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ABSTRACT
A model of premixed lean Hydrogen-Oxygen flame is studied by singular perturbation techniques based on high activation energy. The model is
built from four reaction steps consisting of two chain branching steps, a chain
propagating step, and a recombination step. The analysis, in this case, gives
rise to a layer phenomenon different from what is currently seen in combustion
literature. First, there is a basic layer similar to those obtained for the one step
reaction model. Then embedded in the first layer is a thinner layer giving rise
to an interesting system of nonlinear boundary value problems. This system
of nonlinear problems does not meet standard existence criterium and also involves an unknown parameter. Hence existence results are called for. Existence
is proved for both the boundary value problem and the unknown parameter, and
numerical solutions are obtained in support of the existence results. A numerical
estimate of the unknown parameter is obtained.
A generalization of the model for different reaction parameter ranges is
made. Two new thin layers emerge. The structure of one of the new thin layers
turns out to be exactly the same as that just described, hence the existence
results do carryover. The boundary value problem resulting from the second
of the new thin layers turned out to be quite simple and a solution could be
written down explicitly.
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CHAPTER 1
INTRODUCTION
Mathematical modeling of chemical reacting systems has long been of
interest to Applied Mathematicians, Engineers and other Scientists. Part of this
interest arises from the fact that chemical reacting systems provide excellent
physical examples illustrative of the general principles of mathematical modeling. Moreover, it is a well known fact that the modeling of such systems do
oftentimes provide mathematical objects which are in themselves interesting,
regardless of their source of origin.
In recent years, the scarcity of energy sources has brought the need for
understanding the dynamics of combustion reactions to the forefront of scientific
research. If one has to design an efficient means of converting fuel material to
usable energy, then one often does need other means beyond laboratory equipment and investigations, for predicting the outcome of the reactions taking place
in the given system. The problem of obtaining such a predictive model for combustion is complicated by the diversity of the mechanisms involved in any given
system of reacting materials. Moreover, the governing equations obtained from
thermodynamic considerations and material and momentum balances are nonlinear, and involve numerous parameters. In fact, direct numerical solution of
the resulting system of equations may prove to be very expensive, and may not
even provide enlightening information.
To extract useful information, one is therefore likely to delineate a particular mechanism of interest, and study its effect under reasonable assumptions
on the rest of the system. One such mechanism whose influence in chemical
combustion modeling cannot be overemphasized is chemical kinetics. Effects
such as flame multiplicity and temperature plateau (9), flame extinction (60),

12
flame stability (59), and stretch resistance (58), are attributable to the influence
of complex kinetics on the combustion phenomenon. It is essential, therefore,
that efforts be made to understand how chemical kinetics exert such an enormous
influence on the nature of combustion.
A starting point for such understanding consists of determining reduced
chemical kinetic schemes that capture the essence of much more complex kinetic
systems under some specific conditions. Such reduced schemes would, of course,
be much more tractable and easiet to study. Much effort has been made recently
in this direction, (22), (30), (44), (51), (64) and (65). Yet a lot still needs to
be done. Our aim here is to study such a reduced scheme from the HydrogenOxygen flame. It is interesting to note that more than 20 reaction steps are
involved in the typical Hydrogen-Oxygen flame (54), (55), (65). Hence, to determine a suitable reduced scheme for such' a complex system, can in itself prove
to be a formidable task. However, reduction methods (we do not pursue these
here) such as those developed by Fife (22), Fife and Nicola.enko (30), Roten (54)
and Roten and Fife (55), can be very useful in gauging the relative importance of
the individual reactions in any given complex kinetic scheme. We have, in fact,
selected 4 reactions from the many reactions present in the Hydrogen-Oxygen
system based on the premise of these methods. The reactions we have selected
bring with them such important kinetic mechanisms as chain branching, chain
propagating, and recombination. Though our choice of reactions are fewer in
number, it is our belief that the result they provide will help in bringing a better
understanding of the original system.
We use high activation energy asymptotic analysis in our study. This
method has found great success in the modeling of chemical combustion, in
the last decade and a half, (8), (38), (41), (43). The major achievement of
this approach consists of localizing the effect of some (or all) of the chemical
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reactions to a thin layer, where they take part and go to completion. The result
is a reduction of the original nonlinear, complex and often intractable, system
of equations to a manageable level in some regions of the flame. One then tries
to understand the reduced problem and use the result as a starting point for
a better understanding of the original model. Typically, one obtains a layer
problem consisting of a system of equations whose mathematical structure can
be of interest in its own right (1), (2), (18), (32), (33), (34), (35). The solutions
of these layer equations may now be matched to the solutions from the other
regions of the flame (where the problems supposedly have been made easier).
By so doing, one can obtain a good estimate of the mass flux across the flame,
and also obtain good approximations of the flame profile.
In this endeavor, we start off by presenting the reduced scheme we have
chosen for our model of the Hydrogen-Oxygen system (Chapter 2). Using this
scheme, we are able to determine the final (adiabatic) flame temperature of the
model. As a motivation for the asymptotic reduction of our model, (based on
assumed high activation energy of the first two reactions), we proceed to define
the preheat zone, the layer, and the trailing zone as the regions ahead, inside
and behind the flame respectively. The result here is the explicit solution of the
preheat and the trailing zone equations, pending the determination of the mass
flux across the flame.
In Chapter 3 we use the assumed largeness of the activation energy

of the first reaction, to define a small parameter.

FUrther assumptions are

then made regarding the magnitudes of the intermediate species present in our
model. By means of the small parameter and the relative magnitudes of the
intermediate species, we obtain a system of equations defining the flame layer.
FUrther analysis of these equations dictates that a thiIlller layer be embedded in
the already derived layer to ensure that the model actually mimics the real life
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system we are interested in; hence we obtain another Bet of equations defining
a thinner layer.

In Chapter 4, we attempt to generalize our model by investigating other
possible reduction schemes. The result is the discovery of two new thin layers
which can exist with the (now called) thick layer independent of each other, and
independent of the previously described thin layer.

In Chapters 5 and 6 we prove rigorously that the thin layer equations
do have solutions behaving as dictated by the physics of the problem. Since the
thin layer equations of interest here do not meet standard uniqueness criterium,
in the neighborhood of the origin, we start off by providing a local existence
result (about the origin), using functional analytic methods. Continuability of
the local solutions is established with the aid of standard theorems from the
theory of differential equations. Existence for an un.known parameter appearing
in the equations, and an existence result for the asymptotic behaviour of the
continued solutions are also provided.
Having now laid a rigorous foundation for our model, we proceed to
determine the mass flux across the flame.
Finally, to obtain a numerical estimate for the unknown parameter,
and to support the existence results given in Chapters 5 and 6, we perform
a numerical investigation of the thin layer equations. It turns out that the
numerical results do confirm, in every detail, the existence results provided.
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CHAPTER 2
THE HYDROGEN-OXYGEN COMBUSTION MODEL:
THE REDUCED SCHEME
2.1. Introduction
Consider the following subset of the many reactions that take place in
an Oxygen-Hydrogen de£lagration system:

H +02 - t O+OH

(2.1.1a)

o +H2 - t H + OH

(2.1.1b)

OH +H2

-t

H

+ H 20

H+H -tH2.

(2.1.1c)
(2.1.1d)

The first two are chain branching reactions (in the sense that they each
start off with one intermediate species which reacts with the reactants to produce
two intermediate species), the third is a chain propagating reaction, while the
last is a recombination reaction. In any given combustion phenomenon, either
one or a combination of these mechanisms is usually present. Our aim here is
to select a skeletal representation of the Hydrogen-Oxygen reaction system that
models the real phenomena. We choose the set of reactions indicated above as
such a representation, where for simplicity we have neglected the reverse reactions. It can be shown by methods developed by Fife (21), (22), Fife and Nicolaenko (30), and Roten (54), Roten and Fife (55) that under certain conditions,
these four reactions are the main controlling reactions in the Hydrogen-Oxygen
reaction system.
In fact, the one major drawback in using this set of reactions to model

the entire reaction network of the Hydrogen-Oxygen system, is probably the fact
that we have neglected the reverse reactions involved. Although the neglection
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of these reverse reactions may not always be justified, the resulting system displays unusual and interesting properties which are worth exploring. For example our results indicate that flame layers under fairly complex chemistry may
be radically different from those obtained by standard analysis of the simplest
reactions. This gives evidence for the necessity for taking better account of the
chemistry involved in combustion modeling
We represent the mass concentration of atomic hydrogen (H) by

Yi,

that of atomic oxygen (0) by }'2, that of the hydroxyl radical (OH) by Y3 , that
of molecular hydrogen (H 2 ) by

1'4,

and that of molecular oxygen (0 2 ) by Ys .

We assume that the reaction rates obey mass action law of the Arrhenius type.
Thus the reaction rates are given by the following:
= BIYIYS exp ( -

:~)

(2.1.2a)

W2 = B2Y2Y4 exp ( -

:~)

(2.1.2b)

:~ )

(2.1.2c)

WI

W3

= B 3 Y3Y4 exp(W4

=

2
B4Yi

(2.1.2d.)

Here each Bi, i = 1,2,3,4, is the constant pre-exponential factor. T
represents temperature, R is the gas constant and each Ei, i = 1,2,3, is the
activation energy corresponding to reaction number i.
We assume that the first two reactions have high activation energies
(EI

»

1 and

~

»

1), with EI sufficiently higher than E 2 • We also assume

that the last reaction has zero act-wation energy. The third reaction mayor may
not have high activation energy. If it does, we require EI sufficiently higher than

E3 •
We define the individual heat of reaction (measured in units of energy
per unit of mass concentration of the reactants) corresponding to each of the

17
reaction rates by Qb Q2, Q3 and Q4 respectively. We asswne that each of the
reactions is exothermic, hence that each Qi is positive.
With these preliminaries, we write the continuity equation for the total
mass, the energy equation, and the mass balance equation for the individual
components. We represent the total· gas density by p, the specific heat of the
gas by C p , the component gas diffusivities by

D",

k = 1,2,3,4,5, and the

heat diffusivity by Do. As a part of the standard conditions for deflagration,
we assume that the Mach number is very small and hence that the pressure is
constant. This then means that we can neglect the momentum equation and thus
obtain the following governing equations for our Hydrogen-Oxygen deflagration
model:

Pt

(pYI)t

+ (pUYI)x -

+ (pU)x

(p(DIYdx)x

(2.1.3a)

= 0

+ WI

- W2 - W3

(pY2)t + (pUYi)x - (p(D 2Y2)x)x - WI

+ 2w4 =

+ W2

(2.1.3c)

0

(2.1.3d)

= 0

(pY3)t + (pUY3)x - (p(D 3Y3)X)X - W2 - W2

+ W3

= 0

(2.1.3e)

(pY4)t + (pUY~dx - (p(D4Y4)x)x

- W4 = 0

(2.1.3f)

(pYs)t
Her~

+ (pUYs)x -

+ W2 + W3

(p(DsYs)x)x

+ WI

(2.1.3g)

= 0

U is the bulk fluid velocity, t represents time, and x is the one

dimensional space coordinate. We have represented :x by ( )x and

:t

by ( )t.

We rescale the diffusivities and the heat of reactions as follows:

Q.
Cp

Qi=_I,

Do

i=1,2,3,4

= pDo
Cp

(2.1.4a)

(2.1.4b)
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Di

= pDi,

i

= 1,2,3,4,5.

(2.1.4c)

To represent the deflagration wave, we seek a traveling wave solution
of the governing equations by setting

z=x+ct

(2.1.4d)

where c equals the constant wave velocity. IT we let

1z =

('), these rescalings

transform the governing equatio:qs (2.1.3) into:

M = p(U + C) = constant yet unknown

(2.1.5a)
(2.1.5b)
(2.1.5c)
(2.1.5d)

((D 3 Y3 )')'

-

MY;

+ WI + W2 -

W3

= 0

(2.1.5e)
(2.1.5f)

((DsYs )')' - MY; -

WI

= O.

(2.1.5g)

We note that M defines the constant mass flux across the flame.
2.2. Boundary Conditions
We assume the gas to be a lean mixture in which all the hydrogen
is consumed in the flame, and excess oxygen remains upon completion of the
reactions. Thus if we represent conditions far ahead of the flame by z =
and those far behind the flame by z =

T( -00)

= T_,

-00,

+00, we obtain

T(+oo)

= T+

(yet unknown)

(2.2.1a)
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Yi(-OO) =0, Y1(+00)=0

(2.2.1b)

1'2(-00) = 0,

1'2(+00) = 0

(2.2.1c)

Y3( -00) = 0,

Ya( +00) = 0

(2.2.1d)

1'4 (-00) = 1'4-, 1'4 (+00) = 0
Ys(-OO)

= 1'5-,

1'5(+00) = Ys+

(2.2.1e)
(2.2.1£)

(yet unknown).

For notational ease, we shall represent Ys+ by the letter a. Thus

1'5+ =

a (which is constant).
Notice that conditions ahead of the flame are known
T _ and

a priori,

hence

1'5- are known prior to the start of the reactions. Also notice that

no intermediate species is present at the start of the reactions, nor are they
present after the reactions are complete. Finally, observe that the only known
condition behind the flame is that no intermediate species is present, hence we
must still determine T+ and a, the final burnt temperature and the final oxygen
concentration respectively.
2.3. Determination of the Burnt Temperature T+,
and the Final Concentration of Oxygen a
We define the allocations associated with the flame, following Fife and
Nicolaenko (30) by

1

00

ak

where each ak

= -1
M

wk(z)dz,

k = 1,2,3,4,

(2.3.1a)

-00

> o.

We point out that these allocations are designed to measure the amount
of the reactant gas allocated to each of the individual reactions participating in
the flame; and that in a different sense, they can be considered a measure of the
relative magnitude, (in some average way), of the individual reaction rates in
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the flarrie. It is our intention to make use of these observations in our problem
reduction. But for now we proceed to determine the burnt temperature T+ and
the final oxygen concentration, 1'5+ = a.
Integrating (2.1.5b) through (2.1.5g) from z

= -00 to z = +00, making

use of the boundary conditions (2.2.1) and the definition (2.3.1a), we obtain
4

(T+ - T_) - :~:::>:tkQk = 0

(2.3.2b)

k=1

(2.2.1c)
(2.3.1d)
(2.2.1e)
(2.3.1£)

1'5- - a -

0'1

= O.

(2.3.1g)

Solving (2.3.1c) through (2.3.1g) we obtain the values of the allocations
as
0'1

= (Ys-

a2

= (1'5- -

- a)

(2.3.1h)

a)

(2.3.li)

a3

= 2(Ys-

- a)

(2.3.1j)

a4

= (Ys-

- a).

(2.3.1k)

Thus the allocations are in the ratio of (1,1,2,1). By substituting (2.3.1i)
through (2.3.1k) into (2.3.1£) and solving we obtain the final oxygen concentration at the burnt temperature as
(2.3.2a)
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We notice that our assumption of leanness implies that a must be positive, thus we can define leanness of our flame more precisely by requiring that
1

1'5- > 214-.

(2.3.2b))

To determine the burnt temperature, we substitute (2.3.1h) through
(2.3.1k) into (2.3.1b) and solve

T+ = T_ + Y;-(Ql + Q2 + 2Qa + Q4).

(2.3.2c)

Thus given the heat of reactions, the starting composition of hydrogen
and the starting temperature of the gas, we are able to calculate the burnt
temperature from (2.3.2c).
While determining the final (burnt) temperature of the deflagration
may prove sufficient in certain situations, the real interests in real life applications are the prediction of the mass flux across the flame, and the determination
of the temperature and the concentration profiles in the flame. Due to the
nonlinearity of the governing equations (2.1.5) determining the mass flux and
the profiles analytically, even in the simplest flames, is quite a formidable task.
While this could be done through numerical computations, the cost can be quite
exorbitant and the information obtained may not be enlightening. Obviously,
we are unable to solve the nonlinear equations describing our system analytically. However, we can elucidate a lot of the observed phenomena, and obtain
approximations that compare favorably with experimental observations through
asymptotic reductions.
The crux of our reduction procedure here is the assumption of largeness
of the activation energies of the first and second reactions (2.1.1b), with most of
our calculations hinging on the largeness of E 1 • To be more precise, our analysis
is based on the assumed largeness of the Zel'dovich number. For our purposes
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here, we define this number in terms of the Arrhenius rate constant of the first
reaction by

(2.3.2d.)
Notice that if {3 is very large, then {3-1 is very small.
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CHAPTER 3
ASYMPTOTIC REDUCTION
3.1. Introduction
As already mentioned, the nature of our equations makes analytical
solutions very difficult to obtain. Numerical solutions can prove to be very
expensive and may not provide insightful information. We are therefore left to
try other methods of obtaining realistic approximations for the profiles and the
mass flux in any particular condition of interest. Asymptotic

analysi~

based

on high activation energy has since proved to be an effective tool for model
reduction in combustion modeling. We shall makeS use of this tool as part of
our analysis. However, before we proceed, we shall make a few definitions and
also clarify our notations.
We define:

:;+), k
~ (;+ -~) 1'

Ck = BkexP( -

ek(T). exp [

= 1,2,3,4

k = 1,2,3,4.

(3.1.1a)

(3.1.1b)

By substituting (3.1.1) into the rate expressions (2.1.2) we obtain
WI

= C1Y1Ysel

(2.1.2a')

W2

= C2Y2l'4e2

(2.1.2b')

Wa

= CaYal'4ea

(2.1.2c')

= C4Yl-

(2.1.2d')

W4
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3.1.1. Notation
We define the following ratios

01

0 1/ 4 = 0

(3.J .2a)

4
2

0 1_
0 11 / 24 = __

(3.1.2b)

0 204

0 11 / 34 =

02

(3.1.2c)

_1_
0 304

02

0 0:'
11 4
/

(3.1.2d)

=

We expand J(T) = ~ in a Taylor series about T = T+, to obtain
(3.1.2e)
In view of the largeness of the Zel'dovich number (see (2.3.2d) we define
our basic small parameter by
RT~
€= -1 = --.

f3

(3.1.2f)

El

In all of our analysis, we shall always assume that

€

is very small and

thus that
0<

€«

(3.1.2g)

1.

Truncating (3.1.2e) after the first two terms has come to be known as the FrankKamenetski appro:xjmation in combustion modeling. (In fact, it can be shown
that multiplying the j,°emainder term in (3.1.2e) by

1ft after removing the first

two terms, results in an O( €) term.) We make this approximation here, and
substitute the result in (3.1.Ib) together with (3.1.2e) to obtain
(3.1.2h))
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As part of what we need for the singular perturbation, we make the
following assumptions:

0< aOl/4

«€

(3.1.2i)

0<

a2011/24

«

€2

(3.1.2j)

0<

a2011/34

«

€2.

(3.1.2k)

It turns out that these assumptions will be necessary to ensure that the concen-

trations of the radicals (0, H and 0 H remain small in the flame, and thus ensure
that all the reactions will go to completion in a small localized neighborhood
of the flame profile). We point out that the extent to which these assumptions
hold will, in most parts, depend on the magnitude of the pre-exponential factors. All that is necessary to check these constraints is to substitute the defining
parameter values into them. In general, these constraints will be satisfied if
(the magnitude of) the pre-exponential factors are ordered in opposite direction
relative to the order of the activation energies.
Following Fife in (20), we define a scaling parameter '1 by
'1 =

(3.1.21)

€OU/4

and rescale the traveling wave coordinate and the mass flux as follows:

(3.1.2m)
(3.1.2n)
We retain the symbol (') for

:z as well as for tz' noting that :z =

'1 1 / 2

tz

and that ~ = '1 ~. Recasting the governing equations together with their
associated boundary conditions in terms of z, we obtain

«DoT)')' - MT' + !(Qlwl + Q2W2
'1

T(-oo)=T_i

T(+oo)=T+

+ Q3W3 + Q4W4) =

0
(3.1.3a)
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((D1Yi)')' - MY! - !.(Wl - W2 - W3
Tl

Yi(-oo) = OJ

+ 2w4) =

Yi(+oo) = 0

(3.1.3b)

+ !(Wl - W2) =
Tl
Yi( +00) = 0

((D 2Y2)')' - MY;
Y2 ( -00)

= 0,

((D 3Y3)')' - MY;

1'3(-00)=0,

+ !(Wl + W2 Tl

0
(3.1.3c)

W3) = 0

Y3(+00)=0

((D 4Y4)')' - MY1- !(W2
Tl

1'4(-00) = 1'4-,

0

(3.1.3d)

+ W3 - W4) =

1'4(+00) = 0

0

(3.1.3e)

((DsYs)')' - MY;_ - !.Wl = 0
Tl

YS(-oo) = YS-,

Ys(+oo) = a.

(3.1.3f)

It is standard to nondimensionalize flame equations in such a way that

certain Lewis numbers (the ratio of thermal diffusivity to mass diffusivity) do
not appear in the equations. However, here we will simply assume them to be
0(1) and retain them in the equations.
As is sometimes done in high activation energy asymptotic analysis, we
localize the reactions in a thin layer about z
as the region z
the region z

= 0,

and define the preheat zone

< 0 and the trailing zone (i.e., the region behind the flame) as

> O. Due to the high activation energies of the first two reactions,

the t.emperature in the preheat zone is not high enough for these reactions to
generate the intermediate species 0, H and OH necessary to drive the last
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two reactions. Consequently, only a negligible amount of reaction occurs in the
preheat zone.
For a lean mixture, the reaction is complete upon the depletion of the
lean reactant. In our case, the hydrogen is depleted in the reaction layer since it
is the lean reactant. Once this happens, there is no more driving force to cause
any of the reactions to occur in the trailing zone. Hence the profiles remain flat
in the trailing zone.
We notice, however, that while only negligible reaction is occurring
in the preheat zone, diffusion and convection operate to increase the preheat
temperature and bring the reactants into the reaction layer. The temperature
increases from the preheat zone, and only attains the reaction temperature in
the layer, where all the reactions occur and the final flame temperature (i.e., the
adiabatic flame temperature since no heat'loss is involved) is attained.
3.2. The Preheat Zone (z < 0-)
As already indicated, the rate of each of the reactions in this zone is
negligible, and only convection and diffusion operate to a noticeable extent. This
means that such terms as

7]- l Wk,

k

= 1,2,3,4 in the governing equations (2.1.5)

are negligible, and to first approximations we let

WI

fV

W2

fV

W3

fV

W4

= 0, to

obtain the following equations:

((DoT)')' - MT' = 0,
((D 4 Y4)')' - MY;

= 0,

((DsYs)')' - MY; = 0,

z<0

(3.2.1a)

<0

(3.2.1b)

z < O.

(3.2.1c)

z

We anticipate that all radical concentrations will be small in the preheat
zone since the rates of reaction are negligible there. Hence we set

(3.2.1d)
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To specify the boundr:'xy conditions for (3.2.1a), (3.2.1b), and (3.2.1c)
we recall that conditions far ahead of the flame (at z = -00) are known and
have been specified in equation (2.2.1). Thus the only unspecified conditions
are those at the interface between the preheat zone and the layer. To obtain
these boundary conditions, we note that in the absence of abnonnalities such as
shocks, it is unreasonable physically to have a jump in the profile of such physical
variables as temperature and concentrations. We must therefore expect the
profiles of these variables to remain continuous throughout the entire combustion
region. Now let the interface between the preheat zone and the layer occur at

z = 0-, then from continuity, lim T(z)
%-0-

= %-0+
lim T(z) =

T(O), and similarly for

Y4(z) and Ys(z). Moreover, since the reaction layer is very small, then reactions
must take place very fast, and the resulting reaction energy must diffuse equally
fast from the layer to the surrounding regions. Hence the temperature of the
surrounding region is essentially the same as that of the reaction layer. In view of
all this, we must impose the following boundary conditions on (3.2.1a), (3.2.1b)
and (3.2.1c):
(3.2.1£)

Y4( -infty) = 1'4-;
Ys(-oo)

Y4 (O-) = 0

= Ys-;

Ys(O-)

(lean flame)

= a.

(3.2.1g)
(3.2.1h)

Integrating (3.2.1a), (3.2.1b), (3.2.1c) with (3.2.1£), (3.2.1g), (3.2.1h)
gives

T(z) = T_
Y4 (z) =

+ (T+ 1'4-

Mz

T_)exp( Do)'

[1- exp(~:)],
1

Mz

Ys(z) = Ys- - 21'4- exp( D )'
s

z < 0-

z < 0z < 0-.

(3.2.li)
(3.2.1j)
(3.2.1k)
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Thus once we are able to determine the mass flux M, all the profiles in
the preheat zone are completely determined.
3.3. The Trailing Zone (z > 0+)
No reaction takes place in the trailing zone and all the profiles remain
flat behind the reaction zone. To all orders of approximation, the trailing zone
equations will remain the following:
(3.3.1a)

Ys(z) = 1,

z>O

(3.3.1b)
(3.3.1c)

3.4. The Flame Layer
In the layer all four reactions are operative. For simplicity, we shall
assume all diffusivities are constant and use their constant values at the flame
temperature in subsequent calculations.
We rescale temperature and concentration as follows:
t=

T-T+

(3.4.1a)

€

Yi

Yl = -

(3.4.1b)

Y2 = -

1'2

(3.4.1c)

Y3=-

1'3

(3.4.1d)

1'4

(3.4.1e)

€

€

€

Y4=€

Ys =

Ys-a
€

(3.4.H)
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Substituting (3.4.1a) into (3.1.1b) defines
k = 1,2,3,4.

(3.4.1g)

Substituting (3.4.1) into (3.1.3) results in the governing equations assuming the following form:
7] D ot" -7]Mt'

+ Q1C1elYl(a + €Ys) + Q 2C 2e 2€Y2Y4

+ Q3C3e3€Y3Y4 + Q4C4€Y~ =

0

(3.4.2a)

7]DIY~' - 7]My~ - y1C1el(a + €Ys) + Y2Y4€C2e 2

+ Y3Y4€C3ea

- 2C4€Y~ = 0

(3.4.2b)
(3.4.2c)

7]D3Y~ -7]My~

+ y1C1el(a + €Ys)

+ Y2Y4€C2e2 -

Y3Y4€C3e3 = 0

(3.4.2d)
(3.4.2e)
(3.4.2f)

3.5. Determination of the Characteristic Magnitudes
of the Concentrations in the Flame Layer
Recall that allocations are sometimes defined as a measure of the relative magnitude of each of the reactions participating in a flame. With this
in mind, observe that the allocations obtained for the flame we are considering
are in the ratio of (1,1,2,1); and thus these allocations are of the same order
of magnitude in the flame layer. Since the Arrhenius rate constants of these
reactions are normally of different orders of magnitude, then the only way the
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rates of reactions (see equation (2.1.2)) can be of the same order of magnitude is
if their respective mass action factors have different orders of magnitude. This
translates into each of the respective concentration factors, Yi, i = 1,2,3,4,5,
having its own characteristic magnitude,

,on, i =

1,2,3,4,5.

Following Fife and Nicolaenko (30), we require that these characteristic
magnitudes be such that each Yi, is given by
Yi

= 'Yi Wi,

i

= 1,2,3,4,5,

(3.5.1a)

with each Wi being 0(1), and each 'Yi being constant. With each Wi = 0(1),
then the difference in the orders of magnitude of the concentrations will be
reflected by the difference in the sizes of the characteristic magnitudes. To
determine each 'Yi, i = 1,2,3,4,5, we make use of the fact that the reaction
rates are of the same order of magnitude in the layer as the allocations. Thus

O(wd

= 0(W2) = 0(W3) = 0(W4)'
For the purpose of establishing orders of magnitude, the fact that each

Wi is 0(1) is sufficient to justify setting each one of them to unity (see Fife
and Nicolaenko in (31), for instance). Thus substituting (3.5.1a) into the rate
expressions (2.1.2), and setting each Wi to 1, we obtain
(3.5.1b)
Consider equations (3.4.1a) and (3.4.1g). In view of the fact that the
rescaled temperature, t, approaches zero as the flame layer temperature, T +, is
approached, (hence each of
replace each

ej,

ej

approaches one as T+ is approached), we may

j = 1,2,3,4, in equation (3.5.1b) by unity. This exhibits the

effect of temperature on the order of magnitude relations through the value of the
Arrhenius rate constant of each of the reactions at the flame layer temperature
only. Hence we do not ignore the effect of temperature when we set

ej

to unity.
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The assumption of leanness implies that the concentration of hydrogen,

1'4, must become zero behind the flame layer. For this to be the case, 1'4 must
become very small inside the flame layer. In fact, 1'4 must be O(E) in the layer.
To see that this is the case, notice that 1'4 starts off as 0(1) in the preheat zone,
but must approach zero in a thin zone of width E. Since 0 < E « 1, then
the slope of Y4 must be 0(1) in the layer as it approaches zero. If this is not
the case, then 1'4 will either become unbounded or become O( E) in the preheat
zone. In any of these two cases, the fact that

1'4 is 0(1) in the preheat zone is

contradicted, hence we conclude that 1'4 must have an 0(1) slope in the layer.
Since the slope of Y4 is 0(1) in the layer, it then follows that
layer. By definition,
By definition also

Y4

Y4

=

1'4 is O(e) in the

1f. Since 1'4 is O(e) in the layer, then Y4 is 0(1) there.

= /'4 W4

with W4 being 0(1). To ensure that

Y4

remain

0(1), we must require that /'4 assume a value of unity.
Now 1'5 is 0(1) in the preheat zone, but must become constant behind
the flame layer as a consequence of the assumed leanness of the flame. Also
as a consequence of the later, this constant (1'5(+00) = 1'5+ = a, see equation

(2.2.1£» is of an 0(1) magnitude. If Ys must approach the constant value of a in
the layer, then (1'5 -a) must be very small there. It turns out that (Ys-a) is O(e)
in the layer. To see this recall that (Ys- - a) = !Y4 - (equation (2.3.2a». Since

1'4 is O( 1) in the preheat zone, then (Ys - a) must also be O( 1) in the preheat
zone. Once again for (1'5 - a), which is 0(1) in the preheat zone, to approach
zero in a thin zone of width e, the slope of 1'5 must be 0(1) there. (If this is not
the case, again contradictions such as those obtained for 1'4 will occur.) If the
slope of 1'5, (actually the slope of (Ys - a», is 0(1) in a region of width

€,

then

(Ys - a) is O( €) in this region. Hence in the flame layer, (1'5 - a) is O( E).
This implies that Ys =

Y!i;a

is 0(1) in the layer. Since Ys = /'sWs with

Ws = 0(1) by definition, then /'s must equal one to maintain the balance. Our
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analysis so far has yielded the following values of the characteristic magnitudes:
IS = 1

(3.5.1c)

14 = 1.

(3.5.ld)

= 1, then a + €,s = a + € is of magnitude a, to leading order.
this, (3.5.lc), (3.5.ld) and ej = 1, j = 1,2,3,4, into equation

Since IS
Substituting

(3.5.lb) and solving we obtain
(3.5.le)
(3.5.1f)
(3.5.lg)
At this juncture, we point out that 11, 12 and 13 are, in fact, very small
as inherited from assumptions (3.1.2i) through (3.1.2k). It is the smallness of

these characteristic magnitudes that provides us with the conditions for making pseudo-steady-state approximations. Thus with 11, 12 and 13 very small,
any terms in the governing equations involving them are formally taken to be
negligible.
Substituting (3.5.lc) through (3.5.lg) into (3.5.la), we obtain
Y2

a

= -C
1/ 4 W 1
€

(3.5.lh)

a2
Y2 = iiC11/24 W 2

(3.5.li)

a2
Y3 = 2C11/34 W3
€

(3.5.lj)

Y4 =W4

(3.5.lk)

= Ws.

(3.5.11)

Ys
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For reference to the original variables, we obtain
WI

1

= -C
4 / I Yi
a

(3.5.2a)

f

W 2

/ 1'2
= -C
a 34 11

(3.5.2b)

f

/ 1'3
= -C
a 34 11
W 4 = f- 1 Y4

(3.5.2c)

W3

Ws

= f-I(Ys -

(3.5.2d)

a).

(3.5.2e)

We substitute (3.5.1h) through (3.5.11) into (3.5.2b) through (3.5.2d)
to obtain
f'Y2"l(D 1 W;' - MW{) - aCll / 4e2W1 (a + fYs)

+ a2Cll / 4 e2 W2Y4 + a 2 Cll / 4 e3 W3 Y4 -

2a2 Cll / 4

wi = 0
(3.5.3a)

f'Y2"l(D2 W~' - MW~) + aCll / 4e2 W 2(a + fYS)

(3.5.3b)

- a2e2Cll/4 W 2Y4 = 0

f'Ya"l(D aW~' - MW~)

+ aCll / 4 el WI (a + fYS)

+ a 2 Cll / 4 e2 W 2 Y4

2

- a Cll / 4 ea W aY4 =

o.
(3.5.3c)

We stretch the traveling wave coordinate z, by letting

e=;

with

:e =(.).

(3.5.3d)

Recalling from (3.1.2n) that "I = fCll / 4 , and rewriting (3.5.3a) through
(3.5.3c) in terms of (3.5.3d), we obtain the following as

f --.

0:

(3.5.3e)
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(3.5.3f)
(3.5.3g)
As previously indicated, assumptions (3.1.2i) through (3.1.2k) imply
that 11, 12 and 13 are very small. Consequently, the terms involving 11, 12 and
13 in equations (3.5.3e) through (3.5.3g) are formally small relative to the other

0(1) terms in these equations. We may therefore neglect these small terms to
obtain the quasi-steady-state approximations.
3.6. Quasi-Steady-State Approximation
Setting 11

~ 12 ~ 13 ~

0 in equations (3.5.3e) through (3.5.3g), we

obtain the following quasi-steady-state approximations:
(3.6.la)
(3.6.lb)
(3.6.lc)

IT we define quasi-steady-state rates by
(3.6.ld)
(3.6.le)
(3.6.1£)

W4

2
= Wl'

(3.6.lg)

Then solving (3.6.la) through (3.6.lc) we obtain
(3.6.lh)
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or

_

_

WI

1_

_

= W2 = -W3
= W4 = e
2

where the last equality comes from

WI

=

W4

2t

(3.6.li)

and definition (3.4.1g).

We remark that while two sets of quasi-steady-state rates, (3.6.1h) and
(3.6.li), have been obtained, only one or the other, not both, can be operative at
any given location in the layer. Of course, the physical situation in consideration
dictates that either reaction is occurring, or it is not. We point out also that the
effect of the quasi-steady- state approximations, is to bring the rates of reaction
to the same order of magnitude so as to ensure that all the reactions do go
to completion in the layer, in spite of the different magnitudes of the reacting
specIes.
We obtained two quasi-steady-state rates.

(Equations (3.6.1h) and

(3.6.1i).) As already mentioned, either one or the other can be operative at
a given location in the layer. Our approach is to use (3.6.1i) for the region

e< 0, and to suddenly change to (3.6.1h) at e=

O. The manner in which we

accomplish this and the justification will be given subsequently. However, we
may solve (3.6.1a) through (3.6.1c) to obtain:
(3.6.1j)
(3.6.1k)

1

ei 2 [(2 -E3)
W 3 =--=-exp
- t.
(3.6.11)
Y4 e 3
Y4
EI
We remark that since t -. 0 as
0 then WI -. 1, W 2 -. ..!..
and
1/4

e -.

W3 -. .1..
as
1/4

e -. O.

Also since t -.

-00

as

e -.

-00,

then the assumption

that EI be sufficiently larger than both E2 and E3 insures that both W2 and

W3 approach zero as

e -.

-00.

We shall make use of these observations in

deriving the matching conditions between the layer and the preheat zone as well
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as between the layer and the trailing zone. We point out though that WI

W2

-+

0 and W3

-+

0 as

-+

0,

e-+ -00 is the correct matching conditions between the

layer and the preheat zone, in view of the fact that YI(z)

~

Y2 (z)

~

Ya(z) = 0

in the preheat zone.
3.7. The Layer Problem
The quasi-steady-state approximations give the approximate flame profiles for WI, W 2 and W3 and hence that for YI, Y2 and Y3, in terms of t and
Y4. However, we are yet to determine the flame profiles for

t, Y4 and

Ys. We

refer back to the governing equations (equations (3.4.2a), (3.4.2e) and (3.4.2f))
to try to determine the remaining profiles. By substituting equations (3.4.3)
and (3.5.3d) into these equations we o.btain
••

•

2

Dot - eMt + Qle2aW(a + eys) + Q2 e2a W 2Y4

+ Q3e3a2W3Y4 + Q4a2Wl = 0

(3.7.1a)
(3.7.1b)

·· - eM·Ys - a2W2I = 0.
DS Ys

(3.7.1c)

As e approaches zero, we obtain
(3.7.1d)
(3.7.1e)
·· D sYs

W22
I a

= 0.

(3.7.1£)

We define
(3.7.1g)

38
Substituting the quasi-steady-state approximations (3.5.li) into (3.7.ld)
through (3.7.1£), we obtain the following layer equations:
(3.7.lh)
(3.7.li)

·· - e2t a 2 = 0.
D sYs

(3.7.lj)

3.8. Matching Conditions for the Layer Equations
Integrating these equations in order to determine the profiles for t, Y4
and Ys would require us to match the integrated solutions of these equations
to those of the corresponding variables obtained in the preheat zone, as well as
with those coming from the trailing zone. (Notice that each integrated equation involves two integration constants and that matching with the preheat zone
solutions will determine these integration constants.) We observe that the definition of t (equation (3.4.la» and the boundary condition (3.3.la) require that

t approaches zero as

eapproaches positive infinity, in order to obtain a match

between t and T. But we notice that equation (3.7.lh) has no solution such that

t approaches zero as

eapproaches infinity. But for our model to make sense, we

must somehow match the layer solutions to their counterparts from the trailing
zone. We start by noting the lack of chemical activity in the trailing zone. From
this fact and the definition of the layer variables we must require that
(3.8.la)
The flatness of the profile in the trailing zone implies that the derivative
<?fthe layer variables must vanish at

e= o. Thus we also obtain

teO) = Y4(O) = Ys(O) ~

o.

(3.8.lb)
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Observe that (3.8.la) and (3.8.lb) immediately gives us that tee), Y4(e)
and Ys (e) must vanish at

e= O. Hence we have
(3.8.lc)

Equation (3.8.lc) dictates that we define tee), Y4(e) and Ys(e) to satisfy
(3.7.1h), (3.7.li) and (3.7.1j) respectively, only for

e< O.

For this to happen,

and for the solutions of equations (3.7.lh) through (3.7.1j) to satisfy equation
(3.8.lc) and hence insure that

all chemical activities come to a stop once all

the hydrogen is depleted (i.e., once Y4(e)

= 0), it will be necessary that all the

reaction terms (i.e., terms involving e 2t in equations (3.8.1h) through (3.7.1j))
vanish when Y4(e) vanishes. But this can only happen if equations (3.7.1h)
through (3.7.1j) are modified in a suitable way. It turns out that the right
modification consists of multiplying each of the reaction terms by the expression

(1- H(e)), where H(e) is the unit step function. Making this modification gives
the following layer equations:
(3.8.1d)
(3.8.1e)

DsYs - a2 (1 - H(e))e 2t = 0

(3.8.lf)

{I,0,

(3.8.1g)

H(e) =

e> 0
e< o.

We bring attention to the two solutions obtained for the quasi-steadystate rates (i.e., equations (3.6.1h) and (3.6.li)). What we have done in modifying equations (3.7.lh) through (3.7.1j) is to start with the quasi-steady-state
rates given by (3.6.li) in the region
given by equation (3.6.1h) at

e< 0, and to suddenly change to the rates

e= o.

Thus even though that our modification
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may seem superficial at the onset, it is in fact, justified in view of the physical
system we are modeling, and in view of our mathematical procedure.
Now equations (3.8.la) through (3.8.lg) guarantee that the reaction
rates suddenly go to zero at

e=

O. However, we do not want this sudden

approach to zero to be instantaneous since this is physically unreasonable. To
try and resolve this problem, we embed a thin layer in our current layer in the
neighborhood of

e=

O. We expect that all the reaction rates will approach

zero in this embedded layer at a relatively faster scale, but will not drop to zero
instantly. We shall be more specific about this embedded layer in what follows;
for now we define a thick layer in the region

e< 0 by equations (3.8.la) through

(3.8.lg), subject to the conditions (3.8.lb) and (3.8.lc).
An attempt to match tee), Y4(e) and Ys(e) with their bounded counterparts from the preheat zone indicates that these solutions are not directly
matchable due to the fact that tee), Y4(e) and Ys(e) do become unbounded as

e

--+ -00.

However, if we recall that

fe

=

€

f%,

a straight forward calculation

using the definition of these variables gives the following matching conditions:

lim iCe) =
e--oo

lim T'(z)

(3.8.lh)

%-+0-

(3.8.li)

lim Ys(e) =
e--oo

lim YJ(z).

(3.8.lj)

%-+0-

Hence we are able to match the slopes of the solutions even though
we are unable to match the layer solutions directly. We therefore, obtain the
following thick layer equations per our previous definition:
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Thick Layer Problem

Dot' + a 2 (1- H(e»Qe 2t = 0
t(O)

= i(o) = 0

t(e) = 0,

e> 0

i(-oo) = T'(O-)

(3.8.2a)

D 4Y4 - 2a 2 (1- H(e»e 2t = 0

Y4(0)

= Y4(0) = 0

Y4(e) = 0,

e>0

Y4(-00) = Y;(O-)

(3.8.2b)

DsYs - a 2 (1 - H(e»e 2t = 0
Ys(O) = Ys(O) = 0
Ys(e) = 0,

e>0

ys(-oo) = Y;(O-).

(3.8.2c)

We remark that while the physics of our problem dictates that (3.8.1c)
be satisfied, it is also mathematically relevant to insure that the first derivatives

oft(e), Y4(e) and Ys(e) do not have a jump at e =

o.

This insures that the second

derivatives of these variables, and hence the reaction rates, do not behave like a
delta function at

e= o.
3.9. The Thin Layer Problems

As previously indicated, the modification made to insure that the reactions go to completion in the layer resulted in the reaction rates vanishing
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suddenly at

e= O. Since this is physically unreasonable, we proposed to embed

a thin layer inside the thick layer. To define this thin layer, we consider the
governing equations (equation (3.4.2)) once again. Since we know that t -+ 0
and Ys -+ a as

e-+ 0 in the thick layer, we will approximate t and Ys by 0 and

a respectively in the thin layer. Thus we obtain
t~O

Ys

~

(3.9.la)
(3.9.lb)

a.

These two equations render equations (3.4.2a) and (3.4.2f) irrelevant,
so we concentrate our attention on equations (3.4.2b) through (3.4.2e). By substituting (3.9.1a), (3.4.3h) through (3.4.3k), (3.9.la) and (3.9.lb) into (3.4.2b)
through (3.4.3e), and making use of (3.4.5d), we obtain the following as

e-+ 0:

(3.9.1c)
(3.9.ld)
••

"'(3D3 W3

+a

2

(WI

D 4Y4 - a 2(W2Y4

+ W 2Y4 -

W 3Y4)

=0

+ W 3Y4 - wi) = 0

(3.9.le)
(3.9.lf)

Our strategy here as in the thick layer will be to make a pseudo-steadystate approximation in order to reduce the complexity of the problem to a manageable proportion. However, before we do this, we point out that more than
one pseudo-steady-state is possible here, and that we can obtain more than one
thin layer as we shall soon demonstrate.
From asswnptions (3.1.2i) through (3.1.2k) we know that
"'(3

"'(17 "'(2,

and

are very small hence we could neglect terms involving them in the thick layer.

Here we assume
0<"'(1

«

"'(3

(3.9.2a)
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0< 'Y2

«

(3.9.2b)

'Y3.

Thus while 'YI, 'Y2 and 'Y3 are all very small, 'YI and 'Y2 are much smaller
than 'Y3. We define a thin layer small parameter by
1/4

8 = 'Y3

jGt

1/4

= C11/34 V~·

(3.9.2c)

We remark that assumption (3.1.2k) implies that 0 < 6

«

1. To

magnify the properties of the thin layer variables and thus make them formally

0(1), we stretch the thick layer variables as follows:

ae

s = ---:-6D~/4D4

(3.9.2d)

WI =WI

(3.9.2e)

(WI is already 0(1) in the thick layer, see (3.5.lj»

(3.9.2f)

(3.9.2g)

l~
U = 62 Vn;Y4.

(3.9.2h)

Rewriting (3.1.8) in terms of (3.9.2g) through (3.9.2h) we obtain
'YIDI £l2WI _ (WI _ Uw - 2UV
V'Y3 D3D4 ds 2

+ 2Wi) =

'Y2D2 £l2w
----+(WI-Uw)=O
'Y3 D 3 ds 2

£l2V
2 ds 2
~U
ds 2

-

+ (WI + U w -

2UV) = 0

+ 2UV -

WI) = O.

(Uw

2

0

(3.9.2i)

(3.9.2j)
(3.9.2k)
(3.9.21)
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Since /1

«

/a and /2

«

/a, then terms in (3.9.2i) through (3.9.21)

involving /1 and /2 are formally negligible, hence we may set /1

~ /2 ~

0 to

obtain the following pseudo-steady state approximation:

W2

-

UW

-

2UV + 2W; = 0

(3.9.2m)

W 1 -Uw =0.

(3.9.2n)

Solving these last two equations for WI and w we obtain
(3.9.20)

w=~.

(3.9.2p)

These two equations render equations (3.9.2i) and (3.9.2j) irrelevant. Substituting them into (3.9.2k) and (3.9.21) we obtain our thin layer equations as

£l2v
-+Juv-uv
ds 2
£l2u
ds 2

-

Juv -

(3.9.2q)

(3.9.2r)

Uv.

To complete the picture, we shall have to match the solutions of the
thin layer equations (3.9.2q) and (3.9.2r) with the corresponding solutions from
the thick layer. These matching conditions would now act as the boundary
conditions with which we can integrate the thin layer equations.
3.10. Matching Conditions for the Thin Layer Problem
Our aim here is to derive the matching relationships between U(s) and

Y4(e), and between V(s) and Wa(e) as s

--t -00

and as e --t 0-. We shall also

derive the matching relationships between these variables as s

e

--t

0+.

--t +00

and as
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To obtain a match between Y4(e) and Yes), we start by expanding Y4(e)
in a Maclaurian series, making use of the fact that Y4(0) = Y4(0) = 0, and that

Y4(0-) = 2Di1a2 (see equations (3.9.lb), (3.9.lc) and (3.9.ld». Thus
Y4(e) =

2 ...
/e
e
~ +"6 Y4(0-) + ... + ... + ... + ....
a2 2

(3.10.la)

Rewriting this in terms of the thin layer variable s, (see equation
(3.9.1h» we obtain
(3.10.lb)
In view of definition (3.9.lj), we can rewrite (3.10.lb) in terms of U(s)
to obtain

c

1/4

5/4

uD36aD4 ...
( ) 3
U (s) = s +
Y 4 0 S + ... + ....
3
2

(3.10.lc)

Matching to leading order in 6, we obtain

U(s) '" s2

as

s -+

-00.

(3.10.ld)

In the thick layer, reaction takes place only in the region

all profiles remain constant in the region

e> 0, so that

e> o. With no reaction taking place

in this subregion of the thick layer, it is reasonable to expect that no reaction
will take place in the subregion of the thin layer described by s

> OJ and hence

that all profiles will remain constant there. To see that this is the case, notice
that we have scaled Yes), (see equation (3.9.2i», so as to make it formally 0(1)
in the neighborhood of s = O. Thus our scaling formally insures that V( s) does
not become zero at s = O. But since Y4(0) = 0 in the thick layer, to obtain a
match between Y4 (e) as e -+ 0+, and U(s) as s -+

U(+oo) =

o.

+00, we must require that
(3.10.le)
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From equation (3.9.2r) we know that U"(s) = UV
(3.10.1e) implies that the nonnegative expression UV
zero as s -+

+00.

+ Juv

+ JUV.

must approach

Notice that if this is not the case, then U"( +00)

U( s) cannot approach zero as s

-+

+00.

Thus

:f:. 0 and thus

Since V( s) does not vanish at s = 0,

then the only way U(+oo) = U"(+oo) = (UV +-JuV)I+oo = 0 is if U(s) is

> o. With U(s) identically zero for s > 0, then (3.9.2q)
implies that V"(s) = 0 for s > O. Hence Yes) is linear for s > O. Now if yes)
is linear for s > 0, the only way V( s) can remain bounded for s > 0 is for it
to be constant. Thus U(s) is identically zero and yes) is constant for s > 0,
identically zero for s

and no reaction occurs in the thin layer for s >
for s

o.

With U(s) identically zero

> 0, we may replace the matching condition (3.10.1e) by the condition at

s = O. Thus we have

U(O)

= o.

(3.10.1£)

> 0, and since V (s) does not vanish at
s = 0, we may represent yes) in the region s > 0, by a positive constant, Yo,
Since V (s) is constant for s

where
(3.10.1g)

YeO) = Vo
(Vo is positive and 0(1».

We remark that the constant, Yo, is unknown and, in fact, cannot be
determined through any known physical constraint of our model problem.
No reaction takes place in the region

e> 0 of the thick layer, and hence

all intermediate species concentrations should vanish when
implies that the matching condition for yes) as s -+

eis positive.

This

+00, should in view of the

fact that Y3(e) = 0 for e > 0, be

V(+oo)

= o.

(3.10.1h)
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Since V(s) is positive and constant for s

> 0, then the condition

(3.10.1h) cannot be satisfied. In fact, it need not be. What happens here is
that (recall that V ( s) is the thin layer representation for Y3) Y3 increases from a
very small order of magnitude, 13, in the reactive part of the thick layer (where
Y3

= 13 W 3, with W3 = 0(1)), to a small (but not as small as in the thick layer)

order of magnitude, 1~/2, in the thin layer. It then remains constant at this
order of magnitude for s

> o. Hence for

s

> 0, Y3 is constant, small and ap-

proximately zero, but unlike Y4, does not vanish to all orders. In fact, it is our
choice of scaling (see equation (3.9.1i)) that made the small, O( 1~/2), value of Y3
become 0(1) in terms of V(s) in the thin layer.
Though V(s) cannot satisfy (3.9.1h), a minor calculation making use
8/4 Da/4

of equations (3.10.2g), (3.10.2h) and (3.9.2i) gives ~~ = "Y~aDd4
reaction takes place in

e> 0, then dZ

a

dZ

a

•

Since no

-+ 0 as

e-+ 0+. Thus to obtain a match

o.

(3.10.1i)

we must require that
dV

Ts( +00) =
Since V(s) is constant for s

> 0, (V(O) - Va > 0), then

~~ (0) =

~~ (+00) = 0, hence we may replace (3.10.1i) by

~: (0) = O.
Since U(s) = 0 for s

(3.10.1j)

> 0, and Y4(0) = 0, calculations similar to those

giving (3.10.1j) also gives

dU (0) = O.
ds

(3.10.1k)

We remark (of course) that one might also arrive at (3.10.1j) and
(3.10.1k) without any matching considerations, by simply arguing that with both

U(s) and V(s) constant for s > 0, it is only reasonable that ~~ (0) = ~~ (0)

= o.

This would suffice from the mathematical point of view. However, this is not
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enough in view of completing the physical picture we are trying to model; hence,
the necessity to arrive at these conditions from matching.
So far, we have determined all the matching conditions for U(s), however, we still need to obtain a matching condition for Yes) as s -+
To obtain a matching between yes) as s -+

-00

-00.

and Wa(e) as

e-+ 0-,

recall that the 0(1) behavior of Wa in the thick layer is given by equation (3.5.11),
and that

tee) -+ 0 as e-+ o. Consequently, (3.5.11) provides us with the following

start off point:

Wa(e) '"

Y4~e)

as

e-+ 0-.

(3.10.11)

Rewriting (3.10.11) in terms of the thin layer variables, making use of
the definition (3.1O.1i) for yes), and the expansion (3.10.1b) for Y4(S), we obtain

(3.10.1m)

Hence as 8 -+ 0, the leading order matching for V( s) is
1

Yes) '" 2"
S

as

s -+

-00.

(3.10.1n))

In summary we now have the thin layer problems and their associated

matching conditions as:

tPV

-+v'UV-UV=O
2

(3.10.2a)

dV (0) = 0
ds

(3.10.2b)

ds

I
yes) '" -

s2

tPU
ds 2

-

as

s -+

-00

v'Fv
uv -'"
-

0

(3.10.2c)
(3.10.2d)
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dU (0)
ds

U(s)

f"'.J

= U(O) = 0

S2

as

S -+ -00.

(3.10.2e)
(3.10.2f)

While equations (3.10.2a) through (3.10.2f) define the thin layer problem for s < 0, we also know that the solutions we seek must satisfy the following
conditions for s

~

0
U( s) = 0 for
V(s)=Vo

with Vo positive and constant.

for

s>0

(3.10.2g)

s~O,

(3.10.2h)
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CHAPTER 4
GENERALIZATION OF THE MODEL: OTHER REDUCTION SCHEMES
4.1. Introduction
Our aim here is to investigate the nature of any other possible resulting
layers, based on the indicated differences in the sizes of the characteristic magnitudes. In practice, we shall make various quasi-steady-state approximations,
slightly different from those done so far, in an attempt to see what other flame
layer structures are feasible. Thus we are really trying to determine the behavior
of our model under conditions slightly different from those we have investigated
up to this point.
We obtained the thick layer problem by noting that assumptions (3.1.2i),
(3.1.2j) and (3.1.2k) make 1'1, 1'2 and 1'3 small relative to the width of the flame
layer, hence we could formally neglect the terms involving these small characteristic magnitudes in the governing equations. However, we found 1'4

= 1'5 = 1

to be intrinsic in the assumption of leanness of our flame, hence we could not
neglect terms involving 1'4 and 1'5. This implies that the only possible quasisteady-state approximation for our model, at this level, is that obtained by the
smallness of 1'1,1'2 and 1'3, giving rise to the thick layer. Hence it is only possible
to have one thick layer -

the one we have already derived.

We now turn our attention to the thin layers. Once again, we point
out that we cannot neglect terms involving 1'4 and 1'5, since these characteristic
magnitudes are both unity. However, just as we did in the thin layer previously
described, we shall always approximate tee) and Ys(e) by their values at the
layer temperature. Hence in the sequel we shall always take
t~O

(4.1.1a)
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Ys ~ 1.

(4.1.1b)

Henceforth, we shall label the previously described thin layer as thin
layer #1, and shall label the next thin layer we shall describe as thin layer #2.
4.2. Thin Layer #2
We recall that substituting the results of the thick layer quasi-steadystate approximations reduced the governing equations to equations (3.1.8c)
through (3.1.8f). Thus equation (3.1.8c) through (3.1.8f) become our start off
point.
Now we know from assumptions (3.1.2i) through (3.1.2k) that 117 12
and 13 are very small. It was this fact that made it possible for us to obtain a
quasi-steady state approximation in the thick layer. In thin layer #1, we recalled
this fact, but added the extra requirement that 12 < < 13 and 12 < < 13. Here
we assume that
0<11

«

12

(4.2.2a)

0<13

«

12·

(4.2.2b)

and

Thus our assumption for this particular layer is that while all of 11, 12
and 13 are very small, 11 and 13 are much smaller than 12.
We define the small parameter for this thin layer from
c
v

1/ 4
= 121/4 = C11/24
Vfa-;.

In view of (3.1.2j) we notice that 0

Jr.

Hence 0

< a 2C11 /24 «

(4.2.2c )
€2,

and that 0

< c:ii24 «

< 6 « 1, and 6 is indeed a small parameter. We rescale the

thick layer coordinate by
(4.2.2d)
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To formally make the thin layer variables become 0(1), we rescale the
thick layer variables as follows:
(already 0(1»

WI = WI

(4.2.2e)
(4.2.2f)

w=c2/f;2
-W3
D4

(4.2.2g)

C-2{f;4
-Y4
D2

(4.2.2h.)

U

=0

Substituting (4.2.2e) through (4.2.2h) into (3.1.Sc) through (3.1.Sf), we obtain
(4.2.2i)
£l2V
ds 2

+ (WI

- UV)

=0

2

'Y3D3 £l2W
- D - d +(W1 +UV+UW)=0
'Y2 2 s

£l2U
ds 2

Since 'Yl

«

'Y2 and 'Y3

«

+ (UV + UM' - wi) = O.

(4.2.2j)
(4.2.2k)
(4.2.21)

'Y2, then the terms in (4.2.2i) through (4.2.21)

involving 'Yl and 'Y3 are formally small and may be neglected. Thus setting
'Yl ~ 'Y3 ~ 0, we obtain the following pseudo-steady-state approximation:

WI - UV - UW +
WI

+ UV -

2wi = 0

(4.2.2m)

o.

(4.2.2n)

UW =

Solving these last two equations for WI and w, we obtain
(4.2.20)
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w=v+~.

(4.2.2p)

Equations (4.2.20) and (4.2.2p) render equations (4.2.2i) and (4.2.2k) irrelevant.
We may now substitute the former two equations into (4.2.2j) and (4.2.21) to
obtain the following thin layer #2 equations:

tPv
ds 2

+ Juv - uv =

0

(4.2.2q)

Juv - uv =

O.

(4.2.2r)

tPU
d8 2

-

4.3. Matching Conditions for Thin Layer #2
We start off here as in the case of thin layer #1 by expanding Y4(e) in
a Taylor series about
that ih(O)

= 2Dila2.

e= 0, making use of the fact that Y4(0) = Y4(0) = 0 and
Thus we obtain
(4.3.1a)

Rewriting Y4(e) in terms of the thin layer variable
2
Y4(6S) = 62~2
-8
D4

8,

we obtain

3 3

8 6
3/4 3/4··· ( )
+ -D2
D4 Y4 0 + ... + ....
3

(3.4.3.1b)

6a

In view of definition (4.21.2h), we may rewrite (4.3.1b) in terms of U(8)
to obtain
(4.3.1c)
As 6 --+ 0, we obtain the matching condition
U( 8)

I"V

s2

as

S

--+

-00.

In the thick layer, no reaction takes place in the region

( 4.3.1d)

e > O.

therefore reasonable to expect that no reaction takes place when s

> 0,

It is

in the
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thin layer. To see that this is the case here as was the case in thin layer #1,
recall that Y4(0) = 0 in the thick layer. To obtain a match between Y4(e) as

e--. 0+ and U(s) as s --. +00, we must require that
U(+oo)

= o.

(4.3.1e)

In view of (4.2.2r), equation (4.3.le) implies that (UV +vUV)ls=+oo =

O. Now we scaled Yes) so as to make it formally 0(1) in the neighborhood of

s = O. Thus YeO) is also 0(1). With no reaction in s > 0, the only way
(UV

+ vUV)ls=+oo

can equal zero with U(+oo) = 0 is if U(s) is identically

zero for s > O. With U(s) = 0, for s > 0, then equation (4.2.2q) implies that

~:t; = 0 for s > O. Hence Yes) must be linear in this region. For yes) to be
linear and bounded, it must be a constant for s > O. Since V( s) is constant
for s > 0 and since V (s) does not vanish at s = 0, we may represent V (s) by
a positive (we are only interested in nonnegative solutions) constant, say Vo,
where Vo is 0(1) and
(4.3.1£)

YeO) = Yo .

. Once again, we remark that Vo is unknown (as in the previous case), and
cannot be determined by any known physical constraint of our model problem.
In the thick layer, no reaction takes place in the region

e > 0, hence

the intermediate species concentrations must vanish in this region. This implies

e--. 0+, W (e) --. o. To obtain a
match between yes) as s --. +00 and W (e) as e--. 0+, we must require
that W 2 (e) must vanish for

e > O.

Hence as

2

2

V(+oo)

= o.

(4.3.1g)

In view of the fact that yes) = Vo for s ~ 0, the condition (4.3.lg)

cannot be satisfied. But this is no problem. In fact, what happens, as in the
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case of thin layer #1, is that Y2{e) starts off in the reactive part of the thick
layer with a very small magnitude of ')'2, (Y2

= ')'2 W 2, with W 2 = 0(1».

It then

increases in the thin layer to become 0(')'~/2). This, of course is still small, but
not as small as in the thick layer. Y2 then remains constant at this magnitude
for s

> O. Hence, unlike Y4 which vanishes to all orders in 8, Y2 "does not vanish

to all orders. It is once again, our scale in the thin layer that makes the small,

0(')'~/2), value of Y2 become 0(1) in terms of Yes).
Since we cannot satisfy (4.3.1g), we may still obtain a matching condition for Yes), by recognizing that in view of equations (4.2.2g) and (4.2.2d), we
dV

3/4 D 3 / 4

dW

have Ts = "Y~aD!~4 ~. Since d~2 --.0 as

W 2 (e) = 0 for

e--.0+, (W {e) --. 0 as e--. 0+, and
2

e> 0), then we must require that
dV
ds

-(+00) =

o.

But in view of the fact that V{ s) is constant for s

( 4.3.1h)

> 0, then

~~ (+00) =

~~ (0-) = 0, hence we may replace the matching condition (4.3.1h) by

(4.3.1i)
The matching condition for V(s) as 8 --. -00 can be obtained by
considering that equation (3.5.1k) gives the 0(1) behavior of W 2 in the reactive part of the thick layer. Hence we know that the 0(1) behavior of W 2 is

t )t(e)j. As e--. 0-, we know that tee) --. O. Hence
we also know that as e --. 0-, W (e) '" yJe)' In view of definition (4.2.2h)
W 2(e) = Y4(e) exp [ (2 -

2

and the expansion of Y4{e) given in equation (4.3.1b), we may rewrite this last
expression in terms of the thin layer variables to obtain the behavior of Yes) as
8 --.

-00
(4.3.1j)
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AS S -+ 0, we obtain the 0(1) matching condition for Yes):

Yes)

I'V

1
2"

as

S

s -+

-00.

( 4.3.1k»

In view of the fact that U(s) is identically zero for s > 0, we must also
impose
dU
ds

U(O) = -(0) =

o.

( 4.3.11)

In summary, we obtained the following equations and the associated
matching conditions for thin layer #2

£flV

+ Juv - uv =

0

(4.3.2a)

--Juv-UV=O
ds 2

(4.3.2b)

ds 2

£flU

:

(0)

V(s)

= 0 = ~~ (0) = U(O)
1
I'V

S2

U(s)l'Vs2

as
as

(4.3.2c)

-00

( 4.3.2d)

s-+-oo.

(4.3.2e)

s -+

In addition, the solutions we seek must also satisfy the following conditions:

U(s)=O,

s>O

(4.3.2f)
(4.3.2g)

YeO) = Yo,
where Yo is a positive constant and

V(s)=Yo

for

s>O.

( 4.3.2h)
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4.4. Thin Layer #3
Our starting point, once again, are equations (3.1.8c) through (3.1.8f).
These were obtained by assuming t

~

0 and Ys

~

a, hence our analysis implicitly

makes these assumptions.
In this third and final thin layer, we assume that

0<,2 «,1

(4.4.1a)

0<,3 «,1.

(4.4.1b)

We define a small parameter for this thin layer by
(4.4.1c)
Since we assumed each Dk, k = 0,.1,2,3,4,5 to be 0(1), then in view of
(3.1.2k), we know that 8 is indeed a small parameter. To magnify properties in
the thin layer, and hence make the variables formally 0(1), we rescale as follows:

s=

ae
8VDi

W 1 =V (already 0(1) in the thick layer)

(4.4.1d)
(4.4.1e)

W2

= 8- 2 Q

(4.4.1£)

W3

= 8- 2 w

(4.4.1g)

Y4

= 82 U.

(4.4.1h)

This transforms (3.1.8c) through (3.1.8i) into the following:

cPv
2) =0
--(V-QU-UW+2V
2
ds

(4.4.1j)
(4.4.1k)
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D

13 3 £flW
IIDI ds 2

+ (V + QU -

£flU
ds 2 - (QU

Since 12

<<

11 and 13

<<

+ uw -

UW) = 0

V2) =

o.

(4.4.11)
(4.4.1m)

III then the terms in (4.4.1j) through (4.4.1m)

involving 12 and 13 are formally very small and may be neglected in comparison
to the other 0(1) terms. Hence applying the pseudo-steady-state approximation
12 ~ 13 = 0 we obtain

V -QU =0

(4.4.1n)

V+QU-UW.

(4.4.10)

Solving these last equations for Q and W, we obtain
Q=V
U

(4.4.1p)

W= 2V.
U

(4.4.1q)

Equations (4.4.1p) and (4.4.1q) render (4.4.1k) and (4.4.11) irrelevant. We substitute (4.4.1p) and (4.4.1g), into (4.4.1j) and (4.4.1n) to obtain the following
thin layer #3 equations:
£fl V
ds 2
£flU
ds 2

+ 2V _ 2V 2 =
-

3V + V

2

0

( 4.4.1r)

= o.

( 4.4.1s)

Observe that we could solve (4.4.1r) independently, and that once V( s) is known,
(4.4.1s) decouples and can be solved independently for U(s).
To complete the picture, we need to match the solutions of these equations with their corresponding partners from the thick layer.
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4.5. Matching Conditions for Thin Layer #3 Problem
To derive the matching condition for U (s), we first expand the thick
layer solution Y4 (e) in a Taylor series about the origin. Thus we obtain

ea e ...
Y4 = D4 +"6 Y 4(0) + ... + ... ,
2

where we have made use of the fact that in the thick layer y(O)

(4.5.1a)

= y(O) = 0, and

jj(O) = 2a 2 Di l • Rewriting (4.5.1a) in terms of the thin layer variable s, making
use of (4.4.1d) we obtain
,,3 3D 3 / 4

Y4 (Ss)

= S22
s + vS6a 3 4···()
Y 4 0 + ... + ....

(4.5.1b)

In view of (4.4.1g) we may rewrite this in terms of U to obtain
3 2

U (s) = s

2

+

" 3D4 /
vS

••• (

Y4 0)

6a 3

+ ... + ... +.

(4.5.1c)

Hence as S -+ 0, we obtain the matching condition:
U(S)I'VS2

as

From (3.5.1j) we know that WI (e)
hence we know that as e -+ 0-, WI (e)

V(s) to approach 1 as

S

-+

-00.

V(S)

= 1.

( 4.5.1d)

s-+-oo.

= et

and that as e -+ 0-, t -+ 0,

This indicates that we must require

Hence we require that
I'V

1 as

S -+

(4.5.1e)

-00.

Just as in thin layer #1 and thin layer #2, it makes sense to take U(s)
and V(s) to be constant for s
for

> o. Notice that since Y4(e) vanishes to all orders

e> 0, then the only reasonable matching condition for U(s) as
U(+oo) = U'(+oo) = O.

S

-+

+00

is

(4.5.1£)
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If U( +00) = U'( +00) = 0 and U(8) is constant for 8

identically zero for

8

> 0, then U(8) must be

> o. Hence we can replace (4.5.lf) by
U(8)

= 0 = U'(O) = 0

for

8

> o.

Now observe that if V( -00) = 1, and ~:¥

+ 2V - 2V2

V(8) = 1 is a constant solution of this equation for all
(4.4.1r) satisfying (4.5.1e), which is constant for

8

(4.5.1g))

8.

= 0, then

Hence a solution of

> 0, is:

V(s) = 1 for all s.

( 4.5.1h)

Since (4.4.1e) decouples when V(8) is known then substituting V(s) = 1
into (4.4.1s), gives us the decoupled equation for U(8):

cPu

d8 2 = 2 for

8

< O.

( 4.5.1i)

We may now integrate (4.5.1i), making use of (4.5.1g) to obtain

U(8) =
for

8

:5 0, with U( 8)

= 0 for 8 > o.

S2

( 4.5.1j)

Notice that this solution has the exact

behavior specified in matching condition (4.5.1d).
4.6. Discussion and Summary
What we have done here is to use singular perturbation to reduce a
very complicated mathematical model of a physical system to a more manageable level. In doing this, we have made some physical and some mathematical
assumptions. However, implicit in these assumptions are some questions that
need to be addressed. 'We carmot, of course, address all possible questions here,
but a few major ones, of these questions, we would like to address here are
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(1) do the problems defined in the individual layers have solutions behaving as
specified by the respective matching conditions?
(2) Under what physical conditions can each of the layers be operative?
We shall answer the first question in the next section. For now let
us try to answer the second question. We have pointed out elsewhere that
only one thick layer (that is the one already derived) is possible under the
assumptions made in (3.1.2i) through (3.1.2k), for any given lean mixture of
hydrogen and oxygen reacting according to equations (1.1.1a) through (1.1.1d).
However, subordinate to this thick layer, we have defined three tLin layers. The
question then arises as to which one of these three thin layers can be expected
to exist in conjunction with the thick layer in any given condition. It is, of
course, unreasonable to expect all three thin layers to exist simultaneously in
conjunction with the thick layer. This is because each of the individual thin
layers was derived based on conditions that are mutually exclusive.
Now, the physical existence of any of the thin layers, in any given dflagrating mixture, depends on the manner in which assumptions (3.1.2i) through
(3.1.2k) are satisfied.

To be more explicit, the manner in which these as-

sumptions are satisfied depends, for the most part, in the ordering of the preexponential factors of the Arrhenius rate cons;a,nts of the participating reactions
(i.e., in view of our assumptions on the magnitude of the activation energies).
For example in deriving thin layer #1, we made the quasi-steady-state approximation, 11

~

12

~

0, and defined the small parameter in terms of 13. What this

physically means is that if the order of magnitude of the concentration of the
intermediate species, H, 0, and OH, (i.e.,
(i.e., 0 < 11

«

1, 0 < 12

«

1 and 0 < 13

Yi, 1'2

«

and Y3) are relatively small

1; and this actually dictates the

existence of the thick layer), and these small concentrations are sized in such a
way that the concentrations of H and 0 are much smaller than the concentra-
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tion of OH at the reaction temperature, (i.e., 0 < 11

«

13 and 0

then the flame profile is made up of the thick layer and thin layer

< 12 « 13),

#1.

Similarly, if the small concentration of the intermediate species are sized
in such a way that the concentration of both H and OHare much smaller than
that of 0 (i.e, 0 < 11

«

12 and 0

< 13 « 12), then only layer #2 can exist

in conjunction with the thick layer.
Now the use of the words "very small" here would make the model seem
unrealistic to those not familiar with chemical kinetics. However, this in fact is a
very realistic model of real chemical activity. It is indeed a well known fact, that
the concentration of intermediate species (or radicals) in any reacting system
are really very small, to the extent of being undetectable with fairly sensitive
instruments. This is not because a large quantity of these radiclals are not
produced; in fact, they really are. However, what happens is that intermediate
species, being unstable, only live for a short span of time. So that as fast as
they are produced, is as fast as they are consumed in the reaction. Hence their
concentrations remain very small in the reaction, at all times.
Finally, notice that the conditions for the existence of these thin layers
are indeed mutually exclusive, hence no more than one of these thin layers can
exist simultaneously with the thick layer. For instance, there is no way 11
with 12

«

< < 13

13 while at the same time 11 « , 2 with 13 «/2. We swnmarize

the relevant information about the layers in Table 1 below.
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Table 1. Summary of layers and their conditions.

Thick Layer

Tpin layer #1

~
d. =UV-.../UV ~

other

=0
D .. Y.. - 2a2 (1 - H(~»e2' = 0
DsYs - a2(1 - H(~»e2' = 0
i( -00) = T'(O)
y.. (-oo) = Y;(O)
ys(-oo) = Y;(O)

conditions

t(O) = i(O) = 0

Differential
Eqations

Matching
and

Dot" + a 2 Q(l- H(~»e2'

t(~)

=0,

Y.. (~)

~

>0

= YsW = O,~ 2: 0

=Ys(O) =0
Quasi-steady W l = e'
state
W 2 = .L e((2-it)l)
W3 = .1. e((2-it)l)
Profiles
Y.. (O)

(Physical)
condition
for existence

parameter
Layer
thickness

#3

=UV-.../UV

2
~
d. = 2\1 - 21'
d'U _ 3V
~ = UV+.../UV ~ = UV+.JfJV ~- V2

V(s)...., ~,

V(s)....,

s-

s-

-00

~,

U(s) = s2,S

-00

U(s) ...., s2,

U(s) ..... s2,

s-

!-

-00

1'(s) = 1 V s
~ 0

U(s) = 0, s>o

-00

~~(O) = ~~(O) = 0 ~(O) = ~~ = 0

U(s) = 0, s2:0

U(s) = 0, s2:0

V(O) = Yo, s2:0 YeO) = Yo,s 2: 0
t~O

t~O

Ys

a

Ys

a

Ys

II,

WI = .../UV

WI = .../UV

Q=~

w=~

w=V+J¥,

w - 2\'
--0-

0<71 «73

0<71 «

72

0<72 «

71

0<72 «73

0<73 «72

0<73 «

71

~

a

t~O

~

(assmmptions)
Small

Thin layer

II,

< 71 « 1
0 < 12 « 1
0 < 13 < < 1
0

Thin layer #2

6

=

a

_ ..,1/4
-

CI / 2

C 11/34
,3

6

= C"CI/2
11/2"
1/4
=12

~
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CHAPTER 5
LOCAL EXISTENCE ABOUT THE ORIGIN
FOR THE THIN LAYER #1 PROBLEM
5.1. Introduction
As previously defined, the thin layer #1 problem consists of the following boundary value problem, (see equations 3.9.2)

U"(s)

= UV + Juv

(5.1.1a)

V"(s)

= UV - Juv

(5.1.1b)

U(O)

=0

(5.1.2c)

U'(O)

=0

(5.1.1d)

V'(O)

=0

(5.1.2e)

U(s) '" s2 as s -+
1

Yes) '" -s2

as s

-00

-+ -00.

(5.1.2a)
(5.1.2b)

Our goal is to establish the existence of a solution of equations (5.1.1a)

< O. We shall first prove local existence of
a solution of (5.1.1a-e), for any assumed YeO) = Yo, which is positive for s < o.
We shall then show that a Yo exists for which this solution can be continued for
all s < 0, and such that (5.1.2) holds.
and (5.1.1b) which is positive for s

As is easily verified, this initial value problem does not satisfy the standard Lipschitz condition at any point where either U(s), Yes) or both equal
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zero. This implies that any solution of this initial value problem that exists
in the neighborhood of the origin may not be unique. This lack of uniqueness
implies that iterative schemes, such as Picard's, cannot be used to construct a
solution of this system near the origin. In fact, even numerical schemes may not
be guaranteed to provide useful results when standard existence conditions are
not satisfied.
We remark once again that the initial value Vo = V(O) is unknown, and
cannot be determined by an

a priori known

physical constraint of the problem.

It therefore, must be obtained through numerical computations. We pursue this

in Chapter 7.
Our approach here is to postulate some special forms of solution for
the initial value problem (5.1.1), in the neighborhood of the origin. Prove that
there exists a solution of the postulated form in some small interval to the left of
the origin. Continue this solution through s

< 0, and then show that for some

suitable Vo, this solution satisfies the requirement (5.1.2).
5.2. Local Existence Theorem
In this section, we will show that there exist special solutions U (s )
and V(s) of the system (5.1.1a) and (5.1.1b) satisfying the initial conditions
(5.1.1.c), (5.1.1d) and (5.1.1e) for some positive constant Vo = V(O), in some
interval [-m,O]. We transform (5.1.1) into a system of first order initial value
problems by making the following variable changes:

Ul(S) = U(s)
U2 (s) = U'(s)

U3 (s) = V(s)
U4 (s) = V'(s).
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Thus we obtain

= U2 (S)

(5.2.1a)

= U1 (S)U3(S) + y'U1 (S)U3(S)

(5.2.1b)

UHs)
U~(S)

UHs) = U4 (S)
U~(S)

= U1 (S)U3(S) - y'U1 (S)U3(S)

(5.2.1c)
(5.2.1d)

with the following initial conditions:
(5.2.1e)
(5.2.1£)
(5.2.1g)
where Vo is some unknown positive constant and
(5.2.1h)
We shall frequently refer to this system of initial value problems; hence
we shall label them as IVP-3, for convenience.
We define a constant a in terms of Yo by

Yo

a=-.

144

THEOREM

(5.2.li)

1. Consider the initial value problem defined by (5.2.1). For each

positive constant a, there exists a positive constant m, such that there exist
solutions U1 (s), U2 (s), U3(S) and U4 (s), defined for -m ::; S

< 0, satisfying

(5.2.1) with U1 (s), U2 (s), U3(s) and U4 (s) represented by
(5.2.2a)
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(5.2.2b)
(5.2.2c)
(5.2.2d)

where each Pi( s), i = 1,2,3,4 is a smooth function of s, and satisfies

Ipi(s)l<l, i=1,2,3,4 for SE[-m,O].

(5.2.2e)

5.2.1. Preliminaries for the Proof of Theorem 1
We rescale the dependent and the independent variables as follows:

e= -ms ,

thus

- 1 :s;

e< °

(5.2.3a)
(5.2.3b)
(5.2.3c)

In what follows, we consider the smooth vector function represented by

We define B

~

Co, (where Co is the vector space of continuous functions) by

the following:

B

= {p(e) : Ipi(e)1 < 1,

i

= 1,2,3,4,

for

e E [-1, On

(5.2.4a)

and assign B with the uniform norm:
4

II pee) 110= L

sup

i=l -l~e~O

Ipi(e)l·

(5.2.4b)
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For -1

< e~ 0, we rewrite (5.2.1)

=m

le

U2(t)dt

(5.2.5a)

[Ul(t)U3(t) + y'U1(t)U3(t)]dt

(5.2.5b)

U1(e) =
U2(e)

m

le

U3(e) = 144a + m
U4 (e) =

m

as Volterra integral equations:

le

U4 (t)dt

le

[Ul(t)U3(t) - y'U1(t)U3(t)]dt

(5.2.5c)
(5.2.5d)

where the use of the dummy integration variable t has no reference at all to the
use of t to represent time elsewhere.
Since equation (5.2.5) is just an integral equation representation of the
first order system (5.2.1), then the solutions (5.2.2) postulated in Theorem 1
satisfy equation (5.2.5). Thus we may substitute (5.2.2) into (5.2.5) and try to
find a vector

pee) ~ B such that the integral equations (5.2.5) are satisfied.

Substituting (5.2.2a) and (5.2.2b) into (5.2.5a), we obtain

Solving this for PI (e) we obtain
(5.2.6a)
Substituting (5.2.2a), (5.2.2b) and (5.2.2c) into (5.2.5b) gives

e(1 + mep2(e)) = m 10Ie [am t

4am 3

4 4

. (144 - am 4 t 4 (1

+m

l

e

(1

+ mtpl(t)) 1/2

+ mtp3(t)))1/2]dt

[am 4 t 4 (1 + mtpl(t))(144 - am4 t 4 (1 + mtp3(t)))]dt.
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Solving this expression for P2( e), we obtain

P2(e)

1

= - me
+

3/:4

m~

fe [t2(1 + mtP1(t))1/2(1-

Jo

~:~4 _ ~:~s P3(t)) 1/2] dt.
(5.2.6b)

Substituting (5.2.2c) and (5.2.2d) into (5.2.5c) gives

144a - am4e4 - amse P3(e) = 144a
- m

le

[4am 3t 3 + 4am 4t 4P4(t)]dt.

Solving this for P3(e), we have
(5.2.6c)

(5.2.6d)
5.2.2. Definition and Properties of the Mapping F(p(e)j a, m)
We define a mapping, F(p(e)j a, m), taking vectors from B x R x R into

Co by the following:

F1 (p(e)j a,m) = P1(e) -

e4s Jofe t4p2(t)dt

(5.2.7a)
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(5.2.7c)

Consider the problem of finding a vector p( e)
(5.2.6).

~

B which satisfies

This problem is equivalent to that of finding pee)

~

B such that

F(p(e); a, m) = O. We will try to find such a vector making use of the following properties of F(p(e); a, m):
LEMMA

1.

a) F(O;a,O) = 0
b) For m small enough, F(p(e);a,m) is continuous in pee), a and m.
c) For m small enough, the Frechet derivative of F(p(e); a, m), (denoted by

Fp(p(e); a, m)) exists, is bounded and continuous in p(e), a and m.

d) Fp(O; a, 0) has a bounded inverse.
PROOF:

To prove a), one only needs to substitute the value (0; a, 0) into the

definition of F(p(e); a, m), (equation 5.2.6).
Now consider the function

heX) =

'1'1 + X-I.
X

Observe that heX) is analytic in X for

IXI < 1.

(5.2.8a)

Thus we may write
(5.2.8b)
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and observe that hI (m, t, PI (t)) is analytic in m, t and PI (t) for m small enough.
For example if mE (0,1) with -1

< e~ t < 0 and IPI(t)1 < 1, then ImtpI(t)1 <

1, and hl(m, t, PI(t)) is an analytic function of m, t and PI(t). Similarly, we may

also write

and observe that h2 (m, t, PaCt)) is an analytic function of m, t and PaCt) for m
sufficiently small. Combining (5.2.8b) and (5.2.8c), we may write

( VI + mtPI(t)) (

1-

~::4

=

~::5 paCt)) = 1 + mtR(m, t, PI(t), paCt)).
(5.2.8d)

We observe once again, that for m small enough, R( m, t, PI (t), Pa (t)) is an analytic function of m, t, PI (t) and paCt).
We define
(5.2.8£)
and observe that Q(m, t, PI(t), PaCt)) is analytic in its arguments. From (5.2.8d)
we obtain

l

(1- ~~. - ~~5 P,(t)Y'}
= -3
e + meta
1° R(m, t, PI(t), Pa(t))dt.

[t2(1+ mtpl(t))l/2

From (5.2.7a) we have

(5.2.8g)
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(5.2.9a)
Since FI(p(e);O'~m) is linear in pee) and is bounded, (5.2.9a) implies that
given any

€

> 0, pICe)

~

B and p2(e)

1/ FI (p2(e); 0', m) - FI(pI(e); 0', m) 1/0<
all

e E [-1,0]; and hence FI (p( e);

pee)

0',

B, there exists a 8 > 0 such that

C

1/ p2(e) - pICe) 1/0<

8 for

m) is continuous with respect to p(

e) for

€,

whenever

~ B.

From (5.2.7b) we know that

Substituting (5.8.2d) and (5.2.8g) into this expression gives

(5.2.9b)
We know that for m small enough, both Q(m,t,PI(t),P3(t)) and

R(m,t,PI(t),P3(t)) are analytic functions of m, t, Pl(t), and P3(t). Hence by
uniform smoothness, given any

€l

> 0, p2(t)

~

B and pl(t)

~

B, there exists a
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bl

> 0, such that for

m small enough, the supremum over t and over

eof

{Ip~(e) - p~(e)1
+ ~IR(m, t, p~(t), p~(t)) -

R(m, t, p~(t), p~(t))1

+ 90:IQ(m, t, p~(t), p~(t)) whenever the supremum over t and over

{Ipi'(t) -

Q(m, t, p~ (t), p~(t))l} <

€l

eof

pHt)1 + Ip~(t) - p~(t)1

+ Ip~(t) - p~(t)1 + Ip~(t) - pl(t)l} < bl
< O. Thus for m small enough, given p2(e) ~ B and pl(e) ~ B,
II F2(p2(e); 0:, m) - F2(pl(e); 0:, m) 110< €l, 'whenever II p2(e) - pI (e) 110< bI, and

for -1 :s; e :s; t

F2(p(e); 0:, m) is continuous with respect to pee)

~

B. Also from the uniform

smoothness of R(m, t, Pl(t), PaCt)) anr} Q(m, t, Pl(t), paCt)) for m small enough,
we know that given

€2

> 0, there exists

the supremum over t and over

b2

> 0 such that for

0:1

> 0 and

0:2

> 0,

eof

{lp2(e; 0:2) - P2(e; 0:1)1
3

+ 4IR(m, t, PI (t; 0:2), paCt; 0:2)) - R(m, t, PI (t; 0:1), P3(t; 0:2))1

+ 910:2Q(m, t, PI (t; 0:2), P3(t; 0:2)) -

0:1 Q(m, t,

PI (t; o:d, P3(t; 0:1)1}

< €2
< b2, for -1 < e :5 t < O. Hence for m small enough,
given pee; 0:) ~ B and € > 0, there exists a b > 0 such that II F2(p(e); 0:2, m) F2(p(e);0:},m) 110< €, whenever II 0:2 - 0:1 110< b. We therefore conclude that
whenever

10:2 -

0:11

F2 (p(e); 0:, m) is continuous with respect to

0:.
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Similarly, from the smoothness of R(m,t,Pl(t),P3(t» and

Q(m,t,Pl(t),P3(t» with respect to m, t, Pl(t) and P3(t), for m small enough,
we conclude that F2 (p(e)j a, m) is continuous with respect to m.
o
From (5.2.7c) we have F3(p(e)i a, m) = P3(e) + ~ f e t 4p4(t)dt and
o
IF3(p(e)i a, m)1 = Ip3(e)I+jr; f e t 4p4(t)dtl <
Ip3(e)I+~ mF Ip4(t)1I f: t 4dtl

mF

hence just as in (5.2.9a), we obtain
(5.2.9c)
By substituting (5.2.8d) and (5.2.8g) into (5.2.7d) we obtain the followmg:

(5.2.9d)
Once again, we know that for m small enough, R(m, t, Pl(t), P3(t» and

Q(m,t,pl(t),P3(t» are uniformly smooth in m, t, Pl(t) and P3(t). Hence by
uniform smoothness, given any

fl

> 0,

f2

> 0 and

f3

> 0, and pl(t)

~

B,

> 0, a2 > 0, and ml and m2 small enough, there exist 81 > 0,
82 > 0 and 83 > 0 such that the supremum over t and eof
p2 ~

B, al

{Ip~(e) +

p!(e)1

~IR(m, t, pi(t», p~(t) -

R(m, t, pHt), p~(t»1

+ 9aIQ(m, t, pi(t), p~(t» - Q(m, t, p~(t), p~(t»l}
< fl
whenever the supremum over t of

{Ipi(t) - pHt)1
+

+ Ip~(t) - p~(t)1

Ip~(t) - p~(t)1 + Ip~(t) -

p!(t)l} < 81
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and the supremum over t and over

eof

{lp4(e; a2) - P4(e; a2)1
3

+ 4IR(m, t, PI (t; a2), P3(t; a2» - R(m, t, PI (t; al), P3(t; al»1

+ 9I a 2Q(m, t, P2(t; a2), P3(t : a2»
-aIQ(m,t,PI(t;aI),P3(t;a3»I} <
whenever la2 - a21

f2,

< V2, and the supremum over t and over eof

{P4(e; m2) - P4(e; mI)l
3

+ 4IR(m2,t,PI(t;m2),P3(t;m2» - R(mI,t,PI(t;ml),P3(t;ml»1
+ 9aIQ(m2' t, PI(t; m2), P3(tj m2»
- Q(mI, P2(t; ml), P3(t; mI)I} < f3,
whenever

II

1m2 - mIl <

83 , for -1

<

e~ t

F4(p2(e); a, m) - F4(pl(e); a, m) 110<

f

< O. Thus for m small enough,

whenever

II

p2(e) - pl(e) 110< 8

for p2(e) ~ B and pl(e) ~ B; and similarly for a and m.

Consequently,

F4(p(e); a, m) is continuous with respect to p(e), a and m, for m small enough.
In Co with uniform norm, componentwise convergence implies convergence in the norm; hence uniform componentwise continuity implies uniform
continuity with respect to the norm. From this fact, we conclude that for m
small enough, F(p(e); a, m) is (in fact, uniformly) continuous with respect to

p( e)

~

B, a > 0 and m.
To establish part c of the lemma, we shall make use of the fact that the

Gateaux derivative of the map, F(p(e); a, m), (if it exists), at (p(e); a, m) applied
to a vector V(e) is given by lim ~(p(e) + rV(e); a, m). We shall also make use
T-O

aT

of the following lemma which establishes the conditions for which the existence
of the Gateaux derivative implies the existence of the Frechet derivative:
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LEMMA 2. H tbe Gateaux derivative of a map, F(p( e); It, m) applied to a vector
Vee) exists in a neigbborbood of(p(e);ct,m), and is continuous at (p(e);ct,m)
tben tbe Frecbet derivative of tbe map exists at (p(e); It, m).

We shall also make use of the following lemma which establishes the
conditions for which the Gateaux derivative equals the Frechet derivative:
LEMMA 3. H tbe linear Gateaux derivative of a map F(p( e); ct, m) exists at
(p( e); ct, m) and is continuous at (p( e); ct, m), tben tbe linear Gateaux derivative
of F(p( 0; ct, m) at (p( e); ct, m) equals tbe Frecbet derivative of F(p( e); ct, m) at
(p(e); ct, m).

The proof of Lemma 2 can be found in reference (48), page 290, and the
proof of Lemma 3 can be found in reference (55) page 21. We shall, therefore, not
recount these proofs here. What we shall do is compute the Gateaux derivative
of F(p(e); ct, m), (applied to a vector Vee)), at the point (p(e); ct, m) and show
that this derivative is continuous at (p( e); ct, m); hence establish the existence of
the Frechet derivative at (p(e); ct, m). We shall then apply Lemma 3 to conclude
that the linear Gateaux derivative at (p(Oj ct, m); and of course, the continuity
of the Frechet derivative at (p(e; ct, m) follows immediately from the continuity
of the Gateaux derivative at (p(e); ct, m). We start once again from the defining
equation for F(p(e);ct,m), equation (5.2.7).
From equation (5.2.7a) we have

so that
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4 fe

dF1

es 10

dr (p(e) + rV(e); a, m) = Vi (e) -

Thus we obtain

. -d
dF1 (pe)
lim

r-O

+ rV(e); a, m)

Vi (e) -

t 4 V4(t)dt.

41e

=
t'S
r I " O

t 4 lt2(t)dt.

(5.2.10a)

From (5.2.7b), (5.2.8d)" and (5.2.8f) we have

F2(P( e); a, m) = P2(e) +

36a1°e

+7

:'lO

t 3 R( m, t, Pl (t), P3 (t))dt

t 3Q(m, t, PI(t),P3(t))dt.

Thus

F2(p(e)

+ rV(e); a, m) = P2(e) + rV2(e)

:'lO
+ 7 1°
e
+

3

t R(m, t,Pl

36a

+ TVi,P3 + TV3)dt

t 3 Q(m,t,PI

+ rVi,P3 + rVa)dt.

For m small enough, Q(m,t,PI,P3) and R(m,t,p!'P3) is analytic in
some neighborhood of PI(t) and P3(t). We can therefore expect that for m and

r small enough, Q(m, t, PI

+ rVi, P3 + rV3) and R(m, t, PI, +rVi, P3 + rV3) will

remain analytic in about the same neighborhood. Hence, if we denote derivatives
with respect to (PI

+ rVi) by primes and derivatives with respect to (P3 + rV3)

by dots we obtain
dF2

dr (p(e)

+ rV; a, m) = V2(e)

+

:'lO
3 fO

t'R'(m,t,Pl

+ TV"Pa + TV3)Vi(t)dt

3 •

+ e4 1e t R(m, t, PI + rV1 , P3 + rVa)V3(t)dt

1°
1°e

36a e t 3 Q'( m,t,PI + rV!'P3 + rl'3 ) Vi (t) dt
+7
36a
+7

•
t 3 Q(m,
t, PI

+ rVi, P3 + rl'3)V3(t)dt.
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Thus
F2

lim dd (p(e)
T--+O
r

!

+ rV(e);a,m) = V2 (e) + ~ JfO t 3R'(m,t, Pb P3)VI (t)dt
e
3 fO

3 •

+ e4 J t R(m, t, Pb P3)Va(t)dt
e
36a JfO t 3 Q'( m,t,PI,P3 ) VI (t) dt
+ (4
e
36a fO 3 •
+ (4 J t Q(m, t, PI, P3)V3 (t)dt.
e

(5.2.10b)

From (5.2.7c) we have

F3

lim dd (p(e)

T--+O

r

+ rV(e); a, m)
= V,(O +

~

l

4

t V.(t)dt.

From (5.2.7d), (5.2.8d) and (5.2.8f) we obtain

Differentiating, we obtain

(5.2.10c)
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dF4
dr (p(e) + rV(e); a, m) = lt4(e)
3 fO

3

3 fO

3 •

+ e4 le t R m, t,PI
'(

+ rV}'P3 + rVa ) VIdt

+ e4 le t R(m,t,PI +rV17 P3 +rV3)V3dt
36a fO 3 '(
- 14
1~ t Q m, t, PI + r Vi, P3 + r V3 ) Vi dt

e.

r

36a
-14
le

3 •

t Q(m, t, PI

+ rV}, P3 + rVa)V3dt.

From this we obtain as r -+ 0

F4

lim dd (p(e)

T-+O

r

+ rV(e); a, m)
. 0

= lt4(e) + ~Ie

31e

t 3R'(m,t,p}'P3)Vidt

0

+ e4

•
t 3 R(m,
t, P17 P3)V3dt

36a fO 3Q'(
-14
le t m,t,p}'P3 )Vidt
36a fO

-14 le

3 •

(5.2.lOd)

t Q(m, t, P}' P3)V3dt.

From (5.2.7a) we obtain

II

FI

lim dd (p(e)
r

T ..... O

+ rV; a, m) 110$11 Vi (e) 110

+~5 II V2 (t)

110 .

Consider (5.2.7b) and the derivatives R'(m, t, PI, P3), and R(m, t, PI, P3),

Q'(m,t,P17P3) and Q(m,t,p}'P3)' Since the functions Q(m,t,PI(t),P3(t» and
R(m, t, PI(t), P3(t» are analytic with respect to m, t, PI (t) and P3(t), for m small
enough, then the derivatives R'(m,t,pI,P3), R(m,t,PI,P3), Q'(m,t,p}'P3) and

Q(m, t,PbP3) are uniformly smooth with respect to m, t, PI(t) and P3(t) for m
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small enough. Hence by uniform smoothness, given any bounded vector
and given p2(e) ~ B, piCe) C B,
and

m2

fl

>

°

f2

> 0,

f3

both small enough, there exist 61 > 0, 62 >

supremum over t and

eof

{~I ( R'(m, t, pi, p~) -

Vee)

> 0, a2 > 0, a2 > 0, mi

°

and 63 >

°

such that the

R'(m, t, p~, p~)) IlVi(t)1

31(·R(m, t, PI'2P3)2- ·R(m, t, PI'1 P3)
1)1 1V3(t)1
+4
+ 9al (Q'(m,t,pi,pD - Q'(m,t,pLp~)) IIVt(t)1
+9a

·
2 2·
1 1)1
}
1(Q(m,t,PI,P3)-Q(m,t,PI,P3) IV3(t)1 <fI

whenever the supremum over t and

eof

{Ipi(t) - pHt)1 + Ip~(t) -

p~(t)1

+ Ip~(t) - p~(t)1 + Ip!(t) - p!(t)l} < 61
and the supremum over t and

eof

{ ~ I( R'(m, t, PI (t; (2), P3(t; a2)) -

+~ 1( R(m, t, PI (t; a2)) -

R'(m, t, PI (t; aI), P3(t; ad)) IIVI (t)1

R(m, t, PI (t; aI), P3(t; at})) IIV3(t)1

+91 ( a2Q'(m, t, PI (t; (2), P3(t; a2)) - al Q'( m, t, PI (t; at), P3(t; aI))) IlvI(t)1
+91 ( a2Q(m, t, PI (t; (2), P3(t; ad)
-aIQ(m,t,PI(t;at},P3(t;a I )))IIV3(t)l} < f2
whenever

{la2 - all} < 62 , and the supremum over t and eof

{ ~ I( R'(m2, t, PI (t), P3(t)) -

R'(mb tpb P3)) IIVt (t)1
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+~ I( R(m2' t, PI (t), paCt)) -

R(mI' t, PI (t), pa(t))) IlVa(t)1

l(

+ 9a Q'(m2 t , PI(t), paCt)) - Q'(mt, t, PI(t),pa(t))) IIVi(t)1

+9a

l(Q(m2' t, PI(t), PaCt)) - Q(mb t, PI(t), pa(t))) IIV (t)l} <
3

{1m2 - mIl} < 6a for

whenever

-1

< e< t < o.

Thus for

fa

m small enough, given

f> 0, and p2(e) ~ B and pICe) ~ B, there exists a 6> 0 such that

whenever II p2(e) - piCe)

110< 6 for any bounded set Vee).

F

fu (p(e)
r-+O d r

Hence lim

+

TV; a, m) is continuous with respect to pee), for m small enough, and for any
bounded vector V (e). Similarly, we conclude also that lim

r-+O

F2
r

dd

(p( 0

+ TV; a, m)

is continuous with respect to both a and m, provided m is small enough.
From equation (5.2.7c) we obtain

.

dFa

II hm -d (p(e)
r-+O

T

4

+ TV(e);a,m) 110<11 Va(e) 110 +-5 II V4 (e) 110 .

Consider equation (5.2.7d). Since the functions Q(m, t, P2(t), paCt)) and

R(m, t, P2(t), PaCt)) are analytic with respect to each of m, t, PI (t) and PaCt), then
the derivatives Q'(m, t, PI(t), paCt)), Q(m, t, PI(t), paCt)), R'(m, t, PI(t), paCt)),
and R(m,t,PI(t),pa(t)), are lllliformly smooth with respect to each of their
arguments. Hence from uniform smoothness, and computations analogous to
those used for establishing continuity in equation (5.2. 7b) we conclude that
lim

r-+O

F4
r

dd

(p(e)

+ TV(e); a, m)

is continuous with respect to pee), a and m, pro-

vided m is small enough.
Once again, from componentwise continuity, we conclude that the Gateaux
derivative applied to Vee), given by r-+O
lim
in pee),

Q,

dd

F
r

(p(e)

+ TV(e); a, m),

m in the uniform norm, for m sufficiently small

is continuous
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We have, so far, demonstrated that the Gateaux derivative, lim

r-O

ddF (p(e)+

r

TV(e)j et, m), exists and is continuous at (p(e)j et, m). Hence from Lemma 2, we
can conclude that the Frechet derivative of F(p(e)jet,m) exists at the point

(p(e)j et, m). From equation (5.2.10), we see that this Gateaux derivative applied to Vee) is linear in Vee), and that the continuity of this derivative at

(p(e)j et, m) implies that this derivative is hounded for any bounded Vee). Thus
from Lemma 3, we conclude that the Gateaux derivative of F(p(e)j et, m) defined by (5.2.10) is equal to the Frechet derivative of F(p(e)j et, m), applied to

Vee) at the point (p(e)ja,m). Since the Gateaux derivative is continuous at
(p(e)j et, m), then it follows immediately that the Frechet derivative is also continuous at (p(e)j et, m).
This completes the proof of part c of Lemma 1.
To prove part d of Lemma 2, we shall represent the Frechet derivative at

(p(e)j et, m), applied to Vee), by Fp(p(e)j et, m). Hence we have (from equation
(5.2.10))
(5.2.11a)

F2P(p( €); "', m)V( 0 =

V,W +

r

:.l

t 3R'( m, t, PI (t), P3 (t))Y. (t)dt

3
3'
+e
4 le t R(m,t,Pl(t),P3(t))V3(t)dt

+ 3;.'" iO t 3Q' (m, t, PI (t), P3(tllY. (t )dt
36et fO 3 •
+ ( i le t Q(m, t, Pl(t), P3(t))V3(t)dt
(5.2.11b)
(5.2.11c)
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F.p(p( e); n, m)V(e) =

:.l

v.. (e) +

31°
-3;: feD
-14 1°

t' R'( m, t, p, (t), p,(t))V, (t)dt

.
+ e4 e t 3 R(m,t,PI(t),P3(t»V3(t)dt

t'Q' (m, t, p, (t), p,(t))V, (t)dt

36a e t 3 Q(m,
.
t, PI(t), P3(t»V3(t)dt
(5.2.11d)

From equation (5.2.11), evaluating at (0; a, 0), we obtain
(5.2.12a)

F,p(O; n, 0) V = Yo (e) + :.

+

feD t' R' (0, t, 0, O)V, (t)dt

e3 lefO t R(O, t, 0, O)V3(t)dt
3 .

4

°

36a fO 3 '(
+ 14
le t Q 0, t, 0, ) VI (t) dt
36a fO 3 .
+ 14 le t Q(D, t, 0, O)V3(t)dt

4 fO
F3p (0; a, O)V = V3(e) + s le t4~(t)dt

e

F.p(O; n, O)V = v.(e) + :.

(5.2.12b)

(5.2.12c)

feD t' R' (0, t, 0,0) v, (t)dt

+

e3 lefO t R(0,t,0,0)V (t)dt

-

36a lef t 3 Q'( 0, t, 0,
(4

3 .

3

4

O

36a

fO

-14 le

3 .

°Vi t dt
)

()

t Q(O, t, 0, 0)V3(t)dt

(5.2.12d)

84

To obtain the derivatives of Q and R, we recall from their definitions
that

and

Thus

R(m, t, PI

+ TVI , P3 + TV3)
=

~t ( VI + mt(PI + TVi)) (

m 4t 4
144

m 5t 5
144

1- - - - --(p3

+ TV3))

1
-mt

and

Recalling that primes represent derivative with respect to (PI
represent derivative with respect to (P3

.

R(m, t, PI

1

+ T Vi) while dots

+ Tva) we obtain

+ TVI , P3 + TV3) = 288 m

1 + mt(pI

4 4

t

+ TVl )

From these two expressions, we obtain

~

(5.2.13a)

= 0.

(5.2.13b)

R'(O, t, 0, 0) =

R(O, t, 0,0)
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Similarly we obtain

Q'(O, t, 0, 0) = 0

(5.2.13c)

Q(O, t, 0, 0) = O.

(5.2.13d)

Substituting (5.2.13) into (5.2.12) gives
"(5.2.14a)

(5.2.14b)
(5.2.14c)
(5.2.14d.)
Our concern now is to demonstrate that there exists a bounded map
F;I(Oj a, 0) from Co to Co.

Thus we may restate our problem of finding

F;I(Oj a, 0) as follows: Given wee) in Co and the linear operator equation

Fp(Oj a, O)V(e) = wee), show there exists a unique solution Vee) in Co, with

II

Vee) 110:5 K

II

wee) 110 for some constant K. From equation (5.2.14), this

is equivalent to finding the solution, Vee) of the following system of Volterra
integral equations, for any given vector w(e) =

(wI(e),w2(e),~(e),~(e)):

Vt (e) -

4e-. 10ft. t 4V2(t)dt = WI (e)

(5.2.15a)

V2(e) -

~e-41t. t 3 VI (t)dt = w2(e)

(5.2.15b)

S

lt4(e) -

lt.

~2(e)

(5.2.15c)

~e-41t. eVI(t)dt = ~(e)

(5.2.15d.)

V3 (e) - 4

e-s

t 3 Vt (t)dt =
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We assume for the moment that w( e) is differentiable. Then it follows
from (5.2.15) that any solution,

Vee),

is also differentiable. To demonstrate

the solvability of this system, we start by first differentiating the individual
equations in (5.2.15) with respect to

5VI (e)

+ eV{(e) -

e. Thus we obtain

4(V2(e) = WI (e)

4V2(e) + eV;(e) -

(5.2.16a)

~Vi(e)4w2(e) + ew~(e)

5V3(e) + eV;(e) - 4lt4(e)
4V4 (e)

+ ewi (e)

(5.2.16b)

= 5~(e) + e~(e)

+ eVl(e) - ~Vi(e) = ~(e) + e~(e)

(5.2.16c)
(5.2.16d.)

We define the following functions:
(5.2.17a)

h2(e) = w~(e) + 4e- Iw 2(e)

(5.2.17b)

h 3 (e) = ~(e) + 5e-l~(e)

(5.2.17c)

h4 (e) = ~(e) + 4e-I~(e)

(5.2.17d.)

This transforms (5.2.16) into the following first order system:

V{(e)

+ ~VI(e) - ~V2(e) =

V;(e)

+ ~V2(e) -

hI(e)

(5.2.18a)

23 Vi (e) = h2(e)
e

(5.2.18b)

V;(e)

+ ~V3(e) - ~V4(e) = h3(e)

(5.2.18c)

Vl(e)

+ ~V4(e) -

:e VI (e) = h4 (e)

(5.2.18d.)
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This is an equidimensional first order system and thus we make the
following variable transformation:
x = lne

(5.2.19a)

where the use of the variable x here has no relation to the use of x as a spatial
variable elsewhere.
We also redefine the right-hand side of (5.2.18) as follows:
(5.2.19b)
Substituting (5.2.19) into (5.2.18) results in the following constant coefficient
matrix system:
dV

dx

A

= AV(x) + hex)

(5.2.20a)

where
(5.2.20b)
and

A_
-

[~50
~

!4
0
0

~

-5
0

~ ].

(5.2.20c)

-4

The eigenvalues of this matrix are all simple and are easily computed as
(5.2.21a)
The corresponding eigenvectors are

(5.2.21b)
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We immediately write the homogeneous solution of (5.2.20) as

(5.2.21c)
The fundamental matrix for (5.2.20) is obtained from the eigenvalues and the
eigenvectors as
- 2e -7x
-7x

'lJ(x)

= [ _~e-7X
e- 7x

o
o
e- 5x

o

With this fundamental matrix, finding a particular solution corresponds
to solving the matrix system (5.2.20) for a vector solution P(x) = (P1(x), P2 (x),

P3(x), P 4(X)) and computing w(x )P(x).
In fact, substituting 'lJ P into the system decouples it for componentwise

integration.

= w-1(x)h(x)

dP
dx

(5.2.21e)

where P( x) is a vector of solutions.
We invert the fundamental matrix to obtain

w- 1 ( x) =

[~~~~

2e 1 :
-5-

4
_e 4x

e2:

e 2:

TO

5

0
e5x
0
0

(5.2.21£)

Substituting (5.2.21) into (5.2.20) we obtain

P{(X)]

P~(x)
[ P~(x)
P4(X)

_
-

[_3e~:
_e~x
0
2
e;

1

2e 1 :
-5-

4
_e 4x
e 2:

5

0
e5x
0
0

(5.2.21g)
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We may now integrate (5.2.21g) componentwise. The vector of solutions

P(x) =

(Pl(X),P2(X),P3(X)~P4(X))

we seek will be obtained in terms of the

known functions (5.2.17). Thus we obtain the following:
(5.2.22a)

(5.2.22b)
(5.2.22c)
(5.2.22d.)
We rewrite (5.22) in terms of
P1 (e) =

P2(e)
P3(O

efrom (5.2.19a)
1~ foe t 2(h 1 (t) + 2h2(t))dt
= fo

e

(h 4(t) - h2(t))t 4dt

= foe (4h2(t) + h3(t) P4 (e) =

4h4(t) - h 1 (t))t 5 dt

e(-h2(t)2
3
-0 hI (t))t1dt

foo

7

1

(5.2.23a)

(5.2.23b)
(5.2.22c)
(5.2.22d)

We rewrite (5.2.23) in terms of the known vector w(e), by substituting (5.2.17)
into (5.2.22) and integrating the result by parts once. Thus we obtain

(5.2.24a)
(5.2.24b)
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Pace) = e5 (4w 2 (e) + ~(e) -

-41

e4

t (W2(t) -

wI (e)

- ~(e))

~(t))dt

(5.2.24c)

(5.2.24d)
The particular solutions we seek are given by 'l1(e)p(e) since (5.2.21g)
was obtained by substituting this product into (5.2.20). Thus the particular
solution is Vp(e) = 'l1(e)p(e). Componentwise we have:

V2P (e)

Ie

16

= "1WI (e) + e-7 Jo
+ 3~~2

le

3

['5WI (t) -

[3w 1 (t) + 4w 2(t)]tdt

6

7W2 (t)]t 6dt
(5.2.25b)

(5.2.25d)
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The general solution of (5.2.18) by superposition is the sum of the homogeneous
solutions (5.2.21c) and the particular solutions (5.2.25). We rewrite (5.2.21c) in
terms of

eto obtain
Vlh(e) = C2e- 7
V2h(e) = Cl e-7
V3h (e) = -2Cl e- 7

C4 e- 2

(5.2.26a)

+ 3C4 e- 2

(5.2.26b)

-

+ C2e- s + 4C3e- 4 + 4C4 e- 2

Y4h(e) = C1 e- 7

+ C3e- 4 + 3C4 e- 2.

From (5.2.26) we observe that Vh(e) is singular at

(5.2.26d)

e= O.

solution of interest to us are those that are bounded for all
require that Vh(e)

= o.

(5.2.26c)

This happens if and only if C l

e.

However, the

Thus we must

= C2 = C3 = C4 = o.

Thus we must choose the vector Vee) to be equal to Vp(e), and so we have found
an arbitrary vector Vee) such that (5.2.15) is satisfied:

(5.2.27a)

(5.2.27b)

V3(e)

8

2

Ie [3w

= 35w2(e) + ~(e) + 5e-2 10
+ 4e - s
- 6 e-

7

l e(~(t)
1e[~Wl + ~W2(t)]t6dt

l

(t) + 4w 2 (t)]tdt

- W2(t)]t 4 dt

(t)

(5.2.27c)
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V4 ce)

= ~ce) -

4

35~Ce) +

+ 3e-71e[~'=l}Ct) -

3e- 2

Ie

10 10 [3w}Ct) + 4w 2Ct)]tdt

~w2Ct)]t6dt.

C5.2.27d)

A straightforward calculation gives

II ViCe) 110< 211 w}ce)
II ViCe)
II V3 (e)

~(e) 1I0~1I

C5.2.28a)

II W2(e)

C5.2.28b)

1I0~1I w} ce) 110 +4

1I0~1I w}ce) 110 +311 W2Ce)

II

110 +311 W2Ce) 110

wI ce)

110 +

110

I/o + II ~(e) 110 + II ~ce)

II w2Ce) 110 + II ~Ce) 110

110

(5.2.28c)
C5.2.28d)

We have thus shown that if wce) is differentiable, then C5.2.15) has a
solution Vce) in Co, and that it must be of the form given by (5.2.27). Equation
(5.2.28, of course, implies that C5.2.27) is unique in that case. Now suppose, wee)
is not differentiable. Then equations (5.2.27) still make sense and (as is easily
verified by substituting C5.2.27) into C5.2.15)), provide a solution of C5.2.15).
Therefore, in this case also, C5.2.15) has a solution in Co. It remains only to
show that the solution is unique in this case. By Weierstrass' theorem wee) may
be approximated arbitrarily well in the Co norm by differentiable functions, wC e).
Let Vee) be the corresponding solutions given by C5.2.27) with wee) replaced by

wee) (we know by the above that the solutions VCe) are unique). Hence from
C5.2.28)

II VICe) -

VICe) 110 < 211 '=lI(e) - wIce) 110
+ 3

II V2ce) -

II w2(e) -

W2(e) 110

C5.2.29a)

V2Ce) 110 ~II WICe) - WI Ce) 110
+ 4

II w2Ce) - w2Ce) 110

C5.2.29b)
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II V3 Ce) - V2Ce) 110 <II ~I Ce) - wI Ce) 110
+ 311 w 2ce) - w2Ce) 110
+ 311 ~Ce) - ~Ce) 110
+ II ~Ce) - ~Ce) 110
II lt4ce) -

v..ce) 110

<II wI Ce) - WI Ce) 110
+ II W2Ce) - W2Ce) 110
+ II W4Ce) - ~Ce) 110

C5.2.29c)

C5.2.29d)

wCe) approaches wCe), the right-hand side approaches zero, hence
II Vce) - Vce) 110 approaches zero and VCe) approaches Vce). Thus for any
given wCe), there is only one corresponding Vce) and therefore Vce) is unique
As

and is given by C5.2.27).
5.3. Proof of Theorem 1
In this section, we prove the local existence theorem given in Section
5.2. We shall make use of Lemma 1 and the following other theorems:
THEOREM 2. For eacb positive constant a, and small enougb positive constant
m, tbere exists a unique vector pCe)

e E [-m,O], witb pce)lm=o

~

B, such tbat

pCe) is analytic in a, m

and

= 0 and FCpCe)ja,m) = 0.

PROOF OF THEOREM 2: The map FCpCe)ja,m) satisfies Lemma 1, hence it
satisfies the hypotheses of the Implicit Function Theorem in B. Thus excluding
the claim that

pCe) is analytic in [-m, 0], Theorem 2 follows as a direct result of

the Implicit Function Theorem (45). Now, from the Implicit Function Theorem,
we know that pCm

= 0) = 0,

hence the solutions postulated in Theorem 1 is

analytic at s = 0. This means that there exists an open interval, say C-a, 0], in
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which p( s) is analytic, hence the solutions are also. We shall prove by Lemma 4
that the solutions postulated in Theorem 1 are continuable in any open interval
of s < 0, (say for example in (-b, 0), with b positive), until U3 ( s) approaches
zero as s -+ - b. Hence by assuming Lemma 4 and choosing m smaller than b,
we immediately obtain the proof of Theorem 1.
PROOF OF THEOREM

vector

pee)

~

1: From Theorem 2, we know that there exists a Wlique

B, satisfying equation (5.2.7), for each positive constant a and

some positive and small enough value of the constant m. Now equation (5.2.6) is
an equivalent form of equation (5.2.7), hence the same

pee) satisfying equation

(5.2.7) also satisfies (5.2.6). But equation (5.2.6) is a special form representation
of the integral equations (5.2.5) in terms of the postulated solutions of Theorem
1; hence, this same Wlique vector

pee)

~

B, also satisfies (5.2.5). The vector

pee) ~ B, satisfying (5.2.5) was defined in Theorem 1.

Since equation (5.2.5) is

an equivalent representation of the initial value problem (5.2.1), and since any
solution of equation (5.2.5) also satisfies equations (5.2.1a) through (5.2.1d),
together with the initial conditions (5.2.1e) through (5.2.1h), then this same
vector

pee) also satisfies (5.2.1).

Thus the fWlctions (5.2.2) defined in Theorem

1 satisfy equation (5.2.1). This proves Theorem 1.
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CHAPTER 6
CONTINUABILITY OF THE LOCAL SOLUTION, THE EXISTENCE
OF THE INITIAL VALUE Vo, AND THE
ASYMPTOTIC BEHAVIOR OF THE SOLUTION AS s -. -00
6.1. Continuability of the Local Solution
Our goal here is to show that the solution (5.2.2) given by Theorem 1
for the initial value problem (5.2.1) can be continued for all s in (-00,0). In
the preceding section, we demonstrated that a solution of (5.2.1) exists locally
about the origin. To demonstrate continuability of this local solution, we invoke
the following standard theorem.
LEMMA

4. Consider the following vector of initial value problems:
dU

dt = f(t, U)

(6.1.1a)

U(to) = Uo

(6.1.1b))

(where both U(t) and f(t, U) are n-dimensional).
Let the following conditions be satisfied:
(a) The vector function f(t, U) is continuous on the set {6

II U -

It - tol < a,

Uo 11< b}

(b) f(t, U) satisfies the Lipschitz condition with respect to U on the set 6:
(6.1.1c)

(for any convenient nonn and constant L). Then there exists a unique solution U = U(t) of the system (6.1.1a), satisfying the initial condition (6.1.1b).
This solution is defined on the interval It - tol ::; 6 = min{a,

M = sup

II

f(t,u)

II, (t,U)

E 6.

t.},

where
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This lemma is a standard existence result in the theory of ordinary
differential equations, hence we shall not recount the proof here. Its proof can
be found in any standard ordinary differential equations text such as references
(12), (36), and (37).
To apply this lemma to the initial value problem (5.2.1), (we shall
henceforth be referring to this initial value problem as IVP-3), we specify that

n = 4, and define U to be the four dimensional vector of solutions of IVP-3. We
also define the vector function, j, as the right-hand side of IVP-3. As part of the
specifications also, we choose to = -m, where m is the small positive constant
defined by Theorem 1. From this, the starting vector Uo is now represented by
the value of the local solution of IVP-3, (given by Theorem 1), evaluated at the
point

8

= -m.

can vanish at

8

We notice that none of the local solutions given by Theorem 1

= -m, (see Theorem 2 also).

We notice also that j, as defined,

satisfies the Lipschitz condition (6.2.1c), for any solution U = (UI, U2 , U3 , U4 ),
such that U1(8) and U3(8) are bounded away from zero. Hence we expect that
there exists some interval to the left of -m, (say (-8I, -m), where 81 is a
positive constant with 81

> m), such that the solution of IVP-3can be continued

uniquely in (-81,0), provided U1(8) and U3(8) remain bounded away from zero
in (-81, 0). But we know that U~'(8)
and U3 (0)

= Vo > o.

identically zero for

8

= U1U3 + JU1 U3 in 8 < 0, with U1 (0) = 0

Since U1 U3 must remain nonnegative, then either U1 (8) is

< 0, or Ui'(8) is positive for

8

< O. The trivial solution is

of no interest here, so Ui'(8) must remain positive for

8

< O. With Ui'(8) > 0 for

8 < 0, then U1 (8) cannot approach zero for 8 < O. Hence we conclude that the
local solution of IVP-3 given by Theorem 1, can be continued for

8

< 0 till U3(8)

approaches zero. We shall investigate this further in the following theorem.
THEOREM

3. Consider the initial value problem (IVP-3), defined by equation
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(5.2.1). Let b be the largest positive number such that the solution of this
initial value problem can be continued uniquely in the interval ( -b, 0). Then as
s --. -b, either U3 (s) approaches zero or U3 (s) grows above its initial value Vo
in (-b, 0).
PROOF OF THEOREM 3: Since b is the largest positive number such that the
solution of IVP-3 can be continued uniquely in (-b, 0), then if lim U1 (s) is
6-+-6

finite with U1(S)U3 (s) positive in·this interval, by Lemma 4, the solution can be
continued further than -b. Assume that U3 (s) <

Va in (-b,O) and that one of

the following cases occurs:

= 00
b) lim U1(s) = 0, or
8-+-6
c) lim U3 (s) = O.
6-+-6
a) lim U1(s)
8-+-6

We can eliminate cases a) and b) if U3 ( s) is bounded in (-b, 0). For
ease in computations, we shall let t = -s and consider U = U(t), with

tt = (').

Case a. Suppose U3 (t) is less than Vo and U3 (t) is bounded on (0, b).
Then on this interval, we have 0 < U{'(t) ~ VOU1(t)

+ JU1(t)VO.

since U3 (t)

is bounded, it must be U1 ( t) that approaches infinity as t approaches b. This
implies that U1(t) is very large near t

= b, so that U{' (t) < 2Vo U1(t) near b.

we let U{(t) = Z(t) in this last inequality, then by chain rule Z

t&

If

< 2VOU1.

Integrating this, we obtain Z2 < YoU; +C, which gives (U{(t))2 < V~U;(t)+C,
for some integration constant C. Taking the square root of both sides we obtain

o<

U{(t) < JVoU;(t)

+ C.

+ C < A(U1(t) + 1)
A(U1(t) + 1) < o. The

Since we know that JVoU;

for some positive constant A, then we have UHt) integration factor here is e- At and so we integrate this last inequality to obtain
(U1(t) + l)e- At < B for some constant B. This implies that (U1(t) + 1) < BeAt

near b. But since BeAt is bounded in the interval (0, b), then U1(t) must be
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bounded there also, and hence U1(t) cannot become infinite as t approaches b.
That means Case a) cannot happen if V (8)
Case b. Since U~'(t) = U1U3

Vo > 0 implies that

< Vo•

+ JU1U3

with U1(0) = 0 and U3 (0) =

U{'(t) cannot become zero in (0, b). This means that Case

b) cannot happen either.
This leaves case c) as the only possibility, hence we conclude that on the
interval (0, b), either U3 (t) approaches zero as t approaches b or U3 (t) surpasses

Vo, (i.e., either U3 (s) approaches zero as s approaches -b or U3 (s) surpasses Yo).
This completes the proof.
LEMMA 5 .. Let W
Suppose f : W

-+

~

E represent an open set in a normed vector space E.

E has Lipschitz constant L. Let U 2 (t), U1(t) be solutions to

the vector initial value problem ~~

= f(t, U), U(to) = Uo, on the closed interval

[to,t]. Then fort E [to,t],

(6.2.1a)

This lemma is proved by Hirsch and Smale in reference (35). We shall
use it here, without proof, to demonstrate that the continued solution of IVP-3,
given by Theorem 3 depends continuously on the initial data.
To see that this is the case, we need to replace the normed space, E in
Lemma 5 by R 4, assign R4 with the uniform norm, and define the set W ~ R4 to
be any bounded open set in R4 which is bounded away from the planes U1

=0

f, in Lemma 5 as the right hand side of IVP-3,
R 4), and notice that f is Lipschitz continuous with respect

and U3 = O. We define the map,
(where

f : R4

-+

to any U in the set W. We observe from Theorem 2 (Section 5.3), that the
local solution of IVP-3( about the origin) is continuously dependent on Va on the
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interval [-m, 0], and in particular at s = -m. From Lemma 4, we know that
this local solution can be continued beyond s = -m, (in s
approaches zero or (at least) U3 (s) surpasses
the Lipschitz condition for s

<

Yo.

< -m)

until U3 (s)

This implies that

f

satisfies

-m until U3 (s) approaches zero. From Lemma

5, this in turn implies that for s

< -m,

the extended solution is continuously

dependent on the data at s = -m, which in tum is continuously dependent
on Vo. Hence, the extended solution must also be contiI:mously dependent on

Vo. Thus provided the continued solution stays in the set W, it is continuously
dependent on Vo. We summarize these conclusions in the following lemma.
LEMMA 6 . . For the positive constant b given in Theorem 3, the individual

solutions of the initial value problem (5.2.1) are continuous with respect to the
initial value Vo, on the interval (-b, 0).
PROOF OF

LEMMA 6: Lemma 6 follows as a consequence of Theorem 3, Lemma

4, and Lemma 5.
In most of what we have done so far, we have implicitly assumed that
the initial data,

Yo, is given.

However, this is not the case (see the definition of

Vo in (3.9.1g)). We now turn our attention to proving the existence of Vo.
6.2. Existence of the Initial Value Vo
With Theorem 1, we demonstrated the local existence of a solution
of the initial value problem (5.2.1) in some nieghborhood of the origin for an
assumed initial value

Yo

= U3 (0). In the last section, we showed that this local

solution is continuable till U3 (s) approaches zero or U3 (s) surpasses Vo for s < 0,
and that this continued solution is continuously dependent on the initial data.
Our aim here is to establish that there exists, at least, one value of Yo such that

U3 (s) -. 0 as s -.

-00.
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For reference, we list the initial value problem (5.2.1), and as previously
said we label it IVP-3.

UHs)

= U2 (s)

U~(s) = U1(S)U3(s)
U~(s) =

+ VUl(S)U3(s)

U4 (s)

U~(s) = U1(S)U3(s) - VUl(S)U3(s)

U1(0)

= U2 (0) = U4 (0) =

°

(IVP - 3)

U3 (0) = Vo = 144a (Vo > 0).
We start by defining the following sets:
1= {Yo : U3 (s) has a positive minimum for some s E (-oo,O)}

= {Vo: U3 (s) becomes zero for some s E (-oo,O)}
K = {Yo : (Vo rI. I) U (Vo ¢. J)}.
J

LEMMA 7. Consider IVP-3. The set I is nonempty, open and inf(Vo) exists.
I

The set J is nonempty, open and sup(Vo) exists.
J

COROLLARY. The set K is closed, nonempty, and In J

= 0.

PROOF OF LEMMA 7: A) Proof that I is nonempty. For notational convenience,
we shall let Ml and M2 denote many different positive constants independent
of Yo. Let Vo be large. Consider the solutions U1(s) and U3(s) corresponding to U3 (0) = Yo.

Let L be the interval on the nonpositive s-axis where

U1(S)U3(s) < 4 and U3(s) < Yo. It certainly includes points close to the origin
since U1(s) is small there, (U1(0)
be verified later) that
U~'(s)

= 0).

Jt < U3(s).

Denote L

= (-a,O].

Then in L, U1(S)U3(s)

In L, assume (to

+ JU1(S)U3(s)

=

< 3VUl(S)U3(s) and U1(S)U3(s) - VU1(S)U3(s) > -VU1(S)U3(s), so
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that VUI(S)U3(s) < U~'(s) < 3VUI(S)U3(s). Hence for two constants MI and

M 2, MI Vol/2Ui/2(S) < U~'(s) < M2VoI / 2ui/2(s) in L. If we let Z(s) = dYa! then

< Z t& < M2 v;/2ui/2(s). Integrating
l 2
once from s to a (noting that Z(O) = 0), we obtain Ml VO / Ut/ 2(S) < Z2(s) <
M2 VOI/ 2Ut/ 2(s). Since we know from the differential equation that Z < a in L,
then -MI Val / 4U;/4(S) > dYal > -M2VOI/4U;/\s). Integrating this once again
Z

t&

= U~'(s), hence MI VOI/2Ui/2(S)

4 > -ui/\ s) > M2 V l / 4s. From this we obtain
o
MI Vos4 < UI(s) < M 2Vos\ where the constants Ml and M2 in the later in-

from S to 0 we obtain Ml Vol / s

equality are different from those in the former inequality. (As already pointed
out, we shall use MI and M2 to represent different constants.)
At the left boundary point of L, where s
or U3 (s)

= Yo.

Suppose U3 (-a)

= Vo.

= -a, we have Ul (S)U3(s) = 4

Since we started off with UHs), being

positive (and with U3 (0) = Vo), for U3(s) to become less than Vo in L, and attain the value Vo again at s = -a, then U3 (s) must possess a positive minimwn
and hence Vo must be in I. This implies that I is nonempty and we are done.

< U3(s) < M2VO in L, then
at s = -a, we have MI Va-I < Ul(S) < M 2Va- I . But from MI Vos4 < Ul(S) <
M2 VOS4 and the last inequality it follows that Ml Vos4 < MVo- l < M2 Vos 4 at
s = -a, for some constant M. This last inequality implies that Ml VO- 2 < S <
M2 Vo- 2 and hence that MI Vo- 1 / 2 < S < M2 Va- l / 2 at the left boundary point
Let us then take UI (-a)U3(-a) = 4. Since MIVO

l 2 < a < M V - l / 2. In L, -MIVUl(S)U3(s) < U~'(s) <
2 O

of L. Thus M 1 VO
- /

M2VU I (S)U3(s). Thus -Ml Vol/2Ui/2(s) < U~'(s) < M2VOl/2Ui/2(s). Since
Ml Vos4 < Ul(S) < M2 Vos4, then -MI VOl/2(Vo1 / 2S2) < U~'(s) < M2 VOI/2(VOl/2S2)
and -MIVOS2 < U~'(s) < M2VoS 2. Integrating once from s to 0, we obtain

MI Vos 3 <

UH s) < - M2 VOS3.

Integrating this once again from s to 0 we obtain

-Ml Vos4 < Vo - U3( s) < M2 Vos4. Since Ml V;l/2 < 0 < M2 VO- l / 2, then at
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< Va - U3 ( -a) < M2 VO- I , which
is small for large Va. Since this is small, we have verified indeed that U3 (s) > J?
s = -a, the former inequality gives -MI VO-

I

in L, as was assumed.
Now consider the region where UI (S)U3(s) > 4 and

Jt < U3(s) < Yo.

Here of course, we have UI(s) greater than UI ( -a), hence UI(s) > MI Vo-I. This

> (MIVo-I)Va = MI' But since UI (S)U3 (s) > 4, we
know that U~'(S) = UI (S)U3(s) - y'UI (S)U3(s) > ~Ul(S)U3(S); hence U~'(S) >
MI, for some constant MI' Since Ml Vas 3 < U~(s) < -M2VaS 3 in L, then at S =
-a, we have -Ml Voa3 < UH -a) < M2 Vaa 3. With M2 Vol/2 < a < M2 VO- 1 / 2 ,
then the previous inequality implies that -Ml Vo- 1 / 2 < UH-a) < M2V;1/2.
Now integrating U~'(S) > MI from s to -a, we obtain UHs) < MIS + MIa +
UH -a). Since -Ml Voa3 < UH -a) < M2 Voa3 and since Ml Vo- 1 / 2 < a <
M2 VO- 1 / 2 , then we obtain U~(s) < MIS + MIa + M2 Voa3, from which UHs) <
implies that UI (S)U3 (.c;)

2, for some constant M. Integrating once again from s to -a we
obtain U3(s) > U3( -a)+Ml(s2-a2)+M2 Vo- 1/ 2(a+s). Since U3( -a)U1( -a) = 4
Ml s + MVO-

1

/

t

and since MI VO- 1 < U1( -a) < M2 Vo- 1 , then U3( -a) > M - i = MVo for some
2 o
I2
constant M. With this, we obtain U3(s) > MVa +Ml (s2 -a2)+M2 Vo- / (a+s).

< a < M 2VO- I / 2, then U3(s) > MVo + MlS2 + M 2VO- I / 2S +
Ml Vo-I(M2 - M 1 ). Hence U3(s) > i\J(Va + Vo- 1/ 2s + S2) for some constant
Since

MI VO-

I 2
/

M (and large Va). Now consider the function G(s) = M(Vo + Vo- 1/ 2s + S2).
3
This function attains the value Vo at -MI VO- 3/ 2 < s < -M2 Vo- / 2 and has a
minimum at = - ~ Vo- 1 / 2 • At this minimum point, G( s) has the value M(Vo ~Vo-l), which is very close to MVo and hence larger than

Jt for large Vo.

U3 (s) > G(s), then for large Va, U3 (s) must be greater than

Since

.!f before attaining

< 0, and with
U3(s) > G(s), then U3(s) does attain the value Vo at some value of s < O. Now
the value Va. With G( s) attaining the value of Vo at some s
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with U3(0) = Yo, U~'(s) = U1(S)U3(s) - y'U1(S)U3 (s), and U1(S)U3(s) > 0 for

< 0, U3 (s) starts decreasing below Vo for s < o. This means that for U3 (s) to
start off at s = 0 with a value of Vo, then starts decreasing for s < 0, and attains
a value of Vo at some s < 0, it must possess a positive minimum somewhere in
s < o. This is true for all large enough values of Vo, hence all large enough
S

values of Vo lie in I and I is nonempty.

B. Proo/that I is Open. Suppose that the solution U3 (s) has a minimum

= -a < o. At this point, UHs) = 0 and U~'(s) 2:: o. We want to exclude
U~'(-a) = o. If U~'(-a) = 0, then from U~'(s) = U1(S)U3(s) - y'U1(S)U3(s), we
must have U3(-a)U1(-a) = 1. But we know that (U1(S)U3(s))' = UHs)U3(s) +
U1(s)UHs), and since UH-a) = 0, then we must have (U1(S)U3(s))'I,,=-a =
at s

UH -a)U3(-a). Since U~'(s) = U1(S)U3(s) + y'U1(S)U3(s) is always positive for

s < 0, then U1'(3) is always negative for s < o. This implies that (U1(s )U3(s))'ls=-a

=

UH-a)U3(-a) is always negative for s < 0, (recall that both U1(s) and U3(s)
must always be positive).

Since U~'(s)

=

U3(S)U1(s) - y'U1(S)U3(s), then

U~"(s) = (Ul(S)U3(S))'-(Ul(S)U3(S))'/2y'(Ul(S)U3(S). But (U1(S)U3(s))'ls=-a =

UH-a)U3(-a) and U1(-a)U3(-a) = 1,henceweobtainU~"(-a) = ~UH-a)U3(-a) <

o.

This means that U3 (s) takes values less than U3 (-a) for s near -a, but larger

than -a. This contradicts the fact that U3 (s) has a minimum at s = -a, hence
we conclude that

U~'( -a)

is positive. This then means that there are numbers

al < a < a2 such that U3( -a) < U3( -ad and U3( -a)
ity of U3 (s) with respect to

Vo,

(Lemma 5), when

Vo

< U3( -a2). By continu-

is changed by a sufficiently

small amount, these two inequalities still hold. Thus for the changed

Vo,

U3 (s )

still has a minimum some where in the open interval ( -a2, -al) and the new Vo
is still in I. This means that I is open.

104

c.

Proof that J is Nonempty. Let

*

YO be a small enough positive number.

Let the set L1 = (-a, 0), be the largest set on which

< Ua(8) < Vo and on

which U1(8)Ua(S) < 1. (Notice that L1 is nonempty since Ua(O)

= Vo, U1(0) = 0,

with Ua(s) starting off by decreasing as s decreases and U1(s) starting off by
increasing as s decreases). Now repeating calculations exactly similar, (hence
we will not repeat them here), to that used in proving that I is nonempty, we
obtain that on L 1, M1 Vas 4 < U1(s) < M2 Vos4 . (Once again, we are taking

M1 and M2 to represent various different constants independent of Va.) Since
M1 Vo < Ua(s) < M2VO in L 1, then we know that M1 Vo2s4 < U1(s)Ua(s) <
M2Vis4 in L 1. Note that Vis 4 < 1 for lsi < MVo- 1/ 2, which is » 1, when
M1 VU1(S)Ua(s) < U~/(S) < M2VU1(S)Ua(s). This last inequality implies that
M1 Vos2 < U~' (s) < M2 Vo s2. Integrating once gives M1 Vosa < UH s) < M2 Vosa ,
and integrating again from s to 0, we obtain M1 Vas 4 < Va - Ua(s) < M2VOs4.
This last inequality means that Va must reach

Vo

~

*.

*

in an interval oflength 0(1) (as

0). From the definition of LI, on that interval oflength 0(1), U1(s)Ua(s) <

1. This means that Ua( -a)

=

Next let L2 = (-b, -a] be the maximum interval to the left of Lion
which U1(s)Ua(s) < 1 and 0 < Ua(s) <

*

U~/(S) = U1(s)Ua(s) - VU1(s)Ua(s)

must continue to decrease from

*.

Since U1(s)Ua(s) < 1 in L 2, then

< 0, so Ua(s) cannot start increasing; it

as we move to the left.

= -b, either U1 (s)Ua(s) = 1 or Ua(s) = O. Since at s =
-a, Ua(s) = O(Vo) and UHs) = O(Va) also, and U~/(S) < 0, we know that Ua(s)
Therefore at s

attains the value zero when s has decreased from -a by an 0(1) amount. On
such an interval still, M1 VU1(s)Ua(s) < U~' < M2VU1 (S)Ua(8) < VVau1 (s),
(i.e., U1 Ua + JUIU~ < M~ for some constant M, if U1Ua < 1). We can
now' integrate U~/(s) < M VVOU1(s) as before, to obtain U1 (s) < MVas 4 •
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Thus U1 (s)Ua(s) < V02 s4 < 1, and U1 (s)Ua(s) cannot attain the value
one before Ua(s) vanishes. Therefore Ua(-b)
enough. Therefore we know that for
0(1) value of s, (Vo

~

= O.

All this was for

Yo small

Va small enough, Ua(s) vanishes for some

0). This means that all small enough Vo are contained in

J, hence J is nonempty.

Yo be ill J. Let U1 (s) and Ua(s) be the
corresponding solutions of this Vo-. By definition, there is a number a > 0 such
that U3( -a) = 0, with UHs) > 0 for s in (-a, 0). If this was not the case, then
there would be a point So in that interval at which U3(s) > 0, U~(s) = 0 and
D. Proof that J is Open. Let

U~'(s)

= O.

But we showed that a point such as

that I is open. At s

= -a,

UH -b) >

cannot exist when proved

by differential equation, of course U1 (S)U3 (s) < 1

for -a < s < -b. Then in this
interval UHs) >

So

intervallJ~'(s)

< O. This means that in this

O. If J is not open, there is a Va which satisfies

all the above, such that there is a sequence of numbers, €n, such that if U3n (s)
is the corresponding function to U3(s) with the initial data U3n (0) = Va
where Va

+ €n

+ en,

is not in J, (so that U3n (s) never vanishes), then by continuous

dependence on Va, lim

n-+oo

€n

= 0 and U3n (s) approaches Ua(s) for every s > -a.

Therefore we can take a diagonal sequence, Sn, converging to -a, such that the
following limit relations hold on that diagonal sequence:

lim U~n(sn)

= U~( -a) > 0,

lim U~'n(sn)

= U~'( -a) = O.

n-+oo

and
n-+oo

But since all the U3n (s) are positive everywhere, and in particular to the left
of Sn, this could only happen if

U~'n(s)

becomes independently large as n

~ 00
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someplace in the interval (-a, sn). But at such points
U~'( -a)

U~~(s)

must approach

= O. This is a contradiction. Therefore the assumption that J was not

open is false, hence J is open.
E. Proof that inf(Vo) and the sup(Va) Exist. Note from Theorem 3 and
J

I

the definition of J, that if Vo is in J, then U3 ( S ) is certainly bounded above by Vo.
Now, suppose that sup(Vo) does not exist. Then we can make Vo arbitrarily large
J

and still have the corresponding U3 ( s) become zero in (- 00, 0). This can only
happen if the set I is empty. Since I is nonempty, then we have a contradiction;
hence sup Vo exists. The existence of sup(Vo) implies, (we can easily obtain
J

J

similar contradiction by assuming inf(Vo) does not exist and making Vo become
I

arbitrarily small), the existence of inf(Vo).
I

THEOREM

4. Consider (NP.3). There exists at least one value of Vo such that

U3 (s) approaches zero as s approaches negative infinity.
PROOF OF THEOREM

4: First, notice that if Vo is in the open set I, then U3 (s)

has a positive minimum and hence U3 (s) cannot approach zero as s -+

00.

Also

if Vo is J, U3 (s) becomes zero in (-00,0), but by the definition of J, we know
that U3(-00)

f:.

O. We are therefore left with the set K. If Vo is in K, U3(s)

does not possess a positive minimum and U3 (s) does not become zero for s in

(-00,0). But any given Vo, (we know from the differential equation that) U3 (s)
starts by decreasing in the neighborhood of s = O. Since U3 (s) does not have a
positive minimum for any Vo in K, then U3 (s) must be monotone decreasing for
any Vo in K. If U3 (0) = Vo, and U3 (s) is monotone decreasing as s decreases,
and does not become zero at some point in (-00,0), then U3 (s) must approach
zero as s -+

-00.

Since K is nonempty, then there exists at least one value of

Va in K such that U3 (s)

-+ 0 as

s -+ -00.
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6.3. Asymptotic Behavior of the Solution as s

- t -00

As specified in equation (5.1.2) the solution of the initial value problem
(5.1.1) must satisfy the following additional requirements:
(6.3.1a)
(6.3.1b)
Observe that (6.3.1) also implies that
(6.3.2)
It has been demonstrated by Professor P. C. Fife (in a joint paper to

appear (24)) that (6.3.1) is satisfied by the solution of (5.2.1). We briefly quote
the results here as a theorem and the proof can be found in that paper.
THEOREM

5. Consider the following boundary value problem;

U~'(s) = U1(S)U3(S)

+ JU1(S)U3(s)

(6.3.3a)

U~'(s) = U1 (S)U3(s) - JU1(S)U3(s)

(6.3.3b)

U1(0)

= U~(O) = 0

(6.3.3c)

UHO) = U3( -00) = 0
Let U1 (s) and U3(s) and U3(s) be solutions of (6.3.3) which are positive
for s

< O. Then
U1(s) = s2(1 + 0(1)) as s
U3 (s) = s-2(1

+ 0(1))

as

- t -00

s -t

-00.

(6.3.4a)
(6.3.4b)

Observe from these results that solution of (6.3.3) satisfies (6.3.2) also.
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CHAPTER 7
NUMERICAL SOLUTION OF THE LAYER #1 PROBLEM
AND THE DETERMINATION OF THE MASS FLUX
7.1. Introduction
The thin layer #1 problem as defined previously consist of following
boundary value problem:

Juv

(7.1.1a)

U"(s) = UV + Juv

(7.1.1b)

U(O) = U'(!») = V'(O) = 0

(7.1.1c)

V"(s) = UV -

YeO)

= Vo > 0
U(s)

I'V

(an unknown constant)

s2
1

V(s)1'V s2

(7.1.1d)

as

s

~ -00

(7.1.1e)

as

s~-oo

(7.1.1£.)

By making suitable variable transformations and choosing our starting
point as the point s = 0, we are able to recast (7.1.1) as the following initial
value problem:

UHs) = U2 (s)
U~(s) = U1 (S)U3 (s)
U~(s) =

U~(s)

+ y'U1 (S)U3 (s)

(7.1.2b)

U4 (s)

(7.1.2c)

= U1 (S)U3 (s) -

y'U1 (S)U3 (s)

U1 (0) = U2 (0) = U4 (0) = 0

U3 (0)

= Vo > 0

(7.1.2a)

(an unknown constant).

(7.1.2d)
(7.1.2e)
(7.1.2f)
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Under the additional requirements that
U1 (s)
U3 (s)

fV

S2

1
fV

8

2

as

S -+ -00

as

8

-+ -00.

(7.1.3a)
(7.1.3b)

Notice that this last requirement implies that
(7.1.3c)
In the previous chapters, we established that for some suitable value

(s?) of Vo, the initiai value problem (7.1.2) has a solution that satisfies (7.1.3).
It is our aim here to demonstrate the existence of such a solution numerically,

and (if possible) to obtain a numerical estimate for the unknown constant

Va.

Since the value of Vo is unknown at our starting point, the obvious expedient
approach to a numerical solution of (7.1.2) is the method popularly called the
Shooting Method. This method is normally used for the numerical integration
of two point boundary value problems. It involves choosing values for all of the
dependent variables at one boundary point in such a way as to make them dependent on arbitrary free parameters. This choice must be made in a way that
keeps the dependent variables consistent with the prescribed conditions at the selected boundary point. To start the program, the free parameters are randomly
guessed, and the system of differential equations is integrated with an initial
value method starting at the chosen boundary point. The integration is continued until the second boundary point is reached, where discrepancies between
the obtained solution and the specified boundary conditions can be expected to
(and usually do) occur. Then a multidimensional root-finding procedure is used
to find adjustment of the free parameters, at the starting boundary, that zeros
the discrepancies at the second boundary (see (54) for instance).
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Due to the nature of our boundary value problem of interest (see (7.1.2)
and (7.1.3)), we could not use the regular shooting method without modification.
For one thing, the left boundary condition of our system is an asymptotic condition rather than a fixed boundary condition. This predicates that we modify
the regular shooting method in such a way as to accommodate this characteristic. Thus instead of comparing discrepancies at a specified boundary point,
we modify our shooting procedure so as to compare behavior of the solution in
a specified interval. This type of modification is dictated by the structure of
our system of equations and by the asymptotic nature of one of the boundary
conditions. To see that this is the case, notice that our system of equations is
such that the product U2 (S)U3 (s) must remain nonnegative at all times. From
the differential equation also (see (7.1.2a, b)) observe that Ul(S) remains positive for s < O. Hence to insure that U1 (S)U3 (s) remains nonnegative for s < 0,
it is only necessary to monitor the behavior of U3 (s) carefully and insure that
the integration is stopped once U3 (s) becomes zero with a positive slope (note
that U4 (s) is the slope of U3 (s)). This last condition turns out to be the only
necessary constraint for the initial numerical investigation of our system of equations, using any randomly selected value of

Yo.

Once this initial investigation

is complete, we observe that the preliminary results do indeed agree with the
theoretical results, hence we could use insight from these results to modify the
regular shooting method so as to suit our problem of interest.
Our modification is implemented in the following way. Instead of integrating our system from s = 0 to a fixed value of s, we let the integration
continue until one of three things happens:
(1) Either U3 (s) grows above a selected value (much larger than Yo),

(2) U3 (s) becomes zero with a positive slope for a finite value of s,
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(3) or none of the above two things happens.
If U3 (s) does not become zero and U3 (s) does not grow above the specified

value, (this case was never encountered) the program is allowed to run until
a preselected value of s is reached at which point the program terminates. If
U3 ( s) becomes zero with a positive slope, then the largest value of the slope in

an interval of length unity (per choice, and measured backwards towards the
origin from the point where U3 (s) became zero), is compared to a selected small
number. If the slope of U3 ( s) is less than or equal to this number in the specified
interval (i.e., 0 :5 U4 (s)

< 10- 3 in our program), then the program stops and

returns the guessed value of Vo, giving this result, as an estimate for the correct
value of Vo. Now if U3 (s) becomes zero for a finite value of s, and the slope of
U3 (s) is not small enough (in our specified interval), we use Newton's method

(as one might do for a regular shooting method) to compute an adjustment for

Vo. However, if U3 (s) grows above the specified value (maximum of U3 (s) = 60
for our program), the next guess for Vo is obtained by taking the average of the
current guess for Vo (i.e., the one giving the growing result), and the saved last
guess of Vo giving a solution, U3 ( s), that became zero at some finite value of

s. In fact, what we have done here is to make a modification of the shooting
method in such a way as to provide the solution of (7.1.2) and an approximate
value of Vo such that this solution approaches zero (as Vo is refined and) as
s -.

-00.

Of course, this is the specified behavior of our system of equations

(see (7.1.3c)).
In our project, once we were able to write a suitable program for the
iterative adjustment of Va, all that was left was to obtain another suitable program that solves the system of nonlinear initial value problems, given the initial
conditions. Since our system of differential equations are nonstifi', a very sophis-

112

ticated differential equation solver was not required. However, for expediency
and precision, we chose to use the IMSL routine called DVERK for our integration. Since IMSL subroutines are well established, our choice guarantees that
the solution obtained for any given value of Vo is as accurate as possible.
7.2. Results and Discussions
Several solutions corresponding to different values of U3 (0) were obtained. However, we chose to present five sets of solutions here because they
illustrate the following relevant observations:
a) There appears to be one and only one value, of U3 (s) for which U3 (s) --. 0
as s --. -00 with U3 (0) = Vo.
b) For any value of U3 (0) greater than Vo, both U1 (s) and U3 (s) grow unbounded without ever becoming zero for s < O.
c) For any value of U3 (0) less than

Vo, U3 (s) becomes zero for a finite value of

s in (-00,0).

Figure 1 illustrates the points made in (a). The estimate obtained for Vo
in the solution displayed on that figure is Vo

~

1.2446. The observation here is

that when a value of 1.2446 is used as the initial value, the solution becomes zero
at s = -9.13 (and becomes zero at numbers larger than s = -9.13, for smaller
initial values), and when values greater than 1.2446 is used as the initial value,
the solution, U3 (s) starts decreasing, and continues to decrease as s decreases
till a certain point is reached beyond which U3 (s) starts to grow and never turns
back. In each of these later cases, U3 (s) was never zero, but remained positive.
Hence U3 (s) possessed a positive minimum for the upper limits.
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Figure 1. Numerical solution of equation (7.1.1a-d) for Vo = 1.2446.
(Legend: A

= U1 and B = U3 X 10.)
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Figure 2 and Figure 3 illustrate the observation made in b). Our initial
values in Figures 3 and 4 are U3 (0) = 1.3000 and U3 (0) = 1.2460 respectively.
These values were chosen close to the estimate

Yo

~

1.2446 in order to illustrate

how much of an effect is produced by such a relatively small difference. In each of
these two cases U1 (s) increases continuously as s decreases, while U3 (s) starts off
decreasing, then turns around and increases and continues to increase without
ever becoming zero as s decreases from its starting value of zero. Obviously
U3 (s) has a positive minimum for these initial values.

Figures 4 and 5 illustrate the observation made in (c). The starting
values used in these figures are U3 (0)

= 1.1000 and U3 (0) = 1.0000 respectively.

Once again, we chose these values close to the estimate Vo

~

1.2446 in order

to illustrate the possibility for uniqueness of Vo, and to demonstrate the effect
produced by varying Vo slightly. Notice that in Figure 4, U3 (s) becomes zero at

s = -4.23, while in Figure 4, U3 (s) becomes zero at s = -4.05. Now compare
these values to s = -9.13 obt ..uned for U3 (0) = 1.2446. As one can observe,
refining the value of U3 (0) decreases the point on the negative s-axis at which

U3 (s) becomes zero. While it is theoretically possible to obtain a numerically
exact value of Vo for which U3( -00) = 0, this in fact, may not be practical since
the endpoint is not finite. In view of this fact, we did not continue to refine our
estimate for Vo any further.
Finally, each of the graphs was plotted using a library routine (an
NCAR plotter) called EZMXY. The approach here is to supply a data file (the
results from DVERK) which is used as an input to the calling statement that
activates the plotter. The result is a display of the content of the data file in a
graphical form. We point out at this juncture that while DVERK was able to
obtain nontrivial results,it was, in fact, necessary to start off slightly away from
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the origin for this to be the case. For instance, starting off with the initial data

(0,0, Vo, 0) resulted in DVERK returning the (trivial) inputs as the solutions
also. Hence, our approach was to start off at

S

=

small positive number). Then we set each Pk(S), k

-€,

(with

= 1,2,3,4,

€

being a very

to zero in the

local solution of Theorem 1, (5.2.2). We evaluate the remaining expressions
in (5.2.2), (after setting Pk(S) = 0), at S

= -€ and

use the result as the ini-

tial input into DVERK. A typical input starting at

Va

~

S

= -0.1 for the value,

1.2446, is (10- 6 , 10- 5 , 1.2446, -10- 5 ). Interesting enough, inputs such as

(10- 6 ,0,1.2446,0) also give nontrivial solutions possessing the expected behavlOr.

In summary, we have demonstrated that the solution of IVP-3 shown to
exist theoretically in the previous sections, can in fact, be obtained numerically.
To minimize the possibility of human errors in the results, we opted to use tested
standard routines in our integration, as well as in our plotting. We also obtained
an approximation of the initial value

Vo. From every indication, one can infer

that the value of U3 (0) = Vo, for which Uo(s) -+ 0 as

S

-+

-00 is unique, and is

approximately 1.2446.
7.3. Determination of the Mass Flux Across the Flame
Recall that the thick layer temperature equation with the associated
matching conditions is

Dot' + Qe 2t = 0,

e< 0

(7.3.1a)

i(-oo) = T'(O-)

(7.3.1b)

o.

(7.3.1c)

t(O) = i(O) =

From the definition of t (equation 3.4.1a)) we also know that

t( -00) = -00.

(7.3.1d)
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Taking the first integral of (7.3.1a) we obtain (where C is an integration constant)
(7.3.1e)

Applying (7.3.1c) to (7.3.1e) we obtain

Q

C=-.

Do

(7.3.1£)

From the preheat zone solution (3.2.1g) we obtain
(7.3.1g)
From (7.3.1b) and this last relation we obtain
(7.3.1h)
Applying (7.3.1d) and (4.6.1h) to (4.6.1e) and making use of (4.6.1£) we obtain
(7.3.li)
In view of equation (2.3.2c) we can rewrite this as
(7.3.1j)
Hence the mass flux is directly proportional to the square root of the ratio of
the heat diffusivity and the (slightly modified, see equation (3.6.16)) sum of the
individual heat of reactions.
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CHAPTERS
CONCLUSIONS
In this dissertation we have studied a reduced model of multistep lean

Hydrogen-Oxygen deHagration system by means of high activation energy asymptotic analysis. In an effort to include as much of the chemical kinetic mechanism
as possible, we picked four reactions consisting of two chain branching steps, a
chain propagating step and a recombination step.
Our results indicate the presence of a new type of layer phenomenon
requiring a different kind of analysis than is currently seen in the literature.
First there is a thick layer inside of which is embedded a thin layer; the later
having characteristics completely different from the former, but with each layer
existing only in conjunction with the other. These results were obtained based
on the assumptions that
(1) the two chain branching steps have high activation energies, with that of the
first reaction step much larger than those of the rest,
(2) the recombination step has zero activation energy and
(3) that the concentration of the intermediate species remain relatively (to the
width of the layer and the magnitude of the input reactants) small.
These are, of course, reasonable assumptions in view of the fact that they reHect
what is observed in the real life Hydrogen-Oxygen reacting system.
The boundary value problem describing the thin layer turned out to
be nonstandard and also involved an unknown parameter. We proved existence
for both the unknown parameter and the boundary value problem. Our proof
of existence for the boundary value problem proceeded in four steps. First we
recast the boundary value problem to a system of initial value problems with
a starting point at (the origin) the right side boundary where the former does
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not meet standard existence criterium. Using these right-hand side boundary
conditions (these involved an assumed value of the unknown parameter Va) as
initial values, we proved local existence of a solution of the initial value problem,
in the neighborhood of the origin. Then we demonstrated the continuability of
the local solution till one of the components, U3 (s), becomes zero, for s <

o.

Finally we prove that the solution does satisfy the left boundary (the asymptotic
behavior) as s

~

-00.

To demonstrate the existence of the unknown parameter, Vo, we make
use of the so-called shooting method. Firsi., we show that for large enough values
of Vo, the solution U3 (s) possesses a positive minimum for s in (-00,0), and
hence cannot have the expected behavior as s

~

-00. Then we show also that

for small enough values of Vo, U3 (s) becomes zero in (-00,0); and once again
cannot have the expected behavior as s

~

-00. Finally, we demonstrate that for

another (intermediate) nonempty set of the parameter Vo, the only possibility
is for the solution to have the expected asymptotic behavior as s

~

-00. This

established the existence, though not uniqueness, of the parameter Vo.
We generalized our model to different parameter regions, by varying
the relative magnitudes of the intermediate species. This gave rise to two new
thin layers, each of which can exist independent of the previous thin layer;
but in conjunction with the one and only possible thick layer. The boundary
value problem describing one of the new thin layers turns out to be exactly the
same as that of the previous thin layer (including the presence of the unknown
parameter), hence we did not need a new existence result. The boundary value
problem describing the remaining new thin layer turned out to be fairly easy
and we could obtain a suitable solution without much trouble.
To obtain an approximation for the unknown parameter, Vo, while at
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the same time giving support to our existence results, we perform. a numerical
integration of the boundary value problem of interest. The numerical result
confirmed the theoretical results and gave the approximate value of the tmknown
parameter as

Yo

~

1.2446.

Having given rigorous fotmdation to our results, we proceeded to determine the mass flux, M, across the flame.

M =

y;_ jlij,

where

1'4-

The value obtained for M is

is the inlet mass concentration of hydrogen, Do

is the rescaled thermal diffusivity and Q is the modified sum of the heat releases
(see equation (3.6.1g)). Once the mass flux was known, the preheat profiles
became known also (see equation (3.2.1)).
Since the flame is extinguished as soon as the lean reactant (in this case
hydrogen) is depleted, then all profiles behind the flame layer (to leading order)
remained constant at their values in the layer. The final (constant and adiabatic)
flame temperature was also determined and is given by equation (2.3.2c).
In all this we have demonstrated how a reduced reaction scheme can be
used to model a much more complex reacting system tmder suitable assumptions.
The nature of our results brings attention to the necessity for understanding the
influence of complex chemical kinetics on combustion modeling. For one thing,
these results indicate, that layers obtained when many reaction steps comprising
of different reaction mechanisms are included in a model, is completely different
from those obtained using fewer reaction steps. Since including all the reaction
steps in a model of a complex reacting system results in a very complicated
(and somdimes tmtractable) model, then efforts must be made to devise reduced
schemes that display the essential features of the more complex system. Our
reduced system, we believe, is one of such schemes.
A possible improvement in this reduced scheme might consist of remov-
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ing the assumption of leanness. In such a situation, one would probably have to
make different assumptions on the ordering of the characteristic magnitudes in
order to derive the possible layers.
It is also possible to include a greater number of reactions as part of

the reduced model. This would only be justified if the additional reaction steps
bring with them other kinetic mechanisms.
In another direction, one could take this reduced scheme under the same
assumptions made here, and study the effect of flame stretch, the possibility
of flame extinction, multiplicity and temperature plateau, or even study the
stability of this reduced scheme under the same assumptions made here. For
any of these approaches, a substantial amount of research work is necessary.
Hopefully, we and other interested researchers should be able to pursue these
directions of research in our effort to unlock the mystery of the influence of
kinetics on chemical combustion.
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