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ABSTRACT 

Electromagnetic shielding by thin, perfectly conducting, two dimensional 

cylindrical shells over a lossy earth is investigated. The temporal frequency re

sponse of the exterior field due to a line source within the shell is computed. In 

particular we consider a three sided structure whose opening faces the earth. The 

formulation allows shells of arbitrary cross-sectional shape to be analyzed. The 

earth is modeled as a homogeneous half space with a planar boundary and fre- . 

quency dependent electromagnetic properties. The primary focus of this work is 

the detection of an internal line source by an external observer. Detection of an 

external plane wave by an internal observer is investigated to a lesser extent. 

Two solution techniques are presented. In the first, the induced current 

is obtained through a numerical solution of the frequency domain electric field 

integral equation (EFIE) at many discrete frequencies. The scattered fields are 

found from the usual integral relation. Transient results can be obtained through a 

numerical inverse discrete Fourier transform of the frequency domain fields. With 

this technique, both the detection of internal sources by an external observer and 

the detection of external sources by internal observers may be considered. It is 

found that the applicability of this formulation is limited since in the case of 

effective shielding, fields calculated from the EFIE are very sensitive to numerical 

errors, particularly near resonances of the closed shell. 

In the second technique the EFIE is again solved for the currents induced 

on the shell. The induced currents are used to calculate the electric field in the 
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aperture, and the aperture field is subsequently used to solve a combined-source 

integral equation (CSIE) for the external fields. It is found that the CSIE does 

not suffer from the numerical ill-conditioning that plagues the EFIE, and is well 

behaved at all frequencies. Unfortunately, the CSIE solution is not applicable 

to the case of internal observers and external sources. The CSIE is numerically 

compared with the EFIE for scattering in free space and excellent agreement is 

obtained. 

Additional numerical results are presented which indicate that the shell

earth combination is very effective in shielding the internal source. Interior modes 

are weakly transmitted to the interior for the case of a purely dielectric earth. For 

a lossy half space the response to an interior source is computed by several methods 

including the EFIE for the shell currents, an EFIE formulated with an equivalent 

short-circuit current, and the CSIE. The results indicate that the resonances of 

the closed shell are enhanced when the lower medium is lossy. A way from these 

modal frequencies the response is substantially decreased. 

In addition to the shielding problem, the related topic of scattering by 

thin perfectly conducting objects over a lossy earth is addressed. Numerical for

mulations for the solution of the integral equations are presented which deal with 

several troublesome aspects of the problem, including the incorporation of the 

correct edge singularities. A limited analysis of the errors incurred in the solu

tion of the integral equations is performed. Numerical calculations are presented 

which indicate that highly accurate solutions to the thin scatterer problem can be 

obtained. 



CHAPTER 1 

INTRODUCTION 
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While much of the study of electromagnetics is concerned with the gener

ation and propagation of EM energy, there are important situations in which the 

exclusion of such energy from a region is of interest. Motivations for EM shielding 

include a need to protect sensitive electrical components or biological mat.erial 

from strong incident radiation, and a desire to eliminate unwanted responses in 

EM detection instruments (e.g. receiver/transmitter crosstalk). 

Protection from electromagnetic transients that occur in the presence of 

shielding structures located over a half space is a topic of some practical impor

tance. Problems of this class can arise when electromagnetic sources or detec

tors are placed within buildings over the earth. For such problems, a quantity 

of interest is the degree of source/observer isolation provided by the building in 

conjunction with the lossy half space below. 

In this work a two-dimensional problem of the above class is considered. 

The problem geometry is presented in Figure 1-1. A TM-polarized source field 

interacts with a perfectly conducting, vanishingly thin, scattering body of height, 

h, and width, w. (Throughout this work the "TM" designation is used to indicate 

a field which is TM to the axial ii direction, i.e. a field in which the electric 

field component is parallel to the ii axis.) The objective of the analysis which 

follows is the evaluation of the scattered field for a range of frequencies and a 

number of observer positions. The sources considered in this work are either an 
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electric line source Js located at position r-; within the shell, or a TM polarized 

plane wave, incident from the upper half space. We take the upper half space, 

denoted as region 1, to be free space (E1 = EO, J.L1 = J.Lo, 0"1 = 0) and the lower 

half space, region 2, to be homogeneous with permittivity E2, permeability J.Lo, 

and conductivity 0"2. To achieve a realistic model of the earth both E2 and 0"2 are 

allowed to be frequency dependent. Only observation points which lie in the upper 

half space are considered. 

There are two fundamental difficulties which must be overcome in order to 

obtain the desired fields. The first problem is the efficient calculation of the field 

scattered by perfectly conducting objects over a half space. Work has been done 

in this area previously and is described below. For the problem of interest here we 

have the additional consideration that the method of calculation must be viable 

over a broad frequency range. 

The second difficulty is the evaluation of fields due to shielded sources or 

observers. Integral equations which solve for the currents producing the scattered 

fields can produce inaccurate field estimates when the point of observation is not 

in the illuminated region. This problem can be aggravated when the frequency 

corresponds to a resonance of the corresponding closed object. The topic of the 

evaluation of fields in the presence of shielding is independent of the presence of 

the half space, and these two problems can be considered separately. 

The present work is formulated in terms of frequency domain integral 

equations. The integral equations are numerically solved for the currents induced 

on the shell at many discrete frequencies. The time domain response may be 

computed with an inverse discrete Fourier transform (DFT). Because of the nature 
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Figure 1-1 A rectilinear thin conducting shell over a homogeneous half space. 
The height and width of the box are given by h and w respectively. Internal line 
sources (below) and plane wave sources (above) are considered. 
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of the formulation, arbitary shell shapes and temporal excitations may be treated 

without difficulty. 

The evaluation of fields due to two dimensional sources over a planar dielec

tric interface has received attention from several investigators in the past. Wait 

(1970), Wait and Spies (1971), and Hill and Wait (1974) have investigated the 

transient response of an interfacial line source over a lossy half space in the quasi

static (late time) limit using Laplace transform techniques. An extensive study 

of the time domain problem of an impulsive line source over lossless media using 

integration in the complex plane along the Cagniard contour was done by de Ho,op 

(1960;1979). The de Hoop analysis was extended to a lossy lower half space by 

Kuester (1984). Engheta et al., (1981) investigated the far field time harmonic 

response of a line source in the interface with observer locations in both the upper 

and lower half spaces for lossless media. 

The problem of scattering by perfectly conducting objects over a half space 

for time harmonic sources has also been examined. Butler (1984) obtained the 

induced currents on an interfacial strip in the presence of TM polarized plane 

waves for lossless media by numerical solution of the integral equation, and also a 

quasi-static result obtained in closed form. This work was extended first by Butler 

et al., (1985) to include cylinders in the upper half space, then by Xu and Butler 

(1986) to include the TE polarization, and finally by Xu and Butler (1987) to 

include partially buried obstacles for TM sources. A compact form of the solution 

developed for the interfacial strip by Butler (1984) was later exploited to compute 

the scattered fields (Butler, 1987) in a series form. 
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It may be noted that for frequency independent media the present problem 

can be formulated in the time domain using a time domain integral equation as 

done by de Hoop (1979) and Kuester (1984) for a simple line source. This method 

has the ability to deal with impulsive sources (which cannot be accommodated 

by the frequency domain formulation) and, depending on the implementation, 

may be more numerically efficient than the frequency domain formulation. In the 

present work an interest in frequency dependent € and ()" make a frequency domain 

formulation necessary. The price to be paid is a large computational burden and 

an inability to consider impulsive sources. As compensation it is found that the 

response to several different sources may be determined with minimal added effort. 

The issue of shielding is now considered. It is readily apparent that the 

solution to the EFIE yields the currents which produce the scattered fields. When 

the scattered and incident field substantially cancel one another (such as in the 

geometrical optics 'shadow' region) there will occur a loss of accuracy in the fi

nal result. The detrimental effect of this cancellation was noted by Schuman and 

Warren (1978) who used a result of Schelkunoff (1951) to construct an equiva

lent problem. The equivalent problem is not ill-conditioned (i.e., cancellation of 

incident and scattered fields is insignificant, so that the solution is not highly 

sensitive to numerical errors) and allows accurate evaluation of the fields in the 

shielded region. The technique of Schumann and Warren was later examined by 

Taflove and Umashankar (1982) who compared it to a hybrid time-domain finite

difference/method of moments formulation. In their finite difference formulation 

Taflove and Umashankar call attention to the importance of solving for the total 

field rather than the scattered field alone. Unfortunately, the technique used by 
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Schuman and Warren is not applicable to frequencies which correspond to reso

nances of the closed body. 

In addition to the difficulty of identifying a viable numerical scheme, there 

is a relative paucity of analytical results which can be used to check numerical 

shielding calculations. A notable exception is the dual series approach which has 

been used to obtain solutions for scattering by axially slotted infinite cylinders 

(Johnson and Ziolkowski, 1984; Ziolkowski and Grant, 1987) and spheres with cir

cular apertures (Ziolkowski and Johnson, 1987; Ziolkowski, 1987). Unfortunately 

the dual series approach has only been applied to cases where all boundaries of 

the scattering bodies lie on constant coordinate surfaces (i.e., concentric cylinders 

and spheres). A number of other numerical and analytical approaches have been 

reviewed by Lee (1986) and Van Bladel and Butler (1981) but none deal explicitly 

with the cancellation effect described above. 

In the present work an approach is presented which is based on the combined

source integral equation (CSIE) originally developed independently by Brakhage 

and Werner (1965), Panich (1965), and Leis (1965). The CSIE can be shown to 

have a unique solution at all frequencies, and provides accurate results for the 

case when the observer is in the external region. The case of an internal observer 

requires an alternative formulation, and is not discussed extensively here. 

The work is organized in two major sections. Chapters 2 through 6 com

pnse the first section and deal with the topic of scattering by objects over a 

homogeneous half space. The second section is composed of Chapters 7 through 

9 and deals with the problem of calculating fields due to shielded sources. 
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The discussion begins with the formulation of the frequency domain electric 

field integral equation (EFIE) in Chapter 2. The Green's function for this problem 

involves Sommerfeld-like integrals which are presented and discussed. 

In Chapter 3 the analysis of a preliminary problem is presented, that of 

scattering by an electrically narrow, infinitely thin, perfectly conducting strip in 

the vicinity of a lossy earth. It is shown that in the limit of a narrow strip close 

to the earth the Sommerfeld-like integrals take on a simple form. The resulting 

integral equation for the currents can be solved in closed form and makes manifest 

the exact form of the singularity in the induced current at the edges of the strip. 

Knowledge of this singularity can be used to advantage in the development of 

accurate numerical solution techniques. An abbreviated version of this material 

has appeared elsewhere (Baertlein et al., 1989) 

A significant portion of this work is concerned with the numerical formu

lation of the EFIE problem and the evaluation of the Sommerfeld-like integrals. 

These topics are discussed in Chapter 4. The solution of the integral equation is 

accomplished using the standard method of moments (MM) technique which is 

shown to involve integration of the Green's function against a set of expansion 

functions over the surface of the shell. Previous investigators have found the nu

merical evaluation of Sommerfeld-like integrals to be time consuming. Efficient, 

accurate methods of evaluating these integrals have been developed which may be 

extended to other polarizations and geometries. In addition, special techniques are 

presented to deal with the singular currents which appear at edges and corners. 

The models for the frequency dependent earth permittivity and conduc

tivity are presented in Chapter 5. These models, which are due to Messier (1982; 
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1985), are shown to satisfy the Kramers-Kronig (causality) requirements, and are 

parameterized by a DC conductivity and a high frequency permittivity. 

In Chapter 6 selected numerical results from the EFIE formulation are 

presented. The results of Chapter 3 are compared with the numerical solution 

of the integral equation developed in Chapter 4. The accuracy of the numerical 

model is verified by comparing the computed results with the few available closed 

form results. Selected test cases are presented which illustrate some aspects of 

the numerical work for thin scatterers. The accuracy of these EFIE solutions 

is studied by comparing the errors incurred for different representations of the 

unknown current. 

Methods of dealing with shielding problems are discussed in Chapter 7. 

The method of Schuman and Warren is presented and difficulties with its use 

noted. The CSIE is developed and applied to the present problem. 

Modifications of the numerical methods developed in Chapter 4 are re

quired for the CSIE. In particular the CSIE requires the evaluation of additional 

Sommerfeld-like integrals. These changes are discussed in Chapter 8. 

Relevant numerical results for the shielding problem are presented in Chap

ter 9. The hybrid EFIE/CSIE formulation is verified numerically by comparison 

with the EFIE in a case of minimal shielding. 

Finally in Chaptp.r 10 we summarize the results and make recommenda

tions for future work. 
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CHAPTER 2 

FORMULATION OF ELECTRIC FIELD INTEGRAL EQUATION 

It is well known that when B/By = 0, electromagnetic solutions can be 

obtained in terms of Ey (TM case) or Hy (TE case). We consider only the TM 

case. The usual decomposition of Ey into incident and scattered fields gives 

(2 - 1) 

where E~ is the field in the absence of the additional scatterer and E~ is the con

tribution necessary to satisfy the boundary condition at the perfectly conducting 

surface. For TM excitation, a y-directed surface current Jy will be induced in the 

shell. The derivation of the frequency domain integral equation satisfied by the 

induced current is straightforward and is done elsewhere (Butler et al., 1985). For 

completeness, relevant aspects of the theory have been given in appendix A. 

The integral representation of the fields scattered by a perfectly conducting 

object requires an integral along the surface of the scatterer. In the following 

analysis the surface of the shell has been parameterized as res) = xx(s) + zz(s) 

where S is the perimeter distance along the object surface. We take r( sex) and 

r(s/3) to be the ends of the object. For a closed object we have T(sex) = T(s/3)' 

In the following analysis the Fourier transform of the time variation of the 

fields is considered. In this work the convention for the transform of a general 

function J(t) is given by 

:F[J(t)](w) = I: e-iwtJ(t)dt (2 - 2) 
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which implies the operational relation 

a . at <=? +zw (2 - 3) 

From this e+iwt time convention it follows that 

(2 - 4) 

where 9 is the Green's function appropriate to this problem given by the following 

Sommerfeld-like integral (Wait,1953) 

The symbols have the following meanings: 

Uj = Jk; - kJ; Re(Uj) ~ 0, j = 1,2 

kl = ko = wJ j.tO€o 

(2 - 5) 

(2 - 6) 

(2 - 7) 

(2 - 8) 

The following integral equation for the strip currents is obtained by moving the 

observer location to the surface of the scatterer: 

(2 - 9) 

where r( s) is a point on the strip. Retention of the limit outside of the integral in 

equation (2-9) is required since the Green's function has a logarithmic singularity 

at res') = res). 
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The integral representation of the Hankel function (Morse and Feschbach, 

1953, p.823) 

(2 - 10) 

allows g to be written in the following three equivalent forms: 

g(r, r') = ~iHa2)(kllf - r'1)-

~iHa2)(kl V(x - x l )2 + (z + ZI)2) + 2~ fer, rt) (2 - 11) 

= ~Ha2)(kllf- r'1) + ~J(r,rt) 
4z 2~ 

(2 - 12) 

= ~iHa2)(kllf- r'1)+ 

~Hd2)(kl - I(x - x l )2 + (z + ZI)2) + 21 K(r, rt) (2 - 13) 
4z V ~ 

where 

(2 - 14) 

(2 - 15) 

(2 - 16) 

The form (2-11) with (2-14) is similar to the classical decomposition of Sommer

feld integrals used by Banos (1966,§2.2). This expression for g has several limiting 

cases which are of interest and the simpler form of the kernel makes for less alge

bra in some analyses. The form (2-12) with (2-15) has some desirable numerical 
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properties which will be discussed in Chapter 4. The form (2-13) with (2-16) has 

no apparent advantages and is not considered further. 

For the TM polarization, the absence of poles in the denominator of the 

integrands precludes the existence of leaky waves. It is shown in Chapter 4 that a 

weak surface wave does exist; however, its contribution is insignificant for a lossy 

lower medium. 

The integrals in equation (2-14) through (2-16) are similar to the Sommer-

feld integrals which occur in three dimensional problems involving a half spa<:e. In 

general, the integrals cannot be evaluated in closed form, but in some important 

special cases simple expressions for (2-14) can be found. 

One special case occurs when source and observer are on the interface 

between two media with the same permeability. In this case we have z + z' = 0 

and (2-14) can be evaluated in the following closed form as shown by Wait (1970, 

p.25): 

(2 - 17) 

This fortuitous evaluation has resulted in a marked preference among researchers 

for interfacial scatterers and sources. In the present work it can also be used 

as a check on the results obtained by evaluation of the integral (2-14) through 

quadrature. 

A second special case occurs when the frequency is so low that displacement 

currents are negligible. The integral becomes 

1
00 e-(z+z')k.:r: 

J(r, t) ~ 2 (k ) cos[(x - x')kx]dkx 
o x +U2 

(2 - 18) 
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which has been evaluated in closed form (Wait, 1961) with the result 

where (:J± = ik2(Z + z' ± i(x - x')), HI is the Struve function of order one, and YI 

is the Bessel function of the second kind of order one. This result will be used in 

Chapter 3. 

Finally, if k2 ~ kI the integral (2-14) must approach the Hankel function 

given in (2-10). This last result may also be used as a check on any numerical 

evaluation. 
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CHAPTER 3 

A PRELIMINARY PROBLEM: THE QUASI-STATIC STRIP 

In the study of scattering by the shell illustrated in Figure (1-1) it is useful 

to understand the behavior of the solution of the integral equation (2-9) near the 

interface. In this section the analysis of another simple, thin scatterer over a 

dielectric interface is presented. Consider the two dimensional problem shown 

in Figure 3-1, in which a TM polarized source field interacts with a perfectly 

conducting, vanishingly thin strip of width L whose center is located at (xo, zo), 

and whose maximum and minimum distances from the interface are Z2 and Zl, 

respectively. The strip has an inclination angle 1> with respect to the vertical, and 

lies entirely in the upper half space. 

The objective of this section is to describe the behavior of the current 

on the strip, particularly near the edges, where the current is singular. For the 

case 21k21L « 1 and 21k21z2 « 1 an integral equation is obtained which may be 

solved in closed form. We have termed this case of an electrically narrow strip 

as "quasi-static", although the usual restriction for quasi-statics in this problem 

would be only kl L « 1. Both the closed form expressions for the strip current 

and the limiting expressions for the Green's function will be presented here. In 

Chapter 6 comparisons of the approximate closed form techniques developed here 

with the numerical solution of the exact problem (formulated in Chapter 4) will be 

given. Portions of the discussion in this chapter are also available in the literature 

(Baertlein et aI., 1989). 
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Figure 3-1 A perfectly conducting thin strip of width L and inclination angle 
<p with center at position (XOl zo). 
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3.1 Simplification of Green's function and Sommerfeld-like Integrals 

The formulation of Chapter 2 is easily specialized to the strip. The map

ping of the strip surface into the (x, z) coordinates has the explicit form 

f( 8) = x( xo + 8 sin cP) + z( zo + 8 cos cP) (3 - 1) 

The strip edges are taken to be 80/ = -L/2 and 8(3 = L/2. 

To specialize the integral equation to the quasi-static case the Green's 

function is first simplified in accordance with the milder restriction 2klL ~ 1. 

The small argument approximation for the Hankel functions allows the Green's 

function to be approximated as 

g(r,f!) ~ 2~ {-In [V(x - x' )2 + (z - ZI)2] 

+ In [j(x - x')2 + (z + zl)2] + I(r,f!)} (3 - 2) 

We locate the branch cut of the logarithm in the Hankel function along the negative 

real axis with the (~!.e convention that In( -1) = +i7r. 

To simplify the integral, a change of variable is performed which results in 

(3 -3) 

where 

(3 -4) 

(3 - 5) 

(3 - 6) 



If it is further noted that 

then the integral in (3-3) can be expressed in the decomposed form 

where 

1
1KI 

II = (VI - v2)exp[-vIkI(Z + z') - ikI(X - x')e]de 
-WI 

12 = roo (VI - V2) exp[-vIkl(Z + Z') - ikI(X - x')e]de 
ilKI 

1
-IK1 

+ -00 (VI - V2)exp[-vI kl (z + Z') - ikI(X - x')e]de. 
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(3 - 7) 

(3 - 8) 

(3 - 9) 

(3 - 10) 

For the case 21k21L ~ 1,21k21z2 ~ 1 the exponential factor is near unity 

and yields 

(3 - 11) 

which may be evaluated in closed form to yield 

II ~ -i~ (](2 - 1) + 1](1)IKI2 - 1 - 1](1)1](12 - ](2 

-In (1 + )1 - 1/1](12) + ](2 In (1 + )1 - K2 /1](12) 

- ](2 In(]() + (1(2 - 1) In 1](1 (3 - 12) 
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The analysis of 12 is slightly more involved. Let 12 = Ii + I:; where 

(3 - 13) 

The assumptions 21k21L ~ 1,21k21z2 ~ 1 allow the approximation of the expo

nential factor in (3-13) 

(3 - 14) 

where 

w± = kl [(z + Zl) ± i(x - x')] . (3 - 15) 

Recall the following expansion for the square root function 

00 

VI z = LdnZnj Izl < 1 (3 - 16) 
n=O 

where 

{

I, 
d -
n- (-~r!(!-I)(!-2) ... (!-n+1), n>O. 

n = OJ 
(3 - 17) 

Because power series may be integrated termwise within their region of conver-

gence, it is found after a change of variable and use of (3-16) that (3-13) can be 

approximated as 

(3 - 18) 



33 

The integrals in equation (3-18) may be expressed in terms of the exponential inte

grals E2n- 1(IKlw±) (Abramowitz and Stegun, 1970, §5.1.4) which, for IKw±1 « 1 

can be approximated to lowest order in 1](lw± as 

n = 1; 
(3 - 19) 

n>l 

where, = 0.57721 ... is Euler's constant. Collecting results we find 

The series may be evaluated by using 

00 n 1z 
1 

"'" dn-
z
- = z ,'> (.J1=( - do - d1()d(. L.J n-l o.,,~ 

n=2 

(3 - 21) 

where the integral may be done in closed form to give 

~ zn ~ Z Z [1-~l L.Jdn--=1-v1-z+-(ln(z)-1-2ln(2))---ln . (3-22) 
n=2 n-l. 2 2 1+~ 

If (3-22) is inserted into (3-20) and use is made of 

(3 - 23) 

where Iwl = Iw±1 = V(x - x l )2 + (z + ZIp then the following expression for h is 

obtained: 

12 ~ (I{2 - 1) ( -In(IK wI) - , + ~ + In(2)) - ](21n(]() 

_ .!.In [1 - Vl-l/I](12] + K2In [1- )1- K2/IKI2] 
2 1 + VI -l/IKF 2 1 + )1- K2/IKI2 

- IKIv'IKI2 - 1 + IKIv'IKI2 - K2 + (K2 - 1) In 1](1. (3 - 24) 



34 

When (3-12) and (3-24) are combined as in (3-8) the result may be expressed as 

I(r,~) ~ -In(lwl/2) - 'Y - i; + ~ - K;{~ 1 1n(K). (3 - 25) 

A very similar result can be obtained by a different method. If we neglect 

displacement currents in air then IKI2 ~ 1. As noted in Chapter 2, Wait (1961) 

has shown that in this case the integral I can be evaluated as 

where f3± = iKw± = ik2(Z + z' ± i(x - x')), HI is the Struve function of order 

one, and Yi is the Bessel function of the second kind of order one. From the 

small argument expansions of these functions (Abramowitz and Stegun, 1970, 

§§9.1.11,12.1.5) we find 

I(r,~) ~ -In(lwl/2) - 'Y - i; + ~ -In(K). (3 - 27) 

The similarity to our previous result, given by (3-25), is not surprising, since in 

both cases we have required IKwl « 1. In fact, the results are fully equivalent if 

Substituting equations (3-25) into (3-2) we obtain the quasi-static form 

of the Green's function 

g(r,~) ~ - 2~ [In ( V(x - x')2 + (z - z')2) + CJ (3- 28) 

and the quasi-static integral equation 

[In Is - s'l + C] Jy(s')ds' = --. -E~(s) 1
~ ~ 

So< ZWj.lo 
(3 - 29) 
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where we have parameterized the Ts and ~ coordinates as in equation (3-1), and 

the constant C is given by 

.11" 1 ]{2 
C = In(kI/2) +, + 'l"2 - 2 + ]{2 _l ln(]{). (3 - 30) 

One can note the similarity of this result to that of earlier workers. For strips 

in free space, Butler and Wilton (1980) obtained the same equation with the 

constant, C replaced by 

C=ln(kI/2)+,+i;. (3 - 31) 

We see that equation (3-30) implies (3-31) since 

(3 - 32) 

In the case of a horizontal strip in the interface, Butler (1984) obtained the result 

given in equations (3-29) and (3-30) with s replaced by x. The latter result is 

consistent with the required continuity of the Green's function, although it is not 

obvious from the original expression. 

We note that in the analyses which culminated in equations (3-25) and 

(3-27), the terms proportional to w In( w) are absent. These terms have not been 

neglected; they simply do not appear. The neglected terms, which behave as wn 

and w2n In( w) for n=l and higher powers, are less significant for small strips. This 

improves the accuracy of our result. A similar effect occurs in the analysis of the 

strip in the interface, but was not noted by Butler (1984). 
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3.2 Solution of Quasi-Static Integral Eguation 

Integral equations of the form 

hex) = [11 J(t) [In Ix - tl + CJ dt (3 - 33) 

arise frequently in the analysis of two dimensional problems in several disciplines 

and have been studied by many workers (e.g. Carleman, 1922; Pearson, 1957; 

Muskhelishvili, 1958). There are two methods of solving this equation without re

sorting to purely numerical methods. Both methods are effective, but one method 

may have advantages over the other for a particular J(t). 

3.2.1 Hilbert Space Solution 

Several previous investigators (Gladwell and Coen, 1975; Butler and Wilton, 

1980; Dudley, 1985) have observed that (3-33) can be solved by the following ex-

panslOn: 

(3 - 34) 

where the an are constants to be determined and the Tn(t) are Chebyshev polyno

mials. This expansion is natural since for C = 0 it can be shown (Dudley, 1985) 

that the integral equation is Hilbert-Schmidt and that the Chebyshev polynomi-

als are eigenfunctions of the integral operator with respect to the weight function 

(1 - t2)-1/2. The presence of a nonzero constant C changes only the coefficient ao 

and does not affect the validity of the expansion. In some cases the assumption of 

the form of J(t) can also be justified on the basis of an independent analysis of the 
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problem. As an example, in the case of electromagnetic scattering by a strip in 

free space, an analysis of the fields in the vicinity of the strip edge (Meixner, 1972) 

predicts a solution in which Jy behaves as p-~ where p is the distance from the 

edge. In the present problem a similar analysis can be performed which includes 

the effects of the half space. The results show that for the TM polarization the 

strip current does indeed behave as p-~, so that the expansion of equation (3-34) 

can be applied here. 

The solution of the integral equation (3-33) is easily accomplished given 

the expansion (3-34). When the series representation for f(t) is inserted into the 

integral equation the known function h(x) is found to be equal to a series involving 

Chebyshev polynomials and the unknown expansion coefficients an. The orthogo

nality of the Chebyshev polynomials may then be expolited to obtain expressions 

for the coefficients in terms of integrals involving h( x) and the polynomials. An 

alternative solution procedure is given by Butler (1987) in which the series (3-34) 

is reordered to obtain an solution involving only derivatives of the function h( x). 

The advantage of the latter scheme is considerable if an analytical form for h( x) 

is available. 

An expansion of the form of (3-34) is also advantageous in the calculation 

of scattered fields. Butler (1987) has used this technique to show that for the 

narrow strip the far zone scattered fields can be expressed compactly in a series 

of Bessel functions. 
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3.2.2 Singular Integral Equation Method 

As an alternative to the method of solution described above, an interesting 

analysis due to Pearson (1957) may be considered. In his work, Pearson uses the 

theory of singular integral equations to obtain closed form solutions for equations 

of the form 

h(x) = ill J(t) [P(x - t) In Ix - tl + Q(x - t)] dt (3 - 35) 

where P(x) and Q(x) are polynomials. Pearson's work is an extension of a result 

by Carleman (1922) who solved the equation 

h(x) = J:1 J(t) In Ix - tldt. (3 - 36) 

In both Pearson's method and Carleman's method we obtain by construction a 

solution J(t) in which the factor (1 - t2)-1/2 appears explicitly, thus providing 

an additional verification of the expansion in Chebyshev polynomials described 

in section (3.2.1). Pearson's method is described in both his original paper and, 

by Carrier et al., (1983). A more complete derivation of the method is given in 

Appendix B. 

The application of Pearson's method to the problem in equation (3-33) 

is straightforward and results in a number of integrals over h( x) which must be 

performed. For the simple form 

hex) = a + bx. (3 - 37) 

the integrals can be evaluated in closed form. When the quasi-static integral 

equation (3-29) is identified with the prototype equation (3-33) it is seen that 
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h( x) corresponds to the incident field. The form given in equation (3-37) above 

represents a two term expansion of the right hand side of (3-29). Other forms for 

hex) could be used, but the approximations used in deriving (3-29) do not justify 

a more refined treatment. 

Using Pearson's method one can show that the solution to (3-33) is given 

by 

(3 - 38) 

which is identical to the result obtained previously (Butler and Wilton, 1980). 

For the case when h( x) is expressed as a polynomial, the mechanics of applying 

Pearson's method and the Chebyshev expansion method become similar. However, 

when hex) is not easily expanded in Chebyshev polynomials, Pearson's method 

enjoys an advantage (provided the required integrals can be handled analytically). 

The application of the above result to equation (3-29) using a two term 

Taylor expansion of the incident field about a point s, 

(3 - 39) 

yields 

J ( ) 2 { d E i (-) [( ) (s - so) ] y S = - S S - So + --:-'--:-----:----'-:--:-
iwJ.Lo.j(s - scx)(sfJ - s) ds Y C + In(L/4) 

Et(s) } (3 - 40) 
C + In(L/4) 

where so is the midpoint of the strip, So = (so' + sfJ)/2. 

In Chapter 6 results are presented which compare this approximate solu

tion to the numerically obtained solution of the exact equations. 
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NUMERICAL FORMULATION OF EFIE 
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In this chapter the numerical algorithms used in solving the EFIE are 

presented. The frequency domain integral equation formulation for scattering by 

perfectly conducting objects over a half space has some significant drawbacks. 

First, the evaluation of the Sommerfeld-like integrals leads to a large computa

tional burden. In spite of the work done to make the evaluation of these integrals 

more efficient, the calculations are still very slow compared to those associated 

with the corresponding problem in free space. 

Second, it is shown that the impulse response of a scatterer in two dimen

sions is of order w 1/ 2 for large frequencies. This fact precludes consideration of 

impulsive sources if the frequency response is to be inverse transformed using DFT 

methods. 

In addition, it is found that for this TM polarization, the induced currents 

are singular at edges and exterior corners. The behavior of the current at strip 

edges was discussed in Chapter 3. The corners of the rectangular shield are all 

removed from the interface and to a first approximation the behavior of the current 

density at the exterior corners may be taken to be the same as the free space 

behavior of p-l/3 where p is the distance from the vertex (Meixner, 1972). 

In the sequel, attempts made to deal with the above problems are dis

cussed. Section 4.1 presents an overview of the method of moments (MM) tech

nique as applied to this problem. Section 4.2 describes some methods for dealing 
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with singularities in the currents. In Sections 4.3 and 4.4 the evaluation of the 

Sommerfeld-like integrals by several methods is discussed. In Section 4.5 it is .. 
shown that by interchanging the inverse transform present in the Sommerfeld-like 

integrals with the integration over the MM expansion functions a considerable im

provement in efficiency can be achieved. In Section 4.6 methods of evaluating the 

integrals are compared. Finally in Section 4.7 the selection of an input pulse spec

trum is described which results in a frequency response that can be numerically 

inverse transformed. 

4.1 MM Solution of Integral Equation 

To obtain the induced currents on the shield, equation (2-9) must be 

solved. To this end the method of weighted residuals is employed with the expan

sion functions en ( s), and the weighting functions, Wm( s). The usual operations 

yield the standard method of moments solution (Harrington, 1968). The resulting 

system of linear equations may be written in matrix form 

(4 - 1) 

where 

N 

Jy(s) = L Inen(s) (4 - 2) 
n=l 

1 1 . Vm = C ) E~(s)wm(s)ds 
ZW/-Ll Vm 

(4 - 3) 

Zmn = Jf wm(s) [ en(s')g(s',s)ds'ds 
Vm lDn 

(4-4) 
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Here 1Jk and Dk are the supports of the kth weighting and expansion functions 

respectively and we have suppressed the limit operation present in (2-9). It is 

=-1 -
clear that once Z is known the solution for any source configuration V can be 

easily determined. 

The solution of the EFIE will be based on the form of 9 given in equation 

(2-11) and (2-14). For the discussion to follow, it is convenient to decompose 

the terms of the Z matrix into contributions due to the Hankel functions and the 

Sommerfeld-like integral, viz: 

Z - Z(l) _ Z(2) + Z(3) mn - mn mn mn (4 - 5) 

where 

(1) 1 il' Zmn = 4i wm(s) en(s) 
'Dm Dn 

X Hd2) (k1 V(XI(SI) - x(s))2 + (Z'(S') - z(S))2) ds' ds (4 - 6) 

(2) 1 il' Zmn = 4i wm(s) en(s) 
'Dm Dn 

(4 - 8) 

For objects which have a vertical plane of symmetry an appropriate choice of the 

Dn and 1Jm intervals yields symmetry in Zmn which may be exploited in filling 

the matrix. 
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In the implementation of equations (4-6), (4-7) and (4-8) the integrals 

are evaluated by breaking the interval Dn into regions where the Green's function 

has a strong singularity and regions where the Green's function is smooth and 

bounded. In the neighborhood of the singularity the rapidly varying behavior 

is extracted and integrated in closed form. The integration over the residual is 

accurately done using simple quadrature techniques. 

A special case occurs in the evaluation of the diagonal terms Z~~ which 

involve integration through the singularity in the Hankel function. Evaluation of 

terms near the diagonal may also be affected by this singularity. The problem is 

well known and may be dealt with by terrnwise integration of the series representa

tion of the Hankel functions. An additional problem arises when both source and 

observation points are on the interface. As shown in Chapter 3, both the image 

term and the integral portion of the Green's function contain a singularity with 

the functional behavior In [(x - x'? + (z + z')2]. The treatment of these terms is 

also discussed below. 

In the following treatment it is convenient to let the parameter S be defined 

with respect to a local coordinate system. For the nth expansion function, let S1 

and S2 correspond to the endpoints of the interval and So to some internal point 

with S2 > So ~ S1 and S2 - S1 = 6.. Let SA and SB be any two points which 

satisfy S2 ~ SB > SA > S1. Define Xn such that xes = so) = x n , with Zn defined 

similarly. After decomposition into singular and well-behaved contributions the 
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following expression is obtained: 

f en( s')g( s', s )ds' = 1S2 

en( s')g( s', s )ds' 
Jnn 81 

l
SA lsB = en(s')g(s',s)ds' + en(s')g(s',s)ds'+ 

SI S2 

l
SA lsA en(s') [g(s',s) - g(s',s')] ds' + en(s')g(s',s')ds' (4 - 9) 

SB 8B 

where g contains the singular behavior of g, and the interval (SA, SE) is used to 

define the extent of the kernel singularity. In the most common case we have 

S1 = -~~,S2 = ~~ and So = o. 

4.1.1 Evaluation of Self Terms in MM Matrix Off the Interface 

For points off the interface, only the direct term Z~~ contains a singular 

kernel. For these self (diagonal) terms the observation point T( s) is collinear with 

path of integration and we have Ires) - r(s')1 = Is - s'l. It is sufficient to consider 

the case when s = 0 since the modifications for non-zero s are straightforward. In 

this case the fundamental integral is of the form 

(4 - 10) 

where e( s') is the expansion function. In this work we consider both pulse and 

triru~gle expansion functions 

{
I, pulses; 

e(s) = [U(s - Sl) - U(s - S2)] [1- 2Is-:sol], 1 ~ triang es 
(4 - 11) 
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where U(s) is the unit step function and So is selected as the position ofthe peak of 

the triangle function. To evalua~e the integral of the Hankel functions in these self 

terms, the series representatirJn ofthe function is used. For Ha2)(O = Jo(,)-iYo(() 

we have 

(,)2 1 (,)4 1 (,)6 1 (,)8 Jo(') = 1- - + - - - - - + - -
2 4 2 36 2 576 2 

(4 - 12) 

+ ~ [(f) 2 _ ~ (f) 4 + ~ (f) 6 _ ~ (f) 8 + ... J (4 _ 13) 
7r 2 8 2 216 2 6912 2 

where 'Y = 0.57721 ... is Euler's constant. Let the function f( () be a finite series 

approximation ofthe Hankel function, such as given in equations (4-12) and (4-13) 

above. If the following elementary integrals of f are defined 

(4 - 14) 

(4 - 15) 

then Isl! can be expressed as combinations of Fl and F2. For pulse expansion 

functions we have 

(4 - 16) 
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For triangles it is necessary to track the signs of sA, S n. For S n > So > SA we have 

Islj,tri = :1 {[sgn(sn)F1(k1Isnl) - sgn(sA)F1(k1IsAI)] 

+ 2~0 [sgn(sB)Fl(kllsBD - 2sgn(so)Fl(k1 IsoD + sgn(sA)Fl(kllsAI)] 

- k:D.. [sgn(sB)F2(kllsnD - 2sgn(so)F2(kllsoD + Sgn(SA)F2(k1I S AD]} 

(4 - 17) 

and if the endpoints are both on the same side of So, 

Islj,tri = (:1 ± :ls~) [Fl(kllsBD - Fl(k1IsAI)] =F kfD.. [F2(k1Isnl) - F2(k1IsAI)] 

(4 - 18) 

where the upper and lower signs correspond to SA, sB > So and < So respectively. 

All that remains to complete the analysis is the explicit forms of Fl and F2. For 

an expansion of H~2) to O[(klS)8] th~se functions are given by 

F1(k1 lsiD = k1lsil ([1 -i~, - i~ In(O)] [1 - -3102 + 210 04 - _1_06 + _1_08 ] 
7r 7r 252 5184 

. 2 [ 4 2 17 4 83 6 79 8] ) 
+ z; 1 - gO + 200 0 - 10584 0 + 1866240 (4 - 19) 

ki sl ([ . 2 . 2 ] [ 1 2 1 4 1 6 1 8] F2(k1Is'D = - 1 - z-, - z-ln(o) 1- -0 + -0 - -0 +-0 
I 2 7r 7r 2 12 144 5760 

.1 [ 5 2 5 4 47 6 131 8]) 
+z; 1- 40 +180 -1728 0 +864000 (4 - 20) 

where 

i = A,B (4 - 21) 
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In the analyses of similar problems it is common to extract only the logarithmic 

singularity and integrate the residual over the patch. The residual is smoothly 

varying and permits accurate estimation of its quadrature. The higher order anal

ysis above is an alternative approach. The results in equation (4-19) and (4-20) 

are accurate to O[(klS)9] and yield approximately 32 bit single precision accuracy 

for I kl s I < .2 so that integration over the residual is not required. For sufficiently 

small linear objects this analysis allows evaluation of the entire MM matrix with

out quadrature, which permits a check on the accuracy of the solution of the 

integral equation without concern for errors introduced by numerical integration. 

Additionally, it is noted that the integration over the weighting functions could be 

dealt with in the same manner, but the required analysis is not included in this 

work. 

4.1.2 Evaluation of Near-Singular Integrals in MM Matrix 

The logarithmic singularity can also manifest itself when the path of inte

gration is close to, but does not pass through the singular point. These cases can 

arise when the scatterer has corners and collocation is not used for the weight

ing process. A similar situation arises for the image and integral portions of the 

Green's function when the patch is near, but separated from, the interface. In this 

case, the analysis of Chapter 3 shows that when the self term Znn is evaluated both 

the image and integral contributions will be logarithmically singular. In extracting 

the singularity for these cases only the logarithmic term will be considered. No 

method of analytically obtaining higher order terms has been found. As in the 
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above case, the residual is smoothly varying, and can be integrated numerically 

with accurate results. 

The required integral for Z{l} and Z{2} is given by 

(4 - 22) 

If the lowest order terms of (4-12) and (4-13) are extracted in (4-22) the singu-

larity in the Hankel function is isolated to yield 

Idose = l:B 

e( s') { H~2\ kn/U) - [1 - i! (Y + In( k1/2) + ~ In( u») ] } ds' 

where 

i
SB 

G1 = e( s')ds' 
SA 

i
SB 

G2 = e( s') In( u )ds' 
SA 

'( ') , , x s = Xn + txs 

'( ') , , Z S = Zn + tzs 

u(s') = (x'(s') - x)2 + (z'(s') =F z)2 = [a2 + 2s'b + (s')2] 

(4 - 23) 

(4 - 24) 

(4 - 25) 

(4 - 26) 

(4 - 27) 

(4 - 28) 

(4- 29) 

(4 - 30) 

In (4-26) through (4-30), the quantities tx and tz are the components of the unit 

vector describing the the tangent of the nth patch. By comparison with (3-29) it 
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can be seen that equation (4-23) is also the starting point for evaluation of Z(3) 

with suitable modification of the constants. The constraint t; + t; = 1 implies 

(4 - 31) 

so that b2 :5 a2• Further 

(4- 32) 

i.e., if a2 = b2 then the path of integration is collinear with the vector between the 

observation point and (x~, z~). 

For pulses, G1 (the integral over e( s)) is trivial to evaluate. The remaining 

required integral G2 is tabulated and yields for a2 > b2 

(4-33) 

Substitution of (4-33) into (4-23) yields the required result. The condition a2 = b2 

occurs when the observer is on the line defined by the integration interval. While 

this case is generally handled by the results of (4-16) and (4-19), implementation 

difficulties require that it also be handled by this 'nearby singularity' case. For 

this condition the relation of b to the endpoints must be tracked. The result is 

(4 - 34) 

where the remaining integral can easily be evaluated in closed form. 
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The case of triangle expansion functions is slightly more involved. The 

integral over the expansion function is given by 

(4 - 35) 

SA,SB > So 

sA,sB < So 

SA < So < sB 

(4 - 36) 

When the endpoints are on opposite sides of So the integral of the logarithm term 

yields 

l
SB 

2s [l SB l s0 

] G2,tri = In( u )ds + ~o In( u )ds - In( u )ds 
SA So sA 

2 [ tB l S0 

] -~ Js
o 

sln(u)ds- SAs1n(u)ds (4 - 37) 

and if the endpoints are both on the same side of So, 

( 2S) l SB 
21

SB 
G2,tri = 1 ± ~o SA In( u )ds =F ~ sA S In( u )ds (4 - 38) 

where the upper and lower signs correspond to SA, sB > So and < So respectively. 

The value of the following required integral can be found from tables for a 2 2:: b2 

J s In(u)ds = ~(s2 - 2b + a 2)ln(u) - ~(s2 - 2bs) + 2b(b2 
- a2) J ~ (4 - 39) 

where the remaining integral is easily evaluated, namely, 

(4 - 40) 
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The case in which a2 = b2 is given by 

l
SB lSB 

sln(u)ds = 2 sIn Is + bids 
SA SA 

= J~88:~b t In(t)dt + b J~::~b In(t)dt SB < -b (4 - 41) 
{ 

fss:~b t In(t)dt - b J8s:~b In(t)dt SA > -b 

J~~:~b t In(t)dt - b (Jo- SA
-
b + J;B+b) In(t)dt SA < -b < sB 

The integrals in (4-41) are all of an elementary type and can be evaluated in closed 

form. 

4.1.3 Evaluation of Self Terms on the Interface 

When the integration point or observation point is located on the interface 

the two Hankel functions in equation (2-11) cancel so that Zmn = Z~~. It was 

stated in Chapter 2 that the Sommerfeld-like integral I can be evaluated in closed 

form in this case. It is also apparent from the analysis in Chapter 3 that I must 

then have a logarithmic singularity. This has been noted by Butler (1984). In this 

section the extraction of the singularity is described for the case where the path 

of integration is collinear with the singularity, Le., the observation point is also on 

the interface. The approach is similar to that described in Section 4.1. For the 

case when the observation point is off the interface but still close to the patch, the 

Sommerfeld-like integral I again has a strong logarithmic variation. The latter 

case can be handled using the results for Iclose given in the previous section, or 

with the 'pre-integration' technique to be discussed in Section 4.5. 
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From the result in Chapter 2 the impedance matrix element can be written 

Attention is directed to the integral on s'. As before, the case s = 0 is presented 

with expressions for non-zero s available through a simple modification of the 

results. The quantity of interest can be written as follows 

1 l sB 
e(s') [ (2) ( I 'I) (2) ( I 'I)] , 

::lint! = 2i(1- J{2) SA klls'l HI kl s - J{H1 k2 S ds (4 - 43) 

Following the analysis in the previous section we write the Hankel functions of 

order one in their series form. For H?) (') = h (0 - iY1 (') we have 

, 1 (,)3 1 (,)5 Jl(O = - - - - + - -
2 2 2 12 2 

1 (,)7 1 (,)9 1 (,)11 
- 144 '2 + 2880 '2 - 86400 '2 + . .. (4 - 44) 

2 2 ( ') 1 [(') 5 (,)3 Yl (0 = -- + -In e"( - h (0 - - - - - - + 
71", 71" 2 71" 2 4 2 

5 (,)5 47 (,)7 131 (,)9 1 
18 '2 - 1728 '2 + 86400 '2 - ... 

2 2 [ 1 (')] 1 [ (') 3 7 (') 5 = -- + - 'Y - - + In - Jl(O + - 3 - - - -
71", 71" 2 2 47r 2 9 2 

35 (') 7 101 (') 9 28 (') 11 1 + 432 '2 - 21600 '2 + 162000 '2 _ ... (4 - 45) 
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From these expansions an approximate kernel h(s') can be defined for positive s' 

as 

[ 

5 5 1 1 2 1 2' 2' ~ -(1 -i-(-y - -)) L Vj<;l 1 _]{2 L Vj<;2 ' 2 7r 2. . 
1=0 1=0 

(4 - 46) 

where <;j = k~s' and 

7 35 101 28 
el = +3; (22 = -9; (23 = + 432; e4 = - 21600; (25 = + 162000 

It can be seen that the singularity in Hi2
) of order (ks')-l does not appear in 

the approximate kernel, but the logarithmic singularity does. Because of this 

. cancellation of the dominant singularity, the exact kernel of (4-43) cannot be 

accurately evaluated for small arguments. Recall that Idose was decomposed into 

the form of an expression involving a singular contribution and a numerical integral 

over the residual. A similar decomposition for IintJ is not possible since the 

residual cannot be accurately evaluated near the singularity. Hence the high order 

expansion given in equation (4-46) becomes a necessity for accurate evaluation of 

the self term in the interface. 
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The fundamental integrals 

'HI (Si) = lSi h( S )ds (4 - 47) 

'H2(Si) = lSi shes )ds (4 - 48) 

allow Iint/ to be expressed more compactly. For pulse expansion functions we 

have 

(4 - 49) 

For triangles it is again necessary to track the signs of SA, sB. If the endpoints are 

on opposite sides of So we have 

Iint/,tri = 2i(1 ~ J{2) {[sgn(sn)'HI(/SBI) - sgn(sA)'HI(/SA/)] 

2so + ~ [sgn(sB)'HI(/SB/) - 2sgn(so)'HI(/SO/) + sgn(sA)'HI(/SAI)] 

- ~ [sgn(sB)'H2(/SBI) - 2sgn(so)'H2(/SO!) + S gn(SA)'H2(/SA/)]} (4 - 50) 

and if the endpoints are both on the same side of So 

Iint/,tri = 2i(1 ~ J{2) { (1 ± 2~0/) ['HI(/snD - 'HI(/SA!)] 

1= ! ['H2(/SB!) - 'H2(/SAD]} (4 - 51) 

where the upper and lower signs correspond to SA, sB > So and < So respectively. 

The functions 'HI and 'H2 can themselves be decomposed into simpler quantities 

as follows: 
- 2 -'HI (/si/) = 'HI (kI/si/) - J{ 'HI (k2/Si!) 

'H2(/si/) = il2(k I /Si/) - J{2'H2(k2/Si/) 

(4 - 52) 

(4- 53) 
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where for an expansion of h(s) to O((klS)ll) the if. are given by 

(4 - 54) 

(4 - 55) 

and a = kjlsil/2. With the results defined above it is possible to make a very 

accurate and efficient analysis of a quasi-static strip located in the interface. Such 

results can serve as a check on the analysis of Chapter 3. 

4.2 Numerical Techniques for Edge and Corner Singularities 

As noted earlier, the induced currents are singular at the edges and corners 

of the shell. When the solution technique fails to account for this singular behavior, 

the computed currents and fields near the edge can be inaccurate. In the course 

of this work two methods for dealing with Hre singular currents at the edges and 

corners of the scatterers have been examined. 

In the first method pulse expansion functions are used, but the support 

of the functions is decreased geometrically as the singularity is approached. This 

technique was used by Butler (1984) to study the behavior of the quasi-static strip 

in the interface. Aside from the use of a variable pulse width, no modification of 

the preceeding analysis is necessary to implement this solution. 
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In the second method we have made use of a special MM expansion func

tion which contains the exact form of the singularity as predicted by Meixner 

(1972). This method was explored previously by Wilton and Govind (1977) to 

study currents induced in a strip in free space. The form of these singular expan-

sion elements is given by 

(4 - 56) 

where Si is the singular point, 0 < ex < 1 is the degree of the singularity and 

the factor (6./2Y~ is a normalization which results in better scaling of the MM 

impedance matrix. Example expansions are shown in Figure (4-1) for pulse and 

triangle basis functions. A significant amount of additional a!1.alysis is required 

to implement a solution involving singular edge elements. The remainder of this 

section describes the analysis of these elements. 

When the exact singularity is used it is necessary to analytically ev?-luatc 

the integral over the patch containing the singular expansion function. The need 

for analytical evaluation is particularly acute when the singularity in the Green's 

function is near the singular element. For the general case when the path of 

integration passes near the singular point, the required integrals are of the form 

I- - (6.)O'lsB 
g(s',s) d' 

smg - 2 I ' _ _Ill' 8 
SA 8 S, 

(4 - 57) 

where Si is now the edge of the strip (either SA or S B). The singular behavior can 

be extracted in a manner similar to that of Iclose to yield 

_ _lsB g(s',s) + l7r [c +! In(a2 + 2bs' + (8')2)] , - _ . 
Ismg - I' _Ill' d8 + Ismg (4 - 58) 

SA s - s, 
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-1/2 
(Sp-S) 

~ 

-1/2 
(Sp-S) 

~ 

---1l",_ S 

Figure 4-1 The form of the expansion functions used for pulses (above) and 
triangles (below) with singular edge behavior. 
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where a and b were defined in Section 4.1.2, C is a constant (given in Chapter 3) 

which is different for the analyses of Z{I}, Z{2} and Z{3}, and ising is the singular 

contribution. If we restrict ourselves to the singularities which occur for rectilinear 

structures, we have a = 1/2 or 1/3 for edges and corners respectively. Let 1/a = n. 

Some simple manipulations show that the singular contribution in (4-58) can be 

rewritten as 

where 

Isin = _~ (~) a lSB C + ! In(s2 + 2bs + a2
) ds 

9 27l' 2 SA Is - sil a 

1 (~) a 8
1

-
a [2 1 A] = -- - -- C - i-ln(8) - i-(n -1)1" 

27l' 2 1 - a 7r 7l' 

8 = SE - SA 

Si = SI 

Si = 82 

It may also be shown that b2 ~ a2 implies b2 < 0.2. 

In the case when b2 < 0.2 integration by parts yields 

i = _1_ [In (1 + 2b + a2
) - ~] 

n-1 n-1 

+ -- vn - 2 
A dv 2n 11 bvn + 0.

2 

n - 1 0 v2n + 2bvn + 0.2 

It is convenient to define 

(4 - 59) 

(4 - 60) 

(4 - 61) 

(4 - 62) 

(4 - 63) 

(4- 64) 

(4 - 65) 
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and 

(4- 66) 

The integral i can then be rewritten as 

(4 - 67) 

which can be shown to have the value 

= Re c v ~dv { 11 n-2 } 

o vn + c 
(4 - 68) 

This final integral can be evaluated for the two required values of n. The result 

for n = 2 is 

c t ? 1 ~dv = ~ tan-l (lj-Vc) 
Jo v~+c yc 

(4- 69) 

and for n = 3 

(4 - 70) 

where (3 = c. 

For the important case when 0.2 = b2 the integrand simplifies to a degree 

but there are many special cases to consider. For b = a = 0 the required integral 

IS 

(4-71) 
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Here and in the sequel define en = Ihl. When h > 0 the integral may be found in 

tables. For n = 2 the we find 

and for n = 3 

i = 2 11 vln(v3 + e)dv 

= 2 [11 v In( v + e)dv + 11 v In( v2 
- ve + e )dv ] 

3 
= (1 + e /2) In(e - e + 1) + (1 - e) In(1 + e) - '2 

+ J3e tan-
1 (~1) + V3ei 

(4- 72) 

(4- 73) 

In the case h < -1 the integrals are again available in closed form. For n = 2 the 

required integral is given by . . 

= 2 11 [In(e + v) + In(e - v)] dv 

l
e+1 

= 2 In(v)dv 
e-1 

= 2 [(e + 1)ln(e + 1) - (e -1)ln(e -1) - 2] (4- 74) 



For n = 3 with b < -1 we have 

I= 211 vln(e -v3 )dv 

= 2 [11 
vln(e - v)dv + 11 vln(v2 + ve + e)dV] 

3 
= (1 + e /2) In( e + e + 1) + (1 - e) In( e - 1) - "2 

_ J3e tan-1 (2 + e) + J3e 7r 

ev'3 6 
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(4 - 75) 

The case of -1 < b < 0 is slightly more involved, but proceeds along the lines 

illustrated above. For n = 2 integration gives 

i = 2 [l In(e - v')dv + lln(V' - e)dV] 

[ 
[1+e [1-e ] 

= 2 Jo In(v)dv + Jo In(v)dv 

= 2 [( e + 1) In( e + 1) + (1 - e) In( 1 - e) - 2] 

and for n = 3 evaluation of i yields 

i = 2 [].' vln(e - v3 )dv + fe' vln(v
3 

- e)dV] 

3 
= (1 + e /2) In(e + e + 1) + (1- e)ln(l - 0 - "2 

- J3e tan-1 (2 +1.) + J3e~ eJ3 6 

(4 - 76) 

(4 - 77) 

The last special case to be dealt with is a2 = 1,2 when 1, = -1. The required 

integrals in this case are elementary and yield 

A { 4(ln(2) - 1) 
I = ! [In( 3) - 1 - 3~] 

n=2 

n=3 
(4 -78) 
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Integrals over the singular function must also be done in the simpler case 

when the Green's function is smooth over the region of integration. The fact that 

the singularity is relatively weak permits the decomposition 

(4 - 79) 

where the first integral on the R.H.S.of (4-79) can be evaluated analytically 

(4 - 80) 

and the integrand in the second integral on the R.H.S. is well behaved for contin-

uous g(8). 

4.3 Evaluation of Sommerfeld-like Integrals 

The fact that the Green's function contains an integral which requires 

evaluation via quadrature makes the numerical solution of the integral equation 

time consuming. When a transient or frequency response is desired, the need for 

efficient algorithms to evaluate these integrals becomes critical. 

The problem of numerical evaluation of Sommerfeld integrals has received 

considerable attention in the literature. Although the integral in 9 is not strictly a 

Sommerfeld integral, it is of a similar type and many of the techniques developed 

are applicable. Several methods exist for the evaluation of Sommerfeld integrals. 

Among them we note the steepest descent path (SDP) technique (e.g., Rahmat

Samii, et al., 1981), approximate SDP techniques (Michalski, 1985; Michalski 

and Butler, 1987), brute force complex plane integration (Burke, et aI., 1981) 
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integration along the branch cuts in the kx plane (e.g., Butle~, 1985), and real kx 

axis integration methods (e.g., Johnson and Dudley, 1983). Since tabulated values 

of the integrals are not available for use in verification, three independent methods 

of evaluation have been developed with the intention of detecting numerical errors 

through redundancy. 

The methods of integral evaluation examined in this work are 

1) Integration along the SDP including the corresponding branch cut integration 

when applicable. 

2) Asymptotic evaluation of the SDP integrand and branch cut contributions, 

3 
including terms up to O[(kr)-"2]. 

3) Real kx axis integration with subtraction of asymptotic behavior to accelerate 

convergence. 

It is found that each method has a region wherein it is best applied. Conclusions 

along these lines are drawn after a brief description of each of the methods. 

4.3.1 SDP Evaluation 

The application of the method of steepest descents to the Sommerfeld 

integral problem is well known. Given 

(4 - 81) 

with branch cuts at kx = ±k1 and kx = ±k2, the change of variable kx = kl sin a: 

is introduced and yields 

(4 - 82) 



where 1(2 was defined previously (3-6) and 

L= Vx2 +i2 

8 = tan-lex/i) 
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(4- 83) 

(4- 84) 

Through this transformation the branch cuts at kx = ±kl are eliminated. Unless 

otherwise noted the branch cuts of the remaining square root are taken to satisfy 

Tm(.J) < o. The quantity 

cosa (4- 85) 

has no poles for 11(1 > 1, but has branch cuts originating at 

(4 - 86) 

The SDP passes through the point a = 8 and can be shown to satisfy (Felsen and 

Marcuvitz, 1973) 

- 2 
cos (asDP - 8) = 1- it (4 - 87) 

where t is a real parameter. Explicitly 

t>o < (4 - 88) 

where principal branches are used throughout. 

When the contour is deformed to the SDP the following expression results: 

1
00 -klLt2 (t) 

I = lBe + V2e- i (klL+7r/4) e. cos a dt (4 - 89) 
-00 VI - ~t2 cos aCt) + V 1(2 - sin2 aCt) 

where lBe is the branch cut contribution which is nonzero only for angles suffi

ciently near grazing (8 near 7r /2) . The original and deformed contours are shown 

in Figure 4-2. 
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Figure 4-2 Steepest descent path (SDP) location in the complex a-plane. 
Branch points are indicated by the symbol x. 
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Note that the radiation condition requires the SDP to stay on the upper 

Riemann sheet as the parameter t goes to its limits. This results in the possibility 

of a loop around the branch cut in the upper half plane and an excursion into the 

lower Riemann sheet in the lower half plane. The contribution from the loop in 

the upper half plane is given by 

(4 - 90) 

where U (.) is the Heaviside unit step function. The branch cut is not intercepted 

until 0 > Ocr with Ocr to be defined below. 

On the branch cut loop we have 

(4 - 91) 

where f3 is real. Where the SDP intersects the branch cut we take t = to and 

f3 = f31 with 

2 -
1 - ito = cos( Qbc(f31) - B) 

Following Rahmat-Samii, et al., (1981), we define 

A = j]{2 - f3r = Ar + iAi = ±sin(Qbc(f31))j 

which allows separation of the real and imaginary parts to find 

1 = ±(Bi cos(O) + Ar sin(O))j t>0 < 

2 -. -to = ±(Br cos(B) - Ai sm(B))j 

(4 - 92) 

t~O (4 - 93) 

t~O (4 - 94) 

(4 - 95) 

(4 - 96) 



67 

The first of these may be solved for the value of fh. The results may be rewritten 

to obtain 

(4 - 97) 

Evaluating A and B at f31 = 0 we can obtain BCT for the upper branch cut (t > 0). 

After some algebra we find 

(4 - 98) 

which completes the evaluation of the integrals via SDP integration. 

In previous numerical implementations of SDP quadrature the accuracy of 

the integration has suffered when the branch cut intercepts the SDP path. Near 

this interception the integrand necessarily possesses a jump discontinuity. In addi

tion, the integrand is usually rapidly varying near the discontinuity, which makes 

estimation of its quadrature more difficult. In the present implementation we 

have truncated the infinite interval indicated in (4-89) at It I = 4/Jk1L. The in

tegration over the truncated interval is accomplished by integrating over multiple 

(typically 32 or 64) disjoint subintervals using Gauss-Legendre quadrature (nomi

nally 8 point). If the SDP intercepts the branch cut the spacing of the subintervals 

is radically decreased (typically 1:8) in a small neighborhood of the branch cut (a 

crude form of adaptive quadrature). 

The branch cut integral is over a finite interval. This integral is also per

formed by breaking the interval into multiple subsections corresponding to periods 
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in k1x and integrating using Gauss-Legendre quadrature. Using this technique we 

find that relative accuracies of 10-4 are easily obtained as evidenced by tests with 

J{2 = 1 and also with z + z' = o. Early attempts to obtain comparable accuracy 

using fixed subinterval sizes required 400-600 subintervals and a corresponding 

loss in efficiency. Additionally, numerical experiments indicate that the claim of 

Rahmat-Samii, et al., (1981) dealing with the negligibility of the branch cut con

tribution when the point of interception is beyond t = 3JkIL, is incorrect. In 

the numerical results to be presented herein the branch cut contribution is always 

retained. 

4.3.2 Asymptotic Evaluation 

The asymptotic evaluation of the SDP and branch cut integrals is also well 

known and provides some insight into the physics involved. The reader may consult 

the thorough discussions by Felsen and Marcuvitz (1973) and Brekhovskikh (1960) 

for details not given here. 

In the case when the branch cut is not intercepted the asymptotic evalua

tion of the SDP integral proceeds by writing the integral (4-89) in the form 

(4 - 99) 

where pet) is given by 

pet) = JI(t)h(t) (4 - 100) 

!J(t) = [1 - it2r/2 (4-101) 

h(t) = cos aCt) 

-cos aCt) + .J J{2 - sin2 aCt) 
(4 - 102) 
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For large klL only small values of t are important in the integration. Let F(t) be 

expanded in a Taylor series about t = O. After termwise integration of the series 

the result is 

(4 - 103) 

where r( x) is the Gamma function. The odd terms do not appear because of the 

anti-symmetry of the resulting integrands. 

1 
The lowest order evaluation of these integrals ( to O[(kL)-:i) ) is given by 

the geometrical optics approximation 

I ~ -i(kl L+1I'/4) 2 cos iJ 
SDP ~ --e 

2klL cos (} + .j 1(2 - sin2 (} 
(4 - 104) 

which can be interpreted as the field due to an image source modified by a trans

mission coefficient. Note that to this order, the far field response of a line source 

vanishes when the observer is on the earth (iJ = 7r / 2). 

When the branch cut is intercepted a more involved analysis is required. 

First, in order to avoid approximating the integration of a discontinuous function, 

the branch cut path is deformed such that the SDP is not intercepted near a = iJ. 

Since there are no other singularities in the complex a plane this deformation is 

always possible. The analysis of the SDP contribution proceeds as above. The 

integrand is then rewritten to explicate its behavior along the branch cut. We 

have 

(4-105) 
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so that 

IBe = i r [cos a VI{ + sin a] VI{ - sin a e-iklLcos(a-8)da (4 -106) 
(1- I{2) lBe 

with the other terms being continuous across the branch cut and thus having no 

contribution to the integral. Let 8 = sin-1(I<) and note the existence of the limit 

lim smu - sma = Vcos8 lim sm -2- = {II _ I{2 
v· C • [. (a_o)]1/2 

a-+o V8 - a a-+li (a2li) (4 -107) 

so that the integral may be written 

I = i r [cos a.../sin
2 

8 - sin
2 a] ~ -ik1Lcos(a-B)d (4 _ 108) 

Be (1 _ I{2) 1 Be V8 a a e a 

where the quantity in brackets has a removable singularity at the branch point. 

From equation (4-108) it can be seen that the true behavior of the integrand is 

proportional to a square root near the branch point. 

At this stage there are a number of approaches to the evaluation of the 

integral in (4-108). A gener~l approach to integrals of this type is given by Bleis

tein (1966) who obtains a uniform asymptotic expansion in terms of the parabolic 

cylinder functions D + 1. In the present work, the approach of Felsen and Mar-
n '!! 

cuvitz (1973) has been used. Using either formulation it can be shown that the 

branch cut asymptotics are 0 [(kL)-~] and constitute the dominant response near 

the interface. The result is 

(4 -109) 
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For a lossless lower medium, equation (4-109) defines a lateral wave which decays 

algebraically in the x direction and exponentially in the z direction. The effect 

of loss in the lower medium is to make the decay in the x direction exponential 

as well. Note that the propagation in the x direction takes place with the phase 

velocity of lower medium. 

For consistency in the asymptotic representation the next term in the SD P 

expansion is included which is also 0[( kL )-~] 

I fff£7r -iklL-i7r/4 [ cos 0 
SDP ~ --e 

klL cos () + J J(2 - sin2 () 

( 
J(2 cos 0 sin

2 
(j ) }] 

X K2 _ sin2 () + 2 JJ(2 _ sin2 () 
(4 - 110) 

No physical interpretation for the higher order term is evident. Equation (4-110) 

involves the evaluation of F(2)(t) which entails considerable algebraic manipula

tion. Obtaining the next term in the expansion would require evaluation of F(4)(t), 

an exceedingly laborious calculation. Further consideration of higher order terms 

has been omitted. 

Through numerical experiments it was determined that the above approx

imation incurs a relative error of approximately 10-4 when klL > 100. An impor

tant note is that it is not correct to compare the result of the SDP and branch 

cut quadrature with the asymptotic analysis described above when the branch 

cut is intercepted. The deformation of the branch cut path causes these integrals 
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to have different values from those found via quadrature, even though the total 

contributions are comparable. 

4.3.3 Real Axis Integration 

For real axis integration of I(s',s) = I(~(s'),r(s)) an algorithm similar 

to that described by Johnson and Dudley (1983) has been used. The infinite 

interval of integration is broken into six sections, [0, kI), [kI' 2kI), [2kI' 00), and 

their respective reflections about kx = o. The integral may be expressed as the 

sum of these sub-integrals, viz; 

where 

I( s' , s) = [It + It + It + II + 12 + 13] 

z = z'(s') + z(s) 

X = x'es') - x(s). 

(4-111) 

(4 -112) 

(4 -113) 

(4 -114) 

(4 -115) 

(4 - 116) 

In II and 12 the respective changes of variable kx = kI sin a and kx = kI sec (3 are 

applied to eliminate undesirable behavior caused by the branch cut at kI. The 
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positive and negative axis contributions are readily combined to yield the following 

expresslOns: 

(4 - 117) 

X sec f3 tan f3 df3 
tan f3 + ..J sec2 f3 - ](2 

(4-118) 

The integration on the interval [2kl' 00) is performed after extracting the 

behavior of the integrand for large values of kx. This extraction effectively isolates 

the logarithmic behavior identified in equation (3-25). After the change of variable 

e = kx/kl in It the following result is obtained: 

(4 - 119) 

where if is the large argument asymptotic and it is its integral. There are 

several ways to determine the asymptotic representation of the integrand. One 

such method is presented below. 

The following relevant portion of the integrand: 

(4-120) 

may be rewritten in terms of the variable ( = 1/e2 to become 

1 e-k1zev"i=( 

- e v!'1=( + ..J1 - K2( 
(4-121) 
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For small ( (large e) this quantity may be approximated by a Taylor series in (. 

Upon collecting terms to a given order we obtain a series in inverse powers of e. 
Through numerical experiments it was determined that extraction of successively 

higher orders of asymptotics resulted in significantly improved performance. Here 

the extraction has been limited to fifth order terms with the result 

-klZVe2 - 1 
j± rv ek1 xe--;::;=e=_--;:.::;====== 
3 - J e2 - 1 + J e2 - ](2 

(4 -122) 

where 

(4 - 123) 

(4 - 124) 

a3 = .!(klZ)2 + .!(1 + ](2) 
8 4 

(4 - 125) 

= (k1z)(2 J{2) (k1z)3 
a4 8 + + 48 (4 -126) 

as = 3
1
2(k1z)2(3 + J{2) + ~(1 + J{2 + J{4) + (~18d4 (4 -127) 

The integral of it can be expressed in terms of exponential integrals of complex 

argument En. When the positive and negative axis contributions are combined 

the following expression is obtained: 

(4 -128) 
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where the asymptotic contribution is given by 

1~+ I~- - 2 t>O -klZ{ (k -C) (.!. a2 a3 a4 as) d 3 + 3 - i2 e cos 1 x'" e + e2 + e3 + e4 + es e 

(4 -129) 

and the relation En(z*) = En(z)* has been used to combine the '+' and '-' terms 

of the asymptotic contribution. Note that if J{2 is large, subtraction of the higher 

order asymptotics is inappropriate. In that case only the first two terms of the 

asymptotics are used. In the case when kl(Z + z') is large, the integral is rapidly 

convergent without the use of asymptotics. 

The numerical evaluation of the integrals In (4-117,118,128) is accom

plished using Gauss-Legendre quadrature (nominally 8 point) between points lo

cated to accurately track the behavior of the exponentials and sinusoids. Through 

numerical experimentation it was found that an integration interval of 7r /8 with 

8 point quadrature produced a result with a relative accuracy of 10-4 . The semi

infinite integral (4-128) is done by computing the contributions from intervals 

of width .6.e = 27r / max( kl x, kl z) located progressively farther out on the real 

axis. The integral is truncated when two successive intervals each yield a relative 

contribution to the final integral of 10-5 or less. 

The exponential integrals En can be evaluated for small arguments using 

the series representation (Abramowitz and Stegun, 1970, §5.1.11). For moderately 

large arguments the exponential integral El may be efficiently evaluated using the 
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Gauss-Laguerre quadrature technique of Todd (1970). Exponential integrals of 

other orders can be found for small arguments through the recursion relation 

(4 - 130) 

(It should be noted that this recursion relation is numerically ill conditioned in the 

forward direction for large arguments. Extended precision evaluation is desirable 

for recursions to large order.) Finally, for large arguments, the asymptotic form of 

En (Abramowitz and Stegun, 1970, §5.1.51) provides accurate evaluation of these 

functions. 

Similarity between the real axis formulation presented here and the ap

proximate analysis of Chapter 3 may be noted. A comparison of the real axis 

quadratures described above with the quasi-static result (eqn. 3-25) for the in

tegral I has been done for several values of the parameter ](2. In Figures 4-3 

through 4-5 comparisons of the exact and quasi-static integrals are presented over 

the range 0 < Ik21s < 1 for a strip inclined at </> = -450 whose lower edge is in con

tact with the interface. In Figure 4-3 the results for a lossless case (I(2 = 9 - iO) 

are compared. Figures 4-4 and 4-5 are comparisons for a moderately lossy case 

([(2 = 9 - i12) and a very lossy case (](2 = 9 - i900) respectively. In each case 

we find that the approximate form is in good agreement with the numerically 

integrated form for small I k21 z. 
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Figure 4-3 A comparison of the exact and quasi-static values of the integrand 
as a function of scaled strip distance for ](2 = 9 - iO. The strip is inclined at an 
angle of 450

, and has its lower edge in contact with the interface 
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Figure 4-4 A comparison of the exact and quasi-static values of the integrand 
as a function of scaled strip distance for ]{2 = 9 - i12. The strip is inclined at an 
angle of 450

, and has its lower edge in contact with the interface 
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Figure 4-5 A comparison of the exact and quasi-static values of the integrand 
as a function of scaled strip distance for K2 = 9 - i900. The strip is inclined at 
an angle of 45°, and has its lower edge in contact with the interface 



80 

4.4 Alternate Evaluation of Sommerfeld-like Integrals 

In the foregoing analysis the traditional decomposition (Bafios, 1966) of 

direct, image and integral terms was used, viz: 

g(r, t) = _ e e-udz-z'l + Ul - U2 e-~l(Z+Z') dk
x 

1 JOO -ik3:(x-x') [ ] 

27r -00 2Ul Ul + U2 

+ 2~I(r,t) (4- 131) 

(4 - 132) 

In Chapter 2 an alternative decomposition in terms of the direct and reflected 

waves, was given by 

(4 - 133) 

(4 - 134) 

An analysis of the convergence of the integrals in (4-132) and (4-134) shows that 

the form of (4-134) is preferable. The asymptotic behavior of the kernels of these 

integrals is given by 

(4 - 135) 

(4 - 136) 

for I and J respectively, which indicates that significantly faster convergence can 

be obtained from J when (z + z') is small. In fact, as observed earlier, the integral 
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I exhibits a logarithmic singularity near the origin of the spatial coordinates. In 

contrast, the integral J is convergent for all values of (x, z). A case in which the I 

integral has an advantage over the J form occurs for large [{2. In this situation the 

I integral tends to zero while the J integral must recover the image contribution. 

For small arguments the image contribution is significant and the resulting integral 

is poorly convergent. 

The evaluation the integral J is accomplished using the same techniques 

discussed earlier for the integral I. The modifications to the algorithms are minor 

and are discussed below. 

4.4.1 SDP Evaluation 

When the transformation described in Section 4.3.1 is used on the integral 

J, the results are as given in equation (4-89) with the following change to account 

for the different decomposition of g: 

cos( a) cos( a) 
--------r=========~--------r========= 
cos(a) + V[{2 - sin2(a) cos(a) + V[{2 - sin2(a) 

1 
2 

(4 - 137) 

No changes are necessary to the path of integration or the location of the branch 

cut. 

No changes are necessary in the branch cut integral since the additional 

-~ term has no contribution when integrated over both sides of the branch cut. 

With these small changes the same numerical procedure can be used to evaluate 

both I and J. 
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4.4.2 Asymptotic Evaluation 

The asymptotic evaluation of J is similar to that for I. The changes 

indicated by (4-137) above yield 

J /i£7r -iklL-i7l'/4 [1 cos () - J]{2 - sin
2 

() 
SDP ~ -e ----~===~ 

klL 2 cos () + J]{2 - sin2 () 

+-- + - 2-----'--;:=========-r======;= 
i { 1 cos () - J [(2 - sin 2 

() (I{2 - 1) 1 

4klL 2 cos () + J [(2 - sin2 () (cos () + J [(2 _ sin2 ())2 J [(2 - sin2 () 

( 
K2 cos() 2 sin

2 
() )}] 

X [(2 _ sin2 () + J I{2 _ sin2 () 
(4 -138) 

As noted in the SDP discussion, there is no change in the branch cut contribution. 

4.4.3 Real Axis Integration 

For real axis integration, we again break the infinite interval at the points 

±kl and ±2kl. This results in the six integrals Jt, Ji:, and Jf. For Jt the 

required change is 

cos a cos a 
---_r===~~---_r==~~ 

cos a + J[(2 - sin2 a cos a + J[(2 - sin2 a 

and for Ji: 

sec tan a sec tan a 1 

1 

2 

---_r==;;=:::=~ ~ - - sec a 
tan a + vsec2 a - K2 tan a + vsec2 a - [(2 2 

(4 -139) 

(4 - 140) 

When these substitutions are made in (4-117) and (4-118) the same algorithm 

can be used to evaluate both integrals. 
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For the semi-infinite integrals the required change is 

1 
(4 - 141) 

As seen in the discussion for I, the bulk of the work in real axis integration is 

involved in finding and evaluating the asymptotic form of the integrand. The 

significant portion of the integrand is of the form 

(4 - 142) 

where z was defined previously. By using the variable C = 1/e2 we can write this 

as 

(4-143) 

which can be written in a Taylor series for small C. As indicated in (4-136), the 

lower order terms of the Taylor series vanish which yields the following asymptotic 

form: 

(4 - 144) 

where the coefficients are given by 

J{2 -1 
03 = 

4 
(4 - 145) 

J{2 -1 
04 = k1z 8 (4 - 146) 

(4 - 147) 
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A comparison of (4-128) and (4-144) substantiates the earlier claim regarding the 

improved convergence of the integral J with respect to I. As before, the result of 

integrating the asymptotic terms are exponential integrals. 

4.5 Pre-Integration over Expansion Function 

A critical step in the efficient evaluation of the impedance matrix Z is 

the interchange of the order of integration in the evaluation of the matrix ele

ments. In this operation the integral over the expansion function is taken under 

the Sommerfeld-like integral and done in closed form. In the present work this 

step is designated 'pre-integration'. The advantages of this operation, which was 

first used by Butler et al., (1985), are two-fold. First, an integral is done in closed 

form, which results in improved accuracy and efficiency. This point is particularly 

important since without pre-integration one would have to perform a quadrature 

whose integrand involved the time-consuming evaluation of Sommerfeld-like in

tegrals. The second advantage is improved convergence in the integration which 

remains after pre-integration, again improving the accuracy and efficiency of the 

evaluation of the matrix elements. There are small penalties for the use of pre

integration. First, the numerical evaluation of the integrals over the expansion and 

weighting functions has the desirable effect of averaging out errors incurred in the 

computation of the integrand. This error suppression quality is lost if the integra

tion is done analytically. Second, the integrand in the integral which remains after 

pre-integration can be ill-conditioned. The latter point is discussed in the sequel. 

Finally, it is also noted that the pre-integration procedure could be repeated for 



85 

the integral over the weighting functions although this is not attempted in the 

present work. 

The technique of pre-integration is illustrated for collocation. The exten-

sion to arbitrary weighting functions is straightforward and is not presented here. 

We have 

(4 -148) 

For z' + z > 0 the integrals in Z!:~ are uniformly convergent and the order of 

integration may be interchanged to yield 

(4 -149) 

The required integrals can be performed using the expression for the primed co

ordinates on the patch defined by Dn = (Sl,S2) 

x'es) = x~ + txs 

z'(s) = z~ + tzs 

to yield 

(4 -150) 

(4 -151) 

(4 -152) 

where E(n) is the result of integration over Dn. For pulses E(n) is given by 

(4 -153) 
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and for triangles by 

{ 
s n [ 281 2] s n [ 282 2] 4 s n} 1 Et o(n) = e- 1 1 + - + - + e- 2 -1 + - + - - -e- 0 -

rl I::J. f!1::J. I::J. nl::J. f!1::J. n 

(4 - 154) 

where I::J. = 82 - 81 is the width of Dn and 

(4 -155) 

It can be seen that the E(n) are smooth for smalll::J., and do not affect the behavior 

of the integrand significantly. However, the term resulting from pre-integration can 

cause significant numerical problems. To see this consider the most common case 

of a triangle function expansion in which 80 = 0,82 = -81 = 1::J./2. We find that 

the pre-integration term becomes 

E o(n) = _2_ {e+t:.n/2 + e-t:.n/2 - 2} 
tTl .6.n2 (4 -156) 

When the factor I::J.n is small the exponentials can be well approximated by their 

power series expansion and the pre-integration term becomes 

2 {( .6.n (.6.n)2) ( 1::J.f! (.6.n)2) } .6. 
Etri(n) ~ .6.n2 1 + 2 + 8 + 1 - 2 + 8 - 2 ~"2 

(4-157) 

Note that the evaluation of the exponentials must be accurate to O[(.6.n)2] which 

may require special attention in the numerical implementation. In the present 

work we have used double precision arithmetic at this step. 

In the following sections the pre-integration of the SDP and real-axis inte

gration are discussed. The pre-integration technique could also be applied to the 
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asymptotic analysis (i.e. the asymptotic forms of the pre-integrated SDP integral 

could be determined), but the improvement in computation time would not be 

significant. 

4.5.1 SDP Pre-Integration 

The development of the pre-integrated results are similar to the results 

without pre-integration. The same substitutions are made to obtain 

n = ikl [tz cos(a) + tx sin(a)] (4 -158) 

Although the SDP described previously is not a true SDP for this integrand, the 

portion resulting from the pre-integration is smooth and this path is an approx

imate SDP. The formulation of the branch cut term is identical after the the 

inclusion of the multiplicative factor E(n) in the integrand. 

4.5.2 Real Axis Pre-integration 

The formulation of the real axis quadrature using pre-integration is similar 

to the results of (4.3.3) for the first two intervals. After incorporation of E(n) the 

analysis proceeds as before. The evaluation of the asymptotic terms is significantly 

more complicated. To begin let 

271" Z~~ = It + I} + It + 12 + It + 13 (4 - 159) 
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where 

cos a 
X da 

cos a + VJ{2 - sin2 a 
(4 -160) 

X sec {3 tan {3 d{3 
tan {3 + V sec2 {3 - J{2 

(4 -161) 

(4 - 162) 

(4 -163) 

In equations (4-160) through (4-162) the following definitions have been used: 

- , x = xn - X 

- , 
Z = zn + Z 

n~ = kl [tz tan {3 ± tx sec {3] 

(4 - 164) 

(4 - 165) 

(4-166) 

(4 -167) 

(4 - 168) 

In (4-162) and (4-163) it is the asymptotic form of the integrand in It. In order 

to obtain the integrated asymptotic it in closed form it is necessary to treat the 

terms involving 80,81 and 82 individually. 
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For a pulse expansion E( fh) may be approximated to fifth order in 1/ e by 

1 
X~ = (tz ± itx)i 

8± _ ! t z • 
1 - 2 tz ± itx ' 

. (4 - 169) 

(4 - 170) 

(4 - 171) 

Equation (4-169) may be combined with the following approximation obtained in 

section 4.3.3: 

where 

(4 - 172) 

(4 - 173) 

(4-174) 

When terms to order e-6 are collected, an asymptotic expansion of the integrand 

it is obtained. The complete asymptotic form of the integrand can be written as 

- - -h = 13,1 - h,2 (4-175) 

where the positive and negative axis contributions have been combined as 

- -+ --13 i = 13 . + 13 . , ,1 ,1 
(4-176) 
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The explicit form of the terms is given by 

j± __ e • ± 02XO 03XO X2 1 -ew=:l= [ i ± i ± + ± 
3,i - 2kl e2 Xo + e + e2 + 

(4 - 177) 

(4 -178) 

The quantity 13,i can then be evaluated as 

13 i = (>0 it- + la.de , J2 ,. ,. (4 - 179) 

where 

j±.dc = - Xo E (2w:l=) + Q:2XO E (2w:l=) + °3XO X3 E (2w:l=)+ 100 1 [ ± i ± i ± + ± 
2 3,' I" kl 4 2, 8 3, 16 4. 

i± ±i i± ±i ± 
°4XO + X2 °2 E (2 :1=) + °sXo + X2 °3 + X4 E (2 :1=)] (4 - 180) 

32 s w, 64 6 w, 

It may be seen that the o's are independent of the ± designation. The ± terms 

may be combined by noting that wi is the conjugate of wt and using the relation 

The result is 

+ 116 (o~Re [xci E4(2wt)] + Re [E4(2wt)Xt]) 

+ ;2 (o~Re [xci Es(2wt)] + o;Re [Es(2wt)xt]) 

+ 614 (o~Re [xci E6(2wt)] + o~Re [E6(2wt)Xt] 

(4 -181) 

(4 -182) 
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Finally, the terms for the two endpoints are combined as 

f3 = i31 - i32 , , (4 -183) 

to produce the total asymptotic contribution for pre-integration of pulses. The 

technique illustrated in going from (4-180) to (4-181) may also be applied to the 

integrals in (4-162) to combine the two portions of the semi-infinite quadrature. 

The procedure is identical to that given above and no further discussion of this 

aspect of the integration is required. 

For a triangle expansion function, the analysis is more involved but follows 

a similar line. With reference to Etri(n), define 

so that 

1 [ 281 2] ft(n)=- 1+-+-n ~ ~n 

h(n)=- -1+-+-1 [ 282 2] 
n ~ ~n 

4 
fo(n) = - ~n2 

(4 -184) 

(4 - 185) 

(4 -186) 

(4-187) 

As in the case of pulse expansion functions, the asymptotic form for triangles is 

obtained as the product of the asymptotic forms for E(n) and the expansion in 

(4-128). The asymptotic forms for ft,h and fo are found from the asymptotic 

expansion of equation (4-169). It may be shown that 

(4 - 188) 



where 

± 1'1 
X{l,O) = tz ± itx j 

± 1'1 Or 
X{l,2) = tz ± itx j 

281 
1'1 = 1 +-j 

6. 

282 
1'2 = -1 +-

6. 

X~,O) = 0 

X~,2) = 0 

± -0 X(3,4) -
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(4 - 189) 

(4 - 190) 

(4-191) 

(4-192) 

(4 - 193) 

(4 - 194) 

Continuing as in the development of the pulse pre-integration yields the following 

expreSSIOns 

(4 - 195) 

i3,; = 100 

i3,;d~ = 100 

it; + i3,;d~ (4-196) 

-± 1 e-ewr 
13 ,; = 2k1 ~2 

(4 - 197) 



and finally for the integrated asymptotic contribution 

+Re [E3(2wt)Xt,I)]) + 116 (a~Re [E4(2wt)Xt,O)] 

+a;Re [E4(2wt)Xt,I)] + Re [E4(2wt)Xt,2)]) 

+ 3
1
2 (aiRe [Es(2wt)xt,O)] + a~Re [Es(2wt)Xt,I)] 

+a~Re [Es(2wt)Xt,2)] + Re [Es(2wt)Xt,3)]) 

+ 6
1
4 (a~Re [E6(2wt)Xt,O)] + aiRe [E6(2wt)Xt,I)] 

+ a~Re [E6(2wt)Xt,2)] + a;Re [E6(2wt)xt,3)] 

which completes the description of the method. 
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(4 - 198) 

Note that as a result of pre-integration, the new integrand of h converges 

as 1/~2 rather than as 1/~ (cf. Section 4.3.3). Note also that higher order ex-

ponential integrals are required. As discussed earlier, the accuracy of the recur

sion relation can break down for large arguments. Additionally, the asymptotic 

contribution involves differences of exponential integrals where the difference in 

arguments is of the order of a patch width. The evaluation of these differences is 

a particularly ill-conditioned operation, a fact that influences the optimal region 

of application of this real-axis pre-integrated result. 
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4.6 Comparison of Numerical Techniques for Sommerfeld-Like Integrals 

In the preceeding analysis a number of competing algorithms for the evalu

ation of Sommerfeld-like integrals have been described. The aforementioned algo

rithms have been implemented in software and numerical experiments have been 

done to determine their relative merits. It has been found that each method has 

a region of the (x, z) plane where it is best applied. One approach to the evalu

ation of these integrals over a broad range of (x, z) is to opportunistically select 

between the algorithms based on their optimal region of application. As a result of 

numerical experiments, an algorithm selection strategy has been developed and is 

described below. The discussion begins by describing some implementation details 

which should be of interest to those attempting to extend the present work. 

The numerical integrations required for both SDP and real axis techniques 

are implemented using Gauss-Legendre quadrature of a fixed order (nominally 8) 

over multiple subsections of the region of integration. The use of a fixed order 

quadrature allows the integration algorithm to take advantage of the vector pro

cessing capability available in present supercomputers. The host machine for this 

study was a SCS-40 mini-supercomputer with the Cray FORTRAN compiler CFT 

(version 1.13) operating under CTSS (version 1.3). This machine has a 64-bit 

single-precision word length. From a comparison of vectorized and non-vectorized 

versions of the same code it was found that a factor of four improvement in effi

ciency was possible through recoding to take advantage of the parallelism. 

Several important implementation details have already been discussed in 

the description of the methods. The need to track the branch cut discontinuity in 

the SDP integration is critical (particularly if the lower medium is lossless) and 
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can result in a quadrature which is significantly more efficient. The use of pre

integration does not affect the algorithm significantly but does make the integrand 

slightly more complicated. When the pre-integrated integral is compared with an 

Nth order Gauss-Legendre quadrature over the patch it is found that the two 

results agree to four or five decimal digits with the pre-integrated result obtained 

roughly N /2 times faster. 

The most significant drawback of SDP integration is its inability to deal 

with small arguments. While it is true that the SDP is the path of steepest descent 

for the exponential it is not always true that the SDP is the path of optimal 

integration. When small arguments are encountered the integrand is slower in 

decaying and the use of a fixed number of quadrature points can cause some 

features of the integrand to be missed. In the present implementation, small 

arguments force a doubling of the number of integration points, but it has been 

found that very small arguments (koL < 0.1) are best dealt with using the real 

axis technique. 

The asymptotic evaluation of the SDP is only expected to be valid for 

large arguments. Through numerical experiments it was determined that a relative 

accuracy of 10-4 could be obtained for all observer positions if klL > 100. If the 

observer is restricted to points such that the branch cut is not intercepted, this 

bound can be relaxed significantly. The efficiency of asymptotic evaluation has 

led the writer to investigate the possibility of extending the region of applicability 

by using higher order terms. Unfortunately, analytical expressions for the higher 

order derivatives of the integrand rapidly become so complicated that numerical 

integration is preferable. 
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The critical component of real axis integration is the treatment of the 

asymptotics in the semi-infinite integrals. The asymptotics are particularly impor

tant for points near the interface, where exponential convergence is not available in 

the integral. The evaluation of exponential integrals of orders 1 to 6 via recursion 

can be numerically troublesome owing to instability in the recursion. Recursion of 

exponential integrals of large imaginary argument was found to be especially prone 

to instability. The problem is further aggravated if pre-integration is used since 

it is necessary to compute the weighted difference between exponential integrals 

with nearly equal arguments. The use of at least 64 bit arithmetic was found to be 

essential to obtain accurate pre-integrated results. When real-axis pre-integration 

and N point quadrature over the patch were compared, the results were found to 

agree to four or five decimal digits, but the improvement in efficiency was found 

to be only N/4. Another factor to be considered in any implementation is that 

the algorithm of Johnson and Dudley (1983) does not vectorize as well as the SDP 

integration described herein. The difficulty lies in performing the integration to 

infinity by repeatedly adding in partial integrals obtained progressively farther 

out on the real line and then checking for numerical convergence. This iterative 

process does not lend itself to effective use of any vector processing capability. 

Additional difficulties were noted with real axis integration when the lower 

media is lossless. In this case the branch point of the lower medium is located on 

the real axis and can cause anomalous behavior in the integrand. Recall that 

the transformations employed by Johnson and Dudley were chosen to remove 

undesirable behavior associated with the branch cut at kl' while the branch cut 

at k2 is not dealt with to the same degree. In the current implementation lossless 

media cause a halving of the step size. 
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An important attribute of the real axis integration is its ability to extract 

the small argument logarithmic form of the integral in closed form as part of the 

asymptotic. Further, the pre-integrated results obtain the closed form integral of 

the small argument form as higher order exponential integrals. 

When the two forms of the integrals, I and J, are compared it is found 

that J is preferable. There are several reasons for this. First, the J integral does 

not have the logarithmic singularity that I does. If I is not pre-integrated then 

this singularity must be extracted in any integral of I and dealt with in closed 

form as discussed in Section 4.1.2. Second, the decomposition involving I requires 

the evaluation of another Hankel function (the image term). The integration 

over this Hankel function again requires extraction of the log singularity for small 

arguments. It was noted earlier that the integrand of the J form is more rapidly 

convergent. This improvement is only significant for real axis integration, where 

it allows the use of lower order asymptotics for the same rate of convergence. 

These lower order asymptotics do not require as high a degree of recursion of the 

exponential integrals and hence are expected to be more accurate. In practice, it 

is found that extracting a three term asymptotic from J is equivalent in accuracy 

and efficiency to extracting a five term asymptotic from I. The use of higher 

order asymptotics in J to improve convergence is not practical b\:!cause of the 

degradation of the accuracy of recursion for exponential integrals of large orders. 

Finally, the fact that J is well behaved for small arguments can be used to extend 

the range of validity of the SDP integration. 

A significant drawback of the integration schemes presented here is the 

difficulty of evaluating the integrals for small arguments and large K. The SDP 

formulation is not viable for small arguments, and the real axis formulation is 
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slowly convergent owing to the fact that the asymptotic subtraction presented 

here requires e/]{ ~ 1 before any benefit is obtained. No algorithm has yet been 

found which is suitable for the evaluation of the integrals in this case. 

An algorithm selection strategy can be developed from the above discussion 

as follows: 

For large arguments (klL > 100) the asymptotic is quite accurate 

and becomes the method of choice. For values 2 < klL < 100 the 

SDP is significantly faster than the real axis quadrature, less so 

near the vertical axis and more so near the interface. In the region 

of 0.1 < klL < 2 either the SDP or real axis integration may 

be used with approximately equal results. Finally in the region 

klL < 0.1 real axis integration of I is more accurate that SDP 

evaluation. 

The analysis discussed here and in the preceeding sections should be useful 

in the implementation of other similar integrals. In particular the integrals for the 

TE polarization should be amenable to the techniques described above. Imple

mentations of the true Sommerfeld integrals could also benefit from the insights 

obtained here. 

4.7 Input Pulse Spectrum 

An important consideration of the numerical work is the shape of the 

source pulse spectrum. To illustrate this point consider the electric field due to 
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a line source located at postion To in free space with excitation Jy(w). This field 

has the well known expression 

(4 - 199) 

which for large frequencies becomes 

(4 - 200) 

This result shows that for large w we have Ey ex: VWJy(w). In order that the time 

domain field be obtainable as an inverse discrete Fourier transform (DFT) it is 

necessary that the source function Jy decay sufficiently rapidly to overcome the 

VW factor. A similar conclusion is obtained for a line source over a half space. This 

result points out tha.t simple numerical inverse DFT's cannot be used to obtain 

the temporal response of impulsive sources. 

The source temporal dependence to be used in this work is the double 

exponential pulse shown in Figure 4-6. The functional form of this excitation is 

given by 

(4-201) 

where N is a normalization chosen to give a maximum amplitude of unity, namely, 

In«(3 fa) 
tm = «(3 - a) 

The transform of this pulse has the simple expression 

F(w) = [ 1 - 1 1 ~ 
iw + a iw + (3 N 

(4 - 202) 

(4 - 203) 

(4 - 204) 
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which decays asymptotically as w-2 • For the results to be presented here, the 

values a = 107 s-l, f3 = 108 s-l have been selected. The resulting waveform has 

a peak in the time domain at 25.6 ns and decays by roughly 50 dB at 100 MHz. 
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CHAPTER 5 

EARTH MODEL 

It is well known that the electromagnetic properties of soil vary with fre

quency. In order to accurately model the effects of the earth in this work, the 

permittivity and conductivity have been given a frequency dependent variation. 

In this chapter, models for the conductivity and permittivity are presented. The 

discussion begins with a limited review of existing work in this area. 

The characterization of the EM properties of soil has practical importance 

and has been the subject of numerous experimental and theoretical investigations 

(cf. Hallikainen et al., 1985). From an EM standpoint, soil may be modeled as a 

four component dielectric mixture consisting of air, a heterogeneous population of 

soil particles, water bound to the soil particles, and unbound (free) water. The EM 

behavior of the mixture is affected by a number of variables including temperature, 

salinity, particulate population and structure, and water content. The interaction 

of the above components as a function of these variables is sufficiently complicated 

to have spawned a number of theoretical and empirical models. 

Early modeling efforts were largely empirical. Among the earlier works we 

note the Debye model (Debye, 1929, pp. 77-108) in which the complex dielectric 

constant few) = €oI<2(w) is given by 

~( ) _ () . u( w) _ [ €r €O - €oo 1 
€ W - € W - Z - €oo + 1 ( . ) 

W + ZWT 

.UO 
-Z

W 
(5 - 1) 
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where 0"0 is the low frequency conductivity, foo and €r€O are the high and low 

frequency asymptotes of the permittivity, and T is a frequency scaling factor. The 

Debye model is easily generalized to a heterogeneous populations by repeating the 

bracketed term, viz: 

M 
A( ) _ ~ [ €r,m€O - €oo,mj_ .0"0 
€ W - ~ €oo m + ( . ) 1. 

m=l ' 1 + 1.WTm W 
(5 - 2) 

and results in greater modeling flexibility. 

Another generalization of the Debye model is the Cole-Cole model (Cole 

and Cole, 1941) given by 

A( ) €r€O - €oo 
€W=€ +-------,,-

00 1 + (iWT)l-a 
(5 - 3) 

where a is a parameter chosen to achieve the desired frequency spreading. Hoek-

stra and Delaney (1974) modified the Cole-Cole model to include a second term 

as follows 

(5 - 4) 

Numerous other empirical fits to experimental data have appeared, including many 

polynomial approximations. 

A number of theoretical models have been attempted. Many of these works 

are based on mixing formulas (see Wang and Schmugge, 1980, for substantial 

references). Hanai (1961) presented the theory for a two component complex 

dielectric mixture. Wobschall (1977) and Wang and Schmugge (180) have extended 
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the theory to larger numbers of components. The latter work emphasizes the role 

of bound water in the development. A limited comparison of the various mixing 

models appears in (Dobson et al., 1985). Detailed discussion of these theories is 

beyond the scope of this work, and the reader is directed to the references for 

addi tional information. 

The models to be used in the present work are empirical in nature and 

are due to Messier (1982; 1985). The expressions to be used for conductivity and 

permittivity are given by 

U = Uo [ 1 + ( ;J ~] 
< = <00 [1+ (:' ) ~ 1 

(5 - 5) 

(5 - 6) 

where ao is the DC conductivity, foe is the high frequency limit of the permittivity, 

and the W's are scale frequencies determined from experiment. 

The DC conductivity is taken to be a function of water content. Work done 

by Longmire (1975) has resulted in an empirical expression for this parameter 

( P) 1.54 
ao = 8.0 X 10-3 10 (5 - 7) 

where P is the percentage of water by volume. The value of €oe is generally taken 

to be independent of water content. A value of 8fO is commonly used, but lower 

values have also been employed. 

The condition required for this model to satisfy the Kramers-Kronig rela

tion is found to be 

(5- 8) 
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A choice for the W's which leads to a convenient value of the wave number, k, is 

given by 

We=2w 

WO' = w/2 

where w = O"O/Eoo • Noting that 

_k2 = /-to [E(w)(iw)2 + O"(w)(iw)] 

one can obtain the result 

. Vw/-toO"o k = WV/-tOEoo + (1 - z) 2' 

(5 -9) 

(5 - 10) 

(5 - 11) 

(5 - 12) 

Thus, for the above model, k is given by the linear sum of its no-loss value and 

the diffusion approximation. These results have been favorably compared with a 

limited amount of experimental data, but the overwhelming reason for their use 

here is their simple form. 

A few other relations can be noted for the above choices of We and WO'o 

An important quantity in this work is J{2 which is given by 

J{2 = (EOO _ i~) + 2 (!.=i) ~ ~ 
EO WEo v'2 V EO V ~ (5 - 13) 

Conversely, for a desired value of J{2, the required values of Eoo and 0"0 are given 

by 

(5 - 14) 

(5 -15) 

which is useful in numerical work. 



CHAPTER 6 

NUMERICAL RESULTS FOR EFIE 
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In this chapter selected numerical results from the EFIE are presented. 

Since results of this kind have already been given in the literature (Butler, 1984; 

Butler et al., 1985) the primary purpose of this chapter is to demonstrate the 

accuracy of the solution techniques developed in Chapter 4 and to verify the 

analysis of Chapter 3. 

There are a few analytical results which can be used to check the numerical 

values. One of these has been discussed in Chapter 3, in which the solution for the 

currents on the narrow strip was developed. This quasi-static solution is presented 

and compared with the numerically derived results in Section 6.1. 

Section 6.2 is concerned with the treatment of edge singularities. Several 

treatments of the singular currents in a strip are compared by examination of the 

error in the boundary conditions on the conducting surface. 

In Section 6.3 scattering by a closed box for both interior and exterior 

sources is considered. The fields scattered by this object must vanish in the source

free region. The data presented in this section bound the capability of the EFIE 

to calculate fields in a shielded region. 

In Section 6.4 the single, exact, time-domain result which is available for 

the half space problem is presented. In the C~$e when the ground is lossless, the 

response of a wire excited by a step function may be expressed in closed form. 
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The analytically derived time-domain field is compared with the numerical inverse 

DFT of the frequency domain result. 

6.1 Quasi-static Strips 

To illustrate the validity of the quasi-static solution, the strip currents 

have been calculated using the result (3-40) and the numerical form developed 

in Chapter 4. In all of the numerical work of this section, the center of the strip 

has been taken to be at Xo = 0, Zo = L /2. The free space wavelength has been 

constrained to satisfy kl = 0.1 (f = c/207r'), and the dielectric constant set at 

t2/ to = 9. Results are presented for the same media described in Section 4.3.3 

dealing with the numerical evaluation of the Sommerfeld-like integrals: lossless 

(]{2 = 9 - iO), moderately lossy (]{2 = 9 - -';12), and very lossy media (]{2 = 
9 - i900). The results for other media show similar agreement when similar values 

of Ik21L are used. 

For all results presented in this section the incident field E~ is taken to be 

a unit amplitude plane wave (and its reflection) whose angle of arrival, denoted 

by (), is measured with respect to vertical, namely, 

(6 -1) 

where R( ()) is the Fresnel reflection coefficient appropriate for this polarization, 

VIZ: 

(6 - 2) 
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The quasi-static expression for the current given in equation (3-40) requires a two 

term expansion of the incident field about the point f'(o5). The relevant quantities 

are given by 

E~( f( 05)) = [e +ikl z( s) cos 0 + R( (})e -ikl z( §) cos 0] e +ikl x( s) sin 0, (6 -3) 

.!!.. Ei (f(05)) = ikl [cos( () _ ¢> )e+ik1Z(s) cos e _ cos( () + ¢> )R( (})e-iklZ(s) cos 0] 
ds Y 

(6 - 4) 

where ¢> is the strip inclination angle measured clockwise with respect to vertical. 

In the numerical solution of the integral equation the exact expression for E~ has 

been used. 

Strip currents are presented for the incidence angle () = 45°, for strip angles 

of ¢> = 0° and ¢> = -45°, and for strip widths Ik2LI = 0.1 and Ik2LI = 1.0. In the 

numerical solution of the integral equation 24 expansion pulses have been used 

where the width of the pulses decreases geometrically away from the strip center 

as described in Section 4.2. The pulse width factor, /3, is taken to be 0.8 and 0.6 

for the narrower and wider strips respectively. For the quasi-static solution the 

incident field is expanded about the center of the strip (z = Zo = L/2, x = Xo = 0). 

The results for lossless media (J(2 = 9 - iO) are given in Figures (6-1) 

through (6-4). Figures (6-1) and (6-2) are for a vertical strip and Figures (6-3) 

and (6-4) are for the inclined strip. Note that only the vertical strip is in contact 

with the earth. It can be seen that for Ik21L = 0.1 the analytical quasi-static 

results track the numerical results quite well. The results for Ik21L = 1.0 are also 

in good agreement, with some discrepancy noted near the edges of the strip. In 

. terms of free space wavelengths we have klL = 0.0333 and 0.333 for the narrower 

and wider strips respectively. 
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LEGEND 
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Figure 6-1 Real and imaginary parts of strip currents calculated by method 
of moments (MM) and quasi-static (QS) results. Ik2LI = 0.1, K2 = 9-iO, () = 45°, 
<p = 0°. 
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Figure 6-2 Real and imaginary parts of strip currents calculated by method 
of moments (MM) and quasi-static (QS) results. Ik2LI = 1.0, K2 = 9-iO, () = 45°, 
</> = 0°. 
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Figure 6-3 Real and imaginary parts of strip currents calculated by method 
of moments (MM) and quasi-static (QS) results. Ik2LI = 0.1, K2 = 9-iO, () = 45°, 
</> = -45°. 
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Figure 6-4 Real and imaginary parts of strip currents calculated by method 
of moments (MM) and quasi-static (QS) results. Ik2LI = 1.0, K2 = 9-iO, () = 45°, 
if> = -45°. 
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Figures (6-5) through (6-8) present the currents for the case of moderate 

loss (J{2 = 9 - i12). As in the lossless case, the first two figures, (6-5) and (6-6), 

display the vertical strip currents and the second two figures, (6-7) and (6-8), give 

the slanted strip results. Again we note that the results for Ik2LI = 0.1 indicate the 

agreement of our exact numerics and approximate analytical expression, with the 

results for Ik2LI = 1.0 diverging near the edges. In terms of free space wavelengths 

we have klL = 0.0258 and 0.258 respectively. 

Finally, Figures (6-9) through (6-12) show the results for the very lossy 

earth (J{2 = 9 - i900). The magnitude of the losses forces us to use klL = 0.00333 

and 0.0333 for Ik2LI = 0.1 and 1.0 respectively. As in the previous cases we find 

good agreement with the narrower case and increasing divergence in the wider 

case. 

6.2 Treatment of Edge Singularities 

In Section 4.2 two methods of dealing with the edge singularities were 

discussed. In the first method a variable width pulse expansion is used to represent 

the currents. The pulse width decreases geometrically as the edge of the strip is 

approached to allow for better tracking of the rapid current variation there. This 

method was used in the results of Section 6.1, and is easily implemented. 

The second method of dealing with the singularity involves the use of a 

uniform width pulse or triangle basis except at the singular points where special 

expansion functions are used. These special expansion functions are chosen to have 

the same functional behavior as the exact singularity near the edge. A considerable 
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Figure 6-5 Real and imaginary parts of strip currents calculated by method 
of moments (MM) and quasi-static (QS) results. Ik2LI = 0.1, K2 = 9 - i12, 
(J = 450, ~ = 00. 
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Figure 6-6 Real and imaginary parts of strip currents calculated by method 
of moments (MM) and quasi-static (QS) results. Ik2LI = 1.0, K2 = 9 - i12, 
(} = 45°, <p = 0°. 
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Figure 6-7 Real and imaginary parts of strip currents calculated by method 
of moments (MM) and quasi-static (QS) results. Ik2LI = 0.1, K2 = 9 - i12, 
8 = 45°,4> = -45°. 
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Figure 6-8 Real and imaginary parts of strip currents calculated by method 
of moments (MM) and quasi-static (QS) results. Ik2LI = 1.0, K2 = 9 - i12, 
8 = 45°, if> = -45°. 
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Figure 6-9 Real and imaginary parts of strip currents calculated by method 
of moments (MM) and quasi-static (QS) results. Ik2LI = 0.1, K2 = 9 - i900, 
B = 45°, ¢> = 0°. 
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Figure 6-10 Real and imaginary parts of strip currents calculated by method 
of moments (MM) and quasi-static (QS) results. Ik2LI = 1.0, K2 = 9 - i900, 
B = 45°, ¢ = 0°. 
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Figure 6-11 Real and imaginary parts of strip currents calculated by method 
of moments (MM) and quasi-static (QS) results. Ik2LI = 0.1, K2 = 9 - i900, 
() = 45°, <p = -45°. 
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Figure 6-12 Real and imaginary parts of strip currents calculated by method 
of moments (MM) and quasi-static (QS) results. Ik2LI = 1.0, K2 = 9 - i900, 
() = 45°, ¢J = -45°. 
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amount of additional analysis and programming is necessary to accommodate the 

singular elements, as evidenced by the discussion in Section 4.2. 

In this section the accuracies of several treatments of singular currents are 

examined for scattering by a strip over a half space. As a means of comparison, 

the total electric field on the surface of the strip is computed. The boundary 

conditions at a perfect conductor require the field to vanish on the strip so that 

the magnitude of the computed field is a valid performance metric. The techniques 

compared here are: 

1) A uniform pulse expansion (brute force treatment). 

2) A variable width pulse expansion (as done in Section 6.1). 

3) A uniform pulse expansion with singular edge elements. 

4) A uniform triangle expansion with singular edge elements;---__ _ 

An equal number of expansion functions is used for all methods, and all 

methods require approximately the same amount of processing time so that the 

results presented here are indicative of the accuracy per unit time. The uniform 

pulse expansion is by far the most common treatment found in the Ii terature, 

and will be used as a reference solution. The variable width pulse expansion has 

been used previously by Butler (1985) to study the current induced on a strip in 

the interface. The expansions with singular edge elements have been investigated 

previously by Wilton and Govind (1977). 

Two other obvious choices for the expansion functions, uniform triangles 

and variable width triangles, are not considered in this investigation. Uniform 

triangle expansion functions have been studied previously (Wilton and Govind, 

1977). The shape of the expansion function requires a half-triangle on the edges 
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of the strip. The usual weighting scheme (collocation at the triangle peaks) places 

an undue emphasis on the singular edges and results in gross errors near the edges. 

Variable width triangles would suffer a similar defect. 

In the following comparison, the currents displayed in Figures (6-1) and 

(6-2) have been recomputed using the methods enumerated above. The fields 

which result from these currents have been evaluated at 41 points along the strip, 

and are displayed in Figures (6-13) and (6-14). In all cases 24 expansion functions 

have been used. It should be noted that the calculations were done on a VAX 8650 

in single precision (32 bit) arithmetic. Finite word length effects imply that the 

smallest non-zero errors possible are of the order of 2 x 10-7 • 

It can be seen that the errors are largest near the strip edges. This is con

sistent since, although the electric field is going to zero at these points, it is doing 

so with infinite derivative. For any of the expansions considered here, the edge 

fields are the most difficult to evaluate. Away from the edges the uniform pulse 

expansions with and without singular edge terms are in agreement as expected. 

The expansion using variable width pulses is slightly more accurate near the edges, 

but its accuracy degrades near the middle of the strip. This is to be expected since 

the geometric pulses in the middle region are broader than those of the uniform 

expansion. The most accurate representation shown in these figures is the triangle 

expansion with singular edge elements. Near the edges both the triangle and pulse 

expansions using singular edge elements yield approximately the same results. A 

more exhaustive analysis has shown that very near the edge, the pulse expansion 

with singular edges is slightly more accurate (by approximately a factor of 2) than 

the triangle expansion with singular edges, while away from the edges the triangle 

expansion is superior. This effect is attributed to the fact that the collocation 
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Figure 6-13 The magnitude of the electric field on the surface of a narrow 
perfectly conducting strip as computed from several different expansions of the 
current. Other parameters are as given in Figure 6-1. 
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Figure 6-14 The magnitude of the electric field on the surface of a wide 
perfectly conducting strip as computed from several different expansions of the 
current. Other parameters are as given in Figure 6-2. 
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point for the triangle expansion is farther from the edge than the corresponding 

point for the pulse expansion (see Figure 4-1). In their work, Wilton and Govind 

reported that when singular edge elements were used the triangle expansion was 

less accurate than the pulse expansion based on comparisons with the quasi-static 

strip currents in free space. Such a finding runs contrary to the results presented 

here. The superiority of a pulse expansion is also contrary to intuition, which 

requires that the piecewise linear triangle expansion should be more accurate than 

the piecewise constant pulse expansion. The numerical model which produced the 

preceeding results has been exercised on numerous occasions for a broad range of 

input parameters. The behavior described by Wilton and Govind for triangular 

expansion functions with singular edge elements was not observed at any time. 

While the use of singular elements can yield more accurate results, there 

are some drawbacks to their use. The primary difficulty was noted by Wilton 

and Govind, who found that if the width of the singular element is overestimated, 

the singular behavior extends too far into the solution domain and the computed 

currents will be found to be in error. As the excitation frequency is increased 

the width of the singular element must decrease. If all elements are required to 

have the same width, then the bound on the singular element width may lead to 

an excessive number of subdomains. This problem can be avoided by allowing 

the width of the singular elements to be chosen independently of the remaining 

elements. 
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6.3 Shielding by a Closed Box 

It is well known that when space is separated into two regions by a perfectly 

conducting surface, the fields in the two regions are excited independently of one 

another. This fact may be used as the basis for additional tests of the numerical 

formulation. If a line source is placed inside a closed perfectly conducting box, 

then the resulting exterior fields must vanish. Similarly, if the exterior of a closed 

box is illuminated by a plane wave, the interior fields must vanish. 

In the following sections the case of a closed box of height h=3 m and 

width w=6 m is considered. The box is located over a lossless earth (€r = 9, ()" = 0 

mho/m) and is excited at a frequency of 50 MHz. As a figure of merit the shielding 
\ 

ratio S is computed 

(6 - 5) 

which is the quotient of the interior and exterior mean squared field densities 

normalized to their respective areas of evaluation. 

The selection of a 50 MHz excitation frequency was made purposely to 

avoid the resonances of the structure. It is well known that the electric field inte-

gral equation will not produce the correct solution for frequencies corresponding 

to resonances of the interior region. For these resonance frequencies, the integral 

equation admits homogeneous solutions which correspond to the currents produc

ing the resonances. For a MM formulation, the homogeneous solutions manifest 

themselves as a singular impedance matrix, or equivalently as a matrix with a large 

condition number. It must be noted that if the resonance currents are computed 

accurately they do not affect the scattered fields since by definition these currents 
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do not radiate. However, since the induced current is unbounded at resonance it 

is not possible to achieve an error free numerical solution with the EFIE. 

For the present work, the problem of resonance currents is an artifact of the 

closed box test case. The open shell does not experience such resonances (except 

in the limit of a perfectly conducting earth), and the issue has deliberately been 

avoided in presenting the following results by choosing the frequency accordingly. 

6.3.1 Internal Line Source 

In this section the problem of a line source centered in the box is considered. 

The currents produced by an internal line source must vanish at the corners of the 

box. Thus, in this problem there are no singularities in the current, which makes 

the internal source test case slightly easier numerically. 

The total fields are shown in contour plots in Figures 6-15 and 6-16 for 24 

expansion functions per wavelength using pulses and triangles respectively. The 

triangle expansion has made use of the fact that the currents in the corners vanish 

by using an expansion which also vanishes at these points. (A pulse expansion 

which vanished at the edges could also be constructed by setting the edge pulses 

to zero, but this has not been considered here.) Since the fields are symmetric 

with respect to x = 0 only results for the region x > 0 have been plotted. 

It can be seen from the figures that the exterior fields are strongly sup

pressed. The shielding figure of merit S, defined in equation (6-5), is calculated 

to be S = 73.2 dB for the 5 m x 5 m region displayed in Figure 6-16. One source 

of error in this calculation is the fact that the currents calculated for a pulse ex

pansion do not vanish at the box corners. The error in the upper right corner 
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Figure 6-15 The loglO of the magnitude of the electric field near a closed 
perfectly conducting 3 m x 6 m box for an internal source centered within the 
box using pulse expansion functions for the current. 
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Figure 6-16 The loglO of the magnitude of the electric field near a closed 
perfectly conducting 3 m x 6 m box for an internal source centered within the 
box using triangle expansion functions for the current. 
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of the box is evident in Figure 6-15. In contrast, the triangle expansion shown 

in Figure 6-16 allows for a zero current in the corners and also a more accurate 

representation of the current away from the corners. The shielding figure for this 

expansion is S = 91.8 dB, a considerable improvement over the pulse expansion. 

Additional studies have been done which indicate that the use of a weighting pro

cedure other than collocation can also have a significant impact on the residual 

error. An improvement of roughly 20 dB is possible for both pulses and triangles. 

The above results indicate that for a body of size comparable to a wave

length the EFIE yields solutions with 34 or 44 accurate digits depending on 

whether pulses or triangles are used as expansion functions. Unfortunately, the 

results give no information about the behavior of the solution near resonances of 

the object. 

6.3.2 External Plane Vv'ave Source 

When the exterior of the object is illuminated by a plane wave it is found 

that the current at the corners of the object is singular. For right angle corners 

the behavior of the current density is as p-l/3 where p is the distance from the 

vertex (Meixner, 1972). The presence of singular behavior in the induced current 

makes the exterior problem numerically more difficult than the interior problem. 

Two solution techniques are illustrated here. Figure 6-17 gives the result 

for a uniform pulse expansion, and Figure 6-18 gives the result for a triangle 

expansion using singular edge elements at the corners. The incident field for both 

figures is a unit amplitude plane wave impinging from a 45° angle. Twenty-four 

expansion functions per wavelength are used in both cases. 
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Figure 6-17 The loglO of the magnitude of the electric field near a closed 
perfectly conducting 3 m x 6 m box for a unit plane wave source incident from 
45°. A uniform pulse expansion has been used for the current. 
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Figure 6-18 The loglO of the magnitude of the electric field near a closed 
perfectly conducting 3 m x 6 m box for a unit plane wave source incident from 
45°. A triangle expansion with singular. edge elements has been used for the 
current. 
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For the case of pulse expansion in Figure 6-17 a shielding value of S = 

-41.9 dB has been obtained, while the use of triangles and the exact singularity 

in Figure 6-18 yields S = -57.2 db. Again, there is a substantial improvement 

with the use of triangle functions. The lower shielding values obtained point out 

the difficulty in estimating the singular current for this plane wave excitation 

as compared with the interior problem of the previous section. Again the use 

of appropriate weighting functions can improve the accuracy of the calculation by 

approximately an order of magnitude provided the effect of the corner singularities 

is considered in the choice of the functions. 

6.4 Time-Domain Response of a Line Source over a Lossless Medium 

As shown by Jones (1986, pp. 631-633) and by Felsen and Marcuvitz 

(1973, pp. 531-532) the time domain response of a line source over a lossless earth 

can be evaluated in closed form for a unit step current excitation. A comparison 

of the closed form expression and the result of a numerical inverse DFT are given 

in Figure 6-19. 

The closed form result is given by 

U(t - rlcl) U(t - rilc!) 
Ey(x, z, t) = 27l"(t2 _ r2/ci)I/2 + 27l"(t2 - rUci)l/2 

{ 

c2 sin(¢i + iUi) - Jci - c~ COS
2(¢i + iUi)} 

xRe 
c2 sin(¢i + iUi) + Jci - c~ COS

2(¢i + iUi) 
(6 - 6) 



135 

Time Domain Comparison 
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Figure 6-19 A comparison of the time domain electric fields produced by a. 
line source located at (x, z)=(O,25 m) over a lossless earth. The exciting waveform 
is a unit step function and the earth's relative dielectric constant is fr = 4. 
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where 

cI = 1/ /-to€o (6- 7) 

c~ = 1/ /-tO€2 (6- 8) 

¢>i = tan-1[(z + z')/(x - x')] (6 - 9) 

r = V(x - x')2 + (z - z')2 (6 - 10) 

ri = V(x - x')2 + (z + z')2 (6 - 11) 

Uj = cosh-1(clt/ri) (6 - 12) 

In Figure 6-19 the time axis is given in units of clt/r and has been shifted so 

that the arrival of the incident field (the first term in equation 6-6) corresponds 

to t = O. The figure is an example of the results of this type, being the response 

observed at a distance of 1000 m and a zenith angle of 60° due to a line source at 

a position (x, z)=(0,25m). The earth's dielectric constant has been set at €r = 4. 

In general, significant aliasing is present in numerically derived curves of 

this kind. This is unavoidable due to the slow decay (O[w- 1/ 2]) of the field. To 

obtain the results given in the figure it was necessary to use 512 samples out to 

a frequency of 2 GHz. The correct waveform has a vanishing mean value when 

taken over infinite time, but for any finite sampling duration, the average of the 

discretized signal is nonzero. In the figure, the mean of both results has been set 

to zero. It can be seen from the figure that there is excellent agreement between 

the exact and numerically derived results. 
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CHAPTER 7 

FORMULATIONS FOR SHIELDED SOURCES AND OBSERVERS 

As noted earlier, the calculation of fields in the presence of shielding struc

tures can be numerically ill-conditioned. If the observer is in the geometrical 

optics 'shadow' region, the scattered field tends to cancel the incident field with 

the result that the calculated total field is given by the less significant (and less 

accurate) digits in the calculation. Brute force attempts to achieve more accuracy 

in the EFIE solution by using more sub domains or higher order expansion func

tions rapidly become uneconomical. Sections 7.1 and 7.2 discuss two methods of 

avoiding the effects of this cancellation. 

The existence of resonances in the exterior frequency response of the 

shielded source is of considerable interest. While such resonances can be identified 

from a frequency response calculated via the techniques discussed previously, it is 

difficult to establish a relationship between the effect of the earth and the location 

of the resonance using this method. In section 7.3 results are presented which 

provide an approximate method of calculating the resonances of the shield/earth 

combination by considering a closed shell with an impedance boundary condition 

(IBC) on one surface. 
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7.1 Equivalent Short-Circuit Currents 

One method of dealing with the cancellation of incident and scattered 

fields is to apply an equivalence theorem due to Schelkunoff (1951). As a result 

of this theorem it can be shown that the fields in the source free region can be 

written in terms of the short-circuit current placed in the aperture. (The short

circuit current is that current which would exist if the aperture were closed with 

a perfect conductor.) This result can also be derived as follows: 

Consider the case of an internal source and external observer. (The comple-

mentary problem with external sources and internal observer is done in a similar 

manner, and is discussed subsequently.) It has been shown previously that the 

induced surface current Jy satisfies 

(7 - 1) 

where 

(7- 2) 

and Ji is an impressed current. Now consider the fields which result from the 

placement of a perfect conductor in the aperture. Let these interior fields and 

currents be denoted with a subscript O. The result satisfies 

Eo(r) = Et(r) - iWJll f g(r(s'), r)Jo(s')ds' 
}Shell+Ap. 

(7- 3) 

for the interior and 

0= Et(r) - iWJll f g(r(s'),r)Jo(s')ds' 
}Shell+Ap. 

(7 -4) 
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for the exterior. Using (7-4) in (7-1) we find for the exterior problem 

Ey(T) = -iWJ.ll f g(r(s'), T)jy(s')ds' + iWJ.ll f g(r(s'), T)Jo(s')ds' (7 - 5) 
iShell lAp. 

where 

(7 - 6) 

An integral equation is obtained from (7-5) by again taking the limit as the ob

server coordinate r moves to the shell surface. The modified unknown iy is often 

better behaved than Jy since the large closed shield currents have been subtracted 

off. In addition, the contribution of the current source Jo decreases to zero as 

the conductivity of the earth increases so that the closed shield result is recovered 

exactly. The preceeding discussion should not be construed as a statement that 

the short-circuit current formulation removes all cancellation problems with the 

EFIE. Indeed, this formulation can and does produce an explicit difference of field 

terms which are of opposite sign and similar magnitude for the exterior observer. 

The virtue of the method is that the fields to be differenced are much smaller and 

the relative differences are correspondingly larger. 

For the simple shield geometry studied in this work, evaluation of Jo as 

an infinite series is possible for the case of interior sources. For a line source of 

unit amplitude located at (xo, zo) it is straightforward to obtain the equivalent 

expansions 

2 ~ . (n7rx) . (n7rxo)sin(Kn(h - zo)) - L.J sm -- sm -- -~~--~ 
W n=l W W sin(Kn h) 

Hxlz=o = (7 - 7) 



where 

Kn = Vk5 _ (~)2 

km = Vk5 _ (~7r)2 

x> = max(x,xo) 

x< = min(x, xo) 
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(7 - 8) 

(7 - 9) 

(7 - 10) 

(7 - 11) 

The convergence of these series may be improved thorough the use of a Kummer 

transform (Abramowitz and Stegun, §3.6.26). The following form is suitable for 

Zo ~W 

H I - ~ {~ . (~) . (n7rxo) [sin(Kn(h - zo)) -mfzo/w] 
x z=o - L sln sm . (h) - e 

W W W sin Kn 
n=l 

~ . (n7rx) . ( n7rxo) -n7rzo/w} + Lsm -- sm -- e 
W W 

n=l 

where the asymptotic sum may be evaluated in closed form 

00 

'" . (n7rx) . ( n7rxo) - n7rzo/w Lsm -- sm -- e = 
n=l W W 

For Ix - xol :::p h an alternative form is given by 

(7 - 12) 

(7 - 13) 

H I 
_ = 2 {~ . ( m7rzo) [m7r/hsin(km x<)sin(km (W - x>)) _! -m7r1x-xo1/h] 

x z-o h ~ sm h km sin(kmw) 2e 

(7 - 14) 
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where the related asymptotic is given by 

(7 - 15) 

Although the use of short-circuit currents results in a more accurate eval

uation of the exterior fields in most cases, there are two disadvantages of this 

method. First, the fields cannot be evaluated in the source region. This is not 

an important factor in most shielding problems since the calculation of fields in 

an unshielded region is not ill-conditioned. Second (and more importantly) the 

method fails completely when the excitation frequency coincides with a resonance 

of the closed shield. The latter problem is not significant in many investigations, 

but for the present work, and any work where a frequency response is desired, it 

is an overriding concern, and necessitates the investigation of alternative meth-

ods. Despite these limitations the short-circuit current formulation can provide a 

valuable check on alternate approaches at many frequencies of interest. 

When the short-circuit current method is applied to the problem of an ex-

terior source a similar difficulty is encountered. For such a problem it is necessary 

to evaluate the currents on the closed shell for a range of frequencies. Since it is 

not possible to evaluate these short-circuit currents in closed form as was done 

for an interior source, it is necessary to seek a numerical solution. As discussed 

in sections 6.3, the evaluation of currents on closed objects cannot be done using 

the EFIE because of contamination by non-physical interior resonances. Methods 

of calculating the reqUIred currents have been given (see Yaghjian, (1981) and 

Kress, (1982) for extensive reviews) but generally require considerable additional 

computation. 
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7.2 Hybrid EFIE-CSIE Formulation 

The major flaw in the short-circuit current approach described in section 

7.1 is its failure near frequencies corresponding to resonances of the closed object. 

In fact, any method which uses the Green's function for the closed shell will have 

a similar weakness. An alternative formulation of the problem which is valid at 

all frequencies has been developed and is now presented. 

The EFIE may be used to evaluate the aperture electric field with accept

able accuracy for the case of interior sources since in the aperture there is no 

appreciable cancellation of incident and scattered fields. Hence if one is willing 

to solve the EFIE, the aperture fields may be regarded as known. A formulation 

which is capable of computing the exterior fields when the electric field is known 

on the surface is the combined-source integral equation (CSIE). The CSIE can be 

shown to have a unique solution at all frequencies and yields the exterior fields with 

a decrease in the cancellation effects noted above. A viable method of solution to 

the problem of shielded sources/observers may be constructed as follows: 

1.) Solve the EFIE for the currents induced on the scatterer. 

2.) Use the EFIE to evaluate the aperture fields. 

3.) Solve the CSlE for the equivalent currents on the surface of the closed object 

using the aperture field as a source. 

4.) Evaluate the exterior fields from the CSIE currents. 

There are some drawbacks to this hybrid EFIE-CSIE formulation. These 

include: 

1.) The problem must be solved twice: once for the EFIE currents and once for 

the CSIE currents. 
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2.) Any errors which occur in the EFIE solution are propagated through the CSIE 

solution. 

3.) The CSIE problem requires solution for an equivalent current at all points on 

the closed body. The closed body always has a larger perimeter than the open 

shell and so the CSIE solution requires more computation. 

4.) The hybrid formulation requires the computation of the aperture fields, which 

may be time consuming since asymptotic forms of the Green's functions may 

not be used. 

5.) The kernel of the CSIE is more complicated than the EFIE and hence requires 

more computation time. 

6.) The interior problem cannot be solved using the CSIE. 

In the remainder of this section the CSIE is presented. Additional numerical 

techniques which are necessary for the CSIE formulation are discussed in the next 

chapter. 

The CSIE has its origin in a modified integral equation formulation of 

the scattering problem developed independently by Brakhage and Werner (1965), 

Panich (1965), and Leis (1965). The theoretical formulation was subsequently 

implemented numerically by Greenspan and Werner (1966). The method has found 

use in acoustics (Meyer et al., 1978; 1979) as a result of a more general work by 

Burton and Miller (1971). The first use of the CSIE for electromagnetics appears 

to have been by Bolomey and Tabarra (1973) who investigated scalar scattering 

in two dimensions and designated it a 'hybrid potential' method. The 'combined

source' designation has its roots in a work by Mautz and Harrington (1979) who 

were the first to apply it to a vector problem in electromagnetics. Mautz and 

Harrington noted that the CSIE could easily be used to solve problems involving 
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radiation from apertures while the more common combined-field integral equation 

(CFIE) (cf. Mautz and Harrington, 1978) could not. (Actually, the CFIE can be 

used to solve an aperture problem when the aperture field is known by constructing 

an equivalent magnetic current source over a closed aperture, cf. Harrington and 

Mautz, 1981.) Later work (Mautz and Harrington, 1980; Harrington and Mautz, 

1981) discussed the use of the CSIE for aperture problems, but since that time the 

CSIE has seen relatively little application in EM scattering problems. A thorough 

mathematical description of the CSIE is given by Colton and Kress (1983). For 

completeness a short derivation is sketched below. 

Before presenting the CSIE, let the interior of the scatterer be denoted 

by Ri, the exterior of the scatterer by Re and the boundary by aR. On aR we 

(arbitrarily) prescribe an outward (into Re) unit normal vector, it, and a unit 

tangent vector, t, in the clockwise direction. The normal, tangent and y vectors 

form a triad where it x i = y. 

From Green's theorem it can be shown that 

Ey(T) = E~(T) + faR [Ey(t(S')) a~,g(~(s')IT) - g(t(s')IT) a~,Ey(t(s'))l ds' 

where n' is directed into the exterior region. 

Define the equivalent electric and magnetic currents on aR by 

- - 1 a J = n x H = y--E 
iwJ.L an y 

M=Exn=tEy 

(7 - 16) 

(7 - 17) 

(7 - 18) 
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From the equivalence principle the scattered fields in the exterior region will be un

changed if the object is replaced with its equivalent electric and magnetic currents. 

Hence we find 

Ey(r) = E~(?) + faR [Mt(~(S')) a~,g(~(s')Ir) - iWJLg(r'(s')I?)JY(~(S'))l ds' 

(7 - 19) 

where Jy and M t are both unknown. Equation (7-19) gives the desired exterior 

field in terms of the two unknowns Jy and M t . 

To develop the CSIE it is instructive to consider two cases of equation 

(7-19). By alternately filling the interior of R with first perfect magnetic and then 

perfect electric conductor we obtain an EFIE-like integral relation 

Ey(?) - E~(T) = -iwJL [ g(~(s')I?)Jy(r'(s'»ds' 
JaR 

and a MFIE-like relation 

Ey(?) - E~(?) = [ Mt(~(s'»aa ,g(~(s')I?)ds' 
JaR n 

(7 - 20) 

(7 - 21) 

Integral equations can be obtained from (7-20) and (7-21) by allowing the observer 

coordinate r to approach 8R from the exterior. The process has been described 

, ~reviously for an equation similar to (7-20) and yields 

(7 - 22) 
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where f'(s) is a point on the strip. The RHS of (7-21) has a well known singularity 

(Mei and Van Bladel, 1963) which must be extracted analytically to yield 

0(s) la 8 Ey(f'(s)) - Et(f'(s)) = -2-Mt(f'(s» + PV Mt(~(s'))-8 ,g(~(s')Ir)ds' 
n 8R n 

(7 - 23) 

where PV indicates the principal value of the integral and 0( s) is the exterior angle 

of the surface 8R at the point f'( s) (0 = n for a flat surface, 0 = 37r /2 at a right 

exterior corner, etc.). These equations have unique solutions at frequencies which 

do not correspond to the internal resonances of 8R for the respective boundary 

conditions. It can be shown that the resonances of (7-22) and (7-23) are distinct. 

Hence, at frequencies where one equation does not have unique solutions the other 

is viable. 

A few other important notes can be made regarding these equations. First 

it is seen that for the shielding problem, the LHS of both (7-22) and (7-23) is the 

scattered field in the aperture which can be calculated without the cancellation 

effects noted previously. In addition no explicit cancellation occurs in the evalua-

tion of the total exterior fields via (7-20) and (7-21). Hence, it is expected that 

(7-22) and (7-23) will yield more accurate solutions in the shadow region than 

that obtained for (2-9). Despite their benign appearance, numerical experiments 

with equations (7-22) and (7-23) indicate that considerable cancellation is still 

occurring. When the observed fieid is caicuiated via (7-20) or (7-21) it is found 

that evaluation of the integrals on the RHS of these equations involve considerable 

cancellation, though the degree of cancellation is somewhat less than that for the 

EFIE. 
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A comparison of equation (7-22) and the short circuit current formulation 

(7-5) shows that the two methods are related. If the domain of the modified 

current iy is extended to include the aperture with J1I defined as n x jj in the 

aperture the resulting equation is identical with (7-22). 

A final note can be made regarding the relative accuracy of (7-22) with re

spect to (7-23). The presence of the singularity in (7-23) gives rise to a Fredholm 

integral equation of the second kind. Such equations generally result in numeri

cal solutions which are better conditioned for matrix inversion than the integral 

equation of the first kind seen in (7-22). However, the singularity in (7-23) nc·· 

centuates any errors in the representation of the magnetic current (i.e., poorly 

chosen expansion functions) through the first term on the RHS. Such errors are 

smoothed by integration in (7-22) and are generally less severe for the solution 

of that equation. Numerical experiments with these equations indicate that the 

MFIE-like equation (7-23) can benefit greatly from the use of weighting functions 

with finite support. A comparison of the results of collocation using pulses and 

triangles showed little difference, while the use of a Galerkin formulation yielded 

substantial improvement. 

The CSIE is obtained from (7-19) by using an impedance-like relation for 

the fields on the surface. For reasons to be discussed subsequently, let the electric 

and magnetic currents be denoted by .:1y and M t rather than Jy and M t . The 

CSIE solution requires the electric and magnetic currents on 8R to satisfy 

M = O:71n x .i => M t = -O:71.1y (7 - 24) 

where 0: is a coupling constant and 71 = ~ is the impedance of the medium. 

The choice (7-24) changes (7-19) into an equation with a single unknown. The 
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resulting integral equation may be solved using the techniques discussed earlier 

in this work. In fact, it can be shown (Mautz and Harrington, 1979) that for 

Re(a) > 0 the solution of (7-19) is unique at all frequencies. The price to be paid 

for the simplification of (7-24) is that the currents .J'y and M t do not correspond 

to any physical quantities. 

Upon inserting (7-24) into (7-19) we find 

(7 - 25) 

An integral equation is obtained from (7-25) by taking the limit as r approaches 

the shell from the exterior region. After extracting the singularity seen in (7-23) 

the result is 

Et(r(s)) - Ey(r(s)) = a 8
2
(s) J'y(r(s)) + aPV f J'y(?(s'))aa ,g(?(s')lr}ds' 

1] 1r JaR n 

+ ik ~liI}l f .J'y(?(s'))g(?(s')lrjds' 
r-r(s) JaR 

(7 - 26) 

Equation (7-26) can be solved for the combined-source current :ly which in turn 

yields the exterior scattered fields. For the case of an internal source with Ey 

known on oR we can write 

-Ey(r(s)) = a 0(s) .J'y(r(s)) + aPV f .J'y(r'(s')) ~O,g(?(s')lr}ds' 
1] 21r JaR un 

+ ik )im f .J'y(r'(s'))g(?(s')lrjds' 
r-+r(s) JaR 

In the present case we have 

for r( s) in the aperture; 

for r( s) on the shell. 

(7 - 27) 

(7 - 28) 
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where EA is the field in the aperture (calculated from the EFIE solution). 

On first inspection it may appear that the CSIE formulation has elimi

nated all cancellation effects in the problem. However, as discussed earlier for the 

component equations (7-22) and (7-23) it must be noted that the operator which 

is the inverse of the RHS of (7-25) must still annihilate the relatively large aper

ture field on the LHS for points in the shadowed region. Hence, the cancellation 

effect still exists although it is no longer explicit. In addition, the CSIE formula

tion places constraints on the choice of expansion functions in that these functions 

must be chosen to be a good representation for both the smooth magnetic current 

M t and the electric current 3 y which is singular at the edges. Such conflicting 

requirements inevitably produce a suboptimal solution. 

It is also interesting that a formulation similar to the CSIE is obtained 

for scattering by objects having an impedance boundary condition (IBC) (cf. 

Medgyesi-Mitschang and Putnam, 1985). For such problems the IBC implies 

(7 - 29) 

where 7Js is the surface impedance of the scatterer. Thus an equation is obtained 

which is similar to the combined-source integral equation with the quantity -a:7J 

replaced by the surface impedance of the body. 

The derivation above is valid for the case of an external observer. The 

source may be located in either region. The CSIE may also be formulated for the 

case when the the observer is in the interior region (Mautz and Harrington, 1980). 

In terms of the notation given here, the interior observer result is easily found 

by reversing the sense of n. Unfortunately, the simple hybrid approach outlined 

above is not applicable in the case of external sources and internal observers. 
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7.3 Approximate Analysis of the Interior Problem 

The calculation of the fields when source and observer are in the same 

region is a problem which can be solved accurately using the techniques discussed 

in chapter 4. For the case of an internal source and observer, an approximate 

formulation of the problem is possible which provides a relationship between the 

shield geometry, earth properties and the location of possible resonances in the 

fields. If the earth is assumed to satisy an impedance boundary condition, viz: 

Ey(x,z)1 = ik2{){) Ey(x,z)1 
z=o z z=o 

(7 - 30) 

then the interior problem can be solved in the form of an infinite series which is 

readily evaluated. The required analysis is straightforward (Morse and Feschbach, 

1953, p. 1360) and results in the expression 

E ( ) _ ~ ~ . (n7rx) . (n7rxo)sin(Knz< + ¢»sin(Kn(h - z>)) 
y x, z - ~ sm sln . ( h A..) 

W W W Kn sln Kn + 'f' 
(7 - 31) 

n=l 

where 

z> = max(z, Zo) 

z< = min(z, Zo) 

(7 - 32) 

(7 - 33) 

(7 - 34) 

(7 - 35) 

From this expression it is easily seen that the resonances of the shield/earth com

bination will occur at the complex frequencies satisfying 

m=O,I,2, ... 

(7 - 36) 
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which can be determined numerically for each combination of nand m . 

The relation which appears in equation (7-31) is also useful in that it 

provides an easily evaluated approximate expression for the internal fields. The 

converge~ce of this series, like that for the short circuit current, is enhanced by a 

Kummer transform. The following form is readily evaluated numerically: 

2 {~. n7rX . n7rXo Ey{x,z) = - ~sm{-)sm{--)x 
W n=l W W 

[
sin{Knz< + ¢>))sin(Kn{h - z>)) _ e-mrlz-zollwl 

Kn sin{Knh + ¢» (2n7rlw) 

00 n7rX n7rX e-mrlz-zollw } 
+ ~ sin(-) sin{--o) (2 I ) 
~ W W n7r W 

(7 - 37) 

where the asymptotic series sums to 
00 n7rX n7rX e-mrlz-zol/w ?; sin( -;;;-) sin( ~) (2n7r Iw) 

(7 - 38) 

Expressions for the components of the magnetic field can be obtained from Maxwell's 

equations. After manipulation into a more rapildy convergent form the z compo-

nent can be expressed as 

{

OO 
2 . n7rX n7rXo 

Hz(x,z) = --. - ~sm(-)cos(--)x 
ZWJ.l.W ~ W W 

[
( n7r Iw) sin( KnZ< + ¢») sin{ Kn( h - z>)) _ e-mrlz-zollwl 

Kn sin( Kn h + ¢» 2 

1 Loo 
. (n7rx) ( n7rXO) -mr1z-zo11w} +- sm--cos--e 

2 w w 
n=l 

(7 - 39) 
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where the asymptotic is given by 

00 

1 '" . (n7f'x) (n7f'xo) -nlrlz-zollw - ~sm -- cos -- e 
2 n=l W W 

1 (1 1) = -4Im e~(lz-zol+i(x+xo» _ 1 + e~(lz-zol+i(x-xo» _ 1 (7 - 40) 

For the x component we find 

{

OO 
2 . n7f'X • n7f'Xo 

Hx(x,z) = -. - "'sm(-)sm(--)x 
ZWJlW ~ W W 

n=l 

COS(KnZ + 4>)) sin(Kn(h - zo)) e-nlrlz-zollw 

sin(Knh + 4» + 2 

cos(Kn(h - zo)) sin(Knz + 4») e-mrlz-zollw 

sin(Knh + 4» 2 

00 } 
1 . n7f'X . n7f'Xo 

+sgn(z - zo)- 2:sm(--)sm(--)e-nlrlz-zollw 
2 W W 

n=l 

(7-41) 

where the upper and lower lines correspond to z < Zo and z > Zo respectively. 

The evaluation of the asymptotic series has already been presented in equation 

(7-13). 
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CHAPTER 8 

NUMERICAL FORMULATION OF CSIE 

In this chapter the numerical implementation of the CSIE is discussed. 

From equation (7-27) it is apparent that the CSIE kernel involves additional terms 

relative to the EFIE. These terms are similar to those encountered in solving the 

magnetic field integral equation (MFIE). Because of the large number of compo

nents of the CSIE MM impedance matrix, the new terms are first described for the 

simpler case of scattering in free space. The free space analysis appears in Section 

8.1, and is extended to scattering over a half space in Section 8.2. The evaluation 

of some additional Sommerfeld-like integrals is discussed in Section 8.3 and 8.4. 

Finally, the selection of the CSIE coupling factor a is considered in Section 8.5. 

8.1 MM Formulation for Free Space 

By following the development in Chapter 4 we obtain the system of linear 

equations given below 

(8 - 1) 

where the combined-source current is given by 

N 

:ry(s) = 2: Inen(s ) (8 - 2) 
n=l 
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The elements of the voltage vector V are defined to be the following integrals of 

the weighted field on the closed shell: 

(8- 3) 

From equation (7-27) it can be seen that the impedance matrix elements may be 

expressed as 

Zmn = (.0:7]0 ) Y mn + f Wm(S) {( .0:7]0 ) PV f en(s')aa ,g(s', s )ds' 
ZW/-lo JVm ZW/-lo JDn n 

+ inn en(s')g(S', s )dS'} ds (8 - 4) 

where the contribution from the kernel singularity has been isolated, viz: 

(8- 5) 

The evaluation of Y mn for pulse and triangle expansion and weighting functions 

involves simple integrals which can readily be done in closed form. The con-

tribution of this component is primarily on the major diagonal for subsectional 

expansion and weighting functions and causes the Z matrix to be well condi tioned 

for inversion. 

It is convenient to decompose the impedance matrix into components, viz: 

(1) ( 07]0 ) [ (2) ] Zmn = Zmn + iW/-lO Zmn + Y mn (8- 6) 
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where for scattering in free space 

Z!'n = f Wm(S) f en(s')g(s'ls)ds'ds 
lVm lDn 

(8 - 7) 

The evaluation of Z{l) has been discussed previously as Z{1). To proceed with the 

evaluation of Z(2) note that if the unit normal is given by n = nxx + nzz then 

(8- 9) 

which leads to 

~H(2)(k 1-#( ') _ -( )1) = k nx(x - x') + nzCz - Z')H(2)(k 1-#( ') _ -;;r )1) 
an' 0 1 r s r s 1 If' (s') _ r( s) I 1 1 r s r\ s 

(8 - 10) 

Under the approximation of piecewise linear surface elements (exact for rectilinear 

structures) the usual parameterization of the integration domain 
, , t 

x = Xn + x S 

yields the result 

(8 - 11) 

(8 - 12) 

a~,Ha2)(kllr'(s') - res)!) = kl [nx(x - x~) + nz(z - z~) - s(nxtx + nztz )] 

H~2)(kll~(s') - res)!) 
x Ir(s') - r(s)1 

, , H~2)(klW(S') - res)!) 
= kl [nx(x - xn) + nz(z - zn)] If'(s') _ r(s)1 (8 - 13) 
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where the relation 

(8 - 14) 

has been used (valid for a clockwise curve with outward pointing normal). The 

application of (8-13) to (8-8) yields 

Z~~ = k4~ f wm(s) [nx(x(s) - x~) + nz(z(s) - z~)] 
z l'Dm 

PV f ( ,)H?}(kll~(s') - T(s)l)d ' d 
X lDn en s Ir(s') _ r(s)1 s s (8 - 15) 

It is readily seen that if the integration path is collinear with the observation point 

we have 

tx x( s) - x~ [ , ) ( () , )] -= () ,=?nx(x(s)-xn+nzzs-zn =0 
tz Z s - Zn 

(8 - 16) 

so that the evaluation of (8-15) is greatly simplified for such cases. A similar effect 

was noted by Xu and Butler (1986) for the MFIE in two dimensions. A check on 

the results in (8-15) and (8-16) is available. It is noted that with the substitution 

E>( s) ---t -E>( s) the matrix [Y + Z{2}] is precisely the admittance matrix which 

results from the MM formulation of the MFIE in free space for two dimensions. 

Equation (8-:16) implies that the admittance matrix for the MFIE solution of an 

infinite flat plate using collocation will be diagonal with all elements equal to 

-!. The induced current is then easily computed to be -2Hi (the physical optics 

current) which is the correct solution. 

The numerical evaluation of the integral in (8-15) can be problematic when 

the integration path is not collinear with the observation point and the distance 
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If' - l' 1 is small. In this case the singularity of the Hankel function can be extracted 

and the troublesome portion integrated in closed form. The residual is smooth and 

allows accurate evaluation of its quadrature. For small arguments we have 

so that it is appropriate to write 

1
S2 (,)H?)(kII1'(S') - r(s)l)d ' _ 

SI en s If'(s') _ r(s)1 s -

(S - 17) 

t2 en(s') [(2)( 1-4(') ;:r )1)·2 1 ], 
lSI If'(s') - T(s)1 HI kl r s - r"s - z 11' kllf'(s') _ r(s)1 ds 

+i- ds' 2 1S2 e(s') 
1I'kl SI If'(s') - T(s)12 

(S - IS) 

The bracketed quantity in equation (S-IS) is difficult to evaluate accurately for 

small arguments. A similar problem was discussed Section 4.1.3 for the Green's 

function on the interface. In the numerical implementation, the evaluation of (S

IS) is accomplished by using the series representations in (4-44) and (4-45) to 

remove the singularity present in the Hankel function. 

For pulse expansion functions the integral over the singularity is given by 

1
SB 1 

TI(SA,SB) = SA If'(s') _ r(s)12ds' = 

1
SB 
~~l_---::,ds' _ .!. tan-l (_s' +_b) I

SB 

SA (s')2 + 2bs' + a 2 - q q SA 
(S - 19) 

where q = Ja2 - b2 and a and b have the meanings given in Section 4.1.2. The 

integral in (S-19) can also be performed for triangle expansion functions. For 
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endpoints both on the same side of So the result is 

(8 - 20) 

where 1= correspond to SA, sB greater than and less than So respectively, and 

l SB s' 
T2(SA,SB) = (')2 2b' 2 ds' 

sA s + S + a 

(8 - 21) 

For SA < So < S B the required integral is given by 

l SB 1 - il s' - sol , 
SA Ir(s') - r(s )12 ds = Tl (SA, SB)-

8.2 MM Formulation for the Half Space 

The formulation of the CSIE when the half space is present follows the 

free space fonnulation with the exception that the Green's function (and hence the 

impedance matrix) is more complicated. Let the impedance matrix be decomposed 

as in equation (8-6), namely, 

(lH) . [(2H) ] Zmn = Zmn + (Ot:7]o/'lW/-lo) Zmn + T mn (8 - 23) 

with 

zg/!) = f wm(s) f en(s')g(s'ls)ds'ds 
JVm JDn 

(8 - 24) 

Z!;/!) = f wm(s)PV f en(s')8~,g(s'ls)ds' ds JVm lDn 
(8 - 25) 
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The evaluation of Z(lH) for the half space Green's function has been discussed 

previously as Z = Z(1) - Z(2) + Z(3) in Chapter 4. The following discussion deals 

with the evaluation of Z(2H). 

The first step in the evaluation of Z(2H) is the extraction of the free space 

component of the Green's function. In Chapter 4 two methods of decomposing 

the integral were discussed. By using the decomposition as direct and reflected 

components (equation 2-12) a simplified formulation is obtained. Let Z(2lJ) be 

wri t ten as follows 

Z (2H) _ Z(2) + Z(2S) 
mn - mn mn (S - 26) 

where Z(2) has been described in section S.l and Z(2S) contains the Sommerfeld-

like integral contribution, viz: 

Z (2S) _ ( ) ( ')___ e Ul - U2 -Ul(z'+Z)dk d' d i 1 1 a 100 -ikz(x'-x) 
mn - Wm S en sex s S 

Vm Dn 271" an' -00 2Ul Ul + U2 

(S - 27) 

Since the integral on kx is uniformly convergent the derivative may be taken under 

the integral sign. The result can be written 

Z~~) = 2~ f wm(s) f en(s')J'(s',s) ds' ds 
JVm JDn 

(S - 28) 

J'(' ) - e Ul - U2 (_ 'k _ ) -Ul(Z +Z)dk (S 29) 1
00 -ikz(x' -x) , 

s ,s - z xnx Uln z e x-
-00 2Ul Ul + U2-

In the following section the evaluation of J' (s' , s) and its pre-integrated version 

are discussed. 

A problem which was noted in the evaluation of the J integrals is the 

poor convergence for small arguments and large K2. In the limit as K --+ 00 and 
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z + z' --t 0 we must recover from J' the delta function contribution required by 

image theory. For such cases it is advantageous to use a decomposition involving 

derivatives of the I integral. The required modifications are easily done for the 

SDP integrals. For real axis integration the integrals over the finite intervals are 

also easily modified, but some modifications are necessary to the coefficients of the 

asymptotic contribution. The changes are easily accomplished given the analysis 

to follow and no further discussion of the subject is included. 

8.3 Evaluation of Differentiated Sommerfeld-like Integrals 

The evaluation of the integral J' is accomplished using the techniques 

discussed earlier for the integral J. The modifications to the algorithms are minor 

and are discussed below. One immediate simplification is possible: if x' - x = 0 

and n z = 0 then J' vanishes by symmetry. 

8.3.1 SDP Evaluation 

When the transformation described in Section (4.3.1) is employed it IS 

found that differentiation introduces the multiplicative factor 

(8 - 30) 

in the SDP integrand of J'. No changes are necessary to the path of integration or 

the location of the branch cut. The branch cut integrand picks up an additional 

factor of 

(8 - 31) 

With these small changes the same numerical procedure can be used to evaluate 

both J and J'. 
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8.3.2 Asymptotic Evaluation 

The asymptotic evaluation of J' is similar to that of J. The analysis begins 

with the analog of (4-99) 

(8 - 32) 

In the case of J', the smoothly varying part of the integrand F( t) can be wri t ten 

as three tenns 

pet) = h(t)h(t)h(t) 

[ . ]-1/2 
!t(t) = 1 - ~t2 

h(t) = cosa(t) 

cos aCt) + J K2 - sin2 aCt) 

h(t) = (tz sin aCt) - tx cos aCt)) 

1 
2 

(8 - 33) 

(8 - 34) 

(8 - 35) 

(8 - 36) 

Using the procedure described in Chapter 4, the first and second order SDP con

tributions can be calculated as 

J' ·k [l£7r -iklL-i1r/4 [lCOSO-VK2-sin20 
S DP ~ z 1 - e - --:---;:::::======:: 

k1L 2cos6+ VK2 -sin2 0 

i (t . ii ii) { 3 cos iJ - V K2 - sin
2 

0 +-- z sln u - tx cos u ----:--~====== 
4k1L 4cos6+ VK2 -sin2 6 

(8 - 37) 
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The evaluation of the branch cut term is only minimally affected by the differen

tiation. The previous result need only be multiplied by the factor 

(8 - 38) 

to obtain the correct asymptotic form of the differentiated integral. 

8.3.3 Real Axis Evaluation 

For real axis integration the infinite interval is again broken at the points 

±k1 and ±2k1, and results in the six integrals J't, J'~, and J't. For J't the 

multiplicative factor 

-ikl (t x cos a =F tz sina) (8 - 39) 

must be inserted to account for the differentiation. For J'~ the required change is 

insertion of the factor 

-kl (t x tanf3 =F itz sec(3) (8 - 40) 

For the semi-infinite integrals the required change is the insertion of the 

multiplicative factor 

(8 - 41) 

As in the treatments of I and J, the bulk of the analysis in the real axis integration 

of J' is involved in finding and evaluating the asymptotic form of the integrand. 

The relevant portion of the integrand is of the form 
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where z = z' + z was defined in equation (4-115). When the asymptotic expansion 

of this quantity is found to be 

where the coefficients are given by 

K2-1 
0'3 = k1z . 

16 ' 

0' _ K4 + K2 - 2 (k -)2 K2 - 1 
4 - 16 + lZ 64 

± 1 
X4 = -2tx 

(8 - 43) 

(8 - 44) 

(8 - 45) 

As before, the result of integrating the asymptotic terms are exponential integrals. 

If the asymptotic forms for J and J' are compared it can be seen that differentiation 

has resulted in a '±' dependence in the expansion coeffients which did not exist in 

the integrals without differentiation. This situation is handled in the same manner 

as was done for the pre-integrated integrals: if the '±' dependence is tracked it 

is found that the '-' terms are the conjugates of the '+' terms so that the total 

result is twice the real part of the appropriate components. These steps have been 
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illustrated previously and are not repeated here. The result is 

-:1 (Jlt + JI-;) = 2j~ + 2100 

{e-klZJe-1 

x [J~' -1+\/~' -K' - 2J~~ -1] 
x Re [(txJe - 1 - itze) e-iklxe] 

- e-k1Ze [;~Re (xte-iklxe) + ;:Re (xte-iklxe) + 

;:Re (xte-iklxe) ;:Re (xte-iklxe) l} de (8 - 46) 

where x = x' - x was defined in (4-116). The evaluated asymptotic contribution 

is then given by 

j~ = ~2Re [xt~(w+)] + :3 Re [XtE3(W+)] 

+ ~4Re [XtE4(W+)] + ~2Re [XtE4(W+)] (8 - 47) 

in which w± = k1(z ± x) as given in (4-123). 

8.4 Evaluation of Pre-integrated Differentiated Integrals 

As with the EFIE, a significant improvement in computational efficiency is 

possible by interchanging the inverse Fourier transform integral with the integral 

over the expansion functions. Since the differentiation operation has not changed 

the (x', Zl) dependence of these integrals, the steps involved in pre-integration are 

substantially the same as discussed earlier. The following sections present the 

results for the SDP and real-axis integration. As before it is possible to use the 
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pre-integration technique to evaluate the asymptotics, but there is little advantage 

in doing so. 

8.4.1 SDP Pre-Integration 

It was noted in the previous discussion of pre-integration of SDP integrals 

that the pre-integration process introduces a factor of E(n) where the function E 

was described in Section 4.5 and n was defined for SDP integrals in Section 4.5.1. 

No other changes are necessary. 

8.4.2 Real Axis Pre-Integration 

The pre-integration process also introduces the factor E(n) into the real 

axis integrals. As always, the bulk of the analysis in real axis integration is the 

evaluation of the asymptotic terms. For a pulse expansion, the expression requiring 

asymptotic evaluation is 

where Zi = z~ + tzsi + z as given in (4-173). The derivation of the asymptotic 

form is similar to that described previously and yields 

(8 - 49) 



where the expansion coefficients are given by 

(
K2 -1) 

a{3,i) = 8 

From this result, it can be shown that the integral evaluates to 

- (J'+. + J'-.) ~ 2j' . + 2100 

e-klZiJe2-1 3,1 3,1 3,1 
2 

where the asymptotic is given by 

j~,i = a~,i)Re [Xt E3(2wt)] + a~,i)Re [XtE4(2wt)] 

+ ai~i) Re [xt Es(2wt)] + ai~i) Re [xt Es(2wt)] 
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(8 - 50) 

(8 - 51) 

(8 - 52) 

(8 - 53) 

(8 - 54) 

(8 - 56) 
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and w[= was defined in (4-178). The complete asymptotic is constructed for pulse 

expansion functions as in (4-175). 

The analysis for a triangle expansion follows the three component decom

position used in (4-187). A Taylor series expansion of the integrand including the 

effects of pre-integration can be performed. The contribution of the pre-integrated, 

real axis, semi-infinite integral may then be expressed as 

J~ = J~,1 + J~,2 + J~,3 

where the contribution from each component is given by 

-J' . = 2j' . + 2 roo e-klZiJ~2_1 
3,1 3,1 J2 

x [J~2-1:J~2-K2 - 2J~~-1] 
x Re [(t:z:v'e -1- itze) fi(e)e-iklXi~] 

and the expansion coefficients are given by 

1'0 = 0; 

2 
/30 = kID.; 

281 
1'1 = 1+-; 

D. 

/31 = OJ 

28 2 
1'2 = -1 +D. 

(8 - 57) 

(8 - 59) 

(8 - 60) 



The asymptotic contribution evaluates to 

j~,i = a~'i) ('i'iRe [xt E3(2wt)] + ~,8iRe [xt E4(2wt)] ) 

+ a~,i) ('i'iRe [xt E4(2wt)] + ~,8iRe [xt Es(2wt )]) 

+ ai~i) ('i'iRe [xt Es(2wt)] + ~,8iRe [xt E6(2wt)] ) 
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+ ai~i) ('i'iRe [xt Es(2wt)] + ~,8iRe [xt E6(2wt)] ) (8 - 61) 

In the implementation of the equations for triangle expansion it is expedient to 

use the equivalence of X3 and X4 and to exploit the zero 'i' and (3 terms. 

8.5 Selection of CSIE Coupling Constant 

While the theory of integral equations guarantees the existence of a solution 

to the CSIE for any value of the coupling constant a with Re( a) > 0, it offers 

little additional guidance in the selection of this constant. Mautz and Harrington 

(1979) suggest that a value of a = 1 gives the electric and magnetic currents 

roughly equal weight for scattering by perfectly conducting objects in free space. 

Meyer et al., (1978;1979) came to a similar conclusion on the basis of numerical 

experiments which compared the accuracy of acoustic scattering calculations. 

An analytical investigation of the optimal value of the coupling constants 

in both the CSIE and CFIE has been done by Kress and Spassov (1979) and 

by Kress (1984) for perfectly conducting circular and elliptical cylinders in two 

dimensions and the perfectly conducting sphere in three dimensions. The basis 

for optimality in these works Wc;tS the minimization of the condition number of the 
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resulting matrix equation. Kress and Spassov (1979) and Kress (1984) recommend 

near optimum values for a which are in agreement with the numerical experiments 

of Meyer et al., (1978) and Meyer and Zin (1979) for large frequencies and include 

a correction for small frequencies. Kress and Spassov (1979) also point out that a 

coupling function a( s) may be used. 

A later study by Rodgers (1985) concluded that for scattering by objects 

having a nonzero surface impedance, other values of a resulted in both a better 

conditioned MM impedance matrix, and more accurate results. Result presented 

by Rodgers for scattering by an impedance sphere in free space indicate that the 

value of a which produces the minimum condition number is not necessarily the 

value which produces minimum error. Moreover, Rodgers also shows that for 

a body with impedance boundary conditions, the accuracy of the solution is a 

relatively sensitive function of the coupling constant. 

In the present work it has been found that the coupling constant can have 

an important effect on the accuracy of the solution, particularly when there is loss 

in the lower medium. There are several facts which have influenced the selection 

of this constant. 

First, the impedance seen by the scattered wave is a function of the surface 

coordinate s. It is anticipated that the dominant combined-source currents will be 

found in the aperture where the outward looking ·impedance is less than its free 

space value. Hence it is expected that a value of a < 1 will be desirable. 

Next, it has been noted previously that the CSIE requires more computa

tion than either the EFIE or the MFIE. A formulation such as given in equations 
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(7-22) or (7-23) is expected to be equally accurate and more efficient provided 

that the resonances of the object are avoided. 

Finally, the fact that the singularity in the MFIE-like equation (7-23) 

results in poorer accuracy than the EFIE (7-22) leads to a desire to minimize the 

use of (7-23) when possible. 

In the numerical examples of the next chapter several selection strategies 

for a have been used. The determination of an optimal value of a is a subject for 

further investigation. 
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In this chapter numerical results are presented for the fields outside the 

shell excited by an internal source. Results are given for both the EFIE described 

in Chapter 4 and the hybrid EFIE/CSIE formulation discussed in Section 7.2. 

Section 9.1 is concerned with the shielding by a shell in free space, and includes 

some connnents concerning the implementation of a multi-frequency MM solution. 

Section 9.2 presents results for the shield over the half space. For all cases, the 

response of an unshielded line source is included for comparison. 

9.1 Results for the Shell in Free Space 

In this section the external fields due to a line source inside a shield in 

free space are presented. The primary reason for presenting these results is to 

compare the EFIE solution and the hybrid EFIE/CSIE solution. Since the free 

space problem is not severely ill-conditioned the EFIE can be expected to work 

wi th reasonable accuracy. 

To illustrate the work, the response of a structure with height 3 m and 

width 6 m has been evaluated. The frequency response has been computed for 

64 equi-spaced points to a maximum frequency of 100 MHz which would yield a 

temporal increment of 5.0 ns after an inverse DFT. As the effects to be illustrated 

are best seen in the frequency domain, the frequency response of the observed Ey 

field is given. 
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The internal source has been placed in the centered position (x, z)=(0,1.5 

m), and the external field has been evaluated at a radius of 1000 m for zenith 

angles of 0° (overhead), 30°, 60° and 90° (on the interface). At these distances 

the asymptotic form of the Green's function is quite accurate so that the fields 

are propagating as ~ e-ik1r IJklr. Figure (9-1) presents the response of the 

unshielded line source as a reference. The lowpass frequency weighting described 

in Section 4.7 has been used and is evident in the fields presented in Figure (9-1). 

The shielded results are shown in Figure (9-2). Both the EFIE and EFIEjCSIE 

solutions are shown for each of the four observer positions. It can be seen that the 

two methods are in excellent agreement. As expected, the shielding increases as 

the observer position moves farther behind the shield, with the 0° position having 

the greatest shielding. A coupling constant of unity was used for all frequencies. 

In all the numerical results presented in this chapter, pulse expansion func

tions have been used with collocation. Although a triangle expansion provides a 

more accurate solution, it is difficult to deal with the currents in the corners and 

on the edges using triangles. Through numerical experiments it was found that 

the singularities at the edges and corners were sufficiently localized that they had 

a small effect on the scattered fields in spite of the extreme ill-conditioning of 

some of the cases to be presented. Indeed, for highly effective shielding, the corner 

singularity was not observed, and detection of the edge singularity required an in

ordinately fine sampling of the current. The localization of the singular behavior 

also makes the use of the singular edge elements discussed in section 4.3 difficult. 

The size of these singular elements must be chosen so small that the number of 

points required for an equally spaced set of sub domains becomes prohibitively 
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Figure 9-1 The magnitude of the electric field at a distance of 1000 m from 
an unshielded line source in free space. 
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Figure 9-2 The magnitude of the electric field at a distance of 1000 m from 
a shell of height 3 m and width 6 m in free space. The observer is located at a 
zenith angle of 30°, The source position is (x, z)=(0,1.5 m). 
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large. Similarly, weighting processes other than collocation drives the processing 

time required for filling of the impedance matrix to an intolerable level. 

A few comments on the implementation of the multi-frequency MM solu

tions are appropriate. It is well known that to achieve an accurate solution to a 

surface integral equation in two dimensions the number of subdomains should be 

related to the perimeter dimension of the problem expressed in wavelengths. As 

the frequency increases, the required number of sub domains also increases pro

portionally. In addition, the number of subdomains should have a non-zero lower 

bound which allows accurate evaluation of the quasi-static behavior. In the results 

presented in this section, the number of subdomains N is given by the following 

expresslon 

N - (N' N perimeter) - max mm,). >. (9 - 1) 

where Nmin is the number of sub domains required to track the quasi-static behav-

ior for the object, >. is the free-space wavelength, and N>. the number of subdomains 

per wavelength away from the quasi-static limit. As an alternative to (9-1) one 

could choose to fix N for all frequencies at the value required for the highest fre

quency of interest. The use of a variable N as described in equation (9-1) is more 

efficient, but errors in the solution can make the frequency response 'jagged' if N). 

is not chosen large enough. The use of a constant N tends to produce smooth 

curves over the frequency range, albeit with excessive processing time. In this 

work a desire to minimize processing time requires a frequency-varying N to be 

used. Typically, N). is chosen as small as possible (owing to the N2 behavior of 

MM matrix fill times) but large enough to satisfy the accuracy requirements of 

the problem. In the results presented in this chapter, the values Nmin = 36 for 
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the shell and Nmin = 48 for the closed shield have been used. A limited study of 

the numerical convergence of the problems as a function of N). was done. Values 

of N). = 12, 24 and 36 were investigated. It was found that results for N). = 24 

were in good agreement with N). = 36, but the N). = 12 results showed excessive 

variance from the larger values. A value of N). = 24 has been used in all results 

of this chapter. 

9.2 Results for the Shell Over a Half Space 

It was noted earlier that the primary effect of the half space is to substan

tially increase the amount of shielding (and execution times). For the results of 

this section excellent agreement between EFIE and hybrid EFIE/CSIE solutions 

cannot be expected. To illustrate the shielding potential of the shield/earth com

bination, two models of the earth are considered. For the first earth model, two 

source positions have been evaluated: a centered source (x, z)=(0,1.5 m) and an 

off-center source (x,z)=(l m, 1 m). 

In the first set of results, the half space is taken to be lossless with €oo = 4€0. 

Results are presented from the solution of the EFIE in equation (2-9) and the 

CSIE of equation (7-27). The CSIE coupling constant was fixed at unity. It was 

found that the shielding for this case was less significant, and allows a comparison 

of the EFIE and hybrid formulations. The numerical results were generated on 

the SCS-40 computer described earlier. Typical execution times when the half 

space is present are 8 CPU minutes for the calculation of the currents at a single 

frequency using 48 expansion functions and roughly 20 hours for the set of 64 

frequencies. (For comparison, the same code has also been run on a DEC VAX 
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8650 with about a factor of 6 increase in CPU time.) As above, the response of 

an unshielded line source has been evaluated for reference and appears in Figures 

(9-3) for a position of (0, 1.5 m) and in Figure (9-8) for the position (1 m, 1 m). 

The shielded results are shown in Figures (9-4) through (9-7) for the centered 

source and (9-9) through (9-12) for the source at (1 m, 1 m). For the off-center 

source the symmetric observer positions are also given. 

The unshielded results are substantially the same with the most prominent 

difference being the amount of ripple visible in the 90° case. This ripple is due to 

resonant interaction between the direct contribution and the lateral wave identified 

in Section 4.3.2. The effect is only noticable for the lossless media discussed here, 

since these waves decay rapidly when the earth is lossy. 

A comparison of EFIE and CSIE solutions shows that the CSIE generally 

predicts a slightly smaller return. This is consistent with the greater <1bility of the 

CSIE to deal with the cancellation effects which plague the EFIE. If values near 

50 MHz are compared it can be seen that the effect of the shielding is to reduce 

the exterior fields by about 50 dB (2! dedmal digits of cancellation). In section 

6.3.1 the response of a centered line source within a closed box was calculated 

to be suppressed by roughly 70 dB at 50 MHz so that the EFIE results here are 

expected to have roughly one accurate digit. 

Some unusual artifacts are also present in these figures. It can be seen that 

the CSIE solution exceeds the EFIE solution at some frequencies. Additionally, 

in some figures it appears that the CSIE solution is slightly shifted in frequency 

from the EFIE solution. These effects can also be seen in the results of other 

workers (Medgyesi-Mitschang and Putnam, 1985). No explanation for these small 
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Figure 9-3 The magnitude of the electric field at a distance of 1000 m from 
an unshielded line source at (x,z)=(0,1.5 m). Earth parameters for this case are 
€oo = 4€0 and 0"0 = 0 mho / m. 
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Figure 9-4 The magnitude of the electric field at a distance of 1000 m from 
a shell of height 3 m and width 6 m. The observer is located at a zenith angle 
of 0°. The source position is (x, z)=(0,1.5 m). Earth parameters for this case are 
€oo = 4€0 and 0'0 = 0 mho/m. 
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Figure 9-5 The magnitude of the electric field at a distance of 1000 m from 
a shell of height 3 m and width 6 m. The observer is located at a zenith angle of 
30°. The source position is (x,z)=(0,1.5 m). Earth parameters for this case are 
Eoo = 4Eo and 0'0 = 0 mho/m. 
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Figure 9-6 The magnitude of the electric field at a distance of 1000 m from 
a shell of height 3 m and width 6 m. The observer is located at a zenith angle of 
60°. The source position is (x, z)=(0,1.5 m). Earth parameters for this case are 
foo = 4fo and 0'0 = 0 mho/m. 
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Figure 9-7 The magnitude of the electric field at a distance of 1000 m from 
a shell of height 3 m and width 6 m. The observer is located at a zenith angle of 
900

• The source position is (x, z)=(0,1.5 m). Earth parameters for this case are 
foe = 4fo and 0'0 = 0 mho/m. 
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Figure 9-8 The magnitude of the electric field at a distance of 1000 m from 
an unshielded line source at (x,z)=(l m, 1 m). Earth parameters for this case are 
foo = 4fo and 0'0 = 0 mho/m. 
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Figure 9-9 The magnitude of the electric field at a distance of 1000 m from 
a shell of height 3 m and width 6 m. The observer is located at a zenith angle of 
0°. The source position is (x,z)=(l m, 1 m). Earth parameters for this case are 
foo = 4fo and 0'0 = 0 mho/m. 
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Figure 9-10 The magnitude of the electric field at a distance of 1000 m from 
a shell of height 3 m and width 6 m. The observer is located at zenith angles of 
±30°. The source position is (x,z)=(l m, 1 m). Earth parameters for this case 
are foo = 4fo and 0'0 = 0 mho/m. 



-----..-I 

I 
N 

0::: 
..-I 

I 

S 
::> 
'-'" 

~ 

Comparison of CSIE Results 
10-8 ~--------------~----------------~ 

10-10 

10-11 

10-12 

, 
, , 
: , : , 
:1 .. ~ 
! , , 

-------------r-----------~ 

I 
i 
i 
! 

1 0-13 +---------------......;:,....----------------'-
o 50 100 

Frequency (MHz) 

186 

LEGEND 
h. -60· EFIE 

0- - - - - _-:fJQ~ _ ~re_ ---o _________ QQ~_.~I;t': ______ _ 

x _____ .!I.9~_~m. ___ _ 

Figure 9-11 The magnitude of the electric field at a distance of 1000 m from 
a shell of height 3 m and width 6 m. The observer is located at zenith angles of 
±60o. The source position is (x,z)=(l m, 1 m). Earth parameters for this case 
are foo = 4fo and 0'0 = 0 mho/m. 
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Figure 9-12 The magnitude of the electric field at a distance of 1000 m from 
a shell of height 3 m and width 6 m. The observer is located at zenith angles of 
±900

• The source position is (x, z )=(1 m, 1 m). Earth parameters for this case 
are foe = 4fO and 0'0 = 0 mho/me 
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inconsistencies has been found. It can be seen that for the cases on the interface 

(±900) there is excellent agreement. In these cases the cancellation effect was 

found to be far less pronounced, so that the advantages of the CSIE are not as 

great. 

The results display weakly resonant behavior. Let the modes of the closed 

shield be denoted by TMmon where m and n correspond to the number of half 

cycles in the x and z dimensions respectively. For a centered source in the closed 

shield, only the modes with odd m and n are excited. Of these odd modes, only 

the TM101 at 55.86 MHz and TM301 at 90.08 MHz fall into the frequency range 

displayed in the figures, with the next possible mode being TMsOI at 134.53 11Hz. 

A slight peaking is apparent in the frequency responses of the shielded sources at 

these frequencies. For the off-center source, the excited modes are TM101 at 55.86 

MHz and TM201 at 70.66 MHz. The TM102 mode occurs just beyond the frequency 

range at 103.01 MHz. The TM301 mode is not excited because of the particular 

placement of the source in this case. Both the TM101 and TM201 resonances are 

weakly excited for this lossless case as evidenced by Figures (9-9) through (9-12). 

It is also evident from Figures (9-10) through (9-12) that the numerical model 

predicts asymmetry in the response of an off-center source. 

For the second earth model, the case too = 6€0, 0'0 = 0.01 mho/m is 

presented. This conductivity value implies a water content of 11.56 percent by 

volume for the model discussed in Chapter 5. As before, the field was evaluated 

at four elevation angles with a range of 1000 m. The unshielded field is shown in 

Figures (9-13) and the shielded results are given in Figures (9-14) through (9-17) 

for the centered source. 
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Figure 9-13 The magnitude of the electric field at a distance of 1000 m from 
an unshielded line source at (x,z)=(0,1.5 m). The earth parameters for this case 
are <=00 = 6<=0 and 0"0 = 0.01 mho/m. 
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Figure 9-14 The magnitude of the electric field at a distance of 1000 m from 
a shell of height 3 m and width 6 m. The observer is located at a zenith angle 
of 0°. The source position is (x,z)=(0,1.5 m). Earth parameters for this case are 
foo = 6fo and 0'0 = 0.01 mho/m. 
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Figure 9-15 The magnitude of the electric field at a distance of 1000 m from 
a shell of height 3 m and width 6 m. The observer is located at a zenith angle of 
30°. The source position is (x,z)=(0,1.5 m). Earth parameters for this case are 
€oo = 6€0 and 0'0 = 0.01 mho/m. 
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Figure 9-16 The magnitude of the electric field at a distance of 1000 m from 
a shell of height 3 m and width 6 m. The observer is located at a zenith angle of 
60°. The source position is (x,z)=(0,1.5 m). Earth parameters for this case are 
€oo = 6€0 and ao = 0.01 mho/m. 
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Figure 9-17 The magnitude of the electric field at a distance of 1000 m from 
a shell of height 3 m and width 6 m. The observer is located at a zenith angle of 
90°. The source position is (x, z)=(O, 1.5 m). Earth parameters for this case are 
€oo = 6€o and 0"0 = 0.01 mho/m. 
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For these numerical results involving a lossy earth, four methods of calcu

lating the exterior fields are presented for each source/observer location. In the 

first method the EFIE given in equation (2-9) is solved. This method was also 

used in the lossless half space results above and is denoted by 'EFIE' in the figures. 

In the second method the CSIE given in equation (7-27) is solved. The 

coupling constant a is taken to be zero everywhere except for a ±1 MHz region 

around the resonances of the closed object. Within each of these 2 MHz regions, 

the coupling constant is given by 

aU) = 0.05 max(O, 1 - li2~~~sl) (9 - 2) 

where ires is the neighboring resonance. For the sampling rates used in the figures, 

equation (9-2) implies that only one point near each resonance will have a nonzero 

a so that this case is essentially a solution of equation (7-22). (The solution 

of (7-22) without modification would necessarily fail in a neighborhood of each 

resonance). The results are denoted as 'CSIE A' in the figures. 

In the third method, the CSIE of equation (7-27) is again solved but this 

time with the fixed coupling constant a = 0.1. These results are denoted as 'CSIE 

B' in the figures. As discussed in section 8.5 the MFIE portion of the CSIE is less 

accurate than the EFIE portion and the use of larger values of a was found to 

yield results contaminated by errors. 

For the final method to be presented, the short-circuit current integral 

equation developed in section 7.1 was solved. Because this method is not applicable 

to frequencies corresponding to modes of the closed shell the solution is only 

presented for a number of discrete frequencies which avoid these resonances. The 
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four discrete frequencies 20 MHz, 40 MHz, 60 MHz, and 80 MHz have been chosen 

for this study. The short-circuit current method is designated 'sc' in the figures. 

A number of observations can be made from the results presented in Fig

ures (9-14) through (9-17). It is immediately apparent that the EFIE predicts 

substantially less shielding that the other methods. In general the EFIE predicts a 

suppression of 70 dB or less. This finding is consistent with the known limitations 

of the EFIE described in section 6.3.1. The remaining techniques predict greater 

shielding away from the resonant frequencies which results in a higher Q esti

mate for these modes. In all the EF!E results an abrupt discontinuity is present 

near 40 MHz. This artifact can be traced to the first change in the number of 

expansion functions defined by equation (9-1), and is indicative of the extreme 

ill-conditioning of the problem. 

The CSIE 'A' results exhibit excessive peaking near the modal frequencies. 

This is attributed to excessive contamination by the internal resonances. The effect 

is mitigated to a degree in the 'B' case (a = 0.1). Larger values of a can eliminate 

these effects, but were found to produce other artifacts which were later traced to 

inaccuracies in the MFIE-like part of the CSIE. The short-circuit current results 

'sc' are in close agreement with the CSIE 'A' results. This result is not surprising 

since the equivalence of the governing equations (7-5) and (7-22) was noted in 

section 7.2. The CSIE 'B' case exhibits an additional null near 83 MHz for the 0° 

case. No explanation for this phenomena has been found. 

For this lossy half space, the larger K2 values make the impedance bound

ary condition more accurate. The approximate solution of the internal problem 

given in section 7.5 predicts resonant frequencies for the present case of 55. 76+i3.05 



196 

and 89.67 + i1.28 for the TMlOl and TM301 modes respectively. Thus the approx

imate analysis predicts the relatively high Q modes located near the modes of the 

closed shield. These findings are in agreement with the CSIE calculations of the 

figures. 
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A number of results are available in the foregoing analysis. First, a simple 

analytical form for the Sommerfeld-like integral portion of the Green's function (1) 

has been given which may be used to check numerical evaluation of the integrals 

in the quasi-static limit. The quasi-static results have been favorably compared 

with the numerically evaluated integral for small Ik2 IL. 

The above method has been used to obtain a closed form expression for 

the currents induced on the quasi-static strip. The closed form results have been 

compared with results obtained by numerically solving the exact integral equation 

using the method of moments (MM). It was found that the quasi-static results 

are good approximations to the MM results in the case when the strip width and 

height are both small when compared with the wavelength in the lower medium. In 

addition, attention has been drawn to a method of solving integral equations with 

logarithmic singularities due to Pearson (1957). In some cases this method can 

have advantages over previously discussed techniques (Butler and Wilton, 1980). 

Highly accurate expressions for the MM matrix elements for the TM po

larization have been presented. The analytical extraction of singular behavior 

(including the known singularities at edges and corners of perfectly conducting 

surfaces) has resulted in expressions which are amenable to simple quadrature 

techniques. The result are applicable to TM scattering from any thin object in 

two dimensions and yield highly accurate solutions. Several current expansion 
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techniques were compared by evaluating the resulting boundary condition errors. 

It was concluded that for thin scatterers the use of singular edge and corner ele

ments yields currents which are significantly more accurate. In addition, the use 

of a piecewise linear expansion yields roughly an order of magnitude improvement 

in accuracy over a piecewise constant expansion for the current. 

The numerical evaluation of Sommerfeld-like integrals has been investi

gated for two different forms of the integral using three different numerical tech

niques. It has been found that the decomposition of the Green's function into 

direct and reflected integral (J) components yields superior convergence when 

compared to the decomposition in terms of direct, image and ground-effect in

tegral (1) except in the case of a high dielectric contrast (1{2 ~ 1). It is also 

found that for modest to large distances, numerical evaluation of the integrals 

using steepest descent path (SDP) techniques is both more efficient and more ac

curate than real axis integration provided that the interception of the branch cu t 

is properly considered. For small distances the use of the real axis integration 

yields superior results, and for large distances the asymptotic evaluation of the 

SDP integral is both accurate and efficient. 

The problem of scattering by a shielded source was also examined. This 

problem is ill-conditioned (i.e., the solution is highly sensitive to numerical errors) 

when approached from the electric field integral equation (EFIE). The combined

source integral equation (CSIE) was investigated. An alternative hybrid EFIE/CSIE 

formulation was developed and used to evaluate the scattered fields. For scattering 

in free space where the cancellation of incident and scattered fields is less signif

icant the agreement between the EFIE and the hybrid EFIE/CSIE formulations 
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is excellent. In the case of scattering by a shielded internal source over a purely 

dielectric half space good agreement is also obtained. 

The above techniques were also used to numerically evaluate the exterior 

fields due to an internal line source over a lossy earth. It was found that the 

shield/ earth combination is highly effective in isolating the interior and exterior 

fields, particularly when the conductivity of the earth is large. The efficacy of the 

shielding leads to considerable ill-conditioning of the EFIE which is only partially 

corrected by the EFIE/CSIE formulation. Enhancement of the external fields is 

observed at frequencies corresponding to resonances of the closed shield. The CSIE 

solution predicts a significant sharpening of the frequency response near these 

modal frequencies. The EFIE and CSIE solution techniques were also compared 

to a short-circuit current formulation at several discrete frequencies. The CSIE 

and short-circuit current solutions were found to be in agreement, with the EFIE 

generally overpredicting the response. 

A number of extensions of the present work are possible. The most obvious 

extension is the consideration of the TE polarization. This polarization should be 

straightforward given the analysis discussed here. The fields in the lower half space 

can also be evaluated using the aforementioned techniques, but the definition of 

the SDP for the resulting integrals is unclear. The extension to three dimensions 

is straightforward, but exceedingly ambitious. The insights gained in approaching 

Sommerfeld integrals and the coupling problem are also applicable. 

A more challenging topic is the consideration of the general shielding prob

lem for broad-band excitation via integral equation techniques. This topic is of 

considerable practical importance to the EM community. The hybrid EFIE/CSIE 
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solution technique developed here has shown promise as a general tool, but sev

eral aspects of it remain unexplained, particularly the selection of the coupling 

constant when imperfectly conducting boundaries are considered. 
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APPENDIX A 

DEVELOPMENT OF GREEN'S FUNCTION 

Throughout this work the source and observer locations are assumed to 

be above the earth, but in the derivation of the Green's function it is necessary to 

consider the fields in the lower region. We adopt the notation that E~l) and E~2) 

denote fields in the upper and lower half spaces respectively. A similar notation is 

used for the magnetic fields and the Green's function in the two regions. 

For an assumed exp( +iwt) time dependence, Maxwell's equations yield the 

following Helmholtz equations for Ey: 

( 2 k2)E(I) . - V'xz+ 1 y =-ZWJ-lIJs (AI) 

(A2) 

where Js is the impressed current. Maxwell's equations also predict the relation 

of the electric and magnetic fields, viz: 

(i) 1 aE~i) 
Hx =----

iWJ-li az 

(i) 1 aE~i) 
Hz =--.---

ZWJ-li ax 

(A3) 

(A4) 

The boundary conditions on the problem derive from the continuity of the tan

gential electric and magnetic fields. We have 

E~I)lz=o = E~2)lz=o (A5) 

---y- - ---y-
1 aE(l) 1 aE(2) I 

J-ll az Iz=o - J-l2 az z=o 
(A6) 
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Hereafter we take /l1 = /l2 = /lo. 

The Green's function for this problem may be chosen to satisfy 

-(V';z + ki)i1)(r,?) = 6(r - r') (A 7) 

-(V';z + k~)g(2)(r,?) = D (A8) 

For boundary conditions on g(1) and g(2) we parallel those for the fields. When 

Green's theorem is used with the appropriate boundary conditions, the following 

expression is obtained 

where n is outward-pointing. The induced current density on the conducting sur

faces is denoted by Jy and may be identified through simple vector manipulations, 

VIZ: 

J~ = [n x H]Sheil = .1 [n x (V' X yEY)]Shell = ~[n. (V' EY)]SheU. (AID) 
-ZW/lo ZW/-lo 

An integral equation for the surface current is obtained through the limiting oper

ation r -t is where is is on the shell. The fact that the total Ey field must vanish 

on the conductor yields 

(A11) 

where the left hand side is effectively -Et/(iw/lo). 

To derive the Green's function, let the Fourier transform be taken in x to 

obtain an ordinary differential equation in z. For j=I,2 let 

gU) = ['X) e+ik:r:(x-x')g(i)(r, r')dx' 
J-oo 

(AI2) 
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One can show the relations 

g(1) = 2:k
1 

[e-ikllz-z'l + Re(kx)e-ikl(Z+Z')] (A13) 

(A14) 

where Re(·) and Te(·) are the TM reflection and transmission coefficients given by 

kl- h 
Re(kx) = - -

kl + k2 
(A15) 

2kl 
Te(kx) = - -

k} + k2 
(A16) 

and 

After extracting the free space Green's function via 

(A17) 

and using 

(A IS) 

we can write 

(A19) 
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One can also obtain the Green's function for the lower half space in a very similar 

form, namely, 

(A20) 

It is possible to write alternate forms for these results by using the defini-

tion 

(A21) 

The resulting expressions for the Green's functions are 

(A22) 

(A23) 

In the present work we use exclusively the result for the upper half space. 
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APPENDIX B 

DISCUSSION OF PEARSON'S METHOD 

The derivation of the method of Pearson requires some preliminaries from 

the theory of Cauchy integrals. 

Theorem. (Plemelj-Sokhotskyi) 

Let r be a regular curve in the complex plane, and let to be a point 

on the curve which is not an endpoint. Let ¢>(t) satisfy a Holder condition 

on r, and define the function cI>( z) for z rt. r as 

cI>(z) = ~ f ¢>(t) dt. 
27rz ir t - z 

(B1) 

Then the one-sided limits from the left and right, cI>+(to), cI>-(to), where 

Z -t to, z rt. r, exist and satisfy 

cI>+(to) + cI>-(to) = 2cI>(to) 

cI>+(to) - cI>-(to) = ¢>(to) 

The integral on the curve cI>(to) is defined using the principal value 

1 i ¢>(t) q,(to) = -.PV --dt. 
27rz r t - to 

(B2) 

(B3) 

The proof of this result is given by several sources (Muskhelishvili, §17, 

1958; Henrici, 914.1,1984; Gakhov, §4.2, 1966) and is omitted from the present 

work. As a corollary of this result, we obtain the solution of the following simple 
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Riemann-Hilbert problem: Determine a function <I>(z) which is analytic for z rt. r, 
which vanishes at infinity, and which has left and right limits on r given by <I>+(t) 

and <I>-(t). From (B3) we find 

<I>(to) = ~PV f <I>+(t) - q,-(t) dt 
271''l ir t - z 

(B4) 

It is easily seen that the function <I> ( z) vanishes at infinity. The result (B 4) may 

be extended to include functions which have a pole of some order n at infinity, 

and which have singularities of the form 

where rjJ* satisfies a Holder condition, a ~ a < 1, and ti is a point on r. In this 

case we find that the relation analogous to (B4) is 

<I>(z) = ~ f <I>+(t) - <I>-(t) dt + R(z) 
271''l ir t - z 

(B4') 

where R(z) is a function which has isolated singularities at the endpoints of r, a 

pole of order n at infinity and is analytic elsewhere (Henrici, §14.8, 1984). It is 

easily shown (Muskhelishvili, §78, 1958; Gakhov, §41.1, 1966) that R(z) must be 

entire and so may be written as a polynomial of order n. 

To derive Pearson's solution to the integral equation 

[11 [P(x - t) In Ix - tl + Q(x - t)] f(t)dt = h(t) (B5) 

where P and Q are polynomials, we first define for z rt. ( -1, 1) 
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where we have taken the branch cut of the logarithms to lie on the negative real 

axis, and the branch cut of the root to be between -1 and +1. Clearly S(z) is 

an analytic function for z ~ r. The limits from above and below exist, and the 

original integral equation (B5) allows us to write 

S(x+) = +ivh - x2 [h(X) + 7ri 11 P(x - t)J(t)dt 

-(1:1 

P(x - t)J(t)dt) In(l + x)] , 

S(x-) = -iJ1 - x2 [h(X) - 7ri 11 P(x - t)J(t)dt 

-(1:1 

P(x - t)J(t)dt) In(l + X)] , 

Thus, using (B4') we find 

(B7) 

(BS) 

1 11 ~h "[ (1+1 

)] S(z) = - ~ x~ hex) - P(x - t)f(t)dt In(l + x) dx+R(z) (B9) 
7r -1 X Z -1 

where R(z) is the entire part of S(z). In order to simplify the derivation, in 

equation (B9) and the sequel we will assume that J(t) and h(t) are sufficiently 

well behaved that S(x+)-S(x-) is Holder continuous. By considering the quantity 

S(x+) + S(x-) and using the Plemelj-Sokhotskyi equation (B2) we find 

11 P(x - t)f(t)dt = sex) (RIO) 

where 

1 {I 11 J1=t2 s x -- -( ) - "II - x 2 7r 2 -1 t - z 
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By using Laplace transforms we can show that the solution to (BID) is given by 

d 11 f(x) = dx x M(t - x)s'(x)dx (B12) 

where M(x) is the inverse transform of [s2pl(S)]-I, and Pl(S) is the transform of 

PC-x). 

If we define the constants 

em = 11 tm f(t)dt 
-1 

(B13) 

we see from equations (Bl1) and (BI2) that the unknown f(x) appears on the right 

hand side only in terms of the Cm. One can always obtain two linear equations for 

the unknown Cm by multiplying both sides of (BID) by VI - x 2 and evaluating 

at ±l. Additional equations can be obtained by multiplying equation (BID) by 

appropriate powers of x and integrating. Thus, the solution of the equation is 

complete. 

To illustrate the method, we solve equation (34) using the form of h(x) 

given in equation (38). An important first step is the determination of the entire 

part of the function, S(z). Noting the series expansion of the logarithm 

In (~) = In (I-~) = f(-It (~)n 
z + 1 z + 1 m=1 z + 1 

(B14) 

and that fact that 

J Z2 -1 = Jz -1 
z+I z+I 

(B15) 
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tends to unity for large z and is analytic for Izl > 1, we find 

R(z) = CC{)z - (co + q) (BI6) 

From equation (BI2) we obtain 

(BI7) 

and multiplying equation (BIO) by VI- x 2 and evaluating at x = ±I we obtain 

the equations 
o = -co [In(2) - C] - a - b/2 - C1 

o = +Co [In(2) - C] + a - b/2 - q 

which can be solved to give 

CI = -b/2 

a 
Co = C -In(2) 

Using the following integrals given by Pearson 

(BIS) 

(BIg) 

(B20) 

(B2I) 

11 _v_l_-_t_2 In(1 + t)dt = 7r [x In(2) - 1 + VI - x2( 7r /2 - sin-1(x»] (B22) 
-1 t - x 

11 VI - t 2 
--(B + bt)dt = 7r [b/2 - ax - bx2] 

-1 t - x 
(B23) 

we can show 

(B24) 

from which the solution follows, namely, 

f(x) = .!.Vl- x2 [-bX + a ]. 
7r C -In(2) 

(B25) 

Carleman's result may be derived by using P(x) = I,Q(x) = 0, and is 

omitted. An alternate derivation appears in (Carrier et al., p.42S). 
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