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ABSTRACT 

A method is developed to estimate the projection of a higher dimensional 

(three or more) controllable set onto a lower dimensional (usually one or two) 

space. This method requires that an n-dimensional dynamical system subject 

to a scalar control b.e transformed into two lower dimensional subsystems by choos

ing a proper transformation matrix. It is shown that such a transformation can 

always be determined for an n-dimensional linear I/O system. For some nonlinear 

dynamical system problems such as an aircraft missile avoidance problem, a proper 

transformation matrix still can be determined. From the transformed system, 

both an overestimate and an underestimate for an actual projected controllable set 

in the state space of interest can be provided by using the method presented in this 

dissertation. With these information, the actual projected controllable set can 

be estimated. Two linear I/O systems subject to a scalar control and an aircraft 

missile avoidance problem are used to illustrate the method. 
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INTRODUCTION 
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The concept of controllability introduced by Kalman (1960, 1961) plays an 

important role in dynamical control systems. A dynamical control system is said 

to be controllable, if it is possible by means of an unconstrained control law, to 

transfer the system from any initial point in the state space to any other point in a 

finite interval of time. Furthermore, a linear system is completely controllable if 

and only if the controllability matrix for an n-dimensional dynamical control system 

has rank n (Kalman 1960, 1961). 

For those systems which are not completely controllable, it is still usu

ally possible to control part of the state space to a specific point or target set of 

points. We will refer to this as partial controllability and refer to those points 

which are controllable to the target set as the controllable set. Even a linear 

system which satisfies the Kalman condition might not be completely controllable 

if bounds are placed on the control vector. 

Under the hypothesis that a trajectory on the boundary of the control

lable set (i.e., a boundary trajectory) exists, several techniques for determining the 

boundary trajectory have been developed within the past fifteen years. With 

the Controllability Maximum Principle (Grantham, 1973; Grantham and Vincent, 

1975), a most effective technique for determining a trajectory in the boundary 

of the controllable set was introduced. In fact, trajectories obtained from the 

Controllability Maximum Principle (Grantham, 1973) are also abnormal trajecto

ries associated with Pontryagin's Maximum Principle (Blaquiere and Leitmann, 

1967). Since a minimum-time trajectory for a dynamical system with bounded 
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control must asymptotically approach the boundary of the controllable set as time 

approaches positive infinity (in the retro-sense), a second technique for construct

ing the exact boundary trajectory of the controllable set is provided (Vincent and 

Anderson, 1979). 

Although each of the above techniques can be used to easily construct 

boundary trajectories of the controllable set for two-dimensional problems, they are 

difficult to extend to higher dimensional problems. There are several methods for 

estimating higher dimensional controllable set. One approximate method is based 

on the "second" or "direct" method of Lyapunov (LaSalle and Lefschetz, 1961). By 

choosing an appropriate and continuously differentiable Lyapunov like function, an 

overestimate for the controllable set can be determined. A Lyapunov approach 

for the linear dynamic system is given in a straight forward manner (Summers, 

1985). However, for non-linear dynamical problems, in order to construct a good 

estimate of the controllable set, it is necessary to solve an additional non-linear 

optimization problem for a parameter vector used with a Lyapunov like function 

(Grantham, 1980, 1981). Although the Lyapunov approach is applicable to the 

linear and non-linear problems in higher dimensions, there is no way of knowing 

how large the overestimate of the controllable set is and there may also be difficulty 

in finding an appropriate Lyapunov like function. 

An alternate method, called the box method, for estimating controllable 

sets for linear systems was introduced by Gayek (1984, 1986). This method be

gins with decoupling n state equations into one- and two-dimensional subsystems 

through an equivalent modal matrix. The controllable set of each set of new state 

variables are then approximated to give bounds on all the state variables. The 

new state variables are then transformed back to the original state variables to give 
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bounds for the original state variables. These bounds of the n original state vari

ables form an n-dimensional parallelepiped box which must contain the controllable 

set for the original dynamical system. Because of the decomposition technique 

used, the box method is only useful for linear dynamical control systems with dis

tinct eigenvalues. Both the Lyapunov approach and box method always yield 

overestimates. 

Due to the difficulty of expressing graphically an n-dimensional (n > 2) 

controllable set, the projection of this controllable set onto a lower dimensional space 

is of interest. Suppose, a projection of this n-dimensional controllable set onto the 

state space of its first two state variables, Xl and X2, is of interest. The projections 

for the controllable sets determined by the Lyapunov approach and box method onto 

the Xl - X2 space will always be overestimates. In fact, the overestimate may be 

a gross overestimate. However, if underestimate information can be provided in 

addition, a better picture of the actual controllable set is obtained. 

The technique to be presented in this dissertation will determine both an 

overestimate and an underestimate for the actual projected controllable set. This 

technique requires a similarity transformation of the original n-dimensional sys

tem into a (n-2)-dimensional subsystem series connected with a 2-dimensional 

subsystem. For linear input-output systems, this can be achieved by a trans

formation matrix with its first 2 x 2 minor matrix an identity matrix. This 

implies both the original and transformed systems have identical state space com

ponents in Xl - X2. To obtain an overestimate of the projected controllable set in 

the Xl - X2 space for the n-dimensional system, we first find the upper and lower 

bounds of the output variables for the (n-2) dimensional subsystem. Since the 

transformed subsystems are in series, we may think of the output variables from 

the (n-2) dimensional subsystem as control variables subject to the bounds just 
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obtained for the 2-dimensional subsystem. The corresponding controllable set for 

the 2-dimensional subsystem will be an overestimate for the projected controllable 

set. To obtain an underestimate for the projected controllable set in the Xl - X2 

space for the n-dimensional system, we utilize a particular feedback control law for 

the (n-2) dimensional subsystem as a control for the overall transformed system. 

Since both overestimate and underestimate projected controllable sets are 

obtainable by this technique, we have a good method for estimating the projection 

of a higher dimensional controllable set onto a lower dimensional space. 
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CHAPTER 2 

PRELIMINARY DEFINITIONS 

Consider an n-dimensional dynamical system of the form 

dx 
dt = f(x, u) (2.1) 

where x = [Xl, X2, ... , Xn]T is an n-dimensional state vector, u = rUb U2, ... , um]T 

is an m-dimensional control vector such that U E U = {u E Em I -00 < ujin :::; 

Uj :::; ujaz: < 00, j = 1,2, .. ·,m} with ujin < ° < ujaz:. The function 

f : En X Em -t En is C l , i.e. a continuous and continuously differentiable function 

of x and u, and t denotes time. The sets En and Em are respectively the real sets Rn 

and Rm with Euclidean norm, i.e., if x E En, then IIxll = v'xi + x~ + ... + x~. 
The constrained set U is called the control set. 

2.1. Admissible Control Laws 

A control function u(.) : R + -t U is admissible if and only if (i) it is defined 

and piecewise continuous, and (ii) u(t) E U for all t E R+, where R+ is the set 

of positive real numbers. With this definition we guarantee the existence and 

uniqueness of the forward solutions to (2.1) in a neighborhood of the initial point 

Xo E En on some positive time interval [O,T) (Coddington and Levinson, 1955). 

2.2. Controllable and Reachable Sets 

We say that a point Xl E En is controllable to a target point Xo E En in 

the time interval [O,r] if and only if there exists an admissible control law u(t) and 

a time r ~ 0 such that if e(t,Xl) is the forward solution to (2.1) with e(O,Xl) = Xl, 
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then e(T,Xl) = Xo. The set of all points controllable to Xo within some fixed time 

T ~ 0 is called the controllable set to Xo in time T, Cr(xo). The set of all points 

controllable to Xo for any time T ~ 0 is called the controllable set to Xo, C( xo). Let 

() c En be a nonempty, connected, and compact target set. The set of all points 

controllable to any Xo E () for any time T ~ 0 is said to be the controllable set to (), 

C«(}). Note that C(xo) C C«(}) and C«(}) is a union of all sets C r «(}) for T ~ O. If 

the target set is the origin, then we designate the controllable set to the origin by 

C. 

Closely related to the idea of a controllable set (where the system can come 

from) is the concept of a reachable set (where the system can go to). A point Xl 

is reachable from an initial point Xo E En in the time interval [0, T] if and only if 

there exists an admissible control law u(t) and a time T ~ 0 such that if e(t,xo) is 

the forward solution to (2.1) with e(O,xo) = Xo, then e(T,Xo) = Xl. The set of all 

points reachable from Xo within some fixed time T ~ 0 is called the reachable set 

from Xo in time T, Rr(xo). The set of all points reachable from Xo for any time 

T ~ 0 is called the reachable set from Xo, R(xo). Let () c En be a nonempty, 

connected, and compact initial set. Xo E (). The set of all points reachable from 

any Xo E () for any time T ~ 0 is said to be the reachable set from 6, R«(}). It is 

clear that R(xo) c R«(}) and R«(}) is a union of all sets Rr«(}) for T ~ O. If the 

initial set is the origin, then we designate the reachable set from the origin by R. 

Some relationships between the controllable set and the reachable set have 

been described by Snow (1967) and Gayek and Vincent (1986). We now state 

several related properties. 

(i) By setting T = 0 in the definitions of R«(}) and C«(}), it is a simple 

matter to see that () £; R( (}) and () £; C( (}). Consequently, the set C( (})n R( ()) is 

nonempty (Gayek and Vincent, 1986). 
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(ii) Let R(xo) and C(xo) be the reachable set from Xo and the controllable 

set to Xo, respectively. Then, C(xo) n R(xo) is connected (Gayek and Vincent, 

1986). 

(iii) If Xl E C(xo) n R(xo), then C(xt} = C(xo) and R(XI) = R(xo) 

(Gayek and Vincent, 1986). 

(iv) C(O) can be thought of as the reachable set from 0 for the retro-time 

system to (2.1) (Snow, 1967) defined by 

dx 
dt = -f(x, u). (2.2) 

A similar relationship exists between Cr(O) and the corresponding reachable set of 

the retro-system (2.2). 

We will represent controllable and reachable sets of the retro-time system 

by "/\", i.e., R( 0) is the reachable set from 0 for the system (2.2). In one word, 

we have R(O)=C(O) (Snow, 1967iGayek and Vincent, 1986). In actual practise, 

if there exists a feedback control law u(x) which will drive the system from every 

point in the controllable set to the target, then we can use either of the following 

methods to construct trajectories which lie in C(O) for the system (2.1). 

(i) We solve the differential equations of the system (2.1) subject to u(x) 

by integrating backwards, i.e., the integration time step has a negative value, from 

the target set O. 

(ii) We solve the differential equations of the retro-time system (2.2) subject 

to u(x) by letting 0 be the initial set and integrating forward. 

Using either method and letting t -t 00, trajectories will approach the 

boundary of C(O) (Gayek, 1984; Vincent and Anderson, 1979). 
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2.3. Boundary Control and Boundary Trajectories 

In the remainder of this dissertation, we will focus on the boundary of the 

controllable set and on the determination of boundary trajectories. Consider a 

forward solution to the system (2.1) from points on the boundary of the controllable 

set. Let an initial point Xl E ecce) and u(t) be an admissible control law. A 

solution e(t,Xl) to (2.1) driven by u(x) with e(O,Xl) = Xl which satisfies e(t,xt) E 

ac( e) for all t ~ 0 is said to be a boundary trajectory. An admissible control, 

u(t), which generates a boundary trajectory is said to be a boundary control. The 

forward solution e(t,Xl) to (2.1) is said to be periodic if and only if there exists a 

period p > 0 such that e(t + p,Xl) = e(t,xt). 

2.4. Stability 

In this section we consider the stability for the system (2.1) under a scalar 

admissible control law u(t). Let 6(t,xo) and 6(t,yo) be the forward solutions 

to (2.1) from two different initial points Xo and Yo, respectively. The forward 

solution to (2.1) from xo,6(t,xo), is said to be stable if and only if for any given 

c > 0 we can find a 6 > 0 such that 

//6(t,xo) - 6(t,yo)// < c 

for all t ~ 0 whenever 

The solution e( t, xo) is asymptotically stable if and only if it is stable and 116 (t, xo)-

6(t,yo)II-.0 as t -. 00. If 6(t,xo) is asymptotically stable for any choice 6> 0, 

then we say that it is globally asymptotically stable. 
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Let Uc denote a constant admissible control for (2.1). There exists a 

controlled equilibrium point xUc E En with respect to U c if and only if f(xuc' uc ) = 

O. The controlled equilibrium point xU c is also said to be a stable equilibrium point 

if and only if for any given e > 0 

for all t ~ 0 whenever IIxo - Yo II < 8. 

We say that XU c is asymptotically stable if and only if XU c is stable and 

IIxuc - 6(t,yo)1I ~ 0 as t ~ +00. Furthermore, the point xUc is globally asymp

totically stable if and only if xU c is asymptotically stable for all choices 8 > O. 



CHAPTER 3 

PROPERTIES OF CONTROLLABLE 

SETS AND ABNORMAL ARCS 

21 

In this chapter, we present a number of properties of controllable set and 

abnormal control arcs for linear and non-linear dynamical control systems. 

3.1. The Controllability Maximum Principle 

We begin by introducing the Controllability Maximum Principle (CMP) 

(Grantham, 1973; Grantham and Vincent, 1975). 

Theorem 3.1. Let u*(t) E U be an admissible control law which generates 

a boundary trajectory x*(t) E C(O) to the system (2.1) for all t ~ o. It is necessary 

that there exists a nonzero continuous vector >.(t) = [>'1, >'2,···, >'n]T satisfying the 

adjoint (costate) equations 

such that for all t > 0 

j..T = _ oH(x*,>', u*) 
ox 

= _>.T of(x*, u*) 
Ox 

H(x*, >., u·) = max H(x·, >., u) = 0, 
uEU 

where the Hamiltonian is 

H(x, >., u) = >.Tf(x, u), 

(3.1) 

(3.2) 

(3.3) 
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and "." denotes differentiation with respect to time. 

Proof. See Grantham, 1973; Grantham and Vincent, 1975. 

A brief explanation for constructing trajectories which lie in ac( e) for the 

system (2.1) by using CMP is as follows. Let Xo E En be an initial point on 

aC(e). We first determine the admissible control law u*(t) which satisfies the 

necessary condition of the CMP (3.1)-(3.3). This control law will keep solution 

trajectories, x*(t), on the boundary. For two-dimensional problems, such trajec

tories also define the boundary. Finding ac( e) by means of boundary trajectories 

works best for two-dimensional problems provided that at least one boundary point 

can be determined. For problems of dimensions greater than two, there is not a 

simple way to depict the entire controllable set graphically. But, a projection of 

C( e) onto a two-dimensional space still can be depicted graphically. The use of a 

projection technique for higher dimensional problems will be presented in the next 

chapter. 

Equations (3.1 )-(3.3) represent the abnormal case (Blaquiere and Leitmann, 

1967) of the Pontryagin maximum principle of optimal control theory (Pontryagin 

et al., 1962). Any admissible control law which is determined through (3.1)-(3.3) 

will be called an abnormal control law. If boundary trajectories exist, they must 

be generated by abnormal control laws. But, an abnormal controllaw can also 

generate trajectories other than boundary trajectories. We know that, for some 

systems, such trajectories are attracted to the boundary of C(e) (Vincent, 1980). 

Let n be the set of admissible controls which will drive the state trajectories 

of system (2.1) to e. Let n' be a subset of n which is more restrictive than 

admissible controls in n. The following theorem describes a relationship between 

the controllable sets for system (2.1) respectively subject to n and n'. 
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Theorem 3.2. (Vincent and Wu, 1988) Let C(O) and C/(O) denote the 

controllable sets to 0 for system (2.1) subject to the admissible control sets n and 

n/, respectively. IT n' c n, then C/(O) ~ C(O). 

Proof. We will follow the proof of Vincent and Wu. If C(O) rt. C/(O), then 

there exists a point Xl E C/(O) such that Xl ¢ C(O). Hence, there exists a control 

u(t) E n' en to drive system (2.1) from Xl to o. Since u(t) is also in n, it follows 

that Xl is also in C(O) which is a contradiction to the assumption. Therefore, we 

have C/(O) ~ C(O). Q.E.D. 

3.2. Abnormal Control Laws 

To determine an abnormal control law, we substitute (3.3) into (3.2) which 

yields 

(3.4) 

Since u E Em, to maximize Equation (3.4) with respect to the kth component of u, 

the switching function for Uk is defined as 

() 
aH(x, A, u) 

0' k t = --"::-~---<.. 
aUk 

= AT af(x, u). 
aUk 

(3.5) 

IT O'k(t) is not linear in Uk, then the control is obtained from the necessary conditions 

for maximizing (3.4) (e.g. O'k(t) == 0 on the interior ofthe interval [uk'lin, urax ]). If 

O'k(t) is linear in Uk and O'k(t) = 0 only at isolated points in time (switching time), 

then the corresponding control component, Uk(t), is bang-bang control. 

essary condition for maximizing (3.4) yields 

{

urax , ifO'k(t»Oj 
Uk(t) = 

urin, if O'k(t) < o. 

The nec-

(3.6) 
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However, if there exists a control component, Uk(t), such that Uk(t) == 0 in a 

time interval T, then the corresponding control component Uk(t) is said to be a 

singular control. 

Suppose that the system (2.1) is a two-dimensional single input dynamical 

system and f(x, u) = g(x) + Bu, where g = [g}, g2]T is a Cl function of state x, 

B = [bI , b2]T is a 2 x 1 real constant matrix, and u(t) E U = {u EEl -00 < 

Umin ~ U ~ Umax < oo}. If u(t) is an abnormal control law and u(t) f: 0 for a 

nonzero interval of positive time, then we can use the switching function to find a 

state space switching arc. From 

we obtain 

(3.8) 

where gl(X) and g2(X) are the first and second components of g(x), respectively. 

Because (3.7) and (3.8) must be satisfied simultaneously with A(t) "¢. Q, we 

have the requirement that 

det 
b1 

Expansion of (3.9) results in sex) = 0 where 

=0. (3.9) 

(3.10) 

is the abnormal bang-bang state space switching arc. Consequently, for this two

dimensional system, the scalar abnormal control u(t) switches from one extreme to 

the other whenever sex) changes sign. 

.. 
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For computational convenience with two-dimensional dynamical control 

systems, we use the abnormal bang-bang state space switch arc rather than switch-

ing functions of the form (3.5). That is, we do not need to solve the adjoint 

equation (3.1). In addition, we have the following important information about 

the abnormal bang-bang state space switching arc. 

Lamma 3.1. (Gayek,1984). Consider a 2-dimensional single input dynam

ical system 

x = g(x) +Bu (3.11) 

where g = [gl, g2]T is a C1 function of state x, B is a 2 x 1 real constant matrix, 

and -00 < Umin ::; U ::; Umax < 00. Let U c be a constant admissible control law 

and let XU c be a controlled equilibrium point associated with u c• Then s(xuJ = 0, 

i.e., xU c lies on the abnormal bang-bang state space switching arc. 

3.3. The Controllability Maximum Principle for Linear Systems 

In this section, we consider an n-dimensional linear dynamical system of 

the form 

x(t) = Ax(t) + Bu(t) (3.12) 

where x = [X1,X2,···,xn]T, U E U = {u E Em 1-00 < U'!1in < U· < u'!1ax < 
) -) - ) 

00, j = 1,2, ... ,m} with ujin < 0 < uJIaX, A and B are n x n and n x m matrices, 

respectively. We restate the CMP necessary conditions for linear systems. 

Theorem 3.3. (Grantham, 1973; Grantham and Vincent, 1975). Let u"'(t) E 

U be an admissible control law which generates a boundary trajectory x"'(t) E C(O) 
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to the system (3.12). It is necessary that there exists a nonzero continuous vector 

A(t) = [AI, A2,"', AnJT satisfying the adjoint equations 

such that for all t > 0 

~T = _ aH(x*, A, u*) 
ax 

= _AT A, 

H(x*, A, u*) = maxH(x*, A, u) = 0, 
uEU 

where the Hamiltonian is defined by 

H(x, A, u) = AT(Ax + Bu). 

(3.13) 

(3.14) 

(3.15) 

Equations (3.13)-(3.15) represent the abnormal case of the Pontryagin maximum 

principle for linear optimal control problems. By definition, an admissible con

trol law which satisfies Equations (3.13)-(3.15) is called an abnormal control 

law. Boundary trajectories, if they exist, are generated by abnormal controllawsj 

but not all trajectories generated by an abnormal control law necessarily correspond 

to a boundary of the controllable set. 

Because the abnormal control law plays an important role for constructing 

aC( 0), we first discuss the determination of the abnormal control law for the linear 

system (3.12). Substituting Equation (3.15) into (3.14) yields 

maxpT (Ax + Bu)} = O. 
uEU 

(3.16) 

The maximization of Equation (3.16) with respect to the kth component of u(t) 

leads us to define the switching function for Uk(t) 

n 

O'k(t) = L Aj(t)bjk, (3.17) 
j=l 
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where bjk is the jkth element of matrix B, j = 1,2"", n and k = 1,2,'" ,m. If 

O"k(t) == 0 in some time interval T, then (3.15) is independent of Uk(t) during 

T. Hence, Uk(t) can be any value in the interval [ur in , urOX
] whenever t E 

T. During such a time interval, we say that Uk(t) is singular and the time interval 

T is called an interval of singularity or simply a singular interval. 

Equation (3.14) can also be expressed as 

H(x"', A, u) .::; H(x"', A, u"'), (3.18) 

for all t > 0, x'" E aC(e) and for all admissible control laws. Equation (3.18) 

indicates that Uk(t) must maximize the kth component of the Hamiltonian (3.15). 

If O"k(t) = 0 only at isolated points of time (switching time), then Uk(t) is said 

to be an abnormal bang-bang control. The necessary condition for maximizing 
n 

(I: Aj(t)bjk)Uk(t) yields 
j=l 

if O"k(t) > OJ 
(3.19) 

if O"k(t) < O. 

If Uk(t) is an abnormal bang-bang control for each k = 1, ... , m, then we say that 

the vector u(t) is an abnormal bang-bang control law. 

3.4. Abnormal Bang-Bang Control Law for Linear Systems 

We will now prove a number of properties about the abnormal bang-bang 

control law . The following theorems are similar to theorems in the theory of time 

optimal control. The statements and proofs of those theorems follow directly from 

the listed references under the abnormality assumption. We will not provide the 

proof for a directly cited theorem. However, a proof for a cited theorem will be 

provided in this dissertation if the theorem has been modified. 
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Theorem 3.4. (Lee and Markus, 1967; Leitmann, 1981). If u(t) is an 

abnormal control law for the system (3.12) and if Rank[bk Abk ... An-Ibk] = n, 

where bk is the kth column vector of B, then each component Uk(t) is a bang-bang 

control. 

Proof. We will follow Leitmann's proof. Let the switching function for the 

kth component of u(t) be given by 

n 

O"k(t) = L >'j(t)bjk, (3.20) 
j=l 

or, in vector form 

(3.21) 

Suppose that O"k(t) == 0 in the time interval [tI, t2], i.e., Uk(t) is not a bang-bang 

control but can take on intermediate values in the interval [ur in , urax ] whenever 

t E [tl, t2J. Consequently, we have 

d,.. (t) dn-IO"k(t) 
O"k(t) = vk = ... = = 0 

d t d t n - l ' 
(3.22) 

for all t E [tl, t2J. Substituting (3.21) and (3.13) into (3.22), for every derivative 

term of (3.22) we obtain 

(3.23) 

for all t E [tl' t2]. In matrix form, (3.23) can be reexpressed as 

(3.24) 
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whenever t E [tt, t2], where Q is the n-dimensional zero vector. By hypothesis, 

the matrix [bk Abk ... An-1bk] has full rank so that the only solution to (3.24) 

is .AT(t) == 0 for t E [tl' t2] which contradicts the Controllable Maximum Princi

ple. Thus, we conclude that Uk(t) must be a bang-bang control. 

Q.E.D. 

Theorem 3.5. (Lee and Markus, 1967; Leitmann, 1981; Ryan, 1982). Let 

o(t) be an abnormal control law for the system (3.12). If (a) all eigenvalues of the 

matrix A are real, (b) the kth component of o(t), Uk(t), is bang-bang, then Uk(t) 

switches at most n-1 times on 0 ::; t ::; 00. 

Proof. We will follow Leitmann's proof. Let J.lI, J.l2, .•• ,J.lr be the real and 

different eigenvalues of the matrix A, where r < n. Let mi denote the multiplicities 
r 

of the eigenvalues J.li, then L mi = n. The solution to each component of the 
i=l 

adjoint vector, .Aj, j = 1,2"", n, is of the form 

(3.25) 

where the ifJi(t), i = 1,2", . ,r, are polynomials in t and their degree cannot exceed 

The switching function for Uk(t), defined by (3.20), is also the same form as 

(3.25) because O'k(t) is a linear combination of .Aj(t). Hence, we first need to show 

that the continuous switching function O'k(t) has at most n-1 zeros. We prove this 

by first multiplying the expression (3.25) by e-/Jr t and we have 

(3.26) 

It is clear that Equation (3.26) has the same number of zeros as (3.25). Since (3.26) 

is differentiable and its last term, ifJr(t), is at most a m r-1 degree polynomial, ifJr(t) 
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will vanish if we differentiate (3.26) mr times. Hence, the (mr)th derivative of 

(3.26) is of the form 

(3.27) 

where ¢>i(t) is a polynomial of degree less than or equal to mi - 1, i = 1,2", " r -

1. However, the number of zeros of (3.27) has mr fewer than (3.26). Because 

(3.27) has the same form as (3.25), we can repeat the above procedures r - 2 times 

until we are left with a function of the form 

(3.28) 

where ~l(t) is a polynomial whose degree does not exceed ml -1. 

Consequently, the number of zero of (3.28) has m2 + m3 + .. ·+mr-l + mr 

fewer than (3.25). Therefore, we conclude that the maximum number of zeros of 

(3.25) is (ml - 1) + m2 + ... + mr = n - 1. Q.E.D. 

We will now prove that the number of switches is infinite if the matrix A 

has at least one complex conjugate pair of eigenvalues. 

Lemma 3.2. (Athans and Falb, 1966). Let u(t) be an abnormal control 

law for the system (3.12). If (a) the matrix A has at least one complex conjugate 

pair of eigenvalues, and (b) the kth component of u(t), Uk(t), is bang-bang, then 

Uk(t) will have an infinite number of switches on 0 ~ t < 00. 

Proof. We follow the brief discussion by Athans and Falb. Let 

/ll, /l2, ... ,/lr be the real and different eigenvalues of A, where r < n - 2. Let 
r 

mi denote the multiplicities of the eigenvalues such that L mi = n - 2. Let 
i=l 

a + if3 and a - if3 be a complex conjugate pair of eigenvalues of the matrix A, 
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where i = p. The solution to each component of the adjoint vector in (3.13), 

>'k, k = 1,2"" , n, is of the form 

(3.29) 

where the (h(t),i = 1,2,···,r, are polynomial in t and their degree cannot exceed 

mj - 1 and where p is a constant and d = tan-1 fl... We following the procedures 
Q 

in Theorem 3.5. Multiplying the expression (3.29) by e-I-'r t , yields 

We differentiate (3.30) mr times such that the (mr)th derivate of (3.30) is of the 

form 

where ;jj is a polynomial of degree less than or equal to mj - 1, i = 1,2," ., r - 1, 

and J[sin({3t + d), cos({3t + d)] is a continuously differentiable function in terms of 

sin({3 + d) and cos({3t + d). Because (3.31) has the same form as (3.31), we repeat 

the above procedure r - 2 times to finally obtain 

(3.32) 

where ¢>l (t) is a polynomial of a degree that does not exceed ml -1, and j[sin({3t+ 

d), cos({3t + d)] is a continuously differentiable function in terms of sin({3t + d) and 

cos({3t + d). Then, we repeat the above procedure one more time and obtain a 

results in the form 

(3.33) 
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where PI and P2 are constants. Because sin(f3t+d) and cos(f3t+d) are periodic func

tions, Equation (3.33) has an infinite numbers of zero crossings. Hence, we conclude 

that there are an infinite number of switches for Uk(t). Q.E.D. 

Corollary 3.1. (Gayek, 1984). Let u(t) be an abnormal control law for the 

system (3.13). If all eigenvalues of the matrix A are real, and if all the components 

of u(t), Uk(t) k = 1,2"", m, are bang-bang control, then there exists a time T 2: 0 

such that u(t) == Uc for all t 2: T, where Uc is a constant admissible control. 

3.5. Properties of Controllable Sets for Linear Systems 

Now let us present several properties of the controllable set to 0 for the 

system (3.12). 

Theorem 3.6. (Ryan, 1982). Let C(O) denote the controllable set to 0 for 

the system (3.12). If the control set U is convex, then C(O) is convex. 

Proof. We will follow Ryan's proof. Let UI(t) and U2(t) be two admissible 

control laws, i.e., UI(t) E U and U2(t) E U. The forward solutions to (3.12) 

generated by UI(t) and U2(t) from x(O) are expressed as 

(3.34) 

and 

(3.35) 

Let CT(O) be the set of all points controllable to 0 within the time interval [O,T] 

for (3.12). Then, at time T, xI(T) and x2(T) E CT(O) where 

xI(T) = eATx(O) + iT eA(T-r) B UI(r) dr (3.36) 
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and 

(3.37) 

Let x3(T) be a state on the closed line segment joining Xl (T) and x2(T) 

as illustrated in Figure 3.1. In mathematical terms, let x3(T) be defined by the 

equation 

(3.38) 

where 0 ~ a ~ 1. From Equations (3.36) and (3.37), we derive 

x3(T) = eATx(O) + iT eA(T-r) B [aUI(r) + (1 - a)u2(r)] dr. (3.39) 

Because U is convex, the control law U3(t) = aUI(t) + (1- a)u2(t) E U, i.e., U3(t) 

is also an admissible control law. Hence, at time T, U3(t) generates the forward 

solution to (3.12) from x(O), x3(T). Consequently, x3(T) E CT(O) and CT(O) is 

convex. Therefore, we conclude that C(O) is convex. Q.E.D. 

Theorem 3.7. (Hermes and LaSalle, 1969). Consider the system (3.12) 

with U E U = {u E Em I IUjl ~ ujax,j = 1,2,,,·,m}. Let the origin be 

the target point and let C denote the controllable set to the origin for the system 

(3.12). Then, C is symmetric about the origin (i.e. if a point x* = (xi,xi,xj) is 

in C, then the corresponding point -x* = (-xi, -xi, -xj) must also be in C). 

Proof. We will follow the proof of Hermes and LaSalle. Consider the 

retro-time system of (3.12) which is given by 

x(t) = -Ax(t) - Bu(t). (3.40) 
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x(o) 

Figure 3.1. Illustration of the convexity of C( 8) 
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Let RT be the set of all points reachable from the origin within the time 

interval [O,T] for (3.40), and let Xl E RT. Then, there exists an admissible control 

law u(t) such that the forward solution to (3.40) from the origin at time T is given 

by 

x(T) = loT e-A(T-r)(_B)u(r) dr = Xl (3.41 ) 

because lUi I :::; U Tax, j = 1,2", . ,m, so that if u( t) is an admissible control so is 

-u(t). Consequently, the forward solution to (3.40) from the origin generated by 

-u(t) is given by 

= -Xl. (3.42) 

Hence, -Xl E RT, it implies that RT is symmetric about the origin. Because 

R = U RT, R = C is symmetric about the origin. Q.E.D. 
T>O 

Theorem 3.8. (Gayek,1984). Let u(t) be an admissible control law. Let 

the origin be the target point and let C be the controllable set to the origin for the 

system (3.12). If the matrix A is an n X n real constant matrix with all of its 

eigenvalues having positive real part, then C is bounded. 

Proof. We follow Gayek's proof. We begin by considering the retro-time 

system of (3.12) which is given by (3.40). The forward solution to (3.40) from the 

origin which generated by u(t) is given by 

X(t) = lot e-A(t-r)( -B)u( r) dr. (3.43) 
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Taking the Euclidean norm of both sides of (3.43), and using the fact that there 

exist positive constants k and fL such that lIe-Atll ~ k e-p.t (Brauer and Nohel, 

1969), we find that 

(3.44) 

Because B is an n x m real constant matrix and u(t) E U is a bounded admissible 

control law, there exists a positive constant L such that lIe -B)u(t)1I ~ L. Hence, 

Equation (3.44) can be rewritten as 

kL 
<-. 

fL 

(3.45) 

Let X be the sphere with center at the origin and with radius kL. It is 
fL 

clear that ReX, thus C is bounded. Q.E.D. 

Note that if every eigenvalue of the matrix A has a negative real part, then 

the transition matrix for the retro-time system e-At -. 00 as t -+ 00. This im

plies that R for the retro-time system (3.40) is not bounded, i.e., C is the entire 

n-dimensional space. The following statement presents a condition for the con

trollable set to the origin for system (3.12) to be the entire n-dimensional state 

space. 

Corollary 3.2. Consider the system (3.12). If every eigenvalue of the matrix 

A has a negative real part, then the controllable set to the origin C = En. 
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Proof. By hypothesis, the transition matrix for (3.40) e-At ~ 00 as t ~ 00 

such that R is without boundary. Thus, for the retro-time system (3.40), R = En, 

i.e., C = En. Q.E.D. 
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CHAPTER 4 

CONTROLLABLE SETS TO THE ORIGIN FOR 2- AND 3-

DIMENSIONAL LINEAR SYSTEMS WITH A SCALAR CONTROL 

For an n-dimensional system (n> 3), the controllable set to the origin can

not be expressed graphically. However, the projection of this controllable set onto 

a lower dimensional space (2- or 3- dimensional space) is of interest. An overes

timate and an underestimate for the projection of a higher dimensional controllable 

set onto a lower dimensional space will be discussed in the next chapter. To 

do so however we must know how to determine the controllable sets for 2- and 

3-dimensional systems. Hence, in this chapter we will present a procedure for 

determining the controllable sets to the origin for 2- and 3- dimensional systems 

with a scalar control. Furthermore, an approximation to the controllable sets as 

determined by the Lyapunov approach and box method will also be presented. 

4.1. Asymptotic Stability of Boundary Trajectories 

In this section, we present several theorems which provide the tools needed 

for constructing the controllable set to the origin. In fact, if BC exists, we just 

need to construct the boundary in order to define the controllable set to the ori

gin. Consider an n-dimension~ linear dynamical single input system of the form 

xCi) = Ax(i) + Bu(i) (4.1) 

where x = [XI,X2, .. ·,Xn]T, U = U = {u E EI - 00 < u min :5 u :5 umax < 

oo} with umin < 0 < umax , A and B are n x n and n x 1 matrices, respectively. If 

all eigenvalues of the matrix A are real and positive, then C is bounded and BC 
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exists. Assume that the controllability matrix of (4.1) is a full rank matrix, from 

Theorem 3.4, the abnormal control for this system is bang-bang. Let u"'(t) be the 

abnormal bang-bang control law and let xCi be a point on the boundary of C. From 

the CMP technique, there exists a nonzero vector Ao such that at t = to 

AnAx~ +Bu"') = O. (4.2) 

In fact, the adjoint vector Ao is an inward normal vector to a boundary trajectory 

of C for the system (4.1) at the point xCi as illustrated in Figure 4.1 (Grantham 

and Vincent, 1975). Let the forward solution to (4.1) from xCi be ~(to,xCi) = x"'(t) 

generated by u"'(t), and let A(t) be the forward solution to the adjoint equations 

with A(to) = Ao. Hence, x"'(t) and A(t) are given by 

and 

x"'(t) = eA(t-to)x~ + t eA(t-r) B u"'(r) dr 
lto 

A(t) = e-A(t-to) Ao, 

(4.3) 

(4.4) 

respectively. Because u"'(t) is an abnormal bang-bang control law, x"'(t), A, and 

u"'(t) satisfy the necessary condition of the CMP technique so that 

AT(t)[Ax"'(t) + Bu"'(t)] = O. (4.5) 

Consequently, the adjoint vector A(t) is an inward normal vector to the ac at the 

corresponding point x"'(t) E ac for all t > to as illustrated in Figure 4.1. 

Because aR = ac, we may obtain the controllable set to the origin for the 

system (4.1), by constructing the reachable set from the origin for the retro-time 

system of (4.1). The retro-time system for (4.1) is given by 

x(t) = -Ax(t) - Bu(t). (4.6) 



40 

Figure 4.1. Illustration of the relationship between the adjoint and state equations. 
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The following theorem provides a method for determining ae. 

Theorem 4.1. (Gayek, 1984). Consider the system (4.1). Assume all 

eigenvalues of the matrix A are real and positive. If there exists a trajectory x* (t) 

generated by an admissible control law u*(t) such that x*(t) E ae for all t ~ 0, 

then the state trajectory from the origin for the retro-time system (4.6) driven by 

the same admissible control law u*(t) approaches x*(t) asymptotically as t ~ 00. 

Proof. We will follow Gayek's proof. Consider the retro-time system 

(4.6). Let a point Xo E ait (or ae) such that a trajectory x*(t) generated by 

u*(t) is the forward solution to 

x*(t) = -Ax*(t) - Bu*(t) (4.7) 

with x*(to) = Xo E ait for all t ~ to 

Let Yo be the origin and let Yo E it but Yo t= xo. Let yet) be the forward 

solution to (4.6) from Yo generated by u*(t) such that yet) satisfies 

yet) = -Ay(t) - Bu*(t) (4.8) 

with y(to) = o. Subtracting (4.7) from (4.8) and letting <p(t) = yet) - x*(t), we 

have 

J(t) = -A<p(t) (4.9) 

with <p(to) = -xo. In integral form, (4.9) becomes 

( 4.10) 

Because all eigenvalues of the matrix A have positive real part, e-At ~ 0 as t ~ 

+00. Hence, <p(t) ~ 0 as t ~ +00. 
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Therefore, we conclude that the state trajectory from the origin for (4.6) 

driven by the same admissible control law as the boundary trajectory approaches 

the boundary trajectory x*(t) asymptotically as t --. 00. Q.E.D. 

4.2. Controlled Equilibrium Points of the Linear Systems 

In this section, we consider the system (4.1) with all eigenvalues of the 

matrix A being real and positive. For this system, we know that C is bounded 

and oC exists. 

Theorem 4.2. (Gayek, 1984). Let C denote the controllable set to the origin 

for the system (4.1) with all eigenvalues of A being real and positive. If there exists 

a boundary trajectory x*(t) generated by the abnormal bang-bang control law, then 

there exists at least one controlled equilibrium point on oC. 

Proof. We will follow Gayek's proof. Consider the retro-time system 

(4.6). Because all eigenvalues of A are real and positive, Corollary 3.1 guarantees 

the existence of a constant admissible control law U c and a time t ~ T such that 

u*(t) == U c for all t ~ T. Consequently, the boundary trajectory x*(t) E R is the 

solution to 

x*(t) = -[Ax*(t) + BucJ ( 4.11) 

for all t ~ T. Since all eigenvalues of A are positive real, the matrix A is not 

singular and A -1 exists. Hence, the controlled equilibrium point 

(4.12) 

is globally asymptotically stable. Consequently, x*(t) --. xU c as t --. 00. There-

fore, we conclude that XU c E oR. Q.E.D. 
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Corollary 4.1. (Gayek, 1984). Let C denote the controllable set to the 

origin for the system (4.1) where all the eigenvalues of matrix A are real and posi

tive. If 

(i) there exists a boundary trajectory x"'(t) generated by an abnormal bang

bang control law u"'(t), and 

(ii) the control set U = {u E EI lui S umax
}, 

then there are at least two controlled equilibrium points on ae. 

Proof. Since the control set is convex and lui S u max , from Theorem 3.6, 

the controllable set C is a convex set and symmetric about the origin. Hence, 

follows the proof of Theorem 4.2, we have at least two controlled equilibrium points 

on aft = ae. 

4.3. Controllable Sets to the Origin for 2-Dimensional 

Linear Systems with Scalar Controls 

Q.E.D. 

Before we present the procedure for constructing the controllable set to 

the origin for a 2-dimensional single input system, we first discuss the switching 

function for this system. Consider the system (4.1) with A and B being 2 X 2 

and 2 x 1 real constant matrices, respectively, where ~ E U = [umin , u max ] with 

-00 < u min SuS umax < +00 and umin < 0 < umax • The system (4.1) can be 

rewritten as 

x = Ax+Bu 

= [::: :::l x+ [:l u(t) 
(4.13) 

where x = [XI, x2]T is a state vector. 
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If u(t) is an abnormal control law and the switching function u(t) 1= 0 for 

all intervals of positive time, then the necessary conditions of the CMP are satisfied, 

i.e., 

(4.14) 

and 

( 4.15) 

Because (4.14) and (4.15) must be satisfied simultaneously with adjoint vector 

>'(t) 1= 0, we have the requirement that 

det =0. ( 4.16) 

Expansion of (4.16) results in s(x) = 0 where 

(4.17) 

is the abnormal bang-bang state space switching function. Consequently, for this 

two-dimensional system, the scalar abnormal bang-bang control law u(t) switches 

from one extreme to the other whenever s(x) changes sign. The reason why we use 

the abnormal bang-bang state space switching function rather than the switching 

function determined from the CMP technique has been explained in Section 3.2. In 

addition, the abnormal bang-bang state space switching function provides important 

information about the controlled equilibrium points as stated below. 

Lemma 4.1. Consider the 2-dimensional dynamical system of (4.13) where 

-00 < umin $ u $ umax < +00. Let U c be a constant admissible control law and 
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let xU c be a controlled equilibrium point associated with u c• Then s(xuJ=O, i.e., 

xUc lies on the abnormal bang-bang state space switching arc. 

Proof. Let XUc = [Xlc,X2clT. Then Xlc and X2c must satisfy 

(4.18) 

and 

(4.19) 

respectively. Because U c is a constant admissible control law, the solutions to 

(4.18)-(4.19) are given by 

( 4.20) 

and 

X2c = 
au a22 - a21 a12 

( 4.21) 

We substitute (4.20) and (4.21) into the abnormal bang-bang state space switching 

function (4.17) which yields s(xc ) = O. Q.E.D. 

In summary, for 2-dimensionallinear systems with scalar control, if all 

eigenvalues of the matrix A are positive real and the controllability matrix has 

full rank, then the abnormal bang-bang control is required for constructing the 

boundary trajectory of C. In addition, the controlled equilibrium points lie on ac 

and also lie on the abnormal bang-bang state space switching function. 

Lemma 4.2. Consider the 2-dimensional system (4.13). Let C denote the 

controllable set to the origin. If the eigenvalues of the matrix A have positive real 

parts and non-zero imaginary parts and Rank [B, AB] = 2, then the controlled 

equilibrium points of (4.13) are in the interior of C. 
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Proof. Under the hypotheses that the eigenvalues of the matrix A have 

positive real parts and the controllability matrix has full rank, the boundary control 

is bang-bang and the controlled equilibrium points lie on the abnormal bang-bang 

state space switching function. To construct the boundary trajectory of C, we 

integrate the retro-time system of (4.13) forward from the origin. Since the 

abnormal bang-bang control is applied to (4.13) and the eigenvalues of the matrix 

A of (4.13) are complex, the equilibrium points of the retro-time system of (4.13) 

are stable focuses. This implies that the forward solution trajectories to the retro

time system of (4.13) subject to constant controls wm spiral into the equilibrium 

points. Obviously, the equilibrium points are surrounded by points in C if controls 

never switch. In fact, the abnormal bang-bang control which drives the retro-time 

system of (4.13) from the origin to Be will switch its value from one extreme to 

the other extreme when the abnormal bang-bang state space switching function is 

satisfied. Because equilibrium points lie on the abnormal bang-bang state space 

switching arc, the abnormal bang-bang control switches its value before the forward 

solution trajectory spirals into the equilibrium point but after the trajectory passes 

the equilibrium point. Thus, the equilibrium points cannot lie on Be and they 

are in the interior of C. Q.E.D. 

In fact, the abnormal bang-bang control law will switch in value from one 

extreme to the other extreme when the abnormal bang-bang state space switching 

function changes sign. 
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Example 4.1. Consider the dynamical system of the form of (4.13) with 

and U E [-1,1]. The eigenvalues of the matrix A are 1 and 2. From Theorem 

3.8, we have a bounded controllable set to the origin for this system; hence, ac 
exists. Since Rank [B AB] = 2, from Theorem 3.4 and 4.1, the boundary control 

is bang-bang and a boundary trajectory exists. In addition, from Theorem 3.6, C 

is a convex set because the control set is symmetrical. Consequently, Corollary 4.1 

tells us that the controlled equilibrium points (0.5,0) and (-0.5,0), associated with 

U = 1 and u = -1, respectively, lie on ac. With this information, we construct 

boundary trajectories to C in segments. 

In fact, the control law for constructing the boundary trajectories to C is 

given by 

u = {+1 if A2(t) > 0 
-1 if A2(t) < 0 

where A2(t) is the solution to the following adjoint equations 

Because s(x) = X2 is the abnormal bang-bang state space switching function for 

this system and because the adjoint vector A(t) is an inward directed normal, we 

conclude from Figure 4.1 that in a 2-dimensional state space X2 < 0 (> 0) when 

A2 > 0 « 0). Thus, the abnormal control law for determining the boundary 

trajectories to C is given by 

u = {+1 if X2(t) < 0 
-1 if X2(t) > o. 
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The first segment is found by integrating backward the system equations 

from (0.5,0) with u = -1. The second segment is found in a similar manner except 

we begin at (-0.5,0) and use u = +1. Figure 4.2 illustrates the joining of these 

segments to form ae. 

Example 4.2. Consider the dynamical system of (4.13) with 

and u E [-1,1]. The eigenvalues of the matrix A are 2 + 2i and 2 - 2i, where 

i =.J=I. From Theorem 3.8, we have a bounded controllable set to the originj 

hence, ae exists. Since Rank [B, AB] = 2, from Theorem 3.4 and 4.1, the 

boundary control is bang-bang and a boundary trajectory exists. Furthermore, 

the equilibrium points (0.2445,0) and (-0.2445,0) lie on the bang-bang state space 

switching function sex) = X2 and they are in the interior of e. We note from 

Example 4.1 that the boundary control is given by u*(t) = -sgn(x2), where 

{

I, if z > OJ 

sgn(z) = y E [-1, 1], ~f z = 0; 

-1, Ifz<O. 

Using this control, we can transfer the system from the origin to ae asymptoti

cally. In Figure 4.3, the backward solution from the origin to (4.13) subject to 

u = u*(t) is illustrated. 
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4.4. Controllable Sets to the Origin for 3-Dimensional 

Linear Systems with Scalar Controls 
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In this section, we discuss a technique for determining the controllable sets 

to the origin for a third order I/O systems of the form 

( 4.22) 

A state space representation of (4.22) is given by 

ic(t) = Ax + Bu 

o 1 

: 1 [::::: 1 + [:1 u(t) 

-a2 X3(t) b 

(4.23) = 0 0 

where lui::; 1, x = [Xt,X2,X3]T, and Xl = Y,X2 = y, and X3 = jj. Because (4.23) 

is formulated in controller-canonical form, the system (4.23) is always controllable, 

and therefore, its controllability matrix has full rank. Assume that all eigenvalues 

of the matrix A are real and positive. Then, from Theorem 3.4 and 3.5, the 

abnormal control law is bang-bang and this bang-bang control switches at most 

twice on 0 ::; t ::; 00. Under this control law, the equilibrium points of (4.23) are 
b b 

(--,0,0) when u = -1 and (-,0,0) when u = +1. Let At, A2, and A3 be the 
ao ao 

positive real eigenvalues of the matrix A. From Corollary 4.1, the two equilibrium 

points lie on ac. Using the CMP technique, the two following trajectories on ac 

are obtained. 

4>+1: 4>+1 is the solution trajectory to the retro-time system of (4.23) 
b b 

under u = +1 from (--,0,0) to (-,0,0). 4>+1 includes its 
ao ao 
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origin and its endpoint. 

,p-l: ,p-l is the solution trajectory to the retro-time system of (4.23) 
b b 

under u = -1 from (-,0,0) to (--,0,0). ,p-l includes its 
ao ao 

origin and its endpoint. 

The retro-time system of (4.23) is given by 

x(t) = -Ax - Bu. ( 4.24) 

Unlike for two-dimensional systems, the abnormal bang-bang state space 

switching function for a three-dimensional system is not a simple line or plane. In 

addition, to visualize a completed controllable. set to the origin for a three

dimensional system, hundreds of trajectories are needed. From the eMP technique, 

the trajectories defined below must also lie on BC. 

'I/J+l: 'I/J+1 is the portion of the solution trajectory to (4.24) subject to 

u = +1 from any point x* E ,p-l to (~, 0, 0). 'I/J+l includes its 
ao 

origin and its endpoint. 

'I/J-l: 'I/J-l is the portion of the solution trajectory to (4.24) subject to 

u = -1 from any point x* E ,p+l to (-~,O,O). 'I/J-l includes its 
ao 

origin and its endpoint. 

There are two surfaces generated by all 'I/J+l'S and 'I/J-l's which form BC. These 

two surfaces are defined below. 

r +1: r +1 is the surface generated by all 'I/J+l 'So Note that r +1 includes 

,p+l and ,p-l' 

r -1: r -1 is the surface generated by all 'I/J-l 'so Note that r -1 includes 
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This leads to the following theorem. 

Theorem 4.3. Let r +1 u r -1 be the union of the surfaces r +1 and r -1, 

and let ~ be the region enclosed by r +l U r -1. If all eigenvalues of the matrix A 

of the system (4.23) are positive real, then C=~. 

Proof. Because all .,p+l'S and .,p-1 's lie on ac, the surfaces r +1 and r -1 

should also on aCj consequently, (r +1 U r -1) E ac. Since the surfaces r +1 and 

r -1 have two common trajectories, <P+1 and <P-1' the r +1 ur -1 is a closed surface in 

the 3-dimensional space. This implies that the region bounded by r +1 U r -1, ~, is 

a compact set. In addition, since (r +l U r -1) E ac, C = ~, and the theorem fol-

lows. Q.E.D. 

Example 4.3. Consider a 3-dimensional system 

x(t) = [~ ~ ~l x(t) + [~l u(t) (4.25) 
6 -11 6 1 

where X=[XI,X2,x3]T and u E U = {u E Ellul ~ I} is a scalar control. The 

eigenvalues for the system (4.25) are 1,2, and 3. 

The Hamiltonian for the system of (4.25) is given by 

The adjoint equations are 

~l(t) = -6..\3(t) 

~2(t) = -..\l(t) + 11..\3(t) 

~3(t) = -..\2(t) - 6..\3(t). 

( 4.26) 

( 4.27) 



Hence, the abnormal bang-bang control law for the system (4.25) is given by 

u = {1 
-1 

if Al(t) > 0; 

if Al(t) < O. 
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( 4.28) 

From Theorem 4.3, to obtain the controllable set to the origin for this 3-

dimensional system, we need to determine hundreds of solution trajectories on BC 

(i.e., tP+l'S, tP-l'S, <P+l, and <P-l) to the retro-time system of (4.25) subject to the 

control law (4.28). However, the projections ofthose trajectories onto the Xl - X2, 

Xl - Xl, and X2 - Xl space, as shown in Figure 4.4-(a), (b), and (c), respectively, 

generate the projections of the actual3-dimensional controllable set to the origin for 

(4.25) onto the Xl -X2, Xl -Xl, and X2 -Xl space. The envelopes of the projections 

of all trajectories plotted in Xl -X2, Xl --Xl, and X2 -Xl planes respectively represent 

the boundary of the projected controllable set onto Xl - X2, Xl - X3, and X2 - X3 

planes. Figure 4.5-(a), (b), and (c) respectively represent the boundary of the 

projections of this 3-dimensional controllable set to the origin onto Xl - X2, Xl - Xl, 

and X2 - Xl planes. 

We now discuss the controllable set C for the case that all of the eigenvalues 

of the matrix A of the system (4.23) have positive real parts with one complex 

paIr. To obtain C for this system, from Lemma 3.2, the abnormal bang-bang 

control law will switch an infinite number of times. However, C is still obtainable 

by determining hundreds of possible trajectories on the surface of C. 

4.5. Estimating Controllable Sets 

In this section we present two published techniques for estimating the con

trollable set to the origin. Due to the difficulty of expressing the entire controllable 

set for higher dimensional dynamical control system, these approximating methods 
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provide a way to obtain an overestimate for the controllable set. The first of these 

techniques is based on the "second" or "direct" method of Lyapunov (LaSalle and 

Lefschetz, 1961). The second technique is called the "box" method which was 

introduced by Gayek (1984). 

The procedures and related theorems for the Lyapunov approach are stated 

below. 

Theorem 4.4. (Grantham, 1981). Consider the dynamical system 

dx 
- = f(x u) 
dt ' 

(4.29) 

where x = [XJ,X2'''·,xn]T E En is the state vector and u E U = {u E E//u(t)/ ~ 

u max } is a scalar control. Let C denote the controllable set to the origin for the 

system (4.29). If there exists a continuously differentiable function V(x) with 

V: En -+ El and a positive real number v· such that 

(i) V(Q) = 0, where x = Q is the origin 

(ii) {x E En/v(x) ~ V·} C {x E En/v(x) ~ k} for all 0 < V· < k, and 

(iii) {x E En/v(x, u) ~ 0, u E U} ~ {x E En/v(x) ~ V·}, where 

. 8V(x) 
V(x,u) = ~f(x,u), (4.30) 

then C ~ {x E En/v(x) ~ V·}. 

Proof. From conditions (i) and (ii), the origin is in the region where V(x) ~ 

k and this region contains the set for which V(x) ~ V· for V· < k. Let a point 

x· lie outside the set for which V(x) ~ V·, hence V(x·) > V·. In order for the 

system (4.30) to be controllable to the origin from x·, it must penetrate V(x) = V· 

in the direction of decreasing V(x). It always happens, however, as condition 



62 

(iii) indicates, that all regions for which V(x,u) < 0 contain the set for which 

Vex) :5 V-. Hence, C S;;; {x E EnIV(x) :5 V-}. Q.E.D. 

For a linear dynamical control problem, the use of this technique is straight 

forward (Summers, 1985); however, for nonlinear systems, it may be difficult to find 

an appropriate Lyapunov like function. The procedures for applying this approach 

to a linear dynamical control problem are illustrated in the following example. 

Example 4.4. Theorem 4.4 may be used to find an overestimate for the 

controllable set to the origin for the system in Example 4.3. 

We first define a Lyapunov-like function 

Vex) = xTpx 

where P is a positive definite, real and symmetric constant matrix that satisfies 

( 4.32) 

where Q can be a 3 x 3 identity matrix. The matrix P has a unique solution given 

by 
23 

[ 109 ~ I 60 -20 12 

P= 23 241 
-2

3
0 • ( 4.33) -20 120 

1 3 13 
12 -20 120 

Hence, 

V(x,u) = xTQx + 2xTpBu 

2 2 2 1 3 13 
= Xl + X2 + X3 + 6X1U - 10X2u + 60X3U 

( U )2 3u 2 13u )2 2 
= Xl + 12 + (X2 - 20) + (X3 + 120 - 0.0412u 

:5 O. ( 4.34) 



63 

Sint;e lui ~ 1, we find that 

3 • 3 U 2 3u 2 13u 2 
{x E E lV(x,u) $ O} = {x E E l(xI + 12) + (X2 - 20) + (X3 + 120) ~ 0.0412u2

} 

. (4.35) 

Let V· be the maximum value of Vex). In order to find V·, we maximize 

subject to the inequality constraint 

( 1 )2 3)2 ( 13 )2 
Xl + 12 + (X2 - 20 + X3 + 120 ;:; 0.0412. (4.37) 

The problem can be reduced to maximizing (4.36) subject to the condition 

( 1 2 3 2 13 )2 
Xl + 12) + (X2 - 20) + (X3 + 120 = 0.0412. ( 4.38) 

If a point XM E E3 maximizes Vex) subject to condition (4.38), then the derivative 

of 

L(x, 11:) = Vex) - II:g(x) ( 4.39) 

with respect to x at XM must satisfy the necessary condition 

( 4.40) 

where 



64 

and K: is a Lagrange multiplier (Vincent and Grantham, 1981). Hence, the required 

maximal point XM must satisfy the equation 

8V/8x2 8V/8x3 
= = 

8g/8x2 8g/8x3 
=K: (4.42) 

i.e., 

lQJ!3
0
0
9 

Xl - Ll30 X2 + -61 
X3 = llix 23 X 3 X 60 2 - 10 1 - 10 3 

2XI + k 2X2 - 1
3
0 

( 4.43) 

The numerical solution to (4.43) is found to be 

Xl == -0.215106, X2 == 0.30380, X3 == -0.121803. ( 4.44) 

Hence, V* == 0.436795. From Theorem 4.4 we conclude that 

c ~ {x E E31V(x) ::; 0.436795}. ( 4.45) 

Because the boundary of the approximate controllable set is determined by maxi

mizing (4.36) subject to (4.37), the approximate controllable set for this problem 

is an ellipsoid. Although the maximum point XM on the boundary of the el-

liptically shaped approximate controllable set is obtainable, the entire approximate 

controllable set, Vex), in the 3-dimensional space is not easy to construct. Hence, 

it is difficult to obtain the projection of this approximate controllable set onto a 

lower dimensional space. However, mapping the results (4.44) to the projected 

controllable set of the actual controllable set in the Xl - X2, Xl - X3, and X2 - X3 

spaces which were respectively shown in Figure 4.4-(a), (b), and (c), we find the 
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point XM lies outside of C. This is consistent with the Lyapunov approach which 

overestimates the controllable set. 

An another technique for finding an overestimate controllable set is the 

"box" method. 

Example 4.5. The box method may be used to find an overestimate for the 

controllable set to the origin for the system in Example 4.3. 

The eigenvalues of the matrix A are 1, 2, and 3; hence A has linearly 

independent eigenvectors and is diagonalizable. Letting x = Mz, where M is the 

right modal matrix 

( 4.46) 

The equivalent transformation system is given by 

z = M-1 AMz + M-1 Bu 

=[:: :lz+[~:lu' 
o 0 3 0.5 

( 4.47) 

Hence, we have three decoupled subsystems 

( 4.48) 

Z3 = 3z3 + 0.5u. 
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By using the technique for finding the controllable set for a one-dimensional system 

under scalar control which was described by Gayek and Vincent (1986), we find the 

bounds IZII ::; 0.5, IZ21 ::; 0.5 and IZ31 ::; i. Consequently, 

( 4.49) 

Since 

( 4.50) 

and following the bounds given by (4.49), the parallelepiped which contains C is 

surrounded by faces 

Xl = ±0.16666 

X2 = ±2 ( 4.51) 

X3 = ±4. 

When we project this 3-dimensional "box" onto the Xl - X2, Xl - X3, and 

X2 -X3 planes and compare them with Figure 4.4.-(a), (b), and (c), we find that the 

box method provides another overestimate controllable set. Due to the restriction 

of the diagonalization technique, the box method is only applicable to linear systems 

with distinct eigenvalues. 
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CHAPTER 5 

ESTIMATING PROJECTED CONTROLLABLE SETS 

The controllable set to the origin for higher dimensional problems (dimen

sions higher than three) cannot be illustrated graphically. In this chapter, we present 

a method which may be used for a number of higher dimensional problems to es

timate the projection of a higher dimensional controllable set to the origin onto a 

lower dimensional space (e.g. one or two dimensions). 

We begin with an n-dimensional dynamical control system of the form 

dx 
-d = f(x,u) 

t 
(5.1) 

where x = [Xl, X2, ... ,xn]T is a n-dimensional state vector, f = [It, 12, ... ,/n]T is 

a Cl function of the state x and the scalar control u, and u E U = {u E El I -00 < 

u min ~ u ~ umaz < oo} with umin < 0 < umaz • For this higher dimensional system, 

as described in Section 4.5, we are only interested in the projection of the higher 

dimensional controllable set to the origin onto a lower dimensional space. The 

essence of the technique presented here is to determine both an overestimate and an 

underestimate for the actual projected controllable set. Through the overestimate 

and underestimate of the projected controllable sets, we obtain an approximation 

to the actual projected controllable set. 

5.1. Overestimate and Underestimate Projected Controllable Sets 

Let Cx be the controllable set to the origin for system (5.1) subject to the 

control constraint U. Hence, there exists a feedback control law u(x) which drives 

system (5.1) from all points in C x to the origin. We now divide the state vector 
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x(t) into two groups and let x(t) = [Xt,X2,'" ,xn]T = [Xl,'" ,Xq I X q+1!'" ,xn]T ~ 

[p,x']T, where p and x, are q (1::; q::; n -1) and n - q dimensional state vectors, 

respectively. System (5.1) can be rewritten as 

! [: ] = f(p,x',.). (5.2) 

Suppose that the projection of C x onto the p space is of interest. Let 

ProjpCx be the projection of C x onto the p space. Suppose that system (5.1) 

can be transformed into two subsystems by a similarity transformation of the form 

[Pz] =Qx 

(5.3) 

where I is a q X q identity matrix, Q21 and Q22 are (n - q) x q and (n - q) X (n - q) 

matrices, respectively. The transformed system is given by 

(5.4) 

p = fB(p, z, u) (5.5) 

where z = [Zl, Z2,'" , Zn-qJT and p = [Xl, .. ·, xqJT respectively represent state 

vectors of the transformed subsystems (5.4) and (5.5), and where fA : E(n-q) x EI --t 

E(n-q) is a CI function of z and the scalar control u, and fB : Eq x E(n-q) X EI --t Eq 

is a Cl functions of p, z, and the scalar control u. For identification, the overall 

system, (5.4) and (5.5), is called System A-B, and system (5.4) is called System A. 

Let C denote the controllable set to the origin for System A-B subject to 

the same control constraint as the original system (5.1). We can find a feedback 



69 

control law u(z, p) to drive System A-B from all points in C to the origin. Let 

ProjpC be the projection of C onto the p space. Even though C x :f. C, we 

are guaranteed that ex and C have the same projected controllable set in the p 

space, i.e., ProjpCx = ProjpC, because system (5.1) and system (5.4)-(5.5) are 

equivalent. 

Suppose Q can be chosen such that (5.5) can be expressed in the form of 

i> = fB(p,g(Z, u», (5.6) 

where 9 : E(n-q) X El -t El is a Cl function of the state z and the control ~. We 

now consider a scalar variable defined by 

w = g(z, u). 

With w regarded as a scalar "output" from (5.4), System A-B can be rewritten as 

w=g(z,u) 

i> = fc(p, w). 

(5.7) 

(5.8) 

(5.9) 

From the definition of w, the scalar output variable w is the control input to 

(5.9). The relationship between the original system and the transformed sys

tem (5.7)-(5.9) is illustrated in Figure 5.1. System (5.9) is called System C, and 

the overall system (5.7)-(5.9) is called System A-C. 

Clearly, (5.9) expresses the dynamics of the projected system in terms of 

the projected state variables p and an "input" was obtained from (5.8). Equation 

(5.7) expresses the remaining dynamics as a function of the remaining state variables 

and the original input u. Equation (5.8) expresses the output variable from System 

A. Note that the state space of System C and the state space of the first group 



u 

u Original System Xl, X2,' • " Xn 

x=f(x,u) 

System A 
-, 

X ••• Xq System C I 
XI, 2, , _ Z = fA(z, u) w 

- p = fc(p,w} J 
I 

W = g(z, u) I L _ 

Figure 5.1. An equivalent representation for an nth order system. 
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of the original state variables are identical, and the decoupled system (5.7)-(5.9) 

is also a state space representation which describes the same system as given by 

(5.1). Because System A and System C are in series, we may regard the output 

variable from System A to be the control variable input to System C. Consider 

now a compact set defined by 

W' = {w E Elw = g(z,u) Vz E ProjzC and u E U}, (5.10) 

where ProjzC denotes the projection of C onto the z space. With W' regarded 

as the control constraint set for System C, we can construct a controllable set to 

the origin for System C subject to W'. Let C~ be this controllable set. There 

exists a feedback control law w(p) for System C such that System C is driven from 

all points in C~ to the origin by w(p). 

Let C z be the controllable set to the origin for System A subject to the 

same control constraint set as the original system. There exists a feedback control 

law fi( z) which will drive System A from all points in C z to the origin. In order 

to simplify matters, we summarize the preceding various systems in Table 5.1. 

We are interested in the projection of C x onto the p space, ProjpCx ' We 

now present the result that ProjpCx ~ C~. 

Lemma 5.1. (Vincent and Wu, 1988) Let ProjpCx be the projection of 

C x onto the p space and let C p ' be the controllable set to the origin for System C 

subject to the control constraint w( t) E W', then 

Proof. We follow the proof of Vincent and Wu. Let n be the set of all 

continuous controls w(.) satisfying wet) E W' for all t > 0 and let cpt be the 



State Control 
System Represen tation Variables Variables Set of Interest 

Original x = f(x,u) x uEU Controllable Set Cx 

A-B i = fA(Z,U) Z,P uEU Controllable Set C 

p = fB(p,z,u) 

C p = fc(p,w) P wEW' Controllable Set C~ 

A i = fA(Z,U) z uEU Controllable Set C. 

--

Table 5.1. Summary of systems used in Chapter 5. 

Control 
Law 

a(x) 

a(z,p) 

w(p) 

a(z) 

I 

I 

i 

-J 

'" 
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controllable set which is constructed by applying w(.) E Q to System C. Let Q' be 

the set of all function w(t) obtained from (5.7) and (5.8) for all piecewise continuous 

functions u(.) satisfying u(t) E U for all t > 0 and which generate trajectories which 

satisfy x(t) E C x for t ~ O. Note that all functions in Q' satisfy w(t) E W' for 

t > 0 because of definition (5.10). Let C p " be the controllable set to the origin for 

System C subject to w(.) E Q'. Since Q' is more restrictive than Q and Q' c Q, it 

follows Theorem 3.2 that C p " ~ C p '. To complete the proof, we need to show that 

ProjpCx ~ C p ". Assume ProjpCx % C~. Let PI be a point in C p ", but not 

in ProjpCx • Hence, PI is controllable to the origin by means of w(.) E Q'. Let 

u(t) be the control which generated w(.) E Q'. By means of this u(t), we can 

drive the original system (5.1) from PI to the origin while remaining in Cx, which 

is a contradiction to the assumption. Therefore, we conclude that ProjpCx ~ 

C p '. Q.E.D. 

In order to construct C~, we first need to obtain the control set W'. This 

is complicated by the fact that, by definition (5.10), we need ProjzC. In general, 

this would be as difficult to obtain as ProjpCx , the set we wish to determine! An 

alternate approach is provided by the following lemma. 

Lemma 5.2. (Vincent and Wu, 1988) Let ProjzC be the projection of 

C onto the z space. Let C z denote the controllable set to the origin for System 

A. Then, ProjzC ~ C z • 

Proof. We follow the proof of Vincent and Wu. Let a point (PI, ZI) E 

C. Hence, there exists a control u(t) E U to drive System A-B from (Pllzd to 

the origin. Now apply the same control to System A such that System A is also 
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driven to the origin from Zl since (5.7) is decoupled from (5.8) and (5.9), which 

implies the theorem. Q.E.D. 

We now define a new constraint set 

W={WEE/w=g(z,u) VZECzanduEU} (5.12) 

from which it follows that W' ~ W. Consider now the controllable set C p for 

System C with w(t) E W. According to Theorem 3.2, C p is related to C p ' by 

(5.13) 

We may now combine this result with the result of Lemma 5.1 such that an overes

timate for ProjpCx is obtained. 

Theorem 5.1. (Vincent and Wu, 1988) Let ProjpCx be the projection 

of the controllable set to the origin for the original system (5.1) onto the p space 

and let C p be the controllable set to the origin for System C subject to the control 

constraint w E W, then 

(5.14) 

Proof. Let C p ' be the controllable set to the origin for System C subject 

to the control constraint w(t) E W'. From the results of (5.1) and (5.13), (5.14) 

immediately follows. Q.E.D. 

Theorem 5.1 provides a convenient way of determining an overestimate for 

ProjpCx if C II and w can be found easily. 

We now consider System A-C which was described in (5.7)-(5.9). Its 

state variables are z and p with the control u E U. Let D denote the domain of 
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attraction for System A-C subject to a feedback control law u(z) which will drive 

System A from all points in C z to the origin. The following theorem shows that 

the underestimate for the projection of Cx onto the p space will be obtained from 

the projection of i> onto the p space. 

Theorem 5.2. (Vincent and Wu, 1988) Let ProjpCx denote the projection 

of the controllable set to the origin onto the p space for the original system and let 

Projpi> denote the projection of the domain of attraction to the origin onto the p 

space for System A-C under the closed-loop control u(z), then 

(5.15) 

Proof. We follow the proof of Vincent and Wu. 

Then there must exist a point (p,z) E i> with p ¢ ex which can 

be driven to the origin under the control law u(z). Since System A-C can be 

transformed back to the state space of the original system by means of the inverse 

of a nonsingular transformation matrix described in (5.3), it follows that there must 

exist points not in Cx which can be driven to the origin. This contradicts the 

assumption that C x is the controllable set for the original system, and the theorem 

follows. Q.E.D. 

5.2. A Similarity Transformation for I/O Systems 

In order to utilize Theorems 5.1 and 5.2 to estimate ProjpCx , we first need 

to transform the original system into the form of (5.7)-(5.9). In this section, we 

show that this can always be done for an nth order linear input-output single control 

system of the form 

(n) + (n-I) ... Y an-IV +···+a2y+aIy+aoy=u (5.16) 
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dny 
where y(n) = dtn and lui ~ 1. Let Xl = y, X2 = y, Xa = y,' .. ,Xn = y(n-l), then 

a state space representation for (5.16) in lower companion form is given by 

Xl (t) 0 1 0 0 0 Xl (t) 0 

X2(t) 0 0 1 0 0 X2(t) 0 

= + u(t) 

Xn-l(t) 0 0 0 0 1 Xn-l(t) 0 

xn(t) -aD -al -a2 -aa -Un-l xn(t) l' 
(5.17) 

which is of the form 

x(t) = Ax(t) + Bu(t). (5.18) 

Suppose that the projection of the controllable set to the origin onto the 

Xl - X2 (or Y - y) space for (5.17) is of interest. In order to utilize Theorem 5.1 and 

5.2 to estimate ProjpCx , we first transform the system (5.17) into two subsystems 

of dimension 2 and n-2, respectively. We will now prove the existence of an n X n 

invertible real constant matrix Q which is related to the original state variables by 

a linear transformation 

[:]=QX(t) (5.19) 

where P = [Xl, X2]T and Z = [Zl' Z2, ... ,zn-2]T which will decouple the original 

system (5.17) into a 2-dimensional and a (n-2)-dimensional subsystems of the form 

(5.7)-(5.9). In particular, 

[:] =QAQ-l [:] +QBu(t). (5.20) 
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Let >'1, >'2, ... ,>'n be the eigenvalues of the matrix A. Because the similarity 

transformation (with Q) does not alter the eigenvalue locations, we may choose the 

eigenvalues of the 2-dimensional subsystem as >'1 and >'2. Assume the matrix A 

has no eigenvalues at the origin. We then consider the nonsingular transformation 

matrix Q given by 

1 0 0 0 0 0 0 0 0 0 

0 1 0 0 0 0 0 0 0 0 

q1 q2 q3 0 0 0 0 0 0 0 

0 q1 q2 q3 0 0 0 0 0 0 

Q= (5.21) 
0 0 q1 q2 q3 0 0 0 0 0 

0 0 0 q1 q2 q3 0 0 0 0 

l~ 0 0 0 0 0 0 q1 q2 q3 

where 

q1 = >'1 >'2 >'3 ... >'n, 

q2 = -(>'1 +>'2)>'3>'4 .. ·>'n, and 

q3 = >'3>'4' .. >'n. 



78 

The inverse of Q is given by 

1 0 0 0 0 0 0 

T21 1 0 0 0 0 0 

T3l T32 T33 0 0 0 0 

T41 T42 r43 T44 0 0 0 
Q-I = (5.22) 

TSI TS2 TS3 TS4 TSS 0 0 

T61 T62 T63 T64 r6S T66 0 

where 

T21 = 0 T32 = Al + A2 
1 

T33 = 
A3 A 4 ••• An 

T31 = -AIA2 T42 = T32 T32 + T31 T43 = T33 T32 

r41 = T31 T32 TS2 = r32 T42 + T41 TS3 = T33 T42 

TSI = r3lT42 T62 = T32 TS2 + rSI T63 = T33 TS2 

r61 = T31TS2 T72 = r32 T62 + T61 T73 = r33 r 62 

r66 = TSS 
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etc. 

With Q and Q-l, the following theorem states that Q is a transformation 

matrix for decoupling an nth order dynamic system into the desired decoupled 

subsystems. 

Theorem 5.3. For the nth order I/O system (5.16), there exists a real con

stant similarity transformation matrix Q given by (5.21) which relates to the original 

state variables by 

[:]=QX(t) (5.23) 

where p = [XI, X2]T and Z = [Zl, Z2,"', zn-2]T such that the original system (5.16) 

is decoupled into a 2-dimensional subsystem with eigenvalues AI, A2 and a (n-2)

dimensional subsystem with eigenvalues A3, A4, ... ,An given by 

[ :] = QAQ-' [:] + QBu(t). (5.24) 

Proof. Let the tra.nsformation matrix Q and its inverse Q-l be (5.21) and 



(5.22), respectively. Then, 

0 1 0 

->'1 >'2 (>'1 +>'2) 
1 

>'3 >'4 ... >'n 
---- -+-

0 0 
QAQ-l= 

I 0 

o o o 

o o -{30 

and 
o 

o 

QB= 

o 

>'3 >'4 ... >'n 

where {30, {31, ... , {3n-3 are the parameters satisfy 

0 

0 

1 

o 
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0 

0 

0 

1 

-{3n-3 
(5.25) 

(5.26) 

Hence, the transformed system, which is named System A-B, is in the form 

of 

(5.28) 

and 
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(5.29) 

Zn-3(t) = Zn-2(t) 

Zn-2(t) = -(30Z1(t) - (31 Z2(t) -'" - (3n-4 Zn-3(t) - (3n-3 Zn-2(t) + (>'3>'4'" >'n)u, 

where Equations (5.28) and (5.29) represent the 2-dimensional and the (n-2)

dimensional subsystems, respectively. In addition, (5.28) and (5.29) is easily put 

into the form of (5.7)-(5.9), which is System A-C, by simply choosing w = ZI' How

ever, it is clear that the eigenvalues of (5.28) are >'1 and >'2. Due to the block

triangular structure of QAQ-l, the eigenvalues of the lower right corner block will 

be >'3, >'4, ... , >'n. 

Q.E.D. 

Remark: Since all elements of the matrix Q and Q-l are real, the eigen

values for (5.28) must satisfy the following conditions: 

(i) if >'1 is complex, then >'2 must be the complex conjugate of >'1; 

(ii) if >'1 is a real, then >'2 must be real. 

Example 5.1. Transform the third-order linear input-output system 

ii' - 6ii + lly - 6y = u (5.30) 

into a 2-dimensional and a I-dimensional subsystem by utilizing Theorem 5.3. 
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The state space representation of (5.30) in lower companion form is given 

by 

x = Ax+Bu 

where x = [XI,X2,X3]T and Xl = y,X2 = ii, and X3 = y. The eigenvalues for the 

matrix A are .xl = 1,.x2 = 2, and.x3 = 3. Let the eigenvalues for the 2-dimensional 

subsystem be .xl and .x2. (Notice that the method does not require all eigenvalues 

to be located in the right halfs-plane.) We then use (5.21) and (5.22) to construct 

the transformation matrix 

[: 

0 

:1 
Q= 1 (5.32) 

-9 

and its inverse 
1 0 0 

Q-I= 0 1 0 (5.33) 

-2 3 
1 
-
3 

So, 
0 1 0 

QB ~ [:1 ' QAQ-I = -2 3 
1 -
3 

0 0 3 
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Since the first 2 x 2 minor of the matrix Q is an identity matrix, the transformed 

system is given by 

[::i 
0 1 0 

[::1 + [: 
-2 3 

1 
(5.34) = - u. 

3 

0 0 3 

Example 5.2. Transform the 4th -order linear input-output system 

y(4) _ 4.6i7+ 14,49y - 21.16Y + 32.72y = u (5.35) 

into two 2-dimensional subsystems by utilizing Theorem 5.3. 

The state space representation of (5.35) in lower companion form is given 

by 

x=Ax+Bu 

0 1 0 0 0 

0 0 1 0 0 
= x+ u (5.36) 

0 0 0 1 0 

-32.72 21.16 -14.49 4.6 1 

for the matrix A are Al = 0.3 + 2i, A2 = 0.3 - 2i, A3 = 2 + 2i, and A4 = 2 - 2i. Let 

the eigenvalues for the 2-dimensional subsystem be Al and A2. We then use (5.21) 

and (5.22) to construct the transformation matrix 

1 0 0 0 

0 1 0 0 
Q= (5.37) 

32.72 -4.8 8 0 

0 32.72 -4.8 8 



and its inverse 
1 0 0 0 

0 1 0 0 
Q-l = 

-4.09 0.6 0.125 0 

-2.454 -3.73 0.075 0.125 

Thus, in terms of (5.20), the transformed system is given by 

Xl Xl 

X2 X2 
= QAQ-l +QBu 

Zl Zl 

Z2 Z2 

0 1 0 0 Xl 0 

-4.09 0.6 0.125 0 X2 0 

= + u. 
0 0 0 1 Zl 0 

0 0 -8 4 Z2 8 

5.3. Overestimate and Underestimate Projected 

Controllable Sets for Linear I 10 Systems 

84 

(5.38) 

(5.39) 

In this section, we utilize the theorems presented in Section 5.1 to determine 

an overestimate and an underestimate for ProjpCx for the system of the form of 

(5.16). According to Theorem 5.3, the companion form of (5.16) can be decoupled 

by a transformation Q into a 2-dimensional and a (n-2) dimensional subsystem 

as given by (5.28) and (5.29). The transformed system (5.28)-{5.29) is named 

System A-B. If we let w = Zl, then the transformed system will be in the form of 

(5.7)-{5.9) which is named System A-C. 
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To obtain an overestimate for ProjpCx , we consider System A-C and de

termine the bounds on W E W which are obtained from System A by finding the 

bounds on w associated with the controllable set for System A. If all eigenvalues 

of System A are real and positive, then, from Corollary 4.1, the controlled equi

librium points for (5.29) lie on the boundary of C m which implies Iwl ~ W max and 

W max = 1. If the System A is a 2-dimensional subsystem and all eigenvalues of 

(5.29) have positive real parts but non-zero imaginary parts, then, from Lemma 

4.2, the controlled equilibrium points for (5.29) are in the interior of Cm• From 

C m, the upper and lower bounds on w will be Iwl ~ W max and W max > 1. For 

the case of complex eigenvalues, if the dimension of System A is larger than three, 

then constructing C m for (5.29) can be as complicated as constructing C x for the 

original system (5.16). However, System A could be transformed into several lower 

dimensional (2- or 1- dimensional) subsystems. We could then utilize Theorem 

5.1 with these subsystems one by one such that an overestimate for the projection 

of C m onto the Zl space is obtained. 

Once W max is determined, by following the procedures presented in Chapter 

4, we find the switching arc for (5.29) to be the Xl axis. We conclude from 

Example 4.1 that the abnormal bang-bang control law for determining the boundary 

trajectories of an overestimate for ProjpCx is given by 

{ 

Wmax 

w(p) = 
-Wmax 

if X2 < 0, 
(5.40) 

if X2 > O. 

We now utilize Theorem 5.2 with System A-C to determine an underesti

mate for ProjpCx . We know that the feedback control law for constructing the 

domain of attraction for System A-C, D, is given by u(z). Because the state space 

representation of the system (5.29) is in the controller-canonical form, the control

lability matrix for (5.29) must have full rank. From Theorem 3.4, the control law 
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for determining i> must be a bang-bang control. If the dimension of System A is 

one or two, then we can easily find the switching arc for the bang-bang control law 

u( z) in the z space. If the dimension of System A is higher than two, then we could 

transform System A into several lower dimensional (2- or 1- dimensional) subsys

tems and use the switching arc of any subsystem as the switching arc for u(z). For 

this case, we cannot guarantee that a "good" underestimate for ProjpCx will al

ways be obtained. However, we then apply this bang-bang control law to System 

A-C to determine Projpi> ~ ProjpCx • 

If u(z) is a bang-bang control and all eigenvalues of System A-C are positive 

and real, then i> is constructed by two types of trajectories 9'>+1 and 9'>*-1' where 

9'>+1 (9'>*-1) is the solution trajectory to System A-C under u(z) = 1 (u(z) = -1) 

from the equilibrium point of u(z) = -1 (u(z) = +1) to the equilibrium point of 

u(z) = +1 (u(z) = -1). Both trajectories include both equilibrium points. Let 

Projp( 9'>+1 U 9'>*-1) be the projection of 9'>+1 U 9'>*-1 onto the p space, then Projpi> = 

Projp( 9'>+1 U 9'>*-1)· 

In addition, if all of the eigenvalues of System A-C are positive and real, the 

underestimate for ProjpCx is identical with the actual projection, i.e., Projpi> = 

ProjpCx • The remainder of this section will be devoted to the proof of this 

property. We begin by considering a third order I/O system in the form of 

(5.41) 

where lui ~ 1 and ao, at, and a2 are constants. The state space representation of 

(5.41) in companion form is given by 
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x = Ax+Bu 

= [: : :] x + [:] u (5.42) 

-aD -al -a2 1 

where x = [XI,X2,X3]T and Xl = Y,X2 = y, and X3 = y. Let the eigenvalues for 

the matrix A be AI, A2, and A3. Assume they are positive and real with Al < A2 < 

A3. Hence, ao = -AIA2A3,al = AIA2+AIA3+A2A3, and a2 = -(AI +A2+A3). We 

will now utilize Theorem 5.3 to transform (5.42) into a 2-dimensional and a 1-

dimensional subsystem. Let the eigenvalues for the 2-dimensional subsystem be 

Al and A2. We follow (5.21) and (5.22) to construct the transformation matrix 

1 0 

:.1 
Q= 0 1 

AIA2 A3 -(AI + A2)A3 

(5.43) 

and its inverse 
1 0 0 

Q-l= 0 1 0 (5.44) 

-AlA2 Al + A2 
1 

A3 
Hence, in terms of (5.20), the transformed system is given by 

[::1 = 

0 1 0 

[:~] + [] U, 

-AlA2 Al + A2 
1 

(5.45) 
A3 

0 0 A3 

In the form of System A-B, (5.45) is written as 



88 

(5.46) 

and 

Let C be the controllable set to the origin for System A-B. Since A1, A2, and 

A3 are positive and real, from Corollary 4.2, the equilibrium points to System A

B, (Al:2 A3,0,1) (when u = -1) and ( Al:2 A3,0,-I) (when u = +1), lie on 

the boundary of C. Does the projection of these two equilibrium points also lie 

on the boundary of ProjpC? To answer this question, we first note that since 

-1 ::; u ::; 1 and since (5.46) is decoupled from (5.47), the upper and lower bounds 

of the projection of C onto the Zl space are +1 and -1, respectively. From (5.46), 

the upper and lower bounds of the projection of C onto the Xl space are respectively 
1 1 

given by AIA2 A3 (when Zl = +1) and AIA2 A3 (when Zl = -1). The following 

theorem provides an affirmative answer to the preceding question. 

Lemma 5.3. Let (A]:2 A3,0,1) and ( Al:2 A3,0,-I) be the equilibrium 

points of the system given by (5.46)-(5.47). If these points lie on the boundary of 

C, then their projection onto the p space lies on the boundary of the projection of 

C onto the p space. 

Proof. Let ProjpC be the projection of C onto the p space and let 

- 1-
8ProjpC be its boundary. Let xep = (AI

A
2
A

3' 0,1) E C. Then the projec-

tion of xep onto the p space, Projpxep , is (Al:2
A

3 ,0). If Projpxep ¢ 8ProjpC, 

then there must exist a point Projpx" f. Projpxep and x" = (xi, 0, zi) E C, 

where xi f. Al :2
A
3 and Izi I ::; 1, such that the projection of x" onto the p space 



89 

does lie on the boundary of the projection of C onto the p space. That is, 

Projpx· = (xi,O) E 8ProjpC. Since Al:2A3 is the upper bound of the projec-

tion of C onto the Xl space, xi 1- Al :2A3' If xi < Al :2A3 ' then Projpx· must lie 

in the region between Projpxep and the origin on the Xl axis. This implies that 

Projpx'" ¢. 8ProjpC. Hence, if Projpx· E 8ProjpC, then xi = Al:2
A

3' and a 

contradiction follows. Consequently, Projpxep lies on the boundary of ProjpC. 

Since the control constraint set U is symmetric about the origin, from 

Theorem 3.7, the controllable set C is symmetric about the origin. Therefore, 
1 . 

the projection of ( AlA2 A3 ,0, -1) onto the p space must lie on the boundary of 

ProjpC. 

Q.E.D. 

Furthermore, we have the following lemma. 

Lemma 5.4. Let (Al A12A3' 0, 0) and ( Al:2A3' 0, 0) be the equilibrium 

points of the system given by (5.42). If these points lie on the boundary of 

ex, then their projection onto the p space lies on the boundary of the projection 

of Cx onto the p space. 

Proof. Because the first 2 x 2 minor of the transformation matrix Q, which 

is given by (5.43), is an identity matrix, we have ProjpCx = ProjpC. Hence, from 

Lemma 5.3, the points ( Al :2 A3 ,0) and ( Al :2A3 ,0) must lie on the boundary of 

ProjpCx , and the theorem follows. Q.E.D. 

From Theorem 4.3, the controllable set to the origin for a 3-dimensional 

system is bounded by its boundary surfaces r +1 and r -1' For System A-B which is 

in the form of (5.46)-(5.47), the boundary surfaces of C, r +1 ur -11 are constructed 

by the following trajectories 



¢J+l: Let ¢J+l be the retro solution trajectory to System A-B under 

u(z, p) = 1 from ().1:2).3' 0,1) to (- ).1).1
2
).3,0, -1) including 

its origin and its endpoint. 

¢J-l: Let ¢J-l be the retro solution trajectory to System A-B under 

u(z, p) = -1 from (- ).1:2).3,0, -1) to ().1 :2).3,0,1) including 

its origin and its endpoint. 
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'1/;+1: Let '1/;+1 be the portion of a retro solution trajectory of System 

A-B subject to u(z,p) = +1 with the initial point at (- ).1:2).3 ,0, 

-1) and an endpoint on ¢J-l including its origin and its endpoint. 

'1/;-1: Let '1/;-1 be the portion of a retro solution trajectory of System 

A-B subject to u(z, p) = -1 with the initial point at ().1:2A.3 ,0, +1) 

and an endpoint on ¢J+l including its origin and its endpoint. 

r +1: Let r +1 be the surface generated by all '1/;+1 'so Note that r +1 

includes ¢J+l and ¢J-l. 

r -1: Let r -1 be the surface generated by all '1/;-1 'so Note that r_1 

includes ¢J-l and ¢J+l. 

The projection of C onto the p space is constructed by projecting all trajectories 

¢J+1l ¢J-l, '1/;+1 's and '1/;-1 's onto the p space. 

If we let w = ZI, then we have System A-C in the form of 

(5.48) 

and 

(5.49) 
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Note that a feedback control law for generating the domain of attraction for System 

A-C is a controllaw which will drive aU points in C Il to the origin. In other words, 

this control law will drive the retro System A to the boundary of the reachable set 

from the origin. Hence, u(z) for (5.49) will switch from one extreme to the other 

extreme when Zl(t) reaches the equilibrium points of the system (5.49) subject to 

the bang-bang control law u(z), i.e., Zl(t) = 1 and Zl (t) = -1. However, the 

domain of attraction for System A-C, 6, is constructed by the trajectories <P+1 and 

<P~1 which are generated in the retro sense and are defined by 

<P+1: Let <P+1 be the solution trajectory to the retro System A-C 
1 1 

under u(z) = 1 from (A1 A2A3 ,0,1) to ( A1A2 A3' 0, -1) 

including its origin and its endpoint. 

<P~1: Let <P~1 is the solution trajectory to the retro System A-C 
1 1 

under u(z) = -1 from ( AIA2 A3' 0, -1) to (AIA2 A3' 0, 1) 

including its origin and its endpoint. 

The retro System A-C is given by 

[::J ~ -A [::l-B W 

~ [Al:' -A~~J [::J + [-:J W 

(5.50) 

and 

(5.51) 
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Therefore, the trajectory 4>+1 is given by 

[
Xl(t)] [XI0] ( = e-At + io e-A(t-r) (-B) w( 7") d7" 
X2(t) X20 0 

(5.52) 

and 

(5.53) 

where 

(5.54) 

with the initial point [XlO, X20]T = [Al:2
A
3' O]T. Similarly, the trajectory 4>"'-1 is 

given by (5.52) with 

ZI(t) = w(t) = _2e-Aat + 1 (5.55) 

with the initial point [XIO,X20]T = [ Al:2
A
3,O]T. The general equation for the 

projection of 4>+1 onto the p space, Projp4>+I' is given by 

(5.56) 

(5.57) 



93 

The general equation for the projection of cp~l onto the p space, Projpcp~l' is 

(5.58) 

(5.59) 

Hence, ProjpD may be constructed using (5.56)-(5.59). 

From the definitions of cp+l, cp-l, cp,+l' and cp~l' the trajectories of cp,+l and 

cp~l are identical with cp+l and cp-l. Since ProjpC = ProjpCx , to prove ProjpD 

is identical with ProjpCx for this real eigenvalue problem, we will now prove that 

the projections of all 'lj;+l 's and 'lj;-l 's of System A-B onto the p space are contained 

Theorem 5.4. Let ProjpD be the projection of the domain of attraction 

for System A-C (5.48)-(5.49) onto the p space, and let ProjpCx be the projection 

of C x onto the p space. If all eigenvalues of the original system (5.42) are positive 

and real, then ProjpD is identical with ProjpCx . 

Proof. We break the proof into two parts and use a geometric approach 

to prove this theorem. Trajectories used in the following proof are generated by 
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considering the retro-time system of (5.46)-(5.47) which is given by 

[ ::] = -A [::] - B 'I 

= [AIOA' -A~~J [::] + [_;,] 'I (5.60) 

and 

(5.61) 

(i) We first prove that the projection of all '1/;+1 's never penetrate the bound

ary of Projp4>-l. By definition, '1/;+1 is the portion of the trajectory of System 

A-B subject to u(z, p) = +1. We also know that its initial point lies on 4>-1, and 

its endpoint is (- ).1:2).3,0, -1). Let a point x* = (x!, xi, Ei) E 4>-1 be the initial 

point of a '1/;+1 where -1 < Ei < 1. Then, the general equation for the projection 

of the rest portion of 4>-1 onto the p space is given by 

[

X
1 (t)] [Xi] t 

=e-At + 10 e-A(t-r) (-B)zl(r)dr 
X2(t) xi 0 

(5.62) 

where -B = [0, - ;3 JT, e-A 
t is given by (5.54) and 

(5.63) 

which is the solution to (5.61) with initial value Ei subject to the control u = 

-1. The projection of '1/;+1 onto the p space, Projp'l/;+l, is given by 

[ X~(t)] [Xi] it = e-A t + e-A (t-r) (-B) z~(r) dr 
x~(t) xi 0 

(5.64) 
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where 

(5.65) 

which is the solution to (5.61) with initial value Ei subject to the control u = 

+ 1. Because Zl (t) is a monotonously increasing function, z~ (t) is a monotonously 

decreasing function, and Zl(t) > z~(t) for t > 0, Projp.,p+1 and Projp<p-1 never 

have an intersection for t > 0 (see Figure 5.2.(a)). To complete the proof for 

this portion, we then assume there exists a point x = (XI, X2, Ed E C, and its 

projection onto the p space (X1,X2) lies outside the region between Projp<P-1 and 

the Xl axis. Hence, there must exist a .,p+1 with an initial point on <P-1 such 

that the projection .,p+1 onto the p space will pass through (Xl, X2) and stop at its 

end point (- A1;2
A

3' 0). This implies that the projection of such .,p+1 will pene

trate Projp<p-1 to reach its endpoint (see Figure 5.2.(b)). Hence, this trajectory 

contradicts the fact that Projp<p-1 and Projp.,p+1 never have an intersection. Con

sequently, the point x does not exist. 

Because C is symmetric about the origin, we then follow the above proce-

dure and show that no projection of .,p-1 's onto the p space can penetrate Projp<p+1 

as shown in Figure 5.2.(a). 

(ii) We will now prove that no projection of .,p+1 's onto the p space ever 

crosses Projp<p+1' We first examine Equation (5.60) without the Zl term, i.e., 

(5.66) 

(5.67) 

Since the eigenvalues for (5.66)-(5.G7) are -AI and -A2, they are negative and real, 

and the equilibrium point (0,0) is a stable node. The solution trajectories to 

(5.66)-(5.67) will now be shown to never intersect. Assume there exists a 
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1 1 
(- AIA2~a ,0) (~1~2~"0) 

:=~'-__________ -+ ______ ~~ ______ +-__________ ~~~~~Zl 

(a) 

I 
(- ~1~l~J ,0) 

'--~-------------------+1---------------------~--------"ZI 

Figure 5.2. Illustration of the relationship of ProjptP+1, ProjptP-J, Projpt/.'+l, 

and ProjptP-J in the Xl - X2 space. 
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point (XlO, X20) which is an intersection point of two arbitrary solution trajectories 

to (5.66)-{5.67). Let 0'1 and 0'2 represent the slope of these two trajectories at 

(XlO,X20). From (5.66)-{5.67), we have 

(5.68) 

and 

(5.69) 

Expanding these two equations yields 

(5.70) 

(5.71) 

A necessary and sufficient condition for existence of a nontrivial solution to (5.70)-

(5.71) is 

(5.72) 

Since '\1 #- 0 and '\2 #- 0, we obtain 0'1 = 0'2. This implies that there exists 

a unique slope at (XI0,X20), and no solution trajectories to (5.66)-(5.67) do inter

sect. Consequently, by applying a constant control (i.e., ZI(t)=constant) to (5.60), 

we then find that no trajectories to the corresponding controlled equilibrium point 

will ever intersect. Because the controllability matrix for system (5.60)-(5.61) is 

of full rank, from Theorem 3.4, a bang-bang control law is required to generate the 

boundary trajectory of C. Thus, the equilibrium points of (5.61) are +1 (when 

u = -1) and -1 (when u = +1). If we now apply ZI = -1 to (5.60), then the 

following trajectories do not intersect and all of their endpoints lie at (_ 1 ,0). 
'\1'\2>'3 
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CP+1: Let CP+1 be the solution trajectory to (5.60) under Zl = -1 from 

(>. ; .\ ,0) to ( >.; >. ,0) including its origin and its 
1 2· 3 1 2 3 

endpoint. 

11'+1: Let 11'+1 be the portion of the solution trajectory to (5.60) subject 

to Zl = -1 with origin (xr,x;) E ProjprP-1 and endpoint at 

( >'1 >.12 >'3 ,0) including its origin and its endpoint. 

Because these trajectories have the same endpoint and are driven by the same 

control, Zl = -1, they never have an intersection except at the endpoint. In 

particular, the general equation for the trajectory of CP+1 is given by 

[

X
1 (t)] [1] 1t = e-A t >'1>'2>'3 + e-A (t-r) 

X2(t) 0 0 [ OIl (-1) dr. 

- >'3 
(5.73) 

Substituting (5.54) into (5.73), we obtain 

(t) - 1 [' -Alt _ >. -A2t] 
Xl - >'1>'2>'3(>'2 _ >'d 1\2

e Ie 

(5.74) 

(5.75) 

In addition, the general equation for constructing 11'+1 is given by 

(5.76) 
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(5.77) 

Figure 5.3 illustrates the trajectory of CP+l and 71'+J in the Xl - X2 space. 

Since ProjpcP+l = ProjpcP+l' the trajectory of ProjpcP+l is generated by 

(5.56)-(5.57) and is driven by the control 

(5.78) 

1 1 
from (AlA2Aa'0) to ( AlA2 Aa'0). In addition, since Zl(t) E [-1,1] and Zl(t) 2: 

-1, from (5.56)-(5.57) and (5.74)-(5.75), ProjpcP+l will never intersect CP+l except 

at the initial point and endpoint. Actually, ProjpcP+l is contained in the region 

between CP+l and the Xl axis as shown in Figure 5.3. 

We now consider a trajectory 71'+1' which is the solution trajectory to 

(5.60) subject to Zl(t) given by (5.78), with the same initial point and endpoint 

as 71'+1. The general equation for constructing 71'+1 is given by 

(5.79) 
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(5.80) 

Because 1l'+1 and Projp<P+l have the same control Zl (t), these trajectories will never 

intersect other than at their endpoint. From (5.76)-(5.77) and (5.79)-(5.80), the 

trajectories 1l'+1 and 1l'+1 are shown in Figure 5.3. 

We now find a trajectory Projp1/J+l, which is generated by (5.64) with the 

same origin and endpoint as 1l'+1 and 1l'+1, and which is driven by z~(t) given by 

(5.65). With this condition and Zl(t) > z~(t) > -1, Projp1/J+I must be in the 

region between 1l'+1 and 1l'+1 as shown in Figure 5.3. This implies Projp<p+1 and 

Projp1/J+I will never intersect. 

We conclude that no trajectories of Projp1/J+l ever intersect Projp<p+I' 

Similarly, we find that no trajectories of Projp1/J-I ever intersect Projp<p-I. 

From the proof of (i) and (ii), we also conclude that the projections of the 

1/J+I'S and 1/J-I's onto the p space never intersect Projp<p+1 and Projp<p-I. This 

means that the projections of the 1/J+l'S and 1/J-I'S onto the p space are contained 

by the region enclosed by Projp( <P+I U <P-l)j hence, the theorem follows. 

Q.E.D. 

We now extend this theorem to systems which are of dimension greater 

than 3. 
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Corollary 5.1. Consider the n-dimensional system given by (5.17). Assume 

this system can be transformed into the form of System A-C. Let ProjpD be the 

projection of the domain of attraction for the System A-C onto the p space. If all 

eigenvalues of the original system are real positive, then the projection of C for the 

system (5.17) onto the Xl - X2 space is identical with ProjpD. 

Proof. Consider an nth order I/O system in the form of (5.16). From 

Section 5.2, the lower companion form of this system, Equation (5.17), can be trans

formed into a 2-dimensional and a (n-2)-dimensional subsystem by a transformation 

matrix Q given by (5.21). Let Al and A2 be the eigenvalues of the 2-dimensional 

subsystem, and let A3, A4,"', An be the eigenvalues of the (n-2)-dimensional sub

system. From Section 5.2, the transformation of system (5.17) into the form of 

System A-B is given by (5.28)-(5.29). If all eigenvalues, AI, A2, A3,"', An, are 

positive and real, then the control which generates ProjptP+l(ProjptP-l), zi(t), is 

a Cl function in terms of e-A1t , e-A2t , ... , e-Ant and Izi(t)1 S 1. Hence, ProjptP+l 

(ProjptP-l) for (5.28)-(5.29) is generated by the solution trajectories 

[
Xl(t)] [XlO] t 

=e-At + Jo e-A(t-r) (-B) z;(r) dr 
X2(t) X20 0 

(5.81) 

where e-A t is given by (5.54). Consequently, following the proof of Theorem 5.4 we 

may conclude that no Projp'l/J+ 1 's and Projp'l/J-l's onto the p space ever intersect 

ProjptP+l and ProjptP-l' This implies that ProjpD is identical with Projp C x for 

an nth order I/O system. Q.E.D. 

If at least one pair of eigenvalues of System A-C has non-zero imaginary 

parts, then, from Theorem 5.2, ProjpD ~ ProjpCx ' 



103 

5.4. Illustrative Problems 

In this section, we will utilize the method presented in this chapter to 

determine an overestimate and an underestimate for the projected controllable set 

for linear dynamical I/O systems. A third order system, which is the same system 

as in Example 4.3, and a forth order system will be discussed. 

Example 5.3. Consider the system given in Example 5.1. To construct 

the overestimate and underestimate for ProjpCx of the system (5.31), we follow 

the results in Example 5.1. We rewrite the system (5.34) in the form of System 

A-C 
Zt = 3z1 + 3U} 

System A 
W = Zl 

(5.82) 

Xl = X2 }system C (5.83) 

X2 = -2XI + 3X2 + tw. 
We now determine both an overestimate and an underestimate for the projected 

controllable set. First, bounds on w are obtained from System A by finding the 

bounds on w associated with the controllable set for System A. This is easy to 

do since this subsystem has only one single state variable. The bounds on the 

controllable set for (5.83) are obtained from the equilibrium points to (5.83) under 

U = +1 and u = -1. We obtain 

Iwl :s 1. (5.84) 

Now using w subject only to (5.84) as the input to System C, we find the control law 

for w which yields trajectories on the boundary of the controllable set for System 

C. A simple prescription for doing this was presented in Chapter 4. In particular, 

with real eigenvalues for System C, we need only to integrate backward from the 

equilibrium point corresponding to w = -1 using the control w = +1, and then 
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integrate backward from the equilibrium point corresponding to w = + 1 using the 

control w = -1. The two trajectories obtained will form the boundaries of the 

controllable set for System C. The resulting controllable set labeled "over" in 

Figure 5.4 is an overestimate for the actual projection of the true controllable set 

in accordance with Theorem 5.1. 

In order to obtain the underestimate, we must find a feedback control law 

u(z) as the input for u to drive both System A and System C together (i.e., the 

overall system). Since the dimension of System A is one, u(z) will switch from 

-1 (+1) to +1 (-1) when Zl(t) reaches the equilibrium points corresponding to 

u(z) = 1 (u(z)=-l). The resulting p state trajectory as t ~ 00 defines an 

underestimate of the true controllable set as illustrated in Figure 5.4 with the curve 

labeled "under". In this case, from Theorem 5.4, the underestimate is identical 

with the actual projection of the true controllable set which was presented in Figure 

4.4.(a). 

Example 5.4. Consider the system given in Example 5.2. To construct the 

overestimate and underestimate for ProjpCx for this system, we follow the results 

in Example 5.2. We rewrite the system (5.39) in the form of System A-C 

Z2 = -8z1 + 4Z2 + 8u System A (5.85) 

w = Zl 

(5.86) 
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We follow the procedure presented in Chapter 4 to determine the controllable set 

to the origin for System A. We first obtain the bang-bang control law 

u = {1 
-1 if Z2 > O. 

if Z2 < 0, 
(5.87) 

As t -+ 00, the resulting trajectory defines Cz . From this set, we find 

IZll ~ 1.0903. (5.88) 

This implies 

Iwl ~ 1.0903. (5.89) 

The control law, which, when integrating System C backward in time, will drive 

the system to the boundary of Cp , is given by 

W 

__ { 1.0903 if X2 < 0, 
(5.90) 

-1.0903 if X2 > O. 

The set C p so obtained is labeled "over" in Figure 5.5. According to Theorem 

5.1, this set is an overestimate for the actual projection of C x onto the p space. 

We then use the closed-loop control law (5.87) to generate an underesti

mate. By integrating System A and C backward from the origin under this control 

law, we obtain as t -+ 00 the curve labeled "under" in Figure 5.5. This curve de

fines the domain of attraction D under the control law (5.87) which, in accordance 

with Theorem 5.2, is the underestimate for the actual projection of C x onto the p 

space. Since the eigenvalues are complex in this case, the underestimate remains 

a true underestimate. 
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CHAPTER 6 

ESTIMATING PROJECTED CONTROLLABLE SETS 

FOR A COLLISION AVOIDANCE PROBLEM 

108 

In this chapter, we will apply the technique presented in the last chapter 

to a modified version of the aircraft missile avoidance problem (Vincent, et aI., 

1972). In particular, the problem is to determine the capture zone (or controllable 

set for the missile) when the evader (aircraft) does not maneuver. Under these 

conditions, a 3-dimensional capture zone for the pursuer is obtained by utilizing the 

control law which drives the pursuer's trajectory tangent to an assumed circular 

target about the evader. 

Due to the difficulty in obtaining this 3-dimensional capture zone graph

ically, projections of this capture zone onto 2-dimensional space are of interest 

(Vincent, et aI., 1972). The technique presented in the last chapter may be used 

to provide a good estimation for these projections. 

6.1. The System Model 

Consider a pursuer, P, and an evader, E, located in the horizontal plane as 

shown in Figure 6.1. The pursuer is moving with a constant speed Sp while turning 

at a rate u. The evader is moving with a constant speed Se while maintaining a 

given direction. The instantaneous velocity vectors are as indicated with u and 

X3 shown positive. 

Let Xl and X2 be non-dimensional relative coordinates in the plane of mo

tion, t be a non-dimensional time, and X3 be the angular displacement of the pursuer 

velocity vector with respect to the X2 axis and X3 from 00 to 3600
• In terms of an 
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Figure 6.1. Relative geometry of the air avoidance problem. (From Vincent, et aI., 1972) 
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evader-centered coordinate system with the X2 axis aligned with the evader's veloc

ity vector as shown, the kinematical motion of the pursuer relative to the evader is 

given by 

Xl = Sp sin X3 

X2 = Sp cos X3 - Se 

X3 = -u. 

The limitation on the turning rate of the pursuer is assumed to be given by 

lui::; 2.5. 

(6.1) 

(6.2) 

(6.3) 

(6.4) 

It will be further assumed that a collision occurs if the pursuer moves to within a 

non-dimensional radial distance R of the evader. Collision will include the case of 

tangential encounter at this radius (see Figure 6.2). In state space, the collision 

surface is defined to be a cylinder of radius R whose axis is aligned with the X3 

aXIs. 

6.2. Estimating the Capture Zone 

Assume that the evader is faster than the pursuer, and set 

Se = 1,Sp = 0.5, (6.5) 

with the radius 

R = 0.02. (6.6) 

Figure 6.3-6.4 show two typical X3 cross-sections as obtained by Vincent, 

et al., 1972. 

The projection of this capture zone onto the Xl - X2 space is obtained by 

taking the union of all such X3 cross-sections of the 'state space. Because the X3 
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Figure 6.2. Evader's view of collision. (From Vincent et, et aI., 1972) 
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Figure 6.4. Boundary of the capture zone, cross section at X3 = 450
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(From Vincent, et al., 1972) 
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cross-section capture zones differ, we cannot guarantee that the evader will always 

be captured when the pursuer is inside the projection of the capture zone. However, 

we can guarantee that no collision will occur when the pursuer is located outside 

the projection of the capture zone. The boundary of the projection of the capture 

zone onto the Xl - X2 space is shown in Figure 6.5 (Vincent, et al., 1972). 

We now apply the technique presented in the last chapter to estimate this 

projected capture zone. To utilize this technique, we first decouple the original 

system (6.1)-(6.3) into two subsystem. By letting w = X3, the decoupled system 

is in the form of System A-C 

,h = -u } System A 

W = Zl 

Xl = Sp sin w } 
System C 

X2 = Sp cos w - Se. 

Figure 6.6 shows the relationship between the original and System A-C. 

(6.7) 

(6.8) 

Note that 

the output of System A is unbounded. In order to obtain the overestimate, we 

must now find the control law for w which yields trajectories on the boundary of 

the controllable set for System C. The Hamiltonian function for System C is given 

by 

(6.9) 

where A = [A}, A2]T is an adjoint vector and x = [Xl, X2]T. A necessary condition 

for maximizing the H function with respect to w is obtained by setting oH / Ow = 

O. We obtain 

(6.10) 
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Figure 6.5. The projection for the capture zone onto the Xl - X2 space. 

(From Vincent, et al., 1972) 
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Figure 6.6. An equivalent representation for the air avoidance problem. 

..... ..... 
C) 



117 

Both (6.9) and (6.10) are homogeneous in Al and A2, and we can obtain a necessary 

condition independent of A by setting the determinant of the coefficients of A equal 

to zero. As a result of this process, we obtain 

From Equation (6.5), we obtain 

s 
cosw = S:. 

w = ±1.0472 rad (or ± 60°). 

(6.11) 

(6.12) 

Since we have a circular target xi + x~ = R2 in the Xl - X2 space, the boundary 

trajectory of the projected capture zone must be tangential to the circular target 

at the contact point. We now determine the contact point for the boundary of the 

projected capture zone and the circular target under the control (6.12). Since the 

target set is given by 

8(x): xi + x~ = R, (6.13) 

there must exist a non-zero adjoint vector and a non-zero constant multiplier 7r such 

that at final time if (Grantham, 1973) 

(6.14) 

is satisfied at the target set, where x(t f) and A( if) represent the final state of the 

state vector and the adjoint vector, respectively. Hence, at if 

(6.15) 

(6.16) 

and 

(6.17) 
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Substituting (6.15)-(6.16) into (6.17), we obtain 

(6.18) 

Because w = ±1.0472 rad, Sp = 0.5 and Se = 1, Equation (6.18) can be reduced to 

(6.19) . 

Since XI(tj) and X2(tj) must satisfy Equation (6.13) and R = 0.02, we obtain two 

sets of solutions 

XI(tj) = -0.017321 X2(tj) = -0.01 (6.20) 

and 

XI(tj) = 0.017321 X2(tj) = -0.01. (6.21) 

In order to obtain the boundary trajectories for the overestimate projected 

capture zone in the Xl - X2 space, we integrate the system equation (6.8) backward 

in time from the final points, (-0.017321, -0.01) (for the left-hand side boundary 

trajectory) and (0.017321,-0.01) (for the right-hand side boundary trajectory) by 

using the controls w = 1.0472 and w = -1.0472, respectively. The region en-

closed by these two trajectories, which are labeled "over" in Figure 6.7, forms an 

overestimate for the actual projection of the capture zone. 

Since the output of System A, wet), is unbounded, any control law which 

satisfies the bounds on u may be used to generate an underestimate. Because 

we want to determine trajectories that will tangentially contact the circular target 

set, we let the boundary conditions of X3 be 1.0472 radian (for the left-hand side 

boundary trajectory) and -1.0472 (for the right-hand side boundary trajectory), 

and we let (-0.017321, -0.01) and (0.017321, -0.01) be the final states for the 

left-hand side and the right-hand side boundary trajectories, respectively. An 
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underestimate which is generated by the solution trajectories to (6.7)-(6.8) subject 

to constant control u = ±1.0472 is labeled "under" in Figure 6.7. The region 

enclosed by these trajectories is an underestimate for the actual projection of the 

true capture zone. 

As previously mentioned, we may apply any control in the interval of 

[-umax,umax] (i.e., [-2.5,2.5]) to (6.7)-(6.8) and determine underestimates for 

the actual projection of the true capture zone. Figure 6.8 shows different 

boundary trajectories generated by different controls (u = ±O.5, ±O.l, ±O.OOI and 

±1.0472). From Figure 6.8, the boundary trajectories of the underestimate pro

jected capture zone will approach the boundary trajectories of the overestimate 

projected capture zone as u ~ O. This implies that the boundary trajectories of 

the overestimate projected capture zone is the actual projection of the true capture 

zone. 
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capture zone onto the Xl - X2 space for air avoidance problem. 
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CONCLUSIONS AND FUTURE WORK 
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A method for estimating the projection of higher dimensional (three or 

higher dimensional) controllable set onto a lower dimensional (usually one or two 

dimensional) space has been developed. A nonsingular linear transformation 

matrix is required to transform the original system into two lower dimensional sub

systems which are respectively called System A and System C. In addition, we 

choose a proper transformation matrix such that System C has an identical state 

space with a corresponding subspace of the original system. Then using this 

transformed system, as described in Section 5.1, an overestimate and an underes

timate for the actual projected controllable set onto the interested state space can 

be obtained. In order to obtain a "good" overestimate projected controllable set 

as close to the actual projected controllable set as possible for a linear dynamical 

system, one should choose the eigenvalue( s) of System A to have the smallest real 

parts among all eigenvalues. 

As discussed in Section 4.5, an overestimate controllable set can be ob

tained by applying either the Lyapunov approach or the box method to the higher 

dimensional system. However, the overestimate and underestimate information 

obtained by the method presented in this dissertation, yields a better picture of the 

actual projected controllable set in a lower dimensional state space. 

If a linear low order I/O system is considered and the projection of the 

controllable set onto the state space of its first one or two state variables is of 

interest, then the transformed system can always be obtained in a straight forward 

manner as described in Section 5.2. Due to the limitations of the numerical 
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computation, we may not be able to obtain the transformed system correctly from 

the similarity transformation for higher order systems. It is therefore proposed 

that the method presented in this dissertation should not be applied to systems 

of higher than about 6th order. However, we may still be able to obtain the 

transformed system for higher order I/O systems analytically, and thereby results 

in the form of (5.28)-(5.29). For some nonlinear systems, we may still be able 

to find a proper nonsingular linear transformation matrix to transform the original 

system into two lower dimensional subsystems (e.g. the aircraft missile avoidance 

problem presented in Chapter 6; the air combat problem (Cline, 1987». However 

for some other systems, we may be unable to find a proper transformation matrix 

which will transform the original system into the form of Systems A and C. 

As discussed in Section 5.3, the underestimate projected controllable set 

is identical with the actual projected controllable set when all eigenvalues of an 

n-dimensional I/O system are positive and real. If at least one pair of eigenvalues 

of an n-dimensional I/O system has non-zero imaginary parts, the underestimate 

projected controllable set is a true underestimate. For the complex eigenvalue case, 

the switching function for System A-C mayor may not provide a control law which 

generates a "good" underestimate projected controllable set for System A-C. In 

order to obtain a "better" underestimate projected controllable set for the complex 

eigenvalue case, we may try different switching functions for generating the control 

law for System A-C. 
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