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ABSTRACT 

vVhen defining a stucture to fulfill a set of axioms that are similar to those 

prescribed by Euclid, one must select a set of points and then define what is meant 

by a line and what is meant by a circle. '~Then properly defined, these labels will 

have properties which are similar to their counterparts in the (complex) plane, 

the lines and circles which Euclid undoubtedly had in mind. In this manner, the 

geometer may employ his intuition from the complex plane to prove theorems 

about other systems. 

Most "finite geometries" have clearly defined notions of points and lines but 

fail to define circles. The two notable structures in which the circle interpretation 

is used are the circles in a finite affine plane and the circles in a Mobius plane. 

Using the geometry of Euclid as motivation, we strive to develop structures with 

both lines and circles. The only successful example other than the complex plane 

is the affine plane over a finite field, where all of Euclid's geometry holds except 

for any assertions involving order or continuity. To complement the prolific work 

concerning finite geometries and their lines, we provide a general definition of a 

circle, or more correctly, of a collection of circles and present some preliminary 

results concerning the construction of such structures. 

Our definition includes the circles of an affine plane over a finite field and 

the circles in a Mobius plane as special cases. vVe develop a necessary and suffi

cient condition for circularity, present computational techniques for determining 

circularity and give varying constructions. 

vVe devote a chapter to the use of circular designs in coding theory. It is proven 

that these structures are not useful in the theory of error-correcting codes, since 

more efficient,codes are known, for example the Reed-Muller codes. However, the 
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theory developed in the earlier chapters does have applications to Cryptology. 

vVe present five encryption methods utilizing circular structures. 



INTRODUCTION 

(A) A general combinatorial problem is to arrange a finite set of objects into 

subsets with specified properties. The chosen properties often reflect the outlook 

of the individual specifying them. A geometer, for example, may require the 

properties to resemble a subset of Euclid's axioms, while a cryptanalyst may 

require that the arrangement resemble an arbitrary, random configuration of 

numbers or a statistician may want some arrangement to represent a fertilizing 

schedule for plots of land. 

In this thesis we will be concerned with certain arrangements called Balanced 

Incomplete Block Designs (BlED's). These designs have a variety of applications. 

For example, they play an important role in the design of statitical experiments. 

Since BIBD's do not exist for all choices of the parameters that characterize a 

design, a great deal of effort has been put into determining which designs exist. 

These studies have generated fascinating combinatorial problems. 

In this dissertation we are concerned with geometric interpretations of a BIBD. 

There are many methods for constructing BIBD's with geometric interpretations. 

It is common to think of the blocks as "lines" in a geometric space (see Clay [3,4], 

Clay and Karzel [6], and Dembowski [8]). Rarely does one think of the blocks as 

"circles," how~ver this has been done with the Mobius (or inversive) plane and 

the circles of Euclid's geometry. It is surprising that the circle interpretation 

is not used more often, since this interpretation has led to interesting results. 

Dembowski [8, Chapter 6] gives an excellent account of Mobius planes and their 

importance. Fisher [9] describes a structure, the affine plane over a finite field, 

with both lines and circles which satisfies a form of Euclid's axioms; thus, vir

tually all of Euclid's geometry is valid in this system. Despite these important 

examples, referring to blocks as "circles" is rarely done. Indeed, there is not even 
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a generally accepted definition for an arbitrary design to be called circular. 

In Clay [3], a definition of a circular BIBD is given, viz., when three distinct 

points belong to at most one block. Clay also gives an upper bound on the size 

of the blocks in a circular BIBD's of a particular construction [3, Theorem 2]. In 

that paper he includes a table with many examples of circular and noncircular 

designs. This dissertation arose from an 'effort to characterize which of these de

signs is circular. While the results presented here emphasize the characterization 

of the designs in Clay's construction, many of the techniques develped are ap

plicable to designs in arbitrary constructions. For exanlple, Clay's upperbound 

on the block size is generalized to a necessary condition for the circularity of any 

arbitrary BIBD (Lemma 3.2.1). 

vVhile studying combinatorial arrangements with straightforward requirements, 

the emphasis is on enumerating all possible constructions. However, when the 

requirements are complicated or subtle and the counting problem is more diffi

cult the researcher may have to content himself with just proving the existence 

of such structures. For example, there are parameters for which the existence of 

a BIBD is unknown. Since there is no theory for enumerating the constructions 

of general BIBD's, the first problem is proving the existence of circular BIBD's. 

From this point of view, the main results of this dissertation are Theorem 3.4.6 

and Corollaries 3.3.9 and 3.3.10, which exhibi~ a \vealth of circular BIBD's. If, 

however, we restrict our attention to BIBD's of certain constructions, we are able 

to completely characterize circularity. The main results here are Theorems 3.3.8 

and 3.4.5, where we determine the necessary and sufficient conditions for certain 

BIBD's to be circular. 

(B) In Chatel' 1, we define a Balanced Incomplete Block Design. 'Ve present 

techniques for constructing these designs. For our discussion, the most important 

constructions are Example 1.1.5 and Example 1.1.6. vVith these examples, a 

BIBD is generated from a finite field and a finite ring, respectively. The BIBD's 
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arising in this way are the focus of this dissertation. The mam emphasis of 

Chapter 1 is to motivate these construction methods for BIBD's. In this chapter, 

we also present basic concepts of BIBD's. 

In Chapter 2, we present our definition for the circularity of a BIBD,viz., a 

BIBD is circular if three points determine at most one block and the design is 

not linear. This definition of circularity differs slightly from Clay's. However, the 

only designs for which the change makes any difference are rather uninteresting. 

We prove the "circularity" of the Mobius plane and the circles of Euclid's 

geometry (Theorem 2.2.1). Since both of these previous cases of circular designs 

come under the present definition and are special cases of it, we see our definition 

of circularity is a natural generalization of these important structures. 

In Chapter 3 we characterize the circularity of BIBD's of various construc

tions. All theorems of this chapter utilize a new concept which is motivated 

from geometry. From an initial BIBD we generate a new structure with geo

metric interpretations. The new structure is a collection of subsets of the points 

of the BIBD, each subset being denoted by "Ax,u" where x and y are distinct 

points. In the specific case of an affine plane over a finite- field, Ax,y denotes 

the complement of the line containing x and y. As defined in Chapter 3, Ax,y is 

a generalization of the complement of a line, but is entirely defined by circular 

blocks or "circles." TIlls concept allows us to express a necessary and sufficient 

condition for circularity, a condition that requires the calculation of IAx,yl for all 

x and y (Lemma 3.2.1). The amount of calculation can be reduced with some 

knowledge of the automorphism group of the design (Lemma 3.2.2). 

In Section 3.3 we focus on the field-generated designs of Example 1.1.5 and 

we discuss when they are circular. For each of these designs the automorphism 

group acts doubly transitively on the points (Lemma 1.2.3), so we need only 

calculate IAo,ll to determine whether or not a BIBD is circular (Theorem 3.3.3 ). 

The main result is Theorem 3.3.8, in which we develop a computational method 
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to determine which field-generat,cd designs are circular for any particular block 

size. ("\:Ve give the full characterization for all (field-generated) designs with block 

size at most 10.) This result has two corollaries (3.3.D and 3.3.10) that exhibit 

the existence of many circular BIBD's generated from fields of prime order. 

In Section 3.4 the potential circularity of ring-generated designs is discussed. 

Again, the necessary and sufficient condition for circularity requires the calcula

tion of AO,I (Theorem 3.4.2). (However, the automorphism group plays no role in 

this proof.) We also demonstrate a method to form the "product" of a number of 

ring-generated BIBD's (Theorem 3.4.4). Furthermore, we prove that the prod

uct design is circular if and only if each of its factors is circular (Theorem 3.4.5). 

We combine these results with our knowledge of field-generated designs from 

Section 3.3 to prove the existence of a variety of circula.r BIBD's with certain 

parameters (Theorem 3.4.6). 

In Section 3.5 we prove a theorem concerning the nature of any necessary 

and sufficient conditions for circularity of a BIBD. First we present an infinite 

cla.ss of examples in which the group of fixed-point-free automorphisms, <1>, that 

generates the design is nonabelian (Lemma 3.5.1). This method leads to two 

designs with the same parameters, one circular and the other noncircular. From 

this we conclude that no necessary and sufficient condition for circularity can 

depend only on the paranleters of the design. 

In Chapter 4 the character of the dissertation changes in that we discuss 

the applications of circular designs to the theory of error-correcting codes and 

cryptology. 

Section 4.1 is a discussion of the use of circular BIBD's as error-correcting 

codes. The codes derived from circular BIBD's are less efficient than known 

codes. The circular codes are slower and less error tolerant than other well 

known codes, such as the Reed-IVluller codes. Thus, there is little reason to utilize 

these circular .. codes for the purpose of error-correction. They may, however, be 



13 

effectively used in Cryptology. 

In Section 4.3 we discuss the use of circular BIBD's in Cryptology. 'Ve present 

various methods of encryption and decryption. These methods fit into the cate

gory of classical cryptology since they employ the use of a key which is assumed to 

be unknown to the eavesdropper. Indeed, the security of the code depends on the 

eavesdropper being unable to obtain a copy of the secret key. For such a key to 

exist, we must assume there was a secure communication at some time before the 

transmission of the code. This assumption of a one-time-secure communication 

is what places our codes under the classification of classical cryptology. 

Any circular BIBD can be used for encryption and in Section 4.3 we describe 

some techniques. The examples we present use the designs from Chapter 3. Since 

these designs are easily represented, they lead to direct methods for encrypting 

and decrypting. 

The dissertation ends with some questions and conjectures. It employs only 

the basic methods and language of algebra. Near-ring terminology is avoided. 

'Vhere appropriate, we use motivation from the complex plane. Thus, little 

knowledge of finite geometry is required. 

The research for this dissertation is motivated from computer runs utilizing 

CAYLEY, the computer package for abstract algebra designed by J.J. Cannon [2]. 
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Balanced Incomplete Block 

Designs 
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Definition 1..1. A Balanced Incomplete Block Design (S,B) is a finite set S 

of v points and a collection B of b subsets, called blocks, s,/tclt that the following 

hold: 

1. The cardinality of each block is k. 

2. Each point is incident to r blocks. 

9. Each pair of (distinct) points is contained in A blocks. 

The notation [x] is used to denote the number of blocks containing x. More gen

erally, [Xll ••• , xn] denotes the number of blocks containing the points Xl, ••• ,Xn • 

For example, in a BIBD, [x] = l' and [x, y] = A, V.'C, yES with x '# y. 

The quantities v, b, /':, rand ... \ are called the parameters of the DIBD. 

1.1 Examples and Initial Concepts 

Exaluple 1.1.1. The Projective Plape of order 11. is a BIBD (7r, C,), where 7r is 

the set of points and C, is the collection of lines. The parametcr.q are b = v = 
11.

2 + 11. + 1, k = r = 11. + 1 and A = 1. 
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A specific case of Example 1.1.1 is the Projective plane of order 2. It has 

seven points S = {O, 1,2,3,4,5, 6} and seven lir!~!3 

11 = {{O,1,3},{O,2,5}~{O,4,6},{1,2,4},{1,5,6},{2,3,6},{3,4,5}}. 

It is easy to check that v = b = 7, k = r = 3, and A = 1. 

A BIBD (S,l1) is described by its incidence matrix.4. Let Xl! X2, ••• , .1: v be 

the points of S and let {31, fJ2, .•• ,{3b be the block of 11. Then the v X b incidence 

matrix A = (aij) of the BIBD (S, 11) is defined by 

{
I if Xi E /3j 

aij = 0 if .ri ~ /3j . 

For the Projective plane (iT, £,) of order 2 as described above, the incidence matrix 

is: 
1 1 1 0 0 0 0 
1 0 0 1 1 0 0 
0 1 0 1 0 1 0 

.-1= 1 0 0 0 0 1 1 
0 0 1 1 0 0 1 
0 1 0 0 1 0 1 
0 0 1 0 1 1 0 

Since k = 3, there are three ones in each colulllll. Since 7' = 3 there a.re three 

ones in each row. 

In general, the interchanging of rows and columns in the incidence matrix 

corresponds to the relabeling of the points and blocks, respectively. For this 

reason, two incidence matrices that differ only by a permutation of the rows and 

columns are considered to describe the same BIBD. 

We now present two well-known equations involving the parameters of any 
" 

BIBD (see Hall [10, p. 101]. The proof of these equalities is included for com-

pleteness. 

Proposition 1.1.1. The parameters of a BInD satisfy the eq'/Lations bk = vl' 

and A(V - 1) = r(k - 1). 
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Proof. The first equation is proven by counting the total number of incidences of 

the BIBD, that is to say, the total number of ones in the incidence matrix. 

On the one hand; there are b blocks each with k points, so the total number 

of incidences is bk. On the other hand, there are v points each contained 

in r blocks. Thus bk = vr. 

Similarly, the second equation is determined by counting the occurrences of 

pairs containing a fixed point p. Each of the remaining v-I points occurs 

in >. blocks with p. However, p occurs in r blocks and in each block there 

are k - 1 other points. Thus >.(v - 1) = r(k - 1). 0 

Exalnple 1.1.2. The Miquelian Mobius plane (or inversive plane) is an example 

of a BlBD. 

Again, for completeness, we prove this. 

Proof. \Ve construct the 1Iiquelian Mobius Plane following Dembowski [8, p. 

257J. Let K = GF(ll~) and let L be a quadratic extension of K. Let ~o 

be the group! of all substitutions a: H- ~;~~ with a, b, e, dEL and ad i= be. 

View ~o, in the usual way, as a. transformation group on L U {oo} where 

00 is the new point. Let B = {a(l{ U {oo}) : (J" E ~o}. The structure 

(L U {oo}, B) is the Miquelian l'vIObius plane. There is a parallel between 

this construction and the construction of all circles on the smface of a sphere 

in 3-dimensional real space viewed fiS the one point compactification of the 

complex plane. 

First we confirm that this structure has the 'property of a 1-IObius plane, 

the property that three distinct points are contained in exactly one block. 

In the language of BIBD's, [Pl,'P2,Pa] = 1 for distinct Pb]J2, and P3. The 

IThe set Eo is a group under composition. The map x I-!- J: is the identit.y. The inverse of 
x I-!- Il"tb is x I-!- -drtb. .. 

c""td c:r-a 
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proof of this follows from the fact that :Eo acts sharply 3-transitively on 

L U {oo}. 'Ve first show that ~o acts 3-transitively. Since ~o is a group, it 

suffices to show that there exists a map a E ~ such that a( 0) = PI, a( 1) = 
P2,a(00) = P3 for any three distinct points Pl,P2,P3. The map a(:1:) = ;:;t; 
does this if and only if there exist a, b, e, dEL such that J = PI, z:~ = P2 

and ~ = P3' If none of PI, P2, P3 is 00 then this is clearly possible. If Ph P2, 

or P3 is 00 then ,ve add the additional requirement d = 0, b + d = ° or 

b = 0, respectively, and again a solution to these equations exists. This 

demonstrates that ~o is 3-transitive of L U {oo}. That ~o is sharply 3-

transitive follows from the observation that only the identity in ~o maps 

0,1,00 to 0,1,00, respectively. 

vVe next calculate the parameters of (LU{ oo}, B). Clearly, v = ILU {oo} I = 
p2n+1 and lJ(u{ 00}1 = p1I +1. Since ad =f:. be, the map x f--+ ~:·t~ is injectiyc. 

Hence, k = IO'(K U {00}}1 = pn + 1 for all 0' E :Eo. 

Next, we calculate ,\. First, we calculate [x, y] for arbitrary x, y E L U {oo} 

with x =f:. y. Let f31! /32 , ••• "f3[x,y] be the blocks containing x and y, where of 

course f3i = O'i(J( U {oo} ) for some ai E :Eo. Since any three distinct points 

determine a unique circle (block), it follows that for all z E L \ {x, y}, 

{x,y,z} is contained in a unique block. Therefore, /31 \ {.1:,y}, ... ,f3[x,y] \ 

{ x, y} parti tion (L U { 00 } ) \ {.r, y }. Since 1/3i \ {.1:, y} I = pn - 1, (pn - 1) >. = 
p2n _ 1. Accordingly, ,\ = p" + 1. 

The remaining two parameters band l' follow from Proposition 1.1.1 if 

- (L U {oo}, B) is a BlED. To prove the latter, jt remains to show that each 

point is contained in the same number of blocks. Let /31 , ••• , f3[x] be the 

(distinct) blocks containing x. ,Let y be r.ny point of L U {oo}. \Ve prove 

[:I:] = [yJ. Since ~o acts 3-transitively on the points. there exists 0' E ~o 

such that O'(x) = y. The blocks O'(f3i), . .. • O'(j1[x]) all contain y. They arc 
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distinct since a has an inverse in Eo. Therefore, [x] :5 [y]. An identical 

argument shows [y] < [x], which proves equality. 0 

Example 1.1.3. Lines of Z;. (Z;,.£:) is a BlED where.£: is the collection of all 

cosets of all subgroups of order p. The ~arameters are v = pn, r = P;-=-ll, k = p, 

b = pn-l r;-=-ll, and>' = 1. 

Proof. It is obvious that v = pn, k = p and >. = 1. The number of subgroups of 

order p is P;_~l, since each subgroup contains 0, and the remaining pn - 1 

points are partitioned into classes (of subgroups), each with p - 1 points. 

Clearly, the number of lines containing a particular point equals the number 

of lines containing O. This common number is the number of subgroups of 

order p. Hence r = r;-=-ll. Each subgroup has pn-l cosets, all of which are 

distinct. Thus, b = pn-l ppn-=-/ .0 

The BIBD's of Example 1.1.3 can be constructed in a different manner: Let 

F be the field of order pn, let Zp ~ F be the subfield of order p and let .£: = 
{Zpa + c : a, c E F, a f= O}. 'Vhen each element of F is viewed in the natural way 

as an element of Z~, the BIBD (F,.£:) is the same as the one in Example 1.1.3. 

This construction is similar to later constructions. 

If e is the complex plane and <I> = {a: E ell;!:1 = I} is the unit circle, then the 

collection of all circles in e is {<I>a + c : a, c E e, a f= OJ. This construction can 

be used to define the collection of all circles in an arbitrary field F, when F is a 

second degree extension of some other field L. In this case the norm2 NF/L(X) is 

used rather than Ixl. 'Vhen F is finite, this construction forms a BIBD. 

2The norm N p / L of F over L is a map from F to L. It is the pointwise product of all 
automorphisms of F which fix L. Propert.ies of the norm call be found in most books on algebra 
or number theor.y. . 
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Example 1.1.4. Euclidean Circles of an affine plane over a finite field (.qee Fisher 

(9]). L is a finite field and FI L an extension of degree 2. Let <P = {a; E F : 

N Fldx) = I}, i. e., <1> = the .• 1lnit circle." The ,~et C = {cPa + c : a, c E F, a =1= O} 

consists of all circles of an:'1 radius NFlrJa) anti an:'1 center c. Tl~en (F,C) is a 

BIBD. The parameters are v = IFI, k = 1<1>1 = ILl + 1, b = V(V;l), r = v-I, 

.-\=k-1. 

Proof. This is a specific case of the Example 1.1.5 since (1) is a multiplicative 

subgroup of F \ {O}. All the parameters are as in Example 1.1.5 and we 

need only show that 1 <1> I = IL I + 1. To do this, recall that NFl L : F -l- L is 

onto. Furthermore, the resrtiction of NFl L to the multiplicative group of F 

is a surjective homomorphism onto the multiplicative group of L and the 

kernel of this restriction is <1>. Since the order of the multiplicative group 

of F is ILI2 - 1, it follows that 1<1>1 = ILl + 1.0 

Example 1.1.5. Generalized Euclidean Circles. If F is a finite field. <1> ~ F" 

a multiplicative subgro1£p and B = {<1>a + c : a, c E F, a =1= O}, then (F, B) is a 

BIBD 'With the parameters v = IFI, k = 1<1>1, b = V(V;l) , r = v-I, ,,\ = k - 1. 

vVe refer to a BIBD of this construction as a field-generated BIBD. 

Before proving this, \ve need a definition. Let (G, +) be a group, not neces

sarily a.belian. vVe denote the identity map on G by "id." An automorphism <p 

of (G, +) is fixed-point-free if <;6 ( x) = ;1: => :r = 0 or ¢ = id for all x E G. 

Results about groups of fixed-point-free automorphisms are collected under 

Appendix A, since their inclusion in the main body of the text would have been 

an excessive diversion. The reader is advised to refer to these when they are 

mentioned in the text. 

Proof. This was first proved by Clay [5], hut is also a special case of Exam

ple 1.1,.7. It is sufficient to not.ice that each <;6 E <1> can be viewed a.s 
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a fixed-point-free automorphism of the additive p;rOllp (F, +) defined by 

¢( x) = ¢x. The map is a homomorphism since ~(;r. + y) = ¢(.r.) + ¢( y). It 

is also a bijection since it has inverse c/>-l. and is fixed-point-free. since if 

d>x = x, then (</> - l)x = 0 and so x = 0 or d> = 1. 

Example 1.1.5 is further generalized.in Example 1.1.6. The latter example 

uses a ring as the basic algebraic structure. 

vVe assume throughout this dissertation that all rings have identity. 

Example 1.1.6. Let (R, +,.) be a finite ring (with identity) and denote its gr01lp 

of'llnits U(R). Also, let <1> <UCR) be a s'llbgr01lp of'llnits 'with the property that 

</> -1 E U(R) for all</> E <D \ {id}, and let B = {<1>a + c: a,c E R,a =f:. OJ. Then 

(R, B) is a BIBD with paTlLmeters v = IRI, k = 1<1>1, b = ,.(,,;;1), r = v-I. and 

A=k-l. 

'Ve refer to a BIBD of this construction as a ring-genemted BIBD. 

Proof. That this is a special case of Example 1.1.7 can be shown by proving that 

¢-1 E UCR) for all</> E <1>\ {id} if and only if cD is a group offixed-point-free 

automrophisms. Assume ¢> =f:. 1. Then 

(¢x = x=>:r = 0) iff «(¢ - 1):1: = 0) iff ¢> -1 E U(R).O 

Example 1.1.7. DIBD's from planar near-rings. (The construction given here is 

equivalent to one of the planar near-ring con.~t1"l/.ctions gi'ven by Cl(lY [9, Theorem 

2}.) Given (G, +) a finite group, <1> ::; AUT( G, +) a gr01lp of fixed-point-free a'ilto-

morphisms and 

B = {<DCa) + c : a,c E G,a =f:. OJ. Then (G,B) is a BIBD with the parame

ters v = IGI, ,k = 1<1>1, b = t,(u;;1). l' = v-I, ... \ = k - 1. 
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This was first proved by Clay [3, Theorem 2]. \Ve include a proof for com

pleteness but our proof does not use the terminology of planar near-rings. The 

proof is made easier by the following proposition which is a.lso due to Clay [3, 

Proposition 1]. 

Proposition 1.1.2. Let all notation be that of Example 1.1.7. Then <1.>(a) + b = 
<1.>( e) + d if and only I) <1.>( (/) = <1>( e) and b = d. 

Proof of Proposition 1.1.2. If b = d and <1.>(a) = <1.>(e) then <I>(a)+b = <I>(e)+d. 

Conversely, suppose <I> ( a) + b = <1>( e) + cZ. Let e = d - b. Then <I> ( a) = 

<I> ( e) + e. Vie would be done if we can show e = O. For all ¢> E <1.> \ {I}, 

<I>(e) + e = (p(a) = ¢(<1>(a)) = t;b(<I>(e) + e) = <I>(e) + ¢(e). 

Hence, <1.>(e) = <I>(e)+(¢(e)-c:). Let t = ¢(e)-e. By repeatedly substituting 

the equation <1>( e) = if) ( c) + t into itself, we conclude that <1>( e) = <1>( e) + nt 

for all n E Z. Thus, <1>(e) = <1>(c) + (t) is the union of cosets of (t), the 

subgroup generated by t. Let II. be the order of t. Since h divides k = 1<1.>1, 

and since k divides u-l = IGI-l by Result A.2, then h divides (v-I). But 

surely h divides v since (t) is a subgroup. Therefore, h divides (v, v-I) = 1 

and 0 = t = ¢( e) - e. By assumption. <i> is fixed-point-free and ¢> '# 1, hence 

e= 0.0 

Proof of Example 1.1.7. Certa.inly v = IGI. Result A.l implies 1<1>(a) + bl = k 

for all a, bEG with a '# O. The sets of the form <I>(a) with a E G \ {OJ 

partition G \ {OJ into l'kl blocks each with k points (see Result A.2) and 

therefore Proposition 1.1.2 indicates there are b = lEI = 11 Uk} blocks of 

the form <1>(a) + b with a '# O. Similarly, given a fixed x E G, the blocks 

<1.>( a) + m for (l '# 0 partition G \ {;1;}. For each y E G \ {.I:} there exists 
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a unique block eI>(a!l) + y containing x. Furthermore. x r/: eI>(a) + x for all 

a E G \ {o}. Since any y E G \ {:t:} can be chosen. l' = I G \ {x} I = v - 1. 

,,\Ve show>. = k - 1. First, x, y E <I> ( a) + b if and only if 0, U - x E 

eI>( a) + (b - x), and it therefore suffices to show the pair 0,:; is contained 

in exactly k - 1 blocks for z '# o. If 0 E eI>( a) + b then there exists </> E <I> 

such that <p( a) = -b. ,,\Ve relabel a and conclude that 0 is contained only 

in blocks of the form eI>( a) - a. By Result A.3 dJ - 1 is a. bijection for 

</> E eI> \ {I}, and thus z E <I> ( a) - a if and only if a = (</> - 1) -1 (:;) for some 

</> E eI> \ {I}. Hence, >. = leI> \ {1}1 = k - 1.0 

Every BIBD of Example 1.1.5 is a BIBD of Example 1.1.6. Likewise, every 

BIBD in Example 1.1.6 is a BIBD of Example 1.1.7. Not all the designs of these 

examples are circular and the intention of this dissertation is to determine when 

these designs are circular. It is no surprise that our strongest results apply only 

to the field-generated designs of Example 1.1.5, since the underlying algebraic 

system has more structure than a ring or group. In Theorem 3.3.8 we derive a 

method to characterize all field-generated BIBD's with any particular block size. 

The results for general ring-generated designs are weaker. In Theorem 3.4.2 we 

derive an easily utilized necessary and sufficient condition for the circularity of 

a specific design generated from a ring. Little is known about the circularity 

of a BIBD generated from arbitrary groups. (It is known, however, that the 

group must be nilpotent to admit a group of fixed-point-free automorphisms. 

See Betsch and Clay [1] .) In what follows, we will state each result in its most 

general form. The reader should keep ill mind that a theorem about an arbitrary 

BIBD applies equally well to designs generated from groups. Furthermore, a 

theorem about a ring-generated BIBD applies as well to a BIBD generated from 

fields, and so ,forth. 
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'Ve present two specific BIBD's that illustrate Examples 1.1.5 and 1.1.6. nVe 

will use the following terminology of Clay [3]: In (G,B) the blocks of the form 

<1>( a) are called basic blocks.) 

1. (GF(32 ), B.,): This is an example of a field-generated BIBD from Exam

ple 1.1.5. Notice that x 2 + 1 has no roots in Z3' Let i be a solution of x 2 + 1 and 

let F = GF(32 ) = Z3(i). There exists an element in F of multiplicative order 4. 

namely i. Let <1> = (i) = {i,-I,-i,I}. Define B = {<I>a +e: a,e E F,a =1= OJ. 

The cosets of <I> in (F\ {O},·) are <I> and <1>(1 +i). These are the basic blocks and 

all blocks are additive translates of one of these blocks. Explicitly, the blocks of 

B are as follows: 

{ i, -1, -z, I} {-1 + i, -1- i, 1- i, 1 + i} 
{I + i, 0, 1- i, 2} { i, -1, 

.. ) . 
...... -1'l1li 2 + i} 

{2 + i, 1, 'J . ...... -1., O} {I + i, 1- i, -'1. +i} 
{2i, -1 +i, 0, 1 + i} {-I + 2i, -1, 1, 1 + 2i} 
{I + 2i, l, 1, 2 + i} {2i, 0, .J 2 + 2i} -, 
{2 + 2i, 1 + i, 'J 

~, i} {I + 2i, 1, 0, 2i} 
{O, -1 + 2i, '1, 1 + 2i} {-I, -1 + i, 1 + i, I} 
{I, '). 

~l, 1 + i, 2 + 2i} {O, 1., 2 + i, 2} 
{2, 1 + 2i, 2 + i, 2i} {I, 1 + i, 7, , O} 

The parameters are v = D, b = IS, ,\~ = 4, l' = S, and ~\ = 3. 

2. (Z65' B,,): This is an example of a. ring-generated design which is not 

a field-generated design. Let <.1> = (S) = is, G4, 57, I} E Z05, and view this 

set of units as a group of automorphisms. This is a group of fixed-paint-free 

automorphisms, since 7,63,56 E U(R). The basic blocks are <1>, <1>2, <.1>3, <I>4, 

<1>5, <.1>6, (1)7, <1>10, <.1>11, <1>12, <1>13. <.1>14, cI>ID, <.1>20, <1>21, and <1>2S. All blocks are 

additive translates of th~se basic blocks. (Each additive translate is distinct by 

Proposition 1.1.2.) The parameters are 'V = 65, b = 65 . 16 = 1040. k = 4, r = 64, 

and ,\ = 3. 
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Remark about notation. Given a group G and any group of fi.."'I:ed-point-free 

automorphims <I> :5 AlAT( G, +). Let 

B~ = {<I>(a) +c: a,c E G,a -# a}. 

We write (G, B~) for a BIBD when emphasizing that it is constructed from the 

approach of Example 1.1. 7. The notation (G, B~) implies that <I> is a gToup of 

fixed-point-free automorphisms. Similarly, if F is a field and <I> is a multiplicative 

subgroup of order k, then <I> is the unique multiplicative subgroup of order I.:. "Ve 

write (F, B k ) for (F, B~) since there can be no confusion as to which subgroup 

of order k is used to generate the design. 

For a ring-generated design (R, B~) from Example 1.1.6, there is no concise 

notation utilizing only the block seize, in general. However, we write (R, B(g») 

when <I> is cyclic with generator g. 

1.2 Automorphisms of a BIBD 

In many areas of mathematics the automorphism gToup of a system often gives 

significant insight into its underlying structure. This is true in the theory of 

BIBD's. 

Definition 1.2.1. An automorphism of a BlED (S, B) is a bijection 

Ct:S --t S that preserves the block design, i. e .. 0:(;3) E B, Vf3 E B. Also, 

AlAT(S, B) = {Ct : Cl' is an automorphism of (S, Bn. 

Proposition 1.2.2. AlAT( S, B) is a gro'l£p 'nnder composition. 

Proof. Let Cl'" E AlAT(S, B). If;3 E B. t.hen Ct(fJ) E B, and therefore, 

,(0:(13)) E B. Thus ""/0 Ct E AUT(S, B). Defore continuing, notice that 

if X, Y ~ Sand o:(X) = a-(Y) then X = Y. Therefore, Ct : B --t B is 

injective; and since S is finite (and therefore B is finite), Ct is onto B. To 
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show a-I E AUT( S, B), let X be a set of (necessarily k) points, not nec

essarily a block of B, such that a(X) E B. Since a : B -+ B is onto, there 

exists f3 E B such that a(X) = a(8). Since a is bijective it follows that 

X=f3EB.O 

Lemma 1.2.3. LetN(i}) be the normali~er ofi} in AUT(G, +). Then AUT(G, B'I» 

contains an isomorphic copy of G~N( i}) where "~" denotes the natural semidi

rect product. 

Proof. Let g: G -+ G be defined by g(x) = x + a, Va E G. Note g(ji) E B, 

V f3 = i}a + c E B, so that g E AUT( G, B). Similarly, for 8 E JV( <I» and 

f3 = i}a + c E B, 

8(f3) = 8(<I>a + c) = (Oi})a + (8c) = i}(8a) + (8c) E B. 

Identify Ca,8) E GXJJV(<I» with g8. If (h,'ljJ) E G~JV(<I», it is immediate 

that g8 = h'ljJ {=? a = hand B = 1/;.0 

In the case where F is a field and i} ~ F\ {O}, each element a E F\ {O} can be 

viewed as a bijection a* : F -+ F via the definition a'"Cx) = ax. Since ai} = <I>a, 

N(i}) contains all such maps a'" for any a E F\ {O}. Thus, AUTCF, B<l» contains 

an isomorphic copy of the group of all affine transformations of F. In this case 

AUT(F,B<l» acts doubly transitively on F. The following is a generalization. 

Proposition 1.2.4. If J\f(cI» acts tmnsitivcly on G\ {O}, then AlIT(G, B<l» acts 

doubly transitively on G. 

Proof. Let (x, y) and (tv,.::) be two ordered pairs of distinct elements of G. 

Consider the map tooO o(::;) where 8 E .. V(<I» is amap such tha.t 8(y-x) = 
z - w. It is direct to show that the composition map has the property that 

x 1-1- tv and y 1-1- :;. 
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If R is a commutative ring and <I> :::; U(R) is a group of fixed-point-free auto

morphisms notice that N(n,+)(<I» 2 U(R). From this it follows that AUT(R,B<I» 

contains the group (R, +)><lU(R). In other words AUT(R,B<f» contains all maps 

of the form x 1-+ r + 'ltX for It E U( R), l' E R. 
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Chapter 2 

Circularity 

2.1 Definition of Circularity 

The main emphasis of this dissertation is on BIBD's that are circular or BIBD's 

which are related to circular designs. \Ve motivate our definition of circularity 

with two observations from the complex plane: 

1. Given two distinct points in the complex plane, there exists exactly one 

line that passes through both. However, there are many circles that pass 

through both. 

2. If two (distinct) circles are given ill the plane, they can intersect in at most 

two points. 

\Ve state our definition of circularity by translating each of the above obser

vations into the language of a BIBD'I';. 

Definition 2.1.1 (Circular BIBD). A IJIBD (8, fl) with para.meters 'I), b, k, r, A 

is said to be circular if it s([.ti4ics the followinfJ two conditions: 

1. A> 1, 

2. \/(:i, /J E ,8 with f3 '# /3. Ip n /il ~ 2. 



CHA.PTER 2. CIRCULAR.ITY 28 

vVhen a DIBD has the parameter>. = 1, it is natural to think of the blocks as 

lines and to call the design linear, since any two points determine a unique line 

(block). Clay does not use the condition>. > 1 to define circularity. Therefore, 

many linear designs fall under his definition. The only cases where this change 

in definition makes a difference in the designs of Examples 1.1.5, 1.1.6, and 1.1.7 

are those in which k = 2 (Recall .A = k -1). Clay called these circular, but we do 

not. The designs with k = 2 and>' = 1 are rather trivial, since in such a design 

the set of blocks is exactly the collection of subsets of order 2. 

2.2 Familiar Examples of Circular Designs 

In a circular BIBD, three distinct points determine at most one I'circle" or block. 

This is a weaker requirement upon the incidence structure than is imposed by a 

IVIObius plane, where three distinct points determine exactllJ one circle. Since the 

Mobius plane is a BIBD (Example 1.1.2), the above definition is a generalization 

of this structure. An excellent treatment of 1lobius planes is given by Dembowski 

[8, Chapter 6]. 

The BIBD's of Examples 1.1.1 and 1.1.3 are clearly not circular. Certainly 

the BIBD's of Example 1.1.2 are circular. Example 1.1.4, Euclidean circles, is 

the generally accepted definition of circles in a finite plane. Our first theorem 

shows these designs are circular by the above definition. 

Theorenl 2.2.1. Let L be a finite field, FI L an (!xten,qion of degree 2, and 

F = L(w). Let c} = (.,:' E F: .J.Vp/d:z:) = 1} be the 'Itnit circle and C = {<1>a + c: 

a, c E F, a '# OJ. Then (F, C) is a Ci7'c11.lar BInD. 

Proof. ,\Ve write N(x) for NF/L(X). Recall from Example 1.1.4 that (F,C) is a 

BIBD with the parameters v = IFI, ,,~ = 1<1>1 = ILl + 1, b = V(V;I), r = v -1, 
" and >. =.,' k - 1. . 
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Certainly .,\ = ILl> 1. The verification of condition (2) above is similar to 

the proof that shows two distinct circles in the complex plane intersect in 

at most two points. (The notation N{:r) is used here instead of Ixl.) In 

finding the cardinality of (<J.la + e) n (<I>c + d), where ac f. 0, we may assume 

that c = 1 and d = 0, since 

1(<I>a + e) n (<I>c + d)1 = 1(<J.l(ac-1
) + (e - d)c- 1

) n <J.l1. 

Thus, after relabeling, it is sufficient to show I( <I> a + e) n <J.l1 :5 2, Va. e, a f. 0 

such that <J.l f. <I>et + e. Since <J.la + e and <I> are distinct blocks, (Pa f. <I> or 

e f. 0 by Propostition 1.1.2. Now, suppose that a and e are given and tha.t 

x E (<J.la+e)n<I>. Let x = Xl +X2W and e = el +e2w with XI,X2,et,t2 E L. 

Then x must satisfy the following two equations: 

N(x - e) - N(a), 

and N(x) - 1. 

we solve these equations for Xl and X2' Using the two identities N(x) = 

xi - W2X~ and N(x - e) = (Xl - ed2 
- W 2(X2 - e2)2, we see that the above 

two equations have identical coefficients of xi and x~ and, therefore, the 

difference of these equations is a linear expression for Xl and X2. Thus, given 

any X2 solving the above equations t.here is at most one corresponding Xl 

that solves the system. Furthermore, solving the linear equation for a:t 

and substituting into eithcr of the original equations yields a quadratic 

in X2' Thus, there are at most two values of :1:2 which solve the system. 

Hence, there can be at most two values of x that satisfy t.he system, and 

1(<I>a + e) n <I> I ~ 2. 0 

This argument, in conjunction with the comment after Definit.ion 2.1.1, shows 

that the definition of circularity presented here includes t.he gencrally accepted 
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notions of circularity, i.e., the circles in a :M6bius plane and the circles in an 

affine plane over a finite field, as special cases. Thus, our definition of a circular 

BIBD presented here is a natural generalization of these important structures. 

The above theorem also gives a side benefit. Earlier in [3, Theorem 3] Clay 

discusses the BIBD's of Example 1.1.7 and gives the necessary condition for cir

cularity that k < 3+Yf2F. Since in the 'BIDD's of Theorem 2.2.1, k = 3+yt=r, 
this upper bound on k is achieved infinitely often, so it is impossible to reduce 

this upper bound. In the present dissertation, this necessary condition is a con

sequence of Lemma 3.2.1. Furthermore, Lenmm 3.2.1 constitutes a necessary 

and sufficient condition for the circularity of any BIBD, not merely those arising 

from Example 1.1.7. 

Often, the manner in which an equation is expressed can bias the view of 

a researcher. For example, the above necessary condition might suggest the 

question, "Given v, for which k is (G, Elf!) circ.ular·?" This would seem a natural 

question since the above equation gives a partial answer. One need only consider 

those k which are :::; 3+yt=r. However, if one were to express this condition in 

the simpler form (k -l)(k - 2) + 2 :::; v, a different question might seem obvious. 

"Given k, for which v is (G, Bet» circular-?" In Theorem 3.3.8 we see the question 

in this form can be answered for the BIBD's of Example 1.1.5. In this theorem, 

we characterize the field-generated designs according to their block size. 
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Chapter 3 

A Characterization of Circularity 

3.1 The set Aa:,y. 

'Ve now motivate a new definition which plays a crucial role in the study of 

circulari t y. 

Given the distinct points x and y in a Euclidean plane II. Consider the set of 

all points that determine a unique circle with two distinct points, x and 11. i.e., 

Ax,y = {a E II : there exists a unique circle containing a, x, and y}. 

In II, Ax,y is the cOl:J.plement of the line containing x and y. This leads to a 

characterization of circularity: in our BIBD (G, B), G takes the place of the 

Euclidean plane and the blocks i3 E B take the place of circles. 

Definition 3.1.1. For lL gi'uen BIBD (G, B), Vx, y E G with x =/: y let 

A.x,y=A;t',y(G,B):= U /3\ {x,y}. 
{x,y}!;;J1EB 

Here Ax,y is the set of aU points (I., distinct from x and y such that a, x, y 

are contained in a block of B. If (G,B) is circular. then for each a E A.x,y the 

three points (b, x, yare contained ill a 'ltniq'l£c hlock of B. (In t.he language of 



CHA.PTER 3. A CHA.RA.CTERIZA.TION OF CIRCULA.RIT1·~ 32 

Dembowski [8, page 253J, Ax.y is the union of the lmndle (a:, y) minus the set 

{x,y}.) 

In the complex plane, any bijection that maps circles onto circles necessarily 

maps complements of lines onto complements of lines. 'Vhen this concept is 

translated into the language of a BIBD, we obtain the following assertion: any 

automorphism of (8, B) maps each Ax,y 'onto some Az,w, so we have 

Lel1uua 3.1.2. 

B(Ax,y) = Ao(x),o(y) ,V;1:, y E 8 with x =J. y and VB E AUT( 8, B) 

Proof. 

B(Ax,y) - O( U ;3\ {x,y}) 
{x,v}!;tJEB 

- U 0(/3) \ {O( x), B(y)} 
{x,y}!;!3EB 

- U B( 13) \ {B( x), B( y)} 
O( {x,y} )!;O({3)EO(B) 

- U ,d \ {O(x).B(y)} 
{O(x),O(y)}!;{3EB 

- Ao(x),o(y) 

The third equality follows, since 0 has an inverse in AUT(8, B), i.e. 

O({a:,y}) ~ B(f3) E B(B) <==> {x,y} ~ f3 E B. 0 

3.2 The Circularity of a Design 

Lemma 3.2.1. Let (8, B) be a BIBD. If a: =J. y, then IAx.yl ::; )"(k - 2) and 

(8, lJ) is circula'r if a.nd onlll if IAx,yl = )..( k - 2), V;x, y E 8. 
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Proof. Given x and y. There exists>. blocks that contain :/.: and y, Yi~_. 

{x,y, al,l , ... , al,k-2},""{x,y, a.\,l ,,,., a,\,k-2}' 

Also, Ax,y = {ai,j: i = 1, ... ,>.jj = 1, ... ,k-2}. Therefore, IAx,yl:::; 

>.(k - 2). If (S, B) is circular, then the ai/s must all be distinct and 

IAx,yl = >'(k - 2). The proof of the converse is obvious. 0 

vVe can now clarify the statement concerning Clay's necessary condition for cir

cularity which appeared towards the end of Section 2.2. If (S, B) = (G. B'I» is a 

circular BIBD, then (k -1)(k - 2) = ~\(k - 2) = IAx,yl < v - 2. 'Ve emphasize 

that >.( k - 2) :::; v - 2 is a necessary condition for the circularity of any BIBD. 

Lemma 3.2.1 constitutes a necessary and sufficient condition for circularity. 

Generally, the calculation of IAx,yl for all x, yES is a tedious task. However, 

with some knowlege of AUT(S,B), the amount of calculation can be reduced. 

Lel1uua 3.2.2. Let (S, B) be a BIBD and B' = {Ax,y : :/.:, yES; x =1= y}. Let 

AUT(S, B) act on B' by B(.4.x ,y) = AO(r),O(y), VB E AUT( S, B). If A:q,Yll' •• , AXlI,Yn 

are representatives of the orbits of AUT(S, B) in B'~ then 

(S,B) is circular ¢=::> >. > 1 and IAx"Yil = >'(k - 2),i = 1, ... ,n. 

Proof. All Ax,y in one orbit have the same size. since there is a. bijection to the 

representative of that orbit. The conclusion follmvs from Lemma 3.2.1. 0 

3.3 Field-Generated Designs 

When some knowledge of the automorphism group is known, Lemma 3.2.2 will 

shorten the amount of calculation needed to determine if a BIBD (S, B) is cir

cular. In particular, when AUT( S, B) acts doubly transitively 011 S, this task is 
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reduced to checking a single Ax.!!' For in this case 

(S, B) is circular <==> IAx.yl = >'(k - 2), 

where x =F yare fixed and arbitrary. Now, if AUT(S, B) acts doubly transitively 

on S, then IAx.yl = IAz,wl, 'ix,y,z,w E S withx =F y and z =F tv. But there is 

more that can be proved. 

Theore111 3.3.1. If (S, B) is a BlED and AUT( S, B) acts doubly transitively 

on S, then (S,B') is a BIBD, where B' = {Ax.y: x,y E S;;1: =F V}. 

Proof. Let [XI, ••• , xn l' be the number of block of B' that contain Xt. ••• ,Xn • 

Let x, y, z, w be arbitrary points of S with x =F y and tv =F z. There are 

three things to be proved: 

1. IAx.yl = IAw.zl. 

2. [x]' = [z]'. 

3. [x, V]' = [z, tv]'. 

Proof of 1. If x =F y and tv :/= z, then there exists 8 E AUT(S, B) such 

that 8( x) = wand 8( y) = z. Thus, by Lemma 3.1.2, 8( Ax.y) = Aw,z 
and 8 defines a bijection fro111 Ax.y to A w•z. 

Proof of 2. Suppose Axl •YI , ••• , .-l.t'n.!!n are the blocks of B' that contain x. 

Pick 8 E AUT(S, B) such that 8(x) = z. Then, 8(Axl •yl ),"" 8(A.xn •yJ 
are distinct blocks (since 8 is a bijection) of B' (by Lemma 3.1.2). 

Thus, [;1:]' :5 [z]'. Similarly, [zl' :5 [;1:]', which proves equality. 

Proof of 3. This is similar to 2. Let A.rI.YI , ••• , A xl •VI be the blocks of B' 

that contain x and y, and let 8 E AUT(S,B) be such that 8(l:) = Z 

and 8(y) = w.O 
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Corollary 3.3.2. If AUT(S. B) acts dO'l£bly transitively on S. then IAr,yl = 
IAw.:I, Vx, y, z, w E S with ;1: =f=. Y and IV =f=. z. 

TheorelU 3.3.3. If (F, B k ) is a field-generated BIBD with parameters v. !..~, b. r, 

and A, then 

(F, B k ) is circular ~ IAo.1 1 = A(!": - 2) = (k - l)(k - 2) and k > 2. 

Proof. As in Lemma 3.2.2, let B' = {Ar •y : :v, y E F; x =f. y} and let AUT(F, B k ) 

act on B' by B(Ax,y) = Ao(x).o(y). The group AUT(F, B k ) contains all affine 

maps on F and therefore acts doubly transitively on the points of F. Thus, 

there is only one orbit of AUT( F, B k ) in B'. Since, 040•1 is a representative 

of this orbit, the result follows from Lemma 3.2.2. 

It is clear from this theorem tha.t the set AO.l is of central interest to us. 

It also appears in our discussion of ring-gencrated designs (Theorem 3.4.2), so 

we will calculate AO.l for an arbitrary ring-generated design and keep in mind 

that this calcula.tion can also be used in our discussion of field-generated designs. 

Before continuing with our discussion of ..-10 •11 we note that Theorem 3.3.3 is a 

special case of Theorem 3.4.2. However, the proof of the latter makes no use of 

the automorphism group of a BIBD. ("Te include the above proof of the Theo

rem 3.3.3 to illustrate the methods involved, since these methods lead to a new 

technique for generating DIBD's. This is apparent from Theorem 3.3.1, however, 

this technique can not be easily extracted from the proof of Theorem 3.4.2. ,,\Ve 

are therefore justified in including the scparate proof of Theorem 3.3.3 which is a 

corollary to Theorem 3.3.1, since this approach demonstrates how the derivation 

technique arises natura.l~y.) 

In Appendix C we discuss initial results concerning t.his technique. The 

method is a derivation process which generates' new designs from old ones. It 
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is always possible to iterate the process to obtain a sequence of new designs, 

given any acceptable initial design. The parameters of the derived designs are 

not known at this time. 

We now express AO.I in terms of the elements of <I>. 

Lemma 3.3.4. Let R be a finite ring. Let <I> ~ U(R) be s1£ch that ¢ - 1 E U(R) 

for all ¢ E <I> with ¢ # 1. Then 

AO.I = {(¢ -1)(1/J -ltI
: ¢,1/J E <I> \ {1};¢ # lP}. 

Proof. We express AO.I in terms of <I> by determining which blocks contain 0 

and 1. If 0 E <I>a + c, then 3¢ E <I> such that ¢a + c = O. Since <I> ( ¢a) = <I>a, 

we may relabel a so that a + c = 0, so that, <I>a + c = <I>a - a. Similarly, 

1 E <I>a - a ~ a E {( ¢ - 1 )-1 : ¢ E iJJ, ¢ # I}. It follows that the blocks 

containing 0 and 1 are of the form iJJ(¢ _1)-1 - (¢ - 1)-1 for ¢ E iJJ \ {I}. 

Furthermore, the set 

U (<I>(¢ _1)-1 - (if> _1)-1) \ {O, I} 
",ell> \ {I} 

which is equal to AO,I is also equal to the set 

{(¢ -1)(,p _1)-1: ¢,~, E iJJ \ {I}; ¢ # 1p}. 

The result follows. <> 

Corollary 3.3.5. Suppose F and L are finite fields s1Lch that F ~ Land IFI = 
ILl = 1 (mod k). Then 

(L, B k ) is circular {=::} {F, Ed is circ'ltlar .. 
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Proof. Let ¢ E F be any element of multiplicative order k. Let <P = (¢) ~ F ~ 

L. By Lemma 3.3.4, AO,l(F,B<t» = AO,l(L,B<t». The result follows from 

Theorem 3.3.3. 0 

Notice Corollary 3.3.5 states that given k > 2, there exists a set of primes 'Pk 

such that (F, Bk) is circular ¢=:::? char F rf. 'Pk. Theorem 3.3.8 shows that 'Pk is 

a finite set and provides a method of computation. First we need two results. 

Lemlna 3.3.6. Let F be a finite field. Let <P and W be m·l£ltiplicative s~lbgro~lps 

of F \ {OJ such that W ~ <P and Iwi > 2. Then 

(F, B<I» is circ·ltlar => (F, BIll) is circular. 

Proof. Assume that (F, B<t» is circular. L.ci Wa+ c, wd+ e E BlJ! be two distinct 

blocks. If a rt. iI!d or c i= e, then epa + c i= <pd + e and (Wa + c) n (wd + e) ~ 

(<pa + c) n (<pd + e). The cardinality of the right side is at most two, so the 

same is true of the left side. If, on the other hand, a E <pd and c = e, then 

<Pa + c = <pd + e. But Wa + c and 'lid + e are distinct, so Wa i= 'lid and 

Wa n 'lid is empty, as is (wa + c) n (wd + e). 0 

Lemma 3.3.7. Let F = G F(v), where v = p'~. Then (F, B k ) is not circ~llar if 

there exists I and 7' S1lCh that flv and 1'11.:, I = l(mod 1'), and (r -l)(r - 2) + 2 > I. 

In particular, (F, B k ) is noncirc~tlar if p = l(mod k) and (k - 1)( k - 2) > p - 2. 

Proof. Let L be the subfield of F with ILl = l. By Lemma 3.3.6, (F, ilk) 

is circular => (F, Br) is circular. By Corollary 3.3.5, (F, Br) is circular 

¢=:::? (L,Br ) is circular. But (1' - 1)(1' - 2) + 2 > l => (L,B r ) is not 

circular. The second statement fo11o';,,·s if we let I = ]J and r = k. 0 
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\Ve now establish a method of determining the circularity of all field-generated 

designs with blocks of fixed cardinality ~~. 

In the following theorem, we use the resultant of two polynomials. (Some 

fundamental properties of the resultant are collected in Appendix B.) 

Theoreln 3.3.8. For each integer k > 2 there exists a finite set of primes PI. 

such that for all finite fields F 

Let Qk(X) be the kth cyclotomic polynomial and fi,i,m,n(x) = xn+i - xn - xi -

xm+i + xm + xi be a polynomial in Z[x]. Each 'PI. is the set of all prime divisors 

of all res'ultants of Qk(X) with fi,j,m,n for all positi'ue integers -i,j,m,n less than 

k with i =I j, m =I n. (i,j) =I (m, n). F'l£rthcrmore, 'Pal. ;2 Pk for a.ny positive 

integers a. In addition, p rt. 'Pk if k I (pn + 1) for some n. Finally, 'PI. ;2 T, where 

T = {p: p is prime, :Je with pC = l(mod k) and pC < (k - l)(k - 2) + 2}. 

Proof. Let p = char F. Let Ri,i,m,n be the resultant of Qk and fi,i,m,n' (All 

other notation is that of Corollary 3.3.5.) vVe also assume i =I j, m =I 11, 

(i,j) =I (m,n) and i,j,m,n E {I, ... ,/~ -I}. Thus, 

(F,Bk ) is not circular <=? 1..10 ,11 < (k -l)(k - 2) 

::J • • I 1 f:,i -1 ,,'" - t <=? ::J Z,), m., n. suc 1 t mt 6J::} = ';'''_1 

<=? :J i,j, m, 11. such that h,i,m,7L and 'ch have a common root 

<=? :J i,j, m., n such that plRi,i,m,n' 

Let 'PI. = {p : p prime, I.: =1= O(modp), :Ji,j, m., n with pIRi,i,m,n}' By the 

above. (F, B k) is circular <=? char F rt. 'PI.. 
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To show 'Pk is finite, it is sufficient to show that Ri.j,T/l,n :f. 0 V i, j~ m, n. 

vVe show that given k, there exists a field F such that (F, Bk) is circular 

and thus char F rj;. Pk. By Dirichlet's theorem on primes in an arithmetic 

progression, there exists a prime q with q = -1(mod /..'). Let F be the field 

of order q2. Then (F, B q+1) is circular by Theorem 2.2.1 and so (F, B k ) is 

circular by Lemma 3.3.6. 

Lemma 3.3.6 also implies that Pak 2 Pk. It follows from Theorem 2.2.1 

that (GF(p2n),Bpn+d is circular for all positive integers n. Therefore, 

p rj;. P pn+I' It follows from the previous containment that p rj;. P k for any k 

dividing pn + 1. Finally, if pET with pe = l(mod k), then (GF(pe), Bk) 

cannot be circular by Lemma 3.3.7. Hence, p E Pk. 0 

When calculating the Rj,j,T/l,n'S, one may assume j :5 171, since 

Likewise, one may assume j < £':5 n, j :5 171, i =f:. 171 and n =f:. m. 

'Ve now calculate P 3 and P 4. 

The set P3 is empty since any BIBD with k = 3 has the property that any 

two distinct blocks intersect in at most two points. However, to demonstrate 

the technique, we use the above method. 'Ve check all i,j, 171, n E {1,2} with 

the properties j < ·i :5 n, j :5 171, i 1= m. and 17. =f:. 171,. It is apparent that only 

(i,j,m,n) = (2,1,1,2) has this property. Therefore, P3 is the set of primes, not 

equal to 3, which divide 

Instead of using Sylvester's determinant immediately (See Appenddix B), we 

simplify the calculation by employing some' of t.he properties of resultants. 
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R(;r;2 + x + 1, :2:" - 3X2 + 2.1:) 

= R(x2 + X + 1,:1:4 - 3;z:2 + 2x + (_X2 + X + 3)(x2 + X + 1)) 

= R(;z:2 + X + 1, 6x + 3) 

Now using Sylvester's determinant, this resultant is 

1 1 1 
6 3 0 = 27. 
063 

The only prime divisor of the resultant is 3. Therefore, P3 is empty. 

40 

vVe calculate P 4 similarly. In this case Q4( x) = x 2 + 1. There are five 4-tuples 

(i,j, m, n) that satisfy the conditions j < -i ::; n, j < m, i =1= 171 and n =1= m. They 

are (2,1,1,2), (2,1,1,3), (2,1,3,2), (3,1,1,3), and (3,1,2,3). 

Case 1. (i,j, m, n) = (2,1,1,2) 

R(.1:2 + 1, x" - 3x2 + 2;1:) _ R(x2 + 1, 2x + 4) 

1 0 1 

Case 2. (i,j, In, n) = (2,1,1,3) 

Case 3. (i,j,m,n) = (2,1,3,2) 

240 
024 

- 20. 

R(x2 + 1.4x + 2) 
101 
420 
042 

- 20. 

RCz:2 + 1,:2:3 
- 2X2 + :I:) _ R(:z:2 + 1,2) 

- 4. 
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Case 4. (i,j,m,n) = (3,1,1,3) 

R(X2 + 1..1:6 - 2;r3 - ;1: 2 + 2x) _ R(x2 + 1,4:z:) 

_ R( 4;T.. x 2 + 1) 

- 16. 

Case 5. (i,j, m, n) = (3,1,2,3) 

R(;.,;2 + l,x6 
- 3x3 + x 2 + x) _ R(x2 + 1,4x - 2) 

1 0 1 
4 -2 0 
o 4 -2 

- 20. 
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From this it follows that P 4. is the set of all prime divisors of 4, 16, and 20 

which are relatively prime to 4. Thus, P 4. = {5}. 

In general, calculating P k is tedious if h: is not small. Fortunately, the 

calculations are straightforward. A computer program was written to calcu

late Pk for a given k which found Qk(X), and then ran through all values 

i,j, m, n E {I, ... , k - I} with the properties j < i ~ n, j ~ In, i f= m and 

n f= m. In each case, the program calculated Ri.i,m,n and stored this value in 

a list. After all Ri,i,7Il,n were calculated, the computer factored these numbers. 

Then all the prime factors of the Ri . .i,m,n which are relatively prime to k were 

listed. 

vVhen calculating Ri,i,m.n, we do not concern ourselves with its sign. ,\Ve 

empJoy the properties of the resultant (Theorem B.l in Appendix B) to ease 

calculation as follows. Let Ot(x) = Qk(.1:) and let '8 he the largest integer such 

that X S divides fi,i,m,n(x). Let fi,i,m,71(x) = ;z:sft(x}. Then 

R(Qk, fi.i.m.n) - R(Ol, xSfd 

- R(Ot;' ;1.:
5

) ••• R( 01, fd 
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- ±R(x~\ad··· R(al, Id 

- ±(al(O)Y R(at, 11) 

- ±R(al,ld. 

Let h be the remainder of 11 when divided byal. Then, 

If 12 is monic, then let a2 be the remainder of al divided by h. Thus, 

42 

In this fashion, we carry out Euclid's algorithm to reduce the problem to one 

with polynomials of smaller degree. 'Ve continue until reaching two polynomials 

11 and al such that 

and the polynomial of lower degree is not monic. At this point we use Sylvester's 

Determinant to calc:ulate Ri,j,m,n = ±R(al, /1)' 

Even with this method. we are able to calculate Pk for only small k. The 

difficulty occurs because the numher of cases involved and the size of the deter

minant for each case increases with ~:. The number of cases increases roughly 

as (k4 )/24. The maximum size of the determinant in each case is <p(k) X ¢(k), 

where ¢ is Euler's function. 1 

The first few Pk'S are as follows: 

P 3 is empty 

154 = {5} 

Ps={ll} 

P6 = {7, 13, 19} 

Pr = {2, 29, 43} 

IThis is the only case in this dissertat.ion where q) is Euler's function. 
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Ps = {3,5,17,41} 

Pg = {19, 37, 73, 109,127, 271} 

P lO = {1l,31,41,61, 71, 101} 
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Theorem 3.3.8 proves two conjectures that James Clay mentioned to the au-

thor. They are presented here in their original form as statements about fields 

of prime order. 

Corollary 3.3.9. For a given k,:3 a prime p such that the BIBD (Zp, Ed is 

circular. (Indeed, there exist infinitely many primes p = l(mod k) and all but 

finitely many of these yield circular BIBD's.} 

Corollary 3.3.10. For a given k, there exists an Nk such that (Zp, Bk) is circular 

for each prime p > Nk. 

3.4 Ring-Generated Designs 

In this section, we discuss a general ring-generated BIBD (R, B<t» of Exam

ple 1.1.6. \Ve derive a necessary and sufficient condition for the circularity 

of a ring-generated BIBD. Of course, this condition requires the calculation of 

.10,1 (R, B([l). \Ve first prove a preliminary lemma. 

Lemma 3.4.1. Let (R,E'I» be a ring-generated BIBD. Then: 

1. AO,l ~ U(R) 

2. x E .10 1 => 1 - x E A.o 1 .. , 

Proof. 

1. By construction, <P - 1 E U(R) for all <P E <I> \ {1}. By Lemma 3.3.4, 

A.o,l = {(¢ -1)(1/' _1)-1: </>,1/-' E <I> \ {1},¢ '# 1/'}, Therefore every element 

of AO,l is a unit. 
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2. In any ring R, (-1)x = -x = .1:( -1) for all x E R. Hence, the map x 1-+ -x 

is contained in N( <I» < AUT( R, +). Therefore, the map 0 : x 1-+ -x + 1 is 

in AUT(R, Bef!) by Lemma 1.2.3. Furthermore, by Lemma 3.1.2, O(Ao.d = 
A8(0).8(1) = A 1,o = AO,I' But O(Ao,d = {1 - x : x E Ao.d, which proves the 

result. 0 

Theorem 3.4.2. Let R be a finite ring. Let <I> ::; U(R) be such that </J-l E U(R) 

for all </J E <I> \ {1}. Let k = I <I> I > 2. The BlED (R, Bef!) is circular if and only if 

1..10 ,11 = (k - 1)(k - 2) and a - a E U(R) for all distinct a, a E ..10,1' 

Proof. Assume IAo,l1 = (k-1)(k-2) and a-a E U(R) for all distinct a, a E A O,l' 

We first show that if (AO•1 )m + n = An •m+n for m, n E R with m =J. 0, then 

the implication follows from Lemma 3.2.1. 

First we prove that I(Ao,dm + 71,1 = IAo.ll for all m,n E R with m =J. o. 
Certainly, I(Ao,l)m + nl < IAo,d. Suppose by way of contradiction that 

I(Ao.dm + 71,1 < IAo,ll. Then there exist distinct x, y E AO.l such that xm + 
n ym + n. Thus, 

(x - y)m = O. By assumption x - y E U(R), so m = O. But this con

tradicts our assumption that m =f:. O. It follows that I(Ao,dm + nl = IAo.11. 

Next, let <I>a1 - at, ... , <I>a,\ - a,\ be the). blocks containing 0 and 1. Each 

of the blocks <I>ajm + (-ajln + n), for i = 1, ... , >., contains nand m + n. 

These blocks are distinct, for otherwise I(Ao,l )m+nl < IAo,ll. Since (R, Bot» 

" is a BIBD, there are no other blocks containing nand m + n. Therefore, .. 
(Ao,dm + n = An,m+n for all m, n E R with m =f:. 0, and IAx.yl = IAo,I(Y -

x) + xl = 1.40 ,11 = (k -1)(k - 2) for all distinct x, y E R. Finally, the BIBD 

(R, Bef!) is circular by Lemma 3.2.1. 

Conversely, assume now that one of the conditions on AO,I does not hold. 
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If IAo,I! < (k-l )(1.:-2), then (R, Bcf» is not a circular BIBD by Lemma 3.2.1. 

Asswne there exist distinct a, a E A.o,l such that a - a rt. U( R). Then 

(R,B<f» will not be circular since one can find a point mER \ {O} such 

that IAo,rnl < IAo,ll. Since R is finite and a - it rt. U(R.), there exists 

mER \ {O} with (a - a)m = O. If cPb"" cPk-l, cPk = 1 are the elements of 

<I>, then the blocks containing 0 and 1 are 

<I>(cPi _1)-1 - (cPi _1)-1, i = 1, ... , I.: - 1. 

Thus, each of the blocks <I> ( cPi - I)-1m - (<Pi - 1 )-1 111. for i = 1, ... , k -

1, contain 0 and m. To show that these .A blocks are distinct, note by 

Lemma 3.3.4, that (cPi - 1)(cPj - 1)-1 E A.o,1 for cPi f:. tPj. Thus. 1 -

(cPi - 1)( cPj - 1 )-1 is a unit by Lemma 3.4.1. From this, it follows that 

(1- (cPi -1)(q)j _1)-1)711. f:. 0, so (cPi -I)-1m f:. (cPj -I)-1 m . Accordingly, 

for cPi f:. cPj by Proposition 1.1.2. Hence, the .A = k - 1 distinct blocks 

containing 0 and mare <I>(¢>j -I)-1 m, - (<pj -I)-1m for i = 1, ... ,k-1. 

From tIllS it is clear that Ao,rn = (Ao,dm. However, am = am. Therefore, 

IAo,rnl = I(Ao,l)ml < IAo.l l. Therefore, (R,B.p) is not circular. 0 

Corollary 3.4.3. If (R, Bcr» is (L circular, ring~generated BlED, then (Ao,dm + 
n = An,m+n for m, n E R with 117, f:. O. 

For example, (Z65, B(8» is not circular. In this example <I> = {S, 64, 57, I} and 

AO,1 -= {8,9,29,37,57,58}. The cardinality of Ao,J is 6. However, 57 - 37 rt. 
U(R). The theorem asserts that the design is not circular. Indeeed, <I>3D - 39 = 

{O, 13, 39, 52} and <I>26 - 26 = {O, 13, ~6, 52}. 

On the other hand, (Z2217 B(21» is circular. The subgroup of units <I> = 
{21,220,200,1}. It follows that Au,1 = {1l,21, 22,200,201,211}. The set of 
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differences of A.o,1 is 

{±1, ±10, ±11, ±178, ±179, ±180, ±189, ±190, ±200}. 

All of which are units of Z221. 

We now present a new construction. Begin with a number of ring-generated 

BIBD's which are constructed from isomorphic groups of fixed-poi nt-free auto

morphism. 'i,Ve then construct a BIBD whose set of points is the product of 

these rings. The group of fixed-point-free automorphisms acting on this ring is 

isomorphic to the ones used to construct a BIBD on each factor. This "product" 

design is circular if and only if each of its factors is circular. This construction 

is similar to Example 7 of Betsch and Clay [1, page 492]. 

Let R b . .. , Rn be n finite rings and <I>i < U(Rd for each i = 1, ... n. Assume 

there exists a group <I> such that each <I>i is isomorphic to <I> by OJ : <I> ---+ <I>i. 

vVrite ¢i for OJ(¢) for each 1> E <I> and i = 1, ... ,11.. Let R = Rl X .•• X Rn. So, 

R is finite. R has a subgroup of the group of units U(R) which is isomorphic 

to <I>, namely {( ¢h" ., <Pn) E R ': ¢ E <1>}. By an abuse of notation, we identify 

¢ E <I> with (¢b"" c?n) E R and consider <I> ~ U(R). vVe therefore view <I> as 

a subgroup of units of U(R) and use <I> to generate a new design (R,B'I». Also, 

call (R, B<f» the prod·ltct of the designs (R1 , B<f>1 ), ••• , (Rn, B<f>n)' 'i,Ve emphasize 

that the design (R, B<f» depends on the isomorphisms flt,,, . , On. 

Theore111 3.4.4. Using the abo'ue notation, (R, B'I» is a BIBD. 

Proof. Clearly <I> is a group of fixed-point-free automorphisms of (R, + ), since 

<I> is a group of fixed-point-free aut0111orphis1l1s of (Ri, +) for each i. That 

is, ¢-In = (<PI'''',¢n) - (Inll,,·,IR,,) E U(R), since 1>; -In; E U(R;) 

for 1 = 1, ... , n. Therefore, (R, BII» is'a BIBD by Example 1.1.6. 0 
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Theore111 3.4.5. Using the abo'ue notation, (R, B<I» is circ1tlar if and only if 

(Ri' B<I>J is circular for all i = 1, ... ,n. 

Proof. From Lemma 3.3.4, 

An arbitrary element of Ao.d R, B<I» is 

for some ¢,1/1 E q, \ {1}, if> =f:. V'. 

First assume (R;, B<I>;) is circular for each i = 1, ... ,n. 

Then IAo,l(Ri,B<I»1 = (I.: - l)(h~ - 2) and Xi - Yi E U(Ri) for all distinct 

Xi, Yi E AO,l(Rj , B<I». Therefore, IAo.l(R, B<I»I -

(k - 1)(1.: - 2). Further~nore, given X, Y E AO,I(R, B<I» with X =f:. y, the 

ith component of X - y is a unit of Ri for all i. It follows that X - Y is a 

unit of R. vVe conclude (~, B<I» is circular. 

Now, assume there exists j such that (R j , B<I>j) is not circular. Then either 

IAo,I(Rj , B<I>j)1 < (k-1)(k-2) or there exists distinct xj, Yi E AO,l(Rj , B<I>J 

such that Xj - Yj is not a unit of R j • 

Suppose, on the one hand, that Xj, Yi E AO.l(Rj, B<I>j) is such that Xj - Yj ¢:. 

U( Rj ). Then there exist X and yin AO•l (R, B(r» such that the j th component 

of x and yare xi and Yj, respectively. Hence x =f:. y since Xi =f:. Yj. Also, 

. x - y ¢:. U(R), since its jth component is not,.a unit of Rj. Thus, (R, B<I» 

is not circular by Theorem 3.4.2. 

Suppose, on the other hand, that 
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Then there exist ¢J,'I/;,q/,'I/;' E <P \ {id} with d> =fi '1/-', d>' =fi '1/;' and (¢J,'I/;) =fi 
( ¢J', '1/;'), such that 

In this case, IAo,l(R,Bcp)1 < (k -l)(k - 2) and (R,B~) is not circular. If, 

however, there exist z =fi J such that 

(¢Ji - lRJ( 'l/;i - lRJ-1 =fi (¢J~ lR;)( 'I/;~ lR;)-l E Rj, then 

(¢J-IRK¢'-lR)-l and (¢J'-lR)( 'I/;'-lR)-l are distinct elements of Ao.dR, B~). 

Furthermore, the jth component of their difference is ORj and is, therefore. 

not a unit of Rj. Accordingly, their difference is not a unit of R. Thus, 

(R, B,r,) is not circular by Theorem 3.4.2. 0 

In Theorem 3.4.4, we construct new BIBD's from old ring-generated designs. 

In Theorem 3.4.5 we demonstrate that the product BIBD is circular if and only if 

each factor is circular, and combine this construction with our knowledge of the 

circularity offield-generated designs (Theorem 3.3.8) to exhibit further examples 

of circular BIBD's. 

Let k > 2. Let FI!"" Fn be finite fields with IFd = l(modk) for each i. For 

each i, let aj E Fi be of order k. Clearly (ai) is isomorphic to <I> = Zk. Let 

R = Fl X ••• x Fn. Then (R, B,r,) is a BIBD by Theorem 3.4.4. If in addition, 

chat:. Fi rt. Pk for each i, then (Fj ! B~) is circular for each i by Theorem 3.3.8. 

Thus, (R, B~) is circular by Theorem 3.4.5. This p'i'oves the following theorem. 

Theore111 3.4.6. Let k > 2. Let PI, ... , Pn be prime3, not nece33arily di3tinct. 

Let ell' •. , en be 3uch that pii = l(mod k) for all i = 1, ... ,n. Then there exi3ts 

a BIBD with the parameter3 v = p~l ... p~n;· h:. b = !'(Ukl). l' = v-I, ... \ = ~: -1. 
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If Pi rt. Pk for all i, where Pk is from Theorem 9.,9.8. this de.~ign i.~ circ'nlar. If 

there exists a j s1Lch that Pi E P k , then this design is not circular. 

3.5 Other Conditions for Circularity 

In this dissertation a necessary and sufficient condition for circularity has been 

developed which was convenient to use in calculations. There may, of course, be 

other equivalent conditions for circularity. For example, it might be possible for 

there to be a necessary and sufficient condition for circularity that depends only 

on the parameters of the block design, so that the actual structure of the BIBD 

could be ignored when testing for circularity. (Theorem 3.3.3 does consider more 

than the parameters because it assumes that the design has a certain construc

tion.) In this section, we will show that this cannot happen, i.e., no necessary 

and sufficient condition for circularity can depend only upon the parameters of 

the design. \Ve prove this by constructing two designs with the same parameters, 

one of which is circular and the other is not. 

vVe first present a class of BIBD's (G,Bcf!) in which q> is nonabelian. The 

inspiration for this class of examples arises from Hall's presentation of Zassen

lmus's work [10, Lemma 20.7.k4., page 390] and from Gorenstein [11, Theorem 

3.1(iv),page 339]. Both prove that a sylow subgroup of a group offixed-point-free 

automorphisms is either cyclic or generalized quaternion group. 

Lemma 3.5.1. If F is a field and IFI = l(mod 2n- 1 ) 'With n 2:: 3~ then there 

exists a gro7Lp Q ~ AlIT( F(f1F) (F is 'viewed as an (f"dditi've group), such that Q is 

a gr01Lp of fixed-point-free a'll.iomorphisms and Q is isomorphic to the generalized 

quaternion gro1Lp of order 2n. 

Proof. Pick a E F with I (a) I = 2n
-]. Define Q to be the subgroup generated 
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by [~ a~l] and [~1 ~]. These elements satisfy the following two equations: 

[-10] [01]2 - ° -1 -1 ° ' 
[ ~ a~ 1 ] [~1 ~] [~ a~ 1] = [~1 ~]. 

Therefore, Q is the set of all elements of the form 

[
a O]i[O l]i£"-Ol':-Ol .)11-11 ° a-1 10 Ol J - , , z - , , ••• , oJ -. 

It is easy to show that IQI = 2n. Accordingly, Q is the generalized quaternion 
. [a O]i . . . group of order 2n. The eIgenvalues of ° a-I are a l and a-I. The eIgenvalues 

[
a O]i[O 1] . of ° a-I -1 ° are the roots of x 2 + 1. Thus, none of the lmear transfor-

mations of Q have an eigenvalue of 1. Hence every element of Q is fixed-point-free. 

This Q can be used to create the DIBD (F EB F,BQ ). 

When F = Z29 and a = 12 E Z29, then lal = 4 and IQI = 8. In this case 

(Z29 EB Z29, BQ) is not circular.' This is directly proved by calculating blocks 

cI>(1, 1) - (1, 1) and cI>(1, 12) - (1,12). They are respectively, 

{(0,0),(11,16),(16, 16),(27,0),(16,11),(27,27),(0,27),(11,11)} 

and 

{(0,0),(11,16),(16,16),(27,0),(27,5),(11, 18),(16,18),(0,5)}. 

But·.if ]( is the field of order 292 and (1) ~ I{ with 1<1>1 = 8, then (K, B,'P) is 

circular, since 29 rf. Ps. These two BIDD's have thc"srune parameters, but one is 

circular and the other is not. This proves our result. 

Theorem 3.5.2. There can be 7/.0 nece,~MLry a.nd S'lL.fficient conditions for cirC1L-

1arity that depend 011,111 'upon the paramciers' of the BIBD. 



CHAPTER 3. A CHA.R.4.CTERIZA.TION OF CIRCULARITY 51 

vVe remark in passing that devebping the above examples was greatly aided by 

the computer program CAYLEY [2], on the VAX, which searched through values 

of p and 11. and determined the circularity of (ZpEBZp, BQ). The program asserted 

that p = 29 and 11. = 3 led to a noncircular design and supplied two blocks whose 

intersection was greater than 2. (These are the blocks given above.) The values 

provided by the program were easily checked to show the design was noncircular. 
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4.1 Error-Correcting Codes 
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In this section, we show that error-correcting codes generated from circular 

BIBD's are less efficient than known error-correcting codes, specifically, the Reed

:Muller codes. If circular BIBD's are to be used to advantage as error-correcting 

codes, they must be employed in a manner more efficient than that demonstrated 

here. The reader interested in efficient applications of circularity should skip tIllS 

section and read the following two sections on cryptology. 

(A) A sender wishes to communicate a message to a receiver. The message 

IS transmitted through some form of channel such as a long wire or a radio 

wavelength. The channel may contain noise and there is a chance the message 

will be improperly received. The problem is to develop a method of quickly 

transmitting the message while minimizing the clu~~ce of miscommunication, to 

detect if an error has been made, and correct it if necessary. 

We assume that only two distinct symbols can be sent down the channel. 

These symbols are called bits and we label them 0 and 1. As is commonly done, 

we assume that the channel is binary .qymmetric, that is to say, the probability q 
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of a transmitted symbol being correctly received is independent of which symbol 

is transmitted. If q = ~ the problem is clearly impossible. \Ve may assume q > ~, 

since if errors were more likely than not (q < ~), the receiver could interpret all 

received zeros as ones and all ones as zeros. He would thus ensure that q > ~. \\Te 

also assume that the sender and receiver agree upon a method of transmission 

ahead of time. If the receiver were capable of transmitting back to the sender. 

the problem would be reduced to one of error detection, since if an error were 

detected, the receiver could signal the sender for a retransmission. Consequently, 

we assume the receiver is unable or unwilling to transmit. 

Prior to transmission the sender converts the message to a sequence of bits 

by a process known as encoding. After transmission. the receiver retrieves the 

message through a process called decoding. If all sequences of zeros and ones were 

possible results of the encoding algorithm, errors would be impossible to detect. 

In such a case, the receiver could not detect an error in a received message. A false 

message would app('ar to be a valid message. Consequently, not all sequences of 

zeros and ones should be vnlid. The sender and receiver restrict the sequences 

used in an effort to make errors obvious. Each admissible sequence is called a 

codeword. Clearly all codewords should have the same length. 

One possible system employs the repetition of bits. First the encoder converts 

the message to binary using any convenient method. Then when transmitting 

the binary sequence through the channel, the encoder repeats each bit a fixed 

number of times, say five. \Vhen a 1 is to be communicated. the sender transmits 

11111. Likewise, when a 0 is be communicated, 00000 is sent. Since errors are 

unlil;:ely, the receiver would interpret 11101 as 11~.11. Similarly, any codeword 

with two or fewer errors is correctly interpreted as the bit which appears more 

frequently in the received message .. For one of the symbols to always appear 

more often, it is necessary and sufficient that the length of the codeword be odd. 

To generalize this, we define, as is usimlly done, a distance between se-
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quences of the same size. The Hamming distance heX, Y) between two sequences 

X and Y is equal to the number of positions in which they disagree. Thus 

h(11111,11101) = 1 and h(OOOOO, 11101) = 4. The decoding method is clear. 

VVhen a message Y is received the decoder interprets it to be the codeword X 

for which heX, Y) is a minimum. 

Assume that the sender and receiver agree on a set of codewords to employ. 

How many bit errors are tolerable? Let 171, be the minimum Hamming distance 

between codewords. As the above example illustrates, the receiver always cor

rectly interprets a message wi th no more than [m; 1] errors. Here [ ] denotes 

the greatest integer function. Vve call such a code an [m;l ]-error-correcting code. 

Consequently, when designing a code, the minimum Hamming distance between 

codewords should be as large as possible. 

There is another property of interest for codes, the rate of transmission. A 

code's transmission rate is measured ~ where I is the number of bits required to 

represent each unencoded symbol of the alp~·\abet and s is the number of. bits 

required to represent each codeword. The above code is slow. To communicate 

one bit of information, five are : transmitted. The above code, therefore, has a 

speed of t. Some of the error-correcting codes derived from circular BIBD's are 

faster, but all of them are still fairly slow. 

VVhen designing an error-correcting code, we wish to maximize the transmis

sion rate while maximizing the amount of error correction. These two goals tend 

to conflict. 

B.efore presenting codes from circular BIBD's, we discuss results about other 

codes. 

Shannon's Theorem [14, Theorem 7, p. 22] states the following: Let q be the 

probability of a bit error. Let € > a aud let 

R<C(q)=1+qlog2q +"(1-q)log2(1-q). 
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Then there exists an error-correcting code with transmission rate ~ R and the 

probability of a decoding error < E. 

To give a feeling of the numbers involved, C(l~) ~ .92 and C(l~O)'~ .99. 

Shannon's Theorem asserts the existence of codes which are arbitrarily efficient. 

However, the theorem provides no method to construct these codes. 

There are well-known codes that are relatively efficient, such as the Reed

Muller codes. These codes are well understood, and a method for construct

ing them is covered in most books on error-correcting codes. (1vlacMillian and 

Sloane [14, chapter 13], for example). 'Ve will not construct these codes here, 

but will state their major properties. 

Let m and 7' be positive integers with 7' :::; m. Then the rth order Reed

Muller code has a = 2t codewords where t = 1 + (';') + ... + (~l). The minimum 

Hamming distance between codewords is 2m -
I
'. The length of each codeword is 

2m • Thus, this code is (2m - r - 1 - 1 )-error correcting. Its rate of transmission is 

Below we show that these codes are more efficient than those arising from 

circular block designs. The Reed-Muller codes also have associated with them 

decoding algorithms which are readily employed using digital computers. 

To encode using a circular BIBD (8, B), let the alphabet A. be the set of 

all possible symbols which may appear in a message. Associate each block of 

B with a unique symbol from the alphabet A. 'Vhenever the sender wishes to 

communicate a symbol from A., he chooses a block associated with it and uses a 

binary representation of the block as its codeword ... 

For example, let (8, B) be (Z3b Bs), which is circular since 31 rt. 'Ps. Let A 

be the set of 26 letters of t.he alphabet and suppose the letter Q is associated 

with the block <I>1 + 17 = {2, 18,19,21, 25}. 'Vhenever Q is to be communicat.ed, 

the sender transmits its associated sequence of D's and 1 'so He then converts 
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this block to zeros and ones and transmit the resulting sequence. Below, we 

discuss how the conversion to bits is accomplished. For the moment, we assume 

the actual points of the block constitute the codewords rather than the binary 

representations of the points, so as to illustrate how the circularity of the initial 

BIBD facilitates error-correction. 

Suppose there is an error in transmission and {3, 18,19,21, 25} is the received 

message. Viewing this block as a sequence of five points from Z31, the decoder 

sees that {3, 18, 19, 21,25} is not a block of (Z311 Bs) and determines that there 

has been an error in transmission. He finds that {2, 18, 1D.21.25} is the block 

which most closely resembles the received message, and concludes that the in

tended message is {2,18,lD,21,25}. 

In general, this reasoning is possible when there are 5 elements in a block 

(codeword) and at most one error in transmission. Given a received message 

with at most one error, the nearest codeword, using the Hamming distance, is 

the correct block. Any pair of codewords differ in at least 3 points since the 

design is circular. To reiterate using the above terminology, no two codewords 

(blocks) have more than two points in common. Therefore, the minimum Ham

ming distance between codewords is 3. Hence, this is a I-error-correcting code. 

"\Ve emphasize that this counts point errors rather than bit errors. 

In general, the circularity of the BIBD ensures that no two blocks have more 

than two pOllltS in common. If each block is viewed as a sequence of points of the 

design, circularity ensures that the minimum Hamming distance between blocks 

is k - 2. Accordingly, the code is [k;3]-error correcting. 

The actual numbers involved, the minimum Hmn.ming distance between code

words and the ensuing bit-error tolerance, vary according to the method by which 

a block is transformed into a sequenc;e of zeros and ones. However, in each case 

the circularity of the initial design ensures that the minimum Hamming distance 

is not too low. Therefore, the code admits a· degree of error correction that would 
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not be possible if the design were not circular. 

(B) \Ve now turn our attention to the methods by which each block is 

converted into a sequence of zeros and ones. There are two methods for creating 

error-correcting codes from circular BIBD's. 

Method 1. Let (5, B) be a circular BIBD, and let A be our alphabet with 

a = IAI. Number the v elements of 5 starting with zero, i.e., 0,1, ... , v-l. 

The codewords are rows of the incidence matrix of (5, B). Specifically, 

associate each block of B with a unique symbol of A. \Ve write bx E B to 

denote the block associated with x E .4. 

Communication of x is achieved by transmitting the row of the incidence 

matrix that corresponds to bx , that is, transmit the sequence So, St, •.• , Sv-b 

where 
. _ {I if i E b;r 

Sz - ••• o If 1 rt bj •• 

To continue with the previous example, suppose (5, B) = (Z3b B5)' If the ele

ments of Z31 are numbered fron~ 0 to 30 in the natural way, then Q, associated 

with {2, 18, ID, 21, 25} as above, is encoded 

0,01000,00000,00000,00110,10001,00000. 

(Commas are inserted for ease of reading. ) 

In general, every pair of blocks of B have at least k - 2 different points, since 

the design is circular. Therefore, the minimum Hamming distance between code

words is 2(k - 2). This is a (k - 3)-error-correcting.code. To omit uninteresting 

cases, assume k ~ 4. 

'Ve can also calculate the transmission rate of this code. To send an unencoded 

symbol of A requires [log2(a-1) + 1] bits, while, transmitting an encoded symbol 

requires v bits. Hence, the transmission rat"e is ([log2(a - 1)] + 1)/11. Since each 
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block is ,associated with a 1tnique symbol of A., it is necessary that there are 

more blocks than codewords, .i.e., b;::: a = IAI. Using the formulas bk = vr and 

r(k - 1) = A(V - 1) from Proposition 1.1.1 and A(I.~ - 2) :::; II - 2 from Lemma 

3.2.1 we conclude that 

a<b=vr=v(v-l)A(k-2)<v(v-l)(v-2)< v3 
• 

- k k(k - 1)(k - 2) - k(l.: - 1)(1.: - 2) (k - 2)3 

We derive an upperbound for the transmission rate as follows: 

T 
.. [log2(a-l)+I] log2 a + 1 

ransmlSSlon rate = < ----"""'----
v - v 

310g2 V - 310g2(k - 2) + 1 
< . 

v 

If k is constant, this last expression is a decreasing function of v when v > e-&'4. 

Dy assumption k ;::: 4. Hence, v ;::: A(k - 2) + 2 ~ 2(k - 2) + 2 ;::: 6. Therefore 

t.he maximum value of this last expression occurs when v = 6 and k = 4. \Ve 

conclude that the transmission rate is less than 3Io~~ 6-31°ti~~(4-2) +1 ~ .5G25. As 

the alphabet size increases, v must increase and thus the rate decreases. \Ve 

emphasize that when k = 4, the' code is only I-error correcting. If k is increased 

in an effort to tolerate more bit errors, the rate decreases. 

Compared with the Reed-muller code this code is inefficient. 'When r = m-2, 

the Reed-Muller code is 1-error-correcting, and its rate of transmission is 1- ~~1. 

Thus, the rate can be made arbitrarily close to 1 by increasing m. Hence, the 

Reed-Muller code is an improvement over circular codes when m ;::: 4. 

On the other hand, if r = [';] the rate of transmission of the Reed-Muller 

code is 0.5. This approximates the upperbound for the rate obtained with the 

codes above. However, it is (2 t - 1 )-error correcting where t = [m;l]. This is an 

improvement over the circular codes when m ;::: 5. 

Whether one wishes speed or reliabilit.y, the Reed-IVluller codes m·e better than 

the codes from Method 1. 
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Method 2. Again, let A be the alphabet with a = IAI, and let (S, B) be a 

circular BIBD. Aga.in, number the elements of S from 0 to v - 1. The 

codewords axe binary representations of different permutations of the blocks 

of B. Specifically, let £, be a collection of permutations of I.: letters such 

that for any two permutations J.l, 1/ E .c, J.l-1 1/ has at most two fi. .... ed points. 

Let bS be the elements of b viewed as a sequence. That is to say, for each 

block b, select an ordering of its elements {eb ... , ed and let bS be the 

sequence (ell ... , ek). Let the set of all permutations of k letters act on 

all sequences of length k by permuting the terms of the sequence. Thus, 

if bS = (ell ... , ek) and J.l E .c then J.lbs = (e/l(l), ... ,e/l(k)). The codewords 

are the binary representations of all sequences J.lbs with J.l E .c and b E B.z,. 

In our example, order the elements of each block of (Z3b Bs) with the obvious 

ordering, the one utilizing the numbering of the elements. For example, b = 
{2, 4, 8,16,1} is a block and bS = (1,2,4, S, 16) is the block viewed as a sequence. 

Let "idk" be the identity permutation of k letters. If idk E .c, this block gives 

rise to the codeword 

00001,00010,00100,01000,10000 

If (12345) and (13524) are permutations of .c, then the sequences (12345)bS = 

(2,4,8,16,1) and (13524)b S = (4,8,16,1,2) give rise to the codewords: 

00010,00100,01000,10000,00001 

and-

00100,01000,10000,00001,00010. 

In general, if .c = {idd, the minill~um Hamming distance between codewords 

is k - 2, since the BIBD is circular. Thcrefore, the code is [k;3]-error correcting. 

If .c :? id, the restriction placed 011 C in rdethod 2 cnsures that the code is always 
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[k;3]-error correcting. To prove this, recall that since (S, B) is circular, Ibnbl ~ 2 

for all b, b E Bep with b =f. b. Since rearrangement of the sequence cannot allow 

any more positions to agree, h(p.bs , vll) 2:: 2 for any p., v E .c. Likewise, 

h(p.bS,vbS) _ h(bS,p.-1vbS) 

- l.~ - (number of fixed points of p.-1v) 

> l.~ - 2. 

Thus the minimum Hamming distance is k - 2 for the collection of all se

quences of the form p.bs with b E Bep and p. E .c. This is a lower bound for the 

minimum Hamming distance between codewords - when the above sequences are 

represented in binary - since two elements disagree if and only if at least one 

pair of corresponding bits of their binary representations disagl.'ee. Therefore, the 

code is [k;3]-error correcting. As before, to avoid uninteresting cases, we assume 

k? 5. 

vVe now estimate the transmission rate for the code of !Vlethod 2. 

Each of the v elements; of S is represented in binary usmg 

[log2(v -1) + 1] bits. It follows that each codeword has length k[log2(v -1) + 1] 

bits. The transmission rate is therefore [log2(a - 1) + 1J1[ldogiv -1) + 1]. 

Vve remark in passing that the code of IvIethod 2 is generally quicker than 

the code of I\·lethod 1. "Then k ~ .JV and 11 > 16, the rate of transmission for 

Method 1 is less than that of Method 2, i.e., 

log2 a < log2 a 
v 1..·log2 v 

'. 

vVe wish to maximize the transmission rate for the code of Method 2 without 

reducing the error-correcting capabil.ity. Accordingly, we consider k fixed. vVe 

also assume that a = 1.4.1 is fixed. The transmission rate is maximized when 11 is 

minimized. 



CH.4PTER 4 . . 4PPLIG.4TIONS OF CIRCULA..RIT1" TO CODES 61 

There is one constraint on v that is buried in the following constraint. There 

must be more codewords than symbols in our alphabet. Therefore, lEI· lei > a. 

The parameter v is minimized when lei is maximized. 

Proposition 4.1.1. Let k ;:::: 3. If e is a set of permutations on k letters 

with the property that f-l-1 v has at most t·wo fixed points for all IL,11 E e, then 

lei < k(k - l)(k - 2). 

The author expresses his thanks to Clark Denson for his aid in formulating 

and proving this proposition. 

Proof. Every f-l E e is a map f-l : {1, ... , h:} ~ {1, ... , q. The properties on e 
can be reworded as follows: 

I {i : p( i) = v( i)} I :s; 2 for any distinct f-l and v in e. 

For all s,t,'lL,V E {l, ... ,k} with s"l- 'll and t"l- 'V, define 

Cs/t,u/v ~= {f-l E e: Il(S) = t,p{u) = v}. 

Let C be the collection of all such Cs/t,u/v' View Cs/t,tt/v as a block in 

a structure (e, C). This structure need not be a DIBD. However, if this 

structure is analyzed as the BIDD was in Proposition 1.1.1 we will prove 

the proposition. The details follow. 

,,\Ve claim that ICs/t,u/vl :s; k - 2. To prove .this, let w be all clement of 

{1, ... ,k} \ {s, u}. There are only l~ - 2 choices for w. If we show that 

any two permutations of CS/t,Il/1) must act differently on 'lV, our claim is 

proved. Assume, by way of contradiction, that there exists p, v E C .• /t,u/I) 

with p( w) = v( w). Then 11 and 11 are two permutations that act identically 
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on each of s, u and w. This contradicts the assumptions upon £. Therefore, 

there can exist no such It and v and our claim is proved. 

The proposition is prov.ed by approximating the number of incidences of 

this design in two ways: 

1£1· (number of blocks containing each perm.) 

< (number of blocks)· (maximum number of perm. per block). 

Each permutation J.L E £ is contained in the (;) blocks {Cx!tt(x),Y//-L(Y) : x f. 
y} since given any two distinct elements x, y E {I, ... ,k}, J.L E CX!tL(X),Y//-L(Y) 

amI J.L is in no other blocks. ';Yhen choosing an arbitrary block Cs/t,u/v there 

are (D choices for {8, u}, k choices for t and k - 1 choices for v. Thus, the 

number of blocks is (;)k(k - 1). The maximum number of permutations 

per block is k - 2 by the above claim. Therefore, 

1£1 (~) ~ (~) J.:(k - l)(k - 2). 0 

vVe mention in passing that this maximum is at least achieved for k = 3,4,5 

when £ is S3, Sol and ..15 , respectively, and in general, any sharply 3-transitive 

set attains this maximum and satisfies the conditions on £. 

vVe continue with the estimation of the transmission rate 

[log2(a - 1)] + 1 
/,:[log2(v - 1) + 1] 

by using Proposition 4.1.1, the assumption that our underlying BIBD is circular 

and-the inequality >'(k -2) < v - 2 from Lemma 3.2 .. 1. vVe conclude, in a fashion 

similar to before, that 

a ~ IEI·I£I ~ v; I.:(k -l)(k - 2) . v(v -l)>'(k - 2) ~ v(v - l)(v - 2) ~ v3
• 

Therefore, 
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The last inequality follows from our assumption on k. Since k 2:: 5 it follows 

that v > 14, by 2k - 3:S; V4v - 7, and thus IO:2 v < k. 
This gives an upper bound for the transmission rate. The upper bound attains 

its maximum value of ~ when k = 5. However, when k = 5, the code is only 

I-error correcting. To increase the error correcting capabilities, it is necessary 

to increase k and thereby reduce the transmission rate. If we need a 2-error

correcting code, then k must be at least 7. In such a case, the transmission rate 

does not exceed ;~. A 3-error-correcting code has a transmission rate below ~~. 

In general, a t-error-correcting code has a rate of transmission below 6:~9. TIlls 

is a poor trade-off between error correction and rate of transmission. Indeed, 

the Reed-Muller codes discussed directly before Method 2 are faster and more 

reliable than these. 

Clearly, these codes are poo;l'. To use these codes for the sole purposes of 

correcting errors is inefficient. 

4.2 Cryptology 

In this section we discuss some of the main concepts associated with ensuring 

that a communication is private. This section familiarizes the reader with the 

main points of cryptology. Its main purpose is to justify the assumptions that 

are made about the type of information that is available to an eavesdropper. A 

reader who is familiar with cryptology may skip to the end of this sectioll and 

simply read our assumptions. 

A sender wishes to communicate with a receiver. IvIessages are transmitted 

through a channel, but the channel may no't be secure. The sender and receiver 
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fear that an eavesdropper is listening to their messages. They prefer to keep 

the eavesdropper ignorant of their communications but are unable to prevent 

this third party from receiving the messages. For example, if the transmission 

is by radio, anyone may listen to the communications. Likewise, if the channel 

is a transatlantic cable, it is virtually impossible to ensure that the cable is not 

tapped. The sender and receiver are not capable of preventing the eavesdropper 

from listening, but they can alter the form of the message in a prearranged 

manner in an effort to confound an outside party. 

vVe begin our discussion with some terminology. "\Ve will use the term code to 

denote the process by which a message is encrypted. The altering of a message 

in a secret manner is called encr'lJption or enciphering. For historical reasons this 

is sometimes called encoding. A message before encryption is called plaintext, 

while an encrypted message is a cryptogram. The term alphabet is used to denote 

the set of all possible symbols which maybe used in the plaintext. The alphabet 

may contain more than just letters. For example, it may contain the digits 

0, ... ,9. The process of retrieving the plaintext from a cryptogram by a person 

who knows the entire encryptiOll process is called decryption or deciphe7·ing. The 

word decoding is also used in the literature. The third party who is attempting 

to determine the plaintext from the cryptogram without knowing the code is an 

eavesdropper or a cryptanalyst. If this party succeeds in his task, we say that he 

has broken or cracked the code. 

How are cryptograms made? Ivlethods of encoding are numerous. They are 

too numerous, in fact to attempt to categorize them here. Indeed. the nature of 

the subject dictates that a complete list of all exisUng methods of encryption is 

impossible to compile. 

Are there unbreakable codes'? At l~ast one exists, the one-time pad. However, 

it is unwieldy to use, as we shall see below. Occasionally, a concise code is pro

duced that is thought to be unbreakable. It:usually is not. A sig-nificant example 
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is the code employing the ENIG1VIA machine. This code was used by the Nazi 

command during vVorld 'iVaI' II and was broken by the allies before the Battle for 

Britain. The Germans, convinced that their code was unbreakable, consistently 

used it throughout the war. Meanwhile, the allies always decrypted the Ger

man orders only hours after they had been issued. Often the allies knew of the 

orders before they were received by the' German generals themselvp.s. Knowing 

this (and other) examples of "unbreakable" codes that were broken, cryptana

lysts generally hesitate to call a code unbreal\:able. Indeed, general standards for 

determining the security of a code are not publicly known. 

vVe give two examples to illustrate the concepts behind codes and code break

ing. This is by no means even a partial survey of the subject. The interested 

reader is referred to Sloane [16] for a general overview, vVay [18] for a historical 

perspective, or Cooper [7] or Hill [12,13J for some lllathelllat.icallllethods. 

The One-Time Pad. TIllS is the only code publicly known to be secure. 

The sender and receiver have duplicate copies of a sufficiently long random 

sequence of zeros and ones. This random sequence is called the key. To encrypt 

a message, the sender converts the message to a binary sequence using any con

venient method. Then the key is added to the sequence bit-by-bit modulo 2, i.e., 

without carries. 

In the following example, the letters of the plaintext alphabet are numbered 

from 1 to 26 by a = 1, b = 2, ... ,:; = 26. The letters of the plaintext message 

are converted to a sequence of bits via the binary representation of the number 

associated with each letter. 

Plaintext: c 'l r c it I a 
Decimal: 3 D 18 3 21 12 1 

Binary: 00011 01001 10010 00011 10101 01100 00001 
Key: 01100 10100 10111 01100 10101 11101 10010 
Suml" 01111 11101 00101 01111 00000 10001 10011 
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The sum is transmitted. The receiver decrypts by adding the key to the re

ceived message and converting from binary to letters. Meanwhile, the eavesdrop

per is totally baffled. Since the key is random, the sum of the key and message 

could be any binary sequence, each with equal1ikelihood. The eavesdropper has 

no copy of the key. From his perspective, the message could be literally anything. 

The random sequence must be changecl regularly. Otherwise, the cryptanalyst 

could try all possible sequences and eventually determine the correct one. No 

further communications are secure. In practice the key is changed with each 

transmission, hence the name of the code. It is worth noting that the cryptanalyst 

gains no advantage with the knowledge that the one-time pad is the method of 

encryption. 

\Ve comment that the rate of transmission is 1. The one-time pad has no 

error-correcting capability. 

The trouble with this code is that it requires as much key as message. The real 

life implications of this code render the one-time pad infeasible for large numbers 

of transmissions. However, it is no doubt used for messages whose security is 

critical. 

\Ve have now seen some of the basic concepts. Every code has a procedure 

and a key and the procedure remains fixed. (If the procedure changes we say 

that a new code is employed.) The key, however, illUY be changed at will and is 

changed as often as is feasible. For example, in the case of the one-time pad the 

encrypter always adds the key to the binary sequence. However, the actual key 

varies with each usage. 

Substitutions Ciphers. A cipher is a type of code in which encrypting 

proceeds letter by letter (as opposed to encrypting whole words at a time). Each 

letter of the alphabet is encrypted by replacing it with an alternate symbol 

(later we discuss the use of many symbols for each letter). One method uses the 

alphabet itself as the set of encrypted symbols; The key for such a code is a 
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permutation of the alphabet. An example follows. 

a b c d e f 9 h z J k I rn 
I z t c 0 u n .f J q '" b 9 
n 0 p q r s t u v w x y z 
p d k y h m a e r x w s v 

An example using this substitution c~pher is: 

Plaintext: c z r c u I a r B I B D 
Cryptogram: t J h t e b I h J z c 

A substitution cipher is easy to break if the cryptanalyst possesses a mod

erate amount of encrypted text. The substitution of letters does not mask the 

frequency with which letters appear in the language. For example, in German, 

French and English, the most common letter is "e." The cryptanalyst analyzes 

the enciphered texts and determines which symbol appears most frequently. This 

symbol is most likely to be the encrypted form of "e." The cryptanalyst knows 

the relative frequency of all letters of the alphabet. He calculates the relative 

frequencies of each symbol in the scrambled text. He compares these with the 

known average frequencies of the languages which may have been used for the 

plaintexts. This giyes an excellent starting point from which to guess what each 

symbol represents. Of course, the relative frequencies for any particular text vary 

from the average frequencies, especially for short texts. However, the cryptana

lyst knows this. He uses the frequencies to formulate a starting guess for each 

symbol. He modifies this through intelligent guessing. 

This method for breaking a substitution cipher rests on two assumptions. vVe 

assume that the procedure for the encryption is known to the cryptanalyst. All 

that needs to be determined is the key. 'Ve also assume that there is a sufficiently 

large amount of encrypted text ayailable for analysis. About the former, when 

testing the security of a code, one must assume that the eavesdropper knows the 

method of encryption. If the sender and receiver employ the code for any length 
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of time, the method eventually becomes known by t.he eavesdropper. The reason 

for this is that codes are used by people and not all people in an organization can 

be trusted. A perfect example is a Polish worker for a German factory who was 

dismissed in 1938. He informed the allies that his former job entailed the produc

tion of ENIGMA machines. Once aware of the location of the producing factory, 

the allies were able to find workers who produced the machines. By interviewing 

these former employees of the factory, the allies were able to make a replica of the 

machine. In this way, the German encryption method was completely known to 

the allies. In general, any organization large enough to render the one-time pad 

impractical has potential traitors. The human element demands this assumption. 

The assumption that the cryptanalyst has some amount of encrypted text is 

also necessary. If the code is only used for one brief message, then it is equivalent 

to the one-time pad for all practical purposes and is unbreakable. ,\Ve therefore 

assume that the cryptanalyst has some samples of encrypted text. 

There is a manner in which the sender and receiver might confound the de

ciphering method employing relative frequencies. The idea is to use a varying 

number of encryption symbols for each letter of the alphabet. For example, e 

occurs 42 times as often as q in an average English text. Let there be 42 times 

as many symbols for e as there are for q. Likewise, let each letter have a number 

of symbols proportional to its average relative frequency. ,\Vhen a letter is to 

be transmitted and there are many encryption options, choose one randomly. 

With such a method each encryption symbol appears equally often in an av

erage cryptogram. It follows that the method of testing relative frequencies is 

ineffective. 

vVhile this variation of the substitution cipher defeats the cryptanalyst utiliz

ing relative frequecies, it is not secure. This system is vulnerable to an encryption 

method th~t ,.defeats all substitution ciphers. Should the cryptanalyst ever get 
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copies of pairs of the form 

(plaintext message, encrytped message), 

then the determination of the meaning of each symbol is straightforward. The 

cryptanalyst simply matches plaintext to cryptogram. The process is not par

ticularly time-consuming. The nature of cryptology requires that we assume the 

eavesdropper is able to obtain such pairs. 

vVe conclude this section by listing the assumptions we use about the eaves

dropper's knowledge. 

• The eavesdropper knows the method of encryption. 

• The eavesdropper has a large amount of encrypted text to analyze. 

• The eavesdropper has some pairs of plaintext and matching cryptogram. 

4.3 Cryptology and Circularity 

vVe present five procedures for encryption which arise from the theory of circular 

ring-generated BIBD's discussed in Section 3.4. To employ one of these codes, 

the sender and receiver select a procedure and a BIBD (R, B~) to use. As stated 

at the end of the last section, we assume that the procedure is known to the 

eavesdropper. Thus, the key for each code is the BIBD (R, B~) itself. In some 

procedures we also choose a fixed point s ERas a part of the code. 

The general procedure is as follows. The plaintext message is converted to a 

sequence of numbers using any convenient method. This sequence of numbers is 

viewed as a sequence of points of R. (Usually there are many ways to do this.) 

Then this sequence of points is scrambled using one of the five procedures listed 

below. This scrambled sequence of points is viewed as a sequence of numbers 

and transmitted to the receiver. The receiver reverses the encoding process. He 
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views the received message as a sequence of points of R. He unscrambles t.hese 

points and obtains a new sequence of points. These new points when viewed as 

a sequence of numbers translate into the plaintext message. 

We wiI give five procedures for scrambling the points R, shortly. First. we must 

discuss how a plaintext is viewed as a sequence of points of R. TIlls procedure 

which changes the plaintext to a sequelice of points is a necessary step during 

encryption. However, we do not consider it as a portion of the encryption process. 

The reason for tIlls stems from the discussion of last section. If the method 

by which the points are scrambled is discovered by the eavesdropper, he could 

unscramble the points. Then the eavesdropper only needs to determine which 

points of R correspond to which letters of our alphabet. Thus, the problem of 

breaking the code is reduced to one of breaking a substitution cipher. In the 

previous section, we showed that substitution ciphers are quickly broken under 

our assumptions. Thus the strength of the codes from circular BIBD's lie with 

the method used to scramble the points, not with the method used to interpret 

the plaintext as a sequence of points of R. Therefore, the encoder uses any 

convenient method to interpret the plaintext as points of R. The problem is to 

encode a sequence of points of R. 

Before proceeding to methods to encrypt points of R, we discuss one proce

dure that converts a plainte:::-;:t to a sequence of points of R. But first we must 

discuss a method by which a BIBD (R, B<I» is represented. In actual practice the 

representation of (R, B<I» is crucial. Thc representation is included as a portion 

of the key. 

A BIBD which is the product of field-gencrated designs is efficiently repre

sented, so we assume our BIBD has t.hb construction. This is a. useful assump

tion since Theorem 3.4.~ characterizes when these designs are circular. All our 

designs have the pare.meters /..:, u = p~l '" p~n, b = 11(11;1), r = v-I, >. = k-1. 

Let k > 2 he given and iet PI, ... ,Pn be primes none of which are in Pk. Let. 
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eb"" en be such that p~i == l{mod k) for 1 = 1, ... , n. Let Fi = GF(p~i) and let 

R = FI EB ... EB Fn. Let ¢>i E Fi \ {O} be of order k for each i. Thus, (Fi' B(<!>i» 

is circular by Theorem 3.3.8. Let <I> = {( ¢>L ... , ¢>~) : j = 0, ... , I.: - I}. Then 

(R, B<r» is a circular BIBD by Theorem 3.4.5. 'Vhen employing these codes, one 

must be concerned with the representation of Fi. View Fi as Zpi[x]j(mi(x», 

where mj( x) is a monic irreducible polynomial over ZPi of degree ej. Thus, each 

rPj is a polynomial rPi(X) in ZPi [x}/(mi(x»). To represent (R, B<r», one must record 

the numbers k, n, PI, ... ,Pn, el, ... , en and the polynomials ml (x), ... ,mn( x) and 

rPI(X), ... ,rPn(x). 'Ve need only record the coefficients of the polynomial. Thus 

mi( x) and rPi( x) are represented by ej numbers. Therefore, (R, B'f» is represented 

by 2 + 2n + 2N numbers where N = L:~I ej. 

The apparent strength of these codes arises from the large number of possible 

keys. Indeed, given I.; > 2, n can be any positive integer. Each Pi is arbitrary and 

there are infinitely many choices for each ej. There is some choice for mj(x) and 

¢>j. vVe use the term "apparent strength" since there is no reliable method with 

which to determine the security of a code. There are codes for which the numbers 

involved are large yet the code is easy to crack. (See Sloane [16, section3b) for 

an example.) 

Example. Let k = 4, n = 2, PI = 31, P2 = 7, ntdx) = x2+1 E Z3I[X}, m2{x) = 

x2 - 3 E Z7[X}, FI = Z3dx]j(mt{x», F2 = Z;(x}/{m2{;v» and R = PI EB F2. An 

arbitrary element of R is 

(ax+b.cx+d) a,bEZ31; c,dEZj. 

Such an element may be represented by the four numbers a, b, c, d. Addition of 

the elements of R proceeds componentwise: 

(a, b, c, d) + (fl, b, c, d) = (a + Cl, b + 1), c + c, d + d) 

where the first two components are added modulo 31 and the last two are added 
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modulo 7. Likewise, 

(a, b, e, d) . (fL, h, c, cl) = (ah + ub, bb - aa, eel + cd, del + 3ec) 

where the first two components are evaluated modulo 31 and the last two are 

evaluated modulo 7. Choose 4>1 = 1x + 0 E Fl and q;2 = 4x + 0 E F2 • Then 4> is 

represented (01,00,4,0), and 

<I> = {(01, 00,4,0), (00, 30,0,6), (30, 00,3,0), (00. 01, 0,1)}. 

To convert a plaintext to a sequence of points of R = FI EB F2 , we separate the 

letters into groups of three. If the last group does not contain three letters, we 

add random letters to make up the difference. vVe convert the letters to numbers 

using a = 01, b = 02, ... , z = 26, (space) = 27. However, we write the last 

number of each group base seven. Then view each group as a point of R. For 

example: 

Plaintext: circulari ty 
grouped: Clr cuI an tyx 

numbered: 030924 032115 011812 202533 
points: (03,09,2,4) (03,21,1,5) (01,18,1,2) (20,25,3,3) 

This illustrates the necessity of writing the last numbers of each group in base 

seven. 

For our purposes, 31 and 7 are bad primes to use. In general, the primes 

PI, ... ,Pn are large, maybe 40 digits. However, there is another reason to reject 

31 and 7, which now we discuss. 

vVhen encrypting, the message is translated into a series of elements of R. 

These elements are in turn scrambled into a different series of elements which 

are transmitted to the receiver. 'Ve stress that the output of the scrambling 

procedure is a (seemingly random) sequence of points of R represented as a 

sequence of digits. The drawback with the primes 31 and 7 is that not all digits 
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appear equally often in all positions. In our example, the first, third, seventh, 

ninth, etc. digits of a cryptogram are ahvays 0, 1, 2 or 3. Furthermore, whenever 

a 3 appears in one of these positions, a a follows. '~Te assume the cryptanalyst 

possesses an amount of encrypted text and notices this occurence. 'Ve also 

assume he knows the encryption process. He can easily guess 31 to be one of the 

primes we are using. Likewise. that 7 is 'the other prime is fairly obvious. 

Similarly, 97 is not a good prime to use. Although each digit 0, ... ,9 appears 

in the first decimal place in the list 00,01, ... ,96, the 9 appears only 7 out of 97 

times. This varies from lout of 10 in a list of random integers. Since we have 

assumed that the cryptanalyst has a number of samples of encrypted text, he 

surely notices that the 9 does not appear as often as it would in a list of random 

numbers, and from this information, he may easily determine the possible number 

of digits in each prime by noting the position of each place where a digit does 

not appear one-tenth of the time. He thus determines a rough size estimate of 

the primes used. 

There are three ways to prevent a cryptanalyst from obtaining useful infor

mation from tIns line of reasoning. First, choose each prime Pi such that each 

digit appears roughly equally often in each position of the decimal representa

tions of the elements of Zpi' For example, 0001, 00990001, 099999000001, and 

9909099900000001 are good primes to use. 1 

The second method is similar to the first. Let b be fixed. If Pi = bnj 
- aj for all 

Pi where aj is small relative to bnj
, then write all numbers base b. This ensures 

that each digit appears almost equally often. 

The last method is simply to choose large primes. If the cryptanalyst knows 

that the prime is DO-digits long and is between 8· 1090 and 9 . lOvo, he still has 

relatively little information with which to determine the prime. In addition, if 

IThat these four number are prime is cited from D.II. Lehmer, "Tests for Primality by the 
Converse of Fermat's Theorem," Bull. Amel·. l\Iath. Soc. 33, 32i. 
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the primes are la.rge enough, it is infeasible for the cryptanalyst to receive a 

sufficient amount of encrypted messages with which to pelform such analysis. 

vVe now present five encryption methods utilizing circular BIBD's. In each 

procedure we assume that the plaintext is already represented as a sequence of 

points of R. 

Method 1. Let k = 4. We encrypt the points of our seq1£ence one at a time. 

To communicate x E R, choose any block f3 E B with x E f3. Transmit f3 \ {x}. 

Therefore, there are r = v-I ways to encrypt x. The received points u,v,w 

are decrypted by finding the block f3 that contains them. There is a uniq'ue block 

since the design is circular. The intended message is the point of j3 'which was 

not tmnsmitted. 

Method 2. Let k = 5. Choose a point s E R to be a portion of o'ur key. Choose 

s s1£ch that it never represents a seq1£cnce of plaintext. We encrlJpt the points 

of R one at a time. To transmit x, choos e a block fJ containing x, s. Transmit 

f3 \ {x, s}. There are A 'ways to encode each x. the recei'ued elements tt, V, ware 

decoded by finding f3 E B such that tt, v, w E /3. Again there i,q a 1tniq1£e block 

since the design is circ1tlar. The intended message is f3 \ {It, v, tv. oS}. 

It might seem that Methods 1 and 2 can be generalized. Let k > 5. Choose 

"1, ... , s{ E R with I = k - 3 as additional key. Encrypt .L by finding a block ;3 

containing x, S], ... , s{ and tranmitting f3 \ {x, s], ... , sd. However, in general, 

there does not exist a /3 containing 1 + 1 arbitrary points. Thus the encryption 

process would break down for some x E R. Thus this line of generalization is 

inappropriate. 

Method 3. This is similar to Method 1. Let k = 4. Pick an arbitrary element 

s E R and view it as a portion o/the key. Aga.in, choose .5 such that it rf!prC8ents 
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no plaintext. To encode x E R choose any block /3 which contains x and s. 

Encrypt x as f3\ {s,x}. There are.,\ ways to encrypt each point. To decrypt 'll,V, 

find the unique block containing u,v,s. The intended message is f3 \ {u,v,s}. 

Method 4. Let k > 2 be arbitrary. To encrypt x, pick any basic block cI>c. 

Transmit any three elements of cI>c + x: There are ~ (;) ways to encrypt each 

element of R. The received points tt, v, ware decrypted by finding the 1tnique 

block f3 which contains them. The center x of the block f3 = <I>c + x is 1tniq1le by 

Proposition 1.1.2. The intended message is x. 

There is a direct method to find x if one only knows the elements of <I>c + x 

when the underlying group is abelian. Since all our BIBD's are asswned to be 

ring-generated, this method is worth mentioning at tins point. Calculate the sum 

of aU the elements of this block. 

I: ( rPc + :1:) = (I: rPc) + I <I> I x = (I: <p)c + kx = b: 
.pE<P .pE<P ¢>E<P 

The last equality follows from Result A.4 which states (L:¢>E<P rP) is the zero map. 

It' follo,~s that x = k-1 ('LPEf3 p). This method is not restricted to ring-generated 

designs. It applies to any (G, B<p) where G is an abelian group with the property 

that every equation b = kx has a unique solution ;v for every bEG and integer 

k. In practice, however, there is a more direct way to determine the center of a 

block. This more direct method follows Proposition 4.3.1. 

Method 5. This method is similar to Method 4. Let I.: be arbitrary. Choo~ e 

an arbitrary s E R and consider this element as a portion of the key. Again 

choose s s'uch that it represents no plaintext. Encrypt x ERas any two elements 

of <I>c + (s - c) which are not s. (Note: s is an element of this block.) There 

are e; 1) ways to encrypt x. The received points 'U, V are decoded by finding the 

1tnique block fJ = <I>a + t containing u, tI, s. The intended message is s - t. 
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If there are more ways to encrypt each point, the cryptanalyst must obtain 

more matching pairs of plaintext and cryptogram to succeed in his analysis. It is 

apparent that a code with more ways to encrypt each point is harder to crack than 

a code with fewer. As we see below, increasing the number of ways to encrypt 

each point does not hamper the decryption process for a legitimate receiver. It 

is therefore desirable to increase the tota:l number of ways to encrypt each point. 

Method: 1 2 3 4 5 
Number of ways 
to encrypt r ). ). !:e) k 3 

(k;l) 
each point: 

In general, the parameter k is small. This is due to the difficulty of calculating 

P k when k is large. It is crucial to know P k to guarantee that the BlED is circular. 

Therefore, the number of ways to encrypt each point for IvIethods 2, 3 and 5 is 

small. (Recall, ). = k -1.) However, r = v -1. The total number of points v can 

be made large with little difficulty. Hence, f..,Iethods 1 and -1 have a large number 

of ways to encrypt each point. It appears that these codes are hard to break. 

vVe end this section with a discussion of the decoding process. 

The decoding process of each of these procedures requires the receiver to solve 

the following problem: 

Determine the block containing 3 distinct points u, v, w. 

The receiver knows that H, v, ware contained in some block because they are 

the result of the encryption process. 

Proposition 4.3.1. 

u, v, w E (3 {=> ::la, c 'with 0, 1, a E cI>c - c, u - v = 0.( W - v), 

and (3 = cI>c(w - v) + (v - c(w - v)) 

Proof. If u, v, w E (3, then'll E A v •w • 

, .. H E A vtw <==:} II - v E Ao.w - v ¢:::::::} 11 - l' E AO.1 (to - v) 
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The first " {:==? " is by Lemma 1.2.3. The second is by Corollary 3.4.3. Let 

a E Ao.! be such that u - v = a(w - v). Let C be such that 0,1, a E <I>c - c. 

Then 

0, w - v, u - v E (<I>c - c)( w - v) = <I>c( w - v) - c( w - v). 

Therefore, U,v,W E <I>c(w - v) + CIJ - c(w - v». By circularity this last 

block must be (3. The converse is obvious. 

The procedure for decrypting follows. Before receiving the cryptogram, the 

receiver calculates AD.!. Furthermore. he makes a list of ordered pairs 

(a!, Cl), ... , (a.\(k-2), C,\(k-2» 

where at, ... , a,\(k-2) are the elements of AO•l and 0,1, ai E cI>c; - Ci for i = 
1, ... , ,\(k - 2). To determine the block containing u,v,w, calculate al(w - v), 

(L2( w - v), . .. until finding j such that aj(w - v) = II. -11. Such a j must exist by 

the above Proposition. Then 

u,v, wE <I>Cj(w - v) + (v - Cj(w - v)). 

After employing this proceedure to decrypt a cryptogram arising from l'vleth

ods 1, 2 or 3, the receiver must then calculate the points of this block to decrypt 

the message. However, if the procedure used is :Method 4 or 5, there is no need 

to calculate the points of the block. In such a case. t he message is v - Cj( W - v). 

Since lAo.! I = )'(k - 2) = (k - l)(k - 2), there are vcry few multiplications to 

perform. It follows that Methods 4 and 5 decrypt quickly. 

We emphasize that the number of multiplications necessary to decrypt de

pends only on k, not v. This supports our previous remark that increasing the 

number of ways to encrypt each point does not reduce the speed with which 

decryption is performed. 
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In conclusion, we remark that 11Icthod 4 is probably the most desirable to 

employ. It possesses a quick decryption algorithm. In addition, it offers a. large 

number of possible encryptions of any plaintext. Thus. cracking this code requires 

the eavesdropper to perform a large amount of analysis. 
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Appendix A 

Fixed-Point-Free A utomorphisms 

Collected in this appendix are some of the basic results of groups of fixed-point

free automorphisms. vVe use the following notation: G is a finite, additive (not

necessarily abliean) group and <} is a group of fixed-poi nt-free automorphisms 

acting on G. 

Result A.I. I<}( a)1 = I<I>I for all a E G \ {OJ 'With a ~ o. 

Proof. If </J, ¢ E <I> are such that ¢(a) = ¢(a), then </J-I 0 ¢(a) = a. Since every 

element of <I> is fixed-point-free, ¢-l 0 ¢ = id. Thus, I<}( a)1 = I<}I. 

Result A.2. The order of <I> di'uides the cardirwlitil of G \ {OJ = IGI - 1. 

Proof. Given a ~ 0, then a E <I?(b) {:=:::} cp(a) = <I?(b) since if a = ¢(b) then 

<I>(a) = <}(¢(b)) = cI>(b). Therefore, the orbits of <I? ill G partition G \ {OJ. 

By Result A.I each of these orbits has the same size I<I?I. 

Result A.3. Let </J, 'Ij; E cI> 'With </J =/:: 'lp. The map </J - .ljJ : G -+ G defined by 

(</J - 'Ij;)(a) =,r/J(a) - 'Ij;(a) is a bijection. 
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Proof. The map ¢> - 1P is injective by the following argument: 

(¢> -1,&)(a) (¢> -lp)(b) => 

¢>(a)-1,&(a) - ¢(b) -1,&(b) => 

-1,&(a) + 1,&(b) - -¢>(a) + ¢>(b) => 

1,&( -a + b)· - ¢>(-a+b)=> 

c/>-1 01,&( -a + b) = -a+b. 

Since ¢>-1 o1/J '# id, a = b. Hence, ¢ -1/' is injective. Since G is finite, ¢-1/J 
must also be surjective. 

Result A.4. Let G be an abelian gro1£p and let k > 1. Define the map 0::: <))) : 

G~ G by 

(2: <)) )(x) = 2:: c/>(x). 

Then the map 2::: <1> is the zero map. 

Proof. The map (2::: <))) is well-defined since <)) is finite and G is abelian. Cer

tainly (2::: <1»(0) = o. Let x E G \ {OJ. Then for any 1/' E <)) with 1/J '# id, 

1/J((2:: <)))(x)) = 1P( 2:: ¢(x)) = 2:: 1/J¢>(x) = 2:: ¢>(x) = (2:: <)) )(x). 
r;,EI{> ,hEI{> <PEl{> 

Since 1/J '# id we conclude (L: <)))( x) = o. 
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Appendix B 

Resultants 

Let f(x) = anxn + an_lXn- 1 + ... + ao and g(x) = bmxm + bm_txm- 1 + ... + bo be 

two polynomials in R[x], where R is Z or Zp for some pI and assume anbm =F O. 

vVe desire a necessary and sufficient condition for these polynomials to have a 

common root. Let (tl,' .. ,(tn be the roots of f( x) and 131, ... ,13m be the roots of 

g(x). Define the res1titant2 R(f,g) of f and 9 by 

Clearly the vanishing of the resultant is a necessary and sufficient condition for 

the polynomial f and 9 to have a common root. 

vVe combine some of the basic properties of the resultant into the following 

theorem. 

TheorelTI B.l. Let f(x) = ClnX n + Cl n _lX
11

-
1 + ... + ClO and g(:-,;) = bmxm + 

bm_1xm- 1+ .. ·+bo be two polynomials in R[x] with roots (tll' .• , (tn and 131, ... ,13m' 

respectively. Let h(x) be an arbitrary polynomial of R[x]. Then the following 

identities hold. 

IThe theory of resultants is more general than we present here. In general, f and g may have 
coefficients involving other unknowns. The interested reader is referred to Uspensky [17]. We 
only have need for polynomials with coefficients in Z or Zp. 

2The term El-iminant is also used. . 
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1. R(f, g) = (-l)mnR(g,.f) 

2. R(f, g) = am- Jl R(f,g + h.f) where It is the degree of g + hf. 

4. R(f,gh) = R(j,g)R(f, h) 

5. The resultant eq'l£als Sylvester's determinant, i.e., 

an an_l an-2 ao 
an an-l al ao 

R(f, g) = 
an 

bm bm - 1 bo 
ao 

bm bm - 1 bo 

bm bm - 1 bo 

where there are 7n ro'ws of ai's and n rows of bj 'so Blank spaces represent 

zeros. 

6. Let TJ : Z 1-7 Zp be the map a: 1-7 a: mod p. We also 'use TJ to represent the 

extension of the nat'ural map 77: Z[a:] 1-7 Zp[x]. If f, 9 E Z[a:] then 

TJ(R(f,g)) = R(17(f), 17(9)). 

Proof of 1. Vve rewrite the polynomials f and g: 

Then 

f(x) - an(.1: - ad··· (a: - an), 

g(a:) - bm(a: - f3d··· (:z: -13m). 

RCf,g) = a: bm(al - f3d(a'l - ;32)'" (a1 - ;3711) 
bm (a2 - f3dC a2 - ;32) .•. (a2 - ;3m) 
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Compare this with 

R(g, f) = b~ an ((31 - a1 )((31 - (2) .•• (,81 - (\'11) 
an ((32 - o:d((32 - (2) ... (/32 - an) 

an((3m - adC(3m - a2)'" (Pm - (\'n)· 
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Thus R(f, g) and R(g, f) are identical if at least one of m or n is even. If 

m and n are both odd, R(f, g) = -R(g, f). Thus R(f, g) = (_I)mn R(g, f). 

Proof of 2. Since f(ai) = 0 for each i, we obtain the following: 

R(f,g) - a~g(al) .. ·g(an) 

- a~-fta~(g(Q'd + h(at )f(ad)'" (g(Q'n) + h(Q'n)f(Q'n)) 

ar;:-I1R(f, 9 + hf). 

Proof of 3. Obvious. 

Proof of 4. Let s be the degree of h. Then 

R(j, gh) - ar;:+s g( al )h( at)· .. g( Q'n)h( an) 

- ar;:g(ad'" g(an ) • a~h(ad'" h(an) 

- R(.f, g). R(J, 11). 

Proof of 5. The determinant involved is called Sylvester's determinant and is 

denoted by D(j,g). Our proof that Sylvester's determinant equals the 

resultant follows Uspensky [17, chap. XII]. 

Let Xl, .•• ,Xn be indderminants and 

Thus, Sylvester's determinant is a polynomial in ;Z:1, ••• ,Xn • Let 1 = m + 11. 

be the size of Sylvester's dcterminalit. For each i = 1, ... ,1 - 1, multiply 



APPENDIX B. RESULTANTS 84 

the ith column by x 1- i and add this product to the [th column. The last 

column is thus transformed into 

xm-1f(a.:) 
x m - 2 f(x) 

g(x) 

Taking in turn x = Xi for each i = 1, ... ,n, we see that g( Xi) divides DU, g) 

for each i = 1, ... ,n. Therefore, g(Xdg(;1:2)' .. g(xn ) divides DU, g), by the 

lemma following this theorem. Thus, 

where T is a polynomial in n variables. 'Vrite 

!!.!L ~ ~ 1 ao ao ao 
!!ll. ~ ~ 1 ao ao ao 

D(f,g) = a~1 
!!.!L 
ao 

bm bm- 1 bo 

1 

bm bm - 1 bo 

bm bm - 1 

Since !!n. = 1 and 
an 

ai (l)n-i (L ) - = - '};' x' .. ·X· , , 11' 12" 1n-. 
an {iJ ..... j"_i}S;{l ..... n} 

for i < n, 

we conclude 

ai = (_l)-i ( '" , 1 ) £, • L....J or 0 < 1 < n. 
ao x' x' ... x' {il ..... i.}S;{l, .... n} , 11' 12 ' Ji 
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Therefore, the above determinant, when expanded, is an expression involv

ing a constant term and terms with Xl, •• • , Xn in the denominator. Since 

a;f = a~lxrxr··· x~ we conclude that D(f,g) is a polynomial in Xl,"" xn 

in which the term of highest degree is J( xr ... x~ for some constant J(. 

However, there exists such a term in g(xd··· g(xn). vVe conclude that 

T(XI,"" Xn) is a constant. Hence, 

for some constant C. 

To determine C, set Xl = X2 = ... = Xn = O. On the one hand, 

an 
D(j, g) = bm bm - l bo 

bm bm - l 

On the other hand, 

g(O)g(O)···g(O) = b~. , ,.. ", 

n terms 

mbn 
= an o· 

Thus, a~ bo = Cbo. Considering the biS as variables, we see C = a~. There-

fore, 

D(.f, g) = a:g(xl)' .. g(xn) = R(f, g). 

Proof of 6. This is direct from 5, since 17(D(f,g)) = D(17(f),17(9)). 

Some examples of the uses of this theorem are given after Theorem 3.3.8. 

The following lemma was used in the previous theorem. 

Lemma B.lo Let B(xt, ... ,xn) be (L polynomial in n 7Jariables. Let g(x) be a 

polynomial in one variable 'With degree 1n. If B( Xl, ••• , xn) is divisible by g( Xi) for 

i = 1, ... ,n, then B( Xl, ... , xn) is divisible by the prod-Itet g( xdg( :r2) ... g( xn). 
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Proof. \\Te proceed by induction. Suppose OCrb ... , ;I: n ) is divisible by g(Xi) and 

g(Xdg(X2)' .. g(Xi-l)' Then 

vVe write 

where each Pk is a polynomial in Xl!' •. , :I:i-l, ."'Ci+l, . .. , x n • Thus. 

O(a:l, ... ,Xn ) = g(Xdg(:1:2)···g(xj)0-Z(:t'b •••• ;r. n ) 

+Pm_1xin
-

1 + ... + P1;"'Cj + Po, 

where each Pk = g(Xdg(X2)'" g(xi-dpk for each k. 

Since O(a:1."" xn) is divisible by g(xd, Pm_1:r;n-l + ... + P1:ri +.R) is also 

divisible by g(xd. However, the degree in Xi of this last polynomial is 

less than that of g(Xj). Thus, Pm - 1 = Pm - 2 = ... = Po = O. Therefore, 

B(xt, ... ,xn) is divisible by:g(:rdg(x2)'" g(xd. It follows that 9(Xl,'" ,xn) 

is divisible by g(Xdg(X2)'" g(xn). 



87 

Appendix C 

New Construction Methods 

If (S, B) is a BIBD and AUT(S, B) acts doubly transitively on S, then Theo

rem 3.3.1 shows (S, B') is a BIBD. Lemma 3.1.2 shows AUT(S,B) ~ AUT(S, B') 

and thus that AUT(S, il') acts doubly transitively on S. So, the argument ap

plied to (S, B) to derive (S, B') can also be used for (S, B') to derive a new design 

(S, B"). Define 

A~,y := U An,b \ {x, y} and B":= {A~,y : x # yES}. 
{x,y}!;An,bEB' 

By Theorem 3.3.1, (S, B") is agaill a BIBD and AUT(S, B") again acts dou

bly transitively on S. Thus, a new design (S, Bill) can be derived, and so on. 

Accordingly, there are two sequences - a sequence of designs and a sequence of 

groups: 

(S,B), (S,B'), (S,B"), ... ,(S,B(n), .... 

AUT(S,B) ~ AUT(S,B') ~ ... ~ AUT(S,B(n) ~ .... 

Let v, b(n), k(n) , l'(n) , ,\ (n) be the parameters of (S, B(n) where B(n) = {.A1~n. Let 

It(n) be the number of two-element SGts {x, y} of S such that A~:ll = A1~J. The 

determination of the parameters of the BIBD is equivalent to the determination 

of two numbers k(n) and f-1(n). Similar to' before, k(n) = 1.A&~ll for arbitl'Cl~y 
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but distinct 0,1 E S. The parameters of (S,B(n») are v = lSI, ken) = IAttl, 
ben) = v(v-l) r(n) = (v-I) ken) .,\(n) = kC n

)(k(n)_I) The proof of these equations is a 
2tLln) , 2tLl ") , 2tLln)' 

special case of the following lemma. 

Lelnma C.I. Let (S, B) be a BIBD with a dO'lLbly transitive automorphism 

group. Let 0, 1 be distinct elements of S. Let J1, be the total number of sets {x, y} of 

two distinct elements such that Ao,l = Ax,y. Then v = lSI, k = IAx,yl, b = V(~:I), 
_ (v-I) k \ _ k(k-I) 

r - 21' ,A - 21' • 

Proof. Clearly k = IAx,yl. If we show the stated value of b to be true, then the 

values for rand .,\ follow from Proposition 1.1.1. 

Let T be the collection of all two-element subsets of S. Define an equiv

alence relation on T by {x,y} = {z,w} if and only if Ax.y = Az,w' The 

relation = is an equivalence relation. Clearly, b is the number of equivalence 

classes. All of these classes must be the same size J1, since the automorphism 

group acts doubly transitively and in light of Proposition 1.2.2. Thus there 

are ill = V(V
2
-1) equivalence classes. 

I' I' 

In general, J1,(n) for (S, B(n») is not known. \Vhen S = Zp for a prime p, the 

following proposition applies. 

Proposition C.l. Let p be an odd prime and (Zp, B~) be a BIBD from Exam

ple 1.1.5. Then Atl = A~~~ =} x + y = 1. In addition, J1,(n)IP;l. 

Proof. By Lemma 1.2.3 and Lemma 3.1.2, m.A~:J + l' = A~1:+r,my+r for all m, r E 

ZPl m # 0. Assume A&7l = A~~l, with x # y. Then 
" 

A (n) ( ).4(n) ( )A(n) 
0,1 = X - Y 0,1 + Y = Y - X 0,1 + X. 

Thus we conclude the following two equations: 

A~,ll- y _ (:e - y)A&:11 
( ) 

tCn) 
x - y ."'1.0,1 -

1: .\ (n) + 
• - ."'1.0,1 X. 
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It follows that, 

A (n) V - (x y) 4.(n) - x 4.(n) - x 1 + 4(n) 
0,1 - -. - - 0,1 -. - - 0,1 - - • 0,1' 

The hi~t equality is from Lemma 3.4.1. Therefore, A~~1 = A~~1 + (x + V-I). 

It follows that Ab~l = Ab~l + n(x + y - 1) for all n E Zp. If x + V-I =F 0 

then Zp ~ Ab~1. However, 0,1 rj:. Ab~l. Hence, x + V = 1. 

There are P;1 two-element subsets {x, 1 - x} of Zp. The equivalence = of 

the proof of Lemma C.I partitions these P;l sets into equivalence classes. 

Each class has size p,(n). Hence,j.L(n) : p;l.O 

This leads us to an instance in which we directly quote findings obtained 

through the use of CAYLEY. By utilizing CAYLEY, we have calculated p,(1) for 

some cases. A CAYLEY program is run on a VAX computer. The program 

calculates AO,1 for (Zp, Bk). Then the program prints out whether or not the 

BlBD is circular according to whether or not IAo,ll = (k - l)(k - 2). Then for 

each x E {I, 2, ... , P;l} ~ Zp, it calculates Ax,l-x = (1 - 2x)Ao,1 + x. For each 

x such that Ax,l-X = Ao,I! a counter is incremented. This counter has value p,(l) 

after each x has been tested for (Zp, B k ). The values of p and k vary. Runs of this 

program assert that p,(l) = 1 for (Zp, Bd when p < 587 and of course k I (p -1). 

For completeness, the program has been included in Appendix D. 

\Ve include another result about derived designs. The proof is obvious. 

Proposition C.2. Let (S, B) be a BIBD with a doubly transiti'ue a1£tom.orphism. 

groll,p. Clearly, ken) ~ v - 2 for all n. If l.:(N) = v - 2 for some N, then 

B(N) = {S\ {x,y}: X,V E SjX =F V} and AUT(S"jj(N») =Perm(S). 
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A Program to calculate Jl 

$CAYLEYLAR 
FOR P=3 TO 1000 DO 
IF PRIME(P) EQ FALSE THEN 
LOOP; 
E~1D ; 
PRINT 'P=',P; 
F=FIELD(P); 
DD=DIVISORS(P-1); 
DD=SEQSET(DD); 
DD=DD - [2,3]; 
FOR EACH K IN DD DO 
FOR EACH G IN F DO 
J=O; 
FOR 1=1 TO K-1 DO 
IF GftI OF F EQ 1 THEN 
J=1; 
BREAK; 
END; 
END; 

** DD is the set of all 
** k used to form BIBD's. 
** When k=3 (or K=2), the 
** BIBD is (not) circular 

*,* G generates of PHI 

IF J EQ 0 AND GftK EQ 1 THEN 
BREAK; 
END; 
END; 
XI=NULL; 
PHI=NULL; 
FOR 1=1 TO K-1 DO 
PHI=PHI JOIN [GftI OF 
XI=XI JOIN [«GftI) -
END; 
A=NULL; 
FOR EACH E IN PHI DO 
FOR EACH X IN XI DO 

F] ; 

** Phi is the set of all 
** powers of G 

1)ft(-1)]; ** XI is th~ set of 
** all a such that 0,1 are 
** contained in (Phi)a-a 

A=A JOIN [E*X - X OF F]; ** A is AO,1 
END; 
END; 

90 
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A=A - [1 OF F] ; 
FOR X= 2 TO (P-l)/2 DO 
AA= NULL; 
M=l; 
FOR EACH C IN A DO 

** AA is (1-2x)A +x where 
** x varies. See Propo
** sition 7 in Appendix D. 

AA=AA JOIN [(1-(2*X))*C + X OF F]; 
END; 
IF AA EQ A THEN 
M=M + 1; 
END; 
END; 

** M is mu in Proposition 7. 

Kl=CARD(A); ** The design is circular if and only 
IF Kl EQ (K-l)*(K-2) THEN ** if CARD(A) = (k-l)(k-2) 
PRINT 'K=' ,K,' G=' ,G,' CIRCULAR K"=' ,Kl,' M=' ,M; 
ELSE 

PRINT 'K=' ,K,' G=' ,G, 'NOT CIRCULAR K"=' ,Kl,' M=' ,M; 
END; 
END; 
END; 

Ql 
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Appendix E 

Questions for Future Research 

Conkrtnre. AUT(G,B~) '" G~JV(<I» when JV(<I» does not act transitively on 

G \ {OJ. 

All automorphism groups calculated to date agree with this conjecture. The 

restriction on <1> excludes the following case: If F is a field and <I> = F \ {O}, then 

Brp = {F\ {;-v};z; E F} and AUT(F,B.~) is the group of all permutations on the 

set F. 

The following conjecture for the sequence of derived designs was suggested by 

the results of computer runs. 

Conjecture. The k(n),s increase from one BIBD to the next derived design 

until they reach the maximum value keN) = v - 2. 

If this conjecture is true, Proposition C. :2 indicates that the sequence eventu

ally terminates. (It is conceivable that the sequence could oscilate.) It is worth 

mentioning that the sequences examined so far terminated quickly (within four 

iterations of the derivation algorithm). It is not known whether this procedure 

derives BIBD's that were previously unknown. Indeed, a method for predicting 

the parameters of these designs is a problem for future research. 

Does the derivation algorithm produce interesting designs wl~en the automor-
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phism group does not act doubly transitively? For example, is a Partially BIBD 

generated? If so, when? 

The remarks after Theorem 3.3.8 indicate how difficult it is to determine 

circularity as k grows. Is there a more direct way of calculating Pk? For example, 

when calculating ~tjtmtn' one can assume j < i :::; n, j :::; m, i #- m, n #- m. Can 

other cases be eliminated? 

What can be said about the circularity of the designs of Example 1.1.7, the 

designs from a gToUp? In the field and ring case, there was a multiplication that 

facilita.ted the calculation of Axty from AOtI (Corollary 3.4.3 and Theorem 3.3.3). 

Does the multiplication associated with the near-ring representation of (G: B<fJ) 

play the same role? If not, one must resort to Lemma 3.2.2 since ./V( <I» does 

not act doubly transitively on G \ {a}. A new difficulty introduced by the 

method in Lemma 3.2.2 is the determination of the representatives of the or

bits of .AlIT( G, B). This is generally not easy and a good method for finding 

these representa.tives is needed. 

A product design (R, B<fJ) constructed from the factors (R I , B<fJ 1 ), ••• , (Rn, B<fJ,,) 

depends on the isomorphisms ()j : <I>i --+ <I>. If different isomorphims iJj : <I>i --+ 

<I> are choosen, does a different BIBD (Rn, B.pJ result? Are (Rn, B<fJJ and 

(Rn' B.pJ isomorphic? (If so, we are completely justified in using the term "the 

product" design.) 

This product construction can be generalized to designs of Example 1.1.7. 

Can it be generalized to a product construction for any BIBD? 

Lastly, A xty was motivated from the complemel~.t. of lines. Can the Ax.y's be 

used to determine a new linear design'? Let (G, B) he a circular BIBD and let 

BC = {A;tY : A xty E B'}. Then (G, BC) is a BIBD. Notice, for all a, x, y E G either 

a E A~tY or a, x, y determine a circle. If A~.y is interpreted as the line through 

x and y, then the above statement asserts· that three distinct points either lie 
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on a line or determine a unique circle. The trouble with interpreting (G, Be) as 

a design with lines is that the following does not always hold: z, tv E A~.y ::} 

A~,y -.: A;,w' Perhaps a new interpretation of a point being incident with a line 

is needed. 
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