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ABSTRACT 

Phenomenological models have long been employed by nuclear physicists to 

explain systematic trends in data. The Geometrical Model of Bohr. Mottelson and 

Rainwater (GM) and the Interacting Boson Model (IBM) are two such models that 

have been used to study the spectra of even-even nuclei. The IBM differs from 

previous boson models in that the total number Qf bosons is conserved and finite. 

In the GM the bosons of lowest angular momentum have R = 2 and are taken to 

represent quadrupole shape vibrations. whereas in the IBM the bosons are generally 

taken to have R = O. 2 and can be interpreted as correlated pairs of fermions. 

These models have been extended to handle the neighboring odd-even 

nuclei by considering the interaction of a fermion with the bosonic space. If the 

fermionic space consists of the single-particle angular momenta jl' J~ ..... then the 

largest group describing this mixed system of hosons and fermions is the product 

group UB(5) x UF(mj) (GM) or UB(6) x UF(mj) (IBM). where mj ... !(2j j + 1). If 

one of the subgroups of UB(5) or UB(6) is isomorphic to one of the subgroups of 

UF(mj). then we can combine the two group chains into a common bose-fermi group 

chain. These combined bose-fermi groups have been used extensively in the 

Interacting Boson-Fermion Model (IBFM) to study odd-even nuclei and have been 

claimed as evidence for the existence of supersymmetries; however. the 

superalgebras associated with these supersymmetries were never identified. 

We have identified. for the first time. the superalgebras that are 

associated with some of these combined bose-fermi symmetries. This superalgebra. 

the non-compact orthosymplectic superalgebra Osp(4s+2/2.R). is fundamentally 

different than those previously used in the IBFM. where the product algebra was 
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simply embedded into the superalgebra U(6/mj)' The U(6/mj) superalgebras do not 

imply any particular coupling scheme. and hence cannot be associated with any 

particular one of the combined bose-fermi algebras. Compact orthosymplectic 

superalgebras have been used in nuclear physics in the. past; however. these 

superalgebras contained only number-conserving operators and did not contain the 

fermion number operator. which leads to an unphysical classification scheme. The 

orthosymplectic superalgebra that we study here is a generalized pairing algebra 

containing both number-conserving and number-nonconserving operators as well as 

the boson and fermion number operators. 

The last few chapters are devoted to a study of coherent states for the 

non-compact orthosymplectic supergroups Osp(l/2N.R) and Osp(2/2N.R). although the 

results generalize rather easily to the compact versions of these supergroups. These 

coherent states. besides being of mathematical interest. form the basis for a study of 

Osp(M/2N.R) coherent states. 

-----.-.---~ 
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The understanding of nuclei seems. initially. to be a very difficult 

problem; there are several reasons for this. The major difficulty that one 

encounters when studying the nucleus is that it is made up of several bodies. but 

never more than a few hundred. l Thus. many of the simplifications that occur 

when N » I (for example. in statistical physics) are not applicable to nuclear 

physics. While great progress has been made in understanding the three-body 

problem. several-body problems remain notoriously difficult to solve. 

It was noticed by many early workers in the field that in spite of the 

complexity of the problem. there were many regularities in the spectra of nuclei. 

particularly among the even-even nuclei which have an even number of protons and 

an even number of neutrons. Examples of these regularities are the high stability 

for the so-called magic numbers values for Z and/or N. the invariable occurrence of 

0+ ground states in even-even nuclei. the first excited 2+ states in most cases. etc. 

Some of there regularities can be explained to some extent by the shell model. 2 

However. there are other features of nuclei. such as rotational bands. enhanced 

B(E2),s. large quadrupole moments. etc.. that have been interpreted as collective 

phenomena. An attempt at explaining these collective motions was the introduction 

of the geometrical model of Bohr. Mottelson and Rainwater (GM).s In this model. 

the nucleus was treated as an incompressible liquid that could rotate and oscillate 

about its equilibrium shape; the quadrupole mode was expected to dominate the 

low-energy spectrum. The system is then quantized by the introduction of 

quadrupole (I .. 2) phonons. The rotational bands were intepreted as the rotation of 
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a deformed liquid drop about an axis perpendicular to an axis of symmetry. while 

the vibrational (-y-unstable) spectra were assumed to arise from the vibrations of the 

drop about its spherical (nonspherical) equilibrium shape. This was at the opposite 

end of the spectrum from the extreme single-particle approximation to the shell 

model. The OM was essentially a phenomenological model. although its parameters 

can be estimated from a microscopic calculation. 

Phenomenological models have recently enjoyed renewed interest because 

of the tremendous success of the IBM. which was introduced by Arima and 

Iachell04 in an attempt to correlate the low-energy spectra of even-even nuclei. 

They postulated that the low-lying energy levels of even-even nuclei could be to a 

good approximation described by six bosons: an s-boson with J = 0 and the five 

components of a d-boson with J = 2. These bosons were later interpreted as 

correlated-pairs of fermions (protons or neutrons).5 In the IBM-I. there was no 

distinction made between proton and neutron bosons. For this reason. the model is 

more suitable for heavy nuclei. where the protons and neutrons are filling different 

major shells. The IBM-I has been extensively discussed in many review articles.6,7 

so we do not go into much detail here. Since its introduction. the IBM-I has been 

extended to distinguish' between proton and neutron bosons. the so-called (IBM-2)24 

and. for light nuclei. to take into account protons and neutrons filling the same 

major shell (IBM-3 and IBM_4).8.9 which include "np" bosons as well as "pp" and 

"nn" bosons. For our purposes. it is only necessary to consider the simplest case 

IBM-I (henceforth referred to simply as the IBM). 

One of the most interesting postulates of the IBM is that the total number 

of bosons should be a conserved quantity. This was in contrast to the OM. where 

the bosons are to be thought of as quadrupole shape vibrations of the nucleus. and. 

as such. need not be conserved. It follows that the algebraic structure of the IBM 
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is that of U(6) (s and d bosons). The IBM hamiltonian is usually taken to contain 

at most two-body interactions: 

r. t tJ(O) [~ ~J(O) + Q!o LS x s . s x s + 
, r J(L) r~ ~J(L) L f3L Ldt X dt . Ld x d 

L=9.2.4 

+ 'Yo [ [ dt X dt J(O). [s x s J(O) + h.c. ] 

(2) [ ~ J(2) 
+ 50 [ [ dt X dt J . d x s + h.c. ] 

(2) [ - J(2) 
+ 1<.0 [ [ dt X s J . d X st 0.1) 

where Ho is taken to be a scalar under U(6). and h.c. stands for hermitian 

conjugate. In general. we would have to diagonalize this hamiltonian numerically; 

however. there are certain choices of coefficients that allow us to write down 

closed-form expressions for the eigenvalues of the hamiltonian. This occurs when 

the hamiltonian can be written in terms of the Casimir invariants of a chain of 

subgroups of U(6). It is then said that we have a "dynamical symmetry." Of 

course. this is much more than a mathematical convenience. If experimental spectra 

exhibit (to a good approximation) a dynamical symmetry. then the number of 

parameters in the hamiltonian is greatly restricted. There are only three possible 

subgroups of U(6) which respect the J = O. 2 assignments of the bosons and contain 

SO(3) as a subgroup. The nucleus has good angular momentum and so it is 

required that SO(3) be a subgroup. 10 These group chains are 

(1.2a) 



SUB (3) ~ SOB (3) :> SOB (2) 

UB(6) j SOB(6):::>SOB(5)::) SOB (3) ~ SOB(2) 

14 

(1.2b) 

(1.2c) 

where. in anticipation of future work. we have included the superscript B to refer 

to the fact that the generators of these groups are composed of boson operators. 

Using the group chains of Eq. (1.2). it is then possible to construct a hamiltonian 

that is diagonal when evaluated in that basis. This occurs whenever one is able to 

express the hamiltonian as a sum of Casimir operators of the subgroups in a given 

group chain: a dynamical symmetry. The linear and quadratic Casimir operators 

for these various subgroups are well known and are tabulated in many places. 11- 13 

These three subgroup chains correspond to three different types of spectra observed 

in nuclei: that of an anharmonic vibrator." a -y-unstable rotor.12 and an axial 

rotorY Since most nuclei fall somewhere in between these three limits. it is a 

useful feature of the IBM hamiltonian that it can be diagonalized numerically with 

relative ease in the basis of one of the group chains. 

The IBM was later extended to the IBFM by including fermionic degrees 

of freedom.14 If the fermion space is composed of single-particle angular momenta 

jl' j2.···. jk' then the group structure associated with this space is clearly UF(mj). 

with mj = L(2j j + 1) 

0.3) 

Here the superscript F refers to the fact that the generators are made up of fermion 

operators and. as usual. we require that the total angular momentum of the fermions 

be a good quantum number. It is. of course. also possible to have bose-fermi 

dynamical symmetries in the IBFM.14 and these occur when one of the subalgebras 
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in the fermion chain (Eq. (1.3» is isomorphic to one of the subalgebras in the boson 

chain (Eq. (1.2». There are two major types of bose-fermi dynamical symmetries 

employed by workers in the IBM. The first type are the spinor symmetries, of 

which the best known is the Spin(6) symmetry of Iachello and Kuyucak. 15 Spinor 

symmetries are rather rare since they rely on the accidental isomorphism of two 

algebras. We do not discuss the spinor symmetries in any great detail since they 

are not amenable to treatment using our superalgebra. A second class of bose-fermi 

symmetry was' introduced by Balantekin et aU6 and has been more widely 

employed, since it is more often applicable to multi-j orbitals. In this second 

approach, one factors the fermion angular momenta into pseudo-orbital angular 

momenta k j and a pseudo-spin Sj': {j,} -+ {kd x {sj'}. We then have the group 

structure 

(1.4) 

where mk = 1:(2k j + 1). ms = 1:(2sj + 1) and mkms = mj. If k j = 0, 2, then we can 

form combined bose-fermi groups by joining the group chains of UB(6) and UF(6). 

Recently, bose-fermi dynamical symmetries have been extended to so-called 

dynamical supersymmetries. 17 

The superalgebras commonly connected with these dynamical 

supersymmetries were constructed by embedding the bose-fermi algebras into the 

superalgebras U(6/mj ).18 While this is always possible mathematically, it may not 

be very useful. For example. the superalgebra does not imply any particular 

coupling scheme and really gives no more information than the product algebra, 

which contains the combined bose-fermi algebra as a proper subgroup. Elliott has 

made this point clear in a recent review article.6 He points out that the 
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superalgebra does not influence the wavefunctions. and that this always happens 

when one embeds into a larger structure. Finally. the supergroups U(6/mj) are very 

large. having (6+mj)2 generatorsp9 

Combined bos.e-fermi algebras have been claimed for many yearS to 

imply the existence of a supersymmetry. since the same parameters could often be 

used to fit both the even-even and odd-even nuclei. 20 The superalgebras associated 

with this supersymmetry were never identified. We identify for the first time the 

superalgebras that correspond to some of the combined bose-fermi symmetries. In 

addition to the supergroups U(6/mj)' there have been other types of supergroups21 

introduced in nuclear physics which will be discussed in more detail in Chapter 2. 

but they too have inherent problems. These supergroups. which were subgroups of 

U(6/mj)' are compact orthosymplectic groups which contain only number-conserving 

operators. but do not contain the boson or fermion number operators. Such 

schemes. therefore. give an unphysical classification and would not be very useful. 

The first four chapters of this dissertation will be concerned with the 

introduction and study of a superalgebra that is not plagued by the above problems. 

Since very little was known about this superalgebra. most of the details of its 

representation theory had to be worked out. This superalgebra. the non-compact 

orthosymplectic superalgebra Osp(4/2.R). is a generalized pairing algebra. which 

contains the boson and fermion number operators and implies a particular coupling 

scheme. Being a generalized pairing algebra. this superalgebra contains both 

number-conserving and number-nonconserving operators. 

Examples of previously employed supersymmetry schemes are given in 

Chapter 2. where we illustrate some of their shortcomings. As an example of one 

of these, alternative supersymmetric schemes. we consider the application of the 

U(6/4) and U(6/20) schemes to the xenon isotopes in Appendix C. Since we will 
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argue that these schemes are really not appropriate for this region. we do not apply 

the·orthosymplectic superalgebra to these cases. In any case. it is a useful exercise 

to study the properties of these other schemes. if only to provide a contrast to our 

own and because of their familiarity. ·Chapter 3 forms the bulk of this dissertation 

work. There we show the complementarity of the superalgebras Osp(4s+2/2.R) to 

combined bose-fermi seniority algebras. If the boson single-particle space is 

spanned by the angular momenta 11, 12, .... then the combined bose-fermi algebra is 

SOB+F (1:(21i + I». The use of complementary groups is similar in principle to the 

earlier work involving the quasispin-seniority classification for bosons and fermions. 

When the fermion j-values can be obtained by coupling a spin of 1/2 to the boson 

l-values. the superalgebra becomes Osp(4/2.R). This case often occurs in the IBM 

and the OM. It should be pointed out that Osp(4s+2/2.R) is complementary to 

many combined bose-fermi algebras; thus one can handle many different single

particle spaces with the same superalgebra. This is one of the more powerful 

results that we have obtained. although the restriction to a single fermion and the 

relatively small single-particle boson space make this a moot point. Chapter 3 also 

contains most of the relevant results for the representation theory of the non

compact superalgebras Osp(I/2.R). Osp(2/2.R). and Osp(4/2.R). The representations 

of Osp(I/2.R) are completely specified by the eigenvalues of the quadratic Casimir 

operator of the superalgebra. Because of the vanishing of this operator for the 

superalgebras for nontrivial representations. the superalgebras Osp(2/2.R) and 

Osp(4/2.R) are more difficult to handle. These representations are considered and 

studied in detail through the subgroup chains: 

Osp(2/2.R) :;) Sp(2.R) x SO(2) (I.Sa) 
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Osp(4/2.R) ;:) Sp(2.R) x SO(4) (1.5b) 

The multiplet structure of Osp(4/2.R) was studied by using both the complementary 

groups and the generators themselves. This latter technique has been employed in 

particle physics. but has been largely overlooked in nuclear physics. Several 

realizations of Osp(4/2.R) are presented as examples. In Chapter 4. we present 

theoretical spectra corresponding to two possible supersymmetries: (i) Osp(4/2.R) 

Sp(2.R) x SO(4). which is complementary to SOB+F(5). and (ii) U(1/2). which is 

complementary to UB+F (5). A set of nuclei is then studied as a possible candidate 

for supersymmetry (i). The p-f shell nuclei 6°Ni and 61Ni are considered. where a 

restriction to the single-particle space of j = 3/2. 5/2 is made. A discussion of 

single-particle transfer and electomagnetic transitions is also given. 

The last two chapters of this work involve the extension of some of the 

standard results for harmonic-oscillator coherent states. Perelomov and others have 

already generalized these results to arbitrary compact Lie groups and the discrete 

series representations of arbitrary non-compact Lie groups.22 We wish to further 

extend these results to the case of discrete series representation of non-compact 

orthosymplectic supergroups. although we note that o,ur work could be easily carried 

over to the compact versions of the orthosymplectic groups. We study the coherent 

states for the non-compact supergroups Osp(1/2N.R) in Chapter 5 and those of 

Osp(2/2N.R) in Chapter 6. This study is more of a purely mathematical nature. 

since we have not as yet found any direct application in nuclear physics for these 

states. Nonetheless. they are the simplest of the Osp(M/2N.R) coherent states. which 

may prove to be useful. especially in view of the fact that Osp(4s+2/2.R) now 

appears to have some physical relevance. 
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We derive the measure of integration for the coherent states of the 

supergroups Osp(1/2N.R) and Osp(2/2N.R). These are then used to work out the 

decomposition of unity for Osp(1/2.R) and Osp(2/2.R). The measure of integration 

is of fundamental importance in path integration. which has recently begun to be 

applied to coherent states for the groups SU(l.I) [Ref. 23] and SU(2) [Ref. 24]. 

The expectation values for the generators of the supergroups are also calculated. and 

are then used to show that the coherent states we have defined are "closest to 

classical" in the generalized sense of Perelomov. We find that the structure of the 

supergroup Osp(2/2.R) is much richer than that of Osp(1/2.R). In particular. we 

need to consider both typical and atypical representations. 

As a final remark. we note that the definition of a supergroup is far 

from universally accepted among mathematicians. On the other hand. the 

superalgebras associated with the supergroups are well-defined mathematically. Since 

we do not need supergroups in the first five chapters. we defer their use until the 

last few chapters. Several appendices have been included which contain some of 

the more technical results. 
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CHAPTER 2 

PREVIOUS SUPERSYMMETRY SCHEMES: 

U(6/Mj) AND OSP(6/Mj) 

Over the past few years. there has been considerable interest in applying 

supersymmetry schemes to low-energy nuclear physics. 17. 24 In the next few 

chapters of this dissertation we will introduce and study the properties of a 

fundamentally different type of supersymmetry that is not plagued with the 

difficulties of previous supersymmetries. We review two of these schemes in the 

present chapter: the U(6/mj) and the Osp(6/mj) supersymmetries. The Osp(6/mj) 

supersymmetry scheme has not enjoyed the widespread popularity of U(6/mj) for 

reasons that we will discuss shortly. In fact. both of these supersymmetry schemes 

suffer from serious deficiencies. which we outline below. 

If our supersymmetry scheme is to be fully appreciated. and its 

introduction motivated. we must first understand the difficulties and shortcomings 

associated with the previously employed supersymmetries; therefore. it will prove to 

be extremely useful to review them in some detail. To illustrate the U(6/mj) 

scheme. we consider in Appendix C an example using 130Xe and lSlXe. We choose 

not to illustrate the Osp(6/mj) scheme. as it gives an unphysical classification and. 

except for providing a contrasting scheme. is not really relevant to the rest of this 

work. 

2.1. The Supersymmetry U(6/mj) 

The introduction of combined bose-fermi algebras led naturally to the 

study of dynamical symmetries in the IBFM. One type of bose-fermi algebra. the 
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spinor algebra. was introduced by Iachello and Kuyucak. The Spin(6) scheme 

exploits the isomorphism SU(4) :!! SO(6) so that one can combine the boson UB(6) 

and fermion UF(4) chain at the SOB(6) and SUF(4) algebras. This decomposition is 

illustrated in chain a of Eq. (2.3). It is also possible to combine the algebras at the 

SO(5) (chain b) or SO(3) (chain c) levels by invoking the isomorphisms SpF(4) :!! 

SOB (5) and SUF (2) :!! SOB (3): 

(2.3) 

The Spin(6) decomposition is usually written in the form 

UB(6) x UF(4):J SOB(6) x SUF(4).) Spin(6)" Spin(5) ~ Spin(3) (2.4) 

In the second class of bose-fermi symmetries. the fermion space l)panned 

by j = jl' j2' ...• jj is factored into a pseudo-orbit space k - kl• k2 ••..• km and a 

pseudo-spin space with by s = Sl' S2' •••• sn. The reduction of the fermion algebra 

then reads 
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j-+kxs (2.5) 

where mj = ~(2ji + 1), mk = ~(2ki + 1), ms = ~(2si + 1), and mj = mk ms' 

Now if the pseudo-orbital angular momentum, k, spans the same single-particle 

angular momentum as one of the boson algebras, we can join the boson and fermion 

algebras at this point. For example, if jl = 1/2, j2 = 3/2 and js = 5/2, we may 

decompose this as s = 1/2 and k = 0, 2. This construction is illustrated in Eq. 

(2.6) for the bosons having, for definiteness, an SOB(6) symmetry (chain b): 

U~(2) 

(2.6) 

This decomposition is usually written in canonical form, the relevant chain being 

UB(6) x UF(l2) ::> UB(6) x UIk(6) x U~(2) :> SOB(6) x SOIk(6) x U~(2) 

::> SOB+F (6) x UF (2) :) ... ~ SpinB+F (3) (2.7) 



23 

The combined bose-fermi algebras only contain elements that take bosons 

into bosons and fermions into fermions and do not contain operators that mix bosons 

and fermions; hence. they cannot link the neighboring even-even and odd-even 

nuclei. An interesting restriction can be placed on the form of the hamiltonian by 

requiring that it be written entirely in terms of Casimir operators of the combined 

bose-fermi groups. In a very real sense one then treats bosons and fermions on the 

same footing. In fact. in a recent letter. Frank. Van Isacker. and Warner18 have 

apparently proposed this as a definition of supersymmetry in a study of the isotopes 

of Ru and Rh. Their conclusion is that this extends the region of nuclei that can 

be used to test the general validity of a supersymmetry formalism. Since this 

definition is never quantified by the introduction of a superalgebra. it would not be 

a verifiable supersymmetry in the sense that it cannot be associated with a 

particular coupling scheme. Superalgebras were introduced in the IBFM formalism 

by embedding the product algebra UB(6) x UF(m) into the superalgebra U(6/m).18 In 

this way. bosons and fermions were contained within the same supermultiplet. It is 

now required. of course. that the even-even and odd-A nuclei be fit with the same 

set of parameters. However. it is just because of the way the superalgebra is 

introduced that makes it inadequate as a means of testing whether various' 

supersymmetries exist. We wish to make this point quite clear. since it is one of 

the fundamental differences (and perhaps the most important one) between this 

superalgebra and the one that we will introduce later. which will be able to 

provide a meaningful test of supersymmetry. 

It is easily seen from Eq. (2.6) that we could just as well have joined 

the bose and fermi algebras at UB+F (6). SOB+F (5) or SOB+F (3) (chains a. c. and d 

respectively). and the encompassing product algebra would again have been UB(6) x 

UF (mj)' Put another way. the U(6/mj) superalgebra allows all operators to be 
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constructed. Therefore. it is always a dynamical symmetry and hence is 

meaningless. 

Because the U(6/mj) supersymmetry scheme has enjoyed such widespread 

use. we felt it should be illustrated by an example. However. the inclusion of this 

example is not pivotal to the rest of this work and so is relegated to an appendix 

(see Appendix C). 

2.2. The Compact Osp(6/mj) Supersymmetry 

The compact orthosymplectic supergroup Osp(6/mj) has also been 

employed by several authors in the study of nuclear structure. We do not wish to 

devote too much space to this scheme. since. as we shall show. it provides an 

unphysical classification. Primarily for this reason that scheme has not enjoyed the 

popularity of the U(6/mj) supersymmetry. It is interesting to investigate. however. 

since it provides an alternative decomposition for U(6/mj) to that discussed in the 

previous section. 

The standard decomposition of the superalgebra U(6/mj) is through a 

chain such as that presented in Eq. (2.5). In particular. we break the U(6/mj) 

symmetry by a product of two ordinary Lie algebras. As we noted at the 

beginning of this chapter. the purpose of introducing the superalgebra was to 

associate some superalgebra with the combined bose-fermi algebras introduced in the 

IBFM. As an alternative decomposition. the U(6/mj) symmetry was broken. not by 

a product algebra. but by another superalgebra. the compact Osp(6/mj ). 

Unfortunately. this classification scheme has several problems. The standard 

realization of Osp(6/mj) consists entirely of number-conserving operators (obvious. 

since it is a subgroup of U(6/mj» but does not contain the fermion number 

operator. Nr . Hence. states cannot be classified using this label and would contain 
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, 
components with different values of N. although the total number of bosons + 

fermions must be conserved. Thus these states represent superpositions of states in 

different nuclei. and as such are unphysical. When the hamiltonian is written in 

such a way as to exhibit a dynamical symmetry. the bose-fermi interaction does not 

conserve baryon number and is not hermitian. although it can be shown that the 

eigenvalues are real! This would imply that the eigenvectors are not orthogonal. 

which is clearly an undesirable feature of the model. The non-hermiticity of the 

hamiltonian is related to the manner in which the elements of Osp(6/mj) transform 

under hermitian conjugation. While it has been noted that the problem of 

nonconservation of baryon number has arisen before in nuclear physics (for 

example. in the application of BCS techniques). its consequences here have yet to be 

satisfactorily worked out. and the classification would remain unphysical under the 

usual projection onto states of good particle number. 

It is with this background that we introduce the non-compact 

superalgebra Osp(4s+2/2.R). which contains both the fermion and boson number 

operators and does correspond to a particular coupling scheme. Hence. it is 

fundamentally different than the orthosymplectic superalgebras previously 

introduced. Further. the hamiltonians that can be constructed are such that they 

conserve the baryon number. As might be expected. the elements of the non-

compact Osp(4/2.R) transform differently under hermitian conjugation than those of 

the compact Osp(6/mj)' with the result that it is possible to construct a hermitian 

hamiltonian. 

As a matter of notation. the non-compactness of the superalgebra 

Osp(4/2.R) is emphasized by the inclusion of the capital letter R. We will adhere 

to this notation throughout. as it serves to differentiate between the compact and 

non-compact versions of the orthosymplectic superalgebras Osp(m/n). This should 
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be compared to the algebras Sp(m) and Sp(m.R). which are subalgebras of Osp(m/n) 

and Osp(n/m.R). respectively. For the superalgebra U(m/n). m denotes the 

dimension of the boson space and n that of the fermion space. The next few 

chapters will be devoted to a detailed study of the representations of the Osp(4/2.R) 

superalgebra. as well as its application to some physical problems. 



CHAPTER 3 

COMPLEMENTARITY OF OSP(4S+2/2.R) TO BOSE-FERMI ALGE~RAS; 

REPRESENTATIONS OF OSP(1/2.R). OSP(2/2.R) AND OSP(4/2.R) 

3.1. Introduction 
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Models containing both bosons and fermions could be relevant to many 

areas of physics.25 Following the phenomenologically successful IBM description of 

collective levels in even-even nuclei using monopole (s) and quadrupole (d) bosons. 

attempts have been made to treat odd nuclei by coupling a fermion. which may 

occupy a set of shell-model valence levels. to the boson states. 26 A similar 

formalism may be applied to the geometrical model. which can be expressed in 

terms of quadrupole phonons.27 

In the first section of this chapter. we demonstrate an orthosymplectic 

pairing supersymmetry. Osp(4s+2/2.R). for systems classified using combined bose

fermi algebras. such as SOB+P(5) and SQB+p(6). which can occur when coupling a 

fermion to the OM and IBM. This supersymmetry. which is analogous to quasispin 

for bosons and fermions separately.28 is the first supersymmetry in nuclear physics 

that can be subjected to experimental verification. There are two potentially 

relevant single-particle spaces that fall within the Osp(4/2.R) scheme. which is the 

simplest example of the Osp(4s+2/2.R) scheme. For the OM (IBM) with 1 ... 2 (1 .. 

0.2) the fermion space is j ... 3/2. 5/2 (j ... 1/2. 3/2. 5/2). 

The representation theory presented in the remainder of the chapter is 

not resticted to the above-mentioned spaces; the representations are derived entirely 

from the defining commutation and anti-commutation relations and hermiticity 

properties for the superalgebra and hence are independent of the superalgebra's 
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realization. Several examples of the decompostion of an Osp(4/2.R) representation 

down to Sp(2.R) x SO(3) x SO(3) are given. Another potentially useful 

decomposition of Osp(4/2.R) that proceeds through the superalgebra U(l/2) is 

suggested. but is not pursued in detail. Because of this complementarity. the 

superalgebra Osp(4/2.R) provides an alternative classification to the combined bose

fermi algebras and might. in some cases. result in calculational simplification. The 

major advantage of using the superalgebra is that this obviates the introduction of 

new bose-fermi algebra for each new single-particle space. It is. therefore. useful 

to study the representations of Osp(4/2.R). 

In addition to the representations of the superalgebra Osp(4/2.R). we also 

study those of Osp(l/2.R) and Osp(2/2.R). These latter supergroups are not of the 

type Osp(4s+2/2.R); nonetheless. it is necessary to know their representations when 

we study the coherent states constructed from these supergroups. Further. they 

form a good introduction to the more complex case of Osp(4/2.R). Already with 

Osp(2/2.R) we have to consider both typical and atypical representations; this 

feature does not arise for Osp(l/2.R). 

3.2. Complementarity of Osp(4s+2/2.R) and Bose-Fermi Algebras 

Partly as a means of restricting the many free parameters. and partly for 

aesthetic reasons. many studies have been made of the group theoretical 

classification schemes such systems may possess.26,28 If the numbers of single-boson 

and single-fermion states are nand m respectively. a convenient starting point is the 

direct product 

[U(n) :> G~] x [U(m);:) G~ ] (3.1) 
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An interesting possibility arises if some groups occur in both 

classifications. for then it is possible to introduce "bose-fermi" groups whose 

generators are the sum of those for the individual systems. For instance. the single-

particle j-values. j = 1/2. 3/2. and 5/2. may be decomposed into (pseudo-) orbit and 

(pseudo-) spin parts as (0+2) and 1/2. so that combining with the sand d bosons of 

the IBM. a possible IBFM group chain is29 

All previous supersymmetry schemes have been of the form U(n/m) 

obtained by embedding the product algebra UB (n) x UP (m) and so give no new 

constraints by which their validity might be tested. We will introduce a symmetry 

which is. in contrast. associated with a particular subgroup of the direct product. 

To delineate the possibilities. we first construct the largest possible superalgebra 

containing number-conserving and pair creation/annihilation operators for a system 

of fermions and bosons with m and n sing!e-particle states respectively: 

atj. aj = (atj)t:. fait atj} = Bi j • i.j = I-m 

bt i• bi = (bti)t: [bit btjl = Bi j • i.j = I-n 

(3.3a) 

(3.3b) 

The largest groups generated by the quadratic and bilinear combinations of the 

creation and annihilation operators for each subsystem are30
• 31 

Fermions: SOP (2m): at·at . 
I J' (3.4a) 

(3.4b) 
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Under Sp(2n.R) [SOF (2m)]. any state transforms according to one of two 

representations. depending on whether the number of bosons [fermions] is odd or 

even. 

Augmenting these sets with the mixed bose-fermi operators which obey 

anticommutation relations among themselves. and commutation relations with the 

bose-bose and fermi-fermi operators. results in the non-compact orthosymplectic 

superalgebra Osp(2m/2n.R). 

where [G1 •••• ] represents the generators of G 1• ••• Each state of the combined 

boson-fermion system transforms according to one of two representations under this 

superalgebra. now depending on whether the total number of particles is odd or 

even. 

Obvious subalgebras are (see Eqs. (3.4a) and (3.4b» 

Osp(2m/2n.R) :> [SOF(2m) :> UF(m)] x [Sp(2n.R) ::> UB(n)] (3.6a) 

Osp(2m/2n.R) ~ U(n/m) :;:, [UF (m) x 

Osp(2m/2n.R) ;) U(n/m) :> Osp(n/m) 

UB(n)] )Sp(m) x SOB(n) (3.6b) 

(3.6c) 

where the ordering of the arguments in U(n/m) and Osp(n/m) should be noted 

(recall that. by convention. the first argument in U(n/m) refers to the bosonic 

subspace). U(n/m) consists of all operators which conserve the total number of 

particles. Previous supersymmetry classifications have used this superalgebra.17 

which only serves to link states with different numbers of bosons and fermions and 

does not imply any particular coupling scheme in each system. (See the discussion 
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in the final paragraphs of this chapter.) 

Here we will concentrate on other subalgebras corresponding to partial 

pairing of the bosons and fermions. Consider those cases where the fermion space 

can be factored into two parts of dimensions n (having a symmetric metric) and P. 

with n x p = m: 

The sets of operators which are combined as scalars in the "n" space (a summation 

over i is implied in Eqs. (8-10» close. as above. to give28, 32, 33 

Bosons: Sp(2.R): btib! 
" 

(3.8a) 

(3.8b) 

Again augmenting these sets with the mixed bose-fermi operators constructed using 

the same prescription (i.e .• scalar in the "n" space). the algebra closes on that of 

Osp(2pj2.R): 

The significance of this group is clarified by noting that all its generators 

commute with the number-conserving operators. which are sums of the 

corresponding bose-bose and fermi-fermi terms scalar in the "p" space and 

anti symmetric in the "n" space; these generate the group SQB+F(n) of simultaneous 

orthogonal transformations of bosons and fermions: 



SOB+F(n): 

Thus there exists a direct product structure 

Osp(2pn/2n.R) ':) Osp(2p/2.R) x SOB+F (n) 

and the subalgebra structure is (analogously to Eqs. (3.6a) and (3.6b». 

Osp(2p/2.R) :> [SO(2p) :> U(p)] x [Sp(2.R) :> U(I)] 

Osp(2p/2.R) :> U(l/p) :> [U(p) x U(1)] 
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(3.10) 

(3.11) 

(3.12a) 

(3.l2b) 

where U(l/p) corresponds to a restriction to number-conserving operators. This 

structure (Eqs. (3.11). (3.12» is the main result of this dissertation. The 

complementarity of SOB+F (n) and Osp(2p/2.R) results in the representation labels 

being in one-to-one correspondence.34 Equivalent classification schemes using only 

number-conserving operators are 

{[UB(n)::;) SOB(n)] x [UF(n) :> SOF(n)];) SOB+F(n)} x U(p) 

x UF (n)] :> UB+F (n) :> SOB+F (n)} x U(p) 

(3.l3a) 

(3.13b) 

where pairs of complementary algebras are UB+F(n) and U(I/p). SOB(n) and Sp(2.R). 

SOF(n) and SO(2p). and the labels of UB(n) and UF(n) are specified by those of 

UB(I) and UF(p) respectively because of the overall boson (fermion) symmetry 

(antisymmetry). 

In the case where the fermion levels have j-values corresponding to 

coupling a pseudo-spin s to the l-values of the boson states. the orthosymplectic 
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supersymmetry would be Osp(4s+2/2.R). becoming Osp(4/2.R) for the commonly 

encountered choice s = 1/2. The complementary seniority algebra is SOB+F (n) 

(Eq.(3.1l». where n = Lj(2Rj + 1). 

Returning to the special cases of such mixed boson-fermion systems 

provided by the OM + fermion and IBFM. it is apparent that the existence of the 

groups SOB+F (5) and SOB+F (6) implies that an orthosymplectic supersymmetry can be 

realized. 

3.2.1. SOB+F (5): R = 2 Bosons (IBM U(5) or Quadrupole Phonons) and Fermions. 

For s = 1/2. corresponding to j = 3/2 and 5/2. the new dynamical 

supersymmetry is Osp(4/2.R). which can be reduced to either SO(4) x Sp(2.R) or 

U(l/2) (corresponding to coupling the bosons and fermions at the SO(5) and U(5) 

levels respectively. Eqs. (3.12). (3.13» and then to sUS (2) x UF(l) x UB(l). The 

generators are given in angular momentum coupled notation in Table 3.1. As 

another example. for s = 3/2. corresponding to j-values j .. 1/2..... 7/2. the 

supersymmetry would be Osp(8/2.R). 

3.2.2. SOB+F (6): R = 0 and R = 2 Bosons (IBM) and Fermions. 

For s = 1/2. corresponding to j = 1/2. 3/2. 5/2. we have again Osp(4/2.R). 

and the two subalgebras now correspond to coupling bosons and fermions at the 

SO(6) and U(6) levels. The generators differ from those in the 1 - 2 case only in 

that the sum over m is augmented to cover R ... O. 

In both these cases. it is also possible to couple the boson and fermion 

orbital angular momenta only at the SO(3) level. It would be interesting to find 

whether this symmetry has a complementary pairing superalgebra. although we note 

that this would have to contain Osp(4s+2/2.R) as a subalgebra. 



34 

TABLE 3.1. Generators of the groups involved in the Osp(4/2.R) x SOB+F (n) 
scheme. We have assumed a single pseudo-orbital angular momentum 1 (n == 21+1). 
the generalization to multiple values being straightforward. The tensor components 

f h ·h·l· d f· d (I~) ( )'-m+ ~-JL ( t(1 ~) )t o t e anm 1 ahon operators are e me as am JL ... - . a -m -JL • 

Osp(4/2.R): 

SO(4): 

Sp(2.R): 

. U(I/2): 

SUS (2): 

UF(l): 

UB(l): 

SOF(n): 

SOB (n): 

SOB+F(n): 

R - r!! r. t t](O.O) 
+ - J 2 La a 0 o· 

r!! r. t J(O.I) 
SJL = - J 2: La a 0 JL 

K+ = v: [dt dt ](~) • 

WJL = _1_ d.at(~2). 
.j2 

R+ • R - . Ro 

K+ • K - . Ko 

Ro • Ko • SJL • 

SJL 

Ro 

Ko 

UF ~) ... - .j2 [at a]~'~) 

UB ~)... [dt dJ~) 

UB ~) + UF ~) 

1 Ro ... 2: (NF - n) 

K =(K)t - +. 

Y" ... _1_ d.l/J 
,.. .j2 JL 

k ... 1. 3 •...• n-2 

k - 1, 3 •...• n-2 

k ... 1, 3 •...• n-2 
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The non-compact orthosymplectic superalgebras discussed in this section 

are generalized pairing algebras and contain both the boson and fermion number 

operators. They are indeed complementary to the algebra generating combined 

boson-fermion orthogonal transformations in the same way that the more familiar 

symplectic and orthogonal pairing algebras are complementary to those describing 

orthogonal transformations for bosons and fermions respectively.28.32.33 This 

superalgebra has the useful property of containing certa~n particle-transfer operators 

and. in addition. incorporates the well-known advantages of a quasispin formalism 

in dealing with the dependence of matrix elements on the particle number and the 

dimension of the single-particle space. In contrast. previous applications of this 

supersymmetry form (Osp(n/m). Eq. (3.6c» use only number-conserving operators and 

exclude the number operators themselves. which gives an unphysical .classification.21 

This feature is necessarily shared by the recently discovered complementary mixed 

bose-fermi SU(l.I) quasispin algebra.3s 

3.3. Representation Theory for Osp(N/2.R). N = I. 2. 4 

In this section. we work out the discrete series representations for the 

three superalgebras Osp(1/2.R). Osp(2/2.R). and Osp(4/2.R). While the first two 

superalgebras are not of the type discussed in the previous section. they form a 

good introduction to the methods employed in the more complex Osp(4/2.R). 

3.3.1. Representations for Osp(l/2.R) 

In this section we will consider the non-compact Osp( I /2.R) superalgebra. 

In our notation. the non-compact superalgebra Osp(N/2M.R) has the compact 

subalgebra SO(N). which acts on the fermionic subspace. and the non-compact 

subalgebra Sp(2M.R). which acts on the bosonic subspace. The commutation-



anticommutation relations of the Osp(l/2.R) superalgebra are given by36 

[Ko• K±l = ± K± • [K+. K_l = - 2Ko • 

[Ko• F±l = ± ! F± • [K±. F±l = 0 • [K±. Fl 1 = :j:F± • 

{F±. F±l = K± • {F +. F_l == Ko 

36 

(3.l4a) 

(3.I4b) 

(3.I4c) 

where Ko. K±. and F± are the five generators of the superalgebra. Osp(l/2.R) has 

the subalgebra Sp(2.R) E!! SU(l.I) spanned by K± and Ko (cf. Eq. (3.I4a». 

The quadratic Casimir operator of Osp( 1 /2.R) is given by 

C2 (Osp(l/2.R» = A2 + ~ (3. ISa) 

where 

(3.ISb) 

and the quadratic Casimir operator of the subalgebra Sp(2.R) E!! SU(l. 1) is given by 

C2 (Sp(2.R» == A 2 + A (3.16) 

The eigenvalues of the Casimir operator of Osp(l/2.R). Eq. (3.16). are denoted by 

1(1-1/ 2), where the label 1 characterizes irreducible representations. The eigenvalues 

of the Casimir operator of Sp(2.R). Eq. (3.16). are denoted by k(k-I). There are 

two irreducible representations of Sp(2.R). corresponding to k = 1 and k = 1 + 1/2 • 

embedded in a single representation of Osp(l/2.R). Here we consider only the 

discrete series representations and label the states with 1. k. and m. the eigenvalue 

of Ko: 
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C2[Osp(1/2.R)] IT. k. m) = T(T-~) IT. k. m) (3.17a) 

C2[Sp(2.R)] IT. k. m) = k(k-I) IT. k. m) (3.17b) 

Kol T. k.m) = ml T. k. m) . (3. I 7c) 

In Eq. (3.17c). m takes yalues k. k+l. k+2. k+3. .... and k = 1/4. 1/2. 3/4 .... 

Some additional results on the representation theory of Osp(I/2.R) can be found in 

Appendix B. 

3.3.2. Representations for Osp(2/2.R) 

The non-compact supergroup Osp(2/2.R) is generated by eight elements.19 

which satisfy the commutation and anti-commutation relations37 given in Eq. (3.18): 

[Ko• K±] ... ± K± • [K+. K_] = - 2Ko 

[B. K±] .. 0 ... [B. Ko] 

[K±. V+ ] = +V± • [K±. W+ ] ... +W± 

[B. V±] ... ~V± • [B. W±] ... -4w± 

{V±. V±} ... 0 ... {V±. V+ } 

{W±. W±} = 0 = {W±. W_ } 
+ 

{V ±. W ±} = K± • {V ±. W + } = Ko + B 

(3.18a) 

(3.18b) 

(3.18c) 

(3.18d) 

(3.18e) 

(3.180 

(3.18g) 

(3.18h) 

(3.18i) 

The four even generators close under commutation (see Eqs. (3.18a) and 

(3.18b» and generate the subgroup 
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Sp(2.R) x SO(2) (3.19) 

We construct the irreducible representations of Osp(2/2.R) by acting with 

the raising operators on the lowest weight state (L WS). the state which is 

annihilated by all the lowering operators. The diagonal operators Ko and B 

generate the Cartan subalgebra of Osp(2/2.R); there is freedom in how one chooses 

to order the weights. and thus in what we define to be the raising and lowering 

operators. We choose the first and second components of the weight to be the 

eigenvalues of Ko and B. From the commutation and anti-commutation relations. it 

is then clear that the lowering operators are V _. W _. and K_. whereas the raising 

operators are V +. W +. and K+. The Osp(2/2.R) representations can be labeled by 

the Sp(2.R) x SO(2) quantum numbers of the L WS. The state vectors are then 

further specified by including the labels K. MK • and Q (the SO(2) label). 

To find the representations of the subgroup it is only necessary to 

consider the raising operators that generate the coset Osp(2/2.R)/[Sp(2.R) x SO(2)]. 

i.e.. V + and W +. since K+ only ladders within these representations. By using the 

anti-commutation relations of Eq. (3.18). it can be shown that there are four 

independent combinations of these operators: 1. V +. W +. and V + W +. Thus each 

Osp(2/2.R) representation decomposes into. at most. four representations of the 

subgroup. There is one more problem to be addressed; we would like to deal with 

orthogonal states. whereas the states formed by the action of the independent 

operators are in general not orthogonal. It might be added that there is some 

freedom in the way that one constructs these states; however. the number of 

independent states in a given Osp(2/2.R) representation should not depend on this 

choice. Upon evaluating the norms of these states. we find that all four 

independent multiplets are not always realized; the conditions for the existence of 
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any multiplet can be expressed in terms of the Osp(2/2.R) quantum numbers K and 

Q. The decomposition is presented in Eq. (3.20). the conditions for the existe'nce of 

each multiplet being given below the corresponding labels: 

(K Q) -+ (K)(Q) G)' (K+!) (Q+!) G) (K+!) (Q-!) G) (K+1)(Q) 

K-Q ¢ 0 K+Q ¢ 0 K-Q ¢ 0 (3.20) 

Again. further results for the representation theory of Osp(2/2.R) are presented in 

Appendix B. 

3.3.3. Representations for Osp(4/2.R) 

The superalgebra Osp(4/2.R) is generated by seventeen elements.19 of 

which the eight even elements close under commutation to generate the subalgebra 

Sp(2.R) x SO(4) ~ Sp(2.R) x SO(3) x SO(3) (3.21) 

Here we concentrate exclusively on this subalgebra chain. deferring a study of the 

U(I/2) chain (see Eq. (3.I2b» to future work. In Table 3.1. we present the specific 

realization for the generators of Osp(4/2.R) and SOB+P (n) appropriate to the bose

fermi pairing scheme. while the defining commutation and anti-commutation 

relations and hermiticity properties for Osp(4/2.R) are given in Eq. (3.27). It should 

be stressed that the representation theory to be presented in this section follows 

from the defining commutation and anti-commutation relations and hermiticity 

properties for the superalgebra alone. Hence. the results we obtain are independent 

of the specific realization of Osp(4/2.R) discussed here. It is only in presenting the 

explicit examples of Section 3.4 that we make use of a specific realization. 
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[Ro• R:!:] = ±R:!:. (3.22a) 

[K+. K_] = -2Ko• [R+. R_] = 2Ro• [S+. S_] = 2So• (3.22b) 

[Ro• K:!:] = [R:!:. Ko] = [R:!:. K+] == [R:!:. K_] = 0 • (3.22c) 

[So. R:!:] ... [S:!:. Ro] = [S:!:. R+] ... [S:!:. R_J ... 0 • (3.22d) 

[Ko~ S:!:] = [K:!:. So] = [K:!:. S+] ... [K±. S_] = 0 • (3.22e) 

[Ro• Ko] ... [So. Ro] = [Ko• So] ... 0 • (3.220 

[K+. ZA] = ~ «_)i_l) ZA-1• [K_. ZA] = i (I_(-)i) ZA+I. [Ko• ZA] ... i(_)i ZA. . (3.22g) 

[R+. W/L] = [R+. X/L] = O. [R+. V/L]'" X/L' [R+. Y/L] = W/L' (3.22h) 

[R_. V/L] == [R_. Y/L] = O. [R_. W/L] = Y/L' [R_. X/L] = V/L' (3.22i) 

[Ro• V/L] = -!V/L' [Ro• W/L] = !W/L' [Ro• X/L] = !X/L' [Ro• Y/L] = -!Y/L' (3.22j) 

[S:!:. Zi/L] = 6_/L. :!: ~ Zi/L:!:I' [So. Zi/L] ~ p,Zi/L' {Zi/L' Zi/Ll = 0 • (3.22k) 

~ - v ~ - /L 
{Vv' X/Ll = (-) 6v• _/LK+. {Wv' Y/Ll == (-) 6v• -/L K-. (3.22R) 

1 ~-V 1 ~-V 
{Wv,X/L 1 == '2(-) 6v• _/LR+. {Vv. Y/Ll = '2(-) 6v• -/L R-. (3.22m) 

1 

{Vv. W/Ll'" -jT 6/L.vS/L+V + !8/L._v(-)'Z + /L {2p, So + 2Ko + Rol. (3.22n) 

1 

{XV' Y/Ll .. jT 6/L.vS/L+V + !6/L.-v(-) 'Z - /L {2p, So + 2Ko - Rol (3.220) 

These relations [(3.22)] remain invariant under hermitian conjugation as 

defined by the following: 

(Ko)t = Ko. (Ro)t = Ro. (So)t == So 

(K+)t ... K_. (R+)t ... R_. (S+)t ... S_ 

(3.22p) 

(3.22q) 

(3.22r) 

In Eq. (3.22) we have introduced. when it results in a simplification. the shorthand 

notation Zk ... V/L' Z~ ... Y/L' zt == X/L' zt == W/L' and where S:!:I ... +- 1/.../2 S:!:. 

From Eqs. (3.22a)-(3.220. it is easy to verify that the superalgebra does indeed 

contain the Sp(2.R) x SO(3) x SO(3) subalgebra of Eq. (3.21). 
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The irreducible representations of Osp(4/2.R) are constructed by acting 

with the raising operators on the LWS for the superalgebra Osp(~/2.R). The 

diagonal operators are Ko. Ro. and So and they generate the Cartan subalgebra of 

Osp(4/2.R). As was the case for Osp(2/2.R). there is complete freedom in how we 

order the weights. and thus in what we define to be the raising and lowering 

operators. We choose the first. second. and third components of the weight vector 

to be the eigenvalue of Ko. Ro. and So respectively. From the commutation and 

anticommutation relations. it is then clear that the lowering operators are W p.' y p.' 

K_. R_. and S_. whereas the raising operators are Xp.. V p.' K+. R+. and S+. The 

Osp(4/2.R) representations can be labeled by the Sp(2.R) x SO(3) x SO(3) quantum 

numbers of the LWS. where we have employed the homorphism (Eq. (3.21» between 

SO(4). with labels Pl' P2' and SO(3) x SO(3). with labels R. S; these quantum 

numbers being related by 

R = 1/2 (PI + P2) 

S = 1/2 (PI - P2) 

(3.23a) 

(3.23b) 

The state vectors are then further specified by including the labels K. MK • R. MR' 

S. and Ms. 

To find the representations of the subgroup it is only necessary to 

consider the raising operators which generate the coset Osp(4/2.R)/[Sp(2.R) x SO(4)]. 

i.e.. Xp. and V p.' since K+. R+. and S+ only ladder within these representations. . By 

using the anti-commutation relations in Eq. (3.22). it can be shown that there are 16 

independent combinations of these operators. These are listed in Table 3.2. together 

with their transformation properties under Sp(2.R) x SO(3) x SO(3). and the allowed 

Sp(2.R) x SO(3) x SO(3) quantum numbers obtained by acting on an L WS with 
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Table 3.2. Transformation properties of the independent vectors with respect to 
SO(4) x Sp(2.R). 

Operator SO(4) Sp(2.R) (K)(R. S) 

(0. 0) (0) (K)(R. S) 

(1. 0) 

(0. 1) (1) (K + 1) [R. s~y ] 

(0. 0) (2) (K + 2)(R. S) 
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labels K. R, and S. Thus each Osp(4/2.R) representation decomposes into. at most. 

16 representations of the subgroup. As can be seen from this table. there can be 

two independent states with Sp(2.R) x SO(3) x SO(3) quantum numbers K + 1. R. S. 

There is one more problem to be addressed; the labels in the far right-hand column 

of Table 3.2 refer to orthogonal states. whereas the states formed by the action of 

the operators in the far left-hand column upon the L WS are. in general. not 

orthogonal. Here the inner product is defined via hermitian conjugation: (¢/1/1) = 
/ ¢)t 11/1), where the hermiticity properties of the generators are given in Eq. (3.22). 

It might be added that there is some freedom in the way that one constructs these 

states; however. the number of independent states in a given Osp(4/2.R) 

representation does not depend on this choice. Upon evaluating the norms of these 

states. we find that all 16 independent multiplets are not always realized; the 

conditions for the existence of any multiplet can be expressed in terms of the 

Osp(4/2.R) quantum numbers K. Rand S. This is a generalization of the results 

we have obtained36 for Osp(2/2.R) (see also the previous subsection) and of the 

analogous results that Scheunert. Rittenberg. and Nahm38 have found for the 

compact superalgebra Spl(2.1). The irreducibility of these Osp(4/2.R) representations. 

by which we mean the direct sum of the non-vanishing multiplets. follows from 

constructing these by acting with the generators on a L WS. which itself belongs to 

a single Osp(4/2.R) representation by virtue of the unique association of 

representation labels and lowest weight. 39 The decomposition is presented in Eq. 

(3.24) with the conditions for the existence of each multiplet being given below the 

corresponding labels: 



(K R S) -I> (K)(R. S) 

G) (K+!)(R+!. S+!) G) (K+!)(R+!. S-!) G) (K+!)(R-!. S+!) G) (K+!)(R-!. S-!) 

2K-R-S '" 0 S '" 0 R '" 0 S '" O. R '" 0 

G) (K+I)(R+l. S) G) (K+I)(R. S) (K+I)(R-l. S) 

2K-R-S'" 0 R '" O. 2K-R-S '" 0 R '" o. ! 
G) (K+I)(R. S+l) G) (K+I)(R. S) (K + l)(R. S-l) 

2K-R-S'" 0 S '" O. 2K+R-S '" 0 S '" o. ! 
G) (K+~)(R+!. S+!) G) (K+~)(R+l. S-l) G) (K+~)(R-l. s+l) G) (K+~)(R-!. S-l) 

2K-R-S '" 0 S '" O. 2K-R-S '" 0 R '" O. 2K-R-S '" 0 R '" O. S '" 0 

G) (K+2)(R. S) 

2K-R-S '" 0 

44 

(3.24) 

By requiring a positive definite norm for each multiplet. we conclude that the 

allowed multiplet labels (K)(R,s) must satisfy R + S ~ 2K. The decomposition can 

be checked using the Kronecker product for the complementary SOB+F(~i(2Ii + I» 

algebra and the complementarity relations discussed later. As noted above. there 

can be two independent multiplets with the Sp(2.R) x SO(3) x SO(3) quantum 

numbers K+I. R. S. whereas the structure of Osp(2/2.R)36 was not sufficiently 

complex for this situation to occur. We should note that there is some ambiguity in 

how one chooses to construct these states; we chose to first orthogonalize the vector 

formed by the action of A(ol) (Table 3.2). then that obtained using A(lO). This 

introduces an otherwise absent asymmetry in Rand S; however. the multiplicity of 

these representations can be expressed in the symmetrical form 2 - 6RS• 0 -

6R+S• 2K' The orthogonalized states are presented in Appendix B as functions of 

the generators acting on the LWS. The R-S asymmetry for K+I. R. S is again 

evident; it is possible that there are linear combinations of these two states which 
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have a simpler form. 

With the realization of Osp(4/2.R) in terms of the boson-fermion number

conserving and pair-creation operators scalar in an n-dimensional space (Table 3.1). 

a larger algebra exists as discussed earlier [and Ref. 40]. The number-conserving 

operators which are scalar in the p-space and of odd rank in the n-space close 

under commutation to give the algebra SOB+F (n). and moreover commute with the 

generators of Osp(4/2.R) giving the direct product structure 

Osp(4/2.R) X SOB+F (n) . (3.25) 

This is completely analogous to the complementarity between the Sp(2.R) and SO(4) 

subgroups (Eq.(3.21» and the individual orthogonal groups giving the quasispin

seniority classification for bosons and fermions separately:28, 32, 33 

Sp(2.R) X SoB (n) 

SO(4) x SOF (n) 

(3.26a) 

(3.26b) 

For these cases. the corresponding relations between the Weyl representation labels41 

of Sp(2.R) and SOB(n) (K and T respectively). and SO(4) and SOF(n) [(PI P2) and (p) 

.. (p1.P2 .... ) respectively] have been deduced:28,33 

K = !n + iT 

Pi == i n i == 1.2 

(3.27a) 

(3.27b) 

where p denotes the transpose of the diagram implied by the unmodified42 SOF (5) 

label p. Equations (3.23) and (3.27) give 
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(3.28a) 

(3.28b) 

The relations between corresponding Osp(4/2.R) and SOB+F (n) representation labels 

(K R S) and (0) can be found from similar considerations. The former are just the 

eigenvalues in the L WS of the operators 

K: MK = ! n 
4 + ~ Nb 

R: - MR = ! n 2 - ! (Nl 
2 7 + N_~) 

S: - Ms = - ! (Nl - N 1) 2 7 -7 

Since the boson and fermion SO(n) labels are constrained as 

SOB (n): (1) 

SOF(n): (2JL 111) 

(3.29a) 

(3.29b) 

(3.29c) 

(3.30a) 

(3.30b) 

those of SOB+F (n). obtained by taking the inner tensor product. can only be of the 

form 

(3.31) 

It will be convenient to represent this by the labels 

(3.32) 

where 



IL' = IL + 

Ul I = 0 IL' = IL 

The corresponding L WS then has 

Nb = u' 

Nl = IL' % 

Nl 
-2 IL' + v 

giving 

K = .! n 
4 + 1 u' "2 

R = .! n 
2 - ~ (21L' + v) 

S = .! v 2 
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(3.33a) 

(3.33b) 

(3.34a) 

(3.34b) 

(3.34c) 

(3.35a) 

(3.35b) 

(3.35c) 

In the following section, we illustrate some of the abstract notions of the 

preceding work sections with some specific examples. The use of the 

complementary bose-fermi algebras will also be illustrated. 

3.4. Examples of Representation Decomposition for Osp(4/2,R) 

A system of scalar (s) bosons and j = 1/2 fermions is the simplest one 

for which the Osp(4/2,R) superalgebra can be realized. We present an explicit 

treatment for this reason alone, the likelihood that such a simple model will have no 

application to physics notwithstanding. Indeed, this case ·is particularly simplified 

because Osp(4/2,R) is the "large" superalgebra Osp(2m/2n,R); correspondingly, the 

boson-fermion orthogonal group SOB+F (n) does not exist for n = 1. Thus there are 

only two allowed representations, containing all the states with even and odd values 

respectively for the total number of particles.40 

-_. __ .. _._---
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For the representation containing the even states, the L WS (obtained by 

successively minimizing the eigenvalues of Ko, Ro, and So) is clearly the boson

fermion vacuum with Osp(4/2,R) labels 

Ke=O+{ ... { 

Re = - (0 - ~) = ~ 

Se = 0 

(3.36a) 

(3.36b) 

(3.36c) 

From Table 3.1, it is indeed clear that this state is annihilated by the lowering 

operators (K_. R_. S_, Wp.. and Yp.)' Following the same procedure with the 

constraint that the number of particles is odd. one obtains 

Ko=O+!=! 

Ro = - (~ - i) = 0 

So = i 

(3.37a) 

(3.37b) 

(3.37c) 

The decompositions of these representations on reduction· to Sp(2.R) x SO(3) x SO(3) 

are (see Eq. (3.24» 

(! ~ 0) .... (!) (i. 0) e (~) (0. i) 
(! 0 i) .... <!) (0. i) e (~) (i. 0) 

Since 

Sp(2.R): (!) .... Nb even 

(l) .... Nb odd 

(3.38a) 

(3.38b) 

(3.39a) 

(3.39b) 



SO(3) x SO(3): (! 0) .. Nf = O. 2; S = 0 

(0 !) .. Nf = I; S = ~ 
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(3.40a) 

(3.40b) 

it is seen that Eqs. (3.38) are consistent with the conditions that the total number of 

particles be even and odd for the two representations respectively. 

The model allows a description in the framework of the OM for nuclei 

for which the fermions can be treated as occupying P3/2 f5/2 or d3/2 d5/2 orbits. 

Possible examples of such a region are provided by the ruthenium and nickel 

isotopes. 

The large algebra is here Osp(20/10.R). so that more than two 

representations of Osp(4/2.R) x SOB+F are permitted; indeed. the number of 

representations is infinite. Since SO(5) is a rank 2 algebra. the standard SOB+F (5) 

representations are of the forms 

(0' 0) (0' 1) 

0' ~ I 

(0' 2) 

0' ~ 2 

with corresponding (Eqs. 3.35) Osp(4/2.R) labels 

(0 0): (i ~ 0) 

(1 0): (i 2 4) 

(0' 0): (40'+ * ~ 0) 

(I 1): (i ! I) 

(0' I): (40'+* I 4) (0' 2): (~O'+ i ~ 0) 

(3.41) 

0' ~ 2 (3.42) 

From the R-S symmetry of the model. for each representation (K R S) corresponding 

to a standard SOB+F (5) label (0'). there is one labeled (K S R). these being associated 

with the non-standard labels which give (0') on modification.42 



For these reductions. Eq. (3.24) gives. for example • 

(i ~ 0) .. (i) (~. 0) E!) (~) (2. 4) E!) (~) (~. 0) 

and 

(K 1 4) .. (K) (1. 4) 

E!) (K+4) (~. 1) ED (K+4) (~. 0) ED (K+i) (i. I) ED (K+i) (i. 0) 

E!) (K+I) (2. i) ED (K+l) O. ~) ED 2 (K+I) (1. i) ED (K+I) (0. i) 

ED (K+~) (~. I) E!) (K+~) (~. 0) ED (K+~) a. I) e (K+~) (i. 0) 

ED (K+2) (I. i) 
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(3.43a) 

(3.43b) 

The complementary SOB(5) x SOF(5) products for Eq. (3.43a) are (Eqs (3.27)-(3.28» 

(0 0) x (0 0) E!) (I 0) x (I 0) ED (2 0) x (2 0) (3.44) 

which indeed are the only ways to construct the corresponding SOB+F (5) 

representation (0 0) (Eq. (3.42». The decompositions of the other representations in 

Eq. (3.34) may also be verified in this way. We note that the multiplicity of 2 for 

the Sp(2.R) x SO(3) x SO(3) representation (K+I)(R. S) only occurs for Osp(4/2.R) 

label (K I 1/2). corresponding to (2 I )of SOF (5); it is indeed the case that (2 I) x 

(u 0) .. 2 (u I) ED ... for u ~ 2 (cf. Eq. (3.29». while products involving all the 

other SOF (5) representations involved in this case are simply reducible. 

'3.5. Conclusion 

We may summarize the results of section one on complementarity as 

follows: an orthosymplectic supersymmetry. Osp(4s+2/2.R). exists if SOB+F(5) or 

SOB+F(6) is valid; if in addition. UB+F(5) or UB+F(6) is conserved. then a U(I/2s+1) 
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supersymmetry is also present. We note that systems possessing such combined 

bose-fermi symmetries have been Claimed as implying a supersymmetry. because 

spectra are defined using combined boson-boson and fermion-fermion operators 

·(such as in Eq. (3.10» which are invariant under transformations between 

corresponding boson and fermion states. However. the only superalgebra introduced 

prior to this work. U(6/mj)' contains all the number-conserving operators and so is 

not linked specifically to these combined symmetries. Here the associated 

superalgebras are explicitly identified as Osp(4s+2/2.R) and U(1/2s+l). 

We have also studied the positive discrete series representations of the 

non-compact superalgebras Osp(l/2.R). Osp(2/2.R). and Osp(4/2.R). While the 

Osp(l/2.R) superalgebra has two Sp(2.R) multiplets. the Osp(2/2.R) superalgebra has 

no more than four Sp(2.R) x SO(2) multiplets. For the superalgebra Osp(4/2.R). 

there can be at most 16 Sp(2.R) x SO(3) x SO(3) multiplets for each representation. 

However. these multiplets need not all occur for Osp(2/2.R) and Osp(4/2.R). We 

have given specific criteria. in terms of conditions on the superalgebra 

representation labels. for when each Sp(2.R) x SO(2) or Sp(2.R) x SO(3) x SO(3) 

multiplet occurs. 

We have also given several examples of our technique for the 

decomposition of an Osp(4/2.R) representation. These examples also illustrate the 

calculational advantage of the Osp(4/2.R) superalgebra over the bose-fermi algebra; 

a different bose-fermi algebra must be introduced for each new single-particle 

space. In the next chapter. the superalgebra Osp(4/2.R) will be applied to some 

physical examples. The representation theory of the superalgebras Osp(1/2.R) and 

Osp(2/2.R) will be applied. in Chapters 5 and 6. when we study coherent states for 

orthosymplectic groups. 
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We present an application of orthosymplectic supersymmetry within the 

context of the GM for the nuclei 61Ni and 62Ni. A phenomenological bose-fermi 

hamiltonian is constructed using a realization of the superalgebra Osp(4/2.R). 

Energy levels and electromagnetic transitions are calculated and compared to the 

available experimental data. 

4.1. The Bose-Fermi Hamiltonian 

We show that a realization of the superalgebra Osp(4/2.R) can be used to 

express a particular set of hamiltonians appropriate for some systems with combined 

bose-fermi symmetries. Introducing the pseudo-orbit (1). pseudo-spin (s=I/2) 

coupling scheme of Chapter 3. which factors the shell model space into two parts of 

dimension L(21+1) :: nand 2. the fermion creation and annihilation operators may 

be written 

at~ ~ = L<1 m 40/11 4; j /l) at~); a~ ~ ... a~'mi~Ck (_)i-
Ck

+
I
-
m 

(4.1) 

j./l 

In cases where the boson angular momentum content is also {R}. we may construct 

an Osp(4/2.R) superalgebra. 

We consider the Casimir operators for chains (1) (Eq. (3.12a» and (2) (Eq. 

(3.12b». The quadratic Casimir operators of Sp(2.R) and SO(4) can be expressed in 
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terms of the quadratic Casimir operators for SOB(n) and SOF(n):28,SS 

C2[Sp(2.R)] = K'K = K~ - iK+K_ -iK_K+ = 4(C2[SOB(n)] + 4n(n-4» • (4.2a) 

C2[SO(4)] = (R·R + S·S) = i(-C2[SOF (n)] + in(n+2» . (4.2b) 

The operators in Eq. (4.2) are normalized to have eigenvalues 

C2[Sp(2.R)] ... K(K-1) 

C2[SO(4)] ... HR(R+l) + S(S+I)] 

C2[SO(n)] ... L Pi (Pi + n - 2i) 

Similarly. for chain (2). 

C1[U(l/2)] = 2(Ko + Ro - in) = C1[UB+F(n)] = NB + NF 

C2[U(l/2)] = HY·w + W·y + S·S + R~ - 2K~] 

Y·W + ~(S·S + R~ - Ro - 2K~ - 2Ko) 

= 4 (-C2[UB+F (n)] + C1[UB+F (n)] + !n(n+2» 

(4.3a) 

(4.3b) 

(4.3c) 

(4.4a) 

(4.4b) 

Likewise. it is posssible to express the linear and quadratic Casimir operators of 

UB (n) in terms of the diagonal element of Sp(2.R): 

C1[UB(n)] = NB = (2Ko - ~n) 

C2[UB (n)] = NB (NB +n-1) = (2Ko - ~n)(2Ko + ~(n-2» 

(4.Sa) 

(4.Sb) 



Finally. the' quadratic Casimir operator for Osp(4/2.R) is given by 

C2[Osp(4/2.R)] = ![Y·W + W·y - X'Y - Y·X + R·R + S·S - 2K·K] 

Y·W - X·y - 2Ko + !(R·R + S·S - 2K·K) 

= i(-C2[SOB+P (n)] + {n2) 
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(4.6) 

We write a general hamiltonian as a sum of boson. fermion. and boson-fermion 

terms: 

with 

H = HB + Hp + HBP 

HB : Ko. K·K. K~ 

Hp : RD. R·R. S·S. R~ 

HBP : X·Y. Y·W. KoRo 

(4.7) 

(4.8a) 

(4.8b) 

(4.8c) 

We consider the case of only one fermion. and so without loss of 

generality. we take Hp oc Np and ignore this term since it has no effect on the 

spectra. In Eq. (4.9). we give the hamiltonians that represent chains (I) and (2). 

where we use the Casimir operators of the combined bose-fermi groups since these 

are more familiar. Of course. the transformations in Eqs. (4.2)-(4.6) can be used to 

write the hamiltonian in supersymmetric language. The connection between the two 

sets of representation labels was established in Chapter 3: 

HI = ell C2[SOB+P(n)] + f31 CI[UB(n)] + 'YI C2[SOB(n)] 

H2 ... el2 C2[SOB+P (n)] + f32 CI[UB (n)] + 'Y2 C2[UB+P (n)] 

(4.9a) 

(4.9b) 
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We have omitted the quadratic Casimir operator for UB(n) in Eq. (4.9); this should 

be reasonable for the case which we will treat, since we expect that for good 

vibrational nuclei the spectrum should be dominated by the linear UB(5) Casimir 

operator. We have also omitted terms proportional to L2 and J2, since it is clear 

that these do not reproduce the observed splitting. We present the theoretical 

spectra for the two schemes in Figures 4.1-4.3; the spectra in Figures 4.2 and 4.3 

corresponding to UB+F (n) symmetries with the f ermions treated as particles or holes 

respectively. After performing a least-squares fit for the experimental' example 

chosen, we found that the supersymmetry of chain (1) was more nearly realized 

than that of chain (2); therefore, we present the fit using HI in Figure 4.4. 

4.2. Example: 61Ni and 62Ni 

In this section we apply the orthosymplectic supersymmetry to a 

particular ~xample. As previously noted, the orthosymplectic superalgebras 

Osp(4s+2/2,R) discussed in this dissertation are complementary to the combined bose

fermi orthogonal algebras SOB+F (n); this means that if the SOB+F (n) scheme is 

realized, then so is the orthosymplectic superalgebra. Hence there are already 

numerous examples in the literature, typically using the IBFM framework, where 

evidence for an orthosymplectic supersymmetry has been found, despite the fact that 

the larger structure had not been elucidated at that time. 16,43 Nevertheless, we now 

consider an additional example using the GM framework. so that the bosons are 

quadrupole phonons (l = 2). In the simplest case of s = 1/2, for which the 

appropriate superalgebra is Osp(4/2,R), the fermion should occupy orbits with j = 

3/2 and 5/2. We also require that UB(5) be approximately conserved, that is, the 

even-even nuclei should be close to the vibrational limit. For these conditions, 

potential candidates are given by the nuclei 61Ni and 62Ni; the low-lying levels of 
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the latter can be associated with the O. 1. and 2 phonon states of a quadrupole 

vibrator •. while in this range it is a reasonable approximation to consider the 

neutrons to be filling the 1 p ~ and Of ~ orbits29,44 because of the relatively large 

energy of the 1 p ~ orbital and the stability of the N ... 28 closed shell. This 

assertion is supported by the limited particle-transfer data discussed in subsection 

4.3.3. We also note that. while the hamiltonian is constructed from elements of the 

superalgebra. the electromagnetic transition operator and particle-transfer operators 

are not. Nevertheless. they can be considered as a test of the state classification. 

and hence as a test of the validity of the supersymmetry. 

4.2.1. Energy spectra 

The observed spectra are shown in Figure 4.4 and. as noted above. 

appear to be more similar to those arising in the Sp(2.R) x SO(4) decomposition [the 

symmetry: S08(5) x SOF(5) ':) S08+F(5) ]. The correspondence between the observed 

and model levels is indicated by comparison of Figures 4.1 and 4.4. The simple 

hamiltonian assumed neglects any terms capable of splitting the S08+F (5) 

degeneracies. and it is seen that. although present in reality. these are not large 

compared to the splitting of different representations. Hence the three parameters of 

the hamiltonian in Eq. (4.9) were fitted to the mean excitation energies of the 

representations occurring for the one- and two-phonon analogues in 62Ni. and the 

61Ni levels lying below 1.9 MeV. Above this energy. the level density increases 

dramatically and spin assignments are uncertain. The best fit obtained by a least

squares procedure. with equal weighting for each S08+F (5) multiplet. is shown 

alongside the observed spectra in Figure 4.4. It is appropriate to characterize the 

quality of the fit by two different error quantities: 411, given by ~he deviations of 

the mean levels from their fitted positions. which reflects the need for effective 
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higher-order terms in the asp(4/2.R) generators; <P2• given by the splittings within 

the saB+F (5) representations. which reflects the need for effective dependence on 

the angular momentum labels. 

We first define the mean energy for a multiplet associated with a set of labels by 

Ei:r = 1;<2i+I)F!f:'¥ 1;<2i+1) 
J J 

(4. lOa) 

where {a} denotes the set of saB+F(S). SOB (5). and UB(S) quantum numbers. and j 

is summed over all values associated with this set. Then the measures of symmetry 

breaking. <PI and <P2• are given by 

For the present fit. we obtain 

<PI = 0.062 

<P2 = 0.098 

(4. lOb) 

(4.IOc) 

(4.1la) 

(4.11 b) 

<Pl' .associated with fitting eight different mean energies with three parameters. can 

be compared with the value <PI e!: 0.15. 0.10. and 0.18 for 21. 15. and 22 levels 

with three parameters [Refs. 45. 46. and 17 respectively]. 



58 

4.2.2. Electric Quadrupole Properties 

Comparison of theoretical and measured electric quadrupole (E2) matrix 

elements gives a sensitive test of the model wavefunctions and the realization of the 

quadrupole operator. An association of model and observed levels was made as 

described above. and has been supported by the quality of the fit. We now discuss 

the model quadrupole operator. and compare the resulting matrix elements to the 

data. 

The E2 operator is required to be hermitian and to conserve the number 

of fermions. although in the present context of the geometrical model it need not 

conserve the number of bosons. With these constraints. the model operator includes 

the terms 

(4.12) 

where in the second. third. and fourth terms. (_)L.~S must be +1. (-)1. and (_)1+1. 

respectively. Thus the number of independent operators 9f these four types is 1. 3. 

13. and 4. respectively. Most previous work in the context of the IBFM has 

considered only the first-order terms. although a microscopic derivation of the 

parameters involved in those of second-order has been given by Scholten.46 We 

will examine the first term only. since this would be expected to dominate in a 

good collective nucleus. and there are only two measurements for the B(E2)'s which 

proceed via the other first-order term. We note that none of these operators are 

generators of Osp(4/2.R) x SOB+F (5); nevertheless. they can be classified according 

to the labels of these groups. and selection rules can be formulated. The sparcity 

of present data does not warrant this. but for completeness. the transformation 
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properties of these operators are shown in Table 4.1. 

It is apparent from the data. presented in Table 4.2. that the transitions 

between levels corresponding to model states which differ in phonon number by one 

are much stronger than those amongst the levels in this set. This is consistent with 

expectation. and lends some support to the assertion that these nuclei are collective. 

Table 4.1. Transformation properties for some terms involved in the electric 
quadrupole and single-particle transfer operators. 

Operator 

(dt + d) 

(at3:~20X2) 

(at 3:)<KIX2) (K=I.3) 

UB(5) SOB (5) SOF(5) SOB+F(5) sUS (2) 

±l 

o 

o 

o 

(10) 

(00) 

(00) 

(00) 

(00) 

(20) 

(11) 

(10) 

(10) 

(20) 

(11) 

(10) 

S 

o 

o 

1 
"2 

The calculated B(E2)'s. using a fitted value Ql = 10.11 e fm2. are shown alongside 

the data in Table 4.2. It appears that the mean transition strengths in the two 

-nuclei are consistent with the choice of the operator (dt + d). although it is clear 

that the details are not accurately reproduced. This may reflect the necessity to 

include higher order terms in the model quadrupole operator. or to include mixing 

of the model levels. 
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4.2.3. Single-Particle Transfer 

The model operator representing the removal of a single nucleon. in this 

case a single neutron via reactions such as (p.d). (d.t). or (SHe.a). includes the terms 

(L -21 )(J) 
-tLM 

+ T2 edt a] + T~M [d a] 
(L~)(J) 

(4.13) 

where the d t a and da operators with L = 0 are elements of the Osp(4/2.R) 

algebra. 

(0 ~)( ~) 
~V edt a] = (4.14a) 
.J5 

(0 ~)( ~) 

[d a] = ~y (4.14b) 
.J5 

Thus the introduction of the superalgebra has brought certain particle-transfer 

operators into the algebraic description. However. in this case the strongest transfer 

matrix elements must correspond to J = 3/2 and 5/2; moreover. the first term can 

be expected to dominate. This has invariably been the only operator used in other 

tests of supersymmetry schemes. As for the E2 operator. even those terms which 

do not fall within the algebra can be classified according to their properties under 

action of the generators (see Table 4.1). 

The simplicity of the U(5) scheme is such that these operators can only 

link the ground state of the even system to the ground doublet in the odd system. 

However. there is not sufficient data to meaningfully investigate this property. 

Rather. we simply note that the measurements47 which have been made show that 
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transfer with J = 3/2 and 5/2 is much stronger than that with J = 1/2. supporting 

the restriction to the p ~ and f ~ orbitals made throughout this investigation. 

Table 4.2. Levels assignments and B(E2) transition strengths. 
data are from Ref. 48. 

Levels B(E2; Jj'+Jr ) [e2fm4] 
J. 

1 
J. 

J Theory Experiment 

2) 0) 102.2 172.01 ± 2.9 

4) 2) 204.4 247.8 ± 116.6 

5/2) 3/2) 0.00 4.6 ± 0.45 

1/2) 3/2) 40.9 28 ± 2 

1/22 3/2) 61.3 64 ± 5 

1/22 5/2) 40.9 6.5 ± 0.5 

i/22 1/2) 0.00 2.00 ± 0.16 

5/22 3/2) 81.7 43.3 ± 3.3 

5/22 5/2) 20.4 22 ± 2 

7/2) 3/2) 10.2 52 ± 4 

7/2) 5/2) 92.0 32 ± 2 

3/22 3/2) 30.7 39 ± 3 

3/22 5/2) 71.5 25 ± 2 

5/23 3/2) 20.4 65.3 ± 6.7 

5/23 5/2) 81.7 46 ± 4 

3/23 3/2) 71.5 58 ± 5 
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CHAPTER 5 

COHERENT STATES FOR THE HARMONIC OSCILLATOR 
REPRESENTATIONS OF OSP(1/2N.R) 

66 

In this chapter coherent states for the harmonic oscillator representations 

of the non:-compact supergroup Osp(l/2N,R) are introduced, and the invariant 

integration measure is calculated by studying transformation properties of supercoset 

variables. The generalized Bogoliubov transformation for mixed systems of bosons 

and fermions is also obtained. An example for the harmonic oscillator is given. 

5.1. Introduction 

Starting with their first application in quantum optics,50 coherent states 

played an important role in the study of quantum mechanical systems,51 especially 

for establishing the correspondence between classical and quantum mechanics.52 

Coherent states for the group SU(2), the so-called Bloch states, were introduced by 

Radcliffe53 and by Arecchi, Courtens, Gilmore, and Thomas54 to study two-level 

atoms in quantum optics. After an earlier attempt,55 the concept of coherent states 

was generalized to arbitrary Lie groups independently by Perelomov22.56 and 

Gilmore.22.57 Generalized coherent states for a group are defined by the action of 

some representation of this group acting on a fixed vector in a given space. This 

fixed vector should be chosen in such a way that the coherent states obtained are 

"closest to classical states." Various authors elaborated on the precise meaning of 

this statement and gave specific criteria,58.59 which we discuss in the forthcoming 

sections. 
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In a parallel development, supersymmetry concepts were successfully used 

to provide a unified description of mixed systems of bosons and fermions. 25 The 

generators of supersymmetry transformations form a superalgebra whose even 

generators belong to an ordinary Lie algebra. Although the representation theory of 

superalgebras has recently been studied in some detail,s4.s6.6o little attention has been 

paid to the coherent states for supergroups. Such states can be very useful, for 

example, to exploit the geometry associated with the supercoherent spaces in the 

nuclear physics applications of supersymmetryY Bars and Giinaydin61 examined the 

unitary irreducible representations of the non-compact SU(M,PjN+Q)-type 

supergroups in terms of supercoherent states constructed out of particle states in a 

super Fock space. These supercoherent states form holomorphic functions of a 

graded matrix in a way analogous to the analytic representations of ordinary non

compact groups. More recently, Bowick and Giirsey62 have shown that a system 

with first-class bosonic constraints obeying a Lie algebra can be BRST -quantized6s 

using the nonlinear representations of an associated superalgebra, obtained by 

considering the fractional linear transformations of the supercoset variables. 

In this chapter, previous results will be extended for coherent states to 

the orthosymplectic supergroups Osp(1j2N,R). We introduce coherent states 

associated with the non-compact superalgebra Osp(1j2,R) in Section 5.2. In Section 

5.3, we show how the one-dimensional harmonic oscillator can be represented with 

these coherent states. In Section 5.4, we introduce the Osp(1j2N,R) coherent states, 

obtain the generalized Bogoliubov transformations for mixed systems of bosons and 

fermions, and calculate the invariant integration measure by studying the 

transformation properties of the supercoset variables. Finally, in Section 5.5, we 

summarize our work and discuss future extensions and applications of our results. 
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5.2. Osp(1/2.R) Coherent States 

In this section we will consider the non-compact Osp(1/2.R) superalgebra. 

In our notation. the non-compact superalgebra Osp(N/2M.R) has the compact 

subalgebra SO(N). which acts on the fermionic subspace. and the non-compact 

subalgebra Sp(2M.R). which acts on the bosonic subspace. The commutation and 

anti-commutation relations of the Osp(1/2.R) superalgebra have been given in Eq. 

(3.14). 

The coherent state for the discrete series representation of Sp(2.R). 

characterized by the label k. is given by 56 

I a) = K exp(a K+> I k. m == k) (5.1) 

where a is a complex number. If the coherent state is normalized to unity. the 

normalization constant in Eq. (5.1) is given by K = (1 - I aI 2)k. Since the set of 

coherent states given by Eq. (5.1) is overcomplete. the decomposition of identity is 

given by 

f dJL(a*. a) I aHal = 2] k. m)(k. ml ... 1 • 

m 

where the measure is given by 

dJL(a*. a) == 
d2 a 2k-1 for k :/: 1 

1T (1- I (1 2)2 2 

and 

dJL(a*. a) = d2 a I for k = 1 

1T (1 - I (1 2
) 

2 

(S.2a) 

(S.2b) 

(S.2c) 

These states satisfy the criterion for being "closest to classical." i.e .• they minimize 
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the dispersion 

(5.3a) 

where the Casimir operator of Sp(2.R) is given by30 

(5.3b) 

Vector coherent-state representations for non-compact symplectic groups were 

studied in Ref. 64. In this chapter. we restrict ourselves only to the so-called 

harmonic oscillator representations of the orthosymplectic supergroup Osp(l/2N.R). 

A study of the coherent states based on generic lowest-weight states for 

Osp(l/2N.R). i.e .• an extension of the elegant analysis given in Ref. 64 for Sp(2.R). 

is beyond the scope of this work. 

In analogy with Eq. (5.1). we define the coherent states for Osp(l/2.R) as 

I a. 6) = .#' exp(aK+ + 6F +) I T. k = T. m = T) (5.4) 

where a is a complex number and 6 is a Grassmann number. The representations 

of Osp(l/2.R) have been studied in Chapter 3 (see also Appendix B). and we refer 

the reader to Ref. 65 and Appendix A for a description of the properties of 

Grassmann numbers. If we normalize the coherent states I a. 6) to unity. the 

normalization constant in Eq. (5.4) is given by 

.#' = (SdetM(a. G!; 6. 0»-1 • (5.5a) 
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where l1 is the complex conjugate of 6, and the matrix M is given by 

M(a, (X '; li', 6) = (S.Sb) 

The superdeterminant of a graded matrix is given in Appendix A. 

One can again calculate the decomposition of identity by introducing a 

suitable measure. In Section 5.4, we calculate the measure for Osp(l/2N,R) 

coherent states. Here we only quote the result for Osp(l/2,R): 

f dJL (a-, a;l1, 6) 1 a, 6) (a, 61 = 2:] 1, T, m)(1, 1, ml 

m 

+ 2] 1, 1 + ! ' m)(1, 1 + 4, ml = 1 

m 

where the measure is given by 

dJL (a-, a;l1, 6) = ~ dl1 d6 d2a Sdet M(a-, a; l1, 6) 
1T 

(S.6a) 

(S.6b) 

In the above integrations over the Grassmann variables, we fix our normalizations 

as 

f dl1d6 (1, 6, (1) = 0 

f dl1d66l1 ... I 

(S.7a) 

(S.7b) 
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In Ref. S8, it was shown that coherent states, invariably constructed from 

the highest-weight state of a Lie algebra, are closest to the classical states. Namely 

they minimize 

(S.8) 

where Xi are the generators of the superalgebra, gij is the Cartan-Killing metric 

tensor, and C2 = gij Xi X j is the quadratic Casimir operator. so We first define the 

following shorthand notation, 

(S.9a) 

Then it is possible to express the expectation values of the generators of Osp(1/2,R) 

is the compact form 

(K+> = 2101* SdetM(a*, a; l), e) 

(KJ = 2101 SdetM(a*, a; l), e) 

(KO> = 1(1 + 0101*) SdetM(a*, a; l}, e) 

(F +> = -1(9 + 01* e) SdetM(a*, a; l}, e) 

(F J = -1(e + a 0) SdetM(a*, a; 9, e) 

(S.9b) 

(S.9c) 

(S.9d) 

(S.ge) 

(S.9f) 

with M(a*, a; l}, e) as defined in Eq. (S.Sb). Using the results of Eq. (S.9), it is 

easy to show that the the Osp( I /2,R) coherent states, as we have defined them, 

minimize the dispersion 
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where the quadratic Casimir operator is given by Eq. (A.t). 

5.3. Example: Application to the Harmonic Oscillator 

Let band bt be the annihilation and creation operators for a one-

dimensional harmonic oscillator. The three operators 

(5.11) 

form an Sp(2.R) algebra. the quadratic Casimir operator of which is -3/16 (cf. Ref. 

2l). Consequently. for the realization given in Eq. (5.11). k is either 1/4 or 3/4. 

Since the operators Kt change the harmonic oscillator quantum number. n. by 2. the 

even-n and odd-n states correspond to separate representations of Sp(2.R). . We 

choose to include the even-n states (including the ground state) in the k = 1/4 

representation. and the odd-n states in the k = 3/4 representation. By formally 

introducing a grading between even-n and odd-n states. one can embed both 

representations into a single irreducible representation of Osp(l/2.R) with T = 1/4. 

The odd generators of this superalgebra are 

with 

U = _I (at + a) 

-12 

(S.12a) 

(S.12b) 

The superalgebra Osp(l/2.R) generated by Kt • Ko. and Ft. given in Eqs. (S.Il) and 
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(5.12) appears to be the largest symmetry algebra of the one-dimensional harmonic 

oscillator. Aspects of symmetries and supersymmetries of the quantum harmonic 

oscillator are further discussed in Refs. 66 and 67. In Ref. 68, the eigenstates of 

the supersymmetric annihilation operator of the supersymmetric harmonic oscillator 

are named as supercoherent states. Those supercoherent states are the 

supersymmetric generalization of Glauber coherent states. The group structure and 

properties of our coherent states are rather different. 

We can now write the coherent state for the above realization of 

Osp(l/2,R) in terms of harmonic oscillator states. One can easily make the 

identification 

I T = ~ , k = ~ , m = ~ + p) = 12p) 

IT = ~ , k = ~ , m = ~ + p) = 12p-l) 

(5.13a) 

(5.l3b) 

where p is an integer between the Osp(l/2,R) (left-hand side and harmonic 

oscillator) states. The coherent state is 

~ i p I e, a) =.K L [(2p)l] 2~PI12p) + 

00 1 

~ L [p(2p)I] 2 ~:~112P-l) (5.14a) 

p=o p=l 

with 

(S.14b) 

The coherent-state wave functions, i.e., the overlap between the coherent state and 

the position eigenstates, are 
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I [2mw]~ (x a.e) =.#' II exp (~] [I +! J!t.] I+a 2 I+a 
(5.15) 

where ~ = J(mw/h)x. with m and w being the mass and the frequency of the 

oscillator. 

5.4. Calculation of the Integration Measure for Osp(l/2N.R) 

In this section we introduce the Osp(l/2N.R) coherent states and calculate 

the invariant integration measure. OspO/2N.R) superalgebras are of particular 

interest. since they are the only superalgebras for which the direct products of all 

finite-dimensional representations are completely reducible.69 By introducing the 2N 

boson creation (annihilation) operators bi. bj • i. j ... 1. ... N. we can write the 

generators of the non-compact Sp(2N.R) (the even generators of Osp O/2N.R» as 

bilinear products: 3o 

(5.16) 

By further introducing the creation and annihilation operators for one single 

fermion. at and a. we can write the odd generators of Osp(l/2N.R) as61 

(5.17) 

with u defined as in Eq. (5.12b). Note that the fermion operator appears only as u. 

whose square is unity. 

We now consider the most general linear transformation of the boson-

fermion creation and annihilation operators: 



b· .. b! = U .. b· + V'k bt + 9· u 1 1 IJ J 1 k 1 

bt .. bt '= v~· b· + u~· bt + u ~. 
1 1 IJ J IJ J 1 

u .. u' = A U + X· b· + V. bt 
1 1 1\1 1 
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(S.18a) 

(S.18b) 

(S.18c) 

where uij. vij. and A are complex (commuting) numbers and 9i • ~i' Xi' and ~ are 

Grassmann (anti-commuting) numbers. The transformation given in Eq. (S.18) is 

manifestly supersymmetric. since it mixes bosons and fermions. We want this 

transformation to be canonical. i.e .• the transformed operators should also satisfy the 

boson commutation and the fermion anticommutation relations. This condition 

imposes certain relations between the variables u. v. 9. ~. X. and i. We find it 

convenient to express these relations in a matrix form. Introducing the (2N+l) x 

(2N + I) supermatrix 

u v 

p= V· u· 
(S.19) 

we find that the transformation (S.19) is canonical if 

PHpST ,.. H (S.20) 

where pST is the supertranspose of the matrix P. and 

(S.21a) 
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with the 2N x 2N matrix G being 

(5.21 b) 

In the above equations. I is an N x N unit matrix. The supertranspose of a matrix 

is defined in Appendix A. Equation (5.20). indicates that the matrix P is an 

element of the Osp(1/2N.R) supergroup.70 To summarize. a transformation of the 

form 

(5.22) 

is canonical if P is an element of the Osp(1/2N.R) supergroup. The transformation 

given in Eq. (5.22) can be considered a generalization of the Bogoliubov 

transformation71 to the mixed systems of bosons and fermions. In order to define 

the coherent states. it is convenient to introduce the operator 

T = exp [ ! Z·· btbt ] exp [ _I I/'.Ubt] 2 IJ 1 J .,J2 ¥'I 1 
(5.23) 

where Z is an N x N complex. symmetric matrix and 1/J is an N x I Grassmann 

column vector. One can easily show that 

(5.24) 
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from which it follows that the transformation, Eq. (5.19a), can be written in the 

form 

b'· = u·· Tb· T-1 
1 IJ J (5.25a) 

if 

(5.25b) 

Consequently, if we define the Osp(I/2N,R) coherent state as 

(5.26) 

where 10) is the common vacuum for the boson and fermion operators, one can 

identify quasi-particle operators annihilating the coheren~ state: 

(5.27) 

The coherent state defined in Eq. (5.26) would minimize the dispersion of the 

Casimir operator, Eq. (5.8). However, since we have not constructed the basis states 

of the representations of Osp(l/2N,R) for N ~ 2, we cannot explicitly verify the 

analog of Eq. (5.10). 

We now apply the transformation of Eq. (5.18) to Eq. (5.27). We find 

that, for the coherent state to be left invariant under this transformation, one needs 



Z -I' (ut + Zvt - .J2 !/JeT) -I (vT + ZuT + .J2 !/JOT) 

!/J -I' 2(ut + Zvt - .J2 !/JeT) -I (X!/J - X - ZX) 

Alternately. if we define the graded vector 

:e = [Z. !/J] 

and the matrices 
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(5.28a) 

(5.28b) 

(5.29) 

(5.30a) 

(5.30b) 

(5.30c) 

(5.30d) 

we find that Eq. (5.28) can be re-expressed as a linear fractional transformation of 

the graded vector :e: 

- -' ( - )-1 '7'r) I!.. -I' I!.. .. at + I!..'Y (f3 + L...U (5.31) 

Furthermore. using Eqs. (5.19) and (5.20). one finds that the matrix 
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(5.32) 

is also an element of the supergroup Osp(1/2N.R). 

The next step is to express the matrix K in terms of Z. 1/1. and u. Since 

any complex matrix can be expressed as a product of a hermitian and a unitary 

matrix.72 we write 

u = UB. (5.33) 

where U is an N x N unitary matrix and B is an N x N hermitian matrix. Using 

Eqs. (5.19) and (5.20). we find that the matrix K can be written as a product of 

two matrices 

(5.34a) 

where K2 is an element of the U(N) x U·(N) subgroup of Osp(l/2N.R) (or of 

Sp(2N.R»: 

(5.34b) 

and Kl is an element of the supercoset Osp(1/2N.R)/U(N) x U·(N): 



I _ZT -J2 XT 

Kl = -zt -J2 XT [ BT 0 
0 BT 
0 0 

~T -1/1T ViA 

In the above equations, A can be obtained from 

and X from 

X = Vi (1-Z Z*)-I [1/1 - Z~]A 

Finally, B satisfies the equation 

-I 
BT B = (1 - zzt + 1/1~T) 

~] 

We now wish to evaluate an invariant measure JL(Z) such that 

JL(Z) = JL(Z1 I J(Z', Z)I = JL(O) I J(O, Z)I 
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(5.34c) 

(5.35) 

(5.36) 

(5.37) 

(5.38) 

where J(Z', Z) is the Jacobian of the transformation (5.31) that transforms :i into :i'. 

Differentiating Eq. (5.31) we get 

(O! - {3~-1 'Y)d:i' = d:i~ (5.39) 
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In the above equation. the matrix (a - (38-1 'Y) at the left-hand side transforms 

bosonic and fermionic coordinates separately. without mixing them. whereas the 

matrix 8 at the right-hand side mixes them as well (cf. Eqs. (5.30». Hence. Eq. 

(5.23) yields the Jacobian 

r J2(N-1) _ 2N 
Ldet(a - (38-1 'Y) 1 J(O • .::.)1 = [Sdet8] . (5.40) 

Therefore. the invariant measure in the decomposition of unity in terms of the 

Osp(l/2N.R) coherent states 1 Z. 1/1) of Eq. (5.11): 

f dJL(Z. 1/1) 1 z. I/1)(Z. 1/11 = I (5.4la) 

is 

2N 
dJL(Z. 1/1) = constant x d~d9d2NZ[Sdet8] /[det(a-(3 8-1 'Y]2(N-1) (5.4lb) 

For Osp(l/2.R) (N=I) this is consistent with Eq. (5.8b). 

5.5. Conclusion 

In this chapter we introduced the coherent states for the non-compact 

supergroup Osp(l/2N.R). obtained the generalized Bogoliubov transformations for 

mixed systems of bosons and fermions. and calculated the invariant integration 

measure by studying transformation properties of the supercoset variables. We also 

exemplified the use of these coherent states for the harmonic oscillator. It would be 

straightforward to extend our results to the compact version of Osp(l/2N.R). In the 

next chapter. we investigate the coherent states for Osp(2/2N.R). in which case one 

needs to treat typical and atypical representations73 individually. 
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In many-body systems, the pairing-type interactions between particles 

alter the structure of the vacuum state. For example, in the BCS theory of 

superconductivity,74 correlated Cooper pairs contribute to the physical vacuum. 

Bogoliubov transformations and the resulting quasiparticle operators provide a 

natural framework to study such correlations. The generalized Bogoliubov 

transformation given in Eq. (5.22) could be used to analyze the possible relationships 

between the pairing and the boson-fermion exchange forces in mixed systems of 

bosons and fermions. Such a possibility is presently being investigated. 

Orthosymplectic supergroups are the invariance groups of second moments 

arising in the study of compound nucleus scattering75 and of the action in the path

integral derivation of symmetry relations for disordered electron systems.76 

Furthc,:!rmore, one can associate supersymmetric quantum mechanical systems with 

classical, nonlinear Langevin equations and show that the averages over a Gaussian 

noise distribution are the same as the quantum-mechanical expectation values 

calculated with a supersymmetric effective action.77 One can show that the 

supersymmetry transformations leaving this effective action invariant are also 

orthosymplectic transformations. 
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CHAPTER 6 

COHERENT STATES FOR THE SUPERGROUPS OSP(2/2N.R) 

In this chapter. we present an analysis of the coherent states for the non

compact supergroup Osp(2/2N.R). One of the more interesting features of the 

associated superalgebra for Osp(2/2N.R) is the vanishing of the quadratic Casimir 

operator for some non-trivial representations: the so-called atypical representations. 

which require some care and must be considered separately. The Osp(2/2.R) 

coherent states are introduced in Section 6.1. and are shown to take on a much 

simpler form for the atypical representations. being. in fact. amenable to the 

techniques used in Chapter 5 (see also Ref. 78). The measure of integration is 

calculated for the general Osp(2/2N.R) supergroup in Section 6.2. 

6.1. Coherent States for the Supergroup Osp(2/2.R) 

The non-compact superalgebra Osp(2/2.R) was introduced in Chapter 3. 

where it was shown there that there are. at most. four multiplets in a reduction 

from an Osp(2/2.R) representation down to Sp(2.R) x SO(2). We first define the 

L WS for an Osp(2/2.R) representation as that which is annihilated by all the 

lowering operators (see Appendix B). In Eq. (6.1). the first two quantum numbers 

label the Osp(2/2.R) representation. while the next three labels are the Sp(2.R) 

quantum number, the corresponding third component. and the SO(2) quantum 

number. respectively. In complete analogy with coherent states for SU(l.1)56 and 

Osp(l/2.R),78 we define the coherent states for Osp(2/2.R) as 

(6.1) 
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where at is a complex variable and 9. X are Grassmann variables. In the remainder 

of this chapter. we suppress the Osp(2/2.R) representation labels. The normalization 

factor • .#'. can be conveniently expressed in terms of the superdeterminant of a 

matrix 

M(w. fA)'; ~. ~1 = _ 
_ [ I 

r l-~' ] 
(6.2) 

Explicitly. we find 

.#'-2 = (SdetM(,B. ~; X. x»)T+b (SdetN(u. u; 9. ~)}1-b • (6.3a) 

where 

~ = at - !9X and u = at - iX9 (6.3b) 

The coherent states for Osp(2/2.R) are not orthogonal. and the overlap is 

conveniently expressed in terms of the superdeterminants of the matrix in Eq. (6.2): 

(9' X' at'l 9 X at) = (SdetM(,B. ~'; X. x')}1+Q (SdetM(u. 0-'; 9. ~1)T-Q 

!.±.9. !=Q. 
(SdetM(,B. ~; X. i>f 2 (SdetM(u. 0-; 9. ~)f 2 

!.±.9. !=Q. 
(SdetM(,B'. ~'; X'. x')f 2 (SdetM(u'. 0-'; 9'. ~')f 2 (6.4) 

We have shown in Chapter 3 that for 1 = q(= - q). the generator V + 

(W +) annihilates the state 11 1 q). Thus for the 1 = q representation. we may 

simplify Eq. (6.1) to 
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1 e 0) = .#' exp(uK+ + ev +)1 T. T q = T) (6.5) 

and the normalization (Eq. (6.3a» reduces to 

. .#'-2 = (SdetM(u. u'; e. 0'»2T (6.6) 

Likewise. for the atypical representation T = - q. we find 

(6.7) 

and 

.#'-2 = (SdetM(,8. ~'~X. t»2T (6.8) 

with u and (3 are defined as in Eq. (6.3b). Using the integration measure derived 

in Section 6.2. we can explicitly show (supressing again the Osp(2/2.R) labels) 

00 00 

= LIT 1+m q)(T 1+m ql + L 1 T+! T+!+m q-!)(T+! T+!+m q-!I 

m=O m=O 

with 

00 

+ L 1 1+! 1+!+m q+!)(T+! T+!+m q+!1 

m=O 

00 

+ L 1 1+1 T+I+m q)(1+1 1+1+m ql = 1 

m=O 

(6.9a) 

(6.9b) 
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Equation (6.9b) clearly indicates that the cases T "" ± q must be handled separately. 

However. we note that from Eqs (6.5) and (6.7) we can use the techniques 

developed for Osp(l/2.R) coherent states. We merely quote the results here: 

00 

= LIT T+m q)(T T+m ql + 

m ... 0 

where 

00 

L 1 T+4 T+4+m q+4>(T+4 T+4+m q+41 = 1 (6. lOa) 

m ... 0 

dJL(u.e)r_q = ~d~dedudu SdetM(u. u; e. ~) (6. lOb) 

Similarly. if T = q. then 

f dJLCft,X)r-Q 1 X (3)(X (31 

00 

= LIT T+m q)(T T+m ql + 

m = 0 

and 

00 

L 1 T+4 T+4+m q-4>(T+4 T+4+m q-41 ... 1(6.11a) 

m ... 0 

dJLCft,X)r-Q = ~ dxdxdikJ(3 SdetM((3. (3* X. x> (6. 11 b) 

The expectation values of the generators of Osp(2/2.R) are given in Eq. (6.12). The 

results are presented in a form that makes the restriction to the atypical 

representations transparent. 



where 

(K+> = i3(r+b) SdetM1 + G(r-b) SdetM2 

{K-> = f3 (r+b) SdetM1 + u (r-b) SdetM2 

{KO> = r;b (l+f3~) SdetM1 + rib (l+uu) SdetM2 

(V +> = - B(r-b) SdetM2 - X i3(r+b) SdetM1 

{W _> = - e (r-b) SdetM1 - X (r+b) f3 SdetM2 

(V-> = - B(r-b)u SdetM1 - x(r+b) SdetM2 

(W +> = - e G(r-b) SdetM1 - X (r+b) SdetM2 

{B> = b + ~ SdetM I - e~ SdetM2 

MI = M(f3. ~; x. x> 

M2 = M(u. u; e. B) 
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(6. 12a) 

(6. 12b) 

(6. 12c) 

(6.12d) 

(6. 12e) 

(6.120 

(6. 12g) 

(6. 12h) 

(6.12i) 

(6. 12j) 

Using these. it is possible to show that the coherent states. as defined in Eq. (6.1). 

minimize 

a = {CJ - {KO>{KO> + !{K+){K..> + !{K->{K-> + {B){B> 

- !{V->(W+> - !{W->(V+> + !{V+){W-> + !{W+>{V-> 

where the quadratic Casimir operator. C2• is given by 

(6. 13a) 

It is interesting to note that the dispersion. A. vanishes for the typical as well as 

the atypical representations. although no meaningful interpretation of this has yet 

been found. 
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6.2. Integration Measure for Osp(2/2.R) 

In this section we consider the construction of coherent states for the 

supergroups Osp(2/2N.R) and the calculation of their measure of integration. Since 

we have treated Osp(l/2N.R) coherent states in detail in Chapter 5 and in Ref. 78. 

we only sketch the calculations here. and the reader is referred there for more 

details. We introduce the boson creation and annihilation operators bi• bJ. and 

fermion creation and annihilation operators ai' aj. These operators satisfy the 

standard commutation or anti-commutation relations: 

(6.14) 

For Osp(2/2N.R). we need N creation/annihilation operators in the bosonic space. 

and one creation/annihilation operator in the fermionic space. The operators are 

then transformed among themselves with the most general mapping that preserves 

hermiticity: 

- t b· ... b· = u·· b· + v·· b· + 91. a + 92. at I I IJJ IJJ J J 

t -t t b· ... b· = u"#;· b· + ~. b· - ~I· at - ~2· a I I IJ J IJ J J J 

a ... a = AI a + A2 at + Xli bi + X2i hi 
at ... at = A i at + ).i a + Xli bi + X2i bi 

(6.ISa) 

(6.ISb) 

(6.ISc) 

(6.ISd) 

Since we want the transformation to be canonical. we require the transformed 

(tiided) operators to satisfy the same relations as the untransformed operators. This 

leads to the following set of independent equations: 



UjI Vjl - viI Ujl - e2i elj - eli e2j = 0 

Uil uji - ViR vj, + eli 81j e2i 82j = c5i,j 

Uil X21 - ViI XII + eli X2 + e2i XI = 0 
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(6.16a) 

(6.16b) 

(6.16c) 

(6.16d) 

(6.16e) 

(6.160 

Here the uijo vijo Xlo and X2 are complex commuting numberso while e lio 82io Xlio 

and X2i are Grassmann (anti-commuting) numbers. It is convenient to express the 

above conditions (Eq. (6.16» in matrix formo with uij being interpreted as the ijth 

entry of the N x N matrix Uo and so on. Next we introduce the supermatrix 

U v e l e2 

v· u· -82 -81 
R= 

XI X2 XI X2 

X2 XI X; X· I 

(6.17) 

It is not hard to show then that the transformation in Eq. (6.15) is canonical if 

RHRST ... H (6.18) 

where RST indicates the supertranspose of Rand 

[ 

0 
-I 

H= g 
1 0 
o 0 
o 0 
o I ~] (6.19) 
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It follows from Eq. (6.18) that the matrix R is an element of the supergroup 

Osp(2/2N.R). We can now put the transformation equations into matrix form: 

bt -b 
=R at - (6.20) 

a 

It is clear from Eq. (6.20) that this transformation is a generalized Bogoliubov 

transformation for a mixed system of bosons and fermions. 

We find it convenient to introduce the operator. 

(6.21) 

with Z an N x N symmetric matrix. and I/J and 11 are N x 1 Grassmann column 

vectors. It is then easy to verify that 

Tb· T-I = b· - z .. bt - .! .,... at - .! .It. a 
I I IJ J 2 -'I 2 'f'1 (6.22) 

Thus it follows that we can write the transformation of bi as 

(6.23a) 

if 

(6.23b) 

We then define the Osp(2/2N.R) coherent state as 
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I z. 1/1. 11) = T I 0) (6.24) 

It then follows that the quasiparticle operators annihilating the coherent state are 

b. - Z .. bt - ! .... ·at - ! .I'· a I IJ J 2 '/1 2 'fI1 
(6.25) 

In Eqs. (6.16) through (6.25). a summation over repeated indices is implied. For the 

coherent state to be left invariant. we need Z. 11. and 1/1 to transform as 

Z-+ (ut + Zvt -! l1~i - ! 1/I~n-l(vT + ZuT + ! l1eT + ! 1/Iei) 

1/1-+ (ut + Zvt - ! l1~i - ! !/I~T>-I (!/IX~ + l1X; -2zxi -2xT> 

11-+ (ut + Zvt - ! 11~i - ! !/IOn-I (11X~ + !/IX; - zxT -2xi) 

(6.26a) 

(6.26b) 

(6.26c) 

If we define the matrix :;: .. [z. 411. 41/1]- we may compactly express the 

transformation of Z. 1/1 and 11 as 

- -' A -crl B -D) .=. .. ,!!.=( +~ (+,!!., (6.27a) 

with 

A = ut B = [vT -xi -xTJ (6.27b) 

c - [ ;i] [ u

T T T 

1 
-XI -X2 

D = ~T XI X* 2 (6.27c) eT X2 X* 
-°1 2 I 

Following now the methods of Chapter 5. we find the following set of relations. 

which allows us to express one set of variables in terms of the other: 



u=UB Bt=B uut ... I 

xI = W - Z·Zf' [~- Z~, ~ - Z~l [~~] 

xI = w -Z Z·f' [~- ~ , ~ - Z~ 1 [~~] 
BTB ... (l - zzt + { ~T + { 1J'IT f l 

Ai AI + A2A2 + XI xI - x2xI ... I 

The invariant measure p.C;'). is defined by 

p.('Z) = p.('Z1 I J('Z'.'Z) I ... p.(0)1J(0.'Z)I 
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(6.28a) 

(6.28b) 

(6.28c) 

(6.28d) 

(6.28e) 

(6.29) 

where J('Z'.'Z) is the Jacobian of the transformation that sends '1. to '1.'. We finally 

conclude 

[det(A - BD-I C)]2(N-2) IJ(O.'Z) I ... (SdetD)2N (6.30) 

Hence the invariant measure in the decomposition on unity is 

dp.(Z. 1/1. 11) oc ded~dxdXd2NZ«SdetD)2N)/[det(A - Bo-I C)]2(N-2) . (6.31) 

For N ... I this can be shown to be consistent with Eq. (6.9). There is 

no fundamental difficulty in applying this treatment to the compact version of these 

Osp(p/2N.R) supergroups. While we have not found any applications in nuclear 

physics for Osp(2/2.R) superalgebras. it appears that Osp(4/2.R) superalgebras will 

be useful in the study of nuclear structure. It was also shown in Chapter 3 that 



Osp(4/2.R) has two possibly useful subgroup chains: 

Osp(4/2.R) :J Sp(2.R) x SO(4) 

Osp(4/2.R) :> U(1/2) ~ SU(l/2) x U(l) 
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(6.32a) 

(6.32b) 

The superalgebra SU(l/2)~Spl(2.1) is a compact superalgebra (the compact version of 

Osp(2/2.R» whose representations have been studied by severalauthors.38 so their 

coherent states could be studied by the techniques of this chapter. This 

superalgebra has recently also been applied to a many-fermion problem in 

condensed matter physics in a very interesting letter. 79 
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CHAPTER 7 

SUMMARY AND CONCLUSIONS 

In this work. we have studied a class of non-compact supersymmetry: 

that associated with the orthosymplectic superalgebras Osp(p/2N.R). There are two 

major topics discussed in the chapters of this dissertation. The first four chapters 

involve the study and application of orthosymplectic superalgebras. The final two 

chapters are concerned with the extension of some of the results of coherent states 

for discrete series representations of arbitrary non-compact Lie groups to the non

compact orthosymplectic supergroups Osp(l/2N.R) and Osp(2/2N.R). For N = I. the 

details of our general results were worked out. In particular. we verify that our 

coherent states satisfy Perelomov's criteria for being "closest to classical." 

Chapter 3 forms the bulk of this dissertation. In that chapter. we 

illustrate a complementarity between the orthosymplectic superalgebras Osp(4s+2/2.R) 

and some combined bose-fermi seniority algebras. For Osp(4/2.R). the representation 

labels are shown to be in a one-one correspondence with those of the seniority 

algebra. thus explicitly verifying the complementarity. These combined bose-fermi 

symmetries have long been claimed to imply the existence of a supersymmetry; 

however. the supersymmetry was never identified. at least no superalgebra was ever 

shown to correspond to a particular combined bose-fermi symmetry. One was left. 

therefore. with the following unsatisfactory interpretation. The fact that even-even 

and odd-A nuclei could be fit with approximately the same parameters using these 

combined bose-fermi algebras implied a supersymmetry either (i) because bosons and 

fermions were treated together on equal footing. or (ii) because a superalgebra of 

the type U(6/mj) could be introduced as a receptacle for the combined bose-fermi 

algebras. The first explanation is incomplete at best and the second is 
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unsatisfactory. since the superalgebra U(6/mj) does not correspond to any particular 

coupling scheme. 

As we have pointed out repeatedly in the body of the dissertation. the 

supersymmetry we have identified does not imply anything fundamentally different 

from the combined bose-fermi symmetries. Therefore. there would be little point in 

presenting many physical examples. and so we devoted only a short chapter to 

experimental evidence. If nuclei exhibit a combined bose-fermi symmetry 

(associated with a combined bose-fermi algebra that is complementary to the 

orthosymplectic superalgebra). then they will exhibit an orthosymplectic 

supersymmetry. Both methods give the same information; it is just presented in 

different language. We feel that the supersymmetric language is the more 

interesting of the two descriptions. particularly in view of the fact that a 

supersymmetry was often inferred from the existence of these combined bose-fermi 

symmetries. There is also the possibility that the orthosymplectic superalgebra will 

provide some calculational advantages. If the boson model space was rather large. 

then perhaps this would be the case. For d-bosons or for s- and d-bosons. 

however. the complementary bose-fermi groups are SOB+F (5) and UB+F (5) or 

SQB+F(6) and UB+F(6) respectively. Because of the familiarity of most physicists 

with the combined orthogonal groups. it is not likely that the orthosymplectic 

supergroups will provide much practical advantage. If the inclusion of the g-boson 

is found to be warranted in the IBM. then the complementary combined bose-fermi 

groups would be SQB+F(15) and UB+F(15) and the supergroup then becomes more 

attractive computationally. Nonetheless. this complementarity is an interesting 

mathematical result which may. as more work is done with it. become advantageous. 

The second part of this dissertation deals with the extension of some of 

the ideas for generalized coherent states to non-compact orthosymplectic supergroups. 
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Details were worked out for the supergroups Osp(1/2.R) and Osp(2/2.R). 

Unfortunately. we have not yet found these to be physically useful within nuclear 

physics. The smallest supergroup that we found to have possible physical relevance 

is the supergroup Osp(4/2.R). Now that the representation theory for Osp(4/2.R) 

has been worked out. we could proceed to construct the coherent states. This is 

not a trivial project. however. as can be seen from the work on Osp(2/2.R) coherent 

states. The atypical representations must be treated separately. and thus the 

construction of the coherent states for Osp(4/2.R) will require a great deal of care. 

Coherent states would have a much wider range of application than the work on 

nuclear structure and are perhaps worthwhile pursuing. although the technical 

difficulties of explicitly constructing them quickly become tremendous. 

To summarize: we have identified for the first time a supersymmetry in 

nuclear physics which can be tested experimentally. Lack of direct experimental 

tests is a major weakness of the U(6/mj) types of supersymmetry schemes. There 

is considerable evidence that combined bose-fermi symmetries are realized to some 

extent in nuclei. and the realization of these symmetries implies the possible 

realization of the orthosymplectic supersymmetry. Depending on one's point of 

view. this work represents either a major breakthough. or at least an interesting 

reformulation of previous ideas. 
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APPENDIX A 

REVIEW OF SUPERSYMMETRY: 
GRASSMANN ALGEBRA. SUPERMA TRICES 

The information presented in this appendix can be found in more detail in 

Ref. 65. The material on Grassmann algebra is presented in a manner very similar 

to that of Ref. 80. 

Unless explicity stated to the contrary. a summation over repeated indices 

is implied. We consider the n-dimensional Grassman algebra. e. with the n anti-

(A. I) 

It follows from Eq. (A.I) that every element of e can be expanded in a finite series 

F(O) .. Fa + F.J 0., + Fr.,., 0.,., +... + f1]. •• ' .' 0.,., .' • 
•• • 2 I 2 I 2'" n I 2'" n (A.2) 

where i1.i2 ..... in range from I to n. We now consider the simplest example of only 

one Grassmann variable. In this case Eqs. (A.1) and (A.2) become 

F(O) = Fo + FlO 

{O. O} = 0 ; 02 = 0 

(A.3a) 

(A.3b) 

If the F(O) is to behave like an ordinary (read commuting) number. then Fo and Fl 

must be ordinary and Grassmann respectively. Recall that the coefficients can come 

from outside the Grassmann algebra. so that FlO need not necessarily vanish. 
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In contrast to commuting variables. we must define two different types of 

differentiation - right and left. with the basic definition. 

+-
d d 
dO 6 == 6 dB = (A.4) 

Recall that the differentiation operator anti-commutes with Grassmann objects. The 

operation of integration. which is usually defined to be the inverse of 

differentiation. is ill defined since. for both right and left derivatives. 

(A.5) 

Thus integration is defined formally so as to satisfy some of the general properties 

that we intuitively expect from integration over commuting variables. That is. we 

require that the value of the integral be invariant under translation of the 

integration variable by a constant. This leads to the following conditions: 

f dO = 0 

f dOO = c .. 

(A.6a) 

(A.6b) 

where c is an ordinary number which we choose to be unity for convenience. The 

other standard convention usually adopted by the high energy physics community is 

c - 271. 

These results are now generalized to the case of n variables. We then 

find the left derivative 
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(A.7) 

and a similar expression for the left derivative. We then have the following 

generalization of Eq. (A.6): 

{dOi • dOj } = 0 

J dOi = 0 

J dO·O· = 5· . 1 J I.J 

(A.8a) 

(A.8b) 

(A.8c) 

We want to study a change of variables so as to derive a very important result. If 

we consider the change of variables. 

-o = b .. O· IJ J (A.9) 

We will now show that the Jacobian of transformation is given by 

(A.IO) 

which is the inverse of what one usually obtains for commuting variables. The 

proof of this follows from comparing the two integrations: 

(A.II) 

It follows from Eq. (A.8) that the only terms in F(O) that contribute to the 

-integration are those with nO's : 
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(A. 12) 

Clearly the right-hand side is nonzero if all the i1.i2 ..... in are different. By 

introducing the n-indexed Levi-Cevita tensor. we may write 

(A.13) 

If we want to maintain the normalization of Eq. (A.8c) we must then have 

(A.14) 

which is the result we wanted to prove. 

We now want to consider the extension of this algebra to include the 

complex conjugates of the Grassmann variables ej • We would· like to define the 

operation of complex conjugation in such a way that the quantity 

e ec.c. (A.l5) 

is real. The method that we use. the so-called bar method. is defined by 

(A. 16) 

In the second part of this appendix we want to consider how one extends 

some of the results of matrix algebra to that of supermatrix algebra. Of major 

concern to us is the definition of supertranspose of a matrix. MST. and that of its 

superdeterminant. SdetM. 
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We begin by introducing a (m+n) x I graded column vector 

(A.17) 

In Eq. (A.17), the vector (O!) is an m x I column vector whose entries are 

commuting variables, and (8) is an n x I column vector whose entries are anti

commuting. We can then write down a supermatrix, M, that takes the graded 

column vector T into another graded column vector S, which has the same 

structure: 

(A.18) 

It is then clear that A (D) must be an m x m ( m x n ) matrix whose entries are 

commuting variables, while C (8) is an n x n ( n x m ) matrix with anti-commuting 

entries. 

The superdeterminant of a matrix 

(A.19) 

is given by 

SdetM = det(A - BD-1 C)fdetA (A.20) 

The superdeterminant as defined in this way then obeys most of the well-known 

properties of determinants, e.g., 



Sdet(MN) = SdetM SdetN 

Sdet(M-I) = [SdetMrl 

The supertranspose of the matrix in Eq.· (A.19) is given by 

MST = [ AT -CT] 
BT OT 

Again this is a useful definition, since it can then be shown that 
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(A.2Ia) 

(A.2Ib) 

(A.22) 

(A.23) 

The study of these superstructures is a rich and beautiful field, but for 

the purposes of this work the results of this appendix are sufficient. The interested 

reader is referred to the work (and the references therein) cited at the beginning of 

this appendix for more details. 
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APPENDIX B 

RESULTS FOR REPRESENTATION THEORY: 
OSP(l/2.R). OSP(2/2.R) AND OSP(4/2.R) 

In this appendix. we wish to present some of the more technical results 

for the representation theory for the superalgebras Osp(l/2.R). Osp(2/2.R). and 

Osp(4/2.R). A representation of Osp(l/2.R) is completely specified by the 

eigenvalue of the quadratic Casimir operator for Osp(I/2.R): the eigenvalue of the 

Sp(2.R) Casimir operator for the LWS. This is not so for either Osp(2/2.R) or 

Osp(4/2.R). whose Casimir operators vanish for some nontrivial representations. For 

both Osp(l/2.R) and Osp(2/2.R). we work out the action of the raising and lowering 

operators on the multiplets of the algebra. In principle. this program could be 

carried out for Osp(4/2.R); however. the results were not needed for any of the 

calculations and so are not presented. 

Osp(l/2.R) 

For Osp(l/2.R). the result 

K:!: 11; k. m) = J(m ± k)( m + k ± I) 11; k. m ± 1) (B. I) 

follows from the standard representation theory of Sp(2.R). If. in addition. we 

impose F1 => F _ and choose all phases to be real. we obtain 

and 

F:!: 11; 1. m) = -1-.Jm ± 1 11; 1 + i. m ± i) 
.J2 

(B.2a) 



F± 11; 1 + j. m) = I Jm + 1 ±! 11; 1. m ± j) 
../2 

Osp(2/2.R) 
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(B.2b) 

The states of the superalgebra Osp(2/2.R) cannot be labeled by the 

eigenvalue of the quadratic Casimir operator. since it vanishes for some nontrivial 

representations. the atypical representations. The Osp(2/2.R) representations are 

labeled by the eigenvalues of the Sp(2.R) x SO(2) Casimir· operator calculated for 

the L WS of the superalgebra. We denote the Sp(2.R) x SO(2) L WS by 

11 q; k k q~ == 11 q; k q~ (B.3) 

where the first two quantum numbers of the ket on the right-hand side of Eq. (B.3) 

label the Osp(2/2.R) representation. while the second set denote those for Sp(2.R) x 

SO(2). It should be noted that the L WS for the Osp(2/2.R) representation. I ¢J~. has 

Sp(2.R) x SO(2) quantum numbers k. q. The four orthogonalized state vectors 

obtained from" Osp(2/2.R) on reduction to Sp(2.R) are presented in Eqs. (B.4a)-(B.4d): 

11 q; 1 q) = I ¢J~ (B.4a) 

11 q; 1 + ! b + !) = J2(r~q) V+I¢J~ (B.4b) 

11 q; 1 + ! b - !) = ~ W + I ¢J~ (B.4c) 

11 q; 1 + I b) - 4r(21+ l){1+q)(1-q) {1V + W + - (1+q)} I ¢J~ (B.4d) 

It is possible to use the raising operator K+ to ladder within a representation. with 

the result 
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I k " f(2k) K I k k " 1 q; k + m ql = f(m+l)f(2k+m) ~ 1 q; ql (8.5) 

where the square-root factor is there to ensure that the state remains normalized. 

Finally, using the commutation and anti-commutations relations, one can find the 

action of the operators on the various multiplets. In Eq. (8.6), we suppress the 

Osp(2/2,R) representation labels and obtain the following results: 

K± 11 1 + m q) = J(1 + m ± 1)(1 + m =+- 1 ± 1) 11 1 + m ± I q) 

V ± 11 1 + m q) = aJ1 + m ± 1 11 + ! 1 + m ± ! q + !> 

W ± 11 1 + m q) = fjJ1 + m ± 1 11 + ! 1 + m ± ! q - !> 

W± 11 + ! 1 + ! + m q + !> = 'Y J1 + ! + m =+- 1 ±! 11 1 + ! + m ± ! q) 

(B.6a) 

(8.6b) 

(B.6c) 

(B.6d) 

+5J1+!+m±1±! 11+11+!+m±!q) (8.6e) 

V± 11 + ! 1 + ! + m q - !> = p J1 + ! + m =+- 1 ± ~ 11 1 + ~ + m ± ~ q) 

+ u J 1 + 4 + m ± 1 ±! 11 + I 1 + 4 + m ± ! q) (B.6f) 

W± 11 + 4 1 + ! + m q - !> ... 0 (8.6g) 

V± 11 + 1 1 + 1 + m q) ... K. Jr + 1 + m =+- 1 11 + ! 1 + I + m ± ! q + 4> ,(B.6h) 

W± 11 + I 1 + I + m q) = w} + I + m + 1 11 + ! 1 + I + m ± ~ q -!> .(8.6i) 

The complex numbers a, fj, ... , etc., may depend on 1 and q but not on 10' a result 

of using the Wigner-Eckhart theorem. There are three different representations that 

we must consider separately, and these are discussed next. (See also the discussion 

of the decomposition of an Osp(2/2,R) representation in Chapter 3.) 

(i) The 1 = q representation. The coefficients then satisfy 
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a = 1 = 6 = U = K = W = 0 and ~p = I (B.7) 

(ii) The 1 = -q representation. For this case the coefficients satisfy 

~ = p = 6 = u = K = W = 0 and a-y = I (B.8) 

(iii) If we have all the multiplets being nonzero. then we have a 

representation iff the following relations hold among the coefficients: 

1 l!=....!l p !!±....!l 
= a 21 • = ~ 21 • 

K = !!±....!l w = ~ '_1 !=....!l 
u 21' 6a 21 

and 

a6 
u <= - rr 

a2 . = 1-g ~2 = 1+g and u2 = 1-g 
21' 21 21 

Osp(4/2.R) 

(B.9) 

(B.IO) 

For the representation of Osp(4/2.R). we encounter the same difficulty as 

for Osp(2/2.R): the vanishing of the quadratic Casimir for some nontrivial 

representations. We do not. however. work out the action of the raising and 

lowering operators on all 16 multiplets. While there is no inherent problem with 

performing this calculation. it is very tedious. None of the work in this dissertation 

depends on having these results. and so they are deferred to a later date. 

We find it convenient to work with the combinations of the two (MK 

MR Ms) .. (1 0 0) raising operators (X1/2 V_1/2 and X_1/2 V 1/2). which are 

symmetrized with respect to SO(3) x SO(3): 

(B.lla) 
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(B.llb) 

where A(ol) [A(lO)] is a scalar [vector] in R and a vector [scalar] in S. We denote 

the Sp(2.R) x SO(3) x SO(3) L WS by 

IK R S ; K K R - R S - S} :: IK R S ; K R S} (B.12) 

where the first three quantum numbers in the ket on the right-hand side of Eq. 

(B.2) label the Osp(4/2.R) representation. and the second set specifies those of 

Sp(2.R) x SO(3) x SO(3). The LWS for the Osp(4/2.R) representation. I rpo} has 

Sp(2.R) x SO(3) x SO(3) quantum numbers K. R. S. 

It is then possible to express the 16 normalized L WS of the Sp(2.R) x SO(3) x 

SO(3) representations in the right-hand column of Table 3.2. given in Chapter 3. in 

terms of the 16 operators in the left-hand column of that table. and where 

necessary to give orthogonality. combinations including K+ • R+. and S+ . The 

reader's attention is called to the large degree of R-S symmetry in the following 

equations: 

I KRS; KRS} = I rp~ (B.13a) 

(B.13b) 

I KRS·, K+l/2 R+l/2 S_I/ \ = I {[SlY S V } I A. \ 
2f S[S]([K]+S-R) 1/2 - + -1/2 'POI 

(B.13c) 
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I KRS', K+l/2 R_l/2 S+I/ \ = 1 {[R]X R V II A. \ (B. 13d) 
21 R[R]([K]+R-S) -1/2 - + -1/2 'POI 

(B. 13e) 

(B.13f) 

I KRS; K+l R S+1) = (2K-R-S)1[K]+R-S) X_1/ 2 V_1/2 1 r/J~ (B.13g) 

I KRS; K+l R S)(ol) = 2KS(S+I)(iZ-S(S+I» {2K(S+I)A(01) . 

(B. 13h) 

I KRS; K+l R S)(I0)' = 2R(R+l)(K+l)([K]+R-S)([K]+S-R~(2K-R-S)(KZ-S(S+I»([K]+R+S+1) 

{2(R + l)(KZ-S(S+ I»A (10) - R(R + l)(Z+2S(S+ 1 »K+ 
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I I KRS; K+I R-I S) = R2[R](2R-I)([K]+S+R+l)([K]+R-S) {2R[R]X1/2X_1/2 

(B.13j) 

I I KRS; K+I R S-l) = S2[S](2S-I)([K]+S-R)([K]+R+S+l) {2S[S]X1/2 V 1/2 

(B. 13k) 

(B. 131) 

{2[K][S]X1/2 V 1/2 V_1/2 - [S](2K-R-S)K+ V 1/2 

(B. 13m) 

{2[K][R]X1/2 X_1/2 V_1/2 - [R](2K-R-S) K+X_I/2 



I KRS; K+2 R S)... 4[K](K+l)2([K]+2)([K]+R-S)(d(]+S-R)(2K-R-S)([K]+R+S+l) 

where 

Z ... {[K]([K]+l) - R(R+l) - S(S+l)} 

and 

[J] = 2J+l 

llO 

(B. 130) 

(B.13p) 

(B.14a) 

(B.14b) 

It is then possible to use the raising operators K+. R+. and S+ to ladder 

within a given Sp(2.R) x SO(3) x SO(3) representation. We find the result 
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I KRS; K' K'+ m R' Il S' v) = f(R'-IL+l) f(S'-v+l) 
f([R'])f(R' +Il+ 1) f([S'])f(S' +v+ 1) 

f(2K? K~ R!f+IL sr+v I KRS; K' K' R' -R' S' -S') 
f(m+l)r(2K'+m) (B.15) 

In Eq. (B.15). the labels K'. R'. S' to the right of the semicolon denote a general set 

of Sp(2.R) x SO(3) x SO(3) labels. and the square root ensures normalization of the 

states. 
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APPENDIX C 

EXAMPLE OF U(6/M) SUPERSYMMETRY: 
THE XENON ISOTOPES 

In this appendix. we study the xenon isotopes around A = 130 as 

possible candidates for a U(6/20) supersymmetry. Michailova46 has also proposed 

this region for a possible Spin(6) symmetry}5 It is clear from the Nilsson diagrams 

. that one should consider not only the j = 3/2 orbital but the j = 1/2. 5/2. 7/2 

orbitals as well; hence. the group one should use is UB(6) x UF(20). We find that 

the energies can be fit to within 10-20%. but that the theoretical transition rates are 

in poor agreement with the data. We stress that the transition rates are a much 

more sensitive test of the wavefunctions. and hence a more valid test of a 

symmetry. 

Supergroups are introduced into the problem by embedding the UB(6) x 

UF (20) group into U(6/20). and the group chain is given by81 

U(6/20) :>UB (6) x UF (20)':)Spin(6)" Spin(5);» Spin(3) (C.l) 

Thus the excitation energies are given by the equation 

E ... -AC2(Spin(6» + BC2 (Spin(5) + DC2(Spin(3» (C.2) 

We have examined the spectra and electromagnetic transition rates for 130Xe and 

l3lXe using the supergroup U(6/20) and have been able to obtain good agreement on 

the energy spectra - a deviation of approximately 12%. The E2 transition rates are 

given in Table C.l and are clearly not well fit. We find that some forbidden 
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transitions are very strong. and the transition 1+ -+ !+ is about a factor of 20 too 
21 21 

large. This state is clearly in the U(6/20) model space and is low in energy; it 

should be correctly described if the model is applicable. Experimentally.82.8s the 

data show that this transition is much smaller than either the ~+ -+ !+ or 7...+ -+ ~+ 
21 21 21 21 

transition. As a further test. we examined the MI transition rates. We list the MI 

data and our fits in Table C.2. Although there is even less data on MI transitions 

than for E2 transitions. an inspection of Table C.2 shows that we may draw the 

same conclusion as for the B(E2)'s. Namely. several of the transitions that the 

model predicts to be forbidden are actually quite strong. The difficulty is actually 

apparent from the properties of the model. Since the electromagnetic transition 

operator is taken to be a generator of Spin(6). the transitions 'L+ -+ l!.+. ~+ -+ ~+. and 
21 21 21 21 

!.+ -+ ~+ are the same. Thus. it is impossible to fit data where one transition is much 
21 21 

smaller than the others. 

In a recent paper. Jolie et al. i8 have proposed a dynamical 

supersymmetry to treat even-even and odd-even nuclei in this region together. 

Their scheme provides a better description of the xenon and barium isotopes than 

that given in Ref. 46. They argue that the decomposition in Eq. (C.I) is not 

apppropriate for the xenon isotopes. These authors consider the single-particle 

orbits j = 1/2. 3/2. 5/2. and 7/2 as resulting from the coupling of a pseudo-spin s ... 

3/2 and a pseudo-orbital angular momentum I = 2. By doing this. they are able to 

write down a group reduction for UF(20): 

(C.3) 

They then obtain a group chain that contains two distinct SpineS) groups 

[cf. Eq. (C. 1)]. In addition. their expression for the E2 transition operator contains 
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both a piece with the pseudo-spin coupled to zero and a piece with the pseudo-

orbital angular momentum coupled "to zero. It is this freedom that allows them to 

fit the electromagnetic transition rates. As we noted before. in the decomposition of 

, U(6/20) given in Eq. (C.l) the transition rates for 1+ -+ !+. ~+ -+ !+ and 1+ -+ !+ are 
21 21 21 21 21 21 

predicted to be the same. Finally. we stress again that energy fits should be 

considered. at most. as a weak indication of a possible symmetry. The definitive 

test is the ability to accurately fit the transition rates. 
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TABLE C.I. B(E2) transition rates in l3lXe. 

Transition B(E2)exp (10-2 e2 b2) B(E2)th (1 0-2 e2 b2) 

B(E2: 1.+ .... ~+). 0.4 ± 0.05 7.6 
2) 2) 

B(E2: !i.+ .... 1.+) 
2) 2) 

3.0 ± 0.5 1.2 

B(E2: !i.+ .... ~+) 
2) 2) 

10.0 ± 1 7.6 

B(E2: !i.+ .... ~+) 
22 22 

3.1 0.2 

B(E2: !i.+ .... ~+) 1.3 ± 0.6 0 
22 2) 

B(E2: 1+ .... !i.+) 
2) 2) 

< 0.5 1.8 

B(E2: ~+ .... ~+) 5.7 ± 0.4 0 
22 2) 

B(E2: 1.+ .... ~+) 4.8 ± 0.4 0 
22 2) 

B(E2: 1+ .... ~+) 8.1 ± 0.6 7.6 
2) 2) 

B(E2: !i.+ .... 1.+) 
22 2) 

6.8 ± 0.9 5.7 
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TABLE C.2. B(Ml) transition rates in l3lXe. 

Transition 

B(Ml: !i..+ ..... t+) 
21 21 

0.64 ± 0.12 0.64 

B(Ml: !i..+ ..... t+) 
22 22 

58 ± 6 3.1 

B(Ml: !i..+ ..... t+) 
22 21 

108 ± 8 0 

B(Ml: 1.+ ..... !i..+) 
21 21 

2 ± 1 1.33 

B(Ml: t+ ..... t+) 
22 21 

< 7 0 
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