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ABSTRACT 

This dissertation presents an exploration of the use of 

nonparametric statistical methods based on ranks for use in 

financial market research. Applications to event study 

methodology and the estimation of security systematic risk are 

analyzed using a simulation methodology with actual daily 

security return data. 

based on ranks are 

The results indicate that procedures 

more efficient than normal theory 

procedures currently in common use. 



PREFACE 

Empirical research plays a vital role in the development 

of our knowledge of financial markets. Yet the development 

of statistical methods for financial market research is 

dominated by econometric estimation techniques. This bias 

towards estimation theory and away from inference theory is 

related to the ubiquitous assumptjon of normally distributed 

variables. By assuming normality, we inspire a rich body of 

estimation theory. The same assumption impoverishes 

inference theory. This is unfortunate. A perusal of the 

finance literature reveals that most empirical research in 

finance is directed towards testing hypotheses. But the 

graduate curriculum of finance reveals an almost exclusive 

reliance upon estimation theory to train doctoral students. 

The result is that normal theory tests are used almost 

exclusively in financial research in spite of the fact that 

financial data is quite nonnormal. 

The possibility that procedures built on the normal 

model might be misspecified in financial market research has 

not been ignored. As an example, recent papers by Brown and 

Warner [1985), Dyckman, Philbrick and Stephan [1984) and 

Jain [1986) examine event study methodology and conclude 

that test statistics based on daily stock returns are 
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sufficient1y close to being normally distributed to allow 

the use of standard normal probability tables in making 

inferences. These studies are cited by financial empiricists 

to argue that since normal theory procedures 'work', then 

there is no need to adopt or develop procedures that do not 

assume normality. 

Although parametric procedures developed under the 

assumption of normality do indeed often 'work' when used 

with nonnormally distributed data, nonparametric procedures 

can be more efficient when used on nonnormal data. This is 

especially true for data characterized by distributions with 

heavy tailweights relative to the normal distribution. Since 

tailweights heavier than the normal model generally 

characterize financial data, nonparametric methods offer a 

promising source of more efficient statistical procedures. 

This dissertation will be composed of four chapters. In 

it, I demonstrate that nonparametric methods are superior to 

normal theory procedures for some common statistical 

problems in finance. The first chapter contains a 

preliminary discussion of nonparametric statistical methods 

based on ranks. There, and throughout this dissertation, the 

major focus is on the potential efficiency gains obtained 

with the use of rank based techniques. 
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In Chapter two, I develop a rank test to detect abnormal 

security price performance within the context of an event 

study. The rank test is analagous in structure to a standard 

parametric test frequently used in financial market 

research. In an extensive simulation using actual daily 

security return data, I demonstrate the potential efficiency 

gains from the use of rank based procedures. But both the 

rank test and the parametric test examined in Chapter two 

are not sufficiently general. Under certain conditions both 

are incorrectly specified. This deficiency in specification 

is normal1y corrected by using a less powerful test. 

Chapter three presents a rank test that is correctly 

specified under very general conditions, yet does not 

sacrifice power. This rank test is compared to two 

parametric methods in current use in event studies and is 

shown to dominate both parametric tests in specification and 

power. 

In Chapter four, the common problem of estimating the 

slope coefficient in a simple bivariate linear regression 

context is examined. The standard procedure is to use the 

ordinary least squares estimator. The OLS estimator has the 

attractive property of being the most efficient estimator 

within the class of linear unbiased estimators. Thus 

efficiency gains over OLS can only be obtained by 
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considering nonlinear estimators. Three nonlinear 

estimators, including two nonparametric estimators, are 

compared to OLS in the problem of estimating the beta 

measure of systematic risk of a security using daily 

security return data. It is shown that efficiency gains are 

obtainable through the use of nonparametric estimation 

techniques as compared to normal theory parametric 

procedures. 

Chapters two through four were originally written as 

stand-alone papers. As such, they may be read in any order. 

Certain sections of Chapters tnree and four assume a first 

year graduate knowledge of mathematical statistics. The 

appendix to Chapter one is especially difficult, but it does 

contain a fundamental theorem of nonparametric statistics 

which I have written to be a more readable presentation than 

is available elsewhere. Except for these brief technical 

excursions, the rest of the dissertation requires only an 

undergraduate knowledge of applied statistics (or at least 

that knowledg~ contained in undergraduate texts). Most 

financial empiricists do not know, do not want to know, and 

do not need to know statistics beyond this level. 

It 1s possible, even likely, that Chapters two and three 

will still be difficult. These two chapters can only be 

easily read by someone who is thoroughly familiar with the 
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well known (but often not well read) paper by Brown and 

Warner [1985J. In Chapters two and three I refer to this 

paper a number of times. When reading these chapters, a copy 

of Brown and Warner should be available for reference. The 

same patience required to read their paper is also required 

to read Chapters two and three of this dissertation. 
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CHAPTER ONE 

A Preliminary Discussion of Nonparametric Methods 
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INTRODUCTION 

The hi story of nonparametric statistics is a relatively 

short one. Although the earliest use of the sign test has 

been traced to Arbuthnot in 1710, Lehman [1975] credits the 

modern development of the subject to have begun with the 

papers by Hotelling and Pabst [1936], Friedman [1937], 

Kenda~~ [1938] and Smirnov [1939]. The publication of papers 

by Wi~coxon [1945] and Mann and Whitney [1947] and the book 

of Kendall [1948] created the impetus foz:' formal 

investi gation of the theory of nonparametric methods. Today, 

the top.:1 c flourishes as a subject for research in 

statisticians' journals. 

Textbook treatments of the subject useable by 

non-sta t1sticians are now widely available. A standard 

reference at this level is Lehman [1975]. Theoretical texts 

are less common. The recently published book by 

Hettmansperger [1984] is perhaps the best introduction to 

the sub..1ect for those wI th a grasp of mathematical 

statisti es. The best chapter length treatment is provided by 

Bickel and Dol~sum [1977]. 

As a wa:t>ni.ng to the reader who may be interested in the 

subject, there are problems that will limit the appeal of 

nonparametric tech~iques to financial economists. 
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Nonparametric methods do not yet have the flexibility and 

the wide applicability to complex linear models that make 

least squares methods based on normal theory so attractive. 

This situation is not likely to change for a long time. 

In spite of the limitations of nonparametric methods 

mentioned above, these techniques are often resorted to when 

a probabilistic statement about a set of data must be made 

that does not depend upon the distribution of the data for 

its validity. This has been the most productive use of 

nonparametric methods in applied research. Examples are 

Ashley and Patterson [1986] and Giaccotto and Ali [1982]. 

However, what many researchers do not realize is that in 

addition to justifying distribution-free probabilistic 

statements, nonparametric methods are often more efficient 

than methods developed under the parametric assumption of 

normality when even small departures from normality are 

realized. These potential efficiency gains seem to be a 

completely neglected aspect of nonparametric methods in 

finance. In a search of the ~inance literature I found not a 

single instance 6f a nonparametric test being developed to 

take advantage of the efficiency gains that are possible 

when the data is fat-tailed relative to the normal model. 

This neglect has motivated the content of this dissertation. 
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As an example of efficiency gains from nonparametric 

methods, consider the classic two sample problem where 

under the null hypothesis, two samples are drawn from the 

same population and under an alternative hypothesis, the two 

samples are drawn from populations that differ in location 

only. Let X = [X1, .. ,XN] and Y = [Y1, .. ,YM] denote the two 

samples. Assuming that X and Yare normally distributed with 

the same variance, the most powerful test for the equality 

of population means is the two-sample t-statistic: 

( 1 ) 

where 

T = ~ X - Y 1'ffM[ s ], 

N M 
( 2 ) S2 = [ E ( Xi - X) 2 + E ( Y j - Y ) 2 ] / (1-1 + M - 2). 

i=l j=l 

Under the null hypothesis, T is distributed as Student-t 

with N + M - 2 degrees of freedom. We shall compare the 

above t-test with a rank test under varying distributional 

assumptions. 

Let ReX!), R(Y j ) denote the rank of Xi' Yi , 

respectively, in the combined sample of X and Y. A two 

sample rank test statistic is given by 
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(3 ) R = ~ NM [ ~(X) - R(Y) ] 
N+M W ' 

where, 

(4) R(X) R(V) 

w2 = (N + M + l)(N + M - 1)/12. 

The test statistic in (3) is quite closely approximated by 

the normal distribution for sample sizes such that N,M ~ 10. 

This rank test is performed by simply transforming the 

original data to their respective ranks in a combined sample 

and then performing a two-sample t-test. Since most 

statistical software will perform the rank ~ransformation 

with a single command, the rank test represents a negligible 

increment in effort over the standard t-test. The result is 

a test that is distribution-fTee in specification and likely 

to be more powerful for even slightly nonnormal data. For 

example, the rank test suffers an efficiency loss of less 

than 5% under optimal conditions for the t-test. For data 

following a logistic distribution, the rank test is 10% more 

efficient than the t-test and for data following a Laplace 

distribution, the rank test is 50% more efficient. Thus, 

there is little to lose, yet much to gain by performing a 



two-sample test on the ranks of the data rather than the 

original data itself. 
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The potential benefits from the use of nonparametric 

tests extend to the use of nonparametric estimators. This is 

so since most estimators are based on tests. For example, 

the sample median is based on the Sign test and the sample 

mean is based on the't-test. Estimates based on rank tests 

were originally proposed by Hodges and Lehman [1963]. They 

developed a general form for estimators based upon tests. As 

a reward for this contribution, estimators based on tests 

are now commonly called Hodges-Lehman estimators 

(hereafter HLE). A precise definition of HLE and the 

estimator/test relationship are presented in an appendix to 

this chapter. The importance of this relationship lies in 

demonstrating that the distribution of an estimator, often 

difficult to obtain directly, can be derived from the 

distribution of its corresponding test statistic, often 

easily obtained. Thus, to derive the distribution of a HLE, 

one only has to derive the distribution of its corresponding 

test statistic and then apply a Theorem developed by 

Hodges-Lehman. This technique will be utilized in Chapter 4 

to derive the variance of a regression slope estimator. 

As repeatedly noted above, and here emphasized, the 

major focus of this dissertation Is the potential efficiency 
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gains from the use of nonparametric methods with nonnormal 

data. Although Chapter four examines an application of 

nonparametric estimation, the true raison d'etre of this 

dissertation 1s to develop a nonparametric rank based 

hypothesis test to detect abnormal security price 

performance coincident with firm specific events that can be 

demonstrated to dominate the existing parametric tests in 

both specification and power. The test must also be simple. 

I believe I have accomplished that goal. The rank based 

nonparametric hypothesis test developed in Chapter three is, 

I contend, a superior replacement for its parametric 

predecessors. Much finance journal space has been devoted to 

the examination of the specification and power of tests 

develped under the parametric assumption of normality when 

used with nonnormal financial data. If it can be firmly 

established that a rank based nonparametric test dominates 

these·parametric tests, then the intracacies of these papers 

can be forgotten. 
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Parametric vs. Nonparametric Rank Test 
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INTRODUCTION 

In this chapter, I compare the efficiency of two statistical 

tests for abnormal security price performance in the context 

of an event study. The first test procedure was examined in 

Brown and Warner [1985]. The second test procedure is a 

nonparametric variant of the first procedure based on a 

transformation of security returns to their respective 

ranks. It is, therefore, a rank-based test. Both tests 

require the assumption that security returns are 

cross-sectionally independent for test validity. The method 

used to compare both procedures is a simulation methodology 

with actual daily security return data. 

The organization of this chapter follows this sequence: 

Section A contains a short discussion of why we might expect 

the rank-based test to outperform a parametric test. 

Section B presents a description of the test statistics 

examined and the simulation methodology used. Empirical 

results are presented in Section C. A summary and conclusion 

follow. 
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A. Relative Efficiency of Rank-Based to Normal Theory 

Tests 

It is well known that daily security return data exhibit 

substantial departures from normality. The theoretical 

validity of the parametric t-test with nonnormal data is 

justified by an argument based upon the Central Limit 

Theorem which states that the sample t-test statistic 

asymptotically converges to normality. This convergence 

implies two important properties: First, the size or level 

of the t-test is relatively insensitive to nonnormality in 

the sample data. Second, power values obtained for the 

t-test under the assumption of normality are asymptotically 

valid for all other finite variance distributions. 1 Brown 

and Warner [1985], Dyckman et al. [1984] and 3ain [1986] 

show that the t-test is generally well specified for 

hypothesis tests utilizing daily security return data -

exhibiting a Type I error probability close to the correct 

level. Brown and Warner [1985] (hereafter BW) also show that 

the t-test has an empirical power close to the theoretical 

power under a normality assumption. However, this robustness 

of performance (or specification) does not imply that the 

t-test is an optimal test across the class of distributions 

for which it is well specified. With sample data drawn from 

heteroscedastic and/or nonnormal populations, the t-test is 
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not expected to be the most powerful test available. The 

relative efficiency of the t-test with respect to 

alternative tests across nonnorma1 distributional forms may 

vary great1y.2 

A measure of the relative efficiency of the t-test with 

respect to an alternative test is given by the ratio of 

sample sizes necessary for the two test procedures to 

maintain equal power. The ratio of these sample sizes as 

they tend to infinity is the asymptotic relative efficiency 

(ARE) of the two procedures. In nonparametric statistical 

theory, a well known expression for the asymptotic relative 

efficiency of a number of rank-based procedures with respect 

to their normal theory counterparts is given by 

( 1 ) ARE(R,T) = lim NT = 126 2 [ 
NT,NR .. 0) NR 

+0) 

J f2 (x)dx 
-0) 

where 6 2 is the variance and f(x) is the density function of 

the random variable under examination. 3 NT and NR are the 

sample sizes of the t-test and rank-based test, 

respectively, with their ratio restricted to maintain equal 

power for the two tests. If ARE(R,T) is greater than one, 

then the t-test requires a greater sample size than the 

rank-based test to achieve the same power. 
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As an example of the sensitivity of this relative 

efficiency measure to varying distributional assumptions, we 

consider a mixture of heteroscedastic normals where with 

probability (1-£) a data point is drawn from a standard 

normal population and with probability £ the drawing is from 

a normal population with a mean of zero and a standard 

deviation of three. The density function of this mixture has 

this form: 4 

(2 ) = (l-£)~(X) + £~(X/3), 
3 

o ~ £ ~ 1, 

where ~(x) is the density function of the standard normal 

distribution. Hence, 

+0) 

J f~ (x)dx = 
-0) 

(1_£)2 + ~ + £(1-£) 
2 f"n' 6 f"n' 1'51"11" 

which upon sUbstitution into (2) yields this relative 

efficiency expression: 

(3 ) ARE{R,T) = 3(1+8£) [ (1_£)2 + £2 + 2£(1-£) ]2. 
~ 3 1'5 



For various t we have these values for ARE(R,T): 

t 0 

ARE(R,T) .955 

.01 

1.009 

.05 

1.196 

.10 

1.373 

.25 

1.616 

23 

.50 

1.957. 

The calculations above suggest that the relative efficiency 

of the t-test with respect to a rank-based test is adversely 

affected by even a small proportion of heteroscedasticity in 

the data. Kon [1984] presents strong evidence that daily 

security returns are well modeled as a mixture of normals 

(although not the simple mixture given in equation (2». His 

empirical findi~gs suggest that if daily security returns 

conform to a mixture of heteroscedastic normals then a 

rank-based test is expected to outperform the standard 

t-test in detecting abnormal security price performance. 5 

B. Experimental Design 

To begin this section, I first describe the data used in 

the test simulations. I then briefly review the procedures 

used by BW to compare various test procedures. I follow 

their procedures very closely. It is assumed that the reader 

is familiar with BW. 

From the CRSP Daily Return File I obtain daily return 

data for 600 firms with a continuous listing from 3uly 1962 
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through December 1986. 6 From this data base, 10,000 

portfolios, each portfolio containing 50 securities, are 

constructed. When a security is selected for inclusion in a 

portfolio, a hypothetical event date is also selected that 

allows for a 250 day sample pe~iod. Security/event date 

combinations are randomly selected with replacement. 7 

As in BW, I define day '0' as the day of a hypothetical 

event. The first 239 days (-244 through -6) of the sample 

period are designated the 'estimation' period, and the 

following 11 days (-5 through +5) are designated the 'event' 

period. For each hypothetical event date and corresponding 

sample period, excess return measures are calculated. These 

measures include: Mean adjusted returns, market adjusted 

returns and OLS market model adjusted returns. 8 Each of 

these excess return measures are described in BW. 

Two procedures are used to test the null hypothesis that 

the mean day 0 portfolio excess return is equal to zero. The 

first procedure is identical to the hypothesis test assuming 

cross-sectional independence described in BW. This procedure 

is briefly reviewed here. 

Let Ait be the excess return for firm i on day t. Each 

excess return is first divided by its estimated standard 

deviation to yield a standardized excess return: 
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( 4 ) 

where S(Ait ) is the sample standard deviation for firm its 

excess returns estimated over a 239 day estimation period 

prior to the event date. 9 The day 0 test statistic is given 

by 

(5) 

where N is the number of securities in the day 0 sample. The 

empirical evaluation of the statistic in (5) is based upon 

the assumption that under the null hypothesis this statistic 

is distributed as standard normal. 

The second procedure is quite similar to the first. This 

method first transforms each security's time series of 

excess returns into their respective ranks. Let Kit be the 

rank of Ait in the array of 240 excess returns from the 239 

day estimation period and the event date, day O. Under the 

null hypothesis of no abnormal performance, a day 0 excess 

return is generated by the same process that generates 

excess returns during the estimation period. This implies 

that the rank of the day 0 excess return, KiO ' is a drawing 

from a uniform distribution across the possible rank values. 

The expected value and variance of KiO is then given by 
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240 

(6) E (KiO ) = 1 J: j 120.5, = 
240 j=1 

240 
Var (K.iO) = 1 t (j - 120.5)2 = 57,599/12. 

240 j=l 

The rank of each security's day 0 excess return is 

standardized by subtracting its expected value and dividing 

by its standard deviation to yield a standardized rank 

value: 10 

The day 0 test statistic is given by 

(8 ) 
N 

1 I 

uN E KiO' 
r i=1 

Empirical evaluation of the statistic in (8) is based upon 

the assumption that under the null hypothesis this statistic 

is distributed as standard normal. 

The test statistic in (8) is nonparametric under the 

null hypothesis since its distribution is independent of the 

distribution of security excess returns even for small 

sample sizes. Specifically, no assumptions concerning the 

symmetry or finiteness of moments of the distribution of 



excess returns are required. This precludes the 

mispecification of the nonparametric Sign and Signed rank 

tests documented by Brown and Warner [1980]. 

c. Test Statistics with Abnormal Performance 

27 

Procedures for introducing a given level of abnormal 

performance are similar to those in BW. A constant is added 

to the observed day 0 return for each security. Abnormal 

performance levels of 0%, 1/4%, 1/2%, 3/4% and 1% are used 

with each excess return measure. Upper-tailed hypothesis 

tests at the 1%, 2.5% and 5% levels of significance are 

performed on each portfolio. At each level of abnormal 

performance and each significance level the frequency of 

rejection of the null hypothesis is recorded. Also, at each 

leve1 of abnormal performance the average test statistic is 

recorded. 

Based upon the test statistics and procedures described 

above, tables 1-5 below report the frequency of rejection of 

the null hypothesis and the test statistic averages for 

various levels of abnormal performance and significance. 

Resu1ts for both the parametric t-test and the rank-based 

test are reported in each table. Table 1 reports results for 

the mean adjusted excess returns measure. Tables 2 and 3 

report results for market adjusted and market model adjusted 



TABLE 1 

Mean Adjusted Returns 

10,000 Portfolios of 50 Securities 

Rejection Frequency Using t-test Procedure 

Actual level 
of abnormal 
performance 

0% 

1/4% 

1/2% 

3/4% 

1% 

Significance level, one-tail 

1% 2.5% 5% 

141 320 590 

1065 1825 2687 

3796 5183 6330 

7471 8504 9107 

9493 9782 9886 

28 

Average 
test 
statistic 

0.001 

1.013 

2.024 

3.036 

4.064 

Rejection Frequency Using Ranks-Based Procedure 

Actual level 
of abnormal 
performance 

0% 

1/4% 

1/2% 

3/4% 

1% 

Significance level, one-tail 

1% 2.5% 5% 

106 262 496 

1849 2999 4179 

5136 6591 7640 

8624 9266 9586 

9795 9914 9967 

Average 
test 
statistic 

-0.012 

1.429 

2.353 

3.370 

4.292 
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TABLE 2 

Market Adjusted Returns 

10,000 Portfolios of 50 Securities 

Rejection Frequency Using t-test Procedure 

Actual level Significance level, one-tail Average 
of abnormal ---------------------------- test 
performance 1% 2.5% 5% statistic 

------------ ------- ---------

0% 165 362 661 0.034 

1/4% 1037 1728 2611 0.990 

1/2% 3542 4882 6079 1.946 

3/4% 7006 8123 8875 2.902 

1% 9276 9662 9843 3.857 

Rejection Frequency Using Ranks-Based Procedure 

Actual level 
of abnormal 
performance 

0% 

1/4% 

1/2% 

3/4% 

1% 

Significance level, one-tail 

1% 2.5% 5% 

115 287 530 

1040 1833 2874 

4204 5650 6844 

7905 8754 9334 

9625 9832 9928 

Average 
test 
statistic 

0.023 

1. 078 

2.109 

3.091 

4.012 



TABLE 3 

Market Model Adjusted Returns 

10,000 Portfolios of 50 Securities 

Rejection Frequency Using t-test Procedure 

Actual level 
of abnormal 
performance 

0% 

1/4% 

1/2% 

3/4% 

1% 

Significance level, one-tail 

1% 2.5% 5% 

157 324 623 

1099 1855 2717 

3883 5255 6404 

7544 8555 9143 

9510 9783 9885 

30 

Average 
test 
statistic 

0.009 

1.026 

2.044 

3.061 

4.079 

Rejection Frequency Using Ranks-Based Procedure 

Actual level 
of abnormal 
performance 

0% 

1/4% 

1/2% 

3/4% 

1% 

Significance level, one-tail 

1% 2.5% 5% 

108 273 513 

1456 2463 3619 

5016 6398 7518 

8545 9226 9583 

9788 9913 9961 

Average 
test 
statistic 

-0.002 

1.278 

2.314 

3.338 

4.298 
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TABLE 4 

Mean Adjusted Returns 

10,000 Portfolios of 10 Securities 

Rejection Frequency Using t-test Procedure 

Actual level Significance level, one-tail Average 
of abnormal ---------------------------- test 
performance 1% 2.5% 5% statistic 

------------ ---------

0% 154 337 578 0.002 

1/4% 397 718 1171 0.471 

1/2% 833 1495 2324 0.922 

3/4% 1745 2761 3894 1.374 

1% 3086 4420 5675 1.831 

------------------------------------------------------------
Rejection Frequency Using Ranks-Based Procedure 

Actual level 
of abnormal 
performance 

0% 

1/4% 

1/2% 

3/4% 

1% 

Significance level, one-tail 

1% 2.5% 5% 

91 221 459 

401 875 1636 

912 1854 2924 

2057 3430 4682 

3543 5068 6386 

Average 
test 
statistic 

0.013 

0.659 

1.071 

1.523 

1. 931 



TABLE 5 

Market Model Adjusted Returns 

10,000 Portfolios of 10 Securities 

Rejection Frequency Using t-test Procedure 

Actual level 
of abnormal 
performance 

0% 

1/4% 

1/2% 

3/4% 

1% 

Significance level, one-tail 

1% 2.5% 5% 

158 338 575 

401 737 1222 

873 1527 2379 

1771 2802 3903 

3116 4443 5699 
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Average 
test 
statistic 

0.022 

0.476 

0.931 

1.385 

1.839 

Rejection Frequency Using Ranks-Based Procedure 

Actual level 
of abnormal 
performance 

0% 

1/4% 

1/2% 

3/4% 

1% 

Significance level, one-tail 

1% 2.5% 5% 

98 224 457 

331 763 1410 

863 1187 2824 

2011 3312 4626 

3533 5116 6414 

Average 
test 
statistic 

0.016 

0.590 

1. 052 

1.509 

1. 936 



excess returns, respectively. The results are interesting. 

The rank-based test dominates the standard t-test in both 

specification and power. 

33 

When abnormal performance is added to the day 0 excess 

returns, the rank-based test consistently rejects the null 

hypothesis more frequently than the standard t-test. The 

gain in power is especially large for small levels of 

abnormal performance. For example, the rejection rate is 

64.3% higher for a level 2.5% test when 1/4% abnormal 

performance is present in the mean adjusted excess returns 

measure. For the market adjusted and market model adjusted 

excess returns measures, the corresponding gains in power 

are 6.1% and 32.8%, respectively. The superior power of the 

rank-based test is also apparent in the higher test 

statistic averages when abnormal performance is present. 

It is interesting to note that the power of the 

rank-based test is sensitive to the excess returns measure 

employed. Its power is greatest with the mean adjusted 

excess returns measure and smallest with the market adjusted 

measure. In contrast, the t-test maintains a stable but 

inferior power across the mean adjusted and market model 

adjusted excess returns measures. Use of the market adjusted 

measure does have a small but significantly negative impact 

on the power of the t-test. 
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Small sample results for portfolios with 10 securities 

each for the mean adjusted and market model adjusted excess 

returns measures, respectively, are reported in tables 4,5. 

With no abnormal performance present, the specification of 

the t-test is not noticably affected by the small sample 

size. There is a tendency to over-reject the null 

hypothesis. In contrast,' the rank-based test significantly 

under-rejects the null hypothesis when no abnormal 

performance is present. However, the magnitude of the 

mispecification is less than that of the standard t-test. 

When abnormal performance is present, the rank-based 

test is dominant. For example, when 1/2% abnormal 

performance is present with a 5% level test using the market 

model adjusted excess returns measure, the rank-based test 

has a rejection frequency 18.7% higher than the t-test. 

D. Summary and Conclusion 

For event study research designs that can justifiably 

assume cross-sectional independence of security returns, the 

nonparametric rank-based procedure evaluated here offers a 

substantial increase in power over the standard t-test 

procedure. An explanation for the superior performance of 

the rank-based test is suggested to be the heteroscedastic 

pattern of daily security returns. 
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The rank-based method is readily implemented in many 

standard statistical software packages. 11 This procedure 

should prove useful to financial empiricists generally, but 

especially to researchers who wish to use the most powerful 

methods available to detect abnormal security price 

performance. 
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Notes 

1. The robustness of the t-test against specification error 

across a wide class of distributions is discussed in Lehman 

[1986:203-209]. 

2. The distinction between robustness of performance or 

specification and robustness of relative efficiency with 

respect' to alternative tests is discussed in Lehman [1986] 

and references cited therein. With respect to the t-test and 

the latter form of robustness, Lehman [1986:322] writes, 

..... for many distributions F the t-test is far from optimal, 

so that the efficiency and optimality properties of t are 

quite nonrobust. 11 

3. Theoretical justification for this expression is beyond 

the scope of this chapter. Discussion and derivations may be 

found in Hettmansperger [1984], Lehman [1975,1986], and 

Randles and Wolfe [1979] and the references cited therein. 

4. This example is given in Hettmansperger [1984:71-72]. 

5. ARE(R,T} can also be substantially greater than one for 

distributions with heavy tailweights relative to the normal 

distribution. This is an alternative explanation for the 

superiority of the rank-based test. 
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6. As in all simulation studies using real data, empirical 

results are conditional upon the data selection. The data 

selection in this paper is expected to yield a comparative 

advantage to the t-test since continuously listed firms are 

generally larger and more heavily traded than average. This 

has the effect of minimizing irregularities in the 

distribution of observed returns caused by nonsynchronous 

trading. Scholes and Williams [1977] analyze these 

irregularities. 

7. The probability of the same security and hypothetical 

event date being included in a portfolio more than once is 

less than five in 10,000. 

8. The Equally Weighted Market Index was used for all 

simulations reported here. In separate simulations using the 

Value Weighted Market Index, no noticable differences were 

realized. 

9. As in Brown and Warner [1985], the standard deviation is 

unadjusted for prediction. All simulations reported were 

repeated with the appropriate variance adjustment, but there 

was no discernable impact. 
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10. Tied data values are treated by the method of midranks 

as described in Lehman [1975]. This method assigns to each 

member of a group of tied observations the simple average of 

the ranks they would have if they were not tied. In the 

presence of ties, the expected value of KiO will not change 

but the variance will be smaller. The variance of KiO when 

all the Kit are not distinct is given by 

1 ~ (Kit - 120.5)2, 
240 ,. 

tE:S 
S = [-244, •. , -6,0] . 

Not adjusting the variance for ties will yield a 

conservative and less powerful test. 

11. For example, in SAS the transformation to ranks is 

called by the RANK procedure with the TIES=MEAN option. See 

SAS User's Guide: Statistics. 
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INTRODUCTION 

The empirical results of the previous chapter demonstrate 

the potential of a rank based procedure to yield a 

substantial improvement over standard parametric procedures 

in hypothesis tests designed to detect abnormal security 

price performance in an event study. In this chapter I 

extend the inquiry into the efficiency of rank tests by 

evaluating a nonparametric distribution-free rank test for 

abnormal performance that does not require the assumption of 

cross-sectional independence or security returns for its 

validity. I use a simulation methodology with daily security 

return data that is quite similar to the method used in the 

last chapter to show that the rank test is well specified 

under the null hypothesis of no abnormal security price 

performance and, compared to the standard parametric t-test, 

more powerful under the alternative hypothesis of positive 

abnormal price performance. I also show that the rank test 

provides resistance to misspecification caused by an event 

date variance increasethat is not provided by the parametric 

t-test. 

The specification and power of event study hypothesis 

tests using daily data have been extensively examined in 

several recent studies. An important focus of this research 
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is the effect of nonnormality of daily security return data 

on the ability of tests developed under the parametric 

assumption of normality to yield correct inferences under a 

null hypothesis (test specification) and under an 

alternative hypothesis (test power). Brown and Warner 

[1985], Dyckman, Philbrick and Stephan [1984] and 3ain 

[1986] have shown the parametric t-test to be well specified 

under the null hypothesis of no abnormal price performance. 

This robust specification with nonnormal data is a 

consequence of the asymptotically distribution-free nature 

of the t-test when the assumptions of the central limit 

theorem are satisfied. 

Brown and Warner [1985] (hereafter BW) also show that 

the parametric t-test has an empirical power similar to the 

theoretical power obtained under a normality assumption. 

Again, an implication of the central limit theorem is that 

in large samples the power of the t-test will depend upon 

the mean and variance of the distribution of security 

returns, but not upon its shape. 1 However, the insensitivity 

of the power of the t-test to the shape of the distribution 

of security returns is not as advantageous as may appear at 

first sight, since the optimality of the t-test is tied to 

the parametric assumption of normality in the underlying 

distribution. For many nonnormal distributions, the power of 
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the parametric t-test can be far from optimal. 

It was once thought that the advantage of nonparametric 

rank tests is an improvement in specification when the 

assumption of normality is violated. We now known that the 

parametric t-test is well specified across a large class of 

nonnormal distributions. The advantage of rank tests is 

their negligible efficiency loss compared to parametric 

procedures when the data are normally distributed and 

potentially large efficiency gains when the data are 

characterized by distributions with heavy tailweights 

relative to the normal model. Although it appears that a 

rank test sacrifices much basic information in the sample, 

theoretical investigations have shown that this is not the 

case. For example, under ideal conditions for the parametric 

t-test, Wilcoxon rank tests are more than 95 percent as 

efficient as the parametric test. For data following a 

Laplace distribution, the Wilcoxon rank tests are 50 percent 

more efficient. 2 

In this paper we present a nonparametric rank test for 

abnormal security price performance that would be preferable 

to the parametric t-test when a broad spectrum of thick 

tailed security return distributions is considered possible. 

This rank test is shown to be better specified than its 

parametric counterparts under varying conditions associated 

, , , , , , , " ... ,.,.,."., .. , .. 

.1 .......... . 
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with the null hypothesis of no abnormal price performance, 

and more powerful under the alternative hypothesis of 

positive abnormal price performance. To compare the 

specification and power of several test procedures, we 

utilize a simulation methodology developed by BW. These 

procedures for examining the specification and power of 

hypothesis tests for abnormal security price performance 

using daily data are generally accepted as valid. 

The organization of the paper follows this sequence: 

Section A presents the experimental design and a description 

of the test statistics examined in this paper. Statistical 

interpretation of the rank test is reviewed in Section B. 

Empirical results are presented in Section C. In section D 

we derive the asymptotic relative efficiency of the rank 

test procedure compared to its parametric competitors. A 

summary and conclusion follow. 

A. Experimental design 

The methodology employed here is designed to compare the 

relative performance of the proposed rank test with two 

standard test procedures used in event studies. To assure 

that any variation in performance between tests is due to 

differences in test procedures and not due to random 

variation between samples, each of the tests is applied to 
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identical data. 

A.1 Sample construction 

From the CRSP Daily Return File we obtaln.daily return 

data for 600 firms listed from 3uly 1962 through December 

1986. From this data base, 1,200 portfolios each of 10, 30 

and 50 securities are constructed. Each time a security is 

selected for inclusion in a portfolio, a hypothetical event 

date is randomly generated. Security - event date 

combinations are randomly selected with replacement. Event 

dates are restricted to allow a 250 day sample period for 

each security. 

Following the procedure of BW , we define day'O' as the 

day of a hypothetical event. The first 239 days (-244 

through -6) of the sample period are designated the 

'estimation' period, and the following 11 days (-5 through 

+5) are designated the 'event' period. For each security, 

excess returns from the single factor market model are 

calculated. 3 

These excess returns are given by 

where Ait designates the excess return of security i on 
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day t. Rit is the observed arithmetic return and Mt is the 

day t return of the CRSP equally weighted index. The 

parameters ai' b i are least squares estimates from the 

estimation period. No adjustments for prediction are 

performed. 

A.2 Test procedures and test statistics 

Three test procedures are used to test the null 

hypothesis that the mean daylO' portfolio excess return is 

equal to zero. The first two procedures are identical to 

those examined by BW.4 These are briefly reviewed here. Both 

of these procedures are benchmarks against which the third 

procedure, the rank test, will be compared. 

A.2.1 First test procedure and test statistic 

From equation (1), Ait represents the excess return of 

security i on day t. For each day t, the cross-sectional 

average excess return of N securities is computed: 

( 2 ) 
1 N 

At = - E Ait 
N i=l . 

The day'O' test statistic of this first procedure is 
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where the standard deviation SeA) is given by 

(4) 

since for market model excess returns the time series 

-
summation of At over the estimation period is equal to zero. 

A.2.2 Second test procedure and test statistic 

With this procedure, each excess return Ait is first 

divided by its estimated standard deviation to yield a 

standardized excess return: 

(5) 

where the standard deviation S(Ai ) is 

(6 ) 

The daylO' test statistic of the second procedure is given 

by 

N 

(7) T2 = uN
1 E A~t· 

T i=l 
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This second test statistic depends on the assumption of 

cross-sectional independence of security returns for correct 

specification. However, BW show that when the 

cross-sectional independence assumption is valid, statistic 

T2 is well specified and has considerably more power than 

statistic TI . 

A.2.3 Third test procedure and test statistic 

The third test statistic is quite similar to statistic 

TI . Like the first test, this third test procedure uses 

cross-sectional aggregation as a solution to the possible 

problem of cross-sectional correlation. Implementation of 

this third procedure distinguishes itself by first 

transforming each security's time series of excess returns 

into their respective ranks. The nonparametric distribution

free specification of this test procedure is a consequence 

of this rank transformation. 

Let Kit denote the rank of the excess return Ait in 

security its time series of m = 250 excess returns. That is, 

(8) t = -244, ••• , +5, 

where Ait ~ Aij implies Kit ~ Kij and 250 ~ Kit ~ 1. Ties 

are treated by the method of midranks. This method assigns 
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to each member of a group of tied observations the simple 

average of the ranks they would have if they were not tied. 5 

By construction, the average rank is (m+l)/2 = 125.5. 

substituting (Kit - 125.5) for Ait in equation (2), but 

calculating a standard deviation over the entire 250 day 

sample period for which ranks are computed, yields this 

day'O' test statistic: 

N 
I (KiO - 125.5) 

(9) T3 = _i_=_l_~~:--__ 
S(K) 

where 

(10) S(K) !: ~5 N 
- 1 ~ [~(Kit - 125.5) ]2 - 250 ,. Co 

t=-244 i=l 

1s the standard deviation of the rank test statistic. Except 

for the rank transformation, statistic T3 is nearly 

identical to statistic T 1 . 

An implicit assumption of all three test procedures 

described above is that under the null hypothesis of no 

abnormal performance, event period returns are generated by 

the same process that generated returns over the estimation 

period. This assumption implies that the rank test is 

distribution-free in finite samples since under the null, 
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the day'O' excess return rank is a drawing from a uniform 

distribution across the possible rank values. This uniform 

distribution exists independently of the shape of the 

distribution of security excess returns. Since each day'D' 

rank is a drawing from a uniform distribution, the 

cross-sectional sum of the day'O' ranks as given in (9) 

converges to a normal distribution quite rapidly. 

Assumptions concerning the symmetry or finiteness of moments 

of the distr~bution of excess returns are not required for 

correct rank test specification. Thus, the rank test is 

correctly specified under more general conditions than are 

the two parametric tests. 

B. Statistical interpretation 

The first test statistic has the intuitively appealing 

property of being based on an equally weighted portfolio 

return. Thus, interpretation of the first test statistic is 

straightforward. It may appear that the second and third 

test statistics will vary in interpretation from the first 

test statistic. However, statistical interpretation of all 

three tests is the same since the null and alternative 

hypotheses are identical for all three procedures. In 

defining the null and alternative hypotheses, we follow the 

criterion specified by Brown and Warner [1980:212]; 
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C. Empirical results 

C.l Test statistics without abnormal performance 

Assuming that sufficient conditions exist for the 

central limit theorem to hold, under the null hypothesis, 

test statistics Tl and T2 are asymptotically distributed as 

standard normal. The rank test statistic T3 will be 

distributed as standard normal under more general 

conditions. Based upon simulations with 1200 randomly 

constructed portfolios, a comparison of the empirical 

distributions of the three test statistics with the standard 

normal distribution is presented in table 1. There we report 

the first four sample moments of each test statistic and in 

parantheses below each sample moment, their corresponding 

Z-values. These Z-values are calculated by subtracting the 

expectation of the sample moment from the empirical sample 

moment and then dividing by the appropriate expected 

standard error. The expected moments and standard errors 

assume a standard normal population. 6 By comparing these 

Z-values to a standard normal probability table, significant 

departures from normality are ascertained. Also reported in 

table 1 is the studentized range for each test statistic. 

Table 1 reports statistically significant departures 

from normality for test statistics Tl and T2 . Statistic T2 

~s significantly leptokur~otic for all sample sizes in a 5% 



51 

"The detection of mean shifts is the relevant phenomenon 

to study when investigating how well different methodologies 

pick up the impact of an event on the value of the firm." 

Under the null hypothesis the mean shift is zero, under the 

alternative hypothesis the mean shift is positive. Within a 

classical hypothesis testing framework, the null is rejected 

when a test statistic achieves a value that would be 

probabilistically unusual when the null hypothesis is true. 

All three tests will make a probabilistic statement about 

the day'O' mean abnormal return but (assuming correct Type I 

error specification for each test) the test with the 

smallest probability of a Type II error will yield a more 

precise statistical interpretation of the data. 

However, to be comfortable with a newly proposed test 

that is demonstrably more powerful than the standard test, 

we would need to be assured that when abnormal performance 

is present, the proposed test would not only reject the null 

more often, but would also reject the null almost every time 

the standard test rejects the null. If this were so, then an 

interpretative distinction between the proposed and standard 

test statistics would be inconsequential. In the next 

section we show that this is the case for the rank test 

examined in this paper. 



Table 1 

Summary measures for the distribution of each test 
statistic, based on 1,200 values, one for each sample; 
sample. size = 10, 30, 50 securities. Randomly selected 
securities and event dates from six hundred securities 
listed from 1962 through 1986; no abnormal performance. 

OLS market model adjusted returns 
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Test Standard Studentized 
Statistic Mean deviation Skewness Kurtosis range 

Sample size = 50 

T1 0.007 0.994 0.258 3.191 7.440 
(0.242) (-0.294) (3.649) (1.351) 

T2 -0.021 1. 028 0.151 3.241 7.163 
(-0.727) ( 1. 372 ) (2'.135) (1.704) 

T3 -0.037 0.985 0.057 2.853 5.862 
(-1.282) (-0.735) (0.806) (-1.039) 

Sample size = 30 

Tl 0.035 1.008 0.235 3.951 9.323 
(1.212) (0.392) (3.323) (6.725) 

T2 0.009 1.022 0.140 3.551 8.119 
(0.312) (1.078) (1.980) (3.896) 

T3 -0.001 0.991 -0.062 3.160 6.735 
(-0.035) (-0.441) (-0.495) (1.131) 

Sample size = 10 

T1 0.011 1.029 0.530 6.782 11. 740 
(0.381) (1.421) (7.495) (26.743) 

T2 0.002 1.049 0.250 5.121 10.785 
(0.069) (2.400) (3.536) (14.998) 

T3 0.005 1.015 -0.038 2.969 6.109 
(0.173) (0.735) (-0.537) (-0.219) 

Z-values in parantheses assume a standard normal population. 
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one-tailed test while Tl displays significant leptokurtosis 

for sample sizes of 30 or less. Both statistics Tl and T2 

reveal significant positive skewness throughout. In 

contrast, the rank statistic possesses sample moments very 

close to those expected from a standard normal population 

for all sample sizes. 

The three test statistics are highly correlated with 

each other. Letting rij denote the coefficient of 

correlation between statistics i and j for a sample size of 

50, we have r 12 = 0.87, r13 = 0.81 and r23 = 0.91. 

Correlations for sample sizes 10 and 30 are similarly high. 

We may compare the results in table 1 for test statistic 

T1 with the results reported by BW for the same test 

procedure with a sample size of 50. 7 Their sample standard 

deviation is smaller, 0.91 vs. 0.99 reported here. They 

report less skewness, 0.084 vs. 0.258, but more kurtosis, 

3.42 vs. 3.19, and a smaller studentized range, 6.50 vs. 

7.44. These differences appear to be within a reasonable 

range of sampling variation. 

C.2 Test statistics with abnormal performance 

We now assess the ability of the three test statistics 

to detect positive abnormal performance in the day'O' return 

distribution. The procedure for introducing abnormal 
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performance is the same as in BW. A constant is added to the 

day'O' return of each security. 

Let Tj(~)' j = 1,2,3, denote the average value of test 

statistic j with the shift ~ ~ 0 added to the day'O' return 

of each security. For shifts of ~ = 0%, 1/2%, 1% and sample 

sizes of N = 10, 30, 50 securities for each portfolio, the 

values of Tj(~) are obtained for each test statistic by 

averaging across 1,200 portfolios. In table 2 we report test 

statistic averages and standard deviations and rejection 

rates of the null hypothesis at the 5% and 1% test levels. 

With no abnormal performance introduced, all three test 

statistics are well specified at the 5% test level. However, 

at the 1% test level, the rejection rates for statistics T1 

and T2 are significantly greater than the correct 1% rate. 

This is consistent with the degree of kurtosis reported for 

these statistics in table 1. The rejection rates for the 

rank test do not significantly differ from the correct 1% 

rate. 

In table 2 we also see that the first test statistic is 

significantly inferior in power compared to the second and 

third test statistics. This conforms to the comparison of 

the first and second test procedures made by BW.S A 

comparison between the rank test and its parametric 

competitors reveals consistently higher rejection rates and 



Table 2 

Summary measures for the distribution of each test 
statistic, based on 1,200 values, one for each sample; 
sample size = 30, 50 securities. Randomly selected 
securities and event dates from six hundred securities 
listed from 1962 through 1986; abnormal performance of 
0%, 1/2%, 1% introduced. 

OLS market model adjusted returns 
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Test 
Statistic Mean 

Standard 
deviation 

Rejection rate 
level = 5% level = 1% 

-----------------------------------------------------------
Sample size = 50 

T1 (0%) 0.007 0.994 5.3% 1. 8% 

T2 (0%) -0.021 1.028 5.2% 1. B% 

T3 (0%) -0.037 0.985 4.9% 0.8% 

T1 (1/2%) 1.573 1.009 44.6% 22.6% 

T2 (1/2%) 2.133 1. 039 66.6% 42.0% 

T3 (1/2%) 2.324 0.942 76.3% 51.0% 

T1 (1%) 3.139 1. 048 93.8% 78.2% 

T2 (1%) 4.286 1.063 99.5% 97.3% 

T3 (1%) 4.280 0.845 99.8% 98.4% 

, .. , , ' ., ...... , . ' . , , , , 
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Table 2 continued. 

-----------------------------------------------------------
Sample size = 30 

T1 (0%) 0.035 1.008 5.8% 1.3% 

T2 (0%) 0.009 1.022 5.7% 1.5% 
T3 (0%) -0.001 0.991 4.8% 1.0% 

T1 (1/2%) 1.258 1.020 33.8% 14.1% 
T2 (1/2%) 1.677 1. 034 51.3% 23.8% 

T3 (1/2%) 1.830 0.947 59.2% 29.9% 

T1 (1%) 2.480 1. 054 80.3% 55.6% 

T2 (1%) 3.345 1. 059 94.4% 84.3% 

T3 (1%) 3.382 0.866 96.6% 88.4% 

-----------------------------------------------------------
Sample size = 10 

T1 (0%) 0.011 1.029 5.7% 1.5% 

T2 (0%) 0.002 1. 049 5.8% 1.8% 

T3 (0%) 0.006 1.015 4.8% 1.4% 

T1 (1/2%) 0.744 1. 040 16.8% 6.0% 

T2 (1/2%) 0.961 1.059 23.6% 7.9% 

T3 (1/2%) 1. 061 0.978 28.3% 9.5% 

T1 (1%) 1. 477 1. 070 41.6% 19.3% 
T2 (1%) 1. 920 1. 085 61.2% 33.5% 

T3 ( 1%) 1.976 0.920 66.5% 37.4% 
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mean test statistic values at all levels of positive 

abnormal performance for the rank test indicating a greater 

sensitivity in detecting a departure from the null 

hypothesis. 

There is a high correlation in the pattern of rejections 

among the three test statistics. For example, with 1/2% 

abnormal performance introduced into portfolios with a 

sample size of 50 securities, test statistic T1 rejected the 

null hypothesis 535 times. Within these 535 rejections, the 

rank test rejected the null 522 times. Within the 799 

rejections by statistic T2 with the same sample size and 

abnormal performance, the rank test rejected the null 778 

times. For a sample size of 30 securities with 1/2% abnormal 

performance, within the 405 rejections by T 1 , T3 rejected 

379 times and within the 615 rejections by T2 , T3 rejected 

563 times. In general, the pattern of rejections are more 

highly correlated with a larger sample size and/or level of 

abnormal performance. When abnormal performance is present, 

not only does the rank test reject the null more often, but 

it also rejects the null almost every time the standard 

parametric t-tests reject the null. This demonstrates the 

dominance of the rank test in its ability to yield a correct 

inference under the alternative hypothesis. 
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C.3 Test statistics with a day'O' variance increase 

A major weakness in the performance of test statistics 

Tl and T2 is their vulnerability to misspecification caused 

by an increase in the variance of the day'O' excess return 

distribution. As aw have documented, such a variance change 

will lead to a severe increase in the probability of a 

Type I error. Consequently, reported significance levels may 

be overstated in event studies where a day'O' variance 

increase occurs. 

The rank test possesses a large degree of immunity to 

misspecification when an increase in the variance of the 

day'O' return distribution is realized. To show this, we 

follow aWls method of simulating a doubling of the day'O' 

return variance. Each security's day'O' excess return, AiO ' 

is transformed by summing the day'O' and day'+6' excess 

return of that security. 

( 11) 

* AiO represents the transformed day'O' excess return. The 

day'+6' return was chosen to be outside the event and 

estimation periods over which ranks are calculated. Table 3 

reports the results of this simulation using the transformed 

excess returns with abnormal performance of 0%, 1/2% and 1% 
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Table 3 

Summary measures for the distribution of each test statistic 
with a doubling of the variance of the day '0' excess 
returns distribution, based on 1,200 values, one for each 
sample; sample size = 10, 30, 50. Randomly selected 
securities and event dates from six hundred securities 
listed from 1962 through 1986; abnormal performance of 0%, 
1/2%, 1% introduced. 

Test 
Statistic 

Sample size 

T1 {0%) 

T2 {0%) 

T3 {0%) 

T1 {1/2%) 

T2 (1/2%) 

T3 (1/2%) 

T1 (1%) 
T2 (1%) 

T3 (1%) 

OLS market model adjusted returns 

Mean 

= 50 

0.011 

-0.029 

-0.159 

1.577 

2.125 

1.716 

3.143 
4.279 

3.402 

Standard 
deviation 

1.457 

1.493 

1.168 

1.466 

1.499 

1.136 

1.492 
1.514 

1. 048 

Rejection rate, level = 5% 
Upper tail Lower tail 

12.8% 12.8% 

12.0% 13.5% 

5.5% 9.9% 

48.0% 1.25% 

63.6% 0.7% 

52.8% 0.2% 

84.2% 0.1% 
95.6% 0.0% 

94.1% 0.0% 
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Table 3 continued. 

-----------------------------------------------------------
Sample size = 30 

T1 (0%) 0.034 1. 480 12.9% 12.3% 

T2 (0%) -0.003 1.502 13.1% 12.8% 

T3 (0%) -0.104 1.178 7.4% 9.5% 

T1 (1/2%) 1.256 1. 490 39.0% 2.6% 

T2 (1/2%) 1.667 1. 513 51.1% 1.2% 
T3 (1/2%) 1.350 1.151 39.9% 0.6% 

T1 (1%) 2.479 1. 515 71.0% 0.3% 

T2 (1%) 3.335 1. 533 87.8% 0.0% 

T3 (1%) 2.674 1. 089 83.1% 0.0% 

Sample size = 10 

T1 (0%) -0.0006 1. 462 11. 7% 11.4% 

T2 (0%) -0.014 1.487 11.7% 12.7% 

T3 (0%) -0.063 1.163 6.9% 9.5% 

T1 (1/2%) 0.732 1. 471 24.6% 4.8% 

T2 (1/2%) 0.945 1. 494 30.8% 4.3% 

T3 (1/2%) 0.773 1.143 25.1% 2.3% 

T1 (1%) 1. 465 1. 494 43.2% 1. 7% 

T2 (1%) 1.904 1. 513 56.0% 0.9% 

T3(1%) 1. 546 1.111 48.6% 0.3% 

------------------------------------------------------------
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introduced. 

The results reported in table 3 are striking. Quite 

similar to BW's finding, doubling the day'O' return variance 

with no abnormal performance present causes a severe 

misspecification for test statistics T1 and T2 , more than 

doubling the probability of a Type I error. But the rank 

test displays a remarkable resistance to misspecification. 

The upper tail rejection rates for T3 are close to the 

correct 5% level and the lower tail rejection rates are much 

less than for statistics T1 and T2 . 

This robust specification for the rank test is derived 

from the reduced impact of the day'O' variance increase on 

the test statistic variance. Refering to table 3, we see 

that the variance of T3 has increased by about one-third 

compared to a doubling of the variance of statistics T1 and 

T2 . The reason for this is that the value of a day'O' rank 

is bounded above and below by the range of possible rank 

values regardless of the magnitude of the day'O' variance 

increase. 

Note, however, the significantly negative mean for 

statistic T3 with zero abnormal performance present. This is 

explained by the positive skewness in the distribution of 

daily security returns. For a postively skewed distribution, 

a mean preserving increase in variance will cause a downward 



62 

shift in the median. Thus a mean preserving doubling of the 

day'O' return variance will cause the median day'O' return 

to fall below the median non-day'O' return. Since the 

average rank corresponds to a median return, the average 

day'O' excess return rank will be less than the average 

non-day'O' excess return rank. This yields the negative mean 

for the rank test statistic. But the effect of this variance 

induced shift in the median return on the average rank is 

quite small compared to the effect of abnormal performance. 

In fact, the effect serves to improve upper tail test 

specification when no abnormal performance is present. 

In summary, the relative insensitivity of the rank test 

to a day'O' variance increase yields a Type I error 

probability much closer to a correct specification than is 

possible for the parametric t-tests. Also note that under 

the alternative hypothesis, the power of the rank statistic 

is still higher than that of the first test statistic, 

though less than that of the second test statistic. 
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D. Theoretical relative efficiency 

In this section the theoretical relative efficiency of 

the rank test statistic T3 compared to its parametric 

competitor T2 is derived under the simplifying assumption 

that security returns are independently and identically 

distributed. We begin with an intuitive motivation for this 

derivation. 9 

Let ET(A) be the expected value of a test statistic 

given a positive shift A in the day'O' return distribution. 

The power function of the statistic is given by 

(12) I[ ET(A) - Z~ J, 

where I designates the standard normal distribution and z~ 

is the Z-value associated with the probability ~ of a Type I 

error. By varying A, equation (12) traces the power curve of 

the test statistic. The slope of the power curve evaluated 

at A = 0 is a measure of the sensitivity of the test 

statistic in detecting a departure from the null hypothesis. 

Since ET(O) = 0, this slope is given by 

(13) I'[-Z ]dET(O). 
a dA 

To compare two test statistics by this measure we only need 



to compare the derivative dET(O) for each test. This 
dod 

derivative is the Pittman efficacy of the test statistic. 

The Pittman efficacy of test statistic T2 is given by10 

(14) eff(T2 ) = lim 
m .. CD 

= -, 
6 

N 
....! E 
1'N i=1 

64 

. dE~[AiO] __ 1 for all A E i th t ti t s~nce d~ ~. ~ s e expec a on opera or 

under the shift ~ and 6 is the .standard deviation of the 

excess return distribution obtained as a limit letting the 

number of days in the estimation period. approach infinity. 

The Pittman efficacy of test statistic T3 is given by 

(15) eff(T3 ) = lim 
m .. CD 

N 
E 

i=1 

dE~ [KiO ] 

d~ I~=o 
S(K) 

where the standard deviation S(K) is defined in (10). By the 

assumption of independent security returns the asymptotiC 

limit of S(K) is 
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h m 
(16) lim S(K) = lim ! t (t !!!!:!.)2 

m .. CD m .. CD m t=1 2 

= lim IN (m2 - 1)/12. 
m .. CD 

substituting (16) into (15) yields this efficacy expression 

where the identical distribution assumption allows the 

subscript i to be suppressed. 

I 12 
N 

dE~ [KiO 1 
(17) eff(T3 ) = lim t d~ I~=o m -t CD N(m2 - 1 ) i=1 

I 12N lim = lim 
E~[Kol - EO(KOl 

m -t CD (m2 - 1) ~ -t 0 ~ 

The rank of a day'O' excess return Ko is equal to one, plus 

the number of excess returns in the sample period that are 

less than the day'O' excess return: 

(18) KO = 1 + #(At < AO; t ~ 0). 

Applying the expectation operator E~ to (18) yields the 

expected day'O' rank: 
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where PA is the probability that a day'O' excess return 1s 

greater than a day t(# 0) excess return given the shift ~. 

substituting (19) into (17) and eliminating m yields 

(20) eff(TS ) = (!2N lim 
A .. 0 

The probability PA is expressed as 

+00 y 

(21) P~(At < AO) = J J f(x)g(y)dxdy, 
~Q)-OO 

where f(x) corresponds to the density of At and 

g(y) = f(y-~) corresponds to the density of AO under a shift 

alternative. Evaluation of (21) proceeds as follows: 

+00 

(22) P~(At < AO) = J F(y)g(y)dy 
-00 

+00 

= I F(y)f(y-~)dy 
-00 

+00 

= J F(y+A)f(y)dy. 

-00 

Finally, substituting (22) into (20) yields the Pittman 



e~ficacy of the rank test statistic T3 . 

(23) = (12N 11m 
.d .. 0 

+CD 

+CD 
J F(y+.d) 

-CD 

= (12N J f2 (y)dy 
-(I) 

- F(Y)f(y)dy 
.d 
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With the efficacies of T2 and T3 given in (14) and (15), 

we can now obtain the relative efficiency of the two tests. 

Let N2 , N3 designate the sample sizes for statistics T2 , T3 , 

respectively. By appropriate choice of sample sizes we 

equate the efficacies of the two tests. The ratio of sample 

* * sizes that equates the test efficacies, N2 /N3 , is the 

theoretical relative efficiency of test statistic T3 to 

statistic T2 . Equating (14) and (23), and solving for this 

ratio yields the desired relative efficiency expression. 

(24) 

The expression in (24) has a ubiquitous presence in Wilcoxon 

rank test theory as the relative efficiency of a number of 

Wilcoxon rank tests compared to their normal theory 

counterparts. Note that the derivation of the theoretical 



relative efficiency was made without any assumption of 

symmetry in the distribution of security returns. The 

derivation of the efficacy of T3 is quite similar to the 

derivation of the efficacy of the two sample Wilcoxon rank 

test which does not require an assumption of symmetry. 
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For the normal distribution, the relative efficiency 

above has a value of 3/~ = .955 which implies that the rank 

test would suffer a relative efficiency loss of less than 

five percent compared to the parametric procedures if 

security returns were independently and identically normally 

distributed. For the Laplace distribution, (24) has a value 

of 1.5 which implies a relative efficiency gain of fifty 

percent. 

E. Summary and conclusions 

In this paper we have examined the relative performance 

of a nonparametric rank test for abnormal security price 

performance compared to two parametric procedures. The rank 

test procedure was shown to be well specified under the null 

hypothesis. When abnormal performance was introduced, the 

rank test was significantly more powerful than its strongest 

parametric competitor. It was also demonstrated that when 

the excess return variance was doubled on the event date, 

the rank test was resistant to misspecification while the 
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parametric procedures were severely misspecified. The 

theoretical relative efficiency of the rank test was derived 

and shown to be the same relative efficiency as the two 

sample Wilcoxon rank test compared to the two sample t-test. 

The rank test procedure is easily implemented since a rank 

transformation routine is available in most statistical 

software, or easily programmed in Fortran. Benefits in terms 

of more reliable statistical inferences far outweigh the 

negligible extra computing costs. 
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Notes 

1. The robustness of the specification and power of the 

t-test to varying distributional assumptions is discussed in 

Lehman [1986]. 

2. Lehman [1975] provides a lucid discussion of the relative 

efficiency of Wilcoxon rank tests compared to their normal 

theory counterparts in the presence of normal and nonnormal 

distributions. 

3. The empirical results reported in section 3 using OLS 

market model excess returns arB quite similar to those 

obtain~d using mean adjusted and market adjusted excess 

return measures and because of their redundancy are not 

reported in this paper. Also, no discernible difference 

resulted from using the value-weighted market index to 

obtain market model excess returns. 

4. These two procedures are discussed with more detail by BW 

on pages 6-7 and 28. 

5. This treatment of ties is discussed in Lehman [1975] and 

is a standard implementation in statistical software. For 

example, in SAS the appropriate routine is invoked by the 

RANK procedure with the TIES=MEAN option as described in the 

SAS User's Guide [1982]. 
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6. The expected sample moments and their standard errors for 

the normal distribution are given in Stuart and Ord [1987]. 

7. As reported in table 2, page 12 of BW. 

8. BW, table 3, page 13 report results for statistic T1 and 

table 8, page 21 reports results for statistic T2 . 

9. A review of nonparametric statistical theory is far 

beyond the scope of this paper. The reader is referred to 

Hettmansperger [1984] and Randles and Wolfe [1979] and 

references cited therein. The derivation in this section is 

presented as theoretical support for the empirical results 

of this paper. 

10. The identical and independent distribution assumption 

implies that this is also the Pitman efficacy of test 

statistic T1 . 
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CHAPTER FOUR 

Estimating Systematic Risk With Daily Security Returns: 

An Efficiency Comparison Across Alternative Estimators 
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INTRODUCTION 

The efficiency gains in hypothesis testing from 

nonparametric methods based on ranks have been demonstrated 

in the two previous chapters. In this chapter I present 

evidence that these efficiency gains also exist for 

nonparametric rank based estimation procedures. This will be 

demonstrated in the context of a linear regression problem. 

Estimating the beta of a security from the single factor 

model is a financial application of a classical statistical 

problem. Although the usual procedure is to estimate this 

measure using Ordinary Least Squares (OLS), the method 

becomes problematic when using daily security returns since 

this data are characterized by kurtotic (i.e. fat-tailed) 

distributions relative to the normal. 1 When the assumption 

of a stationary Gaussian regression error process is 

violated, the OLS estimator may not be the most efficient 

estimator. 2 

Previous attempts to apply methods that are robust 

against nonnormal error distributions to market model 

parameter estimation have been based on the Minimum Absolute 

Deviation (MAD) procedure. This method was tested on weeky 

returns by Cornell and Dietrich [1978], and on quarterly 

returns by Sharpe [1971]. Neither study found evidence of 
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improved estimation compared to OLS. 

In this chapter I utilize daily security return data to 

examine the estimation efficiency of three robust 

alternatives to OLS. 3 These are the MAD estimator mentioned 

above, and two nonparametric methods proposed by Adichie 

[1967] and Theil [1950,1971], respectively.4,5 To the best 

of my knowledge, this is the first time that any of these 

alternative estimators have been used with daily security 

return data. 

The organization of the chapter is as follows: Section A 

contains a description of the three robust estimators. In 

Section B, I compare the efficencies of the estimators 

relative to OLS for regression error distributions belonging 

to the Student-t family. This comparison includes both an 

analysis of known asymptotic properties and a. computer 

simulation. A method by which the relative efficiencies of 

the estimators can be empirically estimated is presented in 

Section C. This method is applied to daily security return 

data for 100 large firms continuously listed on the CRSP 

Daily Return File from 3uly 1962 through December 1986. 

My primary result indicates that the two nonparametric 

estimators are markedly more efficient than the MAD and OLS 

procedures when estimating the systematic risk of individual 

securities. Efficiency gains persist (to a lesser extent) 
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for portfolios containing up to fifty securities. Finally, 

Section D provides a summary and conclusions. 

A. Three Robust Regression Estimators 

The classic single factor market model of asset returns 

is given by 

where Rit is the cum-dividend return of security i on day t, 

Mt is the corresponding market return and tit represents the 

stochastic disturbance of security i on day t. The model 

parameters are ~i and ~i' 

Estimation of the model parameters usually proceeds by 

fitting a regression line to observed sample data using the 

method of ordinary least squares. By the Gauss-Markov 

Theorem, the OLS estimator is known to be the best (minimum 

variance) linear unbiased estimator among the class of 

linear unbiased estimators. 6 The three robust estimators 

examined in this chapter are non-linear unbiased estimators. 

As such, the Gauss-Markov Theorem does not apply. 
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A.1 The Adichie Estimator 

A nonparametric regression estimator based upon Wilcoxon 

rank statistics is proposed by Adichie [1967]. The 

robustness of the Adichie (AD) estimator is a result of the 

substitution of ranks for original values. 7 When the time 

series of firm specific returns (Rt - BM t ) is 

stable-Gaussian,8 the use of ranks imparts only a slight 

reduction in estimator efficiency compared to OLS. As will 

be demonstrated in Sections Band C, a substantial increase 

in estimator efficiency may be realized for sufficiently 

fat-tailed distributions. 

Implementation of this procedure begins with an 

arbitrary initial value for the slope coefficient. Using 
IJ 

this value, the ranks Wt of the firm specific returns are 

calculated as 

-= Rank( et ),9 t = 1,2, ... ,N. 

The covariance between these ranks and the time series of 

market returns, 

(3 ) 
N 

Cov(Wt,Mt ) = E Wt(Mt 
t=l 

M) , 
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is then computed. By iteration, the value of b that sets 

this covariance closest to zero is found. 10 This final value 

is the Adichie (AD) estimate of ~.11 

A.2 The Minimum Absolute Deviation Estimator 

Minimum Absolute Deviation (MAD) estimation requires 

finding estimates of ~ and ~ such that the sum of the 

absolute values (rather than squared values) of the sample 

errors is minimized. Formally, the minimization problem can 

be expressed 

(4 ) min 
a,b 

N 
l let I = 

t=1 

N 
t I Rt - a - bM t I. 

t=1 

The sum in (4) is a piecewise linear convex function 

of b alone. 12 The value of b that minimizes the sum of 

absolute errors can be found by either a linear programming 

algorithm,13 or by an iterative algorithm where an initial 

value of b is improved upon by successively smaller 

increments in known directions. 14 

A.3 The Theil Estimator 

This second nonparametric estimator was proposed by 

Theil [1950] and later refined and analyzed by Sen [1968]. 

Given a sample of size N from the linear model of (1), the 



estimation procedure requires calculating the N* ~ (~) 

slopes: 

(5) 1 ~ i < j ~ N, 

discarding those slopes where Mi = Mj . Graphically, these 

represent the set of all finite slopes connecting each 

observation (Rt,Mt ). The Theil (TH) estimator of ~ is the 

median of these slopes and is given by 

* N odd m = (N*+1)/2 

(6 ) 

* * N even m = N /2. 

The robustness of the four estimators to extreme 

observations can be illustrated by the data set 

Y: 1.1 1.9 3.1 3.9 5.1 5.9 7.1 7.9 9.1 9.9 

X: 1 2 3 4 5 6 7 8 9 10. 

Regressing Y on X, the Adichie estimate (bAD)' the MAD 

estimate (~AD)' the OLS estimate (bOLS)' and the Theil 

estimate (bTH > are, respectively: 

~AD = 1 bOLS = .99 

78 
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Now alter the data by successively introducing outlying 

values to the dependent variable. We first change the 

initial element of Y to yield: 

Y: 111 1.9 3.1 3.9 5.1 5.9 7.1 7.9 9.1 9.9. 

The new estimates become: 

bAD = 1 b MAD = 1 b OLS = -5 

We next change the last element of Y as 

Y: 111 1.9 3.1 3.9 5.1 5.9 7.1 7.9 9.1 1000. 

A re-estimation now yields: 

~AD = 1 bots = 49 

Although this particular example is contrived, it does 

demonstrate the resistance of the three non-OLS estimators 

to large variations in the dependent variable. 
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B. Estimator Efficiencies 

The relative efficiency of two estimators is defined as 

the ratio of sample sizes needed to achieve the same 

performance. 15 For the class of unbiased estimators, 

performance is defined in terms of estimator variance. As an 

example, let bOLS be the OLS estimator of the parameter P 

and let bALT be an alternative unbiased estimator. The 

relative efficiency (RE) of the alternative estimator 

compared to OLS is given by the inverse of the ratio of 

estimator variances. 

(7 ) RE (AL'! , OLS ) 
= Var(bOLS ) 

Var(bALT ) -. 

Suppose the ratio in (7) has a value of 1.1. This implies 

" that the OLS estimator requires 10% more observations than 

the alternative estimator to achieve the same efficiency. 

When the density function of the regression error 

distribution has a known form, numeric evaluation of the 

asymptotic relative efficiency of two estimators is 

possible. The asymptotic relative efficiency of two 

estimators is the ratio of their Pittman efficacies. In this 

section I provide an intuitive derivation of the Pittman 

efficacies of the Adichie, MAD and OLS estimators. 



Consider the simple linear regression model: 

The Adichie estimator of the slope P is given by: 

( 9 ) A = p* + p** 
P ~-2~--

-

p* = sup[ b: V(b) > 0 ] 

P** = inf[ b: V(b) < 0 ], 
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N 
where V(b) = t (Xi 

i=l 
X)Rank(Yi - bXi ) is a nonincreasing 

step function in b. 

The efficacy of V(b) is the asymptotic standard 
A 

deviation of the estimator p. By the location equivariance 
• A 

of the estimator, i.e. P~(f;n(P - ~» = PO(~P), we can 

assume that p = 0 without loss of generality. Then V(O) is a 

random variable with expected value UfO) and variance 62 (0). 

The Pittman efficacy of V(b) 1s u l (0)/6(0). The variance 

6 2 (0) is given by 

(10) 
N 

Var[ E (Xi 
i=l 

We derive the following limit: 

N = N(N+l) t (Xi - X)2. 
12 i=1 
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lI' (0) = lim JI(P) - 1(0) 
,. .. 0 P 

The derivation begins noting that the expected rank of Yi is 

given by 

Let fez), g(z) represent the density of e j , ei' 

respectively. Using the equality fez) = g(z + P(Xi - Xj » 

the following probability is obtained, 

+(1) y 

(12) Pp(ej < ei + P(Xi - Xj » = J J f(z)g(y)dzdy 

+(1) 

= J F(y)g(y)dy 
-(I) 

+(1) 

-(1)-(1) 

= J F(y + P(Xi - Xj»f(y)dy, 
-(I) 

which is used to obtain the following limit. 



(13) 
P8 - Po 

lim 
8otO 8 

+CD 

= (Xi - Xj ) J f2(y)dy 

-CD 

The expression in (13) is used imediately below. 

(14) 

N - P - Po = lim t (Xi - X)[ t 8 ] 
8otO i=1 j~i 8 

+CD N 

= J f2(y)dy t (Xi - X) E (Xi - Xj) 
_CD i=1 j~i 
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+CD N 

= 1 f2(y)dy t (Xi - X)[(N-l)Xi - NX + Xi] 
_CD im1 

+CD N 
= N I f2(y)dy t (Xi - X)2 

_CD i= 1 

Dividing (14) by the square root of (10) and then squaring 

yields the Pittman efficacy of the Adichie estimator. 



(15) 
N +00 

N t (Xi - X)2 12 J f2(y)dy 
N+1 

i=1 -00 

Adichie [1967] provides a rigorous derivation of this 

efficacy. 

The efficacy of the MAD estimator is derived from 

equation (14) above where the Sign function replaces the 

Rank function. 

(16) 
N Sign(~Xi + ei) - Sign(e.) 

lim t (Xi - X)[ ~ ] 
~+O i=1 ~ 
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The derivative in (16) is found directly by noting that the 

expected sign of ~Xi + ei is 

Taking the derivative with respect to ~ and evaluating where 

~ = 0 yields 2f(O)Xi . Substitution into (16) and dividing by 

the square root of the appropriate variance, then squaring, 

yields the Pittman efficacy of the MAD estimator. 



N 
(18) t (Xi - X)2 4f2(O) 

i=1 
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Basset and Koenker [1978] provide a rigorous derivation of 

this efficacy. 

The Pittman efficacy of the OLS estimator is the inverse 

of its variance. 

(19) 

Using the above efficacy expressions the asymptotic 

efficiencies of the Adichie and MAD estimators relative to 

OLS are given by: 

+~ 

(20) ARE(ADC,OLS) = 1262[1 f2(Y)dyJ2 

-~ 

Sen [1968] provides the asymptotic relative efficiency of 

the Theil estimator as 

(22) p2ARE (ADC,OLS) 

where p is the coefficient of correlation between the ranked 



independent variables and their ranks. 18 

Numeric values for the asymptotic relative efficiency 

expressions given by (20), (21) and (22), based upon the 

Student-t distribution with selected degrees of freedom 

parameter values are now provided. 19 We need this 

preliminary derivation. 

The square of a Student-t density with n degrees of 

freedom is given by 

(23) f~(t) = 1 
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where f(.) is the gamma function. Setting t = 0, and noting 

that 62 = ~ allows equation (21) to be evaluated. By the 
n-2 

symmetry of fn(t) we can write 

+m 
(24) I f~(t)dt 

-m 

+m 
= 21 f~{t)dt. 

o 

Changing the variable of integration by defining Z2 = t 2 /n 

yields an integral form found in standard tables. 
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+CD r2(n+1) +CD 

(25) 21 f~(t)dt = 2 2 J dZ 
'I1't'ii r 2 (!!.) + Z2)n+1 

0 2 0 ( 1 

r 2 (ntl) n-1 
= 1 2 'IT' 2(n+l-i) - 3 

fil r 2 (!!) i=O 2(n+1-i) - 2 
2 

Substitution into (22) yields expressions for which numeric 

values can be readily calculated. These numeric values are 

given in Table 1. These values correspond to the definition 

of relative efficiency given by equation (7). 

The numeric values in Table 1 imply that the Adichie 

&stimator requires a smaller sample size to achieve the same 

estimation efficiency as the OLS estimator for Student-t 

error distributions with degrees of freedom eight or less. 

The Theil estimator is superior for degrees of freedom six 

or less. In comparison, the MAD estimator requires a smaller 

sample size than OLS only for Student-t error distributions 

with degrees of freedom four or less. 

For the thirty companies comprising the Dow-jones 

Industrials, Blattberg and Gonedes [1974] report only two 

for which the estimated degrees of freedom parameter is not 

less than eight. More recently, for the thirty Industrials, 

Kon [1984] reports all with degrees of freedom parameter 

estimates between three and six. Since these studies are 
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based upon total returns (and not regression residuals), the 

comparison with Table 1 is not exact. Nevertheless, the 

values in Table 1 do suggest that efficiency gains may be 

realized from the use of non-OLS estimators. 

A final point of interest which may be inferred from 

Table 1 is that when using data which is normally 

distributed (as might be approximated by monthly security 

market data), the loss of efficiency for the Adichie 

estimator compared to OLS is slight. This is characteristic 

of many statistical procedures based upon ranks. On this 

topic, Lehman writes; 

"Although it was believed at first that a heavy price in 
loss of efficiency would have to be paid for this 
robustness, it turned out, rather surprisingly, that the 
efficiency of the Wilcoxon tests and other nonparametric 
procedures holds up quite well under the classical 
assumption of normality and that these procedures may 
have considerable advantages in efficiency (as well as 
validity) when the assumption of normality is not 
satisfied." Lehman [1975:viii] 

To corroborate the values reported in Table 1, computer 

simulated data are employed to estimate the variance of each 

estimator. To this end, nonsystematic returns are generated 

as Student-t for each degrees of freedom parameter value 

used in Table 1. Market returns are generated as standard 

normal and firm returns are modeled as in (1) with the true 



TABLE 1 

Asymptotic relative efficiencies calculated from known 
analytic expressions when the regression errors are 
distributed as Student-t variates. 

Degrees 
of freedoml ARE(AD,OLS) ARE(MAD,OLS) ARE(TH,OLS)2 

3 1.900 1.621 1.639 

4 1.401 1.125 1. 209 

5 1.241 0.961 1. 071 

6 1.163 0.879 1.003 

7 1.119 0.830 0.965 

8 1.089 0.79·S 0.939 

en 0.955 0.637 0.824 
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1. Three is the smallest degrees of freedom parameter value 
for which the variance of the Student-t distribution is 
finite. Infinite degrees of freedom corresponds to the 
normal distribution. 

2. Assuming P = 0.9288. See equation (22) and footnote 18. 
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slope coefficient set equal to unity. 

One thousand regressions with one hundred observations 

each are performed for each degrees of freedom parameter 

value. The sum of the squared deviations of the estimated 

slope coefficients from their known values is calculated for 

each estimator. The ratio of the sum of these squared 

deviations for the OLS estimator to the sum of squared 

deviations for an alternative estimator represents a measure 

of relative efficiency that corresponds to equation (7). 

Thus the simulation results we report in Table 2 are 

analogous to the analytic results of Table 1. 

The values reported in Table 2 are similar to those 

reported in Table 1. This consistency provides empirical 

support for the previously established theoretical results. 
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TABLE 2 

Relative efficiency estimates calculated from simulated 
data when the regression errors are distributed as Student-t 
variates. 

-
Degrees 
of freedom RE(AD,OLS) RE(MAD,OLS) RE(TH,OLS) 

3 1.876 1. 430 1. 790 

4 1.380 1. 084 1.308 

5 1. 215 0.918 1.152 

6 1.127 0.837 1.040 

7 1.096 0.783 1.014 

8 1. 074 0.782 1.038 

CD 0.968 0.654 0.889 
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C. Relative Efficiency With Daily Security Returns 

The analysis in the previous section suggests that the 

nonparametric estimators proposed by Adichie and Theil may 

be more efficient, and that MAD estimation may be less 

efficient than the OLS procedure when employing daily 

security return data. To contrast these three robust 

estimators in an environment relevant to Finance 

applications, I utilize daily security return data of 100 

large firms listed on the CRSP Daily Return File for at 

least 6,000 consecutive days.20 For all regressions, the 

independent variable is the Value-Weighted Market Index. To 

obtain a measure of relative efficiency across estimators, 

we first apply a time series estimation procedure at the 

individual firm level and then aggregate a derived 

efficiency measure across firms. My methodology has been 

devised so that knowledge of the true beta of each security 

within each estimation period is not required. 

For each firm I divide the first 6,000 trading days into 

30 equal subperiods of 200 days. Each subperiod is further 

decomposed into two samples containing the odd numbered and 

the even numbered days. The slope coefficient from the 

market model is estimated separately for each odd numbered 

and each even numbered sample within each subperiod. 
, 

Let bis be the OLS beta estimate for firm i from the odd 
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" numbered days in subperiod s and let b is be the OLS estimate 

for even numbered days. For each firm we calculate the 

summation of the squared differences between the odd and 

even day estimates in each of the 30 subperiods. Letting ~is 

be the true slope parameter for firm i in subperiod s, we 

decompose this summation as: 21 

(26) 
30 

I "2 E (bis - bis ) = 30 I " 2 
I (bis - ~is - b is + ~is) 

s=l s=l 

30 I 2" 2 = E [(bis - ~is) + (bis - ~is) ] 
s=l 

Assuming that daily security returns in each subperiod 

are independent drawings from the same return generating 

I " process, bis and bis are independent estimates. Hence the 

expected value of the covariance term in (26) is zero. It 

then follows that the expected value of the summation in 

(26) is the summation of estimator variances for the odd and 

even day samples within each subperiod. 

(27) 
30 I " 

t [Var(bis ) + Var(bis )] 
s=l 
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, II 

Now let his' and his be defined as above for any 

alternative estimator. An estimate of the relative 

efficiency of the alternative estimator (compared to OLS), 

using firm i's returns is given by 

(28) REi(h,b) = 

30 
, II 2 

t (bis - b is ) 
9=1 

30 
, II 2 

t (his - his) 
9=1 

The ratio of the expected value of the numerator to the 

expected value of the denominator in (28) yields a ratio of 

estimator variances which corresponds closely to the 

definition of relative efficiency given by equation (7). My 

final estimate of relative efficiency for an. alternative . , 

estimator (compared to OLS) is the cross-sectional geometric 

average of the ratios in (28).22 As in (7), a relative 

efficiency estimate greater than unity indicates a greater 

efficiency for the alternative estimator compared to the OLS 

estimator. 

Values for the computed relative efficiency estimates 

(RE) for individual firms, the percentage of estimates 

greater than unity (%>1), and the arithmetic average of beta 

estimates across firms and subperiods (AVE) for the three 
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alternative estimators and OLS are reported in Table 3. 

The relative efficiency estimates and the percentage of 

estimates greater than unity imply that the Adichie and 

Theil estimators require fewer observations to achieve the 

same estimation efficiency as OLS. Specifically, the OLS 

estimator requires 13.3% more observations than the Adichie 

estimator and 11.3% more observations than the Theil 

estimator. The MAD estimator is clearly inferior. 

Note that the relative efficiency estimates in Table 3 

are similar to the asymptotic values reported in Table 1 and 

the simulation values reported in Table 2 for Student-t 

degrees of freedom parameter values of five to seven. These 

parameter values are in the range of empirical estimates 

reported by Blattberg and Gonedes [1974] when daily security 

returns are modeled by the Student-t distribution. This does 

not imply that daily security returns are actually 

distributed as Student-t variates. It does suggest, however, 

that the degree of kurtosis found in daily returns is 

comparable to that of a finite variance Student-t 

distribution. 

While the results reported in Table 3 for individual 

securities are likely to generate interest across a broad 

class of potential applications, our prior tests do not 

discuss which estimator is most efficient when estimating 
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TABLE 3 

The relative efficiency estimate (RE), the percentage of 
individual firm relative efficiency estimates greater than 
unity (%>1), and the average beta estimate (AVE) across 
firms and subperiods for daily security returns of 100 large 
firms from 1962 through 1986. 

(AD,OLS) 

(MAD,OLS) 

(TH,OLS) 

(OLS) 

RE 

1.134 

0.844 

1.113 

N/A 

** Significant at 1% level 

* Significant at 5% level 

%>1 AVE 

79** 0.9679 

35** 0.9247 

60* 1. 0036 

N/A 1.0131 
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the systematic risk of portfolios. As the number of 

securities in a portfolio increases, the distribution of 

portfolio-specific returns should more closely conform to 

normality by the Central Limit Theorem. This implication, in 

conjunction with the results of Tables 1 and 2, suggests 

that OLS might be the prefered estimator of portfolio 

systematic risk. 

Daily portfolio returns from equally weighted portfolios 

composed of ten, thirty and fifty securities are obtained 

from the 100 firm sample. 23 One hundred portfolios of each 

size are constructed. For each portfolio size, relative 

efficiency estimates are calculated in the same manner as 

for individual firms. Values for the computed relative 

efficiency estimates (RE) for portfolios, the percentage of 

estimates greater than unity (%>1), and the arithmetic 

average of beta estimates across portfolios and subperiods 

(AVE) are reported in Table 4. 

Perhaps the most striking result reported in Table 4 is 

that the Adichie estimator maintains its superiority over 

OLS for portfolios of up to fifty securities. Moreover, we 

find no evidence that the OLS estimator should be preferred 

to the Theil estimator. 
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TABLE 4 

The relative efficiency estimate (RE), the percentage of 
portfolio relative efficiency estimates greater than unity 
(%>1), and the average beta estimate (AVE) across portfolios 
and subperiods for daily returns of portfolios comprised of 
randomly selected securities of 100 large firms from 1962 
through 1986. 

10 securities RE %>1 AVE 

(AD,OLS) 1.058 66** 0.9995 
(MAD,OLS) 0.729 13** 0.9965 
(TH,OLS) 1.038 57 0.9978 
(OLS) N/A N/A 1.0047 
30 securities 

(AD,OLS) 1.037 61* 1.0118 
(MAD,OLS) 0.666 7** 1. 0117 
(TH,OLS) 1.040 60* 1.0096 
(OLS) N/A N/A 1.0138 

50 securities 

(AD,OLS) 1.042 62** 1.0095 
(MAD,OLS) 0.559 1** 1. 0098 
(TH,OLS) 1.008 51 1.0068 
(OLS) N/A N/A 1. 0010 

** Significant at 1% level 

* Significant at 5% level 
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D. Summary and Conclusion 

Financial applications of the single index model have 

typically relied upon OLS estimates of a firm's systematic 

risk. This reliance has been implicitly justified by the 

Gauss-Markov Theorem which shows the OLS estimator to be the 

best linear unbiased estimator. To date, little work has 

been done investigating the potential benefits of using 

non-linear robust estimators with daily security return 

data. 

In this paper we have shown that two specific 

nonparametric estimators provide efficiency gains relative 

to Ordinary Least Squares when estimating the systematic 

risk of large firms using daily security return data. This 

superiority continues for one of the estimators when 

employing portfolio returns comprised of as many as fifty 

securities. We have also demonstrated the relative 

inefficiency of the Minimum Absolute Deviation estimator 

and. This finding is particularly interesting since the MAD 

estimator is commonly thought to be a robust improvement 

upon OLS for regression error distributions with kurtotic 

tailweights. 



Notes: 

1. Kon [1984] provides an excellent discusion of the 

empirical distribution of daily security returns. 
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2. In the presence of stationary Gaussian regression errors, 

the OLS estimator is a minimum variance unbiased estimator 

achieving the Cramer-Rao lower bound. 

3. We define a robust alternative to OLS to be an estimation 

procedure that is expected to be more efficienct than OLS 

when the regression error distribution is sufficiently 

fat-tailed relative to the normal. 

4. "A nonparametric procedure i~ a statistical procedure 

that has (certain) desirable properties that hold under 

relatively mild assumptions regarding the underlying 

population(s) from which the data are obtained." Hollander 

and Wolfe [1973:1] 

5. Our selection of estimators includes what we regard to be 

the most promising alternatives to OLS. We reject maximum 

likelihood estimation since a knowledge of the underlying 

regression error distribution is required. 

6. A linear estimator can be represented as a linear 

combination of the dependent variable observations. Let Yi' 

i = 1,2, .. N represent these dependent variable observations. 

An unbiased linear estimator will have the form 
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N 

E ciYi' 
i=1 

where the weights ci are not functions of the dependent 

variables Yi' Johnston [1984] 

7. Lehman [1975,1983] provides a discussion of the 

efficiency of estimates of location based upon ranks. 

8. In this section we delete the firm subscript i for 

convenience. 

9. The intercept is ignored since it does not affect the 

ranking of residuals. 

10. Hettmansperger [1984] shows that this covariance is a 

nonincreasing step function in b. This allows an iterative 

algorithm to achieve any desired degree of precision in the 

calculation of the estimate. 

11. It is interesting to note that if the covariance of firm 

specific returns (rather than their ranks) with the market 

returns is set equal to zero, we obtain the OLS estimate 

of p. 

12. For any given slope, the intercept that minimizes the 

sum in (4) will be the median of the firm specific returns, 

(Rt - bMt)· 

13. Chvatal [1983]. 

14. Sharpe [1971]. 

15. A detailed discussion of the concept of relative 

efficiency can be found in Pratt and Gibbons [1981]. 



17. See Lehman [1975]. 

18. This correlation is expected to be high for the 

estimation of systematic risk. In particular, using the 

first 6000 days from the CRSP Daily Returns File, the 

correlation between the CRSP Value-Weighted Index returns 

and their ranks is 0.9288. 
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19. This choice of the Student-t distribution for the 

regression errors is desirable for several reasons. First, 

by changing a single parameter of the Student-t density 

function, the degree of kurtosis can be adjusted to obtain a 

wide range of values. Second, the functional form of the 

Student-t density is amenable to algebraic analysis. And 

third, there is empirical evidence that the Student-t 

distribution has some validity as an approximate model of 

daily security returns. See Blattberg and Gonedes [1974] and 

Kon [1984]. 

20. We obtain firm size as of December 31, 1986 from the set 

of 2330 firms which are included in the Compustat Industrial 

File. Our final sample is comprised of the largest 100 of 

these firms for which a complete time series is available 

from the CRISP Daily Return File. While this selection 

criteria does not insure that our sample will contain large 

firms throughout our test period, it seems unlikely that 

this would introduce any material biases into our results. 
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21. The subscript s on the true slope parameter ~is accounts 

for potential beta nonstationarity between subperiods. We 

assume, however, that the true slope parameter is the same 

for the odd numbered and even numbered days within each 

subperiod. 

22. By using a geometric average the following relationships 

between relative efficiency estimates will hold: 

RE(h b) = 1 
, RE(b,h)' 

RE(h k) = RE(h,b). 
, RE(k,b) 

here hand k are alternative estimators to b. 

23. Each portfolio is formed by random firm selection 

without replacement. After each portfolio is formed, 

selected firms are replaced into the 100 firm sample. 



CHAPTER FIVE 

Conclusion 
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Statistical training for Finance Ph.D. students normally 

involves two or three semesters of Econometrics. Although it 

is only a small subset of Statistics, these students are 

left with the impression that there is nothing of importance 

outside of Econometrics. They learn to think linearly (in 

contrast to students of probability who must learn to think 

in terms of sets). A result is a bias in methodology towards 

linear regression models that are often more complicated 

than is necessary. I provide an example of this bias. 

Consider the simple task of estimating an exponential 

growth rate. This common problem in financial analysis is 

discussed in several Investments' textbooks. 1 As a typical 

example, the price of a security is assumed to follow an 

exponential growth process where the log of the ratio of 

successive prices follows linear Brownian motion. 

This implies that the security price follows geometric 

Brownian motion. 

t 
(2) P t = Poexp[ gt + t ei l· 

i=1 
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In equations (1) and (2), P t denotes the security's price at 

time t. The average growth rate is g and the et are assumed 

to be -independent random errors with zero mean and constant 

variance a2 • 

Given a time series of prices, Pt ; t = 0,1,2, .. ,N, two 

methods are commonly recommended to estimate the growth 

rate g. First is a geometric average obtained by dividing 

the log of the ratio of ending over beginning prices by the 

number of disjoint intervals in the estimation period. 

(3 ) 

Second is the laborious procedure of regressing the time 

series of log prices on time. The regression equation is 

(4 ) log Pt = log Po + gt + u t ' t = 0,1,2, .. ,N 

The slope coefficient obtained by ordinary least squ~res 

(OLS) yields an estimate of the growth rate g. 

The OLS procedure is advocated in several texts as being 

superior to a geometric average because it makes use of all 

the data and not just the beginning and ending prices. 2 

However, this logic is spurious. To see this, note that 

summation of equation (1) and division by N yields 



(5 ) 
N 

1 E 10g(Pt /P t - 1 ) = 
N t=1 

which is the estimator given in (3). Equation (5) 
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demonstrates that a geometric average makes use of all the 

data. The ratio PN/PO is a reduction of the data to a 

sufficient statistic for the growth rate g. 

The OLS estimate of the slope coefficient in (4) is 

inefficient. To demonstrate this, note that given the price 

Po' the growth process in (1) evolves as follows. 

(6) log P l = log Po + g + e 1 

log P2 = log P1 + g + e 2 

= log Po + 2g + el + e 2 

= log Po + 2g + u 2 ' 

or 

log Pt = log Po + gt + Ut' 

t 
where u t = u t - 1 + e t = E ei' 

i=1 
and eO = o. 

As seen in' (6), the OLS residuals Ut of equation (4) suffer 

from perfect serial correlation. Since the independent 
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variable time is also perfectly serially correlated, OLS 

estimation is inefficient. The generalized least squares 

(GLS) estimator of the slope coefficient in (4) is now 

derived. 

Let U' = [ Uo u1 u2 ..• uN ] be the row vector of OLS 

residuals. From (6) we see that the dispersion matrix of OLS 

residuals has the form, 

0 0 0 0 
1 1 1 1 

( 7 ) E[UU' ] = a2 G = a2 1 2 2 2 
1 2 3 3 . . . 
1 2 3 N 

where the elements of the first row and column are all zero 

since Uo = eO = O. Obviously, the determinant of G is zero, 

thus its regular inverse does not exist. To derive the GLS 

estimate of g when the dispersion matrix G is singular., we 

make use of the general Gauss-Markov model presented in Rao 

(1973:297-302). 

Let G- denote a generalized inverse of the matrix G. By 

definition, a generalized inverse satisfies the equality 

GG-G = G. The generalized inverse G- is here given as 



1 -1 0 0 0 
-1 2 -1 0 0 

( 8 ) a2G- = 0 -1 2 0 0 

0 0 0 2 -1 
0 0 0 -1 1 

Since G- satisfies the Moore-Penrose conditions, it is 

unique. 3 There exists a matrix L such that LL' = G- and 
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L'GL = I, where I is an identity matrix. The matrix L' has 

dimension N by N+1. 

-1 1 0 0 0 0 
0 -1 1 0 0 0 

( 9 ) aLI = 0 0 -1 0 0 0 

0 0 0 -1 1 0 
0 0 0 0 -1 1 

Now let X' = [O-N/2 1-N/2 2-N/2 ... N-N/2 ] be the 

vector of the mean adjusted independent variable time, and 

let Y' = [ log Po log P1 log P2 log PN ] be the 

vector of log prices. The GLS estimator (and its variance) 

of the growth rate g is 

(12) 

=~ 
N 

This is the simple geometric average given in equation (3). 
A 

Invoking Proposition (i) in Rae (1973:298), gGLS is the best 
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linear unbiased estimator (BLUE). 

Since the OLS estimator is computationally burdensome 

and less efficient than the GLS estimator, it has no basis 

for recommendation. It should never be used. That the OLS 

method is often recommended and used reflects the bias 

towards using regression methods that are more complicated 

than is needed. 

Are the nonparametric methods presented in this 

dissertation more complicated than is necessary? Answer: 

Unlike the example above of using OLS to estimate a growth 

rate, the nonparametric methods presented in this 

dissertation offer efficiency gains over their normal theory 

counterparts. If efficiency matters, then additional 

complication might be justified. However, these methods are 

often no more complicated than normal theory procedures. 

Consider the hypothesis tests presented in Chapters two 

and three. The basic problem is to compare security returns 

generated on an event date with returns generated during a 

control period. A simple t-test is used for both the 

parametric and nonparametric procedures. The parametric 

procedure calculates a t-statistic using the original data. 

The nonparametric procedure performs a near identical 

calculation using the ranks of the original data. Since a 

rank transformation requires only a one line instruction in 
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The technique of performing a normal theory test using 

the ranks of data rather than the original data has distinct 

benefits in empirical Financial research. First, a rank 

transformation instantly yields data that under the null 

hypothesis possesses a uniform distribution no matter what 

the distribution of the original data. The distribution of 

statistics computed from data following a uniform 

distribution converges to normality quite rapidly. 4 A 

nonparametric test statistic results, that is, a test 

statistic whose distribution is independent of the 

distribution of the original data. This was the original 

appeal of nonparametric methods. 

Second, when the original data is characterized by 

distributions with thicker tails than the normal model, 

nonparametric rank tests are usually more powerful than 

normal theory tests. Since financial data is almost always 

characterized by fat-tailed distributions, nonparametric 

rank tests are expected to dominate parametric tests in 

detecting departures from the null hypothesis. 

Third, adding nonparametric methodologies to existing 

methodologies is straightforward. Virtually identical 

statistics are calculated, with ranks substituted for the 

original data. This makes the application of nonparametric 

methods quite general. Many parametric tests are convertible 
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to a nonparametric test by this technique. 

Rank tests can be applied to a number of problems in 

empirical Financial research. For example, the method of 

cumulative average -residuals (CAR) is convertible to the 

method of cumulative average residual ranks (CARR). The same 

statistics calculated using CARis would be calculated using 

CARRis. The benefits shciuld be similar to those documented 

for event study methods in this dissertation. 

Methods based on ranks may not always be so simple to 

implement. In Chapter three an estimation method based on 

ranks was applied to the problem of estimating a securityls 

systematic risk as expressed by its beta. Significant 

efficiency gains over OLS were documented. Unfortunately, 

these efficiency gains are not likely to be worthwhile for 

most Financial empiricists. This is so for several reasons. 

First, the iterative procedure necessary to estimate a 

regression slope coefficient using ranks is burdensome. 

Unless the routine was included in standard statistical 

software, few researchers would be inclined to write their 

own. Second, with daily data, the number of data points 

available is large. Obtaining larger samples will almost 

always dominate learning more efficient techniques in 

yielding reliable estimates. Third, the rank based 

regression method is only readily applicable to the case of 
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a single independent variable. Multivariate rank based 

estimators are still not fully understood. They are however, 

a subject of ongoing research by statisticians. While the 

empirical results of Chapter three might be an impetus for 

further research in the specific problem of beta estimation, 

I conjecture that it will be some time before rank based 

regression methods can compete with standard lineaT 

estimation methods. Rank based methods have their greatest 

potential in hypothesis testing and other statistical 

inference procedures. It is in this direction that further 

research is most likely to yield the greatest improvements 

in statistical methodology in Finance. 
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Notes: 

1. See for example, Farrell and Fuller (1987) and Radcliffe 

(1987). 

2. Farrell and Fuller (1987:220) and Radcliffe (1986:756) 

state this point explicitly. The OLS procedure is also 

recommended in the econometrics text of pyndick and 

Rubenfield (1981:475-6). 

3. The Moore-Penrose inverse is discussed in Searle (1982). 

4. A standard trick for simulating a standard normal 

distribution is to sum twelve uniformly distributed random 

numbers. This sum yields a random number that is almost 

perfectly normally distributed. 
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APPENDIX 

The concept of a Hodges-Lehman estimator generalizes the 

definition of an estimator. It plays an important role in 

the theory of statistics since it defines a precise 

relationship between an estimator and the test statistic on 

which it based. A Hodges-Lehman estimator is defined by 

( 1 ) A = 9* + e** 9 ~~2~~ 
9* = sup[ 8: V(9) > ~ ] 

8** = inf[ 9: V(9) < ~ ], 

where a < b implies V(a) ~ V(b), i.e. V(9) is 

nonincreasing in 9. Here, V(9) is the test statistic that 

• corresponds to the estimator 9. Some simple examples will 

help to clarify this useful definition. 

As a first example consider the standard t-test where 

V(9) = f.N(XN - 9)/S is the t-test statistic constructed from 

the mean and standard deviation of a sample of size N. 

Setting ~ = 0, we see that 9* = 9** and a = iN. In this 

trivial example, the Hodges-Lehman estimator based on the 

t-test statistic is the sample mean. 

As another example, let the statistic V(9) count the 

number of Xi greater than 9: 



V(e) = #(Xi > g) 

N 
= N - r, Signee - Xi) 

i=l 

Setting ~ = 1/2, we see that the Hodges-Lehman estimator 

based upon the Sign test statistic is the sample median. 
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It is usually much easier to derive the distribution of 

a test statistic than an estimator. However, the probability 

distribution of a Hodges-Lehman estimator can be derived 

from the distribution of the corresponding test statistic. 

This is demonstrated immediately below. 

First note that 

9 * .. :: a 
( 2 ) 

a** !: a 
implies 

V(a) > ~ 

V(a) < ~. 

Since 0* and a** are continuous, these equalities hold: 

(3 ) * P(S < a) = P(V(a) < ~), 

** P(S < a) = P(V(a) !: ~). 

Since a* .. ** !: a !: a , this inequality should be obvious: 

(4) p(a* < a) !: p(e < a) !: p(a** < a). 
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Combining (3) and (4) yields 

• (5) P(V(a) <~) ~ p(e < a) ~ P(V(a) ~ ~), 

4 
which sets bounds on the distribution of the estimator e. In 

* ** 4 cases where e = e , the equality P(V(a) < ~) = p(e < a) 

precisely defines the relationship between the distribution 

4 
of the test statistic Vee) and the estimator e. 

When e* and e** are not equal they will asymptotically 

converge. For example, consider the median of an odd size 

* ** sample. Then 8 and 9 are both equal to the central 

observation. For an even size size sample, e* and e** 

correspond to the two central observations which may not be 

equal. But the two central observations converge in 

probability as the sample size increases. Asymptotically, 

equation (5) holds with equality. 

A broad class of test statistics are asymptotically 

normaly distributed. The asymptotic equality of equation (5) 

then implies that the corresponding estimators are also 

asymptotically normal. Since the normal distribution is 

completely defined by its mean and variance, the efficiency 

of a Hodges-Lehman estimator can be stated in terms of its 

asymptotic variance. We shall derive the asymptotic variance 

of an estimator from the distribution of its corresponding 
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test statistic. 

Let VN(~/fN) represent a test statistic based upon a 

sample of size N where VN is defined in equation (1) above. 

Since VN is constructed to be translation invariant we may 

write 

where p~ implies that ~ is the expected value of the random 

variable used to calculate VN. Let ~(~/fN) denote the 

expectation EO[VN(~/fN)] = E-~ifN[VN(O)]. By construction of 

VN, we have that ~(O) = O. The asymptotic normality of VN 

implies this equality: 

(7 ) 

where j designates the standard normal distribution and 6N 

is the standard deviation of VN. By an expansion we obtain 

(8 ) o < ~* < ~. 

It can be shown that ~(~/fN) is asymptotically linear in the 

neighborhood of A = o. Thus for small A we are justified in 

substituting ~I (0) into (7). Letting (.N6N = 6 and noting 
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that ~(O) = 0, we obtain this limiting distribution for the 

test statistic VN. 

(9) lim p-~/fN(VN(O) < ~(O» = I[ ~~' (0)/6 ]. 
N .. CD 

Since the estimator 9 is translation invariant we may write 

where the limit notation has been suppressed and the last 

two equalities follow from equations (5) and (6). Now from 

(10) and (9) we have 

(11) lim P9( ¥N(e - 9) < ~ ) = i[ ~~'(0)/6 ], 
N .. CD 

A 
which is the limiting distribution of the estimator.9. 

The term ~'(0)/6 in equations (11) and (9) is called the 

Pittman efficacy of the test statistic VN. We can easily 
A 

show that the limiting standard deviation of the estimator 9 

is the inverse of this Pittman efficacy. Let A in (11) above 
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A 
be the standard deviation of 9. Then we may write 

which from (11) implies that ~~I (0)/& = 1. This then yields 

• the limiting standard deviation of 9 as &/~I (0), the inverse 

of the Pittman efficacy. 
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