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ABSTRACT 

In the first part of this thesis, the nonlinear Schrodinger equation for invis

cid cross,:,waves near onset is found to be modified by viscous linear damping and 

detuning, The accompanying boundary condition at the wavemaker is also modi

fied by damping from the wavemaker meniscus. The relative contributions of the 

free-surface, sidewalls, bottom, and wavemaker viscous boundary layers are com

puted. It is shown that viscous dissipation due to the wavemaker meniscus breaks 

the symmetry of the neutral curve. In the second part, existence and stability of 

steady solutions to the nonlinear Schrodinger equation are examined numerically. 

It is found that at forcing frequency above a critical value, fe, only one solu

tion exists. However, below fe, multiple steady solutions, the number of which 

is determined, are possible. This mUltiplicity leads to hysteresis for f < fe, in 

agreement with observation. A Hopf bifurcation of the steady solutions is found. 

This bifurcation is compared with the transition from unmodulated to periodically 

modulated cross-waves observed experimentally. 
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CHAPTER 1 

INTRODUCTION 

While it is commonplace to observe wavemaker generated waves with their 

crests aligned with the wavemaker, cross-waves are standing waves with crests 

normal to the wavemaker. Their frequency is half that of the wavemaker, indi

cating their origin due to subharmonic instability. In an experiment, they are 

typically excited in a wave tank by a wavemaker whose oscillation amplitude, 

which may vary with depth, is uniform in the cross tank direction. Cross-waves 

can be observed on wavemakers which have been improperly designed or those 

operating at large amplitudes. A knowledge of cross-wave stability allows the 

wavemaker motion to be chosen such that cross-wave growth is suppressed. Or, if 

the need arises, a wavemaker can be constructed which generates large cross-waves 

and a negligible propagating wave component. Cross-waves can also be generated 

by an oscillating pressure applied at the free-surface. So, a ship which is heaving 

or rocking will generate cross-waves. Similarly, in industral processes in which a 

fluid is forced between rollers, the rollers , if vibrating, may generate cross-waves 

in the extruded fluid. Related to cross-waves is the phenc!Tl'Jnon of subharmonic 

edge-waves. These waves are implicated in sediment transport in the surf-zone. 

Faraday (1831, in Garrett, see also Miles, 1984) first observed cross-waves. 
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However, it was not until 1970, that Garrett derived a Mathieu's equation de

scribing the amplitude of cross-waves. Using known properties of the Mathieu's 

equation, it was then shown that cross-waves are due to sub harmonic resonance 

by small disturbances at the wavemaker. Thus, cross-waves can be "excited within 

a narrow band of frequency around a cutoff frequency. 

Mahony (1972) derived an inviscid model equation for the cross-wave ampli

tude by using a Fourier transform technique, based on the theory of resonance 

interactions. His results are similar to Garrett's except that the frequency band 

width within which cross-waves can be excited is much smaller. Barnard and Prit

chard (1972) performed experiments on cross-waves. They measured the initial 

growth rate and determined neutral stability curves. Measurement of cross-wave 

amplitude was also reported. The comparison between experiment and theory 

was made possible only if a damping term, which was not included in Mahony's 

analysis, was incoporated into the governing evolution equation. The damping 

coefficient was inferred from experiment. Although they were interested in steady 

periodic cross-waves, they found that this equilibrium state was not observed; 

rather, cross-waves always exhibited a modulation on a time scale much larger 

than the periodic forcing. They also found that surface contamination could affect 

measurement on cross-wave amplitude by as much as 30% from a clean surface. 

Since then, Jones (1984) has derived a nonlinear Schrc3dinger equation gover

ing cross-wave amplitude in the inviscid limit, together with a boundary condition 
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at the wavemaker. Numerical results were also presented. In his numerical cal-

culations for his model, a fixed wall boundary condition at the far end was used. 

However, as mentioned by the author, other effects such as viscous damping and 

surface tension cannot be neglected, and consequently, 'there is no likelihood of 

the [numerical] results agreeing with experiment'. Miles (1985) found steady soli-

ton solutions to Jones' model. Experiments by Barnard and Pritchard (1972) and . 
Lichter and Shemer (1986) confirmed that excitation of cross-waves is delayed by 

damping. Lichter and Chen (1987) augmented Jones' (1984) inviscid equation by 

incorporating a linear damping term with an empirical coefficient. Their numer-

ical results suggest that at sufficiently high forcing, cross-waves were modulated. 

These results partly explained why Barnard and Pritchard were not able to ob-

serve periodically unmodulated cross-waves. Kit and Shemer (1988) also studied 

neutral stability in the case of a finite channel. They incorporated viscous effects in 

the nonlinear Schrodinger equation and the wavemaker boundary condition based 

on heuristic arguments and found that the neutral curve is skewed. 

Recently, Lichter and Bernoff (1988), herein referenced as LB, performed a 

bifurcation analysis near the onset of cross-waves. Their results indicated that for 

large positive detuning of the forcing frequency from a cutoff frequency, there is a 

supercritical pitchfork bifurcation to cross-waves, whereas for negative and small 

positive values of the detuning, the pitchfork bifurcation is subcritical, indicating 

the presence of hysteresis. Furthermore, the critical value at which this trans i-

tion occurs was given. Miles and Becker (1988) found stationary solutions to the 
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nonlinear Schrodinger equation with linear damping numerically. Their results 

indicated the existence of multiple solutions for forcing frequency below a critical 

value, in agreement with LB. However, the question of stability and bifurcation of 

of cross-waves, far away from neutral stability, remain unresolved. 

In the related phenomenon of (nonparametric) sloshing waves, the wavemaker 

oscillates with small angular amplitude about a vertical axis. The waves thus gen

erated are also standing waves with crests parallel to the channel. The nonlinear 

Schrodinger equation again governs the wave amplitude; however, the boundary 

condition at the wavemaker is different from that for cross-waves. The difference 

in the wavemaker boundary condition indicates that different mechanisms are re

sponsible for the generation of cross-waves and sloshing waves as discussed by 

Shemer and Lichter (1987). 

Barnard et al. (1977) performed analysis and conducted experiments on slosh

ing waves. They found that there was viscous dissipation at the side walls and 

bottom. They derived a modified boundary condition at the solid boundary which 

could give rise to the damping term, but elected to determine damping from ex

perimental data on wave amplitude and phase. Kit et al. {1987} extended the 

model of Barnard et al. In order to explain their experimentally observed rate of 

soliton production and phase differences, they found it necessary to modify the 

boundary condition at the wavemaker to include viscous effects based on an ad-hoc 

argument. 
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In the aforementioned studies, attention had been focused on the determina

tion of the damping terms in the nonlinear Schrodinger equation and the wave

maker boundary condition from experimental data. Analytical expressions for 

viscous effects would be useful to explain experimental results. Furthermore, LB 

concentrated on bifurcation of cross-waves near neutral stability and Miles (1985) 

and Miles and Becker (1988) determined only stationary solution to the nonlin

ear Schrodinger equation with an accompanying boundary condition at the wave

maker. Therefore, it is also desirable to study the stability and bifurcation of 

cross-waves away from neutral stability and to compare these results with experi

ment. 

In addition, an explicit analytical treatment of the meniscus region where the 

free surface meets a solid boundary was not considered in the aforementioned 

investigations. However, as discussed by Mei and Liu (1973), the meniscus is a 

singular region which provides a means of energy dissipation at leading order. 

Upon examining the mechanism of energy transfer, the found that 'the meniscus 

is an important passage via which the wave energy is lost from the essentially 

inviscid interior to the side wall boundary layer'. 

Thus, the present study attempts to improve the previous investigations by 

formally deriving the viscous terms, including the meniscus singularity, and to 

numerically study the stability and bifurcation of cross-waves with comparison to 

experiment. Viscous effects due to the free-surface boundary layer and solid sur-
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faces, specifically, the wavemaker, channel bottom, and side-walls are calculated. 

The viscous boundary layers are asymptotically matched to the potential core. It 

is found that the free-surface boundary layer introduces viscous damping propor

tional to Re- 1, where the Reynolds number, Re, is based on viscosity, cross-wave 

frequency, and cross-wave wavelength. The bottom boundary layer also introduces 

a damping which is proportional to Re-l/~i its effect becomes exponentially small 

as depth increases. The sidewalls and meniscus damping is proportional to Re-1/'J 

and is inversely proportional to the width of the tank. These viscous effects also 

detune the resonant frequency. The wavemaker meniscus modifies the boundary 

condition on the nonlinear Schrodinger equation, leading to increased damping 

and breaking the symmetry of the neutral curve. 

In the second part of this thesis, a numerical study of the existence, stability 

and bifurcation of cross-waves is reported. Multiple steady solutions to the nonlin

ear Schrodinger equation are found for negative and small positive detuning. The . 

value at which multiple soutions occurs is in agreement with LB and Miles and 

Becker (1988). The solution undergoes a supercritical Hopf bifurcation, indicating 

a transition to periodically modulated corss-waves. The region in which hyteretic 

behavior occurs is found. These results agree with experimental results by LB. 

The thesis is organized as follows. The nonlinear Schrodinger equation gov

erning the evolution of viscous cross-waves is derived in Chapter 2. The nonlinear 

interactions in the potential region and free-surface boundary layer are derived 



17 

in § 2.1m2.S. The bottom and sidewall boundary layers are matched onto this 

solution in § 2.6. The viscous wavemaker boundary layer is considered in § 2.7. 

The meniscus singularity at the wavemaker and the sidewalls is considered in 

§ 2.8 and 2.9, respectively. A linear stability analysis incorporating' these viscous 

effects comprises Chapter 3; a detailed comparison of the viscous contributions is 

made. In Appendices A and C, respeetively, the derivation of a modified boundary 

condition near a free surface and a solid boundary are presented. The definitions 

of some lengthy constants are given in Appendix B. The second topic, existence, 

stability and bifurcation of viscous cross-waves, is presented in Chapter 4. The 

problem is formulated in § 4.1. Steady solutions are presented in § 4.2. Results 

on cross-wave stability and t>i'.trcation are presented in § 4.3. Comparison be

tween numerical prediction and experiment is made in § 4.4. A brief discussion is 

presented in Chapter 5. Finally, conclusions are drawn in Chapter 6. 



CHAPTER 2 

FORMULATION 
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The excitation of cross-waves due to a planar wavemaker in a semi-infinite 

channel of width Wand depth d· is considered. Let z· be vertically upward and 

x· be along the channel. The wavemaker is a plane between y. = 0 and y. = W 

extending to the bottom of the channel. Motion of the wavemaker is described by 

where a is the amplitude of motion and u is half the forcing frequency. 

If length and time are scaled on W /Nrr and l/u, respectively, where N is 

the mode number in the y. direction, flow in the channel is governed by two 

parameters: the ratio of wavemaker amplitude to cross-wave wavelength, €j and 

the flow Reynolds number, Re == uW:I /vN:lrr:l. The flow field is assumed to be 

irrotational, except within a distance of order Re-1/:I from the boundaries. Inside 

the boundary layers, viscous effects need to be considered. Based on Jones' (1984) 

scaling, and experimental observation (Lichter and Shemer, 1986) that near the 

onset of cross-waves 1 » € ~ Re- 1/ 2 , a perturbation analysis using multiple scales 

is performed. 
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2.1 Potential Region and Free-Surface Boundary Layer 

In order to examine the boundary layer attached to the wavemaker, a coordi-

nate system that is fixed with the moving wavemaker is used. In this coordinate 

system, the force due to the wavemaker appears as a time-dependent body force. 

The potential problem with a viscous free-surface boundary condition is solved 

below. 

The governing equations for an incompressible fluid with constant viscosity in 

this moving coordinate system are: 

continuity : (2.1.1) 

and 

momentum: 

(2.1.2) 

Here, ut is the velocity vector; p'" is fluid pressure; g is gravitational acceleration; 

p and v are the density and kinematic viscosity of fluid, respectively. Unit vectors 

in the x'" and z'" directions are denoted by xi and x3 respectively. The last term 

on the left-hand side in the momentum equation is the apparent body force that 

compensates for the translational acceleration of the moving frame. Boundary 

conditions are: 

u'" = v· = w· = 0 at x'" =0, (2.1.3a) 
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u* = v* = w* = 0 at y* = O,W, (2.1.3b) 

u* = v* = w* = 0 at z* = -d*, (2.1.3c) 

and on the free surface, z* = 71*, the kinematic and dynamic conditions are: 

*+**+** * 71t- u 71:x;- v 71 y- = w , (2.1.4a) 

p: - p* + 2JLw;- = 0, (2.1.4b) 

(2.1.4c) 

(p: - p"') 71;. + JL (w;. + v;.) = 0, (2.1.4d) 

where JL is the d.ynamic viscosity of the fluid and p: is the atmospheric pressure. 

Note that viscous normal and tangential stresses are included in the free- surface 

dynamic conditions. Viscous terms like JL71"'U'" have been dropped because they 

only contribute at higher orders. 

The above set of equations and boundary conditions is rendered dimensionless 

by the following scaling: 

Xi = xiN'Ir/W, t = at"', (2.1.5a) 

Ui = uiN'Ir/aW, (2.1.5b) 

(2.1.5c) 

The resulting equations are: 

(2.1.6) 

and 



where the nondimensional forcing is 

€ = aN1T/W «: 1, 

and the Reynolds number is defined by 

The boundary conditions are: 

u=v=w=O at x = 0, 

u=v=w=O at y = O,N1T, 

u=v=w=O at z = -d*N1TjW = -d, 

and on z = 'rj, 

l1t + ul1x + v'rjy = w, 

Wx + U z = 0, 

Wy + V z = O. 

21 

(2.1.7) 

(2.1.8a) 

(2.1.8b) 

(2.1.8c) 

(2.1.9a) 

(2.1.9b) 

(2.1.9c) 

(2.1.9d) 

, 

, 
,I 

~ 

i 
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In (2.1.9c) and (2.1.9d), the pressure jump across the interface has higher order 

effects and is therefore dropped. In Appendix A, (2.1.9a)-(2.1.9d) are combined 

to compute the leading order viscous contribution to the free-surface boundary 

condition. 

A velocity potential can be introduced in the inviscid region where the flow 

is essentially irrotational. Following Jones (1984), y is strained by introducing 

y = y (1 - Ae2). This allows the consideration. of slight variations in channel 

width. Defining the velocity potential by 

(2.1.10) 

the velocity potential satisfies 

(2.1.11) 

by continuity. Following Mei (1982), equations (2.1.7) and (2.1.9) and the analysis 

in Appendix A are combined to yield, at z = 0, 

~ + gN1r ~ = 4ei (e2it _ e-2it ) x 
tt q2W Z 

(2.1.12) 
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The first two terms on the right-hand side arise because of the nonstationary 

coordinate system, and the last term incorporates the analysis in Appendix A. 

The other bounary conditions are: 

<Pz = 0 at z = -d, (2.1.13a) 

<Py = 0 at Y = O,N7r, (2.1.13b) 

and 

at x = O. (2.1.13c) 

The variables <P, Tf and 0' are now expanded in powers of E such that 

(2.1.14a) 

2 
Tf = ETfl + E Tf2 + .. " (2.1.14b) 

and 

(2.1.14C) 

where 0"0 = [gN 7r tanh (d) jW] 1/2 is the cutoff frequency. At the same time, 

multiple scales 

(2.1.15) 

are also introduced so that 

a a a 
- -+ -+E- and ax ax ax 

a a 2 a 
- -+ -+E -. at at aT 

The above problem is then solved successively at each order of E. 
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The first-order problem is 

(2.1.16a) 

subject to 

at z = 0, (2.1.16b) 

where H = gN 7r /0'5W = 1/ tanh (d), and other homogeneous boundary conditions 

on sidewalls and the bottom. Here, the Laplacian is 

The solution to the above problem can be found as (cf. Havelock 1929) 

~1 = -i (e 2it - e-2it):z; 

+ Bcosh [m (z + d)] (e2it-imz + e-2it+im:z:) 
cosh (md) 

+ L Bje-mjzCOS [mj (z + d)] i (e2it _ e-2it) 
. cos (mjd) 

1 

cosh(z + d) y 
+ cosh ( d) cos 

. [D(X,r) (eit+e-it) +iE(X,r) (eit_e- it)], 

(2.1.17) 

which consists of a progressing wave train, a summation of parasitic modes, and a 

cross-wave component. The first term accounts for the accelerating frame. The B 

and B;'s are determined from eigenfunction expansions and are given in Appendix 

B, together with eigenvalues m and m;'s. 

At the second order, 

(2.1.18a) 
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subject to conditions at z = 0, 

(2.1.18b) 

and other homogeneous boundary conditions at Y = 0, N 1I"j Z = -dj and x = 

O. Only cross-wave self-interactions and cross-wave/progressing wave/progressing 

wave interactions are capable of producing terms of e±it dependence which are 

secular at the third order and have to be suppressed. Cross-wave/progressing 

wave and cross-wave/parasitic mode interactions will be capable of modifying the 

boundary condition at x = O. Other nonlinear interactions at the third order have 

an order e effect on the boundary condition and thus are ignored. The last term on 

the right-hand side is also nonresonant. We now determine the order e2 solutions 

by evaluating the relevent interactions. 

2.2 Determination of Cross-Wave/Cross-Wave Interactions 

For this interaction, 

with condition at z = 0, 

q,21tt + Hq,21z = -! [1 + 3H-2 + 3 (H- 2 - 1) cos (2Y)] 
2 

. [i (n2 _ E2) (e2it _ e-2it ) 

(2.2.1a) 

(2.2.1b) 
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and other homogeneous boundary conditions at Y = 0, N 11"; Z = -d; and x = 0. 

The solution is given by 

~21 = [i (D2 - E2) (e2it - e-2it) _ 2DE (e2it + e-2it )] 

.! [1 + 3H- 2 + 3H2 (H- 4 - 1) 
8 

( ) 
cosh [2 (z + d) ] ] 

. cos 2Y cosh (2d) . 

2.3 Determination of Cross-Wave/Progressing Wave Interactions 

(2.2.2) 

The cross-wave/progressing ~ave interaction is considered as two terms: ~22 

is proportional to e±3it and is nonresonant; ~23 is proportional to e±it which is 

resonant and leads to a contribution to the wavemaker boundary condition on the 

slowly varying amplitudes, D Cl.nd E. For ~22' 

(2.3.1a) 

subject to boundary conditions at z = 0, 

. cos Y [Di (e3it-imz - c.c.) (2.3.1b) 

- E (e3it-imz + c.c.)], 

and other homogeneous boundary conditions at Y = 0, N 11"; Z = -dj and x = 0. 

Solving for ~22 yields 

~22 = G[Di (e3it-imz - c.c.) - E (e3it-imz + c.c.)] 

cosh [s (z + d) ] 
. cos Y cosh (sd) + ~22' 

(2.3.2a) 



where 

with 

G = B (2 + m 2 
- 42H-2) , 

sH tanh (sd) - 9 

s = vm2 + 1, 

~ _ Q Y cosh [q (z + d) ] 
22 - cos cosh (qd) 

. [Di (e3it-i~z - c.c.) - E (e3it-i~Z + c.c.)] 

+ '""" Q -~jZ cos [qj (z + d)] Y L- je cos 
. cos (qjd) 

1 . 

. [D (e3it + C.C.) + Ei (e3it - c.c.)]. 

where q, q;'s, Q, and Qj'S are given in Appendix Band 
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(2.3.2b) 

(2.3.2c) 

(2.3.3a) 

(2.3.3b) 

(2.3.3c) 

The point here is that including ~22 which will not cause resonance, makes ~22 = 0 

at x = o. 

A similar procedure leads to the solution of the e±it portion, ~23. For this 

interaction, 

(2.3.4a) 

subject to, at z = 0, 

(2.3.4b) 
. [Di (eit-imz - c.c.) - E (eit-imz + c.c.) ] , 



and other homogeneous boundary conditions. Solving as for ~22 yields 

~23 = R[Di (eit-im:z: - c.c.) - E (eit-im:z: + c.c.)] 

cosh [3 (z + d) ] 
. cos Y cosh (3d) + ~h3' 

where 

B (2 - m 2 + 6H-2) 
R= , 

sH tanh (sd) - 1 
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(2.3.5a) 

(2.3.5b) 

and ~23 must satisfy the following inhomogeneous boundary condition at X = 0: 

- .. cosh [3 (z + d) ] 
~23x = - (Fx + mRF ) cos Y cosh (3d) , (2.3.6a) 

where 

(2.3.6b) 

and the first term in (2.3.6a) is given by the derivative of ~1 on the long X length 

scale. Because the cross-wave portion of ~ 1 is a solution of the homogeneous 

problem, ~23 cannot be solved for unless this resonance is removed (cf. Jones, 

1984). 

Recognizing that the linearized homogeneous problem is self-adjoint, this solv-

ability condition can be found by multiplying (2.3.6) with cosh (z + d) / cosh (d) 

and integrating from z = -d to O. This yields 

Dx = -RD, Ex =RE, (2.3.7a) 

where 

A 2B(2-m2 +6H-2) 
R= , 

mS 
(2.3.7b) 
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with S = 1 + d (H - H-l). Thus, equation (2.3.7a) gives 

... * Ax = Dx +iEx = -RA at x = o. (2.3.7c) 

The solution to cha can now be found; however, as this plays no further role in 

the analysis, it is not given here. 

2.4 Determination of Progressing Wave/Progressing Wave Interactions 

It can be shown, after some algebraic manipulation, that interaction between 

the progressing waves is zero. Hence, q>24 = O. 

2.5 Determination of Cross-Wave/Parasitic Modes Interactions 

For this interaction, 

with condition at z = 0, 

q>25tt + Hq>25z = - L Bj (2 + m; + 6H-
2

) 
j 

• e-mj:Z: F* cos Y 

and other homogeneous boundary conditions. 

Similar to the determination of q>2a, it is found that 

where 

q>25 = L RjZje-mj:Z: F* cos Y + ~25' 
j 

for 12: m;, 
for 1::S m;, 

(2.5.1a) 

(2.5.b) 

(2.5.2a) 

(2.5.2b) 



with 

and 

1 2 11/2 8; = mj -1 , 

for if 1 ?: m;, 
for if 1 ~ mi. 
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(2.5.2c) 

Similar to the determination of ~23' ~25 is specified by the condition i 23z = 0 at 

x = O. This yields an additional contribution to the solvability condition, and so 

(2.3.7c) is modified to 

at X = 0, (2.5.3a) 

where 

(2.5.3b) 

So far, all relevant solutions up to order f2 have been derived. At order f3, 

only resonant terms will be considered. At this order, 

(2.5.4a) 

with boundary conditions 

~3Y =0 at Y = O,N7r, (2.5.4b) 

at z = -d, (2.5.4c) 



and at z = 0, 

- (V~lh):zt]l - 2(ViJh . Vc)2)t 

- !Vc)l . V(Vc)l)2 - -4-c)l t 2 e2Re %Z, 

The resonant terms on the right-hand sides of (2.5.4a) and (2.5.4d) yield 

n2..T.. = _ (2'F F ) cosh(z + d) y 
v '£'3 ," + XX cosh (d) cos 

c)3tt + Hc)3z = [(2U2 + Ja + Jb (D2 + E2)) F 

- 4Ft - 2Ftr] cos Y, 

at z = 0, where 

and 

Ja = B2 [ (2 (m2 - 24H-2) + (1 - 9H-2) (M - 5)) 

. (8 + (M - 5) m 2 + 24 (2 -111) H- 2 ) 

/ ((M - 5)2 - 16) + 32H4
], 

with M = sH tanh (sd). To satisfy the free-surface conditions, 

and 

sinh (z + d) 
c)3i = (b1iZ + b2i ) gi (t) cos Y cosh (d) , 

2 cosh (z + d) 
V c)3i = 2bli cosh (d) gdt) cosY. 
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(2.5.4d) 

(2.5.5a) 

(2.5.5b) 

(2.5.5c) 

(2.5.5d) 

(2.5.6) 

(2.5.7) 
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The b1s's and b2i' are determined using the surface and bottom conditions. The 

solvability condition then requires that 

3 

I: 2bligdt) = - (2..\F + Fxx) , (2.5.8) 
i=l 

The resulting equation is 

(2.5.9) 

This equation governs the slow modulation of cross-wave amplitude. The detuning 

due to variations in channel width and frequency near the cutoff are ..\ and 0'2, 

respectively. Jb comes from self-interaction of the cross-wave and is the same as 

that obtained by Larraza and Putterman (1984). Ja represents the effects of a 

progressing wave on detuning and is proportional to B2. The damping term here 

is due to free-surface viscous effects. 
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2.6 The bottom and Sidewall Boundary Layers 

Viscous effects due to the bottom and sidewall boundary layers will now be 

incorporated. Inclusion of these viscous effects modifies the boundary conditions 

to 

1 ei 
a~z = - ~ ~~zz - . ~~zzt+ 

vRe 2vRe 
at z = -d, (2.6.1a) 

and 

1 ei 
a~y = T. ~~yy T . ~~YYt+ 

vRe 2vRe 
at Y = 0, N7r', (2.6.1b, c) 

where a = Vi = (1 + i) /v'2. The derivation of the above boundary conditions 

is based on the matching principle presented in Appendix Cj the leading order 

solution is not altered, but the viscous time t+ = et enters the problem. It is now 

appropriate to allow D and E to vary on the t+ time scale, i.e., D = D (t+, T, X) 

and E = E (t+, T, X). Hence, at the second order, 

~2z = 

and 

1 
~ '"iF~1zz aeV.ll,e 

1 

plus a homogeneous boundary condition at x = 0. 

(2.6.2a) 

at z = 0, (2.6.2b) 

at z = -d, (2.6.2c) 

at Y = O,N7r', (2.6.2d, e) 
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Upon examining the possibility of resonance, only cross-wave forcing needs 

to be considered. Evaluation of the right-hand sides of (2.6.2b) through (2.6.2e) 

yields 

Ci>2tt + HCi>2z = -2 cos Y iFt+ 

FcosY 
Ci>2z = 

Cl.e...(iie cosh (d) 

at z = 0, (2.6.3a) 

at z= -d, (2.6.3b) 

Ci> F cosh (z + d) ( -1 ) 
2Y = Cl.e...(iiecosh{d) (_1)N at Y = 0,N7r(2.6.3c,d) 

The solution for Ci>2 is 

sinh (z + d) . 
Ci>2 = - (z + d) cosh (d) cos Y,Ft + 

F [ (1 2Y). ycosh (z + d) + -- sm 
ae...(iie N 71' cosh (d) 

( 
2 ) sinh (z + d)] 

+ sinh (2d) - 1 cos Y S cosh (d) , 

which upon calculation yields 

2 r( 1 S) F .] 
\l Ci>2 = 4 sinh (2d) - N7I' Cl.e...(iie - ,Ft+ 

cosh (z + d) 
·cosY Scosh{d) = 0. 

(2.6.4) 

(2.6.5) 

Note that the right-hand side of (2.6.5) has a spatial dependence identical to the 

homogeneous solution, so for \l2Ci>2 = 0, the solvability condition 

At+ = 1 +i ( 1 _~) A 
eV2Re sinh (2d) NlI' ' 

(2.6.6) 

must be satisfied. 

The first term of (2.6.6) is damping due to the bottom boundary layer, and the 

second term is damping due to the sidewalls which is negative rather that positive. 
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This indictes that the singular nature of the meniscus, which will be considered in 

§ 2.9, cannot be ignored. For a deep channel, bottom damping decays exponen-

tially with depth and can be neglected. Effects due to the sidewalls fall off like 

1/ Ni thus for a wide channel where N is large, sidewall effects will be small. 

At the third order, there is an interaction between individual boundary layers, 

which will be incorporated. This interaction induces inhomogeneities which are 

resonant in the boundary conditions at the bottom and the side walls. In order for 

the problem to be solvable, these secular terms have to be suppressed using the 

same procedure as described above. Their effects are found to be of order Re- 1/ 2 

compared to the leading order effects and are incorporated in § 2.9. 

2.7 The Wavemaker Boundary Layer 

Viscous effects near the wavemaker are now considered. Similar to (2.6.1), the 

modified boundary condition at x = 0 is 

1 Ei 
aIPz = - . f'Ti":IPz - . f'Ti":IPzzt+ 

vRe 2vRe 
at x = 0, (2.7.1) 

This alters the second-order problem to 

(2.7.2a) 

subject to 

at x=O, (2.7.2b) 

and other homogeneous boundary conditions. Note that the forcing in (2.7.2b) 

is independent of the cross-wave component of cP 1 and, consequently, «P2 depends 
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upon the progressing wave part and the parasitic modes. Upon solving, CP2 is found 

to have exp(±2it T imx) and cxp(±2it - mjx) dependence. Further interaction 

of this solution with the cross-wave component yields solutions that behave like 

exp(±it T imx) and exp(±it - mjx) which are capable of modifying equation 

(2.5.3a) by order f, but are unable to affect the amplitude equation. In fact, if 

these effects were calculated, (2.5.3a) would then be altered to 

Ax = - (R + ~Rj) A' + ,(M. + iM2 ) A' + ,(Ma +iM.)A 

for some constants Ml, M2, Ma, and M4 • Therefore, the correction on the bound

ary condition at X = 0 due to the progressing wave and parasitic modes are, at 

most, of order f. since these effects are small, wavemaker boundary layer effects 

can be ignored. However, the wavemaker meniscus is important, as shown in the 

next section. 

2.8 Wavemaker Meniscus 

As discussed by Mei and Liu (1973), there is a singularity at the meniscus 

region at the intersection of the free surface and solid boundaries. From an energy 

consideration, they found that the meniscus provides a means for energy dissi

pation. Near the meniscus, the vertical velocity changes rapidly; however, the 

meniscus width is confined to a distance of order Re-1j2 from the solid boundary, 

consequently, its integrated effects are of order Re- 1/ 2 which may be considered 

as a correction to the inviscid core. Following Mei and Liu, incorporating the 
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meniscus effects, the free surface boundary condition is 

~tt + H~z = -HWM' at z = 0, (2.8.1) 

where WM is the vertical velocity parallel to the solid boundary and is given by 

(2.8.2) 

with y normal to the solid boundary pointing into the fluid. 

When applying the above condition to t~e wavemaker, the problem is 

(2.8.3a) 

with 

~Itt + H~lz = ~ F cos Y tanh (d) exp ( -a5ex) , (2.8.3b) 

plus other homogeneous boundary conditions. The solution is 

~ 1 = tanh (d) F cos Y 
€[,B tanh (,Bd) - tanh (d) 1 

cosh[,B (z + d)] ( . r;:;-R ) 
. cosh (,Bd) exp -av.tr.ex , 

(2.8.4) 

where ,B2 = 1 - iRe. 

However, ~ I", is not zero at the wavemaker and needs to be balanced by the 

slow X derivative. Following the procedure used in (2.3), (2.5.3a) is modified to 

at X = 0, (2.8.5a) 
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where 

(2.8.5b) 

2.9 Side Wall Meniscus 

The side wall meniscus singularity will be considered here. When the meniscus 

condition (2.8.1) is applied to the side wall at Y = 0, the problem is 

with 

_. 2 cos Y iFt+ = I, 

plus other homogeneous boundary conditions. 

(2.9.1a) 

(2.9.1b) 

The side wall at Y = N 11" can be treated in a similar fashion. The procedure 

used previously in finding the solvability condition cannot be applied directly here 

because of the Y dependence in the inhomogeneity which gives nonzero ~ly at 

the side walls. Thus, the Fredholm alternative will be used. Since the problem is 

self adjoint, the solvability condition reduces to 

(2.9.2) 

Upon evaluating, 

rc (Ft+ + 4~F) dx' = o. Jo N1I"€ Re 
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This will be satisfied for arbitrary x if the integrand vanishes identically. It then 

follows that 

At+ = y'2 (1 + i) A 
N7reffe ' 

due to side wall meniscus which also falls off like liN. 

(2.9.3) 

Selecting T = e2t = r as the dynami~ time scale, (2.6.6), (2.9.3) and the 

resonant terms of V2~3 are then incorporated into (2.5.9) by the chain rule, 

The resulting equation is 

(2.9.4a) 

where 

A = Ja + 20"2 + A8 + 8, (2.9.46) 

4 Jc 
L=~R +8+~R' e e e e 

(2.9.4c) 

and 

8 2 (2 -8 1) 
= e2ffe N7r + sinh (2d) . 

(2.9.4d) 

The term Jc is due to interaction between boundary layers and is given by 

+_4_ ( d + _8_-_2_) 
N7r cosh2 (d) sinh (2d) 

(2.9.4e) 
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1 (1 1) +- + -. 
2 cosh2 (d) sinh2 (d) 

In summary, the nonlinear Schrodinger equation (2.9.4a) for cross-wave ampli-

tude subject to the boundary condition (2.8.5) at the wavemaker has been derived 

including viscous effects due to the free-surface, meniscus, sidewalls, and bottom 

boundary layers. These will affect the stability characteristics of cross-wave growth 

as discussed below. 

Before proceding, Eq. (2.9.4a) and boundary conditions (2.8.5) are trans-

formed by a change of variables such that 

x = V2L/SX, T = LT/2, (2.9.5a) 

A = VJb/LA, 1 = A/L, (2.9.5b) 

(2.9.5c) 

The resulting problem is, after dropping"""'" , 

-iAT + Axx + (A - i) A + IAI2 A = 0, (2.9.6a) 

with boundary conditions 

Ax = aoA· - alA at X= 0, (2.9.6b) 

and 

as X -+ 00. (2.9.6c) 
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CHAPTER 3 

LINEAR ANALYSIS 

For small cross-wave amplitude such that the nonlinear term in (2.9.6a) can 

be neglected, the problem is reduced to a linear one which is amenable to analysis. 

Hence, near the onset of cross-waves, the most unstable linear eigenmode for (2.9.6) 

is given by 

A = ehX+KT , (3.1a) 

where 

h = [i(l + K) _ A] 1/2, (3.1b) 

and the growth rate, K, is given by the relation 

a2 = [A2+(1+K)2]1/2+ 2 Iall (h +h'+ lall ). o y'2r, y'2 (3.1e) 

Neutral stability curves, where K = 0, are plotted on the (A, afi) plane for different 

lall in Figure 1. Cross-waves are linearly stable below this stability boundary 

but linearly unstable above this stability boundary. The effective damping, L, 

measures the ratio of viscous energy dissipation due to the free surface, sidewalls, 

and bottom boundary layers, to the energy input at the wavemaker, which is 

proportional to e2 (cf. (3.1c)). In the inviscid limit, L = lad = 0, the stability 

boundary is given by a6 = IAI which is drawn as dashed line in figure 1. The 

damping ratio lall measures energy dissipated at the wavemaker to that due to 
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other viscous effects. When /al/ = 0, the stability boundary is a hyperbola with 

vertex at (0, 1), shown as chain dashed line. Notice that /all has a maximum of 

1/ y'2, thus wavemaker meniscus effects are always less than other viscous effects. 

The significance of meniscus at the wavemaker, besides increasing'the required 

forcing to excite cross-waves and shifting the cutoff frequency, is breaking the 

symmetry of the neutral curve. As lall increases, the neutral curve is skewed 

more and more, and damping and the shift in detuning are increased accordingly. 

By considering the contributions to (3.1c), the relative importance of the vis

cous boundary layers can be determined. This is useful when comparing the 

~xperimental results of different facilities. The effective damping is nominally pro

portional to l/e2 Re. When d » In(2../2Re/1r)/2, damping due to the bottom 

may be neglected and the channel is considered deep. Similarly, when N1r » 

../2Re(2 - S), damping due to the sidewalls may be neglected and the channel is 

considered wide. In the case of a deep, wide channel, the dominant damping is 

due to the free surface and is proportional to 1/ e2 Re. The wavemaker meniscus 

effects will be small if N 1r ~ ../2Re. 

The effective detuning, A, includes contributions due to viscosity, the progress

ing wave (Ja), and variations in excitation frequence (0'2) and channel width (>.) 

as shown in (3.1d). The behavior of Ja as a function of d is plotted in figure 2. 

It is found that Ja crosses the d-axis twice. For 0.311 < d < 0.865, Ja is positive 

and causes the de tuning to increase; otherwise, Ja is negative which causes A to 
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decrease. As d increases, Ja approaches -0.404. However) the detuning due to 

viscosity is always positive and may offset the effects of the progressing waves. 

For infinite depth, if 1.114 > N, viscous detuning is larger than those of the 

progressing waves. 

The effective forcing, ao, is finite for finite depth. However, when d » 1, R = 4 

and Rj ~ 16(8 + mJ)/mJd(16 + m;). For the first few modes, mj ~ cj/d for some 

constant Cj. Hence, ao is proportional to d as d tends to infinity. This agrees 

with Jones (1984) for a planar wavemaker as well as the analysis by Bernoff et 

0.1. (1988), who also give an analytical expression for the forcing. Physically, this 

means that energy input increases proportional to the depth of the wavemaker. 
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Fig. 1 Neutral stability curves for the linearized version of equations (2.9.6) for 
various values of wavemaker meniscus effects lall· 
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Fig. 2 Depth dependence of Ja (cf.{32c)) and Jb (cf.{32d)). 
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CHAPTER 4 

NUMERICAL STUDY OF EXISTENCE AND STABILITY 

4.1 Formulation 

For cross-waves generated in a long deep channel, and N 1!' « V2Re, the 

governing equation for A reduces to, 

(4.1.1a) 

subject to boundary conditions 

Ax = rA· at x=o, (4.1.1b) 

and 

as x -jo 00. (4.1.1c) 

The detuning A and damping L are now given by 

A = .!. (L -1) , 
e;2 fo 

(4.1.1d) 

and 

L = _1_ (2 + V2Re) 
e;2Re 2N1!" 

(4.1.1e) 

and r is the forcing shape factor (cf. Lichter and Chen, 1987 and Jones, 1984) 

To study the stability of cross-waves, the coefficient in the linear term is rewrit-

ten in polar form, as in Miles and Becker (1988), 

A + iL = -yitP , (4.1.2a) 



where the amplitude "I and the phase tP are defined by 

and 

tP = tan- 1 (L/ A) . 

Furthermore, using the scalings: 

T - T/'Y, X - X/.,fY, 

the problem is transformed to : 

with boundary condition 

Ax = -i6A· at X=o, 
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(4.1.2b) 

(4.1.2c) 

(4.1.3a) 

(4.1.3b) 

(4.1.4a) 

(4.1.4b) 

which are identical to Equations (5.6) and (5.7) in Miles and Becker (1988). In 

the presence of damping, all solutions decay at infinite (cf. (4.1.1c)). Note that tP 

is limited to between 0 and 1r for positive damping. Steady solutions to Equations 

(4.1.4) correspond to unmodulated cross-waves; these are studied in § 4.2. The 

temporal stability of these solutions is investigated in § 4.3. 
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4.2 Steady Solutions 

For steady solution, (4.1.4) are solved with AT = O. The resulting ordinary 

differential equation is integrated using a fourth order runge-Kutta scheme (Car-

nahan et al., 1969). At infinity, with the amplitude tending to zero, the linear 

solution is a valid approximation. This yields 

as x -+ 00, (4.2.1a) 

where 

(4.2.1b) 

Starting from a sufficiently large value of X, with the linear solutaion as input, 

the steady equation can be integrated back to the wave-maker to obtain a steady 

profile. Note that the problem is both phase and translation invariant. Therefore, 

by integrating from some large X to some Xo, the boundary condition at the 

wave-maker can be satisfied if Sand {3 are chosen according to the following : 

and then choosing 

S = ~x (Xo) , 
A* (Xo) 

2{3 = phase (i~. (Xo)) , 
Ax (Xo) 

A=A(X-Xo)eif3 • 

(4.2.2a) 

(4.2.2b) 

(4.2.3) 

Hence, for each tP and Xo with 0 < tP < 1r and -00 < Xo < 00, there exists a 

unique steady solution of (4.1.4) with S given by Equation (4.2.2a). 
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From the steady calculation, the relationship between forcing and cross-wave 

amplitude at the wavemaker is determined. Results are presented in Figure 3. 

Note that these curves start at forcing equals one which is the neutral satbility 

point. It can be seen that the response of cross-waves is a single-valued function of 

forcing for small tP. As tP increases from 0, the cross-wave amplitude first becomes 

multi-valued at a value given by tPe = cos-1 (1/3) as predicted by LB and Miles 

and Becker (1988), which is also determined numerically and is marked with a 

cross (X). At a fixed forcing, there are as many as five possible steady solutions 

for tP > tPe, as shown in this figure. The stable ( -- ) and unstable ( ... ) 

branches are also indicated. How these stability results are obtained is discussed 

below. 
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Fig. 3 Steady cross-wave amplitude at the wavemaker a function of forcing am
plitude is shown for different values of cP. 
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Fig. 4 Numerical results of stability calculations are shown on 6'J verses <p plane. 
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4.3 Cross-wave Stability 

In this section, the stability of steady solutions is determined. The interval 

X E [0,00) is mapped to e E (0,1] througt the transform 

1 
e= 1 + X/Xc' 

(4.3.1) 

where Xc is a free parameter. Thus, a uniform grid in e corresponds to a variable 

grid in X with points clustered near the wave-maker. This mapping transforms 

the problem to : 

·A e4 
A 2e A itPA IAI2 A , T + X2 EE + X2 E + e + , 

c c 
(4.3.2a) 

subject to 

at e = 1, (4.3.2b) 

and 

A=O at e = o. (4.3.2c) 

A semi-implicit Crank-Nicolson scheme (cf. Aranha et 0.1., 1982, Taha and 

Ablowitz, 1984, Chen, 1988) is used to integrate these equations. Stability results 

are shown in Figure 4 on the ( <p,6 2 ) plane. On the left side of the graph, only 

one solution exists, whereas on the right side of the graph, multiple solutions are 

possible. The number of possible solutions is marked within each region. The 

neutral stability curve ( ... ) is given by 6 = 1. Subcritical bifurcation for <p > <Pc 

as predicted by LB is shown by the nonlinear stability curve ( - . - ) which 
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terminates at <Pc as marked by a cross (X). A Hopf bifurcation curve (- - -) for 

the steady solution is found. Beow this curve, steady soutions are stabe, whereas 

above it, steady soutions will bifurcate to periodic solutions. When forcing is 

increased furt~er, addition bifurcation curves are found for large rP. These curves 

have end points at 0 = 0, and 1 for <P = 7l'. When <P decreases from 7l', they form 

a cusp which is recognized as a saddle-node bifurcation at a cusp as discussed 

by Guckenheimer and Holmes (1983). Although only three cusps are shown here, 

there is an infinite number of them (Bernoff, private communication). Results in 

Figure 4 indicates that for <P < <Pc, the zero solution loses stability along the neutral 

stability curve ( ... ) through a supercritical pitchfork bifurcation (cf. LB). As the 

forcifng is further increased, the branch of steady solution loses stability through 

a supercritical Hopf bifurcation. For rP > <Pc, the behavior is more complicated. In 

the region bounded by the neutral and nonlinear stability curves, cross-waves are 

linearly stable and nonlinearly unstable, indicating the presence of hysteresis. The 

initial pitchfork bifurcation is subcritical. The unstable branch produced regains 

stability through a saddle node bifurcation at the nonlinear stability curve. The 

resulting stable solution, once again, loses stability through a Hopf bifurcation. 

Above the Hopf bifurcation curve, all steady solutions are apparently unstable. 

When forcing is further increased, additional saddle-node bifurcation is also found 

along the solid curves. Time history of cross-wave amplitude at the wave-maker 

is shown in Figure 5 for rP = 7l' /2 and forcing above the Hopf bifurcation curve. 
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Note that the solution approaches a regular oscillation. The behavior is similar 

for other values of rp. Since a steady soution to the noninear Schrodinger equation 

corresponds to unmodulated crOSB-waves and a periodic solution corresponds to 

modulated cross-waves, the neutral curve, nonlinear stabiliy curve and the Hopf 

bifurcation curve can be compared with experimental data, as willl be done next. 



10 

~,-----------------------------------------~ 

o 
~ 

IA(OJT)~ I---___ ANI~ 

10 ci 
o v u v v v v v v V V 
cii---------------------r-------------------~ 

0.0 60.0 100.0 

T 

55 

Fig. 5 Time history of cross-wave amplitude at the wavemaker for ¢ = 11'/2 and 
o = 1.46 is shown. 
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4.4 Comparison with Experiment 

In this section, comparison with experiment by LB will be made. Following 

their analysis, convenient parameters are (er)2 and ( 1/10 - 1 ). Comparison can 

be made on the (er)2 verses ( 1/10 - 1 ) plane. Since the Reynolds number and 

the mode number are known from their experiment, then by Equations (4.1.1d,e) 

and (4.1.2c), (er)2 and ( f /10 - 1 ) can be calculated according to the following: 

(L -1) _ Cl 
10 - 2 tan tP ' 

and 

where CI is the damping calculated from 

4 J2 
CI = - + . 

Re N7rVRe 

The critical frequency Ie is defined by 

Ie = 1 + locI 
2tantPe 

(4.4.1a) 

(4.4.1b) 

(4.4.1c) 

(4.4.2) 

The value of damping using Equation (4.1.1c) was found to be too low. Therefore, 

for quantitative comparison, damping is determined from experiment, as in Lichter 

and Chen (1987). Figure 6 compares experimental data and the present results. 

Experimental data are reproduced using same symbols as in LB. Here up-pointing 

(down-pointing) triangles are data points for increasing (decreasing) forcing at a 
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fixed forcing frequency when cross-waves first appear (disappear). Solid (open) 

triangles are for unmodulaed (modulated) cross-waves. 

First, comparison is made on neutral stability. Thus, the dotted line is com-

pared with solid triangles for positive detuning and up-pointing solid triangles 

for negative- detuning. In this case, good agreement can be observed for positive 

detuning; however, for negative detuning, neutral stability was not observed in 

experiment. Next, comparison is made on sub critical hysteresis. Here, the chain-

dotted line is compared with down-pointing solid triangles for negative and small I 
posiive detuning. In this case, numerical results show the trend of experimental r 

observation. Finally, comparison is made on modulated cross-waves. Here, the 

dashed line is compared with the open triangles. In this case, numerical results 

show qualitative agreement with experiment for positive detuning, although pre-

dicted values underestimate the experimental vaues. For negative detuning, theory 

aso underpredicts experimental vaues. Moreover, hyseresis was observed in exper-

iment but not predicted. These discrepancies between theory and experiment may 

be due to nonviscous effects as discussed in the next chapter. Further investigaion 

is needed to explain experimental observation. 
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Fig. 6 Comparison of experimental data by LB with calculated stability curves on 
forcing squared verses detuning plane. 



CHAPTER 5 

DISCUSSION 
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In Chapter 2 and 3, an amplitude equation describing the evolution of cross

waves and the accompanying boundary conditions in the presence of viscosity has 

been derived. In particular, the meniscus singularity has been included. 

This analysis indicates that, for deep, wide tanks, the free-surface boundary 

layer yields the dominant viscous contribution. In this case, viscous effects are 

negligible when e2 Re ~ 1. When'e2Re - 0(1), the effects afforcing and dissipa

tion are comparable. When e2 Re ~ 1, viscous effects dominate and will inhibit 

cross-wave development. Similar results hold when the viscous contribution from 

the sidewalls or bottom boundary layers dominate, but now e2 ..[iie is the control

ling parameter. Wavemaker meniscus effects modify the boundary condition at 

the wavemaker which, in turn, skews the neutral curve. The amplitude and reso

nant frequency at which cross-waves first appear are contingent on these viscous . 

effects. 

As is usually the case, the systematic expansion relies on the wave slope being 

small, E < 1. The inclusion of viscous effects further restricts the theory to cases 

for which the thickness of the boundary layers are much smaller than the cross

wave wavelength. High frequencies, for which surface tension is dominant, may 

also lead to inconsistencies in the expansion (Djordjevic and Redekopp, 1977). 

The coefficient Jb of the nonlinear term as a function of d is plotted in Figure 
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2. For small d, Jb is negative; it increases to one as d ~ 00. As noted by Barnard 

et 0.1. (1977), around the point where Jb equals zero, the nonlinearity may not be 

described adequately. More importantly, when Jb is negative, the solutions may 

grow without bound (Ablowitz and Segur 1979). 

In Chapter 4, the stability and bifurcation of cross-waves have been studied 

numerically and comparison has been with experiment. It should be noted that in 

an attempt to compare the present theory with experiment, it was found that the 

predicted damping is too small to account fo.r the observed value. Furthermore, 

the predicted direction of skew is different from observation. It is thus postulated 

that nonviscous effects, such as surface tension, surface contamination and con

tact angle hysteresis, are important in experiment, as observed by Barnard and 

Pritchard (1972) and discussed by Miles (1967) and Hocking (1987a,b). It is well 

known that surface tension detunes the cutoff frequency (see, e.g., Miles, 1\)67). In 

the same paper, it is also shown that both surface contamination and contact an

gle hysteresis tend to increase damping. More recently, Hocking proposed a model 

based on stick-slip motion at the contact line to calculate damping due to contact 

angle hysteresis. When applied to the side walls, damping may be increased ac

cordingly. When applied to the wavemaker meniscus, it may be conjectured that 

effects of contact angle hysteresis and surface contamination modify (2.9.6b) to 

(5.1) 
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where ao is the same as in (2.9.6b), Le., contains inviscid effects; but now the 

values of qr and qi, instead of being equal as in this study, may be any are real 

numbers depending on conditions near the contact line. At the present time, it 

appears that no theoretical calculation on qr and qi is available. A curve with 

qr = 1.0 and q, = -.18, shown in Figure 7, fits the experimental data from Chen 

(1988). Thus, further research should include nonviscous effects. 
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Fig. 7 Comparison with experimental data from Chen (1988) on neutral stability 
with qr = 1.0 and qi = -0.18 in (5.1) shows good agreement. 



CHAPTER 6 

CONCLUSIONS 
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The objectives of this study have been carried out. First, viscous effects due to 

the side walls',bottom, and wavemakerboundary layers as well as the meniscus sin

gularity have been incorporated in a formal manner by using matched asymptotic 

expansion technique and the Fredholm alternative. Viscosity is found to detune 

the cutoff frequency and delay the excitation of cross-waves to finite amplitude of 

forcing. Furthermore, the meniscus at the wavemaker breaks the symmetry of the 

neutral curve. Second, the existence and stability of cross-waves in the presence of 

damping have been studied numerically. The number of steady solutions is com

puted revealing multiple solutions for detuning below Ie. The number of possible 

solutions is determined. The nonlinear stability curve, showing hysteretic behav

ior, is determined, indicating the existence of cross-waves for sub critical forcing 

for tP > tPe{! < Ie). The Hopf bifurcation curve of cross-waves is also deter

mined. It is found that, for forcing below it, the steady solution to the nonlinear 

Schrodinger equation is stable whereas above it, this solution bifurcates to pe

riodic solution. This corresponds to transition from unmodulated to modulated 

cross-waves. These predictions agree qualitatively with experimental results of 

LB fo:r positive detuning and small negative detuning. Moreover, theory suggest 

complicated behavior for large negative detuning, and numerical results underes

timate experimental values in general. Further study is needed to explain these 

discrepancies. 
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APPENDIX A 

DERIVATION OF FREE SURFACE BOUNDARY CONDITION 

Here, a modified free-surface boundary condition is derived for time-periodic 

solution by examining the boundary layer near the free surface. By solving the 

linearized problem using the matching technique, viscous effects are incorporated. 

The flow is in the x - z plane, where z is vertically upward. In the interior of fluid, 

v:l~ = 0, and near z = 0, 

(AI) 

where A(x) = <I> (x, 0), B(x) = ~%(x, 0), etc. Then, 

Au = -0 and Du = -B, 

and, consequently, 

t£ = ( (A: - Au: z;) + (B:Z - B:r.u z:) + 0(z4)) eiut
• (A2) 

w = ( -A:r.:z + (B - Bu z;) + 0(z3)) eiut
• (A3) 

To examine the boundary layer near the free surface, let n = Z and rescale: 

P . t P = __ e'G" 
VRe 

Under this scaling, the continuity equation (2.1.6) becomes 

(A4) 
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The momentum equation (2.1.7) yields 

. U P U U:r.:r. 
'0' = - :c + nn + Re' (AS) 

and 

. W P u, W:c:c 
'0' = - n + VI" nn + Re . (A6) 

The variables U, W, and P and now expanded in powers of liRe: 

(A7) 

Upon substituting (A7) into (A4) through (A6) and collecting terms in order of 

liRe, at leading order 

(A8a) 

(A8b) 

(A8c) 

Equations (AS) can be solved to obtain 

Po = a(x) + b(x)n, (A9a) 

(A9b) 

TT a:c b:cn () om vo = --. + -.- + e X e , 
sO' '0' 

(Age) 

where a, b, and e are functions of x to be determined through matching and a = 

ViU with Real (a) < O. At order liRe, 

(AlOa) 
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(AlOb) 

iuUo. + Win = O. (AlOc) 

Equations (AlO) are solved for Ph WI, and U1: 

(Alla) 

W 
azzn bzzn 2 Cz an 

1= --+----e 
iu 2iu a ' 

(Allb) 

2 b 3 U - azzzn zzzn _ Czz .,an 

1 - 2iu + 6iu 2a" (All c) 

The free·surface boundary conditions are now applied to determine the rela-

tionship between a, b, and c. The boundary conditions are linearized and applied 

at n = 0 to reveal the leading order viscous contributions. The tangential stress 

condition (2.1.9c) yields 

(Al2) 

which implies from (A9) that 

2bz a (/) c = -. - + 0 1 Re . 
lU 

(Al3) 

Now consider (tt., w) in the matching region where 1 ~ z » 1/ ffe. Equations 

(A7), (A9), (All), and (Al3) yield 

(Al4a) 
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and 

_ [ 1 (azzz (b bz~z'J ) ) w- -- ---+ ---
iu..;Re 2 

(Al4b) 

Matching implies that 

a = -iu~(x,O)ffe, (Al5a) 

and 

b = -iu~.w(x,O). (Al5b) 

The normal stress condition (2.1.9b) and the kinematic condition (1.1.9a) can 

now be linearized, rescaled, and combined to yield 

(Al6) 

where iI = gN7r/u'JW (note here that W is the width). Substituting (A9) and 

(All) into (Al6) and applying conditions (Al3) and (Al5) yields 

iI~.II(x,o) - iuID(x,O) = ;eiu~zz(x,O) + O(Re-3
/

2
), (A17) 

or equivalently, 

.. 4 (-3/2) Hlfl. + lflu = - Re lflt .. + 0 Re at z = o. (AlB) 
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APPENDIX B 

LIST OF LENGTHY CONSTANTS 

In Equation (2.1.17), eigenvalues m and m;'s are given by 

- mHtanh(md) = 4, (B1) 

and 

mjH tan(mjd) + 4 = O. (B2) 

Band B;'s are calculated from 

B = -2 sinh(2md) , 
m(sinh(2md) + 2md) 

(B3) 

B. = - 2 sin(2mjd) . 
J mj(sin(2mjd) + 2mid) 

(B4) 

The cross-wave eigenvalue is determined from 

Htanh(d) = 1. (BS) 

For Equation (2.3.3a), q and qi's are given by 

Hqtanh(qd) - 9 = 0, (B6) 

and 

Hqi tan(qd) + 9 = O. (B6) 
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Then upon calculating ~22.' ~22. is expanded in terms of eigenfunctions as

sociated with q and q;'s Rnd thus 

(BS) 

(B9) 
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APPENDIX C 

DERIVATION OF BOUNDARY CONDITION NEAR A SOLID SURFACE 

The governing equation in the potential region is V:l ~ = O. Considering a 

solution of the form elITC and introducing the multiple time scale t+ = f.t, at = 

iu + Eat+. If z is the direction normal to the solid boundary, then near z = 0, 

~ = ~(x,y,O,t+) + ~.(x,y,O,t+) + .... (C1) 

Inside the boundary layer, proper scales are u = U,1J = V, w = VReW, n = VJ![ez, 

and p = P. The boundary layer equations are 

iuU - Unn = -Px - f.Ut+ + ~e (Uxx + UIIII ) , 

iuV - Vnn = -PII - f.Vt+ + ~e (Vxx + Villi)' 

iuW - Wnn = -Pn - f.Wt+ + ~e (Wxx + Willi)' 

(C2a) 

(C2b) 

(C2c) 

(C2d) 

together with boundary conditions U = V = W = 0 at n = O. Expanding U, V, W, 

and P in powers of f. such that U = Uo + f.Ul + ... , etc., the solution is found to 

be 

P = A(x,y,t+) + EB(x,y,t+) + O(f.:l,exp(-zVRe)), (C3a) 

U = (~Ax +;. (iBx - A~t+ )) (1- exp(-o:n)) 

if.Axt+ :l r;:;-+ 2 nexp(-o:n) + O(f. ,exp(-o:vRe)), 
uo: 

(C3b) 



v = (~Ay +;; (iBII - A~+ )) (1- exp(-an)) 

ieA llt+ 2 _ r;:;: + nexp(-a:n) + O(e ,exp(-ay Re)), 
20'a 

. 1 
W = R' (Au + AIIII ) [-(1 - exp( -an)) - n] 

0' e a 

+ Re [i(Bu + BIIII) _ (Au + AYY)t+] 
e 0' 

1 
. [-(1 - exp( -an)) - n] 

a 

ie 
+ 2 2 R (Au + Ayyt+) a 0' e 

1 
.[ - -(1- exp(-an)) + nexp(-an)] 

a 

+O(e2 Re- 1 , exp( -zYRe)), 
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(C3e) 

(C3d) 

where a = ..fiU and Real (a) > O. Matching with equation (e1) yields A = 

-iO'~(x,y,O,t+) and b = -iO'~t+(x,y,O,t+). Recognizing that ~n = -(~u + 

1 -ie (2 -1 (_ rn-:)) a~. + --~ .. = _ In: ~ nt+ + 0 e Re , exp - zy Re , 
..;Re 10'yRe 

(C4) 

at the solid boundary. 
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VISCOUS CROSS-WAVES: STABILITY AND BIFURCATION 
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In the first part of this thesis, the nonlinear Schrodinger equation for invis

cid cross-waves near onset is found" to be modified by viscous linear damping and 

detuning. The accompanying boundary condition at the wavemaker is also modi

fied by damping from the wavemaker meniscus. The relative contributions of the 

free-surface, sidewalls, bottom, and wavemaker viscous boundary layers are com

puted. It is shown that viscous dissipation due to the wavemaker meniscus breaks 

the symmetry of the neutral curve. In the second part, existence and stability of 

steady solutions to the nonlinear Schrodinger equation are examined numerically. 

It is found that at forcing frequency above a critical value, fe, only one solu

tion exists. However, below fe, multiple steady solutions, the number of which 

is determined, are possible. This multiplicity leads to hysteresis for f < fe, in 

agreement with observation. A Hopf bifurcation of the steady solutions is found. 

This bifurcation is compared with the transition from unmodulated to periodically 

modulated cross-waves observed experimentally. 


