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ABSTRACT 

It is recognized that detailed knowledge of turbulence parameters, as well 

as velocities, can aid in understanding and modeling mixing rate-dominated phe

nomena in stirred vessels. Measurements using a laser-Doppler velocimeter and 

modeling using a k-c turbulence model and FLUENT, a general-purpose fluid flow 

modeling program, have been conducted of the flow in a baffled, turbine-agitated 

vessel. 

The complex flow patterns and high turbulence intensities explain why flows 

in stirred vessels are difficult to attack experimentally or numerically. In the mea

surements, the necessary corrections for the periodic, nondissipative velocity fluctu

ations in the near-impeller region, which were caused by the periodic passage of the 

impeller blades, were made by an autocorrelation method. With the contributions 

of the periodic fluctuations removed, meaningful turbulence data including turbu

lence intensities, autocorrelation functions, turbulence energy spectra, turbulence 

scales, and turbulence energy dissipation rates were obtained. Integral scales and 

energy dissipation rates were a particular objective in this work because of their 

usefulness in modeling local mixing rates in turbulent flows. An energy balance 

around a region containing the impeller and the impeller stream showed that 60% 

of the energy transmitted into the vessel via the impeller was dissipated in the 

region, and 40% was dissipated in the rest of the vessel. An equation for calcu

lating local energy dissipation rates c from total turbulence energy and resultant 

integral scales, c = A q3/2 / Lres , appeared adequate with constant A=0.85 (where 

q == uju;/2, L res == VLjLj, and Uj and Lj are, respectively, the i-th component of 

fluctuation velocity and the turbulence integral scale measured in direction i). 

xiv 



xv 

Both the k-c model (two-dimensional) and FLUENT (which employed three

dimensional k-c and Reynolds stress models) obtained mean velocity profiles fairly 

close to the experimental data, but both predicted k and c significantly lower than 

the measured values. The reason for the underestimation of k and c was not entirely 

clear, but may have been caused by use of only the random parts of velocities for 

computing k and c at the impeller boundary. The objective of modeling complex 

turbulent flows in stirred vessels has been accomplished, a goal which until recently 

would have been considered beyond the possibility of computation. 
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Chapter 1 

INTRODUCTION 

Mechanically stirred vessels used in process industries have a wide range of 

applications, such as blending miscible or immiscible liquids, dispersing gases or 

solids in liquids, and mixing reactants in one or more phases to effect chemical 

reactions. The general purpose of these vessels is to provide intimate contact for 

the contained materials, thus promoting heat transfer, mass transfer, or chemical 

reactions between the materials or, in some cases, between the materials and the 

vessels. Design of such mixers is largely governed by two requirements-good mixing 

and low power consumption. The rate of power consumption is always a concern 

in the industrial process. The degree of mixing can, to a great extent, affect the 

reaction yield and thence the separation and purification cost. 

Design and scale-up methods in the past have been based on overall similarity 

concepts and correlations of vessel-average parameters like power input per unit 

volume, impeller size and geometry, and average degree of mixing or average reaction 

conversion. Once the correlations are found (mostly from experimental data), the 

scale-up rules are considered established. This has long been an important approach 

in chemical engineering, and has been satisfactory in many applications. Yet, much 

evidence is available to indicate that fluid dispersion, scalar transport, and chemical 

reactions, which in many mixing systems occur simultaneously, do not scale-up 

equally. In the empirical correlation approach, the spatial variations of the reactor 

scalar variables (e.g. concentration, temperature) and the "local" effects of mixing 

are totally disregarded. Consequently, the method is difficult to generalize to suit 

systems with different geometries and operating conditions. 

1 
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A rigorous theoretical treatment of a turbulent mixing problem coupled 

with the complex local effects of mixing on transport and reaction is obviously 

intractable. Obtaining a deLailed knowledge of the mean flow and turbulence char

acteristics within the mixer, however, is perhaps the most promising step to gaining 

a direct insight into the problem. (Laminar mixing, which is not the main subject 

in the present work, is caused by shear stretching and reduction of the thickness 

of lamellae of distinct fluids, and is the major mechanism for the mixing of high

viscosity materials like paints or molten plastics. A good description of this type 

of mixing can be found in the paper by Ottino et al., 1979.) In a turbulent mixing 

process, three simultaneous stages can be distinguished. The first is the distribution 

of one fluid through the other, which makes the time-average composition uniform 

grossly, but without decreasing the local variations (intensity of segregation). This 

bulk mixing, or blending, is performed by the convective transport of the flow, the 

flow pattern being determined by the geometry of the impeller and the tank. The 

second stage is the superimposed local turbulent mixing, caused by turbulent dis

persion and eddy diffusion. In this stage, large lumps of a fixed composition are 

broken into smaller lumps, their size (scale of segregation) can, depending on the 

state of turbulence, be reduced to a "smallest scale", thus increasing the contact 

area between the fluid lumps of different compositions. The state of turbulence at 

this stage, following Kolmogoroff's hypothesis, is determined by the fluid kinematic 

viscosity (v) and the turbulence energy dissipation rate (e), if the Reynolds number 

is sufficiently high. The importance of turbulence in mixing can best be realized 

here. The final stage is the homogenization on a molecular scale by molecular diffu

sion, enhanced by the increase of the intermaterial surface area. Heat transfer and 

chemical reactions, which are brought about through molecular contact, also take 

place mainly in this stage. It should be realized, however, that although the homog

enization is completed in the final stage, the whole process is in fact governed by the 
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mean flow and turbulence characteristics developed in the early stages. Therefore, 

the flow pattern and the turbulence parameters like turbulence intensities, eddy 

sizes, and turbulence energy dissipation rates are the factors of critical importance 

in determining mixing in a turbulent mixer. 

In recent years, a significant amount of effort has been expended on mea

surements of impeller power consumption rates, mean velocities, and turbulence 

parameters in stirred tanks of various sizes and geometries. Flow patterns and 

impeller power correlations have been obtained with some success; the turbulence 

parameters, however, still show broad inconsistencies. The difficulties in the turbu

lence measurements stem from the extreme complexity of the flows, the limitations 

of the measuring techniques, and the lack of easy-to-apply turbulence theories. 

The flow in a stirred tank is three-dimensional and highly turbulent. Flow 

reversals with such high turbulence are not uncommon. This makes it difficult to 

use intrusive measurement techniques employing probes, such as pi tot tubes, hot

wire or hot-film anemometers, to obtain accurate data. The probe disturbance to 

the flow is severe, and the necessary calibration is nonlinear and is often difficult. 

(Indeed, which method can give better accuracy has long been a controversial issue 

in the literature. As will be described later, laser-Doppler velocimetry seems to be 

the most promising method for such complex turbulent flows.) 

Interpretation of the experimental data is further complicated by the inade

quacies of existing turbulence theories. The physics of the fluid turbulent motion is 

so complex that many theories and formulae developed are often practically inap

plicable, unless very idealized conditions are assumed. Thus, when the turbulence 

is not isotropic, when Taylor's "frozen field" hypothesis cannot be used in high

intensity turbulent flows, or when no distinction can be made between the random 

turbulence and the periodic turbulence in the near impeller region caused by the 
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periodic disturbances of the impeller blades, many problems emerge. If turbulence 

is not isotropic, which is usually the case in stirred vessels, measurements in three 

directions become necessary and no simple equation is available for the calculation 

of some of the turbulence parameters like turbulence scales and turbulence energy 

dissipation rates. The turbulence quantities obtained by general measurement tech

niques are often in the time domain, but those of direct and useful application are 

in the space domain. Taylor's hypothesis can be used to transform the temporal 

quantities into the spatial quantities, if the turbulence intensity is not too high. 

If the turbulence intensity is high, however, the hypothesis becomes a poor ap

proximation, and a modification of the hypothesis is necessary. A special problem 

is measurements in the near-impeller region, where the turbulence detected by a 

stationary device includes not only the random turbulence but also a portion of su

perimposed periodic turbulence due to the periodic passage of the impeller blades. 

This periodic turbulence, which is nonrandom and nondissipative, can cause a se

rious problem in the interpretation of the turbulence structure and characteristics, 

if not subtracted out. 

In the present work, the turbulent flow in a standard stirred vessel was stud

ied both experimentally and numerically, with an attempt to overcome the above 

measurement and theoretical difficulties. Experimentally, a laser-Doppler velocime

ter, which had high speed, wide frequency range, and direction-sensitive response, 

and, more importantly, did not disturb the flow at all, was used to measure the 

mean and root-mean-square fluctuation velocities and the turbulence parameters 

including correlation functions, energy spectra, turbulence scales, and turbulence 

energy dissipation rates. From these data, a better understanding of the turbulent 

mixing phenomena can be reached. Particular emphasis was placed on the measur

ing accuracy, justification and correction of the periodic turbulence, modification of 
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Taylor's hypothesis to obtain suitable convection velocities, and estimation of the 

turbulence scales and energy dissipation rates while accounting for the turbulence 

anisotropy. The turbulence scales and the turbulence energy dissipation rates were 

a particular objective in this study because of their importance in determining the 

local mixing rates. 

In addition to the experimental study, a steady, two-dimensional, finite 

difference-based k-c turbulence model with its boundary conditions taken from t.he 

experimental data was developed to model the flow in the stirred tank. Also, FLU

ENT, a general-purpose flow modeling program developed by Creare*, was used for 

comparison. Numerical modeling of this particular How is of great value because it 

can save a tremendous amount of time-consuming experimental work, and is espe

cially needed in design and scale-up. The ultimate goal with the experimental data 

as a base is to incorporate the hydrodynamics model with the kinetics and mixing 

models to predict the local as well as the overall transport-reaction phenomena in 

mixers. Since this numerical work was complete in itself, its background, approach, 

and results are given separately in Chapter 7. 

As an overview, Chapter 2 describes the previous studies of such stirred, tur

bulent flows; theoretical aspects of mixing and turbulence in stirred tanks are given 

in Chapter 3; Chapter 4 describes the experimental techniques and procedures; the 

experimental results are presented and discussed in Chapter 5; Chapter 6 gives the 

concluding remarks on the experimental results; Chapter 7 describes the modeling 

of the flow; Chapter 8 gives a final conclusion. 

* Creare Inc., Etna Road, P. O. Box 71, Hanover, New Hampshire 03755. 



Chapter 2 

PREVIOUS STUDIES 

Stirred vessels of many types and scales have been studied over several 

decades. Due to their variety of applications, a wide range of subjects regarding 

their mixing performance has been covered. General review papers can be found in 

Uhl and Gray (1966), Brodkey (1975), Nagata (1975), and Ulbrecht and Patterson 

(1985). Of particular concern to us are the flow and turbulence characteristics in 

mixers because they are the key factor in the mixing processes. The studies in the 

past on such stirred, turbulent flows have been empirical rather than theoretical 

because, as mentioned in Chapter 1, the flows are very complex. In a review of 

these empirical studies, the experimental techniques and the turbulence theories 

applied deserve our particular attention. Besides the flow characteristics, the im

peller power consumption rates are also an important parameter. They have been 

shown to be a good design variable. As a rule of thumb, the power consumption 

rate per unit volume is always kept as a constant in scale-up when mixing rate 

should be kept constant. 

Rushton and his co-workers (Rushton, Costich, and Everett, 1950; Rushton 

and Oldshue, 1953; Sachs and Rushton, 1954) were probably the first to measure 

the flow patterns and, with the aid of dimensional analysis, to obtain correlations 

between power consumption rates and impeller speed in a baffled, cylindrical tank 

agitated with propellers and turbines. They found that the power consumption 

rate, P, measured from the impeller torque and rotation rates, could be expressed 

as a function of impeller speed, i.e., 

(1) 

6 
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where N and D are impeller speed and diameter, p and f.l are fluid density and 

viscosity respectively, and Np is now known as the power number. The velocity 

measurements by Rushton and Oldshue (1953) and Sachs and Rushton (1954) were 

done by making photographs of tracer particles suspended in the fluid. The particles 

appeared as streaks, the lengths of which divided by the exposure times were equal 

to the particle velocities. They discovered that the impeller discharge flow rates 

were proportional to impeller speed, the amount of fluid entrained by the impeller 

stream was significant, and the number of blades, the size and position of turbines, 

and the number and size of bafRes all affected the flow patterns and velocities. 

The work of Rushton et al., although somewhat lacking in precision by present-day 

standards, did set up a framework for much subsequent research. The disk-style 

turbines with flat blades Rushton and his co-workers studied most are now called 

Rushton turbines. 

Power data of better accuracy for various types of impellers were reported 

by Calderbank (1958), Bates, Fondy, and Fenic (1963), and Bertrand, Couderc, and 

Angelino (1980). A good example of power number-Reynolds number correlations 

is shown in Fig. 1, taken from Bates et al. These correlations indicate not only 

that different types of impellers consume different amounts of power, but also that 

there exist three distinctive ranges-laminar, transitional, and turbulent-where the 

correlations are characteristically different. In the turbulent range, say Re ~ 104 , 

all the power numbers are independent of Reynolds number, and are constants. For 

low-viscosity systems, where turbulence can be easily generated to promote mixing, 

agitation of impellers in the turbulent range is practical. For high-viscosity fluids, 

the power requirements are prohibitive, and laminar mixing techniques must be 

employed. 

After power consumption rates were established, attention was shifted to 

flow phenomena in the vessels. Nagata et al. (1958, 1959, 1960) used a pitot tube 
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to measure velocities at high Reynolds number, and used a photographic method 

similar to that used by Sachs and Rushton (1954) for low Reynolds number mea

surements. Data were reported for many different types of impellers in baffled as 

well as unbaffled vessels. Impeller discharge flow rates, Q, which were integrals 

of radial velocities in the impeller stream over blade width, were expressed in a 

dimensionless form as 
Q 

NQ = ND3 (2) 

where NQ was impeller discharge coefficient, and was found to be independent of 

impeller speed and diameter for geometrically similar systems. 

Metzner and Taylor (1960) also used a photographic technique to study the 

flow patterns, shear rates, and power dissipation rates in a baffled turbine-agitated 

vessel. A strong tangential velocity component, a radial jet in the impeller stream, 

and two recirculating flows (one above, the other below the impeller stream) were 

all observed. The lJower dissipation rates were obtained by multiplying the shear 

rates, calculated from the velocity gradients, by the corresponding shear stresses, 

as obtained from the viscometric data. They found that the power dissipation 

rates were the highest near the impeller tip, and diminished very rapidly away from 

there. Based on this result, Norwood and Metzner (1960) used a mixing model, 

which assumed most of mixing occurred in a small "perfectly mixed" region near 

the impeller, to obtain a correlation between mixing times and impeller Reynolds 

numbers, the mixing times being determined from visual observations on the amount 

of time required for the completion of an acid-base neutralization in the vessel 

indicated by a methyl-red indicator. The most significant result was that the change 

of mixing time with Reynolds number had a trend very similar to the change of 

power number with Reynolds number as shown in Fig. 1. Both showed three 

characteristic ranges. 
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A similar streak photography technique was used by Cutter (1966) and by 

Schwartzberg and Treybal (1968). Cutter made detailed studies of mean and fluc

tuation velocities, correlation functions, turbulence scales, and turbulence energy 

dissipation rates. His results showed that not only the mean velocities but also the 

fluctuation velocities were approximately proportional to the impeller speed. The 

fluctuation velocities in the impeller stream were on an order of 60% of the mean, 

and, like the behavior of jets or wakes, decayed linearly from the impeller tip toward 

the tank wall. His results of correlation functions, turbulence scales, and turbulence 

energy dissipation rates, due to the importance of these turbulence parameters, will 

be described later together with others' results. 

While many workers focused their studies on the impeller stream, Schwartz

berg and Treybal (1968) studied the bulk, outside of the impeller stream, because 

the bulk represented as much as 90% of the fluid in the tank. They found that 

the average vertical-plane velocity in the bulk was proportional not to the impeller 

speed but to a factor involving the tank diameter and height. This result revealed 

the importance of consideration of system size and geometry in the flow correlation. 

By analysis of the fluctuation velocities, they concluded that the turbulence in the 

tank, about 35%, was distinctly nonisotropic. 

An improved photographic method was used by Komasawa et al. (1974) to 

measure the turbulence characteristics of fluid flows. Previous methods suffered 

from the limitations of shutter speed, wide sampling region, and the period over 

which continuous measurements were made. A high-speed cine-photography tech

nique was used to overcome these limitations. Using this method, they measured 

turbulence intensities, correlation functions, energy spectra, and turbulence scales. 

The goal was to prove the applicability of their technique. 
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Tatterson, Yuan, and Brodkey (1980) have developed a stereoscopic film 

technique to examine particle motion in stirred tanks. Their studies have concen

trated so far on the fluid flow structure near the impeller, but eventually could 

contribute to the overall study of three-dimensional velocity fields in mixers. 

Hot-wire and hot-film anemometers have also been used extensively in flow 

measurements in stirred tanks. Bowers (1965) used a hot-wire anemometer in com

bination with trailing threads to measure the directions and magnitudes of the mean 

and fluctuation velocities. That mean and fluctuation velocities were proportional 

to impeller speed was again confirmed. 

Sato et al. (1967, 1970) also used hot-wire anemometry to measure the 

velocities and turbulence parameters in baffled and unbaffied vessels agitated by 

8-blade paddles. An important conclusion they reached was that use of a larger 

diameter or broader blade-width impeller tended to give turbulence characteristics 

more uniformly distribu.ted in the vessel. 

Cooper and Wolf (1968) used a three-dimensional pitot tube to measure flow 

directions and used a hot-wire anemometer to measure velocities. Several different 

sizes of propellers and turbines, and vessels were tested. They found that at the 

impeller tip the impeller pumping coefficients, N Q = Q / N D3, were 0.5 for the 

propellers and 0.7 to 0.9, depending on the blade width, for the turbines. These 

values were not too different with water or air as the working fluid, if the stirred 

vessels were operated in fully turbulent conditions. 

Using a similar method, Mujumdar et al. (1970) measured the radial mean 

and fluctuation velocities in the impeller stream with air as the working fluid. Their 

results indicated that the turbulence intensities increased from a level of 35% at the 

impeller tip to 60% near the baffles. Gunkel and Weber (1975) made a similar 

study using a shielded hot-wire anemometer. They detected the presence of four 
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vortices between each pair of blades, two above and two below the impeller disk, 

by mounting the hot-wire on the rotating impeller. They also confirmed the jet-like 

behavior of the impeller stream, and found NQ = 1.0 at the impeller tip. Both 

Gunkel and Weber and Mujumdar et al. measured correlation functions, energy 

spectra, and turbulence scales, which will be described later. 

\Vhile hot-wire anemometers are suitable for flow measurements in gases, 

their applicability in liquids has been questioned due to the weakness of the wires. 

Stronger hot-films have been found to be better probes for liquid measurements. 

Rao and Brodkey (1972) used a hot-film anemometer to measure the mean and 

fluctuation velocities and the turbulence parameters in a continuous-flow tank agi

tated with an open flat-blade impeller. A three-dimensional pi tot tube was used to 

determine the flow direction, then the hot-film probe was placed perpendicular to 

the flow for measurements. They found that the pi tot tube, although better than 

the hot-film probe in determining the flow direction, would overestimate the magni

tudes of the velocities. Data showed that the turbulence intensities in the impeller 

stream were on a level of 55%. Also observed was strong non-Gaussian turbulence 

intermittency in the impeller stream, which was attributed to the unsteady random 

motion of the impeller jet.--

Fort et al. (1974) also used hot-film anemometry to examine the turbu

lence characteristics in the impeller stream in a turbine-agitated vessel. Turbulence 

intensities between 40 and 80% were found. The turbulence in the proximity of 

the impeller was markedly anisotropic and nonhomogeneous. Turbulence energy 

spectra were also obtained using a frequency analyzer. 

A similar technique was used by Okamoto et al. (1981) and by Barthole et al. 

(1983). Okamoto et al. concentrated on the estimation of energy dissipation rates. 

Barthole et al. studied flow patterns, fluctuation velocities, energy dissipation rates, 

and their implications on local mass transfer rates. 
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The main measuring techniques described so far include the photographic 

method and hot-wire or hot-film anemometry, which constitute about 90% of the 

total measurements made before in studies of turbulent flows in stirred vessels. 

These methods have some drawbacks. The photographic technique generally suffers 

from limitations of shutter speed and wide sampling region. Hot-wire or hot-film 

anemometry also suffers from a similar resolution problem. The film or wire probe 

must be large enough to obtain the needed sensitivity (heat transfer rate), which 

disrupts the flow pattern near the probe and limited the spatial resolution. 

The question is, "What technique minimizes these problems?" The answer 

is, perhaps, laser-Doppler velocimetry (LDV). In laser-Doppler measurements, no 

physical probe is needed, thus causing no interference with the flowing fluid. Also, 

the measuring volume, which is formed by a single or two laser beams, is generally 

small, and the frequency response from the photodetector is generally fast. The 

first use of LDV was made by Yeh and Cummins (1964) who measured velocities in 

a fully-developed laminar flow of water in a pipe. Since then LDV has fast become 

one of the most common and advanced diagnostic tools in flow measurements. For 

general principles of LDV, one can refer to books by Durst, Melling, and Whitelaw 

(1976) or Durrani and Greated (1977). 

In studies of stirred turbulent flows, LDV has been used by Reed et al. 

(1977), Van Der Molen and Van Maanen (1978), and Laufhutte and Mersmann 

(1985). Reed et al. measured radial, tangential, and axial mean and fluctuation 

velociti.es in the impeller stream. Data showed that the impeller disk was not a 

symmetry plane in the impeller stream, because the turbine was located one-third 

of the way from the base of the tank (rather than at the middle) and because the 

top of the tank was a free surface (rather than a solid boundary like t.he bottom). 

Turbulence intensities of 100% were not unusual; near the baffles, tml )uience levels 
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of several hundred percent were observed. Van Der Molen and Van Maanen's study 

was also confined to the impeller stream, where the turbulence intensities, energy 

spectra, and effects of the periodic turbulence caused by the periodic passage of the 

impeller blades were examined. Laufhutte and Mersmann focused mainly on the 

turbulence energy dissipation rates. 

As has been described, various experimental methods with various limita

tions have been used in the measurements of velocities and turbulence parameters 

in stirred tanks. It is this variety of methods that makes some of the results, partic

ularly the turbulence results, somewhat inconsistent. Thus, when comparing results 

of different works, one should always take into account the possible effects of the 

differences in the measuring techniques (as well as the differences in the stirred sys

tems) used. Patterson (1983) has reviewed in detail the principles and the reliability 

of various velocity and concentration measurement techniques. 

Although mean and fluctuation velocities are useful in describing flow pat

terns and random fluid motion intensities, respectively, turbulence correlation func-

tions and energy spectra are in fact more important statistical parameters in re

vealing turbulence structure and characteristics. Correlation functions describe how 

fluctuations are related to each other in time or space. Energy spectra show how 

turbulence energy is distributed over eddies of a range of sizes or frequencies. Eqs. 

(3) and (4) below show the definitions of, respectively, Eulerian correlation coef

ficient, RE( T), i.e., the normalized autocorrelation function, and one-dimensional 

energy spectrum function, El (n), 

(3) 

(4) 
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where T is time lag between consecutive sampled-data velocity fluctuations being 

correlated, and n is fluctuation frequency. (Three-dimensional correlation functions 

and energy spectra can also be defined, but are generally unmeasurable in practice. 

Fortunately, the one-dimensional functions can provide much of the information 

needed.) 

It has been established mathematically by G.!. Taylor (see Hinze, 1975) that 

the correlation function and the energy spectrum a .. t;l the Fourier transforms of each 

other. In other words, they provide the same amount of turbulence information. 

For instance, both turbulence scales and turbulence energy dissipation rates can 

be obtained from either one of them. However, to obtain the characteristics of 

turbulence at different length scales or frequencies, or to see how bigger eddies are 

equilibrated with smaller eddies, the energy spectrum is a better, more direct source 

than the correlation function. 

Many studies of turbulent flows in stirred vessels have obtained the correla

tion functions and the energy spectra. Cutter (1966) calculated two-point correla

tion functions from the measured fluctuation velocities. Kim and Manning (1964), 

Sato et al. (1967, 1970), Fort et al. (1974), Van't Riet et al. (1976), and Van Der 

Molen and Van Maanen (1978) all used spectrum analyzers to directly obtain the 

energy spectra. Mujumdar et al. (1970) and Gunkel and Weber (1975) measured 

the correlation functions and the energy spectra by using correlators and spectrum 

analyzers, respectively. Rao and Brodkey (1972) and Komasawa et al. (1974) calcu

lated the temporal correlation functions from fluctuation velocities, then calculated 

the Fourier transforms of the correlation functions to obtain the energy spectra. 

The observations of these authors, although some discrepancies still exist, can be 

summed up as follows: 
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1. In the impeller stream, where the velocity fluctuations were strong, the tur

bulence was more weakly correlated than the turbulence in the bulk, where 

the fluctuations were less intense. 

2. The turbulence energy spectra showed that most of the turbulence kinetic 

energy was contained in larger eddies (with low-frequency fluctuations), and 

that smaller eddies (with high-frequency fluctuations) containing a smaller 

fraction of the energy. 

3. The spectra seemed to have three characteristically different frequency ran

ges. In the low frequency range, say from zero to about 60 Hz, the spec

trum curves were flat, which means the turbulence energy associated with 

the larger eddies was independent of the eddy size (or fluctuation frequency). 

In the higher frequency range, from about 60 to about 300 Hz, the spectrum 

functions seemed to show a -5/3 slope. This slope, following the Kolmogoroff 

law (see Hinze, 1975), indicated the existence of the subinertial equilibrium 

range between larger and smaller eddies. In the highest frequency range, 

which was generally difficult to study due to resolution limitations of the 

measurement techniques, a steeper slope seemed to exist indicating a dissi

pation range of the "smallest" eddies. 

4. In the near impeller region where periodic fluctuations dominated the veloc

ity field, the correlation function curves oscillated permanently at a frequency 

equal to that of the rotating impeller blades, and the energy spectra showed 

two strong peaks, one at the impeller blade frequency, and the other at its 

first harmonic. (Examples of the peaked spectra are shown in Figs. 2 and 

3, taken from Gunkel and Weber (1975) and Fort et al. (1974), respectively. 

The five symbols plotted at each frequency in Fig. 3 denote the data mea

sured at five different positions, which are all near the center of the impeller 
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tip. The slight, yet interesting, differences between Figs. 2 and 3 are that 

the two peaks in Fig. 2 appear at the impeller blade frequency and its 

first harmonic, respectively, but in Fig. 3 one appears at the impeller blade 

frequency, the other at its subharmonic, and that a local minimum seems 

to exist at one-fourth of the impeller blade frequency in Fig. 3, while the 

spectrum in Fig. 2 is essentially flat in the low frequency range.) 

Observations 1 - 3 typically characterize the turbulence energy spectra, but 

the existence of the periodic turbulence near the impeller blades, as seen in ob

servation 4, has caused many difficulties in the interpretation and calculation of 

turbulence quantities. A better description of this periodic turbulence was given 

by Van't Riet and Smith (1973, 1975) who detected a pair of strong trailing vor

tices originating from behind each of the blades. The periodic sweeping of these 

vortices over the stationary measuring device was the cause of the periodic fluctua

tions. These periodic fluctuations, pseudo-turbulence as called by Van't Riet et al. 

(1976), were embedded in the total fluctuations resulting in correlation functions 

and energy spectra exhibiting permanently periodic behavior. This turbulence pe

riodicity was found not only in the velocity field but also in the concentration field 

in continuous flow stirred tank reactors(Manning and Wilhelm, 1963; Reith, 1965). 

Since this periodic turbulence is nonrandom and nondissipative, and is purely caused 

by the periodic passage of the impeller blades, it must be excluded in any calcula

tion of turbulence quantities such as root-mean-square (rms) fluctuation velocities, 

turbulence scales, and energy dissipation rates. Hinze (1975) has asserted that tur

bulence parameters, to be meaningful, must be determined only by the irregularity 

and randomness of the real turbulent motion. 

Only a few attempts have been made to account for the periodic contribu

tion to the turbulence. Rao and Brodkey (1972) considered the sum of the positive 
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and the negative area under the oscillating correlation function curve as the correct 

turbulence integral scale. Mujumdar et al. (1970) and Gunkel and Weber (1975) 

obtained the contribution of the periodic fluctuation from the narrow portion of 

the energy spectrum at the impeller blade frequency. They reported the periodic 

as well as the random parts of the rms fluctuation velocities. Van Der Molen and 

Van Maanen (1978) measured the periodic component directly by recovering the 

instantaneous velocity from a correlator which was triggered at the impeller blade 

frequency. The random turbulence intensity was obtained by integration of the 

energy spectrum after cutting off the sharp peaks of the periodic component and 

its harmonics. Laufhutte and Mersmann (1985) also separated the random turbu

lence from the periodic turbulence. Assuming the periodic fluctuation velocity was 

proportional to the impeller speed, they obtained the periodic component by ex

trapolating its value obtained in the laminar range, where the measured turbulence 

was considered as totally the periodic turbulence, into the desired turbulent range. 

These methods have all provided some means for the correction of the pe

riodic turbulence, but none of them seems ideal. They are either arbitrary or 

laborious, and cannot explain the trailing vortex structure observed by Van't Riet 

and Smith (1973, 1975) and Van't Riet et al. (1976). More work is thus needed to 

make good interpretation and correction of the periodic turbulence. 

The turbulence parameters of most direct relation to mixer capacity and 

performance are turbulence scales and turbulence energy dissipation rates. Turbu

lence scales are a measure of eddy size, that is a measure of intermaterial surface 

area for molecular mixing. Moreover, the integral scales (or macros cales ) are closely 

related to the size of the mixing systems. Turbulence energy dissipation rates, on 

one hand, are an important characteristic of turbulence when Reynolds numbers are 

sufficiently high, and, on the other hand, are approximately equal to the average 

mixer power consumption rates-a main design variable. 
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Some mixing models that stress local molecular transport, such as Corrsin's 

(1964) isotropic mixer model, the lamellar model of Ottino et al. (1979), and the 

reaction-diffusion eddy model of Angst et al. (1982), have been primarily based 

on a known field of turbulence scales and energy dissipation rates. Corrsin studied 

the similarity between the velocity field and a scalar field. The rate of mixing was 

expressed as 
de2 e2 

- dt = Te 
(5) 

where e2 is mean-square fluctuation coneentration-a parameter indicating the de-

gree of mixing, Te == ~m' a mixing time constant, Ae scalar microscale, Dm molec

ular diffusivity. Using the spectrum analysis of Batchelor (1953), Corrsin obtained 

the mixing time constant as 

for Be $ 1 
(6) 

for Be ~ 1 

where c is energy dissipation rate per unit mass, Le integral length scale for the 

concentration field, v kinematic viscosity, Be Schmidt number. The most important 

term in Eq. (6) is obviously (¥) 1/3. If Le and c are known at a point in the mixer, 

the local rate of mixing at that point is known. Corrsin's model has indeed been 

extensively applied (Lee and Brodkey, 1964; Brodkey, 1966; Gegner and Brodkey, 

1966; Patterson, 1970). The model of Ottino et al. was based on the assumption 

that most mixing occurred at the smallest turbulence scale. A reaction-diffusion 

transport equation in a Lagrangian frame of reference was solved in which the 

initial striation thickness of material laminae was taken equal to the Kolmogoroff 

scale and the deformation rate of the lamina was expressed in terms of the local 

energy dissipation rate. The turbulence scale and the turbulence energy dissipation 
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rate were the determining parameters in this model. Similar to the approach of 

Ottino et al., the model of Angst et al. also required these two parameters. 

Estimation of turbulence scales and energy dissipation rates has been made 

by a number of workers. Cutter (1966) obtained the integral scales in the impeller 

stream by integration of the measured space correlation functions. The radial scales 

increased from about one-fourth the blade width near the impeller tip to about 1/2 

the blade width down stream in the impeller stream. The tangential scales, which 

were smaller than the radial scales at all points, remained about constant, on the 

order of 1/6 the blade width. Applying Laufer's (1954) approach, Cutter obtained 

the change of kinetic energy with radial distance from the impeller tip, and then 

the turbulence energy dissipation rates in the radial sectors, according to 

-- = 27lT c dz dE 100 

dr -00 

(7) 

He concluded that of the energy put into the tank via the impeller, about 20% 

was dissipated in the impeller region, about 50% in the impeller stream, and about 

30% in other parts of the tank. Since the energy dissipation rates are generally 

proportional to the cube of the velocities, the calculated energy dissipation rates 

will be very sensitive to the accuracy of the velocity data. Because of the wide 

scatter of his data, Cutter's energy dissipation rate results were criticized by Gunkel 

and Weber (1975). 

Mujumdar et al. (1970) found that the integral scales calculated directly 

from the periodic correlation functions could not be correct, so they used the zero 

intercepts of the spectrum functions to calculate these scales, 

(8) 
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In applying this equation, use has been made of Taylor's result that the spectrum 

function and the correlation function are the Fourier cosine transforms of each other. 

Mean velocities U have also been used to transform time scales into length scales, 

based on Taylor's "frozen field" hypothesis. The radial integral scales in the impeller 

stream were found to be in a range from 1/5 to 1/2 the blade width. Turbulence 

micros cales were also estimated, from the frequencies where the energy dissipation 

functions, n2 El (n), were maxima. Values from 1.0 to 2.0 mm were obtained. 

Sato et al. (1967, 1970) and l(omasawa et al. (1974) used the same method 

as Mujumdar et al. (1970) for calculating the integral scales, but used a different 

approach for the microscales. They calculat.ed the micros cales by integrating the 

dissipation functions over the whole range of frequencies, according to 

1 211'2 ('X) 2 

A} = U2U,2 Jo n E(n) dn (9) 

where AI is the longitudinal microscale. In this equation, turbulence isotropy has 

been assumed and Taylor's hypothesis has been used. Microscales of 2.0 to 3.0 

mm were obtained. Turbulence energy dissipation rates were also estimated, again 

assuming the turbulence was isotropic, 

u2 

C = 30v A2 
I 

(10) 

It must be emphasized that this equation holds only when the turbulence is isotropic. 

For general nonisotropic turbulent flows, c takes a much more complex form, which 

is, unfortunately, often unobtainable experimentally. Thus, Eq. (10) with the 

assumption of turbulence isotropy has been adopted by some workers. 

Rao and Brodkey (1972) used Eq. (10) for the energy dissipation rates. They 

also pointed out that that equation could be used only as an approximation because 
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flows in stirred vessels were generally not isotropic. The microscales were calculated 

from correlations of derivative of the fluct,uation velocities, 

1 1 (au)2 
,\~ = U2 U ,2 at (11) 

where )..g is the lateral microscale. Values from 0.7 to 1.0 mm were obtained in the 

impeller stream. 

Barthole et al. (1983) obtained the integral scales from the energy spectra, 

using a method similar to that of Mujumdar et al. (1970). They also calculated 

the turbulence energy dissipation rates from 

(12) 

where k is the wavenumber, and E(k) was transformed from E(n) by using Taylor's 

hypothesis. After c was obtained, )../ was calculated with Eq. (10). Its values were 

found to be about 5 mm in the impeller stream, and about 1.5 mm in the bulk. 

The studies described so far all used Taylor's hypothesis to transform turbu

lence temporal quantities into spatial quantities. Yet, this hypothesis is generally 

not applicable for three-dimensional high-intensity turbulent flows, such as flows 

in stirred tanks. To rectify this discrepancy, Okamoto et al' (1981) used a factor, 

(1 + 5U,2 /U2), suggested by Lumley (1965), to correct the values of c, as calculated 

from Eq. (12). That is 
15v It:> .~2 E( k) dk 

c = 1 + 5(U,2/U2) (13) 

Laufbutte and Mersmann (1985) used an equation similar to one developed 

by Batchelor (1953). Batchelor found that the turbulence energy dissipation rates 

in a nearly isotropic turbulent flow could be calculated from 

3 u,a 
c=A--

2 L 
(14) 
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Constant A was on an order of 1.0 in grid turbulence. Laufhutte and Mersmann sim

ply assumed the integral scale L was proportional to the impeller diameter through

out the vessel, and calculated c as 

,3 
u 

c=A
D 

(15) 

with A=6.5 found by comparing the vessel-integral values of c with the total impeller 

power. 

While most workers found that the turbulence energy dissipation rates were 

highest in the impeller stream, Gunkel and Weber (19'15) found that the energy was 

not dissipated in the impeller stream but in the bulk. Using an energy balance in a 

control volume including the impeller and the impeller stream, they found that the 

energy dissipation rate in the volume was negligible. Based on this result and the 

assumption that the turbulence in the bulk was isotropic, they estimated turbulence 

scales in the bulle 

It is now clear that the turbulence scales and the turbulence energy dissipa

tion rates, which are particularly important in determining the local mixing rates, 

are not easy parameters to obtain in complex turbulent flows in stirred tanks. Pre

vious studies have made certain contributions to the estimation of these parameters. 

These results are not consistent, and no reconciliation seems possible. The main 

shortcomings of these studies can be summarized as follows: 

1. The accuracy of the c data is highly dependent on the accuracy of the ve-

locity data. Yet the accuracy of the velocity measurements using probes is 

questionable in these high-intensity turbulent flows. 

2. The turbulence in the vessel has been assumed to be isotropic, while it is 

generally believed to be anisotropic. Taylor's hypothesis has been mostly 
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used, but it is obviously not applicable when the turbulence intensity is 

high. 

3. In those attempts to use energy spectra to calculate the turbulence scales or 

the turbulence energy dissipation rates, the accuracy of the calculations has 

not been reported. It is generally difficult to obtain the values of E(n) at n -t 

o or at n -t 00, because of the limitations of the spectrum analyzers. Thus, 

calculations of macros cales using the values of lim E( n), and calculations of 
n--+O 

microscales or c by integrating the spectrum or dissipation functions over 

the entire frequency domain can be quite inaccurate. 

4. The correlation functions and energy spectra are strongly biased by the pe

riodic turbulence if the measuring points are close to the impeller blades. 

Previous works have not shown proper correction for this turbulence, so the 

calculated turbulence properties in the near impeller region, such as rms 

fluctuation velocities, turbulence scales, and c, may be in serious error. 

From the review in this chapter, one can see that a wide variety of measure

ment techniques and turbulence equations has been applied to turbulent flows in 

stirred tanks. Due to the complexities of the flows, however, broad inconsistencies 

and uncertainties still exist in the results. More studies with better measurement 

techniques and treatment of the problems encountered in the applications of turbu-

lence theory are obviously necessary. 



Chapter 3 

THEORY 

Theoretical treatment of turbulent mixing in stirred vessels, or in other mix

ing systems, is always hampered by the poor understanding of the dynamics of 

turbulent motion. Some simplifying assumptions along with experimental determi

nation of the related turbulence parameters are often mandatory. As described in 

Chapter 2, some progress has been made in the study of turbulent flow characteris

tics in stirred vessels. Excellent descriptions about the general theory of turbulence 

and mixing are also available (e.g. Hinze, 1975; Tennekes and Lumley, 1972; Brod

key, 1967). It would be most convenient, in writing this chapter, simply to outline 

the available theory and equations for the flows of concern. But this would certainly 

cause confusion, for many of the turbulence equations are limitted in practical use; 

modifications with careful interpretations of them are often necessary. Most previ

ous investigations have not made clear what is physically occurring in the process of 

turbulent mixing. Therefore, prior to discussing the flow and turbulence parameters 

on which we focused, we must first define mixing processes, establish terminology, 

and describe the role of turbulence in the processes. The term mixing is sometimes 

ambiguous, with some research being referred to as mixing which actually focuses 

on the underlying fluid mechanics, scalar transport, impeller characteristics, and 

mixer design. The scope of mixing in which we are interested must be defined, so 

the significance of this work will not be obscured. The role of turbulence and its 

particular importance in mixing must also be emphasized. A section is therefore 

included to describe the basic nature of turbulent motion and its implications in the 

promotion of mixing. Then the concepts and equations concerning turbulent flows 
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in stirred tanks are described in detail. The equations given in this section are to 

be applied in the experimental determination of the relevant parameters. Finally, 

a section is included to describe the interpretation and correction of the periodic 

turbulence caused by the periodic disturbances of the impeller blades. This correc

tion, which constitutes a major effort in this work, must be made for meaningful 

turbulence data to be obtained. 

3.1 Description of Mixing Processes 

Mixing processes are defined as processes that can reduce nonuniformities or 

gradients of properties, such as composition or temperature, of material in mixing 

systems. Such mixing is accomplished by movement of materials via fluid flow 

through various parts of the system. During the contacting of materials, heat 

transfer, mass transfer, and chemical reactions, if any, can occur. Obviously, the 

fluid flows are the determining factor in the process. Yet the associated scalar 

transport and chemical reactions are often the purpose of the mixing operations. 

Thus, while the flow phenomena are the main subject of the present work, how the 

flow phenomena can affect the degree of mixing, which can then affect the scalar 

transport and chemical reactions, is also within the scope of our interest. 

The fluid movement can be considered to occur by a combination of bulk 

flow in the laminar and turbulent regimes, and by molecular and eddy diffusion. In 

a laminar flow, mixing is caused by bulk motion along with shear stretching and 

molecular diffusion. For systems where molecular diffusion is negligible, such as 

polymers or other highly viscous compounds, all mixing comes from distribution 

of one component through other components by the bulk flow and by the shear 

stretching. Stirring a colored pigment in a bucket of paint. is an example of this 

type of mixing. For systems where molecular diffusion is fast, such as gases, laminar 
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mixing (when the Reynolds number is low) is achieved by large-scale bulk advection 

and molecular diffusion; the shear stretching effects are less important. 

In a turbulent flow, mixing is caused by bulk motion, eddy diffusion, and 

molecular diffusion. As in a laminar flow, the bulk motion in a turbulent flow per

forms the same bulk mixing by distributing one part of the mixture through other 

parts of the mixture. But unlike the laminar flow, the turbulent flow carries unsta

ble, fluctuating eddies which give rise to material transport called eddy diffusion or 

dispersion. Due to the eddy motion, large fluid elements are broken up into small 

elements. This breakup process will continue until a limiting size is formed, a size 

much smaller than what laminar shear can form, thus greatly enhancing the super

imposed molecular diffusion. The bulk flow, eddy diffusion, and molecular diffusion 

constitute the mechanism of a turbulent mixing process. 

The conditions under which a mixing process should be operated depend 

upon the type of material to be mixed and the "goodness" of the mixture (degree 

or quality of mixing) desired. For high-viscosity materials, generation of turbulence 

would be too expensive, and laminar mixing becomes the only resort. If we tal(e 

the stirring of colored pigment in paint as an example, we can see that layers of 

pigment are thinned, lumps flattened, and threads elongated by the laminar shear. 

How good this mixing is depends on the criteria we use to judge the mixture. If 

we use a fine scale of view, say a scale slightly larger than a molecule, the mixture 

will appear not mixed at all because the pigment still remains in its own thin 

threads. But if we use a coarse scale of view, coarse enough not to detect the local 

distinction between the pigment and the paint, the mixture will look well mixed. 

For liquids, particularly in large-scale systems involving chemical reactions, laminar 

mixing would be too slow to suit the need; turbulence must be generated to increase 

the material transport and the chemical reactions. By turbulence, the fluid element 
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size can be continuously reduced until an ultimate level (Kolmogoroff's smallest 

scale) is reached. Because of the macroscopic nature of turbulence, this smallest 

size is still much larger than the size of a molecule. If we examine the eddies 

using a very small scale of view, eddies of different origin can still be distinguished, 

and the mixture still appears unmixed. Only by molecular diffusion can complete 

homogeneity be brought about, and the mixture can then be considered completely 

mixed. In chemical systems where reactants are mixed to effect chemical reactions, 

the molecular diffusion is of particular importance because the chemical reactions 

can occur only when the reactant molecules contact each other. 

Care must be taken in considering the importance of molecular diffusion. 

When we say that molecular diffusion is the only stage in turbulent mixing that 

can bring about a final homogeneous mixture, we do not mean that the bulk mo

tion and the eddy diffusion are less important. Molecular diffusion rates in many 

systems are, in fact, very slow in the absence of eddy effects. Since the molecular 

diffusion rate is determined by the inter-material surface area for diffusion (as well 

as the molecular diffusivity and concentration gradient), and since the eddy effects 

can reduce the fluid element size generating more inter-material surface area, the 

molecular diffusion rate can be said to be controlled by eddy effects. Therefore, in a 

turbulent system, knowing the state of flow and turbulence in the "early" stages will 

be sufficient to determine the rate of mixing occurring on a molecular level at the 

"final" stage. * In the literature, two different approaches have been used in the de

termination of local mixing rates. One uses the information at small scales, such as 

* Although bulk flow, eddy motion, and molecular diffusion are simultaneously 

present in a turbulent mixing process, we have used "early stages" to mean the bulk 

flow and the eddy motion and used "final stage" to mean the molecular diffusion, 

because large eddies are formed by mean flow velocity gradients, smaller eddies are 

formed from larger eddies, and the molecular diffusion "finally" dominates at the 

smallest eddies. 
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turbulence microscale and fluid viscosity, the other uses that at large scales, such as 

turbulence macroscale and turbulence kinetic energy. We should make clear again 

that although homogenization of a mixture is completed in the final small scale, the 

large-scale information, which is more accessible than the small-scale information, 

is as appropriate as the latter for determining the mixing rate. 

3.2 Criteria for Mixing 

In describing the mechanism of mixing, two aspects have been mentioned: 

the degree to which the material has been spread out by the turbulent action (scale 

of segregation), and the approach to uniformity by the action of molecular diffusion 

(intensity of segregation). The quality of a mixture can be best described by these 

two criteria. The scale of segregation can be defined as the size of unmixed lumps 

having the original properties. The intensity of segregation can be defined as the 

degree of difference between properties of neighboring lumps of fluid. In turbulent 

mixing, the scale corresponds to the size of eddies and can be reduced by the 

turbulent motion. When two fluids of different properties are first intermingled, the 

differences in the properties are at a maximum. The intensity of segregation will 

not decrease too much until the scale of the nonuniformity becomes small enough 

to cause substantial molecular diffusion between the fluid lumps. 

Danckwerts (see Brodkey, 1967) has provided definitions for these two mixing 

criteria in terms of measurable statistical quantities. The scale of segregation, L e, 

is defined as 

(16) 

where ge(:x) is the Eulerian concentration correlation coefficient defined as 

(17) 



32 

where a is fluctuation concentration and a' == n. As can be seen in Eq. (16), 

the scale of segregation is an average over a relatively large distance x, which is the 

separation between two points where the concentration fluctuations are correlated. 

Thus the scale is a measure of the large-scale breakup process, not of the small-scale 

diffusional process. 

The intensity of segregation is defined as 

(18) 

where A and B denote mean species concentrations in the two streams, respectively, 

the subscript 0 means initial value. The intensity of segregation is unity for complete 

segregation, i.e., no mixing, and will drop to zero when the mixture is uniform, i.e., 

no concentration variations. Further description of mixing criteria and measurement 

methods can be found in Brodkey (1967). 

3.3 Identification of Flow and Turbulence 
Parameters in Stirred Mixers 

Having defined the mixing mechanism and criteria, we are in a position 

to describe a physical mixing process in a mechanically stirred mixer proceeding 

from an unmixed to a mixed state, from which the important flow and turbulence 

parameters can be identified. For continuous-flow systems, two types of mixing 

can be considered. One has entering fluids premixed. Mixing of this type is often 

referred to as backmixing or self-mixing, which is the mixing between the entering 

material and the material already present in the mixer. The concepts of micro- or 

macro-mixing and residence time distribution are often used for the analysis (see 

Levenspiel, 1972). The other type of mixing occurs when the entering fluids are 

totally segregated. This un premixed case is described in more detail below, for it 

illustrates more clearly the mixing process and the function of the mixer. 
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Consider two separate streams of different fluids fed into a stirred mixer. 

First, the two streams are broken up into large fluid lumps by the mechanical force 

of the stirrer. The fluid lumps are then propelled through various parts of the 

mixer. The geometry of the mixer can determine the flow pattern and the needed 

impeller power. Different mixing purposes usually require different types of mixers. 

At this stage, the fluid lumps are so large that the molecular diffusion between them 

is negligible. If the impeller speed is fast enough, that is, if enough power is put 

into the mixer, turbulence can be generated to aid the mixing process. The large 

fluid lumps can then be broken up into smaller ones by turbulent dispersion and 

vortex stretching. The rate of this brealmp is largely determined by the intensity 

of turbulence. The turbulence effects can continue to reduce the size of the lumps 

only to a certain point. Following Kolmogoroff's hypothesis, this ultimate size 

of fluid lumps (corresponding to the smallest scale) as well as other turbulence 

characteristics at this level (such as velocity scale or time scale) are solely determined 

by the fluid viscosity and the rate of turbulence energy dissipation. The importance 

of the turbulence scale and the turbulence energy dissipation rate is therefore clear. 

Moreover, to further explore the interaction between large and small lumps, the 

turbulence energy spectrum and correlation functions are also indispensable. 

With turbulence alone, mixing at the molecular or near-molecular scale can

not be obtained, and separate lumps of fluids (eddies) are still identifiable. Molec

ular diffusion must occur to bring about complete homogeneity. The molecular 

diffusion takes place either with or without turbulence, but its rate can be signif

icant only when fluid lumps are reduced to a small size by the turbulence action. 

Brodkey (1967) has presented a picture, Fig. 4, to show the interaction between 

turbulent motion and molecular diffusion. The drawing at the top-left corner of 

the figure can be seen as the large lumps produced by the mechanical force and 
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Figure 4. A visualization of mixing mechanism. 
(from Brodkey, 1967) 
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the initial turbulent dispersion. If there is no further turbulence effect, and only 

molecular diffusion, the intensity of segregation will reduce gradually from the top 

to the bottom along the left side of Fig. 4. This is certainly a slow process. On the 

contrary, if turbulence continues to reduce the size of the fluid lumps, as shown in 

the top row of the figure where the scale of segregation from left to right is reduced 

while the intensity of segregation remains unchanged, then once the smallest lumps 

are formed, as shown in the top-right corner of the figure, molecular diffusion will 

occur at a much faster rate because more inter-material surface area. is available for 

diffusion. This can be seen in the right column of the figure; from top to bottom, 

the intensity of segregation is reduced toward zero at a much faster rate than in the 

left column. The importance of turbulence to mixing should now be clear. 

In mixing processes where chemical reactions are to occur, mixing at molec

ular scale by molecular diffusion is necessary, for without it, t.he only reactions that 

could occur would be on the surface of the fluid lumps. As described before, this 

molecular mixing can be enormously enhanced by turbulent dispersion. Danckwerts 

(see Brodkey, 1967) has discussed the effects of the degree of mixing on the course 

of chemical reactions. The intensity of segregation must be reduced rapidly so as to 

avoid local spots of concentrated reactant and the undesirable side reactions some

times associated with such spots. In jet mixing, the scale of segregation is reduced 

by eddy motion while molecular diffusion reduces the intensity. Another example 

used by Danckwerts is jet flames, where oxygen is obtained from the surrounding 

air. In laminar flames, burning is poor because the mixing between the fuel and the 

oxygen is via molecular diffusion only, which is slow. In turbulent flames, eddy diffu

sion reduces the scale of segregation and provides more area for molecular diffusion 

and thus more contact between fuel and oxygen. These eddy and molecular effects 

are also present in stirred reactors, where the mechanical force and the geometry 
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of the systems determine the flow patterns and turbulence intensities, which then 

determine the degree of mixing, and the degree of mixing can substantially affect 

reaction. 

To summarize, turbulence can be used to break up fluid elements into many 

small elements, thus increasing the molecular diffusion rate. Several important flow 

and turbulence parameters can be identified in this process. The flow pattern de

termines the bulk convection in the mixer. Different mixer designs usually yield 

different flow patterns. The turbulence intensity determines the rate of turbulent 

dispersion. The rate of mixing is largely proportional to the intensity of turbu

lence. Power input is also an important consideration. It is required to generate 

turbulence, but also results in increased energy costs. Turbulence macros cales or 

micros cales can indicate the size of fluid lumps in the breakup process. The tur

bulence energy dissipation rate, along with the fluid viscosity, can determine the 

turbulence characteristics at the smallest scale-a scale at which molecular mixing 

mainly occurs. Very often the turbulence scale and the energy dissipation rate can 

be used in the formulation of mixing models to predict mixing rates. Also impor

tant are correlation functions and energy spectra. They can reveal much turbulence 

information such as eddy size and how larger eddies equilibrate with smaller eddies. 

These flow and turbulence parameters, because of their importance in mixing, are 

the main subject of the present work. 

3.4 Nature of Turbulence and Its Effects on Mixing 

The importance of turbulence in mixing processes has been described in the 

previous sections. In this section, we describe the nature of turbulence, partic

ularly its diffusivity, from which the turbulence effects on mixing can be further 

appreciated. 
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Turbulence is a common phenomenon in nature. Cumulus clouds or plumes 

of smokestacks are in turbulent motion. The wakes of cars and aircraft are turbu

lent. The flow of water in rivers, and the flow of natural gas and oil in pipelines 

are also turbulent. Stirring cream and sugar in a cup of coffee is certainly a mix

ing process. Yet, it is not easy to give a precise definition of turbulence. Hinze 

(1975) defined turbulent fluid motion as "an irregular condition of flow in which 

the various quantities show a random variation with time and space coordinates, 

so that statistically distinct average values can be discerned". Instead of giving 

a direct definition, Tennekes and Lumley (1972) described some characteristics of 

turbulence as follows: 

1. Irregularity-All turbulent motions are irregular and random. 

2. Diffusivity-Turbulence is diffusive in nature, it can spread material and 

velocity fluctuations through the surrounding fluid causing rapid mixing and 

increased rates of momentum, heat, and mass transfer. 

3. Large Reynolds numbers-Turbulence originates as an instability of laminar 

flows if the Reynolds number becomes large enough. 

4. Three-dimensional vorticity fluctuations-Turbulence IS rotational and 

three-dimensional. The random vorticity fluctuations that characterize tur

bulence could not maintain themselves if the velocity fluctuations were two

dimensional, since an important vorticity production mechanism known as 

vortex stretching is absent in two-dimensional flow. 

5. Dissipation-Turbulent flows are always dissipative. If no energy is supplied 

to make up the loss due to the viscous stress at the smallest scales, turbulence 

decays rapidly. 

6. Continuum-'IUrbulence is a continuum phenomenon, governed by the equa

tions of fluid mechanics. Even the smallest scales occurring in a turbulent 

flow are still several orders larger than any molecular length scale. 
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Of these characteristics, the difFusivity is perhaps the most apparent as far as 

the usefulness of turbulence effects is concerned. The rates of transport and mixing 

due to eddy diffusion are far larger than the rates due to molecular diffusion. To see 

this, let us consider a mixing problem with an imposed length scale, and estimate 

and compare the times required for the mixture to reach uniformity by molecular 

diffusion and by eddy diffusion. Suppose two miscible fluids are being mixed in a 

mixer, the size of which can be characterized by a linear dimension L. If there is no 

stirring, the fluid molecules must be distributed by molecular diffusion only. This 

process is governed by the following diffusion equation: 

(19) 

where C is concentration, Dm molecular difFusivity, and t time. Parabolic equations 

like Eq. (19) are solvable analytically in simple geometries for given initial and 

boundary conditions. But all we want is a rough estimate of the mixing time scale. 

Using an order-of-magnitude analysis, Eq. (19) can be expressed as 

(20) 

where AC is a characteristic concentration difference between the fluids, tm is time 

scale of mixing by molecular diffusion, and ""," means "approximately equal to". 

Therefore we obtain 

(21) 

On the other hand, if the fluids in the mixer are stirred, a turbulent flow 

can be generated leading to faster mixing. In such a convection-dominated case, 

the mixing time scale is determined by a length scale and a velocity scale, not by 
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a length scale and molecular diffusivity. This length scale can be taken as L, the 

same as the length scale in the molecular diffusion case. This is a fairly reasonable 

assumption, for the turbulent flow in the mixer distributes fluids with its most 

effective large-scale motion, the size of which corresponds to the size of the mixer. 

The characteristic velocity can be thought of as the rms fluctuation velocity u' in 

the mixer. * Therefore, the time scale for turbulent mixing is 

L 
tt '" -

u' 
(22) 

To compare these two time scales, we divide Eq. (22) by Eq. (21), yielding 

(23) 

where we have defined the fluctuation Reynolds number Re' = Lu'lv, Schmidt 

number S c = v I D m' To simplify further, let us assume S c '" 1. Then 

(24) 

This equation shows clearly that the ratio of the turbulent and molecular mixing 

time scales is reduced as Re' increases. 

* Mean velocity can also be used as the characteristic velocity in the consid

eration of mixing rate because both mean and rms fluctuation velocity are char

acteristics of the large-scale motion effective for mixing; in fact, mean and rms 

fluctuation velocity in many cases have the same oder of magnitude. Yet, it should 

be understood that it is the eddy motion, not the mean flow, that makes most of 

the contribution to mixing. 
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To demonstrate the importance of the diffusive nature of turbulence, we can 

use an effective diffusivity (or eddy diffusivity), fe, to form a turbulent diffusion 

equation: 

(25) 

In doing this, one should keep in mind that fe is not a fluid property but rather a 

function of flow conditions. If Dm is small compared to fe, a mixing time scale can 

be obtained from Eq. (25) as 

(26) 

Combining Eqs. (26), (21), and (24), we obtain 

fe R I 
- '" e 
Dm 

(27) 

This equation shows that eddy diffusivity is larger than molecular diffusivity if Re' 

is large. 

To further examine the turbulence effects, we can choose a fixed time scale 

and estimate the corresponding length scale over which diffusion occurs. This ap

proach is simply the opposite of the fixed-length-scale approach. From Eq. (26) 

and Eq. (21), we obtain 

Let tt = t m , dividing Eq. (28) by Eq. (29) and using Eq. (27), we obtain 

(28) 

(29) 

(30) 
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This equation shows again the importance of turbulence in mixing; within the same 

amount of time the turbulent mixing penetrates much deeper than the molecular 

diffusion if the Reynolds number is large. 

All the above analyses find turbulence a much more effective mixing agent 

than molecular diffusion. This is why most mixing studies have concentrated on 

the turbulent characteristics of flows. 

3.5 Description of Impeller Power and Turbulent 
Flow Parameters in Stirred Vessels 

Impeller Power Consumption Rates 

As discussed before, the impeller energy consumption rate (power) is a useful 

design variable. The power per unit volume is often kept constant in scale-up. This 

impeller power has been measured and well correlated in the past. We discuss here 

some of its special characteristics, from which we can determine what previous data 

can be used in our measurements and what impeller speed (or how much impeller 

power) we must use to obtain a desired turbulent state. 

Early workers have considered that impeller power should be a function of 

impeller speed, gravitational acceleration (for open-tank impellers), fluid proper

ties, and geometry of the impeller and vessel. By dimensional analysis, a general 

relationship of the variables can be written as 

(
D2NP DN2 P . ) 

f -f-t-' -g-' pN3 D5' geometrIc factors = 0 

where D = impeller diameter, 

N = impeller rotation rate, 

p = fluid density, 

f-t = fluid viscosity, 

(31) 
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g = gravitational acceleration, 

P = power consumption. 

Three dimensionless groups in Eq. (31) can be distinguished. The first group is the 

impeller Reynolds number, Re = .D2 N p/ /-L, which determines whether the flow is 

laminar or turbulent and is a critical parameter in power correlations. The second 

group is the Froude number, Fr = DN2/g. This number represents the relative 

importance of inertial to gravitational forces. In many flow systems, Fr is not an 

important variable because the gravitational effects are often small compared to the 

inertial effects. The third group is the impeller power number, 

(32) 

the physical significance of which can be best understood by considering it as a 

drag coefficient or friction factor. The drag coefficient of a solid body immersed in 

a flowing stream is usually defined as 

FD 
CD == (pv 2 /2)A (33) 

where CD = drag coefficient, FD = drag force on the body, v = velocity of the 

flowing stream, and A = cross-sectional area of the body. For an impeller, Np can 

be shown to be analogous to CD by assuming v f'V N D, A f'V D2, and P f'V N FDD. 

The analogy of' Np to CD is a useful observation since the correlations of them are 

in many aspects similar. 

Also important in the correlation equation, Eq. (31), are the geometric 

factors. One should not expect to be able to use a correlation equation universally 

for mixers of different geometries. If we confine our discussion to geometrically 
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similar systems, however, these factors can be dropped from the equation. If we 

further neglect gravitational effects, we obtain 

Np = f(Re) (34) 

Power correlation data have been reported by several authors. Fig. 1 shows 

correlations for several different impellers. Two important features of these correla

tion curves can be noted. One is that different types of impellers consume different 

amounts of power. The other is that the correlations are characteristically different 

in the laminar, transitional, and turbulent regimes. As can be seen in Fig. 1, the 

flow is laminar for Re :5 10, transitional for 10 :5 Re :5 104, and turbulent for 

Re ~ 104 • Such three-regime distributions can also be found in drag correlations. 

Moreover, the power number in the turbulent regime is relatively smaller than that 

in the laminar regime. This behavior is also evidenced in drag correlations. For 

more details about these numbers and coefficients, one can refer to Bates et al. 

(1966) and Bird et. al. (1960). 

We point out that the Reynolds numbers used in our measurements, as will 

be seen in later chapters, are more than 104 , ensuring fully turbulent conditions. 

Also, the power numbers of our system can be obtained from Fig. 1 without serious 

error because the power numbers become nearly independent of Reynolds number 

in the turbulent regime. 

Flow Patterns and Impeller Pumping Capacities 

As we have emphasized before, not only the local turbulence effects but also 

the bulk flow pattern are important to the efficiency of a mixer. It is mainly the 

bulk flow, not the turbulence, that performs the distribution of fluid through various 

parts of the mixer. The flow pattern is determined by Re and the geometry of the 
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impeller and vessel. Different mixing purposes often require different mixers. For 

instance, to disperse solids in liquids, axial-flow impellers (such as propellers) can be 

used; to create strong turbulence to effect chemical reactions, radial-flow impellers 

(such as Rushton turbines) can be used. Further, "stagnant" zones may be formed 

in the mixer reducing the mixing efficiency; the size of these zones is also influenced 

by the geometry of the mixer. Therefore, the flow pattern always has to be known 

in a mixing study. 

Another important flow parameter in mixing is impeller pumping capacity-

the volume flow rate discharged from the impeller. Roughly spealdng, the rate of 

mixing is proportional to the impeller pumping capacity and the turbulence inten-

sity. In a cylindrical stirred vessel, the radial pumping capacity can be calculated 

from the integral of the mean radial velocity over the cross-sectional area of the 

impeller stream, i.e. 

(35) 

where Ur is mean radial velocity, r is the radial distance from the center of the 

impeller shaft, and Zl and Z2 are the axial coordinates in the impeller stream where 

Ur is close to zero. Care must be taken when comparing values of Qr from different 

works, because different definitions of Qr have been used-some workers integrate 

Ur over the whole impeller stream region, while others integrate over the impeller 

blade width only. If the integration range is the former, one can expect Qr to 

increase with r due to entrainment of surrounding fluid by the stream. A special 

case is that if Qr is calculated very near the impeller tip, where the impeller stream 

width is less than the blade width and no fluid is yet entrained, the integration 

range makes no difference. 
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Equation (35) is suitable for radial-flow impellers. For axial-flow impellers, 

the axial flow rates pumped by the impellers are calculated from 

(36) 

where Uz is the mean axial velocity, the integration range from rl to r2 is the range 

Uz passes through. Notice that in both Eqs. (35) and (36), axisymmetry of the 

mean flow has been assumed. This is a good assumption, if the calculation is not 

carried out too close to the baffles. 

Previous works (Sachs and Rushton, 1954; Cooper and Wolf, 1968; Gunkel 

and Weber, 1975) have found that the group N D3, which represents the total 

volume of the impeller region swept out by the impeller tip per unit time, is suitable 

to characterize the impeller pumping capacity. The significance is that the impeller 

pumping coefficient defined as 

IV, _ Qr(z) 
Q - ND3 (37) 

is independent of Nand D for geometrically similar systems. 

Turbulence Intensities 

Before discussing any turbulence quantities, we first give a brief background 

of the approaches to turbulent flow problems. Generally, there are two distinct 

methods. One applies phenomenological theory such as Prandtl's mixing-length 

theory. Although this approach can provide an overall solution, it is strictly based 

on physical intuition. It often involves empirical constants which, in some cases, 

are difficult to obtain, and is therefore of limited use for complex problems. The 

other approach uses statistical turbulence theory, which is based on the random 

behavior of eddies in turbulent field. This approach also presents many difficulties 

arising from the indeterminacy of the system of governing equations, where the 
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number of unknowns always exceeds the number of equations due to the extra 

statistical turbulence terms formed during the formulation of the equations. Some 

model or assumption is always needed to approximate these extra unknowns. This 

i.s the so-called "closure problem". Nevertheless, the statistical approach is more 

fundamental, and can often provide us turbulence parameters of direct physical 

sense. Therefore, we focus our attention on this approach. (In addition to these 

approaches, direct numerical simulation has also been employed to solve turbulent 

flow problems. This method is particularly useful to complex problems, but also 

presents many difficulties because of the uncertainty of the numerical method and 

the limitation in computer memory and speed.) 

The idea of statistical turbulence was first formulated by Taylor who de-

scribed the velocity of a fluid as a random, continuous function of both position 

and time. While the instantaneous velocity shows a random variation with time 

and space, the statistically average velocity can still be discerned. Thus, the in-

stantaneous velocity can be represented by its average value and a superimposed 

fluctuation: 

(38) 

where subscript i denotes any of the three principal components, U is the instanta

neous velocity, U is the mean (or average) velocity, and u is the fluctuation velocity. 

A verage values can be determined in various ways. The easiest is the average with 

respect to time, that is 

- llT Ui = lim - Ui(t) dt 
T-+oo T 0 

(39) 

It must be noted that the averaging time T must be long compared to the largest 

time scale of turbulence, and must also be short compared to the period of change 

of the flowfield (if the flow is not statistically stationary). Also, for the sake of 
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convenience, we will use Uj, without an overbar, to denote the mean i-th velocity 

component. 

The first turbulence property of concern to us is turbulence intensity. It 

can be represented by the root-mean-square (rms) value of the fluctuation speed, 

u' == R. This is also called absolute turbulence intensity. Another useful measure 

of turbulence intensity is relative intensity, defined by the ratio u' /U. Both of these 

intensities have been used in the literature in the discussion of turbulence levels. 

Particular care must be taken, however, when one wants to speak of the relative 

intensity. Several hundred or several thousand percent of relative turbulence inten

sity can, in fact, be easily obtained with only a little disturbance in a near-stagnant 

fluid (because the mean velocity is near zero). Unlike high-intensity turbulence, 

this turbulence will not in general exhibit strong turbulence characteristics such as 

strong turbulent diffusion or strong turbulence dissipation rate. 

In the study of mixing, a knowledge of turbulence intensity distribution 

in the mixer is essential. The places where turbulence intensities are higher are 

approximately also the places where mixing occurs faster. The turbulence intensity 

is determined by the geometry of the impeller and the vessel (in addition to the 

impeller speed). Some impellers can generate strong flows but weak turbulence; 

some others can do just the opposite. 

Turbulence Correlation Functions and Turbulence Scales 

If we want to know the detailed evolution of velocity fluctuations, we need 

to know how these fluctuations at different times or location;.; are correlated. Taylor 

suggested that such correlations can provide information about the orientation and 

the size of eddies in a turbulent flow. Consider now a turbulent flow to be one 

containing eddies of various sizes. No matter how the diameter of an eddy is de

fined, a high degree of correlation will exist between the velocities at two points in 
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spa.ce if the separation between the points is small compared to the eddy diameter. 

Conversely, if the points are taken far apart, with a separation corresponding to 

many eddy diameters, then little correlation is to be expected. 

A general double velocity correlation can be written as 

(40) 

where A and B denote the two points in the flowfield, i and j represent any of three 

components, and the overbar means time averaging. This is a nine-component 

second-order correlation tensor, which is generally impossible (and unnecessary) to 

measure. 

Much more simplified correlations exist if some ideal conditions like isotropy 

or homogeneity are assumed. Homogeneous turbulence means that the various 

average turbulence quantities are independent of position in the flowfield, e.g., 

U~ A = U~ B' Isotropic turbulence mea.ns that any relation between turbulence quan

tities is invariant under rotation of the coordinate system and under reflection with 

respect to the coordinate planes, e.g. u~ = u~ = u~ (= u 2 , say), and UlU2 = U2U3 = 

Ul U3 = O. By its definition, isotropic turbulence is always homogeneous. Obviously, 

homogeneity and isotropy are only properties of hypothetical turbulent flows. * If 
these ideal conditions can be assumed, however, many turbulence problems can be 

analyzed. The results obtained under the simplified conditions are often very useful 

in interpreting the characteristics of real turbulence. 

For isotropic turbulence (which is also homogeneous), only two components 

of the correlation tensor survive, from which longitudinal and lateral correlation 

* Nevertheless, it has been found that locally homogeneous, isotropic turbu

lence can be realized in the flow far behind a uniform grid (Batchelor, 1953). 
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functions can be formed. Expressed in dimensionless form, the longitudinal corre

lation coefficient at a position 6 is written as 

(41) 

where the correlating fluctuation velocities are parallel to the separation (xI). (In 

this equation, the longitudinal correlation coefficient has been expressed as a func

tion of separation in direction 1. A more general form of the correlation coefficient 

expressed as a function of separation in any direction can be found in the book by 

Batchelor, 1953.) Similarly, the lateral correlation coefficient can be written as 

(42) 

where the correlating fluctuation velocities are normal to the separation (X2). Batch

elor (1953) has shown that for an incompressible fluid the two correlation functions 

are related as 

g(x) = f(x) + !x af(x) 
2 ax 

(43) 

In other words, one correlation function is sufficient to describe the characteristics 

of the velocity fluctuations in an isotropic field. A general feature of these correla-

tion functions is that they are at a maximum at the zero separation, and decrease 

monotonically to zero as the separation increases. 

The most useful information we can extract from a correlation function are 

turbulence scales. Generally, integral scales (macroscale) and a dissipation scale 

(microscale) can be obtained. A lateral integral scale is defined as 

(44) 
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A longitudinal integral scale L f can be defined similarly. For isotropic turbulence, 

it can be shown that 

(45) 

The integral scales are a measure of the largest connection, or correlation 

distance, between two points in the flowfield. Physically, they correspond to the 

size of the large eddies formed "directly" by the mean velocity gradients. Thus, the 

integral scales can be expected to be of the same order of magnitude as the size of 

the turbulence-generating sources (such as the size of the apparatus or of the flow 

itself). In a pipe flow, one can expect to :find an integral scale about equal to the 

pipe diameter. In a stirred tank, the integral scale near the impeller blades must 

be close to the blade width, and that behind the baffle must be about equal to the 

baffle width, etc. 

In the calculation of the integral scale for isotropic turbulence using Eq. 

(44), the integration is supposed to be carried out over an infinite range. In a real 

flow, this is not possible, and is often not necessary, for the correlation function 

will rapidly approach zero as the separation increases. Serious problems will result, 

however, if the flow pattern has certain periodicity, which will cause the correlation 

curve to oscillate permanently. In this case, if the periodicity is caused by some 

pattern of "random" motions and if the oscillation amplitude is not large, one can 

integrate the correlation function up to the point where it first becomes zero; but 

if the periodicity is caused by the periodically changing flowfield itself (such as the 

flows with oscillating walls), a different approach, to be discussed later, must be 

used. 

Another turbulence scale that can be obtained from a correlation function is 

the microscale. In a homogeneous turbulent flow, g( X2) can be expanded in a Taylor 
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series. For very small values of X2, this series approaches a parabolic function 

(46) 

where Ag is called Taylor's microscale, defined as 

(47) 

This equation shows that the curvature of g(X2) in the neighborhood of X2 = 0 

can be used to calculate the microscale. This calculation is usually very difficult 

because the values of g(X2) at small X2 are difficult to obtain due to the resolution 

limitations of measurements techniques. 

It can be seen from Eq. (47) that Ag is a measure of the rate of local change 

of Ul. The local change can be considered to be caused by the smallest eddies 

(Taylor's microeddies, not Kolmogoroff smallest eddies) present in the turbulent 

field, so Ag can be taken as a measure of the average dimension of these eddies. 

These smallest eddies are mainly the ones responsible for dissipation of turbulent 

kinetic energy into heat. Thus Ag is also called the dissipation scale. 

A longitudinal microscale, AI, can be derived similarly. For isotropic turbu

lence, it can be shown that 

(48) 

The correlation functions and turbulence scales we have considered are all 

in the space domain. Their direct measurement is often difficult. To measure a 

spatial velocity correlation, two probes are required. An easier, and more common, 

correlation to measure is that between the fluctuation velocities in a given direction 

at a fixed point but at two different instants. This correlation, called the Eulerian 



52 

time-correlation (or autocorrelation), is what is measured in the present work. The 

coefficient of the Eulerian correlation is defined as 

(49) 

where the average is, understandably, taken with respect to the dummy time vari

able t'. The behavior of this time correlation function is very similar to that of the 

spatial correlation functions. The smaller the time delay t, the stronger the corre

lation; the larger the time delay, the weaker the correlation. As the time delay is 

made sufficiently larger than some largest time scale, the correlation will approach 

zero. 

Similar to the definition of the integral length scale, an integral time scale 

can be defined as 

(50) 

The significance of and difficulties in calculating r;sE are similar to those for Lg or 

A micro time scale (or Eulerian dissipation time scale) TE can be defined as 

follows: 

where 
t 2 

RE(t) ~ 1- 2" 
TE 

(51) 

(52) 

Clearly, TE is a measure of the most rapid changes that occur in the velocity fiuc-

tuations. 

Although the time scales are more easily measured than the length scales, 

they are of less physical significance. Given that a velocity scale can be obtained by 



53 

dividing a length scale by a time scale, we note that the time scale alone, without a 

length scale, would be insufficient to determine how large or how violent the velocity 

fluctuations are. The length scale, although by itself inadequate to determine the 

velocity scale, does represent a physical measure of eddy size. Thus, it is necessary 

to find some relationship to transform the more easily measured but less useful 

temporal quantities into the less easily measured but more useful spatial quantities. 

Taylor's hypothesis (see Hinze, 1975) can be used for the transformation, 

which states that in a homogeneous flowfield where there is only one mean velocity 

component, say U, and the turbulence intensity is low, i.e. u~/U ~ 1, the following 

relation holds: 

~=-U~ at OXI 
(53) 

The physical interpretation of this equation is that if U ~ u~, the fluctuations at a 

fixed point of the field may be imagined to be caused by the whole turbulent flowfield 

passing that point as a "frozen" field, the oscillogram of the velocity fluctuations at 

that point will then be nearly identical with the instantaneous distribution of the 

velocity fluctuations along the xl-axis through that point. With this hypothesis, 

the following relations can be obtained: 

f(xt) = RE(xdU) 

Lf = Ur;:'sE 

(54) 

(55) 

(56) 

Here the mean velocity of the flow U has been used as the "convection" speed. Time 

scales can be transformed into length scales upon multiplication by U. 

It must be emphasized that Taylor's hypothesis is valid only for flows which 

are one-dimensional in the mean, and have low turbulence intensities. For three

dimensional shear flows with high-intensity turbulence, such as flows in stirred 
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tanks, the hypothesis will become a poor approximation. In studies of stirred

tank turbulent flows, many workers (Sato et al., 1967, 1970; Mujumdar et al., 1970; 

Rao and Brodkey, 1972; Komasawa et al., 1974; Barthole et al., 1983) have made 

use of the hypothesis, but have also pointed out its uncertain applicability for such 

turbulent flows. 

In the present work, an attempt was made to find a more suitable convec

tion velocity, with which simple relations between temporal and spatial quantities 

like Eqs. (54) to (56) still hold, but that can take into account the flow's three

dimensionality and high turbulence intensity. A method proposed by Heskestad 

(1965) was adopted. He derived from the equations of motion the convection ve

locity in a rectangular coordinate system for which the mean velocity has only one 

component; 

(57) 

where UC1 is the convection velocity in direction 1. This equation has been extended 

by Van Doorn (1981) to three-dimensional flows: 

(58) 

Other components of the convection velocity can be expressed similarly. Then for 

each component i, the length scales can be obtained from the corresponding time 

scales as follows: 

(59) 

(60) 
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Here Li and Ai are understood to be the longitudinal, not lateral, scales. It must 

be kept in mind that in deriving Eqs. (57) and (58), many approximations have 

been made. Further, Eq. (58) is applicable to a cartesian coordinate system in 

an inertial reference frame; it should, for a cylindrical system, include two more 

terms-the centrifugal and Coriolis terms. These two terms may be significant. 

The detailed derivation of the convection velocity in cylindrical coordinates, along 

with the approximations made, are given in Appendix A. 

Qualitatively, Eq. (58) agrees with the results of some previous investiga

tions. First, this equation readily reduces to Taylor's hypothesis (Le., mean and 

convection velocities are equal), if there is only one mean velocity component(or if 

measurements are taken at the mean flow direction) and the turbulence intensities 

are small. For general three-dimensional flows with significant turbulence intensi

ties, Eq. (58) indicates that the convection velocities are substantially larger than 

the local mean velocities. This result was also found by Goldschmidt et aI. (1981), 

who analyzed the space-time correlation functions measured in a plane jet. Further, 

if the turbulence is isotropic and the mean flow is in direction 1 (i.e. U2 = Ua = 0), 

Eq. (58) reduces to 

(61) 

A result similar to this was found by Lumley (1965), who used spectral analysis and 

obtained (1 + 5ui/Un as the factor needed to correct Taylor's hypothesis in the 

calculation of turbulence energy dissipation rate. This correction method was later 

applied by Okamoto et al. (1981) in their studies of turbulence energy dissipation 

rates in stirred tanks. Therefore, Eq. (58) appears to be a good alternative to 

Taylor's hypothesis when the latter is inapplicable. 
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Turbulence Energy Spectra and Turbulence Scales 

In the previous section, we have discussed how the neighboring velocity fluc

tuations are correlated, and how the turbulence scales can be derived from the 

correlation functions. There, the macros cales were considered to be associated with 

the size of the turbulence-generating sources. The microscales, on the other hand, 

are considered to be caused by the smallest eddies, which are responsible for the 

energy dissipation. Yet, many questions still remain unanswered. If we consider a 

turbulent flow as containing various sizes of eddies, then where are those macroscales 

and micros cales located in an eddy-size spectrum? In a process of turbulent trans

port, what are the specific roles of the various sizes of eddies, and how do the eddies 

interact with each other and with the mean flow? Suppose that eddies of a cer

tain size are associated with a certain fluctuation frequency, and contain a certain 

amount of energy. Since energy is presumably the most direct property character

izing the dynamics of turbulent motion, some very important questions arise. From 

where is the energy of eddies obtained and how is it dissipated? How do the eddies 

exchange their energy with each other? In this section, we use spectral analysis to 

answer these questions. 

An energy spectrum is an energy distribution function of eddy fluctuation 

frequency or wavenumber. (Wavenumber can be thought of as the inverse of eddy 

size.) Measurements of energy spectra are important in the study of turbulent mix

ing, because the energy transfer through the eddy-size spectrum is closely related to 

the breakup mechanism of fluid lumps in a mixing process. If we want to be able to 

use turbulence parameters like turbulence scales and turbulence energy dissipation 

rates to predict mixing rates, understanding of the spectral characteristics is of vital 

importance. 

Before we proceed, we need to give the definitions of the terms often as

sociated with an eddy. An eddy size, say 1, is a size such that if the correlating 
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separation is much larger than 1, little correlation between eddy motions would ex

ist. It can also be thought of as a diameter of an eddy. Turbulent motions can 

be considered either as eddy motions or as wave-like disturbances. A certain eddy 

is thus associated with a certain wavenumber, say k, which may be defined as the 

number of waves per unit length, or approximately k = 1/1. Another variable often 

associated with eddy motions is frequency, say n, which may be defined as the num

ber of waves (or eddies) in a region swept past a fixed point per unit time by the 

mean motion. The relation between frequency and wavenumber can be expressed 

as 

27m = k 
Uc 

(62) 

where Uc is the convection velocity. Normally, if the mean velocities do not vary 

much in a flowfield, larger eddies always have lower frequencies and lower wavenum

bers, and smaller eddies always have higher frequencies and higher wavenumbers. 

In a turbulent flow with various sizes of eddies, the vorticity of the large 

eddies is maintained mainly by the vorticity and the strain rate of t.he mean flow. 

The interaction (and the associated energy exchange) between the mean flow and the 

turbulence is governed by the dynamics of the large eddies. This exchange normally 

involves a loss of energy from the mean flow to the turbulence at large scales. The 

viscous dissipation of turbulence energy, on the other side, occurs mainly at small 

scales (over a range from Taylor's microscale to Kolmogoroff scales, where viscous 

dissipation dominates). This implies that the internal dynamics of turbulence must 

transfer energy from large eddies to small eddies. This energy transfer is ca.used by 

the vortex stretching and vorticity transport between the eddies. The smaller eddies 

are exposed to the strain-rate field of the larger eddies. Because of the straining, the 

vorticity of the smaller eddies increases, with a consequent increase in their energy at 

the expense of the larger eddies. In this way, there is a flux of energy from larger to 
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smaller eddies. Further, we can expect that in the enrgy transfer mechanism, most 

of the total strain rate felt by an eddy of some wavenumber comes from eddies of 

the next larger size. Therefore, we expect that most of the energy that is exchanged 

across a given wavenumber comes from the next larger eddies and goes to the next 

smaller eddies. This is the energy cascade concept proposed by Batchelor (1953). 

It is much like a series of waterfalls, each one filling a pool that overflows into the 

next one below. This concept is exceptionally useful because it indicates not only 

that the energy of the smaller eddies is received from the larger eddies, but also 

that the largest eddies and the smallest eddies are so far apart in the wavenumber 

space (particularly at high Reynolds number) that they have no direct effect on the 

energy transfer at intermediate wavenumbers. 

A three-dimensional energy spectrum as a function of k, E(k), is defined as 

100 3 
E(k) dk = - u 2 

o 2 
(63) 

E(k) is, of course, a continuous function, but for the convenience of discussion, we 

can think of it as being made up of eddies of discrete sizes. First, we can identify 

the very largest eddies at the lower extreme of the wavenumber range. These 

eddies are generated mainly by the velocity gradients in the flow, and are neither 

homogeneous nor isotropic. The frequencies of these eddies are small compared to 

the rate of decay of the total kinetic energy of the turbulence. At the other extreme 

of the wavenumber range, the smallest eddies, which provide the main contribution 

to the total dissipation, can be identified. We may associate a wavenumber kd with 

these eddies. The frequencies of them are very high compared to the rate of decay 

of the total kinetic energy of the turbulence. 

In between, there is a range of wavenumbers for which the corresponding 

eddy frequencies are of the same order as the rate of decay of the total turbulence 
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kinetic energy. These eddies make the main contribution to the total energy of 

the turbulence, and are called energy-containing eddies. In fully developed tur

bulence, it is not the largest eddies that will have the maximum kinetic energy, 

but the energy-containing eddies. In the range of energy-containing eddies, the en

ergy spectrum shows its maximum. We may associate a wavenumber ke with this 

maximum. 

Beyond the range of energy-containing eddies, toward the higher wavenum

bers, the time scales of the eddies are short compared to those of the mean flow 

and the lower-wavenumber eddies. High wavenumber eddies, however, respond only 

to eddies slightly larger and are not quickly affected by the mean flow. Thus the 

turbulence in the higher-wavenumber range may be considered not only statistically 

steady in its mean values but also nearly independent of the external conditions. 

Since the external conditions, which are generally anisotropic, are "lost" at these 

small eddies, the turbulence at these eddies tends to be isotropic. This concept is 

called local isotropy, which was first proposed by Kolmogoroff (see Hinze, 1975). To 

identify this wavenumber range, let us suppose that the Reynolds number is so high 

t.hat the range of the energy-containing eddies ke and the range of maximum tur

bulence dissipation kd are sufficiently far apart, and hence the range ke ~ k ~ kd 

can be designated as this higher-wavenumber range. 

In this range, the eddies obtain their energy by inertial transfer from the 

larger eddies, and the larger eddies for their part transfer energy to the smaller 

eddies. At the same time a part of the energy is dissipated into heat, the rate 

of which increases with wavenumber. Moreover, the amount of energy transferred 

through the eddies is large compared to the rate of change of their energy, so these 

eddies can be considered to be in statistical equilibrium with one another. The 

character of the turbulence in this equilibrium range is determined by two internal 
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parameters - the fluid kinematic viscosity v and the turbulence energy dissipation 

rate c. 

These considerations led Kolmogoroff to make the following hypothesis 

(Hinze, 1975) : 

"At sufficiently high Reynolds numbers there is a range of high wavenumbers 

where the turbulence is statistically in equilibrium and uniquely determined by the 

parameters c and v. This state of equilibrium is universal." 

This equilibrium range is termed "universal" because the turbulence in this 

range is independent of external conditions and any change in the effective length 

scale and time scale of this turbulence can only be a result of the effect of the pa-

rameters c and v. Thus, from dimensional reasoning we can obtain the Kolmogoroff 

length scale 1] and velocity scale v: 

~ = (:')'" (64) 

v = (vc)I/4 (65) 

The dimensions of 1] and v are such that the Reynolds number with reference to 

this length and velocity is 

v1] = 1 
v 

(66) 

Such a value of Reynolds number, unity, indicates a state of strong viscous effects. 

Thus the dissipation wavenumber kd can be considered to be on an order of 1/1]. 

(Taylor's microscale, )..g, is larger and more measurable than the Kolmogoroffscale, 

1]. ) 

In the equilibrium range, i.e., k ~ ke as discussed above, energy dissipa-

tion not only takes place at all wavenumbers but also increases strongly as the 
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wavenumber increases. Within this range, we can further distinguish a subrange, 

ke ~ k ~ kd, where the wavenumbers are larger than ke but are also sufficiently 

smaller than kd. In this subrange, the dissipation is not significant yet compared to 

the flux of energy transferred by the inertial effects, so the effects of the parameter 

v would vanish and the turbulence could be determined by the other parameter c 

alone. Kolmogoroff has considered this sub range in his second hypothesis: 

"If the Reynolds number is infinitely large, the energy spectrum in the sub

range ke ~ k ~ kd is independent of v, and is solely determined by one parameter 

c." 

Since in this subrange the inertial transfer of energy is the dominating factor, 

it is called the inertial subrange. 

Now that we have described the characteristics of energy spectrum in vari

ous wavenumber ranges, we can draw a picture of it. A three-dimensional spectrum 

E(k), defined in Eq. (63), is shown in Fig. 5. There, we can see that the maximum 

turbulence energy occurs not in the range of the largest eddies but rather in the 

range of the energy-containing eddies with wavenumbers around ke • The wavenum

ber ke is approximately equal to 1/ Lf, because Lf is determined mainly by the size 

of the energy-containing eddies. 

In the inertial subrange, where the turbulence is determined by c only, the 

form of E( k) can be obtained from dimensional arguments as 

(67) 

This equation, which applies at large Reynolds numbers, is called the Kolmogoroff 

spectrum law. 

For the very high wavenumber range, k ~ kd, controversy still exists regard

ing E(k). An assumption made by Heisenberg (see Hinze, 1975) seems to be useful. 
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It states that the effect of the eddies with wavenumbers larger than k, by which 

energy is withdrawn from the eddies with wavenumbers smaller than k, is the same 

as if a certain turbulence viscosity were present. Based on this idea, Heisenberg 

obtained in the range k ~ kd 

E(k) '" k-7 (68) 

For the very low wavenumber range, forms of E( k) have also been proposed. 

For detailed descriptions, see Hinze (1975). 

The information provided by the energy spectrum, such as the process of en

ergy transfer from larger to smaller eddies and the interactions between the various 

sizes of eddies, is of great importance to our study of turbulent mixing because the 

turbulence in the velocity field is in many ways similar to the randomness in the 

associated scalar field. In a turbulent mixing process, large fluid elements, which 

are generated mainly by the velocity gradients in the flow, will produce smaller 

fluid elements through inertial effects. During this breakup, before very small fluid 

elements are formed, the energy dissipation as well as the molecular mixing are 

still negligible. Only when the smallest elements are formed will the energy dissi

pation become predominant, so will the molecular mixing. In the study of mixing, 

we can use spectral analysis to detect whether a breakup mechanism of fluid el

ements exists. We can also determine their sizes, particularly for the larger ones 

(corresponding to the integral scales) and the smaller ones (corresponding to the 

microscales) involved in the mixing process. 

The spectral characteristics we have described so far are for general three

dimensional spectra. To obtain three-dimensional spectra, measurements in three 

directions are necessary, which, however, are difficult. Consequently what re

searchers often measure are the one-dimensional spectra. Measurements made along 

a straight line at a fixed time, at a fixed point as a function of time, or following 
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a moving fluid point as a function of time can only produce one-dimensional spec

tra. These are one-dimensional cuts of the three-dimensional spectra, thus giving 

misleading information about the three-dimensional fields. A one-dimensional spec

trum obtained in a three-dimensional field contains at wavenumber k contributions 

from components of all the wavenumbers larger than k. This is called aliasing (Ten

nekes and Lumley, 1972). The measured one-dimensional spectra, such as Figs. 2 

and 3, ordinarily have finite values at the origin. The values there have been aliased 

by the contributions of wavenumbers from zero to infinity. A real three-dimensional 

spectrum as shown in Fig. 5 should have zero energy at zero wavenumber. 

Despite the problem of aliasing, one-dimensional spectra have proved to be 

very useful. First, the aliasing is not serious at high wavenumbers, because small 

eddies tend to have about the same size in all directions. Thus the segment of the 

high-wavenumber range of the one-dimensional spectrum can be used, for example, 

to justify the Kolmogoroff subinertial range or to estimate the dissipation scale. 

Also, the value at the origin of a one-dimensional spectrum can be used to calculate 

the integral scale. 

In the present work, one-dimensional energy spectra as a function of fre

quency were calculated from Fourier transforms of the measured Eulerian correla

tion functions. The one-dimensional spectrum is defined as 

(69) 

where El (n )dn is the contribution of the frequencies between n and n + dn to 

the energy ui' The integral of El (n) over all frequencies is equal to the mean

square fluctuation velocity. This is the method used by some workers to obtain 

turbulence intensities, with El (n) being obtained directly from spectrum analyzers. 
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The difficulty of this method is that the resolution of the measurement device may 

not be high enough to ensure an accurate and finite El(n) at high values of n. In 

the present work, Eq. (69) was used only as a check, to see whether the calculated 

El (n) could satisfy the equation. 

The energy spectrum El (n) can be calculated from the autocorrelation func-

tion, 

(70) 

Also 

1 100 

RE(t) = = El(n) cos 27rnt dn 
u2 0 1 

(71) 

These equations show that the correlation function and the energy spectrum are 

Fourier cosine transforms of each other, pointed out by Taylor. The energy spec

trum here is in the frequency domain, not in the wavenumber domain, because the 

associated correlation function is in the time domain. It is possible to use a con-

vection velocity to transform El (n) into El (k), but such a convection velocity is, 

as discussed before, not easily obtainable. Fortunately, the frequency spectrum is 

sufficient for our needs. 

From Eq. (70), one can see that the value of El(n) at n --. 0 can be used to 

calculate the integral time scale, i.e. 

lim El(n) = ~E 
n-O 4u2 

1 

(72) 

Also, the microscale, according to Eqs. (52) and (71), can be calculated from El(n), 

(73) 
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This equation shows that the size (or time scale) of the smaller eddies can be deter

mined from the value of El(n) at large n (because of the pronounced effect of n2 on 

the integral). Some workers have used the frequency where the dissipation function 

n2 El(n) is a maximum to estimate the microscale. This approach may be difficult 

because the dissipation function may be corrupted at large n due to the resolution 

limitation of the measurement technique. For the same reason, integrating n2 El(n) 

from zero to infinity to obtain TE is difficult. In this work, the microscales were 

estimated by using Eq. (52), where the correlations of the fluctuation derivatives 

were also difficult to obtain. An extrapolation method, to be described along with 

discussion of the experimental results, was used to minimize the problem of limited 

resolution. 

Turbulence Energy Di88ipation Rate8 

Besides turbulence scale, the turbulence parameter of critical importance to 

predicting mixing is the turbulence energy dissipation rate, c. Following Kolmogo

roff, c is one of the two parameters (the other is v) that characterize the turbulence 

at small scales (i.e., at high wavenumbers). The small-scale eddies in the mixing 

mechanism are the starting point for strong molecular diffusion to occur. Also, c 

is closely related to the total power input through the impeller. This is why some 

mixing models and scale-up methods, as described in Chapter 2, have been based 

on a knowledge of turbulence energy dissipation rates. 

In the present work, we intend to determine not only the average regional 

rates but also the local rates of turbulence energy dissipation in the stirred vessel. 

Before discussing our approach, we first describe the origin of c. (Although the 

concept of energy transfer between eddies and the viscous effects of the smallest 

eddies can well explain the origin of c, we discuss it here by using a balance equation 

of turbulence kinetic energy, from which the mathematical form of c can be seen.) 
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Consider the energy relations in turbulent flows. We know that a continuous 

supply of energy is necessary to make up for the energy loss due to the turbulence 

dissipation, at least for a statistically steady flow. At the same time, turbulent 

diffusion of fluid particles together with their kinetic energy takes place. Thus a 

governing energy equation should at least include terms like energy supplied to 

turbulent motions, transport by mean motions, and diffusion and dissipation of 

turbulence energy. From the equations of motion the following turbulence kinetic 

energy equation can be obtained (see Hinze, 1975, for a detailed derivation): 

~q2 =_~ [ui(E+ q2)l-UiU.aUi..+1I~ [U.(aUi + aUj)] 
Dt 2 aXi p 2 ) aXi aXi) aXj aXi 

I II III IV 

(74) 

where q2/2 = tUiui, the turbulence kinetic energy per unit mass. The meanings of 

the various terms in Eq. (74) are as follows: 

I = change in kinetic energy of turbulence per unit mass and time including the 

convective transport by the mean motion. 

II = convective diffusion by turbulence of the total turbulence mechanical energy, 

or the work done by the total dynamic pressure of turbulence. 

III = work of deformation of the mean motion done by the turbulence stresses (the 

turbulence production term). 

IV = work done by the viscous shear stresses of the turbulent motion. 

V = rate of viscous dissipation by the turbulent motion per unit mass (c). 



68 

Equa.tion (74) shows clearly how the various types of energy and work are involved 

in the turbulent energy transport. The term on which we want to focus is the 

turbulence energy dissipation rate: 

(75) 

Before we describe how to simplify c and the method used to calculate it, let 

us make use of Eq. (74) to justify an observation made in the previous section that 

in the higher wavenumber range the turbulence is nearly isotropic and is in local 

equilibrium. We need only impose turbulence homogeneity on Eq. (74). Then all 

the spatial derivatives of the mean turbulence quantities in the equation become 

zero, yielding 
a q2 au· 
-- = -U'U'--) -c 
at 2 I ) aXj 

(76) 

When the turbulence is stationary, the time-dependent term in this equation is 

zero, thence the local rate of turbulence energy production is just equal to the local 

rate of turbulence energy dissipation. The turbulence is then in local mechanical 

equilibrium. 

We now describe how c can be obtained experimentally. First we realize 

immediately that the turbulence quantities involved in the c equation are too com

plex to measure directly. Some simplifications are unavoidable. If turbulence is 

homogeneous, Eq. (75) becomes 

aUj aUj 
c=v-

aXj aXj 

If turbulence can be further assumed isotropic, this equation reduces to 

(
aUl)2 c= 15v -
aXl 

(77) 

(78) 
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Here the term (8Ul/8xl)2 is more easily measurable than those in Eqs. (75) and 

(77). 

According to Eqs. (47) and (48), together with the use of (8Ul/8xl)2 = 

tc8Ul/8x2)2 for isotropic turbulence, c can also be expressed as 

(79) 

Here U,2 can be in any direction because for isotropic turbulence U~2 = U~2 = U~2. If 

(8U/at)2 is easier to measure than (8uI/8xJ)2 (which is usually the case), and if a 

suitable convection velocity can be chosen, c can be calculated from 

c = 15v (8u)2 
U; 8t 

(80) 

Moreover, the one-dimensional energy spectrum can also be used to calculate c. 

Combining Eqs. (73), (56), and (79), we obtain 

(81) 

These various forms of c, from Eq. (78) to (81), have been used by some 

workers in studies of stirred-tank flows. It must be emphasized that these equations 

are suitable only for isotropic turbulent flows. For anisotropic turbulent flows, such 

as those in stirred tanks, use of these equations may cause serious error. 

A different approach has been used by Batchelor (1953), who suggested on 

dimensional grounds that 
3 u,a 

c=A--
2 L 

(82) 
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where L is the integral scale measured in the same direction as u', and A is an 

empirical constant. The validity of this equation is based on the following assump

tions: 

1. Energy cascade from large to small eddies occurs. 

2. Local equilibrium exists between turbulence production (at large scales) and 

turbulence dissipation (at small scales). 

3. Local isotropy of small scales exists even though large scales are very 

anisotropic. 

Batchelor found that constant A in Eq. (82) is about 1.0 in a nearly isotropic, 

grid-generated turbulent flow. This equation and its results have been confirmed 

experimentally in many near-isotropic flows(see Hinze,1975j Tennekes and Lumley, 

1972j Townsend, 1976). Its validity in anisotropic shear flows, however, is less clear. 

Tennekes (1977) and Townsend (1976) suggested a slightly different relation, 

q3/2 
C ex: --

L 
(83) 

where q == ! (u~ + u~ + u~). Notice that the definition of q here is different from 

that in Eq. (74). Tennekes called Eq. (83) "the first law of turbulence" in order 

to emphasize its importance. The question is, how can this equation be applied to 

shear flows? Townsend stated that in self-preserving shear flows, the length scale 

used in Eq. (83) should be about three times the integral scale. In other words, 

as c is calculated as the turbulence energy divided by the length scale, the energy 

should be a "total" energy and the scale should also be a "total" scale. 

In the present study, it is assumed that in a three-dimensional flow the best 

representative for the scale associated with the resultant (or total) turbulence energy 

q must be a "resultant" integral scale L res = J Li + L~ + L~. Therefore, 

(84) 
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Each Li can be calculated from the corresponding time scale and convection velocity, 

as described in the foregoing sections. An observation we can make about Eq. (84) 

is that it would readily reduce to the original Batchelor equation, Eq. (82), if the 

turbulence is nearly isotropic. Unlike the Batchelor equation, this equation accounts 

for the turbulence anisotropy and takes c to be a direction-independent scalar. 

A question that still remains is what value of A should be used in Eq. (84) 

for our flows. Although A ~ 1.0 has been obtained by Batchelor, and used by 

some workers for various flows, we can not expect this value to be universal. Cutter 

(1966), in his studies of stirred-tank flows, tried to estimate A by comparing the 

c values calculated from Batchelor's equation with the energy loss calculated from 

an energy balance equation. Although the wide scattering of his data has been 

criticized, Cutter found A ~ 0.34. The discrepancy between this value and 1.0 was 

attributed to the fact that the turbulent flow in the stirred tank was intermittent and 

probably not fully turbulent. Another example was made by Antonia, Satyaprakash, 

and Hussain (1980) who measured c in turbulent jets and found that A should be 

1.0 for a round jet and 0.5 for a plane jet. These reports indicate that the value of 

A is not universal and must be determined from experimental data. 

The method for determining A in this study is similar to Cutter's. As de-

scribed below, we first set up a number of imaginary control volumes in the impeller 

stream (where the mean and fluctuation velocities, and presumably c, were the high

est in the tank), and calculated the kinetic energy loss in each of the control volumes. 

Then we integrated the local values of q3/2 / L re ., over each volume and compared 

the integral with the energy loss in the volume. The value of A in this volume was 

then obtained as 

A= f':l.E 
r edV Jv L re , 

(85) 
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where D.E is the kinetic energy loss in volume V. By simply averaging the A's over 

all the volumes, we obtained a single value of A. (Obviously, the degree of scatter 

in the A values serves as a very good indication about the suitability of Eq. (84).) 

The rate of energy loss D.E in a control volume can be determined by an

alyzing the energy balance around the volume. The terms involved include the 

kinetic energy flux, the turbulence dissipation energy, and, if the control volume 

considered contains the impeller, the impeller power. Other forms of energy such 

as potential energy, pressure work, and viscous dissipation energy by mean motion 

are all assumed negligible, as assumed by Gunkel and Weber (1975). Therefore, the 

energy loss within a control volume is simply equal to the difference between the 

inflow and the outflow of kinetic energy through the control surfaces plus, if the 

volume contains the impeller, the power input via the impeller. 

The power input through the impeller can be calculated from P = Np pN3 D5 , 

where the power number Np can be obtained from Fig. 1. What we need to know 

is the kinetic energy flow rates through the control surfaces. Using cylindrical 

coordinates, the integral of the radial flux of kinetic energy through a cylindrical 

surface at radial coordinate r is 

(86) 

where Zl and Z2 are the axial coordinates of the lower and the upper surfaces, 

respectively, of the control volume. In the derivation of Eq. (86), the cross- and 

the higher-order correlation terms have been neglected. Also, axisymmetry (i.e., 

~8 = 0) has been assumed. 



73 

Similarly, the integral of the axial flux of kinetic energy through the surface 

at Zl or Z2 within the region from r = rl to r2 is 

(87) 

With these KE's calculated, the energy dissipation rate in the control volume can 

be obtained. 

The calculation of the regional energy dissipation rates in the vessel is im

portant. The rates can be used to determine not only A in the c equation, but also 

the relative importance of the various parts of the vessel for turbulence dissipation 

(and for mixing). As described in Chapter 2, while Cut,ter (1966) and some other 

workers found that most of the energy put into the vessel was dissipated in the im

peller region and the impeller stream, rather than in the bulk, Gunkel and Weber 

(1975) found just the opposite. Our measurements and calculations here should 

help resolve the correct result. 

3.6 Correction for Periodic Turbulence 

As described in Chapter 2, the periodic turbulence caused by the periodic 

passage of the impeller blades presents a special problem in the study of turbulence 

characteristics in the stirred tank. When a measuring point is close enough to the 

rotating blades, the flow fluctuations detected by a stationary measuring device 

will contain a portion of real, random fluctuations and a superimposed portion of 

periodic fluctuations. The periodic fluctuations cannot be considered as genuine 

eddy motions because there is no eddy associated with the fluctuations. They 

are merely a result of the unsteady (periodic) motion of the turbulence-generating 

source (the impeller blades). 
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As generally believed, real turbulence is irregular and dissipative in nature. 

The periodic part of the turbulence in the near impeller region is neither irregular, 

nor dissipative. It at most might be considered as pseudo-turbulence. Other evi

dence of pseudo-turbulence does exist, such as the contrails of a jet and the near 

wake behind a cylinder. Pseudo-turbulent motions, as pc>inted out by Hinze (1975), 

make no contribution to the diffusion and transport normally associated with real 

random turbulent motion. Therefore, to obtain meaningful turbulence data in the 

stirred tank, the embedded periodic fluctuations must be subtracted from the total 

fluctuations. 

Our correction method for the periodic turbulence is based on the vortex 

structure in the flowfield near the impeller blades detected by Smith and his cowork

ers (Van't Riet and Smith, 1973 and 1975; Van't Riet, Bruijn, and Smith, 1976). 

They found that a pair of trailing vortices, one above, the other below the impeller 

disk, originated from behind each blade and rolled out into the impeller stream 

with strong, opposite directions of rotations around their axes. Fig. 6 shows these 

vortices. The periodic sweepings of these vortices over the measurement point are 

the cause of the periodic fluctuations. 

Let us consider how the strong rotation of the vortices affect the flowfield. 

Suppose we are measuring the radial component of velocity at a point near the 

blade tip. (As described in the next chapter, the LDV technique measured one 

component of velocity at a time.) Also notice that the axes of the trailing vortices 

a short distance from the blade tip are approximately perpendicular to the surface 

of the blade. Then, if the measurement point is located on the midplane between 

the two vortices, as position A in Fig. 7, when the vortices sweep over the point the 

measuring device will detect the strongest radial velocity, because the upper and 

the lower vortex rotate (around their own axes) in opposite directions and their 
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Figure 6. Three-dimensional view of the trailing vortex pair. 
(from Van't Riet and Smith, 1975) 
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circumferential velocities at position A are both aligned with the positive radial 

direction, increasing the radial velocity being measured. As this pair of vortices 

leaves the point, the measured radial velocity will decrease; as the next pair comes 

over, the velocity will increase again. This is the periodic fluctuation, as shown in 

Fig. 7, which is superimposed on the original mean flow and random fluctuation. 

Notice again that the axes of the vortices at a short distance out from the blade 

tip are not exactly perpendicular to the radial direction, and the circumferential 

velocities of the vortices at position A are in fact in a direction composed of a radial 

and a tangential vector. Thus, if the measured component is tangential, the strong 

vortex effects will also be felt. 

If the measurement point is on a plane across one of the vortex centers, as in 

position B shown in Fig. 7, the rotation of the vortices as they sweep over the point 

will have no effect on either the radial or the tangential components of the velocity 

because the local rotation at the measurement point is in the axial direction. If 

the measurement point is at position C, a smaller effect on radial and tangential 

velocities can be expected. On the contrary, if the measured component is axial, 

strong periodic fluctuations will be detected at the vortex centers, such as position 

B in Fig. 7, and no vortex effect will be felt at position A or C. These observations 

are very useful; they can be used to understand the experimental results. 

In the present work, the correction of periodic fluctuation was made by an 

autocorrelation method. First, we assumed that the measured total fluctuation 

velocity was merely a random fluctuation velocity superimposed on a periodic fluc

tuation velocity. Then we used a periodic function to approximate the periodic 

fluctuation velocity, so its contribution to the total autocorrelation function could 

be obtained explicitly. Other real turbulence data such as rms fluctuation veloci

ties, turbulence scales, and turbulence energy spectra can all be obtained from the 

corrected autocorrelation functions. 
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The best function to represent the periodic fluctuation velocity would be a 

complete Fourier series as a function of time or impeller blade frequency. It should 

be noticed that the periodic fluctuations as shown in Fig. 7 do not always behave 

like a perfect sine or cosine function. A single term of cosine or sine function would 

therefore be insufficient to represent the fluctuations. We used the first two Fourier 

terms, one corresponding to the impeller blade frequency, the other to its first 

harmonic, to approximate the periodic fluctuation velocity. The reasons are: (1) 

too many terms would be impratical to use; (2) in most cases only two major peaks 

were observed in the energy spectra; and (3) if too many terms are used, the higher 

frequency terms would be essentially correlated with the real, random fluctuations, 

making the periodic part inseparable from the random part. In mathematical terms, 

we used 

Utot(t) = Urand(t) + uper(t) 

Uper(t) = Acos2m7rt + Bcos4m7rt 

(88) 

(89) 

where the subscripts "tot", "rand", and "per" denote, respectively, the total, ran

dom, and periodic components, A and B are the amplitudes of the two periodic 

components, m is the impeller blade frequency, equal to the number of blades on 

the impeller disk multiplied by the impeller speed (number of revolutions per unit 

time). 

Another assumption we have to mal(e is that the periodic and the random 

fluctuations are not correlated. Only with this assumption can the periodic part of 

the autocorrelation function be extracted out from the measured total. Thus, from 

Eqs. (88) and (89), the following correlation functions are obtained: 

Utot(t)Utot(t - r) = Urand(t)Urand(t - r) + uper(t)Uper(t - r) (90) 

A2 B2 
uper(t)uper(t - r) = '"'2 cos 2m7rr + '"'2 cos 4m7rr (91) 
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These equations show that the correlation function of a given component of total 

velocity is made up of random and periodic parts, the latter consisting primarily of 

a sinusoid and its first harmonic. 

We know that the random correlation function decreases as T increases, and 

becomes zero for T is sufficiently large. But the periodic correlation function remains 

periodic with no decay throughout the whole time. This means that at T large, the 

measured total correlation function is purely the periodic part oscillating around 

zero or some base line. Therefore, a "tail" section of the total (original) correlation 

function curve can be used to analyze the contribution of the periodic fluctuation. 

An example of such a pure periodic correlation function is shown in Fig. 8. There, 

the time-axis is expressed in terms of T(-= l/m), which is the time period for the 

impeller to rotate 600 = 3600 /6. In the figure, Al and A2 are the same as A2/2 and 

B2/2, respectively, in Eq. (91), i.e., the amplitudes of the two periodic components. 

The correlation function values at times T = 0, T/4, T/2, 3T/4, and T (i.e., at a, 

d, b, e, c) can be used to determine Al and A 2, as follows 

Al -= A2 = ! I a + c - bl (92) 
2 2 2 

A2 -= B2 =! l(a-Ad+(b+Ad+(c-Ad _ (d+e)1 (93) 
2 2 3 2 

Once A2/2, B2/2, and m are known, uper(t)uper(t - T) in Eq. (91) is known, then 

Urand( t )Urand( t - T) can be obtained according to Eq. (90). As will be described in 

the next chapter, the correlation function curves both before and after correction 

can be plotted on the computer screen for visualization (to check the success of the 

correction). 

Regarding the correction method, there is one thing we should particularly 

mention. The method described above can be thought of as a "curve-fitting, sub

traction" method. It uses the periodic part of the correlation function (i.e., the tail 
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section of the correlation function curve) to fit in an assumed mathematical func

tion. Then the "fitted" periodic correlation function is subtracted from the original 

correlation function to obtain the random part. The curve fitting is in fact not nec

essary if we use a "direct subtraction" method. In this method, a period of the tail 

section of the original correlation function curve can be directly subtracted from the 

original correlation function, to obtain the random part. The mathematical form of 

the periodic fluctuation is totally disregarded. Comparing these two methods, we 

can say that the first is computationally simple, but the fitting may not be always 

perfect; the second can make the correction properly no matter what the periodic 

fluctuation is like, but requires more computer memory and computational effort. 

One other method that can be used to correct the periodic fluctuation may 

be called "phase-average subtraction" method. Before computing correlations, the 

phases of the original fluctuation velocities (which consist of periodic components) 

can be averaged to obtain a phase of periodic fluctuation velocities, which is then 

subtracted from the original phases to obtain the random part of fluctuation veloc

ities. Although this method also requires more computer memory than the "curve

fitting, subtraction" method, it requires no calculation of correlation function to 

make the correction. 

Once the correlation function is corrected, other turbulence data can be 

corrected accordingly. We begin with the correction of turbulence intensity. Setting 

T = 0 in Eqs. (90) and (91), we obtain 

(94) 

(95) 

These equations show that if no correction was made, the turbulence intensity would 

have been overestimated by an amount .j A2/2 + B2/2. 
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In the calculation of the Eulerian integral time scale using Eq. (50), the 

random part of the correlation function must be used. It is not possible to obtain 

a meaningful turbulence scale from the original, uncorrected correlation function. 

Similarly, in the calculation of the convection velocity using Eq. (58), only the 

random parts of the fluctuation velocities should be used. Thus, from the corrected 

integral time scale and the corrected convection velocity, a correct integral length 

scale can be obtained using Eq. (59). 

Correction for the calculation of microscale using Eq. (52) is also necessary. 

What we need is (8U rand/8t)2. First, differentiation of Eqs. (88) and (89) yields 

8Utot(t) 8Urand(t) 8uper(t) 
8t = 8t + 8t (96) 

8u~;(t) = -2m7l"Asin2m7l"t _ 4m7l"Bsin4m7l"t (97) 

From these equations, a correlation of derivatives of the fluctuation velocity compo

nents can be formed, with the assumption that the correlation between the random 

and the periodic part is zero. The following equations result: 

8Utot(t) 8utot(t - T) = 8Urand(t) 8U rand(t - T) + 8uper(t) 8uper(t - T) (98) 
8t 8( t - T) 8t 8( t - T) at 8( t - T) 

What we need are the correlation values at T = O. Substituting T = 0 into Eqs. 

(98) and (99), we obtain 

(100) 
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In this equation, (au 1&t)2 tot is measured and calculated from the appropriate com

ponents of the total fluctuation velocity, and A and B are determined from the 

periodic correlation function. Thus (8uI8t)2 rand can be obtained, followed by TE 

and }../. 

A similar discussion can be given for the one-dimensional energy spectrum. 

Since the correlation function is considered to be made up of a random and a periodic 

component, the energy spectrum, which is a Fourier transform of the correlation 

function, can also be considered to be made up of these two components, i.e., 

(101) 

where El (n )rand and El (n )tot can be calculated from their corresponding correlation 

functions with Eq. (70). To examine the uncorrected spectrum, we check some of 

the characteristics of its periodic part. Substitution of Eq. (91) into Eq. (70) yields 

E () 
_ A2nsin(2mr/m) B 2n sin(2mr/m) 

1 n per - ) + 7r(n2 - m2 7r(n2 - 4m2) 
(102) 

In deriving this equation, a blade period, 11m, instead of infinity has been used as 

the upper integration limit in Eq. (70). This is reasonable for integrating such a 

periodic function. Other upper integration limits, such as 21m, 31m, etc., will in fact 

lead to similar results. Some important observations about El (n )per can be made. 

First, as can be seen in Eq. (102), El(n)per is a periodic function oscillating around 

zero. Its values are superimposed on the random spectrum El (n )rand. In the lower 

frequency range, or when In2 _m21 or In2 -4m2 1 is small, the effect of El(n)per can 

be large compared to E1(n)rand. Then the original spectrum El(n)tot will exhibit 

the same local maxima and minima as El(n)per. From Eq. (102), El(n)per has 
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maxima approximately at n=m, 2m, etc., and minima approximately at n=m/4, 

7m/4, llm/4, etc. In a higher frequency range, or when In2 - m2
1 and In2 - 4m2

1 

are large, El(n)per is smaller, but may still be significant because E1(n)rand is also 

small at high frequencies. This means that El (n )tot, which includes El (11, )per, may 

also show the same local extrema as El(n)per. These observations are useful and 

are supported by the experimental results. Meanwhile, the random spectrum is 

itself of great value in the study of turbulence characteristics. 

Finally, we need to correct the turbulence energy dissipation rate. As before, 

only the random parts of the turbulence quantities can be used in the calculation of 

c by Eq. (84). Careful consideration, however, must be given whether the random 

or the total turbulence quantities should be used in Eqs. (86) and (87) to calculate 

the kinetic energy fluxes. The periodic fluctuations, as described earlier, are not due 

to the genuine eddy motions, and are merely a result of the periodic disturbances of 

the impeller blades. Although not dissipative, the periodic fluctuations do represent 

a type of kinetic energy and do transport turbulence energy in the flow. Therefore, 

when using Eqs. (86) and (87), the total mean-square fluctuation velocities, and 

not only the random parts, must be used. 



Chapter 4 

EXPERIMENTAL 

The experimental apparatus consisted of a baffled cylindrical tank, two tur

bine impellers, a laser-Doppler velocimeter (LDV), and a microcomputer for data 

acquisition. We first describe the tank and the impellers, then the LDV measuring 

technique, and lastly the data processing. 

4.1 Tank and Impellers 

Two impellers were used in this study. One was a 6-blade Rushton turbine (a 

disk-style, flat-blade turbine). The other was a 5-blade "Maxflo" impeller (a pitched 

curved-blade impeller designed and constructed by Prochem Mixing Equipment 

Inc.*). 

A schematic diagram of the tank with the Rushton turbine is shown in Fig. 9. 

The tank was made of plexiglass with 27 cm diameter and height, and was equipped 

with 4 vertical baffles each one-tenth the tank diameter in width and 0.4 cm in 

thickness. The tank, filled with water as the working fluid, was open at the top, 

and was placed in a square tank also filled with water to minimize the optical 

distortion caused by the curvature of the wall of the inner tank. 

The Rushton turbine, which was made of stainless steel, was of standard 

design with a diameter D=9.3 cm, about one-third of the tank diameter. By "stan

dard", we mean the blade width, length, and the impeller diameter are in such a 

relative ratio, 4:5:20, that the impeller is, as has been generally believed, the most 

* Prochem Mixing Equipment Inc., 8032 Torbram Road, Brampton, Ontario, 

Canada, L6T 3T2. 
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Figure 9. Tank and Rushton turbine with dimensions and coordinates. 
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efficient in pumping fluids and generating turbulence at a given power input (Sachs 

and Rushton, 1954; Cooper and Wolf, 1968; Reed et al., 1977). The thickness of 

the blades and of the turbine disk is small, about 0.4 mm. The disk has six slots 

into which the blades were glued with a heavy-duty adhesive. Half of each blade 

was embedded in the disk. The disk was glued to the stainless steel shaft, which is 

1 cm in diameter. Deformation and vibration of the turbine caused by the vortex 

shedding were probably negligible. This turbine was placed one-third up from the 

bottom of the tank, and normally discharges radially, deriving suction from both 

the upper and the lower compartment of the tank. Tangential components of the 

velocity in the near impeller region are also strong. It should be noted that since 

the impeller was not centrally positioned and the top of the tank was not closed, 

one should not expect the flow in the tank to be symmetrical with respect to the 

impeller disk-an assumption made by many workers without regard to impeller 

location and tank boundary conditions. Most of the measurements in the present 

work were made with this impeller because it has found a wide range of applications 

in industry, and has been employed in many investigations. Some of the data are 

available for comparison. 

The other impeller used was Prochem's Maxflo impeller, shown in Fig. 10 

along with the same tank. This impeller was so named because it was intended to 

generate "maximum" flow. It has 5 pitched curved blades mounted on a central 

hub. The blades arranged equiangularly about the shaft.. Each blade is attached 

to the hub at a faired root which runs from 1.0 cm from the base of the hub to 

a point displaced approximately 72° in azimuth, located 1.3 cm below the end of 

the cylindrical portion of the hub. The root is a locus of points on the hub which 

is slightly convex downwards. The radial extent of each blade is about 3.3 cm, 

measured from the hub. The tip has an arc length about 6.5 cm, and is also slightly 
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concave downwards. The trailing edge is approximately horizontal, while the leading 

edge is convex downwards. The leading and the trailing edges approximately lie in 

vertical plane, neither of which passes through the axis of rotation. The pitch angle 

at the leading edge at the root is about 45° and slowly decreases to about 35° at 

the tip. The radius of curvature of the farings is about 0.3 cm. An impeller of this 

design is thought to have the beneficial effects of curved-blade and pitched-blade 

impellers. It generates strong axial flow, while consuming relatively little power 

(because the shear on the smoothly curved and pitched blades is small). Due to high 

fabrication costs, however, its industrial application is less common than impellers 

having blades that are only curved or only pitched. It should be particularly suitable 

for suspensions of friable solids or high molecular weight biochemicals where strong 

local turbulence is to be avoided. In this work, the Maxflo impeller was placed 

midway between the bottom and the top of the tank. The measurements with 

this impeller, although reasonably extensive, were not as detailed as those with the 

Rushton turbine. The purposes of using the Maxflo impeller were to understand its 

basic flow and turbulence characteristics, data for which are lacking in the literature, 

and to compare them with those of the Rushton turbine. The comparison of these 

two impellers is of particular significance in understanding the degree to which 

differences in impeller types can affect the flow and mixing performance. 

A variable-speed motor, not shown in Figs. 9 or 10, was used to drive 

the impeller shafts. The impeller speed was measured by a hand tachometer, and 

was further checked with the autocorrelation function curves in the near impeller 

region, which, as described in the previous chapter, oscillated at the impeller blade 

frequencies. For the Rushton turbine, the speeds used were 100, 200, and 300 rpm, 

which correspond, respectively, to 1.44, 2.88, and 4.32 x 104 impeller Reynolds 

number (Re = N D2 Iv). For the Maxflo impeller, three speeds were also used: 220, 
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330, and 440 rpm, which correspond to Re = 5.28 X 104 , 7.92 X 104 , and 1.06 X 105, 

respectively. Most of the measurements with the Rushton turbine were made in a 

plane located 45° with consecutive baffles ("between baffles"). Fewer measurements 

were made in the baffle plane ("with baffles"). The averages of the former and the 

latter data (mean and rms fluctuation velocities) are used to approximately satisfy 

the assumption of flow axisymmetry (a/ae = 0) in the calculations of impeller 

pumping capacities and kinetic energy fluxes. The measurements with the Maxflo 

impeller were all made in the 45° plane. 

Also shown in Figs. 9 and 10 is the cylindrical coordinate system used for 

the presentation and discussion of the results. 

4.2 Measuring Technique-Laser-Doppler Velocimetry 

The technique of LDV for measuring fluid flows is based on the Doppler 

effect. Laser beams are used for velocity probing and when the beams pass through 

the fluid flow, the light is scattered by particles suspended in the flow medium. 

From the change in frequency (Doppler shift) of the scattered light, the velocity of 

the particles is determined, and the fluid velocity is inferred. The laser is used as 

the light source because it is coherent, monochromatic, steady, and easily focused. 

The advantages of LDV measuring techniques generally include: 

1. Only light beams need to enter the flow; there is no physical probe to interfere 

with the flow. 

2. The laser light frequency and the optical geometry uniquely determine the 

relation (linear) between the scattering particle velocity and the frequency 

output of the photodetector. This eliminates the need for actual velocity 

calibrations. 

3. Velocity components are measured directly, independently of other compo

nents. Adding frequency shifting removes the sign indeterminacy for a given 
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component, thus permitting unambiguous measurements in flows where flow 

reversals occur. 

4. The measurement volume formed by the laser beams is generally small, and 

the frequency response of the photo detector is often fast. These are essential 

requirements when detailed turbulence information is desired. 

The LDV system used in this study was a standard one-component model 

made by DISA, with coaxial optics operating in a dual-beam differential mode 

(fringe mode). It consisted of a 15 mW He-Ne laser (Hughes 3327 H-PC), trans

mitting and focusing optics (including a beam splitter, a Bragg (acousto-optic) cell, 

a backscatter lens and mirror, a beam expander, and a focusing lens), a photomul

tiplier, and a tracker-type signal processor. Also, a Tektronix 60 MHz oscilloscope 

was used to monitor the signal quality, a RMS voltmeter to measure the rms fluc

tuation velocity, and a Commodore microcomputer to perform the data acquisition 

and computation. A schematic layout of the LDV and the electronics is shown in 

Fig. 11. 

The fringe mode, which is based on optical heterodyne detection of the scat

tered light from two incident laser beams, is perhaps the most common technique 

in LDV measurements. (There are two other commonly used techniques: reference 

beam mode and dual scatter mode.) Fig. 12 shows two focused laser beams in

tersecting at the focal point of the focusing lens. Each beam consists of a train of 

plane waves, which interfere with one another near the focal point constructively 

and destructively to produce parallel planes of bright and dim illumination, called 

interference fringes. The volume composed of these fringes is the measurement vol

ume, on which the receiving lens of the photomultiplier is focused. As the dispersed 

particles pass through the measurement volume, they scatter light alternately from 

the bright fringes. The scattered light is received by the photomultiplier, which 
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converts the light signal into an electrical signal for the tracker (a frequency de

modulator) to process. 

The spacing of the interference fringes is fixed and known, equal to 

>'/(2 sin ~), where>. is the laser wavelength, and () the beams intersection angle 

(see Fig. 12). Then if the particle scattering frequency (i.e., the Doppler frequency 

iD) is detected, the particle velocity (also the fluid velocity) at the measuring point 

can be calculated as follows: 

U=iD (~) 2sm 2 
(103) 

This is the operating principle of the fringe mode technique, and is an important 

relation in the measurement. It implies that the fluid velocity is linearly proportional 

to the Doppler frequency with the proportionality constant, the fringe spacing, being 

a fixed equipment factor. Unlike hot-wire or hot-film techniques where the necessary 

calibrations are nonlinear and difficult, the LDV technique requires virtually no 

calibration at all. 

The u in Eq. (103) is a velocity component normal to the fringe planes, 

i.e., perpendicular to the bisector of the laser beams and in the same plane. Our 

LDV measured one velocity component at a time. To measure a different compo

nent, radial, tangential, or axial, the front coaxial optical unit, which housed the 

expanding and focusing lenses, was rotated to a proper orientation according to the 

component wanted. Most of the measurements were made with forward light scat

tering, because the scattered light intensity was the strongest in this mode. Only 

at some locations where light could not be detected from a forward position, was 

backward scattering used. The signal-to-noise (SjN) ratio is often low in this mode. 

As will become clearer after the description of the tracker and the data processing, 
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the output collected during the period of signal "drop-out", which was caused by 

poor SIN ratio, needed be excluded in any data computation. 

The velocity u obtained is in fact an "average" velocity of the particles pass

ing through the measurement volume, and is not necessarily the fluid velocity. To 

allow for the particle velocity to be considered equal to the fluid velocity, the sus

pended particles must be able to follow the fluid flow closely, including its smallest

scale fluctuations. This means the particles must be very small and must have a 

density as close as possible to the fluid density. The particles must also be big 

enough, however, to scatter enough light from the fringes so that the photomulti

plier can detect it. The scattering particles used in this study were 6.8 /-lm white 

styrene spheres with almost the same density as water. A particle of this size could 

scatter about 2 to 3 fringes at an instant (there were 45 fringes with 2.61/-lm spacing 

in our measurement volume), which was a good proportion. 

To measure rapid, fine-scale fluid fluctuations, one would like the measure

ment volume to be infinitely small and the signal response and its processing speed 

to be infinitely fast. Unfortunately, such ideal conditions do not exist in either LDV 

or other techniques. In our system, a beam expander was used to further separate 

the two laser beams before they were focused to cross each other, thus making the 

measurement volume further smaller than if no expander was used. The measure

ment volume consisted of the volume common to two axisymmetric laser beams, as 

shown in the upper drawing in Fig. 12. The dimensions are approximately 0.5 mm 

in the flow direction, and about 1 mm in the perpendicular direction. This size is 

reasonably small in LDV techniques. The important question, however, relates to 

the relative sizes of the measurement volume and relevant turbulence scales. Ap

parently, the measurement volume may be small enough compared to turbulence 

macroscales, but is no smaller than microscales. Thus direct measurements of mi

croscales are impossible. Yet, with an extrapolation method, to be described in the 
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next chapter, rough estimates of micros cales can still be made. The signal process

ing speed was also limited, mainly by the rate of the feedback control of the tracker 

filter loop. This feature of the tracker will also be described later. 

Traditional LDV cannot distinguish between forward or reverse flow because 

the photodetector only recognizes the scattering frequency, and does not sense the 

scattering direction. Also, if the scattering particles pass through the measurement 

volume in a direction parallel to the fringes, they give no measurable signal. One 

method to overcome these difficulties is to introduce a frequency shift between the 

two laser beams. The result is a set of interference fringes moving through the 

measurement volume at a speed proportional to the shift frequency. Consequently, 

a stationary particle in the measuring volume will scatter light to the photodetector 

with the frequency of the shift. If the particle moves in the direction of the motion 

of the fringes, the scattering frequency will be lower than that by a fixed particle. 

Conversely, if the particle moves in the reverse direction, the scattered frequency 

will be higher. Frequency shifting thus eliminates the directional ambiguity and 

permits measurements of very slow or reversing flows (which can not be measured 

by conventional hot-wire or hot-film anemometers). Other important applications of 

frequency shifting include pedestal removal (DC component of the Doppler burst), 

frequency compression of high-turbulence signals, frequency range selection, and 

minimization of fringe bias errors due to insufficient fringes in the measuring volume 

in specific directions. 

The frequency shift in our system was produced by a combination of a fixed 

optical frequency translation (40 MHz) and an electronic local frequency oscillation. 

The optical frequency translation was introduced by a Bragg cell inserted in one of 

the laser beams. The Bragg cell was powered by a 40 MHz oscillator. The frequency 

of the electrical local oscillator, which had a range from ±10 kHz to ±9 MHz, was 
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also derived from the 40 MHz oscillator so as to eliminate the relative drift of the 

two frequencies. Through the electronic mixer and comparator in the tracker, the 

shift frequencies were "compensated", and the Doppler frequency was obtained. 

The tracker-type processor we used is one of the two most common kinds 

for signal processing. (The other is the counter-type processor.) The tracker used 

a bandpass filter and a frequency discriminator to "track" the frequency changes in 

the photomultiplier signals. The use of the bandpass filter permitted the tracker to 

operate on Doppler signals with poor SIN ratio. Through a feedback control loop, 

the input Doppler frequency was mixed with the return signal of the loop to fall 

into the range of the bandpass filter, which had 7 partially overlapped frequency 

ranges (from 1 kHz to 10 MHz) for selection. If the data density is low or if the 

Doppler signal is weak, the next Doppler burst may have a frequency lying outside 

the filter bandwidth. Then, no signal can get through to adjust the feedback loop 

and the data is lost. This is called signal "drop-out", and the tracker is said to be 

"out of lock" or "not in lock". During the drop-out, a search circuit is activated to 

hold the previous (old) signal until the tracker recaptures a new signal. 

The tracker drop-out rate, which should be as low as possible, is not easily 

controllable in practice. Increasing the bandwidth of the filter can increase the 

chance of capturing Doppler signals, but can also increase the noise content of 

the captured signals. Narrowing the bandwidth can eliminate the noise, but can 

also reduce the ability to track large-fluctuation signals. Therefore, the bandwidth 

must be tuned properly. In our measurements, an oscilloscope was used to view 

the Doppler bursts (and their density) and the Doppler frequency spectrum. From 

the signal quality and the degree of the spectrum widening, better tuning of the 

frequency range and the filter bandwidth could be made. 

Noise can cause not only tracker drop-out but also confusion with real signals, 

thus reducing the measurement accuracy. We should first understand what the 
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noise is, then we can describe how it can be minimized. Two types of noise can 

be considered: shot noise and ambiguity noise. The fluctuations in the photon flux 

arise from two sources. One is the shot noise (or background noise) in the optical 

system. The other is due to fluctuations in the scattered signal from a particle in 

the measurement volume. To minimize the shot noise, we can focus the receiving 

optics of the detector on the measuring volume only and block away any other light 

in the room. 

Ambiguity noise is a more troublesome problem in the LDV technique. To 

understand this noise, one should first realize that due to the finite length of the 

fringes in the measurement volume the spectrum of a Doppler signal is, even in 

a constant-velocity flow, not a spike, but spreads over some width around its fre

quency. This is usually referred to as the "transit time broadening" or "ambiguity 

broadening". Such broadening represents a noise in the bandpass filtering process. 

There are cases that can further broaden the spectrum. These include velocity 

gradients in the measurement volume (such as flows with strong shear), velocity 

fluctuations in the measurement volume (caused by small-scale turbulence), and 

multiple particles in the measurement volume (which cause "phase shift"). These 

sources of ambiguity noise can under some circumstances contribute a substantial 

amount of "turbulence" to the tracker output. 

Very few investigators have accounted for the contributions of the ambiguity 

noise. George and Lumley (1973) made a theoretical and experimental analysis of 

this noise and its limitations on the measurement of grid turbulence. They found 

that the turbulent fluctuations at wavenumbers larger than the cut-off wavenum

ber associated with the largest dimension of the scattering volume were seriously 

attenuated. A similar result was also found by Berman and Dunning (1973) in 

pipe flows. Later, George (1975) suggested that by reducing the cut-off frequency 
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and extrapolating to zero, the real Doppler signal could be obtained. Van Maanen 

et al. (1975) used two photodetectors placed at different angles to eliminate the 

noise. By cross-correlating the signals of the detectors, an unbiased spectrum was 

obtained. This was because the ambiguity noises received from different angles were 

not correlated. In our measurements, specific care was taken to minimize the noise. 

An optimum concentration of scattering particles was used, which was determined 

by adding particles to the tank until the signal intensity, seen as the sharpness and 

the amplitudes of the Doppler bursts on the oscilloscope, reached a maximum while 

the noise level was still moderate. In a measurement, if the bias by the noise was 

too serious, which could be judged from the flattening (attenuation) of the power 

spectrum at high frequencies, the data was discarded. In addition, one can note 

that the influence of the Doppler ambiguity is significant only in the high frequency 

range, so the information of turbulence obtained in the low frequency range (cor

responding to large-scale turbulence information) such as rms fluctuation velocities 

and macros cales can be accepted with confidence. 

An often neglected area in the effort to improve the SIN ratio is proper 

alignment and focusing of the laser beams. We have found that although the outer 

square tank has been filled with water in order to minimize the distortion of the 

laser beams, the curvature of the wall of the inner cylindrical tank still has a strong 

effect on the diffraction of the beams. As the two focused laser beams go through 

the tanks, they may not intersect at their beam waists (crossing at the beam waists 

is a must for the formation of a regular, parallel fringe volume). They may not even 

intersect at all, if the beams are not well aligned. If the beam waists are not located 

at the crossing point, as shown in Fig. 13, an enlarged measuring volume with 

distorted fringe planes will result. Then particles with the same velocity but passing 

through different parts of the measurement volume will lead to different Doppler 
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Figure 13. Irregular fringe pattern formed by improperly focused beams. 
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frequencies. Hanson (1974, 1975) and Durst and Stevenson (1975) have examined 

this effect in detail. In our measurements, the beams were carefully aligned and 

focused at every measurement location in the tank, and the signal quality displayed 

on the oscilloscope was constantly checked. 

Finally, to traverse the measurement locations, the optics along with the 

laser source were placed on a jack for axial movement, which in turn was placed 

on an X-Y precision milling table, so the measurement volume could be chosen 

anywhere in the tank. The location of the measurement point was determined 

by using rulers inserted in the tank. This method, although sometimes awkward, 

was found to be the most direct and reliable one for determining the location. In 

addition, it was essential that all elements of the system be turned on 30 min before 

any measurement was taken, giving time to determine position accurately. 

4.3 Data Processing 

All the data, including velocities and turbulence parameters, were computed 

by an on-line microcomputer interfaced with the tracker. The digital display of mean 

velocity on the tracker and the reading shown on the RMS meter were used only as a 

check with the corresponding computer results. This "computational" method can 

be compared with the previously popular "instrumental" method which uses, for 

example, RMS meters to measure rms fluctuation velocities, correlators to measure 

correlation functions, and wave analyzers (or Fourier transformers) to obtain energy 

spectra. The advantage of the instrumental method is that the analog processing is 

fast, so the experimental result can be seen almost immediately. The computational 

method, although more time-consuming, is particularly advantageous when special 

data handling or data storing is needed. 

A special feature of our tracker was its ease of computer interfacing. Through 

its built-in analog-to-digital conversion circuit, the tracker transmitted data at a 
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high, constant rate to the computer interface. The constancy of the data transmis

sion rate, which was important to the computation of time-dependent turbulence 

quantities, was always maintained even when the tracker was not in lock. When 

the lock detector indicated a signal drop-out, which, as mentioned before, could be 

caused by weak signals, strong noise, or passage of discrete particles through the 

measurement volume, a specific small signal was sent to the computer as a warning 

flag. These false data acquired by the computer were then detected and excluded in 

any computation. The signal drop-out could seriously reduce the measurement ac

curacy. The instrumental method, which generally does not recognize "bad" signals, 

is not suitable for measuring very noisy Doppler signals. 

As described earlier, the resolution of the LDV technique is limited spatially 

by the size of t.he measurement volume and temporally by the rate of the feedback

control frequency-filtering loop of the tracker. (When considering the severity of the 

temporal resolution limitation imposed by the loop filter, one should not forget that 

the filtering ability of the tracker makes it a much better processor for noisy sig

nals than other processors such as counters.) In our system, the data transmission 

rate was limited according to the frequency range selected on the tracker, within 

which the mixed Doppler signal was to fall. The highest frequency range encoun

tered was 0.3 - 3.3 MHz, which gave a data rate of approximately 7000 samples 

per second. This data rate was about the same as or lower than the rate of the 

fastest change of velocity fluctuations, thus rendering direct measurements at the 

turbulence microscale impossible. Nevertheless, these resolution problems (finite 

size of measurement volume and finite speed of frequency response) should place 

little limitation on measurements of turbulence velocities and macroscales. The ef

fects of the resolution limitations are important only in the high frequency range of 

turbulence, whereas most of the turbulence energy (to which turbulence velocities 

and macros cales correspond) is contained in the low frequency range. 
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The computer used for the data acquisition and computation was a Com

modore 8-bit processor with 32 kB memory. In each measurement 10240 data (in

stantaneous velocities) were transferred from the tracker to the computer memory 

space for computation. The program was written in machine code so that high

speed data handling could be achieved. The program also included a dummy loop 

which could be used to slow down the speed of data read-outs, if necessary. Thus, 

while maximum data rate was required for measurements of intense fluctuations, 

slower data rates were also required for measurements of weaker fluctuations in 

order to ensure sufficient averaging time for the calculations of mean turbulence 

quantities from the fixed number (10240) of input data. 

The data calculated on-line were time-average velocity, rms fluctuation ve

locity, autocorrelation function, macro and micro time scale, and turbulence energy 

spectrum. Length scales and turbulence energy dissipation rates were calculated 

later because they involved other quantities. The autocorrelation functions and the 

energy spectra before and after correction for periodic turbulence were plotted on 

the computer for visualization. Generally, the calculations were time-consuming. It 

took about 22 min to calculate an autocorrelation function (255 points). This was 

the highest possible speed because the calculation was carried out with the machine 

code. The calculation of an energy spectrum (25 points) took about 30 min. The 

latter was done in BASIC. 



Chapter 5 

EXPERIMENTAL RESULTS AND DISCUSSION 

5.1 Flow Patterns and Mean Velocities 

The flow pattern in the Rushton turbine-agitated tank is shown in Fig. 14 

where the mean velocity vectors were drawn from the values oWr and Uz measured 

at 200 rpm in an r-z plane midway between the baffies. (The results to be shown 

hereafter were, unless mentioned otherwise, measured on the plane between the 

baffies.) The impeller tip velocity, Utip = N 7r D, was used to scale the velocities, 

because it has generally been found that velocities normalized with impeller tip 

velocities are independent of impeller speed, and also because the impeller Reynolds 

number, which is determined by Utip, is an important variable for design and scale

up (e.g., for correlations of impeller power or mixing time). No measurements were 

made in the region close to the baffles because the optical displacement of the laser 

beams caused by the baffles and the wall of the cylindrical tank was so severe that 

good beam focusing and alignment were not obtainable. 

Regarding the flow pattern, attention must be first focused on the region 

of greatest importance in the tank-the impeller stream, which is a strong stream 

ejected radially (with strong tangential components also) from the impeller blades 

toward the tank wall. As shown in Fig. 14, the strongest radial (and tangential) 

velocities occurred in this stream. If we temporarily ignore the tangential compo

nents, the impeller stream appeared like a radial jet. Its centerline velocities, which 

were at a maximum at the blade tip, decreased, and its flow entrainment expanded, 

with increasing radial distance from the tip. This jet-like behavior is in good agree

ment with the results of many earlier workers (Sachs and Rushton, 1954; Kim and 
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Manning, 1964; Cutter, 1966; Cooper and Wolf, 1968; Mujumdar et al., 1970; Rao 

and Brodkey, 1972; Gunkel and Weber, 1975; Reed et al., 1977). 

Although the flow in the near baffle region was not measured, the flow pattern 

there was observed by following the motion of air bubbles sucked into the tank from 

the top as the impeller was run at a higher speed. As the impeller stream impinged 

on the tank wall, it split into two streams, one flowing upward, the other flowing 

downward into the bulk. The splitting was of course stochastic, because of the 

interaction of the stream with the baffles and with the wall. Due to the turbulent 

nature of the flow, it was not possible to identify the portions of the stream which 

went upward or downward. These vertical streams, the strength of which was 

enhanced by the vertical baffles, joined the bulk recirculation back into the impeller 

stream. Two recirculation zones were thus formed, one above, the other below the 

stream. The fluid motion in the bulk, shown in Fig. 14, was mainly vertical, with 

much smaller radial and tangential components. Further, a comparison of velocities 

between the portions above and below the impeller stream revealed that the flow 

in the lower compartment was about 50% stronger than the flow in the upper 

compartment. This, as has been pointed out by Reed et al. (1977), was because 

the lower compartment had much smaller volume of fluid (roughly half as much) 

than the upper compartment, but was set in motion by roughly the same fraction 

of power supplied by the impeller. Also clear is that the plane of the impeller disk, 

i.e., z=O, was not a symmetry plane that could separate the flow pattern into two 

equal parts-an assumption often made by workers in order to save experimental 

effort. 

In a stirred mixer, the flow pattern determines how the fluid is interchanged 

between various parts of the mixer, and hence the macroscopic mixing rate. In 

a particular region of the mixer, the local turbulence characteristics determine the 
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local mixing rate in that region. Fig. 14 shows that fluid in the region of the impeller 

and in the impeller stream interchange with fluid in the bulk. Flow in the bulk, 

which was much weaker than in the impeller stream, consisted of two recirculation 

zones, of which the fluid in the central cores interchanged little with the fluid in 

the rest of the tank. Consequently, the impeller stream is the most important part 

of the tank and must be examined in more detail, including its mean velocities, 

flow rates, and turbulence parameters. (When we state that the impeller stream is 

the most important part of the tank and deserves more attention, we do not mean 

that other parts of the tank can be neglected in the mixing process. For one thing, 

the bulk represents about 90% of the fluid in the tank, so the total mixing rate 

there could be significant even though the mixing rate per unit volume might be 

small. For another, the region around the baffles (which is not included in what 

we define as the impeller stream) may be as important as the impeller stream for 

mixing because the baffles not only enhance the strength of the vertical flows but 

also cause strong turbulence.) 

The normalized mean radial, tangential, and axial velocities in the impeller 

stream are shown in Figs. 15, 16, and 17, respectively, as functions of axial position. 

Again, the fact that z=O is not a symmetry plane is clear. The maximum values 

of Ur and Un did not always occur at z=O but shifted upward as the wall was 

approached. Near the radius of the impeller tip, Un was about as large as Ur • But 

as r increased, Un decreased faster than Ur because of the effects of the baffles. 

The fluid motions in the impeller stream were mainly radial and tangential. The 

axial component, as shown in Fig. 17, was very small. At r~1O.5 cm, the axial 

component almost vanished. This was approximately where the impeller stream 

was split into two vertical flows. 

An important point revealed by the mean velocity data was the pronounced 

three-dimensionality of the flow in the tank. The fluid particles were basically in 
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cyclonic motions, and their path lines were difficult to define. As shown later, strong 

turbulence was generated in the regions where violent flow interactions occurred, 

such as the impeller region, the impeller stream, and the neighborhood of the baf

fles. These complexities explain why an experimental approach with sophisticated 

measuring equipment is mandatory in this field of study. 

Although LDV is believed to be an excellent technique for measuring complex 

high-intensity turbulent flows, a question one might ask is "How can the measure

ment accuracy be justified?" In our measurements, the reliability of the data was 

tested by checking the volume flow rate balances around two control volumes in 

the impeller region and the impeller stream. One was the cylindrical region from 

r=O to 5 cm with z=-2 to 2 cm, the other was the annular section from r=5 to 9 

cm with the same range of z. The radial and axial flow rates through the control 

surfaces were calculated with Eqs. (35) and (36) respectively. In the calculations, 

the average values of the velocities measured on the 45° plane and on the 0° plane 

were used to approximately satisfy the assumption of flow axisymmetry. The differ

ences between the inflow and the outflow rates, shown in Table 1, were within 4%. 

This provides strong support for the consistency of our measurements. The only 

work reported in the literature that checked such a flow balance was by Gunkel and 

Weber (1975), who also found their mean velocity data to be consistent. 

The results discussed so far were all obtained with the Rushton turbine-a 

radial-flow impeller. The other impeller used in the study, the Maxflo impeller, 

was completely different-an axial-flow impeller. The pitched curved blades on 

the Maxflo impeller were designed in such a way that strong axial flow could be 

generated, while the radial and tangential components were low. We intend to study 

the basic flow characteristics of this impeller and to compare them with those of 

the Rushton turbine. 



Region 

0:5 r :5 5(cm) 
-2:5 z :5 2(cm) 

5 :5 r :5 9(cm) 
-2:5 z :5 2(cm) 

Table 1 

Flow rate balances around the 
Rushton turbine at 200 rpm. 

Flow In (l/sec) Flow Out (l/sec) 

2.24 2.32 

5.29 5.22 
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Difference (%) 

3.6 

1.3 
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Again, the flow pattern was visualized by following the motion of trapped air 

bubbles. It was basically a vertically recirculating flow similar to what a pitched

blade turbine would obtain (see Fort et al., 1972; Tatterson et al., 1980). The flow 

in the region immediately below the impeller had the largest velocities (mainly in 

the axial direction) in the tank. It originated from under the impeller blades and 

moved downward to the bottom of the tank. As the bottom was approached, the 

flow changed its direction from axially downward to radially outward. After a short 

distance, the radially outward flow moved axially upward into the bulk of the tank, 

and was then sucked back into the impeller. A vertically recirculating flow pattern 

was thus formed. Since the tangential components were small, this flow pattern 

was closer to two-dimensional than the Rushton-turbine flow. Three small stagnant 

zones seemed to exist: one immediately below the central hub of the impeller, one 

above the impeller around the shaft, and another at the center of the recirculation. 

Of particular interest to us in considering mixing was the strong flow under 

the impeller. Figure 18 shows the normalized Uz in the region at various vertical 

positions, as a function of r. The data points were the average values of the data 

obtained from the three impeller speeds, 220, 330, and 440 rpm. Since the velocities 

were closely proportional to the impeller speed, their values at different impeller 

speeds still fell on the same curves after being normalized by the corresponding 

impeller tip velocities. Also notice that for the velocity profile at z=3.2 em (above 

the impeller), the fluid is sucked into the impeller. Moreover, the flow under the 

impeller was in some ways similar to the impeller stream of the Rushton turbine. 

The velocities decreased and the fluid entrainment increased with distance from the 

impeller blades. The maximum velocities did not remain at the same radial position 

but shifted outward as the bottom of the tank was approached. 

Figures 19 and 20 show the profiles of Ur and Un, respectively, at selected 

axial positions. At z=3.2 em, i.e., above the impeller, the flow was mainly axial, 
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with very small radial and tangential components. This means that the pitched 

curved blades, due to their special geometry, did not disrupt the flow above them. 

Below the impeller, Ur and U(J, although not negligible, were also much smaller 

than Uz ' At z=-10.3 cm, i.e., 3.2 cm above the bottom, the magnitude of the radial 

component began to increase. This can be seen from Fig. 19, where at this z and 

r/R2::1.0, Ur has reached a significant level, about 0.17Ut ip' Larger Ur (and smaller 

Uz ) can be expected closer to the bottom. 

Figures 21 and 22 show the profiles of Ur and U(J, respectively, at 1'=7 cm 

(i.e., 1 cm away from the impeller periphery) as functions of z. In the region 

around z=O, i.e., near the impeller tip, Ur and U(J were very small. In fact, Ur was 

negative, meaning the fluid there was sucked into the impeller. This indicates that 

the impeller, thanks to its special blades, did not directly pump fluid radially or 

tangentially outward. 

The accuracy of the measurements of t.he Maxflo impeller was checked with 

the same method as that used for the Rushton turbine. The check of the flow 

rate balances on the control volumes containing the impeller and the impeller flow 

indicated that the velocity measurement error was only 4%. This again provided 

confidence for the LDV measurements. 

5.2 Impeller Pumping Capacities 

Impeller pumping capacities are an important parameter in the design of 

mixers, for they indicate the size of the flow rates (and convective mixing rates) 

that impellers can generate in mixers. Some reports (e.g., Norwood and Metzner, 

1960) have suggested that impeller pumping flow rates are a more suitable parameter 

than impeller speed for mixing time correlations. 

For the radial-discharge Rushton turbine, the impeller pumping capacity was 

defined as the flow rate of the radial impeller stream calculated by integration of 
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the mean radial velocities over the entire stream, i.e., using Eq. (35) with the lower 

and the upper integration limits taken as axial locations where Ur was negligible. 

For the axial-discharge Maxflo impeller, the pumping capacity was calculated with 

Eq. (36), which gives the rate of the downward axial flow driven by the impeller. 

The normalized pumping capacities of the Rushton turbine, Qr/N D3, are 

shown in Fig. 23 along with the data of other workers. The group ND3 was used 

to normalize the values of Qr because it has been found to be a suitable parameter 

to characterize the impeller discharge. The discharge coefficient, N Q = Qr / N D3 , 

has been found to be independent of impeller speed and diameter for geometrically 

similar systems, as expected. Before comparing results from different works one 

should, as emphasized by Rao and Brodkey (1972), be aware of the effects of the 

differences in vessels and impellers, experimental methods, and operating condi

tions used. Our data showed that the normalized pumping capacities were indeed 

independent of the impeller speed and, due to the fluid entrainment, increased with 

r. This behavior generally agrees with that observed by others. Sachs and Rush

ton's (1954) data of a 4-blade disk turbine using a photographic technique and Rao 

and Brodkey's (1972) data of a 6-blade open turbine using a hot-film anemometer 

both lie below our data. Gunkel and Weber (1975) and Cooper and Wolf (1968) 

both used hot-wire anemometry and the same type of turbine as ours, but obtained 

somewhat different data. Using various sizes of impellers, Cooper and Wolf con

cluded that at the impeller tip where the fluid was not yet entrained, the values of 

NQ were in the range between 0.73 and 0.89. This result agrees with ours. Gunkel 

and Weber's velocity data seem to be the highest in the literature. 

The normalized axial pumping capacities of the Maxflo impeller, Q z / N D3 , 

are shown in Fig. 24 as a function of z. The flow rates in the region above the 

impeller were smaller than those below the impeller. Below the impeller, the axial 
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flow rate increased with Izl due to the fluid entrainment, and then decreased as the 

bottom of the tank was approached. This flow rate profile could have been seen in 

the Rushton-turbine case, if measurements had been taken closer to the tank wall. 

Comparison of pumping capacities between the two impellers can now be 

made. We will first consider their energy consumption rates, for only a comparison 

based on the same power will make sense. The Rushton turbine has a power number 

of 5 for Re ~ 104 • As seen in Fig. 1, this value has been confirmed by Bates et 

al. (1963) and Bertrand et al. (1980), and has been used by some workers, e.g., 

Gunkel and Weber (1975). The power number of the Maxflo impeller is, according 

to Prochem Company, 1.0 for the same range of Re. As can be seen in Fig. 1, this 

value is somewhat smaller than the power number of pitched-blade impellers and of 

curved-blade impellers. Thus, for the same impeller diameter and impeller speed, 

the Maxflo impeller will consume only one-fifth as much power as the Rushton 

turbine (see Eq. (32)). For the Rushton turbine, NQ is about 0.85 at the impeller 

tip, and about 2.3 downstream from the impeller, with entrainment ratio 2.7. For 

the Maxflo impeller, NQ near the impeller blades was about the same as for the 

Rushton turbine at its tip, but the entrainment ratio was much smaller. Thus, 

based on the same impeller power, the Maxflo impeller would directly pump five 

times as much fluid as the Rushton turbine, but would not entrain as much fluid as 

the latter. If the total impeller pumping capacities are considered (i.e., the integral 

of NQ over the respective impeller streams), the Maxflo impeller appeared to be 

more effective than the Rushton turbine in transporting fluid through the tank with 

the same power consumption. 

Care must be taken when one attempts to draw a conclusion about the rela

tive mixing performances of the two impellers from the comparison of their pumping 

capacities. First, they were positioned differently in the tank-the Rushton turbine 
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was one-third up from the bottom, with the Maxflo impeller at the midway point. 

Second, the impeller/tank radius ratio was larger for the Maxflo impeller than for 

the Rushton turbine. This ratio has been found to be an important factor that can 

substantially affect the flow characteristics in the vessel (Sato et al., 1970; Fort et 

al., 1972). Furthermore, these two impellers have basically different applications. 

The Rushton turbine is suitable for the applications where strong flow and strong 

turbulence are needed, such as chemical reacting systems. Although the Maxflo im

peller can be used in similar applications, it is particularly useful for the suspension 

of solids. Thus, while the comparison of flow characteristics of the two impellers 

is useful for understanding the effects of the impeller types, comparison of their 

mixing performance is difficult (and to some extent, not relevant). 

5.3 Turbulence Correlation Functions 

As described in Chapter 3, the turbulence measured in the near impeller 

region contained a substantial amount of periodic component, caused by the periodic 

disturbances of the trailing vortices originating from each of the impeller blades. 

These periodic fluctuations are distinct from the random motion normally associated 

with turbulence, and are merely a result of the time-periodic motion of the moving 

parts. They must be subtracted from the measured (total) fluctuations to allow 

meaningful turbulence data to be obtained. 

The correction for the periodic fluctuation was made by an autocorrelation 

method. Once the real correlation function for the random motion was obtained, 

other real turbulence quantities such as rms fluctuation velocities, turbulence scales, 

and energy spectra were obtained accordingly. Figure 25 shows the original (un

corrected) and the corrected autocorrelation coefficients obtained in the impeller 

stream close to the center of the impeller tip with the Rushton turbine at 200 rpm. 
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First, we can see that the original autocorrelation coefficient oscillates almost ex

actly at the passage frequency of the impeller blades, which in this case is 20 Hz. 

(In terms of period, the oscillating correlation curve has the same period, 50 msec, 

as the time interval between the passage of consecutive blades.) This makes it clear 

that the periodic passage of the blades was indeed the source of the periodic fluctu

ations. Since the correlation functions oscillated so unambiguously at the impeller 

blade frequency, they and the impeller speed could be used to check each other. 

Second, we can see that the corrected correlation coefficient decreased toward 

zero as T increased, with no obvious periodicity. This trend is what one would expect 

of a correlation for truly random signal. Notice that the correlation function at T=O 

corresponds to the mean-square fluctuation velocity. At the center of the impeller 

tip, the corrected autocorrelation function at T=O was as much as 80% less than the 

uncorrected value. It is clear that serious error will result if no correction is made. 

Also notice that the correlation coefficients on the figure have been normalized with 

the total mean-square fluctuation velocity, U2tot, which contains the periodic and 

random parts, as shown in Eq. (94). To calculate the integral scale, the corrected 

correlation function must, of course, be normalized with u2rand. The correction of 

rms fluctuation velocities and the calculation of turbulence scales will be described 

later. 

The correction of the correlation function was made everywhere necessary 

(i.e., in the near-impeller region). The shapes of the oscillating correlation curves 

from point to point were similar, although not identical. The dependence of shape on 

measurement location seemed to agree with the vortex structure detected by Van't' 

Riet et al. (1976). Figure 26 shows the original and corrected correlation coefficients 

measured near the upper corner of the impeller tip. Again, the correction was fairly 

good. Particular attention here must be focused on the shape of the original one. 
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It was not as close to a sine wave as that in Fig. 25. This is because in this 

case the second periodic component (see Eq. (91)) was relatively larger than that 

in Fig. 25. In other words, the periodic fluctuation function (see Eq. (89)) was 

not a one-term sine (or cosine) function, and more terms were necessary to fit the 

periodic fluctuation. (As we have commented after the description of the correction 

method in Chapter 3, we do not have to fit the periodic fluctuation velocity into any 

particular mathematical form, and could have subtracted the periodic part of the 

correlation curve directly from the original function. This means that in discussing 

the differences between Figs. 25 and 26, we do not have to attribute the differences 

to the different forms used to fit the periodic correlation functions. Rather, we can 

simply attribute the differences to the fact that the periodic fluctuations at the two 

locations are different and their behaviors are similar to their corresponding periodic 

correlation functions.) The shape of the uncorrected correlation function in Fig. 26 

can be well explained by the vortex structure of Van't Riet et al. described in Fig. 

7. If the measurement point is close to the center of the impeller tip, as point A in 

Fig. 7, the periodic fluctuations are strong and almost sinusoidal; they also have a 

sine-like correlation function, as shown in Fig. 25. If the measurement point is close 

to the corner of the blade tip, as is point C in Fig. 7, the periodic fluctuations as 

well as the corresponding correlation function (as in Fig. 26) will have more higher 

harmonic content. 

The periodic fluctuations caused by the trailing vortices were felt only in the 

near-impeller region. Away from the impeller, the vortices were disrupted by the 

surrounding flow and the periodic fluctuations faded. Examples are shown in Fig. 

27 where the correlation functions are the original ones, with no correction. 

The discussion above is for the Rushton turbine. For the Maxflo impeller, 

the oscillating correlation curves have more higher harmonic content and smaller 
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oscillation amplitudes than those of the Rushton turbine. This is due to the lower 

symmetry of the vortices shed by the pitched and curved blades. One can expect 

that the vortex structure of this impeller may be similar to that of pitched-blade 

turbines, discussed by Tatterson et al. (1980). 

5.4 Turbulence Intensities 

Equations (94) and (95) allowed the random parts of the turbulence inten

sities to be separated from the total. The following discussion is for the Rushton 

turbine. The results for the Maxflo impeller will be discussed subsequently. 

The radial, tangential, and axial components of the turbulence intensities 

(the rms fluctuation velocities) near the impeller tip are presented in Figs. 28, 

29, and 30, respectively, as functions of z. The periodic and random parts of the 

turbulence intensities were, like the mean velocities, proportional to impeller speed. 

This can be seen from Fig. 28, where normalized data at different speeds lie on 

the same curves. For the radial and tangential components, the largest corrections, 

i.e., the largest contributions of the periodic fluctuations, occurred at the center of 

the impeller tip, i.e., at z=O, but for the axial component they occurred at about 

2z/w=0.5 and -0.5, which were halfway between the center and the corners of the 

impeller tip. This is again consistent with the vortex structure described by Van't 

Riet and Smith (1973, 1975) and Van't Riet et al. (1976) (see Chapter 3). At the 

impeller center plane, which was approximately at the midway between the two 

trailing vortices, the vortex rotations made maximum contributions to the radial 

and tangential fluctuations, but had little effect on the axial fluctuatiuons. By 

contrast, when the measurement point was at the center plane of either the upper 

or lower vortex (about midway between the center and corners of the impeller tip) 

the vortex rotation had little impact on the radial and tangential fluctuations. The 
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vortex rotations contributed more to the axial fluctuations here than at other points 

in the flow. Therefore, from the corrections in Figs. 28, 29, and 30, one can see 

that z=o was approximately at the lower edge of the upper vortex and the upper 

edge of the lower vortex, 2z/w=0.5 and -0.5 were approximately at the centers of 

the upper and the lower vortex respectively, and consequently the diameters of the 

vortices were each about one-half the blade width. 

Gunkel and Weber (1975) and Van Der Molen and Van Maanen (1978) also 

found similar distributions of periodic fluctuations. Mujumdar et al. (1970) and 

Laufhutte and Mersmann (1985) corrected the turbulence intensities, but did not 

report the double-peak distributions obtained here, which have been previously 

observed in jets. In a jet (to which the impeller stream is similar), the largest 

turbulence intensity does not necessarily occur at the center of the jet, but often 

somewhere near the edge where the shear stress (caused by the interaction of the 

jet with the surrounding fluid) is often the largest (Schetz, 1980). 

To determine the radial extent to which the trailing vortices affect the tur

bulence field in the impeller stream, both the random and the total turbulence 

intensities at the center of the impeller stream are plotted as functions of r in Fig. 

31. The center plane of the impeller stream is hereinafter defined as the plan where 

Ur (and Uu, approximately) take on maximum values. This is a plane slightly above 

z=o as r increases, and is a better representation than the z=O plane for the core 

(central) part of the stream. (The reason, as described before, is because z=O is not 

a symmetry plane of the impeller stream.) The data clearly show that the periodic 

fluctuations dominate the turbulent field near the impeller. At r/R=1.08, which 

is 4 mm from the impeller tip, the periodic fluctuations account for as much as 

80% of the total fluctuations (in terms of mean-square fluctuation velocity). At the 

impeller tip, their portion should be close to 100%. However, they decayed rapidly 
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away from the tip, became only 20% at r/R=1.5, and completely disappeared at 

r/R::::::1.9. This trend applied to all three components although Fig. 31 shows a 

smaller periodic contribution in the.axial component. The axial periodic fluctua

tions at 2z/w=0.5 and -0.5 were in fact as strong as the other two components at 

the center of the stream. The random turbulence, on the other hand, developed 

in the near-impeller region, became dominant and fully developed at r/R=1.5, and 

started to decay away from there. In addition, one may also note that the three 

components of the random turbulence intensities in the stream differed by about 

20% in magnitude. This can serve as an indication of the degree of discrepancy to 

which the assumption of isotropy might lead. 

In some cases, relative intensities rather than absolute intensities are a better 

indication of the violence of fluid motions. Figure 32 shows our relative resultant 

turbulence intensities (two and three components) along with the data reported in 

the literature. Generally, relative intensities from zero to one hundred percent were 

found in the impeller stream. Intensities of several hundred percent were detected 

in the bulk (not shown). Without correcting for the periodic turbulence, Cutter 

(1966) and Rao and Brodkey (1972) obtained much higher values near the impeller. 

Gunkel and Weber's (1975) data, with some correction, are similar to ours. 

The above discussion is for the Rushton turbine. We now discuss the results 

for the Maxflo impeller. Figure 33 shows the total and the random axial turbulence 

intensities at z=-2.4 cm, near the lower edge of the impeller blades. Both the 

periodic and random parts of the fluctuations are proportional to the impeller speed, 

so that the normalized values at different speeds lie on the same curve. This result 

is the same as obtained for the Rushton turbine. What is different is that the 

periodic fluctuations for the Maxflo impeller are no more than 20%, which is much 

smaller than that of the impeller stream of the Rushton turbine. (In fact, the 
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maximum periodic fluctuations in the tank with the Maxflo impeller were found to 

be about 30% at the "tip" of the impeller. The periodic fluctuations there were 

probably caused by periodic suction of fluid by the impeller. Although the precise 

vortex structure (probably similar to that generated by pitched-blade turbines) is 

not known, the periodic fluctuations are certainly smaller than those for the Rushton 

turbine.) 

Figure 34 shows the random axial turbulence intensities at various axial 

positions as functions of r. Except for the profile at z=3.2 cm, which is above the 

impeller, the maximum intensities occurred approximately where the mean axial 

velocity components were also a maximum. Compared to the turbulence intensities 

in the impeller stream of the Rushton turbine, the intensities in the axial stream 

of the Maxflo impeller were much smaller. Yet, if the comparison is based on 

the same impeller power (the Maxflo impeller consumes much less power than the 

Rushton turbine), the Maxflo impeller would be as effective as the Rushton turbine 

in generating turbulence. 

Figure 35 shows the relative turbulence intensities at the "center plane" of 

the axial impeller stream (at approximately r/R=0.6) as a function of z. Turbulence 

intensities from 20 to 70% were obtained. Outside the stream, the intensities reached 

several hundred percent. Comparing this figure with Fig. 32, we see that the relative 

turbulence intensities generated by the two impellers were roughly the same. 

5.5 One-Dimensional Turbulence Energy Spectra 

The one-dimensional turbulence energy spectrum as a function of frequency 

was defined in Eq. (69), and was calculated from the Fourier transform of the 

autocorrelation function Eq. (70). Since the autocorrelation function in the near

impeller region contained a contribution from the periodic fluctuations, so did the 
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energy spectrum. This has been described in detail in Chapter 3. We now examine 

the experimental results of the Rushton turbine and see whether they are consistent 

with our predictions. 

Figure 36 shows the original and the corrected spectra measured in the ra

dial direction at 200 rpm near the center of the impeller tip where the periodic 

fluctuations were strong. Two peaks appeared on the original spectrum, the "fun

damental" at 20 Hz, which was the passage frequency of the impeller blades, and 

its first harmonic, a smaller peak, at about 40 Hz. Some local minima also showed 

up, at n~5, 35, and 55 Hz. These peal{s and valleys, all due to the periodic fluctua

tions, were in agreement with our predictions (see the description under Eq. (102)). 

If the contributions of the periodic fluctuations are large, the measured spectrum 

should have higher harmonic content detectable over a wide range of frequency, not 

only in the low frequency range. The original spectrum in Fig. 36 has no peaks at 

frequencies beyond 60 Hz, which might have been seen if the calculation had been 

extended to higher frequencies. (To obtain a "continuous" spectrum function in the 

high frequency range, accurate calculations at many more points are necessary.) To 

confirm this periodic behavior at high frequencies, we repeated the measurements 

and calculations several times at exactly the same location and impeller speed. An 

example result is shown in Fig. 37 where some of the data points of the original 

spectrum are not seen because they have become negative due to the periodic ef

fects. The conclusion is that a periodic spectrum can have many peal{s and valleys 

throughout the frequency domain, not just two pealts as many workers have ob

served (Mujumdar et al., 1970; Fort et al., 1974; Gunkel and Weber, 1975; Van't 

Riet et al., 1976; Van Der Molen and Van Maanen, 1978). Moreover, it is clear that 

simply cutting off the peaks, as suggested by Van Der Molen and Van Maanen, is 

not enough to correct the contributions of the periodic components. 
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For comparison, a spectrum measured at the upper corner of the impeller 

tip is shown in Fig. 38. As described before, this is near the upper edge of the 

upper trailing vortex, and the periodic fluctuations there, compared to those at the 

center of the tip, were not as sinusoidal, thus indicating a larger contribution from 

the first harmonic. This can be seen in Fig. 38 where the ratio of the maxima of 

the second and first peaks is relatively larger than in Figs. 36 and 37. 

The corrected spectra in Figs. 36, 37, and 38, calculated from the cor

rected autocorrelation functions, seem to retain characteristics of typical random 

turbulence energy spectra. Most of the turbulence energy was contained in the 

lower-frequency eddies (large scales), with higher-frequency eddies (small scales) 

containing less energy. At zero frequency, the spectrum functions were nonzero and 

finite. This is because the spectra were three-dimensional but were measured as one

dimensional cuts (the aliasing problem (see Chapter 3)). In the higher frequency 

range, a slope of -5/3 seem to exist, indicating the existence of a turbulence equi

librium range (Kolmogoroff spectrum law). Yet, as mentioned by Rao and Brodkey 

(1972) and Komasawa et al. (1974), such a slope may not necessarily show the 

existence of an isotropic field. In fact, it has often been found in shear flows at only 

moderate Reynolds numbers. At higher frequencies, say beyond 200 Hz, no steeper 

slope was observed. A slope of -7 at very high frequencies would, according to 

Heisenberg (see Hinze, 1975), indicate a turbulence dissipation range. Our spectra 

did not show this slope because they were obscured by the effects of the ambiguity 

noise caused by the limitation of the frequency response of the LDV. Limitations of 

this sort in LDV applications have been reported by George (1975), Van Maanen 

et al. (1975), and Durst et al. (1976). 

The spectra measured in the other two directions ((J and z) also had periodic 

contributions, with the height (or depth) of the peaks (or Valleys) depending on 
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location and measurement direction, because of the effects of the trailing vortices. 

Beyond some radial distance, say r~1.7R, the periodic fluctuations diminished and 

no peaks or valleys were evident in the original spectra. An example is shown in 

Fig. 39, where no correction was necessary. 

In view of the success of the corrections in the correlation functions and the 

energy spectra, the approximations used for the periodic fluctuation velocity and 

the periodic correlation function, Eqs. (89) and (91), seem to be fairly good. In the 

literature, only Mujumdar et al. (1970), Gunkel and Weber (1975), and Laufuutte 

and Mersmann (1985) made corrections for turbulence intensities. No correction 

for the correlation function or energy spectrum has been reported yet. 

5.6 Turbulence Macroscales 

The turbulence macroscales (or integral length scales) in the impeller stream 

of the Rushton turbine were calculated from the integral time scales multiplied by 

the convection velocities. The integral time scales were calculated by integration 

of the autocorrelation coefficients as in Eq. (50). The convection velocities would 

be equal to the local mean velocities-Taylor's hypothesis-if the flow was one

dimensional and the turbulence intensities were small. Since the turbulent flow in 

the stirred tank was three-dimensional and highly turbulent, the modified convec

tion velocities, Eq. (58), were used. 

Figure 40 shows the three components of the macros cales in the impeller 

stream close to the impeller tip as functions of z. These scales were found to be 

independent of the impeller speed, because while the time scales decreased with 

speed, the convection velocities increased with speed. It is generally believed that 

turbulence macros cales are a measure of energy-containing eddies and should have 

about the same length scale as the turbulence-generating sources. This can be seen 
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in the figure. In the region near z=O, the macroscales were about equal to 0.35w 

(w is blade width), which was close to the half-width of the impeller blades and 

the diameter of the trailing vortices. For fluid in this region, the moving impeller 

blades were the only turbulence source. At 2z/w=1.0 or -1.0, i.e., near the blade 

corners, the turbulence was mainly generated by the blade corners rather than by 

the central part of the blade or by the vortices. The macros cales there were probably 

a measure of the sharp blade corners. Outside the core of the impeller stream, say 

12z/wl > 2.0, the scales were much larger than in the stream. In this region, most 

of the fluid is entrained by the impeller stream from the bulk, and was less affected 

by the blade-generated turbulent field. During its travel in the tank, this fluid may 

contact the impeller, baffles, or tank wall. Thus the macroscales there should be an 

"average" size of these turbulence sources. Clearly, the macroscales were a function 

of location. Due to the complexity of the flow, the impeller stream became the only 

part of the tank where the macroscales could be identified (approximately equal to 

the half-width of the blades). 

Figure 41 shows the distributions of the macroscales at the center of the 

impeller stream. Data of other workers are also shown for comparison. Our data 

show that the three components of the scales were of the same order of magnitude 

throughout the stream, ranging from 0.25w to 0.5w. Minimum scales occurred at a 

short distance from the impeller tip, which was also where the random turbulence 

was strongest. Away from the proximity of the blades, the radial and the axial com

ponents increased slightly with r, while the tangential component remained about 

constant. In the literature, a range of scales from 0.1 w to 0.5w has been reported. 

Cutter (1966) obtained radial and tangential macros cales from spatial correlation 

functions. Mujumdar et al. (1970) and Komasawa et al. (1974) calculated radial 

scales from the zero-frequency intercepts of one-dimensional energy spectra. Rao 
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and Brodkey (1972) used correlation functions, and Sato et al. (1967) used energy 

spectra; both obtained values near 0.3w. 

5.7 Turbulence Microscales 

The turbulence microscales, Aj, could not be determined from the spectra 

obtained in this study with LDV because the spectra were significantly distorted at 

high frequencies due to the LDV ambiguity noise. Thus these scales were calculated 

from the temporal micros cales and convection velocities, as in Eq. (56). Both the 

time scales and the convection velocities were measured in the radial direction. The 

time scales were calculated with Eq. (52) where the random part of (8u/8t)2 was 

obtained according to Eq. (100). 

Unfortunately, calculation of the time derivatives of the fluctuating velocity 

components was difficult, and was found to increase with the data read-out speed. 

(However, the mean square fluctuation velocity was largely unaffected by changes in 

the sampling interval, f:lt.) Therefore, the Eulerian time microscale calculated with 

Eq. (52) decreased with decreasing f:lt. Figure 42 shows this result at several points 

in the center of the impeller stream. It can be seen that the change of TE with f:lt was 

linear and that even with the smallest f:lt, i.e., the fastest data rate, TE still did not 

converge. This is again evidence of the LDV resolution limitation. Nevertheless, 

from the linear variation of TE with f:lt shown in the figure, it is likely that a 

meaningful TE can be located between the point obtained at the smallest f:lt and 

the point at the zero-f:lt intercept. With TE estimated this way, AI, Ag ~ AJlV2, 

and the turbulence Reynolds number, Re>., == u' Ag/V, were obtained. It was found 

that at the center of the impeller stream Ag was in the range 0.3 to 1.0 mm and Re>., 

was in the range 50 to 190. These values and the values available in the literature 

are listed in Table 2. 
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Table 2 

Turbulence microscales and Reynolds 
numbers in stirred vessels. 

References Ag(mm) ReA 

Sato et al. (1967) 2.0 - 3.0 120 - 270 

Mujumdar et al. (1970) 1.0 - 2.0 40 - 120 

Rao and Brodkey (1972) 0.7 - 1.0 170 - 245 

Gunkel and Weber (1975) 1.5 - 3.0 72 - 193 

This study 0.3 - 1.0 50 - 190 
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Since the microscales are difficult to estimate, the values in Table 2 ranging 

from 0.3 mm to 3.0 mm can be considered to be in reasonably good agreement. 

Mujumdar et al. (1970) calculated At from the frequency where the dissipation 

function, n2 E1(n), was a maximum. Sato et al. (1967) obtained At from the integral 

of the dissipation function over the entire frequency domain. For these methods to 

succeed, the spectra must be free of any unwanted turbulence such as the periodic 

component in the near-impeller region and must have good accuracy, particularly 

in the higher frequency range, to ensure finite values of the dissipation functions 

at infinite frequencies. Rao and Brodkey (1972) used the same approach as in this 

study, but did not report a similar dependence of the derivatives of fluctuation 

velocity components on the data rate. All of these literature results were obtained 

in the impeller stream. Gunkel and Weber's (1975) data, however, were obtained 

in the bulk, and were calculated from the total power consumption, based on the 

isotropy assumption and their finding that most of the energy was dissipated in the 

bulle 

5.8 Turbulence Energy Dissipation Rates 

The rate of energy dissipation in a region was determined by analysis of 

the energy balance around the region. As described in Chapter 3, since the mean 

flow and turbulence in the tank were strong, the only energies that needed to be 

considered were the power input through the impeller, the fluid flow kinetic energy, 

and the turbulence dissipation energy. Other forms of energy such as potential 

energy, pressure work, and the portion of the viscous dissipation due to the mean 

flow shear were all assumed negligible. Therefore, to obtain regional dissipation 

rates, we needed to calculate the kinetic energy fluxes and the impeller energy 

consumption rates. 
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The energy dissipation analysis has been carried out for both the Rushton 

turbine and the Maxflo impeller. We shall discuss the former first, then the latter. 

Two regions in the tank with the Rushton turbine were analyzed. One 

was the impeller region, defined as the cylindrical region containing the impeller 

with r from zero to 1.08R and z from -2 to +2 cm. The other was the impeller 

stream, defined as the annular region from r=1.08R to 2.26R with the same range 

of z. The radial and axial kinetic energy fluxes through the control surfaces of 

the defined regions were calculated with Eqs. (86) and (87), respectively. Since 

the impeller region contained the impeller, the power input through the impeller 

was needed for the analysis of this region. The impeller power was calculated from 

P = NppN3 D 5 with Np = 5. This value for open tanks with 6-blade disk turbines 

has been confirmed by earlier workers for Re > 104 • 

From the calculations it was found that about 30% of the total energy input 

to the tank was dissipated in the impeller region, about the same amount of energy 

was dissipated in the impeller stream, and the rest, about 40%, was dissipated in 

other parts of the tank. Clearly, the dissipation in the impeller region and in the 

impeller stream was significant. The fluid in these volumes represented only 9% of 

the total, but dissipated as much as 60% of the total energy. In other words, the 

average energy dissipation rate per unit mass there was about 15 times as great as 

in other parts of the tank. According to Corrsin (1964), the local rate of mixing is 

proportional to (el L~)1/3 (see Eq. (5)). That is, the higher the energy dissipation 

rate, the higher the mixing rate. Thus, from our results for c, the impeller region 

and the impeller stream would be the most important regions for mixing to occur. 

While the impeller region and the impeller stream are perhaps the most 

important regions for mixing to occur, the role of the bulk is not negligible. An 

interesting question is "Which part of the bulk was mainly responsible for the 
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dissipation of the remaining 40% energy (and for the associated mixing)?" Since 

the impeller stream defined does not include the baffle region we can, based on flow 

characteristics, divide the bulk into two parts: the region around the baffles and 

the recirculation zones. As expected, the flow around the baffles has much stronger 

vortex stretching and shearing than the the flow in the recirculation zones. Also, 

the eddy size near the baffles, which must be close to the baffle width, is probably 

smaller than the eddy size in the recirculation zones, which can be as large as the 

tank diameter. These arguments lead to the conclusion that the region around the 

baffles is also very important for energy dissipation and mixing. The flow in this 

region deserves particular attention in future studies. 

The values of e were obtained from the kinetic energy fluxes, which were 

calculated from the measured mean and rms fluctuation velocity components. We 

should point out that the e results calculated in this way might be sensitive to 

the accuracy of the velocity data because the kinetic energy fluxes were generally 

proportional to the cube of the velocity components. Since the error in the mean 

velocity data was, as discussed above, less than 4% and the error in the turbulence 

velocity data was probably only slightly higher, the error in e was probably less 

than 15%. Considering the difficulty in estimating e, this error is acceptable. 

For comparison, the radial kinetic energy flux, J( En normalized by the total 

power consumption,is plotted in Fig. 43 along with Cutter's (1966) data. Because 

of dissipation, the kinetic energy of the impeller stream decreased as it moved 

away from the impeller. Applying Laufer's (1954) approach, Cutter obtained the 

variation of kinetic energy with r, Eq. (6), from the transport equation for kinetic 

energy. Despite the differences in measurement techniques and calculation methods, 

his result agrees well with ours. By further neglecting the contribution of the axial 

kinetic energy fluxes into the concerned regions, Cutter concluded that 20% of the 
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total energy was dissipated in the impeller region, 50% in the impeller stream, and 

30% in the bulk. 

A very different result regarding distribution of the energy dissipation was 

reported by Gunkel and Weber (1975). They used an approach similar to the 

present one and found that most of the energy was dissipated in the bulk of the 

tank, rather than in the impeller region or impeller stream. Besides the fact that 

the accuracy of velocity measurements can substantially affect the calculated c, a 

possible reason for the contradiction between the results of Gunkel and Weber on 

the one hand and those of Cutter and this work on the other is that the impeller-to

tank diameter ratio used by Gunkel and Weber, one-half, is larger than that used 

by Cutter and in this work, namely one-third. Sato et al. (1970) has found that a 

larger impeller can cause the turbulence characteristics to be more uniform within 

the vessel. In other words, a larger impeller can spread turbulence not only into 

the impeller stream but also throughout other parts of the tank, resulting in the 

total energy dissipation rate in the bulk being as significant as that in the impeller 

stream. Gunkel and Weber attributed their finding that most of the energy was 

dissipated in the bulk to the fact that the turbulence in the bulk was more random, 

less periodic, and had higher relative intensity than the turbulence in the impeller 

stream. The validity of this reasoning is questionable. Although the fluid motion 

in the bulk is more random and has a higher relative turbulence intensity than in 

the impeller stream, the impeller stream has a much higher absolute turbulence 

intensity, which determines the rate of energy dissipation. 

The above discussion has been for the Rushton turbine. The Maxflo impeller 

was also used for the study of regional energy dissipation rates. With this impeller, 

a region including the impeller and the axial impeller flow was investigated, ranging 

from r=O to 7 cm and from z=-7.5 cm to 3.2 cm. The kinetic energy fluxes through 
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this region were calculated in the same way as in the Rushton turbine case. The 

total impeller power was also calculated similarly, with a power number of 1.0. The 

results showed that about 60% of the impeller power was dissipated in that region, 

and about 40% was dissipated in the rest of the tank. The region of the impeller 

and the impeller flow contained about 11% of the total fluid, so the average energy 

dissipation rate per unit mass in this region was about 12 times that in the other 

parts of the tank. This result is very close to that of the Rushton turbine, which is 

striking (because the two impellers are so different). It can now be concluded that in 

a mechanically stirred vessel most of the energy dissipation (together with mixing) 

occurs in the stirrer region and in the primary flow generated by the stirrer, because 

these are the regions where the turbulence intensities are large and the turbulence 

scales are small. 

Although the regional rates of energy dissipation are important in their own 

right, the local rates are more important to the understanding and modeling of local 

mixing phenomena. An attempt was thus made to find an expression to predict the 

local dissipation rates. Only the Rushton turbine was used in this part of the 

investigation. 

Equation (84), c: = Aq3/2 / Lres , was used, which takes into account the 

flow's anisotropy and three-dimensionality. The constant A is determined from the 

experimental data. By integrating the local values of q3/2 / Lres over several portions 

of the impeller stream, and comparing the results with the energy dissipation rates 

in these portions obtained by analysis of the kinetic energy balance, the constant A 

in each portion was obtained (see Eq. (85». Several portions of the impeller stream 

from r=1.08R to 2.26R were analyzed. An average value A=0.85 with a deviation 

of ±15% was obtained. This value of A is remarkably close to Batchelor's (1953). 

As a comparison, we can also note the results of Antonia et al. (1980) showing that 

A should be about 1.0 for round jets and 0.5 for plane jets. 
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The distributions of the local energy dissipation rates normalized with the 

tank-averaged energy consumption are shown in Fig. 44. It can be seen that the 

largest dissipation rates occurred in the central part of the impeller stream where 

the turbulence intensities were high and the macroscales were small. As with the 

turbulence intensity distributions, double peal(s appeared on the curve at r=5 cm. 

To compare with literature values, the energy dissipation rates at the center 

of the impeller stream were replotted in Fig. 45. Our data showed that c generally 

decayed rapidly away from the impeller except in the near-impeller region where 

most of the turbulence intensity was periodic, and the random turbulence was still 

developing. Cutter (1966), Rao and Brodkey (1972), and Laufhutte and Mers

mann's (1985) results are in good agreement with ours away from the impeller. 

The data of Komasawa et al. (1974) and Okamoto et al. (1981) are somewhat 

lower. Without correcting for the non-dissipative periodic turbulence, Cutter and 

Rao and Brodkey overestimated c in the region close to the impeller. Cutter's ap

proach has been described. Rao and Brodkey used c = 1511(u2/A~). This method 

suffers from the uncertainty of the isotropy assumption and the extreme difficulty of 

microscale measurements. Laufhutte and Mersmann applied Batchelor's equation 

and assumed a constant scale proportional to the impeller diameter throughout the 

vessel. However, the macroscale varies with location in the tank, and thus their c 

values could be too low in regions where the scale is small (such a.s in the impeller 

stream), and could be too high in regions where the scale is large (such as in the 

bulk). Komasawa et al. and Okamoto et al. used the same equation as Rao and 

Brodkey, but with the microscale calculated from the dissipation function. This 

method, as discussed above, suffers from the strong bias of the periodic fluctuation 

and the poor convergence of the dissipation function at high frequencies due to the 

instrumental resolution limitation. Sato et al. (1967) and Barthole et al. (1983) 

also used this approach and reported values close to those of Komasawa et al. and 

Okamoto et al. 
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Figure 44. Distributions of local turbulence energy dissipation rate normalized 
with the overall average rate (Rushton turbine). 
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Figure 45. Comparison of local turbulence energy dissipation 
rates at the center of the impeller stream. 



Chapter 6 

CONCLUDING REMARKS ON 
THE EXPERIMENTAL RESULTS 

The mean and fluctuating flow characteristics in a fully baffled turbine

agitated vessel have been studied experimentally with a laser-Doppler velocimeter. 

The impellers investigated included a radial-flow Rushton turbine and an axial-flow 

Maxflo impeller. Primary attention was focused on the Rushton turbine, for which 

detailed flow and turbulence parameters were obtained, including mean and rms 

fluctuation velocities, impeller pumping capacities, correlation functions, energy 

spectra, turbulence scales, and regional and local turbulence energy dissipation 

rates. The study of the Maxflo impeller was also significant, and included mean 

and rms fluctuation velocities, impeller pumping capacities, and regional turbulence 

energy dissipation rates. For both cases, the measurement accuracy was confirmed 

by flow rate balances around control volumes containing the impellers and impeller 

flows. 

Although comparing the measurement performance of the LDV with those 

of other techniques was not a major purpose of this work, the LDV technique 

was expected to be better than conventional methods such as hot-wire or hot-film 

anemometry in measurements of complex high-intensity turbulent flows such as 

the flow in the stirred tank. The LDV did not interfere with the flow, required no 

calibration, measured velocity components directly and flow direction unequivocally, 

and had reasonably small measurement volume and fast frequency response. Hot

wire or hot-film techniques generally have difficulty in measuring high-intensity 

turbulent flows because the probes disturb the flow and the necessary calibrations 

are nonlinear, difficult, and tedious. Since LDV has been employed in only a very 
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small fraction of the reported studies of stirred-tank flows, the LDV results of this 

work, which included detailed turbulence data, should be a valuable source for future 

work concerned with the relative measurement accuracy of various techniques. 

The results show that the flow in the tank agitated with the Rushton tur

bine was markedly three-dimensional with a strong stream ejected from the impeller 

blades, flowing radially and azimuthally to the wall of the tank. As the wall was 

approached, the stream split into two parts flowing upward and downward, respec

tively, into the bulk of the tank. The flows in the bulk, which were mainly axial, 

were much weaker than in the impeller stream. If its azimuthal component was not 

considered, the impeller stream behaved like ajet, its center-line velocities decreased 

and its entrainment region expanded radially. The mean velocities (and impeller 

pumping capacities) and turbulence intensities of the stream were approximately 

proportional to the impeller speed, their values normalized with the impeller tip 

velocity were only functions of position in the tank, and did not depend on impeller 

speed. These results are in good agreement with those of many earlier works. 

While the Rushton turbine discharged radially, the Maxflo impeller pumped 

mainly axially. As the axial flow impinged on the bottom of the tank, it turned 

radially outward and then circulated upward into the bulk of the tank. Since the 

azimuthal component was small, the flow pattern generated by the Maxflo impeller 

was roughly two-dimensional. Similar to the impeller stream of the Rushton turbine, 

the axial flow generated by the Maxflo impeller had mean and turbulence velocities 

proportional to the impeller speed. To compare the performances of these two 

impellers is difficult, yet the results indicate that the Maxflo impeller might be as 

effective as the Rushton turbine in pumping fluids and generating turbulence, if the 

comparison is based on the same amount of impeller power. 

For the Rushton turbine, due to the strong periodic disturbances of the 

trailing vortices generated by the impeller blades, the measured fluctuation velocity 
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components in the vicinity of the impeller blades contained a very large periodic 

contribution. These periodic components, which were evidenced in the oscillating 

correlation functions and in the peaked energy spectra, must be subtracted out 

because they are not real turbulence. By approximating the periodic fluctuation 

velocity by a two-term periodic function, and using an autocorrelation method, the 

random parts of correlation functions, turbulence intensities, and turbulence energy 

spectra were recovered from the originally biased quantities. The correction pro

cedure successfully removed the periodicity in the correlation functions and energy 

spectra. The results showed that the periodic fluctuations dominated the turbulent 

field close to the impeller. At 4 mm from the impeller tip, as much as 80% of the 

total fluctuation intensity was associated with the periodic components. It is clear 

that the turbulence data would have been in serious error without correction for 

the periodic fluctuations. The periodic fluctuations diminished quickly, however, 

away from the tip. At r=1.5R, they were reduced to about 20% of the total. That 

was also where the random turbulence became dominant and fully developed, and 

began to decay. 

Compared to those of the Rushcon turbine, the contributions of the periodic 

fluctuations in the flow of the Maxflo impeller were much smaller, about 20 to 30% 

of the total at most. This indicated that the vortices generated by the pitched 

curved blades had small diameter and weak vortical motion. 

The relative turbulence intensities in the impeller flow of the Rushton tur

bine and of the Maxflo impeller were roughly the same, ranging from 20 to 80%. 

Several hundred percent was common in the bulk regions. These high intensities of 

turbulence are a major reason why stirred-tank flow problems are difficult to tackle, 

and using a sophisticated experimental method is often mandatory. 

The turbulence scales were obtained in the stream of the Rushton turbine. 

The macroscales were calculated from the integral time scales multiplied by the 
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convection velocities which account for the three-dimensionality and nonisotropy 

of the flow. At the center of the impeller stream, the macros cales were slightly 

smaller than the half-width of the impeller blades. Outside the impeller stream, 

the scales are apparently much larger. The micros cales were also obtained, but 

a rough extrapolation method had to be used because of the temporal resolution 

limitation of the LDV. These scales were found to be about 0.3 '" 1.0 mm, which 

were about one-tenth the macroscales. 

The corrected turbulence energy spectra retained typical spectral character

istics. A slope of -5/3 seemed to exist at the frequencies around 100 Hz, indicating 

the existence of a turbulence equilibrium range. A steeper slope at even higher 

frequencies, which would have indicated a range of turbulence dissipation, was not 

found because of the LDV ambiguity noise problem. This is also the reason that 

the spectra could not be used to calculate the microscales or the energy dissipation 

rates. 

Similar regional energy dissipation rates were obtained in the tank with the 

Rushton turbine and with the Maxflo impeller. For both impellers, energy balances 

around the impellers and the impeller flows showed that about 60% of the total 

power put into the tank via the impellers was dissipated in those regions, and about 

40% was dissipated in other parts of the tank. The similarity of these c results for 

two entirely different impellers was striking. Yet, it is apparent if one realizes that 

no matter where and how the turbulence is generated, c generally increases with 

turbulence intensity and decreases with eddy size, and the turbulence is strong and 

the eddy size is small in the impeller region and the impeller flow. It is also clear 

that since c is a key parameter for determining mixing at the molecular scale, the 

impeller region and the impeller flow are the most important parts of the tank for 

molecular mixing. 
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From the turbulence data of the Rushton turbine, an equation for calculating 

local energy dissipation rates, c = Aq3/2 / Lres , was found to be adequate with 

A~O.85. This equation is an important result, for it can be used to model local 

mixing rates in turbulent flows. 



Cbapter 7 

MODELING OF THE TURBULENT 
FLOW IN THE STIRRED TANK 

A finite difference-based k-c turbulence model was developed to model the 

turbulent flow and to obtain the important turbulence parameters in the stirred 

tank with the Rushton turbine. A general-purpose flow modeling program, called 

FLUENT developed by Creare Inc., was also used to model the flow. The results 

of these two modeling efforts were compared with each other and with the exper

imental results. Detailed descriptions of our model will be given in this chapter. 

Since the details of FLUENT are available in its manuals, its features and method 

will be described only briefly. Before any description, however, we first describe the 

importance of computer simulation, the applicability of various turbulence models, 

and previous modeling studies of stirred-tank flows. With the background informa

tion described clearly, the significance of our computational work can be properly 

assessed. 

7.1 Background 

Until relatively recent years, fluid flows, like other physical processes, were 

analyzed by either theoretical or experimental methods. Since the advent of digital 

computers, numerical analysis has fast become a very promising method in the 

field. Many flow problems, which may also involve mass or heat transport, are 

so complex that theoretical treatment is simply intractable that only experimental 

measurements and dimensional analysis can be done. Experimental measurements, 

besides their limitations and high cost, are often very time-consuming. Consider the 

study of turbulent flows in stirred tanks as an example. Measuring detailed velocity 
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profiles and turbulence parameters throughout a tank would certainly take a lot of 

time. If one wants to test various impellers and vessels, various fluids and conditions, 

and various sizes of systems, which are often necessary in design and scale-up, a 

tremendous amount of time and effort would be expended. If computer simulation 

can be done, however, the job could be much simpler because computer simulation 

has enormous flexibility in the choice of fluid properties, system parameters, and so 

on. 

Although computational methods can solve difficult problems and are flexi

ble in use, they can in no sense ever replace physical experimentation or theoretical 

analysis. For one obvious reason, the constitutive continuum equations can never be 

called exact. For another, numerical simulation does not work with the continuum 

equations directly, but with their approximate, discretized forms. The mathemat

ical theory for numerical solutions of nonlinear partial differential equations is far 

from being established. There are no rigorous stability analyses, error estimates, or 

convergence proofs. In many cases, it is still necessary to rely heavily on mathemat

ical analysis of simpler, linearized, more or less related problems, and on heuristic 

reasoning, physical intuition, and trial-and-errol' procedures. An important exam

ple of the limitations of numerical methods is the inabili ty to properly account for 

turbulence or, more generally, any physical phenomena associated with turbulence, 

regions of high velocity gradient, corner eddies, etc., which have length scales too 

small to be accurately resolved on existing computers, but which may influence the 

larger features of the flow. As stated by Roache (1972), computational fluid dy

namics is a separate discipline, distinct from and supplementing both experimental 

and theoretical fluid dynamics, with its own techniques, its own difficulties, and its 

own realm of utility, offering new perspectives in the study of physical processes. 

Turbulent flow modeling is one of the most difficult areas of computational 

fluid dynamics. The difficulty is mainly caused by the fluctuating components in the 
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governing equations, the conservation laws for mass, momentum, and energy. Be

cause the details of the fluctuating components are of no interest to engineers (and 

cannot be attacked anyway), a statistical approach as first suggested by Osborne 

Reynolds (see Bird et al., 1960) is often used and the equations are averaged over a 

time scale long compared to that of the turbulent motion. The resulting equations 

describe the distribution of mean velocity, pressure, temperature, and species con

centration in the flow, which are the quantities of prime interest to the engineer. 

Unfortunately, the process of averaging creates extra unknown terms (Reynolds 

stresses or turbulent stresses, -PUiUj) representing the transport of mean momen

tum, heat, and mass by turbulent motion, then the equations no longer constitute 

a closed system. The system can be closed by using a mathematical model with the 

aid of empirical input to approximate the unknown terms. This is the so-called "clo

sure" problem. The mathematical model is called a "turbulence model", which is 

defined as a set of equations, algebraic or differential, and determines the turbulent 

transport terms in the time-averaged governing equations. Turbulence models are 

usually based on hypotheses about turbulent processes and often require empirical 

input in the form of constants or functions. They do not simulate the details of the 

turbulent motion but only the effects of turbulence on the mean flow behavior. 

Turbulent processes are strongly problem-dependent. For example, they de

pend on geometrical conditions of large and small scales (e.g., wall shape and rough

ness), on viscous and swirl effects, and on buoyancy. Turbulence models can only 

give an approximate description, and, with a particular set of empirical constants, 

are valid only for a certain range of flows. It is of course desirable in a turbulence 

model to achieve a good approximation with a single set of constants for a fairly 

wide range of flows; only then does a method incorporating the turbulence model 

have real predictive power. A model for which the constants have to be adjusted 
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from flow to flow is in essence little more than a method for interpolating experi

mental data. The most "universal" model, however, is not always the most suitable 

one for a particular problem. In practical applications, economy and ease of use of 

a model are also important factors, and the more universal models are often more 

complex and thus require more computing time. Thus, for ea.ch problem, a model 

having the right level of complexity has to be chosen from amongst those available. 

Many turbulence models are based on Boussinesq's eddy-viscosity concept 

(see Hinze, 1975) which assumes that, in analogy to the viscous stresses in laminar 

flows, the turbulent stresses in the time-averaged Navier-Stokes equations are pro

portional to the mean velocity gradients. The proportionality constant, denoted as 

Vt, is the turbulent or eddy viscosity which, in contrast to the molecular viscosity 

v, is not a fluid property but depends strongly on the state of turbulence. Gener

ally, Vt is a function of position in the flowfield, and, in a nonisotropic turbulent 

field, can have different values for different components of the turbulent stresses. 

The eddy-viscosity concept alone does not constitute a turbulence model but only 

provides a frame-work for constructing such a model; the closure problem is now 

shifted to determining the distribution of Vt. Many turbulence models are derived 

on the purpose of determining Vt. 

A wide range of commonly used models has been reviewed in detail by Rodi 

(1980). To make a good choice for our use, we can consider zero-equation models 

(meaning no equation is needed beyond the conservation equations), one-equation 

models, two-equation models, and Reynolds stress models. Prandtl mixing-length 

model (Bird et al., 1960) is an example of zero-equation models. In this model, 

the eddy viscosity is taken as proportional to the mean velocity gradient, with the 

"mixing length" as the proportionality constant. The mixing length is then specified 

by some simple empirical formula. This model can be used for only simple shear

layer flows where the mixing length can be easily obtained. For more complex 
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flows, the model is of little use because of the great difficulties in determining 

the mixing length. In order to overcome this limitation, turbulence models are 

developed which model the transport of turbulence quantities by solving differential 

equations for them. An important development is one-equation models. An example 

of them using the eddy-viscosity concept is the k-equation model (k == Hui + 
u~ + ui)). In this model, the eddy viscosity is determined by k and an empirical 

turbulence macroscale L. The energy dissipation term in the k-equation is also 

modeled by these two parameters. While using a differential equation to account 

for the transport of turbulence quantities is an important advantage of the one

equation model, the need to determine an empirical scale is a serious drawback. 

Therefore, the trend has been to use two-equation models, with another transport 

equation to determine the length scale. The two equations in these models can be k

and L-equations or k- and c-equations. The latter, called the k-c model, has become 

the most popular one since its development and testing by Launder and Spalding 

(1972). This model was used in our modeling, and will be described in the next 

section. Suffice it to say that the c in the k-equation is governed by a separate c

equation which contains terms representing the rate of change, convection, diffusion, 

production, and viscous destruction of vorticity. The eddy viscosity in the model 

is determined by k and c. This model has been applied successfully to a wide 

range of flows including boundary-layer flows, duct flows, free and confined shear 

flows, recirculating flows, wakes, and jets. A useful account of the model and its 

applications has been provided by Launder and Spalding (1974). Rodi (1980) has 

concluded in his review that the k-c model is currently the best turbulence model 

because of its wide applicability (and universality) and its relative ease of use. 

To say the k-c turbulence model is the best is not to say it is without blem

ish. This model, like other zero-, one-, and two-equation models, is based on the 
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eddy-viscosity concept and neglects transport of individual turbulent stresses. In 

flows where accurate description of the turbulent stress transport is important (e.g., 

extremely complex three-dimensional nonisotropic flows), the k-c model would be 

too simple to predict the turbulent field. In order to allow for the different de

velopment of the individual turbulent stresses and to account properly for their 

transport, models employing transport equations for the individual stresses must 

be used. One example is the Reynolds stress model. In this model, each component 

of the Reynolds stress is governed by a transport equation, and no assumptions 

are necessary about the link between the fluctuation velocity components and the 

mean velocity gradients. Since the Reynolds stress has nine components, nine extra 

transport equations result. (If the stress is symmetric, which is generally a safe 

assumption, six extra equations result.) This additional complexity has made the 

model very difficult to use and computationally expensive. To date, the model has 

not been extensively tested and has therefore not yet reached a state of practical 

application. Some reports have indicated that, considering ease of use and comput

ing time, the Reynolds stress model is not significantly better than the k-c model, 

particularly if nonisotropic eddy-viscosity models or simple stress-flux relations are 

used in the latter model (Rodi, 1980). 

In the modeling of turbulent flows in stirred tanks, k-c turbulence models 

with various modifications have been used. Placek et al. (1978) and Platzer (1981) 

used the standard k-c model proposed by Launder and Spalding (1972). Harvey 

and Greaves (1982) also used this model but with different model coefficients. They 

all found that the models successfully computed the mean flow quantities, but the 

second-order turbulence parameters like turbulence kinetic energy and turbulence 

energy dissipation rate deviated significantly from experiment. Placek et al. (1986) 

attributed this discrepancy to the use of standrad k-c models which were too simple 



175 

to account for the turbulence anisotropy caused by the regular trailing vortices in 

the stirred tanks. In order to account for the anisotropy, they used a multiple-scale 

model proposed by Hanjalic et al. (1980), which was a three-equation model using 

two k-equations and an £-equation to determine the eddy viscosity. The two Ie

equations included one for the kinetic energy of the large-scale vortices (associated 

with the trailing vortices), and one for the kinetic energy of the isotropic transfer 

eddies (associated with the inertial-subrange eddies). The model was based on the 

concept that the large-scale vortices were generated by mean velocity gradients and 

transferred energy to the smaller transfer eddies which then dissipated the energy 

into heat. Besides the turbulence model equations for solving k, c, and v, a stream 

function-vorticity approach along with a tangential momentum equation were used 

to solve for the mean velocities. Placek et al. (1986) found that the calculated 

k and c distributions in the bulk of the tank were more homogeneous than those 

obtained by other workers using simple k-c models. Since such distributions were 

qualitatively similar to the experimental results of Okamoto et al. (1981) and 

Gunkel and Weber (1975), Placek et al. considered their three-equation modeling 

successful. 

The above workers all assumed the flow and the turbulence in the vessel to be 

axisymmetric. Yet, experimental evidence indicates that the baffles in the tank can 

cause the flow to become significantly three-dimensional. Particularly in the near

baffle region, the flow is certainly not O-independent. Therefore, a three-dimensional 

model is necessary to correctly model the flow. 

Two works using three-dimensional models for flow in baffled stirred tanks 

identical to ours have been reported in the literature. Middleton et al. (1986) 

used a three-dimensional flowfield solution obtained with a standard k-c model 

to predict the performance of a simple competitive-consecutive reaction system in 
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turbine-agitated tanks of various sizes. The validation of the results was based 

on comparison to experimentally determined conversions of the chemical species. 

No comparison was reported between the computed and experimental velocity and 

turbulence data. Ju et al. (1987) developed a three-dimensional nonisotropic k

c model to simulate the flowfield and obtained profiles of velocity, k, and c in a 

stirred tank. In the nonisotropic model, six different eddy-viscosity components 

corresponding to the six components of the Reynolds stress were used. This model 

was based on the work of Schetz (1980), Gupta et al. (1984), and Gupta and Lilley 

(1985) who suggested using one of the six eddy-viscosity components as an effective 

viscosity and obtaining the other five components through some empirical viscosity 

ratios. Ju et al. used a viscosity ratio expression given by Lilley (1973, 1974). The 

three-dimensional transport equations were discretized by a finite domain method 

proposed by Gosman et al. (1969), Patankar (1980), and Spalding (1981). The 

discretized equations were then solved with the SIMPLE algorithm developed by 

Patankar and Spalding (1972). The results showed that the variations of k and 

c in the O-direction were in a range from about 4% at r/R=1.3 to about 19% 

at r/R=3.3 (within the baffle region). An isotropic k--c model was also used for 

comparison. By comparing the velocity results with their experimental data, Ju 

et al. concluded that the nonisotropic model was better than the isotropic one in 

describing the flowfield. However, the comparison was mainly made in the bulk of 

the tank (outside the impeller stream) where the velocity is so low that one may 

suspect that the comparison might not be meaningful. In fact, their comparison 

indicated that the velocities computed by the nonisotropic and isotropic models 

differed by a value around 0.05 Utip, which is of the same order as experimental 

error. 

The computational studies described above were all made within the last 

fifteen years or so. Due to the difficulty of the flow problem itself, these works have 
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not yet reached a satisfactory stage. More work is needed to establish a method 

to predict turbulent transport in the stirred tank. In the present study, we used a 

standard two-dimensional, isotropic k-e model with boundary conditions taken from 

the experimental data to model the flow in the tank with the Rushton turbine. The 

reasons for using a two-dimensional isotropic model are (1) a two-dimensional model 

is much simpler to construct and computationally more tractable than a three-

dimensional model, and the O-variations, within 19% for k and e in the baffle region 

as predicted by Ju et al. (1987), are tolerable in the present stage of development; 

and (2) whether a nonisotropic model is better than an isotropic model, which 

has been suggested by Placek et al. (1986) and Ju et al. . (1987), is in fact not 

clear yet; the differences of the results of these two models are apparently not very 

significant. Our objective is to not only simulate the flow as closely as possible, 

but also demonstrate the applicability (or inapplicability) of the k-e model and 

the numerical difficulties of the finite-difference approach, such as convergence and 

stability, in this particular flow problem. 

7.2 Governing Equations with k-e Turbulence Model 

As mentioned before, Boussinesq's eddy-viscosity concept can be used to 

relate the turbulent stresses in the time-averaged Navier-Stokes equations to the 

mean velocity gradients, i.e. 

_ (8Uj 8Uj) 2kt: 
-UjU' = Vt - + -- - - Vj' 

J 8xj 8xj 3 J 
(104) 

where Vt is eddy viscosity, k == H ui + u~ + u5), and ajj is Kronecker delta. Inclusion 

of the second part of the eddy viscosity expression, -~kajj, assures the equality 

between the left-hand side and the right-hand side of the expression for i=j as well 
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as for i;l:j. When i=j, the left-hand side is the sum of the normal stresses, and is 

equal to 2k-the right-hand side (the sum of the mean velocity gradients in this 

case is zero because of the continuity equation). The normal stresses act like a 

pressure force, so the second part of the eddy-viscosity expression is analogous to a 

pressure. Therefore, when the expression is used to replace UjUj in the momentum 

equations, this second part can be absorbed by the pressure gradient terms so that 

in effect the static pressure is replaced by (P+2k/3). Thus, k will not appear in the 

equations of motion. 

Using the eddy-viscosity concept, the time-averaged axisymmetric continuity 

equation and Navier-Stokes equations can be written in cylindrical coordinates as 

follows: 

continuity equation: 

(105) 

radial momentum equation: 

angular momentum equation: 

Ur 8Uo + Uz 8Uo + UrUo = Ve [~~ (r 8UO) _ Uo + 8
2
Uo] (107) 

8r 8z r r 8r 8r r2 8z2 

axial momentum equation: 

(108) 
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The effective viscosity Ve = v + Vt, where the eddy viscosity Vt is determined from 

the k-e model as shown below: 

k-equation: 

Ur-+Uz-= V+- -- r- +- +G-e 8k 8k ( Vt) [18 (8k) 8
2
k] 

8r 8z Uk r 8r 8r {)z2 
(109) 

e-equation: 

(110) 

The eddy viscosity equation is 

(111) 

and G in k- and e-equation is the turbulence generation term, expressed as 

There are five empirical constants involved in the model, the following values of 

which have been recommended by Launder and Spalding (1974): Uk = 1.0, u~ = 1.3, 

Cl~ = 1.44, C2f: = 1.92, and Cil = 0.09. These were used in our modeling. 

Several points about the above governing equations must be noted: 

1. The flow in the tank is assumed to be axisymmetric, thus all the derivatives 

with respect to (} in the equations are set to zero. Using this assumption, 

one should keep in mind that the solution will be less accurate in the region 

near the baffles or near the tank wall. 
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2. The equations (105) - (111) constitute a closed system-there are 7 equations 

and 7 unknowns (Un UB, Uz, P, k, c, Vt). If there are proper boundary 

conditions, the system of the equations can, in principle, be solved. 

3. The equations are not expressed in "conservation" or "divergence" form. 

That is, convection terms like U . \7U or U . \7k are not expressed as \7 . UU 

or \7 . Uk. (The bold-faced notation means a vector). If the equations are 

in conservation form, the corresponding finite-difference analogs will pre

serve the integral Gauss divergence property of the continuum equations, 

will thus be more physically meaningful, and can aid in the formation of 

boundary conditions. Roache (1972) has suggested the use of conservation 

forms. However, he also pointed out that conservation did not necessarily 

imply accuracy, and controversy about the use of conservative formulations 

still persists in the literature. We also notice that in the diffusion terms of 

the equations, the coefficien.ts involving Vt are not placed inside the deriva

tives although Vt is indeed a function of location in the tank. This is again 

an approximate non conservative form. As the grid size is small enough, how

ever, the associated error should be small. In fact, the error caused by the 

nonconservative convection or diffusion terms is probably tolerable compared 

to the error caused by the linearization of the nonlinear convection terms in 

the finite-difference equations (to be discussed in the next section). 

4. The expression for Vt, Eq. (111), is a key relation in the k-c model. It is, 

strictly speaking, obtained from dimensional arguments only. However, since 

k and c are apparently suitable parameters for characterizing turbulence, 

using them to determine Vt makes physical sense. The k-c model used here 

is isotropic, so Vt is treated as a scalar and has the same value in all directions. 

5. The effective viscosity Ve is the sum of the molecular viscosity v and the 

turbulent viscosity Vt. The contribution of the molecular viscosity is often 
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negligible. Its inclusion, however, can prevent numerical instabilities, such 

as might result from a zero value of eddy viscosity set in the beginning of 

the computation. 

6. The values of the five empirical constants are taken from Launder and Spald

ing's (1974) results. These values are based on extensive tests of free as well 

as confined turbulent flows. However, as Rodi (1980) emphasized, complete 

universality of the constants cannot and should not be expected, and dif

ferent values may have to be used for different flows. In the present work, 

however, standard values were used. 

Although the continuity equation is one of the equations that constitue the 

closed system, it is not used directly as Eq. (105), but is enforced via a Poisson 

equation for pressure, which is obtained by taking the divergence of the momentum 

equation. This approach was first presented by Harlow and Welch (1965) and was 

later generalized by Rirt and Harlow (1967). The following shows how a pressure 

equation is obtained and how the continuity equation is satisfied in the pressure 

equation. 

For the sake of convenience, we rewrite the time-averaged Navier-Stokes 

equation in vector form: 

au 1 -a + V'U· U = --V'P+ veV'2U +g 
t P 

(112) 

Unlike the governing equations shown before, Eq. (112) includes a time-dependent 

term. As will be seen later, all the governing equations will be treated as unsteady, 

and the steady-state solution will be obtained as the asymptotic time limit of the 

unsteady equations. Taking the divergence of Eq. (112), we obtain 

aD 1 - + \7 .(\7U . U) = - - \72 P + Ve \72 D at p 
(113) 
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where D = '\7 . V, the "dilation" term, and we again neglect the gradient of lie. The 

Poisson equation for pressure is then 

'\72 P = p [- '\7·('\7V . V) - 0: + lie '\72 D] (114) 

In cylindrical coordinates, 

1 a auz D=--(rUr)+-
r ar az 

'\72 D =! oD + 02 
D + 02 

D 
r or or2 OZ2 

'\72 P =! oP + 02 
P + 02 

P 
r or or2 oz2 

'\7.('\7V. V) =(OUr)2 + U; + (OUz)2 + Ur oD + Uz oD 
or r2 oz or OZ 

+ 2 oUr oUz _ 2 Uo oUo 
az or r ar 

The remarkable aspect is that although the continuity equation reduces to 

D=O, it is important to calculate the terms containing D in the Poisson equation, 

Eq. (114). Because of the rough initial guess or insufficient iteration of the solution, 

the finite-difference values Di,; =I 0. If D is set to zero, the error could accumulate 

because the Poisson equation is solved iteratively. The result then is not only 

inaccurate, but may also lead to a nonlinear instability in the momentum equations. 

The inclusion of D can eliminate this problem. The time derivative of D is to be 

evaluated by forcing a zero value of D at the forward time step (as required by 

the continuity equation), i.e., Dn+l = 0, where n denotes time step. Thus, using 

forward time differencing, we obtain 

oD -D~· I,) 

at = t;t (115) 
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This derivative is then used in the finite-difference form of the Poisson equation. 

Now that the system of governing equations is established (Eqs. (106)

(111) and Eq. (114)), we can specify the boundary conditions. An r-z solution 

domain with the boundary conditions is shown in Fig. 46. This domain represents 

one-half of the tank, and does not include the shaft and impeller. (The dotted line 

shown in Fig. 46 is the left boundary of the domain.) It extends from r=1.0 cm 

to the wall (the radius of the shaft is 0.5 cm), and from z=-9.0 cm (the bottom) to 

z=18.0 cm (the top) excluding the impeller region from z=-2 to +2 cm and from 

r=O to 5 cm. 

Along the left boundary, i.e., at r=1.0 cm, from the bottom to the top (except 

in the impeller region), Un Uo, and 8Pj8r are set to zero (Rotation of the shaft 

causes only very small Uo at 0.5 cm from the shaft), and Uz , k, and c are prescribed 

using the experimental data. On the periphery of the impeller region, Ur , Uo, 

Uz , k, and c are all taken from the experimental data, and 8Pj8r and 8Pj8z are 

calculated from the momentum equations, Eqs. (106) and (108), respectively. 

At the motionless boundaries, i.e., at the bottom and the wall, no-slip con

ditions are used: Ur = Uo = Uz = k = c = O. At the outer wall and bottom, the 

normal components of the pressure gradient, 8Pj8r and 8Pj8z, respectively, are 

also set to zero. 

At the surface of the liquid, the shear stress between air and the liquid 

(water) is negligible. Thus at such a free surface, the gradients of velocities, k, and 

c with respect to z are zero. Further, Uz = 0 because the flow cannot cross the 

interface. The pressure is set to zero (as the reference pressure) at the free surface, 

which is assumed to be horizontal. (If the impller speed is not too high, the free 

surface of the fluid in the baffled vessel is approximately horizontal.) 

It should be noted that the no-slip boundary conditions applied on the wall 

and the bottom of the tank are in fact not ideal in the computation here. At a 
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Figure 46. Boundary conditions for the k - c flow modeling. 
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stagnant solid boundary the fluid velocities are zero, yet near the boundary a thin 

boundary layer exists within which the flow is not turbulent and the turbulence 

modeling cannot be applied. One may suspect that the modeling can still be carried 

out all the way to the boundary, if the grid size there is very small. This is not 

practically possible, for a tremendous amount of computer memory and computing 

time would be required. A better way to solve this problem is to use the "law of 

the wall" to set up the boundary conditions at the wall (see for example Placek 

et al., 1986). In the present work, the use of no-slip conditions must be seen as 

an approximation. (This approximation is not the worst made in the modeling. 

That is the assumption that there are no baffles in the tank, which is equivalent 

to assuming axisymmetry, which makes the solution in the near-baffle region less 

accurate than desired.) 

7.3 Finite-Difference Formulations and Computation Procedures 

As mentioned in the previous section, a time-dependent approach was used to 

solve the steady problem, the steady-state solution being obtained as the asymptotic 

time limit of the unsteady equations. From Eq. (112), we can see that as time 

approaches infinity, au/at approaches zero (because a steady state exists), the 

velocity field obtained is then at steady state. This method was first suggested 

by Frankel (1950), and was later used successfully by many workers (see Roache, 

1972). Steady transport equations in fluid dynamics are generally elliptic differential 

equations, and are solved iteratively. Unsteady equations, on the other side, are 

more like parabolic differential equations (a mixed parabolic-elliptic type, in fact), 

and require a "marching" solution method. Some workers have found that some of 

the steady-state methods are strictly equivalent to time-dependent methods, with 

under- or over-relaxation adjustments being equivalent to D.t changes. It has also 
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been suggested that the time-dependent equations are easier to handle and more 

stable. An obvious advantage of the time-dependent formulation is the flexibility 

in obtaining the transient solution if it should be desired. 

The finite difference expressions of the governing equations were formulated 

by using a forward time and centered space (FTCS) differencing scheme along with 

an alternating direction implicit (ADI) method. The ADI method, which was intro

duced in companion papers by Peaceman and Rachford (1955) and Douglas (1955), 

makes use of a splitting of time step to obtain a multi-dimensional implicit method 

which requires only the inversion of tridiagonal matrices. Early applications to 

fluid dynamics problems were given by Wilkes and Churchill (1966), Samuels and 

Churchill (1967), Pearson (1965A, 1965B), and Aziz and Hellums (1967). 

We use the radial momentum equation to illustrate the FTCS differencing 

with the ADI method. We first nondimensionalize the equation according to 

U~ = Ui 
I U' tiP 

'" r r =-
R 

'" z z = R 

P '" _ P-Po 
- 2 pUtip 

t'" = t 
R/Utjp 

(i = r, 0, z) 

The dimensionless radial momentum equation (including the time-dependent term) 

becomes 

__ r +u"' __ r +u"' __ r __ 8_= ___ + _ __ r + ___ r __ r + __ r oU'" oU'" oU'" U",2 oP'" 1 (02 U'" 1 oU'" U'" 02 U'" ) 
ot'" r or'" Z oz'" r'" or'" Re' or",2 r'" or'" r",2 OZ",2 

(116) 
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where Re' = RUtip/ve• (Notice that Re' here has different definition from that in 

Eq. (23).) For the sake of convenience, we will from here on, unless mentioned 

otherwise, omit the "*,, superscript in the dimensionless equations. Eq. (116) is 

then rewritten as 

The FTCS finite-difference expression of Eq. (117) implicit in the r-direction is 

Urn~1 - Ur": urn,+1 , - urn,+1 , Urn, '+ - U;!. , 
i,) .,j + un .+1,) .-1,) + un ',) 1 .,)-1 

I:l.t ri,j 21:l.r Zi,j 21:l.z rj 

= 
Pn pn 1 (un+l 2Un+1 + Un+1 1 Un+1 _ Un+1 

1'+1 ]' - 1'-1]' r'+1 ,- r' , r' 1 ' r'+1 ' r' 1 ' 
, I + _ '., '" 1- ., + _ '., 1- ,) 

21:l.r Re' (I:l.r)2 rj 21:l.r 

U;!.~l U;!. '+1 - 2U;!. , + U;!., 1) __ ._,)_ + It' ',) ',,-rr (l:l.z)2 
(118) 

where subscripts i and j are spatial indices (representing, respectively' the r- and 

z-grid points), superscripts nand n+l are time indices (n denotes the nth time

step, meaning old value, and n+l denotes the (n + l)th time-step, meaning the new 

value to be determined). This equation is said to be implicit in r because the radial 

derivatives in the convection and diffusion terms are calculated at the unknown 

(n + l)th step. The new values of Ur at (i-I, j), (i, j), and (i+l, j) are to be solved 

simultaneously from a system of equations. The axial derivatives are evaluated at 

the old step n, i.e., using the previous, known values. Since the system of equations 

(r-, B-, and z-momentum equation, P-, k-, and e-equation) is solved "alternatingly", 

the terms involving Uo, Uz , and P in Eq. (118) all take the previous values (at the 

nth step). 

Particular attention must be paid to the nonlinear convection terms. In 

order to obtain linear finite-difference equations, these terms have been "linearized". 
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For instance, Ur(8Ur/8r) is calculated as U'{!(8Ur/8r)n+l. Such a linearization 

can degrade the second-order accuracy of the method, and can cause instability 

of the solution if !J.t is too large. Son and Hanratty (1969) used the linearization 

method and found that the second-order accuracy of the linearized system could 

in part be retained if the velocity field was slowly varying. For better accuracy 

and fast convergence, one can use a prediction-correction or extrapolation method 

to estimate U'{!+l (Roache, 1972), but more computer memory would be required. 

The method we used may require the use of small !J.t in order to avoid instability 

(due to the linearization of the nonlinear terms), and more computing time may 

be needed for satisfactory convergence. The convergence speed will be discussed 

in the next section. (We should here mention that in numerical analysis, unless 

absolutely necessary, one need not apply a more complex method, such as using 

a nonlinear expression U'{!+1(8Ur/8r)n+l instead of a linear one. The nonlinear 

expression will lead to a system of nonlinear equations which is difficult to solve 

and is generally to be avoided. Since the mathematical background of the finite 

difference method is not yet complete, it is almost impossible to justify how the 

method used will influence the accuracy, convergence, and stability of the solution 

in a complex problem. Therefore, a "numerical experiment" is sometimes the only 

and best way to answer such questions.) 

The advantage of the ADI method over a fully implicit method is that each 

equation, although implicit, is only tridiagonal. This can be seen from Eq. (118) 

where the coefficients of the three unknowns, U;'+11., U;'~l, and U;'++11., form a 
.- .1 ',J • ,I 

tridiagonal matrix for each j. 

Equation (118) is implicit in r and is advanced only one-half of a time step. 

The other half is accomplished by an equation implicit in z as shown below: 

Urn.~l - Urn.. Ur~' - Ur~' Ur~~+11 - Ur~~l U(J2~. ',) ',) + un .+1,) .-1,) + un ',) .,)-1 __ '_') 

!J.t rj ,j 2!J.r Zj,j 2!J.z rj 
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p"n+1 J' - P,r:.1 J' 1 (U;!.+l' - 2U;!. , + U;!. l' 1 U;!I+l ' - U;!. 1 ' 
I I + _ '.1 I,J 1- ,) + _ " 1- ., 

26r Re' (6r)2 rj 26r 

U;!. , U;!.-t:+ll - 2U;!.-t:l + U;!.-t:ll ) __ ,_" + I,J ',1 ',,-

r~ (6z)2 
(119) 

The only difference between Eq. (119) and Eq. (118) is the labeling of the time 

steps. In Eq. (119), the axial derivatives are evaluated at the advanced (i.e., at the 

(n + 1 )th) time step. The unknowns are Ur~-t:ll' Ur~-t:l, and U;!.-t:+ll' and are obtained 
'" - 1,1 ',1 

by solving a tridiagonal matrix. 

Thus, to solve for Ur from the r-momentum equation, two steps are in-

volved. The stability of this two-dimensional ADI method is unconditional (for 

linear systems), just like fully implicit methods (Roache, 1972). The ADI method 

only requires the solution of tridiagonal systems, as in the usual implicit methods 

for one-dimensional problems. 

The finite-difference ADI expressions for the other governing equations, in-

eluding ()- and z-momentum equation, k-, £-, and P-equation, are all similar to those 

of the r-momentum equation described above. 

It should be noted that the pressure equation, Eq. (114), although steady and 

elliptic, can be solved by a time-dependent approach. (Other methods for solving 

Poisson equations exist. In the present work, the same time-dependent approach is 

used for solving all the governing equations.) Nondimensionalizing Eq. (114), we 

obtain 

t"72 ( ) aD 1 2 
v P = -V'. V'U· U - - + -V' D == Sp at Re' 

(120) 

It can be considered as a time-dependent method 

(121) 
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We are not here interested in the physical significance of the transient P solution. 

What we want is the steady-state solution, which will be approached for large t. 

As t is large, Eq. (121) becomes \72 P - Sp = 0, the same as Eq. (120). (While the 

false time t in Eq. (121) has no physical meaning and serves only as an index of 

the proceeding of the solution iteration, t in the momentum, k-, and c-equations, 

although also used as an iteration variable, can be seen as a real time indicating 

the transient development of the solution.) 

In addition to velocities, pressure, k, and c, the stream function can also be 

calculated. The stream lines can be plotted as contours of constant stream function 

values. For axisymmetric flows, the stream function 'IjJ is defined as (see Bird et al., 

1960): 

Then, 

8'IjJ 
- = -rUz 8r 
8'IjJ 
-=rUr 8z 

E2'IjJ = 8
2

'IjJ _ ! 8'IjJ + 82
'IjJ = r (8Ur _ 8Uz) 

8r2 r 8r 8z2 8z 8r 

(122) 

(123) 

(124) 

Notice that the operator E2 is different from \72 , and that ~E2'IjJ is equal to the 

tangential component of the vorticity. Nondimensionalizing Eq. (124) using 'IjJ'" = 

'IjJ/R2Ut ip and other transformations as used in Eq. (116), and omitting the "*,, 
superscript, we obtain the following dimensionless equation for the stream function: 

(125) 

The variables and the operator E2 in this equation are now dimensionless, although 

the dimensionless equation is of the same form as the dimensional one. 
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For solving such a Poisson-like equation, a time-dependent approach can 

again be used. In this work, however, a successive over-relaxation (SOR) method 

was applied. (Initial guess 1/J = 0 is set at the interior nodes. The gradient 

boundary conditions are calculated from the velocities according to Eqs. (122) and 

(123).) The SOR method was first developed by Frankel (1950) and Young (1954) 

who applied over-relaxation to Liebmann's continuous-substitution method (or 

Gauss-Seidel method) in a manner suited to digital computers. The SOR method 

can improve the convergence rate by using a relaxation factor (over- or under

relaxation) and by using all the "new" (up-dated) values as soon as they are avail

able. The detailed description of the method can be found in Roache (1972). 

The set of finite difference equations was solved with a FORTRAN program 

(given in Appendix B) run on a VAX 11/780 (by Digital Equipment Corporation). 

The computed results were shipped to a MV10000 (by Data General) for plotting 

graphics output. A uniform 100x100 grid was used. (A nonuniform grid system 

with finer grids near the tank wall and the impeller would be more efficient for 

computation. However, it would take more programming effort and would give rise 

to a potential problem that the numerical scheme might become unstable if the 

differences between the neighboring grid sizes are too large.) 

A tremendous amount of computation is needed to obtain a solution. To solve 

an equation (e.g., the r-momentum equation), 2 x 104 algebraic equations have to be 

solved because for each r or z 100 simultaneous equations (in a tridiagonal system) 

have to be solved, which means 100x 100 equations have to be solved for the whole 

domain, and the domain has to be "swept" twice because of the use of the ADI 

method. For each computational cycle, 6 governing equations are involved. Among 

them, the solution for pressure is itself iterative. This means that the pressure 

iteration is "nested" within the overall computational cycle. It has been found 
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that each time at least 5 iterations are needed for the pressure solution to converge 

properly. Each computational cycle therefore can be said to involve at least 10 

equations, which means at least 2 X 105 algebraic equations have to be solved in 

each cycle. As will be seen in the next section, about 3000 cycles were necessary for 

the velocities to converge from a good starting point provided by the experimental 

data. (The convergence rate, CPU time, and the complexity of choosing a good 

initial guess will be described in the next section.) 

The computation procedure is outlined as follows: 

Step 1: Read constants and define the finite-difference mesh. 

Constants like impeller and tank diameter, impeller speed, fluid viscosity, 

convergence criteria, number of the maximum allowable iterations, etc. are 

defined. The continuum region of interest is overlayed with a finite-difference . 

mesh by defining the size of the region, the number of grid points, and the 

grid size. At the mesh intersections (node points or mesh points), the finite

difference solution is to be determined. 

Step 2: Set initial conditions (at t=O) and boundary conditions. 

The solution starts with the establishment of initial values of Ur , U(J, Uz , P, 

k, c, and lit. The time t here is seen as an iteration index, so the "initial" 

conditions can be thought of as an initial guess of a steady-state solution 

using an iterative method. The necessary boundary conditions are also read. 

Step 3: Calculate new velocities, k, and c at new t=t+.6.t. 

New values of Ur , U(J, Uz , k, and c are calculated, respectively, from their 

governing equations. The calculations are made in a separate, sequential 

manner. First, Ur is calculated from the r-momentum equation, then U(J 

from the O-momentum equation, and so on. Each calculation contains two 

steps, one implicit in r, the other implicit in z (the AD! method). During the 

calculations, the new (up-dated) values are always used as soon as available. 
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Step 4: Iterate for new P. 

The pressure equation is used to solve for new P. This solution, as has been 

mentioned, is itself iterative. As the convergence criterion is satisfied or 

as the maximum allowable number of iterations is reached, the P iteration 

is stopped and the next step of computation is continued. (It should be 

known that the pressure here is actually converged with respect to the current 

velocities and Vt, which may not be converged yet. The pressure solution will 

be iterated again in the next cycle. Only when the whole system is converged, 

can the solution be considered to have reached a steady state.) 

Step 5: Calculate new values of Vt using Eq. (111). 

Step 6: Check convergence and print out transient results. 

At every tenth computational cycle, the current values of velocity, k, and c 

at every node point are compared with the values ten iterations previous. If 

the comparison does not show a convergence (i.e., if the absolute difference 

between the iterative values at any node is larger than 10-7 ), the computa

tion is branched to Step 3. This will continue until convergence is obtained 

or until the specified maximum number of iterations is reached. Meanwhile, 

some transient results and the final results are stored in an output file for 

later plotting. 

7.4 Results and Discussion 

Results of the k-c Model 

In order to assure stability and a reasonable convergence rate for the solution, 

several time step sizes, fl.t, and some different initial conditions were tested. It 

seemed that using a large fl.t or initial conditions which were too different from the 

real solution (as can be judged by the experimental data) would cause the solution 
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to become unstable and go unbounded after some iterations. Using a small D.t, on 

the other hand, could stabilize the solution, but enormously increased the computer 

time needed to obtain a converged solution. Thus using a reasonable D.t along with 

a good initial guess appeared to be necessary. 

Before we present our results, we first describe the general concepts of con

vergence, stability, and accuracy often encountered in the finite-difference method 

in fluid flow modeling. These concepts can help in understanding our numerical 

approach and results. 

Convergence, stability, and accuracy of a numerical scheme are intimately 

related. If the scheme is not convergent and stable, an accurate solution can not be 

expected. Yet convergence and stability do not necessarily guarantee an accurate 

solution. If experimental data are not available for comparison, the accuracy of 

numerical results can be largely justified by the suitability of the numerical scheme 

used and by the physical reasonableness of the result. If experimental data are 

available, however, they will be the best validation of the accuracy of the numerical 

solution. 

Stability is obviously the necessary requirement for convergence. Whether a 

numerical solution is stable or not is determined mainly by the scheme and the step 

sizes (D.t, D.x, D.y, etc.) used. The state of convergence is also determined by these 

factors. * Several authors (Hirt, 1968; Gourlay and Morris, 1968) have reported 

* There are two types of convergence people usually discuss. One is truncation 

convergence which is the convergence of the solution of the finite-difference equa

tions to the solution of the partial differential equation as D.x, D.y, D.t -t O. The 

other is iteration convergence which refers to finally arriving at a solution of the 

finite-difference equations via iteration. Here, we are more concerned with iteration 

convergence than truncation convergence because the latter can be said, in a sense, 
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instabilities due to the nonlinearity or the variable coefficients in the governing 

equations. Others (e.g., Lilly, 1965) have reported slow convergence due to the 

time splitting of solutions (in ADI methods), which, although not an instability in 

the sense of producing unbounded solutions, is an instability in a practical sense 

of preventing iterative convergence. In some cases it is not possible to distinguish 

between a "true" instability and a very poor rate of convergence. 

The mathematical foundations for the questions of convergence and stability 

of numerical schemes are developed only for linear systems. Consider a linear one

dimensional advection-diffusion equation as an example. It has been shown by 

the von Neumann stability analysis (see Roache, 1972) that the explicit FTCS 

differencing scheme is stable only when the diffusion number d == (a:6.t) / (6.X)2 ~ 

1/2 (due to the diffusion terms) and the Courant number c == (u6.t)/(6.x) ~ 1 (due 

to the advection terms). (Here, a: can be considered as the thermal diffusivity in a 

dimensional heat equation, or as 1/ Re in a nondimensionalized linear momentum 

equation, etc.) These stability requirements are obtained by analysis of the decay 

or amplification of the quantities at the lower time levels. If the analysis is extended 

to higher time levels, more restrictive conditions might arise. Further, for multi

dimensional equations, the stability requirements are more restrictive than in the 

one-dimensional case. 

What one can conclude is that stability criteria can be rigorously established 

only for the simplest linear systems. For complex nonlinear systems, a rigorous 

to be satisfied automatically as the step sizes are small enough, if the difference 

scheme is consistent. To prove a truncation convergence, a series of tests using 

different step sizes would be required, which is often unacceptably time-consuming. 

The iteration convergence, on the other side, must be checked carefully, for without 

doing so we will not know whether the solution is good enough. 
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analysis is impossible. Nevertheless, the results from linear analysis can be used 

as guidelines to nonlinear problems, although they must be justified by numerical 

experiments. 

The question now is "Are there any conditions required for the ADI method 

to be a stable scheme for a nonlinear system, although the von Neumann analysis 

has indicated its unconditional stability for linear systems?" Some workers have 

found computational instability (or perhaps just very slow iteration convergence) 

using ADI methods for high Re flows. They either avoided calculating high Re flows 

(e.g., Paris and Whitaker, 1965; Torrance, 1968), "weighted" the results of the old 

and the new step (Pearson, 1965A), which is equivalent to reducing At, or reverted 

to upwind differencing for the advection terms, which is something like reducing 

the Reynolds number. It was not clear whether the lack of convergence was due 

to poor convergence rate of the linearized problem, to nonlinear instability of the 

finite difference equations, or to improper treatment of the boundary conditions. 

Torrance (1968) and Briley and Walls (1971) found that the convergence of the 

wall vorticity in a stream function-vorticity approach using ADI actually imposed a 

time-step restriction of the form !::J.t :5 a/(!::J.x)2, where a is some number dependent 

on the problem and the convergence requirements. Thus we can see that restriction 

of the time step may be necessary in using ADI. This limitation, however, should 

not discourage use of the method. As pointed out by Roache (1972), there have 

been enough evidences indicating that ADI methods do allow larger time steps than 

explicit methods. 

Another factor which may affect the stability and convergence of a finite 

difference scheme is the initial conditions. Some investigators have assumed that 

the initial conditions usually make little difference on the computer time required 

to obtain a completely converged solution, yet some others have observed that the 
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opposite is true. It is understandable that the initial conditions may have little in

fluence on the steady-state solution provided that the computational scheme is well 

designed so that the stability and the convergence toward a right direction is assured. 

However, for complex nonlinear systems where perfect computational schemes are 

not available, good initial conditions may be crucial to obtaining converged solu

tions with a reasonable amount of computer time. Some works have indicated that a 

poor initial guess can even cause a true nonlinear instability (Roache, 1972). Lynch 

and Rice (1968) have shown that ADI methods converge faster with better initial 

guess. 

It is now clear that the step size and initial conditions may affect the stabil

ity and the convergence rate of a finite-difference scheme. For complex problems, 

no rigorous theory exists for determining the conditions required for a successful 

solution to be obtained (although the results of the linear analysis can always be 

used as clues). 

In our modeling of the flow in the stirred tank, numerical experimentation 

was necessary to obtain a suitable 6t and initial guess. Our tests showed that if 

the initial conditions Ur = U(J = Uz = P = k = c = 0 were used throughout the 

domain except the boundaries, 6t had to be very small in order to avoid numerical 

instability. Such a sma1l6t would make the computing cost intolerably high. Using 

an initial guess closer to the steady solution seemed to allow the use of a larger 6t 

without causing instability. By trial-and-error, we found that the initial conditions 

shown in Fig. 47 with 6t=O.159 msec were acceptable. The initial conditions 

included: Uz in the bulk of the tank from the left boundary to r ~ 1.8R taken 

equal to Uz at the boundary near the shaft; Uz in the region near the wall taken 

equal to about three times Uz near the shaft but with different directions; and Ur 

near the top and bottom of the tank prescribed to prevent sudden imbalance of 
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mass. In the impeller stream region, every variable was initialized to zero. In the 

bulk, all variables other than Uz and Ur were taken as zero. The use of such initial 

conditions was based on the knowledge of the long-time experimental results. The 

initial Ur and Uz , as can be seen in Fig. 47, formed two realistic-looking recirculation 

zones, which were a better initial guess than taldng the velocity in the domain to 

be zero. A real question arises, however: "Will this initial guess over-restrict the 

development of the solution, or, will the steady solution look like the experimental 

results just because the initial conditions used are already somewhat close to the 

latter, rather than because the solution has reached steady state?" To answer these 

questions, we printed out the transient results during the time steps, and examined 

carefully the development of the solution. 

Figures 48 to 52 show the flow patterns after 200, 600, 1000, 2000, and 

3000 time steps, respectively, for N=200 rpm. From these transient results, the 

development of the solution can be clearly seen. Comparing Figs. 47 and 48, we 

can observe that after 200 time steps, two recirculating flows, one above, the other 

below, the impeller stream, are formed, the strong radial stream at the impeller tip 

has "marched" ("pushed") a short distance toward the wall, the slow motions of the 

fluid in and around the impeller stream are obviously induced by the strong vertical 

flows near the wall prescribed by the initial conditions, and the initially strong axial 

flows near the wall have been greatly diminished by the no-slip conditions set at 

the wall. The solution after 200 time steps is mainly due to the initial conditions, 

and is therefore not close to the desired steady-state solution. 

The flow pattern after 600 time steps, Fig. 49, shows that the strong radial 

stream ejected from the impeller blades has marched further toward the wall, axial 

suction by the stream has begun, and the vertical flows near the wall are further 

weakened by the latter. The change of pattern of the recirculating flows in the 
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bulk can also be observed. Still, the solution at this time is far from the steady 

state. Since the development of the impeller stream can be clearly seen, it can be 

used to indicate whether steady state is reached. As the stream has fully developed 

and "hit" the wall, and has also turned into the bulk, the solution can then be 

considered to be near steady state. 

After 1000 time steps, as shown in Fig. 50, stronger radial flow occurs in the 

impeller stream region. The recirculation zones look about the same as after 600 

time steps. Of particular interest is that the axial flows near the wall of the tank are 

continuously diminished by the wall. The diminution is probably more severe than 

it should be. If we had used the "law of the wall" instead of the no-slip condition 

to model the flow very near the wall, we probably would have obtained a stronger 

axial flow there (which would then be more consistent with experimental results in 

the literature). 

The solution after 2000 time steps, Fig. 51, is closer to steady state than 

after 1000 time steps, Fig. 50. Comparing these figures, we can see that the impeller 

stream after 1000 time steps only "touches" the wall slightly, the stream after 2000 

time steps not only "hits" the wall but also starts "pushing" in two ways, upward 

and downward, into the bulk. This is certainly not caused by the remaining effects of 

the initial conditions, but is the result of the temporal development of the solution. 

In other words, the number of time steps is now large enough that the influence 

of the initial conditions has disappeared, the whole flowfield has been affected, and 

the solution is close to steady state. 

The computation was performed up to 3000 time steps. The final flow pattern 

is shown in Fig. 52 where the impeller stream, compared to that after 2000 time 

steps, has moved closer to the wall, causing stronger axial flows along the wall into 

the recirculation zones. The change of flow pattern from 2000 to 3000 time steps is 
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not as significant as the changes at earlier times. An approximate comparison can 

now be made between the computed and the experimental results. The flow pattern 

in Fig. 52, which is marked by a strong jet-like impeller stream and two recirculating 

flows in the bulk, is qualitatively similar to the experimental flow pattern in Fig. 

14. Quantitative comparison will be shown later. 

The above discussion about the development of the solution is based only on 

the change of the flow pattern. How the values of k and c change with time is also 

important. It has been a common finding that in flow modeling different variables 

may not approach the steady state at the same time. Before we present other 

computed results, we should examine quantitatively how the solution of velocities, 

k, and c change in time. 

Solutions are usually considered to have reached steady state if the relative 

changes between two consecutive time steps are less than some small number preset 

in the computer program. Values of these numbers stated in the literature have 

varied from 10-3 to 10-8 • From this approach, one might conclude that the whole 

idea is not very rational. For one thing, no matter how small these numbers are, 

the evolution of a solution may still stop prematurely, if the step size 6t is small 

enough. For another, if the solution is fluctuating from one time step to the next, 

the solution at consecutive time st.eps may be less than the preselected number, 

thus stopping the integration prematurely. The best way to avoid these problems 

is to examine the whole history of the solution, i.e., to examine how the variables 

change in time. 

In the present work, we examined ~a:x I(~j - (i~;101, where ( represents 
I,) 

dimensionless Ur , Uo, Uz , k, or c, and ~a:x means the maximum ill the whole 
I,} 

solution domain. The examination of the change was made over ten time steps, 

that is, between the nth and the (n - lO)th time steps. The result is shown in 
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Fig. 53 as ~8:X I(~j - (~;101 vs. n. (In the figure, the velocity components are 
It) 

normalized by Utip, k by U;ip, and € by Utip/ R. These normalization groups are 

different from those used in Figs. 84 and 85.) Performing such tests is of course 

very time-consuming, but the benefit is that whether and how the solution reaches 

steady state can be seen. 

From Fig. 53, it can be seen that after 3000 time steps the absolute values of 

velocity changes from time step n-IO to n approach a constant value (about 2x 10-4 ). 

This can be considered the "limiting rate" at which the velocity field approaches 

the steady state. However, the absolute values of the analogous differences for k 

and € decrease much faster, indicating that these turbulence parameters approach 

the steady state adequately. Only 3000 time steps were computed, because the 

computer time consumed had reached an almost unacceptable level-3 days and 8 

hours on the VAX 11/780. 

The reason the computation consumed so much time is obvious: the number 

of finite-difference nodes (100x100) and the number of calculations per ADI step 

were enormous. What we should ask is: "Why did the finite-difference scheme used 

have such a poor rate in reaching steady state?" The answer is that the largest 

tlt which could be used is limited by numerical stability. Low stability may be 

caused by the linearization of the nonlinear convection terms, by the alternating 

calculation manner in which the flow variables were ca1culated alternatingly rather 

than simultaneously, or by the high value of Re, 2.88 X 104 • 

We can also consider from a physical point of view whether the solution after 

3000 time steps has reached steady state. From the circulation time correlation of 

Holmes et a!. (1964) tc = (to/N)(T/D)2, where the circulation time tc is approxi

mately the time required for a fluid particle to travel around the tank once, to=0.85, 

a dimensionless empirical constant, N the impeller speed, T and D the tank and 
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impeller diameter, respectively, we can obtain te = 2.15 sec. The t::.t used in the 

finite-difference computation was 0.318 mseCj thus 3000 time steps (each of which 

included two half time steps, one in each direction) were equivalent to 0.954 sec 

elapsed, which is much shorter than te. Thus we can say that the number of time 

steps used was not sufficient "physically" for the solution to reach a steady state. 

(As we have mentioned before, the time t in our time-dependent approach can be 

thought of as a dummy iteration index for the steady-state solution, but can also 

be considered as a real time in the transient solution.) 

We should emphasize that although the solution did not reach steady state, 

we were able to examine quantitatively the temporal change of each variable as 

shown in Fig. 53. This is important in understanding the applicability of the 

turbulence model and the limitation of the finite-difference approach. Although the 

solution was not too close to steady state after the last time step, it seemed to 

develop properly without obvious numerical instability. Thus, the results can be 

used for qualitative discussion. 

The distributions of stream function, pressure, k, and £ in the tank were also 

obtained. Figure 54 displays the contours of stream function (calculated from Eq. 

(125) using the SOR method). Two recirculation zones can be seen, the lower one 

having stronger and closer streamlines. The streamlines near the wall of the tank 

would probably have been more vertical and closer to the wall (Le., larger axial 

velocity near the wall), had the "law of the wall" been used to calculate the flow 

near the wall. 

The contours of pressure are shown in Fig. 55. In the literature, pressure 

solutions are usually not reported because pressure is not as important as other 

flow variables and it is difficult to compare to experimental data. Our results show 

complex distributions around the impeller, negative pressures in the centers of the 
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recirculating flows in the bulk, high positive pressures at the wall where the impeller 

stream impinges, and near-zero pressures at the top of the tank. It should be recalled 

that the pressure results shown are dimensionless, referenced with respect to the 

ambient pressure. Although interpreting the pressure field is difficult, the high 

pressures in the near-wall region where the impeller stream impinges do lend some 

credibility to the solution. 

The contours of k, Fig. 56, indicate that strong turbulence occurs in the 

impeller stream, and that turbulence outside the impeller stream is much weaker. 

From the mushroom-like contours in the impeller stream, we can also see that the 

turbulence decays as the stream moves away from the impeller tip. 

The contours of c, Fig. 57, follow the distributions of k. Most of the energy 

dissipation occurs in the impeller stream. 

A useful check of the reliability of the modeling is an energy balance. Me

chanical energy transmitted into the fluid via the impeller is ultimately dissipated 

into heat, mostly through the cascade of turbulent vortices. The mass-integrated 

dissipation rate of turbulence over the entire tank must therefore correspond to the 

value predicted for the impeller power input. The computations of Placek et al. 

(1986) show that the total energy dissipated by turbulence yielded only 12.6% for 

T /D=3 and 30.8% for T /D=4. Harvey and Greaves (1982) reported the value of 

15.6% for T /D=2. Others did not report an energy balance check. Our results 

show that the integrated c over the tank excluding the region of the impeller was 

about 34% of the total power input, which is much smaller than the experimental 

70%. (The experimental data, as discussed before, have shown that about 30% of 

the energy is dissipated in the impeller stream and about 40% in the bulle.) The 

underestimation of c is largely caused by the fact that the solution has not reached 

steady state and only the random parts of velocities are used in the boundary condi

tions for k and c near the impeller tip. (The total velocities, including the periodic 
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and the random parts, may have to be used to compute k and c at the impeller 

boundary because the periodic vortices dissipate as they enter the impeller stream.) 

As described before, the impeller stream is the region in the tank where the 

fluid velocity, k, c, and perhaps the mixing rate as well, are the highest. Thus 

the computed results in the stream should be examined in more detail. Figures 58 

and 59 show the distributions of Ur and Ue, respectively. These distributions can 

be compared with the experimental data shown in Figs. 15 and 16. Figures 60 

and 61 show the distributions of k and c respectively. Figure 61 can be compared 

with the experimental c in Fig. 44, but it must be noted that the c in Fig. 61 

is normalized with N3 D2, and that in Fig. 44 is normalized with e. Quantitative 

comparison between the computed and the experimental results will be made after 

the discussion of the FLUENT results; the computed data from our program and 

from FLUENT will be plotted together along with the experimental data. 

Re.mlts 0/ FLUENT 

FL UENT, a general-purpose fluid flow modeling program developed by 

Creare, was also used to model the turbulent flow in the stirred tank with the 

Rushton turbine. FLUENT can solve the steady-state continuity, momentum, and 

energy equations in two- or three-dimensional, Cartesian, cylindrical, or polar co

ordinates for laminar and turbulent flows. For turbulent flows, either the k-c tur

bulence model or Reynolds stress model can be used. A wide variety of boundary 

conditions, such as fixed or moving walls, symmetric or cyclic boundaries, etc., can 

be handled. The program is easy to use, fully iteractive, menu driven, and has 

powerful three-dimensional graphics. 

A finite domain method is used by FLUENT to discretize the governing 

equations. A staggered grid system is used, where the boundaries of a domain (cell) 

are so arranged that they lie mid-way between consecutive grid lines. Pressure 
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(or other scalar variables) are defined at the node at the cell center. The veloc

ity components are, respectively, defined along the cell surface boundaries normal 

to them. Over the domain, the governing differential equations are integrated to 

yield the flux equations, which are integrated again to yield the final discretized 

equations by using a power law scheme to approximate the convective and diffusive 

flux terms. The discretization equations are then solved by a "SIMPLE" algorithm 

(Patankar and Spalding, 1972), which basically contains the following steps: (1) An 

initial guess is made of the pressure field; (2) Momentum equations are solved using 

the guessed pressures; (3) Velocities thus obtained do not necessarily satisfy the 

continuity equation locally. An equation for pressure correction obtained from the 

continuity equation is then solved to obtain a correction to the pressure field, and 

corresponding adjustments to the velocity components are made; and (4) The pro

cedure is continued until the continuity equation as well as the momentum equations 

are satisfied. For a detailed description of FLUENT and its running procedures, 

one can refer to its manuals. 

In the present work, FLUENT was used to simulate the three-dimensional 

flow in the tank. Due to the symmetry of the system, a quarter of the tank, as 

shown in Fig. 62, was used as the solution domain. As in the figure, the blades on 

the impeller disk are not included in the cakulation. A nonuniform 30x22x 15 (z

r-O) grid system was used for the domain, with finer grids near the solid boundaries 

and impeller stream. 

The boundary conditions were set as follows: the shaft and the impeller disk 

(without the blades) were treated as "moving walls". Since they move azimuthally, 

the values of Un there were set according to the velocities of their surfaces. Also 

since they are "walls", the logarithmic law of the wall was applied to the velocity 

components parallel to the walls, and the components normal to the walls were 
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taken as zero. On the walls, k and c were always equal to zero, as were the normal 

gradients of pressure. The bottom, the wall, and the baffles of the tank were treated 

as "fixed walls" where the logarithmic law of the wall and the no-slip condition were 

applied to the proper velocity components and other variables. The top of the tank, 

which was open to air, was treated as a "symmetrical surface", i.e., a free surface, 

where the same boundary conditions were used as in our modeling. The sides of 

the quarter tank, which are the r-z planes midway between the baffles, were treated 

as "cyclic boundaries". The conditions there were set to be zero-order continuous. 

Because FLUENT cannot accommodate a time-dependent domain, the impeller 

blades were not treated as "moving walls" or "fixed walls". Thus, the experimental 

data were used to "fix" the conditions at r=5 em, near the impeller tip. Once the 

conditions are "fixed" somewhere in the domain, FLUENT will not change them 

during the computation. 

Both the k-c and the Reynolds stress model were used. In the Reynolds stress 

model, FLUENT uses algebraic approximations for the terms involving derivatives. 

Such Reynolds stress models can also be called algebraic stress models (Rodi, 1980). 

For the grid system used, the Reynolds stress model consumed about 16% more com

puter time than the k-c model for each iteration. Both models converged at about 

the same rate. The solution with the Reynolds stress model was computed up to 

1500 iterations, which required 3 days and 50 minutes computer time. Surprisingly, 

the differences between the converged solutions of the two models were not very 

significant. 

Figures 63 and 64 show the velocity vectors of the k-c and the Reynolds stress 

models, respectively, on the r-z plane midway between the baffles. The notation 

used in the FLUENT graphics captions are different from ours. The coordinates 

x, y, and z in FLUENT are equivalent to our cylindrical coordinates z, r, and 0, 
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Figure 63. Velocity vectors in the r-z plane between 
the baffles (Reynolds stress model). 
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respectively. "Orient=z" means the plane being viewed is normal to z (or 0 in our 

notation). "Plane=2" indicates the plane location in the O-direction equal to 2 (the 

second plane), which is the plane midway between the baffles. Comparing the flow 

patterns (and other results as well) of the two models, we can only see very small 

differences between them. From here on, we shall show and discuss the results of 

the Reynolds stress model only. 

The flow pattern shown in Fig. 64 clearly exhibits a strong jet-like impeller 

stream ejected from the impeller blades, and two recirculating flows in the bulle 

Qualitatively, this pattern is similar to our computed and experimental results (Figs. 

52 and 14). The differences are that the FLUENT modeling included the impeller 

region, but ours did not, and FLUENT seemed to be better than our program in 

computing the flows near the walls because of its use of the "law of the wall". 

Figure 65 shows the velocity vectors in the plane (r-O) of the impeller disk. 

In this plane, both Ur and Uo are strong. A small recirculation zone behind the 

baffle can be seen. Figures 66 and 67 show the velocity vectors in the r-O planes 8 

cm above, and 4.5 em below, the impeller disk, respectively. At these elevations, 

the velocities are small and are directed toward the center of the tank. (Notice that 

the velocity vectors in Figs. 66 and 67 are drawn on the same scale as those in Fig. 

65.) 

Figures 68 to 71 show the axial profiles of the dimensionless Ur, Un, k, and 

c, respectively, in the plane midway between the ba.ffles. In the captions, V and 

W represent our Ur and Un, respectively. (U is equivalent to Uz .) From these 

profiles we can see that the impeller stream is indeed the region where the velocity, 

turbulence intensities, and energy dissipation rates are the largest in the tank. 

The flowfield obtained by FLUENT was three-dimensional. We can now see 

how significant the O-variations are due to the effects of the baffles. Figures 72 to 
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Figure 65. Velocity vectors in the r-8 plane with the impeller disk. 
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Figure 70. Profiles of k/(N D)2 in the plane between the haffles. 
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76 show the 8-profiles of the dimensionless Ur , UB, Uz , k, and e, respectively, in the 

plane of the impeller disk. (Note that the sharp changes of the profiles of Ur at the 

cyclic boundaries (i.e., at (j = 0° and 90°), as shown in Fig. 72, are due to the fact 

that FLUENT only sets the values of variables, not the derivatives, to be the same 

at these boundaries.) Apparently, the 8-variations are not very important except 

in the small region very near the baffle. From this result, it seems reasonable to 

conclude that a two-dimensional model may be good enough to simulate the flow, 

and a three-dimensional model, which would be much more difficult to construct 

and would consume much more computer time, may be unnecessary. 

The distributions of pressure are plotted as contours in Fig. 77, where 

"plane=2" again means the plane midway between the baffles. 

Figures 78 and 79 show the contours of k and e. That the turbulence kinetic 

energy and its dissipation rate are mainly concentrated in the impeller region and 

in the impeller stream is clear. 

The powerful three-dimensional graphics capability of FLUENT can be seen 

from Figs. 80 and 81, where the contour surfaces of k and e are plotted respectively. 

Such three-dimensional graphics would be particularly useful in design, where a 

designer could quickly grasp a realistic impression of the results. 

We now compare the results of our model and FLUENT, and the experimen

tal results. Since the impeller stream had the largest velocities, k, and e in the tank 

(and is the region in which we are primarily interested), the comparison is made 

there. Figures 82 and 83 show comparisons of Ur and UB, respectively, at r=9.0 

cm. This radial location is suitable for comparison, for it is distant enough from 

the impeller tip where the boundary conditions are set, and is also not too close to 

the baffles, the effects of which were not considered in our two-dimensional model. 

The comparisons indicate that the computed results from our model as well as from 

FLUENT were both cloRe to the experimental results. 
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Figure 72. Profiles of Ur/Utip in the impeller disk plane. 
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Figure 73. Profiles of Ue/Utjp in the impeller disk plane. 
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Figure 74. Profiles of Uz/Utip in the impeller disk plane. 
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Figure 75. Profiles of k/(N D)2 in the impeller disk plane. 
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Figure 76. Profiles of c/N3 D2 in the impeller disk plane. 
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Figure 77. Contours of pressure. 
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Figure is. Contours of turbulence kinetic energy. 
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Figure 79. Contours of turbulence energy dissipation rate. 
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Figure 80. Three-dimensional view of the surface of constant k = 0.1 (N D)2. 
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Figure 81. Three-dimensional view of the surface of constant c = 1.0 N3 D2 . 
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Figures 84 and 85 show the comparisons of k and c, respectively, at the same 

radial locations as in the velocity comparisons. The computed results of our model 

are about 40 - 60% lower than the experimental data. Of great interest is that 

while the FLUENT solution appeared to be well converged, it also underestimated 

the values of k and c. Its results do not agree with the experimental results, but 

instead agree well with the results of our model. This indicates that the solution's 

having not reached steady state might not be the only problem in our computation, 

the use of only the random parts of velocities for computing k and c at the impeller 

boundary might also be a problem. The solution to this problem may be in including 

a way of accounting for nonrandom contributions to the velocity fluctuations (i.e., 

vortices) in the turbulence model. Consequently, modifying the numerical scheme 

and using proper conditions of k and c may improve the solution. 
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Chapter 8 

CONCLUSION 

The turbulent flow in a fully baffled, turbine-agitated vessel has been studied 

both experimentally and numerically. The obtained mean and fluctuating flow 

characteristics were useful in understanding and modeling mixing rate-dominated 

phenomena in stirred vessels. 

Experimentally, a laser-Doppler velocimeter was used to measure the de

tailed flow and turbulence parameters including mean velocity components, impeller 

pumping capacities, turbulence intensities, correlation functions, turbulence scales, 

turbulence energy spectra, and turbulence energy dissipation rates. The results for 

mean velocities and impeller pumping capacities, which determine the impeller per

formance, were in good agreement with previous results. The results for turbulence 

parameters, which are particularly important in determining local rates of transport 

(mixing) and chemical reaction, appeared to be better and more detailed than the 
• 

literature results. 

For one thing, the LDV used was believed to be superior to conventional 

techniques like hot-wire or hot-film anemometry in studying such a complex high

intensity turbulent flow in stirred tank. For another, no simplified approximations, 

like Taylor's hypothesis and turbulence isotropy, were applied directly in the cal

culation of turbulence parameters because the flow in the tank was apparently 

three-dimensional and nonisotropic. Thus, the derived parameters like turbulence 

scales and turbulence energy dissipation rates are more reliable than what many 

other workers obtained using Taylor's hypothesis and the isotropy approximation. 

The necessary corrections for the periodic fluctuations caused by the periodic 

passage of the impeller blades were made by an autocorrelation method. The success 

249 



250 

of the corrections was justified by the corrected autocorrelation functions and energy 

spectra which retained the random turbulence characteristics without showing any 

periodicity, and by the consistency of the contributions of the periodic fluctuations 

at various locations with the trailing vortex structure detected by Van't Riet and 

Smith (1973, 1975) and Van't Riet et al. (1976). Since the periodic fluctuations 

were very large and predominant in the near-impeller region, the many previous 

works which did not make proper corrections probably overestimeted the turbulence 

intensities and energy dissipation rates (and thus the mixing rates) in the region. 

The measured turbulence parameters can describe the turbulent flow char

acteristics in the vessel very well. Of most immediate importance for practical 

applications are the turbulence scales and the turbulence energy dissipation rates. 

According to Corrsin (1964), (c/L2)1/3 is the most important group to determine 

local mixing rates in turbulent flows. Detailed and reliable data for these two pa

rameters, which were not available in the literature, have been obtained in the 

present work. The results show that while the turbulence integral scales in the 

impeller stream were largely characterized by the half-width of the impeller blades, 

the scales in other parts of the tank depended on the location in the tank. Assum

ing a constant scale throughout the tank in order to simplify the estimation of the 

turbulence parameters, as done by some workers, is clearly untenable. 

By calculating kinetic energy balances, we found that, for either the Rushton 

turbine or the Maxflo impeller, about 60% of the impeller power was dissipated in 

the impeller region and impeller stream, and about 40% was dissipated in the rest 

of the tank. This result, following Corrsin, indicated that the impeller region and 

impeller stream were the most important parts of the tank for molecular mixing 

to occur. The kinetic energy balances also led to a very important result: c = 

0.85 q3/2 / L res • This equation, which is particularly useful in modeling local mixing 
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rates, accounts for the turbulence anisotropy, and is thus better than the isotropic 

equations used by many previous workers. 

Numerically, the flow in the tank with the Rushton turbine was modeled by 

a k-c turbulence model and by FLUENT with both lc-c and Reynolds stress models 

employed by the latter. The flow pattern, mean velocity components, pressure, k, 

and c were obtained. 

Our k-c model using the ADI finite difference method obtained flow patterns 

and mean velocities fairly close to the experimental data. The predicted k and c, 

however, were far smaller than the measured values. This was probably due to the 

fact that the solution did not reach steady state, and only the random parts of 

velocities were used to compute the values of k and c at the impeller boundary. 

The three-dimensional solutions of FLUENT showed only little differences 

between the k-c: and Reynolds stress models. The 8-variations caused by the effects 

of the baffles were not very significant except in the region very near the baffles. 

The solutions appeared to be fairly converged. The flow pattern and mean velocities 

were close to the experimental data. However, like the results of our model, the 

predicted k and c: were far smaller than the measured values and were close to our 

predicted results. 

It can be concluded that the LDV measurements provide detailed and valu

able information about the turbulent flow characteristics in the stirred tank, which 

can greatly aid in understanding and modeling mixing phenomena in the tank, and 

that with the experimental data as a base, successful modeling of flow in the tank 

appears possible, which will be very useful for design and scale-up. 



Appendix A 

DERIVATION OF THE MODIFIED TAYLOR'S HYPOTHESIS 

Following Heskestad's (1965) approach, the momentum equation for the tur

bulent velocity u in a high-Re turbulent field convected locally can be written as 

Bu 
-- = (D + u) . V'u 

Bt 
(A.I) 

Through order-of-magnitude analysis, many terms in the momentum equation have 

been assumed negligible including BUlat, V'U, pressure, viscous, and gravity force 

terms. The approximations of Eq. (A.I) are not valid at all times, which may 

be inferred from the nonzero time average of the right-hand side, but should be 

approximately valid whenever the terms have values somewhat greater than the 

neglected terms. 

When the turbulence intensities are vanishingly small and the turbulent field 

is convected in, say, the Xl-direction by the mean velocity UI (U2 = Ua = 0), Eq. 

(A.I) readily reduces to Taylor's hypothesis as follows: 

(A.2) 

where U1 can be seen as the local convection velocity. It is clear that this equation 

is not adequate when the turbulence intensities are large and the turbulent field is 

three-dimensional. 

The radial component of Eq. (A.I) in cylindrical coordinates is 

_ BUr _ (U + )Bur (Ue + ue) BUr _ (Ue + ue)2 (U )Bur 
Bt - r U r Br + r BO r + z + U z Bz (A.3) 
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Squaring both sides of this equation and averaging, we obtain 

(AA) 

where many cross- and higher-order correlation terms have been neglected, such as 

2 (8u r ) 
U(} 8r ' 

(8ur) 
U

r 8r ' 
2 (8ur) 

U(}U r 8r ' (8ur) 
U(} 8r ' 

(8ur ) 
U(}Ur 8r ' 

2 (8u r ) 
U(} 8z ' 

(8ur) 
U

z 8z ' 
2 (8u r) 

U(}U z 8z ' (8u r) 
U(} 8z ' (8ur) 

U(}U z 8z ' 

3" d4 
U(}' an U(}' 

and approximations like ~~ ( ~ ) 2 ~ U~ ( ~ ) 2 have also been used. 

If we further assume (~uzr ) 2 ~ ;2 ( ~ ) 2 ~ 2 ( aaurr ) 2, which would hold for 

an isotropic turbulent field, we can write Eq. (A.4), after rearrangement, as 

The last bracketed term in the right-hand side of Eq. (A.5) can be assumed negli

gible if r is large. Thus, neglecting this term, we can obtain 

( 8U r )2 = U2 (8U r )2 
at Cr 8r (A.6) 

where the radial convection velocity UCr is calculated from 

(A.7) 
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Similarly, the tangential and axial convection velocity components can be obtained 

from 

(A.B) 

(A.9) 

It should be noted that due to the neglect of (Un + u(J)2/r in the r-momentum 

equation and the neglect of (Ur + ur)(Un + un)/r in the O-momentum equation, 

the convection velocities, Eqs. (A.7), (A.B), and (A.9), are of the same forms as 

what would be obtained by using rectangular coordinates. It should also be noted 

that since many approximations have been made in the derivation of the convection 

velocities, one should not expect to be able to obtain exact results when using 

them. However, as has been shown experimentally by Heskestad (1965) in one

dimensional flows, these convection velocities are much better than just the mean 

velocities (Taylor's hypothesis) in representing the local convection in a complex 

high-intensity turbulent flow. 



Appendix B 

COMPUTER PROGRAM FOR THE FLOW SIMULATION 

C This program uses a finite difference-basedk-e turbulence model 
C to compute the turbulent flow in a stirred tank agitated with a 
C Rushton turbine. 
C 
C Definitions of key variables: 
C VR, VT, VZ: radial, tangential, and axial mean velocity. 
C Q, DIS: turbulence kinetic energy and its dissipation rate. 
C P, PSI: pressure, stream function. 
C DIL: dilation term, i.e. divergence of velocity (used in the 
C calculation of P). 
C EV: eddy viscosity (a function of location, not of direction). 
C RAD: radial coordinates of the grids. 
C HEADLN: headlines (character strings) of the output data. 
C IGRID, RDATA: arrays used for the input of boundary conditions. 
C IX, IY: the grid locations where the results are to be plotted. 
C JNUM: dummy array used for setting up the locations of the 
C graphics output. 
C ICURV: radial locations in the impeller stream where the results 
C are to be plotted in details. 
C IR: radial location of the impeller tip. 
C JB, JA: axial locations of the lower and the upper edge of the 
C impeller blades respectively. 
C TANKR, TANKH: tank radius and height. 
C TURBR: turbine radius. 
C RPM: impeller speed (rpm). 
C VISCO: kinematic viscosity of water (cm**2/sec). 
C PO: reference pressure. 
C TIPSPD: the impeller tip speed. 
C CU, CE1, CE2, SQ, SE: the standard k-e model constants. 
C NR, HZ: number of grids in r- and in z-direction. (The solution 
C domain is covered by a 100*100 grid system.) 
CDR, DZ: step sizes in r- and z-direction. 
C DT: the time-step size (used in the time-dependent approach for 
C the solution of velocities). 
C DTP: similar to DT, but used for the pressure solution. 
C EPSLNP, EPSLNV: convergence criteria for pressure and velocities. 
C MAXP, MAXV: maximum allowable number of iterations for pressure 
C and velocities. (MAXP is that for each iteration of 
C veloci ties. MAXV is the maximum allOT/able number of 
C "outer loops" of velocity computation, each loop 
C has 200 iterations. 
C A, D, C, B: arrays used in the solution of tri-diagonal matrices. 
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C 

C 

DIMENSION VR(100,100), VR1(100,100), VT(100,100), VT1(100,100) 
DIMENSION VZ(100,100), VZ1(100,100), Q(100,100), DIS(100,100) 
DIMENSION P(100,100), Pl(100,100), PSI(100,100), PSll(100,100) 
DIMENSION DIL(100,100), EV(100,100), RAD(100) 
DIMENSION HEADLN(7),Ql(100,100),DIS1(100,100) 
DIMENSION IGRID(100), RDATA(100), A(100), D(100), C(100), B(100) 
DIMENSION IX(30,30),IY(30),JNUM(30),ICURV(6) 
CHARACTER*70 HEADLN 
COMMON /BLK1/IR, JB, JA 
COMMON /BLK2/VR, VZ, PSI, PSll, RAD, DR, DZ, NR, NZ 
COMMON /BLK3/VT,P,Q,DIS,LX,NROW,JNUM,IX,IY,ICURV 
COMMON HEADLN 
DATA RPM, TURBR, TANKR, TANKH/200., 4.65, 13.5, 27./ 
DATA NR, NZ, IR, JB, JA/l00, 100, 33, 27, 41/ 
DATA PI, VISCO,PO/3.14l59265, .01,0./ 
DATA CU, CE1, CE2, SQ, SE/.09,l.44,l.92,l.0,l.3/ 
DATA MAXP, MAXV, EPSLNP, EPSLNV/15, 15, 1.E-4 ,l.E-6/ 
DATA ICURV/33,41,48,56,64,72/ 

C Set and calc. some constants. 
C 

C 

NR1=NR-l 
NR2=NR-2 
TIPSPD=RPM/60.*2.*PI*TURBR 
DR=(TANKR-l.)/FLOAT(NR-l)/TURBR 
DZ=TANKH/FLOAT(NZ-l)/TURBR 
DSMALL=DR 
IF(DZ .LT. DR) DSMALL=DZ 
DT=O.OOOl*TIPSPD*TURBR/VISCO*DSMALL*DSMALL 
DTP=DR*DR/(1.+(DR/DZ)**2) 

C Set initial and boundary conditions. 
C 

DO 10 J=l, NZ 
DO 10 1=1, NR 
VR(I,J)=O. 
VR1(I,J)=O. 
VT(I,J)=O. 
VT1(I,J)=O. 
VZ(I,J)=O. 
VZ1(I,J)=O. 
Q(I,J)=O. 
Q1(I,J)=O. 
DIS(I,J)=O. 
DIS1(I ,J)=O. 
P(I,J)=PO 
P1(I,J)=PO 
PSI(I,J)=O. 
PSI1(I,J)=O. 

10 CONTINUE 
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C 
C Read in boundary conditions for VZ (obtained from experimental 
C data). INPUT is the subroutine to read the data. 
C 

OPEN(9, FILE='MODEL.DAT', STATUS='OLD') 
OPEN(10, FILE='MODEL.OUT', STATUS='NEW',CARRIAGECONTROL='LIST') 
OPEN(11, FILE='CHECK.OUT', STATUS='NEW',CARRIAGECONTROL='LIST') 
CALL INPUT(NUM, IGRID, RDATA) 
DO 12 J=IGRID(1) , IGRID(NUM) 

12 VZ(1,J)=RDATA(J)/TIPSPD 
CALL INPUT(NUM, IGRID, RDATA) 
DO 13 J=IGRID(1) , IGRID(NUM) 

13 VZ(1,J)=RDATA(J)/TIPSPD 
CALL INPUT(NUM, IGRID, RDATA) 
DO 14 I=IGRID(1) , IGRID(NUM) 

14 VZ(I,JA)=RDATA(I)/TIPSPD 
CALL INPUT(NUM, IGRID, RDATA) 
DO 15 I=IGRID(1) , IGRID(NUM) 

15 VZ(I,JB)=RDATA(I)/TIPSPD 
READ(9,*) (RDATA(J), J=JB, JA) 
DO 16 J=JB, JA 

16 VZ(IR,J)=RDATA(J)/TIPSPD 
C 
C Read BC's for VR. 
C 

CALL INPUT(NUM, IGRID, RDATA) 
DO 17 I=IGRID(1) , IGRID(NUM) 

17 VR(I,JA)=RDATA(I)/TIPSPD 
CALL INPUT(NUM. IGRID, RDATA) 
DO 18 I=IGRID(1). IGRID(NUM) 

18 VR(I.JB)=RDATA(I)/TIPSPD 
READ(9.*) (RDATA(J). J=JB. JA) 
DO 19 J=JB. JA 

19 VR(IR.J)=RDATA(J)/TIPSPD 
C 
C Read BC's for VT. 
C 

CALL INPUT(NUM, IGRID. RDATA) 
DO 20 I=IGRID(1'), IGRID(NUM) 

20 VT(I.JA)=RDATA(I)/TIPSPD 
CALL INPUT(NUM, IGRID. RDATA) 
DO 21 I=IGRID(1). IGRID(NUM) 

21 VT(I,JB)=RDATA(I)/TIPSPD 
READ(9.*) (RDATA(J). J=JB, JA) 
DO 22 J=JB, JA 

22 VT(IR.J)=RDATA(J)/TIPSPD 
C 
C Read BC's for Q. 
C 

CALL INPUT(NUM, IGRID, RDATA) 
DO 23 J=IGRID(1), IGRID(NUM) 
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23 Q(1,J)=RDATA(J) 
CALL INPUT(NUM, IGRID, RDATA) 
DO 24 J=IGRID(1), IGRID(NUM) 

24 Q(1,J)=RDATA(J) 
CALL INPUT(NUM, IGRID, RDATA) 
DO 26 I=IGRID(1) , IGRID(NUM) 

26 Q(I,JA)=RDATA(I) 
CALL INPUT(NUM, IGRID, RDATA) 
DO 26 I=IGRID(1). IGRID(NUM) 

26 Q(I,JB)=RDATA(I) 
READ(9,*) (Q(IR,J), J=JB, JA) 

C 
C Read BC's for DIS. 
C 

CALL INPUT(NUM, IGRID, RDATA) 
DO 27 J=IGRID(1), IGRID(NUM) 

27 DIS(1,J)=RDATA(J) 
CALL INPUT(NUM, IGRID, RDATA) 
DO 28 J=IGRID(1) , IGRID(NUM) 

28 DIS(1,J)=RDATA(J) 
CALL INPUT(NUM, IGRID, RDATA) 
DO 29 I=IGRID(1) , IGRID(NUM) 

29 DIS(I,JA)=RDATA(I) 
CALL INPUT(NUM, IGRID, RDATA) 
DO 30 I=IGRID(1), IGRID(NUM) 

30 DIS(I,JB)=RDATA(I) 
READ(9,*) (DIS(IR,J), J=JB, JA) 

C 
C Give lIinitial guess". 
C 

DO 31 J=JA+1, NZ 
DO 31 1=2, 60 

31 VZ(I,J)=VZ(1,J) 
DO 32 J=1, JB-1 
DO 32 1=2, 60 

32 VZ(I,J)=VZ(1,J) 
DO 33 J=43, 90 
DO 33 1=90, 97 

33 VZ(I,J)=40./TIPSPD 
DO 34 J=6, 34 
DO 34 1=90, 97 

34 VZ(I,J)=-66./TIPSPD 
DO 36 J=87, 96 
DO 36 1=3, 90 

35 VR(I,J)=-2./TIPSPD 
DO 36 J=5, 10 
DO 36 1=3, 25 

36 VR(I,J)=-3./TIPSPD 
DO 37 J=5, 10 
DO 37 1=25, 41 
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37 VR(I.J)=-8.!TIPSPD 
DO 38 J=5. 10 
DO 38 I=41. 90 

38 VR(I.J)=-16./TIPSPD 
DO 39 J=2. NZ-1 
I1=2 
IF(J .GE. JB .AND. J .LE. JA) I1=IR+1 
DO 39 I=I1. NR-1 
VT(I.J)=1.5!TIPSPD 
Q(I.J)=0.004 
DIS(I.J)=0.00025 

39 CONTINUE 
C 
C Set dimensionless radial coord. of the grids. 
C 

DO 40 I=1. NR 
40 RAD(I)=(1.+FLOAT(I-1)!FLOAT(NR-1)*(TANKR-1.»!TURBR 
C 
C Set headlines and output locations. 
C 

C 

HEADLN(1)='Mean Radial Velocities:' 
HEADLN(2)='Mean Tangential Velocities:' 
HEADLN(3)='Mean Axial Velocities:' 
HEADLN(4)='Pressure:' 
HEADLN(5)='Turbulence Kinetic Energy:' 
HEADLN(6)='TurbulenceEnergy Dissipation Rates:' 
HEADLN (7) =' Stream Function: ' 

C Set locations for graphics output 
C 

READ(9,*) NROW 
READ(9,*) (IY(I),I=1,NROW) 
DO 53 I=1,NROW 
READ(9,*) JNUM(I) 

53 READ(9,*) (IX(I,J),J=1,JNUM(I» 
C 

WRITE(10,*) NROW 
WRITE(10,54) (IY(I),I=1,NROW) 

54 FORMAT (30I4) 
DO 55 I=1,NROW 
WRITE(10,*) JNUM(I) 

55 WRITE(10,56) (IX(I,J).J=1,JNUM(I» 
56 FORMAT(30I4) 
C 
C Output initial conditions (using sub. OUTPUT). 
C 

CALL OUTPUT 
C 
C Calculation using finite-difference ADI method begins. 
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C 
LX=O 
LV=O 
L1=O 
JDUM=1 

60 DO 70 J=1, NZ 
DO 70 l=1, NR 
IF(ABS(DIS(I,J» .LT. 1.0E-3S) 

&; GO TO 65 
EV(I,J)=CU*TURBR*TIPSPD*Q(I,J)*Q(I,J)/DIS(I,J) 
GO TO 70 

65 EV(I,J)=O. 
70 CONTINUE 
C 
C Write out the iteration indices (in the .LOG file) so that the 
C proceeding of the computation can be seen. 
C 

WRITE(*,71) LV,L1,JDUM 
71 FORMAT(' LV,L1,JDUM:',314) 
C 
C Solve for new VR (ADI method; implicit in r) 
C 

DO 130 J=2, NZ 
I1=2 
IF«J .GE. JB) .AND. (J .LE. JA» 11=IR+1 
12=I1+1 
DO SO I=I2, NR1 
RE=TURBR*TIPSPD/(VISCO+EV(I,J» 

80 A(l-I1)=-VR(I,J)/(2.*DR)-1./RE/DR/DR+1./(RE*2.*DR*RAD(I» 
DO 90 I=I1, NR1 
RE=TURBR*TIPSPD/(VISCO+EV(I,J» 

90 D(I-I1+1)=1./DT+2./RE/DR/DR+1./RE/RAD(I)/RAD(I) 
DO 100 I=I1, NR2 
RE=TURBR*TIPSPD/(VISCO+EV(I,J» 

100 C(I-I1+1)=VR(I,J)/2./DR-1./RE/DR/DR-1./(RAD(I)*2.*DR*RE) 
DO 110 l=I1, NR1 
RE=TURBR*TIPSPD/(VISCO+EV(I,J» 
IF(J .EQ. NZ) X=VR(I,J-1) 
IF(J .NE. NZ) X=VR(I,J+1) 
B(I-I1+1)=VR(I,J)/DT-VZ(I,J)/2./DZ*(X-VR(I,J-1»+VT(I,J)*VT(I,J) 

&; /RAD(I)-(P(I+1,J)-P(I-1,J»/2./DR+(X-2.*VR(I,J)+VR(I,J-1»/RE/DZ 
&; /DZ 

IF(I .EQ. Ii) B(I-I1+1)=B(I-I1+1)-VR(I-1,J)*(-VR(I,J)/2./DR 
&; -1./RE/DR/DR+1./(RAD(I)*2.*DR*RE» 

IF(I .EQ. NR1) B(I-I1+1)=B(I-I1+1)-VR(I+1,J)*(VR(I,J)/2./DR 
&; -1./RE/DR/DR-1./(RAD(I)*2.*DR*RE» 

110 CONTINUE 
M=NR1-I1+1 

C 
C TRI is the subroutine to solve the tri-diagonal matrix, which is 
C due to the use of the implicit ADI method. 
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C 
CALL TRI(M,A,D,C,B) 
DO 120 I=Il, NRl 

120 VR(I,J)=B(I-Il+l) 
130 CONTINUE 
C 
C Solve for new VR; implicit in z. (In a computational cycle, each 
Ceq. is solved twice, i.e. the solution domain is ~wept twice, 
C beacuse of the use of ADI.) 
C 

DO 230 I=2, NRl 
ICOUNT=2 
IF(I .GT. IR) ICDUNT=l 
DO 220 K=l, ICOUNT 
IF(ICOUNT .EQ. 1) GO TO 150 
IF(K .EQ. 2) GO TO 140 
Jl=2 
NZ1=JB-l 
GO TO 160 

140 Jl=JA+l 
NZ1=NZ 
GO TO 160 

150 Jl=2 
NZ1=NZ 

160 J2=Jl+l 
DO 170 J=J2, NZl 
RE=TURBR*TIPSPD/(VISCO+EV(I,J» 
A(J-Jl)=-VZ(I,J)/2./DZ-l./RE/DZ/DZ 
IF(J .EQ. NZ) A(J-Jl)=A(J-Jl)+VZ(I,J)/2./DZ-l./RE/DZ/DZ 

170 CONTINUE 
DO 180 J=Jl, NZl 
RE=TURBR*TIPSPD/(VISCO+EV(I,J» 

180 D(J-J1+1)=1./DT+2./RE/DZ/DZ 
NZ2=NZ1-1 
DO 190 J=Jl, NZ2 
RE=TURBR*TIPSPD/(VISCO+EV(I,J» 

190 C(J-Jl+1)=VZ(I,J)/2./DZ-l./RE/DZ/DZ 
DO 200 J=Jl, NZl 
RE=TURBR*TIPSPD/(VISCO+EV(I,J» 
B(J-Jl+1)=VR(I,J)/DT-VR(I,J)/2./DR*(VR(I+l,J)-VR(I-l,J» 

& +VT(I,J)*VT(I,J)/RAD(I)-(P(I+l,J)-P(I-l,J»/2./DR 
& +(VR(I+l,J)-2.*VR(I,J)+VR(I-l,J»/RE/DR/DR 
& +(VR(I+l,J)-VR(I-l,J»/(RE*RAD(I)*2.*DR) 
& -VR(I,J)/RE/RAD(I)/RAD(I) 

IF(J .EQ. Jl) B(J-Jl+l)=B(J-Jl+l)-VR(I,J-l)*(-VZ(I,J)/2./DZ 
& -l./RE/DZ/DZ) 

IF(NZl .EQ. (JB-l) .AND. J .EQ. NZ1) B(J-Jl+l)=B(J-Jl+1) 
& -VR(I,J+l)*(VZ(I,J)/2./DZ-l./RE/DZ/DZ) 
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200 CONTINUE 
M=NZ1-J1+1 
CALL TRI(M.A.D.C.B) 
DO 210 J=J1. NZ1 

210 VR(I.J)=B(J-J1+1) 
220 CONTINUE 
230 CONTINUE 
C 
C Solve VTi implicit in r 
C 

DO 290 J=2. NZ 
I1=2 
IF«J .OE. JB) .AND. (J .LE. JA» 11=IR+1 
12=I1+1 
DO 240 I=I2. NR1 
RE=TURBR*TIPSPD/(VISCO+EV(I.J» 

240 A(I-I1)=-VR(I.J)/(2.*DR)-1./RE/DR/DR+1./(RE*2.*DR*RAD(I» 
DO 250 I=I1. NR1 
RE=TURBR*TIPSPD/(VISCO+EV(I.J» 

250 D(I-I1+1)=1./DT+2./RE/DR/DR+1./RE/RAD(I)/RAD(I) 
DO 260 I=I1. NR2 
RE=TURBR*TIPSPD/(VISCO+EV(J.,J» 

260 C(I-I1+1)=VR(I,J)/2./DR-1./RE/DR/DR-1./(RAD(I)*2.*DR*RE) 
DO 270 I=I1, NR1 
RE=TURBR*TIPSPD/(VISCO+E1f(I.J» 
IF(J .EQ. NZ) X=VT(I.J-1) 
IF(J .NE. NZ) X=VT(I.J+1) 
B(I-I1+1)=VT(I.J)/DT-VZ(I.J)/2./DZ*(X-VT(I.J-1»-VR(I.J)*VT(I.J) 

& /RAD(I)+(X-2.*VT(I.J)+VT(I.J-1»/RE/DZ/DZ 
IF(I .EQ. Ii) B(I-I1+1)=B(I-I1+1)-VT(I-1.J)*(-VR(I.J)/2./DR 

& -1./RE/DR/DR+1./(RAD(I)*2.*DR*RE» 
IF(I .EQ. NR1) B(I-I1+1)=B(I-I1+1)-VT(I+1.J)*(VR(I.J)/2./DR 

& -1./RE/DR/DR-1./(RAD(I)*2.*DR*RE» 
270 CONTINUE 

M=NR1-I1+1 
CALL TRI(M,A.D,C.B) 
DO 280 I=I1. NR1 

280 VT(I,J)=B(I-I1+1) 
290 CONTINUE 
C 
C Solve VTi implicit in z 
C 

DO 390 I=2. NR1 
ICOUNT=2 
IF(I .OT. IR) ICOUNT=1 
DO 380 K=1, ICOUNT 
IF(ICOUNT .EQ. 1) 00 TO 310 
IF(K .EQ. 2) 00 TO 300 
J1=2 
NZ1=JB-1 
00 TO 320 
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300 

310 

320 

Jl=JA+l 
NZ1=NZ 
GO TO 320 
Jl=2 
NZ1=NZ 
J2=Jl+l 
DO 330 J=J2, NZl 
RE=TURBR*TIPSPD/(VISCO+EV(I,J» 
A(J-Jl)=-VZ(I,J)/2./DZ-l./RE/DZ/DZ 
IF(J .EQ. NZ) A(J-Jl)=A(J-Jl)+VZ(I,J)/2./DZ-l./RE/DZ/bZ 

330 CONTINUE 
DO 340 J=Jl, NZl 
RE=TURBR*TIPSPD/(VISCO+EV(I,J» 

340 D(J-Jl+l)=1./DT+2./RE/DZ/DZ 
NZ2=NZ1-l 
DO 350 J=Jl, NZ2 
RE=TURBR*TIPSPD/(VISCO+EV(I,J» 

350 C(J-Jl+l)=VZ(I,J)/2./DZ-l./RE/DZ/DZ 
DO 360 J=Jl, NZl 
RE=TURBR*TIPSPD/(VISCO+EV(I,J» 
B(J-Jl+l)=VT(I,J)/DT-VR(I,J)/2./DR*(VT(I+l,J)-VT(I-l,J» 

& -VR(I,J)*VT(I,J)/RAD(I) 
& +(VT(I+l,J)-2.*VT(I,J)+VT(I-l,J»/RE/DR/DR 
& +(VT(I+l,J)-VT(I-l,J»/(RE*RAD(I)*2.*DR) 
& -VT(I,J)/RE/RAD(I)/RAD(I) 

IF(J .EQ. Jl) B(J-Jl+l)=B(J-Jl+l)-VT(I,J-l)*(-VZ(I,J)/2./DZ 
& -l./RE/DZ/DZ) 

IF(NZl .EQ. (JB-l) .AND. J .EQ. NZ1) B(J-Jl+l)=B(J-Jl+l) 
& -VT(I,J+l)*(VZ(I,J)/2./DZ-l./RE/DZ/DZ) 

360 CONTINUE 
M=NZ1-J1+1 
CALL TRI(M,A,D,C.B) 
DO 370 J=Jl, NZl 

370 VT(I,J)=B(J-Jl+l) 
380 CONTINUE 
390 CONTINUE 
C 
C Solve VZ; implicit in r 
C 

NZ1=NZ-l 
DO 450 J=2. NZl 
Il=2 
IF«J .GE. JB) .AND. (J .LE. JA» Il=IR+l 
I2=I1+1 
DO 400 I=I2, NRl 
RE=TURBR*TIPSPD/(VISCO+EV(I,J» 

400 A(I-Il)=-VR(I,J)/(2.*DR)-1./RE/DR/DR+l./(RE*2.*DR*RAD(I» 
DO 410 I=Il, NRl 
RE=TURBR*TIPSPD/(VISCO+EV(I,J» 
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410 D(I-I1+1)=1./DT+2./RE/DR/DR 
DO 420 1=11, NR2 
RE=TURBR*TIPSPD/(VISCO+EV(I,J» 

420 C(I-I1+1)=VR(I,J)/2./DR-1./RE/DR/DR-1./(RAD(I)*2.*DR*RE) 
DO 430 1=11, NR1 
RE=TURBR*TIPSPD/(VISCO+EV(I,J» 
B(I-I1+1)=VZ(I,J)/DT-VZ(I,J)/2./DZ*(VZ(I,J+1)-VZ(I,J-1» 

& -(P(I,J+1)-P(I,J-1»/2./DZ+(VZ(I,J+1)-2.*VZ(I,J)+VZ(I,J-1» 
& /RE/DZ/DZ 

IF(I .EQ. Ii) B(I-I1+1)=B(I-I1+1)-VZ(I-1,J)*(-VR(I,J)/2./DR 
& -1./RE/DR/DR+1./(RAD(I)*2.*DR*RE» 

IF(I .EQ. NR1) B(I-I1+1)=B(I-I1+1)-VZ(I+1,J)*(VR(I,J)/2./DR 
& -1./RE/DR/DR-1./(RAD(I)*2.*DR*RE» 

430 CONTINUE 
M=NR1-I1+1 
CALL TRI(M,A,D,C,B) 
DO 440 1=11, NR1 

440 VZ(I,J)=B(I-I1+1) 
450 CONTINUE 
C 
C Solve VZ; implicit in z 
C 

DO 550 1=2, NR1 
ICOUNT=2 
IF(I .GT. IR) ICOUNT=1 
DO 540 K=1, ICOUNT 
IF(ICOUNT .EQ. 1) GO TO 470 
IF(K .EQ. 2) GO TO 460 
J1=2 
NZ1=JB-1 
GO TO 480 

460 J1=JA+1 
NZ1=NZ-1 
GO TO 480 

470 J1=2 
NZ1=NZ-1 

480 J2=J1+1 
DO 490 J=J2, NZ1 
RE=TURBR*TIPSPD/(VISCO+EV(I,J» 

490 A(J-J1)=-VZ(I,J)/2./DZ-1./RE/DZ/DZ 
DO 500 J=J1, NZ1 
RE=TURBR*TIPSPD/(VISCO+EV(I,J» 

500 D(J-J1+1)=1./DT+2./RE/DZ/DZ 
NZ2=NZ1-1 
DO 510 J=J1, NZ2 
RE=TURBR*TIPSPD/(VISCO+EV(I,J» 
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610 C(J-Jl+l)=VZ(I.J)/2./DZ-l./RE/DZ/DZ 
DO 620 J=Jl. NZl 
RE=TURBR.TIPSPD/(VISCO+EV(I.J» 
B(J-Jl+l)=VZ(I.J)/DT-VR(I.J)/2./DR.(VZ(I+l.J)-VZ(I-l.J» 

&; -(P(I.J+l)-P(I.J-l»/2./DZ 
&; +(VZ(I+l.J)-2 .• VZ(I.J)+VZ(I-l.J»/RE/DR/DR 
&; +(VZ(I+l.J)-VZ(I-l.J»/(RE*RAD(I)*2.*DR) 

IF(J .EQ. Jl) B(J-Jl+l)=B(J-Jl+l)-VZ(I.J-l)*(-VZ(I.J)/2./DZ 
&; -l./RE/DZ/DZ) 

IF(J .EQ. NZ1) B(J-Jl+l)=B(J-Jl+l) 
&; -VZ(I.J+l).(VZ(I.J)/2./DZ-l./RE/DZ/DZ) 

620 CONTINUE 
H=NZ1-J1+1 
CALL TRI(H.A.D,C,B) 
DO 630 J=Jl. NZl 

630 VZ(I.J)=B(J-Jl+l) 
640 CONTINUE 
660 CONTINUE 
C 
C Solve K-eq. (i.e. Q); implicit in r 
C 

DO 660 J=2. NZ 
I1=2 
IF«J .GE. JB) .AND. (J .LE. JA» Il=IR+l 
12=I1+1 
DO 600 I=I2. NRl 
RE=TURBR.TIPSPD/(VISCO+EV(I.J)/SQ) 

600 A(I-Il)=-VR(I.J)/2./DR-l./RE/DR/DR+l./(RE.2 .• DR.RAD(I» 
DO 610 1=Il. NRl 
RE=TURBR.TIPSPD/(VISCO+EV(I.J)/SQ) 

610 D(I-Il+l)=1./DT+2./RE/DR/DR 
DO 620 I=Il. NR2 
RE=TURBR.TIPSPD/(VISCO+EV(I.J)/SQ) 

620 C(I-Il+l)=VR(I.J)/2./DR-l./RE/DR/DR-l./(RE.2 .• DR.RAD(I» 
DO 630 I=Il. NRl 
RE=TURBR.TIPSPD/(VISCO+EV(1.J)/SQ) 
PROD=2 .• «VR(I+l.J)-VR(I-l.J»/2./DR) •• 2+2 .• (VR(I.J)/RAD(I».*2 

&; +«VT(I+l.J)-VT(I-l.J»/2./DR-VT(I.J)/RAD(I»**2 
IF(J .EQ. NZ) PROD=PROD+«VZ(I+l.J)-VZ(I-l.J»/2./DR)*.2 
IF(J .NE. NZ) PROD=PROD+2 .• «VZ(I.J+l)-VZ(I.J-l»/2./DZ).*2 

&; +«VT(I.J+l)-VT(I.J-l»/2./DZ)**2+«VZ(I+l.J)-VZ(I-l.J»/2./DR 
&; +(VR(I.J+l)-VR(I.J-l»/2./DZ)**2 

PROD=PROD*EV(I.J)/TIPSPD/TURBR 
IF(J .EQ. NZ) X=Q(I.J-l) 
IF(J .NE. NZ) X=Q(I.J+l) 
B(I-Il+l)=Q(I.J)/DT-VZ(I.J)/2./DZ*(X-Q(I.J-l»+(X-2.*Q(I.J) 

&; +Q(I.J-l»/RE/DZ/DZ+PROD-DIS(I.J) 
IF(I .EQ. Ii) B(I-Il+l)=B(I-Il+l)-Q(I-l.J)*(-VR(I.J)/2./DR 

&; -1./RE/DR/DR+l./(RE*2.*DR*RAD(I») 
IF(I .EQ. NR1) B(I-Il+l)=B(I-Il+l)-Q(I+l.J)*(VR(I.J)/2./DR 

&; -1./RE/DR/DR-l./(RE*2.*DMR.AD(1») 

265 



630 CONTINUE 
M=NR1-I1+1 
CALL TRI(M,A,D,C,B) 
DO 640 I=I1, NR1 
Q(I,J)=B(I-I1+1) 

640 IF(Q(I,J) .LT. 0.) Q(I,J)=O. 
650 CONTINUE 
C 
C Solve Qi implicit in z 
C 

DO 750 I=2, NR1 
ICOUNT=2 
IF(I .GT. IR) ICOUNT=l 
DO 740 K=l, ICOUNT 
IF(ICOUNT .EQ. 1) GO TO 670 
IF(K .EQ. 2) GO TO 660 
J1=2 
NZ1=JB-1 
GO TO 680 

660 J1=JA+1 
NZ1=NZ 
GO TO 680 

670 J1=2 
NZ1=NZ 

680 J2=J1+1 
DO 690 J=J2, NZ1 
RE=TURBR*TIPSPD/(VISCO+EV(I,J)/SQ) 
A(J-J1)=-VZ(I,J)/2./DZ-1./RE/DZ/DZ 
IF(J .EQ. NZ) A(J-J1)=A(J-J1)+VZ(I,J)/2./DZ-1./RE/DZ/DZ 

690 CONTINUE 
DO 700 J=J1, NZ1 
RE=TURBR*TIPSPD/(VISCO+EV(I,J)/SQ) 

700 D(J-J1+1)=1./DT+2./RE/DZ/DZ 
NZ2=NZ1-1 
DO 710 J=J1, NZ2 
RE=TURBR*TIPSPD/(VISCO+EV(I,J)/SQ) 

710 C(J-J1+1)=VZ(I,J)/2./DZ-1./RE/DZ/DZ 
DO 720 J=J1, NZ1 
RE=TURBR*TIPSPD/(VISCO+EV(I,J)/SQ) 
PROD=2.*«VR(I+1,J)-VR(I-1,J»/2./DR)**2+2.*(VR(I,J)/RAD(I»**2 

& +«VT(I+1,J)-VT(I-1,J»/2./DR-VT(I,J)/RAD(I»**2 
IF(J .EQ. NZ) PROD=PROD+«VZ(I+1,J)-VZ(I-1,J»/2./DR)**2 
IF(J .NE. NZ) PROD=PROD+2.*«VZ(I,J+1)-VZ(I,J-1»/2./DZ)**2 

& +«VT(I,J+1)-VT(I,J-1»/2./DZ)**2+«VZ(I+1,J)-VZ(I-1,J»/2./DR 
& +(VR(I,J+1)-VR(I,J-1»/2./DZ)**2 

PROD=PROD*EV(I,J)/TIPSPD/TURBR 
B(J-J1+1)=Q(I,J)/DT-VR(I,J)/2./DR*(Q(I+1,J)-Q(I-1,J» 

& +(Q(I+1,J)-2.*Q(I,J)+Q(I-1,J»/RE/DR/DR 
& +(Q(I+1,J)-Q(I-1,J»/(RE*RAD(I)*2.*DR)+PROD-DIS(I,J) 

IF(J .EQ. J1) B(J-J1+1)=B(J-J1+1)-Q(I,J-1)*(-VZ(I,J)/2./DZ 
& -l./RE/DZ/DZ) 
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IF(NZl .EQ. (JB-l) .AND. J .EQ. NZ1) B(J-Jl+l)=B(J-Jl+l) 
& -Q(I,J+l)*(VZ(I,J)/2./DZ-l./RE/DZ/DZ) 

720 CONTINUE 
H=NZ1-J1+1 
CALL TRI(H,A,D,C,B) 
DO 730 J=Jl, NZl 
Q(I,J)=B(J-Jl+l) 

730 IF(Q(I,J) .LT. 0.) Q(I,J)=O. 
740 CONTINUE 
750 CONTINUE 
C 
C Solve dissipation (DIS); implicit in r 
C 

DO 810 J=2, NZ 
I1=2 
IF«J .GE. JB) .AND. (J .LE. JA)) Il=IR+l 
12=I1+1 
DO 760 I=I2, NRl 
RE=TURBR*TIPSPD/(VISCO+EV(I,J)/SE) 

760 A(I-Il)=-VR(I,J)/2./DR-l./RE/DR/DR+l./(RE*2.*DR*RAD(I)) 
DO 770 I=Il, NRl 
RE=TURBR*TIPSPD/(VISCO+EV(I,J)/SE) 

770 D(I-Il+l)=1./DT+2./RE/DR/DR 
DO 780 I=Il, NR2 
RE=TURBR*TIPSPD/(VISCO+EV(I,J)/SE) 

780 C(I-Il+l)=VR(I,J)/2./DR-l./RE/DR/DR-l./(RE*2.*DR*RAD(I)) 
DO 790 I=Il, NRl 
RE=TURBR*TIPSPD/(VISCO+EV(I,J)/SE) 
PROD=2.*«VR(I+l,J)-VR(I-l,J))/2./DR)**2+2.*(VR(I,J)/RAD(I))**2 

& +«VT(I+l,J)-VT(I-l,J))/2./DR-VT(I,J)/RAD(I))**2 
IF(J .EQ. NZ) PROD=PROD+«VZ(I+l,J)-VZ(I-l,J))/2./DR)**2 
IF(J .NE. NZ) PROD=PROD+2.*«VZ(I,J+l)-VZ(I,J-l))/2./DZ)**2 

& +«VT(I,J+l)-VT(I,J-l))/2./DZ)**2+«VZ(I+l,J)-VZ(I-l,J))/2./DR 
& +(VR(I,J+l)-VR(I,J-l))/2./DZ)**2 

PROD=PROD*EV(I,J)/TIPSPD/TURBR 
IF(J .EQ. NZ) X=DIS(I,J-l) 
IF(J .NE. NZ) X=DIS(I,J+l) 
Xl=O. 
IF(ABS(Q(I,J)) .GT. 1.E-38) Xl=(CE1*DIS(I,J)*PROD-CE2*DIS(I,J) 

& *DIS(I,J))/Q(I,J) 
B(I-Il+l)=DIS(I,J)/DT-VZ(I,J)/2./DZ*(X-DIS(I,J-1)) 

& +(X-2.*DIS(I,J) 
& +DIS(I,J-l))/RE/DZ/DZ+Xl 

IF(I .EQ. Il) B(I-Il+l)=B(I-Il+l)-DIS(I-l,J)*(-VR(I,J)/2./DR 
& -1./RE/DR/DR+l./(RE*2.*DR*RAD(I))) 

IF(I .EQ. NR1) B(I-Il+l)=B(I-Il+l)-DIS(I+l,J)*(VR(I,J)/2./DR 
& -1./RE/DR/DR-l./(RE*2.*DR*RAD(I))) 

790 CONTINUE 
H=NR1-11+1 
CALL TRI(H,A,D,C,B) 
DO 800 I=Il, NRl 
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DIS(I,J)=B(I-I1+1) 
800 IF(DIS(I,J) .LT. 0.) DIS(I,J)=O. 
810 CONTINUE 
C 
C Solve DIS; implicit in z 
C 

DO 910 I=2, NR1 
ICOUNT=2 
IF(I .GT. IR) ICOUNT=1 
DO 900 K=1, ICOUNT 
IF(ICOUNT .EQ. 1) GO TO 830 
IF(K .EQ. 2) GO TO 820 
J1=2 
NZ1=JB-1 
GO TO 840 

820 J1=JA+1 
NZ1=NZ 
GO TO 840 

830 J1=2 
NZ1=NZ 

840 J2=J1+1 
DO 850 J=J2,NZ1 
RE=TURBR*TIPSPD/(VISCO+EV(I,J)/SE) 
A(J-J1)=-VZ(I,J)/2./DZ-1./RE/DZ/DZ 
IF(J .EQ. NZ) A(J-J1)=A(J-J1)+VZ(I,J)/2./DZ-1./RE/DZ/DZ 

850 CONTINUE 
DO 860 J=J1, NZ1 
RE=TURBR*TIPSPD/(VISCO+EV(I,J)/SE) 

860 D(J-J1+1)=1./DT+2./RE/DZ/DZ 
NZ2=NZ1-1 
DO 870 J=J1, NZ2 
RE=TURBR*TIPSPD/(VISCO+EV(I,J)/SE) 

870 C(J-J1+1)=VZ(I,J' .I2./DZ-1./RE/DZ/DZ 
DO 880 J=J1, NZ1 
RE=TURBR*TIPSPD/(VISCO+EV(I,J)/SE) 
PROD=2.*«VR(I+1,J)-VR(I-1,J»/2./DR)**2+2.*(VR(I,J)/RAD(I»**2 

& +«VT(I+1,J)-VT(I-1,J»/2./DR-VT(I,J)/RAD(I»**2 
IF(J .EQ. NZ) PROD=PROD+«VZ(I+1,J)-VZ(I-1,J»/2./DR)**2 
IF(J .NE. NZ) PROD=PROD+2.*«VZ(I,J+1)-VZ(I,J-1»/2./DZ)**2 

& +«VT(I,J+1)-VT(I,J-1»/2./DZ)**2+«VZ(I+1,J)-VZ(I-1,J»/2./DR 
& +(VR(I,J+1)-VR(I,J-1»/2./DZ)**2 

PROD=PROD*EV(I,J)/TIPSPD/TURBR 
X1=O. 
IF(ABS(Q(I,J» .GT. 1.E-38) X1=(CE1*DIS(I,J)*PROD-CE2*DIS(I,J) 

& *DIS(I,J»/Q(I,J) 
B(J-J1+1)=DIS(I,J)/DT-VR(I,J)/2./DR*(DIS(I+1,J)-DIS(I-1,J» 

& +(DIS(I+1,J)-2.*DIS(I,J)+DIS(I-1,J»/RE/DR/DR 
& +(DIS(I+1,J)-DIS(I-1,J»/(RE*RAD(I)*2.*DR)+X1 

IF(J .EQ. J1) B(J-J1+1)=B(J-J1+1)-DIS(I,J-1)*(-VZ(I,J)/2./DZ 
& -1./RE/DZ/DZ) 

IF(NZ1 .EQ. (JB-1) .AND. J .EQ. NZ1) B(J-J1+1)=B(J-J1+1) 
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& -DIS(I,J+1)*(VZ(I,J)/2./DZ-1./RE/DZ/DZ) 
880 CONTINUE 

H=NZ1-J1+1 
CALL TRI(H,A,D,C,B) 
DO 890 J=J1, NZ1 
DIS(I,J)=B(J-J1+1) 

890 IF(DIS(I,J) .LT. 0.) DIS(I,J)=O. 
900 CONTINUE 
910 CONTINUE 
C 
C Calc. dilation (DIL, i.e. divergence of velocity), to be used 
C in the pressure calculation. 
C 

920 
& 

930 

940 

950 

960 

970 

& 

& 
980 

990 
& 

C 
C 
C 
C 

NZ1=NZ-1 
DO 920 J=2, NZ1 
DO 920 1=2, NR1 
DIL(I,J)=(VR(I+1,J)-VR(I-1,J»/2./DR+VR(I,J)/RAD(1) 
+(VZ(1,J+1)-VZ(I,J-1»/2./DZ 
DO 930 1=1, NR 
DIL(1 ,1)=0. 
DO 940 J=1, NZ 
DIL(NR,J)=O. 
DO 950 1=2, NR1 
DIL(1,NZ)=(VR(1+1,NZ)-VR(I-1,NZ»/2./DR+VR(1,NZ)/RAD(I) 
DO 960 J=2, JB-1 
D1L(1,J)=VR(1,J)/RAD(1)+(VZ(1,J+1)-VZ(1,J-1»/2./DZ 
DO 970 J=JA+1, NZ1 
D1L(1,J)=VR(1,J)/RAD(1)+(VZ(1,J+1)-VZ(1,J-1»/2./DZ 
DO 980 1=2, IR-1 
D1L(I,JB)=(VR(1+1,JB)-VR(I-1,JB»/2./DR+VR(1,JB)/RAD(1) 
+(VZ(I,JB)-VZ(1,JB-1»/DZ 
D1L(I,JA)=(VR(1+1,JA)-VR(I-1,JA»/2./DR+VR(1,JA)/RAD(1) 
+(VZ(I,JA+1)-VZ(1.JA»/DZ 
CONTINUE 
DO 990 J=JB, JA 
D1L(IR,J)=(VR(IR+1,J)-VR(IR,J»/DR+VR(IR,J)/RAD(IR) 
+(VZ(IR,J+1)-VZ(1R,J-1»/2./DZ 

Calc pressure; implicit in r (using the same time-dependent ADI 
method as for the velocities). 

1F(LV .GT. 5) EPSLNP=1.E-5 
1F(LV .GT. 10) EPSLNP=1.E-6 
DO 1690 LP=1, HAXP 
DO 1655 IDUM=1, 3 
NZ1=NZ-1 
DO 1550 J=2, NZ1 
11=2 
1F«J .GE. JB) .AND. (J .LE. JA» 11=1R+1 
12=11+1 
DO 1500 1=12, NR1 
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1500 

1510 

1520 

A(I-I1)=-1./DR/DR+1./(2.*DR*RAD(I» 
DO 1510 I=I1, NR1 
D(I-I1+1)=1./DTP+2./DR/DR 
IF(I .EQ. 11) D(I-I1+1)=D(I-I1+1)-1./DR/DR+1./2./DR/RAD(I) 
IF(I .EQ. NR1) D(I-I1+1)=D(I-I1+1)-1./DR/DR-1./2./DR/RAD(I) 
CONTINUE 
DO 1520 I=I1, NR2 
C(I-I1+1)=-1./DR/DR-1./(RAD(I)*2.*DR) 
DO 1530 I=I1, NR1 
RE=TURBR*TIPSPD/(VISCO+EV(I,J» 
S=DIL(I,J)/(DT*2.)-VR(I,J)*(DIL(I+1,J)-DIL(I-1,J»/2./DR-VZ(I,J) 

& *(DIL(I,J+1)-DIL(I,J-1»/2./DZ-(VR(I,J+1)-VR(I,J-1» 
& *(VZ(I+1,J)-VZ(I-1,J»/2./DR/DZ+VT(I,J)*(VT(I+1,J)-VT(1-1,J» 
& /RAD(I)/DR-(VR(I,J)/RAD(I»**2-«VR(I+1,J)-VR(I-1,J»/2./DR)**2 
& -«VZ(I,J+1)-VZ(I,J-1»/2./DZ)**2+«DIL(I+1.J)-2.*DIL(I.J) 
& +DIL(I-1.J»/DR/DR+(DIL(I+1,J)-DIL(I-1.J»/2./DR/RAD(I) 
& +(DIL(I,J+1)-2.*DIL(I,J)+DIL(I,J-1»/DZ/DZ)/RE 

B(I-I1+1)=P(I,J)/DTP+(P(I.J+1)-2.*P(I.J)+P(I.J-1»/DZ/DZ-S 
IF(I .EQ. 11 .AND. 11 .EQ. IR+1) B(I-I1+1)=B(I-I1+1) 

& +DR*(-1./DR/DR+1./2./RAD(I)/DR) 
& *(-(VR(I.J)+VR(I-1.J»*(VR(I.J)-VR(I-1.J»/2./DR-(VZ(I.J) 
& +VZ(I-1.J»*(VR(I.J+1)-VR(I.J-1)+VR(I-1.J+1)-VR(I-1,J-1»/8./DZ 
& +(VT(I.J)+VT(I-1,J»**2/(RAD(I)+RAD(I-1»/2.+«VR(I+1,J) 
& -2.*VR(I.J)+VR(l-1,J»/DR/DR+2.*(VR(I.J)-VR(I-1,J»/DR 
& /(RAD(l)+RAD(I-1»-2.*(VR(l,J)+VR(I-1.J»/«RAD(I)+RAD(I-1»**2) 
& +(VR(l.J+1)-2.*VR(I,J)+VR(I.J-1)+VR(l-1,J+1)-2.*VR(l-1.J) 
& +VR(I-1.J-1»/2./DZ/DZ)/RE) 

1530 CONTINUE 

1540 
1550 
C 
C 
C 

M=NR1-I1+1 
CALL TRl(M,A.D.C.B) 
DO 1540 I=I1, NR1 
P(l,J)=B(I-I1+1) 
CONTINUE 

Solve Pj implicit in z 

DO 1650 I=2, NR1 
ICOUNT=2 
IF(I .GT. lR) ICOUNT=1 
DO 1640 K=1, ICOUNT 
IF(ICOUNT .EQ. 1) GO TO 1570 
IF(K .EQ. 2) GO TO 1560 
J1=2 
NZ1=JB-1 
GO TO 1580 

1560 J1=JA+1 
NZ1=NZ-1 
GO TO 1580 

1570 J1=2 
NZ1=NZ-1 

1580 J2=J1+1 
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DO 1590 J=J2, NZl 
1590 A(J-Jl)=-l./DZ/DZ 

DO 1600 J=Jl, NZl 
D(J-Jl+l)=1./DTP+2./DZ/DZ 
IF(J .EQ. 2) D(J-Jl+l)=D(J-Jl+l)-l./DZ/DZ 
IF(J .EQ. NZl .AND. NZl .EQ. (JB-l» D(J-Jl+l)=V(J-Jl+l) 

&; -1./0Z/0Z 
IF(J .EQ. Jl .AND. Jl .EQ. (JA+l» D(J-Jl+1)=D(J-Jl+1)-1./DZ/DZ 

1600 CONTINUE 
NZ2=NZ1-1 
DO 1610 J=Jl, NZ2 

1610 C(J-Jl+l)=-l./DZ/DZ 
DO 1620 J=Jl. NZl 
RE=TURBR*TIPSPD/(VISCO+EV(I,J» 
S=DIL(I,J)/(DT*2.)-VR(I,J)*(DIL(I+l,J)-DIL(I-l,J»/2./DR-VZ(I,J) 

& *(DIL(I,J+l)-DIL(I,J-1»/2./DZ-(VR(I,J+1)-VR(I,J-1» 
& *(VZ(I+l,J)-VZ(I-l,J»/2./DR/DZ+VT(I,J)*(VT(I+l,J)-VT(I-l,J» 
& /RAD(I)/DR-(VR(I,J)/RAD(I»**2-«VR(I+l,J)-VR(I-l,J»/2./DR)**2 
& -«VZ(I,J+l)-VZ(I,J-l»/2./DZ)**2+«DIL(I+l,J)-2.*DIL(I,J) 
&; +DIL(I-l,J»/DR/DR+(DIL(I+l,J)-DIL(I-l,J»/2./DR/RAD(I) 
& +(DIL(I,J+l)-2.*OIL(I,J)+DIL(I,J-l»/DZ/DZ)/RE 

B(J-Jl+l)=P(I,J)/DTP+(P(I+l,J)-2.*P(I,J)+P(I-l,J»/DR/DR 
& +(P(I+l,J)-P(I-l,J»/2./DR/RAD(I)-S 

IF(J .EQ. NZl .AND. NZl .EQ. (JB-l» B(J-Jl+1)=B(J-Jl+1)+1./DZ 
& *(-(VR(I,J+l)+VR(I,J»*(VZ(I+l,J+l)-VZ(I-l,J+l)+VZ(I+l,J) 
& -VZ(I-l,J»/8./DR-(VZ(I,J+l)+VZ(I,J»*(VZ(I,J+l)-VZ(I,J»/2./DZ 
& +«VZ(I+l,J+l)-2.*VZ(I,J+l)+VZ(I-l,J+l)+VZ(I+l,J)-2.*VZ(I,J) 
& +VZ(I-l,J»/2./DR/DR+(VZ(I+l,J+l)-VZ(I-l,J+l)+VZ(I+l,J) 
& -VZ(I-l,J»/4./DR/RAD(I)+(VZ(I,J+l)-2.*VZ(I,J)+VZ(I,J-l»/DZ/DZ) 
& /RE) 

IF(J .EQ. Jl .AND. Jl .EQ. (JA+l» B(J-Jl+1)=B(J-Jl+l)-1./DZ 
& *(-(VR(I,J)+VR(I,J-l»*(VZ(I+l,J)-VZ(I-l,J)+VZ(I+l,J-l) 
& -VZ(I-l,J-l»/8./DR-(VZ(I,J)+VZ(I,J-l»*(VZ(I,J)-VZ(I,J-l»/2. 
& /DZ+«VZ(I+l,J)-2.*VZ(I,J)+VZ(I-l,J)+VZ(I+l,J-l)-2.*VZ(I,J-l) 
& +VZ(I-l,J-l»/2./DR/DR+(VZ(I+l,J)-VZ(I-l,J)+VZ(I+l,J-l) 
& -VZ(I-l,J-l»/4./0R/RAD(I)+(VZ(I,J+l)-2.*VZ(I,J)+VZ(I,J-l» 
& /DZ/DZ)/RE) 

IF(J .EQ. NZ-l) B(J-Jl+l)=B(J-Jl+l)+PO/DZ/DZ 
1620 CONTINUE 

H=NZ1-J1+1 
CALL TRI(H,A,D,C,B) 
DO 1630 J=Jl, NZl 

1630 P(I,J)=B(J-Jl+l) 
1640 CONTINUE 
1650 CONTINUE 
1655 CONTINUE 
C 
C Check the convergence of P. 
C 

DO 1660 J=l, NZ 
DO 1660 I=l, NR 
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IF(ABS(P(I,J)-Pl(I,J» .GT. EPSLNP) GO TO 1670 
1660 CONTINUE 

WRITE(*,1662) LP 
1662 FORMAT(' P converges, iter = ',12) 

GO TO 1710 
1670 DO 1680 J=l, NZ 

DO 1680 1=1, NR 
1680 Pl(I,J)=P(I,J) 
1690 CONTINUE 

WRITE(*, 1700) MAXP 
1700 FORMAT(' P has NO convergence, iter = ',12) 
C 
C Update the pressures on the necessary boundaries using the 
C pressure boundary conditions. The above iterations are for 
C the interior points only. 
C 
1710 DO 1720 1=1, NR 
1720 P(I,l)=P(I,2) 

DO 1730 J=l, NZ-l 
1730 P(NR,J)=P(NR1,J) 

DO 1740 J=l, JB 
1740 P(l,J)=P(2,J) 

DO 1750 J=JA, NZ-l 
1750 P(l,J)=P(2,J) 

1760 

J=JB-l 
DO 1760 1=2, IR 
RE=TURBR*TIPSPD/(VISCO+EV(I,J» 
P(I,JB)=P(I,J)+DZ 

& *(-(VR(I,J+l)+VR(I,J»*(VZ(I+l,J+l)-VZ(I-l,J+l)+VZ(I+l,J) 
-VZ(I-l,J»/8./DR-(VZ(I,J+l)+VZ(I,J»*(VZ(I,J+l)-VZ(I,J»/2./DZ 
+«VZ(I+l,J+l)-2.*VZ(I,J+l)+VZ(I-l,J+l)+VZ(I+l,J)-2.*VZ(I,J) 
+VZ(I-l,J»/2./DR/DR+(VZ(I+l,J+l)-VZ(I-l,J+l)+VZ(I+l,J) 
-VZ(I-l,J»/4./DR/RAD(I)+(VZ(I,J+l)-2.*VZ(I,J)+VZ(I,J-l»/DZ/DZ) 
/RE) 

& 
& 
& 
& 
& 

CONTINUE 
J=JA+l 
DO 1770 1=2, IR 
RE=TURBR*TIPSPD/(VISCO+EV(I,J» 
P(I,JA)=P(I,J)-DZ 

& *(-(VR(I,J)+VR(I,J-l»*(VZ(I+l,J)-VZ(I-l,J)+VZ(I+l,J-l) 
& -VZ(I-l,J-l»/8./DR-(VZ(I,J)+VZ(I,J-l»*(VZ(I,J)-VZ(I,J-l»/2. 
& /DZ+«VZ(I+l,J)-2.*VZ(I,J)+VZ(I-l,J)+VZ(I+l,J-l)-2.*VZ(I,J-l) 
& +VZ(I-l,J-l»/2./DR/DR+(VZ(I+l,J)-VZ(I-l,J)+VZ(I+l,J-l) 
& 
& 

1770 

-VZ(I-l,J-l»/4./DR/RAD(I)+(VZ(I,J+l)-2.*VZ(I,J)+VZ(I,J-l» 
/DZ/DZ)/RE) 
CONTINUE 
I=IR+l 
Jl=JB+l 
J2=JA-l 
DO 1780 J=Jl, J2 
RE=TURBR*TIPSPD/(VISCO+EV(I,J» 
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1780 

1790 
C 

C 

&: 
&: 
&: 
&: 
&: 
&: 
&: 

P(IR,J)=P(I,J)-DR 
*(-(VR(I,J)+VR(I-l,J»*(VR(I,J)-VR(I-l,J»/2./DR-(VZ(I,J) 
+VZ(I-l,J»*(VR(I,J+l)-VR(I,J-l)+VR(I-l,J+l)-VR(I-l,J-1»/8./DZ 
+(VT(I,J)+VT(I-1,J»**2/(RAD(I)+RAD(I-l»/2.+«VR(I+l,J) 
-2.*VR(I,J)+VR(I-l,J»/DR/DR+2.*(VR(I,J)-VR(I-l,J»/DR 
/(RAD(I)+RAD(I-l»-2.*(VR(I,J)+VR(I-l,J»/«RAD(I)+RAD(I-l»**2) 
+(VR(I,J+l)-2.*VR(I,J)+VR(I,J-l)+VR(I-l,J+l)-2.*VR(I-l,J) 
+VR(I-l,J-l»/2./DZ/DZ)/RE) 
CONTINUE 
DO 1790 J=l, NZ 
DO 1790 I=l, NR 
PHI ,J)=P(I ,J) 

JDUM=JDUM+l 
IF(JDUM .GT. 10) GO TO 1810 
GO TO 60 

1810 JDUM=l 

C 

LX=LV*200+(Ll+l)*10 
IFLAG=l 

C Check convergence for velocities, Q, and DIS. 
C 

CALL CHECK(VR,VR1,El,IMAX,JMAX,EPSLNV,IFLAG) 
C 
C Also vrite out the maximum difference (El) and the place 
C (IMAX, JMAX) it occurs. 
C 

WRITE(*,1812) El,IMAX,JMAX 
1812 FORMAT(' VR:',E12.3,2IS) 

CALL CHECK(VT,VT1,E2,IMAX,JMAX,EPSLNV,IFLAG) 
WRITE(*,1814) E2,IMAX,JMAX 

1814 FORMAT(' VT:',E12.3,2IS) 
CALL CHECK(VZ,VZ1,E3,IMAX,JMAX,EPSLNV,IFLAG) 
WRITE(*,1816) E3,IMAX,JMAX 

1816 FORMAT(' VZ:',E12.3,2IS) 
CALL CHECK(Q,Q1,E4,IMAX,JMAX,EPSLNV,IFLAG) 
WRITE(*,1818) E4,IMAX,JMAX 

1818 FORMAT(' Q:',E12.3,2IS) 
CALL CHECK(DIS,DIS1,ES,IMAX,JMAX.EPSLNV.IFLAG) 
WRITE(*.1820) ES.IMAX.JMAX 

1820 FORMAT(' DIS:'.E12.3,2IS) 
WRITE(11.1822) LX,El.E2,E3,E4,ES 

1822 FORMAT(IS. SE12.3) 
C 
C If the solution is not converged (IFLAG .LT. 0), continue the 
C iteration. 
C 

IF(IFLAG .LT. 0) GO TO 1840 
GO TO 2SS0 

1840 DO 1860 J=l, NZ 
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DO 1860 1=1, NR 
VR1(I,J)=VR(I,J) 
VT1(I,J)=VT(I,J) 
VZ1(I,J)=VZ(I,J) 
Q1(I ,J)=Q(I ,J) 
DIS1(I,J)=DIS(I,J) 

1860 CONTINUE 

C 

L1=L1+1 
IF(L1 .GT. 19) GO TO 1880 
GO TO 60 

1880 L1=O 
C 
C Calc. new stream function values; output transient results 
C including velocities, Q, DIS, P, and stream function. 
C 

CALL STREAM 
LX=(LV+1)*200 
CALL'OUTPUT 
LV=LV+1 
IF(LV .GE. MAXV) GO TO 2500 
GO TO 60 

2500 LX=MAXV*200 
WRITE(*,2520) LX 

2520 FORMAT(' NO convergence after',I4,'iterations.') 
GO TO 3000 

2550 CALL STREAM 
CALL OUTPUT 

3000 WRITE(10,*) -100000 
C 
C Calc. regional energy dissipation rates for later reference. 
C 

SUM=O. 
DO 3020 J=1,JB-1 
DO 3020 1=1, NR-1 
S=(DIS(I,J)+DIS(I+1,J)+DIS(I+1,J+1)+DIS(I,J+1»/4. 

3020 SUM=SUM+S*(RAD(I)+RAD(I+1»/2.*DR*DZ 
S1=SUM*(PI**4)/2. 
SUM=O. 
DO 3022 J=JB,JA-1 
DO 3022 I=IR,NR-1 
S=(DIS(I,J)+DIS(I+1,J)+DIS(I+1,J+1)+DIS(I,J+1»/4. 

3022 SUM=SUM+S*(RAD(I)+RAD(I+1»/2.*DR*DZ 
S2=SUM*(PI**4)/2. 
SUM=O. 
DO 3024 J=JA, NZ-1 
DO 3024 1=1, NR-1 
S=(DIS(I,J)+DIS(I+1,J)+DIS(I+1,J+1)+DIS(I,J+1»/4. 

3024 SUM=S~I+S*(RAD(I)+RAD(I+1»/2.*DR*DZ 
S3=SUM*(PI**4)/2. 
WRITE(*,3026) S1,S2,S3 
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3026 FORMAT(' DIS below, in, and above the impeller stream (N**3 D**5):' 

C 
C 

&: /3E12.3) 
WRITE(11,3026) Sl,S2,S3 
STOP 
END 

C Definition of the subroutines: 
C TRI: solves the tri-diagonal matrix resulted from the 
C implicit ADI formulation. 
C STREAM: calculates stream functions using SOR (successive 
C over-relaxation) method. 
C OUTPUT: Outputs the results. 
C INPUT: Inputs the boundary conditions (obtained from the 
C experimental data). 
C CHECK: Checks the convergence (of velocities, Q, DIS, and P). 
C Also obtains the maximum errors and the locations where 
C the max. errors occur. 
C 

SUBROUTINE TRI(M,A,D,C,B) 
DIMENSION A(M),D(M),C(M),B(M) 
DO 2 1=2, M 
XMULT=A(I-l)/D(I-l) 
D(I)=D(I)-XMULT*C(I-l) 

2 B(I)=B(I)-XMULT*B(I-l) 
B(M)=B(M)/D(M) 
MM=M-l 
DO 3 1=1, MM 

3 B(M-I)=(B(M-I)-C(M-I)*B(M-I+l»/D(M-I) 

C 
C 

RETURN 
END 

SUBROUTINE STREAM 
DIMENSION PSI(100,100), PSI1(100,100), VR(100,100) 
DIMENSION VZ(100,100), RAD(100) 
COMMON /BLK1/IR, JB, JA 
COMMON /BLK2/VR, VZ, PSI, PSI1, RAD, DR, DZ, NR, NZ 
DATA MAXPSI,W,E/50,l.5,l.E-6/ 
BETA=(DR/DZ) **2 
NR1=NR-l 
NZ1=NZ-l 
DO 190 LPSI=l, MAXPSI 

C WRITE(6,*) , LPSI:',LPSI 
DO 150 IDUM=l, 3 
DO 100 J=2, JB-l 
DO 100 1=1, NRl 
S=RAD(I)*(VR(I,J+l)-VR(I,J-l»/2./DZ 
IF(I .NE. 1) S=S-RAD(I)*(VZ(I+l,J)-VZ(I-l,J»/2./DR 
X=BETA*(PSI(I,J+l)+PSI(I,J-l»-DR*DR*S-(2.+2.*BETA)*PSI(I,J) 
IF(I .EQ. 1) X=X+2.*PSI(I+l,J)+VZ(I,J)*(2.*DR*RAD(I)+DR*DR) 



IF(I .NE. 1) X=X+PSI(I+l.J)*(1.-DR/2./RAD(I»+PSI(I-1.J) 
& *(1.+DR/2./RAD(I» 

PSI(I.J)=PSI(I.J)+X*W/(2.+2.*BETA) 
100 CONTINUE 

I=l 
J=JB 
S=RAD(I)*«VR(I.J)-VR(I.J-l»/DZ-(VZ(I+l.J)-VZ(I.J»/DR) 
PSI(I.J)=PSI(I.J)+W/(2.+2.*BETA)*(2.*PSI(I+1.J)+VZ(I.J) 

& *(2.*DR*RAD(I)+DR*DR)+2.*BETA*PSI(I.J-l)+2.*BETA*DZ*RAD(I) 
& *VR(I.J)-DR*DR*S-(2.+2.*BETA)*PSI(I.J» 

DO 110 I=2. NRl 
IF(I .LT. IR) S=RAD(I)*«VR(I.J)-VR(I.J-l»/DZ-(VZ(I+l.J) 

& -VZ(I-l.J»/2./DR) 
IF(I .GE. IR) S=RAD(I)*«VR(I.J+l)-VR(I.J-l»/2./DZ-(VZ(I+l.J) 

& -VZ(I-l.J»/2./DR) 
X=PSI(I+l.J)*(1.-DR/2./RAD(I»+PSI(I-1.J)*(1.+DR/2./RAD(I» 

& -DR*DR*S-(2.+2.*BETA)*PSI(I.J) 
IF(I .LT. IR) X=X+2.*BETA*PSI(I.J-l)+2.*BETA*DZ*RAD(I)*VR(I.J) 
IF(I .GE. IR) X=X+BETA*(PSI(I.J+l)+PSI(I.J-l» 
PSI(I.J)=PSI(I.J)+W/(2.+2.*BETA)*X 

110 CONTINUE 
DO 120 J=JB+l. JA-l 
DO 120 I=IR. NRl 
IF(I .EQ. IR) S=RAD(I)*«VR(I.J+l)-VR(I.J-l»/2./DZ-(VZ(I+l.J) 

& -VZ(I.J»/DR) 
IF(I .NE. IR) S=RAD(I)*«VR(I.J+l)-VR(I.J-l»/2./DZ-(VZ(I+l.J) 

& -VZ(I-l.J»/2./DR) 
X=BETA*(PSI(I.J+l)+PSI(I.J-1»-DR*DR*S-(2.+2.*BETA)*PSI(I.J) 
IF(I .EQ. IR) X=X+2.*PSI(I+l.J)+VZ(I.J)*(2.*DR*RAD(I)+DR*DR) 
IF(I .NE. IR) X=X+PSI(I+l.J)*(1.-DR/2./RA~(I»+PSI(I-1.J) 

& *(1.+DR/2./RAD(I» 
PSI(I.J)=PSI(I.J)+X*W/(2.+2.*BETA) 

120 CONTINUE 
I=l 
J=JA 
S=RAD(I)*«VR(I.J+l)-VR(I.J»/DZ-(VZ(I+l.J)-VZ(I.J»/DR) 
PSI(I.J)=PSI(I.J)+W/(2.+2.*BETA)*(2.*PSI(I+1.J)+VZ(I.J) 

& *(2.*DR*RAD(I)+DR*DR)+2.*BETA*PSI(I.J+l)-2.*BETA*DZ*RAD(I) 
& *VR(I.J)-DR*DR*S-(2.+2.*BETA)*PSI(I.J» 

DO 130 I=2. NRl 
IF(I .LT. IR) S=RAD(I)*«VR(I.J+l)-VR(I.J»/DZ-(VZ(I+l.J) 

& -VZ(I-l.J»/2./DR) 
IF(I .GE. IR) S=RAD(I)*«VR(I.J+l)-VR(I.J-l»/2./DZ-(VZ(I+1.J) 

& -VZ(I-l.J»/2./DR) 
X=PSI(I+1,J)*(1.-DR/2./RAD(I»+PSI(I-l,J)*(1.+DR/2./RAD(I» 

& -DR*DR*S-(2.+2.*BETA)*PSI(I,J) 
IF(I .LT. IR) X=X+2.*BETA*PSI(I,J+l)-2.*BETA*DZ*RAD(I)*VR(I,J) 
IF(I .GE. IR) X=X+BETA*(PSI(I,J+l)+PSI(I.J-l» 
PSI(I.J)=PSI(I.J)+W/(2.+2.*BETA)*X 

130 CONTINUE 
DO 140 J=JA+1. NZl 
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DO 140 1=1, NRl 
S=RAD(I)*(VR(I,J+l)-VR(I,J-l»/2./DZ 
IF(I .NE. 1) S=S-RAD(I)*(VZ(I+l,J)-VZ(I-l,J»/2./DR 
X=BETA*(PSI(I,J+l)+PSI(I,J-l»-DR*DR*S-(2.+2.*BETA)*PSI(I,J) 
IF(I .EQ. 1) X=X+2.*PSI(I+l,J)+VZ(I,J)*(2.*DR*RAD(I)+DR*DR) 
IF(I .NE. 1) X=X+PSI(I+l,J)*(1.-DR/2./RAD(I»+PSI(I-l,J) 

& *(1.+DR/2./RAD(I» 
PSI(I,J)=PSI(I,J)+X*W/(2.+2.*BETA) 

140 CONTINUE 
150 CONTINUE 

DO 160 J=l, NZ 
DO 160 1=1, NR 
IF(ABS(PSI(I,J)-PSI1(I,J» .GT. E) GO TO 170 

160 CONTINUE 
WRITE(*,162) LPSI 

162 FORMAT(' PSI converges, iter = ',12) 
GO TO 210 

170 DO 180 J=l, NZ 
DO 180 1=1, NR 

180 PSI1(I,J)=PSI(I,J) 
190 CONTINUE 

WRITE(*,192) MAXPSI 
192 FORMAT(' PSI has NO convergence, iter = ',12) 

GO TO 230 
210 DO 220 J=l, NZ 

DO 220 1=1, NR 
220 PSI1(I,J)=PSI(I,J) 
230 RETURN 

C 
C 

Elm 

SUBROUTINE OUTPUT 
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DIMENSION VR(100,100),VT(100,100),VZ(100,100),P(100,100),Q(100,l00) 
DIMENSION DIS(100,100),PSI(100,100),PSI1(100,100),RAD(100) 
DIMENSION JNUM(30),IX(30,30),IY(30),ICURV(6) 
COMMON /BLK2/VR,VZ,PSI,PSll,RAD,DR,DZ,NR,NZ 
COMMON /BLK3/VT,P,Q,DIS,LX,NROW,JNUM,IX,IY,ICURV 
WRITE(10,10) LX 

10 FORMAT(I5) 
DO 20 1=1,6 
WRITE(10,30) (VR(ICURV(I),J),J=26,42) 
WRITE(10,30) (VT(ICURV(I),J),J=26,42) 
WRITE(10,30) (Q(ICURV(I),J),J=26,42) 

20 WRITE(10,30) (DIS(ICURV(I),J),J=26,42) 
30 FORMAT(9E12.3) 

DO 40 I=l,NROW 
40 WRITE(10,100) (VR(IX(I,J),IY(I»,J=l,JNUM(I» 

DO 45 I=l,NROW 
45 WRITE(10,100) (VT(IX(I,J),IY(I»,J=l,JNUM(I» 

DO 50 I=l,NROW 
50 WRITE(10,100) (VZ(IX(I,J),IY(I»,J=l,JNUM(I» 



DO 60 I=l.NROW 
60 WRITE(10.100) (P(IX(I.J).IY(I».J=l.JNUM(I» 

DO 70 I=l.NROW 
70 WRITE(10.100) (Q(IX(I.J).IY(I».J=l.JNUM(I» 

DO 80 I=l.NROW 
80 WRITE(10.100) (DIS(IX(I.J).IY(I».J=l.JNUM(I» 

DO 90 I=l.NROW 
90 WRITE(10.100) (PSI(IX(I.J).IY(I».J=l.JNUM(I» 
100 FORMAT(12Ell.3) 

C 
C 

RETURN 
END 

SUBROUTINE INPUT(NUM.IGRID.RDATA) 
DIMENSION IGRID(100). RDATA(100) 
READ(9.*) NUM 
READ(9.*) (IGRID(I). I=l. NUM) 
READ(9.*) (RDATA(IGRID(I». I=l. NUM) 
DO 10 I=l. NUM-l 
DO 10 J=IGRID(I). IGRID(I+l) 
RDATA(J)=FLOAT(J-IGRID(I»/FLOAT(IGRID(I+l)-IGRID(I» 

& *(RDATA(IGRID(I+l»-RDATA(IGRID(I»)+RDATA(IGRID(I» 
10 CONTINUE 

C 
C 

RETURN 
END 

SUBROUTINE CHECK(V.Vl.EMAX.IMAX.JMAX.EPSLNV.IFLAG) 
DIMENSION V(100.100).Vl(100.100) 
DATA NR.NZ.IR.JB.JA/l00.l00.33.27.41/ 
EMAX=O. 
IMAX=l 
JMAX=l 
DO 10 J=l.NZ 
Il=l 
IF(J .GT. JB .AND. J .LT. JA) Il=IR 
DO 10 I=I1.NR 
A=ABS(V(I.J)-V1(I.J» 
IF(A .LE. EMAX) GO TO 10 
EMAX=A 
IMAX=I 
JMAX=J 

10 CONTINUE 
IF(EMAX .GT. EPSLNV) IFLAG=-l 
RETURN 
END 
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A 

Al, A2 

a 

B 

C 

CD 

C 

Cl e , C2e, Cil 

D 

Dm 

d 

E 

El(n) 

FD 

Fr 

J 

JD 

9 

gc 

Ie 

I<E 

k 

kd 

ke 

NOMENCLATURE 

constant; mean concentration; area 

constants 

fluctuation concentration 

constant; mean concentration 

mean concentration 

drag coefficient 

fluctuation concentration; also Courant number (== ~~t) 

constants used in turbulence k - c model 

impeller diameter; also dilation term (= \7 . U) 

molecular diffusivity 

diffusion number (== ~~~) 

fluid flow kinetic energy 

one-dimensional energy spectrum in frequency domain 

drag force 

Froude number (= D:2) 

longitudinal correlation coefficient 

Doppler frequency 

lateral correlation coefficient; also gravitational acceleration 

Eulerian concentration correlation coefficient 

intensity of segregation 

kinetic energy flow rate 

turbulence kinetic energy == !Cui +u~ +u5); also wave number 

wave number of eddies with maximum dissipation 

wave number of energy-containing eddies 
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L 

Lc 

Lf 

Lg 

L re8 

m 

N 

Np 

NQ 

n 

p 

Q 

q 

R 

RE 

Re 

Re' 

ReA 

r 

Se 

Sp, S1/J 

T 

t 

to 

tc 

tm, tt 

turbulence macroscale (integral length scale) 

integral length scale defined in concentration field 

longitudinal integral length scale 

lateral integral length scale 

resultant turbulence macroscale == v'Li + L~ + L~ 
impeller blade frequency 

impeller speed 

impeller power number 

impeller discharge coefficient 

frequency 
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impeller power consumption rate; also mean pressure 

impeller discharge volume flow rate; also velocity correlation 
function 

turbulence kinetic energy == t( u~ + u~ + ui) defined in Eq. 
(83); also equal to q2/2 defined in Eq. (74) 
impeller radius 

Eulerian autocorrelation function 

impeller Reynolds number (== N D2 / v) 

== RUtip/Ve , or Lu' /v defined in Eq. (23) 

turbulence Reynolds number (== u'>..g/v) 

radial coordinate 

Schmidt number (== v/Dm) 

defined in Eqs. (120) and (125) respectively 

=l/m; time; tank height and diameter 

time 

constant 

fluid circulation time in stirred vessels 

molecular and turbulent mixing time scale respectively 



U 

Utip 

u 

v 
v 

w 

x 

z 

Greek Letters 

TJ 

8 

A 

v 

lit 

mean velocity 

convection velocity 

impeller tip velocity 

fluctuation velocity 

volume 

velocity of flowing stream 

impeller blade width 

space coordinate 

axial coordinate 
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thermal diffusivity, 1/ Re, etc. depending on the definition of 
diffusion number 
Kronecker delta 

species eddy diffusivity 

turbulence energy dissipation rate 

represents Ur , Ue, U;o k, or c 

Kolmogoroff smallest scale 

angle 

wave length 

scalar microscale 

longitudinal microscale 

lateral microscale 

fluid viscosity 

fluid kinematic viscosity 

effective viscosity (= v + Vt) 

eddy (turbulent) viscosity 



e 
p 

T 

Tc 

TE 

v 

Sub8cript8 

a 
1, 2, 3 

i, j 

m, t 

r, 0, z 

per 

rand 

tot 

Super8cript8 

* 
n 

space coordinate 

fluid density 

constants used in turbulence k - e model 

Eulerian time macroscale 

time delay in autocorrelation function 

mixing time constant 

Eulerian time microscale 

Kolmogoroff velocity scale 

stream function 

initial or reference value 

three principal directions 

any principal direction 

molecular and turbulent respectively 

radial, tangential, axial 

periodic 

random 

total 

root-mean-square value 

average quantity 

non-dimensionalized quantity 

time step 
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