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ABSTRACT 

We present Bessel function and Gaussian beam models for a study 

of microwave power deposition in bounded and inhomogeneous lossy 

media. The aim is to develop methods that can accurately simulate 

practical results commonly found in electromagnetic hyperthermic 

treatment, which is a non-invasive method. 

The Bessel function method has a closed form solution and can 

be used to compute accurate results of electromagnetic fields 

emanating from applicators with cosinusoidal aperture fields. On the 

other hand, the Gaussian beam method is approximate but has the 

capability to simplify boundary value problems and to compute fields 

in three-dimensions with extremely low CPU time (less than 30 sec.). 

Although the Gaussian beam method is derived from geometrical optics 

theory, it performs very well in domains outside the realm of 

geometrical optics which stipulates that aperture dimension/X ~ 5 in 

the design of microwave systems. This condition has no relevance to 

the Gaussian beam method since the method shows that a limit of 

aperture dimension/X ~ 0.9 is possible, which is a very important 

achievement in the design and application of microwave systems. 

Experimental verifications of the two theoretical models are integral 

parts of the presentation and show the viability of the methods. 



CHAPTER 1 

INTRODUCTION 

. It is our intention to develop experimentally verifiable 

theoretical models to investigate microwave power deposition in 

lossy media generally, and for hyperthermic treatment in particular. 

Hyperthermia involves using heat to elevate temperatures above 42°C 

in tumor locations. Various types of electromagnetic applicators 

(radiating antennas) have been used in this connection, but there is 

a need to develop methods of designing and characterizing systems 

that can provide electromagnetic radiation with better penetration 

and enhanced power levels for patient treatment purposes. One 

method of treatment used regularly is to apply a microwave 

applicator and ascertain its effect later. In order, therefore, to 

improve patient treatment planning, we require a good scientific 

basis for choosing heating systems and for predicting their 

performance. Consequently, scientists and engineers are 

concentrating on the development of models to specifically solve 

treatment problems. Analytical techniques and numerical methods, 

which must both be verified experimentally, are of prime interest. 
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The first task to address is the choice of optimal 

frequencies needed to improve treatment planning. Electromagnetic 

radiation from approximately 1 MHz to 300 GHz, where the wavelength 

is large compared to cell size, involves little scattering (Johnson 

and Guy, 1972). Hence most of wave reflection and transmission line 

concepts are applicable in this range. In particular, 

electromagnetic fields in the spectrum between 1 MHz and 100 GHz 

have special biological significance because they can readily be 

transmitted through, absorbed by, and reflected at biological tissue 

boundaries in varying degrees, depending on body size, tissue 

properties, and frequency. Besides, there is little scattering in 

this frequency range. These characteristics can engender either 

medically beneficial results or detrimental effects on biological 

tissue. The frequency range of utmost interest in terms of 

biological interaction is in the microwave spectrum of 300 MHz to 

10,000 MHz (Johnson and Guy, 1972), which falls within the American 

national safety levels (ANSI, 1982). This interest is attributed to 

the wide-spread use of high energy densities in highly populated 

areas and the better absorption characteristics of humans in this 

frequency range. 

The frequency spectrum of 300 MHz to 3 GHz is of interest for 

the design of microwave applicators and has been used repeatedly 

(Lehmann et al., 1978; Short and Turner, 1980; Guy et al., 1986; 

Jouvie, Bolomey and Gaboriand, 1986; Hand, Cheetham and Hind, 1986; 

Wait, 1985, 1986; Wait and Lumori, 1986). Also frequencies ranging 

.- _._------------- ---_._.- ... _------------------ .. 
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from 13 MHz to 200 MHz have been utilized for hyperthermic purposes 

(Elliott, Harrison and Storm, 1982, Bach Andersen et al., 1984; 

Turner, 1986). Designs involving phase controlled apertures at 2.45 

GHz have been possible (Gee et al., 1984). This work was developed 

for non-invasive hyperthermia, which is of interest to us, and the 

design methods have been comprehensively reviewed for the frequency 

range of approximately 500 KHz to 2-3 GHz (hand, 1986). Frequencies 

of 27.12 MHz, 915 MHz and 2450 MHz are designated as allocated for 

Industrial Scientific and Medical (ISM) use in the U.S.A. In Europe 

433 MHz have been allocated (Johnson and Guy, 1972 as well. (This 

was done arbitrarily after the Second World War). However, with 

proper shielding to prevent broadcasting interference, any frequency 

between 1 MHz and 1000 MHz can be used effectively for tissue 

heating. 

Our aim, then, is to develop theoretical methods that can 

encompass these frequencies, particularly from 300 MHz to 1000 MHz, 

and to demonstrated, experimentally, the viability of the 

theoretical methods. In order to achieve this goal, our efforts 

have been directed at three integral parts pertaining to the 

development of the methods. The first part is about a Bessel 

function model, developed from Maxwell's equations and applied to 

cylindrical targets as discussed in Chapter 2. The second deals 

with the approximation of the scalar wave equation by the parabolic 

partial differential equation, PDE (or Schroedinger-type equation) 

resulting in a Gaussian beam model which is approximate but 



attractive to pursue. This method is checked against the more 

accurate Bessel function model and plane wave models (Johnson and 

Guy, 1972). The third and final part of this dissertation is 

experimental verifications of both theoretical methods. All the 

three sections compl~nent each other. 

Power deposition calculations for idealized models of torsos 

and limbs have been addressed extensively (Morita and Bach Andersen, 

1982; Arcangeli et al., 1984; Gee et al., 1984; Turner, 1984). We 

wished to develop a model that is accurate and easily extended to 

investigate focussing within a cylindrical target which led to the 

development of the Bessel function model. Original work involving 

cylindrical structures (Wait, 1959, 1983, 1984; Wait and Hill, 1973) 

provided invaluable background to this work. The development 

commences with a theoretical formulation, and is then extended to 

include phased array systems with focussing capability at any 

desired location within the lossy medium. Although the model is 

applied to homogeneous lossy media, its potential for bounded 

inhomogeneous (layered) lossy media is referred to appropriately. 

Appendix A is an integral part of the theory and sheds light on the 

analytical predictions of power levels at the center of the model. 

The capability of the model is evident in the two-dimensional 

computations that are presented together with an accurate simulation 

of experimental data of a neck phantom at 400 MHz. The accuracy of 

the model renders it useful for predictions of power levels 

emanating from aperture sources with accurately known profiles, such 

as cosinusoidalprofiles. 
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The Gaussian Beam Model, presented in Chapter 3, is developed 

from geometrical optics theory. Considered as a zero wavelength 

approximation to exact electromagnetic wave theory, geometrical 

optics is very accurate in the design and analysis of optical 

focussing devices, since optical wavelengths are inherently very 

small compared to the aperture dimensions of optical systems. At 

microwave frequencies, however, the wavelength is not necessarily 

always small compared to the aperture dimensions of microwave 

systems. In spite of being an approximation, geometrical optics can 

produce fairly accurate and meaningful results, even for antennas 

with aperture dimensions as small as five wavelengths (Collin, 

1969). Generally speaking, geometrical optics is concerned with the 

"analysis and synthesis of optical systems to the approximation that 

diffraction and interference can be ignored. In classical 

geometrical optics point-to-point correlation between wave fronts 

can be established by rays, and no power is assumed to be present in 

regions where there are no rays. In other words, geometrical optics 

stipulates that the problem of finding the field due to given 

sources can be decomposed into two parts, in which the first deals 

with the determination of rays, which define the phase of the field 

INDEPENDENTLY from its amplitude. This method involves Fermat's 

principal (Luneburg, 1966), resulting in the Eikonal Equation (VL)2 

= n2 where L is the Eikonal and n the index of refraction. The 

second part deals with the determination of the amplitude which can 

be carried out by following the intensity variations along each ray 

20 
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without regard to the field on the other rays. Here the intensity 

law, which restricts the rays in a 'ray tube' (paraxial rays) is 

utilized to determine the amplitude variations (Deschamps, 1972). 

On the other hand, according to the more precise wave optics, 

one would be required to solve partial differential equations for 

complex fields where amplitude and phase are closely related. Let 

us call the field obtained by the geometrical optics (ray optics) 

method a RAY OPTICAL FIELD. It is only an approximation to the 

exact wave optical field because the ray optical field phase does 

not satisfy an eikonal equation independently of amplitude. 

Furthermore, the intensity law is not strictly correct since energy 

may, in fact, cross the boundary of ray tube. Sommerfeld and Runge 

looked at this problem in 1911 (Sommerfeld, 1964) which led to the 

geometrical-optics approximation (Appendices B,C, and D). This is 

achieved by introducing wavelengths (for microwave purposes) as a 

small but finite quantity. identifying the wave fronts with 

equiphase surfaces (the eikonal), and on each point on a ray in a 

homogeneous medium introducing the electromagnetic field vectors E 

and H and relating them as in a plane wave propagation along the ray 

(thus achieving geometrical-optics approximation). 

Moreover, in the Sommerfeld-Runge derivation the assumption 

that the wave number, ko, is large and the amplitude, A(x,y,z), and 

the eikonal, L(x,y,z) vary 'slowly' with position in the field 

equation u(x,y,z) = A(x,y,z)exp(-LkoL(x,y,z» implied that A(x,y,z) 

and L(x,y,z) could be complex-valued functions, leading to field 
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descriptions in terms of complex rays. The corresponding system of 

(complex) rays still obeys the eikonal equation, while the amplitude 

can still be computed from the transport equation (Appendices Band 

C). In fact pencils of complex rays have a simple physical 

interpretation. They correspond to 'GAUSSIAN BEAMS' (Deschamps, 

1972). 

This observation, coupled with the design of systems 

involving Gaussian beams (Kogelnik, 1965), provided us with a useful 

background in the development of a Gaussian beam model for 

hyperthermic application. The initial application of Gaussian beams 

to lossy media for hyperthermic application at around 400 MHz was 

suggested by Bach Andersen (1986) and Bach Andersen and Gross, 

(1986). In Chapter 3, the theory of Gaussian beams is presented, 

which in many ways provides a rationale or justification for the 

serendipitous proposal by Bach Andersen. Indeed, in Chapter 4, 

comparisons of the theory with experimental measurements show that 

the approach is valid beyond that to be expected from its 

geometrical optics rationale. Appendices B, C, and D provide a very 

important component to the development of the theory. 

The third part of the development relates to experimental 

verification of the theoretical models. This is presented towards 

the end of Chapter 2, for the Bessel function model, and in Chapter 

4, for the Gaussian beam model, with results that clearly 

demonstrate the viability of the theoretical models. It is hoped 

that the results obtained from these models will add to the 
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understanding and development of reliable and efficient microwave 

applicators for hyperthermic treatment in particular, and for other 

applications in general. 

23 



CHAPTER 2 

BESSEL FUNCTION MODEL 

2.1 Introduction 

Various electromagnetic applicators have been developed for 

hyperthermic therapy and the phased ary'ay configuration has shown 

some promise. There is a need to quantify the power deposition for 

idealized models of torsos and limbs. Efforts in this area include 

the use of electric and magnetic dipoles (Morita and Bach Andersen, 

1982), numerical techniques (Arcangeli, et al. 1984; Gee et al., 

1984) and experimental techniques, backed with theory, that led to 

the development of phased array applicators for hyperthermic 

application (Turner, 1984). Also, advances have been made in the 

development of new applicators and some indicate that the aperture 

dimensions do affect the enhancement of power deposition (Bach 

Andersen et al., 1984; Johnson et al., 1984). Experiments involving 

magnetic induction methods have been useful (Oleson, Cetas and Co~, 

1983; Oleson, 1984) and the monitor.ing of temperature profiles in 

the induced fields has led to the accumulation of additional 

knowledge in this area (Cetas, 1983; Cetas, Roemer and Oleson, 

1983). All of this background has provided us with some knowledge 

to explore and develop a model for hyperthermic therapy, based on 
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original work involving cylindrical structures (Wait, 1959, 1983, 

1984; Wait and Hill, 1973). 

In this chapter the aim is to investigate means of producing 

regions of enhanced power deposition in a homogeneous cylindrical 

phantom in order to induce hyperthermia at microwave frequencies 

which are compatible with biological media (Johnson and Guy, 1972; 

Hurt, 1985). This is achieved by two-dimensional computations of 

the normalized local power deposition anywhere within a cylinder of 

a fixed radius. We subsequently demonstrate that by controlling the 

relative phases and amplitudes of the array of aperture sources, it 

is possible to focus some electromagnetic power on desired locations 

such as tumors. 

2.2 Formulation of the Theory 

2.2.1 The Model 

The model configuration is depicted in Figure 1 with respect 

to a cylindrical coordinate system (p, ¢, z). The cylindrical model 

is assumed to be effectively infinite in length (z ~ 00). The radius 

of the cylinder is a. At the cylindrical surface, (p = a), we apply 

N phased aperture electric fields, where the nth field is Ez,n(a,¢), 

for - 00 < z < + 00 polarized in the z-direction. We, therefore, have 

a two-dimensional problem in the TM field configuration so that a/az 

= O. As indicated below, this aperture illumination is to be 

implemented by a finite number N of horn antennas. The region 0 < p 

< a is homogeneous with conductivity a, permittivity € and 
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<P.N-I =27T(I-IIN) 

(a) 

--- ---------X--------- ---
Ez (O,tp> 

(b) 

Figure 1. (a) N Horn Apertures Each of Width 2~/N Arranged Around 
the Cylindrical Target. 

(b) Common Aperture Distribution for Each of the N Horns. 

--- ----- - ------------- ------------
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permeability #0' Bolus of deionized water(conductivity = 0, 

permittivity = 81Eo) could be included around the cylinder (Wait, 

1984). In what follows, bolus is of zero thickness (i.e. no bolus). 

2.2.2 Analysis 

The analysis following that of Wait (1959, 1983, 1984,1985) 

is performed for the time harmonic factor exp(~wt), where w is the 

angular frequency and ~ = (_1)1/2. Our first task is to obtain an 

expression for the electric field Ez(p,¢) at any interior point 

(p < a), in terms of the aperture field Ez(a,¢). 

2.2.2.1 General Solution. Since the fields satisfy 

Maxwell's equations and noting that alaz = 0, Ez(p,¢) satisfies the 

Helmholtz equation, viz: 

where 

2 1 a a v =--pp fJp ap 

is the Laplacian operator, and 

(2.1) 

(2.2) 

(2.3) 

is the complex propagation constant. Here #0 is the magnetic 

permeability of free space (#0 = 4~ x 10-7 Him). The corresponding 
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magnetic field components are then obtained from Maxwell's 

equations: 

and 
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(2.4) 

(2.5) 

The appropriate forms of the solutions (Wait. 1959. 1984) for 

Ez and H¢ can be derived for 0 < p < a. as shown below. 

From equation (2.1) we can write the solution form as 

periodic over the range 0 < ¢ < 2w for Ez(p.¢) as 

00 

= L e (p)e- lm¢ 
m=-oo zm 

where m is any integer including zero. 

(2.6) 

Now let us define the periodic source function as a Fourier 

series. 

00 

f(¢) = L Em(a,¢)e-Lm¢ 
m=-oo 

(2.7) 

which is prescribed for 0 < ¢ < 2w, and is assumed to be related to 

the field at p = a. independent of z as follows: 

(2.8) 



Equation (2.8) implies knowledge of the field at P = a. Hence, from 

equation (2.7), since f(¢) is specified, we deduce the Fourier 

coefficients in equation (2.7) to be 

(2.9) 

Our goal is to quantify local power dissipation inside the 

cylinder in terms of Ez(a,¢). Here ezm(p), shown in equation (2.6) 

must satisfy, for all p < a, 

(2.10) 

In equation (2.10) when p ~ 0, the finite (bounded) solution is 

given by the modified Bessel function Im(1P) of argument 1P and 

order m (Abramowitz and Stegun, 1975), viz: 

where Am is a coefficient to be determined. Using equation (2.11), 

we substitute for ezm(p) in equation (2.6) to give 

(2.12) 

If in equation (2.12) we let p = a (radius of the cylinder), then 

equations (2.8) and (2.12) become identical: 
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(2.13) 

Comparing equation (2.7) with equation (2.13), we observe that 

thus identifying the coefficients Am as 

(2.14) 

Hence, if Ez(a,~), the aperture function is specified, Am is 

uniquely determined and the field Ez(p,~) in turn is uniquely 

determined from equation (2.12), for 0 < p < a. 

We are interested to know the local power dissipation in the 

body in question. This is given by 

(2.15) 

where Ez(p,~) is given in equation (2.12). 

Note that if alaz ¢ 0 it implies a finite length of the 

cylinder and one way of solving the newly posed problem would be the 

imposition of a zero axial current flow condition at the top and 

bottom bounding planes (Wait and Hill, 1973). 

2.2.2.2 Focussing. In the preceding development of the 

analysis the prescribed aperture field is valid for 0 < p < 2~ 
which may be chosen to represent the discrete aperture fields shown 
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by the horns in Figure 1. Furthermore, local power maximization at 

a desired location (Pl'¢l) must now be addressed. This phenomenon 

which is known as focussing involves phase shifting of the discrete 

aperture fields to give constructive interference at the focal point 

(Pl'¢l)' Focussing may also involve amplitude variation of each 

aperture field. 

As indicated above, to achieve focussing, we divide the 

aperture around the cylinder into N discrete segments as illustrated 

in Figure 1. We then view each of the N segments as a horn aperture 

(Wait, 1985) so that Em(a,¢), the Fourier coefficients of the 

aperture field in equation (2.7) are given by equation (2.9) as 

(2.16) 

where 

(2.17) 

A 

If we let ¢ = ¢ - ¢n' then 

(2.18) 
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" Here ¢ = ¢ - ¢n is the angular distance measured across an 

individual horn aperture. 
The next step is to define the field distribution in the nth 

horn as 

(2.19) 

where An and on are real. Equation (2.19) means that the field 
" " distribution Ez(¢) is the same in each horn (as assumed in Figure 

1(b)), but the magnitude, An' and the phase, on' differ from each 

other. It is clear from equations (2.18) and (2.19) that 

where 

v = m 

whence, we can write the total field 

(2.20) 

(2.21) 

(2.22) 

where from equations (2.14) and (2.16) [c.f. equation (2.12)] we 

deduce that the field contribution due to the nth aperture is 
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(2.23) 

Focussing is now possible at (P"f,) by an array of N horns 

which are phased in such a way that the phase of each horn is the 

same at the focal point (P"f,). This statement is expressed 

mathematically as follows: 

(2.24) 

The amplitudes ~n may be kept identical if necessary and focussing 

will still be achieved via equation (2.24). The focussed power is 

defined by equations (2.22) through (2.24) and is shown in equation 

(2.25), 

(2.25) 

Now suppose the horns are excited by a pure TM mode. In this case, 

for the lowest order mode, we can reasonably assume a cosinusoidal 

field distribution at the aperture. The aperture field vanishes at 

the sides of the metallic wall and is of the form 

(2.26) 
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for the range - N < ¢ < N and where p = 1,2,3, .•• , an integer and 

EO is a real constant. 

Then using equation (2.21), 

v = m (2.27) 

With reference to Appendix A, the following results are valid: 

If p = 1: 

for m ¢ ~ (2.28(a» 

and 

'If" N 
Vm = aEO N for m = 2 (2.28(b» 

If p = 2: 

(2.29(a» 

(2.29(b» 

'If" Vm = aEO N for m = 0 (2.29(c» 
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The aperture field distribution defined by equation (2.26), 

for p=2, is typical of some antenna horns (Gross, et al., 1986) 

which are currently utilized in hyperthermic treatment. We are, 

therefore, tempted to make use of the defined field distributions in 

computations of the focussed local power as defined by equation 

(2.25). This is the topic of the next section. 

2.3 Computations 

2.3.1 Computation Equations 

The computations are to be performed for equations (2.16) 

through (2.27) which are reproduced below with some slight 

modifications. 

The total electric field distribution for 0 < p < a is 

(2.30) 

where the nth aperture field distribution is 

(2.31) 

and as before, ~n is the aperture field amplitude factor of the nth 

horn and on is the appropriate phase angle of the nth aperture horn 

that produces focus at a specific point (Pl'¢l). The Fourier 

coefficients, Am' in equation (2.31) are obtained from 
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(2.32) 

It is worth noting that in equation (2.32) the aperture field 

defined by equation (2.26) is used for p = 1 and n = 0, in which 

case, on the basis of equation (2.28) and Appendix A, it can be 

shown that 

and 

for 

for m¢!'! 
2 

N m=-2 

(2.33(a» 

(2.33(b» 

The quantity of prime interest is the normalized local power 

PN(p,¢) for 0 < p < a which is given as 

(2.34) 

where Eref is real and we conveniently define it as the reference 

field, 

(2.35) 
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If one is interested in the local power deposition normalized to a 

global maximum power deposition, the reference field must be 

redefined as 

(2.36) 

where IEz(P,¢)maxl is automatically identified by the computation 

algorithm. We observe that the local power equation (2.34) does not 

include the factor 1/2u, where u is the medium conductivity. This 

exclusion is justified because the model in question is homogeneous 

and the factor 1/2u would appear in the numerator as well as the 

denominator of the power equation. 

Now that we have the necessary formulation, we can proceed to 

define and list the parameters for which the computations are to be 

performed. This is presented in the next sub-section. 

2.3.2 Relevant Parameters 

The primary parameters in the computations are the frequency 

f = w/2~, the model conductivity u, the model permittivity € = €o€r 

and the model radius a. Other related values ('secondary 

parameters') may be obtained from the argument of the modified 

Bessel function, 1m(1P), expressed as (see Appendix A, for series 

form of 1m)' 

37 



and letting Lin = €w/u, the INVERSE LOSS TANGENT, we obtain 

Hence, we can easily obtain 

where A = a(#owu)1/2, a DIMENSIONLESS VALUE, and the following 

relationships ensue 

(2.37) 

(2.38) 

Computations were performed with Eref defined by equation 

(2.35) with the following values: f = 915MHz, u = 1.28 SIm, €r= 51 

a = 5.2 em, Lin = 2.03, A = 5.0, 11al = 7.5 and arg(1a) = 76.9°. 

These values of u and €r are consistent with those suggested in 

published literature (Johnson and Guy, 1972) for a hUman muscle 

phantom at 915MHz. 

The horn aperture parameters are chosen as follows (n = 

0,1,2 ••• , N-1): 

i) N = 4,8,16 with 6n = 1.0 for all n, and Eo = 1.0 
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and 

ii) N = 4 with ~o = 1.5; ~n = 0.83, n = 1,2,3 and Eo = 1.0. 

The computation algorithm cited in sub-section (2.3.2) was 

implemented on a VAX 11-750 computer. We developed the modified 

Bessel function routines (Appendix A contains the Bessel function 

equations) locally for specific usage in the computation algorithm. 

The computed results are exhibited in the following sub-section. 

2.3.3 Computed Results 

The controlled focal electromagnetic heating in the model, 

which is achieved by controlling the aperture field phases 5n, is 

shown in Figure 2 through Figure 7. In Figure 2, plots are for 

local power vs. p for ¢ = 0 with focus at the center. Note that the 

power at the center is constant, independent of the number of 

apertures used. In fact, the local field at the center (p + 0) is 

proportional to 2/~ as shown in Appendix A, equation (A.13). Each 

aperture contributes an amount of field proportional to 2/N~, so 

that for a large aperture (N small), more power exists at the center 

compared to a small aperture (N large). This agrees with 

experimental data (Bach Andersen et al., 1984). 

Figure 3 depicts plots of power vs. p for ¢ = 0 and focus at 

P1 = 2.6 cm, ¢1 = 00 and it shows that enhancement is higher when 

many apertures are used. This will be discussed fully in section 

2.5. On the other hand, Figures 4 and 5 show plots of local power 

vs. ¢ for p = 2.6 cm, focussed at P1 = 2.6 cm, ¢1 = O. It is 
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Figure 2. Local Power vs. p for ¢ = 0°, Focussed at Center (Pl=O, 
¢1 =0). 

Parameters: f = 915 MHz, u = 1.28 Slm, €r = 51, ~n = 1.0, a = 5.2cm. 
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Figure 3. Local Power vs. p for ~ = 0°, Focussed at Pl = 2.6cm, 
~1=0°. 

Parameters: f = 915 MHz, q = 1.28 Slm, €r = 51, ~n = 1.0, a = 5.2em. 
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Figure 4. Local Power vs. ¢ for P = 2.6cm, Focussed at PI = 2.6cm, 
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Parameters: f = 915 MHz, ~ = 1.28 Slm, €r = 51, ~n = 1.0, a = 5.2em. 
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Figure 5. Relative Power Distribution Focussed at Pl = 2.6cm, ¢1 = 
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(b), (c), (d). Relative Power Contours of 0.06 Intervals 
for N = 4, 8, 16 respectively. 

Parameters: f = 915 MHz, a = 1.28 Slm, Er = 51, ~n = 1.0, a = 
5.2cm. 



evident that local hot spots are suppressed by the 8 and 16 

applicators, but not the 4 applicators. In Figure 6 local power vs. 

¢ for P = 2.6 cm, focussed at P, = 2.6 cm, ¢, = 0 is plotted once 

more for 4 applicators with varied field amplitudes: ~o = 1.5, ~n = 

0.83, n = 1,2,3 to help suppress the hot spots to be discussed in 

section 2.5. Figure 7 is local power vs. p for ¢ = 00 with the same 

parameters used in Figure 6. Undesirable overheating of the surface 

(p = 5.2 cm) is apparent, and will also be addressed in section 2.5. 

Table 1 contains phase, on (equation (2.19)), per each 

aperture position, n, with N = 4,8,16, used to focus power at P, = 

2.6 cm, ¢, = 0 for ¢ = 0°, shown in Figure 3. Figure 8 shows the 

approximate wave lengths, sn' from each of the aforesaid apertures 

to the point P, = 2.6, ¢, = 00 for ¢ = 00 and is easily derived from 

the configuration (in Figure 8) as 

(2.39) 

The approximate phase pS n is calculated for each ¢n in (2.39), where 

P = Im(7) = 1.41 rad/cm. pS n is then next plotted against the more 

accurate (supposedly accurate) phase on' shown in Table 1. The 

reason for doing this is to check the computed values of on which 

are plotted against pS n in Figure 9, giving a linear relationship 

defined by 

(2.40) 
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Table 1. Phase Values 5n for Focus at 
(P1 = 2.6 cm, ¢1 = 0°) With P = 0° (constant) 

N = 4 N = 8 N = 16 

n 5° n 5° n 5° 
n n n 

0 178.5 0 174.7 
0 -170.0 

1 -97.2 1,15 -158.4 

2 61.4 2,14 -92.5 
1 42.5 

3 -171.5 3,13 -12.4 

4 -153.1 4,12 65.6 
2 -152.1 

5 -171.5 5,11 138.2 

6 61.4 6,10 -167.6 
3 42.5 

7 -97.2 7,9 -149.7 

8 -154.6 
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Equation (2.40) shows that the approximation of the aperture phases 

adjusted for power deposition in Figure 3 is quite good. In fact, 

the approximate linear relation between PSn in degrees and on in 

degrees (with slope of 45°) is consistent with geometrical optics. 

Any departures from linearity can be attributed to the finite 

electrical size of the cylinder, causing a less accurate value of 

The results shown in this section look very promising. 

However, the applicability of the Bessel function model can only be 

judged if the model can adequately reproduce reliable experimental 

results or data that have been proven by other methods to be 

acceptable. We devote Section 2.4 to simulation of experimental 

results by the Bessel Function Model. 

2.4 Application to Cylindrical Phantom 

A cylindrical phantom of diameter 11 cm and height 

approximately 12 cm was assembled from muscle-like phantom material 

consistent with recommended formulas at 915 MHz (Chou et al., 1984). 

This phantom represents an approximation to a human neck, though the 

dimensions and tissue composition are only approximate. When 

subjected to microwave power of frequency 915 MHz, the phantom 

conductivity and relative permittivity are 1.28 S/m and 51, 

respectively (Johnson and Guy, 1972). These values are used in the 

computation of the normalized local power density (W/m3) or relative 

SAR (Specific Absorption Rates in W/kg) in the neck phantom. 
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2.4.1 Objective and Procedure of Experiment 

Our objective is to demonstrate experimentally enhanced power 

deposition (SAR) in the center of the neck phantom using phased 

array techniques and to compare the experimental SAR with the 

theoretical simulations facilitated by the Bessel function model. 
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At this stage we will give the general outline of the experiment 

without indulging in all of the necessary details (Gross et al., 

1986). 

Figure 10 illustrates the general setup of the system. Power 

from the microwave source passes through a series of splitters, 

variable attenuators, phase shifters and circulators to four output 

ports. Four dielectric loaded (de-ionized water) circular horn 

applicators were acquired from SMA Company in Florence, Italy. 

These applicators have almost a continuous band of operation from 

300 MHz to 920 MHz. Each applicator is connected to one of the four 

ports. The four applicators (horns) were placed around the 

cylindrical neck phantom. Clinitherm thermosentry 1200 optical 

thermometer probes were then located at 1.0 cm intervals along the 

radius a, colinear with the main axis of one of the applicators as 

depicted in Figure 11(a). A monopole E-field probe, made from a 

miniature rigid coaxial conduit was inserted 1nto the phantom along 

the axial direction to the point coincident with the plane of the 

thermometer probes, where maximum SAR is desired. The monopole was 

connected to the input terminal of the Hewlett Packard (HP) Network 
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Analyzer (HP8754A) and power was applied at 915 MHz to one channel 

which activated one applicator with the other three applicators kept 

passive (isolated). 

The resulting signal on the network analyzer was stored in a 

Storage-Normalizer Memory (HP8570A) and served as a phase reference 

for phase adjustments of the other three remaining applicators. The 

network analyzer was itself referenced to the generator. The 

remaining three applicators (channels 2, 3 and 4) were then switched 

on sequentially and their respective phases set to the reference 

value by means of adjusters on the main system. At this stage the 

unit was ready for heating and the E-field probe was subsequently 

removed leaving the Clinitherm optical thermometer probes intact, at 

1.0 cm intervals along the phantom radius a = 5.5 cm, in Figure 

11(a). The acquired data for each of the temperature probes was 

processed, and the SAR determined. This will be discussed in sub

section 2.4.3 together with the theoretical (simulated) results. 

2.4.2 Simulation Outline 

In a separate experiment in which the muscle phantom cited 

above was replaced by a muscle phantom of saline solution (to be 

discussed in Chapter 4), it was determined that each of the SMA 

Company horn applicators had an aperture field profile that closely 

resembled a cos 2 profile. The two profiles are shown in Figure 

11(b). This information provided us with the necessary experimental 

data for implementation in the Bessel function model, as outlined 

here. 

53 



1.0 

O.S 

a: 
<l: 
en 0.6 

w 
> 
I
<l: 
-1 
w 0.4 
a: 

0.2 

1 0.0 +I-----.------r-----.-----~----._--__, 

o 2 4 6 

RADIUS (em) 

Figure 11(a). Relative SAR vs. Distance Along Radius, a, for ¢=oo. 
Theory: Smooth Curve 
Experiment: Black Dots 

54 



z 
w 

1.0 

0.8 

0.6 

0.4 

0.2 

-- -.- Half Power 
Level 

Experimental 

Theory 

O~~~~----~-----r-----r----Ir~~~-+ 
_37T 

8 
-7T 
4 

-7T 
8 

o 

cP (rad) 

7T 
8 

7T 
4 

37T 
8 

Figure 11(b). Normalized Aperture Field vs. Azimuthal Angle ¢. 

55 



In equation (2.32) we replaced the aperture field Eocos[N¢/2J 

by Eocos 2 [N¢/2J which corresponds to experimental data. The Fourier 

coefficients, Am' that ensue are similar to those shown in equations 

(2.29), viz: 

(2.41(a)) 

for m ~ N (2.41(b)) 

and 

for m ~ 0 (2.41(c)) 

Substituting for Am (defined in equations (2.32)) in equation 

(2.31), the normalized local power (relative SAR) defined by 

equations (2.30, (2.34) and (2.35) was computed for the following 

parameter values (consistent with the neck phantom experiment): 

frequency f ~ 915 MHz, conductivity a ~ 1.28 Slm, relative 

permittivity €r ~ 51 and phantom radius a ~ 5.5 cm. The horn 

aperture parameters were N ~ 4, ~n = 1.0 for all n ~ 0,1,2,3 and 

Eo ~ 1.0. 

The computations were performed for focus at the center of 

the phantom (Pl ~ 0 cm, ¢1 ~ 0°) with ¢ ~ 0° (constant), thus 

constituting a simulation of the experiment. 
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2.4.3 Results 

Figure 12 shows the initial temperature versus time profile 

for each sensor (temperature probe). From the temperature tran

sients, the relative SAR (SAR = CdT/dt, where C is the specific heat 

of the tissue) was computed for C = 4186 J/kgOC which corresponds to 

muscle phantom (Chou et al., 1984). Figure 11(a) shows the six 

relative SAR points together with a smooth, theoretical curve 

(simulated relative SAR) computed by the Bessel function model. The 

agreement is quite impressive. A point at 1.5 cm for which the 

measured slope, dT/dt = 0 is not shown in Figure 11(a). 

Unfortunately, the absolute calibration of the sensor at that point 

was off by several degrees although its sensitivity was sustained. 

We reluctantly decided not to plot this point. It can be observed 

that the relative SAR distribution is very sensitive to the aperture 

field and also to the radius of the cylinder. In spite of this, 

significant SAR (33% of the surface maximum) is deposited at the 

center of the 11 cm diameter phantom by the four SMA Company 

applicators. 

2.5 Discussion 

In light of the convincing agreement between the theoretical 

and experimental results in this chapter (Figure 11(a», we can 

confidently discuss the theoretical results shown in Figures 2 

through 7 and arrive at some conclusions. 
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The controlled focus at the center of the model, as indicated 

in Figure 3, is achieved by use of four, eight or sixteen apertures 

each of width 2~/N (N = 4,8, or 16). In each case, the power density 

is approximately 60% of the SAR at the cylindrical surface. Note 

that in spite of the varying number and sizes of the apertures used, 

the power density is constant at the center of the cylinder which is 

theoretically true (as shown in Appendix A equations (A.13) and 

(A.16». Unfortunately, we cannot justify this claim experimentally 

due to lack of appropriate applicators. In the case of four 

apertures, however, extra (spurious) hot spots, as indicated in plot 

A, Figure 4 and Figure 5, are unavoidable when focussing is desired 

at some point other than the center of the model. 

It is evident in Figure 2 amd Figures 5 (c,d) that, in the 

case of eight or sixteen apertures, local power density (SAR) in 

excess of approximately 30% of the surface SAR is limited to within 

a depth of only 1.0 cm from the surface of the cylinder. On the 

other hand, when four apertures are used then the local power 

density that exceeds 30% of the surface SAR extends up to a depth of 

approximately 2.5 cm from the surface of the cylinder. It is 

desirable, therefore, to use eight or more apertures instead of four 

apertures to avoid unwanted heating of healthy tissue and to improve 

focussing at locations other than the center of the model, as shown 

in Figure 3 and Figure 5. 

We further note that in using eight or more apertures, 

satisfactory electromagnetic power focussing is attained when 



identical aperture field amplitudes are used (~n = 1.0, Eo = 1.0). 

However, when four apertures are used, unwanted hot spots may only 

be suppressed by adjustment of the relative aperture field 

amplitudes (~o = 1.5; ~n = 0.83, n = 1,2,3; Eo = 1.0). Appreciation 

of the relative suppression of the unwanted hot spots is gained by 

comparison of the relative SAR for unwanted hot spots in Figure 4, 

plot A (over 45%) with Figure 6 (under 40%). However, improvement 

in de-emphasis is achieved at the expense of overheating some 

portions of the cylindrical surface as shown in Figure 7. 

For comparison purposes, we computed relative SAR (normalized 

local power) for cos and cos 2 aperture field profiles, shown in 

Figure 13. The former profile (cos) gives higher relative SAR at 

the center of the cylinder (54%, plot A), whereas the latter (cos 2) 

can only manage relative SAR of 33% (plot B), similarly achieved by 

the SMA Company applicators. Note that in Figure 13 B = 61.69% of A 

at p = 0 as predicted in (A.13) and (A.16). This suggests that an 

improvement in focussing is achieved when an applicator with 

aperture field distribution of cos is used. The difference between 

plot A, Figure 2 and plot A, Figure 13 is a consequence of unequal 

model radii: 5.2 cm in Figure 2 and 5.5 cm in Figure 13. For this 

reason the relative SAR at the center of either cylinder differ to 

some extent: 60% in the former and 55% in the latter, 

approximately. 

We finally observe that the experimental configuration of the 

horn applicators (Figures 10 and 11(a)) around the cylinder had gaps 

60 



..... 
a:1 
(J 

o 
....l 

-c1 
C1.l 
N .... ..... 
a:1 

S 
~ 

o z 

1.0 

.9 

.8 

.7 

.6 

.4 

.3 

.2 

.1 

A -- cos (Aperture Field) 

B -- cos2(Aperfure Reid) 

OLu~~LWUiLU~~LU~LW~~LD~WU~~~~~ 

o .5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5 

p(cm) 

61 

Figure 13. Local Power vs. p for ~ = 0°, Focussed at Center (Pl = 
0'~1=0). 

(Parameters: f = 915 MHz, U = 1.28 Slm, fr = 51, An = 1, a = 5.5cm, 
N = 4 (Aperture fields: cos and cos 2). 



between adjacent applicators, which was unavoidable. This 

contrasted with the theoretical configuration (Figure 1) in which 

gaps are non-existent. In spite of this discrepancy, the agreement 

between theory and experiment is quite impressive (Figure 11(a)). 

This seems to suggest that finite gaps have little or no effect on 

the overall performance of the phased applicators. This has been 

shown to be theoretically true (Wait, 1986), viz: (r/6)~« 1.0, 

where r is the radius of the cylinder (torso or limb), 6 is the skin 

depth in the medium and w is the wedge angle between adjacent horn 

apertures. The theory dictates that in our experiment the gaps 

should not exceed 1.5 cm. This condition was apparently satisfied 

as the gaps were in fact less than 1.0 cm wide. 

2.6 Conclusion 
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We have found that several coherent apertures placed around 

the cylinder can achieve significant heating at satisfactory depths. 

Most importantly, close agreement between theory and ezperiment has 

been shown. Also, we have demonstrated, theoretically, that control 

of the location of hot spots (enhanced SAR) can be attained by 

adjustment of relative phases of the apertures. Furthermore, 

unwanted hot spots (spurious local SAR maxima) can be suppressed by 

using eight or more smaller apertures (aperture angular width = 2~/N, 

N = 4,8,16) around the cylinder. We have also demonstrated that by 

adjusting the relative amplitudes, we may further suppress unwanted 

hot spots though at the expense of overheating part of the 



cylindrical surface. This topic obviously requires further work 

involving optimization of the amplitudes in conjunction with the 

relative phases. 
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We have learnt from our Bessel function model and experiment 

that it is highly imperative to have prior knowledge of the aperture 

field distribution before reliable simulations of experimental data 

can be accomplished. Assumption of field profiles can lead to 

results (numerical or analytical) that might appear to be impressive 

but might not be realizable practically. We would, therefore, wish 

to investigate other models which encompass the flexibility of 

practical data in a simple but fairly accurate way, coupled with the 

ability to rapidly compute data without undue overburden to a 

computing system. In Chapter 3 we develop such a model, based on the 

Theory of Gaussian Beams. The "Bessel function method" is exact for 

specified aperture fields in 20 geometry which makes it ideal for 

checking other methods (e.g., Gaussian Beam Method) and experiments. 

An interesting experiment would be to employ two parallel metal 

plates to simulate a 2D geometry exactly. 

It would be very useful to extend this model beyond the areas 

discussed here and presented elsewhere (Wait and Lumori, 1986; 

Lumori, Wait and Cetas, 1985). Attractive extensions could include a 

water bolus, which has been formulated in a closed form solution 

(Wait, 1985) and layered cylindrical structures and concentric 

layering with finite axial structures where a/az ¢ 0 (Wait, 1970, 
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1987). These latter models would be very practicable if 

implementation can be achieved readily. This certainly is an area 

where more work is needed including the optimization of microwave 

frequencies in the sense that focussing is possible with acceptable 

penetration into the lossy tissue. Typically, the inverse loss 

tangent, EW/(J, may not be "large" nor "small" while at the same time 

we keep 17al finite, thus achieving an acceptable penetration at some 

optimum frequency. Another way of looking at this would be to 

determine the optimum values of (J/EW and 17al, which we did not do 

but could be pursued in future developments. 

At this juncture we will introduce the Gaussian beam model 

which is approximate but complements the Bessel function model. This 

new model pertains to Gaussian Beams in Lossy Media, presented in 

Chapter 3, and instead of using 7 for the propagation constant 

(Chapter 2) we use the wave number k, where 7 = ike 



CHAPTER 3 

GAUSSIAN BEAM MODEL 

3.1 Introduction 

In Chapter 1 we observed that complex rays engender Gaussian 

Beams, a phenomenon which is rooted in Geometrical Optics Theory. 

This provides us with a very useful tool for the development of a 

Gaussian Beam Model applicable to microwave systems with wavelengths 

(X) that are significantly much longer than those involved in the 

design of other systems, as will be seen in Chapter 4. 
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A fairly recent development in the application of Gaussian 

Beams to Lossy Homogeneous Media (Bach Andersen and Gross, 1986; Bach 

Andersen, 1986) provided the impetus to explore the model, though 

approximate, in some detail. We are, therefore, concerned in this 

chapter with the establishment of a Gaussian Beam Theory for Bounded 

and Inhomogeneous Lossy Media. Our premise on the development of the 

theory is based on Sommerfeld's view of Ray Optics in Appendix B 

(Sommerfeld, 1964), the development of the Intensity Law of 

Geometrical Optics from Maxwell's equations in Appendix C 

(Friedlander, 1946), and the theory for the justification of the 

elliptical astigmatic Gaussian-beam field representation in Appendix D 

(Collin, 1969; Kouyoumjian, 1965) in conjunction with Appendix C. 
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All of the information in these Appendices, coupled with 

Deschamps· work (Deschamps, 1971, 1972), Kogelnik·s work (Kogelnik, 

1965, 1966; Kogelnik and Li, 1966; Arnaud and Kogelnik, 1969) and 

Felsen·s viewpoint and formulations on Gaussian Beam Propagation 

(Felsen, 1976) point to one main conclusion: Gaussian beams propagate 

in a manner similar to plane waves, i.e. the E and H field vectors at 

a point are orthogonal to each other and mutually orthogonal to the 

wave vector k (Collin, 1969 and Appendix C). Simply put, the waves 

are plane, locally. Moreover. by replacing the coordinates (y., z·) 

of a line source field in free space by the complex value (0, Lb) one 

may generate an exact solution of the wave equation, which behaves in 

the vicinity of the positive z-axis like a Gaussian beam (Deschamps, 

1971; Felsen, 1976). Therefore, we need locally plane waves that are 

generated from complex sources and propagate predominantly close to 

the positive z-axis, i.e. paraxial waves. We further must show that 

our theory holds not only for free space sources, but also for lossy 

media. 

3.2 Fundamental Gaussian Beam Theory 

3.2.1 Homogenous Lossless Media 

Gaussian beams can be derived from approximate solutions to 

Maxwell·s equations, specifically the approximation to the Scalar Wave 

Equation (time harmonic factors: exp(+iwt), where i = (_1)1/2, in the 

Cartesian Coordinate System: 

(3.1) 



where the wave number in a homogeneous lossless medium is k = 

w(ep)1/2, e the permittivity and p the permeability of the medium. 

The type of propagation we are considering is that of a wave 

in which the flow of energy is predominantly along a single 

direction, the z-direction. With this point in mind we write 

U(x,y,z) = w(x,y,z)e- ikZ (3.2) 

where we anticipate that w(x,y,z) is a slowly varying function. In 

equation (3.1), the Laplacian operator is 

2 a2 
V =-

ai (3.3) 

We write k in terms of its components: 

(3.4) 

Let k2 = k2 + k2 the square of the transverse wave number. For t x Y' 

propagation which is predominantly in the z-direction (PARAXIAL 

BEAM), we have 

k~ > > k~ with kt < < k 

Hence from equation (3.4) we can easily derive that kz is 

approximated by, 

(3.5) 

(3.6) 
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A closer observation of equation (3.6) reveals that if the wave 

numbers correspond to the curvature of the wave fronts emanating 

from a point source: 

1) k traces out a circle (sphere in 3D) 

and 

2) kz also traces out a circle (sphere in 3D) in the PARAXIAL 

REGION and a parabola (paraboloid in 3D) in regions removed from the 

paraxial domain, as illustrated in Figure 14. 

Another method of describing the parabolic nature of the 

approximate plane waves is to assume that the amplitude, (w(x,y,z», 

variations in the z-direction are small such that a2/oz 2 = 0, but 

%z ¢ O. This reveals that the operator in the scalar wave 

equation (3.1) would be approximated by the PARABOLIC POE (or 

Schroedinger-type equation), derived below. 

68 



'\. 

CIRCULAR', PAROBOl/C 
(Ilk) ',¥(I/k z ) 

POINT 
SOURCE 

/ 
/ 

/ 

/ 
/ 

I 
/ 

/ 

Figure 14. Circular and Parabolic Wave Fronts 

69 



Then, using equation (3.2) in (3.1) and differentiating, we obtain 

which reduces to Vt2~ + I" - 2ik~1 = 0 where II = a~/az ¢ 0 and 

~" = a21/az2 = 0, so that 

v~~ - 2Lk~1 = 0 (3.7) 

-L 
taz 

which is the expected parabolic POE. 

(3.8) 

A wave with a Gaussian transverse field distribution is an 

exact solution of equation (3.7), (Kogelnik, 1965), and is of a form 

that determines equation (3.2) as 

U(x,y,z) 
• k x2 + i 

e-l(kz-~(z» -~ ~ (z - a) 
~ e z - a (3.9) 

where q(z) is a phase term to be discussed later. Equation (3.9) 

clearly has the form of a Gaussian beam. The exact solution, 

however, has a complex curvature which results from the combination 
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of a spherical wave term and a Gaussian distribution term in the 

paraxial region. Hence, the approximation sign in equation (3.9) is 

valid since the Gaussian curvature, 1/(z-a), is assumed to be real 

(i.e., a, real) and we have omitted a possible amplitude term. We 

must, therefore, show that equation (3.9) satisfies (3.8) 

irrespective of whether k and a are real or complex, so that the 

equation may also cater for lossy media which is true in practice 

(Kogelnik, 1965). This is verified as follows: 

Differentiating equation (3.9), we obtain 

au = [ __ L __ _ [k _ ~ _ k x2+ y2]]U 
~az z-a az 2 (z-a)2 

(3.10(a)) 

Lk [ 2 1 
= - - 1 - lk LJ z-a z-a 

Hence, 

and 

- +- U [ 
i k x

2
+ i] 

z-a 2 (z_a)2 
(3.10(b)) 
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With reference to equation (3.8), comparing (3.10(a)) with 

(3.10(b)), we note that equation (3.8) is satisfied, irrespective of 

whether a and k are real or complex, provided 

ag~z) = k, where ~(z) = tan-1[ 2~ 1 
Wo k 

(3.11) 

In equation (3.11), ~(z) is a phase term, for both lossy and 

lossless media, and Wo is the Gaussian waist radius, shown in Figure 

15 (Yariv, 1975). The hyperbolae shown in the figure correspond to 

the ray direction and are intersections of planes that include the 

z-axis and the hyperboloids 

x2 + y2 = const. w2(z) (3.12) 

They correspond to the direction of energy propagation. The 

spherical surfaces shown have radii of curvature given by 1/(z-a). 

For large z, the hyperboloids x2 + y2 = w2 are asymptotic to the 

cone 

(3.13) 

whose half-apex angle, taken as a measure of the angular beam spread 

is 

(3.14) 
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This last result is a rigorous manifestation of wave 

diffraction according to which a wave that is confined to an 

aperture of radius Wo will spread (diffract) in the far field (z » 
w0

2k/2) according to equation (3.14). 

Our prime task, however, is to investigate equaton (3.11) 

further by differentiating with reference to the identity, 

d -1 () 1 d~ 
dz tan ¢ = -- :::;x.. 1+i dz' . 

which gives the result, W6k2 = 2W~ - 4z2, or 

(3.15) 

from which we obtain 

real } 

complex 
(3.16) 

By equation (3.16) and the preceding analysis, we have shown that 

equation (3.9) satisfies equation (3.8) irrespective of whether a 

and k are real or complex. We will now see how (3.9) relates to 

spherical electromagnetic waves, defined by Green's function in free 

space. 
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3.2.1.1 Free Space Green's Function vs Gaussian Beam. 

Consider a spherical wave emitted by a point radiator, located on 

the z-axis at z < o. The wave would be described by the free space 

Green's function, a solution of the scalar wave equation, which we 

apply to lossless and lossy media (Yariv, 1975). A beam of 

electromagnetic waves has been loosely defined as a field which 

propagates very close to a central line (Deschamps, 1971; Gabau, 

1961). The function G(P) = exp(-~kr)/r where r is the distance from 

the observation point P to a fixed point having a COMPLEX location, 

represents the field of a Gaussian Beam. This function, G(P), is a 

solution of the wave equation. 

We choose the origin to be complex: C(x = y = 0, z = a) 

where a = a1 + ~a2. Then r becomes complex, and the function 

G(x,y,z) close to the z-axis (PARAXIAL) represents a Gaussian Beam. 

This is easily verified, since for paraxial rays, 

(x2 + y2) < < (z _ a)2 

But r2 = (z - a)2 + x2 + y2 so that 

r ~ z - a + x2 + '1.
2 

(3.17) z - a 
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substituting equation (3.9) in the field function, 

.k x2 + l 
we attain 

G(x,y,Z) 
-l.kz 

N e 
z - a 

e -"2 (z - a) x (3.18) 

where as a further approximation the term exp(+"ka) has been 

omitted, making (3.18) to be equivalent to equation (3.9), if ~(z) 

is neglected in the latter. 

We can now conclude that paraxial electromagnetic waves can 

be approximated by Gaussian beams. Moreover, this applies to lossy 

media as well, where the propagation constant, k, is complex 

(Kogelnik, 1965), as we have shown. 

where 

For lossy media we have the complex propagation constant 

k = k [E - l.~J1/2 = {J - l.a o r EOW 

kO = W(pOEO)1/2, w: angular frequency 

EO = 8.854 x 10- 12 F/m, free space permittivity 

Po = 4~ x 10- 7H/m, permeability of free space 

Er : relative permittivity 

a: attenuation constant 

{J: phase constant = 2~/A 

A: wavelength in lossy media 

(J: conducti vity of the medi um 

(3.19) 
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Equations (3.9) and (3.18) are still valid for k, defined in 

equation (3.19), but we need to show how they relate to geometrical 

optics. 

3.2.1.2 Relation to Geometrical Optics. We have shown that 

the plane wave approximation method gives an approximate description 

of paraxial electromagnetic fields by Gaussian beams. We now need 

to relate our results to geometrical optics to complete the 

foundation of our theory. This is done with reference to Appendix 

B, equation (B.3) where we use L as the eikonal and rewrite the 

equation in the form 

(3.20) 

This equation results from a justificaton of ray optics given by 

Sommerfeld and Runge (1911). The ray field at frequency w, 

expressed as u(r) = A(r)exp(-LkoL) was substituted into the 

Helmholtz equation, where n is a function of the position vector r 

and (3.20) was obtained as shown in Appendix B. If the last term is 

neglected, (3.20) is satisfied, provided 

(3.21) 

which is the eikonal equation, and 

(3.22) 
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has been shown, in Appendix B, to imply the transport properties 

expressed by the intensity law (Born and Wolf, 1959; Sommerfeld, 

1964). If V2/A is truly negligible, then the geometrical-optics 

approximation becomes valid (Deschamps, 1972). It fails, for 

example, near a focus or on a caustic surface where ray optics 

predicts an infinite field. A similar result was obtained later for 

an electromagnetic field, satisfying Maxwell IS equations as shown in 

Appendix C (Friedlander, 1946). This provided the link between ray 

optics and wave optics as expounded in some detail in Appendix D. 

The general solution in the geometrical-optics approximation 

(Appendix D) gives the asymptotic field, E(x,y,z) in terms of the 

eikonal L(x,y,z) as 

E( ) --;;==:::;:E~o~==~ e-l.kL(x,y,z) x,y,z = r 

J (R1 + d)(R2 + d) 
(3.23) 

where R, and R2 are the principal normal radii of curvature from 

astigmatic sources located at the two orthogonal planes, and d is 

the distance separating the primary and secondary wavefronts Wand 

WI, respectively (shown in Figure 59, Appendix D). 

From Ray Theory (Deschamps, 1972) it can be shown that for a 

narrow beam (PARAXIAL) 

L(x,y,z) (3.24 ) 
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Comparing equations (3.23), (3.24) and (3.18) we observe that z 

corresponds to d, and (z-a) is equivalent to [(Z+Rl) (z+R2)]1/2 for 

astigmatic sources located at a and b which are complex. Rl and R2 

can be complex, corresponding to -a and -b, respectively. Hence we 

have the ELLIPTICAL ASTIGMATIC electrical field equation 

Lk ki k 2 
-:;:Eo=e=-~z::;::;= e-i2 (z-a) e-L2d-b) E(x,y,z) = ,... 
~ (z-a) (z-b) 

where the complex sources are a = a1 + &a 2 and b = bl + ~b2 

(3.25) 

with a l , a2, bl , and b2 real, and ED a real constant. Note that if 

a = b, equation (3.25) takes the form of the original spherical 

field equation defined in equation (3.18). Equation (3.25) is the 

FUNDAMENTAL GAUSSIAN BEAM equation in lossy media. This equation 

can be applied to determine electromagnetic patterns in lossy 

biological media (hyperthermia application). Though the equation is 

approximate, its capabil ity to reproduce fai rly accurate results 

(within some constraints) will be shown in Chapter 4. By 

representing the sources as complex, we automatically avoid infinite 

field values at the sources or at points of focus. 

3.2.1.3 Determination of the complex sources: a,b. It is 

clear from equation (3.25) that the media parameters (u, € = €Q€r) 

determine the value of the propagation constant k (equation (3.19)). 

The phase and attenuation constants (p,a) together with the 

conductivity (u) and permittivity (e) are usually available from 
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published literature or can be determined experimentally, if so 

desired. The complex source positions (a,b) are the only other 

parameters that must be specified in equation (3.25). If fairly 

accurate experimental data is available for both the xz-plane (E

plane) and the yz-plane (H-plane), a and b could be attained by use 

of numerical techniques. However, because it was not possible to 

obtain complete data in the E-plane experimentally, a geometrical 

method became the only alternative for determining a and b, from the 

phase and amplitude variations. 

a) Phase variations. The phase variations in the xz-plane 

and the yz-plane can be represented by uxx2 and Uyy2 in the 

exponentials exp(~uxx2) and exp(~uyy2), where Ux and uy are 

measurable functions of frequency and source position in each plane. 

If z = 0 (or d = 0 in equation (3.24)), Ux and uy can be obtained by 

comparing phase terms: 

=ll. -211" 1 u = =- , 
x Rx ARx 

j (3.26) 
=ll. -211" u = =-

Y Ry ARy 

where Rx = R" Ry = R2 , the real values of curvatures of the 

wavefronts in equations (3.23) and (3.24). Rx and Ry are determined 

experimentally from the phase, ~¢ ~ 211"~R/A where A is the 

wavelength in the medium (Figure 16(a))and ~R = ~Rx or ~R = ~Ry. 

180 0 2 
Ry = A(~¢YO (3.27) 



b) Amplitude variations. The amplitude variations can 

equally be determined experimentally by representing them as vxx2• 

Vyy2 in the exponentials exp(-vxx2) and exp(-vyy2) in the respective 

xz and yz planes. The half-power value from experimental data (or 

any higher power value appropriately chosen) corresponding to x1/2 

and Y1/2 (x.y coordinates) is equated to the amplitude variations to 

give 

(3.28) 

In equation (3.28) x1/2 and Y1/2 are the half-power half widths of 

the relevant aperture fields, as shown in Figure 16(b). 
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x 
(0) 

x 

( b ) 

Figure 16(a). Phase vs. Distance (x,y) Variation. 
(b). Amplitude vs. Distance (x,y) Variation. 
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Finally by equating the complex source phase and amplitude 

exponentials to those containing equations (3.27) and 3.28), we can 

find a and b, viz: 

At z = 0 = y, equating the power exponentials from equation 

(3.25) with the phase and amplitude variations, we have, since 

k = a = ~p 

+l(u + lv )x2 
= e x x (3.29) 

Equating the powers of the exponentials in (3.29) we can easily 

obtain a and similarly b (for z = 0 = x) as follows 

(3.30) 

In equation (3.30) we have the desired parameters, a, b which when 

plugged into equation (3.25) would give us a complete knowledge of 

the astigmatic field E(x,y,z). Note that a and b vary slightly with 

frequency because of their complex nature. This variation can be 

ignored. In fact a and b are fixed values for a given microwave 

applicator or system. Once they have been determined for a 

particular system other complex source images (due to reflections 

and transmissions at interfaces of different media) can be traced to 
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these predetermined values (a,b). The reason for this is the 

Gaussian nature of the transverse variations of equation (3.25) 

which remains Gaussian as it propagates in the z-direction • 

. 3.2.2 Inhomogeneous Lossy Media 

The inhomogeneity we are considering is layered 

inhomogeneity, to which the Gaussian beam equation (3.25) is equally 

applicable. In order to apply (3.25), however, boundary-value 

solutions must be found to account for the transmission, reflection 

and curvature (phase) transformations. This is achieved through 

formulations that are derived from the Gaussian beam theory. The 

theory stipulates that b~cause of the paraxial nature of the beam, 

the transmission and reflection coefficients are similar to those 

used in transmission lines (Deschamps, 1972). Also the angles of 

incidence, transmission and reflection (except ~ at a curved 

interface resulting in equation (3.38)) are neglected, which implies 

that the reflection and transmission coefficients are 

indistinguishable for parallel and perpend~~ular polarizations. 

3.2.2.1 Curvature (phase) transformation. We first 

investigate the .. curvature (phase) transformation across a curved 

interface of two media with complex propagation constants k1 , k2 

shown in Figure 17. We let x = 0 and obtain the incident and 

transmitted fields from equation (3.25), for parallel polarization, 
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-Lk2z 
E(t)= 7"cCrEoe 

j (z-at ) (z-b t ) 

l 
-HI 2 (z-b.) 

e 1 (3.31) 

(3.32) 

where E(I) is the incident field (medium 1), E(t) is the transmitted 

field (medium 2) and 7"e' CT are coefficients to be determined later. 

a l and b l are the incident field complex source values and at, bt 

are the corresponding complex source values for the transmitted 

field. From Figure 17, with Re positive (concave interface), 

so that 

But ~Re « Re, particularly in the paraxial region, and ~Re ~ ~z, in 

the pat'axial region (z « 1). 

Hence 

L ~z ~ 2R 
c 

(3.33) 
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~SOURCE 

x (OUT) 

+y r z 

MEDIUM I 

z=O 

( a) 

PARAXIAL REGION 

k2 

CONVEX 

PARAXIAL 
REGION 

z 

MEDIUM I 

kl 

z 
MEDIUM 2 

k2 

z=O 
(b ) 

Figure 17 (a) Concave, Convex and Planar Interfaces Between Medium 
1 and Medium 2. 

(b) Curvature Transformation Across Concave Interface. k
l

, k2 are 
the respective complex propagation constants in medium 1 and medium 
2, and Rc is positive and real. 
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In medium 1, using (3.31) for z ~ ~z, 

where from (3.33), since y « Rc' we obtain 

and similarly, for medium 2 

But (phase 1) = (phase2) at the interface, meaning 

The locus of the interface is given as zb' viz: 

for a concave curvature (viewed from the source side) and 

for a convex interface, viewed from the source side. If the 

interface is plane, Rc ~ 00. Note that because y « Rc in the 
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paraxial region, zb ~ O. If zb > 0, equation (3.34) is modified to 

the form 

(3.37) 

where ql(zb) = (zb-b l ) and Q2(zb) = (zb - bt ) which is consistent 

with ray theory methods (Deschamps, 1972). Equation (3.37) applies 

to transmission across a concave interface. In the case of 

reflection, the phase shift is -~ at the interface and k2 ~ -k 1 , 

giving 

(3.38) 

From equation (3.37) we can obtain the curvature transformation 

matrix for transmission as follows 

AQ1(Zb) + B 
CQ1 (zb) + 0 

where A, B, C, D are the elements of the curvature transformation 

matrix: 

r: :1 = (3.39) 
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Equation (3.39) has been stated in published literature for lossless 

media (Yariv, 1975) without derivation. Note that the element C 

changes according to whether Rc is positive (concave interface), 

negative (convex interface) or Rc + 00 (plane interface). The 

corresponding transformation for reflection is 

(3.40) 

3.2.2.2 Field matching across interface. We now determine 

the matching coefficients for the continuity of the field components 

across an interface zb (equations (3.35) and (3.36». As mentioned 

earlier the transmission and reflection coefficient r c' Pc' 

respectively, are the usual transmission line coefficients: 

2 
rc = k2 

1 + kl 
(3.41) 

and 

1 
k2 

-kl 
Pc = 

k2 
1 +-

k1 

(3.42) 

obtained by matching the tangential electric field, Et , and the 

tangential magnetic field, Ht , at interface for normal incidence. 

We next match the fields at the interface Z = zb. 
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Incident Field: E(I)(y,z) for Z < zb' 

-HI Z . l 
E (i) (y, z) 

EOe -t.-k l 2(z-b.) 
(3.43(a)) = e 1 

J (z-a i ) (z-b i ) 

At z = zb' 

-ikIzb 2 
. k Y 

E (i) (y, zb) 
EOe ~t.- I 2(zb-bi ) (3.43(b)) = 

J (Zb -a i ) (Zb -b i ) 

Transmitted Field: E(t)(y,z) for z > zb' 

l 
-ik2 2(z -b ) 

e t (3.44(a) ) 

Invoking the continuity condition at z = zb 

Hence in (3.44(a}), CT is defined by (3.44(b)). 



Reflected Field: E(r)(y,z) for z < zb' with zr = Z - zb 

Again we invoke the continuity condition at Z = zb' 

(Zb- ar) (zb- br) 
(zb- ai) (zb- bi) 

(3.45(b» 

which is the previously unknown coefficient in (3.45(a». We can 

now evaluate the incident, transmitted and reflected fields if the 

complex source values for transmission (at, bt ) and reflection (a r , 

br) are obtained from equations (3.37) and (3.38) as follows (ai' b l 

are known values): 

(3.46(a» 

(3.46(b» 
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ar = zb - 1 
1 2 (3.47(a» 

zb- ai -T 

br = zb - 1 
1 2 (3.47(b» 

zb- bi -~ 

The equations, (3.46) and (3.47), apply to a concave interface for 

which zb is given by equation (3.35). For a convex interface zb is 

given by equation (3.36) with Rc ~ -Rc in equations (3.46) and 

(3.47). For a plane interface Rc ~ 00. We now have a set of 

equations [(3.41) through (3.47)J which completely determine the 

fields in the two media depicted in Figure 17. These equations can 

be extended easily to encompass three or more layers by applying the 

procedure outlined above. We are now equipped with the necessary 

tools to simulate experiments for both homogeneous and inhomogeneous 

(layered) lossy media, which is the topic addressed in Chapter 4. 

3.3 Conclusion 

We have developed the Gaussian Beam Theory in this chapter 

consistent with Geometrical-Optics Approximation. Since the 

Elliptical Astigmatic Field Equation is approximate, it is vital 

that we check its efficiency carefully against other more exact 

models, such as the Bessel function model in Chapter 2, and reliable 

experimental data. The simplicity of the theory might lead to 

highly reduced computation (CPU) times relative to other models, 

which would certainly be a very welcome asset. Another desirable 



aspect of the Gaussian beam equation is its 3D capability, which, 

though simple and approximate, may be improved in due course. This 

depends, of course, on how accurate it is v:esently, as we will find 

out in the subsequent chapter. 
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CHAPTER 4 

GAUSSIAN BEAM SIMULATION OF EXPERIMENTS 

4.1 Introduction 

In this chapter we present an experimental determination of 

microwave power deposition in lossy media in conjunction with 

theoretical simulations by the Gaussian beam method developed in 

Chapter 3. The lossy media we used were liquid phantoms of muscle 

and lung. These phantoms were very suitable for field scanning by 

means of a 1.0 cm monopole field probe. Besides the experiments, we 

also simulated data from other more accurate theoretical methods 

such as the Bessel function method, discussed previously in Chapter 

2. 

Power was deposited at a frequency of 400 MHz, corresponding 

to wavelengths of approximately 9 cm in the muscle phantom and 12 cm 

in the lung phantom, wavelengths that were comparable to the 

dimensions (10.5 cm) of the microwave horn applicators. In other 

words, dimension/A ~ 1.0, a ratio considered too low according to 

designs based on the geometrical-optics approximation method 

(Collin, 1969). However, if acceptable theoretical results should 

ensue from our simulations, we would be in a position to claim that 

the asymptotic methods (geometrical-optics approximation) need not 
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be restricted to systems with dimensions that are several times the 

wavelength of operation. Admittedly, our investigation is limited 

to a single field component, but it is a very important initial step 

in the right direction for our purposes. 

4.2 Outline of Experiments and Simulations 

4.2.1 Objective and Procedure of Experiments 

The objective of the experiments was to demonstrate microwave 

power deposition in saline, muscle and lung phantoms and to compare 

the accumulated data with theoretical data provided by the Gaussian 

Beam Model. 

The muscle phantom was made from 6.65 gm/lit saline which 

gave the recommended conductivity (1.0 to 1.3 S/m) approximately at 

400 MHz (Johnson and Guy, 1972) and a slightly higher relative 

permittivity (76 to 78) than the recommended value (53). These 

variations (conductivity and relative permittivity) were due to 

temperature changes of 20°C to 25°C, as will be shown in the 

results. Other saline concentrations of lower values (3.325 gm/lit) 

were also available for the experiments. The conductivity and 

relative permittivity were calculated from numerical equations based 

on reliable experiments dating back to at least 30 years (Stogryn, 

1971) and checked against other recorded experimental data (King, et 

al., 1981). On the other hand, the lung phantom was made up of 71% 

of dehydrated alcohol, 21% of deionized water and 8% of NaCl by 

weight. These values were based on results from published 
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literature (Burdette et al., 1980), and were prepared and tested 

locally. Again variations of the conductivity and permittivity 

values were evident, ranging from 0.2 S/m to 0.6 S/m for 

~onductivity and 15 to 25 for relative permittivity. The accepted 

published data for lung are 0.35 S/m to 0.75 S/m and relative 

permittivity of 20 to 35 (Lawrence and Tobias, 1957; Iskander, 

1982). Fortunately it was possible to ascertain the appropriate 

values by making simple calculations from the experimental data. 

For each sample the relative permittivity was obtained from the 

phase vs. distance variations. The relative permittivity, Er , was 

used in turn to evaluate the conductivity from the attenuation data, 

dB/m = -8.686 kl' where the attenuation term, kl = ~q/2 and q = 

120~/(Er)'/2, from which the conductivity q was evaluated. This 

procedure helped in eliminating possible errors. 

The system was set up as shown in Figure 10 (Chapter 2) with 

some minor changes included to accommodate the new phantoms. The 

neck phantom in Figure 10 was replaced by a plexiglas tank of 42 cm 

x 46 cm square and over 50 cm high. The tank contained the 

appropriate saline solution (6.65 gm/lit), 38 cm high. A circular 

polyethylene window of thickness 1.0 mm, almost transparent to 

microwaves (400 MHz), and diameter 15 cm was located at one side of 

the tank, centered at about 20 cm from the bottom of the tank, with 

one SMA Co. applicator (discussed in Chapter 2) pressing against it 

and connected to a power source (8754A Network Analyzer). This 

arrangement is shown in Figure 18 for the first experiment. Figure 

19(a) shows a sample of lung material in a plastic tank (thick 
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polyethylene), of height 45 cm and base area 21 cm x 26 cm, immersed 

in 6.65 gm/lit saline solution (muscle phantom), and placed to 

within 2 to 4 cm (zb) of the applicator. Another thin (1.0 mm) 

polyethylene window, in line with the horn applicator, was provided 

on one side of the inner tank. This arrangement constituted the 

second experiment of an inhomogeneous (layered inhomogeneity) medium 

made up of saline (muscle) and lung with a plane (planar) interface. 

To provide a curved (concave) interface, the aforesaid lung phantom 

was replaced by another lung phantom in a cylindrical plexiglas 

container, 3 mm thick, 45 cm high and with an inner diameter of 14.6 

cm, shown in Figure 19(b), as viewed from the- top. This became the 

third experimental set-up. 

These arrangements (Figures 18 and 19) were for a single 

applicator field scan. The procedure in this experiment involved 

scanning of the microwave fields, emanating from the single 

applicator, by means of a monopole field probe. This probe was 

driven by a stepper motor drive, controlled by a modified HP 

program. The data from the scanned fields was accumulated and 

stored in files of amplitude, phase and power variations with 

distance, in the H-plane and the E-plane. In the case of 

inhomogeneous (layered) media the data was assembled separately for 

each medium (muscle/lung) and combined later by means of another 

program. Some of the data (curved muscle/lung interface) was 

scanned manually because of the geometry which could not be handled 

automatically. This data was then written into a file for purposes 
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of plotting by the HP program. It must be observed, here, that 

whilst the data from the homogeneous medium (muscle) in the first 

experiment (Figure 18) could be converted into normalized local 

power (relative SAR) , it was not possible to do the same in the case 

of the layered media due to the inability of the experimental 

procedure to distinguish the respective conductivities in the muscle 

and lung media. Hence the data in this case could only be converted 

into normalized field magnitudes which were squared, viz: IE/Emax12 

compared with laE/aEmaxl2 for the homogeneous medium. 

A fourth experiment, involving a phased array system was 

performed. The same tank, shown in Figure 19(a) was used, with a 

saline solution of 3.325 gm/lit. Four SMA Co. applicators were 

immersed into the saline solution and arranged as shown in Figure 

20, enclosing an area of 15 cm x 15 cm of saline which was to be 

scanned. The four applicators were connected to all the system 

components as shown in Figure 10, Chapter 2. The phases and 

amplitudes were adjusted for focus at the center of the enclosed 

area, as outlined in Chapter 2, section 2.4. The scanning procedure 

and data processing and storage was the same as described in the 

preceding paragraph. 

The results recorded from the four experiments will be shown 

in section 4.3, with introductory statements, together with the 

theoretical (simulated) results for comparison purposes. We need, 

however, to present the details pertaining to simulation, in 

subsection 4.2.2. 

98 



z 

I 

42cm 

" 

PLEXIGLAS 
TANK 46cm 

SALINE 
SOLUTION 

MAIN 
AXIS 

z 

TO NETWORK 
ANALYZER 

MONOPOLE 
FIELD PROBE 

--------' --. y 

POLYETHYLENE 
(1.0 mm) 

-H---~ TO NETWORK 
ANALYZER 

Figure 18. Homogeneous Media Field Scan Configuration 

99 



z 

i 

42c 

Plexiglas 
Tonk 

21cm 

46cm 

TO NETWORK 
ANALYZER 

PLASTI 
TANK 

_.3L-___ .....J --+y 

A+---+ TO NETWORK 
POLYETHYLENE ANALYZER 

(O.2mm) 

( 0) 

3mm 

(PLEXIGLAS) 

100 

Figure 19. Inhomogeneous Media Field Scan Configuration 
(a) Lung in a rectangular tank (planar interface) 
(b) Lung in a cylindrical tank (curved interface) 

-------------- ----------- -- ------------------



........ .:+1 if-6c3 

I Y3~ 
TO NETWORK 

ANALYZER ,8 Z3 

I 

46cm 

A 
MONOPOLE 
Probe 

SALINE 

SALlN:--'\f:7 
Plexiglas 
Tank 

\ --

(l5cm x 15cm) 
SCANNED 
AREA 

J 

" SCANNED 
AREA 

'L' 
6cl +l 14- Y, 

Figure 20. Phased Array Field Scan Arrangement 

101 



4.2.2 Simulation Outline 

The Gaussian beam equations developed in Chapter 3 were used 

to simulate the experiments. These equations are quoted below: 

4.2.2.1 Homogeneous Media (x=O): 

102 

ky2 
-l 2(z-b.) 

e 1 ( 4.1) 

where the complex propagation constant is given by equation (3.19) 

and ai' b l are given by a j = a, b l = b in equation (3.30). The 

source positions Rx' Ry were calculated from scanned data by means 

of equation (3.27). Typical data (H-plane) is shown in Figures 

21(a) and 21(b). These values of Rx and Ry ranged from 8.25 cm to 

12.5 cm giving estimated average values of Rx = 10.0 cm and Ry = 
10.25 cm. The amplitude half-power widths (see Figure 21(b» were 

estimated to be x1/2 = 2.5 cm and Y1/2 = 2.0 cm. Then using these 

experimental values (Rx. Ry • x1/2 and Y1/2) in equations (3.26) and 

(3.28), Ux and uy were evaluated and finally a l and b l were 

determined from equation (3.30). Table 2 shows these values, from 

which other source values ('images ' ) were determined in accordance 

with equations (3.46) and 3.47). 
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Table 2. Half Power Widths, Real and Complex Source Distances 
for Each of 4 SMA Co. Horns 

Half Power Real Distances 
Widths (em) (em) 

x'/2 Y1/2 Rx 

2.5 2.0 10.0 

Note: a l = a, + ia 2 

bib, + ib 2 

Ry 

10.25 

Complex Distances 
(cm) 

a, a2 b, b2 

-4.6112 -3.7391 -2.7066 -3.2681 
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4.2.2.2 Inhomogeneous (Layered) Media (x=O): With reference 

to equations (3.43) to (3.45) the respective incident, reflected and 

transmitted fields were determined from the following equations, 

for Z < zb: 

-lk Z 
Eel 

E (1) (y, z) = __ 0-"---__ _ 

J (z-a i ) (z-b i ) 

l 
-lk1 2(z-b.) 

e 1 (4.2) 

(4.3) 

where Pc' CR, ar and br are given by equations (3.42), (3.45(b» and 

(3.47), respectively; 

for Z > zb: 

l 
-lk2 2(z -b ) 

e t (4.4) 

where r c' CT, at and bt are given by equations (3.41), (3.44(b» and 

(3.46), respectively. Note the zb is the interface value between 

the two media shown in Figure 19 and is determined from equations 

(3.35) and (3.36) modified as follows: 

(4.5) 

for a concave curvature, viewed from the source side (Figure 17), and 

- R (R 2 2)1/2 Zib - Zb - Ie + Ic - y (4.6) 

------------- ---



for a convex curvature (Figure 19(b)), viewed from the source side 

(Figure 17). We note that for a plane interface RIC + 00 and zib = 

zb' a plane (planar) interface shown in Figure 19(a). 

In equations (4.5) and (4.6), i = 1,2 for the respective 

first interface and the second interface (Figure 19). With 

reference to Figure 19(b) it is clear that R1c = 7.6 cm and R2c = 

7.3 cm, thus giving 3 layers of muscle, plexiglas and lung. The 

complex source distances for the third layer (lung) in Figure 19(b) 

are at2 , bt2 , ar2 , br2 generated from at, bt , ar , br which in turn 

were generated from the known values ai' bl' The incident, 

reflected and transmitted fields at the second interface, were 

evaluated from the known transmitted field, E(t)(y,z), in equation 

(4.4) [it becomes the incident field at the second interface] in 

conjunction with the new complex source values, at2 , bt2 , ar2 and 

br2 • The details pertaining to the computations in the third layer 

(second interface) were included in the computation algorithm. We 

note that the propagation constants for the 3 layers were kl 

(muscle), k2 (plexiglas) and k3 (lung) which were obtained from the 

conductivities and permittivities of the respective media. We 

further note that for the second interface (plexiglas/lung) 

equations (4.5) and (4.6) are modified by the addition of 3 mm, the 

thickness of plexiglas. All relevant results are shown in section 

4.3. 

4.2.2.3 Phased Arrays (Homogeneous Media). In the case of 

the phased arrays (Figure 20) the fields were calculated for each 
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horn (scanned in the H-plane) on the basis of equation (4.1). It 

became necessary, however, to rewrite equation (4.1) in terms of the 

local axes y" z, with x, = 0, where i = 1,2,3,4. These axes are 

related to the global axes x,y,z, viz: 

Y1 ::: Y c, zl = z 

Y2 ::: z - c, z2 ::: 2c - y 
(4.7) 

Y3 ::: c - y, z3 ::: 2c - z 

Y4 ::: c - z, z4 = x 

where c is half the length of the square side. In Figure 20, c ::: 

7.5 cm. Also in Figure 20 shift positions ac, are shown to account 

for any horn shifts from the ideal positions, c, on each side of the 

square. We also notice G, in Figure 20, a tilt angle which accounts 

for any horn deviations from the local principal axes where 8, ::: O. 

Note that 8, can be negative (left tilt) or positive (right tilt) 

and similarly for the shifts, ac,. These tilt angles result in the 

transformation of the local axes in equation (4.7) in terms of the 

global axis, as follows 

SinG i] [Z] 
cosG i y 

(4.8) 



Equations (4.7) and (4.8) account, virtually, for all of the 

possible horn orientations except for vertical dips, which we can 

neglect in our model. Computations were performed, and the results 

recorded in section 4.3. 

4.3 Results and Discussion 
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In this section we present the theoretical and experimental 

results, including disucssion. Except for the homogeneous media, 

all of the other results (inhomogeneous or layered media) depict 

contours and linear plots of IEI2/1Emaxl2 (Squared Relative Absolute 

Field) which is consistent with the experimental data. In other 

words ulEI2, where u is the medium conductivity, is not computed 

since the experimental data are in IEI2 values only, which vary 

depending on the media. 

4.3.1 Homogeneous Lossy Media (Single Horn Applicator) 

Figure 22 shows the theoretical (Figure 22(a)) and 

experimental (Figure 22(b)) results of muscle (6.65 gm/lit of saline 

at 22°C) at a frequency of 400 MHz, with conductivity, u = 1.09 S/m 

and relative permittivity, Er = 77.14. Equation (4.1) was used in 

the theoretical computations and the experimental data were obtained 

from the set up shown in Figure 18 with the horn applicator centered 

on the y-axis (y=230 ~n, z=O) corresponding to the maximum relative 

power point of unity in Figure 22 (y=100 mm, z=O mm). The results 

(theory and experiment) look very similar, but to obtain a more 

detailed interpretation we compared the theoretical and experimental 
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Figure 22. Power Contours in Muscle at 400 MHz. 
q = 1.09 S/m; Er = 77.14 at 22°C. 
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results obtained from the raw (experimental data) and computed data 

at the points shown on the grid in Figure 23. Note that the 

experimental data was obtained from 5 mm scan intervals. 
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The grid on Figure 23 provides the location of the 

experimental data relative to the positive and negative angle, ~, 

shown in Figure 18. The corresponding theoretical data was plotted 

together with the experimental data, at each ~, versus the 

propagation distance z as shown in Figure 24(a) through Figure 

36(a). The corresponding errors between theory and experiment are 

shown in Figure 24(b) through Figure 36(b). At ~ = 00 (Figure 24), 

~ = 26.6 0 (Figure 25) and ~ = -26.60 (Figure 26), the error is 

within 1.1%, which is very good agreement between theory and 

experiment. At ~ = 45 0 (Figure 27) and ~ = -45 0 (Figure 28), one 

point, at z = 5 mm, seems to be off, and this point gives a 2% 

error. Apart from this the agreement is very good (within 1% error) 

between theory and experiment. At ¢ = 56.3 0 (Figure 29) and ~= 

- 56.3 0 (Figure 30) we have, still, a very good agreement (within 

1.1%). At ~ = 63.4 0 (Figure 31) the agreement is good (within 2%), 

and within 3% at ¢ = -63.4 0 (Figure 32), and similarly at ~ = 71.6 0 

(Figure 33), ¢= -71.6 0 (Figure 34) and at ~ = 76 0 (Figure 35). At 

~ = -76 0 the error is largest, within 6%. 
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Clearly theory and experiment agree very well, even at angles 

up to and including 63.4°. This is a promising start which we hope 

can be duplicated in the Inhomogeneous Lossy Media, shown 

subsequently. 

4.3.2 Inhomogeneous Lossy Media 

Figures 37 through 47 are for inhomogeneous media of 

muscle/polyethylene (1.0 mm)/lung. Figures 37 through 43 are for 

plane (planar) interfaces as set up in Figure 19{a), and Figures 44 

through 47 are for curved interfaces of muscle/plexiglas (3 mm)/lung 

as set up in Figure 19 where the lung phantom in Figure 19{a) is 

replaced with the cylindrical lung phantom shown in Figure 19{b). 

Their respective parameters corresponding to the 6.65 gm/lit saline 

(for muscle) at various temperatures (20°C to 25°C) are shown in the 

captions. The lung parameters also vary with temperature because of 

the salt content (8%) and possibly the dehydrated alcohol (71%). In 

Figure 43, 3.325 gm/lit saline was used instead of the muscle saline 

(6.65 gm/l it). 

4.3.2.1 Planar Interface Results. The planar interface 

results are shown, commencing with Figure 37 in which the theory 

(Figure 37{a)) and experiment (Figure 37{b» seem to agree very 

well. Note that the y-axis in Figure 37 (including Figures 38 

through 47) is a local axis with the horn centered at Y = 50 mm (in 

Figures 18 and 20 the horn is centered at Y = 230 mm) which is 

coincident with Y = 230 mm in Figure 19. Other local axes (Figures 

38 through 47) have similarly centered horn positions at Y = 230 mm. 



Figure 38 shows the theoretical (Figure 38(a» Squared 

Relative Absolute Field as a fUnction of Z versus the experimental 

results (Figure 38(b» along the principal axis (paraxial beam 

axis). corresponding to Y = 50 mm in Figure 37. The results agree 

very well. Figure 39 shows theoretical results along the principal 

axis when there is no polyethelene (single interface between muscle 

and lung). and when there is 1.0 mm thick polyethylene. Slightly 

more power is deposited in the lung in the absence of the 

polyethylene. The scan intervals for these results (Figures 37 

through 39) were 5 mm. On the other hand. the scan intervals for 

the results shown in Figure 40 through 43 were 10 mm. This is 

because the former (5 mm scan interval) were performed manually. 

whereas the latter (10 mm scan intervals) were performed 

automatically with a restriction of minimal scan interval of 10 mm 

due to the geometry of the arrangement in Figure 19. 
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In Figure 40 the theory agrees quite well with the experiment 

in spite of the ideal orientation (no shift. no tilt) in the 

theoretical simulation. The inclusion of tilt and shift (Figure 

41(a» gives an impressively closer simulation of the experiment 

(Figure 41(b». On the other hand, Figures 42 and 43 clearly depict 

good simulation of the experimental data despite their ideal 

orientations. 
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4.3.2.2 Curved Interface Results. Figures 44 through 47 

show the curved interface data, in which three layers of muscle, 

plexiglas and lung are indicated as per the experimental set up in 

Figure 19. In Figure 44, the results look very similar except for a 

slight difference to the right (Y = 80-90 mm, Z = 30 mm) of the 

contours. This minor lack of agreement is corrected when the horn 

orientation is modified from ideal (Figure 44(a» to a practical one 

(Figure 45(a». In this case the agreement is quite impressive 

(Figure 45). 

Figure 46 shows the variation of IEI2/1Emaxl2 along the 

principal axis (Y = 50 mm) for both theory and experiment in Figure 

45. Once more, the theoretical results agree well with the 

experimental scans. Finally, in Figure 47, the theoretical 

computations of IE/21/Emax/ 2 along the principal axis in Figure 

45(a) are shown for two layers of muscle and lung (no plexiglas) and 

in the case when there is plexiglas (3 layers). It is clear that 

the deposition of power in the lung is enhanced when there is no 

plexiglas. 
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4.3.2.3 Phased Array Results (4 Horn Applicators). Figures 

48 through 52 show results for the phased array arrangement depicted 

in Figure 20. In these figures, power contours in 3.325 gm/lit 

saline at 24.5°C (u = 0.68 Sim, €r = 77.4), at 400 MHz are shown. 

Figure 48 is the ideal orientation of the theory (Figure 

48(a» and the experimental results. Although there is a certain 

amount of similarity, the agreement is only fair. In Figure 49(a). 

the appropriate shifts in horn positions is included (-0.85 cm. 

-0.65 cm, 0.45 cm, 0.75 cm) and the theoretical results begin to 

resemble the experimental data (Figure 49(b» more closely. The 

addition of amplitude variations as per experiment (I. 0.93. 0.54. 

0.95 from bottom going in the counterclockwise direction) give a 

good agreement between theory and experiment in Figure 50. A 

further inclusion of tilt angles (_5°, -3.6°, 8°. 0) finally 

completes the practical orientation of the theoretical data. giving 

a very good agreement in Figures 51 and 52. 
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4.4 Comparison of Gaussian Beam Method With Other Methods 

4.4.1 Bessel Function Method vs. Gaussian Beam Method. 

In order to gain further insight into the accuracy of the 

Gaussian beam method, comparison with other more accurate methods is 

made. The Bessel function method developed in Chapter 2 is an 

accurate method which is compared with the Gaussian beam method in 

Figure 53, where computations were made in a muscle phantom (u = 

1.18 Slm, €r = 53 at 400 MHz) for the same arrangement in Figure 20 

and along one of the principal axes (at Y = 230 mm in Figure 20, 

typically). The Bessel function results (Figure 53(a)) agree very 

well with the results obtained by the Gaussian beam method (Figure 

53(b)). 
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As an extension to the Gaussian beam method. a comparison of 

the theoretical simulations for muscle. cited above in Figure 53. we 

made calculations based on negative distances for the astigmatic 

sources. In other words, instead of using Rx = 10.0 cm and Ry = 

10.25 cm as in SMA Co. applicators, we used Rx = -10.0 cm and Ry = 

-10.25 cm to give a focussing effect, which would be in line with 

recommendations for improving focussing tremendously (Taylor. 1984). 

These results are shown in Figures 54 and 55. We observe that the 

contour plots in Figure 54(a) for the SMA Co. applicators (Rx = 10.0 

cm, Ry = 10.25 cm) deposit less relative power at center (26%) 

compared to results from the highly idealized applicator (Rx = -10.0 

cm. Ry = -10.25 cm) in Figure 54(b). depositing over 50% relative 

power at center. The apparent difference is vividly shown in the 

linear plots in Figure 55. Obviously. if it were possible to design 

an applicator with these characteristics (Rx = -10.0 cm. Ry = -10.25 

cm) we would improve microwave power enhancement in lossy biological 

media. as predicted by the Gaussian beam method. 

4.4.2 Gaussian Beam Method vs. Johnson-Guy Method 

Using analytical methods and plane waves. Johnson and Guy 

calculated power deposition in layers of fat/muscle and 

fat/muscle/bone/muscle, 2 layers and 4 layers. respectively (Johnson 

and Guy. 1972). These calculations can be simulated by the Gaussian 

beam model if the complex sources a + 00 and b + 00. This is done to 

compare results with the Johnson-Guy Method. The results of the two 

methods agree very well as shown in Figures 56 and 57. 
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a = 1.18 S/m, fr 53, Rx = -10.0 em, Ry = -10.25 em. 
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4.5 Conclusion 

In this chapter we have demonstrated, experimentally and by 

comparison with other methods, that indeed the Gaussian beam method 

is fairly accurate, at least in terms of determining a field 

component. We have also shown that the usual restriction of 

dimension of applicator/A ~ 5 (Collin, 1969) is not necessarily true 

as we have shown that, in fact, this ratio can be as low as unity or 

less. This, in our view, is original work of important significance 

in this area of research. We have also shown that the Gaussian beam 

method has the flexibility of simulating experiments quite easily as 

it has the capability to adjust the orientation of the applicators 

to adequately represent the experiment. 

The monopole probe used in the field scans was unbalanced, 

and it has been shown (King, et al., 1981) that for scans with 

unbalanced monopole probes, in inhomogeneous media, the condition 

(probe length)/A(wavelength) ~ 0.25 must be satisfied to attain 

accurate scanned fields. In our experiments, this condition was 

satisfied since probe length ~ 1.0 cm, A in muscle ~ 8.0 cm and A in 

lung ~ 12.0 cm, giving the ratio (probe length) fA ~ 0.125. 



CHAPTER 5 

SUMMARY AND RECOMMENDATIONS 

We have already included conclusions in the preceding 

chapters, but it is worthwhile summarizing some of our achievements 

and making some recommendations for future investigations. 
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The work in this dissertation is made up of three areas, each 

of which could have been developed independently to some very 

logical conclusion. It has been necessary, however, to look at all 

these methods and to arrive at some useful ideas which hopefully 

will be pursued later in some detail. It would be unrealistic to 

expect a detailed investigation of every aspect and facet of these 

three areas, given the time, magnitude and complexity of the 

problem. 

The first area pertains to the analytical method which has a 

closed form solution in terms of Bessel functions. One of the most 

difficult aspects in this model was the development of the Bessel 

function routines with complex arguments ranging from zero to large 

values so as to compute fields from the center of large cylindrical 

targets (up to 20 cm in radius) to the surface, and with large order 

(up to 100 or more) to achieve focussing. At the outset of this 

research, these routines were not available and it took close to two 

years to develop and complete, long before documented routines 
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became available (Sandia National Laboratories). The Bessel 

function method has allowed us to evaluate accurate results. but it 

is important to realize that the method is most suitable when the 

aperture field distribution can be predicted or assumed with 

confidence. Within this restriction. we have learnt. for example. 

that the use of many applicators (typically 8 applicators compared 

to 4) results in higher and more localized power depositions and 

surface heating is minimized. The capability of the Bessel function 

method to determine focussing anywhere within a cylindrical target 

in a controlled fashion is an important accomplishment which has 

contributed to a better understanding of the subject. The Bessel 

function method can be extended to layered media (Wait. 1985) 

although its complexity with regard to computation algorithms and 

CPU time could be quite involved rendering it quite difficult to 

execute. 

The second area of this dissertation involves the development 

and implementation of the Gaussian Beam Method for application in a 

range of frequencies that would appear to defy the acceptable limit 

of dimension/X> 5 (Collin, 1969). This area does not have a clear

cut theory with regard to lossy media outside the aforesaid limit. 

The development of the theory has, therefore. been based on some 

original ideas (Bach Andersen, 1986) and may not be clear or easy to 

piece together. This does not necessarily mean the approach 

--------- -~------~~-------------------~-----------
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is inadequate. It simply reflects the difficulty of the subject. 

The most important concern should, therefore, be directed at its 

limitations and accuracy for specific applications. It is 

abundantly clear from the results that the Gaussian Beam Method is a 

viable and powerful method, which admittedly has limitations due to 

its approximate nature. We have not, however, witnessed any flaws 

in its capability to simulate our experiments and to reproduce 

results that have been derived by other more accurate methods. 

One of the attractive attributes of the Gaussian Beam Method 

is its capability to compute an abundance of results (upwards of 

10,000 data pOints) in less than 30 seconds of CPU time. This is a 

very important contribution with regard to computer time, expenses 

and speedy research while, admittedly its restrictions and 

limitations are not yet fully understood. Moreover, the relatively 

simple Gaussian Beam method is not hampered by the usually difficult 

and intricate formulations found in more rigorous eigenfunction 

methods. 

Another important asset of the Gaussian Beam Method is its 

capability to more or less compute data in targets that are not just 

cylindrical, square or circular, but rectangular, elliptical, 

triangular and such shapes that are commonly found in hyperthermia. 

The way it copes with these shapes is rooted in the representation 

of interfaces by concave, convex or planar interfaces. This is an 

entirely new approach which has not been addressed with such 

simplicity and accuracy before. The accuracy of the model has 



been strongly supported by the experiments and other more accurate 

theoretical models and we can only conclude that it has unlimited 

potential, which is not as yet realized. 
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The Gaussian beam method was developed with a capacity to 

utilize experimental data to identify the complex source distances, 

which was not an easy thing to conceive though it now appears to be 

a routine matter. The experimental aspect of the research is the 

third and final portion of the dissertation. The equipment, systems 

and related components for the experimental procedure were already 

available at the inception of this work, and we make no claim to 

their development. We do, however, indicate that the Gaussian Beam 

Method was adopted here to precisely fit the experimental procedure. 

This dissertation does not attempt to indulge in the detailed 

description and understanding of the experimental instrumentation 

and hardware, rather it uses the experimental procedure as a tool 

for confirming the theoretical computations. 

We finally state that in addition to the gains and 

achievements made by the Bessel function method, the Gaussian beam 

method has proved its worth by adequately simulating experimental 

data at 400 MHz from microwave applicators with aperture width of 

10.5 cm. The lossy media (muscle and lung phantoms) in which these 

experiments were performed gave wavelengths of 8.7 cm (muscle) and 

12 cm (lung). This gives the ratio:dimension/A ~ 0.9, a very 

important achievement with regard to geometrical optics limitations. 

Moreover, in the case of plane waves, we have been able to reproduce 

accurate results at frequencies as low as 27 MHz. 
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APPENDIX A 

BESSEL FUNCTION ANALYSIS EXTENSION 

In this Appendix we determine the fields at the center of the 

cylindrical model (Figure 1) analytically for given aperture fields. 

With reference to Chapter 2, equation (2.23), let n = 0, ~o = 1.0, 

00 = 0, ~O = 0 and Am = Vm/[2waI m{7a)]. We then have the field 

distribution due to a single aperture: 

E (p,~) (A.l) 
z,O 

On the surface of the cylinder (p=a), for an even field [Ez{a,~) = 

Ez{a,-~)], we have 

E (a,~) (A.2) 
z,O 

A A 

where EO = 1, Em = 2 for m = 1,2,3 ..• 
The Fourier coefficients in (A.2) are 

(A.3) 



Letting Ez(a,¢) = Eocos P(N¢/2) for -ff/N < ¢ < ~/N and zero 

elsewhere, with p = 1,2,3 .•. and Eo = 1.0, we obtain 

Let x = N¢/2 and ¢ = 2x/N, whence 
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(A.4) 

(A.5) 

If we set 2m/N = b, it can be shown that (Gradshteyn and Ryzhik, 

1980) 

Jcospx cos bxdx = p!b[cosPx sin bx + p JcosP-1x cos(b-1)x dx ] 

and more specifically, for p ~ 3: 

J
ff/2 1 Jff/2 ( ) 
gosPx cos bxdx = ~ • P~b-2 • P~b:4 gos p-3 x cos(b-3)xdx (A.6) 

Equation (A.6) can be utilized to determine the integral in (A.5) by 

setting x = N¢/2 and b = 2m/N, to obtain the following results: 

IfQ = 1 : 

EO 
1m C7a) Am = 2ff [m ~ -m2] cos[~'J for m '¢ ~ (A.7(a» 

and 

1 
Im(1a)Am = 2N for N 

m = "2 (A.7(b» 



If p = 2: 

for m ¢ N, m ¢ ° (A.8(a» 

(A.8(b» 

(A.8(c» 

Let us next investigate the role of the modified Bessel 

function, written in an exact series (Abramowitz and Stegan, 1975), 

in the field solution (A.!). 
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= ~ bp)m+2n 
Im(1P) ~ ( 2) 

n=O n! (m+n) !2 m+ n 
(A.9) 

where Re(1P) > 0. If 11PI is small (for example ~ 3), the series 

converges fast, otherwise, for large 11PI, more series terms (n 

large) are needed for convergence to occur. 

Now, at the center of the cylinder P ~ ° and the only 

meaningful solution in (A.9) occurs at m = n = 0, viz: 

(A.I0) 

Hence (A.I0) determines the fundamental solution of (A.l). Higher 

order solutions exist for m ¢ 0 for all n = 0,1,2 ••• and p ¢ 0, i.e. 

not at the center of the cylinder. 
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In general, since we have even aperture fields, (A.l) reduces 

to the form (for the nth aperture contribution), 

(A. H) 

where EO = 1, Em = 2 for m = 1,2,3 ..• ; n = 0,1,2 ••• , N-l and we have 

assumed ~n = 1, on = 0 in equation (2.31). We further assume that 

Eo = 1 and evaluate the normalized field (normalized to Eo) for 

specific aperture fields with corresponding Fourier coefficients, 

Am. given by (A.?) and (A.S). 

For p = 1 (aperture field form: cos);(m i~: 

(A.12) 

Now at the center of the cylinder p ~ 0 and by (A.I0) we have 

(A.13) 

A closer scrutiny of (A.13) reveals that for a given cylinder (a 

constant) at a given frequency in a homogeneous medium (1 constant) 

the field at the center due to N apertures is 
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(A.14) 

a constant, irrespective of the number of aDertures used in the 

configuration shown in Figure 1. We next look at the case with p = 2. 

For p = 2 (aperture field form: cos 2): 

If m ¢ N, 

cosm(~-~n) 

(A.15(a» 

and if m = N, 

(A.15(b» 

Again, as p -+ 0, 

(A.16) 

and for N apertures, we have 

(A.l?) 

a constant, irrespective of the number of apertures, N, used in the 

model we have. 
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The information in (A.13) and (A.16) has not been exhausted 

as yet. The normalized power in (A.13) is proportional to (2/~) and 

in (A.16) it is proportional to 0.25. A simple calculation reveals 

that the latter is 61.69% of the former, which leads us to the 

following conclusion: the cos 2 aperture field distributions give 

61.69% of the total power, at the center of the model, compared to 

cos aperture distributions (100%), in our specific model in Figure 

1, Chapter 2. 



APPENDIX B 

SOMMERFELD'S VIEW OF RAY OPTICS 

Here, we shall review geometrical optics (ray optics) as the 

limiting case of the wave optics as A~O. We start with the scalar 

wave equation 
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(B.1) 

and assume € to be a (continuously or discontinuously varying) 

function of position. As A~O, and hence k~oo, the differential 

equation (B.1) degenerates. Nevertheless, we would like to draw 

qualitative conclusions from the equation by assuming the form of 

the solution to be (time harmonic factor: exp(+&wt», 

(B.2) 

A is an amplitude factor and we call S the EIKONAL, an 

expression introduced by H. Bruns (Born and Wolf, 1959). While u is 

a rapidly varying function of position (because ko~oo), we consider A 

and S as slowly varying functions of the coordinates (x,y,z) which 

do not go to infinity (i.e. A and S) with ko' By differentiating 



(B.2) we get 

au Lk u oS + 1 OA 
ax = 0 ox A ox 

and similar components for the y and z coordinates, giving 

where n = k/ko. If the last term does not become infinite as ko+~' 

then equation (B.1) is satisfied approximately if S and A satisfy 

the differential equations 
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(B.4) 

and 

or 

V(logA)-VS = - 1 V2s 2 

(B.5) 

(Sommerfeld's form of (B.5» 

(B.4) is the eikonal equation and is an inhomogeneous equation of 

first order and second degree (n is a function of position vector 



r). Once (B.4) has been integrated, (B.5) yields the component of 

the gradient of logA in the direction of the gradient of S. (B.5) 

makes no statement about the gradient of A in a direction perpen

dicular to the gradient of S. Hence (B.5) permits discontinuities 

of A in these directions. 
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According to (B.2) the surfaces S = constant are surfaces of 

constant phase of LI. Hence they represent WAVE SURFACES. The 

normals to these surfaces are given by the gradient of Sand 

represent the RAY DIRECTIONS. In general, if n varies in space, the 

rays are CURVED. In an optically inhomogeneous medium, the 

integration of (8.4) is the simplest method of determining the wave 

surfaces and the ray directions. 

In an optically homogeneous medium with n = constant, one 

obtains the LINEAR FUNCTION 

S = n (ax + py + iZ) (B.6) 

as the simplest solution to (B.4), where a2 + p2 + i 2 = 1. (B.6) 

contains two arbitrary functions, typically a and p. The WAVE 

SURFACES determined by this solution are PLANES, the RAYS are 

PARALLEL STRAIGHT LINES in the direction a:p:i, since, indicating 

the three components 

"IS = n(a,p,i) (B.7) 



For constant n the simplest solution with one singular point is the 

SPHERICAL WAVE 
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(B.8) 

The simplest solution with one singular straight line corresponds to 

the cylindrical wave 

(B.9) 

In both cases, and quite generally in homogeneous media, the rays 

are STRAIGHT LINES. 



APPENDIX C 

GEOMETRICAL OPTICS AND MAXWELL'S EQUATIONS 

Fermat's principle can be derived by considering the 

asymptotic behavior of the solutions of the wave equation when the 

wave-length tends to zero (Born, 1933; Born and Wolf, 1959), i.e., 

Geometrical Optics Approximation. The intensity law of geometrical 

optics can also be derived similarly, as is shown here. 

Consider an unbounded medium of unit permeability and 

variable relative permittivity E(r) where r is the position vector. 

Let the electric and magnetic field vectors be E and H, 

respectively, and assuming a time factor exp(~wt), we write 

Maxwell's equations in the form, with P = Po 

VxE = - lwPOH, V·[E(r)E] 0, (C.1(a» 

VxH = lWE(r) E, V·H = 0, (C.1(b» 

Substituting (C.l(a») in (C.l(b) we obtain 
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1 and since, by (C.l(a» VeE = - €TrY [E-Ve(r)], 

the electric field satisfies the equations 

(C.2(a» 

and 

VeE = - e~r) [E-Ve(r)], (C.2(b» 

where ko = w/c and c is the velocity of light in free space. For a 

homogeneous medium, (C.2(a» reduces to the Wave Equation. 

The customary derivation of Fermat's principle is based on 

the assumption that, for large ko (or large w, since ko = w/c) , the 

solutions of the wave equation 

approximate the form 

where u, L are functions of x,y,z independent of ko' This 

expression can also be considered as the leading term for a series 

expansion 
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which, formally, satisfies the wave equation. The behavior of this 

series is shown, through examples, that it may be expected to 

represent ~ asymptotically, rather than a convergent series. 

Typically, 

is a solution of the wave equation which can be represented by the 

asymptotic series 

Let us now consider the vector equations (C.2(a)) and 

(C.2(b)) from this point of view, and assume that they are formally 

satisfied by the series 
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-LkOL(x,y,z) 00 

~e L (C.3) 
m=O 

where L, Eo,E l , ..• depend on x,y,z but not on ko or W [ko = 

w(pO€O)1/2]. Substituting in (C.2(a)) we find that the leading term 

is 
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Hence the phase component L(x,y,z) must satisfy the PDE 

2 2 2 
/VL/

2 
= (~~) + (~~) + [~i) = dr), (e.4) 

which is equivalent to Fermat's principle if the index of refraction 

is taken to be fE\r), so that (e.4) is equivalent to the EIKONAL 

EQUATION, with L(x,y,z) the EIKONAL. The differential equations of 

the characteristics of (e.4) are, in terms of a parameter r, 

The surfaces of constant phase, L = constant, are normal to the 

characteristics, which are the RAYS OF GEOMETRIC OPTICS. 

When the wave-length 7 0, ko7 00, such that all but the first 

term in (C.3) can be neglected, the electric field is given 

approximately by 

(e.6) 

where HF means High Frequency since, as ko = w/c ~ 00, the frequency 

f (= w/27r) 7 00. 



Now let us consider the 'amplitude' of Eo as well as the 

phase. Substituting (C.3) into (C.2(b)), the leading term will 

vanish only if 
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(C.7) 

Hence the electric field is perpendicular to the direction of 

propagation when ko or the frequency is large. Furthermore, it 

follows from (C.l(a)) that the magnetic field is given by 

(C.8) 

approximately, so that EHF and HHF are orthogonal, and both are 

perpendicular to the direction of propagation. In other words, the 

field at any point is purely transversal for large ko, similar to 

that in a plane wave. 

We next look at the relation to the Intensity Law: 

If (C.3) is again substituted in (C.2(a)), and (C.4) is now 

assumed to hold, a set of recurrence equations for Em is obtained. 

In particular, the vector Eo is found to satisfy the equation 

(C.g) 

which determines the variation of the field from point to point. 

Equation (C.g) is sometimes referred to as the TRANSPORT EQUATION. 



Let us consider the length ('amplitude') and direction 

(phase) of Eo separately, in connection with equations (C.7) and 

(C.9). Because of (C.7), scalar multiplication of (C.9) by Eo 

gives, 

which can be written as 
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(C.10(a)) 

It follows (Divergence Theorem) that 

(C.10(b)) 

where the integral is taken over a closed surface, S, and a/on 

denotes an integration along the outward normal. By assuming S to 

consist of a 'tube' of rays of infinitesimal cross-section bounded 

by two normal sections, it follows, since oL/on = 0 on the walls of 

the tube, and oL/on = ~ €(r) on the ends (by (C.4) and (C.5)), that 

the quantity 

(C.11(a)) 

is constant along the tube. This (C.ll(a)) is the INTENSITY LAW OF 

GEOMETRICAL OPTICS. By tC.S), the vector amplitude of the magnetic 

field satisfies 
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so that 

(C.11(b)) 

is also constant along a Iray tube. ' 

We consider the electric field direction again, given by the 

unit vector u defined by 

(C.12) 

Hence, 

and by (C.g) and the equation preceding (C.I0(a)), this becomes 

2(VLoV)u = - Etr) [uoVE(r)]VL (C.13) 

By (C.5), the operator applied to u in (C.13) is equivalent to 

differentiation along a ray. Hence the infinitesimal increase of u 

as the point (x,y,z) is moved along a ray is parallel to the ray. 

Frenet's formula (Hildebrand, 1949) shows that this implies that the 

direction of the electric field rotates about the tangent to a ray 



with an angular velocity equal in magnitude, but opposite in sense, 

to that of the binormal to the ray. 
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If the medium is homogeneous, Ve(r) ~ 0 and (C.13) shows that 

the direction of the electric field (i.e. polarization) remains 

constant along a ray. 

We finally observe that as the field approximates to that of 

plane waves at any point, reflection or refraction (transmission) at 

any surface can be dealt with by applying the formulae applicable to 

plane waves at any point. Thus the rays are reflected or 

transmitted according to Snell's law, and the amplitude vectors of 

the reflected and transmitted waves are determined by Fresnel's 

equations. 



APPENDIX D 

GAUSSIAN BEAMS AND GEOMETRICAL OPTICS 

D.1 The Eikonal and the Eikonal Equation 

Assume with reference to geometrical-optics approximation, 

that for a particular wave motion in a source-free isotropic medium 

the equiphase wave fronts are given by the level surfaces of the 

function 

L = L(x,y,z) 

and that the phase ¢ on a general wave front W is given by 

178 

¢ = wt - ~L(x,y,z) 
~ 

(0.1) 

where w is the angular frequency, c is the velocity in free space, 

and (x,y,z) is any point on a general wave front, W. 

The function L(x,y,z) is known as the EIKONAL ('IMAGE ' in 

Greek), and together with the wave-front velocity in the medium, it 

completely describes the given wave motion from the standpoint of 

Classical Geometrical Optics. 

Let us consider a general ray rath C given by the equations 

x = xes), y = yes), z = z(s) (0.2) 



where s is an arc length measured along C from a fixed wave front 

Wor defined by l(x,y,z) = 0, to a propagating, general wave front W 

as shown in Figure 58. Now we let the position of W along C as a 

function of time be given by 
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s = s(t) (0.3) 

where s increases with t. The wave-front propagation velocity v 

along C is then 

v = ds/dt (0.4) 

l (x,y, z) on W, wi 11 change as W propagates along C. By (0.2) and 

(0.3) time and position are related along C. Hence, l(x,y,z) may be 

viewed as a function of either s or t, so that 

IVl I = dL = dL/dt 
ds ds/dt 

But the phase ¢ on W is constant, so that from (0.1) 

~ - w w dl 0 . dt - - C dt = , meanlng 

dL - c dt -

Substituting (0.4) and (0.6) into (0.5), we get 

IVll 

(0.5) 

(0.6) 

(0.7) 



Reference 
wave front Wo 

Figure 58. Ray Path and Wave Fronts. 
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where n is the index of refraction in the medium. The POE (0.7) is 

the EIKONAL EQUATION. 

The eikonal equation can be used to determine the curvature 

of ray paths in an inhomogeneous medium. Let us assume that s is a 

unit tangent vector, at each point on C, in the direction of s, and 

let np be the unit principal normal vector and p the radius of 

curvature. The vector VL at any point P is normal to the wave front 

passing through P. So, at each point on C the vector VL is along C, 

and on the basis of (0.7) 

VL 
- = s n (0.8) 

The first Frenet formula (Hildebrand, 1949) of differential geometry 

can be written 

ds ds = (s·V)s 
__ nn 

= - sx(Vxs) -.I:: 
p 

(0.8) in (0.9) gives 

~~ = - SX[V[*)XVL] = sx[V(ln n)xs] 

and 

1 = n .ds = np.V(ln n) = 1 n .Vn p p ds n p 

(0.9) 

(0.10) 
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(0.10) shows that the ray path curvature lip is related to 

the rate of change of index of refraction, n, normal to the ray 

path. In particular, for a homogeneous medium (n = constant) the 

curvature is zero and the RAY PATHS are STRAIGHT LINES. This fact 

was established in Appendix C using asymptotic methods. Hence the 

ray theory and wave theory (asymptotic method) both agree on the 

eikonal equation. Sommerfeldls approach (Appendix B) arrived at the 

same results. 

0.2 Power Flow in Geometrical Optics 

We investigate the geometrical optics power flow in a source

free, nonconducting (lossless), isotropic and homogeneous medium on 

the basis of the material in Section 0.1 and Appendix C. As shown 

in Section 0.1, the ray paths for this case are straight lines. 

With reference to Figure 59, P is a point on a wave front W, 

pi is the corresponding point on the wave front WI, and d is the 

distance from P to pl. The element of area dA on W is centered at 

P, and the corresponding element, dA I, is determined by the 

intersection of the Iray tube l (mentioned in Appendix C) through dA 

with the wave front WI. The curves Cl and C2 through P are lines of 

curvature of Wand are, therefore, mutually orthogonal (Collin, 

1969). The corresponding curves C11' and CI
2 in WI are also 

orthogonal lines of curvature. Suppose the principal normal radii of 

curvature for W, at P, are R, and R2 centered as shown in Figure 59. 

Then the corresponding normal radii of curvature for WI, at 
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d 

curvoture 

Figure 59. Geometrical Optics Power Flow. 
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pi, are RI, = Rl + d and RI2 = R2 + d. Hence, dA is proportional to 

R,R2 and dA I is proportional to RI,R I
2 = (R,+d)(R2+d). If S is the 

power density at P and if SI is the power density at pi, then 

(Deschamps, 1972) 

SdA = S'dA' 

or 

S I SdA R1R2 
= dA ' = S -r.( R=-l-=-+d"":;=) "'7":( R=-2-+d"':"T'") 

(0.11) 

[Note that (0.11) is consistent with the 'ray tube l theory discussed 

in Appendix C using asymptotic methods.] 

The GAUSSIAN CURVATURE K for WI, at pi, is defined as 

(0.12) 

which, clearly, is a function of d, the distance between the wave 

fronts. But K(O) = 1/RIR (ie. for d = 0 in (0.12», hence 

S' = S JliQl 
KT5T 

where K(d) is given by (0.12). 

(0.13) 

(0.13) relates the power density S' at pi on a RAY to the 

power density S at a reference point P. This power flow is 

equivalent to that derived through asymptotic methods outlined in 

Appendix C and discussed further in sub-section 0.3, below. 
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D.3 Asymptotic-Method Power Flow 

Once more, we consider the lossless medium, discussed in sub

section D.2, from a geometrical-optics approximation (asymptotic 

method) point of view. We apply the equations derived in Appendix C 

for a homogeneous medium on the basis of the Scalar Wave Equation in 

which W is the angular frequency, E is the medium permittivity, P is 

the permeability and the time dependence is assumed to be exp(~wt), 

k = W(Ep)1/2, the medium wave number and ko = W(EOPO)1/2, the free 

space number. From Appendix C the Eikonal and Transport equations 

are, respectively, ((C.4) and (e.g), for homogeneous media) 

(0.14) 

and 

2 
(VL-V)EO + V / Eo = 0 (0.15) 

where n = k/ko, the medium index of refraction. The high-frequency 

electric field ((C.6), Arpendix C) is 

-ikOL (x,y, z) 
EHF = EO(x,y,z)e (0.16) 

Since Eo(x,y,z) is real, the EQUIPHASE surfaces, L(x,y,z) = 

constant, of EHF are identical with the wave fronts of geometrical 

optics. Again, the rays can be defined as the family of curves 



normal to the wave fronts. Since we have an isotropic homogeneous 

medium, the rays are straight lines (see sub-section 0.1). 

From (0.8), 
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= n VLoV = 
n 

d =nds (0.17) 

where d/ds is the directional derivative in the direction of a ray 

with respect to arc length s along the ray. By (0.17), equation 

(0.15) can be written 

which is another form of the Transport Equation. The solution to 

(0.18) along a ray through the point (xo,yo,zo) can be expressed as 

(0.19) 

where So is the distance from the reference wave front to the point 

(xo,yo,zo). Hence Eo(s) anywhere on a ray is completely determined 

once its value at one point on the ray is known. This is a well 

known statement of geometrical optics property of point-to-point 

correlation from wave front to wave front along a ray. Equation 

(0.19) clearly shows that the direction of Eo(s) is the same for all 

points on a ray (except possibly for sense). This is an equivalent 



statement {equation (e.13)) made in Appendix e: "polarization of 

the electric field is constant." 

To simplify (D.19), we consider the vector field 

187 

F = Kns, (0.20) 

where at each point Rl and Rz are the principal normal radii of 

curvature for the wave front passing through that point (see sub

section 0.2), where K = 1/R 1Rz at a point on a surface is the 

Gaussian curvature of the surface at that point. It can be shown 

that (Appendix e), 

II F·dA = 0 
S 

(0.21) 

where S is any closed surface lying in the isotropic homogeneous 

medium in question. Throughout the medium, the divergence theorem 

requires (by (0.21)) that 

VoF = 0 

and, therefore 

which, because of (D.17), means 
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and, hence 

so that (D.19) takes the form 

(D.22) 

Applying (D.17) to the eikonal L(x,y,z), and by (0.14), we have 

ndL 
ds or dL = nds 

For a homogeneous medium n is constant, and 

L = ns + La 

(0.22) and (0.23) in (0.16) yields 

(D.23) 

(D.24) 

The amplitude factor ~K(s)/K(sa) is equivalent, exactly, to the 

geometrical optics power factor K(d)/K(O) shown in (0.13). 
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