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ABSTRACT 

Since the discovery of optical bistability a considerable amount of research 

activity has been aimed toward the realization of general-purpose all-optical com

puters. The basic premise for most of this work is the widely held notion that a 

reliable optical switch can be fabricated from a piece of optically bistable material. 

To date only a very small number of published articles have addressed the subject 

of the engineering issues (that is, the optimization and tolerancing) of these optical 

switches. This dissertation is a systematic treatment of these issues. 

From the starting point of Maxwell's equations a simple model of optically 

bistable Fabry-Perot etalons is outlined, in which the material is assumed to be 

a pure Kerr medium having linear absorption. This modei unuws for a relatively 

straightforward optical switch optimization procedure. The procedure is applicable 

for optimizing any number of switch parameters. The emphasis in this disserta

tion is on the optimization of the contrast of the switch's output signals, with the 

other parameters (switching energy, tolerance sensitivity) assuming a secondary yet 

critical role. 

Following the optimization of the optical switch is a tolerance analysis which 

addresses the manufacturability and noise immunity of the optimized switch. In the 

first part of this analysis equations describing the propagation of errors through a 

large scale system of like devices are derived from the truth tables of the switches 

themselves. From these equations worst case tolerances are established on the op

tical switch's transfer function parameters. In the second part of the tolerance 
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analysis the bistability model is used to arrive at tolerances on the physical param

eters of the switch. These tolerances are what determine the manufacturability of 

the optical switches. 

The major conclusion of the dissertation is that, within the range of validity 

of the model and the other simplifying assumptions, optically bistable Fabry-Perot 

etalons cannot be used reliably as logic gates in large-scale computing systems. 



Chapter One 

Introduction 

19 

Ever since the first observation of optical bistability in sodium vapor in 1974 

[McCall, et.al. 1975] researchers have been striving for the realization of medium 

to large scale digital switching circuits based on nonlinear optical logic elements. 

Subsequent to the 1974 work, observations of bistability in other materials, such as 

indium antimonide (InSb) and Gallium Arsenide (GaAs) seemed to promise small, 

fast, low-power logic gates, which would allow optical computing to provide an 

alternative to electronic computing. 

That these devices are optical in nature have led many to conceive of sys

tems in which logic gates are arranged in two-dimensional arrays and placed at 

conjugate planes of an imaging system. The imaging system (which would not 

necessarily be limited to conventional lens systems, but could include lens arrays, 

diffraction gratings, holograms, etc.) would provide the interconnections between 

successive planes containing the gate arrays. Since photons do not interact with 

one another, it has been argued that signal cross-talk would not be a problem for 

most conceivable interconnection schemes (on the other hand, diffraction effects can 

produce crosstalk). Thus, a highly parallel computing system could be developed 

which would have the dual advantage of para.Ilelism and fast switching. Earlyesti

mates of overall system processing speed, which were (rather naively) extrapolated 

from switching times of the simplest gates, supported the bold assertion that optical 
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computers would some day handle more floating point operations per second than 

the fastest electronic supercomputer. 

Many switching circuits and system architecture designs have been pro

posed for optical computers, and efforts to devise more are continuing. Some of 

the number representations which have been proposed for digital optical computers 

(e.g. residue arithmetic, and the modified signed digit representation) have been 

resurrected from the early days of electronic computer development, as has much 

of the switching theory (e.g. threshold logic, and dual rail logic). Most architec

tural schemes and algorithms, however, are completely new and attempt to make 

novel use of well-known properties of light and its interaction with linear as well as 

nonlinear optical materials. In optical computing research, the area of conceptual 

design has been prolific. Still, most of the "block diagram" systems that have been 

proposed have not been implemented on even the smallest scale. 

Clearly, the reasons for this are, as with any emerging technology, the 

engineering issues. The response of a nonlinear etalon to the input intensity is only 

an approximation to the ideal response, which is a step function. The questions 

that need to be answered are these: (1) Is the approximation to the ideal response 

good enough to allow switching circuits containing an arbitrarily large number of 

gates to operate according to design? (2) If so, can these circuits be manufactured 

to operate reliably, without requiring excessively tight fabrication tolerances? The 

first of these questions might be answered with an appropriately tailored set of 

laboratory experiments. The objective would be to build a small circuit which 

performs some digital function, and which also demonstrates some degree of fan in 

and fan out and extendability to larger circuits. The second question would require 

a tolerance and reliability analysis. 
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The number of experimental demonstrations of digital optical computing 

circuits using nonlinear etalons that have been reported in the literature is meager, 

and most demonstrate functions of extremely modest complexity. From these ob

servations alone one might intuit that nonlinear etalons are only marginally suitable 

for switching circuit applications. It is possible, however, that proper optimization 

of an etalon is all that is needed in order to increase the attainable circuit complex

ity. Optimization procedures have been proposed [Miller 1981, Wherrett 1984], but 

these are unidimensional in that they optimize with respect to a single parameter 

only. 

Typically, an optimization involves choosing values for the device's physical 

parameters such that some number (greater than one) of device performance pa

rameters are maximized (bigger implying better). It could be that there is only one 

performance parameter of importance to a device, in which case the designer need 

only concern himself with maximizing it, but usually there are several criteria to be 

considered. These are incorporated in some systematic way, such as through appro

priate weighting of terms, into a merit junction, which provides the designer with 

a single measure of device performance that is based on a multitude of parameters. 

The exact form of the merit function can be somewhat arbitrary. 

One of the goals of this dissertation is to develop a procedure for construct

ing a merit function for an optical logic gate which is a nonlinear Fabry-Perot etalon. 

The particular choice of merit function will ultimately depend on the switching cir

cuit for which the device is being optimized. As mentioned before, many such 

circuits have been proposed, but it remains to be seen which are the most likely 

to be implemented. Therefore, a goal of this work is not to propose or endorse a 

particular choice of merit function, but, rather, to provide the means for efficiently 

constructing one, once the performance criteria have been established. Examples of 
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several merit functions are presented, however, along with a discussion of the ad

vantages and disadvantages of each. The merit function that is explored in greatest 

detail is one that illustrates in a graphical manner the interplay among some of the 

device parameters. 

The optimization procedure will yield a cavity with the best overall switch

ing performance, provided that the merit function adequately represents and weights 

the performance parameters. An optimization such as this should be the starting 

point for the design of a laboratory demonstration of nonlinear etalon switching. 

As for assessing the reliability of these switching circuits, a tolerance analysis is re

quh'ed. The approach taken here is to make certain assumptions about the switching 

circuit in order to derive tolerances on the parameters of the transfer curve. Since 

the transfer curve is a function of the cavity parameters, this relationship is used to 

find tolerances on each of the cavity parameters that ensure that the transfer curve 

remains inside of its tolerances. The cavity parameter tolerances are of primary 

importance in the fabrication of an etalonj thus, conclusions may be drawn right 

away about the feasibility of using them as logic gates. 

The structure of the dissertation is as follows. Chapter Two contains the 

mathematical description of a nonlinear Fabry-Perot etalon with linear absorption. 

The equations describing the nonlinear transmission and reflection of the cavity 

are derived, starting from Maxwell's equations and the etalon boundary conditions. 

This derivation is essentially identical to those found elsewhere [Miller 1981, Mar

burger&Felber 1976]. It is included in its entirety to emphasize to the reader the 

assumptions that underlie the rest of the work, and because some of the interme

diate results will be used in other chapters. In Chapter Three an optimization 

procedure that enables the construction of an arbitrary merit function is developed, 

starting from the theoretical basis of Chapter Two. Numerical methods are used 
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extensively in this chapter, and these are discussed in some detail. Two example 

merit functions are constructed and compared. These are used to arrive at an opti

mized cavity design. Chapter Four contains the first part of the tolerance analysis, 

in wlPch tolerances are obtained for the cavity transfer function parameters. This 

analysis relies heavily on approximations made to the transfer function itself. The 

validity of these approximations is discussed with respect to their impact on the 

conclusions drawn. In Chapter Five, the tolerancing methods of Chapter Four are 

applied to specific designs that arise from the optimization procedure of Chapter 

Three to obtain tolerances on the cavity parameters. The magnitudes of these tol

erances are discussed from a producibility viewpoint. Chapter Six summarizes the 

results of the previous chapters, recapitulates the conclusions drawn, and discusses 

the impact of this analysis on the future of digital optical computing. The re

sults of the analysis will provide the means for evaluating the viability of nonlinear 

Fabry-Perot etalons operating as logic elements in digital switching circuits. 



Chapter Two 

Approximate Theory of a Nonlinear Fabry-Perot Etaloll: 

Derivation of the Steady State Nonlinear 

Reflection and Transmission Coefficients 

24 

In order to proceed with the optimization and tolerancing of an optical 

logic gate, it is essential to have a thorough understanding of the dependence of 

, the device's transfer characteristics on its physical parameters. In this chapter the 

equations that describe the steady state reflection and transmission of a Fabry-Perot 

etalon containing an optically nonlinear material are derived from Maxwell's equa

tions, using the appropriate boundary conditions. This derivation follows closely 

those given by Miller [Miller 1981], and Marburger and Fel~er [Marburger & Felber 

1978], but is done here in rationalized MKSA units, whereas those in the references 

are in Gaussian units. l 

Derivation of the Wave Equation 

In their most general form, Maxwell's equations can be written 

fj.D=Pf, 

fj . .B = 0, 

(2.1) 

(2.2) 

1 The choice of units is, perhaps a matter of taste; however, in later chapters 
of this work it will be useful to express, for example, irradiance in Watts per square 
centimeter, For these purposes, the MKSA system seems more practical. 
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V' x E + at = 0, 

... -. aD ... 
V' x H - at = J. 
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(2.3) 

(2.4) 

Here E is the electric field vector, whose amplitude has units of volts per meter. ii is 
the magnetic field vector (units of amperes per meter), D is the electric displacement 

vector (Coulombs per square meter), jJ is the magnetic induction (volt-seconds per 

square meter, or teslas), jis the electric current density (amperes per square meter), 

and PI is the volume density of free charge (Coulombs per cubic meter). These 

equations are valid at all points in all types of media (anisotropic, inhomogeneous, 

and nonlinear) in whose neighborhood the properties of the medium are continuous 

[Lorrain and Corson 1970, Chapter 10] 

In order to describe the interaction of the medium with'the optical field, 

Maxwell's equations must be supplemented by a set of equations involving properties 

of the medium. These are known as the material equations, or constitutive relations 

and are written (in tensor notation) 

(2.5) 

(2.6) 

(2.7) 

where Ekl is the dielectric (or permittivity) tensor, J-tkl is the magnetic permeability 

tensor, and Ukl is the conductivity tensor. In this notation a summation over the 

index 1 is implied. 

Note that, even though the same subscripts are employed in each of these 

expressions, the principal axes of the tensors do npt necessarily coincide. This 

complicates the general treatment considerably, and so this analysis is restricted 
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to the case of isotropic media (including crystalline materials belonging to a high 

symmetry class in which these tensors can be treated as scalars), allowing the 

subscripts in equations (2.5)-(2.7) to be dropped. It is further assumed that the 

materials of interest are nonmagnetic (so that the magnetic permeability is just 

the permeability of free space), nonmetallic (so that the absorption is small), and 

electrically neutral (so that the volume charge density is zero). The permeability and 

conductivity of the material are assumed to be independent of the field intensities, 

while the permittivity depends on the electric field intensity. It is this behavior of 

the permittivity which will lead to the nonlinear response of the medium to the 

applied field. 

To obtain the wave equation for the electric field, these relations are substi

tuted into Maxwell's equations and the curl of equation (2.3) is taken and combined 

with (2.4) to obtain 
2""' ""' 

""'2""' BE BE 
V' E - e/-t &t2 - /-to' &t = O. (2.8) 

The nonlinearity of the material is contained entirely in the second term of this 

equation, since this is the only term involving e. In materials where the dominant 

mechanism produces an AC Kerr effect, the permittivity contains a component 

which is proportional to the square of the average electric field. That is 

(2.9) 

where X(l) and X(3) are, respectively, the linear and nonlinear parts of the electric 

susceptibility. X(l) is dimensionless, whereas X(3) has units of m2V-2. The average 

is over both space and time. The time average is over the response time of the 

medium; the spatial average is over several wavelengths of the radiation field. The 

response time of the medium is assumed to be much slower than the field variations. 
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Thus, the dielectric constant is not subject to the time derivative operations in 

equation (2.8). 

For damped plane waves, the fields are proportional to eiIMt , where w is the 

angular frequency of the wave (Le., E = £e iIMt ), so that differentiation with respect 

to time is equivalent to multiplication by iw. For harmonically varying fields, then, 

equation (2.4) can be written 

-- -- BE 'V X H-e- =0 
at ' 

(2.10) 

where the complex quantity e = f - iu /w behaves as a complex permittivity of the 

medium [Born and Wolf 1983, Chapter 14]. The complex permittivity is mathemat

ically analogous to the real permittivity of the medium, but it has a slightly different 

physical interpretation. Define the complex electric polarization P = Pe iIMt as the 

total response of the material to the field: 

P = eE - foE 

= (fOX(l) + f oX(3) IEav 12 - ~) E. (2.11) 

This equation shows a component of polarization that is in phase with the electric 

field (and which determines the refractive index of the material), and a component 

that is 7r radians out of phase with the electric field (determining the absorption 

of the material). A comparison may be drawn between these results, which were 

obtained by considering macroscopic properties of the material, and those obtained 

in a semiclassical treatment [Gibbs 1985], [Sargent, Scully, and Lamb 1974], which 

considers the atomistic properties of the material. In both types of treatment, the 

polarization has an in-phase and an out-of-phase component. 

The first two terms of equation (2.11) determine the refractive index. The 

second of these leads to the nonlinear index of the material, as mentioned above, 
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since it depends on the square of the electric field intensity. The total refractive 

index can be decomposed into its linear and nonlinear parts. The linear part, 

denoted by no, is written in terms of the linear part of the electric susceptibility: 

(2.12) 

This relationship is the same as that for linear materials, in which X(3) = O. The 

nonlinear part of the refractive index, often denoted n2, is written in terms of the 

nonlinear electric susceptibility: 

(2.13) 

so that the real part of the polarization may be written 

(2.14) 

where I (= !fonocIEavI2) is the average Poynting vector amplitude. The factor in 

equation (2.13) that multiplies X(3) is chosen to give n2 units of m2W-1 , consistent 

with the units of the other quantities. The linear refractive index needs no such 

factor, since it is unitless. 

With these definitions of linear and nonlinear refractive index, and the 

expression given in equation (2.9) for the electric permittivity, the wave equation 

can now be written 

(2.15) 

Since solutions to this equation will be sought for the region of space inside 

a Fabry-Perot etalon, the form of the solutions is anticipated to be two plane waves 
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travelling in the ±z direction with angular frequency w. That is, it will be of the 

form 

(2.16) 

where the amplitude and phase of the forward wave are £F(Z) and <PF(Z), respec

tively, and the amplitude and phase of the backward wave are £B(Z) and <PB(Z), 

respectively. Substituting this field into equation (2.15) yields 

(2.17) 

where k (== now / c) is the field propagation constant in the material. 

The solution of equation (2.17), subject to the boundary conditions, yields 

the amplitude and phase envelope functions for the forward and backward travelling 

waves. These envelope functions fully describe the behavior of the field inside the 

Fabry-Perot cavity. In order to determine what happens outside of the cavity (Le. 

the transmission and reflection coefficients) it is necessary to apply the boundary 

conditions to the resulting solution. 

Solution of the Wave Equation 

To ensure solutions of equation (2.17) which are of the general form of 

equation (2.16), the envelope functions must change slowly compared to an opti

cal period. In this regime, the slowly-varying-envelope approximation (SVEA) is 

made, in which terms such as 8 2£/ 8z2 and (8£/ 8z)2 in the expansion of the wave 

equation are ignored. The rapid z dependence in the remainiI.1g terms is eliminated 

by multiplying through by e ikz and averaging the resulting terms over a few spatial 

periods. The equation may now be separated into two equations, one involving only 

real quantities, the other involving o~ly imaginary ones. Each of the terms involves 
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a sinusoidal function of either ¢>F or ¢>B. Equating the coefficients of the sinusoids 

yields the following set of four equations [Miller 1981]. 

8¢>F = -fown2 (c2 + 2c2] 
8z 4 F B, 

8¢> B _ fown2 (c2 2c2 ] 
8z - 4 B + F, 

8CF _ ~C'F 
8z - 2 " , 

8CB = ~CB 
8z 2 ' 

(2.18) 

(2.19) 

(2.20) 

(2.21) 

where a = op,c/no (units of m-1). These are all first order, linear differential 

equations, which may be integrated directly. 

Equations (2.20) and (2.21) give the forms of the field envelope functions: 

CF(Z) = cF(0)e-Oz
/
2, 

CB(Z) = cB(0)eOZ
/
2. 

(2.22) 

(2.23) 

The cavity containing the nonlinear material is assumed to consist of two parallel 

reflecting surfaces having, in general, different reflectivities, and separated by a 

distance L. These mirrors are assumed to be all dielectric, consisting of either a 

single interface, or a number of quarterwave layers of high and low index materials, 

so that phase shifts experienced by the field on reflection are either 0 or 11" radians. 

For convenience, the z-axis is chosen normal to both mirrors, with the origin at the 

front mirror. 

The round-trip phase shift, j3, that the field experiences inside the cavity 

is found by subtracting equation (2.18) from (2.19) and integrating the remainder 

over the length, L, of the cavity. 

(2.24) 



31 

As indicated by its argument, (3 is the round trip phase shift at z = L (i.e., at the 

back mirror); however, in steady state, in order for the cavity to be self-consistent, 

the round trip phase shift must be the same at all points in the cavity, so this 

expression for (3 is assumed valid for all values of z between 0 and L. The constant 

(30 is chosen to make l/J F = l/J B at z = L. 

Defining an effective mean internal intensity 

(2.25) 

allows (2.24) to be written 

(2.26) 

where 

(2.27) 

The quantity (30 can be regarded as the linear round trip phase shift, or the phase 

shift due to the optical path length in the absence of any internal intensity. 

(2.28) 

In many cases it is convenient to express (30 in terms of a de tuning parameter 

8 which represents the difference between {30/2 and the next highest integral multiple 

of 7f' radians, such that, when 8 = 0, the field is on a cavity resonance. In terms of 

the cavity length L this parameter is expressed 

(2.29) 

so that (2.28) becomes 

{30 = 2N 7f' - 28, (2.30) 
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and 

(3 = 2(N1r + "'(Ief! - 8), (2.31) 

where N is the smallest integer that makes 8 greater than zero. 

The boundary conditions imposed by the presence of the cavity are sum

marized below, given that the front and back cavity mirrors have amplitude reflec

tivities v'RF and v'RB' respectively. 

£F(O) = V1 - RF£[ + .;Ii;£B(O), 

£F(L) = £F(0)e(i/J/2- aL/2) , 

£B(O) = .;Ii;£F(L)e(i/J/2- aL/2), 

£T = V1 - RB£F(L), 

£n = V1 - RF£B(O) - ...(if;£[' 

(2.32) 

(2.33) 

(2.34) 

(2.35) 

(2.36) 

where £[ is the incident field, £T is the transmitted field, and £n is the reflected 

field. The minus sign in equation (2.36) is due to a 1r phase shift on reflection. 

By algebraically eliminating £F(O), £B(O), £F(L), and £B(L) from equa

tions (2.32) through (2.36), the amplitude transmission and reflection coefficients 

may be found. They are 

£T v'1 - RBv'l- RFe i/J/2-aL/2 
-= .; 
£[ 1 - v'RFRBe,/J-aL 

(2.37) 

£n _ .;Ii; _ v'RB(1 - RF )ei/J-aL 
£[ - 1 - v'RFRBei/J-aL . 

(2.38) 

The squared moduli of these quantities give the intensity transmission and reflection 

coefficients: 

(2.39) 

and 
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(2.40) 

where 

(2.41) 

and 

(2.42) 

If the expression for f3 in equation (2.31) is substituted, the transmission and re

flection can be written 

T = (1- RB)(l- RF)e-otL 1 , 
(1 - Rot )2 1 + Fsin2 ("'(lelf - 8) 

(2.43) 

n = 1 _ (1 - RF )(1 - RBe-2otL
) 1 . 

(1 - Rot )2 1 + F sin2("'(lelf - 8) 
(2.44) 

These equations are the classical Airy formulas for the transmittance and reflectance 

of a plane parallel plate [see, for example, Born & Wolf 1983), but the arguments 

of the sin2 terms depend on the effective internal intensity, lelf. 

In cases where It plot of the transfer function of the cavity is desired for a 

given set of parameters, equations (2.43) and (2.44) are not very useful since they are 

in terms of the effective internal intensity, which is not directly measurable. vVher

rett [1984) presents, without derivation, equations relating the incident, reflected, 

and transmitted intensities to the effective internal intensity. A brief derivation of 

these equations is given here. 

From the boundary conditions (2.32), (2.33), and (2.34), £F(O) and £B(O) 

are obtained in terms of the incident field amplitude: 

(2.45) 

(2.46) 
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The squared moduli of these are 

/e ()/2 (1 - RF) 1 /e /2 
F 0 = (1 _ RC't)2 1 + Fsin2 (3/2 r , (2.47) 

2 RB(l - RF )e-2C'tL 1 2 

/eB(O)/ = (I-RaY 1+Fsin2 (3/2/er /. (2.48) 

Combining these with (2.22) and (2.23), and inserting into (2.25) gives the desired 

relation between Ielf and h (= !€onoc/&r/ 2
): 

(2.49) 

where equation (2.26) has been used. Now, to find either the reflected (In) or the 

transmitted (IT) intensity, it is a simple matter to multiply equation (2.49) by the 

corresponding coefficient (equations (2.43) and (2.44)). 

I - I _ aL(l - RB e-2C'tL) I . 
n - I (1 + RBe-C'tL)(l- e-C'tL) elf, 

1 - aL(l - RB)e-C'tL 1 
T - (1 + RBe-C'tL)(l _ e-C'tL) elf· 

(2.50) 

(2.51) 

One may notice also, by dividing equation (2.51) by h, that T can be expressed 

T = aL(l - RB )e-C'tL leI I 
(1 + RBe-C'tL)(l - e-C'tL) h ' (2.52) 

which simply states that the transmittance of the cavity is proportional to the 

effective internal irradiance and inversely proportional. to the incident irradiance. 

This last equation becomes very important in the graphical solution method, which 

is introduced later in this chapter and used extensively in Chapter Three. 

Transfer Curves 

Once the physical parameters of the cavity are known, the transfer curves 

can be readily plotted using equations (2.49), (2.50), and (2.51) in the following 
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way [Wherrett 1984]. As leI I is varied, IT is plotted as a function of h to give 

the transfer function in transmission. Similarly, IR plotted as a function of h gives 

the transf~r function in reflection. A few typical transfer curves are plotted in 

Figures 2.1 through 2.5 for different mirror reflectances, initial detunings, and OI.L 

products. 

Noted also on these figures are the values of incident intensity at which the 

transmittance of the device turns on (If) and turns off (11)' If and 11 are important 

parameters in the design of an optical switching circuit. It is especially important 

since it represents the minimum amount of power that must be delivered to a gate in 

order to make it switch. If this quantity is known, then the total power requirements 

of the complete circuit can be determined. Based on these two considerations alone, 

it would seem to be a good idea to make If as small as possible; however, as will 

be demonstrated in the next chapter, certain tradeoffs must be made (with, for 

example, signal contrast). 

To find an analytical expression for It and 11 it is necessary to find the 

values of II at which the plot of IT V3 II has infinite slope (see Figure 2.2, for 

example). Equivalently, the values of l[ at which the plot of II vs IT (or Ieff' 

since IT oc Ie If ) has zero slope can be found. Equation (2.49) gives a relationship 

between II and leI I that can be used to find these points. The following conditions 

must be satisfied: 

8lI = 0, 
8Iell 

(2.53) 

and 

8 2l[ 
for If, 812 :5 0, 

elf 
(2.54a) 

8
2
l[ >0 for 11' 812 -, elf 

(2.54b) 
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Let 
K _ o:L(1 - ROt)2 

- (1 - RF )(1 + RBe-OtL )(1 - e-OtL ) . 

Then, using equation (2.49), 

aal
iJ = K[1 + Fsin2 (-yleff - 8) + ,IeffFsin2(,Ieff - 8)J, 
ell 

a21[ air- = 2,KF [sin 2(,Ieff - 8) + ,Ieff cos 2(,Ieff - 8)J. 
eff 
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(2.55) 

(2.56) 

(2.57) 

The problem becomes one of solving (2.53) and (2.54) for Ieff using the substitu

tions given in (2.56) and (2.57). Equation (2.49) is used again to find the corre

sponding values of iJ. Unfortunately, equations (2.53) and (2.54) are difficult to 

solve analytically, though they can be solved numerically for specific cases. 

Graphical Solutions 

A graphical method for determining the nonlinear transmittance of a Fabry

Perot etalon containing an optically nonlinear material was developed by Marburger 

and Felber [Marburger&Felber 1978]. The method is also described by Gibbs [Gibbs 

1985]. 

If the functions given by equations (2.43) and (2.52) are plotted together, 

the intersections of the two represent the possible values of the steady state cavity 

transmittance for a given value of input intensity, 1[. This is shown in Figure 2.6 

for various values of iJ, and a fixed value of detuning, 8. The periodic function is 

the Airy function given by equation (2.43), and the straight line is equation (2.52). 

The lines are labeled by increasing input intensity from A to E. 

In Figure 2.6(a), the detuning of the field frequency from the Nth cavity 

resonance is such that the induced nonlinear phase shift ,Iell is less than 1T radians 

for bistable transmission (Le. two or more intersections of the Airy function and 
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the straight line). The line labeled D corresponds to h = It, and the one labeled 

B corresponds to h = It. Both of these lines are tangent to the Airy function. 

In Figure 2.6(b), the field has a smaller detuning from the cavity resonance 

than that shown in Figure 2.6(a). With this smaller value of detuning, the nonlinear 

phase shift now must be greater than 11' radians in order for bistable transmission to 

be observed. This implies that the switching intensities, It and It are also larger, 

since the slopes of lines Band D are smaller in Figure 2.6(b) than they are in 

Figure 2.6(a). 

In Figure 2.6(c), the value of detuning is in between those of Figures 2.6(a) 

and (b) and is such that the straight lines corresponding to It and It and the 

region of bistability degenerate into a single line tangent to the Airy function at its 

point of maximum slope. The value of detuning for this case is called the critical 

detuning, 8e , since for values of detuning less than this, bistability is not observed 

in the adjacent Airy function maximum. The incident intensity corresponding to 

the tangent line in this figure is called the critical intensity, Ie, since it represents 

the lower limit on It. Miller [Miller 1981] has derived expressions for 8e and Ie. 

They are 

..j2 G(F) . [ VG(F) - 4] 
8e = 4 H(F) -arcsm - 4F ' (2.58) 

and 

1 _ ..j2 aL (1- Ra)2 [G(F)] 2 

e- 16 "'( (l-e-aL )(l+RBe-aL )(l-RF) H(F) , 
(2.59) 

where 

G(F) = 3(F + 2) - J(F + 2)2 + 8F2, (2.60) 

and 

H(F) = V(F + 2)J(F + 2)2 + 8F2 - (F + 2)2 - 2F2, (2.61) 
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Choosing the initial detuning of a cavity to be critical detuning certainly minimizes 

the switching intensity; however, as will be shown in the following chapters, it is not 

always the best choice. For one thing, the signal contrast (contrast between high 

and low outputs), which determines the maximum fan out the device may have, is 

not maximized at critical detuning. Also, using a nonlinear etalon for a latching 

logic device (which may have certain advantages) requires a larger detuning. For 

these and other reasons, minimum switching intensity may have to be sacrificed by 

going to larger initial detunings than ce• 

Using the graphical method, the cavity transmittance(s) for a given input 

intensity, as well as the switching intensities can be determined. For a given input 

intensity, equation (2.52) is used to find the slope of the straight line. For a fixed 

value of detuning, the intersections of this line with the Airy function yield the 

transmittance value(s). If the input intensity is larger than Ii or smaller than It, 
then there is only one intersection of the straight line with the Airy function, and 

hence only one value of transmittance. If, on the other hand, h is between I1 and 

Ii, then there are three intersections and three values of transmittance. It has been 

shown through stability analysis [see, for example, Gibbs 1985, Appendix E] that 

the intermediate value of transmittance is an unstable solution, and so a real device 

will never assume this state. The intermediate value of transmittance corresponds 

to a point on the negative slope portion of the transmittance transfer curves drawn 

in Figures 2.1 through 2.5. 

The switching intensities, Ii and I1 are determined from the slopes of the 

two straight lines that are tangent to the Airy function (lines D and B, respectively). 

These slopes can be determined from the graph, whereupon equation (2.52) is used 



45 

to determine h: 
1I _ aL(l - RB)e-OtL _1_ 

- 1'(1 + RBe-OIL )(l - e-OIL ) slope' 
(2.62) 

The graphical method just described uses the formulas that describe the nonlinear 

transmittance of the etalon. It would be just as easy to find the solution using the 

equations describing the nonlinear reflectance. Dividing equation (2.50) by 1I yields 

a linear relationship between n and Ie!" whose slope is inversely proportional to 

n _ 1 _ -:--_a_L--,(_l_-_R-:-B,:,-:-e -_2_0I_L<-.) ~ Ieff 
- (1 + RBe-OiL )(1 - e-OIL ) 1I . (2.63) 

If this equation is plotted as a function of the intensity-induced phase shift, 1'Ieff, 

along with the reflectance Airy function given by equation (2.44), what one will 

see is a linear function intersecting a periodic function at one or several points. As 

for the transmittance solution, the slope of the line which is tangent to the Airy 

function determines the switching intensities Ii and I!, which are the same Ii and 

I! found by using the equations for T. 

The graphical solution is the basis for the optimization procedure that is 

described in Chapter Three. The advantage of using the graphical method is that it 

can be used to readily obtain parameters of the cavity's intensity transfer function. 

It is the transfer function that determines the level of performance of the optical 

logic gate, since its shape dictates the logic functions that are possible, as well as 

the noise immunity of the gate in a circuit. Also, the contrast of the output signals, 

which is strongly dependent on the shape of the transfer function, will dictate the 

maximum fan out possible for the gate. 
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The next step in the design of the Fabry-Perot logic gate is performance 

optimization, which is addressed in this chapter. The equations developed in Chap

ter Two, which relate features of the transfer function to the physical parameters 

of the device, allow choices of parameter values to be made such that the transfer 

function is optimum. It should be noted at the outset, however, that the optimized 

solution is not so straightforward, since it is most often the case that two or more 

features, which are optimization candidates, are optimized at points widely sepa

rated in parameter space. In fact, it is generally true that no two distinct features 

can be optimized simultaneously for this type of device. While no formal proof is 

given for this statement, substantiating data are presented in this chapter. 

So how is the optimization to be performed? The system that will contain 

the logic gate should be forgiving enough to accommodate performance from the 

gate which is somewhat less than perfect. Presumably, there is a set of minimum 

performance level criteria which the gate must satisfy in order to be included in 

the system with confidence. This set might include a maximum limit on thresh

old intensity, or a minimum limit of signal contrast. If these performance criteria 

are sufficiently liberal, then they may be (independently) satisfied over regions of 

parameter space, instead of at single isolated points. The goal of optimizing the 

device with respect to each of the performance criteria then becomes that of finding 
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the intersection of all of these regions in parameter space. The resulting overlap 

region is the region within which the device performance is acceptable. 

This approach is actually not quite good enough. Suppose, for instance, 

that the design chosen for the device was situated in parameter space on or very near 

the boundary of the overlap region, that is, on the edge of acceptable performance. 

Deviations of the parameters from their precise design values, due to fabrication 

errors, may result in the device going over the edge of acceptable performance, 

perhaps leading to a failure of the system. So, in addition to requiring the device 

to be within the region of acceptable performance, other restrictions should be 

imposed, so that the tolerances that are eventually assigned to the device parameters 

are not too tight. 1 

Consider the use of a merit function, which assigns to each possible logic 

gate design a value (figure of merit) indicating its relative level of performance. 

The function would penalize designs that were too close to the edge of acceptable 

performance, disqualify those which were unacceptable, and reward those that were 

close to being optimized. Since the merit function must have information about 

the device performance, given only its parameters, it must somehow utilize the 

mathematical relationships between device parameters and performance-such as 

those derived in Chapter Two-although these relationships need not necessarily 

be analytical in nature. The manner in which the merit function uses these rela

tionships for a particular device design is determined by the constraints imposed by 

the overall system. 

1 Parameter tolerancing is discussed in detail in Chapters Four and Five; 
however, tolerancing considerations should always be anticipated when designing a 
physical device. 
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This points up the role of the designer in the construction of the merit 

function. The performance tradeoffs that must be made in the design of the device 

decide the relative importance or weighting of the various terms in the merit func

tion (for example, the relative importance of maximizing contrast and minimizing 

threshold intensity). The performance limits also affect the explicit form of the 

merit function, since they define the points in parameter space at which the design 

begins acquiring demerits for failing to satisfy performance requirements, as the 

case may be. It is not possible to construct a single merit function that yields the 

optimum design for all possible systems or applications. The form of the function 

is therefore left up to the designer. In this chapter, the basic tools for constructing 

a merit function are developed. 

Merit functions are used in virtually every area of design. A familiar ex

ample of the application of a merit function is an optical design program, which 

is used to optimize the performance of a lens system by properly choosing a set 

of physical parameters for the system. These parameters may be surface curva

tures, thicknesses, spacings, and refractive indices of lenses, etc. The mathematical 

link between the system parameters and the system performance, which forms the 

basis for the design program, are the ray trace equations (usually augmented by 

some diffraction equations), which come directly from Snell's Law (and diffraction 

theory). 

The merit function that an optical design program attempts to optimize 

may be the value of the optical transfer function at a prescribed spatial frequency, 

or frequencies, the extent of the relatively unaberrated field of view, some function 

of aberration coefficients, or numerous other performance criteria or combinations 

thereof. The appropriate choice of a merit function depends on the particular 

application of the system-and these may vary quite widely. 
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In the case of a digital optical logic gate, the choices for a merit function 

are more limited than for a complex lens system. This is partly because it has fewer 

parameters-and hence, fewer degrees of freedom-and partly because it performs a 

much simpler function. Most likely, the merit function will attempt to optimize the 

intensity transfer function (in transmission, reflection, or both) of the Fabry-Perot 

etalon. The features of the transfer function that are seen as important depend 

on the system constraints, such as fan-in, fan-out, and the logical function to be 

performed by the gate. 

The logical function of a gate is described in terms of its truth table, which 

is simply a table listing the idealized output corresponding to each of the possible 

combinations of inputs. For binary logic (on which present-day electronic comput

ers are based), the inputs and outputs may assume values of either 1 or O. An 

elementary example of a binary logic function is the two-input AND gate, whose 

output is a logical I if and only if both of its inputs are also logical l's and is a 

logical 0 otherwise. The truth table for this gate is shown in Table 3.1. 

Table 3.1 'II:uth table 
for two-input AND gate 

INPUTS 
Xl X2 

0 0 
0 I 
I 0 
I I 

OUTPUT 
Y 

0 
0 
0 
I 

A nonlinear Fabry-Perot etalon, operating at a single wavelength, can con

ceivably operate as a threshold gate, which is a gate whose output switches states 

when.ever the sum of the inputs exceeds a well-defined threshold (e.g., IT)' If the 

choice of gates is limited to threshold gates, then the simple example of an AND 
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gate, shown above, requires only a single, noninverting threshold gate. However, 

there are certain Boolean logic functions (such as XOR) that can be realized only 

with multilevel combinations of such gates, some of which must perform a logical 

inverting operation. 

The logical 1 's and D's in a digital optical switching circuit can be repre

sented by high and low values of light intensity, by orthogonal polarizations, by 

different wavelengths, or by any of a number of parameters of an electromagnetic 

disturbance. These representations are analogous to those of electronic switching 

circuits in which the 1 's and D's are high and low voltages or currents. It is rea

sonable to conjecture that electronic circuits may be simply transposed into optical 

versions of the same circuits, with imaging systems, or waveguides providing the 

interconnections between gates. However, this type of construction would not tal<:e 

advantage of some of the unique properties of optics, such as noninteractive propa

gation, and the inherent parallelism of imaging systems. The first of these properties 

allows for free-space interconnections, while the second could conceivably eliminate 

the Von Neumann bottleneck, which is becoming a serious limitation of some high 

performance electronic computing systems. Numerous data encoding schemes have 

been proposed for optical logic circuits in an attempt to tap into some of these 

advantages. What distinguishes a 1 from a 0 in a given encoding scheme may be 

the intensity (irradiance, in units of power per unit area) [Smith, et. al. 1985], the 

polarization [Brenner 1986], or the relative positions of the spots [Brenner, Huang, 

and Steib11986, Murdocca 1987], to cite a few examples. 

The intensity encoding scheme is the most natural choice, SInce the re

sponse of most nonlinear optical devices is a function of input intensity, and the 

measurable effect is a modulation of the intensity of the transmitted or reflected 
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light. Implementation is made difficult, however, by the need for both logical in

verting and noninverting elements in even the most basic logic circuits. A system of 

NAND gates can be designed to produce the AND function, but the reverse is not 

true. Also, one cannot turn an optical AND gate into a NAND gate, or vice-versa, 

by simply changing a few of its parameters. On the other hand, it is desirable to 

have a circuit built out of similar gates so that things like the wavelength of the 

light are the same in all parts of the circuit. One answer to these problems is dual 

rail logic [Brenner, Huang, StreibI1986], in which both the signals and their logical 

complements are available to switch succeeding logic gates. This approach avoids 

the requirement of an inverting gate at the expense of requiring two signals for 

each information bit (thereby doubling the power requirements of the logic circuit). 

One prominent implementation scheme that utilizes dual rail logic is symbolic sub

stitution [Brenner, Huang, Steibl 1986, Murdocca 1987], in which l's and D's are 

distinguished from each other by the relative positions of the spots of light. This 

scheme has been extended to polarization-encoded symbolic substitution [Brenner] 

in an attempt to minimize the circuit's spatial complexity and power requirements. 

In this implementation the l's and D's are distinguishable by the orientation of their 

(orthogonal) planes of polarization. 

Regardless of which of these implementation schemes is used, if a nonlinear 

Fabry-Perot etalon is used as a logic gate, the relationship between the input and 

output is described by the equations of Chapter Two. These equations therefore 

will form the basis of the logic gate optimization in this chapter. 

Other papers have described optimization procedures for nonlinear Fabry

Perot etalons for use in both transmission [Miller 1981], and reflection [vVherrett 

1984] modes. Both of these procedures are primarily interested in minimizing the 



52 

critical intensity, Ie, (defined in Chapter Two )-although Wherrett also consid

ers the maximization of the contrast of the Airy function. Neither addresses the 

optimization of the device's transfer function characteristics, which are strongly de

pendent on initial detuning. It is these characteristics, however, that determine the 

fan in and fan out capabilities of the device, as well as the overall noise immunity 

of the logic circuit, so they should be the central consideration of any approach 

to optimization. Also not considered in these two treatments is the sensitivity of 

device performance to parameter variations and tolerancing. 

In this chapter, tools are developed for constructing a merit function for a 

nonlinear Fabry-Perot etalon which is to be used as a binary logic gate. A merit 

function having general applicability is not developed, since doing so would nec

essarily require assumptions to be made about the circuit parameters. Examples 

are given, however, in order to demonstrate the character of such functions, and to 

enable some conclusions to be drawn concerning the use of nonlinear Fabry-Perot 

etalons as logic gates. In particular, selected features of the device's transfer func

tion are optimized with respect to reflectivities of the front and back mirrors and 

with respect to the initial detuning. The example merit functions are constructed 

based on this type of optimization, taking into account the values of threshold in

tensity, and sensitivity to initial detuning variations. The final objective is to design 

a logic gate which faithfully operates according to its truth table when placed in a 

circuit. 

Mathematical Development 

The development of the optimization procedure relies heavily on the graph

ical construction method that was briefly described in Chapter Two. This method, 
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and its role in the cavity optimization, are described here in detail. The graph

ical method is useful by itself because it enables the dependence of the transfer 

function on finesse and detuning to be easily visualized. But more importantly 

for this analysis, the actual values of round-trip phase shift, just before and just 

after switching can be obtained directly from the graph of the Airy function. Fu.r.

thermore, the threshold intensity, It, (an extremely important parameter from a 

practical viewpoint) can be easily determined from the slope of the construction 

line. 

In fact, a surprising number of transfer function parameters can be deter

mined using the graphical method. One of the most important of these is the signal 

contrast at threshold. This is defined in terms of the cavity transmittance and re

flectance just before and just after switching. While this is not exactly equal to the 

actual 3ignal contrast, it is a fair approximation to it if the slopes of the upper and 

lower branches of the transfer function are small. 2 

The development proceeds as follows. The tangent line to the Airy function 

is found by equating the Airy function (equation (2.39)) and the linear relationship 

between T and Ieff (equation (2.52)) and their first derivatives. The round-trip 

phase shifts before and after switching are the abscissae of the tangent point and 

the point of intersection of the straight line with the Airy function. These phase 

shifts are the values of intra-cavity phase shift which, when substituted into the ex

pressions for T and n yield the transmission and reflection coefficients just before 

(TOFF and nON) and just after (TON and nOFF) switching, rhe values of TON, 

TOFF, nON, and nOFF are then used to calculate the approximate signal contrast. 

For a given set of cavity parameters (RF, RB, and aL), the initial detuning, 6 is 

2 In the truly idealized case these slopes are, in fact, zero. 
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chosen to maximize either the transmission or reflection contrast. This maximiza-

tion is repeated for all possible values of RF and RB, for a single value of absorption. 

The result is a two-dimensional surface in RF-RB space, whose contours are plot-

ted, allowing a graphical determination of the cavity design which has maximum 

contrast. The same values of initial detuning that maximize the contrast at each 

point in Rp-RB space are used to calculate the threshold intensity and a few other 

transfer function parameters. The contours of these parameters are likewise plotted. 

To assess the sensitivity of these parameters to variations in initial detuning, the 

de tuning at each point in the RF-RB plane is varied a small amount (.017r) from its 

contrast-maximizing value, the new value of the parameter is calculated, and the 

difference from the original value is found and plotted. 

The development starts from the equations that describe the nonlinear 

transmission of the Fabry-Perot etalon. The transmission, as a function of phase 

shift, /3/2, per pass is given by equation (2.39) and is written here as 

T(/3/2) _ J( 1 
- 1 + Fsin2 /3/2' 

(3.1) 

where 

K - (1- RF )(1 - RB)e-aL 

1 = (1 - Ra)2 , (3.2) 

and 

(3.3) 

Equation (3.1) is the classical Airy function for a Fabry-Perot interferometer con

taining a linear absorbing medium, except in this case, the round trip phase shift, 

/3, depends on the intensity in the cavity (see equation (2.31)). The equation of the 

straight line relating T to the intracavity intensity leI I is given by equation (2.52): 

(3.4) 
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where 
OtL (1 - RB)e-OiL 1 

](2 = -- ,(I - e-OIL ) (1 + RBe-OIL ) h' (3.5) 

By using the relationship between (3 and leI" given in equation (2.31) equation 

(3.4) can be written 

T((3/2) = ](2((3/2 - N7r + 8). (3.6) 

Since a solution occurs when equations (3.1) and (3.6) are equal, solving them 

simultaneously yields one or more values of (3/2 f?r a given value of incident intensi ty, 

h (more than one solution exist when the etalon's response is bistable). The value 

of h determines the slope ](2 of the straight line (from equation (3.5», and the 

resulting value( s) of (3/2 correspond to the intersections of the straight line and the 

Airy function. There is, in general, a range of values of h for which there is more 

than one intersection. This range is the region of bistable response, in which there 

are three possible values of transmitted intensity for a given incident intensity. Of 

course, only two of these are stable, the third being an unstable solution. 

For a sufficiently large value of detuning there are exactly two values of 

slope at which the straight line is tangent to the Airy function. These slopes are 

at the boundaries of the multiple solution region and correspond to h = Ii and 

II = III the switch-up and switch-down intensities. Equating the first derivatives 

of equations (3.1) and (3.6) allows a determination of the slopes. For this analysis, 

the only one of interest is the one corresponding to the switch-up intensity, Ii' For 

this case, in addition to the tangent point, there is one other point of intersection of 

the line with the Airy function. These two intersections each have associated values 

of (3, the intra-cavity round trip phase shift, T, the cavity transmittance, and R, 

the cavity reflectance. The larger values of transmittance and reflectance are called 

TON and RON, respectively, and the smaller values are called TOFF and ROFF' 
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There is a variety of ways in which the output signal contrast of the device 

can be quantified. It can be expressed as the difference between the ON and OFF 

signals, referred to here as signal difference, or as the ratio of ON signal to OFF 

signal, referred to as contrast ratio. A third definition of contrast (adopted here for 

reason!:! that will become clear later) is the difference between ON and OFF signals, 

divided by the ON signal. Now, since the slopes of the upper and lower branches of 

the transfer curve are not zero, the precise values of the output signals will depend 

on the number of input signals present. More inputs will drive the output higher 

on the upper branch of the transfer curve, giving a slightly higher value to the 

output signal. In order to make the definition of contrast a property of the etalon, 

independent of the number of signals present, the contrast is defined here in terms 

of the transmittance of the etalon just before (ToFF), and just after (TON) switch 

on. That is 

rr = TON - TOFF 
TON 

(3.7) 

If the slopes of the upper and lower branches of the transfer curve are sufficiently 

small, this is a good approximation of the signal contrast. 

If the initial de tuning is greater than the critical detuning the switching 

intensity IT is just the value of the input intensity l[ at which the straight line of 

equation (3.6) is tangent to the Airy function (equation (3.1», near the base of the 

Airy function (see Figure 3.1). The values of TON and TOFF can be read directly 

from the graph as T((3+ /2) and T((3- /2), respectively. 

To obtain more precise values for TON and TOFF, numerical methods can 

be used. The value of (3 at the point of tangency is found by equating the functions 
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given by equations (3.1) and (3.6) and their first derivatives and solving for (3. Thus 

the following two equations must be solved simultaneously. 

(3.8) 

(3.9) 

Combining these two equations yields the single equation 

1 + F sin2 (3/2 + F((3/2 - N7f' + 0) sin (3 = o. (3.10) 

This equation is difficult to solve in closed form, so numerical methods are used. 

There are actually two solutions to this equation in the vicinity of the Fabry-Perot 

peak, since there are two lines passing through the origin that are tangent to the Airy 

function. One tangent point is near the base, corresponding to Ii' and the other is 

near the peak, corresponding to I!. The numerical method makes use of the second 

derivative of the Airy function to distinguish these two solutions. The solution 

corresponding to Ii is found in the region where the Airy function's curvature is 

positive. This line makes two intersections with the Airy function (including the 

tangent point), corresponding to two values of (3. The smaller value is (3-, the 

round trip phase shift just before switch up. To find the other value of (3, the round 

trip phase shift, (3+, just after switch-up, equations (3.8) and (3.9) are again used, 

but with (3 = (3+ in equation (3.8), and (3 = (3- in equation (3.9). Equation (3.9) is 

used with (3 = (3- because the slope of the linear function should remain the same, 

but the second intersection of the straight line and the Airy function, corresponding 

to To N occurs at (3 = (3+. The equations become 

(3.11) 

(3.12) 
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Combining these equations yields a single equation in f3+: 

1 + K3(1 + Fsin2 f3+ /2)(f3+ /2 - Nrr + 8) = 0, (3.13) 

where 

K3 = F sinf3- . 
[1 + sin2 f3- /2]2 

(3.14) 

Since f3- is known from the solution of (3.10), equation (3.13) can be solved nu-

merically for f3+. 

Once f3- and f3+ are determined for a given set of cavity parameters, precise 

values for the on and off state transmission values are found from equation (3.1), 

with f3 = f3+ and f3 = f3-, respectively. That is, 

Tt _ 1(1 

ON - 1 + Fsin2 f3+/2' (3.15) 

and 

(3.16) 

From equation (2.31) the internal intensities just below switch-up and just above 

switch up can also be found. These intensities are denoted 1;j J.w and I:' /.w' re

spectively. 

(3.17a) 

and 

(3.17b) 

where 

(3.18) 
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Equations (3.1),(3.2),(3.5), and (3.6) can then be combined to give an expression 

for the incident intensity that induces switching: 

or 

_ aL (1 - Ra? ( . 2 +/) + 
Ii - (1- e-aL)(l_ RF)(l + RBe-aL ) 1 + Fsm (3 2 Iefl• w • (3.19b) 

Note that, even though (3- ~ (3+, and r;fI ~ I~f' equations (3.19a) and (3.19b) 

give the same answer for Ii' 

For the reflection mode of operation, (3- and (3+ can be used in the expres

sion for cavity reflectance to give the on and off state values of reflectance: 

n -1- (1- RF)(1-RBe-2aL ) 1 
ON - (1 - Ra)2 1 + Fsin2 (3- /2' 

(3.20) 

n = 1- (1- RF)(l - RBe-2aL ) 1 
OFF (1- Ra)2 1 + Fsin2 (3+/2' 

(3.21) 

These two equations could have been obtained first, by using the graphical solution 

for bistable reflectance, outlined in Chapter Two. This solution would involve ex

actly the same procedure of finding the tangent to the (reflectance) Airy function 

passing through the point (0,1). The tangent point and the point of intersection 

have abscissae (3- /2 and (3+ /2, respectively. These are the same values of (3- /2 

and (3+ /2 that were found here using the graphical solution for the transmittance. 

An expression similar to that given in equation (3.7) can be used to define the 

reflectance contrast: 

(3.22) 

Again, this contrast is different from the signal contrast that would be realized by 

using the etalon in reflection mode, since the upper and lower branches of the trans

fer function have some finite slope. The reflectance contrast is a good approximation 

of the signal contrast if these slopes are small. 
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Numerical Results 

In the following pages of this chapter, the results of the numerical analysis 

outlined above are presented and discussed. These results, while being derived from 

the graphical solution of intra-cavity phase shift, are themselves graphical in na

ture, so they should provide some additional insight into nonlinear etalon behavior. 

The quantitative nature of the graphs should contain enough information for the 

device designer who plans to optimize the etalon for a specific application. Some 

comparisons are made between transmission-mode and reflection-mode operation 

at two different values of absorption (one of these being the idealized case of no 

absorption). The number of cases under consideration here is by no means exhaus

tive, but they are representative; and in the interest of space, they are necessarily 

limited. 

Considered first is the optimization of rr and r'R, under the conditions of 

negligible absorption (aL = 2 X 10-8 ). These are idealized conditions since some 

absorption, which must be present in order for there to be any nonlinearity,3 results 

in the reduction of the finesse and the maximum transmittance and reflectance of 

the cavity. The zero-absorption limit is an important case to consider, however, 

since it yields an upper limit on attainable contrast for a given cavity design, and 

a lower limit on threshold intensity. Transmission mode and reflection mode can 

thus be compared under the most favorable conditions. 

Next, a nominal absorption value of aL = 0.3 is assumed, and the calcu

lations are repeated. Again the two modes are evaluated in comparison with the 

results under the first set of conditions and with each other. The aim here is to 

3 In the case of an electronic nonlinearity, the nonlinear part of the absorption 
and the nonlinear part of the refractive index are related by a Kramers-Kronig 
relation [Koch, Peyghambarian, and Gibbs 1988]; and in the case of a thermal 
mechanism, absorption is what leads to a change in temperature of the material. 



62 

investigate the effect of the presence of a linear absorption on the behavior of the 

etalon, and on the optimization. 

Figure 3.2 shows the contours of maximized transmittance contrast, rT, 

as a function of RF and RB. The figure suggests that the contrast is primarily 

dependent on the cavity finesse, being a strictly increasing function as the point 

(RF = RB = 1) is approached. For these values of mirror reflectance, the contrast 

is greater than 0.74. The contours of initial de tuning that yield the maximum trans

mittance contrast are plotted in Figure 3.3. The difference from critical detuning 

is plotted in Figure 3.4. In these and all of the following contour plots, it will be 

noticed that the lower left hand corner portion of the plane does not contain any 

contour lines. This is because in this region the cavity finesse is so low as to preclude 

bistable operation in the adjacent Fabry-Perot order. In other words, the induced 

phase shift must be greater than 7r in order for the output to be bistable. Designs 

located in this region are summarily excluded from consideration. 

In Figure 3.5 the threshold intensity for this case is plotted in units of ,-1. 
Notice the distinct asymmetry, which favors smaller values for RF than for RB. This 

asymmetry is intuitively satisfying if it is realized that light must enter the cavity 

through the front reflector before it can interact with the medium. Lower values 

of RF facilitate this interaction; but, since RF also participates in the feedback, a 

point is reached at which the threshold intensity again increases if RF becomes too 

small. 

The magnitude of rT, shown in Figure 3.2, can be deceiving, since large 

values of rT do not necessarily imply large values of transmittance. To illustrate 

this, the contours of transmittance difference, (6.T = TON - TOFF) are plotted in 

Figure 3.6. At the point of maximum r T , the transmittance difference has a value of 

less than 0.05. The contrast here is 0.75, implying that TON is only 0.067. This low· 
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Figure 3.2 Contours of transmittance contrast, I'T = (TON -
TOFF)/ToN, which has been maximized with respect to initial 
detuning at each point in RF-RB space. For this figure, aL = 
2 X 10-8 • The corresponding values of initial detuning are shown 
in Figure 3.3. 
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Figure 3.3 Initial detuning values (in units of '1\") which maximize 
the transmittance contrast, rT, for a:L = 2 x 10-8. 
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Figure 3.4 Differences between the initial detuning values of Fig
ure 3.3 and critical detuning, Sc, given by equation (2.58). 
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Figure 3.5 Contours of threshold intensity (in units of ,-1) for 
cavities designed for maximum transmittance contrast when OtL = 
2 x 10-8 • These values must be divided by , in order to obtain 
units of irradiance. 
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value of transmittance does not allow very much light to be passed to a succeeding 

gate. Clearly, a tradeoff between rr and AT must be made in the optimization. 

Another issue of concern is the sensitivity of the transfer function to vari

ations in the initial detuning, which is a function of cavity thickness, wavelength, 

index, and angle of incidence. The contrast of Figure 3.2 was maximized with 

respect to initial detuning; but if this detuning is allowed to deviate from this op

timum value, how severely is the contrast degraded? Equation (2.29) shows the 

dependence of detuning on the cavity parameters and on the wavelength. Fabrica

tion errors may lead to a cavity whose length is different from that specified, or, in 

the case of a two-dimensional array of gates, to different gates in the array having 

slightly different thicknesses, and hence, slightly different transfer functions. It is 

important to know whether these errors are tolerable. 

As a way of estimating this sensitivity, the initial detuning at each point 

in the RrRB plane was increased by 0.0171' from its value shown in Figure 3.3, 

and the transmittance contrast, threshold intensity, and contrast difference were 

recalculated. The fractional change in the quantities from their original values are 

plotted in Figures 3.7, 3.8, and 3.9. 

Figure 3.7 shows that rr is relatively insensitive to small changes in initial 

detuning. The maximum change is much less than one tenth of one percent. 'What 

is curious is that the magnitude of the change first increases with increasing finesse, 

but then decreases. The threshold intensity is extremely sensitive to changes in 

initial detuning, as indicated by Figure 3.8, which shows that the best that can be 

achieved is about 2 or 3 percent change in threshold intensity for a 0.0171' change 

in detuning. This is the case for fairly low finesse cavities; the situation for higher 

finesse cavities is much worse. The transmittance difference is also sensitive to 



0.5000 

0.5000 1.000 

Figure 3.6 Contours of transmittance difference, t:l.T == TON -
TOFF, for cavities designed for maximum transmittance contrast, 
rT, when aL = 2 X 10-8 , 
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detuning changes, as shown in Figure 3.9, where changes of several percent are seen 

over most of the plane. 

In a similar manner, contrast can be maximized with respect to detuning 

for a cavity operating in reflection mode. The contours of maximized reflectance 

contrast are shown in Figure 3.10. Generally, the contrast obtained is greater for 

reflection mode than for transmission mode, and in fact, is equal to unity at several 

points in the RF-RB plane. This is along the line RF = RB. 

The detuning values for this case, shown in Figure 3.11, are different from 

those which correspond to maximum transmittance contrast, implying that the two 

are, generally, not optimized simultaneously. For reflection mode, the cavity must 

be initially detuned closer to critical detuning than for transmission mode, as shown 

in Figure 3.12. 

The threshold intensity contours, shown in Figure 3.13, have, more or less 

the same shape as for transmission mode, but the contour values are between 2 and 

10 times lower for reflection mode, and favor higher values of RF. A lower threshold 

intensity is, in fact, to be expected, since the initial detuning is closer to critical 

detuning. The minimum contour level here is .05, compared to .3 for transmission 

mode. 

The reflection contrast difference (6 n = no N - no F F) contours are shown 

in Figure 3.14. Again, the contrast difference maximum does not coincide with that 

of contrast; however, the two maxima are closer to each other than for transmission 

mode. This means that an intermediate point may be found at which both have a 

reasonably high value (r'R. = 0.96, and 6n = 0.54 at RF = RB = 0.7). 

The sensitivity of these parameters to initial detuning variations was calcu

lated in the same way as for the transmission mode case. The fractional changes in

duced by a 0.0111' change in detuning are plotted in Figures 3.15 to 3.17. Reflectance 



1.000 

0.5000 

-o.odble~e 
-0. odbIlesa 

0.5000 1.000 

Figure 3.7 Contours of the fractional change in r T resulting from 
an increase in initial detuning of 0.017r, for cavities which have 
been designed for maximum transmittance contrast, in which aL = 
2 x 10-8 • The dashed lines indicate that the change in the contrast 
is negative. 
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Figure 3.8 Contours of the fractional change in threshold intensity 
resulting from an increase in initial detuning of O.Ol7t', for cavities 
which have been designed for maximum transmittance contrast, in 
which o:L = 2 x 10-8 • 
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Figure 3.9 Contours of the fractional change in 6.T resulting from 
an increase in initial detuning of 0.0171', for cavities which have 
been designed for maximum transmittance contrast, in which aL = 
2 X 10-8• The dashed lines indicate that the change in the contrast 
is negative. 
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Figure 3.10 Contours of reflectance contrast, r'R. = (nON -
nOF F )/nON, which has been maximized with respect to ini
tial detuning at each point in RF-RB space. For this figure, 
OtL = 2 x 10-8• The corresponding values of initial detuning are 
shown in Figure 3.11. 
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Figure 3.11 Initial detuning values (in units of 7r) which maximize 
the reflectance contrast, r'R., for aL = 2 X 10-8• 
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Figure 3.12 Differences between the initial detuning values of Fig
ure 3.11 and critical detuning, oc, given by equation (2.58). 
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Figure 3.13 Contours of threshold intensity (in units of 7-1 ) for 
cavities designed for maximum reHec.tance contrast when o:L = 
2 x 10-8 • These values must be divided by 7 in order to obtain 
units of irradiance. 
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Figure 3.14 Contours of reflectance difference, fl.n == nON -
nOFF, for cavities designed for maximum reflectance contrast, rx, 
when aL = 2 x 10-8 • 
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contrast is more sensitive to detuning changes than transmittance contrast, as Fig

ure 3.15 indicates, but is still less than about one percent over most of the RF-RB 

plane. The threshold intensity is about twice as sensitive as for transmission mode, 

exceeding 20 percent change in the higher finesse region. This is shown in Fig

ure 3.16. 6,'R is sensitive over most of the plane, but the change induced by the 

detuning variation actually changes sign near the high finesse region. This occurs 

at the bold contour line labeled 0.000. Along this particular contour the contrast 

difference is insensitive to initial detuning variations. 

With (XL = 0.3, the maximum achievable contrast is reduced for all points 

in the RF-RB plane. The contours for rr are plotted in Figure 3.18. The general 

character is the same, with the dependence being mostly on the finesse of the cavity, 

as before. The maximum contrast is achieved when both RF and RB are equal 

to 1, at which point rr is somewhat greater than 0.65 (compare this to the value 

of approximately 0.75 for the case when (XL = 0). The initial detuning that yields 

maximum contrast is larger for this case at all points, and there are more designs 

that require an initial detuning greater than 7r. The contours of initial detuning 

are shown in Figure 3.19. The area in the lower left-hand corner of these plots, 

indicating designs that are excluded from consideration, is larger. Not only is the 

magnitude of the initial detuning larger than for (XL = 0, but the difference of the 

de tuning from critical detuning is also larger, as shown in Figure 3.20. 

Since the initial detuning is larger, one would expect that the threshold 

intensity would also increase. This is indeed the case as indicated by Figure 3.21, 

which shows the contours of threshold intensity. The exact amount of increase 

depends on the precise values of RF and RB, but for most of the plane, it is a 

factor between 3 and 4. The minimum threshold intensity occurs at a much lower 

valu' of RF (RF = .47) than for the previous case, implying that the best cavity 
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Figure 3.15 Contours of the fractional change in r'R resulting 
from an increase in initial detuning of O.Ol7r, for cavities which 
have been designed for maximum l'efiectance contrast, in which 
OiL = 2 X 10-8• The dashed lines indicate that the ('hange in the 
contrast is negative. 
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Figure 3.16 Contours of the fractional change in threshold in
tensity resulting from an increase in initial detuning of 0.0171', for 
cavities which have been designed for maximum reflectance con
trast, in which aL = 2 X 10-8• 
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Figure 3.17 Contours of the fractional change in t:,.'R resulting 
from an increase in initial detuning of D.Dh', for cavities which 
have been designed for maximum reflectance contrast, in which 
aL = 2 X 10-8• The dashed lines indicate that the change in the 
contrast is negative. 
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Figure 3.18 Contours of transmittance contrast, rT = (TON -
TOFF )/TON, which has been maximized with respect to initial de
tuning at each point in RF-RB space. For this figure, aL = 0.3. 
The corresponding values of initial detuning are shown in Fig
ure 3.19. 
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Figure 3.19 Initial detuning values (in units of 1C') which maximize 
the transmittance contrast, rT, for aL = 0.3. 
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Figure 3.20 Differences between the initial detuning values of Fig
ure 3.19 and critical detuning, Dc, given by equation (2.58). 
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design becomes more asymmetrical as OiL increases. Another interesting feature is 

the dramatic increase in threshold intensities for the higher-finesse cavities. 

Figure 3.22 shows the contours of AT when rr has been maximized for 

OiL = 0.3. The contrast turns out to be fairly low over the entire plane, never 

exceeding 0.25. Since AT represents the difference between the light signals that 

are transmitted by the cavity at switch-up, it suggests that a cavity with a high OiL 

product may not perform very well in transmission mode. As will be shown below, 

the situation is not as bad for reflection mode. 

One positive thing that comes from the increase in absorption is that the 

sensitivities of the parameters to variations in initial de tuning decrease. The reduced 

sensitivities are shown in the plots of the fractional change in rr, threshold intensi ty 

and AT for a O.Obr increase in initial detuning. These plots are shown in Figures 

3.23-3.25. The sensitivity of the threshold intensity is still disturbingly high (a few 

percent) over most of the plane. 

In reflection mode things look a bit better than for transmission mode when 

OiL == 0.3. The contrast, plotted in Figure 3.26, still manages to approach unity 

at some points in the plane. The plots show that the cavi ty should be made more 

asymmetrical as the absorption is increased. As with the transmission case, the 

detuning values that yield maximum contrast are larger than for OiL = 0 and are 

farther from critical detuning, as indicated by Figures 3.27 and 3.28. 

The threshold intensity likewise increases over the entire plane (see Fig

ure 3.29). Higher finesse cavities show the larger increase, as in the transmission 

mode case, but the minimum threshold occurs at a higher value of RF in reflection 

mode. The minimum contour level of threshold intensity is much lower for reflection 

mode than for transmission mode (compare 0.65 for reflection mode with 1.6 for 

transmission mode). 
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Figure 3.21 Contours of threshold intensity (in units of ')'-1) for 
cavities designed for maximum transmittance contrast when aL = 
0.3. These values must be divided by ')' in order to obtain units of 
irradiance. 
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Figure 3.22 Contours of transmittance difference, ~T == TON -
TOFF, for cavities designed for maximum transmittance contrast, 
rT, when aL = 0.3. 
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Figure 3.23 Contours of the fractional change in rr resulting 
from an increase in initial detuning of 0.0171", for cavities which 
have been designed for maximum transmittance contrast, in which 
aL = 0.3. The dashed lines indicate that the change in the contrast 
is negative. 
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Figure 3.24 Contours of the fractional change in threshold in
tensity resulting from an increase in initial de tuning of O.011r, for 
cavities which have been designed for maximum transmittance con
trast, in which OiL = 0.3. 
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Figure 3.26 Contours of reflectance contrast, r'R = (nON -
nOFF)/nON, which has been maximized with respect to initial 
detuning at each point in RF-RB space. For this figure, qL = 0.3. 
The corresponding values of initial detuning are shown in Fig
ure 3.27. 
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Figure 3.27 Initial detuning values (in units of 7r) which maximize 
the reflectance contrast, rx, for o.L = 0.3. 
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Figure 3.28 Differences between the initial de tuning values of Fig
ure 3.27 and critical detuning, oc, given by equation (2.58). 
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Figure 3.29 Contours of threshold intensity (in units of "(-1) for 
cavities designed for maximum refiectance contrast when aL = 0.3. 
These values must be divided by "( in order to obtain units of 
irradiance. 
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The reflection contrast difference, An, also maintains a relatively high 

level even with OiL = 0.3. The highest contour value shown in Figure 3.30 is 0.48. 

Compare this to the value of the highest contour line for AT for the case of OiL = 0.3 

given in Figure 3.22 (0.24). Notice also that the maximum An nearly coincides with 

the maximum r'R., which occurs near the point RF = 0.55, RB = 1.0. 

As for the case of transmission mode, the increase in absorption reduces the 

sensitivity of the parameters to variations in initial detuning. Compare the values 

of the contours in Figures 3.15-3.17 with those in Figures 3.31-3.33. The fractional 

changes in r'R. and threshold intensity are approximately cut in half over most of the 

Rp-RB plane. Of course, the price paid for this reduced sensitivity is an increase in 

threshold intensity and a reduction in contrast. The plot of the fractional change in 

An, shown in Figure 3.33, takes on a different character from that of Figure 3.17. 

No longer is there a local maximum or a contour of zero sensitivity. Unfortunately, 

the maximum sensitivity of this parameter moves into the same area of the RF-RB 

plane as the maximized contrast and contrast difference as OiL is increased. 

Merit Jilunctions 

The plots shown above are useful for determining the cavity design for which 

a given parameter of the transfer function is maximized or minimized, for a given 

initial detuning. It is not easy, however, to determine from them the design which 

is best overall, that is, one corresponding to the best compromise of parameter 

optimization. In order to do this, the contour plots must somehow be combined 

into a single contour plot, whose maximum value locates the best overall design. 

This plot would serve as the merit function for the cavity. 

The most simpleminded approach to a merit function is to form a rational 

expression whose numerator contains all of the parameters to be maximized, and 
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Figure 3.30 Contours of reflectance difference, I::J.'R = 'RoN -
'RoFF, for cavities designed for maximum reflectance contrast, rn, 
when a:L = 0.3. 
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Figure 3.31 Contours of the fractional change in r~ resulting 
from an increase in initial detuning of 0.0171', for cavities which 
have been designed for maximum reflectance contrast, in which 
aL = 0.3. The dashed lines indicate that the change in the contrast 
is negative. 
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Figure 3.32 Contours of the fractional change in threshold in
tensity resulting from an increase in initial detuning of 0.0171', for 
cavities which have been designed for maximum reflectance con
trast, in which aL = 0.3. 
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Figure 3.33 Contours of the fractional change in An resulting 
from an increase in initial detuning of 0.0171', for cavities which 
have been designed for maximum reflectance contrast, in which 
aL = 0.3. The dashed lines indicate that the change in the contrast 
is negative. 
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whose denominator contains all of the ones to be minimized. As an example, for 

the transmission mode case, it is desirable to maximize contrast, rT, and contrast 

difference, 1:::..7, and to minimize threshold intensity, Ii' and the sensitivities of rT, 

1:::..7, and Ii to detuning variations. These last three are denoted d6rT, d61:::..7, and 

d6Ii' The merit function would then take the form 

(3.23) 

The absolute magnitudes of the sensitivities are used to prevent J.t from having 

negative values. This function has the advantage of being simple and easy to cal

culate; however, for two reasons it does not allow for proper relative weighting of 

the parameters. 

First, it may not be necessary to maximize a given parameter, but only to 

ensure that it is larger than or smaller than some specified limit value. For example, 

it was shown above that the sensitivity of the contrast to detuning variations is quite 

small. In fact, it is insignificant in comparison to the sensitivity of the threshold 

intensity. There is really no advantage then in assigning to it an equal weighting 

in the merit function, because doing so will only serve to compromise the other 

parameters, while not gaining very much in performance. 

The second reason is numerical. Figure 3.17, which is the contour plot of 

d6l:::..n, shows a zero level contour line where the sign of the parameter changes. 

Since d61:::..n would appear in the denominator of the expression for J.t in equation 

(3.23), the merit function blows up along this contour line. While these designs are 

advantageous from the point of view of minimizing d6l:::..n, they are not necessarily 

the best from the point of view of the other parameters. Using the merit function 

given in equation (3.23), however, will always lead to designs along this contour, 

since this is where the merit function is maximized (at 00). 
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A better merit function is perhaps one that cares only about the accept

able limits for each of the parameters, such that the factor in the merit function 

corresponding to a given parameter has a value of 1 if that parameter is within 

the acceptable limits, and a value of 0 if it is not. The merit function is then the 

product of all of these unit step functions. Acceptable designs are those which fall 

within the region in which the merit function has a value of 1, and all are equally 

acceptable. Note that there may be no such region if the limits of acceptability are 

chosen to be mutually exclusive. 

Forming the sum, instead of the product, of these step functions will result 

in a merit function that assumes discrete values over the RrRB plane. If equal 

weighting is applied to all terms in the merit function, the value of the merit function 

in a given region of the plane indicates the number of parameters having acceptable 

values (it does not indicate which ones), even if the limits are mutually exclusive. 

A third possible merit function-and the one demonstrated here-uses a 

smoothly varying version of the step function, namely the Fermi function,4 which 

has the form 
1 

f( P' P, e) - ---:"~~~ , , - 1 + ge4.4(P-P,)!EP, • (3.24) 

In this equation, P, represents the acceptance limit of the parameter value, P, which 

may be the contrast, threshold intensity, etc. The constants are chosen such that 

when P = p" the function f has the value 0.1. The smoothness of the function 

is controlled by the value of e, which is entered as a fraction of the limit value, 

P,. The sign of e determines whether the limit is an upper limit or a lower limit, 

+ corresponding to an upper limit, and - corresponding to a lower limit. 'When 

P = P,(l + e), the value of the function is approximately 0.9. The range of this 

4 This function is called the Fermi function here because it resembles in form 
the Fermi probability distribution function. 
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function is from 0 to 1, so there is no danger of the function diverging, and the 

function is either monotonically increasing or decreasing. 

Two merit functions are constructed using the function of equation (3.24). 

One is the product 

(3.25) 
n 

where, for the case of transmission mode operation, 

and Pin and e are chosen individually for each Pn. The other merit function is the 

sum 

f.1.2 = L f(Pn; Pin, e). (3.26) 
n 

These merit functions are plotted for each of the cases of transmission mode and 

reflection mode in Figures 3.34-3.41. The maxima of these functions locate the best 

designs, given the acceptance limit constraints. The following limits were used in 

all cases. 
rT,'R. > 0.5, 

Ir < 1.0, 

AT, A'R > 0.35, 

d6rT,'R. < 0.01, 

d6It < 0.05, 

d6AT,d6An < 0.05, 

e = ± 0.1. 

The sign of e is chosen for each parameter depending on whether the given limit is 

an upper or a lower limit. 
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For transmission mode with zero absorption, the merit functions III and 

1l2, with the limit values listed above, are plotted in Figures 3.34 and 3.35. Both 

functions yield the same optimized cavity design: Rp = 0.32, RB = 0.58, and 

8 = 0.517r radians. The value of III is 0.7195 of a maximum possible of 1.0; 112 

is 5.708 of a maximum possible value of 6.0, since there are six parameters in the 

merit function. Nearly all of the limits are met, but one or two are near the edge. 

From Figures 3.2-3.9, it appears that these limits would be the threshold intensity 

and the transmittance difference. In order to extend the range of solutions, it is 

necessary to relax the limits on either It or AT or both. 

Figures 3.36 and 3.37 show III and 112 for the reflection mode zero absorption 

case. The optimized solution is at the point Rp = 0.27, RB = 0.37, 8 = 0.437r 

radians. This is in the same general area as the transmission mode solution. Again, 

both III and 112 yield the same cavity design. The values of the merit functions 

are closer to their maximum values for reflection mode, indicating that all of the 

parameters are well within their limit values. Notice also the relatively large areas 

free of contour lines surrounding the maxima. Since the values of the meri t functions 

do not change appreciably in these regions, any cavity design contained therein is 

very nearly optimized, implying a loose restriction on the values of Rp and RB. 

As aL is increased to a value of 0.3, the performance of transmission mode 

cavities deteriorates rapidly. The value of III is zero (to within the accuracy of the 

computer used) over the entire Rp-RB plane. This function is not plotted. The 

contours of 112 for this case are plotted in Figure 3.38. These do not exceed a value 

of 4.0, meaning that no more than 4 of the 6 limits are satisfied at any given point in 

the Rp-RB plane. Comparing the shape of the merit function to the contour plots 

which were used to construct it, it is apparent that the criteria on threshold intensity 

and transmittance contrast have little or no influence on the resulting optimization. 
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Figure 3.34 Contours of merit function P.I == I1n f(Pni Pin, En) 
for a cavity designed for maximum transmittance contrast when 
o:L = 2 x 10-8 • ' 
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Figure 3.35 Contours of merit function J.l2 = L;n !(Pn; Pin, en) 
for a cavity designed for maximum transmittance contrast when 
OI.L = 2 x 10-8 • 
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Figure 3.36 Contours of merit function P.1 = Iln f(Pn; Pin, En) 
for a cavity designed for maxiInum reflectance contrast when aL = 
2 x 10-8 • 
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Figure 3.37 Contours of merit function 1-'2 = En !(Pn; Pin, en) 
for a cavity designed for maximum reflectance contrast when aL = 
2 x 10-8 • 
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This is because the limits imposed on these two parameters can not be met at any 

point in the plane (see Figures 3.21 and 3.22). The corresponding terms in the 

merit functions, given by equation (3.24) are therefore near zero over the entire 

plane. This also explains why ILl is zero everywhere. A cavity with this amount of 

absorption is overconstrained by the imposed limits and gives misleading results. A 

meaningful optimization would require loosening the parameter limits. In Figures 

3.39 and 3.40, the merit functions are plotted after the limit on Ii was increased to 

2.0, and the limit on 6.T reduced to 0.2. Now a reasonable solution is obtained at 

Rp = 0.425, RB = 0.525, because the cavity is no longer overconstrained. 

The situation for reflection mode, on the other hand, apparently improves 

as the aL product is increased to 0.3 (at least for these imposed limits-notice, 

however, that the threshold intensity still increases with increasing absorption). 

Figures 3.41 and 3.42 show the contours of ILl and IL2. Both have slightly higher 

peak values, and allow greater variances in the front and back face reflectivities, as 

indicated by the large flat areas surrounding the maxima. 

Over all, reflection-mode operation appears preferable from the point of 

view of the merit functions chosen here, especially for larger values of aL. In the 

next chapter, the optimized designs arrived at in this chapter are analyzed in terms 

of their performance as elements of a switching circuit. After developing equations 

that relate the circuit parameters to the cavity transfer function parameters, these 

will be used to derive tolerances for the transfer function parameters which permit 

error-free operation of the hypothetical circuit. 
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Figure 3.38 Contours of merit function /-L2 = En f(Pni Pin, En) 
for a cavity designed for maximum transmittance contrast when 
aL = 0.3. 
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Figure 3.39 Contours of merit function PI = I1n f(Pn; Pin, en) 
for a cavity designed for maximum transmittance contrast when 
aL = 0.3. For this figure, the limit on the threshold intensity has 
been increased to 2.0, and the limit on 6.7 decreased to 0.2. 
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Figure 3.40 Contours of merit function J1.2 = En f(Pni Pin, en) 
for a cavity designed for maximum transmittance contrast when 
aL = 0.3. For this figure, the limit on the threshold intensity has 
been increased to 2.0, and the limit on AT decreased to 0.2. 
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Figure 3.41 Contours of merit function PI == IIn f(Pni Pin, En} for 
a cavity designed for maximum reflectance contrast when OtL = 0.3. 
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Figure 3.42 Contours of merit function J.t2 = En f(Pni Pin, En) for 
a cavity designed for maximum reflectance contrast when aL = 0.3. 
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Chapter Four 

Transfer Function Tolerancing 

In view of the limitations of fabrication processes, the device or system 

design is not complete until the fabrication tolerances have been established. It is 

impossible to construct a physical device with infinite precision, so that all of the 

device parameters will exactly equal their design values. Furthermore, the precision 

demanded of a device's parameters usually determines the process by which it is 

fabricated, since different processes may vary in their precision. The assessment of 

tolerance requirements is usually made after one or more preliminary designs have 

been selected and may be a determining factor in the particular choice of design, if 

more than one is being considered. The tolerances are driven by the performance 

requirements imposed by by the environment in which the device or system operates. 

In this chapter, and the next, the problem of assigning fabrication tol

erances to the various physical parameters of a nonlinear Fabry-Perot etalon is 

addressed. This chapter deals with transfer function tolerances and how they re

late to variations in the input and output signals of the logic gate. Tolerances for 

the ON- and OFF-state cavity transmittances and reflectances and the threshold 

intensity of the gate are derived, starting from the idealized definition of the gate's 

Boolean transfer function-its truth table. In order to demonstrate the utility of 

the equations derived below, several examples of their application to transfer func

tions are considered. One important issue to be considered is a comparison between 
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the transmission and reflection modes of operation of an etalon. Both modes are 

assumed in the literature, and in some cases, the reflection mode is considered to be 

the mode of preference [Wherrett, 1984]. The relative merits of the two modes are 

compared here in terms of their tolerance requirements. In general, a gate which 

allows for looser tolerances is preferred, since this gate will be easier to fabricate 

and will be more reliable in operation. For each of these device modes, two modes 

of logic are also considered: threshold logic and latching logic. Again, both have 

been considered in the literature, but claims have been made that latching logic is 

superior [Wherrett, 1984]. This analysis addresses the comparison from the point 

of view of tolerancing. 

It would be nice to consider all possible configurations of gates and circuits, 

but this is not possible. Considered here are threshold gates having fan-in and fan

out of two or three, with the threshold number l set equal to a value of 2 that is 

two-input AND and NAND gates, and three-input majority gates. 

In Chapter Five the tolerances on the transfer function which are developed 

in this chapter are used in an inverse sensitivity analysis for the optimized designs 

obtained in Chapter Three in order to derive fabrication tolerances for each of the 

cavity parameters (RF, RB, cavity thickness, etc.) Also, the relative merits of the 

transmission and reflection modes of operation will be evaluated. The results will, 

perhaps, suggest a preferred mode of operation and/or logic. 

The problem is complicated by the fact that the transfer function toler

ances depend on the parameters of the switching circuit in ,which the device is to 

1 This is slightly different from the conventional definition of the threshold 
t which is used in most discussions of threshold logic. Whereas t is assumed to 
have a noninteger value, Nth is always an integer, and more closely corresponds to 
the "upper boundary" of the "gap" of a threshold function "map" [Lewis & Coates 
1967]. 
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operate (for instance, transfer function tolerances become tighter as fan-in and fan

out increase). Switching circuits are difficult to generalize in this regard, owing to 

their large number of possible configurations. Some simplifying assumptions are 

made concerning these configurations. In particular, the switching circuit will be 

characterized entirely in terms of the fan-in and fan-out of a typical gate in the 

circuit, and the radiometric throughput of a typical optical path between devices. 

The transfer curves of the devices themselves will also be approximated 

to simplify the tolerance analysis. In order to obtain useful relationships between 

tolerances and parameters, the upper and lower branches of the transfer curves are 

linearized. That is, the output of the nonlinear etalon is assumed to switch between 

two linear functions of the input at some well defined threshold intensity. These 

two linear functions will approximate the upper and lower branches of the actual 

transfer function over the range of possible input signal values. 

In Chapter Three, the optimization was performed with respect to trans

mittance and reflectance contrast, (TON - TOFF)/ToN and ('RON - 'RoFF)/'RON. 

These definitions of contrast are useful for the following reason. They apply equally 

well to intensity transmittance (reflectance) or transmitted (reflected) signal, which 

differ in that the intensity of the signal transmitted or reflected at threshold de

pends on the particular value of the threshold intensity, whereas the transmittance 

at the threshold intensity does not. The contrast, as defined above is identically 

equal to the quantity (SON-SOFF)/SON, where SOFF and SON are, in the case of 

transmission mode, the signal intensities just before and just after switching, respec

tively; both are proportional to It, so It drops out of the expression for contrast. 

It would be equally useful to define the contrast as (TON - TOFF )/(TON + TOFF), 

but there is no particular advantage in doing so. 
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The tolerances derived below are worst case tolerances. That is, 100 percent 

of the devices in the circuit are assumed to comply with the tolerance limits for error

free operation. It is worth noting, however, that this assumption is not always valid 

in practice; therefore, a word about statistical tolerancing, as it applies here, will 

be said at the end of the chapter. 

Figures 4.1 and 4.2 shows how typical transfer curves are approximated by 

linear functions. The output switches from the lower branch to the upper branch 

when the input intensity exceeds the threshold intensity, It. At each clock cycle of 

the switching circuit, the valid output signal is either on the upper branch or the 

lower branch, depending on whether the combined input signals exceed the threshold 

intensity. Thus the etalon performs the function of a threshold gate. The relative 

magnitudes of the ON and OFF signals, the bias intensity, and the threshold inten

sity determine which threshold function is performed. 

Equations are derived below which relate the bias and input signal inten

sities, the threshold intensity, the circuit parameters, and the truth table for a 

generalized threshold gate. The etalon transfer function determines the magnitude 

of the output signal of a gate, depending on the value of the sum of the inputs. This 

signal traverses some optical path before it becomes an input signal of a succeeding 

gate. The magnitude of the bias intensity is chosen so that, when it is combined 

with the input signals, only the desired number of ON signals causes the threshold 

intensity to be exceeded (so that the gate performs the desired threshold function). 

Since the transfer function curve has some slope above and below the threshold, the 

exact magnitudes of the output signals depend on the magnitudes of the inputs. 

Consequently, the input signal of a gate cannot be known exactly unless the input 

signals of all previous gates are known. For large circuits, this is impractical, unless 

all gates in the circuit are identical. 
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For the purposes of this analysis, identical gates are assumed. Under this 

assumption, the equations derived below describe the equivalent situation in which 

a gate's output signal is fed back (with some attenuation, representing fan out and 

optical throughput) into its own input. The result is a pair of recursive equations 

which admit unique values for the ON and OFF signal magnitudes. These same 

recursive equations describe the propagation of errors or noise components of the 

signals in a system composed of identical elements. The equations allow for a 

calculation of signal variations when only the local parameters of the system are 

known. These signal variations, in turn, determine the maximum tolerance allowed 

for the threshold intensi ty. 

To put this in mathematical terminology, let the signal intensity represent

ing a 1 at the input of the gate be denoted by S H, and that representing a 0 by S L. 

Allow also for a biasing intensity Ib which in effect enables the switching intensity 

of the gate to be adjusted relative to the signal intensities, thus allowing differential 

gain in the signals. The number of signals present at the input of the gate is the 

fan-in, denoted by FJ. The threshold number of the gate is the integer number Nth 

of high signals, each having an intensity SH, that causes the gate to switch on, and 

which may be in the range 1 to FJ (if it is 1, the gate performs the logical OR 

or NOR function; if it is FJ, the gate performs the logical AND or NAND). The 

threshold intensity If is the intensity at the input at which the output switches from 

one branch of the transfer curve to the other as the input is increasing. When the 

input intensity is decreasing, the output switches at a different value of intensity, 

denoted h. The latter switching intensity is unimportant for etalons operating as 

threshold gates as long as the input intensity is reduced below this value between 

clock cycles. It is important, however, in the case of latching logic operation since 
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in this case the bias intensity must stay between the values of I! and Ii in order to 

maintain a valid output for the duration of the clock cycle. 

A simple example of a threshold gate is a 3-input threshold gate with a 

threshold number of 2 (Fr = 3, Nth = 2). This is a standard three-input majority 

gate. The truth table for this gate is shown in Table 4.1. From an examination of 

the truth table it is clear that the output is a logical 1 if and only if there are at 

least Nth logical l's at the input. In terms of signal intensities, if there are at least 

Nth inputs with intensities equal to SH, then the total input intensity (including 

the bias) exceeds the threshold intensity Ii and the gate switches on. If there are 

less than Nth inputs with intensities equal to SH, then the total input intensity is 

less than Ii, and the gate remains in the OFF state. 

Table 4.1 Truth table for 
3-input majority gate, with 

threshold number set at 2 
(Fr = 3, Nth = 2) 

Xl 
0 
0 
0 
0 
1 
1 
1 
1 

INPUTS 
X2 

0 
0 
1 
1 
0 
0 
1 
1 

OUTPUT 
X3 Y 

0 0 
1 0 
0 0 
1 1 
0 0 
1 1 
0 1 
1 1 

In order for the logic gate to perform according to its truth table, the 

threshold intensity must be within the range bounded on the low side by the maxi

mum total input intensity that gives a logical 0 output and on the high side by the 

minimum total input intensity that gives a logical 1 output. The limits of this range 

can be easily found by substituting SH for 1, and SL for 0 in the input columns 
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of the truth table, finding the sum of elements in each row, adding Ib to each of 

these sums, and finding the maximum row sum corresponding to a 0 output and 

the minimum row sum corresponding to a 1 output. The threshold intensity must 

be between these two sums. Equivalently, the range of values of I j can be expressed 

as a two-sided inequality involving the fan in, threshold number, signal intensities, 

and bias intensity. 

The left hand side of this inequality is the maximum total input intensity corre

sponding to a 0 output, and the lower limit Ijmin on the threshold intensity. The 

right hand side is the minimum total input intensity corresponding to a 1 output, 

and the upper limit Ijma:c on the threshold intensity. That is, 

(4.2) 

(4.3) 

These equations also define the maximum nominal tolerance on the threshold in

tensity. Assuming that the nominal switching intensity I jnom is just the average of 

Ijmin and Ijma:c. the tolerance ~Ij is half of the difference between them. In terms 

of the signals this is written 

1 
Ijnom = 2'(Ijmin + Ijma:c) 

1 1 
= Ib + (Nth - 2')SH + (FI - Nth + 2')SL, (4.4) 

1 
~Ij = 2'(Ijmax - Ijmin) 

1 = 2'(SH - SL). (4.5) 
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As long as the switching intensity of the gate remains within the tolerance 6.1j of 

[jnom it will operate according to the truth table. From equation (4.5) it is apparent 

that the difference between high and low signals should be maximized so that the 

switching intensity can have as wide a tolerance as possible, thereby minimizing 

manufacturing constraints. 

These equations do not allow for variations or noise in the signal levels, and 

so they must be modified slightly. Denote the variations in the high signal, the low 

signal, and the biasing intensity as 6.SH, 6.SL, and 6.16, respectively. These terms 

are then added to their respective terms in the inequality (4.1) to give 

and 

(4.6b) 

The new upper and lower limits on the switching intensity are now closer together. 

1jmin = (16 + 6.16) + (Nth -l)(SH + ASH) + (FJ - Nth + l)(SL + 6.SL), (4.7) 

and 

The new values for the nominal switching intensity and the tolerance are 

It is clear from these expressions that allowing for variations in the signals and 

bias reduces the tolerance on the switching intensity (compare equations (4.5) and 
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(4.10), keeping in mind that all quantities are positive); therefore, these variations 

should be minimized in order to maintain the largest possible tolerance for It. 

Equations (4.4) and (4.9) suggest that the switching intensity is chosen 

based on the values of the bias and signals; however, It will be fixed after the gate 

design is optimized by the methods of Chapter Three, since it depends only on 

gate (not circuit) parameters. It is the bias intensity, 16 that, once SH and SL are 

known, will be chosen to satisfy equations (4.4) and (4.9). Properly, 16 should be 

on the left hand side of these equations. 

( 4.11) 

With this expression for 16, equation (4.10) can be written in a more. useful form 

by dividing through by It: 

( 4.12) 

where the K's are defined by 

( 4.13) 

( 4.14) 

( 4.15) 

(4.16) 

The first term of equation (4.12) is the threshold intensity tolerance in the absence 

of signal and bias noise, normalized to the threshold intensity. The factors ](2, ](3, 

and K4 are coefficients that describe the relative influence of the signal and bias 

variations of the threshold intensity tolerance. The quantity Kl should be as large 
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as possible, whereas K2, Ka, and K4 should be as small as possible in order to 

maximize the threshold intensity tolerance. 

Equation (4.12) enables one to deal with fractional or percent tolerances 

so that units are irrelevant. Dimensionless quantities are advantageous since some 

of the parameters to be assigned tolerances have different units. Equations (4.14)

(4.16) give a mathematical description of what is perhaps intuitively obvious: that 

the sensitivities of the threshold intensity tolerance to the signal and bias variations 

depend, proportionately, on the magnitudes of the signals and bias themselves. But 

what determines the values of the signals and their variations? 

The input signals of one gate are the output signals of other gates. The 

magnitudes of each signal have been reduced by the fan outs of each of the previous 

gates as well as by the throughput(s) of the optical system(s) between the gates 

that provide the interconnections. Thi.s can be expressed 

(i,i+!) 

S(i+l) _ ropt S,(i) 
H - F(i) H' 

o 
( 4.17) 

and 
(i,i+l) 

S(i+1) _ ropt S,(i) 
L - F6i ) L' 

(4.18) 

where the primes indicate output signals. The factor r~~,:+l) is the radiometric 

throughput of the optical system between gates i and i + 1, and Fg) is the fan out 

of the ith gate. The order of the superscript indicates the order of the gates, as 

encountered by the propagating signals. 

In the following sections, expressions are found for the high and low sig

nals and their variations under the assumption of a circuit consisting of identical 

gates for each of four modes of logic gate operation. These are transmission mode 

threshold logic (TMTL), transmission mode latching logic (TMLL), reflection mode 
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thr~shold logic (RMTL), and reflection mode latching logic (RMLL). The expres

sions are evaluated for the specific cases of the optimized cavities found in Chapter 

Three. These signal variations are used in equation (4.12) in order to determine 

the tolerance on threshold intensity applicable to a nonlinear etalon operating as a 

logic gate in each of these modes. The cavity and mode which permit the largest 

tolerance on the threshold intensity represent the best overall design. 

Transmission Mode Threshold Logic 

If the nonlinear etalon is used in transmission mode, the output signal 

switches from the lower branch of the transfer curve to the upper branch when the 

input threshold intensity is exceeded. The output signals can be written in terms 

of the coefficients of the linear approximation to the transfer curve, and the input 

intensity: 

S8 = THo +THJI' 

St = TLo + TL1 I I, 

for h > Ir, 

for II < I r. 

(4.19) 

(4.20) 

THo and TLo are the ordinate intercepts of the linear approximations to the upper 

and lower branches, respectively. THl and TLl are the slopes of these, and h is the 

input intensity (see Figure 4.1). In terms of the input signals and the bias intensity, 

II can be written 

( 4.21) 

where n is the number of high signals present at the input to the gate. Substituting 

this into equations (4.19) and (4.20) yields 

S8 = THo + THl [Ib + nSH + (FI - n)SL] (Nth:::; n :::; FI ), 

St = TLo + TLl [Ib + nSH + (FI - n)SL] (0:::; n < Nth), 

( 4.22) 

( 4.23) 
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Now, by substitution of these two equations into equations (4.17) and (4.18), the 

values of the input signals of one gate can be written in terms of the input signals 

and transfer function parameters of the previous gate. 

(i,i+1) [ ] 
S(Hl) _ 'ropt T(i) + T(i) [ii) + n(i) SCi) + (F(i) _ n(i»S(i)] 

II - F.(i) Ho Hl b . H I L' 
o 

(N(i) < n(i) < F(i» 
th - - I , (4.24) 

(i,Hl) [ ] 
S(Hl) _ 'ropt T(i) + T(i) [ii) + (i) SCi) + (F(i) _ (i»S(i)] 

L - F.(;) Lo Ll b n H I n L , 
o 

(0 < n(i) < N(i» 
- th , ( 4.25) 

where, again, the superscripts indicate the order of the gates. 

By differentiating these equations, the variations in the signal values can be 

determined in terms of gate parameter tolerances and the variations in the signal 

values of the previous gate. The following are standard equations for worst case 

error propagation [see, for example, Dahlquist and Bjork 1974, Chapter 2]. 

I ~S(Hl)1 = ""' 18S~~1) II~p(i)1 
H ~ 8P~') n' 

( 4.26) 

I I 1
8S(Hl) II I ~SiHl) = L L (i) ~p~i), 

n 8Pn 
(4.27) 

where the p~i),s are the parameters of the ith logic gate, such as T;;~, T;;~, S~), etc. 

These equations may be rearranged into a form similar to that of equation (4.12), 

which expresses tolerances as unitless quantities. 

(4.28) 

( 4.29) 
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(4.30) 

( 4.31) 

( 4.32) 

( 4.33) 

( 4.34) 

( 4.35) 

( 4.36) 

( 4.37) 

(4.38) 

(4.39) 

(4.40) 

(4.41) 

(4.42) 

( 4.43) 

In evaluating these expressions, the nominal values of each of the parameters are 

assumed. These values are given explicitly for n(i) in equations (4.34)-(4.36) and 

equations (4.41)-(4.43). These expressions were found by evaluating the derivative 

in equations (4.26) and (4.27), using equation (4.24), and dividing through by SH 
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and SL. The subscripts of the sensitivity factors indicate the parameters to which 

the factors pertain. For example, (SH,TLo denotes the sensitivity of the high signal 

variation ASH to the variation in TLo (ATLo)' 

Without making the assumption of identical gates, Equations (4.24) and 

(4.25) and equations (4.30)-(4.43) would have to be solved for each gate in the 

circuit. For a large scale system this would be a formidable task. With the assump

tions that the circuit is composed of nominally identical gates, that the radiometric 

throughput Tapt is nominally the same between every pair of gates, and that the 

signal values are nominally the same for all gates, the superscripts in the equations 

are dropped. The expression for Ib, given in equation (4.11) is used in equations 

(4.24) and (4.25) to obtain a pair of coupled, linear equations in SH and SL, which 

can be solved in closed form. The results are expressions for the signals solely in 

terms of the gate parameters. 

(1 1 TopITH, )(T + T [) 1 ToplTL, (T + T I) 
Tapt - 2' F, Lo L1 i - 2' F, Ho H1 r S -- 0 0 

L - F, 1 _ 1 Topl (T + T ) , o 2 Fo Hl L1 
( 4.44) 

(1 1 ToelTLl )(T + T I) 1 TOPITH! (T + T I) 
Tapt - 2' F, Ho H1 t - 2' F, Lo L1 t 

SH = LI 0 1 To I () • 
.L'O 1 - 2'~ TH1 + TL1 

(4.45) 

A similar approach can be taken to find closed form solutions for the frac

tional variations in signal intensities (ASH/SH and ASL/SL), starting from equa

tions (4.26) and (4.27); however, the resulting expressions are even more compli

cated than these given for SH and SL. Instead of this approach, equations (4.26) 

and (4.27) are solved iteratively to find the self-consistent values o~ ASH/SH and 

AS L / S L. These are then substituted into equation (4.12) to find the tolerance on 

switching intensity. 

The transfer function for the cavity, optimized for transmittance contrast 

for exL = 0.3, is shown in Figure 4.3. The values of the slopes and intercepts of the 
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upper and lower branches and the threshold intensity are indicated in the figure. 

These values were used in equations (4.44) and (4.45) to find the signal levels, and 

to find the nominal bias intensity, for different values of TONTopt/FO (where, in 

terms of the transfer function approximation, TON = THo / It + TH1 ). The first case 

considered is a two-input AND gate (Fr = 2, Nth = 2). The signals and bias, 

normalized to the threshold intensity, are plotted in Figure 4.4, . The range on the 

abscissa is 0 to TON (in this case, 0 to 0.24), the maximum value occurring when 

Topt and Fo are both equal to 1, that is, when the optical path between gates has 

100% throughput, and the output signal drives only a single succeeding gate. If the 

fan out is increased to 2, the value of TONTopt/ Fo is half of this, or 0.12. 

To show that the signal variations do, in fact, reach a stable value as the 

signal propagates through the circuit, equations (4.28) and (4.29) were solved itera

tively to find the stable value for the case in which Topt = 1 and Fo = 1. The signal 

variations as a function of iteration are plotted in Figure 4.5. After ·five iterations, 

stable values are reached for both 6SH / SH and 6SL/ SL (the values at the 5th iter

ation differ from the values at the 4th iteration by less than .0001). The tolerances 

on all transfer function parameters were assumed to be equal to 1 percent for this 

calculation. 

Instead of attempting to understand the tolerance sensitivity factors by 

studying the expressions in equations (4.30)-(4.43), it is easier to plot them and 

examine their behavior. E9,uations (4.30)-(4.36), which pertain to the high signal, 

SH, are plotted in Figure 4.6. Here it becomes apparent that the variation in SH 

is most sensitive to the variation in THo, the intercept of the upper branch of the 

transfer function. The sensitivity for this parameter is slightly less than 0.9, whereas 

for all of the other transfer function parameters, the sensitivity factors are on the 

order of about 0.12 or less ((SU,SL is zero). Knowledge of the relative magnitudes of 
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Figure 4.3 Transfer function of a nonlinear etalon, showing the 
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the sensitivities becomes useful in figuring the tolerance budget, because it allows 

loosening of tolerances on parameters to which the signal variations are insensitive, 

and points up those parameters which require tight tolerances. Figure 4.7 shows 

the sensitivity factors pertaining to the low signal. Again, the signal variation is 

more sensitive to one parameter than to the others; but, in this case, the signal 

variation is most sensitive to the bias beam variation. 

The signal variations themselves are plotted as functions of TON Topt/ Fo 

in Figure 4.8, again under the assumption that 1 percent tolerances apply to all 

transfer function parameters. The variation in S H appears not to be dependent 

on this parameter at all, while the variation in S L is an increasing function. If 

the tolerances on the transfer function parameters are increased above 1 percent, 

the signal variations would also be expected to increase. As a consequence of this, 

according to equation (4.12), the tolerance on the threshold intensity will become 

tighter. This is shown graphically to be the case in Figure 4.9, where the threshold 

intensity tolerance is plotted as a function of TON Topt/ Fo for different transfer 

function parameter tolerance levels. These tolerances apply to all parameters of 

the transfer function, but it should be kept in mind that some parameters have a 

greater effect than others, as indicated by the sensitivity factors shown in Figures 

4.6 and 4.7. 

The tolerances indicated by Figure 4.9 are rather tight. If a fan-out of 2 

and 100% optical throughput between gates is assumed, the value of TONTopt/ Fo 

is 0.12. This point on the abscissa of the graph is approximately at the same point 

at which the threshold intensity tolerance goes to zero when all other tolerances 

are 3 percent. This means that, in order to have a finite tolerance on the threshold 

intensity, the other tolerances must be less than 3 percent. Assuming 2 percent 

tolerances on the transfer function parameters yields a threshold intensity tolerance 
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of slightly more than 1 percent. If the fan out is increased to 3, then TONropt! Fo is 

0.08. As shown in Figure 4.9,2 percent tolerancing of the transfer function yields a 

threshold intensity tolerance of less than one half of one percent. Of course, these 

figures are worse for realistic (lower) values of ropt. 

If the fan in is increased to 3, the threshold intensity tolerance becomes 

even tighter, as shown in Figure 4.10. For this case, 2 percent tolerances on the 

transfer function will yield, at most, about 0.6 percent tolerance on the threshold 

intensity, when Fo = 2, and zero tolerance on the threshold intensity, when Fo = 3. 

Transmission Mode Latching Logic 

The principle of operation of a latching gate is slightly different from the 

threshold gate considered above. In the case of the threshold gate, the input signals 

and their variations have a direct influence on the output signals, since a portion of 

the input is transmitted as part of the output. In latching logic, on the other hand, 

the input signals serve only to switch the device, their duration at the gate's input 

lasting only for part of the clock cycle [Smith, et. al. 1987], while the bias intensity 

maintains the output signal level. In this mode, the bias intensity must be reliably 

held within the bistable region of the transfer curve, and the bistable region must 

be wide enough to accommodate the variations in the bias intensity. 

The expressions for the output signals are 

Sk = THo +THJb, 

Sj. = TLo + TLl Ib, 

( 4.46) 

(4.47) 

where Ib is defined in equation (4.11), but with the additional requirement that 

Ib > I!. With the help of equations (4.17) and (4.18), the expressions for the input 
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signals are obtained in terms of parameters of the previous gate: 

( 4.48) 

(4.49) 

The variations in these signal level are written in terms of the gate parameter 

variations, according to equations (4.28) and (4.29), where now, 

(SH,ToPt = 1, ( 4.50) 
T(i) 

( Ho ( 4.51) 
SH,THo = T(i) + T(i) l(i)' 

Ho Hi b 

T(i) li) 
( Hi b ( 4.52) SH,TH1 = T(i) T(i) l(i) , 

Ho + Hi b 

(SH ,Ib = (SH ,THl ' ( 4.53) 

(SL,ToPt = 1, ( 4.54) 
T(i) 

( Lo ( 4.55) 
SL ,TLo = T(i) + T(i) lei) , 

Lo Ll b 

T(i) lei) 
( Ll b ( 4.56) 

SL ,TL l = T(i) T(i) lei) , 
Lo + Ll b 

(SL ,Ib = (SL ,TL1' ( 4.57) 

The signal variations, in this case, do not depend on the signal variations at the 

input to the previous gate, since the signal is present only for the first part of 

the clock cycle, and is removed before the output is enabled to propagate to the 

next stage of gates. One could write (SH,SH = (SH,SL = (SH,n = 0, for the high 

signal sensitivities, and (SL ,SH = (SL ,SL = (SL ,n = 0, for the low signal sensitivi

ties. Equations (4.48) and (4.49) show that the signal variations do not propagate 

through a latching gate since the signals themselves don't propagate. Again, the 
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assumption of identical gates is made, and the superscripts are dropped. 'When 

ASH/SH and ASLISL are found, they are substituted into equation (4.12) to find 

the switching intensity tolerance. 

Figure 4.11 shows the transfer function of the cavity optimized for trans

mission mode, and used as a latching logic gate. The S-shaped bistable curve is 

identical to that shown in Figure 4.3, only the linear approximations are different 

~ince the range of inputs for a valid output is between I! and It for latching logic 

instead of on either side of It, as it is for threshold logic. In general, the slopes 

of the linear approximations are steeper than for threshold logic. This will tend to 

produce a larger variation in the output for a given variation in the bias. 

The magnitudes of the high and low signals and the bias are plotted in 

Figure 4.12 as a function of the net throughput, TONTopt! Fo. The exact values of 

Ib, SH, and SL differ only slightly from those shown in Figure 4.4. In order for the 

cavity to operate in latching mode, the bias intensity must be between I! and It. 

From Figure 4.11, I! = 1.25 kW cm-2 , and It == 2.37 kW cm-2 , so Ibllt must be 

between 0.527 and 1.0. Figure 4.12 shows that Ib would naturally be chosen in this 

range if the signals assume their steady-state values, for all values of Topt and Fo. 

The threshold intensity tolerance for the transmission mode threshold logic 

gate is shown in Figure 4.13. Comparing these curves with those in Figure 4.9 

shows that for a cavity used in transmission mode, latching logic provides only a 

very slight improvement in tolerance values over those of threshold logic. For a 

fan out of 2, the parameter ,tolerances must be held closer than 3 percent in order 

for there to be any tolerance at all on the threshold intensity. The advantage of 

latching logic comes when the fan in is increased. The tolerances do not degrade as 

much as they did for threshold logic. The threshold intensity tolerances are shown 

in Figure 4.14 for TMLL, with FI = 3. These curves differ only slightly from those 
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shown in Figure 4.10. Latching logic appears to offer some advantage to systems 

having large fan-in. 

Reflection Mode Threshold Logic 

In reflection mode, the transfer curve of the etalon has a different shape 

than transmission mode. A typical curve is shown in Figure 4.2, along with the 

linear approximations to the upper and lower branches. Note that the ordinate 

intercept of the lower branch is negative, and that the slopes of the upper and lower 

branches are much larger than for transmission mode. 

The gate's total input intensity is again given by equation (4.21). But in 

this case the output signal is high when the input is below threshold (or when 

n < Nth) so, in terms of the linear approximations, the signal intensities may be 

expressed 

(0 < n(i) < N(i») 
- th , (4.58) 

(i,i+!) [ ] 
S(i+l) _ ropt R(i) + R(i) [I(i) + n(i)S(i) + (F(i) _ n(i»)S(i)] 

L - F(i) La Ll b H I L' 
o 

(N(i) < n(i) < F(i»). 
th - - I (4.59) 

These expressions for the high and low signals are differentiated in the same way that 

similar expressions in TMTL and TMLL were. Dividing the resulting expressions 

by S~+l) and Sii+l) yields expressions in the form of equations (4.28) and (4.29). 

The sensitivity factors for this case are 

( 4.60) 
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(4.61 ) 

(4.62) 

(4.63) 

( 4.64) 

( 4.65) 

(4.66) 

( 4.67) 

( 4.68) 

( 4.69) 

(4.70) 

( 4.71) 

(4.72) 

(4.73) 

These expressions for the sensitivity factors can be used in equations (4.58) and 

(4.59) can be iterated until steady-state values for the signal variations are obtained. 

These steady-state values are then used in equation (4.12) to find the switching 

intensity tolerance. 

Since ideally the upper and lower branches of the threshold gate transfer 

function have zero slope, it appears from the graph of the reflection mode transfer 
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function (Figure 4.15) that an etalon operating in reflection mode is less suitable 

than one operating in transmission mode. The larger slopes in the transfer function 

branches will cause the variations in the output signal to be larger for given varia

tions in the input signals. If the slopes are large enough, the variation in the input 

signal of one gate will be larger than the variation in anyone of the input signals 

of the previous gate. As a result, the propagating error will grow without bound as 

the signal propagates through the circuit. 

The values of the bias and steady-state signal intensities as a function of 

'RON Topt! Fo are shown in Figure 4.16 for the case of Fo = 2. Comparing this 

with Figure 4.4 shows that, not only are the signals themselves larger for the re

flection mode case than for the transmission mode case, but the signal contrast 

(SH - SL)/ SH is also noticeably higher. One has to be concerned, however, that 

this apparent advantage may be more than offset by the larger fractional signal vari

ations, which may indeed exceed unity. The fractional signal variations themselves 

are plotted as a function of iteration (or number of gates passed) in Figure 4.1 i, 

for Topt/ Fo = 1, and the steady-state values of these as a function of 'RON Topt/ Fo 

are plotted in Figure 4.18. Figure 4.17 shows that, in spite of the fact that the 

fractional variations may be larger than 1, they may still achieve a steady-state 

value (in this case about 2.2). Figure 4.18 suggests that Topt/ Fo may be chosen to 

minimize the fractional variation in SH' For the figure shown, this minimum occurs 

at 'RONTopt! Fo = 0.15. 

The graphs of the sensitivity factors in Figures 4.19 and 4.20 for SH and 

S L, respectively, show that, as in the transmission mode case, the signal variations 

depend most strongly on the upper branch of the transfer function and the variation 

in the bias intensity. That is, (SH ,RHO' (SH ,RHi ' and (SH ,Ib are generally much larger 

than (SH,n, (SH,SH' and (SH,SL' The large magnitudes of the factors in Figure 4.20 
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is due, in part, to the large slope of the lower branch of the transfer function, and 

to the fact that the low signal itself is small, hence, any variation at all is likely to 

be a large fraction of the signal. 

The plot of threshold intensity tolerances is shown in Figure 4.21 for reflec

tion mode threshold logic when FI = 2. These are somewhat tighter than those for 

either TMTL or TMLL. If all transfer function parameter tolerances are held to 2 

percent, then a rather tight 1 percent tolerance on the threshold intensity is still 

required in the best case, which is at 'RoNTopt/FO = 0.15 (approximately the same 

value at which 6.S H / S H is minimized). If the fan in is increased to 3, the tolerance 

requirements are tightened even further (see Figure 4.22). The largest tolerance 

that can be obtained for the threshold intensity is about 1 percent. Achieving this 

requires 1 percent tolerances (or less) on all transfer function parameters, and a 

value of 'RoNTopt/FO of about 0.1. 

Reflection Mode Latching Logic 

The signals in this case take a form similar to that of the transmission 

mode latching logic case. In terms of the circuit and transfer function parameters 

the signals are given by 

(i,i+l) 

S(i+l) _ Tapt [R(i) + R(i) lei)] 
H - F( i) H a Hi b , 

o 
(4.74) 

(i,i+l) 

S (i+l) _ Topt [R(i) + R(i)j(i)] 
L - F(i) Lo L1 b • 

o 
(4.75) 

To obtain the fractional signal variations equations (4.28) and (4.29) are used with 

( 4.76) 

( 4.77) 
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(4.78) 

(4.79) 

(4.80) 

(4.81) 

( 4.82) 

( 4.83) 

The transfer function of a nonlinear etalon used in reflection mode as a 

latching gate is shown in Figure 4.23. The curve is the same as Figure 4.15; only 

the linear approximations to the upper and lower branches are different. This is 

once again because only the bias beam is present when the output is valid, and so 

only the region of the curve between It and I j are involved in the approximation. 

This cur:ve comes closest to approximating the idealized transfer function, since the 

slopes pass through zero between It and Ij, and the linear approximations have 

slopes that are therefore close to zero. 

The smaller slopes alone would probably improves the tolerance require

ments, but the small width of the bistable region places restrictions on the value 

of the bias intensity. Figure 4.23 shows that h is approximately equal to 0.9Ij , 

giving a very narrow allowable range on lb. As a function of the net throughput, 

nONTopt!Fo, Ibllj is ,plotted along with SHllj and SLlIj in Figure 4.24. Since 

Ibllj must be larger than Id Ij (that is larger than about 0.9) it is apparent from 

Figure 4.24 that 'RONTopt/ Fo must be less than about 0.07 in order for the etalon 

to latch the output. Of course, the narrow width of the bistability loop is a result of 

the choice of initial detuning, which came from the optimization of the reflectance 



,...., 
01 
I 

S 
~ 
~ 
~ 

~ .... 
fIl 
s:: 
QJ 
-' s:: .... 
"0 
QJ 
-' 
C.l 
QJ -c..,. 
QJ ,... 

1.01-----------------------------------~~ 

0.8 

0.6 

0.4 

0.2 

O.O~------~----~------~------~----~------~ 0.0 0.5 1.0 1.5 2.0 2.5 3.0 

input intensity [kWcm~lI] 

Figure 4.23 Transfer function of a nonlinear etalon, showing the 
linear approximations, for use as a RMTL gate. The cavity pa
rameters are RF = 0.32, Rs = 0.52, aL = 0.3, S = 0.477r, 
no = 3.5, n2 = 0.2cm2kW-1 , L = 2JLm, ,\ = 0.88JLm. The transfer 
function parameters (obtained from this curve) are nON = 0.53, 
nOFF = 0.01, r~ = 0.98, RHo = 0.92, RHi = -0.09, RLo = 0.09, 
and RLi = -0.05. 

160 



,-.. 
~ 
~ 
~ 
~ 
'-' 

rn 
..,J 

~ 
~ 
d 

1-4 

"d 
Q) 
N .... .... 
cd 

S 
t.. 
0 
Z 

1.0 
-1/1 
- - . ~ /1 0.9 H f .......... S;:/I, 

O.B 

0.7 

0.6 
"" "" 

"" 0.5 "" "" "" 0.4 , 
0.3 

, , , 
"" 0.2 "" "" "" "" 0.1 "" "" "" ,. ,. 

0.0 

0.0 0.1 0.2 0.3 0.4 0.5 

geON ;-oPt/F 0 

Figure 4.24 Magnitudes of the input signals and bias as a function 
of 'RONTopt/ Fo, normalized to the threshold intensity, for a fan in 
of 2 (RMLL). 

161 



162 

contrast. Increasing the initial detuning would widen the bistable loop, affording a 

larger range for the bias intensity; but, it would be at the expense of signal contrast. 

Figure 4.25 shows the thl'eshold intensity tolerances for the reflection mode 

latching logic gate having a fan in of 2. These appear to be much looser than any 

of the other cases; however, the restriction on the value of the bias intensity, which 

forces a small value for 'RONropt! Fo, causes the threshold tolerance to become 

tighter than if the bistable loop were wider. If the bias intensity is chosen to 

be nominally half way between It and Ii, or at about 0.95Ii' then the value of 

'RoNropt!Fo, from Figure 4.24, should be roughly 0.035. Figure 4.25 then gives the 

threshold intensity tolerance. If all transfer function parameter tolerances are held 

to 0.75 percent, the threshold intensity tolerance must also be held to about 0.75 

percent in order to insure error-free operation of the circuit. The tolerances do not 

change appreciably when fan in is increased to 3 (see Figure 4.26). 

These tolerances may be too tight to maintain during fabrication, so it may 

be necessary to sacrifice some signal contrast in order to obtain acceptable tolerances 

for the parameters. This is done by increasing the initial detuning of the incident 

beam relative to the cavity, widening the bistable loop. If the value of It! Ii is 

known, Figure 4.24 can be used to determine the allowable values for 'RONropt/ Fo, 

which in turn, specifies the threshold intensity tolerance via Figure 4.25, In fact, it 

may be possible to incorporate the specification of the ratio It! Ii into the cavity 

optimization procedure, since both quantities can be calculated using the graphical 

solution. This would simply become another term in the merit function, and thus, 

appropriate limits on this ratio could be chosen. 

If the initial detuning is simply made larger, retaining the same values for 

the other parameters (i.e., without repeating the entire optimization procedure), the 

bistable loop is indeed widened. Figure 4.27 shows the resulting transfer function 
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and the approximate slopes when the optimized reflection mode cavity is used with 

the initial detuning increased to 0.6511". The loop is slightly widened, so that now 

It/Il = O.SO. If the bias beam is chosen to lie half way between h and Il, or 

at 0.90Il , then the value of 'RONTopd Fo, from Figure 4.24, should be about 0.64. 

Looking at Figure 4.25 again, one can see that this is not much of an improvement. 

Furthermore, since the slopes of the transfer function shown in Figure 4.27 are 

considerably larger than those in Figure 4.23, it is expected that the threshold 

intensity tolerance for a given 'RONTopt/ Fo is tighter for this case. 

Statistical Tolerancing 

In this chapter, parameter tolerances are dealt with in terms of the "worst 

case." That is, the tolerances represent hard limits on the possible values the 

parameters may take. No parameter values are found outside of these limits. In 

cases where a tolerance on one parameter depends on tolerances from two or more 

other parameters, the contributions have been combined algebraically to arrive at 

the resultant. This is a somewhat pessimistic approach, since it treats accurately 

only the situation in which all errors are perfectly correlated. This approach may 

also encounter problems in practice because it assumes that the worst case limits 

on any given error can be known when, in fact, they can only be estimated. 

The range of values that a parameter may take can usually only be esti

mated by a probability distribution that best fits a frequency of occurrence distri

bution for a known sample of devices. The frequency of occurrence distribution is 

obtained empirically from a finite number of devices which are, presumably, rep

resentative of all such devices. The range, or spread of parameter values is then 

expressed in terms of the deviation of the probability distribution about its mean 

value. The probability distribution remains always an estimate. The sample of 
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measurements of the devices is necessarily finite, and the device measurements 

themselves may have some error. For these reasons statistical techniques are used 

to arrive at tolerance values. 

In many cases, the distribution of parameter values is estimated by a Nor-

mal distribution, which has the form [Frieden 1983] 

(4.73) 

where x is the mean value of the parameter, and (J is the standard deviation, which 

is a measure of the spread of the distribution about the mean value. This particular 

form makes some of the mathematical calculations associated with statistical data 

manipulation easier, and its use is justified in cases where the parameter itself 

depends on several mutually independent random variables, because of the well 

known Central Limit Theorem [Frieden 1983]. 

The underlying purpose of assigning tolerances to parameters is to insure 

that the device performs its particular function reliably, so that, in turn, the system 

will also perform reliably. In the case of a digital computing system, the objective 

is to prevent a bit from being high when it should be low, or vice versa. Because 

of the large number of bits operated on by the computer, it is usually impossible 

to insure that an error never occurs. Instead, an error rate may be specified, such 

that (for example) an error in one bit in 109 is acceptable. The acceptable error 

rate depends on the design of the system since circuit redundancy and other error 

handling schemes may be incorporated in the design, but the rate is usually specified 

to be very small. A digital computer's principle advantage over an analog computer 

is accuracy. This accuracy can be destroyed if an error occurs in a significant bit of 

an operand. 
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Statistical methods can be used to estimate the acceptable error rate of an 

individual switching element given the acceptable error rate of the entire system. 

Suppose that PN is the probability that a fault exists somewhere in the computer, 

which is composed of N identical switching elements. Let Q N (= 1-PN ) represent 

the probability that no fault exists. If p and q are the corresponding probabilities 

for a single switching element, then 

f'V -Np = e . (4.84) 

The approximation in the last line is good if N is large. From this equation it is 

easy to obtain p in terms of Q N: 

1 
p= --lnQN. 

N 
(4.85) 

For example, if a computer contains 10,000 switching elements and is to 

have a 99% probability of operating without error, then the probability that any 

single switching element does not operate according to its truth table is 

1 
p = -10,000 In 0.99 

~ 10-6 • (4.86) 

Thus, the probability that the truth inequalities (4.6) are not satisfied must be, at 

most, 10-6 • 

Now let r represent the probability that one of the switching element's 

transfer function parameters is outside of its tolerance, and let s = 1 - r. Since 

there are a total of 7 transfer function parameters (viz, THo, TH1' TLo' TL1' h, Topt, 



169 

and n, for transmission mode gates), it follows from arguments similar to those 

given above that 

whence 

'" -7r =e 

1 
r ~ -'7lnq 

~ -~ lnO.999999 

::: 1.4 x 10-7 • 

(4.87) . 

( 4.88) 

If the transfer function parameters obey a Normal probability distribution, then 

in order to achieve this low probability of error, the tolerances on the parameters 

would correspond approximately to the 5.20' points on the distribution curve, where 

0' is the standard deviation of the distribution. 
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Chapter Five 

Cavity Tolerancing 

In this chapter, the problem of specifying the cavity parameter tolerances 

is addressed through an inverse sensitivity analysis. For a given (optimized) cavity 

design, the transfer curve is plotted. Individually, each of the parameters of the 

cavity is then perturbed a small amount, and the transfer curve is plotted again to 

see the effect of the perturbation on the shape of the curve. Specifically, the changes 

in the slopes and intercepts of the upper and lower branches, and the threshold 

intensity are determined. The assumption is made that a linear relationship exists 

between the perturbation and its effect, thus a change in the transfer curve can 

be predicted for any arbitrary perturbation once the sensitivities are established. 

That is, proportionality factors are obtained which relate parameter variations to 

transfer function variations. Since the transfer function tolerances are known from 

the analysis of Chapter Four, a determination of the cavity parameter tolerances 

can be made, using these proportionalities. Each of the four logic modes introduced 

in Chapter Four will be considered separately, and then compared. 

By now it should be obvious that the approximations which have been as

sumed thus far are somewhat coarser than the tolerances being derived. A blatant 

example is the linear approximations to the transfer functions. By no means do 
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the actual transfer curves remain faithful to the linear curves to within one per

cent. Yet the tolerances on the slopes and intercepts, which were found using this 

approximation, are about equal to this figure. 

Does this weakness in the assumptions invalidate the results of the tolerance 

analysis? Only if the numbers are taken to be precise tolerances. The objectives of 

the analysis are to determine the order of magnitude of the tolerances required on 

the cavity parameters, and to compare the various modes of logic by consi~ering 

the relative values of tolerances. The true device tolerances will require a more 

detailed study, which will take into account actual system parameters, and should 

be included in an actual system design. The system design itself should precede the 

switching device design. The aim here is to give the designer an idea of what to 

expect from these devices in the way of tolerances, so that he may anticipate which 

fabrication process should be used to construct the device and perhaps whether 

these kinds of devices hold any promise at all for digital computing applications. 

To proceed with the derivation of the tolerances on the cavity parameters, 

the transfer cU,rves are plotted to show the variations which occur as a result of 

perturbing the individual parameters some small amount. The mirror reflectances 

RF and RB, the absorption aL, and the nonlinear refractive index n2 are perturbed 

by an arbitrary value of ±5 percent of their nominal values. The linear refractive 

index is varied by ±.005, and the detuning by 0.0171" radians. The effects on the 

approximated transfer curves are then noted. If the perturbations and their effects 

are linearly related, the perturbations which give rise to a specified transfer function 

parameter variation can be easily determined. These perturbations then become 
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the cavity parameter tolerances which insure error-free operation of the switching 

circuit. The transmission mode cases are considered first. 

Figure 5.1 shows the effects on the transmission mode transfer function of a 

variation in the reflectance, RF, of the front mirror of the cavity. In the interest of 

clarity, the linear approximations to the transfer function are not shown; however, 

it is the variation in these that is of interest. Estimating these changes is more 

difficult than making the linear approximations in the first place because both the 

slope and the intercept may change, but not necessarily in the same direction. To 

put it another way, the variations in the slope and intercept of a function may 

partially compensate for each other, and this is not accounted for in the worst case 

tolerance model of the previous chapter. Thus, negatively coupled errors, treated 

as positively coupled, make the resultant error appear worse than it actually is. 

To avoid this sort of confusion, the effect of a given perturbation is assumed to 

be a variation in either the slope or the intercept-but not both-of the linear 

approximation. This will not be too far afield, as some of the figures shown below 

will indicate. The judgment as to which variation is appropriate is based on the 

appearance of the perturbed transfer curves relative to the nominal curves. 

A 5 percent variation in RF induces about a 4.7 percent variation in the 

threshold intensity, Ir. For TMTL, for example, the intercept, THo, of the upper 

branch varies by 0.8%, and the slope, TL1' of the lower branch changes by 4.2%. 

From the shape of Figure 5.1 alone, it should seem clear that these are the appro

priate parameters to vary. For instance, the dashed upper branches are very nearly 

parallel to the solid upper branch, so the variation in slope, LlTHl is assumed to be 

insignificant. The method used to estimate the magnitudes of the variations was 

systematic, though somewhat subjective. The linear approximations were made to 

pass through what could be identified as the same point on their respective transfer 
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Figure 5.1 Transmission mode transfer functions which differ as 
a result of varying the reflectance of the front mirror by ±5% 
(~RF / RF = .05). The resulting transfer function parameter varia
tions depend on the mode of logic. For TMTL, ~THo /THo ~ 0.8%, 
~TH. /TH1,.,., ~ 0, ~TLo/TLo ~ 0, and ~TL1/TLl ~ 4.2%. For 
TMLL, ~:J.J!o/THo ~ 1.0%, ~TH1/THl ,..., O,,...,~Tin/TLo ~ 0, and 
~TLJTLl = 5.4%. For both modes, ~ItI It = 4.7%. 
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curves. Typically, the corresponding points of intersection were at points of equal 

slope on the transfer curve. 

Figure 5.2 shows the effects on the transfer function of varying RB. The 

resulting variation in the threshold intensity is much smaller for this case (0.8% 

compared to 4.7%), apparently contradicting the behavior shown in Figure 3.21, 

which shows the contours of threshold intensity in RrRB space. From the design 

point (RF = 0.425, RB = 0.525), moving to the left or right in Figure 3.21 amounts 

to changing the value of RF approximately along a contour of constant Ir. This 

would seem to imply that a variation in RB (movement in the vertical direction, 

perpendicular to contours of Ir in Figure 3.21)-not RF-should lead to a larger 

threshold intensity variation. 

The key to understanding what is going on here is to realize that the initial 

de tuning is not a constant in Figure 3.21, but also varies over the RF-RB plane, 

according to Figure 3.19. In order to truly follow a contour line from the design 

point in Figure 3.21, the initial de tuning must decrease as RF is increased, or 

conversely must increase as RF is decreased. In Figure 5.1, the effects are shown 

for constant detuning. So, as RF is increased, the de tuning is greater than what 

is required to maintain constant Ir. A greater initial detuning always yields a 

larger threshold intensity, which is what Figure 5.1 shows. For the case of the RB 

variation, moving vertically in Figure 3.21 (increasing RB) leads to a reduction in 

threshold intensity-but only if the initial detuning is also decreased, according 

to Figure 3.19. Since, in Figure 5.2, the detuning is kept constant, an increase in 

RB, without the corresponding decrease in detuning, results in a threshold intensity 

which is relatively constant. 

Figure 5.3 shows the relatively small effects of variations in aL on the trans

fer function. Figure 5.4 indicates that the transfer function is extremely sensitive to 
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Figure 5.2 Transmission mode transfer functions which differ as 
a result of varying the reflectance of the back mirror by ±5% 
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variations in the linear index, no. This is doubtless due to the dependence of initial 

detuning on linear index. Figure 5.5 gives the variations in the transfer function due 

to perturbations of the nonlinear index n2. Most strongly affected are the threshold 

intensity and the intercept of the upper branch. Without an analytical expression 

for the threshold intensity, it is difficult to appreciate mathematically just why it 

decreases as n2 increases. Intuitively, it is obvious that, since n2 mediates the in

teraction of the light with the medium, a larger value of n2 would require less light 

intensity for the same interaction. An analytical expression is available for relating 

n2 to the critical intensity, in the form of equation (2.59). Since",( is proportional to 

n2, and Ie is inversely proportional to ",(, a larger n2 will yield a smaller value for Ie. 

Since Ie is just IT for a particular value of initial detuning (viz, critical detuning), 

it is reasonable to expect that IT will be reduced for all values of initial detuning 

when n2 is increased. A third notion that might help to explain this behavior is 

that the nonlinear phase shift "'(leI I is proportional to n2. Thus, a larger value of 

n2 leads to a larger phase shift for a given value of I eff , which is related to h by 

equation (2.49). 

From the graphical solution it is easy to see that the value of TON should 

be constant with respect to n2, since the latter changes neither the finesse nor the 

initial de tuning of the cavity. The upper branch intercept of the transfer function 

must change, therefore, in order for TON to remain constant. To show that TON 

is indeed constant for all three curves of Figure 5.5, find the points on the upper 

branches corresponding to their respective threshold intensities. These three points 

will lie on a line which passes through the origin. 

Figure 5.6 shows the effects of perturbations in initial detuning of ±.Ol1C" 

radians. The most significant result of this is the rather large variation in threshold 

intensity. Some variation is expected, since the initial detuning is approximately 
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equal to the phase shift that must be induced by the nonlinear interaction of the in

cident radiation with the medium. The rather large variation in threshold intensity 

due to such a small initial detuning variation is somewhat disappointing, however, 

since it means that the cavity is very sensitive to those things which affect the initial 

detuning, such as the length of the cavity, and the linear index. 

Figures 5.7 through 5.12 show similar results for the reflection mode transfer 

function, using the same parameter perturbations as for the transmission mode case. 

The effects of varying RF and RB, shown in Figures 5.7 and 5.8, are not too different 

from the effects on the transmission mode transfer function. Perturbing RF mainly 

affects the upper branch and the threshold intensity, while RB variations show up in 

the variations in the lower branch. Figure 5.9 shows that reflection mode cavities are 

more sensitive to variations in the absorption than are transmission mode cavities, 

although these variations are still rather manageable. Again, no has. a large effect 

on the shape of the transfer function. Figure 5.11 shows the results of varying n2' 

Ther~ is a marked effect on It (It decreases as n2 is increased), but 'RoFF is a 

constant for all three curves. Figure 5.12 shows the result of a variation in initial 

de tuning to be an appreciable variation in It. 

The numerical values of the errors induced in the transfer function param

eters by each of the perturbations will depend on the logic mode of the gate, since 

the linear approximations depend on this mode. In Table 5.1, the transfer function 

parameter errors are tabulated according to the perturbations which produced them 

for a TMTL 2-input AND gate. The first column lists the nominal perturbations 

that were introduced to each of the cavity parameters. The other columns contain 

the errors that result in the transfer function parameters that are identified at the 

tops of the columns. The magnitudes of the table entries indicate the relative sen

sitivities of the transfer curve parameters to variations in cavity parameters. Thus, 
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the intercept THo of the upper branch is most sensitive to variations in the back 

face reflectance RB. The intercept TLo of the lower branch, on the other hand, is 

most sensitive to detuning variations. 

Table 5.1 Transfer function errors induced by the given cavity 
parameter perturbations (TMTL) 

Perturbation 

6.RF = 5% 
D.RB = 5% 
D.aL = 5% 
6.no = .005 
6.n2 = 5% 
6.8 = 7r/100 

0.8% 
7.4% 
1.1% 
2.7% 
5.1% 
1.4% 

Error Induced 
D.THl 6.TLo 

o 0 
o 0 
o 5.0% 
o 0 
o 2.0% 
o 9.0% 

4.2% 
2.3% 

o 
1.3% 

o 
o 

4.7% 
0.8% 
0.8% 
7.0% 
5.5% 
3.2% 

The tolerance limits on the transfer function parameters were determined 

in Chapter Four to be around 1.5%, based on Figure 4.9. From the values given 

in Table 5.1, limits on the cavity parameters can be determined such that the net 

transfer function variation, due to all errors combined, does not exceed 1.5%. The 

cavity parameter tolerance limits, calculated in this way, are tabulated in Table 5.2 

for the TMTL 2-input AND gate. There are three entries in each column since, 

typically, a cavity parameter variation induces errors in three of the transfer function 

parameters. The smallest column entry will become the tolerance for the given 

parameter that ensures that all transfer function parameters remain within their 

tolerances. 

Similar tabulations were made for the other three logic modes. These are 

given in Tables 5.3-5.8. Tables 5.3 and 5.4 apply to TMLL 2-input AND gates, 

Tables 5.5 and 5.6 apply to RMTL 2-input NAND gates, and Tables 5.7 and 5.8 
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Table 5.2 Cavity parameter perturbations which, when combined, 
produce the given transfer function parameter error limit (TMTL) 

Error Limit Perturbation 
tlRp tlRB tlOl.L tlno tln2 tlo 

tlTHo < 1.5% 1.6% 0.17% 1.1% 0.0005 0.25% 0.00171f' 
tlTHl < 1.5% 
tlTLo < 1.5% 0.51% 1.27% 0.00051f' 
tlTLl < 1.5% 0.6% 1.09% 0.0058 
tllj < 1.5% 0.27% 1.57% 1.57% 0.0002 0.23% 0.00081f' 

apply to RMLL 2-input NAND gates. A summary of cavity parameter tolerances, 

which can be used to compare the various logic modes is given in Table 5.9. The 

magnitudes of the numbers in this table are, for the most part, unrealistic from 

the point of view of fabrication, suggesting that error-free operation of a large-scale 

digital switching system based on nonlinear etalons is unfeasible. Tolerances of 1 

or 2 percent on mirror reflectance may be achieved with some difficulty; but 0.1 or 

0.2 percent is next to impossible, even with the most advanced coating technology. 

Measurement of uniformity to this kind of accuracy is another problem altogether. 

The item of major concern in this table, however, is the tolerance on the initial 

detuning values. The expression relating 8 to the cavity's physical parameters is 

equation (2.29). If no = 3.5, L = 21lm, and ). = 0.88Ilm, a tolerance of 0.00077T' on 

detuning implies a tolerance of 0.00015 on no, and a tolerance of 0.88 A on L, the 

cavity length! 

These numbers apply to 2-input AND and NAND gates, which are func

tionally about the simplest gates that one could ask for, and allow for the loosest 

tolerances. As shown in Chapter Four, all of the tolerances become tighter as fan 

in and fan out are increased. Unfortunately, this does not leave much hope for 

nonlinear etalons in digital optical computing. 



Table 5.3 Transfer function errors induced by the given cavity 
parameter perturbations (TMLL) 

Perturbation Error Induced 
ATHo ATHl ATLo ATLl Alt 

ARF = 5% 1.0% 0 0 5.4% 4.7% 
ARB =5% 0 17.6% 0 2.9% 0.8% 
AaL = 5% 1.4% 0 2.8% 0 0.8% 
Ano = .005 3.6% 0 0 2.0% 7.0% 
An2 = 5% 6.5% 0 1.0% 0 5.5% 
A8 = 71'/100 1.8% 0 5.5% 0 3.2% 

Table 5.4 Cavity parameter perturbations which, when combined, 
produce the given transfer function parameter error limit (TMLL) 

Error Limit Perturbation 
ARF ARB AaL Ano An2 A8 
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ATHo < 1.5% 1.5% 1.1% 0.0004 0.24% 0.001771' 
ATHl < 1.5% 0.43% 
ATLo < 1.5% 0.91% 1.67% 0.000971' 
ATLI < 1.5% 0.47% 0.50% 0.0013 
Alt < 1.5% 0.27% 1.60% 1.60% 0.0002 0.23% 0.000871' 

Table 5.5 Transfer function errors induced by the given cavity 
parameter perturbations (RMTL) 

Perturbation 

ARF = 5% 
ARB =5% 
AaL = 5% 
Ano = .005 
An2 = 5% 
A8 = 71'/100 

o 
o 
o 
o 
o 
o 

Error Induced 
ATHI ATLo 

6.3% 0.7% 
3.7% 3.4% 
1.6% 1.4% 
5.6% 4.0% 
5.7% 4.0% 
5.6% 1.6% 

o 
o 
o 
o 
o 
o 

2.4% 
1.0% 
1.0% 
8.1% 
5.5% 
5.5% 
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Table 5.6 Cavity parameter perturbations which, when combined, 
produce the given transfer function parameter error limit (RMTL) 

Error Limit Perturbation 
ARp ARB AaL Ano An2 A6 

ARHo < 1.5% 
ARHl < 1.5% 0.20% 0.33% 0.78% 0.0002 0.22% 0.000471' 
ARLo < 1.5% 1.78% 0.37% 0.90% 0.0003 0.32% 0.001671' 
ARLl < 1.5% 
AIr < 1.5% 0.52% 1.25% 1.25% 0.0002 0.23% 0.000471' 

Table 5.7 Transfer function errors induced by the given cavity 
parameter perturbations (RMLL) 

Perturbation 

ARp =5% 
ARB =5% 
AaL=5% 
Ano = .005 
An2 = 5% 
A6 = 71'/100 

4.8% 
0.9% 
0.6% 
11.4% 
5.4% 
5.4% 

Error Induced 
ARHl ARLo 

o 6.3% 
o 19.0% 
o 12.5% 
o 0 
o 4.2% 
o 15.0% 

o 
o 
o 

13.3% 
o 
o 

2.4% 
1.0% 
1.0% 
8.1% 
5.5% 
5.5% 

Table 5.8 Cavity parameter perturbations which, when combined, 
produce the given transfer function parameter error limit (RMLL) 

Error Limit Perturbation 
ARp ARB AaL Ano An2 A6 

ARHo < 1.5% 0.17% 0.93% 1.38% 0.0001 0.16% 0.000371' 
ARHl < 1.5% 
ARLo < 1.5% 0.16% 0.05% 0.08% 0.24% 0.000171' 
ARLl < 1.5% 0.0006 
AIr < 1.5% 0.35% 0.83% 0.83% 0.0002 0.15% 0.000371' 



Table 5.9 Summary of cavity parameter tolerances 
TMTL TMLL RMTL RMLL 

~RF 
~RB 
~OlL 

~no 
~n2 
~8 

0.27% 
0.17% 
0.51% 
0.0002 
0.23% 

0.000511' 

0.27% 
0.43% 
0.91% 
0.0002 
0.23% 

0.000911' 

0.20% 
0.33% 
0.78% 
0.0002 
0.22% 

0.000411' 

0.16% 
0.05% 
0.08% 
0.0001 
0.15% 

0.000111' 
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Chapter Six 

Conclusions 

What started out to be the groundwork for a systematic approach to the 

design of a nonlinear Fabry-Perot etalon for use as a digital optical switching device 

turned out to be a denial of its feasibility. While the analysis falls short of a formal 

proof, the conclusions are well supported by the evidence presented in the numerical 

examples. In this final chapter, this evidence is recapitulated through a summary 

of the conclusions reached in the other chapters, and the means by which they were 

reached. Because of the negative nature of the results obtained, care is taken here 

to reiterate the limits of validity of the analysis, so that the conclusions are not 

inappropriately assumed in areas where they do not apply. 

In Chapter Three it was shown that a mathematical model of a nonlinear 

etalon can form the basis of an optimization procedure for the etalon. Inasmuch 

as the model accurately predicts its behavior, a nonlinear etalon can be optimized 

with respect to several of its transfer function parameters. The procedure involves 

constructing a merit function in which each term in the merit function represents 

a parameter of the transfer function. An optimized design is one for which the 

merit function is maximized. Since each of the parameters pushes this maximum in 

a different direction, the optimization of the etalon becomes a tradeoff among the 

optimizations of individual characteristics of the device. The relative importance of 

these characteristics to the overall design is the basis for choosing the weights of the 
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terms in the merit function. The acceptance limits for each of the characteristics are 

determined by the physical constraints imposed by the computing circuit in which 

the device will operate. 

The particular design that is chosen as a result of this optimization depends 

to some degree on how the terms of the merit function are constructed, and the 

relative importance ascribed to each of these terms. In the example merit functions 

of Chapter Three, the terms of the merit function included acceptance limits that 

were placed on the device characteristics (e.g., maximum threshold intensity, mini

mum contrast, etc.). Each of the terms in the merit function had equal weighting. 

In the example, the de tuning was chosen to maximize the contrast, but it could just 

as well have been chosen to minimize the threshold intensity. This choice proba

bly would have yielded a diff~rent design. Other important considerations in the 

optimization are the choice of parameter acceptance limits. If the optimization is 

overconstrained, the result will be ambiguous, as shown for the transmission mode 

case when aL is equal to 0.3. 

Because the merit function terms are based on the mathematica.l model of 

the etalon, the optimization strictly applies only to devices that are described by 

the equations of Chapter Two. Some of these include ZnS and ZnSe interference 

filters, and semiconductor devices operating far from any electronic resonances. 

The optimization procedure does not apply to devices operating near resonance, in 

which the nonlinearity is a result of interaction with an exciton, band filling effects, 

or increasing absorption effects. In such devices the absorption and the nonlinear 

index have different functional relationships to Jeff, yielding additional degrees of 

freedom which have not been included in this model. Inclusion of these additional 

degrees of freedom in the model may lead to different solutions, and different device 

tolerances. 
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It should be noted that the merit function maxima found in Chapter Three 

are not global maxima, since only one parameter of the device is used to pick the 

optimum initial detuning. The initial detuning could have been chosen with all 

performance parameters in mind; however, it was felt that, from the point of view 

of device performance, the contrast was the single most important parameter. The 

other parameters were used to locate the merit function maximum with respect to 

the mirror reflectances. 

In Chapter Four it was found that, regardless of which logic mode is chosen, 

the transfer function tolerances are quite small-on the order of one to one and one 

half percent, depending on the fan in and fan out assumed. That one type of logic 

mode has no particular advantage over any other, as far as tolerances are concerned, 

suggests that the tight tolerances are not a result of the particular shapes of the 

switching functions, but rather of the fact that the signal contrast is low and that 

signal errors can propagate through the system. Based on this, it would seem not 

to matter whether or not the global maximum of the merit function were found, 

since even, if it had the tolerances would not be greatly improved. 

Unlike the optimization procedure, the transfer function tolerance analysis 

can be applied to other types of bistable devices since it does not depend on the 

device model given in Chapter Two. All that is necessary is that the transfer 

function be approximated by two straight lines. Of course, in order to translate the 

resulting transfer function tolerances into cavity parameter tolerances, some model 

of the device response must be used. 

The major problem with the analysis of Chapter Four is that the approx

imations are weak. The actual transfer functions depart significantly from the 

straight line approximations, yet the tolerances derived are around one percent. 
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Unfortunately, approximating the curves more closely, by using higher order func

tions further complicates the analysis to the point of intractability. The equations 

are complicated enough with linear approximations. It is reasonable to suspect that 

the particular approximation chosen does not have a large influence on the resulting 

tolerances. 

In Chapter Five the transfer function tolerances were translated back into 

cavity paramete.r tolerances using the model of Chapter Two. It was found that 

the cavity parameter tolerances are uDl'ealistic for large-scale fabrication of gates. 

It may then be concluded that digital optical computing with nonlinear Fabry

Perot etalons is unfeasible. All four logic modes are about equally unfavorable, 

with RMLL being slightly worse than the others. This is largely due to the narrow 

bistable region of the transfer curve which, in effect, squeezes in the tolerances. 

The estimates of errors in the transfer function due to perturbations in the 

cavity parameters are subject to the linear approximations to the transfer functions, 

so the derived parameter tolerances are really only within an order of magnitude of 

the true tolerances. Nonetheless, this order of magnitude is quite small compared 

to the tolerances of around 10% that would make the devices producible. If the 

order of magnitude of the tolerances had been larger, the conclusions concerning 

feasibility may have been debatable, based on the level of approximation. The error 

budget allocates equal error contributions to each of the parameters; however, since 

some parameters tend to vary more than others, they require proportionally larger 

tolerances. The tolerances may be improved slightly by allowing more sensitive 

parameters to have a wider variation. Again, this is not expected to make a large 

improvement in the tolerances of the devices. 

In general, even though some of the approximations are coarse, and some 

assumptions questionable, the final conclusion regarding the feasibility is felt to be 
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valid for these types of devices. A similar analysis should be performed for devices 

that do not follow the model of Chapter Two, but that are being proposed for use as 

digital optical logic elements. Some of these (such as SEED's and two-wavelength 

NOR gate etalons) will probably not be as sensitive to detuning variations as the 

devices studied here; however, no estimates on the tolerances of these devices are 

conjectured here. 

Optically bistable devices which operate near an electronic resonance are 

not described by the model of Chapter Two, so the optimization procedure of Chap

ter Three does not apply to them. In particular, since the nonlinear index and the 

absorption both depend on the internal intensity, and are not described simply by 

an n2-type coefficient, there are more degrees offreedom with which to influence the 

optimization. On the other hand, since both the nonlinear index and absorption are 

dependent on the detuning of the radiation frequency from the electronic resonance 

(not to be confused with the detuning of the radiation from the cavity resonance, or 

initial detuning as it has been referred to in this dissertation), immediately, there 

are more material parameters to account for in the tolerance analysis. For this 

reason alone, it is suspected that the tolerances for these types of devices will not 

prove to be any more favorable than the ones analyzed here. 

Nonlinear etalon devices may still be useful for other types of computing 

applications, such as analog systems and neural networks, in which the etalon is 

not operating in bistable mode, and in which errors in the transfer curves are 

more tolerable. Also, they may be useful in digital systems that require only a 

small number of threshold devices, with the bulk of the computation being handled 

by appropriate interconnections between gates ("wired OR" logic), or in hybrid 

systems, in which signals might be converted back and forth between optical and 
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electronic, so that signal errors do not propagate. The optimization procedure 

developed herein can be applied to these types of device applications. 

In closing, the results presented here may explain the scarcity in the li t

erature of demonstrations of medium- to large-scale switching circuits based on 

nonlinear Fabry-Perot etalon gates. It is surprising, however, that an analysis such 

as this had not been performed earlier. Perhaps these results will prompt others 

to perform similar studies on other types of optical switching devices in order to 

determine whether large scale digital optical computing systems are possible before 

trying to build them and make them work. 
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