the dual-pinhole code 1100000, i.e., Eq. (4.14e). Setting B=O, the 

diagonal terms are all A/2, and selected off-diagonal terms are A/2, 

-A/2, and O. With M=1 and the signal in the first element of 0, the 

noiseless reconstruction will also have the first pixel being A and all 

others zero. Due to the presence of noise in the measurement of the 

signal, the decoding process will introduce nonzero values in the 

elements of 0 which are zero in the noiseless case. The quantity Li!2 

6(i)=0, however. This arises because when one pixel has a positive 

value, another pixel is anticorre1ated with it so that the signal is 

negative but of the same absolute magnitude. For the 1100000 code, the 

visual appearance of the reconstruction of a point signal Ln a zero 

background, will appear to possess striations. That is, as can be 

ascertained from Eq. (4.14e), when the 2nd<jth~th pixel of the 

reconstruction is bright the j-1th and j+1th pixels are dark and the 

converse is also true. For other codes, the correlations will take on 

different forms. If B#O or if the object has a complex structure, the 

effects of these correlations may often manifest themselves as what may 

appear to be real structure in the reconstruction. In this sense the use 

of any aperture other than the pinhole, for an arbitrary object which is 

not known ~ priori to have some known signal present or particularly 

--- ---------------- --------------
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simple background structure, etc., for any of the three discussed 

decoding procedures, may be dangerous for clinical diagnosis as 

correlation artifacts may be mistaken for some real signal or structure 

in the object. This is particularly critical when the suspected signal 

is known to be small or of comparable magnitude relative to the 

background terms. However, .the correlation artifacts for 

codes/decoding-operations for which the reconstruction pixel variances, 

i.e., a 2
, are small compared to those for which these elements are large 

will, in general, be of less magnitude. 

Form of a
2 for Selected Decoding Operators 

We shall examine the form of a 2 for URS codes for correlation 

and bipolar-correlation decoding [Eqs. (2.21,24)], for the above defined 

object, i.e., o(i)=A+B, for 1991, o(i)=B for i>M. (If M=l we have a 

"point like" signaL) Since D is simply related to C for these two 

2 
decoding schemes the form of K, and hence a , is readily determined. 

For correlation decoding of URS codes, using the above form of 

the operator D, Le., Dcd={(N-1)/[knt(N-k)]}CT gives: 

(4.15) 2 

a cd 

The first M entries are kMA+k2B and the last (N-M) entries are EMA+k
2
B 

(for the case where the M signal pixels are positioned as stated). For 
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bipolar-decoding where the estimate is [Eq. (2.24)]: 

~cd 

T 
(N-l)G,~ - k(2k-N-1)nt col(I:io(i)] 

2k (N-k)nt 
(4.16) 

where col [.] is a column vector that has all elements given by the 

2 
argument in the brackets, all elements of 0 are (all i): 

02(i) (bcd) = {(N-l)/ [2k(N-k)]} 2 [kMA+kNB] / nt • 

For inverse-matrix decoding a general form of 
2 

o , 

(4.17) 

given the 

object vector 0, can be written down only for code categories where C- 1 

is explicitly known. 
-1 

For an arbitrary code C must be computed to 

determine 0
2• However, it should be noted that since C-1 is a circulant 

matrix if C is circulant (Ikramov 1983), that K is therefore circulant. 

Consequently, in the limiting case where A«B, whereby o(i)=B for all i, 

d will be uniform and hence 0
2 

will be uniform [each element of 0
2 

will 

be MSE/N, where MSE is given by Eq. (4.7)]. 

For Hadamard URS codes Eq. (4.16) reduces to the form for 

inverse matrix decoding, i.e., 

~cd ~m [1/( ntk) ]C~!!. (4.18) 

Further, for any element i: 

(4.19) 

Consider the form of 0
2 

for the Hadamard URS codes, Eq. (4.19), 

and the pinhole (k=l) codes with B=O. For the latter code, by Eq. (4.4), 
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02ph(l~i91)= (l/nt)A and 02ph(DM)=0. 
2 

For the URS code 0 im (all i) = 

MAl (ntk). 
222 

Comparing the magnitudes of 0 (1), for M<k, 0 <0 h' - urs- p 
2 2 

whereas for H>k, 0 h<o In other words, the mean pixel variance in p urs 

the reconstruction for the URS code is smaller than that for the pinhole 

code (for those pixels within which resides the signal) if the signal is 

confined to M<k contiguous wedges. Otherwise the pinhole is better. 

This has been noted by Barrett and Swindell (Chap. 10, 1981). However, 

the MSE for the pinhole will be MSE ph =MA/ (nt) while for the URS 

MSE =MNA/(ntk), so MSE >MSE h for all k and N (since N>k for all URS urs urs p 

codes). 

Note that 0
2 can be uniform even if the non-diagonal elements of 

r are unequal. 

Point Signa1-to-Noise Ratio 

We may define a point (or local, or pixel) SNR as follows 

(Barrett and Swindell 1981) for the ith element of 0: 

SNR(i) o(i) 
o(i) (4.20) 

where o(i) is the standard deviation (square root of the ith element of 

0
2). To compute the point SNR from Eq. (4.20) the above expressions for 

the 0
2 

vector are used. This point SNR is for the signal in the 

estimate, or reconstruction, of the object, and is a statistical measure 

of how well the signal is reproduced (Barrett and Swindell 1981). Note 

that we obtain the same point SNR, regardless of which pixel the signal 

2 
is located, for constant 0 • 
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2 
From the above analysis of a , it follows that the point SNR for 

the URS codes is greater than that for the pinhole when the background 

is zero or very weak (high contrast situation) and M~k (equality when 

B=O); the same situation is true for the dual-pinhole codes. For cases 

when the object has B=O and M)k, or when the background is large so the 

contrast is poor, the pinhole code has a larger point SNR in the 

estimate. 

Relationship Between Point SNR and System Performance 

A substantial amount of work has been performed to determine 

how well the point SNR behaves as a measure for the detectability of 

small lesions in radiographic images (see for example Barrett 1986; 

Barrett and Swindell 1981; Rosell and Willson 1973). Barrett (1982) 

gives a concise overview of how image quality may be mathematically 

quantified and outlines some approaches taken by researchers (see also 

Barrett, Hyers and Wagner 1986). For example, a small tumor within a 

large extended organ, such as the liver, may appear in an image as a 

small disk superimposed on an extended (noisy) background. Barrett 

(1986) gives a simple analytical relationship between the point SNR and 

the detectability index, d' - which is a type of signal-to-noise ratio 

for the (optimal) Bayesian test statistic called the log-likelihood ratio 

(Green and Swets 1979) - for filled and dilute coded apertures (for 

planar and volume objects). For nonrandom objects and signal-

independent noise that can be treated as being multivariate Gaussian (so 

that the noise is completely characterized by the associated covariance 

matrix X ) the detectability index is a figure-of-merit that completely 
n 
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specifies the receiver operating characteristic (ROC) curve. As Barrett 

(1982) points out, the ROC curves can be used to compare different 

imaging systems, though the ROC curve is an inefficient tool for 

optimizing imaging systems (Barrett, Myers and Wagner 1986). 

ROC curves are a standard tool of psychophysical studies for the 

understanding of image quality; these studies normally make use of human 

observers and a controlled observation program. In signal-detection 

theory an ideal observer has been postulated to give optimum possible 

performance. There are, of course, limitations to the use of the idea1-

observer approach; Barrett (1982) lists the circumstances under which 

the human observer is satisfactorily modeled by the ideal observer. The 

ideal observer approach to generating ROC curves assumes that the 

observer performs a matched filtering operation on the data to optimally 

detect the signal. Since the human has been shown to mimic the 

performance of the ideal (Bayesian) observer under a variety of 

circumstances (Rosell and Willson 1973; Rose 1948), it follows that d', 

and hence the point SNR, may be a good predictor of system performance 

for signal detection and/or estimation (Barrett 1986). 

One consequence of this conclusion is that coding/decoding 

schemes that maximize the point SNR will also maximize the detectability 

index d' (Barrett 1986). For optimal detection a matched filter is used 

(Barrett and Swindell, Chap. 3, 1981; Turin 1960), though in general 

correlation cannot be used for estimation. Given a correlation between 

the point SNR (in the estimate) and d', we have a basis for using the SNR 
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(or the HSE) as a FOM for choosing a code, given the rather restricted 

circumstances (nonrandom object) inherent in the analysis. 

The Hotelling Trace 

It is important to design a medical imaging system such that the 

human (or perhaps machine) observer has the best possible chance of 

making a correct diagnosis given the complex structure of the 

radiopharmaceutical distribution being imaged, and the information 

presented to him/her within the image data. We desire to possess a 

computable scalar figure of merit (FON) which is correlated with the 

human performance and is maximized (or minimized, the distinction is 

trivial) for the optimal imaging system. 

When the object itself is random and may be drawn from different 

ensembles, and is subjected to additive nonstationary noise as well as 

the effects of coding, one approach to system optimization suggested by 

Barrett et al. (1985) and elaborated further by Barrett, Myers and 

Wagner (1986), is to employ an FOM previously employed in the pattern 

recognition discipline as a measure of class separability. Barrett et 

al. (1985) suggested that the Hotelling trace, which incorporates the 

object and noise covariance matrices as well as the system operator 

(here it is C), can be profitably used as a measure of imaging system 

performance with respect to object classification. Smith and Barrett 

(1986) optimized the placement of pinholes in coded-aperture system such 

that the object-class separability (as parameterized via the Hotelling 

trace) was maximized (one class of phantoms possessed a simulated tumor, 
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the other was tumor-free); their analysis incorporated realistic object 

models and system parameters. 

For imaging system (code) optimization, a strong motivation for 

using a computable scalar' FOH is as follows. Human observer 

performance studies are useful for determining how \\lell a human 

observer will react to some change in the system design, i.e., how he 

will interpret the image of some object for different system 

configurations. Since the optimum design minimizes human error, this 

approach appears to be ideal. But, as discussed by Barrett et al. (1985) 

and Myers et aL (1985), human observer performance studies are 

extremely time consuming, often quite specialized to a given task, and 

are often not practical within a feedback loop in an imaging system 

optimization procedure. Modelling the human by an ideal Bayesian 

observer is satisfactory for relatively simple detection tasks involving 

deterministic signals, but appears to be too specialized an approach for 

optimizing realistic radiological imaging systems (Barrett, Myers and 

Wagner (1986). Human observer performance studies conducted by Fiete et 

aL (1987) have indicated that the Hotelling trace FOM is an excellent 

predictor of human performance, giving important credence to the use of 

this particular measure as a FOM for imaging system (code) optimization. 

The primary goal of our probes is tumor detection via imaging 

from within the esophagus. The task is to determine if a tumor is 

present. Optimization of our imaging probes lies in the proper choice of 

azimuthal aperture code such that object-class separability is maximized 

for detector count times of clinical relevance. 
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First we will discuss the concept of object classes, used in the 

subsequent treatment. 

Object Classes 

In the last section we were concerned with an ensemble of 

measurements or of reconstructions of a specified object degraded by 

Poisson noise in the measurements. The situation now to be examined 

will incorporate the effects of a varying radiopharmaceutical 

distribution and spatial anatomical variations of a number of simulated 

patients using a numerical torso phantom discussed below, developed by 

Hickernell (1987), from which the object vectors are derived. A class is 

defined as a set of objects extracted from an ensemble that varies 

according to some probability law (Fukunaga 1972). For example, the 

ensemble of ellipses with mean (numerical) eccentricity of unity, where 

the eccentricity varies about unity with a Gaussian probability 

distribution (with standard deviation a about the mean), constitutes a ecc 

class. In this example the class may be parameterized by a single 

number: the eccentricity. Further, such a parameter (in this example the 

eccentricity) is a feature of the class. Consider a set of objects which 

we desire to classify on the basis of F measured features (measured for 

each object) into L classes. These features may be pixel intensities 

associated with an image, the mean value of the data set, or even the 

number of detected edges in an image. Assume that the objects may be 

segregated into two classes: for example, normal human livers and 

diseased human livers. Given a training set of images from each class, 

it is possible to determine the optimal feature (or features), manifested 
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in the data, that differentiates the two sets according to some risk or 

error criterion (Fukunaga 1972). 

In the context of statistical pattern recognition one desires to 

classify a pattern or image into one of L classes on the basis of the 

features that it has in common (in a statistical sense) to other members 

of its class (Fukunaga 1972; Barrett et al. 1985). For, sayan image, 

characterized on the basis of F features, it may be represented by a 

point in an F-dimensional "feature space". A boundary surface 

(discriminant function) is determined so as to separate individual images 

into classes via minimization of some mathematical criteria (such as 

minimum Bayes risk, minimum probability-of-error, etc.). In the work of 

Barrett et al. (1985) and Smith and Barrett (1986), as well as here, the 

objective is to optimize a particular imaging system in terms of some 

chosen set of features. 

The F-dimensional feature space in our analysis consists of the 

pixel values of the sample object vectors since the best possible 

imaging system is, by hypothesis, the one that does not introduce any 

noise or artifacts into the reconstruction - the original object elements 

represent the best attainable information, in principle, using our 

imaging probes. Consequently, F=N. 

Scatter Matrices 

The machinery to quantitatively handle object classes will now 

be discussed. The formalism is based on the definition of two scatter 

matrices, which are defined in terms of the object class covariance 



matrices. Covariance matrices incorporate first- and second-order 

statistics associated with the classes with which \ole are concerned. 

For the ith object class, a particular member of which is 

denoted as of' and mean ensemble object vector <oi>' the covariance 

matrix is defined as: 
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where (.> denotes the ensemble mean of the enclosed quantity. Note that 

X is a symmetric NxN matrix (Pratt 1978). The covariance matrix for 
°i 

the ith data class is defined similarly: 

Xd . = «~i - (~i»(~i - (~i>l> (4.21b) 
-:L 

Here d. represents a data vector the randomness of which is caused by 
-1 

noise in the measurement process and object-class sampling. 

The two scatter matrices characterize the extent and separation 

of statistical object classes. The interclass scatter matrix, Sl' 

contains information concerning how widely separated the class means 

are, while the intraclass scatter matrix, S , gives information about the 
2 

average class condensation about the mean point (or "center-of-mass"), 

i.e., the shape of the distribution cloud [or, equivalently, the spread of 

feature values about the mean class vector (Smith and Barrett 1986)]. 

The interclass scatter matrix is defined, for L object classes, as: 

L 

L Pi«oi> - 00)«oi> - °O)T 
i=l 

(4.22a) 
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(4.22b) 

where 00 is the grand mean object vector, given by 

(4.22c) 

Here Pi is the ~ priori probability of occurance of the ith class. For 

the two-class situation, i.e., where L=2, and where the probability of 

occurence of a member of each class is equal, Pi = 0.5 (i=1,2). For the 

remainder of this discussion P. (i=1,2) is set to 0.5 as we will be 
1 

concerned with only a two-class situation. 

The Hotelling trace [defined by Fukunaga (1972, p. 261) as J 1] 

for object class separability is defined as: 

J 
o 

(4.23) 

where Tr(.) denotes the matrix trace operation. The inverse of S20 will 

exist, in general, since ensemble covariance matrices are guaranteed to 

be full-rank (Barrett et al. 1985). The scalar J possesses intuitive 
o 

appeal (for multivariate Gaussian distributions) because J is large when 
o 

the class means are widely separated and the distributions are 

condensed. Other scalar measures based on the determinants, matrix 

norms, or ratio of matrix traces have been studied (Fukunaga 1972). 
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However, one strong appeal of the Hotelling trace is that it is a 

coordinate invariant measure (Fukunaga 1972). 

System FON 

Our normalized system FON is now derived, based on the work of 

Barrett et al. (1985). The FOM is 6 ~ Jd/Jo where Jd represents the 

Hotelling trace separability of the data classes, i.e., J d=Tr(S2d -lSld)' 

Here 6 is the ratio of the Hotelling trace for the actual imaging system 

to the Hotelling trace of a hypothetical imaging system that presents 

the relevant information (the uncorrupted object values) without noise or 

the effects of the system operator (C). The scatter matrices in the 

definition of J d are defined by Eqs. (4.22a-c) with the 0i replaced with 

the ~i' Since ~ = ntCo + !!., it is possible to recast SId and S2d in 

terms of S10 and S20 (Smith and Barrett 1986): 

(4.24a) 

(4.24b) 

where X - <nnT> is the noise covariance matrix. For uncorrelated noise 
n 

it is diagonal. It should be noted that the ensemble average for X is 
n 

over both noise and object classes (Smith and Barrett 1986; Smith 1985). 

Note that the optimum operating point is reached when J d=J 0' or 6=1. 

Otherwise O~<l, so 6 may be treated as a normalized system efficiency 

FOM (Barrett et al. 1985). Note that 6 incorporates object variability, 

noise, and the system operator, all manifested within the constituent 

scatter matrixes. 
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Temporal Behavior of 8 

The temporal dependence of 8 may be demonstrated, under fully 

general conditions, noting that the elements of an inverse matrix are 

prop'ortional to the inverse determinant of the NxN matrix multiplied by 

the determinant of an (N-l)x(N-l) matrix (the cofactor matrix). Rence, 

for coefficients 'l''''''N and W1"",WN (determined from knowledge of the 

scatter, matrices S10 and SZo)' we have 

8 (4.Z5 

Note that a linear time factor exists in the numerator. As t+O, 8+0. 

As t+m, a approaches some value less than or equal to unity. 

The behavior of a in the limits of small and large time will now 

be investigated. By Eqs. (4.Z4a,b) and the definition of J d , we have: 

a Tr{[(nt)2csz cT + (nt)X ]-I(nt)2CSI CT}/J 
o n 0 0 

= Tr{[CSz c
T + (l/nt)X ]-ICS1 CT}/J 

o n 0 0 
(4.Z6) 

In the limit of large t, the noise covariance matrix term goes to zero. 

In this limit a is dominated by the invertibility of C. If C-1 exists, we 

have a(t+m)=Tr{(CsZoCT)-1CS10CT}/J = Tr{CT- 1S-1 C-1CS CT}/J 
o Zo 10 0 

T-l -1 T -1 T T-l -1 
= Tr{C S S C }/J = Tr{S Z S1 C C }/J Tr{S Z S1 }/J =1. Zo 10 0 0 0 0 0 0 0 If t 

is small the noise term becomes important with respect to the other 

terms, and we expect that 8 will be less sensitive to the invertibility 
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of C (often characterized by the condition number of C 

[Lanczos 1961, 1964]). 

In general, because of the complexity of the problem, fl is 

computed numerically; Eq. (4.25) is primarily of pedagogical interest. 

General Expression for 6 for N=2 

A particularly simple analytic example will serve to further 

highlight the properties of fl. The simplest meaningful case are 

apertures with N=2, the two allowable (circulant) codes being 10 and 

11, with C a 2x2 matrix. The 10 code is, according to our definition, a 

pinhole code where 1800 of the azimuthal aperture is unshielded and the 

other half closed. For the 11 code there is no azimuthal shielding, 

though axial collimation is still present. Under fully general 

circumstances S20 may be written as: 

[~ ~J (4.27) 

where the elements are the averaged elements for the two object class 

covariance matrices. Since the covariance matrices are symmetric this 

scatter matrix is also symmetric. 

For N=2 a sample object vector has two elements, 0i~l) and 0i(2), 

whereby, for two equiprobable classes, the grand object vector becomes: 

(4.28) 
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The scatter matrix S10 is computed using the ensemble means and 00, and 

is: 

(4.29) 

2 

where ml: «01(1» - <02(1») /4, m2: «01(1» - <02(1») «0 1(2» -
2 

<02(2»/4, and ms: «01(2» - <02(2») /4. The noise covariance matrix 

(assuming nonstationary Poisson statistics, and that the noise covariance 

may be simply related to an average of the two object classes, i.e., the 

grand mean object vector 00) may be cast in terms of the grand mean 

object vector (Smith and Barrett 1986): 

+0 ] ' for the 10 code, 
nl n2 

(4.30a) 

(4.30b) 

(4.30c) 

where diag(') means that the enclosed (N-dimensional) vector elements 

are lined up along the diagonal of an NxN matrix, and where, for 

Substitution of these quantities into Eqs. (4.24a,b) yields the 

following result: 

(4.31a) 
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for the 10 code and 

J {n1 + n2 + 2nt(A+2B+D)} o 
(4.31b) 

for the 11 code, and where 

J 
o 

m1D - 2m2B + m3 A 

AD - B2 
(4.31c) 

Note that as t+ex>, 13 +1 and 13 +(m +2m +m )/ [J (A+2B+D)]. That is, all 
10 11 1 2 3 0 

will asymptotically approach some value which is less than unity. The 

importance of this observation is as follows. For sufficiently large t, 

There is some time t=tc where the two curves cross. Therefore, under 

certain circumstances, the 10 aperture will better separate the two 

object classes than the 11 code provided the detector count time t is 

sufficiently long. For short detector count times the 11 code will 

provide superior object class separability. The different temporal 

domains are indicative of ideal code choice for maximizing object class 

separability as measured via 13. Physically, for small detector count 

time, object-class separability is larger for the 11 code because of its 

superior photon collection capability, while for longer detector count 

time noise is less a problem than the object variability within the 

class. Crossing-points may occur for any N, and below we will further 

explore this phenomenon for N=7 codes. 
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Relationship Between J d and the Probability-of-Error 

There is a mathematical relation between a and the minimum 

probability of error, E, in making a correct classification (for the case 

where Pi~ for i=1,2), namely (Fiete et al. 1987 derives this expression): 

E <...! exp [ _"'!J ] =..J. exp [ _"'!J a] 
_2 2d 2 20 (4.32) 

As J d increases, E decreases. If Jd=O, then (assuming the equality) E~, 

implying that there is a 50% probability-of-error. In other words, the 

chances of making a correct classification decision on the information is 

as good as flipping a coin. For example, if Jd=LO, E=0.303 = 30% 

chance of error. 

Barrett, Myers and Wagner (1986) indicate that J d is a 

generalization of the detectability index d'. The mathematical link 

between the Hotelling trace and signal-detection theory is elaborated 

upon by Fiete et al. (1987); their analysis shows that, for equiprobable 

classes, J
d 

(actually they call it J, and it is applied to a different 

imaging system, but the mathematical distinctions are minor) is closely 

related to d , another detectability parameter used in ROC analysis. a 

Limitations of the Hotelling Trace 

The Hotelling trace is a linear feature extractor (Fiete et al. 

1987; Gu and Lee 1984). It ideally assumes that the class distributions 

are multivariate Gaussians; it uses the first-order moments of the 

statistical distributions. In our situation the configuration space is N-

dimensional with axis corresponding to measured counts (in each pixel). 
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The N-dimensional distributions for each class are not necessarily 

Gaussians, and may not be well approximated by such distributions. 

Smith and Barrett (1986) discuss the strengths and limitations of the 

Hotelling trace as an optimization criterion, and point out situations 

where the Hotelling trace is ill-suited as a measure of class 

separability. In our circumstances the object classes are very diffuse 

because the variance associated with the radiopharmaceutical activity in 

each organ is large. The effect of a tumor in one object class will 

cause the distribution to become slightly shifted from the normal object 

class distribution. We assume each distribution can be treated as 

mul tivariate Gaussians. If the variance in the radiopharmaceutical 

activity were very small, then the object class distributions could not 

be approximated by multivariate Gaussians because the tumor class 

distribution will have higher moments, stretching along each axis of the 

N-dimensional space. The reason for this may be seen as follows. 

Assuming that the tumorless object class is a multivariate Gaussian 

distribution in an N-dimensional space, and the tumor always resides in 

only one (arbitrary) pixel of the object vector, then members of the 

tumor object class will be points with N-l coordinates the same as in 

the tumorless class, but with the Nth coordinate at a higher value 

(because of the enhanced activity in the pixel containing the tumor). 

Applying the Hotelling Trace 

We now discuss finding the optimum Hotelling trace FOM for a 

collection of N=7 aperture codes for detector count times of clinical 

relevance. Our analysis will begin with a discussion of a numerical 
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torso phantom (Hickernell et al. 1987) used to generate sample object 

covariance matrices. The radiometry of the imaging probes will be 

developed for use with the Hickernell phantom. 

The Hickernell Phantom 

Hickernell and coworkers (1987) developed a digitized torso 

phantom consisting of 52 contiguous transverse sections from an atlas of 

cross-sectional human anatomy. Each level is L3cm thick, and is 

horizontally digitized into 38x23 1x1cm
2 

cells so that each volume 

3 
element (voxel) is 1.3cm. Figure 4.1 shows one particular level of the 

Hickernell phantom. The letters denote tissue type; designations are 

indicated in the figure caption. 

From the Hickernell phantom we generated a number of anatomical 

variations of one particular cross section that passes through the heart 

and lungs. The spatial variations are of the same order as breathing 

and heart motions. Further, variations in the radiopharmaceutical 

activity of individual organs are included. From these phantoms the 

sample object class members are derived and sample object class (X and 
°1 

X ) and noise covariance matrices (X ) are computed. 
O 2 n 

Figure 4.2 shows the basic anatomy with the field-of-view for a 

seven-element imaging probe. The ";" symbol indicates the position of a 

tumor site; for the tumorless object class members the activity of the 

";" voxel is identical to the neighboring voxels of the organ within 

which it resides (typically the lung). Table 4.2 gives the 

radiopharmaceutical activities and standard deviations for each organ in 

the model for 57CO bleomycin activity distributions. 
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AAAAAFMXGGGGGGGGGGGHHHGGGGGGGGXMFAAAAA 
AAAAFFMXGGGGGGGGGGGGEEGGGGGGGGGMF~~ 
AAAAFFMXGGGGGGGGGGGGYBBGGGGGGGXMMFFAAA 
AAAFMMMXGGGGGGGGGGFXFBBGGGGGGGMMMFFAAA 
AAAFMMMMXGGGGGGGGGXXXFGGGGGGGXMMMFFAAA 
AAAFMFMMXGGGGGGGGGXXXFGGGGGGGXMFMFFAAA 
AAAFFMFMMXGGGGGGGGXNNXGGGGGGXFMFMFFAAA 
Aft~FFMFMMFXGGGGGGXXNXXXGGGGXFFMXMFFAAA 
AAAAFFMXMFFXGGGGXXMXXMXXXXXFFFXFFFAAAA 
AAAAAFFFMFFFFFFXMMMMXMMMMMFFFFFFFAAAAA 
AAAAAAAAftfiftfiftfi~~~~~~~~~vuvu~ 

Fig. 4.1 ASCII representation of level 1142 of the Hickernell digitized 
phantom. The following designations are used: A: air, F: fat or skin, 
M: muscle, G: lung, H: heart, B: blood, X: bone, Y: lymph, N: nerve, E: 
esophagus. Each letter represents a lxlxl.3cm3 voxel; there are 38 
horizontal and 22 vertical cells. The level is oriented with the torso 
back being at the bottom - the aspect ratio of the print accounts for 
the horizontal forshortening of the image. 
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Fig. 4.2. Level 1142 of the Hickernell phantom indicating the body 
extremity, heart/blood complex, and the lungs. The seven 
(nonoverlapping) resolution cells are shown for an esophageal probe. 
Note that the tumor (;) is fully contained in the second wedge view; it 
will appear in the second pixel of a (properly phased) reconstructed 
image. 
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Table 4.2 Simulated Organ Activities 

Organ Activity (nei/cm') 0 

Lung 1.01 0.469 

Heart 0.99 0.524 

Blood 5.56 2.37 

Muscle 0.81 0.644 

Bone 5.07 3.52 

Fat 8.77 4.73 

Skin 8.77 4.73 
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The mean activity per unit volume and covariation of Co 

bleomycin in human organs was estimated by Hickernell et al. (1988), 

based on measured distributions in rabbits. They assumed that the 

81 

fractional administered dose in rabbit organs to be the same for humans. 

Here we assume 100 % emission efficiency at l22keV, yielding lnCi = 37 

dec~ys per second (as shown in Table 4.2). 

The organ activity variations are Gaussian distributed about the 

above mean values with the specified standard deviation. We assume that 

attenuation in the models is constant in all cases and does not vary 

from one sample to the next. The tumor activity is defined as Ux(Lung 

Activity). For the normal (tumor-free) class U=l. Further, we assume 

that the organ activity covariations are zero. 

Radiometric Modelling 

We now apply the basic radiometry developed in Chapter 2 for the 

generation of sample object class members using the Hickernell phantom. 

We first estimate the count rate for a uniform activity distribution. 

These results will be helpful as a check of our subsequent computer 

model (below), and to get an estimate of the expected count rate for our 

imaging probes. It must be emphasized that these results apply only for 

57CO bleomycin distributions. 

For a voxel element centered at a point P, denote the activity 

per unit volume as E(P). For the uniform activity case we have E(P):E o 

for all points P. Assuming that the projected detector area fills the 

aperture opening, we get from Eq. (2.9) for one wedge the following: 

.... -.~~.---.--.-- --------------
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N 
P J

r max 
e- IIR dR (4.33) 

rmin 

where N is the mean number of detected photons, in this case for any 
p 

wedge since Eo is constant for all voxel elements. This integral may be 

readily evaluated. We assume that 11=1/18 for lung tissue since 11=1/6 for 

water (for 122KeV gamma-rays) and the average density of lung tissue is 

~ that of water. We neglect the effects of scattering here. Here no 

is the solid angle of the wedge, which may be approximated by 90¢o, 

where 90 is the FOV defining the slice, and ¢0=2'1l/N is the azimuthal 

wedge angle (see Fig. 2.2). The projected detector area is Ad=2rdh, 

defined in Chapter 2. The integral limits extend from the aperture 

boundary to the outer body extremity (the detector is assumed to lie 

along the axis). With these assumptions, Eq. (4.33) becomes: 

N 
P 

Adopting r i =O.6cm and r =15cm, we obtain: m n max 

As an example, 
3 _1 2 

for Eo=lnCi/cm =37sec , and Ad=O.07cm, no=90¢0= 

(4.34) 

(4.35) 

(.31)(2'11/7) = O.278sr, we get Np=O.55 nt. In other words, if t=10 seconds 

and n=l, for a pinhole aperture on average 5.5 photons are detected. 

For a coded aperture with k openings 5.5k photons will be detected, on 
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average, in a 10 second interval. It is emphasized that this calculation 

assumes a uniform activity distribution outside the probe. 

For a computer model the activity in each wedge of the sample 

object members must be determined by summing over the appropriate 

voxels. The discrete radiometric equation used is of the form: 

N 
P 

j 
wedge 

(4.36) 

This expression incorporates the fact that the voxels have a vertical 

thickness of 1.30cm. Here R.. is the distance from the origin to the 
J 

center of the jth voxel. (It should be noted that the individual voxels 

of the Hickernell phantom may be further divided so that voxels 

straddling two wedges can be partitioned.) In our model we assume that 

neighboring torso levels are identical in structure. For 6o=0.31rads, at 

a distance of 15cm from the axis the upper 1.69cm of the adjacent levels 

are in the FOV. Since changes in anatomical organ structure 

(particularly the lungs and heart) are reasonably small between any two 

given torso levels, we consider this assumption to be reasonable (this 

may be observed by examining neighboring levels of the Hickernell 

phantom). 

In order to compare the results from the digitized phantom, 

using Eq. (4.36), with the uniform-activity estimate, Eq. (4.34), '-Ie have 

2 
conducted several tests. For example, with N=7, 6o=0.31rads, Ad=0.07cm , 

r i = 0.6cm, r 15cm, and assuming uniform tissue activity with m n max 
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Eo"'l.OlnCi/cm\ Eq. (4.33) gives N =O.55nt, while the digitized model, Eq. 
p 

(4.36), gives O.53nt; the agreement is considered to be reasonable. 

Computation of a 

We may generate any number, S, of sample objects 0i for class i 

(=1,2) using the Hickernell phantom, from which the object covariance 

matrix X is computed using Eq. (4.21a). The size of S must be chosen 
°i 

sufficiently large so that the covariance matrices will be full rank 

(non-singular). Fiete et al. (1987) discusses this point in detail. For 

our simulations we find that S~500 (N=7) is generally satisfactory since 

J converges to two decimal places in simulations using different random 
° 

number seeds. 

Once X
Oi 

(i=l,2) has been computed, the two scatter matrices S10 

and S20 may be computed using Eqs. (4.22a,b,c), and Xn may be computed 

via Eq. (4.30a) (see Smith and Barrett 1986), whereupon a is determined 

from Eq. (4.26). We are interested in studying the behavior of a=a(t), as 

well as how a of one code compares with that of another code. Of 

interest in this comparison is t for any two codes. For some detector 
c 

count time t the code with the largest a is optimal from the Hotelling 

trace perspective, i.e., this code best separates the two data classes 

(Smith and Barrett 1986). We seek to understand which code is best, in 

the N=7 case, for detector count times that are of clinical relevance 

(on the order of ten seconds). 
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Example: Behavior of a as t+O 

Earlier we discussed the general behavior of a in the limits 

-1 
t+O and t+ oo , and noted that if C exists as t+oo, a+1. Here we will 

numerically examine the behavior of a for a variety of N=7 codes in the 

short detector count time domain. 

In Figure 4.3 a is generated for seven N=7 codes with increasing 

k (number of open segments). 8=2600 sample objects were used with 

A
d

=0.07 B
o
=0.31rads, and U=30. We note that at t=O.ls the vertical 

ordering of a for seven codes increases with increasing k-va1ues, having 

the largest value for the k=N code. For all N=7 codes (with the 

exception of the k=N case) B(t) goes to unity as t+ oo • 

Behavior of B for N=7 

We will answer the question of which N=7 code optimizes 

(maximizes) a(t) for a clinically meaningful time t, the detector count 

time per azimuthal pixel (within a slice). This time is on the order of 

ten seconds. [The reasoning is as follows: for ten seconds per 

element, implying seventy seconds per slice for a seven-element probe, 

then for an esophageal study with 2S slices the total detector count 

time (ignoring translation time) is about 30 minutes.] The simulation 

results for selected codes is shown in Figure 4.4. Here we set U=30, 

From this simulation J =0.16. o 
For very 

short count times the code that maximizes a(t) is the N=k=7 aperture 

corresponding to the bare axially collimated detector. However, B for 

the N=k=7 case crosses the a for the other aperture codes for times 

typically less than 2 seconds. For t~10 seconds the code with the 
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largest Set) value is the pinhole code. The two URS codes tend to do 

well in these simulations. 

To conveniently present information of all the various temporal 

crossing points between all the seven-elements codes, which could not be 

clearly shown in a plot with 17 individual curves (all the N=7 codes and 

the 1111111 code), we have the data from a particular simulation trial 

presented in Figure 4.5 in the form of a chart. This chart is asymmetric 

in that it not only gives the temporal crossing-point between any two 

codes but also the sense of the crossing. That is, numbers in the lower 

(leftmost) triangular half of the chart are the crossing-point time for 

when the code in the left column is dominant over codes on the top for 

t<t. Numbers in the upper triangular half of the chart give crossingc 

point times for those codes that are dominant, i.e., Set) greater than 

the matched code in the left column, for t>tc • Note that almost all of 

the numerical entries are in the lower triangular part of the chart. A 

box that has no entry means that the dominant crossing-point time is in 

the other triangular half of the chart. For entries that are zero, this 

indicates that this particular code is dominant over the other for all 

t>O. For example, the 1101000 code has Set) greater than the 

corresponding set) for the 1010000 code for all nonzero detector count 

time. The fact that most entries are in the lower triangular half of 

the chart is because the crossings from the S( t) are generally 

proportional to k. 

The temporal crossing-point phenomena for different coded-

aperture imaging systems, of which ours is just one particular example, 
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Fig. 4.5. Chart indicating temporal crossing points in S(t) for the 17 
N=7 codes. Upper triangular region indicates those codes that are 
dominant (larger S(t») for long count times while lower region shows 
which codes are dominant for short count times. A zero entry indicates 
no dominant region. 
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was first predicted by Barrett (1985, unpublished communication to the 

author; see also Barrett 1986). 
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Figure 4.6 shows a(t) the three N=7 dual-pinhole codes. We note 

that the 1100000 code appears to behave better than the other two. 

From Appendix B it is noted that their modulus eigenvalues are identical 

- one may ask if the Aj are sufficient to characterize these codes under 

general conditions. The data in Figure 4.6 suggests that the answer is 

in the negative, or at least cannot be answered without further 

simulations. As noted in the last section, the r matrix for these three 

codes are not identical; it may be useful to determine if there is a 

correlation between a and some measure derived from r. 

In conclusion, from the data presented in the section we may 

infer that the pinhole code optimally separates the two object classes 

for count times ? three seconds, though other codes (in particular the 

two URS codes) perform well. The results from our Hotelling trace FOM 

simulations demonstrates that the pinhole code is the optimal choice for 

a clinical imaging probe aperture design for minimizing the probability

of-error of tumor detection. In the next section we will discuss how 

the MSE associated with Smith's linear estimator (1985) behaves for 

various aperture codes as a function of detector count time. 

Applying Smith's Linear Estimator 

In the derivation leading to Eq. (4.1) we assumed that the object 

was non-random. Presently we shall remove this restriction. The 

analysis in this section is concerned with the application of a linear 
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estimator, first applied to the problem of coded-aperture imaging by 

Smith (1985), that incorporates ~ priori knowledge of the first- and 

second-order statistics of the object class for the reconstruction. The 

derivation of the linear estimator follows closely the derivation of 

Smith (1985). Further, also in parallel with Smith, we give the MSE 

associated with the linear estimator and examine its behavior for our 

codes (specifically N=7) as a function of detector count time. The MSE 

for this estimator may be considered to be a cost function which gives a 

measure of how well the object reconstruction is to members of the 

sample object class that approximates the object ensemble (Smith 1985). 

Recognizing that this linear estimator is mathematically not new (see 

Pratt 1978), but the significant application by Smith to understanding 

its role in coded-aperture imaging, we henceforth refer to the linear 

estimator (treated in this section) as the Smith estimator. 

In the previous section on the Hotelling trace we used 

subscripts on the object to designate class membership; here we drop the 

subscripts since the vectors are members of only one class. The general 

form of the linear unbiased (with respect to the object class) estimator 

(Pratt 1978) is: 

D(~ - <d» + <0> (4.37) 

The brackets <.> are the ensemble average for the enclosed quantity for 

noise and class. Here D is a matrix operator that must be determined. 

The analytical determination of D proceeds along the lines 

leading to Eq. (4.1), or r. The Tr(r) is the MSE, which is the cost 
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function to be minimized by the correct choice of D. Following the 

calculational approach of Smith (1985) (though accounting for the 

different form of the imaging equation, i.e., Eq. (2.13», who employs a 

variational method to find the D that minimizes the MSE, we obtain: 

D (4.38) 

where X and X are the sample object-class and noise covariance 
o n 

matrices. Smith's estimator is a generalization of the Wiener-Helstrom 

estimator (Helstrom 1967; Pratt 1978). 

The form of r is: 

r (4.39) 

where Xd is the covariance matrix associated with the data and can be 

written as: 

(4.40) 

Upon substituting the form of D and Xd into Eq. (4.39) we get for the 

MSE: 

MSE Tr(r) 

Equation (4.41) is the MSE of Smith's Estimator. 

For nonstationary Poisson noise, the noise covariance matrix X 
n 

takes on a form similar to that given in the last section, i.e., 

X 
n 

nt diag(C<o» (4.42) 
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where the ensemble average <0> is over all members of the class. This 

form of the noise covariance matrix is discussed in detail by Smith 

(1985). 

Having the explicit time dependences for the MSE and the Smith 

estimator, we may examine asymptotic behavior. As noted by Smith 

(1985), in the limit of time going to infinity the contribution of X in 
n 

the MSE vanishes--we are not in a noise dominant regime--and the 

reconstruction depends to a great degree on the invertibility (or 

conditioning) of the coding matrix C. The magnitude of the MSE also 

depends on the invertibility of C. For time near zero the second term in 

the Eq. (4.41) goes to zero, and t!.e MSE approaches Tr(X ) as the 
o 

limiting case. This suggests that the MSE can be normalized with 

respect to the trace of X (called the NMSE). 
o 

It is of interest to note that for detector count times 

approaching zero that the object estimate £. will approach <0>. As 

explained by Smith (1985), the noisier the data (with this estimator), the 

smoother the reconstruction, approaching the mean object value <0>. 

Also, it is of interest to note that for inverse-matrix decoding the 

ability to get an estimate required that C be invertible; here the 

presence of X in the operator D serves to improve the invertibility of 
n 

the bracketed term in Eq. (4.38). Consequently, for codes such as the 

N=8 dual-pinholes (which have singular C), the Smith estimator can be 

used to obtain object reconstructions. 

However, to properly apply the Smith estimator the following is 

noted. First, ~ priori knowledge of the object-class and noise 
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covariance matrices must be available. To generate sample object-class 

covariance and noise covariance matrices we may use the Hickernell 

. phantom (1987), as done in the previous section, or (ideally) patient 

data. Second, as studied in detail by Smith (1985), the reconstruction 

of objects using the Smith estimator is sensitive to whether or not the 

objects being reconstructed are members of the sample object members 

used to generate Xo and Xn. That is, if strong ~ priori knowledge of 

the object class statistics (i.e., X ) is known, then reconstruction of o 

objects within the set were good. If the ~ priori knowledge of the 

object class is weak (for instance, assuming uncorrelated objects with a 

simple Gaussian distribution so that X ~a2I), then the Smith estimator 
o 

performs poorly for some general object. In this latter case Smith 

(1985) showed that the design of the coded-aperture must be given 

greater attention for reasonable estimation. The importance of Smith's 

(1985) observations to our specific imaging problem, and the use of the 

Smith estimator in clinical imaging trails, is to stress that great care 

must be taken in the development of Xo and Xu to attain optimum 

reconstruction quality. 

We desire to examine the effect of code choice and detector 

count time on the MSE, Eq. (4.41), using sample object-class and noise 

covariance matrices generated from the Hickernell phantom (1987, see the 

last section). While the Hotelling trace presented a measure of how 

well a code separated two different object classes for a given detector 

count time, the MSE will give information as to how well a code in the 

Smith estimator reconstructs an object, and we can compare how some 



96 

code behaves relative to another. We demonstrate, as in the Hotelling 

trace analysis, that there are temporal regimes, i.e., crossing points in 

the NHSE curves. 

Figure 4.7 shows that behavior of the NMSE for selected N=7 

codes for detector count times less than 50 seconds. As expected from 

the theory, the NMSE curves peg unity for a very short time. Also, 

there are crossing points, as with the Hotelling trace analysis, whereby 

the pinhole aperture attains the smallest NMSE around t=17 seconds. The 

k=N code quickly reaches an asymptotic value. We might expect the k=N 

situation to perform poorly because C is a constant (uniform) matrix, 

and the only information leading to a reconstruction lies in the 

covariance matrices (~ is also a vector of identical entries); the 

reconstruction is in essence some average of the covariance matrices. 

As with the Hotelling trace analysis, the two URS codes are rather close 

to the pinhole code. Fig. 4.7 is for a tumorless set of objects. 

Figure 4.8 parallels the previous data (Figure 4.6) for the dual

pinhole codes in an attempt to understand if there is more to fully 

characterizing a code than the eigenvalue spectrum of C. That is, since 

all matrix-derived measures for the dual-pinhole codes are identical, do 

they in practice behave identically? As in the previous discussion in 

the last section, the data in this curve suggests that they do not 

perform identically. 

Figure 4.9 shows the small time behavior of the NMSE for seven 

N=7 codes, each with a different value of k. The ordering of vertical 

NMSE values is directly proportional (for t=O.l second) to the value of 
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k. In other words, the NMSE for the k=N code is smaller than the NMSE 

for the anti-pinhole, and so on, for very small count times. This 

corroborates the theoretical expectation that, in the noise dominant 

regime, greater collection efficiency is desired to minimize the NMSE. 

If the MSE can be shown to be correlated to human observer 

performance, as the Hotelling trace (Fiete et al. 1987), then this 

measure can be used effectively as a FOM for system optimization. Smith 

(1985) studied the MSE as an optimization parameter for a coded-aperture 

system that modelled the object and noise covariance matrices with 

simulated livers (similar to the modelling done in Smith and Barrett 

(1985». In his analysis of the MSE for a collection of 256 apertures, 

he found, rather surprisingly, that most of the apertures yielded near

optimal NMSE values. This may be analogous to the observed behavior of 

the N=7 codes where, with the exception of the k=N and perhaps anti

pinhole code, the NMSE values are fairly close for detector count times 

in our studied range (and undoubtedly for longer times as well). 



CHAPTER 5 

CONCLUSIONS AND SUGGESTIONS FOR FUTURE WORK 

This chapter presents a brief summary of the work in this 

dissertation and some suggestions for future research with imaging 

probes. 

Summary 

In Chapter 2 we first discussed the operation of gamma-ray 

imaging probes. The aperture specifications were given and then the 

radiometry was discussed. The concept of the aperture code, object and 

data vectors were defined along with the coding procedure; the latter 

involved the use of a circulant matrix in the fundamental imaging 

equation. A host of different code categories were introduced, eg., 

pinhole codes, URS (uniformly redundant sequences), dual-pinhole codes, 

etc. Estimation of the object vector from the data was discussed; the 

use of inverse-matrix decoding was emphasized throughout much of the 

discussion because of its general applicability (for codes with a non

singular coding matrix) and the fact that the inverse-matrix estimator 

did not require any ~ priori knowledge of the object statistics. 

Chapter 3 is concerned with our experimental bench studies of 

the imaging probes. Two design methodologies were considered: a 

rotating aperture, and a non-rotating aperture. The former entailed 

azimuthal rotation of the aperture to effect data coding while the 

latter approach removed the requirement of rotation for a series of 

101 
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axially canted apertures (and, ideally, an array of N separate detectors, 

though we performed our studies with only one detector). We 

demonstrated the imaging devices can achieve that predicted angular 

resolution for both aperture designs. Point and extended objects were 

imaged. 

In Chapter 4 we studied the noise characteristics of the imaging 

probes for general uncorrelated noise for inverse-matrix decoding, and 

correlation decoding schemes for the URS codes. The mean-square error 

(MSE) of the reconstruction was discussed; for stationary uncorrelated 

noise the MSE is related to the eigenvalue spectrum of the coding 

matrix, though in the more general nonstationary case the MSE can be 

computed from knowledge of the system noise kerneL We identified two 

code classes (for inverse-matrix reconstruction) for which the variance 

in the reconstruction is uniform for all pixels: The Hadamard URS codes 

and selected dual-pinhole codes. The point (or local) signal-to-noise 

ratio was defined and discussed for various codes. It was shown that 

this quantity is larger for a coded-aperture if the signal is bright and 

point like , while for extended low contrast signals the pinhole code has 

a better SNR. The effects of noise correlations in the reconstruction 

was also discussed. 

For clinical esophageal imaging it is very important to use the 

aperture code that will optimize the chances of making a correct 

diagnosis from the information in the data. To this end we considered 

code optimization using the Hotelling trace criterion (Gu and Lee 1984; 

Fukunaga 1972). This measure has been suggested by Barrett et al. (1985) 
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as a FOM for imaging system optimization, and subsequently applied to 

realistic systems by Smith and Barrett (1986). Of major significance, 

towards the use of employing the Hote11ing trace as a FOM, is a study by 

Fiete et a1. (1987) which demonstrated a very strong correlation between 

the Hote11ing trace and human performance. That is, they showed that 

the Hote1ling trace is an excellent predictor of human performance. 

Unlike signal-detection theory which deals with some deterministic object 

and specified noise field (Barrett et a1. 1986), the Hote11ing trace 

approach incorporates first- and second-order statistics about the object 

class into the formulation along with the noise covariance matrix and 

system operator (our coding matrix). We have implemented the Hote11ing 

trace Following the general mathematical approach given by Smith and 

Barrett (1986) and demonstrate the existence of temporal performance 

regimes for a variety of codes of length seven (the same phenomenon 

holds for codes of any length). In particular, our analysis, which makes 

use of sophisticated numerical torso phantom developed by Hickerne11 et 

a1. (1988) for the generation of object class and noise covariance 

matrices, indicates that for short detector count times the Hotel1ing 

trace is maximized for codes with the largest k-va1ue (number of open 

cells), while for longer times the pinhole code gives the largest 

Hote1ling trace value. For detector count times of clinical relevance, 

i.e., about 10 seconds per azimuthal wedge, the pinhole code gave the 

largest Hote1ling trace, suggesting that it is optimal for clinical 

imaging. 
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Similar temporal performance regimes have been observed for the 

MSE associated with a linear estimator previously studied in detail by 

Smith (1985) for coded-aperture imaging. 

Suggestions for Future Work 

The experimental analysis presented here is limited to 

relatively straightforward bench tests using single-element detectors 

(Barber et al. 1984). Barber and coworkers have extended this work 

significantly (Barber et al., to be published, 1988). Future work should 

include the construction of probes containing arrays of solid state 

detectors, perhaps with higher spatial (azimuthal) resolution, and the 

use of these probes in actual clinical trials. 

Fiete's (1987) human-observer performance study was designed for 

an external coded-aperture viewing geometry. Though we have no reason 

to believe his results are not generalizable to using the Hotel1ing trace 

as a good predictor of imaging (or aperture code) system performance in 

our situation, it would be of interest to extend his results for imaging 

probes. Such human-observer performance studies may be performed using 

the Hickernell phantom (or derivatives of it) to generate the simulated 

images. Further, human-observer performance studies may be helpful for 

examining the sensitivity of the human to SNR, condition number of the 

coding matrix, MSE, etc. One advantage of our coded-aperture imaging 

formulation is that codes may be readily organized using any number of 

measures, and that the coding matrix is square (that is, in the noiseless 

imaging situation a perfect reconstruction is obtainable). 
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In all of our analysis we essentially assumed that the aperture 

was of the rotating variety by the implicit assumption that the coding 

matrix (C) was circulant. This need not be case for non-rotating imaging 

apertures. If we think of the aperture (in the non-rotating case) as 

being a "wrapped" version or realization of the imaging matrix (where l' s 

are transparent segments and O's are opaque), then it is evident that C 

need not be circulant. Inverse-matix decoding is still possible provided 

the inverse of C exists. 

One specific example is the Hadamard code (Baumert 1971): 

1010101 
0110011 
1100110 
0001111 
1011010 
0111100 
1101001 

For this code all elementary matrix properties are similar to the 

circulant code 11101000. The classification of non-circulant codes may 

be an interesting mathematical exercise. T However, since C C is not 

symmetric the eigenvalues will in general be complex and more difficult 

to compute (the Jocobi algorithm ltlill not work for non-symmetric 

matrices). Further, it is unlikely that there exists some "miracle" code 

whereby measures such as the SNR or Hotelling trace will be superior 

than the pinhole code (in the latter case for longer detector count 

times). However, the existence of the family of non-circulant codes 

gives added freedom to the aperture design. For example, it may be 

possible to design "fault-tolerant" apertures consisting of extended 
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"groupings" of open segments in each aperture. If one or more of the 

detectors fails during operation, it is then possible to continue imaging 

with a lower resolution (each grouping can then function as a pinhole 

aperture). 

To use estimators that are, in some manner of minimizing a cost

function, more optimal than the simple inverse-matrix scheme for the 

coded-apertures, such as the linear estimator studied by Smith (1985), it 

is necessary to have available object-class and noise covariance 

matrices. Hickernell's phantom may be ideally suited to generating such 

statistical information; though it remains to be seen how useful such 

estimators will be in the clinic. If pinhole codes are the aperture of 

choice estimation is straightforward. However, schemes for processing 

the data, smoothing, etc., and for displaying it, will be very important 

for future clinical tests. 



APPENDIX A 

PROP ERTIES OF THE CODING MATRIX e 

Some properties associated with the circulant coding matrix e 

are given below. Whenever the term "circulant" appears, we implicitly 

assume a right circulant matrix. 

(1) The product of two circulant matrices is circulant. 

(2) eT is a circulant matrix. 

(3) eTc = eeT, and is a symmetric right-circulant matrix. 

--I 
(4) e is a circulant matrix (Ikramov 1983). 

(5) e is fully specified by the code and its length N. 

(6) Tr(C)=O or N. 

(7) The eigenvalues associated with eTc are real (Ikramov 1983). 

(8) The largest modulus eigenvalue of e is k. 

(9) rank(eTe) = rank(e) (Ikramov 1983). 

(10) The rows of eTc are the cyclically shifted autocorrelation 

of the code. 

(11) The eigenvalues of e are computable from knowledge of the 

N-roots of unity (Gray 1971). 
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APPENDIX B 

UNIQUE N=7 CODES 

One may inquire about the number of uniquely different, 

physically meaningful, binary code sequences that exist for some length 

N. For example, if N=3, there are only two such codes: IUD and 110. 

The 000 and III codes are considered physically uninteresting (for 

imaging), whereas the 010, 001, 101, and Oll codes are rotational 

variants of the two specified codes. Therefore, for N=3, there are only 

two distinct codes. 

Since N=7 codes, exhibiting 51 degree azimuthal resolution 

wedges, have been chosen for prototype and clinical probe designs, as 

discussed in Chapter 3, it is some interest to explicity specify the 

uniquely different codes of this length. For the N=7 codes, there are 

7 about sixteen unique members to choose from; there are 2 =128 total 

binary codes of length N=7. 

The sixteen different codes are presented in Table B.l. Table B.2 

gives the modulus of the eigenvalues associated with the coding matrix 

c, for each code. 
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Table B.1 Unique N=7 Codes 

Code k 
-----------------------------
1000000 (pinhole) 1 

1100000 (dual-pinhole) 2 

1010000 (dual-pinhole) 2 

1001000 (dual-pinhole) 2 

1110000 3 

1101000 (URS) 3 

1100100 3 

1010100 3 

1111000 4 

1101100 4 

1110100 (URS) 4 

1101010 4 

1111100 5 

1111010 5 

1110110 5 

1111110 (anti-pinhole) 6 
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The modulus of the eigenvalues for the sixteen N=7 codes are as 

follows (listed in descending order, and rounded-off to the chird decimal 

place): 

1000000: 

1100000: 

lU10000: 

1001000: 

1110000: 

1101000: 

1100100: 

1010100: 

11110uO: 

1110100: 

1101100: 

1101010: 

1111100: 

1111010: 

1110110: 

1111110: 

Table B.2. Modulus Eigenvalue Spectra 

1.000, 

2.000, 

2.000, 

2.0()0, 

3.000, 

3.000, 

3.000, 

3.000, 

4.000, 

4.000, 

4.000, 

4.000, 

5.0UO, 

5.000, 

5.000, 

6.000, 

1.0UO, 

1.802, 

1.802, 

1.802, 

2.247, 

1.414, 

2.247, 

2.247, 

2.247, 

1.414, 

2.247, 

2.247, 

1.802, 

1.802, 

1.802, 

1.000, 

1.000, 

1.802, 

1.802, 

1.802, 

2.247, 

1.414, 

2.247, 

2.247, 

2.247, 

1.414, 

2.247, 

2.247, 

1.802, 

1.802, 

1.802, 

1.000, 

1.000, 

1. 247, 

1. 247, 

1.247, 

0.802, 

1.414, 

0.802, 

0.802, 

0.802, 

1.414, 

0.802, 

0.802, 

1. 247, 

1.247, 

1.247, 

1.000, 

1.000, 

1.247, 

1.247, 

1.247, 

0.802, 

1.414, 

0.802, 

0.802, 

0.802, 

1.414, 

0.802, 

0.802, 

1. 247, 

1.247, 

1. 247 , 

1.000, 

1.000, 

0.41+5, 

0.445, 

0.445, 

0.555, 

1.414, 

0.555, 

0.555, 

0.555, 

1.414, 

0.555, 

0.555, 

0.445, 

0.445, 

0.445, 

1.000, 

1.000 

0.445 

0.445 

0.445 

0.555 

1.414 

0.555 

0.555 

0.555 

1.414 

0.555 

0.555 

0.445 

0.445 

0.445 

1.UOO 

The URS codes, the pinhole, and anti-pinhole are evident as the ouly 

species where the second through seventh modulus eigenvalue are 

identical. 



APPENDIX C 

REACTOR STUDIES 

Imaging studies using cylindrical coded-apertures of nuclear 

reactor fuel rods were conducted at the University of Arizona's Nuclear 

engineering department TRIGA (Training, Research, Isotope production -

General Atomic) student/research reactor facility. The reactor itself 

sits near the bottom of an eighteen foot deep cyclindrical tank of de

ionized water; the inner diameter of the vessel is seven feet. An 

attempt was made to image an isolated fuel rod (the rod being situated 

about seven feet under water) situated in a fuel rod storage rack 

outside of the reactor core. 

The fuel rods themselves are 28.37 inches long, 1.48 inches thick 

at the center. The active component of the fuel rod is approximately 

1.4 inches in diameter and 15 inches long, situated along the axis of the 

rod; the active component consists of a solid homogeneous mixture of 

hydridized uranium-zirconium alloy containing 8.5% (by weight) of 

uranium, enriched to 20 % in 235U• 

Special lead apertures were machined and constructed for these 

tests; they are shown in Figure C.l. The apertures were designed to be 

contained within the bottom of a 1.4 inch (outer diameter, 20 mil thick) 

aluminum pipe (aperture on left in Figure c.l - the support rig is 

shown), which is designed to fit into the fuel rod rack immediately 

adjacent to a fuel rod. The center-to-center spacing between the fuel 

rod and the aperture is 1.625 inches, corresponding to the rod subtending 
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a 40
0 

angle from the aperture axis. For the 31-element aperture this 

translates into the rod occupying about 4 azimuthal resolution cells. 

Data was taken with the 31-element aperture, though others were built. 

The first tests used the bronchoscopic NaI(TI) detector and fiberoptic 

coupling briefly discussed in Chapter 3 (Woolfenden et al. 1984a; Barber 

et al. 1980). 

Several experimental trials were conducted with limited success. 

Initial tests indicated that the counting electronics could easily be 

saturated by gamma-rays originating from the active rod and Compton 

scattering in and about the aperture. The measured data diminished with 

time due to a slow degradation of the fiber-optics with increasing 

radiation dose. One complete data set was obtained; Figure C.2 shows 

the correlation decoded image obtained using the N=31, k=16 URS aperture. 

The sharp peak is the fuel rod and the other large structure is believed 

to be an artifact caused by the detector degradation over the duration 

of the measurement. We concluded that a less sensitive gamma-ray 

detector capable of reasonably good energy resolution was required for 

future studies. 

Subsequent tests were performed with a silicon avalanche 

photodiode operating with a silicon surface barrier preamplifier and a 

30V applied voltage bias. The device, a Hamamatsu S-1722 silicon 

photodiode, was found by Hamamatsu to be sensitive to gamma-rays with a 

3 % energy resolution. The sensitivity is low given the thinness (about 

O.Smm) of the photodiode and its absorption coefficient for 100keV and 

higher gamma-ray energies. A special aluminum housing was made for the 
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detector and a new set of apertures fabricated. Our tests with a 

millicurie 99mTc source led us to believe that this detector would 

satisfy our requirements. 

Fuel rod imaging tests using this detector and a N=31 pinhole 

aperture were also unsatisfactory. Water leakage through the housing 

was a persistent problem as both the detector and the preamp, in the 

vicinity of the detector, were both soaked. As with the Nal(Tl) 

detector, the counting electronics were saturated by the signal. 

We believe that further reactor studies with the cylindrical 

aperture probes are warranted. Significant efforts to apply coded-

aperture technology for imaging melting nuclear reactor fuel rod 

assemblies have been conducted in the last decade (Stalker and Kelly 

1980, 1981). One great advantage of imaging probes is their compactness. 

They may be able to be used to image fuel rods within the reactor core. 
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Fig. C.1. (a) N=37, k=9 code shown milled into lead base. The diameter 
of the aperture is about 1.4". (b) The aperture on the left is an N=31, 
k=16 URS code used in the reactor study. Aperture on the right is an 
N=40, k=13 URS aperture (see Table 2.1). 
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Fig. C.2. Fuel-rod reconstruction from N=31. k=16 URS aperture. 
Vertical axis is in arbitrary units. Structure on the right is believed 
to be artifact due to detector degradation during data taking session. 
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