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ABSTRACf 

The investigation reported in this dissertation attempts to detennine the 

feasibility of using a distance-based approach like compromise programming for 

discrete-time dynamic programmming problems with multiple objectives. In 

compromise programming, a function measuring the distance from a generally 

infeasible ideal solution to the feasible set of the problem is the single objective act

ing as a surrogate for the set of multiple objectives. Since, in general, there is no 

single best solution to a multiple objective problem, a framework to generate a fam

ily of compromise solutions interactively on a computer is proposed. Various quanti

ties relevant to dynamic compromise programming are defined in precise terms. 

Dynamic compromise programming problems are computationally difficult 

to solve because in order to make the distance function decomposable over stages, 

dimensionality of the state-space must be increased by the number of objectives. To 

generate compromise solutions, quasi-Newton differential dynamic programming 

(QDDP), a recently developed variable-metric method for discrete-time optimal con

trol, was employed. QDDP is attractive because no second order or Hessian informa

tion is required as input. Instead, Hessian matrices are approximated by first order or 

gradient information. Since very little is known about its numerical properties, com

putational experiments were conducted on QDDP. A new strategy for updating Hes

sian matrix approximations was computationally tested. 

A constrained QDDP algorithm is proposed, computationally tested, and 

applied to solve a multiobjective dynamic programming problem with inequality 

constraints at each stage. The algorithm has the potential for application to the more 

general discrete-time optimal control problem with stage constraints. 
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The framework for generating compromise solutions interactively was 

implemented for prototype problems. Because decision maker interaction is crucial 

in a multiple objective situation, special attention was paid towards developing a 

man-machine interface using on-screen windows. All implementation and computa

tional testing were done on a UNIX based personal computer. 



CHAPTER 1 

INTRODUCTION 

1.1 General 

13 

The purpose of this dissertation is to report the results of the investigation 

. conducted in the area of Multiple Objective Decision Making (MODM) when deci

sions are to be made sequentially over time or when the problem is characterized by 

the existence of multiple linked stages. The investigation is confined to problems 

with a finite number of discrete time periods or problems with a finite number of 

linked stages. 

Many decision situations encountered in the field of Management Science 

and Operations Research warrant the need for considering multiple objectives. 

Approaches to account for more than one objective in a decision problem vary con

siderably, however. This investigation is founded upon the approach modeling the 

multiple objective decision situation as a mathematical programming problem. 

The Multiple Objective Mathematical Program (MOMP) explicitly consid

ers more than one objective as opposed to mathematical programs that account 

explicitly for one objective with other objectives specified, perhaps implicitly, 

through constraints (Evans 1984). A MOMP formulation of a decision situation 

makes tradeoff and compromise in a solution readily apparent. No arbitrary threshold 

setting for objectives represented as constraints is necessary (Szidarovszky et. al. 

1986). 

In a multiple objective decision situation, in general, there is no solution 

that is universally acceptable. Any solution to a multiple objective problem reflects 

the preference of the decision maker. It is recognized that requirements the "best" 
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solution would satisfy are not identical for every decision maker and are dependent 

upon their preference structure. At present, there is no single procedure that 

mathematical1y captures the preferences of a decision maker in all situations because 

the nature of human preference is extremely complex and it is not completely under

stood (Slovic et. al. 1984). Techniques have been developed, however, and are used 

to find approximate solutions acceptable to the decision maker. 

The usefulness of explicitly considering multiple objectives in many deci

sion situations has been recognized for some time and such recognition has led to a 

significant amount of research in this area. To address a variety of decision situa

tions, many approaches have been proposed, developed and implemented (Steuer 

1986, Szidarovszky et. al. 1986, Yu 1985, Zeleny 1982, Goicoechea et. a1. 1982). 

Applications of MODM methodology are also numerous in the literature. 

Examples of applications are in water resource planning (Major 1977), nuclear reac

tor siting (Cohon and Eagles 1982), planning of equal employment opportunities 

(Charnes et. a1. 1985), military personnel assignment problems (Klingman and Phil

lips 1984), vegetation management (Duckstein and Gershon 1983), urban and 

regional planning (Voogd 1983), vehicle fleet planning (Couillard and D'Avignon 

1988), energy planning (Climaco et. a1. 1988) to name just a few. 

The research documented here concentrates on developing a framework for 

Stagewise Multiple Objective Decision Making (SMODM) problem. In a SMODM 

problem, decisions are to be made sequential1y over discrete time periods or stages. 

Of explicit concern is how to solve a SMODM problem. 

The motivation for considering SMODM as an area of investigation is its 

potential for application. A multiperiod model that considers one explicit objective 

and considers other objectives as constraints may be reformulated as an SMODM. 
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The justification for such reformulation is the fact that a comparative analysis 

between the levels of different objectives and identification of a solution that maxim

izes satisfaction or minimizes regret of the decision maker in a conflicting situation 

could be possible. 

Szidarovszky and Duckstein (1986) have presented an unifying formulation 

for SMODM problems using the concept of distance based methods. In a distance

based method, feasible solutions close to an ideal or target are located by minimiz

ing a suitably constructed distance function. The distance function is a measure of 

regret due to the inability to achieve the infeasible ideal. A transformation required 

for dynamic programming that increases the dimensionality of the state space was 

also suggested in Szidarovszky and Duckstein (1986). However, a dynamic program

ming solution technique is likely to face "curse of dimensionality" (Nemhauser 

1966) whereby computational requirements grow rapidly withincreased dimensional

ity of the state space. The question of decision maker input in a satisfactory manner 

is also left open. 

In this dissertation, a similar but more generally applicable transformation 

is developed. Increased state space dimensionality, prompts the use of a technique 

called Quasi-Newton Differential Dynamic Programming (QDDP) developed in Sen 

and Yakowitz (1987) for solving unconstrained dynamic programming problems 

with multidimensional state and control variable space. 

The theoretical superlinear convergence of QDDP is proved in Sen and 

Yakowitz (1987). Although the algorithm was tested by the authors on an example 

with encouraging results, some issues regarding implementation were unresolved 

with a possibility that the algorithm may collapse in certain cases. Improvements and 

modifications are made here and the algorithm is implemented in a modular fashion. 
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The modular implementation has the potential of opening the way for further numer

ical work in the area of QDDP itself. 

While QDDP can solve unconstrained discrete-time dynamic programming 

problems, in order to solve SMODM problems with constraints at each stage in 

addition to the state transformation functions, a constrained QDDP algorithm is 

necessary. Yakowitz (1986) gives a constrained DDP algorithm and proves that it is 

globally convergent under some regularity conditions and when the constraints are 

linear. In this dissertation, a constrained QDDP algorithm is developed and computa

tionally tested on a problem taken from Ohno (1978). Constrained QDDP is 

designed to handle non-linear constraints and is used to generate compromise solu

tions to a constrained SMODM problem. At this point, please note that the abbrevi

ation QDDP, unless pr~ceded by the word "constrained" will stand for unconstrained 

QDDP. 

When an MOMP problem is formulated, there are parameters that reflect 

the preference structure of the decision maker. The initial solution that is obtained 

through the use of QDDP or constrained QDDP is unlikely to capture this preference 

structure. Preference is progressively articulated from the decision maker through 

the aid of graphic representations. A final solution is reached using an interactive 

scheme developed as a part of this investigation. 

There is a class of MOMP problems where only single period or single 

stage decisions are involved but the objective functions have a special structure that 

makes decomposition into a sequence of subproblems possible. Time or multiple 

stages is an artifact in such decomposition which is carried out in order to take 

advantage of dynamic programming principles and solution techniques. Tauxe et. al. 

(1979) presented a methodology to solve a single stage MOMP problem decomposed 
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into a multistage problem. An example in the area of water resources is also found 

in a related paper by the same authors (Tauxe et. aI. 1979). The framework 

developed in this dissertation is directly applicable to problems of the above type. 

1.2 Organization of the Dissertation 

Concepts used in MODM, particularly those having relevance to the frame

work developed are stated and clarifien in Chapter 2. Specific techniques like goal 

and compromise programming for single stage or static MODM are also explained 

because they are essential to understanding the contents of the later chapters. 

Chapter 3 presents a survey of the literature in the field of SMODM. 

Emphasis is placed on identifying the need for conducting the investigation reported 

in this dissertation. Approaches that are not distance-based are also introduced. 

In Chapter 4, a mathematical formulation of SMODM is presented, a 

distance-based method named stagewise compromise programming (SCP) is 

developed, and its implementation is discussed. Terminology for SMODM and SCP 

is defined in a precise manner. SCP is not decomposable over stages, so a transfor

mation is devised that increases the dimensionality of the state space. A semi

interactive scheme for SMODM is also put forward in this chapter. Finally, there is 

a discussion on the constrained SMODM problem. 

In chapter 5, QDDP is described in detail and a new Hessian updating stra

tegy is devised. Numerical experiments comparing performance of the new strategy 

to the original strategy in Sen and Yakowitz (1987) are presented. A constrained 

QDDP algorithm is proposed and computational results from application to a test 
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problem are given. 

In Chapter 6, a prototype two-stage and a prototype four-stage problem are 

presented and solved using the framework suggested in chapter 4. Non-interactive 

computations are described and for interactive parts, workings of an interface based 

on on-screen windows to capture decision maker preference are discussed. A proto

type stagewise constrained compromise programming problem is also solved using 

constrained QDDP. 

Chapter 7 contains conclusions of the investigation and supportive discus

sion. Directions for further research in the area of SMODM are also identified in this 

chapter. 

Appendix A contains examples of gradients and lacobians that are required 

as inputs to QDDP. Sample output from the QDDP program is presented in Appen

dix B. Programming and implementational considerations of QDDP are discussed in 

detail in Appendix C. 
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CHAPTER 2 

DECISION MAKING WITH MULTIPLE OBJECI'IVES 

2.1 Introduction 

In this chapter, first some fundamental concepts in Multiple Objective Deci

sion Making (MODM) are stated. Second, a classification of solution approaches 

based on timing of preference articulation is presented. Third, a class of solution 

methodologies known as distance-based methods are discussed. 

2.2 Fundamental Concepts 

The body of knowledge and concepts in MODM is extensive perhaps 

because of the truly interdisciplinary nature of the field. As stated in Chapter 1, this 

dissertation is mainly concerned with the mathematical programming approach in 

modeling the MODM situation. The fundamental concepts related to this approach 

are discussed next. 

A Multiple Objective Mathematical Program (MOMP) may be stated as fol-

lows: 

where, 

Minimize f(x) = [f} (x),f2(x), ... , fI(x)] 

xeX 

X eRn is the decision variable vector, 

X is the feasible region, 

fi(x) , i=l, ... ,I are I objective functions, fi(x):Rn~R, 

f(x)e RI is the vector of I objective functions. 

(2.1 a) 

(2.1 b) 
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Minimization, of course, entails no loss of generality since multiplication by -1 

would convert the objective function to a maximization type. 

2.2.1 Decision Space and Objective Function Space 

The decision space is the space Rn spanned by the decision variable vector 

x and the objective function space is the space RI spanned by the objective function 

vector f(x). The objective function space is also known as the Payoff Space or Out

come Space. 

2.2.2 Feasible Region and Payoff Set 

The feasible region is denoted by X and the decision variable x is allowed 

to take values only over X. The payoff set. also known as the outcome set. is 

defined as H = (f(x): f(x) eRI and x eX} When there is a single objective. 1=1 

and the set H is simply an interval. The elements of the payoff set would represent 

losses under the less is better assumption implied by the minimization formulation. 

2.2.3 Ideal Solution 

The ideal solution is defined in the objective function space as 

f(xIS) = [fl(xIS).f2(xIS) •...• fI(XIS)] such that fj(xIS) ~ fj(x) for all i=I, .... 1 and all 

x eX. The ideal solution. however. rarely exists because the objective functions are. 

in general. conflicting in nature. For example. changing x to reduce the value of 

f1(x) would most likely increase the value of one or more of fj(x). i=2 ..... I. There

fore. the ideal solution is of little use from an operational point of view. 

2.2.4 Nondominated or Efficient Solution 

A nondorninated or efficient solution xE is defined in the objective func

tion space by f(xE) = [f1(xE)h(xE), ...• fI(XE)] such that there exists no other 
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x e X such that fi(xE) ~ fi(x) for all i e [1,1] and fi(xE) > fi(x) for at least one 

i e [1,1]. A nondominated solution is also known as a Pareto-Optimal solution. 

Sometimes, the solution defined above is called strongly nondominated. A 

weakly nondominated solution is defined as f(x WE) = [f1 (x WE),f2(x WE), ••• , fI(x WE)] 

such that there exists no other x eX such that fi(xWE) > fi(x) for all i e [1,1]. By 

definition, the weakly nondominated solution is a superset of the strongly nondom

inated solution. 

It is important to distinguish between strongly and weakly nondominated 

solutions in certain cases as illustrated in Szidarovszky et. al. (1986) with the aid of 

examples. Unless otherwise stated, the term nondominated solution would mean 

strongly nondominated solution from here onwards. 

A nondominated solution is not necessarily unique. This is not surprising 

because MODM problems do not, in general, possess a single "best" solution. Any 

final solution should, however, be a member of the nondominated set because, by 

definition, a solution that is not a member of the nondominated set is inferior. For 

many techniques, the final solution found with the help of decision maker inputs is a 

member of the nondominated set. Information about the preference structure or 

value function of the decision maker is obtained at different stages for different tech

niques and the time of soliciting decision maker input forms a basis for classifying 

MODM methods (Goicoechea et. al. 1982). This classification is presented in a later 

section of this chapter. 
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2.2.5 Value Function 

A real valued function v(h): h e H is called a value function, if for 

hI,h2 eH, 

hI> h2 (hI preferred to h2) if and only if v(hI) > v(h2) 

hIIVh2 (relation between hI and h2 is indifference) if and only if v(hI)=v(h2) 

or, 

hI ~h2 if and only if v(hI) ~ v(h2) 

> , ,., , and ~ are relational operators that define comparisons or prefer

ence order between pairs in H. Since multiple attributes (elements of vectors) must 

be taken into account when comparing hI and h2 , the value function defined above 

is called a multiattribute value function. As a special case, when HER I, a single 

attribute value function is obtained. 

A value function mayor may not exist and conditions for existence of 

value functions are stated rigorously in Chankong and Haimes (1983). In essence, 

existence of value functions require that the preference relation 

i.e., it is transitive, reflexive and connected. 

2.2.6 Best-Compromise Solution 

is a weak order, 

A solution f(xBC), x E X, defined in the objective function space, that 

yields the highest value assuming a value function exists, is called the best

compromise solution, i.e., f(xBC) is the best -compromise solution, if and only if, 

there exists no other x e X such that v(f(x» > v(f(xBC». 
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The best-compromise solution to a MODM problem can be found, at least 

theoretically, by solving the optimization problem: 

maximize v(f(x» x EX (2.2) 

The best-compromise solution is desirable because it yields the highest 

value. However, the specification of an appropriate value function in order for the 

optimization problem to provide such a solution is difficult in practice (Yu 

1985). To specify a reasonable value function, intense cognitive effort and time 

is generally required on part of both the decision maker and the analyst (Slovic et. 

al. 1984). Direct maximization of a value function as in 2.2 for solving the MODM 

problem is called "closed form" analysis (White 1983). 

Many MODM approaches, while assuming the existence of a value func

tion, do not attempt to specify it explicitly. It is hoped, that through interaction with 

the decision maker and sometimes through the use of surrogate or proxy measures , 

a final solution can be obtained that is close to the best-compromise solution. 

2.3 Classification of MODM Approaches 

As mentioned earlier, MODM approaches may be classified based on the 

timing of preference elicitation of the decision maker. Broadly speaking, there are 

three such classes. 

2.3.1 Prior Preference Articulation 

Approaches where the preference structure of the decision maker is 

specified beforehand belong to this class. Value Function Maximization and Goal 

Programming are two common methodologies requiring apriori articulation of prefer

ence. Keeney and Raiffa (1976) discusses in detail how value functions may be 
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specified. In goal programming, the preference structure of the decision maker is 

specified in terms of weights, priorities and targets for objective functions. An exten

sive discussion of the goal programming methodology can be found in Ignizio 

(1976). 

2.3.2 Progressive Preference Articulation 

Approaches where the preference structure of the decision maker is arti

culated progressively belong to this class. Most interactive methods articulate deci

sion maker preference as progress is made towards the final solution. 

Common methods in this class are the Geoffrion-Dyer-Feinberg(GDF) 

method (Geoffrion et. lll. 1972), the STEP method (Benayoun et. al. 1971), the 

Zionts-Wallenius method (Zionts and Wallenius 1976), the SEMOPS method 

(Monarchi et. al. 1973). Dyer (1973) and Musselman and Talavage (1980) give vari

ations of the GDF method. The Zionts-Wallenius method have been extended by 

Roy and Wallenius (1986). Other recent interactive methods have been developed by 

Korhonen and Laasko (1986) and Quaddus and Holtzman (1986). Levine and 

Pomerol (1984) have proposed an interactive method based on artificial intelligence 

concepts. A selection of interactive methods is presented in White (1983). 

2.3.3 Posterior Preference Articulation 

For approaches that fall under this class, preference structure of the deci

sion maker is articulated only after a set of solutions that meet some predefined cri

teria has been determined. Nondominance is one such criteria that is often used. A 

final solution is then selected from the nondominated set through some interactive 

procedure. This approach, in general, is not satisfactory because large nondominated 

sets make any comparative analysis by the decision maker very difficult (Evans 
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1984). 

Research in finding all or most nondominated solutions have been res

tricted mainly to Multiple Objective Linear Programs (MOLP) , i.e., problems where 

all objective functions and constraints are linear. Difficulty in characterizing the non

dominated set for Multiple Objective Non-Linear Programs (MONLP) is perhaps the 

reason for limited research in this area. 

Additional concepts or techniques are often employed to obtain a reduced 

set that is a subset of the nondominated set. Philip (1972) and Zeleny (1974) have 

developed two different extensions of the simplex method of Single Objective Linear 

Programs (SOLP) to find nondominated solutions to a MOLP that are also extreme 

points of H (and of X). However, the best-compromise solution may not necessarily 

be found at an extreme point. The entire non dominated set for MOLP may also be 

generated by parametric variation of weights in the weighting method (Zadeh 1963) 

and by the e-constraint method (Haimes et. a1. 1975). Compromise Programming 

reduces the nondominated set using a distance-based concept. 

2.5 Distance-Based Techniques 

Distance-Based Techniques are characterized by the fact that a distance 

function is minimized or maximized in the payoff space. Szidarovszky and Duck

stein (1986) have developed a framework discussed later in this chapter that groups 

many MODM techniques to form the class of distance-based ones. A discussion of 

some specific distance-based techniques are presented next because such techniques 

provide the motivation and bases for the Stagewise MODM methodology. Three 

techniques, Goal Programming, Compromise Programming and Nash Solution are 

elaborated with emphasis on problem formulation. 
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2.4.1 Goal Profmlmmin~ 

In goal programming, a priori target values for each objective function 

are provided by the decision maker. The sum of absolute deviations of the I objec

tive functions from these targets is then minimized. 

Goal programming was developed by Charnes and Cooper (1961). 

Although the initial purpose of development was not for MODM problems, subse

quent applications to MODM problems are numerous. The basic goal programming 

formulation may be stated as : 

Minimize ± Ifi(x)-~ I, x eX 
i=l 

(2.3) 

where, t=[tl, ... ,tIl is the target vector provided by the decision maker for f(x). 

The target vector t is defined in the objective function space and the deviations are 

distances measured in the objective function space. Another related formulation 

called Generalized Goal Programming (Ignizio 1976, 1981) is given below: 

Minimize ±lfi(X)-~r, x eX, s e[l,oo] 
j=l 

(2.4) 

Even when fj(x), i=I,,,.,1 are all linear, the goal programming objective 

function in 2.1 remains nonlinear. However, by a transformation given below 

(Charnes and Cooper 1961) the absolute value problem may be reduced to a SOLP 

and solved by the simplex method. 

Let d+=[dt, ... , d{l and d-=[di", ... , d.-J represent positive and nega

tive deviations from the target vector t, i.e., for any i e [1,1], dj+ and dj- measure 

overachievement and underachievement of goals respectively, of getting fj(x) as 
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close to lj as possible. <1j+,<1j- are defined for any i e [1,1] as follows: 

fj(x)-tj if lj < fj(x) 
<1j+= 0 otherwise (2.5a) 

lj-fj(x) if lj > fj(x) 
<1j-= 0 otherwise (2.5b) 

Then, 

<1j++ <1j-=ffj(x)-tj 1 (2.6a) 

<1j + - <1j-=fi(x)-tj (2.6b) 

<1j+ and <1j- are both non-negative quantities by definition. However, since 

there cannot be overachievement and underachievement of a goal at the same time, 

<1j+ and dj- cannot be simultaneously positive for any i e [1,1]. The MOMP fonnula

tion in equations (2.1a)-(2.1b) may now be represented by the following: 

I 
Minimize 1:(dj++dj-) 

i=l 

dt- ~- = fj(x)-lj i=l, ... , I 

xeX 

(2.7a) 

(2.7b) 

(2.7c) 

(2.7d) 

The constraint dj+.dj- = 0 may be dropped because in any optimal solu

tion found by the simplex method, either <1j+ or <1j- or both will be zero; a proof may 

be found in Szidarovzky et. al. (1986). 

Many variations of the basic goal programming formulation exist. 

Preemptive priorities may be attached to the deviations to indicate greater impor

tance of one objective over another (Lee 1972). For example, the objective function 
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I 
I;PRk( dt +4n k E [1,1] 
i=l 
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(2.8) 

where, PRk is the priority attached to fi(x) and greater the index k, higher the prior

ity attached to the objective associated with it. A simplex based procedure then 

solves the subproblems sequentially according to priority. This fonnulation is also 

known as preemptive goal programming. The priorities are not weights and signify 

ordinal ranking of objectives according to importance. Strictly speaking, the summa

tion sign here is not appropriate (Zeleny 1982). 

Preemptive weights may also be attached to the objectives (Charnes and 

Cooper 1961) and the problem solved directly by the simplex method. Sometimes, 

both priorities and weights are attached to each objective function (Ignizio 1976), 

i.e., 

I 
I;PRk(wtdt+wi-~-) k E [1,1] (2.9) 
i=l 

Again, a simplex based procedure solves the above problem. For some 

problems not all deviations are included in the objective function. One such problem 

may be found in Goicoechea et. al. (1982). 

Since targets are provided apriori by the decision maker before bounds of 

the feasible region have been explored, goal programming solutions may be dom

inated, i.e. there might exist another solution that is better for many objectives and 

perhaps the same for the remaining objectives. 

Furthennore, preemptive prioritization or weighting is based on lexico

graphic ordering of realizations of the vector f(x) and no value function v can be 

constructed such that v(a) ~ v(b) where a , b are two realizations of f(x) and a 
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ranks lexicographically higher than b (Zeleny 1982). 

2.4.2 Compromise Programming 

Compromise programming requires that an ideal point be defined in the 

objective function space as I(Y·)=[f; •... • ft]. where. ft. i=I ..... I are obtained by 

solving problems: 

Minimize fi(x). x EX (2.10) 

and Y·=[x; •...• xt]. Note. that the ideal point is not the ideal solution defined 

earlier in this chapter. 

Generally. I(Y·) is not a member of the payoff set H. In compromise pro

gramming (Zeleny 1974. 1982. Goicoechea et. al. 1982). since the ideal is unachiev

able. solutions that are as close to the ideal as possible are desired. The measure of 

closeness is a family of distance functions. called the L(s) metric, defined in the 

payoff space as follows: 

S E [1.00] (2.11) 

s is the metric parameter and <Xi are the weights attached to individual distance com

ponents. If the objective functions are in non-commensurable units, scaling into the 

interval [0.1] is accomplished by defining: 

(2.12) 

where. ft. i=I ..... I are obtained by solving 

(2.13) 
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provided such a maximum exists, i.e., the problem is bounded. 

In words, an objective is scaled by taking the difference between the best 

and the worst value it can attain under the less is better assumption. The comprom

ise programming problem can now be stated as: 

Minimize L(s), x EX (2.14) 

The Compromise programming method and its solutions have desirable 

properties and overcome some pitfalls of goal programming. Some of these proper

ties are stated below : 

1. For s E [1,00] all <Xi ~ 0 and at least one <Xi>O, solutions to 2.12 are always 

weakly nondominated (Szidarovszky et. al. 1986). 

2. For s E [1,00) and all <Xi> 0, solutions to 2.12 are strongly nondominated (Szi

darovszky et. al. 1986). 

3. For s E [1,00], at least one <Xi > 0 and a strictly convex set H, solutions to 2.12 

are unique (Yu 1985). 

4. With L(oo) and at least one <Xi> 0, 2.12 yields at least one nondominated solu

tion (Goicoechea et. al. 1982). 

5. The weights <Xi can be adjusted to attach relative importance to objectives and 

the metric parameter s can be varied to give weights to the magnitudes of the 

individual components of the distance function (Goicoechea et. al. 1982). 

If s=1 all individual components are weighted equally; there is perfect com

pen station or substitution between objectives. 

If s=2 individual components are weighted in proportion to their magnitudes; 

compensation between objectives is non-linear. 
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If s>2 larger individual components receive more weight and with Loo only 

the largest component is weighted; there is no compensation between 

objectives. 

6. The distance measure in compromise programming is not just a geometric 

concept but serves as a proxy measure of human preference (Zeleny 1982). 

7. The compromise programming model applies to group decision making as 

well, with individual decision makers attempting to minimize their own objec

tive functions. If s = 1, group regret is minimized and if s = 00, maximum 

individual regret is minimized (Yu 1985). 

2.4.2.1 Compromise Solutions 

There are two different aspects of finding compromise solutions. The first 

one deals with determining suitable values of ~ and s. Yu (1985) provides the 

framework for an interactive procedure where s = 1,2,00 and some reasonable esti-

mates of as are used to find the first solution. s and ~ are then modified interac

tively until the decision maker accepts a solution. 

The second aspect deals with solving the mathematical programming 

problem once a particular set of weights and parameter value has been chosen. Prob-

lem 2.14 may be replaced by: 

Minimize 1 (s) x EX 

[ 
. ]s I f· -f.(x) 

where, 1 (s) = ~~s 1. 1 •• 

i=l fj -fj 

because for any I(s), L(s) is a monotonic function of 1. for s E [1,00) 
S 

(2.15) 
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Let the feasible set X be defined by a set of linear constraints. Then, if 

s=l, a linear programming problem is obtained and if s=2, a quadratic programming 

problem results. When s~oo, the largest of (fi(x)-ft)S, tends to be infinitely larger 

than the next largest and the following problem is obtained at the limit: 

. . . I [f:-f1(X)] [ft-fI(X)]/ mlDlIruze /(00) == max a1 * ** , ... ,aI * ** 
f1-f1 fI -fI 

(2.16) 

Therefore, a minimax problem is obtained. The I (00) metric, as defined 

here, is also called the generaliZt"..d Tchebycheff nonn (Bowman 1975). The minimax 

problem can be solved by reformulating it as a SOLP (Murty 1983) provided that fi 

is linear for all i E [1,1]. 

If constraints defining the feasible set X are non-linear and/or 2 < s < 00, 

a nonlinear programming problem must be solved. The set of solutions for p =1, ... ,00 

defines a compromise set C. The compromise set is a subset of the nondominated 

set. The decision maker selects the best-compromise solution or at least a close 

approximation to it from the compromise set. If the set C is too large to work with, 

further reduction may be obtained by a procedure suggested by Chankong and 

Haimes (1983). In addition to finding the compromise set C, another set CA is gen

erated by maximizing a distance from an anti-ideal point in the payoff space. The 

anti-ideal is defined as r**=[f;*, ... ,ft]. The intersection cncA, if :I: 0 generally 

provides a smaller set from which the best-compromise solution may be sought. 

2.4.3 Nash Solution to Bargaining Game Model 

One of the properties (property 6) of compromise programming model is 

that it is applicable to group decision making problems. Nash solution (Nash 1953) 
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applies to the case when a group decision making problem is modeled as a bargain

ing game situation with two players (decision makers). Harsanyi (1977) extended the 

Nash solution concept to bargaining games with three or more players. 

In a bargaining game, there is interaction between the players and each 

player is willing to work (i.e. participate in the game) towards a solution that is 

acceptable to everyone including himself/herself. The motivation to work together 

may be one or both of the following : 

1. Every player is interested in the rational pursuit of the group's interest as a 

whole. 

2. A player not cooperating would obtain a payoff that is worse than the amount 

which can be obtained by participating. 

Let fj , i E [1,1], denote payoffs to players and let ft" , i E [1,1], be the 

worst possible payoffs for the players under the less is better assumption. Then the 

Nash-Harsanyi model (Harsanyi 1977) for solving the bargaining game is given by : 

(2.17) 

In general, worst possible payoffs are the consequences of non-agreement 

between players and t· =[ft, ... ,ft] is called the disagreement payoff vector. 

The Nash-Harsanyi model may be derived either from a set of rationality axioms 

(Nash 1953) or from Zeuthen's principles (Zeuthen 1930). Both derivations may be 

found in Szidarovszky et. al. (1986). 

The quantity maximized in 2.17 is a distance function where the product 

«f1-ft), ... ,(frft» measures the geometric distance of any vector f from t·. 
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Analogous to compromise programming terminology, t· may be called the anti

ideal. The Nash-Harsanyi model, therefore, finds an element of the payoff set that is 

at a maximum geometric distance from the anti-ideal. Geometric distance does not 

satisfy the triangle inequality, i.e., given a triangle in R 1, the sum of any two sides 

may not be greater than or equal to the third side. Furthermore, the geometric dis

tance between two different points in R 1 may be zero. 

2.4.4 General Rho Distance Formulation 

Szidarovszky and Duckstein (1986) have proposed a general p-distance 

framework given below : 

Minimize p(f,fI") 

f ~ t·, x eX 

(2.18) 

where, fI" is either the ideal t, or the anti-ideal ('.. p is a function measuring the 

distance between f and fI". Goal programming, compromise programming, Nash

Harsanyi bargaining model as well as the E-constraint and weighting methods could 

be shown to be special cases of the general formulation 2.18. 
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Within the general area of multiple objective decision making, literature 

devoted to stagewise multiple objective decision making or SMODM for short, is 

somewhat limited in number. Nevertheless, SMODM research in the past had gen

erally followed two different paths. In one, real valued return (loss or objective) 

functions at each stage are substituted by preference relations. The dynamic pro

gramming aspects have been retained, however, and recursive procedures that work 

with preference relations have been proposed. Literature in this area is reviewed 

briefly under the title of Preference Order Dynamic Programming. 

The other path previous research have followed is more relevant to the 

current investigation. Emphasis in this area is towards mathematical formulation of 

the SMODM problem with real valued return functions and a progressive or poste

rior articulation of preference in some cases. This area will be reviewed in detail 

under the title of Multiobjective Dynamic Programming. 

3.1 Preference Order Dynamic Programming 

The concept of preference order dynamic programming was first proposed 

by Mitten (1974). Mitten's work follows directly from the concept of maximization 

of a value function discussed in chapter 2. The point of departure from single objec

tive dynamic programming maximizing a value function is the fact, as noted by Mit

ten, that it is very difficult to capture all the complex advantages and disadvantages 

of alternative solutions in the form of a single value function. 
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The set of states S is represented by an ordered collection (sl"'" sn) of 

non-empty subset indexed over stages 1, ... ,N. A particular state is denoted by 

x e sn ~ S. The collection D = (Dx : xeS) represents sets of decisions. The prob

lem is to select a policy from the cartesian product xxESDx = ~ . Given a state 

xeS, a partial policy is denoted by B(Sx) and the set of all partial policies for that 

x is denoted by ~ x' The preference over partial policies in ~ x is denoted by a 

preference relation Px!:: ~ xX~ x' If (a,(3) ePx, then a~(3, i.e., a is not preferred 

over (3. A partial policy y is optimal if a;6y for all a e~ x' The preference rela

tion P x is assumed to be 

(a) Reflexive: (a,a) ePx for all a e~ x' 

(b) Transitive: (a,(3) ePx and «(3,y) ePx imply (a,y) ePx' 

(c) Complete: a,(3 e~ x implies either (a,(3) ePx or «(3,a) ePx or both. 

(d) Monotonic: in a sense that if a partial policy a is at least as good as a par

tial policy (3 for a x e sn' adding a decision a for a state y e sn-l to a 

and (3 would not cause a change in desirability between the two new subpoli

cies for y e sn-l' 

The procedure recursively builds up optimal subpolicies for states x e Sll 

starting at stage N until an optimal policy is constructed as a function of each state 

x e sl in the following manner. For each x,Dx pair, the consequences (descriptive 

payoffs) at the current stage and implications in previous stages are presented to the 

decision maker. The decision maker after examining all the information, provides an 

ordering of the subpolicies. No algebraic constructs are used in the procedure. 
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There are several reasons that limit applicability of the above procedure. 

The assumption of completeness is not valid in many cases including Pareto prefer

ence that defines a nondominated set (Yu 1981). Furthermore, preference over alter

natives with multiple attributes are often not transitive (Slovic et. al. 1984). Interac

tion with and input requirements from the decision maker may be excessive. Finally, 

since the procedure relies on a complete description of consequences, its application 

is limited only to small problems. This last shortcoming is recognized by the author. 

Sobel (1974) extended the results of Mitten to infinite horizon determinis

tic as well as stochastic problems that are generally treated as Markovian decision 

processes. Mitten's assumptions form the foundation of the results in that paper in 

which no algorithmic procedure is presented in this paper. 

In either of the two papers mentioned above, no experimental results are 

reported. However, an application of preference order dynamic programming to 

knapsack problems with stochastic rewards is found in Steinberg and Perks (1979). 

Although it is somewhat of a diversion, this application is briefly visited here. In a 

knapsack problem, an optimal policy for packing a knapsack with N different items 

is sought that would maximize the total reward. Each item type has different unit 

contribution toward the total reward. The capacity of the knapsack is limited (by 

weight, say) and units of each item type have different weight. Mathematically, 

where, 

N 
Maximize L vnXn 

n=1 

Xn ~ 0 and integer, W integer 

(3.1 a) 

(3.1b) 

(3.1c) 



vn is the unit contribution of item type n 

Wn is the unit weight of item type n 

W is the capacity of the knapsack 
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Dynamic programming is a common technique for finding an exact solu

tion to the knapsack problem. In a stochastic knapsack problem, there is uncertainity 

over the values of vn. The authors, in this case, suggest replacing the objective 

(reward) function with preference relations on probabilty distributions of random 

variables that substitute vn. For an unit of item type k, k e [I,N], existence of an 

independent and identical probability distribution of a random variable Y for the 

reward is assumed and denoted by R(y) where, y is a particular realization of Y. 

The distribution for an admissible value of xk subject to the constraint is deter

mined by convolving R(y) xk-1 times. The preference ordering is defined over dis

tributions R(y) for different values of xk' A recursive procedure then determines 

the optimal values of xk, ke [1,N]. 

It is not clear when and how the preference structure of the decision 

maker should be specified although numerical results are presented with a hypotheti

cal preference operator that sdects a reward with a distribution maximizing the pro

bability P(Y~C), where C is a predesignated constant. This is perhaps because 

there is only one underlying objective, that of maximizing the reward or profit, sto

chastic or otherwise. Unlike the claim in Mitten's algorithm, algebraic constructs 

are very much present. Furthermore, Sniedovich (1986) has given a counterexample 

where the technique of Steinberg and Parks converges to a suboptimal solution. 
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3.2 Multiobjectiye Dynamic ProfU'8ll1llline 

A number of researchers have investigated the area of sequential decision 

making where decisions are to be made over time periods or stages so as to minim

ize simultaneously, if possible, more than one real-valued loss function. The quest as 

in the static case in chapter 2, is to find feasible solutions satisfying some kind of a 

preference structure. 

Yu and Leitman (1974) extend the concept of nondominated decisions 

and domination structures to continuous-time control problems. Conditions for non

dominated controls are given for a control problem represented by the differential 

system 

x(t) = f(x(t),t,u(t» t E [a,b] (3.2a) 

where, 

x(t) is the state at time t and u(t) is the control at time t. The performance of the 

system is measured as follows: 

(3.2b) 

where, 

b 

ri = fLi(X(t),t,u(t»dt i=I, ... ,I (3.2c) 
a 

Haimes et. al. (1975) have extended the Surrogate Worth Tradeoff (SWT) 

method for static multiobjective problems to continuous-time dynamic programming 

problems of the following form : 



Minimize 
u(t) 

fN 

ri = (Mx(tN» + JLj(x(t),t,u(t»dt . i=l, ... ,I 
o 

x(t) = f(x(t),t,u(t», x(O) given, t E [O,tNJ 
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(3.3a) 

(3.3b) 

(3.3c) 

where, the final time tN <00 is specified and (MX(tN» represents tenninal costs. 

This problem is called an endpoint constraint problem because of equation (3.3c). 

Note the similarity of the fonnulation with that of equations (3.2a-3.2c). Also, the 

quadratic regulator problem, described in Kailath (1980) for example, is a special 

case of the fonnulation above when the system is linear and I = 1. 

In SWT method, the goal is to construct tradeoff-rate functions Tij that 

measure the marginal rate of substitution (MRS) among loss functions along the 

nondominated boundary. This is accomplished by fonnulating £-constraint problems 

as follows: 

IN 

Minimize rj = «Pj(X(tN» + JLj(x(t),t,u(t»dt j E [1,1] (3.4a) 
u(t) 0 

x(t) = f(x(t),t,u(t», x(O) given, t E [O,tNJ (3.4b) 

g(X(tN),tN) S; 0 

ri S; £j for all i¢j (3.4c) 

Systematic variation of Ej and other calculations using regression analysis and 

involving Lagrange multipliers generate tradeoff-rate functions Tij. These tradeoffs 

are valued using surrogate worth functions determined via interaction with the deci

sion maker. The final solution is obtained through an interactive process where the 

MRS of the implicit value function of the decision maker is compared with the 

tradeoffs supplied by the mathematical model. Haimes et. al. (1975) illustrate the 
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algorithm in detail. 

The drawbacks of the technique are that computations to construct the 

tradeoff functions could be quite extensive. Furthermore, interaction requirements 

with the decision maker could be excessive. The two advantages of the technique are 

that the final solution is guaranteed to be nondominated and that the it seeks to find 

the best-compromise solution. 

Discrete-time problems with vector-valued objective functions are 

addressed in Yu and Seiford (1981), Yu (1985), Tauxe et. aI. (1979), Villarreal and 

Karwan (1982), Opricovic (1979), Szidarovszky and Duckstein (1986). Related prob

lems have been investigated in Brown and Strauch (1965) and in Daellenbach and 

DeKluyver (1980). 

Yu and Seiford (1981) and Yu (1985) formulate the dynamic muItiobjec

tive problem as follows: 

Maximize f [r r ] i = Ii, 2i , .•• , rNi i=l, ... ,I (3.5a) 
u}, .. ·,Un 

(3.5b) 

(3.5c) 

where, 

Xn is the state variable at stage n 

Un is the decision (control) variable at stage n 

rni is the performance measure at stage n for objective i 

rni is a function of Xn and Un 

Tn is the state transformation relation 
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F(x) = [fI' ... ,fd is the vector of objectives 

The goal is to find nondominated solutions to the above problem. Central 

to the discussion by the authors is the concept of domination structures. Let 

U = [UI' ... ,UN] and X = [xlt ... ,xN] be such that (lln,xn), n=1, ... ,N satisfies 

equation (3.5b). Then Z = (F(x) : x eX} is the payoff set. A preference relationship 

zI>- z2 : zI,z2 e Z is coded in terms of a domination structure. For example, d is 

called a domination factor for zI, if zI> z2 and zI >zI+Ad for all A.>O, A. e R 1, 

where d=z2-zl. Other domination factors for zI are possible and the set of all 

domination factors for zl is denoted by D(zl). The family D={D(z): z e Z} is 

called the domination structure of the entire decision problem. 

Pareto-optimality is represented by the set of all domination factors 

D={d: d..<O}. z2 is dominated by zI if and only if zI is not dominated by any 

other z e Z. The set of all nondominated solutions in Z is denoted by N(Z,D). 

These are also called the set of N-points. Here, they will be called ND-points to 

avoid any confusion with the N stages in dynamic programming. 

A backward recursive procedure that identifies the ND-points in a stage

wise manner is proposed in Yu and Seiford (1985). It is shown that for aN-stage 

problem, under certain conditions stated below, the final solution NDN will provide 

the nondominated set N(Z,D). These conditions are: 

1. Separability 

rli 0 ••• 0 rNi = rli 0 (r2i 0 ( ••• 0 (rNi») i=1, ... ,I 



2. Monotonicity 

Let o r~ = yJ 

and o r::1: = y2 ru n 

Then if yJ ~y; the following must hold 

3 1 3 2 
ri.n+l 0 Yn ~ri.n+l 0 Yn 

Superscripts above denote particular values. The monotonocity condition 

must be true for all n E [1,N] and for all i E [1,1]. 

3. Non-Dominance Boundedness 

If each Z E Z is either itself nondominated or it is dominated by a non

dominated point z· E Z then the problem is said to be nondominance 

bounded. Pareto-optimal domination structure and a compact payoff set 

are sufficient to guarantee nondominance boundedness. 
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If conditions (1),(2) and (3) are all satisfied then NDN = N(Z,D). If only 

conditions (1) and (2) are satisfied, then N(Z,D)!: NON' It is claimed that even 

when (3) is not satisfied NON is an approximation of N(Z,D). The closeness of 

this approximation is posed as a research problem. A small example where all three 

conditions are satisfied has been worked out in Yu and Seiford (1981). The sum (+) 

and multiplication (x or .) operators satisfy both monotonicity and separability con-

ditions with "~" substituted for "~", i.e., assuming that more is preferred. The 

"min" operator also satisfies separability and monotonicity conditions where "min" 

means the following. 
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For single objective dynamic programming, i.e., when 1= 1, results on 

monotonicity and separabilty are proved in Nemhauser (1966). Each of the I objec

tives in the multiobjective case must satisfy the conditions individually. 

Pareto-optimality, while being a desirable property for any "good" solu

tion, generates, in general, a large solution set. Such a large set is of limited practi

cal use for posterior preference articulation that must follow after the set has been 

characterized. 

The recursive algorithm of Yu and Seiford (1981) is prone to the "curse 

of dimensionality" if the state space is multidimensional. Also, for continuous state 

and control space, discretization is necessary before the algorithm can be applied. 

Villarreal and Karwan (1982) present a recursive method for mUltiobjec

tive integer programming. The problem is of the following form: 

(3.6b) 

OS un S~, Un integer n=I, ... ,N (3.6c) 

where, An = raIn' a2n' ... ,aMn]' each am is an arbitrary real-valued function of 

Un, b = rbI' b2, ••• ,bM]T, each bm ~ 0 and ~ is a non-negative integer. 

The objective functions are assumed to be stage wise separable for each 

i E [1,1]. The composition operators are not required to be all identical, i.e., a mix

ture of different composition operators is permitted as long as the separability condi

tion is satisfied. Defining state variables, one for each constraint, they are replaced 

by equivalent state relations that allow writing of dynamic programming recursion 

equations. 
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An algorithm to find nondominated solutions is developed. Emphasis is 

placed on devising ways to overcome the "curse of dimensionality". Computational 

results are presented for a multidimensional linear knapsack problem. Obviously, this 

is a highly simplified example when compared to the formulation in equations (S.6a 

-S.6d). In any case, the example problem has I linear objectives and M linear con

straints. Non-dominated sets are quite small in size with a maximum of 8 points for 

M = 10 and N = 10. The algorithm appear to be highly sensitive to values of the 

right hand side relative to the constraint coefficients. 

Regarding applicability considerations, computations would almost cer

tainly face the "curse of dimensionality" for problems with multidimensional state 

and control space. No provision for preference articulation is provided in the algo

rithm. 

In Tauxe et. al. (1979) a dynamic programming approach is used to gen-

erate nondominated solutions and tradeoffs among objectives for water resource 

problems. The problem itself is not necessarily dynamic in nature, but time periods 

are introduced as an artifact. The multiobjective problem is stated as: 

(3.7a) 

(3.7b) 

where, i=l, ... ,I are I objective functions and X = [Xl' ... ,XN] is the vector 

of decision variables. Additionally, all fi(X) and gm(X) are such that the follow

ing relation hold. 

fi(X) = rli(xI) 0 r2i(x2) 0 , •.. , 0 rNi(xN) 

gm(X) = glm(XI) 0 g2m(X2) 0 , ••. , 0 gNm(XN) 

where the composition operator "0" and the functional forms satisfy the separability 



46 

and monotonicity conditions. 

In the algorithm, one of the objectives is considered the primary while 

other objectives are treated as constraints. Without loss of generality, if f} (X) is 

taken to be the primary objective, the fonnulation is as follows: 

o ~ fi(X) ~ Ej i=2, ... ·,1 

o ~ gm(X) ~ Gm m=l, ... ,M 

(3.8a) 

(3.8b) 

(3.8c) 

The formulation above is similar to the SWT formulation presented ear

lier for continuous-time problems. Note that the all constraints here are allowed to 

take only non-negative values. Defining new state variables, one for each constraint, 

dynamic programming recursion equations are developed with upper and lower 

bound constraints at each stage. An example problem with three objectives is solved. 

Kuhn-Tucker necessary conditions are used to find optimal solutions at each stage. 

In the final solution which is guaranteed to be nondominated, objective f} (X) is 

expressed as function of other objectives. Tradeoff between levels of f}(X) and lev

els of other objectives are generated by taking partial derivatives of f} (X) with 

respect to fi(X), i=2, ... ,I. These tradeoffs, the authors recommend, should be used to 

find the preferred (best-compromise) solution. 

One advantage of the technique mentioned above is that parametric varia

tion of q is not required in order to generate tradeoff information. However, the 

computational procedure used is not amenable to computer implementation. In a 

related paper, Tauxe et. al. (1979), report applying the technique for a reservoir 

operation problem. Although many issues regarding implementation including the 

"curse of dimensionality" needs to be resolved and questions about preference articu-
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ise programming problem is obtained. The objective function is not decomposable 

over stages. Fortunately, defining I state variables and using a transformation it is 

possible to develop standard dynamic programming recursion equations. Problems of 

the "curse of dimensionality" is expected because of the increase in state-space 

dimensionality. A bauxite mining problem is formulated and solved where linearity 

assumptions help avoid dimensionality problems. Differential Dynamic Programming 

(DDP) is suggested as a technique for solving the stagewise compromise program

ming problem. 

Results in Szidarovszky and Duckstein (1986) motivated the research in 

this dissertation. One of the problems with the formulation in equations (3.9a-3.9c) 

is that a stage n return is expressed as a function of the decision and output state 

from that stage (Figure 3.1). This is not equivalent to the more common formulation 

where the stage n return is a function of the decision and input to stage n, except in 

special cases (Nemhauser 1966). Techniques like DDP and QDDP have been 

developed for the latter formulation and to suit the requirements of QDDP, all 

transformations and formulations in Szidarovzsky and Duckstein had to be reworked. 

Details are presented in chapter 4. Furthermore, a interactive scheme was built 

around the mathematical problem for preference articulation from the decision 

maker. 

Brown and Strauch (1965) define a topological concept of "conditionally 

complete associative multiplicative lattice" to describe the SMODM problem and 

preference structures. Conditions for nondominated policies in a topological setting 

is also given. No application or algorithm is presented. 

Daellenbach and De Kluyver (1980) develop a technique for multiobjec

tive dynamic programming for routing problems. Target values for every arc in a 
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lation must be addressed, the technique has the potential of being used in a frame

work different procedurally from the one in this dissertation but pursuing the same 

goal of finding the best-compromise solution. 

The stagewise multiobjective problem is formulated using a distance

based concept in Opricovic (1979) and Szidarovszky and Duckstein (1986) as fol

lows. 

N 
Maximize 1:rni(xn,lln) = fi i=I, ... , I (3.9a) 

uI,· .. ,lln n=I 

Xn = Tn(Xn-I,lln) Xo given n=l, ... ,N (3.9b) 

Figure 3.1 shows the configuration of a stage in the problem. The p-distance for

mulation discussed in chapter 2 is- extended to obtain the following distance minimi

zation problem. 

Minimize p(F,F·) (3.10a) 
uI, .. ·,un 

(3. lOb) 

(3.1Oc) 

where, F = [fI, ... ,fd, F· = [f:, ... ,ft], F. = [fl.' ... ,fl.]' and p is a func

tion defined in the payoff space. ft and fi• provide upper and lower bounds for 

objectives fi. When ft are obtained by maximizing each fi independently, 

p(F,F·) is given by 

and lower bound constraints in equation (3.1Oc) are dropped, a stagewise comprom-
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network, defined as the individual optimum of I objective functions, are used to 

fonn two different problems called MINSUM and MINMAX. In MINSUM the sum 

of the deviations for each objective froni the target and in MAXSUM the maximum 

of such deviations are minimized. An important feature of the algorithm is that the 

targets and nondominated policies are found simultaneously. The method calls for 

posterior articulation of preference over the nondominated policies. It is applicable to 

discrete problems and is prone to the "curse of dimensionality". 



CHAPTER 4 

PROBLEM FORMULATION 

4.1 Introduction 
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In this chapter, stagewise multiobjective decision making (SMODM) and 

application of compromise programming concepts are discussed in detail. First, a 

general fonnulation of SMODM problem is presented and concepts and terminology 

relevant to SMODM are defined. Then, a stagewise compromise programming (SCP) 

problem is fonnulated and a semi-interactive scheme for SMODM is presented. 

Next, potential difficulties associated with attempting to find numerical solutions are 

discussed and use of QDDP is proposed to overcome such difficulties. Finally, 

SMODM problems with inequality constraints at each stage in addition to state 

transfonnation functions (that relate one stage to another) are discussed. 

4.2 General Fonnulation of SMODM 

The general fonnulation of SMODM problem is given below. A schematic 

representation is shown in figure 4.1. 

Minimize F(X,U) = [ft f2 , ... , fd 
U 

n=l, ... ,N 

= x(given) 

Xn eRP Un eRM 

where, 

Un is the vector of decision variables for stage n, 

xn is the vector of state variables for stage n, 

I is the number of loss (objective) functions, 

(4.1 a) 

(4.1b) 

(4.1c) 



N is the number of stages, 

rni(Xn,Un) is the loss at stage n for function i, 

o is a composition operator, 

Tn transformation relation that transforms state Xn to state Xn+l' 

U = [ul" .. ,UN]' 

X = [Xl' ... ,XN], 

fi = rli(XltUl) 0 r2i(X:2'U~ 0 , •.• , 0 rNi(XN,UN)' 

52 

In the class of problems addressed in this dissertation, the summation 

operator is used as the specific composition operator, i.e. , 

N 
fi = rli(xl,ul) 0 , ••. , 0 rNi(xN,uN) = I:rni(Xn,Un) (4.2) 

n=I 

It is also assumed that all fi are commensurate, i.e., their values are measured in 

identical units and they take on values in the same range. 

4.3 SMODM Concepts and Terminolo&y 

These concepts are the dynamic(stagewise) equivalents of the static (N=1) 

definitions presented in chapter 2. 

4.3.1 Payoff Space of SMODM 

The space RI spanned by the vector F(X,U) = [fI , ... ,fd is the payoff 

space of the SMODM problem. Vectors in RI represent losses under the "less is 

better" assumption implied by a minimization formulation. 
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4,3,2 Payoff Set of SMQDM 

The payoff set of SMODM is denoted by H and defined as 

H = ( F(X,U) : F(X,U) E RI and Xni-l= Tn(Xn,un), n=l, .. "N } 

4,3,3 Ideal Quantities 

4,3.3,1 Ideal Point for Total Losses 
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The ideal point for total losses is defined in the payoff space of SMODM 

as the vector FIP = [fr, , , , ,fIP], where f[P, i=l, .. "I are obtained by solving the 

following problems : 

n=l, , , , , N 

= x(given) 

Xn E RP Un E RM 

4,3,3.2 Ideal Trajectory of Losses 

(4.3a) 

(4.3b) 

(4,3c) 

The ideal trajectory of losses is the collection of vectors [rlf",., r~] 

N 
i=I, .. "I such that l;r!r=f!P, In other words, the ideal trajectory is a collection of 

n=l 

optimal single objective loss trajectories, one for each filP. 

4,3.3,3 Vectors of Ideal Stage Losses 

The vectors [r~r"" ,r~] for n=l,tt"N are the vectors of ideal stage 

losses, 
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4.3.3.4 Ideal Tnuectory of States 

The ideal trajectory of states is the collection of matrices of states 

[xZ, ... ,xkl), n=l,,,.,N such that [xW, ... , xA':1 correspond to flP, the ith ele

ment of the ideal point vector. 

4.3.3.5 Ideal Policy 

The ideal policy is the collection of matrices of decisions [~f, ... ,~], 
n=l,,,.,N such that [uff, ... , uH;] correspond to flP• 

4.3.4 Efficient or Nondominated Quantities 

4.3.4.1 Efficient Point for Total Losses 

An efficient point for total losses is defined in the payoff space of SMODM 

as the vector F(XE,UE)=[fl (xE,uE), ... ,fI(xE,uE)] such that there exists no other 

U=[Ul' ... ,UN]' Xn+l=Tn(Xn,lln), n=l, ... ,N , Xl given, such that fi(XE,UE) ~ fi(X,U) 

for all i E [1,1] and fi(XE,UE) > fi(X,U) for at least one i. Note that an efficient 

point for total losses is not necessarily unique. 

4.3.4.2 Efficient TrajectoIy of Losses 

An efficient trajectory of losses is a collection of vectors [rn, ... , rni] , 

N 
i=l,,,.,I such that l:r~ = fi(XE,UE). 

n=l 

4.3.4.3 Efficient Policy and Trajectory of States 

A sequence of decision vectors [ur, ... , un]=UE and a sequence of state 

vectors [xr, ... , xn]=XE is an efficient policy and an efficient trajectory of states 

respectively, if and only if, F(XE,UE) is an efficient point for total losses. 
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4.3.5 Best-Compromise Policy and TrnjectoIY 

A sequence of decision vectors [upe, ... , u~e]=UBe and the correspond

ing sequence' of state vectors [xpe, ... ', x~e]=XBe given the initial state, are the 

best-compromise policy and trajectory respectively, if and only if, UBe maximizes a 

value function v defined over fl , ... ,fl' 

4.4 Fonnulation of SCP Problem 

The SMODM problem may be thought of as a special case of MOMP 

where the total loss functions fi' i=l,!!.,1 are the I objective functions and the state 

transfonnation relations are constraints. However, due to the special stagewise struc

ture of SMODM, a dynamic programming approach is taken in finding solutions to 

SMODM. 

Ideally, a sequence of decision vectors u1s=[uls, ... , uks] is sought such 

that it minimizes every fi simultaneously. Because it is unlikely that such a sequence 

exists that satisfy the state transfonnation relations (reasons discussed in chapter 2), 

a best- compromise solution is sought in practice. Defining a value function v a 

priori over f l , ... , fI is difficult in practice, however. Therefore, the methodology 

in this dissertation attempts to capture progressively the preferences of a decision 

maker through compromise programming. 

Two different approaches in fonnulating a compromise programming prob

lem for SMODM could be taken. These are as follows : 

Approach 1 

An Ln(s,x,U) metric is defined for each stage n that measure the distance 

from the vector of ideal stage losses : 



I 

L,,(s.x,U)= ~a" ~nl(x,.,u,.) - r! )' J' S E [1,-] 

where, <Xru are weights assigned to deviations from ideal stage losses. 
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(4.4) 

• • Then the problem is to find the sequence of decision vectors [uI"'" UN] 

that minimizes the sum of Ln(s,x,U) metrics over stages : 

Approach 2 

Minimize 
U 

Xn+1 = Tn(Xn,11n) 

XI = x(given) 

n=1, ... ,N 

(4.5a) 

(4.5b) 

Find a sequence of decision vectors [ufP, ... , u~] that minimizes the 

distance from the ideal point of total losses measured by a L(s,x,U) metric in the 

payoff space of the SMODM problem: 

Minimize 
U ~ I ]1 s IF s s L(s,X,U) = ~<li (fi-fi ) 

1=1 

Xn+1 = Tn(xn,un) 

Xl = x(given) 

n=1, ... ,N 

where, ~ = weights assigned to deviation of fi from ft. 

(4.6a) 

(4.6b) 

Equation (4.5a) is decomposable over stages and a dynamic programming 

algorithm could be applied directly. Also, there is more control over weights in 

equation (4.5a) when compared to equation (4.6a). However, the trajectory of losses 

[r:i' ... ,r~i]' i = 1, ... ,I found from solving (4.5a)-(4.5b) may be such that 
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N 
~r~ ~ fj(XB,UB). In other words, minimizing the sum of stagewise distances may 
n=l 

determine a total loss point in the payoff set of SMODM that is not efficient, i.e. , 

dominated by one or more total loss points in the payoff set. Consequently, the pol

icy [u;, ... ,uN] is usually not a best-compromise policy. Therefore, approach 1 is 

rejected. 

Approach 2, on the other hand, is guaranteed to provide an efficient solu

tion for s E [1,00) and also for s = 00 if the solution is unique. Furthermore, it 

possesses properties of compromise programming discussed in chapter 2. Progressive 

articulation of decision maker preference can be accomplished by varying the 

weights (Xi within an interactive scheme. 

The expression in equation (4.6) is not readily decomposable for dynamic 

programming algorithms. In the final section of this chapter, this is discussed in 

detail and a transformation is devised to formulate an equivalent decomposable prob

lem. The problem formulated in approach 2 will be called the Stagewise Comprom

ise Programming (SCP) problem. Some quantities related to SCP will now be 

defined. 

4.4.1 Compromise Quantities 

4.4.1.1 Compromise Point for Total ~ 

A compromise point for total losses is defined in the payoff space of 

SMODM as the vector [ffP, ... , fICP] obtained by solving problem (4.6a)-(4.6b). 

4.4.1.2 Compromise Triijectol)' of Losses 

A compromise trajectory of losses is a collection of vectors [rW, ... ,r~] 
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N 
such that 'Lr;r = f{p. 

n=l 

4.4.1.3 Compromise Policy and TIiuectcity of Stales 

The compromise policy and compromise trajectory of states are the 

sequence of decision vectors [ufP, ... ,uff] = UCP and the sequence of state vectors 

[xfP, ... ,xff] = XCP respectively, that correspond to L"'P = minimum L(s,X,U). 

4.5 Transformation of SCP Problem 

Equation (4.6a) will be transformed into a decomposable form in this sec

tion concentrating on cases where s e [1,00). Refering back to equation (4.6a), by 

definition 4.3.3.1, 

(4.7) 

Also, 

N 
fi = 'Lrni(Xn,Dn) (4.8) 

n=l 
Therefore, 

By definition 4.3.3.2, 

(4.10) 

Therefore, 

(4.11) 
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Let, 

I [N ]5 l(s,x,U) = 'EU-j5 ~(rni(Xn,Un) - rJr) 
i=l 0=1 

(4.12) 

Since L(s,X,U) is a monotonic function of 1/s for s e [1,00), the SCP problem may 

now be written as : 

Minimize I (s,x,U) (4.13a) U 

Xn+1 = Tn(Xn,Un) n=l, ... ,N 

xl = x(given) 
(4.13b) 

X eRP 
n Un eRM (4.13c) 

It is clear at this point that a stagewise decomposition of I (s,X,U) is not 

possible because the summation over loss functions (objectives) can be carried out 

only after the summation over stages has been performed. Consequently, a dynamic 

programming technique cannot be used in spite of the stagewise structure preserved 

in the state transformation relations. The order of summation is critical because if 

summation over stages could be carried out after the summation over loss functions 

decomposition would be possible. Fortunately, the expression of I (s,x,U) can be 

transformed to reverse the order of summations. This transformation is now 

presented : 

For i=l, ... , I let, 

Pni = rn-l,i(Xn-l,Un-l) - rJ~I,i 
PH = 0 

n=2,oo.,N+l 

I;t'state variables Sru are defined such that for each i e [1,1], 

(4.14) 



Then from equation (4.14), 

And in general, 

n 
8m = ,t~ki , n=I, ... ,N+l 

k=1 

Sn+l.i = 8m + ~n+l,i 

Using equations (4.14) and (4.15), 

which may be rewritten as, 

Therefore in equation (4.13a), 

I 
I (s,X,U) = ,tat(sN+l,i)S 

i=l 

The quantity (SN+l,i)S may be expressed as, 

N 
(SN+l,i)S = ,t[(Sn+l,i)S - (8m)S] 

n=1 
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(4.15) 

(4.16) 

(4.17) 

(4.18) 

(4.19) 

(4.20) 

(4.21) 

Equation (4.21) is true because upon expansion of the expression on the right, all 

terms cancel each other except sli and sN+l,i' and sli=O by equation (4.16). 

Therefore, l(s,X,uj = ~ ... , [!,[('n+l,;)' - (s,,;)'j] (4.22) 



or, 

or, 

or, 

Let, 

and, 

/(.,x,U) = ! ~a;'[(""IJ)' - ('ni)')] 

l(s,X,U) = f rl:<XiS[(Sru+Pn+1.i)S - (Sni)S]] 
0=1 ~=1 

I 
Rn(xn,sn,Un) = ~<XiS[(Sru+rni(xn,un)-r:)S - (Sni)S] 

i=l 
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(4.23) 

(4.24) 

(4.25) 

(4.26) 

(4.27) 

Order of summations has been reversed to obtain a modified SCP problem 

that will be called the Decomposable Stagewise Compromise Programming (DSCP) 

problem. The DSCP problem can be stated as follows : 

where, 

N 
Minimize / (s,x,U)= ~Rn("n,sn,Dn) 

U n=l 

"n+1 

Sn+1 
n=l, ... ,N 

X1= x (given) sl=O 

'Yn=[Pn+1.1' ••• ,Pn+1.d 

(4.28a) 

(4.28b) 

(4.28c) 

(4.28d) 

(4.28e) 
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The stagewise distance-based fonnulation found in Szidarovzsky and Duck

stein (1986) and discussed in chapter 3, the stage n loss is a function of stage n 

decision Un and stage n output state ~+l. A transfonnation is used to interchange 

the summations for the pwpose of decomposition. In the SCP problem, stage n 

loss is a function of stage n decision Un and stage n input state "n. If an expli

cit inverse of the state transfonnation relation cannot be found, it is not possible to 

go from one fonnulation to the other; a discussion may be found in Nemhauser 

(1966). Furthennore, dynamic programming algorithms, in general, are suited to 

solve problems with stage structure as in SCPo Hence, the need for the transforma

tion above. 

4.6 Semi-Interactive Scheme for SMODM 

To set up a scheme for SMODM, determination of ideal quantities and 

solution of DSCP require that an efficient dynamic programming solution technique 

be used. Quasi-Newton differential dynamic programming (QDDP) is thought to 

have the potential in this regard and its use is justified in section 4.7. 

Figure 4.2 illustrates a scheme for SMODM. It consists of non-interactive 

steps to set up a DSCP problem and the QDDP program followed by an interactive 

procedure to solve the DSCP problem for different values of weights «i and metric 

parameter s. 

In the first step, a SMODM problem is fonnulated as in equation 4.1. In 

the second step, I separate dynamic programming problems are solved, one for each 

of the I loss functions to determine the ideal quantities. If a total loss function (and 

therefore the stagewise components) is linear, solution may be found by linear pro

gramming, otherwise QDDP itself is employed once for each loss function. In step 
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three, new state variables are defined, one for each loss function, and using vectors 

of ideal stage losses [r~r, ... , rZJ, the DSCP problem is set up as in equations 

(4.28a)-(4.28e). In step four, the stage losses Rn(Xn,sn,11n), the gradient functions of 

stage losses and the lacobians of state transformation functions are coded into pro

gram functions (subroutines) and linked with problem independent program func

tions of the QDDP code. Starting values of weights ~ and s are also supplied at this 

step. It is recommended that the weights sum up to a preselected value. Although, 

any arbitrary value would suffice, a value equal to the number of loss functions is 

most convenient. This marks the end of the non-interactive part. 

In step four, QDDP determines a compromise policy and a compromise tra

jectory of states. This compromise policy is used to calculate the corresponding 

compromise trajectory of losses [rfi,'" ,r~iJ i=l, ... ,I and the compromise point 

for total losses [ff, ... ,ftJ. The ideal and compromise quantities are suitably 

displayed on the computer terminal screen. 

The user is able to compare compromise quantities with the ideal and 

choose a new set of ~ and/or s. QDDP finds a new compromise policy and the new 

ideal. and compromise quantities are displayed. The process continues until the user 

is satisfied with a compromise solution. 

Preference is progressively articulated through ~ and s. Though the ideal 

quantities are unachievable, in general, because they are infeasible, the user is pro

vided with the ability to move the loss function of greater importance closer to the 

ideal quantities. As an extreme case, the entire weight could be assigned to the loss 

function of overriding importance to yield the ideal total loss for that loss function. 

The scheme has been implemented for prototype SMODM problems. Details of 

implementation and results are presented in chapter 6. 
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4.7 Solution Technique for DSCP Problem 

In step 5 of the semi-interactive scheme, it is suggested that the DSCP 

problem be solved using QDDP. In this section, this suggestion is justified. DSCP is 

obtained from SCP by reversing the order of summations and at the expense of 

increasing the dimensionality of the state space from P to P+I. This increased 

dimensionality creates some new difficulties discussed next. 

Dynamic programming is a recursive procedure that, in general, discretizes 

the state and control spaces such that the loss function and the state transformation 

relation are evaluated only at a finite and manageable number of points. Apart from 

being an approximation technique for continuous problems like DSCP, the computa

tional effort grows exponentially with increase in state space dimensionality. This 

numerical difficulty, known asthe "curse of dimensionality" has restricted the use of 

dynamic programming for many problems. A discussion on the "curse of dimen

sionality" may be found, for example, in Larson and Casti (1978). 

For a DSCP problem with say P=1, M=l, N=12, 1=3, dimensionality of the 

state space would be four, large enough to make calculations for conventional 

dynamic programming procedure based on discretization of the state space quite bur

densome. Besides, depending upon the form of the Rn(xn,!ln,Yn) the accuracy of the 

solution may be difficult to control. 

Yakowitz and Rutherford (1984) have shown that a successive quadratic 

approximation technique called differential dynamic programming (PDP) can 

effectively overcome the "curse of dimensionality". The authors report solving prob

lems with as many as forty state and decision variables per stage and five stages. 

DDP concepts are based on Newtons method in non-linear programming. Discretiza

tion of the state space is avoided in DDP. Furthermore, DDP is a quadratically con-
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vergent algorithm and the accuracy of the final solution can be controlled easily. 

DDP has the potential to solve a DSCP problem repeatedly for different 

values of <Xj and s within an interactive scheme. DDP, however, requires 

specification and evaluation of second derivatives of the loss and state transforma

tion functions. Depending upon the form of stagewise loss functions, this could be a 

significant disadvantage. 

Fortunately, a variant of DDP called quasi-Newton differential dynamic 

programming (QDDP) has been developed in Sen and Yakowitz (1987). This tech

nique is based on variable-metric (quasi-Newton) algorithms in non-linear program

ming and relies only on first derivative information about loss and state transforma

tion functions. The QDDP algorithm is superlinearly convergent and like DDP final 

solution accuracy can be controlled easily. 

Encouraging numerical results have been reported by Sen and Yakowitz 

(1987). In the next chapter, a new second derivative (Hessian) matrix updating stra

tegy is developed. Numerical experiments comparing the new strategy to the one in 

Sen and Yakowitz (1987) are also reported in the next chapter. 

4.8 Stagewise Constrained Compromise Programming 

A constrained SMODM problem is obtained when in addition to the state 

transformation functions, there are constraints involving state and decision variables 

at each stage. The stagewise compromise programming concept and the semi

interactive scheme of section 4.5 is applicable in this case except that constrained 

dynamic programming problems must be solved. Yakowitz (1986) showed how 

differential dynamic programming (DDP) could be extended to solve such con

strained problems. Because, as mentioned earlier, QDDP requires only first deriva-
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tive infonnation, for this investigation, a constrained QDDP algorithm was 

developed and implemented. The algorithm was applied to solve a prototype stage

wise constrained compromise progranlming problem (Seep) and results are 

presented in chapter 6. 

4.9 Constrained SMODM and Compromise Programming 

The constrained SMODM problem that is considered is as follows : 

N 

Minimize F(X,U) = [fl f2' ... , fd 
U 

n=l, ... ,N 

k=1, ... ,K 

Un eRM 

n=l, ... ,N 

(4.29a) 

(4.29b) 

(4.29c) 

(4.29d) 

where, fj = l:rni(Xn,Un) and constraints in equation (4.29c) are of general non
n=1 

linear type. The difference of the above fonnulation with that in equations (4.1a-

4.1c) is the presence of constraints in equation (4.29c). 

To fonnulate a seep problem, ideal quantities must be determined by 

solving the following dynamic programming problems for i=I, ... , I : 

N 
Minimize fj = l:rni(Xn,Un) 

U n=1 

Xn+1 = Tn(xn,Un) n=l, ... ,N 

XI = xi 

k=1, ... ,K 

Un eRM 

n=l, ... ,N 

(4.30a) 

(4.30b) 

(4.3Oc) 

(4.3Od) 
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N 
The collection of vectors [rIf, ..• , rIX] , i=I, ... ,1 su.ch that ~r: = fin» are used 

0=1 

to formulate SCCP in the decomposable form (DSCCP) as follows : 

N 
Minimize I (s,x,U) = ~Rn(Xn,Sn,11n) 

U n=1 

where, 

Xn+1 = Tn(Xn,11n) 

Sn+1 = sn + 'Yn 

Xl = X(given) sl = 0 

hruc(Xn,11n) s 0 

I 
Rn(Xn,sn,11n) = :E~S[(sni+rni(Xn'11n)-r!)S - (Sni)S] 

i=l 

'Yn = [Pn+l,l' ... ,Pn+1,d 

Pni = rn-l,i(Xn-l,11n-l) - r~I,i n=2, ... ,N+l 

PH = 0 
n 

sni = ~Pti n=I, ... ,N+l 
1;::1 

(4.31a) 

(431b) 

(4.31c) 

(4.31d) 

The above decomposable form is obtained by using transformations exactly as in 

equations (4.14-4.27) and is omitted here. 

To determine ideal quantities and to solve the DSCCP problem as given in 

equations (4.31a-4.31d), a constrained QDDP algorithm is devised. Details of the 

constrained QDDP algorithm and numerical results are presented in chapter 5. 



CHAPTER 5 

UNCONSTRAINED AND CONSTRAINED QDDP 

5.1 Introductkm 
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In step 5 of the semi-interactive scheme for stagewise multiple objective 

decision making (SMODM) presented in the previous chapter, it was proposed that 

the decomposable stagewise compromise programming (DSCP) problem or the 

decomposable stagewise constrained compromise programming problem be solved 

using quasi-Newton differential dynamic programming (QDDP) or constrained 

QDDP. In section 5.2, a description of QDDP is presented. As mentioned in chapter 

1, the term QDDP stands for unconstrained QDDP. Computational testing and com

parisons between two different updating strategies for Hessian approximation are 

discussed in the third section. In section four, a constrained QDDP technique is pro

posed and computational results are presented. 

5.2 Description of QDDP 

5.2.1 General 

QDDP is a variable-metric variant of differential dynamic programming 

(DDP). Like DDP, it is particularly promising for problems with multiple state vari

ables. Unlike DDP, however, only first derivative information is required in QDDP. 

In QDDP, the Hessian matrices are replaced with approximations based on 

the quasi-Newton condition (Fletcher 1980). These approximations are updated at 

each iteration with new information using a suitably constructed updating formula. 

Generally, the updating formulas may be classified as rank-one or rank-two. In a 

rank-one formula, a rank-one matrix is used to update an approximation and in a 
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rank-two fonnula, a rank-two matrix is used for the update. In section 5.3, computa

tional comparisons between the perfonnance of two different updating strategies are 

presented. 

QDDP is applicable to discrete-time optimal control problems (OCP) that 

have the following fonn : 

where, 

N 
minimize L = l:gn(Xn,lIn) 

lJ n=l 

lJ = [Uh ... , lin] is the policy 

x = [xh ... , Xn] is the trajectory of states 

(5.1 a) 

(5.1 b) 

(5.1c) 

A schematic representation is given in figure 5.1. It is assumed that stage 

loss functions gn(Xn,lIn) and state transfonnation functions Tn(Xn,lIn) are twice con

tinuously differentiable. Note that the DSCP problem has the same structure as 

equations (5.1a)-(5.1c). 

QDDP iteratively improves a given policy lJs = [uf, ... , u~] until the 

minimum of L is found. Given xf = Xl' Us completely determines the trajectory of 

states XS = [xl, ... ,x~] through Tn' n=l, ... ,N. 

A QDDP iteration consists of a backward run followed by a forward run 

that finds a successor policy and trajectory. Details of an iteration follows. 
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Define 

UC = [uf, ... , uJ&]: current policy 

xc = [xf, ... ,x~]: current trajectory 

U-= [uI' ... , uN]: previous policy 

X-= [xl' ... , xN]: previous trajectory 

U+= rut, ... , UN]: successor policy 

X+= [xt, ... ,xN]: successor trajectory 

where, xf = Xl = xt = Xl 

5.2.2 Backward Run 

Let fn+1(Xn+l) be the quadratic approximation at x:t+l to the optimal 

(over the subpolicy [Un+l"'" Un]) cumulative loss through stages n+l to N, 

expressed as a function of xn+l ,i.e., 

(5.2a) 

where, 

(5.2b) 

(5.2c) 

With fN+1(XN+l) = 0, the task at any stage n, n = [1,N] of the backward run is to 

construct fn(Xn). 



Ul U2 UN 

Xl 1 X2 
2 

X3 XN 
N XN+l j 

g(Xl,Ul) g(X2,U2) g(XN,UN) 

~ = Tl(Xl'Ul ) X3 = T 2(X2'U2) XN+l = TN(XN,UN) 

Figure 5.1 Representation of Discrete-time Optimal Control Problem 
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Let, 

(5.3) 

From equation (5.1b), 

(5.4) 

Let L(xn,un) denote the quadratic approximation of L(Xn,Un) at (X;,U;). Then, 

fn(xn) = minimum L(xn,un) 
Un 

where, fn(Xn) is the quadratic approximation of fn(xn) at x~. 

(5.5) 

Consider a second order Taylor's series approximation of L(Xn,Un). First note that 

L(Xn,Un) = gn(Xn,Un) + cn+l + qJ'+l(Tn(xn,un)-X~+l) 

+ t(Tn(Xn,Un)-~+l)Tpn+l (Tn(Xn'Un)-x~+l) 

Hence, the second order Taylor's approximation may be written as 

L(xn,Un) = gn(x~,u~) + cn+l + dJ'dUn + eJdxn 

+ t(rlXn)TAnrlXn + (dUn)TJ3nrlXn + t(dUn)T~dUn 
where, 

(5.6) 

(5.7) 

dn ,en are gradients and An,Bn,Cn are Hessians of L(xn,Un) evaluated at (X;,u~) 

given by, 

(5.8) 

(5.9) 

(5.10) 



B - v L(Y c n C
) - v I.;c n - WI. '-n'-n - ux 

Using equation (5.6), 

where, 

p 
VxxLc = Vxxgn(X;,~)+ 1:qp.n+1 VxxT~+(VxT;)Tpn+l(VxT;) 

p=1 

p 

VuxLc = Vuxgn(x;,U;)+ 1:qp,n+l VuxT~ +(VuT;)TPn+l(VxT;) 
p=1 

p 

VuuLc = Vuugn(X;,~)+ 1:qp,n+l VuuT~+(VuT;)TPn+l(VuT;) 
p=1 

VuTn is the P x P submatrix of the Jacobian of Tn' 

VxTn is the P x M submatrix of the Jacobian of Tn' 

V .. Tpn are the second partials of the pth function in Tn' 

Qp,n+l is the pth element of Qn+1' 
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(5.11) 

(5.12) 

(5.13) 

(5.14) 

(5.15) 

(5.16) 

(5.17) 

Note that the evaluation of second partials, especially the ones related to Tn require 

a 
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particularly time consuming computations. To overcome this computational burden, 

QDDP replaces the second partial tenns in equations (5.15)-(5.17) are replaced by 

approximations based on first partials evaluated at the current point (X;,O:;) and the 

previous point (X;,o;). 

Let 

p 

M~,n approximate Vxxgn(X;,~) + 1:qp,n+l VxxT~ 
p=l 

p 

M~,n approximate Vuxgn(x;,u;) + 1:qp.n+l VuxT~ 
p=l 

p 

M;u,n approximate Vuugn(X;,~) + 1:qp,n+lVuuT~ 
p=l 

such that the following quasi-Newton condition is satisfied: 

where, 

p 

'Ym = Vxgn(x;,~) - Vxgn(X;,o;) + 1:qp,n+l[VxT~-VxT~] 
p=l 

p 

'Yun = Vugn(X;,~) - Vugn(X;,o;) + 1:qp,n+l[VuT~-VuT~] 
p=l 

Let 

(5.18) 
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y.= [~:] 

Given an and 'Yn, matrix M~ may be obtained from M; by using an updating stra

tegy. The discussion on updating strategy is deferred to the final subsection. For 

now, it is assumed that ~ is available. Then using equations (5.10)-(5.12) and 

equations (5.14)-(5.16) the following may be stated: 

(5.19) 

(5.20) 

(5.21) 

At this point, the vectors and matrices in the expression on the right hand side of 

equation (5.7) have been completely detennined. Now, 

fn(xn) = minimum 
.. 
L(xn,un) (5.22) 

Un 

Setting, 

V uL(Xn,Un) = CndUn + Bndxn + dJ = 0 (5.23) 

We get, 

uri = ~ - C;1(dJ' + Bn(x:-~» (5.24) 

Or, 

uri = u~ + <Xn + Pn(X: -~) (5.25) 
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where, 

«Xn = - c;ldl (5.26) 

(5.27) 

uti is the successor stage n decision as a function of successor stage n state x;i. The 

value x;i is not available at this point, however. From equation (5.21) the matrix ~ 

is positive definite if M;u,n and Pn+l are positive definite and C;1 exists. Substitut

ing for u: from equation (5.25) to L(xn,Un), we get, 

(5.28) 

using equation (5.7), fn(Xn) is expressed (without derivation) in Sen and Yakowitz 

(1987) as follows: 

(5.29) 

where, 

(5.30) 

(5.31) 

(5.32) 

Equations (5.29)-(5.32) were verified by going through the necessary algebraic steps. 

When n = 1 all computations required during a backward run are complete. 

A point of particular interest is the the fact that ~1 and P n+l contains all 

the stage n+ 1 information that is necessary to construct fn(xn). Once fn(Xn) has been 

constructed, ~+1 and Pn+1 are no longer needed. 
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5.2.3 Forward Run 

Successor policy U+ and successor trajectory X+ are computed during the 

forward run. Instead of equation (5.25), however, the following equation is used. 

(5.33) 

where A. is the parameter obtained by line search and ensures global convergence. 

Procedure to obtain A. is discussed shortly. Assuming A. is available, since 

xf = xt = xl is given, one obtains from equation (5.33), 

Compute for n=2, ... , N, 

This marks the end of a QDDP iteration. In the next iteration, U+ and X+ 

becomes the current policy and trajectory and another successor policy and trajectory 

are found. 

5.2.4 Stopping Rule 

Recall that ~ = V uL(x~,U:;), the vector d1 is an approximation of the gra

dient of the entire loss function L given in equation (5.1a) with respect to U. Using 

this fact, QDDP iterations are terminated when d1 and the quantity 

N 
l:[gn(x,1",uti) - gn(~'U:;)] are both close to zero within a tolerance limit of say, 
n=l 
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5.2,5 Line Search Usine Annijo's Rule 

The line search scheme implemented for QDDP code is Armijo's rule 

found, for example, in Luenberger (1984), Introducing the line search parameter A. in 

equation (5,30), we get, 

(5.34) 

Therefore, 

N N 
CI(A.) = l:gn(X:;'~) + l:tA.dJ'<Xn 

n=l n=l 
(5.35) 

Then 

N 
Cl(O) = l:gn(X;,~) (5,36) 

n=l 

Using equations (5,35) and (5,36), 

(5,37) 

Or, 

(5,38) 

The quantities Cl(O) and c/l(O) are easily accumulated stage by stage during the 

backward run, 

Let 

N 
](A.) = l:gn(xn,Yn(A.» (5.39) 

n=l 



where, Xn+l = Tn(Xn,l1n(A» 

xl = xi 

Given J(A) for an arbitrary A, the inequillity 

J(A) S cI(O) + £C'I(O)A 

n=l, ... ,N 

0<£<1 
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(5.40) 

(5.41) 

is tested. If satisfied, A is considered too small. It is multiplied repeatedly by 11, 

checking inequality (5.41) each time, until it is not satisfied. The penultimai:e value 

of A is then chosen as the line search parameter. 

If inequality (5.41) is not satisfied, A is considered too large. It is repeat

edly divided by 11 until (5.41) is satisfied. The current value of A is then chosen as 

the line search parameter. Armijo's rule guarantees descent in the loss function at 

each QDDP iteration. 

5.2.6 Hessian Updating Strategies 

Sen and Yakowitz (1987) use the Broyden rank-one formula to update Mi 

from M; as follows. 

(5.42) 

In general, the Broyden-Fletcher-Goldfarb-Shanno (BFGS) rank-two update 

formula, given in Luenburger (1984), for example, has been found to be numerically 

superior to the Broyden rank-one formula (Reklaitis et. al, 1983 ) for single stage or 

static non-linear programming problems. A rank-two formula for M~ is considered 

inappropriate, however, because xn is dependent on Un' 
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Positive definiteness of M~u,n is not guaranteed when the Broyden rank

one fonnula is used. Hence C;l may not exist causing the backward run to collapse. 

Fortunately, it is possible to avert this 'difficulty using an updating strategy given 

here. Because M.;u,n corresponds only to the decision variables Un that may be 

independently controlled, a rank-two update for M~,n combined with a rank-one 

update for the remainder of M; is proposed. The BFGS rank-two update gurantees 

positive definiteness of M;u,n' For rank-one update, the Broyden fonnula can no 

longer be used because it requires that the matrix being updated be square. A 

different rank-one formula based on results in Dennis and Schnabel (1985) is 

derived below. From equation (5.18), 

[M;,,n (M.:'"n)T I [::] = 1"" (5.43) 

Now, 

(5.44) 

Where E is a rectangular rank-one updating matrix. Let, 

E = awvT weRP veRP+M a eRl (5.45) 

Then, 

(5.46) 

Substituting in equation (5.43), 

(5.47) 
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Or, 

awyT [t] = Ym -[M;,n (M;,,JT) [t] (5.48) 

Let 

(5.49) 

Substituting for w in equation (5.48), we get 

(5.50) 

Therefore, 

1 
(5.51) a=---

Substituting for a and w in equation (5.46) we get 

(5.52) 

[y", - [M;~ (M;,.)T) [tlJ yT 

+-=---------==--~-

where, vT is arbitrary vector satisfying 
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Letting vT = [Bxn Bun], we get the final rank -one fonnula as follows: 

(5.53) 

[r"" - [M;",n (M;',n)') [t]) [6"" 6,.,1 
+....;:,.---------=---=:.;;....---

[6"" 6,.,1 [t 1 
From equation ,(5.18), 

(5.54) 

since M~x,n is known from equation (5.53), COun is easily detennined. The BFGS 

fonnula is now applied to update M;u,n as follows : 

which may be written as, 

where, 

M;u,nBun(Bun) TM;u,n 

(Bun) TM~,n(Bun) 

M e M- T T uU,n = uu,n + vv - ww 

(5.55) 

(5.56) 

v and w will be called the positive and negative updating vectors, respectively. 

5.2.7 QDDP Algorithm 

The QDDP algorithm is outlined next. It was implemented in the "c" pro

gramming language on an UNIX based AT&T 7300 personal computer. Details of 

implementation is in appendix C. 
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1. Initialization : 

(a) Given an initial policy UC and stage 1 state vector xf, calculate initial 
trajectory Xc using equation .(5.lb). 

(b) Initialize M:t to be an identity matrix. 
(c) Set iteration = 1. 

2. Backward Run: For n = N,N-l, ... ,1 

(a) Compute en' <In using equations (5.8-5.9). 
(b) If iteration = 1 do not update M;, otherwise update M; using equa

tions (5.53) and (5.56). 
(c) Compute An' Bn, C; using equations (5.19-5.21). 
(d) Compute «n, ~n using equations (5.26-5.27) and ~, P n using equations 

(5.30-5.32). 
(e) Accumulate cI(n), c'l(n) using equations (5.36) and (5.38). 

3. Line Search : 

Carry out line search using Armijo's rule as explained in section 5.3.5 to 
find line search parameter A. 

4. Forward Run : 

Compute successor policy U+ and successor trajectory X+ using equa
tions (5.1b) and (5.33). 

5. Stopping Rule Check : 

If satisfied according to requirement in section 5.2.4, QDDP has con
verged. Otherwise, set iteration = iteration + 1 and begin a new back
ward run with (X+,U+) as the current trajectory-policy pair. 

5.3 Computational Testing and Comparisons 

In this section computational studies on two updating strategies, viz., rank

one as given in equation (5.42) and rank-two plus rank-one as given in equations 

(5.53) and (5.55), are reported. These studies are based on a class of problems taken 



from Yakowitz and Rutherford (1984) having the following fonn : 

where, 

where, 

N 
Minimize L = l;gn(Xn,Un) 

U n=l 

Xn+l = Xn + G[Sin(uJ), ... , Sin(UnM)f 

xl = Xi. (given) 

lben" and Ikln" are Euclidean nonns of vectors Xn and Un, 

oJ, . . . , u!;1 are the M elements of the vector Un 
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(5.S7a) 

(S.S7b) 

(S.S7c) 

G is a P x M matrix whose elements are unifonnly distributed random numbers 

between 0 and to. 

Changing the values of P, M, N alters problem size while maintaining the 

same basic structure. Note that the loss function L in equation (S.S7a) is not convex. 

It was observed during computational experiments that the value of E used 

during line search in equation (S.4l) has considerable influence on convergence rate. 

Consequently, experiments were conducted with different values of E. Computa

tional experience with the two updating strategies are reported in Tables S.1 and S.2. 

A value of 1.0xlO-6 was used throughout as the tolerance for stopping rule. Values 

pIP, p = 1, ... ,P are used for elements of the vector Xl and the zero vectors are 



87 

used as decisions comprising the initial policy. 

Numerical success with the Broyden rank-one fonnula as reported in Sen 

and Yakowitz (1987) could not be achieved here perhaps because a more accurate 

line search scheme was used in Sen and Yakowitz (1987). It may also be due to the 

fact that random numbers in the G matrix were not available and random numbers 

were generated using a linear congruential generator, found, for example, in Law 

and Kelton (1982). 

Table 5.1 indicates that perfonnance of QDDP using Broyden rank-one for

mula deteriorates rapidly with simultaneous increase in the number of state and deci

sion variables. With 5 states, 5 decisions and 5 stages convergence was not achieved 

for any of the three values of E. However, as the number of decisions were 

reduced and the number of stages were increased to 10, 15, 40, and 100, number of 

iterations to convergence does not increase rapidly. With 5 states, 2 decisions, 100 

stages, E = 0.1, the problem converges in 91 iterations and with 2 states, 2 decisions, 

100 stages, E = 0.1, 57 iterations are required for convergence. Execution time for an 

iteration is negligible (a few seconds) for smaller problems, increasing to about 

thirty minutes for 57 iterations of the 5 state, 2 decisions, 100 stage problem. 

Table 5.2 gives perfonnance of the updating strategy using the combined 

rank-one and rank-two updates. When compared to Table 5.1, superior perfonnance 

is evident. For example, the problem with 2 states, 2 decisions, 2 stages, E = 0.5, 

converges in only 6 iterations compared to that of 43 iterations using rank-one 

updates. With increase in problem size, convergence in fewer iterations compared to 

the case with rank-one updates becomes more and more evident. The 5 states, 2 

decisions, 100 stages, E = 0.5, converges in 20 iterations while the 2 states, 2 deci-
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sions, 100 stages, e = 0.8, problem takes only 21 iterations to converge. 

In Table 5.2, the 3 states, 3 decisions, 3 stages, e = 0.5, problem, after 

rapid convergence for the first 8 iterations, slows down considerably, and final con

vergence is not achieved even in 160 iterations. Also, for the 5 state, 5 decisions, 5 

stages, e = 0.8, problem, there is an overflow in the C library function "sin" after 

67 iterations. A reference to the library documentation (AT&T UNIX PC System V 

User's Manual Volume IT 1986) indicates that this error is possible for small values 

of the arguments for the "sin" function. 

It may be concluded from the computational testing reported here that, for 

the test problem, updating strategy proposed in this dissertation gives superior 

QDDP performance compared to the Broyden rank-one formula given in Sen and 

Yakowitz (1987) for suitably chosen E. Perltaps a more important finding is that the 

increase in number of stages has limited impact on the rate of convergence, regard

less of the updating strategy used. The significance of this fact is that problems with 

long time horizons (with discrete time-periods of course) or with many linked stages 

may be efficiently solved using QDDP. A computer faster than the AT&T UNIX PC 

7300 would also reduce the already small iteration times even further. 

5.4 Constrained QDDP 

Constrained QDDP is applicable to dynamic programming problems in the 

following general form : 

N 
Minimize L = ~gn(Xn,Dn) 

U n=l 

"n+l = Tn(Xn,Dn) 

Xl = xi 

n=l, ... ,N 

(5.58a) 

(5.58b) 



n=1, .•. ,N 

Un eRM 

k=1, ... ,K 
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(S.S8c) 

(S.S8d) 

It is assumed that functions L, Tn' and ~ are twice continuously differentiable. 

S.4.1 Backward Run 

The stage n problem in backward run of constrained QDDP is given below. 

It is exactly as in equation (S.S) except for the constraint in equation (7.Sb). 

where, 

Minimize i.<Xn,Un) 
Un 

hruc(Xn,Un) SO k=1, ... , K 

L(Xn,Un) = &t(x;t,Un') + cn+l + dJdUn + eJ'dXn 

(S.S9a) 

(S.S9b) 

+ i(dXn)TAndXn + (dUn)1BndXn + t(dUn)T<;dUn 

Quantities dn, en' An' Bn and <; are as given in equations (S.8-S.12). An' Bn, <; 

are determined using equations (5.19-5.21). The quasi-Newton condition used is 

slightly different, however, and this is discussed in section 5.5.3. Given equations 

(S.S9a-S.S9b), the goal is to find the successor state U; and the corresponding qua

dratic approximation fn(Xn) of fn(Xn). First, the following quadratic program is 

solved: 

(5.60a) 

hruc(O,dlln) S 0 (S.60b) 
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where Q(O,dUn) is obtained by setting dxn = 0 (i.e. Xn = X:;) in L(Xn,Un) and 

ignoring &t(X:;,ui{), Cn+l because they are constant terms. 6ruc(O,dUn) is the linear 

approximation of hruc(Xn,Un) at (x:;,o:;r with dxn = O. The matrix <; is required 

to be positive definite. 

At the solution to the quadratic program, let In be the index set of active 

constraints and 7tnk' k E In be the cOJTesponding Lagrange multipliers i.e., for 

k E In' 6ruc(O,dUn) = 0 and 7tnlc > O. The active set thus found is used as an estimate 

of the actual active set with the variability in Xn introduced in the following equal

ity constrained problem : 

Minimize L(Xn,Un) 
Un 

6ruc(Xn,Un) = 0 for all k E In 

(5.61a) 

(5.61b) 

To further explain equation (5.61b), 6ruc(Xn,un) are linear approximations to those 

constraints hruc(Xn,Un) with k E In' Expressing equation (5.61b) in matrix form as 

(5.62) 

the Kuhn-Tucker necessary conditions are written as follows : 

(5.63a) 

(5.63b) 

which may be written in matrix form as : 

(5.64) 
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Iln are Lagrange multipliers corresponding to the equality constraints in equation 

(5.61b). Equation (5.64) may be written as : 

where, 

Then dUn and Iln can be written as follows : 

where, 

dUn = uri -0:; = «Xn + f3nWcn 
J.1n = CPn + "'nWcn 

«Xn = -zJ~ - Zliwn 

f3n = -zJBn - ZliXn 
CPn = -Zi~ - Z;W n 
"'n = -ZiBn - Z;Xn 

(5.65) 

(5.66) 

(5.67) 

(5.68) 

(5.69a) 

(5.69b) 

(5.69c) 

(5.69d) 

Like dUn, J.1n is a function of dxn. Substituting for Un in L(Xn,l1n) the value of 

uri from equation (5.67), fn(Xn) can be constructed exactly as in equation (5.29) 

with quantities tn, ~ and Pn defined as in equations (5.30-5.32). Calculations for 

stage n-l may now begin. When n = 1, backward run is tenninated. 

Most of the extra computational effort in the backward run of constrained 

QDDP goes in solving a quadratic programming problem at each stage. Also, in 

general, a larger matrix must be inverted at each stage of the backward run in place 

of <;. 
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5.4.2 Forward Run 

Given <In and Pn successor policy u+ and successor trajectory X+ are 

computed as in section 5.3.3. The parameter A. is determined by a line search pro

cedure to be discussed in section 5.4.4. Once x+ is known. Lagrange multipliers 

J.1n are computed using equation (5.68). 

5.4.3 Stoppini Rule 

If the reduction in value of loss function L from one iteration to another is 

less than a tolerance (lxlO-6 for example) and the constraints are feasible. con

strained QDDP iterations are terminated. 

5.4.4 1iessian lJ~ates 

Hessian updating is carried out using the combined rank-one and rank-two 

updates with some modifications. Quantities Sm. Sun. 'Ym and 'Yun are calculated as 

follows: 

Sun = u:; - U; (5.71) 

'Ym = Vxg(x,';.U:;) - Vxg(X;.o;) + ~[Vxhnk(x,';.~) - Vxhnk(X;.o;)] 
p 

+ ~qp,n+l[VxT~ - VxTPt1 (5.72) 
p=l 
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As in equation (5.54) 

(5.74) 

Here, rather than approximating the Hessian of the function L(Xn,lIn) given in equa

tion (5.6), the Hessian of the Lagrangian L(Xn,lln) + JJJhruc(Xr'{,ui) is approximated. 

Rank-one update of [M~.n (M;'n)1) is carried out using the formula in 

equation (5.53). Broyden rank-two update of M~.n is done as follows : 

where, 

Therefore, 

where, 
Pun 

if (~un)TO)un ~ (O.2)(~un)TM;u,n~1Dl 

if (~un)TCI)un < (O.2)(~un)TM~n~1Dl 

Me M- + T T '<YAuu,n = uu,n VV - WW 

v = -Vr=(p=un==) T==~= 

(5.75) 

(5.76) 

(5.77) 

(5.78) 

using Pun in place of O>un directly in the Broyden rank-two formula assures that 

the denominator (PlDl)T~un is positive (verification given in Luenburger 1984) and 

that positive definiteness is preserved going from M~.n to ~u.n' Furthermore, as 

a safeguard against numerical errors, no rank-two update is done if ~n < 10-8• 
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5.4.5 Line Search 

In order to ensure that movement from current policy UC to successor pol

icy u+ gives sufficient reduction in the' value of the loss function L, a line search 

is carried out to determine appropriate step sizes. Moreover, unlike the unconstrained 

case, the line search procedure must also take into account feasibility considerations. 

A line search procedure that uses a penalty approach for infeasibilities is described 

next. In what follows, this procedure is tailored for constrained QDDP. 

A value of A. = 1 is chosen to begin the line search. Trial successor policy 

U+ and trajectory X+ are calculated using 

uri = 0;+ Mxn + Pn~ 

I xri+l = Tn(X;,uri) (5.79) 

xt = Xl (given) 

Once U+ and X+ are known, J..I.n, n = l,tt.,N are calculated as J..I.n = CPn + 'l'n~' 

Next, penalty functions are calculated as follows : 

N N K 
W(XC,UC) = Lgn(xi,o;) + L LVnk max[O,hnk(xi,o;)] (5.80) 

n=1 n=1k=1 

N N K 
W(X+,U+) = L&t(X;,uri) + L LVnk max[O,~(X:,uri)] (5.81) 

n=1 n=Ik=1 

where, vnk = 1.1 J..I.nJc and J..I.nJc are elements of the vector J..I.n. 

The following inequality is checked with 0 < £ < 1 

(5.82) 
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where r is the optimal objective value of the stage 1 quadratic program, i.e., 

If inequality (5.82) is satisfied, A. is considered too small and is doubled repeatedly 

checking (5.82) each time, until it is not satisfied. The penultimate value of A. is 

taken as the line search parameter. However, doubling A. each time may sometimes 

lead to a too aggressive step size causing one or more flnk to be negative. In such 

cases, to avoid negative penalties, the penultimate value of A. is taken as the line 

search parameter even though the inequality in (5.82) is satisfied. . 

If inequality (5.82) is not satisfied, A. is considered too large and is repeat

edly halved until (5.82) is satisfied. The current value of A. is then taken as the line 

search parameter. 

Clearly, the procedure attempts to find a line search parameter that 

sufficiently reduces a penalty function. Penalties are added for infeasible policies in 

proportion to magnitudes of constraint violation with zero penalty for a feasible pol

icy. Because, infeasible policies are allowed during iterations the loss function may 

not monotonically decrease in value. Powell (1982) proved that successive quadratic 

programming with step sizes detennined by the penalty approach, under some gen

eral conditions, generates a sequence of points that converges to a Kuhn-Tucker 

point. 

5.4.6 Constrained QDDP Ale;orithm 

The constrained QDDP algorithm is obtained by modifying the QDDP 

algorithm presented in section 5.2.7 and is outlined next. 
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1. Initialization : 

(a) Given an initial policy UC and stage 1 state vector xf, calculate initial 
trajectory XC using equation (S.lb). 

(b) Initialize M;{ to be an identity matrix. 
(c) Set iteration = 1. 

2. Backward Run: For n = N,N-l, ... ,1 

(a) Compute en' dn using equations (S.8-S.9). 
(b) If iteration = 1, do not update M;, otherwise calculate 1m and 1un 

using equtions (S.70-S.71) and update M; using equations (S.S3) and 
(S.S6). 

(c) Compute An' Bn, Cn using equations (S.30-S.32). 
(d) Solve quadratic program in equations (S.60a-S.60b) and calculate Cln, 

i3n' 'n' "'n using equations (S.69a-S.69d). 

3. Line Search : 

CatTy out line search as described in section 5.4.5 to find line search 
parameter A.. 

4. Forward Run : 

(a) Compute successor policy u+ and successor trajectory x+ using equa
tions (S.57b) and (S.33). 

(b) For n = 1, ... ,N compute J..ln using equation (S.68) 

S. Stopping Rule Check : 

If satisfied according to discussion in section S.4.3, constrained QDDP 
has converged, stop. Otherwise, set iteration = iteration + 1 and begin a 
new backward run with x+ and U+ as the new trajectory-policy pair. 

S.S Computational testin& of Constrained QDDP 

Computational testing of constrained QDDP was done on a test problem 

found in Ohno (1978). The same problem may also be found in Mehra and Davis 
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(1972). 

N 
Minimize L = l:At [xii +~ + O.OOSO;] 

U n=1' 
(S.84a) 

(S.84b) 

(S.84c) 

Xn=O xI2=-1 (S.84d) 

(S.84e) 

where, At = 0.01, N = 100 and the initial (nominal) policy is given by 

U; = -1 (n S SO) and u; = 0 (n > 50) 

Changes in Xn2 and Un trajectories from one iteration to another are 

given in Figures S.2a and S.2b. Figure S.2c shows changes in value of the loss func

tion L over iterations. Loss L is 0.19082994136 after 8 iterations, 0.178331068 

after 19 iterations and 0.178112029 after 20 iterations. The Xn2 trajectory lies on 

the constrained boundary from n = 30 to n = 70. "n2 trajectory from Ohno (1978) 

lies on the constraint boundary from n = 29 to n = 70 and that from Mehra and 

Davis (1972) lies on the constraint boundary from n = 28 to n = 70. 

It is to be noted that Ohno's (1978) algorithm requires second order infor

mation as input. Furthennore, the algorithm is for equality constrained problems 

although inequality constraints can be handled if the nominal or initial policy is in 

the neighborhood of the optimal policy. Mehra and Davis (1972), on the other hand, 

do not take advantage of the stagewise structure of (S.84a-S.84e) and use a general

ized gradient method by treating the problem as any other non-linear programming 

problem. 
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CHAPTER 6 

IMPLEMENTATION OF THE SMODM SCHEME 

6.1 Introduction 

104 

Stagewise compromise programming is implemented in this chapter follow

ing the semi-interactive scheme given in chapter 4. Recall that the non-interactive 

part of the framework consists of finding ideal quantities and setting up a computer 

program whereas the interactive part consists of gene~ating compromise solutions 

interactively as the metric parameter and weights are changed by the user. To estab

lish viability of the scheme, it was implemented for a prototype two-stage and a pro

totype four-stage problem. Also, a prototype constrained SMODM problem was for

mulated as a decomposable statewise constrained compromise program and solved 

using constrained QDDP. Finally, a procedure is presented for computation of ideal 

quantities by linear programming when loss, state transformations , and constraints, 

if any, are all linear functions of states and controls. 

6.2 Prototype Two-stage Problem 

The first prototype problem to be solved is a two-stage problem with three 

loss functions. A schematic representation is shown in Figure 6.1 and a description 

is given below. 

"nrl = "n+11n+t 

Xl = 0 
"n eRI Un eRI 

n=I,2 

(6.1a) 

(6.tb) 

(6.1 c) 
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where, 

fl = fll+ f21 

fll = (I+Xl+Ul)2 -1 

f2 = f12+ f22 

f21 = u[-1 

f3 = f13+ f23 

fl3 = 2(1+XI+UI)UI 

6.2.1 Computation of Ideal Quantities 

106 

Three separate dynamic pfogramming problems must be solved to deter

mine completely the ideal quantities. Because of the small size of the problem at 

hand, computations were straightforward. Calculations using a dynamic program

ming recursive procedure are given below for the first loss function. 

6.2.1.1 Backward Run 

Let, P2(x2) = min (uf-I) 
u2 

Setting the derivative with respect to u2 to zero, we get ur = 0 and P2(x2) = -1. 

and PI(XI) = min ql(xI) 
Ul 

Setting the derivative with respect to ul to zero, we get up' = -xl-1 and 
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6.2.1.2 Porward Run 

Since xp' = xl = O(given), up' = -I and xF = xP'+uP'+1 = 0 +1-1 = O. 

and rlf = (_1)2 + 2(-1) = -I , rE = (0)2 -I =-1 

Similar calculations for loss functions two and three determine the ideal 

quantities which are given below. 

6,2,2 Ideal Quantities 

6,2,2,1 Ideal Point for Total Losse's 

pIP = [fIP, ff, ff] = [-2, 0, -2] 

6,2,2,2 Ideal Trajectory of Losses 

rE=-1 

rE= 0 

rg=-2 

Each column above represents a vector of ideal stage losses, 

6,2,2,3 Ideal Trajectory of States 

xff= 0 

x~=O 

xg=O 

XIP - 0 21 -

xg= 1 

xE= 1 



6.2.2.4 Ideal Policy 

uR' =-1 

UIP - 0 12 -

UIP - 0 31 -

6.2.3 Settin~ up the DSCP Problem 

UIP - 0 21 -

uH=-2 

ug=-1 
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Having obtained values for the ideal quantities, the DSCP problem is set up 

using equation (4.8) and is given below. A schematic representation is shown in Fig

ure 6.2. 

Defining state variables Sn = [Snhsn2,SnJl n=1,2, the DSCP problem may be stated 

as follows. 

Minimize /(s.x,U) =l:. [±af[(s",+rnrr,w). - (sm)'] ] 
ul,u2 n=1 i=1 

(6.2a) 

Xni-l = Xn+ l1n+ 1 n=1,2 

Sn+l,i = S -+ I' - II? ru ru ru i=1,2,3 and n=1,2 

xl = 0 (6.2b) 

sli = 0 i=1,2,3 

Gradients of loss functions for two stages in equation (6.2a) and the Jacobi

ans of the state transformation functions in equations (6.2b) are determined and 

coded into QDDP program function gradjacobO (program functions are discussed in 

appendix C). Calculations may be .found in Appendix A. Stage loss functions are 

coded into nambdaO and the state transformation functions are coded into 

transform(). Minor changes are made in problemO where provisions are made to 

read in the number of objective functions. The metric parameter s and weights Clj 
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Figure 6.2 Representation of DSCP for Prototype Two-Stage Problem 
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are also read in interactively in problemO. 

6.2.4 Interactive Solutions 

Initial policy of u1 = 0, u2 = 0 and a QDDP tolerance of 1.0xlo-9 were 

chosen for interactive experiments. Values of the metric parameter and weights 

were changed interactively. For s = 1 and s = 2, results are reported in Tables 6.1 

and 6.2. Therefore, following the discussion under Approach 2 of section 4.4, any 

compromise point for total losses is guaranteed to be efficient or nondominated. 

While varying the weights, it is ensured that ar~~+a3 = 3 in order to maintain 

consistency for comparison. 

Results in Table 6.1 are explained first. The compromise point for total 

losses with weight set I shows pcP = [f{P, fP, f:fP] = [-1.1875,0.8125, -1.625]. 

Comparing to FIP = [-2, 0, -2] it is evident that each component is inferior to the 

ideal under the "less is better" assumption. With set II, less weight is placed on f1 

(indirectly through the distance metric). The new compromise point for total losses 

is given by pcP = [-0.71616, 0.62381, -1.77637]. As intuition would suggest, f{P has 

moved further away from fIP while fiP and f:fP have moved closer to ff and 

f~P. Similarly with sets m and IV, as weights on f2 and f3 are reduced, values of 

fP and f:fP move away from the ideal values f~P and fY. With set V, f2 and f3 

are weighted zero and the entire weight is placed on fl' This yields ffP = fr, i.e., 

ideal is achieved for fl' Likewise with set VI, fjP = flP. 

Moving on to Table 6.2, results are quite similar to those of Table 6.1. 

Consistent with the fact that all compromise points for total losses are efficient, none 

of the compromise points in Table 6.1 and Table 6.2 taken together dominate any 

other, i.e., there is no compromise point for total losses with uniformly better values 



S 1 
IXI 1.0 

I lIZ 1.0 
«l1 1.0 

, 

!Compromise 
-1.1875 

Point for 0.8125 
Total Losse~ 

-1.6250 

-0.75 -0.43750 
Compromise 

Trajectory 0.25 056250 
of Losses 

-0.50 -1.12500 

Compromise -0.5 -0.75 Policy 

Compromise 
0.00 0.5 Trajectory 

of States 

Number of 
QDDP 13 

Iterations 

FinalQDDP 8.5277875405 

Gradient x 10 -10 
-_._---- - -

1 1 1 1 
0.6 n 1.2 

ill 
1.2 

IV 
3.0 

V 1.2 0.6 1.2 0.0 
1.2 1 2 0.6 0.0 

-0.71616 -1.35310 -1.37278 -2.00000 

0.62381 0.98506 0.85799 2.00000 

-1.77637 -1.58624 -1.43179 0.00000 

-0.59258 -0.12358 -0.76052 -059258 -0.85207 -052071 -1.00000 -1.00000 

0.13083 0.49298 0.26075 0.72431 0.37870 0.47929 1.00000 1.00000 

-0.40175 -131462 -0.49977 -1.08647 -0.47337 -0.95858 0.00000 0.00000 

-0.36170 -0.93617 -051064 -0.63830 -0.61539 -0.69231 -1.00000 0.00000 

0.00 0.63830 0.00 0.48936 0.00 0.38461 0.00 0.00 

14 12 16 14 

1.1565177798 2.3409542143 1.9624462287 1.0076114012 

x 10 -10 x 10 -10 x 10 -10 x 10 -10 
-----_.-

Table 6.1 DSCP Results For Two-Stage Problem ( s = 1 ) 

1 
0.0 

VI 0.0 
3.0 

0.00000 

1.00000 

-2.00000 

0.00000 0.00000 

0.00000 1.00000 

0.00000 -2.00000 

0.00000 -1.00000 

0.00 1.00000 

10 

43981376401 

x 10-11 

- - - _ .. - - -

i 

I-' 
I-' 
I-' 



S 2 
(Xl 1.0 I m 1.0 
U3 110 

-1.26828 
,Compromise 
! Pointfor 0.80511 
TotalT~~~ 

-1.51720 

-0.81235 -0.45593 
Compromise 

Trajectory 0.32128 0.48383 
of Losses 

-0.49107 -1.02613 

Compromise -0.56682 -0.73761 Policy 

Compromise 
Trajectory 0.00000 0.43318 
of States 

Number of 
QDDP 12 

Iterations 

FinalQDDP 1.589450593 
Gradient x 10 -10 

2 2 2 2 
0.6 IT 1.2 ill 1.2 N 3.0 V 1.2 0.6 1.2 0.0 
1 2 1 2 0.6 0.0 

-l.()6357 -1.37156 -1.32000 -2.00000 

0.69348 0.92091 0.80464 2.00030 

-1.60030 -1.52036 -1.42028 0.00108 

-0.75657 -0.30700 -0.80759 -0.56397 -0.85546 -0.46454 -1.00000 -1.00000 

0.25666 0.43682 0.31512 0.60579 0.38417 0.42047 0.99862 1.00138 

-0.49991 -1.10039 -0.49247 -1.02789 -0.47129 -0.94899 -0.00138 0.00030 

-0.50661 -0.83246 -0.56135 -0.66033 -0.61981 -0.73175 -0.99931 0.00015 

0.00000 0.49339 0.00000 0.43865 0.00000 0.38019 0.00000 0.00069 

9 9 17 6 

5.2513837110 5.3110656447 5.3602759786 1.7649514738 

x 10 -10 x 10 -10 x 10 -10 x 10 -IS 

Table 6.2 DSCP Results for Two-Stage Problem ( s = 2 ) 

2 
0.0 VI 0.0 
3.0 

0.00025 

0.99988 

-2.00000 

0.00007 0.00018 

0.00000 0.99988 

0.00007 -2.00007 

0.00003 -1.()()()09 

0.00000 1.00003 

6 

2.36877440725 

x 10 -18 

I 
I 

I 

~ 
~ 
N 
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for f{P, fil', fjP. 

For the QDDP part, both Broyden mnk-one and the combined mnk-one and 

BFGS rank-two update were tested No differences were observed in the values of 

optimal quantities. In teInlS of number of iterations, with s = 1, the combined rank

one and BFGS mnk-two update perfOInlS better, but with s = 2, Broyden mnk-one 

update performs better. Results in Table 6.1 were obtained using the combined 

mnk-one and BFGS rank-two update and results in Table 6.2 were obtained using 

Broyden rank-one fOInlula. 

6.3 Prototype Four-sta~ Problem 

The four stage problem is constructed by extending the two-stage problem. 

The problem is stated below and a schematic representation is given in Figure 6.3. 

Xn+l = Xn+un+l n=I,2,3,4 

Xl = 0 
Xn eRl Un eRl 

where, 

fl = rll + r2l + f3l + r4l 

rll = (l+Xl+Ul)2_1 r2l = ui-l r3l = (l+X3+U3)2_1 r4l = u1-1 

f2 = r12 + r22 + r32 + r42 

r12 = uf r22 = (l+X2+U2)2 f32 = uf r42 = (l+X4+U4)2 

f3 = r13 + r23 + r33 + r43 

r13 = 2(I+Xl+ul)Ul r23 = 2(I+X2+U~U2 

r33 = 2(I+X3+u3)U3 r43 = 2(l+x4+U4)u4 

(6.3a) 

(6.3b) 

(6.3c) 
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Figure 6.3 Representation of Prototype Four-Stage Problem 
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6.3.1 Computation of Ideal Quantities 

Three separate fOUf-stage dynamic programming problems were solved to 

detennine the ideal quantities. Unlike the 2-stage problem, however, the three prob

lems were solved using the QDDP program. 

6.3.2 Ideal Quantities 

6.3.2.1 Ideal Point For Total Losses 

FIP = [fr, fr, fIP] = [-4, 0, -10] 

6.3.2.2 Ideal Trajectmy of Losses 

IP = -1 rIP -1 IP = -1 rIP = -1 '11 21 = r31 41 
IP = 0 rIP = 0 IP = 0 rIP = 0 '12 22 '32 42 
IP = 4 rg 0 IP = -6 ,IP = -8 r13 = '33 43 

6.3.2.3 Ideal Trnjectory of States 

IP 0 x~f 0 xIP 1 xIP 0 x11 = = 31 = 41 = 

xl~ = 0 IP X22 = 1 IP x32 = 0 xl~ = 1 

xIP = 0 xg 2 IP = 3 xIP = 3 13 = x33 43 

6.3.2.3 Ideal Policy 

uIP = 0 uIP 0 IP -2 IP = 0 11 21 = u31 = u41 

ul~ 0 uIP -2 uIP 0 IP = -2 = 22 = 32 = u42 
IP u13 = 1 ug = 0 uj~ = -1 IP u43 = -2 
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6.3.3 SettinK up the PSCP Problem 

The DSCP problem is set up in a manner similar to the two-stage case. A 

schematic representation is given in Figure 6.4 and the problem statement is given 

below. Defining state variables Sn = [SnI,Sn2,Sn31 n=I,2,3,4, the DSCP problem 

may be stated as follows : 

minimize 
ul,II.,u4 

Xn+l 

sn+l,i 

Xl 

sli 

= 

= 

= 

= 

(6.4a) 

Xn+11n+1 n=I,2,3,4 
IP Sru+rni-rni i=I,2,3 and n=I,2,3,4 

0 (6.4b) 

0 i=I,2,3 

Gradients, Jacobians, loss and state transfonnation functions are coded into 

appropriate functions of the QDDP program. 

6.3.4 Interactive Solutions 

Compared to the two-stage problem, the interactive part is more communi

cative to the user. Ideal and compromise quantities are displayed and user inputs 

regarding metric parameter s and weights «Xj are solicited in a window environment 

generated by calls to UNIX system V graphics library "lcurses". 

The purpose of using windows is to suggest a convenient man-machine 

interface facilitating two-way communication between the program and the user. The 

judgement process of the user that precedes the supply of inputs will be less intense 

in a window environment. 

Calls to the graphics library are made from functions qddpmainO and 
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resultsO. Two new functions idealinO and prametersO were also added. Function 

idealinO reads in the ideal quantities from a file and displays them in a window. 

Function parametersO solicits user input· on values of s and «Xj from an input win

dow. Sum of the weights is held constant at 3.0. Metric parameter s is restricted to 

take on values of 1,2 and 3. Values of 4 and higher causes considerable increase in 

the number of QDDP iterations without much gain in terms of the quality of 

compromise solutions, i.e., through variations of weights «Xj, a large number of 

compromise solutions may be generated with s = 1, s = 2, or s = 3. 

Results are reported in Tables 6.3, 6.4 and 6.5. With weight set I, the 

compromise point for total losses pcP = [-0.97, 2.92, -5.77]. Compromise on the 

value of each objective is evident when compared to the ideal point for total losses 

FIP = [-4.0, 0.0, -to.O]. Results with other weight sets could be explained as in the 

case of the prototype two-stage problem. Number of QDDP iterations required is 

also reasonable in most cases. 

Sample screen fonnats for displaying relevant quantities and for interactive 

data input are shown in Figures 6.5, 6.6 and 6.7. The screen formats are specific for 

the prototype four-stage problem at hand because their purpose is only suggestive. It 

is possible, however, to develop a general pwpose graphics interface for problems of 

arbitrary size. 

6.4 Prototype Constrained SMODM Problem 

A prototype problem is constructed from the four-stage problem in equa

tions (6.3a-6.3c). It has two loss functions, one constraint at each stage, and four 

stages. A schematic representation is given in Figure 6.8. A statement of the prob

lem is given below. 



I 

Compromise 
Point for 

Total Losses 

CompIOmise 
Trajectory 
of Losses 

Compzomise 
Trajectory 
of States 

CompIomise 
Policy 

Number of 
QDDP 

Iterations 

FlnalQDDP 
Gradient 

_. _ .. -_.-

S 2 2 2 
w 1.0 I 0.6 IT 1.2 m 
U2 1.0 1.2 0.6 
U3 1.0 1.2 1.2 

-0.97 -0.21 -1.11 

2.92 2.76 3.63 

-5.77 -6.18 -6.08 

-0.60 -0.54 0.12 0.04 -0.47 -0.47 0.44 0.38 -055 -0.68 0.20 -0.08 

0.13 0.91 0.80 1.08 0.01 1.00 0.64 1.05 0.11 1.22 1.01 1.29 

-0.46 -1.30 -1.89 -2.12 -0.40 -1.46 -1.92 -2.41 -0.44 -1.25 -2.21 -2.18 

0.00 0.63282 0.9524 1.0585 0.00 0.72805 0.99875 1.19960 0.00 0.67091 1.10334 1.09601 

-0.36718 -0.68039 -0.89386 -1.02138 -0.27195 -0.72929 -0.79915 -1.17328 -0.32909 -0.56758 -1.00733 -0.95825 

17 20 19 

5.0847981255 x 10-
7 5.7644426188 x 10 -7 8.6628011101 x 10 -8 

Table 6.3 DSCP Results for Four-Stage Problem ( s = 2 ) 
..... ..... 
\0 



S 2 2 2 
III 1.2 N 3.0 V 0.0 VI 
In 1.2 0.0 0.0 
U3 0.6 0.0 3.0 

-152 4.00 12.98 
Compromise 

Point for 2.48 6.94 15.00 
Total Losses 

4.96 -0.07 -10.00 

-0.74 -0.44 -0.22 -0.11 -1.00 -1.00 -1.00 -1.00 2.98 -1.00 8.00 3.00 
Compromise 

Trajectory 0.24 0.53 0.77 0.89 0.99 0.99 3.94 1.02 0.99 9.01 1.00 4.00 
of Losses 

-050 -1.13 -1.55 -1.77 -0.01 -0.02 -0.04 0.00 3.97 0.03 -6.01 -8.00 

Compromise I . I 
Trajectory 0.00 0.50611 0.75940 0.88347 0.00 0.00513 0.99578 0.01110 0.00 1.99536 3.0010 3.00028 I 

of States 

Compromise 
-0.49389 -0.74671 -0.87593 -0.94129 -O_99~37 -0.00935 -1.98469 0.000 0.99536 0.00566 -1.00074 -1.9996 Policy 

NumberQf 
QDDP 19 12 6 

Iterations 

FmalQDDP 65509456242 x 10-7 8.4486595338 x 10 -10 4.4431944903 x 10 -10 
Gradient 

- -

Table 6.3 (continued) DSCP Results for Four-Stage Problem ( s = 2 ) 
I-' 
r-.> 
o 



S 1 1 
m 1.0 I 0.6 n a:z 1.0 1.2 

! ru 1.0 1.2 

-1.54 om 
Compromise 

Point for 2.46 2.16 
Total Losses 

-4.91 -5.73 

-0.75 -0.44 -0.23 -0.12 -052 -0.29 0.31 0.50 
Compromise 

Trajectory 0.25 0.56 0.77 0.88 0.09 0.72 0.50 0.85 
of Losses 

-050 -1.12 -1.53 -1.76 -0.42 -1.44 -1.62 -2.25 

Compromise 
Trajectory 0.00 0.49987 0.75006 0.87481 0.00 0.69420 0.85145 1.14557 
of States 

Compromise 
-0.50013 -0.74981 -0.87525 -0.93732 -0.30580 -0.84275 -0.70588 -1.22604 Policy 

Number of 
QDDP 14 18 

Iterations 

FinalQDDP 2.2945170638 x 10-8 8.8845691713 x 10-8 
Gradient 

- -- _ .. _-

Table 6.4 DSCP Results for Four-Stage Problem ( s = 1 ) 

1 
1.2 m 0.6 
1.2 

-1.81 

357 

-5.45 

-0.69 -0.70 -0.12 -0.31 

0.20 1.01 1.14 1.23 

-0.49 -1.11 -2.00 -1.84 

0.00 0.55837 1.00619 0.93907 

-0.44163 -055218 -1.0671 -0.83103 

15 

9.0242110811 x 10 -7 

I 

I-' 

'" I-' 



S 1 1 1 
IX! 1.2 N 3.0 V 0.0 VI 
IZZ 1.2 0.0 0.0 
w 0.6 0.0 3.0 

-2.22 
Compromise 

-4.00 13.01 

Point for 2.09 7.00 15.01 
Total Losses 

-3.50 0.00 -10.00 

-0.91 -0.30 -0.64 -0.34 -1.00 -1.00 -1.00 -1.00 -3.00 -1.00 8.01 3.00 
Compromise 

Trajectory 0.49 0.21 0.75 0.64 1.00 1.00 4.00 1.00 1.00 9.01 1.00 4.00 
of Losses 

-0.42 -0.77 -1.03 -1.28 0.00 0.00 0.00 0.00 4.00 0.00 -6.00 -8.00 

Compromise 
Trajectory 0.00 0.29780 0.46058 059715 0.00 -0.00003 0.99988 0.00024 0.00 2.00640 3.00103 3.0009 
of States 

Compromise 
-0.70220 -0.83722 -0.86342 0.79858 -1.00003 -0.00009 -1.99964 0.00000 1.00064 0.00039 -1.00013 -2.00027 Policy 

Number of 
14 13 38 QDDP 

Iterations 

FinalQDDP 
1.7201282409 x 10-7 4.8285988549 x 10-7 

9.8710493745 x 10.7 
Gradient 

- - -- -- -- - - ------- ----------- -

Table 6.4 (continued) DSCP Results for Four-Stage ~blem ( s = 1 ) 

I 
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Compromise 
Point for 

Total Losses 

Compromise 
Trajectory 
of Losses 

Compromise 
Trajectory 
of States 

Compzomise 
Policy 

Number of 
QDDP 

Iterations 

FmalQDDP 
Gradient 

S 3 3 3 
III 1.0 I 0.6 II 1.2 m 
CI2 1.0 1.2 0.6 
U3 1 0 12 1.2 

-0.78 -0.21 -0.89 

3.11 299 3.63 

-6.03 -6.29 -6.23 

-0.55 -0.57 0.24 0.09 -0.46 -0.52 0.46 0.32 -0.51 -0.67 0.29 -0.01 

0.11 1.04 0.82 1.15 0.07 1.09 0.70 1.13 0.09 1.26 0.97 1.30 

-0.44 -1.33 -2.02 -2.24 -039 -1.44 -2.02 -2.43 -0.42 -1.29 -2.24 -2.27 

0.00 0.67412 1.01936 1.11513 0.00 0.73537 1.04427 1.20802 0.00 0.69914 1.12395 1.1375 

, 

-032588 -0.65476 -0.90423 -1.04382 0.26463 0.69110 0.83625 1.14723 
I 

0.30086 -0.57520 -0.9864 -0.99572 i 

40 42 28 

6.3299603865 x 10-8 4.2867829493 x 10-7 
9.2176578147 x 10-7 

Table 6.5 DSCP Results for Four-Stage Problems (s = 3 ) 
I-' 
I\J 
W 



I 

Compromise 
Point for 

Total Losses 

Compromise 
Trajectory 
of Losses 

Compromise 
Trajectory 
of States 

CompIOmise 
Policy 

Number of 
QDDP 

Iterations 

FinalQDDP 
Gradient 

S 3 3 3 
IXl 1.2 I 3.0 V 0.0 VI en 1.2 0.0 0.0 -
(1J 06 0.0 3.0 

-1.18 -398 12.62 

2.77 6.75 14.67 

-5.51 -0.54 -10.00 

-0.65 0.51 0.00 -0.02 -1.00 -1.00 0.98 -l.00 2.83 -1.00 7.84 2.95 

0.17 0.79 0.79 1.02 0.99 l.00 3.45 l.31 0.92 8.82 0.99 3.94 

-0.48 -1.25 1.73 -2.00 -0.01 -0.01 -0.53 0.00 3.75 0.07 -593 -7.89 

0.00 0.59085 0.891591 0.0058 0.00 0.00460 1.00060 0.14227 0.00 195707 2.96959 297318 

-0.40915 -0.69926 -0.89101 -0.9923 -0.99540 -0.0040 -1.85833 0.00202 0.95707 0.01252 -0.9964 -l.48703 

68 18 25 

4.0034408049 x 10 -7 1.6838012332 x 10-7 
4.6075384387 x 10-11 

-- _ .. --- _ .. _- - -- - -- -

Table 6.5 (continued) DSCP Results For Four-Stage Problem ( s = 3 ) 

i 

I 

I-' 
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Sat 13 Aug, 9:35 pm 

Compromise Trajectory of losses 
(Metric Parameter = 2) 

weight stage 1 stage 2 stage 3 stage 4 Total 

Function 1 1.00 -0.60 -0.54 0.12 0.04 -0.97 
Function 2 1.00 0.13 0.91 0.80 1.08 2.92 
Function 3 1.00 -0.46 -1.30 -1.89 -2.12 -5.77 

Ideal Trajectory of Losses 

stage 1 stage 2 stage 3 stage 4 Total 

Function 1 -1.00 -1.00 -1.00 -1.00 -4.00 
Function 2 0.00 0.00 0.00 0.00 0.00 
Function 3 4.00 0.00 -6.00 -8.00 -10.00 

Figure 6.5 Interactive Screen One 
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Sat 13 Aug, 9:37 pm 

Compromise Policy and State Tmjectory 

stage 1 stage 2 stage 3 stage 4 

Decisions -0.37 -0.68 -0.89 -1.02 
States 0.00 0.63 0.95 1.06 

Compromise Tmjectory of losses 
(Metric Parameter = 2) 

weight stage 1 stage 2 stage 3 stage 4 Total 

Function 1 1.00 -0.60 -0.54 0.12 0.04 -0.97 
Function 2 1.00 0.13 0.91 0.80 1.08 2.92 
Function 3 1.00 -0.46 -1.30 -1.89 -2.12 -5.77 

Figure 6.6 Intemctive Screen Two 
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Sat 13 Aug. 9:41 pm 

Compromise Trajectory of losses 
(Metric Parameter = 2) 

weight stage 1 stage 2 stage 3 stage 4 Total 

Function 1 1.00 -0.60 -0.54 0.12 0.04 -0.97 
Function 2 1.00 0.13 0.91 0.80 1.08 2.92 
Function 3 1.00 -0.46 -1.30 -1.89 -2.12 -5.77 

Loss Function (LF) Weights «=0. sum=3.0)? 
LF 1: 0.6 LF 2: 1.2 LF 3: 1.20 
Metric Parameter (1/2) ? 2 
OK (Y/N)?y 

stage 1 stage 2 stage 3 stage 4 Total 

Function 1 -1.00 -1.00 -1.00 -1.00 -4.00 
Function 2 0.00 0.00 0.00 0.00 0.00 
Function 3 4.00 0.00 -6.00 -8.00 -10.00 

Figure 6.7 Interactive Screen Three 



Minimize F(X,U) = [fl , fil 
U 

Xn+1 = Xn+Dn+l n = 1,2,3,4 

xI = 0 

hruc(Xn,Dn) s 0 k = 1 n = 1,2,3,4 

where, 

fl = fll + f21 + f31 + f41 

fU=(1+XI+UI)2_1 f21 = u1-1 f31 = (1+X3+U3)2_1 f41 = u1-1 

f2 = fl2 + f22 + f32 + f42 

fl2 = ur f22 = (I+X2+U2)2 f32 = uf f42 = (1+X4+U4)2 

hll = (1 + xI + UI)2 - 1.0 h21 = (1 + X2 + u~2 - 0.5 

h31 = (1 + x3 + U3)2 - 1.5 h41 = (1 + x4 + u~2 - 0.3 

6.4.1 Computation of Ideal Quantities 
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(6.5a) 

(6.5b) 

(6.5c) 

(6.5d) 

Ideal quantities were determined by solving two separate constrained 

dynamic programming problems, one with fl as the loss function and the other 

with f2 as the loss function. Solutions are found using the constrained QDDP pro

gram written to follow the algorithm in chaptef 5. 

6.4.2 Ideal Quantities 

Values of various ideal quantities, as determined by the constrained QDDP 

pfogram are now presented. 
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6.4,2,1 Ideal Point for Total Losses 

pIP = [fIP, ff] = [-4,00, 2,5849] 

6,4,2,2 Ideal Trajectoty of Losses 

rIf = -1.00000 rE = -1.00000 rE = -1.00000 rE = -1.00000 

rg= 1.00000 rE = 0,00000 rR = 0,78121 r~ = 0,72844 

~4,2,3 Ideal TrajectOIy of States 

xlf = 0,00000 xE = 0,00000 xJf = 1,00000 xE = 0,00000 

x~ = 0,00000 xE = 0,00000 xj~ = 0,28539 x~ = 0.40153 

6,4,2.4 Ideal Policy 

uff = -1.00000 uE = 0,00000 uE = -2,00000 uE = -0,00000 

ug = -1.00000 uE = -0,71773 uE = -0,88386 uJ~ = -0,54805 

6.4,3 SCCP Problem in Decomposable Ponn 
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The SCCP problem in decomposable fonn is set up following the fonnula

tion in equations (4,31a-4,31d) as follows: 

Minimize I (s,x,U) = i r ~an(Sni+rni-r,f)S - (Sni)S]] (6,6a) 
Uh ' , , • 'II.t n=l (j:l 

"n+l = Xn+11n+1 n=1,2,3,4 

sn+l.i = sw+rnrr,f i=1,2 n=1,2,3,4 

Xl = ° 
(6,6b) 

Sli = ° 
hruc s ° k=1 n=1,2,3,4 (6,6c) 
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6.4.4 Solutions to Decomposable SCCP 

Compromise solutions genemted for s = 1, and s = 2 are given in Tables 

6.6 and 6.7 respectively. Weights CXj add upto 2.0 in all cases, i.e., al~ = 2.0. 

Compromise in total loss values are evident as the weights are varied. The last row 

of each table shows which constraint was tight at the solution. Number of iterations 

to convergence varies from 1 to 12. 

6.5 Computation of Ideal Quantities by Linear Programming 

If functions fi , i = 1,,",1, the state transformation functions Tn' n = I,II.,N, 

and constraints hnk, n = 1 .... ,N, k = I,II.,K are all linear, ideal quantities may be 

found by solving I linear programming problems of the following form. 

Minimize f: (U X) i , 
U,X (6.7a) 

Xn+l = Tn(Xn,Dn) n=I, ... ,N 

Xl = 0 
(6.7b) 

hnk(Xn,Dn) SO n=I, ... , N k=I, ... , K (6.7c) 

Because of equality constraints, a starting basis is generally not available 

readily but may be determined by introducing artificial variables and using phase I 

of the simplex method. Following observations are made here. 

1. The constraint sets of all I linear programs are identical. 

2. The starting basis for I linear progmms would be the same. 

3. Each of the I solutions would be found at an extreme point of the ~onstraint 
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Compromise 
Point for 

Total Losses 

CompIOmise 
Trajectory 
of Losses 

Compromise 
Trajectory 
of States 

Compromise 
Policy 

Number or 
Constrained 

QDDP 
Iterations 

TIght 
Constraints 

S 2 2 
<<It 1.0 1.5 
~ 1.0 0.5 

-3.31089 -3.46610 

2.93923 3.21612 

-0.99110 -0.43125 -0.99310 -0.89544 -0.98573 -0.62410 -0.97904 -0.87723 

1.19756 0.02296 1.14152 0.57719 1.25323 0.07151 1.26031 0.63107 

0.00 -0.09433 0.15151 0.08309 0.00 -0.11931 0.26745 0.14472 

-1.09433 -0.75416 -l.06842 -0.32336 -1.11931 -0.61324 -1.12273 -0.35030 

8 12 

h21 none 

Table 6.6 Decomposable SCCP Results ( s = 2 ) 

2 
0.5 
1.5 

-3.32187 

3.05242 
I 

-0.99757 -0.43750 -0.99486 -0.89194 I 

0.90388 0.08957 l.50699 0.55198 

0.00 0.04928 0.29928 0.07168 

-0.95072 -0.75000 -1.22759 -0.32873 

1 

h21 

I-' 
W 
I\J 



Compromise 
Point for 

Total Losses 

Compromise 
Trajectory 
of Losses 

Compromise 
Trajectory 
of States 

Compromise 
Policy 

Number of 
Constrained 

QDDP 
Iterations 

TIght 
Constraints 

S 1 1 
al 1.0 1.5 
~ 1.0 0.5 

-3.12712 -3.61627 

2.65274 3.60630 

-1.00 -0.49826 -0.92887 -0.69999 -0.98053 -0.73027 -0.98451 -0.92096 

0.99939 0.08525 1.05119 051691 1.29854 0.11635 1.48019 0.71122 

0.00 0.00300 0.29197 0.26669 0.00 -0.13954 0.34110 0.12447 . 

-0.99970 -0.70833 -1.02528 -0.54773 -1.13954 -051936 -1.21663 -0.28113 

2 11 

h 21• h41 none 

Table 6.7 Decomposable SCCP Results ( s = 1l 

1 
0.5 
1.5 

-3.08077 

2.61790 

I 

-1.00 -0.49837 -0.88240 -0.70000 I 

0.99918 0.08535 0.90103 0.63234 

0.00 0.00041 0.29215 0.34293 

-0.99959 -0.70826 -0.94923 -0.54773 

4 

h21 

I-' 
W 
W 
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set. 

4. Solving any of the I problems by the simplex method would involve examin

ing some extreme points as candidates for solution until the optimal solution is 

found. 

Taking advantage of the above facts, a procedure was implemented to 

reduce the computational effort. Instead of solving I linear programs independently, 

they are solved sequentially at one time. Infonnation obtained while solving one 

problem is shared with others. Steps in the procedure follows. 

1. Introduce artificial variables in the constraints and solve a phase I problem to 

find the starting basis by the simplex method. Update coefficients of phase n 
objective fl during phase I. 

2. Initialize f2,..., fJ with values at the starting basis found in step 1. Also, 

save the indexes of the basic variables separately for each fit i=2, ... ,I. 

3. Set k = 1. 

4. Start phase n iterations with fk and the starting basis. 

5. At each iteration, evaluate fk+I, •.• , fI at the corresponding basis. If less 

than the previous value for any fi' i=k+ 1, . . . ,I, save the basic variable 

indexes and the values for those objectives. 

6. Stop phase n iterations at optimal for fk' i.e., when all reduced costs are non

negative. 

7. Set k = k+1. 

8. If k>1 stop, ideal quantities have been completely determined 

else find the starting basis for fk by bringing into basis the variables with 

indexes saved in step 5. Go to step 4. 
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Advantage of the above procedure is that the phase I problem is solved 

only once and that phase IT for a fi starts from a basis at which the value of fi is 

less than or equal to the one at the starting basis. 
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CHAPTER 7 

CONCLUSIONS. DISCUSSION. AND EXTENSIONS 

7.1 Introduction 

Concluding statements and discussion about the rese'cU'Ch documented in 

this dissertation are presented in this chapter. Possible future directions and oppor

tunities for further research in the area of stagewise multiple objective decision 

making (SMODM) are also outlined. 

7.2 Conclusions 

The need for conducting research in SMODM was identified in Chapter 1 

and Chapter 3 was devoted to summarizing the status of current research in 

SMODM. A suitable approach for stagewise compromise programming (SCP) was 

determined after comparing two possible approaches in chapter 4. Precise 

definitions for ideal. efficient (nondominated) and compromise quantities for 

SMODM and SCP were also given in chapter 4 to set the stage for current and 

future investigations. 

The difficulty of SCP being not stagewise decomposable for application of 

dynamic programming solution methodology was overcome by using a transforma

tion defining new state variables. one for each objective (loss function). 

Quasi-Newton differential dynamic programming (QDDP). a variable

metric method developed in Sen and Yakowitz (1987) was proposed as a technique 

for finding solution to the decomposable SCP characterized by a increased state

space dimensionality. A new strategy for Hessian updates in the QDDP algorithm 
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was developed in chapter 5 and numerical experiments were performed comparing 

it to the original formula in Sen and Yakowitz (1987). For the test problem, the 

new strategy was found to be superior. A constrained QDDP algorithm was also 

proposed and computationally tested in chapter 5. 

In chapter 4, a semi-interactive scheme for SMODM based on compromise 

programming was proposed. To demonstrate its viability, in chapter 6, the scheme 

was implemented for prototype problems. To emphasize the importance of a good 

man-machine interface in multiple objective decision situations, on-screen windows 

were used in the design of interactive components of the scheme. This enables 

easy comparison of program generated quantities and input of values for the dis

tance metric parameter and weights that provide information about the preference 

structure of the decision maker. Also in chapter 6, a prototype constrained SMODM 

problem was solved using the constrained QDDP algorithm. 

Computational testing with QDDP in chapter 5 shows that a 100 stage 

problem could be solved in remarkably few iterations. Besides application to 

SMODM problems with a large number of stages, this opens up the possibility of 

applying QDDP in finding solutions without difficulty to continuous-time optimal 

control problems that are approximated by discrete-time problems with sufficiently 

large number of stages. 

To summarize, The objective of providing an usable framework for 

SMODM based on compromise programming was accomplished. Furthermore, the 

role QDDP can play in finding solutions to dynamic programming problems with 

multidimensional state-space was established. 
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7.3 Discussion 

Stagewise compromise programming is directly applicable to the case 

where the sum operator in loss functions of equation (4.1) is replaced by the multi

plication operator. In equation (4.1), 

N 
fj = l;rni(Xn,Dn) i=I, ... , I 

0=1 

In case of the multiplication operator for any i, i.e. , if 

N 
fj = TIrni(Xn,Dn) i E [1,1] 

n=1 

Then for i E [1,1], 

(7.1) 

(7.2) 

(7.3) 

Clearly, function fj is in the form required for SCP formulation. The 

only restriction is that each rni(Xn,Dn) be positive, otherwise the log function would 

be undefined. An example of the multiplication operator occurs when the objective 

is to minimize the joint probability of failure (of a component, project) over stages. 

Details of such an example may be found in Hillier and Lieberman (1980). 

7.4 Directions for Further Research in SMODM 

There are a number of topics in SMODM where opportunities exist for 

further research. Research in stagewise compromise programming may be continued 

in two general areas. First, feasibility of applying SCP to more general cases of 

SMODM formulation may be investigated. Second, research is necessary on how to 

reduce the cognitive effort of the decision maker during interaction with the com-
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puter especially for large problems generating considerable amount of stagewise 

infonnation. Some specific research areas are mentioned next. 

The SCP objective given in equation (4.12) is reproduced below. 

I [N ]8 Minimize 1 (s ;X ,U) = 1:,a.;.s 1:, [rni(Xn,Dn) - rni] 
i=1 0=1 

s e[l,oo] (7.4) 

It was assumed for SCP developments that s e [l ,00). However, in case of 

1 (oo,x,U) following arguments similar to that in section 2.4.2.1, the SCP objective 

function becomes, 

Minimize 1(00;X ,U) = max J(llf[rn l(Xn,Dn) - r~fJ , ... , 1 0=1 

(lIf[rnI(Xn,un) - r~]} (7.5) 
0=1 

The maximum above is taken over the I loss functions and not over stages as is 

required for dynamic programming decomposition. The transfonnation defining new 

state variables would not be applicable either. Whether a new transfonnation can be 

found remains to be determined. Furthennore, 1(00;X ,U) being non-differentiable, 

QDDP may not be applied. 

There is a need for further research in order to develop a compromise pro

gramming methodology when decision and state spaces are discrete and loss func

tions are defined only at discrete points. In this case, there is a table for each loss 

function at each stage where rows represent a set of decision values, columns 

represent a set of state values and entries represent losses. For a single stage deci

sion problem (N = 1), the ideal point is determined by taking the smallest value for 

each fi . A compromise solution is found by first calculating distances from the ideal 
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to every feasible point and then choosing the feasible point with the minimum dis

tance. An example of single stage discrete compromise programming may be found 

in Rakshit et. aI. (1987). Since there are a finite (and usually small) number of 

feasible points the computational burden is quite manageable. As always, many 

compromise solutions are genemted for different values of s and the final solution 

can be chosen only after the decision maker provides information about his/her 

preference structure. 

The N stage compromise programming problem is not easily formulated 

and more work is needed. Due to problems of differentiability, it is unlikely that 

QDDP will be applicable. Computational burden may be excessive due to the "curse 

of dimensionality". 

If there are many stages in an SMODM situation, a large amount of infor-
\ 

mation is genemted regarding compromise and ideal trajectory of losses and 

compromise trajectory of states and policy. Displaying these quantities in scrolling 

windows is a possible solution. Another solution would be to summarize the infor

mation graphically. In any case, human factors studies are necessary to determine 

the most suitable form of display. 
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APPENDIX A 

GRADIENT AND JACOBIAN CALCULATIONS FOR QDDP 

Gradient and Jacobian calculations are illustrated here for DSCP of proto

type four-stage problem. These quantities are compile time input for QDDP pro

gram functions. To avoid notational confusion, symbol k is used to represent the 

metric parameter instead of s. 

Gradient Calculations 

Gradients of the DSCP loss function at stage 1 with respect to state and 

decision variable are given below. 

V,ll = 

= 

Ofl 

oXI 

ofl 
osn 

ofl 
OSl2 

ofl 

OSl3 

2k(<XI(SII+(1+XI+UI)2»k-I(1+XI+UI) + 2k(<lJ(SI3+2(1+XI+UI)UI-4»k-IuI 

k(<XI(Sn+(1+XI+UI)2»k-1 - k(<XISn)Ic-1 

k(~(SI2+Uf»k-1 - k(~SI2)k-1 

k(<lJ(SI3+2(1+XI+UI)UI-4»k-1 - k(<lJS13)k-1 
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Jacobian Calculations 

Jacobian for state transformation function T 1 is shown below in the fonn 

of two submatrices. 

1 0 0 0 
2(1+Xl+Ul) 1 0 0 

VxTl = 0 0 1 0 

2ul 0 0 1 

1 



APPENDIXB 

SAMPLE OUTPUT FROM QDDP PROGRAM 

DSCP - Prototype Four-Stage Problem 

Number of Decisions 1 
Number of States 4 
Number of Stages 4 
Number of Objectives 3 

Maximum itemtions 80 
Tolerance le-06 

Machine Precision 2.22045e-16 

Initial Policy 

stage 1 1.000 
stage 2 1.000 
stage 3 1.000 
stage 4 1.000 

Initial Trajectory 

stage 1 
stage 2 
stage 3 
stage 4 

0.000 0.000 
2.000 4.000 
4.000 5.000 
6.000 41.000 

Compromise Solution 1 

Metric Pammeter 2 

0.000 
1.000 

17.000 
13.000 

Number of QDDP Iterations = 17 

0.000 
0.000 
8.000 
26.000 

Final QDDP gradient = 5.0847981255e-07 

Compromise Trajectory of states 

stage 1 0.00000 0.00000 0.00000 0.00000 
stage 2 0.63282 0.40046 0.13482 -4.46472 
stage 3 0.95243 0.86339 1.04194 -5.76076 
stage 4 1.05856 1.98394 1.84093 -1.65318 

Compromise Policy 
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stage 1 -0.36718 
stage 2 -0.68039 
stage 3 -0.89386 
stage 4 -l.02138 

Ideal Trajectory of Losses 

stage 1 stage 2 stage 3 stage 4 total 
Function 1 -l.oo -l.oo -l.oo -l.oo -4.00 
Function 2 0.00 0.00 0.00 0.00 0.00 
Function 3 4.00 0.00 -6.00 -8.00 -10.00 

Compromise Trajectory of Losses 

weight stage 1 stage 2 stage 3 stage 4 Total 
Function 1 l.oo -0.60 -0.54 0.12 0.04 -0.97 
Function 2 l.00 0.13 0.91 0.80 l.08 2.92 
Function 3 l.oo -0.46 -l.30 -l.89 -2.12 -5.77 

Initial Policy 

stage 1 0.000 
stage 2 0.000 
stage 3 0.000 
stage 4 0.000 

Initial Trajectory 

stage 1 
stage 2 
stage 3 
stage 4 

0.000 
1.000 
2.000 
3.000 

0.000 
1.000 
l.ooo 

10.000 

Compromise Solution 2 

Metric Parameter 2 

0.000 0.000 
0.000 -4.000 
4.000 -4.000 
4.000 2.000 

Number of QDDP Iterations = 20 
Final QDDP gradient = 5.7644426188e-07 

Compromise Trajectory of states 

stage 1 0.00000 0.00000 0.00000 0.00000 
stage 2 0.72805 0.53005 0.07396 -4.39599 
stage 3 0.99875 l.06192 l.07147 -5.85276 
stage 4 l.19960 2.50097 l.71011 -l.77oo8 
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Compromise Policy 

stage 1 -0.27195 
stage 2 -0.72929 
stage 3 -0.79915 
stage 4 -1.17327 

Ideal Trajectory of Losses 

stage 1 stage 2 stage 3 stage 4 total 
Function 1 -1.00 -1.00 -1.00 -1.00 -4.00 
Function 2 0.00 0.00 0.00 0.00 0.00 
Function 3 4.00 0.00 -6.00 -8.00 -10.00 

Compromise Trajectory of Losses 

weight stage 1 stage 2 stage 3 stage 4 Total 
Function 1 0.60 -0.47 -0.47 0.44 0.38 -0.12 
Function 2 1.20 0.07 1.00 0.64 1.05 2.76 
Function 3 1.20 -0.40 -1.46 -1.92 -2.41 -6.18 

Initial Policy 

stage 1 0.000 
stage 2 0.000 
stage 3 0.000 
stage 4 0.000 

Initial Trajectory 

stage 1 
stage 2 
stage 3 
stage 4 

0.000 
1.000 
2.000 
3.000 

0.000 
1.000 
1.000 

10.000 

Compromise Solution 3 

Metric Parameter 2 

0.000 0.000 
0.000 -4.000 
4.000 -4.000 
4.000 2.000 

Number of QDDP Iterations = 19 
Final QDDP gradient = 8.6628071101e-08 

Compromise Trajectory of states 

stage 1 0.00000 0.00000 0.00000 0.00000 
stage 2 0.67091 0.45012 0.10830 -4.44158 
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stage 3 1.10334 0.77227 1.32565 -5.69403 
stage 4 1.09601 1.97350 2.34036 -1.90211 

Compromise Policy 

stage 1 -0.32909 
stage 2 -0.56758 
stage 3 -1.00733 
stage 4 -0.95825 

Ideal Trajectory of Losses 

stage 1 stage 2 stage 3 stage 4 total 
Function 1 -1.00 -1.00 -1.00 -1.00 
Function 2 0.00 0.00 0.00 0.00 
Function 3 4.00 0.00 -6.00 -8.00 

Compromise Trajectory of Losses 

weight 
Function 1 1.20 
Function 2 0.60 
Function 3 1.20 

Initial Policy 

stage 1 0.000 
stage 2 0.000 
stage 3 0.000 
stage 4 0.000 

Initial Trajectory 

stage 1 
stage 2 
stage 3 
stage 4 

0.000 
1.000 
2.000 
3.000 

stage 1 
-0.55 
0.11 

-0.44 

0.000 
1.000 
1.000 

10.000 

Compromise Solution 4 

Metric Parameter 2 

stage 2 stage 3 
-0.68 0.20 
1.22 1.01 

-1.25 -2.21 

0.000 0.000 
0.000 -4.000 
4.000 -4.000 
4.000 2.000 

Number of QDDP Iterations = 19 
Final QDDP gradient = 6.5509456242e-07 

Compromise Trajectory of states 

-4.00 
0.00 

-10.00 

stage 4 
-0.08 
1.29 

-2.18 
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Total 
-1.11 
3.63 

-6.08 



stage 1 0.00000 0.00000 0.00000 0.00000 
stage 2 0.50611 0.25615 0.24393 -4.49993 
stage 3 0.75940 0.81372 0.82062 -5.63403 
stage 4 0.88347 1.59424 1.58787 -1.18174 

Compromise Policy 

stage 1 -0.49389 
stage 2 -0.74671 
stage 3 -0.87593 
stage 4 -0.94129 

Ideal Trajectory of Losses 

stage 1 stage 2 stage 3 
Function 1 -1.00 -1.00 -1.00 
Function 2 0.00 0.00 0.00 
Function 3 4.00 0.00 -6.00 

Compromise Trajectory of Losses 

weight 
Function 1 1.20 
Function 2 1.20 
Function 3 0.60 

Initial Policy 

stage 1 0.000 
stage 2 0.000 
stage 3 0.000 
stage 4 0.000 

Initial Trajectory 

stage 1 
stage 2 
stage 3 
stage 4 

0.000 
1.000 
2.000 
3.000 

stage 1 
-0.74 
0.24 

-0.50 

0.000 
1.000 
1.000 

10.000 

Compromise Solution 5 

Metric Parameter 2 

stage 2 
-0.44 
0.58 

-1.13 

0.000 
0.000 
4.000 
4.000 

Number of QDDP Iterations = 12 

stage 4 total 
-1.00 
0.00 

-8.00 

stage 3 
-0.22 
0.77 

-1.55 

0.000 
-4.000 
-4.000 
2.000 

-4.00 
0.00 

-10.00 

stage 4 
-0.11 
0.89 

-1.17 

Final QDDP gradient = 8.4486595338e-l0 
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Total 
-1.52 
2.48 

-4.96 



Compromise Trajectory of states 

stage 1 0.00000 0.00000 0.00000 0.00000 
stage 2 0.00513 0.00003 0.98977 -4.01021 
stage 3 0.99578 0.00011 1.98135 -4.02882 
stage 4 0.01110 0.00024 5.92034 1.92714 

Compromise Policy 

stage 1 -0.99487 
stage 2 -0.00935 
stage 3 -1.98469 
stage 4 0.00000 

Ideal Trajectory of Losses 

stage 1 stage 2 stage 3 stage 4 total 
Function 1 -1.00 -1.00 -1.00 -1.00 
Function 2 0.00 0.00 0.00 0.00 
Function 3 4.00 0.00 -6.00 -8.00 

Compromise Trajectory of Losses 

weight 
Function 1 3.00 
Function 2 0.00 
Function 3 0.00 

Initial Policy 

stage 1 0.000 
stage 2 0.000 
stage 3 0.000 
stage 4 0.000 

Initial Trajectory 

stage 1 
stage 2 
stage 3 
stage 4 

0.000 
1.000 
2.000 
3.000 

stage 1 
-1.00 
0.99 

-0.01 

0.000 
1.000 
1.000 

10.000 

Compromise Solution 6 

Metric Parameter 2 

stage 2 stage 3 
-1.00 -1.00 
0.99 3.94 

-0.02 -0.04 

0.000 0.000 
0.000 -4.000 
4.000 -4.000 
4.000 2.000 

-4.00 
0.00 

-10.00 

stage 4 
-1.00 
1.02 
0.00 
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Total 
-4.00 
6.94 

-0.07 



Number of QDDP Iterations = 6 
Final QDDP gradient = 4.4431944903e-1O 

Compromis~ Trajectory of states 

stage 1 0.00000 0.00000 0.00000 0.00000 
stage 2 1.99536 3.98146 0.99074 -0.02780 
stage 3 3.00102 3.98149 9.99687 0.00618 
stage 4 3.00028 12.98315 10.99836 0.00116 

Compromise Policy 

stage 1 0.99536 
stage 2 0.00566 
stage 3 -1.00074 
stage 4 -1.99961 

Ideal Trajectory of Losses 

stage 1 stage 2 stage 3 stage 4 total 
Function 1 -1.00 -1.00 -1.00 -1.00 
Function 2 0.00 0.00 0.00 0.00 
Function 3 4.00 0.00 -6.00 -8.00 

Compromise Trajectory of Losses 

weight stage 1 
Function 1 0.00 2.98 
Function 2 0.00 
Function 3 3.00 

Initial Policy 

stage 1 0.000 
stage 2 0.000 
stage 3 0.000 
stage 4 0.000 

Initial Trajectory 

stage 1 
stage 2 
stage 3 
stage 4 

0.000 
1.000 
2.000 
3.000 

0.99 
3.97 

0.000 
1.000 
1.000 

10.000 

Compromise Solution 7 

stage 2 stage 3 
-1.00 8.00 
9.01 1.00 
0.03 -6.01 

0.000 0.000 
0.000 -4.000 
4.000 -4.000 
4.000 2.000 

-4.00 
0.00 

-10.00 

stage 4 
3.00 
4.00 

-8.00 
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Total 
12.98 
15.00 
-10.00 



Metric Parameter 2 

Number of QDDP Iterations = 16 
Final QDDP gradient = 2.4804284512e-08 

Compromise Trajectory of states 

stage 1 0.00000 0.00000 0.00000 0.00000 
stage 2 1.02673 1.05418 0.00071 -3.94511 
stage 3 -0.02253 5.25364 0.00122 -3.85278 
stage 4 0.98105 6.21610 0.00123 2.15424 

Compromise Policy 

stage 1 0.02673 
stage 2 -2.04926 
stage 3 0.00358 
stage 4 -1.97079 

Ideal Trajectory of Losses 

stage 1 stage 2 stage 3 stage 4 total 
Function 1 -1.00 -1.00 -1.00 -1.00 -4.00 
Function 2 0.00 0.00 0.00 0.00 0.00 
Function 3 4.00 0.00 -6.00 -8.00 -10.00 

Compromise Trajectory of Losses 

weight stage 1 stage 2 stage 3 stage 4 Total 
Function 1 0.00 0.05 3.20 -0.04 2.88 6.10 
Function 2 3.00 0.00 0.00 0.00 0.00 0.00 
Function 3 0.00 0.05 0.09 0.01 -0.04 0.11 
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QDDP IMPLEMENTATION 

O~ 
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The QDDP algorithm was coded in C running on an UNIX based AT&T 

7300 personal computer. A structured and modular program was developed using the 

top down approach. Flexibility was one of the main considerations during program 

development Because, many two and three dimensional arrays have to be used for 

QDDP, and the stack size of the AT&T UNIX PC is 32K bytes, sharing of variables 

is mostly done through global "include" files. Detailed documentation is given within 

the source code. 

Functions in the QD:bP program may be divided into two separate groups. 

The first group of functions perform problem independent operations of the QDDP 

algorithm, i.e., it is not necessary to modify them for each new problem that has to 

be solved. The second group consists of problem specific functions; they have to be 

recoded for each new problem as is the case with many non-linear programming 

software. Essential elements of the QDDP program using updating formulas in equa

tions (5.53) and (5.55) are given below. Program functions are denoted by the func

tion name followed by a pair of parenthesis. If an important parameter passing needs 

to be shown it is placed between the parenthesis. To use the updating formula in 

equation(5.42), calls to functions rankoneO and ranktwoO are substituted by a call to 

function updateO. 
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Pro&JllDl QDDP 

This section consists of a step by step description of the QDDP program 

complete with the purpose, input and output requirements and a pseudocode. 

Purpose: To solve a discrete-time dynamic programming problem with multiple 

decision and state variables per stage and twice differentiable loss and 

state transformation functions. 

Input: Compile Time 

Output: 

1 Loss function for each stage 

2 State transformation functions 

3 Gradients of loss function 

4 lacobians of state transfonnation functions 

Run Time 

1 Problem title 

2 Number of states and decisions for a stage 

3 Number of stages 

4 Tolerance for stopping rule 

5 Initial (stage 1) state vector 

6 Initial Policy 

7 Any other problem specific input 

1 Optimal loss function value 

2 Optimal policy and trajectory 

3 QDDP gradient at the optimum 



Pseudocode: 

A mainO : Problem Independent 

1 Allocate space to global variables and arrays 

2 Open input and output files 

3 Call problemO for runtime input 

4 Call initializeO to initialize variables and arrays 

5 Initialize cl(O), C'l(O), 'In, Pn 

6 For n=N,N-l, ... ,1 call backward(n) , for backward run 

7 Call armigO for linesearch 

8 For n=I,2, ... , N call forward(n) for forward run 

9 Call testO to check if stopping rule is satisfied 

10 If stopping rule is satisfied, call results for final output 

else go to step 5 

11 Call resuItsO for output to a file 

B backward(n) : Problem independent 

1 Call EnDn(n) to compute Cn and dn 

2 If iteration one (skip updates) go to step 6 

3 Call delgam(n) to compute V n and 'Yn 

4 Call rankone(n) for rank-one update using equation (5.53) 

5 Call ranktwo(n) for rank-two update using equation (5.56) 

6 Call replace(n) for array replacements (section 5.4.3) 

7 Call hessapprox(n) to calculate An, Bn , Cn 

8 Call alphabeta(n) to compute <Xn and Pn 

9 Call Pqccprime(n) to compute P n , 'In and to accumulate Cn(O), c' n(O) 
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C EnDnO : Problem independent 

1 Call gradjacob(n) to compute gradient and Iacobian at (X:;,t1n~ 

2 Compute en' ~ 

D delgam(n) : Problem independent 

1 Compute V n and 'Yn 

E ranktwo(n) : Problem independent 

1 Call posnegO to compute positive and negative updating vectors v, W 

2 Compute M~un using equation (5.56) 

F alphabeta(n) : Problem independent 

1 Call invertO to compute C;1 

2 Compute «Xn, 13n 

G Pqccprime(n) : Problem independent 

1 Compute Pn , ~ 

2 Call Ilambda() to compute cn(O) 

3 Compute c'n(O) 

H posneg(n) : Problem independent 

1 Compute COon from 'Yun using equation (5.59) 

2 Compute v and W 

I armigO : Problem independent 

1 Find line search parameter A using inequality (5.41) and by calling 

transformO and JlambdaO as necessary 
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] forward(n) : Problem independent 

1 Given xi, 0:;, Un, Pn, A., x{=ii compute xri, uti using 

equation (5.33) 

K test : Problem independent 

1 Test for stopping rule 

L replace (n) : Problem independent 

1 Carry out array replacements as suggested in section 5.4.3 

M results (n) : Problem independent 

1 Write output to a file 

N problem() : Problem independent ( except in some cases ) 

1 Read in runtime inputs 1-5 (input 7 will cause problem dependence) 

o initialize() : Problem independent 

1 Initialize arrays and variables 

2 Read in runtime inputs 5 and 6 

3 For n=I,2,.. . ,N call transform(n) to compute initial trajectory 

P invert() : Problem independent 

1. Invert matrix ~ 

Q transform(n) : Problem dependent 

1 Transform state Xn-l to state. Xn using equation (5.1b) 

R nambda (n) : Problem dependent 

1 Given (Xn,1Jn}, compute loss at stage n 
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S gradjacob(n) : Problem dependent 

1 Given (Xn,Un), compute gradient and Jacobian at stage n 

The constrained QDDP program was developed by modifying and adding to 

the QDDP program described above. Quantities W, X, and U are calculated in grad

jacobO. Quadratic programming problems at each stage are set up in quadraticO and 

solved in functions qlO and zqcpvxO. Function backwardO calls quadraticO after 

ranktwoO and quadraticO calls qlO and zqcpvxO. The hessian update modifications 

are in delgamO. A new line search function linesearchO replaces armigO. Finally, a 

function penaltyO calculates penalties as required by the line search procedure. 

Array Re.placement Scheme 

The QDDP program uses many one, two and three dimensional arrays. 

Hessian approximation using the quasi-Newton condition given in equation (5.18) 

requires that the quantities V. gn(Xn,Un) and V.Tn be available both at (X;,o;) and 

(xi{,O;:) for n=l, ... ,N. Furthennore, matrices ~ evaluated at (X;,O;) must also be 

available. A scheme of systematic array replacements to reduce storage require

ments, as suggested in Sen (1986) and was implemented in the QDDP code. Figure 

Cl shows this scheme for V ugn(Xn,Un). Each box in Figure Cl represents a PxM 

array. At any stage n, the quantity V ugn(X;,gi) is computed and temporarily stored 

in box 1EMP. 1un is computed using contents of 1EMP and box n and then contents 

of temp replaces that of box n. At the end of a backward run, V ugn(X;,o;), n = 

1, ... ,N are in appropriate boxes for the backward run of next iteration, if any. This 

scheme saves memory requirements by an order of magnitude N-l, from N boxes (a 

PxMxN array) to a single box 1EMP (a PxM array). Similar schemes are used for 
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other quantities except for ~ where the temporary array in box TEMP is not 

required and replacements are made directly. Therefore, total memory savings when 

compared to explicit storage of all quantities at both current and previous iteration is 

of the order of magnitude (5N-4). 



I-4-M --I 

T 
P 

1 
~, ", " ~~ ", 

~'\. ~~ 
<l3>~ <l3>'" 

I-+-M~ 

T 
P 

1 
~, .... , 

" -a.~ ", , 
~'\. ~~ 

<l~"> <l~'" 

~M-+-f 

~, ~~~ ", +~ .. ~'\. ~':f. ~ .. <l~ 

T 
P 

i 
2 -

Figure Cl 

,,~ 
~+' " ~, 

~+' ,,"> 
<l~~ 

STAGE N 

,,~ 
~+' " ~, 

++' ~ 
~+" 

--

STAGE N-l 

~~ 
~~ 

~;~ 
~~ 

,"> 
~~ 

N-l 

~ 

STAGE 1 

L.-M--..I 
,,=" 

" ~+ 
~+' 

~~ 

Compute "YaN, replace contents of 
box N with that of box TEMP 

f.+-M ... ~ 

f 
P 

1 

~~~ 
~ ~ l 
~~ I 

~,,~ P 
~~ 

,,~ 1 <l~ 

~' 
<l~'> 

TEMP. 
Compute '7u,N-I' rePlace contents of 
box N-l with that or box TEMP 

....-M 

~ 
c.~ 
+~ .. 

~'$ 
4~ 

t£\ 
~'\. 

~, 

~" ~ .. 
~ 

-

111' replaCe contents or 
box 1 with that of box TEMP 

Array Replacement During Backward Run of QDDP 
...... 
111 
Q) 



159 

REFERENCES 

Benayoun, R., I.de Montgolfier, 1 Tergny, and O. Larichev, ''Linear Programming 
and Multiple Objective Functions: STEP Method (STEM)", Mathematical 
ProBJ1lll1lIlin~, vol. 1, pp. 366-375, 1971. 

Bowman, V.I. Ir., "On the Relationship of the Tchebycheff Norm and the Efficient 
Frontier of Multiple-Criteria Optimization", Multiple Criteria Deci- .s.iQn 
Makin~, Proceedings, Iony-en-Josas, France, pp. 76-86, Springer-Verlag, 
Berlin,1975. 

Chankong, V. and Y.Y Haimes, Multiobjective Decision Makin~, Elsevier, New 
York,1983. 

Charnes, A., W.W. Cooper, K.A. Lewis, and R.I. Nieheus, "A Multiple Objective 
Model for Planning Equal Employment Opportunities", Multiple Criteria 
Decision Makin~. Proceedings, Kyoto, pp. 111-134, Springer-Verlag, Ber
lin, 1975. 

Climaco 1., A. Martins and A. Traea-almeida, "On Multicriteria Based Approach for 
Energy Planning", ~ Presented Bt EURO-TIMS Meeting Paris, France, 
1988. 

Cohon, I.L. and T.W Eagles, "Analysis of Nuclear Reactor Siting Policy Using Mul
tiobjective Programming", Essays Bllii Surveys ml Multiple Criteria ~ 
.s.iQn Makin~. Proceedings, Mons, pp. 19-30, Springer-Verlag, Berlin, 1982. 

Couillard, 1. and G.D'Avignon, "A Decision Support System for Vehicle Fleet Plan
ning: Multicriteria Approach", ~ Presented Bt EURQ-TIMS Meeting 
Paris, France, 1988. 

DeKluyver, H.G. and Daellenbaeh C.A., "Note on Multiple Objective Dynamic Pro
gramming", Journal m Operational Research Society. vol. 31, pp. 591-594, 
1980. 

Dennis, I.E. and R.B. Schnabel, Numerical Methods fm: Unconstrained Optimiza
rum Bnd Nonlinear Equations. Prentice Hall, Englewood Cliffs, NI, 1983. 

Duckstein, L. and M.E. Gershon, "Multicriteria Analysis of a Vegetation Manage
ment Problem Using ELECTRE TI", AP.J.llied Mathematical Mode-ling. vol. 
7, pp. 254-261, 1983. 

Dyer, I.S., "A Time Sharing Computer Program for the Solution of the Multiple Cri
teria Problem", Mana~ement Science. vol. 19, pp. 1379-1383, 1973. 



160 

Evans, G.W., "An Overview of Techniques for Solving Multiobjective Mathematical 
Programs", Manait'ment Science. vol. 30, pp. 1268-1282, 1984. 

Fletcher R., Practical Methods m Ojltimization. Volume 1, Iohn Wiley, Chichester, 
1980. 

Geoffrion, A.M., I.S. Dyer, and A. Feinberg, "An Interactive Approach for Multicri
terion Optimization with an Application to the Operation of an Academic 
Department", Manaaement Science. vol. 19, pp. 357-368, 1972. 

Goicoechea, A., D.R. Hansen, and L. Duckstein, Multiobjective Decision Analysis 
m Engineerina nnd Business Applications. Iohn Wiley, New York, 1982. 

Haimes, Y. Y., W.A. Hall, and H.T. Freedman, Multiobjectiye Optimization in 
~ Resources Systems Elsevier, New York, 1975. 

Harsanyi, I.C., Rational BehaviQr .orut Barpinina Equilibrium in Games aru1 ~ 
Situations. Cambridge University Press, Cambridge, 1977. 

Hillier. F.S. and G.I. Leibennan. Introduction .tQ Operations Research. Holden-Day 
Inc., Oakland, California, 1980. 

Ignizio, I.P, "The Determination of a Subset of Efficient Solutions via Goal Pro
gramming", Computers nnd Operations Research. vol. 3, pp. 9-16, 1981. 

Ignizio, J.P., QQill Pro~mmina.orut Extensions. Heath, Boston, 1976. 

Kailath, T., Linm Systems. Prentice-Hall, Inc., Englewood Cliffs, N.J., 1980. 

Keeney, R.L. and H. Raiffa, Decisions Eth Multiple Objectives; Preferences .and 
~ Tradeoffs. John Wiley, New York, 1976. 

Klingman, D. and N.V. Phillips, "Topological and Computational Aspects of 
Preemptive Multicriteria Military Personnel Assignment Problems", 
Manait'ment Science. vol. 30, pp. 1362-1375, 1984. 

Korhonen, P. and 1. Laasko, "A Visual Interactive Method for Solving the Multiple 
Criteria Problem", European Journal m Operations Research. vol. 24, pp. 
277-287. 

Larson, R.E. and J.L. Casti, Principles m Dynamic Proifl\mmina - fm:t L pp. 150-
153, Marc.\:.! Dekker, New York, 1978. 

Lee, S.M., 0Qill Pro&JllI1llllina fm: Decision Analysis. Auerbach, Philadelphia, 1972. 



161 

Levine, P. and J.-Ch Pomerol, "PRIAM, an Interactive Program for Choosing 
Among Multiple Attribute Alternatives", Euro,pean Journal m Operations 
~ vol. 25, pp. 272-280, 1986. 

Loganathan, G.V. and H.D. Sherali, "A Convergent Interactive Cutting-Plane Algo
rithm for Multiobjective Optimization", Operations Research. vol. 35, pp. 
365-377, 1987. 

Luenburger D.G., Limw mu1 Nonlinear Programmin~. Addison Wesley, Reading. 
Mass., 1982. 

Major, David C., "Multiobjective Water Resource Planning", ~ Resources 
Monograph ~ American Geophysical Union, Washington D.C., 1977. 

Mehra, R.K. and R.E. Davis, "A Generalized Gradient Method for Optimal Control 
Problems with Inequality Constraints and Singular Arcs", ~ Transac
limla Q!l Automatic Control vol. AC-17, pp. 69-79, 1972. 

Mitten, L.G., "Preference Order Dynamic Programming", Mana~ement Science. vol. 
21, pp. 43-46, Sept. 1974. 

Monarchi, D., C. Kisiel, and L. Duckstein, "Interactive Multiobjective Programming 
in Water Resources: A Case Study", ~ Resources Research. vol. 9, pp. 
837-850, 1973. 

Murty, K.G., Linm Programmin~. pp. 18-19, John Wiley, New York, 1983. 

Musselman, K.J. and J. Talavage, "A Tradeoff Cut Approach to Multiple Objective 
Optimization", Operations Research. vol. 28, pp. 1424-1435, 1980. 

Nash, J., "Two-Person Cooperative Games", Econometrica. vol. 21, 1953. 

Nemhauser, G.L., Introduction .tQ Dynamic Programmine. John Wiley, New York, 
1966. 

Ohno, K., "A New Approach to Differential Dynamic Programming for Discrete 
Time Systems", ~ Transactions On Automatic Control. vol. AC-23, pp. 
37-47, 1978. 

Opricovic, S., "An Extension of Compromise Programming to the Solution of 
Dynamic Multicriteria Problem", 1979. Paper presented at the 9th IFIP 
Conference on Optimization Techniques, Warshaw, Poland 

Philip, J., "Algorithms for the Vector Maximization Problem", Mathematical fro: 
~1lL vol. 2, pp. 207-229, 1972. 



162 

Powell, M.J.D "Variable Metric Methods for Gonstrained Optimization" Mathemati
W Pro~ne .:. :rhc ~ Df 1M Ana Eds. Baschen A., B. Korte, M. 
Grostchel, Springer-Verlag, Berlin, 1982. 

Quaddus, M.A. and A.G Holtzman, "IMOLP: An Interactive Method for Multiple 
Objective Linear Programs," JEEB Transactions m Systems. MBn nnd 
Cybernetics. vol. 16, pp. 462-467, 1986. 

Rakshit, A., J. Pereira, and L Duckstein, "Astrophysical Development in an Environ
mentally Sensitive Area - A Multicriteria Location Analysis", Working 
~ ~ Qf Systems nnd Industrial Eneineerine. University of Arizona, 
Tucson, Arizona, October, 1987. . 

Reklaitis, G.V., A. Ravindran, and K.M. Ragsdell, Eneineering Optimization -
Methods .and Applications. John Wiley and Sons, New York, 1983. 

Rosenthal, R.E., "Principles of Multiobjective Optimization", Decision Sciences 
~ vol. 16, pp. 133-152, 1985. 

Roy, A. and J. Wallenius, "A Unified Interactive Approach to Multiple Criteria 
Optimization", Working ~ #DIS 85/86-11, Arizona State University, 
1986. 

Sen, S., "Matrix Storage Scheme for QDDP Programs", Lecture ~ sm Depart
ment, University of Arizona, Tucson, 1986. 

Sen, S. and S.J. Yakowitz, "A Quasi-Newton Differential Dynamic Programming 
Algorithm for Discrete-Time Optimal Control", Automatica. vol. 23, pp. 
749-752, 1987 

Slovic, P., S. Lichtenstein, and B. Fischhoff, "Decision Making", Steven's Handbook 
Qf Experimental Psycholo!:y. Second Edition, John Wiley, New York, 1984. 

Sneidovich, M., "Preference Order Stochastic Knapsack Problems: Methodological 
Issues", Journal Qf Operational Research Society. vol. 31, pp. 1025-1032, 
1980. 

Sobel, M.I., "Ordinal Dynamic Programming", Manaeement Science. vol. 21, pp. 
967-975, May 1975. 

Spronk, J. and G. Zambruno, "Interactive Multiple Goal Programming for Bank 
Portfolio Selection", Multiple Criteria Decision Methods .and Ap.plications. 
pp. 289-306, Springer-Verlag, Berlin, 1985. 

Steinberg, E. and M.S. Parks, "Knapsack Problem with Stochastic Rewards", Journal m Operatimal Research Society. vol. 30, pp. 141-147, 1979. 



163 

Steuer, R.E., Multiple Criteria Optimization. John Wiley, New York, 1986. 

Strauch, T.A. and R.E. Brown, "Dynamic Programming in Multiplicative Lattices", 
Journal m Mathematical Analysis .and Awlications vol. 12, pp. 364-370, 
1965. 

Szidarovszky, F. and L. Duckstein, "Dynamic Multiobjective Optimization : A 
Framework with Application to Regional Water and Mining Management," 
European Journal.Qf Operations Research. vol. 24, pp. 305-317, 1986. 

Sziclarovzsky, F., M.E. Gershon, and L. Duckstein, Techniques for MultioQjec- tiE 
Decision Makine in Systems Management. Elsevier, 1986. 

Tauxe, G.W., R.R Inman, and D.M. Mades, "Multiobjective Dynamic Programming: 
A Classic Problem Redressed", ~ Resources Research. vol. 15, pp. 
1398-1401, 1979. 

Tauxe, G.W., R.R. Inman, and D,M. Mades, "Multiobjective Dynamic Programming 
with application to a Reservoir", ~ Resources Research. vol. 15, 
December, 1979. 

UNIX System V User's Manual, AT&T UNIX PC, Volume n, 1986. 

Villarreal, B. and M.H. Karwan, "Multicriteria Dynamic Programming with an 
Application to the Integer Case", Journal m Optimization TheOI)' Brul 
Applications. vol. 38, pp. 43-69, Sept 1982. 

Voogd, H., Multicriteria. Eyahmilim for l.Irhml mId Re~QnBl Plannini. Pion Limited, 
Manchester, 1983. 

White, D.J., A Selection m Multiobjective Interactiye ProfWUllmini Methods. pp. 
100-126, Academic Press, New-York, 1983. 

White, D.l., "Applications of Non-Explicit Value Function Mathematical Program
ming Multiple Objective Methods", Re.port. University m Manchester. 
1987. 

Yakowitz, S.l. "The Stagewise Kuhn-Tucker Condition and Differential Dynamic 
Programming" JEJm Transactions Wl Automatic Control. vol. AC-31, pp. 
25-30, 1986. 

Yakowitz, S.l. and B.W. Rutherford, "Computational Aspects of Discrete-Time 
Optimal Control", Applied Mathematics BmI Computations. vol. 15, pp. 
29-45, 1984. 

Yu, P.L. and L. Seiford, "Multistage Decision Problems with Multiple Criteria", 
Multiple Criteria Analysis. Eds. P. Nijkamp and I. Sprook, pp. 235-244, 



164 

Gower, 1981. 

Yu, P.L. and G. Leitmann, "NonDominated Decisions and Cone Convexity in 
Dynamic Multicriteria Decision Problems", lournal of Ojltimization TIleoty 
BDd AwIications. vol. 14, pp. 573-584, 1974. 

Yu, P.L., Multiple Criteria Decision Makin&. Plenum Press, London, 1985. 

Zadeh, L., "Optimality and Non-Scalar-Valued Performance Criteria", IBBE Transac
rums. QJl Automatic Control. vol. AC-8 (No. 59), 1963. 

Zeleny, M., "A Concept of Compromise Solutions and the Method of the Displaced 
Ideal", Computers BD.d Operations Research. vol. 1, pp. 479-496, 1974. 

Zeleny, M., Multiple Criteria Decision Makin&. McGraw Hill, 1982. 

Zeuthen, F., Problems Qf Monopoly Bnd Economic Warfare. Routledge and Kegan 
Paul, London, 1930. 

Zionts, S. and Z. Wallenius, "An Interactive Programming Method for Solving the 
Multiple Criteria Problem", Mana~nt Science. vol. 22, pp. 652-663, 
1976. 


