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ABSTRACT 

This study presents an analytical approach for the mechanics of the pneu

matic tires and the vehicle dynamic simulation. Most of tire dynamic parameters 

in this study are derived by using the tire geometry rather than experimental 

data. For the tire dynamic properties, explicit formulations are derived analyt

ically as functions of slip ratio, slip angle, camber angle, and other tire dynamic 

parameters. These formulations can be efficiently used for the general vehicle 

simulations of braking/traction and steering maneuvers with a varying camber 

angle at irregular terrains. 

For on-highway vehicle simulations, a conceptual sports car is modeled as 

a .twenty-six degrees of freedom multi-body system, while the military 1/4 ton 

truck M151-A2 is modeled as a fourteen degrees of freedom multi-body system 

for off-highway vehicle simulations. To study vehicle ride comfort, stability, and 

maneuverability, numerous vehicle simulati(\~ are performed using the compre

hensive tire model, steering, braking, traction, nonlinear suspension, and realistic 

irregular terrains. For these simulations, a general-purpose multi-body dynamic 

analysis code (named MBOSS) has been developed. 
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INTRODUCTION 

1.1 Introductory Comments 
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A vehicle equipped with pneumatic tires nowadays has become one of life 

necessities for daily transportatio~. As the modern technology is being developed, 

there exist more demands for better and safer transportation, and these demands 

make the vehicle equipped with more comprehensive dynamic components such as 

antilock braking systems, active suspension systems, four wheel steering systems, 

and advanced safety devices. A variety of studies on vehicle dr-mmic perfor

mance and crashworthiness has been performed through both experimental and 

theoretical research. Experimental works are generally carried out for specific 

problems, and the findings may not be applied to other problems under different 

conditions. In addition, the experimental procedures are very expensive. On the 

other hand, on-highway and off-highway vehicle dynamic simulations can be done 

efficiently on a computer system. 

A vehicle system is generally characterized as a highly nonlinear rigid and 

deformable multi-body dynamic system. The system components have their own 

unique characteristics, and they have close interactive relationships to each other. 

Therefore, not only the modeling of each component is necessary, but also the 

overall configuration of the system is essential in order to study the vehicle dynamic 

performance. To perform a realistic vehicle dynamic simulation, furthermore, an 

irregular terrain has to be considered, and the tire dynamic parameters such as 

deformations, contact patch and preasure, and tire-road friction cCh.~cient must 

be obtained for the irregular terrain. The friction properties also have to be 

considered as functions of tire and road conditions, load, velocity, and temperature. 
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A pneumatic tire is the most important component of the vehicle system 

representing the interaction between a wheel and the road surface. Not only the 

tire isolates a wheel from the local disturbance of the road surface, but also it 

provides better driving performance than any other rigid wheels. The pneumatic 

tire has several similarities to animal muscles in its function, structure, and basic 

characteristics such as nonlinear and elastic responses to external stimuli and ten

dency to be greatly influenced Ly temperature changes. However, the pneumatic 

tire is quite different from an air spring. When a load is increased (or decreased) 

in the pneumatic tire, it causes an increase (or decrease) of the tire deformations 

and the contact patch instead of significant changes of tire pressure, while this 

change in the load results in an increase (decrease) of pressure in the air spring. 

The pneumatic tire is generally modeled as a three dimensional spring sys

tem which transmits forces in the radial, longitudinal, and lateral directions. The 

three elementary springs have interactive functional relat~onships to each other, 

which is denoted as the $pring interaction concept. As the tire dynamic proper

ties, there exist three forces and three moments acting on the tire from the road 

surface. There are normal, longitudinal, and lateral forces, self-aligning torque, 

overturning moment, and rolling resistance moment. These properties are exclu

sively determined by the tire stifFnesses, the tire-road friction properties, and other 

driving conditions. Furthermore, the maximum resultant force of the longitudinal 

and the lateral forces may be determined based on either the friction circle concept 

or the friction ellip$e concept. According to the friction circle concept and the 

friction ellipse concept, the maximum resultant force is located along a circle and 

an ellipse, respectively. In g~eral, the friction ellipse concept is known to be 

more realistic than the friction circle concept. 



1.2 Literature Review 
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To improve vehicle dynamic performamce, a pneumatic tire was invented 

by John Dunlop, a veterinarian, and first it was used by Sir Robert Thompson in 

England around 1945. The studies on the tire dynamic properties were started by 

Bradley and Allen (1931) [1]. By an experimental work, Koesler and Klaue (1937) 

[2] showed that braking force is a function of slip ratio. The first fundamental 

theoretical study on cornering properties was performed by Fiala (1954) [3]. He 

assumed that the lateral displacement of the tire tread takes place only within 

the contact patch. In his free rolling tire model which behaved as an elastically 

supported beam subjected to a concentrated lateral load, he derived lateral force 

and self-aligning torque produced due to constant slip angles. His theoretical 

values of tl!.e lateral force ha·le a good agreement with experimental results, but 

there exists a considerable discrepancy between his theoretical and experimental 

values f."l)r the self-aligning torque. 

Bergman (1961) [4], thereafter, performed the first theoretical analysis on 

the cornering properties during braking by introducing the spring interaction con

cept, in which each tire element is considered to consist of three elementary elastic 

springs whose axes of symmetry are perpendicular to each other as in the radial, 

longitudinal, and lateral directions. According to the spring interaction concept, 

the variations of braking force cause the changes of lateral force since the braking 

force behaves as a parameter for the lateral force. In a subsequent study (1974) 

[5], he investigated steady-state and transient tire properties affecting vehicle di

rectional response characteristics. 

By experimental studies, Nordeen and Cortese (1963) [6], Krempel (1965) 

[7], and Benker (1968) [8] have shown that the variations of lateral force and 
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self-aligning torque have functio:aal relationships with the changes of braking and 

traction forces. Livingston and Brown (1969-1970) [9-11] compared schemetically 

the effects of three different types of contact pressures on cornering properties 

such as uniform, elliptical, and parabolic pressure distributions. In their study, 

traction and lateral forces were calcuiated under both longitudinal and lateral 

slips. Specially, they made an improvement in theoretically presenting lateral slip 

due to camber angle and then included the effect of camber angle to slip angle for 

the cornering properties of a free rolling tire. 

Sakai (1981-82) [12-15] recently carried out elaborate theoretical and ex

perimental studies on the tire dynamic properties. In his theoretical study, cor

nering, braking: and traction properties were expressed as functions of slip ratio, 

slip angle, and other tire dynamic parameters obtained from experiments. The 

experimental studies on the rubber friction and deformations of a tire were fully 

performed by considering the effects of slip angle, slip ratio, camber angle, load, in

ternal pressure, velocity, temperature, and drum curvature under specially chosen 

conditions. Based on his experimental and analytical studies, the six components 

of tire forces and moments were calculated by numerical integration instead of 

explicit formulations. 

As an early study on tire-road friction properties, Wilkinson (1953) [16] 

showed that the friction coefficient of rubber on the ice surface is decreased as 

load is increased and has the maximum value Cl.t a certain velocity. A subse

quent study made by Schallamach (1958) [17] verified that the friction coefficient 

of rubber generally has the maximum value at a certain velocity depending on 

temperature. Thereafter., Dugoff, Fancher, and Segel (1970) [18] expressed the 

tire-road friction coefficient as a function of the sliding velocity of the tire tread, 

the friction coefficient at zero sliding velocity, and friction reduction factors. In an 
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extensive experimental study, Geyer (1971) [19] showed how the friction coefficient 

of a rubber block is influenced by temperature, velocity, rubber material, rubber 

surface state (wet), and the shape of the rubber block. By including the load sen

sitivity of peak friction properties, Bickerstaff and Hartley (1974) [20] modified the 

classical theory that assumed constant tr3.l:tion coefficient at the tire-road inter

face, and their modification changed the. selection of brake force balance required 

to obtain the maximum theoretical deceleration capability. 

As a. study Oll the wet skid resistance of a tire, Dijks (1974) [21] examined 

the road surface parameters, the dominant tire parameters, and the influence of 

tread. depth of the tire, and also he considered three coefficien~s such as the maxi

mum value of the normalized braking force, the normalized braking force averaged 

over the interval where the wheel is locked, and the maximum value of the normal

ized side fo~ce. Furthermore, Nguyen and Case (1975) [22] examined previously 

developed friction models and pointed out their similarities and diflerences. In 

their research, the sensitivity of vehicle response to different tire models is also 

studied using a nonlinear, simplified vehicle model through cornering, straight

ahead braking, and b:caking in-a-tum simulations. They then concluded that 

Dugoff's tire model agrees well with experimental data and also emphasized the 

importance of the friction ellipse concept. 

As an integral of the theoretical and experimental studies on the mechanics 

of pneumatic tires, several books have been published. Hays and Browne (1974) 

[23] edited a book on the tire traction theory and experiment, and Wong (1978) 

[24] wrote a book on the theory of ground vehicles. Clark (1981) [25] authored 

a book on the mechanics of pneumatic tires, and Meyer and Walter (1981) [26] 

edited a book on the frictional interaction of tire and pavement. In addition, Yong, 

Fattah, and Skiadas (1984) [27] co-authored a book on vehicle traction mechanics. 

In summary, Table 1.1 lists the compa..';son of the present study and major 

previous studies on the tire dynamic properties. 



Table 1.1 Comparison of major studies on the til'e dymullic propel'ties. 

Name and Year sa SA CA SAC 

Ber~man X X 
(1961) 

Livin~ston, Drown X X X 
(1969-1970) 

Du~ofl', Fancher, Se~eI 
(1970) 

Sakai X X 
(1981-1982) 

Present study X X X X 
(1988) 

SR: pure lon~itudinal slip due to Slip Ralio 
SA: pure lateral slip due to Slip Angle 

SRA 

X 

X 

X 

X 

CAl pure lateral slip due to Camber Angle 
SAC: later~ slips due to Slip Angle and Camber angle 

RAC FCC FEC 

X 

X 

X 

X 

X X X 

Si~niftc''"t (or additionRI) feRtllr" 

-Sprin~ interaction concept 

-Laleralslip due to camber an~le 

-
-Friction coefficient model depending on 
tbe slip velocity or a tire 

-Lon~itudinal and lateraislil)S due to 
slip an~le during braking/traction 

-Experimentally oblained tire dynamic· 
parameters 

-Numerical inte~ration for the tire dynamic 
properties 

-Analytically derived tire dynanlic parameters 
with le88t dependence of experimental work 

-Characterization of adhesion and slidin~ 
re~ions with the breakaway point 

-Explicit rormulations ror the tire dynamic 
properties 

FCC: Friction Circle Concept 
FEC: Friction Ellipse Concept 

SRA: longitudinal and lateral slips due to Slip Ratio and slip Angle 
RAC: longitudinal and lateral slips due to slip Ratio, slip Angle, and Camber augle ~ 

(.) 
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1.2-2 Vehicle Dynamic Simulation 

Many vigorous studies on vehicle suspension systems have lately been per

formed to improve vehicle dynamic performance. Among these studies, a study 

on active suspensions with vibration absorbers and optimal output feedback con

trol was carried out by Thompson, Da..ns, and Salzborn (1984) [28]. They showed 

that the addition of a. vibration absorber results in a significant hydraulic power 

saving. Furthermore, Ghoneim and Metw--.lli (1984) [29] evaluated the perfor

mance characteristics of vehicle suspension system with optimum damped ab

sorber. Their study showed that both optimum. damped absorber and optimal 

active suspensions generally improve vehicle dynamic performance; the optimal 

active suspension is better when controllability is emphasized, but the optimum. 

damped absorber suspension is superior when ride comfort is of prime importance. 

In a subsequent study, Metwalli (1986) [30] indicated that to optimally 

isolate a suspension system, it should be totally disconnected from the disturbance, 

and a r~stically optimized nonlinear suspension system is superior to a linear 

one. For the objective function, he used the tire normal force (as a controllability 

criterion) which is unconstrained or constrained by the sprung mass acceleration 

(as a comfort criterion). Ghoneim and Cheema (1986) [31] studied the effect of the 

location of the damped absorbers. In their study, the performance characteristics 

of vehicle suspensions with optimum damped absorbers were compared with those 

of pertinent optimized conventional and optimal active suspensions. They also 

provided the power spectral density of the sprung mass acceleration in addition 

to the tire normal force for the objective functicn. 

Using the stochastic optimal control and estimation theory, Hac (1986) 

[32] calculated the suspension control forces and the steady-state behaviour of an 

optimally controlled system in the presence of measurement errors. He showed 
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that the techniques of optimal control theory can be used for the optimal design of 

active damping of simple discrete-continuous vibrating systems. In the same year, 

Karnopp (1986) [33] used two performance indices for optimal active suspension; 

the first one is for ride comfort and tire-road force vibrations, and the other is for 

ride comfort and main suspension deflection. He aiso demonstrated that body 

isolation is traded off in one case against the contact force vibration and in the 

other against the suspension deflection. 

As a study on the elastic flexibility of a suspension system, Hiller (1985) 

[34] performed the elasto-kinematic analysis of a five point suspension. In his 

study, the suspension was furnished with elastic ball joints, and each ball joint 

was modeled as a system of three orthogonal nonlinear springs. A kinematic 

analysis program was developed both for infinitesimal and finite displacements 

using general formulations for the spatial screw displacement of the wheel car

rier. He also pointed out that the suspension equipped with the elastic ball joints 

should provide better ride comfort than the conventional ones. 

To study the directional response of a' free control automobile to steering 

input torques, Segel (1966) [35] used a five degrees of freedom vehicle model which 

added a quasilinear two degrees of freedom representation of a steering system with 

Coulcmb friction to a linear three degrees of freedom representation of a fixed con

trol automobile. He compared theoretical predictions of the directional response 

with experimental measurements, and then he showed that the st.eady state direc

tional control and stability can be characterized by the quasilinear mathematical 

model with Coulomb friction introduced as a single nonlinear element. Pacejka 

(1979) [361 studied the development of mathematical models de!;cribing steady 

state cornering behaviour and the concept of effective tire characteristics repre

senting the combined effects of tire, suspension, and steering properties. He also 



26 

introduced a handling diagram showing the regions of under and over steers and 

the regions of stable and unstable motions. In addition, his study on the plane 

motion of a vehicle showed that the domains of attraction can be located beyond 

'Vhere the motion becomes difficult or impossible to control. 

Limpert, Gamero, and Boyer (1974) [37] made an investigation of brake 

balance for straight and curved braking with steering maneuvers. They discussed 

the importance and effects of the brake balance on the braking performance. In 

addition, different wheel antilock systems were analyzed and the test results were 

presented for three vehicles. As an alternative of calculating lateral force-slip 

angle relationship, Mooring and Genin (1982) [38] used a kinematic constraint 

under an assumption that there exists no lateral slip in an articulated four degrees 

of freedom model of a tractor-trailer system. Lately, Lukowski, Sebert, and Altidis 

(1987) [39] made a computer simulation study of the vehicle directional response 

caused by steering wheel angular displacements using a ten degrees of freedom 

vehicle model. 

The characteristics of a four wheel steering vehicle which can steer rear 

wheels relative to a front wheel steering angle were investigated by N a.ka.ya and 

Osuchi (1985) [40]. They found that a four wheel steering system generally 

improves both vehicle controllability and stability. Sano, Furukawa, and Shiraishi 

(1986) [41] also studied the new concept of the four wheel steering system. In 

their study, the rear wheels were steered in the same direction as the front ones 

as long as the front steering wheel angle was kept within a small angle. However, 

the rear wheels were steered in the opposite direction of the front ones when the 

front steering wheel angle went beyond a certain value. In a subsequent study, 

Fukunaga, !rie, Kuroki, and Sugasawa (1987) [42] examined the effect of four wheel 

steering on vehicle handling and stability. They showed that the vehicle stability is 
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improved by steering rear wheels in the same direction as the front ones, and both 

vehicle handling and stability are significantly improved by optima.lly matching 

the front wheel steering angle with the rear wheel motion. 

For vehicle design optimization, Lu and Segel (1984) [43] carried out a 

study on vehicle rolling resistance reduction in conjunction with improvement in 

ride comfort and road holding ability. Three vehicle performance indices were 

represented as; vehicle rolling resistance force, root mean square of vehicle body 

vertical acceleration, and root mean square of dynamic load between tire and 

road. The objective function consisted of the summation of these three indices 

with suitably chosen weighting iactors. 

As computer systems have been developed, more studies on vehicle dy

namic performance have been made. McHenry (1971) [44] performed a research 

on automobile dynamics based on a computer simulation of general three dimen

sional motions using a fifteen degrees of freedom vehicle model. He introduced 

approximation of rolling resistance and aerodynamic drag and an irregular terrain 

which provided more realistic conditions for steering, braking, and traction ma

neuver simulations. By presenting the friction ellipse concept as well as the friction 

circle concept, he derived the functional relationships among radial, longitudinal, 

and lateral forces which give more realistic results. As a subsequent study, Segal 

(1976) [45-48} made an extensive study on various vehicle dynamic simulations, in 

which the simulation results were compared with experimental data which they 

showed a good agreement. He also emphasized the imP'Jrtance of the friction 

ellipse concept. 

Chung, Nikravesh, and Arora (1982) [49] studied automobile crash simula

tion, in which they employed elasto-plastic springs at ajoint to represent structural 

deformations. Sharp and Segel (1983) [50] performed the dynamic simulation of 
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the military truck M151. In their study, the importance of military vehicle roll

over simulation and the infiuence of rear suspension on steering behaviour were 

discussed. Kim, Shabana, and Haug (1984) [51] presented a method for nonlinear, 

transient dynamic analysis of a vehicle system that is composed of interconnected 

rigid and flexible bodies. Mussman and Vanderploeg (1985) [52] studied the fac

tors influencing heavy truck roll-over, and they found that the modification of the 

hitch configuration between a semitrailer and a dolly and moving payloads affects 

greatly the roll-over limit of the Michigan double bottom tanker. 

Gim, Nikravesh, and Pereira (1987) [53-58] made an extensive study on 

the vehicle dynamic performance and the crashworthiness of the military truck 

M151-A2 whicl:. was modeled as a fourteen degrees of freedom multi-body dynamic 

system. As an additional study, Gim and Nikravesh (1988) [59-60] also performed 

a dynamic simulation on the G .M. Y -car which was modeled as a twenty-six degrees 

of freedom multi-body dynamic system. In these sequential studies, realistic 

irregular terrains, a comprehensive nonlinear tire model, noclinear suspensions, 

steering, braking, and traction systems were considered to achieve a variety of 

realistic vehicle dynamic simulations. In addition, colorful, solid model, real time 

animations have been performed on Silicon Graphics IRIS computer work station 

in order to visualize the simulated motions from the various dynamic analyses [61]. 

1.2-3 Multi-body Dynamics 

Before the advent of digital computers, the three dimensional dynamic anal

ysis of a multi-body system was almost impossibk to be performed eventhough 

various analytical methods had been developed [62-68]. In the 1950's when dig

ital and analog computers began to appear, it became possible to formulate and 

solve numerically the equations of motil)n of a moderately sized multi-body sys

tem [69-71]. The early programs, however, were generally developed for specific 
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applications, in other hands, they required extensive modifications for different 

applications. Furthermore, the programs were also based on the geometrical in

terpretation of constraints to reduce problem size since they are limited in scope. 

As the capability of a computer system is increased., a variety of analytical 

and numerical methods for the dynamic analysis of multi-body systems has been 

developed from the late 1960's and early 1970's [72-74]. Thereafter, numerol!S 

general purpose computer codes capable of performing the dynamic analysis of 

large scale, nonlinear, constrained rigid body system were developed [75-82], and 

special purpose computer codes for vehicle dynamic simulations were also devel

oped [45-48]. In general, these programs use different analytical methods and 

numerical computer algorithms. However, they are similar in some respects and 

quite different in others. 
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CHAPTER 2 

MULTI-BODY MECHANICAL SYSTEM 

A multi-bo9Y mechanie&l. system is defined as an assembly of rigid or de

formable bodies interconnected by a set of kinematic joints under the action of 

external and internal forces or moments as shQwn in Figure 2.1. Examples of 

commonly used kinematic joints are spherical, universal, revolute, translational, 

and composite joints. The forces or moments are generated by gravity, actuators, 

springs, dampers, bushings, or other elements. The motion of the multi-body sys

tem is described by Ghe equations of motion, and its simulation can be performed 

by solving these equations [82,83]. In general, it is not possible to analytically 

solve the equations of motion. Therefore, these equations are solved using ni.lID.eri

cal integration algorithms for ordinary differential equations such as Runge-Kutta, 

Adams predictor-corrector, or Gear's stiff methods [84-91]. 

2.1 Coordinates of A System 

Coordinates of a system describing the position and the angular orienta

tion of bodies can be expressed in terms of generalized coordinate" or Carte"ian 

coordinate". Generalized coordinates need only the minimum number of inde

pendent coordinates uniquely determining the configuration of the system, and 
-
this minimum number coincides with the number of degrees of freedom of the 

system. However, Cartesian coordinates need three translational and three an

gular coordinates to describe the configuration of a body in space. Cartesian 

coordinates also furnish the easy formulation of the equations of motion, while 

generalized coordinates and other simi!ar coordinates are more complex to use. 

For the purpose of simplicity, Cartesian coordinates are used in this study, 

therefore body-fixed or local (;()Ordinates are defined relative to the inertia or global 

• 
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Figure 2.1 A schematic representation of 
a multi-body mechanical system (from Ref. 82). 
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coordina.tes. The local and the global coordina.te axes are denoted as the ~TJ( 

and the XY Z, respectively. The translational and the angular coordinates then 

define the coordinates of the origin and the orientation of the local coordinate axes 

relative to the global coordinate axes, respectively. Futhermore, Euler parameters 

are used to determine the angular coordinates since Euler parameters do not have 

the singularity problems of other angular coordinates such as Euler angles. 

The motion of a body generally consists of a translation and a rotation as 

shown in Figure 2.2. The orientation cf a body can be specified by a transfor

mation matrix describing the rotation of the local coordinate axes relative to the 

global axes as shown in Figure 2.3. The transformation matrix A can be defined 

in terms of the XYZ components of unit vectors UW, u'(q)~ and UW' denoted as 

uw' u(q), and u({b respectively, Le.: 

(2.1) 

where, the matrix A can also be obtained in terms of Euler parameters at any 

instant of time. 

For a body in a multi-body system, such as body i, displacement vector qi, 

velocity vectors qi and hi, and acceleration vectors qi and hi are defined as: 

(2.2) 

(2.3) 

(2.4) 

(2.5) 

and 
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Figure 2.2 Configuration of Cartesian coordinate systems; 
(a) translation and rotation and (b) rotation only (from Ref. 82). 
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Figure 2.3 Unit vectors along the axes of the local 
and global coordinate systems (from Ref. 82). 
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(2.6) 

where, 

ri = translational displacement vector, 

Pi = Euler parameters for an angular displacement vector, 

ri = time rate of change of ri, 

Pi = time rate of chan6e of Pi, 

wi = angular velocity vector in the local coordinates, 

ri = time rate of change of ri, 

Pi = time rate of change of Pi, and 

wi = time rate of change of wi. 

For convenience, the above vectors are used. without subscript i. Without any . 

detail, the following steps are simply quoted from Ref. 82: 

r
e~ + e~ - ~ 

A = 2 ele2 +eOe3 
L ele3 - eOe2 

P= !LTw' 
2 
1 = -GTw 
2 

w=Aw' 

L = [-e, -e + eo!] 

G = [-e,e + eoI] 

A=AW' =wA 

(2.7) 

(2.8) 

(2.9) 

(2.10) 

(2.11) 

(2.12) 

(2.13) 

(2.14) 
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where, 
if> eo=cos-
2 

• if> 
e=uS1D2' 

pTp_1 =0 

LLT =GGT =1 

[ 

0 -e3 
e = e3 0 

-e2 el 

u is a unit vector along the orientational axis of rotation, and if> is an angular 

displacement along this axis. w is the angular velocity vector in the global co

ordinates. w' and w are the skewsymmetric matrices associated with w' and 

w, respectively. For a multi-body system of b bodies, displacement, velocity, 

el . '. defined t:::. [ ] • t:::. [.. • ] acc eratlon n:atnces are as; q = ql, ~, ... ,qb , q = ql, qz, ... ,qb , 
t:::. t:::. • t:::... • 

h = [hi, h2,'" ,hb], q = [qb (iz, ... , <b], and h = [hi, h2, ... , hb]. 

2.2 Kinematic Constraints 

Conditions on the motion of a system can be eXpressed either as absolute 

constraints on a body or relative constraints between two bodies. Constraint 

equations are expressed as: 
t:::. 

~ = ~(q, t) = 0 (2.15) 

where, these art said to be holonomic constraints. On the other hand, if con

straints contain inequalities or velocity components which are not integrable in 

closed form, they are said to be nonholonomic constraints. From Eq. 2.15, we 

can get 

or 

d~ = ~qq + ~t = 0 
dt 

~t; = ~qq + (~qq)q q + 2~qtq + ~tt = 0 
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(2.16) 

where 

~q is the Jacobian matrix of constraint equations, and "y is noted as the right 

hand side acceleration vector. Furthermore, Eq. 2.16 can be written in terms of 

Ii instead of q, i.e.: 

(2.17) 

wher.e, for body i we have (fr0m Ref. 82) 

#_[ ! T] ~qi - ~ri' 2 ~PiL 

Constraint equations may be assigned a superscript with two indices: The first 

index denotes the types of constraints, and the second one stands for the number 

of independent equations in the expression. 

2.2-1 Absolute Constraints of A Body 

Absolute constraints of a body consist of displacement and velocity con-

straints: 

(1) Displacement constr=unts 

Displacement constraints are defined to retain translational and angular 

displacements in the global coordinates, i.e.: 

(2.18) 

and 

(2.19) 

---- -----------------------------------
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where, rO and eO are the initial values of r and e, respectively. 

For a. simplified constraint, one constraint equation from Eqs. 2.18 and 

2.19 can be used alone. For ground constraints, however, all of six constraint 

equations from Eqs. 2.18 and 2.19 must be used. 

(2) Velocity constraints 

Velocity constraints are iormuiated to control translational and angular ve-

loci ties in the global and the local coordinates. Translational velocity constraints 

are then defined as: 

~(:"1,3) e;. f _ f O = 0 (2.20) 

and 

A;.(tv2 3) e;. ., ·,0 0 
~ , = r -r = (2.21) 

where, r' is a translational velocity vedor in the local coordinates. 

are the initial values of f and r, respectively. Furthermore, angular velocity 

constraints are defined as: 

~(rvl,3) e;. w _ wO = 0 (2.22) 

and 

(2.23) 

where, wO and w'o are the initial values of w and w', respectively. 

For the absolute constraint equations of a body, the Jacobian matrices and 

the right hand side acceleration vectors are derived in Table 2.1. 



Ta.ble 2.1 Jacobian matrices and r.h.s. acc. vectors 
of absolute constraints 

• 9# q "(* 
.(td,3) [I,O] ° .(rd,3) [0,1] ° .(tvl,3) [I,O] 0 
.(tv2,3) [AT,?] w'(w'r' + 2f1) 
.(rvl,3) [0,1] ° .(rv2,3) [0,1] ° 

38 
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2.2-2 Relative Constraints Between Two Bcdies 

Relative constraints generally represent the kinematic joints. These con

straints are formulated as combinations of basic relative constraints which restrict 

relative translational and angular motions between two bodies. 

(1) Basic Relative Constraints 

In order that two v~tors Si and S; always remain perpendicular (refer to 

Figure 2.4), we need 

~(nl,l) 6 sf 5j 

(2.24) 

where, Sj and 5, are the global coordinates of Si and 8;, respectively, and s~ and 

s} have constant components as the local coordinates. 

IT two vectors Si and J remain perpendicular at all times (refel' to Figure 

2.4), then 

~(n2,1) ~ s! d 
1 

(2.25) 

where, vector J is connected between bodies i and j, i.e.: 

d = rj + sf - ri - 5f (2.26) 

For two bodies i and j to have no relative angular movement, three constraint 

equations are required (refer to Figure 2.4): 

.... (r3) 6 0 
"r ' = ej - ei - eij = 0 (2.27) 

where, e~, is a constant relative angular displacement vector. 



( 
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1IiI!!!:;"-"--Y 

Figure 2.4 Vectors between two bodies. 
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To specify that a relative distance between two bodies i and j must always 

remain the same (refer to Figure 2.4), one constraint equation can be defined as: 

(2.28) 

where, I is a constant relative distance between the two bodies. 

To provide that a point P be a common point with respect to the ~iTJi(i 

and the ~jTJj(j coordinate systems (refer 'i;o Figure 2.5), then 

(2.29) 

For the basic relative constraint equations, the Jacobian matrices and the 

right hand side acceleration vectors are simply quoted in Table 2.2 from Ref. 82. 

(2) Kinematic J oint.s 

Kinematic joints between a pair of bodies i and j are shown in Figure 2.5 

and Appendix A, and then the constraint equations of the kinematic joints are 

formulated in Table 2.3. The number of relative degrees of freedom between two 

bodies connected by a kinematic joint is obtained by subtracting the number of 

independent constraint equations from the number of six relative coordinates. 

2.3 Equations of Motion 

For a multi-body system of b constrained bodies, the equations of motion 

are characterized by a set of second order ordinary differential equations, i.e.: 

Mh + b = g + g(c) (2.30) 

where, the system mass matrix M is the 6b x 6b constant matrix that contains 

mass and moments of inertia properties of b bodies. For body i, the vector of 

gyroscopic forces bi has the form 



~ 

.q,(nl,l) 

~(n2,1) 

z. ( .. ~\ 
Y' .-, 

<1>(.1-8,1) 

~(.t,3) 

Table 2.2 Jacobian matrices and r.h.s. acc. vectors 
of basic relative constraints 

~t ~~ "'(# 

rOT, -S;SiAi] roT, -sTSjAj] 2ST- -T-- i Sj + Si WiSj 
+S;WjSi 

[-sT, -(d + Sf)TSiAi] [ T T-P Ao] Si ,-Si Sj 1 -2dTsi - dTwiSi 

+ST<WiS[ - WjSf) 

r." I] LU,- [0,1] 0 
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[-2dT,2dTs[ AiJ [2dT , -2dTsj Aj] 2dTC -p - -p .) WiSi - WjSj - a 

[I,-sf Ai] [-I, sf Aj] -wisf +Wjsj 

Figure 2.5 A spherical joint (from Ref. 82). 



Table 2.3 Constraints, Jacobian matrices, 
and r.h.s. vectors of kinematic joints 

Kinematic Joints 

Spherical 

Universial 

Revolute 

Bracket 

Cylindrical 

Translational 

Screw 

Spherical-spherical 

Spherical-revolute 

Revolute-cylindrical 

Revolute-revolute I 

(Si .1 Sj) 

Revolute-revolute II 

(Si II Sj) 

Constraint Equations 

.(.,3) = 0, ~(nl.l) ~ 5r 5j = 0 

.(",3) = 0 
~(nl,l) ~ U1' 5,· = 0 ~(nl.l) 6 V1' 5,· = 0 

I' I 

.( •• 3) = 0, .(r.3) = 0 

~(nl,l) ~ ur 5j = 0, ~(nl,l) 6 ."r Sj = 0 

~(n2,1) 6 U1' d = 0, ~(n2,1) 6 vT d = 0 
I I 

.(r,3) = 0 

~(n2.1) ~ ur d = 0, ~(n2.1) 6 vr d = 0 

..... (nl,l) 6 UTS. _ 0 ..... (nl.l) 6 VTS· - 0 or - i ,- ,or - i ,-

~(n2,1) ~ U1' d = 0, ~(n2,1) 6 VT d = 0 
I I 

~(d.l) ~ (d -cfJ) - a(</J - </J0 ) = 0 

~(I/>.l) 6 UrUj - cos</J = 0 

~("-".l) = 0 

~(.-•• l) = 0, ~(n2,1) 6 sJ d = 0 

~(nl,l) 6 sr Sj = 0 

~(n2,1) ~ u:f d = 0, ~(n2,1) 6 v:f d = 0 
J J 

~(.-•• l) = 0, ~(nl,l) 6 SrSj = 0 

~(n2,1) ~ sT d = 0 ~(n2,1) 6 s:f d = 0 
I' J 

~(.-.,l) = 0, ~(nl,l) 6 UTSj = 0 

~(n2,1) ~ s1' d = 0 ~(n2,1) 6 s:f d = 0 
I' J 

Note: UTSi = O,VTSi = 0, UTVi = 0, uJs; = O,vJSj = 0, and 
uJVj = o. a is the pitch rate of a screw joint, and the angle </J 
can be treated as an artificial coordinate. Therefore, one addi
tional constraint equation are nedeed (refer to Figure A.6-b). 
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J~ is the 3 x 3 constant matrix of moments and products of inertia of body i. 

Vector g is the 6b vector of external forces and moments acting on all the 

bodies in the system. These forces and moments are composed of gravitational, 

externally applied, and interactive forces. The interactive forces are produced 

by actuators, springs, dampers, and bushings between the bodies. In general, 

Actuators, springs, and dampers are characterized as translational and rotational, 

and bushings contain three translational and three rotational springs and dampers 

which are orthogonal to each other. 

Vector g(c) is the 6b vector of constraint reaction forces. By means of 

Lagrange multipliers method, vector gee) is derived as [82]: 

g ee) _ ~#T.A 
- q 

where, .A is Lagrange multipliers associated with constraint reaction forces. 

From Eqs. 2.30 and 2.31, we have 

(2.31) 

(2.32) 

From Eqs. 2.17 and 2.32, the equations of motion are written as a set of linear 

equations in terms of the unknowns it and .A, i.e.: 

(2.33) 

2.4 Joint Coordinates for Numerical Integration 

Cartesian coordinates generally provide a systematic and simple formula

tion of the equations of motion, however, computational efficiency can not be 

achieved. For numerical intergration, the usage of joint coordinate3 instead of 

Cartesian coordinates can furnish computational efficiency. Joint coordinates 
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8ij are usually defined by relative independent coordinates of a kinematic joint 

between bodie:s i and j, i.e.: 

8 .. - l'Ie)(q. Q.) ., - I' .,., (2.34) 

where, the number of joint coordinates is identical to the number of relative de

grees of freedom between the two bodies. Similar expressions for velocity and 

acceleration can be written as: 

8·· - r<v)(q. n~ q". n~) ., - .,~, ., ~ (2.35) 

and 

(2.36) 

The inverse functions of Eqs 2.34 and 2.35 can supply qi, q;, <ii, and ct in terms 

of 8ij and 8ij. 

A multi-body system contains one or more independent open loop or/and 

closed loop systems as shown in Figure 2.6. For an open loop system, a vector of 

relative coordinates 8 is defined as (refer to Figure 2.7): 

(2.37) 

For numerical integration, two integration variable vectors y and y are then defined 

as follows: IT a system has a. grounded (fixed) base body, then 

(2.38) 

and 

(2.39) 
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Figure 2.6 A open and closed loop system. 

(11 S~2 
~~~B .. 

\ 

G 
Figure 2.7 A single-branch open loop system with 
(a) a fixed base body and (b) a Boating base body (from Ref. 82). 

Figure 2.8 A system containing a closed loop (from Ref. 82). 
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If a system has a floating base body, then 

.t:::. 
Y= (2.40) 

and 

(2.41) 

A closed loop system can be cut at one of its joints and then becomes equivalent 

to an open loop system as shown in Figure 2.8. 

To use joint coordinates, the following algorithm can be adapted: 

Step 1. Specify initial conditions for q and q, and then compute h if needed. 

Step 2. Compute initial conditions for y. 

Step 3. Compute h by solving the equations of motion. 

Step 4. Compute y. 

Step 5. Integrate y, and then obtain y for the next time step. 

Step 6. Transfer the contents of y to q and q, and then compute h if needed. 

Step 7. Go to step 3 if the current time is less than the specified final time. 

Step 8. Stop. 

-
The Cartesian/joint coordin.ate formulation has been coded in a computer 

program, named MBOSS, and all of the simulations in this study were done using 

this program. 
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VEHICLE MODEL 
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A complete vehicle model (refer to Figure 3.1) contains a main chassis, 

wheels and tires, suspensions, a steering system, braking/traction systems, pas

sengers, safety devices, and a terrain. It is characterized as a highly nonlinear 

rigid and deformable multi-body dynamic system governed by the equations of mo

tion. The vehicle dynamic components have their own unique characteristics, but 

they are working together interactively to improve vehicle dynamic performance 

and to protect the passengers. Furthermore, the advanced vehicle dynamic com

ponents such as active suspension and antilock brake systems are used to provide 

better performance. 

3.1 Terrain 

During vehicle maneuvers, various types of terrain may be encountered such 

as concrete, asphalt, mud, sand, and snow. Th~ terrain generally bas elasto-plastic 

behavior and imposes some limitations on the vehicle mobility. In this study, the 

terrain is assumed to have the solid road surface, and then its Z coordinate is 

defined as a function of the X and Y coordinates, i.e.: 

(3.1) 

where, the superscript r stands for the road, and the Z coordinate represents the 

hight of the road in a global coordinate reference system. 

In order to describe a tangent plane to a point on the road, an outward 

normal directional vector is needed. The outward normal directional unit vector 
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Figure 3.1 A vehicle dynamic system.. 



Urn of the road can be determined as: 

and then; 

1 = z - j<r)(x, Y) 

[
al al al ] 

6.1 = ax' ay' az 
_ [_ al(r) _ apr) ] 
- ax' ay' 1 

6.1 
Urn = 16./1 

3.2 Main Chassis, Passengel"S, Safety Devices, 

and Aerodynamic Forces 
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(3.2) 

(3.3) 

(3.4) 

A main chassis has the largest mass and moments of inertia producing the 

largest inertia forces among the vehicle dynamic components. In general, the 

chassis has elasto-plastic characteristics and are equipped with an elasto-plastic 

top cap or rollbars and safety devices to protect passengers. The increasing 

emphasis on passengers' safety is requiring a variety of studies on crashworthiness 

which can be evaluated through the vehicle crash and roll-over simulations. The 

crashworthiness is also associated with passengers' response and the safety role of 

seat belts during accidents, and it is generally studied for vehicles equipped with 

an elasto-plastic deformable rollbar cage or a top cap [49,50,57,58]. 

Aerodynamic resistance, lift, and pitching moment of the vehicle have sig

nificant effects on vehicle perforruance at moderate and higher speeds, and these 

effects are directly related to fuel comsumption. The aerodynamic resistance 

consists of aerodynamic drag, surface friction, and air flow resistance. The aero-

dynamic drag is caused by the turbulence in the wake of the vehicle. It is mainly 

a function of the body shape of the rear part, and it is the most significant factor 
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of the total resistance. The surface friction on the vehicle exterior is produced 

by air stream, and it is about 10 percents of the total resistance for the normal 

surface finish of passenger cars. The air How resistance is due to air How through 

the radiator system and the vehicle interior, which amounts to a few percent of 

the total resistance. 

The aerodynamic resistance RD, the aerodynamic lift RL, and the aerody

namic pitching moment Mp are generally formulated as [24]: 

and 

RD = ~CDAJVa2 

RL = ~CLAJ Va
2 

(3.5) 

(3.6) 

. (3.7) 

where, p is the air density, CD is the coefficient of the aerodynamic resistance (refer 

to Table 3.1 and Figure 3.2), AI is the projected frontal area of the vehicle in travel 

direction, and Va is the vehicle speed relative to the air. C L is the coefficient of the 

aerodynamic lift that depends on the shape, the attitude, the ground clearance, 

and other operational factors of the vehicle. It typically ranges from 0.2 to 0.5 for 

passenger cars. C p is the coefficient of the aerodynamic pitching moment that 

generally ranges from 0.05 to 0.2 for passenger cars, and Lc is the characteristic 

length of the vehlcle. 

3.3 Wheels, Tires, and Braking/Traction Systems 

A wheel provides mobility to a vehicle by its rolling, and a tire isolates the 

wheel from terrain irregularities. For simplicity, the wheel can be Illodeled as a 

part of a knuckle, and then an additional coordinate CPu- can be introduced for 

wheel roll motion, i.e.: 

(3.8) 

------------------------------------ -~---
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Table 3.1 Coefficient of aerodynamic resistance (from Ref. 24) 

Vehicle Type CD (dimensionless) 

Passenger Car 0.3-0.6 

Convertible 0.4-0.65 
Racing Car 0.25-0.3 

Bus 0.6-0.7 
Truck 0.8-1.0 
Tractor-trailer 1.3 
Motocycle and rider 1.8 
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~~~~~~ 
LAMPS CLOSED LIKE <D BUT LIKE <D BUT LIKE <D BUT LIKE ® BUT LIKE S BUT 
WINDOWS CLOSED LAMPS OPEN SIDE WINDOWS WITHOUT ROOF SIDE WINDOWS LAMPS OPEN 
WITH ROOF OPEN OPEN 

(b) 

Figure 3.2 Coefficients of aerodynamic drag of passenger cars; 
(a) different body shapes and (b) different operation factors 
(from Ref. 24). 



• 

54 

where, J",,,, is the roll momeut of inertia, r{;w is the roll angular acceleration of 

the wheel, and nUl is the braking/traction torque. Furthermore, the tire can be 

considered as a spring system which has three translational spring elements along 

the three principal axes such as radial, longitudinal, and lateral directions. The 

radial spring element usually has damping characteristics. Whenever the brak

ing/traction torque is applied to a wheel, the roll angular acceleration and the slip 

velocity between the tire tread base and the road have variances. The change of 

the slip velocity then produces the interactive forces onto a tire from the road. The 

tire forces and moments are extensively studied as the tire mechanics in the next 

three chapters. 

Braking performance is one of the most important characteristics affecting 

the vehicle safety. Braking capability and controllability significantly depends on 

the distribution of braking forces between the front and rear wheels. For conven

tional brake systems (refer to Figure 3.3), the distribution is mainly determined 

by the hydraulic (or pneumatic) pressure and the brake cylinder (or chamber) area 

in the front and rear brakes. H either of the front or the rear wheels lockup, the 

cornering (or lateral) forces at the locked tires reduce to zero. In general, the first 

locked front wheel causes a loss of directional control, while the first locked r~ar 

wheel causes directional instability [92]. an antilock brake system prevents the 

wheels from locking during braking by adjusting the braking effort according to 

the interactive situations between tires and the road as sho"ND. in Figure 3.4. In 

general, the antilock braking system provides better stability than conventional 

one during curved-braking as well as straight-braking [93!. 

Traction performance is generally achieved by two or four wheel drive sys

tems, in which the front and the rear wheel drive systems cause different steering 

effects. For a front wheel drive vehicle, the application of traction during a turn 
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Figure 3.3 A typical hydraulic braking system (from Ref. 37). 
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Figure 3.4 A typical antilock system (from Ref. 93). 
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reduces the cornering forces at the front tires and then results in understeer. On 

the other hand, for a rear wheel drive vehicle, the application of traction during a 

turn decreases the cornering forces at the rear tires and produces oversteer .. 

3.4 Suspension System 

A double axle vehicle may have one of the three types of suspensions; (1) 

solid axle front and rear suspensions~ (2) in~.epcndent front and solid axle rear 

suspensions, and (3) independent front and rear suspensions. Each suspension 

system is designed as an intermedium between the main chassis and a wheel in 

order to isolate the chassis from the local disturbance of the wheel. Different 

types of suspension systems are shown in Figure 3.5. A suspension system usu

ally contains a coil or a leaf spring, a shock absorber, and extension/compression 

stops. Sometimes it is equipped with a stabilizer bar to provide better roll stabil

ity. In general, springs and shock absorbers have nonlinear characteristics, and 

stabilizer bars have linear characteristics. 

For the purpose of a better ride comfort and stability, solid kinematic joints 

of the suspension are decorated by bushings to achieve higher degree of fiexib

lity. A bushing element generally provides six relative degrees of freedom between 

two rigid bodies and produces forces along and moments about the three principal 

axes of the dement. It also has cylindrical characteristics as a combination of 

axial, radial, torsional, and conical stiffnesses and dampings as shown in Figure 

3.6. The stiffnesses and the dampings may he either linear or nonlinear. The 

bushing element also bas extension/compression stops to restrict its motion within 

a certain allowance. 

Optimum active and optimal damped absorber suspensions are recently de

veloped to optimally control the suspension system and to optimally isolate the 
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(a) (b) 

(c) (d) 

(e) (f) 
Figure 3.5 Different kinematic joint suspension systems; (a) single arm sus
pension, (b) double wishbone suspension, (c) Me Pherson strut suspension, 
( d) strut ~uspension with lower double joints, (e) four point suspension, and 
(f) five point suspension. 
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Figure 3.6 A bushing element. 
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main chassis from local disturbances. In general, an optimum active suspen-

sion provides better controllability, while an optimal damped absorber suspension 

produces better ride comfort. 

3.5 Steering System 

Steering performance is the most significant characteristics of a vehicle di

rectional hannling, and the steady state handling characteristics can be classified 

into neutral steer, understeer, and oversteer. In general, Steering is achieved 

by changing the relative angles between the main chassis and the steering wheels 

through the steering system. The left and the right steering wheels kinematically 

constrain each other as follows (refer to Figure 3.7): 

a = Cl cot ()~ where ()~ '# 0 (3.9) 

For the steering angle ()al at the left steering wheel, we have 

(3.10) 

We can substitute Eq. 3.9 into Eq. 3.10 to get, 

Thus, 

() . ( 1 ) 
d = arctan , () c 

\ cot ~ - ~ 
(3.11) 

After repeating the above steps for the steering angle () ~2 at the right steering 

wheel, we get 

()a2 = arctan ( () 
1 c) 

cot a + ~ (3.12) 
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a 

Figure 3.7 Kinematic relationships between left and right 
front steerin6 wheels. 
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For the steering angular velocities, we can differentiate Eqs. 3.11 and 3.12, 

i.e.: 

d d C2 
-d (cot8.d = -d (cot 8. - -) 
t t Cl 

and 

d d C2 
-d (cot 8.2 ) = -d (cot 8. + -) 
t t Cl 

From the above equations, we derive 

. . SIn.tl 
( 

. 8 )2 
8.tl = 8. sin 8. (3.13) 

and 

. _. (Sin8.2)2 
8.2 - 8. . 8 sm • 

(3.14) 

For the steering angular accelerations, we can differentiate Eqs. 3.13 and 

3.14, i.e.: 

and 

From the above equations, we get 

- 1 {- 2 • • } 8.1 = .2 8.sin 8.tl +8.8.tl[sin(28.~)-sin(28.)] 
sm 8. 

(3.15) 

and 

- 1 {- 2 • • } 8.'2 = . 2 8. sin 8.2 + 8.8.2 [sin(28.2 ) - sin(28.)] 
sm 8. 

(3.16) 

In this study, the steering commands are modeled by using two constraint 

equations (refer to Figure 3.8), i.e.: 

... (.er,l) - u T u . - cos{3· - 0 l'or; - 1 2 
'ff - El: ". • - ,1' • - , (3.17) 



1~~~--------~~'~3 

~3 1'13 

-8---8- G-- -[3 
Figure 3.8 A front steering system (-f ~ 9~i ~ f and 0 ~ f36i ~ 'ii, for 
i = 1, 2)j (a) counter-clockwise steer ( +) and (b) clockwise steer (-). 
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where, the subscript k stands for the main chassis, and the subscript i = 1,2 

represents the left and the right steering wheels, respectively. Uek and U 11 i are the 

unit vectors for the longitudinal direction of the vdricle and the lateral direction 

of the steeri!lg wheels, respectively. 8 ai ranges from - f to f, and then 

i3i = 8ai + i, for 0 ~ i3ai ~ 7r, i = 1,2 (3.18) 

The Jacobian matrix and the right hand side acceleration can be de!'ived 

as: 

and 

~(atr,l) = [OT (ATli U .)T] 
q,. 'k ek 11' 

(!)(atr,l) = [OT -(ATlitLu .)71 
qi '1 .... 11' J 

(3.19) 

(3.20) 

(3.21) 

A steering input can be defined as a fourth order polynomial which il: a 

function of time and must satisfy two initial and three terminal conditions as 

shown in Figure 3.9. The conditions are, 

8a (0) = 8~, 9a(0) = 0, 

8a(t,) = 8!, 9a(t,) = 0, and Ba(t,) = 0 (3.22) 

The polynomial is written as 

Then 
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Figure 3.9 A fourth order polynomial for a steering input. 
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and 

(3.23) 

where, 0 $ t $ tJ. From Eqs. 3.22 and 3.23, we can get 

where, A8. = 8! - ~ and At = tJ. 

The equations in this section are formulated for a front wheel steering 

system, however, these equations can be modified for a four wheel steering system 

(refer to Figure 3.10) which generally provides better controllability than a front 

wheel steering system. 



Figure 3.10 Basic construction of an experimental vehicle 
with a four wheel steering system (from Ref. 40). 
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MECHANICS OF PNEUMATIC TIRES: 

TIRE DYNAMIC PARAMETERS 
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A pneumatic tire is the most important component of the vehicle dynamic 

system representing the interaction between a wheel and the road surface. The 

tire can efficiently perform the four functions required for land vehicles [24]; 

(a) to support the weight of a vehicle, 

(b) to cushion a vehicle over road surface irregularities, 

( c) to provide a sufficient force for braking and driving, and 

(d) to provide adequate steering control and directional stability. 

A tire must transmit the forces which drive, brake, and guide a vehicle 

as well as carry the load. The tire should not only a.bsorb local road surface 

irregularities over a wjde range of road materials but also it should provide a 

vibration-free motion on a perfectly straight guideway. The tire has two conflicting 

geometric and mechanical requirements - flexibility and constancy [25]. Flexibility 

is needed to absorb road surface irregularities. Constancy of effective dimensions, 

however, is essential for exact requirements of constant axle height, straight line 

motion, and uniformity of effective rolling radius on a flat, smooth road. 

4..1 Pneumat;'c Tire Modeling 

The geometric structure of the pneumatic tire has a double curvature S'lr

face of revolution which deforms to give an area of contact on the road sur

face. This envelope of double curvature, the tire carcass, usually is an aWsotropic 

hollow structure made of flexible filaments of high modulus material such as tex

tiles, metal, or glass. It is embedded in and bonded to the tire tread which is 
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composed of a set of matrices of low modulus material shch as rubber or rubber

like polymers. The tire carcass also is inflated by air gas to carry substantial load 

and to achieve effectively the mechanical requirements. 

The orientation of the filaments in this envelope has to be such that certain 

contrasting structural requirements to be met are [25]; 

>I (a) no ~ppreciable change of size upon inflation, 

(b) an ability to envelop obstacles without sustaining damage, 

( c) the ability of part of this envelope to deform from a surface of double 

curvature to a plane surface, and 

(d) enough rigidity to develop substantial forces in any direction. 

Since the pneumatic tire has a double curvature surface of revolution, it 

may be assumed to have a torus shape with two generating circles as shown in 

Figure 4.1 [54]. The first one is the big circle representing the whole part of the 

tire, and it is covered by the ring of a breaker and tread rubber blocks. The other 

one is the small circle of the tire carcass, and the tread rubber blocks are also 

assumed to be parts of the tire carcass. Another assumption may be that the tire 

cantact patch with the road surface is rectangular in shape. Figure 4.2 shows a 

typical example of the tire contact patch for an automobile. 

The pneumatic tire may be considered as a three dimensional spring system 

shown in Figure 4.3. It transmits forces in the radial, longitudinal, and lateral' 

directions. Each tire element consist.,: 0: three elementary springs whose axes of 

symmetry are perpendicular to each other such as [4]; 

(a) the radial spring in the wheel plan,-' is radially to its center, 

(b) the longitudinal spring in the wheel plane is concentrically with its rim, 

and 

(c) the lateral spring is perpendicular to the wheel plane. 
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Figure 4.1 Modeling of tire geometry by a torus. 
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Figure 4.3 Elementa.I1" spring model of a tire; longitudinal springs (x), 
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71 

y 



72 

The elastic properties of the tire can be determined almost exclusively by defor

mations of the tire carcass and tread. These elastic properties can be composed 

of the radial stiffness, the longitudinal stiffness, the cornering (or lateral) stiffness, 

and the camber stiffness. 

DUL-ing driving/braking of a vehicle there exist the variations of the tire 

dynamic parameters such as the slip ratio, the slip angle, the camber angle, the 

tire deformations, the tire contact patch length and width, the tire contact pres

sure, the tire/road friction coefficient, etc. Due to these cila.nges, the tire dynamic 

properties have different values at each instant of time. The tire dynamic prop

erties consist of three forces and three moments applied to the tire from the road 

surface. These properties are the main factors which effect the driving/braking 

condition as well as the controllability and the stability of a vehicle. 

4.2 Stiffness Characteristics of A Tire 

4.2-1 Radial Stiffness 

The radial stiffness C% is defined as the slope of the normal force F% with 

respect to the radial deformation 6; i.e., 

C 
~ F% 

% - 6 (4.1) 

The radial stiffness, ill general, has elastic bi-linear characteristics and mainly 

depends on the inflation pressure, the normal force, the tire carcass design, the 

camber angle, and the speed of travel [25]. The radial stiffness and unsprung mass 

usually provide the second resonant frequency (from about 8 to 20 Hz) while the 

stiffness of the suspension springs and sprung mass determine the lowest natural 

frequency (from about 1 to 3 Hz) of the vertical vibrations of an automobile. The 

radial tire Hexibility inftuences the vehicle vertical motion, the time variation of the 
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vertical tire load., and indirectly the directional stability. However, the suspension 

system mostly influences the ride quality. 

4.2-2 Longitudinal Stiffness 

The longitudinal stiffness C6 is defined as the initial slope of the pure lon

gitudinal force F% with respect to the slip ratio s at zero slip ratio; i.e., 

(4.2) 

The slip ratio s is defined as the ratio of the longitudinal component of the sliding 

velocity with respect to the road. traveling velocity during braking and the carcass 

traveling velocity during traction. The longitudinal stiffness usually is sensitive 

to the inflation pressure, the normal force, the tire carcass design, and the tread 

design [94]. The longitudinal stiffness, in general, increases with increasing load 

over the normal range of loading since the rate of change in the contact patch length 

with increasing load. diminishes at higher levels of l.:>ad.. The effect of the inflation 

pressure changes on the longitudinal stiffness has two opposing mechanisms. As 

the inflation pressure increases, the contact patch length re<:iuces, thus tending 

to reduce the longtudinal stiffness. As the inflation pressure increases, however, 

tire cords become more heavily preloaded and the overall carcass stiffens, thus C 6 

tends to increase. The longitudinal stiffness is important for the driving/braking 

condition of a vehicle. 

4.2-3 Cornering Stiffness 

The cornering stiffness Co is defined as the initial slope of the pure lateral 

force Fro with respect to the slip angle a at zero slip angle; i.e., 

Co ~ dFrol 
da 0=0 

(4.3) 



74 

The lateral force F,Q is only due to nonzero slip angles. The slip angle Q is defined 

as a relative angle between the wheel heading and traveling directions. Similar 

to the longitudinal stiffness, the cornering stiffness is normally influenced by the 

inflation pressure, the normal force, the tire carcass design, and the tread design 

[24,94]. The vertical load on the tire strongly influences the cornering charac-

teristics. However, the inflation pressure usually has a moderate effect on the 

cornering properties such that the cornering stiffness increases with the increase 

of the inflation pressure. The cornering stiffness plays a great role on the direc-

tional controllability and stability of a vehicle. 

4.2-4 Camber Stiffness 

The camber stiffness Ci is defined as the initial slope of the pure lateral 

force F,.., with respect to the camber angle"Y at zero camber angle; i.e., 

(4.4) 

This lateral force F,.., is produced only by a nonzero camber angle. The camber 

angle "Y is defined as a relative angle between the wheel plane and the normal 

axis to the road surface. Similar to the longitudinal_and the cornering stifinesses, 

the inflation pressure, the normal force, the tire carcass design, and the tread 

design have influences on the camber stiffness [24,94]. There is no general rule 

concerning the sensitivity of the cambel stiffness to the inflation pressure. The 

camber stiffness is mild by a function of the vertical load in the vicinity of the 

design load [95]. The absolute value of the camber stiffness is typically in the 

range of 10% to 20% of the cornering stiffness [94]. 
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4.3 Radial Deformation of A Tire 

A typical orientation of the tire cambered by an angle "y with respect to the 

road is shown in Figure 4.4. During the dynamic simulation of a vehicle, the radial 

deformation may be considered identical to the penetration of a nondeformable 

tire into the road. The inertia reference coordinate system XY Z is chosen fixed 

to the ground. A body-fixed or local set of axes xyz are attatched to the wheel 

center. The position and orientation of the wheel with respect to the XYZ 

coordinate system are determined by the coordinates of the center of the wheel 

and the orientation of the xyz axes. In order to calculate the radial deformation 

(or the equivalent penetration) of the tire, two cases may be considered. 

4.3-1 Horizontal Terrain Profile 

In the case of a horizontal terrain profile, the unit vector normal to the 

road Urn is in the global Z direction (subscript r stands for the road), 

Urn = u(Z) = [0,0, l]T (4.5) 

The unit normal vector in the y direction of the wheel u w(,) can be represented 

in the global coordinate system (subscript w stands for the wheel), 

(4.6) 
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b x y 

Figure 4.4 Tire contact with the road surface and its penetration. 
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where, 

u~(,) = [0,1, O]T, 

Aw = the wheel orientation transformation matrix with elements 

aij, i,j = 1,2,3, and 

awl, a w2, aw3 = the first, second, and third column matrices of A w , 

respectively. 

Now the values of band h in Figure 4.4 can be expressed as: 

b = P31cos61 

= P3la321 

h = P3lsin61 

= P3J1-a~2 

(4.7) 

(4.8) 

where, 6 = ~-"Y. The magnitude of vector d which is parallel to uw(y) is obtained 

as: 

{ 

0, for 161 = 0 

d = I Si~ 81 = ,'::aJa' for 161 # 0 

Vector d is expressed in the local and global coordinate systems as follows: 

and 

We can substitute Eqs. 4.9 and 4.10 into Eq. 4.11 to obtain, 

{
a, for 161 = 0 

d = ~Awu~(,), for 161 # 0 
VI-II~a 

(4.9) 

(4.10) 

(4.11) 



and 

Vector r is obtained as follows: 

for 181 = 0 
for 181"# 0 

We can use Eqs. 4.6,4.8,4.12, and 4.13 to get, 

where, 

c = P3a32 

-/1- a~2 
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(4.12) 

(4.13) 

(4.14) 

Given the coordinates of the wheel center rO and vector r, the coordinates 

of the tire tread base rB are obtained as: 

(4.15) 

Since the X and Y coordinates of the tire contact patch center rG are identical to 

those of vector rB, the Z coordinate of rG can be obtained by substituting the X 

and Y coordinates of rB into the terrain profile equation. Using the coordinates 

of rG and rB, therefore, the radial deformation (or the equivalent penetration into 

the road) can be obtain~d as: 

( 4.16) 

4.3-2 Nonhonzonhl Terrain Profile 

In the case of a nonhorizontal terrain profile, the unit vector normal to the 

road is not along the unit vector in the global Z direction; i.e., 

(4.17) 
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The local coordinate system of the road can be expressed by three directional. unit 

vectors, 

U r 3 = Urn 

= [UI' U2, U3]T 

UrI = 1 [U3' 0, -UI]T 
y'ui + u; 

U r 2 = Ur 3 UrI 

where, 

Ui, i = 1,2,3 are the elements of Urn and 

[ 

0 -U3 

Ur 3 = U3 0 
-U2 UI 

( 4.!8) 

(4.19) 

( 4.2.0) 

Using these unit vectors, the orientation matrix of the road with respect to the 

global coordinate system can be obtained as: 

(4.21) 

The vector u tD(,) can be expressed in the road coordinate system as, 

where, ei, i = 1,2,3 are the elements of (utD('»)r' Similar to the horizontal. 

terrain, vector r can be obtained with respect to the road coordinate system by 

substituting (utD(,») r instead of utD(,) into Eq. 4.14, 

{ 

0, for 181 = 0 
r - - IT 

r - lDe l , De2, -P3V1 - e~. ' for 181 1: 0 
(4.23) 
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where, 

D = P3 e3 

Jl-e~ 

Similar to the horizontal terrain, the coordinates of the tire tread base r~ 

in the road coordinate system can be obtained as: 

(4.24) 

Since the first and the second coordinates of vector r~ are identical to those 

of vector r~, the third coordinate of r~ can be obtained by substituting the 

first and the second coordinates of r~ into the terrain profile equation. For 

the nonhorizontal terrain, therefore, the radial deformation (or the equivalent 

penetration into the road) can be obtained as: 

(4.25) 

where, s:lbscript 3 means the third component of a vector. 

4.4 Contact Patch of A Tire 

The tire contact patch with the road surface may be assumed to be rect

angular in shape as shown in Figure 4.5-a [4,9,12]. Furthermore, it is assumed 

that the contac! pressure distribution is parabolic in the circumferential direction 

of a tire and its average value is used along the contact patch width. The contact 

patch length can be expressed as a function of t~e radial deformation of the big 

circle. The tire contact pressure distribution may be written as a function of the 

normal force, the contact patch length, and the longitudinal displacement. 

The road coordinate system during braking (V% > Vc) or the carcass coor

dinate system during traction (V% < Vc) may be used to express the elastic 
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Figure 4.5 Tire dynamic parameters; (a) contact patch (b) radial deforma
tion, and (c) the parabolic distribution of contact pressure. 
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deformation and stress of a tire over the contact patch. These coordinate systems 

are denoted by ~'7. The ~ and '7 axes are along the longitudinal and lateral 

directions of the wheel, respectively. The origin of these axes is located at the 

front extremity of the contact patch length and the center of the contact patch 

width. These local coordinate systems provide the absolute values of the tire 

dynamic properties which can be transformed into the xyz coordinate system. 

4.4-1 Contact Patch Length 

The cont<:.ct patch length I may be expressed in terms of the radi,.1S of the 

big circle (refer to Figure 1.5-b) as: 

Then, 

2 ( 1)2 2 PI = - + (PI - 6) 
2 

Since in general :1 < 1
1
0' then 

4.4-2 Contact Pressure Distribution of A Tire 

(4.26) 

(4.27) 

An expression for the contact pressure distribution P can be obtained by 

assuming that· it., average value over the contact patch width has a parabolic 

distribution in the circumferential direction since it is known by experimental 

works [4,9,12], i.e.; 

(4.28) 

where, the ~ axis represents the longitudinal displacement of a tire and Pmaz is 

the ma:cimum value of the contact pressure distribution occuring at ~ = f (refer 

to Figure 4.5-c). 
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The normal force Fz can be derived by integrating the contact pressure 

over the tire contact patch as follows: 

(4.29) 

where w is the contact patch width. We can substitute Eq. 4.28 into Eq. 4.29 to 

obtain, 

Thus, 

F _ Pml&%wl 
z - 1.5 (4.30) 

or, 

1', _ 1.5Fz 
mcu: - wi (4.31) 

We can substitute Eq. 4.31 into Eq. 4.28 to get, 

( 4.32) 

4.4-3 Nondimensional Parameters of The Contact Patch 

The nondimensional value In of the contact patch length is defined as: 

I _ 1/& 
n - I ( 4.33) 

where, 1/& is the length of the adhesion region from the front extremity to the 

breakaway point for the sliding region of the tire contact patch. 
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Another nondimensional parameter may be defined as: 

(4.34) 

Thus, 

(4.35) 

Since 1 and 11& are physical lengths, these parameters are const.:.cLined as: 

O~I 

From Eqs. 4.36-a and 4.36-b we have, 

or 

0< 11& < 1 
- I -

We can substitute Eq. 4.35 into Eq. 4.38 to get, 

Then, 

(4.36 - a) 

(4.36 - b) 

(4.37) 

( 4.38) 

(4.39) 

The limits of In and Sn may provide the boundaries of the slip ratio, the slip angle, 

and the camber angle to allow any longitudinal or It'teral elastic deformation. 

4.5 Velocity of A Tire and The Road 

For convenience, it is assumed that the center of a. tire is not traveling, 

but instead the road is moving with respect to the tire center as shown in Figure 
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4.6-b. IT the circumferential velocity of the tire tread base is denoted by Vc and 

the road velocity relative to the tire is cienoted by VR, then 

Vc = PeW., (4.40) 

and 

(4.41) 

where, Pe is the effective radius of the tire, wlI is the rolling angular velocity 

of the tire, and V is the traveling velocity of the tire tread base excluding the 

circumferential velocity. 

The traveling velocity of the road with respect to the tire center contains 

two components defined as functions of the slip angle Q shown in Figure 4.6-c. The 

first component is the longitudinal velocity Vz; in the tire plane axis. The other 

component is the lateral velocity Vy perpendicular to the tire plane axis. These 

velocities can be written as: 

and 

Vy = VRsinQ 

where, the slip angle is defined as: 

Q = arctan (~) 

(4.42) 

(4.43) 

(4.44) 

Furthermore, the slip velocity between the tire tread base and the road surface 

may be defined as: 

v.. = ~(Vz: - VC)2 + Vi (4.45) 
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Figure 4.6 Relative motion between a tire and the road surface: (a) lateral 
motion, (b) roll motion, (c.l) sliding velocity during braking, and (c.2) sliding 
velocity daring traction. 
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The directional angle of the slip velocity with respect to the tire longitudinal axis 

(tire plane axis) can be defined as: 

P = arcsin (~) 

or, 

/3 = arcsin ( V, ) 
J(Vz; - VC)2 + V; 

4.6 Slip Parameters 

4.6-1 Longitudinal Slip Ratio 

(4.46) 

(4.47) 

The longitudinal slip ratio s is typically defined as a braking slip ratio and 

a traction slip ratio, 

L:;. { vrV. Vc > 0, during braking 
s = VriVc < 0, during traction (4.48) 

The longitudinal slip ratio is generally called the slip ratio. The absolute value 

of the longitudinal slip ratio is denoted by 

(4.49) 

4.6-2 LatercJ. Slip Ratio due to Slip Angle 

The absolute value of the lateral slip ratio due to the slip angle can be 

defined as a function of the slip angle, 

s L:;. (I tan ai, during braking 
Q - t (1- 5.)1 tanal, during traction ( 4.50) 
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4.6-3 Lateral Slip Ratio Due to Camber Angle 

Similar to the slip angle, the absolute value of the lateral slip ratio due to 

the camber angle can be defined as: 

(4.51) 

4.6-4 Combined Lateral Slip Ratio 

Another useful parameter, the absolute value of the combined lateral slip 

ratiQ due to the slip and the cambel- angles can be defined as: 

{ 

tan a + lSin'1 
S ~ 2Pl ' 

a7 -
(1 - S ) tan a + hin 'I 

• 2Pl ' 

4.6-5 Resultant Slip Ratio 

during bralcing 

during traction 
( 4.52) 

The resultant slip ratio due to combinat.ions of the slip ratio, the slip angle, 

and the camber angle can be defined as: 

(4.53) 

4.7 Friction Coefficient 

The friction coefficient I-' may be assumed to be a function of both the 

sliding velocity of a tire tread and the friction coefficien.t at zero sliding velocity 

with suitably chosen friction reduction factors [18]: 

(4.54) 

where, 
1-'0 = friction coefficient at zero sliding velocity, 

V. = slip velocity of a tire tread, and 

A., B. = friction reduction factors. 
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ID. the case of Ba = 0, the above formulation becomes linear; i.e., 

JJ. = JJ.o(l - A. v.) (4.55) 

Equations 4.54 and 4.55 were proved to agree well with experimental data [22]. 

Another formula can be introduced to include the sensitivity of the friction 

coefficient to the load [20]: 

Fz 
JJ. = JJ.o - II F zO - I. V. (4.56) 

where, 

II = load sensitivity, 

Fz = dynamic normal load, 

F zO = tire rated load for the particular inflation at test, and 

fa = speed sensitivity. 

The friction reduction factor in Eqs. 4.54 and 4.55 and the speed sensitivity 

in Eq. 4.56 have the same physical meanning but are defined differently by these 

authors. 

Without any loss of generality, Eqs. 4.54 and 4.55 can be written as func

tions of the resultant slip ratio S~C!!"': instead of the slip velocity V.; (refer to figure 

4.7). 

For a quadratic formulation, we get 

JJ. = JJ.o(l - A. V. - Btl V.2 ) 

= JJ.o(l - A.Stlo"Y ~ - B.S:o"Y Vl) 

( 4.57) 
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Figure 4.7 Friction coefficient; (a) quadratic and (b) linear. 
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where, A: = As Ve, 3; = Bs Vl, and 

during braking 
during traction 
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In Figure 4.7-a, 1-'0, 1-'1, and 1-'2 at 5 so-, = 0, 51, and 52, respectively, can be 

obtained eA"Perimentaliy, in which 52 has generally 1.0 representing complete 

slip. We can substitute 1-'1 and 1-'2 into Eq. 4.57 to get, 

1-'1 = 1-'0(1 - A;51 - B;5i) 

1-'2 = 1-'0(1 - A:52 - B:5~) 

Ftom Eqs. 4.58 and 4.59, we derive 

(1 - J!1.)Si - (1 - J& )5; 
A* = 1'0 1'0 

II 51S2(52 - 5t) 
(1 - J!1. )52 - (1 - J& )51 B* = 1'0 1'0 

s 5 152(51 _ 52) 

For a linear formulation, we get 

( 4.58) 

(4.59) 

(4.60) 

(4.61) 

( 4.62) 

In Figure 4.7-b, 1-'0 and 1-'1 at 5 ser-, = 0 and 51, respectively, can be obtained 

experimentally, in which 51 has generally 1.0 representing complete slip. We can 

substitute 1-'1 into Eq. 4.62 to get, 

( 4.63) 

From Eq. 4.63, we obtain 

(4.64) 

In general, the linear formulation, Eq. 4.62, can be used for vehicle dynamic 

simulations at a regular terrain. 



CHAPTER 5 

MECHANICS OF PNEUMATIC TIRES: 

TIRE DYNAMIC PROPERTIES I 
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The tire dynamics requires knowledge of three forces and three moments 

acting on a tire by_ the road. These are the normal force, the longitudinal force, 

the lateral force, the self-aligning torque, the overturning moment, and the rolling 

resistance moment as shown in Figure 5.1. The normal force Fz is generated by 

the radial elastic deformation of a tire to support the weight of a vehicle. During 

braking/traction of a free rolling tire, the tire will have a longitudinal elastic defor

mation caused by the longitudinal component of the sliding velocity between the 

tire tread and the road surface. This longitudinal deformation and the tire/road 

friction will produce the longitudinal force Fz as a braking or a traction force. The 

longitudinal force can be expressed as a function of the slip ratio and other tire 

dynamic parameters. 

As long as the wheel heading direction is not the same as the wh,~l traveling 

direction, there exist a lateral elastic deformation due to the lateral slip. By means 

of the lateral deformation and the tire/road friction, the latera.l force F,I is obtained 

for the cornering properties as a function oi the slip angle and other tire dynamic 

parameters. Furthermore, an additional lateral deform3.tion is produt:ed by the 

camber angle. The lateral force can generally be characterized as a function of 

both the slip angle and the camber angle as well as other tire dynamic parameters. 

The self-aligning torque Mz is defined about the z axis as a product of the 

lateral force and the moment arm of the lateral force with respect to the wheel 

axis. The lateral deformation generated by the slip angle have greater values in 

the rear region of the tire contact patch than in the front region. IT the distributed 
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Figure 5.1 Six components of forces and moments 
applied to a tire from the road surface. 
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elast.ic forces are replaced by a concentrated force, the point of application of 

the concentrated force will be located behind the wheel axis. The longitudinal 

distance between the point of application of this force and the wheel axis consti

tutes the moment arm. A self-aligning torque is also generated by the camber 

angle. The effect of this torque, however, is much less than that of the slip angle. 

The overturning moment M~ and the rolling resistance moment My are 

defined about the x and the y axes, respectively. The overturning moment is 

generated by the lateral shift of the application point of the normal. force, while the 

longitudinal shift produeces the rolling .resistance moment. These two moments 

are relatively small compared to the self-aligning torqup.. The tire bending rigidity 

is assumed to be large so that no lateral bending occurs. 

L, this chapter, the normal force due to radial deformations, the longitudi

nal force due to pure longitudinal slips, the lateral force due to pure slip angles, 

and the lateral force due to pure camber angles are considered. 

S.l Normal Force 

The normal force Fz in general depends on the radial deformation and 

the radial stiffness. This force is important not only because it affects the ride 

quality of a vehicle, but it also influences the driving/braking conditions since the 

tire dynamic properties are functions of the normal force and the tire dynamic 

parameters. The normal force FZl from Eq. 4.1, is 

(5.1) 
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5.2 Longitudinal Force Due to Pure Longitudinal Slip 

The longitudinal force is generated mainly by braking or traction activity 

onto a tire. For pure longitudinal slips, where the slip angie Q is zero, the velocity 

of the road surface has the same magnitude as the tire traveling velocity but in 

the opposite direction as shown in Figure 4.6-b. The longitudinal stress may 

be assumed to depend on the longitudinal stiffness and the ·longitudinal elastic 

deforam~ion of a tire in the adhesion region, and to depend on the tire contact 

pressure and the tire/road friction coefficient in the sliding region as shown in 

Figure 5.2. In other words, during driving the longitudinal elastic deformation 

is assumed to increase linearly from the front extremity of the tire contact patch 

toward the breakaway point until the elastic stress reaches the frictional stress, 

and then it returns to its undistorted initial position from the breakaway point to 

the end of the tire contact patch. 

5.2-1 Adhesion Region 

During braking, the traveling distance e of a point attached to the road 

surface from the front extremity of the tire contact patch, in a period of time l)..t~ 

can be expressed with respect to the road coordinate system as: 

(5.2) 

During traction, however, the traveling distance e of a point attached to the tire 

tread base from the front extremity of the tire contact patch can be represented 

with respect to the carcass coordinates as: 

e = Vcl)..t (5.3) 
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The relative longitudinal speed A Vz and displacement Ae between the tire tread 

base and the road surface can be written as: 

AVz =VR- Ve (5.4) 

(5.5) 

where, Ae is chosen as an absolute value of the lo~gitudinal displacement for 

convenience. Furthermore, the relath'e displacement Ae can be expressed as a 

function of e by elixIlma.ting Ilt from Eqs. 5.2, 5.3, 5.4, and 5.5: 

{ 
IVR - Vel-t, du....mg braking Ae= R 
IVB - Vel *~ during traction 

(5.6) 

The slip i"~tio in Eq. 4.48, for pure longitudincl slip (VR = Vz ), can be written as: 

{ 
vp-vc > 0 during braking _ VR ' 

S - VB-Va < 0 during traction 
Vc ' 

We can substitute Eq. 5.7 into Eq. 5.6 to obtain, 

From Eq. 4.49 and Eq. 5.8 we have, 

The longitudinal elastic stress can be expressed as: 

O'~a) = kzAe, for 0 ~ e ~ la 

= kzS.e, for 0:5 e :5 1(1 

where, kz is the longitudinal stiffness rate per unit area. 

(5.7) 

(5.8) 

(5.9) 

(5.10) 

(5.11) 
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Another useful equation can be obtained by introducing the longitudinal 

stiffness C. as a function of k: (this will be proved in Eq. 5.31), 

(1I)_2C·se fi 0 &<1 
(7 ~ - w[2 .~, or :5 ~ _ II (5.12) 

where, 

(5.13) 

5.2-2 Sliding Region 

In the sliding region, the longitudinal stress is identical to a frictional stress 

defined as: 

(5.14) 

We can substitute Eq. 4.32 into Eq. 5.14 to get, 

(5.15) 

5.2-3 Breakaway Point 

At the breakaway point, the longitudinal stresses in the adhesion and the 

sliding regions become identical; i.e., 

(5.16) 

We can substitute Eqs. 5.12 and 5.15 into Eq. 5.16 to obtain, 

Since Sn = 1 - In = 1 - It in Eqs. 4.33 and 4.34, then 

(5.17) 
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Also, 

(5.18) 

Equation 5.17 provides an expression for the limits of the slip ratio for the elastic 

deformation and the stress since 1 and la. are physically constrained as in Eqs. 

4.36-a and b. From Eqs. 4.39 and 5.17 we have, 

or 

(5.19) 

The critical (maximum) value of the slip ratio which allows the longitudinal elasti,= 

deformation can be stated as: 

(5.20) 

From Eqs. 5.17, 5.19, and 5.20 we get, 

S 
_ S. 

n - s.c (5.21) 

and 

(5.22) 

When the slip ratio is not less than the critical value, then, there exists no adhesion 

region but only a sliding region; i.e., 

(5.23) 
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5.2-4 Longitudinal Force 

For the longitudinal force, two cases can be considered: The first case is for 

the elastic deformation (S. ~ S.c) and the other is for sliding without any elastic 

deformation (S. > S.c). 

(1) S. $ Sac 

The longitudinal force can be obtained by integrating the longitudinal stress 

over the tire contact patch, 

(5.24) 

We can substitute Eqs. 5.12 and 5.15 into Eq. 5.24 to get, 

Since wand I-'z are assumed to be independent of e, Eq. 5.25 is simplified to: 

(5.26) 

Since in = 1r- and Sn = 1 - in, then 

2 . 2 3) F( = C.S.in + I-'zFz (1 - 31n + 21n (5.27) 

= C.S.l; + I-'zFz{1- In?(l + 21n) 

= C.S. [(1 - 2Sn + S;) + I-'~S~n (3Sn - 2S;) ] (5.28) 



From Eqs. 5.17 and 5.28 we have, 

Fe = C.S. [(1 - 2Sn + S;) + ~ (3Sn - 2S;) ] 

= C.S. (1 -Sn + ~S; ) 

From Eqs. 5.17 and 5.29 we also obtain, 
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(5.29) 

(5.30) 

In order to understand the meanning of the longitudinal stiffness C. in Eqs. 

4.2 and 5.13, we can differentiate the longitudinal force Fe in Eq. 5.29 with respect 

to the slip ratio at zero slip ratio: 

dFe\ = C. 
d3 .=0 

(5.31) 

where Fe = IFzl, since ~TJ coordinates provide the absolute values of xyz coordi

nates. Therefore, the longitudinal stiffness represents the slope of the longitudinal 

force with respect to the slip ratio at zero slip ratio. In order to get the longi

tudinal slip ratio at which the maximum longitudinal force exists, the following 

equati()D can be used as: 

(5.32) 

From Eqs. 5.29 and 5.32 we find, 

or 

( 1- ~)2 = 0 
S.C 

since C. i: o. Therefore, 

(5.33) 
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We can substitute Eq. 5.33 into Eq. 5.30 to find, 

(F()mcu: = 31JzF% (~ -1 + ~) 
= IJzF% at S. = S.c 
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(5.34) 

since Sn = 1 at S. = S.c. An important fact from Eqs. 5.33 and 5.34 may be 

observed that the maximum value of the longitudinal force exists at the critical 

slip ratio (S. = S.c and 1" = 0). Furthermore, the maximum longitudinal force 

at S. = Sac may be the global maximum for all possible values of the slip ratio, 

since the friction coefficient may decrease as the longitudinal slip velocity (or slip 

ratio) increases. 

(2) s. > S.c 

When the longitudinal slip ratio is greater than the critical value S.c, the 

distance I" from the extremity to the breakaway point of the contact patch be

comes zero, and there exists no elastic deformation and stress but only a frictional 

stress. Therefore, the longitudinal force may depend only on a friction force as: 

(5.35) 

(3) General Case 

The longitudinal force for all possible values of the slip ratio can be stated 

as: 

F( = f c.s.r:. + IJzF% (1- 3I! + 21;), for S. < S.c 
llJzF%, for S. ~ S.c 

where, 

(5.2i) 
(5.35) 

(5.35) 

(5.21) 

(5.20) 
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Figure 5.3 shows the longitudinal force versus the slip ratio. 

5.3 Lateral Force and Self-aligning Torque Due to Pure Slip Angle 

For pure slip angles, the longitudinal slip ratio becomes zero and the slip 

angle a is defined as (refer to Figure 4.6): 

a = arctan (Vy ) 
\V=" 

(4.44) 

The lateral force is assumed to depend on the lateral stiffness, the lateral elastic 

deformation in the adhesion region, the tire contact pressure, and the tire/road 

friction coefficient in the sliding region, as shown in Figure 5.4. In other words, the 

lateral elastic deformation of the tire element is assumed to increase linearly from 

the front extremity of the tire contact patch toward the breakaway point. This 

continues until the elastic stress becomes identical to the frictional stress, and 

thereafter it starts returning to its initial position. The rdurning process is from 

the breakaway point to the end of the tire contact patch. 

5.3-1 Adhesion Region 

The lateral elastic deformation can be expressed as a function of the slip 

angle a in the eTJ coordinate system, which is either the road coordinate system 

during braking or the carcass coordinate system during traction, (refer to Figure 

5.4-a) as: 

l:l.TJa = I tan ale (5.36) 

From Eqs. 4.50 and 5.36 we have, 

(5.37) 

The lateral elastic stress can be defined as: 

(1&) - k A ti 0 < e < 1 (7 '1C1t - 11 u,T]a , or _ ." _ 1& (5.38) 



o 

F~ = C.S.l! + ~%F%(l - 31! + 21!) 
I 
I 

1.0 

Figure 5.3 Longitudinal force due to pure longitudinal slip. 
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Figure 5.4 Lateral deformatio!l and stress due to pure 
slip angle; (a) lateral deformation and (b) lateral stress. 
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where, k, is the lateral stiffness rate per unit area. Figure 5.4-b shows the 

distribution of the lateral stress. In order to get the lateral elastic stress, we can 

substitute Eq. 5.37 into Eq. 5.38, 

(5.39) 

Similar to the longitudinal force, another useful expression can be derived 

for simplicity by introducing the cornering stiffness Co as a function of ky (this 

will be proved in Eq. 5.60) as: 

where, 

5.3-2 Sliding Region 

Co = k,wfl 
2 

(5.40) 

(5.41) 

The lateral stress in the sliding region can be obtained from a frictional 

stress as follows: 

(5.42) 

We can substitute Eq. 4.32 into Eq. 5.42 to get, 

(5.43) 

5.3-3 Breakaway Point 

The elastic stress becomes equal to a frict;onal stress at the breakaway 

point; i.e., 

(5.44) 



We substitute Eqs. 5.40 and 5.43 into Eq. 5.44 to obtain, 

Since Sn = 1 - In = 1 -It, then 

and 

In = 1- CoSo 
3J.l,Fz 
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(5.45) 

(5.46) 

Similar to the longitudinal force, the limits of the slip angle can be found from Eq. 

5.45 due to the physical boundaries on I and la. Since in Eq. 4.39 0 < Sn :5 1, 

then 

or 

(5.47) 

Thus, the critical (maximum) value of the slip angle or the lateral slip ratio to 

allow any lateral elastic deformation may be written as: 

(5.48) 

Furthermore, Soc can be defined as: 

Soc = tanCtc (5.49) 

Then, 

(5.50) 
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From Eqs. 5.45 and 5.48 we have, 

S 
_ Sa 

n -
Sac 

(5.51) 

From Eqs. 4.39, 4.50, 5.49, and 5.51 we find, 

(5.52-a) 

or 

(5.52 - b) 

Moreover, 

(5.53 - a) 

or 

(5.53 - b) 

Therefore, there exists only complete sliding ,,::ithc~t any elastic deformation when 

the slip angle is greater than the critical value. 

5.3-4 Lateral Force and Self-aligning Torque 

Similar to the longitudinal fcrce, two cases can be considered for the lateral 

force and the self-aligning torque: 

(1) S[J:5 S[Jc 

The lateral force and the self-aligning torque can be written as: 

(5.54) 

and 



• 
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M zo = l' (e -~) u"owde 

= l' eu"owde - ~ l' u"owde 

~, I 
= 10 e u"o wcIe - 2 F'1o (5.55) 

F~r the lateral force, we can substitute Eqs. 5.40 and 5.43 into Eq. 5.54 to get, 

(5.56) 

Or, 

(5.57) 

since In = It. 
Similar to Eqs. 5.28-5.30 for the longitudinal force, the following steps are 

performed for the lateral force: 

(5.58) 

or 

(5.59) 

The definition of the cornering stiffness Co becomes clear by differentiating the 

lateral force in Eq. 5.58 with respect to the slip angle at zero slip angle; i.e., 

(5.60) 



110 

Since this equation yields Eq. 4.3 for pure slip angles, Eq. 5.41 can be veri

fied. The cornering stiffness is seen to represent the slope of the lateral force with 

respect to the slip angle at zero slip angle. The maximum value of the lateral 

force and its slip angle can be obtained as: 

(5.61) 

From Eqs. 5.58 and 5.61 we obtain, 

Since Ca i= 0 and sec?Qp i= 0 for 0 < Q p < ~, we get 

Thus, 

(5.62 - a) 

or 

(5.62 - b) 

We can su~stitate Eq. 5.G2 illto Eq. 5.59 to obtain the maximum value of the 

lateral force 

(F'1a)mCl% = 3J1.1IFz (1 -1 + ~) 
= J1.11Fz at Sa = Sac (5.63) 

since Sn = 1 at Sa = Sac. Therefore, it may be conchlded that the maximum 

value of the latetal force exists Pot the critical slip angle (Q = Qc and 1(1 = 0). Since 

the tire/road friction coefficient may decrease as the slip angle increases, this 
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maximum value may represent the global maximum for all possible values of the 

slip angle. 

For the self-aligning torque, Eq. 5.55 can be divided into two components: 

(5.64) 

where, 

(5.65) 

and 

(5.66) 

We can substitute Eqs. 5.40 and 5.43 into Eq. 5.65 to obtain, 

Since In = It, then 

(5.67) 

From Eqs. 5.57 and 5.66 we have, 

(5.68) 

---------- ---------- ------
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We can substitute Eqs. 5.67 and 5.68 into Eq. 5.64 to get, 

Since Sn = I - In, then 

(5.69) 

From Eqs. 5.45 and 5.69 we have, 

(5.70) 

Furthermore, 

M za = CaSal (1 - Sn)2 [-~ + ~ (1 - Sn) + ~Sn] 
= CaSal (1- Sn)3 (5.71) 

6 

From Eqs. 5.45 and 5.71 we also have, 

M - 1-'1IFzl S (1 S)3 za - 2 n - n (5.72) 

To obtain the maximum value of the self-aligning torque, let 

dMza / = 0 
dOt sa=sa,,,a=ap 

(5.73) 

where, 

Sap = tanOtp (5.74) 



From Eqs. 5.71 and 5.73 we find, 

dMza I = Cal (1- 6 Sap + gS!p -4 S~p) sec2 Q p = 0 
dQ S .. =5 .. ,.,a=a,. 6 Sac ~c S!c 

Since Ca #: 0, I#: 0, and sec2Qp "# 0 for 0 < Q p < f, 

(
1 - 6 Sap + 9 S!p _ 4 S~p) = 0 

Sap S~c S!c 

( 1- Sap)2 (1_4 Sap ) = 0 
Sac Sac 

Thus, 

S S Sac 
ap = ac or ""4 

For the maximum vplue of Sa, two possibilities can be considered as: 

(i) Sap = Sac, 

S I = Sap = Sac = 1 
n 5 .. =5 .. ,. S S Orc ac 

We can substitute Eq. 5.~(6 into Eq. 5.72 to get, 

Thus, Sa = Sat; is not the maximum value for Sa. 

(ii) S = ~ \ / ClIp 4' 

We can substitute Eq. 5.78 into Eq. 5.72 to obtain, 

M zCII Is -1. = J.I.,Fzl! (1 _ !) 3 
n-. 2 4 ~ 

_ 27J.1.,Fz l 
- 512 

Therefore, 

(M) = 27J.1.,Fzl at S _ Sac 
za mil: :)12 a - 4 
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(5:75) 

(5.76) 

(5.77) 

(5.78) 

(5.79) 
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Also, 

(
tan etc) et, = arctan -4- (5.80) 

(2) Sa ~ Sac 

Vw'"hen the absolute vaiue oi the slip angle becomes great~ than the critical 

value etc, the tire starts to slip in the lateral direction from the front extremity 

of the tire contact patch. Therefore, there exists only a frictional stress without 

any elastic deformation. The lateral force can be obtained from a friction force 

between the tire tread and the road, and the self-aligning torque will be zero since 

the friction force is symmetric with respect to the center line of the wheel toward 

the lateral direction; i.e., 

M za =0 

(3) General Case 

(5.81) 

(5.82) 

The lateral for~ and the self-aligning torque for all possible values of the 

slip angle can be summerized as: 

where, 

In = 1- Sn 

S 
_ Sa 

n-
Sal! 

S _ 3p.,1Fz 
ac- C

a 

for Sa < Sac 
for Sa ~ Sac 

for Sa < Sac 
for Sa ~ Sac 

(5.57) 
(5.81) 

(5.69) 
(5.82) 

(5.35) 

(5.51) 

(5.48) 
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Figure 5.5 shows the lateral icrce and the self-aligning torque versus the slip angle. 

5.4 Lateral Force Due to Pure Camber Angle 

It may be assumed that the radial deformation of a tire is small relative to 

the undefiected radius Pl. T.n.e path of the center of a tire with a camber angle 

is elliptical. The symmetricity of the path gives a zero self-aligning torque. The 

projection of the center of a tire on the road with a camber angles , can be 

represented as: 

( 
{' ) 2 ( ,,' ) 2 - + =1 
PI PI sin, 

(5.83) 

where, the {' 1'/ coordinate system has the origin at the center of the ellipse (refer 

to Figure 5.6). The {' and 1'1' axes are along the longitudinal and the lateral 

directions of the wheel, respectively. 

5.4-1 Adhesion Region 

Equation 5.83 is also written as: 

(5.84) 

The coordinates of the ellipse can be transformed from the {',,' coordinate system 

into the {" coordinate system by using the shifting factors ( and Tj. (can be 

obtained from Figure 5.6 as: 

- 1 
{=--

2 

We can substitute Eq. 5.85 into Eq. 5.84 to get, 

( 12)! 
=sin, P~-4 

(5.85) 

(5.86) 



o ~ Q ~ Qc Qc ~ Q (F~a)~4z~ ________ ~~ ______________________ ~ 

oL-~~----Q~c------------------------~~~~IQI 
2 

(a) 

oL--L----~Q-c------------------------~IQI 
Q p 

(b) 

Figure 5.5 Lateral force and self-aligning torque due to pure slip angle; 
(a) lateral force and (b) self-aligning torque. 
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~' ______ ~~~ __ L-+-____ __ 

PI sin,., 

(a) 

PI sin,., 

PI 

(b) 

Figure 5.6 Projection of path of the center of a tire with a camber angle; 
(a) inclina.tion by a camber angle and (b) projection of the path on 
the road surface. 
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Then, 
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(5.87 - a) 

(5.87 - b) 

We can substitute Eqs. 5.85,5.86, 5.87-a, and b into Eq. 5.84 to obtain, 

11 = sin-y [pi - (e + ()2] t - fj 

=sin7{[P~-«-~)f _ (p~<)t} (5.88) 

For simplicity, 11 may become approximately a parabolic function by using a bino

mial expansion as: 

Therefore, 

(5.89) 

The relativp. displacement can be expressed as: 

(5.90) 

From Eqs. 4.51,5.89, and 5.90 we have, 

(5.91) 
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The elastic stress can be written as: 

(5.92) 

Since the lateral displacement and the elatic stress produced by the camber angle 

are approximately parabolic, sirlilar to the distribution of the tire contact pressure 

(refer to Figure 5.i), the adhesion region has the full length 1 of the contact 

patch. The above equation, therefore, is valid for 14 = I. We can substihlt.p. Ri!. 

5.91 into Eq. 5.92 to get, 

(5.93) 

By introducing the camber stiffness as a function of Ic." similar to other tire 

dynamic forces, another useful expression is stated. here, which will be proved in 

Eq. 5.105, as 

(7'(4) = 6C..,S.., & (1 - ~) for 0 < & < 1 
.".., w12 ~ I' - ~ - (5.94) 

where, 

(5.95) 

5.4-2 Sliding Region 

The lateral stress in the sliding region is determined as a frictional stres5 

(7'(.) = Il P for 0 < & < 1 (5.96) ".., r'l' _ ~ _ 

where only sliding region exists throughout the entire contact patch. We can 

substitute Eq. 4.32 into Eq. 5.96 to find, 

(5.9i) 
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Figure 5.7 Lateral stress due to pure camber angle. 
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5.4-3 Critical Camber Angle 

The parabolic characteristics of the lateral elastic deformation generated 

by the camber angle provide the critical value of the camber angle. At the critical 

value, the adhesion region shifts to the sliding region without the concept of a 

breakaway point. In other words, the elastic stress is suddenly changed to a 

frictional stress at the critical camber angle IC; i.e., 

I _ { I for the adhesion region 
4 - 0 for the sliding region (5.98) 

At this critical angle, the lateral elastic and the frictional stresses also become 

identical; i.e, 

0'(4) = 0'(6) at 'V = 'V (or S = S ) 
".., ".., I I C ..,..,c (5.99) 

We can substitute Eqs. 5.94 and 5.97 into Eq. 5.99 to obtain, 

S - JJ,Fz ..,c---
C.., 

(5.100) 

S..,C is defined as: 

(5.101) 

then, 

. (JJyFz) 
IC = arcsm C.., (5.102) 

Similar to the slip ratio and the slip angle, the critical camber angle IC provides 

the limits of the camber angle for any elastic deformation. 

5.4-4 Lateral Force 

For the lateral force, similar to other tire dynamic forces, two cases may be 

considered: 
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(1) S..,::; S.,c 

When the camber angle is smaller than the critical value S.,c, the lateral 

force can be obtained by integrating the elastic stress over the tire contact patch, 

(103) 

We can substitute Eq. 5.94 into Eq. 5.103 to get, 

F. = l' 6C..,5.., e (1 - ~) wcIe 
rrr 0 wf2 I 

= 6C..,S.., ([2 _ 13
) 

[2 2 31 

=C..,S.., (iJ.104) 

In order to understand the definition of the camber stiffness, we can dif

ferentiate the lateral force in Eq. 5.104 with respect to the camber angle at zero 

camber angle; i.e., 

dF".., I = C.., 
d'Y '1-0 

(5.105) 

The above equation becomes identical to Eq. 4.4 for pure slip due to camber 

angle. This equation also shows that the camber stiffness represents the slope of 

the lateral force with respect to the crunber angle at zero cambe:- angle, and then 

it justifies Eq. 5.95. For the maximum value of F"." we can substitute Eq. 5.100 

into Eq. 5.104 to get, 

( Fn"" ) = C""l-'yF% 
... , "maz 'c .., 

= I-',F% at 'Y = "Yc (5.106) 

In general, this local maximum may represent the global maximum for all possible 

values of the camber angle since the tire/roa.d friction coefficient may decrease as 

the camber angle increases. 
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(2) 5.., > 5..,c 

When the camber angle is greater than the critical value, the lateral force 

is determined by a friction force. The lateral force can be obtained by integrating 

the frictional stress over the contact patch; i.e., 

(5.107) 

(3) General Case 

The lateral force for all possible values of the camber angle can be stated 

as: 

where, 

F".., = {C..,S.., for S.., < S..,c 
JJlIF;:: for 5.., ~ S..,c 

5 
_ p.,F;:: 

..,c- C.., 

Figure 5.8 shows the lateral force versus the camber angle. 

(5.104) 
(5.107) 

(5.100) 



Figure 5.8 Lateral force due to pure camber angle. 
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CHAPTER 6 

MECHANICS OF PNEUMATIC TIRES: 

TIRE DYNAMIC PROPERTIES IT 
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The tire dynamic properties are generally functions of slip ratio, slip angle, 

camber angle, and other tire dynamic parameters. In reality, these properties 

follow the friction ellipse concept instead of the firction circle concept. The 

characteristics of the friction ellipse COaCept provide the more realistic limits of 

the braking/traction and lateral forces than those of the frcition circle concept. In 

this chapter, longitudinal force, lateral force, and self-aligning torque due to the 

longitudinal and lateral slips with camber angle are considered. The friction 

ellipse concept as well as the friction circle concept is also studied. 

6.1 Lateral Force and Self-aligning Torque 

Due to Both Slip and Camber Angles 

For the tire dynamic properties generated by both the slip angle and the 

camber angle, three possible combinations (refer to Figure 6.1) may be considered: 

(a) Case 1: AT/a and D.T/..., have the same directional deformations, 

(b) Case 2: AT/a and AT/..., have opposite directional deformations with the 

condition of IF'1al > IF'1""!' and 

(c) Case 3: AT/a and AT/..., have opposite directional deformations with the 

condition of IF'1al < IFni. 

For convenience, the lateral friction coefficient can be modified by the lateral elastic 

force produced by the camber angle, and then the lateral force due to both the 

slip and the camber angles are obtained. 
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0'(11) 
rn 

0 ~ 

(a) 

0'" 

/p.~p 
....... T ... -- ...... , -/ 

,/ 

/ 
/, 

I. 

0 

0'(11) 
111 

0'" 
".., 

(b) 

JI.'!IP 

OL--============1Tl---
(c) 

Figure 6.1 Three possible combinations of slip and camber angles; 
(a) Case 1: tlTJOt and tlTJ.., have the same directional deformations, 
(b) Case 2: tlTJa and tlTJ.., have opposite directional deformations with the 
condition of IF"al ~ IFrnl, and (c) Case 3: tlTJa and tlTJ.., have opposite 
directional deformations with the condition of IF"al < IF"..,I. 
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6.1-1 Adhesion Region 

The lateral elastic stress is composed of two components generated by the 

slip and the camber angles as: 

O'(ea) - O'(ea) + 0'(11) for 0 < C <_ lea 
" - '10 ,,'"=', ~ (6.1) 

We can substitute Eqs. 5.40 and 5.94 into Eq. 6.1 for each case, 

1
2~+ e + 6:'1fx e (1 - f) for Case 1 

O'~ea) = 2~,~e - 6:'1fx e (1 - f) for Case 2 

- 2c;,;a e + 6c.;"S, e (1 - 1) for Case 3 

(6.2) 

6.1-2 Sliding Region 

In the sliding region, the total stress is determined by a frictional stress as: 

(6.3) 

We can substitute Eq. 4.32 into Eq. 6.3 to get, 

(5.4) 

6.1-3 Breakaway Point 

The camber angle P.lay have the priority over the slip angle in deciding in 

advance the critical value to allow any elastic deformation. To find the breakaway 

point, the three cases should be consideroo seperately. In Cases 1 and 2, the 

critical value of the slip angle can be obtained in such a way that the elastic stress 

is equal to the frictional stress at the breakaway point; i.e., 

0' (11) - 0'(.) a.t C 1 
'1 -" ~=ea (6.5) 
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In Case 3, however, another formula can be used. While there exists no slip 

(10. = l) in the adhesion region, at the critical camber angle the adhesion region 

suddently becomes the sliding region starting from the front extremity of the 

contact patch (1:: = 0); i.e.; 

d (a.) d (ot) 
u~ u~ d 
~ = --;If" at e = 0 an 'Y = 'Yc (6.6) 

Case 1: 

For the critical value of the camber angle, Eqs. 5.100 and 5.102 are used: 

and 

S - J.'JFz ..,c -
C.., 

. (J.'uFz) 'Yc = arcsm =-c:: 

(5.100) 

(5.102) 

For the critical value of the slip angle, we can substitute Eqs. 6.2 and 6.4 into Eq. 

6.5; 
2Ca Sa I 6C..,S.., I (1 _ 10.) = 6J.',Fz 1 (1 _ 10.) 

wP a. + w12 a. 1 wP a. I 

( C..,s..,) ( 10.) CaSa = 3 J.',1 - --p;- Fz 1 - 1 

Since Sn = 1 - In = 1 - t, 

(6.7) 

The modified friction coeffi.ent can be defined as: 

CS 
lL(m) = It _....::L..:1 
'-11 '-11 Fz (6.8) 

We can substitute Eq. 6.8 into Eq. 6.7 to get, 

(6.9) 



then, 

S _ CaSa 
n - 3Jl~m) F= 
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(6.10) 

where, Jl~m) =I- O. Similar to Eqs. 5.47-5.50 for pure slip angle, the following steps 

are performed for this case, 

3 (m)p 

S - Jll1 = ac - CQ 

(6.11) 

or 

(6.12) 

From Eqs. 6.10 and 6.11 we have, 

S 
_ So 

n-
Sac 

(6.13) 

Case 2: 

First, the condition /F'1a/ ;::: /F'1'Y/ should be satisfied and it must be distin-

guished from Case 3. Since these forces are yet unknown, this condition may be 

approximated by a linear condition as: 

(6.14) 

From the above equation, the camber angle which is required for this case can be 

obtained as: 

or 

5 < CaSa 
'Y - C-y (6.15) 

(6.16) 

---------------------------------------------------------------------
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Once the camber angle is satisfied for this case, then the critical value of the 

camber angle is no longer needed. For the critical slip angle, we can substitute 

Eqs. 6.2 and 6.4 into Eq. 6.5; 

Since Sn = 1-1;, 

(6.17) 

The modified coefficient can also be defined as: 

(_' C ... S ... 
Il ... , = Il + -'-' 
"'11 "''1 Jf' (6.18) 

... z 

From Eqs. 6.17 and 6.18 we have, 

(6.19) 

Since Eq. 6.19 is identical to Eq. 6.9, then Eqs. 6.10-6.13 can also be used for 

this case. 

Case. 3: 

Since for this case IFI'nl > IFI'1O'I, the required condition for the slip angle 

may be obtained from Eq. 6.14 in the opposite sence of Case 2; i.e., 

then, 

S C..,S.., 0'<-
CO' 

(6.20) 

(6.21) 
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or 

lal < arctan ( C~~7 ) (6.22) 

We can substitute Eqs. 6.2 and 6.4 into Eq. 6.6 to obtain, 

then, 

(6.23) 

or 

(6.24) 

6.1-4 Lateral Force and Self-aligning Torque 

The lateral force and the self-aligni:lg torque can be obtained directly from 

Figure 6.1 rather than integrating the lateral stress over the contact patch for each 

case. 

Case 1: 

S 
_ /JoyF% 

7C - C 
7 

3 (m)F 
S - /Joy % 

oc - Co 

So 
Sn = -, for Soc =/: 0 

Soc 
CS 

/Jo~m) = /Jo, _ ;% 7 

(1) S7 < S-rc and S7 < Soc (0 ~ 1(1 ~ 1), then 

F." = F."o + F"'7 with /Jo~m) 

(5.100) 

(6.11) 

(6.13) 

(6.8) 

(6.25) 



'We can substitute Eqs. 5.57 and 5.104 into Eq. 6.25 to get, 

For the self-aligning torque, Il, can be replaced by Jl~m) in Eq. 5.69, 

(2) S., ~ S..,c or So ~ Soc (14 = G), then 

Case 2: 

Mzo=O 

s < CoSo 
..,- C.., 

31l~m) Fz 
Soc = .-....::=-~ 

Co 
So 

Sn = -s ' for Soc i: 0 
oc 

/L(m) = /L + C..,S.., 
,.., ,..,1 Fz 

(1) So < Soc (0 $ 14 $ 1), then 

I':' I':' I':' Wl·th lL~m) .r 71 = .r 710 - .r 71.., ,.. " 

We can substitute Eqs. 5.57 and 5.1V4 into Eq. 6.30 to get, 

For the self-aligning torque, Eq. 6.27 can be used again, 
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(6.26) 

(6.27) 

(6.28) 

(6.29) 

(6.15) 

(6.11) 

(6.13) 

(6.18) 

(6.30) 

(6.31) 

(6.27) 



(2) SOt > SOte (1(1 = 0), then 

M zOt = 0 

Case 3: 

(1) S.., < S..,e (1(1 = 1), then 

F." = F.".., - F."Ot with 1(1 = 1 

We can substitute Eqs. 5.57 and 5.104 into Eq. 6.32 to obtain, 

For the self-alinging torque, let 1(1 = 1 in Eq. 5.69: 

(2) S.., ~ S..,e (1(1 = 0), then 

M zOt = 0 
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(6.28) 

(6.29) 

(6.21) 

(6.23) 

(6.32) 

(6.33) 

(6.34) 

(6.28) 

(6.29) 

-------------------------------------------------------



6.2 Tire Dynamic Properties During Braking/Traction 

With Zero Camber Angle 
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During braking/traction without any camber angle, the slip ratio produces 

the longitudinal force, while the slip angle gives rise to the lateral force and the 

self-aligning torque. Since the longitudinal and the lateral slips have combined 

effects on the tire dynamic properties, these effects can not be investigated ·sepa

rately. During braking, the road coordinate system is used to express the traveling 

distance e of a point on the road surface from the front extremity of the contact 

patch; i.e., 

(6.35) 

During traction, however, the carcass cordinate system is used to obtain the trav

eling distance e of a point on the tire tread base from the front extreoity; i.e., 

e = VcLlt (6.36) 

6.2-1 Adhesion Region 

The absolute values of the longitudinal and the lateral components of the 

relative velocity between the tire tread base and the road surface can be written 

as: 

(6.37) 

and 

(6.38) 

The longitudinal and the lateral components of the displacement can also be ex

pressed as: 

(6.39) 
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and 

(6.40) 

From Eqs. 6.35, 6.36, 6.37, and 6.39, we get 

~e= ~ {
IV: - Velt during braking 

IV: - Veh~ during traction 
(6.41) 

Now ~e can be written as a function of the slip ratio using Eqs. 4.48, 4.49 and 

6.41, 

During braking, from Eqs. 4.42, 4.43, 6.35, and 6.40 we have, 

e 
~TJ = IV,I V: 

= IVR sin 0:1 Vi e 
RCOSO: 

= I tan 0:1.; 

During traction, from Eqs. 4.42,4.46, and 4.49 we get, 

5. = IV: - Vel = IVR cos 0: - Vel 
Ve Vc 

5.Ve = !VRCOSO: - Vel 

= Ve - VRCOSO: 

Tr VRCOSO: r 5 1 
ye = 1 _ 5. ,.Lor • < 

(6.42) 

(6.43) . 

(6.44) 

since Ve > VR coso: during traction. From Eqs. 4.43, 6.36, 6.40, and 6.44 we 

have, 

e 
~TJ = IV,I Ve 

= IVR sin 0:1 VB ;05 cr 

1-5, 

= (1 - 5.) I tano:le (6.45) 
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Furthermore, 6.17 can be expressed as a function of the lateral slip ratio as defined 

in Eq. 4.50: 

(6.46) 

The longitudinal and the lateral components of the elastic stress can be written 

as in Eqs. 5.12 and 5.40, respectively: 

(/I) _ 2C.S. & ~ 0 & 1 
ue - w12 ,-, lor $ '- $ /I 

(/I) = 2C~SOl & fi 0 < & < 1 u" w12 ,-, or - '- - /I 

where. these components are shown in Figure 6.2. 

6.2-2 Sliding Region 

(5.12) 

(5.40) 

Since the total force from the tire/road interaction should be limited by a 

friction force, the stress in the sliding region is determined by a frictional stress 

as: 

(6.47) 

We can substitute Eq. 4.32 into Eq. 6.47 to get, 

(.) 6JlF~ ( e) ~ I I 
q = w12 e \1 - I ' lor /I $ e $ (6.48) 

By considering the directional angle f3 of the slip velocity defined in Eqs. 4.46 and 

4.47, the longitudinal and thf> lateral components of the frictional stress can be 

defined as: 

and 

q(') = q(') sin 12 for I < & < I 
" fJ, /1_'-_ 
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O'(CI) = J(0'~CI»2 + (0'~CI»2 
------- - 0'(.> = J(0'~.»2 + (0'~·»2 

=p.P 

(b) 

o~~=-------------+---~-.e 

(d) 

Figure 6.2 Longitudinal and lateral components of stress of a tire due to 
longitudinal and lateral slips between the tire tread base and the road surface; 
(a) longitudinal and lateral motions, (b) resultant stress, (c) longitudinal 
stress, and (d) lateral stress. 
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We can substitute Eq. 6.48 into the above equations to obtain, 

(6.49) 

and 

(6.50) 

From Eqs. 6.49 and 6.50, we derive the longitudinal and the lateral com

ponents of the friction coefficient based on the friction circle concept, and then we 

modify the longitudinal friction coeficient based on the friction ellipse concept: 

(1) Friction Circle Concept 

We can define 1': and 1', shch that 

(6.51) 

and 

(6.52) 

where, 

Jl: = Jl cos f3 (6.53) 

and 

Jl, = I' sin f3 (6.54) 

Furthermore, 

or 

(6.55) 
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Equations 6.53, 6.54, and 6.55 provide the firction circle concept in which the 

maximum value of the resultant force is determined along a circle, and this value 

can be decomposed into the limits of the longitudinal and lateral forces. 

The·diractional angle /3 of the slip velocity can be written as a function of 

the longitudinal and the lateral slip ratios as: 

During braking, from Eqs. 4.44, 4.45, 4.48, and 4.50 we have, 

v:, = v'(S6 V:)2 + (V: tanQ)2 

= ';S; +51V: 

We can substitute Eq. 6.56 into 4.46 to get, 

sin/3 = V, 
';S; +51V: 

tanQ 

where, tan Q = ~ is defined in Eq. 4.44. For the positive values of {3, 

. a SOt 
sm 1J = -;:::===:::= 

v'S; + 51 
During traction, from Eqs. 4.44, 4.4:1, 4.48, and 4.50 we find, 

=Vc- V: 

since Vc > V: during traction. 

Tr - V: f, S 1 .. c - ,or. < 
1- S. ~ 

V, 
---~--

(1- S6)tanQ 

V, ~ ., = SOt' .. or pOSItIve Q 

(6.56) 

(6.57) 



or 

then, 

l-~ = v'(S .. VC)2+(SOVC)2 

= v'~ +S~YC 

We Chll substitute Eq. 6.58 into Eq. 4.46 for the positive values of /3, 

During braking and traction, we get 

f3 
S. 

cos = --::====== 
v'~+~ 

From Eqs. 6.53,6.54,6.57, and 6.59, therefore, we have 

p.S. 
p.z = --::==== 

v'S:+~ 

and 

(2) Friction Ellipse Concept 
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(6.58) 

(6.57) 

(6.59) 

(6.60) 

(6.61) 

The maximum value of the longitudinal force is also limited by the charac

teristics of the roll motion of a tire. To derive the modified longitudinal friction 

force (or coefficient), three different driving conditions of a tire (or wheel) are 

considered as shown in Figure 6.3: 



• 

Ve = W,Pe 

(a) 

F, (c) 

Figure 6.3 Friction force along the longitudinal direction; 
(a) free rolling (Ve = Vz ), (b) braking (Ve < Vz ), and 
(c) traction (Ve > V,:), 
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(i) During Free Rolling 

During free rolling of a tire, the condition of V c = Vz is satisfied at the 

current time step ti. Since there exists no relative slip between the tire tread base 

and the road surface, the friction force Fj along the longitudinal direction is zero. 

(ii) During Braking 

During braking, the condition of Vc < Vz is satiS£ed at the current time 

step ti. IT there are :10 applied or reaction forces on the wheel, then the condition 

of the velocities at an updated time step t i+1 is V~+l :5 V;+1 due to the existance 

of a friction force. V~+l and V;+1 can be written as; 

(6.62) 

and 

(6.63) 

where, 10 and me are the roll moment of inertia and the effective mass of the 

wheel, respectively. We can substitute Eqs 6.62 and 6.63 into the condition of 

V~+1 :5 V;+1 to get, 

Thus, 

(6.64) 

----------------------------------------
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(iii) During Traction 

During traction, the condition of Ve > V% is satisfied at the current time 

step ti. IT there are no applied or reaction forces on the wheel, then the condition 

of the velocities at an updated time step ti+l is V~+l ~ V;+l due to the existance 

of a friction force. v:i+l and V i+1 can be written as· e % , 

(6.65) 

and 

(6.66) 

We can substitute Eqs 6.65 and 6.66 into the condition of V~+l ~ V';+l to get, 

Thus, 

(6.67) 

(iv) General Case 

For all cases of free rolling, braking, and traction, we can obtain a general 

formulation for the maximum value of the frcition force from Eqs. 6.64 and 6.67; 

The maximum value of the longitudinal friction coefficient then becomes, 

m e101V% - Vel 
/J%(m4%) = (10 + mep~)~tF% 

(6.68) . , 

(6.69) 
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The modified longitudinal friction coefficient can be obtained as; 

(m) • ( ) J.'% = IIllD. J.'%, J.'%(ma.%) (6.70) 

Figure 6.4 3hows a graphical comparison between the friction circle concept and 

the friction ellipse concept. 

6.2-3 Breakaway Point 

The elastic and frictional stresses become equal at the breakaway point; 

i.e., 

or 

(7~a.»)2 + (7~a.»)2 = (0-(.»)2 at e = Ia. 

We can substitute Eqs. 5.12, 5.40, and 6.48 into Eq. 6.72 to obtain, 

(
2C.S. / )2 (2COlS0l 1 )2 = [6J.'F::1 (1_ 1a.)]2 

w12 a. + w12 a. wl2 a. 1 

since Sn = 1 -It. Thus, 

Sn = V(C.S.)2 + (COl SOl )2 
3J.'F:: 

(6.71) 

(6.72) 

(6.73) 

Similar to the pure slip situation, the limits of the slip ratio and the slip angle for 

any elastic deformation can be obtained by substituting Eq. 6.73 into Eq. 5.39: 

0< V(C.S.)2 + (COl S:1l)2 < 1 
- 3J.'F:: -

o ~ V(C.S.)2 + (COl SOl )2 ~ 3J.'F:: 

-----_._------------------------------



\ 
\ 
\ 

" " " 

y 

(a) 

y 

(b) 

Figure 6.4 Friction circle concept and friction ellipse concept; 
(a) friction circle concept and (b) friction ellipse concept. 
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Then, the critical'slip angle becomes: 

The critical slip ratio can be found by letting 

Therefore, 

S < 3p.Fz 
• - C. 

S _ 3p.Fz 
ac - C. 

From Eqs. 6.74 and 6.75, we find 

C. 
Sac=

Co 

= C • . /~ _~ C
a 

.c a 

6.2-4 Tire Dynamic Properties 
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(6.74) 

(6.75) 

(6.76) 

To allow any elastic deformation, t';o conditions for the slip ratio and the 

slip angle must be satisfied such as: (i) Sa < Sac and (ii) Sa < Sac. Otherwise, 

there exists sliding without any elastic deformation. For the longitudinal and the 

lateral forces, the previously derived formulations can be used. However, the self

aligning torque may contain two components: The first one, Mza , is generated 

by the lateral force which has the same explicit formulations as in Eqs. 5.69 and 

5.82. The other, M z• a , is produced by the longitudinal force which has an offset 
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between the tire center plane and the tire tread base. This offset is due to the 

slip angle. The self-aligning torque is: 

where, 

{
I during braking 

ml = -1 during traction 

JlS. 
Jlz: = ---;::::::;::==::::::: 

v'S;+~ 
JlSa 

Jl'!l = -
v'S;+~ 
meIolVz: - Vel 

Jlz:(maz:) = (10 + mepn~tFz 
Jl~m) = min(J.'z:, Jlz:(mc&z:» 

Sn = v'(C.S.)2 + (CaSa)2 
3JlFz 

S 
_ 3JlFz 

.c - C. 

Sac = ~: v'S;c - S; 

Case 1: S. < S.c and Sa < Sac 

(6.77) 

(6.60) 

(6.61) 

(6.69) 

(6.70) 

(6.73) 

(6.75) 

(6.76) 

The longitudinal and the lateral forces are obtained from Eqs. 5.27 and 

5.57, respectively, i.e.; 

F( = C.S.l; + Jl~m) Fz (1 - 31; + 21!) 

F" = CaSal; + iJ.lIFz (1- 31; + 2!!) 

For M za , Eq. 5.69 can be used: 

(6.78) 

(5.57) 

(5.69) 
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MzsOl can be defined as: 

(6.79) 

From Eqs. 5.12,·5.15,5.40, 5.43, and 6.79, we find 

Since In = 1r-, 

(6.80) 

Case 2: SIJ 2: SIJC or SOl 2: SOle 

In this case, there exists only a sliding region without the adhesion re

gion. The longitudinal and the lateral forces can be obtained from the two 

components of the friction force: 

(6.81) 

and 

(6.28) 
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For the self-aligning torque, M zo is zero and MuCt can be obtained by substituting 

III = 0 into Eq. 6.80: 

M zCt = 0 (6.29) 

and 

(6.82) 

6.3 Tire Dynamic Properties During Braking/Traction 

Three possible combinations of slip and camber angles (r~er to Figure 6.1) 

can also be considered here. The tire dynamic properties may be obtained from 

the formulations which are already derived. 

6.3-1 Adhesion Region 

The longitudinal elastic stress is presented by Eq. 5.1~ fpr all of the three 

cases: 

(5.12) 

For the lateral elastic stress which is generated by the slip and camber angles, the 

formulations in Eq. 6.2 are used again: 

2~,fQ e + 6~,;' e (1 -l) for Case 1 
0'(11) = ~~ _ 6C,S, ~ (1 _ f) for Case 2 

'1 Ull2 ~ till' ~ I (6.2) 

- 2~1fp e + 6~ilf' e (1 -l) for Case 3 
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6.3-2 Sliding Region 

For the frictional stresses, Eqs. 6.48, 6.51, and 6.52 can be used: 

(6.48) 

(6.51) 

(6.52) 

Since the relative displacements between the tire tread base and the road are 

proposional to the slip velocity, the displacements can be used to find the longi

tudinal and the lateral components of the friction coefficient without any loss of 

generality. The displacements ~e, ~Tfo, and ~Tf"'l are given in Eqs. 5.9,5.37, and 

5.91. For simplicity, we can linearize ~Tf"'l from Eq 5.91 as: 

(6.83) 

From Eqs. 4.50, 4.52, 5.9, 5.37, and 6.83 we can get 1-'% and 1-'1/ in terms of slip 

ratios, i.e.: 

During braking, 

and 

$ + (tan a + ISinl)2 
• 2Pl 

1-'5. - --;====== 
JS;+~"'I 
1-'5. 

= 5.0 "'1 
(6.84) 



During traction, 

and 

J.' Isign( a )~71Or + sign( "y )~71")' I 
1-'1/ = J ~cr + [sign( a )~71Or + sign( "y )671")']2 

J.' I tan a + !I;~;' I 
- ---;:========== 

6cr + (tan a + S;Dp;') 2 

.I-'SOr")' - --;====== JS; + Sfz")' 

= J.'5Or,,), 
S.Or,,), 

1-'% = .j 6cr + [sign( a )~71Or + sign( "y )67hF 

J.'5. 

-J S; + [(1- S.) tan a + '~i:;r r 
I-'S. - --;===== 

JS;+st")' 
= J.'S. 

S.Or")' 

1-'1/ = J 6cr + [sign( a )~71Ot + sign( "y )~'7'Y)2 

I-' \ tan a + s~~;ll 

-J 6cr + [(1 - 5.) tan a + s;~;,r 
I-'SOr")' 

- JS; +~'Y 
J.'SOr")' =--
S.Or'Y 
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(6.85) 

(6.84) 

(6.85) 
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6.3-3 Breakaway point 

At the breakaway point, the elastic and frictional stresses become equal; 

i.e., 

(6.72) 

For the breakaway pcint, the following three cases are examined seperately (refer 

to Figure 6.1): 

Case 1: 

We can substitute Eqs. 5.12,6.2, and 6.48 into Eq. 6.72 to get, 

( 2C6S6 1 )2 [2Ca Sa I 6C.,S., I (1 _ Ill)] 2 = [6P.Fz I (1 _ Ill)] 2 
wl2 a + wl2 11 + wl2 11 I wl2 11 I 

Since Sn = 1 -It, 

Then, 

(6.86.) 

where, 

(6.87) 
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Case 2: 

We can substitute Eqs. 5.12,6.2, and 6.48 into Eq. 6.72 to find, 

(2C.S. I )2 [2CaSa. _ 6C..,S.., I (1 _ I,,)] 2 = [6P.Fz I (1 _ Ie)] 2 
\ wl2 " + wl2 I" w12 " I w12" I 

Since Sn = 1 -it, 

Then, 

(6.86) 

where, 

(6.88) 

Case 3: 

We can substitute Eqs. 5.12,6.2, and 6.48 into Eq. 6.72 to obtain, 

( 2C.S. I ) 2 [
2CaSa I 6C..,S.., I (1 _ I,,)] 2 = [6P.Fz I (1 _ Ie)] 2 

w12 ,,+ w12 " + w12 " I w12 " 1 

Since Sn = 1 - !r-, 
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Again, 

(6.86) 

where, 

(6.88) 

To slove Eq. 6.86, three different conditions may be considered depending 

on the value of B 1 : 

First, the condition for Bl gives the critical camber angle for the case 1. 

Thus, 

From Eq. 6.86 we get, 

S 
_ pFz 

-yc - C-y 

Sra = B2 ± JBi - BIB3 
Bl 

From Eqs. 6.87, and 6.88 we have, 

(6.89) 

(6.90) 

(6.91) 
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Then, 

B2 - JB~ -BIB3 < 0 

Since 0 ~ Sn ~ 1, B2-v'!~-B1Ba < 0 can not be a suitable solution for Sn. There

fore, 

Sn = B2 + .jB~ - BIB3 
. Bl 

(6.92) 

Moreover, 

or 

Since the left inequality is always satisfied, this equation is simplified to: 

B2 + J B~ - BIB3 ~ Bl 

JB~ - BIB3 ~ Bl -B2 

B~ - BIB3 ~ B~ - 2BIB2 + B~ 

(6.93) 

since B~ - BIB3 > B~ ~ 0 and Bl > o. From Eqs. 6.87 and 6.88 we have, 

(6.94) 

where, 

{
I for Case 1 

m2 = -1 for Cases 2 and 3 

We can. substitute Eqs. 6.87, 6.88, 6.94 into Eq. 6.93 to find, 
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(6.95) 

Since Case 1 can not meet this condition, this situation is valid only for 

Cases 2 and 3. The given condition becomes: 

(6.96) 

From Eq. 6.86 we have, 

B3 
Sft = 2B

2
' for B2 == 0 (6.97) 

Since 0 ~ Sft ~ 1 and B2 < 0 for Cases 2 and 3, 

(6.98) 

We can substitute Eq. 6.88 into Eq. 6.98 to obtain, 

Since the second and the third terms are always less than or equal to zero, the 

above equation is simplified as: 

-(C.S.)2 - (CcrScr)2 ;::: -6CcrScrC..,S.., 

(C.S.? + (CcrScr)2 ~ 6CcrScrC..,S.., (6.99) 

This equation becomes identical to Eq. 6.96 at p.Fz = C..,S.., for Cases 2 and 3. 
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(3) Bl = (3",Fz)2 - (3C-yS-y)2 < 0, 

This condition is also not valid for Case 1. For Cases 2 and 3, from Eq. 

6.91 we have, 

Sn = B2 ± .jB~ - BIB3 
Bl 

Since ° ~ Sn ~ 1 and Bl < 0, 

° < B2 ± .jB~ - BIB3 < 1 
- Bl -

!) ~ B2 ± VB~ -BIB3 ~ Bl 

where, 

From. Eq. 6.88 we have, 

then, 

Since B2 < 0, then 

(6.91) 

Since the first inequality is always satisfied, the above equation is simplified as: 

B2 ± VBi -BIB3 ~ Bl 

±VBi - BIB3 ~ Bl - B2 

This inequality gives two possibilities depending on the values of Bl - B2 : 

(6.100) 



(i) Bl - B2 ~ 0, 

Equation 6.99 becomes, 

JBi - BIB3 ~ Bl - B2 > 0 

B~ - BIB3 ~ B~ - 2BIB2 + B~ 

-BIB3 ~ B~ - 2BIB2 

-B3 ~ B1 - 2B2 
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(6.93) 

since Bl < O. Since the above equation is identical to that of (1), Eq. 6.92 can 

be a solution for Sn. 

(ii) Bl - B2 < 0 

For Case 2, it is also required that, 

(6.14) 

From Eq. 6.88 we also have, 

(6.101) 

Then, 

Therefore, this is not valid for Case 2. 

For Case 3, it is required that, 

(6.20) 

From Eqs. 6.20 and 6.101 we get, 
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since (3JJF%)2 ~ (3C-yS-y)2 - (3G",Sa)2 for any elastic deformation in the adhesion 

region. Under the given condition, this is not valid for Case 3. 

In all three cases, there exists only one solution for Sni i.e., 

Sn = B2 + ...jB~ - BIB3 
Bl 

(6.92) 

The critical values of the camber angle, the slip ratio, and the slip angle can be 

obtained for each case. 

Cases 1 and 2: 

From Eqs. 6.90 and 6.95 we have, 

From Eq. 6.102 we find, 

then, 

The critical slip ratio becomes, 

From Eq. 6.102 we also have, 

S < 3JJF% 
11- Gil 

S _ 3JJF% 
IIC- Gil 

GaSa :5 ...j(3JJF%)2 - (CIJ S IJ )2 - m2(3C-yS-y) 

S. $~: C~z r -oS; - m, 3?:, 

(6.90) 

(6.102) 

(6.103) 

(6.104) 

(6.105) 



We can substitute Eq. 6.104 into Eq. 6.105 to get, 

Then, the critical slip angle becomes, 

where, 

Case 3: 

m2 = { 1 for Case 1 
-1 for Case 2 

From Eq. 6.95 we have, 

Also, 

Thus, 

s _ 3f.lF:: + CoSo 
"(c - 3C"( 

Furthermore, from Eq. 6.108 we get, 
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(6.106) 

(6.107) 

(6.108) 

(6.109) 

(6.110) 

(6.111) 
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Therefore, 

(6.112) 

6.3-4 Tire Dynamic Properties 

The longitudinal and the lateral forces are presented by Eqs. 5.27, 5.35, 

6.26, 6.28, 6.31, and 6.33. The offset r; of the longitudincl. force between the tire 

center plane and the tire tread base is produced by the camber angle. The effect 

of the offset can be added to Mza and Mna as: 

where, 

ml= { 
1 during braking 

-1 during traction 

From Eqs. 5.51 and 5.86 we have, 

( 
z2\t 

lill = I sin ')'1 pi - "4) 

( 
z2)t = S-y pi -"4 

(6.113) 

(6.114) 

The longitudinal and the lateral components of the friction coefficient are given 

based on the friction circle concept as: 

(6.84) 

and 

(6.85) 

Furthermore, the modified longitudinal friction coefficient is given based on the 

friction ellipse concept as: 

and 

melo/V: - Vel 
J.l:(mu) = (10 + meP~)6.tF% (6.69) 



(m) • ( ) Jo'z = mID Jo'z, Jo'z(maz) 

Case 1: 

S - Jo'F= 
-yc - C-y 

S.c = 3Jo'F= 
C. 

Sac = g: ";5;;; - S;-
3C-yS-y 

Ca 

Sn = B2 + ";B~ - BIB3 
Bl 

where, 

Bl = (3Jo'Fz)2 - (3C-yS-y)2 

B2 = 3CaSaC-yS-y 

B3 = - [(C.S.)2 .~. (CaSa)2] 

F( = C.S.l! + Jo'~m) Fz (1- 3l! + 21!) 

F" = CaSal! + Jo'~m) F= (1 - 31! + 21!) + C-yS-y 

lJ=a = [CaSa (-~ + ~ln) + ~Jo'~m)FzS;] ll! 

M 2C S S 113 3Jo'~) Jo'.,F;1 ( 13 4 5) 
ua = 3 • • a n + 5Ca 1 - 10 n + 151n - 61n 

Mu-y = liilF( 

where, 
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(6.70) 

(6.90) 

(6.104) 

(6.107) 

(6.92) 

(6.87) 

(6.78) 

(6.26) 

(6.27) 

(6.80) 

(6.115) 

(6.8) 



Case 2: 

where, 

F~ = p.~m)Fz 

F" = p.,Fz 

Mza =0 
M _ 3p.~m) p.,F'f1 

z.a - . 5Ca 
Mu-y = I7JlF~ 

(1) S. < S.c and Sa < Sac (0 ~ III ~ 1), 

F~ = C.S.I! + p.~m) Fz (1 - 3l! + 21!) 

F" = CaSal! + p.~m) Fz (1- 31! + 21!) - C..,S-y 

Mza = [CaSa (-~ + ~ln) + ~Jl~m)FzS;] II! 
:\ -~C S 3 3P.~m)P.,F'!I( _ 3 4_ 5) J.i;fz~a - 3 .S. alln + . 5e

a 
1 lOin + lSI,. 61n 

Mn-y = -lijIF~ 

.. 
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(6.81) 

(6.28) 

(6.29) 

(6.82) 

(6.115) 

(6.15) 

(6.104) 

(6.107) 

(6.92) 

(6.88) 

(6.78) 

(6.31) 

(6.27) 

(6.80) 

(6.116) 



where, 

Case 3: 

where, 

CS 
lL(m) = IL +~ r", r"J Fz 

Mza=O 

M _ 3p.~m) p.,1F;1 
z.a - 5Ca 

S C..,S.., 
a < C

a 

S _ 3p.Fz + CaSa 
"1C - 3C 

"1 

for S. "# 0 and Bl "# 0 
for S. "# 0 and Bl = 0 
for S. = 0 
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(6.18) 

(6.81) 

(6.28) 

(6.29) 

(6.82) 

(6.116) 

(6.25) 

(6.110) 

(6.112) 

(6.117) 

(6.88) 
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(6.78) 

(6.118) 

Since In = 1-, 
(6.119) 

For M%a, we can replace 1 by la in Eq. 6.34, 

M _ Ca Sa la 
%01 - 6 

CaSalln - 6 
(6.120) 

where, la becomes 1 for 56 = 0 since 5 n = o. For M%6a, Eq. 6.80 can be used, 

M = ~C 5 5 113 + 3Jl~m) Jl,F; 
1 (1 - 1013 + 1514 - 615 ) (6.80) 

%601 3 6 6 a n 5C
a 

n n n 

Furthermore, 

(2) 5-y ~ 5-yc or 56 ~ 5 6C (la = 0 and In = 0), 

F~ = Jl~m) F= 

F" = Jl,P% 

M%a = 0 
3 (m) F21 

M - Jlz Jl, % 

%601 - 5C
a 

Mu-y = I7JlF~ 

(6.115) 

(6.81) 

(6.28) 

(6.29) 

(6.82) 

(6.115) 
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6A General Formulations in The xyz Coordinate System 

While the longitudinal and the lateral forces and the self-aligning torque 

ha.ve only positive values in the eTJ coordinate system, they have either positive 

or negative values depending on the slip ratio s, the slip angle Q, and the camber 

angle "y in the xyz coordinate system (refer to Figure 5.1). For their general 

form~ations in the xyz coordinate system, the three possible combinations of the 

slip angle and the camber angle are also considered (refer to Figure 6.1). 

The longitudinal force Fz , the lateral force Fp , and the self-aligning torque 

Mz are written as: 

and 

where, 

Fz = -sign( s )Fe, for all cases 

Fp = -sign( Q )F'1' for Cases 1 and 2 

= "-signb)F'1' for Cases 1 and 3 

{ 
1 duxing braking 

ml = -1 during traction 

Fe, F'1' Mza , Mz6a , and MZ6"/ are defined in the previous section. 

(6.121) 

(6.122) 

(6.123) 

(6.124) 
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CHAPTER 7 

VALIDATIONS OF TIRE DYNAMIC PROPERTIES 

The validations of the longitudinal and the lateral forces and the self

aligning torque are performed by comparing their analytical predictions with the 

experimental results. The analytical predictions are obtained using the explicit 

formulations which are derived in Chapter 6 as functions of the slip ratio, slip an

gle, camber angle, and other tire dynamic parameters. The experimental results 

are obtained from Ref. 15, 18, 94, and 96. 

7.1 Tire Dynamic Properties Due to Pure Slips 

Figures 7.1-7.4 show the validations of the longitudinal force due to pure 

slip ratio. The fixed load of 400 kg was used for both braking (0 < s :5 1) and 

traction (0 > s ~ -1) in Figure 7.1, while various loads were applied for braking 

in Figures 7.2-7.3. In Figure 7.4, the normalized longitudinal force was ploted for 

two values of 60 and 90 ft/sec for tire speed. Figures 7.5-7.6 and 7.7-7.8 show 

the lateral force due to pure slip angle and camber angle, respectively. Figures 

7.9-7.10 show the self-aEgning torque due to pure slip angle. For the validations 

of the lateral force and the self-aligning torque, various loads were used. 

The analytical results for the longitudinal and the lateral forces show a good 

agreement with the experimental data, but there is a discrepancy between the ana

lytical and the experimental values for the self-aligning torque. Eventhough there 

is this discrepancy, the magnitude of the self-aligning torque is relatively small 

compared to those of the longitudinal and the lateral forces. This discrepancy is 

believed to be due to the assumptions for the contact patch, the contact pressure, 

the stress distribution, the distortion, the torus shape of a tire, or other factors. In 
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general, the self-aligning torque is sensitive to these assumtions while the longitu

dinal and the lateral forces are not. Specifically, the longitudinal and the lateral 

forces are functions of the chara.cteristics of the stiffnesses, the friction force, the 

slip ratio, the slip angle, and the camber angle. However, the self-aligning torque 

is additionally dependent on the characteristics of the contact patch, the contact 

pressure distribution, and the shape and symmetry of a tire. 

7.2 Lateral Force and Self-aligning Torque 

Due to Both Slip and Camber Angles 

Figures 7.11-7.12 show the validations of the lateral force and the self

aligning torque due to both slip and camber angles. The fixed load of 1400 

lbs was used while four values of 0, 2, 4, and 6 degrees were applied for the 

camber angle. Similar to the case of the pure slip, the analytical results for 

the lateral forces show a good agreement with the experinlental data, but there 

is a discrepancy between the analytical and the experimental values for the self

aligning torque. 

7.3 Tire Dynamic Properties During Braking/Traction 

Figures 7.13-7.21 show the lateral force versus the longitudinal force due to 

combinations of the slip ratio, the slip angle, and the camber angle. These plots 

represent the analytical predictions obtained using the explicit formulations. From 

these plots, it is observed that the lateral force decreases or increases as the lon

gitudinal force increases or decreases, respectively. In addition, the tire dynamic 

properties are shown to have nonlinear characteristics as functions of slip ratio, 

slip angle, camber angle, and other tire dynamic parameters. 
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Table 7.1 List and description of plots 
for the tire dynamic properties 

Figure y-axis x-axis Source of 
No. exper. dat;a 

7.1 Longitudinal Force Slip Ratio Ref. 15 

7.2 Longitudinal Force Slip Ratio Ref. 15 

7.3 Longitudinal Force Slip Ratio Ref. 18 

7.4 Normalized Long. Force Slip Ratio Ref. 18 

7.5 Lateral Force Slip Angle Ref. 15 

7.6 Lateral Force Slip Angle Ref. 96 

7.7 Lateral Force Camber Angle Ref. 94 

7.8 Lateral Force Camber Angle Ref. 96 

7.9 Self-aligning Torque Slip Angle Ref. 15 

7.10 Self-aligning Torque Slip Angle Ref. 96 

7.11 Lateral Force Slip Angle Ref. 96 

7.12 Self-aligning Torque Slip Angle Ref. 96 

7.13 Lateral Force Longitudinal Force 

7.14 Lateral Force Longitudinal Force 

7.15 Lateral Force Longitudinal Force 

7.16 Lateral Force Longitudinal Force 

7.17 Lateral Force Longitudinal Force 

7.18 Lateral Force Longitudinal Force 

7.19 Lateral Force Longitudinal Force 

7.20 Lateral Force Longitudinal Force 

7.21 Lateral Force Longitudinal Force 
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Figure 7.4 Validation of longitudinal force due to pure slip ratio. 
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Figure 7.11 Validation of lateral force due to both slip and camber angles. 
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Figure 7.12 Validation of self-aligning torque due to both slip and camber 
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CHAPTERS 

VEmCLE DYNAMIC SIMULATION 

Vehicle dynamic simulation is composed of on-highway and off-highway 

vehicle simulations. In general, the on-highway vehicle simulations are performed 

in order to study the performance of passenger cars, but the off-highway vehicle 

simulations are carried out mostly for military or construction purpose vehicles. In 

this study, a realistic irregular terrain, steering, braking, traction, and nonlinear 

suspension models are considered. 

S.l On-highway Vehicle Simulations 

For the on-highway vehicle simulations, a conceptual sports car is modeled 

as a twenty-six degrees of freedom multi-body dynamic system. as shown in Fig

ures 8.1-8.3. Its detailed dimensions are refered to Ref. 59. To study vehicle 

ride comfort, stability) and maneuverability, five different types of simulations are 

performed; 

(a) sinusoidal depression simulations, 

(b) step-input steering simulations, 

( c) traction and braking simulations, 

( d) lane change simulation, and 

( e) slalom maneuver siIIr.ulation. 

For each type of simulation, different driving conditions are used. These conditions 

are tabulated in Tables 8.1-8.5 and also the results are ploted in Figures 8.9-

8.35. More detailed results are refered to Ref. 60. ~ach type of simulation is 

described next. 
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Figure 8.1 General configuration of a conceptual sports car. 



Body No. 

1 
2 
3 

" 5 
6 
7 

Description 

Main chassis 
Left-front wheel and knuckle 
Right-front wheel and knuckle 
Left-rear wheel and knuckle 
Ri,h\: -r.!ar wheel and knuckle 
lett-front lower control A-arm 
Riaht-front lower control A-arm 

Figure 8.2 Multi-body vehicle model of a conceptual sports car. 
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2 3 4 

(a) 

1 2 3 4 

(b) 

Figure 8.3 Leaf springs and stabilized Imrs of a conceptual sports car; 
(a) front suspension and (b) rear sllspenslon. 
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8.1-1 Sinusoidal Depression Simulations 

The sinusoidal depression simulations are performed in order to test the 

vehicle suspension system for different vehi~e speeds (40, 60, and 80 mph) and 

different road profiles as shown in Figure 8.4. The amplitude a of the sinusoidal 

road profile is chosen equal to 0.025 meters, and its span I is determined in order 

to attain r.ertain frequencies at different vehicle speeds. Furthermore, the road 

profile contains a lateral slope angle (Jr as shown m Figure 8.4. Three values of 

0, 10, and 15 degrees are used for this angle. 

With higher frequency of the road profiles, the vertical displacement of the 

main chassis is observed to be insensitive to the road shape. This is expected since 

the pneumatic tire provides a good performance at the high frequency of the road 

profile. The small lateral slopes do not have any significant effect on the vehicle 

longitudinal or lateral motion. For the same freqUeIiCY of the road profile, a higher 

vehicle speed results in a higher vertical displacement of the main chassis. When 

the road profile is a fixed sinusoidal shape, the vertical displacement of the main 

chassis becomes smaller as the vehicle speed increases. 

8.1-2 Step-input Steering Simulations 

To test the vehicle maneuverability, different step-input steerings (1.0, 2.0, 

3.0,4.0, and 5.0 degrees) are applied to the vehicle having a constant_speed of 60 

mph. Two different friction models are used to represent the interaction between 

tires and the road surface. In one set of simulations, a static coefficient of friction 

of 0.8 is used. In another set of simulations, a dynamic coefficient of friction is 

evaluated using the quadratic function of the friction coefficient (refer to Eq. 4.54) 

with A. = 0.01 and B. = 0.001. 

It is observed that the lateral acceleration of the main chassis in the step

input steering simulations is composed of three parts; 

------------------------------------------------------ .. ---
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Figure 8.4 Road profile for the sinusoidal depression simulations. 
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(a) linear part in which the lateral acceleration changes from 0.0 to 0.3 g, 

(b) nonlinear part in which the lateral acceleration changes from 0.3 to 0.8 g, 

and 

( c) breakaWay part in which the lateral acceleration remains around 0.8 g. 

With a static coefficient of friction, the vehicle starts to slide laterally at larger 

input steerings. When a dynamic coefficient of friction is used, the lateral accel

eration is reduced after it reaches its maximum value. 

8.1-3 Traction and Braking Simulations 

Traction and braking maneuverabilities are tested by the application of 

different input torques (100, 250, 500, 750, and 1000 N.m) with an initial speed of 

60 mph. During traction and braking processes, positive and negative values of 

toques are used, respectively. A dynamic coefficient of friction (refer to Eq. 4.54 

with A. = 0.01 and B. = 0.001) is used. 

8.1-4 Lane Change Simulation 

During the lane change simulation, a constant speed of 60 mph is used 

and steering input is varied thoughout the simulation in order to obtain a left

lane ch~ge. Moreover, a dynamic coefficient of friction (refer t.o Eq. 4.54 with 

A. = 0.01 and B. = 0.001) is assumed. It is observed that the peak lateral 

acceleration is about 0.45 g. This shows that the vehicle keeps its lateral stability 

since its peak lateral acceleration is less than the breakaway value of 0.8 g. 

8.1-5 Slalom Maneuver Simulation 

In order to perform a slalom maneuver, steering input is V3ried thoughout 

the simulation. In this simulation, a constant speed of 60 mph and a dynamic 

coefficient of friction (refer to Eq. 4.54 with A. = 0.01 and B. = 0.001) is used. 
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It is obsevered that the p<;ak lateral acceleration is about 0.5 g, which is less than 

the breakaway acceleration of 0.8 g. 

8.2 Off-highway Vehicle Simulations 

For the off-highway vehicle simulations, the military 1/4 ton truck M151-A2 

is modeled as a fourteen degrees of freedom multi-body dynamic system as shown 

in Figures 8.5-8.7. Its detailed dimensions are refered to Ref. 53-54. To test 

ride comfort, stability, and maneuverability, four different types of simulations are 

performed; 

(a) sinusoidal depression simulations, 

(b) bump simulations, 

( c) step-input steering simulations, and 

( d) traction and bra.ki!lg simulations. 

For each type of simulation, different driving conditions are used.· These conditions 

are tabulated in Tables 8.6-8.9 and also the plots are provided in Figures 8.36-

8.59. Each type of simulation is described next. 

8.2-1 Sinusoidal Depression Simulations 

In order to te:;t the vehicle s·.1.Spension system, different sinusoidal road 

profiles for different vehicle speeds (20, 40, and 60 mph) are used (refer to Figure 

804). The amplitudt: a of the sinwoidal road profile is chosen equal to 0.05 meters, 

and its span I is determined in order to attain certain frequencies at different vehicle 

speeds. the lateral angle 8r of the road slope (refer to Figure 804) has 0 and 15 

degrees. 
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(b) 

(a) 

Body No. Description 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 

Main chassis 
Left-front wheel 
Right-front wheel 
Left-rear wheel 
Right-rear wheel 
Left-front hub 
Right-front hub 
Left-rear A-arm 
Right-rear A-arm 
Left-front-upper A-arm 
Right-front-upper A-arm 
Left-front-Iower A-arm 
Right-front-Iower A-arm 

(c) 
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Figure 8.5 Multi-body vehicle model of the military 1/4 ton truck M151-A2j 
(a) side view, (b) top view, and (c) the description of rigid bodies. 
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Figure 8.6 Local coordinate system of vehicle model cf the military 1/4 ton 
truck M151-A2. 



I 
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Ca) 

Figure 8.7 Suspension systems of the military 1/4 ton truck M151-A2; 
(a) front swpension and (b) rear suspension. 
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8.2-2 Bump Simulations 

In the bump simulations, three different types of bumps (refer to Figure 

8.8) for different vehicle speeds (20, 40, and 60 mph) are used in order to test 

.... ehicle !ide comfort and stability. The hight h of the bumps are chosen equal to 

0.15 meters. 

8.2-3 Step-input Steering Simulations 

To test vehicle maneuverability, different step-input steerings (2.0, 3.0, 4.0, 

and 5.0 degrees) are applied to the vehicle having a cons~ant speed of 40 mph. A 

dynamic coefficient of friction (refer to Eq. 4.63) is obtained using J.'o = 0.8, 

J.'1 = 0.6, and 51 = 1.0. 

8.2-4 Traction and Braking Simulations 

To study traction and braking maneuverabilities, clift"erent input torques 

(100, 250, 500, 750, and 1000 N.m) are used with an initial speed of 40 mph. Dur

ing traction and braking processes, positive and negativp. values of toques are used, 

respectively. A dynamic coefficient of friction (refer to Eq. 4.63 with J.'o = 0.8, 

J.'1 = 0.6, and 51 = 1.0) is used. 



193 

(a) h = 0.15 m 1 ~ 0.15 m 

------- ----------

(b) 

(e) 

Figure 8.8 Road profile for the bump simulations; (a) both left and right side 
bump, (b) left side bump, and (c) two left and right sIde bumps. 



Figure 
No. 

8.9 

8.10 

8.11 

8.12 

8.13 

y-axis 
m 

z coord. 

z coord. 

Table 8.1 List and description of plots 
for sinusoidal depression simulations 

x-axis Speed 8r 
sorm mph deg. m 

x coord. 40/60/80 0 19.15 

time 40/60/80 0 19.15 
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Freq. 
Hz 

1.4/2.1/2.8 

1.4j2.1/2.8 

z coord. time 40/60/80 0 19.15/28.73/38.31 1.4 

z coord. time 60 0 28.73/8.05/4.02 1.4/5/10 

z coord. time 60 0/10/15 28.73 1.4 

Table 8.2 List and description of plots 
for step-input steering simulations 

Figure y-axis X-a.xlS Speed 8r Coefficient 
No. s orm mph deg. of F:..'iction 

8.14 y coord. x coord. 60 2/3/4/5 static 

8.15 acc. - time 60 2/3/4/5 static 

8.16 rc!i+ time 60 2/3/4/5 static 

8.17 y coord. x coord. 60 2/3/4/5 dynamic 

8.18 acc.- time 60 2/3/4/5 dynamic 

8.19 roll+ time 60 2/3j4/5 dynamic 

Note: 
* Latera.! acceleration in g. 
+ Roll angle in rad. 

Static coefficient of friction = 0.8. 
Dynamic coefficient of friction: refer to Eq. 4.53. 
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Table 8.3 List and description of plots 
for traction and braking simulations 

Figure y-axis x-axis Torque Steering Status 
No. sorm ~.m deg. 

8.20 speed time # 0 traction 

8.21 acc.- time # 0 traction 

8.22 y coord. x coord. # 1 traction 

8.23 acc.- time # 1 traction 

8.24 acc.+ time # 1 traction 

8.25 speed time # 0 braking 

8.26 acc.- time # 0 braking 

8.27 y coord. x coord. # 1 braking 

8.28 acc.- time # 1 braking 

8.29 acc.+ time # 1 braking 

Note: 
* Longitudinal acceleration in g. 
+ Lateral acceleration in g. 
# 100/250/500/750/1000 N.m. 
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Table 8.4 List and description of plots 
for lane change simulations 

Figure Y-8.XlS X-8.XlS speed 
No. s orm mph 

8.30 )'0 coord. x coord. 60 
8.31 ace.· time 60 
8.32 roll+ time 60 

Note: 
* Lateral acceleration in g. 
+ Roll angle in rad. 

Table 8.5 List and description of plots 
for slalom maneuver simulations 

Figure y-axis x-axis speed 
No. s orm m!,h 

8.33 y coord. x coord. 60 
8.34 ace.· time 60 
8.35 roll+ time 50 

Note: 
* Lateral acceleration in g. 
+ Roll angle in roo. 
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Figure 8.9 Plot for sinusoidal depression simulation of:i sports car. 
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Figure 8.10 Plot for sinusoidal depression simulation of a sports car. 
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Figure 8.11 Plot for sinusoidal depression simulation of a sports car. 
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Figure 8.12 Plot for sinusoidal depression simulation of a sports car. 
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Figure 8.13 Plot for sinusoidal depression simulation of a sports car. 
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Figure 8.14 Plot for step-input steering simulation of a. sports car. 
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Figure 8.15 Plot for step-input steering simulation of a sports car. 
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Figure 8.16 Plot for step-input steering simulation of a sports car. 
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Figure 8.17 Plot for step-input steering simulation of a sports car. 
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Figure 8.18 Plot for step-input steering simulation of a sp<'rts car. 

Roll Anqle (rad) 
0." 

0.02 

0.02 

0.01 

0.00 

• 
Time (sec) 

Figure 8.19 Plot for step-input steering simulation of a sports car. 
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Figure 8.20 Plot for traction simulation of a sports car. 
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Table 8.6 List and description of plots 
for sinusoidal depression simulations 

Figure y-axis- x-axis Speed 8r I Freq. 
No. m s orm mph deg. m Hz 

8.36 z coord. x coord. 20/40/60 0 19.15 0.7/1.4/2.1 

8.37 z coord. time 20/40/60 0 19.15 0.7/1.4/2.1 

8.38 z coord. time 20/40/60 0 9.58/19.15/28.73 1.4 

8.39 z coord. time 40 0 19.15/5.37/2.68 1.4/5/10 

8.40 z coord. time 40 0/15 19.15 1.4 

Table 8.7 List and description of plots 
for bump simula.tions 

Figure y-axis x-axis Speed Bump 
No. m sorm mph Type 

8.41 z coord. x coord. 20/40/60 SL-R 

8.42 z coord. time 20/40/60 SL-R 

8.43 z coord. x coord. 20/40/60 SL 

8.44 z coord. time 20/40/60 SL 

8.45 z coord. x coord. 20/40/60 SL-SR 

8.46 z coord. time 20/40/60 SL-SR 

Note: 
SL-R Single left and right side bump. 
SL Single left side bump. 
SL-SR Two single left side and right side bumps. 
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Table 8.8 List and description of plots 
for step-input steering simulations 

Figure y-axis x-axis Speed (Jr Coefficient 
No. sorm mph deg. of Friction 

8.47 y coord. x coord. 40 2/3/4/5 dynamic 

8.48 acc.- time 40 2/3/4/5 dynamic 

8.49- roll+ time 40 2/3/4/5 dynamic 

Note: 
* Lateral acceleration in g. 
+ Roll angle in rad. 

Dynamic coefficient of friction: refer to Eq. 4.62. 

Table 8.S List and description of plots 
for traction and braking simulations 

Figure y-axis x-axis Torque Steering Status 
No. sorm N.m deg. 

8.50 speP.d. time # 0 traction 

8.51 acc.- time # 0 traction 

8.52 y coord. x coord. # 1 traction 

8.53 acc.- time #- 1 traction 

8.54 acc.+ time # 1 traction 

8.55 speed time # 0 braking 

8.56 acc.- time # 0 braking 

8.57 y coord. x coord. # 1 braking 

8.58 acc.- time # 1 braking 

8.59 acc.+ time # 1 braking 

N')te: 
* Longitudinal acceleration in g. 
+ Lateral acceleration in g. 
# 100/250/500/750/1000 N.m. 
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CONCLUSION 
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In this study, a pneumatic tire is assumed to have a torus shape with 

two generating circles and also it is considered as a three dimensional spring sys

tem. The tire dynamic parameters are obtained using a tire geometry with least 

dependance on experitnental tests. For the tire dynamic properties, explicit for

mulations are analytically derived as functions of the slip ratio, slip angle, camber 

angle, and other tire dynamic parameters. These formulations have nonlinear 

chat"aCteristics and they can be efficiently •. ,,;ed for general vehicle simulatioIl3 of 

braking/traction and steering maneuvers with a varying camber angle at irregul~ 

terrains. 

The analytical predictions of the longitudinal and the lateral forces show a 

good agreement with the experimental values, ... hile there is a discrepancy between 

the analytical and experimental values of the self-aligning torque. Eventhough 

there is this discrepancy, the magnitude of the self-aligning torque is relatively 

small compared to those of the longitudlnal and the lateral forces. This discrep

ancy is believed to be due to the assumptions for the contact patch, the contact 

pressure, the stress distribution, the distortion, the torus shape of a tire, or other 

factors. Specifically, the longitudinal and the lateral forces are functions of the 

characteristics of the stiffnesses, fIiction force, slip ratio, slip angle, and camber 

angle. However, the self-aligning torque is additionally depending on the char

acteristics of the contact patch, contact pressure distribution, and the shape and 

symmetry of ~ tire. 

To study vehicle ride comfort, stability, and maneuverability, numerous 

vehicle dynamic simulations are performed using a comprehensive tire model, 
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steering, braking, traction, nonlinear suspension systems, and realistic irregular 

terrains. These simulations contain both on-highway and off-highway vehicle 

simulations. For on-highway vehicle simulations, a conceptual sports car is mod

eled as a twenty-six degrees of freedom multi-body dynamic system, while a 1/4 

ton truck is modeled as a fourteen degrees of freedom multi-body dynamic sys

tem for off-highway vehicle simulations. For these simulations, a general-purpose 

multi-body dynamic analysis code has been used. 

For future studies, this investigation can be extended to consider a more 

realistic geometric IQodel for a tire shape instead of a torus. The contact patch can 

be modeled to have a more practical shape instead. of a rectangular shape and its 

pressure distribut,ion can be nonsymmetric. The distinction of stress distribution 

among radial, bias, and other types of tires can be considered. Since this study is 

based on the spring interaction concept, the inertia properties of a tire are mostly 

ignored in deriving the tire dynamic properties. For a better model, the inertia 

properties should also be included. In addition, irregular terrains such as soil, 

sand, mud, and snow can be studied for off-highway simulations. 
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Figure A.3 A bracket joint 

Figure A.4 A cylindrical joint 
(from Ref. 82). 
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Figure A.5 A translational joint (from Ref. 82). 

(a) (b) 

Figure A.6 A screw joint; (a) side view and (b) top view (from Ref. 82). 
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Figure A.7 A spherical-spherical joint 
(from Ref. 82). 

Figure A.8 A spherical-revolute joint 
(from Ref. 82). 
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FigUre A.9 A revolute-cylindrical joint 
(from Ref. 82). 

(a) 

Figure A.10 Revolute-revolute joints; 
(b) 

(a) peIpendicular and (b) parallel (from Ref. 82). 

232 



233 

LIST OF REFERENCES 

1. J. Bradley and R. F. Allen, "The Behavior of Rubber-Tyred Wheels", The Auto
motit7e Engineer, vol. 21, no. 2777, Feb~ry 1931. 

2. P. Koesler and J. Klaue, "Der Kraftschlus Zwischen Rad und Fahrbahn", ATZ, 
Haft 9, 1937. 

3. E. Fiala, "Seitenkrafte am Rollenden Luftreifen" Z. VDI, vol. 96, no. 29, October 
1954. 

4. W. Bergman, "Theoretical Prediction of the EfFect of Traction on Cornering 
Force", SAE tr41U., vol. 69, 1961. 

5. W. Bergman and C. Beauregard, "Transient Tire Properties", SAE Tran.s. 740068, 
1974 

6. D. L. Nordeen and A. D. Cortese, "Force and Moment Characteristics of Rolling 
Tires", SAE P-719A, June 1963. 

7. G. Krempel, "Experimenteller Beitrag zu Untersuchungen und Kraftfahrzeifen", 
Technischen Hochschule Karlsruhe, 1965. 

8. E. Henker, "Dynamische Kennljnien von RKW-riefen", W~.,e'11..Sch4ftl~ch-Tech

niache Veroifentlichungen 41£$ dem Automobilbau, Haft 3, 1968. 

9. D. 1. Livingston and J. E. Brown, Jr., "Physi-:s of the Slipping Wheel,!. Force 
and Torque Calculations for Various Pressure Distributions", RCT, vol. 42, no. 
4, 1969. 

10. D. 1. Livingston and J. E. Brown, Jr., "Physics of the Slipping Wheel, II. Slip 
under both Tractive and Lateral Forces", ReT, vol. 43, no. 2, 1970. 

11. D. 1. Livingston, "Physics of the Slipping Wheel, III. Slip under Camber and Other 
Forces in Pneumatic Tires", RCT, vol. 43, no. 5, 1970. 

12. H. Sakai, "Theoretical &!ld Experimental Studies on the Dynamic Properties of 
Tyres, 1. Review of Theories of Rubber Friction", Int. J. of Vehicle De.,ign, vol. 
2, no. 1, J.981 

13. H. Sakai, "Theoretical and Experimental Studies on the Dynamic Properties of 
Tyres, 2.. Experimental Investigation of Rubber Friction and Deformation of a 
Tyre", Int. J. of Vehicle Df!-'ign, vol. 2, no. 2, 1981 



234 

14. H. Sal--r.i, "Theoretical and Experimental Studies on the Dynamic Properties of 
Tyres, 3. Calculation of the Six Components of Force and Moment of a Tyre" , 
Int. J. of Vehicle De3ign, vol. 2, no. 3, 1981 

15. H. Sakai. "Theoretical and Experimental Studies on the Dynamic Properties of 
Tyres, 4. Investigations of the Influences of Running Conditions by Calculation 
and Experiment", Int. J. of Vehicle De~ign, vol. 3, no. 3, 1982 

16. C. S. Wilkinson, "Study of the Factors Affecting the Friction of Tread Compound 
on Ice", RCT, vol. 27, no. 3, 1953. 

17. A. Scb aIlamach1 "Friction and Abrasio.n of Rubber", RCT, vol. 41, no. 5, Decem
ber 1958. 

18. H. Dugof£, P. S. Fancher, and L. Segel, "An Analysis of Tire Traction Properties 
and Their In:fiuence on Vehicle Dynamic Performance" , SAE Tram. 700977, 1970. 

19. W. Geyer, "Beitrag zur Gl1mmireibung auf Trockenen und Insbesondere Nassen 
Oberfiachen", Technichen Univ. Michigan, July 1971. 

20. D. J. Bickerstaff and G. Hartley, "Light Truck Tire Traction Properties and Their 
EfFect on Brakh:g Performance", SAE 7ram. 741197, 1974. 

21. A. Dijks, Jr., "A Multifactor Examination of Wet Skid Resistance of Car Tires", 
SAE 7ram. 7,41106, 1974. 

22. P. K. Nguyen a:ld E. R. Case, "Tire Friction Models and Their EfFect on Simulated 
Vehicle Dynamics", Proceeding& of a Sympo~ium on Commercial Vehicle Bro.king 
and Handling, May 5-7, 1975. 

23. D. F. Hays and A. L. Browne, The Physics of Tire Traction, Theory and Experi
ment, Plenum Press, New York-London, 1974. 

24. J. Y. Wong, Theory of Ground Vehicles, A Wiley-Interscience Publication John 
Wlley & Sons, New York-Chichester-Brisbane-Toronto, 1978. 

25. S. K. Clark, Mechanics of Pneumatic Tires, U. S. Department of Transportation, 
N&.tional Highway Traffic Safety Administration, Washington, D. C., 1981 

26. W. E. Meyer and J. D. Walter, Frictional Interaction of Tire and Pavement, STP 
793, 1983. 

27. R. N. Yong, E. A. Fattah, and N. Skiadas, Vehicle Traction Mechanics, Elsevier, 
Amsterdam-Oxford-New York-Tokyo, 1984. 



235 

28. A. G. Thompson, B. R. Davis, and F. J. M. Salzbom, "Active Suspensions with 
Vibration Absorbers and Optimal Output Feedback Control", SAE Paper 841259, 
1984. 

29. H. Ghoneim and S. M. Metwalli, "Optimum Vehicle Suspension with a Damped 
Absorber", ASME J. of Mechani&m.5, Transmwions, and Automation in De3ign, 
vol. 106, June 1984. 

30. S. M. Metwalli, "Optimum Nonlinear SUSJ)eD:Sion Systems", ASME J. of M echa
num.5, Transmu"ions, and Automation in De3ign, vol. 108, June 1986. 

31. H. Ghoneim and R. A. Cheema, "On the Application of Optimum Damped Ab
sorber to Vehicle Suspension", ASME J. of Mechani3m.5, Transmi&"ions, and Au
tomation in De"ign, vol. 108, March 1986. 

32. A. Hac, "Stochastic Optimal Control of Vehicles with Elastic Body and Active 
Suspension", ASME J. of Dynamic Sy"tem&, Mea3urement, a'nd Control, vol. 108, 
June 1986. 

33. D. Karnopp, "Two Contrasting Versions of the Optimal Active Vehicle Suspen
sion", ASME J. of Dynamic Sydem.5, Meuurement, and Control, vol. 108, Sep
tember 1986. 

34. M. Hiller, "Elasto-Kinematical Analysis of A Five Point Wheel Suspension", SIA, 
Ingeniew De L 'automobile, France, 1985. 

35. L. Segel, "On the Lateral Stability and Control of the Automobile as Influenced 
by the Dynamics of the Steering System", ASME J. of Engineering for Indwtry, 
vol. 88, Series B, no. 3, August 1966. 

36. H. B. Pacejka., "Tyre Factors and Vehicle Handling", Int. J. of Vehicle De"ign, 
vol. 1, no. 1, 1979. 

37. R. Limpert, F. E. Gamero, and R. Boyer, "An Investigation of Brake Balance for 
Straight and Curved Braking", SAE Trans. 741086, 1974. 

38. B. W. Mooring and J. Genin, "A Kinematic Constraint Method for Stability Anal
ysis of Articulated Vehicles", Int. J. of Vehicle De"ign, vol. 3, no. 2, 1982. 

39. S. A. Lukoswi, K. A. Sebert, and P. C. Altidis, "A Computer Simulation Study of 
a Vehicle Directional Response caused by Steering Wheel Angular Displacements" , 
lASTED, 15th. Int. Conf. Applied Simulation £; Modelling, May 27-29, 1987. 

40. H. Nakaya and Y. Oguchi, "Characteristics of Four Wheel Steering Vehicle and 



236 

Its Future Prospect", 1985. 

41. S. Sano, Y. Furukawa, and S. Shiraishi, "Four Wheel Steering System with Rear 
Wheel Steer Angle Controlled as A Function of Steering Wheel Angle" , SAE Tech
nical Paper Serie3 8606!5, February 1986. 

42. Y. Fukunaga, N. Irie, J. Kuroki, and F. Sugasawa, "Improved Handling and Sta
bility Using F<.'ur Wheel Steering", The 11th Ini. Con/. on E:cperimental Techniclll 
Safety Vehicle.", Washington D.C., May 12-15, 1987. 

43. X. P. Lu and L. Segel, "A Vehicle Design Optimization Problem Associated with 
Rolling Resistance Reduction", SAE Paper 8-l1!37, 1984. 

44. R. R. McHenry, "Research in Automobile Dynamics-A Computer Simulation of 
General Three-Dimensional Motions", SAE 7Mn3. 710361, 1971. 

45. D. J. Segal, Highway-Vehicle-Object Simulation Model-1976, U3er3 ManutU, Re
port No. FHWA-RD-76-162, Federal Highway Administration, February 1976. 

46. D. J. Segal, Highway-Vehicle-Object Simulation Model-1976, PrOgrtlmmer3 Man
ual, Report No. FHWA-RD-76-163, Federal Highway Administration, February 
1976. 

47. D. J. Segal, Highway-Vehicle-Object Simulation Model-1976, Engineering Man
uIll - AruU1I3U, Report No. FHWA-RD-76-164, Federal Highway Administration, 
February 1976. 

48. D. J. Segal, Highway-Vehicle-Object Simulation Model-1976, Engineering Manual 
• Valuution, Report No. FHWA-RD-76-165, Federal Highway Administration, 
Feb-
ruary 1976. 

49. I. S. Chung, P. E. Nikravesh, and J. S. Arora, "Automobile Crash Simulation 
using a General Purpose Rigid Body Dynamic Analysis Program", ASME Com
putational Metho,u in Ground Tnln3portation Vehicle3, ADM, 50, 1982. 

50. R. S. Sharp and L. Segel, "Digital Simulation of Roll-Over of a Military Vehicle" , 
[MechE, C1l2/83, 1983. 

51. S. S. Kim, A. A. Shaban&, and E. J. Haug, "Automated Vehicle Dynamic Anal
ysis with Flexible Components", ASME J. of Mechanum3, Tnln3mu3ion3, and 
Automation in De3ign, March 1984. 

52. J. L. Mussman and M. J. Vanderploeg, Factors Influencing Heavy Truck Rollover, 



237 

Technical Report 85-15, CCAD, University of Iowa, July 1985. 

53. G. Gim, M. S. Pereira, and P. E. Nikravesh, Technical Data !or M151-A2 1/4 Ton 
Trug, Technical Report No. CAEL-87-1, CAEL, University of .Arizona, January 
1987. 

54. G. Gim, M. S. Pereira, and P. E. Nikravesh, Tire Data and Ground Interface 
Model for MI51-A2 1/4 Ton Truck, Technical Report No. CAEL-87-2, CAEL, 
Unive..'"Sity of Arizona, February 1987. 

55. M. S. Pereira, G. Gim, and P. E. Nikra-~h, Technical Data and A Plastic Hinge 
Model for M151-A2 Rollbar Cage, Technical Report No. CAEL-87-3, CAEL, Uni
versity of Arizona, March 1987. 

56. G. Gim, M. S. Pereira, H. M. Lankarani, and P. E. Nikravesh, Rollbar Crash 
Analysis of Vehicle with Safety Rollbars, Technical Report No. CAEL-87-4, 
CAEL, University of Arizona, April 1987. 

57. P. E. Nikravesl:l, M. S. Pereira, and G. Gim, "Dynamic Simula.tion of Ride Stability 
and Crashworthiness of Vehicles", lASTED, 15th. Int. Con/. Applied Simulation 
8 Motlelling, May 27-29, 1987. 

58. M. S. Pereira, P. E. Nikravesh, G. Gim, and J. A. Ambrosio, "Dynamic Analysis of 
Roll-Over and Impact of Vehicles" ,Proc. xvm Meeting Bw and Coach Ezpert3, 
Budapest, Hungary, September 1-4, 1987. 

59. G. Gim, H. M. Lankarani, and P. E. Nikravesh, Technical Data and Modeling of A 
GM V-Car, Technical Report No. CAEL-88-4, CAEL, University of Arizona, June 
1988. 

60. G. Gim, H. M. Lankarani, and P. E. Nikravesh, Dynamic Simulation of A GM Y
~, Technical Report No. CAEL-88-5, CAEL, University of Arizona, June 1988. 

61. J. A. Ambrosio and P. E. Nikravesh, Computer Animation of A GM Y-Car, Tecit
nic:a1 Report No. CAEL-88-6, CAEL, University of Arizona, June 1988. 

62. P. M. Morse and H. Feshbach, Methods of Theoretical Physics: Part I, McCraw
Hill Book Company, Inc., New York, 1953. 

63. P. M. Morse and H. Feshbach, Methods of Theoretical Physics: Part II, McGraw
Hill Book Company, Inc., New York, 1953. 

64. J. L. Synge and B. A. Griffith, Principles of Mechanics, McGraw-Hill Book Com
pany, Inc., New York, 1959. 



238 

65. L. A. Pars, A Treatise on Analytical Dynamics, William Heinemann, Ltd., Lon
don, 1965. 

66. D. T. Greenwood, Principles of Dynamics, Prentice-Hall, Englewood Cliffs, NJ, 
1965. 

67. L. Meirovitch, Methods of Analytical Dynamics, McGraw-Hill Book Company, 
Inc., New York, 1970. 

68. H. Goldstein, Classical Mechanics, Second Edition, Addison-Wesley Publishing 
Company, 1980. 

69. J. A. Hrones and G. L. Nelson, Analysis of the Four-Bar Linkage, Technology 
Press of M.I.T., Cambridge, MA, and Wiley, New York, NY, 1951. 

70. 1. I. Artobolevskii, Mechanisms for the Generation of Plane r.1.Lrves, (trans. by R. 
D. Wills)~ M!nJl iJ1an , New York, NY, 1964. 

71. General Motors, "GMR DYANA" propmming Manuals I and II, GMR 229 and 
GMR 237, Research Laboratories, G. M. Corp., Detroit, MI, 1959. 

72. B. Paul and D. Krajcinovic, "Computer Analysis of Machines with Planar Motion
Part I: Kinematic; Part II: Dynamics", ASME J. of Applied Mechanic." series E, 
vol. 37, pp. 697-712, 1970. 

73. M. A. Chace and D. A. Smith, "DAMN - A Digital Computer Program for the Dy
namic Analysis of Generalized Mechanical Systems", SAE Paper 710£.U, January, 
1971. 

74. P. N. Sheth and J. J. Uicker, Jr., "IMP (Integrated Mechanisms Program), A 
Computer Aided Design Analysis System for Mechanisms and Linkages", ASME 
J. of Engineering for Indu.stry, series B, vol. 94, pp. 454-464, 1972. 

75. N. Orlandea, M. A. Chace, and D. A. Calahan, "A Sparsity-Oriented Approach to 
the Dynamic Analysis and Design of Mechanical Systems, Parts I and II", ASME 
J. of Engineering for Indu.stry, series B, vol. 99, pp. 773-784, 1977. 

76. N. Orlandea, J. C. Wiley, and R. A. Wehage, "ADAJ.\1S2: A Sparse Matrix Ap
proach to the Dynamic Simulation of Two-Dimensional Mechanical Systems" , SAE 
Technical Paper Serie., 780486, 1978. 

77. R. A. Wehage and E. J. Haug, Generalized Coordinate Partitioning in Dynamic 
Analysis of Mechanical Systems, Technical Report No. 75, Division of Materials 
Engineering, University of Iowa, December 1980. 



239 

78. P. E. Nikravesh and 1. S. Chung, "Application of Euler Parameters to the Dynamic 
Analysis of Three Dimensional Constrained Mechanical Systems - A General Pur
pose Computer Programs", ASME J. oj Mech.anicAl De$ign, vol. 104, no. 4, pp. 
785-791, 1982. 

79. P. E. Nikravesh, '"Dynamic Analysis of Large Scale Mechanical Systems and Ani
mated Graphics", J. of Guidance and Contro~ vol. 9, no. 1, pp. 104-~09, 1985. 

80. P. E. Nikravesh, R. A. Wehage, and O. K. Kwon, "Euler Parameters in Compu
tational Kinematics and Dynamics. Part 1", ASME J. of M ech.a:n~m.s, Tramm~
$iom, and Automation in De$ign, 84-DET-112, 1984. 

81. P. E. Nikravesh, and O. K. Kwon, and R. A. Wehage, "Euler Parameters in Com
putational Kinematics and Dynamics. Part 2", ASME J. of M ech.an~1m, Tra.m
m~$iom, and Automation in D~ign, 84-DET-113, 1984. 

82. Nikravesh, P. E., Computer-Aided An.alysis of Mechanical Systems, Prentice-Hall, 
Englewood Cliffs, NJ, 1988. 

83. T. R. Kane and D. A. Levinson, Dynamics: Theory and Applications, McGraw
Hill Book Company, Inc., 1985. 

84. B. Carnahan, H. A. Luther, and J. O. Wllkes, Applied Numerical Methods, John 
Wiley & Sons, Inc., New York, 1969. 

85. C. F. Gerald, Applied Numerical Analysis, Second Edition, Addison-Wesley Pub
lishing Company, Inc., 1978. 

86. S. D. Conte and C. Boor, Elementary Numerical Analysis, An Algorithmic App
roach, Third Edition, McGraw-Hill Book Company, Inc., 1980. 

87. L. F. Shampine and M. K. Gordon, Computer Solution of Ordinary Differential 
Equations, The Initial Value Problem, W. H. Freeman and Company, San Fran
cisco, 1976. 

88. C. W. Gear, Numerical Inltial Value Problems in Ordinary Differential Equa
tions, Prentice-Hall, Englewood Cliffs, NJ, 1971. 

89. A. C. Hindmarsh, GEAR: Ordinary Differential Equation System Solver, Report 
UCID-3000l, Lawrence Livermore Laboratory, Revision 3, December 1984. 

90. IMSL Inc., IMSL: User's Manual, IMSL Inc., Houst~n, TX, 1984. 

91. W. H. Press, B. P. Flannery, S. A. Teukolsky, and W. T. Vetterling, Numerical Re-



240 

cipes, The Art of Scientific Computing, Cambridge University Press, Cambridge, 
New York, 1986. 

92. D. E. Cole, Elementary Vehicle Dynamics, Department of Mechani(".al Engineer
ing, University of Michigan, Ann Arbor, MI, 1971. 

93. G. A. Comel! and B. E. Latvala, "Simulation in Antilock System Development", 
Proceeding$ of A Sympo$ium on Commercial Vehicle BraJ:ing Ha.ndling, May 5-7, 
1975. 

94. R. D. Ervin, The State of Knowledge Relating Tire Design to Those Traction 
Properties Which May Influence Vehicle Safety, Final Report, No. UM-HSRI-78-
31, Highway Safety Research Institute, University of Michigan, July 1978. 

95. R. D. Roland and D. T. Kunkel, The Influence of Tire Properties on Passenger 
Vehicle Handling, Vol. V: Measured Tire Performance Data, Final Report, Con
tract 
DOT-HS-053-3-727, Calspan Corp., Report No. ZM-535O-K-5, June, 1974. 

96. R. E. W1ld, Laboratory Shear Force Comparison of 7.00%16.00 Military NDCC 
Tire With Two Conventional Tires Final Report, No. UM-HSRI-PF-74-3, High
way Safety Research Institute, University of Michigan, 1974. 

97. G. L. Basso, Functional Derivation of Vehicle Parameters for Dynamic Studies, 
Laboratory Technical Report, No. LTR-ST. 747, National !.eronautical Estab
lishment, National Research Council Canada, Ottawa, Canada, February 1975. 


