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ABSTRACT 

The main thrust of this dissertation is the application of 

statistics and information theory to design, analysis, and estimation 

pertaining to image-forming systems. This study explores the application 

of Shannon's information in pupil design, the characterization of noise, 

and study of its behavior in a specific electro-optical system, and 

estimation of the degraded spread function in atmospherical imagery using 

the maximum entropy method. 

Our study shows that a pupil designed to maximize Shannon's 

information throughput is an apodizer, resulting in resolution and con

trast enhancement when compared to the diffraction-limited case. The 

Strehl ratio is about 0.55. 

Investigation of statistical and spectral properties as a func

tion of gray level in an electro-optical tracking system indicates that 

the noise is "white," having a wide band and a close-to-Gaussian 

distribution. 

Estimating the spread function via maximum entropy technique 

has revealed some remarkable results. Using an edge as the object, 

simulation studies predict a superior estimate in the mean squared 

error sense to those of the least squares in the presence of three types 

of noise (signal-dependent Gaussian and Poi~son, and signal-independent 

Gaussian noise). Information theory, linear systems theory, sampling 

xv 



xvi 

theory and more particularly, statistics and the Fast Fourier Transform 

are used to derive our results. 



CHAPTER 1 

INTRODUCTION 

We can recognize a large number of systems that provide 

"information" about the presence or change of a "physical phenomenon." 

The goal of optical imagery is to obtain information about some unknown 

object or event by measuring the spatial intensity distribution of its 

image.· Such images are formed by an optical and/or electro-optical 

system in various forms. The quality of such images is always limited 

by factors of instrument design, environment, fabrication, usage, or 

noise. For an optical system, design factors may include the pupil 

shape and size, aberrations, and the choice of image sensor. Some pos

sible environmental factors are the background radiation, atmospheric 

turbulence, temperature fluctuations, and scattering. Fabrication 

errors that happen during polishing, coating, and in the alignment of 

components contribute to image degradation. 

Controllable factors, such as aperture selection, exposure time, 

motion blur, and defocus are also important when using an imaging sys

tem. The quality of optical imagery is further degraded by noise, 

which has its origin in the background, photon fluctuations in the 

radiation field, thermal fluctuations within the resistive elements, 

and other physical effects related to the detection systems. However, 

in observations suffering from large but known sources of degradation, 

1 



useful information in the image can be "unscrambled" that otherwise 

would have little interpretive value to the observer. Assuming linear 

shift invariant models for the image-forming systems, in the following 

chapters we attempt to identify some of these degradation factors, and 

suggest ways to improve the quality of the degraded images that are 

formed incoherently. 

Our design, analysis, and estimation are all done numerically. 

We rely heavily on speed, accuracy and reliability of digital computers 

to carry out this study. 

Overview 

2 

We now survey the work in this dissertation. A distinct topic 

is treated in each of the following chapters. Our development is by no 

means exhaustive on each subject, since we have chosen to emphasize 

three separate problems, as opposed to a more comprehensive treatment of 

a single topic. 

From a computational viewpoint, we rely heavily on: statistics, 

linear system models, and information theory. In many cases weare 

forced to seek the solutions of a multidimensional nonlinear system of 

equatiom:;, which could be rather cumbersome. 

In Chapter 2 we are faced with the task of designing a pupil 

function using the "maximum information" norm (Frieden, 1980). Its 

aim is to construct the ideal pupil which will cause the image to con

tain a maximum of information about the object. That is, the throughput 

of information from object to image is made to be maximum, through 

choice of the pupil. 



3 

We begin with a brief introduction about information theory and 

its application to communication systems. The- incoherent image-forming 

system is treated like a communication system, using one-dimensional 

discrete object and image forms. 

After discussing the statistical models for the system's spread 

function, object, and image, we then proceed to point out the basic 

properties of the best pupil. The mathematical formalism based upon 

the linear system and statistical models, and Shannon information, is 

presented in a separate section, which is followed by a discussion 

about the numerical method of solution. At the end, the numerical re

sults are presented and the usefulness of }IT pupils is discussed. 

Chapter 3 presents the evaluatic" and characterization of 

noise in a particular electro-optical system. The digitized noise 

data for six different gray levels are processed and the statistical 

parameters estimated, respectively. The chapter begins with a brief 

historical survey. The two fundamental noise components, namely the 

thermal and shot effects, are discussed, and their basic properties 

are derived. 

Before discussing the data and removal of the linear and non

linear trends, we express the physical conditions under which the data 

has been gathered. They include illumination, the target, and detection 

and digitization systems. Statistical and spectral techniques and 

analysis are discussed in the next section. Starting with histogram 

methods, we build the frequency map of noise fluctuations within a 



certain interval. Then, by orthonormal expansion of Gaussian weighted 

Hermite polynomials; we fit analytical solutions to the probability 

density data. In order to characterize the noise better, we compute 

autocorrelation and power spectra for each level. An error analysis 

is done at the end, where we estimate the accuracy of such techniques. 

4 

Chapter 4 explores the potential of estimating the degraded 

spread function in astronomical imagery, based on a maximum entropy 

restoration algorithm. An accurate estimate is essential for a success

ful post processing of noisy images. 

A special consideration is given to the sources of degradation 

such as turbulence, noise, scattering, and non-isoplanatism. Because 

of its dominant role, turbulence is treated more rigorously than the 

others. A brief survey of the different techniques that are used to 

estimate the spread function (by the astronomers) follows next, where 

we discuss their advantages and drawbacks in terms of reliability and 

accuracy. 

"Modeling the object, overall spread function, and noise" is the 

topic of the next section. Here we model the object to have the form 

of an edge, and the ideal spread function to be composed of two Gaus

sians. The object and spread function are convolved directly to form 

the ideal image. Uncorrelated noise is generated by the computer 

via the random number generator routine. 

The principles behind two maximum entropy restoration techniques 

are expressed in the following section. Frieden and Burg's entropies 



and their application are discussed. Special attention is given to 

Frieden's maximum entropy algorithm, since it sets the framework for 

our estimation algorithm. Later we present the discrete mathematical 

forms which contain the image formation and normalization constraints 

as well as the entropy terms. 

Differential methods are used to maximize the entropy subject 

to the constraints. 

5 

Least squares estimation that is based on Gaussian decomposition 

of the spread function is discussed in a separate section. There, we 

develop algorithms to restore the spread function from the noisy data, 

which is obtained by differentiating the edge data. 

In the last portion of this chapter, the numerical simulation 

studies are discussed. The method used to generate normally distributed 

random noise is explained. Our spread function estimation algorithm is 

tested against the presence of different levels of three types of addi

tive ·noise. They are: signal-dependent Gaussian and Poisson noise, and 

signal-independent Gaussian noise. 

Intercomparison with the least squares estimates shows that ME 

is a viable means to estimate the spread functions that are degraded by 

environment and noise. 



CHAPTER 2 

MAXIMUM INFORMATION PUPlL DESIGN 

In this chapter we are going to discuss how one can design a 

pupil that maximizes the flow of information from a known object to the 

image plane. We use statistical models for object, image and the spread 

function, and through the choice of the pupil elements the information 

transfer for a doublet and a bar object are optimized. All the calcula

tions are done numerically using a digital computer. The maximum infor

mation (MI) pupils have a synunetrical "ladder" transmission with its 

maximum in the central region. Comparing the dj.ffraction patterns of 

MI pupils with those of the diffraction limited case, we conclude that 

MI pupils are apodisers, when the objects are in the form of a doublet 

and/or rectangle. The side lobes of the diffraction patterns of such 

pupiis are negligible when compared to the diffraction pattern of a 

clear aperture of the same size. Application of MI pupils in an optical 

image forming system would eventually result in resolution and contrast 

enhancement, especially in the neighborhood of a bright region. The 

fact that they could be built easily makes them even more useful. They 

can be constructed by depositing symmetrically oriented absorbing thin 

film layers on a glass substrate. 

6 
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Background 

Information theory is a branch of the mathematical theory of 

probability and statistics. Like several other branches of mathematics, 

information theory has a physical origin (Reza, 1961), and its abstract 

formulations are applicable to any probabilistic or statistical system 

of observations. Consequently, we find information theory applied in a 

variety of fields (Ku11back, 1953). It was initiated by communication 

scientists who were studying the statistical structure of electrical 

communication equipment. The modern information theory was principally 

originated by Claude Shannon through two outstanding contributions to 

the mathematical theory of communications (Shannon, 1948, 1949). These 

were followed by a flood of research papers speculating upon the possible 

applications of the newly born theory to a broad spectrum of research 

areas, such as pure mathematics,radio, television, radar, psychology 

semantics, economics and biology. The immediate application of this 

discipline to the fringe areas was rather premature (Reza, 1961). In 

fact, research in the early years has indicated the necessity for deeper 

investigations into the foundations of the discipline itself. 

Despite this hasty generalization which produced close to one 

thousand research papers, one thing became evident: this scientific 

discovery has stimulated the interest of thousands of scientists and 

engineers around the world, many of them in the field of communication. 

Information theory was not originated by optical physicists but rather 

by a group of mathematically oriented electrical engineers, whose orig

inal interest was centered on electrical communications. From the very 



beginning of this discovery, interest in the application has never been 

totally absent from the optical standpoint. 
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As a result of the recent advances in modern optical information 

processing and optical communication, the relationship between optics 

and information theory has grown more rapidly than ever (Yu, 1976). A 

number of authors have applied this concept to the image formation prob

lem. Among the earlier contributions was the one by Linfoot (1957) 

who introduced the idea of distinguishable image states. His development 

was more or less intuitive and was not based on a rigorous treatment of 

information theory. Recently Frieden (1980) has applied the concept of 

information in optical image restoration. Using a norm of maximum 

information (MI) to estimate the object from a given set of noisy image 

data, he has regarded the imaging system as a transducer of photon posi

tion from the object plane to the image plane. In his approach the 

point spread function (PSF) for the imagery is considered to be a condi

tional probability depending upon photon positions in object and image 

space. This method has been shown to be successful in restoring bar and 

double impulse objects in the presence of noise (Frieden, 1981). 

What is Information? 

In our everyday life at various places, in a number of ways, we 

come across the word "information," which is used in different connota

tions: information desk, information bureau, etc., and we use it quite 

frequently. "May I have more information about. • • ?" Although many 

seem to know the word, "information," as defined by Webster's Dictionary 
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to be BCommunication or reception of knowledge or intelligence," a 

fundamental theoristic concept may not be the same. For example, from 

the information theory viewpoint, a perfect liar is as good an informant 

as a perfectly honest person, provided of course that we have the 

a priori knowledge that the person is a perfect liar or perfectly honest. 

We should be cautious not to conclude that if one cannot be an honest 

person, one should be a liar, for, as we may all agree, the most suc

cessful crook is the one that does not look like one, implying that 

information theory is a guessing game or in fact a game theory (Kullback, 

1953). Information may be defined according to its application but 

with an identical mathematical formalism. From a physicist's point of 

view, information theory is essentially an entropy theory. Without the 

fundamental relationship between entropy and information theory, infor

mation theory would have no useful application in physical science. 

From the viewpoint of pure mathematics, information theory is 

basically probability theory. From a communication engineer's stand

point, information theory can be considered an uncertainty theory. For 

example, the more uncertainty there is about a message we have received, 

the greater the amount of information the message contained. In our 

study, we deal with the ideal mathematical communication models for 

information (Shannon and Weaver, 1949). We confine ourselves to models 

that are statistically defined. That is, the most significant feature 

of our model is its unpredictability. The source (object) for instance, 

transmits at random anyone of a set of prespecified photons. We have 

the specific knowledge as to which photon will be transmitted next. But 
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we know a priori the probability of transmitting each photon through 

the channel or something to that effect (point spread function). If 

the behavior of the model was predictable (deterministic), the recourse 

to measuring or optimizing the amount of information would hardly be 

necessary. When the model is statistically defined, while we have no 

concrete assurance of its detailed performance, we are able to describe 

in a sense its "overall" or "optimum" performance in the light of its , 

statistical description. In short, our search for an optimum amount of 

information is virtually a search for a statistical parameter associated 

with a probability scheme. 

Information as a Communication Process 

Communication processes are concerned with the flow of some 

sort of information-carrying commodity in some network. The commodity 

need not be tangible; for example, the process by which one's mind 

affects another's mind is a communication procedure. This may be the 

sending of a message by telegraph, visual communication fron artist to 

viewer, or any other means by which information is conveyed from a 

transmitter to a receiver. Common to all communication processes is 

the flow of some commodity in some network. While the nature of the 

commodity can be different, such as electricity, words, music, etc., 

there are at least three essential parts in a communication system: 

1. Transmitter or source. 

2. Receiver or sink. 

3. Channel or transmission network. 
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Figure 2.1 shows a schematic representation of such a system. 

In an optical system, object or transmitter can be a microscope slide, 

a piece of film, or a CRT (cathode ray tube) display. Formation of an 

linage iCy) from an object scene o(x) (x, yare object and image plane 

coordinates, respectively) actually represents the transfer of photons 

(information carriers) from object plane to image plane. In transit 

the object to image plane, a photon has to pass through an intervening 

physical process such as lenses and atmosphere. These processes form 

an information channel. The total channel could, for example, consist 

of a turbulent atmosphere, as well as a lens system, an image tube, and 

a final display medium as TV raster or a photographic emulsion. The 

quality of the channel is measured by the spread in possible image 

positions for a given object position of the photons. The narrower the 

spread, the higher the quality of the information channel. 

Incoherent Illumination 

An important case which is most frequently encountered is that 

of a self-luminous object (a star field), or what amounts to the same 

thing: an incoherently illuminated object. The illumination iCy) in 

the image can be expressed as a convolution between the real and posi

tive function o(x) which specifies the light distribution in the object, 

and the function s(x,y), which specifies the distribution of illumina

tion in the diffraction pattern of an object element (PSF). This is in 

compliance with linear systems theory (Goodman, 1968). 

Thus we have: 
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i(y) = o(x) * S(x,y) (2.1) 

where x and yare object and image plane coordinates and * represents 

a convolution. For a shift invariant system (Gaskill, 1978), S(x,y) = 

S(y-x). In integral form, Equation (2.1) can be written as: 

i(y) = f~oodX'O(X')S(Y-X') (2.2) 

In spatial frequency domain Equation (2.2) becomes 

I(w) = O(w)H(w) (2.3) 

where I(w), O(w), H(w) are one-dimensional Fourier transforms of i(y), 

o(x) and s(x,y), respectively. H(w) is called the spatial transfer (OTF) 

function, which for all imaging systems always goes to zero at high 

spatial frequency. 

Discrete Forms 

In this section we develop a discrete representation of object, 

image, and the spread function. We assume a uniform sampling interval 

for both the object and image values, although we allow the sampling 

intervals of the object and image spaces to be different. The object 

and image samples are defined as 

o = o(x ) 
n n 

i = i(y ) 
m m 

and 

S = S(y ,x ) 
~ m n 
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where Ym = Yl + (~1)6y and xn = xl + (n-l)6x for m = 1, 2, .•• , M 

and n = 1, 2, ••• , N and where 6x = (x2-x l )/(N-l) and 6y= (Y2-Yl)/(M-l). 

For a sampled object and image, the imaging equations (2.1) and (2.2), in 

real domain, can be written as: 

i 
m 

N 

I 
n=l 

S 0 
mIl n 

In matrix notation, we write Equation (2.4a) as 

- --i = So 

where I is a column vector, containing (M) elements iI' i 2 , • 

and 0 also is a column vector containing (N) elements 0
1

, O2 . 

S is an (M) by (N) matrix having M x N number of elements. 

The Statistical Model 

(2.4a) 

The concept of information theory is based upon statistics. In 

this section we develop a statistical model for an image-forming system 

by treating it as a transducer of photon positions from the object plane 

to the image plane. Our approach is different from those used by 

Goodman and Belsher (1976), where they apply second order statisti63 in 

restoration of atmospherically distorted images. 

Modeling the Object and its Image 

In its most basic sense, a picture is no more than a superposi-

tion of photon events. These events are photon arrivals (with units of 

irradiance) for an image, or photon departures (with radiance units), 

for an object. The summation of photon events as a function of position 



x defines the picture as a whole. Consider formation of an image 

iCy ) = i , m = 1, 
m m 

o(x ) = 0 , n 
n n 

1, 

mission which is denoted as 

x + y 
n m 

M out of photon transitions from an object 

N. Figure 2.2 shows one such photon trans-

(2.5) 
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in that object position x corresponds to image position y (this photon 
n m 

is labeled "signal photon" in Figure 2.2). 

These transitions (2.5) describe the image-forming medium as 

merely a transducer of photon position from x to corresponding y. In 

fact, we shall regard x and y as the basic input and output signals for 

characterizing the image-forming channel, which departs from the usual 

characterization of an image channel as a transducer of intensity. 

Without loss of generality we may regard the object as normalized. 

(2.6) 

By conservation of energy, the image is then also normalized 

M 
I i = A 

m 
(2.7) 

m 

where A is equal to one (A=l) for non-absorbing lens systems, and less 

than one for an absorbing system, implying that all photons emitted by 

the object can be received at the image. Considerin~ a great number of 
M 

photon traversals, the quantity i II i represents the relative number m m m 
of photon arrivals at the point y (Burg, 1967). But by the law of 

m 

large numbers, with M assumed large enough, the quantity: 
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(2.8) 

represents the probability of a photon arriving at y. Then by virtue 
m 

of Equations (2.7) and (2.8), simply 

i = p(y )A. 
m m 

(2.9) 

In other words, the image is in actuality a probability law on position 

for arriving photons (Frieden, 1979). The probability of a coordinate 

y for an arrival is proportional to i. In the same way 
m m 

(2.10) 

or the object may be viewed as a probability distribution on position for 

departing photons. 

Modeling the Information Channel 
in the Absence of Noise 

The quality of an information channel is measured by the spread 

in probability p(y Ix). This conditional probability represents, by the 
m n 

law of large numbers, the relative number of photon arrivals at a posi-

tion y if all the photons depart from the fixed point x. That is 
m n 

M 
= i(y ;x )/L i(y ;x ) 

m n m n 
(2.11) 

m 

where i(y ;X ) represents the photon intensity at y due to a point 
m n m 

source at x , which is just the definition of point spread function. 
n 

Thus i(y ;x ) is indeed the point spread function (PSF) of the imaging 
m m 

system. A particular distribution i(y;x ) is sketched in Figure 2.2. 
n 



Therefore, for any fixed x relation Equation (2.11) can be 
n 

expressed as 
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S = S(y -x ) (2.12) 
mIl !II n 

imposing normalization requirements 

M 
I Snm = 1 
m 

S > 0 
mIl -

Modeling the Information Channel in 
the Presence of Additive Noise 

For a noisy channel, the final image will suffer from the 

(2.13) 

presence of at least some random noise,whichmay be characterized by 

photon arrivals at y independent of any position x. That is, in 
m n 

place of transition (2.5) we now face a situation 

Signal x 
n ~t~ 

Noise 
(2.14) 

Let f represent the fraction of all photon transitions (Equation 2.14) 

that depend on x which we call signal transitions, and let the remain
n 

ing 1 - f = f transitions (Equation 2.14) which do not depend on x be 
n 

called noise transitions. Then the net p(y Ix ) consists of two parts: 
m n 

a portion fS represents signal transitions (the probability of y , if 
mIl m 

x) plus a fraction. 
n 

(l-f)n(y ) = f n(y ) (2.15) m m 

due to noise transitions (the probability of y if x and noise transi-m n 



tion). Since these are disjoint alternatives (if one occurs the other 

does not), the net probability p(y Ix ) is their sum. 
m n 
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fS + f n(y ) . 
mn m 

(2.16) 

For brevity note 

n(y ) = n . m m 

Quantity n represents a probability distribution on position, which a 
m 

fraction (I-f) of all photons arriving in the image obey, independent of 

the object. This describes a situation of additive noise, i.e., noise 

independent of signal. 

Basic Approach 

The approach adopted in this chapter closely follows that of 

Frieden's (1979, 1981). His empirical approach leads to a restoration 

technique using Maximum Information (MI) as the norm for reconstructing 

objects from the noisy image data. The basic tendencies of the MI out-

puts (object estimates), using computer simulation, show that 

1. The MI solutions for impulsive objects, such as starfields 

closely resembles the corresponding maximum entropy (ME) solu-

tions for those cases but in fact are slightly better than ME. 

2. The MI solutions for edge objects estimate the edge much better 

than does ME but oscillate along the plateau region significantly 

worse than by ME. Again these were empirical results. 

Using statistical models for object, image and the spread func-

tion, we now try to design a one-dimensional pupil that maximizes the 
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flow of information from a known object to image plane, in absence of 

noise. The norm we adopt is that of Frieden's; namely, the maximum 

information norm. It has been shown (Shannon and Weaver, 1949) that 

information is an important measure of the ability of a channel (in this 

case the imaging system) to relay signals accurately and efficiently. 

Indeed the maximum possible information capable of being relayed by a 

channel also defines the number of distinguished signals that the chan

nel can handle. Hence it measures the ability of the system to discri

minate and separate out the widest possible range of input signals. 

Here the problem is treated in one dimension. We partition the pupil 

and assign different transmittance coefficients to each section, symmet

rically around the origin. The corresponding PSF is then calculated. 

Using the method of undetermined Lagrange multipliers, we impose the 

constraints and, by differentiation, we try to maximize information with 

respect to the pupil parameters. This is done numerically on a CDC 

Cyber 175 digital computer. The results are then compared with that of 

a diffraction-limited case. 

Fundamental Properties of the Best Pupil 

At this point it is imperative to know what type of pupil 

function P(I3) will have the best diffract·ion properties. In the fol

lowing we show that such a pupil is both real and even. 

The Best Pupil is Real 

For an incoherent imaging system, the transfer function H(w) is 

related to the general pupil function P(S) by 
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H(w) = (2.17) 

where (*) denotes the complex conjugate. Aschematic diagram of a 

general system is shown in Figure 2.3. di therefore is the distance 

between image plane and the exit pupil, A is the wavelength of light. 

The denominatoI is simply a normalization factor equal to the 

total area of pupil. From now on in our formulation we show this 

quantity as a real constant c. P(B) being a general complex quantity, 

it may be expressed as 

(2.18a) 

(2.18b) 

where /P(B)/ is the magnitude, a real positive quantity, and ~(B) is 

the phase. Substituting Equation (2.18) into (2.17) and multiplying 

(2.17) by its complex conjugate, we obtain 

/H(w)/2 = ~ J PM (B) P
Mg 

(B - Ad ) ej$(B,w) 12 
c pupil g i dB 

(2.19a) 

where 

~(8,w) = ~(B) - ~(B-w) (2.19b) 

To prove that the best pupil is real, we use Schwartz's inequality 

(Schwartz, 1955, p. 285), which can be stated as follows: if F(~) and 

G(~) are any two complex-valued functions of ~, then in one dimension: 



Object 
(Point source) 

{3 
Image Plane 

Figure 2.3. Schematics of an incoherent imaging system. 
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(2.20) 

The limits of integrals are arbitrary, but the same for all of them. 

* We have equality if and only if F(~) = KG (~) where K is a complex 

constant. We let 

F(S) = [p (S) P (S_w)]1/2 
Mg Mg 

G(S) 

and substitute into Equation (2.l9a), then by Equation (2.20) 

1 
2 

c 

The right-hand side may be recognized as the" square of ~g(w), 

transfer function due to a real pupil of the same size PMg(w). 

therefore shown that 

(2.2la) 

(2.2lb) 

(2.22) 

the 

We have 

or that at every (w) the IH(w) I due to a generally complex pupil P(S) is ex

ceeded by the IH(w)1 resulting from the real pupil Ip(S)I. Since the 

best pupil is real, it represents an absorbing film in the pupil of a 

diffraction-limited lens system 

The Best Pupil is Even 

This fact has been established by several authors, among them 

Duffieux (1964), Roizen-Dossier and Jacquinot (1964), and Frieden (1968). 
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Most of the early work (1946-1964) was concentrated on achieving apodi-

sation. In all such cases the empirical pupil functions were all even. 

. P(O) = (1_402)1/2, ~.e.,., ., 

= SimrS 
21TS 

P(S) = 1 - 12131, 

For all of the above, the pupil coordinate is scaled from -1/2 to +1/2. 

While many of the early authors used empirical forms, Frieden estab-

lished this fact a posteriori, when deal~ng with entropy transfer of a 

lens system. After the even solutions were found, by using the cal-

culus of variations, an integral equation was found which was satisfied 

by the even solutions to better than 1%. The even pupil has many desir-

able attributes (Dossier, 1954) as compared to a general real pupil 

p(S). The even pupil [P(S) + P(-S)] produces (1) a greater Strehl inten-

sity ratio, and (2) a narrower central core of the point spread function 

with (3) smaller secondary maxima. According to Fourier theory, the 

P. S. F. for a linear system having a real and even pupil is also real and even. 

The Pupil and its Relation to the 
Incoherent Point Spread Function 

Because of its numerous uses in our approach, we discuss below 

in some detail the relationship between the pupil and P.S.F. in an inco-

herent imaging system. Figure 2.3 shows a simplified version of an 

imaging system. Let (D) be the aperture stop, with center (0) on the 

optical axis oz. Let oa, 013 be coordinate axes perpendicular to each 

other and to oz, and let 2a and 213 be the maximum dimension of (D) in 
m m 
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directions oa and o~. If P(a,~) is the amplitude transmission function 

of the pupil (in general this can be a complex function), then we have 

P(a,~) = 0 outside the pupil. To simplify matters, we take the magnifi-

cation as equal to unity, i.e., do = die For this incoherent imaging 

system, the complex amplitude on image plane of the light of wavelength A 

from an object point on the axis of the system is (Gaskill, 1978) 

13 

u(x,y) = A!i f m 

-13 
m 

a 

f 
m P(a,f3) exp[-2TIj(xa+yf3)/d

i
A] dad f3 

-a 
m 

Equation (2.23) can be denoted as 

u(x,y) 

(2.23) 

(2.24) 

where P is the Fourier transform of p the pupil function. The intensity 

distribution, on the image plane therefore is given by 

(2.25) 

Equation (2.25) describes light distribution due to a point source. 

Therefore it represents the point spread function of the imaging system. 

In one dimension Equation (2.25) leads to 

(2.26) 

Let us now assume that the unidimensional pupil function p(f3) has a 

transmission represented as the convolution of a (differently weighted) 

rectangle of width 13 , with a symmetrical comb function. 
o 
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(2.27a) 

k=l, • • • , N (2.27b) 

where PI' P2' ••• Pn are transmittance coefficients to be found and 

S is the width of each portion which at this point is arbitrary. 
o 

Figure 2.4 shows a pupil model based on definition (2.27). Fourier trans-

forming Equation (2.27a) leads to 

(2.28) 

= 13 [p + 2 I p cos (27TnS w)] Sinc (13 w) 
o 0 n=l n 0 0 

Using Equation (2.26), the unidimensional PSF for the incoherent 

imaging system is given by: 

S(x) = (~)2 ~P + 2 Ad. 0 
J. ~ 2 () (Sx 2Sx 

cos ~1I1l A~J sinc A~i (2.29) 

The Partial Derivatives of PSF with 
Respect to Pupil Parameters 

The following partial derivatives are to be used in an optimiza-

tion algorithm later in this chapter. For the sLlk,c~ of simplic i ty, we 

So . 
define a new quantity B = Ad.' which J.S a scaling factor. With this 

J. 

factor the PSF can be represented as: 

S(x) = B2 [p + 2 ¥ p cos (27TnBx~ 2 sinc
2

(Bx) 
o n=l n J (2.30) 
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Figure 2.4. Schematic diagram of the pupil model. -
The transmission coefficients are found 
subject to maximum information throughput. 

The partial derivative with respect to the central transmit-

tance coefficient is given by: 

as(x) 
ap 

o 

The other partial derivatives given by: 

(2.31) 

as(x) = 
aJl 

m 

2 4B cos (2nrnBx) [p + 2 I p cos (2nnBx)1 sinc2 (Bx) 
o n=l n J 

(2.32) 
Inserting the left-hand side of Equation (2.31) in Equation 

(2.32), one can write Equation (2.32) in a more compact form: 

as(x) 
ap 

m 

as(x) 
= 2 cos(2nrnBx) au 

o 

m = 1, 2, ••• , M 

(2.33) 
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Formalism 

The quantity to be maximized through the choice of pupil func-

tion is the Shannon information (Shannon, 1949). Its mathematical 

representation is given below: 

I(x,y) = L L (2.34) 
m n 

Using Bayes' law (Populis, 1965), one can write 

P(x , Y ) = p(x )p(y Ix ) 
n m n m n 

(2.35) 

We are now ready to express Equation (2.34) for information in terms of 

our system model. Substituting (2.35) into (2.34) will result in the 

following: 

I(x,y) = (2.36) 

Referring back to the statistical models for object and image and using 

Equations (2.9) and (2.10), one could rewrite Equation (2.36) in the 

following form: 

I(x,y) (2.37) 

Expanding the log of the quotient in Equation (2.37) leads to 

I(x,y) = I I 
m n 

(2.38) 
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With the assumption that all the photons arriving at image plane 

pass through the image-forming medium (no noise present), Equation (2.11) 

leads to 

I 0 p(y Ix ) = p(Ym) = i n m n m 
(2.39) 

n 

where it can be easily seen that p(y Ix ) represents the point spread 
m m 

function (PSF) of the system. 

p(y Ix ) :: S 
m n mn 

(2.40) 

Substituting Equations (2.39), (2.40) in (2.38) would result in a more 

meaniugful relationship expressed as: 

I(x,y) = I 0 L Slog S - I i log i n nm mn m m (2.41) 
n m m 

The first term is sometimes called the "conditional entropy" or "entropy 

of the channel" (Frieden, 1980), while the second term is simply the 

entropy of image. 

Next we are going to attempt to maximize I(x,y); that is, 

Slog S 
mIl mIl 

L i log i m m 
= maximum (2.42) 

m 

Lagrange Approach 

In addition to maximizing I(x,y) expressed by Equation (2.41), 

we have to satisfy the condition of normalization by utilizing the 

Lagrange method. This approach has already been proved to be a powerful 

tool for optimization with some constraints (Frieden, 1980, 1981). Using 
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the method of Lagrange multipliers, we take the normalization factor as 

a linear constraint to Equation (2.42), forming an objective function L 

Slog S L im log im + A(LSmn 
1) maximum 

mn mn m m 
(2.43) 

Solution is sought by differentiating the above with respect to the 

unknowns, in this case pupil transmittance coefficients (p 's) and A. 
n 

Knowing the fact that spread function at each point is itself a function 

of pupil parameters (see Equation 2.30), we use the chain rule of 

differentiation to explicitly express the partial derivatives in terms 

of the unknown coefficients. A solution is obtained by solving the 

following L + 1 simultaneous equation for L + 1 unknowns. 

aL 
0 -= aA (2.44a) 

aL 
0 -= 

apR. 
R. = 0, 1, • • • , L-l (2.44b) 

where L is the number of pupil elements. 

The set of Equations (2.44a) and (2.44b) are nonlinear and 

involved. Therefore, we are going to treat them rather rigorously. 

For a better clarity we designate the first and second portion of 

Equation (2.43) as Ll , and L2 , respectively, leading to: 

= L 0 L n 
Slog S mn mn 

(2.45a) 

n m 

L i log i m m 
(2.45b) 

m 
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differentiating with respect to the SIS: 

aLl a 

[~ I Slog S 1 --=-- 0 
aSk aSk n mn mn 

(2.46a) 
m 

aL
2 

[1 
1 ai -- = -I + log im as: aSk m 

(2.46b) 

Therefore using Equations (2.46) and (2.45), we can write: 

(2.47) 

As predicted by linear systems theory (Gaskill, 1978), the image is a 

direct result on the object being convolved with the point spread function. 

This relation can be expressed in matrix form (Andrews and Hunt, 1977). 

For a better visual illustration, therefore, Equation (2.4) can be 

expressed as: 

i
l 

i 
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i n 

So 

Sl 

S2 
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Sl S2 

So 

Sl So 

So 

0 

0 

0
1 

O2 

o 
n 

(2.48) 

[S]~is symmetrical (with respect to the main diagonal) due to the fact 

that the point spread function is an even function. Consequently we 
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ai 

can better see what terms constitute asm by simply differentiating both 
k 

sides of relation (2.48). 

i l °Ok elk °2k 
0
1 

i2 elk °Ok elk O
2 

a °2k °lk °Ok 
0
3 (2.49) 

aSk 
= 

i 0 
m n 

°Lk is Kronecker delta, defined as 

°Lk = 0 if L :f k 

0Lk = 1 if L = k 

By interchanging the order of summation in Equation (2.45a), Ll 

can be written as: 

L = I L 0 S log S = I R 
1 n mIl mIl m 

(2.50a) 
mn m 

where 

R - I o S log S . 
m n mn mn 

(2.50b) 
n 

In matrix form we can write Equation (2.50b) to be 



R 
m 

Differentiating both sides leads to: 

R1 (1 + log 

R2 (1 + log 

a 
aSk 

R m 

Therefore in discrete form: 

aR 

l. as
m 

m k 

aR 

SO)oOk 

Sl)olk 

(1 + log Sl)olk 

o 
1 

o 
n 
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(2.51) 

0 
1 

0 
2 

(2.52) 

0 
n 

(2.53) 

where each of asm is given by multiplication of the mth row of the above 
k 

matrix and the column vector o. Using the chain rule of differenti-

ation, one can express the final set of equations in terms of the 

unknown pupil coefficients. 

In terms of pupil parameters, Equation (2.44b) is expressed as: 

(2.54) 

~ = 0, 1, ••• , L-l 
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Using Equation (2.45a) and (2.45b), one can write Equation (2.54) to have 

the form: 

(2.55) 

Substituting Equations (2.53) and (2.46b) in Equation (2.55) results in 

the following: 

-=I I-.!!!-I aL [aR 
ap£ k maSk m 

aR eli 

aim l aSk 
(1 + log i m) as~J apt 

t = 0, 1, 2 . • • , L-l 

(2.56) 

m m where as- and as- are given by Equations (2.52) and (2.49), respectively. 
k k 

Setting Equation (2.56) equal to zero results in (L) nonlinear 

equations. When solved along '-lith Equation (2.44a), one expects to find 

the (L+l) unknowns. They are the pupil parameters and the Lagrangian A. 

Since there is no closed form solution for Equation (2.56) (at least we 

could not find one), a numerical method is devised to solve them. In 

the following section we describe the method. 

Numerical Solutions 

After modeling the real and even pupil to have a stepped trans-

mission:. we designate different transmittance coefficients for the 

symmetrical regions around the center (see Equation 2.27) to be p IS. n 

The goal here is to find these coefficients subject to satisfying Equa-

tion (2.43). This was done numerically on a CDC-Cyber 175 computer. 



The following is a brief description of the different steps in our 

computer program. 
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1. Using a stepped pupil model, we set up the pupil shape and size. 

This is set up on a mesh of 64 points. The pupil extends over 

35 pixels, and has nine symmetrical sections, each 4 pixels 

long. The mesh of 64 points makes it convenient to use (FFT) 

subroutine (Brigham, 1974, chapter 10). 

2. Using Equation (2.30) we find the point spread function, util

izing fast Fourier transform subroutine (FFT). 

3. Set up the object which is either a bar or a double impulse. 

Again the object is set up on a mesh of 64 points. The bar 

object extends over 15 pixels and impulses are separated by 

19 pixels. 

4. Find the image using (FFT). This is done in frequency domain 

using Equation (2.3). After Fourier transforming both the 

object and the PSF, we multiply the,two at each spatial fre

quency, and inverse transform the result to get the image in 

real domain. 

5. Set up the information norm, and normalization constraints. 

Using Equations (2.8) and (2.10), we define the objective 

function L. 

6. Taking the partial derivatives (Equations 2.44a and 2.44b) 

numerically, with respect to pupil parameters, and the Lagrange 

multiplier (A). Equating the derivatives to zero leads to 10 

nonlinear equations. 
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7. Solve the nonlinear equations simultaneously, using a modified 

version of subroutine NLSYST, which uses Newton-Raphson method. 

The solution gives computed values for pupil parameters (the 

p 's). 
n 

8. Again using Equation (2.30) and from the computed pupil para-

meters, the resulting PSF is evaluated. 

9. Compare the system's PSF with that of a diffraction limited case, 

having the same dimensions. 

10. Display the results. Plot the pupils along with the respective 

point spread functions using the Cal Corn plotter. 

Method of Solution 

In our method of solution, we took advantage of two already 

existing programs. The Fast Fourier Transform (FFT) program, which is 

a discrete Fourier transforming subroutine (Brigham, 1974), and a pro-

gram called NLSYST which was modified to suit our need. 

The FFT was used to numerically calculate the spread function from 

pupil parameters using the relationship embodied in (2.30). It was also used 

to compute the image. ~o do this the object and pupil spaces were 

sampled at 64 points, then transformed into complex forms suitable for 

FFT. After Fourier transforming each of the above, using Equation 

(2.30), we multiply the two at each spatial frequency, and inverse 

transform the resultant leading to a complex image space of 64 points. 

In practice N = 64 is high enough to prevent "aliasing." For a better 

accuracy one could use a finer mesh (N = 128, N = 512, ••• etc.), at 

the expense of using more core memory space and higher computation cost. 



NLSYST is a subroutine that solves a nonlinear system. An itera

tive Newton-Raphson method is employed (see Appendix A for a more 

detailed discussion). The partial derivatives are computed by making 
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a small change in the value of a variable and dividing the change in 

value of the function by the change in value of the variable. This 

estimates the derivative by a difference quotient. After all partials 

have been approximated the set of linear equations is solved using a 

Gaussian elimination method (Forsythe, Malcolm and Moler, 1977), giving 

values for increments to the initial guesses for the variables. That 

should make them closer to a solution of the nonlinear system. In case 

the increments do not cause any improvements initially, they are altered 

(halved) until an acceptable solution is achieved. The subroutine 

repeats the procedure until convergence is obtained. The calling pro

gram passes initial guesses for the variables; a value for DELTA (the 

change in variable value used to estimate the partial derivatives), and 

tolerance values FTOL, and XTOL (for dependent and independent vari

ables) to terminate iteration when the function values are all suffi

ciently small or the changes in the X-values are all sufficiently small. 

The maximum number of iterations is limited by MAXIT. Function 

values are supplied through an external subroutine. 

Some judgment is needed to use NLSYST. First the initial guesses 

for values of the variables must be near enough to a solution to achieve 

convergence. Second, the values for DELTA should be small enough to 

give a reasonable approximation to the partial derivatives but not so 



small as to lead to excessive round-off error. DELTA = 0.005 seems to 

give good results using CDC-Cyber 175. 

It usually took less than 10 iterations to reach a solution, 

provided that we chose a close enough set of initial values. 

Results and Discussion 

In this section two test cases are presented and the results 

are discussed. It seems that maximum information norm results in 

apodised pupils in both cases. 

Test Cases 

Although the case most frequently met in optics is that of 

objects of completely arbitrary form and optical systems of rotational 

symmetry, yet certain special cases occur which are different and 

merit special solutions of interest in their own right. These are 
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the objects that are a linear array of elements which are effectively 

point sources. Examples of this case are met in astronomy in the 

observation of stars and the unidimensional cases like the study of 

linear structures and in spectroscopy where the image is that of a slit. 

In this case it is also desirable that the pupil should have a unidi

mensional distribution p(x) which is constant along any line parallel to the 

image distortion in the object. A similar situation occurs in the study 

of polar diagrams of antennae, which is also a rectilinear case. 

Tests of MI algorithm were formulated so as to find out what 

forms of pupil function p(x) would result in maximum transmission of 
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information from an object. The object forms were unidimensional. They 

were considered to be a double impulse (representing a double star, for 

instance) and a smooth rectangle (representing a bar object). Equations 

(2.44a) and (2.44b) were solved numerically for these object forms 

separately, and the corresponding pupils computed. 

Starting with L = 5 we gradually increased the number of pupil 

elements while the size remained fixed. This enabled us to achieve a 

more accurate pupil representation. Here we present a case, where we 

have nine regions symmetrical around the center, each with different 

transmittance. 

Figures 2.5 and 2.6 schematically show the nine-term pupil coat

ings along with the corresponding objects, as functions of pupil and 

object coordinate, respectively. The pupils seem to be very similar for 

the two object forms; namely, they look like that of an apodised pupil 

(Jacquinot and Roizen-Dossier, 1964), with the highest transmission 

region in the central part, and gradually decreasing as we approach the 

edge. This gradual decrease in transmittance or increase in absorption 

affects the diffraction pattern, causing it to become smoother than that 

of a uniform pupil. The point spread functions due to such pupil func

tions and that of a diffraction limited clear pupil of the same size are 

plotted in Figure 2.7. When compared, the maximum information (MI) 

pupil have less ripple, indicating that the amplitude of secondary and 

higher order peaks are less than those obtained from a uniform pupil. 

Also one can notice that the central region in the diffraction pattern 
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is wider. This, of course, has a bearing on the resolution of such 

image-forming systems, since resolution decreases as the width of PSF 

increases. The damping of higher order peaks in PSF would eventually 

result in improving the contrast in the neighborhood of large bright 

regions. 

Comparison with Diffraction 
Limited Case 

For a diffraction limited pupil, all p 's are equal (uniform 
n 

43 

transmission). According to Equation (2.27) the stepped pupil has 2N+l 

regions symmetrical around the center. For normalization purposes, we 

1 
assume the transmittance of each section to be 2N+l ' therefore Equation 

(2.27) reduces to: 

(2.57) 

Substituting Equation (2.57) in Equation (2.26), the PSF for the diffraction 

limited pupil with the same dimension can be represented by the following: 

(2.58) 

where 

At the origin, the PSF values for diffraction limited case and that of 

the stepped pupil are: 

So (0) = (A":} = B2 (2.59a) 
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N 
S(O) I (2.59b) 

n=l 

respectively. 

Figure 2.8 represents an intercomparison between the ideal PSF 

and those resulted from MI norm. The curves are normalized by their 

central peak values (S (0) and S(O» so that the maxima for all curves 
. 0 

is 1, creating a bet.ter means for comparison. These plots are gener-

ated by the Cal Com plotter (referring to California Computer), where 

the horizontal axes are scaled from 1 to 32, representing points used 

to evaluate the discrete Fourier transforms. 

Conclusion 

In this work we have succeeded in applying Shannon's information 

norm to a particular optical design problem. Starting with statistical 

models for the object, image, and the spread function, we have managed 

to apply this widely used principle to optimally design a pupil that 

would maximize its transfer from the object to image plane. Our method 

of solution, which is based upon the statistical properties of photon 

transmission through the system, is one dimensional and is done on a 

digital computer. The optimum pupil functions thus resulted, have maxi-

mum transmission in the middle, which gradually decreases toward the 

edge. 

The diffraction patterns caused by such a pupil are virtually 

free of side lobes. When compared to the diffraction-limited pupil of 

the same size, although the central region is slightly broader, still, 
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it is not broad enough to wipe out the resolution gained by side lobe 

suppression. Therefore, application of this system causes resolution 

enhancement specially in the neighborhood of a bright region. It will 

improve the contrast of imagery as well. Due to absorbing portions of 

the maximum information pupil, some of the photons never reach the image 

plane, and therefore cause a Strehl ratio of about 0.55. (Strehl ratio 

is defined as the ratio between the peak irradiance of an imaging system 

and that of the d'iffraction-limited case.) 

Similarity of the estimated pupils' for two different object 

forms (doublet and rectangular forms) is in compliance with the linear 

system's theory, meaning that once the pupil is designed according to 

a certain criteria (in this case maximum information), it is indepen

dent of the object form. Such pupils are physically realizable by depositing 

thin layers of absorbing films that are symmetrical with respect to the 

optical axis. The transmission of each region can be controlled by 

the thickness of the thin absorbing layers. Although the case most 

frequently met in optics is that of objects of completely arbitrary 

form and optical systems of rotational symmetry, yet certain special 

cases occur which are different and merit special solutions of interest 

in their own right. These are the objects that form a linear array of 

elements which are effectively point sources. Examples of this case are 

met in astronomy in the observation of stars and the unidimensional cases 

like the study of linear structures and in spectroscopy where the image 

is that of a slit. In order to better establish the usefulness of MI 

pupils, a future study should focus on a more general type object, along 
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with a two-dimensional pupil form. It is also important to investigate 

how the noise can affect the MI imagery, and whether the MI pupil would 

actually cause any SiN enhancement. 



CHAPTER 3 

CHARACTERIZATION OF NOISE IN AN 
ELECTRO-OPTICAL SYSTEM 

The speed and resolution gains provided by optics, combined with 

reliability of electronics to convert the optical signals into a useful 

form for storage and processing, has prompted scientists and engineers 

to use the electro-optical systems more and more. 

The particular system that is studied in this chapter is an 

electro-optical tracking apparatus used to track airborne cruise mis-

siles by recording their instantaneous images along a certain path. The 

complexity and especially the degree of refinement attainable by such 

an electro-optical system is such that the ultimate sensitivity is set by 

the amount of noise that is introduced in various ways. In many cases 

noise is treated as a random statistical process and statements about 

its behavior are probability statements.' Here, only this aspect of 

noise will concern us, and we shall ignore all those miscallaneous 

effects which arise from nonlinearity, interference, or faulty compo-

nents. In this chapter we intend primarily to study the statistical 

behavior of noise in the electro-optical imaging system to understand the 

limitations imposed on its performance by the presence of noise. Such 

information is indeed valuable for many post-processing techniques. The 

random noise considered is that which arises from shot effects and from 
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thermal agitation of electrons in resistors and electronic components. 

Our main interest, therefore, is in the statistical properties of such 

noise and their variation with respect to various target gray levels. 
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By the digital processing of random noise, we attempt to charac

terize its behavior in terms of some well known statistical and spectral 

quantities, like mean, variance, probability density, correlation, and 

power spectra. During this study not only do we succeed in estimating 

the probability densities for each gray level, but also are able to fit 

the empirical estimates with analytical forms using elaborate techniques. 

In our analytical estimation we apply a set of orthonormal functions that 

are weighted by a Gaussian to fit the probability data with good accuracy. 

From the study of average mean squared values for each level, we 

predict that the noise in such a system is signal-dependent. The corre

lation and spectral analysis indicate that the noise is uncorrelated for 

the most part and has a rather wide band. Thus it implies that the noise 

contains equal amounts of most frequencies within the band, and hence is 

very close to being "white" noise. 

Background 

Noise can be defined as an unwanted signal which is always 

present in a communication system, regardless of the type and struc

ture. Its presence lends itself to impede the reception of the desired 

signal and is usually the limiting factor in its detection. Hence, the 

study of noise is an important part of such systems, and it is necessary 

to evaluate and understand its behavior because it ultimately determines 

the performance of the system. 
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The theory of noise and random processes in electronic devices 

was developed in two stages. The first stage, spanning the two decades 

following 1918, brought about the understanding of the nature and 

effects of noise in vacuum tubes and circuits. Until Schottky (1918) 

first noted and correctly interpreted the shot effect, the subject of fluc

tuation noise was quite mysterious even to the best of engineers and 

scientists. In 1928, however, Johnson (1928) and Nyquist (1928) 

cleared up the subject of thermal agitation noise in circuits. From 

about 1935, fluctuation noise in the plate circuit of amplifier tubes 

has been thoroughly worked out (Thompson et a1., 1936, 1941). With 

some further work on mixer noise and converter noise, it became pos

sible to use accurate quantitative data on tube noise for receiver cal

culations. After the paper by Armstrong (1936) drew attention to 

the possibilities of frequency modulating for the reduction of noise, 

a considerable quantity of work in this direction was published. (For 

more details see, for example, the IEEE publication on electrical 

noise, Gupta, 1977.) The earlier theoretical treatment of signal and 

noise, however, had been confined in the main to the case where the 

noise energy is small as compared to the signal energy. 

The second stage, initiated by Rice (1944) and Wiener (1949) 

in the 1940's, established the theoretical basis for the analysis and 

synthesis of systems subjected to random signals and noise. 

Wiener's rationale for optimization and design of optimum linear 

filters subjected to Gaussian signals and noise set the direction for 

much of the subsequent research on this subject. Today we can find 
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rigorous treatments valid for all signal-to-noise energy ratios. These 

treatments are usually developed by methods which Rice applied to simi

lar problems and which are based on the Fourier spectrum of the noise. 

Ever since, a great deal of study has been aimed at the mathematical 

analysis of random noise in communication systems (Gupta, 1977). 

Theoretical contributions have been made by many people, among them 

Middleton (1948), whose papers gave a unified view of the fundamental 

methods of noise analysis for both linear and nonlinear circuits. 

Since the invention and fabrication of solid state devices, numerous 

papers have been written about the behavior of noise in such components 

as the diodes, operational amplifiers and different types of transistors. 

The reader is referred to the book by Robinson (1974), which provides 

a useful bibliography. 

Noise in Electro-Optical Systems 

With the advent of fast and reliable electric components and 

detectors, electro-optical systems have opened a new era in modern 

imagery. Television camera systems, X-ray scanners, tracking systems 

and optical storage devices are all considered to be electro-optical 

systems, which provide information about an object in a digestable form 

in a very short time interval. 

The ever-increasing demand for interfacing optics and electron

ics warrants a good understanding of the limiting factors that are 

caused by any kind of mismatch and/or are inherent to such systems. 

All such imperfections are considered noise, which has a not entirely 
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undeserved reputation for difficulty and obscurity. This is due partly 

to the complexity of systems in which noise is significant and partly 

to the unfamiliar nature of some of the mathematical tools involved. 

There is, however, another reason--that is, the way a complete 

study of noise calls on the results of four rather disparate intellec

tual disciplines: quantum physics, statistical mechanics, circuit 

theory, and statistical analysis. The noise related to emission and 

propagation of photons through a medium is discussed in quantum physics. 

The fundamental processes which give rise to noise in electronic compo

nents arise from phenomena which form the subject matter of statistical 

mechanics. However, the way noise enters and propagates through an 

electronic network requires the techniques of circuit theory for its 

analysis. Finally, when as a result of this analysis we have reached 

a description of the behavior of the output of the system, we have to 

interpret this description in statistical terms. 

In this section we present a mathematical representation of 

noise based upon statistical models, by considering th~ thermal noise 

and shot effect caused by fluctuations in the rate of arrivals of 

photos and electrons. 

The methods used to analyze the noise are much the same as 

those used to analyze another type of random process. The general 

literature on random process is usually concerned with time series. 

However, as with linear systems analysis, these methods can be readily 

adapted to the functions of image area. 
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In the following section we will discuss the two major sources 

of noise in an electro-optical system; namely, shot and thermal effects. 

Statistics of Thermal Noise 

Noise in the output of a linear amplifier is usually observed 

as a fluctuating amplitude, i.e., a voltage or current or some linearly 

related quantity. In a receiver, the output fluctuations are the 10w

pass filtered response of a linear or square law detector of the thermal 

noise in a band of frequencies. The statistics of fluctuations in these 

cases are all different, but can all be derived from the probability distribu

tions of all the energy in a thermally excited resonant mode {Oliver, 1965) • 

Now consider the signals from two normal mod~s. Each will have 

a Gaussian distribution and the two will be statistically independent. 

If a l and a2 are the two amplitudes, and Pl(al ) and P2(a2) are their 

distribution, then the distribution of their sum a is: 

(3.1) 

This is because each value of a l that produces a requires that a2 =a-al • 

The total probability of a is thus the product of Pl(a1) and P2(a2) 

integrated over all ale The Fourier transform of p is therefore the 

product of the transforms of P1 and P2' Since P1 and P2 are both Gaus

sian, their transforms are also Gaussian, and so is the product. The 

inverse transform of the product (p itself) is therefore also Gaussian. 

Carrying out these steps, we find, 
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(3.2) 

Since the above process may be repeated any number of times to include 

the signals from any number of normal modes, and since the shape of the 

resulting dis~ribution is independent of the weighting factors or 

delays that may have been applied to the signals from any of the modes, 

we conclude that any linearly filtered or amplified thermal noise wave 

has a Gaussian distribution of instantaneous amplitude. Usually the 

Gaussian amplitude distribution of thermal noise is developed on the 

basis of a model source containing a very large number of independent 

generators, each of which produces an infinitesimal contribution to the 

resultant amplitude. For example, in a resistor, each conduction band 

electron, as it is buffeted about, produces a random current wave. The 

total current is then shown to have a Gaussian distribution by the 

Central Limit Theorem. This theorem says that the distribution resu1t-

ing from the convolution of a large number of elementary distributions 

approaches a Gaussian distribution, even though the elementary distri-

butions themselves may be non-Gaussian and all different. 

Figure 3.1 shows an example of repeated convolution. Two 

rectangular distributions covo1ve to form a triangular distribution. 

A second convolution of this with a rectangular distribution produces 

a distribution composed of three parabolic segments. The rapid trend 

toward a Gaussian shape is already evident. For a rigorous proof, the 

reader is referred to Papou1is, 1965, p. 266-272. 
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Figure 3.1. Approach to a Gaussian distribution produced by successive 
convolution. 

Our derivation of the Gaussian distribution arising from 

coupling to a single resonant mode would seem at first to indicate that 

one need not assume a complicated model source. However, one must 

remember that the distribution of a thermally excited mode is the result 

of a large number of independent statistical forces acting on it at 

random. The resonant mode model was chosen, not to obscure this com-

p1exity, but merely because quantum effects are easily included in the 

analysis. 

Assuming the amplitude a includes the equally weighted signals 

from n normal modes, Equation (3.2) would become 

1 2 n 
pea) = --=:....- exp[-a 12kT I Bi ] 

/2TIkTEBi i=l 
(3.3) 

The average power <a2> is the second moment of (3.3); that is, 

2 [2 <a > = ~ p(a)da (3.4) 



56 

Evaluating this, we find that: 

2 n 
<a >= kT L Bi 

i=l 
(3.5) 

Since the total thermal noise power in a bandwidth B is kTB, we con-

clude that LBi = B is the total band width of the ideal filter through 

which the noise is received. Working back through these equations, we 

see now that the envelope, A(t) of any thermal noise wave has a Rayleigh 

distribution (Oliver, 1965). 

Shot Noise 

Whenever discrete particles arrive at random times there will 

be fluctuations that constitute shot noise. The hail storm of e1ec-

trons arriving at the plate of an emission limited diode is perhaps the 

most familiar example (Rice, 1945). Let us assume that a particle 

is equally likely to arrive at any time, and that the average rate of 

arrival is r. By this we mean that if we measure the number n that 

arrive in a time t, the quantity n(t)/t approaches a limit, r, as 

t + 00. This implies that the process is statistically stationary, at 

least during the time of observation. Under these conditions the 

numbers of arrivals in a given length of time are distributed accord-

ing to the well known Poisson distribution. Under the assumption given, 

the probability of receiving a particle in the time ~t«(l/r) is then 

r~t. The probability of not receiving a particle during this time is 

l-r~t. Thus the probability, p (t), of no arrivals during the time t 
o 

is 
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p (t) 
o 

= lim(l-r~t)t/~t 
~t4o 

(3.6) 

Since there are t/~t independent intervals during which no arrival 

must occur, taking the limit we find 

p (t) = 
o 

-rt e (3.7) 

The probability Pl(t) of exactly one arrival .in the time t is the 

probability of receiving a particle in the interval T to T + dT and 

none before or after, summed over all T. That is: 

= Jtp (T)[rdT]p (t-T) 
o 0 

o 

-rt = rte (3.8) 

The probability P2(t) of two arrivals is the probability of getting one 

up to time T, one during T to T + dT, and none thereafter, summed over 

all T. Thus 

= Itp1CT) [rdT]poCt-T) 

o 

-rt e (3.9) 

Continuing in this fashion we find that the probability of exactly n 

arrivals in time t is 

n 
(t) = (rt) 

Pn n! 
-rt e (3.10) 

Figure 3.2 shows the behavior of p (t) for values of n from 0 to 4. 
n 

The expectation, i.e., the average number <n> of arrivals 
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Figure 3.2. Probability of receiving n arrivals in an 
interval rt (Oliver, 1965). 
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during a time t that we would expect to find on repeated trials, is the 

first moment of the distribution (3.10). Evaluating this, we find 

co 

<n> = L np (t) = rt 
n=O n 

(3.11) 

as it should be from the definition of 4. Using (3.11), we may rewrite 

(3.10) in the form 

p(n) 
n <n> 

=~ 
e-<n> = <n> p(n-1) 

n 

Figure 3.3 shows p(n) for <n> = 1, 3, and 10. 

(3.12) 
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Figure 3.3. Poisson distribution for <n> = 1, 3, and 10. 

Letting on = n-<n> be the fluctuation about the mean <n>, one 

can find the mean square of the fluctuation (variance) to be: 

2 2 2 2 a = «on) > = <n >- <n> 

2 where <n > is the second moment of 3.12 

00 

<n2> = L n2p(n) = n + <n>2 
n=O 

Substituting in 3.13, we find remarkably simple results: 

2 a = <n> 

(3.13) 

(3.14) 

(3.15) 

The rms dispersion of a Poisson distribution is the square root of the 

mean. When n » 1 the factorial in 3.12 may be replaced by Stirling's 

approximation: 
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r;;-- n-n n! = v27Tn n e (3.16) 

Upon substituting n = n + on and observing that 

lim (1 + ~_~)n+on+(1/2) 
<n>-+oo n 

= e 
on+( on) 2/ 2n (3.17) . 

As may be seen by taking the logarithm of both sides and noting that 

2 m x log(l+x) = m1og(1+x) = m(x-T + ••• ) (3.18) 

we find 

1 -(on)2/2<n> p(on) = --'--- e 
127T<n> 

(3.19) 

Thus when the average number of arrivals during the observing time is 

large, the fluctuations approach a Gaussian distribution about the 

mean with a = 15. This trend is apparent in Figure 3.3. 

Let us now use the above results to calculate the shot noise 

in a device "X" shown below in Figure 3.4. 

Device (x) 
r-------
I I 

I I 
I A I I , I 
I B I 
I L _____ J 

low 
pass 
filter 

i(t) 

R 

Figure 3.4. Model circuit for shot noise. 

For the moment we need only say that in device "X" electrons 

pass from A to B or holes pass from B to A, or both, at random times 
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and with negligible transit time. Each carrier that arrives produces 

an impulse of current. If we were to observe the current with a device 

having an impulse response short compared to the mean time between 

impulses, we would see the individual arrivals. However, we shall 

choose to observe the current after passage through a low pass filter, 

so that the current at any time is a weighted sum of many past arrivals. 

For simplicity we will choose a Sinc (Sinnx/TIx) filter; one 

whose impulse response is a unit area rectangle of height lIT. The 

output current at any instant is then qn/T where q is the charge per 

carrier and n is the number of arrivals in the last T seconds. We thus 

have 

i = ~ n 
T 

<i> = ~n> 
T 

or <i> = I = q<n> 
T 

2 2 2 
«Oi) > = ~ «on) > = ~ I 

T2 T 

(3.20a) 

(3.20b) 

(3.20c) 

Since we have assumed the transit time to be negligible, the 

individual current impulses will have a flat spectrum; so will the 

noise they produce. At each frequency the filter attenuates the noise 

power by the factor IF(v) 12 where 

F(V) = 
SinTIVT 

TIVT 
-iTIVT 

e 

Hence the effective bandwidth is 

(3.21) 
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B = J:IF(VlI 2dV = iT (3.22) 

Substituting 1/2B for l in 3.20c, we find 

(3.23) 

A more sophisticated analysis by Robinson {1974) shows that this result 

is independent of the filter shape, provided B is defined by the first 

equality in (3.22). In particular, it holds for an ideal filter of 

bandwidth B so the spectral power density is 2qI. If the number of 

arrivals in the time 1/2B is large, i.e., if I » 2qB, we will have a 

Gaussian distribution, while if I « 2qB, individual arrivals will be 

resolved. It is important to note that I in (3.23) is the absolute 

sum of all currents produced by randomly arriving carriers. The DC 

components of two such currents may be subtracted in an external cir

cuit, but their noise powers add. 

The Experimental Set-Up 

The apparatus which is used to obtain the noise data is an 

electro-optical system. Such systems are widely used to acquire the 

digitized data, for filtering and post-processing. The methods and tech

niques of digital image filtering and analysis are of increasing inter

est for several reasons: the obtainable high computational efficiency; 

the great expansion of fast digital computers and microcomputers; and 

the cost of sophisticated integrated digital circuits and microproces

sors. Most images exist in black and white photographic form as 
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continuous grey-tone images. Suitable analog-to-digital conversion 

systems are therefore required if digital processing is to be performed. 

Scanning equipment of different types such as optical mechanical-

electronic, TV camera or optical transducer arrays with photocells, 

photoconductors and CCD's can convert the analog information (black-

white level or different color level) on the image plane to digital 

form. After conversion from the analog optical to analog electrical 

by either the sequential scanning systems or the parallel arrays, the 

digitization process is completed through the three fundamental steps: 

1. Sampling, which is the extraction of samples f(nld, n2d) on a 

square array in the image plane from the continuous grey-tone 

image represented by the function f(x,y), d being the constant 

distance along x and y directions between two subsequent 

samples. 

2. Quantization, which is the representation of samples f(nl ,n2) = 

f(nld, u2d) with a finite number Nq of amplitude levels. 

3. Coding, which is the representation of amplitude levels in a 

coded form: in general a binary coded representation is used, 

giving a suitable number of bits such that N = 2m, m being the 
q 

word length used in the digital processing. 

Once the digitization process has been completed, different useful 

digital operations can be performed on the sampled digital data. 

As shown in Figure 3.5, these operations can be organized in 

the following format: 
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1. Preprocessing operations, such as grey level adjustment, 

digital linear and nonlinear filtering, enhancement (improving 

such image features as edges, boundaries, areas, etc.), data 

compression (reducing the amount of data stored). 

2. Processing and pattern recognition, in which final processing 

operations are performed on processed data. These operations 

include feature extraction, image interpretation and image 

description. 

3. Output presentation and display, in which a suitable criterion 

of data presented is selected and the actual output data are 

sent in different forms to a display (binary outputs with only 

two grey levels, many level output on TV-display, plotters, etc.). 

4. Organization of data in suitable memories (core, solid state, 

magnetic tape, etc.), to be used subsequently. 

AID 
Converter .... 

Prepro
cessing 

Output 
~ Processing ~ Re presen

tati on 

Figure 3.5. Digital processing of an image: organization 
of subsequent processing steps. 

In order to be able to render a sound analysis of noise beha-

vior, one needs to know every detail of the physical conditions under 



which the data was taken. Although our knowledge of the details is 

limited, in the following we highlight briefly some of the main para

meters influencing the data. 

Illumination 
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An incandescent source was used, with an adjustable lens system 

to generate uniform light level. 

The targets were placed approximately 10 ft. from the source, 

at the end of a light tunnel. Measured illumination at the targets was 

about 52 ft-candles. 

Detection and Digitalization Systems 

A regular vidicon camera system was used (RCA TCl005), which 

was locked to a digitizer with common sink. Figure 3.6 shows a sche

matic diagram of the detecting system. 

The image of the targets formed by a telescope were projected 

onto a photo-sensitive surface, which in turn was scanned by an elec

tron beam. The analog data was digitized by an analog-to-digital con

verter, with 8 bit accuracy. The information was then stored in an 

L.S.I. 11 computer for further processing. The scanning rate was simi

lar to that of a TV raster, namely 1/30 sec/frame or 1/60 sec/field. 

Target 

The target used was the Kodak Gray Scale (8-inch). The gray 

scale has twenty steps in 0.1 density increments between a nominal 

"white" of 0.0 density and a practical printing "black" of 1.90 den

sity. In our study we use the first six steps. 
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The Data 

We were provided with the data taken presumably under the con

ditions "expressed before (under Experimental Set-Up). The digitized, 

ASCII coded data was directly stored on a 9-track tape, where the 

different f.iles were separated by tape marks. Each pixel was repre

sented by a value from (0) to (256) (256 being the brightest and 0 
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the darkest). Each file contained a 512 x 512 array of pixels that 

contained the heading, background, and the actual data. A set of 

isometric pictures was provided (Figure 3.7), which helped us visually 

to recognize the voids from useful data. 

In order to be able to accurately locate the so-called bad 

pixels, we took advantage of the DIAL Lab's visual display facility. 

which has an I.I.S. image computer and display terminal model 70/E, along 

with a Conrac monitor and a PDP 1170 host computer. By displaying each 

file on a high-resolution TV screen, we could locate the undesirable 

areas, to be eliminated from the data later, at the time of processing. 

Trend Removed by Least Squares Method 

In many cases, due to non-uniformity, a special correction is 

needed to remove a trend in the dat.a. The trend is defined as any fre

quency component whose period is longer than the record length. Trend 

removal is an important intermediate step in the digital processing of 

random data and should be given its due consideration. If trends are 

not eliminated from the data, large distortions can occur in the later 

processing of correlation and spectral quantities. In particular cases 

the trends can completely nullify the estimation of low frequency 



a. 

b. 

Figure 3.7. The isometric pictures of noise fluctuations in 
each level. -- (a) Levels 1-3; (b) Levels 4-6. 
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spectral content. In some cases, knowledge of these trends may even be 

a desired end result in itself. 

Although not detectable from the isometric pictures (see Figure 

3.7), a rather linear trend is observed in each of the gray level 

data, through a special program written for this purpose. There are 

two methods that are used for the trend removal. Least squares proce-

dure can be employed for the removal of linear as well as higher-order 

polynomial trends. An alternative method for removing linear trends 

only, which is not as accurate as the least squares procedure, is the 

average slope method. For better accuracy, we apply the least squares 

method, which we will describe below. 

Consider now the application of least squares techniques. Let 

. {u }, n = 1, 2, ..• , N be the data values sampled at an interval of h. 
n 

Suppose it is desired to fit these data with a polynomial of the degree 

k defined by 

A 

U 
n 

n = 1, 2, ••• ,N (3.24) 

In a least square fit, the set of coefficients {bk} are chosen so as 

to minimize the expression 

N 
Q(b) = 1. 

n=l 

A 2 
(u -u ) 

n n 
(3.25) 

which is always non-negative for any choice of b = (bo ' b l , ••• ,bk). 

The desired coefficients can be obtained by taking partial derivations 

of Equation 3.25 with respect to b t and setting them equal to zero, 



This yields K+l equations of the form: 

K N 
(nh)k+~ = 

N J/, 
I b

k I I u (nh) J/, = 0, 1, 
k=o n=l n=l n 

which now can be solved for the desired {b
k

}. 

For example, when K = 0 Equation 3.27 becomes 

N 
b I (nh)O 

o n=l 

giving the result: 

1 N 
bo = N I 

n=l 
u 

n 

N 

L 
n=l 

o 
u (nh) 

n 

Note that b is an estimate of the mean value ~. 
0 

For K = 1 (line), Equation 3.27 becomes: 

N 
~ 

N 
(nh)l+J/, 

N 
b I (nh) + bl I = I u (nh) 

0 n=l n=l n=l n 

giving the results: 

N N 
2(2N+l) I u - 6 I nu 

b 
n=l n n=l n 

= 
0 N(N-l) 

N N 
12 I nu - 6(N+l) L u 

bl 
n=l n n=l n 

= hN(N-l) (N+l) 

J/, 

70 

(3.26) 

2, . . . ,K 

(3.27) 

(3.28) 

(3.29) 

J/, 0, 1 

(3.30) 

(3.3la) 

(3.3lb) 
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providing a preferred least squares method to remove a linear trend in 

data. In this specific case, elements of each row, in every two-dimen

sional array are considered separately. Figure 3.8 shows a typical row 

before and after the removal of a linear trend using coefficients b 
o 

and b1 given by Equation 3.31 (a and b). 

Characterization Parameters 

The data representing a random physical phenomenon cannot be 

described by an explicit mathematical relationship because each obser

vation of the phenomenon will be unique. In other words, any given 

observation will represent only one of many possible results which 

might have occurred 

Although the classification of various physical data as being 

either deterministic or random might be debated in many cases, there 

is no doubt that noise as complex and obscure as it is, can best be 

characterized as a random phenomenon. Therefore, its properties must 

be described in terms of probability statements and statistical aver

ages rather than by explicit equations. Among the characteristic parameters, 

we discuss: probability density, autocorrelation, and the power spectra 

pertaining to each gray level. Most of the work is done on a digital 

computer (CDC Cyber 175), using the data provided to us by the U.S. 

Army at White Sands Missile Range. 

Probability Density 

The first concept we introduce is that of the probability 

density function. Even though the numerical outcome of a noise measure-



u(x) 

u (x)-Q (x) 

1\ u(x) 

~----------------------------x 

~--------------------------x 

~--------------------------x 

Figure 3.8. Illustration of linear trend removal. 
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ment may vary widely when what we choose to call the same experiment is 

repeated many times, we can distinguish relative likelihood of obtaining 

various values. Suppose a single property of the noise, as for instance, 

the instantaneous amplitude or intensity, is under measurement. Let X 

represent a typical measured value. Imagine each X to define a point 

on a straight line. Then if we divide this line into small equal 

intervals of length x, and count the number of points in each inter-

val, we approximate a density function of x, which we shall call p(x). 

We proceed as if there existed such a function defined by 

p(x) 1. (Number of values in range /::'x at x)//::'x 
= A 1m Total number of values = N 

ux+o 
(3.32) 

~ 

\~e call p(x) the probability density (for example, see Papoulis, 1965). As 

with other densities with which we are familiar, we obtain the proba-

bility that a particular measured value lies in an interval of infini-

tesimal length dx centered at x by multiplication of p(x) by dx. 

Then if we wish to find the probability that the value is in a speci-

fied larger range, say xl to x2 ' we integrate p(x) through this range 

symbolically: 

J
X

2 
prob (xl < x < x

2
) = p(x)dx 

xl 

(3.33) 

A second important function is called the distribution function. 

p(x) is defined as the probability that the value is less than some 

specified x. It is given by: 
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p(X) = f~(X)dX (3.34) 

It follows that 

d 
p(x) = dx p(x) = p' (x) (3.35) 

for such values of x for which p(x) has a derivative. 

Note that not all functions are suitable for probability den-

sity or distribution functions. To be meaningful, p(x) cannot be 

negative or imaginary. Also, if it is certain that every measurement 

must yield some real value, we must have 

[:(X)dX = 1, (3.36) 

signifying a certainty that the value of x lies somewhere between ~ 

and +00. From the non-negative character of p(x), its value cannot 

decrease with increasing x, and from 3.53 

p(_oo) = 0 p(co) = I (3.37) 

An instructive use of the probability density function occurs in the 

calculation of averages. Suppose we wish to know what average value 

of some specified function of the quantity x would be obtained from a 

large number of measurements. In general let F(x) represent the func-

tion of x which is to be averaged, and suppose data from many measure-

ments are available. Assume that we calculate the average of F(x) in 

the usual way by dividing the sums of the values obtained for F(x) by 
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the number of observations. By considering fine divisions of width dx 

on the x scale, and noting that for a large number of trials a frac-

tion p(x)dx of the total observations belongs to an interval of length 

dx containing the value of x that gives the observation F(x), we reason 

that in the limit as the number of measured values becomes very large, 

<F(x» - ~~(X)P(X)dX (3.38) 

where "<F(x»" means average value of F(x) or "expectation of F(x)." 

The positive integer powers constitute a particular set of 

functions with averages of special interest. We define the average 

of x as the nth moment of the distribution, and write 

n 
m = <x > 

n 
(3.39) 

Our attention is most often concentrated on~, which is the ordinary 

arithmetical mean, and~, which is the mean square. m1 represents the 

constant or dc component of a process, and m2 is proportional to mean 

power. Frequently it is found convenient to study the data with the 

average subtracted from all values. This concentrates attention on the 

ac component of the phenomenon. 

The corresponding power averages are called central moments, and 

are defined by 

(3.40) 



Evidently ~l = O. The most important central moment is ~2' which is 

defined as the variance of the distribution. From the definitions: 

2 
a = ~2 

2 2 
= <x > - <x> (3.41) 

The square root of the variance is called the standard deviations, 

defined as: 

a (3.42) 

Sample Mean 

Like many other cases, here we are concerned with sampling 
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from a continuous population described by a probability density function 

p(x). Considering the sample mean defined to be the arithmetic mean of 

all values of x in the sample, we can write: 

1 
x = "N( xl + x2 + . . . + ~) ( 3 • 43) 

where x is the mean, N is the total number of sampled points x .• The 
l. 

mean value X, being a function of random variables, is in itself a 

random variable. Its expectation value is: 

x - <x> (3.44) 

where < > means expectation and x is the population mean. Equation 3.44 

shows that the expectation value of the mean is equal to the expectation 

value of x. Since this is true for any N, the SamplE! mean is an unbiased 

estimater of the expectation value of random variable x in the population, 

and the population mean. Next we consider the variance of X, which is 

defined as follows: 



2 - - - 2 (xl + x2 + . .. + ~ A\2 
cr (x) =«X-<X» > = <, N - X) > 

Simplifying Equation 3.45 yields: 

+ . . . + 
A 2 

(x -x)] > 
n 
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(3.45) 

(3.46) 

Because all xi are independent, all mixed terms of the type «x.-x) (x.-x», 
1. J 

i.e., the covariances, vanish and we are left with: 

(3.47) 

The sample mean is therefore a consistent estimate of X, provided that 

N is rather large. In fact one could see that as N approaches infi-

nity, the sample mean would be the same as population mean i. 

Sample Variance 

The sample variance is the arithmetic mean of the quadratic 

deviations from the sample mean. 

S'2= 1:. {(x _-x)2 + ( -)2 + N 1 x2-x •• - 2} . + (x -x) 
n 

This quantity has the expectation value (Brandt, 1976): 

where 

(3.48) 

(3.49) 

(3.50) 

The expression (N-l) in the denominator, although mathematically 

justified, seems somewhat strange at first sight. The reason for this 
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is that in 3.48 and 3.50 the sample mean i has to be used instead of 

the population mean x since the latter is unknown. Some of the infor-

mation contained in the sample has first to be used to derive the 

sample mean. This is host for the calculation of the sample variance. 

The effective number of elements in the sample is thus reduced. 

Estimation of Probability Density Functions 

A good graphical presentation of data is a histogram, which is 

frequently used to evaluate the raw data in many fields. The x-axis is 

used as an abscissa, and is divided into r intervals: 

~l' ~2' ~3' . • • , r 
"'r 

of equal width called bins. The middle point of the bins may have the 

x-values: 

xl' x2 ' . • • , xr 

As ordinate, the number of sampled elements 

n 
r 

falling into the bins ~l' ~2' ••• , ~r are plotted. The resulting 

diagram can be regarded as an empirical frequency distribution since 

~ 
hk = ~ (N is the total number of sampled elements) is an empirical 

frequency, i.e., a measure for the probability Pk to observe a sample 

element in the interval ~k' 

Figures 3.9 and 3.10 show the computer-generated histograms. This 

presentation is based upon the data provided to us by the u.S. Army at 
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White Sands Missile Range. After the linear trends had been removed, 

by the method of least squares fit, we considered the portions that 

seemed to be either perfect or having the minimum number of tape drops 

for further processing. So, the histograms represent all the pixels 

that were considered to be legitimate representations of the noise for 

each gray level. The number of pixels considered for each level is 

indicated in Table 3.1, along with other important data. Each his to-

gram has 13 bins where the width of each bin is about 0.769 (~x = 

0.769). This was arrived at by several trials when the number of bins 

and bin widths were varied in order to find the best representation 

to the data at all levels. Frequency of occurrence within each inter-

val is indicated below each histogram plot at the center of each bin. 

Judging from the histograms, it seems that they are all rather 

close to that of a Gaussian distribution, neglecting peakedness and 

skewness in some of the cases. Later in this chapter, we discuss ways 

to analytically estimate such empirical probability density representa-

tions. As for any statistical evaluation here, we have to be concerned 

about the degree of accuracy of our approach. Therefore, discussion of 

estimated errors is essential. 

The statistical errors of the numbers ~ within each bin can be 

taken as ~n = k ~ , provided that n
k 

are not too small (Brandt, 1976, p 121). 

Relative 
~~ 

error 
~ 

therefore is given by 

1 =-- (3.51) 

~ 
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Table 3.1. Important statistical data regarding the noise at each 
gray level. 

Gray Level 

1 

2 

3 

4 

5 

6 

Number of 
Samples 

9389 

9594 

9711 

9674 

9375 

9339 

* After trend removal. 

+ Before trend removal. 

* Variance 

5.332 

5.036 

4.69 

4.61 

4.52 

3.75 

* Mean 

0.0041 

0.01836 

0.04777 

-0.05154 

-0.05154 

+ Mean 

180.3 

155.26 

137.19 

128.13 

119.58 

101.4 



It is obvious that a, the relative error, decreases with in-

creasing nk • When the sample size N is fixed, it decreases with 

increasing bin width. On the other hand, increasing the bin width 

washes out the finer structure of the data with respect to the vari-

able x. The significance of a histogram therefore depends strongly on 

the proper choice of the bin width, usually found only after several 

trials. Table 3.2 shows the normalized probability values and their 

respective relative estimated errors. 

Analytical Estimation of 
Probability Densities 

Estimating the probability law that has resulted from a set of 

data is one of the chief aims of statistics. For, once known, its 

moments, confidence limits and all other parameters describing its 

fluctuations may be determined. In the following section we discuss 
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two techniques that could approximate the discrete data reasonably well. 

They both are based upon orthogonal expansion. 

Estimating Probability Densities 
Using Orthogonal Expansions 

Recently Frieden (1981) has suggested a very useful method to 

estimate the probability densities using orthogonal expansion. This 

method forces a smooth estimate by representing p(x) as a series 

N 
p(x) = L 

n=l 
C f (x) 

n n 

of smooth functions {f (x)}, which obey orthonormality, 
n 

(3.52) 



Table 3.2. The estimated probability density values for the six target gray levels, along with 
the relative errors, in parentheses. 

Bin Ntmlber 
Gray 

Level 1 2 3 4 5 6 7 8 9 10 11 12 

1 .0429 .0576 .0775 .1099 .1310 .1483 .1590 .1504 .1285 .1160 .0835 .0591 

13 

.0363 
(.056 ) (.049) (.042) (.035) (.032) (.030) (.029) (.030) (.032) (.034) ( .041) (.048) ( .062) 

I 

2 .0327 .0504 .0790 .1140 .1375 .1556 .1630 .1514 .1351 .1061 .0848 .0574 .0333 I 

(.064) (.052) (.041) (.034) (.031) (.029) (.029) (.029) ( .032) (.036) (.040) ( .048) (.061) 

3 .0286 .0514 .0752 .1035 .1248 .1597 .1680 .1675 .1517 .1165 .0802 .0485 .0245 
(.068) (.051) (.042) (.036) (.033) (.029) ( .028) (.028) ( .030) (.034) ( .041) (.052) (.074 

4 .0340 .0559 .0814 .1028 .1344 .1533 .1700 .1427 .1421 .1125 .0814 .0587 .0308 
( .056) (.050) (.042) ( .035) (.032) (.030) ( .029) (.030) ( .033) ( .034) (.040) ( .048) (.062) 

5 .0368 .0555 .0780 .1044 .1354 .1612 .1560 .1551 .1442 .1121 .0798 .0495 .0319 
(.064) (.052) (.041) (.034) (.031) (.029) (.029) (.030) (.032) ( .036) ( .040) ( .048) (.064) 

6 .0174 .0347 .0599 .1093 .1757 .1932 .1980 .1618 .1261 .0970 .0622 .0400 .0248 
(.087) (.062) (.047) (.035) (.027) (.026) ( .026) (.029) (.032) (.037) (.046) ( .057) (.073) 

- '--- - ~--

(Xl 
~ 
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fdXf (x)f (X) = 0 m n mn (3.53) 
_00 

At this point {f (x)} is left general, to remain "context-free." Given 
n 

a choice, then, of {f (x)}, the problem is to find coefficients {e }. 
n n 

One way of estimating the {e } would be to least-squares fit the series n 

(3.52) to the histogram. 

But a clever and much simpler answer to this problem has 

recently been discussed (Frieden, personal communication, 1981). First 

of all, observe from Equation 3.52 that for the true p(x) 

00 

en = JdXP(X)fn(X) (3.54) 
_00 

which is derived from property 3.53. But since p(x) is a probability 

density, by definition (3.38) 

(3.55) 

That means e is the mean value of function f over random arguments x. n n 

In fact, this is computable because the data {x } are given. We may form 
n 

an estimate using them: 

e = 
n 

A 

f (x) 
n 

1 M 
= M L 

m=l 
f (x ) 
n m (3.56) 

Hence the estimated coefficient is simply the sample mean of its cor-

responding orthogonal function f • 
n 

How much error will the resulting estimate p(x) suffer? Since 
A 

each coefficient e is a sample mean (3.56) where the {x } are statis-
n m 



tically independent samples from the same probability law p(x), we 

may use relation (3.51) for the error in the mean 

cr" = cr f /IM C (3.57) 
n n 

where 

2 2 <f (x »2 cr f = <f (x ) > -n n m n m (3.58) 

since the Lx } are identically distributed. Note that for all n, the 
m 

-1/2 error goes as M • From the form of 3.52, so must be the error in 

the desired quantity p(x). 

histogram method the error 

Recall by contrast that by the 

-1/2 at point xi would go as ~ . 

direct 

Since 

~ « M, we see that an advantage in accuracy has been gained. 

A remaining question is how large N should be in 3.52. This 
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is taken up later when we discuss the results. An even more fundamental 

question is, what functions {f (x)} should be chosen. In fact, they 
n 

are arbitrary. This is both a strength and a weakness in the overall 

approach: a strength in particular, because of its apparent flexibility; 

a weakness because the choice {f (x)} seems to be ad hoc, leaving open 
n 

the question of choice in {f \x)} and avoiding the issue of a possibly 
n 

preferred set of orthogonal functions or a preferred functional form 

for p(x). This indecisiveness of the theory is a drawback. 

In the next section we shall present a method of estimating 

probabilities which invokes a specific functional form for {f (x)}. 
n 

Gram-Charlier Expansion 

In cases where the probability density is close to that of a 

Gaussian distribution and yet different enough to require a separate 
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description, Gram-Charlier expansion is proven to be of value to de-

scribe such probability cases (Frieden, 1981). This method was first 

used by Cox and Monk (1954) in their classic study of glitter patterns 

that are formed by specular reflection of sunlight and depend for their 

interpretation on knowledge of the probability distribution for wave 

slope as a function of wind velocity. A mathematical representation of 

such an expansion is given by the following relationship: 

N C 
P(x) = P (x) [1 + I ~ H (x)] 

o n=ln. n 
(3.59) 

where P (x) is the closest Gaussian to p(x), obtained either by 1east
o 

squares fit or simply by the estimate of the first two moments of the 

data. Coefficients {C } measure the departure from a pure Gaussian 
n 

P (x), and are to be determined. The H (x) are Hermite polynomials, 
o m 

that obey the orthogonality relation. 

n!o 
mn 

(3.60) 

with respect to a Gaussian weight function. The Hermite polynomials 

are given by the following relation: 

~(x) 
k/2 . 1 k 2' 

= k! I \ (_l)J----- x - J 
j=o j!2 j (k-2j)! 

(3.61) 

The recursive relation for such polynomials is given by: 

(3.62) 



The first few are: 

H (x) = 1; 
o 

H
1

(x) = x; 2 
= x -1; 
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3 
= x -3x 

(3.63) 

The size of coefficients {C } in (3.59) determines closeness to the pure 
n 

Gaussian po(x) case. The odd coefficients C
1

, C3 , ••• etc. multiply 

odd polynomials H (x) and hence describe a "skewness" property for the 
n 

p(x) curve. The even coefficients in the same way define an even con-

tribution to the curve which is often called "peakedness" in that it 

causes p(x) to be more peaked than a pure Gaussian; 

The unknown {C } may be determined in the usual manner for a 
n 

series of orthogonal functions. Combining (3.59) and (3.60) results in: 

(3.64) 

in principle. 

One could choose as many terms as he wants, but for all prac-

tical reasons the coefficients of orders four and higher are often small, 

and comparable to the roundoff error which is caused by numerical compu-

tation. 

An alternative way to find the estimate of the coefficients C 
n 

would be by using the relation 3.56 derived in the previous section. 

Where f (x) is a Hermite-Gaussian function defined as 
n 

f (x) _ (n!21T)-1/2H (x)exp(-x2/4) 
n n (3.65) 

the resulting probability density estimate p(x) can then be computed 



using 3.52 where C 's are replaced by their estimated values namely 
n 

the C 'so 
n 

As mentioned before, in this case the error goes as N-1/2 , 

while by the histogram method the respective error would be propor-

-112 tional to ni • Since n. « N, we see that an advantage in accuracy 
~ 

can be achieved this way. This accuracy is more noticable when we 

consider the taile of the probability density function where n. is 
1 

rather small compared with other regions. Plots of the Gram-Charlier 

estimates are presented in Figures 3.11, 3.12, 3.13, and 3.14. 

Using Equation 3.64 we developed a subprogram that uses the 

probability density values given by the histograms, as input. The 
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weighting function p (x) which is a normal distribution, was determined 
o 

from the estimated means and variances of each level, as are shown in 

Table 3.1. The average absolute errors are also shown with each plot. 

Such errors tend to get smaller in magnitude when increasing the number 

of coefficients. 

This is evident by comparing the results presented in Figures 

3.11 and 3.12 to those of Figures 3.13 and 3.14, for the first two 

figures have used only four terms (cl ' c2 ' ,c
4
), whereas for 

the second two figures the number of coefficients has increased to 

\ 
include 9 terms. Although we can observe a modest improvement in the 

mean square error sense, there is virtually no visible improvement when 

we increase the number of contributing terms beyond four. As to the 

usefulness of this method, we find it to be one of the most accurate 
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ways of analytically describing a set of normalized probability 

density data. 

Autocorrelation Estimates via 
Direct Computations 

For N data values {x }, n=l, 2 ••• ,N which is stationary 
n 

with average, X, the estimated autocorrelation function at the displace-

ment rh is defined by the formula 

,.. 
R 

r 

,.. 1 N-r 
=R(rh)=- ~ (x-i)(x+-x) x N-r L n n r 

n=l 
r = 0, 1, 2, . • • m 

(3.66) 
,.. 

where r is the lag number, m is the maximum lag number, and R is the 
r 

estimate of the true value R at lag r, corresponding to the displace
r 
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ment rho Note that the maximum lag number m is related to the maximum 

spatial displacement of the estimate by 

T =T =mh (3.67) 
max m 

Further note that if a power spectral density estimate is computed by 

taking the Fourier transform of an autocorrelation estimate, then the 

resolution band width B for the resulting spectral density estimate e 

is related to the maximum lag number m by 

B = e 
1 1 
T = mh 

m 
(3.68) 

The sample autocorrelation function may also be defined at lag r by 

,.. 
R 

r 

1 N-r 
= R (rh) = N L (x -X) (x + -i) 

x n=l n n r 
r = 0, 1, 2, .. • ,m 

(3.69) 
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where the division by N remains constant instead of changing to N-r as 

in 3.66. Use of this equation gives a biased estimate of the auto-

correlation function. However, for N large and m small with respect 

to N, the values obtained by using Equation 3.69 differ very little 

from those obtained by use of Equation 3.66. The autocorrelation 

function may take on negative as well as positive values. A normalized 

" value for the autocorrelation function is obtained by dividing R by 
r 

" R where 
o 

(3.70) 

" Note that the quantity R is a sample estimate of the true mean square 
o 

" value in the data. The quantity R is related to the sample variances 
o 

2 a by the relation 

(3.71) 

Thus for large N, there is negligible difference between R 
o 

2 and a . 

,.. " ". When R is norrnalized,one obtains the R /R which theoretically will 
r r 0 

be between plus and minus one; that is, 

" R 
-1 < "r < 1 

R o 
(3.72) 

After the data was filtered of voids and the trends were removed, the 

autocorrelation estimate of each data set was directly evaluated using 

Equation (3.66). This estimate contains 64 points (r = 1, 2, • . . , 

and the ensemble average was taken over about 250 rows for each case. 

64) 
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Each of the resolution intervals represents an interval equal to d/5l2 

on the photosensitive plate of the Vidicon, where d is its horizontal 

width. For the type that was used in the experiment set-up (RCA TCl005), 

d is about 1.50 cm, thus resulting in 30 microns resolution interval, 

which is proportional to that of the object through the magnification 

factor. Normalization is done via dividing all the values at each point 

by R (see Equation 3.70), which itself is a sample estimate of the true 
o 

mean square value in the data. 

The normalized correlation estimates are shown in Figure 3.15 

for levels 1, 2, and 3 and in Figure 3.16 for levels 4, 5, and 6. As 

a general trend, they all fall rapidly, indicating that the noise is an 

uncorrelated, rapidly fluctuating process. Since the correlation 
A 

estimate R gives the correlation between x(n) and x(n+r), it is 
r 

therefore evident that the more rapidly x(n) changes with space, the 
A 

more rapidly R will decrease from its maximum value as r increases. r 

This decrease may be characterized by a correlation distance r , such 
o 

that for r > r , the magnitude of the correlation function remains below 
- 0 

a certain value R. Unfortunately, there is no universally accepted 

value R defining r. Choosing R to be about 10% of the peak value, the 
o 

estimated correlation lengths range from about 50 microns to about 95 

microns. The huge contrast between the zero lag values and non-zero 

lag values, as we shall see, results in a rather flat and fluctuating 

power spectra. 

The direct evaluation of Equation (3.66) on a digital computer 

involves large amounts of computer time, as approximately N2 multipli-
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cations would be required to evaluate R. However, it has been indicated 

(Beauchamp and Yuen, Chapter 5, 1979) that convolution (identical to cor-

relation but for a sign change for r) can be obtained by carrying out 

two forward FFT: an inverse transform, and one mUltiplication per data 

sample pair. If the FFT algorithm is taken advantage of fully in the 

computation, we would only need 3N logN + N multiplications. This is 
2 

considerably faster than N2 multiplications for large N. (Note however 

that in the FFT method we need complex arithmetic.) Arithmetic is real 

for Equation (3.66). One should notice that the computation process 

(Equation 3.66) greatly reduces round-off error because it adds a large 

set of numbers and divides the sum by N-r, consequently making it pos-

sible to use inaccurate data but still produce fairly good results. 

Using Equation 3.71 we can estimate the sample variance. 

Figure 3.17 is an illustration of variation of noise fluctuations as a 

function of gray level. The graph indicates that the fluctuations 

increase with signal level, meaning that the noise is signal-dependent. 

The normalized mean squared error for the fluctuations is given by Equation 

3.l07where R(r) = R(O). It is therefore equal to about 0.22 x 10-4 • 

The Power Spectrum 

It has proved to be of inestimably great value in communication 

engineering to resolve waves into sinusoidal components of specified 

frequencies. The same approach is equally valid and useful when one 

considers functions of position and wants to resolve them into spatial 

frequencies. For example, a function f(x) defined within the interval 

_00 to +00, represented in the form 
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(3.73) 

The formal rule for calculating F(w) from f(x) is 

F(co) = [~(x) e -jwx dx (3.74) 

F(w)dw/2n is interpreted physically as the amplitude (in complex form) 

of an infinitesimal component of f(x), containing frequencies in the 

range dw at w. 

This is the conventional Fourier integral theory as applied to linear 

systems, and it is highly satisfactory when the operations indicated 

can be given numerical meaning. In case of a noise wave it is inade-

quate because the integral 3.74 does not converge for a typical form 

of noise ensemble. The difficulty can be remedied by basing our 

calculations on mean square voltage in infinitesimal frequency inter-

vals instead of on the amplitude itself. 

Suppose we consider a finite integral of 2L in space from 

x = -L to x = L. If we replace the values of f(x) outside this interval 

by zero, we can write: 

F(w) 
r
L 

-jwx 
= J f(x)e dx 

-L 

(3.75) 

which can be calculated even for a noise wave because the limits are 

finite. 

Then for L > x > -L, 
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f(x) = [F(W)e
jWX 

dw 27T (3.76) 
_00 

The total energy represented by f(x) in the interval -L to +L is 

proportional to 

_00 

The average power SL in the voltage wave in the interval from -L to +L 

is obtained by dividing by 2L. Hence, 

S = ~ fOOIF(W)12dW 
L 27T 2L 

-00 

(3.78) 

Let us define the function Wf(W,L) by 

(3.79) 

We may then write 3.78 in the form 

(3.80) 

-00 

This expression for average power over a finite but arbitrary long 

interval 2L is in the form of an integral of a density function of 

frequency. We can interpret this as meaning that an infinitesimal 

frequency interval dw at w contributes average power Wf(W,L)dw to the 

total. 
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It is tempting to assume now that L approaches infinity and 

defines the corresponding limit of Wf(W,L) as the spectral density of 

f(x). This has in effect been implied in much of the literature 

(for example, see Beckmann, 1967, pp. 213-418), and for most problems 

the results thereby obtained are correct. The procedure is not without 

its hazards, however, and we must caution the reader that a straight-

forward limiting process applied to 3.79 in specific cases will almost 

always fail to converge (Papoulis, 1965, chapter 10). 

There is a way to escape from this seeming mathematical quandary. 

The procedure is based on the ensemble approach. We first average 

Wf(W,L) over the ensemble of possible noise functions and then take 

the limit as L approaches infinity. In symbols, we define the spectral 

density as: 

(3.81) 

where F(w) is given by 3.75. 

The brackets denote the ensemble average. Division by 2L will 

be needed in order to preserve a finite value for Wf(w) in the case of 

a spatially uncorrelated process f(x). Noting that in the limit L+oo 

the finite F.T. becomes the ordinary F.T., we see that 3.81 actually 

defines the power spectrum as the average modulus-squared of the ordi

nary spectrum of f(x), divided by an infinite length to preserve 

finiteness in certain cases. It is usually easier to think of the 

power spectrum in this way than to visualize 3.81 directly. 
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In this study we use'digital methods to estimate 3.81. The two 

most often applied digital methods for computing power spectral density 

are: 

1. The "standard" method (Blackman and Tukey, 1958) based on computing 

the power spectra via its Fourier transform relation to the 

autocorrelation function O-liener Theorem). 

2. The "direct Fourier transform" method based on computing the 

power spectral density function via a finite-range fast Fourier 

transform (FFT) of the original data. The data is the same as 

what we used for autocorrelation estimation. The method we use 

is the direct method, mainly because we don't want to allow the 

errors from autocorrelation computation to enter into the power 

spectral density estimates. 

Here we estimate the power spectral density through the fol-

lowing steps (Bendat and Piersol, 1971, p. 327): 

1. 

2. 

6 Truncate the data sequence, so that N = 2 • 

Taper the resulting sequence using the cosine taper data window 

(Bingham, Godfrey and Tukey, 1967). This is done to reduce 

leakage; the cosine taper is used over approximately 1/10 of 

the data at each end. 

3. Compute Fk for k = 0, 1, ••. , N-l via the following: 

N-l [2 k 1 
F = L x exp - j ~J 
k n=O n N 

(3.82) 

using the FFT procedure. 
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-4. Finding W
k 

given by 

W- = 2h ,'F 12 
k N k (3.B3) 

5. Adjust these estimates for the scale factor due to tapering. 

In this case, replacing Wk by 1.143 W
k

, since we are using 

cosine tapering. 

6. All the spectral values have been averaged over about 250 

segments. 

7. A seven-po'int averaging window is used for the neighboring 

frequency components of the adjusted spectral estimates for 

smoothing purposes. 

Figures 3.lB and 3.19 show the estimated power spectra for the different 

rather wide band white noise. The resolution intervals in frequency 

domain are about 5 lines/cm and band width is almost 330 lines/cm. 

Statistical Error for the Spectrum 
and Correlation Estimates 

No statistical estimation is complete without a discussion about 

its accuracy. In spectrum estimation, errors can arise due to the in-

ability to apply the complete features demanded by the mathematical 

method, such as our inability to integrate over an infinite interval, 

inaccuracies of the method of data representation, such as the need to 

estimate with sampled data, and the imperfect nature of the acquisition 

itself. This latter factor relates to the equipment performance, e.g., 

non-linearity in detection, frequency distortion, etc., which is out of 

our control. 
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A serious problem in Fourier analysis in general, and in spectral 

analysis is leakage, which is due to inability of our analysis procedure 

to recognize harmonic components whose periods are not integer factors 

of our analysis interval; or, to put it another way, components whose 

frequencies are not integer multiples of our basic frequency. A pure 

sinosoidal of frequency w which is somewhere between two integer fre-

. i i+l 
quenc~es hr and hr ,would appear under Fourier transform, as a 

combination of integer frequency components. The signal power of this 

fluctuation is thus distributed or "leaked" to a wide range of frequen-

cies. 

Another pitfall is due to the basic weakness of the Fourier 

transform method, in that it assumes that any frequency is potentially 

of equal importance. When this is not true, the method cannot perform 

well. In such cases, the maximum entropy method tends to do better 

(Forest, 1976) because it tends to reproduce the most prominent features. 

-Since the estimated discrete values Wk are proportional to 

modulus squared of normally distributed random variable, each estimate 

2 
is governed by a X (chi square) distribution with 2 degrees of freedom. 

The normalized standard error is given by (Bendat and Piersol, 

1971, p. 328): 

= lET 
r (3.84) 

where B is the final effective resolution band width and T is the spa
r 

tial resolution interval. 

For a 7-point frequency, averaging bandwidth would be equal to: 
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(3.85) 

For 250 segment averaging the effective resolution band width will be 

~pproximately l/T', where T' = T /250. Thus: r r r 

250 
B2 = T (3.86) 

r 

Note that the filter shape would be triangular as opposed to the pre-

vious case of a trapezoidal shape. For combined averaging using both 

frequency smoothing and segment averaging, the final effective resolu-

tion band width will be approximately 

B = (7) (250) 
Tr 

2 
and the resulting Wk will be a X variable, having n degrees of 

freedom: 

n = 2(7)(250) = 1750 

and the normalized standard error 6 given by 
r 

6 = 
r 

1 
~:--7':-:::-::-~ = 0.024 
(7)(250) 

(3.87) 

(3.88) 

(3.89) 

For the autocorrelation estimates, besides the possibility of 

error in data acquisition, again we face summation over a finite dis-

tance, and the estimated averages that are used to estimate the corre-

lation function are themselves random quantities. As a result, the 

estimated values depart from their theoretical values. Under the 
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assumption that we are dealing with a band-limited white noise that has 

a Gaussian distribution, the normalized mean square error is conserva-

ti vely given by 

(3.90) 

where B is the noise band width, and T is the effective length of the 

data. The typical values for Band T, respectively, are: 300 lines/cm 

and 150 cm; therefore Equation (3.90) can be written as: 

0.11 x (3.91) 

Looking at Equation (3.91), one can see that the error increases for 

the points away from the center. 

Conclusion 

The acquisition of data relating to a given physical phenomenon 

is never obtained without acquiring some other, unwanted information. 

This generally includes unpredictable disturbances of various kinds. 

Therefore the presence of this random element sets a limit to the attain-

able precision of measurement for the often small value of useful 

information contained within the acquired signal. The ever-increasing 

use of electro-optical systems, and the need to improve signal-to-noise 

ratio and the image quality have led to this study. By the digital 

processing of random noise, we have managed to characterize its beha-

vi or in terms of some well known statistical and spectral quantities in 



specific electro-optical system, used to track the airborne cruise 

missiles. 
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For any successful post-processing of the image data, some spe

cific knowledge about the noise behavior i9 essential. As a result of 

our study we are able to provide information regarding: mean, variance, 

probability density, correlation, and power spectra pertaining to the 

noise in six different gray levels. 

Due to many contributions from the numerous subsystems and 

devices, as expected, the outcome is very close to a Gaussian distribu

tion. During this study not only have we succeeded in estimating the 

probability densities, but also were able to fit analytical functions to 

these rather complex forms, with good accuracy. From the study of 

average mean squared values for each level, we are able to predict that 

the noise in such a system is signal-dependent. The correlation and 

spectral analysis indicate that the noise is uncorre1ated for the most 

part, and has a rather wide band. This property implies that the noise 

contains equal amounts of most frequencies within the band, and hence 

is very close to being "white noise." 

Unfortunately we did not have any control over the data acqui

sition process, which eventually would enable us to characterize the 

noise in a more precise fashion by varying and measuring the different 

parameters that influence the data. 

As for future studies, one should attempt to filter the 

noise with a tunable filter to better observe the effect of various 

noise mechanisms like: l/f noise and generation-recombination noise 
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due to photosensitive plate and the electronic components. The sensi

tivity of this system to different light frequencies is worth investi

gating so that an optimum color for the object can be used for a better 

signal-to-noise ratio. 



CHAPTER 4 

ESTIMATION OF THE SPREAD FUNCTION 
IN ASTRONOMICAL IMAGERY 

Our main objective in this chapter is to estimate the spread 

function from a set of noisy image data. Estimation methods are 

developed based on maximum entropy and the results are compared with 

least squares estimation. The emphasis is on astronomical imagery, and 

the images formed by such systems as the earth-based telescopes. Due 

to a multitude of phenomena, these images are degraded in many ways 

and need post processing in order to improve their quality. To do this, 

it is imperative to know the spread function as accurately as possible. 

However, we can determine only an estimate of the spread function. 

Our approach is one-dimensional. The object is in the form of 

an edge, and the test cases include three types of additive noise: 

signal-independent Gaussian noise, signal-dependent Gaussian noise, and 

signal-dependent Poisson noise. In this chapter, we start by briefly 

discussing the main sources of degradation in atmospherical imagery and 

devise a model for the spread function. We then develop algorithms 

based upon maximum entropy (Frieden, 1972) and least squares to estimate 

the spread function from the noisy image data. Our methods are all 

based on digital simulation. The resul ts illustrate the superiority of the 

maximum entropy restoration method, in estimating the degraded spread 

function in astronomical imagery. In all test cases the mean-squared 

113 
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errors due to ME estimates are less than those resulting from the least 

squares estimates 

The Problems Encountered in 
Astronomical Imagery 

Images of space objects such as planets, stars, and galactical 

clusters taken from earth-based telescopes are degraded by a number of 

phenomena. In the following we discuss briefly the major sources of 

degradation and their effects on the astronomical imagery. 

Turbulence 

The greatest degradations arise due to the random spatial and 

temporal variations in the index of refraction of the atmosphere which, 

on the average, reduce the image resolution to a value on the order of 

one arc second. This is roughly the characteristic of all large ground-

based telescopes. Such limitation is the result of random distortion 

of the incoming wavefronts which causes most of the light to be scattered 

into a disc much larger than the airy disc, thus reducing the resolution 

of the imaging system from the diffraction limited values of A/D (where 

A is the wave length of light and D is the diameter of the aperture), 

which is about 1/50 of an arc second for a diameter of 5 meters 

(A = 5 x 10-7 m), to about 1 arc second. This resolution is roughly 

characteristic of all large ground-based telescopes. 

Phase and Amplitude Distortion 
of the Wavefront 

Referring to Figure 4.1, let us consider the behavior of' a plane 

wave front A as might arrive from a star, as it travels through the 
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Figure 4.1. The effect of atmospheric irregularities on a plane 
wave A. -- At B there are only phase distortions of the 
wave front. At c there are both amplitude and phase 
distortions. 

turbulent atmosphere. Immediately after passing through a region of 
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irregular refractive index, the wavefront B has been distorted. Because 

absorption and wide-angle scattering are negligible in the' clear atmos-

phere, the energy density of the wavefront B is still uniform and equal 

to its free space value. Thus an ordinary square law detector placed 

at B would be unaffected by the wavefront distortions and be incapable 

of measuring them. The distortions can, of course, be measured by a 

phase-sensitive detector such as an interferometer or a telescope. As 

the wave progresses from B toward C, the various portions of the dis-

torted wavefront travel in slightly different different directions and 

eventually begin to interfere. The interference is equivalent to a 

redistribution of energy in the wave and causes intensity fluctuations 
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(scintillations) that can be detected by a square law detector. On the 

way from B to C, the wave passes through additional refractive index 

irregularities and so suffers additional phase perturbations. These 

new irregularities are, however, relatively ineffective in producing 

scintillations at C. 

Let us examine the criteria that determines which of the turbu

lence irregularities along a line of sight are most effective in produc

ing intensity flucutations. In Figure 4.2 consider an irregularity of 

diameter t at an arbitrary point Z on the line of sight between the 

plane wave and the receiver at T. The irregularity can be fully effec

tive in producing intensity variations only if the extreme ray paths AT 

and ZT differ in length by at least half a wavelength, i.e., the irregu

larity must be at least equal in size to the first zone of a Fresnel 

Zone Plate situated at Z. This minimum effective size is, in fact, the 

optimum size for the irregularity. Larger irregularities at the same 

point are ineffective because they do not diffract light through a large 

enough angle to reach the observer. While it is true that smaller 

irregularities produce intensity fluctuations at points closer than T 

and that these fluctuations persist in modified form until the wave 

reaches T, such smaller irregularities are relatively ineffective be

cause of the steep increase in the Kolmogorov spectrum of atmospheric 

turbulence with irregularity size (Fried, 1966). 

From the geometry of Figure 4.2, we see that the diameter of the 

most effective irregularity at altitude h above a ground-based telescope 
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z h T 7- Receiver 

Figure 4.2. The size ~ of the irregularities most effective in producing 
scintillations. -- Distance AT exceeds distance ZT by one
half wavelength. 

is t = 1Xh, where A is the wavelength of the light. As a numerical 

example, for visible light of wavelength 0.5 ~m and for a height of 10 

km, t = 7 cm. 

If we assume, for the moment, that the turbulence is uniformly 

distributed along the path between the top of the atmosphere and the 

receiver, and that it has a Kolmogorov spectrum so that the large irre-

gularities are more intense than the small, it is clear that the mean 

square fluctuation of refractive index attributable to irregularities 

of optimum size varies systematically along the path. There is, there-

fore, a weighting function that expresses the relative effectiveness 

of turbulence in producing intensity fluctuations as a function of path 

position. It is clear that this weighting function must be a maximum 

at the top of the atmosphere (or at the middle of the path for a ground-
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to-ground path with a point source) and must decrease monotonically to 

zero at the receiver. 

It is also clear that, for the plane wave case of starlight, 

the intensity pattern at the receiver has the same scale size as the 

irregularities that produced it. Thus, in our numerical example, turbu

lence at a height of 10 km produces an intensity pattern on the ground 

that has a predominant size of 7 em while turbulence at lower heights 

produces smaller scales. 

The arguments given above assume simple superposition of the 

effects of irregularities at various points along the path. When the 

integrated turbulence on the entire path becomes too large, this assump

tion fails and the scintillations "saturate~ II i.e., the strength of the 

scintillations is no longer proportional to the strength of the turbu

lence that produced them. When saturation exists, the most effective 

portion of the path moves toward the receiver (or, for ground-to-ground 

paths with a point source, toward the end of the path) and the scale 

sizes in the pattern are affected accordingly. In summary, distortions 

in the phase of a plane wave from a star travelling through a clear, 

uniformly turbulent atmosphere are produced equally by turbulence at all 

locations. Because of the Kolmogorov spectrum, the large-scale eddies 

in the turbulence produce greater phase shifts than the smaller scales. 

The amplitude, or intensity fluctuations in the wavefront are 

produced predominantly by the turbulence high in the atmosphere, and 

the sizes of the pattern vary as the square root of the distance to the 
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turbulence. It is convenient to describe the magnitude of the phase 

fluctuations in terms of the phase structure function, D$(r), which is 

simply the mean square phase differences between two points a distance 

r apart on a plane parallel to the mean wavefront. The Ko1mogorov 

spectrum of turbulence produces wavefront distortions that have phase 

structure functions (Ko1mogorov, 1941) of the form 

5/3 
D$ (r)ar (4.1) 

Thus, for waves that have passed through natural turbulence in the 

atmosphere, the magnitude and nature of the phase fluctuations can be 

completely specified by a single number, r , known as the phase coher
o 

ence length, which is the value of r for which D$(r) = 1. 

Effect of Wavefront Distortions 
on a Stellar Image 

The phase and intensity distortions of the wavefront each affect 

the ability of a telescope to form a point image of a star, though in 

different ways. Considering first the phase distortions, we must dis-

cuss separately the effect of scale sizes larger than the telescope 

aperture diameter d and those smaller than d. If we call the mean 

square variation of phase difference over the aperture due to the 1arge-

2 scale sizes ~¢~ , and the corresponding variations due to small sizes 

2 
~¢s ' we can write 

~¢ 2 + ~¢ 2 = 
s ~ 

(4.2) 
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The phase variations b~~ larger than d simply change the position of the 

stellar image in the focal plane of the telescope. Thus, for exposure times 

short compared with the time it takes for wind-borne eddies to move across 

the diameter of the telescope, the quality ,of the image is unaffected 

by these large phase irregularities. On longer exposures, the image 

wanders through an angle A/r , causing a long exposure smearing of the 
o 

image. This long exposure-smearing angle is independent of telescope 

diameter as long as d > roo The phase variations b~ smaller than the 
s 

telescope aperture act as independent prisms of diameter r, each forming 

a separate image that is spread by a diffraction angle A/r. These 

become important only as D<j> (r) approaches unity, and the integrated effect 

of all these small phase irregularities produces the "short-exposure" 

spreading which is of the order of A/ros. The "short-exposure" phase 

coherence length ros is defined in the same manner as r o ' except that 

only phase irregularities smaller than the aperture diameter are in-

volved. Yura (1973) has shown that 

(4.3) 

which is 10 to 40 percent greater than r for telescopes of modest o 

diameter. We see that as far as the formation of a small stellar image 

is concerned, there is no advantage to having a telescope diameter less 

than rose 

The scintillations may also degrade the image if the scintilla-

tion image, as measured by a small-aperture receiver, is greater than 
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about 0.2. Since the scintillations have a predominant size equal to 

a Fresnel Zone I:Mh (where h is the height of the highest scintillation-

producing layer in the atmosphere), the angle through which these 

random apodisers can spread the image is of the order of 

A --= 
v0:h 

(4.4) 

We see that scintillations cause significant image degradation 

relative to that caused by phase fluctuations only when r > /)J}. This, 
o 

of course, depends on the relative strength of the turbulence in the 

upper atmosphere compared with that near the ground just above the 

observatory. The intensity of the blurred image caused by scintillation 

is always less than that caused by phase fluctuations, the ratio never 

exceeding about 0.2. 

Noise 

Another source of degradation is the noise, introduced into the 

image by two processes. 

1. Fluctuations in the response of the sensor due to the incident 

photon flux. 

2. Fluctuations in the incident photon flux due to some fundamental 

quantum mechanical processes. 

The prime practical limitation encountered in attempts to re-

store degraded imagery arises from noise inherent in the detected image 

data (Goodman and Belsher, 1976). The most basic source of such noise 
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lies in the photon fluctuations associated with the detection of the 

finite amount of light energy available to the imaging system. Thus 

photon fluctuations pose a fundamental limitation to the "restorability" 

of degraded image. 

The other source of difficulty can be temperature fluctuations 

or thermal noise. In many cases the detection system is cooled to 

minimize the effect of thermal noise. 

Non-Isoplanatism 

Consider phase perturbations in the exit pupil that are caused 

by high-altitude atmospheric dusturbances. Unlike the phase perturba

tions caused by nearby atmospheric disturbances, distant perturbations 

produce field-dependent effects. A wave front propagating from one 

source point experiences a different high-altitude disturbance than a 

wavefront propagating from another source point. This situation is 

illustrated in Figure 4.3, where the disturbance is located at distance 

L from the entrance pupil and the two sources have an angular separa

tion a. The wavefront in the exit pupil from one source is essentially 

shifted by an amount aL from the wavefront from the other source. 

Even application of an active compensation device located in the exit 

pupil cannot compensate for both wavefronts simultaneously. If the 

device corrects for one of the wavefronts, the ability of it to 

correct for the other wavefront depends upon the correlation between 

the two. 
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TWO POINT SOURCES 

f 
HIGH ALTITUDE DISTURBANCE 

L ~aL 

1 
TWO DIFFERENT WAVE FRONTS 

OPTICS 

IMAGE PLANE 

Figure 4.3. Non-isop1anatism caused by high-altitude atmospheric 
disturbances. -- Wave fronts from two different 
sources are shifted by an amount at in the pupil of 
the optical system. 
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Scattering 

Scattering from conventionally polished mirror surfaces is often 

an important contributor to the overall problems of stray light rejec

tion in complex optical systems like the large telescopes (Young, 1975). 

The light scattered from reflecting optical surfaces can be attributed 

to diffractions from the various randomly distributed surface defects. 

The kinds of defects that are common to optical surfaces have been 

identified and classified by several authors (Lindsey and Penfold, 1976; 

Elson, Bennett and Bennett, 1979). Most optical surfaces are contamin

ated with isolated particles, and some are covered with films consisting 

of denser contaminations of fine-sized particulates. These contaminants 

are either left on the substrate by an inadequate cleaning procedure, 

deposited on the surface while it is being coated with a reflecting 

metal film, or they collect on the reflecting surface while it is being 

handled or stored. These imperfections, combined with the residual 

phase errors, degrade the resulting imagery by causing a fraction of 

the incident power to be scattered into a broad background pattern, 

which can significantly affect the resolution and reduce image contrast. On 

the long time average these residual errors cause the image of a point 

source to consist of the sum of two decidedly different components. 

Figure 4.4 shows the signal P.S.F. and the background due to scattering. 

For moderate r.m.s. phase errors the width of the background pattern is 

governed by the correlation width of the residual errors (Wagner, 1976). 
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Figure 4.4. The spread function model. -- The narrow 
solid Gaussian curve represents the signal 
power, and the broad Gaussian broken curve 
is due to background. 
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Different Ways of Estimating 
the Spread Function 

For many post processing techniques it is imperative to know 

the spread function as accurately as possible. Several methods have 

been used to estimate the spread function (Labeyrie, 1970; Wagner, 1976; 
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Dainty and Shaw, 1974, pp. 244-255). In the following section we dis-

cuss some of the methods more frequently used. 

Looking at a Small Resolved Star 

This method is widely used by the astronomers and is therefore 

the most common way of estimating the spread function in astronomical 

imagery. There are some difficulties attendant to its use. Besides 

being faced with very noise data (low signal-to-noise ratio), one can 

run into isoplanatism problems. Consider phase perturbations in the 

pupil that are caused by high-altitude atmospheric disturbances: 

unlike the phase perturbations caused by nearby atmospheric disturban-

ces, these perturbations are field-dependent. As can be seen from 

Figure 4.3, a wavefront propagating from one source point experiences 

different high-altitude disturbance than a wavefront propagating from 

another source point. 

Fourier Transform Technique 

In some cases when the Optical Transfer Function (OTF) is known, 

the spread function can be estimated via a Fourier transform. However, 

in most cases the astronomers use the Fourier transform techniques to 

estimate the }ITF from the spread function data. 
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Differentiating the Edge Data 

This technique can be used to estimate the line spread function. 

The edge spread function is an integration of'the line spread function. 

Applying the convolution relationship, the edge spread function, e(x), 

is given by 

+m 

e(x) = II f(x-Xl)h(Xl'Yl)dxldYl = J m~(Xl)dXl (4.5) 

-m -x 

where f is the form of an edge. From Equation 4.5 it follows that the 

line spread function ~(x) is given by the differential of the edge 

spread function: 

~(X) = ~ e(x) 
dx (4.6) 

The main difficulty arises from the fact that we often have noisy data, 

and differentiating it causes spurious oscillations that are detrimental 

to an accurate estimate. 

Modeling the Object, Overall Spread 
Function, and Noise 

In this section we discuss the specific models used in our 

simulation studies. Considering most of the elements responsible for 

degrading the astronomical images formed by earth-based telescopes, 

these models are selected to represent the real situation as closely 

as possible. 

The Object Model 

In all our simulation studies, the object is modeled to have 

the form of an edge (step function), with 10 percent background. There 



are basically two reasons for doing this: first, it is easy to locate 

an edge while looking at an object; and second, this is a good way of 

testing our approach against the other techniques that use edge data 

(for example, see Differentiating the Edge Data). 
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The discrete edge form contains a total number of three sampled 

points on each side, as is shown in Figure 4.5. The sampling interval 

is 1/10 of the Rayleigh distance. 

The Spread Function Model 

The spread function is modeled to be a combination of two 

Gaussians, as shown in Figure 4.4. The narrow one represents the frac

tion of power that is not scattered by the phase perturbations, and is 

referred to as the signal of the image. The other component which is 

mainly due to the phase errors, represents the power that is scattered 

through various angles, and is called the background. For moderate 

r.m.s. phase errors the width of the background pattern is governed by 

the correlation width of the phase error (Wagner, 1976). The actual 

full widths at half-maxima (FWHM) of the two components, as has been pro

posed by Larson (1979) are taken to be 0.66 and 2.2 seconds of arc, 

respectively, while the total area under each curve is kept equal. 

One should note that the assumptions made here are all circumstantial 

and ~ under different seeing conditions. Overall spread function is 

treated as an array of sampled values, with the sampling interval deter

mined by the desired resolution in the estimate. For all the test cases, 

this interval was 1/10 of Rayleigh d~stance. 



I 
I 
I 
I 
I 

____ L ____________ _ 

Figure 4.5. The object model. -- The object is modeled to have the form 
of an edge with 10% background. It is sampled by six 
points, three on each side of the edge. 
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Noise Model 

It would naturally be desirable to be able to evaluate an 

imaging system such that the noise parameters associated with the data

gathering process were well defined. As indicated in the previous 

chapter, however, there are a variety of models and mechanisms by which 

errors can enter the image acquisition process, and the model assumed for 

such noise sources may dramatically affect the restoration process. 

Consequently, it would be desirable to confirm the noise model and even 

parameterize that model by a posteriori techniques associated with the 

image at hand. Possibly the most basic question might concern the 

multiplicative-versus-additive (or their combination) aspect of the 

noise in the system. Certainly the stationarity versus non-stationarity 

of the noise process is a relevant concern. 

In this simulation work our basic assumption is that the noise 

process is stationary and additive. We consider, however, both signal

dependent and signal-independent cases, while treating Gaussian and 

Poisson noise separately and independent of each other. Perhaps the 

most common noise source associated with electronic imaging systems is 

thermal noise resulting from random electron fluctuations in resistive 

elements of photodetectors or resistors within sensor amplifiers (Pratt, 

1978, pp. 365-368). Thermal noise can be modeled as an additive Gaus

sian (normal distribution with zero mean) stochastic process independent 

of the sensed image field. The photon noise is often characterized as 

being a Poisson process (Timmerman and Zijlstra, 1978), its magnitude 
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depending on the signal level. For a large number of photons, and for 

events such that the random variable X is well within the central region, 

i.e., cr>X>-cr (cr2 is the variance), the Poisson distribution can be 

approximated by a normal distribution: 

P(x)= (2'ITo2)1/2[exp _(x_m)2/202] (4.7) 

2 where the mean m and the variance cr are equal. A Gaussian distri-

bution is a special case of a normal distribution when the mean is zero. 

In the last section (Numerical Simulation Studies) we shall discuss how 

we can numerically generate normally distributed random noise. 

Maximum Entropy 

Until the work of Jaynes (1968) on estimating probability 

distributions, the concept of "entropy" was limited in use to analysis 

problems, e.g., analysis of the equilibrium states of gases, analysis of 

the channel capacity of a communication link, and analysis of efficiency 

of codes. By contrast, Jaynes showed that entropy may also be used as 

a stabilizing device in estimation problems. And, perhaps more impor-

tant1y, he showed that this use of entropy arises as a natural 

consequence of seeking a maximum-likelihood solution. Thus, the 

entropy method is not merely an ad hoc procedure that is used simply 

because it works. Burg (1967) subsequently adapted Jaynes' approach to 

the problem of estimating power spectra from finite numbers of autocor-

relation lag data. Then Frieden (1972) used it to attack the image 

restoration problem. However, there is a fundamental difference be-

tween these two approaches. Burg uses the following for entropy: 
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N 

L log 0 
n (4.8a) 

n=l 

while Frieden uses the form: 

N 

H2 = - I 
n=l 

o log 0 
n n (4.8b) 

Both authors seek the solution {o } that maximizes entropy subject to the n 

input data as constraints on the solution. Each of the two entropy 

measures must be justified on theoretical grounds (Frieden, 1975), 

depending on the choice of statistical model one adopts for the object 

{on}. Also, both HI and H2 have the desirable property of enforcing 

smoothness in the estimate of {o } (Frieden, 1976). So far it has been 
n 

shown by a number of authors that the maximum entropy (ME) approach to 

image restoration is capable of restoring fine image structure, with 

reliability, even beyond the optical bandwidth (Frieden, 1972, 1975). ME 

restoring programs have been used in radio astronomy (Wernecke and D'Addario, 

1974), spectroscopy (Smith, 1976), nuclear fusion research (Brolley, 

Lazarus and Suydam, 1976), space astronomy (Frieden and Swindell, 1976), 

and for non-pictorial applications such as in geophysics (LaCoss, 

1971). Here in our work we apply it further to estimate the spread 

function in astronomical imagery. The method we use has been developed 

explicitly for image restoration by Frieden (1972). In the following 

section we describe the philosophy and formulation of this method. 
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Frieden's Maximum Entropy Method 

Frieden's method, as opposed to that of Burg's (1967), which 

was developed to estimate the power spectral densities from a finite 

number of auto correlational lag products, is based on a discrete 

"particle" model. This model has been used so far both for the object 

and noise. The object is treated as an array of sampled values with 

the sampling interval ~x determined by the desired resolution in the 

restoration. The object values are assumed to have an amplitude quan-

tization of ~o. Thus, the object can be considered to be composed of 

units of size ~o~x, Figure 4.6. All units at coordinate xl are con-

sidered to be in the ith cell. "The number of units in the ith cell is 
o. 

1 

Si = 1:::.0 

is N = ES •• 
1 

where o. = o(x.) and the total number of units in the object 
1 1 

The essence of Frieden's approach is to find the distribu-

tion of object particles that can be formed in the greatest number of 

ways subject to the image constraints. The number of different ways N 

the distinguishable particles can be arranged in the object cells with 

0
1 

particles in the first cell, O
2 

particles in the second cell, and so 

forth, is given by the multinomial coefficient (Leighton, 1959, pp. 

330-331). 

N! (4.9) 

For a given image, the noise values {n } are also unknown. Logically, 
m 

the noise set is on the same footing as the object set {oil, and they 

are estimated in a similar manner. There is one minor difficulty 
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Figure 4.6. Frieden's grain model for the object. 
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because the noise values may be negative as well as positive. By choos-

ing a large enough bias, usually equal to or greater than the magnitude 

of most negative noise values, the noise can be considered as a strictly 

positive random variable. 

n = N -B m m (4.10) 

Quantizing the noise into units of size 8N, the number of noise units 

in the mth noise cell is defined as n = N /~N. 
m m 

Let R = L n be the total number of noise units. The total 
m 

m 
number of ways the noise particles can be arranged to form the noise 

distribution is: 

W 
n 

R! = ----------------~ n
l

! n
2

! . n
m

! (4.11) 

The central principle of Frieden's method is the determination 

of object and noise distributions that can be formed in the greatest 

number of ways subject to the conditions that these distributions obey 

the image equation and that the sum of the object values is fixed. 

Maximizing log (W W ) is equivalent to maximizing W W because 
o non 

the logarithm is a monotonic function. All 8
i 

and nm are assumed to be 

large enough to obey Stirling's approximation: log A! ~ A log A. It 

follows that the object and noise estimate are determined by maximizing 

the expression: 

1 
80 L 

i 

- LA' (Ls .oi + N - B 
m m i m~ m 

(4.12) 
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The parameters A' and ~' are undetermined LaGrange multipliers for the 
m 

constraints. 

Multiplying Equation (4.12) by ~o, we can reduce the number of 

unknown parameters: 

- I °i log °i - pI Nm log Nm 
i m 

- I A (IS i O • + N m . m l. m 
m l. 

- B -

1) maximum (4.13) 

~o 
where p = ~N ' ~'m = A~~O, and ~ = ~'~o. Physically p is an indication 

of signal-to-noise uncertainty. It controls partially the smoothness 

of restored object relative to the restored noise. 

To maximize Equation (4.13), through the choice of undetermined 

multipliers, the appropriate derivations of Equation (4.13) are to be 

taken. By setting these derivatives equal to zero, we find the fol-

lowing expressions for the object and noise estimates: 

and 

o i = exp [-1 - ~ - I Am S mi ] 
m 

(4.14 ) 

(4.15) 

where quanitties 8. and & are the object and noise estimates, respec-
l. m 

tively. The values of the LaGrange multipliers {A } and ~ can be deter
m 

mined by substituting the above expressions into the constraint condi-

tions and solving the resulting set of nonlinear equations for the 

parameters. A numerical solution is obtained for the parameters {A } 
m 

and ~ by iterative use of the Newton-Raphson method (see Appendix A). 
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From the form of Equations (4.14) and (4.15), we see that the object 

and noise estimates are strictly positive. Also for a general set of 

A's, the estimate is not band-limited. 

The super-resolving capability of the algorithm has been demon-

strated on computer-simulated objects (Frieden, 1972), on photographic 

objects (Frieden and Burke, 1972), and on astronomical data recorded on 

a solid state image array (Frieden and Wells, 1978). 

In Frieden's algorithm the object is regarded as nonrandom; 

that is, the object is regarded as a single, fixed, although unknown, 

probability density function for the distribution of its constituent 

grains (Kikuchi and Soffer, 1977). Likewise, the noise is also treated 

as nonrandom. In Frieden's method, the object (or noise) is considered to be 

composed of particles. These particles comprise the microstructure; each 

arrangement of particles is a microstate. The object itself, the macrostruc-

ture, is defined by the number of particles in each spatial cell. These num-

bers o. constitute a macrostate (Sears, 1953, pp. 277-280). In 
]. 

Frieden's model, microstructure is regarded as random, if the particles 

are distributed in the cell at random. Then the probability that a 

particular particle will be in the ith cells is Pi = 0i/P. Hence, the 

normalized object can itself be considered as a probability density 

function for the placement of the particles. The expression -Io
i 

can be written as -plpi log Pi - P log P. We recognize that -I Pi 

log o. 
]. 

log Pi 

is the form of Shannon's entropy epxression (Shannon and Weaver, 1949, 

p. 48). This is the basis for calling the estimate defined by Equation 

(4.13) a maximum entropy estimate. The entropy of particle placement 
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(entropy of the microstructure) is maximized. Note, however, that the 

LOi log 0i of Equation (4.13) is not exact; it is an approximation to 

L10g oil. Thus, the nature of the term is fundamentally different from 

Shannon's entropy. 

Equation (4.13) can be regarded as defining a maximum entropy 

estimator, but based on an analogy with Boltzmann's entropy expression 

S = K log W of statistical mechanics (Sears, 1953). Here W is number 

of microstates that correspond to a given macrostate, K is Boltzmann's 

constant, and S is called the entropy. For a closed system, the equi-

1ibrium state is the state of maximum entropy. 

Also, if the microstructure, the statistical model of the object 

is changed, then the estimate will still be based on maximizing log 

(W W ) subject to constraints, but this may not result in the Lo. log oJ.. 
o n J. 

expression (Frieden, 1973). The estimate will be maximum extropy in the 

Boltzmann sense, not Shannon's, it seems. 

Maximum Entropy Estimate of 
the Spread Function 

The overall response of the optical system, medium, and the 

detector is characterized by the point spread function. It has already 

been shown that the principle of maximum entropy has caused substantial 

gains in the ability to estimate objects, especially for the positive 

and impulsive objects. (A good discussion is provided by Frieden, 1975, 

pp. 299-231.) Here we apply this principle to estimate the atmospheri-

cally degraded spread functions from the noise image data. In this work 
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we use computer simulation techniques to study the effects of different 

levels of signal-dependent and signal-independent additive noise on the 

estimated spread functions. 

Interrelation Between the Object, 
Image and Spread Function 

For incoherent image formation, there is a linear relationship 

between the object intensity o(x,y) and the image intensity i(x,y) (Born 

and Wolf, 1975, p. 484). They are related through the following inte-

gral: 

i(x,y) = II dx'dy'o(x',y')S(x',y';x,y) + n(x,y) (4.16) 

where s(x',y';x,y) is the point spread function, and n(x,y) is the 

additive noise. In any imaging system s(x',y';x,y) plays an important 

role, since it characterizes the quality of such a system as well as 

that of the image. Therefore, the point spread function represents a 

spatial degradation from the ideal image. Ideally, we would want the 

spread function to be a shift invariant Dirac delta function: 

s(x',y';x,y) = o(x-x',y-x'). Then from Equation (4.16), the ideal 

image would be an exact replica of the object distribution. The non-

ideal spread function thus characterizes the spatial degradation which 

limits the resolution. This can be caused not only by the optical 

system (lenses, mirros, beam splitters, etc.) but the medium between the 

object and optics as well. In some cases this medium may introduce the 

dominant source of degradation such as the effect of atmospheric turbu-

lence on ground-based astronomical imagery. The estimation of the 
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spread function is our principle concern in this chapter. Our basic 

approach is one-dimensional. Besides simplicity, the one-dimensional 

restoration is of optical interest in its own right for application to 

problems where the spread function is separable and the object is one-

dimensional, such as an absorption spectrum. The one-dimensional dis-

crete form of Equation '(4.16) would be: 

i = 
m 

J 

L 
j=l 

s .0. + n • 
mJ J m' 

m = 1, 2, ... , M (4.17) 

In the following sections, we use the discrete forms for the digital 

simulation studies. 

Basic Estimation Algorithm 

For a limited number of objects and spread function sampled 

values, Equation (4.13) can be expressed in the following form: 

J M 

l. §. 
A 

P L N log N L = log S. 
j=l J J m=l m m 

M [I S.o(y ,x.) B - 1m] L 
A 

(4.18) A +N 
m=1 m j=l J m J m 

-~(I S.- 1) = maximum 
j=l J 

where S.'s are the estimated values of the sampled spread function, and 
J 

the rest of the parameters are as they have been defined before. Our 

goal is to maximize L, through the choice of parameters Am and ~. 

Equating the appropriate derivatives to zero will lead us to proper 

solutions: 
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M aL tl -" --..- = o -+ s. = exp L ~ o(y ,x.~ as. J m m J 
(4.l9a) 

J m=l 

aL " exp[-l - A /p] ---.,.- = 0-+ N = aN m m (4.l9b) 
m 

aL J 
" L " -= o -+ i = S.o(y ,x.) +N - B A m J m J m m j=l 

(4.l9c) 

m= 1, 2, . . . , M 

a J 

L " 1 -= o -+ S. = 
all j=l J 

(4.l9d) 

Substituting the first two equations into the second two equations 

results in a system of M+l simultaneous nonlinear equations from which 

the M+l unknowns (AI' A2 , ••• , AM' 11) can be determined. Numerical 

solutions are obtained by iterative use of Newton-Raphson method 

(Forsythe, Malcolm and Moler, 1977, pp. 169-171). The results are then 

substituted back into the first equation (Equation 4.l9a) to calculate 

the estimated values of the spread function. 

Least Squares Estimation of 
the Spread Function 

In this section we dev~lop a technique based on least squares 

criteria to estimate the atmospherically degraded spread functions. 

Here it is assumed a priori that the spread function is even, and can be 

approximated in terms of a finite sum of a Taylor series expansion. 

Sayanagi (1963) has used such an expansion effectively to assess the 
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optical transfer function for various imaging systems. Such a repre-

sentation is illustrated by the following relationship: 

(4.20) 

where S(x) is the one-dimensional spread function and C 's are unknown 
n 

coefficients to be determined according to the data. 

Now we form the least squares objective function Q to be: 

M 

Q = L 
m=1 

[D 
m 

2 
- S(x )] 

m 
= minimum 

Using relation (4.20), we can express the above in terms of C 'so 
n 

M 

Q = L 
m=1 t 

N-1 
D - L 
m n=O 

(_l)nC i n12 
= minimum 

n m J 

(4.21) 

(4.22) 

The input data, D into Equation (4.22) is a smoothed version 
m 

of what we get from differentiating the noisy image data. A five-point 

averaging window is used for this purpose. Differentiating Q with 

respect to C 's and equating them to zero: 
n 

n = 0, 1, 2, •.• , N-1 (4.23) 

will result in a system of N nonlinear equations, that is to be solved 

for the unknown coefficients (C 's). 
n 



...£..Q... = 2(_1)n ac 
n 

M 

I 
m=l 
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X
2n [D - S(x )]=0 
m m m ' 

n = 0, 1, 2, • . • , N-1 

m = 0, 1 , 2, • • • , M-1 

(4.24 ) 

where M > N 

Resubstituti~g of newly found C 's into Equation (4.20) will 
n 

lead to estimation of spread function values. 

Numerical Simulation Studies 

In this section we present the numerical results based on the 

maximum entropy (ME) estimate algorithm (Equation 4.18). An intercom-

parison is made with least squares (LSQ) estimation in each case. The 

progranuning is done in Fortran IV and executed upon a CDC Cyber 175 

computer. The object,which is in the form of an edge, is specified by 

6 points and the· spread function for most cases was sampled at 1/20 of 

Nyquist interval. The ideal image was formed by discretely convolving 

the object with the spread function (combination of two Gaussians). 

Depending on the case, specified amount of noise was added accordingly, 

at each image point. Figure 4.7 shows the ideal image (in broken curve) 

superimposed on the noisy image (solid curve). The one-dimensional 

noisy images are then processed according to the different algorithms. 

In each case a major effort was made to minimize the central processing 

(CP) time (lower the cost). The number of iterations varied from about 
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Figure 4.7. The noisy image of the edge when the additive 
Gaussian Noise amplitude at each point is 10% 
of the peak image value. -- The ideal image 
is shown in dashed curve. 

8.000 
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4 to 25, depending upon the selection of starting points, while each 

iteration being equal to about 0.2 CP seconds (it depends on the number 

of equations). For ME estimation, we started with a high noise bias 

(B). An attempt was made for quick convergence, then the results were 

"reinserted into the same program while lowering B values to get a more 

accurate estimate at less CP seconds. B should be sufficiently large to 

begin with. (Note that if B is too small, N might have to be negative 
m 

in order to satisfy Equation (4.l9c), and this is impossible because 

representation (4.l9b) for N is always positive.) 
m 

Bias B also affects the smoothness, as is best observed for the 

case when the image values {I } are normalized to about unit irradiance 
m 

and the noise obeys In /1 I « 1 (Frieden, 1972). By Equation (4.10), 
m m 

all values N -B will be small. Hence, if B is made large relative to 
m 

the noise from Equation (4.l9b) it can be seen that {A } tend to be m 

small. With small {A } Equation (4.l9a) shows that restoration {s.} is 
m J 

smooth. In summary, if the noise is small but B is made very large, then 

the estimated spread function will be smooth. Such an effort is observed 

in some of the numerical cases considered. 

In the same way, it is seen that a small B (the least upper 

bound) causes large {A }, which permits an estimated curve with steep 
m 

gradients. In effect, use of a small B means the injection into the 

restoring scheme of a large amount of ~ priori knowledge regarding the 

noise; thus the restoration is allowed to become highly fluctuating. 

The p value we use in all our simulation work is one, since we are not 

considering any enhancement. The actual view of p to be used in an 



estimation reflects the user's judgment as to which of the estimated enti-

ties is more apt to be in error. Thus if a priori the true spread 

function is known to spatially fluctuate wildly whereas the noise has 

small amplitude, estimate S has a higher probable error at each point 

than an estimate N, and p should be made large. The numerical effect 

146 

of p upon the estimated curves is in line with this viewpoint (Frieden, 

1972). The data for the least squares estimate was generated by differen-

tiating the noisy image of the edge (see Equation 4.6). 

Differentiating the image of an edge leads to the line spread 

function (Dainty and Shaw, 1974, p. 211). However, for noisy data it 

can lead to some spurious oscillations which have to be smoothed out. 

A 5-point averaging window is used to smooth the data (D ) which is m 

to be input into the LSQ estimation algorithm (Equation 4.23). LSQ 

method is used to fit the best possible curve to such data. 

In most cases we truncate the series (Equation 4.21) to consist 

of only 5 terms because the higher coefficients tend to get negligibly 

smaller, therefore having virtually no contribution to the estimated 

curve. In fact, 5 terms may be about optimum for this LSQ approach. 

To increase the number will only cause more ringing, which already is 

too strong in all cases. To decrease the number will broaden the central 

core, and this already is too broad at 5 terms (see s'ubsequent figures). 

To calculate such coefficients, a general subroutine is devised to 

approximate the data by a series of the form 

(4.25) 

where F is a real function. F(k,x) must appear in an external statement 
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in the calling program where k and x must not be altered by F. ~'s are 

the elements of a vector with length N containing the coefficients of 

the basis function. For this particular case, the general form of the 

basis function would be 

F(k,x) = (_l)k-l x2 (k-l) 

which understandably is even. 

Numerical Generation of Normally 
Distributed Random Numbers 

k = 1, • • • , N (4.26) 

In our numerical simulation of noisy data it is necessary to 

generate uncorrelated random numbers. Depending upon the noise model, 

these random numbers should have Gaussian and Poisson distributions. 

However, the only random number generator that iG ordinarily'built into 

a computer library instead generates uniformly distributed random num-

dom numbers, in the interval (0, 1). An example is the function RANF(o) 

of the CDC scope library (see CDC 6400 Operation Manual). These numbers 

have the desirable property of being rather uncorrelated, a property which 

takes some effort to satisfy, and which is 50% of the requirement of 

our noise-generation problem. The other challenge is to use these 

random numbers from RANF and somehow transform them into normally 

distributed numbers (with a required mean and required variance). In 

fact, there are a few different approaches to this problem and to the 

more general one of transformation from one probability distribution to 

any other (Frieden, 1980, pp. 134-142). Here we content ourselves with 

the simplest such approach, a mere addition of a few RANF outputs. 

This has the advantage of being a very fast operation, but has the 
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disadvantage of approximating the normal case as has been shown by 

Frieden (1980, pp. 123-124). As has been shown, addition of every three 

successive outputs Y1' Y2 and Y3 from RANF(e) to form a new r.v. 

(4.27) 

results in a sequence of three parabolic arcs which approximate a normal 

distribution. Hence, the new random variable x will be approximately 

normal as is required. However, merely taking the sum as in Equation 

2 (4.27) will not yield a prescribed mean (m) and variance (a ) for random 

variable x. This leads us to replace Equation (4.27) with a slightly 

more general form 

(4.28) 

with constants a and b to be found such that x has the required two 

moments. After going through some algebra one can find the required 

transformation to be 

(4.29) 

A random variable x formed in this way from every three successive out-

puts of RANF(e) will be very close to a normal random variable, and will 

2 have mean m and variance a (exactly). 

A measure of the degree to which x approximates a normal random 

variable is the range of values that x defined by Equation (4.29) can 

take on. A true normal random variable can, of course, vary from _00 to 

+me Using the extreme values for y of 0 and 1, Equation (4.29) shows 

that x is confined to an interval 
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m-3cr<x <m+3cr (4.30) 

In this simulation such artifical constraint should not be serious, 

since the normal curve itself has 99.8% of its events x, confirmed to 

this inverval. If in some instances this degree of approximation is 

nevertheless unacceptable, the above procedure may be carried for n 

number of RANF (e) outputs. The higher n is made, by the central limit 

theorem, the closer we can approximate the normal case. 

Test Cases 

In the following we discuss some specific test cases. They 

mainly differ by the nature and type of noise that is added to the image 

at each. point. The form and magnitude of object and spread function are 

kept the same for all test cases throughout the entire simulation. Our 

basic assumption is that the noise process is stationary in all cases 

and obeys either Gaussian or Poisson statistics. The same noise-

generating seed has been used by the computer for all the cases. This 

is evident from the noisy images because of their close resemblance. 

The estimation results are mainly compared by the mean square error 

(M.S.E.), that is computed for each case using the following relation: 

M 

L [n - S ]2 
m m 1lFl 

M. S. E. = ~""--M---

Signal-Independent Additive 
Gaussian Noise 

(4.31) 

Figure 4.7 shows the ideal image of an edge (dashed curve) along 

with a noisy image (solid curve). The signal-independent Gaussian noise 
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amplitude is 10 percent of peak image value. Noise generation was done 

digitally by using Equation (4.29), where a was taken to be about 10 

percent of peak image value. Figures 4.8, 4.9 and 4.10 show the ideal 

spread function (in dashed curves) along with those estimated (solid 

curves), by the ME algorithm. Starting with a high B value of 0.1 for 

Figure 4.8, we gradually decrease this value to about 0.06 in Figure 

4.10. The mean square error (MSE) for each estimate is indicated 

on the top of each figure. Its value slightly decreases as we lower the 

B value. This improvement is barely visible when looking at the esti

mated curves. On the relative scale it can be seen that the fluctua

tions remain almost the same while the curves get more peaked. Con

sidering the amount of noise with signal-to-noise ratio of 10 at the 

center and gradually decreasing away from the peak, to what seems to be 

an overwhelming noise close to the edge, the M.E. estimate in this case 

is remarkably good. Using the same image data in Figure 4.7, Figure 

4.11 is an illustration of the estimated spread function (solid curve) 

based on least squares (LSQ) algorithm (Equation 4.22). For this esti

mate, the mean square error is higher than all the ME estimates of the 

noisy data. Although there are virtually no fluctuations, there is a 

sudden rise close to the edges. The peak value of the estimated curve 

is about 70 percent of the ideal spread function at the center (dashed 

curve). The FWHM of the estimate is substantially greater than the ideal 

curve. The side lobes along with the increase in width of the spread 

function would have an undesirable effect upon resolution and contrast 

enhancement for any post processing of the noise images. 



Cl 
w 
N .-
.....J 
cr: 
L: 
a::: 
a z 
z 
a .-
I-
U 
Z 
;:) 
IJ... 

Cl 
cr: 
w 
a::: 
C-
(f) 

o 
o 
o 

0 
0 
"? 
0 

0 
0 
~ 
0 

0 
0 
"": 
0 

o 
0 
C\f 
0 

o 

B = .1 2 
~ISE = .556 x 10-

g ~--------~------~--------'---------r--------r--------; 

151 

0-4 .000 -2.000 0.000 2.000 4.000 6.000 8.000 

DISTRNCE(RRBITRRRY UNITS) 

Figure 4.8. Maximum entropy estimate of the spread function 
when the additive Gaussian Noise amplitude at 
each point is 10% of the peak image value and 
the noise bias is .1. -- The ideal spread func
tion is shown in dashed curve. 
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Figure 4.9. Maximum entropy estimate of the spread function 
when the additive Gaussian Noise amplitude at 
each point is 10% of the peak image value and 
the noise bias is 0.08. -- The ideal spread 
function is shown in dashed curve. 
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Figure 4.10. 
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Maximum entropy estimate of the spread function 
when the additive Gaussian Noise amplitude at 
each point is 10% of the peak image value and 
the noise bias is 0.06. -- The ideal spread 
function is shown in dashed curve. 
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Figure 4.11. Least squares estimate of the spread function when 
the additive Gaussian Noise amplitude at each point 
is 10% of the peak image value (signal-independent). 
-- The ideal spread function is shown in dashed 
curve. 
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Increasing the signal-independent noise contribution to about 

25 percent of the peak image value has the effect of burying the signal 

in noise (Figure 4.12). The estimated curves are shown in Figures 4.13, 

4.14, and 4.15 with same B values as before. 

The mean square error, as can be seen, is increasing substan-

tially to values more than twice the previous case. The estimated 

spread function suffers from severe degradation away from the central 

region and close to the edge. Although shifted to the left slightly, 

the central peak is restored reasonably well. The shift is mainly a 

random effect, because the uneven addition of random noise to the image 

can cause the restoration algorithm to estimate that one side is more 

heavily weighted. Should we have used a different seed (to generate 

noise), the estimation would have been different, and the peak may have 

been shifted the other way. 

Figure 4.16 shows the estimated spread function (solid curve) 

using the L.S.Q. algorithm. As can be seen, the estimated curve is 

rather flat. Its peak is only about 40 percent of the ideal case, which 

causes an overwhelming loss of resolution and contrast to the extent 

that makes this estimate useless for most post-processing operations. 

Signal-Dependent Additive 
Gaussian Noise 

In this section we study the effects of signal-dependent Gaus-

sian noise that is present in virtually every electro-optical system. 

Doing this, we have added different levels of signal-dependent noise 
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Figure 4.12. The noisy image of the "edge" lrlhen the 
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Maximum entropy estimate of the spread function 
when the additive Gaussian Noise amplitude at 
each point is 25% of the peak image value and 
the noise bias is 0.1. -- The ideal spread 
function is shown in dashed curve. 
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Maximum entropy estimate of the spread function 
when the additive Gaussian Noise amplitude at 
each point is 25% of the peak image value and 
the noise bias is 0.08. -- The ideal spread 
function is shown in dashed curve. 



Cl 
lJ..J 
N 

-l 
a: 
L: 
a::: 
C) 
Z 

z 
C) -I-
u z 
:.::l 
l.J.. 

Cl 
a: 
lJ..J 
a::: 
D-
(f) 

o 
o 
o 

0 
0 
ex:' 
0 

0 
0 
~ 
0 

0 
0 
~ 
0 

o 
0 
~ 
0 

o o 

B = 0.06 -1 
MSE = .1426 x 10 

/\ 
( \ 
I \ 
I \ 
I \ I \ 

\ 
\ 

o ~--------~------~--------~------~--------~------~ 
0-4 .000 -2.000 0.000 2.000 4.000 6.000 B.OOO 

DISTRNCE(RRBITRRRY UNITS) 

Figure 4.15. Maximum entropy estimate of the spread function 
when the additive Gaussian Noise amplitude at 
each point is 25% of the peak image value and 
the noise bias is 0.06. -- The ideal spread 
function is shown in dashed curve. 
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Figure 4.16. Least squares estimate of the spread function when 
the additive Gaussian Noise amplitude at each point 
is 25% of the peak image value (signal-independent). 
-- The ideal spread function is shown in dashed 
curve. 
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to the ideal image. The noisy image data was then used to estimate the 

spread function. Signal-dependent Gaussian noise was generated digit

ally using Equation (4.30) where cr is proportional to the ideal image 

value at each pixel. Figures 4.17, 4.18, and 4.19 show the restored 

spread function based on the ME algorithm when only 10 percent additive 

signal-dependent noise is present. Starting with a high B value of 0.1 

for Figure 4.17, we gradually decrease its value to about 0.06 in 

Figure 4.19. Here again we observe a slight improvement in a mean 

square error sense. Pictoral1y it can be seen that there is a close 

resemblance between the ideal and the estimated curves. The improve

ments between each estimate is hardly noticeable by looking at the 

estimated curves. However, a slight shift to the left is detectable, 

while B values are decreased. This is mainly due to the fact that 

central pixels become closer in magnitude to those of the ideal spread 

function. Relatively speaking, the fluctuations remain almost the same 

while the estimated curves tend to become more peaked as B is decreased. 

Unlike previous cases, the estimation is remarkably accurate even for 

the peripheral regions. Figure 4.20 shows the L.S.Q. estimate based 

on the same noisy image data. This smooth estimate which is symmetrical 

around the origin has side lobes on each side, while the central region 

is broader than the ideal spread function. The side lobes along with 

the broad central region cause the increase in the mean square error, 

which is higher than any of the ME estimates. The lower peak value in 

the estimated curve and its broad central region poses difficulty for 

post processing of noisy data. 
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Figure 4.17. Maximum entropy estimate of the spread function 
when the additive Gaussian Noise amplitude at 
each point is 10% of image value (signa1-
dependent) and the noise bias is 0.1. -- The 
ideal spread function is shown in dashed curve. 
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~igure 4.1B. Maximum entropy estimate of the spread function when 
the additive Gaussian Noise amplitude at each point 
is 10% of image value (signal-dependent) and the 
noise bias is O.OB. -- The ideal spread function is 
shown in dashed curve. 



Cl 
lJ..J 
N -.....J 
a: 
l:: 
e:::: 
0 
z: 
z: 
0 -I-
u 
z: 
::l 
W-

Cl 
a: 
lJ..J 
e:::: 
~ 
(.f) 

o 
o 
o 

0 
0 
~ 
0 

0 
0 
"? 
0 

0 
0 
'": 
0 

0 
0 
~ 
0 

0 
0 
C? 

....-

0-4 .000 

Figure 4.19. 
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Maximum entropy estimate of the spread function when 
the additive Gaussian Noise amplitude at each point 
is 10% of image value (signal-dependent) and the 
noise bias is 0.06. -- The ideal spread function is 
shown in dashed curve. 
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Figure 4.20. Least squares estimate of the spread function when 
the additive Gaussian Noise amplitude at each point 
is 10% of image value (signal-dependent). -- The 
ideal spread function is shown in dashed curve. 
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We increase the signal-dependent noise level to about 25% of 

image values at each pixel to further test our restoring algorithm. 

Figures 4.21, 4.22, and 4.23 show the estimated results based on the 

ME algorithm. Comparing these estimates with those of previous cases, 

the oscillations are more visible but have the same form nonetheless. 

Consequently, the MSE is higher (more than twice). Figure 4.24 shows 

the L.S.Q. estimate as being smooth, with the central peak about 75% 

of the ideal spread function peak. -2 The MSE is about 0.831 x 10 , 

which is higher than any of the ME estimated curves. Figures 4.25, 4.26, 

and 4.27 show ME estimates of the spread function from the image data 

degraded by 50% signal-dependent noise. In this case the oscillations 

are more pronounced and are easily visible. As the result, MSE has 

increased appreciably as compared to the previous cases. Here again one 

can detect a slight shift to the left as we increase B. The LSQ esti-

mate is rather broad, and has large side lobes, as is shown in Figure 

4.28. The central peak is only 53% of the ideal case (broken curve), 

and the side lobes reach up to about 50% of the estimated curve's 

central peak. 

Signal-Dependent 
Poisson Noise 

The noise characteristics we consider here are Poisson. A 

number of low-light-level image detectors used in astronomy and e1se-

where obey Poisson statistics. They have sufficient gain to cause the 

fluctuations in photon arrivals to dominate over the noise statistics 

of the detectors. Solid state diode array detectors can also approxi-
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Figure 4.21. lfuximum entropy estimate of the spread function when 
the additive Gaussian Noise amplitude at each point 
is 25% of image value (signal-dependent) and the noise 
bias is 0.1. -- The ideal spread function is shown 
in dashed curve. 
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Figure 4.22. Maximum entropy estimate of the spread function when 
the additive Gaussian Noise amplitude at each point 
is 25% of image value (signal-dependent) and the 
noise bias is 0.08. -- The ideal spread function is 
shown in dashed curve. 
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Figure 4.23. Maximum entropy estimate of the spread function when 
the additive Gaussian Noise amplitude at each point 
is 25% of image value (signal-dependent) and the 
noise bias is 0.06. -- The ideal spread function is 
shown in dashed curve. 
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Figure 4.24. Least squares estimate of the spread function when 
the additive Gaussian Noise amplitude at each point 
is 25% of image value (signal-dependent). -- The 
ideal spread function is shown in dashed curve. 
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Maximum entropy estimate of the spread function when 
the additive Gaussian Noise amplitude at each point 
is 50% of image value (signal-dependent) and the 
noise bias is 0.1. -- The ideal spread function is 
shown in dashed curve. 
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Figure 4.26. Maximum entropy estimate of the spread function when 
the additive Gaussian Noise amplitude at each point 
is 50% of image value (signal-dependent) and the 
noise bias is 0.08. -- The ideal spread function is 
shown in dashed curve. 
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Figure 4.27. Maximum entropy estimate of the spread function when 
the additive Gaussian Noise amplitude at each point 
is 50% of image value (signal-dependent) and the 
noise bias is 0.06. -- The ideal spread function is 
shown in dashed curve. 
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Figure 4.28. Least squares estimate of the spread function when 
the additive Gaussian Noise amplitude at each point 
is 50% of image value (si5nal-dependent). -- The 
ideal spread function is shown in dashed curve. 
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mate this situation over much of their dynamic range. Because the use 

of detectors is growing in many fields, it is important to develop 

restoration algorithms that properly represent the signal-dependence of 

their noise statistics. Figure 4.29 represents the ideal image (dashed 

curve) and its noisy version (solid curve) based on 25% additive signal-

dependent Poisson noise. This type of noise was digitally generated by 

using the normally distributed random number generator. By equating the 

variance (0
2

) and the mean (m) of the distribution, a Poisson-type noise 

can be approximated, where in this case the fluctuations are propor-

tional to the ideal image value at each point. 

Hence, the noise fluctuations are about 25% of the ideal image 

values at each point. The ME estimation algorithm was used to estimate the 

spread function from the noisy data. The results are presented in 

Figures 4.30, 4.31, and 4.32, along with the ideal spread function which 

is shown in broken curves. We again start with a high noise bias value 

of 0.1 for Figure 4.30, and gradually decrease this value to about 0.06 

in Figure 4.32. The mean square error MSE for each estimate is indi-

cated at the top of each figure. Contrary to the previous cases, as we 

decrease the noise bias the MSE increases. The increase in spurious 

oscillations contribute highly to this increase. Unlike the other test 

cases, these estimated curves have a higher peak value than the ideal 

spread function. This situation reverses, away from the central region 

toward the edge, as the estimated values are generally lower. With decreasing 

B values, the curves get more peaked and the oscillations more pro-

nounced. These two efforts combine to increase MSE. Although some 
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Figure 4.29. The noisy image of the edge when the Poission 
Noise amplitude at each point is 25% of image 
value (signal-dependent). -- The ideal image 
is shown in dashed curve. 
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Figure 4.30. Maximum entropy estimate of the spread function when 
the Poisson Noise amplitude at each point is 25% of 
image value (signal-dependent) and the noise bias is 
0.1. -- The ideal spread function is shown in dashed 
curve. 
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Figure 4.31. Maximum entropy estimate of the spread function when 
the Poisson Noise amplitude at each point is 25% of 
image value (signal-dependent) and the noise bias is 
O.OS. -- The ideal spread function is shown in dashed 
curve. 
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Figure 4.32. Maximum entropy estimate of the spread function when 
the Poisson Noise amplitude at each point is 25% of 
image value (signal-dependent) and the noise bias is 
0.06. -- The ideal spread function is shown in dashed 
curve. 



fluctuations are present in all cases, and estimates seem to be shifted 

to the left a bit (this is a random effect), the ME estimates look very 

reasonable in the sense that they all represent the ideal case rather 

closely. There is an excellent match away from the central part and 

the width of central region is about the same as the ideal spread 

function. 

Figure 4.33/shows the LSQ estimate of the same data (solid 

curve). The LSQ estimate is comparable to the ME estimate when 

B = 0.08 in MSE sense. However, it is quite different in shape from 

the ME estimates. The peak of the estimated smooth curve is about 75% 

of the ideal spread function, and some energy is confined to the area 

under the side lobes on each side, reducing post processing resolution 

and contrast. The height of these side lobes is about 25% of the esti

mated spread function's peak. 

Conclusion 

In this chapter we have successfully illustrated the superiority 

of maximum entropy restoration method, in estimating the degraded 

spread functions in astronomical imagery. Our approach is one-dimen

sional, where we modeled the ideal spread function to be a combination 

of two Gaussians: a broad Gaussian representing the scattered radiation 

and a narrow one representing the signal power. 

By looking at an edge (edge of the object), we have developed 

ME algorithms to estimate the spread function in the presence of noise. 

Three types of additive noise at various levels are considered. They 



0 
l.W 
N -~ 
a: 
1:: 
0:: 
0 z -. :z: 
0 -I-
W 
Z 
:::J 
IJ... 

0 
a: 
l.W 
0:: 
C-
en 

o 
o 
o 

0 
0 
~ 
0 

0 
0 
~ 
0 

0 
0 
"": 
0 

o 
0 
~ 
0 

o 

I 
I 
I 

MSE = 0.537 x 10-2 

/\ 
/ \ 

\ 
\ 
\ 

8 ~------~--------~------~--------~-------r------~ 

181 

0-4 .000 -2.000 0.000 2.000 4.000 6.000 8.000 

OISTANCE(ARBITRARY UNITS) 

Figure 4.33. Least squares estimate of the spread function when 
the Poisson Noise amplitude at each point is 25% of 
image value (signal-dependent). -- The ideal spread 
function is shown in dashed curve. 
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are: signal-dependent Gaussian and Poisson noise and signal-independent 

Gaussian noise. When compared with the least square estimates, the 

maximum entropy estimates are superior in the mean square error sense. 

Striking improvement over the least square estimates are observed in 

the presence of signal-independent additive Gaussian noise. 

Our studies show that the maximum entropy technique has the 

potential of being superior to all other approaches used by astronomers 

to estimate the spread function under the conditions discussed in this 

chapter. It therefore stands a good chance to contribute to the quality 

of restored astronomical images degraded by various phenomena, like 

turbulence, scattering, and noise. 

More work can be done to show the robustness of ME technique, 

in the presence of different combinations of noise, when different seeds 

are used to generate the random noise. As a matter of fact, it is desir

able to average several ME estimates of the same spread function at each 

pixel, while using different seeds to generate the noise. 

Working with a real set of edge data would serve the same pur

pose. A two-dimensional investigation of the ME algorithm in estimating 

non-symmetrical spread functions seems to be a natural followup. 
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Near the optimum object vector 0, the objective function is 

approximately quadratic. At point ~ we can approximate the objective 

function by the second order Taylor series expansion 

1 T 
- (0 - 0 ) 2 - -k (A. 1) 

aH a
2
H 

where ao- and ---2 denote the gradient and the Hessian matrix of the 
-=({ a~ 

objective function each evaluated at Ek' To determine the next estimate 

of the minimum we take the gradient with respect to 0 and set it to zero. 

This gives the Newton-Raphson algorithm 

(A.2) 

Global convergence of the Newton-Raphson &lgorithm is not assured unless 

the Hessian matrix is positive definite for all object vectors~. If 

the objective function H(£) is a pure quadratic, the Newton-Raphson 

algorithm converges to the minimum in one step. For nonquadratic 

functions the convergence of the Newton-Raphson method is second order 

near the minimum, i.e., 

(A.3) 
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where c is a constant proportional to the magnitude of third order 

derivatives of the objective function. 

For the general image restoration problem in two-dimension, the 

Newton-Raphson method may be computationally impractical. For an N by 

N object restoration the Hessian matrix has N4 elements. Thus, even 

for moderate sized objects, say 100 x 100, the storage and computational 

requirements become formidable. One would rarely use the Newton-Raphson 

method in the form of Equation (A.2) by adtually inverting the Hessian. 

Instead one would solve the linear system 

t:~] o~ = ~ (A.4) 

and update the object ~+l = ~ + oOk' Even so on the order of N
6 

multiplications are required to solve Equation (A.3) for an N x N object. 

However, in cases where the two-dimensional spread function is separable, 

s(x,y;~,n) = s (x,~) s (Yi,n), then the restoration problem may be x y 

treated as 2N one-dimensional restoration problems. The image is first 

unblurred in the x-direction, and this intermediate result is then un-

blurred in the y-direction to give the final restoration. In the 

2 separable case the Hessian will have only N elements for an N x N 

object, and for moderately sized objects this is manageable. 
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