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A.BSTRACT 

This study introduces a new specification of oil and gas exploration as a 

sampling process, in order to estimate the number and sizes of undiscovered oil 

and gas pools by statistical inference from discovered pools as a sample. Oil and 

gas exploration is quite unlike drawing samples at random in that actual sam

pling is size-biased, subject to truncation of uneconomic pools, and to censorship 

of discovered pool sizes. The method of estimating the number and sizes of undis

covered pools proposed in this study specifically accounts for these non-random 

components of exploration as a sampling process, and can be easily implemented 

using the Expectation-Maximization algorithm. The method allows for choices 

between single and multiple point truncation of uneconomic pool sizes, and gen

eralizes quite easily to the bivariate case necessary to analyze plays with pools 

that contain oil with associated gas. Its usefulness is enhanced by the introduc

tion of powerful tests of fit of the lognormal distribution to the distribution of 

discovered pool sizes, and of meaningful measures of the uncertainty of estimates 

of the number and sizes of undiscovered pools. Application of the method to oil 

and gas plays in the San Juan basin of northwest New Mexico show that it yields 

quite reasonable and useful results. The method, when applied to data analyzed 

using other methods of estimating the number and sizes of undiscovered pools, 

confirms that failure to account for truncation of uneconomic pools will result 

in an overestimate of the average size of pools in a play. By avoiding this, and 

other, problems, the proposed estimation procedure should lead to better assess

ments of a play's potential for future discoveries of economically recoverable oil 

and gas. 

ix 



CHAPTER 1 

INTRODUCTION 

Most of the oil and g88 producing regions of the world can be subdivided 

into populations of oil and gas pools of common origin and characteristics. A 

typical problem faced by decision makers in the oil and gas exploration industry 

is how to determine which of these populations of pools has the greatest poten

tial for yielding economically producible oil and gas. Similarly, goverm.'uents may 

need to know how much oil and g88 remains to be discovered and prod1!eed in 

those populations of pools which fall under governmental jurisdiction. In either 

case, an informed decision or analysis depends on having a reasonable estimate 

of the number and sizes of undiscovered pools in each of the populations under 

consideration. 

An estimate of the number and sizes of undiscovered pools can be obtained 

in many ways, but the usual methods are by subjective inference from what is 

known about the geology of the area under consideration, by analogy with bettci 

known regions, or by extrapolation from current trends in discoveries of oil and 

gas pools. Consider, however, the set of discovered pools belonging to a particular 

population of pools, which is the cumulative result of many years of exploration. 

Another method of estimating the number and sizes of the undiscovered pools in 

that population would be to treat the set of discovered pools 88 a sample drawn from 

the set of all pools, discovered and undiscovered, that constitute the population. 

Methods of statistical inference from samples could then be used to objectively 

estimate the number and 8izes of the undiscovered pools so long 88 the exploration 

process 88 a sampling process can be correctly specified. 

Although this statistical approach has been taken in a number of other 

studies, it will be shown here that they all have failed to completely characterize 

the sampling process involved in oil and gas exploration. First and foremost, it 

1 
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should be recognized that discovered oil and gas pools are not samples drawn at 

random as is usually assumed when applying statistical methods. Three aspects 

of oil and gas exploration render this sampling distinctly nonrandom. The first 

is a size-bias in that larger pools are easier and economically more desirable to 

discover, so that larger pools have a greater chance of discovery than smaller ones. 

The second is that, in most instances, the smallest pools discovered are uneconomic 

to produce and thus their sizes and even the fact of their discovery are not usually 

reported. This amounts, in statistical terminology, to the truncation from the 

sample of an unknown number of smaller pools. Finally, it is rarely possible, 

particulary where oil and gas pools are privately owned, to obtain complete and 

accurate measurements of the sizes of all discovered pools in a population. In 

statistical parlance this phenomena is known as censoring of a known number of 

pools from the sample. 

Size-biased, truncated, and censored samples can be quite difficult to handle 

in applying statistical methods. In this study, however, a simple method of esti

mating the number and sizes of undiscovered pools in the population from which 

the sample of discovered pools was most likely drawn is presented. The method 

assumes that the relative frequency of pool sizes in a population is unimodal and 

skewed to the right, and can be approximated by the lognormal probability distri

bution function (Figure 1.1). The significance of assuming a particular distribution 

function to describe the relative frequencies of pool sizes will become clear later, 

but it should be understood that the estimation method developed in this study 

does not depend on the choice of the lognormal distribution function. Any other 

distribution function could have been assumed, and the equivalent estimation pro

cedures derived with greater or lesser difficulty. Rather, the choice of the lognormal 

distribution function stems from considerable evidence that this function correctly 

describes the relative frequencies of pool sizes in naturally occurring populations 

of pools. 
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POOL SIZE 

FIgure 1.1 Assumed pattern of relative frequencies of pool sizes in a population 

of pools. Note that there is a single mode relatively close to the origin and that the 

overall pattern is not symmetric but is strongly skewed to the right. Thus there are 

relatively few large pools and many smaller ones, although the number of smaller 

pools declines rapidly below the mode. 
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Interpretation of the evidence supporting the lognormal distribution is not, 

however, uncontroversial. Although there is wide agreement that the size distri

bution of discovered pools conforms well with the lognormal distribution, some 

investigators assert that the non-random sampling process that characterizes ex

ploration transforms an unobserved "parent" population of pools that does not 

conform to the lognormal distribution, into an observed population that does. 

Specifically, relative frequencies of pool sizes in the unobserved parent population 

are thought to decline without interruption with increasing pool size. Were this the 

case, there would be far more smaller pools remaining to be discovered than would 

be predicted by assuming the unimodal lognormal distribution (Figure 1.2). Either 

truncation or size-bias or both could, in principle, bring about this transformation, 

but in this study it is shown that neither can be the case. In short, size-biased 

sampling from a wide range of possible frequency distributions will result in a sam

ple that can be fit by the same distribution with new parameters that change in 

predictable ways. Further, the range of pool sizes where truncation may occur is 

too narrow to account for a transformation from a distribution without a mode to 

a unimodal distribution. 

This study is organized in an orderly fashion by chapter. The issue of 

how to characterize the distribution of pool sizes is discussed in the next chapter, 

after defining some basic terminology and concepts concerning populations of oil 

and gas pools. The specification of oil and gas exploration as a sampling process 

follows in Chapter 3. The material in these chapters lays the groundwork for 

a thorough discussion of other work relevant to this study in Chapter 4. Some 

little known statistical theory pertaining to size-bias, truncation, and censorship is 

used in Chapter 5 to develop a tractable solution to the problem of estimating the 

number and sizes of undiscovered pools. Exemplary applications of this method 

follow in Chapter 6 where, for comparative purposes, data used in other studies are 

also analyzed. Finally, in Chapter 7, a summary of the advantages and limitations 

of the proposed estimation method are given, along with a comprehensive review 

of data requirements. 
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POOL SIZE 

Figure 1.2 Comparison between a lognormal probability distribution function and 

a probability distribution function that decreases without interruption as pool size 

increases. The latter type of functions are often called "J-shaped" distributions be

cause they look like the letter J when their graph is rotated ninety degrees counter

clockwise. Note that a J-shaped distribution would predict far more smaller fields 

than the lognormal distribution. 
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Although every attempt has been made to explain the statistical methodol

ogy and geological concepts used in this study, realistically, few readers without a 

graduate level course in mathematical statistics and some background in petroleum 

geology will fully understand all that is presented. Readers without this background 

should not be deterred, as the statistical derivations and proofs, and the geological 

descriptions of the oil and gas producing areas analyzed, can easily be skipped over 

for a thorough review of the assumptions, strategy, and results of this study. 

The successful conclusion of this study could not have been obtained without 

the wise counsel of the author's principal advisor, Dr. DeVerle Harris, and that of 

the other members of his dissertation committee, Dr. Michael Rieber, Dr. Richard 

Newcomb, and Dr. Donald Myers. An equal debt of gratitude is owed to Dr. W. 

David Menzie of the u.s. Geological Survey and Dr. John Grace of ARCO Explo

ration and Production Research Co., and to their respective organizations, for their 

most generous financial support. Fellow students Tianchi Wang and Gouchang Pan 

rendered valuable advice on matters both mathematical and conceptual, and Gyoo 

Jeon provided an invaluable introduction to computer typesetting. Nothing, how

ever, could have been accomplished without the administrative support and advice 

of Alice Yelverton and Wanda Edwards. To all of the above, the most heartfelt 

thanks are given. 



CHAPTER 2 

THE OCCURRENCE OF HYDROCARBONS IN NATURE 

Accumulations of oil and gas are of economic interest because they may 

contain producible quantities of oil and gas. Thus, these accumulations have an 

essential attribute, that of size, measured as the volume of oil and gas contained 

in, or that may be obtained from, the accumulation. For purposes of estimating 

the sizes of undiscovered accumulations, as well as their abundance, it is nec

essary to characterize those accu~ulations as elements of distinguishable popu

lations that are homogenous with respect to sizes of accumulations. In other 

words, the populations of interest are really "populations" of sizes of accumula

tions that in some sense belong together. In statistics, this type of homogene

ity is assumed if the relative frequencies of those sizes can be approximated by 

a function of one or more parameters known as a probability distribution func

tion. The population of sizes of accumulations is then characterized as following a 

particular functional relationship specified by parameters unique to that po~ula

tion. 

The proper choice of a probability distribution function is that which best 

approximates the actual distribution of sizes of accumulations in nature. Thus, in 

this chapter, basic facts of oil and gas occurence in nature are reviewed in order 

to appropriately define accumulations of hydrocarbons and the populations they 

belong to, as well as to determine which probability distribution function best 

describes those populations. The latter issue is somewhat controversial, but a case 

will be made for selecting the lognormal distribution over various alternatives. Of 

course, distributional assumptions must be justified in each instance, and, to that 

end, several useful tests of lognormality are explained and demonstrated. 
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2.1 Defining accumulations of oll and gas. 

In petroleum geology, an accumulation of oil or gas in the subsurface consists 

of one or more continuously connected filaments of oil and gas within the pore 

network of a water-saturated porous rock (Schowalter and Hess, 1982) confined 

by a trap. A trap is any configuration of rock that acts to impede the migration 

of oil and gas. A pool is defined here as a single, discrete filament unit. One or 

more pools that occur within the same trap are collectively referred to as a field. 

A reservoir is any part of a pool that behaves as such, that is, through which oil 

and gas will flow when the reservoir is produced. These definitions are illustrated 

in Figure 2.1 and represent a classification of hydrocarbon accumulations widely 

used in the petroleum industry. 

Unfortunately, the terms pool, field, and reservoir have other meanings. 

Thus, the reader should never assume that usage elsewhere conforms to that in 

this study. For example, in many states and provinces in the U.S. and Canada, 

fields are defined by governmental agencies as administrative units with boundaries 

delineated by land survey grids and lease blocks without reference to actual bound

aries of accumulations or traps. Pools are sometimes quite confusingly defined as all 

oil or gas in a specific producing rock formation within the administrative bound

aries of a field, and may in fact consist of several distinct pools or even be part of 

a larger pool that spans several adjacent producing formations. 

For purposes of statistical inference, distinguishable, homogenous elements 

of a population must be identified which can be characterized by the same at

tributes. The hydrocarbon pool is a natural choice as it can usually be easily 

identified and differentiated. Fields, by their very definition as groupings of one 

or more pools within a paxticular structure, are geologically heterogeneous, their 

being, in a sense, populations of one pool fields, two pool fields, etc. Reservoirs 

are defined by an attribute specific to the production of a pool, that is, that they 

behave as if they were holding tanks when produced. As such, reservoirs depend in 

part on current production technology and would be logical elements of the popu

lation of economically recoverable hydrocarbons. Typically, a pool is also a single 
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Figure 2.1. Cross section through part of the Beverly Hills oil field, Los Angeles 

basin, California, illustrating the relationship between field, pool, and reservoir. 

Four pools, numbered 1 through 4, are shown which, by virtue of occurring within 

a common, complexly faulted anticline, are all part of the same field. Note how 

pools 3 and 4 occur within two adjacent producing rock units and are cut by faults. 

Sometimes faults such as these will impede fluid fiow during production, effectively 

dividing a pool into several reservoirs. Modified from California Division of Oil 

and Gas (1074). 



10 

reservoir, and the amount of economically recoverable hydrocarbons within a pool 

can be taken as the size of a reservoir. Although pools are a.proper definition 

of elements of homogenous populations of sizes of accumulations, this need not 

exclude the other alternatives. In particular, fields may display homogeneity with 

respect to pool size even if, by definition, they are geologically inhomogenous. In 

truth, the better part of the statistician's art is in selecting units of analysis and 

defining homogenous populations, and, as will be shown later, the care taken in 

making these choices can have a major impact on the credibility of estimates of 

the number and sizes of undiscovered pools or fields. For simplicity, pools will be 

referred to exclusively hereon out, but this should not be taken as excluding other 

possible units of analysis. 

2.2 Measuring the sizes of pools. 

The size of a pool is defined as the volume of hydrocarbons, measured at 

a specified pressure and temperature, that is in continuous phase contact within 

the pool. Practically speaking, this is the volume of hydrocarbons between the 

base of the seal and the top of the oil-water contact as depicted in Figure 2.2. It 

may be necessary to measure this volume as the volume of hydrocarbons in the 

subsurface and not at surface (stock tank) pressure and temperature conditions, as 

is the current practice. This is because oil will shrink due to thermal contraction 

and gas will expand in volume due to pressure release as they are brought into 

the lower ambient pressure and temperature conditions at the surface (Bradley, 

1987). Typically, a population of pools will consist of pools at different depths, 

with pressure and temperature increasing with depth. Thus, there may be a sig

nificant correlation between stock tank volumes and pool depth which can only be 

avoided by using reservoir volumes. Unfortunately, sizes of pools are almost with

out exception reported at surface pressure and temperature, and back calculation 
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to reservoir volumes is rarely possible because the reservoir data required for the 

calculation are infrequently available. 

A pool may contain only oil, only gas, or both in association. The different 

physical properties of liquid (oil) and gaseous hydrocarbons ensure that they have 

different markets and associated industries. This raises the question of how to make 

meaningful comparisons of volumes of oil and of gas, and how to combine those 

volumes into a composite measure of pool size. The usual approach is to recalculate 

volumes of gas as equivalent volumes of oil on the basis of relative energy content 

or, less frequently, relative prices. A barrel of oil contains about the same energy 

content measured in BTU's as six thousand cubic feet of gas, although this varies 

with the exact chemical composition of the gas. The rationale for this equivalency 

is that oil and gas are valued chiefly for their energy content, but this is not 

supported by the relative prices of oil and gas, which suggest that gas is valued 

much less than indicated by its equivalent energy content. In Figure 2.3 the amount 

of gas required to obtain the same revenue as a barrel of oil is plotted against time, 

using the average wellhead value of oil and gas for the United States from 1947 to 

1986 (American Petroleum Institute, 1988). As can be seen, the relative value of 

gas has been generally increasing over time and only in the last few years has it 

approached the six thousand cubic feet per barrel thermal equivalency. Perhaps 

with the complete decontrol of natural gas prices thermal and economic equivalency 

will be the same, but until then the "barrels of oil equivalent" values widely used in 

government and the petroleum industry will overstate true, composite pool sizes. 

Obviously, the lesson here might be to use economic equivalencies except 

that this equivalency has not even been approximately constant. In any case, an 

investigator of undiscovered oil and gas resources should not presume how users 

of those estimates prefer to compare volumes of oil and gas. Thus, it is better to 

treat the sizes of oil and gas bearing pools as a two variable or vector quantity. 

This will lead to greater complexity in the estimation procedure but, as will be 

seen, not by much. A two variable estimation procedure will also yield an estimate 

of the correlation between oil and gas volumes, which may also be of interest. 
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'Oll-W~TER CONTACT 

Figure 2.2. Cross section of a hypothetical oil pool showing how pool size is 

measured. The volume enclosed by the oil-water contact and the seal is the true 

volume of oil in-place. Somewhere above the oil-water contact is the economic 

limit of production, determined by minimum oil saturation of the pore space of 

the reservoir rock. An estimate of oil in-place using this economic limit in lieu of 

the oil-water contact will underestimate true pool size. These same considerations 

also apply to gas pools. 
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FIgure 2.3. Graph showing the amount of natural gas equivalent in value to a 

barrel of oil for the years 1947 to 1986. Calculated using average annual wellhead 

prices of oil and gas in the United States as reported by the American Petroleum 

Institute (1988). 
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The actual measurement of pool size is imprecise and involves significant 

errors that sometimes need to be taken into account (DeSorcy, 1980). Measure

ments of the volume of hydrocarbons in-place in the subsurface are almost always 

underestimates due to production economics. Oil and gas will not flow into a well 

at an economic rate unless, among other things, they are present in a sufficient 

concentration, known as hydrocarbon saturation, in the pore space of the reservoir 

rock. Due to hydrodynamic effects, the concentration of hydrocarbons decreases 

gradually from the top to the bottom of a pool, and somewhere between these 

limits falls a surface of minimum economic hydrocarbon saturation (Figure 2.2, 

p. 11 above). Typically, only that part of a pool which falls within the limits 

of economic hydrocarbon saturation will be included in an estimate of 'volumes of 

hydrocarbons in place. Thus, a small volume of hydrocarbons, which might be 

producible given more favorable economic conditions and better production tech

nology, will be neglected. While this fact is of little consequence to estimates 

of undiscovered hydrocarbons that can be obtained given current economics and 

technology, a study that assumes improvements in either will yield conservative 

results. 

Of greater concern is the degree of accuracy of the estimates of pool size that 

are available. According to DeSorcey (1980) errors of at best 10% are obtainible, 

20% more typical, and 40% or worse not unheard of. This lack of accuracy is due 

in part to errors and uncertainties in the parameters required to make volumetric 

estimates and predictions of hydrocarbon recoveries, but also to the time and effort 

required to fully delineate the boundaries of a pool. The latter may require many 

years and, in the mean time, estimates of hydrocarbon volumes located thus far may 

be reported. Often times these preliminary estimates are the only ones available. 

Thus, extreme care must be taken when collecting data on pool sizes. Reported 

pool sizes should be checked against cumulative production from the pools to insure 

that these pool size estimates are not already dated. Dubious estimates should, 

of course, be excluded from the data. In any case, a critical appraisal of reported 

pools sizes requires some familiarity with procedures for estimating the sizes of 
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discovered pools. Useful sources in this regard are Bradley (1987) and DeSorcey 

(1980). 

An even greater hurdle is the availability of pool size data in the first place. 

Depending on the region selected, this can range from the nonexistant to the sys

tematically reported and collected. What data is available may be in a form that is 

difficult to use. For example, many agencies that report statistics on pool sizes use 

spurious definitions of "fields" and "pools" that conform to administrative conve

nience and not to physical reality. Here again, the statistician's art must be called 

upon to tease out homogenous populations of something that approximates a pool 

or field. 

2.3 Characterizing populations of pools as plays. 

Geologists have long recognized that pools occur in natural groupings char

acterized by similar geology known as plays. Any population of pools that is 

homogenous in terms of pool size will typically correspond to a play or a part of 

one due to similar geologic characteristics that influence pool size. A play is usually 

defined as a geographically contiguous set of pools that occur within a common 

rock unit, and trapped by more or less the same mechanism. Often, the trapped 

hydrocarbons will have the same source or sources and have migrated during the 

same event. Yet it cannot be overstated that a play is not necessarily a homoge

nous population of pools. For example, a play may include several subtle trapping 

styles each of which may yield different size distributions of pools. Post entrapment 

events, such as leakage, remigration, or degradation may introduce other inhomo

geneities. Further, pools in a play that produce by different drive mechanisms may 

have different size distributions for recoverable oil and gas. 

Play definition, like population definition in general, is thus a practitioners 

art. Attention must be given to requirements of geologic and statistical homo

geneity, often based upon limited data. One would expect considerable interaction 

between these two facets; indeed, in the author's experience statistical analysis of 

a play often yields unforeseen insights into play geology. The term play, however, 
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is also defined differently by others. It can, for example, refer to a recent spurt in 

exploration activity along a definable geologic trend. Even worse, plays defined in 

many previous studies of undiscovered oil and gas resources can be shown to be 

inhomogenous in terms of pool size. Typically, where this has occured, those pop

ulations are defined very broadly, and actually include a great many plays. A good 

example is the common practice of grouping all pools that occur in a particular 

rock formation within a given sedimentary basin as a "play". Because geologists 

name and define rock formations according to criteria such as ease of establishing 

mappable boundaries, recognized rock formations tend to be so regionally extensive 

that they will contain a very heterogeneous collection of pools and pool sizes. 

The first step in estimating the number and sizes of undiscovered pools in 

a given region is to identify the plays that occur in that region. This requires a 

thorough review of the petroleum geology of the area under investigation. Once 

discovered pools have been grouped according to plays, and data on their sizes 

collected, then the search for homogenous populations of pool sizes can begin. 

This is accomplished using methods described in Section 2.5 for judging the fit of 

appropriate theoretical probability distribution functions to the actual distribution 

of discovered pool sizes. If a good fit is obtained, then a play is also a unique 

population of pool sizes. If a fit is poor, then further investigation into play geology 

is called for., usually resulting in the subdivision of the play into smaller populations 

or the deletion of some pools that do not truly belong to the play. The end result of 

this iterative process is the data set to be used for estimating the number and sizes 

of pools remaining to be discovered in that playas well as, perhaps, an improved 

understanding of play geology. 

2.4 Size distribution of pools in a play. 

If the distribution of sizes of pools in a play can be approximated by a 

function dependent upon one or more parameters, the values of which would be 

unique to that play, a large class of parametric statistical methods could be used 
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to estimate the sizes of undiscovered oil and gas pools. This issue was first inves

tigated by Kaufman (1963, 1965) who tested two alternative distributional forms, 

a unimodal distribution represented by the lognormal distribution function, and 

a J-shaped distribution (recall Figure 1.2, p. 5 above) represented by the Yule 

distribution function. Debate over the choice between these alternatives continues 

to this day, with virtually all workers agreeing that the observed pool size distri

bution is lognormal, but with some (Drew et. aI., 1988, Attanasi and Drew, 1985; 

Cozzolino, 1972; Arps and Roberts, 1958) arguing that the observed distribution 

is obtained from a .J-shaped "parent" due to the economic truncation inherent in 

the oil and gas exploration process. 

Drawing a distinction between observed and parent distributions is crucial. 

It is a central thesis of this study that oil and gas exploration is not a sampling 

process that can be characterized as random. As will be proposed in the next 

chapter, the observed distribution of pool sizes is obtained by size-biased sampling 

of the parent distribution subject to economic truncation from below. Sampling 

is size-biased because firms engaged in exploration preferentially search for and 

develop the largest pools and because larger pools have a greater probability of 

chance discovery. The truncation is economic in the sense that only the sizes of 

discovered pools large enough to be economically produced are typically determined 

and reported. Whether either or both of these processes can change the shape of a 

J-distribution into a unimodal one is an important question, as the unimodal and 

J-shaped distributions each imply a very different forecast of the number of small 

sized pools (again recall Figure 1.2, p. 5 above). 

The usual method of fitting a distribution to a sample is to compute the 

empirical distribution function, 

Fn(x) = Pr(X :S xln), (2.1) 
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compare it with a theoretical distribution function, and test the "goodness of fit." 

The empirical distribution function is simply the set of cumulative relative frequen

cies of the sample values computed as 

m::5x 

n 
(2.2) 

where m is the number of observations smaller than a given value of x, and n is the 

sample size. This approach, however, cannot be used to determine the distribution 

of the parent population of pool sizes from a size-biased and truncated sample 

because the empirical distribution function assumes a sample drawn at random. 

However, if the set of discovered pools is thought of as a unique popula

tion of pools discoverable given current exploration technology, then the empirical 

distribution function can be used to test the fit of a theoretical distribution to 

the distribution of observed pool sizes. It is important to recogn.iz~ the change 

in definition of the relevant population here. The distribution of discovered pool 

sizes is just that, and will change with incremental discoveries. Further, barring 

incomplete information, the sample consists of every member of the population of 

discovered pools! Thus, goodness-of-fit testing will amount to an exact compari

son with theoretical distributions. An alternative characterization of the sample 

of discovered pools is as a random sample from a population having a truncated, 

size-biased pool size distribution function. All of the sampling-bias incurred by 

exploration practice is then subsumed into the specification of this probability dis

tribution function. An empirical distribution function can then be calculated and 

any of the goodness-of-fit tests described in Section 2.5 applied in the usual way. 

Thus, although these tests of fit cannot be used to test hypotheses about the dis

tribution of the parent pool size distribution function, they can be used to test such 

hypotheses concerning the observed distribution of discovered pool sizes. 

Kaufman (1963), McCrossan (1969), Dickie and William (1973) and many 

others have used quantile-quantile plots (Figure 2.4) to test hypotheses about the 

distribution of observed pool sizes. In these plot~ the logarithms of pool size are 

sorted in order of increasing size and graphed against their respective values of 
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FIgure 2.4. Quantile-quantile plot of oil pool sizes for the Rimbey-Meadowbrook 

Leduc reef play in central Alberta, Canada. Pool sizes are measured in thousands 

of cubic meters of oil in-place at reservoir p,~essure and temperature. Pool size data 

are from Alberta Energy Resources Conservation Board (1987). 
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the empirical distribution function, which are, in fact, quantiles of the observed 

distribution. If the observed distribution is indeed a lognormal distribution, then 

the resulting plot should be a straight line angled forty-five degrees through the 

origin. In these studies, the lognormal hypothesis has always fared well, despite the 

sometimes poor quality of data used and the often improper definition of pools and 

populations. Careful analysis of these plots often reveals the presence of truncation 

from below, as well as occasional bimodality due to mixing of populations. Of 

particular interest is the presence of lognormality when several populations, as 

opposed to only two, are mixed (Ducasting and Harbaugh, 1982). Kaufman et. 

ale (1975) also attempted a Chi-squared test-of-fit of the lognormal distribution to 

samples obtained from mixtures of plays with mixed results. Better tests of fit are 

described in the next section. 

A more important question is the nature of the parent distribution. It 

is also an awkward question in that the parent distribution can only be observed 

after its transformation by truncation and size-bias. Further, data in the size range 

where the mode of a unimodal parent distribution will likely occur is not always 

available. Thus, the effects of size-bias and truncation on a distribution need to 

be well understood. More specifically, it is necessary to know whether either of 

these transformations can bring about a change in functional form, for example, 

from a J-shaped distribution, such as the Pareto, to a lognormal distribution, or 

whether the functional form is unchanged, with at most a change in the values of 

the parameters of the distribution. 

The effect of size bias is very simple. The parent distribution is weighted by 

XCI where x is pool size and a is a size bias coefficient which measures the degree 

to which the probability of discovery of a pool is proportional to pool size. A 

proper specification of the observed probability distribution function is obtained 

by normalizing the weighted parent distribution by the expectation of XCI (Rao, 

1965): 
. _ xOl!(x;O) 

!(z,O,a) - fXClf(x;O)dx. (2.3) 
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For the lognormal distribution indexed by the parameters J.t and (72 this becomes: 

(2.4) 

which, after a little algebra which can be found in Theorem 4 of Appendix 1, can 

be re-expressed as a lognormal distribution with parameters 4> = J.t + 0:(72 and (72. 

Thus, size-biased sampling from a lognormal distribution does not result in another 

distribution, but in a lognormal distribution with a changed parameter, J.t, whose 

value increases by the amount 0:(72. This is but a specific example of a very general 

result given in Theorem 3 of Appendix 1, that for a large class of theoretical distri

butions, including the Pareto and gamma distributions which some investigators 

have used to represent hypothesized 'J-function' pool size distributions, as well as 

the lognormal, size-biased sampling will yield an observed distribution with the 

same form as the parent distribution. This same result also applies to size-biased 

distributions that are truncated at a single value or pool size (Patil and Ord, 1976). 

Note that in the case of the lognormal distribution, the variance of the distribu

tion will not change with size-biased sampling, a result unique to that distribution. 

Truncation, however, will affect the variance of any distribution, so it should not 

be assumed that the variance of a parent lognormal pool size distribution can be 

estimated by the variance of an observed, truncated distribution. 

Attanasi and Drew (1985) proposed that truncation of a Pareto (J-shape) 

distribution will yield a lognormal-like observed distribution. Cozzolino (1972, 

1979) argues the same for an exponential (gamma) parent. It is very easy to show 

that this cannot be the case for point truncation. Let W(Xi) be a weight function 

defined as: 

( .) _ {I, if Xi E Ri; 
W x, - 0 'f d R , 1 Xi 'F i· 

(2.5) 

where each individual pool Xi has an associated observable region Ri' If all of 

the Ri'S are the same, simple point truncation is obtained, otherwise the point 

truncation is multiple. The weighted and normalized parent distribution is then 

w(xi)f(Xi; 0) /(x; 0) 
fRi w(xi)f(Xi;O)dxi = fRi f(Xi;O)dxi' 

(2.6) 
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which, if the Ri's and 0 are known and given ki = JR, f(x; O)dx, reduces to 

(2.7) 

Thus the form of f(x, 0) is unchanged. This is particularly the case for the Pareto 

distribution, as point truncation of that distribution simply amounts to a rescaling 

of its parameters (Arnold, 1983). Attanasi and Drew (1985) do not specify the 

functional form of the truncation they invoke, although it is obvious that, to obtain 

a unimodal distribution from a J-shaped distribution (Figure 2.5), the degree of 

truncation must be an increasing function of decreasing x. The multiple truncation 

described in Equations 2.5 to 2.7 could, with appropriate restrictions on the ranges 

of the Ri'S, satisfy this requirement, without altering the form of the distribution 

function. More generally, let a progressively truncated distribution function be 

defined as 

{ 

ff(x; 0), 
f(x; 0, g(x» = fg(x)f(x; 0), 

0, 

if x ~ h; 
if t2 < x < tl; 
if x=:; tl' 

where k = J w(x)f(x; O)dx and 

{

I, 
w(x) = g(x), 

0, 

ifx~tl; 

if t2 < x < tl; 
if x=:; t2. 

(2.8) 

(2.9) 

Clearly, the shape of the function g(x) over the interval of progressive truncation 

[t2' hJ (Figure 2.5) is critical. Only if its slope is opposite and steeper than that 

of the presumed parent J-shaped distribution and if the truncation interval spans 

the distance between the mode and the smallest of the observed pool sizes will a 

unimodal truncated distribution be obtained. 

The actual shape of the truncation function can be deduced from oil and gas 

well drilling and completion costs. An illustrative example is the San Juan basin in 

northwestern New Mexico where data on such costs as well as of wellhead prices of 

oil and gas have been reported by the American Petroleum Institute (1986, 1988) 

on an annual basis from 1947 to 1986. From these data, the minimum pool size 
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FIgure 2.5. Graph of a unimodal and J-shaped pool size distribution along with 

a hypothesized truncation function, g(z), that would transform the J-shaped dis

tribution into the unimodal distribution. The interval [t!,t2J is the truncation 

interval. The shape of the truncation function as depicted is arbitrary. 
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which would just cover drilling and completion costs was computed over the depth 

interval in which oil and gas has been found in the San Juan basin (Figure 2.6 

and 2.7). These calculations ignore other costs that have not been reported, such 

as lease aquisition payments, production costs and taxes. These latter costs are 

relatively small and would only inflate the minimum pool size calculations by the 

small percentage they deduct from revenues. Sunk costs, such as lease bonuses 

and rentals, can be ignored because any firm should gladly produce any well with 

reserves greater than the calculated minimum pool size, even if the added revenue 

only partly defrayed those costs. 

With these data it is easy to compute the interval of pool sizes over which 

eC(';!'lomic truncation was effective during the exploration of the San Juan basin, 

which largely began in the 1950's. The limits of this interval for depths from 500 

to 10,000 feet were 400 to 64,000 barrels for oil and 3.5 million to 1.35 billion cubic 

feet for gas. The width of this interval was quite small for oil, at about 64,000 

barrels, and more substantial for gas at about 1350 million cubic feet. Compared 

to the interval between the mode and smallest pool sizes for the major plays in the 

San Juan basin, however, these truncation intervals are puny indeed, particularly 

for oil (Table 2.1). Given that each play spans a narrower depth interval than the 

500 to 10,000 foot interval used for the calculations, an even narrower truncation 

interval exists for each play. In fact, the narrowness of these truncation intervals 

would suggest the possibility that a simple, point truncation model could be used 

in lieu of more complicated multiple truncation or truncation function models. As 

will be shown in Chapter 6, this will sometimes be the case. 

The distance between the modal and minimum economic pool size for plays 

in the San Juan basin could be overstated if the sizes of uneconomic pools are 

erroneously included in the data on discovered pool sizes. This could occur if an 

uneconomic discovery is mistaken for an economic discovery and produced until 

its production rate declines below the economic limit. In this case either an erro

neous, economic pool size will be reported, or cumulative production up to time 

of abandonment will be reported as a pool's size. Thus, it is important to check 
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FIgure 2.6. Range in minimum economic sizes of oil pools plotted against time for 

the San Juan basin, northwest New Mexico. Shown are minimum economic pool 

sizes for pools at shallow (500 root) and deepest (10,000 foot) depths. Calculated 

from data reported by the American Petroleum Institute (1986, 1988). 
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Figure 2.'1. Range in minimum. economic sizes of gas pools plotted against time 

for the San Juan basin, northwest New Mexico. Shown are minimum economic pool 

sizes for pools at shallow (500 foot) and deepest (10,000 foot) depths. Calculated 

from data reported by the American Petroleum Institute (1986, 1988). 
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Table 2.1. Comparison of the difference between the mode and smallest value 

of the observed distribution of pool sizes for the major oil and gas plays in the 

San Juan basin with the calculated width of the truncation interval.PCFF is the 

Pictured Cliffs-Fruitland-Farmington sandstones play, EL VADO the EI Vado sand

stone oil play, TOCITO the Tocito sandstone oil play, and DAKOTA the Dakota 

sandstone oil play. 

Play: Depth: Mode: Smallest: Difference: 

PCFF 640-3500' 2.4 BCF 0.11 BCF 2.18 BCF 

ELVADO 500-7800' 750MBO 11.6 MBO 738MBO 

TOCITO 1000-7800' 750MBO 22MBO 683MBO 

DAKOTA 660-7500' 187.5 MBO 5MBO 182 MBO 
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reported pool sizes and their cumulative production against each other and cal

culated minimum pool size at the depths at which they occur. In this way pools 

that are already known to be uneconomic can be deleted from the data and those 

which have yet to produce enough hydrocarbons to defray drilling and completion 

costs identified for further investigation. In the case of the San Juan basin plays 

in Table 2.1 no more than one uneconomic pool was identified and deleted from 

the data for each play, and all the remaining pools have already produced oil and 

gas in excess of their respective minimum economic pool sizes. Thus, for these San 

Juan basin plays, it seems safe to conclude that economic truncation operated over 

too narrow a size interval to effect a transformation from a J-curve distribution to 

the actual, observed unimodal pool size distributions. 

In order to get an idea of what the truncation function for the San Juan 

basin looks like it is necessary to make an assumption as to the probability that a 

pool will occur at a given depth. This is because the probability that a pool will 

be truncated is simply the probability that it will occur at a depth at which it will 

be uneconomic. For simplicity, assume that a pool has an equal chance of occuring 

anywhere in the interval from 500 to 10,000 feet, that is, that their is a uniform 

probability that a pool Xi occurs at a particular depth di in that interval: 

(2.10) 

where d2 and dl are the deepest and shallowest depths respectively. For a pool in 

the size range where economic truncation is in effect, the probability of truncation 

is the probability that it falls in the depth interval [d2 , diJ in which it is uneconomic: 

d2 -di 
d2 - d1 

(2.11) 

When these truncation probabilities are plotted against minimum economic pool 

size for the San Juan basin (Figures 2.8 and 2.9) the resulting curves for the 

truncation function are nearly linear except very close to a truncation probability 

of 1.0 (smallest minimum economic pool size). This is in contrast to the truncation 

function required to obtain a unimodal distribution from a J-curve distribution 
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which should be exponentialy increasing with decreasing pool size. The logic of 

this comparison should not, of course, be carried too far because it depends on the 

assumption that a pools of all sizes have an equal probability of occuring anywhere 

in a particular depth interval. Where the probability that a pool occurs at a 

deeper depth to increase exponentially with decreasing pool size then the J-curve 

hypothesis might hold, but this is an unlikely situation. 

Certain anecdotal evidence is relevant to the J-shaped vs. lognormal parent 

distribution controversy. Consider Figure 2.10, a quantile-quantile plot for all 

heavy oil pools discovered in the Lloydminister area of Alberta originally presented 

in McCrossan et. al. (1981). This sample is not affected by either economic 

truncation or by underestimation of pool size due to economic cutoffs used in pool 

size estimation because the sizes of every pool, economic and uneconomic, were 

remeasured from the original data without use of economic cutoffs. The curves for 

both oil in-place and recoverable oil conform closely to the lognormal hypothesis, 

except at the tails where slight deviations typical of large samples drawn from finite 

populations occur. Further, size-bias, which was almost certainly present in the 

exploration for these pools has not affected lognormality,just as theory predicts. 

Another useful piece of anecdotal evidence is the behavior of the mode of 

discovered pool sizes over time in the Rainbow-Zama pinnacle reef play of extreme 

northwest Alberta. Between 1968 and 1986, at least 500 oil pools were discovered 

in this play for which size data are available (Alberta Energy Resources Conser

vation Board, 1987). When the first discoveries were made, the region was many 

hundreds of mile from the nearest cities and transport facilities. Thus, early drilling 

and development costs were high, but early discoveries were large enough to justify 

the construction of hundreds of miles of pipeline, a new town, and necessary in

frastructure. Obviously, with progressive infrastructure development, drilling and 

development costs would have declined, rendering many smaller pools economic to 

produce. Thus, the limits of economic truncation should have declined also over 

time. 
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Minimum Economic Pool Size, MBO 
Figure 2.8. Truncation functions for oil pools in the San Juan basin, northwest 

New Mexico. The two plotted curves correspond to the years 1967, when eco

nomic conditions were least favorable, and 1984, when they were most favorable. 

Thus, the truncation function for any given year will fall between these bounds. 

Calculated from data reported by the American Petroleum Institute (1986, 1988) 

assuming pools have an equal probability of occuring at any depth as explained in 

the text. 
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Minimum Economic Pool Size, MMCF 
Figure 2.9. Truncation functions for gas pools in the San Juan basin, northwest 

New Mexico. The two plotted curves correspond to the years 1960, when eco

nomic conditions were least favorable, and 1984, when they were most favorable. 

Thus, the truncation function for any given year will fall between these bounds. 

Calculated from data reported by the American Petroleum Institute (1986, 1988) 

assuming pools have an equal probability of occuring at any depth as explained in 

the text. 
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FIgure 2.10. Quantile-quantile plot of sizes of heavy oil pools in the Llodminister 

play of southeastern Alberta, Canada. Pool sizes are in thousands of stock tank 

barrels oil in-place. After figure 33.10 of McCrossan et. aI. (1981). 
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Were the J-curve parent distribution hypothesis to be correct, the mode of 

discovered pool sizes should decrease over time as smaller pools became economic 

to produce. The data in Figure 2.11 suggest otherwise. In this figure, pools were 

grouped by time intervals of approximately 100 discoveries and plotted successively 

on the same histogram. The mode of the observed pool size distl'ibution can clearly 

be seen to have been established during the first exploration interval, and not to 

have changed at all over the successive intervals. In fact, from this figure, one might 

fairly conclude that there are very few pools remaining to be discovered below the 

point of economic truncation. 

It is also worth considering how Attanasi and Drew (1985) and Schuene

meyer and Drew (1983) came across the J-shaped parent hypothesis. These au

thors had been applying Arps and Roberts' (1958) deterministic discovery forecast

ing model which posits an exponential relationship between the number of pools 

discovered in a size class and cumulative exploration effort measured as cumulative 

wells drilled. Let ar be the representative size of pools in the rth size class, and 

let B be basin area. Let Cr be exploration efficiency in each size class, defined as 

the number of times more often that pools are discovered using current exploration 

technology than if wells are drilled at random locations. Arps and Roberts' (1958) 

relationship is then 

nr{w) ~ Nr (1- exp (_ Cr;W)) (2.12) 

where nr{W) is the number of pools discovered in the rth size class after W wells 

have been drilled, and N r is the actual number of pools in that size class with 

nr(w) :5 N r. Representative pool size, basin area, number of pools discovered 

and number of wells drilled are known, thus, with an estimate of Cr, an estimate 

of the total number of pools in a size class, Nr , can be readily calculated from 

Equation 2.12. Apparently, Schuenemeyer and Drew (1983) discovered th.at the 

ratio between the Nr's of successive size classes 

(2.13) 
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FIgure 2.11. Histogram of the sizes of 545 discovered oil pools in the Rainbow

Zama Keg River pinnacle reef play, northwest Alberta, grouped by six unequal time 

intervals of approximately 100 discoveries. Class intervals are successively halved 

in width, beginning at 30,000 to 64,000 thousand stock tank cubic meters of oil 

in-place for class 1 down to 14.6 to 29.3 thousand cubic meters for class 12. Pool 

size data from Alberta Energy Resources Conservation Board (1987). 
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is approximately constant. Their own data, however, (Schuenemeyer and Drew, 

1983, fig. 4, Figure 2.12 this paper) show a wide scatter in these values, sometimes 

with a discernible trend. Obviously, projecting this ratio (actually an average of 

the values of Equation 2.13 across all size classes) down to the zeroth size class will 

predict a J-shaped frequency distribution for oil pools. This result can be deduced 

directly from Equation 2.12 by rearrangement: 

N = new) 
(1-exp (_a~w» 

(2.14) 

where fir is an increasing function of decreasing pool size, a, so long as the number 

of wells drilled, n( w), is not too small. Thus, a J-shaped frequency distribution is 

implicit in the Arps and Roberts (1958) model itself, when it is used to extrapolate 

the results of sampling from the upper tail of the pool size distribution down into 

smaller size classes. 

The hypothesis that the number of pools in a size class increases a.ccording 

to a constant ratio in the direction of smaller size classes is a variant of Zipf's 

Law, where the product of pool frequencies and pool sizes are constant across size 

classes: 

(2.15) 

for all r size classes. Like Zipf's Law in general, this approach is subject to the 

criticism that it overestimates the number of smaller pools (Howarth et. al., 1980). 

This can be seen clearly in the case of the Denver Basin using Arps and Roberts' 

(1958) estimates of the number of pools in each of fifteen size classes (Table 2.2). 

Arps and Roberts' (1958) estimates for the three smallest size classes (numbered 

one through three) are already quite high, predicting some 4,074 pools of sizes 

between 1,000 and 8,000 barrels. Taking the average of the succesive ratios for size 

classes 4 through 12 and multiplying that average ratio by Arps and Roberts (1958) 

estimate of 1,657 pools in size class 4 yields an estimate of 2,196 pools in size class 

3. By the same procedure a total estimate of 17,072 pools of sizes between 1000 

and 8000 barrels is obtained. 
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Figure 2.12. Plots of succesive class size ratios fi,._I/ fi,. for oil and gas fields at 

different depth intervals in the Permian basin of west Texas and east New Mexico. 

Mter figure 4 of Schuenemeyer and Drew (1983). 
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Table 2.2. Estimates of the number of pools in the smallest size classes (r = 
1 through r = 3, 1,000 to 8,000 barrels recoverable reserves) using the average 

ratio Nr-l/ Nr calculated from Arps and Roberts' (1958) estimates of the number 

of pools N r in size classes 4 through 13. The average of the ratios Nr - 1 / Nr is 

calculated to be 1.76, where the ratios of size classes 14 to 15 and 13 to 14 are 

excluded because they are quite large. Note that nr is the number of discovered 

pools in each size class. Estimates of the number of pools in size classes 1, 2 and 

3 are obtained by multiplying the number of pools in the r + 1st size class by the 

average of the ratios Nr-d Nr. 

- ] lNr.: 
A 

~ nr: N.: Nr. Nr: 

1 3 968 9033 

2 8 1454 5133 

3 14 1652 2916 

4 23 1657 1.18 

5 26 1401 1.41 

6 52 994 1.48 

7 36 669 1.76 

8 45 379 1.93 

9 38 196 1.90 

10 34 103 1.78 

11 28 58 2.32 

12 11 25 2.08 

13 10 13 4.00 

14 3 3 3.00 

15 1 1 
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Note that there is a strong, increasing trend in the ratios Nr-1/Nr across all 

size classes for Arps and Roberts' (1958) estimates (Figure 2.13) and that the ratios 

for size classes 13/14 and 14/15 are considerably larger than would be predicted by 

that trend. This serves to point out a certain arbitrariness in Schuenemeyer and 

Drew's (1983) estimation procedure. For the estimates in Table 2.2 the ratios for 

size classes 13/14 and 14/15 were excluded from computation of the average ratio 

in order to obtain a conservative estimate of the number of pools in the smallest 

size classes. Size classes 1 through 3 were chosen for estimation because their 

respective ratios were less than 1. Although these decisions may seem reasonable, 

they are, in fact, quite arbitrary, and another worker might well make different, 

but still reasonable, choices. 

To sum up, there is little or no theoretical support or other evidence on 

behalf of the J-shaped parent distribution hypothesis other than the possibility 

that economic truncation wiIl result in a transformation from a J-shaped to a 

lognormal distribution. An analysis of the economics of drilling and completing 

wells in the San Juan basin suggests that even this possibility is unlikely. In fact, 

given the mathematical properties of size-bias and point truncation, it can be fairly 

deduced that if an observed distribution of pool sizes can be fit by the lognormal 

distribution, then the parent distribution can be fit by the lognormal as well. This, 

of course, raises the question of how to judge the fit of the lognormal distribution 

to discovered pool sizes, to which the next section is devoted. 
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FIgure 2.13. Plot of succesive size class ratios Nr-1/Nr for Arps and Roberts' 

(19S8) estimates of the number of pools in adjacent size classes, as listed in Table 

2.2. 



40 

2.5 Testing for Iognormality. 

An important step in the proposed estimation procedure is to verify that 

the distribution of discovered pool sizes does not display any significant departures 

from lognormality. Fortunately, since the logarithms of a lognormally distributed 

random variable are, by definition, normally distributed, a number of tests for 

departures from normality can be used. This is, however, no place for a thorough 

review of all the available tests. Rather, a selection of the most useful and powerful 

of these tests will de described and demonstrated. 

Suprisingly, previous studies of the distribution of discovered pool sizes have 

almost exclusively made use of only one test, the previously mentioned quantile

quantile plots. Again, these are plots of the logarithms of pool size against the 

empirical distribution function (recall Figure 2.4, p. 19 above). If the discovered 

pools are lognormally distributed they will plot as a straight line projecting forty

five degrees from the origin. Any departures from lognormality can be detected 

by visual inspection of the plot. A related plot is the percentile-percentiie plot 

which exploits the symmetry of the normal distribution. Thus, if the logarithms 

of observed pool sizes are indeed normally distributed, then plotting the empirical 

cumulative distribution function Fn(x) against 1 - Fn(x) will yield a straight line 

connecting the points (0,0) and (1,1) on a graph(Figure 2.14). 

Quantile-quantile and percentile-percentile plots are most useful when ex

amined together, because deviations from a straight line are more apparent from 

the middle of the distribution in percentile-percentile plots and in the tails for 

quantile-quantile plots (Fisher, 1983). Of course, it would be preferable if such 

deviations were of equal magnitude across the entire graph. Such a plot has been 

devised by Micheal (1983) and is called the stabilized probability plot because it 

involves a transformation of the percentile-percentile plot that stabilizes the vari

ance of the plotted values. This plot is also useful because Micheal (1983) has also 

shown how to construct an acceptance region akin to the Kolmogorov-Smirnov 

D-statistic which plots as two straight lines equidistant above and below the sta

bilized probability plot (Figure 2.15). The hypothesis of lognormality would then 
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FIgure 2.14. Percentile-percentile plot of the distribution of oil pool sizes in the 

Rimbey-Meadowbrook Leduc reef play in central Alberta, Canada using the same 

data as in Figure 2.4 above. 
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be rejected if any part of the graph fell outside the acceptance region, an objective 

procedure that is much preferable to subjective judgements about the straightness 

of the plot. 

Another objective procedure might be to calculate a best fit line to any 

of these plots and devise a hypothesis test based on deviations of the plot from 

this best fit line. Unfortunately, the plotted values, which are order statistics, are 

highly correlated and have unequal variances. Thus, to determine a best fit line, 

a generalized least squares rather than an ordinary least squares fitting procedure 

would have to be used, a complication that would be preferable to avoid. Looney 

and Gulledge (1984), however, have devised a powerful hypothesis test that uses the 

correlation coefficient, r, computed from the ordinary least squares best fit line. 

This test uses a plotting position for the empirical distribution function which 

differs from those normally used, and that maximizes the power of this test, that 

is, minimizes the probability of failing to reject the lognormal distribution when 

the observed distribution is not lognormal. 

The question of plotting positions arises because the empirical distribution 

function is a step function that jumps from (i - 1)/n to i/n for the ithe value of 

a sample of size n when these values are ordered by increasing size. Not all of 

these values could be plotted on normal probability paper because the largest and 

smallest values, one and zero respectively, would be off the scale. Thus, compromise 

plotting positions have been adopted, with (i - 0.5)/n and i/(n + 1) being the 

most common, but a poorly known plotting position, (i - O.4)/(i + 0.2), called the 

Cunane plotting position, maximizes the power of this test. In fact, this test is 

more powerful than any of its alternatives (Shapiro-Francia, Fillibin, etc.) for the 

normal distribution against a wide range of alternative distributions, including the 

Pareto (Looney and Gulledge, 1984). Results of applying this test to several plays 

in the San Juan basin are given in Table 2.3. 

If the parent distribution of pool sizes were indeed to be J-shaped, it might 

be possible to devise a test of the hypothesis that a size-biased, point truncated 

sample was drawn from a Pareto (J-shaped) parent distribution against a specified 
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1.0 

Figure 2.16. Stabilized probability plot with acceptance regions calculated ac

cording to the procedure of Micheal (1983) for the Rimbey-Meadowbrook Leduc 

reef play of central Alberta, Canada. If any of the plotted values fell outside the 

acceptance region the hypothesis of lognormality would then be rejected. Pool size 

data is the same as used in Figures 2.4 and 2.14. 
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Table 2.3. Regression tests of fit for lognormality of selected plays in the San 

Juan basin of northwest New Mexico and in Alberta, Canada, using the method of 

Looney and Gulledge (1984). The null hypothesis (Ho) is that the observed distri

bution is lognormal. PCFF is the Pictured Cliffs-Fruitland-Farmington sandstones 

play, EL VADO the EI Vado sandstone play, TOCITO the Tocito sandstone play, 

all in the San Juan basin, and RM the Rimbey-Meadowbrook Leduc reef play in 

central Alberta. 

Play: n: r: 5% level: Reject Ho? 

PCFF 40 .977 .972 NO 

ELVADO 17 .979 .944 NO 

TOCITO 21 .980 .953 NO 

RM 18 .986 .947 NO 
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unimodal alternative such as the lognormal. Such a test has been provided by 

Marlin (1984b) for the case of multiply truncated samples, and which can be shown 

also to apply to truncated, size-biased samples. A truncated Pareto distribution of 

the first kind (Arnold, 1983) is given by 

>. (X) -~-l 
f(x; A, t) = t t 

where a is a constant. For the lognormal 

( 2) f(Xj p" (
2

) 
f XjP"U ,t = roo 1(. 2)d 

Jt X,p"u x 

for (2.16) 

for X ~ t ~ o. (2.17) 

Using the transformation Y = In(x/t), the probability distribution functions of the 

transformed variables are (Marlin, 1984b), for the Pareto: 

g(Yj >.) = >. exp( -x) (2.18) 

which is an exponential distribution with parameter A, and for the lognormal: 

( . I 2) _ ~(((y+lnt-p,)/u)/u) 
9 y,p, - nt,u - 1- ~((Int - ",/u) for y>O (2.19) 

which is a normal distribution with parameters p, - Int and u 2 , and truncated 

at zero. Now, according to Theorem 5 of Appendix 1, the Pareto distribution 

in Equation 2.16 will undergo a change in parameters with size-biased sampling, 

where A is replaced by >" = >. - a and a is the degree of size-bias. The new 

parameter >" will also carryover to the exponential distribution in Equation 2.18. 

Similarly, by Theorem 4 of Appendix 1, size-biased sampling would yield, after the 

transformation Y = In(x/t), a normal distribution 

( . -I t- 2 2)_ 4>(((y+lnt-p,-o:u2)/u)/u) 
9 y,p, n au ,U - 1- ~((ln t _ p, _ a(2 )/u) . (2.20) 

with the new parameter p, - In t - au2 • Although the parameters of the trun

cated distributions in Equation 2.18 and 2.19 are changed by size-biased sampling, 

this does not affect the test because it does not require knowledge of any of the 

parameters of either of the transformed distributions. 
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The test proceeds by computing the normalized differences 

di = (n + 1 - i)(Y(i) - Y(i-I» (2.21) 

where i is the ith value in a sample of size n, and Y(O), ••• , Yen) are the order 

statistics of the transformed variable with YeO) = O. The null hypothesis is that 

the di'S are identically and independently distributed exponential random variables 

with parameter >"', which in turn implies that the untransformed variable X has a 

Pareto distribution with parameters >..' and t. The alternative hypothesis is that 

they are lognormally distributed. 

The data are partitioned into subsets, 8 1 for the normalized differences d; 

which correspond to values of x that fall at or below the sample median, and 82 

for the remainder. Then, by the null hypothesis, the sums 

;' = 1,2 (2.22) 

are sums of identically and independently distributed exponential random variables, 

and thus have a gamma distribution of parameters ri and 1/>"', where Ti is the 

number of sample values in the set 8j. Thus, the ratio 

(2.23) 

has an F-distribution with VI = 2rl and V2 = 2r2 degrees of freedom. According 

to Marlin (1984b), for a lognormal alternative a one-sided test is appropriate, and 

for an unspecified alternative, a two-sided test should be used. The test is carried 

out by comparing the computed value of Q with the appropriate percentage points 

from tables for the F-distribution. 

Results of this test applied to plays in the San Juan basin and elsewhere are 

given in Table 2.4. Unfortunately, as shown by Marlin (1984b), this test is not very 

powerful for sample sizes of less than 100, meaning that with small samples there 

is a high probability of failing to reject the Pareto distribution when the observed 

pool sizes are not distributed according to the Pareto. This lack of power explains 
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the seeming contradiction between the results of Tables 2.3 and 2.4 where, in the 

former, the lognormal hypothesis was not rejected and in the latter, the Pareto 

was not always rejected in favor of a lognormal alternative. 
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Table 2.4. Application of Marlin's (1984b) test of the hypothesis (Ho) that a 

sample was obtained by size-biased and truncated sampling from a Pareto distri

bution against a lognormal alternative for selected plays in the San Juan basin of 

northwestern New Mexico and in Alberta, Canada. PCFF is the Pictured Cliffs

Fruitland-Farmington shallow gas sand play, EL VADO the EI Vado sandstone oil 

play, TOCITO the Tocito sandstone oil play, all in the San Juan basin, and RM 

the Rimbey-Meadowbrook Leduc reef play in central Alberta. 

Play: n: Ql ~ V2: FC&ll,&I:a,a): Reject Ho.? 

PCFF 40 2.83 40 40 1.69 YES 

ELVADO 17 2.03 18 16 2.25 NO 

TOCITO 21 3.98 22 20 2.07 YES 

RM 18 3.41 18 18 2.22 YES 



CHAPTER 3 

OIL AND GAS EXPLORATION AS A SAMPLING PROCESS 

Populations of pools are sampled by the act of exploring for oil and gas. 

The exploration process is it not a purposely designed sampling strategy intended 

to facilitate statistical inference about populations of pools. Rather, it reflects 

a diverse combination of exploration strategies resulting from the differing objec

tives of different sized firms with various attitudes towards risk, all under con

ditions of extreme uncertainty. In this chapter the statistical implications of ex

ploration, as it is conducted in North America, are assessed in order to sketch 

an outline of how exploration as a sampling process should be modeled. This 

model will, in turn, lay the basis for the estimation method developed in Chapter 

5. 

3.1 Objectives of exploration. 

The essential objective of oil and gas exploration is the discovery and pro

duction of oil and gas bearing properties at a profit. This does not, however, 

exhaust all of the objectives an exploration firm may have. As will be discussed 

further on, some very large firms will pass up properties with small reserves of 

hydrocarbons even though those hydrocarbons may be produced at a profit. For 

the moment it is important to note that the essential objective is for properties 

and not pools or fields. By properties we mean the rights to all oil and gas that 

underlie a tract of land on the surface, usually leased by the exploration firm from 

another landowner. 

A lease may be so small that it can effectively be drained by a single well if 

hydrocarbons are present. Only infrequently will a firm have a land position such 

that its leases cover the surface area overlying an entire pool or field, even though 

undivided ownership of the rights to an entire pool is a desirable situation, as it 
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greatly simplifies production of the pool. Where divided ownership occurs, produc

tion from any part of a pool will affect production elsewhere, necessitating costly 

and difficult negotiations for cooperative production. These agreements are appar

ently so difficult to obtain that government intervention is often required, either 

as imposed agreements or direct regulation of production (Wiggins and Libecap, 

1985). 

Divided ownership implies that each property is evaluated independently as 

to its production potential and profitability. In fact, each well within a property 

will be evaluated in the same way. This has profound implications for statistical 

modeling of exploration, for a newly discovered pool will be evaluated initially on 

the basis of the discovery well. Unless there is evidence that a profitable well may 

be driIIed elsewhere on a firm's leases, the decision to develop the property will 

depend largely on the performance of the discovery well. A well may be produced 

if, at a minimum, it will produce enough to defray even part of the sunk costs 

attributable to that well in addition to all (variable) production costs. 

Obviously, each additional well drilled on a property will be evaluated in 

the same way. What is important is that the decision to produce or abandon a new 

discovery is made very early on when very little data on the amount of recoverable 

oil and gas within a property is available. Reserve estimates on the basis of data 

from a single well are considered quite unreliable (DeSorcy, 1980). Of late, methods 

of simulating the probability distribution of reserves on a property given proba

bility distributions for relevant reservoir parameters have been described (Smith 

and Buckee, 1985). These methods are helpful in defining the probability distribu

tion for reserves, but they cannot eliminate the basic uncertainty that is involved. 

Thus, firms cannot accurately discriminate between profitable and unprofitable 

properties. Furthermore, it is questionable whether smaller pools are dropped 

from consideration only on the basis of their size, or whether a more complicated 

decision is involved. 
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3.2 Valuation and ranking of prospects under uncertainty. 

Under conditions of absolute certainty as to the size of a new discovery, its 

future production history, the price of crude oil etc., valuation of a pool or property 

would be a simple exercise of calculating future cash flows. Future revenues net 

of costs would then be discounted back to the present and ranked against the net 

present value of other investment alternatives. Similarly, knowing costs, the price 

of crude oil etc., the minimum size and sustainable production rate required of a 

prospect could be computed. 

Clearly absolute certainty does not prevail and assumptions must be made 

as to the values of many of the parameters involved in evaluating a prospect. There 

is a certain risk, which is quantifiable, that the assumptions will not hold. A typical 

industry approach (Smith and Buckee, 1985) is to establish probability distribution 

functions for the uncertain parameters and randomly sample these distributions. 

Repeated many times, this method yields a probability distribution for the size 

of a pool, its net present value, etc. Probabilities of economic success can then 

be determined and a risk adjusted value for the prospect computed, the prospect 

being ranked on that basis. 

Risk assessment is only as good as the assumed distributions for the uncer

tain parameters. For a well explored play, good empirical distributions for reservoir 

parameters may be available from data on already discovered pools. In most other 

circumstances subjective probabilities will be used, the accuracy of which may be 

difficult to evaluate. Suppose, for example, two geologists offer two opinions as to 

the probability that a prospect will contain a million barrels of oil. lfthe pool turns 

out to be a million barrels in size, which geologist was correct? No matter how 

sophisticated the risk assessment method or the quality of the data used, there will 

always be an overriding dimension of un quantifiable uncertainty that cannot be 

~voided. This is not to say that risk assessment need not be attempted (see Jones 

and Smith, 1983 for an example of how it may be profitably applied), but that no 
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matter how hard they may try, firms exploring for hydrocarbons cannot discrim

inate between economic and uneconomic prospects with the accuracy implied by 

point truncation. 

Under conditions of certainty, multiple point truncation would best charac

terize the truncation of uneconomic pools. Given any set of economic conditions 

and the location of a pool, i.e. its depth, distance from existing transportation 

facilities, etc., it would be possible to compute both minimum economic size and 

minimum economic production rate. The representation of this type of trunca

tion is simple. Let Xi be pool size, Pi its production rate, ti be its corresponding 

minimum economic size and ri its minimum economic production rate. Then the 

truncation function W(Xi; ti, ri) is 

if Xi > ti and Pi 2: ri; 
otherwise; 

(3.1) 

If smaller pools have smaller production rates, and if the correlation between these 

two factors is good, Equation 3.1 could be simplified by consideration of truncation 

only on the basis of size or production rate. As Figures 3.1 and 3.2 show, however, 

there is no correlation in linear space between either oil in-place or economically 

recoverable oil and actual initial production rates of pools or fields. 

With multiple truncation there would be no single truncation point on the 

pool size distribution function, but a range of sizes over which truncation may 

occur depending on pool location. This reflects the fact that minimum size and 

production rate will increase with the increasing costs of discovery, development 

and production of deeper pools. Relative distance from transportation facilities, 

changes in tax codes across political boundaries, changes in topography, etc. may 

also be relevant factors. In theory, the truncation function in Equation 3.1 could 

be re-expressed as a progressive truncation function 

{

I, if Xi > tl and Pi > rl; 

W(Xij t l,t2,rl,r2) = g(Xi,Pi), ~ft2 ~ Xi ~ tl and r2 :$ Pi < rl; 

0, If Xi < tl and Pi ~ r2; 

(3.2) 
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Figure 3.1. Plot of the initial potential production rate of pool discovery wells 

versus pool recoverable oil for the Rimbey-Meadowbrook Leduc reef play, central 

Alberta, Canada. Units are in thousands of reservoir cubic meters. Data from 

Alberta Energy Resources Conservation Board (1987). 
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FIgure 3.2. Plot of initial production rates versus primary recoverable reserves 

for fields in the San Joaquin basin, east-central California. Data from California 

Division of Oil and Gas (1985). Note that a logarithmic scale has been used on 

both axes in order to plot all the data. Although there is a correlation between 

reserves and initial potential after applying the logarithmic transformation, no such 

correlation exists in linear space. 
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so long as a suitable analytical expression for g(Xi,Pi) can be found. A logical choice 

would be to let g(Xi,Pi) be a declining function of both pool size and production 

rate. The range between truncation points tl and t2 and between rl and r2 as 

well as the slope of g(Xi,Pi) would depend for the most part on the depth interval 

over which pools occur and how costs increase with depth. The actual affect 

of truncation would, however, depend on how pools are distributed in that depth 

interval, as well as on their actual sizes. There may be no pools that are uneconomic 

in which case economic truncation would be irrelevant. Pools deeper in a play 

may be disproportionately large, leading to disproportionately greater truncation 

near the upper limit of the range of truncation. Thus, if a declining progressive 

truncation function g(Xi,Pi) is appropriate, it will not necessarily result in the kind 

of truncation that Attanasi and Drew (1985) invoke to transform a J-shaped pool 

size distribution function into a unimodal, lognormal like distribution (see Chapter 

2, p. 21-24 for details). 

Nor will the actual results of exploration correspond to predictions that 

could be made knowing the appropriate truncation function and the actual sizes, 

production rates and the spatial distribution of pools in a play. Under uncertainty 

firms cannot accurately distinguish between economic and uneconomic prospects. 

Thus, pools which initially meet the expected required production rate but whose 

sizes are uneconomic will be produced until the mistake is realized, usually when 

production begins to decline rapidly. Very large prospects may be explored for 

some time until it is realized that economic production rates cannot be obtained. 

At times, economic pools may be drilled through without being noticed, at other 

times their potential may not be correctly assessed. The frequency of these errors 

should not be exaggerated but they may be significant. 

The practical upshot of this is that data on the sizes of some ultimately 

uneconomic pools in a play may be available. In terms of its effect on truncation, 

the enforcement of truncation will not be complete. In some cases it may be too 

extreme. Let ei be the level of enforcement of the truncation function g(Xi,Pi) for 

a given pool. With the possibility of overenforcement, i.e., underestimation of pool 
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size and production rate, ei can take on any value greater than or equal to zero. 

Truncation would then be modeled as 

(3.3) 

where no reference is made to truncation points as accurate enforcement is a prob

lem with pools of any size. Were enforcement to be perfect then 

{ 

g(z:,poP for Xi ~ tl and Pi ~ rl; 

ei = 1, for t2 ~ Xi ~ tl and r2 ~ Pi ~ rl; 

0, for Xi ~ t2 and Pi ~ r2. 

(3.4) 

Actual values of ei would be quite different. Typical values over the three relevant 

size ranges in Equation 3.4 might be obtainable from past exploration experience if 

the necessary data is available and if the exploration history is long enough. Deter

mining the number of pools drilled but not noticed, however, would, in principle, 

be izr..possible, although in a competitive industry all such pools may eventually 

be found. Obviously, there is a highly random component to enforcement due to 

differences in skills and management philosophy between firms. Thus the actual 

outcome of any exploration history may be further different from what might be 

predicted from the progressive truncation function and the actual distribution of 

pool sizes in a play. 

Unfortunately, there seems to be no way to guage the degree of enforce

ment of economic truncation, insofar as the number of pools that should not have 

been truncated is unknown. However, these errors in enforcement are probably 

uncommon and need not be considered except when interpreting estimates of the 

number of pools remaining to be discovered. This is because such estimates are 

an indication of exploration potential and not a prediction of future exploration 

outcomes. 
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3.3 Aggregate trends in a competitive industry. 

Faced with alternative prospects firms will rank them in order of estimated 

expected net present value. Obviously, the larger a prospect's anticipated reserves, 

the larger its expected value, assuming no great differences in costs or production 

rates between prospects. Thus, firms may be expected to test prospects in order 

of decreasing size potential and, when funds for investment are limited, to develop 

discoveries in order of decreasing size and production rate. The importance of size 

and production rate will, however, differ between firms depending on corporate 

objectives. 

As observed by McKie (1960), Drew (1980), and Drew and Attanasi (1980), 

firms involved in exploration can be divided into two groups with different explo

ration strategies. Large, vertically integrated firms, known as majors, attempt to 

find and develop properties with substantial reserves and production capacity, in 

order to secure a reliable supply of oil and gas for their downstream operations. 

These firms will not bother with properties with relatively small reserves or inad

equate production rates, even if these properties are profitable to produce. The 

typical exploration strategy for a major firm is to establish a large land position 

early in the exploration history of a play, in the expectation that this will increase 

the odds that a significant share in ownership of the larger pools may be obtained. 

The other class of firms are independents, which typically "make do" with 

acreage not taken up or farmed out by the majors. By necessity these firms must 

have lesser expectations as to the sizes and production rates of their discoveries. 

In fact, many of these firms, especially the smallest ones, will take up any project 

that is just barely profitable, especially if there is heavy competition for potentially 

producing properties. Drew and Attanasi (1980) observed that, given the structure 

of u.s. tax laws and the manner in which farm-outs are financed, independents 

can make a profit from drilling a well whether it makes a discovery or not. This 

fact explains the greater propensity of independents to drill, their lower success 

rates, and why funds may continue to be invested in exploration even when such 

investment cannot be justified by the average return on production. The large 
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number of wells drilled in this way will result in a fair number of uneconomic 

discoveries, some of which will be erroneously produced as explained in the previous 

section. 

This two-fold industry structure, in the context of intense competition for 

the best prospective acreage, complicates the order in which pools are discovered 

and developed. From the way in which firms rank prospects and discoveries, one 

would expect larger pools to be discovered and developed first. This tendency 

will be enforced where exploration technology makes it possible to discriminate 

prospect potential, and even more so when only the larger potential prospects are 

detectable. A general decline in the size of discoveries over time is, in fact, observed 

for many plays and basins (Forman and Hinde, 1985). However, departures from 

the general trend are common and can be attributed to the segmented, competitive 

nature of the industry as well as to exploration technology. 

A typical pattern for a newly discovered play is that large firms will lock up 

acreage in those parts of that play with the greatest potential for larger pools. This 

acreage will then be evaluated over a few years with the best prospects drilled by 

the majors and the remainder farmed out to independents. At the same time there 

will be a flurry of drilling activity in the vicinity of the discovery which initiated 

the play, much of it by quick-acting independents. Most of that drilling, fueled by 

speculative fever, will be unsuccessful. As time goes by, the majors will exhaust the 

better prospects and will cease drilling in the play, leaving all activity to indepen

dents. Thus, early in a play's history, there will be a string of major discoveries, 

attributable to the larger firms, along with some minor discoveries by independents. 

With time, drilling and discoveries by independents will pick up as they acquire 

properties passed up by the majors and work out successful prospecting strategies 

for that play. The sizes of discoveries will continue to fluctuate greatly, with some 

better financed independents able to obtain rights to the better prospects, and 

others having to drill whatever comes their way. Ultimately, the effects of physical 

exhaustion of a play will set in, with a steady decline in the sizes of discoveries 

until the economic limit is reached and the play is exhausted. 
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In view of the foregoing, oil and gas exploration can be characterized as 

a sampling process subject to size-bias. That is, firms will preferentially look for 

and develop the properties with the greatest recoverable reserves. Given industry 

structure, the different objectives of different types of firms, and the vagaries of 

competition, this size-bias will not always translate into an aggregate, consistent 

decline in the sizes of discovered pools in a play over time. A consistent decline 

might occur if the exploration industry were monopolized, except that there is 

a level of uncertainty as to prospect potential and the sizes of discoveries that 

exploration technology has not and may never overcome. Thus, the observed degree 

of size-bias has two economic components, one which stems from the profit motive 

and the differing objectives of firms, and the other from the efficacy of exploration 

technology. 

Of course, there is a simple, physical factor that also contributes to size

bias. That is, if all else is held equal, larger pools ought to be easier to find than 

smaller pools, even if wells are drilled at randomly selected locations. Explora,J~ion 

technology will tend to magnify this effect insofar as it improves the ability of 

firms to single out those prospects with a better size potential. On the other hand, 

if exploration activity is at a high level with a great many firms simultaneously 

leasing and drilling different portions of a play, the overall degree of size-bias may 

be considerably less than if the prospects were drilled sequentially in order of 

decreasing size potential, rather than being drilled more or less at the same time. 

There is a tendency to treat size-bias as a measure of exploration efficiency, 

but this is not recommended as it tends to muddle the issue. Strictly speaking, 

exploration efficiency has two components: the ability of a firm to predict whether 

a prospect is hydrocarbon bearing or not, and the ability of a firm to estimate 

the amount of those hydrocarbons if they are present. Discriminating dry from 

productive prospects is easily measured for individual firms and the industry as 

a whole, as the success rate of exploratory drilling, which is the ratio of wells 

which locate hydrocarbons to the total number of exploratory wells drilled. These 

statistics are widely used and reported, although typically they are expressed in 
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terms of wells which locate economic reserves of hydrocarbons and thus contain 

a measure of the ability to discriminate prospect size potential as well. Data on 

firm's expectations as to the amount of recoverable oil and gas in a prospect, 

however, are unavailable except on an anecdotal basis, thus no strict measure of 

this dimension of exploration efficiency is possible. It is in this situation that it 

becomes tempting to use observed size-bias as a proxy for a measure of the ability 

to discriminate prospect potential insofar as it is a contributary factor to size bias. 

Unfortunately, observed size-bias in a particular play is an industry wide measure 

where by industry is meant all the firms exploring a particular play. Thus, observed 

size-bias would tend to understate the ability of individual firms to assess prospect 

size potential due to the diminishing effect simultaneous exploration of a play has 

on an aggregate measure of size-bias. 

3.4 Information generated by exploration. 

A firm which makes a discovery will not be able to make an accurate esti

mate of pool size until well into the productive history of the pool. Sometimes a 

size measurement may never be attempted, as is often the case with small pools 

developed by independents at low cost. These may have short payback periods 

and will simply be produced until it is unprofitable to do so. Only when those 

pools are abandoned will the amount of economically recoverable hydrocarbons 

they contained be known. In some cases, accurate determination of pool size is 

not economically justifiable until implementation of an enhanced recovery scheme, 

when detailed knowledge of a pool's geology is required. However, some estimate 

of pool size is typically available to a firm at least by the time initial production 

is planned. Additions to that estimate will be made as the pool is developed, with 

a final estimate available once pool limits have been delineated. The lag time be

tween discovery and the availability of a complete pool size estimate would then 

vary with pool size, from about a year for small pools to ten years or more for very 

large pools. 
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It is another question altogether whether firms will make their pool size 

estimates available to the public. Typically, all potentially economic discoveries 

will be reported, usually to public and private agencies which maintain statistics 

on exploration drilling. Uneconomic discoveries may be recorded as dry holes, 

or perhaps the presence of hydrocarbons will be indicated as a show. Ideally, 

the results of drill stem and production tests, as well as descriptions of untested 

shows should be available, but these data are systematically collected in only a few 

localities. In even fewer areas do governments require the disclosure of pool size 

estimates, and usually only estimates of recoverable reserves are collected. In most 

other areas such data are sometimes collected and published by regional geological 

societies, but these sources contain frequent omissions. Otherwise, data on pool 

sizes can be found scattered throughout the petroleum geology and petroleum 

engineering literature, as well as trade journals, and, in some states, in the records 

of public hearings on oil and gas field development proposals. 

In the absence of a complete data set supplied by a government agency, 

data collection is a tedious process that will leave many gaps. These gaps could 

be filled by using widely available production data to estimate recoverable oil and 

gas by decline curve methods. These methods, however, require the use of skilled 

personnel, namely petroleum engineers, to obtain reliable results, and would be 

expensive and time-consuming for application to more than a few pools. The pos

sibility that data will be incomplete raises a further hurdle for statistical estimation 

of the number and sizes of undiscovered pools. If missing data on pool sizes are 

randomly distributed amongst discovered pools, then the data will be randomly 

censored, a problem which is usually easy to deal with. If data on smaller pools is 

more likely to be unavailable, as sometimes occurs, the censorship is progressive, 

which would present greater difficulties. 

The unavailability of data on in-place quantities of oil and gas would present 

no problems for a short term forecast, where quantities of hydrocarbons recoverable 

by present technology are relevant. For longer term forecasts some method of 
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estimating in-place quantities from recoverable quantities would be required, but, 

unfortunately, no such method is available. 

3.5 Summary and conclusions. 

From this broad survey of oil and gas exploration as a sampling process 

three important conclusions can be drawn. First, the sample of discovered pools is 

subject to an economic truncation frem below that is somewhat difficult to model. 

This truncation depends for the most part on estimates of pool size, but projected 

production rates also matter. However, the minimum economic production rate 

in much of North America is quite small, about a barrel a day or less, so that 

almost any pool of economic size that is discovered can probably be produced 

at an economic rate, at least initially. The second is size-bias, which is simply 

the degree to which the probability of discovery of a pool is proportional to size. 

Although exploration technology and management playa role in size-bias, geologic 

factors are also significant, and thus size-bias should not, in itself, be viewed as a 

measure of exploration efficiency. Finally, the third conclusion is that sampling is 

subject to censorship of pool sizes where data on pool sizes are not systematically 

collected and reported by governmental agencies. 

In Chapter 5 an estimation procedure will be developed that accounts for 

economic truncation using a multiple truncation model, accomodates size-bias us

ing some little known theory about size-biased distributions, and exploits a rela

tively new technique, the expectation-maximization algorithm, to handle missing 

data. Perhaps it is wise to mention here that, although the estimation method 

developed in Chapter 5 is very flexible and sophisticated, it cannot fully overcome 

the limitations rendered by the often inadequately organized and incomplete data 

on pool sizes that are available in many parts of North America. This is because, 

although missing data can be accomodated, data reported according to units of 

administrative convenience rather than actual pools or fields are simply next to 

useless in most cases. Given the increasing importance of estimates of the number 

and sizes of undiscovered pools to public policy-making and corporate planning 
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this state of affairs has become intolerable. The creation of a publicly available, 

consistent data set of the sizes of oil and gas pools in North America, and wherever 

else possible, organized along principles outlined in Chapter 2, should be a national 

priority. In the mean time, such data as is available is cataloged in Long (1988). 



CHAPTER 4 

REVIEW OF PREVIOUS WORK 

Estimating the amount of undiscovered hydrocarbons in any given region 

has been attempted in a variety of ways. These include extrapolation of his

torical discovery rates, multiplication of the volume of prospective sedimentary 

rock by assumed hydrocarbon yield factors, subjective judgements, inference by 

analogy with well- explored regions, and statistical inference using discovered oil 

and gas pools as a sample. All of these methods have their uses as discussed 

elsewhere (Miller, 1986), but only those that model exploration as a sampling 

process are important to this study. What follows is a detailed review and as

sessment of three general types of these models. The first are a set of methods 

which can be derived from or related to the deterministic forecasting model of 

Arps and Roberts (1958). The second are inferential methods which estimate 

the parameters of an assumed probability distribution function that maximize 

the likelihood of discovered pools as a sample, given the order in which they 

were discovered. The third are similar to the second except that the likelihood 

of discovered pools as a sample is computed without reference to discovery or

der. 

4.1 Successive Sampling Estimators. 

Inferences about the characteristics of a finite population are possible by a 

number of methods originally developed for population and opinion surveys (Cassel 

et. al., 1977, Hajek, 1981). One of these methods assumes that the probability 

that an object is observed during successive sampling of a finite population, known 

as the inclusion probability, is proportional to the size of that object. Estimators 

of the total volume of hydrocarbons in a play and of the number of pools in a play 

based on that method were introduced by Andreatta and Kaufman (1981, 1986). 

64 
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Their estimation method is, in turn, related to the deterministic discovery rate 

forecasting model of Arps and Roberts (1958) as shown by Kaufman (1986). 

Arps and Roberts' (1958) model, which is the point of departure for many of 

the models to be discussed below, is an attempt to relate exploration effort to prob

abilities of success given expert input into exploration decisions. A fundamental 

relationship is that, for wells drilled at randomly selected locations, the probability 

that a well will discover an oil or gas pool is simply the ratio of the sum of the 

sizes of all undiscovered pools to the size of the unexplored area: 

(4.1) 

where a is the area of a pool and u is the unexplored area. This relationship 

would also hold for pool size and unexplored area measured as volumes. With only 

a finite number of pools in a play, and sampling without replacement (pools can 

only be discovered once), this probability will decrease with cumulative exploration 

effort until all pools have been found. The effect of physical exhaustion of a finite 

population cannot be avoided, thus the influence of experts on exploration outcomes 

is solely to improve the chances of locating existing pools above those that would 

be obtained for wells drilled at random locations: 

(4.2) 

where the constant multiplier c indicates how many times better than "random" 

is actual exploration. This need not be better than c = 1 for random drilling but 

Arps and Roberts (1958) estimate c = 2.15 for the continental U.S. from 1944 to 

1966. 

To relate this probability to exploratory effort let each unit of effort be a 

single well drilled, and 'W = 1,2, ... be labels of each well in order of drilling. Define 

the indicator function 6w as 

iJ
w 

= { ai, if disco:-ery; 
0, otherWIse. 

(4.3). 
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Let Sn = aI, ... ,an be the set of pool sizes associated with 01, .• • ,Ow and let 

(4.4) 

specify a discovery history for the first w wells. If u ~ LN ai where N is the total 

number of pools, discovered and undiscovered, then the reduction in unexplored 

area due to exhaustion can be ignored and the probability that the wth well will 

discover a pool of size a is 

{

CO 'f S 13' 1 a E N-n; 

0, otherwise. 
(4.5) 

where B is basin area and n is the number of discoveries. The probability that a 

well is a failure is 

(4.6) 

where SN-n is the set of undiscovered pools. Arps and Roberts (1958) partition 

pools into r size classes and redefine the probabilities in Equations 4.5 and 4.6 in 

terms of representative pool sizes ar as 

and 

(N _ n)car 

B 

( )car 
1- N-n

B 

(4.7) 

(4.8) 

where Sr is the set of pools in the rth size class. Now, the probability that any 

particular pool among n pools of size iir will not be discovered by anyone of the 

first w exploration wells is 

(4.9) 

given independent trials. Thus, n(w), the number of discoveries after w wells is 

E (nr(w» (4.10) 
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If car / B is small then 

( 
carw) l-exp -~ (4.11) 

and 

(4.12) 

Equation 4.12 is identical to Arps and Roberts (1958, equation 8) estimator for 

N r , the total number of pools in the rth size class, which Gordon (1983) identified 

as identical to Holst's (1973) successive sampling estimator. 

A more general representation of this estimator is as follows. Let there be 

N pools in a finite population U with associated sizes SN' The probability that 

the ith pool in U will be discovered, and thus appear in the unordered sample of 

discovered pools Sn of size n:::; N, is the inclusion probability 

(4.13) 

where 

(4.14) 

which does not sum to one because the probabilities summed are not mutually 

exclusive events, except for samples of size one (Horvitz and Thompson, 1952). 

For each i E U these inclusion probabilities can be approximated as (Rosen, 1972) 

(4.15) 

where A is the unique solution to 

N 

n = L(I- exP(-Aai)). (4.16) 
i=1 

The error of this approximation of the inclusion probabilities is at most on the 

order of liN (Rosen, 1972). Numerical simulation (Hajek, 1981; Andreatta and 

Kaufman, 1983) show that it is a good approximation. Note that the inclusion 
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probabilities in Equation 4.16 are an increasing function of pool size, ai, with the 

rate of increase specified by the value of A. 

Suppose that no two fields have the same size. Define 

and let f = niN. Then 

F(da) = {;,' if a E da; 
0, otherwise; 

f = 10
00 

(1 - exp(-Aa)) F(da) 

(4.17) 

(4.18) 

is the general form of Arps and Roberts' (1958) estimator of the number of pools 

in a population without resort to grouping data into size classes. The parameter, 

A, has a unique interpretation. It shows how the distribution of pool sizes changes 

with the fraction f of all N pools in the population U that have been discovered. 

That is, choice of A uniquely specifies how rapidly the size of new discoveries will 

decrease with cumulative exploration. Andreatta and Kaufman's (1986) estimation 

method essentially finds a "best fit" of A to the existing exploration history H w , 

and projects the implied discovery process down to the limit of physical exhaustion. 

Thus A is not the same type of quantity as c, Arps and Roberts' (1958) mea

sure of exploration efficiency. The latter refers to the success rate of exploration 

drilling, that is, the number of pools discovered per exploration well. For a given 

level of exploration efficiency defined as the extent to which the larger pools are dis

covered first, A is a purely physical parameter dependent on the number and sizes 

of pools in a play. That is, assuming a given successive sampling process, A will 

specify the possibilities for success when sampling from a particular finite popula

tion. Thus, any successive sampling method that estimates the number and sizes 

of pools that occur in a finite population must specify both the sampling process 

and the limits to success imposed by the finiteness of the population sampled. 

This poses the question of how to specify the sampling process, in partic

ular the bias toward early discovery of the larger pools. Using Rosen's (1972) 

approximation (Equation 4.15) let (Kaufman, 1986) 

_ _ ~ g(ai) ( ) 
9 ~ 1 - exp( -Aai) 4.19 
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where g is an unbiased estimator of 

(4.20) 

summed over all N population values for g(a), which is any real function of pool 

size a. A representation of Equation 4.19 reHecting size bias is 

~ g{a~) 
f;;r 1- exp( -'\ai) 

(4.21) 

where Q is a size-bias coefficient that indicates the degree to which the probability 

of discovery of a pool is proportional to pool size. Equation 4.21 explicitly models 

both the effects of physical exhaustion via the parameter ,\ and of exploration as 

a sampling process via the size-bias coefficient Q. 

Solving directly for the estimator g in Equation 4.21 requires knowledge of 

all pool sizes so that all inclusion probabilities can be calculated, a situation where 

there would be no estimation problem to begin with. However, if an independent 

point estimate of the total volume of hydrocarbons in a population, U, or of the 

total number of pools in that population, N, is available then an estimator due 

to Murthy (1957) can be used (Kaufman, 1986). Given if, an independent point 

estimate of the total number of pools in a population, and Sn, solve 

_ n 1 
N - ~ ----:~--:-

- ~ 1- exp(->.a·) 
1=1 ' 

(4.22) 

for >.. Then 

(4.23) 

is an approximately unbiased estimator of U. Given fj and Sn, solving 

(4.24) 
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for.\ permits solution of 

n 

N(U,8n ) = " 1 \ A ) L- -exp - a· 
i=l ' 

(4.25) 

yielding an approximately unbiased estimator of N. 

Andreatta and Kaufman (1981, 1986) applied this estimator to Smith and 

Wards' (1981) data for oil pools in the North Sea and compared their results with 

Smith and Wards' (1981) maximum likelihood estimates (discussed below, page 

78) assuming a = 1 and that pool sizes have a lognormal distribution. The close 

correspondence between Andreatta and Kaufman's (1981, 1986) and Smith and 

Ward's (1981) results (Table 4.1) suggests that Murthy's estimator is a conditional 

maximum likelihood estimator. Indeed, Andreatta and Kaufman (1981, 1986) show 

this ·to be the case when the order of pools in a sample is unimportant. 

Application of Murthy's estimator is of course limited by the need for an in

dependent estimate of N or U, and of the size-bias coefficient, as well as a complete 

list of sizes of all pools discovered. Kaufman (1986) suggested a moment-matching 

technique that would not require prior estimates of N or U. The sample is split 

into halves with 8 m = al,'" ,am and 8n- m = am+l, ... ,an, which yield a set of 

inclusion probabilities 

;rem) = 1 - exp( -Ama)j 

;r(n) = 1- exP(-(Am + An-m)a); 

;r(n - m) = - exp(-An-ma); (4.26) 

with two parameters, Am and An - m • Solving simultaneously the nonlinear equa

tions 

E?-l ai _ E~l ai . 
1- exp( -(Am + An-m)ai) - 1- exp( -Amal ) , 

(4.27) 
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Table 4.1. Comparison of Smith and Ward's (1981) and Andreatta and Kaufman's 

(1986) estimates of the number of pools in each of seven size classes for North Sea 

oil pools. 

Smith & Ward (1981) 

Q=1 

Class: Size: Unconstrained: Lognormal: 

1 25 203 205 

2 75 44 43 

3 150 26 29 

4 300 23 23 

5 600 16 16 

6 1200 4 4 

7 2400 ~ ~ 

Total: 320 324 

Andreatta and Kaufman (1986) 

Q=1 

Class: Size: N=320: fj = 433 175: 

1 25 201 194 

2 75 44 43 

3 150 27 26 

4 300 23 23 

5 600 17 16 

6 1200 4 4 

7 2400 ~ ! 
Total: 320 310 
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yields estimates of the inclusion probabilities 1f(m) and ;F(n) permitting solution 

of m n 
- ~ aj "'" ai U=~--+ L- -. ;F(m). ;F(n) 

.=1 .=m+l 
(4.28) 

for the total volume of oil or gas in the population U. By setting g(a) = 1 an 

estimator of N is obtained. To model exploration efficiency let g(a) = a Q
, but a 

again must be known. 

Barouch, et. al. (1985) show by simulation that this estimator is negatively 

biased and that estimates are sensitive to how the sample is split. Errors in es

timating N are not normal although those for R are, except for large values of 

R. Like the Murthy estimator this method yields only point estimates for Nand 

R. An estimate of the frequency distribution of pool sizes can be obtained by a 

discrete approximation after grouping of data into size classes in the manner of 

Arps and Roberts (1958). 

Drewet. aI. (1980) and Root and Schuenemeyer (1980) presented an Arps 

and Roberts (1958) type model using cumulative prospective area exhausted in 

lieu of cumulative wells drilled as a measure of exploration effort. Sizes of pools 

were measured by area and grouped into size classes with representative sizes a. 
Suppose that N r - nr targets of representative size ar remain to be discovered in a 

population and let b be the proportion of the search area B that has been explored. 

Then, for the interval (b,b+ ~b), the probability of finding j < N r - nr pools with 

drilling at random locations is given by Root and Schuenemeyer (1980) as 

which is a binomial distribution with probability 

and 

~b 
p=--

1-b 

1 - b - ~b 1 - b Ab 
q = 1 - b = 1 - b - 1 - b = 1 - p. 

(4.29) 

(4.30) 

(4.31) 
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This specification implies independent trials and two mutually exclusive out

comes, either discovery of a pool, assumed to be reported, or no discovery. How

ever ,because exploration is sampling without replacement from a finite population 

the binomial probability p will not be constant from trial to trial but will decrease 

with cumulative exhaustion, that is, increasing b. Thus, the probability of success 

for the N,. - n,. + 1st ti'ial will not be the same as that for the N,. - n,. + 2cd trial, 

etc., a violation of the assumptions of the binomial specification in Equation 4.29 

(Dudewicz and Mishra, 1988,81-82). This misspecification not withstanding, the 

authors derive from their exhaustion model the instantaneous rate of discovery in 

the rth size class at the j,.th discovery, assuming that it is the next discovery, as 

N-n 
1-b 

(4.32) 

if wells are drilled at randomly selected locations. With the application of explo

ration technology this rate is increased by the multiplier c 

( N-n) 
c 1-b . (4.33) 

Root and Schuenemeyer (1980) prove that if c > 0 then eb"" e,., the amount of 

the prospective area b exhausted by exploration for pools in each size class, have the 

same joint probability distribution as the order statistics of r independent random 

variables .xl, .. , ,.x,. with values on the interval [0,1] and the distribution function 

F(.x) (4.34) 

Note that equation 4.34, with exploration efficiency measured as a power ,is asymp

totically equivalent to Arps and Roberts (1958) model with a multiplicative con

stant c 

1- (1- ea/bt (-ceo,) 1-exp -b- (4.35) 

if c ::: 1 and e/b is small. 

Drewet. a!. (1980) derive a method of estimating c in order to use Equation 

34 to estimate the total number of pools, discovered and undiscovered in each size 
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class. The accuracy of Drew et. a1. 's (1980) forecasting method can be compared 

with that of Arps and Roberts (1958) method using data on actual post-forecast 

discoveries for the Denver basin (Drewet. aI., 1980, figures 12 and 14; Drew and 

Root, 1981, figure 2). Table 4.2 shows that both methods have similar average 

absolute forecasting errors that are on the order of 30%. 

An estimate of the number of pools in a given size class requires a sample of 

pools that fall within its size range. Typically, there will be no discoveries recorded 

for size classes with representative sizes smaller then the smallest economically 

viable pool size. This is not necessarily because such pools will not be encoun

tered during exploration but, as discussed in Chapters 2 and 3, because accurate 

measurement of their sizes is not economically justified and are rarely reported if 

determined anyhow. Given that there is some "structure" to the way the probabil

ity of discovery of a pool declines with exhaustion of a finite population of pools, 

perhaps that structure can be identified in the upper size classes and extrapolated 

below the economic cut-off into the lower class sizes in order to estimate the number 

of uneconomic pools. This of course would require some regularity or continuity of 

form for this structural relationship, which is what Schuenemeyer and Drew (1983) 

assume in their method of estimating the parent, untruncated population of pools. 

Like Vinkovetsky and Rohklin (1982), Schuenemeyer and Drew (1983) as

sume that when pools are grouped by size classes along a linear scale that the 

frequency of pools in a size class multiplied by representative class size is constant 

across size classes: 

(4.36) 

Using a log2 size class scaling where each size class is double the size of the preceding 

one, Schuenemeyer and Drew (1983) apply Arps and Roberts (1958) estimator 

(Equation 4.12) to all size classes above the point of economic truncation, smooth 

the results, and calculate the ratios of the estimated frequencies of successive size 

classes 

(4.37) 
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Table 4.2. Performance of Arps and Roberts' (1958) and Drew et. al.'s (1980) 

discovery forecasting methods by size class for the Denver Basin, eastern Colorado 

and western Nebraska. Performance is measured as percent of actual number of 

discovered pools forecasted. 

Class: Size: ArRs & Roberts: Drew et. a1.: 

9 384 122% 

10 768 71% 

11 1536 96% 

12 3072 149% 

13 6144 128% 

AAE:t 26% 

tAAE is Average Absolute Error where 

N IAdual-Predictedl 
AAE = L Actual 

i=l N 

71% 

91% 

69% 

151% 

~ 
28% 
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If the value of this ratio is constant across size classes then the number of pools 

will indeed increase according to a geometric series across size classes that have 

progressively smaller representative sizes as implied by Vinkovetsky and Rokhlin's 

(1982) model (Equation 4.36). After using the average value of Ni-I! Ni to esti

mate the appropriate geometric progression ratio, that ratio is then extrapolated 

to size classes below the point of economic truncation. 

A more sophisticated approach, derived by Schuenemeyer and Drew (1983), 

is to estimate the progression ratio by maximum likelihood. They assume that the 

number of pools, N r , in each size class has a geometric distribution 

(4.38) 

where, from the assumptions underlying this distribution (Dudewicz and Mishra, 

1988, p.92), the probability p is constant across all size classes, and the number of 

pools in each size class are independent. The doubly truncated geometric distribu

tion is then 
((1 - p)N,-l - (1 _ p)Nr ) 

Gt(Nr ) = ((1- p)N,-l _ (1 _ p)N .. ) (4.39) 

where N, is the number of pools in the smallest size class I not subject to truncation 

and Nu. the number of pools in the largest size class u. The likelihood of p given 

N r is 
_ No. ." _ pi (1 _ p)k 

L(p/Nr ) - II gt(Nr , p) - (1- ft)N,-l _ (1- p)N .. 
N, 

(4.40) 

where j = E~=INi' k = E~=l(i -1)Ni' and p is the value of p which maximizes 

Equation 4.40. The progression ratio Nj_l/Nj is then estimated by (1/1 - p). 

Schuenemeyer and Drew (1983) also prove that the doubly truncated cumulative 

geometric distribution function given log2 size classes 

(4.41) 

is a right truncated Pareto distribution with parameter (J = - log2 (1 - p). 

That Schuenemeyer and Drew's (1983) model would imply a J-shaped prob

ability distribution function such as the Pareto follows directly from Vinkovetsky 
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and Rokhlin's (1982) assumption as to the relationship between the frequency of 

pools and representative pool sizes across size classes (Equation 4.36). If this rela

tionship holds, then the frequency of pools has to be a monotone increasing function 

of decreasing pool size. If the underlying pool size distribution were unimodal or 

left truncated, then an extrapolation of a fitted geometric series of frequencies 

across size classes would not be valid past the mode or point of truncation. Fur

thermore, the fitted or estimated geometric series will be valid only if all pools in 

the size classes represented in the sample have been discovered and reported, or if 

they are accurately estimated, or if the sample were drawn at random. Thus the 

method precludes the size-bias attributable to exploration technology, drilling at 

randomly selected locations or any other reason unless that is accounted for in the 

original estimation of the number of pools in each size class which, in this case, the 

Arps and Roberts (1958) estimator, Equation 4.12, does not do. 

The common thread running through all the aforementioned studies is some 

kind of a negative exponential representation of inclusion probabilities. Insight into 

the ubiquity of this relationship can be found in the work of Forman and Hinde 

(1985,1986). They have found that, by plotting the natural logarithm of pool size 

measured as volume, In tI, against discovery number, that is, the ranking of pools 

when listed in order of discovery, that a straight line fit is often obtained 

(4.42) 

where d is the discovery number, fJI the slope and fJ2 the intercept (Figure 4.1). 

The greater the degree to which larger pools are discovered first, the more steeply 

negative will be the slope of the fitted line. The authors estimate a size-bias 

coefficient given discovery order from the fitted line by the method of maximum 

likelihood and then calculate what the slope of the line would be if the size-bias 

coefficient were infinite in magnitude, referred to as fJoo. They have found by 

simulation a relationship between the observed slope and fJoo: 

(4.43) 



• := 
g 

-

• aQo . ... = o 
o .... .. 
Q)
NO ....... 
~ 

.... o 
o 
Q... 

o ... 

• • 
• 

• 

* 

* 
* 

• 
III • • • 

• • 
• 

* 
• 

• 

2-+--~~~--~~--~~~~~~--~~~~~~--~~1~ 

o 1 2 S " C5 e 7 8 9 10 11 12 US l' 1C5 liS 1? 18 
Discovery Number 

78 

FIgure 4.1. Logarithms of pool size plotted in order of discovery for the Rimbey

Meadowbrook Leduc reef play, central Alberta, Canada. Pool sizes are thousands 

of reservoir cubic meters. Pool size data are from Alberta Energy Resources Con

servation Board (1987). 
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where UN is the standard deviation of the logarithms of the sizes of all pools in the 

population and .\ is a size-bias coefficient. This is, of course a negative exponential 

relationship which, through UN, is dependent on the total number of pools in 

the population. The linear model of the decline in pool sizes with cumulative 

exploration effort is thus related to a theoretical, perfectly efficient exploration 

program via a factor dependent on a coefficient analgous to that of Andreatta 

and Kaufman (1981, 1986) which specifies how discovery probabilities change with 

cumulative exploration and on the original endowment of a play. 

With this result it is possible to tie together the various estimation methods 

discussed so far. All of these models share a common thread of attempting to 

extrapolate a function that describes the behavior of returns to exploration as a 

play is exhausted. The work of Forman and Hinde (1985, 1986) shows that a 

proper characterization of returns to exploration depends not only on correctly . 

describing how these returns decline with cumulative exploration effort, but also 

on the number and sizes of pools in the population. It is in failing to do the latter 

that lead Schuenemeyer and Drew (1983) to overestimate the number of smaller 

pools, a problem that would affect any Arps and Roberts (1958) type model if 

projected too far out into the future. Thus, except for that of Andreatta and 

Kaufman (1986), the methods discussed so far are best described as forecasting 

rather than inferential methods. This is simply because, without prior knowledge 

or even an estimate of the number and sizes of all pools in a population, inclusion 

probabilities cannot be calculated but must instead be extrapolated from trends 

identified in the set of discovered pools. 

Unfortunately, Andreatta and Kaufman's (1986) method is not a wholly 

satisfactory alternative in that an independent estimate of the number of pools 

or the total volume of hydrocarbons in a play must already be made available. 

Nor does Kaufman's (1986) moment matching technique provide a satisfactory 

way around this problem. Thus, perhaps a better approach would be to estimate 

first the number and sizes of undiscovered pools by inference from the sample of 

discovered pool sizes. Then, with a better understanding of the characteristics of a 
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population of pool sizes, better forecasts of expected future returns to exploration 

effort could be obtained. 

4.2 Maximum likelihood estimation from samples 

ordered by date of discovery. 

If data on all discovered pools is available and the order in which the pools 

were discovered is known, it may be possible to estimate characteristics of the 

population to which the discovered pools belong, given the order in which the pools 

were discovered. Inclusion probabilities must, of course, be specified. Kaufman 

and Bradley (1973) proposed that the probability that a pool belonging to a finite 

population is discovered will be proportional to the ratio of the areas of remaining 

pools to the area of remaining prospects: 

N 

L: ai 
Pr(ow = l/Sn ) oc i=~-n 

L: ri 
i=P-p 

(4.44) 

where with n pools already discovered, N - n remain to be found, p prospects 

out of P identified have been tested, ai is pool area and ri the size of a prospect. 

A prospect here is an observable geologic structure measured as area of closure, 

that is, the area enclosed by the boundaries of a structure which could trap hy

drocarbons. This is a more refined definition of prospective area than that of 

Arps and Roberts (1958) and better reflects the exploration process which is mani

festly a search and testing of prospects that fall within a much larger prospective 

area. Unfortunately, accurate and complete measurements of the size of all known 

prospects that contain a population of pools are rarely obtainable, which suggests 

an alternative specification of Equation 4.44 due to Barouch and Kaufman (1975): 

ai 
Pr(A = ai/Sn) = -N----

L: aj 
j=N-n 

(4.45) 
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where the probability of discovery of a pool of any size is the ratio of that pool 

size to the sum of the sizes of all pools remaining to be discovered in a population. 

Assign labels to each pool in a population 1,2, ... ,N with associated sizes (areas) 

al, ... , aN. Define IN as the set of labeled pools and UN as the set of pool sizes. 

Then the probability of observing the elemenis of IN in any of N! orderings is 

(4.46) 

where Q is a size-bias coefficient. In this specification there is no reference at all 

to total prospective area or area of prospects. Thus, the probability statement in 

Equation 4.46 is conditional on a discovery having been made. A drilling campaign 

with wells located at random locations would yield the probability specification in 

Equation 4.46 with Q = 1-

By abstracting from a measure of exploration effort such as wells drilled or 

prospective area exhausted, the probability statement in Equation 4.46 does not 

permit estimation of the amount of effort required to find the remaining pools in 

a play. However, nothing is assumed about the relationship between exploration 

effort and exploration results except that there is some degree of size-bias as mea

sured by the parameter Q. Of course, other factors can influence the probability of 

discovery of a pool in a population, such as political or technological restrictions 

on the part of the population that may be sampled. This is most easily handled 

by dividing the population into subpopulations corresponding to restricted and 

unrestricted areas and using the subpopulations as the unit of analysis (Wang, 

1980). 

Equation 4.46 also describes a successive sampling process related to the 

models discussed in the previous section (Kaufman, 1986). This successive sam

pling process can be approximated by the order statistics generated by a se

quence of mutually independent exponential random variables (Gordon, 1983). Let 
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el, ... ,eN be N independent exponential random variables with identical means 

equal to 1. Then Equation 4.46 can be rewritten as 

N 

~ L1-exp(-Aai) (4.47) 
.=1 

where Rosen's (1972) approximation of the inclusion probability of a pool of size 

(4.48) 

is a (negative) exponential probability distribution function with mean equal to 1. 

Assume that the finite population of pools of interest is itself a random sam

ple from an infinite superpopulation with probability distribution function f(ai; 0) 

indexed by a vector of parameters O. Exploration is modeled as sampling the fi

nite population without replacement and with inclusion probabilities proportional 

to size as indicated in Equation 4.46. Barouch and Kaufman (1975) derived the 

following likelihood equation 

L(N,O, a/Sn) = IT af f(ai; 0) 100 

fN-,.n(SN-;n/IJ'Qa) ds, 
i=1 0 ni=1 I:i=i aj 

(4.49) 

which can be used to obtain maximum likelihood estimates of N, the number of 

pools in the population, of 9, the parameters of the pool size distribution function, 

and of the size-bias coefficient, a, where /N-n(SN_n/O, a) is the distribution of the 

sum of sizes of the N - n undiscovered pools. Methods of solving for these max

imum likelihood estimates of the superpopulation parameters, which are also the 

parameters of the finite population, have been developed by Barouch and Kaufman 

(1975), Bloomfield et. al. (1979), Kaufman and Wang (1980), Wang (1980), and 

Lee and Wang (1985, 1986). 

The size of the finite population depends on some unspecified aspect of the 

sampling of the superpopulation to obtain the population of pools in nature. Thus, 

nothing is implied in the likelihood Equation 4.49 about the probability distribution 
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of N. This is tantamount to assuming a uniform prior distribution on N and will 

result in a maximum likelihood function that is flat in the dimension of N. This 

was indeed the case for the studies of Lee and Wang (1985, 1986) where a uniform 

prior was specified in the form of a geologists subjective estimate of the likely range 

for N, and Equation 4.49 was maximized conditional on representative values of N 

from that range. A similarly flat likelihood function is presented by Wang (1980) 

for maximum likelihood estimates conditional on N over a range extending from 

10 to infinity. In both studies the authors attribute significance to very small 

changes in likelihood (Table 4.3) which they claim are the appropriate conditional 

maximum likelihood estimates's for N. 

Nelligan (1980) attempted to estimate N by assuming that pools are spa

tially distributed according to a Poisson law. This is a a plausible assumption if 

there is prior knowledge that N is distributed according to a particular probability 

law. Another approach, recognizing that with size-bias all of the larger pools will 

have been discovered after a population has been extensively sampled, would be to 

fit those pools to the upper tail of the pool size distribution using the independently 

estimated parameters. The frequency of pools below the upper tail could then be 

obtained by subtracting off the known upper tail. Unfortunately, this cannot be 

done with the estimator !n Equation 4.49 since a value for N must be known or 

independently estimated in order to obtain maximum likelihood estimates for the 

parameters of the pool size distribution function. 

Maximization of Equation 4.49 has proven difficult. If a lognormal pool size 

distribution function is assumed, as is usually the case, there is no exact solution 

of Equation 4.49, in particular because there is no closed form solution for the 

. distribution of a sum of lognormal variables (Barouch, et. al., 1986). Lee and 

Wang (1984, 1985) have successfully implemented maximum likelihood estimates 

of (J conditional on fixed O! and N, and of f) and O! conditional on fixed N as part 

of the PRIMES software package. Wang (1980) obtained maximum likelihood esti

mates of f) and O! conditional on N using the Expectation-Maximization technique 
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Table 4.3. Log-likelihood values for equation 4.49 conditional on a uniform prior 

estimate of the number of pools in a play, N. The "flatness" of the likelihood 

function is attributable to a lack of information in the sample on N. 

Wang (1980) 

Jurassic Central pools, North Sea 

N: log-likelihood: 

10 -46.0 

11 -45.5 

12 -45.3 

16 -45.2 

20 -43.3 

30 -32.5 

00 -46.5 

Lee & Wang (1985) 

Bashaw Play, Alberta 

N: log-likelihood: 

38 -381.9 

40 -382.0 

50 -382.3 

60 -382.5 

70 -382.6 

80 -382.7 

gO -382.8 

100 -382.8 
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(Dempster et. aI., 1977). Nelligan (1980) assumed Q = 1 and obtained joint max

imum likelihood estimates of (J and N by a patchwork of numerical routines that 

are of little practical use. Smith (1980) and Smith and Ward (1981) grouped data 

into size classes and estimated the number of pools by size class conditional on Q 

using a grid search technique to find the maximum of a discrete likelihood equation 

analogous to Equation 4.49. 

Some of these methods have been applied to the same data sets or at least 

the same area (Table 4.4). Differences in parameter estimates are dramatic and 

clearly reflect the diversity in models and assumptions employed. This lack of 

robustness suggests that model specification is critical to the implementation of 

maximum likelihood methods conditional on discovery order. In fact, simulation 

results of Barouch and Kaufman (1975, 1976, 1977) show that estimates are also 

quite sensitive to discovery order. Mixing of populations has occured in some of 

the studies listed in Table 4.4. Kaufman and Wang (1980) and Wang (1980) have 

shown that this will bias results by underestimating the size-bias coefficient Q. 

Although correct specification of an estimation model is always important, one 

can most simply get around the estimation difficulties, sensitivities and biases of 

likelihood estimation given discovery order by ignoring discovery order altogether. 

The methods in the next section do just that, without necessarily having to ignore 

size-bias. 

4.3 Other Maximum Likelihood Methods. 

One may, quite reasonably, estimate the par&neters of the pool size dis

tribution from which the sample of discovered pools was drawn without reference 

to discovery order. This was first attempted by Uhler and Bradley (1970) in an 

effort to estimate simultaneously the number and sizes of pools in a population. 

They assumed a lognormal pool size distribution function and a stochastic process 

for the occurrence of pools in small units of space, hereafter referred to as cells. 

Two alternative stochastic processes were considered, one a homogenous Poisson 
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Table 4.4. Comparison of maximum likelihood estimates of the parameters of the 

lognormal pool size distribution function conditional on discovery order. Here, n 

is sample size, N is the maximum likelihood estimate of the number of pools in 

the play or region, a is the degree of size-bias, and p, and q2 are the estimated 

parameters of the parent pool size distribution function. 

Play: Study: N: ... q2: !!:. ~ E 

North Sea Smith & Ward (1980) 99 324 1 3.3 1.8 

99 153 .66 4.2 1.7 

99 101 .33 4.9 1.5 

99 99 0 4.9 1.5 

O'Carroll & Smith (1980) 99 202 1 -11.9 3.4 

Barouch & Kaufman (1976) 60 60 1 5.9 0.9 

Jurassic Central Wang (1980) 10 30 1 4.5 1.2 

Nelligan (1980) 10 18 1 4.8 0.7 

Jurassic North Nelligan (1980) 24 44 1 5.1 1.4 

Barouch & Kaufman (1975) 24 303 1 2.4 1.6 

Leduc Lee & Wang (1986) 23 30 0.7 2.0 8.7 

Kaufman (1983) 24 100 1 4.0 1.7 

25 100 1 3.0 2.0 

31 104 1 3.0 2.0 

Nelligan (1980) 30 126 1 3.1 1.6 
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process where ", the probability of any given number of pools in any cell, is the 

same for equal sized cells 

(4.50) 

for n = 0,1,2, ... , and the other a nonhomogenous Poisson process where the 

parameter " itself has a gamma distribution with parameters v and p 

Pr(N. = n) = P(P + 1) ••• P + n - 1 (_8_) n (_v_) v 

n V+8 V+8 
(4.51) 

for n = 0,1,2, .•.. If cell size equals one then Equation 4.51 reduces to a negative 

binomial probability distribution function 

(4.52) 

where n = 0,1,2, ... , p = 1/1 + v and q = 1- p = v/l +v. 

Estimation is by maximum likelihood where, given j cells and n = nl + 
... + nj pools of sizes al, ... ,an in a sample, the number of pools in a population 

is estimated by the sample mean 

.. 1 i 
N=-:Eni 

J i=l 

and the parameters of the pool size distribution function by 

(4.53) 

(4.54) 

(4.55) 

Uhler and Bradley's (1970) model is thus employs a simple and straightforward 

application of the method of maximum likelihood that fails to take into account 

any of the size-bias, truncation, or censorship inherent in oil and gas exploration 

as a sampling process. 
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Cozzolino (1972, 1979) added a measure of exploration efficiency to account 

for size-bias to Uhler and Bradley's (1970) model assuming a Poisson distribution 

for the number of pools in a population and a gamma distribution for pool size. He 

postulated an unknown search efficiency scale factor c which is constant over the 

entire life of a play, adopted the number of exploration wells drilled as a measure 

of exploration effort, and assumed discovery probability to be proportional to pool 

size a and the level of exploration effort aw: 

(4.56) 

where O(aw2 ) represents all the higller ordered terms in aWe 

Joint maximum likelihood estimates of the parameters of the distributions 

of the number of pools and of pool sizes and of the search-efficiency scale factor are 

obtained from an unconditional interval discovery probability distribution function 

00 100 100 

Pr(Snlwn) = L ... Pr(SnIN ,U,wn)Pr(N,UIt1,v,.8)dU 
N=n 0 0 

(4.57) 

where Pr(SnIN, U, wn) is the interval discovery probability distribution function 

conditional on the parameters of the finite population of pools before exploration 

began, and Pr(N,UIt1,v,.8) is the original distribution of the number and sizes of 

pools in the population U: 

N 

Pr(N, UIt1, v,.8) = g(N; 11) II I(aj; v,P) (4.58) 
i=l 

where g(Nj11) is the distribution of the number of pools in U, and I(a; v,P) the 

pool size distribution function. Differentiation of a likelihood function for discov

ered pools as a sample derived from Equation 4.58 yields four nonlinear equations 

with four unknowns (c, 11, v, P), which must be solved by an iterative numerical 

technique. Once estimated, these parameters are used to estimate the number and 

sizes of pools remaining to be discovered, the expected number and sizes of pools 

discovered during the next interval of exploration, etc. 
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A different model of size-bias was proposed by Meisner and Demirmen 

(1981). Again, exploration effort is indexed by cumulative wells drilled where 

the probability of success of the nth well is, with wells drilled at randomly selected 

locations, proportional to the ratio of the sum of the sizes of undiscovered pools to 

total prospective area: 
N 
E ai 

Pr(on = 1) oc: i=N-n 
U 

The probability of a discovered pool being of a given size is then 

Pr(ai E [a,a + daD ex ai 

(4.59) 

(4.60) 

where a is a size-bias coefficient. Assuming a lognormal pool size distribution func

tion, Meisner and Demirmen (1981) show that the size-biased pool size distribution 

function 

I{ 
a 2) aa l(aj/L,(12} 

a ; Q,/L,U = roo a/(' 2}d 
Jo a a,/L,(1 a 

(4.61) 

is also lognormally distributed with parameters 4> = /L + Q(12 and (12. This is an 

independent derivation of one of the results of a study of size-biased distributions 

by Patil and Ord (1976) which are recapitulated in Theorem 4 of Appendix 1. 

Meisner and Demirmen {1981} point out that, given observable trends in 

exploration success rates, the probability of success of the next well driIled, ~, will 

decline with cumulative exploration. This is a natural consequence of size-biased 

sampling from a finite population. The authors, however, impose a specific, logistic 

decline model on ~: 

(4.62) 

where W2 ~ 0 and 0 < ~n :5 1. Further, the decline in pool size with cumula

tive discoveries, also a logical consequence of sampling from a finite population, is 

modeled by letting Q decline with increasing n: 

(4.63) 
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where '12 ~ o. The need for these assumptions in order to estimate the parameters 

of the unsize-biased pool size distribution function is questionable if the size-bias 

has been correctly specified because the presence of Biz&obias alone is sufficient to 

generate a decline in drilling success rates and of the average size of discovered 

pools. Further, an incorrect specification of the decline in success rates and dis

covered pool rates could bias estimation results even given a correct specification 

of size-bias. However, forecasting the number and sizes of discoveries over the next 

interval of exploration effort requires extrapolation of some model of success rates 

fitted to past exploration performance. Given that, for forecasting purposes, some 

very strong assumptions must be made about the pattern of exploration success 

rates, perhaps the estimation of the parameters of the pool size distribution func

tion should be kept separate from the forecasting model in order that the parameter 

estimates not be biased by an assumed discovery process. 

All that aside, the mean of the size biased lognormal pool size distribution 

function can be re-expressed as 

<Pn = J.t + '11U2 + 'Y2u
2

n 

= PI + P2n (4.65) 

where PI = J.t + "'11 u 2 and (32 = '12U2 < o. The authors, however, do not go on to 

obtain maximum lik~lihoodestimates for parameters of the pools size distribution 

function. Their goal is to obtain a probability distribution function for the sizes 

of pools that may be discovered during the next increment of exploratory drilling. 

To do so they must :find parameters of the distribution of sizes of pools that would 

be discovered by the nth well assuming the nth well discovers a pool. Given the 

authors assumptions, the mean of this distribution is a declining function of nand 

is not the mean of the full population of pools. 

Maximum likelihood estimation without reference to discovery order is the 

least developed of the three methodologies discussed in this chapter. It is also the 

most promising in that its simplicity, as the work of Cozzolino (1972, 1979) and 

Meisner and Demirmen (1981) show, give it a ft.exibility and tractability not found 



91 

in likelihood methods given discovery order. Furthermore, it need not necessarily 

appeal to extrapolation of observed trends in discoveries or require independent 

estimates of the total number or volume of pools in a play ~ do some successive 

sampling models. Thus, this will be the avenue taken in the next chapter where a 

new estimation model is proposed that accounts for size-bias, economic truncation, 

and censorship in the sampling process. 



CHAPTER Ii 

ESTIMATION METHODS 

The distribution of pool sizes in a play can be approximated by a probability 

distribution function indexed by parameters unique to that play. These parameters 

and the total number of pools in a play can be estimated from a sample consisting 

of the discovered pools so long as the sampling (exploration) process is correctly 

specified. Previous chapters have sought to fit the size distribution of pools by 

the lognormal distribution and to characterize sampling as size-biased and sub

ject to economic truncation and random censorship. In this chapter methods of 

estimating the number and sizes of undiscovered pools are developed, given these 

assumptions. 

5.1 Modelling size-bias and truncation. 

An easy way to model the effect of size-bias and truncation on the lognor

mal distribution is by weighting a distribution. This is accomplished by defining 

a weight function w(x) of a lognormally distributed random variable X and mul

tiplying the lognormal probability distribution function l(x;/L,02) by the weight 

function: 

(5.1) 

In order to obtain a proper weighted probability distribution function ,W (x; /L, ( 2 ) 

such that f IW(xi/L,02) = 1, Equation 5.1 is divided by the expectation of the 

weight function: 

I
W(. 2) _ w(x)f(X;/L,02) 

X,/L,t1 - E(w(x» . (5.2) 

A weight function for single point truncation from below w(x; t) is defined as: 

{ 
1, if X > t; 

w(x; t) = 
0, if x < t; 
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(5.3) 
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and for size-bias of order 0: as: 

(5.4) 

Combining Equations 5.3 and 5.4 yields the composite weight function 

w(Xjo:,t) = ". -, 
{ 

ZOI if x> t· 
0, if x < t. 

(5.5) 

The size-biased and truncated pool size distribution function that is observed as a 

result of the oil and gas discovery process is then 

OI( 2 ) ZOI f(XjlL,0'2) 
f xi IL,O' ,0:, t = roo OIf(' 2)d' 

Jt Z z,IL,O' x 
(5.6) 

From Theorem 4 of Appendix 1, a size-biased of order 0: lognormal distribution 

is itself a lognormal distribution, g(Zj'7,0'2), where 1} = p, + 0:0'2. By substitution 

Equation 5.6 is equivalent to 

( 2) g(z; '7,0'2) 
g Z;'7,O' ,t = roo ( 2)d 

Jt g Xj 1},0' Z 
(5.7) 

which is a singl point truncated lognormal distribution with parameters '7 and 

0'2. Equations 5.6 and 5.7 can be generalized quite easily to model multiple point 

truncated lognormal distributions, which will be done in the sequel. 

A general outline of estimation procedures using the distributions defined 

in Equations 5.6 and 5.7, and their generalizations, is as follows. A population of 

pools in nature is assumed to be a random sample of fixed size N from a lognor

mally distributed superpopulation of pool sizes with unknown parameters IL and 

0'2. Sampling from a superpopulation is a way of modelling the actual process of 

oil and gas generation, migration, and entrapment, which result in the formation 

of an oil and gas play. Thus, the principle task is to estimate the superpopulation 

parameters from the sample of discovered pool sizes. The first step is to undo the 

effects of economic truncation in order to estimate the parameters '7 and 0'2 of the 

size-biased pool size distribution function. Again, the economic truncation point or 

points are assumed to be known insofar as they can be calculated from engineering 
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cost analysis of drilling and production operations in a play. In this study these 

parameters wiII be estimated by maximum lik~lihood assuming single or multiple 

point truncation from below. 

Once the parameters of the size-biased probability distribution function have 

been estimated, one of the superpopulation parameters, 0'2, is then estimated al

ready, as size bias does not affect the variance of a lognormal distribution (again 

see Theorem 4, Appendix 1 for a proof). Estimation of the other superpopulation 

parameter, p" requires independent estimation of the size-bias coefficient 0: as the 

equation relating the means of the size-biased and the non-size-biased distributions 

(5.8) 

can be satisfied by an infinite number of combinations of p, and 0:. Put another way, 

it is doubtful whether there is any information in the sample of discovered pool 

sizes about the magnitude of 0: because 0: is determined by the discovery process. 

A simple estimate of a can, however, be obtained using the empirical relationship 

discovered by Forman and Hinde (1986, described previously in Chapter 4, p. 72) 

from plots of the natural logarithm of pool size against discovery number. These 

plots can usually be fitted by the linear relationship: 

(5.9) 

where v is pool size measured as volume, d is discovery number, that is, the order 

in which a pool was discovered, (31 the intercept and (32 the slope of the curve 

defined by Equation 5.9. If a = 00, pools will be discovered exactly in order of 

decreasing size. Let (300 be the slope of the curve (Equation 5.9) that would be 

obtained if 0: = 00. Forman and Hinde (1986) found by simulation that 

(32 = (300(1- exp(-o:O')) (5.10) 

where 0' is the standard deviation of the lognormal pool size distribution function. 

The slope (32 and the population standard deviation 0' can be estimated from the 

sample data. Now, under size-biased sampling the largest few fields will probably 



95 

have been discovered early on in the discovery history of a play. Thus, if there are 

a sufficient number of these pools, say, five to ten or more, they can then be ranked 

in order of decreasing size and Poo estimated from these pools by least squares 

fitting of the curve in Equation 5.9. Solving equation 5.10 for a yields: 

(5.11) 

The estimated value of a would then be substituted into the relationship .q = 
p, + &&2 to solve for the other superpopulation parameter p,. An alternative ap

proach, akin to that taken by Lee and Wang (1985) would be, for different values 

of a, to calculate p, conditional on a, and then evaluate the likelihood function 

for the sample using the various it's conditional on the a's. The value of the a 

which maximized the likelihood function would be then be the conditional maxi

mum likelihood estimator &. This alternative approach, however, relies entirely on 

sample information, which presumably contains little or no information about a, as 

it excludes information obtained from the discovery process, unlike the estimator 

in Equation 5.11. It should be observed that the estimator of a in Equation 5.11 

also relies on some sample information through the standard deviation of the pool 

sizes. This may reflect the possibility that, for populations with greater variances, 

it will be easier to discriminate between the largest and smallest pools, and thus 

obtain a higher value of a for the discovery process. 

The size-bias coefficient may also be estimated by the method of maximum 

likelihood (Hinde, 1984). The likelihood of discovering a set of pool in any given 

order is (Kaufman, 1986): 

(5.12) 

Differentiating the logarithm of Equation 5.12 with respect to a yields the maxi

mum likelihood equation 

(5.13) 
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which can be solved numerically for Ct.. This estimate of a is the most likely value 

conditional on the observed discovery order and will change as new discoveries are 

made. Thus, only when all pools have been discovered can the true value of a be 

determined. However, if &. changes according to some regular pattern, it may be 

possible to forecast the final, "true" estimate of a. In a sense, that is what Meisner 

and Demirmen (1981) did when they assumed that a followed a logistic decline 

curve over the exploration life of the play (see Chapter 4, pages 84-85 for details). 

A less complicated approach would be to solve for a using Equation 5.13 for each 

of n, n - 1, ... ,n - (n - 1) discovered pools and attempt to project any observed 

trend to n + m pools, where m is a reasonable estimate of the number of pools 

remaining to be discovered. Presumably, after most the larger pools which most 

significantly affect the estimate of a have been discovered, the estimate &. should 

begin to stabilize somewhere close to the true value. 

5.2 Estimation with complete data. 

The simplest application of the estimation method outlined in the previous 

section is when the sizes of all economic discovered pools are known but the sizes 

of uneconomic discovered pools are not. This is also the typical case, tlS th·3 sizes 

of uneconomic pools are rarely measured and reported. If the number of these 

uneconomic pools is unknown, then the sample is truncated. If their number is 

known, then the sample is censored, but this situation is uncommon. In this section 

multiple point truncation from below is assumed, with different truncation points 

for each pool depending on its depth due to the fact that exploration, development, 

and production costs are a function of depth. However, when the range in depths 

and costs for a play are sufficiently narrow, single point truncation can be assumed. 

The first step in the estimation procedure is to undo the economic trunca

tion and estimate the parameters of the size-biased distribution function g( Xj fJ, 0'2). 

This is exactly equivalent to the multiple truncation maximum likelihood estima

tion problem solved by Marlin (1984a) which yields the following log-likelihood 
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equation: 

InL = -~ In(27r) - ~ln0'2 - ~Inxi - ~ ~(Inxi - JL)2 
'. 2 2 ~ 20'2 ~ 

1=1 1=1 
n (5.14) 

- Lln(l- ~(eij) 
i=1 

where ei = (ti -11 /0'), ~ (ei) is the standard normal cumulative distribution function 

evaluated up to ei. In the case of single point truncation the last term in Equation 

5.14 would be replaced by nln(l - ~(e)) where e = (t - 11/0') and t is the sole 

truncation point. The maximum likelihood estimates fi and fJ are the solutions to 

the nonlinear equations 

8lnL 1 n 1 n 
-- = 2" L{lnxi- 11) - - EZi = 0 

811 0'. 0'. 
1=1 1=1 

(5.15) 

and 
8lnL n 1 ~ 2 1 ~ 
-- = -- +"3 L.",(lnxi - 11) - - L.", eiZi = 0 

80' 0' 0' i=1 0' i=1 
(5.16) 

where 

(5.17) 

and cp( ei) is the standard normal probability distribut~on function. The usual 

method for solving Equations 5.15 and 5.16 is by means of a Newton-Raphson iter

ative algorithm using rational approximations to the maximum likelihood estimates 

fi and fJ2 as starting values (Schneider, 1986; Cohen, 1959). The Newton-Raphson 

algorithm "linearizes" the nonlinear maximum likelihood Equations 5.15 and 5.16 

by means of a Taylor expansion approximation with all greater than second order 

terms ignored. At the kth iteration the algorithm computes the current maximum 

likelihood parameter estimates 

fik = fik-l + A (5.18) 
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where A and B are the solution to 

(5.19) 

where 

(5.20a) 

(5.20b) 

and 

(5.20c) 

When the truncation point is unknown, the smallest value in the sample is the 

maximum likelihood estimator of the truncation point (Schneider, 1986). 

These maximum likelihood estimates are negatively biased (Harter and 

Moore, 1966), and where truncation is moderate or more severe, Fergeson et. a!. 

(1978) have derived jacknife estimators which provide a worthwhile reduction in 

bias: 
n 

N 1 '" A ( 1) Ai 11 = - L- nTJ - n - TJ 
n i=1 

(5.21) 

and n 

N 1 '" A ( )Ai u= - L-nu- n-1 u 
n. 

1=1 

(5.22) 

where q and u are the maximum likelihood estimators for a sample of size n - 1 

with the ith value deleted. These jacknife estimators will eliminate terms of order 

lin from a bias of the form: 

E(fi) = It + Cl + 0 (~)' 
n n 2 

(5.23) 



99 

and 

(5.24) 

where Cl and C2 are arbitrary constants. This procedure will, however, become 

quite taxing computationally as n gets large, because the Newton-Raphson algo

rithm must be evaluated n times. 

In the special case where the number of uneconomic discovered pools is 

known, then the maximum likelihood estimators given censorship of r pools are 

the solution to (Cohen, 1988): 

(5.25) 

and 
8lnL m 1 ~ 2 1 ~ 
-8 2 = -2 2 + -2 4 L...,,(lnxi - '1) + -2 2 L.J ejZj u a u. a. 

s=1 3=1 

(5.26) 

where, in this case, the truncation points, tj, are those corresponding to the cen

sored pools. These equations can be solved in the same manner as Equations 5.15 

and 5.16. 

5.3 Estimating the number of truncated pools. 

Where the number of discovered but uneconomic pools is unknown, it may 

be useful to estimate that number. This may be accomplished using the binomial 

sampling model propos~d by Sanathanan (1977). Let there be m pools sampled 

subject to size-bias and truncation from a lognormally distributed fixed population 

of N pools, where m < N. The set of discovered pools is observed with probability 

(5.27) 

where t is the economic truncation point, yielding n ::; m observations or discovered 

pools. The likelihood of the sample is then (Sanathanan, 1977) 

(5.28) 



where 

and n 

L2(X17 ••• ,X2; ",,(2) = II g(Xi; ",,(2). 
i=1 

100 

(5.30) 

A maximum likelihood estimate of m given previously estimated values for '" and 

u 2 is straightforward as p(""u2 ) may be calculated by computing the integral in 

Equation 5.27. Knowing p("" ( 2 ), the maximum likelihood estimate of m is the 

integer solution to (Blumenthal and Dahiya, 1981) 

which, by Dahiya's (1981) solution procedure, yields 

In(m(l- p(""u2
))) -In(m - n) = 0 (5.32) 

where m = [mJ, the greatest integer smaller than the solution to Equation 5.32. 

A joint maximum likelihood estimate of m, "', and u 2 is also possible as the 

solution to 

a In Lin 2 n 1 m-n 
-- = 2':2)lnxi - "') - - I:Zi + - I: Wi = 0 (5.33) 

aIL u. u . u . 
,=1 ,=1 3=1 

alnL n 1 n 2 2 n 1 m-n 

au2 = - 2u2 + 2u4 I: (In Xi - "') - -; I: eiZi + -; L ejWi = 0 (5.34) 
i=l i=1 i=1 

and 

(5.35) 

where 
w. - _ 4>(ei) 

3 - ~(ej) 
(5.36) 
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and e; = (t; - '1/u), and t; are truncation points for the truncated pools. In 

equation 5.31, m is treated as a continuous parameter. The appropriate integer 

maximum likelihood estimate would be the greatest integer less than the solution 

to Equation 5.35. The solution of Equations 5.33 to 5.35 is again by the Newton

Raphson iterative technique. 

5.4 Estimating the number of undiscovered pools. 

Once the parameters of the pool size distribution function have been esti

mated, the shape of the lognormal curve specifying the relative probability distri

bution of pool sizes is exactly specified. If the probability of discovery of pools is 

indeed to some extent proportional to pool size, then, after a sufficient degree of 

exploratory effort has been applied, the largest pools in a population should have 

been discovered. This amounts to saying that the a?solute probability distribution 

in the upper tail of the pool size distribution function would then be known. It 

would then suffice to rescale the relative probability distribution function so that 

its upper tail matches the observed size distribution of the largest pools. 

This can be done in a surprisingly easy way by borrowing from the theory 

presented in Section 5.3. Suppose for the moment that the number and sizes of 

all pools in a play are known. Then for any interval of pool sizes, [XI,X2], the 

empirical relative frequency P(Xb X2; 11, ( 2) is 

(5.37) 

where n E [Xl, X2] are the number of pools that occur within that size interval, and 

N is the total number of pools. 

Now suppose that N is unknown but that P(XI,X2; '1,(2) can be estimated 

by integrating a fitted lognormal probability distribution function across the inter

val [XbX2] using the maximum likelihood parameter estimates .q and ,,2. Further, 
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suppose that all pools in the interval [Xi, 00] have been discovered so that the quan

tity n E [Xi,OO] is known. Then the empirical relative frequency can be estimated 

as 

(5.38) 

and N estimated by 

(5.39) 

Further, for any arbitrary interval [X;,Xk] 

(5.40) 

is the number of pools in that interval. 

It is not, however, always possible to determine or even guess at the pool 

size for which all larger pools in a play have been discovered. In that case several 

likely pool sizes should be tried, along with a number of interval estimates given 

each choice of pool size. The pool size corresponding to the set of interval estimates 

that best matches the distribution of discovered pool sizes in the upper tail of that 

distribution would then be selected as a "best" estimate of the pool size above 

which all pools in a play have been discovered. This trial and error method is 

less complicated and less taxing computatiqnally than the analogous matching 

technique of Lee and Wang (1985). Given a likely range in values for the total 

number of pools in the population, Lee and Wang compute the 25th and 75th 

upper percentiles of the expected values of pool sizes by rank for each value of 

N. These are matched with the rankings of the discovered pools with the best 

match providing an estimate of the distributions of pool sizes by rank for the 

entire population. 

These point estimates of the number of pools in a play as well as by size 

intervals should not be taken too literally. They are integer estimates of the number 

of pools in a population or a part thereof conditional on parameters of the pool 

size distribution function from which the sample of discovered pools was most 

likely drawn. Although less likely, the true parameters of the pool size probability 
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distribution function could be quite different. Thus, to avoid too much importance 

being attributed to a particular point estimate of the number of pools, an interval 

estimate should be used according to a computation method outline in Section 5.7 

below. 

5.5 Estimation with incomplete data. 

Not infrequently it is impossible to obtain size estimates for all of the eco

nomic discovered pools. When the missing data can be said to be missing at 

random, that is, when larger pools are no more or no less likely than smaller pools 

to have unreported sizes, then the sample is randomly censored. Estimation can 

then be accomplished using the Expectation-Maximization (E-M) algorithm in lieu 

of the Newton-Raphson technique (Little and Rubin, 1987). The E-M algorithm is 

a special case of algorithms for estimating missing data from avaliable data in that 

the complete data sufficient statistics are estimated instead of actually attempting 

to estimate the values of each of the missing datum. It has been shown (Demp

ster et. aI., 1977) that under very general conditions, each iteration of the E-M 

algorithm obtains parameter estimates that increase the value of the likelihood 

function and that the itE!T.ations will ultimately converge to a maximum. The rate 

of convergence, however, is proportional to the fraction of missing values in the 

data, and can be quite siow if a substantial amount of data is missing. 

Each iteration of the E-M algorithm consists of an E (Expectation) step and 

a M (Maximization) step. The E-step finds the conditional expectations for the 

complete sample sufficient statistics given the current parameter estimates. The 

M-step uses these conditional estimates of the complete sample sufficient statistics 

to obtain the maximum likelihood estimates of the parameters as if there were 

no missing data. These new parameter estimates are then used in the subsequent 

E-step in the next iteration, the procedure being repeated until convergence is 

attained. In the case of the size-biased pool size distribution function subject to 

economic truncation, the loglikelihood Equation 5.14 based on the complete data 
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Xi, i = 1, ... , n is linear in the sufficient statistics E7=11n Xi and E7::1 (In Xi)2. 

Thus the E-step can be expressed as: 

(5.41) 

and 

E (t,(ln 2:,) 2 Iii., c1l ) = ~(1n2:,)2 + t.1c1l (l + ei,Zi' - zj.) + (Ii. + c1,Zi.)2] 

(5.42) 

where there are n - r nonmissing observations, r censored observations, .qk and o-~ 

are the current parameter estimates, and Zjk = ¢(ejk)/l- ~(ejk) with ejk = (tj

~k/lTk). The M-step simply substitutes the solutions to Equations 5.41 and 5.42 

for the equivalent sufficient statistics in the equations for the maximum likelihood 

estimates of rJ and q2 when the data are truncated from below (Equations 5.15 and 

5.16 above). 

Obviously, this procedure will involve considerable computation as the 

Newton-Raphson iterative algorithm must be applied to find the current maximum 

likelihood estimates of rJ and q2 at each iteration of the M-step. This procedure 

can be greatly simplified by recognizing that the· truncated data are also missing 

data amenable to the E-M algorithm. Then the expected values of each of the r 

censored pool sizes are 

El(lnXi) = .q + o-Zjj 

El «lnxi)2) = 0-2 (1 + ejZj - Z}) + (.q + o-Zj)2j 

and for each of the m - n truncated pools 

E2(lnx,) = .q - o-Wjj 

E2 «lnxi)2) = 0-2(1_ ejWj - Wi) + (.q - o-Wj)2j 

(5.43) 

(5.44) 

(5.45) 

(5.46) 
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where Wj = ¢(ej)/ifJ(ei). Application of the E-M procedure requires that the 

number of truncated observations m - n be known or estimated. If m is unknown 

then let it have a binomial density as defined previously in equation 5.29: 

(5.47) 

for m = 0,1,2, ..• conditional on the observed data. The expectation of m - n for 

each step is then 

E(m - n/n,p(7Jk,ul)) 
n 

(5.48) 

where, in the case of single point truncation 

(5.49) 

For multiple truncation, either the midpoint of the truncation interval, the average 

of the multiple truncation points, or an approximation of the truncation interval 

[ti,tj] can be used to calculate the interval in Equation 5.49. Thus, this E-M pro

cedure also provides a simultaneous maximum likelihood estimate of the number of 

truncated observations. The E-step is then completed by computing the equations 

(5.50) 

and 

E (t. (In z;)2ItJ •• u~ ) = ~ (In Z;) 2 + t. E. ((In Z;) 2) + I E2 ((In Z;)2) (5.51) 

where m = n + E(m - n). The M-step is then the solution to 

. (5.52) 

and 

(5.53) 
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This E-M procedure can be modified in obvious ways for the special situations 

where none of the values for the observations are missing or when there is a single 

truncation point. 

5.6 Bivariate extensions of the estimation method 

The estimation methods described in this chapter can be generalized quite 

readily for bivariate lognormal distributions so that the parameters for the size 

distributions of oil and gas may be estimated simultaneously. Here, by way of 

example, the bivariate estimator for a lognormal distribution multiply truncated 

from below will be developed following the work of Nath (1971), Weiler (1959), 

and Singh (1960). 

The kind of truncation to be expected for oil and gas bearing pools is unique. 

In general, a pool will prove economic if its combined oil and gas reserves exceed a 

cost threshold u: 

(5.54) 

where 1\:1 and 1\:2 are the prices per unit volume for the producible volumes of 

hydrocarbons Xl and X2 respectively. The truncation point t is then the total cost 

of producing a pool. Equation 5.54 is, of course, the definition of linear truncation 

(Nath, 1971). Treating U, as defined in Equation 5.54, as a random variable yields 

a univariate estimation problem where U represents total revenues from a pool. 

However, here we are interested in solving for the parameters of the bivariate 

distribution of Xl and X2 given linear truncation. It sometimes also happens that 

only one of the hydrocarbons is subject to truncation and the other treated as a 

byproduct. To each of these types of truncation there corresponds a special case 

of the estimation procedure described below. 

For simplicity in notation let the amount of oil in the oil and gas pools, X, 

be lognormally distributed with mean /L and variance (72 and let the amount of 

gas in those pools, Y, be distributed lognormally with mean v and variance ~2. 

Here it is assumed that only one of these distributions are size-biased and that 

the means of the observed distributions are functions of the superpopulation mean 
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and variance, and of the size-bias coefficient as before. The objective here is again 

to "undo" the economic truncation and obtain estimates, in this case, of p, v, 0'2, 

~2, and p. The multiply truncated bivariate lognormal distribution is expressed as 

follows: 

(5.55) 

where 

G = exp - X'X dx, l OO 1 {1 } 
e, 21r0'~(1- p2)1/2 2(1 - p2) 

(5.56b) 

and 

(
ti - J.t) e,= --

0' 
(5.57) 

as it is only meaningful to have pool sizes truncated in one variable if truncation 

is not linear. For linear truncation 

G = _1_ foo exp ( __ 1_(1.£ _ e)2) dy 
O'..;z; It, 2v2 

(5.58) 

where 1.£ = II:IXI + 1I:2X2, e = II:IJ.t + 1I:2V, and v = 1I:~0'2 + 1I:~~2 + 2pII:IO'II:2t;. The 

loglikelihood equation for all of these cases is then 

n n 

InL=-nln(21r) -nlnO'-nln~- Llnx,- Llny, 
i=1 ,=1 

1 1 n 2 n n 
- - L(1nx, - p)2 - -1!.. L(lnx, - J.t) L(1nYi - v) 

2(1 - p2) 0'2 ,=1 O'~ i=1 ,=1 
(5.59) 

1 n ; 

+ 2' L(1nYi - 1/)2 - L fNiln(1- G). 
~ . 1 . 1 1= 1= 

given the appropriate functional form of G. The Newton-Raphson iterative tech

nique can be applied to solve for the maximum likelihood parameters of Equation 

5.59 (Nath, 1971) but is difficult to program and is computationally taxing in any 
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case. However, the Expectation-Maximization algorithm outlined in Section 5.6 

generalizes quite easily to the bivariate case with an additional set of equations for 

the expected values of the sufficient statistics for Y and xy: 

and 

m-n 

+ L E2(lnxilnYi) 
i=1 

(5.62) 

where the terms E 1 (lnYi), E2(lnYi), El ((lnYi)2), and E2 ((lnYiF) are defined 

according to Equations 5.43 to 5.46 above, and 

E 1 (Inxa!nYi) = Vk(Pk + (ftk + CkZjk))i 

E2(lnxi In Yi) = v"(p,, + (ft" - c"Wile)). 
(5.63) 

The M-step of the Expectation-Maximization algorithm would, in this case, also 

include the equations 

(5.64) 

(5.65) 
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and 

5.7 Confidence intervals for point estimates. 

The maximum likelihood point estimates of the parameters of the pool size 

distribution function are better understood if they are reported along with an inter

val that contains most of the other likely values for the true population parameters. 

Usual statistical procedure in this regard is to exploit the asymptotic normality of 

the error of a point estimate 0 of a parameter 0 computed from a sample of size n: 

vn(O -0) (5.67) 

which, as n --.. 00, is asymptotically distributed as a normal random variable of 

mean 0 and variance [-I where the inverse of the sample information I 

(5.68) 

is evaluated at 0 = 0. Knowing the parameters of this normal distribution a 100a% 

confidence i:o.terva.! ~an he constructed from 

Pr[(yn(O - 0) :5 ~-I(l- a/2)] = 0:/2 (5.69) 

and 

Pr[(yn(O - 0) ;::: ~-1(a/2)] = a/2 (5.70) 

in the usual way. Unfortunately, these asymptotic confidence intervals only apply 

to large samples, generally in excess of n = 100 (Scholz; 1985), which is larger than 

the sample sizes obtainable from many if not most plays. 

A useful alternative "confidence" interval has been proposed by Edwards 

(1972) drawing on maximum likelihood theory. The maximum likelihood estimate 

of a parameter, which can be interpreted as the parameter of the population from 
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which a sample was most likely drawn, is, of course, the value of the parameter that 

maximizes the likelihood function for the sample. This same function also gives 

the parameters of other populations from which the sample was less likely drawn. 

It is then reasonable to ask how much less likely are these alternative parameter 

estimates. A simple answer would be a measure of the peakedness and of the width 

of the likelihood function about its maximum. 

The "peakedness" of the likelihood function about its maximum is the quan

tity 8 2 In Lj8fJ2 evaluated at the maximum likelihood estimate O. This is known 

as the observed information 

(5.71) 

because, in a sense, it indicates how much information about the unknown param

eter fJ can be obtained from a given sample. That is, if the likelihood function is 

narrow and thus quite peaked, one can be fairly certain of obtaining an estimate 

o from the sample that is fairly close to the true value fJ. On the other hand, a 

very "fiat" or unpeaked likelihood function for a sample would indicate that there 

is too little information in the sample to obtain a useful parameter estimate. 

As a measure of the width of the likelihood curve, Edwards (1974) proposed 

the 2-unit support limit 

(5.72) 

which, again, is evaluated at the maximum likelihood estimate O. An interval 

defined by the 2-unit support limit should not be confused with confidence intervals 

because the support limits do not make any statement as to the probability that 

the true population parameter will fall in that interval. Rather, it provides a range 

of parameter values that are a given degree of likelihood away from the maximum 

likelihood estimates. 

Using the computed i-th support limits Si(iL) and Si(&2) for the maximum 

likelihood estimates jJ, and &2 of the parent pool size distribution functions, it is 
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possible to compute interval estimates for the number of undiscovered pools. Recall 

from section 5.4 that the total number of pools, discovered and undiscovered, in a 

play, N could be estimated if all pools greater than or equal to a given pool size 

had been discovered. The estimating equation 

N = n E [Xi,OOJ 
fz7 f(Xjp,,{j2)dx 

(5.73) 

when evaluated at the two support limits computed by p, ± SiCA-) and (j2 ± Si({j2) 

yields an interval estimate of N that reflects the support given by the sample. 

S.8 Summary of the estimation procedure. 

Given the number of different estimation problems encountered in estimat

ing the number and sizes of undiscovered pools there can be no unique estimation 

procedure. It is, however, possible to summarize the various options by outlining 

the steps that would be taken to implement those procedures. Once a play has 

been identified and studied it should be immediately obvious whether a univariate 

or bivariate analysis is required, depending on whether oil and gas occur together 

in significant quantities. Pool size data are then collected and analyzed to deter

mine if the observed pool size distribution is lognormal and displays any evidence 

of mixing of populations. Should data on any pools thought to belong to that 

play be missing, then censorship of those pool sizes must be accounted for in the 

estimation procedure. 

Perhaps the most difficult choice is how to model truncation. Ideally, a 

careful analysis of drilling and completion costs over the life of the play should be 

made, and the minimum economic pool size associated with each discovered pool 

estimated from that data. More practically, given the general unavailability of such 

data, multiple truncation can be approximated by a single point truncation model. 

Fortunately, the narrowness of typical pool size intervals over which multiple or 

partial truncation occurs allows this to be a good approximation. A careful re

searcher, however, should undertake some sort of analysis, however crude, to judge 

the adequacy of the approximation. 
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The final choice is of the method used to compute the maximum likelihood 

estimates of the parameters of the parent pool size distribution function, that is, 

between the Newton-Raphson and the Expectation-Maximization methods. In gen

eral, the Expectation-Maximization algorithm is easier to program, particularly in 

the bivariate case. On the other hand the Newton-Raphson method will require 

fewer iterations and will be less costly in terms of computation time, although, un

like the Expectation-Maximization algorithm, a solution may not always be found. 

However, the number of iterations required by both methods, and the odds of the 

N ewton-Raphson method failing to find a solution, can be minimized by a good 

choice of starting values with Schneider's (1986) algorithm for finding an approxi

mate solution to the parameter estimates yielding particularly good results. 



CHAPTER 6 

APPLYING THE ESTIMATION METHOD 

The usefulness of the proposed estimation method can be best appreci

ated in comparison with the results of other studies and through exemplary ap

plication to actual oil and gas plays. This chapter begins with a brief sum

mary of data requirements and then attempts to clear up some difficulties of 

applying a multiple truncation model. The method is then applied to data 

sets analyzed in previous studies followed by a comparison of results. None 

of these data sets, however, represent a proper population of pool. Thus, a 

full illustrative application of the estimation method is achieved through an 

analysis of several plays in the San Juan basin of northwestern New Mex-

ico. 

6.1 Summary of data requirements. 

Practically speaking, the investigator must have access to enough geologic 

literature, maps, etc., in order to properly delineate a play and identify all of the 

pools that have been discovered in that play. Beyond that, some very specific 

data are needed. The first is a complete list of all pools known to have been 

discovered in a play, along with all available data on their sizes and, if a multiple 

truncation model is used, their depths. Exactly what type of pool size measure 

that will be used, that is, the choice between in-place and recoverable quantities, 

and between stock tank and reservoir volumes, will, realistically, depend largely on 

data availability. Of course, every effort should be made to verify that the pool 

size data is reasona.bly accurate and up-to-date. 

It is also necessary to know the order in which the pools were discovered in 

order to obtain an independent estimate of the size-bias coefficient Q. This can be 

determined from the completion dates of the discovery wells for each pool, data that 
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are widely available from many sources (Long, 1988). If single point truncation is 

assumed, with the smallest pool size taken as the maximum likelihood estimator of 

the truncation point, then the list of pools, their sizes, and their dates of discovery 

are sufficient for an elementary application of the estimation method. Otherwise 

further data and analysis are required. 

The economic analysis required for determining truncation points from min

imum economic pool size requires data not usually available from open sources, 

except for prices of oil and gas. Available data on drilling and completion costs 

are either anecdotal or often aggregated by large geographic regions. However, 

an oil company will likely have among its staff and records all that is necessary 

to conduct such an analysis, although there may be some difficulty in estimating 

historical costs. Otherwise, either the time series data of the American Petroleum 

Institute (1986), which are mostly aggregated by state, can be used to compute 

approximate truncation points or the issue avoided altogether by using the smallest 

pool size as the estimated single truncation point. 

Fortunately, as the analysis in the next section shows, the support intervals 

around parameter estimates computed from small (n < 100) samples, are gener

ally larger than the changes in those parameter estimates brought on by different 

choices of truncation points. Further, limited preCision and accuracy of pool size 

data preclude any need to carry out any economic analysis to a high degree of 

accuracy. It is certainly by no means necessary to reevaluate each discovered pool 

as a prospect. Rather, one should aim for no greater accuracy in the minimum 

pool size estimates than can be expected from the pool size data used. 

6.2 Problems of applying multiple truncation. 

There are two points in the estimation procedure where it becomes difficult 

to apply the estimation procedure when multiple truncation is assumed. These 

occur during the E-step of the Expectation-Maximization algorithm (Chapter 5, 
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p. 98ff above). The :first has to do with computing the term for the sum of the 

expected values of the truncated pools: 

m-n 

L E2(lnxi) = 7} -o-Wi; 
i=1 (6.1) m-n 

L E2 ((lnxi)2) = 0-2(1- ejWi - W]) + (7} - uWi)2j 
i=1 

where for each unknown pool there corresponds an unknown truncation point ti 

required to calculate the terms ej and Wi. The truncation point is unknown 

because there is no way of knowing at which depth an undiscovered pool occurs. 

The only way around this is to assume some value for the unknown truncation point. 

If pools have an equal probability of occurring anywhere within a particular depth 

interval, then the mid-point of that interval would be an appropriate truncation 

point to assume. Or the truncation point associated with the average depth of the 

discovered pools could be used as an estimate of the average truncation point for 

all pools in the play. 

The other difficulty has to do with computing a quantity used to estimate 

the number of truncated pools: 

(6.2) 

which is the probability above the truncation point. If there is a truncation interval 

rather than a truncation point it is not immediately obvious how Equation 6.2 

can be integrated. Of course, Equation 6.2 can be immediately evaluated for the 

interval from the upper truncation point to infinity. The relative probability within 

the truncation interval will be less than what would be calculated according to 

the integral in Equation '6.2 because of the effect of multiplying the probability 

distribution function f(x; q, 0-2 ) by the truncation function. Unfortunately, it is 

not yet possible to specify a general form for such a function~ although a linear 

truncation function was suggested by the San Juan basin data discussed in Chapter 

2 (p. 22-26 above). If the linear form is appropriate then roughly one half of the 



116 

relative probability in the truncation interval will be taken away by effect of the 

truncation function, and the mid-point of the truncation interval or an average 

truncation point can be used to compute an approximate value of Equation 6.2 

given multiple truncation. Otherwise, an integral such as 

(6.3) , , 

where g(x) is the truncation function will have to be evaluated over the truncation 

interval [Xh X2J. 

Fortunately, it is possible to show, on an anecdotal basis, that the choice 

of the means used to overcome these difficulties is of relatively little practical im

portance. For the Tocito sandstone oil play in the San Juan basin, the trunc<ttion 

interval runs from about 5,000 to 40,000 barrels of oil. A look at the parameter es

timates, support limits, and values for p computed using the smallest, average, and 

largest truncation points (Table 6.1) shows that the range of parameter estimates 

are smaller than the computed 2-unit support intervals. The difference between 

the largest and smallest means is 0.314 (equivalent to 1,400 barrels oil) while the 

smallest computed support interval of the mean is 1.79 (6,000 barrels oil). Simi

larly, for the variance, the difference in estimates is 0.25 (1,300 barrels oil) while 

the smallest support interval is 0.59 (1,800 barrels). Although the relative mag

nitudes of these values are similar, errors or differences of a few thousand barrels 

are of little importance to the overall estimation results, in particular because the 

accuracy of the pool size data used to make this estimates is generally poorer. 

6.3 ComparIson wIth other methods. 

Several previous studies applying some of the estimation methods described 

in Chapter 4 have listed the pool size data that were used, and thus can be rean

alyzed here. These studies were of the Rimbey-Meadowbrook and Bashaw Leduc 

reef plays of central Alberta, Canada (Lee and Wang, 1986 and 1985 respectively) 

and of four plays in the North Sea (Jurassic Central, Jurassic North, Tertiary, and 
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Table 6.1. Effect of the choice of alternative single truncation points t to approxi

mate multiple point truncation on the parameter estimates 1] and 8'2 for the parent 

pool size distribution function of the Tocito sandstone play. 8 2 (11) and 82(0-2 ) 

are the 2-limit support limits of the parameter estimate and p is the cumulative 

probability calculated from Equation 6.2. 

t: fu 0-2 : S2(!1): 82(8'2): ~ 

5.0 6.9 1.9 0.9 0.6 0.997 

1B.1 6.7 2.1 1.0 0.8 0.964 

40.0 6.6 2.1 1.0 0.8 0.901 
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Chalk) by Nelligan (1980). Descriptions of these plays may be found in those ref

erences. Parameter estimates and other results of these studies are listed in Tables 

6.2 (Canadian plays) and 6.3 (North Sea plays) along with the estimates of this 

study. Lacking any economic data for these plays, a single point truncation model 

was assumed, with the smallest pool size used as an estimate of the truncation 

point. 

In making a comparison between the results of this study and of previous 

studies, differences in model assumptions must be taken into ~Gcount. Except for 

the work of Lee and Wang (1985, 1986) and, of course, this study, a size-bias 

coefficient Q equal to one has been assumed. Further, unlike this study, all of the 

other studies computed maximum likelihood estimates for a likelihood function 

for samples conditional on discovery order, as discussed in Chapter 4. Despite 

these model differences, two useful comparisons can be made. The first is of the 

estimated parameters -q and fJ2 of the size-biased distribution function, and the 

second the estimates of the parent population parameter it = -q - &fJ2. 

If truncation is neglected by an estimation procedure, the population mean 

will be overestimated. Thus, as would be expected, the estimated means of the 

size-biased pool size distribution function, -q, reported by Nelligan (1980) and Lee 

and Wang (1985, 1986) are larger, indeed often significantly larger, than those 

estimated by this study. If the size-bias coefficient Q is estimated correctly, failing 

to account for truncation of uneconomic pools will lead to an overestimate of the 

population mean. In turn, this will lead to estimates of undiscovered pools that 

are larger and less numerous than they actually are. 

Failure to correctly estimate the size-bias coefficient a: will lead to similar 

difficulties. Although Lee and Wang's (1985, 1986) estimates of Q are fairly close 

to those of this study, Nelligan (1980), by assuming a: = 1, tends to overstate the 

case, sometimes by a wide margin. This again will lead to an improper estimate 

of the true population mean, which will be greater or smaller than the population 

mean depending on what value of Q is assumed. 
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Table 6.2. Comparison of parameter estimates of the pool size distribution func

tions for the Rimbey-Meadowbrook (RM2) and Bashaw Leduc reef plays of central 

Alberta, Canada from Lee and Wang (1985, 1986) and this study. RM1 is a re

vised data set for the Rimbey-Meadowbrook play according to a play redefinition 

described in Appendix 2. Units are millions of barrels of oil for RM2 and thousands 

of cubic meters oil for RM1 and Bashaw plays. Here, t is the truncation point, 

8'J (.) the 2-unit support limit, and 1(.) the peakedness measure. 

Rimbey-Meadowbrook Play 

Study: 1. 
A A A A'J n. N g !1. M. !L 

Lee & Wang (1986) 0.7 5.8 2.0 5.5 23 30 

This study (RM2) 0.5 0.5 2.2 -2.0 8.3 23 25 

This study (RM1) 40 0.5 8.1 4.8 6.6 18 21 

Bashaw Play 

A A A A2 
A 

Study: 1. g !1. J! !L n. N 

Lee 8& Wang (1985) 0.30 6.9 6.0 3.0 38 80 

This study 40 0.15 6.3 5.9 2.7 38 46 

Support Limits and Peakedness Measures 

for Estimates of This Study 

Play: §.Ufll 82(8-2) lID 1(8-2 ) 

RMI 1.4 1.0 - 2.5 - 4.0 

RM2 2.2 1.5 - 1.7 - 3.7 

Bashaw 0.6 0.5 -12.1 -19.4 
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Table 6.3 Comparison of parameter estimates of the pool size distribution func-

tions for plays in the North Sea from Nelligan (1980) and this study. JNORTH is 

Jurassic North, JCENT is Jurassic central, TERT is Tertiary, and CHALK is the 

chalk play. Units are millions of stock tank barrels. 

North Sea Plays 

Play: Study: '" D. '" "'2 '" ! ~ I! L !! N 

JCENT Nelligan (1980) 1.0 5.5 4.8 0.7 10 24 

JCENT This study 45 0.8 4.8 4.1 0.9 10 29 

JNORTHNelligan (1980) 1.0 6.5 5.1 1.4 24 44 

JNORTHThis study 90 0.8 5.0 3.4 2.0 24 123 

TERT Nelligan (1980) 1.0 6.2 5.3 0.9 14 33 

TERT This study 70 0.1 5.6 5.5 1.0 14 21 

CHALK Nelligan (1980) 1.0 7.0 4.2 2.8 8 25 

CHALK This study 30 0.5 5.2 3.8 2.8 8 29 

Support Limits and Peakedness Measures 

for Estimates of This Study 

Play: ~ 82(5-2) llil 1(5-2) 

JCENT 1.0 0.7 - 7.1 -14.3 

JNOR'l1H 1.8 0.9 - 5.6 -20.6 

TERT 0.8 0.6 - 9.9 -17.2 

CHALK 2.0 1.4 - 1.9 - 3.8 
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All of the estimates of the population variance 0 2 are reasonably close to 

each other with the significant exception of the Rimbey-Meadowbrook play. An 

explanation of this is not immediately apparent, but may be due to the large effect 

that accounting for truncation has had on the estimated population mean in this 

case. In fact, the estimation method is attempting to fit a lognormal distribution 

with a very small mean and a mode very close to zero (about 35 barrels of oil!), 

hence the large variance. In the author's experience, results such as these are almost 

a sure bet that something is amiss in the pool size data or in the play delineation. 

As described in Appendix 2, a re-examination of the geology of this play led to the 

deletion of several pools included in the data set of Lee and Wang (1986) which 

properly belong to other plays. The modified play definition and its associated data 

set (RMI in Table 6.2) yield much more reasonable parameter estimates, although 

these cannot be directly compared as they are in different units. 

Another potential problem with Lee and Wang's (1985, 1986) method is 

their reliance on likelihood estimates conditional on assumed values of a and of 

the total number of pools in the play, N. Unlike this study, where an independent 

estimate of 0: is obtained, and N is estimated using the maximum likelihood pa

rameter estimates and their support limits, Lee and Wang (1985, 1986) attempt to 

estimate a and N as those values which max:mlze conditional maximum likelihood 

estimates of the population parameters. That is, they assume a range of likely 

values of a and N and estimate the maximum likelihood parameters conditional 

on selected values of a and N in that range. The conditional maximum likelihood 

estimates of the population parameters and of 0: and N are those that yield a max

imum value of the likelihood functions conditional on a choice of 0: and N. This 

is, in fact, a somewhat ad hoc procedure that depends on there being sufficient 

information in the sample on a and N in order to obtain a reasonably peaked 

conditional likelihood function. Although there is considerable potential for being 

led astray by Lee and Wang's (1985, 1986) estimation procedure, it certainly did 

not do so in the case of the Bashaw play. 
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The various estimates of the total number of pools in each play are also in 

fair agreement with the exception of the Rimbey-Meadowbrook and the Jurassic 

North play. For the Rimbey-Meadowbrook, using either of Lee and Wang's (1986) 

or this study's data sets, the matching procedure for estimating N failed to yield 

any sensible estimate or match with discovered pools unless all pools above the 

point of truncati.on had been discovered and there was no size-bias. Of course, 

the latter statement must not be taken too literally. If all observable pools, i.e. 

those above the truncation point, have been discovered, then any size-bias in the 

sampling process is irrelevant. Only the truncation need be taken into account in 

order to estimate the parameters of the parent population of pool sizes. Thus, the 

estimation procedure is in agreement with what the geology and discovery history 

of the Rimbey-Meadowbrook play suggest, that the play is exhausted and only has 

potential for a few, currently uneconomic discoveries. 

The case of the Jurassic North play is more subtle, but seems to be a sit

uation of mixing of populations. Although there is no evidence of bimodality in 

quantile-quantile and other probability plots of pool sizes for this play, a plot of 

pool size versus rank yields a distinct break in slope at about the fifth or sixth 

largest pool. From the play and data descriptions given by Nelligan (1980), it is 

difficult to identify what populations may be mixed, except that the largest five 

or six pools may be involved in an enhanced recovery scheme and thus their pool 

sizes are in terms of enhanced recoverable instead of primary recoverable volumes. 

This is all the more likely in that, typically, it is only economical to apply enhanced 

recovery methods to the largest pools. 

In fact, there are difficulties in the definitions of all these plays, and not just 

for the Rimbey-Meadowbrook and Jurassic North plays. From the play descrip

tions supplied by Nelligan (1980) it is obvious that these "plays" are groupings of 

all discovered pools that occur within a particular geologic formation within the 

entire North Sea geologic province. The review of North Sea petroleum geology 

by Glennie (1986) would suggest many more smaller plays within each of these 

geologic formations, but it is not necessary to treat with such arguments here. As 
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previously mentioned, a review of the geologic literature on the petroleum geology 

of the Leduc reef oil fields in Canada suggests a revision of the list of pools included 

in the Rimbey-Meadowbrook play (the RM2 data set in Table 6.2, described fur

ther in Appendix 2), and also that the Bashaw play should be subdivided into two 

plays, as also described in Appendix 2. Thus, a true illustration of the estimation 

procedure should start at the beginning with properly defined plays, as is done in 

the next section. 

6.4 Application to San Juan basin plays. 

Three plays have been selected from the San Juan basin of northwest New 

Mexico for an exemplary application of the estimation methods. These are the 

Tocito sandstone oil play, the EI Vado sandstone oil play, and the Pictured Cliffs

Fruitland-Farmington (PCFF) sandstones gas play, all of which are described in 

Appendix 2. These same plays were used to illustrate the several tests of lognormal

ity described in Chapter 2. For all of these plays, multiple truncation was assumed 

using the average truncation point when required for computing the E-step of the 

Expectation-Maximization algorithm. Neither of the two oil plays contain enough 

gas to warrant a bivariate analysis, nor do any of the gas pools in the PCFF play 

produce oil. Estimation results are listed in Table 6.4. 

A glance at the parameter estimates in Table 6.4 shows that the support 

limits get wider, and the peakedness measure gets smaller, going from the Tocito 

to the Pictured Cliffs-Fruitland-Farmington (PCFF) to the EI Vado plays. There 

is no correlation with sample size in this trend, rather, the increasing uncertainty 

in the parameter estimates probably have to do with decreasing accuracy of the 

pool size data. Tocito sandstone oil pools occur in offshore bar complexes that 

are easy to explore and delineate, and thus reasonably accurate pool size estimates 

are possible early on in a pool's producing life. The EI Vado sandstone, however, 

yields oil from fractures in thinly interbedded sandstone-siltstone-shale sequences, 

which are notoriously difficult to delineate. Thus, much of the pool size data for 

the EI Vado play are probably underestimates of what will ultimately be produced, 
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Table 6.4. Parameter estimates of the pool size distribution functions for selected 

plays in the San Juan basin, northwest New Mexico. TOCITO is the Tocito sand

stone oil play, EL VADO the EI Vado sandstone oil play, and PCFF the Pictured 

Cliff-Fruitland-Farmington sandstones gas play. Units are thousands of stock tank 

barrels for oil and million stock tank cubic feet for gas. Note that n is sample size 

and r is the number of censored pool sizes in the sample. 

Play: & D. Y. "2 !L !! !:. N ~ 8 2(0'2) I(!il 1(0'2) 

TOCITO 0.4 6.7 5.0 4.4 24 3 47 1.0 0.8 -4 -7 

EL VADO 0.1 4.6 3.6 10.1 21 4 45 3.8 2.7 -1 -2 

PCFF 0.2 7.9 5.6 11.3 48 8 224 1.6 1.4 -3 -4 
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and generally more inaccurate in any case. The sizes of gas pools, such as those 

of the PCFF play, are generally more difficult to determine than that of oil pools 

(Br8.dley, 1987), and can be expected to be somewhat more inaccurate. The author 

has also noticed, and the peFF play is no exception, that gas pool size estimates 

are often subject to excessive rounding, generally to the nearest 10 or 100 billion 

cubic feet. 

Of greater interest are, of course, the estimates of the number and sizes of 

the undiscovered pools. The results of the analysis, using the matching procedure 

of Section 5.4, for the Tocito play are given in Table 6.5. Here, using the 2-unit 

support limits, a lower bound on the number of undiscovered pools is only 1, which 

would be uneconomic in size and is likely to have been discovered already. The 

upper limit is at 26 pools of which no more than a few are likely to be economic. 

The maximum likelihood estimate is very close to the upper limit, at 23 pools with, 

perhaps, no more than 8 above the economic limit, and only just so. These results 

agree with what one might infer from the discovery history of the play. That is, 

all but one of the discovered pools was found before 1966 with exploration having 

begun in the early 1950's. Subsequent exploratory drilling efforts seem to have 

been desultory except for a brief flurry in the early 1980's when the last pool was 

discovered. Thus, the results of this analysis are that there is nothing in the data 

analyzed that would suggest any better than marginal potential for the discovery 

of economic oil pools in the Tocito sandstone play. Note that this is a completely 

different statement than the erroneous interpretation that there will be no further 

economic discoveries in the Tocito sandstone. 

A similar analysis of the PCFF play, which has larger 2-unit support limits 

on its parameter estimates, yields a lower bound of 60 pools, a maximum likelihood 

estimate of 22~ pools, but no good match for an upper limit which seems to be 

tending towards infinity! A large number of small pools for this play is not far 

fetched, given play geology. Low permeability shoreline and channel sandstones 

in the Pictured Cliffs, Fruitland, and Farmington Formations which produce gas 

derived from intertonguing coal beds are likely to numerous and themselves divided 
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Table 6.5. Interval estimates for the number of pools in the Tocito sandstone oil 

play, San Juan basin, northwest New Mexico. MLE is the maximum likelihood 

estimate, the upper and lower limits correspond to 2-unit support limits. The 

size intervals increase by a factor of 10 with, for example, the 105 size interval 

corresponding to pool sizes in the range 104 to 105 thousand stock tank barrels oil. 

Iv 105 104 103 102 101 10° 

Discovered: 24 2 7 9 3 0 0 

Lower Limit: 24 2 8 11 3 0 0 

MLE: 47 1 7 18 15 4 0 

Upper Limit: 49 2 6 11 13 9 4 
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into many smaller pools due to permeability variations. As for the EI Vado play, 

the maximum likelihood estimate for the number of undiscovered pools is about 

20 of which more than a few are economic. This is in agreement with the current 

active exploration interest in the EI Vado play, although the analysis would hold 

out little potential for the discovery of pools as large as most of those already 

discovered. 

6.5 Summary and conclusions. 

These examples demonstrate that the estimation procedure is by no means 

a black box technique. At every step in the procedure there is a close interplay 

between data analysis, reexamination of assumptions, and evaluation of data qual

ity. However, in spite of the obstacles facing the investigator, namely poor and 

missing data, truncation and size-bias in the estimation procedure, the method 

yields reasonable and superior results. Specifically, it can be concluded that failure 

to account for truncation in any procedure to estimate the number and sizes of 

undiscovered pools will overestimate the sizes of the undiscovered pools and un

derestimate their number. Further, the size-bias coefficient should be estimated 

and not assumed as this will lead to unpredictable errors in the estimation results. 

No estimates are fully interpretable without an indication of the uncertainty that 

should be attached to them. The measures of the peakedness and width of the 

likelihood function introduced in this study make this possible. Finally, it can not 

be overemphasized that the time and care taken in delineating plays and collecting 

pool size data will pay itself many times over in the quality and usefulness of the 

estimation results. 



CHAPTER 7 

CONCLUSIONS AND DISCUSSION 

This study has made several contributions to the task of assessing the po

tential for future discoveries of oil and gas pools by means of estimating the number 

and sizes of pools remaining to be discovered in a play. First and foremost has been 

the development of an estimation method that accounts for multiple truncation of 

uneconomic pool sizes and incomplete reporting of economic pool sizes, as well as 

cf 8h~bi'lS, in the exploration cum sampling process. This improved specification 

of the sampling process avoids the overestimation of mean pool size that can occur 

if truncation is ignored, and avoids errors that may be introduced by assuming a 

size-bias coefficient equal to one. The usefulness of this estimation procedure has 

been enhanced by its generalization to the bivariate case, for application to plays 

with oil and associated gas, and by the introduction of meaningful measures of 

the uncertainty of the estimates of the number and sizes of undiscovered pools. 

A particularly attractive aspect of the estimation method is that, by using the 

Expectation-Maximization algorithm as a solution procedure, it is neither compu

tationally intensive nor does it require undue computational precision. Finally, a 

number of powerful tests of fit for the lognormal distribution have been introduced 

and demonstrated, enabling an objective assessment of the assumption that the 

sizes of discovered oil and gas pools in a play are lognormally distributed. 

A somewhat obscure, methodological contribution follows from the introduc

tion of multiple truncation to model truncation of uneconomic pools. Exploration 

costs and prices of oil and gas fluctuate over time and will have a pronounced 

impact on the order of discovery of pools, depending upon their size. The sen

sitivity of estimation methods that model the likelihood of discovery of a set of 

pools in their exact order of discovery, to changes in discovery order has already 

been mentioned, a potential problem avoided in this study by modelling likelihood 
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without reference to discovery order. Accounting for economic truncation in such 

an estimation method might require explicit modelling of temporal changes in eco

nomic factors relevant to economic truncation, a task that would be most difficult. 

Hence the value of multiple truncation: the dynamics of exploration economics are 

subsumed by a procedure that computes the minimum economic size of a pool at 

a given. time and depth and uses it as a data input into the estimation process. 

Using the terminology of economics, this is nothing more than the substitution of 

a comparative static analysis for a dynamic analysis, in order to obtain greater 

tractability and robustness in the estimation procedure. 

If there is any significant drawback to the procedure, it is the dispropor

tionate effort required by the economic analysis to determine truncation points. 

Of course, this can be avoided by assuming a single point truncation model and 

using the smallest discovered pool size as an estimate of the truncation point, al

though at a potential cost to the va.lidity of the estimation results. Fortunately, 

given the inaccuracies and uncertainties of the other inputs to the estimation pro

cedure, in particular the pool size data, no great precision or accuracy is required in 

the estimation of minimum economic pool sizes. In fact, it is doubtful whether the 

ultimate conclusions of an analysis of a play's potential for future discoveries will 

be greatly influenced by the assumed truncation model or how well the truncation 

points are estimated, so long as some effort is made to account for truncation of 

uneconomic pool sizes. 

The success of this study does not rule out future improvements in the esti

mation method. Specific suggestions would include adding initial production rates 

as an ancillary variable relevant to economic truncation, and, perhaps, more at

tention to methods of independently estimating the degree of size-bias. A method 

of estimating in-place volumes of hydrocarbons from recoverable volumes and visa 

versa would be welcome from many quarters. Nothing, however, would contribute 

more to the success of this and other methods of estimating the number and sizes 

of undiscovered pools than the availability of systematically collected and reported 
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data on pool sizes of the quality reported by the Alberta Energy Resources Con

servation Board (1987) for most of the rest of North America and elsewhere. 



APPENDIX I 

THEORY OF WEIGHTED DISTRmUTIONS 

In this appendix some useful theorems on size-biased distributions are pre

sented, all of which have been cited in the main body of this study. These 

have been relegated to an appendix because of their technical nature and 

will probably be of interest only to readers with a strong statistical back

ground. 

AI.I Definitions. 

Let X be a random variable with probability distribution function I(z; 0) 

indexed by a vector of parameters O. Suppose that when the event X = Z occurs, 

the probability of observing that event is w(Zj a), which depends on the observed 

value Z and an unknown ~a!'ru:neter Ci. Th~n the random variable XW weighted by 

(w(z; a) has the probability- distribution function 

I W( • fJ ) = w(Zj a)f(zj fJ) 
z, ,a E[w(X; a)] (A1.I) 

where division by E[w(X;a)] < 00 yields a valid probability distribution function 

such that 

(A1.2) 

when w(z; a) ~ O. Two special cases of weighted probability distribution functions, 

truncated and size-biased, are relevant to this study. To illustrate truncation, let 

X be observable only if it belongs to an observable region R and let w(z; R) be a 

truncation function such that 

W(Z; R) = {I, if Z E R; 
0, if Z ¢. R. 
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The truncated probability distribution function for x is then 

IW( '0 R) _ w(x,R)/(x;O), 
x,, - E[w(x, R)] , 

w(x, R)/(x; 0) 
(Al.4) 

and for simple point truncation 
l(x;O) 

(A1.S) 

where x is observed only on the interval (tltt2)' 

A size-biased probability distribution characterizes X when the probability 

that X = x is included in a sample is proportional to some measure of the size of 

x: 

I w ( • 0) Ixlf(x; 0) 
x, oc E[lxl] (AI.6) 

where Ixl is some size measure of x. Let Ixl = xOt , where a is a parameter -00 < 
a < 00. Then 

w. _ xOt f(x; 0) 
1 (x, 0, a) - J xOt f(x; O)dx (A1.7) 

is a size-biased distribution of order a. The special case of a = 1, where inclusion 

probability is exactly proportional to size, is known as a length-biased distribution. 
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Al.2 General properties. 

Little can be said about weighted distributions in general, but the following 

theorems are useful. 

Theorem ~ 

Let XW be the random variable X weighted by the function w(x) where 

w(x) > 0 and E(W(X») < 00. Then 

E(XW) > E(X) if Cov(X, w(X)) > 0 

and 

E(XW) < E(X) if Cov(X, w(X)) < 0 (Al.8) 

Proof 

Patil and Rao (1978). 

Theorem 2 

Assume further that X > o. Then 

E(XW) > E(X) if w(x) is increasing in x 

and 

E(XW) < E(X) if w(x) is decreasing in x (A1.9) 

Proof 

Patil and Rao (1978). 
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Al.3 Properties of size-biased distributions 

An important property of size-biased distributions is that, for many types 

of distributions, the form of the size-biased distribution does not differ from its 

unsize-biased parent distribution. That is to say, if a size-biased sample is drawn 

from a Iognormally distributed population the resulting size-biased distribution 

will also be lognormal. Stated precisely, a probability distribution function f(xj 0) 

is equivalent in distribution under size-biased sampling where w(x; a) = xQ if XQ 

has the probability distribution function f( Xj 1J) where 1J is a vector of parameters 

depending on 0 and a. 

Theorem 3 

If f(x; 0) under size-biased sampling satisfies the regularity condition of 

continuity 

1J -. 0 iff a -+ 0 (A1.l0) 

and the regularity condition of expectation relative to a 

. I InE(XQ) I 11m = /E(lnX)/ < 00, 
Q-+O a 

(Al.ll) 

then it is equivalent in distribution to its size-biased probability distribution func

tion if and only if f(x; 9) ean be factored as 

a(x)x9 

m(O) = exp[Olnx + A(x) - B(O)] (A1.12) 

where a(O) = exp[A(x)] and m(O) = exp[B(9)]. 

Proof 

PatiI and Ord (1975). 

Equation A1.12 defines a log-exponential family of distributions which in

clude the lognormal, gamma, and Pareto distribution functions (Mahfoud and 

Patil, 1982). Truncation at either or both ends of the range of these distribu

tions does not affect membership in this family. Further, the geometric mean is 
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a sufficient statistic for 0 for this family, the arithmetic mean being unbiased but 

inefficient. 

The lognormal distribution has the unique property, first noted by Krumbein 

and Pettijohn (1938), that its variance does not change under size-biased sampling: 

Theorem 4 

Let X be a non-negative real-valued random variable subjected to size biased 

sampling of order Q where Y = lnX and ZOt = InXOt. Then X is lognormally 

distributed if and only if Var(Y) = Var(ZOt) for all Q ~ o. 

Proof 

- (21r)1/20'z 

exp ( - 2!2 ((InZ)2 - 2plnz - p2 - 2Q0'2 Inz + 2QP0'2 + Q20'4») 

= 1 exp (_I_(lnz _ p _ Q0'2)(lnx - p _ Q0'2») 
(2n-)1/20'x 20'2 

= (21r):/20'Z exp (2!2 (In x - p - Q0'2) 2 ) 
(A1.13) 

which is the probability distribution function of a lognormal distribution with pa

rameters ,." + Q0'2 and 0'2. A similar proof can be found in Aitchison and Brown 

(1957). 
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Theorem 5 

Let X be a non-negative real-valued random variable with a truncated 

pareto distribution of parameters .\ and t where X > t. Then the same random 

variable subject to size-biased sampling of order a will have a Pareto distribution 

of parameters .\ - a and t. 

Proof 

f(x;.\, t, a) It) xa(.\t'\X-.\-l )dz 

xa-.\-l 

hOO xa-.\-ldz 

- .\ x a (T)a-.\ 
= .\ t a (T) -(.\-a)-l 

(Al.14) 

which is a Pareto distribution of parameters .\ - a and t. Since truncation of the 

Pareto distribution is equivalent to rescaling (Arnold, 1983) this theorem also holds 

for any non-truncated Pareto distribution. 



APPENDIX 2 

DESCRIPTIONS OF PLAYS ANALYZED 

In the following are brief descriptions of the Canadian and San Juan basin 

plays analyzed in this study, along with location maps and listings of the pool 

size data used to estimate the number and sizes of undiscovered pools in those 

plays. The Rimbey-Meadowbrook Leduc reef play (figure A2.2) has been re

defined in this study, leading to the exclusion of several pools that were in

cluded by Lee and Wang (1986). These are the three Golden Spike pools, 

which a recent study by Stoakes and Creaney (1985) has shown to contain oil 

from a different source than the other Rimbey-Meadowbrook pools, and pools in 

an unnamed reef complex just south of the play. Data on reservoir pressures 

(Alberta Energy Resources Conservation Board, 1987) show that the Rimbey

Meadowbook play is separated from the Bashaw play by a reservoir pressure 

discontinuity and that the Bashaw play is in turn subdivided by one such dis

continuity. These pressure discontinuities seem to reflect the presence of sep

arate aquifers which were responsible for the introduction of oil into these 

reefs. 
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Figure A2.1. Map showing the locations of the Rainbow-Zama Keg River pinnacle 

reef play, the Rimbey-Meadowbrook Leduc reef play, and the Bashaw Leduc reef 

play, all in Alberta, Canada. 
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FIgure A2.2. Map of the central Alberta Leduc reef complex showing the Rimbey

Meadowbrook and Bashaw Leduc reef plays. Also indicated are the Cooking 

Lake aquifer, used to delineate the redefined Rimbey-Meadowbrook play, and the 

reservoir pressure discontinuities that subdivide the Bashaw play. Modified from 

Prather and McCourt (1968) using data from Stoakes and Creaney (1985) and the 

Alberta Energy Resources Conservation Board (1987). 
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Rimbey-Meadowbrook Leduc Reef play 

Location: 

East-central Alberta, near Edmonton. 

Definition: 

Oil and pools filling dolomitized and partly dolomitized reefs of the Upper 

Devonian (Frasnian) Leduc Formation (Woodbend Group) where they occur above 

the underlying Cooking Lake aquifer system. 

Source rock: 

Interstratified bituminous and nodular lime mudstones of the Upper Devo

nian (Frasnian) Duvernay Formation (Woodbend Group). 

Migration path: 

Oil and gas migrated updip from somewhere beyond the southwest end of 

the play into the reefs via the dolomotized margin of the Upper Devonian. (Frasnian) 

Cooking Lake Formation (Woodbend Group) carbonate platform during dewater

ing of a downdip shale basin. This aquifer system is still active today. 

Trapping mechanism: 

Leduc reefs built upon the edge of the Cooking Lake carbonate platform are 

encased on all sides and above by impermeable carbonate mudstones of the Upper 

Devonian (Frasnian) Ireton Formation (Woodbend Group). 

References: 

Stoakes and Creaney (1985). 
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Table A2.1. Volumes of oil-in place at reservoir pressures and temperatures for 

pools in the redefined Rimbey-Meadowbrook play, central Alberta, Canada. Cal

culated from date, reported by the Alberta Energy Resources Conservation Board 

(1987). 

Pool Name: Discoverx Date: Pool Size (Mm3 ): 

Acheson D-3A 50/09/02 39013.2 

Bonnie Glen D-3A 52/01/00 183823.5 

Fairydell-Bon Accord D-3A 53/03/05 2978.5 

Glen Park D-3A 51/09/00 6131.6 

Homeglen-Rimbey D-3 53/03/21 22575.8 

Leduc-Wood bend D-3A 46/05/20 81600.0 

Leduc-Woodbend D-3B 48/00/00 3131.6 

Leduc-Woodbend D-3F 68/00/00 1411.0 

Morinville D-3A 55/09/14 120.8 

Morinville D-3B 64/12/22 3750.0 

Morinville D-3C 63/00/00 732.1 

St. Albert-Big Lake D-3A 56/11/01 4512.2 

St. Albert-Big Lake D-3B 52/12/00 2160.5 

Westerose D-3 52/09/24 42268.7 

Wizard Lake D-3A 51/04/00 82666.7 

Wizard Lake D-3B 64/00/00 213.3 

Yekau Lake D-3A 55/07/00 1354.4 

Yekau Lake D-3B 67/00/00 49.6 
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Rainbow-Zama Pinnacle Reef Play 

Location: 

Middle Devonian Black Creek basin of extreme northwest Alberta, near 

Rainbow. 

Definition: 

Oil and gas filled pinnacle reefs and atolls of the Rainbow Member, Middle 

Devonian (Givetian) Keg River Formation (Upper Elk Point Group) within the 

Middle Devonian Rainbow sub-basin of the Black Creek basin. 

Source rock: 

Probably bituminous carbonates within overlying, underlying, and inter-reef 

carbonate units. 

Migration path: 

Some, but not all, oil entered the reefs by the end of the Frasnian (Up

per Devonian) accompanied by hydrothermal evaporite brines via an aquifer in 

the Crinoidal Member of the Upper Keg River Formation. Otherwise via local 

migration paths from nearby source rocks. 

Trapping mechanism: 

Reefs are encased on all sides and above by impermeable carbonates. 

References: 

Langton (1968) and Schmidt et. a1. (1985). 
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Figure A2.3. Map showing the location of the Tocito sandstone, EI Vado sand

stone, and Picture Cliffs-Fruitland-Farmington sandstones play of the San Juan 

Basin, northwest New Mexico and southwest Colorado. 
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Tocito Sandstone Play 

Location: 

Central part of the San Juan basin, northwest New Mexico, near Farming-

ton. 

Definition: 

Oil and gas filled sandstone bodies variously interpreted as strike valley fill 

or offshore bar complexes of the Tocito Sandstone Lentil of the Upper Cretaceous 

Mancos shale in the central part of the San Juan basin. 

Source rock: 

Cretaceous Mancos marine shales. 

Migration path: 

Probably via local migration paths from nearby shales. 

Trapping mechanism: 

Sandstone bodies encased on all sides by Cretaceous Mancos shale. 

References: 

Fasset (1978, 1983), Huffman (1987), and Rice (1983). 
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Table A2.2. Volumes of recoverable stock tank oil for pools in the Tocito sand-

stone play, San Juan basin, northwest New Mexico. Units are thousands of barrels. 

Data from Fasset (1978, 1983) and Huffman (1987). 

Pool Name: Discover.!: Date: Pool Size (MBO): 

Amarillo 58/03/01 55 

Angel's Peak 58/03/03 854 

Aztec Wash 61/11/03 50 

Bisti 55/10/07 51,000 

Blanco South 51/07/26 5,600 

Cha Cha 59/10/26 

Counselors 81/07/26 575 

Devil's Fork 58/08/25 2,170 

Dufer's Point 59/09/20 200 

Escrito 57/06/10 3,550 

Gallegos 54/09/19 2,260 

Horseshoe 56/09/21 40,600 

Jewett Valley 61/04/17 22 

Kutz 58/07/25 560 

Lybrook 57/03/11 2,250 

Many Rocks 62/11/27 3,100 

Many Rocks North 63/07/24 550 

Meadows 61/09/11 

Mesa 61/08/24 600 

Piiion 66/05/14 

Simpson 59/02/25 920 

Tapacito 65/02/22 570 

Totah 59/09/07 3,400 

Waterflow South 63/11/01 224 
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EI Vado Sandstone Play 

Location: 

Central San Juan basin, northwest New Mexico, near Farmington. 

Definition: 

Oil and gas filled fractured interbedded sandstone-siltstone-shale sequences 

in the EI Vado Sandstone Member of the Mancos Shale in the central part of the 

San Juan basin. 

Source rock: 

Cretaceous Mancos marine shale. 

Migration path: 

Probably local migration paths from nearby shales. 

Trapping mechanism: 

Limits of fractured zones. 

References: 

Fasset (1978, 1983), Huffman (1987), Rice (1983). 
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Table A2.3. Volumes of recoverable stock tank oil for pools in the EI Vado 

sandstone play of northwest New Mexico. Units are thousands of barrels. Data 

from Fasset (1978, 1983) and Huffman (1987). 

Pool Name: DiscoveO': Date: Pool Size (MBO): 

Alamito 71/05/14 175 

Armenta 80/07/13 

Boulder 61/05/15 2,000 

Chromo 47/00/00 170 

Cuervo 75/11/03 60 

Gavilan 82/03/21 11,100 

La Plata 59/04/16 650 

Lindrith South 58/01/29 3,200 

Lindrith West 59/04/16 32,000 

Media 69/06/04 21 

Nageezi 71/05/17 

Ojito 74/06/13 500 

Otero 56/08/30 

Puerto Chico 60/02/01 14,500 

Ramona 65/03/23 1 

Red Mesa 58/05/00 838 

Regina 79/06/12 12 

Rusty 75/07/14 50 

San Ysidro 81/08/04 670 

Verde 55/10/20 7,950 

Whitewash 77/12/25 120 
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Pictured Cli1fs-Fruitland-Farmington Sandstones Play 

Location: 

Central San Juan basin, New Mexico, near Farmington. 

Definition: 

Gas filled channel and shorefront sandstones in the Upper Creataceous Pic

tured Cliffs and Fruitland Formations, and the Farmington Member of the Kirtland 

Shale. 

Source rock: 

Coaly sediments of the Fruitland Formation. 

Migration path: 

Local migration paths from nearby low-rank Fruitland coals. Long distance 

migration from deeper, high-rank Fruitland coals is thought unlikely due to the 

low permeability of reservoir and aquifer sandstones. 

Trapping mechanism: 

Probably a combination of impermeable clay-filled sandstones and hydro

dynamic effects. 

References: 

Fasset (1978, 1983), Huffman (1987), and Rice (1983). 
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Table A2.4. Volumes of recoverable stock tank gas for pools in the Pictured 

Cliff's (PO)-Fruitland (Fruit)-Farmington (Farm) sandstone play, San Juan basin, 

northwest New Mexico. Units are millions of cubic feet. Data from Fasset (1978, 

1983) and Huffman (1987). 

Pool Name: Discove!J!: Date: Pool Size (MMCF): 

Albino (PC) 67/11/09 4,520 

Aztec (Farm) 21/10/21 200 

Aztec (Fruit) 52/06/20 33,600 

Aztec (PC) 41/09/16 433,000 

Aztec North (Fruit) 54/08/02 1,700 

Ballard (PC) 53/05/08 479,000 

Bisti (Farm) 79/08/30 25 

Blanco (Fruit) 68/03/01 11,400 

Blanco (PC) 27/12/~0 818,000 

Blanco East (PC) 52/02/13 32,500 

Blanco South (PC) 51/06/19 1,378,000 

Cedar Hills (Fruit) 84/00/00 

Choza Mesa (PC) 53/10/22 35,000 

Connor (Fruit) 76/12/28 300 

Cottonwood (Fruit) 53/11/21 

Crouch Mesa (PC-Fruit) 59/06/26 

Farmer (Fruit) 72/02/14 

Flora Vista (Fruit) 56/12/29 1,700 

Fulcher-Kutz (PC) 27/11/25 326,000 

Gallegos (Fruit) 52/03/16 900 

Gallegos South (Farm) 76/08/21 552,000 

Gallegos South (Fruit) 68/05/27 10,000 

Gallegos South (PC) 77/12/00 860 
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Table A2.4. continued. 
Pool Name: Discovea: Date: Pool Size (MhtfCF): 

Gavilan (PC) 49/01/15 91,000 

Glades (Fruit) 18/05/25 1,110 

Gobernador (PC) 13/03/11 

Harper Hill (PC-Fruit) 69/02/24 3,900 

Huerfano (PC) 50/10/24 1,600 

Ignacio Blanco (PC-Fruit) 51/09/04 60,000 

.Tuis Canyon (Fruit) 16/06/06 400 

Kutz (Farm) 55/10/02 500 

Kutz (PC-Fruit) 56/10/30 16,000 

Kutz West (Fruit) 52/10/22 1,310 

Kutz West (PC) 50/10/31 211,800 

La Jara (Fruit) 55/06/15 

Los Pmos North (P C) 53/01/31 2,800 

Los Pmos South (PC-Fruit) 53/08/24 

Mount Nebo (Fruit) 12/12/05 4,000 

Nipp (PC) 14/04/11 1,500 

Ojo (PC-Fruit) 11/02/13 2,000 

Pinon (Fruit) 66/06/14 

Pinon North (Fruit) 66/08/00 2,500 

Potwin (PC) 16/05/01 110 

Pump Mesa (Fruit) 69/08/25 415 

Sedero Canyon (Fruit) 13/01/26 1,000 

Tapacito (PC) 54/05/05 392,000 

Twin Mounds (PC) 54/01/28 4,800 

Waw (PC-Fruit) 10/06/30 ~6,000 
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