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ABSTRACT 

This dissertation includes three separate studies of related waveguide grating 

phenomena. These studies deal with a numerical improvement of the integral 

method of diffraction grating theory. the theoretical analysis of waveguide gratings. 

and fabrication techniques for photoresist grating masks. 

The first topic addresses the acceleration of the convergence of the integral 

kernels. To improve the performance of the integral method for calculating 

diffraction grating efficiencies. the convergence of the integral kernels is studied. A 

nonlinear sequence transformation. Levin's u-transformation. is successfully applied 

to accelerate the convergence of the integral kernels. The computer execution time 

saving is significant. The application details and many numerical examples are 

given. 

The second subject is the ray optics theory of waveguide grating analysis. 

To establish a linkage between the analysis of diffraction gratings and the analysis of 

waveguide gratings. a new rigorous ray optics theory is developed. It takes into 

account phase changes on diffraction. multiple diffraction processes. depletion of the 

incident guided wave. and lateral shifts. A general characteristic equation that 

determines the waveguide grating attenuation (coupling) coefficient is derived. The 

symmetry properties of grating diffraction are applied to waveguide grating analysis 

for the first time. Lateral shifts of optical rays at a periodically corrugated interface 

similar to the Goos-Haenchen shift at a planar interface are suggested. 



14 

The third subject is the in situ control of the development of photoresist 

grating masks. The existing method for monitoring and modeling photoresist grating 

development are modified and extended to monitoring and modeling photoresist 

grating mask development. Experimental examples, detailed theoretical 

considerations, and computer simulations are presented. 
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"By pursuing these experiments it is probable that new 
and interesting discoveries may be made. respecting the 
properties of this wonderful substance. light •... " 

David Rittenhouse 

CHAPTER I 

INTRODUCTION 

In a general sense. any structure may be referred to as a diffraction grating 

if it has a periodic variation of any physical parameter which affects the propagation 

of waves. The periodically varying physical parameter can be the refractive index. 

surface height. etc. In this dissertation. we are concerned with two-dimensional 

surface-relief gratings for the diffraction of electromagnetic waves at optical 

wavelengths. When a monochromatic electromagnetic plane wave is incident onto a 

diffraction grating. the wave is diffracted into several waves propagating at a 

discrete set of angles determined solely by the incident angle and the ratio of the 

grating period to the wavelength. If the incident wave is polychromatic. light is 

dispersed into a spectrum according to its constituent. 

The invention of the diffraction gratings is ascribed to David 

Rittenhouse[1786]. an American astronomer. In 1786. intrigued by the effects 

produced when viewing a distant light source through a fine silk handkerchief. he 

made up a square of parallel hairs laid across two fine screws cut by a watchmaker 

and observed grating diffraction phenomenon. In 1821. Joseph von Fraunhofer[1821. 

~-~------------------------------
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1823] independently repeated Rittenhouse's experiment with fine wire gratings. 

Fraunhofer not only reinvented diffraction gratings. but he also produced the first 

gratings ruled on glass by a diamond point. measured the wavelength of light with 

his gratings. derived and verified the grating equation. observed polarization effects 

of diffraction gratings. and discussed the effect of grating imperfections on 

diffraction spectra. He laid the foundations of a study that was to continue for over 

150 years and is still in progress. 

The history of diffraction gratings. starting from Fraunhofer's work. is over a 

century and a half old. during which time a wealth of fabrication and theoretical 

knowledge has been accumulated. Although ruling engines continue to be a means 

for manufacturing large area. high quality diffraction gratings. many other methods 

have been developed. such as the holographic technique. electron beam lithography. 

and x-ray lithography. These methods complement each other and greatly extend the 

range of available gratings. On the theoretical front. according to Stroke[ 196 7]. there 

are two aspects to. and three theoretical descriptions of the diffraction of light by 

gratings. The first aspect of grating diffraction is the electromagnetic aspect. having 

to do with the very origin of the diffraction of electromagnetic waves by a periodic 

structure. and with the direction and amplitudes of the various diffraction orders. 

The second is the scalar aspect. having to do with the image forming properties of a 

diffraction grating when it is limited by size and imperfections. When dealing with 

the scalar aspect. physical optics (scalar theory) and geometric optics are sufficient. 

When dealing with the electromagnetic aspect. however. rigorous electromagnetic 

boundary value methods must be used. especially when the grating period and the 

wavelength are comparable and the grating grooves are deep. Prior to middle 1960's. 

---- ------ -------------------------
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the electromagnetic aspect of diffraction grating problems was dealt with by scalar 

theories only. Subsequently. the necessity of vector theories was realized. Today. 

there exist many rigorous theories. and efficient numerical methods are available to 

fully explain all known experimental results (Petit[ 1980]). 

Although Rittenhouse did little more than making a wire grating and 

observing its diffraction spectrum. he was certainly correct about the bright future 

of diffraction gratings. 

applications. Before 

Nowadays. diffraction gratings have many important 

1970. they were mainly used in spectrometers or 

monochrometers. taking advantage of their convenient and superior dispersion 

characteristics. relative to prisms. But even then grating applications were not 

restricted to spectroscopic instruments. For example (Stroke[ 1967]). gratings had been 

used as microwave antennas. image forming (Fresnel-zone) devices. polarizers. and 

for metrological measurements and the generation of radiation. 

The development of integrated optics in the late 1960's has considerably 

broadened the range of applications for diffraction gratings. In an integrated optics 

device. light is confined and propagates in a film or narrow strip embedded in media 

of lower refractive index. Such structure are called dielectric waveguides. In order 

to make light perform many complicated functions in a waveguide. just as an electric 

current does in microelectronic circuits. means are needed to deflect. reflect. focus. 

collimate. split. and filter the light inside the waveguide. as well as to couple light 

into and out of the waveguide. The redirectional and dispersive properties of 

gratings. as well as their planar structure. ideally enable these diverse functions. For 

example. Dakss et al.[1970] first coupled a laser beam into a waveguide by using 

------------- ~------------- - .~~---- - --. __ .------_.-
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surface relief gratings; Kogelnik and Sosnowski[ 1970] did the same using slanted 

volume gratings; Kogelnik and Shank[ 1971] investigated laser oscillation using thin

film distributed feedback gratings; Pennington and Kuhn[1971] demonstrated beam 

splitting; and Dabby et al.[1973] and Flanders et al.[1974] reported beam filtering 

in thin film waveguides. 

In this dissertation. a slab waveguide with one of its boundaries forming a 

surface relief grating is called a waveguide grating. This dissertation deals with the 

analysis and fabrication of waveguide gratings. It contains three separate studies. 

They are: (I) a numerical improvement of the integral method of diffraction grating 

theory. (2) a ray optics analysis of waveguide gratings. and (3) an experimental 

method for controlling waveguide grating fabrication. These studies are presented in 

the three major chapters. Chapter II. III. and IV. respectively. These research 

subjects are closely related; collectively they serve a common purpose. a better 

understanding and use of waveguide gratings. The understanding of diffraction of 

light by gratings plays an important role in the analysis and fabrication of 

waveguide gratings. On the other hand. the subject matters in the three chapters are 

independent of each other. and therefore the chapters can be read independently. 

Since each of the chapters contains its own extensive introduction and summary in 

this introductory chapter we only give the motivation for the research subjects. 

Chapter II is devoted to the numerical treatment of the integral method of 

diffraction grating theory. It is the present author's belief that. although there are 

more than a dozen approximate theories for waveguide grating analysis. it is 

desirable to have a computer program based on an exact theory in order to check the 
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validity of the approximate theories and to determine where they break down. A 

literature search for a reliable rigorous method showed that the integral method is 

the most reliable and versatile. However. although the integral method has many 

merits over the other approaches. it requires the most computation time. Because an 

IBM personal computer was to be used. an efficient numerical method had to be 

found to speed up the computation. This is the motivation for the research in 

Chapter II. 

Initially the integral method was studied for the purpose of using it to solve 

waveguide grating problems by the resonance approach which is briefly described in 

§3-2. However. during the course of this research it was noted that diffraction 

gratings and waveguide gratings have been viewed by most authors as belonging to 

two different disciplines. except when the resonance method is used. In particular. 

diffraction efficiency. the single most important concept in diffraction grating theory. 

almost never appears in the literature on waveguide grating analysis. Chapter III is 

written to explain this rather curious observation. and to establish the missing 

linkage between diffraction and waveguide gratings. 

The last research subject included in this dissertation deals with waveguide 

grating fabrication. Gratings used in integrated optics research are often fabricated 

by holographic techniques. followed by ion beam etching. The photoresist grating 

masks impose some special requirements for the grating profiles. These requirements 

are crucial for the success of the subsequent ion beam etching process. but are 

difficult to meet by trial and error. There are some well known techniques for 

controlling photoresist grating development. and for theoretically modeling the 
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process. However. the special requirements for grating masks have not been 

addressed in previous work. Chapter IV is written to refine and extend the existing 

techniques and models for specifically treating the development of the photoresist 

grating masks. 



CHAPTER II 

NUMERICAL IMPROVEMENT OF 

THE INTEGRAL METHOD OF DIFFRACTION GRATING THEORY 
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This chapter is organized as follows. In §2-1 we briefly introduce the 

integral method and comment on its advantages and disadvantages. In §2-2 the 

integral kernels are given. In §2-3 the convergence of the integral kernels is studied. 

In §2-4. the asymptotic form subtraction method is applied to accelerate the 

convergence of the integral kernels. §2-5 contains the original work of this chapter. 

the use of Levin's u-transformation for the acceleration of integral kernels. §2-6 is a 

summary. 

§2-1. INTRODUCTION 

The basic problem in diffraction grating theory is to calculate diffraction 

efficiencies of a grating for a given incident plane wave. The integral method of 

diffraction grating theory stands for a class of treatments of diffraction gratings that 

reduce the grating problem to the solution of one integral equation. or two coupled 

integral equations. Inspired by the idea of Maue[ 1949]. the method was first used in 

1964. became popular in the late 1960's and the early 1970's. and continued into the 

late 1970's. The earlier works (Petit and Cadilhac[1964]. Uretsky[1965]. Pavageau. 

Eido and Kobeisse[ 1967]) dealt with gratings of infinite conductivity. It was later 

found out that. even for a good conductor such as aluminum. the infinite 

conductivity model was a poor approximation in the visible and near infrared 

wavelength regions (Petit. Maystre and Neviere[ 1972]. Maystre[ 1973. 1974]. HutIey 
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and Bird[1973]. Lowwen. Maystre. McPhedran and Wilson[1974]). The initial 

integral treatments of metallic and dielectric gratings were proposed around 1970 

(Nuereuther and Zaki[ 1969]. Van den Berg[ 1971 ]). and required the solution of two 

coupled integral equations. The integral method was perfected in a series of works 

by Maystre[l973. 1974. 1980. 1984]. In 1974. an integral method for finite 

conductivity gratings. requiring the solution of only one integral equation. was 

formulated by Maystre[1974]. In 1978. the integral method was extended to treat 

multilayered gratings and burried gratings (Maystre[1978]. Botten[1978]). 

Compared with other rigorous treatments of diffraction grating theory. such 

as the Rayleigh method. the modal method. and the differential method. the integral 

method is more reliable and versatile. The Rayleigh method is based on the use of 

the Rayleigh hypothesis (Lippmann[1953] and Maystre[1984]) which states that the 

fields everywhere including the grating groove region can be expressed in the form 

plane wave expansions. Such a expansion is called a Rayleigh expansion. The 

grating problem is solved by matching Rayleigh expansions in both media at the 

grating surface. The Rayleigh method. although being very simple. fails to converge 

even for moderate grating groove depths. In the modal method the field inside the 

grating grooves is expressed in the form of a modal expansion. similar to the modal 

expansions encountered in the problems of waveguides. The grating problem is 

solved by matching the modal expansion inside the grooves to the Rayleigh expansion 

outside the grooves on the lines y ... Izg and y ... 0 (See Fig. 2.1). The modal method 

is capable of handling gratings with deep grooves, but is limited to only a few simple 

geometrical grating shapes (Petit[ 1980]). In the differential method. fields outside the 

grating grooves are expressed as Rayleigh expansions, but inside the grating grooves 

----------------------------------------------------------------------------------
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the field is expressed in terms of Fourier series in x. whose coefficients are 

unknown functions of y. The grating problem is solved by numerically integrating 

the Helmholtz equation in region 0 ~ y ~ "g. and matching the Fourier series and the 

Rayleigh expansions on the lines y .. 0 and y = hg • The differential method 

performs excellently for dielectric gratings but encounters serious numerical 

difficulties for metallic gratings (Neviere[1980]). Only the integral method has been 

thoroughly tested both numerically and experimentally for gratings of arbitrary 

shapes. for materials ranging from dielectric to metallic. for structure ranging from 

single layered to multilayered gratings. and for the wavelength spectrum from visible 

to near infrared (Maystre. Neviere and Petit[ 1980]) 

Besides the practical merits mentioned above. the integral method is also 

characterized by its internal mathematical beauty. Unlike the other methods. for 

which boundary conditions have to be considered explicitly. and TE and TM 

polarizations have to be treated separately. the integral method gives the solution to a 

grating problem in a form that satisfies Maxwell equations and the boundary 

conditions for both TE and TM polarization. The explicit form of the integral 

formalism provides a theoretical framework for fundamental studies of diffraction 

grating theory because. all the information about the physical system of a grating 

interacting with an incident electromagnetic plane wave is contained in some integral 

operators. 

The mathematical beauty of the integral method is not achieved without a 

price. however. The disadvantage of the integral method is its complexity and high 

computing cost of obtaining numericallY the solution of the integral equation. In 

~~~~-~~---~----------------------
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Figure 2.1. Geometry of a diffraction grating and Rayleigh expansions. 
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Figure 2.2. Integration contour used in the integral method. 
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other words. the integral method demands more sophisticated numerical techniques to 

obtain an accurate solution. and needs more computer time than other methods to get 

numerical results. 

It is not accidental that all of the rigorous grating theories were developed 

after 1960. because. without the computing power provided by advances in the 

micro-electronics industry. they could not be tested anyway. On the other hand. the 

ever increasing computing power and speed can never meet people's demands and. 

therefore. can never diminish the importance of searching for more efficient 

numerical methods. In fact. the grating theories used daily by waveguide grating 

researchers are mostly approximate rather than exact. because rigorous methods 

require much more computing time. The significance of numerically improving the 

rigorous methods. in particular. the integral method. cannot be over-emphasized. 

§2-2. INTEGRAL KERNELS 

Although there are many different implementations of the integral method. 

the basic steps are all the same. For simplicity. we consider a perfectly conducting 

grating. First. a Green's function. G(x-x'.y-y'). satisfying the singular (pseudo-) 

periodic Helmholtz equation (Maystre[ 1984]) 

00 

(.6. + k2) G(x-x'.y-y') - L exp(iOlond)5(y-y'.x-x'-nd) (2-1) 

n--oo 

is sought. where d is the grating period. 010 -= k sin e. k is the wavevector. and e is 

the incident angle. Then by applying the second Green's theorem to the area 
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enclosed by the contour C shown in Fig. 2.2, the field everywhere except on the 

medium boundary is expressed in terms of the field and field derivative 

discontinuities on the grating boundary. By taking the limit of the field towards the 

boundary surface, and using the boundary conditions, various integral equations can 

be obtained (Maystre[ 1980]). An integral equation involves convolution of the 

Green's function with a unknown function, physically representing a surface 

current, over one grating period. 

Two different kinds of Green's functions have been used for the study of 

gratings. The first one is the space harmonic expansion (also called angular 

spectrum expansion) 

+00 

G(x-x',y-y') .. 2~d L f3ln exp[ if3n 1 y-y'l + inK(x-x') ] , (2-2) 

n ... -oo 

where 

K K ... 21T 
O/n = % + n, d ' (2-3) 

} (2-4,5) 
if k'}. - O/n'}. > 0; 

The second kind is the Hankel function expansion 

+00 

G(x-x',y-y') - -£ L H o(2) [kJ(X-X'-nd)2+(y-y')'}.] exp[iO/o(x'+nd)] , (2-6) 

n--oo 

where HP) is the Hankel function of the zero'th order and second kind. In general, 

since the exponential function is an intrinsic function provided by all FORTRAN 
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compilers and the Hankel function is not. the space harmonic expansion is more 

convenient to use. The choice of Green's function also depends on the grating 

problem at hand. The study by Zaki[ 1969] has indicated that for gratings whose 

dielectric constant f '" fr + fj. period d. and wavelength X are such that Fr d/X < 

6.5. and Ji d/X < 10. the space harmonic expansion requires less computation time. 

than the Hankel function expansion does. Since we are only interested in gratings 

operating in the resonant domain. i.e. d/X ~ I. only the space harmonic expansion is 

considered in this dissertation. 

Let us consider the problem of the diffraction of a TE polarized 

(:;-actromagnetic plane wave by an infinitely conducting grating. as shown in Fig. 2.2. 

This problem can be reduced to the solution of either one of the following two 

integral equations for the unknown function ¢J (Maystre[ 1980]) 

f G(x.x') ¢J(x') dx' .. !(x) • (2-7) 

f Q(x.x') ¢J(x') dx' - 4 ¢J(x) .. h(x) • (2-8) 

where the integrations are over one grating period. and the right-hand sides of Eq. 

(2-7) and (2-8) are known quantities related to the incident field. The coefficients of 

¢J under the integral signs in Eq. (2-7) and (2-8) are called the integral kernels of the 

integral equations. They are defined by 

+00 

G(x.x') .. 2!d L in exp[ i,8nl !(x)-!(x')1 + inK(x-x') ] • (2-9) 

n .. -oo 
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Q(x,x') - id f: { s8n[j(x)-f(x')] - ::f'(X)} 
n=-oo 

. exp[iPn I /(x)-/(x')1 + inK(x-x')] • (2-10) 

where f'(x) = d~~). and sgn(x) '" +1 for x > 0 and sgn(x) .. -1 for x < O. In fact. 

G(x.x') and Q(x.x') are the Green's function Eq. (2-2) and its normal derivative on 

the grating profile. respectively. Unfortuntely. these series can not be summed in 

closed form. For other grating problems. such as TE or TM diffraction by a grating 

with one corrugated layer sandwiched between several parallel plane interfaces. the 

integral equations are more complicated than Eq. (2-7) and (2-8) (Maystre[ 1978]. 

Botten[ 1978]). However. the integral kernels involved are still of the basic types 

given in Eq. (2-9) and (2-10). 

In mathematical terms. Eq. (2-7) is called a linear Fredholm integral equation 

of the first kind and Eq. (2-8) that of the second kind. In general. these equations 

cannot be solved analytically. There are many numerical methods for solving 

integral equations. In diffraction grating theory. method of moments and that of 

point matching are the two used most often. To be specific. we consider the point 

matching method. which is usually called the Nystrom method or the direct 

quardrature method in numerical mathematics (Delves and Mohamed[198S]). In the 

point matching method the integral kernel is approximated by a matrix of finite 

dimension and the integral is approximated by a finite sum. The values of the 

unknown function at a finite number of points (the nodal points) are then obtained 

by solving a linear system of equations. For example. Eq. (2-8) becomes 



where 

N 
, w.. Q.. A.. - lA.. .. h-L IJ IJ '#'J 2'#'1 1 ' 
j ... l 

rpj .. rp(Xj), rpj - rp(x'j) , 

hj = h(xj) , 
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(2-11) 

(2-12) 

(2-13) 

(2-14) 

Xj and X'j are points along a grating period, N is the number of numerical integration 

steps along a grating period, and the wij's are weights. For example, if the 

rectangular rule is used, Wjj .. ~. 

Unlike the Green's functions appearing in other branches of mathematical 

physics, the Green's function Eq. (2-2) is, in general. not symmetrical about (x,y) and 

(X',y'). This can be verified by noting that the right-hand side of Eq. (2-1) does not 

remain unchanged when x-x' is replaced by x'-x, unless Q!o .. O. Hence in general 

Gu =F G jj and Qjj =F Qjj. Thus, even for the simplest diffraction grating problem, N2 

matrix elements have to be calculated. Furthermore, each matrix element is given by 

an infinite series, which has to be trucated at an integer J which makes the partial 

sum up to the ± J'th terms approximate the true sum within reasonable accuracy. 

Therefore, the amount of computation time required for each integral kernel is 

proportional to 2N2 J. Since N is usually of the order of 20 or more, and J is about 

two thirds of N (as recommended by Maystre[1980]), it is understandable why the 

integral method is computationally expensive. The integral method is inferior to other 

methods in terms of computer time mainly because it is necessary to compute the 

integral kernels. In fact, experience based on numerical studies shows that more 
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than three quarters of the total computation time needed for the numerical solution 

of a grating problem by the integral method is spent on computing the integral 

kernels. 

To shorten the computation time. the product JV2 J should be minimized as 

much as possible while maintaining the desired accuracy in the final result. Since 

the N dependence is of second order. N has a stronger influence on the computation 

time than J. N depends primarily on the smoothness of the integral kernels. 

Generally speaking. the smoother the integral kernels. the smaller N can be. The 

smoothness of the integral kernels are determined by the grating groove depth. 

grating profile. and number of propagating orders permitted by the grating structure. 

As a rule of thumb. at least six points per wavelength of length along the grating 

profile are required to guarantee a good accuracy in the computed grating 

efficiencies (Maystre[ 1980]). Unless the integrand. that is the product of the integral 

kernel and the unknown function. can be transformed in some way into a smoother 

one. N cannot be reduced further without loss of accuracy in the numerical 

integration. N also depends on the quardrature rule used in the numerical 

integration. For example. for the trapezoidal rule one numerical evaluation of the 

function per integration interval is required. But. for Simpson's rule two function 

evaluations are required. 

The reduction of N is not considered in this dissertation. Instead. methods of 

reducing J are studied. In the next section. it is shown that the convergence rate of 

the series G(x.x') and Q(x.x') is quite slow for some sets of x and x'. Slow 

convergence implies large J. Therefore if J can be reduced by some numerical 
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techniques. the computation time can be shortened. 

2-3. CONVERGENCE OF THE INTEGRAL KERNELS 

Before studying the convergence of the integral kernels. Eq. (2-9) and (2-10). 

we first consider their possible singularities and discontinuities. As expected. since 

G(x.x') is a solution of the singular Helmholtz equation (2-1). it is singular when x -. 

x'. For Q(x.x'). however. despite its apparent discontinuity due to the presence of the 

function sgn[f(x)-!(x')]. it is both convergent and continuous at x ... x'. Letting 

a - I !(x) - !(x') I . b .. x - x'. (2-15) 

the following results are given here without proof. which can be found. for example. 

in Maystre[1974. 1980]: 

Q(x.x) '" - /,(X)[2~ f 
n ... -oo 

O!n 
-+ 
f3n 

as x -+ x'. (2-16) 

i .] I {"(x) 
2ismO - 41T 1+/,2(x) • (2-17) 

The singularity presents a considerable complication in the treatment of the 

numerical solutions of integral equations. There are many standard ways to handle 

a singularity. which we do not discuss further since they are peripheral to the 

subject here. No matter how the singularity is treated. the first term of Eq. (2-16) 

has to be computed. In order to focus our attention on the convergence rate. and not 

to be distracted by the special case of a - b .. O. we redefine G(x.x) and Q(x.x) as 
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G(x.x) .. 2~d [Jo + I: [in + ~ J] . 
n=l=O 

(2-18) 

00 

I '""' ot
n 

Q(x.x) :0 - 2df'(x) ~ f3
n

. (2-19) 

n=-oo 

To classify the convergence of the integral kernels. the following 

mathematical definition (Smith and Ford[1979]) is useful. Let Sn 

00 

L ak' and S be convergent. Let Pn .. I an+l/anl. en ... Sn - S. rn ... I en+l/enl. and 

k=l 

suppose that the sequences {Pn} and {r n} converge to P and u. respectively. The 

convergence of the series ~ an is logarithmic if P .. u .. I; linear if P ... u =1= I or 0; 

and of higher order if P ... u ... o. 

We now use this definition to study the convergence of the integral kernels. 

Eqs. (2-9). (2-10). (2-18) and (2-19) can be written as 

+00 

G(x.x')... I: G n (x,x') , (2-20) 

n ... -oo 

+00 

Q(x,x') ... I: Qn(x,x') , (2-21) 

n .. -oo 

where 



for x :/: x'. and 

Gn(x.x') .. 2idf3n exp[ if3n 1/(x)-/(x')1 + inK(x-x') ] • 

Qn(x,x' - ~ { sgnU(x)-Ml - ;: I'(x) } 

. exp[ if3n 1/(x)-/(x')1 + inK(x-x') ] • 

2i!f30' if n ... 0 

2:d [in + 2KI nl ]. if n :/: 0 

I OIn , 
Qn (x.x) ... - 2d f3

n 
/ (x). 

for x .. x'. It is shown in Appendix A that for sufficiently large I nl 
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(2-22) 

(2-23) 

2-24) 

(2-25) 

(2-26) 

(2-27) 

where aj and bj • i ... O. I. 2. defined in Appendix A. are constants which depend on x 

and x' but not on n. Using the definition given above. and Eqs. (2-24) through 

(2-27). it can be shown that (see Appendix A) for both LGn and LQn' P .. u ... e-Ka 

For( LQn with b .. O. the positive n'th and negative n'th terms should be combined 

before the summation is carried out). Therefore. both series converge linearly for a 

> 0 and logarithmically for a ... O. 

The above convergence classification is only of theoretical value. 
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Numerically, it makes more sense to say l:Qn and l:Gn are linearly convergent if Ka 

» I and logarithmically convergent if Ka « I. 

Let us consider some numerical examples. The numbers listed in Tables 2.1, 

2.2, and 2.3 are numerical values of the integral kernel G(x,x') and Q(x,x'), for A = 

1.0 p.m, d = 1.0 p.m, () = ~, and I'(x) = 1.0. The letter J means that the sum is taken 

from the - j'th term to the + j'th term. For convenience, henceforth a sum up to 

the j'th term will actually mean a sum from the - j'th term to the + j'th term. The 

"exact" values are correct to the fifth significant digit. They can be obtained by the 

technique described in the next section or by a brute-force. direct summation over a 

large number of terms. It can be seen from Table 2.1 and Table 2.3 that. for ka = 1T. 

only three or four terms are needed for the result to be accurate to the fifth 

significant digit. But for Ka = 0.011T. in the case of G(x.x'). direct summation of up 

to 30 terms yields a result accurate to only two decimal places. 100 terms to four 

decimal places. and ISO terms to five decimal places. In the case of Q(x.x'). even 

after 150 terms are summed uP. the result (the real part) still has little resemblance 

to the exact value. 

This example clearly shows that the convergence of l:Gn or l:Qn depends on 

the value of Ka. When Ka » I, the series converge very fast and direct summation 

is both sufficient and convenient. When Ka « I. however, the series converge very 

slowly, direct summation is impractical; some numerical techniques must be used to 

speed up the convergence. The acceleration of the slow convergence when Ka « I 
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Table 2.1. Fast Convergence of G(x.x') and Q(x.x') for Ka I: rr 

J G(x.x') Q(x.x') 

J",,2 (0.02044. 0.10088) (-0.27117. -0.52053) 

J=3 (0.02049. 0.10091) (-0.27229. -0.52030) 

J=4 (0.02049. 0.10091) (-0.27231. -0.52033) 

"exact" (0.02049. 0.10091) (-0.27231. -0.52033) 

Table 2.2. Moderate Convergence of G(x.x') and Q(x.x') for Ka ... O.lrr 

J G(x.x') Q(x.x') 

J .. 10 (0.18047. -0.09979) (-0.04039. 0.79433) 

J.,. 20 (0.18064. -0.09991) (-0.02484. 0.80309) 

J =0 30 (0.18064. -0.09991) (-0.02418. 0.80347) 

"exact" (0.18064. -0.09991) (-0.02415. 0.80348) 

is the subject of the next two sections. 

Before proceeding to the treatment of the slow convergence. we examine the 

distribution of the slow convergence in the integral kernels by considering two 

particular grating profiles. The first one is a sinusoidal grating (Fig. 2.3 (a». For 

each x. there are two x's such that a - I/(x) - I(x') I co O. one at x' ... x and the other 
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Table 2.3. Slow Convergence of G(x.x') and Q(x.x') for Ka .. O.Ob 

J G(x.x') Q(x.x') 

J ... 30 (0.17941. -0.10755) (-0.08324. 0.58045) 

J ... 100 (0.18031. -0.10762) (-0.01013. 0.58943) 

J .. 150 (0.18034. -0.10762) (-0.00293. 0.59032) 

"exact" (0.18034. -0.10762) (-0.00104. 0.59055) 

at x' ... d - x. Thus if an integral kernel. either G(x.x') or Q(x.x'). is discretized to an 

N by N matrix. there will be at least 2N-I matrix elements for which the series are 

slowly convergent. as indicated by the circles in Fig. 2.3 (b). The grating profile 

shown in Fig. 2.4 (a) is a special case of the "generalized sinusoidal" grating profile. 

which we define as 

(2-28) 

It is an easy exercise to show that. if {3 .. 1/2. there are at least (N / 2)2 + N matrix 

elements whose series are slowly convergent (Fig. 2.4. (b». Hence. gratings with a 

flat bottom or top are affected by slow convergence more than gratings with smooth 

profiles; consequently. they should receive more attention when the integral kernels 

are computed. Incidentally. the grating profile shown in Fig. 2.4 (a) is typical for a 

photoresist grating. meaning that photoresist gratings have tougher requirements on 

the convergence of the integral kernels than other kinds of gratings. 
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Figure 2.3. (a) SinuGoidal grating profile. (b) Locations of matrix 
elements which correspond to a - 0 for a sinusoidal grating profile. 
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matrix elements which correspond to a .. 0 for a generalized sinusoidal 
grating profile. 

37 



§2-4. ACCELERATION OF CONVERGENCE BY ASYMPTOTIC FORM 

SUBTRACTION 

38 

The analysis in the preceding section shows that direct summation is 

impractical for computing the values of the integral kernels when Ka « I. Hence 

methods to accelerate the convergence are needed. Perhaps the most elementary and 

natural way to speed up the convergence of a series is to use Kummer's transform 

(Knopp[195?]). The basic idea is as follows. Let ~cn be a convergent series. 

Suppose 'Ldn is another series with a known sum. d. and 

(2-29) 

then +00 00 

L cn - 'Y d + L(cn - 'Y dn) • (2-30) 

n-l n-l 

and Eq. (2-29) implies that the series on the right-hand side of Eq. (2-30) converges 

faster than the original series on the left-hand side. 

The above simple idea can be elaborated upon further as follows. We call 

(2-31) 

an asymptotic expansion of an if and only if. for each fixed M ~ mo. 

(2-32) 

where mo is a convenient index. We call the partial sum of Eq. (2-31) 
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(2-33) 

an asymptotic form of cn of order M. The series LCn can be rewritten as 

(2-34) 

memo n ... 1 

We call the first term of Eq. (2-34) an asymptotic-form-subtraction (AFS) series. 

Since. by definition. C _c(M) tends to zero faster than cn' the subtraction series n n 

+00 

converges faster than the original series. If Lcnm. for m '" mo ..... M. can be 

n=1 

summed in closed form and can be evaluated easily. then Eq. (2-34) gives an 

acceleration method. For convenience. we call it the asymptotic form-subtract ion-

method. or the AFS method. and the integer M in Eq. (2-34) is called the order of 

the AFS method. 

The concept of an asymptotic expansion of a term of a series as defined here 

resembles. but is not exactly the same as. the standard mathematical definition of an 

t See. for example. Encyclopaedia 0/ Mathematics. vol. I. A-B .• Klumer Academic 

Publishers. Dordrecht. 
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asymptotic expansion of a function t. Note that the asymptotic expansion Eq. (2-31) 

does not have to be convergent for every n. It is obtained by assuming that n is 

sufficiently large. but. once the expansion is found. it is assumed to be true for all n. 

In order for Eq. (2-34) to be an acceleration method. the actual form of the 

asymptotic expansion should be chosen so that at least its leading order can be 

summed in closed form. The asymptotic expansion may be a power series 

expansion. but does not have to be. 

In general. the higher the order of the asymptotic form of cn used in Eq. 

(2-34) the faster the subtraction series converges (relative to the index n in Eq. 

(2-34». However. it is usually not desirable for M to be too large because the 

overall efficiency of an acceleration method is not only determined by how many 

terms need to be summed. but also by how many total arithmetic operations or 

function calls have to be executed. A large value of M means many terms in the 

asymptotic form have to be computed. and therefore. a lower efficiency. 

To apply the above principle to the integral kernels. we need asymptotic 

expansions for Gn and Qn' This is done in Appendix A. and the asymptotic forms of 

the second order are already given in Eqs. (2-26) and (2-27). The form of the 

general terms of the expansions is 

(2-35) 

with Ino = I for Gn and Ino .. 0 for Qn' This choice is based on the original form of 

G nand Qn and the fact that 
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(2-36) 

(2-37) 

(2-38) 

(2-39) 

and so on. Thus, the asymptotic forms of Gn and Qn can be summed to any desired 

order for n in closed form, and the AFS acceleration method can be applied to the 

integral kernels. In general, the terms in the m'th order subtraction series of both 

G(x,x') and Q(x,x') have the form 

0[_1_] exp{ -I nl [Ka - i sgn(n) kb ]}, rn ~ rno , 
nm+1 

If instead of (2-35), 

_I exp{ -I nl [Ka - i sgn(n) kb ]}, rn ~ rno ' 
nm 

(2··40) 

(2-41) 

is used, only the asymptotic forms for M - 0 and M - 1 can be summed in closed 

form. thus limiting the available AFS method to zero and first order. 

A FORTRAN program has been written to apply the AFS method to G(x,x') 

and Q(x,x'). Tables 2.4 and 2.5 list the computer run times, in milliseconds. for 
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Table 2.4. Timing for Computing Three Matrix Elements of G(x.x') 

Time in milliseconds 

AFS order Ka ... 1T Ka co 0.1 1T Ka - 0.01 1T 

Direct Sum 8.9(3) 52.0(20) 352.3(135) 

M", 1 13.6(3) 49.8(14) 187.9(56) 

M=2 14.7(3) 47.7(13) 77.6(22) 

Table 2.5. Timing for Computing Three Matrix Elements of Q(x,x') 

Time in milliseconds 

AFS order Ka - 1T Ka ... 0.1 1T Ka .. 0.01 1T 

Direct Sum 13.3(4) 115.2(38) 980.0(325) 

M= 0 17.2(4) 87.6(25) 286.4(84) 

M=2 19.7(3) 73.7(15) 164.1(35) 

computing one matrix element of G and Q. respectively for three different values of 

a. Three different ways have been tested. direct summation. AFS of order M co 1 
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and M os 2 for G. and M - 0 and M - 2 for Q. All of the physical parameters have 

the same values as in Tables 2.1. 2.2 and 2.3. The error in timing is ± 0.1 

milliseconds. The computations were performed on a COMPAQ-plus personal 

computer with an 8087 math coprocessor. The numbers in parentheses are the 

minimum number of terms used to achieve an accuracy correct to five decimal 

places. 

From these two tables. it can be seen that for large Ka values the use of AFS 

is not necessary. Because of the extra time spent in computing the asymptotic forms. 

the AFS method actually increases the computation time. The situation begins to 

reverse for medium Ka values. For very small Ka. the advantage of the AFS is 

obvious and the extra time spent in finding the asymptotic form is justified. The 

tables also show that the higher order AFS is more time-economical than the lower 

order. However. the effect of the AFS saturates as the order of the AFS increases. 

This is more obvious in the last column of Table 2.5. In fact. the saturation effect is 

inherent to AFS. not only because the higher order AFS needs more time for 

computing the asymptotic forms. but also because. for a logarithmically convergent 

series. the convergence of the AFS series usually varies as like 'I.l/nffi (see Eq. 

(2-40». whose convergence rate saturates as In increases. 

The data in Tables 2.4 and 2.5 suggest that different program codes should 

be used for different values of a. that is. direct summation for large Ka and AFS for 

small Ka. But this will considerably increase the complexity of the computer code. 

When the absolute time difference is considered. the large differences only occur for 

small Ka's. where AFS is the optimum approach. Figs. 2.5 (a) and 2.5 (b) give the 
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histograms for the number of matrix elements whose a value falls in each tenth of 

the total grating groove depth for the grating profiles given in Figs. 2.3 (a) and 

2.4 (a). respectively. In a statistical sense. for any given grating profile. the number 

of matrix elements that correspond to medium or small Ka is no less than those that 

corresponding to large Ka. So it is sensible to code the whole integral kernel 

subroutine with the AFS method. In fact. all of the published reports on numerical 

treatments of the integral method (Neureuther and Zaki[l969]. Zaki[ 1969]. Dumery 

and Filippi[1970]. Van den Berg[1971]. and Maystre[1980]) have used AFS of zero'th 

order for Q and first order for O. although the present investigation shows that a 

one or two order higher AFS gives better results. 

So far. we have seen that the use of the AFS method up to the second order 

considerably speeds up the computation of the integral kernels. The result is. 

however. hardly satisfactory. The convergence rate of matrix elements with small 

Ka is still too slow. Meanwhile. increasing the order of the asymptotic form does not 

seem too promising. Is this the end of the road? No. A much better method is 

available. It is described in section §2-5. 

§2-5. ACCELERATION OF CONVERGENCE BY NONLINEAR 

TRANSFORMATION 

This section is the part of Chapter 2 which describes one of the original 

contributions in this dissertation. In order to make things clear. it is further divided 

into the following five subsections. 

1) selection of acceleration method; 
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2) Levin's u-transformation; 

3) application details of the u-transform to integral kernels; 

4) results; 

5) discussion. 

§2-5-1. Selection of acceleration methods 

Because the asymptotic-form-subtraction method described in the preceeding 

section does not provide completely satisfat:tory performance. a more efficient 

acceleration method is needed. The literature on the acceleration of convergence is 

vast. and the available acceleration methods are immerous (Brezinski[ 1977]. 

Wimp[ 1981]). So. the selection of a method that is most suitable for the computation 

of the integral kernels is not a simple task. 

The mathematical theory of the acceleration of convergence is formulated in 

terms of sequence transformations (Wimp[1981]). If a sequence T(s)n' transformed 

from sequence sn' converges faster than sn' the transform T is an acceleration 

method. Sequence transformations can be divided into two different groups. If T 

transforms sequence sn + tn into T(s)n + T(t)n' i.e. if T(s+t)n '" T(s)n + T(t)n' then T 

is called a linear transformation. otherwise T is a nonlinear transformation. 

Although the history of convergence acceleration by sequence transformation can be 

traced back to the early 18'th century. until the 1950's the sequence transformations 

studied were mostly linear. Linear transformations have a very simple structure. 

namely. the components of T(s) can be characterized by weighted means (averages) of 

the components of s. The usefulness of linear transformations is very limited; their 
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acceleration rates are generally linear. Most nonlinear sequence transformations 

were developed after 1950; because of their practical utility in numerical science. 

they are still actively investigated (Brezinski[198S]). In general nonlinear transforms 

are much more powerful than linear transforms. 

Unlike the Kummer's transform method. acceleration methods based on 

nonlinear sequence transformations are problem dependent. There exists no 

transform that can accelerate all convergent sequences. Each transform has its own 

domain of applicability. A transform may work perfectly for one type of sequence 

but fail completely for another. To choose the best transform. one has to know very 

well both the nature of the sequence of interest and the available sequence 

transformations. The choice of the particular transform used in this dissertation is 

based on the analysis made in §2-3 and §2-4. and on some previously published 

numerical testing results. 

In section §2-3. It was shown that the convergence rate of the series for 

G(x.x') and Q(x.x') is logarithmic when a 2! O. Therefore. we need an acceleration 

method which accelerates logarithmic convergence effectively. In 1979 and 1982. 

Smith and Ford [1979.1982] published two papers on numerical testing of nonlinear 

acceleration methods. or accelerators. as they called them. One of their conclusions 

was that the u-transform developed by Levin[1973] is "the clear winner as an 

across-the-board accelerator". and especially. it is "capable of significant acceleration 

of logarithmically convergent series". So we decided to use Levin's u-transform to 

accelerate the convergence of the integral kernels. 
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§2-5-2. Levin's u-transformation 

Levin's u-transform is specifically designed to accelerate convergence of 

series whose terms have the asymptotic form 

an '" -L + 0 [_1_]. 
nP nP+1 

(2-42) 

where p > 1. Let l: an be a convergent infinite series. and Sn be its partial sum. 

For any n ::::: 1 and k ::::: 1. Levin's u-transform is defined as (Levin[I973]) 

k 
~(-l V [~] [E:±l](k-2) ~ 
LJ J n+k an+j 
j=O 

k 
'(-IV [~] [E:±l](k-2)_I 
LJ J n+k an+j 
j=O 

(2-43) 

Notice that the u-transform of an infinite series is a two dimensional infinite rank 

matrix. Theoretically. under certain conditions. Levin's u-transform converges both 

horizontally and vertically. that is. both for n -. +00 and k -. + 00 (Sidi[I979]). For 

conevenience. we call the first index of T kn' k. the vertical order of the u-transform. 

The formula Eq. (2-43) for the u-transform. as given by Levin. is not very 

convenient for direct computation. It can be shown that both the denominator and 

the numerator of Eq. (2-43) can be calculated through a recurrence relation 

(Longman[I980]). Let P kn and Qkn be the numerator and the denominator of Eq. 

(2-43). respectively. Then 

with 

P kn .. nPk_l.n - (n+k)Pk_l.n+1 • 

Qkn co nQk-l.n - (n+k)Qk_l.n+1 • 

(2-44) 

(2-45) 
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Sn 1 
P On .. n2a • .and QOn .. n2a • 

n n 
(2-46) 

and 

(2-47) 

Thus. once the terms and the parital sums are known. the u-transform T kn can be 

obtained through elementary arithmetic operations. that is. additions and 

multiplications. 

To illustrate the power of Levin's u-transform we give as an example the 

computation of the sum 

1 
n2 -

(2-48) 

n=l 

The value of the sum. accurate to the ten'th decimal place. is 1.6449340668. The 

approximation error of a partial sum Sn to the infinite sum can be easily bounded to 

be between lIn and 1 I(n+ l). Thus, if direct summation were used about 108 terms 

would have to be summed to get an answer accurate to the eighth decimal place. 

Table 2.6. lists the first ten partial sums and Levin's u-transform of order k ... 1 

through k .. 9. calculated using the first ten partial sums and double precision 

arithmetics. The acceleration effect of the u-transform is truely astonishing. Using 

numerical values for only the first ten partial sums. and after some simple algebraic 

transformations. Levin's u-transform gives an estimate for the sum of the series 

correct to all first eight decimal places. 
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I 
2 
3 
4 
5 
6 
7 
8 
9 
10 

Table 2.6. Levin's u-Transform for 1: ~ 
n 

Sm (k.n) Tkn 

1.000000 0.9) 1.63976776600 
1.250000 (2.8) 1.64470601082 
1.361111 (3.7) 1.64493107796 
1.423611 (4.6) 1.64493501186 
1.463611 (5.5) 1.64493417740 
1.491389 (6.4) 1.64493405819 
1.511797 (7.3) 1.64493405819 
1.527442 (8.2) 1.64493405819 
1.539768 (9.1) 1.64493405819 
1.549768 

§2-5-3. Application details 
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The example given in §2-5-2 clearly demonstrates the power of Levin's 

u-transform. We note that the first or higher order AFS series for the integral 

kernels given in Eq. (2-40). except for the exponential factor. have the same 

functional form as Eq. (2-42). for which Levin's u-transform is designed. Therefore. 

it seems that Levin's u-transform could be very effective for accelerating the 

convergence of the integral kernels. However. three factors must be considered 

before applying the accelerator. 

First. we pose the question of how deep the acceleration should go. i.e .• how 

large should the vertical order k of the u-transform be. The results in Table 2.6 

indicate that the vertical convergence is faster than the horizontal convergence. 

Actually. this is true in many cases. and can be proved mathematically under certain 

conditions (Sidi[ 1979]). Therefore. in principle. the larger value of the k. the more 
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accurate the sum. In reality. however. one has to consider two questions: what is 

the desired accuracy and what is the achievable accuracy? The desired accuracy 

depends on the ultimate accuracy required for the final answer. and the accuracies 

of other routines used if the acceleration of convergence routine is only a small part 

of an application program. The achievable accuracy depends on the computer 

available for carrying out the computation. When a finite precision computer is 

used. the round off error usually sets the ultimate accuracy limit. 

It is noteworthy in Table 2.6 that the numbers in the fourth column stop 

converging any further after k = 7. This is due to the round-off error. As the 

u-transformed numbers converge to the limit. the round off errors become more and 

more important. When the convergence error. i.e. the difference between the 

u-transformed number and the limit sum. is comparable to the round-off error. the 

u-transformed number cannot converge any further. Finally. when the convergence 

error is smaller than the round-off error. the u-transformed numbers become 

contaminated. Table 2.7 shows just such a scenario. Listed in Table 2.7 are some 

Levin's u-transforms of Il/n2 using partial sum of twenty terms on the left half of 

the table and thirty terms on the right. Again. double precision is used for the 

acceleration routine. In both cases. k - 3 gives very good results. Further 

transforms either do not improve or contaminate the result. This example shows 

that. when using an acceleration method as powerful as Levin's u-transform. over

acceleration should always be avoided. 

When double precision is used for many physical problems. including the 

grating problems. the achievable accuracy is much higher than the desired accuracy. 
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Hence. the main effect of over-acceleration is to unnecessarily increase the 

computation time rather than to contaminate the numerical results. A careful study 

of the recurrence relations Eqs. (2-43) and (2-44) shows that in order to obtain Tkn• 

only the n'th through the (n+k)' th partial sum are involved and the number of 

additions and multiplications is not proportional to k. but to k2
• So. k should be 

chosen to achieve just the desired accuracy. but not larger. to avoid wasting 

computation time. 

Table 2.7. Effect of Over-Acceleration by Levin's u-Transform for.r.-\: 
n 

k + n .. 20 k + n .. 30 

k Tkn k T kn 

2 1.64490973949 2 1.64492726326 
3 1.64493405819 3 1.64493405819 
7 1.64493405819 10 1.64493322372 
II 1.64493405819 15 1.64481914043 
15 1.64493417740 20 1.64264893532 
19 1.64493429661 25 1.63400936127 

The next factor that we consider is the starting point of the partial sum when 

using the u-transform. In fact. this question is related to the first question we just 

discussed. If the numerical values of the terms of the series are very expensive to 

compute. then it make sense to use the minimum number of the partial sums and to 

use large k. provided that the round-off error does not cause a problem. The matrix 

element T kl is called the diagonal element of the u-transform. From Eq. (2-44) and 

(2-45). it can be seen that T kl uses the minimum number of partial sums. the first 
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through the (k+ l) 'tho and gives maximum vertical index k. If the terms are 

inexpensive to compute. then it may be more time effective to use more partial sums 

and reduce the size of k. 

For a series like };1/n2. the structure of the terms is very clear from its first 

term. Therefore. an accelerator can be applied from the very beginning to the 

partial sums to extract useful information about the series and to extrapolate to the 

limits. For the series associated with the integral kernels. however. the behavior of 

the initial terms is not very regular. Also (3n changes from real to imaginary when 

k 2 - O!n 2 changes sign. If the accelerator is used from the beginning. the irregularity 

of the initial terms does not provide any useful information about where the sum is 

going. So in this particular case. it is better to apply the accelerator after the 

propagating orders have been summed. In mathematics. this way of applying an 

accelerator is called deferred application. 

We now consider the last and the most crucial factor. namely the effect of 

the exponential factor exp(-inkb) in Eq. (2-40) on the performance of the 

u-transform. Unfortunately. most of the published work on Levin's u-transform is 

concerned with its application to real series. There are no published results on the 

numerical testing of the u-transform with complex Fourier series. In order to 

investigate the effect of the factor exp(-inkb). we examined the following example. 

The series };cos(nx)/n2 .. Re };exp(inx)/n2 has the known sum -f.t.3x2-6rrx+2rr2). and 

has a structure similar to the subtraction series for the integral kernels Eq. (2-40). 

We first apply Levin's u-transform to the complex Fourier series and then take the 
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real part of the transform. to determine whether the u-transform works with the 

exponential series. Table 2.8 gives the u-transformed results for x = 1.0. and x .. 

2.0. This example and other numerical tests such as the sum of l:exp(inx)/n .. 

. -In/2sin(x/2)/. and l:exp(inx)/ns• which are not shown here. all show acceleration 

effects similar to that shown in Table 2.6. So we conclude that the presence of the 

exponential factor does not present any problem for the applicability of Levin's 

u-transform. 

Table 2.8 Acceleration of Convergence of Re [ l: ex~!nx) ] 

k x - 1.0 x - 2.0 
Sk Tkn Sk Tkn 

1 0.54030231 0.32506788 -0.41614684 -0.49683688 
2 0.43626560 0.32413849 -0.57955772 -0.49665648 
3 0.32626643 0.32413205 -0.32626643 -0.49665835 
4 0.28541370 0.32413730 -0.48196591 -0.49665859 
5 0.29676019 0.32413790 -0.51552877 -0.49665859 
6 0.32343159 0.32413784 -0.49208838 -0.49665859 
7 0.33881735 0.32413778 -0.48929782 -0.49665859 
8 0.33654391 0.32413778 -0.50426125 -0.49665859 
9 0.32529539 0.32413775 -0.49610919 -0.49665859 

"Exact" 0.3241377401 -0.4966585867 

We now recall that the series for the integral kernels are sums from negative 

infinity to positive infinity. For programing convenience. usually the positive n'th 

term and the negative n'th term are combined into one term when the summation is 

performed. When Levin's u-transforms was first applied to the integral kernels 

using this approach. it was noticed that the u-transform did not improve the 

accuracy. but actually made the result worse. After carefully checking the program 
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code and finding no programing errors. we almost abandoned the plan of using 

Levin's u-transform. As a last attempt. Levin's u-transform was applied to the 

integral kernels without grouping the positive and the negative terms together. The 

acceleration effect was immediately achieved I It is this accidental discovery that led 

to the successful application of the u-transform to the integral kernels. 

To explain this unexpected result we reconsider the series Re 1:exp(inx)/n2. 

but this time sum it differently. We move the "Re" operator inside the 1: sign. In 

other words. we sum directly 1:cos(nx)/n2• The u-transform Tkn's for this cosine 

series for x .. 1.0 are listed in the fourth column of Table 2.9. For comparison. the 

second and the third columns of Table 2.9 contain the second and the third columns 

of Table 2.8. Clearly. although Levin's u-transform has tremendous acceleration 

power for the exponential series. it has no acceleration effect on the cosine series at 

all. 

Table 2.9. 
Comparison of Acceleration of Convergence by the u-Transform 

for an Exponential Series and a Cosine Series 

k Sk Re[T kn (ex ponen tial)] T kn (cosine) 

I 0.54030231 0.32506788 0.27627805 
2 0.43626560 0.32413849 0.33565053 
3 0.32626643 0.32413205 0.33701605 
4 0.28541370 0.32413730 0.33737984 
5 0.29676019 0.32413790 0.33739361 
6 0.32343159 0.32413784 0.33724141 
7 0.33881735 0.32413778 0.33706006 
8 0.33654392 0.32413778 0.33692512 
9 0.32529539 0.32413775 0.33686066 

"Exact" 0.3241377401 
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This finding is rather surprising at first. An exact mathematical theorem 

explaining this phenomenon was not found; intuitively it can be explained as 

follows. Although cos(nx)/n2 .. einx /(2n2) + e-inx /(2n2). it should be expected that the 

u-transform will behave differently for the cosine series and the exponetiai series 

since the u-transform is a nonlinear transform. Secondly. unlike linear transforms. 

nonlinear transforms do not simply take an average of the partial sums of a series. 

but rather. they extract information from the partial sums provided and then 

extrapolate to the true sum of the series. This is why nonlinear transforms are so 

powerful. and also so misleading when used improperly. The cosine function cos(nx) 

is a much less regular function than the exponential function exp(inx) in the 

following sense. Suppose we have three terms of the cosine series. an_I ... 

cos[(n-l)xl/(n-l)2. an ... cos(nx)/n2. and an+1 .. cos[(n+l)xl/(n+l)2. Then. as n .... 00. the 

ratio an/an_I E!! cos(nx)/cos[(n-l)xl. is certainly different from the ratio an+l/an E!! 

cos[(n+ l)xl/cos(nx). and they and their absolute values can take any value depending 

on the values of x and n. (In fact. in this case the series fails to be a logarithmically 

convergent series.) On the other hand. for an_I ... exp[i(n-l)xl/(n-l)2. an ... exp(inx)/n2• 

and an+1 ... exp([i(n+l)xl/(n+l)2. we have an/an_I E!! an+dan E!! exp(ix). and I an/an_II E!! 

I an+l/anl E!! 1. as n .... 00. Thus. for the exponential series. a few partial sums are 

sufficient to tell the accelerator where the infinite sum is going. Whereas. for the 

cosine series. unless a large number of partial sums are used. the message passed to 

the accelerator is not clear. and the accelerator gives back a wrong guess. 

It should be mentioned that in the paper by Smith and Ford[19821 on 

numerical testing. they reported testing some of the nonlinear accelerators on cosine 

series. and they showed that. among other nonlinear accelerators. the u-transform 
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actually degraded the convergence of the real Fourier series tested. and only the 

f-algorithm (Wynn[1956]) was capable of moderate acceleration of a real Fourier 

series. Some readers of their draft paper suggested that a better way to sum Fourier 

series is to apply a complex version of the accelerators to complex Fourier series and 

take real and imaginary parts of the results. It was their plan to conduct test on 

complex Fourier series. but to the time of writing this dissertation. such test has not 

been conducted t. 

To summarize. in this subsection we have shown that. to use the u-transform 

most effeicently. the size of the transform should be chosen to avoid any over

acceleration. For a series with irregular initial terms. application of the accelerator 

should be deferred until the behavior of the series has settled down. When applying 

the u-transform to a series that asymptotically behaves like a Fourier series. the 

exponential form should be used. Overlooking any of these details could greatly 

reduce the effectiveness of the accelerator or even lead to catastrophic results. 

§2-5-4. Results 

We now are in a position to demonstrate the acceleration effect of the 

u-transform on the integral kernels. The desired computation accuracy for the 

integral kernels depends on the desired accuracy in the grating efficiencies and the 

accuracy of the numerical integration. For illustration purposes. in this subsection. 

we assume it is 10-5• The data in Table 2.6 and Table 2.8 show that k ... 3 or 4 is 

t Confirmed by private communication between the author and D. A. Smith. 
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sufficient to obtain this accuracy. So. throughout this subsection and the next 

section. we set the vertical order of the u-transform to 4. 

Table 2.10 and Table 2.11 show the convergence of G(x.x') and Q(x.x') 

respectively with Levin's u-transform for Ka ... 0.0l7r. the slowest convergence case 

in the examples shown previously in section 62-3 and 62-4. As before. J means the 

number of terms used in the computation and M means the order of the AFS. When 

comparing Tables 2.10 and 2.11 to Table 2.3. the effect of the accelerator on the 

convergence is absolutely spectacular. After the u-transform was applied. less than 

ten terms of the series for G(x.x') or Q(x.x') produce a s~m as accurate as that 

produced by the direct summation of thousands of terms and hundreds of terms by 

the AFS method. 

Table 2.10. Convergence of G(x.x') by the u-Transform for Ka .. 0.0l7r 

J direct sum M ... I M ... 2 

J ... 5 (0.17960.-0.10735) (0.18032.-0.10756) (0.18035.-0.10760) 

J ... 8 (0.18034.-0.10762) (0.18034.-0.10762) (0.18034.-0.10762) 

"exact" (0.18034.-0.10762) 



59 

Table 2.11. Convergence of Q(x.x') by the u-Transform for Ka .. 0.0 ItT 

J direct sum M - I M ... 2 

J=5 ( 0.03865.0.57948) (-0.00118.0.59044) (-0.00108.0.59056) 

J=8 (-0.00 I 02.0.59059) (-0.00 I 04.0.59055) (-0.00 I 04.0.59055) 

"exact" (-0.00104.0.59055) 

Although the u-transform is specifically designed for accelerating series of 

the type of Eq. (2-42). it is also very effective for some other types of series. In 

Tables 2.10 and 2.11. the results of applying u-transforms to the integral kernel . . 

series without AFS are also shown. In this case. p in Eq. (2-42) is I for G(x.x') and 

o for Q(x.x'). Since the u-transform is so effective. the difference between using 

AFS and not using AFS (direct summation). or between AFS of different orders. 

cannot be deduced from these two tables. The effect of the different AFS orders 

will be shown in the timing tables below. 

When conducting a numerical convergence test. it is always useful to know in 

advance the limit to which a numerical sequence converges. For the integral kernels 

G and Q. however. there are no closed form analytical expressions available. and 

therefore other methods have to be used. In this chapter. the "exact" values used 

for comparison are obtained by using the second order AFS with the u-transform for 

sufficiently large order partial sums. In addition. as a means of verification. all 

----------------------------------------------------
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other methods we have described here are used for a very large order of the partial 

sums. It is observed that when partial sum orders get very large, the numbers from 

all different routines converge to one number, the "exact" number. 

Table 2.12. 
Timing for Computing Three Matrix Elements of G(x,x') by the u-Transform 

Time in milliseconds 

AFS order Ka '" O.hr Ka'" 0.0111' Ka '" 0.0 

Direct Sum 34.5(6) 38.3(7) 39.4(7) 

M ... I 37.5(6) 37.5(6) 34.7(6) 

M ... 2 35.2(5) 39.1(6) 36.0(6) 

Table 2.13. 
Timing for computing Three Matrix Elements of Q(x,x') by the u-Transform 

Time in milliseconds 

AFS order Ka .. O.hr Ka .. O.Ohr Ka .. 0.0 

Direct Sum 40.9(8) 47.9(10) 46.8(11) 

M",O 38.1(6) 42.1(7) 35.0(6) 

M ... 2 48.1(6) 53.2(7) 44.3(6) 
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The execution times for computing a matrix element of G(x.x') and Q(x.x') by 

Levin's u-transform are given in Tables 2.12 and 2.13. Once again. the physical 

parameters have the same values as those in Tables 2.1 through 2.5, except that the 

case of Ka =- 1T is not included here since it does not present any convergence 

problem. Instead. the case of Ka a 0 is considered. The reason that Ka = 0 was not 

included in Tables 2.4 and 2.5 is simply because the convergences of G and Q are 

so slow that it was virtually impossible to sum up the series by direct summation or 

by the AFS method. Just as in Tables 2.4 and Table 2.5. the time scale is in 

milliseconds and the numbers in the paratheses are the minimum number of terms 

needed to get five decimal place accuracy. 

The data in Tables 2.12 and 2.13 really do not show very much difference in 

convergence speed between the different AFS orders and whether AFS is used or 

not. Generally. the computations without AFS ( direct summation) use more terms 

than those with AFS. The computation times spent for direct summation and for the 

second order AFS are comparable to each other. but are both longer than the lowest 

order ( Mal for G and M - 0 for Q ) AFS. Compared with the numbers in 

Tables 2.4 and 2.5. the time for computing each matrix element to the same accuracy 

has been greatly reduced. and the reduction rate is higher for the slower 

convergence case. Even for the case Ka - 0 which it was not possible to include in 

Tables 2.4 and 2.5. the series converge equally well as those for moderate a values. 

Note that in all cases when the AFS method is used the number of terms needed for 

achieving the specified accuracy is never greater than 7. 

As explained in §2-5-3. the application of the u-transform should be deferred 
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until the propagating orders of the grating have been summed up. The grating 

structure that we have been using in the preceding examples allows two propagating 

orders. Generally speaking. for gratings used in waveguide structures the number of 

propagating orders is usually two. certainly never greater than five. Since we have 

decided to choose the vertical order of the u-transform to be 4. using seven as the 

number of terms in the summation is just about right for the deferred application of 

the accelerator. To raise our confidence in the results. we increase the number of 

terms to nine and use for the rest of this chapter. In fact. this number has been 

adopted as the standard number for summation of the series of the integral kernels 

since this investigation began. 

Up to this point. we have studied the computation of individual matrix 

elements. Next. we study the computation of an entire matrix for G and Q. As 

pointed out in §2.4. in order to avoid complicating the program structure. it is better 

to use the whole acceleration routine for all values of Ka. Note that when the 

u-transform is used with the AFS method. the number of terms needed for Ka :!: 0 is 

about the same size as that for Ka ~ 1 when direct summation is used. Hence. we 

can set the number of summation terms to nine for all Ka values. To avoid 

unnecessary acceleration of the convergence of the series when Ka ~ 1. a test is 

done after each term has been summed. If the absolute value of a term I an I is less 

than the absolute value of the partial sum I Sn I times a small positive number € > O. 

that is. if 

lanl <€ISnl. (2-49) 

then the sum is terminated. and acceleration routine is bypassed. Otherwise. after 

nine terms are summed. the terms and the partial sums. which are already computed 

---'-"---~ --.-- --- - .. ---.- .. -.--~.~---------~------ ---------------------
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and stored in arrays. are passed to the accelerator; the u-transformed sum is taken to 

be the sum of the series. 

The importance of choosing an appropriate value for € should be stressed. If 

€ is too small. it will lead to many unnecessary accelerations; if it is too large. many 

matrix elements that should be passed through the accelerator will be missed. The 

choice of € depends on the number of terms summed. Since we have chosen the 

number of terms to be nine and a desired accuracy to be 10-5• choosing € to be 10-6 

is appropriate. Unless the series converges reasonably rapidly. the inequality (2-49) 

is not valid for n = 9. For example. using the physical parameters in the previous 

examples. when Ka = fr. the nineth term of the G or Q is aproximately e-9rr ~ 10-13 

« 10-6• but when Ka .. O.h. the ninth term of the G or Q is approximately e-9•O•lrr 

~ 5.10-2 »10-6• Tables 2.4 and 2.5 indicate that the former does not need any 

acceleration. but the latter does. 

In numerical mathematics the concept of a matrix norm is used to measure 

the error in the computation of a matrix. Matrix norms can be defined in many 

different ways. The particular matrix norm we will use is called the F-norm. or 

Frobenius norm (Golub and Van Loan[1983]). Let A = {aU} be an N by N matrix. 

Then the F -norm of A is denoted by II A II F and given by 

(2-50) 

Suppose or is the computed approximation to the matrix G. Using the F-norm. the 

error norm of this approximation is given by 
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(2-51) 

Similarly, 

(2-52) 

Table 2.14 gives the computation time and error norms for G and Q. The 

integral kernels are computed for a sinusoidal grating of depth II. Grating period, 

wavelength, and incident angle are the same as before. In the table, GI stands for 

G(x,x') computed with the first order AFS, and G'J. stands for G(x,x') computed with 

Levin's u-transform after the first order AFS. There are similar definitions for QI 

and Q'J.' but the zeroth order AFS is used. . In the computations, 20 terms were used 

for G I and QI' and 9 terms were used for G'J. and Q'J.' In all cases, the grating period 

was divided into ten equal intervals, so that the matrix was 10 by 10. The error 

norms were computed by using the results obtained from the routines that employ 

second order AFS and Levin's u-transform for large order partial sums. From the 

table it can be seen that, in general, the routines using the u-transform required 

about two thirds to three quarters of the time that the routines required without the 

u-transform. And yet the former can achieve an error two orders of magnitude 

smaller than the latter. 

It is noteworthy that the absolute size of the error norm, as defined by Eqs. 

(2-50), (2-51,) and (2-52), is directly proportional to the dimension of matrix. So the 

error norms listed in Table 2.14 indicate that the average size of the error for each 

matrix element is about one tenth of the error norm. Thus, the matrix elements have 

about five to six decimal places of accuracy, almost the allowed precision for a 

single precision number. In fact, the largest the contributions to the error norm are 

._.- .. _ ...• _._---------------------
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Table 2.14. 
Timing for computing G(x.x') and Q(x.x') and the Convergence Errors 

computation time in seconds / error norm 

method Iz - 0.1 Iz - 0.5 Iz ... 1.0 

G1 6.23/8.7.10-4 4.46 / 8.7.10-4 3.13/8.7.10-4 

G2 4.59 / 6.6.10-6 3.50 / 6.2.10-6 2.59 / 6.2.10-6 

Ql 6.35 / 7.6.10-4 4.81 / 2.2.10-3 3.49 / 4.3.10-3 

Q2 4.43 / 2.0.10-5 3.64 / 3.9.10-5 2.81 /9.3.10-5 

due to the matrix elements with small Ka. 

Table 2.14 indicates that gratings with deep grooves take less computation 

time than gratings with shallow grooves when the matrix dimension is fixed. 

However when the grating grooves become deep. the number of the numerical 

integration intervals. N. should increase accordingly. When N increases. the number 

of matrix elements with small values of a also increases. More importantly. the 

number of matrix elements is proportional to N2. Hence the overall computation time 

increases rapidly as the grating groove depth increases. 

§2-5-5. Discussion 

In this section we have provided examples which show the effectiveness of 

the u-transform on the convergence of the integral kernels. By using the u-transform 

in a careful fashion. the computation time can be reduced dramatically. and the 
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computation precision can be increased almost to the limit that the computer's 

precision allows. The method is very effective and simple. All of the operations 

involved are arithmetic. 

During this research. two other nonlinear accelerators. namely the E-algorithm 

and the Levin's t-transform (Levin[1973]). were also used in an attempt to accelerate 

the convergence of the integral kernels. However. they do not perform as well as 

the u-transform. mainly due to the mismatch between the accelerators and the nature 

of the series for the integral kernels. The t-transform is designed to accelerate 

alternating series. and the E-algorithm does not work well for logarithmic series. The 

choice of the u-transform derives from an inexhaustive literature search and limited 

numerical experimentation; therefore it may not be the best available accelerator for 

the integral kernels. Nevertheless. because the number of the terms has been cut to 

under ten. it is undoubtedly one of the best. 

Finally. it should be mentioned that the use of nonlinear transforms to 

accelerate the convergence of the integral kernels was briefly attempted but 

abandoned by Zaki[1969]. The accelerator used by Zaki was Shank's transform 

(Shank[1955]). for which Wynn developed the E-algorithm. a very efficient formula 

for numerical evaluation. Zaki reported that using Shank's transform consumed 

more computation time than the AFS subtraction method. and that sometimes a zero 

denominator occured for the lowest order Shank's transform. The failure of Zaki. in 

the present author's opinion. was mainly due to the fact that the E-algorithm does not 

work well for logarithmic series. Secondly. the E-algorithm has certain singularities 

depending on the series. but in principle these singularities can be removed. It is 
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not clear whether Zaki summed the positive terms and the negative terms separately 

when using Shank's transform. 

§2-6. SUMMARY 

In this chapter. we have shown that the integral method of diffraction grating 

theory is time costly. mainly because of the large amount of time spent in computing 

the integral kernels. In an effort to reduce the computation time. we studied the 

convergence of the integral kernels and found that the slow convergences occur for 

certain matrix elements. which correspond to small Ka. We studied six different 

ways of computing the integral kernels: the direct summation. the AFS of the lowest 

order. the AFS of the second order. and their counterparts with the u-transform. Of 

these six methods. each of the three methods using the u-transform is better than all 

of the methods which do not use the u-transform. Amongst the first three methods. 

the one which uses the lowest order AFS in conjunction with the u-transform is the 

best. It is recommended that this method be used for the computation of the integral 

kernels. Maystre[1980] has suggested that N. the number of samples along a grating 

period be six per wavelength. and. J. the number of terms for the integral kernel 

summation be about two thirds of N. provided that N is not below twenty and J is 

not below fifteen. As the grating depth increases. both Nand J should increase as 

well. The result of this investigation has dissagreed with the rule regarding the 

choice of J. With the u-transform plus the lowest order AFS. J can be fixed for all 

situations and kept at or below ten. 

Finally. we point out that the acceleration methods considered in this chapter 
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only decrease computation time for each individual matrix element. However. the 

number of matrix elements is an even bigger time cost factor. Since the integral 

kernels are not very smooth functions of x and x'. in order to have high accuracy in 

integration. the number of integration steps has to be sufficiently large. 

Furthermore. as far as the application to the grating problem is concerned. the effect 

of acceleration of convergence has only a limited to impact on the total computation 

time. because the accuracy in the final result is determined mainly by the integration 

accuracy. If the numerical integration is performed with very low accuracy. then it 

is not necessary to compute the integral kernels with high accuracy. The method 

developed in this chapter is most useful when used with high accuracy integration. 

The problem of obtaining high accuracy integration with a small number of 

integration steps is a difficult one. and will be included in future work. 

- - - -- ---------- --------------------
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APPLICATION OF DIFFRACTION ORA TINO THEORY TO 

WA VEOUIDE ORA TINO ANALYSIS VIA RAY OPTICS 

§3-1. INTRODUCTION 
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In this chapter we are concerned with the analysis of waveguide gratings. 

Specifically. we will deal with waveguide grating structures such as those shown in 

Figs. 3.1 (a) and (b). The terminology "waveguide grating" is used in this chapter to 

mean a slab waveguide with one boundary periodically corrugated. We assume that 

the grating period is strictly a constant. and that the grating lines are straight. that is. 

we do not consider curved or chirped gratings. In addition. we assume that the 

electromagnetic waves within the waveguide gratings propagate in a plane 

perpendicular to the grating grooves. i.e. the gratings operate in the non-conical 

diffraction configuration. However. the grating profiles can be arbitrary. and the 

grating groove depths are not necessarily shallow. 

The grating structures depicted in Figs. 3.1 (a) and (b) correspond to a 

distributed feedback reflector and a distributed coupler. respectively. From an 

engineering point of view. the analysis of a waveguide grating addresses the question 

of the reflectivity of a grating reflector. or of the coupling efficiency of a grating 

coupler. From a physical point of view. however. the basic question for both 

devices is the same: what is the attenuation coefficient of the guided-wave inside the 

waveguide grating structure? It is this attenuation coefficient. often denoted by " for 

a grating reflector. and at for a grating coupler. that characterizes the physical 

~ ~~-~~---------------------



(a) 

(b) 

Figure 3.1. Schematic diagrams of (a) a distributed grating reflector. (b) 
a grating coupler. 
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system. Once" or <X has been determined. obtaining the reflectivity of the grating 

reflector or coupling efficiency of the grating coupler is straightforward (Neviere et 

al.[1973a,b,c]. Neviere[1980]. Ulrich[l973]). Therefore in this chapter we are only 

concerned with the calculation of the attenuation coefficient K. or <X. 

Ever since the early work by Dakss et al. in 1970. waveguide grating 

structures have received considerable attention due to their enormous importance in 

device applications. The interaction between electromagnetic guided-waves and the 

waveguide grating structure is well understood by now and numerous analytical tools 

are available for device characterization and design. Therefore. a few words are in 

order to justify the writing of this chapter. A quick review. such as that included 

in the next section. reveals that the analysis of waveguide gratings is mathematically 

quite complicated. In the opinion of this author. amongst all of the existing theories. 

there is one common feature. that is a lack of physical appeal. One cannot obtain 

insights into how electromagnetic waves interact with a waveguide and a grating in a 

waveguide grating structure. Actually. most mathematical difficulties are centered 

on the treatment of the grating boundary. In this chapter. we first treat separately 

the grating and the waveguide problems using appropriate techniques. Then 

applying some basic symmetry theorems of diffraction grating theory. and ray optics 

techniques. we combine the grating and the waveguide results to derive the 

characteristic equation. which in turn gives the attenuation coefficient. This strategy 

isolates. if not removes. the mathematical difficulties associated with the grating. and 

reveals the interaction between the light and the waveguide grating structure. The 

ray optics approach has been used previously by some authors for the waveguide 

grating analysis. but their analysis was phenomenological. In this chapter. we 
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undertake a rigorous. systematic study of this approach and develop a new theory 

for analyzing waveguide gratings. 

Partially because of the author's experience working in diffraction grating 

theory. the above strategy was motivated by the following questions: is a waveguide 

grating still a diffraction grating? If yes. how are the diffraction efficiencies of a 

waveguide grating linked to its attenuation coefficient? These questions have not 

been answered adequately in the literature. In this chapter we try to give better 

answers. 

This chapter is divided into five sections. In §3-2. we briefly review some of 

the waveguide grating theories. In §3-3 we first decompose the waveguide grating. 

review the ray optics techniques. recall some basic results from the diffraction 

grating theory. consider lateral shifts on grating diffraction. and then derive the 

general equations of propagation for optical rays and the characteristic equation. In 

§3-4. we discuss the validity and accuracy. and advantages and disadvantages of the 

new ray optics theory. We summarize this chapter in §3-5. 

§3-2. SURVEY OF WAVEGUIDE GRATING THEORIES 

There exist a large number of waveguide grating theories in the literature. 

which include. to name just a few. the coupled mode theory (Marcuse[1974]. Streifer 

et al.[1975.1976]. Yariv and Nakamura[1977]. and Popov and Mashev[1985a. b]). the 

perturbation theory (Tamir and Peng[1977]. Stegeman et al.[1981]. and Wlodoczyk 

and Seshadri[ 1985]). the Born approximation method (Harris et al. [1972]). the 

---------------------------------------
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equivalent current theory (Wu[ 1987]). the ray optics method (Marcuse[ 1974] • 

. Zory[ 1976]. Sychugov and Ctyroky[ 1982]. and Sychugov and Tishchenko[ 1982]). and 

the resonance methods based on diffraction grating theories (Neviere et al.[1973a.b]. 

Dabby et al.[1972]. Sakuda and Yariv[1973]. Hope[1972]. Chang et al.[1980]. Peng et 

al.[1975]). etc.. It is not necessary to review all of them. Here we only sketch out 

the basic approaches. and comment on the main features of the coupled mode theory. 

the perturbation theory. the resonance method. and the ray optics method. 

In the coupled mode theory. the electromagnetic waves are expanded into the 

normal modes of the unperturbed waveguide. The modes are mutually orthogonal 

and they form a complete set. The grating enters the problem as a periodic variation 

of the polarizability of the media. which serves as a source term in the Helmholtz 

equation. Coupling occurs when two modes are phase matched. The validity of the 

coupled mode theory is limited to shallow groove gratings. Its main advantage is its 

simplicity and the notion of mode coupling. The orthogonality and the completeness 

of the modes make the mathematical treatment very easy and the notion of mode 

coupling provides us a convenient concept for describing the physical phenomenon. 

However. the physical mechanism by which the modes interact with the grating is 

not very clear. Everything appears inside the source term of the Helmholtz equation 

and is taken care of by mathematics. 

In the perturbation theory. the total electromagnetic waves are expressed as 

series expansions in terms of a small parameter. which characterizes the strength of 

the grating surface modulation. Usually only the first order fields are retained. The 

analysis is completed by ensuring that the fields satisfy boundary conditions at both 
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the grating boundary and the planar waveguide interface. and by solving for the 

relevant field amplitudes. The attenuation coefficient is normally obtained by a 

guided wave power loss calculation. The advantage of this method is that higher 

order approximations can be obtained if one is willing to engage in more complicated 

algebra. Although this method deals directly with the decay or growth of field 

amplitudes or power. just exactly how the fields change is not expressed explicitly. 

The analysis of the interaction between the fields and the waveguide grating is 

accomplished once the boundry condition is satisfied. 

In the resonance method. any diffraction grating theory can be used to 

determine the attenuation coefficient of a waveguide grating structure. By virtue of 

the linearity of Maxwell's equations. all diffraction grating theories. whether in the 

integral formalism. the differential formalism or others. reduce the evaluation of the 

diffraction efficiencies to the solution of a linear system of equations. such as 

M a .. b. (3-1) 

where M is a matrix. b is a column vector related to the incident field. and a is a 

column vector related to the diffracted fields. To obtain the attenuation coefficient 

the right hand side of Eq. (3-1) is set to zero. Physically. this amounts to searching 

for the resonance conditions of the waveguide grating structure. in other words. the 

conditions for which nonzero fields will exist in the absence of external stimulating 

sources. Mathematically this is achieved by finding solutions for the following 

equation 

Det[M(O/)] - 0 . (3-2) 
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The real part of the solution for the complex propagation constant oft gives the shift 

in the mode index of the guided waves and the imaginary part gives the attenuation 

coefficent. This method is rigorous provided that the diffraction grating theory used 

is rigorous. It clearly shows that the attenuation coefficient is related to the 

resonance of the waveguide grating structure. Its main disadvantage ,is that it is 

mathematically too sophisticated and computationally too expensive. Furthermore. 

although it gives the attenuation coefficient a profound physical meaning. it yields no 

physical picture for the interaction between the light and the waveguide grating. 

Unlike the resonance method or the boundary perturbation method. in which 

the grating and the waveguide structure are treated together. in the ray optics 

method. the grating and the waveguide are treated separately. Intuitively. the upper 

boundary of the waveguide grating structure in Fig. 3.2 only provides a guiding 

function. while the lower grating boundary provides both guiding and the coupling 

functions. The ray optics method treats the propagation of the guided wave by ray 

optics techniques and treats the interaction between the guided wave and the grating 

as grating diffraction. The grating diffraction characteristics are assumed to be 

known. Therefore the mathematical complication is avoided and the physics is 

emphasized. 

To the author's knowledge. the first person to apply the ray optics method to 

waveguide grating analysis was Marcuse[19741. who analyzed hollow dielectric 

t Here we depart from the conventions of the waveguide grating literature and 

follow the conventions of the diffraction grating literature. 

-~-- --.~---.. ------.. ---
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waveguides with sinusoidal deformations. The geometry shown in Fig. 3.2 has a 

guided wave (solid line) incident from the left. At the grating boundary it generates 

diffracted waves (shown as dashed lines). When the diffracted waves are phase 

matched to the waveguide resonance their amplitudes increases along the propagation 

direction. Assuming that the grating is weak and using this simple geometric 

picture. Marcuse was able to derive the exact same expression as obtained using 

coupled mode theory. provided that the effective waveguide thickness was used in 

place of the actual waveguide thickness. The ray optics idea was also used by 

Zory[1976]. who gave the following general expressions for /G and at 

l1mn 
atn - L' m 

(3-3) 

(3-4) 

where m is the mode index. l1mn is the diffraction efficiency from the m'th mode to 

the n'th mode or the n'th leakage channel. and Lm is the length of one complete 

zigzag path including the Goos-Haenchen effect. How Zory derived these 

expressions is unknown. but he called Eqs. (3-3) and (3-4) phenomenological 

expressions. In fact. these expressions have the following interpretation. For every 

zigzag path. a part of the energy proportional to l1mn is redirected to the n'th mode. 

(The square root in Eq. (3-4) simply means that interference occurs for coupling 

between the forward and backward traveling guided waves.) The same expressions 

were also used by Sychugov and Ctyroky[ 1982]. and Sychugov and 

Tishchenko[1982]. Their derivation was also phenomenological. based on the use of 

a complex refractive index in the dispersion relation for a slab waveguide. 
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Figure 3.2. Ray optics diagram for Marcuse's ray optics derivation of 
grating coupling coefficient. 
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Figure 3.3. Decomposition of a waveguide grating. (a). A waveguide 
grating. (b). A fictitious slab waveguide. (c). A fictitious diffraction 
grating. 



78 

The previous analyses employing the ray optics techniques mentioned above 

are rather crude. For example, the depletion of the incident wave is assumed to be 

negligible and the rediffraction of the diffracted waves (indicated by the dotted line 

in Fig. 3.2) is ignored. Also the phase contributions of the diffracted waves are not 

considered at all. In the analysis given in the next section, all these effects are 

included properly. 

§3-3. RA Y OPTICS THEORY OF WA VEGUIDE GRATING ANALYSIS 

In order to systematically study waveguide gratings by ray optics methods, 

we need two tools, namely the ray optics techniques and the symmetry properties of 

grating diffraction amplitudes. In §3-3-1, the waveguide grating structure is 

decomposed into a slab waveguide and a diffraction grating. This decomposition 

allows the use of ray optics and calls for the study of grating symmetry properties. 

In §3-3-2, we use ray optics to derive the characteristic equation or the dispersion 

relation of a slab waveguide. It serves two purposes. One, it introduces the 

necessary ray optics techniques for the study of waveguide gratings. Two, it 

provides an exercise in deriving the characteristic equation for waveguide gratings. 

The symmetry theorems of diffraction grating theory are presented in §3-3-3. The 

treatment of Goos-Haenchan-type lateral shifts that occur at a grating plane is 

considered in §3-3-4. The formulation of the new ray optics theory is given in 

§3-3-S. 
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§3-3-1. Decomposition of a Waveguide Grating 

Depicted in Fig. 3-3 (a) is a waveguide grating. This structure is assumed to 

be invariant in z direction (perpendicular to the paper) and extends to infinity in the 

x direction. In the y direction the structure can be divided into four regions. 

Region I. II. and IV are uniform and characterized by constant refractive indices. 

Region III is nonuniform and is characterized by the periodic variation in refractive 

index. In the electromagnetic theory of diffraction gratings the light fields in the 

uniform regions can be expressed in terms of plane wave expansions (Petit%[1980]). 

To be specific. in this chapter we assume that all of the electromagnetic waves in a 

waveguide structure are TE polarized. In particular. the (scalar electric) field in 

region II can be written as 

+00 
Ell - L [Anei(QnX-PnY) + Dn ei(QnX+PnY)] (3-5) 

n=-oo 

where An and Dn are constant complex amplitudes. and 

K k . 6 K ... 21T tin ... tia + n • tia .. sin • d . (3-6) 

} { In 'k' -a ' if n22k2 - tin 2 > 0; 
2 n • 

Pn ... 
i Jtin 

2 - n22k2. if n22k2 - tin 2 < 0 . 
(3-7) 

For region III. however. such a plane wave expansion is normally not available. 

Assuming the existence of a plane wave expansion in region III implies invokation of 

the controversial Rayleigh hypothesis (Lippmann[ 1953]. Maystre[ 1984]). 

The fact that the field in region II can be expressed by a plane wave 
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expansion suggests that we can decompose the waveguide grating along the line y co 0 

into two structures. as shown in Figs. 3.3 (b) and (c). Fig. 3.3 (c) simply shows a 

diffraction grating. whose response to incident plane waves can be calculated by 

many standard electromagnetic grating theories. Fig. 3.3 (b) shows a slab waveguide. 

Since the field in region II is a superposition of discrete plane waves. as will be 

indicated in the next subsection. ray optics can be applied successfully to the slab 

waveguide. However. there is a difference between the imaginary slab waveguide of 

Fig. 3.3 (b) and the real slab waveguide. because the behavior of the rays at the 

lower boundary of the imaginary waveguide is determined by the laws of grating 

diffraction. not by the law of total internal reflection. 

Eq. (3-5) shows that there are an infinite number of plane waves in region II. 

Fortunately. because of Eqs. (3-6) and (3-7). only a finite number of them truely 

propagate. The remainder are nonpropagating waves with large exponential decay 

rates in the y direction. Furthermore. theoretical calculations show that these 

nonpropagating waves do not carry energy. In the ray optics method. only the rays 

associated with propagating waves are considered. This is only an approximation. 

because. although the nonpropagating waves do not carry energy. they are needed to 

satisfy the boundary conditions. Usually the number of propagating waves in a 

waveguide grating structure is very small. Therefore we only need to trace only a 

few rays in the waveguide and to consider grating diffraction for only a few 

incident waves. 

We emphasize that it is the plane wave representation of the field in region 

II that permits the decomposition of the waveguide grating and the application of the 
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ray optics techniques. 

§3-3-2. Ray Optics Techniques 

Ray optics describes the propagation of light fields in terms of rays. which 

are normal to the surfaces of constant phase of the plane waves that comprise the 

light field. Light rays are the mathematical abstraction of narrow light beams. 

Light rays travel in straight lines in homogeneous optical media and they change 

propagation direction at the optical discontinuities according to the usual reflection 

and refraction laws. just as light beams do. 

Fig. 3.4 (a) shows a slab dielectric waveguide. From electromagnetic theory 

we know that the characteristic light fields inside the waveguide consist of a 

superposition of plane waves. Using the ray optics notion. we can represent these 

plane waves by light rays. When the angles that the rays form with the boundary 

normal are greater than the critical angles. the rays are total-internal-reflected at the 

waveguide boundaries. Therefore there is no loss of energy and the rays bounce 

between the two boundaries of the waveguide in a zigzag path as the light wave 

propagates along the waveguide. 

In order to derive the characteristic equation of the waveguide. we need 

phase information about the rays when they travel and when they are total-internal

reflected. The notion of phase does not originally belong to ray optics. It 

corresponds to the notion of optical path in ray optics. When a ray travels in a 

continuous medium. its phase change equals the vacuum wavevector of the plane 
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wave it is associated with. times the optical path length it travels. When a ray is 

reflected at a discontinuity. its phase experiences a sudden jump. The size of the 

phase jump can be calculated by electromagnetic theory. 

We are now ready to give a ray optics derivation of the characteristic 

equation of a slab waveguide. In Fig. 3.4 (a). xa and xb are two consecutive points 

at which a ray is reflected at the lower boundary. Let a be a point located on the 

path of the ray just after it is reflected by the lower boundary. that is the abscissa 

for point a is xa+O. Point b is defined similarly. Since all rays propagating in the 

same direction are associated with the same plane wave. if the ray at point a has 

unity amplitude. the ray at point b will have amplitude exp(ikon2 sin () lab)' where lab 

is the distance between point a and b. ko is the vacuum wavevector. and n2 is the 

refractive index of the guiding medium. On the other hand. when we follow the 

path a-'c-.b. the phase of the ray at point b would be 

kon2(lac + lcb ) + ¢J12 + ¢J23 

where ¢J12 and ¢J23 are the phase changes due to total internal reflection at the upper 

and lower boundary. respectively. Hence we have obtained two different 

expressions for the phase of the ray at point b. If the plane waves with which the 

rays are associated indeed correspond to a characteristic mode of the waveguide. the 

two expressions can only differ by a multiple of 2". Thus we have 

kOn2( lac + lcb - sin () lab) + ¢J12 + ¢J23 ... 2 mIT. 

or 

(3-8) 

This is the well known characteristic equation. or the dispersion relation. of a slab 

waveguide. 
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Figure 3.4. Ray optics pictures of wave-guiding in a slab waveguide. (a) 
without Goos-Haenchen shifts. and (b) with Goos-Hanechen shifts. 
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If we were to use electromagnetic theory to derive the dispersion relation. we 

would have to find field expressions in all of the media. match the boundary 

conditions. and solve for conditions which allow the existence of nontrivial solutions. 

Indeed. we could derive the same equation. but much of the physics would have 

been lost in the mathematics. 

We now reconsider the derivation of Eq. (3-8). Although we used ray optics 

language throughout the derivation. we actually relied on our a priori knowledge 

about the plane wave representation of the optical field in the waveguide every step 

of the way. It is the propagation direction of the plane waves that gave the 

propagation directions of the rays. It is the plane waves that gave the concept of 

phase to the ray. and electromagnetic wave theory had to be used to calculate the 

phase change on reflection. . Simply put. it is the validity of the plane wave 

representation that assures the success of the ray optics analysis. This point is very 

important in our ray optic analysis of waveguide gratings. 

Next we consider the inclusion of the Goos-Haenchen shift into ray optics. 

Both experimental and theoretical studies have shown that when a beam of finite 

width is totally internal-reflected at an interface. the beam undergoes a tiny lateral 

shift. called the Goos-Haenchen shift (Lotsch[1968]). For a plane wave. however. it 

is meaningless to talk about a lateral shift because a plane wave has infinite extent. 

Thus. on one hand. a plane wave can be represented by an light ray. and on the 

other hand. a ray is analogous to a light beam of finite extent. The question 

therefore arises as to whether the Goos-Haenchen shift should be included in the ray 

optics picture? Numerous comparisons between the results obtained by 
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electromagnetic theory and ray optics methods show thaI. whenever energy 

distribution or energy transfer is considered. the two theories agree only when the 

Goos-Haenchen shift is included in the ray optics method (Kapany and Burke[l972]. 

Kogelnik and Weber[1974]). Thus. the geometric picture of the waveguiding in Fig. 

3.4 (a) is not entirely correct. It should be modified as shown in Fig. 3.4 (b). In this 

case the accumulated phase change should be calculated along the path a-+c'-+c-+b'-+b. 

Anticipating a question posed in §3-3-4. we point out that to find the phase changes 

on path c'-+c and b'-+b. the wavevector n2kO sin 0 and not n2kO should be used. It is 

easy to verify that the inclusion of lateral shifts in the geometric picture does not 

alter the final characteristic equation Eq. (3-8). 

The lateral shifts at the waveguide boundaries can be calculated from the 

following formula(Artmann[1948]. Kogelnik et al.[1973]) 

A __ ... _ §!! 
~ 8Of. • (3-9) 

where ¢ can be ¢12 or ¢23' and Of. is the projection of the wavevector of the plane 

waves along the x direction. 

In summary. the laws of ray optics needed for waveguide grating analysis are 

the change in the propagation direction. the change in phase. the lateral shift of the 

rays. and the consistency between the phase calculated by ray tracing and the phase 

predicted by a plane wave representation. 
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§3-3-3. Symmetry properties of grating diffraction 

In order to derive the attenuation coefficient of a waveguide grating. we need 

some symmetry properties of grating diffraction phenomena. These properties are 

the general kinematic properties of grating diffraction. They do not depend on the 

grating material. grating groove profile or depth. In this section. we only 

demonstrate these symmetry theorems. For detailed derivation the reader is referred 

to Uretski[1965]. Neviere and Vincent[1976]. and Roger[1983]. The significance of 

these symmetry properties will be demonstrated as part of their application to the 

waveguide grating analysis in the following subsection. 

Assume. as indicated in Fig. 3.5. a plane wave of unit amplitude is incident 

on a grating at an angle e. The diffracted fields in the upper and the lower media 

are. respectively 

+00 
R i(C\:nx + Pn (I)y) .£{1) .. L y> hg • (3-10) n e • 

n=-oo 

and 

+00 
T i(C\:nx - Pn (2)y) .£{2) .. L y < O. (3-11) n e • 

n .. -oo 

where 

C/n ... C/o + n K. 0/0 .. n1k sin eo(l). K ... 2" (3-12) (f' 
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Figure 3.5. Diffraction of an incident plane wave by a bare grating. 
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(3-13) 

We define £1) as the set of integers n for which (3n U> are real for a given incident 

angle O. Obviously. l11) is never empty but l12) can be null. For those m € £1). Eq. 

(3-12) can be rewritten as 

(3-14) 

This is just the famous grating formula. 

From the grating formula it can be seen that. for a given incident angle. there 

is a fixed set of diffraction directions in both the upper and lower media. The 

converse is not true. In Fig. 3.6. the grating allows three diffraction orders. There 

are three different incident angles that can generate these three diffraction angles. 

In fact. from the grating formula. every algebraic diffraction angle generated by a 

given incident angle can be used as a new incident angle to generate the identical set 

of diffraction angles that the original incident angle does. Geometrically. one can 

take the mirror image of any diffracted ray about the grating surface normal. reverse 

its direction of propagation and use it as an incident ray to generate the original set 

of diffraction angles. Thus. for any set of N diffraction angles there are N incident 

angles which can generate them. We call the former the diffraction angle set. 

denoted by Do. and the latter the incident angle set. denoted by 10, and we say that 

Do and 10 are conjugate to each other. Clearly the sine of the angles in each set. 

times the respective refractive indices. differ from each other by a multiple of Vd. 
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For the convenience of indexing the elements of the S-matrix described in the 

following. we use U<J> to number all of the incident and diffracted angles. where 6 is 

an arbitrarily chosen but fixed incident angle from 10• The {3' s and (X's will also be 

numbered relative to this incident angle. For example. in Fig. 3.6 the incident angle 

of the A wave is chosen to be the reference to number all the diffracted waves 

including those generated by the Band C waves. Thus. although the specular 

reflected and the transmitted waves generated by the B wave should be labelled as 

OB and OB according to the grating formula. they are labelled -IB and -IB instead. 

where we have used tilde ("') to indicate diffracted waves in the lower medium. 

The symmetry properties of grating diffraction can best be expressed in terms 

of a matrix relating the amplitudes of the two sets of waves which are associated 

with the two conjugate angle sets Do and 10, respectively. This matrix is the so-

called S-matrix of grating diffraction (Uretski[1965]). To be specific. let us consider 

Fig. 3-6 (d). which is a sum of Figs. 3.6 (a) through (c). Suppose ao• a-I' a _ are the 
-I 

arbitrary incident field amplitudes associated with 10 , and boo b_ l • and b - the 
-I 

corresponding diffracted field amplitudes associated with Do. By virtue of the 

linearity of Maxwell's equations and from Eqs. (3-10) and (3-11). after a little 

algebra. we obtain 

b .. S(6) a (3-15) 

where 



R(OIO) 

f3-1(l) /f3o(l) R(-IIO) 
S(O) .. 

~[ ~_.(2)/M')T(-iIO) 1 

Jf3o(l)ao 

a-
jf3_P)a_ 1 

'Y jf3_1(2)a -
-I 

jf3o(l)bo 

b-
jf3-1(l)b_1 

'Y jf3_P)b-
-I 

f3o(1) /f3_P)R(OI-I) 

R(-II-l) 

~ [ ~_P)/~_,<I)T(-il-I) 1 

f3o(1) !f3_P)T(OI-I)/'Y 

f3-I(1) /f3-P)T(-II-I)/'Y 

R(-ll-l) 

90 

(3-16) 

'Y .. I for TE polarization. 'Y - nl for TM polarization. and R(ill) or T(iIJ1 are the 
n2 

reflection or transmission amplitude diffraction coefficients of the i'th order 

generated by the j'th incident wave. The general S-matrix can be defined in a 

similar way. In particular. the S-matrix for grating diffraction where only two 

reflected orders are allowed is given by 

S(O) _ [ R(OIO) 

f3_1(1) !f3o(1) R(-IIO) 
(3-17) 
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The physical meaning of the S-matrix elements is that their moduli squared give the 

diffraction efficiencies. and their phases give the phase changes due to diffraction. 

For example. the modulus squared of the (1.2) element of S given in Eq. (3-16). 

,Bo(I)/,B_l(I)IR(OI-I)12• gives the diffraction efficiency in the OB direction for an incident 

wave in the B direction. 

In addition to 10 and Do. for a given incident angle 6. we can define another 

pair of conjugate incident and diffracted angle sets. 1.0 and D.o. Incident angles in 

1.0 are obtained by reversing the propagation directions of the diffracted waves 

associated with Do. For example. see Fig. 3.7. where the incident angle for the C 

wave belongs to 1.0, We can define another S matrix. S(-6). linking the waves 

associated with 1.0 and D.o. In general. S(6) :/: S(-6). But there is a general 

relationship between the elements of S(6) and the elements of S(-6) called the 

reciprocity theorem which states 

(3-18) 

Here the indexing of S(-6) follows the indexing of S(6). Because of Eq. (3-18). we 

call set the 1.0 the transpose of the set Do. Physically. Eq. (3-18) means that the 

diffraction efficiency and phase change remain the same for a pair of incident and 

diffracted plane waves when their propagation directions are reversed. 

If we take complex 2-norms of the vector a representing incident waves and 

2 2 
b representing diffracted waves. we see that II al1 2 and II bl1 2 are the energy flux 

flow toward and away from the grating plane respectively. Suppose both media are 

lossless. we then have II all: - II bll:. Since a and b are arbitrary. this implies 

that 
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-IC 

/ 

(c) 

(b) 
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Q'~~b' 

/\ 
b_ a-
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Figure 3.6. Conjugated incidences of grating diffraction, three diffraction 
order case. (a) through (c), individual incidences, (d), ass~mbled 

conjugated incidences. 
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-IC 

(c) 

Figure 3.7. Conjugated incidences of grating diffraction. two diffraction 
order case. (a) and (b) are conjugate to each other. (c) is the transpose of 
(a) and (b) • 
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stS ... 1 . (3-19) 

In other words. the S-matrix is unitary. There are many important consequences of 

this unitarity property of the S-matrix. The diagonal elements of st S give the 

energy balance theorem 

(stS)ii ... LSktSki ... 2J Ski! 2 .. 1. for all i . (3-20) 

k k 

It simply means that the sum of diffraction efficiencies for any given incident angle 

is unity. The off-diagonal elements give relations between the complex diffraction 

amplitudes due to two plane waves incident at two different angles belonging to the 

same set 10 

for all i '" j • (3-20. 

We consider two special cases of grating diffraction as shown in Figs. 3.6 

and 3.7. These cases are the most commonly occuring configurations in applications 

of waveguide gratings. In Fig. 3.7 only two reflected diffraction orders are allowed. 

Figs. 3.7 (b) and (c) show the diffraction configurations that are conjugate and 

transpose to that in Fig. 3.7 (a). respectively. For convenience. we call the incident 

waves in Figs. 3.7 (a). (b). and (c) the A wave. B wave. and C wave. The amplitude 

diffraction coefficients due to these incident waves are also indexed with these 

letters as shown in the figures. In §3-3-5. when we derive the characteristic 

equation of a waveguide grating. the following expression will occur. namely 

.. 
(3-22) 

We will try to simplify it here because in the process of the simplification we can 
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demonstrate the application of the symmetry properties of grating diffraction, and 

derive an important phase relationship which will be used in §3-3-4. 

First, the application of Eq. (3-21) to the present case gives 

(3-23) 

Since both terms of Eq. (3-23) are not zero, we immediately have 

I 'OArOBI .. ~11 r-IA'_IBI ' (3-24) 

¢OA + ¢-IB - ¢OB - ¢-IA - (2m+I)1T, m is an integer, (3-25) 

where ¢OA is the phase of 'OA' and so on. Now we can rewrite Eq. (3-22) as 

r i(¢OA +¢ 18) [I 1 - 1 r , 1 ei(¢-IA +¢OB-¢OA -¢-18) ] 
- rOA'-IB - '-IA'OB .. e - rOA'-IB -IA OB . • 

Or using Eq. (3-25), it becomes 

(3-26) 

Next, for the configurations in Figs. 3.7 (a), (b), and (c), from Eq. (3-20) we have 

~11 r_IAI2 + I rOAI2 .. 1 ; (3-27a) 

:~1I'OBI2 + Ir_181
2 

.. 1 ; (3-27b) 

:~11 'ocl 2 + 1 '_lcl 2 
.. 1 . (3-27c) 

From the reciprocity theorem, Eq. (3-18), we have '-IB - '_Ie. Hence from Eqs. 

(3-27b) and (3-27c). I 'oBI - I'oel· Similarly. J :~. roc - J ~. '_tAo and 
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(3-28) 

Finally, from Eqs. (3-27b) and (3-27c), 

(3-29) 

Substituting Eqs. (3-28) and (3-29) into (3-26), and using (3-27a), we get the 

simplified expression for r 

(3-30) 

Next, we briefly consider the second case, namely that shown in Fig. 3.6. 

Because of the existence of the transmitted diffraction order, Eq. (3-30) is no longer 

valid. Nevertheless, Eq. (3-22) can still be simplified somewhat. Note that r is the 

first two by two diagonal determinant of S given in Eq. (3-16). Since Eq. (3-19) can 

be written as st .. S-l, using a linear algebra theorem about the inverse of a matrix, 

we have (st)33 .. D~(Sr Also because of the unitarity of S, Det(S) .. ii's, where ¢Js 

is a real constant. So we have 

r * i4>s .. roc e . (3-31) 

It is interesting to note that for the diffraction cases shown in Fig. 3.7, r .. Det(S), so 

ei
4>s .. e

i
(4)oA +4>-18>. If we define roc == I for the two diffraction order case, then in 

both the two and three order diffraction cases, Eq. (3-31) holds. 

In this section we have derived many important relationship between 

diffraction amplitudes, using the symmetry theorems of diffraction gratings. We also 

simplified the expression for r given in Eq. (3-22). All of these results wiIl be used 

---~----------- ------------
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in the derivation of the characteristic equation of waveguide gratings. In the next 

subsection. we will give another example of the application of the grating diffraction 

symmetry based on Eq. (3-25). 

§3-3-4. Goos-Haenchen like lateral shifts at a periodically corrugated interface 

In §3-3-2. we indicated that whenever energy redistribution or energy 

exchange is involved a Goos-Haenchen shift must be used to obtain a correct result 

by ray optics. For total internal reflection at a planar interface. we can use 

Fresnel's refraction formula to evaluate the phase change and substitute it into Eq. 

(3-9) to calculate the lateral shift. However. to the author's knowledge. the question 

of lateral beam shifts at a grating interface. analogous to the Goos-Haenchen shift 

associated with a planar interface. has not been addressed in the literature (There 

have been some studies on beam lateral shifts of a resonance type at grating 

interfaces. see Tamir and Bertoni[197l]. Breazeale and Torbett[1976] and 

Maystre[1983]. but we are not addressing this type of shift here.) Physical intuition 

tells us that Goos-Haenchen like lateral shifts should occur for grating diffracted 

beams. The situation for a grating is actually more complicated and more interesting 

than for a planar interface because of the existence of additional dispersive 

diffraction orders. However. this subject is not included in this dissertation work. 

We emphasize that only the Goos-Haenchan type of shift is of interest here. 

Following the method introduced by Kogelnik et al.[1973]. we have proved in 

Appendix B that formula (3-9) is also valid for diffraction gratings. However. this 

formula is only of theoretical value. because no analytical expressions for the phase 
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changes due to grating diffraction are available. Fortunately. Eq. (3-25) allows us to 

evaluate the relative lateral shifts for the diffracted waves due to incident A and B 

waves. Note that Eq. (3-25) is truely independent of wavelength. grating profiles. 

groove depth and incident angles. as long as they remain conjugate and only two 

orders are propagating. Differentiating Eq. (3-25) with respect to 0/. 

~OA - ~-lA - ~-lB - ~OB • (3-32) 

Here the ~'s are taken to be absolute values. Since the B wave propagates in the 

negative x direction. two minus signs have been inserted in front of ~x_lB and ~xOB 

in Eq. (3-32). Fig. 3.8 gives a geometric interpretation of Eq. (3-32). It implies that. 

if the ray for the B wave (abbreviated as the B ray) is incident at a location such 

that the OB ray coincides with the OA ray. then the -IB ray will automatically 

coincide with the -IA ray. The reader is reminded that the labelling of various 

diffracted waves follows the rule explained in the first paragraph on page 89. 

In the three propagating wave case. an elegant expression for the lateral shifts 

similar to Eq. (3-32) cannot be derived. Note that in Fig. 3.6 for the B wave. the 

transmitted order -IB is not dispersive. Also. the specular reflection of the -IB 

order does not correspond to total internal reflection as the grating groove depth 

vanishes. Therefore. we postulate that for these two beams no lateral shift occurs. 

and the relative lateral shifts are as shown in Fig. 3.9. In other words we assume 

that ~-lA - ~-IA and ~-lA - ~OA - ~OB' Note that the scheme in Fig. 3.8 is 

rigorously proved but that in Fig. 3.9 is only postulated. Nevertheless. even if the 

shift scheme in Fig. 3.9 is not correct. the derivation given in the next subsection 

will not be affected in an important way. 



-IA.-IB 

Figure 3.8. Lateral shifts scheme. two diffraction order case. 
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Figure 3.9. (Postulated) lateral shifts scheme. three diffraction order case. 
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(a) 

(b) 

Figure 3.10. (a) Reference plane for diffraction phase change and (b) the 
phase change associated with a diffraction lateral shift. 
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Finally we comment on how the phase change of a wave is enumerated when 

it is diffracted and when the ray associated with it is laterally shifted. When a 

plane wave is incident on a planar medium interface. the phase change for the total-

internal-reflected wave is obviously referenced to the planar interface. If the 

medium interface is periodically corrugated. where is the reference plane? In fact. 

the choice is somewhat arbitrary. In Fig. 3.10 (a). an incident wave. and two 

diffracted waves are drawn. Suppose we choose y = Yo plane as the reference plane. 

i[P (lLp (I)] 
Then the phase change for the reflected diffraction order is Arg(Rn) e n 0 yo. 

If we set Yo - O. the expression for the phase change is simply Arg(Rn). Therefore it 

is much simpler to use y .. 0 as the reference plane. 

When we calculated. in §3-3-2. the phase change of a ray along the paths due 

to Goos-Haenchen shift. the projection of the wavevector along the x direction. kx• 

was used in order to bring the result into agreement with the exact result from 

electromagnetic theory. For the specularly reflected wave. whether by a grating or 

by a planar interface. kx is the same before and after reflection. For a diffracted 

wave. however. kx is different before and after diffraction. as shown in Fig. 3.10 (b). 

The question arises as to which kx we should use. In Appendix C. we show that 

using the x direction projection of the diffracted wavevector is the logical choice. 

§3-3-S. Formulation of Waveguide Grating Analysis by Ray Optics 

a. The Physical Picture 

Having decomposed the waveguide grating into a slab waveguide and a bare 
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grating. and having studied the behavior of the rays in each separate part. we now 

assemble the pieces to treat the complete waveguide structure. We assume that the 

period of the waveguide grating under consideration allows only two reflected 

propagating orders. which is the case for most integrated optics applications. We 

also assume that the angle of incidence of the guided wave is greater than the 

critical angle at both boundaries of the waveguide. Thus because the refractive 

index of the waveguide core is greater than that of the substrate. there may be at 

most one transmitted diffraction order. Fig. 3.11 shows the general picture of the 

rays in a waveguide grating structure. For clarity. the grating surface is drawn as a 

dark line. and lateral shifts are neglected. We see that in general there are a total of 

four kinds of rays in this structure. The A rays traveling to the right and the B 

rays traveling to the left remain inside the waveguide. They form angles e A and Os 

with the surface normals. respectively. The C rays and the D rays represent waves 

radiated away from the waveguide. Depending on the relative refractive indices at 

the two boundaries. neither of them. or one of them. or both of them may exist. In 

the first case we have a grating reflector. in the second Case a one leakage channel 

grating coupler. and in the third case a two leakage channel grating coupler. 

We now trace some rays in the structure. An A ray incident upwards from 

the left is totally reflected downwards at the upper planar boundary. At point b. it 

is diffracted into two. or possibly three. rays depending on the relative index of 

medium 2 and medium 3. One of them is specularly reflected and continues to 

travel as an A ray. Another is diffracted as a B ray. The third is diffracted into 

medium 3 and becomes a C ray leaving the waveguide. The diffracted B ray is 

reflected at the upper boundary. and possibly partially transmitted into medium 1 as 
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a D ray leaving the waveguide. The reflected B ray is incident onto the grating at 

point a. where it is also diffracted into two or three rays. One of them is specuiarly 

reflected and continues to travel as a B ray and a second is diffracted to enforce the 

A rays. The third is transmitted into medium 3 to enforce the C rays. Thus. every 

time a ray is incident onto the grating. energy is exchanged between the A and B 

waves and possibly partially leaked into medium 3. Note that the rays come from 

two contributions. the diffracted rays from A rays and the transmitted rays from B 

rays. but the D rays come only from the transmission of the B rays at the upper 

boundary. 

It is interesting to note that the diffraction configurations at point a and bare 

conjugate to each other. The upper boundary turns a diffracted ray into an incident 

ray with the same (algebraic) angle. Therefore we can say that the upper boundary 

not only performs the wave-guiding function but also performs the automatic 

diffraction angle conjugation function. 

b. Derivation of the Equations of Propagation 

The equations of motion for optical rays and the characteristic equation for a 

grating reflector and a grating coupler are derived next in a unified way. In Fig. 

3.12. we denote the amplitude of an A plane wave and a B plane wave at point x by 

A(x) and B(x). respectively. The periods of the zigzag paths for A and B waves are 

denoted by IA and lB. The lateral shifting scheme of Fig. 3.8 is used in Fig. 3.12 

for the A rays and the B rays. If the D rays are allowed. the points g and Iz should 

collapse to a single point. Also if the C rays exist. points i. t. and j should collapse 
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FigUre 3.11. Ray optics picture of wave-guiding and coupling in a 
waveguide grating. 
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Figure 3.12. Ray optics picture of wave-guiding and coupling in a 
waveguide grating for derivation of equation of propagation of optical 
rays. 
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together in accordance with the postulated lateral shifting scheme of Fig. 3.9. 

Let us consider the A wave at point x+O. which is of the form 

ikAX 
the total A wave at x+O .. A(x) e • (3-33) 

where kA .. n2kOsin 0A' and "+0" means "after diffraction." and the y dependence 

has been supressed. There are two contributions to it. One is the A wave from the 

left. and the other is from the diffraction of the B wave traveling from the right. 

We trace the A wave contribution starting from point x - IA + 0 

By calculating the phase changes along the path a"!r+c"d"e. it is simple to show that 

this A wave becomes 

where lab' etc. are the path lengths. and r A is the reflection coefficient for the A 

wave at the upper boundary. The above expression can be simplified to 

. • i(kA x) i(2n k h coso A) 
A wave contnbutIon at x+O - rOA rA e A(x-IA)e 2 0 • (3-34) 

Next. we trace the B wave contribution starting from the point x+IB+.6.-0. where "-" 

means "after diffraction" and .6. is defined as the difference in lateral shifts between 

OA and -IA waves. or equivalently. between OB and -IB waves. as shown in Fig. 

3.12. Following path ' .. g .. 'z-+i .. j. phase considerations lead to 

. • ikAx i[ -kBIB+k n (If +Ih o )+kB(1 h+J..)] B wave contnbutlOn at x+O .. rOB rB e B(x+IB+.6.) e 0 2 gig IJ. 

where kB .. n2kosin 0B' and rB is the reflection coefficient for a B wave at the upper 

boundary. After simplification we have 

• • i(kA x) i(2n k h cosOB) B wave contnbutIon at x+O = rOB rB e B(x+IB+.6.) e 2 0 • (3-35) 
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The sum of the right-hand sides of Eqs. (3-34) and (3-35) should be equal to that of 

Eq. (3-33), therefore 

A() A( I ) i(2nakoh cose A) B( I A) i(2nakoh coseB) (3 36 ) x.. x- A rOA rAe + x+ B+~ rOB rB e . - a 

Similarly, if we consider the B wave at point x+/).-O, and the A and B wave 

contributions to it, we will have 

The amplitudes for the C rays and the D rays, if they do exist, can be found easily, 

and the result is 

C() A( I A) t i(2nakoh cos9 A) B( I) t i(2nakoh cos9B) (3 36 ) x -= x- A -~ -IA rAe + x+ B -IB rB e , - c 

D(x) = B(x) tB ' (3-36d) 

where tB is the transmission coefficient for a B wave at the upper boundary. Thus, 

after defining 

(3-37) 

we obtain our general equations of motion for the optical rays in a waveguide 

structure 

D(x) = B(x) tB . 

(3-38a) 

(3-38b) 

(3-38c) 

(3-38d) 

Note that only Eqs (3-38a) and (3-38b) are coupled. C(x) and D(x) are expressed in 

terms of A(x) and B(x) , and can be easily evaluated once A(x) and B(x) are 

determined by solving the two coupled equations. 
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c. Characteristic Equation 

Eqs. (3-38a) and (3-38b) are a system of coupled linear functional equations. 

The eigen-solutions of these types of equations are exponential functions. 

Substituting 

A(x) .. Ao ej~x and B(x) - Bo ej~x (3-39) 

into Eqs. (3-38a) and (3-38b) we have 

(3-40) 

The condition for the existence of nonzero field solutions is that the determinant of 

the matrix in Eq. (3-40) be zero 

(3-41) 

or 

where r is already defined in Eq. (3-22). Substituting the general expression for r, 

Eq. (3-31), into Eq. (3-42), we get 

(3-43) 

Eq. (3-43) is our general characteristic equation which is valid both for a grating 

reflector and a grating coupler. 

Next, we specialize the general characteristic equation to the specific cases of 
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a grating reflector and a grating coupler. For a grating reflector, r takes the form 

given in Eq. (3-30), and r A .. i/J A, rB .. ei¢S, where ¢ A and ¢B are phase changes 

for the A and B waves, respectively, at the upper boundary. Also, in §3-3-3, we 

proved that I rOA I - I r -IB I (Eq. (3-29». Thus, we get the characteristic equation for 

a distributed grating reflector 

where 

5A ... XA + ¢A + ¢OA ... 2n2koll cos(JA + ¢A + ¢OA ' 

5B .. XB + ¢B + ¢-IB .. 2n2kO" cos(JB + ¢B + ¢-IB ' 

and we have set ro == I rOAI .. I r_lBl· 

(3-44) 

(3-45) 

(3-46) 

For a grating coupler, only the A wave is necessarily totally reflected at the 

upper boundary, so that r A .. eil/J A, and we get the characteristic equation for a 

grating coupler 

where 

(3-48) 

d. Solution of Characteristic Equations 

In the following, we consider the general features and the solutions of the 

characteristic equations. A comparison of Eqs. (3-45) and (3-46) with the slab 

waveguide dispersion relation, Eq. (3-8), shows that the only difference between 
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them is the replacement of ¢23 by ¢OA and ¢-IB' So SA and SB are simply the phase 

mismatch terms of the A and B waves. In an actual waveguide grating structure. the 

grating has only a finite length. Thus there is a transition region between the slab 

waveguide and the grating. If the transition is relatively smooth. it is reasonable to 

assume that the A wave is already approximately phase matched to the corrugated 

region. that is SA ill 2mrr. where m is an integer. Obviously. ()A and ¢A are 

independent of the grating parameters. I A is also essentially fixed except for the 

contribution from the lateral shift at the grating interface. The quantities for the B 

wave. however. strongly depend on the grating parameters. especially the grating 

period. The grating period determines the angle ()B by the grating formula Eq. 

(3-14). which in turn determines ¢B' ¢-IB' and lB' For a grating reflector. it is 

essential that the B wave be phase matched. otherwise destructive interference will 

prevent it from growing. So the phase matching condition for the B wave is 

2n2kOh cos()B + ¢B + ¢-IB .. 2m'fT. m' .. O. 1. 2. ... . (3-49) 

When a grating reflector is designed. the grating period and the wavelength should 

be chosen so that Eq. (3-49) is satisfied. For a grating coupler. it is both 

unnecessary and unlikely that the B wave is phase matched. Therefore. in Eq. 

(3-47) we have let the phase ¢-IB still be absorbed in r_IB and ",. 

The unknown in Eq. (3-44) or/and Eq. (3-47) is the eigenvalue E. Physically 

E is the correction to the longitudinal wavevectors kA and kB• Its real part gives the 

attenuation coefficient of the guided waves (should be multiplied by 2 for ex because 

usually ex is associated with power decay). and its imaginary part gives the correction 

to the longitudinal phase velocity. Once the eigenvalues are determined the complete 

field in the waveguide grating structure is obtained by superposition of the eigen-



110 

solutions. The superposition coefficients can be determined by appropriate boundary 

conditions for x. 

Eqs. (3-44) and (3-47) are complex transcendental equations. which in general 

have no analytical solutions. To obtain eigenvalues for the general configurations a 

numerical algorithm capable of complex root finding. such as Muller's method (Conte 

and de Boor[1980]). has to be used. Due to limitations on the scope of this research. 

numerical studies of the solutions of the characteristic equations were not performed. 

However. for the following speCial case of a grating reflector. we can obtain 

a simple explicit formula for~. Suppose that the grating period and wavelength are 

chosen so that the diffraction inside the grating is in Littrow mount. In other words. 

we consider coupling between two counter-propagating guided waves of the same 

mode number. In this case 6 A - 6B• and rp A .. rpB. In addition. the reciprocity 

theorem sets rpOA .. rp-IB. Hence we have 6A - 6B == 6 and IA .. IB == I. Eq. (3-44) is 

now reduced to 

ei26 _ r 0 ei6 ( e~l + e-~l ) + I ... 0 . 3-50) 

This equation can be easily solved and the solution is 

~ .. ± 1 cos-1 
[ c~: 6] . (3-5Ia) 

or equivalently. 

~ ... ± t cosh-1 
[ c~: 6] . (3-5Ib) 

The formula for ~ in this special case is incredibly simple. and yet contains a lot of 

information. It clearly shows the influence of phase mismatch and grating 
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diffraction efficiency on the propagation characteristics of the guided waves. When 

there is no grating present. then ro ... 1. 6 III 0 and so ~ .. 0 as it should be. When a 

grating is present. ro < 1. and ~ mayor may not be real. depending on the ratio 

(cos 6)/ro. The region where ~ is real is called the stop band of the waveguide 

grating structure. The location and width of the stop band is simply given by the 

location and width of the region where the inequality 

(3-52) 

is satisfied. The maximum of I ~I. ~max' occurs when 6 .. O. that is when the guided 

waves are perfectly phase matched. ~max is often denoted by " in the integrated 

optics literature. 

Finally. we briefly derive Zory's results given in §3-2. For a phase-matched 

grating reflector. 6 .. O. and a weak grating. ro :!! 1. from Eq. (3-51 b) we have 

" == ~max .. ! cosh-1 [l] .. ! In [4 ~l" ! In [ 1+""1 l:!! .J1i I ro I ro J r~ I v'I=11 -1-

or 

./11 
" .. -1-

This is Zory's formula. Eq. (3-3). For a grating coupler. we assume that the grating 

is weak so that Ir ~ *1 « I rOAI· We also have IrB r_181 « I rOAI. either because 
-Ie 

Ir_18 1 « I rOAI when the C wave is nonzero. or IrBI « I because the D wave is 

nonzero. or both. Then the first term and the third term on the left-hand side of Eq. 

(4-47) can be neglected. Assuming that the A wave is phase matched. we have 



or 

_ 2 [I] 2 [ I 0/ = 2 ~ ... [In - = [In 
A rOA A jt-71-1-71-

-1 

71-1 
IA ' 

A -1 j 
___ [I In(1-71_1-71-) e! 

0/ _ = 
-1 

71-
-1 
-[ . 

A 

These formulae agree with that of Zory's in Eq. (3-4). 

§3-4. DISCUSSION 

71-1 + 71 -
-1 
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In this section. we discuss the validity and accuracy. and the advantages and 

disadvantages of the theory developed in the previous section. 

§3-4-1. Validity and Accuracy 

Since a complete account of the validity and accuracy of the present theory 

relies on further numerical experimental study. we can only offer a preliminary 

discussion here. Basically. the analysis given in §3-3 is rigorous. There is only one 

major approximation. namely the neglect of the evanescent waves generated by the 

diffraction grating. But the error introduced is expected to be very small however. 

because these evanescent waves do not carry energy and they decay very fast with 

distance away from the waveguide and grating boundaries. Furthermore. in rigorous 

electromagnetic diffraction grating theories. the diffraction amplitudes are obtained 

by taking the evanescent waves into account. Thus if exact diffraction amplitudes 

are used. the effect of evanescent waves has already been partially included. 
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The present theory is based on the rigorous electromagnetic theory of 

diffraction gratings and ray optics techniques. The legitimacy of the use of the 

former is indisputable. but that of the latter may be questionable. In §3-3-1. we 

showed that the field inside a waveguide grating can be approximated by a few 

homogeneous plane waves. In §3-3-2. we indicated that when plane wave 

representations of the optical fields inside the waveguide or waveguide grating 

structure are possible. ray optics analysis yields correct results. Therefore. normally 

the use of ray optics is justified. However. if grating anomalies occur for certain 

physical situations. grating diffraction amplitudes. both their absolute values and 

phases. would undergo abrupt changes over a small range of incident angle or 

wavelength (Note that the grating anomalies that we are concerned with here are the 

anomalies of the decomposed grating (as in Fig. 3.3 (c)). not those associated with 

resonances of the whole waveguide grating as in Fig. 3.3 (a)). In this situation. the 

optical fields inside the structure cannot be represented very well by a few plane 

waves and the evanescent waves may become more important. making ray optics no 

longer applicable. However. the ray optics technique usually works because 

anomalies are very rare and only when grating groove depths are deep. In addition. 

it should be pointed out that. when grating anomalies do occur. no approximate 

theory will prove adequate. 

Without numerical study it is difficult to give a precise evaluation of the 

accuracy of the present theory. However. based on the very limited reports on the 

use of ray optics for waveguide grating analysis available in the literature. we can 

say with confidence that this theory is at least as accurate as the coupled mode 

theory. In the works of Marcuse[1974]. Zory[1976]. Sychugov and Ctyroky[1982]. 
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and Sychugov and Tishchenko[19821, only the approximate formulae such as Eq. 

(3-3) and (3-4), and the first order diffraction grating theory were used. They did 

obtain results in agreement with results form the coupled mode theory. In the 

present work, the characteristic equations were rigorously derived, taking grating 

diffraction phases and multiple diffraction effects into account. The 

phenomenological expressions used by some of the above authors are proved in 

§3-3-5 to be approximations to the present theory in special cases. Therefore it is 

expected that further numerical study will prove that the present theory is more 

accurate than the first order theories. 

§3-4-2. Advantages and Disadvantages 

The main advantage of the present theory is that it presents a clear physical 

picture about the interaction between light and waveguide gratings. By decomposing 

a waveguide grating into a slab waveguide and a bare grating, the functions that 

each of the two parts performs in the interaction are clearly identified. The wave

guiding and coupling are described in the easily understandable physical terms of 

optical rays, diffraction, reflection, and transmission, rather than the abstract 

mathematical terms of eigen-solutions and boundary conditions. The intuitive nature 

of the theory should be valuable in understanding the physical phenomenon and in 

the use and design of the waveguide grating devices. 

An important feature of the present theory is that it clearly separates the 

grating and waveguide calculations. The major difficulty in the waveguide grating 

analysis occurs in the analysis of the grating, but the present theory avoids this 

- --- -----------------------------
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difficulty by assuming that all of the necessary diffraction amplitudes are known. 

This may be viewed as a disadvantage by some people. because one has to somehow 

find the diffraction amplitudes of a grating before he/she can use the theory. This 

also may be one of the reasons why the ray optics method was not well recognized 

and further pursued in the literature. However. this feature is more likely to be 

viewed as an advantage. because it provides great flexibility in the use of the theory. 

In fact. since the theory makes no assumption on how the diffraction amplitudes are 

obtained. one can use any diffraction grating theory available. rigorous or 

approximate. Moreover. the diffraction amplitudes do not have to come from a 

computer program. They can be experimentally determined. The following 

paragraph gives an example to demonstrate this point. 

Analysis of an input grating coupler shows that the total input coupling 

efficiency of a grating coupler depends strongly on the match between the value of 

its Q! coefficient and the optical beam size W (full width at l/e2 of maximum power 

in x direction). Maximum coupling is achieved when WQ! .. 1.25 for a box car beam 

profile. and when WQ! .. 1.368 for a Gaussian beam profile (Ulrich[1973]). A 

theoretical determination of Q! requires knowledge of the grating depth and profile. 

but their experimental measurement is usually very difficult. Thus it is difficult to 

choose an optimum beam size to achieve the maximum coupling efficiency. Suppose 

the waveguide is to be made after the grating is etched into the substrate material. 

Then before the waveguide is coated onto the grating we can easily measure the 

diffraction amplitudes (at least the absolute values) by using appropriate index 

matching fluids and prisms. at angles determined by the mode index of the 

waveguide to he made. as shown in Fig. 3.13. After the diffraction amplitudes are 

------ ~----------- - --------- ---
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substrate 

Figure 3.13. Scheme for experimentally measuring diffraction 
efficiencies of a waveguide grating. 
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measured, we then make the waveguide to the specified thickness and adjust the 

laser beam width to match the ot coefficient calculated using the present theory in 

order to achieve the maximum coupling efficiency. 

Another advantage of the present theory is that it enable the application of 

the wealth of diffraction grating theories to waveguide grating analysis. Compared 

with the waveguide grating theories, the diffraction grating theories have a much 

longer history and are thoroughly understood. The application of some of that 

knowledge to waveguide gratings can tremendously simplify waveguide grating 

analysis. For example, it is generally understood that in a grating reflector the 

blazing of the grating profile has only a second order effect on the K. value. 

However, the reciprocity theorem, and the analysis in §3-3-3 through §3-3-5, indicate 

that the blazing has no effect, whatsoever. As another example, if a waveguide 

grating permits only two diffraction orders, a remarkable equivalence rule in the 

diffraction grating theory (Breidne and Maystre[ 1980]) can be used to study wave 

coupling characteristics of waveguide gratings of different profiles. As the last 

example, it is well known that blazing in a grating coupler can increase coupling 

efficiency, but analyzing blazing effects via most waveguide grating theories is quite 

difficult. On the other hand, blazed diffraction gratings have been vigrously studied 

since early in this century. If the present theory is used, these blazed grating 

theories can be easily applied to the analysis of blazed waveguide gratings. 

However, we have not pursued further this direction in the current study. 

-----------------------
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§3-S. SUMMARY AND FUTURE WORK 

In this chapter. we have developed a new ray optics theory for waveguide 

grating analysis. It not only gives more physical insight into the interaction between 

light and a waveguide grating. but it also provides great flexibility for waveguide 

grating analysis and design. The accuracy of this theory is probably better than the 

existing first order theories. The symmetry properties of the diffraction grating 

theory have been applied successfully. for the first time. to the waveguide grating 

analysis. via ray optics techniques. Perhaps. the theoretical importance of the theory 

is that it has established a linkage between diffraction grating theory and waveguide 

grating analysis. which seems to be missing in the literature. Now we can answer 

the questions posed in the introductory section. Yes. a waveguide grating is a 

diffraction grating; it not only can be viewed as a diffraction grating in a logical 

sense. but also can be treated as a diffraction grating in an operational sense. Eq. 

(3-43) clearly shows that the waveguide grating attenuation coefficients can be 

expressed by diffraction amplitudes. 

Future works include numerical studies of the results obtained so far and 

extension of the present theory to the oblique incidence case. Much of the potential 

usefulness. characteristics. applications. and limitations of the theory are to be 

explored further via numerical studies and comparisons with other theories. 

Extension of the theory to the oblique incidence case is in principle possible although 

the situation is more complicated due to the cross coupling between TE and TM 

polarizations. The Goos-Haenchen-type lateral shift at a grating surface is also an 

interesting issue worth pursuing. 

~~--~ -~-~~-- -------~------------
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In this chapter we consider the fabrication of waveguide gratings. with 

special focus on the preparation of photoresist grating masks. In §4-l, we explain 

why a holographic technique is used to fabricate waveguide gratings. and point out 

the special requirments for waveguide gratings. In §4-2. we describe the basic 

principles and procedures of holographic. or photoresist. grating fabrication. §4-3 

covers the key issue of this chapter. the monitoring of the photoresist grating 

development. Why monitoring is so important. how it is done. the experimental 

setup. and the experimental results and their implications are discussed. The 

theoretical modeling of the photoresist grating development and its monitoring is 

considered in §4-4. Then the ideas set out in §4-3 and §4-4 are applied to the ion

beam-etching of waveguide gratings in §4-S. The results of this chapter are 

summarized in §4-6. 

§4-1. INTRODUCTION 

Before the advent of the integrated optics. diffraction gratings were almost 

exclusively made for spectroscopic use. Gratings used in integrated optics have 

some unique features not associated with gratings used in spectroscopic instruments. 

First of all. in order to maximize the energy conversion efficiency. most waveguide 

gratings are designed to allow only one dispersive propagating order. Allowing any 

higher diffraction order results in unnecessarily losing energy out of the waveguide 
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structure. Thus the period of a waveguide grating is usually of the order of. or 

smaller than. the light wavelength at which the grating operates. i.e. in the 

micrometer or submicrometer range. Secondly. waveguide gratings are often 

fabricated into waveguides or substrates made of glass or semiconductor materials. 

These materials are too hard to have grating patterns embossed on them by master 

gratings. Thirdly. since integrated optics is still in a developmental stage. waveguide 

gratings are still made mainly for research. So the quantities needed are small and 

the design often changes. These features determine the choice of the waveguide 

grating fabrication technique. 

Traditionally gratings were made mechanically by ruling engines 

(Hutley[ 1982]). Ruling a grating is both very time consuming and expensive. so that 

ruled gratings are only used as masters for replications. This technique may be well 

suited for manufacturing large quantities of gratings. but it is clearly not good for 

daily integrated optics research. The holographic grating fabrication techniques were 

first developed in 1967 (Labeyrie[ 1967]. Rudolph and Schmahl[ 1967]). The lower 

limit of the achievable grating period is governed only by the laser wavelength and 

the sensitivity range of the photoresist. In most cases both fall in the blue or 

ultraviolet range. So the grating periods used in waveguide strutures are readily 

available. There are other competing submicrometer grating fabrication techniques. 

namely x-ray lithography (Flanders et al.[1978] and electron beam lithography 

(Suhara and Nishihara[1986]). The former is capable of yielding gratings of period 

well under 0.1 p.m. and the latter is capable of making arbitrary grating line shapes. 

However. both require very expensive equipment. The holographic grating 

fabrication technique. on the other hand. requires minimal equipment. little more 

~---------------------------------
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than a laser and a bottle of photoresist. So it is well suited for waveguide grating 

fabrication in integrated optics research. 

Two common names for gratings made in photoresist are holographic gratings 

and interference gratings. To emphasize the material rather than the fabrication 

technique. we call such a grating a photoresist grating. In terms of applications. we 

call a grating used in spectroscopic applications a spectroscopic grating. and a grating 

used in waveguide structures a waveguide grating. A photoresist spectroscopic 

grating may be used as it stands in transmission. or it may be vacuum coated with a 

reflecting layer of metal and used in reflection. In waveguide applications. however. 

photoresist presents considerable loss to the guided-wave. So waveguide gratings are 

normally made by some etching process. using photoresist gratings as masks. When 

a photoresist grating is to be used as a mask. we call it a photoresist grating mask. or 

simply a grating mask. A grating obtained after etching is called an etched grating. 

In addition to grating period. grating height and grating groove shape 

characterize the grating geometry and determine the optical performance of a grating. 

For a spectroscopic grating its groove depth is the single most important parameter. 

determining the grating diffraction efficiency. For grating masks. however. the 

grating height and the shape are less significant. Usually photoresist grating mask 

profiles are symmetrical. and the grating mask groove depth is chosen to be not 

much higher than that necessary to fulfill the masking function. The only grating 

mask shape factor of importance is the relative width of the troughs of the grating. 

In this chapter the ratio of the width of grating trough to grating period is called the 

aspect ratio of the grating. The aspect ratio of a grating mask determines the aspect 
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ratio of an etched grating as will be seen in §4-5-1. 

There is a special requirement on the photoresist grating mask. however. 

namely that the grating groove bottoms must be clean and flat. There are basically 

two classes of etching methods for transfering the photoresist grating patterns into 

substrate materials. One is the wet etching method and the other is the dry etching 

method. In the wet etching method. the substrate with the grating mask on it is 

submerged into a suitable chemical solution. The material exposed to the solution is 

etched away while that covered by photoresist remains intact. In the dry etching. 

the sample is subjected to a plasma or an ion beam. Both photoresist and the 

exposed substrate material are etched away by energetic ions. but the etch rate of 

the former is usually lower than that of the latter. In either case. if there is some 

photoresist remaining in the trough of the grating the etching of the substrate either 

can not start immediately and uniformly. or in some cases simply can not start at all. 

Even if the etching does start. the residual photoresist will result in surface 

roughness along the grating grooves. Surface roughness could cause considerable 

guided-wave loss. Hence it is extremely important that photoresist be completely 

removed from the troughs of a grating mask. 

The fabrication of photoresist gratings has been studied by many authors 

(Beesley and CastIedine[1970]. McPhedran et al.[1973]. Tsang and Wang[1974]. 

Austin and Stone[1976a. b]. Johnson et al.[1978]. Kodate et al.[1977]. Stepanov et 

al.[1980]. Sychugov and Tulaikova[1980]. Mashev and Tonchev[1981]. Heflinger et 

al.[1982]. Lindau[1982]. Werlich et al.[1984]. Li et al.[1987]. Nakano and 

Tada[1988]). However. all of these authors. with few exceptions (Stepanov et 
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al.[1980]. Sychugov et al.[1980]. Li et al.[1987]. and Nakano and Tada[1988]). either 

did not consider waveguide gratings or if they did. they did not place emphasis on 

the special requirements for the grating masks. In this chapter. we focus our 

attention on the fabrication of photoresist gratings as masks. The experiments and 

theoretical modeling are designed to study the special case of grating masks. 

§4-2. BASICS OF PHOTORESIST GRATING FABRICATION 

Photoresist grating fabrication techniques can be viewed. in some sense. as a 

by-product of two major technological advances in the 1960's. The advances in 

micro-electronics provided the excellent high resolution recording medium. 

photoresist; and the advent of lasers provided ideal coherent recording light sources. 

Hence we begin this section with a brief description of photoresist. followed by a 

brief description of the optical recording arrangement. Lastly. the fabrication steps 

are outlined. 

§4-2-1. Positive photoresist 

There are two types of photoresists. namely positive- and negative-working 

resist. In positive photoresist the parts of the photoresist exposed to light of 

appropriate wavelength have an enhanced solubility in appropriate developing agents. 

called the developer. relative to the unexposed parts. The contrary is true for 

negative resist. For grating fabrication positive resists are usually used because they 

have higher resolution. 

------ - - -------- ------ -----------------
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A positive photoresist is typically a three-component material consisting of a 

base resin. which gives the photoresist its film-making properties. a photoactive 

compound. and volatile solvents to make the material liquid for ease of application. 

For a dried film. the photoactive compound serves to inhibit the dissolving of the 

photoresist in an alkaline aqueous developer solution. and hence is sometimes called 

the inhibitor. Destruction of the inhibitor by light creates by-product compounds 

that allow dissolution of the resist. reSUlting in increased rate of removal of resist by 

the developer. 

The grating groove formation can best be understood if the destruction of the 

inhibitor and the dissolving of the resist (the exposure and the development 

processes) are considered separately. Exposure modifies the photoresist chemically 

due to the destruction of the inhibitor- by light in a suitable wavelength range. The 

effect of chemical modification is highly localized around the point where the photon 

is absorbed. Development is an etching process that selectively removes the 

photoresist at a rate related to the amount of inhibitor destroyed. which in turn 

depends on the amount of light absorbed. When a thin film of photoresist is exposed 

to the interference fringes formed by two laser beams of suitable wavelength. the 

periodic laser radiation intensity distribution induces a periodic variation of inhibitor 

destruction rate in the photoresist film. After the photoresist film is developed. the 

resist in the region where constructive interference occurs is removed the most. 

whereas that in the destructive interference region remains almost intact. thus 

leading to a periodic surface relief pattern. 

------------
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§4-2-2. Optics for recording of photoresist gratings 

The wavelength range for good sensitivity of most positive photoresists are in 

the ultraviolet or blue. The photoresist used in this study was Shipley 1400 series 

positive photoresist. Common light sources for producing photoresist gratings are an 

Ar ion laser (0.4579 pm line) and a HeCd ion laser (0.3250 pm line or 0.4416 pm 

line). Ar lasers have higher power than HeCd lasers but their wavelengths are 

further away from the most sensitive working range of the photoresist. A HeCd 

laser has very stable output. the right wavelength. and good coherence length. It is 

an ideal light source for making photoresist gratings. A HeCd laser running at 

0.4416 pm was used for the experimental study described in this chapter. 

There are many possible photoresist grating exposure configurations. For a 

general review. see Schmahl and Rudolph[1976] and Hutley[1982]. The 

configuration used in this investigation is depicted in Fig. 4.1. It is basically a 

single mirror interferometer. It was first proposed by Malag[1980]. and later 

independently by Xu and Li[1982]. A HeCd laser beam is spatially filtered. 

expanded and collimated. Half of the collimated beam is incident directly onto the 

photoresist film and the other half onto the mirror which folds it back onto the 

photoresist film. creating a periodic exposure inside the photoresist film. The major 

advantage of this configuration is that it eliminates the need for using two collimated 

laser beams. thereby greatly reducing the difficulty of the optical alignment. Fig. 4.2 

is a photograph of the actual single mirror interferometer used in this research. 

The grating period can be easily adjusted by rotating the mirror with respect 
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Figure 4.1. Schematic diagram of a holographic exposure setup. 
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to the incoming laser beam. It can be easily shown that the grating period d is given 

by 

d .. 2n sin () • (4-1) 

where n is the refractive index of the medium in contact with the photoresist during 

recording. and () is the angle of incidence defined in Fig. 4.1. Since the maximum 

value of the sine function is unity. the smallest grating period that can be made by a 

laser of wavelength ). is )'/(2n). 

§4-2-3 Fabrication procedures 

Next we briefly describe the photoresist grating fabrication procedures. This 

section is not intended to be a list of instructions. but rather to give some general 

background information for the topic discussed in the next section. The fabrication 

process can be divided into four steps. namely pre-exposure preparation. exposure. 

development. and post-development processing. 

Pre-exposure preparation includes substrate cleaning. substrate baking. 

photoresist spin application. and photoresist pre-baking. These steps are standard 

but quite tedious and time consuming. Since details can be found in many sources. 

for example. in the Shipley positive photoresist data sheets. they are not described 

here. However. the importance of pre-exposure preparation should be emphasized. 

The thoroughness of the substrate cleaning and baking determine the adhesion of the 

photoresist film to the substrate and the uniformity of the grating produced. The 

photoresist pre-baking influences the photoresist's sensitivity and development 
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properties (Dill and Shaw[1977]). 

Exposure and development are the most crucial steps in grating fabrication. 

The complexity and speed of the photo-chemical reaction involved in these two 

processes and the small size of the required grating period make precise control very 

difficult. The control of exposure and development are considered in detail in §4-3. 

Post-development processing usually consists of two steps. postbaking and 

Oxygen plasma treatment. Sometimes only one of them and at times neither of them 

are executed depending on the particular application under consideration. Postbaking 

is done at a temperature slightly higher than the prebaking temperature for a half 

hour or so to harden the photoresist. Hardening improves durability and increases 

etching resistance of the photoresist gratings. Oxygen plasma treatment can be used 

to remove a uniform layer of photoresist from the grating and thus remove some of 

the residual photoresist in the grating troughs to insure successful etching. 

§4-3. EXPERIMENTAL CONTROL OF PHOTORESIST ORA TINO 

DEVELOPMENT 

In this chapter. we first describe the difficulties in exposure and development 

control. and thereby establishing the necessity for in situ monitoring in §4-3-1. In 

§4-3-2. we review the basic principles of exposure and development monitoring. and 

show that only development monitoring is necessary. The development monitoring 

configuration is discussed in detail in §4-3-3. The experimental setup and procedure 

are described in §4-3-4. The experimental results and the discussion are given in 
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§4-3-S. 

§4-3-1. Problems in Exposure and Development Control 

Photoresist exposure and development are complex photo-chemical processes. 

Many experimental parameters can influence the evolution of the processes. These 

include labortory room temperature and humidity, laser output power intensity level, 

developer temperature and concentration. These parameters can be called static 

parameters because, in principle, they can be fixed. On the other hand, the actual 

time for exposure and development is normally counted in seconds. A few seconds 

can make a big difference in the resulting grating profiles. Accordingly, exposure 

time and development time are by far the most important variables for controlling 

the exposure and development processes. For a given set of static parameters, the 

control of the photoresist grating fabrication is usually realized by adjusting these 

two variables. Actually, there does not exist a unique set of parameters for optimum 

results. These parameters and variables are interdependent and can compensate each 

other. It is this multi-variable dependence and the rapidity of chemical processes 

that make exposure and development difficult to control with precision. 

The situation is further worsened by the lack of a simple and readily 

available way to measure grating profiles. The sub-micrometer size of the grating 

period is well beyond the reach of ordinary optical microscopes. The stylus type of 

mechanical step-height measurement instrument cannot measure the steep walls 

associated with photoresist gratings. The indirect way of obtaining grating depth, by 

measuring the grating diffraction efficiencies after development, requires a priori 
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infomation about the grating profile. This method has been proven very effective 

for sinusoidal gratings (Wilson[1977]. Lindau[1980. 1983]). but has not been worked 

out for non-sinusoidal grating profiles. Judging grating depth by visiual inspection 

of the grating diffraction intensity is a quite common practice. However. human 

eyes are not very good power detectors. not to mention that grating diffraction 

efficiencies are not simple functions of grating profile and wavelength. So visual 

inspection is at best a poor method and quite often can be misleading. To the present 

date. the scanning electron microscopy (SEM) is the only effective means for 

accurately obtaining information about submicrometer grating profiles. Using a SEM 

is both time consuming and expensive. Moreover. since grating samples have to be 

broken and coated with a thin layer of reflecting metal. they cannot be reused. 

Because the pre-exposure process already takes a fair amount of time. it usually 

requires a second day to identify and correct the mistake made the previous day. 

Thus making photoresist gratings can be extremely tedius and frustrating. 

Furthermore. even after considerable experience has been gained. one still 

cannot guard against unexpected fluctuations- in the experimental conditions. For 

example. the exposure laser power intensity may experience a large drop or surge 

caused by short duration (minutes) electric power fluctuations. So the exposure done 

in this period of time will be different from the rest. Or. the preheating oven 

temperature distribution may not be uniform. so that some resist films are baked at a 

higher temperature than others. resulting in different photoresist sensitivities amongst 

samples from the same batch. Therefore the real solution to the problem is some in 

situ measurement scheme that monitors the actual fabrication process. and enabling 

adjustments in real time to compensate for changes. 
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§4-3-2. Principles of PhotoresJst Grating Fabrication Process Monitoring 

The basic principle of monitoring photoresist processing is based on the fact 

that. although the microscopic physical and chemical changes in the photoresist under 

exposure and development cannot be seen clearly by human eyes. they are truthfully 

registered in the grating diffraction spectrum and can be measured with appropriate 

instruments. Provided that the correlation between the grating's physical 

characteristics and its optical characteristics is known. we can measure the grating's 

physical changes while it is being exposed or developed by monitoring its diffraction 

efficiency. and stop the process when optimum conditions are reached. As described 

in §4-2-1. when a photoresist thin film is exposed to an interference fringe pattern. 

the inhibitor concentration mirrors that of the fringes. Optically. the destruction of 

the inhibitor amounts to a change of refractive index (both the real and imaginary 

parts). and gives rise to a phase grating. As exposure time increases. the strength of 

the phase grating also changes. For the development process the situation is obvious. 

A surface relief grating evolves over time during development. 

Stepanov et al.[1980] were the first to employ the idea of in situ monitoring 

of the grating exposure. In their experiment they directed a HeNe laser beam (X ... 

0.6328 /Lm) onto a photoresist film at an incident angle of about 40 degree during 

exposure. The first order diffracted beam on the transmission side was monitored. 

The diffraction efficiency first rose to a maximum and then began to fall slowly 

with increasing exposure. The maximum diffraction efficiency was believed to 

correspond to the maximum contrast of exposure inside the photoresist film. The 

exposure time associated with the maximum diffraction efficiency was taken to be 
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the optimum exposure time. Using this method they were able to obtain photoresist 

grating masks with various aspect ratios for a fixed development time. 

In this research we decided not to monitor exposure but only to monitor 

development. This decision was made for a number of reasons. First. the induced 

phase grating during exposure is very weak. and therefore its diffraction intensity is 

more difficult to detect than that of a surface relief grating. More importantly. a 

good surface relief grating mask is obtained only after development is completed. 

Even if the exposure is closely monitored and optimized. there is still a lot of room 

for making errors in the development process. which comes after exposure. In 

addition. since exposure time and development time are not totally independent of 

each other; within certain limits overexposure or underexposure can be corrected for 

by adjusting the subsequent development. So it is sensible to monitor development 

only. 

Monitoring of photoresist grating development was first done by Beesley and 

Castledine[1970]. In their experiment the grating to be developed was fixed in a 

developing dish. A HeNe laser beam was incident normally onto the grating (at this 

time it was only a phase grating). The development was started by adding developer 

to the developing dish. A transmitted first order diffraction intensity was then 

monitored. This intensity was observed to always increase rapidly to a maximum 

and then gradually decrease. Satisfactory results were obtained when development 

was stopped at the initial maximum. There are two shortcomings in their work. 

First. at that time the rigorous diffraction grating theories were still being developed 

and they used Kogelnik's sinusoidal grating diffraction model (Kogelnik[1967]). This 
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model is only useful for sinusoidal gratings and is inadequate for other grating 

profiles. So the theoretical predictions based on this theory are not accurate. 

Secondly. they did not consider the application of this method to the photoresist 

grating mask preparation. As explained in the preceeding section. a grating mask 

has special requirements on its profile. especially at its troughs. This issue was 

addressed recently by the present author (Li[ 1987]) and by Nakano and Tada[ 1988]. 

The study included in this chapter can be viewed as a natural extension and 

refinement of Beesley and Castledine's work. 

As stated earlier. in order to control photoresist grating development in real 

time by measuring the changes in the diffraction intensity. the correlation between 

the grating's diffraction efficiency and its physical characteristics. in this case its 

profile. must be known. This can be accomplished experimentally by relating SEM 

photographs of gratings to the curves of diffraction intensity versus development 

time at different stages of the development process. Then common features and trend 

can be identified. whose characteristics which are independent of grating period. 

subtrate material. random fluctuations. etc. This is discussed in §4-3-S. In addition. 

photoresist grating development and its monitor-ing can be modeled theoretically, 

This is considered in some detail in §4-4. 

§4-3-3. Choice of Monitoring Configurations 

Before proceeding to experimental demonstration and theoretical modeling. we 

first to consider the choice monitoring configurations. First. when a laser beam is 

incident onto a grating. it generates many propagating diffraction orders. The 
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question is which order is the best for monitoring? In principle. the diffraction 

order to be monitored should have good sensitivity to changes in the grating profile 

and should have strong enough intensity to be easily detected. Fig. 4.3 shows 

calculated diffraction efficiencies for various orders versus grating groove depth for 

a sinusoidal grating of period 0.5 p.m and index n - 1.63. in Littrow mount 

(explained shortly). The wavelength assumed is 0.6000 p.m and the polarization is 

TM. meaning that the H vector is transverse to the plane of incidence. Although the 

curves are calculated for a sinusoidal grating. many of their features are shared by 

other grating profiles. From this figure. it can be seen that diffraction efficiencies of 

the two zeroth orders do not change very much from their initjal values when the 

grating groove depth increases. and therefore they do not provide enough sensitivity. 

The non-zero orders. other than the two negative first orders at non-normal 

incidence. usually do not have very high efficiencies. Moreover. they may not even 

be propagating for short enough period gratings. as is the case in F~g. 4.3. 

Diffraction efficiencies of the two negative first orders change by orders of 

magnitUde as the grating groove depth changes. and they can be very high in 

magnitude. Therefore they are the best candidates for development monitoring. 

For a grating fabricated on a transparent substrate. there are two negative 

first order diffractions. one in transmission and the other in reflection. These two 

diffraction orders have distinctively different features. The transmitted one has a 

higher efficiency and it increases steadily as the grating groove depth increases in 

magnitude up to about one and a half times the wavelength of the incident light. 

The reflected order starts to oscillate when the grating groove depth increases to 

about half of the wavelength of the light. Which one of them is better for 
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development monitoring depends on the intended applications of the gratings being 

made. If a photoresist grating is made for use as it is after development. then it is 

advantageous to monitor the reflected intensity because there is more information 

contained in its changes in diffraction efficiency than for the transmitted one. The 

maxima and the minima of the curve can be used as characteristic points to 

determine the grating groove depth. When a grating is made as a grating mask. 

however. it is more advantageous to use the transmitted order. because the 

monotonically increasing nature of the diffraction efficiency makes the detection of 

the point at which the substrate material is exposed to the developer much easier. 

As stated in §4-1. the photoresist thickness is usually chosen to just fulfill the 

masking function. Normally. this thickness does not exceed the monitoring 

wavelength. Thus as the grating groove depth increases during the initial phase of 

development. the transmitted order remains in the monotonically increasing region. 

When the developer has etched to the substrate surface. the grating peaks narrow 

down and the efficiency decreases. So there is only one maximum in the monitoring 

curve and the moment when photoresist is completely removed from the troughs can 

be clearly identified from the curve. This point will be better appreciated after 

reading §4-3-5. If the reflected order is used. however. its oscillatory nature may 

cause confusion. For opaque substrates. of course. only the reflected orders can be 

used. but caution should be taken to distinguish the downward bends in the 

diffraction efficiency caused by the oscillation attendant to grating groove depth 

increase from that caused by breakup of the photoresist. 

Next we consider the choice of incident angle for the monitoring laser beam. 

This angle should be chosen to give as large a grating diffraction efficiency as 
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possible. and to enable monitoring of grating periods as short as possible. The first 

order Littrow mounting meets both of these requirements. A Littrow mount refers 

to the incidence of light at an angle such that the negative first order in reflection 

propagates exactly along the same path as the incident light but in the opposite 

direction. For the first order Littrow mount. the incident angle () is given by 

• () X 
SIO - 2nd' (4-2) 

where X is the wavelength. d is the grating period. and n is refractive index of the 

developer. Eq. (4-2) also shows why a Littrow mount is also called Bragg incidence 

by some people. Fig. 4.4 shows that both the initial grating diffraction efficiency 

maximum and the grating groove depth correspond to the initial maximum peak at 

the Littrow mount. In other words. a larger diffraction efficiency change can be seen 

as the grating groove depth increases at the Littrow mount than at other incident 

angles. Also in the Littrow mount. the minimum grating period that can be 

monitored is X/(2n). It can be easily shown that this is the absolute lowest limit of 

the grating period that can generate a dispersive diffraction order with the given 

wavelength and developer refractive index. It is interesting to note that Eq. (4-2) is 

essentially the same as Eq. (4-0. 

Lastly. we consider the choice of the monitoring light source. Ideally. the 

source wavelength should be in the visible to make the monitoring easy. small 

enough to allow at least one nonzero diffracted order. and large enough to be 

inactive to the photoresist. A HeNe laser of wavelength 0.6328 pm is usually a good 

choice. When the grating period is shorter than 0.6328 pm/(2*1.34) :!! 0.236 pm. 

where 1.34 is the estimated refractive index of diluted developer. a HeNe laser does 
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not produce any nonzero propagating orders. and a shorter wavelength light source 

must be used. However. a photoresist is sensitive to green or blue light. so that a 

monitoring beam with wavelength shorter than green light must be attenuated before 

it is incident on the grating being developed. Although the grating diffraction 

efficiency depends on the beam polarization when the wavelength and grating period 

are comparable. no significant effects on development monitoring have been 

observed. In this investigation. an unpolarized HeNe laser was used. unless 

otherwise specified. 

§4-3-4. -Experimental Setup and Procedure 

Shown in Fig. 4.5 is a schematic diagram of the development-monitoring 

setup. A HeNe laser beam is incident on the developing photoresist grating in or 

near Littrow mount. The negative first-order diffraction intensity is measured by a 

photodiode and recorded by a chart recorder. For a reflection grating. a beamsplitter 

can be conveniently added in front of the development cell to split off the negative 

first order diffracted beam. The beam attenuator. chopper. and lock-in amplifier are 

needed only when the HeCd laser beam is used as the monitoring beam. The 

attenuator reduces the HeCd laser beam intensity to a level at which it does not 

affect the photoresist. and the chopper and the lock-in amplifier are used to detect 

the extremely weak negative first-order diffraction. If necessary the monitoring 

beam can be expanded before entering the developing cell and refocused onto the 

detector after exiting it to further reduce the light intensity shining on the developing 

photoresist grating. 
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Fig. 4.6 is a photograph of the actual developing cell and grating holder 

assembly used in this investigation. The lower part of the photograph shows a 

grating holder. which can be mounted on the rotator so that the incident angle can be 

adjusted while the incident beam is kept on the grating. The rotator is mounted on 

top of the cylindrical quartz cell which contains the developer. A developer 

circulating system is also included to keep the photoresist grating in contact with 

fresh developer during development. The grating holder and development cell 

assembly are designed so that the grating holder can be inserted into and pulled out 

of the development cell quickly. 

The development process· take place as follows. At the very beginning the 

HeNe laser beam is adjusted to the vertical level of the center of the gratings to be 

developed and is directed to intersect the axis of the cylindrical cell. The cell is 

filled with developer which is diluted to slow down development to a comfortable 

speed. Development is begun by inserting the grating holder with a grating on it 

into the cell. The first grating developed is solely used to position the detector. 

Usually two or three seconds after the photoresist grating is inserted into the cell. the 

diffraction orders begin to appear. Then the detector is moved to catch the negative 

first order and then is locked in position. The substrate clamp in the interferometer 

as shown in Fig. 4.2 and the grating holder and development cell assembly as shown 

in Fig. 4.6 are designed to allow the gratings to be mounted in such a way that the 

detector position. once fixed. is good for all subsequent gratings to be developed. 

The development is stopped by quickly pulling the grating holder out of the cell and 

putting it into a beaker containing fresh water at an appropriate time to be discussed 

in the next section. 
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Figure 4.6. Development cell and grating holder assembly used for 
monitoring photoresist grating development. 
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§4-3-5. Experimental Results and Discussion 

In this subsection we first present the results of the experimental monitoring 

study in the form of SEM photos of photoresist gratings with different development 

times, and their monitoring curves. Then we discuss the general features of the 

developed grating profiles, the monitoring curves, their correlation, and how this 

correlation can be used to control development of grating masks. 

The SEM photographs and the monitoring curves in Fig. 4.7 are for gratings 

fabricated under the following conditions: Shipley 1400-17 photoresist, Shipley 

developer 351. developer concentration 17%, photoresist thickness 0.15 p.m, grating 

period 0.6 JLln, exposure beam intensity 0.5 mW/cm2, and exposure wavelength 

4416 A The photoresist coatings were soft baked for 30 minutes at 90°C before 

exposure. Fig. 4.8 shows grating profiles for another set of experiments and 

monitoring curves under the same conditions as those for Fig. 4.7, except that the 

grating period was 0.4 p.m and the developer concentration was 12.5%. Fig. 4.9 

shows a 0.2-p.m-period photoresist grating mask and its monitoring curve. The 

monitoring was done with a TE polarized Heed laser beam. Fig. 4.10 is a 

monitoring curve for a I.S-p.m-period photoresist grating on an InSb substrate 

monitored via the reflected negative first-order diffraction. The photoresist thickness 

was about 0.2 p.m. The photoresist grating was intentionally developed for a long 

time to obtain a curve for the complete development process. 

The monitoring curves are reproduced from chart recorder traces. The 

vertical scales of the monitoring curves are arbitrary but consistent for each group 
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and proportional to the diffraction efficiency. The vertical scales in some of the 

SEM photos are out of proportion because of screen drifting while the photos were 

taken. Due to the difficulty in adjusting the electron microscope, these photos were 

not taken with the same magnifications. 

The general features of each of the individual grating profile and the 

corresponding monitoring curve can be described as follows. At the beginning of 

the development process, the photoresist in the grating grooves is developed away 

quickly, and the monitoring curves rise steeply with positive second-order 

derivatives. When the developer touches down to the substrate surfaces, the grating 

groove depths cease to increase and the grating peaks narrow. Meanwhile, the 

monitoring curves still rise, but begin to bend over. In other words, the second

order derivative becomes negative. At some point the monitoring curves reach their 

maxima and begin to fall with slopes whose magnitude is less than that in the 

inceasing diffraction efficiency region. More specifically, the substrate surface is 

exposed to the developer in the middle section of the rising edge of the monitoring 

curves; see Figs. 4.7 and 4.8 (aHa') and (b)-(b'). The maximum diffraction 

efficiencies occur approximately when the area of the cross section occupied by the 

remaining photoresist is equal to the area that has been etched away; see. for 

example, Figs. 4.8 (c)-(c') and (d)-(d'). The 1: 1 aspect ratio occurs shortly after the 

monitoring curves pass their peaks; see Figs. 4.7 (e)-(e') and (f)-lj') and Figs. 

4.8 (d)-(d') and (e)-(e'). 

Once the correlation between a monitoring curve and the grating profile 

evolution is known. development control is established. For example. to obtain an 
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aspect ratio of less than. equal to. or greater than 0.5. the development should be 

stopped before. shortly after. or long after the monitoring curve passes its peak. 

respectively. Note that as long as a monitoring curve is near to. or passes its 

maximum. the photoresist is indeed completely removed from the grating troughs. 

One shortcoming of this approach is that it is difficult to judge when to stop the 

development if an aspect ratio of less than 0.5 is desired. In this case the 

development should be stopped before the diffraction maximum is reached. and the 

decision has to be made without a reference to the location of the peak. 

Nevertheless. this method is much more reliable than the empirical method without 

. monitoring. It has been used to guide the daily fabrication of gratings in our 

research labortory. and the results have been very good and consistent. 

The relationship between the monitoring curve and the grating profile 

evolution mentioned above holds as long as the monitoring is done in the 

monotonicaIIy increasing region of the grating diffraction efficiency. i.e .• as long as 

the grating's groove depth-to-period ratio is less than about 1.5. if the transmitted 

negative first order is used. If gratings with even deeper grooves are to be made. or 

the reflected negative first order is used for monitoring. additional diffraction 

maxima may occur before the point where developer touches down to the substrate 

surface is reached. Things are slightly more complicated. but the general principle 

stiU applies. 

Next. we note that the monitoring curves do not have the same maximum. 

and do not reach their maxima at the same time. even for the samples with the same 

processing conditions. Furthermore. the shapes of these curves are also not exactly 
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Figure 4.7. Scanning electron micrographs of photoresist grating masks 
with different development times (a through h) and their corresponding 
monitoring curves (a' through 11'). The grating period is 0.6 p.m and the 
developer concentration is 17%. 
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Figure 4.7 (Continued). Scanning electron micrographs of photoresist 
grating masks with different development times (a through h) and their 
corresponding monitoring curves (a' through h'). The grating period is 
0.6 p.m and the developer concentration is 17%. 
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Figure 4.7 (Continued). Scanning electron micrographs of photoresist 
grating masks with different development times (a through h) and their 
corresponding monitoring curves (a' through h'). The grating period is 
0.6 p.m and the developer concentration is 17%. 

149 

150 

150 



o 

(a) 

o 

(b) 

o 

(e) 

50 100 
Development TIme(sec) 

(a') 

50 100 
Development TIme(sec) . 

(b') 

50 100 
Development TIma(sec) 

(e') 

Figure 4.8. Scanning electron micrographs of photoresist grating masks 
with different development times (a through f) and their corresponding 
monitoring curves (a' through 1'). The grating period is 0.4 JLm and the 
developer concentration is 12.5%. 
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Figure 4.8 (Continued). Scanning electron micrographs of photoresist 
grating masks with different development times (a through f) and their 
corresponding monitoring curves (a' through f'). The grating period is 
0.4 p.m and the developer concentration is 12.5%. 
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Figure 4.9. Scanning el,ectron micrograph of a 0.2 p.m period photoresist 
grating mask (a) and its monitoring curve (b). 
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Figure 4.10. Monitoring curve for a 1.5 p.m period photoresist grating 
mask on an InSb substrate. 
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reproducible. All of these occur because of the lack of uniformity in the photoresist 

processing. the differences in developer concentrations. substrate reflectivities. and 

grating periods. However. the general shapes of the monitoring curves and the 

correspondence between the curves and grating profiles are all qualitatively the 

same. In fact it is the change of the diffraction efficiency. not its absolute value. 

that carries information about grating development. This fact should discourage the 

use of visual inspection of the grating diffraction efficiency as a check on the 

grating development. The stable characteristics of the monitoring curves makes this 

monitoring method very reliable. To appreciate this point. note that grating 4.7 (d) 

had a much longer development time than grating 4.7, (c). but it has a profile similar 

to grating 4.7 (c). The cause of the big change in the development rate is 

unexplained. Evidently. without the monitoring technique. grating 4.7 (d) would 

have been considerably underdeveloped. 

§4-3-6. Summary 

In this section. we have focused attention on the control of the development 

time. This does not mean that the exposure time is not important. However. 

experience has shown that as long as the exposure time is not too far from 

"optimum." an optimum grating profile can always be obtained by adjusting the 

development time. (Without fixing the development time it is impossible to define an 

optimum exposure time; by "optimum." we mean the optimum exposure time for a 

reasonable development time. for example. 30 to 60 seconds). In principle. the 

method proposed here can also be applied to the fabrication of grating masks by the 

simultaneous exposure and development technique (Tsang and Wang[1974]). 

-_ .. _---------------------------------
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We began this section hoping to find a method to determine the optimum 

development time. At the end. however. we found out that it is not the absolute 

development time but the position on the monitoring curve that provides a measure 

of the photoresist grating development. With this method. the precise control of 

many experimental conditions. such as developer concentration. exposure time. 

prebaking temperature. etc. become less critical. 

In summary. we have successfully applied and extended the method of 

monitoring photoresist grating development to the fabrication of photoresist grating 

masks. With this new technique. grating masks with clean troughs and different 

predetermined aspect ratios can be made easily and reliably. 

§4-4. THEORETICAL MODELING OF PHOTORESIST GRATING 

DEVELOPMENT 

In this section. we consider the theoretical modeling of photoresist grating 

development and its computer simulation. By doing so we can get a better 

understanding of the development process and. hopefully. develop a first-order 

design tool for photoresist grating fabrication. The photoresist development models 

are described in §4-4-1. Exposure distribution is discussed in §4-4-2. Numerical 

methods for computer simulation are considered in §4-4-3. and examples of computer 

simulation of grating development are given in §4-4-4. 
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§4-4-1. Photoresist development modeling 

In order to simulate monitoring of the photoresist development. we first need 

an appropriate photoresist. model. The theoretical modeling of positive photoresist 

development has been studied by many authors (general modeling: Bartolini[1974]. 

Dill et al[1975]. Neureuther and Dill[1974]. and Kim. et al[1984]; grating modeling: 

McPhedran. et al[1973]. Austin and Stone[1976]. Kodate. et al[1977]. Mashev and 

Tonchev[1981]. and Lindau[1982]). The modeling of photoresist is of vital 

importance for the design and fabrication of integrated electronics circuits. In fact. 

most of the previous studies on photoresist were in this area. and there are relatively 

few papers on photoresist grating modeling. Basically. there are two different 

approaches. One can be called the analytical approach and the other the 

phenomenological approach. 

In the analytical approach. the inhibitor concentration plays a central role. 

The local inhibitor concentration M(x.y.z.t) is defined as the fraction of the inhibitor 

remaining (at point (x.y.z) and time t) as compared to the inhibitor concentration 

before exposure. The photosensitivity of the photoresist is associated with its optical 

absorption at the exposure wavelength. As the inhibitor is destroyed. this absorption 

is removed as well. Assuming that the exposure is uniform so that M(x.y.z.t) == 

M(z.t). the absorption constant. a. of the photoresist at the exposure wavelength is 

given by 

a - A M(z.t) + B • (4-3) 

where A and B are measurable material parameters. which describe the exposure 

dependent and exposure independent absorption. The rate of destruction of the 
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inhibitor depends on the local optical intensity f(z.t). and the local inhibitor 

concentration. as given by 

aM at ... - C f(z.t) M(z.t) • (4-4) 

where C is another material parameter. A. B. and C can be experimentally 

measured for a given photoresist and exposure wavelength. Eq. (4-4) can be solved 

for Mr ... M(z.tr). where tr is the total exposure time. An experimentally determined 

curve relating development rate R to inhibitor concentration Mr provides the link 

between exposure and development. Once R[Mr(z)] == R(z) is known. the photoresist 

thickness removed. zoo after development time to can be calculated from 

I 
to 

z(to)" 0 R[z(t)] dt. (4-5) 

This is a quite elaborate and difficult approach. First of all. it is an involved 

process to determine the material constants A. B. and C (Dill et al[1975b]). Secondly. 

Mr is not a directly measurable quantity. It has to be linked to the directly 

measurable quantity R by least square curve fitting. Thirdly. Eqs. (4-4) and (4-5) are 

in general difficult to integrate. especially for nonuniform exposure. This approach 

is used mostly in the field of microelectronics for modeling projection printing. For 

modeling photoresist grating development. however. it is sufficient and more 

convenient to use the simpler phenomenological approach. 

The phenomenological approach links the development rate R to the exposure 

E directly without using the concept of inhibitor concentration as a middle step. In 
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this case. both exposure and development rate can be measured directly. This 

considerably simplifies the situation. Usually the dependence R(E) is called the 

characteristic curve of a given photoresist and developer. To measure R(E). 

photoresist films are given uniform exposures (product of intensity and exposure 

time) at various intensity levels. The exposed films are then developed for a fixed 

length of time. and the developed thickness is measured by a stylus type of 

instrument. The development rate at a given exposure level is obtained by dividing 

the developed thickness by the fixed development time. The basic assumptions made 

here are the uniformity of exposure throughout the thickness of the film and the 

independence of development rate on development time. The first assumption is 

reasonable because the attenuation of exposure light intensity in the direction of the 

photoresist thickness is usually very small. The second assumption was verified by 

Bartolini[1974]. 

Next. we consider the particular way in which the developer etches the 

photoresist. In both the analytical approach and the phenomenological approach. 

development is considered to be a surface-rate limited etching process. Depending on 

the assumptions about the direction of the etching action. the phenomenological 

approach is further divided into two different models. The first one is called the 

vertical etching model. In this model. the etching action of the developer is assumed 

to be in the direction normal to the substrate surface. as shown in Fig. 4.11 (a). 

Suppose that E(x.y) is the exposure distribution. and R[E(x.y)]:: R(x.y) is the 

development rate at point (x.y). Then the development process can be modeled by the 

following initial-boundary value problem 
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Figure 4.11. Two photoresist development models. (a) the vertical etching 
model and (b) the perpendicular etching model. 

158 



{ 

~ .. - R(x,y) , } 

ylt-O .. h , 
y ~ 0, 
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(4-6) 

where h is the initial photoresist thickness. Note that because x plays only a 

parametric role in Eq. (4-6), this model is also called the one dimensional etching 

model. This model was used by Austin and Stone[19761, Machev and 

Tonchev[19811, and other authors. It has the advantage of simplifying numerical 

solutions and offering an intuitive appreciation of grating profile evolution. But it is 

not accurate enough to yield a good understanding of the development process. It is 

unreasonable to assume that the developer etche~ photoresist normal to the substrate 

surface, which actually plays no role in the development process. 

A more reasonable model is the perpendicular etching model. It assumes that 

the developer etches in a direction perpendicular to the instantaneous surface of the 

photoresist, as shown is Fig. 4.11 (b). It is easy to verify that in this case, Eqs. (4-6) 

is modified to 

~ _ -R(x,y) 1+[ ~]2 , 
ylt-o - h , 

y ~O. 
(4-7) 

Since in this case, x and yare no longer separable, this model is also called the two 

dimensional etching model. This model has been proved to simulate actual grating 

development better than the one dimensional model does. However, the development 

simulation equation, that is, the first equation of (4-7), has one weakness. Namely it 

can not handle gratings with vertical walls or shadows because of the presence of 
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the spatial derivative. Eqs. (4-7) were used by McPhedran, et al[1973], Kodate, et 

al[ 1977], and Lindau[ 1982] to model photoresist spectroscopic gratings, which 

normally do not have vertical walls. For grating mask modeling, however, they do 

not apply. To circumvent this difficulty, we use the parametric equations 

~~ .. sin a R(x,y) , 

¥t .. -cos a R(x,y) . 

ylt-O .. Iz , 
y ~ 0, 

(4-8) 

where x sin a, - 9 cos a define the direction of the normal to the grating contour at 

point (x,y). Clearly, Eqs. (4-8) are equivalent to Eqs. (4-7), but the possibility of a 

singular spatial derivative due to vertical side-walls has been removed. Eqs. (4-8) 

are the equations we used for simulating photoresist grating development. The 

numerical solution is discussed in §4-4-3. 

Fig. 4.12 shows the measured characteristic curve for Shipley 1400 series 

positive photoresist with developer 351 diluted to 1:5 (one part volume of developer, 

five parts volume of deionized water). The developer flow rate at the photoresist 

surface is about 3 ems/sec. Two features should be noted. The response of the 

photoresist is nonlinear; even at zero exposure there still is a finite etch rate. The 

function R(E) for this particular photoresist-developer combination is found, by least 

square fitting, to be 

R(E) ... 2.97 exp( 0.97 E) , (4-9) 

o 
where the unit of R is A/sec,. and the unit of E is 10-5 erg· sec/ems . 
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Figure 4.12. Measured characteristic curve for Shipley 1400 series 
positive photoresist with developer 351 diluted to 1:5 (one part volume of 
developer, five parts volume of deionized water). The unit of the 
exposure density is 10-5 erg' sec/ems. 
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(a) 

(b) 

Figure 4.13. Exposure distributions for a single grating period on (a) a 
glass substrate and (b) on an JnSb substrate. The vertical direction 
represents exposure density, the x direction represents the direction of 
grating periodicity, and the y direction represents photoresist thickness. 
The near end and far end in the y direction correspond to photoresist
substrate interface and photoresist-air interface, respectively. 
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The dimension of E deserve further elaboration. In the field of photoresist 

processing. whether it is for integrated circuits. holography. or photoresist grating 

fabrication. the dimension of the exposure. E. is universally energy/area. i.e. energy 

received per unit area parallel to the substrate surface. In this author's opinion. this 

dimension is adequate when used for obtaining the characteristic curves. and for 

modeling projection printing because there the exposure is basically piecewise 

constant so that the etching action is primarily vertical. For monitoring grating 

development. however. this dimension is totally inadequate. The exposure caused by 

the interference of laser beams is not piecewise constant at all. Therefore both 

vertical and horizontal etching are important. and it does not make sense to use 

energy per unit area parallel to substrate surface as a measure of local exposure. 

Instead we propose to use volume energy density times exposure time. whose 

dimension is energy' time/volume. as a measure of local exposure. The exposure 

distribution is discussed in §4-4-2. 

Before closing this subsection. we comment on a wide-spread belief that the 

photoresist grating profile is sinusoidal. This is in general incorrect for at least three 

reasons. First. referring back to Eq. (4-6). suppose that the development rate is 

directly proportional to exposure. that is that the photoresist response is linear. Then 

it is easy to see that the developed grating will be sinusoidal. provided that the 

exposure whose x dependence is always sinusoidal is independent of y. But this is 

not true in general because of the optical reflection which occurs at the photoresist

substrate interface. Secondly. photoresist response is nonlinear. Thirdly. even if the 

first two reasons are be obviated by using an index matched substrate and by 

appropriate pre-exposure or the use of unequal intensity exposure laser beams 
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(Austin and Stone[1976]). Eqs. (4-7) or Eqs. (4-8) still predict that the grating profiles 

cannot be sinusoidal. Graphs of simulated grating profiles are given in §4-4-4. 

§4-4-2. Exposure Distribution 

In the preceeding subsection. the basic equations for simulating photoresist 

grating development were given. In order to use these equations we require 

knowledge of the exposure distribution E(x.y) inside the thin photoresist film. The 

problem is to find the energy density of the electromagnetic field. U(x.y). everywhere 

inside the photoresist. The exposure distribution is then just U(x.y) T e == E(x.t). 

where T e is the total exposure time. This is a standard electromagnetic boundary 

value problem whose solution is a straightforward. Johnson et al.[1978] have given 

expressions for exposure distribution for symmetric incidence. To illustrate the main 

points. we consider the simple and yet most common case. namely that of equal 

intensity. symmetrical incidence. and TE polarization. In this case. the energy 

density U. and therefore the exposure distribution E. is proportional to 

E(x,y) <X [I .cos [4.X {in 0]] [I.r'. 2 r cos [ 4.y\ cos 0' ] ] (4-10) 

where () is the angle of incidence. X is the exposure light wavelength. ()' is the angle 

of refraction inside the photoresist. np is refractive index of the photoresist. and r is 

the amplitude reflection coefficient for light incident from within the photoresist onto 

the photoresist-substrate interface. As expected. Eq. (4-10) shows that the exposure 

distribution is periodic in x with period X/(2 sin (}). and that there is also a 

modulation in y direction whose strength depends on the reflection coefficent r. 
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Fig. 4.13 (a) is a three dimensional plot of the exposure distribution for a 

single grating period calculated from Eq. (4-10). The values of the physical 

parameters used are: wavelength 0.4416 pm, incident angle 30 degrees, photoresist 

refractive index 1.659, substrate index 1.52(glass), and photoresist thickness 0.3 pm. 

The vertical direction indicates the exposure, the near end in the y (thickness) 

direction defines the photoresist-substrate interface, and the x direction is the 

direction of grating periodicity. From the plot, it can be seen that the exposure is 

sinusoidal in the x coordinate and there is a slight modulation in the y dimension. 

Note that for this substrate index the anti nodal point of the standing wave in y 

direction is at the photoresist-substrate interface. 

Fig. 4.13 (b) is a different three dimensional plot of an exposure distribution. 

All of the conditions are the same as for Fig. 4.13 (a), except that the glass substrate 

is replaced by a reflecting InSb substrate, whose refractive index is 3.345 + i 2.036 

at the exposure wavelength of 0.4416 pm (Holm[I985]). It is observed that the 

exposure is strongly modulated along the y direction as well as along the x direction. 

From Eq. (4-10) it can easily be shown that the modulation period in the y direction 

is given by 

d' - ). . 
2np cos ()' 

(4-11) 

Note that the photoresist-substrate interface is a nodal point, that is at the interface 

the exposure is a minimum. The implication of this plot is that, when making 

photoresist gratings on highly reflecting surfaces, the photoresist thickness should be 

kept under d'. Otherwise it will be very difficult for the developer to etch through 

the photoresist underneath the layers corresponding to nodal points. Also it is 
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difficult to remove photoresist completely along the grating grooves due to the 

exposure minimum at the photoresist-substrate interface. These points should be 

taken into account when making photoresist gratings on highly reflecting materials. 

§4-4-3. Numerical Solution of the Simulation Equations 

Having obtained the simulation equations. the characteristic relation. and the 

exposure distribution. we are now ready to consider the numerical solution of Eq. 

(4-8). Three different numerical techniques have been used to numerically simulate 

the photoresist development process. They are the cell-removal model (Dill et 

al.[1975c]). the ray-tracing algorithm. and the string model (Jewett et al.[1977]). 

In the cell-removal model. the photoresist film is divided into arrays of 

rectangular cells. each having a specific etch rate which is determined by the 

exposure received. Development proceeds along the surface in contact with the 

developer. Cells are removed by the developer according to their etch rate and the 

number of sides of the cell in contact with the developer. When a cell is removed. 

etching of the new cells exposed begins. 

In the ray-tracing algorithm. which is analogous to geometrical optics. a 

vector perpendicular to the boundary between the developed and undeveloped 

regions. defined as an etch ray. is refracted at the boundaries between regions 

having different etch rates according to Snell's law. with index of refraction defined 

by nr = Rmax/R(x.y). The "phase front" of the rays at a particular time then defines 

the instantaneous boundary between the developed and undeveloped regions. 
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Finally. in the string model. the boundary between developed and 

undeveloped regions is approximated by a series of line segments. An interception 

point. or the node of two adjacent line segments. advances according to the local etch 

rate along the bisector of the two line segments. as shown in Fig. 4.14 (a). The 

entire etching boundary acts like an elastic string. At the beginning of development. 

the string coincides with the initial photoresist surface with evenly spaced nodes. 

As development proceeds. the string is deformed into the developed (grating) profile 

as shown in Fig. 4.14 (b). It can be seen that for the regions where the etching 

boundary is concave to the photoresist. the line segments expand. and where the 

etching boundary is convex to the photoresist. the line segments contract. Thus in 

order to maintain good accuracy during the simulation the segments are kept roughly 

equal in length by adding nodes in regions of expansion and deleting nodes in 

regions of contraction. 

The study conducted by Jewitt et al. showed that the ray-tracing method and 

the string model take about equal computation time and are both at least a factor of 

two faster than the cell removal method. The ray-tracing metI:.od has the advantage 

of requiring less computer memory and is capable of producing local development 

patterns without having to solve for the whole etching boundary. But. it does not 

always work for the first choice of ray locations on the initial photoresist surface. 

Hence Jewitt et al. concluded that the string model is the overall best method for 

development simulation. Based on their study. we decided to use the string model. 

The string model mentioned above is apparently detached from the 

mathematical problem specified by Eq. (4-8). In fact. the mathematics is contained 
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Figure 4.14. String model of photoresist development. (a). Etching 
direction bisects the angle formed by two adjacent line segments. (b). 
String deforms as development proceeds. 
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in the way the nodes advance. To be specific, as the number of line segments 

increases and the lengths of the line segments tend to zero, the direction of the 

bisector of any two adjacent line segments tends toward the normal to the etching 

boundary. Eq. (4-8) can be solved by the difference method with the variable t, as 

follows 

(4-12) 

§4-4-4. Computer Simulation of Photoresist Grating Development and Its Monitoring 

Fig. 4.15 (a) shows computer simulated photoresist grating profiles for 

different development times. The gratings are assumed to be made on a glass 

substrate (n ... 1.52). Photoresist thickness is 0.15 p.m. The exposure was modeled 

based on interfering laser beams of wavelength of 0.4416 p.m, TE polarized, equal 

intensity, and 30 degree symmetrical incidence. The exposure intensity assumed is 

0.8 mW/cm2, and exposure time is 25 seconds. The refractive index of the 

photoresist is assumed to be np .. 1.659 + i 0.02. The characteristic curve of Eq. 

(4-9) is used in the simulation. The integers labelled in the figure are the number of 

seconds into the development. 

The features exhibited by the simulated grating profiles can be compared 

with the SEM photos shown in Figs. 4.7 and 4.8. Again, we see that at the 

beginning of the development the etching action is predominantly vertical. But after 

only a few seconds, side etching effects prevail. The vertical etching speed is much 

faster than the side etching speed. The height of the grating remains almost 
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unchanged due to completely destructive interference during exposure. The grating 

profiles are not sinusoidal. except at the very beginning of the development. Also 

note that. for a sufficiently long development time. the grating profiles curve in at 

the bottom (near the substrate) due to the presence of an antinodal point of the 

standing wave. as mentioned in §4-4-2 (see also Fig. 4.8 (f)). No quantitative 

comparison bwtween experiment and theory has been attempted because so many 

variations on the experimental conditions are possible. as discussed previously in 

§4-3-1. Furthermore the photos shown in Figs. 4.7 and 4.8 were taken almost at the 

resolution limit of the electron microscope used in this study. Screen jittering and 

drifting made good photo taking extremely difficult. Nevertheless. the grating 

profiles in Fig. 4.15 (a) agree qualitatively with those of Figs. 4.7 and 4.8. 

Fig. 4.15 (b) shows another set of simulated grating profiles based on an 

indium antimonide substrate. Exposure wavelength. intensity. and polarization were 

the same as in Fig. 4.15 (a). but the incident angle was adjusted to 4 degrees to give 

a 3.17 p.m period. Clearly the basic features of grating profile evolution are the 

same as in Fig. 4.15 (a). However. note the difficulty of completely removing 

photoresist from the grating trough due to the presence of a nodal point of the 

standing wave at the photoresist-substrate interface. 

The photoresist thickness Iz used in Fig. 4.15 (b) is 0.1 p.m. which is less than 

the d' value given by Eq. (4-11). For Iz> d'. the mathematical problem given by Eqs. 

(4-8) has certain singularities if the exposure distribution is not smooth. for example 

when exposing on a highly reflecting substrate. In this case the numerical solution 

given by the string model may fail. 
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The simulation of monitoring of the grating development is simply achieved 

by inputting the simulated grating profiles obtained at different development times 

into a computer program which calculates the grating diffraction efficiencies. Then 

grating diffraction efficiencies are plotted versus development time. The particular 

grating theory used in this study was the integral method reported by Maystre[1980]. 

Fig. 4.16 shows a simulated development monitoring curve along with the 

simulated grating profiles. The T_I curve is the negative first order diffraction 

efficiency on transmission in the first order Littrow mount. and the KI curve 

corresponds to the same order on reflection. A TE polarized HeNe laser of 

wavelength 0.6328 p.m was assumed as the monitor laser. and a developer refractive 

index of 1.34 was used. The index of refraction of the photoresist was set at 1.659 

+ ; 0.002. The rest of the values of the processing parameters were as follows: 

substrate index 1.52. exposure laser intensity 0.51mW Icm2• incident angle 21.59 

degrees. exposure time 40 sec .• photoresist thickness 0.15 p.m. developer concentration 

12.5%. This simulated monitoring curve has roughly the same shape as the 

experimental curves shown previously in Figs. 4.7 and 4.8. Careful analysis of the 

T_I curve and the grating profiles in Fig. 4.16 shows that the correlation between 

experimental grating profiles and monitoring curves remains true for their 

theoretically simulated counterparts. In addition. as predicted in §4-3-3. the reflected 

negative first order efficiency contains many oscillations and therefore is not useful 

for identifying when the photoresist is broken down to the substrate surface. 

Fig. 4.17 gives another result from the computer simulation of grating 

development monitoring. All of the conditions are the same as those in Fig. 4.16. 
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Figure 4.15. Computer simulated grating profiles on (a) a glass substrate 
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Figure 4.16. Computer simulated (a) grating profiles on a glass substrate 
and (b) the corresponding development monitoring curves. Photoresist 
refractive index is assumed to be 1.659 + i 0.002. 

173 



0.15 

Y 

0.00 

2.5 

2.0 

r--. 

~ 
~ g 1.5 
Q) 

·0 
E 

Q) 

c: 1.0 
o 
~ 
~ 
~ 
"0 0.5 

X 

(a) 

o 20 40 60 80 
development time(sec) 

(b) 

Figure 4.17. Computer simulated (a) grating profiles on a glass substrate 
and (b) the corresponding development monitoring curves. Photoresist 
refractive index is assumed to be 1.67 + i 0.02. 
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except that the photoresist refractive index is assumed to be 1.67 + i 0.02. As a 

result. the grating development is slightly slower than that shown in Fig. 4.16. and 

the grating profile contours bend less into the photoresist at the bottom part of the 

grating trough than in the previous cases. These slight changes are somewhat 

magnified in the simulated monitoring curves. The T _I curve rises and falls slower 

in time than that in Fig. 4.16. However. the general correlation between the 

monitoring curve and the grating profiles still holds. 

It should be mentioned that. because the photoresist grating profiles are not 

smooth. the grating efficiency program has increasing difficulty in reaching 

convergence once the photoresist layer is broken through at the grating trough and 

starts being etched away at the side. Therefore. the monitoring curves in Figs. 4.16 

and 4.17 are only useful for showing the qualitative trends in the curves. and the 

absolute (vertical) coordinates of the points are not accurate. However. one feature 

of the curves that merits comment is that the initial rise of the simulated curves is 

visibly slower than the experimentally obtained curves. This can be well accounted 

for by so called "surface rate retardation". This is associated with the photoresist 

development rate near the initial surface being lower than the bulk rate (Kim[ 1984]. 

Dill and Shaw[1977]). This retardation effect is not included in our photoresist 

grating development model. 

§4-4-5. Summary 

In this section we have sucessfully modified the photoresist grating 

development model to model the development of photoresist grating masks. Both the 

.. _- ._-_._------------------------------------
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simulated grating profiles and grating profile evolution resemble the experimentally 

observed grating profiles and grating profile evolution respectively. The simulated 

development monitoring curves are in qualitative agreement with the experimental 

monitoring curves. 

The modeling and simulation of grating development verified and further 

enhanced our understanding of the grating development process obtained by studying 

SEM photographs. Furthermore. it can be used to guide grating fabrication. Before 

we go into a clean room to fabricate gratings of different periods. or on different 

substrates. we can first "fabricate" gratings on a computer screen for various 

conditions. such as exposure. photoresist thickness. developer concentration. Once 

the optimum set of values for these parameters are found. then we can start the 

actual fabrication process. Modeling saves time and is far less expensive than trial 

and error. This simulation method should prove valuable for fabricating new types 

of gratings. for example. blazed waveguide gratings. which have not been studied 

widely before. In order to make better use of this method. further quantitative 

comparisons between simulated grating profiles and the experimental grating profiles 

are necessary. 

The simulation of development monitoring basically verifies the experimental 

monitoring results and the predictions about the suitability of the reflected negative 

first order diffraction for monitoring. It should be emphasized that computer 

simulation of development monitoring can by no means replace the actual monitoring 

during grating fabrication. 



117 

§4-S. PHOTORESIST ORA TINO PATTERN TRANSFER 

In the preceding two sections we have studied in detail the preparation of 

photoresist grating masks. Making a good grating mask is only a prerequisite for 

fabricating a good etched grating. In order to successfully transfer the photoresist 

grating pattern into a substrate material we also need the ability to precisely control 

the etching process. The objective of this section is to show that the ideas developed 

in §4-3 and §4-4 about photoresist grating mask development can be applied to 

photoresist grating pattern transfer as well. 

The etching method we used in this research is the ion beam etching method 

(IBE). Among the many available etching methods for microstructure fabrication. IBE 

is the best suited for waveguide grating fabrication (Smith[1974]. Somekh et 

al.[1976]. and Somekh and Casey. Jr[1917]). Unlike chemical etching (the wet 

process). IBE does not have the problem of undercutting substrate material 

underneath the photoresist mask. Compared with the plasma etching and reactive 

ion etching methods. IBE has the greatest flexibility. and the unique capability for 

making gratings of varing depth and blazed profiles. 

In §4-S-1. we briefly describe the mechanism of ion beam etching and its 

characteristics. especially the angular dependence of the etch rate. In §4-S-2. we 

transfer the ideas of §4-3 to the monitoring of ion beam etching of gratings. and 

demonstrate the results by considering ion-etched InSb gratings. 
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§4-5-1. Basic Principles of ion beam etching 

The equipment needed for ion beam etching is basically a vacuum chamber 

and an ion beam system. For the purpose of this section. an ion beam system can be 

simply viewed as a device capable of emitting a wide. uniform. and collimated ion 

beam. usually of Ar ions. in a vacuum environment. Ion beam etching is done by 

exposing the grating mask to ion beam bombardment. The energy of the ions from 

an ion beam source is typically less than a few kilo-electron-volts (kev). In this low 

ion energy range. the etching mechanism is basically sputtering. that is. the ejection 

of individual atoms from the first few atomic layers of the solid by the incident 

energetic ions due to momentum transfer. The number of atoms sputtered per 

incident ion is called the sputtering yield. The etch rate of a material is proportional 

to the material's sputtering yield. As the energy of bombarding ions increases above 

the sputtering threshold the sputtering yield inceases as well. Also. the more ions 

that bombard the solid. the more atoms that are ejected out of the solid surface. So 

both the ion energy and the ion current density are the factors which determine the 

etch rate. In an ion beam system. these two parameters are usually independently 

controlled. giving the system great flexibility. 

For ion beam etching of photoresist gratings. one would hope that the 

substrate material has a much higher etch rate than the photoresist. However. one 

usually does not have any control over the etch rate difference. The grating 

substrate material is determined by the application. The etch rate of a material. for 

a given ion beam. depends on its physical properties such as atomic number. density. 

crystalline structure, and crystallographic orientation. etc. Reactive ion beam etching 
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(RIBE) is a new technique which improves the IBE technique in some materials by 

increasing the etch rate and selectivity (Bollinger[ 1983]). During this investigation 

only gratings on amorphous JnSb thin films were ion-etched. The etch rate of JnSb 

and Shipley 1400 positive photoresist for Ar ions at 500 volt acceleration voltage. 1 

° ° mAl cm2 current density and normal incidence are 1400 AI min and 240 AI min. 

respectively t. The etch rate ratio is sufficiently high so that the use of IBE without 

reactive gases is adequate. 

Besides the ion beam and material dependence. the most striking 

characteristics of ion beam etching is its dependence on the incidence angle. The 

etch rate of most materials is a nonmonotonic function of ion beam incidence angle. 

For most solids. the etch rate has a minimum at normal incidence. increases to a 

maximum around 450
• and then decreases to zero at 900

• The consequence of this 

type of angular dependence is a rather interesting faceting phenomenon. Theoretical 

predictions and experimental evidence indicate that with sufficient etching time. any 

surface contour will become a horizontal plane. Prior to the occurence of this final 

steady state, planes which are parallel to, perpendicular to, or inclined at the angle 

of maximum etch rate to the ion beam are stable planes, and are the dominant 

topographical features. 

The angular dependence of the etch rate determines the evolution of the 

grating profile during ion etching. Fig. 4.18 shows schematically the grating profile 

t These data are taken from the instruction manual for Commonwealth Scientific 

Corporation 2 cm ion source. 
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Figure 4.18. Schematic diagrams showing grating profile evolution 
during ion beam etch. The dot-shaded areas represent photoresist and 
the line-shaded area represents substrate material. 

180 



(a) 

(b) 

Figure 4.19. Scanning electron micrographs of an lon-hearn-etched InSh 
grating. (a). End view with 10° tilt. (b). End view with 0° tilt. 
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evolution under ion bombardment at normal incidence. Before the etching process 

begins. the photoresist mask has a round contour in the upper part of the grating 

profile (stage (a». In the initial phase of etching. the substrate material is etched 

only vertically but the photoresist is etched predominantly at the angle 8M 

corresponding to its maximum etch rate (stage (b)). When the inclined etch plane of 

the photoresist intersects the substrate surface. the substrate material begins to be 

etched both at the angle 8m corresponding to its maximum etch rate. and vertically at 

the bottom of the groove (stage (c) and (d)). After all of the photoresist is etched 

away. the grating profile change is more towards the lateral than in the vertical 

direction. due to the etch rate difference at normal incidence and at 8m (stage (e». If 

the etching still continm~s. the grating profile tends to become triangular (stage (f)). 

Any further etching will only decrease the grating depth. Fig. 4.19 shows SEM 

photos of an ion-etched InSb grating corresponding to etching stage (f) in Fig. 4.18. 

The curvatures at the base line near the two lower corners of the triangles are 

probably due to trenching and redeposition effects (Johnson and Ingersoll[ 1981 ]). 

Incidently. this schematic etching sequence shows how the aspect ratio of an etched 

grating depends on the aspect ratio of the grating mask. 

§4-5-2. Ion-beam-etch monitoring 

From the brief description given in the preceeding subsection. it might seem 

that as long as the etch rates of the photoresist and the substrate are known. one can 

easily control the etch process by controlling the etch time. However. the reality is a 

lot more complicated. First of all. measuring the angular dependence of the etch rate 

for each grating material is not a simple task. Secondly. the operating conditions of 



183 

the ion beam source are often not as stable as required. Even if the exact etching 

characteristics are known. one stiU cannot control the etching process precisely. 

Thirdly. for etched gratings there still exists the same difficulty in profile evaluation 

as for the photoresist grating masks due to the small size of the grating period. 

Hence as for grating mask preparation. monitoring is also necessary for the grating 

ion beam etching process. 

Just as noted previously for the grating mask development. the change in a 

grating during ion beam etching is also topographical. Although the particular way 

in which the grating profile changes during ion beam etching is different from that 

obtained with grating mask development. the concepts of 64-3 still apply. The 

factors regarding monitoring configurations are stiU valid. except that there is no 

longer a monitoring wavelength constraint. as further photoresist exposure is 

nonconsequential. Fig. 4.20 is a schematic diagram of the ion beam etching 

monitoring system. A monitoring laser beam is led into the vacuum chamber 

through a glass viewing port. The laser beam is then steered by a mirror onto the 

grating to be etched. The grating is rotated to achieve the first Littrow mount. A 

Littrow mount is especially attractive for ion beam etch monitoring because. inside a 

vacuum chamber there is little room to mount optics; by using a Littrow mount only 

one set of optics is needed for both input and output. The first order reflected beam 

follows the input path in the opposite direction and is split to the detector for real 

time recording. 

There is another advantage to using the reflected first order signal in the 

Littrow mount. As indicated in 64-3-3. at this configuration the diffraction 
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efficiency oscillates regularly as a function of grating depth. Unlike the photoresist 

grating mask development where the grating depth is not a key issue. the grating 

profile change before the end of the etching process is mainly a change in depth and 

depth control is important for etched gratings. By using the reflected order. one can 

determine the grating depth by counting the number of oscillations in the diffraction 

efficiency. 

Fig. 4.21 consists of eight SEM photographs of ion-etched gratings on InSb 

thin film (used for nonlinear guided-wave studies at 5 pm and 10 pm wavelengths) 

made by RF sputtering. Each of them was etched for a different etching time 

corresponding to a point labelled on the curve shown in Fig. 4.22. The grating 

period is 3 pm and the monitoring light source is a HeNe laser. The shapes of the 

monitoring curves for ion beam etching were not exactly reproducible. but the 

general features of the curves were the same. especially the oscillation period. The 

one to one correlation between the grating depths and the locations on the monitoring 

curve is obvious. So the extremal points of the monitoring curve can be 

conveniently used as a measure of grating depth. 

Some of the details of the monitoring curve. namely its initial behavior and 

its oscillation period. merit further discussion. The monitoring curve may initially 

increase or decrease depending on the initial photoresist grating mask height prior to 

the start of the ion etching. If there is some residual photoresist in the grating 

grooves after development. then the diffraction efficiency may hold at a constant 

value for a short time until the substrate material in the grating grooves is exposed 

to the ion beam. and then it can start to rise or fall. This is another example that 

-- -----------------------------------
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Figure 4.20. Schematic diagram of the system for monitoring grating ion 
beam etch. 
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(a) (b) 

(c) (d) 

Figure 4.21. Scanning electron micrographs of ion-beam-etched gratings 
with different etch times. (a) through (h) correspond to points labelled on 
the curve shown in Figure 4.22. 
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(e) (f) 

(g) (h) 

Figure 4.21 (Continued). Scanning electron micrographs of ion-beam
etched gratings with different etch times. (a) through (h) correspond to 
points labelled on the curve shown in Figure 4.22. 
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Figure 4.22. Schematic monitoring curve for grating ion beam etch. 
Points a through h correspond to the SEM photos labelled accordingly in 
Figure 4.21. 
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shows the value of monitoring. 

To this author's knowledge. there is no mathematical proof based on rigorous 

diffraction theory which states that the osci11ation period of a reflected diffraction 

order is a constant. Numerical computation indicates that the oscillation is only 

approximately periodic. The period is about >"/2. where >.. is the incident light 

wavelength. but it also depends on grating profiles. Thus using the monitoring 

curves to accurately control the depth of etched gratings. SEM photos should be used 

to calibrate the monitoring curves. 

The preceding discussion is for the etching of InSb gratings with an Ar ion 

beam. The etch rate difference is quite large between InSb and photoresist. which 

makes the analysis relatively easy. If other substrate materials or other gases are 

used. an individual analysis should be made for each case. 

The grating period in the preceding example of the ion beam etch monitoring 

method is relatively large. so that a HeNe laser served well for monitoring purposes. 

With a Heed laser operating at 0.325 p.m a grating period as short as 0.2 p.m can be 

easily monitored. Assuming that the reflected order intensity oscillates every half 

wavelength of the monitor laser. the grating depth can be estimated from the 

monitoring curve to an accuracy of ± 0.02 p.m. 

Finally we point out that it is possible to theoretically model the grating ion 

beam etch process. For example. Ducommun et al.[1974.1975] have considered 

computer simulation of general surface contour evolution. and Johnson[1979]. 
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Johnson and Ingersoll[1979. 1981] have considered theoretical modeling for making 

blazed gratings by ion bombardment. Due to time limitations. modeling and 

simulation of ion beam etching of waveguide gratings was not pursued in this 

investigation. 

§4-6. SUMMARY 

In this chapter we first pointed out the special requirements for photoresist 

grating masks and the necessity of monitoring the development process. Then. based 

on general consideration of grating diffraction behavior. we selected the negative 

first orders in Littrow mount as the optimum monitorng configuration. The 

correlation between the grating profiles and their monitoring curves was shown to be 

quite stable. regardless of the grating period. developer concentration. photoresist 

sensitivity and other processing conditions. Therefore the monitoring technique does 

provide a reliable means of obtaining optimum grating mask profiles. The 

development process and its monitoring were then theoretically modeled. The 

theoretical work further enhanced the understanding of the grating development 

process. Then the monitoring method was successfully applied to ion beam etching 

of InSb gratings. 

Photoresist grating masks have been made. at least in various research 

labortories. on the bnsis of trial and error experimentation. This is very time 

consuming and can be very frustrating. The method developed here has placed the 

fabrication of photoresist grating masks on a scientific footing. It is very easy to use 

and extremely reliable. This method is of special value in a university research 
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environment. Without this method. every student working on waveguide gratings 

would have to spend extra time going through the painful experience of learning 

how to make gratings by trial and error. 
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CHAPTER V 

SUMMARY 

In this dissertation we have considered three topics concerning the analysis 

and fabrication of waveguide gratings. namely the numerical improvement of the 

integral method. the ray optics analysis of waveguide gratings. and the monitoring 

and modeling of waveguide grating fabrication. Although these three subjects are 

independent of each other. they serve a common purpose. a better understanding and 

utilization of waveguide gratings. 

In Chapter II a numerical method based on a nonlinear sequence 

transformation. i.e .• Levin's u-transformation. was found to be very effective for 

accelerating the convergence of the integral kernels. This method can reduce the 

computer time for calculating the integral kernels. and thereby reducing the total 

computer time for grating diffraction efficiency calculations by the integral method. 

In Chapter III a general ray optics theory for analyzing waveguide gratings 

was formulated. The theory establishes the missing linkage between the diffraction 

grating theory and the waveguide grating analysis. It provides a different 

perspective of the waveguide grating problem from those of the conventional 

analysis. Although the ultimate assessment of its validity and limitations relies on 

further numerical studies. the preliminary investigation shows that it is at least as 

good as the coupled mode theory. The symmetry properties of grating diffractions 

are applied for the first time to the waveguide analysis. Goos-Haenchen-type lateral 
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shifts at a grating surface are suggested and includ/ild in the analysis. 

In Chapter IV the existing methods for monitoring and modeling photoresist 

grating development were modified and extended to monitoring and modeling 

photoresist grating mask development. Furthermore. the choice of monitoring 

configurations. and the interpretations of the experimental results were supported by 

theoretical calculations. The theoretical modeling and computer simulation provide 

guide lines and design tools for the grating fabrication; and the monitoring technique 

provides a reliable means of real time quality control during grating development. 

At the beginning of this dissertation we stated that any periodic structure 

which interacts with electromagnetic waves is a diffraction grating. Although 

waveguide gratings are disguised by allowing only a small number of diffraction 

orders and by confining electromagnetic waves inside the waveguides. they are still 

diffraction gratings in nature. Having presented the studies included in this 

dissertation we conclude that a good understanding of diffraction of light by gratings 

is of vital importance to the analysis and the fabrication of waveguide gratings. 
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APPENDIX A 

We define the following notations 

'" {OI if n > O. } 
01" _~. if n < O. (A-I) 

and I 
q - InIK' 

For a sufficiently large I nl. the relevant quantities in Eqs. (2-9) and (2-10) can be 

expanded in terms of q as follows 

I OIn I co ~o + 1 . 
q 

f3~ - - i (q - ~o q2) + 0 [ ~s ] • 

(A-2) 

(A-3) 

(A-4) 

(A-S) 

Substituting these expansions into the general terms of Eqs. (2-9) and (2-10). we get 

G .. e-lnlKa + i nKb[a + ri + a2 + 0[1..]] . 
n 0 I nl n2 nS (A-6) 

Q = e-lnlKa + i nKb[b + A + b2 + 0[1..]] . 
n 0 I nl n2 n3 (A-7) 

where 

(A-8) 
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and s .. sgn[ I(x) - I(x') ] + 7 /'(x) . 

Since I 
n2 -

rewritten as 

G .. e-1nIKa+inKb[a +&+ a2 +0[1]] n 0 Inl Inl(lnl+I) n3' 
(A-IO) 

Q -lnlKa + i nKb[b bl b2 o[ I]] n m.e 0 + fnT+ Inl(lnl+I) + n3 • (A-I I) 

Eqs. (A-IO) and (A-II) are just Eqs. (2-26) and (2-27) in the text, respectively. 

From Eqs. (A-6) and (A-7) clearly 

G ' 
limn .. oo (/1 _ e-Ka, and 

n 

Since e-Ka < I for a :/: 0, by a mathematical theorem t we also have 

lim ' n+1 ... e-Ka 
n"oo , n ' 

where 'n .. Sn - s, and Sn and s are the partial sum and sum, respectively, for 1:Gn 

t See, for example, Wimp[1981], page 6. 
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APPENDIX B 

Referring to Fig. 3.10. suppose the incident field is given by. instead of a 

plane wave. a wave packet formed by superposition of two plane waves whose 

wavevectors in the x direction are % ± ~%. where ~O/o « I. Assume each of the 

plane waves has a unit amplitude. Then the incident field is 

where {30 is written as a function of % (See Eqs. (3-12) and (3-13». At the top of 

the grating surface. y = O. 

. ia. x 
EJn(x.O) - 2 cos(~O/oX) eO. (B-1) 

Thus. the center of the incident wave packet on the plane y .. 0 is at x .. O. 

The n'th diffracted order in the reflection side produced by each of these 

plane waves can be written as 

(B-2) 

The absolute amplitude and the phase can be expanded in terms of ~O/o as 

(B-3) 

(B-4) 

Substitution of Eqs. (B-3) and (B-4) into Eq. (B-2). and setting y - 0 gives 

E~(x.O) .. E~(x.O)+ + E~(x.O>-
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The second term is of second order in ~OIo, and therefore can be neglected. Thus, 

defining 

we have 

arpn 
Ilxn .,. - -a ' 

010 

Ed( 0) 2 1 A ( )1 [i(t/ln(a:g)+a:nt.xn)] [( A ) A ] ia:n(x-Axn) n X,'" n 010 e cos X-~Xn ~OIo e . 

(B-5) 

(B-6) 

Eq. (B-6) says that after diffraction, the center of the wave packet is shifted laterally 

for a distance ~xn as given by Eq. (B-5), and the phase change relative to the phase 

of the incident wave packet, at x ... 0 and y .. 0, is rpn(OIO)+OIn~Xn' namely the phase 

change associated with plane wave diffraction plus the phase change associated with 

the lateral shift. Note that the second part of the phase change is proportional to OIn 

rather than 010• 



198 

LIST OF REFERENCES 

References for Chapter I 

Dabby. F. W.. M. A. Saifi. and A. Kestenbaum. 1973. "High-Frequency Cutoff 
Periodic Dielectric Waveguides." Appl. Phys. Lett .• 22. 190. 

Dakss. M. L .• L. Kuhn. P. F. Heidrich. and B. A. Scott. 1970. "Grating Coupler for 
Efficient Excitation of Optical Guided Wave in Thin Films." Appl. Phys. 
Lett.. 15. 523. 

Flanders. D. C .• H. Koge1nik. R. V. Schmidt. and C. V. Shank. 1974. "Grating Filters 
for Thin-Film Optical Waveguides." Appl. Phys. Lett .• 24. 194. 

Frauhofer. J .• 1821. "New Modification of Light by the Mutual Influence and the 
Diffraction of the Rays. and the Laws of this Modification." Denkschr. Kg. 
Akad. Wiss. Munchen. 8, 1. 

Fraunhofer. J .• 1823. "Short Account of the Results of New Experiments on the 
Laws of Light. and Their Theory." Ann. Phys .• 74. 337. 

Koge1nik. H. and T. P. Sosnowski. 1970. "Holographic Thin Film Couplers." Bell Sys. 
Tech. J .• 49. 1602. 

Koge1nik. H. and C. V. Shank. 1971. "Stimulated Emission in a Periodic Structure." 
Appl. Phys. Lett.. 18. 152. 

Pennington. K. S.. and L. Kuhn. 1971. "Bragg Diffraction Beam Splitter for Thin 
Film Optical Guided Waves." Opt. Commun .• 3. 357. 

Petit. R .• 1980. ed .• Electromagnetic Theory 0/ Gratings (Springer. Berlin 1980). 

Rittenhouse. D .• 1786. "An Optical Problem. Proposed by Mr. Hopkinson. and Solved 
by Mr. Rittenhouse." Trans. Am. Phil. Soc .• 2. 201. 

Stroke. G. W .• 1967. "Diffraction Gratings." in Handbucll der Physik. S. Flugge. ed .• 
p. 426 (Springer-Verlag. Berlin 1967). 

References for Chapter II 

Botten. L. C .• 1978. "A New Formalism for Transmission Gratings." Opt. Acta. 25. 
481. 



199 

Brezinski. C .• 1977. Acceleration de la Convergence en Analyse Numerique (Springer. 
Berlin 1977). 

Brezinski. C.. 1985. "Convergence Acceleration Methods: the Past Decade." J. 
Comput. Appl. Math .• 12&13. 19. 

Delves. L. M. and J. L. Mohamed. 1985. Computational Methods for Integral 
Equations (Cambridge Univei'sity Press. Cambridge 1985). 

Dumery. G. and P. Filippi. 1970. "Etude Theorique de la Diffraction d'une Onde 
Scalaire par un Reseau." C. R. Acad. Sci. Paris. 270 ser. B. 137. 

Golub. G.H. and C. Van Loan. 1983. Matrix Computation (Johns Hopkins University 
Press. Baltimore 1983). 

Hutley. M. C. and V. M. Bird. 1973. "A Detailed Experimental Study of the 
Animalies of a Sinusoidal Diffraction Grating." Opt. Acta. 20. 771. 

Knopp. K .• 1951. Theory and Application of Infinite Series (Hafner. New York 1951). 

Levin. D.. 1973. "Development of Nonlinear Transformations for Improving 
Convergence of Sequences." Intern. J. computer Math .• Sec. B. 3. 371. 

Lippmann. B. A .• 1953. "Note on the Theory of Gratings." J. Opt. Soc. Am .• 43. 408. 

Loewen. E. G .• D. Maystre. R. C. McPhedran and I. J. Wilson. 1974. "Correlation 
between Efficiency of Diffraction Gratings and Theoretical Calculations over 
a Wide Range." Jpn. J. Appl. Phys. Suppl.. 14-1. 143. 

Longman. I. M.. 1980. "Difficulties of Convergence Acceleration." in Pade 
Approximation and its Applications. p. 273. Lecture Notes in Math.. 888 
(Springer. Berlin 1981). 

Maue. A. W .• 1949. "Zur Formulierung eines Allgemeinen Beugungs: Problems durch 
eine Integralgleichung." Z. Phys.. 126. 601. 

Maystre. D .• 1973. "Sur la Diffraction d'une Onde Plane Electromagnetique par un 
Reseau Metallique." Opt. Commun .• 8. 216. 

Maystre. D .• 1974. Sur la Diffraction et [,Absorbtion par les Reseaux Utilises dans 
l'Infrarouge, Ie Visible et l'Ultraviolet,' Applications a la Spectroscopie et au 
Fittrage des Ondes Electromagnetiques. Thesis(Univ. of Aix-Marseille 3. 
France). 

Maystre. D.. 1978. "A New Theory for Multiprofile. Buried Gratings." Opt. 
Commun .• 26. 127. 

Maystre. D .• 1980. "Integral Methods." in Electromagnetic Theory of Gratings. ed. R. 
Petit. p. 63 (Springer. Berlin 1980). 



200 

Maystre. D .• 1984. "Rigorous Vector Theories of Diffraction Gratings." in Progress in 
Optics. ed. E. Wolf. vol. XXI. p. 1 (North-Holland. Amsterdam 1984). 

Maystre. D.. M. Neviere and R. Petit. 1980. "Experimental Verifications and 
Applications of the Theory." in Electromagnetic Theory of Gratings. ed. R. 
Petit. p. 159 (Springer. Berlin 1980). 

Neureuther. A. and K. Zaki. 1969. "Numerical Methods for the Analysis of 
Scattering from Nonplanar Periodic Structures." Alta. Freq .• 38. special issue. 
282. 

Neviere. M .• 1980. "Differential methods." in Electromagnetic Theory of Gratings. ed. 
R. Petit. p. 101 (Springer. Berlin 1980). 

Pavageau. J .• R. Eido and H. Kobeisse. 1967. "Equation Inh~grale pour la Diffraction 
Electromagnetique par des Conducteurs Parfaits dans les Problemes a Deux 
Dimensions. Application aux Reseaux." C. R. Acad. Sci. Paris. 264 ser. B. 
424. 

Petit. R. and M. Cadilhac. 1964. C. R. Acad. Sci. Paris. 259 ser. B. 2077. 

Petit. R.. D. Maystre and M. Neviere. 1972. Communication to the Ninth 
International Congress of Optics. Santa-Monica. CA(see Space Opt.. I 974. 
Proc. of the ninth ICO. p.667). 

Petit. R .• 1980. "A Tutorial Introduction." in Electromagnetic Theory of Gratings. ed. 
R. Petit. p. I (Springer. Berlin 1980). 

Shank. D.. 1955. "Nonlinear Transformations of Divergent and Slowly Convergent 
Sequences." J. Math. Phys .• 34. 1. 

Sidi. A.. 1979. "Convergence Properties of Some Nonlinear Sequence 
Transformations." Math. Comp .• 33. 315. 

Smith. D. A. and W. F. Ford. 1979. "Acceleration of Linear and Logarithmic 
Convergence." SIAM J. Numer. Anal.. 16. 223. 

Smith. D. A. and W. F. Ford. 1982. "Numerical Comparisons of Nonlinear 
Convergence Accelerators." Math. Comp .• 38. 481. 

Uretsky. J. L.. 1965. "The Scattering of Plane Waves from Periodic Surfaces." Ann. 
Phys .• 33. 400. 

Ven den Berg. P. M .• 1971. "Diffraction Theory of a Reflection Grating." Appl. Sci. 
Res .• 24. 261. 

Wimp. J .• 1981. Sequence Transformations and Their Applications (Academic Press. 
New York 1981). 

-----------------------------------------



201 

Wynn. P. 1956. liOn a Device for Computing the em(Sn) Transformation.1I MTAC. 
10. 91. 

Zaki. K .• 1969. Numerical Methods for the Analysis of Scattering from Nonplanar 
Periodic Structures. Thesis (Univ. Calif .• Berkeley. Ca. 1969). 

References for Chapter III 

Artmann. K.. 1948. IIBerechnung der Seitenversetzung des Totalreflektierten 
Strahles.1I Ann. Phys. 2. 87. 

Breazeale. M. A. and M. A. Torbett. 1976. IIBackward Displacement of Waves 
Reflected from an Interface Having Superimposed Periodicity. II Appl. Phys. 
Lett .• 29. 456. 

Breidne. M. and D. Maystre. 1980. IIEquivalence of Ruled. Holographic. and Lamellar 
Gratings in Constant Deviation Mountings.1I Appl. Opt.. 19. 1812. 

Chang. K. C .• V. Shah. and T. Tamir. 1980. IIScattering and Guiding of Waves by 
Dielectric Gratings with Arbitrary Profiles. II J. Opt. Soc. Am.. 70. 804. 

Conte. S. D. and C. de Boor. 1980. Elementary Numerical Analysis. 3rd ed. (McGraw
Hill. New York 1980). 

Dabby. F. W .• A.Kestenbaum. and U. C. Peak. 1972. IIPeriodic Dielectric 
Waveguides.1I Opt. Commun .• 6. 125. 

Dakss. M. L.. L. Kuhn. P. F. Heidrich. and B. A. Scott. 1970. IIGrating Coupler for 
Efficient Excitation of Optical Guided Wave in Thin Films.1I Appl. Phys. 
Lett .• 15. 523. 

Harris. J. H .• R. K. Winn. and D. G. Dalgoutte. 1972. "Theory and Design of 
Periodic Couplers." Appl. Opt.. 11. 2234. 

Hope. L. L.. 1972. "Theory of Optical Grating Couplers." Opt. Commun. 5. 179. 

Hutiey. M. C. 1982. diffraction Gratings (Academic Press. London 1982). 

Kapany. N. S. and J. J. Burke. 1972. Optical Waveguides (Academic Press. New York 
1972). 

Kogelnik. H .• T. P. Sosnowski. and H. P. Weber. 1973. "A Ray-Optical Analysis of 
Thin-Film Polarization Converters." IEEE J. Quant. Electron. QE-9. 795. 

Kogelnik. H. and H. P. Weber. 1974. "Rays. Stored Energy. and Power Flow in 
Dielectric Waveguides." J. Opt. Soc. Am .• 64. 174. 



202 

Lippmann. B. A.. 1953. "Note on the Theory of Gratings." J. Opt. Soc. Am .• 43. 408. 

Lotsch. H. K. V.. 1968. "Reflection and Refraction of a Beam of Light at a Plane 
Interface." J. Opt. Soc. Am .• 58. 551. 

Marcuse. D .• 1974. Theory 0/ Dielectric Optical Waveguides (Academic Press. New 
York 1974). 

Maystre. D.. 1982. "General Study of Grating Anomalies from Electromagnetic 
Surface Modes." in Electromagnetic Sur/ace Modes. ed. A. D. Boardman. p. 
661 (John Wiley & Sons. Chichester 1982). 

Maystre. D .• 1984. "Rigorous Vector Theories of Diffraction Gratings." in Progress in 
Optics. ed. E. Wolf. vol. XXI. p. I (North-Holland. Amsterdam 1984). 

Neviere. M.. 1980. "The Homogeneous Problem" in Electromagnetic Theory 0/ 
Gratings. ed. R. Petit. p. 123. (Springer. Berlin 1980). 

Neviere. M .• R. Petit. and M. Cadilhac. 1973a. "About the Theory of Optical Grating 
Coupler-Waveguide Systems." Opt. commun .• 8. 113. 

Neviere. M.. P. Vincent. R. Petit. and M. Cadilhac. 1973b. "Determination of the 
Coupling Coefficient of a Holographic Thin Film Coupler." Opt. commun .• 9. 
240. 

Neviere. M.. P. Vincent. R. Petit. and M. Cadilhac. 1973c. "Systematic Study of 
Resonances of Holographic Thin Film Couplers." Opt. commun .• 9. 48. 

Neviere. M. and P. Vincent. 1976. "Sur une Propriete de Symetrie des Reseaux 
Dielectriques." Opt. Acta. 23. 557. 

Neviere. M .• M. Cadilhac. and R. Petit. 1973d. "Applications of Conformal Mapping 
to the Diffraction of Electromagnetic Waves by a Grating." IEEE Trans. 
Anten. Propag .• AP-21. 37. 

Pengo S. T.. T. Tamir. and H. L. Bertoni. 1975. "Theory of Periodic Dielectric 
Waveguides." IEEE Trans. Microwave Theory & Technol.. MTI-23. 123. 

Popov. E. and L. Mashev. I 985a. "Analysis of Mode Coupling in Planar Optical 
Waveguides." Opt. Acta. 32. 265. 

Popov. E. and L. Mashev. I 985b. "The Determination of Mode Coupling 
Coefficients." Opt. Acta. 32. 635. 

Roger. A .• 1983. "Generalized Reciprocity for Gratings of Finite Conductivity." Opt. 
Acta. 30. 575. 

Sakuda. K. and A. Yariv. 1973. "Analysis of Optical Propagation in a Corrugated 
Dielectric Waveguide." Opt. Commun .• 8. 1. 



203 

Stegeman. G. I.. D. Sarid. J. J. Burke. and D. G. Hall. 1981, "Scattering of Guided 
Waves by Surface Periodic Gratings for Arbitrary Angles of Incidence: 
Perturbation Field Theory and Implications to Normal-Mode Analysis," J. 
Opt. Soc. Am., 71, 1497. 

Streifer, W., D. R. Scifres, and R. D. Burnham, 1975, "Coupling Coefficients for 
Distributed Feedback Single-and-Double Heterostructure Diode Lasers." IEEE 
J. Quant. Electron., QE-ll, 867. 

Streifer, W., D. R. Scifres. and R. D. Burnham, 1975, "TM-mode Coupling 
Coefficients in Guided-wave Distributed Feedback Lasers." IEEE J. Quant. 
Electron., QE-12, 74. 

Sychugov, V. A. and J. Ctyroky, 1982, "Propagation and Conversion of Light Waves 
in Graded-Index Planar Waveguides," Sov. J. Quant. Electron., 12, 392. 

Sychugov, V. A. and A. V. Tishchenko. 1982. "Propagation and Conversion of Light 
Waves in Corrugated Waveguide Structures." Sov. J. Quant. Electron. 12. 
923. 

Tamir. T. and H. L. Bertoni. 1971. "Lateral Displacement of Optical Beams at 
Multilayered and Periodic Surfaces." J. Opt. Soc. Am .• 61. 1397. 

Tamir. T. and S. T. Pengo 1977. "Analysis and Design of Grating Couplers." Appl. 
Phys .• 14. 235. 

Ulrich. R .• 1973. "Efficiency of Optical-Grating Couplers." J. Opt. Soc. Am .• 63. 
1419. 

Uretski. J. L .• 1965. "The Scattering of Plane Waves from Periodic Surfaces." Ann. 
Phys .• 33. 400. 

Wlodarczyk. M. T. and S. R. Seshadri. 1985. "Analysis of Grating Couplers for 
Planar Dielectric Waveguides." J. Appl. Phys .• 58. 69. 

Wu. Yizun. 1987. "Equivalent Current Theory of Optical Waveguide Coupling." J. 
Opt. Soc. Am .• A/4. 1902. 

Yariv. A. and M. Nakamura. 1977. "Periodic Structures for Integrated Optics." IEEE 
J. Quant. Electron .• QE-13. 233. 

Zory. P.. 1976. "Corrugated Grating Coupled Devices and Coupling Coefficients". in 
Integrated Optics WBI-I ( Optical Society of America. Washington D.C. 1976. 
75CHI039-7QEC). Digest of Technical Papers presented in Salt Lake. January. 
1976 

. - --------------------------------------



204 

References for Chapter IV 

Austin. S. and F. T. Stone. 1976a. "Fabrication of Thin Periodic Structures in 
Photoresist: A Model." Appl. Opt.. 15. 1071. 

Austin. S. and F. T. Stone. I 976b. "Thin Periodic Structures in Photoresist: 
Fabrication and Experimental Evaluation." Appl. Opt.. 15. 2126 

Bartolini. R. A. 1974. "Characteristics of Relief Phase Holograms Recorded in 
Photoresists." Appl. Opt .• 13. 129. 

Beesley. M. J. and J. G. Castledine. 1970. "The Use of Photoresist as a Holographic 
Recording Medium." Appl. Opt.. 9. 2720. 

Bollinger. L. D .• 1983. "Ion Beam Etching with Reactive Gases." Solid State Techno!.. 
(Jan. 1983). 99. 

Dill. F. H .• 1975. "Optical Lithography." IEEE Trans. Electron Devices. ED-22. 440. 

Dill. F. H .• W. P. Hornberger. P. Hauge. and J. M. Shaw. 1975. "Characterization of 
Positive Photoresist." IEEE Trans. Electron Devices. ED-22. 445. 

Dill. F. H .• A. R. Neureuther. J. A. Tuttle. and E. J. Walker. 1975. "Modeling 
Projection Printing of Positive Photoresists." IEEE Trans. Electron Devices. 
ED-22.456. 

Dill. F. H. and J. M. Shaw. 1977. "Thermal Effects on the Photoresist AZI350J." 
IBM J. Res. Develop .• 21. 210. 

Ducommun. J. P.. M. Cantagrel. M. Moulin. 1975. "Evolution of Well-Defined 
Surface Contour Submitted to Ion Bombardment: Computer Simulation of 
Experimental Investigation." J. Mater. Sci .• 10. 52. 

Ducommun. J. P .• M. Cantagrel. M. Marchal. 1974. "Development of a General 
Surface Contour by Ion Erosion. Theory and Computer Simulation." J. Mater. 
ScL. 9. 725. 

Flanders. D. C .• H. I. Smith. H. W. Lehmann. R. Widmer. D. C;;. Shaver. 1978. 
"Surface Relief Structures with Line Width Below 2000 A." Appl. Phys. 
Lett .• 32. 112. 

Heflinger. D.. J. Kirk. R. Cordero. and G. Evans. 1982. "Submicron Grating 
Fabrication on GaAs by Holographic Exposure." Opt. Eng .• 21. 537. 

Holm. R. T .• 1985. "Indium Antimonide(lnSb)." in Handbook 0/ Optical Constants 0/ 
Solids. ed. E. D. Palik (Academic Press. Orlando 1985). 

Jewett. R. E .• P. I. Hagouel. A. R. Neureuther. and T. Van Duzer. 1977. "Line-



205 

Profile Resist Development Simulation Techniques." Polymer Eng. Sci. 17. 
381. 

Johnson. L. F .• 1979. "Evolution of Grating Profiles under lon-Beam Erosion." Appl. 
Opt. 18. 2559. 

Johnson. L. F .• 1984. "Ion Beam Microstructure Fabrication in Optical. Magnetic and 
Surface Acoustical Technologies." in Ion Bomberdment Modification of 
Surfaces. ed. O. Auciello and R. Kelly. p. 361 (Elsevier. Amsderdam 1984). 

Johnson. L. F .• G. W. Kammlott. and K. A. Ingersoll. 1978. "Generation of Periodic 
Surface Corrugations." Appl. Opt.. 17. 1165. 

Johnson. L. F. nad K. A. Ingersoll. 1981. "Asymmetric Triangular Grating Profiles 
with 900 Groove Angles Produced by lon-Beam Erosion." Appl. Opt.. 20. 
2951 

Kim. D. J .• W. G. Oldham. and A. R. Neureuther. 1984. "Development of Positive 
Photoresist." IEEE Trans. Electron Devices. ED-31. 1730. 

Kodate. K .• T. Kamiya. H. Takenaka. and H. Yanai. 1977. "Analysis of Two
Dimensional Etching Effect on the Profiles of Fine Holographic Grating Made 
of Positive Photoresist AZ 2400." Jpn. J. Appl. Phys. 17 suppl. Ii-I. 121. 

Koge1nik. H .• 1967. "Reconstructing Responce and Efficiency of Hologram Gratings." 
in Proceedings of the Symposium on Modern Optics. ed. J. Fox. p. 605 
(Polytechnic Press. Brooklyn 1967). 

Labeyrie. A.. 1967. Proc. Conf. Optics. Marseille Centre Nat. d 'Etudes Spatiales. 
Report No. 00015/PR/ED. 

Li. L.. M. Xu. G. I. Stegeman. and C. T. Seaton. 1987. "Fabrication of Photoresist 
Masks for Submicrometer Surface Relief Gratings." Proc. SPIE 835. 72. 

Lindau. S.. 1980. "A Simple Method for Determining the Groove Depth of 
Holographic Gratings." Proc. SPIE. 240. 102. 

Lindau. S.. 1982. "The Groove Profile Formation of Holographic Gratings." Opt. 
Acta. 29. 1371. 

Lindau. S .• 1983. "Controling the Grove Depth of Holographic Gratings." Proc. SPIE. 
399.323. 

Ma1ag. A.. 1980. "Simple Interference Method of Diffraction Grating Generation for 
Integrated Optics by the Use of a Fresnel Mirror." Opt. Commun .• 32. 54. 

Mashev. L. and S. Tonchev. 1981. "Formation of Holographic Diffraction Gratings in 
Photoresist." Appl. Phys. A26. 143. 



206 

McPhedran. R. C .• I. J. Wilson. and M. Waterworth. 1973. "Profile Formation in 
Holo,graphic Diffraction Gratings." Opt. Laser Technol(Aug.1973). 166. 

Nakano. Y. and K. Tada. 1988. "In Situ Monitoring Technique for Fabrication of 
High-Quality Diffraction Gratings." Opt. Lett .• 13. 7. 

Neureuther. A. R. and F. H. Dill. 1974. "Photoresist Modeling and Device 
Fabrication Applications." Proc. Symp. Opt. & Acoust. Micro-electron .• p. 
233 (Polytechnic Press. New York 1975). 

Rudolph. D. and G. Schmahl. 1967. "Verfahren sur Herstellung von Pontgenlinsen 
und Beugungsgittern." Umschau. Wiss. Tech .• 67. 225. 

Schmahl. G. and D. Rudolph. 1976. "Holographic Diffraction Gratings." in Progress 
in Optics ed. E. Wolf. XIV. p. 195 (North-Holland. Amsterdam 1967). 

Smith. H. I.. 1974. "Fabrication Techniques for Surface-Acoustic-Wave, and Thin
Film Optical Devices." Proc. IEEE. 62. 1361. 

Somekh. S.. and H. C. Casey. and M. Ilegems. 1976. "Preparation of High-Aspect 
Ratio Periodic Corrugations by Plasma and Ion Etching." Appl. Opt.. 15. 
1905. 

Somekh. S .• and H. C. Casey. 1977. "Dry Processing of High Resolution and High 
Aspect Ratio Structures in GaAs-AlxGal_x for Integrated Optics." Appl. 
Opt.. 16. 126. 

Stepanov. S. S .• V. A. Sychugov. and T. V. Tulaikova. 1980. "Method for Preparing 
Photoresist Grating Masks." Sov. J. Quantum Electron .• 10. 483. 

Suhara. T. and H. Nishihara. 1986. "Integrated Optics Components and Devices Using 
Periodic Structures." IEEE J. Quantum Elecron. QE-22. 845. 

Sychugov. V. A. and T. V. Tu1aikova. 1980. "Method for Preparing Photoresist 
Grating Masks. part II." Sov. J. Quantum Electron .• 10. 1029. 

Tsang. W. T. and S. Wang. 1974. "Simultaneous Exposure and Development 
Technique for Making Gratings on Positive Photoresist." Appl. Phys. Lett.. 
24. 196. 

Werlich. H .• G. Sincerbox. and B. Yung. 1984. "Fabrication of High Efficiency 
Surface Relief Holograms." J. Imag. Technol. 10. lOS. 

Wilson. I. J. and L. C. Botten. 1977. "Groove Depth Determination Using a Laser for 
Sinusoidal Groove Gratings." Appl. Opt. 16. 2086. 

Xu. M and Y. Li. 1982. J. Nat. Sci. (Univ. Jilin. China). 4. 65. 


