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ABSTRACT 

This work is the first 3-0 continuum study of the free vibration of 

skewed and simultaneously skewed amd twisted, cantilever parallelepi

peds. The purpose of the study is to make available in the literature 

an enlarged data base of natural frequencies of these practical problems 

for researchers and design engineers to draw upon. 

The Ritz method is used to determine approximate natural frequency 

data. The total potential energy of the parallelepipeds is formulated 

using the three-dimensional theory of elasticity. The three orthogonal 

displacement components, (u,v,w) are each approximated by finite triple 

series of simple algebraic polynomials with arbitrary coefficients 

(which are determined by applying the Ritz method). All terms of the 

seri es are constructed to sati sfy the geometri c boundary condi ti ons at 

the fixed end of the parallelepiped. No other kinematic constraints are 

imposed in this analysis. Hence, the finite series of algebraic poly

nomi al s are both admi ssible and "mathemati cally compl ete" [75]. 

Several convergence studies of natural frequencies are conducted on 

cantilever parallelepipeds. Effects of geo~etrical parameters such as 

side ratio, thickness ratio, skew angle, and twisted angle are presented 

in the form of nondimensional tables and graphs. Accuracy of solution 

method is substantiated through comparison with existing rectangular, 

skewed, and twisted plate results. The central focus of three compari

sons are to verify the correctness and accuracy of free vi brati on data 

xxi 



obtained by investigators using classical plate theories and two- and 

three-dimensional finite element methods. 
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CHAPTER I 

INTRODUCTION 

Skewed (or swept) and twisted wing structures 

constitute vital components in several practical machines, 

such as recently developed turboprop engines [1], modern 

high-speed aircraft [2,3], and rocket missiles [4]. These 

structures can feature variable cross-sections and spanwise 

variations of both sweep and twist angles. Because of their 

complex geometry, refined computational methods are 

essential to an accurate free vibration analysis .. 

until the mid-1960 IS, most free vibration analyses 

of swept and twisted wing structures were based upon lumped 

parameter approaches [5,6]. In these analyses the structural 

model is based on the assumption that plane sections remain 

plane during bending (i.e., engineering beam theory). Hence, 

these are applicable for high aspect-ratio planforms with 

low sweep and twist angles, and more importantly, when only 

the first-two or three vibration modes are sought. Modern 

trends in high-speed aircraft design, however, have been 

toward more geometrically complex wings with thin, low 

aspect-ratio planforms. with the need for extended precision 

in flutter prediction of these modern structures, ordinary 

beam theory is no longer adequate for their dynamic 

analysis. 

1 
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A two-dimensional (2-D) analysis also is available 

for the example case of a low-aspect ratio, swept wing using 

a skewed plate. Classical theory is fairly adequate, when 

the plate's skew angle is low and when the plate is 

considered to be thin; that is, the ratio of the thickness 

to the least plate length (or least mode shape length, in 

the case of. higher frequency modes) is assumed to be on the 

order of 1/20 or less. For thick, skewed plates, the effects 

of shear deformation and rotary inertia become significant 

producing frequencies lower than those predicted by 

classical theory. Inclusion of these effects raises the 

order of the governing differential equations from four to 

six, with three boundary conditions required per edge, 

instead of two. However, some complications associated with 

the vibration analysis of either thin or thick, skewed 

plates are due to the difficulty in representing the 

torsional warping constraint, bending warping flexibility, 

and complex anticlastic bending effects which are present 

and which are substantial in some vibration modes. For high 

skew angles, the effect of strains at the corners of the 

root section becomes significant in some modes, which is not 

fully accounted for in classical theory. 

Twisted beams, plates, or shells having one edge 

fixed and the remaining ones free (i.e. cantilevered) have 

held the greatest interest, primarily because they represent 

a first approximation to turbomachinery blades. 
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Nevertheless, in spite of the considerable effort devoted to 

the vibration analysis of twisted beams and plates, 

considerable disagreement of results exists in the 

literature. Some of the disagreement of results is due to 

the same difficulties in representing the warping and 

anticlastic bending actions, as when using skewed plate 

analyses. 

A three-dimensional (3-D) method for the free 

vibration analysis of swept wing structures uses a skewed 

parallelepiped, as shown in Figure (1.1). For swept and 

twisted wing structures, a 3-D method uses a skewed and 

twisted parallelepiped, as shown in Figure (1.2). Both 3-D 

methods have the particular advantage of having no kinematic 

constraints (as in beam, plate or shell theories). Also, 

shear deformation, rotary inertia, torsional warping, 

warping due to bending, and anticlastic bending actions are 

inherently included. 

A skewed parallelepiped is a three-dimensional 

configuration having two opposite, parallel faces in the 

shape of parallelograms. These top and bottom parallelograms 

have their four edges joined by rectangular faces. The 

configuration may be regarded as a rectangular 

parallelepiped which has two of its parallel faces skewed; 

the measure of this being the skew angle, a (see Figure 

1.1). The four lines joining the corners of the parallel 

faces are straight. The skewed parallelepiped has a length 
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AI, and chordwise width BI, and thickness H. It is clamped 

on one face at xl=o, free on a parallel face at X'=A', and 

free on t'tlIO sets of parallel faces at y' =B' /2, -B' /2 and 

zl=H/2,-H/2, respectively (i.e., cantilever edge 

conditions). (Coordinate systems will be defined in Chapter 

4) • 

A combined skewed and twisted parallelepiped is also 

a three-dimensional configuration which is generated by 

rotating one face of the above skewed parallelepiped 

relative to an opposite, parallel face at a twist angle,¢ 

(see side view of Figure 1.2). The twist angle varies 

linearly from the clamped face at x"=O to the fn~e face at 

x"=A'. (Coordinate systems will be defined in Chapter 7). 

All internal crossections in between are parallel and 

rectangular. The four lines connecting the corners of the 

parallelepiped are straight, whereby the four faces between 

them are twisted surfaces. 

with the definitions of skewed and combined skewed 

and twisted parallelepipeds in mind, it now appropriate to 

examine what previous research has been done relating to the 

free vibration of these practical structures. 

1.1 Pertinent Literature 

Notable benchmark works on structural vibrations of 

rectangular parallelepipeds have been initiated by Leissa 

and Zhang [7], and extended by Leissa and Jacob [ 8 ], to 
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twisted parallelepipeds. The focus of these investigations 

was t.o established a correct and complete data base of 

natural frequencies for cantilever parallelepipeds--an 

important base problem for practical applications. Moreover, 

the 3-D results served to test the validity of 1-D beam and 

2-D plate theories reported in a researchers project on the 

free vibration of twisted plates [9]. 

1.1.1 Skewed Parallelepipeds 

To solve problems related to forced vibration 

response and panel flutter of aerospace plate structures, 

the free vibration characteristics of skewed parallelepipeds 

have been of interest to researchers and designers since the 

1950's. Documented in the published literature is the active 

research which has added to an understanding of this 

structural problem. 

Two-dimensional (2-D) plate theory solutions of 

skewed parallelepipeds have been obtained by various 

approximate methods for a few of the many possible 

combinations of boundary conditions. Early papers were 

mainly devoted to calculating fundamental frequencies [5,6]. 

with general polynomials 

classical plate theory, 

in a Rayleigh-Ritz method using 

Hasegawa [10] calculated the 

fundamental frequency of a completely clamped skewed plate. 

Hamada [11] analyzed the clamped plate using the Lagrangian 

multiplier method with trigonometric functions and obtained 
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a lower bound for the fUndamental frequency of rhombic 

plates. Conway and Farnham [12] used boundary collocation in 

dealing with clamped and simply-supported skewed plates. The 

frequencies were obtained by using solutions of the 

differential equation in polar coordinates. 

Free vibration data for skewed parallelepipeds 

(regarded as uniform, thin, isotropic skewed plates) with 

all four sides either clamped or simply-supported have been 

studied extensively by Durvasula [13,14,15]. Nair and 

Durvasula [16] reexamined this vibration problem by 

considering boundary conditions consisting of different 

combinations of simply supported and clamped edges. By using 

the Ritz method, they employed beam characteristic functions 

appropriate to the combination of the edge conditions in 

each case. The influence of boundary conditions on the 

frequencies and the nodal patterns were clearly revealed in 

their study. Mizusawa, et.al. [17,18,19] studied the 

influence of boundary constraints on the natural frequencies 

of skewed parallelepipeds using B-spline approximation 

functions. As cited in reference [20], the vibration of a 

simply supported skewed parallelepiped was treated by 

Tsydzik [21] using the perturbation method. Also, Seth [22] 

gave an exact solution for the first few modes of a typical 

simply-supported skewed plate. 

With intended application towards the analysis of 

panel flutter, a number of papers [23-29] were published on 
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the vibration of skewed membranes. Particularly, the results 

of reference [23] are also relevant to the simply-supported 

skewed plate on the basis of the plate-membrane analogy. 

Sakata [30] used this analogy between membranes and simply 

supported plates to obtain an approximate formula for the 

fundamental frequency of a simply supported skewed plate. 

Results for the completely clamped skewed parallelepiped are 

also available as a special case of a cylindrical shell 

having skewed edges [30]. 

A number of researchers applied 2-D finite element 

techniques to analyze skewed parallelepipeds. Depending on 

the number of independent variables used in the element 

formulation, the stiffness and mass matrices for the 2-D 

finite elements are created by specifying coordinates on the 

midsurface Qf the element (and thus, the mid surface of the 

skewed parallelepiped). The finite element technique was 

used by Monforton [31,32] to obtain free vibration 

frequencies of completely clamped skewed plates. Pulmano and 

Chan [33] used plate bending elements to study vibration 

characteristics of tapered skewed plates. Somashekar and 

Nanjunda [34,35] analyzed skewed plates by means of the 

structural reduction concept using transitional finite 

elements. 

Additional papers exist in the literature in which 

the vibration behavior of skewed parallelepipeds using 

orthotropic plate theories is analyzed [36-39]. Also, the 



8 

effects of thermal loads on skewed plate frequencies were 

studied in references [40-42], and the inclusion of large 

deformation into vibration data calculations of skewed 

plates has been examined in reference [43]. 

However, little research exists in the literature 

for the case of skewed parallelepipeds modeled as either 

thin or thick plates with one end fixed and the others free. 

Skewed, thick plates were studied by Ganesan and Nagaraja 

Rao [44], who examine this problem for nine different sets 

of boundary conditions (except cantilever boundary 

conditions). This writer could not locate any papers that 

utilized thick plate theory for skewed, cantilever 

parallelepipeds. 

Nevertheless, Barton [45] obtained fundamental 

results by using classical thin-plate theory. The Rayleigh

Ritz method was used with deflection modes chosen as 

products of characteristic beam functions. An eighteen term 

series expansion was used to obtain frequency parameters and 

nodal lines for models which has an aspect ratio equal to 

unity. Claassen [46,47] extended the work of Barton by using 

the same analytical approach. The first nine nondimensional 

frequencies for skewed angles ranging from 0 to 35 degrees 

are given in Table 1.1 (B is the length of the clamped edge; 

A is the length of the two parallel, free edges; p is the 

mass density; H is the thickness; D is the flexural 

rigidity; and v is Poisson's ratio). The first-five natural 



9 

frequencies of a skewed cantilever plate with side ratio of 

unity were determined experimentally in references 

[45,48,49]. For later comparisons, these test results along 

with theoretical results [45] are shown in Table 1.2. Newsom 

[50] used a variational method to obtain three frequencies 

for a cantilevered plate with a 45 degree skewed angle, and 

these are also listed in Table 1.2. 

Beres and Bailey [51] provided free vibration 

frequencies and mode shapes for thin skewed plates, showing 

the effects of side ratio and skewed angle. Using classical 

thin plate theory with the Ritz method, an a.ssumed power 

series involving algebraic polynomials was used to 

approximate the normal displacement of a skewed plate. 

Numerical results for the lowest-five natural frequencies 

were reported. Some of these results are compared to the· 

frequencies reported in Chapter 4. 

While there seems to be a large number of worthwhile 

papers using plate theories and finite elements to examine 

the structural vibrations of skewed parallelepipeds, the 

number of papers incorporating 3-D continuum approaches is 

small by comparision. However, in the limited effort devoted 

to the vibration analysis of skewed cantilever plates, 

considerable disagreement in results exists in the 

literature. Some of the disagreement is due to the 

difficulty in determining analytically and/or experimentally 

the warping constraints and the high strains that occur at 
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the clamped end of highly skewed plates. A 3-D formulation 

is desirable to verify and/or improve the correctness and 

accuracy of 2-D based solutions. Leissa and Zhang [7] 

developed a relatively simple exact solution of the 

eigenvalue problem for a rectangular parallelepiped with 

imposed stress conditions on all six faces. Lee and Reismann 

[52] and Srinivas, Joga Rao, and Rao [53] derived a more 

general exact solution for the case when four faces have 

imposed stress conditions and the other two, opp~site faces, 

are completely free. The completely free parallelepiped was 

studied by Fromme and Leissa [54] and by Hutchinson and 

Zillmer [55] using different forms of the series method. 

Results for rectangular and twisted cantilever 

parallelepipeds are also in the literature [7,8,56], 

respectively. Three-dimensional finite element solutions of 

rectangular parallelepipeds modeled as thick, square plates 

are given in [9]. 

Using 3-D elasticity field equations, the variational 

formulation of the boundary-value problem can be constructed 

with no internal kinematic constraints, as presented in 

Chapter 2. Gene~ally past computational efforts involved in 

a 3-D method were extremely cumbersome. However, these 

calculations can be economically managed using modern 

computational methods. 
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1.1.2 simultaneously Skewed and Twisted Parallelepipeds 

There is a vast amount of literature relating to the 

free vibration of twisted cantilever parallelepipeds 

analyzed as 1-D beams [57-62]. A number of 2-D analyses 

exist for thin, twisted cantilever parallelepipeds using 

shell theory [63-66] or finite element techniques [67-70]. 

However, considerable disagreement in published results 

exists in the literature. A recent joint research effort [9] 

involving industrial, governmental, and university centers 

has documented the discrepancies for both thick and thin, 

twisted parallelepipeds, with 19 independent sets of 

frequencies being obtained by finite element, shell and beam 

analyses for comparison with experimental results. To 

address the considerable disagreement in frequencies 

reported in reference [9], 3-D frequencies for twisted 

parallelepipeds have been obtained in [8] using the Ritz 

method [71]. Some of these results are used for comparison 

with the present free vibration data (see Chapter 8). 

While there seems to be a wealth of papers on free 

vibrations of twisted parallelepipeds (as given in survey 

works in [72-74]), no frequency results exists in the 

literature for the case of combined skewed and twisted 

parallelepipeds. 
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1.2 Objectives and Approach 

The present investigation addresses two problems for 

which no 3-D solutions have been previously reported, i.e., 

the free vibrations of a skewed parallelepiped and a 

simultaneously skewed and twisted parallelepiped both having 

one face fixed and the others free. As in references [7,8], 

the well-known Ritz method [71] is used. Displacement 

components are assumed in the form of simple polynomials 

which satisfy essential displacements at the clamped end of 

the parallelepiped, and are "mathematically complete" [75]. 

To test the validity of the analysis, a computer 

program has been designed to maximize efficiency and 

minimize storage required for the adopted 3-D Ritz method. 

Typical cantilever parallelepipeds are used to model thin 

and thick plates. Convergence towards desired nondimensional 

frequencies of skewed plates and simultaneously skewed and 

twisted plates both having various side ratios (A/B) are 

studied. Particular attention is given to the number of 

polynomial terms needed in the x, y and z coordinate 

directions to obtain reasonably accurate results. The free 

vibration data obtained is compared to those predicted by 

COSMIC/NASTRAN and to available analytical and experimental 

frequency data in the published literature. 
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1.3 Organization of Presentation 

This manuscript is organized as follows: In Chapter 

2 the fundamentals of the adopted Ritz approach are 

reviewed. In many structural problems the choice of 

algebraic polynomials as trial functions in the Ritz method 

are adequate and simple to construct. Due to the 

nonorthogonal nature of the algebraic polynomials, the 

resulting simultaneous equations for the unknown Ritz 

coefficients are usually coupled. However I the algebraic 

polynomial terms with high powers (such as x10 , x11 , etc.) 

can become numerically unstable on some computers. This 

instability leads to significant truncation errors in the 

coefficients of the simultaneous equations. However, it may 

be possible to produced better-conditioned equations by 

choosing an assumed sequence involving orthogonal functions 

as trial functions. 

In Chapter 3 a Ritz analysis in 1-D is presented. 

Several sequences of trial functions are constructed, which 

involve algebraic polynomials, trigonometric functions, 

Bessel functions, and Legrendre, Laguerre, "Hermite and 

Chebyshev polynomials. Questions pertaining to the degree of 

approximation and completeness of the trial functions are 

addressed. 

In 

equations, 

Chapter 4 

and the 

the coordinate systems, governing 

theoretical basis for the three-
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dimensional (3-D) elasticity-based Ritz analysis of a 

skewed, cantilever parallelepiped is outlined. Chapter 7 

defines the corresponding coordinate systems, governing 

equations, and the Ritz method of solution for a combined 

skewed and twisted parallelepiped. Both formulations are 

presented as basic overviews with specific details shown in 

Appendix A. 

To determine the correctness of the computer program 

developed for the present analysis (Appendix B), convergence 

of natural frequencies for thin and thick rectangular and 

twisted parallelepipeds are studied in Chapter 5 and Chapter 

8 , respectively. Results are comtiared to those previously 

obtained by other investigators. 

An extensive amount of free vibration data for 

skewed parallelepipeds is discussed in Chapter 6. 

Convergence studies of nondimensional frequencies of thick 

and thin skewed parallelepiped models are summarized. 

Resul ts are compared to those obtained from COSMIC/NASTRAN 

and to experimental and analytical data in the literature. 

In Chapter 9 free vibration data for combined skewed and 

twisted, cantilevered parallelepipeds are examined. 

Noticeable trend changes in the convergence and the 

variation of natural frequencies with increased skewness and 

twist are discussed. Finally in Chapter 10, a summary of 

this investigation is given and ongoing extensions for 

further research are addressed. 
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Due to a voluminous amount of information presented 

in this manuscript, all tabular and graphical data is placed 

in Appendix C and Appendix D, respectively. Appropriate data 

for each chapter is clearly separated for easy reference. 

1.4 Significance of the Present Research 

The overall goal of this study is to make a well

posed mathematical and computational statement of the 

problem. The 3-D free vibration results reported herein 

serve as upper-bounds on the exact solution to a finite 

number of significant digits. These results are used to 

verify those obtained by 1-D, 2-D, and alternative 3-D 

theories. Additionally, the resulting data base can add to a 

practical understanding of free vibration phenomena of 

skewed and twisted, cantilever parallelepipeds in general,· 

by making available design information for researchers and 

engineers. 

Four key points should be highlighted regarding the 

contribution to knowledge produced by the present research: 

A. This study features a three-dimensional 

elastici ty-based Ritz analysis extended to structures with 

skewed boundaries, and then to structures with 

simultaneously skewed and twisted boundaries. 

B. The first 3-D free vibration results for skewed 

parallelepipeds are reported. 
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c. The first 3-0 free vibration results are 

reported for parallelepipeds which are simultaneously skewed 

and twisted. 

o. A comprehensive numerical study and comparison 

of Ritz trial functions in 1-0 is presented to provide, 

information on their completeness and degree of 

approximation of structural dynamic problems. The purpose of 

this study is to bring out candidate functions that may 

improve the level of approximation of the displacement 

fields in the present 3-D theory. 



CHAPTER 2 

THE RITZ METHOD 

2.1 Introduction 

The variational formulation of a boundary-value 

problem is extremely useful for the approximate computation 

of its solution. A widely used approximate method is the 

Rayleigh-Ritz or simply Ritz method. The fundamental 

development of this method was first proposed by Lord 

Rayleigh (whose actual name was John William Strutt, 1842-

1919) in studies of the fundamental vibration period of an 

elastic body [76]. Timoshenko [77] also employed this method 

in studies of buckling problems. The method was later 

refined, extended, and its convergence proved by W. Ritz 

(1878-1909) [71]. Since then, the Ritz method has been 

applied to numerous problems in applied mechanics including 

deformation analyses, stability, and vibrations of complex 

systems. Al though the method' is based on the variational 

statement of a specific problem, it may be considered as an 

immediate consequence of the minimum potential energy of a 

elastic body under quasistatic loads (stable equilibrium). 

The Ritz method is a variational method, because results are 

obtained directly from minimization of a necessary 

functional. 

17 
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2.2 Fundamentals of the Ritz Method 

In the Ritz method the assumed solution i$ 

constructed as a finite series of admissible functions 

(named "trial functions") multiplied by unknown constants 

(named "Ritz coefficients"). By substituting this 

approximate solution into the associated variational 

statement o.r "functional", a residual error is obtained. 

Upon finding a stationary value of the functional with 

respect to the Ritz coefficients, these unknown constants 

can be calculated and substituted back into the assumed 

finite series for an approximate solution. 

The basic ideas of the method are outlined by using 

as an example, the deformation analysis of a 3-D elastic 

system under the application of quasistatic loads. A more 

rigorous mathematical (variational) treatment of the method 

can be found in references [71,76,78-80]. 

An elastic body has infinitely many material points; 

consequently, it has infinitely many degrees of freedom. By 

making certain assumptions about the displacement behavior, 

the number of degrees of freedom can be reduced to a finite 

value. For instance, consider the total potential, which is 

represented by a functional I, 

(2.1) 
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For vibration problems the functions T and V are quadratic 

and symmetric forms. The displacement components u1, u2, and 

u3 may be approximated as a finite series of kinematically 

admissible functions multiplied by undetermined Ritz 

coefficients: 

u1 = A' f· 1. 1. 

u2 = Bi gi 

u3 = Ci hi 

(i=1,2, ... ,n) 

( i=1 , 2 , ••. , n) 

( i=1 , 2 , ••. , n) 

(2.2) 

where it is understood that the displacement components 

(u1,u2,u3) and trial functions (f,g,h) are expressed in 

terms of position coordinates If small-

deformation theory is assumed, then the kinematically 

admissible functions (f,g,h) must be single-valued, 

continuous, differentiable (at least to the extent required 

by the variational statement), and must satisfy the 

kinematic boundary conditions. 

When Eq. (2.2) is sUbstituted into Eq. (2.1), the 

functional I becomes a function of 3n undetermined Ritz 

coefficients: 

(2.3) 

The displacement variations can be taken as 
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since the functions (f, g, h) are kinematically admissible. 

Thus, the variation in the total potential is given by 

(2.5) 

where the notation ( ), denotes partial differentiation. 

Then the necessary condition for equilibrium is 

(T) , Ai - (V) , Ai = 0 (i=1,2, ••• ,n) 

(T) , Bi - (V) , Bi = 0 (i=1,2, •.. ,n) 

(T) , ci - (V) , ci = 0 (i=1,2, ... ,n) 

(2.6) 

Equations (2.6) represent a system of 3n linearly 

independent algebraic equations in 3n undetermined Ritz 

coefficients. For vibration problems Eqs. (2.6) can be 

recast into the form of a standard eigenvalue problem. The 

solution of these equations yields numerical values for 

these coefficients; And substituting these values into Eq. 

(2.2) leads to approximate expressions for the 

displacements. 

with the above fundamentals of the Ritz method 

outlined, several questions arise concerning the choice of 

trial functions (f,g,h) and the correctness and accuracy of 

the solution (convergence). These questions are extensively 
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addressed in references [71,75,78-80]. Some of the important 

conclusions are summarized as follows: 

1. The Ritz method is applicable to variational 

problems which meet the sufficiency conditions for a minimum 

(maximum) of a functional. The central task is to construct 

a minimizing (maximizing) sequence of functions 

{f1 ,f2 ,···,fn }, {gl,g2, ... ,gn} and {h1 ,h2 , ••. ,hn }. These 

sequences are characterized as minimizing (maximizing), if 

they are kinematically admissible (i. e. satisfy the 

geometric boundary conditions) and if in Eq. (2.1), 

I(Aifi,Bigi,cihi) converges to the minimum (maximum) of 

I(u1,u2,u3) . 

2. To obtain an approximation as closely as desired 

to the actual minimum (maximum) function, a mathematically 

complete sequence [75] must be chosen. (Essentially, 

completeness of a sequence of polynomials with real or 

rational coefficients is an immediate consequence of the 

weierstrass approximation theorem [75], which requires that 

specific terms of lowest order to a desired order must be 

included without omitting any intermediate terms). The 

sequence of functions should be continuous and sufficiently 

differentiable to the extent required by the variational 

principle. As a result, a minimum (maximum) can be obtained, 

so long as no functions of different families are introduced 
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into the assumed sequence. The above points are illustrated 

later Chapter 3. Additional questions relating to the patp . 
of extrema or the error in any nth approximation are 

addressed in reference [75]. 

3. A minimizing (maximizing) sequence converges to 

a minimizing (maximizing) function as a least upper or 

greatest lower bound, depending on the nature of the 

variational statement. For instance, let n be the size of a 

sequence of polynomial functions used in an nth Ritz 

solution and m be the sequence size used in a succeeding 

solution. Then, convergence of a minimizing function can be 

understood in the following sense: 

n < m (2.7) 

Hence, for each m+l,m+2, .•. solution size, the class 

of polynomial terms is broader, and thus, the successive 

solutions are nonincreasing. Previously computed 

coefficients of the algebraic equations (2.6) remain 

unchanged, whereby newly computed coefficients are added. 



CHAPTER 3 

COMPARISON OF VARIOUS TRIAL FUNCTIONS 
FOR ONE-DIMENSIONAL (l-D) RITZ ANALYSES 

3.1 Introduction 

The discussion in Chapter 2 provides an 

understanding of the process of selection of the trial 

functions; it does not however, give any ground rules for 

choosing them. The algebraic polynomial trial functions used 

in the present 3-D Ritz analysis leads to reasonably 

accurate benchmark results to validate those obtained by 

al ternati ve theories (as shown in Chapters 5, 6, and 8). 

However, computer precision is extremely important when 

using these polynomials. Algebraic polynomials with high 

powers, such as x 10 , x 11 , etc., can be numerically unstable 

on some computers. The elastic and inertia coefficients 

calculated with these terms have undesirable truncation 

errors. ,Conversely, carefully constructed sequences 

involving orthogonal functions may reduce the truncation 

errors. The above point is numerically investigated in this 

chapter. 

Nevertheless, the larger question of II is there a 

definitive sequence of complete and admissible functions 

that may improve on the 3-D vibration results obtained 

herein?" is worth answering. This question is addressed in a 

23 
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comparison of trial functions in 1-0, whereby promising 

candidate functions are identified. 

3.2 Elementary (1-D) Rod Theory 

Consider the simple problem of finding the axial 

vibrations of a uniform cross-section bar of length L, with 

the left end fixed and the right end free. The bar has 

constant stiffness, EA, and mass per unit length, m. The 

governing equation of motion is the classical wave equation 

u - (EA/m) u" = 0 (3.1a) 

with the following displacement and stress conditions 

u(O) = 0 EA u' (L) = o. (3 .1b) 

In Eq. (3.1) the primes indicate partial differentiation 

with respect to the spanwise coordinate, x, and the dots 

denote derivatives with respect to time. The kinetic energy 

of the bar is known to be as follows 

T = 1/2J~ m u2 (x, t) dx (3.2) 

and the potential energy of the bar is the following: 

v = 1/2 J5 EA u,2(x,t) dx (3.3) 
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The axial motion, u, is assumed in sinusoidal form: 

u (x,t) = uo(x) e iwt (3.4) 

where w denotes the frequency of natural vibration, and 

uo(x) is the associated amplitu~e of oscillation. When the 

exponential term is set to unity, Eq. (3.4) represents the 

maximum amplitude of axial vibratory motion of the bar. 

,substituting Eq. (3.4) into Eqs. (3.2) and (3.3), an 

explicit expression is obtained for the maximum kinetic 

energy, Tmax (which occurs at zero displacement and maximum 

velocity during a vibratory cycle) 

Tmax (3.5) 

and for the maximum potential energy, Vmax (which occurs at 

zero velocity and maximum displacement in a vibratory cycle) 

L 
Vmax = 1/2 f 0 EA [uo ' (x) ] 2 dx (3.6) 

The Euler equation is obtained by substi tuting Eq. (3.4) 

into Eq. (3.1) 

w 2 U o + (EA/m) uo" = 0 (0 < x < L) (3.7) 
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The geometric boundary condition at the left end of 

the uniform bar is written in terms of the generalized 

amplitude of oscillation, uo(O}=O, along with the natural 

boundary condition at the right end of the bar, EAuo'(L}=O. 

The maximum energies in Eqs. (3.5) and (3.6) are 

combined to form the Lagra~gian energy functional (Lag.): 

L 
Lag'. = (Tmax - Vmax) = 1/1 0 [m w 2uo

2 - EA u o ' 2] dx 

or in nondimensional form 

1 
Lag. = 1/2)( [p2 u*2 - u*'2] dX* 

o 

(3.8) 

(3. g) 

where the following nondimensional coordinates have been 

introduced: 

* * x =x/L , u =uo/L (3.10 ) 

and the square of the nondimensional frequency of vibration 

is denoted as 

(3.11) 

Hereafter, the asterisk over the nondimensional variables 

has been omitted for simplicity. 

3.2.1 Example 3.1 Algebraic Polynomials as Trial Functions 

In the 1-0 Ritz analysis a sequence of trial 

functions for the nondimensional displacement u (Eq. 3.9) is 

characterized as admissible, if all terms of the sequence 
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vanish at x=O. It is not neccessary for these functions to 

satisfy the stress condition u'(1)=O (to be discussed 

shortly) . 

Consider a two-term sequence of trial functions for 

u involving algebraic polynomials 

(3.12) 

where A1 and A2 are Ritz coefficients. By substituting Eq. 

(3.12) into Eq. (3.9) and performing partial 

differentiations with respect to A1 and A2 separately on the 

resulting expression, a set of algebraic equations are 

obtained, each of which must vanish. In general , it is 

convenient to recast these algebraic equations in matrix 

form 

( p2 [M] - [K] ) {C} = {O} 

M" - r 1 U· U' dx 
~J - J 0 l. J 

K" - r 1 ~., U" dx 
~J -Jo l. J (3.13) 

where [M] and [K] represent mass and stiffness coefficients 

for a uniform bar, {C} indicates a vector containing the 

Ritz coefficients and {O} represents the null vector. 
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The trial functions in Eq. (3 . 12) are continuous; 

They have nonzero first derivatives (to adequately represent 

the strain energy in the uniform bar); They satisfy the 

homogeneous geometric. boundary condition at the left end 

(i.e. u(O)=O); And they are linearly independent (i.e. 

nei ther term in Eq. (3.9) can be related by a constant 

multiple). More importantly for the sake of convergence, the 

admissible sequence (x,x2 ) is mathematically complete (i.e., 

no other admissible term up to quadratic is omitted). For 

example, the admissible sequence (x2 ,x3 ) would meet all of 

the above characteristics except .the completeness, because 

the sequence cannot be used to generate the linear term x of 

the exact solution. (The linear term x represents the 

essential constant strain capability of the uniform bar). As 

a general rule, a sequence of trial functions should contain 

all terms within a single family of functions from the 

lowest order to the desired order. Following this rule will 

ensure that the domain of the problem is within the radius 

of convergence of the family of functions. 

Substituting the two-term polynomial expansion of 

Eq. (3.12) into Eq. (3.13), the following values for the 

mass and stiffness matrices are obtained using single 

precision arithmetric (7-digits after the decimal point) on 

an IBM 3081 machine: 



[M] = 1/3 

1/4 

1/4 

1/5 

[K] = 1 

1 

1 

4/3 
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(3.14) 

The characteristic polynomial for evaluating the 

nondimensional frequency parameter, p, is: 

4 p2 - 144 P + 333 = 0 (3.15) 

The quadratic equation yields two distinct roots: 

P12 = 2.4860, P22 = 32.1807 (3.16) 

The exact roots are given as: 

P1e2 = 2.4674, P2e2 = 22.2066 (3.17) 

The percent error in the lowest frequency squared is 

approximately 0.75%. The second frequency squared deviates 

significantly more from the exact, by about 45%. The 

approximation of the second frequency improves as more terms 

are used in Eq. (3.12) (to be shown later). 

The above example illustrates that the two-term 

sequence of algebraic polynomials are not required to meet 

the natural boundary conditions in order to achieve results 

at a desirable level of convergence. The Ritz method becomes 

the Galerkin method, when using trial functions that satisfy 
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both the geometric and natural boundary condi t"ions. Note 

that it can be difficult to select a suitable sequence of 

algebraic polynomials which satisfies both the geometric 

(u(O)=O) and natural (u'(l)=O) boundary conditions. For 

example, a trial sequence for u that satisfies the 

homogeneous forms of these conditions is 

(3.18) 

substituting the above two-term sequence into Eq. (3.13), 

yields the following mass and stiffness coefficients (shown 

with up to 3-digits after the decimal point): 

[M] = 2.133 

0.867 

0.867 

0.371 

[K] = 5.333 

2.000 

2.000 

1.200 

(3.19) 

The determinant of the coefficient matrix in Eq. (3.13) 

leads to the following characteristic equation: 

31 p2 - 1048 P + 2396 = 0 (3.20) 

The quadratic equation produces to the following roots: 

P12 = 2.4662, P22 = 31.3403 (3.21) 
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which yields approximately a. 0.05% error for the first 

frequency squared and close to a 41% error on the second 

frequency squared. 

Graphs of the subspace of polynomials terms in Eq. 

(3.18) closely resemble the sine function solutions for the 

first and second modes of the example bar vibration problem. 

This explains the near exact estimate obtained for the first 

frequency squared (Eq. 3.21). At first glance one might 

concluded that the trial functions in Eq. (3.18) are quite 

suitable, if not better than those in Eq. (3.12). However, 

the sequence of Eq. (3.18) is incomplete, since it can not 

represent the constant strain condition. In some problems 

selecting a sui table set of algebraic polynomials to meet 

both the geometric and natural boundary conditions may be a 

suitable task academically, but it can be difficult and is 

not practical. 

It is interesting to extend the two-term polynomial 

sequence in Eq. (3. 12) to n-terms. An n-term sequence of 

algebraic polynomials that is also admissible to the example 

bar vibration problem is the following: 

{ U l' U 2' U 3' ••• , Un } = { x, x 2 , x 3 , •.. , xn } 

(3.22) 

Substituting Eq. (3.22) into Eq. (3.13), the coefficients of 

the stiffness and mass arrays are represented as 
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K' , 
~J = ij / (i+j -1) 

M' , 
~J = 1 / ( i+j+1) 

( '-1 " . j=1,2, ... ,n) (3.23) 1.- , G , ••• , n , 

Table 3.la compares Ritz solutions for 

nondimensional frequency, p, with the exact solution for 

n=2-8. All results are calculated on an IBM 3081 machine. 

The data is calculated using single precision arithmetic on 

this machine (7-digits after the decimal point). In 

addition, the resul ts displayed in Table 3.1a are 

recalculated using double precision arithmetic on an IBM 

3081 (l5-digits after the decimal point) and listed in Table 

3.1b. 

In Table 3.1a convergence towards the exact values 

'of at least the first 2 frequencies is observed as n 

increases from 2 to 6. At best, fair upper-bound solutions 

for the first 4 frequencies are obtained up to n=5. Roundoff 

errors are present in the third and higher frequencies for 

n=6. For n=7 and n=8 numerical instability is quite visible 

in the second and higher frequencies. On the other hand, 

Table 3.1b shows that by using double precision arithmetic, 

noticeably improved convergence of frequencies is observed 

up to n=7. 

The poor convergence exhibited in Table 3. la in 

contrast to the improved convergence shown in Table 3.lb is 

purely computational. One reason is that for the example bar 



33 

vibration problem the nonorthogonal nature of the algebraic 

polynomial terms {X,X2 ,x3 , ... ,Xn } is brought out more 

clearly, since only one coordinate (x) direction is 

involved. Consequently, the mass matrix takes the form of a 

Hil'bert matrix. Single-precision representations of the 

Hilbert matrix on some computers can be highly ill

conditioned. 

For instance, the onset of ill-conditioning in the 

mass matrix [M] is observed by comparing the magnitude of 

the determinant of [M] to the magnitude of the product of 

its diagonal coefficients (which is equivalent to the sum of 

the eigenvalues of [M]). This comparison is made by 

examining mass matrices produced when an increasing number 

of terms (n=2, 3, ... ) are used in Eq. (3.22). For n=2 the 

single-precision calculation on an IBM 3081 of the 2x2 mass 

matrix is given in Eq. (3.14). It is the beginnings of a 

Hilbert matrix. 'I'he determinant of [M] is (1/15 - 1/16), 

which is approximately 0.004167. This number it; about two

orders of magnitude smaller than the coefficients of [M]. 

Moreover, the product of the diagonal terms of [M] is 

approximately 0.066667 for which the determinant of [M] is 

about one-order of magnitude smaller. 

When a 3-term polynomial expansion of Eq. (3.22) is 

used, the following single-precision mass array is produced: 
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r 
1/3 1/4 1/5" 

[M] = 1/4 1/5 1/6 

l 1/5 1/6 1/7 (3.24a) 

The determinant of the above 3x3 mass matrix (up to 8-

digits) is decreased to approximat~ly 0.0000027, which is 

now about four-orders of magnitude smaller than the product 

of the diagonal coefficients (equal to approximately 

0.00952381). Furthermore, the determinant of the 3x3 mass 

array (Eq. 3.24a) is about three-orders of magnitude smaller 

than the determinant of the 2x2 mass array (Eq. 3.14). 

In ~act, for an n-term polynomial expansion of Eq. 

(3.22), the mass matrix for the example bar vibration 

problem takes the following Hilbert form: 

[M] = 

1/3 

1/4 

1/5 

1/6 

1/7 

1/4 

1/5 

1/6 

1/7 

1/8 

1/5 

1/6 

1/7 

1/8 

1/9 

1/6 

1/7 

1/8 

1/9 

1/7 

1/8 

1/9 

1/10 

1/10 1/11 

(3.24b) 

This matrix is extremely unstable when using inadequate 

computational precision. As n increases, the diagonal terms 
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of this matrix eventually vanish du~ to round-off errors, 

resulting in a zero determinant value. 

One might argue that by increasing the coupling of 

the algebraic functions in Eq. (3.22) in the following way 

{U1' U2 , U3' U4' U5' U6' U7' U8} 

U1 = x 

U2 = x + x 2 

U3 = x + x 2 + x 3 

U4 = x + x2 + x 3 + x4 

U5 = x + x 2 + x 3 + x4 + x 5 

U6 = x + x2 + x 3 + x4 + x5 + x 6 

U7 = x + x 2 + x 3 + x4 + x 5 + x 6 + x7 

U8 = x + x 2 + x 3 + x4 + x5 + x 6 + x 7 + x 8 , 

(3.25) 

the degree of approximation will be improved. But in fact, 

the approximation is worse. To illustrate this point, 

frequency data using the 8-term pOlynomial sequence in Eq. 

(3.25) with single and double precision accuracy is shown in 

Tables 3.2a and 3.2b, respectively. This data is compared to 

that given in Tables 3.1a-b using the first 8 terms of the 

polynomial sequence in Eq. (3. 22). As. indicated in Table 

3.2a, round-off errors are observed for n=5,6,7,8 solutions, 

whereas round-off errors are associated with n=6, 7 , 8 

solutions in Table 3 .la. In Table 3. 2b round-off errors 
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surface at n=7,8 solutions, compared to only the n=8 

solution in Table 3.1b. 

In conclusion, the trial sequence of algebraic 

polynomials (Eq. 3.22) has been shown 

adequate to a finite degree for the 

to be reasonably 

example 1-D Ritz 

analysis. Two principal advantages regarding the use of 

algebraic polynomials are that they are very simple to 

construct and that they are mathematically complete. 

However, for high degree polynomials (x6 , x7 , x8 , •.. ) acute 

numerical precision is necessary to reduce round-off errors 

due to ill-conditioning in the structural matrices. 

3.3 orthogonal Polynomials as Trial Functions 

Ideally, the admissible sequence involving algebraic 

polynomials (Eq. 3.22) can be orthogonalized using the Gram

Schmidtorthogonalization process [81]. Hence, a number of 

the resulting orthogonal polynomials can fundamentally be 

used to form a sequence trial functions. When these 

functions are used in the Ritz method, the resulting 

eigenvalue problem is of a special type in the sense that 

the mass matrix is essentially diagonal. 

However, there are two reasons for not continuing 

further with this investigation. First, the process of 

orthogonalization was sufficiently involved to cancel its 

advantages, particularly when the higher degree polynomials 

are involved. Basically, the same integrals which must be 



37 

evaluated for the orthogonalization process must also be 

evaluated to obtain the mass matrix. This made the 

orthogonalization process expensive on the IBM 3081 machine. 

Moreover, evaluation of the stiffness matrix was more 

laborious as the problem size increased. Second, even with 

double precision on an IBM 3081, the resulting polynomials 

were not truly orthogonal. Cumulative truncation errors in 

the calculations created a big problem, since the nth 

orthogonal polynomial depends on all the (n-1) polynomials 

[94]. 

As an alternative, approximation sequences 

constructed from the' classical orthogonal polynomials are 

examined. They include the classical Jacobi polynomials 

(namely two special cases--Legendre and Chebyshev) and two 

other orthogonal polynomials (namely Hermite and Laguerre). 

Here, the goal is to see if the constructed sequences lead 

to a stronger convergence of frequencies with no numerical 

round-off errors. 

3.3.1 Example 3.2 Legendre Polynomials as Trial Functions 

Because, of the unbiased nature of Legendre 

polynomials and their finite orthogonality interval (-1,1), 

these polynomials are used as approximate solution for many 

engineering problems. The desirable task in the example 1-D 

Ritz analysis is to choose an kinematically admissible 
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sequence of Legendre polynomials and still preserve their 

orthogonality. 

Returning to the example 1-D bar vibration problem, 

consider a two-term sequence of even Legendre functions, P2 

and P4' that satisfies the restrained displacement condition 

(u(O)=O), but not the stress condition (u' (1)=0): 

with 

P2 = 1/2 ( 3x2 - 1 ) 

P4 = 1/3 ( 35x4 - 30x2 + 3 ) (3.27a) 

where P2(0) and P4(0) represent shift constants to satisfy 

the boundary condition at x=o. Simplifying Eq. (3.27a),.the 

two-term function set reduces to the following: 

{ 3/2 x 2 , (3.27b) 

The above functions are linearly independent and they 

possess continuous first derivatives. However, orthogonality 

of the polynomials in Eq. (3.27b) is relinquished because of 

the shift constants introduce into Eq. (3.27a). Substituting 

Eq. (3.27b) into Eq. (3.13), the coefficients Kij and Mij 

are as follows: 



[M] = 0.45 

-0.50 

-0.50 

1.79 

[K] = 3 

8 

39 

8 

71.11 (3.28) 

The above coefficients lead to the following characteristic 

equation: 

. 56 p2 - 4536 P + 14,933 = 0, (3.29) 

with the quadratic formula producing these two roots: 

P12 = 3.4380, P22 = 77.5620 (3.30) 

The inaccuracy with the exact solution (Eq. 3.14) is 

apparent, given approximately a 40% error on the first 

frequency squared and well over a 240% error on the second. 

Although the Ritz approximations given by Eq. (3. 27b) are 

admissible, they are not complete. One reason is that the 

crucial linear (or constrain strain) term x, which is 

contained in the first-order odd Legendre polynomial, has 

been omitted in the function sequence of Eq. (3.27b). 

Alternatively, consider a two-term sequence 

involving the first odd and the first even Legendre 

functions, PI and P2' both of which are kinematically 

admissible: 
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with 

P2 = 1/2 (3x2 - 1). (3.31) 

Again, P2(0) denotes a shift constant, which is introduced 

to satisfy the. geometric boundary condition at x=o. Each 

function in the above sequence is linearly independent and 

differentiable. However, the terms are again nonorthogonal. 

substituting Eq. (3.31) into Eq. (3.13), the coefficients of 

the stiffness and mass arrays are as follows: 

[M] = L1/3 
3/8 

3/8l 

9/2~ 
[K] = 11 3/2l 

'-:/2 3 J 
(3.32) 

The above coefficients yield the following characteristic 

equation: 

94 p2 - 3250 P + 7500 = 0 (3.33) 

The quadratic formula produces the following roots: 

P12 = 2 486 . , P22 = 32.1812 (3.34) 

The two-term sequence containing the first odd and the first 

even Legendre polynomials leads to improved approximations, 

given approximately a 0.75% error for the first frequency 

squared and close to a 45% error on the second frequency 
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squared. More importantly, in spite of the nonorthogonal 

nature of the functions in Eq. (3.31), the mass array [M] 

does not resemble the form of a Hilbert matrix, as produced 

by the algebraic polynomial sequence (Eq. 3.12). The 

determinant of [M] in Eq. (3.32) is approximately 0.009375, 

which is now reduced to nearly an order of magnitude smaller 

than the coefficients of [M]. This makes for a 50% 

improvement on the conditioning of [M], as compared to that 

associated with the 2-term sequence involving algebraic 

polynomials (Eq. 3.12). What's encouraging is the fact that 

the improvement in the structural matrix conditioning shows 

up in solution sizes involving just the 2-term trial 

sequence. 

Completeness of a minimizing sequence like Eq. 

(3.31) is addressed computationally by looking at an 

arbitrary finite number of 7 terms and studying the 

convergence of frequencies: 

{ P1(x), P2(x) + P2(0), P3(x), P4(x) - P4(0), 

P5(x), P6(x) + P6(0), P7(x) } 

P1 = x 

P2 = 1/2 (3x2 - 1) 

P3 = 1/2 (5x3 - 3x) 

P4 = 1/8 (35x4 - 30x2 + 3) 

P5 = 1/8 (63x5 - 70x3 + 15x) 
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P6 = 1/16 (231x6 - 315x4 + 105x2 - 5) 

P7 = 1/16 (429x7 - 693x5 + 315x3 - 35x) 

(3.35) 

where in general, the shift constant is: 

Pn(O) = (-1)n/2 (n-1)!/n! n=2,4,6, ... even 

(3.36) 

Tables 3. 3a and 3. 3b respectively list single and 

double precision data calculated on an IBM 3081 machine. 

Nondimensional frequencies are obtained ?y substituting Eq. 

(3.35) into Eq. (3.13) for n=2-7. In Table 3.3a exact 

frequencies are calculated for the first and second modes 

and reasonably good upper-bound frequencies are obtained for 

the third and fourth modes. Round-off errors surface in the 

n=6 and n=7 solutions. By using double precision arithmetic 

(Table 3.3b), round-off error disappear and all calculated 

frequencies converge to the exact ones as n goes from 2 to 

7. 

To study trial sequences constructed with orthogonal 

terms, an analogous example involving a two-term function 

sequence of odd Legendre functions P1 and P3 begins as 

follows: 

( P1(x), P3 (x) } = {x, 1/2 (5x3 - 3x) } (3.37) 
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The above functions satisfy the homogeneous displacement 

conditions at the left end of the uniform bar. with this 

approximation sequence, the following mass and stiffness 

quantities are obtained from Eq. (3.10): 

[M] = 

O.l~ [K] = [: :] 
(3.38) 

The mass matrix is diagonal, given that the functions of the 

sequence in Eq. (3 .37) are orthogonal wi thin the domain 

(0,1) of the example bar vibration problem. The associated 

characteristic equation and its roots are: 

48 p2 - 2143 P + 6000 = 0 

(3.39) 

where a 22% approximate error is observed for the first 

frequency squared. 

As in the previous example, the question of 

completeness can be reasonably addressed by arbitrarily 

extending the size of the sequence in Eq. (3.37) to 7 terms 

and examining the convergence of frequencies: 

{ P1 (x), P3 (x), P5 (x), P7 (x), P9 (x), P11 (x), P13 (x) } 



P1 = x 

P3 = 1/2 (SX3 - 3X) 

Ps = 1/8 (63XS - 70x3 + lSx) 

P7 = 1/16 (429x7 - 693xS + 31Sx3 - 3Sx) 

P9 = 94.9604x9 - 201.0938X7 + 140.76S6xS - 36.0938x3 

+ 2.4609x 

P11 = 344.4492x11 - 902.1289x9 + 8S4.6484x7 - 3S1.9141xS 

+ S8.6S23x3 -

P13 = 1269.604SX13 - 3961.1660x11 + 4736.1768x9 

- 2706.3867x7 + 747.8174xS 

87.978Sx3 + 2.9326x 

2.7070x 
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(3.40) 

What's interesting about the above sequence of odd Legendre 

polynomials is that as a sufficient number of terms are used 

in a linear combination, the resulting approximation series 

approaches the sine function. This is the exact mode shape 

for the example bar vibration problem. 

Tables 3. 4a and 3. 4b respectively show single and 

double precision data calculated on an IBM 3081 machine. 

Nondimensional frequencies are obtained by substituting Eq. 

(3.40) into Eq. (3.12) using n=2-7 terms. Clearly, the 

calculated frequencies display a rapid convergence to the 

exact values as n goes from 2 to 7. Since each term in Eq. 

(3.40) is orthogonal, little difference in accuracy is 

observed between the single and double precision 
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computations and no round-off errors are identified with any 

solution. 

3.3.2 Example 3.3 Hermite, Laguerre, and Chebyshev 
Polynomials as Trial Functions 

with the potential of the Legendre functions known, 

it is interesting to test admissible sequences constructed 

from other orthogonal polynomials, such as Hermite (Tables 

3.5a-b), Laguerre (Tables 3.6a-b) and Chebyshev (Tables 

3. 7a-b). The following 7-term sequences are used in the 

example 1-D Ritz analysis (orthogonality intervals and 

associated weight functions are as indicated): 

Hermite Polynomials 

Orthogonality Interval: infinite 

Weight Function: e-x2 

{ H1(x), H2(x) - H2(0), H3(x), H4(x) - H4(0), 

H5(x), H6(x) - H6(0), H7(x) } 

H1 = 2x 

H2 = 4x2 - 2 

H3 = ax3 - 12x 

H4 = 16x4 - 4ax2 + 12 

H5 = 32x5 - 160x3 + 120x 

H6 = 64x6 - 4aOx4 + 720x2 - 120 

H7 = 12ax7 - 1344x5 + 3360x3 - 16aO~ 



where in general, the shift constant is: 
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(3.41a) 

H2n(0) = (-l)n 2n (1) (3) (5) ••• (2n-1) n=1,2,3, ••• (3.41b) 

Laguerre Polynomials 

orthogonality Interval: semi-infinite 

Weight Function: e-x 

{ L1(x) - L1(0), L2(x) - L2(0), L3(x) - L3(0), 

L4(x) - L4(0), L5(x) - L5(0), 

L6(x) - L6(0), L7(x) - L7(O) } 

L1 = -x + 1 

L2 = x 2 - 4x + 2 

L3 = -x3 + 9x2 - 18x + 6 

L4 = x4 - 16x3 + 72x2 - 96x + 24 

L5 = -x5 + 25x4 - 200x3 + 600x2 - 600x + 120 

L6 = x 6 - 36x5 + 450x4 - 2400x3 + 5400x2 - 4320x + 720 

L7 = -x7 + 49x6 - 882x5 + 7350x4 - 29,400x3 + 52,920x2 

where in general, the shift constant is: 

Ln(O) = n! n=1,2, 3, ••• 

- 35,280x + 5040 

(3.42a) 

(3.42b) 



Chebyshev Polynomials 

Orthogonality Interval: (-1,1) 

Weight Function: (1 - X2 )1/2 
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{ T1(X), T2(X) - T2(O),. T3(X), T4(x) - T4(O), 

TS(X), T6(X) - T6(O), T7(X) } 

T1 = x 

T2 = 2X2 - 1 

T3 = 4x 3 - 3x 

T4 = 8x4 - 8x2 + 1 

TS = 16XS - 20x3 + Sx 

T6 = 32x6 - 48x4 + 18x2 - 1 

T7 = 64x7 - 112xS + 56x3 - 7x 

(3.43a) 

where in general, the shift constant is: 

n=l,2,3, ... (3.43b) 

The choice sequences in Eqs. (3.41-3.43) are 

sufficiently differentiable, kinematically admissible and 

linearly independent. Unfortunately, orthogonality is 

forfeited by construction (the shift constants are needed to 

make each function admissible). Moreover, the weight 
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at x=O, thus eliminating the 

associated with the above 

Actually for the example bar vibration problem, it 

is difficult to construct a kinematically admissible 

sequence involving the Hermite, Laguerre and Chebyshev 

polynomials and at the same time preserve their classical 

orthogonal forms. However, it is interesting to examine the 

convergence of frequencies obtained by using constructed 

minimizing sequences involving these polynomials in the 

example 1-D Ritz analysis. 

To examine the convergence of frequencies, the 

admissible sequences in 'Eqs. (3.41-3.43) are SUbstituted 

into Eq. (3.13) to obtained nond;imensional frequencies. In 

Tables 3.5-3.7 a marked divergence between the Ritz solution 

and the exact solution for the nondimensional frequencies is 

observed. Of the three sequences compared, the sequence 

composed of Hermite polynomials exhibits the best 

convergence up to n=5 using double precision arithmetic on 

an IBM 3081 machine (Table 3. 5b). Here, reasonably good 

upper-bound data is obtained for the first 4 modes. For the 

sequences composed of Laguerre and Chebyshev polynomials, 

severe round-off errors are associated with all solution 

sizes greater than n=4 using either single or double 

precision accuracy on the IBM 3081. 
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3.3.3 Example 3.4 Trigonometric Functions as Trial Functions 

Turning to trial sequences involving sine functions, 

the degree of approximation is exact, since these functions 

are drawn from the same family as the true mode shapes of 

the example bar vibration problem. For instance, a complete 

sequence of sine functions that sa'tisfies the homogeneous 

displacement condition at x=O is: 

Ui = sin [(2i-1) 17 x / 2] (i=l, 2 , ... , n) (3.44) 

By substituting Eq. (3.44) into Eq. (3.13), the coefficients 

Kij and Mij are given as: 

K' , 1J = (2i-l) 2 17./ 8 i=j 

= 0 otherwise (3.45) 

M' , 1J = 1/2 i=j 

= 0 otherwise (3.46) 

Table 3.8 contains a comparison of nondimensional 

frequencies obtained by the Ritz method (for n=2-8) and the 

exact solution •. Since the Ritz approximation sequence in Eq. 

(3 • 44) is exact, adding more terms does not change the 

results. 

In addition, the following kinematically admissible 

sequence of cosine functions is examined: 



50 

U i = ( 1 - cos [i Tr x] ) (i=1,2, ... ,n) (3.47) 

Substituting Eq. (3.47) into Eq. (3.13), the stiffness and 

mass coefficients are as follows: 

Kij = (i Tr ) 2 / 2 i=j 

= 0 otherwise (3.48) 

M' , 
~J = (3/2) i=j 

= 1 otherwise (3.49) 

Table 3.9 charts the upper-bound convergence pattern 

of the nondimensional frequencies for Ritz solution sizes 

n=2 , 3 , ••• ,8. The rate of convergence of . the lower modes 

slightly declines within the window of observed solutions 

(n=2-8). This is the case mainly because the true shape of 

the lower modes are not as closely approximated by Eq. 

(3.47). The convergence is quite good for the higher modes. 

All of the frequencies eventually converge (without round-

off errors), as more terms are used in Eq. (3.47). 

3.3.4 Example 3.5 Bessel Functions as Trial Functions 

Graphs of Bessel functions of the first kind vividly 

show that these functions characteristically look like 

decaying oscillations (very similar in shape to sine and 

cosine functions) as x values increase.· In fact, the sine 
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function can be represented as a linear combination of odd

order Bessel functions of the first kind, and the oosine 

funtion can be approximated as a linear combination of even

order Bessel function functions of the first kind. 

For example, consider the two previously examined 

trigonometric trial sequences, which are approximated as a 

finite series of Bessel functions of the first kind: 

sin (ix) = 2 [ J1(ix) - J3(ix) + J5(ix) - •.. ] 

[1 - cos (ix)] = [1 - ( Jo(ix) - 2J2(ix) + 2J4(ix) - ... }] 

. (i = 1,2,3, ••• ,n) 

(3.50) 

whereby using the variable (a) to represent the quantity 

(ix) in parenthesis, the m Bessel functions of the first 

kind are defined (for m equal to an integer): 

J m ( a) = {a m / ( 2 m m!)} [1 - a 2 / {2 2 1! (m+ 1) } 

+ a 4 / {2 4 2! (m+1) (m+2) } 

- a 6 / (2 6 3! (m+1) (m+2) (m+3) } 

+ a 8 / {2 8 4! (m+1) (m+2) (m+3) (m+4) } 

- ... + ... - ... + ... ] 

(3.51) 

Several convergence studies of frequencies for the 

example bar vibration problem using the above sequences are 

performed in this section. First, consider a trial sequence 
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involving the sine function in Eq. (3.50) approximated by 

the first-order Bessel functions of the first kind: 

u· = sin ~ 

(i = 1,2,3, ... ,n) 

whereby using the dummy variable (a=ix) 

(3.52) 

J1 = a/2 - a 3/16 + a s/384 - a 7/18,432 + a 9/1.47SX10 6 

- a 11/1.770X108 

(3.53) 

substituting just the first-two (n=2) terms of Eqs. (3.52) 

into Eq. (3.13) and truncating all terms above to 7th degree 

in Eq. (3.53), the following stiffness and mass coefficients 

are obtained: 

[K] = 1. ~8871 
1.824~ 

[M] = I 0.2869 

~.4556 

0. 45571 

0.732.:J 

and resulting first and second nondimensional frequencies 

are given (up to 4-digits): 

P12 = 2.4674 P22 = 37.3565 

(3.54) 

The approximation of the first frequency squared is exact, 

while approximately a 40.6% error exists in the second 

frequency squared. 
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It is interesting to examined the convergence of 

frequencies as more terms are used in Eq. (3.52) (Table 

3.10), and also while the 9th degree (Table 3.11) and 11th 

degree (Table 3.12) terms are retained in Eq. (3.53). 

Generally, convergence of frequencies is improved as the 

polynomial degree is increased in Eq. (3.53). Round-off 

errors are reduced and the degree of accuracy in the 

calculated frequencies is substantially improved (see Table 

3.12) •. This is to be expected, since a higher-degree 

polynomial approximation of the first-order Bessel function 

approaches the sine function. Tables 3. 14 and 3. 15 show 

convergence studies. of frequencies calculated using trial 

sequences consisting of a finite series of odd-order Bessel 

functions: 

Ui = sin (ix) = 2 [ J1(ix) - J3(ix) + J5(ix)] 

(3.55 ) 

whereby using the variable (a=ix): 

J3(a) = a 3/48 - a 5/768 + a 7/36,864 - a 9/2,211,840 

+ a 11/2.47726Xl08 

J5(a) = a 5/3,840 - a 7/92,160 + a 9/5,160,960 

- a 11/495,452,160 + a 13/7.134511Xl010 

(3.56) 
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In Table 3.14 only the first- and third-order Bessel 

functions are utilized in constructing the n=2-6 term Ritz 

approximation sequences of Eq. (3.55), while retaining up to 

the 11th degree pOlynomial terms in Eq. (3.56). In Table 

3.15 the first-, third-, and fifth-order Bessel functions 

are used in constructing the n=2-6 term sequences of Eq. 

(3.55), while retaining up to the 13th degree pOlynomial 

term in Eq. (3.56). The data in Table 3.14 is accurate up to 

n=6, whereas the data in Table 3.15 is accurate only up to 

n=5. The 13th degree polynomial term is just enough to 

trigger round-off errors for n=6 in Table 3.15. 

It should be noted that the terms of the minimizing 

sequence in Eq. (3.55) are linearly independent, whereby 

reasonable conv~rgence of frequencies is achieved. However, 

they are not orthogonal, because the Bessel are not of an 

unbias nature (i. e., weight function is not unity). The 

nonorthogonality brings out similiar numerical round-off 

problems that are associated with the higher degree 

algebraic polynomials, thereby placing a limit on the the 

degree of polynomial approximation for the Bessel functions. 

Generally, approximation polynomials above the 12th degree 

can become extremely unstable on some computers. 

Next, consider a Ritz approximation sequence 

involving the cosine function in Eq. (3.50) approximated by 

the zeroth-order Bessel functions of the first kind: 
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Ui = [1 - cos (ix)] = [1 - Jo(ix)] 

(i=l,2,3, ••• ,n) (3.57) 

whereby again using the variable (a=ix): 

Jo(a) = 1 - a 2/4 + a4/32 - a 6/2304 

+ a 8/147,456 - a 10/1.475X107 

(3.58) 

Substituting just the first-two (n=2) terms of Eqs. (3.57) 

into Eq. (3.13) and truncating all terms above to 6th degree 

in Eq. (3.58), the following stiffness and mass coefficients 

are obtained: 

[K] = ro· 0609 

l,Q.1288 

0. 12881 
0.328~ 

P12 = 3.3959 

[M] = ro· 0104 

l£..0301 

P22 = 74.9402 

0.030lJ 

0.088~ 

(3.59) 

The inaccuracy in the calculated frequencies is quite 

apparent, given approximately a 40% error in the first 

frequency squared and well over a 240% error on the second. 

Although the functions given in Eq. (3.57) are admissible, 

they are not a complete set. One reason is that the crucial 

constant strain term is not present in the polynomial 

approximation of the zeroth-order Bessel function (Eq. 

3.58). This term is represented in the first-order Bessel 

function. In addition, the terms in the minimizing sequence 
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are not orthogonal, because of the shift constant (1). This 

shift constants makes the terms of the trial sequence 

admissible. 

Tables 3.15-3.17 show the convergence of frequencies 

as more terms are used in·Eq. (3.57) (Table 3.15), and also 

while the Sth degree (Table 3.16) and 10th degree (Table 

3.17) terms are retained in Eq. (3.58). Generally, 

convergence of frequencies is poor, although it is improved 

as the polynomial degree is increased in Eq. (3.5S). Round

off errors are slightly reduced (see Table 3.16) up to when 

Sth degree polynomials are used in the approximation (Eq. 

3.5S). The degree of accuracy decreases as the 10th degree 

terms are retained in Eq. (3.5S). Tables 3.1S and 3.19 show 

convergence studies of frequencies calcuiated using Ritz 

approximation sequences consisting of a finite series of 

even-order Bessel functions: 

Ui = [1 - cos (ix)] 

= [1 - { Jo(ix) - 2J2(ix) + 2J4(ix) - ... }] 

(i=1,2,3, ..• ,n) (3.60) 

whereby using the sUbstitute variable (a=ix): 
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J4(a) = a 4/384 - a 6/7,680 + a 8/430,080 - a 10/30,965,760 

+ a 12/3.963617X109 

(3.61 ) 

In Table 3.18 only t~e zeroth- and second-order Bessel 

functions are- utilized in constructing the n=2-6 term Ritz 

approximation sequences of Eq. (3.60), while retaining up to 

the 10th degree polynomial terms in Eq. (3.61). In Table 

3.19 the zeroth-, second-, and fourth-order Bessel functions 

are used in constructing the n=2-6 term sequences of Eq. 

(3.60), while retaining up to the 12th degree pOlynomial 

term in Eq. (3.61). Convergence of frequency data in Tables 

3.18 and 3.19 is extremely poor, because the minimizing 

sequence in Eq. (3.60) is not complete for the example bar 

vibration problem, as outline above. 

3.4 Comments on the 1-0 Ritz studies 

As stated previously, anyone Ritz solution should 

be either exact or too stiff. This happens because the bar 

is only permitted to displace into the shape that can be 

described by the superimposed terms of the trial sequence. 

Effectively, the true mode shapes are excluded, unless the 

trial sequence contains them, as illustrated in Table 3.8. 

More importantly, it is desirable to construct a trial 

sequence that is simple. Beyond this, there are no easy 

answers to which of the examined sequences is best. In a 

numerical sense, the sequence that produces the least upper 
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frequency in any particular sol ution can be 

characterized as superior. 

Therefore, an at"tempt has been made to grade the 

Ritz approximation sequences in their performance on the bar 

vibration problem. The results are given in Table 3.20. 

Here, the approximation function giving the least upper 

bound frequency for each solution is indicated. Since the 

sine function is the exact solution for the example problem, 

it is not categorized in the table. Based on these 

observations, the Legendre polynomials, the finite series of 

odd-order Bessel functions of the first kind, the cosine 

functions, and the algebraic polynomials exhibit the best 

overall performance and are recommended for use in the 

present 3-D theory. 

3.5 Modified 1-0 (Beam/Rod) Theory 

For a rectangular cantilever parallelepiped, the 

global xy and xz planes are both symmetry planes (see Figure 

1.1). Thus, the free vibration modes can be separated into 

four distinct symmetry classes (see Figures 5.1), namely 

doubly-symmetric, e.g. , axial extension; symmetric-

anti symmetric , e.g., lateral bending about the y-axis; 

anti symmetric-symmetric , e.g., edgewise bending about the z

axis; and doubly antisymmetric, e. g., torsion with cross

sectional warping. More discussion about these distinct 

symmetry modes is found in Chapter 5. 
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The lowest frequency for the doubly symmetric modes 

of a rectangular cantilever parallelepiped is predominantly 

axial extension. To fully account for this distinct modal 

action, modifications for supplemental deformation and 

inertia effects must be incorporated into the example 1-D 

(rod) theory. 

As an illustration consider only the supplemental 

inertia effects. A modified theory was suggested by Love 

[82] which takes into account the lateral inertia of a bar 

due to Poisson effects. The lateral displacements are 

assumed to vary linearly with y and z, respectively: i.e., 

(- 11 yu') and (- 11 zu'). Hence, the governing equation of 

motion is the classical wave equation modified by Poisson 

effect: 

(ti - 11 2r2 U") - (EA/m) u" = 0 (3.62 ) 

where r denotes the polar radius of gyration of the 

crossection and 11 is Poisson's ratio. Poisson effect is 

extremely important in vibration problems involving free

edge boundary conditions. The kinetic energy per unit length 

of the bar becomes 

(3.63) 
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where again the dots and primes indicate differentiations 

with respect to time and .spanwise coordinate x, 

respectively. The potential energy per unit length is 

(EA/2) u· 2 (3.64) 

By assuming sinusoidal motion (Eq. 3.4) for u given in Eqs. 

(3.63) and (3.64) and integrating over the length of the 

uniform bar, the maximum energies and the Lagrangian energy 

functional can be formed: 

Lag. = (Tmax - Vmax) 

L 

= 1/210 [mcu 2 {uo
2 + v 2r2 u o •2 } - EA u o •2 ] dx = 0 

(3.65) 

or in nondimensional form 

1 
Lag. = (1 / 2)10 [p2 {u*2 - v 2q u*·2} - U*'2] dx* = 0 

p2 = cu 2mL2 lEA, 

x* = x/L, * u = uo/L (3.66) 

Hereafter, the asterisk over the nondimensional variables is 

omitted for simplicity. A Ritz approximation for u, 

(i=1,2,3, ••• ,n) (3.67) 
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need only to satisfy the geometric boundary condition 

u(O)=O. 

3.5.1 Example 3.6 Algebraic Polynomials as Trial Functions 

In the following discussions, consider the 

longitudinal vibrations of a cantilever unit cube 

(E=A=m=L=l. 0). Therefore, the constant q = ( 1/6) in Eq. 

(3.66). By taking derivatives of Eq. (3.66) with respect to 

the Ritz coefficients Ai (Eq. 3.67) and setting the result 

equal to zero, a set of n algebraic equations are obtained 

for which the nondimensional frequencies (p) can be 

calculated. It is convenient to recast these equations into 

a general form (similar to Eq. 3.10) based on an assumed 

Ritz function for u CEq. 3.67): 

(p2 [11] - [K] ) {C} = {O} 

1 
Ki j =;; U i' U j' dx (3.68) 

Table 3.21 contains a comparis·on of Ritz solutions 

(for nondimensional frequencies p), when Ui is expressed as 

an n-term sequence of algebraic polynomials given by Eq. 

(3.22). Data is given for n=2-8 with the exact solution 

given by 
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p= (nTT/2) / [1+ (,,2/12)(nTT/2)2]1/2 

(3.69) 

where (n=l T 3,5, •.• )., A zero value for Poisson's ratio 

reduc'es Eq .. (3.69) to the classical rod theory frequencies. 

As mode number increases, the Poisson's effect in Eq.· (3.69) 

reduces the frequencies significa"ntly lower than those of 

classical theory. This can be seen by comparing the data in 

Tables 3.1b and 3.21, where in Table 3.21 a nominal value of 

0.3 is assumed for Poisson's ratio. 

In Table 3.21, double precision arithmetic was used 

to calculate the frequencies. Table 3.21 shows very good 

agreement between the modified 1-D Ritz solutions and the 

exact solutions as n goes from 2 to 6. Unlike the Ritz 

analysis using elementary theory (Table 3.1b), a small 

divergence of solution begins at n=7. This is caused by 

floating point arithmetic errors on some computers due to 

the relative changes of stiffness and mass of the bar due to 

Poisson effect. Poisson effect tends to increase the 

stiffness (i.e., frequency increasing) while simultaneously 

increasing the mass (i.e., frequency decreasing) due to 

increased displacement coupling. Increased computer 

precision should alleviate the numerical instability. 

3.5.2 Example 3.7 Legrendre Polynomials, Trigonometric 
and Bessel Functions as Trial Functions 

Additional convergence studies using the modified 
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1-0 theory are shown in Tables 3.22-3.26 using the Legrendre 

trigonometric, and Bessel Ritz approximation sequences in 

Eqs. (3.35, 3.40, 3.44, 3.47, and 3.55). A nominal value of 

0.3 for Poisson's ratio is assumed in all tables. Tables 

3.22-3.25 show excellent agreement. between the Ritz 

solutions and the exact values. However, Poisson effect 

appears to degrade the accuracy of frequeI1cies calculated 

(in Table 3.26) using the Ritz approximation sequence 

involving the first- and third-order Bessel functions of the 

first kind. In Table 3.12 convergence of frequencies is 

achieved up to n=6, whereas round-off errors are brought out 

in solution size n=6 in Table 3.26. 

3.5.3 Concluding Remarks 

Note that the present 3-0 theory yields frequencies 

which are always greater than those of the modified 1-0 

theory. The larger value of frequency is caused by the 

kinematic constraints on the lateral displacements v and w 

imposed at x=O. In the modified 1-0 theory v and ware 

constant with x, thus making it more applicable of 

relatively long rods (i.e., length-to-width and length-to

thickness ratios greater than to unity) [7]. Therefore, the 

axial frequencies obtained for the example unit cube are 

approximate compared to those that would be calculated by 

using the present 3-0 theory. 



CHAPTER 4 

THREE-DIMENSIONAL (3-D) ELASTICITY-BASED 
RITZ ANALYSIS OF SKEWED CANTILEVER PARALLELEPIPEDS 

4.1 Introduction 

In this chapter, a 3-D elasticity-based method for 

the £ree vibration problem of a skewed, cantilever 

parallelepiped is treated using the variational method of 

Ritz (which is discussed in more detail in Chapter 2). This 

analysis produces accurate upper-bound results, largely 

because it posseses three main features: (1) Shear 

deformation, rotary inertia, warping due to bending, 

torsional warping constraints, and complex anticlastic 

bending action are inherently included; (2) No imposed 

kinematic constraints (as in beam, plate or shell theories) 

are assumed in formulating the energy functional for the 

Ri tz procedure; and (3) The three displacement components 

are each apprqximated as a mathematically complete finite 

series of algebraic polynomials with each term adhering to 

the vanishing displacement condition at the clamped end of 

the skewed parallelepiped. 

4.2 Structural Model 

A typical skewed cantilever parallelepiped is 

depicted in Figure (1.1). The dimensions of its skewed 
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geometry are length, A', width, B', and constant thickness, 

H. (The spanwise dimension, A, and the chordwise dimension, 

B, are measured along the unskewed configuration of the 

parallelepiped. ) One edge is rigidly clamped, while the 

remaining five edges are stress free. 

conditions are written in section 4.4) 

(The boundary 

Since the skewed parallelepiped in Figure (1.1) is 

assumed homogeneous, Young's modulus, Poisson's ratio, and 

the mass density are constants. The structural material is 

assumed isotropic with a linear stress-strain law. 

Displacements of the skewed parallelepiped are fully 

characterized by three components, which are identified as 

u, in the (x) direction, as v, in the (y) direction, and as 

w, in the (z) direction. It is assumed that free vibration 

oscillations involve small displacements, thereby calling 

for linear strain-displacement equations. 

4.3 Coordinate Systems 

The (x,y,z) coordinates are referred to a right

handed orthogonal cartesian system of axes (see Figure 1.1). 

These coordinates, hereafter called the global coordinates, 

are related to the skew coordinates (x' ,y' , z ' ) by the 

transformation 

x' = x/cos a 

y' = y - x tan a 

z' = Z (4.1a) 
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where is a constant skew angle measured (in the x-y plane) 

about the global z-axis. The skew coordinates are 

characterized as nonorthogonal curvilinear coordinates, 

which are expressed as single-valued, differentiable 

functions of the global coordinates. It is assumed that the 

above transformation is reversible so that one can solve for 

the global coordinates. The inverse of Eg. (4.1a) is 

x = x' cos a 

y = y' + x' sin a 

z = z= 

(4.1b) 

where the functions in Eg. (4 .1b) are again single-valued 

and differentiable. wi th the above assumptions the global 

(x,y,z) coordinates and the skew (x'y'z') coordinates form a 

one-to-one correspondence. From the chain rule, 

(4.1c) 
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where ( ), denotes partial differentiation. Substituting Eg. 

(4.1a) into Eg. (4 .1c), yields relevant partial derivative 

expressions: 

( )'x = ( ) 'x' 

( ), y = (l/cos a) ( ), y' tan a ( ), x' 

(4.1d) 

A metric tensor of the second order, 9ij, can be 

obtained by defining its components in the given set of 

global coordinates and then transforming to the 

nonorthogonal curvilinear system of skew coordinates using 

tensor transformation rules. By definition 9ij is written as 

(i,j,k = 1,2,3) 

(4.1e) 

where g represents the global coordinates and s corresponds 

to the skew coordinates, while a summation is implied over 

k. Thus, using the transformation Egs. (4 .1b) , the 

components of the metric tensor 9ij are as follows: 

1 

sin a 

o 

sin a 

1 

o 

o 

o 

1 (4.1f) 
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The components of the metric tensor are symmetric. Note that 

for the orthogonal global coordinate axes (a =0) the off

diagonal terms of the metric tensor vanish. Since the 

tran~formation (Eqs. 4.1a-b) are reversible the determinant 

of the metric tensor is both positive and nonzero: 

det g" = cos2a 1) (4.1g) 

Eq. (4.1h) represents the ratio of a volume element in the 

global system to that in the skew system, which is written 

as the following volume transformation: 

dx dy dz = cos a dx' dy' dz' (4.1h) 

The above relations (Eqs. 4.1a-h) are referenced in 

subsequent sections of this chapter. 

4.4 Basic Equations 

Although the governing partial differential 

equations are not needed in the present 3-D Ritz procedure, 

it is informative to cite that the classical linear, 

elastic, three-dimensional equation of motion for free 

vibration of a homogeneous, isotropic skewed parallelepiped 

in terms of displacements and wave speeds is [83] 
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(4.2) 

where the components of the displacement vector u = <u,v,w> 

have been transformed from global to skew coordinates by Eq. 

(4.1b). Thus, we have 

u = u(x' ,y' ,z' ,t), 

v = vex' ,y' ,z' ,t), 

w = w(x' ,y' ,z' ,t), 

and using Eq. (4.1d), we define 

grad ( ) = < { (1/ cos a) ( ), X ,- tan a ( ), y' }, ( ), y' , 

di v ( ) = {( 1/ cos a) ( ), X ,- tan a ( ), y'} + ( ), y' + 

The wave speeds are defined as 

sl = [(,\ + 2G) / P ] 1/2 = longitudinal wave speed, 

St = (G / p ) 1/2 = transverse wave speed, 

(4.2a) 

(4.2b) 

(4.2c) 

where p denotes the material density. The Lame constants, G 

(the shear modulus) and ,\ , are defined in terms of Young's 

modulus, E, and Poisson's ratio, v , in the following 

equations 

,\ = v E / [( 1 + v) (1 - 2 v) ] 

G = E / 2 (1 +v) (4.2d) 

The linear stress-strain relation for a homogeneous, 

isotropic, skewed parallelepiped takes the following form in 
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terms of the metric tensor (Eq. 4.1f) and the Lame' 

constants: 

Tij = [G (gir, gjs + gis gjr) + A gij grs] Lrs 

(i,j,r,s = 1,2,3) 

(4.3a) 

where Tij represents the components of stress, and Lrs 

denotes the components of infinitesimal strain written in 

terms of displacement gradients in skew coordinates as 

(4.3b) 

Using Egs. (4.3a-b) and Eg. (4.1f), the geometric and 

natural boundary conditions on the six faces of a skewed 

cantilever parallelepiped are written in skew coordinates: 

at y' = -B'/2, B'/2 (stress-free), 

Tx'x' = (A + 2G) u'x' + (A + 2G sin2 a) V'y' + (A) w'z' = 0, 

Tx'y' = (G(l + sin2 a) + A sin2 a} [U'y' + v'x'] = 0, 

Tx'z' = G [u'z' + w'x'] = 0, 

at x' = A' (stress-free), 

Ty'X' = (G(l + sin2 a ) + A sin2 a} [v,x' + U'y'] = 0, 

Ty'y' = (A + 2G sin2 a) u'x' + (A + 2G) V'y' + (A) w'z' = 0, 



at x' = ° (zero displacements), 

u = v = w = 0, 

at z' = -H/2, H/2 (stress-free), 

TZ'X' = G [w,x' + u'z,] = 0, 

Tz'y' = G [W'y' + v,z'] = 0, 

Tz'zl = (A) u'x l + (A) V'y' + (A+ 2G) W'ZI = 0, 
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(4.4) 

where u, x', v, Y I, etc indicate displacement gradients' in 

skew coordinates and the Tis denote normal and shear 

stresses in the skew coordinate directions. 

Numerous closed form solutions exist for the free 

vibration of rectangular parallelepipeds. Many of them have 

been particularized for specific boundary conditions other 

than those given by Eq. (4.4) [83-94]. A general normal mode 

solution for the free vibration of a rectangular 

parallelepiped with completely arbitrary boundary 'conditions 

has been derived by Hill [83]. In reference [83], Eqn. (4.2) 

is written in global coordinates (i.e. with zero skew angle 

in Eqs. 4.1a-g), for which a separation of variables x, y, 

z, and t is possible. This gives rise to a 24-term 

trigonometric series in each of the three (x,y,z) coordinate 
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in the 

trigonometric series can be eliminated after applying the 

stress-free boundary conditions in global coordinates [83]. 

However, there are no known classical solutions to 

Eq. (4.2) in skew coordinates which allow a ·separation of 

variables x',y', and z', mainly because of the complicated 

mixed terms involved. Alternatively, an approximate solution 

can be obtained using the Ritz method [71]. 

4.5 Method of Solution 

In the following Ritz analysis it is assumed that 

the energy functions and displacements (u,v,w) are referred 

to the global coordinate system. In addition, the Ritz 

approximation functions (i. e., the algebraic polynom~als) 

that describe the global (u,v,w) displacements are written 

in global coordinates. The energy functions are integrated 

along the sloped boundaries of the skewed parallelepiped by 

transforming the energy terms to skew coordinates using the 

transformation relations in Eqs. (4.1a-b). This procedure is 

necesssary in order to properly represent the sloped 

boundaries of the skewed parallelepiped. Conversely, when 

the energy functions are written in skew coordinates, it has 

been found that the algebraic polynomials written in skew 

coordinates for the displacement fields do not lead to 

correct results, because the rigid body modes are not 

accounted for. 
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The" strain energy can be expressed either in terms 

of global strains (Eq. 4.5) or in terms of global stresses 

(Eq. 4.6): 

v = 1/2 J f f [ A (Lxx + Lyy + Lzz ) 2 + 2G(Lxx2 + Lyy2 + Lzz 2) 

+ G(Lxy2 + Lyz 2 + Lxz 2 ) dx dy dz 

(4.5) 

V = 1/2E~~ ~ [ (Txx + Tyy + Tzz )2 - 2v(Txx2 + Tyy2 + Tzz 2) 

+ 2 (1+ v ) (Txy2 + Tyz 2 + Txz 2 ) dx dy dz 

(4.6) 

where the expressions for the global stresses, Txx ' Tyy ' •.. ' 

etc. are obtained from Eq. (4.4) (with zero skew angle). The 

infinitesimal strains are related to the global 

displacements (u,v,w) in matrix notation by 

LXX ,x 0 0 

Lyy 0 ,Y 0 u 

Lzz = 0 0 , z v 

Lxy ,Y ,x 0 w 

Lxz , z 0 ,x 

Lyz 0 , z ,y 

(4.7) 

The kinetic energy is given by the volume integral 

in global coordinates 
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T = 0.5 f 
vol 

( ~2 + ~2 + ~2 ) dx dy dz (4.8) 

where p is. the mass density per unit volume and the dots 

denote derivatives with respect to time. 

For small amplitude free vibrations, the three 

displacement components of the parallelepiped are expressed 

in sinusoidal form (recalling that sin wt or cos w t or 

. exp (i w t) will all yield exactly the same result) 

u (x,y,z,t) = 

v (x,y,z,t) = 

w (x,y,z,t) = 

U (x, y, z) exp (i w t) 

V (x, y , z) exp ( i w t) 

W (x, y , z) exp ( i w t) 

(4.9) 

where w is the circular frequency of vibration. The 

coordinate displacement functions (U,V,W) in global 

coordinates are chosen to satisfy the displacement 

conditions at the clamped end of the parallelepiped (Eq. 

4.4) : 

U (O,y,z) = V (O,y,z) = W (O,y,z) = ° 
(4.10) 

Natural (or forced) boundary conditions (such as those 

presented in.Eq. 4.4) need not be stipulated in advance, as 

these express equilibrium along the boundaries, and are 

implied in the variational problem. If the displacement 

functions are chosen as a mathematically complete set, then 
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ideally, frequencies as near to the exact values as desired 

can be obtained from the Ritz procedure. 

4.5.1 3-D Ritz Technique 

Coordinate displacement functions are assumed as 

implied triple summations of algebraic polynomials in global 

coordinates: 

u (x,y,z) = Aijk xi yj zk ( i=l, .. , I j=o, .. ,J k=O, .. ,K) 

V (x,y,z) = Blmn xl ym zn (l=l, .. ,L m=O, .• ,M n=O, .. ,N) 

W (x,y,z) = Cpqr xp yq zr (p=l, .• ,P . q=O, .• ,Q r=O, .. ,R) , 

(4.11) 

where Aijk, Blmn ' Cpqr are undetermined coefficients. They 

represent generalized amplitudes of free vibration for the 

skewed parallelepiped. It is important to note that the 

summation indices in the x-direction begin with i=l=p=l, 

while those in the y- and z-directions begin with zero. 

ThUS, each term in the series of ~q. (4.11) satisfies·the 

conditions in Eq. (4.10). Furthermore, in the limit, as 

sufficient numbers of terms are used, these functions form 

mathematically complete sets (i.e., no other admissible 

terms up to (I,J,K) for u, (L,M,N) for v, and (P,Q,R) for w 

are omitted, (Kantorovich and Krylov [75] ,po 265). No other 

kinematic constraints, other than the boundary conditions in 

Eq. (4.10), are imposed. 
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The combined forms of equations (4.9) and (4.11) 

represent maximum amplitudes of the displacements when the 

sine terms are set equal to unity. When these (u,v,w) 

displacements are substituted into Eqs. ( 4. 5), ( 4. 7) and 

( 4.8), expl ici t expressions are obtained for the maximum 

strain energy, Vmax (which occurs at maximum displacement 

during a vibratory. cycle) , and maximum kinetic energy, Tmax 

(which occurs at zero displacement and maximum velocity in a 

vibratory cycle). The Lagrangian energy functional 

(Lag. = Tmax Vmax) is then formed. By successively 

performing partial differentiation of the Lagrangian energy 

functional (Lag) with respect to each of the generalized 

amplitudes in Eq. (4 •. 11) and setting the result to zero, the 

following system of equations are obtained: 

( Lag ) 'Aijk = 0 ( i=1, ... I ; j=O, .•. J; k=O, ... K) 

( Lag ) 'Blmn = 0 (1=1, .•. L; m=O, ••• M; n=O, ... N) 

( Lag ) , Cpqr = 0 (p=1, .•. P; q=O, ••• Q; r=O, .•• R) 

(4.12) 

where ( ) , denotes partial differentiation. 

There .are I(J+1) (K+l)+L(M+1) (N+1)+P(Q+1) (R+1) 

homogene~us, linearly independent, algebraic equations in 

(4.12 ) in terms of the generalized amplitudes 

The vanishing determinant of these 

equations yields a set of eigenvalues (or free vibration 

frequencies), for which a corresponding set of eigenvectors 
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(or generalized amplitudes) may be computed. The physical 

mode shapes of the skewed parallelepiped are obtained by 

substituting the eigenvector corresponding to each frequency 

back into Eqs. (4.9) and (4.11). A computer library routine 

based on the Q-R transformation [95] is used for the 

evaluation of eigenvalues and eigenvectors. 

The equations in (4.12) are written in global 

coordinates (see Appendix A) • Each term involves 

displacement gradients in global coordinates. Before 

integration, each term is tranformed to skew (x'y'z') 

coordinates by way of the coordinate transformation 

Eqs. (4.1b). This transformation is neccessary in order to 

properly represent the sloped . edges of a skewed 

parallelepiped. It is comput'ationally expe~ient to perform 

the indicated differentiations in Eq. (4 .12) before 

performing the triple integrals. A typical volume integral 

can be expressed in the following generic form: 

f{x',y',z') cos a dx'dy'dz' 

(4.13) 

where cos a represents the determinant of the metric tensor 

for the global and skew coordinate systems (see Eq. 4.1h). 

since the integrand f (x' ,y' ,z') in Eq. (4. 13) 

generally involves the skew coordinates, exact integration 

is difficult. Thus, numerical integration is performed over 

the volume of the parallelepiped in skew coordinates. The 
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limits of integration are taken as follows: 0 to A' in the 

axial (x') direction, -B'/2 to B'/2 in the chordwise (y') 

direction, and -H/2 to H/2 in the thickness (z') direction. 

Detailed formulations of the energy contributions to 

Eg. (4.12) and a discussion about integration 'of the energy 

terms represented by Eg. 4.13 are presented in Appendix A of 

this manuscript. 



CHAPTER 5 

THREE-DIMENSIONAL (3-D) FREE VIBRATION DATA FOR 
RECTANGULAR CANTILEVER PARALLELEPIPEDS 

5.1 Introduction 

Having established the 3-D method of analysis in 

Chapter 4 and Appendix A, a crucial question can now be 

answered: "How many terms of the assumed displacement 

polynomials (Eq. 4.8) are required to obtain reasonably 

convergent results?" In the interest of computational 

efficiency, it is also desirable to determine if a higher 

number of terms chosen in anyone (u,v,w) displacement 

direction is preferable. 

To address the above issues, several numerical 

studies are presented in this chapter and in the following 

Chapter 6. First, by increasing the number of polynomial 

terms gradually, a convergence study of nondimensional 

frequency data is performed for the example cases of thick 

(B/H=5) and thin (B/H=20) cantilever parallelepipeds with 

zero skew angle and zero twist angle, and with side ratio 

(A/B) equal to unity. A second convergence study is 

conducted in Chapter 6 for the same example cases having 

specified skew angles. For the sake of completeness and to 

extend the available data base, nondimensional frequencies 

for skewed parallelepipeds having several side ratios 
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(A' IB') are also presented. The variation of frequencies 

with skew angle is tabulated and plotted. Available 

analytical and experimental data are compared with the 

frequency data obtained herein. 

5.2 Convergence of Frequencies for Rectangular Plates 

The need for a convergence study of frequencies for 

rectangular plates is to determine the correctness of the 

data obtained from the computer program SWEPT3D (Appendix 

B). This is achieved by drawing from the data base available 

in the published literature relating to the problem of free 

vibrations of cantilever rectangular plates and making 

comparisons to the frequency data obtained from SWEPT3D. 

Tables 5.1 and 5.2 summarize a convergence study for 

nondimensional frequencies of cantilever parallelepipeds 

modelled as thin (B/H=20) and thick (B/H=5) square plates 

(A/B=l). The plates are fixed on one side and free on the 

others. The dimensions A, Band H are as shown in Figure 

(1.1). The first 12 natural frequencies are obtained by 

increasing the problem solution size, as shown in Tables 5.1 

and 5.2. The frequencies are reported in the form of a 

standard plate nondimensional frequency parameter, denoted 

as ( CLI A2 p HID), where D=EH3 I [12 (1- 11 2)] is the plate 

flexural' rigidity. 

The vibratory modes of a rectangular parallelepiped 

generally consists of beam bending and torsion, chordwise 
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bending, and extension, not all uncoupled from each other. 

However, it is useful to identify modes according to their 

predominant type of motion by using nomenclature coined for 

beams and flat plates. A description of each vibration mode 

is given in Tables 5.1 and 5.2. The abbreviations are 

identified as the following; 1FB is the first flapwise 

bending frequency; 1T is the first torsional frequency, and 

so on; and EB, CB and LE denote edgewise bending, chordwise 

bending and longitudinal extension modes, respectively. 

Flapwise bending (FB) modes are characterized by predominant 

displacements in a direction normal to the longitudinal 

middle surface of the plate (i. e. in the z direction in 

Figure 1.1). Edgewise bending (EB) modes are identified as 

those for which displacements are predominantly tangent to 

the mid-surface (i.e, in the y direction). with shear· 

deformation and rotary inertia effects considered, the 1FB 

and 1EB modes closely· resemble the transverse bending 

vibrations about the flexibls and the stiff axes of a 1-D 

cantilever beam. The longitudinal extension (LE) modes· 

exhibit displacements predominantly in the length (x) 

direction. Chordwise bending (CB) modes (usually predicted 

by 2-D and 3-D theories) are those having two or more nodal 

lines approximately parallel to the plate axes. 

The vibration modes listed in Tables 5.1 and 5.2 are 

identified by examining inherent symmetries associated with 

these example problems. For a rectangular cantilever 
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parallelepiped (having zero skew :angle and zero twist 

angle), the (xy) and (xz) planes are principal symmetry 

planes. Hence, three types of fre!e vibration modes are 

possible, all uncoupled from each other: (i) axial, 

(ii) bending about the two principal planes, and (iii) 

torsional. Axial modes are clt higher frequencies and are 

generally not considered in practica+ design applications. 

As shown in Figures (5.l-5~2) and Table 5.3, the 

free vibration modes are iderltified I as either symmetric or 

antisynunetric by examining the powers of the assumed 

polynomials for the axial (u) disp:"acement field (see Eq. 

4.8). For example, Figure (5.la) shows a typical crossection 

of a cantilever parallelepiped unde~going a pure axial mode 

with Poisson effect. This LE ode is classified as a doubly

symmetric (SS) mode. In the p ogram ~WEPT3D the energy terms 

in Appendix A are programmed or this classification. The LE 

modes are identified when th j+k powers of the polynomial 

terms in the y- and z-directi ns of 'the u-displacement field 

are even, and when the corresponding m+n and q+r powers of 

the polynomial terms of the v·- and w-displacement fields are 

odd (see Tabl~ 5.3). In I:::>ther 'words, an LE mode is 

identified under the following situ~tion: (i) the algebraic 

polynomial terms for u descrilbe an even function in both the 

y and z coordinate directions; (ii) ~he algebraic polynomial 

terms for v descibe an eVEan function in y and an odd 

function in z; and (iii) the algebraic polynomial terms for 
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w describe an odd function in y and an even function in z. 

These cases are depicted in Figure (5.la) by the vectorial 

representations of the v and w displacement components shown 

in a typical crossection. 

Conversely, a pure torsional (T) mode with warping 

is named as doubly-antisymmetric (AA), when the algebraic 

pOlynomial terms for u describe an odd function in y and z. 

The corresponding conditions for the v and w displacement 

fields are described in Table 5.3 and Figure (5 .lb). On 

similar lines symmetric-antisymmetric (SA) modes are 

described by flapwise bending about the (xy) plane with 

anticlastic bending about the y axis; and antisymmetric

symmetric (AS) modes describe edgewise bending about the 

(xz) plane with ant~clastic bending about the z axis. The 

chordwise bending modes are classified as (SA) or (AS) 

depending on whether the displacements normal to the xy mid

surface are symmetric (or anti-symmetric) about the vertical 

(z) axis. Each of the above SS, AA, SA, and AS mode 

classifications are grouped into four separate determinants 

to be evaluated. 

with only one principal (x'y') plane of symmetry 

present in the case of a skewed parallelepiped (Chapter 6), 

then bending action in the direction of the symmetry plane 

is uncoupled, but the transverse bending and torsional 

action is coupled. In other words, the FB (Figure 5.2a), T 

and CB (Figure 5.lb) modes are coupled, whereas the LE 
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(Figure 5.1a) and EB (Figure 5.2b) modes are also coupled. 

Here, two separate yet larger determinants are evaluated. 

The solution (or full-size determinant) sizes shown 

in Tables 5. 1 and 5.2 represent the number of polynomial 

terms used in Eq. (4.8) for the x, y, and· z coordinate 

directions. In choosing the triple power series, no 

preference is made for u,v, or w displacements. The three 

triple powe~ series are given the same degree and number of 

terms. Thus, a solution size, denoted as 6x4x4, means 6 

terms for the x direction, 4 terms for the y direction, and 

4 terms for the z direction. The upper indices used in Eq. 

(4.8) and in the computer code SWEPT3D are taken as follows: 

I=J=K=6, L=M=N=3, and P=Q=R=3. Hence, an infinite degree of 

freedom (~.o.f.) system is replaced by one having 

3x(6x4x4)=288 d.o.f. Single precision (14-digits after the 

decimal point) arithmetic on a Cray X-MP/24 was used for all 

calculations. 

As expected by the Ritz method, the frequencies 

displayed in Tables 5.1 and 5.2 are monotonically convergent 

from above as the solution sizes are increased. For example, 

the 4x4x4 solution predicts significantly more accurate (or 

closer upper bound) frequencies than either the 3x4x4 or the 

4x4x2 solutions. (Table 5.1 and 5.2 also show that for most 

of the modes the 4x4x2 solution yields closer upper bound 

frequencies than the 3x4x4 solution, in spite of the fact 

that the 3x4x4 solution requires approximately 50 percent 
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more terms. This illustrates to some extent the importance 

of using an ample amount of polynomial terms in the x 

direction. ) 

By increasing the solution size from 5~4x4 to 6x4x4 

to 7x4x4, reasonably convergent results are obtained, for 

both the thick and thin plate models. For the first 8 modes, 

the 6x4x4 solution decreases the frequencies obtained from' 

the 5x4x4 solution by an average of 0.27 percent for the 

thick plate model (A/B=l, B/H=5) and by an average of 0.50 

percent for the thin plate model (A/B=l, B/H=20) . 

Correspondingly, the frequencies obtained from the 7x4x4 

solution decrease 'the frequencies obtained from the 6x4x4 

solution by average of 0.15 percent for the thick plate 

model and by an average of,O.25 percent for the'thin plate 

model. with the 7x4x4 solution the frequency data is judged 

sufficiently convergent to at least four significant digits. 

Although not shown, solution sizes such as 8x4x4, 

9x4x4, ••• ,etc. led to serious round-off errors as the 

eigenvalue determinants became large. This was mainly 

attributed to ill-conditioning brought out by the nature of 

the simple algebraic polynomials. It has been illustrated in 

Chapter 3 that the round-off errors can be avoided by using 

carefully constructed Legendre polynomials in lieu of 

algebraic polynomials. The use of assumed Legendre 

polynomials in the present 3-D Ritz analysis is currently 

under investigation. 
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An additional study to determine the convergence of 

frequency parameters obtained by tlsing 2, 6 or 8 terms 

approximations in the y and z coordinate directions was also 

conducted (data not shown) •. The idea behind this study was 

to find a reasonable number of terms to be used in the 

chordwise and thickness directions of the parallelepiped 

models. This study which required some intuition was 

necessary, since a large number of terms used in these 

directions can lead to extremely large determinant sizes. 

computer time and cost increases at a rate proportional to 

the determinant size cubed. Several convergence studies 

revealed that first-order (2-term) approximations in the 

chordwise and thickness directions are too crude, 

particularly for thick plates. Round-off errors occurred in 

the (7x2x2, 8x2x2, 9x2x2, • • • etc.) solutions before 

sufficiently accurate results were obtained. Moveover, 

determinant sizes became increasingly unmanageable with such 

solution sizes as 5x6x6 (540) , 6x6x6(648) , 7x6x6(756) , 

4x8x8(768) and 8x6x6(864) , where corresponding determinant 

sizes are shown in parenthesis. Calculated frequencies were 

highly unstable, showing erratic convergence patterns. 

5.3 Comparisons to Finite Element and Experimental Methods 

For cantilever plates that are flat (i.e. untwisted 

and unskewed) a considerable 

frequencies currently exist in 

number of resul ts for 

the published literature 
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[74], and good agreement exists among those results. 

Frequency results obtained by various investigators [8,9] 

for thick and thin flat . plates (A/B=l, B/H=5,20) are 

compared in Tables 5.4 and 5.5, respectively, and in Figures 

(5.3-5.14) • 

In Tables 5.4 and 5.5 seven sets of results are 

shown, which are listed as Cases A-G. Frequency data 

obtained from the present 3-D approach are listed under Case 

G. What follows is a short description of the methods used 

in Cases A-F [8,9]. 

Cases A-D used three-dimensional finite elements. 

The numbers of nodes per element were 12, 18, 8 and 16, for 

Cases A to 0, respectively. Only one element was used 

through the thickness in all cases. (Convergence charts of 

frequencies with solid element grids having one element 

through the thickness were shown to be sufficient [9]). 

Investigators in Case A used a parabolic conoid 

shell' element. This shell element has a quadratic 

displacement function in the spanwise direction and a linear 

function in the other two directions. It has 36 degrees of 

freedom (d.o.f.). The mesh· size used to obtain the frequency 

data contained 18 elements with a 7x7x2 grid for a total of 

252 d.o.f. (Note that lxmxn denotes the number of nodes in 

the spanwise, chordwise, and thickness directions, 

respectively). A lump mass matrix was used in the analysis. 
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For the thick plate model (B/H=5) investi~ators of 

Case B employed a quadrilateral thick plate element, having 

a parabolic shape function for the in-plane displacement 

fields and a linear function through the thickness. The 

element has 54 d. o. f. Again, a 7x7x2 grid size was 

employed, involving 9 elements for a total of 294 d. o. f. 

For the thin plate model (B/H=20) a quadrilateral thin plate 

was used from the SAP general purpose finite element 

program. This element utilizes 4 triangles with a cubic 

normal and linear in-plane displacement fields. The element 

employed 20 d. o. f. An 11x11 grid size was used, involving 

100 elements for a total of 660 d.o.f. A lump mass matrix 

was used in the analysis. 

Standard isoparametric solid elements were employed 

in Cases C and D. Case C used an 11x11x2 grid, consisting of 

100 elements for a total of 660 d.o.f. Case D used a 14-

point integration rule on a 25x13x2 grid with 72 elements 

for a total of 1,872 d.o.f. A lump mass was used in the 

analysis of Case C, whereas a consistent mass was used in 

Case D. 

In Case E a superparametric thick shell was 

employed. This shell element has 40 d.o.f. and is based on 

Mindlin's plate theory, which includes shear deformation. A 

7x7 grid with 9 elements was used, involving a total of 165 

d.o.f. In Case F of the thin plate results (Table 5.5), 

MSC/NASTRAN CQUAD4 elements were used. This element has 40 
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d.o.f. and transverse shear effects are included. A llx11 

grid with 100 elements was analyzed, involving a total of 

550 d.o.f. Finally, a 3-D Rayleigh-Ritz analysis [8] using 

the displacement polynomial functions of the present 

analysis (Eq. 4.8) yielded the results shown in Case F. 

For the thick plates (Table 5.4) the effects of 

shear deformation and rotary inertia, both of which tend to 

decrease the frequencies, are included in some of the finite 

element results (Cases A-E) either explicitly (e.g. using 

thick plate or shell theory in the element formulations) or 

implicitly (e.g. additional d.o.f. through the thickness). 

For example, there are significant differences between the 

theoretical results for the lFB mode of the thick plate 

model (see Figure 5.3). In the case of thin plates (Figure 

5.9), generally close agreement exists among the theoretical 

resul ts for the 1FB mode in Cases A-F. For the thick and 

thin plates examined, little disagreement exists between the 

lEB mode predictions of Cases A-F. 

Perhaps, the most noticeable disagreement surfaces 

in the prediction of the lCB mode. It is a known fact that 

the Ritz method le.ads to frequencies that are greater than 

the true values. For the thick plate model the frequencies 

estimated by the present analysis (Case G) are generally 

lower than those predicted by 2-D shell and 3-D 

displacement-based finite element theories (Cases A-F), 

which also should serve as upper bounds to exact values (see 
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Figure 5.7). Note that Case E includes transverse shear 

deformation effects, although the results are' slightly 

higher than the present ones (Case G). In addi tion, the 

present analysis improves to some extent the upper-bound 

thick plate 1CB frequencies (Case F in Figure '5.7) obtained 

in [8]. In fact, this improvement is evident in all of the 

thick plate frequencies, as shown by comparing Cases F and G 

in Table 5.2. For the thin plate model the si tuation is 

reversed (see Figure 5.12), where the frequencies estimated 

by Case G are higher than those predicted by Cases A-F. From 

the above comparisons, it is safe to conclude that the 

frequencies obtained by the present analysis are 

sufficiently accurate up to the fourth or fifth significant 

digits shown in Case G in Tables 5.4 and 5.5. 

It is interesting to extend the comparison of the 

results in Case G to those involving previously obtained 

experimental frequencies of rectangular plates [96]. Table 

5.6 shows nondimensional frequencies for thin and thick 

plates with three side ratios (A/B=1,2,3). For the thin 

plate cases there is very good agreement. Experimental 

resul ts are seen to be considerably lower than the 

analytical ones for the thick plate cases. This is mainly 

due to the inability to experimentally obtain perfect fixity 

at the clamped end. This effect is particularly large for 

the first bending mode and is more pronounced for relatively 

short beams or plates [96]. 



CHAPTER 6 

THREE-DIMENSIONAL (3-D) FREE VIBRATION DATA FOR 
SKEWED CANTILEVER PARALLELEPIPEDS 

6.1 Introduction 

Because of the relatively small amount of attention 

devoted to skewed cantilever parallelepipeds in the 

literature, a rather extensive amount of nondimensional 

frequency data is reported for skewed parallelepipeds, 

regarded as thick skewed plates. Four side ratios (A I /B I) 

are considered: 0 • 5 , 1. 0 , 1.5, and 2.0. The skew angles are 

restricted to 0,5,10,15,20,25,30,35, and 45 degrees. These 

selected values yield 36" possible parameter combinations. 

Poisson I S ratio is set to a nominal value of 0.3 for all 

frequency calculations. All converged calculations call for 

a 96 term triple power series approximation (6x4x4 solution 

size) for u, v, and w. Comparisons between frequency data 

predicted by the present theory and data predicted by a 3-D 

finite element analysis using COSMIC/NASTRAN are shown in a 

series of tables and graphs. 

6.2 Convergence of Frequencies for Thick Skewed Plates 

Tables 6.1-6.8 summarize convergence studies 

performed to obtain the first 8 nondimensional frequencies 
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for a thick skewed plate (A'/B'=l). The data shows frequency 

parameters res?lting from six successive solutions, obtained 

by increasing the solution sizes (4x2x2, 5x2x2, ..• ,6x4x4-

determinant sizes are shown in parenthesis in the tables). 

The convergence studies in Tables 6.1-6.8 reveal 

that by increasing the solution size from 5x4x4 to 6x4x4, 

reasonably convergent results are obtained for the first 8 

frequencies. For the cases of skew angle ranging from 0 to 

35 degrees average percent change in the nondimensional 

frequencies predicted by the 5x4x4 and 6x4x4 Ritz solutions 

are given in Table 6.9. All percentages are under 2 .5, 

except for the case of 20 degree skew angle. For this case 

the first 4 modes are judged sufficiently convergent. 

However, the sixth and eighth modes are particularly outside 

what one might judge as good nengineering accuracy" (at 

about 10 percent). However, Table 6.4 shows that the sixth 

and eighth modes appear to be sufficiently convergent at the 

5x4x4 solution. It is possible that round-off errors may 

have caused the sudden drop in frequencies calculated for 

the 6x4x4 solution. 

6.3 Comparisons to COSMIC/NASTRAN Finite Element Analysis 

It is interesting to compare the results of the 

present work with those obtained by a three-dimensional 

finite element analysis. A number of the skewed plate models 

examined herein (A'/B'=l, Skew=0,15,30,45) were analyzed 
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using COSMIC/NASTRAN CIHEX1 corner node isoparametric brick 

elements. The NASTRAN frequency results are given in Tables 

6.10-6.13 ... 

A typical CIHEX1 element assemblage of a thick 

skewed plate is shown in Figure (6.1). Five mesh densities 

(6x6x1, 8x8x1, 10x10x1, 12x12x1, 14x14x1) were employed. The 

mesh sizes are defined by the notation (lxmxn), where I, m, 

and n represent the number of elements in the spanwise, 

chordwise, and thickness directions, respectively. The total 

number of degrees of freedom (d.o.f.)· are shown in 

parenthesis under the mesh sizes in Tables 6.10-6.13. 

Clearly in Tables 6.10-6.13, the NASTRAN frequencies 

appear to converge from above. The percent change in 

frequencies calculated using the (14x14x1) mesh (which is 

used to compare wi th the resul ts obtained by the present· 

Ritz analysis) and a slightly coarser (12x12x1) mesh is on 

the average range of less than 0.6 percent for a square 

plate to under 1.5 percent for a plate with 45 degree 

skewness (see Table 6.14). The higher percent difference for 

the 45 degree case is expected because of the unavoidable 

infinite strains existing at the plate's clamped end. Note 

that by using two solid elements through the skewed plate 

thickness (resulting in mesh sizes such as 6x6x2, 8x8x2, 

etc.), no appreciable difference in calculated frequencies 

was observed. 
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Tables 6.15-6.19 list nQndimensional frequency data 

for skewed cantilever thick plates of various side ratios 

(A'/B'=0.5,1.0,1.5,2.0), showing how the frequencies vary 

with skew angle. Based upon the NASTRAN CIHEX1 convergence 

studies presented, frequency results obtained from the 

(14x14x1) mesh size (see Table 6.16) are compared to 

frequencies obtained from the present Ritz analysis. Ritz 

and NASTRAN frequency curves are depicted in Figures (6.2-

6.9). They show variations of nondimensional frequency 

versus skew angle for the first 5 (lFB,lT,lEB,2FB,lCB) 

modes. 

Several interesting observations are made from the 

curves in Figures (6.2-6.9). Obviously the skew angle has an 

overall stiffening effect on the first 4 modes in both the 

3-D Ritz and 3-D NASTRAN analyses, more so on the lower side 

ratio cases (A'/B'=0.5,1.0) than the higher ones 

(A'/B'=1.5,2.0). The stiffening effect is more significant 

for skew angles greater than 30 degrees. No mode crossing is 

detected within the range of skew angles examined. As side 

ratio increases, the variations of frequencies predicted by 

the Ritz and NA~TRAN analyses change drastically in position 

on the frequency spectrum (see Figures 6.2-6.9). This is 

attributed to increases in the relative longitudinal 

stiffness of higher side ratio plates, thus causing more of 

the lower modes to have longitudinal nodal lines. This 
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effect is slightly more pronounced in thin skewed plates (as 

shown in the next section). 

As shown by the curves in Figures 6.2-6.9, there is 

good agreement between the frequency variations with skew 

angle predicted by the Ritz and NASTRAN analyses (with the 

exception of a few modes predicted by the Ritz analysis). 

For instance, the fifth mode of the side ratio cases 

(A' IB' =0.5,1.0,1.5), which is typically second torsion or 

chordwise bending, shows a slight decrease in frequencies 

initially with increasing skew angle before the trend 

reverses. Trends are slightly unpredictable in the fifth 

mode of the case (A'/B'=2). Note that the principal effect 

of the skew angle is to couple the bending and torsional 

actions. These small decreases may be due to complicated 

mode coupling involving this effect which take place more 

significantly in higher modes. Note that the third mode in 

all of the side ratio cases shown is predominately 

uncoupled. 

Generally in most cases, the present Ritz analysis, 

requiring substantially less degrees of freedom than the· 

NASTRAN analysis, provides good benchmark frequency values. 

The present solution gives values lower than most of the 

finite solutions. 
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6.4 Convergence of Frequencies for Thin Skewed Plates 

As previously discussed in Chapter 1, a plate is 

considered thin when the thickness ratio (B I/H) is on the 

order of 20 or more. For the thick plates examined in the 

previous section, the effects of shear deformation and 

rotary inertia become significant tending to yield 

frequencies less than those characteristic of thin plates. 

The present theory is fully capable of predicting 

thin plate frequencies as shown in Tables 5.4 and 5.5. 

Tables 6.20-6.27 summarizes a convergence study made for 

thin, skewed cantilever parallelepipeds which may be 

regarded as thin, skewed cantilever plates (AI/BI=l). As in 

the previous tables, data is given for the first 8 modes and 

for skew angles ranging from 0 to 45 degrees. Reasonably 

convergent upper-bound resul ts are taken from 5x4x4 

solutions. Average percent change in the nondimensional 

frequencies predicted by the 4x4x4 and 5x4x4 solutions are 

given in Table 6.28. Like the thick plate, the case of 20 

degree skewness is slightly off the mark, although the 

percent changes are within acceptable engineering accuracy. 

6.5 comparisons to 2-D Plate Theory and -Experimental Methods 

Table 6.29 presents the above numerical results 

showing how the nondimensional frequencies vary with skew 

angle. It is interesting to compare these results with the 

best available data involving two-dimensional plate theories 
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[45-47,51]. In order to obtain some indication of the 

adequacy of the present 3-D approach, an explanation of the 

theoretical results [45-47,51] is first necessary. The Ritz 

method was used in [45-47] to determine approximate 

frequencies of skewed cantilever plates. In [45-47] a 

maximum eighteen-term series of· characteristic beam 

functions was used to approximate the plate's normal 

displacement in conjunction with classical thin-plate 

theory. It should be noted that the author in [45] found 

that for skew angles greater than 30 degrees, the frequency 

estimates obtained were inaccurate; the error being due to 

the fact that for higher skew angles the beam functions do 

not form a rapidly converging set, particularly when free 

edges are involved. (Beam functions place unnecessary 

constraints on higher derivatives at the plate's free edge 

boundaries.) The results of [45-47] were improved by the 

investigators of [51] by employing the Ritz method. 

Algebraic polynomials were used to approximate the plate's 

normal displacements. 

comparing the data in Table 6.29 wi th those in 

Tables 1.1 and 1.2 reveals that the frequencies predicted by 

the present theory are superio~, especially for the first 5 

modes. For plates having skew angles of 0,15,30, and 45 

degrees, Table 6.30 focuses on a comparison of 1FB and 1T 

frequencies predicted by the present 3-D Ritz theory and the 

forementioned 2-D Ritz analyses employing classical plate 
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theory [45-47,51]. Column 3 of Table 6.30 contains 

experimental results from [45]. Columns 4,5, and 6 contain 

the analytical results of [45-47,51]. The last column 

contains the analytical results of the present theory. Note 

that the present results are all lower than the other 

analytical data, yet higher than the experimental data. 

Since the Ritz method yields upper bounds, the present 

theory provides more converged data. 

Tables 6.31 and 6.32 present a comparison of the 

first 5 nondimensional frequencies obtained by the present 

theory with experimental and 2-D analytical solutions. 

Columns 2 and 3 in Table 6.31 are taken from shaker test of 

[47-49]. Note that positioning of shakers can drastically 

affect the mode shapes of skewed plates; often requiring 

prior knowledge of the symmetrical or antisymmetrical nature 

of the modes. For exciting the symmetrical modes, 

positioning the shakers on the axis of symmetry is 

advantageous, and conversely should be avoided for 

antisymmetrical modes. This probably explains the small 

disagreement between the test frequencies in Tables 6.31 and 

6.32. Column 4 of Table 6.32 contains analytical results 

obtained by using Reissner's theorem [50]. Again the 

analytical results of the present theory agree favorably 

with the test data, while providing an upper-bound for the 

analytical plate theory data [46,51]. In Table 6.32 some of 
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the Reissner' s theorem results [50] are higher than the 

present results, while some are lower. 

Tables 6.33-6.35 contain the first 8 nondimensional 

frequencies for plates having side ratios ranging from 0.5 

to 2.0 and skew angles increasing from 0 to 45 degrees. In 

addition, frequency data reported in [51] is listed. For the 

data given in Tables 6.33-6.35, plots of nondimensional 

frequancy curves versus skew angle appear in Figures (6.10-

6.17). Basically, the overall effect of plate skewness 

stiffens the first 3 modes and first 4 modes for the side 

ra·tio cases of (A'/B'=1-2) and (A'/B'=0.5), respectively. 

Among the remaining modes, the 4th mode of the side ratio 

cases 
I , 

(A'/B'=1.0,1.5) and the 5th mode of the case (A/B=2) 

show a decrease in frequency initially with increasing skew 

angle before the trend reverses. Trends are unpredictable' 

for the 4th mode of the case (A'/B'=2) and the 5th mode of 

the case (A'/B'=1.5). Generally, numerical results for at 

least the first 3 or 4 modes obtained by the present theory 

serve as accurate benchmark values against the former 

solutions obtained in [51]. 



CHAPTER 7 

THREE-DIMENSIONAL (3-D) ELASTICITY-BASED 
RITZ ANALYSIS OF SIMULTANEOUSLY SKEWED AND TWISTED 

CANTILEVER PARALLELEPIPEDS 

7.1 Introduction 

Although practical skewed (or swept) and twisted 

structures possess increased geometric complexity that 

present additional numerical solution challenges, knowlege 

of their free vibrational characteristics is of considerable 

importance to developers and designers of these structures. 

Simultaneously skewed and twisted parallelepipeds having one 

edge fixed and the remaining ones free (i. e., cantilever) 

are of great interest at present time, primarily because 

they represent a first approximation to recently developed 

advanced turboprop blades [1]. Such blades usually are 

excited by intense acoustic loadings, which can cause 

undesireable noise damage, as fatigue failure; or by 

aerodynamic forces, which can potentially result in flutter 

instability. For a safe and reliable design, it is therefore 

essential to employ a sufficiently accurate analysis to 

predict free vibration data for these blades. 

Noteable work has been performed for parallelepipeds 

with rectangular geometries [83,86,92,94]; Here, the 

determination of free vibration information is reasonably 

simple, ,. since the governing partial differential equations 
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can be solve by the! method of separation of variables. In 

the case of a parallelepiped that is simultaneously skewed 

and twisted, the method of separation of variables fails (as 

in the case of a skewed parallelepiped (Chapter 4». 

Therefore, no simple analytical solutions are available and 

approximate solutions techniques, such as the present 3-D 

Ritz analysis, must be utilized. 

In the following the structural model and coord.inate 

systems and the governing equations for the free vibrational 

behavior of a simultaneously skewed and twisted, cantilever 

parallelepiped are discussed. 

7.2 structural Model 

A homogeneous and linearly elastic, skewe~ and 

twisted cantilever parallelepiped is depicted in Figure 

(1.2). The dimensions are 

thickness, H. One edge is 

length, A', 

completely 

width, B' , 

fixed, while 

and 

the 

remaining five edges are stress free. As in Chapter 4, the 

structural material is assumed isotropic. Displacements are 

again fully characterized by three orthogonal components 

(u,v,w) measured along the global coordinate directions. 

7.3 Coordinate Systems 

The parallelepiped is best described by the skewed 

and twisted (x",y",z") coordinates (shown in Figure 1.2), 

which satisfy the following relation in terms of the global 
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(x,y,z) coordinates: 

x" = x / cos a 

y" = (y - x tan a ) cos ¢ + z sin ¢ 

z" = - (y - x tan a ) sin ¢ + z cos e/> (7.1) 

where a is a constant skew angle-measured (in the global x-y 

plane) about the global z-axis. The twist angle, ¢, at an 

arbitrary distance x' is measured from the skew (x', y' , z ' ) 

coordinates and is given by 

e/> = ¢o(X'/A') =¢o(x"/A') (7.2) 

with ¢o being the twist angle at the free end of the skew 

parallelepiped. The inverse forms of Eq. (7.1) is 

Following the 

following: 

( ) 'x = ( ) , x" 

( ) 'y = ( ) 'x" 

( ) , z = ( ) 'x" 

x = x" cos a 

y = (y" cos ¢ - z" sin¢) + x" sin a 

z = (yll sine/> + Zll cose/> ) (7.3) 

development in Chapter 4, one obtains the 

(x") 'x + ( ) 'y" (y") 'x + ( ) , Z II (Z") 'x 

(x") 'y + ( ) 'y" (yll) 'y + ( ) , Z II (Z") 'y 

(x"),z + ( ) 'y" (yll) , Z + ( ) , z" (Z"),Z 

(7.4) 
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where ( ), denotes partial differentiation. Substituting Eg. 

(7 .1) into Eg. (7.4), the following global partial 

derivatives are obtained: 

( ) I X = (l/cos a) ( ), x" - (l/tan a ) cos cp ) 'y" 

+ (l/tan a ) sin ¢ ( ) I zIt 

()'y=coscp ()'Y" -sin¢ (),z" 

( ), z = sin cp ( ) I y" + cos ¢ ( ), z" (7.5) 

The metric tensor I gij I is defined in Eg. (4 .1e) , 

where q represents the global coordinates and snow 

corresponds to the skewed and twisted coordinates. Using the 

transformation relation in Eq. (7.3), the components of the 

metric tensor are as follows: 

= 

1 

cos¢ sin a 

-sin¢ sin a 

coscp sin a 

1 

o 

-sinf/> sin a 

o 

1 

(7.6) 

The components of the metric tensor are symmetric. For an 

orthogonal system of coordinates (a =0), the off-diagonal 

terms of the metric tensor vanish. since the transformation 

(Eqs. 7.2 and 7.3) are reversible, the determinant of the 

metric tensor is both positive and nonzero: 
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det gij = cos2a (7.7) 

Hence, the volume transformation between a rectangular 

cantilever parallelepiped and one that is simul taneously 

skewed and twisted can be written as the following: 

dx dy dz = cos a dx" dy" dz" (7.8) 

7.4 Basic Equations 

For determination of the free vibrational motion of 

a simultaneously skewed and twisted cantilever 

parallelepiped, one has to solve the following linear, 

elastic, three-dimensional equation of motion in terms of 

longitudinal and transverse wave speeds, as written in Eq. 

(4.2): 

(7.9) 

whereby displacements and gradients written with respect to 

the skewed and twisted coordinates: 

u = <u,v,w> = displacement vector, 

u = u(x",y",z",t), 

v = v(x",y",z",t), 

w = w(x",y",z",t), 
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grad ( ) = < { (l/cos a ) ( ) 'x" - (l/tan a) cos ¢ ( ) 'y" 

+ (l/tan a ) sin cP ( )'z")' 

{cos ¢ ( ) 'y" - sin ¢ ( )'z")' 

{sin ¢ ( ) 'y" + cos¢ ( )'z") > 

div ( ) = [{ (l/cos a) ( ) 'x" - (l/tan a )cos ¢ ( ) 'y" 

+ (l/tan a ) sin ¢ ( ), ~,,} + 

{cos ¢ ( ), y" - sin ¢ )'z"} + 

{sin¢ ) 'y" + cos ¢ ( )'.z") ] 

In Eg. (4.3) generalized Hooke's Law is written in terms of 

the metric tensor and Lame' constants. Using Eg. (4.3) and 

Eg. (7.6), the geometric and natural boundary conditions on 

the six faces of a simultaneously skewed and twisted 

cantilever parallelepiped are expressed in skewed and 

twisted coordinates: 

at y" = -B/2, B/2 (stress-free), 

T .. " x X = ( A + 2G) u'x" + (A + 2G cos2¢ sin2 a V'y" 

+ (A + 2G sin2¢ sin2 a w'z") = 0, 

Tx " y " = {G(l + cos2 ¢ sin2 a ) + A cos2 c/> sin2 a } 

[U'y" + v'x,,] = 0, 

Tx"z" = {G(l + sin2¢ sin2 a ) + A sin2 ¢ sin2 a } 

[u'z" + w'x"] = 0, 
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at x" = A (stress-free), 

Ty"X" = {G(l + COS2¢ sin2 a) + A cos2¢ sin2 a } 

[v,x" + U,y"] = 0, 

Ty"y" = ( A + 2G cos2¢ sin2 a ) u'x" 

+ ( ,\ + 2G) V'y" + ,\ w'z") = 0, 

Ty"z" = G (v, z" + w ,y") = 0, 

at x" = 0 (zero normal displacements), 

u = v = w = 0, 

at z" = -H/2, H/2 (stress-free), 

Tz "x" = {G (1 + sin2 cj> sin2 a) + ,\ sin2 cj> sin2 a } 

[w,x" + u'z,,] = 0, 

Tz"y" = G (w'y" .+ v'z,,) = 0, 

TZ"Z" = (,\ + 2G sin2¢ sin2a ) u'x" + ,\ V'y" 

+ (,\ + 2G) w, z" = 0, 

(7.10) 
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where u, x" , v, y" , etc. indicate displacement gradients in 

skewed and twisted coordinates and the T's denote normal and 

shear stresses in the skewed and twisted coordinate 

directions. Due to the mixed terms in Eq. (7.9), the 

separation of variables x", y" and zIt fails and therefore no 

simple analytical solutions are available. Alternatively, an 

approximate solution is obtained by the present 3-D Ritz 

analysis. 

7.5 Method of Solution 

A summary of the 3-D Ritz procedure is outlined in 

Chapter 4. It is fully applicable for a cantilever 

parallelepiped with simultaneouly skewed and twisted 

boundaries. The same triple power series in global 

coordinates (Eq. 4.11) is assumed, whereby each term 

satisfies the geometric boundary conditions at the clamped 

end of the parallelepiped. The triple power series is then 

introduced into the energy expressions in global coordinates 

(see Eqs. (4.5) and (4.8) and Appendix A), where each energy 

term is transformed from global to skewed and twisted 

coordinates to properly account for the curved boundaries of 

the parallelepiped. All energy terms are numerically 

integrated over the volume of the parallelepiped. This 

numerical procedure leads to a finite number of algebraic 

equations for a finite number of unknowns (Aijk, Blmn ' 

Cpqr). These equations have a non-trival solution only if 
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the coefficient determinant vanishes. The determinant is the 

frequency equation used to obtain the natural frequencies. 

Several points should again be made regarding the 

relationship between the inherent symmetries associated with 

this problem and the size of the determinant to be 

evaluated. For zero skew angle and zero twist angle, the 

rectangular parallelepiped has two-fold symmetry, as outline 

in Chapter 5. All mode coupling elements of the determinant 

vanish, so that the axial, bending, and torsional 

frequencies are uncoupled. In the present 3-D Ritz analysis 

these modes are classified and identified according to the 

symmetry chart in Table 5.3, resulting in four smaller yet 

separate determinants to be evaluated. with only one axis of 

cross-sectional symmetry present, as in the case of a skewed 

parallelepiped (Figure 1.1), then bending displacements in 

the direction of the symmetry axis are uncoupled, but the 

transverse bending and torsional modes are coupled. To 

determine the natural frequencies of a skewed 

parallelepiped, two separate yet larger determinants are 

evaluated with the transverse bending, chordwise bending and 

torsional modes in one, and the edgewise bending and axial 

modes in the other. 

Further coupling is introduced into the problem when 

twist is added. Parallelepiped cross-sections initially 

having two or more axes of symmetry have coupling between 

the bending modes, as the twist angle is increased. with 
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twist the torsional and axial modes are coupled. In the 

present 3-D analysis the natural frequencies of a twisted 

parallelepiped are calculated by separating the solution 

determinant into two smaller-sized determinant. Basically, 

the transverse, edgewise, and symmetric cho.rdwise bending 

modes are coupled together into one determinant, whereas the 

torsional and axial modes are coupled in another. with less 

symmetry and twist (as in the case of a simultaneously 

skewed and twisted parallelepiped), all modes are coupled. 

Therefore, a full-sized solution determinant must be 

evaluated. 

Chapter 8 examines natural frequencies for an 

example case of a twisted cantilever parallelepiped using 

the present 3-D theory. Results are compared to those 

obtained by other investigators. Free vibration data for 

cantilever parallelepipeds with simultaneously skewed and 

twisted boundaries are reported in Chapter 9. 



CHAPTER 8 

THREE-DIMENSIONAL (3-D) FREE VIBRATION DATA FOR 
TWISTED CANTILEVER PARALLELEPIPEDS 

8.1 Introduction 

In this chapter the natural frequencies of twisted 

cantilever parallelepipeds are reported in the form of the 

standard plate nondimensional frequency parameter, as in 

Chapter 5. 

The vibratory motions of twisted parallelepipeds 

consists of flapwise and edgewise bending, chordwise 

bending, torsion, and extensions, not all uncoupled from 

each other. The predominant effect of twist is to increase 

the torsional frequencies. Less significant changes occur in 

the bending frequencies due to twist. This is because for an 

untwisted, flat, cantilever parallelepiped, small torsional 

motions may take place without stretching the middle 

surface. For a twisted parallelepiped, however, torsional 

rotations do cause stretching of axially oriented elements, 

particularly those located near the parallel free edges. 

This stretching, which creates additional normal stresses in 

the crossections, couples the torsional modes with the axial 

ones. 

Other free vibration modes exist for a twisted 

cantilever parallelepiped. Chordwise bending modes are those 
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having two or more nodal lines approximately parallel to the 

twisted (x") axis (see Figure 1.2) of the parallelepiped. 

These modes can be categorized as either symmetric or 

antisymmetric (with respect to the global z-axis), similar 

to those classified for a rectangular parallelepiped in 

Chapter 5. Chordwise bending modes become particularly 

important for low aspect ratio, thin parallelepipeds, where 

the first one may be as low as third in the complete set of 

frequencies. Higher chordwise bending or "complex" modes 

have more complicated shapes. Nodal lines are more curved, 

and coupling between the chordwise and spanwise modes is 

increased. 

Nevertheless in this analysis, all chordwise bending 

modes are classified as predominately symmetric or 

antisymmetric, according to Table 5.3. The solution· 

determinants are separated into two sets by examining the 

assumed algebraic polynomials in the u displacement 

direction to isolate the bending, torsion, and axial 

motions, as outlined in Chapter 5 (see Table 5.3). Here, the 

flapwise bending, edgewise bending, and symmetric chordwise 

bending modes are grouped into one determinant, while the 

torsional, axial, and antisymmetric chordwise bending modes 

are grouped into another. This separation not only aids in 

identifying and classifying the vibration modes, but it also 

reduces the size of the solution determinants by one-half. 
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8.2 Convergence of Frequencies for Twisted Plates 

Tables 8.1 and 8.2 summarize a convergence study for 

nondimensional frequencies of twisted parallelepipeds 

(Twist=30 deg.), regarded as thick (B/H=5) and thin (B/H=20) 

twisted square plates (A/B=l). The first 12 frequencies are 

obtained by increasing the solution sizes as shown. As 

outlined in Chapter 5, the vibration modes are identified as 

the following: flapwise bending (lFB,2FB), edgewise bending 

(lEB,2EB), chordwise bending (lCB,2CB), torsion (IT,2T), 

etc. Poisson's ratio is set to a nominal value of 0.3 for 

all of the frequency data shown. The purpose of this study 

is to isolate the effect of twist and to determine the 

correctness of t.he calculated frequencies by comparing them 

to analytical and exper~mental values in the literature. 

As expected, the frequencies displayed in Tables 8.1 

and 8.2 are monotonically convergent from above as terms are 

added to the triple power series in Eq. (4.10). By 

increasing the solution sizes from 4x4x4(192) to 5x4x4(240) 

to 6x4x4(288) (degrees of freedom (d.o.f.) shown in 

parenthesis), reasonably convergent results are shown in 

Tables 8.1 and ?2, especially for the first 8 frequencies. 

For the first 12 frequencies given in Table 8.1, the 5x4x4 

solution reduces the frequencies by an average of 2.17 

percent from the 4x4x4, whereas the 6x4x4 reduces them by an 

average of 1.35 percent from the 5x4x4. Note that for the 

first 8 modes, the average frequency change is less than one 
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percent in each case. In Table 8.2 the degree of convergence 

is slightly reduced. For example, the 6x4x4 solution reduces 

the frequencies by an average of 5.02 percent from the 

5x4x4. 

For both the thick (Table 8.l) and thin (Table 8.2) 

twisted plate results, round-off errors occur in the 

frequencies calculated with larger solution sizes. For 

solution sizes such as 7x4x4(336}, 4x6x6(432}, and 

8x4x4 (864) evaluation of the Ritz coefficient matrix was 

extremely time-consuming on the Cray X-MP/24, mainly due to 

the increase coupling of the odd and even y and z terms in 

the power series in Eg. (4.10). Hence, it has been concluded 

that the 6x4x4 solution provides sufficiently accurate 

frequency data for comparisons to existing frequency data on 

thick and thin twisted plates. 

Tables 8.1 and 8.2 also list experimental 

frequencies next to the 6x4x4 'results of the present 

analysis. These experimental frequencies were reported in 

references [9,81]. There is good agreement between the 

present analytical and the experimental results for the 

twisted thin plate case (Table 8.2). Experimental results 

are seen to be considerably lower than the present ones for 

the thick twisted plate case (Table 8.1). This is mainly due 

to unavoidable support flexibilities at the clamped end 

during testing of the twisted plate specimens [81]. 
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8.3 Comparisons to Finite Element Methods 

Frequency results obtained by various investigators 

[8,9] for thick (B/H=5) and thin (B/H=2 0), twisted square 

plates are compared in Tables 8.3 and 8.4. Illustrative 

comparisons are seen in the bar charts of Figures (8.1-

8.12). As in Chapter 5, seven Cases (A-G) are compared. All 

cases are the same as those discussed in Chapter 5, except 

for Case B in Table 8.4. The investigators of Case Bused 

the quadrilateral thin plate elements of the structural 

Analysis Program (SAP) by E.L. Wilson. In SAP this element 

is constructed of 4 triangular thin plate elements. with the 

center node being condensed out, this element has 20 d.o.f. 

A cubic function is assumed for the normal displacements and 

linear functions are assumed for the in-plane displacements. 

The frequencies in Case B were calculated using an 11x11 

grid consisting of 100 elements and a total of 660 d.o.f. A 

lump mass matrix was used in the analysis. 

Results from the present 3-D Ritz method appear in 

Case G. The 2-D shell and 3-D displacement-based finite 

element solutions typically employed substantially more 

degrees of freedom. For the case of a thick (B/H=5) twisted 

plate (Table 8.3 and Figures 8.1-8.6), the finite element 

solution of Cases Band D fell above the present solution 

(Case G), whereas those of Cases A, C, and E are below Case 

G. More significantly, the present analysis noticeably 

improves tlie upper-bound twis.ted plate results reported in 
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reference [8] (Case F in Figures 8.1-8.6). The improvement 

is more clearly seen in the numerical data, listed in Table 

8.3. 

All of the finite element solutions (Cases A-F) for 

the thin (B/H=20) twist.ed plate model are higher those 

predicted by the present analysis, except for the first 3 

frequencies of Case E. The finite element solutions are 

particularly too-stiff in mode 5 (2T) and mode 6 (lEB). 

Since all of the results in Tables 8.4-8.5 and Figures (8.1-

8.12) are upper-bounds to the exact solution, it is safe to 

conclude that the present 3-D Ritz results serve as accurate 

benchmark values against the finite element solutions, 

particularly for those of the thin (B/H=20) twisted plate 

model examined. 



CHAPTER 9 

THREE-DIMENSIONAL (3-D) FREE VIBRATION DATA FOR 
SIMULTANEOUSLY SKEWED AND TWISTED CANTILEVER PARALLELEPIPEDS 

9.1 Introduction 

Since there are no previously reported 3-D free 

vibration results of simultaneously skewed and twisted, 

cantilever parallelepipeds, a rather extensive amount of 

nondimensional frequency data is reported herein. The 

natural frequencies of various parallelepipeds, regarded as 

simul taneously skewed and twisted cantilever plates, have 

been evaluated numerically for side ratio (A ~ /B' ) set to 

unity and two thickness ratios (B'/H=5,20). The skew angles 

have been restricted to 0,15,30, and 45 degrees, while the 

twist angles have been set to values of 0,15,30,45, and 60 

degre~s. The above selected values total to 40 possible 

parameter combinations. For all frequency calculations 

Poisson's ratio is set to a nominal value of 0.3. 

9.2 Results for Thick (B'/H=5) and Thin (B'/H=20) 
simultaneously Skewed and Twisted Plates 

A convergence study of nondimensional frequencies 

for simultaneously skewed and twisted plates is summarized 

in Tables 9.1-9.8. Thick plate results are presented in 

Tables 9.1-9.4 and thin plate results are shown in Tables 
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9.5-9.8. All calculations are presented for the case of 15 

degree plate skewness with twist angle varying from 15 to 60 

degrees. 

In Tables 9.1-9.8 the frequencies are calculated 

numerically from five successive solutions, namely 

4x2x2(48), 5x2x2(60), 4x4x2(96), 4x4x4(192), and 5x4x4(240). 

(The total number of degrees of freedom (or solution 

determinant sizes) involved are shown in parenthesis.) 

Because this problem posseses no inherent symmetries, a 

full-size determinant must be evaluated. This placed a cost 

restriction on the size of problem to be solved. Hence, 

frequencies calculated from an eighty-term power series (or 

a 5x4x4 solution with a 240x240 determinant size) have been 

judged to be sufficiently accurate for the sake of observing 

frequency trends. Problems with larger size solution 

determinants were time-consuming and too costly to run on 

the Cray X-MP/24. 

In Tables 9.1-9.8 it is difficult to classify the 

vibration modes as having any predominate motions coined to 

beams or flat plates, since all modal motions are fully 

coupled. Therefore, all modes have been termed "complex" and 

no attempt has been made to identify or classify them. 

Percent change between the frequencies obtained by 

the 4x4x4 and 5x4x4 solution sizes are listed in the last 

column of Tables 9.1-9.8 with average percentages shown at 

the bottom. For the first 8 modes of the thick (B'/H=5) 
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plate models, average frequency changes for the first 8 

modes range from 0.68 to 1.36 percent in Tables 9.1-9.4. The 

degree of convergence is slightly reduced for the thin 

(B' /H=2 0) plate models , given that the average frequency 

change for the first 8 modes ranges from 1.37 to 5.13 

percent in Tables 9.5-9.8. 

Tables 9.9-9.14 list frequencies calculated from the 

5x4x4 solution for the thick (B' /H=5) and thin (B' /H=20) 

plates models. These tables show how frequencies vary with 

increasing twist angle for a set value of plate skewness. 

Curves that show the variation of nondimensional frequency 

versus twist angle (with skew angle as a parameter) for. the 

first 5 modes are given in Figures (9.1-9.6). 

Curves for the thick plate cases are given in 

Figures (9.1-9.3). As can be seen for the case of 15 degree 

skewness (Figure 9.1), there is a slight trend of decreasing 

frequency with twist angle as plate skewness is increased in 

all modes except the second one. As plate skewness is 

increased from 15 to 45 degrees, the decreasing trend of 

frequency wi th twist angle becomes more pronounced, 

especially in t~e second and higher modes. This is to be 

expected since bending plays a larger role in each mode and 

plate skewness generally stiffens the bending modes. 

For the thin plate cases (Figures 9.4-9.6) however, 

the overall effect of increasing twist angle with constant 

plate skewness is more dramatic. For instance at 15 degree 
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skewness (Figure 9.4), the second and fifth modes (which 

closely resemble 1T and 2T modes of unskewed plates) show a 

significant stiffening (or frequency increasing) effect with 

twist angle. This follows the trends seen in Chapter 8. That 

is, for the torsional modes there is general agreement that 

an increase in the twist angle causes an increase in the 

frequency. Moreover, the third mode (which closely resembles 

a 2FB mode of an unskewed plate) starts out predominantly 

decreasing before the trend reverses approaching 60 degree 

twist. This small increase may be due to additional mode 

coupling effects which takes place as the skew angle is 

introduced. Generally, for short unskewed plates (A/B=l) the 

trend is for the frequency of the second and higher bending 

modes always to decrease with twist angle. This trend is 

more exaggerated for thin rather than thick plates. 

As the skew angle is increased from 15 to 45 degrees 

in the thin plate models (see Figures 9.4-9.6), an increase 

in twist angle causes a significant decrease in the 

frequencies of the second and fifth modes. It appears that 

with an increase in skew angle bending action is playing the 

larger role in these modes. 

Additional observations can be made by studying how 

the thick and thin plate frequencies vary with increasing 

skew angle for a set value of twist. Curves showing the 

variation of thick plate nondimensional frequencies with 

skew angle are shown in Figures (9.7-9.10), and in Figures 
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(9.11-9.14) for the thin plate models. In each case the four 

figures correspond to four twist configurations having 15,. 

30, 45, and 60 degrees. 

The curves in Figures (9.7,-9.10) and Figures (9.11-

9.14) may be compared to the curves in Figure (6.2) and 

Figure (6.10) respectively, to observe frequency trends due 

to the coupled effect of twist and skewness on the plate 

frequencies. Given a set value of plate twist, the variation 

of frequency with increasing skew angle changes more 

dramatically in the thin than the thick plates. As twist 

angle is increased one finds that in the first 3 modes of 

the thick plates, little change in trend occurs in the 

frequency variation with skew angle. For the second and 

higher modes of the thin plates' a slight increase in 

frequency (or decrease in frequency for the fourth mode) 

occurs with increasing skew angle at 0 degree twist before 

the trend reverses itself as the twist is increased to 60 

degrees. Generally, as the twist angle is increased, the 

overall variation of frequencies with increasing skew angle 

decreases. 

It can be suggested that the trends discussed in 

this chapter are simply due to linearity of the superimposed 

effects of skewness and twist in the plates. Hence, the net 

effect skewness or twist in each mode would be dependent 

upon whether bending or torsion plays the larger role. 



· CHAPTER 10 

DISCUSSIONS 

10.1 Summary 

The first known 3-D solutions for the free vibrations 

of skewed, and simultaneously skewed and twisted, cantilever 

parallelepipeds have been presented herein. The Ritz method 

is used to determine approximate nondimensional frequencies. 

The total potential energy applicable for a parallelepiped 

with skewed or simultaneously skewed and twisted boundaries 

is expressed in global coordinates. The functional is 

integrated over skew (x'y'z') coordinates to adequately 

represent the sloped boundaries of a skewed parallelepiped 

(Figure 1.1); or it is integrated over skewed and twisted 

(x"y"z") coordinates to adequately represent the slope and 

curved boundaries of a skewed and twisted parallelepiped 

(Figure 1.2). Included in the 3-D formulation are the 

effects of shear deformation, rotary inertia, bending 

warping flexibility, and torsional warping. There are no 

internal kinematic constraints imposed in the analysis. 

Simple algebraic polynomials are used to approximate 

the three orthogonal displacement components (u,v,w). Each 

of the three displacement fields are expressed as a triple 

power series in global coordinates. All terms of the series 
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is constructed to satisfy the geometric boundary conditions 

in Eq. (4.10). 

To demonstrate the method, nondimensional free 

vibration frequencies have been presented for cantilever 

parallelepipeds, regarded as thin and thick plates. The 

effect of several geometrical parameters have been studied, 

such as skew angle, twist angle, and side ratio (AlB). Based 

on comparisons to previously published analytical and 

experimental data, the author feels that the frequency 

results obtained for rectangular and twisted cantilever 

plates are correct, and that a mark improv~ment on the 

existing data base of natural frequencies in the associated 

literature has been made. . 

For skewed cantilever plates, it is apparent from 

the convergence studies herein that the number of terms 

which must be considered in the triple power series 

representing the displacements (Eq. 4.10) increases with the 

number of modes to be determined, the angle of skew, the 

thickness ratio (B/H) , and the side ratio. For a given 

number of terms used in the triple power series, the lower 

modes are generally more accurate than the higher ones. As 

the angle of skew increases, more terms used in the triple 

power series results in increased coupling between the odd 

and even y and z terms, causing increased time in the 

computation of the eigenvalues. As side ratio increases, the 

range of frequencies drastically changes on the frequency 
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spectrum. This is due to the fact th?t as side ratio 

increases the relative longitudinal stiffness of the skewed 

plate decreases, thus causing the higher modes to possess 

more complicated nodal patterns. 

In general, it is believed that if the Ritz method 

is used, the algebraic pOlynomial trial functions used in 

this investigation (Eq. 4.10) are suitable for determining 

the first eight frequencies of cantilever plates with twist 

angles up to 60 degrees and skew angles up to 45 degrees. 

First approximations of the coupled modes of simultaneously 

skewed and twisted plates have been calculated and reported 

for the first time herein. The effects of both twist angle 

and skew angle on the calculated frequencies appear to be 

linearly additive. 

This analysis points out a serious numerical problem" 

involving the algebraic polynomial trial functions. That is, 

the serious round-off errors brought out by ill-conditioning 

associated with evaluation of solution determinants for 

large-size problems. These" errors occur while using 

typically 8 or more terms in x coordinate direction and 6 or 

more terms in the y and z coordinate directions. To 

investigate this problem, a 1-D Ritz study has been 

presented in Chapter 3. Several alternative trial functions 

are compared to provide information regarding completeness 

and degree of approximation in structural dynamics problems 

and to suggest possible candidate functions for the present 



3-0 Ritz analysis. Linear combinations 

odd-ordered Bessel functions, and 

polynomials appear to be most suitable. 

10.2 Ongoing studies 
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of trigonometric, 

shifted Legrendre 

In the 1-0 Ritz studies of Chapter 3, elementary rod 

theory is used, since the associated geometric boundary 

conditions are similiar to those imposed on the cantilever 

parallelepipeds studied herein (i.e. zero displacement 

condition at the clamped end). These conditions facilitate 

easy selection of admissible functions. A similar comparison 

of trial functions in a 1-0 Ritz analysis of a cantilever 

beam is currently being completed. Several functions are 

being examined and compared (i) the algebraic polynomials, 

(ii) the shifted Legendre polynomials, (iii) the odd-ordered 

Legendre polynomials, and (iv) the sine, cosine, and odd

ordered Bessel functions. This study is more interesting 

than the one herein, since the true eigenfunctions of a 

ca11tilever beam involves both trigonometric and hyperbolic 

functions. Those functions performing best can provide more 

information about their capabilities of approximating the 

bending actions of a cantilever parallelepiped. The Legendre 

functions are currently being incorporated into computer 

program SWEPT30. 

There are further extensions to the present analysis 

pertaining to the study of other complicating effects on 
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skewed and twisted. parallelepipeds. For example, the present 

theory can be developed to include initial stresses due to 

temperature variations within the volume of a skewed and/or 

twisted parallelepiped. 

On the other hand, many of the skewed plate results 

reported in the literature are too stiff. A probable cause 

for the inaccuracies is that most of the 2-D analysis do not 

account for singularities due to the infinite strains near 

the trailing edge corner at the clamped end of the skewed 

plate (see Figure B.1). Singularity functions need to be 

incorporated into the approximate displacement functions. 

These singularity functions would be written in polar 

coordinates. 

Supercomputers are opening new capabilities for 

numerical methods with finite elements. The present results 

serve as reasonably accurate benchmark solutions for finite 

elements. It is interesting to make additional comparisons 

between the results of the present work with those involving 

more detailed one-dimensional beam theory and two- and 

three-dimensional 

frequency data 

parallelepipeds 

finite element 

for 

with 

rectangular, 

completely 

analyses. 

twisted, 

In addition, 

and skewed 

stress-free· boundary 

conditions can be calculated using the Ritz method. Results 

can be used to validate those obtained by finite element 

methods. Note that in the case of a completely free skewed 
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parallelepiped there are no potential problems associated 

with infinite strains. 

All of the above aspects are currently under 

investigation. by the author for future publications. 



APPENDIX A 

ENERGY CONTRIBUTIONS TO THE 3-D RITZ PROCEDURE 

As outlined in Chapter 4, the Lagrangian energy 

functional (Lag. = Tmax - V~ax) is formulated in global 

(x,y,z) coordinates. Tmax is the maximum kinetic energy and 

Vmax is the maximum strain energy present during a vibratory 

cycle of a parallelepiped having simultaneously skewed and 

twisted boundaries. The assumed displacement polynomials Eq. 

(4.11), which are expressed in global coordinates, are then 

substi t.uted into the Tmax and Vmax expressions. By taking 

partial derivatives with respect to the undetermined Ritz 

coefficients Aijk, Blmn ' Cpqr ' the minimizing equations in 

( 4. 12) are obtained. The purpose of this appendix is to 

provide some formulative details of the minimizing equations 

in (4.12). 

The maximum strain energy, Vmax ' is formulated into 

three parts as follows: 

Vmax = S (V1 + V2 + V3) dx dy dz 
vol 

V2 = G [ U,x2 + V,y2 + W,z2 ] 
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(A.1a) 
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V3 = G/2 [ (U'y + V'X)2 + (V'z + W,y)2 + (W,x + U'Z)2 ] 

(A. 1b) 

where G are the 

(V,y) ... 

Lame' constants given by Eg. (4.3), 

denote partial differentiation of 

and 

the 

displacement functions with respect to the global coordinate 

directions. 

The displacements U(x,y,z), V(x,y,z), W(x,y,z) are 

approximated by admissible functions in terms of the global 

coordinates. For the sake of' generality, let the Ritz 

approximation functions for the U,V,W displacements be 

written as a linear combination of generic functions P,Q,R 

(with implied triple summations): 

U - A' . k (p. Q' R·'l - l.J l. J ¥l 

(A. 2) 

where P=P(x) , Q=Q(y), R=R(z) can be any suitable functions 

written in terms of the global (x,y,z) coordinate 

directions , respectively. They are constructed to satisfy 

the boundary conditions of Eg. (4.7). 

Substituting Eg. (A.2) into Eg. (A.1) yields the 

following expressions: 
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V3 = G/2 [ (Aijk p. 
1. Qj'Rk + Blmn PI'Qm Rn)2 + 

(Blmn PI Qm R' n + Cpqr Pp Qq 'Rr)2 + 

(Cpqr Pp'Qq Rr + Aijk p. 
1. Qj Rk') 2 (A. 3) 

where the primes over the generic functions indicate 

differentiation with respect to the appropriate global 

coordinates. 

By taking partial derivatives of V1,V2,V3 with 

respect to the Ritz coefficients Aijk, Blmn , Cpqr ' a 

voluminous amount of terms are obtained: 

(VI)'Aijk = ,\ [ Aijk (Pi'Qj Rk) + Blmn (PI Qm'Rn) 

+ Cpqr (Pp Qq Rr ') ] (Pi'Qi Rk) 

= ,\ [ Aijk (Pi 'Pi'Qj Qi Rk Rk) 

+ Blmn (PI Pi'Qm'Qi Rn Rk) 

+ Cpqr (Pp Pi'Qq Qi Rr'Rk) 

(A. 4) 

(V1) , Blmn = ,\ [ Aijk (Pi' Qj Rk) + Blmn (PI Qm' Rn) 

+ Cpqr (Pp Qq Rr ') ] (Pl Qn'Rn) 
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= X [ Aijk (Pi 'PI Qj Qm'Rk Rn) . 

+ Blmn (PI PI Qm'Qm'Rn Rn) 

+ cpqr (Pp PI Qq Qm'Rr'Rn) ] 

(A. 5) 

(V1),cpqr = X [ Aijk (Pi'Qj Rk) + Blmn (PI Qm'Rn) 

+ Cpqr (Pp Qq Rr') ] (PR Qg R.t:'). 

= X [ Aijk (Pi'PR Qj Qg Rk R~') 

+ Blmn (PI PR Qm'Qg Rn R~) 

+ Cpqr (Pp PR Qq Qg Rr'R~') 

(A.6) 

In Eqs. (A.4)-(A.6) and in subsequent equations (A.7)-(A.12) 

subscripted and non-subscripted underlined indices 

associated with the (P,Q,R) Ritz approximation functions are 

used to set apart repeating indices resulting from the 

partial differentiation with respect to the Ritz 

coefficients. 

Continuipg with partial derivatives of V2, we have 

(A. 7) 
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(A.8) 

(A.9) 

And finally for V3 partial derivatives, we have 

(V3)'Aijk = G/2 [ 2 { Aijk (Pi Qj'Rk) 

+ BImn (PI'Qm Rn) } (Pi Qi'Rk) 

+ 2 { cpqr (Pp'Qq Rr> 

+ Aijk (Pi Qj Rk') } (Pi Qi Rk') ] 

= G [ Aijk { (Pi pi Qj'Qi'Rk Rk) 

+ (Pi Pi Qj Qi Rk'Rk') } 

+ Blmn (PI'Pi Qm Qi'Rn Rk) 

+ cpqr (Pp'Pi Qq Qi Rr Rk') ] 

(A.I0) 



(V3},Blmn = G/2 [ 2 { Aijk (Pi Qj'Rk) 

+ Blmn (PI'Qm Rn) } (Pl'Qm Rn) 

+ 2 { Blmn (PI Qm Rn') 
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+ Cpqr (Pp Qq'Rr ) } (Pl Qm Rn') ] 

= G Aijk (Pi Pl'Qj'Qm Rk Rn) 

+ Blmn { (PI'PI'Qm Qm Rn Rn) 

+ (PI Pl Qm Qm Rn'Rn') } 

+ Cpqr (Pp Pl Qq'Qm Rr Rn') ] 

(V3},cpqr = G/2 [ 2 { Blmn (PI Qm Rn') 

(A.11) 

+ Cpqr (Pp Qq'Rr ) } (PR Qg'R~) 

+ 2 { Cpqr (Pp'Qq Rr ) 

+ Aijk (Pi Qj Rk') } (PR'Qg R~) ] 

= G Aijk (Pi PR'Qj Qg Rk'R~) 

+ Blmn (PI PR Qm Qg'Rn'R~) 

+ Cpqr { (Pp PR Qq'Qg'Rr R~) 

+ (Pp'PR'Qq Qg Rr R~) } ] 

(A.12) 

Explicit expressions for partial derivatives of the strain 

energy density (S.E.D) (Eq. (A.1)) with respect to the Ritz 

coefficients Aijk, Blmn ' and Cpqr are obtained by combining 

Eqs. (A.4)-(A.12): 
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(A. 13) 

(A.14 ) 

(A. 15) 

The maximum kinetic energy (Tmax) is also expressed 

in global coordinates: 

Tmax = r (TI) dx dy dz 
Jvol 

(Ti) = P w 2/2 ( u2 + v2 + W2 ) 

(A .16a) 

(A.16b) 

substituting the Ritz approximations of Eg. (A.2) into Eg. 

(A.16), one obtains the following: 

(T1) = P cu 2 / 2 [ Aijk (Pi Qj Rk) + Blmn (PI Qm Rn) + 

Cpgr (Pp Qg Rr ) ] 

(A.17) 

Taking partial derivatives of Eg. (A.17) with respect to the 

Ritz coefficients yields the following three expressions: 



134 

(A.lS) 

(A.19) 

(A.20) 

In the present theory (Chapters 4 and 7), Eq. (A.2) 

describes the triple power series involving algebraic 

polynomials (Eq. 4.11), where for example Pi=Xi , Qj=yj, 

Rk=zk, PI=XI , Qm=ym, Rn=Zn, pp=xP , Qq=yq, Rr=zr. For the 

case of a rectangular parallelpiped (having zero skew angle 

and zero twist angle), exact integration is used to 

integrate the energy terms in Eqs. (A.4-A.20) over the 

volume. A typical energy term involving the algebraic 

polynomials is integrated according to the following: 

f A ~/2rH/2 
= 0 .lBI. JH/. {xi 

2· 2 
A 

= (x i+1 / i+l) (y j+l / j+1) (z k+l / k+l) 
o -B/2 -H/2 

where i,j,k are all integers except -1 



= 4 (Ai+1/i+1) [(B/2)j+1/j+1] [(H/2)k+1/k+1] 

if j and k are even integers 
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= 0 if j and k are odd integers (A.21) 

otherwise for the cases of a skewed parallelepiped, 

a twisted parallelepiped, and a simultaneously skewed and 

twisted parallelepipeds, the energy terms in Egs. (A.4-A.20) 

are first transformed to skew or twisted coordinates. Then 

they are numerically integrated over the volume of a hyper

rectangle. When the skew angle is nonzero, the limits of 

volume integration are 0 to A' in the x' direction, -B'/2 to 

B'/2 in the y' direction, and -H/2" to H/2 in the z' 

direction. When the skew angle is zero, the lim~ts of volume 

integration are 0 to A in the x" direction, -B/2 to B/2 in 

the y" direction, and -H/2 to H/2 in the zIt direction. The 

IMSL (International Mathematics Subroutine Library) program 

DMLIN is used to perform the numerical integration (see 

Appendix B for description). 



APPENDIX B 

ABOUT COMPUTER PROGRAMS ADMISS AND SWEPT3D 

B.l Computer Hardware Employed in 3-D Analysis 

Supercomputers such as the Cray-ls, Cray X-MP, or 

Cyber 205 make it possible to attack a wider range of 

computationally extensive structural problems, typical of 

the one described herein. The processing speed ranges from 5 

to 25 times faster than the speed of conventional 

mainframes, depending on the nature of the calculations 

involved. Supercomputers are often used for structural 

problems that involve large-scale mathematical modeling and 

large matrix and vector operations. These problems require a 

great deal of CPU time, a large amount of memory, a large 

amount of intermediate disk space, or any combination of 

these units. 

B.2 Program SWEPT3D 

The computer program developed in FORTRAN 77 

language for the present study is named SWEPT3D. This 

program autom~tes the 3-D formulation developed in Chapter 2 

and Appendix A to predict nondimensional free vibration 

frequencies of skewed cantilever parallelepipeds. SWEPT3D 

evaluates an (864x864) maximum determinant size and utilizes 

a maximum of one megabyte storage allocation. 
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Single-precision versions of SWEPT3D are currently 

operational on the IBM 3081-D at The Ohio State University 

Instructional Research Computational Center (IRCC) and on 

the Cray X-MP/24 at The Ohio Supercomputer Center (OSC). 

OSC's Cray X-MP/24 has 2 processors and 4 megawords of high

speed memory. The principal difference between the 

capabilities of. the two versions of SWEPT3D on the IBM and 

on the Cray is in the available word length; the Cray 

computer uses a 64 bit word. Because of the difference in 

word size, single precision (14 digit) variables and 

constants on the Cray are equivalent to REAL*8 (double 

precision - 15 digits) on the IBM. It should be noted that a 

double-precision version of SWEPT3D is not operational on 

the OSU IRCC's IBM 3081-D, because of memory storage 

limitations to users. 

Comparing the data in Tables B.1 with that in Table 

4.2, the computational accuracies of the two versions' of 

SWEPT3D is quite noticeable. It is interesting how 

SUbstantial improvements of the numerical values produced by 

the Cray are apparent, as the determinant size of the Ritz 

coefficient matrix is increased. These improvements are 

especially acute in the 5x4x4 and 6x4x4 solution sizes. From 

Table B.1 it is concluded that the double precision 

arithmetic is essential to calculating sufficiently accurate 

results using the present 3-D theory. 
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B.3 Subroutine Descriptions 

In this section the subprogram structure of SWEPT3D 

is described. The flow chart in Figure (B.1) shows the logic 

for SWEPT3D. Each subprogram is briefly described in the 

following: 

B.3.1 Main Program 

This is the driver program to determine the natural 

frequencies of free vibration for a skewed and twisted 

parallelepiped using the Ritz method. Required input for the 

program includes length A, width B, thickness H, skew angle, 

twist angle, Poisson's ratio, Young's modulus, mass density, 

the upper indices of Eq. (4.11) (i.e. ,I,J,K,L,M,N,P,Q,R), 

and eigenvalue extraction and numerical integration control 

parameters. All nondimensional ratios and constants are 

calculated and echoed in the main program. In addition, the 

coefficient matrix evaluated in subroutine RMAT is separated 

according to the mode classifications outlined in Chapters 4 

and 7. Finally, the eigenproblem routines are called and the 

the frequency results are nondimensionalized and echoed. 

B.3.2 Subroutine RMAT 

This subprogram is called from the main program. 

RMAT generates the upper triangle of the coefficient matrix 

corresponding to the Ritz coefficients, Aijk' Blmn ' Cpqr ' 

Subsequently, the upper triangle of the coefficient matrix 
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is duplicated into the lower triangle. Each term of the 

strain and kinetic energy contributions written in Appendix 

A are calculated in RMAT by way of a function subprogram 

FUNCT. For rectangular parallelepipeds the energy terms are 

obtained by exact integration. otherwise for skewed and 

twisted parallelepipeds numerical integration routines are 

called to calculate the entire 3-D Ritz coefficient matrix. 

B.3.3 Subroutine DMLIN 

For skewed and simultaneously skewed and twisted 

parallelepipeds, the volume integrals in Eqs. (A.I) and 

(A.16) are numerically calculated using the IMSL 

(International Mathematics Subroutine Library) program 

DMLIN. Program DMLIN performs three-dimensional numerical 

integration of an user-supplied integrand over the domain of 

a hyperectangle, where the limits of integration are also 

user-supplied. DMLIN first es"timates the integral using a 2 

point Gaussian tensor product formula. Then for i=l, 2,3 

(i.e., for x,y,z independent variables), DMLIN calculates a 

new estimate by doubling the number of Gauss points in the 

(i) direction, halving that number immediately afterwards if 

this changes the estimate by less than a specified value by 

the user. This process is repeated until either one complete 

sweep (i=l, 2 , 3 ) results in no increase in the number of 

sample points in any dimension; or the number of Gauss 

points in one direction exceeds 256; or the number of 
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function evaluations needed to complete a sweep exceeds a 

specified value by the user [59]. 

B.3.4 Subprogram FUNCT 

FUNCT performs coordinate transformations from 

global (x,y,z) coordinates to skew (x'y'z') coordinates to 

simul taneously skewed and twisted (x", y", z") coordinates. 

The generic integrands PiQjRk' PlQmRn' PpQqRr · and their 

first partial derivatives with respect to the global 

coordinates are constructed in FUNCT. 

B.3.5 Subroutines ARRAY, NROOT, and EIGEN 

These routines are canned Scientific Subroutine 

Packages (SSP) eigenproblem solvers. They are called from 

the main program. 

B.4 Program AOMISS 

Program AOMISS is designed to computationally 

examine a variety of Ritz approximation functions for their 

admissibility and completeness with regard to a 1-0 Ritz 

analysis of bar vibration problems. Several functions are 

included, namely algebraic polynomials, Legrendre 

polynomials, Chebyshev polynomials, Hermite polynomials, 

Laguerre polynomials, Bessel functions, and trigonometric 

functions. Through the numerical studies in Chapter 3, 

several functions have emerged as candidates for usage in 
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the present 3-D theory. 



APPENDIX C TABULATED DATA 
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C.1 Tabulated Data. for Chapter 1 
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Table 1.1 Frequency parameters ( CIJ A' 2 P HID) for'skew, cantilever 
thin plates (A'/B'=l: II =0.3) (cf. [46,47]) 

Skew Angle Modes 
(degrees) 

1 2 3 4 5 6 7 8 9 

0 3.48 8.52 21.3 27.2 31.1 54.3 61.4 64.3 71.3 
5 3.49 8.54 21.5 27.0 31.4 54.0 61.8 64.8 72.2 

10 3.53 8.62 21.8 26.8 32.6 53.2 62.8 66.0 74.6 
15 3.60 8.75 22.3 26.5 34.2 52.3 64.6 67.5 78.7 
20 3.68 8.96 23.1 26.2 36.4 51.6 67.0 69.5 83.8 
25 3.79 9.25 24.1 26.1 39.1 51.3 70.3 72.1 85.8 
30 3.95 9.65 25.5 26.1 42.4 51.6 73.6 75.1 88.7 
35 4.11 10.24 26.5 27.4 46.5 52.6 76.3 79.6 94.9 

Table 1.2 Experimental and theoretical frequency parameters 
( (j) A' 2 P HID) for a skew cantilever thin plate (A'/B'=l: II =0.3) 
(cf. [45,48,49]) 

L.. Experimental Results 

Skew Angl~ Modes 
(degrees) 

1 2 3 4 5 

0 3.37 8.26 20.55 27.15 29.75 

15 3.38 8.63 21.49 26.04 33.02 

30 3.82 9.23 24.51 25.54 40.65 

45 4.26 11.07 26.52 30.14 50.19 

II. Theorectical Results 

Skew Angle Modes 
(degrees) 

1 2 3 4 5 

0 3.49 8.55 21. 44 27.46 31.17 

15 3.60 8.87 

30 3.96 10.18 

45 4.82 13.75 

45 [50J 4.12 11.26 27.72 
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C.2 Tabulated Data for Chapter 3 



146 

Table 3.1a Convergence study of frequency para~eter (p) for 
longitudinal vibrations of a uniform bar uS1ng algebraic 
polynomials· as trial functions (with single precision arithmetic) 

Mode Number of Retained Ierms in A~~roximation 
of Natural Frequency 

2 3 4 5 6 7 8 Exact 

1 1. 5767 1. 5709 1. 5708 1. 5708 1. 5708 1. 5708 1. 5708 1. 5708 

2 5.6728 4.8363 4.7245 4.7124 4.7124 4.7110 4.4619 4.7124 

3 ·10.4469 8.3339 7.9145 5.8869 5.7792 4.7122 7.8540 

4 16.3131 11.9347 8.1375 8.0312 7.8434 10.9956 

5 22.2547 12.0115 11.5124 11.5673 14.1372 

6 26.6226 25.7893 13.9428 17.2788 

7 14.9075 33.3007 20.4204 

8 10.2397 23.5619 

** ** ** 

** indicates solutions encountering round-off errors 
Underline values are determined inaccurate 
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Table 3.1b Convergence study of frequency parameter (p) for 
longitudinal vibrations of a uniform bar using algebraic 
polynomials as trial functions (with double precision arit~metic) 

Mode Number of Retained Terms in A~~roximation 
of Natural Frequency 

2 3 4 5 6 7 8 Exact 

1 1.5767 1. 5709 1.5708 1. 5708 1. 5708 1. 5708 1. 5708 1. 5708 

2 5.6728 4.8365 4.7246 4.7132 4.7124 4.7124 4.7124 4.7124 

3 10.4470 8.3309 7.9391 7.8652 7.8544 7.8540 7.8540 

4 16.3035 12.1741 11. 2794 11. 0206 10.3564 10.9956 

5 23.3601 16.4804 15.2787 14.3094 14.1372 

6 31. 6603 20.6199 16.5574 17.2788 

7 41. 6912 42.5158 20.4204 

8 228.499 23.5619 

** 

** indicates solutions encountering round-off errors 
Underline values are determined inaccurate 
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Table 3. 2a Convergence study of frequency parameter (p) for 
longitudinal vibrations of a uniform bar using algebraic 
polynomials as trial functions (with single precision arithmetic) 

2 

Number of Retained Terms in Approximation 
of Natural Frequency 

3 4 5 6 7 8 Exact 

1 1.5767 1.5709 1.5708 1.5708 1.5708 1.5708 1.5708 1.5708 

2 5.6738 4.8415 4.7270 4.7157 4.7261 3.2340 4.7109 4.7124 

3 10.4632 8.5827 7.9798 7.9176 4.7554 5.3555 7.8540 

4 17.3250 17.4173 17.7279 7.9883 8.0788 10.9956 

5 6.4328 24.9905 16.3601 10.2906 14.1372 

6 5.7915 63.9341 22.2628 17.2788 

7 3.0761 12.7379 20.4204 

8 3.2271 23.5619 

** ** ** ** 

** indicates solutions encountering round-off errors 
Underline values are determined inaccurate 
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Table 3. 2b Convergence study of frequency parameter (p) for 
longitudinal vibrations of a uniform bar using algebraic 
polynomials as trial functions (with double precision arithmetic) 

Mode Number of Retained Terms in A~~roximation 
of Natural Frequency 

2 3 4 5 6 7 8 Exact 

1 1. 5767 1. 5709 1. 5708 1. 5708 1.5708 1.5708 1. 5700 1. 5708 

2 5.6728 4.8363 4.7244 4.7131 4.7131 4.7118 4.4601 4.7124 

3 10.4470 8.3324 7.9344 7.8842 7.6111 7.3340 7.8540 

4 16.3013 12.1880 11. 2853 10.8231 10.0598 10.9956 

5 23.3479 16.4731 12.8953 11. 4970 14.1372 

6 31.5806 31.3518 32.9530 17.2788 

7 128.449 59.5066 20.4204 

8 76.9390 23.5619 

** ** 

** indicates solutions encountering round-off errors 
Underline values are determined inaccurate 
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Table 3. 3a Convergence study of frequency parameter (p) for 
longitudinal vibrations of a uniform bar using Legendre 
polynomials as trial functions (with single precision arithmetic) 

Mode Number of Retained Terms in A~~roximat!on 
of Natural Frequency 

2 3 4 5 6 7 Exact 

1 1. 5767 1. 5709 1. 5708 1. 5708 1. 5708 1. 5708 1. 5708 

2 5.6729 4.8369 4.7246 4.7142 4.7124 4.7124 4.7124 

3 10.4480 8.3511 7.9480 7.9338 7.8568 7.8540 

4 16.3556 12.9229 11.5695 11. 3959 10.9956 

5 25.3208 24.6780 15.2733 14.1372 

6 8.0353 33.1504 17.2788 

7 18.8835 20.4204 

** ** 

** indicates solutions encountering round-off errors 
Underline values are determined inaccurate 
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Table 3. 3b Convergence study of frequency parameter (p) for 
longitudinal vibrations of a uniform bar using Legendre 
polynomials as trial functions (with double precision arithmetic) 

Mode Number of Retained Terms in ABBroximation 
of Natural Frequency 

2 3 4 5 6 7 Exact 

1 1. 5767 J..5709 1. 5708 1. 5708 1. 5708 1. 5708 1. 5708 

2 5.6728 4.8365 4.7246 4.7132 4.7124 4.7124 4.7124 

3 10.4470 8.3309 7.9389 7.8652 7.8549 7.8540 

4 16.3035 12.1739 11.2787 11. 0529 10.9956 

5 23.3610 16.4806 14.8157 14.1372 

6 31.6619 21. 3326 17.2788 

7 41.2189 20.4204 
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Table 3. 4a Convergence study of frequency parameter (p) for 
longitudinal vibrations of a uniform bar using odd Legendre 
polynomials as trial functions (with single precision arithmetic) 

Mode ~umber of Retained Ierms in A~~roximation 
of Natural Frequency 

2 3 4 5 6 7 Exact 

1 1. 5712 1.5708 1. 5708 1. 5708 1. 5708 1. 5708 1. 5708 

2 6.5216 4.7756 4.7134 4.7124 4.7124 4.7124 4.7124 

3 13.5914 8.3032 7.8811 7.8547 7.8540 7.8540 

4 23.1593 12.4387 11.1733 11. 0070 10.9956 

5 35.2581 17.3480 14.7484 14.1372 

6 49.8797 23.0868 17.2788 

7 66.9940 20.4204 
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Table 3. 4b Convergence study of frequency parameter (p) for 
longitudinal vibrations of a uniform bar using odd Legendre 
polynomials as trial functions (with.double precision arithmetic) 

Mode Number of Retained Terms in Approximation -.-
of Natural Frequency 

2 3 4 5 6 7 Exact 

1 1. 5712 1. 5708 1. 5708 1. 5708 1. 5708 1. 5708 1. 5708 

2 6.5216 4.7756 4.7134 4.7124 4.7124 4.7124 4.7124 

3 13.5914 8.3032 7.8811 7.8547 7.8540 7.8540 

4 23.1592 12.4387 11.1732 11. 0072 10.9956 

5 35.2583 17.3478 14.7455 14.1372 

6 49.8801 23.0947 17.2788 

7 66.9755 20.4204 
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Table 3. 5a Convergence study of frequency parameter (p) for 
longitudinal vibrations of a uniform bar using Hermite 
polynomials as trial functions (with single precision arithmetic) 

Mode Number of Eetained Terms in A~~roxirnation 
of Natural Frequency 

2 3 4 5 6 7 Exact 

1 1. 5767 1. 5709 1.5708 1. 5708 1. 5707 1. 5707 1. 5708 

2 5.6728 4.8367 4.7214 4.7116 4.7121 4.7101 4.7124 

3 10.4544 8.2599 8.1803 8.0248 7.0664 7.8540 

4 15.6999 15.2572 13.3758 8.4543 10.9956 

5 1. 7432 36.6205 14.6714 14.1372 

6 6.1101 8.8335 17.2788 

7 2.6439 20.4204 

** ** ** 

** indicates solutions encountering round-off errors 
Underline values are determined inaccurate 
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Table 3. 5b Convergence study of frequency parameter (p) for 
longitudinal vibrations of a uniform bar using Hermite 
polynomials as trial functions (with double precision arithmetic) 

Mode Number of Retained,Terms ~D Aaaroximation 
of Natural Frequency 

2 3 4 5 6 7 Exact 

1 1. 5767 1. 5709 1. 5708 1. 5708 1. 5707 1. 5707 1. 5708 

2 5.6728 4.8365 4.7246 4.7161 4.6990 4.6983 4.7124 

3 10.4471 8.3309 7.8868 7.6524 7.3171 7.8540 

4 16.3035 12.3948 9.4041 9.1168 10.9956 

5 23.1000 22.9243 17.0044 14.1372 

6 728.8229 37.6955 17.2788 

7 6687.647 20.4204 

** ** 

** indicates solutions encountering round-off errors 
Underline values are determined inaccurate 
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Tabie 3. 6a Convergence study of frequency param,eter (p) for 
longitudinal vibrations of a uniform bar uSl.ng Laguerre 
polynomials as trial functions (with single precision arithmetic) 

Mode Numbel;: of Retained Terms in bI2I2l;:oximation 
of Natural Frequency 

2 3 4 5 6 7 Exact 

1 1.5767 1. 5725 1. 5709 1. 5704 1. 5165 0.6220 1. 5708 

2 5.6729 5.1349 4.8433 4.8606 1. 6158 1. 5723 4.7124 

3 18.1166 9.8543 8.7704 4.9094 4.9071 7.8540 

4 2.9434 46.9466 9.8209 9.4995 10.9956 

5 2.7063 25.8404 13.1973 14.1372 

6 14.1144 8.9862 17.2788 

7 3.3186 20.4204 

** ** ** ** 

** indicates solutions encountering round-off errors 
Underline values are determined inaccurate 
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Table 3. 6b Convergence study of frequency parameter (p) for. 
longitudinal vibrations of a uniform bar using Laguerre 
polynomials as trial functions (with double precision arithmetic) 

Mode t:!umber of Retained Terms in A~~roximation 
of Natural Frequency 

2 3 4 5 6 7 Exact 

1 1. 5767 1. 5709 1. 5708 1. 5708 1.5678 1.5670 1. 5708 

2 5.6728 4.8367 4.7244 4.5071 4.2461 3.8952 4.7124 

3 10.4465 8.3325 7.2480 6.7869 6.8495 7.8540 

4 16.3011 13.6851 12.4842 11. 5084 10.9956 

5 16.1595 942.2788 606.1455 14.1372 

6 119939.2 86671. 34 17.2788 

7 142838.7 20.4204 

** ** ** 

** indicates solutions encountering round-off errors 
Underline values are determined inaccurate 



158 

Table 3. 7a Convergence study of frequency parameter (p) for 
longitudinal vibrations of a uniform bar using Chebyshev 
polynomials as trial functions (with single precision arithmetic) 

Mode Number of Retained Terms in Agg~oximation 
of Natural Frequency 

2 3 4 5 6 7 Exact 

1 1. 5767 1. 5709 1. 4708 0.6938 0.6775 0.6548 1. 5708 

2 5.6729 4.8376 4.8341 4.7109 4.7186 4.6949 4.7124 

3 10.4511 8.5719 9.8008 8.9302 8.4965 7.8540 

4 216.4671 29.5866 16.8832 13.2857 10.9956 

5 1564.148 181.0879 22.7618 14.1372 

6 3205.752 2053.440 17.2788 

7 7381.270 20.4204 

** ** ** ** 

** indicates solutions encountering round-off errors 
Underline values are determined inaccurate 
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Table 3. 7b Convergence study of frequency parameter (p) for 
longitudinal vibrations of a uniform bar using Chebyshev 
polynomials as trial functions (with double precision arithmetic) 

Mode Number of Reta1ned Terms 1n A~~roximation 
of Natural Frequency 

2 3 4 5 6 7 Exact 

1 1. 5767 1. 5709 .L.!]07 0.6937 0.6773 0.6544 1. 5708 

2 5.6728 4.8365 4.8328 4.7102 4.7180 4.6945 4.7124 

3 10.4471 8.5694 9.7967 8.9248 8.4961 7.8540 

4 216.4621 29.5127 16.8766 13.2543 10.9956 

5 1917.417 173.7304 22.7178 14.1372 

6 17334.47 973.4947 17.2788 

7 132053.1 20.4204 

** ** ** ** 

** indicates solutions encountering round-off errors 
Underline values are determined inaccurate 
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Table 3.8 Convergence study of frequency parameter (p) for 
longitudinal vibrations of a uniform bar using sine functions as 
trial functions 

Mode Number of Retained Terms in A~~roximation 
of Natural Frequency 

2 3 4 5 6 7 8 Exact 

1 1. 5708 1. 5708 1. 5708 1. 5708 1. 5708 1. 5708 1.5708 1.5708 

2 4.7124 4.7124 4.7124 4.7124 4.7124 4.7124 4.7124 4.7124 

3 7.8540 7.8540 7.8540 7.8540 7.8540 7.8540 7.8540 

4 10.9956 10.9956 10.9956 10.9956 10.9956 10.9956 

5 14.1372 14.1372 14.1372 14.1372 14.1372 

6 17.2788 17.2788 17.2788 17.2788 

7 20.4203 20.4203 20.4204 

8 23.5619 23.5619 
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Table 3.9 Convergence study of frequency parameter (p) for 
longitudinal vibrations of a uniform bar using cosine functions 
as trial functions 

Mode Number of Retained Terms in A~groximation 
of Natural Frequency 

2 3 4 5 6 7 8 Exact 

1 1.7088 1.6671 1. 6448 1. 6308 1. 6213 1. 6144 1. 6091 1.5708 

2 5.1661 5.0133 4.9395 4.8952 4.8655 4.8442 4.8281 4.7124 

3 8.4133 8.2534 8.1688 8.1149 8.0773 8.0493 7.8540 

4 11. 6220 11. 4633 11. 3750 11. 3166 11.2744 10.9956 

5 14.8113 14.6562 14.5669 14.5063 14.1372 

6 17.9893 17.8381 17.7492 17.2788 

7 21.1599 21. 0128 20.4204 

8 24.3255 23.5619 
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Table 3.10 Convergence study of frequency parameter (p) for 
longitudinal vibrations of a uniform bar using first-order Bessel 
Functions of the First Kind as trial functions* 

Mode Numher of Retained Terms in ABB~oximation 
of Natural Frequency 

2 3 4 5 6 Exact 

1 1. 5708 1. 5708 1. 5708 1. 5707 1.2289 1. 5708 

2 6.1120 4.7223 4.7134 4.3333 3.7018 4.7124 

3 12.0713 8.3034 6.4924 4.6934 7.8540 

4 23.1567 22.8254 15.2732 10.9956 

5 150.958 529.990 14.1372 

6 3.7599 17.2788 

** ** 

* up to 7th degree polynomials are used in approximation 
** indicates solutions encountering round-off errors 

Underline values are determined inaccurate 
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Table 3.11 Convergence study of fregllency parameter (p) for 
longitudinal vibrations of a uniform bar using first-order Bessel 
Functions of the First Kind as trial functions* 

Mode Number of Retained Terms in A~~roximation 
of Natural Frequency 

2 3 4 5 6 

1 1.5708 1. 5708 1. 5708 1.5708 1. 5598 

2 6.1062 4.7379 4.7133 4.7124 4.7036 

3 12.6293 7.9180 7.8809 6.2005 

4 18.9688 12.4388 12.1281 

5 35.2484 34.1638 

6 62.1281 

** 

* up to 9th degree polynomials are used in approximation 
** indicates solutions encountering round-off errors 

Underline 'values are determined inaccurate 

Exact 

1.5708 

4.7124 

7.8540 

10.9956 

14.1372 

17.2788 
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Table 3.12 Convergence study of frequency parameter (p) for 
longitudinal vibrations of a uniform bar using first-order Bessel 
Functions of the First Kind as trial functions* 

Mode Number of Retained Terms in A~aroximation 
of Natural Frequency 

2 3 4 5 6 Exact 

1 1. 5708 1.5708 1.5708 1.5708 1. 5708 1. 5708 

2 6.1064 4.7360 4.7125 4.7124 4.7124 4.7124 

3 12.5686 8.1410 8.1452 7.8543 7.8540 

4 21. 6112 17.8990 11. 2123 . 10.9956 

5 22.6086 17.2677 14.1372 

6 49.7235 17.2788 

* up to 11th degree polynomials are used in approximation 
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T,able 3.13 Convergence study of frequency parameter (p) for 
l,ongitudinal vibrations of a uniform bar using a finite series of 
odd Bessel Functions of the First Rind as trial functions* 

Mode: Number of. Retained Terms in ARRroximation 
of Natural Frequency 

2 3 4 5 6 Exact 

1 1. 5708 1. 5708 1. 5708 1. 5708 1. 5708 1.5708 

2 6.0509 4.7387 4.7124 4.7124 4.7124 4.7124 

12.6385 8.1057 8.0981 7.8569 7.8540 

21.2665 16.9831 11.2445 10.9956 

22.2187 17.2011 14.1372 

49.8060 17.2788 

up to 11th degree polynomials are used in approximation 
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Table 3.14 Convergence study of frequency parameter (p) for 
longitudinal vibrations of a uniform bar using a finite series of 
odd Bessel Functions of the First Kind as trial functions* 

Mode Number of Retained Terms in AR~roximation 
of Natural Frequency 

2 3 4 5 6 Exact 

1 1. 5708 1. 5708 1.5708 1. 5708 1. 5294 1. 5708 

2 6.0172 4.7369 4.7124 4.7124 3.5213 4.7124 

3 12.5736 8.0954 ·8.0375 5.8506 7.8540 

4 21.1488 11. 9524 9.2246 10.9956 

5 22.8628 13.5083 14.1372 

6 251. 354 17.2788 

** 

* up to 13th degree polynomials are used in approximation 
** indicates solutions encountering round-off errors 

Underline values are determined inaccurate 
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Table 3.15 Convergence study of frequency parameter (p) for 
longitudinal vibrations of a uniform bar using zeroth-order 
Bessel Functions of the First Kind as trial functions* 

Mode Number of Retained Terms in A~~roximation 
of Natural Frequency 

2 3 4 5 6 

1 1. 8428 1. 7453 1.3106 0.6678 0.3683 

2 8.6568 5.5691 5.3526 3.5092 1.9839 

3 17.2933 17.2562 9.6570 6.9269 

4 28.8172 19.6217 46.1770 

5 0.7716 2.3557 

6 0.3800 

** ** 

* up to 6th degree polynomials are used in approximation 
** indicates solutions encountering round-off errors 

Underline values are determined inaccurate 

Exact 

1.5708 

4.7124 

7.8540 

10.9956 

14.1372 

17.2788 
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Table 3.16 Convergence study of frequency parameter (p) for 
longitudinal vibrations of a uniform bar using zeroth-order 
Bessel Functions of the First Kind as trial functions· 

Mode Number of Retained Terms in Aeeroximation 
of Natural Frequency 

2 3 4 5 6 Exact 

1 1. 8442 1.7296 1.6993 1. 6006 1.5367 1. 5708 

2 8.6827 5.4064 5.1643 4.3420 4.0557 4.7124 

3 15.9416 9.6458 8.6401 7.9953 7.8540 

4 28.1967 28.0928 27.6430 10.9956 

5 605.684 1151. 52 14.1372 

6 717.803 

** ** 

* up to 8th degree polynomials are used in approximation 
** indicates solutions encountering round-off errors 

Underline values are determined inaccurate 

17.2788 
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Table 3.17 Convergence study of frequency parameter (p) for 
longitudinal vibrations of a uniform bar using zeroth-order 
Bessel Functions of the First Kind as trial functions* 

Mode r!umber of Retained Terms 1n Aeeroximation 
of Natural Frequency 

2 3 4 5 6 Exact 

1 1.8441 1. 7345 1. 6871 1.7191 1. 5989 1. 5708 

2 8.6812 5.4566 5.0911 5.3363 4.2862 4.7124 

3 16.3732 9.0988 11.3448 8.1390 7.8540 

4 24.8721 16.5670 32.5810 10.9956 

5 66.1027 108.334 14.1372 

6 3858.87 17.2788 

** ** 

* up to loth degree polynomials are used in approximation 
** indicates solutions encountering round-off errors 

Underline values are determined inaccurate 
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Table 3.18 Convergence study of frequency parameter (p) for 
longitudinal vibrations of a uniform bar using a finite series of 
even Bessel Functions of the First Kind as trial functions* 

Mode Numbe~ of Retained Terns in A~~roxirnation 
of Natural Frequency 

2 3 4 5 6 Exact 

1 1. 8480 1. 7784 1. 7005 1.6524 1. 6259 1. 5708 

2 8.7668 6.0018 5.1718 4.6658 4.4051 4.7124 

3 21.2659 9.6909 8.2308 7.6009 7.8540 

4 28.2786 27.9453 28.0804 10.9956 

5 2824.07 1617.64 14.1372 

6 9100.07 17.2788 

** ** 

* up to 10th degree polynomials are used in approximation 
** indicates solutions encountering round-off errors 

Underline values are determined inaccurate 
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Table 3.19 Convergence study of frequency parameter (p) for 
longitudinal vibrations of a uniform bar using a finite series of 
even Bessel Functions of the First Kind as trial functions* 

Mode l:iumber Qf Retained Terms in A~~roximation 
of Natural Frequency 

2 3 4 5 6 Exact 

1 1. 8450 1. 7827 1. 7010 1. 6493 1.0802 1. 5708 

2 8.7172 6.0736 5.1792 4.6414 2.6905 4.7124 

3 22.0248 9.6605 8.2113 6.8495 7.8540 

4 28.1649 27.7513 64.0169 10.9956 

5 2801.42 822.89 14.1372 

6 W 8 • 17 17.2788 

** ** 

* up to 12th degree polynomials are used in approximation 
** indicates solutions encountering round-off errors 

Underline values are determined inaccurate 



Table 3.20 Summary of trial functions 

Mode Number of Retained Terms in Approximation 

2 3 4 5 6 7 

Functions Producing Least Upper-Bound Frequency 

1 

2 

3 

4 

5 

6 

7 

Bes. 

Leg. 
Alg. 
Her. 
Lag. 
Che. 

Abbreviations 

Leg. 
Bes. 
Cos. 
Alg. 
Her. 
Lag. 
Che. 

= Legendre+ 
= Bess'el++ 
= cosine 
= Algebraic 
= Hermite 
= Laguerre 
= Chebyshev 

Leg. 
Bes. 

Bes. 

Cos. 

No.* 

14 
11 

9 
5 
3 
3 
1 

Leg. 
Alg. 
Her. 
Lag. 
Bes. 

Bes. 

Bes. 

Cos. 

Rating 

1 
2 
3 
4 
5 
6 
7 

Leg. 
Alg. 
Her. 
Bes. 
Lag. 

Leg. 
Bes. 

Leg. 

Cos. 

Cos. 

Leg. 
Alg. 
Bes. 

Leg. 
Bes. 

Bes. 

Leg. 

Cos. 

Cos. 

* Number of least upper-bound frequencies calculated 
+ odd Legendre polynomials 

Leg. 
Alg. 

Leg. 

Leg. 

Leg. 

Cos. 

Cos. 

Cos. 

++ finite series of odd Bessel functions of the first kind 
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Table 3.21 Convergence study of frequency parameter (p) for 
longitudinal vibrations of a uniform bar (including modified 1-0 
theory) using algebraic polynomials as trial functions 

Mode liumber of Reta~ned Terms 1n A~~roximation 
of Natural Frequency 

2 3 4 5 6 7 Exact 

1 1. 5481 1. 5426 1. 5425 1. 5425 1. 5425 1.5425 1.5425 

2 4.6588 4.1612 4.0892 4.0818 4.0815 4.0805 4.0814 

3 6.4332 5.8323 5.6886 5.6777 5.0237 5.6604 

4 7.2996 6.7889 6.6176 6.8753 6.5553 

5 7.7035 7.3129 6.6866 7.0705 

6 7.8869 7.8370 7.3823 

7 39.7073 7.5814 

** 

** indicates solutions encountering matrix ill-conditioning 
Underline values are determined unstable 
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Table 3.22 Convergence study of frequency parameter (p) for 
longitudinal vibrations of a uniform bar (including modified 1-0 
theory) using Legendre polynomials as trial functions 

Mode Number of Retained Terms in A~~roximation 
of Natural Frequency 

2 3 4 5 6 7 Exact 

1 1. 5481 1. 5426 1.5425 1.5425 1.5425 1. 5425 1. 5425 

2 4.6588 4.1612 4.0893 4.0819 4.0814 4.0814 4.0814 

3 6.4332 5.8313 5.6919 5.6646 5.6607 5.6604 

4 7.3006 6.7810 6.6138 6.5674 6.5553 

5 7.7078 7.3163 7.1516 7.0705 

6 7.9063 7.6246 7.3823 

7 8.0095 7.5814 
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Table 3.23 Convergence study of frequency parameter (p) for 
longitudinal vibrations of a uniform bar (including modified 1-D 
theory) using odd Legendre polynomials as trial functions 

Mode Number of Retained Terms in A~~roximation 
of Natural Frequency 

2 3 4 5 6 7 Exact 

1 1. 5429 1. 5425 1.5425 1.5425 1. 5425 1. 5425 1. 5425 

2 5.0957 4.1223 4.0821 4.0814 4.0814 4.0814 4.0814 

3 6.9991 5.8218 5.6705 5.6606 5.6604 5.6604 

4 7.7004 6.8258 6.5923 6.5577 6.5553 

5 7.9545 7.3876 7.1432 7.0705 

6 8.0577 7.6984 7.3823 

7 8.1049 7.5814 
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Table 3.24 Convergence study of frequency parameter (p) for· 
longitudinal vibrations of a uniform bar (including modified 1-0 
theory) using sine functions as trial functions 

Mode Humber of Ret~ined Terms in A~~roximation 
of Natural Frequency 

2 3 4 5 6 7 8 Exact 

1 1.5425 1. 5425 1.5425 1. 5425 1. 5425 1.5425 1.5425 1. 5425 

2 4.0814 4.0814 4.0814 4.0814 4.0814 4.0814 4.0814 4.0814 

3 . 5.6604 5.6604 5.6604 5.6604 5.6604 5.6604 5.6604 

4 .6.5553 6.5553 6.5553 6.5553 6.5553 6.5553 

5 7.0705 7.0705 7.0705 7.0705 7.0705 

6 7.3823 7.3823 7.3823 7.3823 

7 7.5814 7.5814 7.5814 

8 7.7149 7.7149 
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Table 3.25 Convergence study of frequency parameter (p) for 
longitudinal vibrations of a uniform bar (including modified 1-D 
theory) using cosine functions as trial functions 

Mode Number of Retained ~erms in A~~~oximation 
of Natural Frequency 

2 3 4 5 6 7 8 Exact 

1 1.6725 1.6334 1. 6124 1. 5992 1. 5903 1.5837 1. 5788 1. 5425 

2 4.3657 4.2723 4.2263 4.1984 4.1797 4.1661 4.1559 4.0814 

3 5-08593 5.8045 5.7749 5.7557 5.7422 5.7322 5.6604 

4 6.6810 6.6504 6.6331 6.6214 6.6213 6.5553 

5 7.1504 7.1328 7.1224 7.1153 7.0705 

6 7.4350 7.4242 7.4177 7.3823 

7 7.6175 7.6106 7.5814 

8 7.7406 7.7149 
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Table 3.26 Convergence study of frequency parameter (p) for 
longitudinal vibrations of a uniform bar (including modified 1-0 
theory) using a finite series of odd Bessel Functions of the 
First Kind as trial functions* 

Mode Number of Retained Terms 1n A~~roximation 
of Natural Frequency 

2 3 4 5 6 Exact 

1 1. 5426 1.5425 1. 5425 1. 5425 1.5033 1. 5425 

2 4.8439 4.0973 4.0814 4.0814 3.2334 4.0814 

3 6.8478 5.7487 5.7297 4.7558 5.6604 

4 7.6170 6.7445 6' .1139 6.5553 

5 7.6814 6.9875 7.0705 

6 8.1607 7.3823 

** 

* up to 11th degree polynomials are used in approximation 
** indicates solutions encountering round-off errors 

Underline values are determined inaccurate 
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C.3 Tabulated Data for Chapter 5 
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Table 5.1 Convergence study for frequency parameter (w A2Jp HID) 
of a thick, square cantilever plate (A/B=l, B/H=5) 

Modes Solution Size and Degrees of Freedom 

No. Descr. 4x4x2 3x4x4 4x4x4 5x4x4 6x4x4 7x4x4 
(96) (144) (192) (240) (288 ) (336) 

1 1FB 3.6391 3.4463 3.4049 3.3855 3.3687 3.3596 

2 1T 7.6869 7.6561 7.4364 7.4142 7.3397 7.3317 

3 1EB 11. 0437 11.1076 11.0274 10.9849 10.9847 10.9549 

4 2FB 18.9243 20.8899 18.0423 17.7564 17.6949 17.4982 

5 1CB 25.5918 25.6694 24.1913 23.7331 23.6885 23.1486 

6 2T 26.3537 26.4803 25.0635 24.9997 24.9997 24.9349 

7 1LE 27.1255 27.7804 26.3361 26.2655 26.2343 26.2328 

8 2EB 29.4422 29.8920 29.4160 29.3891 29.3881 29.3875 

9 2CB 44.7398 45.6180 42.4873 41.4917 41. 0710 40.4599 

10 3FB 48.4301 48.4719 48.3335 43.7380 43.4038 41. 9084 

11 3T 51.4664 52.8853 51.4317 46.4781 45.9129 45.8252 

12 3CB 53.7372 54.4265 53.1083 48.32.27 48.3198 48.3106 
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Table 5.2 Comparison of theoretical results for a thick, square 
cantilever plate (A/B=l, B/H=5) 

Modes 

No. 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

A = 
B = 
C = 
o = 
E = 
F = 
G = 

Theoretical Results 

A B C 0 E F G 

3.572 3.371 3.302 3.608 3.345 3.379 3.360 

7.211 7.556 7.127 7.567 7.354 7.443* 7.332 

11. 340 10.930 10.940 10.950 10.950 11. 000 10.955 

17.180 18.400 16.500 18.670 17.710 1:z.850 17.498 

23.210 25.120 22.200 25.100 24.060 22.700* 23.149 

21. 760 23.270 20.200 24.390 22.680 24.280 24.935 

27.480 26.130 26.180 26.240 26.140 26.260 26.233 

29.430 29.070 29.320 29.430 29.330* 29.388 

35.640 40.500 33.790 40.750 38.850 39.330* 40.460 

42.550 38.840 46.460 44.820 44.130 41.908 

46.820 46.810 46.510* 45.825 

49.850 51. 020 48.311 

3-D finite elements - parabolic conoid shell [9] 
3-D finite elements - quadrilateral thick plate [9] 
3-D finite elements - 8 node isoparametric solid [9] 
3-D finite elements - 16 node isoparametric solid [9] 
shell finite elements - superparametric thick shell [9] 
3-D Rayleigh-Ritz; 6x6x6 polynomials [8] 

(* means 4x6x6 polynomials) 
present 3-D Rayleigh-Ritz: 7x4x4 polynomials 
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Table 5.3 Symmetry classifications for a cantilever rectangular 
parallelepiped 

Doubly-Symmetric Case (55) (pure extensional mode) 

u j even, k even j+k even 

v m even, n -- odd m+n odd 

w q odd, r even q+r odd 

Doubly-Antisymmetric Case eM} (torsion w/warping + 
antisymmetric chordwise bending) 

u yj zk j odd, k odd j+k even 

v ym zn m odd, n even m+n odd 

w yq zr q even, r -- odd q+r odq 

symmetr~c-Antisymmetric Case (SA) (flapwise bending + 
symmetric chordwise bending) 

u yj zk j even, k odd j+k odd 

v ym zn m odd, n -- odd m+n even 

w yq zr q even, r -- even q+r even 

Antisymmet[ic-symmetric Case (AS} (pure edgewise bending mode) 

u j odd, k even j+k odd 

v m even, n -- even m+n even 

w q odd, r -- odd q+r even 
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Table 5.4 Convergence study for frequency parameter ('" A2Jp H/D) 
of a thin, square cantilever plate (A/B=l, B/H=20) 

Modes Solution Size and Degrees of Freedom 

No. Descr. 4x4x2 3x4x4 4x4x4 5x4x4 6x4x4 7x4x4 
(96) (144) (192) (240) (288) (336) 

1 1FB 3.8130 3.5780 3.5317 3.5165 3.5151 3.4434 

2 IT 8.6971 8.8337 8.4256 8.4247 8.3802 8.3705 

3 2FB 22.6001 27.9888 21. 5931 21.5297 21. 0854 20.8996 

4 lCB 32.5782 35.4513 30.5874 30.3008 30.1015 29.7435 

5 2T 33.2021 41. 7614 30.6855 30.4379 30.3529 30.3477 

6 1EB 44.1113 44.4134 44.0694 43.9888 43.8574 43.8501 

7 2CB 60.6935 75.2736 57.9056 50.8625 49.0280 48.3675 

8 3CB 91.8269 89.1852 85.2803 62.2528 60.2384 53.1170 

9 3FB 105.3169 105.9010 103.1280 64.2903 61. 0548 58.6615 

10 3T 112.2526 119.5706 105.3119 86.3728 85.5913 85.5898 
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Table 5.5 Comparison of theoretical results for a thin, square 
cantilever plate (A/B=l, B/H=20) 

Modes Theoretical Results 

No. A B C D E F G 

1 3.463 3.462 3.451 3.770 3.466 3.460 3.443 

2 8.207 8.455 8.327 8.610 8.377 8.375 8.371 

3 20.810 20.970 20.730 22.240 21. 200 21.270 20.899 

4 25.160 26.580 25.950 29.110 26.980 27.050 29.744 

5 29.840 30.550 29.750 31.580 30.480 30.500 30.348 

6 44.700 43.710 43.760 43.680 43.800 43.720 43.850 

7 49.140 53.050 50.370 55.030 53.640 52.920 48.368 

8 58.420 61. 310 59.020 64.970 66.380 64.770 58.622 

9 64.660 60.170 58.910 66.900 64.320 61. 860 53.117 

10 71. 780 69.540 66.790 74.830 70.970 85.590 

A = 3-D finite elements - parabolic conoid shell [9] 
B = 2-D finite elements - quadrilateral thin plate (SAP) [9] 
C = 3-D finite elements - 8 node isoparametric solid [9] 
D = 3-D finite elements - 16 node isoparametric solid [9] 
E = shell finite elements - superparametric thick shell [9] 
F = shell finite elements - quadrilateral shell (MS C/NASTRAN) [9] 
G = present 3-D Rayleigh-Ritz; 7x4x4 polynomials 
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Table 5.6 Frequency parameter (cu A2Jp HID) vs. experiment for 
thin and thick rectangular plates 

(I:-/B = 3, B/H = 20) (AlB = 3, B/H = 5) 

Test!. Anal.± Test!. Anal.± 

1FB 3.31 3.0988 1FB 3.21 2.9941 

1T 19.53 14.3963 1EB 13.8935 

2FB 20.71 19.9982 1T 18.39 17.8530 

1EB 58.20 58.1922 2FB 19.88 18.8424 

2T 62.28 62.4916 2T 56.97 44.6377 

(AlB = 2, B/H = 20) (AlB = 2, B/H = 5) 

Test* 
. + 

Anal.- Test!. Anal.± 

1FB 3.44 3.2559 1FB 3.10 3.0747 

1T 13.87 13.1859 1EB 9.44 12.4839 

2FB 20.70 18.3017 1T 12.53 14.3774 

2T 44.73 42.6998 2FB 18.63 18.2488 

1EB 50.44 42.8933 2T 39.54 37.4791 

(AlB = 1, B/H = 20) (AlB = 1, B/H = 5) 

Test!. Ana1.± Test!. Anal.± 

1FB 3.32 3.4434 lFB 2.93 3.3596 

1T 7.80 8.3705 1EB 4.06 10.9549 

2FB 19.85 .20.8996 1T 6.75 7.3317 

1CB 26.07 29.7435 2FB 13.87 17.4982 

2T 28.37 30.3477 2T 21.49 24.9349 

1EB 36.63 43.8501 1CB 22.23 23.1486 

+ present analysis (7x4x4 ) solution 
* Reference [96] 
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C.4 Tabulated Data for Chapter 6 
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Table 6.1 Convergence study for frequency parameter (CIJ A' Vp HID) 
of a skew cantilever thick plate (A'/B'=l, B'/H=5, Skew=5) 

Modes 

No. Oescr. 4x2x2 
(48) 

1 1FB 3.7406 

2 1T 7.9972 

3 1EB 11. 6884 

4 2FB 20.0864 

5 1CB 26.4826 

6 2T 26.7998 

7 1LE 31.1438 

8 2EB 55.8613 

solution size and Degrees of Freedom 

5x2x2 
(60) 

3.7392 

7.9926 

11. 6664 

20.0140 

26.4311 

26.5760 

31.1341 

47.8476 

4x4x2 
(96) 

3.6517 

7.7119 

11.1025 

19.0084 

25.3351 

26.3702 

27.6127 

29.6696 

4x4x4 
(192) 

3.3929 

7.4365 

11. 0912 

18.0399 

23.6816 

25.6287 

26.3452 

29.6406 

5x4x4 
(240) 

3.3929 

7.3577 

11. 0399 

17.8294 

23.2418 

25.5455 

26.2855 

29.6209 

6x4x4 
(288) 

3.3611 

7.3515 

11. 0322 

17.5058 

23.2038 

25.3915 

26.0117 

29.5919 
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Table 6.2 Convergence study for frequency parameter (WA,2JrHiD) 
of a skew cantilever thick plate (A'/B'=l, B'/H=5, Skew=10) 

Modes 

No. Descr. 4x2x2 
(48) 

1 1FB 3.7652 

2 1T 8.2332 

3 1EB 11.9623 

4 2FB 20.3746 

5 1CB 26.6474 

6 2T 27.4786 

7 1LE 32.2841 

8 2EB 56.2628 

Solution Size and Degrees of Freedom 

5x2x2 
(60) 

3.7637 

8.2286 

11.9333 

20.2856 

26.6016 

27.2678 

32.2674 

40.9477 

4x4x2 
(96 ) 

3.6899 

7.7891 

11. 2809 

19.2636 

24.9516 

26.4481 

28.7031 

30.3357 

4x4x4 
(192) 

3.4382 

7.4536 

11.2653 

18.2633 

23.5043 

26.4284 

26.6817 

30.3144 

5x4x4 
(240) 

3.4125 

7.4506 

11. 2187 

17.9336 

23.0608 

26.3774 

26.5506 

30 .. 2757 

6x4x4 
(288) 

3.3978 

7.3803 

11.1983 

17.7502 

22.7124 

25.8571 

26.2078 

30.1487 
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Table 6.3 Convergence study for frequency parameter «(IJ A I 2JPH7D) 
of a skew cantilever thiek plate (A'/BI=l, B'/H=5, Skew=15) 

Modes 

No. Oeser. 4x2x2 
(48 ) 

1 1FB 3.8121 

2 1T 8.6364 

3 1EB 12.4376 

4 2FB 20.9012 

5 1CB 27.0399 

6 2T 28.6170 

7 1LE 34.1559 

8 2EB 56.9011 

Solution Size and Degrees of Freedom 

5x2x2 
(60) 

3.8101 

8.6302 

12.4156 

20.7839 

26.9953 

28.4226 

34.1296 

50.6595 

4x4)C2 
(96) 

3.7554 

7.9224 

11. 5850 

19.7031 

24.6645 

26.6427 

30.1817 

31.4200 

4x4x4 
(192) 

3.4837 

7.6462 

11.5622 

18.6907 

22.9359 

26.6215 

28.0143 

31. 3935 

5x4x4 
( 240) 

3.4721 

7.6020 

11. 5468 

18.3047 

22.7391 

26.5573 

27.6412 

31. 2379 

6x4x4 
(288) 

3.3989 

7.5411 

11.5005 

18.0708 

21. 9487 

25.5651 

26.3655 

30.6082 
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Table 6.4 Convergence study for ·frequency parameter (w A' 2Jp H/D) 
of a skew cantilever thick plate (A'/B'=l, B'/H=5, Skew=20) 

Modes 

No. Descr. 4x2x2 
(48 ) 

1 1FB 3.8879 

2 1T 9.2235 

3 1EB 13.1457 

4 2FB 21. 7045 

5 1CB 27.7514 

6 2T 30.3368 

7 1LE 36.8150 

8 2EB 58.1379 

Solution Size and Degrees of Freedom 

5x2x2 
(60) 

3.8864 

9.2158 

13.1144 

21.5645 

27.7089 

30.0397 

36.7831 

53.3898 

4x4x2 
(96 ) 

3.8502 

8.1209 

12.0249 

20.3443 

24.5278 

27.0059 

32.0576 

32.9206 

4x4x4 
(192) 

3.5583 

7.8331 

12.0082 

19.2949 

22.7282 

26.9869 

29.8626 

32.8916 

5x4x4 
(240) 

3.5816 

7.7843 

11.8857 

19.0466 

22.5566 

26.9479 

29.3819 

32.6886 

6x4x4 
(288) 

3.5310 

7.7051 

11.8813 

18.7239 

20.9438 

22.3999 

26.8929 

28.9159 
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Table 6.5 Convergence study for frequency parameter (WA,2Jp H/D) 
of a skew cantilever thick plate (A'/B'=l, B'/H=5, Skew=25) 

Modes 

No. Oescr. 4x2x2 
( 48) 

1 1FB 4.0049 

2 1T 10.0229 

3 1EB 14.1344 

4 2FB 22.8971 

5 1CB 28.8661 

6 2T 32.6722 

7 1LE 40.4089 

8 2EB 60.1078 

Solution Size and Degrees of Freedom 

5x2x2 
(60) 

4.0004 

10.0126 

14.1059 

22.7013 

28.8237 

32.4040 

40.3661 

56.9398 

4x4x2 
(96) 

3.9759 

8.4009 

12.6137 

21. 2148 

24.5594 

27.5802 

34.3590 

34.8623 

4x4x4 
(192) 

3.6802 

8.0475 

12.5973 

19.8261 

22.7982 

27.5464 

32.1899 

34.8229 

5x4x4 
(240) 

3.6745 

8.0371 

12.2540 

19.5436 

22.4008 

27.5316 

31. 4938 

34.6469 

6x4x4 
(288) 

3.6039 

7.9993 

12.1546 

19.4635 

22.3124 

27.4842 

30:1169 

33.3875 
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Table 6.6 Convergence study for frequency parameter(~AI2JPH/D) 
of a skew cantilever thick plate (AI/BI=1, BI/H=5, Skew=30) 

Modes 

No. Oescr. 4x2x2 
( 48) 

1 1FB 4.1761 

2 1T 11. 0765 

3 1EB 15.4791 

4 .~ 2FB 24.5842 

5 1CB 30.4843 

6 2T 35.7713 

7 1LE 45.1934 

8 2EB 62.9830 

Solution Size and Degrees of Freedom 

5x2x2 
(60) 

4.1711 

11. 0657 

15.4448 

24.3531 

30.4398 

35.4775 

45.1352 

62.3327 

4x4x2 
(96) 

4.1345 

8.7825 

13.3625 

22.3506 

24.8244 

28.4182 

37.1863 

37.2885 

4x4x4 
(192) 

3.8344 

8.4693 

13.3370 

20.8405 

23.0928 

28.3911 

34.6542 

37.2511 

5x4x4 
(240) 

3.7984 

8.3844 

13.0783 

20.4140 

22.7151 

28.3840 

33.9721 

36.9998 

6x4x4 
(288) 

3.7583 

8.2944 

11. 8183 

20.3724 

22.5723 

28.3452 

31. 3633 

33.8068 
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Table 6.7 Convergence study for frequency parameter (cu A' 2JP HID) 
of a skew cantilever thick plate (A'/B'=l, B'/H=5, Skew=35) 

Modes 

No. Descr. 4x2x2 
(48) 

1 1FB 4.4188 

2 1T 12.4575 

3 1EB 17.2947 

4 2FB 26.9278 

5 1CB 32.7452 

(:; 2T 39.8732 

7 1LE 51.5677 

8 2EB 67.0191 

Solution Size and Degrees of Freedom 

5x2x2 
( 60) 

4.4098 

12.4435 

17.2563 

26.6181 

32.6961 

39.5471 

51.4869 

66.9634 

4x4x2 
(96) 

4.3297 

9.3046 

14.2910 

23.7730 

25.4687 

29.6258 

40.2694 

40.6032 

4x4x4 
(192) 

4.0260 

8.9252 

14.2734 

22.2450 

23.8909 

29.5952 

37.6726 

40.2239 

5x4x4 
(240) 

3.9685 

8.9137 

14.0251 

22.0996 

23.8523 

29.5700 

37.3672 

39.9102 

6x4x4 
(288) 

3.8761 

8.8947 

14.0208 

21.4321 

23.6503 

29.5157 

36.9344 

39.8105 
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Table 6.8 Convergence study for frequency parameter (w A,2JpH/D) 
of a skew cantilever thick plate (A'/B'=l, B'/H=5, Skew=45) 

Modes 

No. Descr. 4x2x2 
(48 ) 

1 1FB 5.2389 

2 IT 16.7152 

3 1EB 23.1385 

4 2FB 34.8064 

5 1eB 40.1470 

6 2T 53.0734 

7 1LE 71.7969 

8 2EB 80.5432 

Solution Size and Degrees of Freedom 

5x2x2 
(60) 

5.2234 

16.6852 

23.0818 

"34.3216 

40.0785 

52.4706 

71.6474 

80.5044 

4x4x2 
(96) 

4.8434 

10.9860 

16.4563 

26.7115 

29.5501 

33.6263 

48.0318 

49.3647 

4x4x4 
(192) 

4.4205 

10.4852 

16.3907 

24.2858 

27.9712 

33.6252 

45.6469 

48~1501 

5x4x4 
(240) 

4.4155 

10.4396 

16.2981 

23.6038 . 

27.6219 

33.4730 

45.2466 

47.2948 

6x4x4 
(288 ) 

4.2809 

10.4206 

16.2917 

23.5901 

27.4819 

33.4636 

43.8769 

47.2720 



Table 6.9 
parameters 
(A'/B'=l) 

Mode 

No. 

1 

2 

3 

4 

5 

6 

7 

8 

Percent 
predicted 

0 5 

0.50 0.94 

1.01 0.08 

0.00 0.07 

0.35 1.82 

0.19 0.16 

0.00 0.60 

0.12 1.04 

0.00 0.10 

% Avg. 0.27' 0.60 

195 

difference between thick plate 
by the 5x4x4 and 6x4x4 Ritz 

frequency 
solutions 

Skew Angle (in degrees) 

10 15 20 25 30 35 

Percent Difference (%) 

0.43 2.11 1.41 1.92 1.06 2.33 

0.94 0.80 1. 02 0.47 1.07 0.21 

0.18 0.40 0.04 0.81 1.99 0.03 

1.02 1. 28 1.69 0.41 0.20 3.02 

1.51 3.48 7.15 0.39 0.63 0.85 

1.97 3.74 16.88 0.17 0.14 0.18 

1.29 4.62 8.47 4.37 7.68 1.16 

0.42 2.02 11.54 3.63 8.63 0.25 

0.97 2.31 6.03 1.52 2.68 1. 00 
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Table 6.10 Convergence study (using COSMICLNASTRAN CIHEX1 solid 
elements) for frequency parameter ( cu A,2Jp H/D) of a skew 
cantilever thick plate (A'/B'=l, B'/H=5, Skew=O) 

Modes 

No. Des. 

1 lFB 

2 1T 

3 1EB 

4 2FB 

5 lCB 

6 2T 

7 1LE 

8 2EB 

6x6xl 
(864) 

4.0057 

7.9264 

11.1725 

21.4213· 

26.5253 

27.1795 

27.5309 

30.1292 

8x8x1 
(1536) 

3.8419 

7.7926 

11. 0836 

20.2494 

25.9846 

26.4102 

26.5105 

29.7861 

Mesh Sizes+ 

10x10xl 
(2400) 

3.7623 

7.7234 

11. 0369 

19.6873 

25.4116 

26.0122 

26.3503 

29.6189 

12x12xl . 
(3456) 

3.7188 

7.6850 

11. 0121 

19.3805 

25.1002 

25.7376 

26.3221 

29.5327 

14x14X1* 
(4704) 

3.6916 

7.6595 

10.9941 

19.1896 

24.9055 

25.5637 

26.2995 

29.4745 

+ Number of elements in spanwise, chordwise, and thic.kness 
directions, respectively 

* Mesh used for vibration study comparisons 
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Table 6.11 Convergence study (using COSMICLNASTRAN CIHEX1 solid 
elements) for frequency parameter (C.&J A 12 Vp HID) of a skew 
cantilever thick plate (A ' /B'=l, B' /H=5, Skew=15) 

Modes 

No. Des. 

1 1FB 

2 1T 

3 1EB 

4 2FB 

5 1CB 

6 2T 

7 1LE 

8 2EB 

6x6x1 
(864 ) 

4.1293 

8.2135 

11.3276 

22.1112 

25.9170 

25.9575 

30.8397 

31.1854 

8x8x1 
(1536) 

3.9581 

8.0295 

11. 2078 

20.8742 

24.7329 

25.8338 

29.5336 

30.7545 

Mesh sizes+ 

10x10x1 
(2400) 

3.8749 

7.9357 

11.1434 

20.2805 

24.1581 

25.7707 

28.8933 

30.5420 

12x12x1 
(3456) 

3.8280 

7.8825 

11.1064 

19.9494 

23.8461 

25.7381 

28.5251 

30.4194 

14X14X1* 
(4704) 

3.7987 

7.8492 

11. 0817 

19.7463 

23.6525 

25.7184 

28.3041 

30.3391 

+ Number of elements in spanwise, chordwise, and thickness 
directions, respectively 

* Mesh used for vibration study comparisons 
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Table 6.12 Convergence study (using COSMICLNASTRAN CIHEX1 solid 
elements) for frequency parameter ( w A 12 V pH/D) of a skew 
cantilever thick plate (AI/BI=l, BI/H=5, Skew=30) 

Modes 

No. Des. 

1 1FB 

2 1T 

3 1EB 

4 2FB 

5 1CB 

6 2T 

7 1LE 

8 2EB 

6x6x1 
(864) 

4.5342 

9.2419 

11. 7658 

24.2805 

25.0832 

26.4391 

33.8519 

37.3514 

8x8x1 
(1536) 

4.3256 

8.8954 

11.5334 

22.8115 

24.8490 

24.8781 

33.0132 

35.4333 

"Mesh Sizes+ 

10x10x1 
(2400) 

4.2239 

8.7233 

11.4129 

22.0997 

24.0734 

24.7768 

32.5905 

34.4668 

12x12x1 
(3456) 

4.1649 

8.6219 

11.3360 

21. 6928 

23.6463 

24.7199 

32.3399 

33.8921 

14X14X1* 
(4704 ) 

4.1288 

8.5595 

11. 2833 

21. 4441 

23.3710 

24.6812 

32.1765 

33.5501 

+ Number of elements in spanwise, chordwise, and thickness 
directions, respectively 

* Mesh used for vibration study comparison 



199 

Table 6.13 Convergence study (using COSMICLNASTRAN CIHEX1 solid 
elements) for frequency parameter (CIJ A' 2 Vp H/D) of a skew 
cantilever thick plate (A'/B'=l, B'/H=5, Skew=45) 

Modes 

No. Des. 

1 lFB 

2 IT 

3 lEB 

4 2FB 

5 lCB 

6 2T' 

7 lLE 

8 2EB 

6x6x1 
(864) 

5.3784 

11. 7145 

12.4950 

25.1661 

28.0550 

30.3309 

38.6804 

48.6006 

8x8x1 
(1536) 

5.0446 

11. 0498 

11.9535 

24.6653 

25.8226 

27.9804 

36.5574 

44.8494 

Mesh Sizes+ 

10xl0xl 
(2400) 

4.8689 

10.7002 

11. 6507 

24.3624 

24.6343 

26.8275 

35.3466 

42.7333 

12x12xl 
(3456) 

4.7649 

10.4952 

11.4625 

23.9310 

24.1634 

26.1795 

34.5897 

41.4589 

14X14xl* 
(4704) 

4.6992 

10.3668 

11. 3397 

23.4877 

24.0271 

25.7807 

34.0933 

40.6500 

+ Number of elements in spanwise, chordwise, and thickness 
directions, respectively 

* Mesh used for vibration study comparison 
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Table 6.14 Percent difference between thick plate frequency 
parameters predicted by the 12x12x1 and 14x14x1 (COSMIC/NASTRAN 
CIHEX1) mesh sizes (A'/B'=l) 

Mode Skew Angle (in degrees) 

1'-10. 0 15 30 45 

Percent Difference (%) 

1 0.73 0.77 0.87 1. 38 

2 0.33 0.42 0.73 1. 22 

3 0.16 0.22 0.47 1.07 

4 0.99 1. 02 1.15 1. 85 

5 0.78 0.81 1.16 0.56 

6 0.68 0.08 0.16 1. 52 

7 0.09 0.78 0.51 1.44 

8 0.20 0.26 1.01 1.95 

% Average 0.50 0.55 0.76 1. 37 
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Table 6.15 Frequency parameters (~A'2JPH/D) for skew cantilever 
thick plates (A'/B'=l, B'/H=5) 

Skew Angle (in degrees) 

No. 0 5 10 

1 3.3687 3.3611 3.3978 

2 7.3397 7.3515 7.3803 

3 10.9847 11. 0322 11.1983 

4 17.6949 17.5058 17.7502 

5 23.6885 23.2038 22.7124 

6 24.9997 25.3915 25.8571 

7 26.2343 26.0117 26.2078 

8 29.3881 29.5919 30.1487 

- * 6x4x4 solution assumed 
+ 5x4x4 solution assumed 

15 20 25 

3.3989 3.5130 3.6039 

7.5411 7.7051 7.9993 

11.5005 11. 8813 12.1546 

18.0708 18.7239 19.4635 

21.9487 20.9438 22.3124 

25.5651 26.9477+27.4842 

26.3655 26.8929 30.1169 

30.6082 32.6886+33.3875 

30 35 

3.7583 3.8761 

8.2944 8.8947 

11. 8183 14.0208 

20.3724 21. 4321 

22.5723 23.6503 

28.3452 29.5157 

31. 3633 36.9344 

33.8068 39.8105 
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Table 6.16 Frequency parameters (wA,2Jp HID) for skew cantilever 
thick plates (A'/B'=l) using 14x14x1 (COSMIC/NASTRAN CIHEX1) mesh 
size 

Mode Skew Angle (in degrees) 

No. Oeser. 0 15 30 45 

1 1FB 3.6916 3.7987 4.1287 4.6992 

2 1T 7.6595 7.8492 8.5595 10.3668 

3 1EB 10.9941 11.0817 11. 2833 11. 3397 

4 2FB 19.1896 19.7463 21.4441 23.4877 

5 1CB 25.5637 25.7184 24.6812 25.7807 

6 2T 24.9055 23.6525 23.3710 24.0271 

7 1LE 26.2995 28.3041 32.1765 34.0933 

8 2EB 29.4745 30.3391 33.5501 40.6500 
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Table 6.17 Frequency parameters (WA,2v6H/D) for skew cantilever 
thick plates (A'/B'=0.5, B'jH=5) 

Skew Angle (in degrees) 

No. 0 5 10 15 20 25 30 45 

1 3.1110 3.1188 3.1711 3.2259 3.3068 3.4308 3.5449 4.2670 
(3.3915) (3.4941) (3.7733) (4.175) 

2 4.2011 4.2089 4.3292 4.3724 4.5503 4.8413 5.1241 7.1042 
(4.4887) (4.6359) (5.2225) (6.759) 

3 6.8667 6.8984 7.0088 7.2151 7.4908 7.8568 8.3026 10.2563 
(6.8263) (6.8976) (7.0235) (6.915) 

4 8.0607 8.1153 8.2135 8.4177 8.6118 8.9080 9.2881 11.4168 
(7.8753) (8.0442) (8.6404) (10.03) 

5 12.6437 12.6151 12.2574 12.5752 12.6746 12.9059 13.3492 16.6290 
(12.6792) (12.1955) (11. 6195) (11. 81) 

6 12.6725 12.7534 13.2611 13.3471 13.8296 14.0712 14.7427 19.4485 
(13.5204) (13.6241) (14.1047) (14.88) 

7 13.4217 13.5015 14.2490 14.4370 15.3400 16.3032 17.1421 23.2519 
(14.0166) (14.2864) (14.8720) (15.85) 

8 13.9636 14.0106 14.2699 14.7394 15.4419 16.4593 17.7793 24.5134 
(14.0878) (14.4218) (15.4716) (17.29) 

* 5x4x4 solution assumed 
Values in parenthesis calculated by NASTRAN 
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Table 6.18 - Frequency parameters (~A'2JPH/D) for skew cantilever 
thick plates (A'/B'=1.5, B'/H=5) 

Skew Angle (in degrees) 

No. o 5 10- 15 20 25 30 45 

1 3.4158 3.4318 3.4520 3.4844 3.5630 3.6157 3.7089 3.9937 
(3.8097) (3.9040) (4.2015) (4.756) 

2 10.3359 10.4349 10.4954 10.5609 10.6923 10.8506 11.5445 13.1587 
(10.7319) (10.9918) (11.9338) (12.84) 

3 13.2172 13.2499 13.3816 13.586b 13.9952 14.6495 13.7649 18.1198 
(13.2734) (13.2649) (13.1781) (14.18) 

4 19.7426 19.6712 19.7365 19.9501 20.5264 21.0716 21.8718 26.0310 
(21.9813) (22.6378) (24.6176) (27.94) 

5 33.3702 33.3484 32.8493 32.5740 32.2018 32.5947 32.7029 35.4237 
(35.0987) (35.0108) (35.7272) (36.41) 

6 39.3517 39.3563 39.4014 39.6947 40.2981 41.2954 42.3986 50.9330 
(39.3790) (38.4688) (37.1361) (39.53) 

7 43.3888 43.7990 44.6071 46.5576 48.7469 50.9471 53.6154 67.1673 
(43.6766) (45.1647) (48.0554) (50.64) 

8 49.3646 48.7085 49.2692 48.4780 49.0063 51.7839 54.4710 69.7985 
(50.1424) (52.2269) (58.0313) (66.17) 

* 5x4x4 solution assumed 
Values in parenthesis calculated by NASTRAN 
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Table 6.19 Frequency parameters (WA'1/P HID) for skew cantilever 
thick plates (A'/B'=2, B'/H=5) 

Skew Angle (in degrees) 

No. o 5 10 15 20 ~5 30 45 

1 3.4101 3.4298 3.4267 3.4205 3.3931 3.3541 3.2881 3.2617 
(3.9307) (4.1597) (4.2989) (4.850) 

2 13.2769 13.1376 13.0904 13.1971 13.2224 13.3471 13.4062 14.2097 
(13.7617) (14.5898)' (14.1010) (13.39) 

3 14.4688 14.4301 14.4142 14.4897 15.0299 15.2233 16.0629 17.5524 
(14.5612) (14.9689) (15.2770) (18.01) 

4 20.2839 20.2716 20.1155 20~0881 20.7736 21.3549 21.3680 26.8747 
(23.5456) (25.1127) (26.4840) (30.61) 

5 41.2161 40.6473 40.0331 39.2931 40.5036 40.9258 39.8678 39.7682 
(44.4302) (46.1806) (46.0780) (45.61) 

6 52.4272 52.2314 51.3790 47.8376 53.0265 53.5337 53.7530 65.8447 
(52.4450) (52.6680) (49.0158) (51.26) 

7 54.4235 54.2850 53.3018 52.2518 56.6514 56.8118 56.9075 70.7829 
(55.5073) (59.6637) (60.9565) (63.79) 

8 54.9008 55.4757 56.1181 58.7250 61.8515 64.1225 64.1542 74.7533 
(62.5091) (67.0176) (71.3707) (82.41) 

* 5x4x4 solution assumed 
Values in parenthesis calculated by NASTRAN 
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Table 6.20 Convergence study for frequency parameter (~A'2IpH/D) 
of a skew cantilever thin plate (A'/B'=l, B'/H=20, Skew=5) 

Modes 

No. Descr. 4x2x2 
(48) 

1 1FB 3.8899 

2 1T 8.8804 

3 2FB 24.3639 

4 1CB 33.7542 

5 2T 46.6666 

6 1EB 105.8251 

7 2CB 112.3745 

8 3CB 122.3195 

Solution Size and Degrees of Freedom 

5x2x2 
( 60) 

3.8883 

8'.8564 

24.1867 

33.2138 

46.5299 

65.1406 

79.8550 

105.5845 

4x4x2 
(96) 

3.8246 

8.7311 

22.7410 

31.7681 

34.3557 

44.3477 

60.2626 

91.8575 

4x4x4 
(192) 

3.5204 

8.7311 

21.5531 

29.8160 

31.8860 

44.3288 

54.8041 

86.3860 

5x4x4 
(240) 

3.4844 

8.5035 

21.4545 

29.3697 

31.8368 

44.1479 

53.9009 

59.9328 

6x4x4 
(288) 

3.3469 

8.2132 

19.1904 

28.1579 

29.4503 

39.7850 

44.0691 

44.6674 
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Table 6.21 Convergence study for frequency parameter (~A'2/pH/D) 
of a skew cantilever thin plate (A'/B'=l, B'/H=20, Skew=10) 

Modes 

No. Descr. 4x2x2 
(48 ) 

1 l.FB 3.9118 

2 IT 9.0932 

3 2FB 24.7977 

4 lCB 33.9630 

5 2T 47.7610 

6 lEB 106.4840 

7 2CB 114.3834 

8 3CB 125.2008 

Solution Size and Degrees of Freedom 

5x2x2 
(60) 

3.9118 

9.0873 

24.4854 

33.3292 

47.6229 

68.7695 

80.3188 

106.2608 

4x4x2 
(96) 

3.8606 

8.8262 

23.1381 

30.9747 

36.1408 

45.0587 

60.2715 

91.8232 

4x4x4 
(192) 

3.5603 

8.5617 

21. 9632 

28.5947 

34.0691 

45.0278 

52.1457 

86.8472 

5x4x4 
(240) 

3.4973 

8.5233 

21. 5536 

28.5486 

33.1305 

44.8509 

49.0716 

59.9618 

6x4x4 
(288) 

3.2802 

7.6456 

20.6167 

25.6389 

31.9544 

33.5656 

42.2592 

44.7618 
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Table 6.22 Convergence study for frequency parameter (WA'2{PH/D) 
of a skew cantilever thin plate (A'/B'=l, B'/H=20, Skew=15) 

Modes 

No. Oeser. 4x2~2 

( 48) 

1 1FB 3.9594 

2 1T 9.5489 

3 2FB 25.6874 

4 1CB 35.4747 

5 2T 49.6586 

6 1EB 108.0535 

7 2CB 117.2593 

8 3CB 131.5629 

Solution Size and Degrees of Freedom 

5x2x2 
(60) 

3.9580 

9.5415 

25.3087 

35.4004 

49.5525 

71. 7452 

81. 6868 

107.8398 

4x4x2 
(96) 

3.9225 

8.9744 

23.8478 

30.3939 

38.2742 

46.2706 

59.0820 

92.0605 

4x4x4 
(192) 

3.6350 

8.6843 

22.7583 

28.3770 

35.7169 

46.2350 

53.7132 

86.0195 

5x4x4 
(240) 

3.5769 

8.6660 

22.2375 

27.6602 

34.9999 

45.8777 

52.0034 

63.1579 

6x4x4 
(288) 

3.5753 

8.6652 

21. 0018 

26.4698 

31.2008 

42.8879 

45.9119 

56.5422 
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Table 6.23 Convergence study for frequency parameter (WA,2JPH/D) 
of a skew cantilever thin plate (A I /B I =1," B I /H=2 0, Skew=20) 

Modes 

No. Descr. 4x2x2 
(48 ) 

1 1FB 4.0374 

2 1T 10.2174 

3 2FB 26.8579 

4 1CB 37.5823 

5 2T 52.4868 

6 1EB 110.8958 

7 2CB 123.0859 

8 3CB 138.4271 

Solution Size and Degrees of Freedom 

5x2x2 
(60) 

4.0345 

10.1775 

26.1753 

37.1639 

52.3817 

74.6165 

83.6183 

110.6820 

4x4x2 
(96) 

4.0156 

9.2278 

24.8816 

30.0986 

40.8825 

48.0257 

59.5905 

92.6752 

4x4x4 
(192) 

3.7168 

8.7929 

23.7492 

27.7005 

38.3388 

48.0021 

54.5277 

86.5145 

5x4x4 
(240) 

3.6065 

8.7870 

22.6915 

26.9319 

36.9630 

47.5750 

49".5790 

63.2652 

6x4x4 
(288) 

3.6988 

8.5976 

21. 9762 

26.2799 

35.4512 

45.9024 

47.3936 

56.9463 
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Table 6.24 Convergence study for frequency parameter (WA,2Jp HID) 
of a skew cantilever thin plate (A'/B'=l, B'/H=20, Skew=25) 

Modes 

No. Oeser. 4x2x2 
(48) 

1 lFB 4.1584 

2 1T 11. 0827 

3 2FB 28.5511 

4 lCB 40.9647 

5 2T 56.4403 

6 lEB 115.3507 

7 2CB 131. 5413 

8 3CB 149.4475 

Solution Size and Degrees of Freedom 

5x2x2 
(60) 

4.1433 

11. 0442 

27.2751 

40.2477 

56.2810 

76.4063 

97.2105 

115.1441 

4x4x2 
(96) 

4.1437 

9.5148 

26.2957 

29.9376 

43.7635 

50.3719 

60.5909 

93.6760 

4x4x4 
(192) 

3.8561 

9.1164 

25.2275 

27.3763 

41.2875 

50.3453 

53.9814 

88.3248 

5x4x4 
(240) 

3.7716 

8.8772 

23.6364 

26.6654 

39.1837 

49.8570 

50.8473 

70.5019 

6x4x4 
(288 ) 

3.7335 

8.3449 

23.1163 

26.1613 

37.0693 

47.759"6 

49.5536 

59.1347 
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Table 6.25 Convergence study for frequency parameter (wA,2JPH/D) 
of a skew cantilever thin plate (A'/B'=l, B'/H=20, Skew=30~ 

Modes 

No. Descr. 4x2x2 
(48 ) 

1 1FB 4.3390 

2 1T 12.2413 

3 2FB 30.9997 

4 1CB 44.5805 

5 2T 61. 8057 

6 1EB 121. 8124 

7 2CB 141.2226 

8 3CB 164.2344 

Solution Size and Degrees of Freedom 

5x2x2 
(60) 

4.3250 

12.1778 

29.1984 

43.4865 

61. 6849 

88.7780 

100.3331 

121.6009 

4x4x2 
(96) 

4.3135 

9.9919 

27.9542 

30.2142 

47.5110 

53.3280 

61.0686 

94.9453 

4x4x4 
(192) 

3.9953 

9.4282 

26.5668 

27.5634 

43.9375 

53.2725 

53.6378 

85.8911 

5x4x4 
(240) 

3.9096 

9.3771 

24.7272 

26.2606 

43.2970 

52.3617 

52.4292 

70.9163 

6x4x4 
(288) 

3.4945 

7.8088 

21. 9461 

24.7659 

33.6932 

44.7726 

50.1014 

75.7739 
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Table 6.26 Convergence study for frequency parameter (Co) A' 2Jp HID) 
of a skew cantilever thin plate (A'/B'=l, B'/H=20, Skew=35) 

Modes 

No. Descr. 4x2x2 
(48) 

1 1FB 4.6071 

2 1T 13.7259 

3 2FB 34.4464 

4 1CB 49.8987 

5 2T 69.0724 

6 1EB 130.8509 

7 2CB 155.8081 

8 3CB 185.5914 

Solution Size and Degrees of Freedom 

5x2x2 
(60) 

4.5402 

13.6673 

32.0149 

48.7332 

68.8928 

99.7560 

117.1526 

130.6123 

4x4x2 
(96) 

4.5286 

10.5666 

29.4574 

30.6334 

51.4779 

57.9568 

62.3414 

101. 4755 

4x4x4 
(192) 

4.2449 

10.2630 

27.7834 

29.3393 

47.9479 

57.0692 

61. 3665 

94.2100 

5x4x4 
(240) 

4.0788 

10.0247 

26.3095 

27.5866 

47.5124 

56.3055 

56.8170 

79.9593 

6x4x4 
(288) 

3.5116 

6.8556 

18.9336 

26.7017 

42.8639 

45.1165 

56.2989 

62.4098 
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Table 6.27 Convergence study for frequency parameter (~AI2fH/D) 
of a skew cantilever thin plate (AI/BI=1, BI/H=20, Skew=45) 

Modes 

No. Descr. 4x2x2 
(48 ) 

1 1FB 5.4730 

2 1T 18.3014 

3 2FB 45.2258 

4 1CB 66.5621 

5 2T 92.4109 

6 1EB 160.4178 

7 2CB 204.6454 

8 3CB 249.7325 

Solution Size and Degrees of Freedom 

5x2x2 
(60) 

5.4368 

18.1825 

42.8625 

64.5191 

92.1590 

139.2112 

139.5912 

160.0949 

4x4x2 
(96 ) 

5.0491 

12.3586 

30.2644 

38.3861 

60.5766 

66.7993 

77.3284 

126.9362 

4x4x4 
(192) 

4.5362 

11. 5221 

26.7232 

35.9259 

55.9528 

66.6996 

70.2146 

115.4445 

5x4x4 
(240) 

4.6741 

11.7047 

26.7495 

33.4639 

55.1177 

65.6363 

69.9219 

99.0617 

6x4x4 
(288) 

4.1506 

11. 3112 

25.7723 

31.3122 

51. 2169 

59.9398 

65.1922 

88.6488 
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Table 6.28 Percent difference between thin plate frequency 
parameters predicted by the 4x4x4 and 5x4x4 Ritz solutions 
(A'/B'=l) 

Mode Skew Angle (in degrees) 

No. 0 5 10 15 20 25 30 35 

Percent Difference (%) 

1 0.43 1.02 1.77 1.50 2.97 2.19 2.15 3.91 

2 0.01 2.61 0.45 0.21 0.07 2.62 0.54 2.32 

3 0.29 0.46 1.87 2.29 4.45 6.31 6.92 5.31 

4 0.94 1.50 0.16 2.53 2.77 2.60 4.73 5.97 

5 0.81 0.15 2.75 2.01 3.59 5.10 1.46 0.91 

6 0.18 0.41 0.39 0.77 0.89 0.97 1. 71 1.34 

% Avg. 0.44 1.03 1.23 1.57 7.37 3.30 2.92 3.29 
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Table 6.29 Frequency parameters (cu A' 2Jp HID) for skew cantilever 
thin plates (A'/B'=l, B~/H=20) 

Skew Angle (in degrees) 

No. 0+ 5 10 15 20 25 30 

1 3.4434 3.4844 3.4973 3.5669 3.6065 3.7716 3.9096 4.6741 
(3.4746) (3.5877) (3.9363) (4.538) 

2 8.3705 8.5035 8.5233 8.6650 8.7870 8.8772 9.3771 11. 71)41 
(8.5141) (8.7075) (9.4504) (11.40) 

3 20.8996 21.4545 21.5536 22.2375 22.6915 23.6364 24.7272 26.7495 
(21. 3010) (22.2499) (25.3992) (27.27) 

4 29.7435 29.3697 28.5486 27.6602 26.9319 26.6654 26.2606 33.4639 
(27.2027) (26.3488) (25.9677) (32.17) 

* 
5 30.3477 31.8368 33.1305 34.9999 36.9630 39.1837 43.2970 51. 2169 

(30.9848 ) (33.9090) (41.5233) (51.59) 

* 
6 43.8501 44.1479 44.8509 45.877? 47.5750 49.8570 52.3617 59.9398 

44.069* 42.259* 45.912* 47.394* 49.554* 50.102* 
* 

7 48.3675 65.1922 

* 
8 53.1170 59.9328 58.9618 56.542* 56.946* 70.5019 70.9163 88.6488 

@ 5x4x4 solution size assumed for all modes, except where noted. 
* indicated 6x4x4 solution size assumed. 
+ 7x4x4 solution size assumed for zero degree skew angle case. 
Values in parenthesis cf. [51] 
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Table 6.3~Comparison of present 3-D Ritz frequency parameters 
( cu A' 2 Vii HID) to experimental and classical 2-D plate theories. 
(A'/B'=l) 

o 1FB 

1T 

15 1FB 

1T 

30 1FB 

1T 

45 1FB 

I'll 

Test 
[ 45] 

3.37 

8.26 

3.38 

8.63 

3.82 

9.23 

4.26 

11.07 

Ref. [45 J 

3.49 

8.55 

3.60 

8.87 

3.96 

10.18 

4.82 

13.75 

* 5x4x4 solution assumed 
+ 7x4x4 solution assumed 

Ref. [46J 

3.48 

8.52 

3.60 

8.75 

3.95 

9.65 

Ref. [51J 3-D Ritz 

3.47 3.44+ 

8.51 

3.59 

8.71 

3.94 

9.45 

4.54 

11.40 

3.57* 

8.67* 

3.91* 

9.38* 

4.67* 

11. 70* 
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Table 6.31 Comparison of present 3-D Ritz frequency parameters 
( CIJ A' 2Jp H/D) to experimental and other 2-D plate theories. 
(A'/B'=1, B'/H=20, Skew=30) . 

Mode ,- Test [451 Test [501 Re f. [ 4 6 1 Re f. [ 511 3-D Ritz 

1FB 3.8267 3.9600 3.9467 3.9363 3.9096* 

1T 9.2267 9.2667 9.6533 9.4504 9.3771* 

2FB 24.5067 24.7600 25.4667 . 25.3992 24.7272* 

1CB 25.5333 25.9677 26.1333 26.4267 26.2606* 

2T 40.6400 42.4000 41.5233 43.2970* 

* 5x4x4 solution assumed 
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Table 6.32 Comparison of present 3-D Ritz frequency parameters 
( Ct) A' 2Jp H/D) to experimental and other 2-D plate theories. 
(A'/B'=l, B'/H=20, Skew=45) 

Mode Test [451 Test (4S] Ref. (50] Ref. [511 3-D Ritz 

1FB 4.2600 4.6200 4.1200 4.5376 4.1506 
(4.6741) 

1T 11.0600 10.9600 11.2600 11.39S4 11.3112* 

2FB 26.5200 26.6200 27.7200 27.2726 25.7723* 
(26.7495) 

1CB 30.1200 31. SOOO 32.1716 31. 3122* 

2T 50.1S00 51. 5916 51. 2169* 

* 6x4x4 solution assumed 
Values in parenthesis are from the 5x4x4 solution 
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Table 6.33 Frequency parameters (CIJ A' 21p HID) . for skew cantilever 
thin plates (A'/B'=0.5, B'/H=20) 

Skew Angle (in degrees) 

No. 0 5 10 15 20 

1 3.5016 3.4655 3.5644 3.6355 3.7175 
(3.4948) (3.6399) 

2 5.2201 5.1595 5.2548 5.3869 5.3556 
(5.3583) (5.5395) 

3 10.3134 10.6488 10.6527 10.7035 11.0492 
(10.1868) (10.4170) 

4 20.1161 20.4470 20.6011 20.6345 21.3199 
(19.6377) (19.8420) 

5 21.8550 21.5785 22.0948 23.0283 23.6699 
(21. 8506) (22.8669) 

6 23.7205 23.3951 23.8343 25.5558 26.1620 

7 24.6093 27.5636 27.7870 28.8002 29.9259 

8 27.3419 28.0621 28.0899 31. 7678 32.1984 

* 5x4x4 solution assumed 
Values in parenthesis cf. [51] 

25 30 45 

3.8627 4.0326 4.7296 
(4.0661) (4.709) 

5.8582 6.1829 8.3600 
(6.2635) (8.365) 

11.3617 11.7510 14.0538 
(11.2757) (13.45) 

21.4411 24.5388 29.5080 
(20.6555) (22.74) 

25.1817 26.0545 33.8767 
(25.8343) (31.31) 

28.1789 30.9209 40.9001 

31.3347 33.1857 44.5742 

37.2272 40.7116 60.4964 
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Table 6.34 Frequency parameters (~A'2JPH/D) for skew cantilever 
thin plates (A'/B'=1.5, B'/H=20) 

Skew Angle (in degrees) 

No. 0 5 10 15 20 25 30 45 

1 3.4808 3.4799 3.4693 3.4754 3.4842 3.5816 3.6237 3.8846 

2 11. 6265 11. 6172 11.6385 11.7056 11. 7146 11.7399 11.8325 13.5882 

3 21. 5160 21. 6548 21.6850 21.9891 22.1438 22.7920 23.1896 30.9489 

4 39.5499 37.6260 37.5992 37.0070 36.0486 34.1176 34.0150 34.8709 

5 52.8849 53.0862 53.1187 53.7927 49.9021 58.7873 55.1703 68.2573 

6 56.5905 54.0291 53.9343 56.5843 56.6622 59.6827 58.5365 71.7075 

7 64.1021 65.8265 65.2134 65.7863 58.4474 68.2177 59.5512 91.6443 

8 80.7324 76.8747 75.9999 68.1211 71. 2194 77.5748 81.0005 124.542 

* 5x4x4 solution assumed 
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T,able 6.35 Frequency parameters (cu A' 2{p HID) for skew cantilever 
thin plates (A'/B'=2, B'/H=20) 

Skew Angle (in degrees) 

No. 0 5 10 15 20 

1 3.4623 3.4243 3.3764 3.4405 3.2032 
(3.4468) (3.5158) 

2 13.8957 13.2844 13.4663 13.7238 14.1917 
(14.8144) (15.0619) 

3 21.2290 20.5071 21.0531 21.7807 21.8952 
(21. 4609) (22.3525) 

4 42.3956 41.7881 39.8072 43.6517 42.3885 
(48.2295) (47.4580) 

5 57.0804 47.3321 49.1920 49.8401 60.8643 
(61.7164) (65.4739) 

6 57.0804 '57.6327 58.3063 58.2117 68.8610 

7 88.4950 93.6064 90.0203 81. 5370 79.9365 

8 106.223 106.583 1'08.511 111.753 116.306 

* 5x4x4 solution assumed 
Values in parenthesis cf. [51] 

25 30 45 

2.9936 2.9993 3.5147 
(3.7269) (4.098) 

13.9921 13.9227 13.9392 
(15.9772) (18.04) 

21.9922 24.6241 33.6545 
(25.2632) (31.40) 

33.1372 32.2709 49.6833 
(47.2127) (50.19) 

61.1318 64.5813 64.9443 
(76.3459) (91.98) 

70.0192 80.7770 95.0083 

73.2871 87.7703 124.130 

117.035 132.200 182.812 
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C.S Tabulated Data for Chapter 8 
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Table 8.1 Convergence study for frequency parameter (cu A2Jp H/D) 
of a twisted, cantilever thick plate (A/B=1, B/H=5, Twist=30) 

Modes Solution Size and Degrees of Freedom 

No. Desc. 4x2x2 
(48 ) 

1 1FB 3.7106 

2 1T 10.1195 

3 1EB 11.2131 

4 2FB 20.1998 

5 1CB 26.0982 

6 2T 30.9107 

7 1LE 34.4338 

8 2EB 53.7110 

9 2CB 57.6865 

10 3FB 57.8332 

11 3T 65.3607 

5x2x2 
(60) 

3.7087 

10.0956 

11.1848 

20.1033 

26.0579 

30.8444 

33.9976 

47.2894 

55.8590 

57.5710 

61.1666 

4x4x2 
(96) 

3.6060 

8.2175 

10.6484 

19.0855 

25.7912 

26.9098 

28.3741 

31. 4552 

46.0006 

47.3405 

50.2060 

4x4x4 
(192) 

3.2998 

7.7424 

10.5373 

17.9963 

23.5396 

24.2209 

25.9946 

29.5124 

40.8748 

46.3787 

48.9421 

5x4x4 
(240) 

3.2889 

7.7239 

10.4657 

17.8118 

23.4446 

23.8667 

25.9141 

29.4840 

40.8169 

44.0030 

45.0448 

6x4x4 Test[8l] 
(288) 

3.2425 2.816 

7.6578 6.903 

10.4414 6.044 

17.5631 13.150 

23.2763 

23.5946 21. 200 

25.8865 

29.4096 

40.1763 

41.5327 

44.2305 

12 3CB 73.2998 71.7029 53.5333 51.6361 47.3769 46.8496 
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Table 8.2 Convergence study for frequency parameter (cu A2Jp H/D) 
of a twisted, cantilever thin plate (A/B=l, B/H=20, Twist=30) 

Modes Solution size and Degrees of Freedom 

No. Desc. 4x2x2 
(48) 

1 1FB 3.8549 

2 1T 21. 7523 

3 2FB 28.6081 

4 lCB 51.1742 

5 2T 103.373 

6 lEB 108.341 

7 2CB 118.098 

8 3CB 130.697 

9 3FB 223.424 

10 3T 231. 218 

5x2x2 
(60) 

3.8507 

21.1092 

26.9071 

50.2657 

67.5603 

102.391 

111. 381 

126.596 

218.704 

219.962 

4x4x2 
(96) 

3.7865 

14.8514 

20.6365 

36.6003 

37.9972 

49.8408 

70.5188 

103.446 

105.532 

106.954 

4x4x4 
(192) 

3.4127 

14.3723 

18.7378 

27.0032 

32.1650 

46.6448 

53.5949 

73.1942 

89.8765 

96.0669 

5x4x4 
(240) 

3.3220 

14.2712 

18.5214 

26.8234 

31. 2896 

45.5808 

47.4625 

49.7491 

56.8358 

75.1685 

6x4x4 Test(81] 
(288) 

3.3211 3.143 

14.1724 13.110 

17.9564 16.920 

25.5648 2·5.310 

30.9845 31.330 

40.9810 39.220 

44.9969 50.030 

45.9263 

56.0537 54.230 

62.8984 
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Table 8.3 Comparison of theoretical results for a twisted 
cantilever thick plate (A/B=l, B/H=5, Twist=30) 

Modes 

No. 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

A = 
B = 
C = 
D = 
E = 
F = 
G = 

Theoretical Results 

!\ B C D E F G 

3.512 3.277 3.209 3.584 2.954 3.291 3.243 

7.484 8.154 7.370 7.917 7.196 7.660 7.658 

10.880 10.060 10.370 10.580 9.802 10.459 10.441 

17.140 18.980 16.360 18.680 16.460 17.604 17.563 

22.880 24.480 21.690 24.810 23.090 22.356* 23.276 

21. 760 24.330 20.110 24.000 21.110 23.572 23.595 

27.130 25.950 25.780 26.000 24.570 25.911 25.887 

29.690 28.810 29.560 28.530 29.397 29.410 

35.190 39.950 33.250 40.590 36.060 39.002* 40.176 

41. 570 37.850 45.210 42.482 41. 533 

44.200 43.990 40.670 44.190, 44.231 

49.040 51.156 46.850 

3-D finite elements - parabolic conoid shell [9] 
3-D finite elements - quadrilateral thick plate [9] 
3-D finite elements - 8 node isoparametric solid [9] 
3-D finite elements - 16 node isoparametric solid [9] 
shell finite elements - superparametric thick shell [9] 
3-D Rayleigh-Ritz: 6x6x6 polynomials [8] 

(* means 4x6x6 polynomials) 
present 3-D Rayleigh-Ritz: 7x4x4 polynomials 
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Table 8.4 Comparison of theoretical results for a twisted 
cantilever thin plate (A/B=l, B/H=20, Twist=30) 

Modes Theoretical Results 

No. A B C D E F G 

1 3.381 3.395 3.351 3.740 3.070 3.395 3.321 

2 14.180 14.800 14.230 14.520 13.370 14.430 14.172 

3 18.490 18.270 18.270 20.150 17.340 18.700 17.956 

4 25.210 26.910 25.910 28.500 25.730 27.110 25.565 

5 33.940 34.520 33.360 35.520 37.070 36.610 30.985 

6 46.950 46.400 47.630 46.930 47.320 47.590 40.981 

7 52.210 54.920 52.510 57.850 52.130 55.660 44.997 

8 58.390 61.280 58.660 64.000 63.880 64.500 45.926 

9 63.540 60.480 58.300 66.730 57.380 60.980 56.054 

10 70.200 69.130 65.450 75.040 70.730 62.898 

A = 3-D finite elements - parabolic conoid shell [9] 
B = 2-D finite elements - quadrilateral thin plate (SAP) [9] 
C = 3-D finite elements - 8 node isoparametric solid [9] 
D = 3-D finite elements - 16 node isoparametric solid [9] 
E = shell finite elements - superparametric thick shell [9] 
F = shell finite elements - quadrilateral shell (MSC/NASTRAN) [9] 
G = present 3-D Rayleigh-Ritz; 6x4x4 polynomials 
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C.6 Tabulated Data for Chapter 9 
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Table 9.1 Convergence study for frequency parameter (w A ,2Jp HID) 
of a skew and twisted cantilever thick plate (A I IB I =1, B I IH=5, 
Skew=15, Twist=15) 

Modes 

No. 

1 

2 

3 

4 

5 

6 

7 

8 

Solution Size and Degrees of Freedom 

4x2x2 
(48 ) 

3.8376 

9.4440 

12.3191 

21. 0868 

26.9469 

31.0326 

34.3698 

56.3206 

5x2x2 
( 60) 

3.8353 

9.4351 

12.2973 

20.9441 

26.9012 

30.7988 

34.3154 

50.7515 

4x4x2 
(96) 

3.7528 

8.0599 

11.4818 

19.7887 

25.1293 

26.5943 

30.1140 

32.0312 

4x4x4 
(192) 

3.4877 

7.6154 

11.4288 

18.6661 

23.1864 

26.5279 

27.5281 

31.5585 

5x4x4 
(240) 

3.4692 

7.6052 

11. 3215 

18.4972 

22.7426 

26.4877 

27.3933 

31. 4341 

% Diff.+ 

0.53 

0.13 

0.94 

0.90' 

1.91 

0.15 

0.49 

0.39 

Avg. 0.68 

+ Percent difference between 4x4x4 and 5x4x4 solutions 
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Table 9.2 Convergence study for frequency parameter (~A'2bH/D) 
of a skew and twisted cantilever thick plate (A' IB' =1, B' IH=5, 
Skew=15, Twist=30) 

Modes 

No. 

1 

2 

3 

4 

5 

6 

7 

8 

Solution Size and Degrees of Freedom 

4x2x2 
(48 ) 

3.8633 

10.8928 

12.0576 

21. 3924 

26.7423 

33.4709 

37.3718 

55.7196 

5x2x2 
(60) 

3.8577 

10.8548 

12.0316 

21.1892 

26.7065 

33.2706 

36.9778 

50.4865 

4x4x2 
(96) 

3.7403 

8.4253 

11. 2179 

19.9766 

26.1569 

26.6382 

30.1522 

34.0724 

4X4x4 
(192) 

3.3975 

7.8899 

11.1029 

18.7624 

22.8671 

26.0536 

26.4803 

31. 6405 

5x4x4· 
(240) 

3.3970 

'7.8546 

10.9761 

18.4523 

22.7003 

25.8352 

26.4413 

31.4912 

% Diff.+ 

0.01 

0.45 

1.14 

1. 65 

0.73 

0.84 

0.15 

0.47 

Avg. 0.68 

+ Percent difference between 4x4x4 and 5X4X4 solutions 
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Table 9.3 Convergence study for frequency parameter (~A'~fH/D) 
of a skew and twisted cantilever thick plate (A' IB' =1, ' /H=5, 
Skew=15, Twist=45) 

Modes 

No. 

1 

2 

3 

4 

5 

6 

7 

8 

Solution Size and Degrees of Freedom 

4x2x2 
(48) 

3.8653 

11. 3793 

12.5234 

21. 6299 

26.4963 

33.7465 

43.1075 

55.1865 

5x2x2 
(60) 

3.8545 

11. 2982 

12.4459 

21. 3666 

26.4687 

33.3877 

42.2126 

50.3035 

4x4x2 
(96) 

3.7106 

8.9456 

10.8506 

20.1508 

26.0838 

28.0793 

30.4044 

38.3544 

4x4x4 
(192) 

3.3338 

8.1702 

10.5874 

18.5697 

22.4381 

24.8150 

26.1129 

31.4216 

5x4x4 
(240) 

3.2822 

8.1604 

10.4339 

18.3429 

22.4288 

24.4956 

26.0711 

31.2415 

% Diff.+ 

1.55 

0.12 

1.45 

1.22 

0.41 

1.29 

0.16 

0.57 

Avg. 0.85 

+ Percent difference between 4x4x4 and 5x4x4 solutions 
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Table 9.4 Convergence study for frequency parameter (W A I 2Jp HID) 
of a skew and twisted cantilever thick plate (A' IB I =1, B' IH=5, 
Skew=15, Twist~60) 

Modes 

No. 

1 

2 

3 

4 

5 

6 

7 

8 

Solution Size and pegrees of Freedom 

4x2x2 
(48) 

3.8503 

10.9435 

13.5689 

21. 7725 

26.2816 

33.8532 

47.1422 

52.6694 

5x2x2 
(60) 

3.8375 

10.8281 

13.4286 

21.4657 

26.2272 

33.2472 

46.1789 

49.3205 

4x4x2 
(96 ) 

3.6642 

9.3950 

10.5185 

20.2024 

25.7202 

29.3200 

31.1370 

43.8216 

4x4x4 
(192) 

3.2392 

8.4558 

9.9359 

18.2642 

22.2805 

23.7962 

25.6793 

31. 0315 

5x4x4 
(240) 

3.1549 

8.4217 

9.8199 

17.9968 

22.1926 

23.0491 

25.5855 

30.6065 

% Diff.+ 

2.60 

0.40 

1.17 

1.46 

0.39 

3.14 

0.37 

1.37 

Avg. 1.36 

+ Percent difference between 4x4x4 and 5x4x4 solutions 
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Table 9.5 Convergence study for frequency parameter (~A'2JPH/D) 
of a skew and twisted cantilever thin plate (A'/B'=l, B'/H=20, 
Skew=15, Twist=15) 

Modes 

No. 

1 

2 

3 

4 

5 

6 

7 

8 

Solution Size and Degrees of Freedom 

4x2x2 
(48) 

4.1045 

19.1428 

25.6230 

51. 3346 

78.4066 

107.5463 

119.1089 

139.9050 

5x2x2 
(60) 

4.0903 

18.0748 

24.7270 

50.8313 

69.2249 

75.7970 

107.5102 

138.0456 

4x4x2 
(96) 

3.9650 

11.0880 

23.8517 

32.1884 

39.2557 

48.0423 

63.7114 

99.2845 

4x4x4 
(192) 

3.6388 

10.6284 

22.0564 

27.7418 

33.8823 

45.9898 

50.5309 

80.4835 

5x4x4 
(240) 

3.6005 

10.5842 

21. 9762 

26.9287 

32.8534 

4'5.3450 

50.3418 

58.6716 

% Diff. + 

1. 05 

0.42 

0.36 

2.93 

3.04 

1.40 

0.37 

** 

Avg. 1.37 

+ Percent difference between 4x4x4 and 5x4x4 solutions 
** Percent difference greater than 10% 



233 

Table 9.6 Convergence study for frequency parameter (~A'2IpH/D) 
of a skew and twisted cantilever thin plate (A' IB' =1, B' /H=2 0, 
Skew=15, Twist=30) 

Modes 

No. 

1 

2 

3 

4 

5 

6 

7 

8 

Solution Size and pearees of Freedom 

4x2x2 
( 48) 

4.1141 

24.0638 

30.5676 

55.4533 

106.2397 

115.6251 

120.5165 

150.0351 

5x2x2 
(60) 

4.0987 

22.3176 

28.3576 

54.2803 

75.8796 

106.6285 

112.2390 

144.0560 

4x4x2 
(96) 

3.9835 

15.3838 

22.9014 

36.2658 

41. 7781 

52.7819 

70.9031 

103.8750 

4x4x4 
(192) 

3.5960 

14.7652 

20.5584 

27.4590 

35.7512 

47.9423 

56.6623 

73.0255 

5x4x4 
(240) 

3.5439 

14.6434 

19.8816 

26.7854 

34.8650 

46.8174 

51. 7540 

56.8435 

% Diff.+ 

1. 45 

0.82 

3.29 

2.45 

2.48 

2.35 

8.66 

** 

Avg. 3.07 

+ Percent difference between 4x4x4 and 5x4x4 solutions 
** Percent difference greater than 10% 
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Table 9.7 Convergence study for frequency parameter (cu A l2.Jp HID) 
of a skew and twisted cantilever thin plate (A' IB' =1, B I IH=20, 
Skew=15, Twist=45) 

Modes 

No. 

1 

2 

3 

4 

5 

6 

7 

8 

Solution Size and- Degrees of Freedom 

4x2x2 
(48) 

4.0873 

22.4863 

39.7582 

60.1676 

104.7984 

115.6556 

139.1154 

170.3845 

5x2x2 
(60) 

4.0683 

19.9092 

37.5099 

57.3239 

79.1760 

105.4087 

133.3768 

162.4250 

4x4x2 
(96) 

3.9609 

19.4835 

21. 8651 

42.1247 

46.0356 

59.9718 

77.0645 

103.4656 

4x4x4 
(192) 

3.5023 

17.5342 

19.6573 

28.9810 

37.9469 

49.2429 

59.0644 

65.6735 

5x4x4 
(240) 

3.4535 

17.3521 

18.9708 

28.4988 

37.5122 

46.6137 

51.1578 

56.8184 

% Diff.+ 

1.39 

1.04 

3.49 

1.66 

1.15 

5.34 

** 

** 

Avg. 2.35 

+ Percent difference between 4x4x4 and 5x4x4 solutions 
** Percent difference greater than 10% 



235 

Table 9.8 Convergence study for frequency parameter (~A'2JPH/D) 
of a skew and twisted cantilever thin plate (A' /B' =1, B' /H=20, 
Skew=15, Twist=60) 

No. 

1 

2 

3 

4 

5 

6 

7 

8 

Solution Size and Degrees of Freedom 

4x2x2 
( 48) 

4.0530 

20.9959 

46.4212 

64.2175 

103.3310 

114.0904 

148.5078 

187.6257 

5x2x2 
(60) 

4.0289 

19.4744 

43.2787 

58.8800 

79.8922 

103.7938 

141.1743 

181. 0150 

4x4x2 
(96) 

3.9206 

18.9190 

25.4465 

48.7798. 

52.0642 

71. 0738 

78.3478 

102.0550 

4x4x4 
(192) 

3.4056 

15.9647 

22.8833 

27.9985 

41. 0648 

50.0230 

57.3787 

63.7735 

5x4x4 
(240) 

3.3436 

14.9893 

22.2911 

26.9003 

39.3320 

45.4564 

52.7219 

55.9275 

% Diff.+ 

1.82 

6.11 

2.59 

3.92 

4.22 

9.13 

8.12 

** 

Avg. 5.13 

+ Percent difference between 4x4x4 and 5x4x4 solutions 
** Percent difference greater than 10% 
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Table 9.9 Frequency parameters (WAI2JPH/D) for skew and twisted 
cantilever thick plates (AI/BI=1, BI/H=5, Skew=15) 

twist Angle (in degrees) 

No. 0 15 30 45 60 

1 3.4721 3.4692 3.3970 3.2822 3.1549 

2 7.6020 7.6052 7.8546 8.1604 8.4217 

3 11.5468 11. 3215 10.9761 10.4339 9.8199 

4 18.3047 18.4972 18.4523 18.3429 17.9968 

5 22.7391 22.7426 22.7003 22.4288 22.1926 

6 26.5573 26.4877 25.8352 24.4956 23.0491 

7 27.6412 27.3933 26.4413 26.0711 25.5855 

8 31. 2379 31. 4341 31.4912 31.2415 30.6065 
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Table 9.10 Frequency parameters (~AI2~PH/D) for skew and twisted 
cantilever thick plates (AI/BI=l, BI/H=5, Skew=30) 

Twist Angle lin degrees) 

No. 0 15 30 45 60 

1 3.7984 3.8064 3.8114 3.7305 3.5714 

2 8.3844 8.4697 8.4085 8.5595 8.6774 

3 13.0783 12.9320 12.5856 11. 9426 10.9787 

4 20.4140 20.8256 20.8984 20.2486 19.3352 

5 22.7151 23.1311 22.5899 23.3202 23.0769 

6 28.3840 28.3102 27.8417 26.6091 24.6433 

7 33.9721 32.8744 29.8977 28.7873 28.2341 

8 36.9998 37.2897 37.3279 36.3246 34.8180 
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Table 9.11 Frequency parameters (w A' 2Jp HID) for skew and twisted 
cantilever thick plates (A'/B'=l, B'/H=5, Skew=45) 

Twist Angle (in degrees) 

No. 0 15 30 45 60 

1 4.4155 4.3708 4.5615 4.5680 4.2738 

2 10.4396 10.1688 9.9131 9.5842 9.4457 

3 16.2981 16.1433 15.7016 14.5223 12.1413 

4 23.6038 23.8868 24.5070 21. 9502 19.7249 

5 27.6219 26.7187 25.9683 25.1526 21.1761 

6 33.4730 33.3003 32.8920 30.2428 25.7505 

7 45.2466 41. 8725 37.7577 34.6883 29.1876 

8 47.2948 45.7141 46.0703 42.0797 31. 4422 
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Table 9.12 Frequency parameters (WA'~PH/D) for skew and twisted 
cantilever thin plates (A'/B'=l, B'/H=20, Skew=15) 

Twist Angle (in degrees) 

No. 0 15 30 45 60 

1 3.5769 3.6005 3.5439 3.4535 3.3436 

2 8.6660 10.5842 14.6434 1'7.3521 14.9893 

3 22.2375 21. 9762 19.8816 18.9708 22.2911 

4 27.6602 26.9287 26.7854 28.4988 26.9003 

5 34.9999 32.8534 34.8650 37.5122 39.3320 

6 45.8777 45.3450 46.8174 46.6137 45.4564 

7 52.0034 50.3418 51. 7540 51.1578 52.7219 

8 63.1579 58.6716 56.8435 56.8184 55.9275 
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Table 9.13 Frequency parameters (CIJ A' 2Vp HID) for skew and twisted 
cantilever thin plates (A'/B'=l, B'/H=20, Skew=30) 

Twist Angle (in degrees) 

No. 0 15 30 45 60 

1 3.9096 4.0100 4.1466 4.0602 3.8396 

2 9.3771 11.5211 15.8213 17.3058 14.6156 

3 24.7272 22.8330 21. 6630 21. 0272 22.9890 

4 26.2606 26.3348 29.3579 28.4810 27.5079 

5 43.2970 39.9374 38.0788 39.5036 39.6694 

6 52.3617 50.1347 51. 0469 49.9193 41.0629 

7 52.4292 58.2885 59.9785 55.1470 54.4243 

8 70.9163 62.0873 68.5655 64.4367 57.9241 
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Table 9.14 Frequency parameters (~A'2JPH/D) for skew and twisted 
cantilever thin plates (A'/B'=l, B'/H=20, Skew=45) 

Twist Angle (in degrees) 

No. 0 15 30 45 60 

1 4.6741' 5.2597 5.5680 5.2156 3.6504 

2 11. 7047 14.2526 18.4623 17.4423 10.8521 

3 26.7495 28.2815 26.4057 23.3139 22.3300 

4 33.4639 31.1321 34.7991 33.0405 29.9301 

5 55.1177 51. 0938 46.7712 43.6550 30.4760 

6 65.6363 56.2095 55.6486 48.6575 41. 6105 

7 69.9219 71.9588 66.2836 63.9672 46.9937 

8 99.0617 92~1283 84.2633 67.5846 54.8251 
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Table 9.15 Frequency parameters (~AI2JPH/D) for skew and twisted 
cantilever thick plates (AI/BI=l, BI/H=5, Twist=15) 

Skew Angle (in degrees) 

No. 0 15 30 45 

1 3.3482 3.4692 3.8064 4.3708 

2 7.5083 7.6052 8.4697 10.1688 

3 10.8132 11. 3215 12.9320 16.1433 

4 17.6444 18.4972 20.8256 23.8868 

5 24.0574 22.7426 23.1311 26.7187 

6 24.5275 26.4877 28.3102 33.3003 

7 26.1774 27.3933 32.8744 41. 8725 

8 29.4450 31.4341 37.2897 45.7141 



243 

Table 9.16 Frequency parameters (~A'2JPH/D)' for skew and twisted 
cantilever thick plates (A'/B'=l, B'/H=5, Twist=30) 

Skew Angle (in degrees) 

No. 0 15 30 45 

1 3.2889 3.3970 3.8114 4.5615 

2 7.7239 7.8546 8.4085 9.9131 

3 10.4657 10.9761 12.5856 15.7016 

4 17.8118 18.4523 20.8984 24.5070 

5 23.4446 22.7003 22.5899 25.9683 

6 23.8667 25.8352 27.8417 32.8920 

7 25.9141 26.4413 29.8977 37.7577 

8 29.4840 31.4912 37.3279 46.0703 
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Table 9.17 Frequency parameters (~A'2JPH/D) for skew and twisted 
cantilever thick plates (A'/B'=l, B'/H=S, Twist=45) 

Skew Angle (in degrees) 

No. 0 15 30 45 

1 3.1814 3.2822 3.7305 4.5680 

2 8.0648 8.1604 8.5595 9.5842 

3 9.9509 10.4339 11. 9426 14.5223 

4 17.6981 18.3429 20.2486 21. 9502 

5 22.4200 22.4288 23.3202 25.1526 

6 23.3995 24.4956 26.6091 30.2428 

7 25.4950 26.0711 28.7873 34.6883 

8 29.3595 31.2415 36.3246 42.0797 
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Table 9.18 Frequency parameters (~A'J.PH/D) for skew and twisted 
cantilever thick plates (A I/B'=l, BII =5, TWist=60) 

Skew Angle (in degrees) 

No. 0 15 30 45 

1 3.0436 3.1549 3.5714 4.2738 

2 8.3782 8.4217 8.6774 9.4457 

3 9.3250 9.8199 10.9787 12.1413 

4 17.5716 17.9968 19.3352 19.7249 

5 21.5995 22.1926 23.0769 21.1761 

6 22.6477 23.0491 24.6433 25.7505 

7 24.9420 25.5855 28.2341 29.1876 

8 28.9250 30 .. 6065 34.8180 31.4422 
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Table 9.19 Frequency parameters (~A'2JPH/D) for skew and twisted 
cantilever thin plates (A'/B'=l, B'/H=20, Twist=15) 

Skew Angle (in degrees) 

No. 0 15 30 45 

1 3.4466 3.6005 4.0100 5.2597 

2 10.2771 10.5842 11.5211 14.2526 

3 20;3770 21.9762 22.8330 28.2815 

4 27.6930 26.9287 26.3348 31.1321 

5 30.0309 32.8534 39.9374 51. 0938 

6 43.8455 45.3450 50.1347 56.2095 

7 48.1781 50.3418 58.2885 71.9588 

8 48.8380 58.6716 62.0873 92.1283 
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Table 9.20 Frequency parameters (~AI2~H/D) for skew and twisted 
cantilever thin plates (AI/BI=l, BI/H= 0, Twist=30) 

Skew Angle (in degrees) 

No. 0 15 30 45 

1 3.3220 3.5439 4.1466 5.2156 

2 14.2712 14.6434 15.8213 17.4423 

3 18.5214 19.8816 21. 6630 23.3139 

4 26.8234 26.7854 29.3579 33.0405 

5 31. 2896 34.8650 38.0788 43.6550 

6 45.5808 46.8174 51. 0469 48.6575 

7 47.4625 51. 7540 59.9785 63.9672 

8 49.7491 56.8435 68.5655 67.5846 
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Table 9.21 Frequency parameters (C&J A' 2Jp HID) for skew and twisted 
cantilever thin plates (A'/B'=l, B'/H=20, Twist=45) 

Skew Angle (in degrees) 

No. 0 15 30 45 

1 2.5729 3.4535 4.0602 5.2156 

2 13.1959 17.3521 17.3058 17.4423 

3 18.3843 18.9708 21.0272 23.3139 

4 25.4920 28.4988 28.4810 33.0405 

5 35.5390 37.5122 39.5036 43.6550 

6 45.6416 46.6137 49.9193 48.6575 

7 46.6179 51.1578 55.1470 63.9672 

8 48.1345 56.8184 64.4367 67.5846 
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Table 9.22 Frequency parameters (WA,2JPH/D) for skew and twisted 
cantilever thin plates (A'/B'=l, B'/H=20, Twist=60) 

Skew Angle (in degrees) 

No. 0 15 30 45 

1 2.9884 3.3436 3.8396 3.6504 

2 13.9297 14.9893 14.6156 10.8521 

3 21.6840 22.2911 22.9890 22.3300 

4 26.4503 26.9003 27.5079 29.9301 

5 36.6458 39.3320 39.6694 30.4760 

6 39.2263 45.4564 41. 0629 41. 6105 

7 50.8178 52.7219 54.4243 46.9937 

8 55.0695 55.9275 57.9241 54.8251 
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C.7 Tabulated Data for Appendix B 
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Table B.1 comparative convergence stud~ing single precision 
accuracy) for frequency parameter (w A2Vp HID) of a thick, square 
cantilever plate (A/B=l, B/H=5, skew=O, v =0.3) • 

Modes Solution Size and Degrees of Freedom 

No. Oeser. 4x4x2 3x4x4 4x4x4 5x4x4 6x4x4 
(96) (144) (192) (240) (288) 

1 1FB 3.6417 3.0978 3.1765 2.3990 3.1287 

2 1T 7.6812 7.5650 7.3467 7.3329 7.3065 

3 1EB 11.2101 10.7935 10.4789 10.6611 9.9405 

4 2FB 18.9391 19.4764 16.5812 14.6436 16.4848 

5 1CB 24.6599 24.7281 24.1320 23.5199 24.2298 

6 2T 25.4561 25.7459 24.4406 24.4472 24.3996 

7 1LE 27.1121 27.3856 26.0738 24.5470 25.2811 

8 2EB 30.0468 28.8159 28.1048 28.3531 28.1589 

9 2CB 44.7602 45.8378 42.6430 40.5764 39.2808 

10 3FB 50.9365 48.5045 48.1184 41.6541 40.4413 

11 3T 52.3803 52.6714 49.5795 42.0531 43.0688 

12 3CB 54.8743 55.5799 52.5604 48.0989 44.5518 

(Note: Data calculated on IBM 3081-0 at OSU IRCC.) 
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APPENDIX D ILLUSTRATIONS 
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0.1 Illustrations for Chapter 1 
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AI = slant length = A/cos a 
BI = B/cos a 
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Figure 1.1 Skew cantilever Paralle~epiped 
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Fiqure 1.2 Skew and TWisted Cantilever Parallelepiped 
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0.2 Illustrations for Chapter 5 



(pure extension with poisson effect) 257 

Figure 5.la 

____ +-___ ~ y.v ,. 

Doubly-symmetric Case (SS) 
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(pure torsion w/warping + antisymmetric chordwise bending) 
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Figure 5.1b Doubly-Antisymmetric Case (AA) 
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(pure flapwise bending + symmetric chordwise bending) 

(anticlastic bending of section about y(y') axis) 

J~ Z;'tf 

(-) 

t ffi 
4 

Figure 5.2a syrnmetric-Antisymmetric Case (SA) 
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(pure edgewise bending) 

(anticlastic bending about z(z') axis) 
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Figure 5.2b Antisymmetric-Symrnetric Case (AS) 
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R THICK SQUARE CANTILEVER PLATE 
FIRST FLAPWISE BENDING 

(AlB = 1, B/H = 5) 
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Figure 5.3 Bar chart comparison of frequency results 
for lFB mode of a thick, square plate 



R THICK SQURRE CRNTILEVER PLRTE 
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(RIB = 1, BIH = 5) 
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Figure 5.4 Bar chart comparison of frequency results 
for IT mode of a thick, square plate 



A THICK SQUARE CANTILEVER PLATE 
FIRST EDGEWISE BENDING 

(AlB = 1, B/H = S) 
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Figure 5.5 Bar chart comparison of frequency results 
for lEB mode of a thick, square plate 



R THICK SQUARE CANTILEVER PLATE 
SEC~ND FLAPWISE BENDING 

(AlB = 1. B/H = 5) 

A 

c 

264 

B 

o 

E 

F 

G 

Figure 5.6 Bar chart comparison ef frequency results 
for 2FB mode of a thick, square plate 



A THICK SQUARE CANTILEVER PLATE 
FIRST CH~RDWISE BENDING 

(AlB = 1, B/H = 5) 
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Figure 5.7 Bar chart comparison of frequency results 
for leB mode of a thick, square plate 
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SECCJNO TCJRSICJN 

(AlB = 1, B/H = 5) 
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Figure 5.8 Bar chart comparison of frequency results 
for 2T mode of a thick, square plate 
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A THIN SQUARE CANTILEVER PLATE 
FIRST FLAPWISE BENDING 

(RIB = 1, B/H = 20) 
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Figure 5.9 Bar chart comparison of frequency results 
for 1 FB mode of a thin square plate 
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A THIN SQUARE CANTILEVER PLATE 
FIRST TfjRSIfjN 

(AlB = 1, B/H = 20) 
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Figure 5.10 Bar chart comparison of frequency results 
for IT mode of a thin, square plate 



A THIN SQUARE CANTILEVER PLATE 
SECDND FLAPWISE BENDING 

(RIB = 1, 8/H = 20) 
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Figure 5.11 Bar chart comparison of frequency results 
for 2FB mode of a thin, square plate 
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(AlB = 1, B/H = 20) . 
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Figure 5.12 Bar chart comparison of frequency results 
for 1CB mode of a thin, square plate 
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Figure 5.13 Bar chart comparison of frequency results 
for 2T mode of a thin, square plate 



A THIN SQUARE CANTILEVER PLATE 
FIRST EDGEWISE BENDING 

(AlB = 1, 8/H = 20) 
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Figure 5.14 Bar chart comparison of frequency results 
for 1EB mode of a thin, square plate 
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D.3 Illustrations for Chapter 6 



Figure 6.1 COSMIC/NASTRAN CIHEX1 (12x12x1) mesh used in 
comparative studies 
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3-D RITZ N~NOIMENSI~NAL FREQUENCIES FOR 
A SKEW CANTILEVER THICK PLATE 

(AlB = 1. 0) 

co . 
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A MClDE2 
+ MClDE3 
X MClDELl 
~ MClDES 
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o 5 110 1~ 2~ 2~ 3~ 3~ Ll~ Ll~ 5~ 

SKEW ANGLE (I N DEGREES) 

Figure 6.2 variation of 3~D Ritz frequencies with skew angle for 
lFB, IT, lEB, 2FB, and lCB modes (A'/B'=l) 
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NASTRRN NQNDIMENSIONAL FREQUENCIES F~R 
A SKEW CANTILEVER THICK PLATE 

(AlB = 1) 

I ________ ~~------~--------~ (!r. e e 

(!) 1FB 
~ 1 T 
+ 1EB 
X 2FB 
~ lCB 

VS SKEW 
~--~--~--~--~~--~--~--~--~--~--~ 
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SKEW ANGLE (I N DEGREES) 

Figure 6.3 Variation of NASTRAN frequencies with skew angle for 
lFB, IT, lEB, 2FB, and leB modes (A'/B'=l) 
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3-~ RITZ N~NDIMENSI~NAL FREQUENCIES F~R 
A SKEW CANTILEVER THICK PLATE 
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Figure 6.4 Variation of 3-D Ritz frequencies with skew angle for 
. the first-five modes (A'/B'=O.S) 
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NASTRRN NONOIMENSIONAL FREQUENCIES FOR 
A SKEW CANTILEVER THICK PLATE 

(AlB = 0.5) 

(!) MClDEl 
A MClDE2 
+ MClDE3 
X MClDEl! 
o MCIDES 

VS SKEW 
o~ __ ~ __ ~ __ ~ __ ~ __ ~~ __ ~ __ ~ __ ~ ______ ~ 

o 5 10 15 20 25 30 35 40 l!5 50 

SKEW ANGLE (I N DEGREES) 

Figure 6.5 Varia'cion of NASTRAN frequencies with skew angle for 
the first-five modes (A'/B'=O.5) 
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3-~ RITZ N~NOIMENSI~NRL FREQUENCIES F~R 
R SKEW CRNTILEVER THICK PLATE 
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Figure 6.6 Variation of 3-D Ritz frequencies with skew angle for 
the first-five modes (A'/B'=1.5) 
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NRSTRAN NONDIMENSIONAL FREQUENCIES FOR 
A SKEW CRNTILEVER THICK PLATE 

(RIB = 1.5) 
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Figure 6.7 variation of NASTRAN frequencies with skew angle for 
the first-five modes (A'/B'=l.S) 
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3-D RITZ N~NoIMENSI~NAL FREQUENCIES F~R 
A SKEW CRNTILEVER THICK PLRTE 
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Figure 6.8 variation of 3-D Ritz frequencies with skew angle fOl 
the first-five modes (A'/B'=2) 
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NASTRAN NONOIMENSIQNAL FREQUENCIES FOR 
A SKEW CANTILEVER THICK PLATE 

(AlB = 2. 0) 

Figure 6.9 variation of NASTRAN frequencies with skew angle for 
the first-five modes (A'/B'=2) 
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3-~ RITZ NONDIMENSIONRL FREQUENCIES FOR 
R SKEW CRNTILEVER THIN PLRTE 
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Figure 6.10 variation of 3-D Ritz frequencies with skew angle for 
lFB, IT, 2FB, leB, and 2T modes (AI/BI=l) 
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2-D RITZ N~NoIMENSIONAL FREQUENCIES FOR 
A SKEW CANTILEVER THIN PLATE 

(AlB = 1.0) 

(!) 1 FB 
& 1 T 
+ 2FB 
X lCB 
~ 2T 

VS SKEW 
;---,---.---,---,---,---,---~--~--~~ 

0 5 10 15 20 25 30 35 LlO Ll5 50 

SKEW ANGLE (IN DEGREES) 

Figure 6.11 variation of classical plate-theory frequencies with 
skew angle for lFB, IT, 2FB, leB, 2T modes (A'/B'=l) 
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3-~ RITZ N~NoIMENSI~NRL FREQUENCIES F~R 
A SKEW CANTILEVER THIN PLATE 

(AlB = 0.5) . 

0 
::r 

..... 
en 

::r 
en 

en 

co 
C\J 

If) 

C\J 

C\J 
C\J 

co 

If) 

C\J 

Ol 

to 

('I') 

0 

0 5 

(!) MClDEl 
A MClDE2 
+ MClDE3 
X MClDE4 
~ MClDES 

SKEW 

10 15 20 25 30 35 110 115 50 

SKEW ANGLE (I N DEGREES) 

Figure 6.12 variation of 3-D Ritz frequencies with skew angle for 
the first-five modes (A'/B'=O.5) 
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2-D RITZ NCNoIMENSICNAL FREQUENCIES F~R 
A SKEW CANTILEVER THIN PLATE 

(R 18 = O. S~ 

Figure 6.13 Variation of classical plate-theory frequencies with 
skew angle for the first-five modes (A'/B'=O.5) 
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3-~ RITZ N~NOIMENSI~NAL FREQUENCIES F~R 
A SKEW CANTILEVER THIN PLATE 
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Figure 6.14 Variation of 3-D Ritz frequencies with skew angle for 
the first-five modes (A'/B'=1.5) 
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3-0 RITZ N~NoIMENSI~NRL FREQUENCIES F~R 
A SKEW CANTILEVER THIN PLATE 
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Figure 6.15 variation of 3-D Ritz frequencies with skew angle for 
the first-five modes (A'/B'=2) 
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2-D RITZ N~NoIMENSI~NAL FREQUENCIES F~R 
A SKEW CANTILEVER THIN PLATE 
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Figure 6.16 variation of classical plate-theory frequencies with 
skew angle for the first-five modes (A'/B'=2) 
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D.4 Illust~utions for Chapter 8 
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Figure 8.1 Bar chart comparison of frequency results 
for 1FB mode of a thick, twisted plate 
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Figure 8.2 Bar chart comparison of frequency results 
for IT mode of a thick, twisted plate 



A THICK TWISTED CRNTILEVER PLRTE 
FIRST EDGEWISE BENDING 

(AlB = 1, B/H = 5) 
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Figure 8.3 Bar chart comparison of frequency results 
for lEB mode of a thick, twisted plate 



A THICK TWISTED CANTILEVER PLATE 
SEC~ND FLAPWISE BENDING 

(AlB = 1. BIH = S) 
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Figure 8.4 Bar chart comparison of frequency results 
for 2FB mode of a thick, twisted plate 
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FIRST CH~RDWISE BENDING 

(AlB = 1, B/H = 5) 
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Figure 8.5 Bar chart comparison of frequency results 
for lCB mode of a thick, twisted plate 
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Figure 8.6 Bar chart comparison of frequency results 
for 2T mode of a thick, twisted plate 
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Figure 8.7 Bar chart comparison of frequency results 
for lFB mode of a thin, twisted plate 
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FIRST T~RSIQN 

(AlB = 1. B/H = 20) 

E 

A 

B 

c 

o 

F 

G 

Figure 8.8 Bar chart comparison of frequency results 
for IT mode of a thin, twisted plate 
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Figure 8.9 Bar chart comparison of frequency results 
for 2FB mode of a thin, twisted plate 
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Figure 8.10 Bar chart comparison of frequency results 
for lCB mode of a thin, twisted plate 
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Figure 8.11 Bar chart comparison of frequency results 
for 2T mode of a thin, twisted plate 
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Figure 8.12 Bar chart comparison of frequency results 
for 1EB mode of a thin, twisted plate 
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D.5 Illustrations for Chapter 9 
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3-D RITZ NDNDIMENSI~NAL FREQUENCIES FOR 
A THICK, SKEW AND TWISTED CANTILEVER PLATE 

(AlB = 1, 8/H=5, SKEW= 15) 
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Figure 9.1 variation of 3-D Ritz frequencies with twist angle 
for the first-five modes (A'/B'=1.0, Skew=lS) 
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3-D RITZ N~NDIMENSI~NRL FREQUENCIES F~R 
R THICK, SKEW RND TWISTED CRNTILEVER PLRTE 

(AlB = 1, B/H=5, SKEW=30) 
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Figure 9.2 variation of 3-D Ritz frequencies with twist angle 
for the first-five modes (A'/B'=l.O, Skew=30) 
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3-0 RITZ NONDIMENSIONRL FREQUENCIES FOR 
R THICK, SKEW AND TWISTED CRNTILEVER PLRTE 
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Figure 9.3 variation of 3-D Ritz frequencies with twist angle 
for the first-five modes (A'/B'=l.O, Skew=4S) 
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Figure 9.5 variation of 3-D Ritz frequencies with twist angle 
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