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ABSTRACT 

In this dissertation, a new reconstruction algorithm to estimate 

the complete temperature field during hyperthermia is developed which 

relies upon a limited amount of transient measured temperature data. 

The predictive capabilities of this new algorithm are then 

systematically studied; first using one-dimensional simulated 

treatments, then using three-dimensional simulated treatments, and 

finally applying it to hyperthermia treatments of normal canine thighs. 

It was found that this new algorithm predicts the complete 

temperature fields more accurately and robustly than the steady-state 

approach. In particular, it can better predict the complete temperature 

fields in situations where the number of unknown blood perfusion 

parameters are greater than the number of available temperature sensors. 

It was also found that the steady-state temperature field could be 

estimated to within 1°C if there was no measurement noise, no model 

mismatch, and as few as three measurement locations for seven perfusion 

zones. The addition of measurement noise degraded the performance of 

this estimation algorithm especially when the number of measurement 

locations was small. It was found that use of Tikhonov regularization 

of order zero significantly improved the performance of the algorithm 

and that there was an optimal choice for the regularization parameter. 

For the animal experiments, normal canine thighs were instrumented 

with one-hundred twelve thermocouples and heated to steady-state using a 
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6 cm planar ultrasound transducer operating at 0.5 MHz: then the power 

was turned off and the transient cool down temperature data was stored 

for later use by the reconstruction algorithm. Only a subset of the 

one-hundred twelve measurements was used as input to the reconstruction 

algorithm. The remaining measurements were used to compare the results 

of the reconstruction algorithm with the true temperatures. The results 

showed that in general the predicted perfusion and reconstructed 

temperature field did not change significantly as sensors were removed. 

However, the error was quite large for some of the situations studied 

particularly when only twenty-seven piecewise constant regions of 

perfusion were used. Increasing the number of perfusion regions reduced 

this error suggesting that model mismatch had contributed significantly 

to the error. 
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CHAPTER 1 

INTRODUCTION 

Hyperthermia treatment is a promising cancer therapy and has 

received a great deal of renewed interest during the last decade. 
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This cancer treatment method dates back to the time of the Pharoahs, 

but did not receive much attention until the beginning of this century 

when it was repol'ted that patients with fevers of long duration were 

cured of certain types of cancer. It was not until the mid 1970's 

that hyperthermia became of interest to a varied scientific audience. 

Since then. many of the research gains in the field have been made. A 

more complete history of the use of hyperthermia to treat cancer is 

given by Overgaard (1985). 

To effectively use hyperthermia in a clinical setting, it is 

necessary to know the complete temperature field, meaning that the 

temperature throughout the tumor and adjacent normal tissue is known 

accurately. In other words, the temperature must be known even at 

those locations where temperature measurements are not made. To 

obtain the temperatures at unmeasured locations. state and parameter 

estimation methods can be applied to estimate the temperatures at all 

locations and thus provide knowledge of the complete temperature field 

to effectively treat patients using hyperthermia. 
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Hyperthermia 

Briefly, hyperthermia treatment involves raising the body 

temperature of the patient or locally raising the temperature of the 

diseased tissue. Hall and Roizin-Towel (1984) and Hahn (1984) both 

summarized recent work demonstrating the beneficial effect of raising 

the tumor temperature. The temperature rise has two beneficial 

effects: it increases the cyto-toxicity of other treatment modalities 

(for example, radiation therapy or chemotherapy) and is itself cyto

toxic. 

Hyperthermia treatments can be divided into two classes 

depending on the procedure used to heat the patient, either whole body 

or local/regional hyperthermia. As the class name implies, whole body 

hyperthermia increases the temperature of the entire patient, while 

local/regional hyperthermia only increases the temperature in a region 

including and surrounding the cancerous tissue. The introduction of 

fever causing agents, as was done at the beginning of the century, is 

an example of whole body hyperthermia, which had the desired effect of 

raising the body temperature and thus the temperature of the diseased 

tissues. Alternate methods of whole body hyperthermia, eliminating 

the introduction of fever causing agents, were developed in the last 

decade. These methods use body suits which circulate warm water over 

the patient, or the immersion of the patient in a warm environment. 

These methods which raise the body temperature of the patient do have 

some negative aspects; one is the increased stress the patient is 

under due to the elevated body temperature, and the other is that the 

.---_._------------------------



cyto-toxicity of the temperature increase acts on normal tissue as 

well as the diseased tissue as described by Dewey (1984). 
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A less stressful technique is local/regional hyperthermia where 

the temperature is locally raised. Local/regional hyperthermia also 

has the advantage that the cyto-toxicity of other treatment modalities 

increases due to local elevation of temperature, and thus its 

beneficial effect is enhanced in those areas where the temperature is 

increased. Because of the apparent advantages of local/regional 

hyperthermia, a great deal of research has been directed at the 

problem of how to raise the temperature of the diseased tissue without 

raising the temperature elsewhere. 

There is a variety of methods for implementing local/regional 

hyperthermi'a. Those methods include, in no particular order, 

interstitial, magnetic induction, microwaves, and ultrasound. Each of 

these methods has certain advantages and disadvantages. For example, 

interstitial methods can potentially give very uniform and localized 

temperature increases as shown by Matloubieh, Roemer, and Cetas (1984) 

and Stauffer et ale (1984). To use this method surgery is required, 

which is a disadvantage. Magnetic induction methods investigated by 

Halac et ale (1983) are able to adequately heat tumors only in very 

limiting situations. Microwave radiation, a review of which is given 

by Guy, Lehmann, and Stonebridge (1974), can potentially deliver very 

localized energy when multiple apertures are used with phase control 

of each aperture as shown by Arcangeli et al. (1984) and Andersen 

(1985). The problem is that detailed knowledge of the patient's 

---~-~.~~-.------------------------



I" 

22 

anatomy is required to obtain this directed energy delivery. 

Unfortunately, this knowledge is usually not available prior to a 

treatment. Scanned focused ultrasound appears to have many advantages 

and has been shown clinically by lele (1982) and theoretically by 

Roemer et ale (1984) to be able to adequately heat deep seated tumors. 

With the ease that ultrasound can be focused and scanned it is likely 

that many tumors could be uniformly heated with this technique without 

the need to perform surgery as is necessary for interstitial 

techniques. 

Maximum and Minimum Temperatures 

It has been shown that there is a correlation between the 

minimum tumor temperature and the clinical effectiveness of 

hyperthermia. This correlation has been shown by Dewhirst et ale 

(1984), Oleson, Sim and Manning (1984) and Van Der Zee, Van Putten, 

and Van Den Berg (1986). Similarly, it has been shown by Barlogie et 

ale (1979), larkin et ale (1977), and Pettigrew et ale (1974), that 

there are temperatures above which damage to normal tissue can be 

expected. Thus the dilemma is to raise the tumor tissue temperature 

above a threshold temperature of approximately 42°C while not 

increasing the normal tissue temperature above this threshold. 

Clinical personnel will usually monitor the temperature of the 

tumor and normal tissues with a few invasive temperature probes. 

However, as previously mentioned it is very important that this 

threshold temperature is obtained for all the cancerous tissue. Thus 

the personnel are presented with a difficult problem; to heat the 

----------------------------
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tumor such that the minimum tumor temperature reaches a therapeutic 

value, while limiting the maximum normal tissue temperatures. It 

would be easier to achieve this goal if there were a large number of 

temperature measurements, but due to practical limitations this number 

is usually insufficient so that one cannot be certain that the maximum 

normal tissue temperature and the minimum tumor temperature have been 

measured. 

The limits to the number of temperature measurements that can 

be used are due primarily to patient anatomy and pain tolerance. For 

example, the tumor may be located at an anatomical site which would 

require that the invasive temperature measurement probe intersect a 

vital organ. Noninvasive techniques for determining the temperature 

field do exist, but as of yet these methods are not sufficiently 

accurate, according to Cetas (1984). Thus it is unlikely that the 

clinical personnel will know both the minimum tumor temperature and 

the maximum normal tissue temperature during a treatment. 

Unknown Perfusion 

One important physiological property is the perfusion. It is 

generally unknown, which makes preplanning the placement of the 

thermometers to directly measure the minimum tumor temperature and 

maximum normal tissue temperature an impossible task. The blood 

perfusion acts as an energy removal mechanism proportional to the 

blood perfusion rate and the temperature difference between the blood 

and the local tissue temperature. The problem is that the rate of 

perfusion varies according to tissue type and individual. Table 1.1, 

------- ----------------------------------------
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Table 1.1: Compilation of measured blood perfusion rates of various 
normal tissues and organs. Compiled by Sekins and Emery (1982). 

Ti ssue Anatomical Location and Qualifications Perfusion 
kg(m3s)-1 

Skin Foot -- dorsal (normal resting flow) 2.38 '" 0.43 
Calf 1. 77 '" 0.22 
Thigh 1.63 ... 0.43 
Arms 1.40 
Hands 3.34 
Abdomen 1.44 
Thorax 1.08 
Head 7.15 
Face 11.72 

Subcutaneous Thigh -- adipose tissue 11mm thick 0.93 
Fat " 20mm " 0.33 

" 43mm " 0.15 
Abdomen -- adipose tissue 10-29 mm 0.51 '" 0.35 

" 30-39 mm 0.36 '" 0.20 
" )40 mm 0.31 :I: 0.12 

Muscle Anterior calf (resting flow) 0.46 '" 0.11 
Anterior thigh " 0.43 :I: 0.17 
Forearm " 0.53 '" 0.23 

Joint Knee -- average value for skin T=30°C 0.22 
" " T=35°C 0.47 

Bone Range of flow in marrow 0.06 :I: 0.11 

Organ Brain 9.00 
Liver 9.62 
Heart 14.00 
Kidney 70.00 

-_ ... __ . __ .- ._-------------------------
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compiled by Sekins and Emery (1982), lists the measured blood 

perfusion as a function of anatomical location. Multiple measurements 

and/or multiple sources were available for some entries in Table 1.1. 

In those cases the mean values and maximum variability were listed. 

It is apparent from Table 1.1 that the blood perfusion can vary 

substantially for different types of tissues. Perfusion within a 

given tissue type can also vary greatly for different anatomical 

locations. Most important, however, are those listings with mean and 

extreme values. For those entries, it is apparent that the 

variability of the perfusion can be well over 50% from one individual 

to another. Because of that tremendous variability of the perfusion, 

there is a large uncertainty regarding the local blood perfusion rate 

and hence, the location and magnitude of minimum tumor and maximum 

normal tissue temperatures are unknown. 

The tumor blood perfusion is even more uncertain as shown in a 

review by Song (1984). Some tumors will have a regular blood 

perfusion pattern with the perfusion magnitude greater than the 

surrounding tissue--particularly for small tumors. On the other hand 

a large tumor will generally have a necrotic region at its center, and 

a highly perfused periphery. Still other tumors may not have this 

regular vascular structure, but instead will have a very random 

perfusion distribution. Like normal tissue perfusion, the blood 

perfusion in tumors varies with the tumor type as well as anatomical 

location. This trend can be seen in Table 1.2, compiled by Jain and 

Ward-Hartley (1984), where the measured blood perfusion rate is listed 

-_._._--_._----------------------------
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Table 1.2: Compilation of measured blood perfusion rates of various 
tumors as a function of tissue and organ. The method of measurement 
is listed in addition to the measured local perfusion rate. Compiled 
by Song and Ward-Hartley (1984). 

Tumor 

Intracranial 
Glioma 
Oligodendroglioma 
ASV Brain 
Brain 
Amelanotic Melanoma 
Fibrosarcoma 
Renal Adenocarcinoma 
Melanoma 
Cervical Carcinoma 
A-Mel-3 
VX-2 Carci noma 
VX-2 Carci noma 
VX-2 Carcinoma 
Lymphosarcoma 
A375 
Clouser 
Li ver Carci noma 
Adenocarcinoma in Breast 
Metastic tumor 
Osteosarcoma 
Corpus uteri (various) 
Lymphangiomas 
Lymphomas 
Anaplastic Carcinomas 
Differentiated Malignoma 
Glioma 
Brain 
Brain 
Brain (various) 
Primary tumors 

Blood Flow 
kg(m3-s)-1 

Method 

5.5 • 2.0 l4C-ant ipyrine autoradiograph 
NO.03 l4C-ant ipyrine autoradiograph 
0.01-.037 Uptake of l4C-iodoantipyrine 
3.1 • 5.4 Uptake of l4C-iodoantipyrine 
0.03 •• 001 Antipyrine autoradiography 
.012-.020 Lissamine Green/Antipyrine- 13l 1 
.003-.013 Lissamine Green/Antipyrine-13l 1 
.012-.047 Llssamine Green/Antipyrine- 13l 1 
.036 31I-Antipyrine uptake 
.013 l33Xe Clearance 

:~~~=:~~~ ~~~rv~~~~~~~c~easurement 
.014-.068 Radioactive microspheres 
0.05 •• 004 Radioactive microspheres 
.038-2.60 Thermal dilution technique 
.092-.662 Uptake of 86Rb 
.065-.467 Uptake of B6Rb 
.007 f33Xe clearance 

i~~~-·024 T~~~~O~{~:~!~c~echniqUe 
2.04 133Xe clearance 
.006-.024 133Xe clearance B5Kr clearance 
.006 133Xe clearance 
0.02 •• 014 133Xe clearance 
.006 •• 005 l33Xe clearance 
.012 •• 009 133Xe clearance 
.020-.055 133Xe clearance B5Kr clearance 
.015-.033 -
<0.03 l33Xe clearance 
NO.03 133Xe clearance 
.018-.030 l33Xe clearance 

_ .. _ .. - ... _----------------------------
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as a function of tumor type. It is apparent from the results shown in 

Table 1.2 that there is considerable uncertainty regarding the tumor 

perfusion and hence the hyperthermia treatment temperatures. 

The blood perfusion rates listed in Tables 1.1 and 1.2 were in 

general measured with two techniques: either radioactive microspheres 

or Xenon clearance. It might be possible to use these methods to 

determine the perfusion prior to a treatment, thus helping the 

clinical personnel to estimate the approximate locations and 

magnitudes of the maximum and minimum temperatures. However, there 

are some problems associated with using these techniques to measure 

the blood perfusion prior to a hyperthermia treatment. Radioactive 

microspheres usually require removal of the tissue in which the blood 

perfusion is measured, which is in general not desirable. Xenon 

clearance avoids this problem, however it is very time consuming and 

expensive to measure the local blood perfusion distribution over large 

volumes with this method and therefore may not be clinically 

practical. 

Other perfusion measurement methods have been suggested to 

avoid these problems and are either invasive or noninvasive. Invasive 

blood perfusion measurements generally rely on thermal clearance of 

deposited energy by the local perfusion. Thermal clearance methods 

have been extensively studied by Arkin and Chen (1986), Arkin et al. 

(1986), Arkin, Holmes, and Chen (1986), Bowman, Balasubramanian, and 

Woods (1977), Chato and Shitzer (1970), Chen, Holmes, and Rupinskas 

(1981), Hayes and Valvano (1985), Johnson, Abdelmessih and Grayson 
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(1979), Nitzan, Anteby and Mahler (1985), Valvano, Badeau, and Pearce 

(1987), Valvano (1981), Valvano, Allen, and Bowman (1984), and 

Valvano, Cochran and Diller (1985). These methods deposit the energy 

locally with a heated thermistor. The thermistor power and 

temperature are measured and this information is used to determine the 

blood perfusion rate. These techniques are not very accurate at low 

perfusions because the temperature measured at the thermistor is 

dominated by conduction as shown by Kress and Roemer (1987). In 

addition to being inaccurate at low values of perfusion, these methods 

also have the same problems associated with inserting temperature 

measurement devices into a patient, i.e., they are invasive methods 

and the clinical personnel may not be able to position the thermistor 

at the desired location because of the proximity of a vital organ. 

Alternatives to using these thermal clearance methods are 

noninvasive methods that use either Magnetic Resonance Imaging or 

Computer Tomography technologies as described by Cetas (1984). These 

methods have the advantage that they are noninvasive and the blood 

perfusion distribution can be measured by injection of radioisotopes 

when Computer Tomography is used. However, these methods are only in 

the developmental stage and may not be able to accurately measure low 

rates of perfusion. 

State and Parameter Estimation 

Due to the uncertainty of the blood perfusion rates during a 

hyperthermia treatment, it is not generally possible to locate 

thermometers in the patient so that the maximum normal tissue and 
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minimum tumor temperatures can be directly measured. To overcome this 

lack of information, state and parameter estimation techniques have 

been used by Clegg (1985), Clegg and Roemer (1985a and 1985b), Clegg, 

Roemer and Cetas (1985), Plancot et ale (1986) and Winget et ale 

(1986) to estimate the maximum normal tissue and minimum tumor 

temperatures. These techniques have previously been used to predict 

the complete temperature distribution from a limited number of 

measurements for manufacturing processes as described by Ajinkya et 

ale (1975), Beck and Arnold (1977), and lauster, Ray, and Martens 

(1980). However, our application is a more difficult problem to solve 

because of the unknown distributed sink term represented by the blood 

perfusion. 

In the present work, a state and parameter estimation algorithm 

using transient measured temperatures and Tikhonov regularization of 

order zero [see Groetsch (1984)] has been developed to predict the 

complete temperature field. The ability of this method to accurately 

predict the temperature field is first studied using simulated 

hyperthermia treatments. Results using this method are presented 

which indicate the conditions for which the temperature field can be 

accurately predicted as a function of perfusion pattern and magnitude, 

regularization, the number of temperature sensors, and the amount of 

noise superimposed on the measurements. In addition to simulated 

treatments, results are presented demonstrating the ability of this 

algorithm to estimate the complete temperature field during 

hyperthermia treatments of normal canine thighs. 
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CHAPTER 2 

METHOD 

Estimation of the complete temperature field during 

hyperthermia treatments is a difficult but necessary task. It is a 

very difficult problem because of the unknown distributed sink term 

represented by the perfusion. In this study, a state and parameter 

estimation technique is employed to reconstruct the temperature field 

from a limited number of measurements. Briefly, this technique is 

employed in two steps: the first step is data collection where 

transient power-off temperatures are measured at a few locations. The 

second step is optimization of certain model parameters, in this case 

the perfusion, so that the transient temperatures predicted by the 

model agree with the measured temperatures. Because the optimization 

problem is nonlinear, the algorithm iteratively estimates the 

perfusion until the best agreement is obtained. Thus, this method 

estimates both the temperature field (the states) and perfusion (the 

parameters) simultaneously. 

History Matching Methods 

The technique of state and parameter estimation has been used 

to solve various problems. A large body of research that has employed 

this method is the solution of the "Inverse Heat Conduction Problem". 

This problem can be divided into two general classes. The first is 

"- . 'I 
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the estimation of the complete temperature field when the properties 

of the system and applied power are known but the initial temperature 

distribution is unknown. This problem was solved for one- and two

dimensional cases using an iterative filter equation based on a 

postulated solution of the system by Ajinkya et al. (1975) and Lauster 

et al. (1980). It was shown that the complete transient temperature 

field could be rapidly estimated by using only the first few 

eigenvalues of the solution. Unfortunately this method can not 

estimate the temperature field when parameters of the system, for 

example the blood perfusion, are unknown. 

The second class of problems is to determine an unknown thermal 

conductivity and/or heat transfer coefficient. This problem~ which 

has been extensively studied, is reviewed by Beck, Blackwell and St. 

Clair (1986). The literature, as revealed by their review, has been 

limited to simple one- and two-dimensional geometries with homogeneous 

properties. For this class of problems a parameter of the partial 

differential equation (i.e. thermal conductivity or heat transfer 

coefficient) used to model the system was unknown. Once the optimal 

value of the thermal conductivity or heat transfer coefficient was 

found the temperature field could be calculated directly. This 

problem is very similar to the problem of estimating the complete 

temperature field in hyperthermia with the exception that these 

methods generally were based on the assumption that the parameter to 

be identified was constant and spatially uniform. Unfortunately, 

these assumptions cannot be applied to the blood perfusion which must 

. 1 
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be optimized in order to predict the complete temperature field during 

hyperthermia treatments. 

Another treatment of state and parameter estimation methods can 

be found in the hydrology and geology literature where predictions of 

the flow in groundwater or oil reservoirs are made. For example, if a 

groundwater aquifer has become contaminated with a pollutant, it is 

desirable to be able to estimate the dispersion of the pollutant 

throughout the reservoir. In this problem, it is necessary to 

estimate the porosity in order to predict the pressure and flow 

fields. This is done by measuring the pressure at a few locations and 

using state and parameter estimation techniques to estimate the 

unknown porosity and then predict the pressure. Kravaris and Seinfeld 

(1985 and 1986) and Lee, Kravaris and Seinfeld (1985) have shown the 

feasibility of this method applied to hydrology problems in one and 

two dimensions. For these problems, the porosity was treated as a 

spatially varying parameter, and it was shown that the complete 

pressure field could be accurately predicted. 

State and parameter estimation techniques have also been 

applied to the estimation of blood perfusion. Secrest and Wissler 

(1978) used an unbiased, minimum variance, linear estimation algorithm 

to determine the perfusion in the ventricular myocardium. In addition 

to that work, estimation procedures have also been used to identify 

the perfusion in a simple model of heated tissue to develop a two 

point controller for hyperthermia treatments. This two point 

controller was developed and studied by Knudsen and Heinzl (1984), 

-------------------------------------- ,,- . 'I 
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Knudsen and Heinzl (1986) and Knudsen and Overgaard (1986). This 

controller scheme, however, cannot adequately predict the complete 

temperature because of the simple one-dimensional analysis used. Thus 

a significant uncertainty remains as to how effective the entire tumor 

volume was treated. 

Estimation of Perfusion 

Several researchers have undertaken the task of attempting to 

estimate the perfusion from limited temperature data, as was 

previously pointed out. Secrest and Wissler (1978) were primarily 

interested in the local perfusion and used the temperature data as a 

means of estimating that perfusion. They did not extend their method 

to attempting to predict the temperatures elsewhere. Similarly, 

Knudsen and Heinzl (1984) and Knudsen and Overgaard (1986) were only 

interested in the temperature at a point and did not attempt to extend 

their procedure to predicting the complete temperature field. 

A method for predicting the complete temperature field was 

developed by Chen, Penderson, and Chato (1977). Their method 

estimated the temperatures in a woman's breast by optimizing the 

perfusion and metabolism using transient measured surface temperatures 

following a step change in the surface boundary conditions. Further 

developments to this method were provided by Pantazatos and Chen 

(1978) and Kleinman and Roemer (1984). This represents some of the 

first work in optimizing the blood perfusion from limited measured 

temperatures in order to predict the complete temperature field. As 

an alternate approach to these methods, application of state and 
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parameter estimation methods for prediction of the complete 

temperature field during hyperthermia treatments was suggested by 

Divrik, Roemer and Cetas (1984). This work was expanded by Clegg 

(1985), Clegg and Roemer (1985a and 1985b), and Wingent et ale (1986). 

These techniques used measured steady-state temperaturer. to predict 

the complete temperature field. 

Several factors serious'ly 1 imit the uti lity of steady-state 

methods in predicting the complete temperature field. First, the 

cases where there are fewer sensors than zones of perfusion yield an 

underdetermined problem because there are fewer knowns (measurements) 

than unknowns (perfusion zones): that is, there must be at least one 

temperature measurement for each perfusion zone to be estimated. In 

addition to this limitation, these measurements must be in or very 

near every perfusion zone because of the frequent existence of a 

conduction boundary layer outside of which the temperature is 

dominated by the local perfusion. The potential existence of this 

boundary layer was demonstrated by Chen, Arkin, and Holmes (1985). 

They showed that because there is little conduction coupling at 

steady-state between zones of high perfusion, the temperatures of 

adjacent perfusion zones are not affected by each other outside a 

small boundary layer. Their singular perturbation analysis carried 

out on the steady-state bio-heat transfer equation showed the 

thickness of this boundary layer to be of order [k/(cbWD2)]1/2 where D 

is the characteristic length of the perfusion zone. 
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For highly complex physiological situations, there will 

probably be many different zones of perfusion, thereby necessitating 

the use of many measurements. However, the patient·s tolerance for 

pain will limit the number of measurements. Thus, steady-state 

techniques are limited in their usefulness because of the existence of 

thermal boundary layers, the need to have one measurement for each 

perfusion zone, and the realistic limits to the number of temperature 

measurements that can be made. To attempt to avoid these problems 

associated with steady-state techniques, a transient history matching 

technique will be used. 

To employ state and parameter estimation methods, a model of 

the thermal process must first be chosen. The basis of the model used 

here is Pennes· (1948) transient bio-heat transfer equation, 

pCp~i = kV2T - Wcb(T - Tar) + Q. (2.1) 

in which a blood perfusion function that varies in space is used. The 

perfusion (W) is considered to be a piecewise constant function and is 

represented as an N dimensional vector (W) where each element of the 

vector corresponds to the perfusion magnitude of a particular zone. 

It is this perfusion vector that the estimation algorithm optimizes in 

order to predict the complete temperature field. Other modeling 

assumptions made are that all thermophysical properties, boundary 

conditions, and perfusion zone boundaries are known exactly or can be 

approximated very well for a given treatment. The externally supplied 

power and metabolism, which are lumped into the source term (Q) are 

also assumed known. 

-_ .. _-_ .. _-------------------------------
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A flow chart of the overall process for predicting the complete 

temperature field is shown in Figure 2.1. This figure shows that the 

temperature field is computed based on some estimate of the perfusion: 

the predicted temperatures are compared to the measured temperatures 

and if the difference between the predicted and measured temperatures 

is large a new estimate of the perfusions is made. This iterative 

procedure continues until the difference between the predicted and 

measured temperatures is small. 

There are many methods for optimizing the perfusion estimates 

based on the measured temperatures. Table 2.1 lists the different 

types of estimation procedures with references. An optimization 

procedure based on the Gauss (least squares based) method as described 

by Beck and Arnold (1977) was chosen for this problem. This choice 

was made because Clegg and Roemer (1985a) found this to be the best 

choice for solving the steady-state problem. 

A least squares objective function using the transient measured 

data is employed. A protocol was established to generate the 

transient temperature data. The protocol is to apply power until the 

temperatures reach a steady-state. Steady-state is then maintained 

for a specified treatment duration at which time the power is switched 

off. The power-off induced transient temperature data is measured and 

used as the input to the estimation algorithm. The objective function 

employed is defined by: 

S 1 [~ ~t (Tj _ Tj ) 2] 1/2 
=M*Nt t.. t.. m, i p i 

i=1 j=1 ' 
(2.2) 

----------------------------- -----------
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STATE AND PARAMETER ESTIMATION ALGORITHM 

SAMPLED 

~ 
ERRORS ERRORS' TERMINATE PROGRAM' 

TEMPERATURES DIFFERENCES - SMALL ~ LAST SETOF 
FROM BETWEEN ENOUGH BLOOO PERFUSIONS 

MEASUREMENT. MEASUREO ? AND LAST PREDICTED 
LOCATIONS AND ~NO TEMPERATURE FIELD 

PREDICTED ARE THE 
TEMPERATURES OPTIMIZATION ESTIMATED SOLUTION 

ALGORITHM 
(PARAMETER) 

ESTIMATION 

~ 
PREDICTED 

NEW 
BLOOD 

PERFUSION 
VALUES 

~ 
ASSUMED BIO-HEAT TRANSFER 

PROPERTY EQUATION INITIAL 

VALUES ~ MODEL ~ BLOOD 
OF PERFUSION AND HYPERTHERMIA GUESS 

ANATOMY TREATMENT 

~ 
PREDICTED PREOICTEO TEMPERATURES NEW 

~ FOR THE - TEMPERATURE MEASUREMENT FIELD 
LOCATIONS 

Figure 2.1 Flow chart showing the process of predicting the complete 
temperature field using state and parameter estimation by optimizing 
the unknown perfusion parameter in the bio-heat transfer equation. 



Table 2.1 Literature survey of optimization methods applied to 
distributed parameter estimation problems. 

Method 

Maximum likelihood 
Recursive least squares 
Least squares 
Least squares 
Gradient and relaxation 
Least squares 
history matching 

Bayesian history matching 
Recursive 
Least squares 
Least squares 
history matching 

Least squares 
Least squares with gradient 
Least squares recursive 
Gradient 
Fourier analysis 
Optimal filtering 
Least squares 
Least squares, gradient, 
and stochastic 

Maximum likelihood and 
bayesian 

Reference 

Astrom (1980) 
Avazolini and Barbini (1985) 
Banks and Iles (1986) 
Banks and Lamm (1985) 
Bekey (1970) 

Gavalas and Seinfeld (1973) 
Gavalas, Shah, and Seinfeld (1976) 
Isermann (1980) 
Lauster, Ray, and Martens (1980) 

Lee, Kravaris, and Seinfeld (1985) 
Levenberg (1944) 
Marquardt (1963) 
Meditch (197l) 
Nazareth (1977) 
Rake (1980) 
Sakawa (1972) 
Strejc (1980a) 

Strejc (1980b) 

Young (1980) 
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where T~, I' is the measured temperature at position (xl'YI,zl) and 

discrete sampling time t J• T6, I is the temperature predicted by the 

model (see equation 2.1) for a given perfusion vector and at the same 

time and position as the measured temperature. The total number of 

measurement locations is M and the total number of discrete time 

samples is Nt. 

To optimize the perfusion estimates based on this measured 

data, consider the situation where all model properties are known 

except the magnitude of the piecewise constant blood perfusion. 

Recall that the vector (W) is N-dimensional and it is assumed that the 

blood perfusion magnitudes are unknown in N separate zones. If there 

are M temperature measurement locations and Wn is some estimate of the 

perfusion vector, then a Taylor series expansion for Tp(Wn+hW) where 

hW is an increment of the perfusion vector gives: 

where Tp is the predicted temperature vector 

and 

T2 
p, 1 , ••• TNt 

p, 1 ••• 

[
a a a]T 

Vw= aWl aW
2 

••• aWN • 

T~,M • •• 

(2.3) 

TNt ] T 
p,M ' 

Because of the nonlinear dependence of Tp on W, the value of hW cannot 

be solved for directly. Instead, the higher order terms (HOT) are 

assumed negligible, and it is also assumed that we are close to a 

solution, so that Tp(Wn+hW) equals Tm where 

T2 1 ••• TNt m, , m, 1 ••• T~,M ••• TNt ] T m,M 
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so that equation 2.3 can be rewritten as 

(2.4) 

Therefore, 

AW = {[VwTp(Wn)T][VwTp(Wn)T]T}-l{VwTp(Wn)T}{Tm-Tp(Wn)} (2.5) 

The matrix VwT(Wn)T, called the Jacobian (J), is of size [Nt*M x N]. 

Because of the computer memory restrictions that existed when the 

computer code was first developed, it was decided to lump the measured 

temperature data according to the following relation: 

hNtAt/N 
"'h 1 
Tm,i = At J Tm,i(t) dt. (2.6a) 

(h-l)NtAt/N 

The discrete version of this relation is: 

hNt/N 
yh . = 
m,l 

k 
E Tm, i , h=l, .. N. (2.6b) 

k=(h-l)Nt/N 

Similarly for the predicted temperatures, the lumped data 1s: 

hNt/N 

T~,i = E T~,i ' h=l, .. N. (2.7) 
k=(h-l)Nt/N 

substituting 2.6b and 2.7 into 2.5 the following relation is obtained; 
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AW = {[VwTp(Wn)T][VwT;(Wn)T]T}-l{VwTp(Wn)T}{Tm-Tp(Wn)} (2.8) 

The new Jacobian (J t = V T (Wn)T) has been reduced to size [N*MxN] w p 

and is equal to: 

N1 
~ 

aW2 

aT~,2 
aW2 

. . 
JT 
t = a1~rM a1~rM (2.9) 

aWl · ........... aWN 
N2 N2 
~ ~ 

aWl · ........... aWN 

· .......... . 

The new perfusion estimate (Wn+l = Wn + AW) is given as: 

wn+1=wn+(JtJtT)-1(Jt) (Et ) (2.10) 

. where !l!1 N1 !l!2!l!2 !l!N NN T 
Et = [(l m,CTp,1) (Im,C1p,1) ••• (Im,M-Tp,M)] 

The new blood perfusion vector, Wn+l, for iteration n+1 is 

predicted from the old blood perfusion vector, Wn (where the unknown 

scalar blood perfusion magnitudes are contained in the vector W as 

----------_._----------------------



W=[W1.W2 .••• ,WN]T). Due to the lumping of the temperature data the 

objective function is redefined as: 
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(2.11) 

The algorithm evaluates the right-hand side of equation 2.10 by 

calculating the transient Jacobian (J t ) using a forward difference 

approximation. All the matrix algebra is performed using standard 

routines, with the maximum pivot method used for the inversion. The 

algorithm terminates when the error (equation 2.11) is small, or when 

AW becomes small, which implies that a local minimum (rather than a 

zero) has been found. 

It should be noted that while this is an unconstrained 

optimization method, experience obtained from the previous steady

state studies [see Clegg and Roemer (1985a and 1985b)] have shown that 

the predicted perfusions must be constrained. To apply a constraint 

to the perfusion predictions using the Gauss optimization method, the 

following procedure was adopted: the predicted perfusion magnitude for 

any zone was required to be within a constraint set defined as Wm1n ~ 

Wn ~ Wmax • If Wn > Wmax the Wn was set equal to Wmax and similarly if 

Wn < Wm1n then Wn was set equal to Wm1n • 

Regularization 

Determination of the blood perfusion rates which yield the best. 

fit of the measured temperatures is the solution of a so called 

"inverse problem". This is referred to as the "inverse problem" 

--_._--------------------------------
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because instead of solving the bio-heat transfer equation directly, 

the optimal blood perfusion rates are determined such that the 

measured temperatures are in agreement with the predicted 

temperatures. This allows the complete temperature field to be 

computed. An important characteristic of inverse problems is that 

they are generally ill-posed. The notion of a well-posed mathematical 

problem was first advanced by Hadamard (1923). The conditions for 

well-posedness require the sufficiently general properties of 

existence, uniqueness, and stability of solutions. If a problem is 

not well-posed then it falls into the class of ill-posed problems. 

Ill-posed problems according to Tikhonov and Arsenin (1977) can 

be divided into two subclasses: those involving estimation using data 

and those involving design of controls. The problem of estimating the 

blood perfusion is indeed ill-posed and falls into the first subclass. 

The ill-posedness of the problem will not be proved but can be 

inferred from the unstable behavior of the perfusion estimates (see 

Chapter 3). Regularization methods have been employed to solve ill

posed problems of the first subclass. The effect of regularization is 

to smooth the estimates while finding the "best solution" estimate. 

Tikhonov (1963a and 1963b) proposed a regularization scheme referred 

to as Tikhonov regularization of order zero which has been implemented 

to approximately solve equation 2.10. 

---"-_. ---------------------------
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Groetsch (1977 and 1984) gave the following derivation of 

Tikhonov regularization of order zero. Consider the linear operator T 

and 

Tx=b (2.12) 

where bfH2 and T belongs to the set of bounded linear operators from 

Hl to H2• In our case H1fRn and H2fRN*M and T is an N*M by N matrix. 

Now let T- 1 be a generalized inverse of T. Then according to the 

variation definition, T-1b is the vector ufH1 which minimizes the 

functional I ITx-bl I and also has the smallest norm among all such 

minimizing vectors. The idea of Tikhonov regularization of order zero 

is to approximately minimize both the functional I ITx-bll and the norm 

Ilxl I by minimizing a new functional g: Hl+R defined as 

g(x) = I ITx-b11 2 + fl Ixl 12 (2.13) 

where f)O is the regularization parameter. The minimum of this 

functional will occur at the stationary point u of g, i.e. the vector 

u which satisfies Vg(u) = o. The gradient of g is given by 

(2.14) 

and hence 

(2.15) 

Rewriting equation (2.8) as 

(2.16) 

" 1 



\' 

where AW = Wn+l_Wn then it is easy to see how to apply Tikhonov 

regularization of order zero to equation 2.16 using the definition 

given by equation 2.15 to get 
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( T )-1 AW = JtJ t+ eI JtEt. (2.17) 
so that 

n+1 n ( T )-1 W = W + JtJ t + eI JtEt. (2.18) 

Thus equation 2.18 is used to determine the "best solution" to this 

ill-posed problem. It should be noted that for e=O, equation 2.18 

reduces to equation 2.10. Manapov and Igamberdyyev (1986) proposed an 

expression for obtaining the optimal choice for the regularization 

parameter E. The optimal choice is defined as that value which is 

large enough to yield a stable solution to equation 2.10 but is small 

enough so as not to significantly distort the original equation 2.5. 

However, it is difficult in practice to implement this method. Thus, 

several attempts at solving the same problem are made with different 

magnitudes of the regularization parameter to approximately determine 

what is the best regularization parameter for the solution of this 

inverse problem. 

Existence and Uniqueness Results 

As was mentioned in the previous section, existence and 

uniqueness of the solution of this problem are important criteria for 

determining if the problem is well-posed. No attempt will be made in 

this work to demonstrate either uniqueness or existence of the 

problem. However, an interesting result concerning the unique 

.--_ .... _---------------------------
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identifiability of the parameters under certain conditions has been 

proved. For example, Kravaris and Seinfe1d (1986) showed that given: 

~~ = ~x(a(x)~~) + f(x,t) xE(O,1), tE(O,T] 

u(X,O) = uO(x) = Uo a constant xE(O,1) 

~~ (O,t) - h u(O,t) = get) tE(O,T] 

~~ (l,t) - H u(l,t) = G(t) tE(O,T] 

and the point measurement zd(t) = u(xd,t) tE(O,T]. 

Then for H=G(t)=h=O, get) a known input, Uo known, and the measurement 

located at xd=O, there corresponds a unique and identifiable a(x). If 

on the other hand xd=l (on the insulated boundary), uniqueness is not 

obtained except for the special case where a(x) is symmetric. When 

both ends are insulated, a(x) can not be uniquely determined except 

again for the special case of symmetric a(x). Nakagiri (1982) showed 

for the case of: 

----------------------------------



~~ = ~x(a(x)~~) + b(x)u(x,t) x€(O,l), t>O 

U(x,O) = Uo(x) x€(O,l) 

a single point measurement yet) = u(xd,t), xd= 0 or 1 

Then for uo=O and, 

1) ho=O and h1j1!O 

or ii) h1=O and hoj1!O, 

then b, ao' and a1 are identifiable. 

47 
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CHAPTER 3 

NUMERICAL RESULTS 

Previous efforts at predicting the complete temperature field 

have concentrated on techniques that use steady-state temperature 

measurements. Divrik, Roemer and Cetas (1984), Clegg and Roemer 

(1985a and 1985b) and Winget et ale (1986) have presented results 

using only steady-state temperature measurements to predict the 

complete temperature field. It has been shown that these steady-state 

methods have several disadvantages. The disadvantages, described in 

the previous chapter, include not being able to estimate perfusion in 

zones lacking a temperature sensor: also if the measured temperatures 

are noisy then the resultant temperature predictions will also be in 

error. A technique using transient temperature measurements was 

developed to overcome these disadvantages. This transient technique 

was tested using simulated hyperthermia treatments. The results of 

this testing are given in this chapter. This chapter first presents 

results for simple one-dimensional hyperthermia treatments. Then 

results are presented for the more realistic situation of three~ 

dimensional geometries. 
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One-Dimensional Case 

One-Dimensional Simulations 

To test the transient method under controlled conditions, it 

was applied to several simulated one-dimensional hyperthermia 

treatments (Figures 3.1 and 3.2) with uniform thermal properties 

(k,p,c). The tissue was divided into zones of uniform blood 

perfusion, with the magnitude of the blood perfusion being a time

independent piecewise constant function of position. The arterial 

blood temperature was set at 37°C for all simulations. A standardized 

temperature field for these tests was generated by requiring that the 

maximum steady-state temperature (Tmax) be 50.0.0.1°C for each 

simulated treatment. To determine the power that would yield this 

Tmax ' the temperatures were computed with a known power; then linear 

interpolation was used to determine the power that would result in 

Tmax equal to 50°C. Once the proper value of power was found, the 

direct case steady-state temperature field was computed. The 

necessary po~er for each of the direct cases is shown in Table 3.1. 

The properties used were thermal conductivity (k) of 0.5 W(m-oC)-l, 

blood-specific heat (cp ) of 4000 J(kg_oC)-l, and tissue density (p) of 

1000 kg-m- 3• The tissue metabolism was assumed to be zero, the 

boundaries were fixed at 40·C, and the total length of the model was 

0.105 m. The steady-state temperature field was obtained using 

successive overrelaxation with 1 mm spacing between the nodes and a 

convergence criterion of O.OOOI°C for the root mean square temperature 
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Figure 3.1 Perfusion patterns (LCW and HCW) used in hyperthermia 
simulations where no model mismatch was involved. Sensors are located 
in the centers of the perfusion zones. A third perfusion pattern (the 
Uniform Perfusion (UW) case, which is not shown) had the same 
perfusion in all seven regions. 
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HEATED TUMOR 

I WN WN 0 WN WN I 
Omm 21mm 49mm 77mm 105 mm 126 mm 

Figure 3.2 Diagram of five-zone perfusion pattern used in simulations 
of hyperthermia treatments that involved model mismatch. 
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Table 3.1 Parameters used in both the direct and inverse cases for 
perfusion patterns LeW, Hew, and UW as a function of the direct case 
blood perfusion magnitude WN• 

Time Step Applied Power 
WN (s) (kW/m3) 

Perfusion magnitude 
[kg(m3-s)-1] Lew Hew UW Lew Hew UW 

16.0 15.0 10.0 2.5 88.00 223.75 830.00 
4.0 30.0 30.0 10.0 45.20 71.25 208.00 
0.5 180.0 90.0 60.0 12.70 16.85 27.50 

.,'- ., 'I 
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error for all nodes between two successive temperature iterations. 

The formal accuracy of this algorithm is discussed in the Appendix. 

The transient temperature field following a power-off was always 

calculated using the results from the steady-state solution as the 

initial temperature distribution. A tridiagonal solver was used for 

the fully implicit transient solutions, with the model parameters 

(i.e., node spacing and tissue properties) the same as those used in 

the steady-state solution. The time step used for each of the blood 

perfusion cases varied (see Table 3.1), such that for the longest test 

time (t f ) used, the temperature field in the model was within 0.2°C of 

the final temperature after 120 time steps (Nt=121; see Table 3.1). 

The accuracy with respect to the time step of the finite difference 

solution is also discussed in the Appendix. For the simulated 

treatments (direct cases), the tissue was modelled with seven zones, 

each having a uniform blood perfusion and a length of 15 mm, for a 

total length of 105 mm. The simulations utilized three different 

blood perfusion patterns (Figure 3.1): (a) the magnitude of the blood 

perfusion was zero in the center region (model LCW-low central blood 

perfusion); (b) the magnitude of the blood perfusion was WN in the 

center region (model HCW-high central blood perfusion): and (c) a 

uniform blood perfusion pattern in which the magnitude of the blood 

perfusion was equal to WN in all seven zones (model UW-uniform blood 

perfusion). Three different values of WN were used (16.0, 4.0, and 

0.5 kg(m3-s)-1) for a total of nine blood perfusion cases. 
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Once the above simulated hyperthermia treatment (direct case) 

results were obtained, the inverse problem could then be attempted. 

The inverse problem is simply the application of the transient 

technique (or the steady-state technique) to minimize the error ~ by 

adjustment of the blood perfusion magnitudes. In a clinical 

situation, the sensor temperatures would be the measured temperatures 

and the locations of the sensors would correspond to the measurement 

locations. For the present study, the measured temperatures were 

taken from the direct case simulation results at selected measurement 

locations. To obtain the predicted temperatures (Tp) for the 

estimation algorithm, the same direct case model was used, with the 

magnitudes of the blood perfusions treated as the unknown model 

parameters. Because we are initially interested in determining if, 

and how well, state and parameter estimation techniques can predict 

the complete temperature field when the blood perfusion magnitudes are 

unknown, all parameters in the inverse bio-heat transfer equation 

model (except the blood perfusion magnitudes) were assumed known and 

equal to their direct case values, including the number and sizes of 

the blood perfusion zones. Thus, when the patterns of Figure 3.1 were 

used, there was no perfusion zone boundary mismatch between the direct 

and inverse case simulations. Also the thermal properties of the 

inverse case were identical to those of the direct case: hence because 

the only difference between these cases were the unknown perfusions, 

this is referred to as the "no model mismatch" problem. 

----------- ------------------------------
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One-Dimensional Results 

The first evaluation of the transient technique investigated 

the question of how a decrease in the number of measurement points M 

affected the inverse problem solutions. To do this, seven, six, four, 

and three symmetrically placed sensors (Figure 3.1) were used to 

obtain measured temperatures in each of the above six annular direct 

cases. The additional variable of total sampling time (t f ) following 

the power-off was added (for the number of time samples, Nt equal to 

121, 61, 31, 16 and 8), for a total of 120 cases. The results are 

shown in Table 3.2 in terms of the number of cases that converged to a 

minimum (either local or global) and, for the converged cases, the 

maximum steady-state error as a function of Nt and the number of 

sensors. The accuracy of the results is measured by the maximum 

temperature error between the direct case steady-state temperature 

field and the predicted steady-state temperature field for the 

computed field, not just for the measurement locations, i.e. 

max[Ess(x,} i=l, Nx where Nx is the number of finite nodes]. For the 

inverse problems, the initial blood perfusion magnitude guess was 0.1 

kg(m3-s)-1 for all perfusion zones. Also, for all inverse problems 

(unless mentioned otherwise), it was assumed that the number of 

unknown blood perfusion magnitudes was seven, even if fewer than seven 

temperature measurement locations were present. Finally, for all one

dimensional cases studied, no regularization was used (e=O). 
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Table 3.2 Number of cases which converged. out of a possible six. 
using models HCW and LCW with the initial guess for the blood 
perfusion a uniform 0.1 kg(m3_s)-1. as a function of Nt used in the 
inverse problem. The maximum error of the complete steady-state 
temperature field of the converged results for the sensor and Nt table 
groupings is also presented. 

Number of converged results/Maximum Error (OC) 

Seven Six Four Three 
Nt sensors sensors sensors sensors Totals 

8 6/0.03 6/0.66 4/0.24 3/1.64 19 
16 6/0.04 6/0.46 6/1. 71 5/0.88 23 
31 6/0.10 6/0.50 6/0.54 6/0.36 24 
61 6/0.06 6/1.40 6/0.40 5/0.40 23 

121 6/0.13 5/2.31 6/2.24 4/0.22 21 

Totals 30 29 28 23 110 

-----------------------------------------
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The results of the second evaluation of this new transient 

method are shown in Table 3.3, where the effect of the initial blood 

perfusion guess (Wo) (see equation 2.10) upon the accuracy of the 

results is illustrated. WO was the same for all perfusion zones, with 

magnitudes 0.1, 1.0, 5.0 and 10.0 kg(m3-s)-1. Only the two annular 

patterns were analyzed with Nt always equal to 31. Table 3.3 shows 

the maximum error (of all the cases which converged to a solution) and 

the number of cases which converged as a function of the number of 

sensors. The optimization algorithm was limited to 25 iterations as a 

trade-off between the likelihood of convergence and reduced 

computational time. For those non-converged results, increasing the 

number of iterations to 1000 did not result in convergence. 

Additional study of those results which did not converge indicates 

that convergence may also be a function of the blood perfusion 

constraint (for the results presented here Wm1n was -0.1 kg(m3-s)-1 

and Wmax was 30.0 kg(m3-s)-1). It was found, for example, that for 

those cases which did not originally converge, convergence was 

achieved if the minimum constraint (Wm1n) was modified such that if 

/Wn_Wn-1/< 0.1 kg(m3-s)-1 then that constraint was ignored. But if 

the blood perfusion magnitude was allowed to decrease slowly to 

negative values in this manner, some of the original converged cases 

would no longer converge. This dependence on the constraint used may 

be due to the instability of this ill-posed problem. 

Table 3.4 shows the results of the solutions of the inverse 

problem in terms of the accuracy of the predicted temperature field 

--.. -.-.-.. ------------------------------
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Table 3.3 Number of cases which converged out of a possible six, 
using models HCW and LCW with Nt equal to 31 as a function of the 
initial guess for perfusion magnitude (W), which was set uniform 
throughout the model. The maximum error of the complete steady-state 
temperature field is also presented for the cases which converged to a 
solution. 

Number of converged results/Maximum Error (OC) 

Initial guess Seven Six Four Three 
of W sensors sensors sensors sensors Totals 

0.1 6/0.10 6/0.50 6/0.54 6/0.36 24 
1.0 6/0.04 6/0.47 6/0.48 4/0.44 22 
5.0 6/0.05 6/0.70 6/0.48 3/2.38 21 

10.0 6/0.03 6/0.67 5/0.22 4/0.49 21 

Totals 24 24 23 17 88 

---_._--------------------------------------
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Table 3.4 Accuracy of the predicted temperature field as measured by 
the maximum error in the complete steady-state field for 25 blood 
perfusion iterations. Also shown are the amounts of extrapolation 
from the maximum measured temperature to the maximum predicted 
temperature at the initial steady-state (Ap) and the accuracy of the 
extrapolation given as EA' the difference between the maximum 
predicted temperature ana the true (direct case) maximum temperature 
in the complete field. All are given as functions of the direct case 
perfusion model and the number of measured temperatures. For model 
HCW. the extrapolations are to an unmeasured minimum temperature. 

WN=0.5 WN=4.0 WN=16.0 

Perfusion Number of IEssl Ap EA IEssl Ap EA IEssl Ap EA 
pattern measure-

ments (OC) (Oc) (OC) (OC) (Oc) (OC) (OC) (OC) (OC) 

LCW 7 0.03 0.02 0.02 0.02 -0.02 0.02 0.03 0.01 0.01 
6 0.13 2.31 0.13 0.05 6.17 0.05 0.03 9.55 0.02 
4 0.18 2.35 0.18 0.07 6.15 0.05 0.22 9.62 0.09 
3 0.36 0.06 0.06 0.19 -0.12 0.02 0.24 0.02 0.02 

HeW 7 0.03 0.03 0.03 0.02 0.02 0.02 0.01 0.10 0.10 
6 0.40 0.57 0.40 0.21 3.18 0.21 0.50 2.91 0.50 
4 0.54 0.91 0.06 0.08 3.38 0.01 0.11 3.30 0.11 
3 0.33 0.02 0.02 0.07 0.01 0.01 0.13 0.01 0.01 

UW 7 0.02 0.02 0.02 0.01 0.01 0.01 0.01 0.01 0.01 
6 0.24 0.62 0.24 0.02 0.02 0.01 0.32 0.32 0.32 
4 0.14 0.50 0.02 0.01 0.01 0.01 0.02 0.02 0.02 
3 0.16 0.01 0.01 0.09 0.09 0.07 1.56 1.55 1.55 
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max[Ess(x,)] when Nt equal 31 was used. For these cases, the initial 

guesses for the blood perfusions (Wo) were a uniform 0.1 kg(m3_s)-1. 

As an evaluation of the ability of the transient method to predict 

unmeasured maximum and minimum temperatures, Table 3.4 also includes 

the difference between the maximum measured temperature and the 

maximum predicted temperature (~p) and the difference between the 

maximum predicted temperature and the true maximum temperature (E~). 

These are, respectively, measures of how far the algorithm 

"extrapolated" the measured temperatures to the maximum predicted 

temperatures in order to attempt to predict the true maximum 

(unmeasured) temperature ~p and the accuracy of that "extrapolation" 

(E~). (For model HeW, where the "extrapolation" was to a lower 

measured temperature, the difference between the minimum measured and 

the minimum predicted temperatures is shown.) 

Table 3.5 shows the results of the final evaluation, which 

examined the accuracy of the predictions when the power was only 

halved, not turned off completely. In this case, the same six annular 

direct case models were used. The initial blood perfusion guess for 

this study was 0.1 kg(m3-s)-l, and the number of time steps was varied 

as in Table 3.2, giving a total of 120 cases. 

In all of the above cases, there were no differences between 

the model used in the inverse problem and the direct case model (i.e. 

no model mismatch). This will usually not be the case, and thus it is 

of interest to investigate situations with model mismatch, 

specifically zone boundary mismatch. To do this, a new one-
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Table 3.5 Number of cases which converged, out of a possible thirty, 
usina models HCW and lCW with the initial guess a uniform 0.1 
kg(m3-s)-1 for two different power transient tests. In addition, the 
maximum steady state error for the grouping is shown. 

Number of Converged Results/Maximum Error (OC) 

Power transient Seven Six Four Three 
sensors sensors sensors sensors Totals 

Power-off 30/0.13 29/2.31 28/2.24 23/1.64 110/2.24 
1/2 Power decrease 30/0.06 23/1.85 21/1. 70 20/5.02 94/5.02 

Totals 60/0.13 52/2.31 49/2.24 43/5.02 204/5.02 
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dimensional direct case model with five perfusion zones (simulating a 

necrotic tumor surrounded by normal tissue) was used (Figure 3.2). 

The values of WN used were 10.0, 5.0 and 1.0 kg(m3-s)-1. The thermal 

conductivity, density, arterial temperature, and specific heats were 

the same as in the previous model. The magnitude of the applied power 

was again chosen such that the maximum temperature in the model 

reached 50.0~0.lOC (Figure 3.3) but, in this case, the power was 

deposited in the tumor only, with no power deposition in the normal 

tissue. To study the error space, (that is how ~ varies with W) a 

model mismatch was introduced by varying the size of the central tumor 

zone of the inverse case in relation to its size in the original 

direct case. To do this, the two inner boundaries in the tumor were 

displaced symmetrically about the center of the model. Figure 3.2 

shows the zero displacement position. The temperature measurement 

locations were in the centers of each of the three direct case tumor 

blood perfusion zones. The blood perfusion in the normal tissue was 

assumed known and equal to the direct case value, as were the thermal 

conductivity, specific heat, power and arterial temperature. The 

perfusion magnitudes in the three tumor regions of the inverse case 

were then determined such that the objective function (~) was 

minimized using the optimization algorithm. The minimum was taken to 

be the point at which the root-mean square difference between two 

successive estimates of the perfusion vector was less than 0.0002 

kg(m3-s)-1. Figure 3.4 shows the value of the objective function as a 

function of zone boundary error and total sampling time (t f ) for the 

----------- ---------------------------- , .-. 'j 
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Figure 3.3a Temperature as a function of position for the Lew 
perfusion pattern in Figure 3.1 with WN equal to 0.5, 4.0, and 
16.0 kg(m3-s)-1. 
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Figure 3.3b Temperature as a function of position for the Hew 
perfusion pattyrn in- Figure 3.1 with WN equal to 0.5, 4.0, and 
16.0 kg(m3-s)- . 
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Figure 3.4a Objective function (S) plotted ,as a function of the 
displacement of the inverse problem central perfusion region 
boundaries and as a function of total sampling time (t f ) for the 
direct case perfusion pattern of Figure 3.2 with WN equal to 
1.0 kg(m3-s)-1 • 
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Figure 3.4b Objective function (S) plotted as a function of the 
displacement of the inverse problem central perfusion region 
boundaries and as a function of total sampling time (t f ) for the 
direct case perfusion pattern of Figure 3.2 with WN equal to 
5.0 kg(m3-s)-1. 
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Figure 3.4c Objective function (~) plotted as a function of the 
displacement of the inverse problem central perfusion region 
boundaries and as a function of total sampling time (t f ) for the 
direct case perfusion pattern of Figure 3.2 with WN equal to 
10. kg(m3-s}-1. 

67 

- ..•........... -------------------------------_ .. ".- . 



68 

three WN values. A positive displacement in Figure 3.4 increases the 

size of the necrotic core. 

Last, to illustrate the model mismatch problem further, Figure 

3.5 is a plot of the difference between the true, direct case 

temperature field (To) for the perfusion pattern in Figure 3.2, and 

the predicted temperature field (Tp) for a tumor of the same size, but 

uniformly perfused at 2.0 kg(m3-s)-1. The difference is shown as a 

function of position and time. 

Discussion of One-Dimensional Results 

Table 3.4, which shows the accuracy of the predicted transient 

method results--that is, the maximum difference between the direct and 

inverse problem results for all positions, max[Ess(x,)]--demonstrates 

the most important conclusion of this study, that the transient Gauss 

method can be quite accurate in predicting the temperatures even when 

there were fewer sensors than unknown blood perfusion magnitudes 

(although not shown, the position of the maximum temperature was also 

accurately predicted; ~1 mm). The accuracy was better than 0.54°C, 

except for the one case with three sensors and uniform perfusion with 

WN equal to 16.0 kg(m3-s)-1, which had an error of 1.56°C. This large 

error results from the fact that the perfusion regions are highly 

uncoupled due to the high perfusion magnitudes which dominated 

conduction effects. Thus, the predicted perfusion in zones where 

there are no sensors can be significantly in error without affecting 

the temperatures in the zones where there are sensors. The error 

(1.56°C) can be significantly reduced by decreasing the convergence 

-------------------------------------
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Figure 3.5 The difference between the direct case (true) temperature 
field (TO) when the entire tumor of the five-zone model (Figure 3.2) 
has 2 kg{m3-s)-1 blood perfusion, plotted as a function of location 
and the total sampling time. 

-------------------------------------
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llmlt of the optimlzation algorithm, thus requiring a better fit to 

the measured temperature data. Additionally, the error for this 

uniform perfusion case can be improved by increasing the sampling time 

beyond Nt equal to 31. This improvement is due to increased 

conduction of information concerning the perfusion magnitude in 

regions without sensors to the measurement locations. For example, 

with Nt equal to 121 and the convergence limit reduced to O.OOI·C, the 

original error of 1.56·C was reduced to 0.35°C. This implies that 

there is an optimal sampling time which results in the most accurate 

solution for the complete temperature field (also see the discussion 

of Table 3.2). In general, the optimal sampling time will depend on 

the blood perfusion, which is unknown prior to the solution of the 

inverse problem. Thus, it may be necessary to solve the problem for 

several dlfferent sampling times before the most accurate, complete 

temperature field will be estimated. In addition to using an optimal 

sampling time, the accuracy of the complete temperature field can be 

improved by tightening the convergence criterion. Thus, by reducing 

the magnitude of the convergence criterion, the estimated blood 

perfusions will be more accurately predicted and so will the estimated 

complete temperature field. In the limit, if the convergence 

criterion could be taken to zero (admittedly, a clinical 

impracticality), the estimated and true blood perfusions and 

temperature fields would agree exactly (for no model mismatch 

present): that is, the inverse problem solutions are unique and 

unimodal. This appears to be true when this algorithm is applied, 

------------------------------------------------- -, 1 
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since, when the technique converged, it always converged to the 

correct solution. This is consistent with the results of Kleinman and 

Roemer (1983) and Kravaris and Seinfe1d (1986). However, for a poor 

initial blood perfusion guess, or for too short or too long of a total 

sampling time, the technique did not converge to a solution, as 

discussed below. 

Table 3.4 also shows the "extrapolation" (6 p) of the maximum 

measured temperature to the maximum predicted temperature (minimum 

measured temperature to minimum predicted temperature for pattern 

HCW). The "extrapolation" is in excess of 9.0°C for some cases, and 

the distance between measurement locations is up 3.0 cm. Thus, these 

results demonstrate the possible utility of the transient Gauss method 

for situations where large sensor spacings and large differences 

between the measured and true maximum (or minimum) temperatures exist. 

It should be noted that the results in Table 3.4 are for Nt equal to 

31. This number was chosen because, as can be seen in Table 3.2, the 

method always converged for Nt equal to 31. That is, this gave a 

close to optimal sampling time for the perfusion patterns. 

Table 3.3 indicates that a low initial guess for the blood 

perfusion is best. This is true because when starting with a high 

initial guess, the information about cross-coupling between zones is 

suppressed in the Jacobian (J t ). Thus, when a small number of sensors 

is used (so even less information is transmitted), the blood perfusion 

vector may not converge to a solution but, instead, may begin to 

oscillate, a sign of the ill-posedness of this problem (recall no 
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regularization was used to obtain the one-dimensional results). The 

results in Table 3.3 are for uniform initial perfusion guesses. These 

uniform distributions were used for simplicity of comparison. A much 

faster algorithm results if the initial estimate is based on an 

exponential rate of decay of temperature. These initial guesses gave 

essentially the same results as the 0.1 kg(m3-s)-1 guess of Table 3.2 

(results not shown). 

Table 3.2 shows the effects of the total sampling time on the 

accuracy of the predicted temperature fields. Starting with a small 

number of time steps, the number that converged increased as Nt 

increased because of the additional transient data available. 

However, as Nt increased further, the number of converged results 

decreased. The accuracy of the results showed a similar trend. Poor 

accuracy for small Nt (e.g. 8) is caused because the problem is 

similar to the steady-state problem where there is no unique solution 

(see following discussion). When Nt is large (e.g. 121), the accuracy 

of the predicted solution is again poor because the temperatures had 

all decayed to a new steady-state. Figure 3.5 illustrates that as 

time increased to large values, the temperatures (independent of the 

magnitude of the blood perfusion) all decayed to the same steady-state 

values for the simulations studied here. Thus, there is no difference 

between Tp and Tm for large times and, since equation 2.11 includes 

division by the total sampling time, the objective function (~) 

becomes quite small for large Nt, even though the initial (t=O) 

steady-state error (Ess) is large. Nonetheless, the small ~ allows 

, ,., 'I 



the transient technique to terminate, as if a correct solution had 

been found. Finally, it is shown in Table 3.5 that a power-off 

transient is a more robust test than a step decrease in power. This 

is probably due to the fact that a power-off test generates a larger 

perturbation of the temperature field compared to the half-power 

transient, hence generating temperature signals large enough for the 

optimization algorithm to distinguish the perfusion magnitudes in 

unsampled zones. 
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Turning to the steady-state method, if there were fewer sensors 

than unknown blood perfusion magnitudes (that is, when the problem was 

underdetermined), the method converged in only a few cases and, when 

it did converge (results not shown), the error [Ess(x,)] was usually 

quite large. Usually instead of converging, the algorithm terminated 

because the matrix JtJI became singular, where J t is the Jacobian 

matrix. It is not surprising that the underdetermined steady-state 

problem converged at times, since there is no unique solution but, 

instead, an infinite number of solutions. This can be seen by noting 

that for the cases considered in this study, there are seven unknown 

variables (that is, seven perfusion magnitudes) with M known 

variables, where M is the number of measured temperatures. When the 

number of measured temperatures is less than the number of perfusion 

magnitudes, it is possible to specify an infinite set of perfusion 

magnitudes which will satisfy the steady-state convergence criterion 

at the measurement locations. On the other hand, the solution for the 

complete temperature field is unique, that is, only one set of 

-_ .. _ .. __ ._-------------------------------
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perfusion magnitudes will result in max[Ess(x,)] being zero. Thus, 

when the steady-state problem is underdetermined, it is possible to 

satisfy the steady-state convergence criterion without accurately 

predicting the complete temperature field. This point is illustrated 

in Table 3.6, where the steady-state Gauss method [Clegg and Roemer 

(1985a)] was used to solve the steady-state model LCW with WN equal to 

16.0 kg(m3-s)-1 when the inverse case had six temperature measurements 

and a fixed perfusion (We) in the central region. Table 3.6 shows the 

magnitude of the root mean square error at the measurement locations 

and the steady-state error for the complete temperature field 

max[Ess(X')] as a function of the assumed value of We. The 

convergence criterion was Ess less than O.OloC. If We is set to the 

correct value (zero), then the steady-state algorithm finds the 

correct solution and both Ess and Ess(x,) are zero. However, as We is 

varied from the correct value, the algorithm still finds solutions 

which minimize the error at the measurement locations, but the 

temperature predictions at the unmeasured positions become very 

inaccurate. Thus, it is apparent from Table 3.6 that when the number 

of temperature sensors is less than the number of perfusion zones, 

accurate predictions of the complete temperature field using the 

steady-state approach cannot be expected. 

Turning to simulations for which some model mismatch is 

present, the effect of one type of pattern mismatch (i.e. the sizes of 

the perfusion zones) is shown in Figure 3.4. For any sampling time, 
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Table 3.6 The maximum error of the complete steady-state temperature 
field and the value of the steady-state objective function (Ess) as a 
function of an assumed central region blood perfusion (W ) for the 
steady-state Gauss method. Results are for seven perfuslon regions 
(with six unknown perfusions) and six sensors for the direct case 
model LCW with WN equal to 16 Kg(m3-s)-1. 

We kg(m3-s)-1 Ess (OC) maxIEss(x,)1 (OC) 

0.0 0.000 0.00 
0.5 0.010 2.02 
1.0 0.007 3.62 
5.0 0.010 8.74 

10.0 0.005 10.58 
50.0 0.006 12.49 
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the size of the average transient error at the measurement locations 

(~) increases as the magnitude of the boundary mismatch increases. As 

a function of total sampling time, the error initially starts at zero, 

rises to a maximum, and then begins to decrease back to zero. The 

result at zero sampling time, where the sampling data include only the 

steady-state information, represents the fact that for any given 

model, a solution with zero measurement error can always be found 

using the steady-state algorithm when the number of sensors equals the 

number of perfusion regions (as was illustrated in Table 3.6). It is 

interesting to note that the error plotted in Figure 3.4 rises to a 

peak, whose location differs for the three blood perfusion magnitudes 

considered. This difference results from changes in the tissue time 

constants, which are inversely proportional to the blood perfusions. 

Finally, it must be emphasized that a minimum exists in the objective 

function as a function of boundary error (Figure 3.4). That is, when 

there is no error in the blood perfusion boundaries, the blood 

perfusion magnitude is accurately predicted. Due to numerical 

limitations, it was not possible to pred~ct the perfusion magnitude 

exactly and thus get a zero objective function with no boundary 

mismatch. This minimum in the objective function suggests that when 

the transient method is used to predict the temperature field, not 

only can the magnitude-of the blood perfusion be optimized to produce 

an accurate temperature field, but the blood perfusion zone boundaries 

might also be optimized indicating that it might be possible to 

overcome some model mismatch errors. 
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Three-Dimensional Case 

As in the one-dimensional results, the three-dimensional 

treatments were simulated using the bio-heat transfer equation as the 

thermal model of the tissue. Several direct cases were considered 

with a variety of perfusions to study the influence of perfusion 

magnitude and pattern on the ability of this algorithm to accurately 

reconstruct the temperature field. Unlike the one-dimensional 

results, Tikhonov regularization was used in the analysis of the 

three-dimensional results. 

Three-Dimensional Simulations 

The simulated treatment protocol was the same as the previous 

results. Steady-state temperatures with a known applied power were 

achieved after which the power-off transient cool-down data was 

collected and was then used as input for the estimation algorithm. A 

limited number of the simulated transient temperatures at selected 

locations (see Figure 3.7) were used as the measured data. It was 

this data that was used by the optimization algorithm to reconstruct 

the complete temperature field (the indirect case). Since the 

temperatures of the simulated treatment field (direct case) were 

completely known they were used to assess the accuracy of the 

reconstructed temperature fields from the maximum absolute difference 

(for all finite difference node locations) between the steady-state 

temperatures of the direct case and indirect case. As in the one

dimensional study, the difference at steady-state was chosen because 

that is the temperature distribution of interest in a treatment. 
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Figure 3.7 Schematic of the three-dimensional treatment model. Each 
zone represents a volume of different perfusion and the dots in the 
center of each zone are the locations of the temperature measurements. 
The perfusion zone numbers are indicated in the near lower right-hand 
corner of each zone. 
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The influence of additive measurement noise was also examined 

since temperature measurements taken in a clinical setting are 

generally noisy. To study this phenomenon, the direct case 

temperature plus noise was used as the measured transient temperature 

input to the estimation algorithm. The noise, randomly chosen from a 

normal distribution, was such that its variance corresponded to the 

probability that 95% of the noise was within a given value. To 

generate the noise a random number generator was used for which the 

initial seed value never changed, and thus the noise sequence added to 

the direct case data was always the same for a given 95% value. The 

95% value ranged from O·C to l·C, which only had the effect of scaling 

the magnitude of the noise sequence. Since the noise was a sequence 

of numbers with total length NxNt the manner in which the noise was 

added to the direct case transient temperatures is best illustrated by 

the following equation, 

T
j =ATj +r 
m,i m,i ~e 

(3.1) 

where T~, I is the measured input data which corresponds to the eth 

element of the measured temperature vector (see Chapter 2) and ~e is 

the eth element of the generated noise sequence and t~, I is the direct 

case temperature--i.e. the measured temperature without noise. The 

effect of adding noise using this method was that in any simulations 

with a fixed number of measurement locations, the noise sequence was 

exactly the same (except for the above scaling factor). However, as 

sensors were eliminated, the vector of measured temperatures changed 



but the noise sequence remained the same. Therefore the same noise 

was not necessarily added to a given measurement when sensors were 

eliminated. 
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Successive overrelaxation was used to compute the steady-state 

solution of the bio-heat transfer equation, while the transient 

temperatures were computed using forward (explicit) differencing in 

time and central differencing in space. Explicit time differencing 

was used, despite the fact that the method is only conditionally 

stable, because the time steps used were always small enough to insure 

stability. A discussion of the formal accuracy and stability of this 

solution scheme can be found in the Appendix. 

Three-Dimensional Results 

Several different direct cases were considered to study the 

influence of the perfusion distribution on the ability of the 

estimation algorithm to accurately compute the complete temperature 

field (see Table 3.7). For each of these blood perfusion cases, the 

power was uniform throughout the tissue. A second power deposition 

pattern was considered for both the LPPNC and HPPNC cases. For those 

cases, the power was spatially distributed such that an approximately 

uniform initial temperature distribution was obtained. This direct 

case is referred to as the uniform initial temperature case. (UITL for 

the LPPNC case and UITH for the HPPNC case). To study the effect of 

the distance between a sensor and an adjacent perfusion zone, a second 

set of direct cases was studied in which the overall size of the LPPNC 

and HPPNC models was reduced from 10.5 cm to 3.15 cm. The power (Q) 
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Table 3.7 Perfusion kg(m3-s)-1 distribution for the cases studied (See 
Figure 3.7 for the perfusion zone numbers) 

Perfusion Magnitude by Region 

Model Name W1 W2 W3 W4 W5 W6 W7 

Low Periphery Perfusion 
Necrotic Center (LPPNC) 0.5 0.5 0.5 0.0 0.5 0.5 0.5 

High Periphery Perfusion 
Necrotic Center (HPPNC) 8.0 8.0 8.0 0.0 8.0 8.0 8.0 

Low Periphery Perfusion 
High Center Perfusion 0.5 0.5 0.5 8.0 0.5 0.5 0.5 
(LPPHC) 

Low Periphery Perfusion 
Low Center Perfusion .125 .125 .125 0.5 .125 .125 .125 
(LPPLC) 

----_._-------------------------
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used for each direct case was always scaled such that the maximum 

steady-state temperature was 50.0~O.I·C and the finite difference time 

step was chosen such that after one hundred time steps the temperature 

distribution was within O.2·C of the basal, power-off temperature 

distribution. The spatial node spacing was uniform and equal to 5 mm 

for the large cases and 1.5 mm for the small cases. 

Examples of the results of the direct case temperature 

calculations are shown in Figure 3.8, which displays the transient 

temperature decay following power-off for the direct case (dashed 

lines) at measurement locations one and four. The transient decays at 

locations two, three, five, six, and seven are identical to the 

temperature decay of location one because of the symmetry of the 

direct case model and thus are not shown. In addition to the true 

decay, the direct case transient temperature decay with additive noise 

of I.O·C is shown (solid lines). The figure also shows the initial 

steady-state temperature distribution through the central plane 

(z=5.25cm). Figure 3.8a is for the LPPNC case and 3.8b is for the 

HPPNC case. For this latter model, the high perfusion in the exterior 

zones relative to the perfusion of the necrotic zone results in only a 

small increase in the steady-state temperature above the arterial 

temperature for the exterior measurement locations, making this a hard 

problem to solve. In addition to the small increase in the steady

state temperature, the transient temperature decays in the exterior 

zones have rapid time constants due to the high perfusion. The 

combined effect of these two factors results in a very small 

-----------------------------------------
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LPPNC Case 

35+---~~---r----~--~ 
o 1500 3000 4500 6000 

Time (sec) 

Figure 3.Ba The transient temperature decay at the central 
measurement location and at one of the exterior locations and the 
steady-state temperature distribution through the x-y plane at z equal 
5.25 em for the low Periphery Perfusion Necrotic Center model. 
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Figure 3.8b The transient temperature decay at the central 
measurement location and at one of the exterior locations and the 
steady-state temperature distribution through the x-y plane at z equal 
5.25 cm for the High Periphery Perfusion Necrotic Center model. 
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temperature signal detected at any of the exterior measurement 

locations. Figure 3.8c is a plot of the direct case results for LPPHC 

case. It can be seen that with a highly perfused zone embedded in a 

tissue of significantly lower perfusion, the steady-state temperatures 

of the central zone have been suppressed relative to the temperatures 

in the exterior zones, and like the LPPLC case the zone with high 

perfusion (see Figure 3.8d) rapidly decays to the arterial 

temperature. This implies that there will be little coupling between 

zones. Figure 3.8e is for the UITL case and Figure 3.8f is for the 

UITH case. Again, a rapid decay of the transient temperature in the 

zones of high perfusion is shown in Figure 3.8f indicating it will 

also be difficult to solve. It is also important to note that because 

there is no perfusion and no initial temperature gradient in the 

center zone, there is no transient temperature decay immediately after 

power-off at location four for these latter two cases. In fact, by 

the time the temperatures at the exterior measurement locations have 

decayed to near their basal values the central measurement location 

temperature is just beginning to decay. This suggests that there is 

very little conduction coupling between the central measurement 

location and the exterior zones of perfusion. Thus, this may be a 

very difficult problem to solve when there is a sensor in the central 

location and no sensors in the peripheral zones. All of these plots 

of the direct case temperatures are for the large sensor spacing 

model. The results for the two small sensor spacing cases are similar 
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LPPHC Case 

50 

35+---~----~----~ __ ~ 
o 800 1600 2400 3200 

Time (sec) 

Figure 3.8c The transient temperature decay at the central 
measurement location and at one of the exterior locations and the 
steady-state temperature distribution through the x-y plane at z equal 
5.25 cm for the Low Periphery Perfusion High Central perfusion model. 
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LPPLC Case 

50 

'f 

35+----..---r---r----. 
o 1500 3000 4500 6000 

Time (sec) 

Figure 3.8d The transient temperature decay at the central 
measurement location and at one of the exterior locations and the 
steady-state temperature distribution through the x-y plane at z equal 
5.25 cm for the low Periphery Perfusion low Central perfusion model. 
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LPPNC Uniform Temperature 

'I 

35+---~----~----~---, 
o 1500 3000 4500 6000 

Time (sec) 

Figure 3.8e The transient temperature decay at the central 
measurement location and at one of the exterior locations and the 
steady-state temperature distribution through the x-y plane at z equal 
5.25 cm for the Uniform Initial Temperature Low periphery perfusion 
necrotic center model. 
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Figure 3.8f The transient temperature decay at the central 
measurement location and at one of the exterior locations and the 
steady-state temperature distribution through the x-y plane at z equal 
5.25 cm for the Uniform Initial Temperature High periphery perfusion 
necrotic center model. 
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to Figures 3.8a and 3.8b except that the influence of the boundary 

conditions is more evident. 
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Two effects were considered, to evaluate the transient 

optimization algorithm, for each of the above blood perfusion cases. 

The addition of measurement noise where the 95% levels were 0.0, 0.1, 

0.2, 0.4, and 1.0°C, and changes in the number of temperature sensors. 

The number of simulated temperature sensors used were: seven--one 

measurement in each of the perfusion zones: six--no measurement in 

zone four: four--measurements only in zones one, three, five, and 

seven: three--measurements only in zones two, four, and six. The 

effectiveness of the algorithm in accurately predicting the complete 

temperature field was determined by comparing the direct case and 

indirect case steady-state temperature distributions as described 

above. The estimate of the complete temperature field yielded by the 

indirect case was judged to be sufficiently accurate if the maximum 

error was less than 1.0°C. 

An important parameter that determines the success of the 

algorithm to accurately predict the complete temperature field is the 

magnitude of the regularization parameter (e). Figure 3.9 shows the 

frequency with which the steady-state temperature field was predicted 

to within 1°C as a function of the regularization parameter when only 

three and four sensors were used as input. The number of cases 

attempted for each value of regularization was ten: five noise levels 

for three and four measurement locations. Figure 3.9a shows the 

effect of varying the regularization parameter for the low periphery 
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Figure 3.9a Success as a function of regularization parameter (e) for 
all the three and four sensor results for the low perfusion models. 
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Ffgure 3.9b Success as a functfon of regularfzatfon parameter (e) for 
all the three and four sensor results for the hfgh perfusfon models. 
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perfusion cases (LPPNC, LPPLC, and UITL) while 3.9b is for the high 

cases (HPPNC, LPPHC, and UITH). Figure 3.10 plots the estimated value 

of perfusion as a function of zone number and iteration. For this 

figure the results of the LPPNC case with three sensors and 0.4°C of 

noise were plotted. Figure 3.10a shows the successive perfusion 

estimates when there was no regularization (e=O), while the result 

for e=10 is shown in Figure 3.10b. 

The primary results from this study are Figures 3.11 and 3.12, 

where the accuracy of the temperature reconstructions are shown. A 

success criterion has been developed where if the criterion has been 

satisfied, the indirect case solution has accurately reconstructed the 

direct case steady-state temperature field to within 1.0°C everywhere, 

the result is shown with a closed symbol. On the other hand, if the 

success criterion was not satisfied when the algorithm terminated (at 

a minimum of twenty-five iterations), the symbol is cross-hatched 

provided the perfusion predictions were converging to their true 

values, otherwise the symbol is open. Those cases indicated with a 

cross-hatched symbol are counted as successful because had the 

algorithm continued to iterate it is likely that they would have 

converged to the correct solution. This is justified based on letting 

some of these cases continue to iterate beyond the termination 

criterion and finding that these cases did indeed converge to the 

correct solution. These figures show the effects of additive noise 

and of decreasing the number of temperature measurement locations on 

the success of predicting the temperature distribution to within the 

. 1 
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Figure 3.10b Plot of the estimated value of perfusion for each 
perfusion zone (i) and estimation algorithm iteration (k) for the 
LPPNC case with three sensors, 0.4°C of noise and the regularization 
parameter equal to 10.0. 
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Figure 3.11a Success in accurately predicting the complete 
temperature field for the regular model (i.e. the minimum sensor 
spacing is 3.5cm). Results for the lPPNC model with the 
regularization parameter equal to 20. 
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Figure 3.11b Success in accurately predicting the complete 
temperature field for the regular model (i.e. the minimum sensor 
spacing is 3.5cm). Results for the HPPNC model with the 
regularization parameter equal to 0.1. 
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Figure 3.11c Success in accurately predicting the complete 
temperature field for the regular model (i.e. the minimum sensor 
spacing is 3.5cm). Results for the LPPLC model with the 
regularization parameter equal to 10. 

98 



LPPHC Case 

1.0 0 0 

• MOItError<I-C 
o Malt Error:> I-C 

O.B 60:1 

- Avg. Inilial Guess 
0 NT'0:56 
0 -
g! 0.6 
cv 
-' 
cv 
en 
(5 
Z 0.4 0 
~ 0 
to 
m 

0.2 ~ 0 

mJ m 
0.0 

7 6 5 4 3 
Number of Sensors 

Figure 3.11d Success in accurately predicting the complete 
temperature field for the regular model (i.e. the minimum sensor 
spacing is 3.5cm). Results for the lPPHC model with the 
regularization parameter equal to 1.0. 
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Figure 3.lle Success in accurately predicting the complete 
temperature field for the regular model (i.e. the minimum sensor 
spacing is 3.5cm). Results for the UITl model with the regularization 
parameter equal to 10. 
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UfTH Case 
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Figure 3.11f Success in accurately predicting the complete 
temperature field for the regular model (i.e. the minimum sensor 
spacing is 3.5cm). Results for the UITH model with the regularization 
parameter equal to 0.01. 
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Figure 3.12a Success in accurately predicting the complete 
temperature field for reduced models (i.e. the minimum sensor spacing 
is 1.Scm). Results for the lPPNC case with the regularization 
parameter equal to 1.0. 
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Figure 3.12b Success in accurately predicting the complete 
temperature field for reduced models (i.e. the minimum sensor spacing 
is 1.5cm). Results for the HPPNC case with the regularization 
parameter equal to 0.1. 
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1.0°C criterion. Figures 3.lla and 3.llb show results for the LPPNC 

and HPPNC cases respectively. The result of applying the algorithm. to 

the LPPLC case is shown in Figure 3.l1c. Figure 3.1ld shows the 

result for the LPPHC case. The results of the uniform initial 

temperature cases are presented in Figures 3.11e and 3.1lf for the 

UITL and UITH cases respectively. Figure 3.12 shows the effectiveness 

of the algorithm when the smaller models are studied. Figure 3.l2a 

shows the result for the LPPNC case while Figure 3.12b shows the 

result for the HPPNC case. It should be noted that for all these 

cases the number of time steps (Nt) following the power-off was always 

fifty-six. This represented using approximately half of the total 

simulated power-off transient decay data. Also, the optimal 

regularization parameter based on Figure 3.10 was used for each case 

study. 

Discussion of Three-Dimensional Results 

Accurate estimation of the steady-state temperature field 

depends strongly on the particular choice of regularization parameter. 

Figure 3.9 demonstrates that with the proper choice of regularization 

parameter this algorithm can accurately predict the complete 

temperatures when only a limited number of sensors is used. Several 

important trends are seen in this figure. The first is that without 

any regularization (e=O) it is unlikely that the temperatures can be 

accurately estimated. This is because the problem is ill-posed when 

there are fewer sensors than perfusion zones. The ill-posedness of 

this problem results in oscillatory estimates for the perfusion 

--_._----_ .. _------------------------------
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vector, particularly for those zones without a sensor. This is 

clearly illustrated in Figure 3.l0a. With the application of 

regularization the oscillations are damped out because regularization 

smooths the change vector (AW). Figure 3.l0b dramatically shows the 

effect of the addition of regularization. It clearly shows that 

regularization has eliminated the oscillation of the perfusion 

estimates with the benefit that the algorithm then converges to an 

accurate estimate of the perfusions and temperatures. While the use 

of regularization has the benefit of eliminating these detrimental 

oscillations, improper choice of the regularization parameter can also 

reduce the effectiveness of the estimation algorithm. A very large 

regularization parameter will slow the rate of convergence of the 

estimation algorithm. This occurs because of the large weight given 

to minimizing the norm of AW in equation (2.16) which results in all 

the elements of AW being nearly zero. Also, when this weighting is 

very large, it may also cause the estimated perfusions to diverge from 

their true values because the cross coupling information contained in 

the Jacobian becomes dominated by the relatively large regularization 

parameter (e) added to the diagonal of the matrix (see equation 2.17). 

Returning to Figure 3.10, it can be seen that for the high perfusion 

cases a large regularization parameter resulted in the degradation of 

the performance of the algorithm due to the divergence of the 

perfusion estimates. Divergence of the perfusion estimates was the 

general trend when large regularization parameters were used for those 

cases, with zones of high perfusion (see Figure 3.l0b). On the other 
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hand those cases with only low perfusion zones were more successful 

when large regularization parameters were used as demonstrated by 

Figure 3~10a. It can be seen from Figure 3.10 that there is an 

optimal choice for the regularization parameter whose value depends on 

the perfusion pattern and magnitude. 

Figures 3.11 and 3.12 indicate the ability of this estimation 

algorithm to accurately compute the temperature field as a function of 

the number of measurement locations for the best choice of 

regularization parameters considered. Examination of those figures 

show that with no noise added to the measured data the estimation 

algorithm was always able to accurately predict the complete 

temperature field independent of the number of measurement locations 

used. This is an important result because it suggests that if there 

is no model mismatch and the measurement noise can be reduced to small 

magnitudes then the complete three-dimensional temperature field can 

usually be accurately estimated from a limited number of measurement 

locations. 

Figures 3.11 and 3.12 also reveal that when seven sensors are 

used the complete temperature field can be accurately estimated 

irrespective of the perfusion distribution and the amount of additive 

noise. This result is not too surprising since it was shown by Clegg 

and Roemer (1985a and 1985b) that use of steady-state temperature 

measurements with one measurement in each zone of perfusion was 

sufficient to accurately estimate the temperature distribution. 

Actually. these results for the use of seven sensors again verify that 
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this transient method is superior to the steady-state method because 

it can accurately predict the complete temperature distribution for 

problems with noisy input data which the steady-state method can not 

do. 

Figures 3.11 and 3.12 show that when only six sensors are 

present the transient algorithm can, in general, accurately 

reconstruct the steady-state temperatures, which the steady-state 

method cannot do. In those cases the temperature of the center zone 

is not measured but the perfusion in that zone can almost always be 

estimated accurately, thus allowing for accurate estimation of the 

complete temperature field. This is a very encouraging result because 

it shows that at least one zone of perfusion without a sensor can be 

estimated. It is again very encouraging to examine the results for 

Figures 3.11a and 3.11b when only four and three sensors were used 

because of the ability to accurately estimate the temperatures with 

very noisy input data and only a few sensors. It is seen that with 

the proper choice of regularization this algorithm can be very 

effective. 

The effect of coupling, or lack of it, is shown in Figures 

3.11c and 3.11d. These figures show the results for the LPPLC and 

LPPHC cases. As can be seen the results are not very good for the 

three sensor case. The poor performance of the algorithm for this 

case is most likely due to the insensitivity of the central zone 

temperature to the perfusion of the exterior zones (i.e., poor 

conduction coupling) as can be seen in Figures 3.8c and 3.8d. The 
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insensitivity of the central zone temperatures to the perfusion of the 

exterior zones results from two phenomena, the low initial temperature 

in the' center (see Figures 3.8c and 3.8d) and the rapid decay of the 

center zone temperature to arteri a 1 temperature, parti cul arly for the 

lPPHC case (see Figure 3.8d). Figures 3.lle and 3.llf again show the 

effect of conduction coupling. In particular, they illustrate that 

the estimation algorithm has difficulty when there is little coupling. 

In this case the lack of coupling is due in large part to the fact 

that the initial temperature field is uniform. All the temperatures 

except the center temperature decay rapidly due primarily to local 

perfusion. 

The difficulty in estimating the temperature distribution in 

the uniform initial temperature case points to a particular paradox 

that may arise when applying this estimation procedure. The paradox 

is that the ideal clinical treatment is to achieve a uniform 

temperature distribution within the tumor, but as that goal is 

approached the estimation method has increased difficulty in 

accurately reconstructing the complete temperature field. That is, 

the better the hyperthermia treatment is, the harder it is to 

determine how good the treatment really was. 

Figure 3.12 shows the effect of reducing the sensor spacing 

which in turn increases the conduction coupling. Comparing the two 

necrotic cases (lPPNC and HPPNC) Figures 3.lla, 3.llb, 3.l2a and 3.12b 

show that the reduced spacing improves the algorithm performance. In 

fact, with the smaller sensor spacing there was always sufficient 

-_._----- ------------------------
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information to accurately predict the temperature distribution for the 

cases considered. 

Several general observations concerning the results can be 

made. First. as was previously mentioned. the estimation algorithm 

uses the Jacobian to estimate the perfusion. The magnitude of the 

elements of the Jacobian contains information regarding the coupling 

between the temperature of the measurement sensors and the perfusions 

in all the zones. To achieve good results. it is necessary that the 

measured temperatures be sensitive to the perfusions in adjacent 

zones. In fact it is desirable to position the sensors so as to 

maximize the sensitivity of the measured temperatures to all the 

perfusions. This is known as the optimal sensor placement problem and 

is described further by Yu and Seinfeld (1973). It is suggested that 

in the future an idealized representation of a treatment could be used 

to preplan sensor placement by maximizing the elements of the 

Jacobian. hence optimizing the sensor placement. Second. the 

numerical evaluation of the derivatives in the Jacobian matrix has an 

influence on the ability of the algorithm to accurately compute the 

complete temperature distribution and this numerical evaluation 

significantly affects the computational time of the algorithm. 

A final overall observation can be made by returning to Figure 

3.11. It was noted that the conduction coupling is very important to 

the ability of the algorithm to accurately estimate the temperature 

field. However. the magnitude of the received signal is also 

important and is influenced by the local perfusion and the perfusion 

-_ ...... -_ ..•. _--------------------------
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of adjacent regions. The signal is attenuated exponentially as 

perfusion increases which makes accurate estimation of the 

temperatures more difficult. This trend is verified by noting that 

the results for the low perfusion cases (LPPNC, LPPLC, and UITL) are 

more successful than the results for the high perfusion cases. 

-_. __ ._---- ---------------------------------
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CHAPTER 4 

ANIMAL EXPERIMENTS 

The results of the numerical experiments are encouraging in the 

sense that it is possible to accurately predict the complete 

temperature field from a limited number of measurements but a number 

of important questions still exist. For example, the numerical 

studies did not adequately consider the effect of model mismatch, nor 

were the effects of errors in the thermal properties or representation 

of the perfusion distribution considered. Divrik and Roemer (1984) 

studied some of these questions, specifically the issue of whether the 

thermal properties or power distribution were uniformly in error 

throughout the entire model. They found that these errors were 

compensated for by the predicted perfusions and the complete 

temperature field was still accurately predicted. Clegg and Roemer 

(1985b) considered the effect of errors in the perfusion distribution. 

In that study one- dimensional numerical treatments were used with a 

piecewise constant perfusion pattern. The boundary between the zones 

of constant perfusion was shifted from the true position and it was 

found that significant errors in the predicted temperature 

distribution resulted, particularly in the neighborhood of the 

perfusion zone boundaries. Both of these studies used steady-state 

methods, thus the effects of modeling errors are not well understood 
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for the transient method used to generate the numerical results. One 

last type of modeling error which has not yet been addressed is the 

effect of using the bio-heat transfer equation to predict the complete 

temperature field. 

Since the effects of these different types of modeling errors 

are unknown, it was decided to test the transient algorithm in a more 

realistic situation. Hyperthermia treatments on normal canine thighs 

were performed to test the ability of this method to accurately 

predict the complete temperature distribution in clinical situations. 

A large number of thermocouples were inserted into one of the thighs 

of the dog and a small subset of the transient temperature 

measurements obtained during the experiment were used as input to the 

estimation algorithm. Those measurements not used as inputs were 

compared to the predicted temperatures to judge the ability of this 

method in a setting more like that found in the clinic. 

Experimental Procedure 

A total of six canine thighs were treated. Greyhounds were 

chosen because of their large thigh muscle mass. Due to the large 

number of temperature probes that was used, a large muscle mass was 

necessary in order to be able to insert the probes at a spacing which 

would not generate a big disruption of the blood perfusion to the 

thigh as well as to prevent the development of a significant amount of 

edema. This breed was also used because typically they have little 

body fat and thus the muscle mass being heated was relatively 

homogeneous. The animals ranged in weight from 25 to 35 kg and were 

--_. __ ._----------. -----------------------------
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both male and female. Various problems with the experimental 

procedure were discovered during the heating of the thighs of the 

first three dogs and the temperature data recorded during these 

heatings was not used as input to the estimation algorithm. Hence a 

total of only three dog thighs were used for the analysis of the 

estimation algorithm. 

The general experimental procedure which will be described in 

more detail in the following sections was to insert seven junction 

thermocouple probes into the dog's thigh, locate the thermocouple 

probes relative to a datum, heat the dog's thigh with a 6 cm planar 

transducer at some predetermined power level and turn the power off 

once steady-state was reached. The power-off transient temperature 

data was collected and used as input to the estimation algorithm. The 

heating of an individual dog's thigh was repeated at different power 

levels to generate a larger number of test cases. Finally, it should 

be noted that the thermocouple probes were calibrated before and after 

the experiment. 

Temperature Measurement 

A total of sixteen, seven junction thermocouple probes were 

inserted into the dog's thigh yielding a total of one hundred twelve 

temperature measurements. Sixteen multi-junction thermocouple probes 

were used because this was the maximum number of temperature 

measurements that could be taken by the available equipment. 

The thermocouple probes were constructed of constantan and 

manganin wire 0.0025 inches in diameter and were 6 cm in length with 
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each junction placed at 1 cm intervals. The wires making up the 

multi-junction probes were inserted into fused silica tubing with the 

end junction approximately 0.5 cm from the end of the tubing. Fused 

silica tubing was used to ensure that the junctions of each probe 

remained in a straight line after being inserted into the dog's thigh, 

to insulate the dog's thigh from any potential electrical shock, to 

minimize the absorption of the ultrasonic energy, and to reduce the 

measurement noise. Figure 4.1 is a photograph of one completed seven 

junction thermocouple probe. 

The thermocouples were inserted, using a template as a guide, 

into the dog's thigh using open-ended catheters to pierce the skin and 

muscle mass. The template arrangement used for inserting the 

thermocouples into the thigh is shown in Figure 4.2. The thermocouple 

probe numbering is also shown in this figure. There were' a total of 

four planes of multi-junction probes in the z-direction spaced at 1.5 

em intervals. Each plane was made up of four multi-junction probes 

again spaced at 1.5 cm intervals in the x-direction. A close-up view 

of the arrangement of the multi-junction probes in the x and z 

directions is shown in Figure 4.3 which is a photograph of the 

template and 'probes inserted into the dog's thigh. The spacing of 1.5 

cm was used as a trade-off between getting many temperature 

measurements in a very small ·volume and'reducing the amount of 

swelling of the thigh. For dogs four through six, the probe shown in 

the upper left-hand corner of Figure 4.2 (i.e., probe number thirteen) 
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Figure 4.1 Photograph of a seven junction thermocouple probe used to 
measure the temperatures in the dog's thigh. 
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Figure 4.2 Schematic of the template used to guide the thermocouple 
probes into the dog's thigh. The probe numbering is also shown in the 
figure. 
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Figure 4.3 A close-up photograph of the thermocouple probes inserted 
into the dog's thigh. The template and probes are visible in the 
photograph. 
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was placed at the interface between the skin and the water bath below 

to measure the temperature of that boundary. 

Location of Probes 

In the previous section it was mentioned that the multi

junction probes were inserted using a template to locate each probe. 

However, each catheter into which a probe was placed was inserted by 

hand, while the relative depth of the distal tip of each probe was 

controlled to within 0.5 cm. The probes were generally skewed 

relative to the x-z plane because of the pressure applied to the 

catheters during insertion. Finally, each catheter was removed while 

leaving the multi-junction probe in the thigh before the experiment 

could start, thus causing further uncertainty in the location of the 

probes. 

Since considerable uncertainty existed regarding the actual 

location of the thermocouple probes, a method for accurately locating 

the thermocouples was developed by Hynynen et al. (1987). This two

step procedure first required locating all the thermocouples relative 

to the surface of the water bath. This was done by ultrasonically 

imaging the thermocouples while catheters were inserted. The 

catheters had to be inserted at this stage because the thermocouples 

by themselves do not reflect enough ultrasonic energy to be imaged. 

Once the catheters had been imaged, the distance from the catheters to 

the datum was measured. Figure 4.4 shows a photograph of the image of 

the catheters. This image is reversed, so the skin surface and water 

bath datum appear at the top of the figure. The catheters are the 

----------------------------- --, ,- , 
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Figure 4.4 An example of the ultrasonic image of the thermocouple 
probes relative to the water bath datum. Note that this is a reverse 
image so the water bath datum appears at the top of the photograph 
with the thermocouple p~obes shown as the white lines below the datum. 

" 
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bright white lines running from left to right in the figure. From an 

image like this one the distance from the skin surface to the 

catheters was measured to zO.l mm. After all the catheter locations 

had been imaged and measured, they were gently removed while 

maintaining the position of the multi-junction probes in the dog's 

thigh relative to the z datum. 

After having obtained the z coordinate relative to the skin 

surface, the next step was to determine the x and y coordinates of the 

thermocouple junctions. This step located the first and last 

thermocouple junction of each probe. It was then assumed that the 

remaining junctions of each probe were located at equal intervals 

between the first and last junction. A highly focused ultrasonic 

transducer operating at 1.0 MHz was scanned in a raster pattern to 

locate the first and last junction. The transducer was incremented in 

1 mm steps in the x and y directions and after each step the power to 

the transducer was on for approximately one second. The rate of 

temperature rise during the power pulse was recorded for each step of 

the raster and the maximum temperature rise was recorded as the x and 

y location of the thermocouple junction. It is claimed by Hynynen 

(1987) that this procedure locates every thermocouple junction to z2 

mm due to the highly focused ultrasonic transducer used and the 

accuracy of its motion control. 
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Heating Device 

The ultrasonic transducer used to heat the dog's thigh was 

moved into position after all of the multi-junction probes had been 

located. A 6 cm diameter planar transducer operating at 0.5 MHz was 

used to heat the final three greyhounds. A Wavetek model 271 function 

generator was used to generate a sine wave input to an ENI model 240L 

power amplifier, which in turn excited the ultrasonic transducer 

crystal. A matching network was designed and fabricated so the ENI 

power amplifier was loaded at 50n with zero phase at 0.5 MHz. A 

through line power meter was used to measure the total power (forward 

minus reflected) to the transducer. 

A 6 cm planar transducer was chosen to concentrate the power 

over a volume smaller than that which was measured by all the probes. 

(A planar transducer, 10 cm in diameter, was used to heat the first 

dog's thigh and it was found that the deposited ultrasonic power was 

spread over a volume larger than that sampled by the multi-junction 

probes. This was undesirable since the extreme measurement locations 

are to be used as input boundary condition data. Thus the larger 

transducer was not used to heat the dog's thigh in the remaining 

experiments.) An operating frequency of 0.5 MHz was chosen to get a 

penetration depth which would give a maximum temperature several 

centimeters past the skin surface. (The ultrasonic penetration depth 

is inversely proportional to frequency.) An additional benefit of 

using the 6 cm diameter transducer was that at the maximum power 

output of the ENI amplifier, which was 250 W, greater ultrasonic 

_._ .... _ .... _-_ ..... _.---------_._---------------------
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intensities and power densities were achievable because the same power 

was emitted from a smaller area. This benefit translated to greater 

steady-state temperatures above the arterial temperature hence 

improving the measured temperature signal. 

Before using the 6 cm transducer. its beam profile was 

characterized and the power output was calibrated. To characterize 

the beam profile. the ultrasonic intensity was measured at discrete 

locations in a plane formed by the axial and radial coordinates of the 

transducer. This measurement was accomplished by inserting the 

transducer into a nonabsorbing fluid--degassed water--applying pulses 

of power to the transducer and measuring the rate of change of 

temperature with a thermistor bead embedded in a thin layer of 

silicone rubber. Fry and Fry (1954) found the rate of temperature 

increase was proportional to the beam intensity at the point of 

measurement when the size of the thermistor used is small and the 

power pulse length was short. Thus the transducer's ultrasonic 

intensity was measured by measuring the rate of temperature increase 

of the thermistor. Only the relative intensity was measured however. 

because the equipment necessary to determine the proportionality 

constant for the rate of temperature increase to intensity was not 

available. It should also be noted that because the measured 

intensities were small these results are very noisy. Figure 4.5 is a 

contour plot of the normalized intensity in the plane formed by the 

intersection of the transducer axis (z) and radius (r). This figure 

--_ .. _-_._ •.. _._----------------------------------
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Figure 4.5 Contour plot of the measured intensity normalized to the 
maximum for the 6 cm planar transducer. Each contour line represents 
a decrement of 10% of the maximum measured intensity. 
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shows the intensity normalized to the maximum measured rate of 

temperature increase. The transducer was positioned at the bottom of 

and then decays and the intensity normal to the central axis is 

contained within a small area. The contours shown in this figure are 

not smooth and are shown in some situations to form small loops 

because of measurement noise. Figures 4.6a and 4.6b, which are the 

beam profiles along the central axis and along the radial axis 

normalized to the maximum intensity, show this detail. Figure 4.7 is 

a contour plot of the theoretic ultrasonic intensity of a 6 cm planar 

transducer operating at 0.5 MHz calculated using a program developed 

by Swindell (1986). It can be seen by comparing Figure 4.5 to 4.7 

that the shapes of the measured and theoretic intensity plots are 

similar, as expected. 

The power output of the transducer was calibrated by measuring 

the ultrasonic force generated by the transducer for a given input' 

power. The force is related to the acoustic power of the transducer 

by the simple relation, 

P = Fv (4.1) 

where F is the measured force (N), v is the velocity (m-s- 1) of the 

sound wave, and P is the output power (W). The transducer was 

immersed in degassed water to perform this measurement. The 

temperature of the degassed water was measured and it was known that 

at the measured temperature the speed of sound was 1490 m-s- 1 • All 

the same equipment was used to excite the transducer as was used for 

the actual heating, i.e. the Wavetek model 271l, the ENI model 240l, 

------ - ---------------------------------------------
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Figure 4.6a Axial plot of the intensity of the 6 cm transducer. The 
intensity has been normalized to the maximum measured intensity. 
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Figure 4.6b Radial plot of the intensity of the 6 em transducer. The 
intensity has been normalized to the maximum measured intensity. 
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Figure 4.7 Contour plot of the theoretical ultrasonic intensity 
normalized to the maximum intensity for the 6 cm planar transducer 
operating at 0.5 MHz. Each contour represents a 10% decrement of the 
normalized intensity. 
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and the through line watt meter. The power into the transducer was 

measured by the through line watt meter while the force out was 

measured using a Mettler balance. The power out was then calculated 

using equation 4.1 and a calibration curve of the input power to 

output power was obtained. Figure 4.8 is a plot of the calibration 

curve obtained for the 6 cm transducer. It is seen from this figure 

that the transducer is only about 50% efficient at moderate to high 

powers. This low efficiency is due to several reasons: the matching 

network did not present exactly a son zero phase load to the power 

amplifier, the mounting of the ultrasonic crystal constrained its 

motion at the edges, and the crystal was not of uniform thickness. 

Heating Procedure 

As was described in the previous section, a 6 cm planar 

ultrasonic transducer operating at 0.5 MHz was used to heat the dog's 

thigh. The transducer was placed in the Octoson water bath at the 

transition from the near to the far field, approximately 30 cm from 

the dog's thigh skin surface. The purpose of positioning the 

transducer such that the thigh was in the far field was to limit the 

problems associated with calculating the power deposition. If the 

thigh had been heated in the near field then the rapidly changing 

intensity (see Figure 4.7) would have created additional modeling 

errors. In addition to placing the transducer such that the thigh was 

heated only in the far field, the center of the transducer was also 

positioned such that it coincided with the center of the volume 

sampled by the thermocouple probes. 
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Figure 4.8 Calibration curve for the 6 cm planar transducer. The 
power out of the transducer is plotted as a function of the power into 
the transducer. The power out was computed from the measured force of 
the ultrasonic wave and the power in was measured with a through line 
watt meter. 
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Once the transducer was positioned properly, the heating 

commenced. In general, the thigh was heated at a constant power for 

about 30 minutes or until steady-state was reached, whichever took 

longer. Once steady-state was reached the power was turned off, 

generating a power-off transient temperature decay that was used as 

input to the estimation algorithm (identical to the procedure used for 

the numerical results). An example of the measured temperature data 

for a multi-junction probe is shown in Figure 4.9. This plot shows 

the typical course of events. The temperature data collection was 

started, the power was turned on and then turned off when steady

state was reached, the temperature data collection continued until all 

the temperatures had equilibrated at their basal values, and at that 

point the temperature data collection was terminated. The 

temperatures were sampled every 10 seconds and stored by an HP based 

data acquisition system. When the experiment was completed, the data 

was transferred to a VAX 8600, where the data analysis was performed. 

An interesting occurrence is shown in Figure 4.9, which is not typical 

of all the experiments. The occurrence is the sudden decrease of 

temperature about nine hundred seconds after the start of heating and 

is due to thermally induced vasodilation. This type of response has 

been reported by Roemer, Oleson and Cetas (1985) and by Roemer et al. 

(1987) • 

Data Analysis 

Once all the temperature data had been transferred to the VAX 

system, the data analysis was performed. The data analysis included 
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Figure 4.9 Example of the measured transient temperature from the 
beginning to the end of one dog heating experiment. The arrows show 
an example of the total amount of transient data input for the 
estimation algorithm. The data plotted here is for dog experiment 
number four, heating number seven, and probe number eleven. 
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removing bias from the temperature readings, plotting all the 

temperature data, computing the power deposition, storing the 

transient power-off temperatures in data files to be used as input to 

the estimation routine, modeling the problem, and finally applying 

the estimation algorithm to the measured data. The following sections 

describe in detail the procedures used for the data analysis. 

Temperature Correction 

Before insertion of the multi-junction probes into the dog's 

thigh, they are tested and calibrated in a water bath. The purpose of 

testing the probes was to insure that no probes were broken. In 

addition to checking for broken probes, a single point calibration was 

performed on all the thermocouple junctions. To calibrate the probes, 

they were plugged into the data acquisition system where they would 

remain for the duration of the experiment. The probes were then 

inserted into the well of a constant temperature water bath maintained 

at approximately 40°C. This temperature was chosen because it was 

expected that it would be the approximate temperature of the dog's 

thigh during the course of the experiment. The probes were left in 

the water bath for approximately thirty minutes to equilibrate. Then 

the temperature sampling and storage program was executed and at the 

same time the water bath was measured with a thermistor which had been 

independently calibrated to ~O.Ol°C. The temperature data for each 

thermocouple was then averaged over the length of time that the 

temperature sampling program was executed (from three to five 

minutes). The water bath temperature (Tbath ) was then subtracted from 



the average temperature (Tavg) to give a correction temperature 

(Tcorr )· 
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Tcorr = Tavg - Tbath (4.2) 

An example of the temperature correction data is shown in Table 4.1 

which lists the temperature corrections used for experiment number 

five. It was this corrected data that was used as the input to the 

estimation algorithm. 

Temperature Data File Creation 

Once the temperature data had been corrected and stored it was 

plotted. An example of the manner in which the temperature data was 

plotted is Figure 4.9. These plots were used to determine the 

relative time from the start of the experiment to the time that the 

transducer power was turned off for each heating. 

A data file was then created for use by the estimation program 

by storing only data from power-off onward. This was done since the 

estimation algorithm uses only the power-off data. Before the power

off data could be stored, the temperature artifact due to the viscous 

heating in the neighborhood of the probe had to be removed. By 

looking closely at Figure 4.9 the artifact can be observed as the 

sudden drop of the temperature following the power-off. The steady 

state temperature without this artifact was obtained by fitting the 

first six temperatures sampled after power-off to the exponential 

function, 

T(t) = T e-rt 
ss (4.3) 
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Table 4.1 Example of the thermocouple correction factors (OC). This 
table was obtained from the data analysis of dog number five. The 
rows are individual multi-junction probes and the columns are probe 
positions numbered from the distal tip. 

Probe position 
Probe 1 2 3 4 5 6 7 
number 

1 -0.13 -0.17 -0.15 -0.17 -0.18 -0.18 -0.21 
2 -0.16 -0.17 -0.17 -0.16 -0.15 -0.18 -0.18 
3 -0.17 -0.17 -0.16 -0.18 -0.17 -0.55 -0.16 
4 -0.15 -0.16 -0.17 -0.17 -0.18 -0.18 -0.18 
5 -0.18 -0.19 -0.17 -0.18 -0.19 -0.19 -0.21 
6 -0.17 -0.17 -0.22 -0.18 -0.11 -0.17 -0.15 
7 -0.18 -0.18 -0.22 -0.19 -0.17 -0.16 -0.20 
8 -0.17 -0.15 -0.16 -0.17 -0.16 -0.16 -0.19 
9 -0.31 -0.38 -0.29 -0.38 -0.29 -0.16 -0.19 

10 -0.39 -0.38 -0.40 -0.40 -0.37 -0.34 -0.39 
11 -0.36 -0.35 -0.44 -0.44 -0.45 -0.42 -0.44 
12 -0.33 -0.39 -0.41 -0.39 -0.40 -0.42 -0.43 
13 -0.38 -0.23 -0.42 -0.37 -0.34 -0.43 -0.40 
14 -0.38 -0.33 -0.28 -0.30 -0.43 -0.38 -0.29 
15 -0.33 -0.36 -0.41 -0.40 -0.37 -0.41 -0.41 
16 -0.40 -0.38 -0.39 -0.39 -0.37 -0.42 -0.40 

------------------------------------- " 'I 
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where T(t) is the measured temperature at time t, Tss is the steady 

state temperature without the viscous artifact, and r is the rate of 

decay. The fit was performed using a least squares routine with the 

parameters Tss and r optimized with respect to the input data (i.e. 

the first six sample temperatures after power-off). The steady-state 

temperatures without any artifact obtained directly from equation 4.3 

were stored along with the transient power-off data and were later 

used as input for the estimation algorithm. Six temperature samples 

were used instead of the minimum necessary (two), because the measured 

temperatures were noisy. Equation 4.3 assumes that the energy lost 

due to conduction is constant for this sixty seconds, but this cannot 

be guaranteed. Thus these estimates for the steady-state temperatures 

will be in error. 

Power Calculation 

A data file of the power distribution had to be created. The 

power at each of the temperature measurement points could be 

calculated, however it was also necessary to interpolate the power 

data between these measurement points. This section describes the 

technique used for measuring the power at each of the thermocouple 

locations and also describes the method for interpolating between 

these points. 

It has been shown by Roemer, Fletcher, and Cetas (1985) that 

the transient temperature decay immediately following a power-off can 

be used to estimate the power at that measurement point just prior to 
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the power-off. They showed, using simple energy balances, that at a 

power-off the following relationship exists, 

Q(xo,yo,zo,t-)=pcp[ ~ilx=xo - ~ilx=xo ] (4.4) 
y=Yo y=Yo 
Z=Zo Z=Zo 
t=t- t=t+ 

To use this relation the first six temperatures sampled following the 

power-off were fitted to an exponential curve (see equation 4.3). The 

rate of change of temperature at the time just after power-off (t+) 

was then determined from this exponential fit by differentiating 

equation 4.3 and setting t+ to zero, thus 

aTI at t=t+ = -r Tss· (4.5) 

Similarly, the six data points just prior to power-off were fitted 

using a least squares routine to the linear function 

T(t) = To + at, (4.6) 

where T(t) is the temperature at time t and To and a were the 

parameters optimized relative to the input data using a least squares 

optimization algorithm. The rate of change of the temperature just 

prior to power-off was then determined by differentiating equation 

4.6. Thus the rate of change at t- was given by, 

aTI at t=t- = a. (4.7) 

Equation 4.4 was then to be used with equations 4.5 and 4.7 to 

determine the power at the thermocouple located at (xo,yo,zo). This 

procedure was repeated until the power was determined at all the 

--------. ---------------------------
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thermocouple locations. Approximate values were used for the tissue 

density (p=1000 kg-m- 3)" and specific heat (C p=4000 J(kg_·C)-l) because 

it was not possible to measure these values in vivo. These values of 

density and specific heat represent approximate average values in 

muscle as reported by Sekins and Emery (1982). 

Once the power at each of the measurement locations was 

obtained, it was necessary to interpolate the power between the data 

points. The use of a finite difference routine to compute the 

temperature distributions required the knowledge of the power at every 

node of the finite difference mesh but the power was known only at the 

measurement locations. Since the measurement locations did not 

necessarily coincide with the finite difference node locations it was 

necessary to interpolate the measured powers. Returning to Figure 

4.7, it is apparent that the ultrasonic power deposition will not be a 

slowly changing function, and thus it was decided to fit the data with 

cubic splines. The splines could capture the shape of the power 

distribution more accurately than using a linear interpolation 

function. Fitting the data with splines in three dimensions presented 

a difficult problem because the data was not regularly spaced due to 

the imprecise insertion of the thermocouple probes. A method was 

developed by Lin, Clegg, and Roemer (1988) to resolve the problem of 

fitting three-dimensional irregularly spaced data to splines. This 

procedure used a least squares fitting algorithm to determine the 

coefficients of the splines. It was these coefficients that were used 

to compute the power at each of the node locations using the following 



function, 

·N x 
p(x,y,z)= E 

i=1 

Nz 
E aiJ'k b(i,x)b(j,y)b(k,z) 

k=1 
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(4.8) 

where the alJk's are the coefficients, b(i,x), b(j,y), and b(k,z) are 

respectively the x, y, and z dimension spline functions and p(x,y,z) 

is the power at (x,y,z). A more detailed discussion of this method is 

given by Lin, Clegg, and Roemer (1988). 

The measured power data did not contain enough information to 

accurately fit the spline functions so the accuracy was improved by 

providing additional data. The additional data was obtained by 

generating "known" boundary conditions. That is, it was known that at 

a distance of 5 cm away from the central axis of the transducer the 

power was zero. Thus, zero power boundary data was created along 

these planes. Figures 4.10 and 4.11 show the boundary values for the 

power. It was also necessary to create data along the z=o.o and z=7.5 

cm planes. Since the power is not zero on these two boundaries a 

different approach was used. The total measured power for the four x

y planes of thermocouples was fitted by a least squares method to a 

simple exponential curve in the z direction to determine Po and a in 

the following equation: 

(4.9a) 

Having determined the attenuation (a), it remained to compute the 

boundary data for the z=o.o and z=7.5 cm planes. To compute the 



boundary data, the measured data nearest the z=o.o plane was 

extrapolated to z=O.O by the following relation, 

( ) ( ) -a(O-z) P x,y,O = PI x,y,z e 
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(4.9b) 

where P1(x,y,z) is the measured power data at (x,y,z) nearest the 

z=o.O plane and P(x,y,O.O) is the computed boundary value on the z=o.O 

plane. Similarly, the data on the z=7.S cm plane was computed from, 

P(x,y,7.S) = P2(x,y,z)e-a (7.S-Z) (4.9c) 

where P2(x,y,z) is the measured data nearest the z=7.S cm plane. 

Now, enough data was available to fit the splines in the three 

directions. A total of 64 coefficients were fit; this meant that 

there were four splines in each of the x,y, and z directions 

(Nx=Ny=Nz=4). The next step was to compute the power, using the 

results of the spline fit, over a uniform 7x7x6 grid. An attenuation 

coefficient was then determined, using least squares and equation 

4.9a, for each of the forty-nine lines of computed data parallel to 

the z-axis. The average of these forty-nine attenuation coefficients 

was then used to extrapolate the measured power data nearest the z=O.O 

cm plane to z=O.O cm by equation 4.9b. Similarly, this new estimate 

for the attenuation was used to extrapolate the data nearest the z=7.S 

cm plane to z=7.S cm using equation 4.9c. The spline fit was 

performed again with the new z=o.O and 7.5 cm boundary data. This 

procedure of repeatedly estimating a, new boundary data, and new 

spline coefficients was continued until the average attenuation did 

not change by more than 0.05 nepers-m- 1 from one spline fit to the 
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Figure 4.11 Boundary values used in the spline fitting routine in the 
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next. The final set of spline coefficients obtained from this 

iterative procedure was used for interpolating the power. 
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The spline fit was then compared to the theoretical ultrasonic 

intensity to verify the accuracy of this fitting procedure. Figure 

4.12 is a plot of the theoretical ultrasonic intensity for the 6 cm 

transducer. The theoretical intensity shown in Figure 4.7 had to be 

converted to a theoretical power deposition before the spline fit 

results could be compared to theory. The conversion was performed by 

noting that [see Swindell (1986)] 

p(x,y,z) = I(x,y) a e-az (4.10) 

where P is the power (W-m- 3), I is the ultrasonic intensity (W-m- 2), a 

is the attenuation in nepers-m- 1 (1 neper-m- 1 equals 23.03 db-cm- 1), 

and z is the depth in meters. For this figure, the ultrasonic 

intensity was converted to a theoretic power deposition using an 

attenuation of 3.92 nepers-m- 1--this was the attenuation obtained for 

dog number 4 heating number 5. The theoretical power within the dog's 

thigh was determined from the theoretical intensity and equation 4.9a 

and a topographic plot of the power in the dog's thigh is shown in 

Figure 4.13. The results of fitting the power for this dog heating is 

shown in Figure 4.14. It can be seen by comparing Figures 4.13 and 

4.14 that the fit gave the general shape of the power. However, the 

fit did tend to broaden the power and is also missing the detail of 

the small side lobes that theoretically exist. This loss of detail is 

because the number of degrees of freedom for the splines used to 

generate this fit was insufficient to capture this behavior. When 
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Figure 4.12 Topographical plot of the theoretical ultrasonic 
intensity for the 6 cm planar transducer. The arrows indicate the 
approximate location of the dog's thigh. 
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Figure 4.13 Theoretical ultrasonic power within the dog's thigh. 
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Figure 4.14 Topographic plot of the power obtained after fitting the 
measured power to the three dimensional spline function. The data is 
for dog experiment number four, heating number five. The plot shows 
the power along the central axis of the transducer and the radial 
axis. 

----_._---------------------------
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more splines were used (allowing more degrees of freedom) the 

resulting fit oscillated substantially and predicted large negative 

powers. As a result, it was decided to only fit 64 coefficients in 

order to prevent the prediction of negative powers, to smooth the 

errors in the measured temperatures, and accept the fact that the side 

lobe behavior could not be captured. 

An interesting side benefit of this fitting procedure is the 

estimation of the attenuation coefficient. Table 4.2 shows the 

attenuation coefficient estimated from the measured power only and the 

final estimated value of the attenuation for the thigh heatings. It 

can be seen from this table that the attenuation does not change 

substantially for a particular dog but does change significantly from 

dog to dog. It has been reported by Lele and Parker (1982) that the 

attenuation ranges from 2 to 6 nepers-m- 1 in muscle when a transducer 

operating at 0.5 MHz is used. However, their results do not agree 

with the attenuation coefficients obtained from the fitting routine, 

but this may be due to the fact that Lele and Parker did not measure 

the attenuation in vivo and due to a lack of sensitivity of power to 

attenuation. The sensitivity of power to attentuation for all these 

results is less than 0.1 (W-m- 3)/(nepers-m- 1). 

Temperature Estimation 

Once the experiment had been performed and the data analysis 

completed, the estimation algorithm was applied to the measured 

temperatures. Only a subset of all one hundred twelve measurement 

locations was used as input to the estimation algorithm with the 
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Table 4.2a Computed attenuation coefficients from the analysis of dog 
number four. 

Experiment number 

5 
6 
7 

Attenuation Estimates (nepers-m- 1) 

Initial Final 

11.48 
9.486 
9.802 

3.902 
2.478 
3.714 

--_.--_ .. _--_._-_. -----------------------------
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Table 4.2b Computed attenuation coefficients from the analysis of dog 
number five. 

Experiment number 

6 
7 
8 

Attenuation Estimates (nepers-m-') 

Initial Final 

7.440 
10.120 
8.560 

7.716 
11.140 
8.932 

--.--- --._----_.-----------------------------
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Table 4.2c Computed attenuation coefficients from the analysis of dog 
number six. 

Experiment number 

6 
7 
8 

Attenuation Estimates (nepers-m- 1) 

Initial Final 

14.840 
11.200 
32.300 

19.43 
27.39 
20.54 



remaining measurements used for comparison. The following sections 

describe the model and measurement locations used to test the 

algorithm. 

Model 
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The bio-heat transfer equation was used to model the 

temperature distribution. As in the numerical tests, the perfusion 

was assumed to be piecewise constant. The same finite difference 

routines used to numerically test the algorithm (see chapter 3) were 

used for the analysis of the dog experiments. A 10.4 cm x 10.4 cm x 

6.8 cm rectangular parallelepiped was used to represent the thigh. 

This size was selected to insure that no temperature gradient existed 

near the boundaries, thus minimizing the effect of boundary condition 

modeling error. The cube had twenty-seven independent zones of 

perfusion. (Up to sixty-four independent zones of perfusion were 

modeled, but because of limited computer resources most results are 

for only twenty-seven zones.) Figure 4.15 shows a schematic of the 

model used for this analysis indicating the pattern of the perfusion 

zones. Each perfusion zone was a 3.467 x 3.467 x 2.267 cm cube with 

constant and uniform perfusion within this volume. The thermal 

properties were assumed homogeneous and taken to be the approximate 

values given in Table 4.3. The boundary conditions for the model were 

fixed at the dog's basal temperature which was measured with a rectal 

thermometer. This boundary temperature was used on all the 

boundaries, except for the z=o.o boundary which was measured directly 

by probe number thirteen. The arterial temperature was also equated 
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Table 4.3 Thermal properties used to predict the complete temperature 
field for the dog experiments. 

Thermal Conductivity 
Specific Heat 
Density 
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to the measured basal temperature. Finally, the grid size used to 

compute temperature distribution was 2 mm in all directions. This 

value was chosen after completing test runs with several different 

grid sizes. Table 4.4 shows the predicted perfusion for dog number 

four and heating numbers five, six, and seven as a function of grid 

size. As can be seen, there is some difference between the 2 and 4 mm 

grid size results, thus a 2 mm grid was selected. A smaller grid 

size, e.g. 1 mm, was not considered because the large amount of 

computation time necessary for a small grid made it prohibitive. It 

should be noted that the perfusion region distribution and the 

regularization parameter used for this small study were different than 

those used for the remaining results. 

Measurement Locations 

Only a subset of all the available measurements was used as 

input to the estimation algorithm, while the remaining measurements 

were used to compare the predictions of the estimation algorithm to 

the true temperatures. The estimation algorithm was tested using 

several different cases. The first case had one measurement location 

for each zone of perfusion. It was desirable that each zone have a 

measurement location within it, but this was not always possible. In 

those cases where a zone could not have a measurement within it, the 

nearest measurement location to that zone was used as input. 

The predicted temperatures obtained from the estimation 

algorithm for this twenty-seven sensor case were compared to the 

measured steady-state temperatures. The maximum steady-state 
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Table 4.4a Predicted perfusion as a function of grid spacing for the 
analysis of heating number five of dog number four. 

Perfusion estimate as a function of 
grid size (kg(m3-s)-1) 

Zone 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 

Grid size 
6.0 4.0 
8.6 0.2 
2.0 1.0 

12.7 13.2 
0.3 0.6 
0.0 -0.1 
6.0 5.7 
6.3 6.1 

36.3 39.9 
-0.1 18.2 
4.0 4.0 
6.1 5.6 
4.8 4.8 
1.7 1.5 
1.5 1.5 
2.8 2.9 
0.1 0.1 
1.9 1.7 
0.9 1.1 
3.3 2.7 

-0.1 -0.1 
4.9 4.7 
1.2 1.2 
5.5 5.2 

-0.1 -0.1 
-0.1 -0.1 
0.2 0.4 
0.1 0.0 

(mm) 
2.0 
1.5 
0.4 

12.7 
1.6 

-0.1 
5.9 
6.6 

43.5 
-0.1 
3.9 
5.3 
4.8 
1.4 
1.5 
3.0 
0.1 
1.5 
1.4 
2.3 

-0.1 
4.4 
1.2 
4.9 

-0.1 
-0.1 

.... " 

0.6 
0.0 

------------------------------------------------------
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Table 4.4b Predicted perfusion as a function of grid spacing for the 
analysis of heating number six of dog number four. 

Perfusion estimate as a function of 
grid size (kg(m3-s)-1) 

Zone 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 

Grid size 
6.0 4.0 
9.6 -0.1 
3.1 2.3 

21.2 21. 7 
-0.1 -0.1 
0.5 0.3 
5.3 5.0 
1.7 1.5 

40.7 44.9 
23.0 22.2 
4.3 4.3 
6.9 6.3 
5.4 5.3 
2.5 2.2 
1.5 1.5 
3.0 3.1 
0.5 0.6 
2.0 1.9 
1.0 1.1 
4.5 3.7 

-0.1 -0.1 
6.4 6.2 
1.3 1.4 
7.2 6.7 

-0.1 -0.1 
-0.1 -0.1 
0.2 0.3 
0.5 0.5 

(mm) 
2.0 
0.0 
2.0 

21.0 
1.9 
0.2 
5.1 
6.2 

47.1 
21.2 
4.1 
5.9 
5.3 
2.38 
1.5 
3.2 
0.7 
1.7 
1.3 
3.3 

-0.1 
5.8 
1.3 
6.2 

-0.1 
-0.1 
0.5 
0.6 

-.----.. _---------------------------
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Table 4.4c Predicted perfusion as a function of grid spacing for the 
analysis of heating number seven of dog number four. 

Perfusion estimate as a function of 
grid size (kg(m3-s)-l) 

Zone 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 

Grid size 
6.0 4.0 
8.6 8.8 
2.2 1.8 

11.9 12.1 
-0.1 -0.1 
0.7 0.7 
4.2 4.1 
9.9 8.3 

35.7 37.1 
27.2 27.0 
5.0 4.8 
5.8 5.5 
5.1 5.1 
1. 7 1.8 
3.5 3.4 
4.0 4.2 

-0.1 -0.1 
1.0 1.0 
1.5 1.6 
3.5 2.9 

-0.1 -0.1 
4.6 4.4 
1.8 1.6 
7.3 7.1 
1.4 1.4 

-0.1 -0.1 
0.9 1.0 
0.2 0.3 

(mm) 
2.0 
6.9 
1.5 

10.4 
4.5 
0.6 
4.0 
7.8 

36.4 
25.6 
4.1 
5.0 
4.9 
1.9 
3.2 
4.2 

-0.1 
0.8 
1.6 
2.4 

-0.1 
4.2 
1.2 
6.4 
1.5 

-0.1 
1.1 
0.5 
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temperature error (the maximum absolute difference between each of the 

measured temperatures and their respective predicted temperatures) was 

used as a measure of the accuracy of the predicted temperature field. 

The remaining test cases used fewer sensors than measurement 

locations. A twenty-six sensor and a fourteen sensor case were 

considered. For these two cases the maximum steady-state error, 

obtained in the same manner as in the twenty-seven sensor case, was 

used to judge the accuracy of the predictions. The twenty-six sensor 

case had one more zone of perfusion than measurement location, and 

thus was an ill-posed problem. The measurement that was removed for 

this case was the central measurement of the twenty-seven sensor case. 

For the fourteen sensor case, every other measurement of the twenty

seven sensor case was removed, to generate a more difficult test. 

Figure 4.16 is a plot of the temperature history of one 

thermocouple probe after the temperature bias and viscous heating had 

been removed. This figure shows an example of some input data as well 

as data used for the accuracy comparisons. It should be noted that 

some of the temperature measurements did not decay to the same 

approximate temperature (see the data for thermocouple number forty

three on this figure). Those measurements, that did not start from or 

decay to the same temperature as all the junctions on a probe, were 

not used either as input or for the comparison. 

Results 

Since modeling error exists, for example assuming homogeneous 

properties, piecewise constant perfusion, and approximating the 
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Figure 4.16 Measured temperature data after data manipulation for dog 
experiment number four, heating number five, and probe number seven. 
Thermocouple number forty-four was used as input into the estimation 
algorithm when there were twenty-seven measurements. None of these 
thermocouples were used as input for either the twenty-six or the 
fourteen sensor cases. 

----------------------------------------
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thermal properties, it is not reasonable to expect that the estimation 

algorithm will predict the complete temperature field without any 

error. Thus the results of the twenty-seven sensor case were used to 

judge how well the temperature field could be predicted with those 

errors. The twenty-seven sensor case was also used to determine the 

effect of removing temperature measurements on the accuracy of the 

predicted temperature field. The effect of removing sensors was then 

judged by how much the predicted temperature field changed from the 

twenty-seven sensor case. 

A total of twenty-eight discrete samples in time was used for 

each sensor as input to the estimation algorithm. The sampling 

interval was 10 seconds, so a total of 270 seconds of transient power

off data was used as input. This length of time was used to maintain 

consistency with the numerical studies because it was approximately 

half the total time it took for the transient temperatures to decay 

close to their basal values. Also, regularization was used to assist 

the estimation program and the magnitude of the regularization 

parameter was fixed at 5.0. The number of iterations necessary to 

optimize the perfusion was always twenty-five (the limit of the number 

of iterations), thus the optimization algorithm never met the 

convergence criteria established for the numerical three-dimensional 

study. However, by the end of twenty-five iterations the perfusion 

was changing very slowly (i.e. less than 0.02 kg(m3-s)-1). Thus it is 

felt, based on the slowly changing perfusion, that a close to optimal 

perfusion was found. 

-_._-----_._._------------------------------
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The predicted perfusions for each of the cases are shown in 

Tables 4.5, 4.6, and 4.7 for dog experiments four, five, and six 

respectively. These tables display the predicted perfusion as a 

function of perfusion zone and the number of sensors used. Tables 4.5 

through 4.7 also give the mean predicted perfusion, standard deviation 

of the predicted perfusion, and the ratio of the standard deviation to 

mean predicted perfusion for each zone and heating. The ratio is of 

interest since it shows how rapidly the estimated perfusion changed 

as sensors were removed. In addition to this information, these 

tables indicate the number of sensors residing in each zone of 

perfusion and used as input to the optimization algorithm. These 

tables show that the predicted perfusion can change substantially as 

the sensors are removed. To visualize the three-dimensional perfusion 

distribution, Tables 4.8 through 4.10 again show the average predicted 

perfusion of Tables 4.5 through 4.7, respectively. Also, an example 

of the average perfusion is topographically plotted in Figure 4.17. 

Here the perfusion distribution is plotted as a function of magnitude 

for the three planes in the z-direction. This plotted data is for dog 

number four heating number five. 

Table 4.11 shows the results of the estimation program. The 

table presents the maximum absolute error for all the measurement 

locations for each of the dog heatings analyzed as a function of the 

number of sensors used as input to the estimation algorithm. This 

shows how well the algorithm predicted the temperature with the given 
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Table 4.5a Perfusion estimates as a function of the number of sensors 
used in the twenty-seven perfusion zone model. In addition to the 
perfusion estimates the mean perfusion {W~}, the standard deviation 
{u}, and the ratio of the standard deviat on to the mean perfusion 
{u/Wm} is given. Also, the number of sensors residing in each zone of 
perfusion that were used as input to the estimation algorithm is 
indicated. These results are for dog experiment number four, heating 
number five. 

Perfusion Estimates 
as a function of the 

number of sensors used. 
{kg{m3-s}-1} 

W u u/W 
m (kg{m3-s}-1) m 

Zone 27 26 14 

1 0.0 0.0 -0.1 -0.1 0.04 -0.59 
2 1.6 1.6 0.5* 1.2 0.64 0.54 
3 4.3- 4.3- 4.8* 4.5 0.29 0.06 
4 1.7- 1. 7- 0.2* 1.2 0.88 0.74 
5 -0.1- -0.1- -0.1* -0.1 0.00 0.00 
6 4.7 4.7 1.3* 3.5 1.98 0.56 
7 2.1- 2.1- 1.7* 2.0 0.25 0.13 
8 1.2- 1.5- -0.1* 0.9 0.82 0.94 
9 -0.1- -0.1* -0.1* -0.1 0.00 0.00 

10 3.2 3.2 1.5* 2.6 1.02 0.39 
11 6.4 6.3 5.9 6.2 0.27 0.04 
12 7.0 7.0 6.8* 6.9 0.12 0.02 
13 1.9+ 1.9+ 2.3 2.1 0.22 0.11 
14 1.9++ 1.9+ 1.8+ 1.9 0.05 0.03 
15 4.0 4.0 3.6 3.8 0.22 0.06 
16 -0.1+ -0.1+ -0.1 -0.1 0.00 0.00 
17 5.0+ 5.0+ 2.2 4.1 1.63 0.40 
18 3.1+ 3.1+ 5.3 3.9 1.26 0.33 
19 2.2 2.2_ 2.1 2.2 0.08 0.04 
20 -0.1- -0.1 1.8* 0.5 1.10 2.05 
21 4.2 4.2 2.6 3.7 0.93 0.25 
22 1.7 1.7 1.7* 1.7 0.01 0.00 
23 2.9+ 2.9+ 4.5 3.4 0.89 0.26 
24 0.6 0.6 2.6- 1.2 1.13 0.91 
25 -0.1 -0.1 -0.1 -0.1 0.00 0.00 
26 0.2 0.2 -0.1* 0.1 0.18 1.69 
27 0.5 0.5 0.4 0.4 0.03 0.06 

- No sensors in this zone of perfusion. + Two sensors in this zone of perfusion. ++ Three sensors in this zone of perfusion. 
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Table 4.5b Perfusion estimates as a function of the number of sensors 
used in the twenty-seven perfusion zone model. In addition to the 
perfusion estimates the mean perfusion (W~), the standard deviation 
(u), and the ratio of the standard deviatlon to the mean perfusion 
(u/Wm) is given. Also, the number of sensors residing in each zone of 
perfusion that were used as input to the estimation algorithm is 
indicated. These results are for dog experiment number four, heating 
number six. 

Perfusion Estimates 
as a function of the 

number of sensorf used. 
(kg(m3-s)- ) 

W u u/W 
m (kg(m3-s)-1) m 

Zone 27 26 14 

1 1.7 1.7 1.3 1.5 0.23 0.15 
2 0.8 0.7 0.5· 0.7 0.19 0.28 
3 2.2· 2.2· 2.7· 2.3 0.28 0.12 
4 3.1· 2.6· 1.0· 2.2 1.10 0.49 
5 -0.1· -0.1· -0.1· -0.1 0.00 0.00 
6 2.5 2.7 0.7· 2.0 1.13 0.57 
7 2.1· 2.1· 1.7· 2.0 0.26 0.13 
8 -0.1· -0.1· 0.2· 0.0 0.17 ***** 
9 -0.1· -0.1· -0.1· -0.1 0.00 0.00 

10 2.2 2.1 0.0· 1.5 1.22 0.84 
11 4.6 5.2 5.2 5.0 0.32 0.06 
12 6.2 6.1 6.7· 6.3 0.31 0.05 
13 1.4+ 2.0+ 2.2 1.9 0.40 0.21 
14 0.6++ 0.2+ 0.1+ 0.3 0.25 0.94 
15 2.6 2.7 2.3 2.5 0.20 0.08 
16 -0.1+ -0.1+ 1.2 0.3 0.77 2.24 
17 3.3+ 3.5+ 1.4 2.7 1.17 0.42 
18 1.7+ 1.7+ 4.1 2.5 1.38 0.55 
19 1.7 1.7 1.4 1.6 0.17 0.11 
20 -0.1· -0.1· 1.6· 0.5 0.96 2.11 
21 3.5 3.5 1.4 2.8 1.19 0.43 
22 1.5 1.3 1.7· 1.5 0.20 0.13 
23 2.3+ 2.5+ 4.1 3.0 0.99 0.34 
24 -0.1 -0.1 1.6· 0.5 1.01 2.09 
25 -0.1 -0.1 -0.1 -0.1 0.00 0.00 
26 -0.1 -0.1 -0.1· -0.1 0.00 0.00 
27 0.1 0.1 -0.1 0.0 0.10 8.99 

• No sensors in this zone of perfusion. + Two sensors in this zone of perfusion. ++ Three sensors in this zone of perfusion • 

. _------------------------------ ...... 
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Table 4.5c Perfusion estimates as a function of the number of sensors 
used in the twenty-seven perfusion zone model. In addition to the 
perfusion estimates the mean perfusion (W~), the standard deviation 
(u), and the ratio of the standard deviat on to the mean perfusion 
(u/Wm) is given. Also, the number of sensors residing in each zone of 
perfusion that were used as input to the estimation algorithm is 
indicated. These results are for dog experiment number four, heating 
number seven. 

Perfusion Estimates 
as a function of the 

number of sensors used. 
(kg(m3-s)-1) 

W u u/W 
m (kg(m3-s)-1) m 

Zone 27 26 14 

1 -0.1 -0.1 -0.1 -0.1 0.02 -0.20 
2 0.8 0.8 1.1 • 0.9 0.19 0.22 
3 5.3· 5.3· 5.5· 5.4 0.08 0.02 
4 1.9· 1.8· 0.0· 1.2 1.04 0.86 
5 -0.1· -0.1 • -0.1· -0.1 0.02 -0.22 
6 3.3 3.4 los· 2.7 1.04 0.38 
7 3.3· 3.3· 2.9· 3.2 0.24 0.08 
8 4.2· 4.3· 1.2· 3.2 1.75 0.54 
9 3.9· 3.9· 2.5· 3.4 0.81 0.23 

10 4.1 4.1 2.4· 3.6 0.97 0.27 
11 5.1 5.3 5.0 5.1 0.15 0.03 
12 5.8 5.8 6.7· 6.1 0.50 0.08 
13 0.8+ 1.0+ 1.5 1.1 0.39 0.36 
14 2.9++ 2.6+ 2.5 2.7 0.22 0.08 
15 4.0 4.1 4.1 4.0 0.02 0.00 
16 -0.1+ -0.1+ -0.1 -0.1 0.00 0.00 
17 2.6+ 2.6+ 1.4 2.2 0.67 0.30 
18 2.8+ 2.8+ 6.9 4.2 2.35 0.56 
19 1.8 1.8 1.5 1.7 0.17 0.10 
20 -0.1· -0.1· 0.9· 0.2 0.59 2.45 
21 3.1 3.0 2.4 2.8 0.36 0.13 
22 1.4 1.4 1.9· 1.6 0.32 0.20 
23 3.7+ 3.8+ 5.0 4.2 0.73 0.17 
24 2.1 2.1 2.7· 2.3 0.35 0.15 
25 -0.1 -0.1 -0.1 -0.1 0.00 0.00 
26 0.0 0.0 -0.1· 0.0 0.05 -0.99 
27 0.6 0.6 0.3 0.5 0.16 0.30 

• No sensors in this zone of perfusion. 
+ Two sensors in this zone of perfusion. 
++ Three sensors in this zone of perfusion. 
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Table 4.6a Perfusion estimates as a function of the number of sensors 
used in the twenty-seven perfusion zone model. In addition to the 
perfusion estimates the mean perfusion (W~), the standard deviation 
~u), and the ratio of the standard deviat on to the mean perfusion 
u/Wm) is given. Also, the number of sensors residing in each zone of 

perfusion that were used as input to the estimation algorithm is 
indicated. These results are for dog experiment number five, heating 
number six. 

Perfusion Estimates 
as a function of the 

number of sensorf used. 
(kg(m3-s)- ) 

Wm i u/Wm (kg(m _s)-1) 

Zone 27 26 14 

1 7.9 7.8 8.1 7.9 0.13 0.02 
2 4.3* 4.6* 4.2* 4.4 0.19 0.04 
3 6.2 6.2 5.9 6.1 0.18 0.03 
4 6.8+ 6.7+ 4.7* 6.1 1.16 0.19 
5 3.3 4.9 4.1 4.1 0.81 0.20 
6 6.6 6.5 3.9 5.7 1.53 0.27 
7 6.4* 6.4* 4.9* 5.9 0.90 0.15 
8 7.1* 7.1* 3.3* 5.8 2.22 0.38 
9 5.1* 5.1* 3.3* 4.5 1.06 0.24 

10 5.0 5.0 6.4 5.5 0.82 0.15 
11 4.5+ 5.5+ 5.6 5.2 0.56 0.11 
12 7.3* 7.3* 7.2* 7.3 0.07 0.01 
13 4.3 4.6 4.6 4.5 0.21 0.05 
14 4.5 2.6* 3.4* 3.5 0.94 0.27 
15 4.3+ 4.5+ 4.4 4.4 0.12 0.03 
16 6.4 6.4 9.4* 7.4 1.69 0.23 
17 4.0+ 4.1+ 3.9 4.0 0.07 0.02 
18 4.6+ 4.6+ 7.1 5.4 1.44 0.27 
19 0.9* 0.8* 0.8* 0.8 0.06 0.08 
20 3.6+ 3.6+ 3.2 3.5 0.24 0.07 
21 2.8 2.8 3.6 3.1 0.44 0.14 
22 3.1 3.1 2.0* 2.7 0.63 0.23 
23 3.7 4.1 4.0 3.9 0.19 0.05 
24 4.6 4.6 2.3* 3.8 1.30 0.34 
25 3.9 3.9 4.5 4.1 0.32 0.08 
26 3.2 3.2 1.5* 2.6 0.97 0.37 
27 3.1 3.1 3.7 3.3 0.33 0.10 

* No sensors in this zone of perfusion. + Two sensors in this zone of perfusion. 
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Table 4.6b Perfusion estimates as a function of the number of sensors 
used in the twenty-seven perfusion zone model. In addition to the 
perfusion estimates the mean perfusion (W~), the standard deviation 
(u), and the ratio of the standard deviat on to the mean perfusion 
(u/Wm) is given. Also, the number of sensors residing in each zone of 
perfusion that were used as input to the estimation algorithm is 
indicated. These results are for dog experiment number five, heating 
number seven. 

Perfusion Estimates 
as a function of the 

number of sensorf used. W u u/W 
(kg(m3-s)- ) m (kg(m3-s)-1) m 

Zone 27 26 14 

1 10.2 10.2 10.6 10.3 0.25 0.02 
2 5.4* 5.5* 5.2* 5.4 0.15 0.03 
3 7.8 7.7 7.3 7.6 0.27 0.04 
4 9.0+ 8.9+ 5.8* 7.9 1.83 0.23 
5 5.0 6.8 5.9 5.9 0.89 0.15 
6 8.2 8.2 4.7 7.0 2.03 0.29 
7 7.6* 7.6* 6.3* 7.2 0.76 0.11 
8 8.5* 8.5* 3.6* 6.9 2.80 0.41 
9 6.4* 6.3* 3.9* 5.5 1.41 0.25 

10 6.6 6.6 7.8* 7.0 0.67 0.10 
11 5.8+ 6.7+ 6.9 6.4 0.59 0.09 
12 8.5* 8.5* 8.7* 8.6 0.09 0.01 
13 5.7 6.0 6.1 5.9 0.24 0.04 
14 6.0 3.8* 5.0* 4.9 1.08 0.22 
15 5.3+ 5.5+ 5.4* 5.4 0.10 0.02 
16 7.9 7.9 10.7* 8.9 1.62 0.18 
17 5.2+ 5.2+ 5.0 5.1 0.12 0.02 
18 5.6+ 5.6+ 8.8 6.7 1.81 0.27 
19 0.1* -0.1* 1.6* 0.5 0.93 1.75 
20 4.2+ 4.2+ 3.1 3.8 0.65 0.17 
21 3.9 4.0 4.9 4.3 0.52 0.12 
22 4.0 4.0 2.1* 3.3 1.11 0.33 
23 4.5 4.9 4.9 4.8 0.20 0.04 
24 5.4 5.4 2.6* 4.5 1.61 0.36 
25 5.1 5.1 6.0 5.4 0.50 0.09 
26 3.9 3.9 1.5* 3.1 1.36 0.44 
27 3.5 3.5 4.2 3.7 0.45 0.12 

* No sensors in this zone of perfusion. 
+ Two sensors in this zone of perfusion. 

----_. __ ._------------------------
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Table 4.6c Perfusion estimates as a function of the number of sensors 
used in the twenty-seven perfusion zone model. In addition to the 
perfusion estimates the mean perfusion (W~), the standard deviation 
(u), and the ratio of the standard deviat on to the mean perfusion 
(u/Wm) is given. Also, the number of sensors residing in each zone of 
perfusion that were used as input to the estimation algorithm is 
indicated. These results are for dog experiment number five, heating 
number eight. 

Perfusion Estimates 
as a function of the 

number of sensorf used. 
(kg(m3-s)- ) 

W u u/W 
m (kg(m3-s)-1) m 

Zone 27 26 14 

1 8.3 7.1 8.2 7.8 0.67 0.09 
2 1.3· 4.9· 4.8· 3.7 2.04 0.56 
3 7.2 6.6 6.5 6.8 0.40 0.06 
4 7.5+ 6.9+ 4.1· 6.2 1.82 0.30 
5 2.8 15.2 12.4 10.1 6.52 0.64 
6 6.4 5.7 0.9 4.3 3.00 0.69 
7 6.0· 5.9· 5.0· 5.6 0.58 0.10 
8 7.2· 8.3· -0.1· 5.1 4.55 0.89 
9 4.5· 4.7'11 0.7· 3.3 2.27 0.69 

10 4.6 4.2 4.7· 4.5 0.29 0.07 
11 4.1+ 11.4+ 9.9 8.5 3.87 0.46 
12 6.5· 6.1· 6.7· 6.4 0.29 0.05 
13 3.4 6.3 6.7 5.5 1.76 0.32 
14 4.4 -0.1* -0.1· 1.4 2.61 1.86 
15 3.3+ 5.0+ 5.4 4.5 1.13 0.25 
16 5.8 6.1 8.9· 6.9 1.72 0.25 
17 2.7+ 2.8+ 4.7 3.4 1.11 0.32 
18 ~ 3.4+ 3.5+ 8.0 4.9 2.63 0.53 
19 -0.1· -0.1· -0.1· -0.1 0.00 0.00 
20 2.5+ 2.2+ 1.4 2.1 0.56 0.27 
21 2.0 1.9 4.8 2.9 1.67 0.58 
22 2.4 2.7 -0.1· 1.7 1.55 0.92 
23 2.9 5.6 5.4 4.6 1.52 0.33 
24 3.6 3.7 -0.1· 2.4 2.16 0.90 
25 3.5 3.4 5.6 4.2 1.25 0.30 
26 2.0 2.1 -0.1* 1.3 1.23 0.93 
27 2.0 2.0 4.0 2.7 1.14 0.43 

* No sensors in this zone of perfusion. + Two sensors in this zone of perfusion. 
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Table 4.7a Perfusion estimates as a function of the number of sensors 
used in the twenty-seven perfusion zone model. In addition to the 
perfusion estimates the mean perfusion (W

T
), the standard deviation 

(u), and the ratio of the standard deviat on to the mean perfusion 
(u/Wrn) is given. Also, the number of sensors residing in each zone of 
perfusion that were used as input to the estimation algorithm is 
indicated. These results are for dog experiment number six, heating 
number six. 

Perfusion Estimates 
as a function of the 

number of sensors used. 
(kg(m3-s)-1) 

W u u/W 
rn (kg(m3-s)-1) rn 

Zone 27 26 14 

1 5.4- 5.4- 6.3- 5.7 0.50 0.09 
2 13.8+ 13.7+ 11.7 13.1 1.22 0.09 
3 14.3 14.3 15.4 14.7 0.63 0.04 
4 10.7 10.6 8.9- 10.0 1.00 0.10 
5 10.6 10.1 9.2 10.0 0.71 0.07 
6 8.4 8.3 6.4- 7.7 1.12 0.14 
7 7.2 7.1 7.7 7.3 0.34 0.05 
8 10.0 9.9 9.0· 9.6 0.55 0.06 
9 13.9 13.9 14.8 14.2 0.49 0.03 

10 5.6- 5.6- 5.3- 5.5 0.17 0.03 
11 16.7 14.1 13.9 14.9 1.54 0.10 
12 12.5+ 12.5+ 5.0 10.0 4.35 0.43 
13 7.8++ 6.0++ 5.7 6.5 1.10 0.17 
14 6.2 11.8- 11.9· 10.0 3.29 0.33 
15 8.1 8.0 9.0 8.4 0.55 0.07 
16 5.1+ 5.1+ 4.8 5.0 0.13 0.03 
17 8.9 8.9 9.3 9.0 0.22 0.02 
18 8.6 8.5 3.6- 6.9 2.85 0.41 
19 4.2- 4.1- 3.0- 3.8 0.69 0.18 
20 2.5 2.6 4.5- 3.2 1.11 0.35 
21 1.0- 0.9· 0.6- 0.8 0.19 0.23 
22 3.3- 2.6- 4.4· 3.4 0.93 0.27 
23 5.4 5.3 5.4. 5.4 0.05 0.01 
24 4.2 4.2 0.9 3.1 1.89 0.61 
25 1.7 1.7 1.3 1.6 0.22 0.14 
26 0.9 0.9 2.2- 1.3 0.75 0.56 
27 3.5 3.5 3.5 3.5 0.03 0.01 

• No sensors in this zone of perfusion. 
+ Two sensors in this zone of perfusion. 
++ Three sensors in this zone of perfusion. 
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Table 4.7b Perfusion estimates as a function of the number of sensors 
used in the twenty-seven perfusion zone model. In addition to the 
perfusion estimates the mean perfusion (W~), the standard deviation 
(u), and the ratio of the standard deviat on to the mean perfusion 
(u/Wm) is given. Also, the number of sensors residing in each zone of 
perfusion that were used as input to the estimation algorithm is 
indicated. These results are for dog experiment number six, heating 
number seven. 

Perfusion Estimates 
as a function of the 

number of sensorf used. 
(kg(m3-s)- ) 

W u u/W 
m (kg(m3-s)-1) m 

Zone 27 26 14 

1 5.1· 5.1· 6.4· 5.5 0.78 0.14 
2 16.1+ 16.0+ 12.3 14.8 2.19 0.15 
3 17.6 17.6 19.3 18.2 0.96 0.05 
4 9.9 9.8 8.4· 9.4 0.85 0.09 
5 11.5 11.2 10.6 11.1 0.45 0.04 
6 10.9 10.8 6.6· 9.4 2.47 0.26 
7 7.9 7.9 9.1 8.3 0.70 0.08 
8 11.1 11.0 9.3· 10.5 1.00 0.10 
9 16.3 16.3 17.7 16.8 0.77 0.05 

10 5.2· 5.0· 4.9· 5.0 0.14 0.03 
11 18.5 16.8 16.5 17 .3 1.06 0.06 
12 14.3+ 14.3+ 4.6 11.1 5.59 0.50 
13 7.0++ 5.8++ 5.3 6.1 0.88 0.14 
14 8.3 13.0· 13.3· 11.5 2.81 0.24 
15 8.3+ 8.2+ 9.7 8.7 0.81 0.09 
16 4.4 4.4 4.0 4.2 0.21 0.05 
17 11.0 11.0 11.7 11.2 0.39 0.03 
18 8.8 8.8 2.5· 6.7 3.66 0.55 
19 4.8· 4.7· 3.3· 4.3 0.87 0.20 
20 3.8 3.8 4.7· 4.1 0.54 0.13 
21 1.2· 1.1· 0.3· 0.9 0.46 0.53 
22 2.4· 1.9· 5.0· 3.1 1.64 0.53 
23 7.8 7.8 7.9 7.8 0.07 0.01 
24 9.4 9.4 0.7· 6.5 5.02 0.77 
25 0.8 0.7 0.4 0.6 0.18 0.28 
26 2.0 2.0 3.1· 2.4 0.62 0.26 
27 5.8 5.8 6.0 5.9 0.12 0.02 

• No sensors in this zone of perfusion. + Two sensors in this zone of perfusion. ++ Three sensors in this zone of perfusion. 
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Table 4.7c Perfusion estimates as a function of the number of sensors 
used in the twenty-seven perfusion zone model. In addition to the 
perfusion estimates the mean perfusion (Wm), the standard deviation 
(u), and the ratio of the standard deviatlon to the mean perfusion 
(u/Wm) is given. Also, the number of sensors residing in each zone of 
perfusion that were used as input to the estimation algorithm is 
indicated. These results are for dog experiment number six, heating 
number eight. 

Perfusion Estimates 
as a function of the 

number of sensors used. 
(kg(m3-s)-1) 

W ~ u/W 
m (kg(m _s)-l) m 

Zone 27 26 14 

1 2.3- 2.2- 5.0- 3.2 1.55 0.49 
2 17.3+ 17.3+ 11.2 15.3 3.54 0.23 
3 19.7 19.7 22.1 20.5 1.37 0.07 
4 3.8 3.8 6.4- 4.7 1.46 0.31 
5 13.9 14.0 12.6 13.5 0.74 0.05 
6 16.7 16.7 6.7- 13.4 5.82 0.44 
7 2.9 2.9 5.3 3.7 1.43 0.39 
8 12.6 12.6 5.9- 10.3 3.88 0.38 
9 13.6 13.6 15.5 14.2 1.12 0.08 

10 5.9- 6.0- 5.7- 5.9 0.19 0.03 
11 17.2 17.8 17.4 17.5 0.31 0.02 
12 14.2+ 14.2+ 4.0 10.8 5.86 0.54 
13 5.3++ 5.3++ 4.7 5.1 0.30 0.06 
14 13.5 13.6- 13.9- 13.7 0.21 0.02 
15 11.3 11.3 13.5 12.0 1.23 0.10 
16 3.9+ 3.9+ 4.9 4.2 0.58 0.14 
17 7.5 7.5 8.1 7.7 0.35 0.05 
18 6.2 6.2 1.6- 4.7 2.64 0.57 
19 6.0- 6.0- 4.0- 5.3 1.13 0.21 
20 3.7 3.7 5.1- 4.2 0.78 0.19 
21 1.0- 1.0- 0.2- 0.7 0.46 0.63 
22 3.5- 3.5- 7.2- 4.8 2.13 0.45 
23 7.1 7.1 7.1 7.1 0.01 0.00 
24 10.6 10.6 1.3- 7.5 5.37 0.71 
25 3.3 3.3 2.5 3.0 0.41 0 .. 14 
26 1.4 1.4 1.7- 1.5 0.18 0.12 
27 1.3 1.3 2.1 1.6 0.45 0.28 

- No sensors in this zone of perfusion. + Two sensors in this zone of perfusion. ++ Three sensors in this zone of perfusion. 



Table 4.8a Mean perfusion (kg(m3-s)-1) for dog number four, heating 
number five shown in relation to the geometry of the thermal model. 

0 
I 
3 
4 

Y 
3 

n 4 
m I 
m 6 
u 8 

6 
8 
I 
1 
0 
2 

z= 0-22 mm 
z=22-44 mm 

and z=44-66 mm 

x (mm) 

0-34 34-68 

-0.06 1.20 
2.64 6.21 
2.19 0.54 

1.19 -0.10 
2.05 1.91 
1.66 3.44 

1.95 0.87 
-0.10 4.07 
-0.10 0.11 

68-102 

4.51 
6.89 
3.70 

3.54 
3.84 
1.24 

-0.10 
3.87 
0.44 
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Table 4.8b Mean perfusion (kg(m3-s)-1) for dog number four, heating 
number six shown in relation to the geometry of the thermal model. 

0 
I 
3 
4 

Y 
3 

n 4 
m I 
m 6 
u 8 

6 
8 
I 
1 
0 
2 

Z= 0-22 mm 
z=22-44 mm 

and z=44-66 mm 

x (mm) 

0-34 34-68 

1.54 0.66 
1.45 4.98 
1.58 0.45 

2.24 -0.10 
1.88 0.27 
1.52 2.95 

1.97 0.00 
0.34 2.74 

-0.10 -0.10 

68-102 

2.33 
6.33 
2.79 

1.97 
2.51 
0.48 

-0.10 
2.52 
0.01 
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Table 4.8c Mean perfusion (kg(m3-s)-1) for dog number four, heating 
number seven shown in relation to the geometry of the thermal model. 

0 
I 
3 
4 

Y 
3 

n 4 
m I 
m 6 
u 8 

6 
8 
I 
1 
0 
2 

Z= 0-22 mm 
z=22-44 mm 

and z=44-66 mm 

x (mm) 

0-34 34-68 

-0.08 0.87 
3.56 5.15 
1.73 0.24 

1.21 -0.09 
1.10 2.65 
1.58 4.20 

3.17 3.22 
-0.10 2.22 
-0.10 -0.05 

68-102 

5.37 
6.12 
2.84 

2.74 
4.05 
2.33 

3.45 
4.19 
0.53 



Table 4.9a Mean perfusion (kg(m3-s)-1) for dog number five, heating 
number six shown in relation to the geometry of the thermal model. 

0 
I 
3 
4 

Y 
3 

n 4 
m I 
m 6 
u 8 

6 
8 
I 
1 
0 
2 

Z= 0-22 mm 
z=22-44 mm 

and z=44-66 mm 

x (mm) 

0-34 34-68 

7.93 4.38 
5.54 5.19 
0.81 3.47 

6.07 4.11 
4.50 3.50 
2.73 3.91 

5.90 5.84 
7.42 3.99 
4.09 2.62 

68-102 

6.10 
7.27 
3.10 

5.70 
4.39 
3.85 

4.51 
5.42 
3.30 
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Table 4.9b Mean perfusion (kg(m3-s)-1) for dog number five, heating 
number seven shown in relation to the geometry of the thermal model. 

0 
I 
3 
4 

Y 
3 

n 4 
m I 
m 6 
u 8 

6 
8 
I 
1 
0 
2 

z= 0-22 mm 
z=22-44 mm 

and z=44-66 mm 

x (mm) 

0-34 34-68 

10.35 5.38 
6.98 6.44 
0.53 3.83 

7.91 5.90 
5.93 4.95 
3.34 4.77 

7.15 6.87 
8.86 5.15 
5.39 3.12 

68-102 
o 

7.56 
8.56 
4.25 

7.01 
5.39 
4.46 

5.53 
6.69 
3.73 

-----------------------------------
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Table 4.9c Mean perfusion (kg(m3-s)-1) for dog number five, heating 
number eight shown in relation to the geometry of the thermal model. 

0 
I 
3 
4 

Y 
3 

n 4 
m I 
m 6 
u 8 

6 
8 
I 
1 
0 
2 

Z= 0-22 mm 
z=22-44 mm 

and z=44-66 mm 

x (mm) 

0-34 34-68 

7.84 3.66 
4.50 8.48 

-0.10 2.06 

6.17 10.12 
5.47 1.41 
1.68 4.61 

5.62 5.12 
6.90 3.42 
4.18 1.32 

68-102 

6.78 
6.40 
2.88 

4.33 
4.54 
2.40 

3.30 
4.94 
2.68 

o 

--_. __ ._-----------------------------



Table 4.10a Mean perfusion (kg(m3-s)-1) for dog number six, heating 
number six shown in relation to the geometry of the thermal model. 

0 
I 
3 
4 

Y 
3 

n 4 
m I 
m 6 
u 8 

6 
8 
I 
1 
0 
2 

Z= 0-22 mm 
z=22-44 mm 

and z=44-66 mm 

x (mm) 

0-34 34-68 

5.70 13.08 
5.49 14.91 
3.77 3.20 

10.02 9.97 
6.51 9.96 
3.42 5.38 

7.34 9.63 
4.99 9.02 
1.58 1.34 

68-102 

14.67 
10.02 
0.82 

7.71 
8.40 
3.09 

14.22 
6.89 
3.52 
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Table 4.10b Mean perfusion (kg(m3-s)-1) for dog number six, heating 
number seven shown in relation to the geometry of the thermal model. 

0 
I 
3 
4 

Y 
3 

n 4 
m I 
m 6 
u 8 

6 
8 
I 
1 
0 
2 

Z= 0-22 mm 
z=22-44 mm 

and z=44-66 mm 

x (mm) 

0··34 34-68 

5.53 14.80 
5.03 17.28 
4.26 4.13 

9.37 11.13 
6.06 11.53 
3.10 7.83 

8.33 10.47 
4.24 11.22 
0.65 2.39 

68-102 

18.19 
11.07 
0.86 

9.41 
8.74 
6.51 

16.76 
6.68 
5.89 

--- ....... _---------------------
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Table 4.10c Mean perfusion (kg(m3-s)-') for dog number six, heating 
number eight shown in relation to the geometry of the thermal model. 

0 
I 
3 
4 

Y 
3 

n 4 
m I 
m 6 
u 8 

6 
8 
I 
1 
0 
2 

Z= 0-22 mm 
z=22-44 mm 

and z=44-66 mm 

x (mm) 

0-34 34-68 

3.18 15.28 
5.87 17 .47 
5.32 4.20 

4.69 13.50 
5.09 13.70 
4.77 7.13 

3.70 10.34 
4.23 7.71 
3.03 1.49 

68-102 

20.47 
10.82 
0.72 

13.38 
12.04 
7.53 

14.23 
4.65 
1.58 

------ ------------------------------
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Figure 4.17a Mean perfusion plotted as function of the magnitude for 
the model z planes from 0 to 23 mm. This data is from the results of 
dog number four. heating number five. 
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Figure 4.17b Mean perfusion plotted as function of the magnitude for 
the model z planes from 23 to 45 mm. This data is from the results of 
dog number four heating number five. 
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figure 4.17c Mean perfusion plotted as function of the magn1tude for 
the model z planes from 45 to 68 mm. This data is from the results of 
dog number four, heating number five. 
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modeling error. (Steady-state was chosen because that is the 

temperature distribution of most interest in the clinic.) Table 4.11 

also shows the difference between the error using twenty-seven sensors 

and twenty-six or fourteen sensors (AE) which measures the amount of 

change of the predicted temperatures as sensors are removed and gives 

a measure of the effect of removing sensors. The computed temperature 

at the location of the maximum error for the twenty-six or fourteen 

sensor case was subtracted from the temperature computed for the 

twenty-seven sensor case at that same location. The absolute value of 

this number was defined as AE. Tables 4.11a, 4.11b, and 4.11c are for 

dogs four, five, and six, respectively. This table also indicates the 

measurement location which was most in error and the perfusion zone in 

which it was located. 

We recall that Figure 4.16 is a plot of the measured 

temperature for dog experiment number four, heating number five, and 

probe number seven as a function of time for the duration of the 

heating. This particular result is shown for several reasons: it has 

the largest temperature increase of all the probes for this heating 

and only one of the junctions of this probe was used as input to the 

estimation routine (TC #44) and it was used only for the twenty-seven 

sensor case. This plot was also chosen because the error for the 

resulting temperature predictions was largest for this probe. Figure 

4.18 shows the error, defined as the difference between the measured 

and predicted temperatures, of the temperatures for probe number seven 

when twenty-seven sensors were used. Figure 4.19 shows the error when 

. - . 1 
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Table 4.11a Maximum error of the predicted temperatures as a function 
of the number of temperature locations used as input to the estimation 
algorithm. In addition, the difference between the predicted 
temperatures using twenty-seven sensors and fewer sensors is presented 
as (~E). These results are for dog experiment number four. 

Heating Max Error (OC)/Zone with Max Error ~E (OC) 
number Number of sensors 

27 26 14 27-26 27-14 
5 1.140/6 1.312/20 1.298/20 0.089 0.158 
6 1.230/23 1.328/27 1.700/14 0.419 0.047 
7 1.298/20 1.583/20 1.423/26 0.011 0.171 

------------------------------------------ , ,- .. 'j 
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Table 4.11b Maximum error of the predicted temperatures as a function 
of the number of temperature locations used as input to the estimation 
algorithm. In addition, the difference between the predicted 
temperatures using twenty-seven sensors and fewer sensors is presented 
as (AE). These results are for dog experiment number five. 

Heating Max Error (eC)/Zone with Max Error AE (ec) 
number Number of sensors 

27 26 14 27-26 27-14 
6 3.403/23 3.346/23 5.099/26 0.057 1.993 
7 5.040/23 4.964/23 8.307/26 0.076 3.700 
8 7.809/26 15.742/14 15.894/14 11.357 11.509 

-------_ .. ------------------------------
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Table 4.11c Maximum error of the predicted temperatures as a function 
of the number of temperature locations used as input to the estimation 
algorithm. In addition, the difference between the predicted 
temperatures using twenty-seven sensors and fewer sensors is presented 
as (dE). These results are for dog experiment number six. 

Heating Max Error (-C)/Zone with Max Error dE (ec) 
number Number of sensors 

27 26 14 27-26 27-14 
6 10.720/26 10.753/16 7.853/26 0.034 2.867 
7 14.296/16 14.543/16 14.464/16 0.247 0.168 
8 17.092/26 17.092/26 15.856/26 0.000 1.236 

-------------------------------
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Figure 4.18 Error of the predicted temperatures as a function of 
time. The results plotted here are for dog experiment number four, 
heating number five, and probe number seven when twenty-seven sensors 
were used as input. Note that thermocouple number forty-four was used 
as input to the estimation algorithm. 
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Figure 4.19 Error of the predicted temperatures as a function of 
time. The results plotted here are for dog experiment number four, 
heating number five, and probe number seven when twenty-six sensors 
were used as input. These thermocouples were used as input to the 
estimation algorithm. 
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twenty-six sensors were used while Figure 4.20 is for fourteen 

sensors. The results plotted in these three figures come from the 

analysis of dog experiment number four and heating number five. 
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Finally, an example of the reconstructed temperature field is 

shown in Figure 4.21. This figure is a contour plot of the computed 

steady-state temperatures for different planes in the z-direction. It 

can be seen from this figure that the maximum temperature is located 

in the approximate center of each plane, which should be expected 

since the axis of the transducer was located such that it would 

approximately coincide with the center of the model. Thus the maximum 

measured temperature was also approximately in the center. 

Discussion 

Table 4.11, which shows the error of the predicted temperatures 

relative to the measured temperatures, shows some encouraging results. 

Upon examination of AE it can be seen that when fewer sensors than 

zones of perfusion are used the predicted temperature does not change 

much (except for dog number five). This conclusion is illustrated by 

Figures 4.18 through 4.20 which show that the predicted temperatures 

for probe number seven do not change significantly as sensors are 

removed. Returning to Table 4.11, it can be seen that as more sensors 

are removed the predicted temperature change (dE) is more substantial, 

as expected. These results are still considered as positive because 

the temperature change is relatively small (generally less than I·e). 

However, some cases showed a large predicted temperature change (dE) 

as sensors were removed, e.g. dog number five heating number eight, 

-- ----------------------------:------



., 
c. 
:J 
... 151 
o • 
c. 151 ., 
a. 
E ., 
I-

1111 

a TC *44 
• TC *45 
6 TC -46 
+ TC -47 
lC TC -48 
• TC -49 

189 

Figure 4.20 Error of the predicted temperatures as a function of 
time. The results plotted here are for dog experiment number four, 
heating number five, and probe number seven when fourteen sensors were 
used as input. These thermocouples were used as input to the 
estimation algorithm. 
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Ffgure 4.21a Computed temperature after optfmization of perfusfons for 
the twenty-seven zone and twenty-seven sensor case for dog number 
four. heatfng number five for z equal to 22 mm. 



100 

e 621 
e 

20 

" " 2" 

191 

.5 

6" s" x (mm) 

F1gure 4.21b Computed temperature after opt1mization of perfusions for 
the twenty-seven zone and twenty-seven sensor case for dog number 
four, heating number five for z equal to 38 mm. 
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Figure 4.21c Computed temperature after optimization of perfusions for 
the twenty-seven zone and twenty-seven sensor case for dog number 
four, heating number five for z equal to 50 mm. 
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which is attributed to the significant change in predicted perfusion 

as sensors were removed, specifically zone number fourteen. It can be 

seen from Table 4.6 that many of the sensors that were used for the 

fourteen sensor case resided in zones of high perfusion (recall the E 

was fixed at 5 for all these results), so it is likely that a 

nonoptimal E was used, hence a nonoptimal result was probably found. 

From the numerical results (see chapter 3), it is expected that 

improved reconstruction of the temperature field could be possible for 

this data if a smaller regularization parameter had been used. 

Comparing the zone with the maximum error shown in Table 4.11 

with the predictions of Tables 4.8 through 4.10, several things can be 

seen. One observation is that when the maximum error was in a zone 

without a sensor the predicted perfusion for that zone frequently was 

Wm1n (=-0.1 kg (m3_s)-1). This information could be used to identify 

potential errors, that is if unsampled regions have a predicted 

perfusion equal to Wm1n , the predicted temperature of that region may 

have significant errors. It can also be observed that several times 

the maximum error occurred in a zone with a sensor. This occurrence 

is probably due to a poor description of the perfusion distribution. 

Returning to Table 4.11 it can be seen that while the change in 

the predicted temperatures in many cases is small the maximum error 

(E) is very large. This is troubling since it is desirable to be able 

to accurately reconstruct the temperature distribution. The probable 

explanation for this poor reconstruction is modeling error which comes 

from many sources: the validity of the bio-heat transfer equation, the 

. 1 
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approximation of the power, the assumption of the values of the 

thermal properties, and the functional representation of the 

perfusion. The first source of modeling error is a difficult problem 

to address and is not considered here. The second and third sources 

of modeling error have been considered by Divrik (1985) and it was 

found that the predicted perfusion generally compensates for errors in 

property values and hence the temperatures are still accurately 

predicted. It is known that the way in which the perfusion regions is 

discretized is very important in predicting the correct temperatures. 

Clegg, Roemer, and Cetas (1985) showed that if the perfusion zone 

boundaries are incorrectly placed, then a significant error in the 

predicted temperatures will occur. Unlike the numerical studies, the 

perfusion zone boundaries are unknown and have been arbitrarily placed 

which may have induced some error. A larger contribution to the error 

may also be due to the fact that the perfusion is not really a 

piecewise constant function. The number of perfusion zones was 

increased to sixty-four in an attempt to understand the effect of the 

perfusion modeling error. The data for dog experiment number six was 

used as input, but this time the thermal model had sixty-four equal 

size zones with constant perfusion. The results of this study, where 

the maximum error of the predicted temperatures is shown as a function 

of heating number and the number of perfusion zones, is given in Table 

4.12. It is seen in this table that with the increased discretization 

of the perfusion, i.e. from twenty-seven to sixty-four zones, the 

temperature predictions are more accurate. Thus, a significant source 
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Table 4.12 Maximum absolute error of the predicted temperatures 
compared to all the measured temperatures as a function of the number 
of perfusion zones used in the thermal model. These results are for 
dog experiment number six using twenty-seven temperature sensors as 
input. 

Heating 
number 

5 
6 
7 

Maximum absolute error (·C) 
Number of zones in model 

27 64 
10.720 7.015 
14.296 4.838 
17.092 4.353 

------------------------------------ - ... - . 



196 

of modeling error can be attributed to the representation of the blood 

perfusion and the number of zones used. It would be desirable to 

increase the number of zones of perfusion, or model the perfusion as 

some polynomial function to minimize this error, but this will require 

the optimization of more parameters. Unfortunately, additional 

parameters may make this scheme clinically impractical because of the 

length of time required to solve for the temperature field of an 

individual treatment. It currently takes approximately one and one

half hours of CPU time using a Cyber 205 vector processor to solve 

this problem with twenty-seven zones of perfusion and approximately 

four and one-half hours for sixty-four zones. 

Returning to Tables 4.10a and 4.10b, it can be seen that the 

predicted perfusion in the zones bounded by 38~x~68, 0~y~102, and 

22~z~44 mm has increased from heating six to heating seven. This 

increase was expected since it was known that local vasodilation had 

occurred during heating number seven. (The occurrence of vasodilation 

was observed by noting a significant local temperature decrease during 

heating as was shown in Figure 4.9). Thus, the algorithm correctly 

predicted the trend of local perfusion increases. This same 

qualitative trend can be observed in the .results of dog number four 

where vasodilation was known to have occurred during heating number 

seven. 

Finally, an interesting trend is apparent in Table 4.11c, that 

is the maximum predicted error decreased for two of the three cases 

when only fourteen sensors were used. This may be due to the 

_ .. __ ...... -----------------------------
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significant change in the perfusion in zone number twelve (see Tables 

4.7a and 4.7c). For both the twenty-seven and twenty-six sensor 

cases, two temperature sensors resided in zone twelve. Thus it 

appears that it is better to have only a single sensor in each zone. 

This trend does not generalize to the remaining results, so more work 

is needed to further investigate this trend. 
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CHAPTER 5 

CONCLUSIONS 

Using state and parameter estimation to optimize the perfusion 

and thus predict the steady-state temperature field from a limited 

number of transient temperature measurements appears to be feasible 

for certain situations. The one-dimensional results showed that this 

method could be used to estimate the temperature field when there were 

fewer measurement locations than zones of perfusion. The numerical 

three-dimensional results showed again that the temperature field 

could be accurately predicted when fewer sensors than zones of 

perfusion were available. The three-dimensional study also showed 

that regularization was necessary to solve this problem particularly 

when the temperature measurement data had noise superimposed upon it. 

Finally the dog experiments showed that the optimal perfusion was very 

stable with respect to the number of measurements. However, many of 

the reconstructed temperature fields had large errors. These errors 

appeared to be due to the manner in which the perfusion was described. 

These results are quite encouraging but more work remains to be done. 

One-Dimensional Numerical Study 

The transient method is clearly better than the steady-state 

method since fewer temperature sensors need to be used to accurately 

predict the temperature field. This is a significant advantage over 
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the steady-state method, where the number of temperature sensors must 

be equal to the number of unknown blood perfusion parameters if the 

temperature field is to be accurately reconstructed. For the 

transient Gauss method, it was possible to accurately predict the 

complete temperature field with large sensor spacings (3 cm) even when 

the difference between the maximum unmeasured temperature and maximum 

measured temperature was in excess of 9·C. In addition, the transient 

method has the potential of optimizing the blood perfusion region 

boundaries, as well as the blood perfusion magnitude. This ability is 

significant since it indicates that some model mismatches might be 

overcome. 

Three-Dimensional Numerical Study 

The results of this study significantly extended our knowledge 

regarding the ability of state and parameter estimation techniques to 

accurately reconstruct the steady-state temperature fields during 

hyperthermia and the range of conditions over which the approach 

appears to be useable. In particular, it has been shown that the 

three-dimensional temperature field of numerically simulated 

hyperthermia treatments can be accurately reconstructed when there is 

little measurement noise and no model mismatch. If significant 

measurement noise is present, the temperature field can still be 

accurately reconstructed for no model mismatch when the number of 

sensors is less than or equal to the number of perfusion zones. 

Accurate reconstruction of the temperature field depends on the use of 

regularization, and on the choice of the regularization parameter. 

-_._ .. ----------------------------
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Without regularization the algorithm does not work well when only a 

few sensors are used because this problem is ill-posed. There appears 

to be an optimal choice for the regularization parameter which depends 

on the perfusion pattern and magnitude. The conduction coupling also 

plays an important role in determining when the estimation algorithm 

will accurately reconstruct the temperature field. Finally, the 

magnitudes of the Jacobian elements indicate the amount of conduction 

coupling present and they could possibly be used as an aid to preplan 

where to locate sensors during a treatment. 

Animal Study 

The results from the analysis of the dog heating show that the 

reconstructed temperature field did not change significantly as 

sensors were removed even though the estimated perfusions did. This 

is due to the surprising insensitivity of the temperature field to the 

estimated perfusion. This result suggests that with just a few 

sensors the temperature field could be reconstructed. However, the 

maximum error cf the predicted temperatures was quite large. This is 

due in part to inadequate modeling of the perfusion distribution. To 

improve its accuracy, solutions to this problem will require 

optimization of more parameters. An important qualitative result was 

that the algorithm did predict locally increased perfusion when local 

vasodilation was known to have occurred. 

------------------------:-------- -..... . 
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Future Work 

This study has demonstrated the feasibility of reconstructing 

the steady-state temperature field. However, as the results of the 

dog experiments indicated, much more work is necessary before this 

algorithm can be applied clinically. It is apparent that the accuracy 

of the reconstructed temperature field depends on the number of 

parameters that are optimized (e.g., the number of perfusion zones), 

but the time required for the reconstruction increases approximately 

linearly with the number of parameters. Thus, speed enhancement is 

necessary: specifically a faster method for computing the Jacobian 

and/or the temperatures. 

As was previously mentioned, the accuracy of the reconstructed 

temperature field depends upon the number and distribution of the 

perfusion zones. Instead of using a piecewise constant function to 

represent the perfusion, which can create significant errors due to 

boundary mismatch, it is suggested that some continuous polynomial be 

used to represent the perfusion. Also, the time dependence of the 

perfusion, which as yet has not been addressed, must be considered. 

Finally, implementation of improved thermal models, e.g., inclusion of 

large blood vessels, and retesting of the algorithm with these 

improvements must be performed before clinical application of this 

algorithm. 

It was demonstrated in Chapter Three that the ability of this 

algorithm to reconstruct the temperature field depends upon the 

magnitude of the regularization parameter used. However, the best 

~-~---~--~------------------------------
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choice of regularization depends upon the perfusion magnitudes and 

distribution. Thus, a procedure for selecting the best choice for 

regularization needs to be implemented in the algorithm. Finally, as 

was previously pointed out, optimal sensor placements exist. Thus, 

work needs to be done to develop the idea of preplanning hyperthermia 

treatments to determine the optimal sensor placement. 
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APPENDIX 

NUMERICAL METHODS 

The formal accuracy and stability of the numerical methods used 

for approximating the solution of the bio-heat transfer equation are 

discussed in this section. For both the one-dimensional and three

dimensional studies, a successive overrelaxation method was used to 

compute the steady- state temperature field with applied power. 

Central differencing was used to approximate the Laplacian operator 

with a uniform spatial grid, thus the truncation error was O(h2) where 

h is the grid size. To compute the power off transient temperatures, 

an explicit method was used to approximate the time derivative while 

the Laplacian operator was still approximated using a central 

difference. For the transient computation, the same spatial grid was 

used as in the steady-state computations, thus the truncation error 

for both the one- and three-dimensional algorithms was O(At,h2) where 

At is the time step. A stability analysis of this transient method 

shows that the following relations must be satisfied for the solution 

scheme to be stable: 

---_ ...... _---------------------------
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for the one-dimensional method, 

or 2 
At < k c 

l2pc:h2 + Wmin pcb 
p p 

for the three-dimensional method, where Wm1n is the minimum perfusion 

magnitude. 

To test these routines several different simplified models were 

used for which analytic solutions were available. These simplified 

models have homogeneous fixed temperature boundary conditions of 40·C, 

a constant and uniform arterial temperature of 37·C, a homogeneous and 

constant perfusion of 0.5 kg(m3-s)-1, a model length of 100 mm (or 100 

mm on a side for the three-dimensional model), for the steady-state 

solution a homogeneous power, and the remaining properties were chosen 

to be equal to the values used in the simulated hyperthermia 

treatments. The magnitude of the power was selected to give a maximum 

temperature rise of 50·C. The analytic solution to this problem was 

then compared to the numerical solution. Figure A.la is a logarithmic 

plot of the error at the central finite difference node for the one

dimensional solution. As can be seen from this figure, the slope of 

the error for the SOR method is two which is as expected since the 

truncation error of this method is O(h 2). Figure A.lb also shows 

that the error of the transient algorithm at t equal to 10 seconds 

(note this error is plotted for h fixed at 1 mm) has a slope of one 

which is as expected since the truncation analysis shows the method to 

be O(~t). Figure A.2 plots the error at the central node location for 



'k -

N 
C. '151 o _ 

c. 
C. 

ILl 

a SOR Error 

Figure A.la logarithmic plot of the absolute difference between the 
analytic and numerical solutions for the one-dimensional solution 
schem(~. 

205 

--_._ .... _----------------------------------



206 

'&! D TrcnslenL Error 

'" o 

'" '" LLI 

-

'isa -

N 
m -

'? 
m ~----~--~~~~TTr-----r-~--r-~~~ 
-1~ 1~ ~ 

Time St.ep (8) 

Figure A.lb Logarithmic plot of the absolute difference between the 
analytic and numerical solutions for the one-dimensional solution 
scheme. 
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the three-dimensional results and shows that the error of the SOR 

algorithm agrees with the truncation analysis since it 'is slope two. 

This figure does not show the error for the transient routine because 

the slope was zero due to the fact that the error was dominated by the 

spatial discretization error. From Figures A.I and A.2, it can be 

expected that the error of the numerical eva1uation of the temperature 

field is of the order of O.OIOC for both the one- and three

dimensional schemes and for the grid sizes used in the numerical and 

animal studies. 
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