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ABSTRACT 

To predict the final eye position in the middle of a saccadic eye move

ment will require long-range prediction. This dissertation investigated tech

niques for doing this. Many important results about saccadic eye movements 

and current prediction techniques were reviewed. New prediction techniques 

have been developed and tested for real saccadic data in computer. Three 

block processing predictors, two-point linear predictor (TPLP), five-point qua

dratic predictor (FPQP), and nine-point cubic predictor (NPCP), were derived 

based on the matrix approach. A different approach to deriving the TPLP, 

FPQP, and NPCP based on the difference equation was also developed. The 

difference equation approach is better than the matrix approach because it is 

not necessary to compute the matrix inversion. Two polynomial predictors: the 

polynomial-filter predictor 1 (PFPl), which is a linear combination of a TPLP 

and an FPQP, and the polynomial-filter predictor 2 (PFP2), which is a linear 

combination of a TPLP, an FPQP, and an NPCP, were also derived. 

Two recursive predictors: the recursive-least-square (RLS) predictor 

and the least-mean-square (LMS) predictor, were derived. Results show that 

the RLS and LMS predictors perform better than TPLP, FPQP, NPCP, PFP1, 

and PFP2 in the prediction of saccadic eye movements. A mathematical way 

of verifying the accuracy of the recursive-least-square predictor was developed. 

This technique also shows that the RLS predictor can be used to identify a sig

nal. Results show that a sinusoidal signal can be described as a second-order 

difference equation with coefficients 2cosw and -1. In the same way, a cubic 
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signal can be realized as a fourth-order difference equation with coefficients 4, 

-6, 4, and -1. A parabolic signal can be written as a third-order difference equa

tion with coefficients 3, -3, and 1. And a triangular flignal can be described as 

a second-order difference equation with coefficients 2 and -1. 

In this dissertation, all predictors were tested with various signals 

such as saccadic eye movements, ECG, sinusoidal, cubic, triangular, and para

bolic signals. The FFT of these signals were studied and analyzed. Computer 

programs were written in systems language C and run on UNIX supported min

icomputer VAXll/750. Results were discussed and compared to that of short

range prediction problems. 



CHAPTER 1 

INTRODUCTION 

1.1 Background 

Everyone would like to be able to predict the future. This disserta

tion investigates techniques for doing this. Many predictors from the literature 

are studied and a few new ones are developed. One specific objective was to 

predict the future position of the human eye. This task is necessary for the 

success of future flight simulators. However, these prediction techniques should 

be general enough to be used for any time series data in modeling, identifica

tion, tracking, filtering, and predicting. 

There are different predictors for different people, predicting different 

things. Economists and businessmen are interested in predicting future 

economic phenomena, like interest rate, inflation rate, and growth rate. 

Engineers are interested in predicting the position of moving targets. Many 

prediction techniques have been developed for different purposes. For example, 

a Kalman filter is useful for predicting a signal that is corrupted by noise. To 

predict target velocity, such as for human smooth-pursuit eye movements, a 

least-mean-square (LMS) predictor has been useful. HO"."Iever, these techniques 

have not been proved to be useful for saccadic eye movements. In this disserta

tion, I investigated the applicability of many prediction techniques for predict

ing eye position before a saccadic eye movement is complete. 

In 1983, A. Terry Bahill, a professor at the University of Arizona and 

a leading expert in human eye movements, and his graduate students 
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developed two techniques for predicting the final position of saccadic eye move

ments: the main-sequence and the multiplier factor technique [1]. The main

sequence is based on the relationship between saccadic peak-velocity and mag

nitude. The multiplier factor technique is based on the fact that the peak

velocity of a saccade occurs just about in the middle of its movement. The 

purpose of this research was to develop more efficient and flexible techniques 

that would predict final eye position before the saccade is complete. 

There are four types of eye movements: vestibular ocular movements, 

that are used to maintain flXation during head movements; vergence eye move

ments, that are used when looking between near and distant objects; smooth 

pursuit eye movements, that are employed when tracking moving objects, such 

as a flying bird; and saccadic eye movements, that are used for reading and 

scanning scenes and to assist the smooth pursuit system in target tracking [2]. 

Saccadic eye movements facilitate efficient information processing by putting 

the fovea of the eye on the target. This research is mainly focused on predic

tion techniques for time series data in general and for saccadic eye movements 

in particular. 

If a target is presented to a human subject, there is a time delay 

between the target's initial movement and the human's response. If the target 

moves quickly, the subject has to make a saccade to catch the target. By mak

ing a saccade, the human is able to regain focus on the target. A saccade 

occurs if the eye position changes more than 0.5 degrees within 30 ms. Figure 

1 shows eye position fJ (t) in degrees as a function of time in milliseconds for 

some typical saccades. Some characteristics of saccadic eye movements, such 

as the relationship between the size of the saccade and the peak velocity (the 
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main-sequence), the shape of a typical saccade, and others, are found in [2]. 

Information on characteristics such as these will enable us to develop accurate 

prediction techniques. 

Many predictors are available today. One important class of predic

tors is the least squares predictors, such as the two-point linear predictor [3], 

the five-point quadratic predictor [3], the Kalman filter [4], the lattice-filter 

predictor [5][6], and the adaptive predictor [7]. All these predictors try to 

minimize the mean squared error between the actual and predicted signal. So 

they are all called least squares predictor. In other words, these predictors are 

designed to minimize the sum of square errors 

E [y (ti ) - Y (ti )]2 (1.1), 
;=1 

where N is the number of points that the predictors use for each adaptive pro

cedure, y (ti ) is the eye position at time ti , and y (ti ) is the predicted eye posi

tion at time ti • The least squares predictor is determined by the second-order 

statistics of an observed process y (ti ). Here, the term "second-order statistics" 

can be found in the theory of probabilities and statistics and is described in 

equation (1.1). In most practical applications these statistics are not known a 

priori and must be estimated from data. If the process is known to be station

ary and if a large amount of data is available, it is possible to estimate the 

autocorrelation sequence and compute the least squares predictor. In practice, 

signals are often nonstationary, having time-varying statistics. To account for 

these changing statistics, the process of estimating second-order statistics and 

computing predictor coefficients needs to be carried out in an iterative fashion. 

Such a procedure for predicting a time series without prior knowledge of its 
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statistics is called an adaptive prediction procedure. 

Adaptive processing is becoming an increasingly important topic 

because of its variety of applications, such as prediction, equalization, noise and 

echo cancellation, speech modeling, model identification, seismic data process

ing, biomedical data analysis, spectral estimation, and many others. In all 

these applications it is desired to filter out a useful reference signal a (ti ) from 

an observed signal y (ti ) that is correlated with a (ti ). Because of progress in 

digital computer technology, this task will likely be realized digitally. The ana

log signal y (t) is sampled and processed in a digital filter with sampling rate T 

to produce the estimates ak of the samples ak = a (kT). In this sense, the pur

pose of the adaptive filtering is to compute optimal estimates ak recursively 

according to a suitable algorithm, such as the recursive-least-square and least

mean-square algorithms. 

Adaptive processing techniques can be divided into two categories: 

block processing and recursive methods. With block processing methods, 

incoming data are divided into blocks, and each block is processed ~ a whole 

to estimate predictor coefficients (or other information). For example, the five

point-quadratic predictor is one technique of block processing. Each block con

tains five points that are used to estimate the coefficients of a second-order 

quadratic model. This equation then is used to predict the next point. This 

process is repeated as old points are discarded and new points are added. This 

can be done by adding a new point and discarding a old point simultaneously 

whenever the new point becomes available. Therefore, each block always con

tains five points and the parameters are adapted to a new second-order qua

dratic equation each time. Other examples of block processing are the two-
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point linear predictor and nine-point cubic predictor. With recursive methods, 

predictor parameters are updated as each new data point becomes available, as 

in the recursive-least-square (RLS), least-mean-square (LMS), and lattice filter 

algorithms. The predictor parameters are computed through a set of recursive 

formulas that leads to the name "recursive". The difference between block pro

cessing and recursive methods is that during the entire process no points are 

discarded in recursive method. Recursive techniques are better suited for real

time applications since they use new data as soon as they become available and 

also keep old data, whereas in block processing the parameters are updated 

only once for each new block and they are computed only from one block of 

data. Block processing techniques are easy to implement on the computer and 

also take less computer time and memory than recursive methods. 

Adaptive filtering can be applied to a variety of areas such as identifi

cation, filtering, predicting, tracking, and modeling. Actually, all these terms 

are similar. If you identify a signal you have modeled it. If you can model it, 

you can predict its future output. If you can predict its future output, you can 

track it. As a sweeping generality, I claim all filters can be made into predic

tors. However, most filters are suitable only for short-range prediction not for 

long-range prediction. Here, short-range prediction means to predict one step 

or two steps into the future and long-range prediction means to predict at least 

ten steps ahead of time. In short-range prediction, one adaptive predictor can 

work well for any signals. Conversely, in long-range prediction, one predictor 

will work well on certain occasions and another can do better on other occa

sions. In this research it was found that one adaptive predictor alone cannot 

work well for long-range prediction for saccadic eye movements. Therefore, a 
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new predictor that was built as linear combinations among several adaptive 

predictors was developed. The coefficient (weighting factor) of each predictor 

is determined by the computer. These weighting factors are computed in terms 

of the variance of each predictor. If one predictor works well on a certain occa

sion it will contribute more to the new predictor, for example, 80 percent. If 

one predictor works bad on the other occasion it will contribute less, or even 

none to the new predictor, for example, 20 percent or o. Therefore, this new 

predictor is a two-level adaptive predictor. This means that the new predictor 

has two levels of adaptive processes. In the first level, it computes each predic

tor (for example, a five-point-quadratic-predictor), which always adapts to the 

same model (like a second-order quadratic model) but a different equation (dif

ferent coefficients of a second-order quadratic model) as time goes on. In the 

second level of adaptive process, it computes the coefficient (weighting factor) 

of each predictor then decides what predictor will contribute more and what 

predictor will contribute less to the new predictor. This means that the new 

predictor will adapt to a different model (predictor) in the second level of adap

tive process. In this dissertation, this new predictor was tested with various sig

nals such as saccadic eye movements, electrocardiographs (ECG), sinusoidal, 

cubic, triangular, and parabolic signals. 

1.2 Problem Description 

One of the motivating factors for this research was to . develop useful 

prediction techniques that could be used in flight simulators. To save lives and 

money, pilots sometimes fly simulators rather than aircraft. The use of simula

tors allows training for otherwise catastrophic maneuvers, such as engine failure 
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during airplane take off's. For a realistic simulation, the visual display in a 

flight simulator must change in response to a pilot's actions, precluding the use 

of motion pictures. Therefore, flight simulators typically produce the visual 

scene with computer image generators (eIG's). 

Present eIG's cannot display a full 360 degrees image. Humans, how

ever, do not have uniform visual acuity: they only see fine details where the 

fovea. of the eye is directed. Thus, in future simulators one eIG channel can 

compute a foveal-limited-resolution image for the 20 degrees by 20 degrees area 

centered on the line of sight, while another eIG channel can compute lower 

resolution images for the 90 degrees by 70 degrees peripheral field of view. 

Because the size of the foveal-limited-resolution region is 20 degrees by 20 

degrees and the fovea is 1 degree in diameter, predictor errors of up to 9 

degrees can be tolerated. When a pilot makes a head or an eye movement, 

detailed resolution should be available around the new line of sight. However, 

the eIG needs 80 ms to change the display. Therefore, a predictor will playa 

key role in the future flight simulator. 

The scenario in a flight simulator can be described as follows. Sup

pose the pilot is looking straight ahead at the display then he looks to the side. 

During the movements, the pilot's head and eye movements would be collected 

and put into a computer. Next, the computer must update the visual display. 

However there is a time delay to change the visual display in the simulator 

from one place to another place in response to a pilot's head and eye move

ments. Therefore, the simulator needs a predictor to overcome this time delay. 

In other words, the predictor will try to predict the future eye position to give 

the eIG a head start. Then a computer would process these data through a 
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predictor and generate the possible final eye position on the screen (visual 

display). 

In general flight simulators will require the prediction of the final eye 

position some 50 ms before the saccadic eye movement is complete. This pred

iction belongs to the class of long-range prediction problems. Currently, no 

accurate long range prediction techniques are available in the published litera

ture. Moreover, because the saccadic signal does not match common signals, 

such as sinusoidal and cubic signals, the long range prediction of the final eye 

position is further complicated. In this dissertation, an efficient long-range 

prediction techniques for saccadic eye movements have been developed. 

1.3 Mathematical Model 

1.3.1 Notations 

The following notations will be used throughout this dissertation: 

y (t) = position signal at time t. 

iJ (t) = velocity signal at time t. 

ii (t) = acceleration signal at time t. 

y (tj ) = position signal at time tj • 

Y (t j -k) = past position signal at time tj -k , k = 1, ... , N. 

N = the order of the signal, or the number of coefficients needed to describe 

the signal. 

y (ti ) = the predicted position signal at time ti . 

Y (t j +a) = the predicted position signal at the future time tj +a' 



a = the number of steps to be predicted. 

o (ti ) = the predicted velocity signal at time ti . 

o (ti +a) = the predicted velocity signal at the future time ti +a. 

if (ti ) = the predicted acceleration signal at time ti . 

o (ti +a) = the predicted acceleration signal at the future time ti +a. 
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V/ (ti ) = the predicted position signal of a first-order linear equation at time tj . 

Vq (ti ) = the predicted position signal of a second-order quadratic equation at 

time ti . 

Vc (ti ) = the predicted position signal of a third-order cubic equation at time 

ti . 

Virna (ti ) = the predicted position signal of an LMS predictor at time ti . 

Or/a (ti ) = the predicted position signal of an RLS predictor at time ti . 

Up 1 = position signal of a polynomial-filter predictor 1. 

Vp 1 = the predicted position signal of a polynomial-filter predictor 1. 

Up 2 = position signal of a polynomial-filter predictor 2. 

Vp 2 = the predicted position signal of a polynomial-filter predictor 2. 

V I = the predicted position signal of a five-linear-combination-filter predictor. 

ri = the coefficients of the linear convex combination, i = 1, ... , n. 

n = the number of predictors that are used in the linear convex combination. 

a" = the autoregressive coefficients of the difference equation, k = 1, ... , N. 

a" = the parameters (or the estimated coefficients) of the difference equation, 

k = 1, ... , N. 



dj = the coefficients of the polynomial equation, i = 0, ... , q. 

q = the order of the polynomial equation. 
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dj = the parameters (or the estimated coefficients) of the polynomial equation, 

i = 0, ... , q. 

o = a vector that contains parameters Ilk. 

~ = a vector that contains past position signals y (tj _ k ). 

1.3.2 Formulation 

To define the problem mathematically, suppose the saccadic eye 

movement y (t) is recorded for any size saccade and sampled every millisecond, 

that is, the sampling rate T is 1 kHz. By doing this, a series of points that form 

the curve of the saccadic eye movement is obtained. Let y (ti ) denote the eye 

position as a function of time t. Let iJ (ti ) denote the eye velocity. The velo· 

city curve of each output can be computed with a two.point central difference 

derivative algorithm, a two.point backward velocity algorithm, or a five.point 

backward velocity algorithm from the position curve. Then the velocity curve is 

used to define two important parameters of the saccadic eye movements, peak 

velocity (PV) and duration (DUR). The peak velocity is the maximum value in 

the velocity curve. The time between the start and the end of a saccade, the 

duration, is those points where velocity equals zero immediately before and 

after the peak velocity. In this dissertation, prediding future eye position, 

y (ti +ot ), is studied using not only the incoming data points y (ti ), but also the 

characteristics of the saccadic eye movements as well. For the short·range pred· 

iction, it was possible to use the incoming data alone to predict one or two 

steps by using an available predictor, such as a two.point linear predictor or a 
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five-point quadratic predictor. But for the long-range prediction, the informa

tion from incoming data was not enough to provide an accurate prediction. 

Therefore, more information, such as the characteristics of the saccadic eye 

movements were needed for long-range predictions. The objective was to 

predict y (t j +a) that can be described as 

(1.2), 

where a is the number of steps to be predicted and N is the order of the differ-

ence equation or the number of data points to be used for each adaptive pro-

cedure. 

In this dissertation, not only the saccadic eye position signal but also 

the ECG, sinusoidal, cubic, parabolic, and triangular signals are used to test 

the proposed predictors. A typical 9.52 degree saccade is shown in Figure 2. 

The x-coordinate and y-coordinate of Figure 2 are time (ms) and eye position 

(degree) respectively. The saccade starts at time 180 ms and finishes at time 

223 ms. The duration of this saccade is 43 ms. The entire record is 340 ms and 

is sampled at each millisecond. Figure 3 shows the sinusoidal, cubic, parabolic, 

and triangular test signals. 

All predictors have been written in C language and run on a 

VAX11/750 minicomputer that is supported by the UNIX operating system. 

The computational results are displayed on a Host Station 100 graphic termi

nal, which emulates the Tektronix 4014, and then reproduced on a Talaris 800 

laser printer. 

In chapter 2, some important literatures are reviewed that include 

saccadic eye movements and prediction techniques. Three predictors, two-
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point linear predictor (TPLP), five-point quadratic predictor (FPQP), and 

nine-point cubic predictor (NPCP), are discussed in chapter 3. Detail deriva

tion procedures based on the matrix approach are also explained in this 

cha,pter. In chapter 4, two polynomial predictors: the first one a polynomial

filter predictor 1 (PFP1) that is a linear combination of a TPLP and an FPQP 

and the second one a polynomial-filter predictor 2 (PFP2) that is a linear com

bination of a TPLP, an FPQP, and an NPCP are developed. The results of 

these predictors are compared to that of the TPLP, FPQP, and NPCP and also 

discussed in the same chapter. A different approach to deriving the TPLP, 

FPQP, and NPCP based on the difference equation is described in chapter 5. 

The difference equation approach has a major advantage over the matrix 

approach because it is not necessary to compute the matrix inversion. Several 

new predictors such as first-order velocity predictor, second-order velocity pred

ictor, third-order velocity predictor, first-order acceleration predictor, second

order acceleration predictor, and third-order acceleration predictor are also 

developed in this chapter. 

The predictors that are described in chapters 3, 4, and 5 belong to the 

class of block processing. The recursive methods are discussed in chapters 6 and 

7. An RtS predictor is developed and explained in chapter 6. A mathematical 

way of verH'ying the accuracy of the RLS predictor is also developed in the 

same chapt\~r. This method can be used to verify several signals such as 

sinusoidal, cubic, parabolic, and triangular signals in running an RLS predictor. 

Another useful predictor, the LMS predictor, is described in chapter 7. In 

chapter 8, a powerful predictor that is called five-linear-combination-filter pred

ictor (FLCFP) is developed. It is a linear combination of a TPLP, an FPQP, 
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an NPCP, an RLSP, and an LMSP. A general form for n-linear-combination

filter predictor (NLCFP) that is a linear combination of n different predictors is 

also derived. Results of each predictor are presented and discussed at the end 

of each chapter. 

The fast Fourier transform is a computational tool, which helps signal 

analysis such as power spectrum analysis and filter simulation by digital com

puters. It is a technique for efficiently computing the discrete Fourier transform 

(DFT) of a series of data samples (referred to as a time series). In chapter 9, 

the discrete Fourier transform of a time series is defined and the associated fast 

method (fast Fourier transform) for computing this transform is derived. A 

general purpose software program, which computes the FFT for a variety of 

signals such as the saccadic eye movements, ECG, sinusoidal, cubic, parabolic, 

and triangular signals, is also developed. The FFT of a saccadic eye move

ment, a sinusoidal, a cubic, a parabolic, and a triangular signals are also exam

ined and discussed in this chapter. 

Finally in chapter 10 the results of these predictors working on vari

ous sized saccades are shown. A template matching technique is used to predict 

final eye position for saccadic eye movements. It demonstrates that prediction 

of the final eye position before a saccade is complete is possible. A conclusion 

is given in chapter 11. 



CHAPTER 2 

LITERATURE SURVEY 

2.1 Human Eye Movements 

Two important fields are related to this research: the study of sac

cadic eye movements and the development of prediction techniques. Many 

important characteristics of saccadic eye movements have been discovered by 

Bahill and are reported in [2]. The author summarizes the dynamic characteris

tics of saccadic eye movements using diagrams of both peak velocity (PV) and 

duration (DUR) of human eye movements as functions of magnitude (A y), 

known as main-sequence diagrams. The human saccadic peak velocity data can 

be approximated as a linear function for saccades of 15 degrees or less, but 

there is a soft saturation for larger magnitudes. The main-sequence diagrams 

in [2] yield the following equations: 

PV = 850 [ 1 - e -~y / 10.6] deg / sec (2.1) 

and 

DUR = (1.7Ay +20) msee (2.2). 

Bahill and McDonald [9] report that, in general, the human smooth 

pursuit eye movement system has a large internal time delay about 150 ms. 

However, when the target is predictable, a control signal is generated that 

causes the smooth pursuit system to track with zero-latency and unity-gain. 

Within certain frequency, velocity and acceleration limits, humans learn to 

track any predictable target waveform that is smooth and periodic. To do this 

they must build a mental model that can be used to help overcome a time 
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delay and track predictable targets with zero-latency [10]. The model first 

identifies the frequency, amplitude and waveform of the targetj then it syn

thesizes a signal that compensates for the time delay and the plant dynamics, 

thereby producing zero-latency tracking. In [11], the target-selective adaptive 

controller (TSAC), which is an adaptive control model was built that compen

sates for the large inherent time delay and for plant dynamics and produces 

zero-latency tracking of predictable targets. Target movements were selected to 

minimize the role of the saccadic control system. 

A set of quantitative data about signal processing effects on the 

evaluation of amplitude, duration, and peak-velocity of single saccadic eye 

movements, as well as on the evaluation of the coefficients of amplitude-peak 

velocity and amplitude-duration characteristics of a family of saccades, is 

reported in [12]. Some important aspects of signal processing are theoretically 

discussed, experimentally supported, and also summarized in [12]. They are: 1) 

the analog low-pass filtering applied to the recorded eye movementj 2) its sam

pling and digitizationj 3) the low-pass filtering applied to the digitized signalj 

4) the algorithm used to compute the eye velocity; 5)the criteria adopted to 

determine the beginning and the ending points of the saccadesj and 6) the laws 

used to fit the saccadic characteristics. 

Bahill and Kallman were interested in predicting the final eye position 

for saccadic eye movements [1]. Two techniques were used: one based on the 

saccadic peak-velocity versus magnitude relationship (the main-sequence), and 

the second based on peak-velocity occurring in the middle of the saccade (mul

tiplier factor). In the first method, to predict the end point of a saccade, they 

computed eye velocity, waited for the velocity to peak, used the peak velocity 

to find the appropriate saccadic magnitude, and then used this magnitude as a 
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prediction of the final eye position. In the second method, most saccades reach 

peak velocity before or after the middle of the saccade because the saccadic 

velocity profiles are not symmetric about peak velocity. Therefore, the dis

tance the eye had moved at the time of peak velocity was not merely doubled, 

but rather it was multiplied by the multiplier factor. One limitation of this 

method is that the multiplier factors varied substantially from subject to sub

ject. The accuracy of the prediction may be increased by computing multiplier 

factors for each individual. 

2.2 Prediction Techniques 

Several prediction techniques have been used for the human smooth 

pursuit eye movements, including a least-mean-square (LMS) predictor, a 

recursive-least-square (RLS) predictor, an adaptive lattice predictor, and a 

lattice-selected menu predictor. LaRitz describes three methods of making the 

necessary predictions of the target velocity [5]. Each of these methods either 

builds or identifies a model of the initially unknown target velocity signal. Once 

the model is found, the target velocity becomes essentially a known quantity. 

Prediction of this known quantity is then possible. The RLS predictor uses a 

recursive-least-square parameter identification scheme to estimate the autore

gressive coefficients of the target velocity. The adaptive lattice predictors pro

duce estimates of the autoregressive coefficients by using a sliding window lat

tice algorithm. The lattice-selected menu predictor combines the lattice method 

and the menu selection. The lattice filter is used to identify the target signal. 

Once the target is identified, the corresponding entry in the menu is used to 

predict the target velocity. 

Harvey and Bahill applied the LMS predictor to the smooth pursuit 

eye movements [7][8]. The LMS adaptive filter is a "self-designing" filter 
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composed of a tapped delay line, variable weights, a summing junction and a 

mechanism to adjust the weights. Two process occur in the adaptive filter: the 

adaptation process and the operation process. The adaptation process handles 

weight adjustment. The operation process computes the difference between the 

desired output signal and the actual output of the filter, that is, the errol" E, 

and feeds it back to the weight adjustment algorithm. The objective is to 

minimize the mean-square error. The output signal converges to the desired sig

nal when the LMS error is reached. 

There are many prediction techniques available today. For example, 

two-point-linear predictor [3], five-point-quadratic predictor [3], Kalman filter 

[4], least-mean-square (LMS) predictor [13]-[27], recursive-least-square (RLS) 

predictor [28]-[34], lattice-filter predictor [35]-[47], and other forms of adaptive 

predictor [48]-[74]. A tutorial review of lattice structures and their use in the 

adaptive prediction of time series is provided in [6]. Friedlander concludes that 

the adaptive least squares lattice (LSL) has a number of practical advantages 

compared to gradient adaptive techniques. In recent years, adaptive prediction 

techniques have become more popular than other techniques as suggested in [7] 

and [59]. 

Thompson et al. present an evaluation and comparison of various 

digital filtering and prediction techniques, ranging from simple techniques to 

sophisticated techniques, for use in the control of real-time video tracking. of 

high performance missiles [3]. Three techniques were used: polynomial filter, 

extended Kalman filter, and spline-model Kalman filter. A polynomial filter 

predictor uses a linear convex combination of a two-point-linear predictor and a 

five-point-quadratic predictor is also derived. Because the two-dimensionality 

of the video signal, an extended Kalman filter was shown to be insufficient as a 
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controller for the real-time video. The authors concluded that both the polyno

mial filter and the spline-model Kalman filter are able to track the missile with 

surprisingly good results. The real-time video system's total performance is 

much dependent on the ability of the tracking mechanism to respond accu

rately. 

2.2.1 Least-mean-square (LMS) predictor 

The LMS adaptive filter, a digital filter composed of a tapped delay 

line with adjustable weights, whose impulse response is controlled by an adap

tive algorithm, was' developed by Widrow et ale in 1960. It has been used in 

many areas for the past two decades and continues growing in popularity 

because of its simplicity in computation and easy of implementation on com

puters. They also develop a complex LMS algorithm, which can deal with the 

complex conjugate inputs [13J. They studied the learning characteristics of the 

LMS adaptive filter in both stationary and nonstationary inputs in [14]. For 

stationary stochastic inputs, the mean-square error, the difference between the 

filter output and an externally supplied input called the "desired response," is a 

quadratic function of the weights, a paraboloid with a single fIXed minimum 

point that can be sought by gradient techniques. The gradient estimation pro

cess is shown to introduce noise into the weight vector that is proportional to 

the speed of adaptation and number of weights. The effect of this noise is 

expressed in term of a dimensionless quantity "misadjustment" that is a meas

ure of the deviation from optimal Wiener performance. Analysis of a simple 

nonstationary case, in which the minimum point of the error surface is moving 

according to an assumed first-order Markov process, shows that an additional 

contribution to misadjustment arises from "lag" of the adaptive process in 

tracking the moving minimum point. This contribution, which is additive, is 
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proportional to the number of weights but inversely proportional to the speed 

of adaptation. The sum of the misadjustments can be minimized by choosing 

the speed of adaptation to make the two contributions equal. 

A comparison between Wiener filtering, Kalman filtering, and deter

ministic least squares estimation is done in [15J. The least squares estimation 

procedure used in different disciplines can be classified into four categories: 1) 

Wiener filtering, 2) autoregressive estimation, 3) Kalman filtering , and 4) 

recursive least squares estimation. The recursive least squares estimator is the 

time average form of the Kalman filter. Likewise, the autoregressive estimator 

is the time average form of the Wiener filter. Both the Kalman and the Wiener 

filters use ensemble averages and can basically be built without having a par

ticular measurement realization available. This follows that seismic deconvolu

tion should be based. either on autoregressive theory or on recursive least 

squares estimation theory rather than on the normally used Wiener or Kalman 

theory. Reed and Feintuch report in [16] that the adaptive cancelling can be 

performed better in the frequency-domain than in the time-domain with signifi

cant computational savings. 

One application of the complex LMS algorithm is in controlling 

narrow-band adaptive arrays, which is described in [17]. A distributed-u imple

mentation of the LMS algorithm is discussed in [18]. The author describes the 

effects of component non-idealities on the performance of analog and sampled 

data adaptive noise cancellers. A new computationally efficient algorithm for 

sequential least-squares estimation is presented in [19]. This fast a posteriori 

error sequential technique performs better than the well-known fast Kalman 

algorithm in both AR modeling and Fm filtering. A roundoff error analysis of 

the LMS adaptive algorithm is studied in [20]. The steady state output error 
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of the LMS adaptive algorithm is created because the finite precision arithmetic 

of a digital processor. The authors found that the roundoff error consists of 

three terms: 1) the error because the input data quantization, 2) the error 

because the rounding of th1! arithmetic operations in calculating the filter's out

put, and 3) the error because the deviation of the filter's coefficients from the 

values they take when infinite precision arithmetic is used. 

A fundamental relationship exists between the quality of an adaptive 

solution and the amount of data used in obtaining it. In [21], Widrow and 

Walach discuss the statistical efficiency of the LMS algorithm with nonstation

ary inputs. Quality is defined here in terms of "misadjustment", the ratio of 

the excess mean square error (mae) in an adaptive solution to the minimum 

possible mse. It is well known that when rapid convergence with stationary 

data is required, the exact least squares algorithm can, in certain cases, outper

form the conventional Widrow-Hoff LMS algorithm. However, they show that 

for an important class of nonstationary problems, the misadjustment of conven

tional LMS is the same as that of orthogonalized LMS, which in the stationary 

case is shown to perform essentially as an exact least squares algorithm. 

Statistical analysis of the LMS adaptive algorithm with uncorrelated 

Gaussian data is presented in [22]. The authors derived the exact analytical 

expressions for the steady-state mean-square-error (mse) and the performance 

degradation because weight vector misadjustment. They found that the adap

tive coefficient J.t, which controls the rate of convergence of the algorithm, must 

be restricted to an interval significantly smaller than the domain commonly 

stated in the literature. In [23], nonlinear quantization effects in the frequency 

domain complex scalar LMS adaptive algorithm are analyzed by using condi

tional expectations. The authors derived the probability density function of the 
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quantizer input, which is conditioned on the weight. The density then is 

applied to finding the conditional characteristic function and the Mth condi

tional moment at the quant.izer output. 

The LMS adaptive filter algorithm requires a priori knowledge of the 

input characteristics to select the algorithm gain parameter tt for stability and 

convergence. Since the input characteristic is usually a statistical unknow, it is 

normally estimated from the data before beginning the adaptation process. A 

scheme is presented [24] for obtaining an input power estimate for setting the 

algorithm gain parameter tt separately in each frequency bin in the frequency 

domain LMS adaptive algorithm. The transient mean and second-moment 

behavior of the modified LMS algorithm then are evaluated in [25], taking into 

account the explicit statistical dependence of tt on the input data. Bershad 

concluded that the mean behavior of this algorithm converges to the Wiener 

weight. A simple approximation to the behavior of the LMS adaptive filter as a 

discrete transfer function was developed by Clarkson et a1. [26]. The authors 

claimed that the transfer function representation is a valid description for both 

deterministic inputs and for the expected results with random inputs (including 

correlated inputs). A new and more accurate analytical result for the expected 

misadjustment in the LMS weight vector because of finite precision effects is 

derived in [27]. Whereas previous results have been applicable only during 

steady state, the results of [27] are applicable to both the transient adaptati.on 

period and steady state. 

2.2.2 Recursive-least-square (RLS) predictor 

The RLS algorithm has been used extensively for system identifica

tion and time-series analysis. In spite of its potentially superior performance, its 

use in signal processing applications has been relatively limited, because of its 
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complexity in computation. The RLS ladder estimation algorithms, a version of 

the fast-RLS algorithms, have attracted much attention recently because of 

their excellent convergence behavior and fast parameter tracking capability, 

compared to .gradient based algorithms [28]. The authors present several 

recently developed square root normalized exact least squares ladder form algo

rithms that have fewer storage requirements, and lower computational require

ments than the unnormalized ones. A recursive ladder algorithm for ARMA 

modeling is discussed in [29]. ARMA stands for "autoregressive moving aver

age". The algorithms are based on a general set of recursions obtained by a 

geometric approach. The recursions obtained are square-root normalized and 

have much simpler structures than the unnormalized case. 

Parameter estimation problems that can be formulated as linear 

regressions are quite common in many applications. Recursive (on-line, sequen

tial) estimation of such parameters can be performed using the RLS algorithm 

or a stochastic gradient version of this algorithm. A method of autoregressive 

parameter estimation is presented in [30], which is a closer approximation to 

the true maximum likelihood estimator than that obtained using linear predic

tion techniques. Ljung analyzed the convergence properties of the gradient 

algorithm in [31] under the assumption that the gain tends to zero. A main 

result of his finding is that the convergence conditions for the gradient algo

rithm are the same as those for the RLS algorithms. Cioffi and Kailath pres~nt 

a fast-transversal-filter (FTF) implementation of RLS adaptive filtering algo

rithms in [32]. Substantial improvements in transient behavior, in comparison 

to stochastic-gradient or LMS adaptive algorithms, are efficiently achieved by 

the FTF. This technique also offer substantial reductions in computational 

requirements relative to existing, fast-RLS algorithms, such as the fast ladder 

algorithms of Morf and Lee in [28] and [29]. 
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Adaptive signal processing algorithms derived from least squares cost 

function are known to converge extremely fast and have excellent capabilities 

to "track" an unknown parameter vector. In [33], the authors treat analyti

cally and experimentally the steady-state operation of RLS adaptive filters with 

exponential windows for stationary and nonstationary inputs. In a simple case 

of channel identification, it is shown that the LMS and RLS adaptive filters 

have the same tracking behavior. New convergence results of the RLS and LMS 

adaptive filters are presented in [34]. Convergence of the exact RLS algorithm 

is also studied when the forgetting factor ..\ is constant, which enables the 

adaptive filter to track time variations of the optimal filter. 

2.2.3 Lattice-filter predictor 

The lattice-filter predictor is a parameter identification scheme that 

produces the estimates of the autoregressive coefficients by using a sliding win

dow lattice algorithm. It is adaptive because it adjusts its gains to minimize the 

prediction error. The word lattice describes its structure. The term sliding win

dow suggests that the filter "looks at" only a window of past data. There are 

many variations of adaptive lattice filters. The gradient adaptive lattice and 

the least squares adaptive lattice are two 8.lgorithms analyzed in [35] with the 

purpose of quantifying and comparing their performances in stationary and 

nonstationary signal cases. The convergence properties of a continuously adap

tive digital lattice filter used as a linear predictor are investigated in [36] for 

both an unnormalized and a normalized gradient adaptation algorithm. Results 

obtained for a two-stage lattice are then compared with the two-stage LMS 

transversal filter algorithm, demonstrating that it is possible but unlikely for 

the transversal filter to converge faster than the analogous lattice filter. 
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A experiment result shows that the convergence of the adaptive lat

tice is fast enough in that its performance cannot be distinguished from that of 

the optimal adaptive autocorrelation method for applications in speech analysis 

and synthesis [37]. A lattice-form adaptive line enhancer is derived in [39] for a 

sinusoidal signal in broad-band noise. Two square-root normalized lattice algo

rithms for least-squares FIR system identification are presented in [42]. Two 

versions of the algorithms are discussed: one for identifying time-invariant 

models and the other for tracking time-varying parameters. 

Gevers and Wertz use the orthogollalizing property of the two

multiplier linear prediction lattice filter to build a d-step ahead predictor in 

lattice-form [43]. The predictor generates d-step forward and backward residu

als in a recursive way and possesses most of the interesting properties of the 

basic one-step prediction lattice filter. Some new time update formulas for cer

tain types of lattice algorithms used in autoregressive modeling of stationary 

time series are discussed in [44]. A unified theory is presented in [45] to charac

terize least-squares adaptive filters, in either lattice or transversal-filter form, 

for nonstationary processes. The derivations are based on a geometric formula

tion of least-squares estimation and on the concept of displacement rank. The 

convergence properties of four simplified gradient adaptive lattice algorithms 

are analyzed in [46]. In [47], the authors look at AR, MA, and ARMA modeling 

of linear time-varying systems with lattice filters. 

2.2.4 Adaptive predictor 

Adaptive filters have been used in recent years in a variety of applica

tions as suggested in [48]-[74]. They have been used in the cancellation of noise 

[48], in the prediction of speech differential encoding systems [49], in the signal 

enhancement [50], and in the prediction of target velocity in the human 
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smooth-pursuit eye movement [7]. Actually, the LMS predictor, RLS predictor, 

and lattice-filter are all in the same family of adaptive-filter predictors. Com

pared to a impulse response filter, an adaptive filter has the ability to adjust its 

response during the filtering process and to provide the best least square esti

mate of the underlying signal. However, when the inputs to the adaptive sys

tem are nonstationary, errors occur in tracking the underlying signal, because 

the filter weights may not converge to the values that produce the least-mean

square estima.te of the underlying signal. An adaptive filter has been proposed 

[51], which is especially suited for the estimation of a class of nonstationary sig

nals, because their time-varying statistical character, having a recurring (but 

not necessarily periodic) statistical character, e.g., recurring pulses in noise. 

This filter, called the time-sequenced adaptive filter, is an extension of the LMS 

adaptive filter and uses multiple sets of adjustable weights to achieve a rapidly 

varying impulse response. This technique is also applied to the enhancement of 

abdominally derived fetal electrocardiograms against background muscle noise 

[57]. 

Widrow et 801. describes the concept of adaptive noise cancelling as an 

alternative method of estimation signals corrupted by additive noise or interfer

ence [48]. The convergence properties of two different algorithms for the 

updating of the coefficients of an adaptive FIR digital filter are investigated 

and compared with one another [52]. They are the stochastic iteration algo

rithm and the sign algorithm. Two adaptive filters based on the idea of fre

quency sampling filters and gradient based estimation algorithms are presented 

in [53]. Rickard et a!. discuss the receiver operating characteristic performance 

of adaptive-line-enhancer (ALE) augmented spectral detectors for sinusoidal 

signals in both stationary white Gaussian noise and in nonstationary noise. The 

behavior of the gradient transversal filter (LMS), the gradient lattice (GL), and 



26 

. 
the least-squares-lattice (LSL) when used to track multiple sinusoidal (or 

narrow-band) components whose power levels are widely separated is investi

gated [55]. Clark et ale present a block adaptive filtering procedure in which 

the filter coefficients are adjusted once per each output block by a generalized 

LMS algorithm [56]. 

A technique using a combination of adaptive noise cancelling and con

ventional signal processing is developed [58] to enhance electrocardiographic 

monitoring in the operating room by reducing the noise interference that is 

created by an electrosurgical instrument. An adaptive filtering technique for 

rapid processing of evoked potentials is presented in [74]. Several important 

books published recently in the area of adaptive filters are [59], [70], [71], [72], 

and [73]. A special issue on "adaptive signal processing" are summarized in 

[17]-[18], [28], [36]-[39], and [52]-[56]. Another special issue on "linear adaptive 

filtering" are summarized in [60]-[69]. 

From this literature review, the characteristics of saccadic eye move-

ments have been studied and the successful filters for other problems are also 

reviewed. Now it is desired to find out which of these filtering techniques will 

be the best for this specific task, that of predicting the final eye position of sac-

cadic eye movements. 



· CHAPTER 3 

BLOCK PROCESSING 

Block processing is one type of adaptive processing. With this 

method, incoming data oo.-e divided into blocks, and each block is processed as a 

whole to estimate parameters. In this chapter, three block processing predic

tors are discussed. Their blocks contain either two, five, or nine points. A 

two-point-linear predictor is derived in section 3.1. A five-point-quadratic 

predictor and a nine-point-cubic predictor are introduced in sections 3.2 and 

3.3 respectively. 

3.1 Two-Point-Linear Predictor (TPLP) 

The two-point-linear predictor (TPLP) is one technique of block pro

cessing. Each block contains two points that are used to estimate the parame

ters of a first-order linear equation. This equation then is used to predict the 

next point. This process is repeated as old points are discarded and new points 

are added. This can be done by adding a new point and simultaneously dis

carding an old point whenever the new point becomes available. Therefore, 

each block always contains two points and the parameters are adapted to a 

new first-order linear equation each time. 

3.1.1 Formulation of the TPLP 

A first-order linear equation can be written in the following form 

yr(td= do + d 1 ti 

27 

(3.1). 
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Here, VI (ti ) is the value of the signal at time ti , do and d 1 are coefficients of a 

linear equation. The TPLP computes the estimates of do and d l' represented 

as a 0 and a l' Thus, it yields a estimated model of the signal given by 

(3.2). 

Here, VI (ti) is an estimated value of VI (ti ) based on the estimated parameters 

ao and a1• 

The TPLP is designed to minimize the sum of square errors 

N 2 
E [ VI (td - vd td ] (3.3), 
i=1 

where N is the number of points that the TPLP uses for each adaptive pro

cedure. Here N is equal to 2. To compute the parameters a 0 and a 1 of a 

first-order linear equation in terms of time, t, and past signals, V (ti _ k ), plug 

equation (3.2) into equation (3.3) and rewrite the solution as 

N 2 E [ VI (td - VI (td ] 
i=1 

= E [ VI (td - (a 0 + a 1 td ]2 (3.4) 
i=1 

(3,5) 

+ 
N ,. 2 .,., N ., 2 N 2 
E do + 2a 0 a 1 E ti + a 1 E ti (3.6). 
i=1 i=1 i=1 

To obtain the least-mean-square error and find the optimal estimated values 
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for do and d 1, take the partial derivative of equation (3.6) with respect to do 

and set its result equal to zero, yielding 

N N N 
- 2 E 11,( til + 2 E do + 2d 1 E ti = 0 (3.7). 

i=1 i=1 i=1 

This yields 

N N 
doN + diE ti = E 11,( td (3.8). 

i=1 i=1 

Next, take the partial derivative of equation (3.6) with respect to d 1 and set its 

result equal to zero to yield 

N N N 
-2 E lI,(til ti + 2do E ti + 2d 1 E ti 2 = 0 (3.9). 

i=1 i=l i=l 

This yields 

(3.10). 
i=1 i=l i=l 

Solve equations (3.8) and (3.10) simultaneously to compute the parameters do 

and d l' It is easier to solve these equations in matrix form. To do this, define 

matrix A as 

N 
N Eti 

i=l 
A = N N 

Eti E ti 2 

(3.1i) . 

;=1 i=l 

Define.!!.. as a vector of parameters, 

(3.12). 

Define c as a vector that contains the summation of signals and the summa-
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tion of signals and times, 

N N T 
c = [ E vd td E v/ (td tj ] (3.13). 

i=1 i=1 

And rewrite equations (3.8) and (3.10) as matrix multiplication, 

A b = c (3.14). 

Therefore,.!. can be solved from equation (3.14), that is, 

b = A-I C (3.15). 

Equation (3.15) provides an easy way to compute parameters do and d 1. Once 

.!. is available, the a steps predicted signal y/ (t j +a) can be computed by simply 

plugging time tj +a into equation (3.2) to yield 

(3.16). 

3.1.2 Results of the TPLP 

Results of the TPLP are shown in Figures 4 through 18. Figure 4 

shows one-step prediction (one millisecond ahead of time) of the TPLP for a 

saccadic eye movement. There are two superimposed signals in Figure 4. One 

is the saccadic position signal and the other is the predicted position signal. 

Here one-step prediction means that the TPT.JP predicted one millisecond ahead 

of time. The predicted signal is almost identical to the original saccadic signal. 

Figure 5 displays five-step prediction (five milliseconds ahead of time) of the 

TPLP for the saccadic eye movement. The predicted signal shows a little 

overshoot (0.6 degree) around time 215 ms but the final predicted position is 

close to the final eye position. Figure 6 illustrates ten-step prediction (ten mil

liseconds ahead of time) of the TPLP for saccadic eye signal. The predicted 
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signal shows an overshoot about 1.8 degree around time 213 ms but the final 

predicted position is within 0.2 degree of final eye position. These results show 

that for saccadic eye movement the TPLP is good for one-step, five-step, and 

ten-step predictions around the final eye position that is relatively flat and 

smooth. 

Figures 7, 10, 13, and 16 show one-step prediction of the TPLP for 

triangular, parabolic, cubic, and sinusoidal signals respectively. There are two 

superimposed signals in each figure. The predicted signal is almost identical to 

the original signal. This means that the TPLP performs well in one-step pred

iction for all four signals. Figures 8, 11, 14, and 17 display five-step prediction 

of the TPLP for triangular, parabolic, cubic, and sinusoidal signals respectively. 

The predicted signal is close to the original signal. This means that the TPLP 

also predicts well in five-step prediction for these signals. Figures 9, 12, 15, and 

18 illustrate ten-step prediction of the TPLP for the same set of signals as 

before. The error between the predicted signal and the original signal is less 

than one degree. This means that the TPLP works all right even in ten-step 

prediction. 

Table 1 summarizes the mean-square-error (MSE) of the TPLP for 

saccadic, sinusoidal, triangular, cubic, and parabolic signals. The simulation 

results show that the TPLP performs well in one-step, five-step, and even ten

step predictions. The MSE of these predictions are less than one degree. For 

example, the MSE of the TPLP for sinusoidal signal in ten-step prediction is 

only 0.57151 degree. However, the MSE jumps from less than one degree to 

seven degree or even higher in 20-step prediction. This suggests that the MSE 

of the TPLP increases dramatically as the range of predictions become longer 
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Table 1 

MSE OF THE TPLP 

Saccadic Triangular Parabolic Cubic Sinusoidal 

I-step 0.00036 0.00317 0.00025 0.00032 0.00019 
5-step 0.15814 0.17426 0.05420 0.06770 0.04315 
10-step 0.64623 1.21980 0.68814 0.83497 0.57151 
20-step 7.24360 9.09307 8.84247 10.11789 7.84210 
30-step 20.18429 30.94653 37.51394 40.51553 34.55929 
40-step 25.71360 71.13663 98.48615 100.80618 91.67881 
50-step 33.37477 136.99010 193.84765 190.31568 178.93731 
100-step 42.58491 400.00000 543.05584 559.30114 498.19249 

and farther away. Therefore, it was concluded that the TPLP works well for 

flat and smooth signals but it cannot work alone for the long-range prediction. 

3.2 Five-Point-Quadratic Predictor (FPQP) 

The five-point-quadratic predictor (FPQP) is another example of 

block processing. For an FPQP, each block contains five points that are used 

to estimate the parameters of a second-order quadratic equation. This equa

tion then is used to predict for the next point. This process will be repeated as 

old points are discarded and new points are added. This procedure can be done 

by simultaneously adding a new point and discarding an old point whenever 

the new point becomes available. Therefore, each block always contains five 

points and the parameters are adapted to a new second-order quadratic equa-

tion each time. 

3.2.1 Formulation of the FPQP 
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A second-order quadratic equation can be described in the following 

form 

(3.17). 

Here, 1Iq (ti ) is the value of the signal at time ti , do, d l' and d 2 are coefficients 

of a quadratic equation. The FPQP computes parameters a 0' ,11' and d 2 that 

are the estimates of do, d l' and d 2 respectively. Thus, it yields an estimated 

model of the signal given by 

(3.18). 

Here, Yq (ti ) is an estimated value of 1Iq (ti ) based on the estimated parameters 

,10' d1, and d2• 

The FPQP was designed so that it also minimizes the sum of square 

errors 

(3.19), 

where N is the number of points use in the computation. For the FPQP, N is 

equal to 5. To compute the parameters do, d 1, and d2 of a second-order qua

dratic equation in terms of time, t, and past signals, 11 (ti -k ), substitute equa

tion (3.18) into equation (3.19) and rewrite the solution as 

N A A A 2 2 E [1Iq (ti ) - (d ° + d 1 ti + d 2 ti ) ] (3.20). 
i=l 

To obtain the least-mean-square errors and find the optimal solutions for do, 

d 1, and d 2' take the partial derivatives of equation (3.20) with respect to ,10' 

d 1, and a 2 respectively and set all three equations equal to zero, they yield 

equations (3.21), (3.22), and (3.23) respectively. They are 
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A A N 
+ d2 

N N 
dO N + d 1 E t; E t· 2 = E Yq (td (3.21), , 

;=1 ;=1 ;=1 

A NAN d N doE ti + dIE ti 2 + 2 E t· 3 = , 
N 

E Yq (t;) t; (3.22), 
i=l ;=1 ;=1 ;=1 

and 

A N 2 A 
N 3 A 

N N 
do E ti + d 1 E t; + d 2 E t· 4 = E Yq (t;) t; 2 (3.23). , 

i=l ;=1 ;=1 i=l 

Therefore, the parameters dO, d 1, and d 2 can be computed by solving equa

tions (3.21), (3.22), and (3.23) simultaneously. It is easier to compute these 

equations in matrix form. To do this, define matrix A 

N Et; ~);2 

A - Et; Et; 2 Eti 3 

Et; 2 Et; 3 Et; 4 

Define b as a vector of parameter estimates, 

(3.24). 

(3.25) . 

Define ~ as a vector that contains the summation of signals and the summa

tion of signals and times, 

(3.26). 

And rewrite equations (3.21), (3.22), and (3.23) as matrix multiplication, 

A b = c (3.27). 

Therefore,.!!.- can be solved from equation (3.27), that is, 

b = A -1 C (3.28). 
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Equation (3.28) provides a way to compute parameters do, dl , and d2• Once 

l.. is available, the a steps predicted signal Yq (ti +a) can be computed by sim

ply plugging time ti +a into equation (3.18) to yield 

(3.29). 

3.2.2 Results of the FPQP 

Simulation results of the FPQP are shown in Figures 19 through 33. 

Figure 19 shows one-step prediction of the FPQP for saccadic eye movement. 

The predicted signal is almost identical to the real saccadic signal. The five

step prediction of the FPQP for saccadic eye position is shown in Figure 20. 

The predicted curve still has a little overshoot (0.2 degree) around time 215 ms 

but it is much better than that of the TPLP (0.6 degree) at the same time. 

The final predicted position has a little oscillation. The ten-step prediction of 

the FPQP for saccadic eye signal is displayed in Figure 21. The predicted signal 

shows an overshoot about 0.6 degree around time 200 through 210 ms. This 

result is much better than that of the TPLP (1.8 degree). However, the effect 

of oscillation around final eye position is worse than that of the TPLP. There

fore, it is concluded that for saccadic eye movement the FPQP performs better 

than the TPLP in the five-step and ten-step predictions and about the same in 

the one-step prediction. 

Figures 22, 25, 28, and 31 show one-step prediction of the FPQP for 

triangular, parabolic, cubic, and sinusoidal signals respectively. There are two 

superimposed signals in each figure. The predicted signal is almost identical to 

the original signal. This means that the FPQP performs well in one-step pred

iction for all four signals. Figures 23, 26, 29, and 32 display five-step prediction 
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of the FPQP for triangular, parabolic, cubic, and sinusoidal signals respectively. 

The predicted signal is close tv the original signal especially for sinusoidal sig

nal. This means that the FPQP also predicts well in five-step prediction for 

these signals. Figures 24, 27, 30, and 33 illustrate ten-step prediction of the 

FPQP for the same set of signals as before. The error between the predicted 

signal and the original signal is less than 0.1 degree for the sinusoidal waveform 

but a little larger (0.3 degree) for parabolic and cubic waveforms. The perfor

mance of the FPQP for triangular signal in ten-step prediction is poor. This 

means that the FPQP works all right even in ten-step prediction for sinusoidal, 

parabolic, and cubic signals but not for triangular signal. 

Table 2 

MSE OF THE FPQP 

Saccadic Triangular Parabolic Cubic Sinusoidal 

I-step 0.00020 0.00558 0.00005 0.00009 0.00001 
5-step 0.02032 0.45051 0.01068 0.01919 0.00217 
10-step 0.35592 4.68845 0.19786 0.34535 0.05967 
20-step 23.51247 58.39225 4.61970 7.58339 2.20845 
30-step 44.08037 271.05286 31.33103 48.16721 19.35754 
40-step 118.52496 815.59412 124.56125 178.50867 89.29246 
50-step 124.26618 1950.21263 382.60190 487.49483 283.23003 
100-step 668.55202 30104.80457 7250.20320 9096.00194 5706.08461 

Table 2 summarizes the mean-square-error (MSE) of the FPQP for 

saccadic, sinusoidal, triangular, cubic, and parabolic signals. The simulation 

results show that the FPQP performs well in one-step, five-step, and even ten

step predictions. The MSE of these predictions are less than 0.5 degree except 

for triangular signal. For example, the MSE of the FPQP for sinusoidal signal 
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in ten-step prediction is only 0.05967 degree. In five-step prediction, the FP QP 

works well especially for sinusoidal signals follow by parabolic, cubic, and sac

cadic signals. In ten-step prediction, the performances of the FPQP in sequence 

from the best to the worst are sinusoidal, parabolic, cubic, saccadic, and tri

angular signals. However, the MSE jumps from less than 0.5 degree to 2.2 

degree for sinusoidal waveform or even higher for the other waveforms in 20-

step prediction. This shows that the MSE of the FPQP increases dramatically 

as the range of predictions become longer and farther away. Therefore, it is 

concluded that the FPQP works well for short-range predictions if the signal is 

smooth, which can fit with a quadratic equation, such as sinusoidal signal. For 

triangular signal~ it is a straight line trying to fit it with a straight line with 

TPLP works well, but trying to fit it with a parabola with FPQP does not 

work. The FPQP cannot work alone in the long-range prediction. In sum

mary, the TPLP is the best for triangular and for predicting 20 to 50 ms for 

the other waveforms and the FPQP is the best for predicting waveforms other 

than triangular waveform for predicting 1,5, and 10 ms. 

3.3 Nine-Point-Cubic Predictor (NPCP) 

The nine-point-cubic predictor (NPCP) is another example of block 

processing. For an NPCP, each block contains nine points that are used. to 

estimate the parameters of a third-order cubic equation. This equation then is 

used for predictions. This process is repeated as old points are d11;jcarded and 

new points are added. This procedure can be done by simultaneously adding a 

new point and discarding an old point whenever the new point becomes avail

able. Therefore, each block always contains nine points and the parameters are 
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adapted to a new third-order cubic equation each time. 

3.3.1 Formulation of the NPCP 

A third-order cubic equation can be described in the following form 

(3.30). 

Here, Yc (t;) is the value of the signal at time t;, do, d l' d 2' and d 3 are coeffi

cients of a third-order cubic equation. The NPCP computes parameters do, d l' 

d2, and d3 that are the estimates of do, d 1, d 2, and d3 respectively. Thus, it 

yields an estimated model of the signa.l given by 

(3.31). 

Here, Yc (t;) is an estima.ted value of Yc (t;) based on the parameters do, d1, 

d2, and da• 

The NPCP is designed so that it also minimizes the sum of square 

errors 

N A 2 
~ [ Yc (td - Yc (td ] (3.32), 
;=1 

where N is the number of points use in the computation. For the NPCP, N is 

equal to 9. To compute the parameters do, d l' d 2' and d 3 of a third-order 

cubic equation, plug equation (3.31) into equation (3.32) and rewrite the soiu-

tion as 

N A A A 2 A 32 
~ [Yc (t;) - (d ° + d 1 t; + d 2 t; + d 3 t; ) ] (3.33). 
;=1 

To obtain the least-mean-square errors and find the optimal solutions for the 

parameters do, d 1, d 2, and d 3, take the partial derivatives of equation (3.33) 
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with respect to J 0, J h J 2' and J 3 respectively and set all four equations equal 

to zero. This yields equations (3.34), (3.35), (3.36), and (3.37) respectively, 

A NAN AN 3 ANN 
do E ti +d 1 E t;2+d 2 E t; +d3 E t;4= E Yc(t;) t; (3.35), 

;=1 ;=1 ;=1 i=1 j=1 

and 

Therefore, the parameters J 0, d l' d 2, and d 3 can be computed by solving equa

tions (3.34), (3.35), (3.36), and (3.37) simultaneously. It is easier to solve these 

equations in matrix form. To do this, define matrix A 

N Et; Eti
2 Etj3 

Etj Et j 2 Etj3 Etj4 
A -

Eti
2 Etj 3 Et; 4 Eti

5 (3.38). 

Et;3 :Etj 4 Etj 5 Etj 6 

Define.!!.. as a vector of parameters, 

(3.39). 

Define.E.. as a vector that contains the summation of signals and the summa

tion of signals and times, 
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Now rewrite equations (3.34), (3.35), (3.36), and (3.37) as matrix multiplica-

tion, 

A b = c (3.41). 

Therefore,.,£. can be solved from equation (3.41), that is, 

b = A -1 C (3.42). 

Equation (3.42) provides a way to compute parameters do, dI' d2, and" d3• 

Once.,£. is available, the O! steps predicted signal Yc (ti +a) can be computed by 

simply plugging timeti +a into equation (3.31) to yield 

(3.43). 

3.3.2 Results of the NPCP 

Simulation results of the NPCP are shown in Figures 34 through 48. 

Figure 34 shows one-step prediction of the NPCP for saccadic eye signal. The 

predicted signal is almost identical to the real saccadic signal. The five-step 

prediction of the NPCP for saccadic eye signal is shown in Figure 35. The 

predicted curve still has a little overshoot (0.1 degree) around time 215 ms but 

it is much better than that of the TPLP (0.6 degree) and also better than that 

of the FPQP (0.2 degree)on the same spot. The final position of a predicted 

curve has a little oscillation. The ten-step prediction of the NPCP for saccadic 

eye signal is displayed in Figure 36. The predicted signal shows an overshoot 

about one degree around time 210 ms. This result is better than that of the 

TPLP (1.8 degree) but worse than that of the FPQP (0.6 degree). However, 

the effect of oscillation around final eye position is worse than that of the 

TPLP and the FPQP. These results suggest that the NPCP performs better 
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than the TPLP in the five-step and ten-step predictions on the overshoot spot 

and about the same in the one-step prediction. 

Figures 37, 40, 43, and 46 show one-step prediction of the NPCP for 

triangular, parabolic, cubic, and sinusoidal signals respectively. There are two 

superimposed signals in each figure. The predicted signal is almost identical to 

the original signal except for the triangular waveform. This means that the 

NPCP performs well in one-step prediction except for triangular signal. Figures 

38, 41, 44, and 47 display five-step prediction of the NPCP for triangular, para

bolic, cubic, and sinusoidal signals respectively. The predicted signal is close to 

the original signal especially for sinusoidal signal. This means that the NPCP 

also predicts well in five-step prediction for these signals. Figures 39, 42, 45, 

and 48 illustrate ten-step prediction of the NPCP for the same set of signals as 

before. The error between the predicted signal and the original signal is less 

than 0.007 degree for sinusoidal signal but a little larger (0.8 degree) for para

bolic and cubic signals. However, the performance of the NPCP for triangular 

signal in ten-step prediction is poor. This means that the NPCP works all 

right even in ten-step prediction for sinusoidal, parabolic, and cubic signals but 

not for triangular signal. 

Table 3 summarizes the mean-square-error (MSE) of the NPCP for 

saccadic, sinusoidal, triangular, cubic, and parabolic signals. The simulation 

results show that the NPCP performs well in one-step, five-step, and even ten

step predictions. The MSE of these predictions are less than 0.9 degree except 

for triangular signal. For example, the MSE of the NPCP for sinusoidal signal 

in ten-step prediction is only 0.00634 degree. In five-step prediction, the NPCP 

works well especially for sinusoidal signal. In ten-step prediction, the 
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Table 3 

MSE OF THE NPCP 

Saccadic Triangular Parabolic Cubic Sinusoidal 

I-step 0.00038 0.01014 0.00009 0.00016 0.00000 
5-step 0.03618 1.34976 0.01922 0.03648 0.00014 
10-step 0.78299 24.70490 0.44180 0.83840 0.00634 
20-step 24.2525 724.05097 14.91286 28.2985 0.516 
30-step 208.264 5819.103 133.415 253.162 8.138 
40-step 874.4 27632.59 659.929 1252.244 59.34 
50-step 2560.329 94803.956 2351. 4414.9 275.4 
100-step 164126 4883878 133185 240785 25673 

performances of the NPCP in sequence from the best to the worst are 

sinusoidal, parabolic, saccadic, cubic, and triangular signals. However, the 

MSE jumps from less than 0.8 degree to 15 degree or even higher in 20-step 

prediction. The only exception is for sinusoidal signal. The MSE of the NPCP 

for sinusoidal signal in 20-step prediction is only 0.51623. This suggests that 

the MSE of the NPCP increases dramatically as the range of predictions 

become longer and farther away. Therefore, it is concluded that the NPCP 

works well if the signal can fit with a cubic equation, such as sinusoidal signal. 

A triangular signal is a straight line trying to fit it with a straight line (TPLP) 

works well but trying to fit it with a cubic equation (NPCP) does not work. 

The NPCP performs well for sinusoidal signal up to 20-step prediction but it 

cannot work alone in the long-range prediction for signals other than sinusoid. 

3.4 Discussions 

Table 4 summarizes the best block processing predictor for saccadic, 



43 

Table 4 

THE BEST BLOCK PROCESSING PREDICTOR 

Saccadic Triangular Parabolic Cubic Sinusoidal 

I-step FPQP TPLP FPQP FPQP NPCP 
5-step FPQP TPLP FPQP FPQP NPCP 
10-step FPQP TPLP FPQP FPQP NPCP 
20-step TPLP TPLP FPQP FPQP NPCP 
30-step TPLP TPLP FPQP TPLP NPCP 
40-step TPLP TPLP TPLP TPLP NPCP 
50-step TPLP TPLP TPLP TPLP TPLP 
IOO-step TPLP TPLP TPLP TPLP TPLP 

triangular, parabolic, cubic, and sinusoidal signals. This results show that the 

TPLP is the best predictor for triangular signal and the NPCP is the best pred-

ictor for sinusoidal signal. This is to be expected because a straight line is 

being fit with a straight line. Conversely, the FPQP is the best predictor for 

short range prediction of parabolic and cubic signals. The result for the para

bolic signal is what should be expected because a quadratic curve is being fit 

with a quadratic curve. However, the result for the cubic signal is unexpected. 

It is obvious that the NPCP would do best because a cubic wave is being fit 

with a cubic. This would be true if the points are neglected where the cubic 

cycles are glued together and only the smooth portions in between are con

sidered. It also suggests that the best predictor in 50 and 100 steps prediction 

is TPLP for all signals. In summary, the TPLP works better when the signal is 

linear, but it performs poorly when the signal is not. Conversely, the FPQP 

and the NPCP do well if the signal is not linear. 

A saccadic eye position curve contains both characteristics mentioned 
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above. Part of the saccadic signal is smooth and flat and part of the signal is 

not. For example, dhride the entire saccadic eye signal into four segments. The 

first segment for the saccade of Figure 2 is between 0 ms and 180 ms, which 

could be modeled as a first-order linear equation. Therefore, the TPLP works 

well on this part of saccadic eye signal. The second segment, between 180 ms 

and 215 ms, could be modeled as a second-order polynomial equation. There

fore, the FPQP performs the best on that part of saccadic eye signal. The 

third segment, between 216 ms and 240 ms, also could be fitted into a qua

dratic equation. Therefore, the FPQP is the best on this part of signal. Finally, 

the fourth segment is between 325 IDS and 335 ms, which could be modeled as a 

linear equation. Certainly, the TPLP does well in this region. Therefore, it is 

not appropriate to use the TPLP, FPQP, or NPCP alone in predicting saccadic 

eye position. Consequently two filters have been designed by combining these 

basic block processing algorithms. Polynomial-filter predictor 1 (PFP1) is a 

linear combination of a TPLP and an FPQP, and polynomial-filter predictor 2 

(PFP2) is a linear combination of a TPLP, an FPQP, and an NPCP. These 

predictors are developed and explained in the next chapter. The results from 

computer simulation of these predictors are also discussed in chapter 4. 



CHAPTER 4 

POLYNOMIAL PREDICTORS 

Two polynomial predictors are discussed in this chapter. A 

polynomial-filter predictor 1, which is a linear convex combination of a TPLP 

and an FPQP is developed in section 4.1. A polynomial-filter predictor 2, 

which is a linear convex combination of a TPLP, an FPQP, and an NPCP is 

described in section 4.2. The results of these predictors will be compared to 

that of the TPLP, FPQP, and NPCP in section 4.3. 

4.1 Polynomial-Filter Predictor 1 (PFP1) 

The polynomial-filter predictor 1 (PFPl) uses a linear convex combi

nation of a two-point-linear predictor and a five-point-quadratit! predictor [3]. 

The formulation of the PFP1 is described in section 4.1.1. And the results of 

the PFP1 for saccadic, triangular, parabolic, cubic, and sinusoidal signals are 

displayed and discussed in section 4.1.2. 

4.1.1 Formulation of the PFP1 

To estimate Yp 1 in terms of a linear convex combination of a TPLP 

and an FPQP, it can be described as 

(4.1), 

where V, is the estimate of a two-point-linear predictor that has the form as in 

equation (3.16), 

45 
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(4.2), 

Oq is the estimate of a five-point-quadratic predictor that has the form as in 

equation (3.29), 

(4.3), 

and ri' (i = 1, 2), are the coefficients of the linear convex combination. 

Furthermore, the summation of r 1 and r 2 is equal to 1. 

It is assumed that the estimates V, and Vq are independent, hence the 

variance of both sides of equation (4.1) can be obtained: 

(4.4) . 

From probability and statistics theory, the coefficients r 1 and r 2 can be fac

tored out from variance and equation (4.4) can be rewritten as 

(4.5) , 

with the constraint 

(4.6). 

To find r 1 and r2 in terms of Var(O,) and Var(Oq)' use Lagrange 

multipliers to obtain the adjoint function 

where the Lagrange multiplier A is an arbitrary constant. Equation (4.6) is the 

constraint of the Lagrange multiplier iIi the adjoin function (4.7). By obtaining 

the first partial derivatives of equation (4.7) with respect to r 1 and r 2 respec

tively, and then setting each result to zero yields 

2 r 1 Var (0,) - A = 0 (4.8) 
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and 

(4.9). 

If equations (4.8) and (4.9) are combined then 

(4.10). 

Next, solve equations (4.10) and (4.6) simultaneously to yield 

rl = 
Var (Vq ) 

(4.11) 
Var (V,) + Var (Vq ) 

and 

Var (V,) 
(4.12). r2 = 

Var (VI) + Var (Vq ) 

Given that the variance of V, and Yq are nonzero, it can be easily verified that 

the second variation of equation (4.7) is positive definite. Hence, from equa

tions (4.11) and (4.12), ihe coefficients of the linear convex combination r 1 and 

r 2 are chosen in terms of Var (V,) and Var (Yq) to obtain an unbiased 

minimum variance of error estimate. Once r 1 and r 2 are available, the a steps 

predicted signal Yp 1 (t; +a) can be computed by simply plugging time t; +a into 

equation (4.1) to yield 

(4.13). 

4.1.2 Results of the PFP1 

Results of the PFP1 are shown in Figures 49 through 63. Figure 49 

shows one-step prediction (one millisecond ahead of time) of the PFP1 for a 

saccadic eye movement. There are two superimposed signals in Figure 49. One 
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is the saccadic position signal and the other is the predicted position signal. 

Here one-step prediction means that the PFP1 predicted one millisecond ahead 

of time. The predicted signal is almost identical to the original saccadic signal. 

The one-step predicted signal is closer to the real saccadic signal than that of 

the TPLP and FPQP. No overshoot occurs around time 210 ms and no oscilla

tion exists in the fmal eye position of this predicted signal. Thus, the PFP1 

performs better than both TPLP and FPQP. It also shows a significant effect 

in predicting final eye position of a saccade. Figure 50 displays five-step pred

iction (five milliseconds ahead of time) of the PFP1 for the saccadic eye move

ment. The predicted signal shows a little overshoot (0.3 degree) around time 

213 ms but the final predicted position is close to the final eye position. Figure 

51 illustrates ten-step prediction (ten milliseconds ahead of time) of the PFP1 

for saccadic eye signal. The predicted signal shows an overshoot about 1.0 

degree around time 213 ms but the final predicted position is within 0.2 degree 

of final eye position. These results show that for saccadic eye movement the 

PFP1 is good for one-step, five-step, and ten-step predictions not only around 

the final eye position but also on the overshoot region. 

Figures 52, 55, 58, and 61 show one-step prediction of the PFPl for 

triangular, parabolic, cubic, and sinusoidal signals respectively. There are two 

superimposed signals in each figure. The predicted signal is almost identical 'to 

the original signal. This means that the PFP1 performs well in one-step pred

iction for all four signals. Figures 53, 56, 59, and 62 display five-step prediction 

of the PFP1 for triangular, parabolic, cubic, and sinusoidal signals respectively. 

The predicted signal is close to the original signal. This means that the PFP1 

also predicts well in five-step prediction for these signals. Figures 54, 57, 60, 
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and 63 illustrate ten-step prediction of the PFP1 for the same set of signals as 

before. The error between the predicted signal and the original signal is less 

than 0.4 degree except for triangular signal. This means that the PFP1 works 

all right even in ten-step prediction. 

Table 5 

MSE OF THE PFP1 

Saccadic Triangular Parabolic Cubic Sinusoidal 

I-step 0.00021 0.00377 0.00009 0.00012 0.00005 
5-step 0.02231 0.24332 0.01856 0.02599 0.01180 
10-step 0.30978 2.08696 0.25677 0.35727 0.16874 
20-step 5.11404 21.41786 4.01794 5.48661 2.86374 
30-step 24.1945 90.973 21.122 27.94729 16.3916 
40-step 50.28977 257.251 70.167 88.8506 58.00526 
50-step 52.2347 594.3832 188.2448 216.1746 152.8934 
100-step 208.25 8226.2 2328.31 2846.159 1875.52 

Table 5 summarizes the mean-square-error (MSE) of the PFP1 for 

saccadic, sinusoidal, triangular, cubic, and parabolic signals. The simulation 

results show that the PFP1 performs well in one-step, five-step, and even ten

step predictions. The MSE of these predictions are less than 0.4 degree for most 

of the signals. For example, the MSE of the PFP1 for sinusoidal signal in ten

step prediction is only 0.16874 degree. In five-step prediction, the PFP1 works 

well especially for sinusoidal and parabolic signals followed by saccadic, tri

angular, and cubic signals. In ten-step prediction, the performance of the PFPl 

in sequence from the best to the worst are sinusoidal, parabolic, saccadic, cubic, 

and triangular signals. However, the MSE jumps from less than 0.4 degree to 

three degree or even higher in 20-step prediction. This suggests that the MSE 
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of the PFP1 increases dramatically as the range of predictions become longer 

and farther away but it also shows significant improvement compared to that 

of the TPLP, FPQP, and NPCP. 

4.2 Polynomial-Filter Predictor 2 (PFP2) 

The polynomial-filter predictor 2 (PFP2) uses a linear convex combi

nation of a two-point-linear predictor, a five-point-quadratic predictor, and a 

nine-point-cubic predictor. First, the PFP2 is derived in section 4.2.1. Then 

the results of the PFP2 for saccad.ic, triangular, parabolic, cubic, and sinusoidal 

signals are discussed in section 4.2.2. 

4.2.1 Formulation of the PFP2 

To estimate Yp 2 in ·terms of a linear convex combination of a TPLP, 

an FPQP, and an NPCP, it can be described as 

(4.14), 

where V, is the estimate of a two-point-linear predictor that has the form as in 

equation (3.16), 

(4.15), 

Vq is the estimate of a five-point-quadratic predictor that has the form as. in 

equation (3.29), 

(4.16), 

Vc is the estimate of a nine-point-cubic predictor that has the form as in equa-

tion (3.43), 

(4.17), 



51 

and ri' (i = 1, 2, 3), is the coefficients of the linear convex combination. 

It is assumed that the estimates VI, Vq, and Vc are independent, 

hence the variance of both sides of equation (4.14) can be calculated as 

Var(Yp2) = Var(rl VI) + Var(r2 Vq) + Var(r3Vc) (4.18). 

From the probability and statistics theory, the coefficients r 1, r 2, and r 3 can 

be factored out from variance and equation (4.18) can be rewritten as 

(4.19), 

with the constraint 

(4.20). 

To find rl' r2, and r3 in terms of Var(VI), Var(vq), and Var(vc), 

Lagrange multipliers are used to obtain the adjoint function 

+ ;\ (1 - r 1 - r 2 - r 3) (4.21), 

where the Lagrange multiplier ;\ is an arbitrary constant. Equation (4.20) is 

the constraint of the Lagrange multiplier in the adjoin function (4.21). Obtain

ing the first partial derivatives of equation (4.21) with respect to r l' r 2' and r 3 

respectively, and then setting each result to zero, it yields 

(4.22). 

Next, equations (4.22) and (4.20) are solved simultaneously to yield 

Var (Yq) Var (Yc) 
r 1 = (4.23), 

Var (VI) Var (fiq) + Var (VI) Var (Vc) + Var (Vq) Var (Vc ) 
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Var (y,) Var (Ye ) 
r2 = (4.24) 

Var (YI) Var (Yq) + Var (Y/) Var (Ye) + Var (Yq) Var (Ye) , 

and 

Var (Yq) Var (Y/ ) 
r 3 = (4.25). 

Var (Y/) Var (Yq) + Var (YI) Var (!Ie) + Var (Yq) Var (Ye ) 

Given that the variance of Y/, Yq, and Ye are nonzero, one can easily verify 

that the second variation of equation (4.21) is positive defmite. Hence, from 

equations (4.23), (4.24), and (4.25), the coefficients of the linear convex combi

nation r 1, r 2, and r 3 are chosen in terms of Var (v/), Var (Yq), and Var (Ye ) 

to obtain an unbiased minimum variance of error estimate. Once r 1, r 2' and 

r 3 are available, the Q steps predicted signal Yp 2(ti +a) can be computed by 

simply plugging time ti +a into equation (4.14) to yield 

(4.26). 

4.2.2 Results of the PFP2 

Simulation results of the PFP2 are shown in Figures 64 through 78. 

Figure 64 shows one-step prediction of the PFP2 for saccadic eye movement. 

The predicted signal is almost identical to the real saccadic signal. The five

step prediction of the PFP2 for saccadic eye position is shown in Figure 65. 

The predicted signal still has a little overshoot (0.1 degree) around time 210 ms 

but it is much better than that of the TPLP (0.6 degree) and FPQP (0.2 

degree) in the same region. The final predicted position has a little oscillation. 

The ten-step prediction of the PFP2 for saccadic eye signal is displayed in Fig

ure 66. The predicted signal shows an overshoot about 0.2 degree around time 
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205 through 215 InA. This result is much better than that of the TPLP (1.8 

degree) and FPQP (0.6 degree). However, the effect of oscillation around final 

eye position is worse than that of the TPLP but better than that of the FPQP. 

Therefore, for saccadic eye movements the PFP2 performs better than the 

TPLP and FPQP in the five-step and ten-step predictions and about the same 

in the one-step prediction. 

Figures 67, 70, 73, and 76 show one-step prediction of the PFP2 for 

triangular, parabolic, cubic, and sinusoidal signals respective~y. There are two 

superimposed signals in each figure. The predicted signal is almost identical to 

the original signal. This means that the PFP2 performs well in one-step pred

iction for all four signals. Figures 68, 71, 74, and 77 display five-step prediction 

of the PFP2 for triangular, parabolic, cubic, and sinusoidal signals respectively. 

The predicted signal is close to the original signal especially for sinusoidal sig

nal. This means that the PFP2 also predicts well in five-step prediction for 

these signals. Figures 69, 72, 75, and 78 illustrate ten-step prediction of the 

PFP2 for the same set of signals as before. The error between the predicted 

signal and the original signal is less than 0.4 degree for sinusoidal signal but a 

little larger (0.7 degree) for parabolic and cubic signals. The performance of the 

PFP2 for triangular signal in ten-step prediction is poor but is better than that 

of the FPQP and NPCP. This means that the PFP2 works well even in ten

step prediction for sinusoidal, parabolic, and cubic signals but not for triangu

lar signal. 

Table 6 summarizes the mean-square-error (MSE) of the PFP2 for 

saccadic, sinusoidal, triangular, cubic, and parabolic signals. The simulation 

results show that the PFP2 performs well in one-step, five-step, and even ten-
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Table 6 

MSE OF THE PFP2 

Saccadic Triangular Parabolic Cubic Sinusoidal 

1-step 0.00331 0.00771 0.00603 0.00623 0.00553 
5-step 0.04189 0.27473 0.06186 0.07813 0.04720 
10-step 0.42857 1.59214 0.63164 0.78050 0.31111 
20-step 3.78703 17.30898 5.62569 5.68904 2.98111 
30-step 14.44624 97.69638 17.99888 18.34568 10.087 
40-step 28.14779 398.826 40.76868 42.2309 19.421 
50-step 52.503 1264.572 81.58 85.57998 25.8 
100-step 2102.77 60644.868 1550.96 2766.8 156.69 

step predictions. The MSE of these predictions are less than 0.8 degree except 

for triangular signal. For example, the MSE of the PFP2 for sinusoidal signal in 

ten-step prediction is only 0.31111 degree. In five-step prediction, the PFP2 

works well especially for saccadic signal follow by sinusoidal, parabolic, cubic, 

and triangular signals. In ten-step prediction, the performances of the PFP2 in 

sequence from the best to the worst are sinusoidal, saccadic, parabolic, cubic, 

and triangular signals. However, the MSE for sinusoidal waveform jumps from 

less than 0.5 degree to 2.9 degree or even higher in 20-step prediction. This sug

gests that the MSE of the PFP2 increases dramatically as the range of predic-

tions become longer and farther away but it also shows significant improve-

ment compared to that of the TPLP, FPQP, and NPCP. 

4.3 Discussions 

The TPLP works better when the signal is flat with no turning point, 

but it performs poorly when the signal is not smooth. Conversely, the FPQP 
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Table 7 

MSE OF THE SACCADIC EYE SIGNAL (180-215 IDS) 

TPLP FPQP NPCP PFP1 PFP2 

I-step 0.00051 0.00027 0.00042 0.00029 0.00881 
5-step 0.07073 0.03125 0.05919 0.03400 0.10565 
10-step 0.74491 0.51557 0.90426 0.42269 0.80224 
20-step 7.79022 5.89192 23.82576 4.70567 7.83460 
30-step 21.13399 19.8938 87.452 19.425 19.96837 
40-step 22.1567 32.0114 532.22579 24.65113 28.9997 
50-step 22.84319 68.92875 2588.93619 35.969 53.93 
100-step 22.99 314.91 31867.22 105.49 460.9 

and the NPCP do well for parabolic and cubic signals. A saccadic eye position 

curve contains both characteristics mentioned above. Part of the saccadic signal 

is smooth and flat and part of the signal is not. As mentioned in chapter 3, the 

PFP1 and PFP2 are designed to overcome these drawbacks. For example, the 

entire saccadic eye signal can be divided into four segments. The first segment· 

is between 0 IDS and 180 IDS, which could be modeled as a first-order linear 

equation. Therefore, the TPLP is the best choice on that part of saccadic eye 

movement. The second segment is between 180 IDS and 215 IDS, which could be 

modeled as a second-order polynomial equation. Therefore, the FPQP performs 

the' best on that part of saccadic eye signal. The mean-square-error of the 

TPLP, FPQP, NPCP, PFP1, and PFP2 for the second segment of the saccadic 

eye signal (180-215 IDS) is summarized in Table 7. In one-step prediction, the 

performances of these predictors are about the same. In five-step prediction, the 

results of these predictors in order from the best to the worst are FPQP, PFP1, 

NPCP, TPLP, and PFP2. In ten-step prediction, the effects of these predictors 
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in sequence from the best to the worst are PFPl, FPQP, TPLP, PFP2, and 

NPCP. 

Table 8 

MSE OF THE SACCADIC EYE SIGNAL (216-240 ms) 

TPLP FPQP NPCP PFP1 PFP2 

I-step 0.00054 0.00023 0.00027 0.00027 0.00078 
5-step 0.08648 0.02448 0.03460 0.03057 0.01456 
10-step 1.18770 0.48898 1.16501 0.48236 0.44548 
20-step 13.918 17.063 43.3686 10.4489 3.2095 
30-step 39.36 110.47 498.64 52.55 22.55 
40-step 54.8 311.09 1633.78 122.58 48.47 
50-step 76.904 266.338 4345.18 110.34 94.06 
100-step 95.66 821.82 151423.99 283.7 1926.08 

The third segment is between 216 ms and 240 ms, which also could be fitted 

into a quadratic equation. Therefore, the FPQP is the best on this part of sig

nal. Table 8 summarizes the mean-square-error of these predictors for the third 

segment of the saccadic eye signal (216-240 ms). The performances of these 

predictors are about the same in one-step prediction. The results of these pred

ictors in order from the best to the worst are PFP2, FPQP, PFP1, NPCP, and 

TPLP in five-step prediction. Finally, the effects of these predictors in sequence 

from the best to the worst are PFP2, PFP1, FPQP, NPCP, and TPLP in ten

step prediction. The fourth segment is between 325 ms and 335 ms, which 

could be modeled as a linear equation. Certainly, the TPLP does well in this 

region. 

Table 9 summarizes the mean-square-error of these predictors for the 

fourth segment of the saccadic eye signal (325-335 ms). The performances of 
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Table 9 

MSE OF THE SACCADIC EYE SIGNAL (325-335 ms) 

TPLP FPQP NPCP PFP1 PFP2 

I-step 0.00004 0.00010 0.00046 0.00006 0.00033 
5-step 0.00093 0.00524 0.01475 0.00241 0.00547 
10-step 0.00513 0.06322 0.27971 0.02429 0.03800 
20-step 0.02255 0.55738 5.56308 0.18752 0.31700 
30-step 0.05670 1.87530 38.69673 0.60647 0.81842 
40-step 0.184 12.476 457.2569 3.6388 6.97 
50-step 0.377 37.531 746.87 10.397 9.51 
100-step 9.1 868.9 309087.2 235.6 3921.3 

these predictors are about the same in both one-step and five-step predictions. 

The results of these predictors in order from the best to the worst are TPLP, 

PFP1, PFP2, FPQP, and NPCP in ten-step prediction. In summary, the FPQP 

does well in the second and third segments of the saccadic eye signal and the 

TPLP works well in the first and fourth segments of the saccadic eye signal. 

Therefore, it is not appropriate if the TPLP, FPQP, or NPCP is used alone in 

predicting saccadic eye movement. 

Table 10 summarizes the mean-square-error of these predictors for the 

entire saccadic eye signal. The PFP1 and PFP2 are the best and second to the 

best for most ranges. For example, in ten-step prediction, the MSE of the PFPl 

is only 0.30978, which is the best performance in the same category. Therefore, 

it is concluded that for saccadic eye movements the PFP1 and PFP2 work 

better than other predictors such as TPLP, FPQP, and NPCP. 

Tables 11, 12, 13, and 14 summarize the mean-square-error of these 

predictors for triangular, parabolic, cubic, and sinusoidal signals respectively. 
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Table 10 

MSE OF THE SACCADIC EYE SIGNAL 

TPLP FPQP NPCP PFP1 PFP2 

I-step 0.00036 0.00020 0.00038 0.00021 0.00331 
5-step 0.15814 0.02032 0.03618 0.02231 0.04189 
100step 0.64623 0.35592 0.78299 0.30978 0.42857 
20-step 7.24360 23.51247 24.25250 5.11404 3.78703 
30-step 20.184 44.080 208.264 24.195 14.446 
40-step 25.71 118.52 874.42 50.29 28.15 
50-step 33.37 124.27 2560.32 52.23 52.50 
100-step 42.58 668.55 164126.14 208.25 2102.77 

Table 11 

MSE OF A TRIANGULAR SIGNAL 

TPLP FPQP NPCP PFP1 PFP2 

I-step 0.00317 0.00558 0.01014 0.00377 0.00771 
5-step 0.17426 0.45051 1.34976 0.24332 0.27473 
10-step 1.21980 4.68845 24.70490 2.08696 1.59214 
20-step 9.09307 58.39225 724.05097 21.4178 17.309 
30-step 30.9465 271.0529 5819.1030 90.9731 97.6964 
40-step 71.137 815.594 27632.590 257.251 398.826 
50-step 136.99 1950.21 94803.96 594.38 1264.57 
100-step 400.0 30104.8 4883878.3 8226.2 60644.9 

Table 11 shows that the TPLP is the best choice in the prediction of triangular 

signals. Table 12 shows that the FPQP is the best if you want to predict para

bolic signal. To predict cubic signal accurately, the FPQP might be the right 

one to choose (see Table 13). Finally, Table 14 gives us strong evidence to 

believe that the NPCP is the best predictor in the prediction of sinusoidal sig-
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Table 12 

MSE OF A PARABOLIC SIGNAL 

TPLP FPQP NPCP PFP1 PFP2 

I-step 0.00025 0.00005 0.00009 0.00009 0.00603 
5-step 0.05420 0.01068 0.01922 0.01856 0.06186 
10-step 0.68814 0.19786 0.44180 0.25677 0.63164 
20-step 8.84247 4.61970 14.91286 4.01794 5.62569 
30-step 37.514 31.331 133.414 21.122 17.99 
40-step 98.486 124.561 659.929 70.167 40.769 
50-step 193.85 382.60 2351.04 188.24 81.58 
100-step 543.06 7250.20 133185.41 2328.31 1550.96 

nal. 

Table 13 

MSE OF A CUBIC SIGNAL 

TPLP FPQP NPCP PFP1 PFP2 

I-step 0.00032 0.00009 0.00016 0.00012 0.00623 
5-step 0.06770 0.01919 0.03648 0.02599 0.07813 
10-step 0.83497 0.34535 0.83840 0.35727 0.78050 
20-step 10.11789 7.58339 28.29850 5.48661 5.68904 
30-step 40.5155 48.167 253.16185 27.94729 18.34568 
40-step 100.80 178.50 1252.2439 88.85 42.23 
50-step 190.316 487.495 4414.899 216.175 85.58 
100-step 559.3 9096.0 240785.4 2846.16 2766.8 

Table 15 summarizes the best polynomial predictor in the prediction 

for saccadic, triangular, parabolic, cubic, and sinusoidal signals. The results 

suggest that the PFPl and PFP2 show significant improvement over that of 

the TPLP, FPQP, and NPCP in long-range prediction. For example, the best 
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Table 14 

MSE OF A SINUSOIDAL SIGNAL 

TPLP FPQP NPCP PFP1 PFP2 

I-step 0.00019 0.00001 0.00000 0.00005 0.00553 
5-step 0.04315 0.00217 0.00014 0.01180 0.04720 
10-step 0.57151 0.05967 0.00634 0.16874 0.31111 
20-step 7.84210 2.20845 0.51623 2.86374 2.98111 
30-step 34.559 19.3575 8.13755 16.39 10.087 
40-step 91.6788 89.29 59.34 58.005 19.42 
50-step 178.937 283.230 275.403 152.893 25.80 
100-step 498.19 5706.08 25673.29 1875.52 156.69 

Table 15 

THE BEST POLYNOMIAL PREDICTOR 

Saccadic Triangular Parabolic Cubic Sinusoidal 

I-step FPQP TPLP FPQP FPQP NPCP 
5-step FPQP TPLP FPQP FPQP NPCP 
10-step PFP1 TPLP FPQP FPQP NPCP 
20-step PFP2 TPLP PFP1 PFP1 NPCP 
30-step PFP2 TPLP PFP2 PFP2 NPCP 
40-step TPLP TPLP PFP2 PFP2 PFP2 
50-step TPLP TPLP PFP2 PFP2 PFP2 
100-step TPLP TPLP TPLP TPLP PFP2 

predictor is PFP1 in 10-step prediction for saccadic eye movement. The best 

predictor is PFP2 in 20 and 30 steps prediction for saccadic eye movement. In 

summary, if the signal is known the TPLP is good in the prediction of triangu

lar signal, the FPQP works well to predict parabolic and cubic signals, and the 

NPCP is the best for sinusoidal signal. Unfortunately, this assumption is not 
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true in the prediction of saccadic eye signal. Therefore, the PFPl and PFP2 

works better than TPLP, FPQP, and NPCP in the long-range prediction for 

the saccadic eye movements. 



CHAPTER 5 

FINITE MEMORIES DATA MANIPULATION 

In chapter 3, a matrix approach was used to derive formulas for the 

two-point-linear-predictor (TPLP), five-point-quadratic-predictor (FPQP), and 

nine-point-cubic-predictor (NPCP). In this chapter, a different approach, 

which is based on the difference equation is used to derive formulas for a 

TPLP, an FPQP, and an NPCP. The difference equation approach has a 

major advantage over the matrix approach because it is not necessary to com

pute the matrix inversion. The mean-square-error coefficient is defined and 

derived in section 5.1. The smooth prediction for position signals, velocity sig

nals, and acceleration signals are developed in sections 5.2, 5.3, and 5.4 respec-

tively. 

5.1 Mean-Square-Error Coefficient 

Assuming that the process of data manipulation can be described in 

terms of the past signals by a difference equation of the form 

or 

N-l 
C (til = :E ale Y (t i - Ie ) (5.2), 

k=O 

where c (t i ) is the output signal after data manipulation, ak are coefficients of 

the difference equation, (k = 0, ... , N-1), Y (ti - k ) are the past signal values, 

and N is the order of the difference equation or the number of sample points 

62 



63 

that was used in the computation procedure. In other words, these predictors 

have memories that are N sample points long. The objective is to find N 

optimal parameters ak' (k = 0, ... , N-l) and to minimize the error e, the differ

ence between the output signal C (ti ) and the desired signal Cd (t j ). Here, the 

desired signal Cd (t j ) is the ideal signal that is expected from the predictors. If 

the optimal parameters ak can be found the a step predicted signal y (t; +aJ 
will converge to the desired signal Cd and can be described as 

N-l 
Y (t; +a) = E ak y (t; -k) (5.3). 

k=O 

In practice, the input signals y (t j - k ) are always corrupted by noise 

n (t i - k ), Assume that the noise is white and modify equation (5.2) as 

N-l 
C (td = E ak [y (tj - k) + n (t j - k) ] (5.4). 

k=O 

The error can be described as 

(5.5). 

N-l 
= E ak [y(t j_k ) + n(tj_k )] - cd(td (5.6). 

1:=0 

Next, look at the mean square errors, E [e 2(td], where E represent the 

expected value or mean. 

(5.7). 



N-I 
+ cd 2(td - 2 cd (td ~ a" V (t;-k) 

k=O 

N-I N-I 
+ ~ E a" aj n (ti_k)n (ti _ j ) 

k=O j=O 

N-I N-I N-I 
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+ E E a"ajv(ti-k)n(ti-j) - 2 cd(td E akn(ti_k ) 
k=O j=o k=O 

N-I N-l 
+ E E a"ajn(ti_k)V(ti_j)] 

"=0 j=o 

Define some abbreviations 

1 M 
'linn (tk-i) = lim E n (ti - k ) n (ti-i) 

M--'oo M+1 i=O 

1 M 
'lI yn (tk _ i) = lim E V (t; - k) n (ts - j ) 

M--.oo M+1 i=O 

1 M 
'lI c~ n (tk) = lim E cd (ts) n (ti-k) 

M--'oo M+1 i=O 

1 M 
'lIny(tk_ j ) = lim E n (ti - k) V (ti - j ) 

M --'00 .'fIt! +1 i=O 

(5.8). 

(5.9). 

(5.10). 

(5.11). 

(5.12). 

(5.13). 

(5.14). 

Substituting equations (5.9), (5.10), (5.11), (5.12), (5.13), and (5.14) into equa

tion (5.8) yields 
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N-l 
+ E [ cd 2( td ] - 2 E ak 'l1 Col y (tk ) ] 

k=O 

N-l N-l N-l N-l 
+ E E ak a; 'linn (tk-;) + E E ak a; 'l1 yn (tk-;) 

k=O ;=0 k=O j=o 

N-l N-l N-l 
2 ~ ak 'l1coI n (tk) + E E ak aj 'l1ny (tk-i) (5.15). 

k=O k=O ;=0 

The first three terms of equation (5.15), which are enclosed by a pair of square 

brackets, do not include noise n (ti ). They are called system errors because 

they come from the system itself not from the noise. The last four terms of 

equation (5.15) include noise n (tj). They are called random errors because 

they come from random noise. Assume that the input signal y (t j _ k) and the 

noise n (t j -k) are independent. If this assumption is not true, equation (5.15) 

cannot be reduced to a simple form. In the real world case, this assumption is 

reasonable for most problems, including this problem. Therefore, it follows 

that 

(5.16). 

This means that the last three terms of equation (5.15) are simply equal to 

zero. So we are left with four terms; the three system error terms and one ran-

dom error term. 

Next, design a predictor that has no system errors. That is, make the 

first three terms of equation (5.15) equal to zero. Therefore, equation (5.15) 

can be rewritten in a simple form as 

(5.17). 
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Furthermore, the noise between two sample points can be considered as 

uncorrelated, that is 

(5.18). 

Thus, equation (5.17) can ,be rewritten as 

(5.19), 

where un 2 is the variance of the white noise n (ti ). By rearranging equation 

(5.19) and defining the ratio between E [ e 2(t j ) ] and 0" n 2 as the mean-square-

error coefficient yields 

N -I E [ e 2 (td ] 
E ak

2 
= ----

k=O Un 
2 

(5.20). 

N-I 
If E ak 2 is less than 1 the noise of the output signal is smaller than the noise 

k=O 

of the input signal. The smaller the mean-square-error coefficient is the more 

the noise of the output signal can be reduced. 

In flection 5.1, a useful coefficient, the mean-square-error coefficient 

N-I 
E ak 2, which is the ratio between E [ e 2( t j ) ] and 0" n 2 was defined. In sec

k=O 

tion 5.2, the mean-square-error coefficient will be minimized to find the optimal 

coefficients ak. Once the coefficients ak are available, smooth prediction 

becomes possible. The two-point-linear predictor, five-point-quadratic predic

tor, and nine-point-cubic predictor are also derived in section 5.2. 

5.2 Smooth Prediction For Position Signals 
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Next, consider a qth order polynomial function as a input signal, 

q ~ N - 1, it has the form 

(5.21). 

If the system errors is to be zero the following condition has to be satisfied, 

N-l 
C (td = 11 (t j +a) = E a" 11 (t j _" ) (5.22), 

"=0 

where c (t j ) = 11 (t j +a) means that the output signal is the value of input sig

nal 11 (t j _,,) at the future time ti+a' where a is the number of steps to be 

predicted. 11 (t; +a) and 11 (t j -.I:) in equation (5.22) are 

(5.23) 

and 

(5.24). 

The question here is how to choose ak to reach zero system errors. In other 

words, the objective is to find the optimal solution for a", which would lead to 

zero system errors. The next several pages are devoted to deriving a set of for

mulas for ale' 

From the theory of digital processes [75J, 

(5.25) , 

where D is the differential operator and T is the sampling period. From the 

Taylor's series expansion, an exponential function can be expressed as an infin-

ite series, 

00 t; 
e

t 
= E 'r ;=0 ). 

(5.26). 
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By plugging equations (5.25) and (5.26) into equations (5.23) and (5.24), 

y(ti +a ) = e aTD y(t;) = f (a~~)i y(td 
i =0 :J • 

and 

(5.27) 

(5.28). 

Because y (ti ) is a qth order polynomial function, q ~ N - 1. When i > q, 

(5.29). 

Therefore, equations (5.27) and (5.28) can be reduced to 

(5.30) 

and 

(5.31) . 

By plugging equations (5.30) and (5.31) into equation (5.22), 

By moving the left hand side of equation (5.32) to the right hand side of the 

q 
equation and factor E out of the equation yields 

i=O 
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q N-l .. Ti . 
E [ E ak (- k ) J - a J ] --:;- D J Y (td = 0 
i=o k=O j • 

If equation (5.33) is true then the following condition has to be true also, 

This implies 

N-l 
E ak (-k)i - a i = 0, for j = 0, ... , q 

k=O 

N-l 
E ak (- k ) i = a i I for j = 0, ... , q 

k=O 

(5.33). 

(5.34). 

(5.35). 

Expanding equation (5.35) from j = 0 to j = q, it is concluded that if the fol-

lowing conditions are true the system erro:LS are zero. 

and 

N-l 
E ak = 1, 

k=O 

j = 0 

N-l 
E k ak = -a, 

k=O 

N-l 

j = 1 

j = 2 

E k q ak = (-1) q a q , j = q, q ~ N - 1 
k=O 

(5.36), 

(5.37), 

(5.38), 

(5.39). 

To minimize the mean-square-error coefficient defined in equation 

(5.20) and also reach zero system errors, the Lagrange multipliers al'e used to 

obtain the adjoint function 
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N-1 N-1 N-1 
g (a" ,A i) = ~ a" 2 + Al [ E ale - 1 ] + A2 [ E k a" + a ] 

"=0 "=0 "=0 

N-1 
+ A3 [ E k 2 a" - a 2 

] + 
k=O 

N-1 
+ A q + 1 [ E k q a" - (-1) q a q ] (5.40). 

"=0 

Here Ai' j = 1, ... , q +1 are the Lagrange multipliers. Equations (5.36) 

through (5.39) are the constraints of the Lagrange multipliers in the adjoin 

function (5.40). By taking the first partial derivative of equation (5.40) with 

respect to a", (k = 0, ... , N -1), and setting its result to zero yields 

a g (abA i) 
----- = 0, aa" 

k = 0, ... , N-1 (5.41). 

In summary, a general rule to derive formulas for qth order polyno

mial predictors is developed in this section. Equations (5.40) and (5.41) provide 

an easy way to find the optimal parameters a", (k = 0, ... , N -1) for any poly

nomial predictors. In the next three sections, the parameters a" will be 

obtained specifically for the TPLP, FPQP, and NPCP. 

5.2.1 Two-point-linear-predictor (TPLP) 

For the TPLP, the first-order linear function can be described as 

q = 1 (5.42). 

From equation (5.40), the adjoint function for the TPLP is 

N-1 N-1 
g ( a" ,A i) = E a" 2 - 2 u 1 [ E a" - 1 ] 

"=0 "=0 
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N-l 
2u2 [ ~ k ak + a ] (5.43), 

k=O 

where for convenience Al is chosen to be -2ul and A2 to be -2u2' From equa-

tions (5.41) and (5.43), the following result is obtained 

2ak - 2u 1 - 2u 2 k = 0, k = 0,00', N -1 (5.44). 

That is, 

ak = u 1 + u 2 k, k = 0,00', N -1 (5.45). 

Equation (5.45) provides a way to compute ak in t.erms of uland u 2' To solve 

for uland u 2 in terms of given values N and a. To do so, all the possible 

values of k from ° to N-l are summed for both sides of equation (5.45) 

N-l N-l 
~ ak = NUl + U 2 E k (5.46). 

k =0 k=O 

Multiplying both sides of equation (5.45) by k and summing all the possible 

values of k yields 

N-l N-l N-l 
~ k ak = U 1 ~ k + U 2 ~ k 2 (5.47). 

k=O k=O k=O 

Plugging equation (5.36) into the left hand side of equation (5.46) and using 

the formulas that are provided in Appendix I yields 

1 = N Ul + U2 N (N - 1) 
2 

(5.48). 

Plugging equation (5.37) into the left hand side of equation (5.47) and using 

the formulas that are provided in Appendix I yields 

N (N - 1) + U2 N (N - 1)(2N - 11. 
2 6 

(5.49). 



Next, by solving equations (5.48) and (5.49) simultaneously yields 

and 

2 (2N - 1) + 6 a 
N (N + 1) 

u = -6 (N - 1 + 2 a) 
2 N (N + 1)(N - 1) 
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(5.50) 

(5.51), 

where N is the number of data points, for a TPLP, N = 2, and a is the 

number of steps to be predicted. Therefore, u 1 and "2 can be easily computed 

from equations (5.50) and (5.51) given N and a. Once "1 and "2 are available, 

a" can be computed from equation (5.45) easily. Thus, the a step predicted 

signal y (t i +a) of a TPLP can be estimated from 

(5.52) 

or 

(5.53). 

As a demonstration, look at the following examples. 

Example 1. Let N = 2 and a = 1, that is, predict one-step ahead of 

time. Here, "1 and "2 can be computed from equations (5.50) and (5.51), 

and 

(5.55). 

From equation (5.45), 

(5.56) 



and 

al = "'1 + "'2 = 2 - 3 = -1 

Therefore, the one-step prediction can be computed from 
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(5.57). 

(5.58). 

Note the TPLP merely fits a straight line to the data so this results is exactly 

what you would get using y = mz + b. The beauty of the technique is in its 

generality. 

Example 2. Let N = 2 and a = 5, that is, predict five-step ahead of 

time. Here, u 1 and '" 2 can be computed from equations (5.50) and (5.51), 

and 

From equation (5.45), 

and 

a 1 = '" 1 + '" 2 = 6 - 11 = - 5 

Therefore, the five-step prediction can be computed from 

(5.59) 

(5.60). 

(5.61) 

(5.62). 

(5.63) . 

The simulation results of the TPLP for saccadic, triangular, parabolic, 

cubic, and sinusoidal signals from the difference equation approach are exactly 

the same as that of the matrix approach, which is described in chapter 3. The 
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results are displayed in Figure 4 through Figure 18. 

5.2.2 Five-point-quadratic-predictor (FPQP) 

For the FPQP, the second-order quadratic function can be described 

as 

q = 2 (5.64). 

From equation (5.40), the adjoint function for the FPQP is 

N-l N-l N-l 
g (a}: ,Aj) = :E a" 2 - 2u l [ E a" - 1] - 2u2 [ :E k a" + a ] 

"=0 "=0 "=0 
N-l 

2 u 3 [ :E k 2 a" - a 2 
] (5.65), 

"=0 

here for convenience Al is chosen to be -2u l' A2 to be -2u 2, and A3 to be 

-2U3' From equations (5.41) and (5.65), 

2a" - (2ul +2U2k +2U3k2) = 0, k = 0, ... ,N-1 (5.66). 

That is, 

a" = u 1 + u 2 k + u 3 k 2 , k = 0, ... , N-1 (5.67). 

Equation (5.67) provides a way to compute coefficients a,l: for the FPQP in 

of given values N and a. To do so, use the same approach as in the previous 

sections to obtain 

N-l N-l 
= N ul + u2 :E k + u3 :E k 2 

N-l 

:E k a" = 
}:=o 

"=0 "=0 
(5.68), 

(5.69), 
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and 

N-l N-l N-l N-l 
~ k 2 ak = U 1 ~ k 2 + U 2 ~ k 3 + U 3 ~ k 4 (5.70). 

k=O k=O k=O k=O 

By plugging equations (5.36), (5.37), and (5.3B) into the left hand side of equa

tions (5.6B), (5.69), and (5.70) respectively yields 

N-l N-l 
1 = N ul + u2 ~ k + u3 r; k 2 (5.71), 

Ie =0 Ie =0 

N-l N-l N-l 
- a = ul r; k + u2 r; k 2 + u3 r; k 3 (5.72), 

k=O k=O k=O 

and 

N-l N-l N-l 
a 2 = ul r; k 2 + u2 r; k 3 + u3 r; k4 (5.73). 

k=O r.=o k=O 

Next, use the formulas that are provided in Appendix I to solve equations 

(5.71), (5.72), and (5.73) simultaneously, 

U = 1B(2N - l)a + 30 a 2 + 3(3N2 - 3N + 2) 
1 N (N + l)(N + 2) 

(5.74), 

I2(2N - I)(-BN + lI)a IBOa 2 
U2 = -

N (N - I)(N + I)(N 2 - 4) N(N + 1)(N2 - 4) 

IB{2N - 1) 
(5.75), 

N(N + l)(N + 2) 

and 

1BOa 
+ 

1BOa2 
u3 = -

N(N + 1)(N2 - 4) N (N2 - I)(N 2 - 4) 

+ 
30 (5.76), 

N(N + l)(N + 2) 



76 

where N is equal to 5 in an FPQP. 

Given N and ct, u 1, u2' and U3 can be easily computed from equa-

tions (5.74), (5.75), and (5.76). For FPQP, N is equal to 5. Therefore, equa

tions (5.74), (5.75), and (5.76) can be reduced to 

and 

5a 2 + 27a + 31 
35 

-20a2 - 87a - 54 
70 

a 2 + 4a + 2 
14 

(5.77), 

(5.78), 

(5.79). 

Once U l' U 2' and U 3 are available, the parameters ak can be computed from 

equation (5.67). They are 

and 

5a2 + 27a + 31 
35 

-5a2 - 13a + 18 
70 

-5a 2 - 20a - 3 
35 

-5a 2 - 27a - 10 
70 

5a 2 + 13a + 3 
35 

(5.80), 

(5.81), 

(5.82), 

(5.83), 

(5.84). 

Therefore, the a step predicted signal 0 (ti +a) of an FPQP can be estimated 
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from 

(5.85). 

As a demonstration, look at the following examples. 

Example 1. Let N = 5 and a = 1, that is, predict one-step ahead of 

time. Here, ul' U2' and "3 can be computed from equations (5.74), (5.75), and 

(5.76), 

and 

From equation (5.67), 

and 

161 
u2= --70 

1 
u3 =-

2 

9 
ao = ul = -

5 

21 
a3 = ul + 3 u2 + 9 u3 = - -

35 

(5.86), 

(5.87), 

(5.88) . 

(5.89) , 

(5.90),. 

(5.91), 

(5.92), 
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(5.93). 

Therefore, the one-step prediction can be computed from 

(5.94). 

Example 2. Let N = 5 and a = 2, that is, predict two steps ahead of 

time. Here, "'1' "'2' and "'3 can be computed from equations (5.74), (5.75), and 

(5.76), 

"'1 = 3 (5.95), 

154 
"'2=--35 

(5.96), 

and 

tt3 = 1 (5.97). 

From equation (5.67), 

105 
ao = "'1 =-35 

(5.98) , 

(5.9~), 

(5.100), 

(5.101), 

and 
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(5.102). 

Therefore, the two-step prediction can be computed from 

(5.103). 

The simulation results of the FPQP for saccadic, triangular, para

bolic, cubic, and sinusoidal signals from the difference equation approach are 

exactly the same as that of the matrix approach, which is described in chapter 

3. The results are displayed in Figure 19 through Figure 33. 

5.2.3 Nine-point-cubic-predictor (NPCP) 

For the NPCP, the third-order cubic function can be described as . 

q = 3 (5.104). 

From equation (5.40), the adjoint function for the NPCP is 

N-I N-I N-l 
~ a" 2 - 2 U I [ ~ ak - 1 ] - 2 U 2 [ ~ k ak + a ] 

k=O "=0 k=O 

N-I 
2u 3 [ ~ k 2 ak - a 2 

] 
k=O 

N-I 
2u4 [ ~ k 3 a" + a

3 ] (5.105), 
k=O 

here for convenience choose Al to be -2uI' A2 to be -2u2' A3 to be -2u3' and 

A4 to be -2u4' From equations (5.41) and (5.105), 

2ak - ( 2ul + 2u2 k + 2u3 k 2 + 2u4 k 3 ) = 0, k = 0, ... , N -1(5.106). 
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That is, 

k = 0, ... , N-1 (5.107). 

Equation (5.107) provides a way to compute coefficients ,ak for the NPCP in 

terms of given values N and a. To do so, use the same approach as in the pre-

vious sections to obtain 

N-l N-l N-l 
N u l + "2 E k + "3 E k 2 + U 4 E k

3 (5.108), 
k=O k==O k=O 

N-l N-l N-l N-l 
- "1 E k + "2 E k 2 + U3 E k 3 + "4 E k4 (5.109), 

k=O k=O k=O k=O 

N-l N-l N-l N-l 
= "1 E k 2 + U2 E k 3 + "3 E k4 + U4 E k 5 (5.110), 

k=O k=O k=O k=O 

and 

By plugging equations (5.36), (5.37), (5.38), and (5.39) into the left hand side 

of equations (5.108), (5.109), (5.110), and (5.111) respectively yields 

N-l N-l N-l 
1 = N ul + "2 E k + "3 E k 2 + U4 E k 3 (5.11~), 

k=O k=O k =0 

-O!= (5.111), 

N-I N-l N-l N-I 
"I E k 2 + U2 E k 3 + "3 E k4 + U4 E k

5 (5.114), 
k=O !c=o k=O k=O 

and 
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N-1 N-1 N-1 N-1 
- a

3 = U1 E k 3 + U2 E k4 + U3 E k 5 + U4 E kG (5.115). 
k=O k=O k=O k=O 

Next, use the formulas that are provided in Appendix I to solve equations 

(5.112), (5.113), (5.114), and (5.115) simultaneously to obtain a set of formulas 

of U 1, U 2, U 3, and U 4 in terms of the number of points N and the number of 

steps to be predicted a. In the NPCP, nine points are used in the prediction 

processes, that is, N is equal to 9 in the NPCP. Therefore, equations (5.112), 

(5.113), (5.114), and (5.115) can be reduced to 

1 = 9u 1 + 36u2 + 204u3 + 1296u4 (5.116), 

(5.117), 

(5.118), 

and 

(5.119). 

Next, by solving equations (5.116), (5.117), (5.118), and (5.119) simultaneously, 

U 1 = 0.661 + 0.311a + 0.031a 2 (5.120), 

U 2 = -0.311 - 0.228a - 0.027 a 2 (5.121), 

U3 = 0.031 + 0.027a + 0.004a 2 (5.122), 

and 

(5.123). 

Once u l' U 2' U 3' and u 4 are available, the parameters ak can be computed 

from equation (5.107). Therefore, the a steps predicted signal 0 (ti +a) of an 



NP CP can be estimated from 

8 

ri(ti+a) = E 0" lI(ti -,,) 
k=O 

5.3 Smooth Prediction For Velocity Signals 
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(5.124). 

In this section, a set of formulas are derived to compute the predicted 

velocity signal from the position signal. First, consider a qth order polynomial 

function as a input signal, q ~ N - 1, it has the form as in equation (5.21), 

that is, 

(5.21). 

For the output signal from the system to be the first derivative of the input 

signal the following condition has to be satisfied, 

N-l 
C (t;) = y (ti+a) = :E a" 1I (ti _,,) (5.125), 

"=0 

where c (ti ) = Y (ti +a) means that the output signal is the first derivative of 

input signal 1I (ti _,,) at the future time ti +a' where a is the number of steps to 

be predicted. 1I (ti _,,) in equation (5.125) is just equation (5.24), that is, 

(5.24). 

The question here is how to choose a" to reach zero system errors. In other 

words, the objective is to find the optimal solution for a", which would lead to 

zero system errors. The next several pages are devoted to deriving a set of for-

mulas for a" . 

From the theory of digital processes [75], 
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(5.25), 

where D is the differential operator and T is the sampling period. If the first 

derivative of equation (5.25) is taken with respect to :z; (ti ), 

(5.126). 

According to equation (5.126), iJ (ti +a) can be described as 

(5.127). 

Because 11 (ti ) is a qth order polynomial function, q ~ N - 1, when i > q, 

(5.29), 

and the summation of equation (5.127) is restricted within j = 0, ... , q-1. 

Therefore, equation (5.127) can be reduced to 

Let 1 = i + 1, then 

. ,I! 
j.= T 

By plugging equation (5.129) into equation (5.128), 

• _ ..!L. 1 (a T)'-l I 
11 (ti +a) - 1~0 I! D 11 {til 

Furthermore, equation (5.125) can be rewritten as 

N-l 
E a" 11 (t i _,,) - iJ (ti+a) = 0 

"=0 

(5.128). 

(5.129). 

(5.130). 

(5.131) . 
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Plugging equations (5.130) and (5.31) into equation (5.131) yields 

t N-l ( k T); ( T);-1 
[ ~ - -' a ] D; (t.) = 0 ~ ak ., ) ., Y I 

;=0 k=O)' ). 
(5.132). 

If equation (5.132) is true the following condition also has to be true, 

N-l . . 
E ak (- k T)' - j (a T)' -1 = 0 , for all i (5.133). 

k=O 

This implies 

N-l . . 
E ak (- k T) 1 = j (a T) 1 -1 , for all i (5.134). 

k=O 

Expanding equation (5.134) from i = 0 to j = q, it is concluded that if the 

following conditions are true the system errors are zero. 

N-l 

E ak = 0, 
. 

=0 (5.135), ) 

k=O 

N-l 1 E k ak 
. 

= 1 (5.136), = -T' ) 

k=O 

N-l 2a E k2ak =T' j = 2 (5.137) , 
k=O 

N-l 3 a 2 

E k3ak =-~, j =3 (5.138), 
k=O 

and 

N-l 
E k q 

ak = j=q,q~N-1 (5.139). 
k=O 
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To minimize the mean-square-error coefficient defined in equation 

(5.20) and also reach zero system errors, the Lagrange multipliers are used to 

obtain the adjoint function 

N-1 (-l)q q a q- 1 

+ A q +1 [ E k q ak - - - T ] 
k=O 

(5.140). 

Here A j , j = 1, ... , q +1 are the Lagrange multipliers. Equations (5.135) 

through (5.139) are the constraints of the Lagrange mUltipliers in the adjoin 

function (5.140). By taking the first partial derivative of equation (5.140) with 

respect to ak' (k = 0, ... , N -1), and then setting its result to zero yields 

k = 0, ... , N-1 (5.41). 

In summary, a general rule is developed in this section to derive for-

mulas for qth order polynomial predictors, which compute the predicted velo

city signal from the position signal. Equations (5.140) and (5.41) provide an 

easy way to find the optimal parameters ak' (k = 0, ... , N -1) for any polyno

mial predictors. This technique is simplier than the conventional techniques 

because it computes the predicted velocity signal from the position signal at 

one stage only. While in the conventional techniques, it computes the velocity 

signal from the position signal first then uses the velocity signal to compute the 

predicted velocity signal. That is, it takes two stages to get the job done in the 
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conventional techniques. In the next three sections, the parameters ak for the 

first-order velocity predictor, second-order velocity predictor, and third-order 

velocity predictor are obtained. 

5.3.1 First-order velocity predictor (FOVP) 

The first-order linear function can be described as 

q = 1 (5.42). 

From equation (5.140), the adjoint function for the first-order velocity predic-

tor is 

where for convenience Al is chosen to be -2ul and A2 to be -2u2' From equa-

tions (5.41) and (5.141), 

2ak - 2u 1 - 2u 2 k = 0, k = 0, ... , N -1 (5.142) . 

That is, 

ak = ul + u2 k, k = 0, ... , N-1 (5.143). 

Equation (5.143) provides a way to compute ak in terms of uland u 2' Now, to 

solve for uland u 2 in terms of given values N, T, and a. To do so, sum all the 

possible values of k from ° to N-1 for both sides of equation (5.143) 

N-l N-l 
E ak = NUl + u 2 E k (5.144). 

k=O k=O 

By multiplying both sides of equation (5.143) by k and summing all the possi

ble values of k yields 
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N-1 N-1 N-1 
E k ak = "1 E k + "2 E k 2 (5.145). 

k=O "=0 k=O 

By plugging equation (5.135) into the left hand side of equation (5.144) and 

using the formulas that are provided in Appendix I, 

0 - N + N (N - 1) 
- "1 "2 2 

(5.146). 

By plugging equation (5.136) into the left hand side of equation (5.145) and 

using the formulas that are provided in Appendix I, 

_ ..!... = "1 N (N - 1) +"2 N (N - 1)(2N - 1) 
T 2 6 

(5.147). 

Next, by solving equations (5.146) and (5.147) simultaneously yields 

6 
(5.148) 

"1 = N (N + 1) T 
and 

12 
"2= - ------

N (N2 - 1) T 
(5.149) , 

where N is the number of data points and T is sampling period. Therefore," 1 

and u 2 can be easily computed from equations (5.148) and (5.149) given Nand 

T. For FOVP, N is equal to 2. Therefore, equations (5.148) and (5.149) can be 

reduced to 

(5.150) 

and 

2 
"2 =--

T 
(5.151). 

Once "1 and "2 are available, the parameters ak can be computed from equa-
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tion (5.143) easily. Thus, the a steps predicted velocity signal 0 (t j +a) can be 

estimated from 

(5.152), 

or 

(5.153). 

As a demonstration, look at the following example. 

Example 1. Two-Point Backward Method For Velocity. 

Let N = 2, T = 0.001 sec, and a = 0, that is, sample the position 

signal every millisecond so the sampling period T is 0.001 sec. Here, it is 

desired to compute the velocity signal from the position signal so a = o. There

fore, '" 1 and '" 2 can be computed from equations (5.148) and (5.149), 

"'1 = 1000 (5.154) 

and 

U2 = - 2000 (5.155). 

From equation (5.143), 

aO = "'1 = 1000 (5.156) 

and 

(5.157). 

Therefore, the velocity signal can be computed from 

o (td = 1000 y (td - 1000 Y (t i - 1) (5.158). 



89 

The velocity signal of a 9.52 degree saccade using the two-point cen-

tl'al difference derivative algorithm [76] [77] is displayed in Figure 79. The peak 

velocity is about 350 degree/ms, which occurs around time 205 ms. This 

method is not appropriate for real-time simulation because it uses points that 

do not exist now. Conversely, the two-point backward method for velocity is 

useful for real-time simulation because it uses only points that already exist. 

The velocity signal of a 9.52 degree saccade using the two-point backward 

method for velocity is displayed in Figure 80. The peak velocity is about 351 

degree/ms, which occurs around time 203 ms. Another interesting result of 

this is that equation (5.158) is similar to that described in [78]. 

5.3.2 Second-order velocity predictor (SOVP) 

The second-order quadratic function can be described as 

q = 2 (5.64). 

From equation (5.140), the adjoint function for the second-order velocity pred-

ictor is 

N-1 N-1 N-1 
~ ak 2 - 2 u 1 [ ~ ak ] - 2 u 2 [ ~ k 

k=O k=O k=O 
N-1 2 a 

2u 3 [ ~ k 2 ak - T ] 
k=O 

(5.159), 

here for convenience choose ..\1 to be -2u1, ..\2 to be -2u2; and ..\3 to be - 2u 3. 

From equations (5.41) and (5.159), 

k = 0, ... , N -1 (5.160). 

That is, 

ak = u 1 + u 2 k + u 3 k 2 
, k = 0, ... , N-1 (5.161). 



90 

Equation (5.161) provides a way to compute coefficients ak for the second

order velocity predictor in terms of uH u2' and u3' Now, to solve for uI' u2' 

and U 3 in terms of given values N, T, and a. To do so, use the same approach 

as the previous sections, 

and 

N-I N-I N-I 
E al: = N ul + u2 E k + u3 E k 2 

k=O 1:=0 1:=0 

N-I N-l N-l N-I 
E k al: = U I E k + U 2 E k 2 + U 3 E k 3 

k=O 

N-I 
E k 2 

ak = 
k=O 

k=O k=O k=O 

(5.162) , 

(5.163), 

(5.164). 

By plugging equations (5.135), (5.136), and (5.137) into the left hand side of 

equations (5.162), (5.163), and (5.164) respectively, 

N-I N-l 
o = N UI + U2 E k + U3 E k 2 (5.165) , 

k=O k =0 

1 - -= 
T 

N-I N-l N-I 
UI E k + U2 E k 2 + U3 E k 3 

k=O k=O k=O 
(5.166), 

and 

2a 
-= 

T 

N-I N-I N-I 
UI E k 2 + U2 E k 3 + U3 E k4 

k=O k=O k=O 
(5.167). 

Next, use the formulas that are provided in Appendix I to solve equations 

(5.165), (5.166), and (5.167) simultaneously to obtain 

U = 6 (6 N - 3 + 10 a) 
I N T (N + l)(N + 2) 

(5.168), 



U2 = 

and 

- 12[ (8N - 11) (2N - 1) + 30 (N - 1) a ] 
N (N - l)(N + 1)(N 2 

- 4) T 

180 (N - 1 + 2 a) 
N (N 2 - 1)(N2 - 4) T 
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(5.169), 

(5.170). 

Given N, T, and a Uh U2' and U3 can be computed easily from equa-

tions (5.168), (5.169), and (5.170). For SOVP, N is equal to 5. Therefore, equa

tions (5.168), (5.169), and (5.170) can be reduced to 

U2 = 

and 

lOa + 27 
35T 

-40a - 87 
70T 

2a + 4 
7T 

(5.171), 

(5.172), 

(5.173). 

Once U l' U 2' and U 3 are available, the parameters ilk can be computed from 

equation (5.161). They are 

and 

lOa + 27 
35T 

A 1 
al=-

lOT 

lOa + 20 
35T 

BOa + 153 
70T 

(5.174), 

(5.175), 

(5.176), 

(5.177), 



-30a + 173 
35T 
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(5.178). 

Therefore, the a steps predicted velocity signal 0 (t j +a) can be estimated from 

(5.179). 

As a demonstration, look at the foliowing example. 

Example 1. Five-Point Backward Method For Velocity. 

Let N = 5, T = 0.001 sec, and a = 0, that is, sample the position 

signal every millisecond so the sampling period T is 0.001 sec. Here, it is 

desired to compute the velocity signal from the position signal so a = o. 

Therefore, "1' "2, and "3 can be computed from equations (5.168), (5.169), 

and (5.170), 

"1 = 771.4286 (5.180), 

"2 = - 1242.8571 (5.181) , 

and 

"3 = 571.42857 (5.182). 

From equation (5.161), 

aO = "1 = 771.4286 (5.183), 

(5.184), 

a 2 = "1 + 2 "2 + 4 "3 = 571.4286 (5.185), 
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a3 = U1 + 3 u2 + 9 u3 = 2185.7144 (5.186), 

and 

a4 = u1 + 4 u2 + 16 u3 = 4942.8571 (5.187). 

Therefore, the velocity signal can be computed from 

g (t;) = 771.4286 y (t;) + 100 y (t j -1) + 571.4286 y (tj - 2) 

+ 2185.7144 y (tj -3) + 4942.8571 y (t j -4) (5.188). 

The velocity signal of a 9.52 degree saccade using the five-point back

ward method for velocity is displayed in Figure 81. The peak velocity is about 

370 degree/ms, which occurs around time 203 IDS. Another interesting note 

here, equation (5.188) is similar to that described in [78]. 

5.3.3 Third-order velocity predictor (TOVP) 

The third-order cubic function can be described as 

(5.104). 

From equation (5.140), the adjoint function for the third-order velocity predic-

tor is 

N-1 2 
2u 3 [ E k 2 ak - ~ ] 

k=O T 

(5.189), 
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here for convenience choose Al to be -2ul, A2 to be -2u2, A3 to be -2u3' and 

A4 to be -2u 4. From equations (5.41) and (5.189), 

That is, 

Ie = 0, ... , N-l (5.191). 

Equation (5.191) provides a way to compute coefficients ak for the third-order 

and u 4 in terms of given values N, T, and a. To do so, use the same approach 

as the previous sections, 

N-l N-l N-l 
= N ul+u2 ~ Ie +u3 E le2+ U4 ~ le3 (5.192), 

k=O k=Ok=O 

N-l 
~ Ie ak 

N-l N-l N-l N-l 
= u l ~ Ie + u2 ~ le 2 + u3 E k 3 + u4 E k4 (5.193), 

k=O k=O k=O k=O k=O 

N-l N-l N-l N-l 
= U 1 ~ Ie 2 + u 2 ~ k 3 + u 3 ~ k 4 + u 4 ~ Ie 5 (5.194), 

k=O k=O k=O k=O 

and 

By plugging equations (5.135), (5.136), (5.137), and (5.138) into the left hand 

side of equations (5.192), (5.193), (5.194), and (5.195) r;~spectively, 

N-l N-l N-l 
o = N ul + u2 ~ Ie + u3 ~ le 2 + u4 ~ le 3 (5.196), 

k =0 Ie =0 k =0 

1 
- -= 

T 
(5.197) , 
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2a 
-= 

T 

N-I N-I N-I N-I 
U I E k 2 + U 2 E k 3 + U 3 E k4 + U4 E k 5 

k=o k=O k=O k=O 
(5.198), 

and 

3 a 2 
--= 

T 

N-l N-l N-l N-l 
ul E k 3 + "2 E k4 + Ua E k 5 + U4 E kG 

k=O k=O k=O k=O 
(5.199). 

Next, use the formulas that are provided in Appendix I to solve equations 

(5.196), (5.197), (5.198), and (5.199) simultaneously to obtain a set of formulas 

of U l' U Z, U a, and U 4 in terms of the number of points N, the sampling period 

T, and the number of steps to be predicted a. For TOVP, N is equal to 9. 

Therefore, equations (5.196), (5.197), (5.198), and (5.199) can be reduced to 

o = 9ul + 36u2 + 204ua + 1296u4 (5.200), 

(5.201), 

2a T = 204ul + 1296u2 + 8772ua + 61776u4 (5.202), 

and 

-3a 2 
T = 1296ul + 8772u2 + 61776ua + 782187u4 (5.203). 

Next, by solving equations (5.200), (5.201), (5.202), and (5.203) simultaneously, 

0.062a + 0.311 
T 

-0.054a - 0.228 
T 

0.008a + 0.027 
T 

(5.204), 

(5.205), 

(5.206), 
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and 

(5.207). 

Once u l' U 2' U 3' and u 4 are available, the parameters ak can be computed 

from equation (5.191). Therefore, the O! steps predicted velocity signal g (t; +aJ 
can be estimated from 

(5.208). 

5.4 Smooth Prediction For Acceleration Signals 

In this section, a set of formulas to predict the acceleration signal 

from the position signal are derived. First, consider a qth order polynomial 

function as a input signal, q ~ N - 1, it has the form as in equation (5.21), 

that is, 

y (t;) = do + d 1 t; + d 2 t; 2 + ... + dq t; q (5.21). 

For the output signal from the system to be the second derivative of the input 

signal the following condition has to be satisfied, 

N-l 
C (td = ii (t; +a) = :E ak Y (t; - k ) (5.209), 

k=O 

where c (t;) = ii (t; +a) means that the output signal is the second derivative' of 

input signal y (t; -k) at the future time t; +a, where O! is the number of steps to 

be predicted. y (t; -k) in equation (5.209) is just equation (5.24), that is, 

(5.24). 

The question here is how to choose ak to reach zero system errors. In other 
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words, the objective is to find the optimal solution for ak' which would lead to 

zero system errors. The next several pages are devoted to deriving a set of for-

mulas for ak . 

From the theory of digital processes [75], 

(5.25), 

where D is the differential operator and T is the sampling period. If the first 

derivative of equation (5.25) with respect to x (t j ) is taken, 

(5.126). 

If the first derivative of equation (5.126) with respect to x (t j ) is taken, 

(5.210). 

According to equation (5.210)) ii (t j +oJ can be described as 

(5.211). 

Because y (ti ) is a qth order polynomial function, q ~ N - 1. When j > q, 

(5.29), 

and the summation of equation (5.211) is restricted within j = 0, ... , q -2. 

Therefore, equation (5.211) can be reduced to 

(5.212). 

Let I = j + 2, then 
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1 ! 
j! = 1 (I - 1) (5.213). 

By plugging equation (5.213) into equation (5.212), 

(5.214). 

Equation (5.209) can be rewritten as 

N-l 
E ak 1I (ti-k) - ii (ti+a) = 0 (5.215). 

k=O 

Plugging equations (5.214) and (5.31) into equation (5.215), 

( T)i- 2 • 
- j (.i - 1) a . f ] D J 1I (td = 0 

:J • 
(5.216). 

If equation (5.216) is true the following condition also has to be true, 

N-l. . 
E ak (-Ie T)' - j (j - 1) (a T),-2 = 0 , for all j (5.217). 

k=O 

This implies 

N-l. . 
E ak (- Ie T) J = j (j - 1) (a T)1- 2 , for all j (5.218). 

k=O 

To expand equation (5.218) from j = 0 to j = q, it is concluded that if the 

following conditions are true the system errors are zero. 

N-l 
E ak = 0, j = 0 (5.219), 

k=O 

N-l 
E Ie ak = 0, j = 1 (5.220), 

k=O 



and 

N-l 2 
E k2ak = T 2 ' .i = 2 

k =0 

N-l 6et 
E k3ak =-- j = 3 

k =0 T2 ' 

N-l 
E k q 

ak = 
(-1)q q (q - 1) et q - 2 

T2 k =0 
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(5.221), 

(5.222), 

:J = q, q ~ N - 1 (5.223). 

To minimize the mean-square-error coefficient defined in equation 

(5.20) and also reach zero system errors, the Lagrange multipliers are used to 

obtain the adjoint function 

N-l N-l N-l 
g (ak ,A j) = E ak 2 + A 1 [ E ak ] + A2 [ E k ak ] 

k=O k=O k=O 

(5.224). 

Here A j , j = 1, ... , q +1 are the Lagrange multipliers. Equations (5.2i9) 

through (5.223) are the constraints of the Lagrange multipliers in the adjoin 

function (5.224). Taking the first partial derivative of equation (5.224) with 

respect to ak, (k = 0, ... , N -1), and then setting its result to zero, 

k = 0, .. " N-1 (5.41). 
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In summary, a general rule is developed to derive formulas for qth 

order polynomial predictors in this section. Equations (5.224) and (5.41) pro

vide an easy way to find the optimal parameters a", (k = 0, ... , N -1) for any 

polynomial predictors. In the next three sections, the parameters a" for the 

first-order acceleration predictor, second-order acceleration predictor, and 

third-order acceleration predictor will be obtained. 

5.4.1 First-order acceleration predictor (FOAP) 

The first-order linear function can be described as 

q = 1 (5.42). 

From equation (5.224), the adjoint function for the first-order acceleration 

predictor is 

where for convenience A1 is chosen to be -2u1 and A2 to be -2u2. From equa-

tions (5.41) and (5.225), 

k = 0, ... , N-1 (5.226). 

That is, 

a" = u1 + u2 k, k = 0, ... , N-1 (5.227). 

Equation (5.227) provides a way to compute a" in terms of u1 and U2. Now, to 

solve for uland u 2 in terms of given values N, T, and a. To do so, sum all the 

possible values of k from 0 to N-1 for both sides of equation (5.227), 

N-1 N-1 
E a" = NUl + u 2 E k (5.228). 

"=0 "=0 
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By multiplying both sides of equation (5.227) by k 2 and summing all the possi

ble values of k yields 

N-l N-l N-l 
E k 2 ak = U 1 E k 2 + U 2 E k3 (5.229). 

k=O k=O k=O 

Plugging equation (5.219) into the left hand side of equation (5.228) and using 

the formulas that are provided in Appendix I yields 

0 - N + N (N - 1) 
- U 1 U 2 -'-"'-2-......t.. (5.230). 

Plugging equation (5.221) into the left hand side of equation (5.229) and using 

the formulas that are provided in Appendix I yields 

~ = U 1 N (N - 1) (2N - 1) + u2 N2 (N - 1)2 
T2 6 4 

(5.231). 

Next, by solving equations (5.230) and (5.231) simultaneously, 

12 
(5.232) 

U 1 = - N (N2 _ 1) T2 

and 

24 
u2 = ----------

N (N - 1)2 (N + 1) T2 
(5.233), 

where N is the number of data points and T is sampling period. Therefore, U 1 

and U 2 can be easily computed from equations (5.232) and (5.233) given Nand 

T. For FOAP, N is equal to 2. Therefore, equations (5.232) and (5.233) can be 

reduced to 

and 

2 
ul= -T2 

(5.234) 



4 
uz= -

T Z 
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(5.235) 

Once uland U 2 are available, the parameters tlk can be computed from equa

tion (5.227) easily. Thus, the 0: steps predicted acceleration signal 11 (tj +a) can 

be estimated from 

(5.236), 

or 

(5.237). 

As a demonstration, look at the following example. 

Example 1. Two-Point Backward Method For Acceleration. 

Let N = 2, T = 0.001 sec, and 0: = 0, that is, sample the position 

signal every ms so the sampling period T is 0.001 sec. Here, it is desired to 

compute the acceleration signal from the position signal so 0: = O. Therefore, 

ul and Uz can be computed from equations (5.232) and (5.233), 

U 1 = - 2000000 (5.238) 

and 

Uz = 4000000 (5.239). 

From equation (5.227), 

ao = Ul = - 2000000 (5.240) 

and 

a 1 = U 1 + U z = 2000000 (5.241). 
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Therefore, the acceleration signal can be computed from 

o (td = - 2000000 11 (td + 2000000 11 (t; -1) (5.242). 

5.4.2 Second-order acceleration predictor (SOAP) 

The second-order quadratic function can be described as 

q = 2 (5.64). 

From equation (5.224), the adjoint function for the second-order acceleration 

predictor is 

(5.243), 

for convenience choose Al to be -2ul, A2 to be -2u2, and A3 to be -2u3' 

From equations (5.41) and (5.243), 

k = 0, ... , N -1 (5.244). 

That is, 

ak = u 1 + u 2 k + u 3 k 2 , k = 0, ... , N-1 (5.245). 

Equation (5.245) provides a way to compute coefficients ak for the second-

order acceleration predictor in terms of u h u 2, and u 3' To solve for u 1, u 2, 

and u 3 in terms of given values N, T, and a use the same approach as 

described in the derivation of a first-order acceleration predictor, 

N-l 
E ak = 

N-l N-l 
N Ul + U2 E k + u3 E k 2 (5.246), 

k=O k=O k=O 
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N-l N-l N-l N-l 
~ k Z ak = U 1 E k Z + U Z ~ k 3 + U 3 ~ k 4 (5.247), 

10=0 10=0 10=0 10=0 

and 

N-l N-l N-l N-l 
~ k 3 

ak = U 1 ~ k 3 + U Z ~ k 4 + U 3 :E k 5 (5.248). 
10=0 10=0 10=0 10=0 

By plugging equations (5.219), (5.221), and (5.222) into the left hand side of 

equations (5.246), (5.247), and (5.248) respectively, 

N-l N-l 
o = N Ul + U z :E k + U3 :E k 2 (5.249), 

10 =0 10 =0 

2 
-= 

N-l N-l N-l 
ttl :E k Z + U2 :E k 3 + U3 :E k4 (5.250), 

10=0 10=0 10=0 

and 

(5.251). 

Next, use the formulas that are provided in Appendix I to solve equations 

(5.249), (5.250), and (5.251) simultaneously to obtain 

4 (252 N 4 - 810 N 3 + 942 N2 - 540 N + 180) 

TZN(N Z - 1)(6N4 - 15N3 - 13Nz + 60N - 44) 

+ 72 O! (10N 2 - 15N + 4) 

TZN (N + 1)(6N4 - 15N3 - 13Nz + 60N - 44) 
(5.252), 

24(6N 4 - 15N3 - 4Nz + 45N - 40) 
u2= --~--~~-----------------~--~~--------

T 2N (N 2 
- l)(N - 1)(6N4 

- 15N3 
- 13N2 + 60N - 44) 

+ 144 a 

T Z N (N 2 - 1) (6N 4 - 15N l - 13Nz + 60N - 44) 
(5.253), 
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and 

360 ( - 9 N 2 + 15 N - 4 ) 
u3= ------------------------------~----------T 2N (N 2 - 1)(6N4 - 15N3 - 13N2 + 60N -·44) 

2160 a 
(5.254). 

Given N, T, and a U l' U 2' and U 3 can be computed from equations 

(5.252), (5.253), and (5.254). Once U l' U 2' and U 3 are available, the parame

ters a" can be computed from equation (5.245). Therefore, the a steps 

predicted acceleration signal ii (ti +a) can be estimated from 

(5.255). 

As a demonstration, look at the following example. 

Example 1. Five-Point Backward Method For Acceleration. 

Let N = 5, T = 0.001 sec, and a = 0, that is, sample the position 

signal every ms so the sampling period T is 0.001 sec. Here, it is desired to 

compute the acceleration signal from the position signal so a = O. Therefore, 

U 1, U 2, and "'3 can be computed from equations (5.252), (5.253), and (5.254), 

U 1 = 1426356.60 (5.256), 

U 2 = 54263.57 (5.257), 

and 

U 3 = - 255813.95 (5.258). 
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From equation (5.245), 

a 0 = U 1 = 1426356.60 (5.259), 

(5.260), 

(5.261), 

(5.262), 

and 

a4 = Ul + 4 u2 + 16 u3 = -- 2449612.30 (5.263). 

Therefore, the acceleration signal can be computed from 

if (td = 1426356.6 y (td + 1224806.2 y (ti - 1) + 511627.94 y (t i - 2) 

- 713178.24 Y (ti - 3) - 2449612.30 Y (ti - 4) (5.264). 

5.4.3 Third-order acceleration predictor (TOAP) 

The third-order cubic function can be described as 

(5.104). 

From equation (5.224), the adjoint function for the third-order acceleration 

predictor is 

N-l N-l N-l 
g (ak ,A i) = E ak 2 - 2u 1 [ E ak ] - 2u 2 [ E k ak ] 

k=O k=O k=O 

(5.265), 
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here for convenience set Al to be -2Ul, ..\2 to be -2u2, ..\3 to be - 2u 3, and ..\4 

to be -2u4' From equations (5.41) and (5.265), 

That is, 

ak = U 1 + U 2 k + u 3 k 2 + U 4 k 3 , k = 0, ... ,N-1 (5.267). 

Equation (5.267) provides a way to compute coefficients ak for the third-order 

and u 4 in terms of given values N, T, and a use the same approach as 

described in the derivation of a first-order acceleration predictor, 

N-l N-l N-l N-l 
E ak = N ul + u2 E k + u3 E k 2 + u4 E k 3 (5.268), 

k=O k=O k=O k=O 

N-l N-l N-l N-l N-l 
E k 2 

ak = ul E k 2 + u2 E k 3 + u3 E k4 + u4 E k 5 (5.269), 
k=O k=O k=O k=O k=O 

N-l N-l N-l N-l N-l 
k 6 (5.2'70), E k 3 

ak = ul E k 3 + u2 E k4 + u3 E k 5 + u4 E 
k=O k=O k=O k=O k=O 

and 

N-l N-l N-l N-l N-l 
E k4 a = Ul E k4 + u2 E k 5 + U3 E k 6 + U4 E k7 (5.271). k 

k=O k=O k=O k=O k=O 

By plugging equations (5.219), (5.221), (5.222), and (5.223) into the left hand 

side of equations (5.268), (5.269), (5.270), and (5.271) respectively yields 

N-l N-l N-l 
o = N ul + u2 E k + u3 E k 2 + u4 E k 3 (5.272), 

k =0 k =0 k =0 

2 (5.273), -= 

.. 
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N-l N-l N-l N-l 
Ul ~ k 3 + U2 ~ k4 + U3 ~ k S + U4 ~ kG (5.274), 

k=O k=O k=O k~O 

and 

N-l N-l N-l N-l 
= ul ~ k4 + u2 ~ k S + u3 ~ k 6 + U4 ~ k7 (5.275). 

k=O k=O k=O k=O 

.-
Next, use the formulas that are provided in Appendix I to solve equations 

(5.272), (5.273), (5.274), and (5.275) simultaneously, a set of formulas of U l' 

U 2, U 3, and u 4 in terms of the number of points N, the sampling period T, and 

the number of steps to be predicted a can be obtained. For TOAP, N is equal 

to 9. Therefore, equations (5.272), (5.273), (5.274), and (5.275) can be reduced 

to 

and 

2 
- = 204ul + 1296u2 + 8772u3 + 61776u4 T2 

-6a 
- = 1296ul + 8772u2 + 61776u3 + 782187u4 T2 

12a 2 
-- = 8772ul + 61776u2 + 782187u3 + 3297456u4 

T2 

(5.276), 

(5.277), 

(5.278), 

(5.279). 

Next, by solving equations (5.276), (5.277), (5.278), and (5.279) simultaneously 

yields 

-0.026 
T2 

0.01 
u2=T2 

(5.280), 

(5.281), 
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and 

(5.282). 

Once u l' U 2' U 3' and u 4 are available, the parameters a" can be computed 

from equation (5.267). Therefore, the a steps predicted acceleration signal 

ii (ti +a) can be estimated from 

(5.283). 

5.5 Summary 

In summary, a different approach based on the difference equation to 

derive the TPLP, FPQP, and NPCP is developed in this chapter. The results 

of this approach turn out exactly the same as that of in matrix approach. But 

the difference equation approach has a major advantage over the matrix 

approach because it is not necessary to compute the matrix inversion. Further

more, several new predictors for velocity and acceleration signals are also 

developed in this chapter. They are first-order velocity predictor, second-order 

velocity predictor, third-order velocity predictor, first-order acceleration predic-

tor, second-order acceleration predictor, and third-order acceleration predictor. 

This technique is better and simplier than the conventional technique beca~se 

it only takes one stage to predict the velocity signal or acceleration signal from 

the position signal. While in the conventional technique, it takes two and three 

stages to predict the velocity signal and acceleration signal from the position 

signal respectively. In the next chapter, a recursive-least-square predictor is 

derived and examined for its characteristics. 



CHAPTER 6 

RECURSIVE-LEAST-SQUARE PREDICTOR 

6.1 Formulations Of The RLS Predictor 

The recursive-least-square predictor (RLSP) is a parameter identifica

tion scheme that can be described by a difference equation of the form 

Here, y (t i ) is the measured value of the signal at time t; , a" are autoregressive 

coefficients, (k = 1, 2, ... , N), and N is the order of the signal (the number of 

coefficients needed to describe the signal). Equation (6.1) is called an autore

gressive model. In this model, the current value of the process y (t;) is 

expressed as a finite, linear aggregate of previous values of the process y (t;_N) 

and a set of autoregressive coefficients a", (k = 1, ... ,N) [79]. The RLSP gen-

erates a 1 to aN that are the estimates of the autoregressive coefficients, a 1 

through aN' Thus, it yields a model of the signal given by 

Here, y (t;) is an estimated value of y (t;) based on the parameters ~k' 

(k = 1, ... , N). The RLSP minimizes the sum of squared errors, which is the 

cost function J, 

N 2 
J = E [y (ti ) - Y (ti) ] (6.3). 

;=0 

The squared error is chosen as the cost function J in the minimization pro-

cedure as it is non-negative. Minimum squared error leads to the name "least 

110 
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square" . 

In matrix notation, derme i (tN ) as a vectm' of parameters, 

(6.4), 

and ~(ti) as a vector that contains past signal values, 

(6.5). 

Thus, equation (6.2) can be rewritten as the product of i (tN) and ~(ti)' which 

is 

(6.6). 

To get good estimates of the autoregressive coefficients, a 1 through 

aN, the sum of squared errors are minimized. To ·do so, plug equation (6.6) 

into equation (6.3) and rewrite it as 

J = E [ Y (til - ti (til ]2 
i=O 

N 
= ~ [y2(td - 2y(tdy(td + y(td y(td] (6.7). 

i=O 

= E [y 2(td - 2 iT (tN) ~(td y (td 
i=O 

(6.8). 

To find a minimum take the first derivative with respect to the concerned vari

able and set its result to zero. To find the optimal parameters ak, 

(k = 1, ... , N), take the first partial derivatives of equation (6.8) with respect 

to i and then set their result to zero, 
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Equation (6.9) can be rearranged as 

(6.10). 
i=O i=O 

Next, define a matrix, R (N), which contains past signals 

(6.11). 

Therefore, equation (6.10) can be rewritten as 

(6.12). 

Solving this set of linear equations that is the equation (6.12) at each time ti 

yields i (tN)' But to solve i (tN ) from a set of simultaneous linear equations is 

a tedious process. It is easier to implement on a computer if a recursive pro

cedure to compute i (tN) can be found. Therefore, the next thing is to derive a 

recursive formula for i (tN)' This task will occupy the next three pages of 

equations. 

Look at equation (6.11) and pull out the last term of the summation, 

(6.13). 

The first-term on the right hand side of equation (6.13) is just R (N - 1), 

therefore R (N) can be described as 

(6.14). 

Now, look at the left hand side of the equation (6.12) and pull out the last 
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term of the summation from that equation, 

(6.15). 

The first-term on the right-hand side of equation (6.15) is just R (N - 1) 

e (tN-I)' therefore 

(6.16). 

Combining equations (6.12) and (6.16) yields 

(6.17) . 

Rewriting R (N - 1) from equation (6.14) as 

(6.18). 

Plugging equation (6.18) into equation (6.17) yields 

(6.19). 

Pre-multiplying both sides of equation (6.19) by R -l(N) yields 

Equation (6.20) is a nice form because it expresses e (tN) as a sum of e (tN ":'1) 

and a term proportional to the error y (t N) - ~ T (t N) e (tN-I). However, the 

inverse of R (N) must still be computed. Therefore, the number of actual com

putations has been increased. The complexity of computations can be reduced 

for the inverse of R (N) if a recursive formula can be found. To do so, take 

the inverse of both sides of equation (6.14) yields 
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(6.21). 

The following is a useful matrix lemma [80] 

[A + BCD tl = A-I - A -IB (C-l + DA -IB )-1 DA -1 (6.22), 

which holds for all matrices A, B, C, and D of compatible dimensions (for non

singular A). The following is a proof of the above matrix lemma. 

(Proof): Pre-multiply both sides of equation (6.22) by (A + BCD) and let 

E = (C- 1 + DA -IB)-I, 

I = (A + BCD)A -1 - (A + BCD)A -IBEDA -1 (6.23). 

_ AA -1 + BCDA -1 _ AA -1 BEDA -1 _ BCDA -1 BEDA -1 

= I + B [ C - IE - CDA -IBE ] DA- 1 

- I + B [ C - (I + CDA -1 B)E ] DA -1 

= I + B [ C - (CC- 1 + CDA -1 B)E ] DA -1 

= I + B [ C - C (C- 1 + DA -1 B)E ] DA -1 

- I + B [ C - CE- 1E ] DA- 1 

- I + B [ C - CI ] DA -1 

- I 

Therefore, equation (6.23) holds for all matrices A, B, C, and D of compatible 

dimensions. This implies that the equation (6.22) holds as well. 

To make the right hand side of equation (6.21) look like the left hand 
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side of equation (6.22), let R (N - 1) = A, ~(tN) = B, I = C, and 

~T (tN) = D. 

R-l(N) = R-1(N-1) - R-1(N-1) ~(tN) 

!£-l(N -1) !,(tN) !,T (tN) !i-l(N -1.) 

I + ~T (tN ) R -l(N -1) ~(tN ) 

Post-multiplying both sides of equation (6.25) by ~(tN ) yields 

Next, define 

and plug it into equation (6.26) to obtain 

Define a matrix .f.. (N) as a time-varying gain with the form 

(6.24). 

(6.25) . 

(6.27), 

(6.28). 

(6.29). 

Combine equations (6.20), (6.28), and (6.29) to obtain a recursive formula for 

o (tN ), which has the form 
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(6.30). 

By combining equations (6.25) and (6.29), P (N) can be written as a recursive 

formula with the form 

(6.31). 

Therefore, the minimization of the squared error leads to two recur

sive formulae for 0 (tN) and P (N) that have the form of equations (6.30) and 

(6.31). Equations (6.29), (6.30), and (6.31) are neat results. They provide a 

recursive way to update parameters ak' (k = 1, ... , N). Start the process by 

using a simple initial value as suggested in the following. The initial value of 

P may be obtained simply by letting P (0) = q l..~ where u is a large (positive) 

number. Similarly, the initial value of 0 can be obtained simply by letting 

0(0) = o. Once the parameters ak are available, it is easy to predict for the 

next point. After the parameters have converged to their true values, y (ti ) 

and 0 (ti ) are identical. 

6.2 Results Of The RLS Predictor 

Results of the RLSP are shown in Figures 82 through 93. Figure 82 

shows one-step prediction (one millisecond ahead of time) of the RLSP for a 

saccadic eye signal. Two signals are superimposed in Figure 82. One is the real 

saccadic position signal and the other is the predicted position signal of a sac

cade. Here one-step prediction means that the RLSP predicted one millisecond 

ahead of time. The predicted signal is almost identical to the original saccadic 

signal. Figures 83!1 84, 85, and 86 show one-step prediction of the RLSP for tri-

angular, parabolic, cubic, and sinusoidal signals respectively. There are two 
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s'uperimpose signals in each figure. The predicted signal is almost identical to 

the original signal except at those turning points. This means that the RLSP 

performs well in one-step prediction for all four signals. 

Figures 87 through 93 show the medium-range and long-range predic

tions of the RLSP for a 9.52 degree saccade. Figure 87 shows five-step predic

tion of the RLSP for a saccadic eye signal. The predicted signal shows a little 

overshoot (0.3 degree) around time 220 ms but the final predicted position is 

identical to the final eye position. Figures 88 and 89 display the undelayed and 

delayed ten-step prediction of the RLSP for saccadic eye signal respectively. 

Figure 88 is the first figure in this dissertation to compare the output of the 

predictor with the saccade. It can easily be seen that after about 190 msec the 

output of the predictor is ahead of the saccade. But this type of a display does 

not show how well the predictor is predicting. To show this the predictor's out

put is delayed or shifted by 10 msec and the result is compared to the original 

saccade. In other words, if an ideal predictor shifts a signal 10 msec ahead in 

time, and then an ideal delay shifts it back 10 msec, the original signal should 

be recovered. Differences show the deficiencies in the predictor. All of rest of 

the figures in this dissertation show the predictor output delayed by the 

amount it predicted. The predicted signal shows an overshoot of about 0.6 

degree around 230 ms, but the final predicted position is perfect. Figures 90, 

91, 92, and 93 illustrate 20-step, 30-step, 40-step, and 50-step predictions of the 

RLSP for a 9.52 degree saccade. The predicted signal shows an overshoot 

about 2 degree for a range about 50 ms wide but the final predicted position is 

good. These results are better than TPLP, FPQP, NPCP, PFP1, and PFP2 in 

the prediction of saccadic eye movements. 
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6.3 Accuracy Of The RLS Predictor 

A mathematical way to verify the RLSP is developed in this section. 

To do so, find the actual autoregressive coefficients a", (Ie = 1, ... , N), for some 

signals and compare those to the RLSP parameters. For the next three pages, 

a" will be derived for four different signals: sinusoidal, cubic, parabolic, and tri

angular signals. 

To see how well the algorithm identifies signals assume that there is a 

signal comming out of a black box. The behavior of the black box can be 

described by a difference equation H. For simplicity assume the input signal U 

is an impulse function. Now the identification task is to find the transfer func

tion II of the black box. The desired output from a RLSP is the predicted sig

nal, Y (Z-l). To simplify the mathema.tical derivations, choose the input sig

nal, U (Z -1) = 1, to be an impulse and the system transfer function, H (Z -1), 

to be Y (Z-l). This combination of the input signal and system produces an 

output signal, 

(6.32), 

as desired. 

The detailed derivation of the Z-transforms of four signals is described 

in the following. 

6.3.1 Sinusoidal signal 

N ow assume that the signal, y, coming out of the black box is a 

sinusoid. The identification task is the final transfer function Hthat would pro

duce such an output in response to a unit impulse input. Consider a sinusoidal 

position signal of frequency w, the position can be described as sin ( wt), which 
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is the output signal Y (Z-l) in the time domain, so in the Z-domain, 

(6.33). 

00 

H (Z-l) = E sin wtZ- t (6.34). 
t=o 

00 e i wt _ e - j wt 
H (Z-l) = E 2 . z-t 

t=o j 
(6.35). 

(6.36). 

H (Z-l) = 1 [( z 
2J Z-e jw 

z 
z - e- j w )] 

(6.37). 

(6.38). 

Zsinw (6.39). 
Z2 '- 2Zcos w + 1 

If both numerator and denominator of equation (6.39) are divided by Z2, it 

yields 

(6.40). 

Cross multiply both sides of equation (6.40) and combine with equation (6.33), 

(6.41). 

By taking the inverse of the Z-transformation of equation (6.41), in the time 

domain 

(6.42). 
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Since the input is an impulse, u (tj ) = 0, for i > o. Thus, for i > 1, 

(6.43). 

That is, 

(6.44). 

By comparing equation (6.44) with the standard form (3rd-order difference 

equation) 

(6.45), 

yields 

a 1 = 2C08 W, a 2 = -1, and a 3 = 0 (6.46). 

Equation (6046) shows that a sinusoidal signal can be described as a second

order difference equation and its autoregressive coefficients a 1 and a 2 will con

verge to 2cos w and -1 respectively. This shows that if the black box contains 

a difference equation H, then it must be 

(6.47). 

All higher order coefficients are zero in equation (6.47). 

So to test RLSP ran it on a sinusoidal signal and saw if its coefficients 

converge to 2 cos w and - 1. In the computer simulation, W was chosen to 'be 

27r,/ p. Here w is the sinusoidal initial angular frequency, 11" is 3.14159 and p is 

the period of the signal, which is 100. Therefore, cos w is equal to 1 and 

2 cos w is just 2. The simulation results of the RLSP showed that the coeffi

cients of the sinusoidal signal converge to 1.99606 and -0.999979 respectively. 

6.3.2 Cubic signal 
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Now follow a similar development to discover what the coefficients 

should converge to for a different signal. Consider a cubic position signal y (t ), 

the position y (t) can be described as 

t 3 t 2 t 
Y (t) = 10.39A [2 (p) - 3 (p) + p ] ,0 < t < P (6.48), 

which is the output signal Y (Z-l) in the time domain, where A is amplitude 

and P is period, so in the Z-domain, 

(6.49). 

00 

H (Z-l) = E y (t) z-t (6.50). 
t=o 

00 00 

H(Z-l) = B( E t 3 z-t ) - C( Et 2 z-t ) 
t=o t=o 

00 

+ D ( E t z-t ) (6.51), 
t=o 

where B, C, and D are constants in terms of P and A. To solve equation 

(6.51), use the formulas in Appendix II to obtain 

H (Z-l) = B [ Z (Z2 + 4Z + 1) ] _ C [ Z (Z + 1) ] 
(Z - 1)4 (Z - 1)3 

+ D [(Z ~ 1)2] (6.52). 

(6.53)'. 

Z4 - 4Z3 + 6Z 2 - 4Z + 1 
(6.54), 
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where E, F, and G are constants in terms of B, C, and D. Divide both 

numerator and denominator of equation (6.54) by Z4 to get 

H Z-l _ EZ- 1 + FZ-2 + GZ-3 

( ) - 1 - 4Z- 1 + 6Z- 2 - 4Z- 3 + Z-4 
(6.55). 

Cross multiply equation (6.55) and take the inverse of the Z-transformation, in 

the time domain, yields 

(6.56). 

That is, 

(6.57). 

Thus, 

a 1 = 4 , a 2 = - 6 , a 3 = 4 , and a 4 = -1 (6.58). 

Equation (6.58) shows that a cubic signal can be described as a fourth-order 

difference equation and its autoregressive coefficients a l' a 2, a3' and a 4 will 

converge to 4, -6, 4, and -1 respectively. 

6.3.3 Parabolic signal 

Consider a parabolic signal position y(t) that can be described as 

t P 

11 (t) = A [ 1 - ( 
4 )2 ] , for 0 < t <~ (6.59) p 2 

4 

or 

t 
p 

11 (t) = A [ -1 + ( 4 P (6.60), 
P 

)2] , for 2' < t <p 

4 
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which is the output signal Y (Z-l) in the time domain, where A is amplitude 

and P is period. By using the same approach as previously for the cubic signal, 

the parabolic signal can be described as a third-order difference equation with 

autoregressive coefficient 

al = 3 ,a2 = -3 , and aa = 1 (6.61). 

6.3.4 Triangular signal 

Consider a triangular signal position y(t) that can be expressed as 

2A P 
y (t) = P t ,for 0 < t < '2 (6.62) 

or 

2A P 
11 (t) = - P t + 2A ,for 2" < t < P (6.63), 

which is the output signal Y (Z-l) in the time domain, where A is amplitude 

and P is period. By using the same approach as previously for the cubic signal, 

the triangular signal can be described as a second-order difference equation 

with autoregressive coefficient 

(6.64). 

To test the accuracy of this theory, assume the input signal U is a 

step function. Now the identification task is to find the transfer function H of 

the black box. The desired output from a RLSP is the predicted signal, 

y (Z-I). To simplify the mathematical derivations, choose the input signal, 

U (Z -1) = Z ,to be a step function and the system transfer function, 
Z-l 

H(Z-I), to be Y (Z-I). This combination of the input signal and system 
U (Z-I) 
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produces an output signal, 

(6.65), 

as desired. 

Now assume that the signal, y, coming out of the black box is a 

sinusoid. The identification task is the final transfer function H that would pro-

duce such an output in response to a unit step input. Consider a sinusoidal 

position signal of frequency w, the position can be described as sin ( wt), which 

is the output signal Y (Z-l) in the time domain, so in the Z-domain, 

y (Z-l) = 

u (Z-l) 

00 

E sin wtZ- t 

t=O 

From equation (6.39), 

Z 
Z-l 

Zsinw 

Z 2 - 2Z cos w + 1 
Z 

Z-l 

sinw (Z -1) 
Z2 - 2Z cos w + 1 

(6.66). 

(6.67). 

(6.68). 

(6.69). 

If both numerator and denominator of equation (6.39) are divided by Z2, it 

yields 

H (Z-l) = Z-lsin w - Z-2 sin w 
1 - 2Z-1cos W + Z-2 

(6.70). 

Cross multiply both sides of equation (6.70) and combine with equation (6.65), 



y (Z-1)(1 - 2Z-1cos W + Z-2) 

= u (Z-l) (Z-lsin w - Z-2 sin w ) 
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(6.71). 

By taking the inverse of the Z-transformation of equation (6.71), in the time 

domain 

(6.72). 

Since the input is a step function, u (t;) = 0, for i > 1. Thus, for i > 1, 

(6.73). 

That is, 

(6.74). 

This is the same result as in equation (6.44). This shows that the input func

tion can be chosen arbitrarily in this technique. Therefore, it is concluded that 

this technique is correct. 

Equations (6.46), (6.58), (6.61), and (6.64) provide a mathematical 

way to verify autoregressive coefficients ak for a sinusoidal, a cubic, a para

bolic, and a triangular signals. These good results can be used to verify the out

put from computer simulation. The autoregressive coefficients of the differerice 

equations for a sinusoidal, a cubic, a parabolic, and a triangular signals are 

su.mmarized in Table 16. It shows that a sinusoidal signal can be described as 

a second-order difference equation and its autoregressi~e coefficients a 1 and a 2 

will converge to 2cos w and -1 respectively. A cubic signal can be described as 

a fourth-order difference equation and its autoregressive coefficients ai' a 2' a 3' 
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and a 4 will converge to 4; -6, 4, and -1 respectively. A parabolic signal can be 

described as a third-order difference equation with autoregressive coefficient a l' 

a 2' and a 3 to be 3, -3, and 1 respectively. Finally, a triangular signal can be 

also described as a second:'order difference equation with autoregressive coeffi

cient a 1 and a2 to be 2 and -1 respectively. 

Table 16 

THE COEFFICIENTS OF DIFFERENCE EQUATIONS 

Target Position Target Velocity a1 a2 a3 a4 Order 

Sinusoid Sinusoid 2cos w -1 0 0 2 
Cubic Parabolic 4 -6 4 -1 4 
Parabolic Triangular 3 -3 1 0 3 
Triangular Square-Wave 2 -1 0 0 2 
Square-Wave 1 0 0 0 1 

From the earlier results, it is concluded that four conditions are neces

sary for accurate prediction using RLS predictor. 

1. The order of the model must be identical to the order of the input 

signal. 

2. The parameter estimates, a 1 through aN, must converge to the 

actual parameters of the input signal. 

3. The signal parameters must be time invariant. 

4. The Z-transform of the input signal must have at least one pole. 

The computer implementation of the RLSP works well as was demon

strated by the fact that its coefficients converge to the real values shown in 

Table 16. 



CHAPTER 7 

LEAST-MEAN-SQUARE PREDICTOR 

7.1 Backgr.ound 

The least-mean-square (LMS) alg.orithm devel.oped by Widr.ow et al. 

(1960) is a predecess.or .of the RLS adaptive filter. The LMS alg.orithm has been 

used f.or many applicati.ons in signal pr.ocessing. The advantages .of this alg.o

rithm are its simplicity and ease .of implementati.on .on a c.omputer. C.onversely, 

the main disadvantage .of the LMS alg.orithm is its sl.oW c.onvergence. This alg.o

rithm is based .on a gradient search technique f.or minimizing a quadratic C.ost 

functi.on, whereas the RLSP is a Newt.on-Raphs.on type .of pr.ocedure. It is 

kn.own fr.om the the.ory .of iterative .optimizati.on pr.ocedures that the Newt.on

Raphs.on technique will generally c.onverge faster than a gradient search tech

nique. 

7.2 F.ormulati.ons Of The LMS Predict.or 

The least-me an-square predict .or (LMSP) is a parameter identificati.on 

scheme that can be described by a difference equati.on .of the f.orm 

Here, y (t j ) is the measured value .of the signal at time tj , ak are aut.oregressive 

c.oefficients, (k = 1,2, .. . ,N ), and N is the .order .of the signal (the number .of c.oef

ficients needed t.o describe the signal). The LMSP generates a 1 t.o aN that are 

estimates .of the aut.oregressive c.oefficients, a 1 thr.ough aN' Thus, it yields a 

m.odel .of the signal given by 
127 
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Here, y (ti ) is an estimated value of y (ti ) based on the parameters ak 1 

(k = 1, ... , N). The LMSP minimizes the mean squared errors 

(7.3), 

where E is the expected value operator, it is also known as the mean value 

operator in probability and statistics theory. In vector approach, define 0 (ti ) 

as a vector of estimates, 

(7.4), 

and .~ ( ti) as a vector that contains past signal values, 

(7.5). 

Thus, Y (ti ) can be rewritten as the product of 0 (t;) and ~(ti)' which is 

AT T A Y (til =!!... (til.!.( t;) =.!. (til!!...( t;) (7.6). 

To get good estimates of the autoregressive coefficients, Ii 1 through 

aN, it is desired to minimize the mean squared errors, the cost function J of 

equation (7.3). To do so, plug equation (7.6) into equation (7.3) and rewrite it 

as 

J = E [ y (td - y (td f 

(7.7). 

(7.8). 

To find the optimal parameters lik , (k = 1, ... , N), obtain the first partial 
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derivatives of equation (7.8) with respect to L 
aJ T ~ ao = -2E [ y (ti )~(ti) ] + 2E [ ~(ti).!. (ti)] !!.Jti) (7.9). 

The equation (7.9) can be rearranged as 

aJ ao = -2E[ e ~(td ] (7.10) , 

where e is the error, the difference between the real signal y (ti) and the 

predicted signal y (ti ). 

The least-mean-square (LMS) adaptive filter is a "self-designing" 

filter composed of a tapped delay-line, variable weights, a summing junction 

and a mechanism to adjust the weights. Two processes occur in the adaptive 

filter: the adaptation process and the operation process. The adaptation pro

cess handles weight adjustment. The operation process computes the difference 

between the real signal and the predicted signal of the filter, that is, the error 

e, and feeds it back to the weight adjustment algorithm. These two processes 

are described in sections 7.2.1 and 7.2.2 respectively. 

7.2.1 Adaptation process (see Figure 94) 

The adaptation process handles weight adjustment by using the 

weight adjustment algorithm (the steepest descent method). The method' of 

steepest descent is an optimization technique that uses the gradients of this 

surface to seek its minimum. The gradient at any point on the surface is 

obtained by differentiating the cost function J with respect to the weight vector 

o as was done in equation (7.10). In other words, the values of the weights are 

determined by estimating the statistical characteristics of the input and output 
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signals. 

The general form of the weight adjustment algorithm can be 

described as 

A A aJ 
!. (j +1) = !. (j) + 'I [- ao ] (7.11), 

where 

o (j +1) = the weight vector after adaptation. 

o (j) = the weight vector before adaptation. 

i = the index of each adaptation cycle. 

'I = the proportionality constant controlling stability and the rate of 

convergence. 

By plugging equation (7.10) into equation (7.11), the weight adjust

ment algorithm becomes 

o i U +1) = 0 i U) + 2'1 e U) <l) U) ,for every i (7.12). 

The solutions to the Wiener-Hopf equation are the weights that would give the 

least mean-square error. The Wiener-Hopf equation is 

(7.13), 

where 

'l1(y ,y) = autocorrelation matrix of the input signals. 

'l1(y ,y) = covariance matrix between the input signal and the desired 

output signal. 

The solutions to the Wiener-Hopf equation are the optimal solutions. 

The LMSP provides a way to estimate the autoregressive coefficients 
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iteratively. These estimated autoregressive coefficients will converge to the 

optimal solutions by choosing an appropriate factor u. 

7.2.2 Operations process (see Figure 95) 

There are three steps involved in the operation process. First, the 

tapped delay-line input signals y (ti ) are weighted, using the gains from the 

adaptation process. Second, the weighted signals are summed to form the out

put signal g (ti ). Finally,· the error, e (j) = y (ti ) - g (ti ), the difference 

between the real signal y (ti ) and the predicted signal g (ti ) of the filter, is fed 

back to the weight adjustment algorithm. 

Because noise from the gradient estimate the output of the filter will 

not be equal to the real signal, but they will converge. The accuracy and speed 

of the convergence depends on the number of weights, N, and the proportional

ity constant, u. In the computer simulation of the LMSP, N is chosen to be 3 

and u to be 0.003. The LMSP could not converge if u is greater than 0.003. 

Conversely, the LMSP took longer to converge and the performance was poor if 

u is less than 0.003. Therefore, the best choice of u for LMSP is 0.003 in the 

simulation of a saccadic eye movement. 

7.2.3 The least-mean-square predictor (LMSP) 

The LMSP is an application of the LMS adaptive filter. It is useful in 

the long-range prediction for the saccadic eye movements. This predictor was 

used to predict the final eye position of a saccade before its movement is com

plete. 

Figure 96 shows the design of the LMSP [7]. Two filters are used: an 
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adaptive filter and a slave filter. The predictor predicts the eye position a-step 

(a milliseconds) into the future. To accomplish this, the input signal is 

delayed by an amount of time equal to the time to be predicted, in this case a 

ms. This delayed signal then serves as the input to the adaptive filter. The 

filter's weights converge to values that give an output signal matching the 

undelayed input signal. 

The slave filter is then responsible for predicting the eye position. 

The input to the slave filter is the undelayed signal. The slave filter is organ

ized like the adaptive filter except there is no adaptation process, that is, no 

weight adjustment. The weights from the adaptive filter are copied into the 

slave filter after each adaptation cycle. The output of the slave filter is the 

predicted value of the input signal at the desired future time. 

7.3 Results Of The LMSP 

Results of the LMSP are shown in Figures 97 through 108. Figure 97 

shows one-step prediction (one millisecond ahead of time) of the LMSP for a 

saccadic eye signal. There are two superimposed signals in Figure 97. One is 

the real saccadic position signal and the other is the predicted position signal of 

a saccade. Here one-step prediction means that the LMSP predicted one mil

lisecond ahead of time. The predicted signal is almost identical to the origirial 

saccadic signal. Figures 98, 99, 100, and 101 show one-step prediction of the 

LMSP for a triangular, a parabolic, a cubic, and a sinusoidal signals respec

tively. There are two superimposed signals in each figure. The predicted signal 

is almol?t identical to the original signal. This means that the LMSP performs 

well in one-step prediction for all four signals. 
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Figures 102 through 108 show the medium-range and long-range pred

ictions of the LMSP for a 9.52 degree saccade. Figure 102 shows five-step pred

iction of the LMSP for a saccadic eye signal. The predicted signal shows a little 

overshoot (0.1 degree) around time 220 ms but the final predicted position is 

identical to the final eye position. Figures 103 and 104 display the undelayed 

and delayed ten-step prediction of the LMSP for saccadic eye signal respec

tively. The predicted signal shows an overshoot of about 1.0 degree around 230 

ms, but the final predicted position is perfect. Figures 105, 106, 107, and 108 

illustrate 20-step, 30-step, 40-step, and 50-step predictions of the LMSP for a 

9.52 degree saccade. The predicted signal shows an overshoot about 3 degree 

for a range about 30 ms wide but the final predicted position is good. These 

results are better than TPLP, FPQP, NPCP, PFP1, and PFP2 and about the 

same with RLSP in the prediction of saccadic eye movements. 



CHAPTER 8 

LINEAR COMBINATION PREDICTORS 

8.1 Five-Linear-Combination-Filter Predictor (FLCFP) 

The five-linear-combination-filter predictor (FLCFP) uses a linear 

combination of a two-point-linear predictor, a five-point-quadratic predictor, a 

nine-point-cubic predictor, a least-mean-square predictor, and a recursive-

least-square predictor. To estimate 11 f in terms of a linear convex combination 

of a TPLP, an FPQP, an NPCP, an LMSP, and an RLSP, 

where YI is the estimate of a two-point-linear predictor that has the form 

(8.2), 

Yq is the estimate of a five-point-quadratic predictor that has the form 

(8.3), 

Yc is the estimate of a nine-point-cubic predictor that has the form 

" "" "2" 3 1Ic (ti) = do + d 1 ti + d 2 ti + d 3 ti (8.4), 

YlmlJ is the estimate of a least-mean-square predictor that can be described as a 

difference equation with the form 

YlmlJ (ti ) = a 111 (ti -1) + a 211 (ti - 2) + (8.5), 

here N is the order of the difference equation, and Yrl" is the estimate of a 

recursive-least-square predictor that can be described as a difference equation 

134 
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with the form 

here N is the order of the differe;nce equation. 

It is assumed that the estimates VI, Yq, Yc, Virna, and Yr/a are 

independent, hence the variance of both sides of equation (8.1) can be taken 

and rewritten as 

(8.7). 

From the theory of probability and statistics, the coefficients r h r 2, r 3, r 4, 

and r 5 can be factored out from variance and equation (8.7) can be rewritten 

as 

(8.8), 

with the constraint 

(8.9). 

To fmd rh r2, r3, r 4, and r5 in terms of Var(YI), Var(yq ), Var(yc), 

Var( Virna), and V ar( Yr/a ), the Lagrange multipliers are used to obtain the 

adjoint function 
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(8.10), 

where the Lagrange multiplier A is an arbitrary constant. Equation (8.9) is the 

constraint of the Lagrange multiplier in the adjoin function (S.10). By taking 

the first partial derivatives of equation (8.10) with respect to r I' r 2' r 3' r 4' 

and r 5 respectively, and then setting each result to zero yields 

A= 2rl Var (iii) (8.11) 

- 2r2 Var (Yq) (S.12) 

= 2r3 Var (Ye) (S.13) 

= 2r 4 Var (Ylm/J ) (8.14) 

= 2r 5 Var (fir//J ) (S.lS) 

To simplify the mathematical derivations, define 

R 1 = Var (fiq) Var (fie) Var (film/J) Var (fir//J ) (S.16), 

R 2 = Var (fid Var (fie) Var (filmll ) Var (fir//J) (8.17), 

R3= Var (fid Var (fiq) Var (filmll ) Var (fir//J ) (S.lS), 

R4= Var (fid Var (fiq) Var (fie) Var (fir//J ) (S.19), 

and 

(S.20) . 

Define 

(S.21). 
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By solving equations (B.9), (B.11), (B.12), (B.13), (B.14), and (B.15) simultane-

ously, 

and 

R2 
r2= -

R 

R3 
r3= -

R 

R4 
r4= - R 

RI) 
rs= -

R 

(B.22), 

(B.23), 

(B.24), 

(B.25), 

(B.26). 

Hence, from equations (B.22), (B.23), (B.24), (B.25), and (B.26), the coefficients 

of the linear convex combination r l' r 2' r 3, r 4' and r 5 are chosen in terms of 

Var (yz), Var (yq ), Var( Yc ), Var(yzmIJ ), and Var(YrllJ) to obtain an unbiased 

minimum variance of error estimate. Once r 1, r 2' r 3, r 4' and r I) are available, 

the next point Y/ (ti +1) can be predicted by simply plugging time ti +1 into the 

equation to yield 

(B.27). 

B.2 Result Of The FLCFP 
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Figure 109 shows one step prediction for a 9.00 degree saccade using 

FLCFP. This saccade is stored at block 14 of file sac1.dat. There are two 

superimposed signal on the figure. This means the predicted signal is identical 

to the original saccadic eye movement. Result shows that the FLCFP does 

well to predict one step ahead of time for saccadic eye movements. 

8.3 N-Linear-Combination-Filter Predictor (NLCFP) 

The n-linear-combination-filter predictor (NLCFP) uses a linear com

bination of n predictors that can be a two-point-linear predictor, a five-point-

quadratic predictor, a nine-point-cubic predictor, a leaat-mean-square predictor, 

a recursive-least-square predictor, and so on. To estimate Yg in terms of a 

linear convex combination of n predictors, 

n 
Og = E rk Ok (8.29), 

k=1 

where Ok is the estimate of the k-th predictor, (k = 1, 2, ... , n ), with the con-

straint 

(8.30). 

It is assumed that the estimates 0 l' O2,,,,, On are independent, hence 

the variance of both sides of equation (8.28) can be taken and rewritten as 

From the theory of probability and statistics, the coefficients r l' r 2, ... , r n can 

be factored out from variance and equation (8.31) can be rewritten as 



(8.32), 

with the constraint 

(8.33). 

To fmd r l' r 2, ... , rn in terms of Var(Ok), (k = 1, ... , n), the 

Lagrange multipliers are used to obtain the adjoint function 

+ A(l- r1- r2- ... - rn) (8.34), 

where the Lagrange multiplier A is an arbitrary constant. Equation (8.33) is 

the constraint of the Lagrange multiplier in the adjoin function (8.34). By tak

ing the first partial derivatives of equation (8.34) with respect to r l' r 2' ... , r n 

respectively, and then setting each result to zero yields 

A = 2r1 Var (D 1)= 2r2 Var (D 2) = ... = 2rn Var (Dn) (8.35) 

To simplify the mathematical derivations, define 

Var (Dn) 

R 2 = Var (D 1) Var (D 3) ••• Var (Dn) 

(8.36), 

(8.37.) , 

(8.38) , 
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(8.39). 

Define 

R = R 1 + R 2 + ... + Rn (8.40). 

By solving equations (8.33) and (8.35) simultaneously, 

R" 
;Ok = R ' k = 1, ... , n (8.41). 

Hence, from equation (8.41) the coefficients of the linear convex combination 

r l' r 2, ... , rn are chosen in terms of Var (lit), Var (0 2), ... , Var(On) to obtain 

an unbiased minimum variance of error estimate. Once r l' r 2, ... , rn are l1vail-

able, the next point Og (ti +1) can be predicted by simply plugging time t; +1 

into the equation to yield 

n 
Og (t; +1) = ~ r" y" (t; +1) (8.42). 

"=1 



CHAPTER 9 

FAST FOURIER TRANSFORM 

The fast Fourier transform (FFT) is an algorithm for the computation 

of Fourier coefficients that reduces the computational complexity substantially 

from the conventional method, was first reported by Cooley and Tukey [81] in 

1965. This method is now widely known as the "fast Fourier transform", and 

has produced dramatic change in computational techniques used in digital com

puting. The history of this technique has been summarized by Cooley, Lewis, 

and Welch in [82]. 

The fast Fourier transform is a computational tool, which facilitates 

signal analysis such as power spectrum analysis and filter simulation by digital 

computers. It is a technique for efficiently computing the discrete Fourier 

transform (DFT) of a series of data samples (referred to as a time series) [83]. 

In this chapter, the discrete Fourier transform of a time series is defined and 

the associated fast method (fast Fourier transform) for computing this 

transform is derived. A general purpose software program, which computes the 

FFT for variety of signals such as the saccadic eye movements, ECG, 

sinusoidal, cubic, parabolic, and triangular signals, is also developed. 

9.1 Definition Of The DFT And Its Inverse 

Since the FFT is an efficient technique for computing the DFT it is 

appropriate to begin by discussing the DFT and its inverse. The DFT is 

defined by 
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N-l 
X(k)= E z(n)e- J(21rjN)kn,k=0,1, ... ,N-l (9.1), 

ncO 

where X(k) is the kth coefficient of the DFT, x(n) denotes the nth sample of 

the time series that consists of N samples, and j is the imaginary unit. The 

x(n)'s can be complex numbers and the X(k)'s are almost always complex. For 

notational convenience (9.1) is often written as 

N-l 
X(k) = E z(n) wJl, k = 0,1, ... , N-l (9.2), 

ncO 

where 

wnk = e- i (21r/ N)kn (9.3). 

Since the x(n)'s are often values of a function at discrete time points (in time

domain), the index k is sometimes called the "frequency" of the DFT (in 

frequency-domain). The inverse discrete Fourier transform (IDFT) is 

1 N-l 
z(n) = - E X(k) wN-nk, n = 0,1, ... , N-l (9.4). 

N k=O 

To show the importance of efficient computation techniques, consider 

the direct computation of the DFT equations. Since x(n) may be complex 

equation (9.2) can be rewritten as 

N-l 
X(k) = E [( Re[z(n)] Re[Wn~ - Im[z(n)] Im[W;~) 

ncO 

+ j (Re[z(n)] Im[Wn~ 

+ Im[z(n)] Re[Wnk])]k = 0, 1, ... , N-l (9.5). 

Clearly, for each value of k from equation (9.5), the direct computation of X(k) 
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requires 4N real multiplications and (4N-2) real additions. Since X(k) must be 

computed for N different values of k, the direct computation of the discrete 

Fourier transform of a sequence x(n) requires 4N 2 real multiplications and 

N(4N-2) real additions or, alternatively, N 2 complex multiplications and N(N-

1) complex additions. In addition to the multiplications and additions needed 

for computing equation (9.5), the implementation of the computation of the 

DFT on a general-purpose digital computer requires provision for storing and 

accessing the input sequence values x(n) and values of the coefficients W;k. It 

is generally accepted that a significant measure of the time required to imple

ment a computational algorithm, is the number of multiplications and addi

tions required. Thus, for the direct computation of the discrete Fourier 

transform, an acceptable measure of the efficiency of the computations is that 4 

N 2 real multiplications and N(4N-2) real additions are required. Since the 

amount of computation time is about proportional to N 2, it is obvious that the 

number of arithmetic operations needed to compute the DFT by the direct 

methods becomes huge for large values of N. So, computational procedures 

such as the FFT that reduce the Ilumber of multiplications and additions are of 

considerable interest [84]. 

9.2 Decimation-In-Time FFT Algorithms 

The fundamental principle that these algorithms are based on is that 

of decomposing the computation of the discrete Fourier transform o.f a sequence 

of length N into successively smaller discrete Fourier transforms. Algorithms 

that the decomposition is based on decomposing the sequence x(n) (the index n 

is usually associated with time) into successively smaller subsequences, are 
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called decimation-in-time algorithms. For convenience, the algorithms are 

often illustrated by considering the special case of N being an integer power of 

2; that is, 

N = 2u (9.6). 

Since N is an even integer, X(k) can be computed by separating x(n) into two 

N /2-point sequences consisting of the even-numbered points in x(n) and the 

odd-numbered points in x(n). By separating x(n) into its even- and odd

numbered points, equation (9.2) can be rewritten as 

X(Ie) = E z(n) W;" + E z(n) W;" (9.7). 
n euen n odd 

Let n = 2r for n even and n = 2r + 1 for n odd, here r is an integer. Thus, 

equation (9.7) becomes 

(N /..JJ-1 (N /..JJ-1 
X (Ie) = ~ z (2r) wJr" + ~ z (2r +1) wJ,2r+1)" 

r=O r=O 

(NL 2)-1 
= E z (2r) (W JY" 

r=O 

(N /..1)-1 
+ wh ~ z(2r +1) (WJY" (9.8). 

r=O 

We know 

(9.9). 

Therefore, equation (9.8) can be reduced to 

(N /..JJ-1 (N /~-1 
X (Ie) = ~ z (2r) W""/2 + wh ~ z (2r +1) W""/2 

r=O r=O 
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= G(k) + wh H(k) (9.10). 

G(k) and H(k) in equation (9.10) are recognized as an N/2-point DFT, the first 

sum being the N 12-point DFT of the even-numbered points of the original 

sequence and the second being the N 12-point DFT of the odd-numbered points 

of the original sequence. Although the index k ranges over N values, 

k = O,l, ... ,N -1, each of the sums need only be computed for k between 0 and 

N I 2 - 1, since G(k) and H(k) are each periodic in k with period N/2. After 

the two DFTs corresponding to the two sums in equation (9.10) are computed, 

they are then combined to yield the N-point DFT, X(k). 

In general, with N a power of 2 greater than 3, it would be proceed 

by decomposing the N/2-point transforms in equation (9.10) into N/4-point 

transforms, decomposing the N/4-point transforms into N/8-point transforms, 

and continue until left with only two-point transforms. This requires v stages 

of computation, where v = log2N. The number of complex multiplications 

and additions required is N + 2(N I 2)2 in the decomposition of an N-point 

transform into two N 12-point transforms. When the N 12-point transforms are 

decomposed into N/4-point transforms, then the factor of (N I 2)2 is replaced 

by N I 2 + 2(N I 4)2, so the overall computation then requires 

N + N + 4(N I 4)2 complex multiplications and additions. If N = 2" , this 

can be done at most v = log2N times, so that after carrying out this decompo

sitions as many times as possible the number of complex multiplications and 

additions is equal to N log2N. This is substantial computational savings over 

the direct computation of the DFT equations that required 2N2 complex opera

tions [84]. 
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9.3 Computer Simulations 

A general purpose software program was developed to compute the 

FFT for variety of signals such as the saccadic eye movements, ECG, 

sinusoidal, cubic, parabolic, and triangular signals. Three steps are involved in 

running this program. First, the user has to specify the input data. That is, 

the input data can be either biological data or the output of an equation. Two 

different categories of input data are processed through the FFT routine. The 

fust category of input data are binary signals that are collected in the labora

tory and recorded in the computer. The saccadic eye movements and ECG sig

nals belong to this group. The second category of input data are numerical 

points that are generated from mathematical equations. The sinusoidal, cubic, 

parabolic, and triangular signals all fall into this group. 

Second, the user will be asked to choose the appropriate preprocessing 

method. Three preprocessing methods are on the list: the Hamming window, 

the flip and reverse in time method, and nothing. The user can choose either 

the Hamming window method or the flip and reverse in time method if the 

input data are binary signals such as the saccadic eye movements and the ECG 

signals. Conversely, the user can choose doing nothing if the input data are 

numerical data such as the sinusoidal signal. The reason for doing this prepro

cessing adjustment is that the FFT routine requires the input signals start and 

end at the same level. 

In saccadic eye movements, the signals do not start and end at the 

same level. Therefore, the signals can be adjusted to start and end at the same 

level by using the appropriate preprocessing methods such as the Hamming 

window or the flip and reverse in time. With the Hamming window method, 
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the original signal is multiplied it by the Hamming window function. This pro

duces a signal that starts and ends at the same level as show in Figure 110. 

With the flip and reverse in time method, simply flip and reverse the original 

signal. For convenience, suppose there is a time series that contains 256 points. 

Flip and reverse this time series to get a new· time series that contains 512 

points. The first 256 points of the new time series are exactly the same as the 

original time series and the last 256 points of the new time series are the image 

of the first 256 points. That is, the 257th point is the same as the 256th point, 

the 258th point is the same as the 255th point, the 512th point is the same as 

the first point, and so on. This is shown in Figure 111. In sinusoidal, cubic, 

parabolic, and triangular signals, the signals start and end at ~he same level. 

So it is not necessary to do any adjustment for these signals. Therefore, the 

user should choose doing nothing in this case. 

Finally, the signal that starts and ends at the same level is processed 

through the FFT routine and the results are displayed on the HS100 graphic 

terminal. These results are discussed in section 9.4. 

9.4 Results And Discussions 

The results are displayed on the HS100 graphic terminal, which emu

lates the Tetronix 4014, and hardcopy can be produced with the laser printer. 

The horizontal axis is frequency and the vertical axis is magnitude in logarithm 

scale. The FFT of a saccadic eye movement preprocessed with the Hamming 

window method is shown in Figure 112. The magnitude is above 1000 for low 

frequencies. The magnitude drops dramatically as the frequency goes higher. 

Figure 113 shows the FFT of the same saccadic eye movement with the flip 
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and reverse in time preprocessing method. Here, the magnitude almost reached 

1000 for low frequencies and it goes down faster in comparison to the Hamming 

window figure. 

The FFT of the Hamming window all by its self would be a spike at 2 

Hz (for a data length of 512 points with millisecond sampling). The flip and 

reverse in time technique also add an artificial spike at 2 Hz. Comparing these 

two figures suggests that the Hamming window is smoothing the data signifi

cantly; Figure 113 has larger oscillations than Figure 112. Also note that the 

Hamming window FFT has more high frequency energy. The flip and reverse 

method has two saccades in the window so it should represents more for the 

biological data. Therefore, it appears that the flip and reverse technique is 

better than the Hamming window for saccadic eye movement data. 

The Hamming window technique multiplies the original signal with a 

cosine wave. Multiplication in the time domain is equivalent to convolution in 

the frequency domain, which would be the same as filtering or averaging in the 

time domain. Therefore, FFT produced with the Hamming window is smoother 

than the one produced with the flip and reverse method. 

The FFTs of the triangular, parabolic, cubic, and sinusoidal signals 

are shown in Figures 114, 115, 116, and 117 respectively. These signals have 

an amplitude of 10 and the period of 128 ms in the time domain. Figure 114 

shows the FFT of a triangular signal. Figure 114 shows that thirty two spikes 

are generated in the FFT curve of the triangular signal. The magnitude goes 

above 1000 when the frequency is below 10 Hz. Then, the magnitude goes down 

smoothly as the frequency increases until it reaches the end of the FFT at 256 

Hz. This figure is what would be expected because the triangular signal can be 
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written as 

f (t) = 1 sin w t +.! sin 3w t +.! sin 5 w t 
3 5 

(9.11) 

Fourteen spikes are generated in Figure 115, which is the FFlf of the parabolic 

signal. The magnitude also reaches above 1000 when the frequency is low. But 

it goes down dramatically as the the frequency increases until it dies out at fre

quency around 120 Hz. The intervals between spikes are about the same both 

in Figures 114 and 115. Figure 116 shows the FFT of the cubic signal. Twenty 

eight spikes are generated in this figure. The magnitude also reaches above 

1000 when the frequency of the cubic signal is low. But it decreases quickly as 

the frequency becomes higher until it dies out at frequency around 120 Hz. The 

FFT of the sinusoid consists of a single spike at 4 Hz. Figures 114 and 117 

prove validity of this FFT program. 

Note the following interesting points. The number of spikes in Figure 

116 (28) is twice as that of in the Figure 115 (14). The interval between spikes 

in the cubic signal is about half that of the parabolic signal. The magnitude of 

the first spike in the cubic signal is exactly the same as the magnitude of the 

first spike in the parabolic signal. The magnitude of the third spike in the cubic 

signal is exactly the same as the magnitude of the second spike in the parabolic 

signal, and so on. 

Finally, the FFT of the sinusoidal signal is shown in Figure 117. 

Only one big spike occurs in this figure. The magnitude of this FFT also 

reaches above 1000 when the frequency is below 10 Hz and it dies out right 

after the first spike at frequency around 5 Hz. Figures 115 and 116 should 

approximate Figure 117 because the cubic and parabolic signals were designed 
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to be similar to a sinusoid. The first spike of each matches the spike in the 

sinusoid FFT, Figure 117. The cubic and parabolic signals are, however, more 

complex than sinusoid as suggested by the sm8.11er spikes at high frequencies. 



CHAPTER 10 

HUMAN DATA 

10.1 Data Collection 

Saccadic eye movements and ECG data were collected in our labora

tory. The experimental procedures involved in data collection for ECG data 

and saccadic eye movements are described in the first section of this chapter. 

A template matching technique used in the prediction of the final eye position 

for saccadic eye movements is discussed in section 10.2. Finally, results of these 

predictions are discussed and examined in the last section of this chapter. 

10.1.1 ECG data collection 

The ECG signal of a subject was recorded on a computer. The equip

ment used in this experiment included a Hewlett Packard 7414A ECG-recorder, 

a bioelectrical amplifier, a data acquisition board, and a microcomputer. After 

completion of the experiment, the data was shifted to a VAX11/750 minicom

puter and studied using the Host Station 100 graphics terminal and existing 

software. First, the data was calibrated using the program "SPA", which is a C 

program to analyze smooth pursuit eye movement. Here, "SPA" was used "to 

put appropriate calibration factors on ECG data files manually. Then, the 

ECG data was used to test the predictors. Results of these predictions for ECG 

data are discussed in section 10.3. 

10.1.2 Saccadic eye movement data collection 
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The experimental procedure for collecting saccadic eye movements 

involved presenting a target to the subject and asking him to track the target. 

Vergence and vestibular ocular movements were eliminated by restraining the 

subject's head a fIxed distance from the target. The targets were drawn on the 

screen. These targets include the center point (C), five degree left (5L), five 

degree right (5R), ten degree left (lOL), ten degree right (lOR), fifteen degree 

left (15L), fifteen degree right (15R), twenty degree left (20L), twenty degree 

right (20R), fIve degree up (5U), five degree down (5D), ten degree up (IOU), 

and ten degree down (lOD) from the center point respectively. The subject 

was asked to follow a certain pattern while he or she was looking at the screen. 

For example, the sequence could be C-5L-C-5R-C-lOL-C-lOR-C. This means 

the subject would look at the center point first, then change focus to 5L, then 

center point, then 5R, then center point, then 10L, then center point, then 

lOR, fInally back to the center point again. This procedure would generate a 

variety of saccadic eye movements. The equipments used in the experiments 

included a DDA oculometer, a mirror galvanometer, a Tektronix TM 506 

amplifIer, a data acquisition board (DT2821 SERIES), which is a high speed 

single-board analog and digital I/0 system for the IBM PC-AT, and a NEC 

ARTI SOFT microcomputer, which is an IBM PC-AT compatible. 

All experiments were conducted in the same manner. The only varia

tions were that the subject was asked to look at the screen and follow a dif

ferent sequence at different time. The subject was seated at a table 180 centim

eters (em) from the screen. The subject's head was held fIxed using a dental 

bitebar and forehead rest. The subject was asked to look through the DDA 

oculometer to the screen. Photodiodes mounted in the oculometer's eyepiece 
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monitored the position of the right eye. 

Table 17 

DATA FORMAT OF THE FILE 

Byte No. Variable Explanation Format on VAX11 Bytes 

0-7 calO left eye calibration double float 8 
8-15 call right eye calibration double float 8 
16-23 cangle calibration angle double float 8 
24-31 cal2 target calibration horizontal double float 8 
32-33 otTO left eye offset short integer 2 
34-35 off! right eye offset short integer 2 
36-37 off2 target offset horizontal short integer 2 
38-39 off'3 target offset vertical short integer 2 
40-47 cal3 target calibration vertical double float 8 

Three channels of data, sampled at 1000 HZ, were taken during each 

experiment and stored in a file on a NEC ARTI SOFT microcomputer. The 

three channels corresponded to left eye position (channel 0), right eye position 

(channell), and the target position (channel 2). The data format of the file 

was designed for the storage of data on the PCs by Bill Karnavas, who is a gra

duate student of Dr. Bahill at the University of Arizona. It is intended to be 

compatible with the format that exists on the DEC machines (PDPll and 

VAX11). The data would be stored in blocks of 1024 bytes. The bytes in the 

block are numbered a to 1023. The first block contains test and subject data. 

The rll'st 48 bytes of the first block are defined by the existing software (like 

V AP) for the analysis of eye movements. The data format of the file is sum

marized in Table 17. Each of these variables in Table 17 is either double float 

or short integer formats and needs eight bytes or two bytes to store on a 
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VAX11/750 minicomputer respectively. The subsequent blocks hold the raw 

saccadic eye movement data. 

After completion of the experiment, the data was shifted to a 

VAX11/750 minicomputer and studied using the Host Station 100 graphics ter

minal and existing software. First, the data was calibrated using a program 

"CALIB", which is a C program to compute calibration factors and offsets for 

all three channels then write them on the data file. Next, the data was studied 

using a program "V AP", which is a C program to analyze the saccadic eye 

movements. The program reads two blocks of data every time then computes 

position, velocity, and acceleration. It also computes the peak velocity, peak 

acceleration, and duration of each saccade. The program allows the experi

menter to view the position, velocity, and acceleration simultaneously. To find 

saccades, YAP was run through each saccadic data file to see what blocks of 

data contained saccades. In this way, saccades were detected and the impor

tant characteristics of these saccades were recorded. Three subjects were 

involved in the experiment. The first subject was Dr. A. Terry Bahill. His sac

cades ranged from 2.13 degree to 26.77 degree, and their statistics such as dura

tion, peak velocity (PV), and peak velocity occurred time, are summarized in 

Table 18. The second subject was myself. My saccades ranged from 3.61 

degree to 11.23 degree and their statistics are listed in Table 19. Three sac

cades, that were recorded on a file "/user/data/good" by a student of Dr. 

Bahill a few years ago at Carnegie-Mellon University, are summarized in Table 

20. 

10.2 Template Matching Technique 



155 

Table 18 

SACCADES AND THEm STATISTICS (TERRY'S TEMPLATES) 

No. File Block Chan Size DUR PV time of PV 

1 terry3.dat 3 0 2.13 33 120 200 
2 terry3.dat 112 0 2.36 35 163.7 181 
3 terry2.dat 2 0 2.43 33 136.9 205 
4 terry2.dat 12 0 2.59 35 139.7 192 
5 terry 1. dat 9 0 2.65 36 143.4 180 
6 terry2.dat 35 0 2.78 33 148.1 198 
7 terry5.dat 76 0 3.37 68 86.3 209 
8 terry5.dat 90 0 3.59 45 126.5 215 
9 terry5.dat 94 0 3.98 37 192.7 186 
10 terry1.dat 101 0 4.43 63 130.4 204 
11 terry1.dat 108 0 4.74 73 100. 188 
12 terry5.dat 100 0 4.86 44 221.4 197 
13 terry1.dat 75 0 5.17 44 202.1 181 
14 terry 1. dat 59 0 5.44 49 210.8 206 
15 terry3.dat 7 0 5.65 43 243.7 181 
16 terry5.dat 46 0 5.93 47 215.7 193 
17 terry2.dat 116 0 5.95 75 136.9 199 
18 terry5.dat 29 0 6.24 48 270.3 187 
19 terry8.dat 46 1 6.70 55 232.8 189 
20 terry3.dat 116 0 7.44 45 294.6 198 
21 terry7.dat 43 0 8.71 45 390.1 178 
22 terry7.dat 106 0 8.84 42 382.2 184 
23 terry8.dat 97 0 8.91 61 269.9 195 
24 terry8.dat 51 1 11.94 94 263.3 191 
25 terry6.dat 114 0 12.40 47 492.2 192 
26 terry2.dat 53 0 13.60 69 326.9 208 
27 terry5.dat 105 0 14.52 79 339.3 186 
28 terry6.dat 104 0 14.56 55 469.2 209 
29 terry3.dat 44 0 14.93 78 309.1 208 
30 terry5.dat 111 0 16.40 77 365.2 196 
31 terry6.dat 106 0 17.39 60 510.6 219 
32 terry7.dat 57 0 23.30 73 531.9 203 
33 terry6.dat 56 0 23.61 76 556.6 186 
34 terry7.dat 55 0 23.69 79 524.1 204 
35 terry6.dat 111 0 24.51 75 547.4 183 
36 terry6.dat 54 0 25.07 77 588.8 190 
37 terry6.dat 52 0 26.77 81 542.8 194 
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Table 19 

SACCADES ANP THEIR STATISTICS (CHAO'S TEMPLATES) 

File Block Chan Size DUR PV time of PV 

sac2.dat 15 0 3.61 46 167.9 210 
sac6.dat 17 0 6.19 63 167.3 203 
sac6.dat 23 0 6.50 56 218.2 190 
sac5.dat 17 0 6.96 66 173.8 210 
sac1.dat 46 0 7.49 45 346.1 184 
sac5.dat 26 0 8.26 85 206.3 182 
sac1.dat 14 0 9.00 50 331.2 196 
sac4.dat 34 0 9.62 103 173.2 211 
sac3.dat 26 0 10.39 73 207.8 179 
sac3.dat 12 0 11.23 77 259.8 205 

Table 20 

SACCADES AND THEIR, STATISTICS (GOOD'S TEMPLATES) 

File Block 

good 82 
good 29 
good 19 

Chan Size DUR 

o 9.14 43 
o 9.42 43 
o 9.52 43 

PV Time ofPV 

574.9 203 
414.3 178 
419.6 204 

The most successful method for the human data experiments is the 

template matching technique. First, three set of templates, Terry's templates, 

Chao's templates, and Good's templates, with different size of saccades were 

recorded and arranged from the smallest to the largest. Terry's templates, 

Chao's templates, and Good's templates have thirty seven, eleven, and three 

saccades (templates) respectively. Second, the lower limit and upper limit of 

each saccade were computed and stored on the computer as a template menu. 
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Here, a template is a saccade. In other words, these templates (saccades) were 

stored as a menu on the computer. The lower limit and upper limit of each 

saccade are 0.2 degree smaller and larger than the original eye position respec

tively. 

The procedure of template matching can be described in several steps. 

First, the incoming data were processed by the predictors that were described 

in the previous chapters, such as a TPLP, an FPQP, an NPCP, an LMSP, and 

an RLSP. Second, these predicted signals were compared to the lower limit 

and upper limit of each saccade all the way until this saccade was identified. 

This means, 

Ylower (ti +1) < y (ti +1) < Yupper (ti +1) ,for i = 1, ... , tpeak. (10.1), 

where Ylower (ti +1) is the lower limit of a saccade at time ti +1' 0 (ti +1) is the 

one step predicted signal of a saccade, Yupper (ti +1) is the upper limit of a sac

cade at time ti +1' and tpeak is the prediction time. The condition to identify a 

saccade is that all one step predicted signals before the prediction time are 

within the limits of this particular saccade, that is, if equation (10.1) holds for 

all i , i = 1, ... , tpeak. If this is the case the saccade has been identified, then 

the final eye position for this saccade is known. This matching (identification) 

procedure would move to the next template if the one step predicted signal 

could not match the previous template, that is, if equation (10.1) does not hold 

for any i. This identification procedure would go on untillt reached the pred

iction time or until one saccade has been identified. In other words, the predic

tor would process the incoming data and predict one step ahead of time, then 

use these predicted signals to identify the saccade, once the saccade has been 

identified the final eye position was known. 
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10.3 Results And Discussions 

10.3.1 ECG data 

The results of predicting an ECG signal with a TPLP, an FPQP, an 

NPCP, a PFP1, a PFP2, an RLSP, and an LMSP are illustrated in Figures 118 

through 124. Figure 118 shows one step prediction of ECG signal by a TPLP. 

The result is pretty good. A little error occurred at those turning points. One 

step prediction of the ECG signal by an FPQP is shown in Figure 119. The 

result is good in general but is worse than the result in TPLP. Figure 120 

shows one step prediction of ECG signal by an NPCP. The result is poor espe

cially at those turning points. It shows that TPLP and FPQP both do better 

than NPCP in the prediction of ECG signal. Figure 121 displays one step 

prediction of ECG signal by a PFPl. The result shows that PFP1 is better 

than FPQP and NPCP and about the same as TPLP. The same conclusion 

could be drawn in Figure 122, which illustrates one step prediction of ECG sig

nal by a PFP2. It shows that PFP2 has the same performance as TPLP and 

PFP1 and is better than FPQP and NPCP. Finally, Figures 123 and 124 show 

one step prediction of ECG signal by an RLSP and LMSP respectively. The 

performance of RLSP is good as well as the LMSP. In the computer simulation 

of the LMSP, the proportionality constant, u, was chosen to be 0.115. The 

LMSP could not converge if u is greater than 0.115. Conversely, the LMSP 

took longer to converge and the performance was poor if u is smaller than 

0.115. Therefore, the best choice of u for LMSP in the simulation of an ECG 

signal is 0.115. 

In summary, the performance of these predictors is good in one step 
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prediction for saccadic eye movements, triangular, parabolic, cubic, sinusoidal, 

and ECG signals. The results for saccadic eye movements, parabolic, cubic, and 

sinusoidal signals are better than the results for triangular and ECG signals. 

Because the changing dynamics in triangular and ECG signals is faster than 

the changing dynamics in saccadic eye movements, parabolic, cubic, and 

sinusoidal signals. 

10.3.2 Saccadic eye movements 

The prediction results of the saccadic eye movements by the template 

matching technique are summarized in Tables 21, 22, and 23. The sixth 

column of the table is the time of peak velocity (ms), the seventh column of the 

table is the time at which the prediction was made (ms), and the eighth 

column of the table is the number of milliseconds before the peak velocity at 

which the prediction was made. Here D means the time at which the predic

tion was made, could be made even earlier than the number shown before D. 

And U means the number of milliseconds before the peak velocity at which the 

prediction was made, could be made even better than the number shown before 

U. Table 21 summarizes the prediction results of Terry's templates. For 

example, the peak velocity of 2.36 degree saccade (second template in Table 

21) occurred at 181 ms. The predictor was able to predict this saccade correctly 

before 151 ms, which is at least 30 ms before the time of its peak velocity. The 

prediction results of Chao's templates is listed in Table 22. As an example, the 

peak velocity of 11.23 degree saccade (tenth template in Table 22) occurred at 

205 ms. The predictor predicted this saccade accurately at 189 ms, which is 16 

ms earlier than the time of its peak velocity. Table 23 lists the prediction 
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Table 21 

TERRY'S TEMPLATES AND PREDICTION RESULTS 

No. File Block Chan Size Time ofPV PT ms before PV 

1 terry3.dat 3 0 2.13 200 170D 30U 
2 terry3.dat 112 0 2.36 181 151D 30U 
3 terry2.dat 2 0 2.43 205 195 10 
4 terry2.dat 12 0 2.59 192 181 11 
5 terryl.dat 9 0 2.65 180 174 6 
6 terry2.dat 35 0 2.78 198 187 11 
7 terry5.dat 76 0 3.37 209 186 23 
8 terry5.dat 90 0 3.59 215 187 28 
9 terry5.dat 94 0 3.98 186 173 13 
10 terryl.dat 101 0 4.43 204 173 31 
11 terry 1. dat 108 0 4.74 188 176 12 
12 terry5.dat 100 0 4.86 197 192 5 
13 terryl.dat 75 0 5.17 181 168 13 
14 terryl.dat 59 0 5.44 206 196 10 
15 terry3.dat 7 0 5.65 181 171 10 
16 terry5.dat 46 0 5.93 193 192 1 
17 terry2.dat 116 0 5.95 199- 176 23 
18 terry5.dat 29 0 6.24 187 174 13 
19 terry8.dat 46 1 6.70 189 172 17 
20 terry3.dat 116 0 7.44 198 189 9 
21 terry7.dat 43 0 8.71 178 165 13 
22 terry7.dat 106 0 8.84 184 154D 30U 
23 terry8.dat 97 0 8.91 195 120D 75U 
24 terry8.dat 51 1 11.94 191 160 31 
25 terry6.dat 114 0 12.40 192 177 15 
26 terry2.dat 53 0 13.60 208 201 7 
27 terry5.dat 105 0 14.52 186 169 17 
28 terry6.dat 104 0 14.56 209 197 12 
29 terry3.dat 44 0 14.93 208 187 21 
30 terry5.dat 111 0 16.40 196 182 14 
31 terry6.dat 106 0 17.39 219 170D 49U 
32 terry7.dat 57 0 23.30 203 180 23 
33 terry6.dat 56 0 23.61 186 150D 36U 
34 terry7.dat 55 0 23.69 204 187 17 
35 terry6.dat 111 0 24.51 183 167 16 
36 terry6.dat 54 0 25.07 190 169 21 
37 terry6.dat 52 0 26.77 194 171 23 
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results of Good's templates. For instance, the peak velocity of 9.52 degree sac

cade (third template in Table 23) occurred at 204 ma. This saccade was 

predicted correctly at 190 ma, which is 14 ma before the time of its peak velo

city. 

Table 22 

CHAO'S TEMPLATES AND PREDICTION RESULTS 

No. File Block Chan Size Time ofPV PT ma before PV 

1 sac2.dat 15 0 3.61 210 170D 40U 
2 sac6.dat 17 0 6.19 203 170D 33U 
3 sac6.dat 23 0 6.50 190 176 14 
4 sac5.dat 17 0 6.96 210 170D 40U 
5 sac1.dat 46 0 7.49 184 179 5 
6 sac5.dat 26 0 8.26 182 150D 32U 
7 sac1.dat 14 0 9.00 196 183 13 
8 sac4.dat 34 0 9.62 211 183 28 
9 sac3.dat 26 0 10.39 179 166 13 
10 sac3.dat 12 0 11.23 205 189 16 

Table 23 

GOOD'S TEMPLATES AND PREDICTION RESULTS 

No. File Block Chan Size Time of PV PT ma before PY-

1 good 82 0 9.14 203 170D 33U 
2 good 29 0 9.42 178 168 10 
3 good 19 0 9.52 204 190 14 

The results of predicting the saccadic eye movements by the template 

matching technique are shown in Figures 125, 126, and 127. The x-coordinate 
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and y-coordinate of these figures are millisecond before peak velocity (ms) and 

percentage wrong of prediction respectively. The results of Terry's templates 

are illustrated in Figure 125. It shows no error if the predictor predicted the 

fmal eye position of a saccade 1 ms before the time of peak velocity. It has 2.7 

percent of the saccades were identified incorrectly if the predictor predicted 2, 

3, 4, or 5 ms before its peak velocity occurred. The results show that the error 

increases as the prediction time moves earlier. The percentage wrong of predic

tion increases to 78.38 percent if the predictor predicted 30 ms before the time 

of peak velocity. Figure 126 shows the results of Chao's templates. No error 

was detected if the predictor predicted 5 ms earlier than the time of peak velo

city. The percentage wrong of prediction is 60.00 percent if the predictor 

predicted 30 ms before the time of peak velocity. The results of Good's tem

plates are shown in Figure 127. It shows no error if the predictor predicted 10 

ms before the time of peak velocity. The percentage wrong of prediction 

increases to 66.66 percent if the predictor predicted 30 ms before the time of 

peak velocity. This result indicates that the final eye position of a saccade can 

be predicted correctly before the time of peak velocity. This shows tremendous 

improvement over the main sequence method, which predicted the final eye 

position of a saccade at peak velocity. 

Ten results of Terry's templates are shown in Figures 128 through 

137. Figure 128 shows the prediction of the final eye position for a 3.37 degree 

saccade. The prediction was made at 186 ms, which is indicated with an arrow 

on the figure. The peak velocity of this saccade occurred at 209 ms. The pred

ictor was able to predict the final eye position of this saccade at 186 ms. This is 

23 ms before the time of peak velocity. The prediction of the final eye position 
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for a 4.43 degree saccade is displayed in Figure 129. The predictor was able to 

identify 4.43 degree saccade after comparing to the first nine saccades at 173 

ms. The peak velocity of 4.43 degree saccade occurred at 204 ms. The predic

tor predicted the final eye position of this saccade 31 ms before the time of 

peak velocity. Figure 130 shows the prediction of a 5.44 degree saccade. The 

predictor skipped the first thirteen saccades and identified 5.44 degree saccade 

accurately at 196 ms. The final eye position of a 5.44 degree saccade was 

predicted ~.ccurately 10 ms earlier than the time of peak velocity, which is 206 

ms. The prediction of a 7.44 degree saccade is illustrated in Figure 131. This 

saccade was correctly identified after the predictor skipped the first nineteen 

saccades on the menu at 189 ms. The peak velocity of this saccade occurred at 

198 ms. The predictor was a.ble to predict 7.44 degree correctly 9 ms before 

the time of peak velocity. Figure 132 shows the prediction of a 13.60 degree 

saccade at 201 ms, which is 7 ms earlier than the time of peak velocity. 

The prediction of a 14.56 degree and a 14.93 degree saccades are 

shown in Figures 133 and 134 respectively. The predictor predicted the final 

eye position of a 14.56 degree saccade at 197 ms, which is 12 ms before the 

time of peak velocity. The final eye position of 14.93 degree saccade was accu

rately predicted at 187 ms, which is 21 ms earlier than the time of peak velo

city. Finally, Figures 135, 136, and 137 show the prediction of a 17.39 degree, 

23.69 degree, and 26.77 degree saccades respectively. Again, the predictor was 

able to predict the final eye position of 17.39 degree saccade before 170 ms, 

which is at least 49 ms before the time of peak velocity, 219 ms. A 23.69 

degree saccade was predicted correctly at 187 ms, which is 17 ms earlier than 

the time of peak velocity, 204 ms. And the predictor also ptedicted 26.77 
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degree saccade accurately at 171 ms, which is 23 ms before the time of peak 

velocity, 194 ms. 

Figures 138 through 141 display four results of Chao's templates. 

Figure 138 shows the prediction of the final eye position for a 3.61 degree sac

cade before 170 ms. The peak velocity of this saccade occurred at 210 ms. The 

predictor was able to predict the final eye position of this saccade before 170 

ms. This is at least 40 ms before the time of peak velocity. The prediction of 

the final eye position for a 6.96 degree saccade is displayed in Figure 139. The 

predictor was able to identify 6.96 degree saccade after comparing to the first 

three saccades before 170 ms. The peak velocity of 6.96 degree saccade 

occurred at 210 ms. The predictor predicted the final eye position of this sac

cade at least 40 ms before the time of peak velocity. This shows tremendous 

improvement over the main sequence method. Figures 140 and 141 show the 

prediction of a 9.62 degree and 11.23 degree saccades at 183 ms and at 189 ms 

respectively. The predictor skipped the fu-st seven saccades and identified 9.62 

degree saccade 8J:curately at 183 InS, which is 28 ms before the time of peak 

velocity, 211 ms. The predictor was able to predict a 11.23 degree saccade 

correctly 16 ms earlier than the time of peak velocity, 205 ma. 

Results of these predictions have shown that the template matching 

technique is useful to predict final eye position for a saccade. There are at 

least three advantages in this method. First, it predicted the final eye position 

before the peak velocity occurred. Second, it is not necessary to compute the 

velocity of the incoming saccadic eye data. Third, it is also no need to detect 

the peak velocity of the saccades. Moreover, this technique can be applied to 

other long-range prediction problems as well. Therefore, it is concluded that the 
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template matching technique is a good method in the long-range prediction 

problems. 



CHAPTER 11 

CONCLUSIONS 

To predict the future is useful in many problems. This dissertation 

investigated techniques for doing this. Three block processing predictors, two

point linear predictor (TPLP), five-point quadratic predictor (FPQP), and 

nine-point cubic predictor (NPCP), were derived based on the matrix 

approach. A different approach to derive the TPLP, FPQP, and NP CP based 

on the difference equation was also developed. The difference equation 

approach is better than the matrix approach because it is not necessary to 

compute the matrix inversion. Two polynomial predictors: the polynomial

filter predictor 1 (PFP1), which is a linear combination of a TPLP and an 

FPQP, and the polynomial-filter predictor 2 (PFP2), which is a linear combina

tion of a TPLP, an FPQP, and an NPCP, were also derived. 

In this dissertation, all predictors were tested with various signals 

such as saccadic eye movements, electrocardiographs (ECG), sinusoidal, cubic, 

triangular, and parabolic signals. In summary, the performance of these predic

tors was good in one step prediction for saccadic eye movements, triangular, 

parabolic, cubic, sinusoidal, and ECG signals. The results for saccadic eye 

movements, parabolic, cubic, and sinusoidal signals are better than the results 

for triangular and ECG signals. Because the dynamics in triangular and ECG 

signals change faster than the dynamics in saccadic eye movements, parabolic, 

cubic, and sinusoidal signals. The TPLP is good in the prediction of triangular 
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signal, the FPQP works well to predict parabolic and cubic signals, and the 

NPCP is the best for sinusoidal signal. The TPLP works well when the signal 

is a straight line, but it performs poorly when the signal is not. This is to be 

expected because a straight line is being fit with a straight line. The result for 

the parabolic signal is what should be expected because a quadratic curve is 

being fit with a quadratic curve. The PFP1 and PFP2 are the best and second 

to the best for all ranges. The results suggest that the PFPl and PFP2 show 

significant improvement over that of the TPLP, FPQP, and NPCP in long

range prediction. 

A mathematical technique for verifying the accuracy of the RLS pred

ictor was developed. This technique also shows that the RLS predictor can be 

used to identify a signal. It shows that a sinusoidal signal can be described as 

a second-order difference equation with coefficients 2cosw and -1. In the same 

way, a cubic signal can also be realized as a fourth-order difference equation 

with coefficients 4, -6, 4, and -1. A parabolic signal can be written as a third

order difference equation with coefficients 3, -3, and 1. And a triangular signal 

can be described as a second- order difference equation with coefficients 2 and 

-1. 

The template matching technique does well for the human data 

experiments. With this method, the predictor would process the incoming data 

and predict one step ahead of time, then use these predicted signals to identify 

the saccade, once the saccade was identified the final eye position was known. 

The final eye position of a saccade was able to predict before its peak velocity 

occurred. Results of these predictions have shown that the template matching 

technique is useful to predict final eye position for saccadic eye movements. 



168 

In conclusion, the TPLP, FPQP, and NPCP are good for short range 

prediction, such as one step or two steps prediction. In medium range predic

tion, the linear convex combination predictors such as PFP1 and PFP2 have 

proven useful. Results have shown that the RLSP and LMSP do well both in 

the short range and medium range predictions for saccadic eye movements. 

Moreover, results also show that the RLSP and LMSP are better than TPLP, 

FPQP, NPCP, PFP1, and PFP2 in the prediction of saccadic eye movements. 
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SUMMATIONS OF FINITE SERIES 

N-l N (N - 1) 
~ k = (A1.1). 

k=O 2 

N-l N (N - 1H2N - 1} ~ k 2 = (A1.2). 
k=O 6 

N-l N 2(N - 1}2 
~ k 3 = (A1.3). 

k=O 4 

N-l N (N - 1) (2N - 1} (3N 2 - 3N - 1) (AlA). ~ k4 = 
k=O 30 

N-l N2 {N - 1) (2N 3 
- 4N2 + N + 1) (A1.5). ~ k 5 = 

k=O 12 

N-l N (N - 1) (2N - 1) (3N 4 - 6 N 3 + 3N + 1} (A1.6). ~ k 6 = 
k=O 42 

N-l N 2 (N - 1}2 (3 N 4 - 6 N 3 
- N 2 + 4 N + 2} (A1.7). ~ k7 = 

k=O 24 

N N (N + 1} (A1.B). ~ k = 
k=l 2 

N N (N + 1H2N + 1) (A1.9). ~ k 2 = 
k=l 6 

N N2(N + 1)2 
~ k3 = (A1.10). 

k=l 4 
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N N {N + I} (2N + I} (3N 2 + 3N - I) (A1.II). E k4 = 
k=l 30 

N N 2 (N + 11 !2N 3 + 4N2 + N - 11 (A1.12). E k 5 = 
k=l 12 

N N {N + 1) (2N + 1) (3N4 + 6 N 3 
- 3N + I) (A1.13). E k

6 = 42 k=l 

N N2 !N + 1)2 !3 N4 + 6 N 3 
- N 2 

- 4 N + 2l (A1.14). E k7 = 
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Figure 2: A typkal 9.8 degree saccade. 
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Figure 3: Triangular, parabolic, cubic, and sinusoidal signals. 
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Figure 4: One-step prediction of the TPLP for a saccadic eye signal. 
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Figure 5: Five-step prediction of the TPLP for a saccadic eye signal. 
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Figure 6: Ten-step prediction of the TPLP for a saccadic eye signal. 
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Figure 7: One-step prediction of the TPLP for a triangular signal. 
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Figure 8: Five-step prediction of the TPLP for a triangular signal. 
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Figure 9: Ten-step prediction of the TPLP for a triangular signal. 
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Figure 10: One-step prediction of the TPLP for a parabolic signal. 
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Figure 11: Five-step prediction of the TPLP for a parabolic signal. 
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Figure 12: Ten-step prediction of the TPLP for a parabolic signal. 
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Figure 13: One-step prediction of the TPLP for a cubic signal. 
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Figure 14: Five-step prediction of the TPLP for a cubic signal. 
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Figure 15: Ten-step prediction of the TPLP for a cubic signal. 
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Figure 16: One-step prediction of the TPLP for a sinusoidal signal. 
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Figure 17: Five-step prediction of the TPLP for a sinusoidal signal. 

..... 
co 
o 



DEGREE 

16 

18 

6 

8 

-6 

-10 

-16 

r \ J \ \\ I ~ I TIUE(ms) 

368 

Figure 18: Ten-step prediction of the TPLP for a sinusoidal signal. 
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Figure 19: One-step prediction of the FPQP for a saccadic eye signal. 
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Figure 20: Five-step prediction of the FPQP for a saccadic eye signal. 
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Figure 21: Ten-step prediction of the FPQP for a saccadic eye signal. 
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Figure 22: One-step prediction of the FPQP for a triangular signal. 
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Figure 23: Five-step prediction of the FPQP for a triangular signal. 
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Figure 24: Ten-step prediction of the FPQP for a triangular signal. 
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Figure 25: One-step prediction of the FPQP for a parabolic signal. 
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Figure 26: Five-step prediction of the FPQP for a parabolic signal. 
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Figure 27: Ten-step prediction of the FPQP for a parabolic signal. 
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Figure 28: One-step prediction of the FPQP for a cubic signal. 
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Figure 29: Five-step prediction of the FPQP for a cubic signal. 
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Figure 30: Ten-step prediction of the FPQP for a cubic signal. 
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Figure 31: One-step prediction of the FPQP for a sinusoidal signal. 
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Figure 32: Five-step prediction of the FPQP for a sinusoidal signal. 
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Figure 33: Ten-step prediction of the FPQP for a sinusoidal signal. 
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Figure 34: One-step prediction of the NPCP for a saccadic eye signal. 
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Figure 35: Five-step prediction of the NPCP for a saccadic eye signal. 
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Figure 36: Ten-step prediction of the NPCP for a saccadic eye signal. 
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Figure 37: One-step prediction of the NPCP for a triangular signal. 
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Figure 38: Five-step prediction of the NPCP for a triangular signal. 
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Figure 39: Ten-step prediction of the NPCP for a triangular signal. 
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Figure 40: One-step prediction of the NPCP for a parabolic signal. 
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Figure 41: Five-step prediction of the NPCP for a parabolic signal. 
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Figure 42: Ten-step prediction of the NPCP for a parabolic signal. 
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Figure 43: One-step prediction of the NPCP for a cubic signal. 
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Figure 44: Five-step prediction of the NPCP for a cubic signal. 
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Figure 45: Ten-step prediction of the NPCP for a cubic signal. 
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Figure 46: One-step prediction of the NPCP for a sinusoidal signal. 
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Figure 47: Five-step prediction of the NPCP for a sinusoidal signal. 
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Figure 48: Ten-step prediction of the NPCP for a sinusoidal signal. 
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Figure 49: One-step prediction of the PFPl for a saccadic eye signal. 
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Figure 50: Five-step prediction of the PFPl for a saccadic eye signal. 
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Figure 51: Ten-step prediction of the PFP1 for a saccadic eye signal. 
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Figure 52: One-step prediction of the PFPl for a triangular signal. 
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Figure 53: Five-step prediction of the PFPl for a triangular signal. 
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Figure 54: Ten-step prediction of the PFPl for a triangular signal. 
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Figure 55: One-step prediction of the PFPl for a parabolic signal. 
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Figure 56: Five-step prediction of the PFPl for a parabolic signal. 
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Figure 57: Ten-step prediction of the PFPl for a parabolic signal. 
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Figure 58: One-step prediction of the PFPl for a cubic signal. 
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Figure 59: Five-step prediction of the PFPl for a cubic signal. 
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Figure 60; Ten-step prediction of the PFP 1 for a cubic signal. 
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Figure 61: One-step prediction of the PFP1 for' a sinusoidal signal. 
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Figure 62: Five-step prediction of the PFPl for a sinusoidal signal. 
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Figure 63: Ten-step prediction of the PFPl for a sinusoidal signal. 
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Figure 64: One-step prediction of the PFP2 for a saccadic eye signal. 
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Figure 65: Five-step prediction of the PFP2 for a saccadic eye signal. 
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Figure 66: Ten-step prediction of the PFP2 for a saccadic eye signal. 
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Figure 67: One-step prediction of the PFP2 for a triangular signal. 
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Figure 68: Five-step prediction of the PFP2 for a triangular signal. 
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Figure 69: Ten-step prediction of the PFP2 for a triangular signal. 
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Figure 70: One-step prediction of the PFP2 for a parabolic signal. 
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Figure 71: Five-step prediction of the PFP2 for a parabolic signal. 
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Figure 72: Ten-step prediction of the PFP2 for a parabolic signal. 
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Figure 73: One-step prediction of the PFP2 for a cubic signal. 

N 
~ 
0) 



DEGREE 

16 

18 

6 

8 

-6 

-10 

-16 

1 \ J \ I 'I TIUE(ms) \ \ \ 

Figure 74: Five-step prediction of the PFP2 for a cubic signal. 
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Figure 75: Ten-step prediction of the PFP2 for a cubic signal. 
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Figure 76: One-step prediction of the PFP2 for a sinusoidal signal. 
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Figure 77: Five-step prediction of the PFP2 for a sinusoidal signal. 
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Figure 78: Ten-step prediction of the PFP2 for a sinusoidal signal. 
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Figure 79: The velocity signal of a 9.52 degree saccade using the two-point cen

tral difference derivative algorithm. 
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Figure 80: The velocity signal of a 9.52 degree saccade using the two-point 
backward method fo!' velocity. 
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Figure 81: The velocity signal of a 9.52 degree saccade using the five-point 

backward method for velocity. 
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Figure 82: One-step prediction of the RLSP for a saccadic eye signal. 
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Figure 83: One-step prediction of the RLSP for a triangular signal. 
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Figure 84: One-step prediction of the RLSP for a parabolic signal. 
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Figure 85: One-step prediction of the RLSP for a cubic signal. 
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Figure 86: One-step prediction of the RLSP for a sinusoidal signal. 
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Figure 87: Five-step prediction of the RLSP for a saccadic eye signal. 
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Figure 88: Ten-step undelayed prediction of the RLSP for a saccadic eye signal. 
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Figure 89: Ten-step prediction of the RLSP for a saccadic eye signal. 
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Figure 90: Twenty-step prediction of the RLSP for a saccadic eye signal. 
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Figure 91: Thirty-step prediction of the RLSP for a saccadic eye signal. 
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Figure 92: Forty-step prediction of the RLSP for a saccadic eye signal. 
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Figure 93: Fifty-step prediction of the RLSP for a saccadic eye signal. 
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Figure 97: One-step prediction of the LMSP for a saccadic eye signal. 
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Figure 98: One-step prediction of the LMSP for a triangular signal. 
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Figure 99: One-step prediction of the LMSP for a parabolic signal. 

~ 
~ 
~ 



DEGREE 

16 

lS 

6 

9 

-6 

-lS 

-16 

I' \ I " I "I TIUE(ms) , \ \ 

Figure 100: One-step prediction of the LMSP for a cubic signal. 
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Figure 101: One-step prediction of the LMSP for a sinusoidal signal. 



DEGREE 

12 

11 

18 

9 

8 

7 

8 

6 

.. 

3 

2 

1 

8 L I. I , I TIME (ms) 

68 10" 16" 20" 260 3"" 360 

Figure 102: Five-step prediction of the LMSP for a saccadic eye signal. 
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Figure 103: Ten-step undelayed prediction of the LMSP for a saccadic eye sig
nal. 
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Figure 104: Ten-step prediction of the LMSP for a saccadic eye signal. 
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Figure 105: Twenty-step prediction of the LMSP for a saccadic eye signal. 
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Figure 106: Thirty-step prediction of the LMSP for a saccadic eye signal. 
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Figure 107: Forty-step prediction of the LMSP for a saccadic eye signal. 
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Figure 108: Fifty-step prediction of the LMSP for a saccadic eye signal. 

One-step prediction of the FLCFP for a 9 degree saccade. 
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Figure 109: One-step prediction of the FLCFP for a 9 degree saccade. 
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Figure 110: A signal that starts and ends at the same level (a saccadic eye move

ment multiply it by the Hamming window function). 
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Figure 111: A signal that starts and ends at the same level (flip and reverse a 

saccadic eye movement in time and connect with the original signal). 
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Figure 112: The FFT of a saccadic eye movement preprocessed with the Ham

ming window function. 
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Figure 113: The FFT of a saccadic eye movement preprocessed with the flip and 

reverse in time method. 
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Figure 114: The FFT of a triangular signal. 
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Figure 115: The FFT of a parabolic signal. 
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Figure 117: The FFT of a sinusoidal signal. 
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Figure 118: One-step prediction of the TPLP for a ECG signal. 
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Figure 119: One-step prediction of the FPQP for a ECG signal. 
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Figure 120: One-step prediction of the NPCP for a ECG signal. 
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Figure 121: One-step prediction of the PFPl for a ECG signal. 
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Figure 122: One-step prediction of the PFP2 for a ECG signal. 
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Figure 123: One-step prediction of the RLSP for a ECG signal. 
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Figure 124: One-step prediction of the LMSP for a ECG signal. 
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Figure 125: Results of Terry's templates in the prediction of final eye position 

for the saccadic eye movements. 
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Figure 126: Results of Chao's templates in the prediction of final eye position 

for the saccadic eye movements. 
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Figure 127: Results of Good's templates in the prediction of final eye position 

for the saccadic eye movements-
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Figure 128: The prediction of final eye position for a 3.37 degree saccade. 
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Figure 129: The prediction of final eye position for a 4.43 degree saccade. 

~ 
o 
t-) 



DEGREE 

30 

28 

26 

24 

22 

29 

18 

18 

14 

12 

10 

8 

6 

4 

2 

o 

60 

./ • lYE (ms) 

If'" 160 2"" 260 300 360 

Figure 130: The prediction of final eye position for a 5.44 degree saccade. 
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Figure 131: The prediction of final eye position for a 7.44 degree saccade. 
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Figure 132: The prediction of final eye position for a 13.60 degree saccade. 
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Figure 133: The prediction of final eye position for a 14.56 degree saccade. 
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Figure 134: The prediction of final eye position for a 14.93 degree saccade. 
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Figure 135: The prediction of final eye position for a 17.39 degree saccade. 
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Figure 136: The prediction of final eye position for a 23.69 degree saccade. 
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Figure 137: The prediction of final eye position for a 26.77 degree saccade. 
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Figure 138: The prediction of final eye position for a 3.61 degree saccade. 
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Figure 139: The prediction of final eye position for a 6.96 degree saccade. 
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Figure 140: The prediction of final eye position for a 9.62 degree saccade. 
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Figure 141: The prediction of final eye position for a 11.23 degree saccade. 
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