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ABSTRACT 

In this dissertation the estimation of reliability for a de

velopmental process generating attribute type data is examined. It is 

assumed that the process consists of m stages, and the probability of 

failure is constant or decreasing from stage to stage. 

Several models for estimating the reliability at each stage of 

the developmental process are examined. In the classical area, Barlow 

and Scheuer's model, Lloyd and Lipow's model and a cumulative maximum 

likelihood estimation model are investigated. In the Bayesian area 

A.F.M. Smith's model, an empirical Bayes model and a cumulative beta 

Bayes model are investigated. These models are analyzed both theoreti

cally and by computer simulation. The strengths and weaknesses of each 

are pointed out, and modifications are made in an attempt to improve 

their accuracy. 

The constrained maximum likelihood estimation model of Barlow 

and Scheuer is shown to be inaccurate when no failures occur at the 

final stage. Smith's model is shown to be incorrect and a corrected 

algorithm is presented. The simulation results of these models with the 

same data indicate that with the exception of the Barlow and Scheuer's 

model they are all conservative estimators. 

When reliability estimation with growth is considered, it is 

reasonable to emphasize data obtained at recent stages and de-emphasize 

data from the earlier stages. A methodology is developed using 

xiii 
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geometric weights to improve the estimates. This modification is 

applied to the cumulative MLE model, Lloyd and Lipow's model, Barlow and 

Scheuer's model and cumulative beta Bayes model. The simulation results 

of these modified models show considerable improvement is obtained in 

the cumulative MLE model and the cumulative beta Bayes model. 

For Bayesian models, in the absence of prior knowledge, the uni

form prior is usually used. A prior with maximum variance is examined 

theoretically and through simulation experiments for use with the cumu

lative beta Bayes model. These results show that the maximum variance 

prior results in faster convergence of the posterior distribution than 

the uniform prior. 

The revised Smith's model is shown to provide good estimates of 

the unknown parameter during the developmental process, particularly for 

the later stages. The beta Bayes model with maximum variance prior and 

geometric weights also provides good estimates. 



CHAPTER 1 

MATHEMATICAL INTRODUCTION OF RELIABILITY MODELS 

1.1 Introduction 

The technological revolution in the last four or five decades 

and the development of large weapon systems after World War II and the 

Korean War have emphasized the need for reliability improvement. As 

technology continues to improve, the need for reliability improvement 

will continue to increase. 

The consequences of unreliability can be cost, time, psycho

logical effect, and the unsafety of individuals or society. The failure 

of an item might lead to the failure of a system. For example, failure 

of fuses or disconnects in a computer system might leave the system in 

a repair state for a few hours or a few days. Failure of an electrical 

circuit in a hospital might cost the lives of patients. Failure in a 

missile, warplane or a radar system might cause incomprehensible loss. 

In general, reliability has been defined as the probability of 

success for a particular mission. Another widely accepted definition 

defines reliability as: "The probability of the device performing its 

purpose adequately for the period of time intended under the operating 

conditions encountered" (Igor Bazovsky, 1961). This refers to the 

probability of survival for a mission duration. 

1 
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Many factors might affect reliability. Among them are: human 

error, system complexity, lack of experience, age, poor design and oper

ating environment. 

The design of a highly reliable system and the improvement of an 

existing system are major concerns of reliability engineers. A program 

is planned by a reliability engineer to achieve a reliability goal by 

redesigning the system, training, and other factors. The proposed con

figuration is reviewed by reliability engineers as well as other depart

ments involved in redesigning the system. After careful analysis of the 

reliability improvement proposal with respect to cost, time, training 

and flexibility for further modification, a new design is adopted. 

The reliability engineer should have sufficient information 

about a system's performance to estimate the performance level as close 

as possible to its true value. 

This dissertation studies existing models for estimating the 

reliability in the presence of reliability improvement at each stage of 

the development program. The models are used in conjunction with data 

obtained and with known reliability at each stage of development. The 

strengths and weaknesses of the existing methods are pointed out. In 

addition, several new models are proposed and evaluated. 

1.2 Data Collection and Analysis 

Data collection is a very important part of every reliability 

program. Quantity, type of data, and the time of data collection must 

be carefully studied. Depending upon the nature of a system, cost, and 



time for data collection, adequate data must be obtained in order to 

provide sufficient information for a developmental program. 

3 

The issues are: (1) the types of data to be collected, (2) the 

amount of each type, and (3) the time for collecting the data. These 

issues cannot be answered independently of cost and time restrictions. 

The reliability estimation methods depend on the type of data. The type 

of data might include the successes and failures during a given time 

period, or the time to failure of a particular component or system under 

study. 

The two types of data described above seem to be similar, but the 

following distinction can be made. The "success" or "failure" data 

provides no knowledge other than the fact that a component or a system 

survived or failed during a mission. This type of data is called "attri

bute data." The data of the second type provides information on the 

operational time to failure and is called "variable data." 

The governing distributions for these two types of data are known 

as "discrete" and "continuous." This dissertation will investigate the 

behavior of several discrete (attribute) reliability growth models. 

1.3 The Mathematical Function of Reliability 

In general, reliability is expressed as some function of the 

parameters of a mathematical model. A sampling error can lead to an 

inaccuracy in estimated parameters. For example, with attribute data, if 

"n" independent trials are made with the result of "s" successes and "f" 

failures, an estimate of the true probability of success, "P," is sin. 
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However, the true probability of success could be any number between 

zero and one. 

Reliability predicts the behavior of a device or system under 

specified operating conditions. The mathematical relation between the 

true and estimated reliability, based on the available data, is a limit 

function. The estimated probability of success for n trials with s 

successes is defined as: 

'" P = sIn . 

The true reliability is defined as: 

P = lim 
Jl'"klO 

A 

P = lim sin . 
n+oo 

(1.1) 

(1. 2) 

Since an infinite number of trials does not exist in reality, only an 

estimate of the reliability can be obtained. Usually more data provides 

better estimates of the probability of success. 

Reliability cannot be expected to equal unity since its value 

depends on human performance, communication, components' age, etc. In 

addition, its point estimate during a period of operation does not pro-

vide exact knowledge about the effectiveness of a component or system. 

Thus it is reasonable to specify a confidence bound of a system success 

probabili ty • 

In military technology, reliability has become an important issue 

due to the high cost of weapon systems. In addition, national security 

depends on the effectiveness of weapon systems. It is important to 



determine the degree of effectiveness of spacecraft, missiles, war 

planes, war ships and aircraft carriers before deployment. 

5 

In the beginning of a program, the obtaining of high reliability 

might seem expensive because of testing, data collection, time, organi

zation, and other costs, but usually in the long run, the higher the 

reliability, the lower the expected loss. 

1.4 Reliability Growth 

Reliability growth is the improvement or upgrading of reliabil

ity through design modifications and/or other corrective actions per

formed throughout the developmental program. It can also be viewed as a 

mathematical function of time which represents the reliability of a 

system during developmental testing. Reliability growth refers to the 

increase in reliability over a fixed period of time. The term "relia

bility deterioration" implies that it deteriorates with time. 

Reliability can be improved through appropriate actions after the de

tection of the causes of failure. Periodic testing generates a time 

sequence of data from which the reliability growth function can be esti

mated. This dissertation considers the problem of estimating the cur

rent reliability based on available data, when reliability is subject to 

improvement. The rate of growth of reliability is also investigated to 

facilitate reliability prediction in the future. 

The mathematical modeling of reliability growth can. be examined 

with attention to two objectives: II (1) the prediction of the reliabil

ity before testing is initiated, which should be attained at various 

stages of development, and (2) the estimation of reliability as a 
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function of one or more parameters from test data" (Donald Barr, 1968). 

The estimates can be obtained by making statistical inferences from the 

observed test data; the prediction can be attained by using probabil

istic models with some assumptions concerning failure models and correc

tive actions. Therefore, reliability growth models generally fall in 

the estimation category. The growth rate of reliability during the 

developmental stages is estimated by the use of data through the utili

zation of a mathematical equation which represents the growth of 

reliabili ty • 

The classical approach to reliability estimation normally is in 

the form of a mathematical formula with one or more parameters to be 

estimated based on the data collected at each stage of development. 

Estimates of these unknown parameters are usually obtained using maximum 

likelihood or least-squares estimators and are expected to reflect the 

characteristics of the system under study. 

The Bayesian approach to reliability growth estimation usually 

begins with an assumption of a prior distribution. The estimates of the 

prior distribution parameters are updated as samples from each develop

ment stage are collected. 

1.5 Types of Failure 

The literature typically assigns failures to two categories: 

"inherent" and "assignable cause failure." The latter can be corrected 

through design modifications or some other corrective actions. The 

former reflects the state-of-the-art and elimination requires an 

advancement thereof. Thus, at each stage of development, the outcome 
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might be either number of success(es) or failure(s). If it is a 

failure, it would fall into one of the two types described above. 

Throughout this dissertation, only assignable cause failures will be 

considered. Emphasis is placed on the estimation of reliability rather 

than on corrective action and/or design modification, which may lead to 

reliability improvement. 

1.6 Classification of Reliability Growth Models 

Reliability growth models reflect the stage-by-stage improve

ment planned to achieve a certain reliability goal. They predict the 

reliability at different stages of the developmental process. Depending 

on the nature of a problem, various models can be used to estimate the 

desired parameters. Reliability growth models can be deterministic or 

probabilistic. They may be based on the classical or the Bayesian esti

mation method. Based upon the data collection process, they may be 

either attribute models or variable models. T. Jayachandran and 

L. R. Moore (1976) classified reliability growth models into probabil

istic and statistical. The former have no unknown parameters and, thus, 

do not allow for the incorporation of data obtained during the program. 

The latter have unknown parameters which are estimated through the 

developmental program. 

M. F. Bauman (1973) classified reliability growth models into 

four general categories: 

(1) Deterministic models 

(2) Parametric models 



(3) Bayesian models 

(4) Special models 
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Deterministic models are ones with a precise reliability growth curve in 

which corresponding parameters are fixed by the user prior to any de

velopmental effort. In parametric models, the growth curve and the 

parameters are unknown, and are estimated using observed data for 

the system under study. The Bayesian models are parametric models 

where the unknown parameters are considered as random variables 

and are estimated based on the given form 6f the prior pdf in 

conjunction with Bayes' theorem. The special models do not readily 

conform to the characteristic standards of the three categories listed 

above. 

The reliability growth models considered in this dissertation 

are all attribute data models which fall into two categories: 

(I) classical parametric models 

(2) Bayesian parametric models 

1.6.1 Classical Reliability Growth Models 

The classical models require estimation of the unknown param

eter(s} based on the recorded failure data and growth equation. More 

research has been done in the classical area than in the Bayesian area 

on reliability growth estimation. Weiss (1956) presented a paper en

titled "Estimation of Reliability Growth in a Complex system with 

Poisson Type Failure." Chernoff and Wood (1962) introduced a reliabil

ity growth model for exponential time to failure. Corcoran and 

Read (1967) continued their work using difference equations. A 



major contribution to reliability growth modeling for attribute type 

data was made by Lloyd and Lipow (1962) using maximum likelihood and 

least square estimators for the parameters of the growth function. 
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Another major contribution in this area was made by Barlow and 

Scheuer (1966) in which they used the constrained maximum likelihood 

estimator approach to estimate reliability at different stages of de

velopment. 

The time series approach to the reliability growth problem was 

used by Singpurwalla (1978). Singpurwalla proposed a time series analy

sis approach based upon the Box-Jenkins (1970) method to estimate future 

reliability under the condition in which the reliability changes as a 

function of time. 

1.6.2 Bayesian Reliability Growth Model 

Literature available on the Bayesian reliability growth models 

is very limited and relatively inaccessible. It appears that some of 

the available models can be modified to provide a more accurate estimate 

of reliability. Bayesian reliability growth models assume that the 

related parameters are random variables with appropriate probability 

density function. Test data observed at each stage is used in conjunc

tion with Bayes' theorem and with an initial prior distribution at 

the first stage to obtain the posterior distribution. The posterior 

distribution at the first stage is treated as a prior for the next 

stage, and this process is repeated at each subsequent stage. 
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Pollack (1968), in his paper "A Bayesian Reliability Growth 

Model," considered a situation in which there are two types of failure. 

He presented a model for continuous time to failure as well as a model 

for discrete type data. His model requires knowledge of the probabil

ity of eliminating a failure mode permanently, and of the transition 

probabilities from repaired and unrepaired states to failure modes. 

Another approach in Bayesian reliability growth modeling for 

attribute data has been made by A.F.M. smith (1977). Smith assumes a 

uniform prior distribution and a set of conditions which lead to an 

The marginal posterior pdf for R 
m 

(the final stage of reliability) is obtained. However, errors exist 

in the algorithm given by Smith, and will be discussed later. 

The empirical Bayes method was introduced by Robbin (1955) 

and continued by R. G. Krutchkoff (1972) and G. J. Lemon (1972). This 

method assumes that the unknown parameter to be estimated has an un

known prior distribution. For the unknown random variable R with the 

unknown prior distribution peR) the random variable X occurs according 

to the density function f(XIR). The method requires independent repe

titions to obtain the data with the Harne unknown prior distribution 

P(R). The unknown family of conditional distributions f(XIR) generates 

the random variables (Rl , Xl)' (R2 , X2) .•. (Rn , Xn) where only the X's 

are observable. However, the mean of the posterior distribution does 

not explicitly contain the prior distribution. The estimation of the 

parameter of the distribution, R, in the last stage is derived by using 
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the data obtained through m repetition of the situation with the same 

unknown prior distribution. 

1.7 Organization of Dissertation 

In this dissertation only discrete data will be considered. In 

the next two chapters, existing classical and Bayesian models for attri

bute data are studied. These models are investigated through simu

lation using binomial data generated by the Cyber 175 random number 

generator at the University of Arizona. The same data is used for each 

of the models presented in chapters two and three in order to check and 

compare the estimation ability of each. 

Chapters four and five examine a new approach to the reliability 

growth estimation problem in which the geometric moving average tech

nique is modified and combined with the reliability growth models of 

chapters two and three. These models ~re analyzed and a Monte Carlo 

simulation program is developed for each model. Binomial data is 

generated and is used to check the performance of each model and to 

compare the estimated points with the true reliability at each stage of 

the testing process. Finally, based on the theoretical and simulated 

results, conclusions are drawn about the accuracy of estimated values 

for each model. 

In chapter six, Bayesian models and the effect of prior distri

butions on the convergence of posterior distribution are analyzed in 

detail. The beta prior with different parameters is analyzed, and com

puter programs for the Bayesian models are developed. For these models, 

Monte Carlo simulations are performed and the simUlation outcomes are 
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compared to situations where a uniform prior is assumed. It is shown 

through theoretical analysis and simulation results that the beta 

prior distribution with maximum variance is more appropriate in the 

absence of prior knowledge than the uniform prior. 

Chapter seven is a summary of major points made in this dis

sertation and conclusions based on these points. 



CHAPTER 2 

CLASSICAL RELIABILITY GROWTH MODELS 

2.1 Introduction 

In this chapter, three different classical reliability models 

are considered. The first is a cumulative maximum likelihood estimation 

model which does not consider reliability growth but provides a baseline 

reference for the amount of improvement obtained using each of the re-

maining two reliability growth models. The second is Lloyd and Lipow's 

(1962) maximum likelihood estimation model. The third is Barlow and 

Scheuer's constrained MLE method (1966). 

2.2 Cumulative Maximum Likelihood Estimation Model 

The maximum likelihood estimate of reliability is equal to the 

number of successes divided by the total sample size. At each stage the 

data obtained from all k previous stages is combined to estimate the 

reliability (R
k

) at that stage. 

k 
~ s. 

i=l 
1 

A 

~ = k 
(2.1) 

~ n. 
i=l 

1 

where s. and n. 
1 1 

(i = l~ "2, . .. , k) are the number of successes and 

sample size at the ith stage of sampling respectively. 

13 
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2.3 Lloyd and Lipow's Reliability Growth Model 

The model of Lloyd and Lipow is presented in their book (1962). 

Their model for reliability growth estimation at different stages 

assumes a certain number of tests or trials of an item with fixed prob-

ability of success at each stage of testing. The result of each trial 

is recorded. The outcome of each is used in conjunction with the re-

suIts of past stages to estimate the reliability. at that point. The 

growth function is: 

= R 
00 

_£. 
k 

(2.2) 

where Rk is the reliability during the kth stage of testing, Roo is the 

ultimate value of reliability which would be attained as k + 00, and 

u > 0 is the growth rate. For a binomial sampling situation, they used 

the maximum likelihood method to determine estimators for Rand U. The 
00 

likelihood function is: 

(2.3) 

where 

In equation (2.3), nk is the number of trials at the kth stage and sk is 

the number of successes at the kth stage. The assumption is made that 

the outcomes of testing are statistically independent, thus the likeli-

hood function after m stages is: 



m 
L = II Lk 

k=l 

m sk n - s 
= II e~ (1 - l\) k k. 

k=l 

Taking the logarithm of L yields: 

m m 
LogL = loge + 2: sk log(Roo-£} + 2: (n-sk ) log (l-Roo+ ~} 

k=l k=l 

15 

(2.4) 

(2.5) 

By setting the partial derivatives of logL equal to zero, the following 

is obtained: 

ClL m sk m n - sk k 
(2.6) oR = 2: 2: = 0 

00 k=l R - ~ k=l 1 - R + C/. 
00 k 00 k 

sk 
(R - ~) - -m nk 

00 k 
= 2: = 0 , 

k=l 1 C/. R + ~} - (R - -) (1 -n
k 

00 k 00 k 

sk n -k sk 
dL m 

k 
m 

k 
era = 2: + 2: = 0 (2.7) 

k=l R - ~ k=l 1 - R +i! 
00 k 00 k 

1 sk 
(R + Q) 

1 ---m k nk 
00 k k 

= - 2: = 0 . 
k=l 

1 
(R C/. - R + i!) - -} (1 

nk 
00 k 00 k 

The above equation ean be solved by trial and error to obtain the values 

of C/. and Roo. In order to obtain the initial values for C/. and Roo' the 



following assumptions are made in the denominators of the above 

equations: 

and 

where 

a. 
k 

1 - R , 00 

< a. < 
- k - 1 . 
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(2.8) 

(2.9) 

(2.10) 

After some manipulation (proof is shown in Appendix C) equations 

(2.6) and (2.7) are rewritten as: 

!L kSk = 
m(m + 1) 

R - rna. 
2 00 

(2.11) 

n 

and 

1 1 
-:Sk =mR -L-

00 k 
(2.12) 

n 

where 
m m(m + 1) L i = 

i=l 2 

'and 

1 
m 

n=- L nk . 
m k=l 

Solving (2.11) and (2.12) for a. and R the following results are 
00 

obtained: 
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1 m + 1 m m 
E Sk) -( E K s - 2 n k=l k ,.. k=l a= 

+ 1 (2.13) m 
2 c -1 m 

1 c m m 
(....! E k s - E Sk) 

A m k=l k 
k=l n 

R = 
00 m + 1 

(2.14) 

2 c 1 - m 

where 
m 

1 c1 = E - - log(m + !) + E 
k=l k 

(2.15) 

and E is Euler's constant (E = 0.577215665 ••• ). To estimate the ini-

tia1 values for a and R , Lloyd and Lipow recommended an alternative 
00 

method using the least-squares. Let Q be the sum of squares of the 

deviation of the observed success ratio sk/nk from its expected value 

R - a/k: 
00 

m 
Q = E 

k=l 

and in order to minimize Q: 

aQ m 
act = 2 E 

k=l 

(2.16) 

(2.17) 

(2.18) 



Rewriting (2.17) and (2.l8): 

m 
L -= 

k=l ~ 

m 1 
I: k' 

k=l 
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(2.19) 

(2.20 

and after some manipulation (see Appendix C), the estimated parameters 

~ and & are obtained as follows: 

'" m 
Cl = ( I: 

k=l 

m s 
m I: ~) 

k=l knk 

1 

where c
l 

can be obtained from (2.15) and c 2 is defined as: 

(2.21) 

(2.22) 

(2.23) 

It has been shown by Lloyd and Lipow that equations (2.21) and 

(2.22) are unbiased estimators. 

2.4 Barlow and Scheuer's Constrained MLE Model 

This method of estimating the reliability of the system using 

restricted maximum likelihood was introduced by Barlow and Scheuer 

(1966). The method does not require that all possible assignable 
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cause failures be removed, as a result of improvement, at each stage of 

testing. The outcome of each stage of testing consists of inherent 

failure with probability q , assignable cause failure with probability 
o 

qJ." and successes with probability p., where q + q. + p. = 1. qo J. 0 J. J. 

and q. (i = 1, 2, 
J. 

... , m) are obtained by maximum likelihood estimation 

method. They adapted the result obtained by Ayer, et ale (1955), and 

assumed that the maximum likelihood estimates of q , q., (i = 1, 2, 
o J. 

. . . , m) are non-decreasing • Thus their model is based on the condition 

ql ~ q2 ~ ••• ~~. At the ith stage of testing, the number of suc-

cesses si' the number of inherent failures ai' and the number of assign

able cause failures f., are recorded, a. + f. + S. = n .. The likelihood J. J. J. J. J. 

function corresponding to these outcomes is: 

L(a
l

, f
l

, sl' ... , am' f m' s m; qo' ql' ... , ~) 

m (a. + f. + s.) ! a. f. s. 
II J. J. J. J. J. 

(1 q. ) J. 
= qo q. - qo -

i=l a. ! f. ! s. ! J. J. 
J. J. J. 

(2.24) 

The log of equation (2.24) is obtained as follows: 

= logc + La.logq + Lf.logq. + Ls.log(l - q - q.) J. 0 J. J. J. 0 J. 
(2.25) 
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and after differentiation of (2.25) with respect to q and q., the 
o l. 

estimates of these parameters are obtained as follows: 

A 

q. = l. 

The estimation of q. 
l. 

A 

qi = 

m 
L 

i=l 

(1 -

a. / 
l. 

'" qo) 

m 
L 

i=l 

f. 
l. 

(a. + f. + s.) , 
l. l. l. 

/ (f. + s.) , i = l. l. 

is subject to ql > q2 ~ > 

'" fk + 
(1 - qo) max min 

.>. k<' fk + sk + 
J_l. ... l. 

1, 2, 

~. 

+ f. 
J 

+ f. 
J 

(2.26) 

... , m • (2.27) 

Thus: 

+ S. 
(2.28) 

J 

and the maximum likelihood estimates for system reliability at the ith 

Barlow and Scheuer fail to show how to estimate qi when 

f. + s. = O. This might be the outcome especially where n. = 1. 
l. l. l. 

R. R. Read (1971) has shown how to remediate this problem, while re-

maining consistent with the stated objective. 

Equation (2.28) considers the sampling order which is being used 

to estimate q .• At the last stage of development testing, minimization 
l. 

is over a set of m elements as follows: 

fl + ..• + fm f2 + ... + fm fm 

fl + sl + ... + fm + sm ' f2 + s2 + .•. + fm + sm ' fm + sm 

If the number of assignable cause failures in the last stage of testing 

is zero, then the last element of the above set will be zero. Therefore, 
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the minimum value over this set with a zero element will be zero. Since 

the maximization is over the set of j ~ i, thus j = i. The set on which 

the maximization is to be applied consists of only one element. In 

other words, there is no maximization and the remaining value is that of 

q., which is equal to zero. In this case, the previous data is not used 
~ 

to estimate the reliability at the ith stage of development. The value 

of past data is overlooked. 

The following example clarifies this weakness of the Barlow and 

Scheuer constraint MLE method. Assume the number of stages under study, 

10, is equal to 3, and fl = 4, n1 = 5, f2 = 3, n2 = 5, f3 = 0, n3 = 5. 

We are interested in estimating q3. Considering that j can be as large 

as 10, then (2.28) can be written as: 

" { min 
fl + f2 + f3 f2 + f3 f3 

] } q3 = max 
[fl + sl + f2 + s2 + f3 + s3' 

, 
j=3 k~3 

f2 + s2 + f3 + s3 f3 + s3 

{min 
4+3+0 3 Q] } = max [4+1+3+2+0+5' 3+2+5' 

j=3 k~3 
5 

= max {o} = 0 . 
j=3 

" Then q3 = O. Noting that n l + n2 + n3 = 15 and fl + f2 + f3 = 7 over 

" sl + s2 + s3 = 8, it is not reasonable to obtain q3 = o. 

2.5 Discussion of Simulation Experiments 

Since the reliability growth algorithms described in this and 

in the following chapters are complex, it is very time-consuming and 
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inefficient to estimate the reliability without "the use of a high-

sPbed computer. However, some sample calculations are shown in Appendix 

E. 

Simulation programs are designed for the classical reliability 

growth models of chapter three, and for the other reliability growth 

models in the remainder of this dissertation. Appendix G lists all 

simulation programs designed for the reliability growth models discussed 

in this dissertation. 

For each of these models binomial data is generated using a 

random number generator. To facilitate comparison, the binomial param

eters used have the same value for all reliability growth models. These 

parameters were calculated assuming exponential growth with an initial 

value of 0.62 and final value of 0.98. The binomial routine used is 

adapted from Fishman (1978) and is shown in Appendix G. 

For each reliability growth model presented in this dissertation 

a nine-stage development process is assumed and samples of size 10 

and 30 are generated for each development stage. Thirty iterations 

are run for each sample size and each model, and the simulation output 

for each is tabulated in its corresponding chapter. The actual data 

used is shown in Appendix B. 

In addition to the actual simulation results for each model 

and sample size, several statistics are calculated from the thirty 

iterations. These are the mean reliability, the standard deviation, 

the root mean square error, the minimum, the maximum, and the .90 quan

tile. Most of these statistics are of obvious value. However, it 
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should be noted that the standard deviation gives a measure of the 

dispersion of the estimated re1iabilities about the total average, 

whereas the root mean square error gives a measure of the dispersion of 

the estimated reliabi1ities about the true reliability. 

2.7 Discussion and Comparison of Simulation Results 

For each of the three classical reliability models, simulations 

were run assuming a nine-stage developmental process with exponentially 

increasing true reliability from stage to stage. Samples of size 10 

and 30 were used for each model and thirty iterations were run for 

each sample. 

Tables 2.1 and 2.2 show the simulation results for the cumula

tive maximum likelihood model. Tables 2.3 and 2.4 show the simulation 

results for Lloyd and Lipow's model. Tables 2.5 and 2.6 show the simu

lation results for Barlow and Scheuer's model. 

From these simulation results six figures are plotted. Figures 

2.1 and 2.2 show plots of the mean reliabilities based upon thirty 

iterations and samples of size 10 and 30 respectively. Figures 2.3 and 

2.4 show corresponding plots for the standard deviations and Figures 

2.5 and 2.6 show the plots of the root mean square errors. 

Figures 2.1 and 2.2 show that the mean reliabilities for the 

cumulative MLE method are too conservative and the furthest from the 

true reliabi1ities. Barlow and Scheuer's constrained MLE model is 

consistently the closest estimate of the true re1iabilities. However, 

the estimated reliabilities for some stages are greater than the 



24 

Table 2.1 

Reliability Growth Estimation 
Cumulative MLE Model, n=10 

SAI1PLE SIZE- 1C1 NUI1elEK OF lTEU TIONa ~O 

ITERATION STAGES 
--------- ------------------------------------------------------

1 2 3 4 lj b 7 8 9 

TRUE REL. .020 .700 .770 .830 .880 .920 .9~0 .970 .980 

1 .000 .700 .733 .750 .7bO .763 .814 .83b .85b 
2 ... 00 .550 .bb7 .675 .720 .7b7 .7£10 .81:S .1:133 
3 .500 .500 .600 .700 .74u .783 .811t .830 .85b 
4 .700 .000 .633 .075 .7,0 .767 • &00 .el25 .844 
5 .600 .650 .067 .700 .720 .767 .800 .82, .1i33 
6 1.000 .IHO .833 .825 .84(1 .850 .871 .8lit! .900 
7 .700 .600 .700 .72,5 .740 .7b7 .800 .813 .833 
8 .700 .600 .bo7 .700 .720 .750 .76b .613 .1i33 
9 .500 .600 .700 • n.5 .1bO .d17 .82.;1 .850 .8b7 

10 .700 .750 .700 .:1Z5 .180 .b17 • b43 .o3b .856 
11 .800 .650 ~ b67 .7l!> .740 .783 .766 .81;; .633 
12 .500 .000 .633 .675 .680 .733 .771 .600 .811 
13 .600 .650 .667 .675 .700 .717 .757 .71ib .611 
14 .800 .750 .833 .800 .820 .83~ .657 .t!7!> .889 
15 .700 .700 .800 .850 .860 .861 .d80 .900 .911 
1b .600 .700 .633 .650 .0bO .ob3 .729 .7!>0 .707 
17 .800 .700 .733 .12!> .720 .73~ .771 .7tHS .811 
18 .300 .SOO .600 .625 .640 .683 .729 .76~ .709 
19 .300 .500 .567 .bl5 .0bO .700 .743 .1h .800 
20 .500 .600 .600 .050 .700 .750 .171 .&00 .1:122 
Zl .400 .lt50 .bOO .075 .700 .750 .780 .1:113 .&33 
22 .700 .750 .707 .600 .71i0 .800 .82 __ .850 .6b7 
23 .800 .700 .bb7 .72, .140 .767 .600 .d25 .844 
24 .500 .650 .700 .700 .7 .. 0 .703 .814 .d3b .8)6 
25 .500 .550 .667 .7:>0 .160 .7&3 .811t • B311 .856 
20 .600 .600 • b311 .700 .740 .707 .780 .813 .633 
27 .900 .700 .700 .700 .740 .78~ .d14 .1i3b .856 
28 .700 .750 .800 .750 .760 .71:13 .800 .813 .1l33 
29 .500 .650 .700 .725 .100 .783 .814 • b38 .81f4 
30 ... 00 .600 .700 .725 .760 • 7d 3 .614 .836 .856 

"EAN .610 .b38 .686 .115 .739 .771 .800 .823 .841 

ST.DEV. .168 .089 .Ob8 .053 .049 .042 .03b .on .030 

RI'ISE .168 .108 .109 .12b .149 .155 .154 .151 .142 

I'll N. .300 .450 .567 .62!> .640 .683 .729 .150 .167 

"AX. 1.000 .850 .833 .850 .860 .867 .886 .900 .911 

.9 QUA. ... 00 .500 .bOO .650 .660 .700 .743 .775 .800 
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Table 2.2 

Reliability Growth Estimation 
Cumulative MLE Model, n=30 

SAHPLE SIZE- 30 NUMBER OF ITEiUTlON- 30 

ITERATION STAIiES 
--------- ------------------------------------------------------

1 2 3 It 5 b 7 8 9 

TRUE REL. .b20 .700 .770 .830 .880 .920 .950 .970 .980 

1 .bOO .bb7 .711 .733 .753 .776 .805 .829 .b4& 
2 .itb7 .583 • b7& .700 .740 .76 ::I .800 .82l .841 
3 • '67 .583 .b!Jb .717 .747 .76~ .a14 .i:l3:i) .652 
It .bb7 ob33 .bb7 .708 .747 .71:19 .814 .833 .'852 
5 .b33 .bb7 .b89 .717 .733 .772. .800 .821 .1l37 

,b .833 .783 .778 .783 .807 .1322 .843 .8b3 .&7& 
7 .bb7 .b33 .700 .725 .747 .778 .1'10 .82~ .644 
8 .bb7 .b17 .b78 .717 .733 .707 .79~ .82! • &lt1 
9 eSb7 .b17 .70,0 .725 .7b7 .800 .814 .838 .85b 

10 .b33 .700 .700 .733 .71:10 .80b .829 .il3::! .8!12 
11 .733 .bb7 .b89 .733 .753 .794 .805 .62e; .644 
12 .533 .b17 • bSb .700 .720 .70.1. .79:; .617 .1l33 
13 .bOO .b33 .bb7 .b83 .713 .733 .707 .792 .815 
14 .733 .717 .789 .783 .807 .822 .848 .8b7 .676 
15 .bb7 .b83 .744 .792 .807 .822 • tl43 .db3 .1l7d 
Ib .bOO .b83 .bb7 .b83 .700 .722. .757 .711, .79b 
17 .733 .b63 .722 .733 • lit 0 .75b .790 .bOIt .822 
18 .400 .533 • b2Z .b5 & .b87 .722 .757 .78b .Illl 
19 .433 .5b7 .b33 .b75 .707 .744 .771 .79b .81'1 
20 .5b7 .b33 • blt4 .b92 .733 .707 .790 .817 .833 
21 .500 .533 .b44 .706 .733 .77Z .805 .825 .b44 
22 .700 .733 .744 .783 .787 .80b .833 .854 .870 
23 .733 .683 .b78 .725 .747 .772 .805 .829 .&lt4 
Zit .533 .bb7 .700 .717 .753 .7Bj .810 .829 .84ti 
25 .533 .5b7 • bb7 .725 .747 .778 .80!1 .829 .848 
26 .600 .b33 .b5b .717 .753 .778 .800 .82i. .tl41 
27 .800 .b83 .711 .725 .753 .789 .814 .1l,Hi .852 
28 .bb7 .700 .744 .733 .747 .772 .795 .el13 .830 
29 .5b7 .6b7 .700 .733 .7b7 .794 .819 .tl42 .852 
30 .ltb7 .b17 .b89 .725 .7bO .783 .IlI0 .633 .846 

"EAM .b13 .bltb .b91 .723 .749 .778 .ti05 .1l20 .844 

ST.DEV. .104 .057 .040 .031 .Ol9 .025 .022 .020 .019 

RHSE .104 .078 .089 .112 .134 .144 .147 .14~ .138 

"IN. .1t00 .533 .622 .b58 .b87 .722 .757 .77'1 .79b 

"AX. .833 .783 .789 .792 .607 .822 .846 .8b7 .878 

.9 QUA. .ltb7 .5b7 .b44 .b83' .707 .733 .7b7 .7 'i2 .ti15 
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Table 2.3 

Reliability Growth Estimation 
Lloyd and Lipow's Method, n=lO 

SAt1PLE SIZE 10 NUH8ER OF TRIALS 30 

ITERAUON STAGES 
--------- -----------------------------------------------------

1 2 3 ~ 5 6 7 8 9 

TRUE RH. .b20 .700 .770 .830 .880 .920 .950 .970 .980 

1 .600 .800 .822 .825 .825 .853 .89b .92~ .9~4 
2 .~OO .700 .870 .81b .86~ .921 .92b .953 .971 
3 .500 .500 .b98 .8b4 .89b .943 .9b9 .985 .99b 
4 .700 .500 • b08 .693 .771 .844 .890 .91~ .938 
5 .600 .700 .711 .7bO .782 .853 .897 .926 .926 
6 1.000 .720 .740 .759 .800 .822 .860 .887 .907 
7 .700 .500 .739 .775 .790 .827 .875 .885 .911 
8 .700 .500 .673 .734 .762 .807 .859 .89~ .918 
9 .500 .700 .858 .852 .926 .965 .955 .974 .988 

10 .700 .BOO .681 .733 .831 .887 .922 .900 .922 
11 .800 .500 .598 .727 .753 .827 .8,4 .8b3 .892 
12 .500 .700 .723 .773 .758 .8313 .887 .919 .922 
13 .600 .700 .711 .713 .749 .768 .829 .1170 .899 
14 .800 .700 .888 .807 .841 .800 .B97 .921 .939 
15 .700 .700 .904 .972 .953 .944 .965 .980 .989 
1b .bOO .800 .627 .6bO .675 .712 .784 .812 .831 
17 .800 .bOO .708 .700 .697 .724 .789 .813 .8~9 

18 .300 .700 .810 .789 .77b .825 .882 .91., .942 
19 .300 .700 .743 .798 .818 .851:1 .908 .940 .9bO 
20 .500 .700 .b57 .734 .805 .874 .890 .922 .943 
21 .400 .500 .780 .8b8 .8b3 .922 .955 .975 .989 
22 .700 .800 .811 .8bl .810 .836 .881 .910 .930 
23 .800 .bOO .578 .713 .743 .789 .842 .879 .904 
24 .500 .800 .832 .791 .841 .900 .93b .958 .972 
25 .500 .bOO .813 .932 .891:1 .911 .945 .9b7 .981 
26 .bOO .600 .665 .782 .83b .864 .881 .913 .935 
27 .900 .500 .589 .624 .712 .790 .843 .878 .903 
28 .700 .800 .878 .7bO .775 .812 .83b .851 .881 
29 .500 .800 .832 .837 .874 .892 .930 .954 .948 
30 .400 .800 .909 .811b .910 .920 .953 .976 .990 

"!:AN .610 .667 .749 .785 .811 .853 .890 .916 .934 

ST.DEV. .168 .111 .098 .077 .Ob7 .061 .049 .04b .041 

RHSE .168 .116 .101 .089 .09b .090 .078 .071 .061 

"IN. .300 .500 .578 .624 .675 .712 .784 .812 .831 

HAX. 1.000 .800 .909 .972 .953 .965 .969 .985 .996 

.9 QUA. .~OO .500 .598 .693 .712 .768 .824 .851 .881 
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Table 2.4 

Reliability Growth Estimation 
Lloyd and Lipow's Method, n=30 

SAI1PL.E SIZE 30 NUI1BER OF TRULS 30 

IT ERA nON STAGES 
-------- -----------------------------------------------------

1 2 3 It 5 b 7 8 'I 

TRUE REL. .620 .700 .770 .830 .8bO .920 .950 .970 .980 

1 .600 .733 .793 .809 .82.7 .855 .889 .919 .9ltO 
2 .ft67 .700 .839 .827 .8b9 .92.3 .92.7 .9ft" .9b3 
3 .5b7 .bOO .73b .82.8 .856 .900 .936 .950 .905 
I, .667 .600 • b80 .754 .813 .87b .900 .92b .9lt4 
5 .633 .700 .730 .769 .787 .8it5 .881 .905 .921 
6 .833 .733 .7ft4 .765 .811 .837 .870 .89'i .92.0 
7 .6b7 .bOO .74b .779 .d05 .1)49 .892 .90b .929 
8 .6b7 .;b7 .708 .773 .789 .837 .875 .907 .930 
9 .5b7 .bb7 .812. .823 .876 .915 .919 .94it .962 

10 .033 .7b7 .738 .789 .862 .891 .917 .91J. .933 
11 .733 .600 .672. .760 .790 .85b .863 .b90 .913 
12 .533 .700 .71tl .799 .811 .6bb .909 .92.~ .943 
13 .600 .667 .718 .73j .77b .798 .8ft5 .87b .904 
14 .733 .700 .851 .b20 .854 .872 .90& .932 .942. 
l!1 .bb7 .700 .6llt .881t .666 .899 .922 .9"5 .9b1 
16 .600 .767 .b99 .720 .741 .771 .82.3 .850 .86~ 

17 .733 • b33 .731 • 7ft 9 .751 .781 .836 .853 .87b 
18 .ftOO .6b7 .78b .801 .d17 .055 • 89ft .92.7 .9ft8 
19 .ft33 .700 .774 .801:1 .833 .87b .901 .92./t .946 
20 .5b7 .700 .693 .7b7 .625 .867 • &91 .92.2 .936 
21 .500 .567 .77ft .857 .86~ .908 .944 .958 .972 
22 .700 .767 .77" .839 .~31 .855 .895 .922 .94l 
23 .733 .b33 .644 .7lt2. .777 .a17 .8b5 .89& .915 
24 .533 .800 .807 .805 .d50 .885 .914 .93~ .952. 
25 .533 .bOO .785 .8bO .8bb .897 .92" .950 .9bb 
2b .600 .6b7 .690 .800 .bft7 .872. .69" .910 .938 
27 .800 .5b7 • b7l .709 .763 .824 .8b2. .895 .912 
28 .667 .733 .807 .767 .782 .820 .851 .872 .893 
29 .567 .7b7 .789 .82." .863 .894 .92.0 • 9ft!) .9/t8 
30 .4b7 .7b7 .8ft4 .862 .892 .906 .932 .957 ~905 

I1E AN .613 .679 .753 .79" .1:124 .862 • 89ft .917 .93~ 

ST.DEV. .104 .Ob8 .055 .Oft3 .040 .036 .030 .02.& .020 

RI1SE .10" .071 • 057 .050 .069 .070 .Ob" • abO .052. 

'11 N. .400 .567 • b41t .709 .7ltl .771 .62.3 .8!)0 .l)b9 

I1AX. .833 .800 .851 .88-. .892 .923 .944 .9~£: .972 

.9 QUA. .467 .5b7 .672. .733 .7b3 .796 .845 .b72 .1:193 
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Table 2.5 

Reliability Growth Estimation 
Barlow and Scheuer's MLE Method, 

n=lO 

SA"PLE SIZE- 10 NUM8ER Of ITERATION- 30 

ITERATION STAGE S 
--------- -----------------------------------------------------

1 2 3 It 5 6 7 8 9 
TRUE 
RH. .b20 .700 .770 .830 .880 .920 .950 .970 .980 

1 .600 e800 .800 .800 .1100 .900 1.000 1.000 1.000 
2 .'t00 .700 .900 .800 .900 1.000 • 9~0 1.000 1.000 
3 .500 .500 .800 1.000 .9~0 1.000 1.000 1.000 1.000 
lt .700 .600 .700 .800 .900 .1..000 1.000 1.000 1.000 
5 .bOO .700 .700 .800 .800 1.000 1.000 1.000 .975 
6 1.000 .850 .833 .82~ .900 .900 1.000 1.000 1.000 
7 .700 .600 .900 .850 .833 .900 1.000 .950 1.000 
8 .700 .600 .800 .80u .ilOO .900 1.000 1.000 1.000 
9 .500 .700 .900 .850 1.000 1.000 .967 1.000 1.000 

10 .700 .800 .700 .800 1.000 1.000 1.000 .950 1.000 
11 .800 .650 .700 .900 .850 1.00u .900 1.000 1.000 
12 .500 .700 .700 .800 .Ha 1.000 1.000 1.000 .975 
13 .600 ~ 700 .700 .700 .800 .aoo 1.000 J..ooo 1.000 
lit .800 .750 1.000 .650 .900 .900 1.000 1.00(1 1.000 
15 .700 .700 1.000 1.000 .967 .~50 1.000 1.000 1.000 
16 .600 .SOO .650 .700 .700 .800 1.000 .950 .933 
17 .800 .700 .800 .750 .73~ .!jOO 1.000 .950 1.000 
18 .300 .700 .600 .750 .733 .~OO 1.000 1.000 1.000 
19 .300 .700 .700 .800 .800 .900 1.000 1.000 1.000 
20 .500 .700 .650 .800 .900 .L.ooo .9:'0 1.000 1.000 
21 .'t 00 .500 .900 .900 .867 1.000 1.000 1.000 1.000 
22 .700 .800 .800 .900 .800 .900 1.000 1.000 1.000 
23 .800 .700 • b67 .900 .850 .900 1.000 1.000 1.000 
ZIt .500 .800 .600 • 7b 7 .900 1.000 1.000 1.000 1.000 
25 .500 .bOO .900 1.000 .900 .900 1.000 1.000 1.00(1 
2b .600 .600 .700 .900 .900 .900 .900 1.00ll 1.000 
27 .900 .700 .700 .700 .900 1.000 1.000 .LoOOO 1.000 
28 .700 .800 .900 .767 .dOO .900 • 'il00 .900 1.000 
29 .500 .800 .800 .800 .900 .900 1.000 1.000 .967 
30 .'tOO .800 .900 .850 .900 .900 1.000 1.000 1.000 

MEAN .610 .702 .793 .829 .658 .932 .986 .990 .995 

ST.DEV. .168 .089 .100 .080 .076 .06lt .032 .024 .01't 

RttSE .168 .089 .103 .080 .079 .065 .Olt6 .031 .021 

"IN. .300 .500 .650 .700 .700 .800 .900 .900 .933 

"AX. 1.000 .850 1.000 1.000 1.000 1.000 1.000 1.000 1.000 

.9 QUA. .'t00 .600 .667 .700 .733 .800 .900 .950 .975 
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Table 2.6 

Reliability Growth Estimation 
Barlow and Scheuer's MLE Method, 

n=30 

SAptPLE SIZE- 30 hUM8ER OF ITERATION- 30 

lTERATlON STAGES 
--------- -----------------------------------------------------

1 Z 3 " 5 6 7 8 9 
TRUE 
REL. .620 .700 .770 .830 .1180 .9Z0 .950 .970 .980 

1 .000 .733 .800 .800 .833 .900 .967 1.000 1.000 
2 .ftb 7 .700 .8b7 .817 .900 1.000 .950 .967 1.000 
3 .567 .bOO .800 .900 .883 .967 1.000 .983 1.000 
4 .667 .b33 .733 .833 .900 1.000 .983 .97& 1.000 
5 .633 .700 .733 .800 .800 .967 .967 .967 .967 
6 .833 .783 .778 .800 .900 .900 .967 1.000 1.001l 
7 .667 .633 .833 .817 .833 .933 1.000 .967 1.000 
8 .b67 .617 .800 .833 .817 .933 .967 1.000 1.000 
9 .567 .6b7 .867 .833 .933 .9b7 .933 1.000 1.000 

10 .b33 .767 .733 .833 .967 .950 .967 .933 1.000 
11 .733 .667 .733 .867 .850 1.000 .933 1.000 .983 
12 .5J3 .700 .733 .833 .817 .967 1.000 .983 .978 
13 .600 .667 .733 .733 .833 .833 .967 .967 1.000 
14 .133 .117 .933 .8!10 .900 .900 1.000 1.000 .989 
15 .667 .700 .867 .933 .900 .900 .967 1.000 1.000 
16 .600 .767 .700 .733 .767 .833 .967 .950 .9ft4 
17 .733 .683 .800 .763 .776 .833 1.000 .950 .9b7 
18 .400 .667 .800 .783 .80u .900 .967 1.000 1.000 
19 .ft33 .700 .767 .800 .833 .933 .933 .967 1.000 
20 .567 .700 .683 .833 .900 .933 .933 1.000 .983 
21 .500 .567 .867 .900 .667 .9b7 1.000 .983 1.000 
22 .700 .767 .767 .900 .850 .900 1.000 1.000 1.000 
23 .733 .683 .678 .867 .850 .900 1.000 1.000 .989 
24 .533 .800 .783 .778 .900 .933 .967 .967 1.000 
25 .533 .600 .867 .900 .d67 .933 .9b7 1.000 1.000 
26 .600 .667 .700 .900 .900 0'100 .933 .967 1.000 
27 .800 .683 .767 .767 .8b7 .967 .967 1.000 .983 
28 .b67 .733 .833 .7b7 .800 .900 .933 .933 .967 
29 .567 .767 .7b7 .833 .900 .933 .967 1.000 .967 
30 • .,67 .767 .833 .833 .900 .900 .967 1.001i .983 

MEAN .613 .694 .785 .829 .861 .926 .969 .982 .990 

ST. DE V. .104 .\)58 .062 .050 .047 .045 .023 .021 .015 

RP1SE .104 .058 .064 .050 .051 .0.,5 .030 .021t .018 

ttl N. .400 .567 .678 .733 .767 .833 .933 .933 .944 

"AX. .8.H .800 .933 .933 .967 1.000 1.000 1.000 1.000 

.9 QUA. .lt67 .600 .700 .767 .600 .833 .933 .950 .967 
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Figure 2.1. Mean Reliability vs. Stage Number for the Classical Models, 
n=lO 
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Figure 2.2. Mean Reliability vs. Stage Number for the Classical Models, 
n=30 
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corresponding true reliabilities. Therefore, it is not a conservative 

method of estimation. 

Lloyd and Lipow's model remains conservative throughout the 

developmental stages. These results are consistent for both samples 

size 10 and 30. 

Figures 2.3 and 2.4 show the estimated standard deviations for 

each model. Barlow and Scheuer's model has smaller standard deviations 

in early and later stages. Lloyd and Lipow's model has relatively small 

standard deviation and remains consistent throughout the nine stages, 

particularly for the larger sample sizes. 

Figures 2.5 and 2.6 show the root mean square error for each 

model. The cumulative MLE method has consistently the largest RMSE for 

all stages. Lloyd and Lipow's model has the smallest RMSE in the 

earlier stages; the RMSE for Barlow and Scheuer's model is smaller be

yond the fourth stage. 
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Figure 2.3. Standard Deviation vs. Stage Number for the Classical 
Models, n=lO 
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Figure 2.4. Standard Deviation vs. Stage Number for the Classical 
Models, n=30 
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Figure 2.5. RMSE vs. Stage Number for the Classical Models, n=lO 
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Figure 2.6. RMSE vs. Stage Number for the Classical Models, n=30 



CHAPTER 3 

BAYESIAN RELIABILITY GROWTH MODELS 

3.1 Introduction 

In this chapter, three different Bayesian reliability models 

are considered. The first is a cumulative Bayesian estimation model 

which does not consider reliability growth as such, but provides a base 

line reference for the amount of improvement obtained by using each of 

the remaining reliability growth models. The second is a corrected 

version of Smith's (1977) model based upon order statistics, and the 

third is an adaptation of the empirical Bayes approach of G. Krutchkoff 

(1972) and G. Lemon (1972). 

3.2 Cumulative Bayes Estimates for Reliability 
Growth Model with beta Prior 

In general, Bayesian reliability growth models assume that 

parameters are random variables with appropriate probability density 

functions. Test data observed at each stage is used with both Bayes 

theorem and a prior distribution in order to obtain a posterior distri-

bution. The posterior distribution at any stage is treated as a prior 

at the next stage, which in conjunction with observed data is used to 

obtain the posterior distribution for that stage. 

Random sampling from a Bernoulli process yields independent ob-

servations (Xl' X2 , ••. , Xm), with joint conditional density function 

as follows: 

34 
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I
s n-s f(Xl , X2 , ••• , Xn R) = R (1 - R) (3.1) 

where nand s are the total sample size and total number of successes 

respectively. If the prior distribution is a beta pdf 

f ( b) - r (a+b) R (a-I) (1 _ R) (b-l) 
R; a, - r (a)f (b) 

a,b>O, O<R<l 

then the joint sampling density function is: 

_ r (a+b) r (a+s) r (b+n-s) 
f (Xl' •.. , Xn) - r (a) r (b) r (a+b+n) 

The posterior pdf is: 

= 
feR; a,b)f(Xl , ••• , XnIR) 

f (Xl' ••• , Xn) 

_ r (a) r (b) r (a+b+n) 
- r (a+b) r (a+s) r (b+n-s) 

(3.2) 

(3.3) 

(3.4) 

r (a+b) R (a-l) (1 _ R) (b-l) RS (1 _ R) (n-s) 
r (a) r (a) 

= r (a+b+n) R (a+s-l) (1 _ R) (b+n-s-l) 
r (a+s) (a+n-s) 

which is again beta pdf. 

Thus, if a beta prior is assumed at the first stage of a 

Bayesian reliability growth model, then the posterior pdf at that stage, 

which is also the prior pdf for the next stage, is also a beta pdf. 
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In this chapter a uniform prior is assumed at the first stage. 

A uniform prior is often characterized as a no knowledge one in the 

literature. The uniform distribution is a member of the beta family of 

pdf's with parameters a and b both set equal to one. 

3.3 Bayesian Reliability Growth with uniform Prior 
and Order statistics (Smith's Model) 

smith (1977) developed a Bayesian algorithm to estimate the 

reliability of a system during the development testing period. He 

considered conditions which lead to ordered reliabilities, 

Rl ~ R2 ~ ••• ~ Rm' where Ri is the reliability at the ith stage of 

development for i=l, 2, ••• , m. He assumed a uniform prior in the first 

stage (i=l). Smith considered a situation in which the result of each 

trial at each stage is either success or failure. At each stage, the 

experiment's outcome is used in conjunction with the results from the 

previous ones to estimate the reliability. 

Binomial sampling is performed with n trials at each stage for 

m stages with a constant but unknown probability of success. During 

stage i, (i = 1, 2, ••• , m), the outcome of ni trials is si successes 

where 0 ~ si ~ ni • An assumption is made that the reliabilities are 

ordered Rl ~ R2 ~ ••• ~ Rm. Therefore, the joint sampling pdf is given 

by: 

... (::) 
(3.5) 

and the likelihood function is given by: 



where 

m 
L = c II 

i=l 

s. (n. -s.) 
R. J. (l-R.) J. J. 

J. J. 

c = II J. m (n.) 
i=l si • 
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< R ) 
m 

smith assigned a joint uniform prior to R1 , ••• , Rm to obtain a joint 

posterior pdf by Bayes formula using the likelihood function (3.5). The 

marginal posterior pdf is proportional to: 

m s. (n.-s.) 
II R.J. (l-R.) J. J. 

i=l J. J. 
(3.6) 

In order to obtain the constant term required for the pdf to integrate 

to one, equation (3.5) should be integrated over R1 , R
2

, ••• , R , and 
m 

since 0 5 R. 5 1, (i=l, 2, J. m), a natural choice for the prior on R. J. 

is a member of beta family distribution. 

(i = 1, 2, ••• , n) has the form: 

The prior density of R., J. 

f(R.) = 1 RJ..a-1 (1-RJ..)b-1 
J. B(a,b) a,b>o . 

In the absence of any knowledge about R it is assumed that 

f(R.) is uniformly distributed, so that a=b=l. J. 

(3.7) 



where 

Smith recommends the use of the following equation: 

R2 RS(l-R )n-s 

£ 
1 1 

dRl B(s+l,n-s+l) 

n+l ( 1) Ri (l-R )n-i+l = l: n+ 
i=s+l 1 2 2 

B(a,b) - rea} reb} 
- r (a+b) 

38 

(3.8) 

Smith shows in his paper that the integration of (3.6) with 

respect to R
l

, ... , R yields: 
In 

where 

and 

gl g2 

l: l: 
hl=l h 2=2+hl 

S~ _ s.+l, f. - n.-s.+l, ... ~ ~ ~ ~ 

f i gi - SCi) + (i)-

In 

(3.9) 

= 11 C .• B (S +h l' S ( 1) + f ( ) -h l-m+l) , j=l J m m- m- m m-
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and thej:n~e9ration of (3.5) with respect to R., (i=1,2, ••• ,m-l) yields: 
1. 

gm-l 
E {W(hl ,h2 ,.··,h l)b(R Is +h l' h m- m m m-
m-l 

s(rn_l)+f(m)-hm_l-m+l)}. 

(3.10) 

Dividing (3.10) by (3.9) the marginal posterior pdf for R is 
m 

obtained. It is proven in Appendix D that equation (3.9), shown in 

Smith's paper, is not correct. The corrected equation is as follows: 

where 

m-l 
W(hl ,h2 ,···,hm) = j~l Cjo B(Sm+hm_l' S(m_l)+f(m)-hm_1-m+l) 

(3.11) 

smith used the same data as that of Barlow and Scheuer (1966) to 

show that his model provides a better estimate of reliability at the 

last stage of development. But the data used by Barlow and Scheuer is 

heavily weighted at later stages, i.e., as i increases, n. increases, 
1. 

(i=1,2, ••• ,m) • 

A simulation program has been designed for the corrected Smith 

model to check the accuracy of estimate at each stage of development. 

The marginal posterior pdf for R is equal to (3.10) divided m 

by (3.9). 

Given the marginal posterior pdf for the reliability at the 

last stage of a development process, the reliability at the last stage, 



Rm' can be estimated by computing the expected value of the unknown 

parameter. 

3.4 Empirical Bayes Approach to Estimate 
the Reliability Growth 

The empirical Bayes method was introduced by Robbin (l955). 

40 

R. G. Krutchkoff (1972) and G. J. Lemon (1972) have described the em-

pirical Bayes estimation procedure in detail. This method assumes that 

the estimate of the unknown parameter has an unknown prior distribution. 

For the unknown random variable, R, with the unknown prior distribution, 

p(R), the random variable X occurs according to the density function, 

f{xIR) . 

The method requires independent repetitions to obtain the data 

with the same unknown prior distribution p{R). The unknown family of 

conditional distribution f(XIR) generates the random variables (R,Xl ), 

(R,X2), ••• , (R,Xm) where only XiS are observable. However, the mean of 

the posterior distribution does not explicitly contain the prior distri-

bution. The estimate of the parameter of the distribution R at the last 

stage of experiment is derived by using the data obtained through m 

repetition of the situation with the same unknown prior distributions. 

Lemon and Krutchkoff showed the empirical Bayes procedure can 

produce a significant improvement over the classical procedures of point 

estimation. Krutchkoff (l972) showed that the estimator which minimized 

E{R-R)2, where R is a function of the data, is given by: 
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R = JRf(XIR)dp(R)/Jf(XIR)dp(R) (3.12) 

where X is the observed data. 

For the situation where m stages exist, the estimator of unknown 

parameter R in the ith (i=1,2, ••• ,m) stage is defined to be R., which is 
~ 

A 

a sufficient statistic. The empirical Bayes estimator uses R., 
~ 

(i=1,2, ••• ,m) to estimate R without a direct assessment of p(R). 
m 

Equation (3.12) can be written as: 

m 
R = L R . P (R I R .) ! I 
m'l~ m~m 

~= i=l 

m 
L peR IR.) 1 

m ~ m (3.13) 

where the prior distribution is assumed to be equally weighted at each 

stage of testing. Equation (3.13) can be rewritten as: 

-R 
m 

m 
= L 
i=l 

R.P(R IR.) / 
~ m ~ 

i=l 

m 
L P (R IR.) m ~ 

'" 

(3.14) 

Now R can be obtained by substitution of R. for R., i=1,2, ••• ,m. The 
~ ~ 

equation (3.14) reduces to: 

m 
Ii . = L R. P (R IR.) I 

m i=l ~ m ~ 

Let 
m 

e. = p{RmIR.) I L peR IR.) . 
... ... i=l m ~ 

Then (3.13) can be written as: 

R 
m 

m A 

= L e. R .• 
. 1 ~ ~ 
~= 

(3.1S) 

(3.16) 
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From the above equation, it can be concluded that the unknown 

parameter at the last stage of testing is a weighted function of the 

"' estimates R., for i=l,2, ••. ,m. 
~ 

The weights are proportional to the 

conditional probability of R given R. = R .• 
m ~ ~ 

Krutchkoff claims that for most situations, p(R jR.) will be the m ~ 

largest when m = i. This provides R with the greatest weight. m 
For the 

situation in which reliability growth exists the conditional probability 

"' I" p(R R) is the largest, (i=l,2, ••. ,m). m m If binomial data is generated 

for m stages and if it is assumed that the probability of success R. at 
~ 

the ith stage of testing is greater than the probability of failure in 

that stage, then it can be seen that e. is largest for m = i. Moreover, 
~ 

it can be seen that fori> j, (j=l,2, •.• ,m-l), 

e. ;::: e. 
~ J 

Let 

m be the number of stages of test performance, 

n . . be the number of trials at ith stage of testing _(i=l,2, ... ,m), 
~ 

s. be the number of successes at ith stage, 
~ 

s be the number of successes at the last stage of testing, 
m 

R. be the unknown parameter (reliability at ith stage) , 
~ 

R be the estimation of the unknown parameter "R " at the last m m 

stage. 

Then 

( ~ 
s. 

. . n. ~ n.-s. 
P(s. -jR.) = ~ R. (1-R.) ~ ~, s.=l,2, ... ,n. 

~ ~ S· ~ ~ ~ ~ 
(3 .17) 
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" The classical estimation of R. is R. = s./n. Then (3.17) becomes: 
l. l. l. 

I" l. "s (l-R".) l. l. pes. R.) = R. 
(

n.) n.-s. 
l. l. S. l. l. 

(3.18) 
l. 

and the reliability estimate at the last stage is obtained as: 

m 
- (1) 
R 

m 
= E (R Is) = m m L 

i=l 
pes IR.) R./ m l. l. 

m 
L 

i=l 

" pes R.), (3.19) m l. 

m ( s.)S ( s.)n-s L ~ m l-~ m m 
i=l ni n i 

(3.20) 

Lemon suggests a few more iterations, by replacing the E(Rls.) 
l. 

obtained from (3.20) for (s./n) in the next iteration. Then the second 
l. 

iteration for (3.20) above will have the following form: 

- (2) 
R = 

m 

m 
L 

s +1 
E (R.I s.) m 

l. l. 

n -s 
{l-E (R.I S.)} m m 

l. l. 

I i=l 
E (R s) = ---------------m m m n -s 

L E(R.ls.)sm{l-E(R.ls.)} m m 
i=l l. l. l. l. 

(3.21) 

The same procedure is continued for the next iteration. After 

several iterations, the improvement is negligible. 

3.5 Summary and Discussion of Simulation Results 

computer programs have been designed to check the accuracy of 

each of the reliability growth models of this chapter. For all three 
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models described in this chapter, binomial data was generated using 

the random number generator in the same manner as discussed in chapter 

two. 

For each of the three Bayesian reliability models, simulations 

were run assuming a nine-stage developmental process with exponentially 

increasing true reliability from stage to stage. Samples of size 10 

and 30 were used for each model and thirty iterations were run for 

each sample size. 

Tables 3.1 and 3.2 show the simulation results for the beta 

Bayes model. Tables 3.3 and 3.4 show the simulation results for the 

corrected Smith model. Tables 3.5 and 3.6 show the simulation results 

for the empirical Bayes model. 

From these simulation results, six figures were plotted. Fig

ures 3.1 and 3.2 show plots of the mean reliabilities based upon thirty 

iterations at each stage for samples of size 10 and 30 respectively. 

Figures 3.3 and 3.4 show corresponding plots for the standard devia

tions, and Figures 3.5 and 3.6 represent the plots of the root mean 

square errors. 

From Figures 3.1 and 3.2, it can be seen that the mean reli

abilities calculated by the corrected Smith model are the closest 

to the true reliabilities. These estimated mean reliabilities are 

also conservative beyond the third stage. The empirical Bayes model 

also provides good estimates, particularly for the larger sample size. 

Since it is always conservative and since the estimated reliabilities 

approach the true reliabilities at the later stages, it is a reasonable 
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Table 3.1 

Reliability Growth Estimation 
Beta Bayes Model with Uniform Prior 

n=lO 

SA/'IPLE SIZE- 10 NJHBEK OF ITr2RATliJN- 30 

ITERATION STAGES 
--------- ------------------------------------------------------

! 2 3 It !I b 7 /) 9 

TRUE RE L. • b20 .700 .770 .830 .880 .920 .9~O .97i1 .9dO 

1 .58j .bb2 .719 .738 .7!10 .77" • aOb .tl29 .8"13 
2 .It 17 .54!1 .b5b .6b7 .712 .7:id .77d .805 .82b 
3 .500 .500 .591t .690 .H! .771t .00b .a2" .lilot) 
4 .b67 .591 .b25 .6b7 .712 .7:18 .792 .817 .637 
5 .583 .630 .b5b .b90 .71.2 .7~b .792 .817 .62b 
6 .917 .616 .b13 .610 .827 .839 .661 .d7b .691 
7 .bb7 .591 .688 .714 .731 .7~ti .792 .ao; .620 
6 .b67 .591 .050 .b90 .712 .7102 .77d .80~ • &20 
9 .500 .591 .660 .714 .7b9 .80b .b19 .8,,1 .859 

10 .b67 .727 • b68 .71 It • 7b~ .00b .633 .629 .8lt8 
11 .750 .b;'6 .b5b .71't .731 .17lt .77d .80!l .tl2b 
12 .:1 00 .591 .b2!1 .607 .b7~ .72b .70lt .79;, .bOlt 
13 .51:13 .63b .6!!b .667 • b'12 .7LO .750 .780 .80lt 
l't .750 .727 .813 .780 .8013 .d23 • B't7 .Bbb .880 
15 .bb7 .082 .7d! .633 .6"b .055 .6n .890 .902 
Ib .563 .b82 • b2!! • blt3 .0;'+ .b77 .722 .744 .7bL 
17 .750 .bel2 .71'1 .7 J. 4 .712 .72b .70" .78C .b04 
11:1 .333 .:)vJ .59lt .61 ~ .03:1 .077 .722 .75b .7B3 
19 .33:-1 .500 .5b3 .61'1 • b!l4 .b94 .730 .7bo .793 
20 .500 .5~1 • !I'14 .6"3 .b92 .7"2 • 761t .793 • B15 
21 .417 .It 55 .594 .6b7 .092 .7lt2 .7713 .60' .a26 
22 .b67 .72.7 .750 .78b • 76~ .790 .BIG1 • cHI .659 
23 • 7 ~O .682 .b56 .714 .73! .7:1d .7OY&' .617 .B.H 
lit .500 .636 .6B8 .690 .731 .77" .80b • d2'1 .848 
25 .:;liO .5 It ~ .6!1b .730 .750 .77,+ .aOb .629 .B"a 
26 .5133 .!!~1 .625 .690 .731 .7!1B .778 .80!; .B2b 
27 .B33 .b82 .6BS .b90 .7,H .174 • aOb .629 • bit a 
2d • bb7 .7l7 .7 Bl .738 .750 .774 .792 • 6 O~ ,826 
29 .5 VO .b3b .68B .714 .7:10 .774 .80b .829 .637 
30 .417 .591 .b68 .714 .7!10 .7H .bOb .629 .846 

ttt:AI-t .592 .62.b .b74 .705 .730 .702 .792 .1315 .B34 

ST.OEV. .140 .0cH .004 .0!lO .0"7 .04! .035 .032 .029 

R/'IS': .143 .110 .11!1 .13 !! .1,7 .lb3 .162 .1'0 .149 

/'lIN. .3J3 .It!lj .5b3 .019 .b35 • b17 .722 .7104 .7bl 

/'lAX. .917 .tH8 .613 .833 .840 .&55 .B75 .890 .902 

.9 QUA. .417 .!l00 .594 .643 .654 .b9lt .73b .766 .793 
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Table 3.2 

Reliability Growth Estimation 
Beta Bayes Model with Uniform Prior, 

n=30 

SA"PLE SIZE- 30 NUI1BEK OF 1T ERA TI ON- 30 

ITERATION STAGES 

--------- ------------------------------------------------------
1 2 3 " 5 6 7 8 9 

TRUE REL. .620 .700 .770 .830 .880 .920 .9~0 .970 .960 

1 .59. .b61 .707 .730 .7;, 0 • 77~ .802 .820 .846 
2 ."69 • 581 .b7 • .b97 .737 .780 .797 .810 .1l3d 
3 .563 .581 .b!l2 .713 .743 .713 0 .8.11 .831 .8 • .., 

• .b56 .629 .b63 • 705 .7.3 .7&6 • 8.L.l . • tl31 .11.9 
5 .625 .661 .6S5 .713 .730 .76Ci .797 .81& .635 
6 .813 .77'1 .77Z .719 .603 .81 It • d.O • II 6 I.! .875 
7 .656 .629 • b96 .721 .7't3 .77';) .d07 .822 .842 
8 .b56 .613 .67. .713 .730 .76. .792 .8111 .838 
9 .563 .b13 • b9b .721 .7b3 .797 .811 .83!1 .853 

10 • b25 .69 • .b96 .730 .776 .802 .62, .B3! .8.9 
11 .719 .661 .685 .730 .750 .771 .802 .626 .8.2 
12 .531 .013 .652 .697 .717 • 7 ~b .792 .-tl11t 01131 
13 .594 .629 .663 .660 .711 .731 .761t .789 .613 
lit .719 .710 .783 .779 .803 .819 .844 .861t .875 
15 .b56 .677 .739 .787 .S03 .819 .840 .660 .87~ 
16 .59 • .677 .663 .680 .097 .720 .7~' .777 .79. 
17 • 719 .677 .717 .730 .737 • 75~ .768 .802 • S20 
18 ."06 .)32 • 620 .6)6 .6& • .720 .75:; .7b!l .ilO~ 

19 •• 38 .56) .630 .612 .704 .7.2 .769 .793 .81b 
20 .563 .629 .6.1 .6&9 .730 .104 .7tHl .814 .&31 
21 .500 .)32 .641 .705 .730 • 7b~ .d02 .B22 .842 
22 .688 .726 .739 .779 .7«:13 .802 .1130 .tl51 • bba 
23 .719 • 677 .67 • .721 .743 .76 Cj .802 .d20 .8.2 
2. .531 .661 .696 .713 .750 .760 .807 .820 .6.6 
25 .531 .565 .663 .721 .743 .775 .802 .820 .8lt6 
26 .594 .629 .652 .713 .750 .775 .797 .61b .83B 
27 .761 .677 .707 .721 .7)0 .786 .1111 .133) .1I4Y 
28 .650 .691, .739 .730 .7"3 .709 .792 .810 .627 
29 .563 .661 .696 .730 .76~ .791 .810 .1339 .6.9 
30 .469 .613 .665 .721 .757 .78 CI .1107 .63.1 • a4b 

"EAN .606 .6.1 .687 .719 .71,6 .77) .602 .623 • B41 

ST.DEV. .096 .055 .039 .030 .028 .025 .022 .020 .019 

RtlSE .099 .080 .092 .115 .137 .147 .1)\J .1.8 .1.0 

"IN. .406 .532 .b20 • 656 .66 .. .720 .755 .777 .794 

"AX. .813 .774 .783 .787 .803 .tl19 • 11.4 .tl6 • .875 

.9 QUA. .469 .56~ .6H .680 .70. .731 .764 .769 .1113 
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Table 3.3 

Reliability Growth Estimation 
Revised Smith's Bayesian Method, 

with Uniform Prior~ n=lO 

S'''PLE SIZE- 10 NU"BER OF IT ERA TION- 30 

ITERATION STAGeS 
--------- ------------------------------------------------

2 3 It 5 6 7 8 9 
TRU~ 
REL. .700 .770 .830 .880 .920 .950 .970 .980 

1 .777 .803 .819 .829 .876 • ..,32 .937 • 9 It! 
2 .687 .842 .755 .857 .925 .879 .933 .937 
3 .582 .767 .919 .861 .92,7 .932 .937 .y1t1 
It .63b .728 .792 .857 .925 .930 .93!:1 .93f; 
5 .716 .741 .800 .813 .925 .930 .935 .899 
6 .811 .81t5 .853 .891 • 89~ .'il1t2 • 9 It? .952, 
7 .636 .81t6 .809 .821 .871 .930 .890 .~37 
8 .636 .782 .800 .813 .866 .928 .933 .937 
9 .700 .8lt6 .809 .926 .931 .894 .939 .944 

10 .792 .735 .809 .926 .9:11 .~37 .677 .941 
11 .665 .H1 .85!:1 .821 .927 .d48 .933 .937 
12 .700 .72a .792 .764 .923 .927 .931 .891 
13 .71b .741 .755 .805 .815 .~25 .929 .933 
14 .7:H .926 .821 .884 .893 .939 .91t4 .94f; 
15 .736 .923 .932 .899 .~06 .9'16 .951 .955 
16 .777 .678 .744 .755 .803 .923 .870 .876 
17 .711 .S03 .780 .784 .822 .927 .881 .933 
18 .676 .767 .733 .746 .852 .923 .926 .930 
19 .678 .704 .778 .792 .855 .921t .92S .932 
20 .700 .680 .785 .853 .92't .d74 .93.1. .935 
21 .559 .837 .81t6 .805 .924 .928 .933 .937 
22 .792 .816 .873 .8,18 .881 .934 .939 .91t4 
23 .711 .716 .855 .621 .871 .~30 .935 .939 
24 .767 .792 .767 .861 .927 .932 .937 .941 
25 .639 .8.2 .922 .829 .1'$76 .932 .937 .91t1 
2b .660 .728 .850 .861 .87.1 .&79 .933 .937 
27 .696 .757 .767 .861 .~27 .932 .937 • 9 It! 
26 .792 .d6b .777 .829 .876 .883 .890 .937 
29 .767 .792 .809 .866 .876 .932 .937 .903 
30 .7)9 .846 .809 .866 .876 .932 .937 .941 

"fAN .708 .7b7 .8llt .837 .890 .920 .927 .933 

ST. DE V. .067 .0!!3 .062 .047 .030 .0. & .050 .017 

R"SE .061t .067 .053 .062 • o It? .03d .048 .050 

HI N. .559 .678 .733 .71t6 .603 .6.8 .870 .876 

"AX. .811 .926 .932 .926 .931 .946 .951 .955 

.9 QUA. .636 .70. .755 .764 .622 .879 .8bl .899 
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Table 3.4 

Reliability Growth Estimation 
Revised smith's Bayesian Method, 

with 'Uniform Prior, n=30 

SAltPLE SIZE- 30 HUI1 dE R OF ITERATION- 30 

IT ERA nON STAGES 
--------- ------------------------------------------------

Z 3 4 !J 6 7 6 9 
TRUE 
REL. .700 .770 .830 .880 .920 .950 .970 .980 

1 .733 .794 .b04 .831 .881 .939 .9D9 .969 
2 .692 .84" .774 .877 .969 .866 .93'i .969 
3 .632 .785 .876 .851 .936 .969 .940 .969 
4 .b61 .741 .619 .67b .9b9 .939 .940 .969 
5 .715 .749 .799 .600 .<i36 .93~ .939 .940 
6 .789 .806 .6Z~ .885 .8'10 .941 .970 .970 
7 .661 .817 .801 .82e, .908 .9b9 .914 .9D~ 
8 .642 .788 .6Z1 .80e .90ij .938 .969 .969 
9 .676 .81t 5 .801 .906 .9311 .869 .969 .970 

10 .763 .7lt2 .821t .938 .910 .9ltO .680 .969 
11 .683 • 71t 9 .81t& .831 .909 .8b8 .969 .941 
12 .696 .737 .818 .802 .938 .9b9 .939 .940 
13 .685 .741 .751 .822 .827 .936 .93& .1J69 
14 .7ltO .Oi07 .615 .685 .690 .96Y .970 .9lt5 
15 .72Z .61t 6 .908 • ebb .890 .9lt1 .970 .970 
Ib .759 .703 .751 .777 .624 .93& .909 .910 
17 .701 .797 .788 .794 .833 .9&9 .887 .939 
18 .659 .783 .762 .793 .877 .938 .969 .969 
19 .691 .756 .789 .820 .907 .908 .938 .9b9 
20 .703 .700 .817 .877 .908 .909 .9b9 .9ltO 
21 .5'i4 .844 .876 .82b .938 .909 .940 • 9b~ 
2Z .771t .788 .860 .830 .680 .96~ .969 .97{) 
23 .701 .716 • &48 .829 .861 .969 .969 .9ltl 
24 .783 .771 .761 .878 .909 .939 .9ltO .969 
25 .62 .. .tl44 .876 .829 .908 .939 .969 .969 
20 .685 .720 .876 .87b • e81 .910 .939 .961" 
27 .690 .174 .784 .8!1Z .938 .939 .969 .94Z' 
Z8 .7lt4 .821t .767 .811 .681 .910 .91Z .940 
Z9 .756 .711 .8Z4 .679 .90'i .939 .969 .919 
30 .75.1 .816 .82Z .87 'I .88Z .939 .969 .941 

"EAN .704 .763 .618 .646 .904 .937 .948 .956 

ST. DE V. .051 .042 .051 .0ltO .OZ9 .034 .029 .017 

R"SE .Olt 8 .051 .042 .051 .040 .029 .031t .OZ9 

"IN. .5 'lit .700 .751 .177 .824 .868 .880 .910 

"AX. .7fJ9 .907 .906 .938 .969 .969 .970 .970 

.9 QUA. .632 .7l8 .162 .191t .833 .889 .909 .939 
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Table 3.5 

Reliability Growth Estimation 
Empirical Bayes Method, 

n=lO 

SAMPLE SIZe- 10 NUI1SE R OF ITERATION- 30 

ITERATION STAGES 

--------- -----------------------------------------------------
1 Z 3 ~ 5 6 7 8 9 

TRUE REL. .620 .700 .770 .830 .880 .920 .950 .970 .980 

1 .600 .bl1 • b20 .627 .63't .6lte .755 .811t .8ltb 
2 .ltOO .587 .7.6 .683 .750 .80. .795 .830 .8"6 
3 .500 .500 .596 .943 .8b6 .929 .93 • .939 .9,.3 
4 • 700 .636 .65Z .660 .67d .801 .8:11 .876 .893 
5 .600 .61b .626 .639 .6lt8 .806 .857 .883 .837 
6 1.000 .700 .709 .715 .72!) .733 .950 .949 .9lt6 
7 .700 .636 .7.4 .733 .7ltl .764 .792 .789 .812 
8 .700 .636 .67. .682 .690 .70!) .7lt9 .791 .d22 
9 .500 .560 .733 .715 .825 .861 • 836 .87 • .B65 

10 .700 .717 .7H .718 .BOO .8 .. 8 .875 .780 .88,. 
11 .800 .561 .661t .763 .7lt5 .NB • 76b .81 • .833 
12 .500 .560 .5f16 .619 .b21 .81t1t .8BIt .Oi04 .8H 
13 .600 .610 • b26 .b33 .b.3 .64'i .773 .833 .864 
14 .800 .7d3 .870 .782 .B25 .825 .8bO .871 .860 
15 .700 .700 .925 .9.5 .875 .B 71 .929 .933 .937 
16 .bOO .b65 .621t .blt3 .64b .b:18 .78!) .750 .757 
17 .800 .724 .751 .736 .in .737 .770 .763 .791 
18 .300 .6b1 .691 .692 .bOi7 .70d .763 .812 .841t 
19 .300 .b61 .b72 .68,. .690 .69B .759 .609 .841 
20 .500 .5bO .565 .600 .b47 .831 .784 .850 .866 
21 .400 .415 .867 .874 .6S0 .874 .d80 .886 .893 
22 .700 .717 .727 .7.1 .740 .752 .769 .788 .807 
23 .800 .724 .699 .756 .743 .759 .783 .804 .824 
ZIt .500 .b95 .722 .703 .7.3 .781 .B14 .6ltO .859 
25 .500 .515 .787 .892 .7d) .843 .883 .892 .900 
26 .600 .600 .602 .655 .6-ib .723 .743 .788 .811 
27 .900 .507 .633 .635 .828 .871t .S83 .891 .899 
28 .700 .717 .7.1 .729 .739 .7.9 .755 .761 .775 
29 .500 .695 .722 .73b .750 .761t .763 .600 .796 
30 .400 .760 .793 .793 .805 .610 .819 .827 .636 

"EAN .610 .635 .703 .7Z1t .739 .782 .819 .838 .853 

ST.DE. .168 .084 .085 .089 .071 .071 .060 .054 .047 

R"SE .lb8 .106 .108 .138 .158 .156 .14" .143 .13~ 

"IN. .300 .lt15 .565 .600 .621 .648 .743 .750 .757 

"AX. 1.000 .783 .925 .945 .875 .929 .950 .9,.9 .946 

.9 QUA • • 400 .507 .596 .627 .643 .656 .755 .763 .791 



50 

Table 3.6 

Reliability Growth Estimation 
Empirical Bayes Method, 

n=30 

SAMPLE SIZE- 30 NUItSER Of ITt:RATlON- 30 

ITERATION STAGES 

--------- -----------------------------------------------------
1 2 3 ~ 5 6 7 8 9 

\ 

TRUE R EL. .620 .700 .770 .830 .880 .920 .9!;0 .970 .980 

1 .600 .600 .601 .602 .638 .823 .909 .9!;9 .96& 
2 .~67 .677 .615 .760 .620 .986 .831 .9lt2 .979 
3 .567 .571 .7"6 .821t .825 .871t .953 .936 .956 
~ .667 .655 .658 .703 .805 .991 .9bl .957 .977 
5 .633 .6le5 .656 .673 .686 .952 .951e .9!15 .956 
6 .833 .799 .794 .794 .807 .810 .850 .951 .963 
7 .667 .b5!; .759 .757 .776 .810 .960 .872 .980 
8 .6b7 .61tl .705 .7le4 .7lt7 .813 .685 .951 .962 
9 .567 .591 .8't't .811 .8lt7 .87~ .867 .928 .9't6 

10 .633 .691 .6ti5 .718 .947 .935 .941 .861 .9~4 
11 .733 .671t .701 .756 .760 .995 .778 .995 .96Z 
12 .533 .633 .663 .707 • 71 It .944 .964 .960 .961 
13 .600 .611 • b29 .6leO .679 .702 .939 .9lt3 .951 
lit .733 .729 .915 .731 .890 .8'>11 .935 .950 .9leO 
15 .667 .b7l .797 .860 .845 .858 .073 .922 .942 
16 .600 .105 .646 .685 .698 .714 .9'1; .931 .929 
17 .733 .706 .723 .721e .721 .133 .998 .1le7 .931e 
18 .'t00 .b56 .710 .715 .727 .759 .910 .960 .969 
19 .le33 .690 .102 .711 .7Z2 .843 .861 .885 .932 
20 .567 .620 .tlZ6 .709 .811 .8;0 .b64 .9lt5 .930 
21 .500 .511 .865 .868 .868 .875 .939 .923 .948 
22 .700 .712 .719 .783 .756 .795 .983 .986 .987 
23 .733 .706 .699 .767 .769 .802 .985 .987 .968 
ZIt .533 .792 .787 .787 .793 .813 .&67 .887 .927 
2!1 .533 .545 .862 .866 .865 .8b8 .873 .921 .942 
26 .600 .611 .622 .879 .883 .884 .867 .669 .909 
27 .800 .577 .777 .775 .781t .91't .926 .9'15 .942 
26 .667 .678 .719 .702 .72CJ .758 .815 .836 .869 
29 .567 .726 .739 .752 .772 .817 .815 .946 .901 
30 .467 .763 .772 .778 .786 .797 .8:H .955 .936 

"EAN .613 .661 .731 .153 .782 .6'19 .907 .928 .947 

ST.OE. .10le .067 .078 .065 .070 .076 .055 .0"9 .025 

RHSE .104 .077 .087 .101 .120 .105 .070 .065 .Oltl 

"IN. .400 .511 .ClOl .602 .638 .702 .776 .747 .669 

"AX. .633 .799 .915 .879 .9't7 .995 .998 .995 .987 

.9 QUA. .467 .571 .626 .673 .686 .733 .831 .861 .909 
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model. The beta Bayes model is too conservative, with the estimated 

reliabilities far less than the true reliabilities for the later stages. 

Figures 3.3 and 3.4 show the standard deviations of the Bayesian 

reliability growth models with samples of size 10 and 30. The empirical 

Bayes model has the largest standard deviations. The beta Bayes model's 

standard deviation monotonically decreases as it approaches the final 

stage. 

The root mean square errors of these models are shown on Figures 

3.5 and 3.6. The corrected Smith model has a smaller RMSE than the other 

other two models, and the beta Bayes method has the largest RMSE 

throughout the nine stages. 



CHAPTER 4 

IMPROVED CLASSICAL RELIABILITY GROWTH MODELS 

4.1 Introduction 

The maximum likelihood estimation model, Barlow and Scheuer's 

order statistics MLE model, and the cumulative MLE method were described 

in chapter two. 

Under the reliability growth postulate, reliability is improved 

over some time period. The experimental results at each stage or period 

will be different from those of other stages. Therefore, the data ob-

tained at the last stage is more representative of the performance level 

than those from the previous stages. 

Depending on the number of stages, growth rate, and availability 

of data, it is logical that the data should be weighted such that more 

information is used from the later stages. 

A weighting scheme based upon geometric weights which satisfies 

the above restriction is considered in this chapter, and is adapted to 

each of the previous models. The effective sample size at (ith) stage, 

n!, will be defined by: 
~ 

n! = W. en 
~ ~ 

i=1,2, ..• ,m, 

where Wi is a weight factor and is defined so that 0 ~ wi ~ 1, and ni 

is the actual sample size at (ith) stage. The weight factors for other 

55 
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stages should be defined in a manner such that the following condition 

is met: 

n' ::; n' ::; 
1 2 ::; n' 

m 

where n'. is the effective sample size for the ith stage, i=1,2, ••• m. 
1 

This can be achieved by defining a weight factor for ith stage as 

follows: 

W. 
1 

= (w)m-i . 1 2 , 1= , , ••• m • 

Thus the total weight W assigned for m stages is defined as: 

W=l+w l+w 2+ ••• + wl· m- m-

It can be seen that when the actual sample sizes at all stages are 

(4.1) 

(4.2) 

equal, then the total effective sample size over all stages, N', is 

equal to Won. Given the sample size at the last stage and the desired 
m 

effective sample size over all stages, the total weight W can be deter-

mined. 

After substituting (w)m-i for w. in equation (4.2), the 
1 

following is obtained: 

W = 1 + w + w2 + ••• + wm o < w < 1 . 

This is an incomplete geometric series, and converges to: 

W = (l_wm+l ) / (l-w) 

(4.3) 

(4.4) 
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This geometric weighting scheme will be used in conjunction with 

reliability growth models described in chapter two. 

4.2 Description of simulation Experiments 

Binomial data is generated from the random number generator with 

given parameters. The binomial parameters used for experiments in this 

chapter are the same as those used in the previous two chapters. Thirty 

iterations of a nine-stage developmental process are considered. 

Samples of sizes 10 and 30 are run for each iteration. The output of 

this routine is the number of successes, s., for nine stages. The geo
~ 

metric weighting scheme is used to determine the input data for the 

reliability growth models as follows: 

n'i = Wi • ni , i=1,2, ••• ,9 (4.5) 

st. =W .• s. 
~ ~ ~ 

(4.6) 

where n'. and s'. are the effective sample size and the effective number 
~ ~ 

of successes at the ith stage. The weight coefficients w., 
~ 

(i=1,2, .•. ,9), are determined based on the geometric weighting defined 

by equations (4.2), (4.3), and (4.4). 

From equation (4.1) the weight coefficient at the final stage 

is one, thus the sample size and the number of successes at the last 

stage, m, are: 

n' = n m m 

s' = s m m 
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Three different w's were used for each model. These are: 

w = .4, w = .6, and w = .8. 

Table 4.1 shows the total effective sample size for each se

quential stage of the nine-stage development process. 

n w 

10 .4 

10 .6 

10 .8 

Table 4.1 

Total Effective Sample Size 

Stage 

1 2 3 4 5 6 7 8 9 

10 14 15.6 16.64 17.26 17.52 17.62 17.64 17.65 

10 16 19.6 21.76 23.03 23.80 24.26 24.54 24.71 

10 18 24.4 29.52 33.62 36.90 39.52 41.62 43.30 

For n=30 the total effective sample size for given wand m is three 

times their corresponding value for n=lO. 

From Table 4.1 it can be seen that smaller, effective sample 

sizes are considered from the earlier stages. As weight parameter, w, 

increases, the effective sample size n' at earlier stages increases. 

Each of the three classical models investigated in chapter 

two is reconsidered in this chapter with geometric weights applied to 

the simulation data used in chapter two. Simulations were run for a 

nine-stage developmental process with exponentially increasing true 

reliability from stage to stage. 
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Tables 4.2-4.7 show the simulation results for the cumulative 

MLE method with geometric weighted data. Tables 4.8-4.13 show the 

simulation results for Lloyd and Lipow's model with geometric weighted 

data. Tables 4.14-4.19 show the simulation results of Barlow and 

Scheuer's model with geometric weighted data. 

Figures 4.1-4.6 show the mean reliabilities, standard deviations, 

and root mean square errors for the cumulative MLE model with three 

different weight parameters. 

Figures 4.7-4.12 show the mean reliabilities, standard devia-

tions, and root mean square errors for Lloyd and Lipow's model with 

three different weight parameters, w. 

Figures 4.13-4.18 show the mean reliabilities, standard devia-

tions, and root mean square errors for Barlow and Scheuer's model with 

three different weight parameters. 

From Figures 4.1 and 4.2, it can be seen that the smallest 

weight parameter, w = .4, provides better estimates of the mean reliabil

ities for the cumulative MLE model. These results show in general 

that the geometric weighting scheme improves the mean estimates with 

the estimated reliabilities closer to the true reliabilities throughout 

the nine stages. Figures 4.5 and 4.6 show that the smaller the w, 

the smaller the RMSE's. These results are consistent for both sample 

sizes used in these experiments. 

Figures 4.7 and 4.8 show that Lloyd and Lipow's model is im

proved only slightly when geometric weights are applied. It also shows 

that the effect of different weight factors used in these experiments 
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Table 4.2 

Reliability Growth Estimation 
Cumulative MLE Model 
and Geometric Weights, 

w=.4, n=lO 

SAItPLE S ilEa 10 NUHdER OF ITERATIUN- 30 

ITERATION STAGE S 
--------- ------------------------------------------------------

1 2 3 .4 5 0 7 6 9 

TRUe REL. .620 .700 .770 .630 .860 .920 .950 .970 .960 

1 .600 .743 .779 .792 .797 .659 .944 .976 .991 
2 .400 .61't .797 .737 .836 .93!1 • Ci14 .960 .<j60 
3 .500 .500 .692 .862 .&93 .957 .983 .993 .997 
4 .700 .551 .049 .742 .838 .935 .974 .99C1 .996 
5 .600 .671 .690 .758 .783 .914 .966 .986 .934 
6 1.000 .786 .195 .798 .d60 .684 .954 .982 .993 
7 .700 .551 .717 .791 .797 .859 .944 .917 .907 
6 .100 .551 .713 .767 .767 .655 .942 .977 .9'il 
9 .500 .6"3 .806 .b03 .922 .909 .921:1 .971 .968 

10 .700 .771 .662 .747 .900 .9bO .984 • &74 .949 
11 .800 .56b .659 .807 .603 .'i22 .849 .939 .976 
12 .'00 .043 .079 .751t .721 .669 .956 .'il62 .933 
13 .600 .071 .690 .096 .759 .78 't .914 .966 .9&6 
lit .800 .729 .903 .776 .652 .6111 .952 .981 .992 
15 .700 .700 .892 .959 .923 .909 .964 .96b .<j94 
10 .000 .743 .567 .657 .063 .753 .902 .901 .900 
17 .600 .651 .71t9 .119 .707 .703 .900 .902 .901 
18 .300 .566 .723 .709 .703 .622 .929 .972 .969 
19 .300 .586 .059 .740 .779 .852 .91tl .970 .991 
20 .500 .6"3 .615 .729 .633 .933 .913 .90~ .98b 
21 .'t00 .'t 71 .7"6 .641 .610 .927 .971 .9&6 .995 
Z2 .700 .771 .790 .658 .702 .845 .93a .975 .990 
23 .800 .057 .021 .793 .797 .859 .944 .97b .991 
ZIt .500 .71" • 769 .721 .632 .933 .973 .98v • 9~b 

Z5 .500 .571 .762 .910 .646 .876 .951 .981 .992 
26 .600 .000 • b64 .809 • b04 .tl66 .694 .95b .983 
27 .900 .61" .669 .b8b .IH7 .927 .971 .98b .995 
28 .700 .171 .851t .098 .700 .114" .878 .691 .95b 
29 .'00 .71" .7b9 .786 .d!lb .de2 .953 .981 • .,,32 
30 ."00 .086 .623 .809 .8b4 .666 .9'4 .962 .9'113 

ItEAN .610 .650 .731t .777 .S13 .663 .939 .904 .976 

ST.OEV. .168 .082 .080 .06b .061 .054 .o:n .032 .024 

USE .168 .096 .086 .085 .091 .065 .0:;3 .033 .024 

"IN. .300 • "71 .587 .b57 .683 .753 .849 .874 .900 

lUX. 1.000 .786 .903 .959 .923 .969 .984 .993 .997 

.9 QUA. .'tOO .557 .621 .696 .707 • 78 It .894 .901 .933 
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Table 4.3 

Reliability Growth Estimation 
Cumulative MLE Model 
and Geometric We"ights, 

w=.6, n=lO 

SAI1PLE SIZE- 10 NUI18E R OF lTERAT lON- 30 

ITERATION S l' GE 5 

--------- ------------------------------------------------------
1 2 3 4 ~ 6 7 8 9 

TRUE REL. .620 .700 .170 .830 .880 .920 .950 .970 .960 

1 .600 .725 .763 .780 .769 .835 .903 .943 .966 
2 .#t00 .588 .71t7 .725 .801 .885 .891 .93:1 .9b1 
3 .500 .500 .653 .813 .850 .913 .9lt9 .970 .962 
It .700 .575 .639 .713 .791t .880 .930 .956 .97~ 
5 .600 .663 .682 .736 .164 .8b3 .919 .952 .931 
6 1.00u .813 .606 .803 .845 .866 .922 .951t .973 
1 .700 .515 .741 .768 .782 .831 .901 .900 .941 
8 .11l0 .575 .690 .140 .76b .822 .895 .93& .963 
9 .500 .625 .165 .781 .870 .928 .911 .950 .970 

10 .700 .763 .680 .735 .850 .913 .94~ .8Ub .933 
11 .800 .613 .657 .769 .702 .674 .843 .907 .945 
12 .500 .625 .66.3 .720 .71~ .634 .903 .942 .925 
13 .600 .663 • b82 .690 .736 .764 .1t61 .91& .951 
14 .800 .738 .811 .n3 .839 .865 .920 .953 .972 
15 .700 .700 .853 .921 .912 .907 .9lt5 .9b7 .961 
16 .600 .725 .610 .651 .ol~ .726 .&39 .864 .b76 
17 .600 .675 .739 .721 .712 .749 .852 .872 .924 
16 .300 .550 .676 .686 .693 .7bO • b70 .~23 .954 
19 .300 .550 .621 .70b .71t7 .ln1 .8lf9 .934 .901 
20 .500 .625 .612 .699 .780 .876 .8bb .932 .960 
21 .400 .'t63 .666 .764 .791 .879 .929 .95b .975 
22 .700 .7b3 .782 .836 .777 .829 .899 • 'litO" .964 
23 .800 .615 .637 .ne .776 .a26 .899 .9ltO .964 
24 .500 .688 .7't5 .724 .800 .lf84 .932 .960 .976 
25 .500 .563 .735 • 8!i 7 .632 .bo1 .910 .951 .971 
26 .600 .bOO .651 .765 .824 .It!lb .874 .925 .955 
27 .900 .650 .b7b .b87 .779 .672 .925 .955 .973 
28 .700 .763 .833 .726 .7511 .818 .851 .871 .923 
29 .500 .688 .745 .770 .827 .tI!l7 .91b .950 .930 
30 .'t00 .650 .778 .766 .637 .8b3 .919 .952 .972 

I1EAN .610 .6"5 .111t .755 .790 .81t9 .902 .933 .9:)5 

ST.DEV. .lb8 .082 .070 .05b .053 .047 .030 • 028 .023 

R"SE .168 .098 .089 .093 .10lt .085 .057 .Oltb .0.;It 

"IN. .300 .463 • bl0 .b51 .673 .726 .839 .db4 .b78 

"AX. 1.000 .813 .871 .921 .912 .928 .949 .970 .962 

.9 QUA. .400 .550 .627 .688 .712 .764 .651 .tH2 .924 
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Table 4.4 

Reliability Growth Estimation 
Cumulative MLE Model 
and Geometric Weights, 

w=.8, n=lO 

SA"PLE SlZE- 10 NUI1BER OF ITERATION- 30 

ITERATION S TAGE~ 

--------- ------------------------------------------------------
1 2 3 " 5 tJ 7 8 9 

TRU'; REL. .6Z0 .700 .770 .630 .1:160 .920 .950 .970 .980 

1 .600 .711 .7"6 .765 .77tJ .609 .85B .69, .917 
Z ."00 .567 .703 .702 .761 .d2tJ • B" 5 .Ba2 • 90~ 
3 .500 .500 .623 .751 .795 .1151 .61Hi .915 .935 

" .700 .589 .634 .691 .753 .1120 .865 .89b .921 
5 .600 .tJ56 .67,. .717 .7"1 .811 .859 .893 .895 
6 1.000 .833 .820 .813 .83 r; .85!;! .692 .911:1 .937 
7 .700 .569 .716 .7"!;! .761 .79r; .85C .&62 .fj~4 

8 .700 .589 .675 .718 .742 .785 .839 .tHb .906 
9 .500 .tJl1 .730 .753 .827 .871t .68J .909 .930 

10 .700 .756 .692 .72 fj .809 .dol .896 .873 .902 
11 .800 .633 .661 .742 .759 .824 .&16 .1i62 .894 
12 .500 .611 .6lt6 .699 .699 • 7tH .630 .876 .861 
13 .600 .656 .671t .683 .716 • HO .806 .8!;!2 .IHI7 
lit .800 .71t4 .649 .79~ .1i29 .846 .667 .914 .934 
15 .700 .700 .823 .883 .1:I8d .1;191 • r;19 .931;1 .953 
16 .600 .711 .62, .650 .665 .702. .777 .807 .828 
17 .800 .669 .734 .723 .71 tJ .7:.9 .805 .621i .1:166 
18 .300 .522 .636 .6~B .670 .733 .800 .8lto .I:IB3 
19 .300 .522 .595 .b64 • 70 !'.I .750 .819 .il6:' .894 
20 .500 .611 .607 .tJ72 .740 .810 .833 .B73 .902 
21 .400 .456 .638 .727 .748 .817 .tl63 .896 .920 
ZZ .700 .756 .774 .817 .71:1, .814 .1161 • d91t .919 
23 .800 .689 .65Z .736 .755 .794 .647 .8&3 .910 
ZIt .500 .667 .721 .714 .7b9 .832 .874 .905 .927 
25 .500 .556 .697 .799 .800 .827 .871 .902 .924 
26 .600 .600 .641 .729 .71:10 .81Z .834 .874 .903 
27 .900 .671i .687 .691 .753 .8ZV .666 .89b .922 
28 .700 .756 .815 .7"2 .759 .797 .823 .842 .&71:1 
29 .500 .667 .721 .7" 8 .793 .822 .667 .89'1 .899 
30 .400 .622 .736 • 756 .60U .827 .871 .902 .925 

"EAN .610 .641 .696 .734 .764 .1109 • 8 !'.I 2 .883 • '";0 7 

ST.DEV. .168 .085 .067 .051 .048 .042 .032 .026 .024 

RftSE .168 .103 .098 .109 .125 .118 .103 .092 .077 

"IN. .300 ."56 .595 .650 • 66 !'.I .702 .777 .807 .828 

"AX. 1.000 .833 .8"9 .883 .61:18 .891 .919 .93d .953 

.9 QUA. .400 .522 .623 .btJ4 .699 .739 .805 .842 .871i 
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Table 4.5 

Reliability Growth Estimation 
Cumulative MLE Model 

with Geometric weights, 
w=.4, n=30 

SAMPLE SIZE- 30 NUI'IBER OF ITERATION- 30 

ITERATION STAGE S 
--------- ------------------------------------------------------

1 2 3 • !J 6 7 8 9 

TRUE RH. .620 .700- .770 .830 .&80 .920 .950 .970 .980 

1 .600 .695 .762 .786 .815 .a66 .927 .971 .988 
2 .1t67 .633 .783 .773 .8~0 .9.0 .916' .9.6 .979 
3 .567 .590 .725 .833 .853 .922 .969 .967 .987 

• .667 .619 .692 .779 .8!'12 .9ltl .957 .963 .985 
5 .633 .681 .715 .767 .787 .895 .938 .955 .962 
6 .833 .162 .765 .787 .855 .d82 .933 .973 .989 
7 .667 .019 .756 .783 .81. .886 .95. .9.2 .977 
6 .667 .595 .726 .792 .797 .d79 .932 .973 ,.989 
9 .;67 .63d .785 .79. .876 .932 .913 .965 .986 

10 .633 .729 .710 .786 .896 .918 .9lt7 .899 .960 
11 .733 .638 .699 .802 .821 _ .929 .891 .957 .963 
12 .533 .652 .70. .78. .791t .898 .959 .961t .965 
13 .bOO .6lt8 .703 .722 .789 .816 .906 .9.3 .977 
lit .733 .710 .853 .800 .861 .1t81t .954 .982 .973 
15 .6b7 .690 .803 .8&3 .d73 .889 .936 .971t .990 
16 .600 .719 .664 .707 .7lt3 .797 .899 .920 .928 
17 .733 .662 .750 .760 .764 .806 .923 .909 .941t 
18 •• 00 .590 .725 .751 .761 .8)3 .921 .966 .987 
19 .4,33 .6Z4, .71!'l .767 .807 • ad 3 .913 .9lt5 .9711 
20 .567 .662 .665 .769 .8.6 .900 .920 .968 .967 
21 .500 .54,8 .752 .8.3 .837 .915 .966 .966 .967 
22 .700 .71t8 .760 .840 .81& .867 .947 .979 .992 
23 .733 .662 .665 .789 .lt16 .867 .9.7 .979 .971 
2. .533 .7Z. .751 .761 .84,5 .!Jc"i! .939 .956 .982 
25 • 533 .581 .76. .8.6 .d39 .89b .938 .97) .990 
Z6 .600 .6.8 .681 .81b .867 .!J87 .915 .94b .978 
27 .800 .b33 .719 .7lt8 .820 .9011 .943 .977 .971 
28 .667 • 71 It .791 .735 .771t .850 .900 .920 .948 
29 .567 .710 .71tb .800 .d61 .90" .9"2 .977 .951 
30 .1t67 .681 .779 .812 .865 .886 • 935 .97 • .970 

ItHN .613 .660 .737 .7tH .827 .887 .933 .958 .974 

ST.DEV. .104 .052 .044 .036 .037 .035 .020 • 021 .016 

RI1SE .104 .Obb .055 • 05 7 .Ob4 .Olt'l .02b .02) .017 

/tIN. .ltOO .51t8 .664 .707 • lit 3 .797 .891 .899 .928 

/tAX. .833 .762 .853 .863 .896 .9.1 .969 .982 .992 

.9 QUA. .lt67 .590 • 66 !'I .735 .774 .816 .900 .920 .9" 8 
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Table 4.6 

Reliability Growth Estimation 
Cumulative MLE Model 
and Geometric Weights, 

w=.6, n=30 

SAltPLE SIZE- 30 NUltBER OF lTI:RATION-30 

ITERATION STAGES 
-------- ------------------------------------------------------

1 Z 3 4r 5 6 7 8 9 

TRUE REL. .620 .700 .770 .830 .860 .920 .950 .970 .980 

1 .600 .683 .743 .769 .797 .1140 .992 d3b .962 
2 .467 .613 .742 .7~3 .817 .89't .1196 .92!) .955 
3 .567 .588 .69b .790 .&23 .8b3 .931 .1i4b .9bll 
It .667 .625 .680 .751 .81~ .CI~3 .923 .941 .965 
5 .633 .675 .705 .749 .771 .65J .900 .927 .943 
6 .833 .771 .769 .183 .834 .!ttl2 .905 .9"4 .9bb 
7 .667 .625 .731 .763 .793 .652 .91:J .921 .953 
9 .667 .604 .70" .763 .179 .d1t4 .894 .937 .963 
9 .561 .b29 .750 .173 .d43 .8~5 .8117 .939 .lib4 

10 .633 .717 .708 .1bO .653 .tl67 .920 .698 .939 
11 .133 .650 .693 .773 .199 .b03 .876 .927 .943 
12 .533 .636 .68b .754 .714 .855 .91~ .93b .948 
13 .600 .642 .68b .109 .163 .792 .bb4 .906 .944 
lit .133 .713 .825 .798 .842 .867 .921 .953 .959 
15 .667 .698 .779 .850 .857 .815 .913 .94& .969 
16 .600 .704 .668 .698 .728 .172 .8 !i2 .dB!1 .905 
17 .733 .611 .737 .750 .75b .789 .b7b .880 .91d 
18 ."00 .567 .686 .723 .75-6 .t1l7 .8711 .926 .9!17 
19 ."33 .600 .6&5 .736 .77e; .844 .881 .91b .9!!0 
20 .567 .650 .659 .739 .609 .661 .891 .93!1 .94b 

21 .500 .542 .707 .796 .B 12 .617 .926 .• 944 .966 

22 .700 .7"2 .754 .821 .812 .84 It .911 .9"7 .9b9 

23 .733 .671 .6b9 .160 .792 .837 .90" .9"3 .953 
21t .533 .700 .734 .149 .ill!! .8t14 .9vb .931 .959 

25 .533 .575 .72" .605 .817 .866 .907 .945 .967 
26 .600 .642 .671 .77b .830 .d59 .1190 .921 .953 
21 .800 .654 .712 .737 .193 .8b6 .907 .9"!! .954 
28 .667 .708 .772 .739 • 765 .822 .Bbb .69" .924 
29 .567 .692 .730 .777 .631 .874 .912 • 91t Cl • 't4 2 
30 .467 .654 .146 .186 .835 .lIb3 .905 .9"" .9!13 

"EAN .613 .654 .71& .765 .803 .854 .891i .930 .9~2 

ST .DEV. .10" .052 .038 .031 .031 .030 .019 .019 .015 

RltSE .104 .069 .064 .072 .083 .072 .054 • 0"" .032 

"I N. .400 .542 .659 .698 .728 .772 .iJ52 .885 .905 

"AX. .833 .771 .825 .850 .857 .b95 .931 .9!i3 .969 

.9 QUA. ."67 .575 .669 .723 .758 .792 .666 .1194 .92" 
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Table 4.7 

Reliability Growth Estimation 
Cumulative MLE Model 
and Geometric Weights, 

w=.8, n=30 

S.ftPLE SIZE- 30 NUPtBER OF ITERATION- 30 

ITERATION STAGES 
-------- ------------------------------------------------------

1 2 3 It ~ 6 7 (j 9 

TRUE REL. .620 .700 .770 .630 .6UO .920 .950 .970 .9HO 

1 .600 .674 .726 .751 .77!J .80~ • &lt9 .8&!I .912 
2 .It 67 .:i90 .707 .727 .779 .83-1 .8!J4 .d&.1 .909 
3 .567 .56:i .673 .750 .785 .H34 .876 .&9b .921 
It .667 .b30 .b72 .727 .778 .S3d .871 .894 .918 
5 .b33 .670 .b96 .731 .752 .810 .850 .87b .69& 
6 .833 .778 .773 .782 .617 .81t0 .872 .903 .925 
7 .b67 .630 .713 .7It3 .170 .814 .8b1 .67b .r.lOb 
6 .667 .611 .689 .73 8 .756 .804 .845 .862 .910 
9 .567 .b22 .72.2. .H9 .804 .846 .8bl .694 .919 

10 .633 .707 .704 .7't 6 .813 .64b .67b .674 .903 
11 .733 .b~9 .690 .750 .175 .d30 .8lt3 .6dl .901 
12 .533 .b26 .670 .7Z5 .71t6 .607 .8!Jo .682 .902 
13 .600 .637 .b77 .69b .737 .703 .&.11t .ti51 .8d5 
1ft .733 .715 .804 .792 .821t .Sltlt .He4 .9J.2 .924 
15 .667 .665 .760 .618 .033 .8 !)J. .68,) • 90~ .930 
16 .600 .693 .66B .690 .713 .740 .802 .633 .85b 
17 .733 .676 .726 • Hl .749 .772 • d29 .8ltb .a74 
18 .It 00 .51t8 .651 .090 .723 .771 .821 .8b4 .695 
19 .433 .561 .657 .70b .71t4 .795 .830 .8b3 .695 
20 .567 .b"l .651 .713 .769 .813 .81t" • 601 .901 
2.1 .500 .537 .672. .749 • 77 It • 8lo .870 .894 .9a 
2.2 .700 .737 .7" 9 .800 .800 .827 • 871 .902 .925 
23 .733 .b76 .673 .739 .7b7 .803 .853 .86b .90b 
21t .533 .081 .716 .733 .7H;' .824 .860 .Silo .912 
25 .533 .:j70 .092 .762 .783 .621t .8bO .694 .918 
26 .600 .037 .663 .7"3 .790 .820 .848 • 677 .905 
27 .800 .070 • 710 .729 .170 .82;' .6bO .893 .910 
28 .667 .701t .757 .736 .75b .79!1 .830 .Ii 5~ .881 
29 .567 .678 • 71 It .755 .798 .83!J .8b8 .901) .907 
30 • It 07 .033 .715 .755 .796 .dZO .8oZ .89:1 .911 

"EAN .013 .050 .703 .742 .775 .810 .853 .882 .90b 

ST.DEV. .104 .05" .037 .029 .028 .020 .020 .Olb .010 

RftSE .104 .07't .077 .092 .108 .107 .099 .08'1 .07b 

"IN. .400 .537 .651 .090 .713 .746 .802 .d33 .8;0 

"AX. .833 .778 .804 .81b .833 .851 .884 .912 .930 

.9 OU~. .4b7 .570 .b57 .b96 .737 .771 .821 .65.1 .861 
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Table 4.8 

Reliability Growth Estimation 
Lloyd and Lipow's Method 

with Geometric Weights, 
w=.4, n=lO 

SA"PLE SIZE 10 NU"BER Of TRIALS 30 

HERA nON STAGES 
--------- -----------------------------------------------------

1 2. 3 " 5 6 7 8 9 

TRUE RH. .620 .700 .770 .830 .880 .920 • 9~0 .970 .9BO 

1 .600 .800 .815 .815 .816 .862 .901 .927 .9lt5 
2 .'t00 .700 .881 .808 .8b6 .926 .926 .956 .971 
3 .500 .500 .711 .665 .898 .9lt3 .969 .96~ .996 
It .700 .500 .623 .705 .779 .81t8 .891 .919 .938 
5 .600 .700 .708 .772 .791 .858 .899 .926 .927 
6 1.000 .720 .7't6 .759 .802 .827 .867 .894 .913 
7 .700 .500 .75" .785 .799 .834 .878 .868 .912 
8 .700 .500 .688 .7" 5 .771 .813 .863 .895 .918 
9 • 500 .700 • 869 e841 .931 .<i65 • <i't 6 .978 .989 

10 .700 .800 .665 .7"~ .839 .891 .923 .890 .924 
11 .aoo .500 .611 .739 .7b3 .833 .830 .867 .894 
12 .500 .700 .716 .781 .7"9 .844 .889 .919 .923 
13 .600 .700 .708 .707 .759 .777 .83" .873 .900 
lit .800 .700 .900 .795 .851 .868 .903 .92; .91tl 
15 .700 .700 .911 .972 .9"2 .937 .972 .983 .991 
16 .600 .800 .612 .659 .684 .721 .790 .817 .83:;' 
17 .800 .600 .723 .709 .702 .733 .797 .819 .853 
18 .300 .700 .807 .781 .770 .836 .887 .920 .9"2 
19 .300 .700 .731 .795 .811 .867 .911 .940 .960 
20 .:;'00 .700 .6"2 .71,5 .813 .877 .893 .922 .943 
21 .400 .500 .788 .872 .851 .92" .955 .975 . .989 
22 .700 .800 .808 • 872 .800 .847 .887 .914 .933 
23 .800 .600 .583 .725 .7;3 .797 .848 .882 .906 
24 .500 .800 .822 .781 .852 .906 .938 .9:;'& .972 
25 .500 .600 .823 .932 .887 .902 .949 .968 .981 
26 .600 .600 .675 .792 .8"2 .869 .88" .914 .935 
27 .900 .500 .600 .632 .720 .799 .81t8 .881 .905 
28 .700 .800 .886 .71,8 .765 .821 .843 .85tj .885 
29 .500 .800 .822 .828 .879 .898 .934 .955 .939 
30 ."00 .800 .905 .881 .906 .917 .962 .979 .990 

"EAN .610 .&67 .751 .786 .813 .858 .89" .918 .935 

ST .DEV. .168 .111 .098 .074 .06" .058 .01,8 .0"5 .0"0 

R"SE .168 .116 .100 .086 .093 .085 .071t .069 .060 

"IN. .300 .500 .583 .632 .681t .721 .790 .817 .835 

"AX. 1.000 .800 .911 .972 .9"2 .965 .97Z. .98; .996 

.9 QUA. .400 .500 .611 .705 .720 .777 .830 .858 .885 
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Table 4.9 

Reliability Growth Estimation 
Lloyd and Lipow's Method 
with Geometric Weights, 

w=.6, n=lO 

SAI'tPLE SIZE 10 HUI't8ER Of TRIALS 30 

ITERATION STAGES 
--------- -----------------------------------------------------

1 2 3 4 5 b 7 8 9 

TRUE REL. .b20 .700 .770 .830 .880 .920 .950 .970 .980 

1 • bOO .800 .819 .820 .818 .859 .901 .927 .945 
2 .400 .700 .876 .808 .862 .926 .929 .956 .971 
3 .500 .500 .711 .865 .898 .943 .969 .985 .996 
4 .700 .500 .618 .705 .779 .84t! .891 .919 .938 
5 .bOO .700 .709 .766 .188 .858 .899 .926 .927 
6 1.000 .720 .746 .759 .802 .827 .867 .894 .913 
7 .700 .500 .754 .785 .799 .834 .878 .888 .912 
8 .700 .500 .b87 .7"5 .771 .813 .863 .895 .916 
9 .500 .700 .8b6 .8lt6 .931 .965 .9ft7 .978 .989 

10 .700 .800 .672 .738 .839 .891 .923 .900 .92" 
11 .800 .500 .b07 .739 .163 .833 .830 .867 .894 
12 .500 .700 .719 .777 .750 .8ft4 .889 .919 .923 
13 .bOO .700 .709 .710 .756 .777 .834 .873 .900 
14 .800 .70a .900 .799 .8"6 .868 .903 .925 .941 
15 .700 .700 .911 .97Z .945 .937 .968 .983 .991 
16 .600 .800 .613 .657 .678 .7Z1 .790 .817 .835 
17 .800 .600 .717 .706 .701 .733 .797 .819 .853 
18 .300 .700 .808 .781 .770 .830 .887 .920 .942 
19 .300 .700 .738 .796 .814 .8b5 .911 .9"0 .960 
20 .500 .700 .650 .7ltO .813 .877 .893 .922 .943 
21 .400 .500 .788 .87Z .856 .924 .955 .975 .989 
22 .700 .600 .809 .867 .800 .842 .887 .914 .933 
23 .800 .600 .~80 .7Z5 .7!13 .797 .848 .882 .906 
24 .500 .800 .827 .781 .8lt4 .906 .938 .958 .972 
25 .500 .600 .823 .932 .887 .902 .949 .968 .981 
26 .600 .bOO .670 .792 .842 .8b9 .884 .911t .935 
27 .900 .500 .596 .b32 .720 .799 .848 .881 .905 
28 .700 .800 .882 • 71t 8 .767 .821 .843 .858 .885 
29 .500 .800 .827 .829 .875 .695 .93. .955 .9.6 
30 .400 .800 .907 .881 .906 .917 .962 .979 .990 

"EAN .610 .667 .751 .786 .812 .857 .894 .918 .935 

Sf.DEV. .168 .111 .099 .07. .065 • 058 .0.8 .045 .0.0 

RI'tSE .168 .116 .101 .087 .093 .085 .071t .069 .060 

"IN. .300 .500 .580 .632 .678 .721 .790 .817 .835 

"AX. 1.000 .800 .911 .912 .9"5 .965 .969 .985 .996 

.9 QUA. .400 .500 .607 .705 .720 .777 .830 .858 .885 
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Table 4.10 

Reliability Growth Estimation 
Lloyd and Lipow's Method 
with Geometric Weights, 

w=.8, n=lO 

S.ltPLE SUE 10 NUlt8ER DF TRIALS 30 

ITERATION STAGES 
--------- -----------------------------------------------------

1 Z 3 ~ 5 6 7 8 9 

TRUE REL. .620 .700 .770 .830 .880 .920 .950 .970 .980 

1 .600 .800 .821 .823 .822 .855 .901 .927 .9lt5 
2 .~OO .700 .872 .811 .8&2 .• 926 .928 .956 .971 
3 .500 .500 .703 .B65 .898 .9~3 .9&9 .985 .996 
~ .700 .500 .612 .701 .779 .8ft 8 .891 .919 .938 
5 .600 .700 .711 .763 .78ft .858 .899 .92& .927 
6 1.000 .720 .7~6 .759 .802 .827 .867 .89lt .913 
7 .700 .500 .71t6 .780 .79~ .83lt .878 .888 .912 
8 .700 .500 .678 .7~0 .7&8 .813 .863 .89!! .918 
9 .500 .700 .8&1 .850 .931 .9&5 .952 .97& .989 

10 .700 .800 .&77 .735 .839 .891 .923 .90lt .9Zlt 
11 .800 .500 .601 .736 .762 .833 .830 .8&7 .89ft 
12 .500 .700 .721 .775 .755 .8,.4 .889 .919 .923 
13 .600 .700 .711 .712 .752 .772 • B3lt .1373 .900 
14 .800 .700 .894 .801t .81t3 .8&lt .903 .925 .9lt1 
15 .700 .700 .911 .972 .951 .939 .9b6 .963 .991 
1& .600 .800 • &22 .658 .&7& .718 .790 .617 .835 
17 .800 .&00 .712 .703 .&99 .730 .797 .619 .853 
16 .300 .700 .809 .78lt .770 .825 .887 .920 .9lt2 
19 .300 .700 .7H .797 .817 .8&1 .911 .9ltO .9&0 
20 .500 .700 .65lt .736 .812 .877 .893 .922 .943 
21 .1t00 .500 .78& .&72 .861 .92lt .955 .975 .989 
22 .700 .800 .811 .8&3 .805 .839 .887 .91lt .933 
23 .800 .600 .579 .721 .751 .797 • 8lt 8 .882 .906 
Zlt .500 .800 .830 .785 .81t1 .906 .938 .958 .972 
25 .500 .600 .818 .932 .89lt .907 .91t9 .968 .981 
26 .600 .600 .668 .789 .8ft2 .069 .881t .911t .935 
27 .900 .500 .591 .627 .720 .799 • 81t 8 .881 .905 
28 .700 .800 .880 .753 .771 .81& .8ft2 .85& .885 
29 .500 .800 .830 .834 .873 .893 .934 .955 .949 
30 .ftOO .800 .908 .881 .90& .917 .957 .979 .990 

"EAN .&10 .6b7 .750 .785 .813 .85& .89ft .918 .935 

ST. DEV. .168 .111 .099 .076 .06& .059 .Olt8 .Oft5 .01t0 

R"SE .168 .116 .101 .088 .09ft .087 • o 7ft .0&9 .060 

"IN. .300 .500 .579 .627 .&76 .718 .790 .817 .835 

"AX. 1.000 .800 .911 .972 .951 .9&5 .969 .985 .996 

.9 QUA. .ftOO .500 .601 .701 .720 .772 .830 .858 .885 
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Table 4.11 

Reliability Growth Estimation 
Lloyd and Lipow's Method 
with Geometric Weights, 

w=.4, n=30 

SA"P-LE SUE 30 NU"BER OF TRULS 30 

ITERATION STAGES 
--------- -----------------------------------------------------

1 2 3 It 5 ~ 7 6 9 

TRUE RH. .620 .700 .770 .630 .680 .920 .950 .970 .980 

1 .600 .733 .795 .606 .829 .863 .89" .922 .9"1 
2 ."67 .700 .6"8 .617 .876 .927 .927 .9"& .96" 
3 .567 .600 .750 .636 .662 .903 .936 .950 .965 

" .667 .600 .69" .765 .821 .860 .907 .92D .9"" 
5 .633 .700 .731 .780 .796 .651 .665 .907 .922 
6 .833 .733 .749 .776 .621 .6"5 .876 .903 .923 
7 .667 .600 .760 .790 .811t .6:i5 .895 .909 .• 929 
8 .667 .507 .723 .783 .798 .8"3 .879 .909 .930 
9 .5~7 .667 .82" .820 .883 .919 .921 .9"6 .962 

10 .633 .767 .727 .800 .8~9 .896 .920 .903 .935 
11 .733 .600 .687 .772 .799 .861 .868 .89~ .915 
12 .533 .700 .738 .610 .811 .872 .911 .930 .9"3 
13 .600 .667 .723 .735 .765 .606 .8!10 .879 .905 
lit .733 .700 .86" .811 .863 .679 .913 .935 .9"" 
15 .667 • 700 .828 .892 .686 .899 .927 .9lt7 .961 
16 .600 .767 .683 .717 .750 .760 .629 .65:;, .873 
17 .733 .633 .71t6 .761 .766 .789 .8"2 .657 .679 
16 .400 .667 .790 .790 .609 .863 .696 .92& .9"8 
19 .lt33 .700 .771 .801t .632 .662 .905 .926 .9"7 
20 .567 .700 .666 .779 .633 .872 .895 .923 .936 
21 .500 .567 .766 .863 .860 .912 .941t .958 .972 
22 .700 .767 .772 .650 .827 .663 .900 .925 .91t2 
23 .733 .633 .650 .751t .787 .823 .870 .900 .916 
ZIt .533 .800 .791t .795 .6D! .692 .916 .935 .952 
25 .533 .600 .797 .66& .860 .903 .928 .950 .966 
26 .600 .667 .698 .810 .851t .877 .898 .918 .936 
27 .800 .567 .686 .721 .773 .831 .867 .897 .913 
26 .667 .733 .815 .755 .781 .626 .856 .677 .897 
29 .567 .767 .782 .625 .672 .900 .921t .946 .950 
30 .1t67 .767 .81t0 .e5Z .891 .903 .939 .960 .968 

"UN .613 .679 .756 .796 .829 .667 .897 .919 .936 

ST.DEV. .10" .066 .055 .042 .039 .037 .029 .027 .025 

R"SE .101t .071 .056 .053 .061t .061t .060 .0)6 .051 

"IN. .400 .567 .650 .717 .750 .760 .829 .8S!I .673 

"AX. .833 .600 .661t .892 .891 .927 .94" .960 .972 

.9 QUA. .467 .567 .686 .735 .773 .1106 .650 .877 .897 
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Table 4.12 

Reliability Growth Estimation 
Lloyd and Lipow's Method 
with Geometric Weights, 

w=.6, n=30 

SA"PLE SIZE 30 NU"BER OF TRIALS 30 

ITERATION STAGE S 
-------- -----------------------------------------------------

1 2 3 It 5 6 7 8 9 

TRUE REL. .620 .700 .770 .830 .880 .920 .950 .970 .980 

1 .600 .733 .794 .808 .828 .863 .894 .922 .941 
2 .1t67 .700 .B43 .819 .872 .927 .930 .94& .964 
3 .567 .600 .7"" .836 .862 .903 .936 .950 .965 
I, .667 • 600 .686 .765 .821 .880 . .907 .926 .9" I, 
5 .633 .700 .730 • 77" .792- .8H .865 .907 .922 
6 .833 .733 .7"6 .770 .821 .8"5 .876 .903 .923 
7 .667 .600 .757 .788 .81" .855 .895 .909 .929 
8 .667 .567 .719 .783 .798 .843 .879 .909 .930 
9 .567 .667 .820 .823 .883 .919 .924 .940 .962 

10 .633 .767 .733 .794 .869 .896 .920 .913 .935 
11 .733 .600 .679 .772 .79'i .861 .868 .89'1 .915 
12 .533 .700 .739 .80" .1312 .872 .911 .930 .9lt3 
13 .600 .667 .721 .735 .765 .dOb .850 .819 .905 
lit .733 .700 .863 .817 .860 .879 .913 .935 .9lt4 
1!1 .661 .700 .822 .892 .890 .900 .927 .91t7 .961 
16 .600 .767 .690 .717 .7"It .780 • 829 .855 .873 
17 .733 .633 .739 .756 .763 • 769 .842 .857 .879 
18 ."00 .(1)7 .788 .796 .812 .d61 .898 .928 .946 
19 .433 .700 .772 .801) .832 .882 .905 .926 .9"7 
20 .567 .700 .690 .776 .833 .872 .895 .923 .936 
21 .500 .567 .786 .863 .865 .912 .944 .958 .912 
22 .700 .767 .773 .848 .830 .d63 .900 .925 .942 
23 .733 .633 .6"7 .75" .787 .823 .870 .900 .916 
ZIt .533 .800 .801 • 796 .856 .892 .918 .935 .952 
25 .533 .600 • 797 .8b8 .865 .903 .928· .950 .966 
26 .600 .667 .697 .810 .854 .877 .898 .91& .938 
27 .800 .567 .680 .7Z1 .773 .831 .867 .897 .913 
28 .667 .733 .811 .758 .780 .828 .858 .1377 .897 
29 .567 .767 .785 .824 .871 .900 .924 .946 .950 
30 ."67 .167 .842 .851) .091 .90'" .939 .960 .968 

"EAN .613 .679 .756 .798 .829 .867 .898 .919 .936 

ST.DEV. .10" .068 .055 .0"2 .039 .037 .030 .027 .025 

R"SE .10" .071 .057 .053 .065 .06'" .060 .058 .051 

"IN. .1t00 .567 .647 .717 .744 .780 .829 .855 .873 

"AX. .833 .800 .863 .892 .891 .921 .9"4 .960 .972 

.9 QUA. .467 .567 .680 .735 .773 .806 .850 .877 .697 
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Table 4.13 

Reliability Growth Estimation 
Lloyd and Lipow's Method 
with Geometric Weights, 

w=.8, n=30 
SA"PLe SUe 30 NUHBER OF TRULS 30 

HERA nON STAGES 
--------- -----------------------------------------------------

1 Z ' 3 4 5 b 7 8 9 

TRUe RH. .620 .700 .770 .830 .880 .9Z0 .950 .970 .980 

1 .bOO .733 .793 .80B .827 .859 .894 .922 .941 
2 .4b7 .700 .8"0 .824 .870 .927 .929 .948 .9b4 
3 .5b7 .bOO .739 .834 .8bO .903 .93b .950 .9b~ 

" .bb7 .bOO .b82 .759 .821 .880 .907 .92b .9"4 
5 .b33 .700 .730 .771 .789 .851 .885 .907 .9Z2 
6 .833 .733 .745 .7b7 .Blb .8"4 .87b .903 .923 
7 .b67 .bOO .750 .782 .809 .855 .895 .909 .929 
8 .bb7 .5b7 .712 .778 .793 .843 .879 .909 .930 
9 .5b7 .667 .815 .82" .880 .919 .922 .94b .9bZ 

10 .633 .767 .73b .791 .869 .896 .920 .914 .935 
11 .733 .600 .675 .767 .797 .8b1 .8b8 .899 .915 
12 .533 .700 .7ltO .801 .811 .872 .911 .930 .943 
13 .600 .b67 .719 .734 .779 .803 .850 .879 .905 
lit .733 .700 .856 .820 .85b .875 .913 .935 .9"4 
15 .667 .700 .817 .889 .889 .900 .926 .947 .9bl 
16 .600 .767 .695 .718 .742 .77b .829 .855 .873 
17 .733 .633 .734 .7!:iZ .760 .786 .642 .657 .879 
18 ."00 .667 .787 .799 .815 .857 .89& .928 .948 
19 .433 .700 .773 .807 .832 .880 .905 .926 .9" 7 
20 .567 .700 .692 • 770 • 831 .872 • 895 .923 .936 
21 .500 .567 .779 .862 .86b .912 .9lt4 .958 .972 
22 .700 .767 .774 .842 .831 .859 .900 .925 .942 
23 .733 .633 • 61t 5 .749 .784 .823 .870 .900 .91b 
ZIt .533 .800 .805 .802 .852 .669 .918 .935 .952 
25 .533 .600 .769 .8b5 .866 .900 .928 .950 .966 
26 .600 .667 .69"b .805 .854 .877 .898 .91tl .936 
27 .800 .567 .675 .714 .771 .831 .867 .897 .913 
28 .667 .733 .809 .763 .781 .824 .858 .877 .897 
Z9 .567 .767 .787 .824 .8b6 .898 .9Z4 .9"6 .950 
30 .467 .767 .8"3 .860 .891 .905 .935 .960 .968 

"fAN .613 .679 .754 • 796 .827 .66b .897 .919 .936 

ST.DeV. .104 .068 .055 .043 .01t0 .037 .029 .027 .oi5 

R"Sc .104 .071 .057 .055 .066 .066 .060 .058 .O!H 

"IN. .400 .567 .6lt5 .714 .7lt2 .776 .829 .855 .873 

"AX. .833 .800 .856 .8119 .891 .927 .91t4 .960 .972 

.9 OUA. .1t67 .567 .675 .734 .771 .803 .850 .877 .897 
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Table 4.14 

Reliability Growth Estimation 
Barlow and Scheuer's MLE Method 

with Geometric Weights, 
w=.4, n=lO 

SAI1PLE SIZE- 10 NUHBtIt Of ITERATION- 30 

ITERA nON STAGE!) 
--------- -----------------------------------------------------

1 2 3 It 5 6 7 8 9 
TRuE 
RE L. .620 .700 .770 .B30 .880 .920 .950 .970 .980 

1 .600 .800 .859 .865 .B6B .934 1.000 1.000 1.000 
2 .'t00 .700 .900 .800 • yOO J..vOv • ~3& 1.000 1.000 
3 .500 .500 .BOO 1.00C .936 1.000 1.000 1.000 1.00Cl 
4 .70v .565 .700 .801 .933 1.00v 1.0vO 1.000 1.000 
5 .600 .701 .729 .804 .B66 1.OClO 1.000 1.000 .940 
6 1.000 .786 .80 5 .B06 .934 .930.1.000 1.000 1.000 
7 .700 .565 .900 .865 .86e .Y34 1.000 .939 1.000 
8 .700 .565 .800 .862 .Bb6 .934 1.000 1.000 1.000 
9 .500 .700 .900 .867 1.00u 1.000 .939 1.000 1.000 

10 .700 .800 .721 .802 1.000 1.000 1.00,) .B7~ 1.000 
11 .800 .621 .700 .900 .B6Y 1.000 .876 1.000 1.000 
12 .500 .700 .72b .B03 .799 1.000 1.000 L.OOO .940 
13 .600 .701 .729 .739 .807 .b67 1.000 1.000 1.000 
14 .800 .773 1.000 .B08 .901,) .936 1.000 1.000 1.000 
15 .700 .710 1.000 1.000 .93d .938 1.000 1.000 1.000 
16 .600 • BOO .647 .700 .73B .807 L.OOO .93b .938 
17 .aoo .697 .800 .796 .745 .~09 1.000 .93d 1.000 
18 .300 .700 .800 .793 .744 .900 1.000 1.vOu 1.000 
19 .300 .700 .710 .801 .a65 .934 1.000 1.000 1.000 
20 .500 .700 .658 .800 .~32 1.000 .~3t1 1.000 1.000 
21 .400 .500 .900 .932 .IHl 1.OOCi 1.000 1.000 1.000 
22 .700 .800 .860 .933 • a07 .900 1.000 1.000 1.000 
23 .800 .697 .659 .900 .B08 .934 1.000 1.000 1.000 
24 .500 • BOO .857 .797 .900 1.000 1.000 1.000 1.000 
25 .500 .600 .900 1.000 .d75 .93b 1.000 1.00u 1.000 
20 .bOO .627 .721 .900 .934 .936 .937 1.000 1.000 
27 .900 .632 .700 .73b .900 1.000 1.000 1.00Ci 1.000 
Zd .700 .aoo .930 .739 .B07 .-i3:iS .936 .937 1.000 
29 .500 .800 .857 .&65 .93/t .930 1.000 1.000 .940 
30 .It 00 .8VO .92B .86 B .93/t d36 1.001l 1.000 1.000 

HEAN .b10 .695 • B07 • B't!l .B76 .94t! .965 .986 .992 

ST.OEV. .lb8 .092 .101 .077 .067 .053 .031 .029 .021 

RI1SE .16d .092 .107 .078 .067 .060 .0't7 .034 .024 

HI N. .300 .500 .b't7 .700 .738 .e07 .87b • B79 .93B 

"AX. 1.000 .BOO 1.000 1.000 1.000 1.000 1.000 1.000 1.000 

.9 QUA. .'t00 .505 .659 .739 .745 .867 .937 .938 .940 
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Table 4.15 

Reliability Growth Estimation 
Barlow and Scheuer's MLE Method 

with Geometric Weights, 
w=.6, n=lO 

SAftPLE SIZE- 10 tiUftBER OF ITERATION- 30 

ITERATION STAGES 
--------- -----------------------------------------------------

1 2 3 It 5 b 7 8 9 
TRUE 
REL. .620 .700 .770 .830 .880 .920 .950 .970 .980 

1 .600 .800 .810 .850 • dSS .909 1.000 1. 000 1.000 
2 .4 00 .700 .900 .805 .902 1.000 .956 1.000 1.000 
3 .500 .500 .800 1.000 .947 1.000 1.001l 1.000 1.000 
4 .100 .b05 .700 .803 .900 1.000 1.VOO 1.000 1.000 
5 .600 .700 .737 .80 3 .815 1.000 1.000 1.000 .958 
6 1.000 .813 .840 .811t .907 .954 1.000 1.000 1.000 
7 . .100 .605 .900 .870 .842 .90B 1.00J .957 1.000 
8 • 700 .605 .800 .810 .839 .907 1.000 1.000 1.000 
9 .500 .700 .900 .870 1.000 1.000 .957 1.000 1.000 

10 .100 .803 .6B9 .800 1.000 1.000 1.000 .916 1.000 
11 .800 .020 .700 .900 .S70 1.000 .911 1.000 1.000 
12 .500 .100 .737 .803 .767 1.000 1.000 1.000 .958 
13 .600 .700 .737 .750 .S10 .820 1.000 1.000 1.000 
lit .800 .7't7 1.000 .813 .906 .935 1.000 1.000 1.000 
15 .700 .737 1.000 1.000 .955 .956 1.000 1.000 1.000 
16 .bOO .800 .631 .103 .7Sb .803 1.000 .955 .9!16 
17 .800 .b84 .800 .75d .804 .811 1.000 .955 1.000 
18 .300 .700 .803 .747 .800 .900 1.000 1.000 1.000 
19 .300 .700 .737 .803 .IHZ .906 1.00J 1.000 1.0vO 
20 .500 .700 .611 .800 .900 1.000 .956 1.000 1.000 
21 .1t00 .500 .900 .935 .893 1.000 1.000 1.000 1.000 
22 .100 .803 .810 .901 .857 .908 1.000 1.000 1.000 
23 .800 .684 .675 .900 .870 .900 1.000 1.000 1.000 
24 .500 .BOO .810 .786 .902 1.000 1.000 1.000 1.000 
25 .500 .600 .900 1.000 .906 .911 1.000 1.000 1.000 
26 .bOO .b15 .100 .900 .935 .953 .955 1.000 1.000 
27 .90;) .615 .700 .749 .900 1.001l 1.000 1.000 1.000 
28 .700 .803 .900 .198 .tl14 .900 .95't .955 1.000 
29 • !lao .800 .810 .839 .905 .953 1.000 1.000 .958 
30 .400 .800 .900 .891 .YOb .954 1.000 1.000 1.000 

"EAN .610 .700 .800 .8ltO .816 .943 .990 .991 .994 

ST.DEV. .168 .087 .091 .076 .061 .058 .022 .021 .011t 

RftSE .168 .087 .101 .076 .Ob1 .Ob3 .045 .030 .020 

"I N. .300 .500 .631 .103 .156 .803 .911 .916 .956 

"AX. 1.000 .813 1.000 1.000 1.000 1.000 1.000 1.000 1.000 

.9 QUA. .400 .bOO .615 .749 .800 .B20 .955 .955 .958 
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Table 4.16 

Reliability Growth Estimation 
Barlow and Scheuer's MLE Method 

with Geometric Weights, 
w=.8, n=lO 

SAMPLE SHE- 10 NUMBER OF HERAT ION- 30 

ITERATION STAGES 
--------- -----------------------------------------------------

1 2 3 It 5. b 7 8 9 
TRUE 
REL • .b20 .700 .770 .830 .880 .920 .950 .970 .980 

1 • baa .800 .826 .830 .830 .900 1.000 1.000 1.000 
2 .400 .700 .900 .826 .900 1.0uO .956 1.000 1.000 
3 .500 .500 .800 1.00U .94ft 1.000 1.000 .1.000 1.000 
ft .700 .602 .700 .800 .~OO 1.000· 1.000 1.000 1.000 
5 .600 .700 .71b .BOO .828 1.000 1.000 1.000 .975 
6 1.000 .633 .833 .657 .900 .942 1.000 1.000 1.000 
7 .700 .602 .900 .884 .870 .90'" 1.000 .956 1.000 
8 .700 .602 .600 .826 .830 .9uO 1.000 1.000 1.000 
9 .500 .700 .900 .884 1.000 1.000 .959 1.000 1.000 

10 .700 .dOO .736 .800 1.000 1.000 1.000 .939 1.000 
11 .800 .655 .700 .900 .8134 1.uOO .89b 1.000 1.000 
12 .SOO .700 .716 .800 .762 1.000 1.000 1.000 .966 
13 .600 .700 .7l6 .HO .1300 .628 1.000 1.000 1.000 
14 .800 .770 1.000 .633 .900 .942 1.000 1.000 1.000 
15 .700 .716 1.000 1.000 .95~ .965 1.000 1.000 1.000 
10 • bOO .600 .650 .700 .710 .600 1.000 • 9 It It .958 
17 .600 .713 .800 .770 • 7:i 1 .dOO 1.000 .91tlt 1.000 
1& .30u .700 • bOO .704 .753 .900 1.000 J..ooo 1.000 
19 .300 .700 .716 .800 .1328 .'il00 1.000 1.000 1.000 
20 .500 .700 .659 .800 .900 1.000 .956 1.000 1.000 
21 .400 .500 .900 .942 .913 1.000 1.000 1.000 1.000 
22 .700 .600 • b2b .900 .8213 .90u 1.000 1.000 1.000 
23 .600 .713 • b66 .900 .681t .91ft 1.000 1.000 1.000 
2ft .500 .800 .828 .787 .900 1.000 1.000 1.000 1.000 
25 .500 .bOO .900 1.000 .916 .~30 1.000 1.000 1.000 
26 .600 .607 .700 .900 .9lt2 .'iS6 .9b4 1.000 1.000 
27 .900 .709 .70!) .718 .900 1.000 1.000 1.000 1.000 
26 .700 .800 .900 .7d6 .800 .900 .9ft2 .956 1.000 
29 .!)OO .800 .828 • tl30 .900 .9ft2 1.000 1.000 .975 
30 .400 .800 .900 .881t .91ft .942 1.000 1.000 1.000 

Mt:AN .bl0 .70" .801 • 843 .872 .9ft2 .969 .991 .996 

ST.DEV. .168 .008 • 097 .077 • 00" .0bO .024 .019 .011 

RMSE .168 .Ob8 .102 .078 .070 .Obft .046 .029 .019 

MIN. .300 .500 .65b .700 .71b .800 .896 .939 .958 

MAX. 1.000 .833 1.000 1.000 1.000 1.000 1.000 1.000 1.000 

.9 QUA. .400 .600 .666 .740 .753 .82ij .956 .9/tft .975 
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Tabl~ 4.17 

Reliability Growth Estimation 
Barlow and Scheuer's MLE Method 

with Geometric Weights, 
w=.4, n=30 

S.ltPLE SUE- 30 NUltStR OF IT E RAT ION- 30 

ITERATION STAGES 
--------- ----------------------------------_._----------------

1 2 3 It 5 6 7 8 9 
TRUE 
REL. .620 .700 .770 .830 .8&0 .920 .950 .970 .980 

1 .600 .733 .800 .810 .852 .900 .967 1.000 1.000 
2 .1t67 .700 .867 .&07 .900 1.000 .938 .967 1.000 
3 .567 .600 .800 .900 .894 .967 1 • .:100 .980 1.000 
It .667 .619 .733 .833 .900 1.000 .979 .9&0 1.000 
5 .633 .700 .736 .800 .&12 .967 .'i79 .979 .980 
6 .833 .762 .782 .&10 .900 .917 .967 1.000 1.000 
7 .ob7 .619 .S33 .810 .d!J2 .933 1.000 .959 1.000 
8 .667 .595 .800 .833 .83J. .933 .979 1.000 1.000 
9 .5b7 .6b7 .d67 .83.1 .933 .'i7'i .938 1.000 1.000 

10 .633 .7b7 .735 .833 .~67 .9:1& .979 .918 1.000 
11 .733 .6U .733 .8b7 .85, 1.000 .918 1.000 .980 
12 .533 .700 .734 .833 .814 .907 1.000 .980 .980 
13 .bOO .6b7 .733 .746 .633 .835 .967 .979 1.000 
lit .733 .713 .933 .830 .900 .901t 1.000 1.000 .980 
15 .b67 .700 .867 .933 .915 .917 .967 1.000 1.000 
16 .600 .7b7 .089 .733 .770 .833 .967 .95& .959 
17 .733 .065 .800 .787 .808 .634 1.000 .938 .9b7 
18 .400 .6b7 .600 .784 .820 .900 .967 1.000 1.000 
19 .433 .700 .767 .8J6 .c;33 .'i33 .958 .979 1.000 
20 .567 .700 .686 .833 .91)0 .937 .95i1 1.000 .980 
21 .500 .567 .867 .903 .874 .~67 1.000 .98u 1.000 
22 .700 .767 .782 .900 .1$35 .900 1.000 1.000 1.000 
23 .733 .b6, .675 .667 .855 .900 1.00,) 1.00CJ .980 
24 .533 .800 .764 .805 .900 .933 .979 .979 1.000 
25 .533 .600 .667 .903 .871t .933 .979 1.000 1.000 
26 .bOO .607 .700 .900 .904 .9J. 7 .936 .979 1.000 
27 .800 .639 .767 .782 .867 .967 .n9 1.000 .980 
28 .6b7 .733 .633 .749 .810 .900 .937 .9511 .979 
29 .507 .767 .782 .&33 .'i00 .'i38 .979 1.000 .960 
30 .407 .7b7 .833 .833 .900 .917 .967 1.000 .980 

/'lEAN .613 .686 .786 .830 .867 .930 .973 .984 .990 

ST.DEV. .104 .Obl .063 .049 .043 .044 • 022 .02J. .013 

RHSE .104 .062 .065 .049 .045 .045 .032 .02!J .017 

"IN. .400 .567 .675 .733 .170 .833 .918 .916 .959 

"AX. .833 .800 .933 .933 .967 1.000 1.000 1.000 1.000 

.9 QUA. .1t67 .600 .689 .71t9 .8J.0 .835 .93i1 .956 .967 
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Table 4.18 

Reliability Growth Estimation 
Barlow and Scheuer's MLE Method 

with Geometric Weights, 
w=.6, n=30 

SAMPLE SIZE- 30 NUMBER OF IT ERAT .LON- 30 

ITER4TION STAGES 

--------- -----------------------------------------------------
l 2 3 4 5 6 7 8 9 

TRUE 
RH. .620 .700 .770 .830 .8bO .920 .950 .970 .980 

1 .600 .733 .800 .810 .633 .~OO .967 l.OOO 1.000 
2 .467 .700 • &67 .811 .900 1.000 .93& .97Z 1.000 
3 .567 .600 .800 .900 .894 .967 1.000 .986 1.000 
4 .667 .625 .733 .833 .90,) 1.00U .979 .980 1.000 
5 .633 .7CJO .733 .800 .810 .967 .97'1 .983 .9B6 
6 .833 .771 .790 .800 .900 .915 .907 1.000 1.000 
7 .607 .625 .tl33 .813 .643 .933 1.000 .966 1.000 
8 .b67 .604 .&00 .833 .~13 .933 .967 l.OOu 1.000 
9 .567 .667 .867 .832 .933 .967 .946 1.000 1.0olO 

10 .633 .767 .728 .833 .967 .958 .967 .943 1.000 
11 .733 .601 .733 .8b7 .853 1.000 .921 1.000 .979 
12 .533 .700 .733 .833 .~l3 .967 1.000 .963 .96b 
13 .600 .667 .733 .746 .833 .833 .967 .979 1.000 
lit .733 .725 .933 .833 .900 .9l5 1.000 1.000 .966 
15 .6b7 .700 .667 .933 .697 .921 .907 1.000 1.000 
16 .600 .767 .6&6 .733 .767 .833 .967 .95b .946 
17 .733 .682 .800 .7t19 .778 .833 l.OOO .93& .967 
18 .400 .ob7 .800 .7&9 .600 .900 .907 1.000 1.000 
19 .1t33 .700 .767 .600 .833 .933 .937 .967 1.000 
20 .567 .700 .685 .833 .900 .936 .937 1.000 .986 
21 .500 .567 .867 .900 .67d .967 1.000 .983 1.000 
22 .700 .767 .770 .900 .652 .900 1.000 1.000 1.000 
23 .733 .662 .b86 .8b7 .853 .900 1.000 1.000 .986 
Z4 .533 .800 .789 .776 .900 .936 .967 .986 1.000 
25 .533 .600 .867 .900 .B7d .933 .967 l.OOO 1.000 
2b .000 .667 .700 .900 .915 .915 .937 .Y67 1.000 
Z7 .600 .602 .767 .770 .tl67 .907 .979 1.000 .986 
28 • b67 .733 .833 .758 .600 .900 .930 .937 .972 
29 .!;67 .767 .770 .B33 .900 .936 .967 1.000 .972 
30 .467 .767 .833 .633 0900 .915 .967 1.000 .966 

"EAN .613 .692 .7Bo .629 .d64 .929 • 'no .984 .991 

ST.DEV. .104 .059 .063 .01t9 .047 .01t4 .023 .020 .013 

RMH .101t • 060 .065 .01t9 .050 .01t5 .030 .024 .017 

"IN. .400 .567 .685 .733 .7b7 .633 .921 .937 .94B 

"AX. .633 .BOO .933 .933 .967 1.000 1.000 1.00C. 1.01l0 

.9 QUA. .1t67 .bOO .686 .758 .800 .633 .937 .9lt3 .972 
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Table 4.19 

Reliability Growth Estimation 
Barlow and Scheuer's MLE Method 

with Geometric Weights, 
w=.8, n=30 

SAMPL E SUE- 30 NUMBeR OF lTERATlON- 30 

ITERATION STAGES 
--------- -----------------------------------------------------

1 2 3 It ~ 6 7 8 9 
TRUE 
REL. .620 .700 .770 .830 .880 .920 .950 .970 .980 

1 .bOO .733 .800 .812 .833 .900 .967 1.000 1.000 
2 .lto 7 .700 .8b7 .814 .~OU 1.000 .945 .967 1.000 
3 .5b7 .600 .ClOO .900 .8&8 .'i67 1.000 .986 1.000 
4 .6b7 .630 .733 .833 dOO 1.lIOu .981 .986 1.000 
5 .633 .700 .733 .800 .612 .967 .981 .986 .98B 
6 .833 .778 .780 .800 .900 .907 .967 1.000 1.000 
7 .b67 .630 .833 .815 .834 .933 1.000 .903 1.000 
8 .667 .611 .800 .833 .820 .933 .967 1.000 1.000 
9 .561 .667 .867 .833 .933 .967 .945 1.000 1.000 

10 .633 .767 .738 .833 .967 .962 .972 .943 1.UOO 
11 .733 .661t .733 .807 .851 1.000 .920 1.000 .981 
12 .533 .700 .733 .833 .(115 .967 1.000 .986 .989 
13 .600 .6b7 .733 .739 .833 .833 .967 .981 1.000 
lit .733 .720 .933 .850 .900 .907 1.000 1.000 .986 
15 .667 .700 .867 .933 dOb .901t .967 1.00C! 1.000 
16 .600 .7b7 .700 .733 .707 .833 .967 .962 .958 
17 .73) .683 .800 .793 .791 .tl33 1.000 .944 .967 
18 .It 00 .607 .800 .793 .805 .900 .961 1.000 1.000 
19 .433 .700 .767 .800 .633 .'133 .944 .967 1.000 
20 .567 .700 • b84 .833 .900 .933 .941t 1.001l .981 
21 .500 .567 • Cl6 7 .'i00 .t175 .967 1.000 .98b 1.000 
22 .700 .767 .775 .900 .851 .900 1.000 1.000 1.000 
23 .133 .b83 .b82 .8b7 .851 .900 1.000 1.000 .986 
24 .533 .800 .193 .791 .900 .~33 .967 .981 1.000 
25 .533 .bOO .867 .900 .875 .933 .967 1.000 1.000 
26 .600 .667 .700 .900 .907 .917 .933 .967 1.000 
27 .800 .680 .761 .175 .867 .967 .981 1.000 .989 
28 .6bl .733 .833 .759 .800 .9UO .933 .944 .967 
29 .567 .167 .175 .833 .900 .'133 • '1b 7 1.000 .972 
30 .467 .767 .833 .833 .'100 .~07 .9b7 1.000 .986 

MEAN .613 .694 .78 b .83U .864 .928 .971 .985 .992 

ST.DE~. .104 .058 .062 .01t9 .046 .044 .022 .019 .012 

RM5E .104 .O!l9 .064 .049 .049 .04!1 .030 .024 .011 

KIN. .400 .567 .682 .733 .167 .833 .926 .943 .958 

"AX. .833 .800 .933 .933 .967 1.000 1.000 1.000 1.000 

.9 QUA. .lt67 .600 .700 .7:i9 .800 .833 .933 .944 .967 
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Figure 4.1. Mean Reliability vs. stage Number for the Cumulative MLE 
Model with Geometric Weights, n=10 
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Figure 4.2. Mean Reliability vs. Stage Number for the Cumulative MLE 
Model with Geometric Weights, n=30 
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Figure 4.3. Standard Deviation vs. Stage Number for the Cumulative MLE 
Model with·Geometric Weights, n=lO 
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Figure 4.4. Standard Deviation vs. Stage Number for the Cumulative MLE 
Model with Geometric Weights, n=30 
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Figure 4.5. RMSE vs. stage Number for the Cumulative MLE Model with 
Geometric Weights, n=lO 
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Figure 4.6. RMSE vs. stage Number for the Cumulative MLE Model with 
Geometric Weights, n=30 
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Figure 4.7. Mean Reliability vs. Stage Number for the Lloyd and Lipow 
Model with Geometric Weights, n=lO 
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Figure 4.8. Mean Reliability vs. Stage Number for the Lloyd and Lipow 
Model with Geometric Weights, n=30 
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Figure 4.9. Standard Deviation vs. Stage Number for the Lloyd and 
Lipow Model with Geometric Weights, n=lO 
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Figure 4.10. Standard Deviation vs. Stage Number for the Lloyd and 
Lipow Model with Geometric Weights, n=30 
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RMSE vs. Stage Number for the Lloyd and Lipow Model with 
Geometric Weights, n=lO 
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Geometric Weights, n=30 
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Figure 4.13. Mean Reliability vs. Stage Number for the Barlow and 
Scheuer Model with Geometric Weights, n=lO 
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Figure 4.14. Mean Reliability vs. Stage Number for the Barlow and 
Scheuer Model with Geometric Weights, n=30 
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Figure 4.16. Standard Deviation vs. Stage Number for the Barlow and 
Scheuer Model with Geometric Weights, n=30 
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is negligible. Figures 4.9-4.12 show that the standard deviations and 

RMSE's are very close to each other when different weight factors are 

used in Lloyd and Lipow's model. 

Figures 4.13 and 4.14 show that the mean reliabilities estimated 

by Barlow and Scheuer's model are more accurate for samples of size 30 

than 10. It is also shown that the estimated reliabilities are larger 

at most stages than the true reliabilities. The standard deviations 

and the RMSE's are close together for Barlow and Scheuer's model with 

different weight factors. 



CHAPTER 5 

IMPROVED BAYESIAN RELIABILITY GROWTH MODELS 

5.1 Modified Bayesian Reliability Growth Models 

In chapter three a cumulative beta Bayesian reliability growth 

model, a Bayesian reliability growth model with ordered reliabilities, 

as well as an empirical Bayes model for the reliability estimation at 

each stage of development were discussed. It was also pointed out that 

the cumulative beta Bayes and the empirical Bayes approach provide too 

conservative estimates of reliability, particularly at later stages of 

development. In this chapter, attempts are made to improve the Bayesian 

reliability growth models using the geometric weighting scheme described 

in chapter four. 

5.2 Analysis of the Corrected Bayesian Reliability 
Growth Model of Smith 

A review of equation 3.11 will disclose that the corrected 

smith's model requires integer data: 

Thus a geometric weighting scheme cannot be used with this model, since 

the effective sample sizes and number of successes are not necessarily 

integers after weighting. 
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5.3 Modified Empirical Bayes Reliability Method 

Equation 3.20 shows that the sample size as well as the number 

of successes decreases in the same proportion at the ith stage, 

i=1,2, ••• ,k, k=1,2, ••• ,m. 

-(1) 
R 

~ (:)S+l (1-:i)n-S 
i=l 

= ----------------------
m (Si) s ( Si)n-S L -. 1-

i=l n n 

(3.20) 
repeat 

Consequently, the estimated reliabilities at the kth stage will also de-

crease if geometric weights are added. The following example for k=2 

will clarify this argument. Let 

" Rl = .6 

" R2 = .8 

nl = n2 = 10 

sl = 6 

s2 = 7 

Then the estimated reliability at the kth stage from the empirical Bayes 

model is: 

" _ (.6) 7 (.4)4 + (.8)8 (.2)3 

R2 (.6)6 (.4)4 + (.8) 7 (.2)3 = 

The geometric weight factor W. is defined as: 
1 

w. = W 
1 

(k-i) , 

.71777 • 

(5.1) 
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where 

i = 1,2, ••• ,k 

and 

k = 1,2, .•• ,m 

Then for w = .5: 

wl = ·5(2-1) = ·5 

w2 = .5(2-2) = 1 , 

and the effective sample sizes, n'l' and effective number of successes, 

s', are defined as follows: 

s' ·W 
1 1 = 3, n' l-w 1 = 5 

s' 2 ow 2 = 7, n' 2 ,w:2 = 10 . 

Substituting this data into equation (3.20) yields: 

.60927 , 

thus, the geometric weighting scheme clearly does not improve the reli-

ability estimates of the empirical Bayes model. 

Because of these anomalies in both Smith's and the empirical 

Bayes model, the geometric weighting scheme described in chapter four 

will only be applied to the beta Bayes model. 



5.4 Beta Bayes Model with Uniform 
Prior and Geometric Weights 

91 

The simulation results of chapter three showed that when using 

this model there ~ists a significant difference between the estimated 

and true reliability at each and especially at the later stages of 

testing. 

The geometric procedure applied to this model in an attempt to 

improve its results is the same as the one used in chapter four. Samples 

of size 30 and 10 are used for a nine-stage development process with ex-

ponentially increasing true reliability from stage to stage ... The same bi-

nomial routine used in the experiments of chapter three is used, and the 

input data obtained in chapter three is used as input for this model. 

5.5 Summary and Discussion of Results 

Tables 5.1 through 5.6 show the results of the beta Bayes model 

simulation with geometric weights. Tables 5.1-5.3 give the simulation 

results for n=lO and Tables 5.4-5.6 show the results for n=30. These 

results are plotted on Figures 5.1-5.6. Figures 5.1 and 5.2 present the 

mean reliabilities of the beta Bayes model with uniform prior and three 

different weight parameters. It can be seen from these figures that the 

estimated reliabilities with smaller weight parameters (i.e., w = ·4) are 

closer to the true reliabilities. This makes sense since the reliability 

is increasing and less emphasis is placed on the data obtained from the 

previous stages in estimating the reliability at the present stage. 
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Table 5.1 

Reliability Growth Estimation 
Beta Bayes Model with uniform Prior 

and Geometric Weights, 
w=.4, n=lO 

SAI1PLE SIZE- 1J NUI18ER OF 1 TtRA TI ON- 30 

lTEKATlON STAGE S 

--------- ------------------------------------------------------
1 Z 3 4 5 b 7 8 9 

TRUE REL. .b20 .700 .770 .830 .8C)0 .920 .950 .970 .980 

1 .~ 83 .713 .74d .7bO .7b5 .S20 .090 .92b .93& 
2 .417 .bOO .7b4 .711 .aoo .ddd .8bo;l .91b .934 
3 .501,) .~ ull .b70 .640 .050 .90b • ~31 .940 .944 
4 .bb7 .5500 .b32 .715 .dO.l. .a89 .~23 .937 .943 
5 .583 .bSJ .bbll .729 .7,3 .1$09 .91b .931t .886 
b .917 .7:i0 .7b1 .7b5 .821 .1l43 .90, .930 .940 
7 • bb7 .5500 .745 .7)'1 .7b4 .820 .8'10 .b7j" .917 
8 .bb7 .:'150 • b69 .737 • 7~b .d17 .69~ .920 .93d 
9 .500 .b25 .773 .771.1 .a77 .'01!9 • tI C)2 .921 .930 

10 .bb7 .736 • b43 .720 .6~7 .911 .932 .831t .901 
11 .7~0 .575 .blt1 • 77 It .770 .tHb .611 .6'1l .925 
12 .500 .b25 .b,9 .720 .b97 • fjlt 7 .907 .931 .687 
13 .563 .b50 .bbB .b75 .731 .753 • db9 .910 .934 
14 .750 .700 .857 .7lt7 .cH4 .1340 .'10'9 .~29 .940 
15 .bb7 .b75 .b48 .90C) .!J77 .130' .914 .933 .941 
Ib .:; !J3 .713 .577 .639 .bb3 .720 • a 59 .650 .857 
17 .7)0 .b3& .720 .b9, .065 .735 .6b2 .659 .912 
18 .333 .575 • b98 .t!Jb .bb1 .707 .lSd3 .92! .930 
19 .333 .575 .b41 .H9 .74'01 .b14 .09't .92; .938 
20 .:100 .b25 .b02 .70lt .797 .&67 .8b~ .'11; .934 
21 .417 .475 .71b • &u4 .762 .881 • ~2J .930 .942 
22 .bb7 .738 .751 • blb .734 .C)O& .891 .'0124 .938 
23 .7)0 .03S • b07 .701 • 7b~ .d20 .89b .920 .936 
24 .500 .b66 .739 .702 .79b .&d7 .923 .937 .943 
25 .500 .5b3 .750 .1171 .80d .03C) .903 .929 .939 
2b .5S3 .568 .blt5 .77':1 .d25 .84" .1),2 .90'01 .931 
27 .833 .bOO .b50 .bbB .7"2 .61H .920 .93b .942 
28 • bb7 .73& .614 .b7b .73i! .d07 .837 .0"9 .90& 
29 .500 .b66 .739 .757 .617 .64.1. • '0104 .930 .88b 
30 .lt17 .bb3 .7Sb .775 .d2':1 .0"" .900 .930 .940 

PtEA N .592 .b32 .707 .74b .779 .842 .692 .'io14 .92b 

ST .OEV. .140 .072 .071 .059 .05':1 .04d .028 .029 .022 

R/'tSE .143 .0",9 .095 .103 • 11, .0~2 .Oblt .003 .056 

"IN. .333 .475 .577 .639 .bb3 .72b .611 .634 .857 

I1A)(. .917 .7500 .657 .90d .ti77 .91-1 .932 .940 .9"4 

• 9 QUA • .417 .5~0 .b07 .b75 .06':1 .753 .1152 .858 .tl87 
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Table 5.2 

Reliability Growth Estimation 
Beta Bayes Model with Uniform Prior 

and Geometric Weights, 
.w=.6, n=lO 

SAI1PI.E SIZE- 10 ~U"'DER OF lTtRAT ION- 30 

IT ERA TION S TA GE S 
--------- ------------------------------------------------------

1 2 3 4 5 b 7 CI 9 

UUE REI. • .020 .70i) .770 .&30 .680 .920 .950 .970 .980 

1 .563 .7UO .739 .75"1 .706 .809 .872 .90t,/ .931 
2 ." 17 .57d .724 .706 .777 .~~!1 .6bl .903 .927 
3 .500 .~OO .639 .7db .d22 .~bl .91, .93" .9"6 

" .ob7 .!167 .626 .69:1 .771 .651 .897 .92" .9"0 
5 .583 .644 .66!1 .71b .7"3 .835 .867 .:f18 .899 
b .917 .778 .778 .77tl .816 .640 .890 .t,/ZO .937 
7 • bb7 .567 .719 .745 .75"1 .80b .IHO .870 .90& 
6 .ob7 .567 .o7l .720 .7"5 .N7 .db5 .905 .926 
9 .50i) .bll .7"1 .75d .846 .895 • b85 .917 .935 

10 .667 .733 • b63 .715 .dZ2 .861 .91, .8:19 .9i)1 
11 .750 .bOO .0,,3 .7"b .7bO .d":1 .817 .B76 .911 
12 .5 au .611 .648 .701 .b96 .809 .672 .90IJ .8t,/3 
13 .583 .6"4 .bb5 .674 .71"1 .7't3 .b3" .68b .917 
H .750 .711 .837 .7b 8 .IH2 .1S3e .888 .919 .937 
1:) .bb7 .b7b • &20 .tl85 .d79 .87!1 .911 .932 .945 
10 .583 .700 • bOO .63~ .b5-J .709 .tl13 .d3b .050 
17 .7:)0 .656 .717 .702 .bl;, .73') .82:1 .d"" .892 
16 .333 .5"4 • 661 .67l .b71S • 7!1& .8"2 .691 .~20 

19 .333 .5"4 .61:) .681; .727 • 7tH .d59 .0;,0.1. .920 
20 .SOO .bl1 .602 .b8l .7b3 .847 .iI:)o .9vli .'125 
21 .417 .407 .bb9 .7bO .7oll .8"9 .d9b .923 .939 
22 .bb7 .733 .756 .bOil .7~5 .803 .6b9 .'107 .930 
23 .750 .1:156 .b24 .73b .7!14 .80:;' .Bbd .907 .930 
24 .500 .b07 .722 .705 .777 .d5 .. .899 .925 .9"0 
2!1 .500 .!15b .713 .827 .80b .833 .886 .917 .936 
2b .583 .569 .637 .743 .7"1d .&2& • b4b .093 .921 
27 .83:1 .b33 .6!19 .671 • H7 .6"3 .89l .921 .93b 
28 .607 .713 .802 .707 .737 .793 • b25 .84~ .692 
29 .500 .bl:l7 .722 .747 .600 .&30 .884 .-Jlb .tl98 
30 • H7 .b33 .752 .70" .ISIC .835 .686 .'1.1.8 .930 

I1EAN .592 .629 .694 .734 .7b7 .822 .671 .90J. .921 

ST.OEV. .140 .073 .063 .0:11 .O,,-J .0"" .Old .026 .u21 

RI1Sf: .143 .102 .099 .109 .123 .107 .0~4 .074 .063 

'UN. .333 ."b7 .600 .b3 IJ .65'" .70Y .813 .il3b .850 

I1AX. .917 .778 .837 .885 .~79 .8,,!1 .915 .934 .9"0 

.9 QUA. .417 .5lt4 .b15 .672 .b9!1 .743 .b25 • d4" .892 
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Table 5.3 

Reliability Growth Estimation 
Beta Bayes Model with Uniform Prior 

and Geometric Weights , 
w=.8, n=lO 

SAt\PLE SHe:- 10 NlJHd ER L1F IT~KATION- 30 

lTERATlLIN STAGeS 
--------- ------------------------------------------------------

1 2 3 4 ~ b 7 8 9 

TRUE IU:L. .620 .700 .770 .830 .8bO .9.20 .~!l0 .97u .980 

1 .583 .b90 .729 .748 .7bO .793 .1140 .in't .898 
2 .417 .5bO • bell .b09 .74b • d O~ .1l21l .804 .8~1 
3 .500 .!hIJ .b14 .73~ .779 .833 • t170 .09b .916 
4 .bb7 .5dO • b24 .b7 & .731J .803 .d40 .111:10 .903 
:'I .583 .6'tJ .bbl .703 .728 .795 .642 .875 .817 
6 .917 .800 .795 .79~ .1l20 .8H .873 .89'i/ .918 
7 .bb7 .,80 .700 .729 .740 .783 .!f33 .845 .&70 
8 '.Ob7 .)1l0 .662 .704 .72iJ .770 • 1123 .b61 .bd8 
9 .50u .600 .712 .737 .80d .d54 .862 .&9u .911 

10 .b07 .7,30 .677 .7~4 • 7~2 .842 .&77 .11)0 .885 
11 .7 j iJ .020 .6't8 .726 .7't5 .800 .803 .d4!) .870 
12 .500 .000 .63b .b1l7 .61;;8 .76b • tl20 .U5d .b64 
13 .:iIU .b40 .bo1 .671 .705 .72& .791 .tl30 .869 
14 .750 .720 .823 .760 .dl0 .!f30 .bb6 .89:1 .915 
15 .bo 7 .6dO .798 .&59 .boo • d 71 .89'1 .91Cl .933 
Ib .5tH .690 .015 .641 .b56 .b'l.l. .764 .7'1:- .614 
17 .75J .670 .717 .709 .704 .7,6 .790 .1l13 .8:11 
18 .333 .520 .62b .648 .601 .721 .7b6 .tl32 .bbb 
19 .333 .520 .51l8 .b!l4 .693 .744 .d04 .1l4b .877 
20 .500 .600 .598 .bol .720 .794 • bll .1l5b .8&5 
21 .417 .400 .627 .712 .73't .1l00 • a40 .870 .901 
22 .6b7 .730 .7!13 .796 .760 .798 .1l44 .876 .900 
23 .750 .070 .641 .721 .741 .77'J • !f30 .860 .892 
24 .501.1 .050 .705 .701 .7;4 .81:1 • d56 .8&0 .908 
25 .500 .;50 .b82 .71';) .783 .fl10 • b53 .883 .906 
26 .5 &3 .590 .630 .714 .7b4 .No .!f11l .857 .885 
27 .8:H .b60 .673 .6B .739 .d04 .1141' .llbO .903 
28 .ob7 .730 .791 .727 .74) .7d2 .808 .82b .862 
29 .5()J .&50 .70!l .732 .771 .800 • b49 .bo.l. .882 
30 .417 .010 .718 .741 .783 .dl0 .853 .883 .90b 

I1E AN .592 .627 .61:13 .71'1 .750 .793 .835 .bo!! .889 

ST.DEV. .140 .076 .062 .048 .045 .04Ci .030 .027 .023 

RI1St: .143 .105 .10b .121 .138 .133 .119 • lOb .094 

I1IN. .333 .460 .58b .b41 .6So .691 .764 .B3 .814 

I1A)(. .917 .800 .823 .85'1 .86b .d71 .899 .9111 .933 

.9 QUA. .417 .520 • b14 .054 .o8tJ .72b .790 .826 .862 
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Table 5.4 

Reliability Growth Estimation 
Beta Bayes Model with Uniform Prior 

and Geometric Weights, 
w=.4, n=30 

~AKPLE SIZE:- 30 NuMdER OF IHRATlOr-.- 30 

ITE kAT 10N S TAGE~ 
--------- ------------------------------------------------------

1 2 3 4 5 b 7 b 9 

TRUE REL. .tilO .700 .77IJ .630 .6~0 .~20 .950 .970 • '180 

1 .594 .b6b .7~2 .771t .d02 .852 .910 .953 .9b9 
2 .1t09 .027 .771 .702 .03b .~2 3 .900 .'t2~ .9bO 
3 .;;03 .5f10 .71b .820 .dltO .90, • v51 .91t9 .9bl:l 
It .b5b .b14 .bb4 .7b8 .8.:19 .~2't .9.:1-J .Y4:" .9bb 
5 .b2:1 .b73 .70b .7:17 .770 .d80 .92J. .93b .944 
b .813 .750 .nlt .77'; .d1t2 .&b7 .91b .955 .970 
7 ,.0'0 .b14 .71to .772 .801 .il7! .'i37 .v25 .9513 
b .b5b .591 .717 .7bl .78, .130" .9.1., .955 .970 
9 .;b3 .b32 .773 .762 .dblt .915 .697 • '147 .9b7 

10 • b25 .7.L c3 .702 .77, .d60 .90l .930 .804 .942 
J.1 .719 .b32 .091 .HO .60~ .~J.2 .870 .939 .945 
12 .531 .b4:; .09b .773 .lb2 .06.:1 .942 .940 .940 
13 .,94 • b41 .094 .713 .778 .fl04 .d~l .920 .959 
lit .719 .700 .639 .71:10 .047 • tlO~ .930 .9b3 .954 
15 .b5b • b82 .79J,. .&06 • «;;9 .d74 .919 .95b .971 
10 • 5~'t .709 .057 .09~ .7.,.. .71:10 .8t1 .. • -J04 .911 
17 .719 • b55 .740 .7,0 .7:J4 • 7~4 .9Uo .893 .927 
16 .400 .5bo .71b .741 .77J .til9 .905 .9,(.J .90~ 
19 .43 b .b18 .707 .7,7 .79'; • tl bd .tJ97 .920 .9bO 
20 .;b3 .b';, .o';b .75 tJ .tl3'; .d84 • C;v4 .9,0 .91t9 
21 .500 .545 .71t2 .830 .824 .d99 .94& .949 .9b8 
2~ .b tl6 .73b .749 .&32 .8uo .6,~ .930 .9bO .973 
23 .719 .05'; .b5f1 .77d • il Ci4 .852 .930 .9b(' .953 
24 .531 .714 .741 .750 .d32 • ad.:l .922 .930 .9b4 
25 .5.n .,77 .7!13 .831t .b20 .8131 .922 • v57 .971 
2b .594 • b41 .074 .803 .853 .872 .899 .92,", .9bO 
27 .71H .027 .71U .73 b • dOI:l .tt93 .920 .959 .953 
28 .050 .705 .779 • 72 t; .704 .637 .86; .904 .931 
29 .:Jed .700 .73b .7f10 • t3lt 7 .8d9 .925 .951:1 .933 
30 .40'" .b73 .707 .800 .6,1 .871 .91u .C;50 .9)1 

MEA N .bOo .b53 .727 .770 .tH~ .tl72 .91b .91t0 .95b 

ST.OEV. .096 .050 .042 .0.:10 .J3~ .034 .019 • C2J. .015 

RKH .099 .Ob6 .0bO • 005 .07 .. .05-1 .039 .030 .029 

MIN. .400 .51t5 • b57 .09't .734 • Us 0 .87b .&84 .911 

HAX. .613 • 7~0 .ti39 .Bod .dbO .921t .951 .9b3 .973 

.9 QUA. .ltb9 .58b .05& .72b .704 .604 .61:15 .901t .931 
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Table 5.5 

Reliability Growth Estimation 
Beta Bayes Model with Uniform Prior 

and Geometric Weights, 
w=.6, n=30 

SAMPL E SIlE- 30 NUMdl:R Of 1 TERA TlJN- 30 

ITE RAT ION STAGES 
--------- ------------------------------------------------------

1 2 3 It ~ 6 7 fj 9 

TRUE REl. .620 .700 .770 .tl30 .880 .·n.v .9~0 .~70 .980 

1 .,94 .b7b .735 .7bl- .789 .831 .882 .92) .950 
2 .4b9 .600 .731t .74b .80d .ti&;:' .bdb .911t .943 
3 .5b3 .:Id 4 • btl9 .781 .&11t .07;:, .920 .934 • 9~, 
4 .b5b .b20 .074 .743 .b07 .tial .912 .929 .953 
5 .bl5 .6b8 • b98 .741 .70~ .d43 .809 .9.1b ".931 
b .013 .700 .760 .775 .ollt .852 .69 .. .~32 .954 
7 .b50 .620 .724 .755 .7B, .64~ .902 .91(1 .91t1 
8 ,.b5b .bOO .b97 .75b .771 .B3, .tltilt ."2b .951 
9 .5b3 .b21t .742 .7b5 .d33 • tlll It .B8b .927 .951 

10 .b2:1 .70 B .701 .75b .tl1t3 .870 .'io0& .8t1b .928 
.I.l .1.1'1 .b4 .. .660 .1b4 .7n .li7::i .Bbo .915 .931 
12 .531 .b32 .bBO .74b .7bO .tl4 !:I .903 .924 .'130 
13 .594 .bJb • bB2 .703 .750 .7d5 • B!:I1t .tl9, .932 
H • 11'1 .70 .. • tl14 .709 .~3::i .857 .910 .941 .947 
15 .b5o .b80 .170 .B39 .847 .bb5 .902 .~3O .9,7 
10 .5-14 .b c,/:, .b03 .b'n .721 .7b5 • d43 • d 7:1 .tl94 
17 .719 .bb4 .729 .743 .750 .7lil .8bb .870 .907 
1B .ItJo .'b4 .0&0 .110 .74.., .8vd • &b8 .917 .94) 
19 .438 .59b • b7.., .731 .77! .b3~ .811 .905 .'138 
20 .5b3 .b1t4 .6~3 .732 .dOI.i .B)l .8bO .921t .c,/3b 
21 .500 .540 .701 .787 .803 .lib7 .916 .932 .9:14 
22 .bli8 .732 .74b .812 .tlO3 .d::i9 .900 .93) .95b 
B .719 .bb .. .bb3 .752 .7d;:' .828 .893 • <,I3l. .941 
24 .531 • b9 2 .12b .742 .60b .d54 .09b .920 .947 
25 .~31 .572 .71b .79b .608 .05b • tl9b .933 .955 
2b .594 .b36 • bbb .7bo .621 .050 .B7'1 .910 .941 
27 .7i1l .b48 .70, .730 .785 .1:I5b .8"'7 .933 • 942 
21:1 .b5b .70v .7b3 .13? .75& .t313 .85d • tI&4 .913 
29 .5b3 .btl4 .722 .7b9 .021 .8blt .901 .930 .930 
30 .4b9 .b48 .738 .177 .82b .853 .695 .932 .941 

MEAN .bJb .04 Ii .7ll .757 .79":1 .84, .86c,/ .'119 .940 

ST.DEV. .09d .050 .037 .030 .031 .029 .019 .01b .015 

RM)E .09.., .072 .Ob9 .OH .091 • 0Bl .Ob .. .05~ .043 

MIN. .4Jb .51t0 .653 .b92 .74:1 .7b5 • B43 .iJ7~ .694 

MAX. .613 .7bO .8 lit .B3'1 .d47 .6t14 .92v .941 .957 

• 9 QUA • .4b9 .57.2 .bb3 .110 .7~0 ./tlS .65B .BB4 .913 
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Table 5.6 

Reliability Growth Estimation 
Beta Bayes Model with Uniform Prior 

and Geometric Weights, 
w=.8, n=30 

SAHPLI; SI ZE- 30 NUMBEk OF IT':RATlON- 30 

ITERATION STAGES 
--------- ------------------------------------------------------

1 2 3 4 !1 6 7 6 9 

TRUE RE L. .620 .10u .770 .&30 .6bO .92J • '1150 .970 .960 

1 .5Y't .ob Ii .720 .74, .170 .604 .&43 .679 .90b 
2 .4bY .5Y3 .702 .722 .713 .d33 .84d .b 7~ .902 
3 .563 .:1&2 .bb9 .74, .77Y .d2 b .070 .1l9C: .915 
4 .b,o .b"; .boll .722 .773 .1132 .8b' .&tlll .912 
5 .62, .bo4 .b91 .72b .H7 .&O!l .644 .872 .092 
6 .813 .769 .76b .770 .811 .634 .13ob .99b .~lY 
7 .650 .625 .707 .737 .764 .1300 • &!l5 .dn .900 
II •• 656 .607 .684 .732 .751 .799 .840 .B70 .903 
9 • '03 .61 b .710 .743 .790 .642 .8:1!1 .otio .912 

10 .bZ, .700 .099 .743 .607 .d40 .870 .B6b .697 
11 .71.'_ .6,4 .68!1 .744 .7b9 .030 .030 • b 1; .tl95 
12 .53.£. .621 .b65 .720 .743 .dOl .850 .B70 .09b 
13 .,94 .632 .672 .o'il .732 • 7 !:I 0 .609 .94:1 .1i&0 
14 .719 .707 .790 .7d' .dlb .dj 0 .077 .~O; .91t1 
15 .6,6 .679 .753 .tllL .820 .d4!1 .874 .903 .~24 

16 .,94 .680 .6b4 .66b .709 .7-.1 .797 .tl20 .Ii 51 
17 .719 .671 .722 .730 .744 .767 • tl24 .841 • bb b 

10 ... Jb .;4b .b .. 7 .otlo .7J.9 .7bb • B1!:1 • b:;tj .tlO'1 
19 .43d .579 .053 .701 .739 • 7~v .1i2, .657 .&69 
20 .5b.:l .030 .647 .70d .71;.3 .000 .038 .tl7:1 .89, 
21 .500 .536 .60tl .744 .109 .021 .6b4 .tlb7 .912 
22 .bOd .72Y .743 • 7~4 .794 .821 .db5 .tl90 .91t1 
23 .719 .67l .669 .733 .762 .7~b .847 .d82 .900 
24 .531 .b7; .711 .720 .777 .81d • B 54 .979 .~O6 

25 .!:I31 .508 .6&7 .757 .7111 .810 .d54 .odo .912 
26 • !:I 94 .632 .659 .739 .764 .tl14 .843 .d71 .b9~ 

27 .761 .6b4 .704 .724 .705 .810 .tlS4 .d87 .904 
26 .650 .696 .750 .732 • 1:11 .NO .d2, .64'1 .675 
29 .503 .671 .71) '" .749 • 792 .92." • tlo2 .b93 .901 
30 .469 .62~ .710 .7;)0 .793 .tlZO .6 !1o .Blle; .905 

HE AN .606 .644 .696 .737 .770 .810 .647 .B70 .900 

ST.DE'J. .098 .052 .036 .02t1 • 112 b .02, .019 .01b .1.116 

RMSE .099 .07b .0131 .097 .113 .11Z .10 .. .09:1 .052 

IUN. .406 .536 .b47 .68b .709 .1't 1 .7'117 .02d .B ~1 

MAX. .613 .708 .796 .611 .826 .845 .677 .90!:l .924 

• 9 QUA • .4b9 .566 .653 .691 .732 .766 .615 .645 .1175 
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Figure 5.1. Mean Reliability vs. stage Number for the Beta Bayes Model 
with uniform Prior and Geometric Weights, n=lO 
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Figure 5.2. Mean Reliability vs. stage Number for the Beta Bayes Model 
with Uniform Prior and Geometric Weights, n=30 
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Figure 5.3. Standard Deviation vs. Stage Number for the Beta Bayes 
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Figure 5.4. Standard Deviation vs. Stage Number for the Beta Bayes 
Model with uniform Prior and Geometric Weights, n=30 
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Figures 5.5 and 5.6 show the RMSE's for the beta Bayes model, 

with the uniform prior and geometric weights, are smaller than without 

the weights. 



CHAPTER 6 

ANALYSIS OF PRIOR FOR BAYESIAN MODELS 

6.1 Introduction 

Bayesian models assume that the unknown parameter is a random 

variable with an assumption of a prior distribution. In this chapter, the 

effect of the asswned prior on the Bayesian models will be investigated. 

6.2 Selecting a Prior 

For attribute type data, it is usually assumed that the number 

of successes, s, has a binomial distribution: 

( 
n) s n-s fs(s;n,R) = s R (l-R) , s=O,l, .•• ,n 

where n is the number of trials (sample size) and R is the probability 

of success. It is assumed that R is a random variable with an assumed 

prior probability distribution. A prior distribution is based on prior 

knowledge about the unknown parameter, and is assumed before any test 

data is obtained. However, the difficulty arises when there is little 

prior knowledge. 

Some statisticians suggest a prior should be chosen based on the 

convenience of its use since the influence of the prior on the posterior 

is negligible. Others have proposed the uniform prior, in the absence of 

information about the unknown parameter, to minimize the subjectivity and 

thus obtain objective estimates. The equivalent rather than the exact 

102 
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class of priors has been recommended by Meeden (1974). He states that 

where there exists a large class of priors, a test can be made to choose 

one with less precise knowledge about it. 

Although there are no rigid rules for selecting prior distribu-

tions, there are computational advantages in using the conjugate prior 

models described by Raiffa and Schlaifer (1961). For binomial data, the 

beta family of probability density functions is the conjugate and is de-

fined as: 

g(R) - g(Ria,b) = r (a+b) R (a-I) (l-R) (b-l) 
r (a) r (b) 

= 0 

for 0 ::; R ::; 1, (6.1) 

otherwise. 

Different beta prior densities can be chosen by specifying dif-

ferent initial values for a and b. For the situation in which the mean 

of beta is defined to be 0.5, various prior models may be chosen as 

shown on Figure 6.1. 

It can be seen from Figure 6.1 that for a=l and b=l this distri-

but ion is uniform, and as a and b increase, the distribution is concen-

trated around the mean. For a mean of .5 the distribution is symmetric 

about the mean. The prior knowledge about the mean can be other than 

.5. For example, if there is some information indicating that R is 

0.95 before obtaining the test result, then the beta prior with different 

parameters can be used. Figure 6.2 shows the beta prior with a mean of 

0.9 and different values for a and b. 
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Figure 6.2 Beta prior with mean 0.90. 
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6.3 Beta Bayesian Model with Maximum Variance Prior 

For the Bayesian models where data is obtained from binomial 

sampling, the uniform prior distribution is commonly used in the absence 

of pri~r knowledge. In this chapter; it will be shown that the uniform 

distribution as a "no-knowledge" prior does not provide quick conver-

gence of the posterior distribution to the true reliability. A better 

"no-knowledge" prior appears to be a beta distribution with a mean 

~ = .5 and maximum variance. In other words, if the largest possible 

value of prior variance is used, then rapid convergence of the posterior 

mean to the true reliability is achieved. 

Dietrich and Culley (1981) have shown that the posterior mean 

responsiveness to any given sample input is maximized by using the 

largest possible value of the prior variance. They used Monte Carlo 

simulation to demonstrate and quantify their theoretical results. Some 

of their results follow. 

For a given beta prior with parameters a and b: 

a 
llR = a+b ' 

(6.2) 

= - , 
(a+b) 2 (a+b+l) 

a·b (6.3) 

the parameters of a and b are obtained from (6.2) and (6.3): 

a~ #' 0 , (6.4) 
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. a 
b = - - a , 

1:1R 
~ ~ 0 • (6.5) 

2 Since a > 0, solving for OR from equation (6.4) yields: 

(6.6) 

2 
or OR can be defined as: 

(6.7) 

The parameters of the posterior distribution are defined as: .ap = a+s, 

b = b+f where sand f are the total number of successes and the total p 

number of failures in the sample(s) respectively. These parameters can 

be redefined in terms of the prior mean as follows: 

~+~ k + sk 
a = p k 

(6.8) 

l-k-ll k+nk-sk 
b R 

= 
P k 

n = s + f • (6.9) 

The posterior mean and variance are: 

= 
ap 

a +b 
p P 

a+s 
a+b+n 

(6.10) 

a b = ___ ~p~p _____ = _~(a~+_s~)~(b_+_n_-_s~) __ 

(a +b )2(a +b +1) (a+b+n) 2 (a+b+n+l) 
p p p p 

(6.11) 



The posterior variance bound is: 

(1 ~ ) = ( a+s ) (1 a+s) 
~Rls - Rls a+b+n - a+b+n 

= (a+s) (a+b+n)-(a+s) 2 

(a+b+n) 2 

= (a+s) (b+n-s) 

(a+b+n) 2 
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(6.12) 

The fraction of posterior variance over the posterior mean 

variance bound is: 

1 1 = = -=--.:-~--
a+b+n+l (l-k) 1 

-k- +n+ 

2 (a+b+n) 
(a+s) (b+n-s) (6.13) 

It can be seen from (6.13) that the fraction will have its maxi-

mum value as k takes its largest possible value 0 ~ k ~ 1. Dietrich and 

Culley (1981) have shown that the shift from the prior mean to the poste-

rior mean is maximized for any given sample input as k approaches 1. The 

magnitude of the shift between the prior mean and the posterior mean is: 

s-~ n 
11R I 
- -l+n k 

(6.14) 
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Thus, when quick convergence to the true reliability is desired, 

a beta distribution with parameters a=b=0.00505, a mean ~=.5 and a 

variance O~=.2475 should be used instead of the uniform prior with mean 

2 
~=.5 and a variance 0R=.083. 

6.4 Bayesian Reliability Growth Models 
with Maximum Variance Prior 

The beta Bayesian reliability growth models with uniform priors 

were investigated in chapters three and five. 

A beta distribution with maximum variance is used as a prior 

distribution for the beta Bayesian reliability growth model in this 

chapter. Input data for the simulation programs of these models is ob-

tained through the binomial routine in exactly the same manner as those 

in the experiments of chapters three and five. Again, a nine-stage de-

velopment process with exponentially increasing true reliability from 

stage to stage is simulated. The simulation outputs for both binomial 

input and binomial data with the geometric weight.s are shown an Tables 

6.1-6.4. 

Tables 6.1 and 6.2 show simulation results of the beta Bayes 

model with maximum variance prior for sample sizes of.lO and 30. Tables 

6.3 and 6.4 show ·the simulation results for the beta Bayes model with 

maximum variance prior and a geometric weight parameter of .4. 

Figur~s 6.3 and 6.4 show the mean reliabilities and Figures 

6.5 and 6.6 show the standard deviations for the beta Bayes model with 
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Table 6.1 

Reliability Growth Estimation 
Beta Bayes Model with Max. Var. Prior 

and Geometric Weights, 
w=.4, n=lO 

SAMPLt SIZE- 10 NIJMBER iJF 1 TERAT ION- 30 

HERAT ION STAGES 
--------- ------------------------------------------------------

1 2 3 4 5 b 7 8 9 

TRUE RH. .620 .700 .770 .830 .81S0 .920 .950 .97u .980 

1 .bOO .74t3 .779 .792 .797 .d59 .943 .977 .et91 
2 .40i) • b14 .797 .737 .83b • Y3 5 .914 .9b5 .980 
3 .500 .500 • b92 .8t12 .d93 .957 • .,,83 .993 .997 
4 .7~O .5,7 .049 .742 .83d .935 .974 .9&9 .990 
5 .600 .671 • b90 .757 .7b3 .914 .905 .980 • li34 
6 .99oJ .7 tlb .795 .79t1 .8bO .88" .953 .oiI8J. .992 
7 .700 .5;7 .777 .79.1. .79b .IS)Y .94.:1 .917 .9b7 
8 '.700 .557 .713 .7bb .71S7 .tl5j .942 .977 .990 
9 .;00 .043 .807 .803 .922 .~69 .927 .97.1. .988 

10 .700 .771 .b61 .747 .900 .960 .984 .873 .949 
11 .800 .5t1b .b59 .807 .803 .921 .64t1 .939 .976 
12 .500 .b43 .679 .754 .72J. .669 .95::i .91)2 .933 
H .bOO .67l .690 .690 .75'1 .76 It .913 .965 .96b 
14 .800 .726 .902 .778 .d52 .btl.l. .952 .oJ61 .992 
15 .700 .700 .692 .958 .923 .;;09 .9b~ .98) .994 
16 .bOO .743 .)87 .657 .003 .753 .90.1. .900 .900 
17 .800 .b57 .74~ .719 .707 .703 .91.15 .902 • eto 1 
16 .3ill:l .)8b .7<::3 .709 .70~ .822 .929 .971 .986 
19 .300 .5t1b • b59 .74b .77tJ .652 ."'4J. .976 .990 
20 .500 .61t3 .6.1.5 .729 .tl32 .933 .913 .9b) .98b 
21 .ltOO .lt71 .740 .841 .tllb .'il27 .971 .~86 .995 
22 .700 .771 .79() .857 .7b2 .tllt5 .938 .97) .990 
23 .800 .657 .b20 .792 .797 .tl5'" .944 .'177 .991 
24 .500 • 714 • 769 .72b .632 .'133 .973 .989 .995 
25 .51.10 .571 .782 .91b .64b .tl71l .951 .980 .992 
26 .600 .600 .b64 .809 .8b4 .68b .894 .957 .9t13 
27 .900 .b14 .bb9 .bel& .81b .927 .'171 .9do .995 
28 .700 .771 .tl54 .b97 .15'" .el44 .818 .891 .9!16 
29 .500 .114 .769 .760 .1I)b .81ll .953 .961 .932 
30 .400 .bdb .823 .809 .6b4 .1185 .954 .96J. .992 

MEAN .610 .b50 .733 .77b .813 .863 .93." .9b4 .977 

ST.DEV. .1btl .0112 .0 80 .Obb .Obl .05" .031 .()32 .024 

RMSE .166 .09b .086 .085 .091 .065 .033 .033 .024 

tUN. .300 .471 .5117 .657 • b83 .75J .848 .87~ .900 

HAX. .999 .7db .902 .95& .923 .9b9 .984 .993 .997 

.9 QUA. .400 .557 • b20 .b9b .707 .784 .894 .900 .933 
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Table 6.2 

Reliability Growth Estimation 
Beta Bayes Model with Max. Var. Prior 

and Geometric Weights, 
w=.4, n=30 

SAMPLE SIZE- 30 NUf'lIIER at= lTERAUON- 30 

ITERATION STAGE 5 
--------- ------------------------------------------------------

1 2 .:I 4 5 tl 7 8 9 

TRUE REL. .020 .70u .770 .630 .8 til) .920 .950 .970 .~8;) 

1 .bOO .b9; .7b2 .76, .614 .dbb .926 .971 .966 
2 .4b7 .033 .7b3 .773 .8!10 .~40 .'110 .91to .976 
3 .5il7 .5'10 .72:J .833 .65J .922 .96'" db7 .9&7 
4 • bb7 .b19 .b92 .779 .852 .941 .9;0 .9b3 .9b5 
5 .633 • btl 1 .711t .707 .7&7 .8Y!! .93d .955 .9b2 
b .833 .7b2 .7b5 .786 .d!l!:! .tlo2 .933 ."'7~ .989 
7 .667 .b19 .756 .7B3 .d14 .ddo .954 ."'4~ .977 
8 .b67 .595 .72b .H2 .797 .d79 .932 .973 .989 
9 .567 .638 .78!:! .794 .87d . '" 3, .913 .9b, .98b 

10 .b33 .729 .7l0 .786 .d95 dld .947 .899 .9,'1 
11 .733 .o3d • b99 .802 • tl2 J. .~it.9 .d9.1. .957 .963 
12 .533 .6!12 .704 .784 • 19'f .B96 .959 .904 .9b:J 
13 .bOO .646 .703 .721 .7fj~ .dJ.o .906 .'ol43 .977 
lit .733 .709 • b53 .600 • dbO .884 • r,!l4 .981 .973 
15 .btl7 .b90 .803 .8t1J .873 • Btl., .93b .974 .990 
lb .tlOO .719 .b04 .707 .743 .197 .b99 • .,20 .'1ld 
17 .733 .bb2 .7:J0 .760 .704 .tlOo .922 .90c,. .944 
16 .400 .590 .72!1 .7,1 .7bJ .d52 .921 .9bil .967 
19 .433 .tl24 .715 .7b7 .d07 .oill .~13 • ~4!:1 .978 
20 .5b7 .6b2 .bb5 .7b9 .64d .6.,9 .920 .96d .967 
21 .51l0 .!l1t6 .752 .tl43 .tl37 .915 .900 .96b .980 
22 .700 .746 .760 .840 .tlJ.d .db 7 .947 .97 r, .991 
23 .7':'3 .6b2 .tlb5 .769 .b16 .Bb7 .947 .97<' .971 
24 .533 .724 .751 .761 .d45 .096 093'1 ."'5b .9&2 
2:J .533 .51:11 .704 .64t1 .839 .d90 .93i1 .'175 .990 
26 .tlvO .61t6 .bBl .810 .db7 .Btl7 .9.1.5 .946 .97B 
27 .600 .b33 .719 .7411 .d20 .'100 .943 .917 .971 
2t1 .6b7 .714 .791 .73:1 .774 .8,0 .900 .920 .948 
29 .567 .709 .740 .600 • d bO .'lI04 .942 .917 .951 
30 .467 .6t11 .779 .B12 .bb5 .dSo .93, .974 .9b9 

ME AN .613 .660 .737 .787 .d27 .66b .933 .95& .974 

ST. DE V. .101t .052 .041t .03t1 .037 .OJ' .020 .02l .016 

RM!) t .104 .006 .055 .057 • Obit .040; .02b .02!1 .017 

tl1 N. .400 .54& .bblt .707 .74J .797 .691 .1199 .928 

MAX. .833 .7b2 .853 .883 .69; .91t 1 .9b9 .981 .9'111 

.9 QUA. .1t67 .5~0 .6b5 .735 .774 .tll0 .900 .920 .94d 
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Table 6.3 

Reliability Growth Estimation 
Beta Bayes Model with Max. Var. Prior, 

n=lO 

ITERATION STAGES 
--------- ------------------------------------------------------

1 2 3 " 5 6 7 8 9 

TRUE REL. .620 .700 .770 .630 .880 .920 .950 .97i> .980 

1 .bOO .700 .133 .750 .1bO .183 .814 .631 .856 
2 .~OO .550 .661 .61!i .720 .767 .766 .812 .833 
3 .500 .!JOO • bOO .700 .7ltO .ld3 • 8 lit .637 .856 

" .100 .600 .b33 .675 .720 .167 .600 .82!i .8"" 
5 .bOO .b50 .6b7 .700 .720 .167 .SOO .625 .833 
6 .999 .850 .633 .625 .B"O .850 .871 .687 .900 
7 .700 .bOO .700 .725 .7"0 • 7t, 7 .800 .612 .833 
8 .700 .bOO .b67 .700 .720 .750 .786 .812 .833 
9 .500 .600 .700 .725 .780 .817 .B29 .850 .B67 

10 .700 .750 .700 .725 .780 .817 .8"3 .837 .856 
11 .800 .650 .667 .7Z5 .7"0 .783 .786 .812 .833 
12 .500 .600 .633 .675 .b80 .733 .771 .800 .811 
13 .600 .650 .bb7 .67~ .700 .717 .757 .787 .811 
lit .8;)0 .750 .833 .800 .820 .833 .857 .875 .889 
15 .700 .700 .800 .850 .8bO .B67 .86b .900 .911 
16 .600 .700 .633 .650 .6bO .683 .729 .750 .7b1 
17 .800 .700 .733 .12;' .720 .733 .771 .787 .811 
16 .300 .500 .bOO .625 .6"0 .663 .729 .7b2 .789 
19 .300 .500 .567 .625 .660 .700 .7lt3 .775 .800 
20 .500 .bOO .600 .650 .700 .7 !JO .771 .800 .822 
21 ."00 .lt50 .600 .675 .700 .750 .766 .812 .633 
22 .700 .750 .767 .800 .780 .800 .829 .850 .6b7 
23 .800 .700 .6b7 .725 .HO .7b7 .800 .825 .8"" 
2" .500 .650 .700 .700 .7ltO .783 .81" .837 .856 
25 .500 .550 .667 .750 .160 .783 .811t .837 .856 
26 .600 .600 .633 .700 .7"0 .167 .786 .812 .833 
27 .900 .700 .700 • 700 .1ltO .783 • 8 lit .637 .856 
28 .100 .750 .800 .750 .1bO .183 .800 .812 .833 
29 .500 .650 .700 .725 .1bO .783 • 6 lit .837 .8"" 
30 .,,00 .600 .700 .725 .760 .783 • 8 lit .837 .856 

"EAN .b10 .b38 .685 .715 .739 .771 .800 .823 .8"1 

ST.DEV. .1bB .089 .066 .053 .0"9 .0"2 .036 .032 .030 

RM5C .168 .108 .109 .127 .149 .155 .15" .l!il .llt2 

"IN. .300 .450 .5b7 .625 .6"0 .bB3 .129 .750 .7b7 

HAX. .999 .850 .833 .850 .860 .867 .886 .900 .911 

• 9 QUA • ."00 .500 .600 .650 .660 .700 .7lt3 .775 .800 
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Table 6.4 

Reliability Growth Estimation 
Beta Bayes Model with Max. Var. Prior, 

n=30 

SAHPLE SIZE- 30 N\JH~ ER Of ITERATION- 30 

ITERATION STAGES 
--------- ------------------------------------------------------

1 2 3 It 5 6 7 8 9 

TRUE RE L. .620 .100 .710 .830 .8t10 .920 .950 .970 .980 

1 .600 .667 .711 .733 .153 .71b .805 .829 .&1t8 
2 .lt61 .583 .618 .100 .71t0 .783 .800 .821 • 81t 1 
3 .5b1 .583 .656 .711 .7lt7 .783 .814 .833 .852 
It .667 .633 .661 .706 .7lt7 .789 .811t .833 .852 
5 .633 .667 .689 .717 .733 .772 .800 .821 .837 
6 .833 .783 .778 .783 .807 .d22 .81t3 .862 .878 
7 .661 .633 .700 .725 .7lt1 .71 fJ .610 .825 .8ltlt 
8 .661 .617 .618 .711 .733 .767 .795 .821 .81t1 
9 .567 .617 .700 .7Z5 .767 .800 .811t .837 .856 

10 .633 .700 .700 .733 .780 .806 • B29 .833 • B52 
11 .733 .667 .669 .73"3 .753 .791t .805 .829 .BItIt 
12 .533 .b17 .656 .700 .720 .761 .795 .817 .833 
13 .600 .633 .667 .683 .713 .733 .767 .792 .815 
lit .733 .717 .789 .783 .807 .&22 .81t8 .867 .878 
15 .667 .683 .71t1t .792 .807 .622 • bit 3 .862 .878 
16 .600 .683 .667 .683 .700 .722 .757 .779 .796 
17 .733 .683 .722 .733 .1ltO .150 .790 .dOIt .822 
18 .1t00 .533 .622 .658 .681 .1ZZ .757 .181 .811 
19 .1t33 .567 .033 .675 .701 .hlt .111 .790 .1119 
20 .567 .633 .61t1t .692 .133 .767 .190 .817 .833 
21 .500 .533 .61t1t .708 .733 .772 .805 .825 .81t1t 
22 .700 .733 .7ltlt .783 .787 .806 .833 .851t .870 
23 .133 .683 .678 .725 .71t7 .712 .805 .829 .81t1t 
21t .533 .667 .700 .717 .753 .783 .810 .829 .81t8 
25 .533. .567 .667 .725 .71t7 .778 .805 .829 .81t8 
26 .600 .633 .650 .717 .153 .718 .800 .621 .81t1 
27 .800 .683 .711 .725 .753 .789 .811t .837 .852 
28 .667 .700 .71t" • 733 • 71t7 .712 .195 .812 .830 
29 .507 .667 .700 .733 .767 • Nit .ilY .B1t2 .852 
30 .lt67 .617 .689 .725 .760 .783 .810 .833 .81t8 

"EAN .613 .61tb .691 .723 .7lt9 .77b .805 .826 .81t1t 

ST.DEV. .104 .057 .0"0 .031 .029 • 025 • 022 .020 .019 

RHSE .101t .078 .089 .112 .131t • lit It • lit 1 .11t!1 .138 

"IN. .0\00 .533 .622 .b58 .b87 .722 .757 .779 .796 . 
HAl( • .833 .783 .789 .192 .807 .822 .81t8 .867 .878 

.9 QUA. .0\61 .567 .61t" .b83 .707 .133 .161 .792 .815 
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uniform prior, uniform prior with geometric weights, maximum variance 

prior and maximum variance prior with geometric weights. It can be 

seen from these figures that the beta Bayes with maximum variance prior 

and geometric weights provides better reliability estimates throughout 

the nine-stage process. 

when the geometric weighting was applied, the experimental 

results discussed in chapters four and five showed significant improve

ment of estimates. When the maximum variance prior was substituted 

for the uniform prior the estimates approached the true reliabilities 

even more, particularly at the later stages. Figures 6.7 and 6.8 sup

port the argument that when the geometric weighting is used with a 

maximum variance prior the RMSE's decrease significantly at the later 

stages. These results are consistent with sample sizes of both 10 

and 30. 
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Different Prior and with Geometric Weights, n=30 



CHAPTER 7 

SUMMARY AND CONCLUSION 

7.1 Summa~ 

In this dissertation, six previously developed reliability models 

for attribute data are analyzed mathematically and compared via simula

tion. In addition, several modifications of these models are considered 

in an attempt to improve their prediction capabilities. 

The simulation programs designed for each of the models assume a 

nine-stage development process with exponentially increasing true relia

bility from stage to stage. Thirty different iterations were run for 

each model using samples of sizes 10 and 30 at each stage. A binomial 

subroutine was designed to generate attribute data with a given sample 

size and probability of success at each stage. In order to facilitate 

the comparison between the simulation results, the input data generated 

by the binomial routine was kept constant for all models considered in 

this dissertation. 

In chapter two, three classical reliability growth models are 

presented. These are: Barlow and Scheuer's ordered statistics maximum 

likelihood estimation model, Lloyd and Lipow's model, and a cumulative 

maximum likelihood p.stimation model. In their original paper, Barlow and 

Scheuer also considered a nine-stage development process to show how 

their model performed, but they applied unrealistic data in that their 

sample sizes and the number of successes at the later stages were sig

nificantly larger than those of earlier stages. In addition, their model 

117 
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is not efficient for the situation where the sample size is too small or 

the number of successes is equal to the sample size. 

The experimental results of the classical models in chapter two 

indicated that the estimated reliabilities by the Barlow and Scheuer's 

model were the closest to the true reliabilities, and at most stages 

were greater than their corresponding true reliabilities. Lloyd and 

Lipow's model remained conservative throughout the nine stages. The 

cumulative MLE model was too conservative. 

In chapter three, three different Bayesian reliability growth 

models were considered. These are: Smith's constrained model, an empir

ical Bayes model and a cumulative beta Bayes model with a uniform prior. 

Smith applied the same data as Barlow and Scheuer and claimed 

his constrained Bayesian model with uniform prior is a better reliabil

ity estimator in the presence of reliability growth. Smith's algorithm 

is shown to be incorrect. The corrected model based on Smith's assump

tion is proved in detail and presented in Appendix E. 

The analyses of the Bayesian reliability growth models in chap

ter three showed that the corrected Smith's model provides good esti

mates, and remains conservative beyond the third stage. The beta Bayes 

model with uniform prior and the empirical Bayes model provided conser

vative estimates. 

Attempts were made in chapters four and five to improve both the 

classical and the Bayesian reliability growth models discussed in chapters 

two and three. The geometric weighting scheme described in chapter four 

de-emphasizes the data obtained from the earlier stages. Since geometric 
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weighting results in real value data, it can only be applied to those 

models which will accept real value input data. 

In chapter four the simulation results of the reliability growth 

models with geometric weights showed a significant improvement in the 

cumulative MLE method, but very little improvement in the Lloyd and 

Lipow's and Barlow and Scheuer's model. 

The application of the geometric weighting scheme to the beta 

Bayes model with the uniform prior showed a'considerable improvement in 

the estimated reliabilities. Since Smith's and the empirical Bayes 

model only accept integer input data, the geometric weighting scheme 

could not be applied to these models. 

A maximum variance prior was substituted for the uniform prior in 

the beta Bayes model in chapter six, and the experimental results of the 

change showed some improvement in estimates. When the maximum variance 

prior and the geometric weights were used in the beta Bayes model, the 

results were significantly closer to the true reliabilities, especially 

at the later stages. 

7.2 Conclusion 

Among the classical models studied in this dissertation, the 

Barlow and Scheuer's MLE model and the Lloyd and Lipow's model with the 

geometric weights were shown to provide good estimates when reliability 

growth exists. Among the Bayesian models, the revised Smith's model and 

the beta Bayes model with a maximum variance prior and geometric weights 

also provide good estimates. 
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The mean reliability, standard deviation, and RMSE's for these 

models are plotted in Figures 7.1-7.6. Figures 7.1 and 7.2 show the 

mean reliabilities over thirty iterations for sample sizes of 10 and 30 

respectively. The estimated reliabilities by Lloyd and Lipow's model 

with the geometric weights, and the beta Bayes model with maximum 

variance prior and geometric weights remain conservative throughout the 

nine stages; the RMSB's model for the latter are smallest beyond the 

sixth stage. Thus, the beta Bayes model with the maximum variance prior 

and the geometric weights provided the best estimates for the last three 

stages. These estimates were also conservative. 

The computer run times for all the models in this dissertation 

are tabulated on Table 7.1 according to ratio of their run times. The 

beta Bayes model with uniform prior and geometric weights (i.e., w=·4) 

and sample size 10 used only 0.110 c.p. seconds and the revised Smith's 

model used 29.012 c.p. seconds. These execution times are the minimum 

and the maximum. The cost range associated with these two models is 

$0.63-$6.47 for a CYBER 175. 

As can be seen from Table 7.1,· the revised smith's model is very 

expensive in comparison with the other models, whereas the beta Bayes 

model with maximum variance prior and geometric weights consumes only 

0.112 c.p. seconds and provides the best estimates for the later stages 

of the developmental process. 

Methods for computation of p-percent lower confidence interval 

are shown in Appendix F. A computer routine to calculate these estimates 

was designed and is shown in Appendix G. 
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Table 7.1 

The Computer Execution Times for the Experiment with N = 10 

Model Prior Geometric Weight c.p. Time 
Parameter, w Seconds Ratio 

Cumulative MLE .121 1.100 

Cumulative MLE .4 .115 1. 045 

Cumulative MLE .6 .122 1.1091 

Cumulative MLE .8 .118 1.073 

Lloyd and Lipow 1.819 16.536 

Lloyd and Lipow .4 1.836 16.691 

Lloyd and Lipow .6 1.838 16.618 

Lloyd and Lipow .8 1.834 16.582 

Barlow and Scheuer .145 1.318 

Barlow and Scheuer .4 .155 1.409 

Barlow and Scheuer .6 .148 1.345 

Barlow and Scheuer .8 .140 1.273 

Beta Bayes Uniform .115 1.045 

Beta Bayes Uniform .4 .110 1.00 

Beta Bayes Uniform .6 .112 1.018 

Beta Bayes Uniform .8 .118 1.073 

Revised Smith Uniform 29.012 263.745 

Empirical Bayes .572 5.200 

Beta Bayes Max. Var. .125 1.136 

Beta Bayes Max. Var. .4 .112 1.018 



APPENDIX A 

TABLE OF SYMBOLS AND ABBREVIATIONS 

Arabic 

s number of successes 

f number of failures 

n sample size 

p probability of success 

A 

P estimate of probability of success 

R reliability 

A 

R estimate of reliability 

X observed value 

i index 

k index 

c constant 

L likelihood function 

m total number of stages 

c l constant term defined in Lloyd and Lipow's model 

c 2 constant term defined in Lloyd and Lipow's model 

Q sum of square of the derivation of observed success ratio, 

sk/nk' from its expected value, Roo- a/k, in Lloyd and Lipow's 

model. 

E Euler's constant (E = 0.577215665 ... ) 
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qo probability of inherent failure 

qo estimate of probability of inherent failure 

q. probability of assignable cause failure 
~ 

q. estimate of probability of assignable cause failure 
~ 

a. number of inherent failures at ith stage 
~ 

j index 

a parameter of beta pdf 

b parameter of beta pdf 

f(R.) probability density function of R. 
~ ~ 

f(xIR) conditional distribution of X given R 

R
-(j) estimate of reliability at jth iteration in empirical Bayes 

W weight coefficient 

w weight parameter 

n' effective sample size 

s' effective number of successes 

a parameter of beta posterior p 

b parameter of beta posterior p 

Greek 

00 infinity 

a rate of growth 

n constant term (n = 3.14 •.. ) 

r() gamma function 



MLE 

RMSE 

pdf 

Abbreviations 

maximum likelihood estimation 

root mean square error 

probability density function 
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BINOMIAL DATA 
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Table B-1 

Binomial Data, n=lO 

SAf'1PlE SIZE., 3(, NUf'1SER OF JTER~TIOr-;E 30 

STAGES 
-~----------------------------------------------------

1 2 3 4 5 6 7 E 9 

P (R ) .620 .700 .770 .830 .S80 .920 .950 .970 .98C. 

1 18 22 24 24 25 27 29 3C 30 
2 14 21 2t: 23 27 30 27 2~ 30 
3 17 18 24 27 26 29 30 2"<;; 3C 
4 20 18 22 25 27 3C 29 i.9 30 
5 19 21 22 24 24 29 29 2~ 29 
6 25 22 23 24 27 27 29 30 3C 
7 20 18 25 24 2!;' 26 30 2E 3(, 
8 20 17 24 25 24 28 29 3u 30 
9 17 20 26 24 2f ~9 21 30 30 

10 19 23 21 25 29 2B 29 26 30 
11 22 18 22 26 25 30 26 30 29 
12 16 21 22 25 24 29 30 29 29 
13 18 20 22 22 2, 2~ 29 29 3C 
14 22 21 2€ 23 27 27 30 3C 29 

"15 20 21 26 2f 26 27 29 30 30 
It 18 23 19 22 23 25 ;::9 2f; 2b 
17 22 19 24 23 (:3 25 30 27 29 
18 12 20 24 23 24 27 29 30 30 
19 13 21 23 24 25 2t: ze 2Ci 3C 
20 17 21 20 2!: 27 2b 2b 30 29 
21 15 17 26 27 25 29 30 29 30 
22 21 23 23 27 24 27 30 3(. 3(, 

23 22 19 2C 2t 25 27 30 3(, 2C; 
24 16 24 23 2? 27 28 29 29 30 
25 16 18 26 27 25 2€' 29 3(, 3(; 
26 16 20 21 27 27 27 28 29 30 
27 24 17 23 23 26 2C; 29 30 29 
26 20 22 25 21 24 27 28 2t- 29 
29 17 23 23 25 27 Zf 29 3(; 28 
30 14 23 25 2= 27 27 29 30 29 
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Table B-2 

Binomial Data, n=30 

SAMPLE SJ7.E- 10 NUMBER CF ITEPATION- 30 

STAGES 
--------------------~-------------~-------------------

1 2 3 4 ~ 6 7 e 9 

P (10 .62C .100 .170 .830 .860 .920 .950 .ct70 .98C 

1 6 Po e 8 8 ct 10 10 10 
2 4 7 9 7 9 10 9 10 10 
3 5 5 e 10 9 10 10 Ie 10 
It 7 5 7 8 9 10 10 lC 10 
5 6 7 7 8 8 10 10 10 9 
6 10 7 e E 9 9 10 10 10 
7 1 5 9 e 8 9 10 9 10 
B 7 5 8 e b '1 10 10 10 
9 5 7 9 6 Ie 10 9 Ie 10 

10 1 B 6 f' 10 10 10 b 10 
11 8 !: 7 9 8 10 8 10 Ie 
12 5 7 7 Ii 7 10 10 10 9 
13 6 7 7 7 e 6 10 10 Ie 
14 8 7 10 7 C; 9 10 10 10 
15 1 7 10 10 9 9 10 1<:' Ie 
16 6 8 J: 7 7 e 10 Q 9 '" 
17 B 6 8 7 7 8 10 9 10 
18 3 7 e 7 7 9 10 1~ 1(; 
19 3 7 7 8 8 9 10 1'- 10 
20 5 7 6 e 9 Ie 9 10 10 
21 4 5 9 C; f- lO 10 1(, 10 
22 1 8 8 C; 7 9 10 lL 10 
23 8 6 6 9 8 9 10 Ie. Ie. 
24 5 8 8 7 9 10 10 10 10 
25 5 6 C; 10 8 '1 10 lC 10 
26 6 6 7 9 C; 9 9 10 10 
27 9 5 7 7 9 10 10 10 10 
28 7 8 9 6 e 9 9 9 10 
29 5 8 e f 9 C; 10 Ie 9 
30 4 8 Q E 9 9 10 10 10 



APPENDIX C 

PROOF OF LLOYD AND LIPOW'S ALGORITHMS 

The proof of equations (2.11) and (2.12) of Lloyd and Lipow's 

model is shown below: 

m (m + 1) = 2 Roo - rna 

and 

1 
sk = mRoo 

n 

PROOF: 

Assume 1-R 
00 

a « k « 1, and let n 

(2.6) and (2.7): 

sk 
(Roo - ~) -m nk k 

ClL E -- = 
ClR 1 a 

00 k=l (R - -) (1 - R nk 
00 k 00 

sk 
- 1 (R + ~) 

m n
k 

00 k k 
dL = E 
da k=l 1 (R a - -) (1 - R n

k 
00 k 00 

From equations 

o , = 
+ ~) 

k 

= 0 
+ ~) 

k 

and the above assumptions, the denominator of (2.6) and (2.7) will 

reduce to: 

130 

(2.11) 
repeat 

(2.12) 
repeat 

(2.6) 
repeat 

(2.7) 
repeat 
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1 R (~) 
nk 

ook , 

R a R 
k - , 

00 00 

l-R a ==~ +-
00 k k 

Now (2.6) can be rewritten as: 

= 0 (C .1) 

and rewriting (C.l) as follows: 

After simplification of this equation the following is obtained: 

l: 
sk 

- l: 
nkk 

l: 
n

k =0 --+ 
R (~) a R 

00 
00 k 

l: 
sk 

l: 
nkk 

l: 
nk 

= -
~R a R 

00 
koo 

l: 
skk nkk nk -- = -
R a a R 

00 00 

l:ksk = l: n kR -k 00 
l: ank , 



r 
kSk 

r kR - rCt -- = nk 
00 

1 m (m+l) 
- rks = - k 2 
n 

This is equation (2.11), where: 

and 

m 
r 

i=l 

n = 

i = .:,;.m;....:(c;,;.m:...;.+.=l.:....) 
2 

(l) 
m 

m 
r nk . 

k=l 

R 
00 

I 

-m 

Equation (2.7) can be rewritten as follows: 

1 sk 
(R Ct 1 -- - - -) 

k nk 
00 k k 

- r = 0 
l..-R (~) 
n

k 
00 k 

s 
(~) - R +Ct_ 
n

k 
00 k 

= - r 1 (-)R Ct n 00 
k 

This equation is expanded as follows: 

- r [ 
nk 

(l..-) R Ct 
n 00 

k 

R 
00 

1 
(-) R Ct 
n 00 

k 
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(C.2) 

(C.3) 



After some simplification the following is obtained: 

- 2: 
~ sk nk nk 

0 
~ R ex +-] = a. R k 

00 00 

2: 
sk 

2: 
nk 

2: 
nk 

= -- I R ex ex R k 
00 00 

2:s = 2:nkRoo- 2: 
nkex 
-- , 

k k 

2: 
sk 

2:R 2:~ = - , 
nk 

00 k 

1 1 
sk = mR ex2:-

00 k n 

This is equation (2.12). 

Proof of R and a in Lloyd and Lipow's Model 
00 
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(C.4) 

The proof of equations (2.21) and (2.22) of Lloyd and Lipow's 

model is shown below: 

A m skC2 m skc1 
R = ( 2: - m 2: --) 

00 nk 
knk k=l k=l 

A m skCl m s 
ex - ( 2: --- m 2: ~) 

k=l nk k=l knk 

PROOF: 

From equations (2.17) and (2.18), 

1 

mC 2 -

1 

mC 2 -

Cl 

2 
c

1 

2 (2.21) 
repeat 

(2.22) 
repeat 



~ 
dR 

00 

m s 
= -2 ~ (~- R + £) = 

k=l nk 00 k 
o , 

m 
= 2 ~ 

k=l 
R +~) = 0 

00 k 

The estimates of Roo and a are obtained as follows: 

where c
1 

= 

where c 2 = 

m 1 
~ 

k=l k 

R 
00 

[ 
sk 1 

= ~- + ac ]-n
k 

1 m 
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(2.17) 
repeat 

(2.18 ) 
repeat 

(c. S) 

(C.6) 

From (C.S) R can be estimated after substitution is made for a from 
00 

(C.6) : 

A [ Sk A Sk c1 ]! R = ~- + (RooC
1 - ~ -) (C.7) 

00 nk 
knk c 2 m 

'" 2 

~ 
sk RooC1 - ~ 

skc1 
= + 

nkm mC 2 kn
k

c 2m 

and after some rearrangement (C.7) reduces to: 
2 

A '" C
1 sk skc1 

R R = ~ - ~ 
00 00 mC

2 nkm kn
k

c 2m 
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R 
00 

(1-

Now R can be determined as: 
00 

'" [ sk skc l 1 
R = E- - E kn

k
mc

2 
] 00 nkm 2 c

1 
1-(-) 

mC 2 

r sk 
- E 

skc l I 
mC 2 = IE- J . nkm kn

k
mc 2 

2 
mc2-c

1 

r skmc 2 
- E s~::::~] 1 2 (C.8) = ,E 

nkm mc 2-c
l 

After deleting the cornmon terms on the numerator and denominator 

R is obtained as follows: 
00 

R 
00 

(C.9) 

Proof of equation (2.22) from equations (C.S) and (C.6) is 

shown below: 

PROOF: 

Substituting (C.S) for Roo in equation (C.6) I a is obtained as: 

(C .10) 
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After some rearrangement, the above equation reduces to: 

(C .11) 

Now a is determined as: 

" [~ 
skcl sk i 

mC
2 a = - ~ J nkmc

2 
knkc

2 
2 mc

2
-cl 

[~ skc l mc 2 skm 1 11 
(C.12) = - ~-. 

nkmc
2 

kn'; 2 
k mc

2
-cl 

and after some simplifications, estimation of a is obtained as: 

(C.13) 

This is the same as equation (2.22). 



APPENDIX D 

CORRECTION OF SMITH'S ALGORITHM 

For binomial data the likelihood function is proportional to: 

m s. n. - s. 
II 

~ ~ ~ 
(0 R ) , (D.1) R. (l-R.) < R1 < R2 < < 

~ ~ - - - - m i=l 

PROOF: 

Let 

ho = 0 

So = 0 

S (0) = 0 

S. = s. + 1 
~ ~ 

f. = n. - s. + 1 
~ ~ ~ 

S (i) = Sl + S2 + + S. 
~ 

f (i) = f1 + f2 + + f. 
~ 

gi = S (i) + f (i) - i 

From these identities the following are defined: 

i 

S (i) = L s. + i 
J 

, 
j=l 

i i 

f (i) = L n. - L s. + i , 
j=l J j=l J 
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gi = E 
j=l 

n. + i 
J 
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For two stages, integration of (D.l) by using equation (3.8) is ob-

tained: 

gl 

E W(h. ) = 
hl=Sl 

~ 

= 

R2 RS(l-R )n-s 
J 1 1 dR 
o B(s+l,n-s+l) 1 

n+l ( 1)' . 1 = E n-: R~(l-R )n-~+ , 
. +1 ~ 2 2 
~=s 

1 R2 sl nl-sl s2 n -s 
J J Rl (l-Rl ) R2 (l-R ) 2 2 dR

l
dR

2 
0 0 

2 

1 s2 
R 

n -s s sl n -s 

J R2 (1-R
2

) 2 2 J Rl (l-R ) 1 1 dR
l 

0 0 
1 

dR • 
2 

Using (D.l) the above quantity can be rewritten as follows: 

n
l
+n

2
+2 

·E 
h 2=s2+h l+l 

(3.8) 
repeat 

(D.2) 

(D.3) 

(D.5) 



After some rearrangement and simplification of (D.S), 

gl 

L W(hl } is obtained as: 
hl=Si 
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But the equation shown by Smith for the two stages, m=2, is as follows: 

gl 

L W(hl } = 
hl=SI 

2 
where II C. is: 

j=1 J 

2 
IT c. = 
j=1 J 

(D.7) 

The differences between Smith's result and the proof shown above can 

be seen for two stages. 

Therefore, the integration of (D.l) with respect to RI ,R2 , ••• Rm 

yields: 

gl g2 gm-l m-l 
L L 

hl=SI h2=S2+hl 
L II C.xB(S +h l' S(m-I} 

h =s +h j=l J m m-
m-l m-I m-2 

(0.8) 
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where: 

Whereas the algorithm developed by Smith is shown below: 

gl g2 m 
L: L: 

hl=Sl h 2=S2+h l 
IT C.XB(S +h l' S( 1) J m m- m-h =S +h j=l 

m-l m-l m-2 

+f(m) - hm_l -m +1) , (D.9) 

where: 

By comparison of equations (D.S) and (D.9) the difference between the 

algorithm presented by Smith and the one developed here can be clearly 

seen. These differences are on the limit of product (i.e., 

m (g .+1) 
IT ), and the last term of C

j 
(i.e., J h .)· 

j=l J 



APPENDIX E 

Sample Calculations For The Six Models 
Covered In Chapters Two and Three 

All the following calculations will be based on a two stage 

development process which generated the following data: 

n = 3 
2 

s = 1 
2 

n. and s. are the sample size and number of successes at the ith stage, 
~ ~ 

(i=1,2) • 

Cumulative MLE Model 

The estimate of reliability is obtained from equation (2.1) 

as follows 

2 
l: s. 

" i=l 
~ 

R2 = (E-l) 2 
l: n. 

i=l 
~ 

" 3 
R2 = - = 0.60 . 

5 
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Barlow and Scheuer's Model 

The estimate of the probability of failure is obtained from 

equation (2.28) as follows 

(E.2) 

with an assumption of only assignable cause failure, qo = 0 and since 

there are only two stages (E.2) reduces to: 

max 
j=2 

= max 
j=2 

min [ 
k<2 

thus the reliability estimate at the second stage is: 

A A 

R2 = 1 - q2 

A 1 
R2 = 1 - - = 0.66667 . 

3 

Lloyd and Lipows Model 

Reliability estimate at kth stage, ~ is obtained by: 

Equations (2.6) and (2.7) are solved by trial and error to obtain the 
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estimates of the unknown parameters R and a 

00 

sk 
(R - ~) 

oL m n
k 

co k 
--= E 1 = 0 (2.6) 
()R (R 

a. 
(1 - R +~) 00 k=l - - -) repeat 

~ 
00 k 00 k 

1 sk 
(Roo + ~) .1 ---

d1 m k n
k 

K 
-= - E = 0 . (2.7) da 1 

(R - ~) (1 - + ~) repeat k=l - R 
n

k 
00 k 00 k 

The initial values of R and a in (2.6) and (2.7) are obtained from 
00 

(2.21) and (2.22) 

A m skC2 
R = ( E---

00 
k=l nk 

A m skC1 
a = ( E ---

k=l n
k 

m skc1 1 E --) 
k=l k~ itiC

2 -

m sk 
m E -) 

k=l knk mC
2 

2 
C

1 

1 

- c
1 

, 

2 

(2.21) 
repeat 

(2.22) 
repeat 

m 1 
where c1 = E k 

k=l 

m 1 
and c 2 = E 2. 

k=l k 
For the assumed data c

1 
= 1.5 and 

C
2 

= 1.25. From (2.21) and (2.22) the initial estimate of a and Roo are 

obtained as follows: 

~ = [1. 25 + (2) (1. 25) _ (1. 5 + (2) (1. 5» ] __ ---=1=---__ 
00 2 3 2 6 2(1.25)-(1.5)2 

= 0.83332 . 
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A =[1.5 + 2(1.5) _ 2 
ex. 2 3 

1 

2 (1. 25) - (1. 5) 2 

= 0.33332 

substituting these values into equation (2.6) yields: 

1 
(0.83332 - 0.33332) 

dL 2 dR- = ~l--------------------------------------
00 2'(0.83332 - 0.33332) (1 - 0.83332 + 0.33332) 

~ _ (0.83332 _ 0.3~332) 

+ teo.83332 - O. 3~332) (1 _ 0.83332 + 0.33332) = 0 

and substituting these values into (2.7) yields: 

dL 
1 
2 (0.83332 + 0.33332) 

dO'. = - 1 
2'eo.83332 - 0.33332) (1 - 0.83332 + 0.33332) 

(~) (~) _ (0.833332 + 0.3~332)~ 

~(0.83332 - 0.3~332) (1 _ 0.83332 + 0.3~332) 

= 1. 75 . 

Now different values for Roo and ex must be selected by trial and error 

and sUbstituted into (2.6) and (2.7) in an attempt to get a smaller 

dL 
value for (la. 

Cumulative Beta Bayes Model 

For a uniform prior, the beta parameters are a = 1 and b = 1. 
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The resulting reliability estimate is obtained as follows: 

2 
a + L s. 

i=l ~ 
A 

R2 = 2 
(E.3) 

a + b + L n. 
i=l 

~ 

1 + 3 
= 2 + 5 

0.5714 . 

Corrected Smith's Model 

In the corrected Smith model the marginal posterior for the 

mth stage is equal to Equation (3.10) divided by Equation (3.9) 

gl g2 
l: L 

hl=l h2=2+h
l 

where 

gm 

L 
h =m-l+h 
m-l m-2 

m 

W(h , h
2

, ••. , h 1) 
1 m-

(3.9) 

h ) 
m = j~lCj.B (Sm+hm_l' S(m_l)+ f(m)-hm_l-m+l), 

gm-l 
L {W(hl ,h2 , ... ,h l)b(R Is +h l' S(m_l)+f(m)-hm_l-m+l)}. h m- m m m-
m-l 

For a two-stage development process Equation (3.9) reduces to 

gl 

l: w(hl ) = B(sl+l,nl-sl+l) 
hl=Sl 

(3.10) 

(D.6) 
repeat 
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and Equation (3.10) reduces to 

(E. 4) 

where s. and n. are number of successes and sample size at ith stage, 
~ ~ 

(i=l,2) and Si' f i , S(i)' f(i)' 9 i are defined as follows: 

S. = s. + 1 
~ ~ 

f. n. s. + 1 
~ ~ ~ 

S (i) = Sl + S2 + + S. 
~ 

f (i) = fl + f2 + + f. 
~ 

9 i S (i) + f(i) - i 

then 

Sl 2 S2 = 3 

S (1) = 2 S (2) = 5 

fl = 2 f2 2 

fell = 2 f (2) 4 

9 1 
= 3 9 2 

7 

Let 

C
l 

= B(Sl' f (1» (::l ' 
then 

C
l 

= B (2, 2) ( ~J 
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and 

gl nl+l 

( :}(3+h1 , I: W(h
l

) = B(2, 2) I: 5-h ) 
hl=Sl hl=Sl 

1 

1 (~) B(5, 3) +(; ) B(6, 2) = -
6 

1 1 1 = 0.0087 • - -+-
6 35 42 

For this example .the posterior pdf is equal to Equation (E.4) divided 

by Equation (D.6). Equation (D.6) reduces to a constant, 0.0087. Thus 

the posterior pdf is given by: 

T.his is a convex combination of beta random variables each with mean, 

~(hl/m=2), as follows: 

~(hl/m=2) = (S2 + hl )/(S2 + S(l) + f(2) - 1) 

3 + hI 
= 8 

therefore the posterior mean is given by: 

gl gl 
L W(h

l
)p(h

l
/m=2)/ L W(h

l
), 

hl=Sl hl=Sl 
(E.5) 
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the numerator of (E.5) is obtained as: 

the estimate of. reliability is: 

A 

_R2 = 0.0060/0.0087 = 0.6842 • 

Empirical Bayes Model 

From Equation (3.2) the first iteration reliability estimate 

is obtained as follows: 

q si )">+1 (1 _ si f2-S2 
~ (1) i=l ni n. 

~ 

R2 = 

~ ("i)"2 (1 
_ si f2-S2 

i=l ni n. 
~ 

(E.6) 

- (1) after substituting for si and ni the R2 is obtained: 

(0.5)3(0.5) + (0.6667)3(0.3333) = ~~~~~~~~~~~~~~~ = 0.5906. 
(0.5)2(0.5) + (0.6667)2(0.3333) 

The estimate of reliability for the second stage can be obtained with 

more accuracy with more iterations. - (1) For the second iteration, Rl ,is 

also needed. 

= 0.5 . 
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Now R(2) can be estimated by substituting R~l), (i=1,2) for s./n. in 

2 1. 1.1. 

(E.6) : 

(0.5)3(0.5) + (0.5906)3(0.4094) 
~~~~~--~~~~~~~~~= 0.5482. 
(0.5)2(0.5) + (0.5906)2(0.4094) 

After several iteration R2 will converge. 



APPENDIX F 

CONFIDENCE INTERVAL 

In general the two-sided confidence limits on R are defined by: 

R 
u 

=! f(R)dR = 1 - a , 
RL 

(F .1) 

where Ru and RL are the upper and lower confidence limits on R respec

tively. 

The lower one-sided limit is defined by: 

1 
P(RL < R) =! f ( R) d R = 1 - a 

RL 

(F.2) 

Confidence Interval Estimation for Classical 
Reliability Growth Models 

In the classical area, three models were considered in chapter 

four of this dissertation: Barlow-Scheuer's constrained MLE model, 

Lloyd-Lipow's MLE model, and the cumulative MLE model. 

Under the condition of an order Rl ~ R2 ~ R3 ..• ~ Rm' Barlow 

and Scheuer (1966) showed that the data can be treated as if it were 

homogeneous, that is, as if no reliability growth was taking place. 

Thus, the standard technique to obtain a one-sided lower confidence 

limit on a binomial parameter after having observed S success in N 

trials can be used. 
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Let s. be the number of successes at stage i (i=i,2, ••• ,m), 
~ 

and n. be the sample size at stage i, then: 
~ 

S = 
m 
2: 

i=l 
s. and N = 
~ 

m 
2: 

i=l 
n. 
~ 

(F.3) 

A 100 (1 - a) percent one-sided confidence interval for the binomial 

parameter, R, is obtained by solving: 

2: ~ RJ (l-R) -] S-l ( ). N . 
1 - a for S > 0 

j=O ] 

if u > 1 

pes :::u-1IRl < ... < R < R*] - m -

> pes < u-llRl = = R*] -

u-l 
( ~ ) 

. N . 
= 2: R;(l-R*) -J 

j=O ] I 

Define u(R) as the smallest u satisfying if u > 1: 

2: ~ RJ (l_R)N-J > 1 - a u-l ( ). . 

j=O ] 

u-l 
u(R) increases as 2: increases, 

j=O 

u-l 
and R increases as 2: decreases. 

j=l 

(F.4) 

(F.5) 

(F.6) 



Define Ro as the largest R such that 

u(R) - 1 = S, 

then 

< R ] 
m 
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(F.7) 

(F.8) 

Using equations (F.5) and (F.6) and the definition of u(R), it is con-

eluded: 

< R ] > 1 - a 
m 

Therefore, in order to obtain a lower confidence bound for 

R , given s. success at stage i (i=1,2, ••• ,m), and n. sample size, 
m ~ ~ 

find Ro' the largest R, such that: 

(F.9) 

(F .10) 

We can say Ro is the conservative 100 (i - a) percent lower confidence 

limit on R . 
m 
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COMPUTER PROGRAMS 
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PR OGRAP1 8 741175 OPT•O TRACE FTN 4.8+552 

••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• • • * THIS PROGRA~ SIP1ULATES THE BETA BAYES WITH UNIFORM PRIOR , TH~ • 
* BETA BAYES MODEL WITH P1AXIMUP1 VARIANCE PRIOR AND THr CUP1ULATlVc * 
* P1LE P'IODEL * • • * INPUT DATA • . ----------* M--~U~BER OF STAGES 
* NN--NUMB:R OF ITERATION 
* P(JI--PRDBABILITY OF SUCCESS AT J-TH 
• * OUTPUT DATA . -----------• R(JI-- RELIABILITY AT STAGE J,J•l,z, ••• M 
• 

• • • • • • • • • * S DESIGNATES OPTION STATEMENT * 
• • • • ••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 

c 

PROGRA~ B(INPUT,QUTPUT,TAPE5•INPUT,TAPE6•GUTPUTI 
INTEGER u,NS(Q) 
Ol~ENSION A(Q,30I,AN(Q),88~9,30I,TA(9,30I,R(9,30),RMSE (91 

(,R~(3QI,PSUP1(9),0MrAN(9),qMIN(Q),RMAX(Q),CUAN(9),STAND(Q) 

COMP10N/BlN/AA(9,30I,NN,N(9),P(Q) 
DATA ~, M,ALPHA,(RSU~(K),K•l,91/.~t,Q,0.05,9*0•/ 
WI1JTE(6,29 I 
WRJTE(6,3QI 
CALL BINOM 
WRITEC6,2CI 
WRITEC6,21 ICP(li,I•l,91 
DO 6 J•l,NN 
DO 1 1•1,11 

C THE FOLLOWING TWC ~TATE~ENTS ARE USED ONLY FOR THE BeTA BAYES 
C MODEL WITH MAX. VAR. PRIOR 
c 
S SUMA•v.0050505 
S SUMB•C.00505a5 
c 
C THE FOLLOWING TWO STATEMENTS ARE USED ONLY FOR THE CUMULATIVE 
C MLE 
c 

c 
c 
c 
c 
s 
s 

s 

PROGRAM B 

THE FOLLOWING TWu STATEMENTS ARE USED ONLY fOR THE BETA BAYES 
MODEL WITH UNIFORM PRIOR IS INTE~ESTED. 

SUMA•l. 
SUP'IB•l• 
00 19 I<• I, I 
we D•l. 
JF(K.NE.IIWCO•(WI**CI-1<1 
we O•l· 
lF(J.ECeliNS(II•~(II 

741175 OPT•O TRACE FTN 1te8+5~Z 
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IFCJ.Nt.ll~C!I•~SCII 
ACK1JI•AACK1J)*wCO 
AN(I()•N(K I*IICO 
B B (" I J ) • ~N ("')-A ( K I J I 
~UI"'A•SltM~+A(K,JI 

SU~R•SU~B+aBCK1JI 

lQ COP..,TINUE 
~CliJI•C5U~AI/CSUMA+SUMBI 
R S l' Ill (I ) •I< SUM ( I I+ R ( l 1 J ) 
TAiliJI•AII1JI 
YF IACJIJI-IFIXCACI,JII.GT.O.~ITACI,JI•A(l,JI+l 

7 CO~'TINUE 

c 
C THt FOLLLwiNG STATE~~~T CAN CALC~LATE Cl-AlPHAI-Pi~CtNT 
C LOwER C1,.,FIDENCE INTeRVAL 
c 
S CALL LCC~ELCBIAN,~,J,AIALPHAI 

WRJTtCo,l~IJICR(JIJIIl•liM) 
15 fQQMAT (J6,5XIQFfo31 
20 FORMATClXI"lTE~AllJN"12ZX1" STAGES"I20X,/ 

*llX,Q("-"I,zX,541"-"I/15X,lHl,~X,lH2,5X,lH3,5X,lH4,5X, 

*lH5,5XIlno,5XIlH7,~X,lHti~X,1HQ11/) 
29 FORMATC1Hl,33X,"TARLE"11124X,"REL1A6JLITY GRO~TH tSTl~AT~LN" 

*1126~,"C~ .. ULATIVE MLE I"'OOfL "/1 
3Q FORI"'ATC27XI"WlTH GE~~~TRIC WEIGHT~") 

6 CONT H~UE 
c 
C THE F1LLO~TNG LOOP CALCULATES THE MlNIMUMS,MAXli"'UMS,A~D 

C .~0 Q~ANTILE5 

c 
DO lb J•1•"' 
Nl Zo LMo:l,NN 

26 RMILMI•RCJ,L~I 

CALL VSRTACRM,301 
RMJN(J)•R,.'o(l) 
RMH1Jl•R,.I3:JI 
OUANCJ)•PM(3) 

16 ~MEANIJI•~SU~(J)/N~ 

CAll STA(~,RMfAN,P.~~.M,RMSE,STAP..,D) 
li R I T E I 6, 60 6 I I R ,. I ro.. I ! I , I •l , 11 I , I fl "'A X I I I , I •1 , c; I , ( 0 U A too ( I I , I •1 , Q I 

606 FORMATilX,I" MIN. ",QFo.3//4X,"MAX. ",QFt.3 
(,//14X,".Q OUA."IF6.~,8F6.3//) 

21 FO~MAT (lX,"TRUi: I<EL. ",QF6o311l 
WI'<!TEI6.1411i 

14 FORMATC1CX,"wEIGHT CGtfFlCIENT 1 wiii•(",F4.2,")**(K-II"l 
qoP 
E NO 

SUi~OUTINf STA 74117~ OPT•O TRACE FTN 4oB+5:..2 

c 
C THJS POUUTIN~ CALCULATES THE M:A~S, STANDA~D DEVIAllO~S, 
C AND R~St 1 S. 

c 
OI~ENSI1~ RICQ,3CI,RMEANI9),P(Q)IRMS~(9)1STAN0191 

SUM•Oo 
DO 2 I•l,N 
su~ s •c. 
su~o-o. 
DO 1 L•l1t\,.. 
S U MD • S Ul'! 0 + I R l ( I 1 L ) -R ME AN I I l l * * 2 • 
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SUMS•SUMS+!!:!I!I,Ll-P!lll**2o 
R~SE!ll•~~RTISL~S/NNl 

STAND II I•SORT!SUMD/NNI 
2 CO~TlNUE 

WQ I H C t" 3 l I R. ME AN I l l , I •1, N l , IS TA ~0 I 1 l, I •1, td , ( R. M S E ( 1 ) '1 •1 'N l 
3 FJ~MAT(1X/~X,"MEAN ",9F6.3//~X,"ST.DEVo",9Fb.3 

(,1/~X,"R~SE "•9F~o3l 

RETUR~ 

E t-.:D 
SU~ROUTlNi BINOM 7~1175 OPT•O TRACE FTN ~.a+5~2 

SUBROUTl"'E Blt-;0"1 

C THIS ~QUTlNE GENtRATES BINJMIAL DATA FOR GIVEN PARAMtTtR.S, 
C PCJI At.D N!Jl 
c 

CO~~O~ /~lN/ IBINV!9,3Cl,NN,N19l,P!9l 
DOUELE P~~CISION A,s,c,o 
DATA NSHGE/9/ 
rATA Nt.,(N(l),Y•l•9)/3,9*3i>/ 
DO 222 J•ltNSTAGt 
SU•O.O 
REAOC511 )P CJ l 
FOP~"AT!3X,F~.2l 

IFIPCJioLEoOolGO TO llG 
JI=!P!JloGEo1lGD TO 112 
JFIN!JloLEoOoiGO TOll~ 
Q. p ( J) 

IFIP!JloGT.O.~lO•lo-P(J) 

S•1.-0 
DG tO l•l,NN 
A•1. 
B•O/~ 

C•!N(J I+U*B 
D•A 
H •C 
RA•RA .... F(Q) 

V•RAIS**t\(Jl 
~0 TI=IV.L£.AlGO TO ~0 

IX•IX+1 
D • D • I C I I ).- E I 
A•A+D 
lFIIX.LToNIJl)GOTQ~O 

50 IFIPIJI.GT.O.~)GGTJ)5 

IBU.V!J,Il•IX 
GO TO 60 

5~ IBINVCJ,il•NIJl-lX 
~0 CO,...TINUE 

GO TO 222 
110 WRITEC~,ll1lP(Jl 
111 FOR~ATI1~1,~HP • ,F~.z,3Z~wHlCH IS LESS THAN OR EOUAL TC Ol 

GO TO 222 
112 WRITEC6,ll31P!Jl 
l13 t=ORMAT!lHI,~HP • ,F5.2,35HwHTCH IS GREATER THAN OR EOUAL TO 11 

GO TO 222 
11~ ~RITE 16tll51N(J) 
115 FORMAT!lH1,~HN • ,I~,32HWHICH IS LESS THAN OR EOUAL TC 1) 
222 CONTINUE 

WRITE(b31t )N(l),NN 
31t FORMATI1X•I•l6X,"SAMPLE SIZE•"•l4,5X,"NUMBER OF ITERATluN•"•l3/l 

RETURN 

156 

07/19/ol 



157 

END 
SU9RO~TPH LC 7~/175 OPT•O TR~CE CJ7tHto2 

SUBPOUTI~t lCI~EL,AN,NSlAG,ITfQAT,SUCC,ALPHAI 

c 
C THIS ROUTINE fVAlUATE5 11-ALPHAI-PERCENT LOwE~ CONFIOtNCt lNTcRV~l 

c 

c 

DOUBLE P~tCISIQN COM6,SUM 
CT~ENSIO~ SUCCINSTAG,3CJ,AN(9) 

C N IS THE NVMB~R Of TRIALS PEP STAG~ 
C ~LP~A IS T~~ SlG~IFICA~T llV~l 

C Pl~IT IS l~E ESTIMATED lCB ON ITH ITERATION 
c 

CAT~ PlNIT1.7~C/ 

Sl1 S U"'~• 0 • 
SUMN•O. 
OIFF•C. 
['Q !>5 NS•l,NSTAG 
SUS~~·SUSlM+S~CCI~S,IT~RATI 

55 SUMN•SV~h+AN(NS) 

DIFF•l-PINIT 
JFCSUSUM-lFIXCSUS~~~.GT.0.51SUSUf•SUSU~+1 
Ll,. •$USU,.-l 
lFCSJMN-lflXISU~~).GT.t.51SUMN•SUMh+l 
NSU"'•SUI'It\ 

1~ SUM•(l-PlN!TI**NSul'l 
DO 15 J•1•LlM 

15 SU,.•SUM+CO~B(J,NSU11*PlhiT••J*Il-PINITI**INSuM-J) 
DIFF•DIFF/2. 
lFCSUM-(1-ALPHA).GE.O.AND.SUM-(1-ALPHAJ.LE.O.OOOlliGU TO 11 
lfiSU~-11-ALPHAI.LT.C.IGC TO 12 
PT~TT•PI ~ IT+1IFF 

(,LJ TIJ 14 
12 PlNIT•PlNlT-DIFF 

GO TO 14 
11 PEL•PINIT 

FU'IICTIO"l FACT 

c 

RETURN 
EIIID 

7 ~ 11 7 5 0 P T • J T R A~ E 

C THIS FUNCTION EVALUATtS FACTO~IALS 

FUrCTION FACT(N) 
10 FORI'IAT(lX,"N•",I51 

IF I ( N I • LT. 1) GO TO b 
FACT•l• 
DO 1 I•1,N 
FACT•FACT*i 
CONTINUE 
RETURN 

b FAO•l. 
HTU11N 
END 

07tl91o2 
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c 
C THIS FU~CTIO~ fVALU4TES IG C~ODStS IH 
c 

DOL'Blf PHCISIQN FUNCTION C0"1BI lt~tiGl 

I<H•l H 
L•IG-IH 
C 0"'EI•l• 

24 l•L•l 
IFCL.GT.I<;lGCJ TO z; 
COM9•CO~P*IFLOATILl/KH) 
If P<H.GTol )I<H•KH-1 
GO TO 24 

25 IFCKH.GT.l lCOMB•CCMo/FACTit<Hl 
~fl URt-. 
E NO 
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741175 OPT•O T~ACE FTN lt.8+552 0 71 J. r., llj2. 

PROGPAM llPCI~PUT,QUTP~l,TAPc5•l~PUT,T6P~6•0UTPUTl 

••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
• * THIS PPOGRA~ SlMUl~TES LLOYD A~D LIPC~'S MOD~L. TH~ liK~llrlLOD * 
* EJCATICNS ARE SOLVED BY TRIAL AND ERROR AND THEN PCKl IS CALCULATtu * 
* USING THFSf VALUES. • 
• • * IN P'JT DATA . ----------
• N--NUMSER QF STAGt~ 

* NN--NUM~EP OF ITf~AllON 
* ~~-- ITtRtTlON NU~~fR 
• • • • 
* 

~HI(Kl--NU•BEQ OF Tl<lAL~ AT THt K-lH STAGE 

SCKl--~U~BEP. OF SUCCESSES AT THE ~-TH STAGE 

* CUTPL•T DATA . -----------• * ~CKl--THI~ IS T~f P~JBABILITY OF SUCCfSS AT THE K-TH SlA~t 

• * ' DESIGNATES [PliO~ STATEMENT 
• 

• 

* 

• 
• 
• 
• • 
• 
• 
• 
• 
• ••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 

c 

JNHGtli 5 
C!~ENS!O~ ASC9,30J,ANC~J,RKC3~,Q),RMC30J,"SUM(Q),RMtAN(r.,) 

C,~~lN(Q),R~AX(~),O~AN(Q) 

C , R M S E ( 9 I , I< STAND ( Q l 
CO~MON/Pl~/SC9,30l,NN,~TRCr.,),P(Q) 

DOU3LE P~tCISION kl,AlPnA,wE 

~ E !S THE EulER'S CONSTANT 
c 

c 

DATA W, N,c,PJ,ALP/,S,Q,J,~7721~6b5,3.1415~~b54,Co05/ 

DATA (~SurCKJ,~•l,Q)/Q*Oo/ 

Wl1 I T E C 6, 1 Q I 
11iRITECb,29l 
CAll B I Ill OM 4 

WRITECb,201 
WPITECo,22 I(P(Jl,I•l,~l 
WE•lon .. 
DO ~55 KI•l,NIII 
GO lCO LK•1•N 
00 11 K•1,LK 
liC0•1o 
IF (I( oNE o L K I IIi C 0 • C WI** C L I< -K I 

C WHeN wCO•l IN THE NEXT STATtMENT THE GEOMtTkiC ~ElGHT~ ARt NGT AP~LltD 
c 
S WC0•1• 

ASCK,Kli•SCK,Kll*WCO 
AI'\(Kl•NTI<CKI*wCO 

11 CONTINUE 
CALL SUMS( AS,U.O,lK,SUI'l}, SL'r-'2,(1,(2,KI I 
CALL TRIAL CAS,AIII,L~,PI,l,SU~l,SUr.z,S~~~l,SUMAL,Cl,CZ,Kl,RI,ALPHAI 

PPJGRAM LIP 74/175 OPT•O TRACE FTN 4o8+5~2 0711~/bt 



RK(~l,LKI•Rl-ALPHA/LK 

PSUI'IIU' l•I':~U:-\(LK 1+1<1< IICI,LICI 
IF ( P K ( ~ J, ll< I. t T o1. IRK ( K I, LK I •1. 

100 CONTINUE 
c 
C THF FDLlf~ING ST~TFI'IE~T CAN BE ~SED FO~ CALCULATIQ~ Of 
C !1-ALPHAI-PE~CENT LDIIER CO~FIOENCE I~HRVAL 
c 
' CALL lCl~ELCd,AN,N,KI,AS,AlP,Kll 

lr~ITF. lbrl~l t<I,(H.!Kl,Kl,K•1,Nl 
15 F(lJ;I'!AT ( lt,5lC,9Fto31 
555 CONTINUE 
c 
~ THf FDllG-l~G LDCP CALCULATES THt l'll~li'IUI'IS, I'IAXl~U~S, A~D 
C T H F o 9 G OU At-; TI l E S 
c 

[,0 16 J •1 1 N 
DC 26 Ll'l•l,NN 

Zb Fl'lll"1l•ln!LI'I,J) 
CALL VS~TAIRM,3JI 

fii'IJN(J)•I1f"(ll 
111':4) (J 1•11~ (30) 
OUAN(J)•I(~(3) 

1t PMEA~(Jl•F~U~lJI/~~ 
CALL STA(~~~~f"tA~,P,~N,N,RMSE,STA~DI 

c 
C THIS P.QUTl~f CtlCULAl[S THe !'lEANS, STANDAfiD DtVlAl!ONS, A~D 

C R I'IS f 'S 
c 

WP I TE ( b, 60 6 I I R I" IN ( I I , I •1, 9 I , (11M A) ( I I , I •1, Q l , ( OU AN ( I I • l •1' Q I 
cOo FQ~MAT!l),I,1X," MIN. "•9Ft.;//4X,"~AX. ",9Foo3 

C,llt4~t"•~ OUA."tFb,3,tF6.3//l 
20 FG~~AT(lX,"Ilt11ATJON"t25X,"STAGE~"'2CX,/ 

.,}X,Q("-~),~X,~3C"-"l•2)/15X,lH1,5X,lH2,5X,lh3,5X,1H41~a, 

*]H5,5x,lh6,5lC,1~7,;X,lHt,~X,1H9,1/) 

19 FOFMAT(l~l,3lX,"TA9LE "//,lbX,"RELIABILITY GRDIIT~ ESTIMATIO~"// 

*20X,"LIOYC A~O liPDW 1 S METHOD"/) 
1oPITEI6tl4h 

14 F 0 ii 1'1 A Tl 12 X," •H I G H T C r'H F I C IAN T, id I l • ( ", F 4. 2," I* • I K- I l ", l 
29 FOPMAT!2l),"WlTH Gt~MET~IC wE16HTS"/I 
22 FO~rAT(J),"lRUt ~£L. ",QF6.3/I 

STO~ 

SUBROUTJNt SUMS 

c 

7~1175 OPT•C TRACE 

~UBPOUTINE SU~SfAS,NTR,~,SUMl,SU~2,Cl,C2,~11 
REAL NTP!QI,AS(Q,KI I 

FTN ~.6+552 

C THIS ROUllNE CALCULATES THe CONSTANTS AND SUMMATiONS 
C FO~ SU~PC~TINE T~lAL 
c 

Cl•O.O 
CZ•O.O 
SUI'Il•G.O 
SU~2•C.O 
DO 10 K•l,N 
Cl•Cl+loC./K 
C2•C2+1.0/t<*•2 
SUMl•SUMl+AS!K,KJI/NlR(K) 
SU~2•SU"12+AS(K,KII/I~*NTRll<l) 

10 CONTINUE 
IF fCl.EO.liCl•l.l 
IFfCZ.EOol IC2•.Ql 
I1E TUI< N 
END 
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c 
C ~~~~ AND ALPHA A~E CALCULATED lN THI~ ROuTINE BY TRIAL ANG E~~OR~ 

c 

c 

REAL INC,INCA,NT~C9),ASC9,Kil 

DOUBLE P~ECISI8N R,A 
11 I t-.1 T C N l • I I C 2* SUP' 1 l -I C 1• S UM2 l l I I:"!* C2 -C l .. 2 l 
AJIIIITC~l •I CC1*SUMl l-lt-.•SUM2 l II IN*C2-C1**2l 
JNC•C.002 
HCUPl•C .02 
ACCUR3•1.GE-:J6 
CHECK2•9~49999~~~99.C 

INCA•O.OZ 
ACCUP2•1.0E-5 

C THt MAXI~UM LIKELIHOOD EQUATIO~S ARE USED TO FIND Rl ANC ALPHA 

11•11INIT!t-;) 
A • A I 11< 1 T I t. l 

10 SUMj;L•O.C 

c 

SUt'AL•O.O 
DO 2 0 K •l, N 

C NEXT ARE TaO CHECKS TO PReveNT HAVING AN I~Dr~INlTE OFE~A~D 

c 
lt•R-A/K 
7.•1.(;-R+A/K 
JF(X .fQ. CoOl GC TO 22 
IFIZ .E~. C.Ol GC TO 22 
SUI" 11 L • $ U r.f/ l +I ~ 5 ( K , K I l IN T ~I K l- ( R- A I K ) ) I I I 1 • 0 /IH R I K ) ) • I 11- A /I< l • 

C (1.0-R+A/K)) 
SUMAL•SU~tL-IIl.CIK*IAS(K,KJl/NT~CKl-IR-AIK) Ill 

C ( ( 1 • C I~ 1 t< I K ) l • I R- A I K ) * ( 1 • 0 -R +A I r<. ) ) ) 

20 COt--TINL!F 
( 
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C NeXT A~E A SE~IE5 OF C~ECKS SG THAT R AND A ARE INCREM c NTt~ CC~RtCTLY 
c 

. 2 2 I f f I NC A • L T • A C C L 11 3 l R f T UR N 
lFClNC .LT. ACCUI12l GO TO 40 
J F ( I NC • L T • A C C U ~. 1 l G r T D 3 0 
CHtCKl•APSCSU~RL)+ABSCSUMAL) 

lFICHfCKl .GT. CHeC~2l GJ TO 30 
JFfSUMRL .GT. 0.0) GO TO 25 
11•11-INC 
CHECK2•CHECK1 
GO TO 10 

25 R•R+lNC 
CHECK2•CHE CK1 
GO TO 10 

30 IFCSU~RL .GT. 0.01 Gr TO 35 
INC•JNC/2 
R • R- INC 
GO TO 10 

35 INC•Jt.jC/2 
R•R+INC 
GO TO 10 

40 JFISUMPL oGT. CoCl GC TG 45 
A•A+li'<CA 
INCA•INCA/2 
GO T 0 10 

4~ A•A-INCA 
INCA•INCA/L' 
GO TO 10 
E~ D 



c 
c 
c 
c 
c 
c 
c 
c 
c 

c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
r: 
c 
c 
c 
c 
c 

31 

c 
c 
c 

' c 

74/175 OPT•J TRACE FTN 4ob+552 

······················································~····· • • • • 
CQ~ST~AlN~O ~LE ~ODEL wiTH BINDMI•L SA~PLING 

• 
• • * PURPQ~E: * 

• ------- RELlAdlLITY ESTIMATION AT STAGES uSI~G CONSTRA-• 
* INEO MLt ~fTHOD PRGFOSEO BY BA~LG~oi A~O SCHfUtR • 
• * INPUT: 
• • * ~ -- NUMBE~ 0~ STAGeS. 
* Nlll -- S•~PLc ~IZc AT ITH STAGE. 
• N~ -- NL~~ER uF ITE~ATlO~. 
* P(J I -- PROBA~ILITY Of SUCCESS AT ITH STAGt. 
• 
• OUTPUT: 
• • 
* R!II --RELIABILITY AT TH[ 1-l~ STAGE. 
• * $ OE~IGNATES lPTIC~ STATE~t~T 

• • 
• 
• • • • • • • 
• 
• 
• 
• • • • •••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 

PROG~A~ ~ARSCHil~PuT,OLTPUT,TAPE5•I~P~T,TAPtb•OLTPUTl 
DOU3Lt PQEClSlDN SMALL!~),O(Q),~RAC!~I,QJ 

JNTEGEP A(9),C,BI¥,3C),SUM(QI,~,S,NS!Ql 

Ol~ENSID~ TC(~,3vi,TN(Q),~!(Q),R~(30l,RSUM(Q),Rr.EAN(QI,R~S~<~I 

C,STANDI~ ),RL (Q,3C) 
C, PM IN ( <9 l, ~ MAX ( Q I, 0 UA N I Q I 
CCM~ON/BI~/C(9,3C),NN,N(QI,P(QI 

CATA ~,M,ALF~A,(Q$U~(K),K•l,~l/et,Q,.05,~*0o/ 

WE•l.lr-. 
wRITE(6,29l 
W11ITE<6dQI 
CALL BINC"'4 
wRITr:l6,201 
WRITE ( t, 4~ I ( P! I I, I •l, Q I 

no 555 KI•l,NN 
DO l Jal,f" 
CQ lQ J•l, I 
WCD•l. 
lF(J oN Eo 1) WCD• (loll** ( 1-J I 

WH~N wCO•lo AT T~E NEXT STATtMENT, THE GEOMETRIC WEIGHTS 
AH NOT AP Pll E C: 
WCD•l. 

IF ! 1<1. f 0 .1) NS! I I • N II I 
lf=!t<I.NE.l IN( li•N~!II 
T C ( J , I< I I •C ( J, K I I * lo C 0 
lt..:!JI•tdJI*IICO 

63 B!J,KII•TN!J)-TC!J,Kll 
lQ Cr:JNTINUt 

O!IJ•O. 
PROGRA~ ~ARSC~ 741175 OPT•O TRACE FTN 4.8+5~2 
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00•0. 
S•I 
SMALLCSicl• 
ro 3 P•l•I 
00 to J•R,S 

32 SU~B•SUMe+B(J,Kll 
4 Su~C•SUMC+TC(J,I<II 

Z E f01<MATI3lb2Fl4o41 
fRACCRI•SUMB/ISU~B+SU~CI 

$t.JMC cQ • 
JF ( S ._AlL IS I • G t. fR AC ( R) ) S ~All ( S I •fk AC ( 11 I 

3 ((INTIN'JE: 
lFICIII.LE:.SMALLISIIOCil•SMALLISI 

2 COt-. TlNlJE 
UIII•l-Cill 
HII,~Il•IIIIII 
R S \.J~ I I I • R SUI" (I I + R I (J I 

1 CDNTlNI.if-
S CALL LCIRELCB,TIIo,"l,K.I,TC,ALPHAI 

loiQITEC6d~ IKI,CRllli,I•l•Ml 
15 FORMAT (}6,~X,9ft.31 

20 FORMATilX,"lTERATIG~",22Xt" STAGE:S",20X,/ 
*•l~,QI"-"),2X,~3("-"),2X,/15X,lHl1~X,lH215X,lH3,5X11H4,~X, 

*lH5,~X,!Ht,~X,lH7,,X,lHt,~X,1H91 

29 FO~MATC1~l,//2~X,"TABLE"//18X,"RfllABlliTY GRO~TH tSTl"1AT10N"I/ 
•17>,"BARLQ~ AND SC~EUER•S "ll~ ~EThOD"/1 

49 FORMATI3l,"TRUE"/3X,"~EL. "•9Fo.3/l 
39 FOR"lATIZl~,"wlTH GEOMfT~lC WeiGHTS"/) 
'555 CONTINUE 
c 
C THIS LOOP CALCULATES THE ~AXI,.,UMS, MlNlMU~S,A~u T~E 

C .90 CUANTlLES. 
c 

DO 16 J•l•f" 
DO 26 l~•l,NN 

26 PI'IILI'II•RLIJ,U'. J 
CALL \IS~TAIR'1,301 

RMIN (J) •PM 11 I 
RI'\AX(JI•P~1301 

OUAN(J I•Hl31 
16 RMEANIJI•PSLMCJI/~~ 

CALL STAIRL,Q~EAN,P,NN,~,R~SEISTA~DI 
W Q I T E ( 6, bO 6 I ( R M I N ( I I , I •1 , 9 I 1 ( R 1'1 A X ( I I 1 I •1 ' Cl I 1 ( 0 U A N ( I I , 1 •1 ' 9 I 

606 fO~MATilX,/lX," MIN. "•QF6.3//4X,"MAX. "•9f6o3 
(,//,4X,".9 OUAo",Fbo318F6.31 

WPJTEI6,14 )w 

lio FOFI"ATI1X,/19X,"~EIGHT COEFFICIENT,wlll•l"•F~.z,"l**l~-11"1 
33 STOP 

EN f. 
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P~JGRAM SMITH 

••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• • • 
• THIS P~OGRA~ SIMULATFS CORRECTED SMITH'S MODEL 
• * lNPt :T DATA . ----------• • • • 

1'1--~UM~ER 0~ STAGES 
NN--NUM8E~ OF ITERATION 
PII I--PROBABILITY GF SuCCeSS AT 1-TH STAGE, l•l,z, ••• ,l'\ 

* OUTPUT DATA . -----------• 
• • • 

DESIGNATES OPTION ~TATtMENT 

• • 
• • 
• 
• 
• 
• 
• 
• • 
• ••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 

PR OG~AM SMll H IINP U T,O~TPuT,TAPES•lNP U T,TAPEb•OUTP U T, 

c 

CDEBUG•OUlPi.JTl 
lNTEGt~ FAll(9),AN,SC 
RE:Al SC9,~ (; ),N!~),~llc;,),S l iQ),FliQ),F!QI,TETA!Q,301 

*, ~ S ( Q, 3 u l , 11 N ( Q I, H S 0 C', C:;) , T I 3 C ) , R 5 U 11 I c; l , ~ 11 lt-H Cf I , I< '1 A X ( 9 I 
*•OUAN( c;) ,R"'cAN(Q) 
OO~BLF P~ E CISION PI1JO,C,SUM~(Q),~E,COMB 

C,wSU~!QI,SUM,SL,CC!Q),B,COMM 

C~MMO~/Bl~/SC(Q,30l,~~.AN(9),p(Q) 

EXTt~"'H l~IX 
DATA Ioili ,LM,ALP'"IA/2. ,Q,O.OS/ 
WRIHI6,291 
w~ITEI6J30) 

CAll e IN C·M 4 

lo~ITU6,41 I 
wRJTEI6,2211P!li,I•2•LMI 
DO~;~ Kl•l.~lll 

SUI"•l. 
K'I•M-1 
MM•~ 

SU•l. 
SU,.I.'II<'MI•C. 
w~UM(KM) •Oo 
$1(1)•0. 
Fllli•C. 
DO 4 1•1•M 
SCJ,KII•SC!I,K!I 
NIII•HI (ll 
~S(J,Kll•S(J,Kll 

~N(l)•NCll 

C FOR THE U~IFORM PRIOR A•l A~D 8•1 
c 

f( II • ~I I 1- S II, KJ I+ 1 
SCT,Kll•S(l,Kll+1 
IF I I • E 0 .1 l S I l, K I l • S I I, 1< I l + 1 
IF I 1. E 0.1 l F I I I • F I I 1+1 
II•I-l 
IFCII.fC.OIGJ TO 20 

PR r GRAM SMITH 74/175 QPT•O TRACE FTN It .o+552 
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~~II I•Sl II I I+S I I,ICI I 
FJ(JI•Flll!I+FII) 
GO TO 21 

?0 Sllli•SII,KII 
FIIII•Fill 

21 Gllli•SIIII+~='IIII-J 

4 COt->TINL'E 
CCI11•BIS(l,Kl),FJI1)) 

15 1"1"•1"~-1 

c 

lFI~~.EC.OIGQ TO 1E 
WSUMII'IMI•O. 
SUM W ( M M) •C • 

H S •1 • 
AVE•l. 
IH•SII"~"l) 

IGI•GIIM"'I 
DO 1t K•lH,JGl 
IFI~M.EO.~-liGO TO ~5 

165 

C SINCE THf LAST TERM CN CIJ) IS IM-11, THERtFO~E BIUtVI•BISIJI+hiJ-1l• 
C ,,,) IIHE11l HIJ-ll IS Hll""4-21 lHEt- ~INCt MI"•M-1, HCMM-11 IS Nul 'H. t D&:;., 
c 

CCI~~+li•BISIMM+l,Kll+k,SliMMI+FliMM+ll -K-MMI 
GO TO ttl 

55 CCIMM+ll•l 
6tl COI"•COI'IBCK,lGll 

C•C'CII'IM+11*COM 
PLUS•SIIKMl+FliM) 
SfC•IGI+f'l-1 
JFIMI'I.EO.M-l)HS•BCSCM,Kl)+t<,SlCKM)+FIIM)-K-M+1) 
w • C • HS 
Iloil•S(M,K] )+K 
JW2•~1 (l<loi)+FJ lrii-K-1'1+1 
SUMWII",.)•SUMW(~M)+w 

p: I I""'. E 0. r-1 -1 I AV f: • I S ( "lo K I l +K ) I ( S I ( K M ) + F I ( M ) -1< -1'1 + 1 + S ( M 1 Kl I + K ) 
~OVE•W*AVE 
•SUI"I~MI•~SUI'I(M~)+WAVE 

16 C'J"<TINUE 
Jt<•1 
SUM•SUM*WSUI"(MM) 
SU•Su•SUM~II'IMI 
GO TO 15 

~1 FOI1MATI1X,"ITERATION",Z2x,"STAGES",20X,/ 
ClX,9(lH-),?X,4t(lH-),3X,//l5X, 
C1H2t5X,lH3,5X,l~~,5X,1H~,5X,1Hb,5X,1~7.5X,l~6,5X,lH9/) 

1 e TfTA(M,Kll •SUM/SU 
RSUM(M)•RSUM(M)+TETACM,t<J) 

c 
~EXT STATEMENT C•N Bt USED TC CALC~LATE 11-ALPHAI-PE~C~~l 

C lCwER CONFIOE.NCE INTERvAL 
c 
~ CALL LCCRELCB,RN,M,KI,~S,ALPHA) 

155 CONTINUE 
II~ITFC6,}7)t<I,CTETA(M,Kl),M•2•LM) 

17 FORMAT(Jt,5X,BFo.3) 
2? FORMATC3X,"TRUt"/3X,"REL. "•8Fb.3,//) 
29 FOR~ATI1~1,/1/2~X,"lAPLE"//,2lX,~kELlAB1LlTY GRC~TH ESTl~ATlC~"// 

PROGRAM SI"ITH 7~1175 OPT•O TRACE FTN 4oo+~J2 C7/l~/=~ 

•zox,"~EVlSED 5MIT~ 1 S eAYcSIAN METHOD "/1 
3Q FO~MAl(2~X,"wlTH UNltu~~ PRIOR ") 



555 CONTINUE 
c 
C THl FDlL[~lNG LO(P CALC~LATES T~~ ~l~IMU~~~ MAXI~U~S, AN~ 
C THE .QO CUANTllfS 
c 

['IIJ 36 J•t1LM 
ro zo Jl''~-1 ,N~ 

Zb T(J~l•TETA(J,JMl 

CALL ~SRHITI30l 
PM}N(Jl•Till 
R,.~)r:(Jl•T!301 

OUAN(Jl•T!31 
3~ R~~AN(JI•PSU~(J)/NN 

CALL STA!TET~~R~~A~,P,~N,LM,kMSE,STA~Dl 

~R l T E: ( t I tC 6 , ( R ~I"' ' I I I l • 2, l !'1 I I ( K ~A X 'I ) , I • 2 I L 1'1 ) 
C, ( OU AN ( 1 l, I • 2, Ll'1 l 

~Ob FORMATClY1/lX," ~IN. "•~f~.3//4XI"MAX. "1fFo.3 
CI//,4X,".; O~A.",F6.3,tF6.3l 

STOP 
END 

FUNCT10"' B 74/175 OPl•C TRACE FTN 4.8•552 

c 
C THIS FUNCTION tVALUATE~ B(U,Vl 
c 

OOUolF ?~~CISION FuNCTION BCU,Vl 
COUBLt P~ECISION VLOG,ULOG,TLOG,8LOG 
VLDG•C'. 
ULOG•O. 
TLGG•C. 
BLCG•O. 
T•U+\1 
l•U•V-1 
DO 51 I•l,L 
IF!T.LE.Z.IG~TC ~l 

T•T-1 
lLOG•TLOG•ALOGlO!TI 
lFCV.LE.2olGO TO 50 
V•V-1 
VLOG•VlOG•AL~GlCCVI 

5p CONTINl'~ 
IFCU.Lf.ZolGO TJ ~1 

U•U-1 
UlOG•ULOG+ALOGlOCUI 

51 Cut-:TINU~ 
GV•GAI"A(Vl 
GIJ•GAMA(Ul 
GT •G AI"' A ( T l 
8LGG•~LGG•lLOG-TLOG+ALGG10(GVI+ALOGlOCGUl-ALCG10CGTI 
P•lO.••BluG 
PfTURN 
EN [I 
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FUNCTl(lN GAI''IA 7~/175 OPT•O TR~CE FTN ~.8+552 

DOUBLE PPECISION FUNCTION GAMA(Z) 
c 
C THIS FUNCTION EVALUATES GA"MA OF Z 
c 

DOUBLE PRECISION CC26l 
DATACCCIJ,I•1•26)11.,.577215bb~90153Z9D+0,-.65587807152025380+u, 

H-.0~2002b3503~095ZD+0,.1665386113822915D+0,-.0~219773~5555~~3D+O, 
H-.009621~71527E770D+0,.0072le94324bb630D+0,-.0011651671918591D+u, 
H-.000215Z41b7411490+C,.OOG1ZB05028238S2D+0,-.00002013~b547807D+O, 
~-.oooool2504934e2ID+o,.oouoo11330272320D+o,-.oooooozosb338~17D+O, 
H.ocooooooel16095CD+o,.ooooooocsouzco75D+o,-.oooooooc1lcl274tD+o, 
H.OOOOOOOOCl0434Z7D+O,.Ou000000000778Z30+0,-.ooo00000000369o80+0, 
H.ococococoooosiooo+J,-.ooooooooocooozo6D+o,-.ooooooooouoooo54D+o, 
He0COOOOOOC00000140+0,.COOC0000000000010+0/ 

SZ•l• 
TGAI".•O. 
IFCZ.LT.l.l GOTO 100 
Jf(A8S(Z-l.J.LE.1.E-Obl GOTO 200 
ZI•Z+l.E-06 
NZ•IFIX(ll) 
IFlABSlZ-NZJ.LE.l.E-06) GOTO 300 
DO 10 I•l,NZ 

10 SZ•Sl*CZ-Il 
Z•Z-NZ 

100 DO 20 1•1,26 
EI•I 

20 TGAM•TGAM+C(!)*Z**EI 
GA1'1A•SZITGAI'1 
R E TUIHo~ 

ZOO GAMA•SZ 
RETURN 

300 NNZ•NZ-1 
DO 30 I•l,NNZ 

30 Sl•SZ*fZ-IJ 
GAMA•Sl 
RETURN 
END 

167 

07/l~/82 



P~'JGI<U' 

c 
c 
c 
c 
c 
c 

c 
c 
c 
c 

\,. 

c 
c 
c 
c 
c 
c 
c ,.. 
'-

c 

~TAT~ 74117~ GPl•O TFACc FTN 'to8+5~2 

••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• • • * E~PE~ICAL BAYfS •PPROACH TO ~EllAdlllTY GRJwTH E5TIKATIC~ • 

• PLiPOS~: 

• • • 
• INPUT : 
• 

~ELltBILlTY ESTlMATlQN AT CEVELOPMc~TAL STA~tS 

• 
• 
• 
• 
• 
• * M -- ~U~B:~ OF STAGES * 

* N(~) -- NUMBER 0~ TPlALS AT TH~ K-TH SET OF DATA • 
* XlltKII -- NU~BE~ OF SUCCE~SE~ AT TH~ 1-Th SET CF OAT~ • 
* N~ -- NU~o[R OF ITE~ATlD~S • 
* Pill PRCBABILITY OF SUCCESS AT ITH STAGE * 
• 
• OL.TPlJT I . -------
• • 

~~~~ -- PP(BABILlTY OF SUCC~SS AT THE 1-TH STAGE 

* S OE~IGNAT~S lPTlON STATE~ENl 
• 

• 
• 
• 
• 
• 
• ••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 

lNTEGH X 
OIMENSIO~ AX(~,30ltAN(~l,TA(Q,30l,R~(30J,Pll15,l~l,QUAN(~l 

(,RSU~(~),RM~AN(QJ,RMSE!9ltSTANO(Q),Rl(Q,30l,~MlN(QJ,RrA~(91 

CO~MON/BI~/X(9,3~),NN,N(Q),P(Q) 

DATA lr;,"',ALPHA,(RSl.JII',(K),K"lt9l/.bt9t0oO~,Q•O.I 

'-~lTECb~ll 
I>PITd6,~21 

52 FOKMAT!l>tlt25X,"wlTH GtOMETRIC •EIGHTS"l 
CALL fl INn: 4 
wRITUt.tt61 
WPJTE(b":7l(P(J),I•lt~l 

JJ•4 
DO 555 Kl•ltN~ 
00 100 J•ltJJ 
DC 3~ K•lt"' 
su~r-;·o.o 

SUMD•O.O 
DO 40 l•ltK 
lF(J.GT.llGO T~ bf 
HIJ .EO. 11 THETA,.FLC.H!XII,II.lll/HCATCN!lll 

Be lF(J oNE. ll THETA•Rlfl,J-1) 

c 
C T~JS WAS A C~ECK TO PREVE~T HAVI~G 0**0 1~ OUR EQUATION 
c 

AX(K,!<li•XIKtKll 
AN(K)•N(K) 
IF (A X ( K, K l l • N E • AN ( K ) I Y • ( 1-THE 1A ) * * (AN ( K)- A X ( K, K I ) ) 
SUr.N•SU~~+T~ETA**IAX(K,Kil+1l*Y 
SUM~ • SUM L'+ THE T A* • AlC ( li, I< I l • Y 

40 CONTINUE 
P~~GRAr. SlATS 7«t/l75 JPT•O TRACE FTN 4o6+552 
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PJ(I<,JI•l.O 
IFISU~N.~~.SU~DIPI!K,Jl•SU~N/SU~P 

IF I J • E 0 • J J lib U 1'1 I K I • ~SUM I K I+ R I I K, 4 I 
Rl(K,KII•RIIK,'tl 

35 CO,...TINUE 
100 CO,..TINUF 

c 
C NEXT STATE~fNT CAN BE l~ED TO CACULATE 11-ALPHAI-PERCcNT 
C LOWER CD~~IJENCt INTE~~AL 

c 
\ CALL LCIF[LCB,AN,~,KI,AX,ALPHAI 

w111TE (6,t"l KI, (PI(K,4),K•l,!'ll 
65 fOR~ATI2X,J5,3~,9F6o3l 

t6 FO~MAT(lX,"lTERATION",2EX,"STAGES", 
$///lX,~("-"),2X,~31"-"),2X,/l4tX,lH1,5X,lH2,5X,lM31~X,lH~, 
•~X,}H~,~X,lH6,5X,lH7,5~,1Hc,5X,]H9//I 

67 FO~~ATilX,"T~vt ~EL.",Fo.3,eFt.31) 
51 FORMATilhl,3lX,"lABLE"//Z2X"REL1ABILllY GROwTH ESTIMATION" /1/lbX, 

•" E~PERICAL BAYES METHOD "I 
555 CO~TINUE 

c 
C THIS LDO~ CALCULATES TH~ MAXIMUMS, MINIMUMS, ANO THE 
C .90 OUANTlLES 
c 

DQ 16 J•l•l" 
DQ 26 L"'•l,NN 

26 RI"!LMI•IU(J,LI''. I 
CALL VSRTA IRMdOl 
P"'JN(J)•I.I"(l) 
~I'IAX(J)•I11'11301 

OlJAI';(J)•R"''31 
16 RMFA~(J)o:J;.~U.,IJI/NN 

CALL ~TAIRL,~I'IEA~,?,N,...,~,P~SE,STA~~~ 

1J PIT E I b 6C t l I R M I 1\ I I l , I •1, Q l , I R I" A X I I l , I •l, 9 l , ( 0 UA N ( I I ' I •1' 91 
loii'ITHbl41W 

1~ FORI"'AT!lO).,"WEIGHT COdFICIENTS ,\t.IU•C",F4.2,"1••<K-ll"l 
6C6 FOI'I"'ATllX," MIN. ",QF6.3//4tX,"MAX. "•~F6.3 

C,//,'tX,".~ OUA.",F5.3,~F6.3//I 

ST C'P 
END 
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