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ABSTRACT

This dissertation presents theories of multiwave mixing in two- and three-level
media. The first part of the dissertation treats the semiclassical theories in two-level
media. Chapter 2 gives the simple semiclassical theory of four-wave mixing when the
two pump frequencies differ by more than the reciprocal of the population-difference
lifetime. This difference washes out the pump spatial holes as well as one of the two
reflection gratings. We compare the results to the degenerate treatment of Abrams and
Lind and find significant differences in the reflection coefficient spectra.

Chapter 3 presents the semiclassical theory of multiwave in a squeezed
vacuum characterized by unequal in-phase and in-quadrature dipole decay times. For
a highly squeezed vacuum, we find sharp resonances in both probe absorption and ref-
lection coefficients, which provide sensitive ways to measure the amount of squeezing
in the vacuum.

The second part of the dissertation treats the guantum theories in two- and
three-level media. Chapter 4 develops the fourth-order quantum theory of multiwave
mixing to describe the effects of sidemode saturation in two-level media, We derive
explicit formulas for the fourth-order quantum coefficients and show that the fourth-
order quantum theory reproduces the third-order semiclassical coefficient obtained by
truncating a continued fraction. We apply the results to cavity problems and find sig-
nificant differences in the sideband spectra given by the second- and fourth-order
treatments, particularly as the sidemode approaches the laser threshold.

The final chapter presents a quantum theory of multiwave mixing in three-

level cascades with a two-photon pump. The explicit formulas for the resonance fluo-
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rescence spectrum and the quantum combination-tone source term are derived. The
theory is applied to the generation of squeezed states of light. We find almost perfect
squeezing for some strong pump intensities and good broad-band squeezing for low

pump intensities.
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CHAPTER 1
INTRODUCTION

Since the discovery of nonlinear phenomena, multiwave mixing has been one
of the most important branch of quantum optics both theoretically and experimentally.
It is able to treat a number of topics that involve the interaction of two or more elec-
tromagnetic waves with a nonlinear medium, topics including saturation spectroscopy,
phase conjugation, resonance fluorescence, and the generation of squeezed states.

In most multiwave mixing theories, it is sufficient to treat the electromagnetic
fields classically and the atoms quantum mechanically (i.e., semiclassical
approximation). The first three chapters of this dissertation deal with semiclassical
theories of multiwave mixing in one-photon two-level media. There are some
phenomena, however, that the semiclassical approximation fails to explain. Resonance
fluorescence and squeezed states of light are typical examples of these. In these cases,
the weak fields must be quantized, while the strong pump fields can be treated classi-
cally.

Sargent, Holm, and Zubairy (1985) derived a theory describing quantum
multiwave interactions in a nonlinear one-photon two-level medium. In their
following series of papers (Quantum theory of multiwave mixing II through VIII),
Holm and Sargent applied this theory to predict and explain many phenomena in
quantum optics, including modulation spectroscopy, resonance fluorescence, and
squeezing in such a medium. In most of this dissertation we extend the theory to
describe the effects of quantum sidemode saturation in one-photon two-level media and

to develop the quantum theory of multiwave mixing in two-photon three-level media.



12

Chapter 2 presents the simple semiclassical theory of nondegenerate four-wave
mixing when the two pump frequencies differ by more than the reciprocal of the pop-
ulation-difference lifetime. The fringe pattern for differing frequencies leads to a
walking wave. If the walking speed is sufficiently large, the pump spatial holes are
washed out. Qur absorption and coupling coefficients differ significantly from the
original degenerate treament of Abrams and Lind, since one of the two reflection
gratings is also washed out, and since two resonance Lorentzians enter instead of one.
We find that the reflection coefficient is qualitatively similar to that of Abrams and
Lind, but is reduced in magnitude due to incresed saturation.

Chapter 3 generalizes the spectroscopic techniques by Sargent (1978) to develop
the semiclassical theory of multiwave mixing in a squeezed vacuum. A squeezed
vacuum is generated by squeezed light with a bandwidth much larger than the natural
linewidth of the atom. Gardiner (1986) studied the decay of two-level systems in such
a vacuum. To a good approximation, he found that the Maxwell-Bloch equations are
modified simply by having different in-phase and in-quadrature relaxation rates.
Using a Fourier series method, we derive the nondegenerate probe absorption and
coupling coefficients in a squeezed vacuum characterized by unequal in-phase and in-
quadrature dipole decay times. For a highly squeezed vacuum, we find sharp reso-
nances in the probe absorption coefficient and suppression of population pulsation con-
tributions. We average the probe absorption and coupling coefficients over pump
spatial holes and solve the coupled mode equations to find the four-wave mixing ref-
lection coefficient. We compare the results to the case of an unsqueezed vacuum.

The remaining two chapters, which are the main portion of this dissertation,
deal with quantum theories in two- and three-level media. Chapter 4 begins with a

one-photon two-level medium. In two previous papers (Sargent, Holm, and Zubairy
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1985; Stenholm, Holm, and Sargent 1985), a quantum theory of multiwave mixing in a
two-level medium is presented. The theory assumes that the sidemode photon numbers
are sufficiently small compared to the saturation photon number that a second-order
perturbation treament is adequate. If this is not true such as near the laser threshold,
we expect that higher order perturbation corrections are needed. This chapter extends
the theory to fourth order in the weak-field interaction by using an approach similar
to the quantum theory of multiwave mixing by Sargent, Holm, and Zubairy (1985).

Chapter 4 is divided into three sections. The first section extends the semi-
classical theory of saturation spectroscopy by Sargent (1978) to describe the effects of
sidemode saturation semiclassically. We first summarize the derivation of the general
two-wave absorption coefficients allowing both probe and saturator waves to saturate
the response of the medium (Sargent 1978). We show that the self-consistent equation
is reduced to the algebraic equation expressed in terms of a continued fraction. We
use this equation to find a degenerate solution in a closed form and a nondegenerate
solution up to third order in the weak-field amplitude. In the second section we
extend the theory by Sargent, Holm, and Zubairy (1985) to describe the effects of
sidemode saturation fully quantum mechanically. We show that the fourth-order
quantum theory reproduces the third-order semiclassical coefficient obtained by trun-
cating a continued fraction. The final section solves the fourth-order equation of
motion in steady state and studies the effects of cavities on the photon number
spectrum. The results are compared to the second-order theory. We find significant
differences in the sideband spectra given by the second- and fourth-order treatments,
particularly as the sidemode approches the laser threshold.

Chapter 5 presents the quantum theory of multiwave mixing in a two-photon

three-level medium and applies the theory to the generation of squeezed states of light.
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Squeezed states of light are those for which the quantum fluctuations in one quadra-
ture phase of the electric field are reduced below the average minimum variance
permitted by the uncertainty principle. Such states have potential applications in
optical communication systems and in gravity-wave detection. Due to the dependence
of squeezing on the phase of the electric field, squeezed states have been predicted to
occur in phase sensitive nonlinear optical processes, such as parametric amplification,
second harmonic generation, and four-wave mixing. The first successful generation of
squeezed states has been reported by Slusher et al. (1985) using nondegenerate four-
wave mixing. Recently other groups have also succeeded in producing squeezed states
using different types of nonlinear media.

Holm and Sargent (1987) have applied their quantum multiwave mixing theory
(Sargent, Holm, and Zubairy 1985) to analyze the generation of squeezed states and
compared to the experimental results of Slusher et al. (1985) finding reasonably good
agreement. The first nondegenerate semiclassical theory of multiwave mixing in a
two-photon two-level medium has given by Sargent, Ovadia, and Lu (1985) and the
quantum theory of multiwave mixing in this medium has been derived in detail by
Holm and Sargent (19864). In this chapter we extend the quantum theory of
multiwave mixing by Sargent, Holm, and Zubairy (1985) to treat squeezing in a three-
level cascade model with a classical two-photon pump and a cascade of two one-
photon transitions at different frequencies.

The experimental observation of the suppression of amplified spontaneous
emission by the four-wave mixing process in this model has been reported by Malcuit,
Gauthier, and Boyd (1985). This experiment has been interpreted using classical fields
up to fourth order in all mode interactions (Boyd et al. 1987), while we treat a

classical pump to all orders and quantized squeezed modes to first order. They also
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use the one-photon rotating wave approximation for the two-photon pump and neglect
the population in the intermediate level, while we include the terms dropped in these
approximations. Agarwal (1986) studied this model using a weak classical two-photon
pump and weak quantized sidemode fields. He showed the generation of squeezed
states, but simplified his treatment by neglecting dynamic Stark shifts and the popula-
tion in the intermediate level. In contrast our treatment allows for more general tuning
conditions and nonzero intermediate level population as created by the potentially

strong pump field in conjuction with level decays.
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CHAPTER 2
SIMPLE SEMICLASSICAL THEORY OF FOUR-WAVE MIXING

In the four-wave mixing scheme for phase conjugation shown in Fig. 1, the
pumps interfere in a nonlinear two-level medium inducing spatial holes in the popula-
tion difference. Since these holes are out of phase with the signal and conjugate
waves, the projection of the induced polarization onto these waves requires averaging
over the pump spatial holes. In their initial treatment of this problem for degenerate
pump and probe frequencies, Abrams and Lind (1978) supposed that the squared
sinusoids representing the holes in the population denominators could be appproxi-
mated by 1/2. Later they published an erratum (Abrams and Lind 19785) that carried
out a more realistic average by integrating the steady-state polarization over a wave-
length. The resulting reflection coefficient differs substantially in value from the
simpler average. In this chapter, we use results from grating-dip spectroscopy (Sargent
1976) to justify the use of the first method in the nondegenerate case for which the
two pump frequencies differ by more than the reciprocal of the population-difference
lifetime (1/7,). The fringe pattern for differing frequencies leads to a walking wave,
If the walking speed is sufficiently large, the pump spatial holes are washed out. Our
absorption and coupling coefficients still differ significantly from the original degener-
ate treatment of Abrams and Lind, since one of the two reflection gratings is also
washed out, and since two resonance Lorentzians enter instead of one. The physics of
this problem is closely related to the finite-width reflection spectrum predicted by Fu
and Sargent (1979) in their treatment of signal detuning. There the reflection gratings

induced by the signal with either pump are washed out if the signal and pump fre-
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Fig. 1. (a) and (b) Four-wave mixing diagrams occurring in Abrams and Lind
degenerate theory. In (@) the down-pump (}) and the signal waves induce a
grating. The conjugate wave is created because the up-pump (1) scatters off
this grating into the opposite direction to the signal wave. In (b) another
grating is induced by the up-pump and the signal waves. (c) Phase conjuga-
tion without spatial holes. Only one grating is induced.
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quencies differ by more than 1/7,. Agrawal (1982) has used similar arguments to

justify neglecting pump spatial hole burning in two-photon phase conjugation.

2-1. Nondegenerate Phase Conjugation Without Pump Spatial Holes

We first outline the derivation of the coupled-mode absorption and coupling
coefficients, and then illustrate the resulting reflection coefficient. For more detailed
discussion of such derivations, see the review article (Sargent 1978). We consider an

electric field given by the two-frequency expression
1 -yt 1 ~lv,t
E(r, t) = 5 [E)(r) + &qy(r)] e t 5 [Ep(r) + Ey(r)] € + C.C. , 2.1)

where the signal amplitude &,(r) = A, exp(iK,-r), the pump amplitudes &y (r) = A4,
exp(iKy,-r) and &y(r) = A, exp(-iKy-r), and the conjugate amplitude &y(r) = A,
exp(iKs'r). This induces a complex electric-dipole coherence p,, in the medium along
the lines explained in Sec. 8-2 of Laser Physics (Sargent, Scully, and Lamb 1974).
Since the population difference D is assumed not to be able to follow the beat
frequency v,-»,, it may be treated as a constant in the formal time integral for p,.

Evaluating this integral in the rate equation approximation, we have
Pap = =121 [DAE, + Ex] €™ + D&y + 811D, (2.2)

where the complex denominator @,=1/[y+i(w-v,)l. The population difference then

obeys the rate equation
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Dm- Bl tiT, L2818l + ZlSpvSa1 D 2.3)
where VN is the unsaturated population difference, and the dimensionless Lorentzian .2,
w 1/[14(w-v,)%/¥*]. In steady-state (D=0), this yields to first-order in the signal and

conjugate amplitudes

N
Dm
1+ [12¢+(Cé’,*é’2l+c.c.)]f 1+ [ +HCE3Ep+e.c))E,

5 N l - C(é’]*gzlfl + gs&ztfz + C.C.) (2 4)
l+12;f1+12tf2 ) 121f|+121f2 ' ’

where C=(p/H)*T,T,, and the dimensionless intensity 1 4=C|&,|? (n = 21 or 2}). Substitut-

ing this into Eq. (2.2), we have

- BV D848 1™ + D[Ep485] &
Pgp = 20 1+12;f1+121f2

(2.5)

l - C(é’léjz‘—yl + gaé’zf—yz + C.C.)
V4 Iy L1+l &, '
Projecting this onto the signal and conjugate propagation functions (e.g., exp(iK,-r)), we

find the coupled mode equations

dA,

"d—‘z‘ 2 -Ot,Al + XIAS* eZIAKZ Y . (2'6)
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dAs"
- = oA+ x4, 2Bk 2.7
where the absorption coefficients are
[ I,
Yt JRSUN W § (. .21 W 2.8
= P s BRELRZN A @8
In%
- Dy ok ] - A2 )
% = OV N B s | WP 2.9
the coupling coefficients are
U L) 2,
= . 2.
XI o‘o'ygl (l+12$'2’01+121f2)2 ( 10)
Uy i)/,
- . 2,
Xs = 0yYD, (1, Z 1+l ZoP 2.11)
and the phase mismatch factor
AK = Lp-v)1-cost) . 2.12)
2c

where 6 = cos™(K,-Ky, /K,K>)).

As shown for example by Fu and Sargent (1979), the corresponding amplitude

reflection coefficient is given by
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»
- AS (0) - * sinhwl (2 13)
A0  ** wcoshwl + asinhwZ ° )

where o and w are given by

o= (o + oy + 2iAK)/2 , (2.14)

w02 - xyxs M2 . 2.15)

2-2. Comparison to Abrams and Lind Degenerate Theory

The absorption and coupling coefficients, which are calculated by Abrams and
Lind (1978) averaging over spatial holes in the degenerate four-wave mixing case (see

Figs. Ia and 1b), are given by

@, = ayYD, _———"'—"l + 2%, . (2.16)
(1 + 41, 2,)%?
X1 = 07D 27 (2.17)

(1 + 4L LYl

Figure 2 compares the reflection coefficient R'==|r|2 vs intensity obtained with
spatial holes (Abrams and Lind calculation) to those with none, each for two values of
ogl. In general, the reflectivity peaks slightly sooner and with about half the value
for large fields without spatial holes than with. Examination of the coupling coeffi-

cients k's for the two cases suggests this behavior, in that without spatial holes, Eq.
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Fig. 2. Reflectivity R vs pump intensity /, (@) in Abrams and Lind degener-

ate theory and (b) phase conjugation without spatial holes (I5; = Iy, v, = ;)

for various values of apL. v =1 and w = v,.
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(2.11) saturates as 1// for large I, whereas the Abrams-Lind formula is proportional to
V2, Physically this corresponds to the fact that spatial holes mix up strong and
weak saturation regions, preventing saturation from turning on as sharply. The effect
is similar, although not as pronounced, as the averaging that occurs with inhomogene-
ous broadening, which might be called a "soft saturation." For all oL, the reflectivity
without spatial holes is smaller than that with, since only one signal-pump grating is
induced. When spatial holes are present, both pumps induce conjugating gratings (see

Fig. 1).

0.2
Iy =2
R 0.1
7
10
0! ! |
0.1 1 10 100
Iy

Fig. 3. Reflectivity R vs pump intensity /5 for various values of the pump

intensity /5. oL = 10, v, = v,, Y= 1, and w = »,.

Figure 3 plots reflectivity vs up-pump intensity for a number of values of
down-pump intensity. Initially an increase in the down-pump intensity produces
higher overall reflectivity, but larger values tend to bleach the medium and reduce the

reflectivity. In all cases, the large up-pump intensity region saturates substantially
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more strongly than it does when spatial holes are included as expected from the dis-~
cussion above.

In this chapter we have presented a simplified phase conjugation calculation in
which spatial holes are assumed to average out due to the inability of a slow-response
population difference to follow the moving pump fringe pattern. The large field satu-
ration is substantially increased without spatial holes. The theory should be useful in
studying the conjugation properties of media with long population difference lifetimes,
such as ruby, and aspects of the present analysis should be applicable to other media
having long grating decay times, such as a liquid with suspended microspheres (Smith,

Ashkin, and Tomlinson 1981).
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CHAPTER 3
EFFECTS OF A SQUEEZED VACUUM ON MULTIWAVE MIXING

Nonlinear phenomena can be used in two general ways, one in applications
such as second-harmonic generation, lasers, phase conjugation, and optical switching.
Alternatively one can use the phenomena to study the properties of the medium that
generates them. The various kinds of nonlinear spectroscopy fall into the second
category. Saturation spectroscopy deals typically with the c¢w absorption of waves
passing through a medium to be studied. The theory is highly developed and predicts
spectra of absorption versus probe-pump detuning, which reveal the dynamic Stark
effect and various coherent dips (Mollow 1972; Wu, Ezekiel, Ducloy, and Mollow 1977
Sargent 1978).

A squeezed vacuum is generated by squeezed light with a bandwidth much
larger than the natural linewidth of the atom. Gardiner (1986) studied the decay of
two-level systems in such a vacuum. To a good approximation, he found that the
Maxwell-Bloch equations are modified simply by having different in-phase and in-
quadrature relaxation rates. Resonance fluorescence (Carmichael, Lane, and Walls
1987) and probe absorption (Ritsch and Zoller 1987 and 1988, An and Sargent 1988)
have been studied in such a vacuum. In this chapter we extend the two-wave theory
by An and Sargent (1988) to study nondegenerate three- and four-wave mixing in a
squeezed vacuum.

Section 3-1 describes the interactions of an arbitrarily intense pump wave and
two weak sidebands with a medium in a squeezed vacuum. This theory uses Fourier

series to solve the Schrédinger equations of motion, finding the probe absorption and
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coupling coefficients in such a vacuum. Section 3-2 generalizes the earlier theory of
nondegenerate four-wave mixing in an unsqueezed vacuum (Fu and Sargent 1979;
Boyd, Raymer, Narum, and Harter 1981) to the case of squeezed vacuums. We
average the coefficients derived in section 3-1 over pump spatial holes and solve the

coupled mode equations to find the four-wave mixing reflection coefficient.

3-1. Three-Wave Mixing in a Squeezed Vacuum

We consider a medium subjected to an arbitrary intense pump wave and two
weak (nonsaturaling) probe waves. We assume that the saturating pump wave
intensity is constant throughout the interaction region and ignore transverse variations.

We label the probe waves by the indices 1 and 3 and the pump wave by 2 as shown

&,

&, Ss
| | |

w A v, vy

Fig. 4. Spectrum of three-wave fields. Waves with frequencies v, and v, are
taken to be weak (nonsaturating), while the v, wave is allowed to be arbitrar-

ily intense,
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in Fig. 4. Our electric field has the form

3
E(re) = %Z &,(r) e®n'f =¥t 4 ¢, 3.1)

n=|

where the mode amplitudes &,(r) are in general complex and K, are the wave propa-
gation vectors. For simplicity we take mode functions appropriate for a unidirectional

ring laser. The field (1) induces the complex polarization
P(r) = %Z B(r) ®nt -t 4 cc, (3.2)
n

where £,(r) is a complex polarization coefficient that yields index and absorption/gain
characteristics for the probe and pump waves. The polarization P(r.f) in general
includes components not only at v, and v,, but also at v, * k(v,-v,), where k& is an
integer.

The problem reduces to determining the probe polarization Z,(r), from which

the absorption coefficient is determined from the equation

dé\(2) ik
7 = 2% 3.3)

where € is the permittivity of host medium. One might guess that the probe absorption
coefficient is simply a probe Lorentzian multiplied by a population difference
saturated by the pump wave. However an additional contribution enters due to popu-

lation pulsations. Specifically the nonlinear populations respond to the superposition of
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the modes to give pulsations at the beat frequency A = v,-v,. Since we suppose the
probe does not saturate, the pulsations occur only at A, a point proved below. These
pulsations act as modulators (or like Raman "shifters"), putting sidebands onto the
medium’s response to the v, mode. One of these sidebands falls precisely at v,
yielding a contribution to the probe absorption coefficient. The other sideband influ-
ences the polarization at the frequency v; = v, + (,-v,), which is the frequency of the
other probe wave.

In this section we derive the complete nonsaturating probe absorption and
coupling coefficients. For an unsqueezed vacuum, the population matrix with upper-

to-ground-lower-level decay obeys the equations of motion

Pap = (7 + iB)pgp + ¥y D 3.9

D= -T(D + N) - i pp, + c.C.], (3.5)

where v (= 1/T,) is the dipole decay constant, A, = w - v,, w is the frequency of the
atomic line center, %, is the electric-dipole interaction energy, D is the population
difference p,, - py I' is the population-difference decay constant (= 1/T)), and N is
the unsaturated population difference per unit volume. The off-diagonal element p,, is
given by pa,,*. We have chosen a frame rotating at the pump frequency v, relative to

the Schrédinger picture. In terms of p,,, the polarization (2) is given by
P(rt) = [4>pa,,ei(K"r "4 4 e . (3.6)

where p is the electric-dipole matrix element. The problem thus reduces to finding

Pap-
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With a squeezed vacuum, the component of p,, in phase with the squeezing
field decays with a different rate from that in quadrature with the squeezing field.
To determine the effect of this difference on p,,, we introduce the in-phase component
U= p, + ccC.=py + py, and the in-quadrature component V = ip,, + C.C. = ipy -
ipy,, Which give p,, = (U - iV')/2. On resonance and in the absence of an applied field

(other than that creating the squeezed vacuum), U and V obey the equations of motion

UwyU, (3.7)

Vay,V. (3.8)

Hence with this kind of decay, p,, decays according to p,, = (U - if/)/2 = Yl =
Y-Ppa» Where v, = (v, t v,)/2. Combining these decay contributions with the dynamical

contributions in Eq. (3.4), we have
Pap = (Yo + iB)Pap = Yobpg + 1P gD . (3.9)

This reduces immediately to Eq. (3.4) if v, = v, = v, since then y, = y and y_ = 0.
The interaction energy matrix element 7'/‘1,, corresponding to Eq. (3.1) is given

in the rotating-wave approximation and in the pump rotating frame as

Yy - _2%_ Z 8,pr) KK T - 80 (3.10)

n

To determine the response of the medium to this multimode field, we Fourier analyze

the p,;, and the population difference D as
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00
bap =N ) Dy KT 0 (3.11)
Mzm-00
o0
D(r.t) = N Z d, &K - A0 (3.12)
ku-OO

We first calculate the Fourier coefficients p, and d, due to the pump field &,
acting alone. The other fields are assumed to be small enough not to saturate the
medium by themselves. Substituting Eqs. (3.10), (3.11), and (3.12) into Eq. (3.9) and

keeping only the €° contributions, we find
P2 = DiVydy - 12" (3.13)
where &, is the n = 2 case of the complex denominator

1
D, & i | 3.14
oy, + A, ( )

and 7, is the n = 2 case of ¢, = -p&,/2h1. The complex conjugate of Eq. (3.13) gives

pz* in terms of p,. Substituting this into Eq. (3.13), we find

idf o1y - 18,) + 7.9,"]
- , 3.15
P 'Yu'Yv + Azz ( )

where @,, is the n = m = 2 case of
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(3.16)

This agrees with the usual result in the limit that v, = vy, = v, since then y. = 0, v, =

Y.and &, + D,.

We calculate the dc population difference Fourier component w, saturated by

the pump wave &, alone. Substituting Egs. (3.10), (3.11), and (3.12) into Eq. (3.5), we

have for the ¢° term

0= -T(l +dy) - Ai%,p, +cc].
yielding with Eq. (3.15)
where the modified pump dimensionless intensity /, is given by

- (@gzr/ﬂ)z " (@é’zl/ﬂ)z
Iy, Iy,

I

and the modified dimensionless Lorentzian

o Yu 7v
-2/02 7u7v + A22 )

The &, contributions are ignored, since we assume &, doesn’t saturate.

(3.17)

(3.18)

(3.19)
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Substituting Eqs. (3.10), (3.11), and (3.12) into Eq. (3.9) and keeping only the

elAt terms for the probe wave (m = -1 term in Eq. (3.11)), we find

Py = D\[iV\dy + iVyd.., - 'Y-Ps*] . (3.20)

Similarly we find

ps = DMV + i+ yp] . (3.21)

Combining these equations, we find the probe polarization component

Py = D) + Y. DSV + Wy + 1 DV, . (3.22)

Substituting Egs. (3.10), (3.11), and (3.12) into (3.5) and equating the sum of the
coefficients of e!Af to zero, we relate the population pulsation coefficient d., to the p,

as

(€ + iAYd., = 2P p," + Vops* -~ ¥, - ¥5*p,] .

Substituting Eqs. (3.15), (3.21) and (3.22) into this expression, we obtain

[ + iA)d.y = =2i9,p," + 210" p, - 20, D5 W*d, + V,*d.)

- 29, + Y DIVND P, + 7. DYV + (¥, + 1. DV,

which gives
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"i(ylpz* + iq/s*Pz - szs*gs*do - (7/2*4.7_@3*7/2)@ 13(7/1'*')'-@3*7/3*)&’0
-1 = . .
[ + D)2 + | P, D" + (@,* + v DSV, + 1 D9, D

(3.23)

Combining Egs. (3.2), (3.6) and (3.11), we see that the probe absorption &, is

given by
2, = 2Npp, . (3.29)

Hence the probe absorption is given by substituting Eqs. (3.22) and (3.23) into Eq.
(3.24). Making these substitutions and then substituting the result into the Beer's law,

Eq. (3.3), we find the coupled mode equation

4
51‘72:" = -8, + iSs" 3.25)

where the absorption coefficient , is given by

NPty ly/Vs || Pt Ds VN 1Dy V) Dy + (V3 4107 )Py
EYAR A T+AY2 + |Pof D + @iy D0,V D, 4y DV )D s

alﬂ'

(3.26)

and the coupling coefficient X, is given by
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Xy = _“o'gls'Yu'Yv/'h ¥ * (7)2"‘7-@3*7}2*)[(7/2+'Y-®17/2*)gs1* + (7/2+7_Q2*7/2*)Q22]
! L'Z) |70 A2 + |V D + (@ DBV, ey D 0D

(3.27)
where
ot
Substituting %/, = -%JTZI‘_'Y., e¢ into Egs. (3.26) and (3.27), we finally have
- e |y 2. 62
X = -W—'}Zﬂm [ ¥ - %} \ (3.30)
where the complex factors f, are given by
fo ——Lz[l + Lcosqu], (3.31)
Tulo + B, T+
fi = ﬂring-[gls(l+7_2®3*2) + D, |+ 2D D) + 2y DD 5cos2¢
+ 1D Dot + DFe2id)] (3.32)
fo= L THGF 4 D (147205, + 29D, D c0526] (3.33)

" T+a 2"



35

fy= f‘%%i[')'-gzz(gz*'*gs*) + 7—®31*(gl+g s*) + (Dt D 31*)3'2“"
+ 'Y-zgs*(@z*gzz + ngax*)ezw] . (3.39)

In the limit of an unsqueezed vacuum (y. = 0), these expressions immediately reduce to
the o; and yx, of Sargent, Holm, and Zubairy (1985) and of Khitrova, Berman, and

Sargent (1988), provided we make the replacement
I+ iA - 1T\ FA), (3.35)

where T, is their more general population-difference decay time (here given simply by
T, = I'"') and &(A) is their more general population difference dynamic factor [here
given by F(A) = T/ + iA)]. In fact, we could have used the more general decay
scheme of those papers and found generalizations of Egs. (3.26) and (3.27) with this
substitution,

Similarly we find

dss"

- ~ag By 4 Xe By (3.36)

where o3 and X; are given by Egs. (3.26) and (3.27), respectively, with the subscripts 1
and 3 interchanged (note that this implies that A -+ -A).

Figure 5 shows an absorption spectrum, i.e., real part of o, versus pump/probe
beat frequency A for y_ = 0 and 0.92. The pump phase differs from that of the
vacuum by n/2. For a highly squeezed vacuum (y_ = 0.92), we find a sharp Lorent-
zian peak near zero beat frequencies and suppresion of population pulsation contribu-

tions (Ritsch and Zoller 1987 and 1988, An and Sargent 1988). In the limit of an un-
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0.15

o1 L 0.92

Re(a)/o”  0.05 |- ¥-=0

-0.05 ' '
-8 -4 0 4 8

Afvy

Fig. 5. Real part of o, versus pump/probe beat frequency A = v,-v,, for I' =
240 W = vy, I, = 9, and y_ = 0 (the original Mollow spectrum) and 0.92. The
phase of the pump field differs from that of the vacuum by n/2. Note that
our frequencies are normalized in units of vy,, which for a highly squeezed

vacuum is a much larger unit than that used by Ritsch and Zoller (1987).

squeezed vacuum (y_ = 0), the probe absorption reduces to the original Mollow (1972)
spectrum.

Figure 6 plots the real part of o, versus pump/probe beat frequency A for the
pump detuning w - », = -0.2 and -3. Comparing curves for a substantially detuned
pump (e.g., -3 in Fig. 6) with and without a squeezed vacuum, we find that aside
from the substantial change in the value of o’ and some small changes near A = 0, the
probe absorption spectra are very similar. In particular, the sharp central peak is
destroyed. On the other hand, the small detuning of -0.2 spoils the cancelation of the
population pulsation contribution in Eq. (3.26) seen in Fig. 5 and leads to relatively

large variations around the Rabi flopping frequency. This is an example of how
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0.1
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0.05
Re(oy)/oyp’

0.025

Alvy

Fig. 6. Real part of o, versus A for w - v, = -0.2 and -3, y_ = 0.92, and the

other parameters are the same as in Fig. 2.

crucial the relative phases between the vacuum, pump, and atoms can be,

Figure 7 illustrates this point further by plotting the real part of «; versus A
for the phase of pump field ¢ = 0 and 2n/5, and other parameters the same as in Fig. §
for y_ = .92. Both curves differ substantially from their counterpart in Fig. 5 and also
from probe absorption in an unsqueezed vacuum. The ¢ = 0 case is somewhat remin-
iscent of the AM absorption found in resonant-pump three-wave mixing and shows no
central peak structure. The ¢ = 2n/5 case reveals a negative peak, and ¢ = n/2 gives
the sharp high positive peak in Fig. 5.

Figure 8 plots the real part of ¥, versus A for v_ = 0.01 and 0.92, and ¢ = /2.
For a highly squeezed vacuum, the spectrum shows similar characteristics to those in
Fig. 5 (i.e., sharp resonance and suppression of population pulsation contributions).

The dependence of the coupling coefficient on other parameters is also similar to that
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Re(w)/oy’ —\ [
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-0.03 ' l
-8 -4 0 4
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Fig. 7. Real part of o, versus A for the phase of pump field ¢ = 0 and 2n/5,

v~ = 0.92, and the other parameters are the same as in Fig. 2.

0.15

Re(xy)/c’ 0

Y. = 0.01

0.92

-0.15 ' '
-8 -4 0 4 8

Alvy

Fig. 8. Real part of ¥, versus A for y_ = 0.01 and 0.92, ¢ = n/2, and the

other parameters are the same as in Fig, 2.
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of the probe absorption coefficient shown in Figs. 6 and 7.

3-2. Four-Wave Mixing in a Squeezed Vacuum

In this section we consider the case of four-wave mixing in which the strong
pump field consists of two oppositely directed running-waves, forming a standing-
wave. In this case a given pump wave interferes with the signal wave to induce a
grating that scatters the other pump wave into the direction opposite that of the signal
wave (see Fig. 9). This provides the source for the conjugate wave. The conjugate is
phase-matched for all directions. Because of the standing-wave pump pattern in the
medium, atoms in different locations in the medium experience a varying amount of
saturation due to the spatial hole burning of the upper and lower population differ-
ence. We account for this by averaging the coefficients over the spatial hole burning
for one wavelength.

The standing-wave pump field is given by
E,= % [&.expli(Ky r = 0,0)] + Soexpl-i(Kyor + v,0)] + c.c.] . (3.37)

We define the spatially dependent intensity

4(4’2|6’2|2

sz Cos Ky )T\ Ty = 41,008 (Kyer) (3.38)

yzr = 4|W2!2T1T2 =

where I, is the dimensionless, spatially independent intensity for each wave. For sim-

plicity we take the wave vector K, to be along the z-axis, so K,-r = K,z = 2nz/\,. We
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v, (pump)

v, (signal)

ﬁ/

/

.

Vg
(conjug.)

Fig. 9. Four-wave mixing diagram defining the pump, signal, and conjugate
waves. There is another grating induced by the signal and the other pump

wave.

substitute Eq. (3.38) for 7, in Eqgs. (3.29) and (3.30), and integrate each coefficient along

the z-direction for one wavelength. For example,
(o) = o J dz a2) . (3.39)
240

The o, and ¥, given by Egs. (3.29) and (3.30) have the same form as those for the un-
squeezed vacuum and hence we can use the standing-wave averages calculated previ-

ously (Fu and Sargent 1979). The results are
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(o) = o' D13y Vo /74 |- al,f, ) (3.40)
J’lWJ; L+ 8hfy + [T+ 8LJT + ALf,)
o) = _O‘o'gls'Yu'Yv/'Y-f- 7_@3* - 41,/ ‘ (3.41)
Jml_zf; L+ 80f, + [(T+ 3L7NT + 41f,)

where fy, f1, fo, and f; are given by Egs. (3.31) through (3.34).
Using Egs. (3.40) and (3.41) for @, and X; and including the phase mismatch

factor, the coupled mode equations (3.25) and (3.36) are modified by

dé,

— = (o) E) + (X)E5 2Kz (3.42)
dz
dgs* * 5 % *
- m (o) By + (Xg) & ,e"2BKzZ | (3.43)
dz

where AK = (Ky-K,)/2. The solutions for the coupled mode equations (3.42) and (3.43)
are well-known (Fu and Sargent 1979). In particular the amplitude reflection coeffi-

cient r = & (0)/&,(0) is given by

6,3*(0) - < )* sinhwl (3 44)
&,(0) X coshwLl + asinhwL )

where & = ((ot,)) + (o)™ + 2iAK)/2 and w = [{0)? - (x,)(xa)*]‘/".
Figure 10 illustrates the reflectivity R = |r|[*> as a function of signal detuning
for y_ = 0, 0.46, and 0.92 and ¢ = /2. We find that the reflectivity peaks in squeezed

vacuums are narrower than in an unsqueezed vacuum. Figure 11 plots the reflectivity
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Fig. 10. Reflectivity R versus A for ' = 2y,, W = vy, [; = |, L = 4, ¢ = 7/2.

. = 0, 0.46, and 0.92.

0.1

R 0.05

0 |
-4 -2 0 2 4
Alvy

Fig. 11. Reflectivity R versus A for ¢ = 0. The other parameters are the

same as in Fig. 7.
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R versus A for ¢ = 0. The squeezed vacuum produces smaller overall reflectivity than
the unsqueezed vacuum. The reflectivity dips are also found to be narrower than in
an unsqueezed vacuum.

In this chapter we have derived the probe absorption and coupling coefficients
in a squeezed vacuum using a standard Fourier series method. We. have illustrated the
sensitivity of sharp peak structures to both pump detuning and pump phase relative to
the squeezed vacuum. Averaging the coefficients over pump spatial holes, we have
also calculated and plotted the reflection coefficients. Near zero beat frequencies
reveal sharp Lorenzian peaks in o, X,, and the reflectivity spectra. This can be traced
to a common leading factor in Egs. (3.26), (3.27), and (3.44). In fact, for small vy, and
pump/probe detuning A, we find the various coefficients are proportional to the factor
Y, (v, + i), which reveals a sharp Lorentzian with FWHM width of 2y,. As such
both the absorption and the reflectivilty provide sensitive ways to measure the amount

of squeezing in the vacuum.
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CHAPTER 4
EFFECTS OF SIDEMODE SATURATION IN
ONE-PHOTON TWO-LEVEL MEDIA

Most multiwave mixing theories treat the electromagnetic fields classically and
the atoms quantum mechanically (semiclassical approximation). However problems like
resonance fluorescence and squeezed states of light cannot be explained with a semi-
classical theory. For such problems, the weak fields must be quantized, while the
strong pump fields can be treated classically.

Previously Sargent, Scully, and Lamb (1970) presented a single-mode quantum
theory which describes the buildup of oscillation .from the vacuum and some aspects of
the photon statistics. Later Sargent, Holm, and Zubairy (1985) derived a theory des-
cribing quantum multiwave interactions in a nonlinear one-photon two-level medium.
The ensuing series of papers (Quantum theory of multiwave mixing II through X)
apply this theory to predict and explain many quantum optical phenomena in such
media.

The theory assumes that the sidemode photon numbers are sufficiently small
compared to the saturation photon number that a second-order perturbation treatment
is adequate. If this is not true such as near the laser threshold, we expect that higher
order perturbation corrections are needed. This chapter extends the theory to fourth
order in the the weak-field interaction by using an approach similar to that by
Sargent, Holm, and Zubairy (1985). The results are applied to cavity problems,
showing how the fourth-order theory alters the photon number spectra of the second-

order theory. Because of the complexity of the fourth-order theory, we limit our
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analysis to a single sidemode field, unlike the other papers in the series, all of which
treat one- and two-sidemode mixing.

Section 4-1 summarizes the semiclassical theory of sidemode saturation. The
self-consistent equation is reduced to the algebraic equation expressed in terms of a
continued fraction (Sargent 1978). We use this equation to find a degenerate solution
in a closed form and a nondegenerate solution up to third order in the weak-field
amplitude. Section 4-2 extends the quantum theory of multiwave mixing by Sargent,
Holm, and Zubairy (1985) to fourth order. We show that the fourth-order quantum
theory yields the third-order semiclassical absorption coefficient given by truncating
the continued fraction of Sec. 4-1. Section 4-3 solves the fourth-order equation of
motion in steady-state and studies the effects of cavities on the photon number

spectrum. The results are compared to the second-order theory.

4-1. Semiclassical Sidemode Saturation

4-1-1. Fourier Analysis and Continued Fraction

This section summarizes the treatment of two arbitrarily intense classical
waves interacting with a two-level medium. A typical pump-probe setup is pictured
in Fig. 12, We assume that the saturating wave intensity is constant throughout the
interaction region. To distinguish between the two waves, we use the subscript 1 for

the probe wave and 2 for the pump wave. Our electric field has the form
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Fig. 12. Basic pump-probe saturation spectroscopy configuration.

2
E(r‘t) = %Z En(r) ei(xn'l‘ - U"t) +C.cC. , (4‘1)
n=l

where the mode amplitudes E,(r) are in general complex and K, are the wave propa-

gation vectors. This field induces the complex polarization

2
P(rt) = %Z 2,(r) Kn'r -0t Lol 4.2)
n=]

where £Z,(r) is a complex polarization coefficient that yields index and absorption/gain
characteristics for the probe and saturator waves. The polarization P(r,?) in general

has other components, but we are interested only in those given by Eq. (4.2). In par-
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ticular, strong wave interactions induce components not only at the frequencies », and
v,, but at v, tk(v,-v,) as well, where £ is an integer.
The problem reduces to determining the probe's polarization & (r), from which

the absorption coefficient is determined from the equation
dE, .
-d—z‘ = i(K,/20 &, . 4.3)

where € is the permittivity of host medium. One might guess that the probe absorption
coefficient is simply a probe Lorentzian multiplied by a population difference
saturated by the saturator wave. However an additional contribution enters due to
population pulsations. Specifically the nonlinear populations respond to the superposi-
tion of the modes to give pulsations at the beat frequency A = v,-v,.

The population matrix with upper-to-ground-lower-level decay obeys the

equations of motion
Pap = =Y + iB)pgp + ¥ gD (4.4)
D= -T(D + N) - 2i# 1 pp, + c:C.] 4.5)
where v (= 1/T,) is the dipole decay constant, w is the frequency of the atomic line
center, %, is the electric-dipole interaction energy, D is the population difference p,, -

ppy» T is the population-difference decay constant (= 1/T)), and N is the unsaturated

population difference per unit volume. In terms of p,,, the polarization (2) is given by
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P(rt) = @pa,,eia("r bl ' (4.6)

where p is the electric-dipole matrix element. The problem thus reduces as usual to
finding p,p.
The interaction energy matrix element %, is given in the rotating-wave

approximation by

2
Do == D Bple) ®w =8, @)
n=1

To determine the response of the medium to this multimode field, we Fourier analyze
both the polarization component p,, of the population matrix as well as the population

difference. We have

o0
Py = N el(l(,‘r - i) Z P eim((l(,-l(,)‘r - At) ) @4.8)
m=-00
o0
D(l'.t) =N Z dk e-ik[(xz'xl)'l' - Al] , (4‘9)
k=—00

Substituting the Fourier expansions Egs. (4.7) through (4.9) into the equation of motion
(4.5) and identifying coefficients of common exponential frequency factors, we find the

population difference component
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2
dy = 840 - 1 [TTTFUD) ) Eubra” = E0*Pnt) (4.10

n=]

where the dimensionless "population pulsation" factor

Fl) = ot @.11)
and the dimensionless complex electric field
&, = g |——T,T2E,, . @.12)

Similarly substituting Eqgs. (4.7) through (4.9) into the equation of motion (4.4), we find

the polarization component

pn = -AOTYPG, D Epdy @.13)
k

where the complex Lorentzian denominator &, is given by

|
Q,, = m , 4.14)

Combining Eq. (4.10) with (4.13), we find the equation for the population difference

alone

C1k @yt + Coxdy + € pdpy =0, (4.15)
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where the complex coefficients

4252
Cik = % ' Z & 6“n-j*[glu‘k* + gn-/-k] *
n=jtl21

2
8 1
ok ™ l:l - 'T,;O‘Q':I 'g—'.(zA—) + % Z In[gn-&k* + Qn-k] N

nal

where the dimensionless intensity 7/, is given by
In = lé"lxlz-“ (@E“/ﬂ)leTz .
Equation (4.15) can be written in terms of the ratios r; = d;/d,_, as

,k__J.k_

Cok + CLk kel
Starting with £ = 1, we have

C-1,1

re- —
Co1 t+ €110

and iterating Eq. (4.19) for r,, etc.,, we obtain an infinite continued fraction.
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4.16)

@.17)

4.18)

4.19)

(4.20)

This

fraction can always be truncated for some k due to the finite bandwidth of the

medium. For the two-wave case in which the probe does not saturate, i.e., acts only

once (in the sense of perturbation theory), we can find an approximate solution for r,

dropping ¢, 1, in Eq. (4.20).
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4-1-2. Degenerate Solution

In the degenerate case, all coefficients of Egs. (4.16) and (4.17) are independent

of k. Therefore, setting ry,; = ry = r; in Eq. (4.19), we have the quadratic equation
for ry

erl?+cgry+c.,=0.

4.21)
where ¢,, ¢5, and c., are given by
o = 8,85, . (4.22)
ey =88 E, (4.23)
=14+, +1)%,, 4.24)
where the dimensionless Lorentzian ., is given by
= 72_+¥Z>-_%)‘ . 4.25)

The solution of Eq. (4.21) is
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1+ (I + 1,)%, 41,1, %52
"t Tsier, | J‘ T 0+ DFT (@26

If we define x = 41,1,.2,2/[1 + (I, + )&, then since |x| < 1 we can expand VT - x

in Eq. (4.26) by using the Taylor series

T-xal- %x - %xz - l‘—exa 4o @.27)

Substituting Eq. (4.27) into Eq. (4.26), we find r, up to fifth order in &,

818,% %, &LE'LES 28128, 1285

R TN B A RN 1 A A (R O AV AL (4.28)

where we have chosen the (+) sign from (t) in Eq. (4.26) to recover the lowest order
theory (i.e., @, coefficient in Eq. (4.29)). Since I, >> I,, we can expand the denomina-

tors in Eq. (4.28) as

1 1 Ilfz 112—2/022

T+ L+ 07, T+hL8, (+LEF T+Lgy 4.29)

1 1 31,.7,
T+ G+ LZy U+ LEy U+Lgy " (4.30)
l 4.31)

1
T+ G+ Loy G+LEFr T

Substituting Eqs. (4.29) through (4.31) into Eq. (4.28), we finally have the semiclassical

propagation equation for the probe wave up to fifth order in &,
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dé, 07D,
T T gy Gt éend)
w -0y + B8y, + &2, (4.32)

where the coefficients o, 8, and v, are given by

o = 01D, m’? . (4.33)
By = -0yYD, % . (4.34)
T = o1 - 22(’:2:( 112}/,22);’; 2 (4.35)
For the central tuning (i.e., w = »,), Eqgs. (4.33) through (4.35) simplify to
o = (‘1‘?7;)‘2 (4.36)
By =~ H%O—II?;-)T ) 4.37)
ol (1 = 1) 4.38)

Uy

Note that 8, is negative for all /,, i.e., it adds to the o; term rather than substracts,
which has just the opposite effect from the usual saturation. The coefficient v, is also

negative for 7, > 1,



54

4-1-3. Nondegenerate Solution

Dropping rs in Eq. (4.19) for k& = 2, as we discussed in Sec. 4-1-1, we have

rym -l (4.39)
Co,2
where
12 = 368D + Do) (4.40)
9"(2A) + 12@4 + D) . 4.41)

Substituting Eq. (4.39) into Eq. (4.20) with

cap = 36.6,°@ + D) (4.42)
au= 366D + Do) (4.43)
9"(A) + 12(@3 + @) + lll(gz + D) (4.44)

and expanding r, to third order in &,, we find

dé
d_zl = -0 YD do(E, + Eory)

= -otlé’l + ﬁlé)lll ’ (4.45)
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where o, is the usual nondegenerate probe absorption coefficient (Boyd and Sargent

1988, Sargent 1978, Mollow 1972)

oD, LF(A) %@, + @Y

UL Ty P : (4.46)
LS s L 1@, + 94

and the third-order coefficient 8, is given by

0D, LFOVA2HD, + DD, + DY

131 ==
1+ 1,7
. [1 + LFQ 1@, + 99“3*)]2
D, LXF(APFQANMND, + Dy )Do + Ds'F
* 13 A 4.47)
[1 + Izﬂ'(A)%(Q, + 59‘,*)]2[1 + Iﬂ'(ZA)%(Qo + @4*)]
The propagation equation for &,, Eq. (4.45), can be expressed in terms of 7/, as
% = -Otlll + ﬁlllz + C.C. (4.48)

In Sec. 4-2-3 we show that, in the classical limit, the fourth-order quantum theory

reduces to Eq. (4.48).
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4-2, Quantum Sidemode Saturation
4-2-1. Summary of the Second-Order Theory

Our Hamiltonian (in radians/second) is

2
T (- o, + D [0y=vasta + (8" + adjoind)] . (4.49)
Jj=1

In this expression a; is the annihilation operator for the jth field mode, U =U,(r) is the
corresponding spatial mode factor, o and o, are the atomic spin-flip and probability-
difference operators, w and v; are the atomic and field frequencies, and g is the atom-
field coupling constant. As in the semiclassical theories, we take mode 2 to be arbi-
trarily intense, and treat it classically and undepleted. Mode 1 is a quantum field
treated only to second order in amplitude, and cannot by itself saturate the atomic
response. This is an important assumption and limits the applicability of the theory.
The rotating-wave approximation has been made and the Hamiltonian is in an interac-
tion picture rotating at the strong field frequency »,. We define an atom-field density
operator p and obtain its time dependence from the standard density operator equation

of motion
p = -i[9, p] + relaxation processes . (4.50)

Sargent, Holm, and Zubairy (1985) carries out the calculations for a level scheme that

allows for interactions between two excited states as well as for the usual situation in
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laser spectroscopy for which the lower level is the ground state. In this section we
restrict our calculations to the latter, which significantly simplifies our expressions.
We assume the only relaxation processes are upper-to-lower level decay, described by
the decay constant I' (=1/T), and the dipole decay described by v (=1/7,). Our
numerical examples consider pure spontaneous decay, for which # is equal to I'/2.

The two-level atom interacting with two fields involves at least four atom-field
levels (i.e., [1), |2), |4, and |5) in Fig. 13). We assume all field amplitudes to vary
little during atomic decay times. This allows us to solve the equations of motion of
the density matix elements between the four levels in steady state, and then to obtain

the the photon number probability equation up to g*-order

dp ‘
W"l = '(nl'*'l)[Alpn, - (B, + V/2Ql)pn,+l] + ”1[/411’,1,-1 - (B + V/le)pn,] + c.c. ,(4.51)

where @, is the cavity quality for mode I, and the coefficients A, and B, are given by

o £0, | 1Fs LF OB \1,.2,/2 - D (1+T/id)/2] 4.52
1+0,.7,| 2 1+ Igg'(A)%@x + DY)
* .
5 - &, ]+12'2/02 ) Izy(A)%[mx(lefz/z) + @, (1-T/ia)/2] 4.53)
1,7, 2 L+ LFWI@, + B

where A = p,-v, is the beat frequency between modes one and two, the interaction
energy ¥, = gUzln2+l. and the dimensionless intensity /,, which is defined in Eq.

(4.26), is given by
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I, = 4|7,T\T, . (4.54)

We are primarily interested in the build up of mode 1, which can be described by the
average photon number {(n,) = E,,,n,p,,l. Using Eq. (4.51), we find the equation of

motion

L) = A Hn) - (Boro/20)(ny?)
+ (B1+0/20,){n B ~(n)) + A({n,H+2(n)+1) + c.c.

= (A, - B, - v/2QXn) + A, + c.c. (4.55)

This equation gives the time differential equation of motion for the average photon
number in a cavity mode, where B, - A, is the complex absorption coefficient and A,
is the source term from spontaneous emission. In free space, no build up of photon
number occurs, and d/dt (n)) = A, + A,*. Thus we interpret A, + A,* as the spectum
of resonance fluorescence, which was first obtained by Mollow (1969). The absorption
coefficient B, - A, + c.c. describes the absorption of a weak probe field in the
presence of a strong field and was also first obtained by Mollow (1972). It is also
worthwhile to note that the complex absorption coefficient B, - A, yields the exact
semiclassical absorption coefficient o,, Eq. (4.46), which was derived using a Fourier

series method.
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4-2-2. Derivation of the Fourth-Order Theory

In the second-order perturbation theory, the two-level atom interacting with
two fields involves at least four atom-field levels. The fourth-order perturbation
theory, however, requires at least eight atom-field levels as depicted in Fig. 13. To
derive the sidemode photon number probability equation of motion, we need the
density matrix elements between the eight levels in Fig. 13. The states depicted in Fig.
13 have been numerically labeled as shown for notational simplicity. For example p;,
is equal to (an;n,|p|bn,+In,). In the derivation we treat mode 2 classically and inevit-
ably neglect the difference between n, and n, £ 1. Hence the probability of finding n,

photons in mode 1 is given by the trace

Pn, = P55 + P . (4.56)

ny~*n,~1

The photon number probability equation of motion for mode 1 is given by the corres-
ponding time derivative. Using the density operator equation of motion, Eq. (4.50), we
find

Pss = -Tos5 = [i¥\p15s + %405 + C.C.] (4.57)

Py = Tpsslyan a1 + #1015 + P30y + C.C.] s (4.58)

where the interaction energy ¢/, for mode 1 is given by
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|6)=lan,+2n,-2)  |A)mlanglnge-1)  |S)=lan,ny) |7)=|any-1n,+1)

v, v+ 2, v,/ ¥, v~/ 2,

IO)-lbnl-l-an-l) |1>-Ibnl+ln2> |2>"Ibﬂln2+l> |3)-'bn1-ln2+2)

Fig. 13. Eight-level atom-field energy-level diagram.

¥, = gU, |n1 +1, 4.59)

and the interaction energy %, for mode 2 is given by

Yy = SUzJ_'Tz- = gU, I"z 1, (4.60)

where we neglect the difference between n, and n, * 1, i.e., we treat the strong mode
classically. Taking the time derivative of Eq. (4.56) and substituting Egs. (4.57) and

{4.58), we find the sidemode photon number probability equation of motion

ba, = 191051 = (P, "051) + ce. 4.61)
! n~ny-1

The problem thus reduces to finding p.
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The first step to solve the problem is to expand the density matrix in a power

series in g

p =0 4 o) 4 @ 4 o3 4 e (4.62)

where o denotes the g'-order term in the expansion of p. We assume that (055, 022)

(054 Po1s P2s)s ANA (050, Pser P20v P26) are given by the lowest order in g

(Bssr P22) = (0550, p0)) (4.63)
(Psar P21s P2q) = (Psc(l)s le(l)' P24(I)) ’ 4.64)
(050+ Psgr Poge P26) = (Pso(z)- Pse(?‘)v on(z)' Pze(z)) . 4.65)

Moreover we assume that (04 P11)v (Osee Pror Pred (0750 Psze Pssh and (Pg1s Pras Ps1e P3a) aTE

given by

' (4.66)

(Pgas P11) = (Pss(o)v Pzz(o))
ny~ny+1

’ 4.67)

(Paer P1ov P16) = (psalt), le(l)- P24(l))
e+l
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' (4.68)

(015 P32 Pgs) = (P54(l)' sz(l)' P24(l))
ny+ny-1

(0110 P14s P31s P3g) = (Pso(z)' 956(2)' on(z)o st(z)) (4.69)

n-*n,-1

We know from the second-order theory that pg©@ and p,(9 are given by
pss® = oy (4.70)
65 1 + 12 fz n ‘

o = 1 +f;2 7P, @.71)

where p, = p,, is the probability of n, photons and the probability factors f, and f,

for the upper and lower levels, respectively, are given by
fa= %szz . 4.72)
fp=1+ %szz- 4.73)

To find the dipole elements ps, and p,,, we write the the density matrix equations for

Ps2 and pgy

Psz = = (YHiB)psy + iV (055 = Pog) Y\ P57 = i¥1P1a s 4.79)

Par = = (Y+iDo)pay + iP (044 = P11) +Y )\ P57 = i¥1P12 (4.75)
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where

Wlt - Wl (4. 76)

ny+n,tl]

Using Eqgs. (4.63), (4.64), (4.70), and (4.71), the steady state solutions to Eqs. (4.74) and
(4.75) are given by
fa_fb

psz = i7, D, T+ 5,5, * iDAP 1 psi) = P 1py(1)

= s + pe® @.77)

Pay = iV, D, Ppyy ID AP 1045V - V1 +p0i ()

fa‘fb
1+ 1.0,
= 0,0 + p,,) . 4.78)

The full equations of motion for the density matrix element between the eight levels
are then reduced to the equations of motion of two sets, (050, P50 Pagr £26) aNd (0510 P54
P21 P2e). The detailed derivation of the equations of motion and the steady state
solutions of the equations are given in Appendix.

After finding the dipole element p;, up to g3-order
P = st + pgy® 4.79)

and substituting Eq. (4.79) into Eq. (4.61), we obtain the photon number probability

equation up to g*-order
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dp
— == D) [ =gy + LA - Drony + ringtD) + ry(n42)] 1o,
+{ =By - v/2Q, - [son; + 5i(m+1) + 5(n1+2)] }Pn,:,l - tz("1+2)Pnl+2 ]

+ (same with n, replaced by n,-1) + c.c. , (4.80)
where the gZ-order coefficients 4, and B, are given by Eqs. (4.52) and (4.53), and the
g'-order coefficients gqq, re, ryv 7o Spo S1 S5, and ¢, are given by Egs. (4.28) through
(A.35) in Appendix. The average photon number rate equation is

%("1) = H(n?® + (A, - By - v/20, + G )(np) + (A4, + F)) + c.c., (4.81)

where the fourth-order coefficients H,, G, and F, are given by

His-(qgotro+r +ro+85+ 58 +8;+¢8), 4.82)
GIE‘(3q0+ro+2rl+3r2—50+52-12)' (4-83)
Fie=-Q2qy+r+2r). (4.84)

It is useful to define the dimensionless coefficients H,’, G,’, and F,’ as

H_ .__G .. _F
T O Ty N R Ty @83

H'

Figure 14 plots the coefficient H' = H,' + H,'* versus pump/probe beat frequency A
for T, = 2T, and I, = 50 (or € = Rabi frequency = 5). The spectrum shows fast

changes from the negative to positive peaks near the Rabi side bands. Figures 15 and
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Fig. 14. (a) and (§) H' versus AT, for T, = 2T, and I, = 50.
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Fig. 15. G’ versus AT,. Same parameters as in Fig. 14.
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Fig. 16. F' versus AT,. Same parameters as in Fig. 14.
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16 plot the coefficients G' = G,’ + G,'* and F'= F'+ F 1'* versus A, respectively, for
the same parameters as in Fig. 12. We notice that both G and F have small positive
peaks at A = /2, as well as the main negative peaks at A = . We show in Sec.

4-3-2 that these small peaks also influence the photon number spectra.

4-2-3. Reduction to the Semiclassical Theory
We first define the renormalized photon number #,’ as
nl' = (482T1T2)n1 . (4.86)

Then, in the classical limit where {n,) >> [, the average renormalized photon number

reduces to the classical dimensionless intensity, i.e.,
(m =1, . (4.87)
The photon number rate equation, Eq. (4.81), is expressed in terms of {n,") as
%(n,') = H)' (') + (A4, - B, -v/0, + G\"") (n,") + (A, + F,"") + cc. . (4.88)

where H,'’, G,", and F,'’ are defined as

£y

Hl " ———
- 4g*T\T, *

" Gl "
Hl EW' 1 —m.andﬂ (4.89)
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In the classical limit, we can neglect, in Eq. (4.88), the constant term A4, + F,"
compared to terms with (n,") and (n,'®), and G,'’ compared to 4, - B,. Futhermore, in

this limit, we have (Sargent, Scully, and Lamb 1970)
(ny%) &= ('Y . (4.90)
Hence, Eq. (4.88) reduces to
') = HY"(05 + (4 - By - [0y} + cic. . @90

We note that letting z = ¢£, Eq. (4.91) has the same form as Eq. (4.48), except for the
cavity factor v/Q,, with {n,") related to /, by Eq. (4.87). Therefore we expect the coef-
ficients B, - A, and H,"' of Eq. (4.91) to be equal to o, and 8, of Eq. (4.48).

From the result of the second-order quantum theory (see Sec. 4-2-1), we
already know that B, - A, is equal to ;. To prove that H," is equal to ;. we have
added all thé coefficients given by Eqgs. (4.37) through (4.44). With a considerable

amount of algebra, we find that the result simplifies to

(AP4|Z, (D, + DBND, + DY
[D,D,*N(A)P
(AP16|2,14D, + D,V D, + Dy'")
DD NG D, N (21)]

H'" = - -‘ligzl'"yﬁldo

' (4.92)

+ ;}gzl‘“r@ldo

where N(A) and N(2A), which are defined by Egs. (4.23) and (A4.28), can be expressed

as
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iA r *
NA) = mm [l + Izg'(A)%(Ql + Dy )] v (4.93)
i2A r *

Substituting Egs. (4.93) and (4.94) into Eq. (4.92) and using the relation g* = o,y (see
Eq. (4.96)), we finally find that Eq. (4.92) becomes exactly equal to Eq. (4.47). Note

that H' is negative at A = 0 (see Fig. 14(d)), as discussed in Sec. 4-1-2.

4-3. Effects of Cavities on the Photon Number Spectrum

4-3-1. Second-Order Theory

In this section we consider the experimental situation shown in Fig. 1 of Holm,
Sargent, and Stenholm (1985). An atomic beam passes through a high-finesse Fabry-
Perot cavity and is irradiated perpendicularly (or at a substantial angle) by an intense
laser field. The fluorescent emission selected by a cavity mode frequency is then
measured by an external detector. This is essentially the configuration used in the
experiment of Hartig, Rasmussen, Schieder, and Walther (1976). Note that the cavity
mode separation must be larger compared to the overall width of the resonance fluo-
rescence spectrum. When the emission takes place in a cavity, the photon number (n,)

increases until a steady state occurs. Using Eq. (4.55) we solve for the steady-state

value
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A -
(ny) = O -A-B) - (nyo) (4.95)

where A = A, + A,* and B = B, + B,*. In the limit /@, >> B - A, corresponding to a
poor cavity, Eq. (4.95) simplifies to become {n,) = Q,4/v, and we recover the free-space
expression for the spectrum. Note that we are now defining the spectrum to be given
by (n,) as a function of v, - v|, where v, is given by a cavity resonance. This is con-
sistent with other quantum mechanical definitions of the spectrum. For further dis-
cussion see the review paper by Cresser (1983). When v/@, and A -~ B become com-
parable (near sidemode laser threshold), however, the spectrum is altered appreciably.
(B - A)ny is the number of absorptions/second of the mode 1 and (v/Q,)n,) is
the cavity loss rate of mode 1. The absorption rate depends upon the such quantities
as the atomic number density, the dipole matrix element between levels a and b, and
the pump mode intensity /,. It is well known that this absorption can go negative,
giving gain. The cavity loss rate depends upon many factors, such as diffraction
effects, mirror reflectivity, and nonsaturable absorptions. To uniformly relate these
two quantities we define o as the value of the mode 1 absorption when the strong
field intensity 7, is zero and when w = p,, i.e., the unsaturated centrally tuned absorp-

tion rate:

2
o = (B - Al opw = §1— . (4.96)

The coefficients A, and B, can all be expressed in terms of this quantity. We define

the coefficients 4,' and B,’ as
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A B
A'== and B = . (4.97)
O ol
These quantities are the dimensionless magnitudes of A, and B, in units of the unsatu-

rated resonant absorption coefficient. We also define the parameter 8 as the ratio of

the cavity loss rate to oy

g o (4.98)

Clo
Equation (4.95) can then be expressed as

mo) = 5 G (4.99)

We now investigate how the scattered spectrum, given by Eq. (4.99), depends

upon B. Since we are interested in how the shape of the spectrum changes, we
multiply Eq. (4.99) by B to normalize our results, The limit B-+oo then recovers the
free space answer. Figure 17 shows the spectrum of /, = 50 (corresponding to a Rabi
flopping frequency of 5T) for 8 = 1.0, 0.1, and 0.05. It can be seen that as § decreases
(cavity finesse increases), the sidebands increase in size, become somewhat sharper, and
move slightly toward line center relative to the free space case. On the other hand, the
central peak remains unchanged. As B decreases further, the sideband intensities
continue to increase to infinity. At this point (the threshold for sidemode lasing), the
denominator of Eq. (4.99) is zero and our linear theory has broken down. To obtain
the spectrum in this case it is necessary to include saturation of the sidemode in the
theory. Because this theory neglects this, § must not be allowed to come too close to

A'-B'. This saturation problem does not occur in the semiclassical theory, since the



72

0.6

0.04
04
0.05
<Nyp>
0.2 0.1
1
0 | Ik
-10 -5 0 5 10

A

- Fig. 17. The spectrum of {n,;) given by Eq. (4.99) versus AT, for 8 = 1.0,

0.1, 0.05, and 0.04. T, = 2T, and 7, = S0.

cavity modes are below threshold. In a quantum field theory, such as Scully-Lamb

(1967), saturation is important just below as well as above threshold.

4-3-2. Fourth-Order Theory

If we neglect intensity-intensity correlations {(a,fa,a,ta,) = (a,*a,)(a,ta)), i.e.,
(n,® 2 (n,)% then the photon number rate equation, Eq. (4.81) becomes in the steady-

state

H{n)* +(A-B-v/Q, +GXn) + A+ F)=0, (4.100)
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where H = H, + H,*. G=G, + G,*. and F = F, + Fl*. The solution of Eq. (4.100) is

) = o <B+u/Q,-A-G>:<B+u/Q,-A-G)Jl-(M"Zg‘ffﬁmz @.101)

Since the: fourth-order coefficients H, G, and F are much less than the second order
coefficients A and F in magnitude, we can expand the solution as power series up to

second order in g

) = 4 . F . A G
YU /@y + (B-A) T 0[O+ (B-A) T v/Qy +(B-A) v/0, + (B -4

A H
¥ [U/Ql +(B - A):l2 v/Q, + (B-A)" (4.102)

:

where we choose (-) sign from (*) in Eq. (4.101) to recover the second-order theory,
i.e., the first term in Eq. (4.102). Similarly to Eq. (4.99), Eq. (4.102) can be expressed

in terms of dimensionless coefficients as

) = o) + oy U+ (madG + (o) H)
= (mo) + (6n) . (4.103)

where H' = H,' + H,*, G’ = G,' + G,"*, F' = F\" + F,"", (n,o) is defined in Eqs. (4.95)
and (4.99), and {(én,) is the higher order correction term of (n,). The dimensionless

parameter o in Eq. (4.103) is defined as

o= g\ T, = o, . (4.104)
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Note that the dimensionless coefficients H,’, G,’, and F,' defined in Eq. (4.85) are
related to H,", G,"’, and F," defined in Eq. (4.89) by
H ” G ”n ”
H'=—"-,G'= —,and F'= fl—. (4.105)
0l 0l o

0

0.6

04

<ny>

0.2

0 ]
-10 -5

Fig. 18. The spectrum of {n;) given by Eq. (4.103) for o = 0.01. Other par-

ameters are the same as in Fig. 17.

Figure 18 plots the spectrum of {(n;) given by Eq. (4.103) for ¢ = 0.0l.
Compared to the second-order theory, Fig. 17, we see that the sideband peaks do not
diverge, even when B decreases to 0.05. In Fig. 19, we increase o to 0.05. We find
that the sideband peaks converge faster than the case of o = 0.01. Futhermore, we
notice that the secondary sideband peaks grow at A = /2, as we have mentioned in

Sec. 4-3-2.
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0.6

Fig. 19. The spectrum of {n,) given by Eq. (4.103) for oz = 0.05. Other par-

ameters are the same as in Fig. 17,

In this chapter we have studied the effects of sidemode saturation on the two-
wave mixing both semiclassically and quantum mechanically. The degenerate semi-
classical theory shows that the third-order semiclassical sidemode absorption contribu-
tion have the same sign as the probe absorption coefficient, which has just the opposite
effect from the usual saturation. We have derived explicit formulas for the fourth-
order quantum coefficients. The results are much more complicated than the corres-
ponding semiclassical case, but reduce to it in the appropriate limit. We have applied
the results to cavity problems. We find that the sidemode fluorescence spectra do not
diverge even near the sidemode laser threshold. Futhermore we notice that the
secondary sideband peaks grow at A = /2. This problem is important for the study
of optical instabilities, but unfortunately is very complicated. Even extending the
fourth-order theory to the two sidemode case, e.g., for three- and four-wave mixing,

seems to be prohibitively difficult.
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CHAPTER 5
QUANTUM MULTIWAVE MIXING IN
TWO-PHOTON THREE-LEVEL MEDIA

Squeezed states of light are those for which the quantum fluctuations in one
quadrature phase of the electric field are reduced below the average minimum
variance permitted by the uncertainty principle. Such states have potential applica-
tions in optical communication systems and gravity-wave detection. Due to the depen-
dence of squeezing on the phase of the electric field, squeezed states have been
predicted to occur in phase sensitive nonlinear optical processes, such as parametric
amplification, second harmonic generation, and four-wave mixing. The first successful
generation of squeezed states has been reported by Slusher et al. (1985). using nonde-
generate four-wave mixing. Recently other groups (Shelby et al. 1985, Maeda et al.
1987, and Wu et al. 1986) have also succeeded in producing squeezed states using
different types of nonlinear media.

Previously Sargent, Holm, and Zubiary (1985) have derived a theory describing
quantum multiwave interactions in a nonlinear one-photon two-level medium, in which
the levels are connected by an electric dipole. Later they have applied this theory to
analyze the generation of squeezed states and compared to the experimental results of
Slusher et al. finding reasonably good agreement (Holm and Sargent 1987). The first
nondegenerate semiclassical theory of mulliwave mixing in a two-photon two-level
medium has been given by Sargent, Ovadia, and Lu (1985). The quantum theory of
multiwave mixing in such a medium has been derived in detail by Holm and Sargent

(19864). Recently Capron, Holm, and Sargent (1987) have applied the quantum theory
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of multiwave mixing for the two-photon two-level model to the generation of squeezed
states of light.

In this chapter we extend the quantum theory of multiwave mixing by Holm
and Sargent to treat squeezing in a three-level cascade model with a classical two-
photon pump at frequency v, and a cascade of two one-photon transitions at frequen-
cies v; and v, (see Fig. 20). The preliminary result was presented in a letter (An and
Sargent 1988a). The model differs from those studied by Savage and Walls (1986), for
which all field frequencies are identical.

The experimental observation of the suppression of amplified spontaneous
emission by the four-wave mixing process in this model has been reported by Malcuit,
Gauthier, and Boyd (1985). This experiment has been interpreted by Boyd et al. (1987)
using classical fields up to fourth order in all mode interactions, while we treat a
classical pump to all orders and quantized squeezed modes to first order. They also
make the one-photon rotating wave approximation for the two-photon pump and
neglects the population in the intermediate level, while we include the terms dropped
in these approximations. Agarwal (1986) studied this model using a weak classical
two-photon pump and weak quantized sidemode fields. He showed the generation of
squeezed states, but simplified his treatment along the lines of Malcuit, Gauthier, Boyd
(1985) by neglecting dynamic Stark shifts and the population in the intermediate level.
In contrast our treatment allows for more general tuning conditions and nonzero inter-
mediate level population as created by the potentially strong pump field in conjuction

with level decays.
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Fig. 20. The three-level cascade model with a two-photon pump.

The two-photon three-level model is shown in Fig. 20. The upper level a and
ground level ¢ have the same parity, but the intermediate level b has an opposite one.
Therefore the transitions a ++ & and & +> ¢ are dipole allowed with frequencies v, and
vy respectively, whereas the transition ¢ +* a requires two pump photons with the
frequency v,. We assume that the one-photon pump detuning w,, - v, is sufficiently
large that the dipole transition ¢ ++ b with pump frequency v, is negligible. The
pump frequency v, is approximately one-half the atomic resonance frequency w,. = w,
- w,. The sidemode frequencies v, and vy are assumed to satisfy the conservation
condition », + v; = 2v,, wWhich gives the relation between the sidemode detuning A’ and
the beat frequency A = v, - v, as A’ = (wy,-v,) - A. We assume that the upper level a
decays at the rate I, (= ', + T',) to the lower levels b and ¢. Here I'y and I'; are the
decay constants for the @ = b and 4 -+ ¢ transitions, and T', allows for nonradiative

decay of level a to level c.
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Section 5-1 summarizes the basic theory of semiclassical single-mode interation.
In Section 5-2 we use the results of Section 5-1 to develop the theory of quantum
sidemode interactions. Section 5-3 applies the theory to the generation of squeezed

states of light.

5-1. Semiclassical Single-Mode Interaction

In this section we consider the single-mode case and derive the steady state
semiclassical population matrix elements with the population difference decay time 7).
In an interaction picture rotating at the two-photon frequency 2v,, the equation of

motion for the population matrix elements are given by

Paa = Ty + Tpgg = [i2pq + C.C.] (5.1
Pee = Tabgg + Tspyp + [i¥p,q + c.c.] (5.2)
P = T1Paa = TsPpp (.3
Pac = 112 + (Wge + Wly = 20)pge + i¥4(050 - Pec) » (5.9)

where v, = 1/T, is the two-photon coherent decay rate between levels a and ¢, w; is
the Stark shift parameter, ¥, = ~k,.&,%/2 is the effective two photon interaction energy
with the two-photon coefficient k,, (Sargent, Ovadia, and Lu 1985; Holm and Sargent

1986a), and the two-photon dimensionless intensity 7, is defined by

I, = 2|3 [T1T; . (5.5)



Using Egs. (5.1) and (5.2) with the steady state solution of Eq. (5.3)

pcc = (rllrs)paa ’

we find the equation of motion for the population difference D = p,, - p,.

D = <2l 40, - 2iPyp, + C.C)
where ', = ', + I'). Combining Eq. (5.6) and the trace condition
Paa + Ppp + Pec = 14
we have
I's

paa-'l.T:-z—r;(D-i-l).

Substituting Eq. (5.9) into (5.7), we have
D = <D + )T, - 2i#:p,, + C.C.) ,

where the population difference decay time 7', is given by

r
T]H'I:l—'[l""les']-
a
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(5.6)

6.7

(5.8)

(5.9

(5.10)

(5.11)



The steady-state solution to the dipole equation (5.4) is

Pge = i, D (DD
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(5.12)

where A, = w,, + w,/, - 2v, is the pump field detuning as shown in Fig. 20 and the

the complex Lorentzian denominator

D (A,) = 7—2—}-@.
Substituting Eq. (5.12) into (5.10), we have

D=~D+ 1)/T,-2RD ,

where the rate constant

R = I2Z,(A)/2T, ,
and the dimensionless Lorentzian

722

L) = Et AR

Solving Eq. (5.14) in steady-state, we find

-1
D’paa'pCCHm';z__yz"

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)



Finally, using Egs. (5.6), (5.8), and (5.17), we have

N/ .
Pk = T3 128,
where & = a, b, ¢, and the probability factors f;'s are given by

I3 .
o v

Iy 5
fom e

fe=l 4/,
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(5.18)

(5.19)

(5.20)

(5.21)

The assumptions and method used to obtain Egs. (5.18) - (5.21) are again

employed in the next section when the quantum-mechanical model is introduced, and

we frequently refer to these results.

5-2. Quantum Sidemode Interactions

The total Hamiltonian % consists of three parts, the atom, the field, and the

interaction:

F - %atom + %/leld + ‘7[1'1! .

The atom Hamiltonian is given by

(5.22)
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w, 0 o
Hatom=| 0 W 0 (5.23)
0 0 w,
The field Hamiltonian is
3
%‘fleld - Z ujafaj . (5.24)
=l
and the interaction Hamiltonian is
Hine = Zgjajujﬂ'j* ' (5.25)

J

where a, and a; are the annihilation operators for the field modes 1 and 3, a, is the
effective two-photon annihilation operator for the field mode 2, U; = Ur) is the
spatial mode factor for the jei field mode, g; is the atom-field (j¢h) coupling constant,

and the matrices 0,%, o,*, and o;t are defined by

010 0 0 1 0 00
of=[0 0 0.0t =[0 0 0|.,0T=|0 0 1 (5.26)
0 00 000 0 00

We take mode 2 (two-photon pump field) to be classical, undepleted, and arbi-
trarily intense. Modes 1 and 3 are sidemode quantum fields treated only to second
order in amplitude and cannot by themselves saturate the atomic response. The three-

level atom interacting with one strong and two weak field modes involves at least five
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atom-field levels as shown in Fig. 21. We define an atom-field density operator p,_;
and calculate the reduced electric field density operator p that describes the time dep-
endence of the two quantized fields by taking the trace of p,; over the atomic states.
The states depicted in Fig. 21 have been numerically labeled for notational simplicity.

For example, p;; is equal to (an nyng|o,.;|bn+1n;ng).

|4) = |an+1n,-2ng+1) |5) = |anyn,ng

7,

[1) = |eny+1nng+1) |2) = |enyny+2ng)

Fig. 21. Five-level atom-field energy-level diagram.

The probability of finding #, and », photons in mode | and 3 is given by the

trace

pnl,na = <nlnslp|nln3>

(5.27)

= P55 + Psa'n,-on,-l + Puln,',-'n,.,-l .
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The photon rate equation for mode 1 and 3 is given by the corresponding time deriva-
tive. To find ps; pss and py, and the density matrix elements coupling to them, we use
the basic equation

Pg-t = =L, p,.;] + relaxation terms (5.28)

with the Hamiltonian given by Eq. (5.22). We have

Pss = =Ty + T)pss = [i%2025 + i71pg5 + C.C.] s (5.29)
Pss = T1psslnan41 = Tass - [iq/l*Pss + P30y + C.C.] 4 (5.30)
Pur = Tapaq + Tapsslyoanget = [1'7/3*P31 + 17/2*#741 +c.cl, (5.31)

where the one-photon interaction energies ¢, and #/; are given by

7, = g)U, I”l + 1, Yy = gUs I"s +1, (5.32)

and the effective two-photon interaction energy 7, is
Vy = gU, J”_z & kg, 8532, (5.33)

where we neglect the difference between n, and n,+1, i.e., we treat the strong mode

classically.
Taking the time derivative of Eq. (5.27) and substituting Egs. (5.29) - (5.31),

we find the photon number equation of motion for the sidemode fields
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+ ¢.c(5.34)

ny s*n 3=

, () # . ,
Ppyny = ¥y pss - 1(7/1*1’53) - z(q/s*pm)

i + i((I/s*Psx)

nr’nl- nl"nl"'

This equation shows that all we need to find is the dipole elements p;; and p;,. Using
Eq. (5.28), we find the equation of motion for psg, ps;, and the density matrix elements

coupling to them

bss = -1y + iy ~ 00053 = ilPapss + Viss = Pis] + i3 pgy (5.35)
Pos = -[Ys + i@, = 9)]0ss = 1P3pyy = Vsbss = Vapasl = 17"psy (5.36)
Pus = -[11 + iWgp - V)]0as - {P2p1s = D3 parl + 91045 » (5.37)
prz = =[7s + ilwye = V)ogg = (%" psz = Vopss] = iPspys (5.38)

where we used the conservation condition v, + vg = 2v, in Egs. (5.36) and (38). To
solve Eqs. (5.35) - (5.38), we note that the weak sidemode fields assumption means that
%/, can only appear to second order. This means that the density matrix elements pg;,
P33 P1ys Psas and p,,, which are multiplied by the weak sidemode interaction potentials,
can be factored into the corresponding semiclasscal value determined by the ¢/, inter-

action alone, multiplied by the corresponding photon number probability

P55 = PaqPooao » (5.39)
P33 = PppPio10 + (5.40)
P1t = PecPrnnt » (5.41)
Psz = i¥2D(Paa = Pec)Poooo » (5.42)

Par = i%2:DoPuq = PeclPriny » (5.43)
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where p,,, ps and p,, are given by Eq. (5.18) and the photon number probabilities

Poooo» Pro1or and pyyy; are defined as

Pooos = <"1”3|P|”1”8> = pll,.ll, " (5'44)
Pio10 = (”1"‘1”3'9,"1"‘1"3) s (5.45)
P = (n1+ln3+l |p|n1+l "3+l) . (5.46)

Similarly the density matrix elements pg,, 05, and ps;, which are also multiplied by the

weak sidemode interaction potentials in Egs. (5.35) through (5.38), are given by

P54 = PaaPoort » (5.47)

P21 = P Poorr » (5.48)

Ps1 = i Dopaq = Pec)Poona » (5.49)
where pgoy is defined by

Poort = (”1”3|9|”1+1"3+1> . (5.50)

To find the density matrix element p;; and p;, we solve Egs. (5.35) through
(5.38) in steady state. Combining Eqs. (5.35) and Eq. (5.38) and solving for ps;; in

steady state, we have

-id, [Wl(‘fa‘gs*gz*lqulz)l’oooo + P fpProro + iwa*quvcgs*+gz)P0011]

- . (5.51)
Pss (1 + DGV, (1 + 12E,)

where we used Egs. (5.39) through (5.43) and Egs. (5.47) through (5.49). The complex



88

Lorentzians for mode 1 and 3 are defined by

1

Dy = el (5.52)
where v, and v; are the dipole decay constants for @ «++ 6 and & +> ¢ transitions, 4, =
A, - A', and A = A’ Similarly the matrix element pg; is found from the steady state

solutions of Egs. (5.36) and (5.37)

~iDy [Vs(fc‘gl*mz*lwzlz)l’ml - Y3fpPror0 + iq/l*qu(/agl*'gz)%ou]

- 5.53
Psi (1 + DT, (1 + 125 ©-33)

Substituting Egs. (5.51) and (5.53) into Eq. (5.34) and using Eq. (5.32), we find

the equation of motion

(nxnslblnlrw = - Ax("n"‘l)(”x"alpl”l”a) - Alnl(”rl"3|Plnrl”3)
- As(”a"'l)(”l”alP'”l”a) - As”a(”x"a‘”PI”n”s"D
+ By(ny+1){ny+ 1 ng|p|n+1ng) - Byny(nynglp|nyng

+ Bs("3+l)(nln3+l|p|nlns+l> - Bx”a(”lnslplnlng

-C, |n1(n3+l)(nl-ln3|p|n,ns+l) -C, |n‘n3(n,—ln3-l|p|nln3)
- D, l(n,+l)(n3+1)(n,n3|p|n,+ln3+l) - D, ln,(n3+l)(nl-ln3|p|n,n3+l) (5.54)

where the coefficients A,, B,, As, B3, Cs, and D, are given by
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8@, [, + 1D D, 14T\T,

A = . 5.55
YU LA, L 4 129,@ 4T T, ©.33)
8°d, Iy
B, = . 5.56
! 1 + ]22f2 l + Izzglga*/4TlT2 ( )
83293 I
A = . . 5.57
s 1 + Izzfz 1 + 122@,*93/47'17'2 ( )
B. = gszgs fc - Izzgx*gz*/‘ﬂ'lrz (5.58)
YU+ IPY |4 12D, D 4T\T,
ig*d, _— - 1,9, + @,
Cym ———— U, U . 5.59
PN LRE, TR TR 1@ e /e T, 559
ig*d, W W f cgs* + @Dy
D ——% U, U; ¥ . 5.60
! l + 122'?2 ! 8 2 l + Izzglga*/'ﬂ'ﬂ'z ( )

We can write an operator equation that yields Eq. (5.60) by noting the properties of

creation and annihilation operator for mode &

af|m) = Vg4l |ng+1) and a; |ng) = Vg -1 . (5.61)

Using Equation (5.61) we finally find the the equation of motion for p, the reduced

density operator for the sidemode fields, in terms of the creation and annihilation

operators of the sidemodes:
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p =~ Alpaya,* - a,"pa)) - (B, + v/2Q)a,tap - aypa,)
- Aslpasas™ - astpag) - (Bs + v/2Q) a5 asp - azpas™)
+ Cylasta)tp - ayt pas*) + Dy(pasta,t - a,t pa,t)

+ adjoint , (5.62)

where v/Q is the rate of cavity losses for mode 1 and 3.
The equations of motion for the number operator a,’:ak for mode & and combi-

nation tone operator a,a; are easily obtained from Equation (5.62)

% (a/tay) = (atap) = (A-By-v/20)a,tay) - D Naay + A, + c.c. (5.63)
:Ii—t (agtag) = (astash) = (A;-By-v/2Q)asTag) + Cy {aag) + As + c.c. (5.64)
%‘ <ala3> = <ala3b) = (A|+A3-Bl"B3"U/Q)<ala3> - D1<a31.a3) + Cs(dl"-al> + Cs . (5-65)

In free space, no build up of photon number occurs, and d{n;)/dt = A; + Ak*. Thus
we interpret the inhomogeneous term A4; + Ak* of Egs. (5.63) and (5.64) as the
spectrum of resonance fluorescence for mode 4. Figure 22 plots the centrally tuned
spectrum of A, + A,* for 7, = 0.5 and 20. For the strong pump field of 7, = 20, we
note that the resonance fluorescence spectrum has only two peaks, both of which are at
the Rabi frequencies, compared to the three peaks (two side peaks and one central
peak) spectrum of the one-photon two-level case (Holm, Sargent, and Stenholm 1985).
The difference A; - B; is the semiclassical complex gain/absorption coefficient for
mode k. Similarly the inhomogeneous term C; of Eq. (5.65) is the source contribution
for the quantum combination tone {(a,as), which is responsible for squeezing (Holm and
Sargent 1987; Holm, Sargent, and Capron 1986). The real part of C; has two peaks at

the Rabi frequencies for strong pump fields as shown in Fig. 23, but unlike for A, one
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Fig. 22. The free space resonance fluorescence spectrum A4, + c.c. versus A’
for I, =05and 20, 4, =0, C =1, T, =, [ =T3=1and 7, = y; = 7, = 1.

All frequencies are in units of v,.

0.4
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/0.5\
Re(C,) 0
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Al

Fig. 23. Real part of C; for /, = 0.5 and 10. The other parameters are the

same as in Fig. 22.
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peak is negative,

5-3. Application to Squeezing

The squeezed light results from a linear combination of the sidemode annihila—
tion and creation operators a; and a;t. A possible experimental configuration in a
cavity is depicted in the paper by Holm and Sargent (1987). The squeezed light may
be measurable by means of a homodyne detection scheme (Slusher ef al. 1985). This
homodyne detection permits the direct measurement of the variance for any relative

phase shift 8 of the local oscillator. The amplitude d of the squeezed field is
d = 2"%g,el® + aste) (5.66)

We define two Hermitian operators d, , = (d * d¥)/2 and calculate the spectrum of their
variances as discussed by Holm and Sargent (1987). The expression for the minimum
variance outside the cavity is given by

(S12 + S50 - 2|S3s)) (5.67)

Ad12 = +

v
Y

PN
N

where the spectral quantities J'j,, J '3, and J'5, are given by Egs. (38) through (40) of
the paper by Holm and Sargent (1987) letting C, = D; = 0 and using the coefficients

given by Eqgs. (5.55) through (5.60) of this chapter
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(0g=iw)otg ™ +iw)Ay + |Dy[2Ag - (0™ +iw)D,"Cy + c.c.

. 5.68
|(oz,+iw)(oe3*+iw) + D,Ca"l2 (5.68)

le"

(0t ™ +iW)C ol A+ Ay )0, i) D (At As )4ty i)t +i0)Cy=D; | Ci 2
|(oy+iewo) o™ +iw) + D,Cy' 2

S = . (5.69)

J34 = J', (interchange | and 3), (5.70)

where the absorption coefficients oy = By - A, + v/20.

Substituting Eqs. (5.68) through (5.70) into Eq. (5.67) and letting w = 0, we
calculate the squeezing variance Ad,? as a function of the pump intensity /,, the pump
detuning A,, the sidemode detuning A’, and the cooperativity parameter C = Ng*Q/v,v
(Holm and Sargent 1987), where we take g, = g, = g. Figure 24 shows the minimum
variance Ad,* given by Eq. (5.67) versus the sidemode detuning A’ for 7, = 0.5 and
150, C = 100, and A, = 0. We notice that for the low intensity case there are two
large regions with squeezing on either side of a small unsqueezed region around A' =
0. For pump intensities small enough to be treated by fourth-order perturbation
theory, four-wave mixing is the dominate nonlinearity, since spontaneous emission
processes first show up in sixth-order perturbation theory. A lack of spontaneous
emission aids in the generation of good squeezing. On the other hand for strong pump
intensities, we obtain even better squeezing, namely for A’ values within the Rabi
sidebands. This is due to the Rabi splitting of the upper level a accompanied by
vanishing splitting of level b, which as Fig. 22 shows leads to negligible spontaneous
emission for this tuning region.

Figure 25 plots the minimum variance versus the pump intensity in the center

of this region (A’ = 0) for various values of the cooperativity parameter C. We see
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Ad? .25 A A
0 |
~150 0 150
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Fig. 24. Variance Ad,?® versus A' = (wy,-v,) - A for I, = 0.5 and 150, C =

100, and the other parameters are the same as in Fig. 22.]

0.3
0.2 1~ 1000
Adg 100
0.1
0 1
10 102 108 10t
I,

Fig. 25. Variance Ad,? versus /, for C = 100 and 1000, A’ = 0, and the other

parameters are the same as in Fig. 22.
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that as C increases, squeezing is significantly enhanced for certain strong~pump inten-
sities. In fact, we can get almost perfect squeezing by choosing suitable values of the
cooperativity parameter and pump intensity (e.g., Ad,®> = 107 for C = 100 and 7, &
150, and Ad,® = 1073 for C = 1000 and 7, & 1500).

In this chapter we have treated quantum multiwave interactions in a two-
photon three-level cascade model. We have derived the explicit formula for the
resonance fluorescence spectrum and have shown that the spectrum has only two
peaks, compared to the three peaks spectum of the one-photon two-level case. We
have applied our theory to the generation of squeezed states of light and have shown
that the two-photon three-level cascade mode! predicts broad-band squeezing for low
pump intensities and excellent squeezing for strong pump intensities in the vicinity of

small sidemode detunings.
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SUMMARY

This dissertation has developed theories of multiwave mixing in one-photon
two-level and two-photon three-level media both semiclassiclly and quantum mechani-
cally.

Chapter 2 has presented a simplified phase conjugation calculation in which
spatial holes are assumed to average out due to the inability of a slow-response popu-
lation difference to follow the moving pump fringe pattern. We find that the large
field saturation is substantially increased without spatial holes. The reflection coeffi-
cient is qualitatively similar to that of Abrams and Lind, but is reduced in magnitude
due to incresed saturation. The theory should be useful in studying the conjugation
properties of media with long population difference lifetimes, such as ruby, and
aspects of the present analysis should be applicable to other media having long grating
decay times.

Chapter 3 has derived the probe absorption and coupling coefficients in a
squeezed vacuum using a standard Fourier series method. We have illustrated the sen-
sitivity of sharp peak structures to both pump detuning and pump phase relative to the
squeezed vacuum. Averaging the coefficients over pump spatial holes, we have also
calculated and plotted the four-wave mixing reflection coefficients. Reflectivity peaks
and dips are found to be narrower than in an unsqueezed vacuum. In fact, for small
7, and pump/probe detuning A, we find the various coefficients are proportional to
the factor v,(y, + iA), which reveals a sharp Lorentzian with FWHM width of 27,.
As such both the absorption and the reflectivity provide sensitive ways to measure the

amount of squeezing in the vacuum.
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Chapter 4 has studied the effects of sidemode saturation on the two-wave
mixing both semiclassically and quantum mechanically, The degenerate semiclassical
theory shows that the third-order semiclassical sidemode absorption contribution have
the same sign as the probe absorption coefficient, which has just the opposite effect
from the usual saturation. We have derived explicit formulas for the fourth-order
quantum coefficients. The results are much more complicated than the corresponding
semiclassical case, but reduce to it in the appropriate limit. We have applied the
results to cavity problems. We find that the sidemode fluorescence spectra do not
diverge even near the sidemode laser threshold. Furthermore we notice that the
secondary sideband peaks grow at A = /2. This problem is important for the study
of optical instabilities, but unfortunately is very complicated. Even extending the
fourth-order theory to the two sidemode case, e.g., for three- and four-wave mixing,
seems to be prohibitively difficult.

The final chapter has treated quantum multiwave interactions in a two-photon
three-level cascade model. We have derived the explicit formula for the resonance
fluorescence spectrum and have shown that the spectrum has only two peaks,
compared to the three peaks spectum of the one-photon two-level case. We have
applied our theory to the generation of squeezed states of light and have shown that
the two-photon three-level cascade model predicts broad-band squeezing for low pump
intensities and excellent squeezing for strong pump intensities in the vicinity of small

sidemode detunings. Both cases avoid regions of significant spontaneous emission.
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APPENDIX

In this Appendix we derive the equations of motion for (050, Pse P20v P26) and

(Ps1+ P54 P210 Pz4) Of chapter 4, and obtain the steady state solutions to the equations.

The equations of motion for (05y, Psqs 210 P24) IS Biven by

Psy = = (YHiA)Psy = i¥9pa + iP5 + i¥ (P55 = P11) (A4.1)
Psg = = (T+i)psy = V2P - iP\014 + iq/z*Psl + "7/1+*Pso ' (4.2)
Pa1 = Fpsq - iBpyy - iq/z*Psl - iq/l'*Pn + i¥ypyq + i?1Pg5 (4.3)
Paa = = (Y=iAg)pay - "7/2*1354 - "7/1-*974 + iq/z*sz + iq/l“ﬁm . (4.9)

The equation for the steady state to Egs. (4.7) through (4.4) can be written in terms of

the vecter and matrix as

HAX = U, (A.5)
where
Psy
x = p54 . (A‘6)
P21

P2
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-(r+id) . 0
HQ) = | 2, AP
e -THA) 0 !

~i?y r ~iA iV,

»

0 -,

(A4.7)

and

=i¥\(pss - P11)
U= | i7py - i7/1+*Pso . (A.8)
19, oy - 1155
19, g = 19 po

Note that A, = A,(A) and A; = Ag(A) in Eq. (A.7) are defined as
Ar=mw-W,-A)=A, + A, (A.9)
Agmw-=-(p, + A=A, - A (A.10)

The solution to Eq. (4.5) can be written in terms of the inverse

HYA) = WIA—)M(A). (A.1])
as
' I

X = maMAU . A.12)

where N(Q) is the determinant of the matrix H(A) and M(A) is 2 4 x 4 matrix. In par-

ticular, the dipole element p;, is given by



Por = Ty QW + MBI, + MAVs + MAV] -
By direct calculation we find

N(Q) = it { 2|7, L(y+iA) + (y-iAg] + (y+iB)y-iAg)T+iA) }

and

M (D) = -iA[2]|Z,|* + (T+iA)v-idAy)]
M (D) = iD(T-iA)y~ids)
M 3(A) = iV (T+iA)(y-idy) |

M (D) = -209,2

100

(4.13)

(4.19)

(A.13)

(4.16)

(A.17)

(A.18)

To express the vecter U in terms of the g° and g'-order density matrix elemets,

we need to find the equations of motion for (0sg, P50 P20v P26)

Pso = = (Y+iDg)sg = %3030 = i \p1o + 191 pg5s + iP5

Psg = = (T+i28)psg = i¥opys = iV 146 + ‘7/2*950 )

, , oy ¥ . .
Pao = Tsg = 28050 - i¥5 Pso + V226 + 91 pay

, , " "
Pog = = (Y-iA)pas = ¥ Psg + i3 oo -

(A.19)

(4.20)

(A4.21)

(A4.22)



Similarly to Eq. (4.5), the equation for the steady state solution can be written as

HRA)Y = V ,
where
Pso0
Y= ps |+
Pag
P2e
H(2A) = H(A R
oy = H®),
and

71010 =~ 91 ps4

V = i?1p16
1?1 sy
0
The solution is given by
|
Y= mM(ZA)V R

where N(24) is defined by

101

(4.23)

(4.24)

(4.29)

(4.26)

(4.27)
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NQ2A) = NA . A28
(24) ()A»ZA (4.28)

and M(24) is defined similarly.
Substituting Eq. (4.27) into Eq. (4./3) to find the dipole matrix element p; up

to gS-order and using Eq. (4.61), we finally have Eq. (4.80). The g*-order coefficients

are given by

*

g Qs @(A)@s

+ ig'TI(24) @@3 @’(A)@s = |Pa? { -if, 0D, - D |P,* @ +D") }

1
WMD), ¢ — L
) {l of + @(2A)@,,*}

2 = 8'(A)  |Va? { -if 0D, - D¥|2, (@ +DY) }

- ig'Tl(24)

" 1
? 24 -
Q(A)@s* 7 {/ 2b-lg @(A)} DAYD,*
Iqulz -if,AD, - @2 'Wzlz (@ﬁ@s )} |Wz|2 2A

+ g'lI(24)
glgs 4

- gTI2A) 24 [Pt 1,20 - i ok - 72| 3+ =% (4.29)

8 2 a @ D) 2 g .
*
ro = g'T(4) 7 @s Q(A)@;,* |7/2|2 if,AD, + @2 [ |7/z|2 (D +Ds Yy +iA 1}

- ig'll2A 2{if AD, - D, [ |7, @,+DsT) + 1/D(A
iglII( )g93 @(A)@a*IZI lfa 1 2[|2|(1 s) [19(8) 1}
20217, + — 1 —

+ ig'TI(24) = P2 { i, AD, + BF [ [ Za]f (@ D™ +iA 1}

@ @3 Q(A)@s
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1
Ml r ¢ —L
) { 17l m(zA)@,,*}

g, 1
@ 24 -
DA )@3 I 2| { ~fa g @(A)} @(ZA)*®4

+ ig'TI(24)

- ig'(24)

£
4 2A 2 1
DA )@’3*' d {f” g @(A)*} N
- g'TI(24) @?A ol oD, - D[ |Zof @B+ B 1} |2 25 248

*
1</3 4

g Q = | L ifyAD, + BF [ |V, @Dy + i 1} |f1/2|2 24
1-3 4

m *
+ gTI24) 24 I%l‘{ -fa28 - mmm}{"”"z[f;ﬁ*ml *} s }
4 04

+ g'TI(24)

Q *
- g'M(2A) 24 |@,* {f,,zA T )}| 2]2[Q0+ 51;;} (4.30)

*
1
@ 593 DAVD*

g %
o o A')@ = P L i, 0D, - B, [ |2, @+DsY) + /D) 1}
3 3

r = - 'T(A) |Da]? { -if 0D, - D,¥|P,| B+ D) }

- &'I(4)
(A31)

¥ lr[/2|2 -if,AD, - @2*|W2|2 (@1+Qs*)}

- - ig'll2A
2 = - gl )_@ N @(A)*Qa

A2|P,2 4 —L
) { 7 @(ZA)@4*}

@,* 1
i I0A 2A -
+ ig'll24) @.( A)*@“;“ |Z2]* {fa ' @“(A)} DD *

(4l 1 -ifa D, - D 2a @@} 7 25 28

4

+ g'lI(24) g g m

143
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@, ;
+ g'TIRA) |#,)* {fazA iz @(A)HI%I [@- @,‘ ] + g—’g%} (4.32)
4 04
So = - ig'I2A) 5 @3 @(A)@, ¢ | P2 {-if, 0D, + B, [ |V, (@ +Ds") + T 1}

1
28002|9,2 4 —————
N {I e + wam@f}

*
. 4“ 2 A 4 2 l
+ ig2s) Q(A)Qs % |7 {f b ,@(A)*} @(24\)*@.,*

28 s, 4 @1

g,
MeA) —28 (.18 df,2A 2 ppl Ly L], ;24 .33
+ g'TI(24) .9 || {fb +’@1@(A)* || 5oy '“9—094* (A.33)

- g'll24)

*

@ ﬁs @“(A)"‘ga8
*

9,
- 8'4) DD Q(Al)gs* |Za)? { -if, AD, + B* [ |2, @+ D) + T 1} (A.39)

5 =~ g'l(A)

* |W2|2 lfbA@l + @2 [ IW2|2 (gl"'@s ) + IA ] }

*
g gs Q(A)*gs
+ ig'll(2A)

S = TA) = P Lif 0D, - B, [ D @ @Y + /D) 1}

@’ Q @‘(A)*Q * I'7 2'2 lfaAgl gz* [ I‘Vzlz (gl+@3*) + I/Q(A) ] }
8 ]

1
2012|912 + ———eremeee
X { l 2| + @(ZA)@;*}

- igll(2A)

Q’ g Q(A)*Q * |7 2|2 lf[,AQl + gz [ |7/2|2 (@ﬁ_@'s )+ iA 1}
3 3

1
2012|912 + e
X { I 2, + Q(ZA)Q,,*}
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@,r 1
- ighTiA Dt 31,24 -
g1 g )*@,, 7l {f“ @'Q(A)} TEAVD,”

, @, 1
+ tg‘H(ZA) M— |W2|4 {szA + i 2 *}

DDA | DRAD,*

g *
- g'MI24) 2;,, |2,)* {fa2A @gf(A)}l‘”zI’—z—A;

l 3

+ gM02A) =22 \D,12 { if,AD, + B,F [ | P, @Dy + i 1} | 24

DD @’
- g'T24) 24 |#,* -/,24 - Ty 17| & +_l_ + —L
8 2 a g @(A) 2 @ * @,0@,4*
+ gYI20) 24 |Z,)* 41,24 + i 7y | | o 4+ LH28 (4.35)
g,9( % DD,

*

t, = g'TI(A 1
2= &) xgs QJ(A)*%*

|Za]? { ~if, AD, + DF [ |2, @+ D) + T 1}

+ ig'TI(24) = |P,|? { -if, 0D, + D, [ |7 @D + T 1}

7} 93 Q(A)*@a

1
M@, p ¢ —L
X {I ol + _@‘(ZA)@,,*}

@,* 1
- ig'RA ! 2,10 47,24 + | —2
8T & @‘3 DAYD* 7 {f” e m(A)*} PRAYD*

- g'l1(24)

|92 { -if, AD, + Dy* [ |#a)* @ +@s*) + T 1} 74l 25 28
@‘ 9?3 7.

@,* 1 r
- g'T28) 24 |)* V| v L A3
$aea 24 17 {f"ZA“@@(A) H' ! [@+@4J+ @o@*} @

where

D(b) = (A.37)

I‘+1A
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[IA) = (A.38)

1
(I + 1,.7,) N(AY®

1
HRA) = T3 T, 7y NaF N * (4.39)

and from Eq. (4.54) we can express |#,|* in terms of I, as

IWZIZ = 12/4T1T2 . (A.40)
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