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ABSTRACT 

Every ring has both left and right modules. In the theory 

of nearrings, only right modules are usually considered for left 

nearrings. The purpose of this report is to promote the study of 

an alternative type of nearring module. For left nearrings, these 

unusual modules are left modules. 

There are three reasons for studying left modules for left 

nearrings. These unusual nearring modules add an element of sym

metry to the theory of nearrings. At the same time, comparing left 

and right modules of a left nearring illustrates how the theory of 

nearrings is distinct from ring theory. Finally, with two types of 

nearring modules, it is possible to carryover to nearring theory 

more concepts from ring theory; for example, duals of modules and 

bimodules. This report is an attempt to show that these reasons are 

valid. 

The first chapter is devoted to producing a well-reasoned def

inition for the unusual type of nearring module. It begins with a 

careful presentation of background material on nearrings, rings, and 

ring modules. This material is used to motivate the definitions for 

nearring modules, which are introduced in the third section. 

The second chapter is concerned with showing that the unusual 

type of nearring module can fit into the theory of nearrings. In 

the first section, several papers relevant to the study of these 

modules are summarized. The work of A. Frohlich on free additions 

is of primary importance. General construction methods for both 
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types of nearring modules are then described. Finally, some general 

properties of left modules of left nearrings are examined. 

Examples of left modules for left nearrings are presented in 

the third chapter. First, the general constructions of the second 

chapter are applied in some particular cases. This leads naturally 

to structures that are analogous to bimodules and structures analo

gous to dual modules for ring modules. Here, free additions have a 

special role. Several dual nearring modules are examined in detail. 

The information needed to construct many more examples of nearring 

modules of the unusual type is also presented. Only small cyclic 

groups are used for these examples. 
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INTRODUCTION 

Every ring has both left and right modules. In the theory of 

nearrings, however, only one type of module is usually considered. 

This type consists of right modules for left nearrings and left mod

ules for right nearrings. The purpose of this report is to promote 

the study of an alternative type of nearring module. This unusual 

type of module consists of left modules for left nearrings and right 

modules for right nearrings. Th6re are three reasons for advocating 

the study of these unusual nearring modules. 

The first reason is an a.esthetic one. In the theory of rings, 

there are applications for both left and right modules. For each 

result about left ring modules, there is a corresponding result 

about right ring modules. Since nearrings lack the symmetry of 

rings, it would be surprising if a similar kind of correspondence 

held for nearring modules. It seems just as surprising, however, 

that there would be only one type of nearring module. The unusual 

type of nearring module complements the usual type, and hence, to

gether they form a reasonable alternative between the two surprising 

extremes. 

The second reason to study the unusual type of nearring module 

is to open up new lines of research. The theory of nearrings is 

limited because only one type of nearring module can be used. For 

example, the ring theory concept of a dual module has no analog 

in the theory of nearrings. Likewise, there is no analog for ring 

12 



bimodules. These limitations can be removed by introducing nearring 

modules of the unusual type. 

The third reason is more abstract. Consider the relationship 

between field theory and ring theory. Every field is a ring, but 

the two theories have distinct natures. Every ring is also a near

ring, and so nearrings are often looked on simply as generalized 

rings. With this point of view, only the usual type of nearring 

module seems natural. However, the theory of nearrings has grown 

apart from the theory of rings; rings are only one of several types 

of important nearrings. When presented from this viewpoint, both 

types of nearring modules seem natural. Thus, the study of the 

unusual type of nearring module produces an example of how nearring 

theory is distinct from ring theory. 

It is not obvious that these reasons are valid. Consequently, 

this report is an attempt to show in that they do, indeed, hold true. 

The first chapter is devoted to producing a well-reasoned 

definition for the unusual type of nearring module. Section 1.1 

contains background information on nearrings. Nearrings of mappings 

and nearrings consisting entirely of endomorphisms are emphasized. 

In the second section, endomorphism rings of abelian groups are 

re-examined. The emphasis here is on finding parallels between 

endomorphism rings when viewed as nearrings and the nearrings of the 

first section. In the final section of the chapter, definitions for 

both types of nearring modules are p~esented. These definitions are 

based on the material in the first two sections. 

13 



The second chapter is concerned with showing that the unusual 

type of nearring module can fit naturally into the theory of near

rings. Although modules of the unusual type are seldom considered, 

some work has been published that is relevant to this type of mod

ule. Several of these papers are examined in Section 2.1. A gen

eral construction method for modules of the usual type is presented 

in the next section. This method is adapted to the unusual type of 

module in Section 2.3. This new construction immediately yields a 

structure analogous to a ring bimodule. The final section shows how 

standard algebraic constructions can be applied to nearring modules 

of the unusual type; for examples, quotients, products, and sums of 

these modules. 

Examples of nearring modules of the unusual type are presented 

in the third chapter. In Section 3.1, the general categorial con

structions of Chapter 2 are specialized to some particular groups. 

This leads directly to structures that are analogous to duals for 

ring modules. These dual nearring modules are investigated further 

in Section 3.2. There, the duals are calculated for the nearring 

modules of the unusual type with the most elementary structures. 

The information needed to construct many more examples of nearring 

modules of the unusual type is given in the third section. In this 

final section, the examples are constructed using only small cyclic 

groups. 

14 



CHAPTER 1: FOUNDATIONS -- NOTATION, DEFINITIONS, AND EXAMPLES 

This chapter is devoted to producing a well-reasoned definition 

for the unusual type of nearring module. Background information on 

nearrings is given in the first section. This includes the basic 

definitions for nearrings and an explanation of the notation used 

in this report. Also presented in this section are examples of two 

types of nearrings, nearrings of mappings and nearrings consisting 

entirely of endomorphisms. 

In the second section, the endomorphism ring of an abelian 

group is examined. What is of interest here is how the endomorphism 

ring is related to ring modules. This material is both elementary 

and well-known. However, the emphasis is on viewing an endomorphism 

ring from the point of view established by the first section. That 

is, the endomorphism ring is looked on first as if it were a near

ring of endomorphisms and then as if it were a nearring of mappings. 

After the connections between endomorphism rings and the nearrings 

of Section 1 have been established, the relationships between rings 

and their modules are re-examined. 

The definitions for nearring modules, both the usual and the 

unusual type, are produced in the third section. These definitions 

are based on the material in the first two sections. The definition 

given for the usual type of nearring module matches the definition 

that is commonly used. 

15 



1.1 NEARRINGS 

Rings, mcJules, nearrings, and nearring modules are all sets 

together with one or more operations. These sets with operations 

have SOIne structures in common. To avoid any confusion, the defi

nitions for these elementary structures are recorded here. The more 

complicated structures, such as nearrings, are then defined in terms 

of these elementary ones. First, there is: 

DEFINITION 1: A selnigroup is a pair (S, 0), where S is a nonempty 

set and 0 is a binary operation on S, that satisfies the associative 

law: 

r 0 (80 t) = (r 08) 0 t 

for all r, 8, t in S. 

Different symbols are used to denote binary operations as, for 

example, in: 

DEFINITION 2: II. group is a pair (G, +) which satisfies: 

i) (G, +) is a semigroup; 

ii) there is an identity element 0 in G so that 0 + x = x + 0 = x for 

each x in G; 

iii) for each x in G there is an inverse element -x in G so that 

x+(-x)=(-x)+x=O. 

These are standard definitions. They can be found in most 

books on algebra, for example, [10]. Other general sources for the 

definitions and examples in this section are [13] and [15]. 
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These definitions also illustrate the format of this report. 

Definitions, examples, propositions, and theorems are numbered se

quentially ~il each chapter. So the definition of a semigroup is 

referred to as Definition 1 in this chapter and as Definition 1-1 

in the subsequent chapters. Also, a I marks the end of each defini

tion, example, proposition, theorem, and proof. 

To return to semigroups, a semigroup (S, 0) is called abelian 

or cOlunnutative if it satisfies the commutative law: 

sot=tos 

for all s, t in S. Note that in this report + is almost always used 

to denote the binary operation of groups. This is a common practice 

when dealing with nearrings. It is not meant to imply that the 

group operations are commutative. HENCE, NEVER ASSUME A GROUP IN 

THIS REPORT IS ABELIAN JUST BECAUSE ITS OPERATION IS DENOTED +. 

17 

Other than using + for the binary operation of arbitrary groups, 

the usual conventions for groups are followed. As examples, (G, +) 

is denoted by G when the operation is clearly understood, "x - y" is 

used instead of "x + (-y) , II and superfluous parentheses are dropped. 

The main tool for comparing semigroups is: 

DEFINITION 3: Suppose that (8, 0) and (T, 0) are semigroups. A 

function a: S -» T is called a h011101UOrphislu if 

a (x 0 y) = ax 0 ay 

for all x, y in S. 



Since every group i~ a semigroup, homomorphisms can be used to 

compare groups, too. A bijective homomorphism is called an isolnor

phisna. Also, a homomorphism from a semigroup to itself is called 

an endonaorphisna. Recall that for any homomorphism a of groups, 

aO = 0, since aO = a(O + 0) = aO + aO and in a group 0 is the only 

element that satisfies x = x + x. 

The algebraic structure of primary interest in this section is 

defined in: 

DEFINITION 4: A left nearring is a triple (N, +, .) which satisfies: 

i) (N, +) is a group; 

ii) (N, .) is a semigroup; 

iii) a· (b+c) =a·b+a·c, for all a, b, cEN. 

The nearrings that are of importance in defining the unusual 

type of nearring module are nearrings of mappings, nearrings that 

consist entirely of endomorphisms, and of course, endomorphism rings. 

Examples of nearrings of mappings and nearrings of endomorphisms are 

presented in Examples 5 and 7 below. Endomorphism rings are consid

ered at length in the next section. However, before presenting the 

examples of nearrings, it is necessary to go over the notation used 

for nearrings and for mappings. 

As with groups, the nearring (N, +, .) is denoted by just ]V 

when the operations are clearly understood. If the usual rules for 

performing operations are followed, then superfluous parentheses are 

omitted. Also, multiplication II. II is almost a.lways written simply 

18 



using juxtaposition. For example, with these conventions for nota

tion, the left distributive law, condition (iii) of Definition 4, is 

written as a(b + c) = ab + ac for all a, b, c in N. If N contains an 

element 1 so that a1 = 1a = a for all a in N, then 1 is called the 

lTIultipIicative identity of N. 

Sometimes the group structure of (N, +, .) is of particular 

importance. When this is the case, N+ is used as shorthand for 

(N, +) to emphasize that only the group structure of N is being 

used. For example, 0 is used to denote the identity of N+; that is, 

o + a = a + 0 = a for all a in N. The identity element of N+ is called 

the zero of the nearring. 

The first example of a left nearring given here is a left 

nearring of mappings. These mappings are written with the arguments 

on the left-hand side of the function symbol. For an ordered pair 

of sets (8, T), the set of all mappings from 8 to T is denoted by 

Map(8, T). Composition of functions, which is denoted by 0, is 

defined via: For any sets 8, T, U and any mappings f in Map(8, T) 

and 9 in Map(T, U), fog is the element of Map(8, U) given by 

s(f 0 g) := (sf)g for all s in S. 

With this notation, a nearring of mappings is described in: 

EXAMPLE 5: Suppose (G, +) is a group. Then, there ar€l two binary 

operations that are naturally associated with Map(G, G). Since G 

is both the domain and range for each mapping in Map(G, G), compo

sition of functions is a well-defined binary operation on Map(G, G). 

Also, the addition of' G induces an addition for Map(G, G). For any 

19 



f, 9 in Map(G, G), the pointwise SUIU of f and g, which is denoted 

f + g, is given by x(f + g) := xf + xg for all x in G. tUth the 

operations of pointwise addition and composition, Map(G, G) is a 

left nearring. 

The verification that (Map(G, G), +, 0) is, indeed, a left 

nearring is direct. It is included here for the sake of complete

ness and for easy reference. 

Define the mapping C by xC := 0 for all x in G. Map(G, G) 

contains C, and hence, Map(G, G) is never the empty set. For any 

f, g, h in Map(G, G), 

x(fo (go h)) = (xf)(goh) 

= (Cxf)g)h 

= (x(fog))h 

= x ( (f 0 g) 0 h) 

for all x in G. SO (Map(G, G), 0) is a semigroup. 

Turning to pointwise addition, for all f, 9 in Map(G, G), 

x (f + g) = xf + xg which belongs to G. Hence, pointwise addition is 

a binary operation on Map(G, G). Also, for f, g, It in Map(G, G), 

x (f + (g + h)) = xf + x (g + h) 

= xf + (xg + xh) 

= (xf + xg) + xh 

= x(f + g) + xh 

= x ( (f + g) + h) 

20 



for all x in G. Thus, pointwise addition is associative, and conse

quently, (Map(G, G), +) is a semigroup. 

In fact, (Map(G, G), +) is a group. Let f be an arbitrary 

element of Map(G, G). Define -f: G ~ G by xC-f) := -(xf) for 

all x in G. Then, 

and 

x«( + f) = x( + xf = 0 + xf = xf, 

x(f + 0 = xf + x( = xf + 0 = xf, 

x(J+ (-f)) = xf+x(-f) = xf - xf = 0 = x(, 

x(-f) + f) = xC-f) +xf = -xf+xf = 0 = x( 

for all x in G. Hence, for any f in Map (G, G), (+ f = f + ( = i 

and i + (-i) = (-i) + i = (. This means that ( is an identity 

for pointwise addition and that each element of Map(G, G) has an 

additive inverse. Thus, (Map(G, G), +) satisfies all the conditions 

for a group. 

Finally , composition distributes over point'toTise addition in one 

direction in Map(G, G). For i, g, h in Map(G, G), 

x (i 0 (g + h)) = (xi) (g + h) 

= (xi)g + (xf)h 

=x(fog) +x(foh) 

= x (f 0 9 + f 0 h) 

for all x in G, and so f 0 (g + h) = fog + f 0 h. Hence, the left 

distributive law holds. 

Therefore, (Map(G, G), +, 0) is a left nearring. 
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Note that if G contains more than one element, then the right 

distributive law (i. e., (a + b) e = ae + be for all a, b, c) does not hold 

in Map(G, G). Suppose, for example, that y, z are in G, and define 

fy and fz by xfy := y and xfz := z for all x in G. Then, for any 9 in 

Map(G, G), 

x(fy+fz) og) = (x(fy+fz))g= (xfy+xfz)g= (y+z)g 

while 

x(fy 0 9 + fz 0 g) = x(fy 0 g) + x(fz 0 g) = (xfy)g + (xfz)g = yg + zg 

for each x in G. Thus, the right distributive law does not hold 

unless (y + z) 9 = yg + zg for all y, z in G. This means that 9 must 

be an endomorphism for the right distributive law to hold. When G 

contains more than one element, not all the mappings in Map(G, G) 

22 

are endomorphisms (e.g., fy for y '/: 0). £I 

This example illustrates two important facts about nearrings 

of mappings. First, for nearrings of mappings, the two distributive 

laws depend on different properties, even though they are similar 

in form. The left distributive law depends only on the definitions 

of pointwise addition and composition. On the other hand, a mapping 

must be an endomorphism in order to be right distributive. Hence, 

in order for the right distributive law to hold in a nearring of 

mappings, all the mappings must be endomorphisms. In general, in a 

left nearring N, an element e is called distributive if (a+b)e = ae+be 

for all a, b in N. 



The second fact that this example illustrates is that the no

tation used for mappings is closely connected with the distributive 

laws for nearrings of mappings. Look back over Example 5 and the 

remarks preceding it. What would change if mappings were written 

with the arguments on the right-hand side of the function symbols? 

First of all, composition would be a different operation. Com

position of functions, again denoted by 0, would be defined via: 

For any sets S, T, U and any mappings f in Map(T, U) and g in 

Map(S, T), fog is the element of Map(S, U) given by (fog)8 :=f(g8) 

for all s in S. Pointwise addition, however, would be unaffected 

by the change in notation. The end result would be that the right 

distributive law would hold always, but only the endomorphisms would 

be left distributive. That is, the nearring of mappings would be a 

right nearring as in: 

DEFINITION 6: A right nearring is a triple (N, +, .) which 

satisfies: 

i) (N, +) is a group; 

ii) (N, .) is a semigroup; 

iii) (a+b) ·c=a·c+b·c, for all a, b, cEN. 

Various authors use the different notations for mappings, and 

hence, they favor different types of nearrings. For example, right 

nearrings are used in [i5], while left nearrings are the standard in 

[9] and [13]. In [2], [4], [5], [6], and [7], both left and right 

nearrings are used together. Therefore, some care is required when 

using definitions and comparing results from different sources. 
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Using right and left nearrings simultaneously can be confusing. 

Some of the difficulties arising from mixing the two kinds of near

rings are illustrated in Appendix A. To avoid such problems, only 

left nearrings are used in this report. 

Unfortunately, a problem also arises from being consistent 

in using only left nearrings. The next example of a nearring is 

a nearring that consists entirely of endomorphisms. The pointwise 

sum of two endomorphisms of a nonabelian group is not necessarily 

an endomorphism. Hence, a different addition of mappings is used 

in this example. In order to make a left nearring out of the set of 

endomorphisms with this addition and composition, the endomorphisms 

must be written with the arguments on the right-hand side of the 

function symbols. This means that composition is given via: For 

a group G and any endomorphisms a, (3 of G, a 0 (3 is the endomorphism 

of G given by (a 0 (3)x := a((3x) for all x in G. To help indicate 

which composition is being used, lowercase Greek letters are gener

ally used for endomorphisms when their arguments are written on the 

right-hand side; lowercase Roman letters are used for mappings when 

their arguments are written on the left-hand side. 

For a group G, denote the set of all endomorphisms of G by 

End(G). It is routine to check that composition of endomorphisms is 

well-defined and that, in fact, (End(G) , 0) is a semigroup. These 

facts are verified here only for the sake of completeness. For any 

a, (3 in End(G) , 
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(a 0 (3) (x + y) = a(;3(x + y») 

= a(;3x + (3y) 

= a(;3x) + a(;3y) 

= (a 0 (3) x + (a 0 (3) y 

for all x, y in G. Hence, composition is a well-defined operation 

on End(G). As for associativity, given a, (3, , in End(G) , 

(a 0 (;3 0 ,»)x = a(;3 0 ,)x) 

= a((3( ,x») 

= (a 0 (3) (,x) 

= (ao(3)o,)x 
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for all x in G. Consequently, (End(G), 0) is a seffiigroup as claimed. 

At last, a nearring of endomorphisms can now be given in: 

EXAMPLE 7: Suppose (;F, +) is a free group with a set of free 

generators X where IXI > 2. Then,:F is nonabelian, and pointwise 

addition is not a binary operation on End(:F). Still, (End(:F), 0) is 

a semigroup. 

The key to a reasonable new addition for End(:F) is the set X 

of free generators for:F. Being a set of free generators means that 

X is contained in :F and that each map from X to :F can be extended 

to an endomorphism of :F in exactly one way. Hence, to describe an 

element of End(:F) it is only necessary to determine its values on 

X. Two endomorphisms that agree on the set X are, in fact, the 

same endomorphism. 



Define a function EIJ: End (:F) x End (:F) ~ End (:F) via: For all 

a, ~ in End (:F) , a EIJ ~ is the unique endomorphism of :F determined 

by the mapping a + (3: X ~ :F. Here, pointwise addition is used for 

the restrictions of a and ~ to X. This means that for all a, ~ in 

End(:F) , 

and 
(a EIJ ~)x = (a + ~)x = ax + ~x 

(aEIJ~)(u+v) = (aEIJ~)u+ (aEIJ~)v 

for all x in X and for all u, v in :F. Because:F is free on X, the 

binary operation EIJ is well-defined on End(:F). Also, for a, ~, I in 

End(:F) , 

(a EIJ «(3 ffi/))x = ax + (~ffi/)x 

= ax + (~x + ,x) 

= (ax + ~x) + ,x 

= (a ffi ~) x + ,x 

= (a ffi ~) ffi/)x 

for every x in X. Since a ffi (~ffi/) and (a ffi ~) EIJ I agree on the set 

of generators X, they must be the same endomorphism. Hence, ffi is 

associative. 

To show that (End(:F), ffi) is a group, define ( the zero en

domorphism of :F by (x := 0 for all x in X. Also, for each a in 

End(:F), let 8a denote the endomorphism determined by (8a)x := 

- (ax) for all x in X. Then, for a in End (:F) , 
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and 

«( E9 a)x = (x + ax = 0 + ax = ax, 

(a E9 Ox = ax + (x = ax + 0 = ax, 

(a E9 (ea))x = ax + (ea)x = ax"- ax = 0 = (x, 

(ea) E9 a)x = (ea)x + ax = -ax + ax = 0 = (x 

for every x in X. Thus, (E9 a = a E9 ( = a and a E9 (ea) = (ea) E9 a = ( , 

and so (End(;:), E9) is, indeed, a group. 

All that remains is to verify the left distributive law. For 

a, (3, , in End (;:) , 

= a«(3x + ,x) 

= a«(3x) + a(,x) 

= (a 0 (3)x + (a o,)x 

= (ao(3E9ao,)x 

for all x in X. Hence, a 0 «(3 E9,) = a 0 (3 E9 a 0" and so the left 

distributive law holds. 
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Therefore, (End(;:), E9, 0) is a left nearring. Note that End(;:)~ 

is a nonabelian group, and hence, End(;:) is not a ring. Also, the 

right distributive law fails in End(;:). For example, take Xi, X2 in 

X with Xi"/: X2 • Define the endomorphisms I- and a by I-X : = x and 

if x = Xi; 



for all x in Jr. For these two endomorphisms 

while 

(tEBt) oa)Xi = (tEBt)(aXi) 

= (t EB t) (Xi + X2) 

= (t EB t)Xi + (t EB t)X2 

= tXi + tXi + tX2 + tX2 

= Xi +Xi +X2 +X2 

(t 0 a EB t 0 a)Xi:: (t 0 a)Xi + (t 0 a)Xi 

= t(aXi) + t(aXi) 

= t(Xi + X2) + t(Xi + X2) 

= tXi + tX2 + tXi + tX2 

=Xi+ X2+ X i+ X2. 

Since Xi + xi + X2 + x2 f:. xi + x2 + xi + X2, the right distributive law fails 

because (t EB t) 0 a is not the same as t 0 a EB t 0 a. 

This example first appeared in [14] in a more general form. 

The presentation used here is taken from [2]. 

In order to define EB on all of End(~), it is essential that ~ 

be free on the set Jr. For an arbitrary group G, it is not possible 

to define an addition on all of End(G) in this way. Nonetheless, 

additions like EB can be defined on subsets of End(G). Such addi

tions are developed in [4], [5], [6], and [7], where they are called 

free additions (and additions of the second kind). This kind of addi

tion is examined further in Section 2.1. Free additions are used 
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there and in Chapter 3 to construct examples of special nearring 

modules of the unusual type. 

Now, the purpose of this section is to prepare a foundation 

for the definition of the unusual type of nearring module. So far, 

examples of two special types of nearrings, nearrings of mappings 

and nearrings of endomorphisms, have been presented. The notation 

for writing mappings and endomorphisms has been selected so that 

both types of nearrings are left nearrings. Consequently, only left 

nearrings are used in this report, and so the nearring modules of 

the unusual type are the left modules. The nearring modules of the 

usual type are the right modules here. 

With this in mind, consider how the nearrings of Example 5 and 

Example 7 interact with the groups that produced them. Suppose G 

is a group and (Map(G, G), +, 0) is the corresponding nearring of 

mappings as in Example 5. Then, the elements of Map(G, G) act on 

the elements of G in a natural way. Namely, define an operation 

*: G X Map(G, G) ~ G by x * f : = xf for all x in G and f in 

Map(G, G). Then, for f, 9 in Map(G, G), 

and 
x*(fog) =x(fog) = (xf)g= (xf)*g= (x*f)*g 

x * (f+ g) = X (f + g) ;:: xf + xg = x * f + x * 9 

for all x in G. That is, the operation * has the properties: 

and 
x * (f 0 g) = (x * f) * 9 

x * (f + g) = x * f + x * 9 

(1) 
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for all x in G and f, 9 in Map(G, G). These properties depend 

only on the definitions of composition and pointwise addition of 

mappings. 

In comparison, suppose instead that ~ is the free group on a 

set X with IXI > 2 and that (End(~), ED, 0) is the corresponding 

nearring of endomorphisms as in Example 7. In this case, evaluation 

of functions again induces a natural action of the nearring on the 

group. Define the operation *: End(~) x ~ ~ ~ by a * u := au for all 

a in End(~) and u in~. Then, for a, (3 in End(~), 

(a 0 (3) * u = (a 0 (3) u = a ((3u) = a * ((3u) = a * ((3 * u) 
and 

a * (u + v) = a (u + v) = au + av = a * u + a * v 

for all u, v in~. So the operation * has the properties: 

(a 0 (3) * u = a * ((3 * u) 
and (2) 

for all a, (3 in End(~) and u, v in~. These properties depend only 

on the definition of composition and the fact that all elements of 

End(~) are endomorphisms. 

In short, the equations in (1) show that G together with the 

operation * has some of the properties expected of a right module. 

Likewise, the equations in (2) show that ~ together with the oper

ation * has some of the properties expected of a left module. In 

both cases, an associativity condition and a left distributive law 

hold. This is what is expected in connection with a left nearring. 
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1.2 RINGS AND THEIR MODULES 

Recall that the purpose of this chapter is to produce a well

reasoned definition for left modules for left nearrings. The two 

examples of nearrings from the first section establish the framework 

for making this definition, but the underlying foundation is rings 

and their modules. Up to this point, the terms "ring" and "module" 

have been used informally. To be explicit, rings are defined by: 

DEFINITION 8: A ring is a triple (R, +, .) which satisfies: 

i) (R, +) is an abelian group; 

ii) (R, .) is a semigroup; 

iii) a· (b + c) = (a· b) + (a· c), foralla,b,cER; 

iv) (a + b) . c = (a· c) + (b· c), for all a, b, c E R. 

Thus, every ring is a also left nearring. So the notation 

introduced for nearrings can be used with rings. For example, the 

zero of a ring R is the identity 0 of the group R+. 

The motivation for this entire investigation is the fact that 

every ring has two kinds of modules. There are right modules as in: 

DEFINITION 9: Suppose (R, +, .) is a ring. A right R-nl0dule is a 

pair (B, +), *), where (B, +) is an abelian group and *: B X R ~ B 

is a mapping (written with * between the arguments), which satisfies: 

i) x*(a·b) = (x*a)*b, for all xEB and a, bER; 

ii) (x+y)*a=x*a+y*a, 

iii) x * (a + b) = x * a + x * b, 

for all x, y E B and a E R; 

for all x E B and a, b E R. 
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And there are left modules as in: 

DEFINITION 10: Suppose (R, +, .) is a ring. A left R-lTIodule is a 

pair (B, +), *), where (B, +) is an abelian group and *:RxB-l-B 

is a mapping (written with * between the arguments), which satisfies: 

i) (a· b) * x = a * (b * x) , for all a, bE R and x E B; 

ii) a * (x + y) = a * x + a * y, 

iii) (a + b) * x = a * x + b * x, 

for all a E R and x, y E B; 

for all a, b E R and x E B . 

Both types of modules are used in applications. Some appli

cations use the two types of modules together, for example, dual 

vector spaces over a division ring. Most of the time, however, only 

one type of module is required. For instance, much of linear alge

bra can be developed quite naturally using either only left vector 

spaces or only right vector spaces. For every result about left 

modules, there is a corresponding result about right modules. Thus, 

the choice of which type of module to use is usually based on which 

type fits in best with the notation selected for writing mappings. 

To emphasize the effects of notation, first consider: 

EXAMPLE 11: Suppose (B, +) is an abelian group. It was shown 

in Section 1 that (End(B), 0) is a semigroup, where 0 is the com

position of endomorphisms. Let + also denote the pointwise addition 

of endomorphisms of B. In Example 7, End(~) was not closed under 

pointwise addition. But for a, ~ in End(B) , 

(a +~) (x + y) = a (x + y) + ~(x + y) 

= ax + ay + ~x + ~y 
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= ax + (3x + ay + (3y 

= (a+(3)x+ (a+(3)y 

for all x, y in B, since B is abelian. Consequently, pointwise 

addi tion is a binary operation on End(B). 

In fact, (End(B), +, 0) is a ring. Checking this is routine, 

but it shows wn.ai:e the unusual notation from Section 1 makes a dif

ference. 

To show that (End(B), +) is a group, observe that pointwise 

addition does not depend on how functions are written. So in spite 

of the different ways of writing endomorphisms and mappings, End(B) 

is still a subset of the group (Map(B, B), +). Define (: B -l- B by 

(x := 0 for all x in B. Then, (x+y) = 0 = 0+0 = (x+(y for all x, 

y in B. Hence, End(B) is a nonempty set because it contains (. It 

was just shown that for any a, (3 in End (B), a + (3 again belongs to 

End(B). For any a in End(B) , the mapping -a: B -l- B is defined by 

(-a)x := -(ax) for all x in B. This mapping satisfies: 

(-a)(x+y) = -(aCx+y)) 

= -(ax + ay) 

= -ay - ax 

= -ax - ay 

= (-a)x + (-a)y 

for all x, y in B. Hence, every element of End(B) has an additive 
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inverse that is also in End(B) . Additionally, for a, (3 in End(B), 

(a + (3)x = ax + (3x = (3x + ax = «(3 + a)x 

for all x in B, and so a + (3 = (3 + a. Therefore, (End(B), +) is an 

abelian group. 

Next, for a, (3, , in End(B), 

(a + (3) 0 ,)x = (a + (3) (,x) 

= a ( ,x) + (3 ( ,x) 

= (ao,)x+ «(3o,)x 

= (ao,+(3o,)x 

for all x in B. Consequently, the right distributive law holds for 

(End(B), +, 0). 

It is tempting to say that the left distributive law holds in 

End(B) because it holds in Map(B, B). However, (End(B), 0) is not 

a subsemigroup of (Map(B, B), 0). The two operations of composition 

are not the same because of the notation introduced for nearrings. 

For endomorphisms a, (3 of B, a 0 (3 means perform (3 first and then 

a, when the functions are taken as elements of End(B). But when a 

and (3 are viewed as elements of Map(B, B), then a 0 (3 means perform 

a first and then (3. Consequently, it is necessary to show that the 

left distributive law holds. For a, (3, , in End(B) , 

(ao «(3+,))x = a((3+,)x) 

= a«(3x + ,x) 
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= a«(3x) + a (')'x) 

= (ao(3)x+ (ao,),)x 

= (ao(3) + (a 0 ')'))x 

for all x in B. SO ao «(3+')') =ao(3+ao')'. Hence, both distributive 

laws hold for (End(B), +, 0). 

Therefore, (End(B), +, 0) is a ring. This is the so-called 

endomorphism ring of B. 

An abelian group and its endomorphism ring interact in a way 

that is similar to the interaction between the free group and the 

left nearring of endomorphisms of Example 7. That is, the equations 

in (2) of Section 1 still hold when the free group is replaced by an 

abelian group and the nearring of endomorphisms is replaced by the 

corresponding endomorphism ring. This is shown explicitly in: 

EXAMPLE 12: Suppose (B, +) is an abelian group and End(B) is the 

endomorphism ring of B. Evaluation of endomorphisms induces a map 

*: End(B) x B ~ B by (3 * x := (3x for all (3 in End(B) and x in B. 

With this operation, B is a left End(B)-module. 

By the choice of B and End (B), * is well-defined. For any a, 

(3 in End(B) , 

(a 0 (3) * x = (a 0 (3)x = a «(3x) ::: a * «(3x) = a * «(3 * x) , (1) 

a * (x + y) = a(x + y) = ax + ay = a * x + a * y, (2) 

and (a + (3) * x = (a + (3)x = ax + (3x = a * x + (3 * x (3) 
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for all x, y in B. Hence, (B, +), *) does satisfy all the condi-

tions for a left End(B)-module. I 

Thus, there is a link between the nearring of endomorphisms 

from Example 7 and the endomorphism ring from Example 11. Because 

the notation was used consistently, equations (1) and (2) match up 

with the equations in (2) of Section 1. Equation (1) depends only 

on the definition of composition. Equation (2) holds since all the 

elements of End(B) are endomorphisms. Hence, the correspondence in 

form is the result of corresponding properties. Equation (3) is a 

bonus, which is gained because pointwise addition is used here. 

There is an analogous connection between the nearring of map

pings from Example 5 and endomorphism rings. Some care is needed, 

however, to keep the notation consistent. This requires: 

DEFINITION 13: Suppose (R, +, .) is a ring. The opposite ring of 

R, denoted ROP, is the ring (R, +, 0), where 0 is defined by: 

a0b:=b·a 

for all a, b in R. 

Note that R+ is the same group as (ROP)+. SO for an abelian 

group B, the groups End(B)+ and (End(B)OP)+ are the same, but the 

semigroups (End(B) , 0) and (End(B)OP, 0) are different. The semi

group (End(B)OP, 0) is a subsemigroup of (Map(B, B), 0), while 

the semigroup (End(B) , 0) is not. Consequently, it is natural to 



write the mappings in End(B)OP with their arguments on the left

hand side of the function symbols. To fit this in with the notation 

for nearrings, think of End(B) op as a subset of Map(B, B) that 

just happens to consist entirely of endomorphisms. Then, the ring 

(End(B)OP, +, 0) is a subnearring of (Map(B, B), +, 0). 

With these adjustments to the notation, there is: 

EXAMPLE 14: Suppose (B, +) is an abelian group and End(B)OP 

is the opposite ring of endomorphisms of B. Define the operation 

*: B X End(B)OP ~ B by x * f := xf for all x in Band f in End(B)OP. 

With this operation, B is a right End(B)OP-module. 

By the choice of Band End(B)OP, * is well-defined. For any 

f, g in End(B)OP, 

x * (f 0 g) = x(f 0 g) = (xf)g = (xf) * g = (x * f) * g, (4) 

(x + y) * f = (x + y)f = xf + yf = x * f + Y * f, (5) 

and x * (f + g) = x(f + g) = xf + xg = x * f + x * g (6) 
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for all x, y in B. Thus, B is, indeed, a right End (B) oP-module. I 

This establishes the link between the nearring of mappings from 

Example 5 and the opposite endomorphism ring. In this case, because 

the nearring notation was followed, equations (4) and (6) match up 

with the equations in (1) of Section 1. As with the equations in 

(1) of Section 1, it is the definitions of composition and pointwise 

addition that are of importance. Equation (5) is a bonus, which is 

gained because all the mappings happen to be endomorphisms. 



Therefore, if only left nearrings are allowed, then an unusual 

notation must be used. In this notation, sets of mappings and sets 

of endomorphisms are written in different ways. When this notation 

is carried over to an endomorphism ring of an abelian group, it 

creates a distinction between the endomorphism ring of the group 

and the opposite endomorphism ring. The endomorphism ring becomes 

the analog of a left nearring of endomorphisms. The opposite en

domorphism ring becomes the analog of a left nearring of mappings. 

Consequently, the notation used to obtain left nearrings produces a 

change in the way in which endomorphism rings are preceived. 

Now, look at ring modules from this nearring point of view. 

The endomorphism rings have a part in constructing all modules that 

goes beyond what is shown in Examples 12 and 14. If R is a ring and 

B is a left R-modu1e, then R is related to End(B). A general tool 

for comparing rings is described in: 

DEFINITION 15: Suppose (8, +, .) and (T, EB, 0) are rings. A 

function a: 8 -+ T is called a ring homonl0rphisln if it satisfies: 

i) a(a + b) = aa EB ab, for all a, bE 8 

and ii) a(a· b) = aa 0 ab, for all a, b E 8. 

So R is related to End(B) in that there is a ring homomorphism 

from R to End(B). Such homomorphisms are singled out using: 

DEFINITION 16: Suppose B is an abelian group and R is a ring. A 
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representation of R on B is a ring homomorphism (): R -+ End(B) . m 



For convenience, operations like * in Example 12 are called left 

scalar 11lultiplicatiol1s. That is, if Sand T are sets, a left scalar 

multiplication of S by T is a function from T x S to S. In this 

chapter, special symbols, like *, are used to denote left scalar 

multiplications. In general, such multiplications are written sim

ply using juxtaposition; that is, is is written for i*s. This latter 

practice is followed in the last two chapters of this report. 

Example 12 shows that each endomorphism ring is associated 

with a left scalar multiplication. Moreover, there is a one-to-

one correspondence between the left scalar multiplications of left 

modules and representations (sec [11]), and an endomorphism ring is 

an integral part of each representation. Thus, an endomorphism ring 

is an essential part of every left ring module. 

The correspondence between left scalar multiplications and 

representations is illustrated in: 

EXA.MPLE 17: Suppose B is an abelian group and R is a ring. Also, 

suppose * is a left scalar multiplication that makes B into a left 

R-module. Then, * induces a representation of R on B. 

To verify this, define (): R -7 End(B) via: For all a in R, (}a 

is the mapping given by «(}a) x : = a * x for all x in B. For a in R, 

«(}a) (x + y) = a * (x + y) = a * x + a * y = «(}a)x + «(}a)y 

for all x, y in B. This means that () is well-defined. Since * is 

the left scalar multiplication of a left module, for any a, b in R, 
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and 

(B(a + b))x = (a + b) * x 

=a*x+b*x 

= (Ba)x + (Bb)x 

= (Ba + Bb)x 

(B(ab))x = (ab) * x 

=a* (b*x) 

= (Ba) (b * x) 

= (Ba) ( (Bb) x) 

= (Ba 0 Bb)x 

for each x in B. Thus, B(a + b) = Ba + Bb and B(ab) = Ba 0 Bb, and so B 

is, indeed, a representation. 

Alternatively, start with a representation B. Then, B induces 

a left scalar multiplication that makes B a left R-module. Define 

*:RxB~B by a*x:= (Ba)x for all a in R and x in B. Because B 

is a representation, for a, b in R, 

and 

(ab) * x = (B(ab))x 

= (Ba 0 Bb)x 

= (Ba) ( (Bb) x) 

=a*(Bb)x) 

=a* (b*x) 
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and 

a* (x+y) = (Ba)(x+y) = (Ba)x+ (Ba)y=a*x+a*y 

(a+b) *x = (B(a+b))x 

= (Ba+Bb)x 

= (8a) x + (Bb)x 

for all x, y in B. Hence, ((B, +), *) is a left R-module. 

Consequently, representations and left modules are intimately 

connected, and the endomorphism rings are at the heart of this con

nection. Remember that it is the left nearrings of endomorphisms 

that are associated with the endomorphism rings. 

In comparison, if R is a ring and B is a right R-module, then 

R is related to End(B)OP. This is done using: 

DEFINITION 18: Suppose B is an abelian group and R is a ring. A 

ring homomorphism 'IjJ: R --4 End(B)OP is called a anti-representation of 
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R on B. fBI 

Usually an anti-representation is defined in terms of a ring 

anti-homomorphism, that is, a group homomorphism from a ring to a 

ring which reverses the order of multiplication. For example, the 

identity homomorphism from an ring to its opposite ring is an an"ti

homomorphism. Here, the twist in multiplication is accomplished by 

using the opposite endomorphism ring. 



As with left scalar multiplications, it is convenient to call 

operations .like * in Example 14 right scalar 111ldtiplicatiol1s. That 

is, if Sand T are sets, a right scalar multiplication of S by T 

is a function from S x T to S. Again, special symbols, like *, are 

used to denote right scalar multiplications in this chapter. In 

the last two chapters, such multiplications are written simply using 

juxtaposition; that is, st is written for s*t. 

Example 14 shows that each opposite endomorphism ring is as

sociated with a right scalar multiplication. Moreover, there is a 

one-to-one correspondence between the right scalar multiplications 

of right modules and anti-representations, and an opposite endomor

phism ring is an integral part of every anti-representation. Thus, 

an opposite endomorphism ring is an essential part of each right 

ring module. 

The correspondence between right scalar multiplications and 

anti-representations is illustrated in: 

EXAMPLE 19: Suppose B is an abelian group and R is a ring. Also, 

suppose * is a right scalar multiplication that makes B into a right 

R-module. Then, * induces an anti-representation of R on B. 

As in Example 17, this is direct to verify. Define the func

tion 'IjJ: R ~ End(B)OP via: For all a in R, 'ljJa is the mapping given 

by x('ljJa) :=x*a for all x in B. Then, for any a in R, 

(x + y) ('ljJa) = (x + y) * a = x * a + y * a = x ('ljJa) + y ('ljJa) 
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for all x, y in B. Hence, ¢ is well-defined. For any a, b in R, 

and 

x(¢(a+b») =x*(a+b) 

=x*a+x*b 

= x(¢a) +x(¢b) 

= x(¢a + ¢b) 

x(¢(ab») = x * (ab) 

= (x *a) * b 

= (x *a) (¢b) 

= (x(¢a») (¢b) 

= x(¢a 0 ¢b) 

for all x in B, and so 'l/J(a + b) = ¢a + ¢b and ¢(ab) = ¢a 0 ¢b. Thus, ¢ 

is a ring homomorphism from R to End(B)OP. That is, ¢ is an anti

representation of R on B. 

To show the correspondence in the opposite direction, start 

with an anti-representation 'l/J, and define a right scalar multipli

cation *:B xR ~ B by x*a := x(¢a) for all x in B and a in R. 

Then, for any a, b in R, 

x * (ab) = x(¢(ab») 

= x(¢ao¢b) 

= (x (¢a») (¢b) 
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and 

and 

= (x (?jJa) ) * b 

= (x *a) *b 

(x + y) *a = (x + y) (?jJa) = x (?jJa) + y(?jJa) = x *a+ y*a 

x*(a+b) =x(?jJ(a+b)) 

= x(?jJa + ?jJb) 

= x (?jJa) + x (?jJb) 

for all x, y in B. Thus, B together with the right scalar multi-
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plication induced by ?jJ is a right R-module. m 

Consequently, anti-representations and right modules are also 

closely linked. It is the opposite endomorphism rings that are key 

to this connection. Recall that it is the left nearrings of map

pings that are associated with the opposite endomorphism rings. 

At last, all the necessary aspects of ring modules have been 

re-examined from a nearring point of view. This has highlighted 

some subtle distinctions between left and right ring modules. These 

subtle differences are exploited in the next section 

To summarize the differences, consider first a left module. 

A left module can be described either using a left scalar multi

plication that satisfies the conditions in Definition 10 or using 

a representation as in Definition 16. Example 17 and the remarks 

preceding it indicate that in either case the left module is linked 



to the endomorphism ring of its underlying group. In turn, this 

endomorphism ring is the analog of a nearring of endomorphisms as 

in Example 7. Hence, from the point of view of nearring theory, 

there are four components in the pattern associated with a left ring 

module: 

• a module left scalar multiplication, 

o a representation, 

• an endomorphism ring, and 

c a left nearring of endomorphisms. 

In contrast, a right module can be described either using a 

right scalar multiplication that satisfies the conditions given in 

Definition 9 or using an anti-representation as in Definition 18. 

Example 19 and the remarks preceding it indicate that in either case 

the right module is linked to the opposite endomorphism ring of its 

underlying group. In turn, this opposite endomorphism ring is the 

analog of a nearring of mappings as in Example 5. Thus, from the 

point of view of nearring theory, there are also four components in 

the pattern associated with a right ring module: 

o a module right scalar multiplication, 

o an anti-representation, 

• an opposite endomorphism ring, and 

o a right nearring of mappings. 

These patterns are the basis for the definitions of nearring 

modules in the next section. 
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There is also some material related to rings and modules in 

Appendix B. This material concerns the duals of ring modules. It 

is not used to motivate the definitions of nearring modules, but it 

is needed for Chapter 3. 

1.3 NODULES AND COMPLEMENTARY NODULES 

With the preparations of the first two sections completed, it 

is now possible to present the definitions for both types of near

ring modules in a logical fashion. Since left nearrings are used 

consistently in this report, the usual type of nearring module here 

consists of right modules. How do these modules fit in with the 

patterns established at the end of the previous section? 

There are four components in the pattern established for a 

specific right R-module (B, +), *). They are the right scalar 

multiplication *, the anti-representation induced by *, the opposite 

endomorphism ring End(B)OP, and the nearring of mappings Map(B, B). 

Suppose G is a group. End(G)OP is not necessarily a ring. So 

the opposite endomorphism ring must be dropped from this pattern. 

This leaves Map(G, G) to serve in its place. The substitute for 

the ring anti-represe"ntions requires: 

DEFINITION 20: Suppose (N, +, .) and (M, EEl, 0) are left near

rings. A function a: N --4 M is called a llearrillg hOmOlTIOrphislTI if 

it satisfies: 

i) a(a+b) =aaEElab 

and ii) a(a· b) = aa 0 ab, 

for all a, bEN 

for all a, bEN. 

46 



With nearring homomorphisms in hand, the analog of ring anti

representations is found in: 

DEFINITION 21: Suppose G is a group and N is a left nearring. 

An anti-representation of N on G is a nearring homomorphism 

'1/;: N ~ Map(G, G). 

And to complete the pattern, there is: 

DEFINITION 22: Suppose (N, +, .) is a left nearring. An N -nodule 

is a pair (G, +), *), where (G, +) is a group and *: G X N ~ G is a 

function, which satisfies: 

i) x * (a' b) = (x * a) * b, 

and ii) x*(a+b) =x*a+x*b, 

for all x E G and a, bEN 

for all x E G and a, bEN. 

Note that there has been a change in terminology. I am calling 

right nearring modules "nodules." This name is justified later on. 

However, the important question here is: Do these definitions make 

sense? 

The first point in their favor is that if G is a group, then 

G is a Map(G, G)-nodule. This is what the equations in (1) of 

Section 1 show. 

An even stronger point in their favor is that they are, except 

for unusual terminology, the definitions commonly used. The defi

nition of nodule is the standard definition for the usual type of 

module for a left nearring. In connection with nearrings, what I 

have called "anti-representations" are usually called "representa

tions." So from this point on, I call them "representations," too. 
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Although the development is different, the same definitions are 

given in [13]. It is also noted there that there is a one-to-one 

correspondence between the right scalar multiplications of nodules 

and representations. This correspondence is shown in: 

EXAMPLE 23: Suppose G is a group and N is a left nearring. Also, 

suppose * is a right scalar multiplication that makes G an N-nodule. 

Then, * induces a representation of N on G. 

This is easy to verify. Define 'I/J: N --)0 Map(G, G) via: For 

all a in N, 'l/Ja is the mapping given by x ('l/Ja) : = x * a for all x in G. 

Since 'l/Ja belongs to Map (G, G), "p is well-defined. Furthermore, for 

any a, b in N, 

and 

x ('ljJ (a + b) ) = x * (a + b) 

=x*a+x*b 

= x ("pa) + x ('l/Jb) 

= x ("pa + "pb) 

x("p(ab)) =x*(ab) 

= (x *a) *b 

= (x("pa)) *b 

= (x("pa)) ("pb) 

= x ("pa 0 "pb) 

for all x in G, and so 'I/J (a + b) = "pa + 'ljJb and 'I/J (ab) = 'l/Ja 0 'l/Jb. Hence, 'I/J 
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is a representation because it is a nearring homomorphism from ]V to 

Map(G, G). 

Instead of starting with the right scalar multiplication of a 

nodule, suppose ¢ is a representation of ]V on G. Define a right 

scalar multiplication *: G x ]V ~ G by x * a : = x (¢a) for all x in G 

and a in ]V • . Then, for any a, b in ]V, 

and 

x * (ab) = x(¢(ab)) 

= x(¢a 0 ¢b) 

= (x(¢a)) (¢b) 

= (x(¢a))*b 

= (x *a) * b 

x * (a + b) = x(¢(a + b)) 

= x(¢a+¢b) 

= x(¢a) + x(¢b) 

for all x in G. Consequently, ¢ induces a right scalar multiplica-

tion that makes G into an ]V -nodule. 

Thus, following the pattern set by right ring modules has led 

to the standard definitions for nearring modules of the usual type. 

What happens when the pattern for left ring modules is considered? 

As with right modules, there are four components in the pattern 

established for a specific left R-module (B, +), *). They are 
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the left scalar multiplication *, the representation induced by *, 

the endomorphism ring End(B), and the nearring of endomorphisms 

presented in Example 7. 

As beiore, suppose G is a group. Since G is not necessarily 

an abelian group, the endomorphism ring must be dropped from the 

pattern. Here, however, the left nearring of endomorphisms cannot 

be substituted for End(G) because that nearring was constructed 

using a free group. That is, since G is not necessarily a free 

group, it may not be possible to make End(G) into a left nearring 

by using a free addition. To obtain the second equation of (2) in 

Section 1 and equation (2) in Section 2, it was necessary to use 

endomorphisms. Hence, Map(G, G) is not a suitable replacement for 

End(G). What can be used in place of the endomorphism ring? 

Look back at Example 12 and the equations in (2) of Section 1. 

In Example 12, pointwise addition was only used in obtaining right 

distributivity. Likewise, in the second instance, the free addition 

was never used. With composition, End(G) is still a semigroup. 

Thus, the answer to the question is not to substitute a left near

ring for End(G) , but rather to abandon the preservation of addition. 

This is done using: 

DEFINITION 24: Suppose (G, +) is a group and (N, +, .) is a left 

nearring. A conlplelllentary representation of N on G is a semigroup 
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homomorphism f): (N, .) ~ (End(G) , 0). EI 



The modified pattern for a left nearring module consists of the 

endomorphism semigroup of the underlying group and a complementary 

representation. The final piece of the pattern is given in: 

DEFINITION 25: Suppose that (N, +, .) is a left nearring. Then, a 

complelnentary N -nodule is a pair (G, +), *), where (G, +) is a 

group and *: N x G ~ G is a function, which satisfies: 

i) (a· b) * x = a * (b * x) , 

and ii) a * (x + y) = a * x + a * y, 

for all a, bEN and x E G 

for all a E N and x, y E G. 

The conditions for a complementary nodule match the equations 

in (2) from Section 1 and equations (1) and (2) from Section 2. So, 

in particular, a free group ~ is a complementary End(~)-nodule. 

(The free addition is needed only to give End(~) an additive struc

ture.) Also, every left ring module is also a complementary nodule. 

At least to this extent, adapting the pattern from left ring modules 

has been successful. 

Even though End(G) is not a nearring, there still is: 

PROPOSITION 26: Suppose N is a left nearring. Then, there is 

a one-to-one correspondence between complementary N-nodules and 

complementary representations of N. 

PROOF: Suppose (G, +), *) is a complementary N -nodule. Define 

a function 0: N ~ End (G) via: For each a in N, Oa is the mapping 

given by (Oa)x := a * x for all x in G. For any a in N, 

(Oa) (x + y) = a * (x + y) = a * x + a * y = (Oa)x + (Oa)y 
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for all x, y in G, and so Ba is a endomorphism of G. Hence, B is 

well-defined. 

Next, for a, b in lV, 

(B(ab»)x = (ab) * x 

=a*(b*x) 

=a*(Bb)x) 

= (Ba) ( (Bb) x) 

= (Ba 0 Bb)x 

for all x in G. This means B (ab) = Ba 0 Bb, and so B is a semigroup 

homomorphism. Thus, * induces the complementary representation B. 

Conversely, if B:lV ~ End(G) is a complementary represen

tation, then define a left scalar multiplication *:lV x G ~ G by 

a * x : = (Ba) x for all a in lV and x in G. For any a, b in N, 

and 

(ab) * x = (B(ab»)x 

= (Ba 0 Bb)x 

= (Ba) (Bb)x) 

=a*(Bb)x) 

= a* (b*x) 

a* (x+y) = (Ba)(x+y) = (Ba)x+ (Ba)y=a*x+a*y 

for all x, y in G. Thus, B induces a left scalar multiplication * 
that makes G a complementary N-nodule. 
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This provides a natural pairing of the left scalar multipli

cations of complementary nodules with complementary representations 

and a pairing of complementary representations with the left scalar 

multiplications of complementary nodules. These two pairings are 

bijections and inverses of each other. For suppose 0 is a comple

mentary representation, which induces a left scalar multiplication 

*, which in turn induces a complementary representation 0'. Then, 

for any a in N, 

(Oa)x = a * x = (O'a)x 

for all x in G. Hence, Oa = 0' a, and so 0 = 0' . Conversely, suppose 

* is the left scalar multiplication of a complementary nodule, which 

induces 0, which in turn induces *'. Then, for a in lV and x in G, 

Hence, the left scalar multiplications * and *' are the same. 

Therefore, the pairing of complementary representations of lV 
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and the complementary lV-nodules is a one-to-one correspondence. D 

Thus, the pattern set by left ring modules can be adapted to 

left nearrings, and this leads to complementary nodules. The adap

tation requires replacing the endomorphism ring of an abelian group 

with the endomorphism semigroup for a nonabelian group. Nonethe

less, complementary nodules do, indeed, complement nodules, the 

usual type of nearring modules. For left nearrings, nodules and 

complementary nodules are generalizations of right and left ring 

modules, respectively. 



Neglecting the addition of a left nearring in order to obtain 

a complementary nodule is a drastic measure, but it is unavoidable. 

Even switching from a ring of endomorphisms to a nearring of map

pings, as is the case for nodules, has its drawbacks. Often the 

class of nearrings and the type of representations used to construct 

nodules must be restricted in order to obtain significant results. 

As noted earlier, an element e of a left nearring ]V is called 

distributive if (a + b)e = ae + be for all a, b in ]V. The nearring 

]V is said to be distributively generated if the set of distributive 

elements of ]V generates ]V+ as a group. Frequently, the class of 

distributively generated nearrings is used in place of the class of 

all nearrings. (See, for example, [4]-[8] and [13].) 

When using distributively generated nearrings, it is natural to 

restrict the class of representations, also. for a distributively 

generated nearring ]V and a group G, representations of ]V on G are 

required to map distributive elements onto distributive elements. 

That is, the distributive elements of ]V are mapped to End(G)OP. 

This implies that the image of a representation is a distributively 

generated nearring whose distributive elements are endomorphisms 

of G. (Such nearrings are called end01TIOrphislTI nearrings; these 

should not be confused with the nearrings of endomorphisms as in 

Example 7.) 

Thus, in an arbitrary nodule, the nodule elements distribute 

over the nearring elements, but the nearring elements generally do 

not distribute over the nodule elements. For nodules of distribu

tively generated nearrings that correspond to the representations 
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... 

just described, the distributive elements of the nearring distribute 

over the nodule elements. Some of the most important work in the 

theory of nearrings has been done with distributively generated 

nearrings and this restricted class of nodules. (See [13].) 

A similar approach may prove useful for complementary nodules. 

Instead of abandoning addition of endomorphisms altogether, it may 

be possible to define reasonable additions on subsemigroups of endo

morphisms. The free additions mentioned earlier are just the tools 

for this. With thi~ in mind, consider: 

DEFINITION 27: Suppose (G, +) is a group and (N, +, .) is a left 

nearring. Further, suppose (£, 0) is a subsemigroup of (End(G), 0) 

and ffi is an operation on £ that makes (£, ffi, 0) a left nearring. 

Then, a nearring homomorphism (): N -+ £ is called an alnicable 

complementary representation. 

The complementary nodules that correspond to amicable comple

mentary representations are called alnicable cOlnplelnentary nodules. 

The free group ~ of Example 7 is an amicable complementary End(~)

nodule. 

The remainder of this report is devoted to finding examples of 

complementary nodules and amicable complementary nodules. However, 

before leaving this section on definitions, I should justify my 

introducing a new name for the usual type of nearring module. There 

are already several different names for nodules used in the nearring 
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literature including: nearring module, lV-group, module, and near-

module. I believe that the name "nodule" has advantages over each 

of these terms. 

First, the word "nodule" is a good mnemonic device for "near-

ring module." In a concise way, it makes it clear that there is a 

direct connection between nearring modules and ring modules. Yet it 

also makes it clear that the two are different. 

Next, the term "nodule" is more versatile than "lV-group." For 

example, compare "nodules are generalizations of modules" with "lV-

groups are generalizations of modules." These phrases mean the same 

thing, but what nearring does lV stand for in the second phrase? 

When using the term "module" for nearring modules, a ring R 

can have both right modules (i.e., right R-modules) and modules 

(i. e., R-nodules). The name "nodule" eliminates this source of 

confusion. 

The name "nodule" avoids the problem associated with "near-

module" that is seen in: 

EXAMPLE 28: Consider the cyclic group with four elements (Z(4) , +) 

and the elements ( and t of Map(Z(4) , Z(4)), where x( := ° for all x 

in Z(4) and 

{ 

0, 
xt := 

2, 

if x E {O, 1, 3}; 

if x = 2. 

The addition and composition Cayley tables for {(, t} are: 
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J+g ( t Jog ( t 

J ( ( t J ( ( ( 
t t ( t ( t 

Table 1-1: Addition Cayley Table 1-2: Composition 

Table for {(, t}. Cayley Table for {(, t}. 

Hence, the map 0 ~ (, 1 ~ t is an representation of Z(2) on 

Z(4), and so Z(4) is a Z(2)-nodule. But 

(1 + 1) * 1 = (1 + 1)t = 2t = 2 
while 

1 * 1 + 1 * 1 = it + it = 0 + 0 = 0, 

and so this Z(2)-nodule is not a Z(2)-module. 

So a IInear-modulell may not be a right ring module even when 

the nearring is a ring and the group is abelian. The term IInodule ll 

avoids this problem. 

Additionally, the term IInodule ll makes a distinction based on 

the properties of the algebraic structures rather than on just their 

forms. For right nearrings, tha~e is: 

DEFINITION 29: Suppose (N, +, .) is a right nearring. A N -nodule 

is a pair (G, +), *), where (G, +) is a group and *: N X G -I- G is a 

function, which satisfies: 

i) (a· b) * x = a * (b * x) , 

and i i) (a + b) * x = a * x + b * x , 

for all a, bEN and x E G 

for all a, bEN and x E G. 
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Consequently, the characteristic property of a nodule is that 

the nodule elements distribute over the nearring elements. This is 

true whether the nearring is a left nearring or a right nearring. 

Likewise, for right nearrings, there is: 

DEFINITION 30: Suppose that (N, +, .) is a right nearring. Then, 

a cOlnplementary N-nodule is a pair (G, +), *), where (G, +) 1s a 

group and *: G X N ~ G is a function, which satisfies: 

i) x*(a·b)=(x*a)*b, for all xEG and a, bEN 

for all x, y E G and a EN. 

The characteristic property of a complementary nodule is that 

the nearring elements distribute over the nodule elements. Once 

again, this is true whether the nearring is a left nearring or a 

right nearring. 

Finally, by introducing the term "nodule", the unusual type 

of nearring module can be used without confusion. The preceding 

remarks make it clear how nearrings, nodules, and complementary 

nodules are all related to each other. The alternative terms "right 

module" and "left module" would only aggravate the problems caused 

by using left nearrings and right nearrings simultaneously. (See 

Appendix A.) 

I must admit, however, that "complementary nodule" and "com

plementary representation" are rather long-winded. Hence, lo7hen 

convenient, "complementary nodule" is shortened to "collodule," 

"complementary N-nodule" is shortened to "N-Collodule," and "com

plementary representation" is shortened to "corepreselltatioll." 
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CHAPTER 2: GENERAL EXAMPLES OF COMPLEMENTARY NODULES 

In the first chapter, the definitions of nodule and comple

mentary nodule were developed so that they would be consistent with 

each other and with the definitions of ring modules. The natural 

question now is: How well do these definitions fit into the theory 

of nearrings? Since the definition for nodules is the definition 

commonly used for nearring modules, nodules are a s'i;andarci part of 

nearring theory. Consequently, the purpose of this chapter is to 

find connections between complementary nodules and the theory of 

nearrings. 

There have been no papers published on complementary nodules 

in general. Yet a search of the nearring literature with these 

structures in mind reveals several papers related to complementary 

nodules. As noted in the first chapter, the work of A. Frohlich on 

free additions is useful in producing amicable complementary nod

ules. One paper of M. Holcombe contains a study of an unusual type 

of near-algebra. These near-algebras are related to complementary 

nodules. J. Andre has written about near-vector spaces. His near

vector spaces are special complementary nodules. The parts of these 

works that are relevant to complementary nodules are summarized in 

the first section. 

As mentioned above, nodules are an integral part of the theory 

of nearrings. There is a general construction method for nodules 

that is based on ideas from category theory. In Section 2, this 
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method is described together with the necessary definitions from 

category theory. 

With only a slight modification, the construction method for 

nodules from Section 2 produces complementary nodules. This is 

another link between nodules and complementary nodules. Also, the 

modified construction yields structures analogous to ring bimodules. 

This modified construction method is given in the third section. 

Finally, algebraic constructions that can be applied to nodules 

should be applicable to complementary nodules too, if complementary 

nodules truely complement nodules. For example, it should be possi-

ble to define and construct quotient, product, and sum complementary 

nodules. This is done in the last section of this chapter. 

2.1 EXAMPLES FROM THE LITERATURE 

In the most recent text on nearrings [13, p. 30], J. Meldrum 

states: 

Because of the lack of left-right symmetry in near
rings, the natural modules for a left near-ring R are right 
R-modules, and for a right near-ring S are left S-modules . 
. .. It is possible, in some circumstances, to speak of left 
R-modules for a left near-ring. But very little work has 
been done on this. See Rahbari [79] and Riedl [66] who con
sider both kinds of R-modules for a given near-ring in some 
special cases. 

Using the terms defined in Chapter 1, Meldrum is saying that nodules 

are natural for nearrings and that little work has been done on 

conodules. Although they do not consider conodules per se, there 
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are several relevant papers that are more accessible than [16] and 

[18], the works cited by Meldrum. 

The earliest work directly related to complementary nodules is 

by H. Neumann. Example 7 of Chapter 1 is derived from Section 4 of 

[14], and it is this type of nearring that leads to the definition 

of complementary nodule. This type of nearring is of fundamental 

importance because it shows that an additive structure can be put on 

the endomorphism semigroup of a free group in a natural way. 

A. Frohlich took this idea one step further. He developed a 

method for putting additive structures on special subsets of the 

endomorphism semigroup of any nonabelian group. This was first done 

in Example 5 of [4], and he revised his method in [7]. Frohlich ex

ploited this method in Section 2 of [5] and Sections 3 and 4 of [7]. 

In these papers, Frohlich was primarily concerned with dis

tributively generated nearrings, the special class of nearrings 

mentioned earlier. His main goal was to establish a foundation 

for a nonabelian generalization of homological algebra. (See [8].) 

Hence, these papers cover material far beyond the scope of this 

report. However, the method for constructing free additions on 

semigroups of endomorphisms can be extracted from its distributively 

generated nearring setting. The material on constructing free addi

tions is summarized and extended here. 

The first requirement for constructing a free addition on a set 

of endomorphisms is a set that fulfills the essential functions of a 

set of free generators. Frohlich uses: 
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DEFINITION 1: Suppose G and H are groups and suppose '}-{ is a 

nonempty set of homomorphisms from G to H. A basis for '}-{ is a 

subset B of G that satisfies: 

i) B is a generating set for the group G; 

ii) for each a in '}-{ there exists an element I in '}-{ so that 

,x = -(ax) for each x in B; 

iii). for all a, (3 in '}-{ there exists I in '}-{ so that IX = ax + (3x 

for each x in B. 

Note that this is the refined definition of a basis given in 

[7; pp. 211-212J, and it is different from the original definition 

in Example 5 of [4J. The reader is warned that Frohlich makes other 

changes in language and notation in these papers. Also, Frohlich's 

notation differs from the notation used here in that he writes all 

functions, both mappings and homomorphisms, with their arguments on 

the right-hand side. Consequently, in Frohlich's papers,.nearrings 

of mappings like Map(G, G) of Example 1-5 are right nearrings. IN 

THIS SECTION, FROHLICH'S DEFINITIONS AND RESULTS ARE PRESENTED, BUT 

THIS IS DONE USING THE NOTATION FROM CHAPTER 1. 

Also, note that Definition 1 requires only a set of homomor

phisms and not a semigroup of endomorphisms. For an ordered pair of 

groups (G, H), let Hom(G, H) denote the set of all homomorphisms 

from G to H. Like endomorphisms, homomorphisms are written with 

their arguments on the right-hand side of the function symbols. Ho

momorphisms are usually denoted using lowercase Greek letters. For 
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groups G and ll, Frohlich constructs additions on some subsets of 

Hom(G, ll) with: 

DEFINITION 2: Suppose G and II are groups and 1-£ is a nonempty sub

set of Hom(G, ll) with a basis B. A binary operation EB: 1-£ X 1-£ ~ 1-£, 

called a free addition, is defined via: If a, f3 belong to 1-£, then 
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a EB f3 is that element of 1-£ with (a EB (3)x = ax + f3x for all x in B. m 

Frohlich then proves: 

PROPOSITION 3: Suppose G and II are groups. 

i) If 1-£ C Hom(G, ll) has a basis Band EB is the free addition 

induced by B, then (1-£, EB) is a group. 

ii) If g is a subsemigroup of (End(G), 0) with a basis Band EB 

is the free addition induced by B, then (g, EB, 0) is a left 

nearring. 

So in Example 1-7, the set of free generators of ~ forms a 

basis in the sense of Definition 1, and the addition given in that 

example is a free addition. This can be supplemented with the more 

elementary example in: 

EXAMPLE 4: Let (V, +) denote the Klein 4-group. A presentation 

for V is (a, b I 2a = 2b = 2 (a + b) = o}. With this presentation, the 

Cayley table for addition in V is recorded in Table 2-1. 



y 

x+y 0 a b a+b 

0 0 a b a+b 

x a a 0 a+b b 

b b a+b 0 a 

a+b a+b b a 0 

Table 2-1: Addition Cayley Table for V. 

The group V has sixteen endomorphisms. Let V1 denote the set 

of four endomorphisms {ao, a1, a2, a3} given in Table 2-2. 

x 

ax 0 a I b a+b 

ao 0 0 0 0 

a1 0 a 0 a 

a2 0 b 0 b 

a3 0 a+b 0 a+b 

Table 2-2: V1 -- Four Endomorphisms of V. 

The elements of V1 together with composition form a subsemi-

group of the endomorphism semigroup of V. The Cayley table for 

composition in V1 is given in Table 2-3. 

ai 0 aj ao a1 

ao ao ao 

a1 ao a1 

a2 ao a2 

a3 ao a3 

a" J 

a2 

ao 

ao 

ao 

ao 

a3 

ao 

a1 

a2 

a3 

Table 2-3: Cayley Table for V1 Composition. 

In the sense of Defint~on 1, {a, b} is a basis for V1. The 

Cayley table for the free addition obtained from this basis is given 

in Table 2-4. 
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et·ffiet· Z J eto 
eto eto 
eti eti 
et2 et2 
et3 et3 

eti 
eti 
etO 
et3 
et2 

et· J 

et2 et3 
et2 et3 
et3 et2 
eto eti 
eti eto 

Table 2-4: Cayley Table for Vi Free 

Addition. 

A comparison of Tables 2-1 and 2-4 shows that the two groups 

(V, +) and (Vi, ffi) are isomorphic. Also, Table 2-4 shows that free 

addition and pointwise addition coincide in this example. Hence, 

free addition and pointwise addition are not always different. 

By Proposition 3, (Vi, ffi, 0) is a left nearring, and so V is 

an amicable complementary Vi-nodule. Moreover, this nearring is 

a ring, since the free addition and pointwise addition coincide. 

Because V is abelian, this also means that V is a left Vi-module. 

Consequently, in this example, the results obtained by starting 

with a basis and using a free addition match exactly with results 

of forming a subring of an endomorphism ring in the usual way. 

Returning to Example 5 of [4], Frohlich also shows that the 

group (1£, ffi) of Proposition 3 is isomorphic to a quotient group of 

a subgroup of Map(G, }{) with pointwise addition. Hence, (g, ffi) is 

isomorphic to a quotient group of a subgroup of (Map(G, G), +). He 

then states that 9 is "g-isomorphic" to a quotient of a subnearring 

of Map(G, G). But the term "g-isomorphic" is never explicitly de-

fined. It cannot mean isomorphic as nearrings, since in Frohlich's 
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notation 9 is a left nearring and Map(G, G) is a right nearring. 

Even in the notation from Chapter 1 where 9 and Map(G, G) are both 

left nearrings, the isomorphism given is not an isomorphism of near

rings. Apparently, he is implicitly making: 

DEFINITION 5: Suppose N is a right nearring and G and Hare N

nodules. Then, a homomorphism of groups a: G ~ H is said to be an 
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N-homomorphism if a(ax) = a(ax) for all a in N and x in G. III 

Since left nearrings are used in this report, the corresponding 

definition here is: 

DEFINITION 6: Suppose N is a left nearring and G and Hare N

nodules. Then, a homomorphism of groups a: G ~ H is said to be an 

N-homomorphislTI if a(xa) = (ax)a for all x in G and a in N. m 

As with group homomorphisms, a bijective N-homomorphism is 

called an N-isomorphism. An N-homomorphism from an N-nodule to 

itself is called aN-endomorphism. 

This summarizes the content of Example 5 of [4]. Most of the 

remaining work relevant to conodules that was alluded to above is 

concerned with category theory at a level beyond this report. But 

one more example is accessible here. This example is a combination 

of several results from Section 2 of [5]. However, it is presented 

in terms developed after [5] was written. First, there is: 



DEFINITION 7: Suppose N is a left nearring and G is an N -nodule. 

Then, G is called monogenic if there is an element z in G so that 

G = J za I a EN} . The element z is called a generator for G. 

The example also requires: 

DEFINITION 8: Suppose N is a left nearring and G is an N -nodule. 

Then, for a nonempty subset ]{ of G, the annihilator of ]( in N, 

which is denoted ~(](, N), is defined by: 

~(](, N) : = {a E N I ka = 0 for all k E ](}. 

~(]() is used as an abbreviation for ~(]{, N) when it is 

clear which nearring is intended. Also, if ]( = {k}, then ~(k) and 

~(k, N) are used for ~({k}) and ~({k}, N), respectively. 

Only one more piece of notation is needed. Suppose N is a 

left nearring and G is ~n N-nodu1e. Then, for nonempty subsets 

]( C G and M eN, 

](M := {k1m1 + ... + ksms I ki E ](, mi E M 

for i = 1 , . . . , s; 0 < s E Z } 

where Z denotes the group of integers. As with annihilators, if ]{ = 

{k}, then kM := {k}M. Likewise, if M = {m}, then ](m := ]({m}. 

At last, from Section 2 of [5J comes: 

EXAMPLE 9: Suppose N is a left nearring and G is a monogenic N

nodule with generator z. Furthermore, suppose {a E N I a~(z) C 

~(z)} is a subgroup of (N, +). Then, the N-endomorphisms of the 
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N -nodule G form a left nearring W (G), where addition is defined by 

("pi EB'1fJ2)Z := "pi Z + '1fJ2 z and multiplication by ('1fJi'1fJ2)Z := '1fJi('1fJ2Z), If 

This example, which is essentially Theorem 2.2.2 of [5], is 

similar to Example 1-7. Hence, it can be used for: 

EXAMPLE 10: Suppose G, N, and (w(G) , EB, 0) are defined as in 

Example 9. Then, G is a complementary W(G)-nodule. 

Note that EB in Example 9 may not be a free addition in the 

sense of Definition 2. It is not clear that {z} generates G as a 

group, even though it generates G as a nodule; look back at Exam

ple 4. Also, the only purpose that the element b serves in the basis 

{a, b} there is to help generate the group V. The endomorphisms in 

Vi can be distinguished by their values at a alone. These anomalies 

present an opportunity for extending Frohlich's ideas of basis and 

free addition. 

First, a variation of the idea of a basis is given in: 

DEFINITION 11: Suppose X is a set, G is a group, and M is a 

nonempty subset of Map(X, G). A support system for M is a subset 

S of X that satisfies: 

i) for f, g in M, sf = sg for all s in S implies that f = g; 

ii) for each f in M, there is a h in M so that sh = -(sf) for 

all s in S; 

iii) for each pair f, g in M, there is a h in M so that sh = sf +sg 

for all s in S. m 



Next, the definition of free addition can be modified to make 

use of a support system instead of a basis. This is done in: 

DEFINITION 12: Suppose X is a set, G is a group, and M is a 

nonempty subset of Map(X, G) with a support system S. A binary 

operation EEls: M X M ~ M, called the free addition relative to S, 

is defined via: For f, gin M, fEElsg is that ele,ment of M with 
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s(f EEls g) = sf + sg for all s in S. I 

In Example 4, {a} is a support system for V1 that is not a 

basis; it fails to satisfy condition (i) of Definition 1. However, 

the free addition relative to {a} is the same as the free addition 

given in Example 4. Hence, Example 4 is not significantly changed 

by the substition of a support system for a basis. This substitu

tion can even be carried over to Proposition 3. This is done in: 

PROPOSITION 13: Suppose X is a set and G is a group. 

i) If M ~ Map(X, G) has a support system S and EEls is the free 

addition relative to S, then (M, EEls) is a group. 

ii) If e is a subsemigroup of (End(G) , 0) with a support system S 

and EEls is the free addition relative to S. then (e. EEls. 0) is 

a left nearring. 

PROOF: Assume the hypotheses of part (i). Since only one support 

system is being used, let EEl denote EEls' Because of part (iii) of 

Definition 11. for any f. 9 in M there is an element fffig in M. 

By part (i) of that definition, fEElg is unique. Hence, EEl is a well

defined binary operation on M. 



Suppose that 9 belongs to ~ and let eg denote the mapping 

guaranteed by part (ii) of Definition 11. Then, 

s(g ffi (eg)) = sg + s(eg) = sg - sg = 0 

for each s in 8. Define (s in ~ by (s : = 9 ffi (eg). Then, s(s = 0 

for all s in 8, and so (s does not depend on which 9 was selected. 

(Note that (s is not necessarily the zero mapping even if it is a 

homomorphism; see Example 14 below.) For any f in ~, 

s (f ffi (s) = sf + s(s = sf + 0 = sf 
and 

sees ffi f) = s(s + sf = 0 + sf = sf 

for all s in 8. Hence, f ffi (s = (s ffi f = f because of Definition 11, 

part (i). This means that (s is an identity with respect to the 

free addition ffi for ~. 

and 

For any f in ~, 

s (f ffi (ef)) = sf + s (ef) = sf - sf = 0 = s(s 

s(ef) ffi f) = s(ef) + sf = -sf + sf = 0 = s(s 

for all s in S. Thus, f ffi (ef) = (ef) ffi f = (s' and so each element 

of ~ has an inverse with respect to ffi. Therefore, (~, ffi) is a 

group. 

Next, suppose £ is a subsemigroup of (End(G), 0), 8 is a sup

port system for £, and ffi is the free addition for £ relative to 

8. Even though mappings and homomorphisms are written differently, 

part (i) of this proposition still applies, and so (£, ffi) is a 
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group. By assumption, (£, 0) is a semigroup. What remains to be 

shown is that the left distributive law holds. For a, (3, , in £, 

(ao ((3fB,))s = a(((3fB,)s) 

= a ((3s + ,s) 

= a ((3s) + a(,s) 

= (a 0 (3)s + (a 0 ,)s 

= (ao{3fBao,)s 
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for all s in S. Hence, a 0 ({3 fB ,) = a 0 (3 fB a 0, because of part (i) of 

Definition 11. Therefore, (£, fB, 0) is, indeed, a left nearring. I 

Normally, Definitions 2 and 11 are used with a semigroup of 

group endomorphisms as in Proposition 13 part (ii). In this situa

tion, the difference between the two definitions amounts to the fact 

that a basis must generate the domain group, while a support system 

need only distinguish between endomorphisms. Nevertheless, Defini

tion 11 is made using mappings because the added generality creates 

no additional difficulties. Compare, for example, Propositions 3 

and 13. Also, the added generality presents new opportunities. 

(See Example 15 and Theorem 3-7 below.) 

At first, it appears that there is little difference between 

using a basis to define a free addition and using a support system 

to define a free addition. But with these revisions in the defini

tions and in Proposition 3, the addition of Examples 9 and 10 is now 

the free addition relative to the support system {z}, the generator 

of G. The difference between a support system and a basis for a 



semigroup of endomorphisms is also illustrated by the following 

elementary oxamp1e, which is along the lines of Example 4. 

EXAMPLE 14: Once again, let (V, +) denote the Klein 4-group as in 

Example 4. Let V2 denote the set of four endomorphisms {~o, ~1' ~2' 

~3} given in Table 2-5. 

x 

~x 0 a b a+b 

~o 0 0 a+b a+b 

~ ~1 0 a b a+b 

~2 0 b a a+b 

~3 0 a+b 0 a+b 

Table 2-5: V2 -- Four Endomorphisms of V. 

As with V1, the set V2 together with composition is a subsemi-

group of the endomorphism semigroup of V. The Cayley table for V2 

composition is Table 2-6. 

~i 0 ~j ~o ~1 ~2 ~3 
~o ~o ~o ~3 ~3 
~1 ~o ~1 ~2 ~3 
~2 ~o ~2 ~1 ~3 
~3 ~o ~3 ~o ~3 

Table 2-6: Cayley Table for V2 Composition. 

An examination of Table 2-5 shows that there is no basis for 

V2. HOlo1ever, {a} is a support system for V2. The Cayley table for 

the free addition relative to {a} is given in Table 2-7. 

72 



(3i ffia (3j (30 (31 (32 (33 
(30 (30 (31 (32 (33 
(31 (31 (30 (33 (32 
(32 (32 (33 (30 (31 
(33 (33 (32 (31 (30 

Table 2-7: Cayley Table for V2 Free Addition 

Relative to {a}. 

A comparison of Table 2-1 and Table 2-7 shows that the groups 

(V, +) and (V2, ffia) are isomorphic. The endomorphism (30 is the 

identity for (V2 , ffi a ). Yet (30 is not the zero endomorphism. Hence, 

ffia is not pointwise addition. Nevertheless, Proposition 13 guaran-

tees that (V2, ffi a , 0) is a left nearring. 

Also, V is a complementary V2-nodule. Since the left scalar 

multiplication in this case is given by evaluation of functions, 

Table 2-6 describes this multiplication. 

The free addition ffia is interesting enough by itself, but look 

back at Table 2-5. The singleton {b} is a support system for V2, 

too. The Cayley table for the free addition relative to {b} is given 

in Table 2-8. 

(3i ffib (3j (33 (32 (31 (30 
(33 (33 (32 (31 (30 
(32 (32 (33 (30 (31 
(31 (31 (30 (33 (32 
(30 (30 (31 (32 (33 

Table 2-8: Cayley Table for V2 Free Addition 

Relative to {b}. 
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Table 2-8 shows that (V2, ffib ) is another group isomorphic 

to (V, +). However, here it is Pa that is the identity for the 

group and not Po. Again by Proposition 13, (V2, ffib , 0) is a left 

nearring. The Cayley table for V2 composition is re-arranged in 

Table 2-9. 

Pi 0 Pj Pa P2 Pi Po 
Pa Pa Ps Po Po 
P2 Ps P2 Pi Po 
Pi Ps Pi P2 Po 
Po Ps Po Ps Po 

Table 2-9: Re-arranged Cayley Table for V2 

Composition. 

Now, compare Tables 2-7 and 2-6 with Tables 2-8 and 2-9. The 

mapping given by 

is a nearring isomorphism from (V2, ffi a , 0) to (V2, ffi b , 0). Thus, 

the free additions relative to the bases {a} and {b} are clearly 

distinct, but they produce isomorphic nearrings! 

This is, indeed, an unusual way to produce nearrings. More 

often, a group is selected, and then multiplications are defined on 

that group to produce left nearrings. In this example, a semigroup 

has been selected, and then different additions have been defined on 

that semigroup to produce left nearrings. It is the support systems 
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that provide the connections between the additive structure for the 

semigroup of endomorphisms and the additive structure of the group. 

As noted after Proposition 13, Definition 11 can be used with 

sets of mappings and not just semigroups of endomorphisms. For 

example, if )( is a set and G is a group, then )( is a support sys-

tern for Map()(, G). The free addition relative to )( is pointwise 

addition. Consequently, pointwise addition of mappings is a special 

type of free addition. For a more specific example, consider: 

EXAMPLE 15: Let V denote the Klein 4-group, and let )( := {Xo, 

xl, ... , xa} denote a set with nine elements. Set M : = {fo, it, 

. . . , f7} where the Ii's are the elements of Map()(, V) listed in 

Table 2-10. 

X· z 

Xiii 
Xo 
Xl 

x2 
x3 
x4 
X6 
Xa 
X7 
Xa 

fo 
0 

0 

0 

0 

0 

0 

0 

0 

0 

it h f3 f4 f6 
0 0 0 a+b a+b 
0 a a b b 
a 0 a b a+b 
0 b b a a 
0 a+b a+b 0 0 

a b a+b 0 a 
b 0 b a a+b 
b a a+b 0 b 

a+b 0 a+b 0 a+b 

Table 2-10: Elements of M. 

fa f7 
a+b a+b 
a+b a+b 

b a+b 
a+b a+b 
a+b a+b 

b a+b 
a a+b 
a a+b 
0 a+b 

Since )( is not a group, there is no possibility of finding a 

basis for M. Yet the set S := {xo, X4, xa} is a support system for 

M, and so (M, ffis) is a group. Moreover, it is easy to determine 

the structure of this group by using the support system S. For each 
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s in Sand f in M, sf belongs to the subgroup {o, a + b} of V. This 

implies that (M, EBs) is isomorphic to the group Z (2) EB Z (2) EB Z (2) . 

To make it easy to verify this, the Cayley table for EBs is recorded 

as Table 2-11. 

Ii EBs fj fo 11 f2 f3 f4 f6 fs f7 
fo fo 11 f2 f3 f4 f6 fs f7 
f1 11 fo f3 f2 f6 f4 f7 fa 
f2 f2 fa fo f1 fa f7 f4 f6 
f3 f3 f2 11 fo f7 fa fs f4 
f4 f4 is fa f7 fo f1 f2 f3 
f6 f6 f4 f7 fs 11 fo f3 f2 
fa fa f7 f4 fs f2 f3 fo 11 
f7 f7 fa f6 f4 fa f2 11 fo 

Table 2-11: Cayley Table for M Free 

Addition. 

An examination of Tables 2-10 and 2-11 reveals that the free 
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addition relative to S is, in fact, pointwise addition of mappings. m 

Example 15 may seem contrived here, but it is a byproduct of 

Example 3-3 below. It serves to emphasize two facts about free 

additions. First, a free addition may be pointwise addition. That 

is, this unusual way of constructing additions sometimes produces 

the familiar addition of mappings. Second, the support system for 

a free addition can be used to determine the structure of the group 

arising from the free addition. 

To move on, the next work to consider is by M. Holcombe. He 

develops vector groups and near-algebras in [9]. These structures 



are similar to complementary nodules. The paper [9] is very concise 

and direct. So after a brief introduction, the material relevant to 

this report is taken directly from [9]. 

Only left nearrings are used in [9]. All of the nearrings in 

that paper have the property described in: 

DEFINITION 16: A nearring (N, +, .) is called zerosymmetric if 

a . 0 = 0 . a = 0 for all a in N. 

Holcombe begins by presenting the basic definitions he uses. A 

few of the terms used by Holcombe are not defined here because to do 

so would take the discussion too far afield. The definitions needed 

here have already been given in this report, except for those in: 

2.1. Let S be a multiplicatively written semigroup with 
identity is' We denote by 0 the zero element of S (having 
previously adjoined one if necessary). 

2 .2 . Definition. Let r be an addi ti vely written group then 
S operates on r if a homomorphism p,: S ~ End r of semigroups 
is given, such that (1 s )p, = identity endomorphism of r, and 
(Os)p, = zero endomorphism of r. We shall normally write ,.s 
for ,«s)p,) where, E r, s E S and no confusion can arise. 
S operates faithfully on r if p, is 1-1. 

Note that Holcombe writes all functions with their arguments on 

the left-hand side, even homomorphisms. This is different from both 

Frohlich's notation and the notation used in this report. 

For a nearring N, the N-homomorphisms are of particular im-

portance. For a semigroup operating on a group, Holcombe defines: 
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2.3. Definition. Suppose that S operates on both the 
groups r1 and r2' Then an S-transIormation is a mapping 
if>: r1 ~ r2 such that 

V"/1 E r I s E s. 

An S-homomorphism is an S-transformation which is 
also a homomorphism of the group r1 into the group r2. 

Thus I if G is a complementary N -nodule I then N operates on G 

in the sense of Holcombe. N-homomorphisms are the same according to 

both Holcombe's definition and Definition 6 above. But instead of 

defining complementary nodules l Holcombe uses: 

3'.1. Definition. Let G be a (multiplicatively written) 
group and consider the semigroup GO obtained by adjoining 
a zero element I O. Now suppose that GO operates on the 
group I VI then V is called a G-vector group if and only 
if v.S = v => v = 0v or s = 1G (where v E V I S EGO) . toJe denote 
the category of G-vector groups and GO-transformations by 
VG · 
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Not all complementary nodules are vector groups. An N-conodule 

G is said to be faithful if for a l b in N I ax = bx for all x in G 

implies a = b. If N has a multiplicative identity 1 and 1x = x 

for all x in G I then G is called a unitary N -conodule . With these 

defini tions I a N -conodule G is an N -vector group only when G is a 

faithful, unitary conodule and N is a left nearfield as in: 

DEFINITION 17: A left nearfield is' a left nearring (N, + I .) with 

identity 1 in which every nonzero element has a multiplicative in

verse; that iS I for every a in N \ {a} there is an a-1 in N so that 

a . a-1 = a-1 . a = 1. 



There is a similarity in form between faithful, unitary co-

nodules over a nearfield and a vector space over a division ring. 

Concerning vector groups in general, Holcombe makes: 

3.2. Remark. G-vector groups seem to play an analogous 
role in near-ring theory, to the role of a vector space 
over a division ring in ring-theory. We will often con
sider the group G to be a group of regular automorphisms 
of V. 

As an example of a vector group, Holcombe gives: 

3.3. Example. Let N be a 2-primi ti ve nearring with 
identity. Denote by r, a faithful N-module [N-nodule] 
of type 2. Then if cN(r) is the centraliser of rover 
N, we have C N (r) = {o} U Aut N (r), where Aut N (r) is the 
group of N-automorphisms of r. (See [6]). Then r is a 
Aut N (r) -vector goup [sic] .. .. 

Holcombe's reference [6] is reference [17] of this report. He 

goes on to develop the notion of the dimension of a vector group 

and gives some results concerning vector groups. He is also able 

to build on the idea of a vector group to produce an unusual type 

of near-algebra. Radicals are then defined and calculated for these 

near-algebras. 

Thus, complementary nodules and vector groups are two different 

approaches to the problem of generalizing left modules over rings 

to left modules over left nearrings. The two approaches overlap in 

that some complementary nodules are vector groups. The success that 

Holcombe has had with vector groups and near-algebras indicates that 

there is some hope of obtaining results for complementary nodules. 
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At the very least, Holcombe's definition of a "S-transformation" 

serves as motivation for: 



DEFINITION 18: Suppose N is a left nearring and G, H are comple

mentary N -nodules. A mapping f: G ~ H is called (left) N -linear if 
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(ax)f = a(xf) for all a in N and x in G. a 

When G and H are complementary nodules with no additional 

structure, then the adjective "left" is unnecessary. However, it 

may be needed if there are also right scalar multiplications defined 

on G and H. 

Left linear functions prove useful in Chapter 3. For later 

reference, let MaPN(G, H) denote the set of left N-linear mappings 

in Map(G, H). Likewise, let HomN(G, H) denote the set of all 

left N-linear group homomorphisms from G to H. It now makes sense 

to define a N -hOlllomorphislTI of complementary nodules as a left N

linear group homomorphism. 

A corresponding definition for linear can be made for mapping 

between nodules: 

DEFINITION 19: Suppose that N is a left nearring and G, Hare N

nodules. Then, a mapping f: G ~ H is called (right) N -linear if 

(xa) f = (xf)a for all x in G and a in N. 

Again for later reference, let Map(G, H)N denote the set of 

right N -linear mappings in Map(G, H). Let Hom(G, H) N denote 

the set of all right N-linear group homomorhisms from G to H. SO 

Hom(G, H) N is the set of all N -homomorphisms in Hom(G, H). 

To return to the task at hand, J. Andre pursues a line of 

research similar to Holcombe's in [1]. Like Holcombe, he starts 



with a set together with a multiplicative structure, but no additive 

structure. This is described in: 

DEFINITION 20: A structure (V, F, +) [more briefly (V, F) or 

simply V] is called an F-group, if the following four conditions 

hold for it: 

(Fl) (V, +) is a group (with neutral element 0 and with -x as the 

inverse element to x E V) and F is a set of endomorphisms 

(operators) on it. 

(F2) The endomorphisms 9, 1, and -1, which are defined by, respec

tively, O·x :=0, l·x :=x, and -l·x :=-x for all xEV, all 

belong to F. 

(F3) FX : = F\ {O} is a subgroup of the automorphism group of (V, +). 

(F4) From ax = f3x for an x E V and a, f3 E F, it follows that either 
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x = 0 or a = f3 (Cancellation law). III 

So an F-group is a vector group in the sense of [9] with the 

added restriction that -1 E F. This implies that V is an abelian 

group. Andre calls the elements of V vectors and the elements of F 

scalars. He singles out special vectors in: 

DEFINITION 21: Let (V, F) be an F-group. The quasikernel Q(V, F) 

= Q (V) = Q of (V, F) is defined to be the set of all those u in V 

for which, given a, f3 in F, there exists a , in F with 

au + f3u = ,u. 



The, of Definition 21 is uniquely determined by u, a, and ~ 

[1, Lemma 2.2(b)]. Of primary interest are: 

DEFINITION 22: An F-group V is called a linear F-group when 

V = {O} or Q(V) ~ {o}. 

For linear F-groups the elements of the quasikernel can be 

used to put additive structures on F. Andre states: 

In the following we will associate with every U E 
Q\{O} of a linear F-group, a nearfield in a natural way. 
Moreover, as usual a nearfield is understood to be an 
algebraic structure with two operations + and " in which 
all the skew-field axioms hold with the exception of the 
right distributive law, (a + ~), = a, + ~,; in its place 
appears the weakened condition 0·, = o. 

Let (V, F) be a linear F-group, Q its quasikernel, 
and u E Q \ {O} . Then ,. we define an addition +u on F by: 

(a+u~)u :=au+~u (2.2) 

(a, (3 E F.) Because of Lemma 2.2(b), a+u~ is uniquely 
determined by a, (3. 

Later on, he produces: 

Tbeorem 2.4. Let (V, F) be a linear F-group, 
and u ~ 0 an element of its quasikernel Q(V, F). Then, 
(F, +u, .) 
with the addition +u defined by (2.2) is a nearfield. 

[1; my translation] . 

For V, F, Q, and u as in this theorem, (F1) guarantees that 

part (i) of Definition 11 holds. Since u belongs to Q, part (iii) 

of Definition 11 also holds. Finally, since -1 belongs to F, the 

second part of Definition 11 is satisfied. Thus, {u} is a support 
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system for F, and +u is the free addition relative to {u}. Andre's 

formulation of linear F-groups pulls together elements of both 

Frohlich's and Holcombe's works. Note that V is a complementary F

nodule, and in general, +u is not pointwise addition. 

Andre continues on to define and investigate F-near vector 

spaces. He is able to connect his theory with the theory of vector 

spaces over skew-fields. He also refers to some geometrical appli

cations of F-groups. 

In conclusion, Holcombe, Frohlich, and Andre have all done 

work that is related to complementary nodules. Holcombe constructs 

complementary nodule-like structures and Frohlich provides a method 

for constructing the missing addition for operators. Although it 

is independent of Frohlich's and Holcombe's works, Andre's work 

demonstrates that the two can be combined successfully. 

2.2 A CATEGORIAL CONSTRUCTION FOR NODULES 

This section contains a description of a general construc

tion method for nodules. It is taken from [2]. The construction 

method makes use of some ideas from category theory. The defi

nitions needed from category theory are included in this section. 

These definitions come from [2], [3], and [10] . This construction 

method is modified in the next section to produce complementary 

nodules. 

The first definition needed from category theory is: 
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DEFINITION 23: A category is a class C of objects together with: 

i) A class of disjoint sets, one for each ordered pair of ob

jects in C. (If (A, B) is an ordered pair of objects, then 

the corresponding set is denoted Hom(A, B). An element 1 of 

Hom(A, B) is called a morphism from A to B and this is also 

wri tten 1: A ---+ B. ) 

ii) For each ordered triple (A, B, C) of objects of C, a function 

from Hom(A, B) X Hom(B, C) to Hom(A, C). (For morphisms 

1: A ---+ B, g: B ---+ C the corresponding function is written 1 0 g, 

and the morphism 1 0 g: A ---+ C is called the composite of 1 and 

g. ) 

These are all subject to the two axioms: 

1) Associativity Axioln: If 1: A ---+ B, g: B ---+ C, and h: C ---+ Dare 

morphisms of C, then 10 (g 0 h) = (10 g) 0 h. 

2) Identity Axiom: For each object B of C there exists a mor

phism 1B : B ---+ B so that for any 1: A ---+ Band g: B ---+ C 

and 

for any objects A, C in C. 

There are two categories that are of particular interest here 

and in Section 3. The first is the category of sets S. The objects 

of S are sets, the morphisms are mappings of sets, and the composi

tions are all the usual composition of mappings. The second is the 

category of groups g. The objects of g are groups, the morphisms 
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are group homomorphisms, and the compositions are all the composi

tion of homomorphisms. 

Strictly speaking, g as just described does not satisfy 

Definition 23. Rather, it is a category in the sense of: 

DEFINITION 24: A category is a class C of objects together with: 

i) A class of disjoint sets, one for each ordered pair of objects 

in C. (If (A, B) is an ordered pair of objects, then the 

corresponding set is denoted Hom(A, B). An element a of 

Hom(A, B) is called a morphislu from A to B and this is also 

written a: A ~ B.) 

ii) For each ordered triple (A, B, C) of objects of C, a function 

from Hom(B, C) x Hom(A, B) to Hom(A, C). (For morphisms 

a: B ~ C, f3: A ~ B the corresponding function is written a 0 f3 , 

and the morphism a 0 f3: A ~ C is called the composite of a and 

f3. ) 

These are all subject to the two axioms: 

1) Associativity AxiOlu: If a: C ~ D, f3: B ~ C, and ,: A ~ Bare 

morphisms of C, then a 0 (f3 0 ,) = (a 0 (3) 0,. 

2) Identity Axiom: For each object B of C there exists a mor

phism 1B : B ~ B so that for any a: A ~ Band ,: B ~ C 

and 

for any objects A, C of C. 

The purpose of this section is to present a method for con

structing nodules. Category theory is a convenient medium for doing 
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this, but it is not in itself the object of interest. Unfortu

nately, both left and right nearrings result from this construction 

regardless of whether Definition 23 or Definition 24 is used. Using 

both definitions of category "rould just add confusion without any 

tangible benefits. 

Hence, only Definition 23 is used as the definition of a cate-

gory in this report. The category of sets S is as described above. 

The category of groups in the sense of Definition 23 is denoted goP. 

The objects of goP are groups, and the morphisms of goP are group 

homomorphisms. The compositions in goP are all compositions of 

mappings. That is, the morphisms of goP can be thought of as group 

homomorphisms with their arguments written on the left-hand side of 

the function symbols, and the compositions are all the compositions 

appropriate to this notation. 

Relationships between objects and morphisms are often expressed 

in the form of a diagram as, for example, in Figure 2-1. 

Figure 2-1: Tri~ngle Diagram. 

This triangle diagram shows that f: A --I- B, g: A --I- C, and 

h: B --I- C. The diagram is called C0l11111utative if f 0 h = g. A second 

example of a diagram is given in Figure 2-2. 
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f 
A )B 

g1 1h 
c )D 

k 

Figure 2-2: Square Diagram. 

The square diagram is called commutative if f 0 h = go k. Like-

wise. any diagram that is made up of commutative triangles. squares. 

and so forth is said to conl1uute. 

Some special kinds of objects required for the nodule construc-

tion method are defined in the next four definitions. 

DEFINITION 25: An obj ect I in a category C is said to be initial 

if for every object B of C there is exactly one morphism in the set 

Hom(l. B). ~ 

DEFINITION 26: An obj ect T in a category C is said to be terluinal 

if for every object A of C there is exactly one morphism in the set 

Hom(A. T). Ei 

DEFINITION 27: Suppose C is a category and (A. B) is an ordered 

pair of objects of C. A product of A and B is an object P along 

with two morphisms PA: P ~ A and PE: P ~ B so that for any object Q 

and any morphisms f: Q ~ A and g: Q ~ B. there is a unique morphism 

[f. g]: Q ~ P so that [f. g] 0 P A = f and [f. g] 0 PE = g. 



This definition can be described more clearly by saying that 

for a given pair (A, B) of objects, a given product (P, PA' PB)' 

and any (Q, f, g) as above, there is exactly one morphism [f, g] 

that makes the diagram in Figure 2-3 a commutative diagram. 

Q 

1 [f, 

9 

P IB 

PA PB 

Figure 2-3: Product Diagram. 

DEFINITION 28: Suppose C is a category and (A, B) is a pair of 

obj ects of C. A coproduct of A and B is an obj ect C together with 

two morphisms eA : A ~ C and eB : B ~ C so that for any object D and 

any morphisms f: A ~ D and g: B ~ D, there is a unique morphism 

(f, g): C ~ D so that eA 0 (J, g) = f and eB 0 (f, g) = g. 

This definition can also be described more concisely using a 

diagram. It says that for a given pair (A, B) of objects in C, a 

given coproduct (C, eA , eB ), and any (D, f, g) as described above, 

there is exactly one morphism (f, g) that makes the diagram in Fig-

ure 2-4 a commutative diagram. 
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A ------~) C ~( ------ B 

f 1 g 

D 

Figure 2-4: Coproduct Diagram. 

Not all categories have initial objects, terminal objects, products, 

or coproducts. However, if these objects exist in a category, then 

they are unique in the following sense. A morphism f: A ~ B is 

called an equivalence if there is a morphism g: B ~ A to that 

fog = 1 ~ and go f = lB. In this case, A and B are called equivalent 

objects. If a category has initial objects, then all the initial 

objects are equivalent. Likewise, if they exist in a category, then 

all terminal objects are equivalent, all products of the same pair 

of objects are equivalent, and all coproducts of the same pair of 

objects are equivalent [10, p. 55ff.]. Usually equivalent objects 

are identified with each other. For example, for obj ects A, B, 

and C, the products (A X B) X C and A X (B X C) are distinct, but 

equivalent, objects. These products are identified with each other 

and denoted AxBxC in this report. An analogous identification is 

made with coproducts. (See [3].) 

There ar.e special morphisms associated with products and co-

products. Suppose A, B, C, and D are objects in a category with 

products and coproducts. Also, suppose f: A ~ C and g: B ~ Dare 

morphisms. Then, f X g denotes the morphism CPA 0 f, PB 0 g]. That 
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is, f X 9 is the unique morphism in Hom(A x B, C x D) that makes the 

diagram in Figure 2-5 commute. 

PA PB 
AI AxB IB 

fl 1 fxg 19 
C, CxD ID 

Pe PD 

Figure 2-5: Product Morphism Diagram. 

Also, fffig denotes the one morphism (foee, goeD) in Hom(A X B, C X D) 

which makes the diagram in Figure 2-6 a commutative diagram. 

eA eB 
A I A X B ( B 

fl 1 fffig 19 
C I CxD I D 

ee eD 

Figure 2-6: Coproduct Morphism Diagram. 

For an initial obj ect I, let {i A} : = Hom(I, A). For a terminal 

object T, let {tA } :=Hom(A, T). 

In some categories, S and goP in particular, there are certain 

objects that give rise to groups and nearrings. These objects are 

described in terms of the preceding special objects. They, in turn, 

are used to construct nodules in this section and complementary 

nodules in the next. The first type of these objects is defined in: 
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DEFINITION 29: Suppose the category C has products and a terminal 

object T. A group object of C is a quadruple (G, ~, ~, a), where 

G is an object of C, 7r:G X G ~ G, ~:T ~ G, and a:G ~ G, and 

these morphisms make the following three diagrams commute. 

G x G X G-------+) G X G 

1G X 7r 1 1 ~ 
GxG G 

7r 

Figure 2-7: Associativity Diagram. 

Figure 2-8: Identity Diagram. 

a X 1G 1G X a 
GxG ) GxG< GxG 

[1 G , 1G] r r [1 G , 1G] 

G G 

tG 1 1 tG 

T G T 

~ ~ 

Figure 2-9: Inverse Diagram. 

Note that in this definition equivalent products are implicitly 

identified with each other. Strictly speaking, the associativity 
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diagram should be as in Figure 2-10, where the unlabeled morphisms 

are equivalences. 

71" X 1G 
G X G x G ~ (G X G) X G------)-) G X G 

1 
G X (G X G) 

lG X 71" 1 
GxG G 

Figure 2-10: Proper Associativity Diagram. 

Such subtleties are considered in detail in [3]. From this point 

on, I use this equivalence of products without explicit mention. 

Group objects are special in that they yield: 

THEOREM 30: If (G, 71", 11-, a) is a group object and X is any 

object in a category C, then (Hom()(, G), +~) is a group, where +~ 
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is defined by f +~ 9 := [f, g] 071" for all f, 9 in Hom(X, G). II 

COROLLARY 31: If (G, 71", 11-, a) is a group obj ect in a category C, 

then (Hom(G, G), +~, 0) is a left nearring. m 

These two results are presented and proven in [2]. Clay goes 

on to show that Hom()(, G) is a right Hom(G, G) -module. That is, 

Hom()(, G) is a Hom(G, G)-nodule. 

In the category S of sets, the group objects are, essentially, 

groups. If G is a group and X is a set, then (Hom(G, G), +~, 0) 

is (Map(G, G), +, 0) and (Hom(X, G), +~) is (Map()(, G), +). (See 

[2; p. 34].) So Example 1-5 is a consequence of Corollary 31 when 



it is applied to S. Thus, group objects in the category of sets 

give rise to left nearrings and nodules in a natural way. 

In the category goP of groups, the group objects are, essen

tially, the abelian groups. If B is an abelian group and G is an 

arbitrary group, then (Hom(B, B), +71", 0) is (End(B)OP, +, 0) and 

(Hom(G, B), +71") is (Hom(G, B), +). Hence, group objects in the 

category of groups give rise to opposite endomorphism rings and 

right modules in a natural way. This is another indication that the 

development of nodules in Chapter 1 is sound. 

Most concepts in category theory have a dual concept associated 

with them. For example, initial and terminal objects are dual to 

each other. Products and coproducts are dual concepts. Since group 

objects give rise to nearrings and nodules, it might be hoped that 

the duals of group objects would give rise to nearrings and com-

plementary nodules. The concept dual to that of a group object is 

described in: 

DEFINITION 32: Suppose the category C has products and an initial 

obj ect I. A cogroup object of C is a quadruple (G, 7r, f.L, a), where 

G is an object of C, 7r: G ~ GffiG, f.L: G ~ I, and a: G ~ G, and these 

morphisms make the following diagrams commute. 

G ffi G ffi G ~( -----

1G ffi 7r r 
GffiG 

Figure 2-11: Co-associativity Diagram. 
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Figure 2-12: Co-identity Diagram. 

1G ED a a ED 1G 
GEDG ( GEDG ~ GED G 

(1G' 1G) 1 1 (1G' 1G) 

G G 

'lG r r 'lG 

I G I 

11 11 

Figure 2-13: Co-inverse Diagram. 

The results that are dual to Theorem 30 and Corollary 31 are: 

THEOREM 33: If (G, 7r, 11, a) is a cogroup object and X is any 

object in a category C, then (Hom(G, X), ED 1r) is a group, where ED1r 

is defined by f ED1r 9 : = 7r 0 (f, g) for all f, 9 in Hom(G, X). 

COROLLARY 34: If (G, 7r, 11, a) is a cogroup object in a category 

C, then (Hom(G, G), ED1r , 0) is a right nearring. 

The empty set is the initial object in the category of sets. 

Hence, although S has coproducts, the only cogroup object is the 

empty set. In the category goP, the cogroup objects are, essen-

tially, the free groups. The nearrings that are produced here are 
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right nearrings. They correspond to the type of nearring presented 

in Example 1-7. 

In general, for a cogroup object G and an object )(, Hom(G, G) 

acts on the left of Hom(G, )(). This means that in going over to 

the dual concept, Hom(G, G) becomes a right nearring and Hom(G, )() 

is still a Hom(G, G)-nodule. Consequently, this method of con

structing nodules using group and cogroup objects fails to produce 

complementary nodules. Nonetheless, complementary nodules can be 

constructed using group and cogroup objects. This is done in the 

next section. 

2.3 EXAMPLES OF COMPLEMENTARY NODULES IN CATEGORIES 

Nodules arise naturally from the consideration of both group 

objects and cogroup objects in a category. Some of the examples of 

rings, modules, nearrings, and nodules from the first chapter are 

special cases of such considerations. The problem now is to find 

complementary nodules in this setting. In particular, can these 

techniques produce natural examples of complementary nodules in 

the category of sets and in the category of groups? The answer can 

be found by examining the interaction between two group objects or 

between two cogroup objects. From Theorem 30 comes: 

COROLLARY 35: Suppose that C is a category with products and a 

terminal object. Further, suppose (G, ~, ~, a) and (ll, p, v, fi) 

are group objects in C and that Hom(G, ll) is not the empty set. 
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Then, (Hom(G, ll), +p), 0) is a complementary Hom(G, G)-nodule. mt 



PROOF: By Corollary 31, (Hom(G, G), +11"' 0) is a left nearring, 

and (Hom(G, ll), +p) is a group by Theorem 30. For any f, 9 in 

Hom(G, G) and x in Hom(G, ll), (f 0 g) 0 x = f 0 (g 0 x) follows from the 

Associativity Axiom for C. SO the first condition for a conodule is 

satisfied. For f in Hom(G, G) and x, y in Hom(G, ll), the diagram 

in Figure 2-14 and the properties of the group object II ensure that 

G 

fox 1 foy 

G 

1 
llxlI 

j PH 

P 

II 

Figure 2-14: Distributive Condition Diagram. 

This means that the second condition required of a complementary 

nodule is satisfied. Thus, (Hom(G, ll), +p) is a complementary 
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Hom (G, G) -nodule. III 

Before considering Corollary 35 in the categories S and goP, 

compare the Hom(G. G)-nodule (Hom(X. G). +11") with the Hom(G, G)

conodule (Hom(G, ll), +p). The additions +11" in Hom(X, G) and +11" 

in Hom(G, G) both come from the structure of the group obj ect G. 



On the other hand, the addition +p in Hom(G, ll) is produced by the 

structure of the group object ll. Hence, (Hom(G, ll), +p) represents 

a connection between the structures of the two group objects. 
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Additionally, note that Hom(G, ll) is also a Hom(ll, ll)-nodule. 

Although such structures are not examined further in this report, 

this at least calls for: 

DEFINITION 36: Suppose Nand M are left nearrings. Then, an 

N: M-binodule is a triple (G, +), *, *) which satisfies: 

i) (G, +), *) is a complementary N-nodule 

and ii) (G, +), *) is an M-nodule. 

Returning to Corollary 35, consider what happens in the cate

gory of sets and in the category groups. Group objects G and II in 

S are groups, and (Hom(G, ll), +p) is the set of all mappings from 

G to II along with pointwise addition of mappings. For the category 

of groups, G and II are abelian groups. The complementary nodule 

(Hom(G, If), +p) consists of the set of all group homomorphisms from 

G to II together with pointwise addition. Thus, Corollary 35 pro

duces two kinds of examples of complementary nodules; both of which 

involve the usual pointwise addition. 

Contrast these examples with the complementary nodules derived 

from Theorem 33 via: 



COROLLARY 37: Suppose that C is a category with coproducts and 

an initial object. Further, suppose (G, 7T', f-L' a) and (H, p, 1.', (3) 

are cogroup objects in C and that Hom(G, H) is not empty. Then, 

(Hom(G, H), EEl7l")' 0) is a complementary Hom(H, H)-nodule. 

PROOF: This result follows from Corollary 35 and duality. In more 

detail, however, (Hom(ll, H), EElp , 0) is a right nearring because of 

Corollary 34, and (Hom(G, H), EEl7l") is a group by Theorem 33. For 

x in Hom(G, H) and f, g in Hom(H, H), x 0 (f 0 g) = (x 0 f) 0 g 

follows from the Associativity Axiom for C. SO the first condition 

required for a conodule is satisfied. For x, y in Hom(G, ll) and f 

in Hom(ll, H), the diagram in Figure 2-15 and the properties of the 

cogroup object G together imply that (x EEl7l" y) 0 f = x 0 f EEl7l" Y 0 f. 

G 

I ~ 
----~) G EEl G 0(-( ---- G 1 (x, y) 

G 

xof 1 yof 

H 

Figure 2-15: Distributive Condition Diagram. 
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This means that the second condition for a complementary nodule is 

satisfied. Therefore, ((Hom(G, ll), ffi~), 0) is a complementary 

Hom(ll, ll)-nodule. 

Here again, the complementary nodule produced by this con

struction is a binodule (of right nearrings, however). The group 

Hom(G, ll) is a Hom(G, G) -nodule and a Hom(ll, ll) -conodule. In 

this case, (Hom(G, ll), EB~) represents a connection between the 

structures of two cogroup objects. 

Now, apply Corollary 37 to the category of groups in partic

ular. The cogroup objects in goP are the free groups. Let ~()() 

and ~(Y) denote the free groups on sets )( and Y, respectively. 

Then, (Hom(~()(), ~(Y)), ffi) is an End(~(Y) )OP-conodule. This 

complementary nodule consists of the set of group homomorphisms from 

~()() to ~(Y) along with the free addition relative to)(. Hence, 

if 1)(1) 1, then this free addition is not pointwise addition. 

In conclusion, examples of complementary nodules can be con

structed using either pairs of group objects or pairs of cogroup 

objects. For the complementary nodules produced in this way, both 

pointwise addition and free addition can arise naturally. Unlike 

in the case of nodules, this construction method for complementary 

nodules requires either two group objects or two cogroup objects. 

Hence, complementary nodules may be harder to find than nodules. 

However, one benefit of the modified construction method is that 

binodules are produced. These structures are, at least in form, 

analogous to ring bimodules. 
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2.4 STANDARD CONSTRUCTIONS APPLIED TO COMPLEMENTARY NODULES 

In Chapter 1, the definitions for nodules and complementary 

nodules were developed using the same procedure. In Sections 2 

and 3 of this chapter, general examples of nodules and complementary 

nodules were produced by related categorial constructions. With 

this much in common, it seems reasonable that constructions that can 

be applied to nodules could also be applied to conodules. 

Quotient, product, and sum constructions for complementary 

nodules are presented in this section. To begin with, some elemen

tary examples of complementary nodules are studied. These examples 

provide the building blocks for the constructions. The most obvious 

examples of complementary nodules are seen in: 

EXAMPLE 38: Suppose R is a ring and M is a left R-module. Then, 

M is a complementary R-nodule. 

The complementary R-nodule of this example satisfies an addi

tional condition, a second distributive law. This provides another 

reason for using the name "nodule" and not "near-module." By intro

ducing the new term, the name "near-module" can now be used for: 

DEFINITION 39: Suppose that N is a left nearring. Then, a left 

N-near-luodule is a pai~ (G, +), *), where (G, +) is a group and 

*: N x G ~ G is a function, which satisfies: 

i) (ab) * x = a * (b * x) , for all a, bEN and x E G; 

ii) a * (x + y) = a * x + a * y, 

iii) (a + b) * x = a * x + b * x, 

for all a E N and x, y E G; 

for all a, bEN and x E G. 
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For a left near-module, the nearring elements distribute over 

the near-module elements as with a complementary nodule. Also, the 

near-module elements distribute over the nearring elements as with a 

nodule. That is, a left near-module is a group together with a left 

scalar multiplication that has the characteristic properties of both 

a nodule and a comp1em'ental'Y nodule. This occurs for amicable com-

p1ementary nodules when the free addition is the same as pointwise 

addition. For instance, consider: 

EXAMPLE 40: Let Sa denote the symmetric group on three letters. 

A presentation for Sa is (a, b I 3a = 2b = 2(a + b) = 0). The group 

Sa has ten endomorphisms. Let E denote the set of two endomorphisms 

{(, O"} given in Table 2-12. 

x 

ax 0 a 2a b a+b 2a + b 

( 0 0 0 0 0 0 

0" 0 0 0 b b b 

Table 2-12: E -- Two Endomorphisms of Sa . 

. 
The singleton {b} is a support system for E. The free addi-

tion relative to {b} and composition for E are given in Tables 2-13 

and 2-14. 

(3 

a EBb (3 ( 0" 

( ( 0" 

0" 0" ( 

Table 2-13: Cayley Table for E Free Addition 

Relative to {b}. 
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(3 

01.0(3 , 0' , , , 
0' ( 0' 

Table 2-14: Composition Table for e. 

These last two tables show that (e, ffib ,' 0) is isomorphic to 

the two element field Z(2). SO the free addition relative to {b} 

coincides with pointwise addition. Also, the mapping from Z(2) to e 

given by 0 14 " 1 14 0' is a complementary representation. Taken all 

together, this implies that S3 is a left Z(2)-near-module. 

In fact, the near-module S3 satisfies all the conditions for a 

Z(2) vector space except that S3 is a nonabelian group. Hence, S3 
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might even be called a left near-vector space. ~ 

Another type of near-module is given in: 

DEFINITION 41: Suppose that N is a left nearring. Then, a right 

N-near-module is a pair (G, +), *), where (G, +) is a group and 

*: G x N ~ G is a function, which satisfies: 

i) x*(ab)=(x*a)*b, for all xEG and a, bEN; 

ii) (x + y) * a = x * a + y * a, for all x, y E G and a EN; 

iii) x * (a + b) = x * a + x * b, for all x E G and a, bEN. 

Hence, a right near-module is a group along with a right scalar 

multiplication that has simultaneously the characteristic properties 

of a nodule and a complementary nodule. This occurs for nodules 

when the image of the corresponding representation is contained in 

the opposite endomorphism semigroup of the underlying group. 



With these definitions, a near-module is a module when the 

nearring is a ring and the group is abelian. Can more interesting 

examples of near-modules be found? Do near-modules have any of the 

properties of modules that are lacking in nodules or complementary 

nodules? These are intriguing questions, but the objects of inter

est in this report are complementary nodules. 

Returning to complementary nodules, the next obvious kind of 

complementary nodule can be found in: 

EXAMPLE 42: Suppose that (N, +, .) is a left nearring. Then, 

( (N, +), .) is a complementary N -nodule. That is, for a, b in N, 

and 
(a· b) . x = a . (b· x) 

a· (x + y) = a' x + a . y 

for all x, y in N, and these are the conditions required for a com-
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plementary nodule. m 

This example points out a need for notation. In order to dis

tinguish between N as a left nearring, N as a N-conodule, and N 

as an N-nodule, an extension of the notation given in [1SJ for N

groups (i.e., N-nodules) is introduced here. For a left nearring 

N, let N with no subscript denote the nearring. The complementary 

nodule is denoted by NN. The nodule is denoted by NN' 

This notation is carried over to arbitrary nodules and com

plementary nodules. For a left nearring N and a group G, let NG 

indicate that N acts on G from the left, and so G is a comple

mentary N -nodule. Likewise, G N indicates that N acts on G from 



the right, and G is an lV-nodule. For a right nearring AJ, let 

MG still show that AJ acts on G from the left, but that G is an 

AJ-nodule. In the same way, G M shows that G is a complementary AJ

nodule. 

More examples of complementary nodules can be found within each 

left nearring. These are described using: 

DEFINITION 43: Suppose lV is a left nearring and L is a subgroup of 

lV+. If for all a in lV and 1 in L the product al belongs to L, then 
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L is called a left lV-subgroup. m 

DEFINITION 44: For a left nearring lV, a left ideal of lV is a left 

lV-subgroup that is also a normal subgroup of lV+. 

These two types of substructures yield conodules as in: 

EXAMPLE 45: Suppose that lV is a left nearring and L is a left 

lV-subgroup. Then, NL is a complementary lV-nodule. The nearring 

multiplication is a left scalar multiplication for L since L is a 

left lV-subgroup. Also, for a, b in lV, 

(ab)x = a(bx) 
and 

a (x + y) = ax + ay 

for all x, y in L because L is contained in lV. Thus, NL is a 

complementary lV-nodule. 

Left ideas are just special left lV-subgroups. Hence, every 

left ideal of lV is also a complementary AT-nodule. 



The fact that left ideals are complementary nodules is one way 

in which complementary nodules and nodules are dissimilar. To make 

this difference clear, recall: 

DEFINITION 46: Suppose that N is a left nearring and R is a sub

group of N+. If for all r in R and a in N the product ra belongs 
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to R, then R is called a right N -subgroup. II 

DEFINITION 47: Suppose N is a left nearring and J is a normal 

subgroup of N+. Then, J is called a right ideal of N provided that 

for all a, bin N and x in J, -ab+(a+x)b belongs to J. 

In general, for a left nearring N, the right ideals of N are 

not all right N-subgroups. The set of right ideals of N and the 

set of right N-subgroups are not related in any obvious way. (See 

[13; p.18].) However, if N is zerosymmetric, then the set of right 

ideals is contained -in the set of right N-subgroups. On the other 

hand, the set of left ideals is always contained in the set of left 

N -subgroups. 

At this point, it is convenient to record: 

DEFINITION 48: Suppose N is a left nearring and T is a subgroup of 

N+. If T is both a left and right N-subgroup, then T is called a 

(two-sided) N-subgroup. m 



DEFINITION 49: Suppose N is a left nearring and I is a normal 

subgroup of N+. If I is both a left and right ideal, then I is 

called a <two-sided) ideal of N. 

These definitions can be used to produce examples of binodules 

within left nearrings. This is done in: 

EXAMPLE 50: Suppose N is a left nearring and T is aN-subgroup 
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of N. Then, NNN and NTN are both N: N-binodules. If I is an 

ideal and if N is zerosymmetric, then N1N is a N: N-binodule also. I 

To return specifically to complementary nodules, left ideals 

can be used to produce other complementary nodules besides those as 

in Example 45. For a left nearring N and a left ideal L ot N, let 

NIL denote the quotient group of N+ by its normal subgroup L. That 

is, NIL = {a + L I a E N}. This quotient group is a complementary 

nodule in a natural way as demonstrated by: 

PROPOSITION 51: Suppose N is a left nearring and L is a left 

ideal of N. Then, (NIL, +), *) is a complementary N-nodule when 

* is given by b * (a + L) : = ba + L for all a, b in N. Ell 

PROOF: By a standard result of group theory, (NIL, +) is a group. 

To show that * is well-defined, suppose x, x' belong to N and that 

x + L = x' + L. This means that -x + x' E L. and so 

a(-x + x') = a(-x) + ax' = -(ax) + ax' E L 



for all a in N. Thus, ax + L = ax' + L, and so a * (x + L) = a * (x' + L) 

for all a in N. Consequently, * is well-defined. 

and 

For a, b in N, 

(ab) * (x+L) = (ab)x+L 

= a(bx) + L 

= a * (bx + L) 

=a* (b* (x+L)) 

a* (x +L) + (y +L)) = a* (x +y) +L) 

= a(x+y) +L 

= (ax+ay) +L 

= (ax + L) + (ay + L) 

= a * (x + L) + a * (y + L) 

for all x + L, y + L in N / L. Therefore, (N / L, +), *) is a comple-
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mentary N -nodule. III 

Once again, this differs from the situation with right ideals. 

In order to form a quotient nodule using a right ideal, the right 

ideal must also be a right N-subgroup. This is another reason for 

favoring zerosymmetric nearrings. 

Forming products is a standard construction method in algebra. 

This can be done with complementary nodules, as can be seen in: 

EXAMPLE 52: Suppose N is a left nearring and {G >. I ,\ E A} is 

a family of complementary N-nodules. Let IIG>. denote the product 



of the family of groups {Gtl ,\ E A}. Then, ((IIG,\, +), *) is a 

complementary N-nodule when * is given by a * (x,\) := (ax,\) for each 

a in Nand (x,\) in II G,\. 

Since each G,\ is a complementary nodule, * is well-defined. 

For a, b in N, 

and 

(ab) * (x,\) = (ab)x,\) 

= (a(bx,\)) 

a* (x,\) + (Y,\)) = a* (x,\ +y,\) 

= (a(x,\ + y,\)) 

for all (x,\), (y,\) in IIG,\. Therefore, IIG,\ is a complementary 

N-nodule. 

A third standard construction in algebra is the formation of 

weak direct products (which are also known as direct sums). This 

construction also applies to complementary nodules as in: 

EXAMPLE 53: Suppose N is a left nearring and {G,\ I ,\ E A} is 
w 

a family of complementary N-nodules. Let l: G,\ denote the weak 
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direct product of the family of groups {G1 I >. E A}. That is, 

E W 

G). := { (x).) E IT G). I x). = 0 for all but finitely many>. E A }. 

Then, ((EwG)., +), *) is a complementary nodule when * is given by 
W 

a * (x).) := (ax» for each a in N and (x).) in E G).. 

Since each G). is a complementary N-nodule, ax). E G). for each 

a in N and x). in G).. If x). = 0, then ax). = 0 also. Hence, if 

only finitely many x).'s of (x).) are nonzero, then only finitely many 
W 

Consequently, a * (x).) belongs to E G). 

for all a in N and (x).) in 
W E G)., and so * is well-defined. This, 

W 

together with the calculations in Example 52, implies that E G). is 
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a complementary N-nodule. m 

Compare Examples 52 and 53 with Section 1.55 of [15]. Given a 

family of nodules, their direct product is a nodule. However, their 

weak direct product is a nodule only when the family is finite or 

the nearring is zerosymmetric. The weak direct product of a family 

of complementary nodules is always a complementary nodule. 

This is another case where, in order to get some desirable 

result for nodules, it is necessary to require that the nearring 

be zerosymmetric. Simply stated, the reason for this is that nod

ules are not n-groups in the sense of [12] unless the nearring is 

zerosymmetric. 

This is somewhat of a disadvantage. Kurosh shows in [12J that 

many theorems of group theory hold for n-groups too. These include 

the usual isomorphism theorems, the correspondence theorem, the 

Jordan-Holder Theorem, and others. These results also show that 



there are distinguished substructures of n-groups: n-subgroups and 

ideals. 

One factor in favor of studying complementary nodules is that 

complementary nodules are n-groups. For a complementary nodule, 

each element of the nearring induces an endomorphism of the underly

ing group, and so the nearring is a semigroup of operators for this 

group. The distinguished substructures of complementary nodules 

when considered as n-groups are described in: 
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DEFINITION 54: Suppose that N is a left nearring and that G is a 

complementary N-nodule. A subgroup H of G is called aN-subgroup 

of G if for all a in N and x in H the product ax belongs to H. I 

DEFINITION 55: Suppose that N is a left nearring and that G is a 

complementary N -nodule. An N -subgroup H of G is an ideal of G if 

H is a normal subgroup of G. I 

Thus, for a left nearring N, an N-subgroup of the complemen

tary nodule NN is a left N-subgroup of the nearring N. An ideal 

of the complementary nodule NN is a left ideal of the left nearring 

N. As with left N-subgroups and left ideals of a left nearring N, 

the N-subgroups, ideals, and quotients of a complementary N-nodu1e 

are again complementary N-nodu1es. 

Finally, note that the following theorems for complementary 

nodules are consequences of the more general results about n-groups. 



THEOREM 56: First Isomorphislu Theorem. If a: G ~ H is an 

fV-homomorphism of complementary fV-nodules, then a induces an 

fV-ismomorphism from the quotient of G by the kernel of a to the 

image of a. 

THEOREM 57: Second IS01110rphislu Theorem. Suppose G is a com

plementary fV -nodule, H is an fV -subgroup of G, and I{ is an ideal 

of G. Then, I{ n H is an ideal of H, and 

H / (J{ n H) r.J (I( + H) / J{ 

as complementary fV-nodules. 

THEOREM 58: Third Isomorphism Theorelu. Suppose G is a com

plementary fV -nodule, Hand J{ are ideals of G, and J( ~ H . Then, 

H/I{ is an ideal of G/I{, and 

(G/I{)/ 
(H/J() 

as complementary fV-nodules. 

G/H 

THEOREM 59: The Correspondence Theorelu. Suppose G and H 

are complementary fV -nodules and a: G ~ H is a surj ecti ve N-

homomorphism. Then, a induces a one-to-one correspondence between 

the set of N-subgroups of G containing the kernel of a and the set 

of N-subgroups of H. Under this correspondence, ideals correspond 
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II 

to ideals. III 



CHAPTER 3: SPECIFIC EXAMPLES OF COMPLEMENTARY NODULES 

While Chapter 2 contains general methods for constructing com

plementary nodules, Chapter 3 is devoted to applying these general 

methods to specific cases. The starting point for Section 1 is the 

complementary nodule Hom(G, }{) from Corollary 2-35. An example of 

this type of complementary nodule is constructed in the category of 

sets using the group objects G = Z(2) and }{ = Z(3). The concept of 

a dual of a complementary nodule is then introduced, and the dual of 

Map(Z(2), Z(3») is computed. The section ends with an example of a 

nodule and its dual. 

Nodules and complementary nodules with elementary structures 

are studied in Section 2. These structures involve either the one 

element group or a trivial scalar multiplication (e.g., ax = 0 for 

all a and x). While the structures of these nodules and complemen

tary nodules are elementary, the structures of their duals are not. 

The duals are computed in this section, and this leads to a theorem 

analogous to the Peirce Decomposition Theorem for nearrings. 

Many more examples of complem~ntary nodules are needed. This 

task of finding examples is begun in Section 3. This final sec

tion contains tables of information for constructing complementary 

nodules and amicable complementary nodules. These conodules are 

all made up using cyclic groups of low order. Several examples are 

given to show how complementry nodules can be constructed using the 

tables. A brief study of the tables also reveals an easy result. 
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3.1 COMPLEMENTARY NODULES OF MAPPINGS. 

Suppose )( is a set and G and II are groups. In Example 1-5, 

it was shown that (Map(G, G), +, 0) is a left nearring. Later on in 

Chapter 2, it was noted that ((Map()(, G), +). 0) is a Map(G, G)

nodule and ((Map(G, ll), +), 0) is a complementary Map(G, G) -nodule. 

The natural question is: What are these structures for a specific 

choice of )(, G, and ll? 
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One such choice is considered in detail in this section. First, 

the nearring and the complementary nodule are examined in: 

EXAMPLE 1: Let G be the cyclic group of order two. The notation 

used here is G := Z(2) = {o, 1}. So Map(G, G) is Map(Z(2), Z(2)). 

There are four elements in Map(Z(2) , Z(2)), and they will be denoted 

by ao, a1, a2, and a3. These mappings are defined by: 

OHO OHO OH1 OH1 
ao : and a3: 

1HO 1 H 1 1HO 1 Hi 

The addition and multiplication (i.e., composition) Cayley 

tables for Map(Z(2) , Z(2)) are presented in Tables 3-1 and 3-2. 

ai + aj aO a1 

aO aO a1 

a1 a1 aO 

a2 a2 a3 

a3 a3 a2 

a' J 

a2 

a2 

a3 

aO 

a1 

a3 

a3 

a2 

a1 

aO 

Table 3-1: Cayley Table for Map(Z(2) , Z(2)) 

Addition. 



a' t 

aiaj 

aO 

ai 

a2 

a3 

aO 

aO 

aO 

aO 

aO 

ai 

aO 
ai 

a2 

a3 

a' J 

a2 a3 

a3 a3 

a2 a3 

ai a3 

aO a3 

Table 3-2: Cayley Table for Map(Z(2), Z(2)) 

Multiplication. 

One advantage of working with a small group is apparent; it 

is easy to determine facts about Map(Z(2), Z(2)) by inspecting the 

Cayley tables. The group Map(Z(2), Z(2))+ is isomorphic to the 

Klein 4-group Z(2) ffiZ(2). The zero of the nearring is ao, and ai is 

the identity. The nearring is neither commutative nor zero symmetric 

(e. g., a3aO = ao '/: a3 = aOa3 and aOa3 '/: ao). Hence, even though its 

underlying group is abelian, Map(Z(2), Z(2)) is not a ring. 

Let II be the cyclic group of order three. To distinguish 

between the elements of II and the elements of Z(2), multiplicative 

notation is used for ll. That is, II := C3 = {e, p, p2}. So the com

plementary Map(Z(2), Z(2))-nodule of interest here is Map(Z(2), C3)' 

There are nine elements of Map(Z(2), C3)' They are denoted xo, Xi, 

. . . , xs, and they are defined by: 

OH-e OH-e OH-e 
Xo xi x2 , 

1 H- e 1H-p 1 H- p2 

OH-p OH-p OH-p 
X3 X4 : X6 , 

1 H- e 1H-p 1 H- p2 
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Xa and Xa 
1 H e 

Table 3-3 is the Cayley table for Map(Z(2), C3) the addition. 

X· z 

Xi + Xj Xo xl x2 X3 

Xo Xo Xl x2 x3 

Xl xl x2 Xo x4 

x2 x2 Xo xl Xs 

X3 X3 X4 Xs Xa 

x4 X4 Xs x3 x7 

Xs Xs X3 x4 xa 

xa Xa x7 xa Xo 

X7 x7 Xs Xa xl 

Xa Xs xa X7 x2 

X· J 

X4 

X4 

Xs 

x3 

X7 

Xa 

xa 

xl 

X2 

Xo 

Xs 

Xs 

x3 

x4 

Xs 

Xa 

x7 

x2 

Xo 

xl 

Xa x7 Xs 

Xa x7 Xs 

x7 xa xa 

Xs xa x7 

Xo Xl X2 

Xl x2 Xo 

X2 Xo xl 

X3 x4 Xs 

x4 Xs X3 

Xs x3 x4 

Table 3-3: Cayley Table for Map(Z(2), C3) 

Addition. 

And Table 3-4 is the Cayley table for left multiplication of 

Map(Z(2), C3 ) by scalars from Map(Z(2), Z(2)). 

a' z 

aiXj Xo Xl x2 x3 

aO Xo Xo Xo x4 

al Xo Xl x2 x3 

a2 Xo x3 xa xl 

a3 Xo x4 xa Xo 

X· J 

x4 

x4 

x4 

x4 

x4 

Xs 

X4 

Xs 

x7 

Xs 

xa x7 Xs 

Xs Xs Xs 

xa X7 xa 

x2 Xs Xs 

Xo X4 Xs 

Table 3-4: Cayley Table for Multiplying 

Map(Z(2), C3 ) by Map(Z(2), Z(2)) Scalars. 

Once again, it is easy to determine facts about Map(Z(2), C3) 

from the Cayley tables. The zero of the group is Xo. Map(Z(2), C3) 

is isomorphic as a group to C3 x C3. This provides a prescription 
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for making C3 x C3 into a complementary nodule of the nearrings of 

Example 2-14. Finally, Map(Z(2) , C3) is a complementary nodule that 
'" 

Another advantage of using small groups is that this permits 

experimentation. For example, in the theory of rings, each module 

has a dual module. The dual of a right module is a left module and 

the dual of a left module is a right module. (See Appendix B.) Some 

of Frohlich's work indicates that duals for nodules make sense in 

the setting of categories and functors. What can be done along this 

line for specific nodules and complementary nodules? 

Suppose lV is a left nearring and G is a complementary lV

nodule. Following the example of modules over rings, the dual of G 

should be an lV-nodule. Let G* denote the dual of G. One logical 

choice for G* would be a subset of Map(G, lV). But the elements of 

G* should interact properly with the left scalar multiplication of 

G by lV. Using rings as a prototype, the elements of G* should be 

left lV-linear maps as defined in Section 2.1. Recall that if G and 

II are complementary lV-nodules, then MaPN(G, ll) denotes the set 

of left lV-linear mappings from G to ll. This serves as motivation 

for: 

DEFINITION 2: Suppose that lV is a left nearring and that G is a 

complementary lV-nodule. The dual of G, denoted G*, is the set of 

left lV-linear mappings MaPN(G, NlV). 
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This definition can be applied to the complementary nodule of 

Example 1, Map(Z(2), C3). The result is: 

EXAMPLE 3: Using Definition 2 exactly as stated gives 

Map(Z(2), C3)* = MaPMap(Z(2), Z(2» (Map(Z(2), C3), 

Map(Z(2), Z(2»Map(Z(2), Z(2))). 

So when the nearring and conodule are sets of mappings, the notation 

is quite cumbersome. Hence, from this point on, the tI*tI notation is 

used without elaboration to minimize confusion. 

There are nine elements in Map(Z(2) , C3 ), and Map(Z(2), Z(2)) 

has four elements. Hence, Map(Map(Z(2), C3 ), Map(Z(2), Z(2))) has 

94 = 6,561 elements. The question is, which of these mappings are 

left Map(Z(2), Z(2))-linear. 

One way to find the left Map(Z(2) , Z(2))-linear mappings is 

to check all 6,561 functions one by one. This is not an efficient 

method. A better way to find the left linear mappings is to use the 

linearity property itself to build up a description of them. For 

each f in Map(Z(2) , C3 )*, (ax)f = a(xf) for all a in Map(Z(2), Z(2)) 

and x in Map(Z(2) , C3). For a particular choice of a and x, this 

equation may put restrictions on f. All such restrictions can be 

combined to give a description of Map(Z(2) , C3 )*. 

To build up such a description of the dual, the choices for a 

and x are examined in eight cases and many subcases. Any subcase 

that yields a restriction is marked by 1I~.tI The calculations use 

the Cayley tables from Example 1. 
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CASE 1. x = Xo: axe E {xo} 

(axo)! = xo! = a(xo!) => xo! is fixed by all a's 

=> xo! E {ao, a3} 

CASE 2. X=Xi: aXiE{XO, Xi, X3, X4} 

{xo, 

Subcase 2a. aXi = XO: a = ao and (aoxi)! = xo! = ao(xi!) 

i) xo! = ao => ao = ao(xi!) => Xi! E {ao, ad 

ii) xo! = a3 => a3 = aO (Xi!) => Xi! E {a2, a3} 

Subcase 2b. aXi = xi: a = ai and (aixi)! = Xi! = ai (Xi!) 

This adds no restrictions. 

i) Xi! = ao => X3! = a2aO = ao +-

ii) Xi! = ai => X3! = a2ai = a2 +-

iii) Xi! = a2 => X3! = a2a2 = ai +-

iv) Xi! = a3 => X3! = a2a3 = a3 +-

Subcase 2d. aXi = x4: a = a3 and (a3xi)! = X4! = a3 (Xi!) 

i) Xi! = ao => X4! = a3aO = ao +-

ii) Xi! = ai => X4! = a3ai = a3 +-

iii) Xi! = a2 => X4! = a3a2 = ao +-

iv) Xi! = a3 => X4! = a3a3 = a3 +-

At this point, there are four possibilities for the images 

xi, X3, X4}: 

xo! = ao xo! = ao xo! = a3 xo! = a3 

Xi! = ao Xi! = ai Xi! = a2 Xi! = a3 

X3! = ao , X3! = a2 , X3! = ai , and X3! = a3· 

X4! = ao X4! = a3 X4! = ao X4! = a3 
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That is, the restrictions from the first two cases combine to 

limit the elements of Map(Z(2), 03) to these four types of mappings. 

As the remaining cases are considered, more restrictions are added. 

CASE 3. x = x2: aX2 E {xo, x2, Xa, xa} 

Subcase 3a. aX2 = xO: a = ao and (aox2)! = xo! = ao(x2!) 

i) xo! = ao =* ao = aO(x2!) =} X2! E {ao, ad 

ii) xo! = ag =* ag = ao (X2!) =* X2! E {a2' ag} 

Subcase 3b. aX2 = X2: a = al and (alx2)! = X2! = al (X2!) 

This adds no restrictions. 

Subcase 3c. aX2 = xa : a = a2 and (a2x2)! = xa! = a2 (X2!) 

i) X2! = ao =* xa! = a2aO = ao ~ 

ii) X2! = al =* xa! = a2al = a2 ~ 

iii) X2! = a2=* xa! = a2a2 = al ~ 

iv) X2! = ag =* xa! = a2ag = ag ~ 

Subcase 3d. aX2 = xa : a = ag and (agx2)! = xa! = ag (X2!) 

i) X2! = ao =* xa! = a3aO = ao ~ 

ii) X2! = al =* xa! = agal = ag ~ 

iii) X2! = a2 =* xa! = aga2 = ao ~ 

iv) X2! = ag =* xa! = agag = ag ~ 

With the restrictions from Cases 1, 2, and 3, there are eight 

possible forms for the elements of Map(Z(2) , Og)*. They are: 
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xo! = ao xo! = ao xo! = ao xo! = ao 

Xi! = ao Xi! = ao Xi! = ai Xi! = ai 

X2! = ao X2! = ai X2! = aO X2! = ai 

xg! = ao J xg! = aO J xg! = a2 J X2! = a2 J 

X4! = aO X4! = ao X4! = ag X4! = ag 

xs! = aO xs! = a2 xs! = aO xs! = a2 

xa! = aO xa! = ag xa! = ao Xa! = ag 

xo! = ag xo! = ag xo! = ag xo! = ag 

Xi! = a2 Xi! = a2 Xi! = ag Xi! = ag 

X2! = a2 X2! = ag X2! = a2 X2! = ag 

xg! = ai J xg! = ai J xg! = ag J and xg! = ag . 

X4! = ao X4! = ao X4!:: ag X4! = ag 

xs! = ai xs! = ag X6! = ai xs! = ag 

xa! = ao xa! = ag xs! = ao xa! = ag 

CASE 4. X = Xg: axg E {xo J xi J Xg J x41 
Subcase 4a. axg = x4: a = ao and (aoxg)! = X4! = ao (xg!) 

i) xg! = ao ::::} X4! = aoao = ao 

ii) xs! = ai ::::} X4! = aoa1 = ao 

iii) xs! = a2 ::::} X4! = aOa2 = ag 

iv) xs! = as ::::} X4! = aOag = ag 

Subcase 4b. axg = Xs: a = a1 and (a1xg)! = xg! = a1 (xg!) 

This adds no restrictions. 
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Subcase 4c. aX3 = xi: a = a2 and (a2x3)! = Xi! = a2 (X3!) 

i) X3! = ao :::::} Xi! = a2aO = aO 

ii) X3! = ai :::::} Xi! = a2ai = a2 

iii) X3! = a2 :::::} Xi! = a2a2 = ai 

iv) X3! = a3 :::::} Xi! = a2a3 = a3 

Subcase 4d. aX3 = Xo : a = a3 and (a3x3)! = xo! = a3 (X3!) 

i) X3! = ao :::::} xo! = a3aO = ao 

ii) X3! = ai :::::} xo! = a3ai = a3 

iii) X3! = a2 :::::} xo! = a3a2 = ao 

iv) X3! = a3 :::::} xo! = a3a3 = a3 

121 

Note that Case 4 puts no further restrictions on Map(Z(2) , C3 )*. 

CASE 5. x=x4: aX4E{X4} 

(ax4)! = X4! = a(x4!) :::::} X4! is fixed by all a's 

:::::} X 4! E {ao, a3 } 

CASE 6. X = Xs: axs E {X4' xs, X7, xa} 

Subcase 6a. axs = X4: a = ao and (aoxs)! = X4! = ao(xs!) 

i) xs! = ao :::::} X4! = aoao = ao ~ 

ii) xs! = ai :::::} X4! = aOai = ao ~ 

iii) xs! = a2 :::::} X4! = aOa2 = a3 ~ 

iv) xs! = a3 :::::} X4! = aOa3 = a3 ~ 

Subcase 6b. axs = Xs: a = ai and (ai x S)! = xs! = ai (xs!) 

This adds no restrictions. 



Subcase 6c. axs = x7 : a = a2 and (a2 x s) f = x7 f = a2 (xsf) 

i) xsf = ao => x7f = a2aO = ao +--

ii) xsf = al => x7f = a2al = a2 +--

iii) xsf = a2 => x7f = a2a2 = al +--

iv) x6f = a3 => x7f = a2a3 = a3 +--

Subcase 6d. axs = Xa: a = a3 and (a3 x s) f = xaf = a3 (xsf) 

i) xsf = ao => xaf = a3aO = ao +--

i:i) xsf = al => xaf = a3al = a3 +--

iii) xsf = a2 => xaf = a3a2 = ao +--

iv) xsf = a3 => xaf = a3a3 = a3 +--

After six cases, there are exactly eight possible elements in 

Map(Z(2) , C3 )*. These are described in Table 3-5. 

x· z 

xifj 
Xo 
Xl 
x2 

x3 

x4 
Xs 

xa 

x7 
xa 

fo f1 f2 f3 f4 fs fa h 
ao ao ao ao a3 a3 a3 a3 
ao aO al al a2 a2 a3 a3 
aO a1 aO al a2 a3 a2 a3 

aO aO a2 a2 al al a3 a3 
aO aO a3 a3 aO aO a3 a3 
aO a1 a2 a3 aO al a2 a3 
aO a2 ao a2 al a3 al a3 
aO a2 al a3 aO a2 al a3 
ao a3 ao a3 ao a3 aO a3 

Table 3-5: Elements of Map(Z(2), C3)*' 
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CASE 7. x = X6: aX6 E {xo, X2, X6, xa} 

Subcai3e 7a. axa = Xa: a = ao and (aoxa) f = xaf = ao (xaf) 

i) xaf = ao =} xaf = aoao = ao 

ii) xaf = al =} xaf = aOal = ao 

iii) xaf = a2 =} xaf = aOa2 = ag 

iv) xaf = ag =} xaf = aOag = ag 

Subcase 7b. aXa = Xa: a = al and (al Xa) f = xaf = al (xaf) 

This adds no restrictions. 

Subcase 7c. aXa = X2: a = a2 and (a2 x s) f = x2f = a2 (xsf) 

i) xsf = ao =} x2f = a2aO = ao 

ii) xaf = al =} x2f = a2al = a2 

iii) xaf = a2 =} x2f = a2a2 = al 

iv) xaf = ag =} x2f = a2ag = ag 

Subcase 7d. axa = Xo: a = ag and (agxa) f = xof = ag (xaf) 

i) xaf = ao =} xof = agaO = ao 

ii) xaf = al =} xof = agal = ag 

iii) xsf = a2 =} xof = aga2 = ao 

iv) xef = ag =} xof = agag = ag 

CASE S. x = X7: aX7 E {X4' xs, X7, xa} 

Subcase Sa. aX7 = Xa: a = ao and (aox7) f = xaf = ao (X7 f) 

i) x7f = ao =} xaf = aoao = ao 

ii) x7f = al =} xaf = aOal = ao 

iii) X7 f = a2 =} xaf = aOa2 = ag 

iv) x7f = ag =} xaf = aOag = ag 
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Subcase 8b. aX7 = x7: a = a1 and (a1 x7) f = X7 f = a1 (X7 f) 

This adds no restrictions. 

Subcase 8c. aX7 = Xs: a = a2 and (a2 x7) f = xsf = a2 (X7 f) 

i) x7f = ao =? xsf = a2aO = ao 

ii) x7f = a1 =? xsf = a2a1 = a2 

iii) X7 f = a2 =? xsf = a2a2 = a1 

iv) x7f = a3 =? xsf = a2a3 = as 

Subcase 8d. aX7 = X4: a = as and (asx7) f = x4f = as (X7 f) 

i) x7f = ao =? x4f = asao = ao 

ii) x7f = a1 =? x4f = aSa1 = as 

iii) X7 f :: a2 =? x4f = aSa2 = ao 

iv) x7f = as =? x4f = asas = as 

CASE 9. x = Xe : aXe E {xe} 

(axe)f = xef = a(xaf) =? xaf is fixed by all a's 

=? xaf E {ao, as} 

Hence, Cases 7, 8, and 9 add no further restrictions. Thus, 

Map(Z (2), Cs)* = {Ii I i = 0, ... , 7}, where the Ii's are the mappings 

given in Table 3-5. 

What is the structure of Map(Z(2) , C3)*1 Since Map(Z(2) , C3)* 

is a subset of Map(Map(ZC2), Cs), Map(Z(2), Z(2))) it inherits 

pointwise addition from the larger set. The results of pointwise 

addition of pairs of elements in Map(Z(2) , Cs)* are given in: 
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Ii + fj fo 11 12 f3 f4 fs f6 f7 
fo fo 11 12 f3 f4 f6 f6 f7 
11 11 fo fa f2 fs f4 f7 f6 
12 12 fa fo 11 f6 f7 f4 f6 
fa fa 12 11 fo h f6 fs f4 
f4 f4 fs f6 f7 fo 11 f2 f3 
fs f6 f4 h f6 f1 fo f3 f2 
f6 f6 f7 f4 fs f2 f3 fo 11 
h f7 f6 fs f4 fa f2 11 fo 

Table 3-6: Cayley Table for Map(Z(2) , C3)* 

Addition. 

This shows that Map(Z(2) , C3 )* is a group since it is a finite 

subset of Map (Map(Z (2) , C3), Map(Z(2), Z(2))) that is closed with 

respect to pointwise addition. In fact, Map(Z(2), C3 )* is isomor-

phic to the group Z (2) ffi Z (2) ffi Z (2) . 

For a moment, think of Map(Z(2) , Z(2)) and Map(Z(2) , C3)* 
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in general terms as a nearring and as a set of functions into that 

nearring, respectively. The left nearring Map(Z(2) , Z(2)) is also a 

Map(Z(2) , Z(2))-nodule. Hence, Map(Z(2), Z(2)) acts on Map(Z(2) , C3)* 

from the right in a natural way. That is, for each f in Map(Z(2) , C3)* 

and a in Map(Z(2) , Z(2)), define fa by x(fa) := (xf)a for all x in 

Map(Z(2) , C3 ). Table 3-7 is the Cayley table for this operation. 



fiaj aa a1 

fa fa fa 
!1 fa !1 
f2 fa h 
f3 fa fa 
f4 fa f4 
fs fa fs 
f6 fa f6 
f7 fa f7 

a' J 

a2 

h 
f6 
fs 
f4 

fa 
f2 
!1 
fa 

a3 

h 
f7 
h 
17 

h 
f7 
h 
f7 

Table 3-7: Cayley Table for Multiplying 

Map(Z(2) , C3 )* by Map(Z(2) , Z(2») Scalars. 

Map(Z(2), C3)* is closed under this operation, and so it is 

a right scalar multiplication of Map(Z(2) , C3) by Map(Z(2) , Z(2»). 

Also, for f in Map(Z(2), C3)* and ai, aj in Map(Z(2), Z(2)), 

x(f(aiaj») = (xf) (aiaj) 

= (xf)ai)aj 

= (x (fai) )aj 

= x (fai)aj) 

Each row of the scalar multiplication table gives a homomorphism 

from Map(Z(2) , Z(2)) to Map(Z(2) , C3 )*. Consequently, for any f in 

Map(Z(2) , C3)* and any ai, aj in Map(Z(2), Z(2)), 
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Therefore, Map(Z(2), C3 )* is a Map(Z(2), Z(2))-nodule. 

In this one example, the definitions inspired by ring modules 

work together in a satisfying manner. The dual of the complementary 

nodule Map(Z(2) , C3) is a nodule. Furthermore, Example 3 indicates 

how to prove: 

THEOREM 4: Suppose N is a left nearring and G is a complementary 

N -nodule. Then, the dual of G is an N -nodule in the natural way. 

That is, (G*, +), .) is an N-nodule where G* :=MapN(G, NN), where 

+ is pointwise addition of mappings, and where the right scalar 

multiplication is defined via: For each f in G* and a in N, fa is 
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m 

the mapping given by x(fa) := (xf)a for all x in G. III 

PROOF: First, let (: G ~ N be the zero mapping; that is, x( := 0 

for all x in G. Then, for any a in N, 

(ax)( = 0 = aO = a(xO 

for each x in G. Hence, G* is not the empty set. 

Moreover, G* is a nonempty subset of the group Map(G, N). 

For f, 9 in G* and a in N, 

(ax) (f - g) = (ax) f - (ax) 9 

= aCxf) - a(xg) 

= a(xf - xg) 

=a(xCf-g)) 

for each x in G. Thus, f - 9 belongs to G*, and so G* is a group. 



What remains is to check that the conditions required for a 

nodule hold. For f in G* and a, b in N, 

(ax) (fb) = (ax)f)b 

= (a(xf»)b 

= a(xf)b) 

=a(x(fb») 

for all x in G, and so fb is in G*. Hence, the right scalar multi

plication is well-defined. Once again, for f in G* and a, b in N, 

and 

x(f(ab») = (xf) (ab) 

= (xf) a)b 

= (x(fa»)b 

= x( (fa) b) 

x(f(a + b») = (xf) (a + b) 

= (xf)a + (xf)b 

= x(fa) + x(fb) 

= x(fa+ fb) 

for all x in G. That is, the natural right scalar multiplication 

fulfills the conditions for a nodule. Therefore, (G*, +), .) is, 
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indeed, an N-nodule. m 



Example 3 and Theorem 4 show that a little experimentation can 

lead to a little success. It is only natural to wonder if more ex

perimentation will produce more results. Going back to the example 

set by ring modules, the dual of a nodule should be a complementary 

nodule. In order for the mappings in the dual to interact properly 

with the right scalar multiplication, right lV-linear group homomor

phisms are needed instead of left lV-linear mappings. Remember that 

for a left nearring lV and an lV-nodule G, Hom(G, lV N) N denotes the 

set of all right lV-linear homomorphisms from G to lVN . With this 

in mind, consider: 

DEFINITION 5: Suppose lV is a left nearring and G is an N -nodule. 

The dual of G, denoted G*, is the set of right lV-linear homomor-
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phisms Hom(G, lV N) N. lit 

The left nearring of mappings Map(Z(2) , Z(2)) was used in 

Example 1 to construct an example of a small complementary nodule. 

A small Map(Z(2) , Z(2))-nodule is constructed in: 

EXAMPLE 6: Let S be a set of three 0 bj ects . To be specific, say 

S := {r, s, t}, where r, s, and t are just symbols. From the remarks 

after Corollary 2-31, Map(S, Z(2)) is a Map(Z(2) , Z(2))-nodule. 

What is the structure of this nodule? 

The set S has three elements, and Z(2) has two elements. So 

Map(S, Z (2)) contains 23 = 8 elements. Let Yo, Y1, . ., Y7 denote 

the elements of Map(S, Z(2)), and define the Yi'S by: 



rHO rHO rHO rHO 

Yo : 8 H 0, Yl : 8 H 0, Y2 : S Hi, yg : 8 Hi, 

tH 0 tH 1 tH 0 t Hi 

r Hi rH1 rH1 r H 1 

Y4 : 8 H 0, Y6 : S H 0, Y6 : S Hi, and Y7 : S H 1· 
tH 0 tH 1 tH 0 tH 1 

With these definitions, the Cayley table for Map(S, Z(2)) 

addition is Table 3-8. 

Yj 
Yi +Yj Yo Yl Y2 yg Y4 Y6 Y6 Y7 

yO Yo Yl Y2 yg Y4 Y6 Y6 Y7 
Yl Yl Yo yg Y2 Y6 Y4 Y7 Y6 
Y2 Y2 yg Yo Yl Y6 Y7 Y4 Y6 

Yi yg yg Y2 Yl Yo Y7 Y6 Y6 Y4 
Y4 Y4 Y6 Y6 Y7 Yo Yl Y2 yg 

Y6 Y6 Y4 Y7 Y6 Yl YO yg Y2 
Y6 Y6 Y7 Y4 Ys Y2 yg Yo Yl 
Y7 Y7 Y6 Y6 Y4 yg Y2 Yl YO 

Table 3-8: Cayley table for Map(S, Z(2)) 

Addition. 

This makes it clear that Map(S, Z(2)) is isomorphic to the 

group Z (2) EB Z (2) EB Z (2) . Hence, Map(S, Z (2)) and Map(Z (2), Cg)* are 

isomorphic as groups. Again, the right scalar multiplication that 

makes Map(S, Z(2)) a Map(Z(2), Z(2))-nodule comes from composition 

of functions. Table 3-9 is the Cayley table for this right scalar 

multiplication. 
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Yiaj aO 
Yo Yo 
Y1 Yo 
Y2 yO 

Yi Y3 Yo 
Y4 Yo 
Y5 Yo 
Y6 Yo 
Y7 Yo 

a1 
Yo 
Y1 
Y2 
Y3 
Y4 
Y5 
Y6 
Y7 

a' J 

a2 a3 
Y7 Y7 
Y6 Y7 
Y5 Y7 
Y4 Y7 
Y3 Y7 
Y2 Y7 
Y1 Y7 
yo Y7 

Table 3-9: Cayley Table for Multiplying 

Map(S, Z(2)) by Map(Z(2) , Z(2)) Scalars. 

In view of this scalar multiplication table, it is obvious 

that the mapping Yi ~ Ii for i = 0, ... , 7 is a Map(Z(2), Z(2))

isomorphism. Thus, Map(S, Z(2)) and Map(Z(2) , C3 )* are isomorphic 
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as Map(Z(2) , Z(2))-nodulesl II 

This gives two distinct, but isomorphic, nodules: Map(S, Z(2)) 

and Map(Z(2) , C3)*. The fact that Sand C3 each have three elements 

is the source of the similarity between these two nodules. Look 

back at Table 3-5. The set {xo, x4, xa} is a support system for 

Map(Z(2), C3)*' Also, all the images of {xo, X4, xa} are contained 

in {ao, a3}, which is a subgroup of Map(Z(2) , Z(2))+. Hence, each 

element of Map(Z(3) , C3)* is determined by a mapping from a set of 

three elements to a cyclic group of order two. 

This can be generalized to: 

THEOREM 7: If G and H are groups, then (Map(G, H)*, +), 0) and 

(Map(H, G), +), 0) are Map(G, G) -isomorphic nodules. 



PROOF: This proof is straightforward. To begin with, define 

a: Map(H, G) ~ Map(G, H)* via: For all Y in Map(H, G), ay is 

the mapping given by x(ay) := xy for all x in Map(G, H). Then, for 

x in Map(G, H) and y in Map(H, G), the mapping x(ay) belongs to 

Map(G, G) and 

(ax) (ay) = (ax)y = a(xy) = a(x(ay)) 

for any a in Map(G, G). This means that ay belongs to Map(G, H)*, 

and hence, a is well-defined. 

IJext, for each s in H, define s: G ~ H by ws := s for all w 

in G. For each u in G, let 11. denote the mapping from G to G given 

by w11. := u for all w in G. Then, sy = sy for any s in Hand y in 

Map(H, G) . Hence, for any y, z in Map(H, G), 

ay = az => s(ay) = s(az) for all s in H 

=> sy = sz for all s in H 

=> 
,.,.... ,.,.... 

for all s in H sy = sz 

=> sy = sz for all s in H 

=> y = z. 

So a is injective. 

To show that a is surjective, suppose f belongs to Map(G, H)*. 

Define Yj: H ~ G by sYj := O(sf) for all s in H. For any x in 

Map(G, H), 

w(x(aYj)) = (wx)Yj 

= O( (wx)f) 

= O( (wx) f) 
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= O(w(xj)) 

= (Ow) (xj) 

= w(xj) 

for all w in G. This means that x(aYj) = xj, and so aYj = j. 
llence, a is surjective. 

All that remains to be shown is that a is a right linear homo

morphism. For y, z in Map(H, G) and a in Map(G, G), 

and 
x(a(y+z)) =x(y+z) =xy+xz=x(ay) +x(az) =x(ay+az) 

x(a(ya)) = x(ya) = (xy)a = (x(ay))a = x((ay)a) 

for all x in Map(G, H). Hence, a(y+z) = ay+az and a(ya) = (ay)a. 

Consequently, a is a Map(G, G)-homomorphism. 
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Therefore, Map(H, G) is Map(G, G)-isomorphic to Map(G, H)*. m 

Note that the structure of the group H has no effect on the 

structure of the nodule Map(H, G). In fact, H could be replaced 

by any set S with IHI elements and a bij ection T/: H ~ S. The iso

morphism a above could then be defined via: For all y in Map(S, G), 

the mapping ay is given by x(ay) := xT/Y for all x in Map(G, H). 

This then explains the similarity observed above between the nodules 

Map(S, Z(2)) and Map(Z(2) , C3)*' 

To continue on with the search for complementary nodules, the 

dual of Map(S, Z(2)) is constructed in: 



EXAMPLE 8: Map(S, Z(2))*, the dua.l of the nodule Map(S, Z(2)), is 

Hom(Map(S, Z(2)), Map(Z(2) , Z(2))N)N where N := Map(Z(2) , Z(2)) 

in order to save space. The group Map(S, Z(2)) is isomorphic to ' 

Z(2) EB Z(2) EB Z(2), and the group ~ap(Z(2), Z(2)) is isomorphic to 

Z(2) EB Z(2). Hence, Hom(Map(S, Z(2)), Map(Z(2), Z(2))) contains 

43 = 64 elements. The problem is to find the right Map(Z(2) , Z(2))

linear homomorphisms. That is, for which a's in Hom(Map(S, Z(2)), 

Map(Z(2) , Z(2))) is a(ya) = (ay)a for all y in Map(S, Z(2)) and a in 

Map(Z(2), Z(2))? To answer this, the problem is divided into four 

cases. There is one case for each element of Map(Z(2) , Z(2)). In 

each case, a belongs to Map(S, Z(2))* and y belongs to Map(S, Z(2)). 

CASE 1: a = ao. Since YO is the zero of Map(S, Z(2)) and a is a 

homomorphism, 

a(yao) = avo = Yo = (ay)ao. 

So ao puts no restrictions on a. 

CASE 2: a = al . Here, 

and al puts no restrictions on a. 

CASE 3: a = a2. Examine the Cayley table for the right scalar mul

tiplication of Map(S, Z(2)) by Map(Z(2) , Z(2)). Note that for all y 

in Map(S, Z(2)), ya2 = Y + Y7. Also, Table 3-2 shows that for any a in 
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Map(Z(2), Z(2)), aa2 = a + a3. These facts together imply that 

and 
(ay)a2 = ay + a3. 

Consequently, aY7 = a3 for all a in Map(S, Z(2))*. 

CASE 4: a = a3. In this final case, 

and (ay)a3 = a3, 

and so the restriction aY7 = a3 from Case 3 is repeated. 

Thus, Map(S, Z(2))* = { a E Hom( Map(S, Z(2)), Map(Z(2), Z(2))) I 
aY7 = a3 }. This set can be described more clearly. The set {Y1, 

Y2, Y4} is a set of generators for the group Map(S, Z(2)). Since 

Y7 = Y1 + Y2 + Y4, 

for any a in Map(S, Z(2))*. Because the groups Map(S, Z(2)) and 

Map(Z(2), Z(2)) are both abelian groups with exponent two, aY1 and 

aY2 can be any elements of Map(Z(2), Z(2)). Substituting these 

values in the equation above determines aY4 and, consequently, a 

itself. For i = 0, 1, 2, 3 and j = 0, 1, 2, 3, let aij denote the 

homomorphism from Map(S, Z(2)) to Map(Z(2), Z(2)) determined by the 

three conditions: 

(i) 

(ii) 

r\,. ·Y4 = a· + a . + a3 ~ZJ Z J . (iii) 
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Then, Map(S, Z(2))* = {aij Ii, j = 0, 1, 2, 3}. 

The dual was defined with the hope that the dual of a nodule 

would be a complementary nodule. But aOO + aOO = ( the zero homo

morphism, and ( does not satisfy condition (iii). This means that 

Map(S, Z(2))* is not closed with respect to pointwise addition. 

Thus, in this case, the dual cannot be a complementary nodule if 

pointwise addition is used. 

However, {Yl, Y2} is a support system for Map(S, Z(2))* by 

virtue of the definitions of the aij's. Let ffi denote the free ad

dition on Map(S, Z(2))* relative to {Yl, Y2}. Table 3-10 is the 

Cayley table for this free addition. 

ffi aOO aOl 

aOO aOO aOl 

aOl aOl aOO 

a02 a02 a03 

a03 a03 a02 

al0 alO all 

all al1 alO 

a12 a12 a13 

a13 a13 a12 

a20 a20 a2l 

a2l a2l a20 

a22 a22 a23 

a23 a23 a22 

a30 a30 a3l 

a3l a3l a30 

a32 a32 a33 

ag3 a33 a32 

a02 a03 alO a11 a12 a13 a20 a2l a22 a23 a30 

a02 a03 QlO a11 a12 a13 a20 a2l a22 a23 a30 

a03 a02 all al0 a13 a12 a2l a20 a23 a22 a3l 

aOO aOl a12 a13 al0 all a22 a23 a20 a2l a32 

aOl aOO a13 a12 all al0 a23 a22 a2l a20 a33 

a12 a13 aOO aOl a02 a03 a30 a3l a32 a33 a20 

a13 a12 aOl aOO a03 a02 a3l a30 a33 a32 a2l 

alO all a02 a03 aOO aOl a32 a33 a30 a3l a22 

al1 alO a03 a02 aOl aOO a33 a32 a3l a30 a23 

a22 a23 a30 a3l a32 a33 aOO aOl a02 a03 alO 

a23 a22 a3l a30 a33 a32 aOl aOO a03 a02 al1 

a20 a2l a32 a33 a30 a3l a02 a03 aOO aOl a12 

a2l a20 a33 a32 a3l a30 a03 a02 aOl aOO a13 

a32 a33 a20 a2l a22 a23 al0 a11 a12 a13 aOO 

a33 a32 a2l a20 a23 a22 all alO a13 a12 aOl 

agO a3l a22 a23 a20 a2l a12 a13 al0 all a02 

a3l a30 a23 a22 a2l a20 a13 a12 a11 alO a03 

Table 3-10: Cayley Table for Map(S, Z(2))* 

Addition. 

a3l a32 a33 

a3l a32 a33 

a30 a33 a32 

a33 a30 a3l 

a32 a3l a30 

a2l a22 a23 

a20 a23 a22 

a23 a20 a2l 

a22 a2l a20 

all a12 a13 

alO a13 a12 

a13 al0 a11 

a12 all al0 

aOl a02 a03 

aOO a03 a02 

a03 aOO aOl 

a02 aOl aOO 
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This table shows that (Map(S, Z(2))*, ffi) is an abelian group, 

and every non-identity element of the group is of order two. Hence, 

(Map(S, Z(2))*, ffi) is isomorphic to Z(2) ffiZ(2) ffiZ(2) ffiZ(2). 

Thinking again in general terms, there is a natural action of 

Map(Z(2) , Z(2)) on Map(S, Z(2))* from the left since Map(Z(2) , Z(2)) 

is a complementary nodule. For each a in Map(Z(2) , Z(2)) and a in 

Map(S, Z(2))*, define the mapping aa by (aa)y := a(ay) for all y in 

Map(S, Z(2)). For ai, aj in Map(Z(2) , Z(2)) and a in Map(S, Z(2))*, 

and 

(aia) (yaj) = ai(a(yaj)) 

= ai ( (ay ) a j ) 

= (ai(ay) )aj 

= (aia)y)aj 

for all y, z in Map(S, Z(2)). Hence, aia belongs to Map(S, Z(2))*, 

and the natural action is a left scalar multiplication. The Cayley 

table for this left scalar multiplication is Table 3-11. 
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aa aOO aOl 

ao aOO aOO 

al aOO aOl 

a2 aOO a02 

a3 aOO a03 

a02 a03 al0 a11 a12 a13 a20 a2l a22 a23 a30 

a03 a03 aOO aOO a03 a03 aOO aOO a03 a03 a30 

a02 a03 al0 a11 a12 a13 a20 a2l a22 a23 a30 

aOl a03 a20 a22 a2l a23 al0 a12 a11 a13 a30 

aOO a03 a30 a33 a30 a33 a30 a33 a03 a33 a30 

Table 3-11: Cayley Table for Multiplying 

Map(S, Z(2))* by Map(Z(2) , Z(2)) Scalars. 

a3l a32 a33 

a30 a33 a33 

a3l a32 a33 

a32 a3l a33 

a33 a30 a33 

The Cayley tables for Map(S, Z(2))* are larger than previous 

Cayley tables, and it is more difficult to read information directly 

from them. However, the homomorphisms {aij Ii, j = 0, 1, 2, 3} are 

determined by the three conditions above. These conditions can be 

used to get the information that is needed about Map(S, Z(2))*. If 

a, a are in Map(Z(2), Z(2)) and aij is in Map(S, Z(2)), then 

(aa)aij)Yn = (aa) (aijYn) 

= a (a(aijYn) ) 

= a( (aaij)Yn) 

= (a (aaij) )Yn 

for Yn in {Yl, Y2}, and so (aa)aij = a(aaij)' If akl is also in 

Map(S, Z (2))*, then 

(a(aij EI1 akl) )Yn = a( (aij EI1 akl)Yn) 

= a( (aij + akl)Yn) 

= a (aijYn + aklYn) 

= a(aijYn) + a (ak/Yn) 

= (aaij)Yn + (aakl)Yn 
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= (aaij + aakl) Yn 

= (aaij ffi aakl)Yn 

for Yn in {Y1, Y2}, and hence, a (aij ffi akl) = aaij ffi aakl. This means 

that the left scalar multiplication satisfies all the conditions for 

a complementary nodule. 

Therefore, Map (8, Z(2))* with the free addition relative to 

{Y1, Y2} is a complementary Map(Z(2), Z(2))-nodu1e. 

In this example, the dual of a nodule is a complementary nod

ule when a free addition is used as the group operation. Recall 

that Map(Z(2), C3 )* is Map(Z(2), Z(2))-isomorphic to Map(8, Z(2)). 

So the dual of Map(Z(2), C3)* is Map(Z(2), Z(2))-isomorphic to 

Map(8, Z (2))* . That is, the double dual of the complementary nodule 

Map(Z(2), C3 ), denoted Map(Z(2), C3 )**, is again a complementary 

nodule. 

Additionally, Example 8 serves as motivation for: 

THEOREM 9: Suppose N is a left nearring and G is an N -nodule. 

If the dual of G has a support system 8, then G* is a complementary 

N-nodu1e. That is, (G*, ffi), .) is a complementary N-nodu1e where 

G* :=Hom(G, NN)N' where ffi is the free addition relative to 8, and 

where the left scalar multiplication is defined via: For a in Nand 
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a in G*, aa is the map given by (aa) x : = a (ax) for all x in G. iii 



PROOF: By assumption, S is a support system for G*, and so (G*, ffi) 

is a group. For all a, b in N and a in G*, 

and 

(aa) (x + y) = a(a(x + y)) 

= a(ax + ay) 

= a(ax) + a(ay) 

= (aa)x + (aa)y 

(aa) (xb) = a(a(xb)) 

=a(ax)b) 

= (a(ax))b 

= (aa)x)b 

for all x, y in G. This means that aa belongs to G*, and so the 

left scalar multiplication is well-defined. What remains to be 

shown is that the two other conditions for a complementary nodule 

are satisfied. For a, b in N and a in G*, 

(ab)a)x = (ab) (ax) 

= a(b(ax)) 

=a(ba)x) 

= (a(ba))x 

for all x in G. Hence, (ab)a=a(ba). Next, for all a in N and all 

a, f3 in G*, 
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(a(aEl1,8))s = a(aEl1,8)s) 

=a(a+,8)s) 

= a(as + ,8s) 

= a(as) + a(,8s) 

= (aa) s + (a,8) s 

= (aa + a,8)s 

= (aa EI1 a,8) s 

for each s in S. Consequently, a (a EI1,8) = aa EI1 a,8, and the conditions 

required of a complementary nodule are satisfied. 

Therefore, G* together with the free addition relative to S is 

a complementary iV-nodule. 

At this point, the duals of other nodules and complementary 

nodules could be examined; for example, Map(S, Z(2))**. Also, more 

nodules and complementary nodules of mappings could be constructed. 

These few examples, however, already raise many questions. When 

does the dual of a nodule have a support system? Are there any 

connections between nodules and their double duals? What about 

complementary nodules and their double duals? Are special results 

possible for special nodules and complementary nodules such as near

modules or near-vector spaces? 

However, remember that the purpose of this report is not to an

swer such questions. Rather, the purpose is to show that there are 

interesting complementary nodules and that these st~uctures merit 

further study. Hence, instead of continuing this line of examples 
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to more complicated complementary nodules, some elementary comple

mentary nodules are examined next in Section 2. These elementary 

complementary nodules are the complementary nodules with trivial 

scalar multiplications. It is surprising that even the study of 

trivial complementary nodules leads to interesting examples and 

results. 

Before going on to Section 2, however, two final results are 

presented in this section. These results illustrate a way in which 

complementary nodules highlight the difference between the theory of 

nearrings and the theory of rings. Also, they provide another pos

sible starting point for generalizing the Jacobson Density Theorem. 

The model for both of these results is the centralizer of a 

ring module. These results provide two ways of constructing left 

nearrings by using nodules and complementary nodules. The results 

are similar to Theorems 4 and 9. Also, compare them with Example 9 

of Chapter 2. 

THEOREM 10: Suppose N is a left nearring and G is a complemen

tary N-:-nodule. Then, (MaPN(G, G), +, 0) is also a left nearring. 
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Furthermore, G is a MaPN(G, G)-nodule. 1m 

PROOF: Recall that MaPN(G, G) = {f E Map(G, G) I (ax)f = a(xf) 

for all a E N and x E G}. Let ( denote the zero map from G to G; 

that is, x( : = 0 for all x in G. For any a in N, 

(ax)( = 0 = aO = a(xO 



for all x in G. Hence, ( belongs to MaPN(G, G), and so MaPN(G, G) 

is a nonempty subset of l1ap(G, G). 

and 

and 

For a in Nand f, 9 in MaPN(G, G), 

(ax) (f + g) = (ax) f + (ax) 9 

= a(xf) + a(xg) 

= a(xf + xg) 

=a(x(f+g)) 

(ax) (-f) = -(ax)f) 

=-(a(xf)) 

= a(-(xf)) 

= a(x(- f») 

(ax) (f 0 g) = (ax) f)g 

= (a(xf))g 

= a(xf)g) 

=a(x(fog)) 

for all x in G. Therefore, the set MaPN(G, G) is a subnearring of 

Map(G, G), and so (MaPN (G, G), +, 0) is a left nearring. 

Define the right scalar rnul tiplication of G by MaPN (G, G) in 

the natural way by x . f := xf for all x in G and f in MaPN(G, G). 
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By construction, (ax)· f = a(x· f) for all a in N, all x in G, and all 

f in MaPN(G, G). Also, for f, 9 in MaPN(G, G), 

and 
x· (f 0 g) = x (f 0 g) = (xf) 9 = (x· f) 9 = (x· f) . 9 

x· (f + g) = x(f + g) = xf + xg = x· f + x· 9 

for all x in G. Thus, G is a MaPN(G, G)-nodule. 

THEOREM 11: Suppose N is a left nearring and G is an N -nodule. 

If Hom(G, G) N has a support system S, then (Hom(G, G) N' 61, 0) is 

a left nearring when 61 is the free addition relative to S. Further, 
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in this case, G is a complementary Hom(G, G) N-nodule. Ell 

PROOF: Recall Hom(G, G) N = {a E Hom(G, G) I a(xa) = (ax)a for all 

x E G and a EN}. By assumption, Hom(G, G) N has a support system, 

and so (Hom(G, G)N' 61) is a group. Composition of homomorphisms 

gives Hom(G, G)N a semigroup structure. Only the left distributive 

law needs to be verified. For a, ~, , in Hom(G, G)N' 

(ao (,861,))s = a(~61,)s) 

= a(~ + ,)s) 

= a(~s + ,s) 

= a(~s) + a(,s) 

=(ao~)s+(ao,)s 

= (ao~+ao,)s 

= (a 0 ~ 61 a 0 ,)s 



for all s in S. Consequently, a 0 (f3 61 ,) = a 0 f3 61 a 0 " and the left 

distributi ve law holds. Therefore, (Hom(G, G) N' 61, 0) is a left 

nearring. 

The natural left scalar multiplication of G by Hom(G, G)N 

is given by a . x := ax for all a in Hom(G, G) N and x in G. By 

construction, a· (xa) = (a· x)a for all a in Hom(G, G) N' all x in 

G, and all a in N. Also, for a, f3 in Hom(G, G)N 

(a 0 (3) . x = (a 0 (3)x = a(f3x) = a(f3· x) = a' (f3. x) 
and 

a· (x + y) = a(x + y) = ax + ay = a' x + a· y 

for all x, y in G. Therefore, G is a complementary Hom(G, G) N

nodule. 
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Note that Hom(G, G)N is never empty, even if it has no sup

port system. The identity mapping of G always belongs to Hom(G, G)N' 

Also, if N is zerosymmetric, then the zero mapping of G belongs to 

Hom(G, G)N' too. 

3.2 TRIVIAL NODULES, TRIVIAL CONODULES, AND THEIR PROGENY 

For a given left nearring, there is only one way to make a 

nodule out of the one element group {a}. Likewise, there is only 

one way to make a complementary nodule out of {a}. In this report, 

such nodules and complementary nodules are called trivial. 

There are other complementary nodules that deserve the name 

trivial. These are the complementary nodules that consist of a 



group and a trivial left scalar multiplication. To be specific, for 

a left nearring lV and any group G, the left scalar multiplication 

gi ven by ax : = 0 for all a in lV and x in G makes G a complementary 

lV-nodule. The operation given by ax := x for all a in lV and x in 

G also makes G a complementary lV-nodule. These two left scalar 

mul tiplications are called trivial left scalar multiplications, and the 

complementary nodules they produce are also called trivial. 

Trivial nodules and trivial complementary nodules are examined 

in this section. Their duals and, when possible, their double duals 

are computed. The section concludes with a theorem analogous to the 

Peirce Decomposition Theorem for nearrings. To begin consider: 

EXAMPLE 12: Suppose lV is a left nearring and {O} is the group 

with only one element, O. There is exactly one right scalar mul

tiplication for {O} by lV, namely, Oa = 0 for all a in lV. With this 

operation, for any a, b in lV, 

O(ab) = 0 = ob = (Oa)b 
and 

o (a + b) = 0 = 0 + 0 = Oa + ob. 

Hence, {O} is an lV-nodule in exactly one way. 

Since the structure of {o} is apparent, it is easy to com

pute the dual of {o}. By definition, {O}* = Hom({O}, lVN)N' But 

Hom({O}, lV) contains only the zero homomorphism C. For any a in 

lV, C(Oa) = 0 E lV while (CO)a = Oa. Thus, C is a right lV-linear 

homomorphism if and only if 0 = Oa for all a in lV, that is, if and 
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only if lV is zerosymmetric. 

{o}* = {{(L 
0, 

This means that 

if lV is zerosymmetric; 

if lV is not zerosymmetric. 

This provides an example of a nodule with no dual at all! 

More can be done with {O}* when lV is zerosymmetric. In this 

case, {O} is a support system for {(}, and so {(} is a complementary 

lV-nodule. The only possible left scalar multiplication is a( = ( 

for all a in lV, and the free addition relative to {O} coincides with 

pointwise addition. This makes it clear that the one element group 

is also a complementary lV-nodule in exactly one way. 

Again, the simple nature of {(} makes it possible "to compute 

{(}* (which is also {O}**). By definition, {(}* = MaPN({(}' NlV). 

For each a in lV, define a: {(} --t lV by (a : = a. Then, Map( {(L lV) = 

{a I a E lV}. For b in lV, (bOa = (a = a and b((a) = ba. Hence, a 

is left lV-linear if and only if ba = a for all b in lV. But lV is 

zerosymmetric, and so 0 = Oa = a. This means that {(}* = {5}. Since 

{5} and {O} are both one element lV-nodules, they are lV-isomorphic. 

That is, {O}** "" {O} as lV-nodules. 

Although the original lV-nodule of Example 12 is trivial, it 

provides examples of two important properties. When lV is zerosym-

metric, {O}** is lV-isomorphic to {O}. What other nodules are lV-

isomorphic to their double duals? Of more importance at this point 

is what happens when lV is not zerosymmetric. Then, the dual of 

{o} is the empty set. Hence, the dual of {o} is definitely not a 
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complementary nodule in this case. When is the dual of a nodule not 

the empty set? An easy result in this direction is: 

PROPOSITION 13: Suppose that N is a left nearring and that G is 

an N-nodule with HomCG, N+) = {(}, where ( is the zero homomorphism 

from G to N. Then, 

G* = {{(}, 

0, 

if N is zerosymmetric; 

if N is not zerosymmetric. 

PROOF: This proof comes directly from Example 12. If ( is right 

N -linear, then G* = {(}. Otherwise, G* = 0. For any x in G and a 

in N, (Cxa) = 0 E N while C(x)a = Oa. Thus, ( is right N-linear 

if and only if 0 = Oa for all a in N, that is, if and only if N is 

zerosymmetric. 

It is also easy to supplement this result with: 

PROPOSITION 14: Suppose that N is a left nearring and that G is 
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an N-nodule. If N is zerosymmetric, then G* is not the empty set. i 

PROOF: The proof of Proposition 13 shows that ( is right N -linear 

when N is zerosymmetric. Hence, ( belongs to G*. 

Unfortunately, these easy results do not completely answer the 

question. Nevertheless, something was learned from examining the 

trivial nodule. The trivial complementary nodule is considered in: 



EXAMPLE 15: Suppose N is a left nearring. There is exactly one 

left scalar multiplication for {O} by N, namely, aO = 0 for all a in 

N . For a, b in N, 

(ab)o = 0 = aO = a(bO) 
and 

a(O + 0) = aO = 0 = 0 + 0 = aO + aO. 

So with this left scalar multiplication, {O} is a complementary N-

nodule. 

As in Example 11, {O}* can be computed. In this case, {O}* = 
{ j E Map({O}, N) I (aO)j = a(Oj) for all a EN} = {j E Map({O}, p) I 
oj = a(Oj) for all a EN}: The set {b E Nib = ab for all a EN} 

is an N -subgroup of N called the constant part of N. The constant 

part of N is denoted by Nc • Using the bar notation of Example 11, 

{O}* = {a I a E Nc}. For Cl, C2 in Nc and a in N, 

and 

and so Cl +C2 = Cl+C2 and Cla = Cla. Thus, {O}* is N-isomorphic 

to Nci that is, {O}* and Nc are isomorphic as N-nodules. When N 

is zerosymmetric {O}* = {a}, and this matches up with Example 11. 

But when N is not zerosymmetric, {O}* is not the one element group. 

Consequently, the constant part of N has added importance here. 

This leads to the dual of {O}*. Although {O}* is not the one 

element group, {O}** can still be calculated. By definition, {O}** = 

Hom({O}*, NN)N' For a in Hom({O}*, NN)N and c in Ne , 

a(c) = a(cc) = a(cc) = (ac)c= c. 
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Hence, if a is a right lV-linear homomorphism, then a is the inclu

sion homomorphism te: {o}* ~ lV which is given by tea := a for all a 

in lVe. That is, {o}** = {tel. Since {tel is a singleton set, {5} is 
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a support system for {te}, and so {tel is a complementary lV-nodule. 

Thus, {o}** and {a} are isomorphic as complementary lV-nodules since 

there is only one complementary lV-nodule for a one element group. I 

Once again, this is a case where the double dual is isomorphic 

to the original structure. 1his time, however, the original struc

ture is a complementary nodule. Example 15 also hints that for a 

:;' .. .3ft nearring lV, the class of all lV-nodules that have Ne as an lV

homomorphic image may have a special role in connection with duals. 

Rather than pursuing this futher, consider instead the other 

type of trivial complementary nodule. This type consists of the 

complementary nodules with nontrivial underlying groups, but with 

trivial left scalar multiplications. 

In order to facilitate the study of complementary nodules with 

trivial left scalar multiplications, it is expedient to introduce 

some notation. This notation is for the so-called Noetherian quo

tients. It is a merger and extension of that used in [4] and [13]. 

Suppose X, Y, and Z are sets and .: XxY ~ Z is an. operation (e.g., 

a nearring multiplication or scalar multiplication). Then, set 

(Z/Y)x :={xEXlx'YEZ for all yEY}. 

(For a mnemonic device, remember zy-l = x.) Also, set 

(X\Z) y : = { y E Y I x . Y E Z for all x EX}. 



(Here, the mnemonic is x-1 z = y.) When X or Y or Z consists of a 

single element, then the set brackets may be omitted. For example, 

if Z = {O}, then (O/Y) x := ({O}/Y) x and (X\O)y := (X\{O})y' 

In light of previous examples, it is best to begin the study 

of trivial scalar multiplications with a very simple example. So 

consider: 

EXAMPLE 16: Suppose N is a left nearring. Define a left scalar 

multiplication of Z(2) by N by ax := 0 for all a in N and x in 

Z(2). For a, b in N, 

(ab)x = 0 = aO = a(bx) 
and 

a(x + y) = 0 = 0 + 0 = ax + ay 

for all x, y in Z(2). Hence, with this left scalar multiplication, 

Z(2) is a complementary N-nodule. 

The dual of Z(2) is Z(2)* := MaPN(Z(2) , NN). For any a in N 

and j in Z(2)*, 

and 
a(Oj) = (aO) j = oj 

a(lj) = (al) j = OJ = a (OJ). 

Consequently, OJ belongs to Nc and a(-Oj + lj) = 0 for all a in N. 

Using the notation just introduced, -OJ + lj E (N\O) N' 

Conversely, suppose e belongs to Nc and Z belongs to (N\O)N 

and define [e, z]: Z(2) ~ N by: 

o [e, z] : = e 
and 

l[e,z]:=e+z. 
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Then, for any a in lV, 

(aO)[e, z] =O[e, z] =e=ae=a(O[e, z]) 

and 

(a1) [e, z] = 0 [e, z] 

=e 

= ae + az 

= a(e+z) 

= a (1 [e, z]), 

and so [e, z] belongs to Z(2)*. This means that Z(2)* = {[e, z] leE 

lVc and z E (lV\O) N} since f = [Of, - Of + 1f] for each f in Z(2)*. 

Thus, there is a bijection between Z(2)* and the set lVc X (lV\O)N 

given by [e, z] H (e, z) for all e in lVc and z in (lV\O)N' 

Look at lVc and (lV\O)N' Zero belongs to lVc , and so lVc is not 

the empty set. For any e, d in lVc , 

and 

a (e - d) = ae + a (-d) = ae - ad = e - d, 

a(eb) = (ae)b = eb, 

a (be) = ae = e = be 

for all a, b in lV. Hence, lVc is a two-sided lV-subgroup of lV. 

Also, for any y, z in (lV\O)N' 

a(y - z) = ay - az = 0 - 0 = 0, 

a(-b+z+b) =-ab+az+ab=-ab+ab=O, 
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and 
a(bz) = (ab)z = 0, 

a(-bc+ (b+z)c) = -abc+a(b+z)c 

= -abc + (ab + az)c 

= -abc+ abc 

=0 

for all a, b, c in lV. Since 0 belongs to (lV\O)N' these equations 

imply that (lV\O) N is a two-sided ideal of lV. But (lV\O) N is not 

a right lV-subgroup of lV unless lV is zerosymmetric, since for z in 

(lV\O)N and c in lVc\{O} 

a(zc) = (az)c = Oc = c 1: 0 

for any a in lV. 

Thus, lVc is a subgroup of lV+, and (lV\O)N is a normal subgroup 

of lV+. If x belongs to lVc n (lV\O) N' then 0 = Ox = x, and so lVc n 

(lV\O)N = {o}. All this implies that lVc + (lV\O)N = lVc ~ (lV\O)N' the 

internal semidirect product of the group (lV\O)N by the group lVc . 

Addition in lVc ~ (lV\O) N is given by: 

(C1 + Z1) + (C2 + Z2) = (q + C2) + (-C2 + Z1 + C2 + Z2) 

= (C1 + C2) + (z? + Z2) 

for all C1 + Z1, C2 + Z2 in lV ~ (lV\ 0) N . Here and henceforth, ZC denotes 

the conjugate of z by c. 

The semidirect product lVc ~ (lV\O) N is contained in lV. Hence, 

it is possible to multiply elements of this semidirect product by 
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elements of the nearring. Because lVe is a right lV-subgroup and 

(lV\O) N is a right ideal, for any c + z in lVe l>< (lV\O) N and a in lV, 

(c+z)a = ca+ (-ca+ (c+z)a) E lVe l>< (lV\O)N' 

Therefore, lVe l>< (lV\ 0) N is a right lV-subgroup, and so it is also an 

lV-nodule. 

This finally provides a familiar way for describing Z(2)*. 

For Ci, C2, in lVe and Zi, Z2 in (lV\O) N' 

and 

= Ci + C2 

= 0 [Ci + C2, z? + Z2] 

= Ci + Zi + C2 + Z2 

= Ci + C2 - C2 + Zi + C2 + Z2 

= Ci + C2 + z~2 + Z2 

= 1 [Ci + C2, z~2 + Z2] , 

and so [Ci, ztJ + [C2, Z2] = [Ci + c2, z? + Z2]. Furthermore, for c in lVe , 

z in (lV\O) N' and a in lV, 

O([c, z]a) = (O[c, z])a 

= ca 

=O[ca, -ca+(c+z)a] 

and 
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1([c, zJa) = (l[c, zJ)a 

= (c+z)a 

= ca - ca + (c + z)a 

=1[ca, -ca+(c+z)aJ, 

and hence, [c, z] a = [ca, - ca + (c + z)a] . 

Therefore, the lV-nodule Z(2)* is lV-isomorphic to the right 

lV -subgroup lVe ~ (lV\ 0) N . 

This seems like a good deal of work for a group as small as 

Z(2), but it pays off with a number of results. First of all, the 

right lV-subgroup lVe ~ (IV\O)N is, in fact, a two-sided lV-subgroup 

and, hence, an lV: lV -binodule. For a in lV and c + z in lVe ~ (lV\O) N' 

a(c+z) = ac+az = c E lVe C lVe ~ (lV\O)N. Thus, the dual of Z(2) is 

related to a binodule. This is a coincidence that could be explored 

further. 

Also, (lV\O)N is the part of the complementary lV-nodule NlV 

for which az = 0 for all a in lV. The other part of NlV, lVe , has 

the property that ac = c for all a in lV. Similar structures are 

contained in all complementary nodules, as can be seen from: 

PROPOSITION 17: Suppose that lV is a left nearring and that G is 

a complementary lV-nodule. Set ZedN(G) := (lV\O)G = {x E G I ax = 0 
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for all a E lV}. Then, ZedN (G) is an ideal of G. I 

PROOF: Since G is a complementary nodule, aO = 0 for all a in lV, 

and so 0 belongs to ZedN (G) . Hence, ZedN (G) is not the empty set. 



For w, z in ZedN (G), x in G, and b in N, 

a(w-z) =aw-az=O-O=O, 

a(-x + z + x) = -ax + az + ax = -ax + 0 + ax = 0, 

and a(bz) = aO = 0 

for all a in N. Therefore, ZedN (G) is an ideal of G. 

PROPOSITION 18: Suppose that N is a left nearring and that G is a 

complementary N -nodule. Set Gc : = {x E G I ax = x for all a EN}. 
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Then, Gc is an N -subgroup of G. L1 

PROOF: The set G c is never empty, since aO = 0 for all a in Nand 

so 0 belongs to Gc . For u, v in Gc and b in N, 

a(u - v) = au - av = u - v 
and 

a(bu) = (ab)u = u = bu 

for all a in N. Therefore, Gc is an N -subgroup of G. 

For a complementary N-nodule G, ZedN(G) n Gc = {O} since 

o = Ox = x for all x in ZedN(G) n Gc. Hence, Gc ~ ZedN(G) is an 

N-subgroup of G. In general, G,/:Gc ~ZedN(G). A more complete 

decomposition of G is gi~en at the end of this section. 

A final consequence of Example 16 is: 



PROPOSITION 19: Suppose N is a left nearring and G is a group. 

Then, G with the left scalar multiplication ax := 0 for all a in N 

and x in G is a complementary N-nodule. Also, G* is N-isomorphic 

to Nc I>< Mapo (G, ZedN (NN)) with the right scalar multiplication 

(e, z)b:= (eb, - eb + (e + .z)b) 

for all e in N c , z in MaPo(G, ZedN(NN)), and b in N. In this 

case, MaPo(G, ZedN(NN)):= {f E Map(G, ZedN(NN)) l'Of = O} 
and -eb + (e + ·z)b denotes the mapping from G to ZedN(NN) given by 

x 1-+ -eb + (e + xz) b for all x in G. 

PROOF: Verifying that G is a complementary N -nodule is easy. For 

a, b in N, 

(ab)x = 0 = aO = a(bx) 
and 

a (x + y) = 0 = 0 + 0 = ax + ay 

for all x, y in G. SO G is an N -conodule. 

Finding G* is more complicated, but it follows the form of 

Example 16. By definition, G* = MaPN (G, NN). For any a in N 

and f in G*, 

a(Of) = (aO)f = of 
and 

a(xf) = (ax) f = Of = a(Of) 

for all x in 0 \ {OJ. This means that of belongs to Nc . Also, 

a(-Of + xf) = 0 for all a in N and x in G \ {O}. Hence, -of + xf 

belongs to ZedN (NN) for all x in G \ {O}. 
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Conversely, suppose that c belongs to JVc and that z belongs to 

Mapo (G, ZedN (NJV) ), and define [c, z]: G ~ JV by 

x[c, z] :=c+xz 

for all x in G. Then, for any a in JV, 

(ax) [c, z] = O[c, z] 

= c+ Oz 

=c 

= ac + a(xz) 

=a(c+xz) 

= a(x[c, z]) 

for all x in G. Hence, [c, z] belongs to G*. This means that 

G* = {[c, z]lc E JVc and z E MaPo(G, ZedN(NJV))} since j = [OJ, ]] 

where x] : = -oj + xj for each j in G* and x in G. Thus, there is a 

bij ection between G* and the set JVc x Mapo (G, ZedN (NJV)) . 

Form the external semidirect product JVc ~MaPo(G, ZedN(NJV)) 

by defining addition on JVc x Mapo (G, ZedN (NJV)) via: For (C1, Z1), 

(C2, Z2) in JVcXMaPo(G, ZedN(NJV)), 

where ZC is the map given by x 1-+ -c + xz + c for all x in G. Since 

z belongs to MaPo(G, ZedN(NJV)), ZC also belongs to it. Conjugation 
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of each component xz by c is an automorphism of G, and so this con

jugation of elements of MaPo(G, ZedN(NlV)) by c is an automorphism 

of Mapo (G, ZedN (NlV) ) . Thus, lVc I>< Mapo (G, ZedN (NlV)) is a group. 

With the right scalar multiplication given in the statement of 

the proposition, for any a, b in lV, 

and 

(c, z) (ab) = (c(ab), - c(ab) + (c + ·z) (ab)) 

= ( ca) b , - (ca) b + ( c + . z) a ) b) 

= ( ca) b , - (ca) b + (ca - ca + (c + . z) a ) b) 

= (ca, - ca + (c + .z)a)b 

= (c, z)a)b 

(c, z)(a+b) = (c(a+b), -c(a+b) + (c+,z)(a+b)) 

= (ca + cb, - cb - ca + (c + . z) a + (c + . z) b) 

= (ca+cb, -cb+ (-ca+ (c+.z)a) +cb+ (-cb+ (c+.z)b)) 

= (ca, - ca + (c + . z) a) + (cb, - cb + (c + . Z ) b) 

= (c, z)a + (c, z)b 

for all (c, z) in lVcI><MaPo(G, ZedN(NlV)). Thus, with the prescribed 

right scalar multiplication, lVcI><MaPo(G, ZedN(NlV)) is an lV-nodule. 

As to G*, for [Ci, zd, [C2, Z2] in G* and b in lV, 
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and 

= Ci + C2 - c2 + XZi + c2 + XZ2 

= x [Ci + c2, . Z? + ·Z2] 

X( [Ci, Zi] b) = (x [Ci, zi])b 

= (Ci + xZ1)b 

= Cib - Ci b + (Ci + xZi)b 

= x [Cib, - Cib + (Ci + ·zi)bJ 

for all x in G. Hence, [Ci, Zi] + [C2, Z2] = [Ci + C2, . z? + ·Z2] and 

[Ci, zi]b= [Cib, -Cib + (Ci +·zi)b]. 

Therefore, the lV-nodule G* is lV-isomorphic to the lV-nodule 
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lVeI><MaPo(G, ZedN(NlV)). II 

For the lV-nodule G of Proposition 19, it is not clear what 

G** is in general. However, when ZedN(NlV) = {OJ, then G* is lV

isomorphic to lVe • In this case, G** = {te } as in Example 15. 

A complementary nodule with the other type of trivial left 

scalar multiplication is examined in: 

EXAMPLE 20: Suppose lV is a left nearring. Define a left scalar 

multiplication of Z(2) by lV via ax := x for all a in lV and x in 

Z(2). Fora, binlV, 

(ab)x = x = ax = a(bx) 
and 

a(x + y) = x + y = ax + ay 



for all x, y in Z(2). Thus, with this left scalar multiplication, 

Z(2) is a complementary lV-nodule. 

As in Example 16, Z (2) * = Map N (Z (2), NlV), but in this example 

for a in lV and f in Z(2)*, 

a(xf) = (ax) f = xf 

for each x in Z(2). Hence, xf belongs to lVc for each x in Z(2). 

If instead f belongs to Map(Z(2) , lVc) and a to lV, then 

a(xf) = xf = (ax) f 

for each x in G. Therefore, Z(2)* = Map(Z(2) , lVc). 

The computations for Example 20 were easier than for the first 

trivial left scalar multiplication that was examined. Nonetheless, 

it is still possible to extract the same kind of information from 

Example 20. For example, Map(Z (2), lVc) is lV -ismomorphic to lVc (JJ lVc . 

But lVc (JJ lVc is also an lV:lV-binodule because lVc is a two-sided 

lV-subgroup of lV. Thus, the dual of Z(2) is again related to a 

binodule. In addition, the analog of Proposition 19 is: 

PROPOSITION 21: Suppose lV is a left nearring and G is a group. 

Then, G is a complementary lV-nodule with the operation ax := x for 
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all a in lV and x in G. The dual of G is Map(G, lVc). I 

PROOF: This proof mirrors Example 20. For any a, b in lV J 

(ab)x = x = ax = a(bx) 

and 



a(x + y) = x + y = ax + ay 

for all x in G. SO G is a N-conodu1e. For a in Nand f in G* , 

a(xf) = (ax) f = xf 

for all x in G. If instead f is in Map(G, Nc) and a is in N, then 

a(xf) = xf = (ax) f 

for all x in G. Therefore, G* = Map(G, Nc). 

Thus, something can be gained by studying complementary nodules 

with trivial left scalar multiplications. These are all elementary 

results, but they do provide links between complementary nodules and 

nodules. In most of the results, the constant part of the near~ing 

plays an important role. 

Finally, recall that for a complementary N-nodu1e G, ZedN(G) 

and Gc give a partial decomposition of G. Define G z := {x E G I 
Ox = 0 }. Then, ZedN (G) is contained in G z . Also, using Gz instead 

of ZedN(G) leads to a complete decomposition of G analogous to the 

Peirce Decomposition Theorem for nearrings: 

PROPOSITION 22: Suppose that N is a left nearring and that e is 

an idempotent in N; that is, ee = e. For a complementary N-nodule 

G, set Gz(e) := {x E G I ex = O} and Gc(e) := {x E G I ex = x}. Then, 

G+ = Gc(e) ~ Gz (e) . 

In particular, if e = 0 and N is zero symmetric , then Gc is an 

N -subgroup of G and Gz is an ideal of G and G+ = Gc ~ G z . 

162 



PROOF: Since G is a complementary N -nodule, eO = 0, and so 0 

belongs to both Gc(e) and Gz(e). Hence, Gc(e) and Gz(e) are both 

nonempty sets. Also, if x belongs to both Gc(e) and Gz(e), then 

x = ex = O. Thus, Gc(e) n Gz(e) = {O}. 

For x, yin Gc(e) , e(x-y) =ex-ey=x-y, and so Gc(e) is a 

subgroup of G+. Likewise, if x, y belong to Gz(e) , then e(x - y) = 

ex - ey = 0 - 0 = 0, and Gz (e) is also a subgroup of G+. Moreover, if z 

is in Gz(e) and x is any element of G, then e(-x+z+x) = -ex+ez+ex = 

-ex + 0 + ex = O. This implies that Gz (e) is a normal subgroup of G+. 

To verify that Gc(e) and Gz (e) provide a decomposition of G, 

let x be an arbitrary element in G. Then, x = ex + (-ex + x), and 

e(ex) = (ee)x = ex 

and e(-ex + x) = e(-ex) + ex = (e(-e))x + ex = -ex + ex = o. 

Hence, ex belongs to Gc (e) and -ex + x belongs to G z (e). Therefore, 

the first part of the proposition holds. 

Finally, assume that e = 0 and N is zerosyrnrnetric. Then, 

Gz (e) = Gz (0) = Gz . The subgroup Gc(O) is {x E G I Ox = x}. But 

if Ox = x, then ax = a(Ox) = (aO)x = Ox = x for all a in N. Hence, 

Gc (0) = Gc , and Gc is an N -su.bgroup by Proposition 18. From the 

first part of this proof, G+ = Gc I>< Gz . What remains to be shown is 

that the normal subgroup Gz is an ideal of G. For a in N, 

O(ax) = (Oa)x = Ox = 0 

for all x in Gz . Thus, Gz is, indeed, an ideal of G. 
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3.3 CONSTRUCTING CONODULES USING SMALL CYCLIC GROUPS 

In the first two sections of this chapter, a few examples of 

complementary nodules were examined closely. In this section, the 

information needed to construct many more examples is summarized. 

The information is presented in sets of tables. There is one set 

of tables for each nontrivial cyclic group with order less than ten. 

Several examples are given to show how the information in the tables 

can be used to construct complementary nodules. 

Each set of tables contains three tables. The first table 

lists the endomorphisms for the group. All the values of each en

domorphism are given. The Cayley table for composition of these 

endomorphisms is next. The third table in each set describes the 

subsemigroups of the endomorphism semigroup. The following four 

examples show how to use the tables to construct complementary nod

ules. All of these examples use the tables for Z(8). 

To begin with, there is: 

EXAMPLE 23: The tenth endomorphism semigroup listed in Table 3-40 

is {ao, al, as}. From Table 3-38, these endomorphisms are given by 

aox = 0, alx = x, and a3x = 3x, 

respectively, for all x in Z(8). The Cayley table for composition 

of the three endomorphisms can be extracted from Table 3-39. It is 

given in Table 3-12. 
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ai 0 aj ao 

aO aO 
ai aO 

a3 aO 

a' J 

ai 

aO 
ai 
a3 

a3 

aO 
a3 

ai 

Table 3-12: Cayley Table for {ao, ai, a3} 

Composition. 

This is essentially the multiplication Cayley table for the 

ring of integers modulo three. That is, the mapping given by 

is a semigroup isomorphism from (Z(3), .) to ({ao, ai, a3}, 0), and 

hence, it is a complementary representation. Thus, Z(8) is a com-

plementary Z (3) -nodule with the scalar multiplication of Tabl·e 3-13. 

x 

ax 0 1 2 3 4 5 I 6 7 

0 0 0 0 0 0 0 0 0 
a 

1 0 1 2 3 4 5 6 7 

2 0 3 6 1 4 7 2 5 

Table 3-13: Cayley Table for Multiplying 

Z(8) by Z(3) Scalars. 

With this left scalar multiplication, Z(8) satisfies all of 

the axioms for a left Z(3) vector space, except that the elements of 

Z(8) do not distribute over the elements of Z(3). 

Also, this complementary representation provides a way of 

defining an addition on the subsemigroup {ao, ai, a3}. This sub-

semigroup is not closed under pointwise addition, and it has no 
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support system. However, the corepresentation is a bijection, and 

so the addition of Z(3) induces an addition on the endomorphism 

subsemigroup. Let m denote the induced addition. Table 3-14 is the 

Cayley table for EH. 

a' z 

a' EH a' % J 

ao 
ai 
ag 

ao 
ao 
ai 
ag 

a' J 

ai 
ai 
ag 

ao 

ag 

ag 

ao 
ai 

Table 3-14: Cayley Table for the Addition 

Induced on {ao, ai, ag}. 

Hence, a complementary representation can provide another way 

to define an addition on a semigroup of endomorphisms. In this 

example, the addition of endomorphisms induced by the complementary 
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representation is neither pointwise addition nor a free addition. I 

An amicable complementary nodule is constructed in: 

EXAMPLE 24: The ninth endomorphism semigroup listed in Table 3-40 

is {ao, ai}. The four in the "Support System" column of the table 

indicates that {4} is a support system for {ao, ad. The "N" in 

the "+" column indicates that the free addition relative to {4} is 

not pointwise addition. (fIN" is for No.) Table 3-15 is the Cayley 

table for the free addition on {ao, ai} relative to {4}. 



ai ED aj ao 

aO aO 
a1 a1 

a' J 

a1 
a1 
aO 

Table 3-15: Cayley Table for Free Addition 

on {ao, ad. 

Table 3-16 is the composition Cayley table for {ao, a1} ex-

tracted from Table 3-39. 

a' z 

ai 0 aj 

ao 
a1 

ao 

ao 
ao 

a' J 
a1 

ao 
a1 

Table 3-16: Cayley Table for {ao, a1} 

Composition. 

Hence, ({ao, a1}, ED, 0) is isomorphic to the ring of integers 

modulo two. So the mapping 0 ~ ao, 1 ~ a1 is a complementary 

representation. Consequently, Z(8) with the scalar multiplication 

of Table 3-17 is an amicable complementary Z(2)-nodule. 

a 

x 

ax 0 1 2 3 4 5 6 
0 0 0 0 0 0 0 0 

1 0 1 2 3 4 5 6 

Table 3-17: Cayley Table for Multiplying 

Z(8) by Z(2) Scalars. 

7 
0 

7 

Here again, Z(8) satisfies all the axioms of a left vector space, 

except that the group elements do not distribute over the field 

elements. 
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Looking over all the information tables together, it appears 

that amicable complementary nodules are rare. In fact, for n= 2,3, 

5, and 7, there are only three subsemigroups of End(Z(n)) that have 

support systems. This inspires: 

PROPOSITION 25: For each prime p, there are exactly three subsemi

groups of End(Z(p)) which have support systems. These subsemigroups 

are {(} (the zero endomorphism), {t} (the identity endomorphism), and 

End(Z(p)) itself. 

PROOF: Suppose 9 is a subsemigroup of (End(Z (p)), 0) and 9 has a 

support system S. If S = {O}, then 9 contains only one element. 

End(Z(p)) with the operations of pointwise addition and composition 

is isomorphic to the field Z(p). Consequently, with respect to com

position, End(Z(p)) has only two subsemigroups that contain exactly 

one element. These are {(} and {t}. So {O} is a support system for 

only these two subsemigroups. 

Alternatively, if Sf:. {O}, then there is an element x in S\{O}. 

The subgroup of Z(p) generated by x is Z(p) itself. Hence, 9 con-

tains at least p endomorphisms. But there are only p endomorphisms 

in End(Z(p)), and so g=End(Z(p)). 

Therefore, there are only three subsemigroups of End(Z(p)) that 

have support systems. 

Although the cyclic groups are the most convenient source for 

examples of complementary nodules, Proposition 25 indicates that 
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they are not the best source. In light of earlier examples, the di-

hedral groups and the symmetric groups may provide more interesting 

examples of amicable complementary nodules. 

Returning to the tables for the cyclic groups, there is: 

EXAMPLE 26: The eighth endomorphism semigroup listed in Table 3-40 

is {ai, a7}. From Table 3-39, the Cayley table for composition of 

{ai, a7} is Table 3-18. 

a" z 

ai 0 aj 

ai 
a7 

ai 

ai 

a7 

a" J 

a7 

a7 

ai 

Table 3-18: Cayley Table for {ai, a7} 

Composition. 

Neither {ai} nor {a7} is left invariant. Hence, neither can be 

the image of zero under a complementary representation. This means 

that no complementary nodule can be constructed using the semigroup 

{ai, a7}. This fact is indicated by a "No" in the "Conodule?" column 

of Table 3-40. 

Thus, not all subsemigroups of an endomorphism semigroup give 

rise to complementary nodules. The information tables also list 

endomorphism subsemigroups as in: 

EXAMPLE 27: {ao, a4, a6} is the seventh endomorphism semigroup 

listed in Table 3-40. The Cayley table for composition of this 

semigroup is Table 3-19. 
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ai 0 aj aO 

aO aO 
a4 aO 

aa aO 

a' J 

a4 

aO 
aO 

aO 

aa 

aO 
aO 

a4 

Table 3-19: Cayley Table for {ao, a4, aa} 

Composition. 

In the information tables, only the subsemigroups that clearly 

give rise to complementary nodules have been marked with a "Yes." 

It is not clear whether or not this subsemigroup is the homomorphic 

image of the multiplicative semigroup of any nearring. That is why 

th8re is a question mark in the "Conodule?" column of Table 3-40 for 

this entry. 

At last, here are the information tables for the cyclic groups: 

TABLES FOR Z (2) : 

x 

ax 0 1 

a ao 0 0 

a1 0 1 

Table 3-20: Endomorphisms of Z(2). 

ai 0 aj 

ao 
a1 --

ao 

ao 
ao 

a' J 

a1 

ao 
a1 

Table 3-21: Z(2) Composition Cayley Table. 
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Endomorphism Support 
Semigroup Conodule? System + 

ao Yes 0 Y 
al Yes 0 N 
ao, al Yes 1 Y 

Table 3-22: Complementary Nodule Information 

Table for Z(2). 

TABLES FOR Z(3): 

x 

ax 0 1 2 
ao 0 0 0 

a 
al 0 1 2 
a2 0 2 1 

Table 3-23: Endomorphisms of Z(3). 

a' z 

ai 0 aj 

ao 

al 

a2 

ao 

ao 

ao 
ao 

a' J 

al 

ao 

al 

a2 

a2 

ao 
a2 

al 

Table 3-24: Z(3) Composition Cayley Table. 

Endomorphism Support 
Semi group Conodule? System + 

ao Yes 0 Y 

al Yes 0 N 
ao, al Yes - -
al, a2 No - -
ao, al, a2 Yes 1 Y 

Table 3-25: Complementary Nodule Information 

Table for Z (3) . 

171 



TABLES FOR Z(4): 

x 

ax 0 1 2 3 

ao 0 0 0 0 

a a1 0 1 2 3 

a2 0 2 0 2 

a3 0 3 2 1 

Table 3-26: Endomorphisms of Z(4). 

a· z 

ai 0 aj 

ao 
a1 
a2 
a3 

ao 

ao 
ao 
ao 
ao 

a1 

ao 
a1 
a2 
a3 

a· J 

a2 a3 
ao ao 
a2 a3 
ao a2 
a2 a1 

Table 3-27: Z(4) Composition Cayley Table. 

Endomorphism Support 
Semigroup Conodule? System + 

ao Yes 0 Y 

a1 Yes 0 N 

aO, a2 Yes 1 Y 

a1, a3 No - -
aO, a1 Yes 2 N 

aO, a1, a3 Yes - -
aO, a1, a2 Yes - -
ao, a1, a2~ a3 Yes 1 Y 

Table 3-28: Complementary Nodule Information 

Table for Z(4). 
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TABLES FOR Z(5): 

ax 0 1 2 3 4 

ao 0 0 0 0 0 

ao 0 1 2 3 4 
a 

a2 0 2 4 1 3 

a3 0 3 1 4 2 

a4 0 4 3 2 1 

Table 3-29: Endomorphisms of Z(5). 

az 

ai 0 aj 

ao 
a1 
a2 
a3 
a4 

ao a1 

ao ao 
ao a1 
ao a2 
ao a3 
ao a4 

aJ 

a2 

ao 
a2 
a4 
a1 
a3 

a3 a4 

ao ao 
a3 a4 
a1 a3 

a4 a2 
a2 a1 

Table 3-30: Z(5) Composition Cayley Table. 

Endomorphism Support 
Semigroup Conodule? System 

ao Yes 0 

a1 Yes 0 

a1, a2, a3, a4 No -
a1, a4 No -
ao, a1 Yes -
ao, a1, a4 Yes -
aO, a1, a2, a3, a4 Yes 1 

+ 

Y 
N 
-
-
-
-
Y 

Table 3-31: Complementary Nodule Information 

Table for Z(5). 
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TABLES FOR Z(6): 

x 

ax 0 1 2 3 4 5 

ao 0 0 0 0 0 0 

a1 0 1 2 3 4 5 

a a2 0 2 4 0 2 4 

a3 0 3 0 3 0 3 

a4 0 4 2 0 4 2 

as 0 5 4 3 2 1 

Table 3-32: Endomorphisms of Z(6). 

a' z 

ai 0 aj 

ao 
a1 
a2 

a3 
a4 

as 

ao a1 
ao ao 
ao a1 
ao a2 

ao a3 
ao a4 
ao as 

a2 
ao 
a2 
a4 

ao 

a2 
a4 

a' J 

a3 a4 
ao ao 
a3 a4 
ao a2 

a3 ao 

ao a4 
a3 a2 

as 

ao 
as 
a4 

a3 
a2 
a1 

Table 3-33: Z(6) Composition Cayley Table. 
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Endomorphism Support 
Semigro,up Conodule? System + 

ao Yes 0 Y 

ai Yes 0 N 

a3 Yes 0 N 

a4 Yes 0 N 
a2, a4 No - -
ai, a6 No - -
aO, ai Yes 3 N 

aO, ag Yes 1 Y 

ao, a4 Yes - -
ao, a2, a4 Yes 1 Y 

ao, ai, a6 Yes 2 N 
a1, ag Yes - -
ai, a4 Yes 3 N 
ai, a2, a4 No - -
aO, ag, a4 ? - -
ao, a2, ag, a4 ? - -
ai, ag, a6 Yes 2 N 
ai, a2, a4, a6 No - -
aO, ai, ag ? - -
ao, ai, a4 ? - -
ao, ai, a2, a4 ? - -
aO, ai, ag, as ? - -
aO, ai, a2, a4, as ? - -
ao, ai, ag, a4 ? - -
aO, ai, a2, ag, a4 ? - -
ao, ai, a2, ag, a4, as Yes 1 Y 

Table 3-34: Complementary Nodule Information 

Table for Z(6). 



TABLES FOR Z (7) : 

a' z 

ao 
a1 
ai, 

ai, 
ai, 

ao, 
aO, 

aO, 

aO, 

x 
ax 0 1 2 3 4 5 6 

ao 0 0 0 0 0 0 0 

a1 0 1 2 3 4 5 6 

a2 0 2 4 6 1 3 5 
a a3 0 3 6 2 5 1 4 

a4 0 4 1 5 2 6 3 

a6 0 5 3 1 6 4 2 

a6 0 6 5 4 3 2 1 

Table 3-35: Endomorphisms of Z(7). 

ai 0 aj ao a1 a2 

ao ao ao ao 
a1 ao a1 a2 
a2 ao a2 a4 
a3 ao a3 a6 
a4 ao a4 a1 
a6 ao a6 a3 
a6 ao a6 a6 

"_ .. 

a' J 
a3 

ao 
a3 
a6 
a2 
a6 
a1 
a4 

a4 a6 

ao ao 
a4 a6 
a1 a3 
a6 a1 
a2 a6 
a6 a4 
a3 a2 

Table 3-36: Z(7) Composition Cayley Table. 

Endomorphism Support 
Semi group Conodule? System 

Yes 0 

Yes 0 

a2, a4 No -
a2, a3, a4, a6, a6 No -
a6 No -
a1 Yes -
ai, a2, a4 Yes -
ai, a2, a3, a4, a6, a6 Yes 1 

ai, a6 Yes -

Table 3-37: Complementary Nodule Information 

Table for Z (7) . 
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a6 

ao 
a6 
a6 
a4 
a3 
a2 
a1 

+ 
Y 
N 

-
-
-
-
-
Y 
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TABLES FOR Z (8) : 

x 

ax 0 1 2 3 4 5 6 

ao 0 0 0 0 0 0 0 

a1 0 1 2 3 4 5 6 

a2 0 2 4 6 0 2 4 

a a3 0 3 6 1 4 7 2 

a4 0 4 0 4 0 4 0 

as 0 5 2 7 4 1 6 

aa 0 6 4 2 0 6 4 

a7 0 7 6 5 4 3 2 

Table 3-38: Endomorphisms of Z(8). 

ai 0 aj ao a1 a2 
ao ao ao ao 
a1 ao a1 a2 
a2 ao a2 a4 
a3 ao a3 aa 
a4 ao a4 ao 
as ao as a2 
aa ao aa a4 
a7 ao a7 aa 

a3 

ao 
a3 
aa 

a1 

a4 

a7 

a2 
as 

a' J 

a4 as 
ao ao 
a4 as 
ao a2 

a4 a7 

ao a4 

a4 a1 

ao aa 
a4 a3 

7 

0 

7 

6 

5 

4 

3 
2 

1 

aa 

ao 
aa 
a4 
a2 

ao 

aa 

a4 
a2 

Table 3-39: Z(8) Composition Cayley Table. 
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a7 
ao 
a7 
aa 

as 
a4 

a3 

a2 
a1 
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Endomorphism Support 
Semi group Conodule? System + 

ao Yes 0 Y 
a1 Yes 0 N 
aO, a2, a4 ? - -
a1, aa No - -
aO, a4 Yes 1 Y 

a1, as No - -
ao, a4, a6 ? - -
a1, a7 No - -
ao, a1 Yes 4 N 
aO, a1, aa Yes - -
aO, a1, as Yes - -
aO, a1, a7 Yes - -
aO, a1, a2, a4 ? - -
ao, a1, a4 ? - -
aO, a1, a4, a6 ? - -
ao, a1, a2, aa, a4, a6 ? - -
aO, a1, a2, a4, as ? - -
aO, a2, a4, a6 Yes 1 Y 
aO, a1, a2, a4, a6, a7 ? - -
aO, a1, as, a4 Yes - -
a1, as, as, a7 No - -
aO, a1, a4, as Yes - -
aO, a1, a4, a7 Yes - -
ao, a1, a4, as, a6 ? - -
aO, a1, as, as, a7 ? - -
ao, a1, a2, a4, a6 ? - -
aO, a1, a2, as, a4, as, a6, a7 Yes 1 Y 

aO, a1, a2, a4, as, a6 ? - -
ao, a1, as, a4, as, a7 ? - -

Table 3-40: Complementary Nodule Information 

Table for Z (8) . 



TABLES FOR Z(9): 

x 

ax 0 1 2 3 4 5 6 

ao 0 0 0 0 0 0 0 

a1 0 1 2 3 4 5 6 

a2 0 2 4 6 8 1 3 

a3 0 3 6 0 3 6 0 
a 

a4 0 4 8 3 7 2 6 

as 0 5 1 6 2 7 3 

aa 0 6 3 0 6 3 0 

a7 0 7 5 3 1 8 6 

as 0 8 7 6 5 4 3 

Table 3-41: Endomorphisms of Z(9). 

a' z 

ai 0 aj 

ao 
a1 
a2 

a3 

a4 
as 
as 
a7 
as 

ao 

ao 
ao 
ao 

ao 

ao 

ao 

ao 

ao 
ao 

a1 a2 

ao ao 

a1 a2 
a2 a4 

a3 as 
a4 as 
as a1 
as a3 

a7 as 
as a7 

a3 

ao 

a3 
as 
ao 

a3 
as 
ao 

a3 
as 

a' J 

a4 

ao 

a4 
as 

a3 

a7 
a2 

aa 

a1 
as 

as as 
ao ao 
as as 
a1 a3 
as ao 

a2 as 
a7 a3 

a3 ao 

as as 
a4 a3 

7 

0 

7 
5 

3 

1 

8 

6 

4 

2 

a7 

ao 

a7 
as 
a3 
a1 

as 

as 
a4 
a2 

Table 3-42: Z(9) Composition Cayley Table. 
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8 

0 

8 

7 

6 

5 

4 

3 

2 

1 

as 

ao 
as 
a7 

as 
as 
a4 

a3 

a2 
a1 
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Endomorphism Support 
Semigroup Conodule? System + 

ao Yes 0 Y 
ai Yes 0 N 

ai, a2, a4, a6, a7, as No - -
aO, a3 Yes - -
ai, a4, a7 No - -
aO, a6 Yes - -
ai, a7 No - -
aO, ai Yes - -
aO, ai, a2, a4, a6, a7, as ? - -
aO, ai, a4, a7 Yes - -
aO, ai, as Yes 3 N 

aO, ai, a3 Yes - -
aO, ai, a6 Yes - -
aO, ai, a2, a3, a4, a6, a6, a7, as Yes 1 Y 
aO, ai, a3, a4, a7 ? - -
aO, a3, a6 Yes 1 Y 
aO, ai, a3, as, as ? - -
aO, ai, a4, as, a7 ? - -
aO, ai, a3, a6 ? - -
aO, ai, a3, a4, a6, a7 ? - -

Table 3-43: Complementary Nodule Information 

Table for Z(9). 



APPENDIX A: REMARKS ON MIXING LEFT AND RIGHT NEARRINGS 

Different authors use different types of nearrings. Some 

consistently use only left nearrings, while others use only right 

nearrings. Some authors use both types together. This mixing to

gether of left and right nearrings is occasionally unavoidable, but 

it can lead to difficulties. 

Sometimes the distinction between the two types of nearrings 

appears insignificant. Compare, for example: 

DEFINITION 1: Suppose (N, +, .) and (M, EB, 8) are left near

rings. A function a: N ~ M is called a nearring homonl0rphislTI 

if it satisfies: 

i) a(a+b) = aaEBab, 

and ii) a(a· b) = aa 8 ab, 

for all a, bEN 

for all a, bEN. 

DEFINITION 2: Suppose (N, +, .) and (M, EB, 8) are right near

rings. A function a: N ~ M is called a nearring homomorphism if 

it satisfies: 

i) a(a + b) = aa EB ab, 

and ii) a(a· b) = aa 8 ab, 

for all a, bEN 

for all a, bEN. 

However, in other situations the properties of the two types of 

nearrings differ greatly. For example: 
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PROPOSITION 3: Suppose N is a left nearring. Then, 

i) aO = 0 

and ii) a(-b) = -Cab) for all a, b in N. 

PROOF: Since the left distributive law holds in N, aO = a(O + 0) = 

aO+aO, and so aO=O. It follows that O=aO=a(b+(-b))=ab+a(-b), 

182 

and hence, -Cab) = a(-b). II 

PROPOSITION 4: Suppose N is a right nearring. Then, 

i) Oa = 0 

and ii) (-a)b = -Cab) for all a, b in N. 

PROOF: Since the right distributive law holds in N, Oa = (0 + O)a = 

Oa + Oa, and so Oa = o. It follows that 0 = ob = (a + (-a))b = ab + (-a)b, 

and hence, -Cab) = (-a)b. III 

These two simple propositions do show, however, that it is 

straightforward to translate a result and its proof for one type 

of nearring into the corresponding result and proof for the other 

type. Consequently, in this report, definitions and results are 

usually stated for only one type of nearring; left nearrings are 

used consistently to minimize confusion. In all cases, it is made 

clear which type of nearring is being used. 



APPENDIX B: DUAL HODULES FOR RING HODULES 

In Chapter 3, dual modules for nearring modules are developed. 

This development uses dual ring modules as a model. The definitions 

for dual ring modules are recorded here, along with two results. 

These definitions and results are both elementary and well-known. 

They are included in this report for the sake of completeness and 

for easy comparison with their analogs in Chapter 3. 

The notation used in this appendix is consistent with the 

notation introduced in Chapters 1 and 2. Specifically, if R is a 

ring and B, C are left R-modules. then the set of (left) R-linear 

homomorphisms is defined by 

HomR(B, C) := {a E Hom(B, C) I a(ax) = a(ax) for all a E R and x E B}, 

where Hom(B, C) denotes the set of all group homomorphisms from B 

to C. Likewise, if R is a ring and B, C are right R-modules, then 

the set of (right) R-linear homomorphisms is defined by 

Hom(B, C) R := {a E Hom(B, C) I a(xa) = (ax)a for all a E R and x E B}. 

With this notation, for left modules there is: 

DEFINITION 5: Suppose R is a ring and B is a left R-module. The 

dual of B, denoted B*, is HomR (B, R) the set of all left R-linear 

homomorphi sms from B toR. 

And for right modules, there is: 
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DEFINITION 6: Suppose R is a ring and C is a right R-module. The 

dual of C, denoted C*, is Hom(C, R) R the set of all right R-linear 
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homomorphisms from C to R. iii 

These two definitions are almost identical in form. The dis

tinction between the two types of duals is hidden in the notation. 

For a left R-module B, 

B* = {a E Hom(B, R) I a(ax) = a(ax) for all a E R and x E B}, 

while for a right R-module C, 

C* = {a E Hom(C, R) I a(xa) = (ax)a for all x E C and a E R}. 

To bring this into agreement with the distinction made between endo

morphism rings and opposite endomorphism rings, for a left R-module 

B think of B* as a subset of MaPR (B, R) that happens to consist 

entirely of homomorphisms. Then, 

B* = {f E Map(B, R) I (ax)f = a(xf) and (x + y)f = xf + yf 

for all a E R and x, y E B }. 

Here again, this is a minor distinction in the case of rings, but it 

is of some importance for nearrings. 

The following two propositions go beyond notation and make 

connections between left modules, right modules, and duals. 



PROPOSITION 7: Suppose that R is a ring and B is a left R-module. 

Define a right scalar multiplication *: B* x R ~ B* via: For all f 

in B* and a in R, f*a is the mapping given by x(f*a) := (xf)a for 

all x in B. Then, (B*, +), *) is a right R-module. 

PROOF: This proof is straightforward. First, suppose f belongs to 

B*; that is, f is an R-linear homomorphism from B to R. For any 

a, b in R, 

and 

(x+y)(f*a) = (x+y)f)a 

= (xf + yf)a 

= (xf)a + (yf)a 

= x (f * a) + y (f * a) 

(bx) (f * a) = (bx) f)a 

= (b(xf))a 

= b( (xf)a) 

= b(x(f*a)) 

for all x, y in B. Hence, f * a is in B*, and so * is well-defined. 

Next, it is necessary to show that (B*, +) is an abelian group. 

For f, g in B* and a, b in R, 

(x + y) (f + g) = (x + y) f + (x + y) g 

=xf+yf+xg+yg 
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and 

and 

= xf + xg + yf + yg 

=x(f+g) +y(f+g) 

(bx) (f + g) = (bx)f + (bx)g 

= b(xf) + b(xg) 

= b(xf + xg) 

=b(x(f+g)) 

x(f + g) = xf + xg = xg + xf = x(g + f) 

for all x, y in B since B is abelian. Hence, pointwise addition is 

a commutative binary operation on B*. Define (: B ~ R by x( : = 0 for 

all x in B. Also, for f in B* define - f: B ~ R by x(- f) := -(xf) 

for all x in B. Then, for b in R, 

and 

and 

and 

(x + y) ( = 0 = 0 + 0 :: x( + y( 

(bx)( = 0 = bo = b(xO 

(x+y)(-f) = -(x+y)f) 

= -(xf+yf) 

= -yf - xf 

= -xf - yf 

= x ( - f) + y ( - f) 
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(bx) (-f) = -(bx)f) 

:: - (b(xf)) 

= b(-(xf)) 

= b(x(-f)) 

for all x, y in B, and hence, , and - f belong to B*. Also, 

and 

xC, + f) = x, + xf = 0 + xf = xf, 

x(f + 0 = xf + x, = xf + 0 = xf, 

x(f+ (-f)) =xf+x(-f) =xf-xf= 0 =x', 

x ( - f) + f) = x (- f) + xf = -xf + xf = 0 = x, 

for all x in B. Thus,' + f = f + , = f and f + (-f) = (-f) + f = " and 

so (B*, +) is an abelian grou.p., 

All that remains to be done is check the right module condi

tions. For f, 9 in B* and a, b in R, 

and 

x (f * (ab)) = (xf) (ab) 

= (xf)a)b 

= (x(f*a))b 

= x (f * a) * b) 

x(f+g) *a) = (x(f+g))a 

= (xf + xg)a 

= (xf)a + (xg)a 
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and 

= x (f * a) + x (g * a) 

= x(f *a+ g*a) 

x(f*(a+b)) = (xf)(a+b) 

= (xf)a + (xf)b 

= x(f *a) + x(f *b) 

=x(f*a+f*b) 

for all x in B. Thus, f*(ab)=(f*a)*b, (f+g)*a=f*a+g*a, and 

f * (a + b) = f * a + f * b. 

Therefore, (B*, +), *) is a right ll-module. 

The corresponding result for duals of right modules is: 

PROPOSITION 8: Suppose II is a ring and C is a right R-module. 

Define a left scalar multiplication *: R x C* ~ C* via: For all a in 

C* and a in R, a * a is the mapping given by (a * a)x := a(ax) for all 

x in C. Then, (C*, +), *) is a left ll-module. 

PROOF: After Proposition 3 there is nothing at all surprising 

about this proof. Suppose a belongs to C*; that is, a is a right 

ll-linear homomorphism from C to R. For any a, b in R, 

(a*a)(x+y) =a(a(x+y)) 

= a(ax + ay) 

= a(ax) + a(ay) 

= (a * a) x + (a * a) y 
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and 

(a * a) (xb) = a(a(xb)) 

=a(ax)b) 

= (a(ax))b 

= (a*a)x)b 

for all x, y in C. Hence, a * a is in C*, and so * is l:ell-defined. 

To show that (C*, +) is an abelian group, take a, p in C*, 

and then, 

and 

and 

(a+p)(x+y) =a(x+y) +P(x+y) 

= ax + ay + px + py 

= ax + px + ay + py 

= (a+p)x+ (a+p)y 

(a + P) (xb) = a(xb) + P(xb) 

= (ax)b+ (px)b 

= (ax + px)b 

= (a+p)x)b 

(a + P)x = ax + (3x = px + ax = «(3 + a)x 

for all x, y in C since C is abelian. Hence, pointwise addition is 

a commutative binary operation on C*. Define (: C ~ R by (x := 0 for 
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all x in O. Also, for each (3 in 0* define -(3: 0 --I- R by (-(3) x : = 

-«(3x) for all x in O. Then, for b in R, 

and 

and 

and 

(x + y) = 0 = 0 + 0 = (x + (y 

(xb) = 0 = ob = «(x)b 

(-(3) (x + y) = - ((3 (x + y») 

= - «(3x + (3y) 

= -(3y - (3x 

= -(3x - (3y 

= (-(3)x + (-(3)y 

(-(3) (xb) = -((3(xb») 

= -((3x)b) 

= (-(3x)b 

= (-(3)x)b 

for all x, y in C. Hence, ( and -(3 belong to 0*. Also, 

and 

«( + (3)x = (x + (3x = 0 + (3x = (3x, 

«(3 + Ox = (3x + (x = (3x + 0 = (3x, 

((3 + (-(3»)x = (3x + (-(3)x = (3x - (3x = 0 = (x, 

(-(3) + (3) x = (-(3)x + (3x = -(3x + (3x = 0 = (x 

for all x in O. Thus, (+ (3 = (3 + ( = (3 and (3 + (-(3) = (-(3) + (3 = (, and 

so (0*, +) is an abelian group. 
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Finally, to verify the conditions for a left module, suppose 

a, ~ belong to 0* and a, b are elements of R. Then, 

and 

and 

(ab) * a)x = (ab) (ax) 

= a(b(ax)) 

=a(b*a)x) 

= (a * (b * a))x 

(a* (a+~))x = a(a+~)x) 

= a(ax + ~x) 

= a(ax) + a(~x) 

= (a * a) x + (a * ~) x 

= (a * a + a * ~)x 

(a + b) * a)x = (a + b) (ax) 

= a(ax) + b(ax) 

= (a * a)x + (b * a)x 

= (a * a + b * a) x 

for all x in O. Thus, (ab) *a=a* (b*a), a* (a+~) =a*a+a*~, and 

(a + b) * a = a * a + b * a. 

Therefore, (0*, +), *) is a left R-module. 

Consequently, every left module has a dual and that dual is a 

right module in a natural way. Likewise, every right module has a 
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dual and that dual is a left module. Thus, the idea of a dual is 

a link between left modules and right modules. Although this is 

only the very beginning of what can be done with dual modules, it 

is sufficient for the purpose of this report. 
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APPENDIX C: INDEX 

abelian .................................................................... 17 

addition 

-- of the second kind ............................................. 28 

free addition 

-- -- (modified) ............................................ 69 

Frohlich's -- -- ....................................... 28, 63 

pointwise -- ....................................................... 20 

support system for -- ............................................. 68 

amicable complementary nodule .......................................... 55 

amicable complementary representation ................................ 55 

annihilator ............................................................... 67 

anti-representation 

nearring -- ............................... . . . . . . . . . . . . . . . . . . . . . . . .. 47 

ring -- ............................................................. 41 

A(*) ....................................................................... 67 

A(*, *) ................................................................... 67 

basis ...................................................................... 62 

binodule ................................................................... 97 

category 

.............................................................. 84, 85 

cogroup obj ect ..................................................... 93 

commutati ve diagram .......................................... 86, 87 

composi tion .................................................... 84, 85 

coproduct ........................................................... 88 
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category (cont.) 

equi valence ........................................................ 89 

group obj ect ....................................................... 91 

initial object ..................................................... 87 

morphism ....................................................... 84, 85 

product ............................................................. 87 

terminal object .................................................... 87 

cogroup obj ect ............................................................ 93 

commutative 

diagram ..................................................... 86, 87 

o~eration ....................................................... 17 

complementary nodule 

amicable -- -- ..................................................... 55 

amicable complementary representation .......................... 55 

binodule ............................................................ 97 

-- -- ............................................................... 51 

conodule ............................................................ 58 

corepresentation .................................................. 58 

double dual ....................................................... 139 

dual -- ............................................................ 116 

fai thful ............................................................ 78 

F-group ............................................................ 81 

ideal .............................................................. 110 

left linear mapping ............................................... 80 

left nearring -- ............................................... 51 

left near-module ................................................. 100 
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complementary nodule (cont.) 

N -homomorphism .................................................... 80 

N-subgroup ....................................................... 110 

product -- -- ..................................................... 107 

quotient -- -- .............................................. 106, 110 

right nearring -- -- .............................................. 58 

sum -- -- . ... .. . .. . . . . . . . .. . . . . .. . . . . . . . . . .. . . . . . . . . . . . ... .. . . .. . ... 108 

trivial -- .................................................. 145, 146 

trivial left scalar multiplications ........................... 146 

unitary ............................................................. 78 

weak direct product -- -- ....................................... 108 

composition 

of homomorphisms ............................................... 24 

of mappings ..................................................... 19 

conodule .................................... see complementary nodule, 58 

constant part ............................................................ 149 

coproduct .................. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 88 

corepresentation ................. see complementary representation, 58 

diagram 

commutati ve -- ................................................ 86, 87 

commute ............................................................. 87 

distributive element .................................................... 22 

distributive law 

left -- ............................................................. 19 

right -- ............................................................ 22 

distributively generated nearring ..................................... 54 
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dual 

double -- .......................................................... 139 

complementary nodule ......................................... 116 

nodule .......................................................... 129 

left ring module -- .............................................. 183 

right ring module -- ............................................. 184 

endomorphism 

N -endomorphism .................................................... 66 

semigroup -- ....................................................... 18 

End ( -) ..................................................................... 24 

equi valence ............................................................... 89 

fai thful ................................................................... 78 

free addition 

basis for -- -- .................................................... 62 

-- -- (modified) .......... . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 69 

Frohlich's -- -- .............................................. 28, 63 

support system for -- -- ......................................... 68 

F-group 

................................................................... 81 

linear -- ........................................................... 82 

quasikernel ........................................................ 81 

generator ................................................................. 67 

Gc ••.•••.•........•.....•..•...•..............•......•....•.•.•........... 156 

Gc (*) ..................................................................... 162 

Gz ........................................................................ 162 

Gz (*) ..................................................................... 162 
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group 

F-group ............................................................ 81 

................................................................... 16 

group object .............................................................. 91 

homomorphism 

complementary nodule N-homomorphism ........................... 80 

composition ........................................................ 24 

left nearring nodule N-homomorphism ........................... 66 

nearring homomorphism 

-- -- ......................................................... 46 

left -- -- .................................................. 181 

right -- -- ................................................ 181 

N -endomorphism .................................................... 66 

N -isomorphism ..................................................... 66 

right nearring nodule N-homomorphism .......................... 66 

ring -- ............................................................. 38 

semigroup -- ....................................................... 16 

support system ..................................................... 68 

S-homomorphism ..................................................... 78 

Hom(*, *) ................................................................. 62 

80, 183 

80, 183 

complementary nodule -- ......................................... 110 

.................................................................. 110 

left -- ............................................................ 104 



ideal (cont.) 

right --

two-sided 

isomorphism 

........................................................... 105 

106 

N -isomorphism ..................................................... 66 

semigroup -- ....................................................... 18 

left ideal ............................................................... 104 

left N-subgroup 

linear 

104 

F-group ......................................................... 82 

left -- mapping .................................................... 80 

right -- mapping .................................................. 80 

mappings 

composition ........................................................ 19 

nearring of ..................................................... 19 

Map(*, *) ................................................................. 19 

Map*(*, *) ................................................................ 80 

Map(*, *)* ................................................................ 80 

module 

dual left -- ...................................................... 183 

dual right -- ..................................................... 184 

left ring -- ....................................................... 32 

nearring left -- .................... see complementary nodule, 51 

nearring right -- ................................... see nodule, 47 

right ring -- ...................................................... 31 
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monogenic nodule 

generator ........................................................... 67 

-- -- ............................................................... 67 

morphism .............................................................. 84, 85 

nearfield ................................................................. 78 

nearring 

amicable complementary representation .......................... 55 

annihilator ........................................................ 67 

complementary nodule .............................................. 51 

complementary representation .................................... 50 

constant part ..................................................... 149 

distributi ve element .............................................. 22 

distributively generated -- ..................................... 54 

endomorphism -- .................................................... 54 

left ideal ........................................................ 104 

left nearring 

......................................................... 18 

homomorphism ........................................ 181 

left module ............ see complementary nodule, 51 

right module ........................... see nodule, 47 

left N -subgroup .................................................. 104 

multiplicative identity .......................................... 19 

................................................................... 18 

anti-representation ........................................... 47 

homomorphism .................................................... 46 

of endomorphisms ............................................... 25 



nearring (cont.) 

of mappings ..................................................... 19 

representation ................................................. 47 

nodule .......................................................... 47, 57 

right ideal ....................................................... 105 

right nearring 

......................................................... 23 

homomorphism ........................................ 181 

left module ............................ see nodule, 57 

right Iilodu1e ........... see complementary nodule, 58 

right N -subgroup ........................................... ,.... 105 

two-sided ideal .................................................. 106 

two-sided N-subgroup ............................................ 105 

zero symmetric -- .................................................. 77 

near-module 

left -

right 

nodule 

100 

102 

amicable complementary -- ........................................ 55 

annihilator ........................................................ 67 

binodu1e ............................................................ 97 

complementary -- .............................................. 51, 58 

conodu1e ............................. see complementary nodule, 58 

corepresentation .......... see complementary representation, 58 

double dual ....................................................... 139 

dual -- ............................................................ 129 
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nodule (cont.) 

generator ........................................................... 67 

left nearring complementary -- .................................. 51 

left nearring . ................................................. 47 

left nearring N-homomorphism ................................... 66 

monogenic -- ....................................................... 67 

-- .............................................................. 47 J 57 

right linear mapping ........................................... ,.. 80 

right nearring complementary -- ................................. 58 

right nearring . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 57 

right near-module 102 

Noetherian quotients 

N -homomorphism 
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left nearring N-homomorphism ................................... 66 

N -endomorphism .................................................... 66 

N-isomorphism ..................................................... 66 

right nearrring N-homomorphism ................................. 66 

N-subgroup 

complementary nodule -- ......................................... 110 

left -- ............................................................ 104 

right -- ........................................................... 105 

two-sided . . . .. . . . . . . . . .. . . . . .. . . . . .. . . . . . . . . . . . . . .. ... . . . . . .. .. 105 
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