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ABSTRACT 

This study presents improved methods for long-term forecasting of mineral 

demands. Intensity of use, both in its simple, original form and as described by 

richer economic relations is one~uch method, particularly when intensity of use is 

estimated using rigorous statistical methods. 

Additionally, this dissertation explores the implications of the learning 

curve for long term forecasting of mineral demands. This study begins by con

sidering the empirical evidence which applies when a learning curve is present. 

Then, if a learning pattern is present, the learning model is used to examine an 

economic measure for specified levels of economic activity. This dissertation also 

provides some empirical results on the learning curve in mineral industries and 

demonstrates how the learning model can be used as an economic forecasting tool. 

As an alternative to the intensity of use and learning models, there is a vec

tor model, either using time varying coefficients or expressed as a transcendental 

function, to capture dynamics. This model estimates the time varying parameters 

from the vector space instead of the variable space. Generally, explanatory vari

ables in mineral demand modeling are highly interrelated, making it difficult to 

isolate their individual effects on the dependent variable. Factor analysis is used 

as a means of a linear transformation from the original variable space to the multi

dimensional space of orthogonal variables. The major advantage of this model is 

that it honors correlations between variables. This is especially important in ex 

ante forecasting in which explanatory variables themselves must be forecast to 

obtain a forecast of the dependent variable. 
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CHAPTER 1 

INTRODUCTION 

Generally speaking, techniques used for long-range forecasting of mineral 

demand have been rather simplistic, such as extrapolation of a growth rate or a 

time trend in demand itself or the multiplication of a measure of intensity of use 

(mineral demand/GNP) of the mineral by projected income. Here, these methods 

are viewed as simplistic, because the multi-facted dynamics that affect demand 

across time and which operate at different rates across time are treated as one, 

and the sum effect of these dynamics is represented by the time path of a single 

trend model. One or both of the aforementioned methods had been commonly 

used until a few years ago when Professor Malenbaum showed that intensities 

of use for many mineral commodities exhibited a life cycle pattern, much like a 

skewed normal curve, e.g., lognormal, when intensity of use is plotted against per 

capita income (see Figures 1.1 and 1.2). For the U.S., these same data showed 

that for many mineral commodities intensity of use peaked many years ago and 

has been declining since. 

While the above historical account shows evolution in methods of long range 

forecasting to more improved methods, there are some bothersome deficiencies and 

inconsistencies: 

1: technology and prices are ignored in the Malenbaum approach; on the other 

hand traditional econometric models that are more comprehensive, hence 
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conceptually appealing, have not contained the dynamics in intensity of use 

or leaming indicated by historical evidence and empirical relations. 

2: Useful statistical methods also have been ignored, e.g. rigorous estimation 

of intensity of use relations and recursive and iterative approaches to min

imize uncertainty and error of prediction of mineral demands for both ex 

post and ex ante forecasting. 

The subject of this dissertation is improved methods for long term fore

casting of mineral demands. Intensity of use, both in its simple, original form and 

as described by richer economic relations is one such method, particularly when 

intensity of use is estimated using rigorous statistical methods. 

Additionally, this dissertation explores the implications of the learning 

curve for long term forecasting of mineral demands. The learning curve has been 

used frequently as a tool for business strategy, such as predicting improvement 

for processes or manufacturing systems, justification of aggressive pricing of new 

products, cost estimation, and production planning. Despite widespread practi

cal acceptance of such uses, there has been very little application of the learning 

curve in the mineral industries, and practically no use whatsoever in economic 

forecasting in mineral industries. This study begins by considering the empiri

cal evidence which applies when a learning curve is present. Then, if a learning 

pattern is present, the learning model is used to examine an economic measure 

for specified levels of economic activity. A particularly interesting application of 

learning theory is to combine it with Malenbaum's intensity of use. Suppose Dt 

were the cumulated mineral consumption, and Yi were the cumulated gross na

tional product of a nation or region, then % could be interpretated as cumulative 

intensity of use, fu t • In other words, cumulative intensity of use is described as 

a learning function of cumulative GNP. That is, accumulated experience based 
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on the cumulative output can clearly affect the requirements for a particular raw 

material input to produce a given good. This dissertation provides some empiri

cal results on the learning curve in mineral industries and demonstrates how the 

learning model can be used as an economic forecasting tool. 

As an alternative to the intensity of use and learning models, there is a vec

tor model, either using time varying coefficients or expressed as a transcendental 

function, to capture dynamics. This model estimates the time varying parameters 

from the vector space instead of the variable space. Generally, explanatory vari

ables in mineral demand modeling are highly interrelated, making it difficult to 

isolate their individual effects on the dependent variable. Factor analysis is used 

as a means of a linear transformation from the original variable space to the multi

dimensional space of orthogonal variables. The major advantage of this model is 

that it honors correlations between variables. This is especially important in ex 

ante forecasting in which explanatory variables themselves must be forecast to 

obtain a forecast of the dependent variable. 

Although macro variables such as GNP and population are fairly pre

dictable, some interesting economic variables are more difficult to predict than 

the dependent variable itself, e.g. price. One solution to this problem is to delete 

such variables; the disadvantage of this solution is that the model is less infor

mative of economic relations and less useful in contingency and scenario analysis. 

Vector projection can provide an other alternative when the difficult-to-forecast 

variables are elements of the vector and when they are highly correlated to other 

more robust variables in the vector. 
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1.1 General Description of the IU Problem 

Malenbaum (1977) defines intensity of use as *' and describes this measure 

as a function of per capita income Yt = ~: 
t 

where 

Nt = population 

Xt = mineral demand 

Yt = income 

Xt - = !(Yt) = 1Ub 
Yt 

While the change in IU over time has a pronounced effect on and must be 

accounted for in long-term demand predictions, the simple conceptual model of 

this change as proposed by Malenbaum is not appealing in terms of its economics. 

For example, although Malenbaum's procedure has been applied widely to mineral 

commodity forecasting, there are some concerns about the neglect of determinants 

of the dependent variable (IU) other than income, e.g., materials-saving techno

logical change and materials substitution. When minerals are introduced into 

industries, technological changes may accelerate, and markets may be captured 

rapidly from the competing materials. In time, technological impacts on costs 

diminish and new materials tend to take over. 

The empirical evidence for a life-cycle in intensity of use presented by 

Malenbaum is especially compelling when performing long-term forecasting. But, 

the difficulty of employing intensity of use to make long-term forecasts belies the 

seeming simplicity of the empirical measure. For example, Malenbaum's extrapo

lations of his own constructed plots of IU were simple, seemingly prudent, exten

sions of informally estimated linear relations, based upon the most recent years of 
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the data. Yet, many of these seemingly prudent extrapolations inferred exponen

tially increasing demand and yielded forecasts that considerably exceeded actual 

demands. 

An important issue in long":range forecasting of mineral demands is whether 

the intensity of use method can provide superior forecasts to other forecasting 

models; that is, whether it is a useful forecasting tool. As defined by Malenbaum, 

intensity of use neglects the effect of foreign trade, when this includes the amount 

of metal or mineral embodied in US imports and exports of intermediate and 

final goods. Moreover, It lumps together the effects of substitution, technological 

change, and change in composition of income, ascribing all change in IU to income. 

For these reasons, plus the neglect of material currently in use, e.g. steel in 

structure, Malenbaum's IU clearly suffers as a comprehensive economic measure 

of intensity of use. 

Although Malenbaum's study can be criticized for some major limitations, 

as a measure of incremental use of unembodied material, it is still important for 

the following reasons: first, the intensity of use, as defined by Malenbaum, of 

most minerals for the US economy does exhibit a generally inverted -"U" - shaped 

pattern. This empirical evidence is undeniable. Second, mineral demand is a 

derived demand and mineral use correlates strongly and positively with per capita 

income. Third, long term demand for minerals is very difficult to forecast by 

econometric models based upon rich economic theory, whereas the intensity of use 

model has the advantage of being simple and relatively robust. 

The perspective of this study is long term forecasting of incremental require

ments; consequently, the relevant issue is whether IU appmpriately modeled and 

estimated improves these long term forecasts. Even more generally, this study 

seeks to combine the dynamics of IU along with other empirical relations with 
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economic theory and rigorous statistical methods to improve long term mineral 

forecasting. 

1.2 Objectives and Scope 

The objective of this dissertation is to identify, test, and demonstrate im

proved techniques for long-range forecasting of mineral demands. The techniques 

to be investigated differ from those used in the past in three important ways: 

1: They strive to wed the empirical patterns observed in measures of intensity 

of use and learning with some elements of the economic theory of derived 

demand. 

2: They employ fonnal statistical methods, when possible, to estimate pa

rameters of models, to compare and make consistent estimates by different 

models, to compare and contrast estimates by different models, and to re

duce forecast errors. 

3: They include relations with variable parameters, instead of being limited 

to the classical case of fixed parameters. 

1.3 Outline of the Study 

This dissertation is organized as follows. Chapter 2 describes the devel

opment of the long-range forecasting models, the theory of intensity of use, and 

summarizes previous research on intensity of use. Chapter 3 introduces improved 

IU forecasting methods. This section consists of three levels. One is largely con

ceptual and mathematical. This level identifies useful model structures and statis

tical techniques. The second level is experimentation with the identified methods 

to disclose limitations and strength. The third level makes actual forecasts and 
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comparisons with other traditional models. Chapter 4 examines the importance of 

technological change as a detenninant of mineral consumption. Chapter 5 presents 

the learning model as an economic forecasting tool. In Chapter 6 the data on cop

per, zinc, lead, and potash are used to test IU and trend forecasting models. 

Chapter 7 examines vector projection for models with time varying coefficients. 

Finally, Chapter 8 summarizes the findings of the study and suggests directions 

for future research. 



CHAPTER 2 

INTENSITY OF USE AND LONG-TERM DEMAND 

FORECASTING MODELS: A REVIEW 

2.1 Development of Long-Range Forecasting Models 

31 

There are many long range forecasting methods that could conceivably be 

used to predict mineral demands. Figure 2.1 shows a schematic diagram of long 

term forecasting methods of mineral demands. Among them, the secular trend 

has a long tradition in the long-range forecasting of consumption and production 

in mineral industries. The principle of trend projection is based upon the premise 

that mineral demand over time presents an overall picture of regular growth (de

cline) which, when extended, will represent the future. This method assumes the 

dynamics that caused past growth will persist unchanged into the future. Given 

this assumption, a mathematical trend model is fitted to consumption data and 

extrapolated to provide estimates for future times. Generally speaking, however, 

it is difficult to select the best mathematical model for fitting the data. Some 

assistance in this regard is obtained by using slope characteristics (CARDMA) * 

of mineral consumption data over time; these may be compared to slope charac

teristics of known mathematical models as a means of identifying the preferred 

model. Generally, this procedure is superior to the use of statistics, e.g. R 2 or 

sum of squares, and to visual inspection. (Gregg, et al., 1968). Figure 2.2 shows 

* Computer program for the selection of "data cut" and model. 



Figure 2.1: Schematic diagram of long-term forecasting 

methods of mineral demand 
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also shows the summary of the slope characteristics for selected trend models. 

Consider case of the United States zinc consumption (CON). Based on the ex

amination of 'slope characteristics' of the cumulative data with a moving average 

of nine periods (Figure 2.3), the first derivative logistic life cycle (1940 - 1986) is 

identified as an appropriate model for fitting the consumption data (Figure 2.4). 

First Derivative Logistic 

(95322.4)(O.0672297)(8.21197)e-O.0672297t 
CON t = (1 + 8.21197e-o.o672297t)2 

t = 0,1941. 

For comparison, the normal and the Cauchy distributions were selected 

as alternatives to the first derivative logistic life cycle. Projections for U.S. zinc 

consumption were made for each year using the following equations (Figure 2.5). 

Normal DistributiQl! 

(1-33. 30l' 
CON, = 154ge - 1207 

t = 1,1941 

Cauchy Distribution 

1 
CON, = 0.7362.10-6. (t - 33.5)2 + 0.6404.10-3 

t = 1,1941 

Perhaps the most famous of all trend forecasts is that of Hubbert (1967), 

who used logistic trend models to forecast, with great accuracy, the peaking of oil 

production in the U.S. in 1969. Petroleum production actually peaked in 1970. 
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Table 2.1: Slope Characteristics and Mathematical Curves 

Compute and Plot Against Time 

If the Result Oscillates about a Straight Line Which is: 

Then the Curve Suggested is: 

Slope Horizontal Straight Line 

Slop~ At an angle to Parabola 
the horizontal 

Slope Horizontal Simple exponential 
MoviDg A'Yuage 

Slope At an angle to Logarithmic 
Moving A vuage the horizontal Parabola 

Logarithm of Sloping down Simple Modified 
Slope to the right Exponential 

Logarithm of Slope Sloping down Gompertz 
Moving Avu8ge to the right 

Y---..Ithm of Slope Sloping down Logistic 
(Moving AvuaseT to the right 

Source: Gregg, et al., 1968 
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Although his methods have been criticized on many grounds, especially for the 

estimation of recoverable oil resources (Harris, 1984), his prediction of the peaking 

of oil production is a classic and still is an impressive forecast today. 

As an another example of a useful trend model, consider figure 2.6, which 

shows the impressive fit of the normal model to U.S. tin consumption over the 

observation period (1932-1983). Other authors, like Uri (1980) and Libermann 

(1976), also used trend models for forecasting. Although some trend models of 

aggregate mineral production or consumption are impressive, we must not lose 

sight of their fundamental inflexibility and the strength of assumptions made in 

their use, especially in view of extreme diversity among mineral commodities. 

For example, Armstrong(1985) referred to a study by Hutchesson (1967) of the 

bituminous coal market in which Hutchesson analyzed U.S. per capita consumption 

of bituminous coal from 1880 to 1920. He used a logistic curve and a Gompertz 

curve in order to forecast bituminous coal consumption; the 10, 20, and 30 year 

forecasts are shown in the following table, along with the actual consumption: 

Forecast Logistic Gompertz Actual 
Year Horizon Forecast Forecast 

1930 10 15,100 14,300 7400 

1940 20 18,500 21,700 6200 

1950 30 21,200 32,700 6100 

As indicated in this table, the 10, 20, and 30 years predictions badly missed actual 

consumption. 
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Since economic theory does not confirm any explicit specification of con-

gumption trends over time, forecasting of mineral demand by trend is fundamen-

tally empirical and must rely upon pattern recognition and the fitting of an ap

propriate model. Accordingly, mineral demands have been forecast directly by the 

projection of consumption trend, or indirectly by projecting the trend in intensity 

of use. This differs from the conventional Malenbaum approach, which forecasts 

demand by projecting the trends in GNP and population and then evaluating the 

relationship of IV to the projected per capita income. Often, direct projection of 

the trend in IV produces results that differ little from the conventional Malenbaum 

approach. 

2.2 Theory of the Intensity of Use 

Malenbaum defines intensity of use as the ratio of the quantity of a mineral 

commodity consumed in a nation (Dt) to gross national product (GNPt ), and 

describes this measure as a function of GNP per capita (GNP pet): 

Demand is forecast in three stages. First, a life cycle model is fitted to the IV and 

GNPPC data using data transformations. The next step is to obtain forecasts for 

population and GNP. Finally, IU values are calculated for each year, and mineral 

demand forecasts are made by multiplying the forecasted IU by the GNP forecasts: 

Dt = JUt * GNPt = F(GNPPCt) * GNPt 

The purchasing power of an economy is recognized as a very important 

factor in the demand for mineral commodities; many empirical studies confirm the 
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importance of this relationship. It is difficult, however, to find a perfect measure of 

the purchasing power of a nation. Among the many possibilities are, GNP, which 

has long been used to describe an economy's performance. Even though GNP 

indicates the aggregate level of growth of the economy, the purchasing power of a 

country is portrayed more accurately by a per capita income measure (GNPPC), 

because GNP is simultaneously influenced by population growth. Clearly, of two 

economies having the same GNP, the one having the smaller population, hence 

greater GNP per capita, has more income for the purchase of durable goods, 

everything else being equal. 

2.3 Previous Studies of Intensity of Use 

The most recent detailed analyses of the intensity of use hypothesis are 

those of Canavan (1983) and Roberts (1985)'s. Roberts described well the theory 

of intensity of use for the purpose of long-term forecasting. Both (Roberts and 

Canavan) found that technical innovations, material substitutions, prices, and con

sumer preferences all impact the decline in intensities of use for minerals. Canavan 

found from his detailed product approach for five tin solder uses that technolog

ical change is more important than per capita income. Roberts demonstrates a 

theoretical model of the consumption of minerals and examines the forecasting 

ability of the traditional intensity of use methods. In his opinion, the intensity of 

use model is unstable for very long term projections if it does not included some 

other variables such as price and technological change. These findings are also sup

ported by Newcomb (1976), Vogely and Bonczar (1977), and Harris (1984). Vogely 

(1976) noted that the intensity of use hypothesis of Malenbaum (1975) does not 

consider several explanatory variables, such as technical progress and materials 

substitution, and so cannot be proposed as a "law of demand" for minerals. 
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The only theoretical derivation of the intensity of use concept is that by 

Berndt and Wood (1974). They used an aggregate production function for the 

energy to GNP ratio, subject to minimizing cost. Wright (1977) believes that for 

aggregate forecasting, the intensity of use model is desirable because of its conve

nience, but it should be expanded to consider the effects of technical change and 

substitution, which are not totally explained by per capita income growth. Tilton 

(1985), asserts that the product composition of income (the mix of goods and ser

vices demanded in the economy) is heavily influenced by consumer preferences and 

the demand side of market, while the material composition of products is the re

sult of production technology and the supply side of the market. As he points out 

in his article, new technology and material substitution are the key determinants 

in the intensity of use of metals. Since the seminal work of Malenbaum (1978), 

numerous studies have addressed this issue by examining the association between 

mineral consumption and per capita income. A number of studies support Malen

baum's finding of an inverted "U" shaped trend with rising per capita income 

(see, for example, Tilton (1985), Materials and Society (1986». More recently, 

Waddell and Labys (1988) developed the concept of transmaterialization, which 

implies a series of intensity of use cycles recurring at regular intervals. While a 

variety of studies have documented that intensity of use for most minerals exhibit 

declining patterns, Hutchison and Tilton (1987) provide some empirical evidence 

that intensity of copper use in the USA is no longer falling. Auty (1985) also 

investigated the validity of Malenbaum's intensity of use and found it to be based 

upon inadequate measurement and weakly specified causal factors. 



CHAPTER 3 

IMPROVED IV FORECASTING METHODS 

3.1 General Structure 

This study was conducted at three different levels: 

Statistical and Empirical 

Conceptual and Mathematical 

Economic 

3.2 Statistical-Empirical Models 
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lligorous statistical methods'" are employed in this section to model simple 

intensity of use, as Malenbaum defined it, and to test the models by ex post fore

casting on the last few years of data; data which purposefully were withheld from 

the data base for model development. Special effort was devoted to identifying 

objectively the model best indicated by the data, based upon slope characteristics 

of the data and of known models. These methods require the simultaneous selec

tion of data "cut" and model form. Then, data transformations were employed to 

enable fitting of the selected model by least squares estimation procedures. When 

these transformations were not sufficient, as in the case of the Gompertz curve, a 

... This empirical investigation differed from those by Roberts (1985) and 

Roberts and Harris (1984) in that the latter employed methods of computer search 

to fit complex functions, while this research employed rigorous statistical methods. 
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least squares estimation was approximated by Gomes polynomials. The objective 

at this level was to examine formal mathematical models as models of intensity 

of use and then to employ these models to estimate intensity of use and demand 

on a test period, thereby permitting the examination and comparisons of various 

models for ex post forecasting. 

The most frequently selected model is the lognormal IU: 

where 

K, µ and a are parameters estimated in the fitting process 

Yt = per capita income. 

Other models investigated and sometimes fitted include the linear (last part of time 

series), normal, and derivative logistic. All of these were fitted by least squares or 

by methods that approximate least squares estimation, e.g., Gomes polynomials. 

Some very excellent fits were found, and many of these performed quite well in 

the test period. 

The lognormal life cycle model for a mature industry, even when the fit was 

very good, occasionally produced forecasts that are not believable. The projection 

of a flat (constant) IU may seem like a conservative forecast, but when income, Yt, 

is increasing exponentially, even at a low compound rate, such a projection results 

in exponentially increasing demand. The important point here is that when IU has 

peaked and is well down the tail of the life cycle, forecasts of IU are predicated 

upon the fit of the lognormal tail, which exhibits a gentle slope in that region, 

and there is a very fine line between a fit which produces exponentially increasing 

demand and one which produces decreasing demand. 
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For the purpose of demonstration and comparison, intensity of use of U.S. 

copper was forecast by a time trend which was estimated by a least squares linear 

relationship (Figure 3.1). This linear trend model is of interest because of its use by 

the U.S. Bureau of Mines for forecasting mineral demand. Although the equation 

of this model appears satisfactory in the base period, forecast demands clearly 

missed tracing the ex post demands (see Figure 3.2). A lognormal model of IU and 

y, (GNPPC,) was fitted to the intensity of use data using data transformations 

and least squares (Figure 3.3). Although the fitted lognormal model performed a 

bit better than the linear trend model for the ex post period, its performance still 

leaves much to be desired. Findings such as these prompted the examination of 

models with more economic structure. 

3.3 Economics and the Intens~.ty of Use Measure 

Examination of Malenbaum's definition of intensity of use as an economic 

model leads to a simple income demand model as the closest parallel: 

where d, = per capita consumption of metal; Yt = per capita income . 

..E.J.... 
Given JUt = PYr' = IlL, the above model 

Vt 

implies 

Although this model is a pI'oper statement of Malenbaum's concept of intensity 

of use, it is not conformable with the full range of empirical data, because by this 

model, depending upon the magnitude and sign of a, IU is either an increasing or 

decreasing exponential function of y, except when a = 1, for which IU t is constant. 
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Consider this model along side one that is conformable with empirical evidence: 

a transformed, generalized equivalent of the lognormal: 

where 

and 

2 

InA = InK -lnu -In( J2;) - :0.2 

a1 = .J!:.. 
u 2 

The above equation reveals that the empirically consistent model consists of the 

income demand model multiplied by an exponential function of InYt. Further 

insight is gained by noting that yf2 1n 
YI is equal to eQ2(ln YI)2. Therefore, we could 

write the lognormal model of IU as follows: 

and 

where 

lU - A Qt+Q 2 1n YI 
t - Yt 

dt = lUt • Yt = per capita demand 

This is revealing, for it shows that the lognormal is also a translog function. When 

viewed in this light, improvement on the lognormal IU model leads to the use of 

a translog income (per capita) demand model. 
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Even though this translog income demand model is flexible and conformable 

with empirical evidence, it is deficient in economic structure. Maximization of an 

aggregate production function subject to constraint by the cost function yields as 

the very minimum model for derived demand across time the following: 

where 

P"~ Pst = own factor price and substitute factor price, respectively 

Yi = income 

Tt = technical change in the mineral using process. 

Identifying f( ) to be the flexible translog function would result in the following 

relation: 

Suppose we divide both sides of the equation by Yi. 

This shows that extended IU and per capita demand translog models differ only 

by the exponent of Y: (3Ya for demand and /3Ya -1 for IU. Of course, for any 

particular commodity, some of these coefficients may be zero, giving a simpler 

estimated model for that particular commodity. By employing stepwise regression, 

an equation can be selected that contains only a few variables, while in others 

there may be several, that are significant. Figure 3.4 shows the very good fit of 

the translog model for copper for the base period (1939-1977) and the ex post 

(1978-1983) forecasts by the model: 

D - 7 83vO.38711n T, O.07211n Peu,-O.26091n T, 
t - • .l t Tt 
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As indicated in the figure, this model performed very well in the ex post period. 

Figure 3.5 shows the same model, but fit to data for 1939-1980, with the ex post 

period being 1981-1983, and Figure 3.6 shows the same model fitted to all of the 

data. 

One approach to long-term forecasting is to include only those explana

tory variables that can be projected with less error than direct projection of the 

dependent variable. Basically, that philosophy is consistent with Malenbaum's 

simple intensity of use measure. Although such an approach seems logical and 

practical, it generally is not good procedure, for it leads to the neglect of prices 

and technology and to a distorted view of the effect, say, of income, for all of the 

variation in demand is attributed to either income or random effects. A far better 

procedure is to construct a more complete economic model, e.g., one with prices 

and technology, so that changes in consumption during the base period can be 

appropriately allocated to the most relevant economic factors. Even if none of the 

variables except income were projected, the presence of the variables would miti

gate an otherwise exaggeration of the effect of income on consumption. Besides, 

the presence of the other variables permits contingency and sensitivity analyses 

and the description of selected scenarios. 

Initial research on the extended translog demand model employed time as 

a proxy for technology, a practice that is common in econometric models and 

convenient for long-term forecasting because of the known value of future time. 

The extended translog model was fitted to data on several mineral commodities. 

In general, the model fit the data very well, and ex post testing showed it to be 

superior to extrapolation of trend models, simple lognormal, and simple translog 

models. However, some cases were found that produced "wild" forecasts. More 

will be said about these in a later section. 
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3.4 Mathematical Smoothing, Weighting, and Adaptive Forecasting 

A seeming truism in forecasting is that recent data are more important than 

older data because they are close in time to the forecast period. However, when 

the last datum departs significantly from immediately preceeding data, the last 

datum can be problematic because, without additional information, one cannot 

know whether it marks the beginning of a new long-term trend or is simply a 

strong cyclical pulse. The result of a strong deviation in the most recent time 

period often is that a forecast based upon N - 1 observations differes markedly 

from one using all of the N observations. There are three ways of dealing with this 

problem: (1) weighting of data, (2) smoothing of forecasts by adaptive weights, 

and (3) combined data and forecast weighting. 

A thorough description of the weighting concepts has been given by Pan 

(1986) and Harris (1986). Pan basically shows that forecasts by adaptive weights 

improves forecasts when compared with those by static simulations. Harris also 

examined two aspects of the methodology of the weighting of time series obser

vations for forecasting future states of the dependent variable: (1) the weighting 

of data used to estimate a forecasting relation, and (2) the weighting of possible 

forecasts by their performance (extension variance) on a training (test) set. 

Consider the first application, that of weighting the observations of the data 

set. This data weighting is applied to forecasting through the following general 

linear model. 

where, 

y = w Y = an m X 1 vector of observations on the weighted dependent 

variable. 
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i: = w X = an m X p matrix of observations on the weighted p explanatory 

variables. 

P = an p x 1 vector of weighted coefficients. 

e = an m x 1 vector of errors or residuals, such that e '" N(O, E). 

i = order of the p explanatory variables. 

Denotei: as an m x p full rank matrix of known observations on the 

weighted p independent variables. 

Therefore, 

and 

where 

_ ( WtXn 
X= : 

wmXlm 

p = [(wX)TE-l(wX)]-l(WX)TE-l(wY) 

= (XTeX)-lXTey 

Consider now an adaptive model, i.e., adaptive coefficients of a general 

linear model. The mathematics of the approach are detailed in Pan's paper. Al

though the mathematics of his paper is complex, at least notationally, the idea is 

simple. Essentially, a data window is placed at the beginning of the time series, 

and using that part of the time series within the window, a multivariate model 

is estimated (see Figure 3.7): Yi = Xt{JI, where Xl is the matrix of data on the 

m explanatory variables for the k years within the data window, f3 is an p X 1 
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matrix of coefficients, and Y is a k by 1 matrix of values. This model is used to 

estimate Yk+1' Then, the window is shifted by one period, and a new regression is 

performed, giving 1'2 = X 2{J2. These two models are combined by weights that are 

proportional to the explained variance by the estimates of Yi, i = 2, 3, ... , k + 1. 

The combined model (Y = X p) is used to estimate :h+2, and then the window is 

shifted one more period. This procedure continues until the last window shift has 

included the last data period. In essence, the last value estimated is a weighted 

summary of all previous regressions. The last weighted model Yn = XnPn is used 

to estimate Yn+r, which is the forecast of y in period n + T. 

These trend tracing calculations have been programmed for a main frame 

computer and tested. Figure 3.8 shows actual values and estimated values by 

the first translog model for copper which have been smoothed by the adaptive 

procedure referred to as "trend tracing". This figure shows that the trend traced 

estimates compare very well with the actual values of the ex post period (1978-

1983). 

3.5 Combining of Forecasts 

To predict N steps ahead for both ex post and ex ante forecasting of the 

models we must keep track of the estimate and measurement variables. With more 

than two forecasts having different forecasting periods, the weighted combination, 

Ie, is suggested to resolve the multiple forecasts. Consider two forecasts, I A and 

lB. Then, Ie, the combined forecast is defined as follows: 
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Although there are many different weighting schemes, i.e. definition of w's, 

the present study employs one based upon ex post errors. Consider the variance

covariance matrix of forecasting errors, E. The variance of fe errors is minimized 

by defining the vector of weights as follows: 

(E-ll) 
w = (I'E-1l)' 

where I is a column vector of unity. 

Bates and Granger (1969) and Newbold and Granger (1974) ignore the 

covariance term to calculate weights. Without considering covariance terms, the 

following weights are suggested. 

var(eA) 
Wl=-~~~";';;':"~~ 

var(eA) + var(eB) 

var(eB) 
W2=---~~--

var( eA) + var( eB) 

3.6 Comprehensive Testing and Comparison of Models 

The scope of this paper includes ex post and ex ante testing and compar

ison of forecasts by various models over the few most recent years, as has been 

demonstrated for the linear trend model for IU, the lognormal IU model, the ex

tended translog model of IU, and a trend tracing of the trans log IU model. For 

example, for the ex post period of 1978 to 1983, errors for the models were found 

to be as follows: 

Linear trend of IU AAE = 0.29 

Lognormal IU model AAE = 0.26 

Extended translog IU model AAE = 0.07 
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As stated earlier, the extended translog IU model and its trend-traced ver

sion perform much better than the other two models. Certainly, such performance 

on the recent five year period would encourage the use of the extended translog 

IU model, either with trend tracing or without. This may indeed be a robust 

conclusion; however, such testing is deficient in two regards: 

1. It considers ex post forecasting performances on only one period; further

more, that period was a time of unusual changes in markets and technolo

gIes. 

2. Actual long term forecasting is not an ex post experience; rather, it is ex 

ante, meaning that none of the explanatory variables are known; conse

quently, they, e.g. GNP and population, must also be forecast. 

Since actual long term forecasting is an ex ante experience, ex ante forecast

ing was performed on periods of 1978 to 1986, and 1981 to 1986. The estimations 

presented here are based on time series data of U.S. copper consumption from 

1939 to 1986. In an attempt to forecast the dependent variable for the ex ante 

period it was necessary to first forecast the explanatory variables. Forecasts of 

these variables were achieved by several methods and are explained in a later sec

tion. Ex post and ex ante forecast values are given in Table 3.1. Figures 3.9 

and 3.10 illustrate time paths of the actual and predicted values of U.S. copper 

consumption. The ex post forecasts show that the extended translog IU model 

predicts very accurately for the ex post period, successfully locating the important 

turning points of the copper consumption time paths. Although the model pre

dicted less satisfactorily ex ante than ex post, as expected, the ex ante forecasts 

followed the pattern of actual values fairly well. For the purpose of comparison, 

the linear trend model for IU and the lognormal IU model were applied for the 

same periods. As Figures 3.11 and 3.12 indicate, predictions of these models are 



Table 3.1: Ex post and ex ante forecasts: actual versus predicted 

copper consumption using the extensive translog IU model 

============================================================================ 
YEAR ACTUAL PREDICTED 

EXPOST 
(1978-1986) 

PREDICTED 
EXANTE 

(1978-1986) 

PREDICTED 
EXPOST 

(1981-1986) 

PREDICTED 
EXANTE 

(1981-1986) 
============================================================================ 

1967 
1968 
1969 
1970 
1971 
1972 
1973 
1974 
1975 
1976 
1977 
1978 
1979 
1980 
1981 
1982 
1983 
1984 
1985 
1986 

1803.00 
2097.00 
2258.00 
2089.00 
2068.00 
2359.00 
2433.88 
2436.08 
1617.07 
2145.08 
2254.20 
2611.35 
2680.79 
2397.50 
2511.04 
1941.15 
2226.65 
2322.60 
2313.20 
2213.20 

2349.02 
2481.27 
2416.49 
2252.39 
2013.28 
2068.88 
2117.95 
2135.90 
2147.30 

2347.14 
2378.73 
2330.16 
2352.88 
2401. 92 
2338.04 
2292.24 
2064.25 
2143.12 

2314.44 
2069.87 
2130.89 
2198.70 
2222.59 
2239.64 

2423.91 
2480.29 
2425.24 
2387.66 
2150.36 
2236.55 

=========================================================================== 
AAE 0.0654 0.0827 0.0487 0.0851 

=========================================================================== 

0) 
~ 
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much lower than the actual consumption. The empirical results of this study con

firm that predictions of copper consumption using per capita income only, which 

is consistent with Malenbaum's model, are inferior to those based upon income 

plus price and technology. 

3.7 Forecasting GNP and Population 

Forecasts of mineral demand usually require estimates of exogeneous vari-

abIes such as GNP, population (POP), or of per capita GNP (GNPPC), either 

directly or via ;Z;. These could be forecast using the techniques of trend pro

jection; however, since specific institutions, e.g. World Bank and Wharton Econo

metric Forecasting Associates., have already devoted considerable effort to the 

preparation of population and GNP forecasts, the decision was made to examine 

these forecasts for possible use. Moreover, GNP and population sometimes are 

forecast by individual studies, such as that by Roberts (1985), who forecasts them 

by one or more of ten functional equations plus the traditional growth rate ap

proach, where GNP and population for a base year (GNPbase and POPbase) are 

allowed to grow at a projected or assumed discrete growth rate, g: 

~ t 
GNPt = GNHase(1.0 + g) 

~ t 
POPt = POPbase(1.0 + g) 

In this case, assumed growth rate (g) is the overall average compound rate. 

Roberts chose a growth rate based on the stable periods compared to early times. 

In addition to reviewing the GNP forecasts by Roberts and Wharton Econo

metric Associates, this study prepared independent forecasts of GNP using a learn

ing model. Thus, three different forecasts of GNP were examined: 
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1: Roberts' forecasting function (the discrete growth type): 

GNP, = 1085.6(1.0 + 0.033851)' 

where t=o in 1970. 

2: Learning Curve Estimation •• 

Z, = L(POP,) 

Zt = 3.17409 + 0.000275 * POP, 

(332.27) (102.83) 

Corrected R2 = .999 F(1,21) = 20399.887, 

(1962 - 1984) 

where -
Z
- _ GNPt 
t- -

POPt 

GNPt = cumulative GNP 

-POP, = cumulative population 

•• For the purpose of comparison, the last 10 years of the data were withheld. 

The GNP learning model is as follows (1962 - 1974): 

Z, = 3.14006 + 0.000285 * POPt, 

(284.02) (96.742) 

Corrected R2 = .999 F(1,1l) = 9358.415 

-where Zt = GNP. 
POP, 
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Therefore, 

-
GNPt = [L'(POPt)POPt + L(POPt)]dP~Pt 

GNPt = (3.174+0.000275POPt)POPt 

3: Least Squares Estimation using Wharton Econometrics data ••• : 

GNPt = 1724.48 + 63.73t 

(132.65) (60.045) 

Corrected R2 = .994 F(1,20) = 3605.351 

where t=O in 1986. 

For the ex post period of 1975 to 1984, the average absolute errors (AAE) 

for the above three models were found to be as follows: 

Roberts' Estimation 

Learning Curve Estimation 

Least Squares Estimation 

AAE = 0.042 

AAE = 0.038 

AAE = 0.096 

It is interesting to note that Wharton Econometrics Aassociates and the 

simple learning measure produce almost identical results (Figure 3.13). These 

results suggest that GNP can be forecast well using a simple learning model. 

Population was forecast using the following models: 

1: Roberts' forecasting function (the discrete growth type) : 

POPt = 204.9(1.0 + 0.0130391)t 

•• * Since the model is not available, least squares estimation is used in the 

forecast range. 
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where t=O in 1970. 

2: Least Squares Estimation : 

POP, = 109.249 + 2.483t 

(268.27) (93.389) 

Corrected R2 = .996 F(1,35) = 8721.638 

where t=o in 1948. 

3: Least Squares Estimation using Wharton Econometrics data: 

POPt = 243.769 + 2.20185t 

(755.67) (83.736) 

Corrected R2 = .997 F(1,20) = 7011.082 

where t=O in 1986. 
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The average absolute errors (AAE) for the above three models were found 

to be as follows (ex post period: 1975-1984) : 

Roberts' Estimation AAE = 0.00212 

Least Squares Estimation AAE = 0.01917 

Least Squares Estimation (Wharton) AAE = 0.01050 

Since Roberts' result shows an exceptionally good fit for the recent 10 years 

of the data, population estimates were made using this equation. The forecasts of 

population are shown in Figure 3.14. 
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CHAPTER 4 

THE IMPORTANCE OF TECHNOLOGICAL CHANGE 

4.1 Perspective 

Technical change is a critical factor in derived mineral demands from both 

the practical and theoretical points of view. Components of technical change 

include the overall reduction in costs as learning allows man to make a given 

good with less materials and labor; this component is sometimes referred to as 

the demand side "extent" of technical change and is the component referred to 

in the forecasting models of· this study. Other components are on the supply 

side of materials in which new techniques may include the substitutioIi of capital 

for labor induced by relative prices of the factors, lending an additional capital 

or labor savings bias of new or improved old technology. Neither time nor data 

permitted the construction of indexes of these components of technical change. 

The only recourse in this study was to use some available measure as a proxy. 

Possible proxies include time and productivity measures. 

The most commonly used measures of technological change are the secular 

trends in output per manhour (labor productivity), total factor productivity, and 

total productivity. Kendrick (1980, 1984) defines "productivity" as a family of 

ratio" of output quantity to input quantity. Kendrick differentiates (1) total factor 

productivity from (2) total productivity as follows: In (1), a net output numerator 

is compared to a weighted combination of labor and capital; in (2), gross output 
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is compared to a combination of all input-materials, energy, and so on, in addition 

to the two major factors, labor and capital. 

Strictly speaking, technological change should include not only quantity, 

but also quality and effectiveness (conformity to quality standard, and so forth). 

Figure 4.1 shows trends in productivity in the U.S. manufacturing industry. 

4.2 Need for a Proxy (Other Than Time) for Technological Change 

Examination of the wild forecasts of some comprehensive translog models 

showed that they were primarily due to the presence of the logarithm of time, which 

increases mechanically and inexorably as the forecast horizon is lengthened. Such 

mechanical increase precludes an accurate capturing of the dynamics of technical 

change. Consequently, other proxies for technical change were examined, such as 

total factor productivity for the consuming industry and input-output measures. 

Overall, these improve ex post forecasting considerably, making the translog model 

more appealing, and they eliminate the "wild forecasts" caused by time as a proxy 

for technical change. However, whereas time could be forecast simply by incre

menting it, productivity indexes can not. Either one must treat productivity as 

a sensitivity variable or find a reasonable model for projecting it to the forecast 

horizon. Therefore, methods were examined for projecting productivity measures. 

4.3 Projection of the Technology Proxy (Productivity) 

by a Learning Model 

Experimentation with productivity measures revealed that a learning mea

sure, y, can be constructed which is well forecast by a learning model: Yr = L'(Xr ), 

where Xr is a cumulative activity level, e.g., GNP, industrial production, etc., and 
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L( ) is a learning model. Figure 4.2 shows the plot of a learning measure against 

cumulative GNP. The learning curve, sometimes called the experience curve, pro

gressive curve, or improvement curve, has been used for more than a generation 

as a means of measuring and predicting productivity improvement for processes 

or manufacturing systems, investigating cost behavioral patterns, cost estimation, 

and decision making in general. Even though the learning curve concept has re

ceived considerable attention in such uses, there has been very little application in 

the minerals industry, and practically no use whatsoever in economic forecasting 

in mineral industries. 

Pierson (1981) suggested that applying learning-curve theory to the min

erals industries might be fruitful. In a recent application of learning-curve theory 

in mineral industries, Harris (1984) demonstrated the learning-curve concept as 

a means of estimating undiscovered usable resources. He also noted that the 

quantity-quality models and the estimation by Cargill et al. (1980,1981) of mer-

cury resources are forms of learning curve analysis. Learning is indicated by im

provement (learning) in Yi with an increase in Xt : 

where 

r = measure of performance of the system 

s = level of activity of the system 

Y, = the learning measure 

Y, = t = L(Xt ), where Xt = cumulative number of output units and 

L( ) is the learning relation. 
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When the learning model is to be used to estimate Z" the following relation is 

employed: Z, = L(Xt)Xt. Huthermore, given either a direct projection of XH1 

or a forecast value for St+!, the performance level for period t+ 1 can be forecasted 

by the following: 

where 

Let's consider the case of total factor productivity: 

Then, 

TFP
t 

= Output t lit 
Input t = It 

lit 
It = TFP

t 

Denote 

Define 

Then, 

- it 
TFYi =~, 

_ t 

Yi 
-I 

=TFPt 

It = cumulative input in t = ?: Ij 
3=1 _ _ t _ 

Yi = cumulative outputs in t: Yi = 1: Yj = G N Pt 
j=1 

TIT, = it is a learning measure 

Accordingly, it can be described by a learning model: 

it - --=- = TFYi = L(Yi) 
Yi 
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and, 

Consider our objective, which is to obtain a projection of total factor pro-
~ 

ductivity for time r: TFPr. Note that this is not equivalent to TFPr , which is a 

cumulative measure. Furthermore, TFPr is to be estimated as TFYr-1
: 

di .. 
By definition T FY,. = 7f = d{ r 

dJ'l dY r 

But, since t.:- = Lefr), ir = L(Yr)Yr, 

and 

dl - - - ~ 
~ = L'(Yr)Yr + L(Yr) = TFYr 

Therefore, 

~ ~ -1 , - - --1 
TFPr = TFYr = [L (Yr)Yr + L(Yr)] 

Pattern recognition is an essential condition for identifying and estimating 

the learning curve model; consequently, a graphic analysis is useful in specifying 

relations between dependent and independent variables and in "cutting" the data. 

As shown in Figure 4.2, a strong linear relationship exists between the number of 

factor input units required for an output unit and cumulative output (GNP) over 

the two past decades (1962 - 1982): 

1n(TFYt) = -3.19365 - 0.22511 In Yi 

( -264.96) (-87.163) 

Corrected R2 = .997 SE = .003865 

F(1,19) = 7597.532 DW = .183 
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Tfl; = the learning measure, which is cumulative input / cumulative 

output 

Yt = Cumulative per capita G N Pt (also cumulative output) 

The numbers in parenthesis below the regression coefficients are associated 

t-ratios which indicate the statistical significance of the variables. The Hildreth

Lu procedure was employed rather than OLS regression so as to minimize serial 

correlation: 

In TFYt = -3.22292 - 0.21946 In Yt 

(-127.18) (-40.568) 

Corrected R2 = 1.000 SE = .001643 

F(1,19) = 42112.285 DW = .909 p = .949 

Therefore, 
.-:.... :: -0.21946 

T FYi = 0.0398Yi 

Since, 
~ ~ 0.78054 ~ _ 

It = 0.0398Yi = T FYi * Yi 

~ dit I t =-
dt 

:: -0.21946 ~ 

= 0.031064Yi . Yi 

The equation for TFPt can be rewritten as follows: 

A Yt 
TFPt = -:;-

It 
:: -0.21946 

= [O.031064Yi ]-1 
:: 0.21946 

= 32.1916Yi 
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Thus, by evaluating this equation on Y" an estimate for TFPt is produced; these 

are provided in Figures 4.2 and 4.3, which show the estimates of T F Pt by the 

learning measure to be much more conservative than those obtained by simple 

projection of the 1962 - 1982 least squares trend. 
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CHAPTER 5 

A "LEARNING" SYSTEM AS AN ECONOMIC 

FORECASTING TOOL 

5.1 Introduction 
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One useful way of viewing research on a learning system as a tool for eco

nomic forecasting is to distill from it three related propositions: 

1: Long-term forecasting may be performed better by working with the in

tegral series rather than its time derivative ( annual), because projections 

reflect more the overall patterns and relations and less the short and inter

mediate cyclical and erratic variations. 

2: There are some "economic", as distinguished from "technologic" relations, 

that exhibit learning patterns. 

3: These learning relations may be linked with other relations to form a learn

ing system with communications and links from price to market determi

nants, e.g., income. 

5.2 Empirical Evidences 

Figure 5.1 reveals a strong learning pattern in the cumulative fraction that 

U.S. consumption of copper makes of total world consumption as cumulative world 

consumption g~ows. Clearly, this model would be useful in estimating U.S. con

sumption if world consumption were more reliably forecast directly than U.S. 

consumption. Let's consider the possible structure of a learning system designed 

to forecast future consumption. 
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Define W, as a learning measure: 

- 15, -
W, = -::- = L(1';) 

1'; 

Then, algebraically, 

15, = Wt * Yt, or alternatively, 

where 

15t is cumulative consumption 

Yi is cumulative per capita income; and 

L( ) is a learning function. 
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Interestingly, t could also be interpreted as cumulative intensity of use, 

iut, since JUt = ft. With such a definition, we can write the following as an 

alternative expression: 

Returning to the original specification, Wt = t = L(Yi), it is clear that cumula

tive demand 15t = L(Yi)Yt • 

Consequently, 

dDt , - dYt - - dYt 
D t = - = L (1';)-1'; + L(1';)-

dt dt dt 
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Thus, 

, - - - elY, , - - -D t = [L «yt)yt + L(Y,)]Tt = [L (Y,)Yi + L(Y,)]yt 

Figure 5.2 shows a plot of a learning measure for per capita copper against GNPPC 

(the activity variable). By cutting the data so as to exclude the first ten points, 

a reasonable learning pattern is defined. Figure 5.3 shows copper consumption 

estimated from the fitted learning model to the actual data. As expected, the 

estimates depict well the overall pattern and are not disturbed much by cyclical 

patterns. 

5.3 Case Study - U.S. Petroleum 

5.3.1 Crude Oil Discoveries in the U.S. 

This section describes the application of a learning curve to estimate the 

discoveries of U.S. crude oil. As stated previously, a learning curve model specifies 

the relationship between the cumulative average performance per unit and the cu

mulative number of output units. There are various versions of the learning curve. 

Among them, the log-linear model has commonly been used for the application of 

production and economic systems. The structural form of the forecasting model 

of the discovery rate is represented by the following set of equations: 

where 

~ Zt - or 
yt = -=- = AXt Xt 

Yi = average cumulative discovery rate (bbls/ft) 

(5.1) 
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where 

r = amount of crude oil discoveries 
t 

Xt = I::Si 
i=l 

where 

8 = footage of exploratory drilling 

a = an exponent (parameter to be estimated), 

or the learning index of the curve 

A logarithmic version of equation (5.1) is 

InYt = InA + alnX t 

90 

(5.2) 

Data for rt, annually 1900 - 1982, were obtained from the American Petroleum 

Institute. Variable St was obtained from the Department of Energy and the Amer

ican Petroleum Institute. In the empirical investigation rt and St were measured 

in millions of barrels and in millions of feet, respectively. Figure 5.4 shows average 

discoveries of crude oil in the United States from 1938 to 1982. The data on cumu-

lative discoveries with respect to cumulative exploratory drilling shows a strong 

linear pattern of the learning curve (Figure 5.5). First of all, the response variable 

(Yt) was regressed on the cumulative drilling variable (Xt ) by the ordinary least 

squares (OLS) method (1939 - 1982). 

InYt = 6.82538 - 0.374181nXt 

(305.8) (-107.74) 

CorrectedR2 = 0.996 D.w. = 0.289 

F(1/42) = 11607.7 BE = 0.0296 
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Then, 

lit = 920.92629Xt -0.37418 

Zt = 920.92629XtO.62582 
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(5.3) 

Suppose it were desired to predict the average discovery rate (';). From equation 

(5.3), 

Then, 

rt = d~t . ddXt = (920.92629)(0.62582)Xt -0.37418 8t 
dXt t 

rt = (920.92629)(0.62582)Xt -0.37418 
St 

(5.4) 

This result appears satisfactory, for the predicted curve of the annual average dis

covery rate is also generally successful in tracing the trend of the actual historical 

values (see Figure 5.6). Use of this model to forecast discovery rates requires a 

forecast of cumulative drilling, X,. The plot of cumulated drilling against time 

shows a straight line pattern (1946 - 1982) (Figure 5.7). Cumulated drilling, X"~ 

was regressed on time, t, by the OLS method; 

Xt = 24.77205 + 55.34116t 

(2.35) (114.36) 

CorrectedR2 = 0.997 DW = 0.221 

F(1/35) = 13078.346 SE = 31.429 

A forecast of the average discovery rate (Figure 5.6) was made using equation (5.4) 

with the future cumulative drilling forecast (Figure 5.7). 

Suppose we were interested in forecasting the amount of annual oil discov

eries (rt). 

- - - - 0.62582 
Given Zt = Yi. X t = 920.92629X" 

d~t = (920.92629)(0.62582)Xt -0.37418 
dXt 
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Cauchy Distribution 

1 
Yt = 0.4611 . 10-6 • (t - 21.89)2 + 0.3609 .10-3 

t = 1,193 

AAE = 0.190 

Normal Distribution 

16421.9 _.1(t-21.822515)2 
Yt = e 2 23.5434 

23.5434y'2'; 

t = 1,1935 

AAE = 0.199 
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The results of this investigation are reported in Table 5.1. As can be seen in 

Table 5.1, forecasts of the learning model and the Cauchy distribution give larger 

estimates than the first derivative logistic. 

Suppose it were desired to predict the ultimate recoverable reserves based 

upon the learning model: 

• - -0.3741S 
GIven rt = (920.92629)(0.62582)Xt St, 

substitute Xt = 24.77205 + 55.34116t and St = dt, = 55.34116 into the above 

equation. Then, 

rt = 31895(24.77205 + 55.34116t)-0.3741s 

Let F( 00) represent the potential supply of crude oil, and consider it to consist of 

known reserves plus cumulative production, Qt, plus future discoveries, which are 

described by the integral of the above time function. 

F( 00) = Qt + /00(920.92629)(0.62582)(55.34116)(24.77205 + 55.34116t)-0.37418 dt 
Jt· 
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Table 5.1 

Forecasts of Annual Discoveries 

(In Millions of Barrels) 

Model Year 2000 Year 2010 Peak Year 

First Derivative 292 131 1955 
Logistic . 

Cauchy Dist. 795 585 1956 

Normal Dist. 479 197 1956 

Learning Curve 1587 1490 1956 
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where, 
Q t = known discovered reserves 

t* = 37 for 1982 

Consider the equation, 

F(oo) = Qt + 100 

AB{i(o: + {it)-tPdt 
t· 

= Qt + 1~t/J (0: + {it)l-tfJl: 

=Qt+ AB (O:+{i'OO)l-tP- AB (o:+{i.t*)l- tfJ (5.5) 
I-t/J I-t/J 

Let us evaluate F for t=115 (year 2060), the terminal year used by Hubbert (see 

Figure 5.11), 'instead of t = 00 

From Eq. 5.5, we obtain 

F(115) = 145860 + 1471.55(24.77205 + 55.3411 .115)°·62582 

- (24.77205 + 55.3411 . 37)°·62582 

= 324993 .106(bbls) 

= 325 . 109 (bbls) 

Thus, the learning model estimate of potential supply at year 2060 is about 325 

billion bbls, nearly twice the estimate made by Hubbert. 
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5.3.2 U.S. Petroleum Demand 

When there are predictable changes in petroleum consumption as popula

tion and GNP increases, a learning model provides a basis for the estimation of 

future consumption, given estimates of future population and GNP. Examination 

of patterns is an essential step in finding an appropriate mathematical model for 

the learning measure. Figure 5.12 and Figure 5.13 show several different linear 

patterns in the learning measures as cumulative outputs (population and GNPPC) 

have increased. 

Learning model with population 

Figure 5.12 shows two linear patterns in the latter part (higher values of 

Xt of the curves), one of which exhibits a strong upward: trend (the period before 

1979), and one beginning after 1979. The learning relationship for the first trend 

using data for 1935 - 1970 is as follows: 

where, 

where, 

InZt = 3.01249 + 0.0014532POPt 

CorrectedR2 = .998 

F(1/34) = 18533.324 

(1935 - 1970) 

t 

- Dt 
Zt= -

POPt 

SE = 0.108 

DW=0.094 

D, = L di = cumulative petroleum demand 
i=l 

t 

POP, = LPOPi 
i=l 

pop = population 
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Using data for the period 1935 - 1978: 

lnZt = 2.9693 + 0.0014638POPt 

CorrectedR2 = .999 SE = 0.101 

F(1/42) = 44119.637 DW = 0.108 

Transforming the results of the first equation to estimate annual demand: 

elt = 20.60794POPtO.014532pOPt 

Learning model with GNPPC 

FIgure 5.13 revealed two linear trends in the latter part from 1918 to 1979 

and from 1980 to 1986. Regression analysis for these periods resulted in the 

following equations: 

where, 

Then, 

lnZt = 3.03227 + 0.6370Xt 

CorrectedR2 = .997 

F(1/51) = 17613.97 

(1918 - 1970) 

t 

- Dt 
Zt = -:::-, 

X t 

SE = 0.022 

DW=0.136 

Dt = L di = cumulative petroleum demand, 
i=l 

t 

Xt = LVi, 
i=l 

and V = per capita GNP 

dt = 33.958Xt 0.6370 Vt 



Then, 

lnZ, = 5.52161 + 0.18776X, 

CorrectedR2 = .973 

F(1/5) = 217.311 

(1980 - 1986) 

SE = 0.0016 

DW= 0.830 

ti, = 296.995X, 0.18776 y, 
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Figure 5.14 shows petrolewn consumption estimated from the learning 

model with GNPPC fitted to the actual data. The expost simulation (1971 -

1979) shows that the model predicts fairly well on a year-to-year basis. Figure 5.15 

shows annual petrolewn consumption fitted from the learning model with popu

lation. The goodness of fit overall for the equation, as indicated by R2, is very 

satisfactory with a value of .998. As expected, the estimates depict well the overall 

pattern and are not disturbed much by cyclical patterns. The predicted annual 

demand curve is also generally successful in tracing the actual values and expost 

forecasts period before 1979. The average absolute error (AAE) for estimates of 

1971- 1979 is impressive (0.037), although errors for most recent years are higher. 

Since newest information (latest data) usually is most significantly correlated with 

future values, which are to be predicted, the recent pattern of the learning measure 

with population should be carefully examined to determine whether it marks the 

beginning of a new long-term trend or is simply a strong cyclical pulse. Although 

the new pattern has not been long established, the slope of the recent relationship 

clearly is lower. Even though the new pattern can be observed for only a short 

period, when a cumulative series shows such a stron~ change, it most likely rep

resents a new relationship. The cumulative response variable Z, was regressed on 

the cumulative population variable POP, by the OLS method. 
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lnZt = 11.70699 + 0.0005843 In POPt 

(67.46) (35.96) 

Corrected R2 = .995 D.W. = 1.273 

Therefore, 
~ - 0.0005843 

. dt = 121488.4POPt pOPt 

The model which is derived from the latest trend in the learning measure also 

showed an excellent fit to actual data (see Figure 5.15), suggesting a new relation

ship for recent years, one which estimates lower petroleum consumption per unit 

of income. 
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CHAPTER 6 

ACTUAL FORECASTING TESTS OF IU AND TREND 

MODELS: CASE STUDIES 

6.1 Evaluation of Forecasting Models 

112 

Evaluation of the forecasting models is made by purposefully withholding 

the last few years of the data as a test set. Then, demands are forecast for the 

test set and compared with actual quantities demanded. This provides a means 

for selecting the best model for each mineral commodity. The selected "best 

model" is estimated again, using all data, because the most recent data carry 

important information related to future levels. Finally, the selected model for 

each commodity is used to make forecasts for the years 1988-2000. 

The simulation performances (on the test set) of the respective estimated 

forecasting models are evaluated by the average absolute error (AAE), which is 

defined as follows: 

where 

Ac = Actual value 

Pr = Predicted value 

n = the number of periods over which the model is simulated. 

The AAE is similar to mean absolute deviation (MAD) and mean forecast 

error (MFE) except that it is dimensionless. The mean absolute deviation (MAD) 



is calculated from 
n 

MAD = LIAc-PrIJn 
i=l 

where 

Ac = Actual value 

Pr = Predicted value 

n = the number of observations over which the model is simulated. 

The mean forecast error (MFE) is also defined as 

where 

n 

MFE= L(Ac-Pr)2Jn 
i=l 

Ac = Actual value in period i, 

Pr = Predicted value in period i, 

n = the number of observations in the forecast test range 

In this study the AAE was used to select the best model. 

6.2 Forecasts of Copper Consumption 

6.2.1 Economic Trend and Relations 

113 

u.s. copper consumption, shown in Figure 6.1, rose at a moderate rate 

during the past 40 years while world copper consumption increased sharply. Al

though the trend of U.S. copper consumption was upward until 1980, the trend of 

intensity of use of copper in the aggregate in the U.S. economy turned downward 

40 years earlier, in 1942, and has been trending downward since that time (see 

Figure 6.2). Even allowing for cyclical contractions during the base period, signif

icant structural changes have occurred and are still occurring in the demand for 
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copper, such as the continual loss of markets to aluminum for electrical wiring and 

for radiators for internal combustion engines, automotive and products downsiz

ing, design changes to conserve materials or increase efficiency, and the increasing 

losses of communications markets to optical fibers. Even in markets not threatened 

by substitutes, technological innovation and changing product specifications often 

result in an overall savings of materials; in some cases these process or product 

changes resulted in a decrease in copper consumption. Thus, both substitution 

of materials for copper and new product designs, e.g. product downsizing, have 

contributed to a decline in copper use. 

6.2.2. Expost Forecasting 

U.S. intensity of use of copper was calculated and projected by a linear trend 

relationship as done by the U.S. Bureau of Mines (Figure 6.3). Since IU exhibits 

a downward trend as can be seen in figure 6.3, projections are for decreasing IU 

over the forecast period. Given the IU forecasts, demands are forecast simply by 

multiplying the forecast IU by forecast GNP: 

IU, 
A. 

D~U = (4.01249 - 0.0716T) GN Pt 

Although this model seems to be satisfactory in the base period (1939-1973), 

predicted demands clearly missed tracing the expost demands (see Figure 6.4). 

For the purpose of comparison, a lognormal model of IU and Yt(GNPPCt ) was 

also fitted to the intensity of use data using data transformations and least squares. 

The demand equation derived from the lognormal IU model is as follows: 

CU 5.9207 _1(lnGNPpc.-l.100S)2)GNP, D t = ( e 2 O.4e4& t 
0.4945v'2,r 
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Although the fitted lognormal model performed well until 1950, the pre

dicted demand curve showed a pattern opposite to the trend of known values in 

the test set. (Figure 6.5). This observation reveals the need for a more flexi

ble approach to predict mineral demands. To test such an approach, the general 

conceptual model referred to as the "extensive translog intensity of use model" 

(ETIUM), was examined. Figure 6.6 shows the translog intensity of use model 

for copper. This model was obtained from the following logarithmic equation 

estimated by program ETIUM. 

where 

In Dlt = 2.3998 - 0.4339(ln Yt)2 + 0.8805(ln Yt)(ln Tt) - 0.3293(ln Tt)2 

(17.1218) * (63.89) (94.23) 

-2 
R = .8325 

Therefore, 

DCU -11021 O.88051n r,-O.4339 In YI -O.32931nr, 
t - • Yt Tt , 

y" Tt are per capita income and technology in period t. 

Tt = time, as a proxy for the technology 

As indicated in the figure, the predicted annual demand curve is generally 

successful in tracing actual historical values (1939 - 1973) and the expost forecast 

period (1974 - 1983). This model also reduced average absolute error (AAE) in the 

test period compared to other models (Table 6.1). Since most static models can 

not capture rapidly changing structural factors, models that allow for parameter 

changes, such as the translog often give superior forecasts. For similar reasons, 

* Numbers in brackets are F-values of parameter estimates 
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Table 6.1: Actual and predicted copper consumption using the model 

of extensive tran8log IU, 1939-1973, (ex post: 1974-1983) 

YEAR AClUAL PREDICTED ERROR 
-== == r",= __ = 

11139 1002.00 1008.01 0.01 
11140 1343.00 1504.63 0.12 
11141 2054.00 16119.90 0.17 
11142 2035.00 1843.58 0.09 
11143 1930.00 11182.35 0.03 
11144 11161.00 2075.83 0.06 
11145 11112.00 207,1.42 0.08 
11146 1797.00 1835.28 0.02 
11147 1789.00 1740.64 0.03 
1948 1719.00 1729.49 0.01 
11149 1456.00 1657.42 0.14 
11150 1932.00 1729.63 0.10 
11151 1762.00 1808.17 0.03 
11152 1775.00 1805.60 0.02 
11153 1864.00 1808.34 0.03 
1954 1642.00 1703.99 0.04 
11155 1851.00 1772.22 0.04 
1956 1835.00 1746.83 0.05 
11157 1683.00 1709.01 0.02 
11158 1568.00 1622.94 0.04 
11159 1654.00 1688.65 0.02 
11160 1577 .00 1667 ;16 0.06 
1961 1648.00 1658.77 0.01 
1962 1768.00 1732.25 0.02 
1963 1845.00 1766.93 0.04 
11164 111611.00 1839.01 0.07 
11165 20311.00 11140.38 0.05 
11166 2128.00 2048.112 0.04 
11167 1803.00 2065.33 0.15 
11168 20117.00 2145.47 0.02 
11169 2258.00 2170.85 0.04 
11170 2089.00 2097.05 0.00 
11171 2068.00 21~3. 79 0.04 
11172 2359.00 2271.64 0.04 
11173 2433.00 2415.77 0.01 

ME (OBSERVED PERIOD) • 0.0487 

YEAR AClUAL PREDICTED ERROR ......... -=== -== 
11174 2436.00 2328.96 0.04 
11175 1617.00 2220.17 0.37 
11176 2145.00 2353.86 0.10 
11177 2254.00 24113.114 0.11 
11178 2611.00 2630.84 0.01 
11179 2681.00 2681.68 0.00 
11100 23118.00 2595.08 0.08 
I11S1 2511.00 2612.53 0.04 
11182 11141.00 2446.62 0.26 
11183 2227.00 25211.48 0.14 

ME (TEST PERIOD) • 0.1148 
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adapted or traced models also tend to produce forecasts that are superior to con

ventional models. The extensive translog IU model with trend tracing (ETIMTT) 

is as follows: 

10 Dlt = 2.317 + 0.3355ln Vt In Tt - 0.00457(10 Vt)2 + 0.03510 Pt
CU In Tt 

-0.001457lnPt
al ln Tt - 0.1924{1n Tt? 

Therefore, 

D CU _ 10 145 O.33551n Tc-O.004571n 1/, 0.035 In P,cu-O.014571n P,a'-0.1924In T, 
t - • Vt Tt 

Figure 6.7 and Table 6.2 show actual values and estimated values by the final 

extensive translog and trend-traced IU model for copper. This figure and table 

show that trend tracing estimates compare very well with actual demands for the 

expost period (1974 - 1983). 

Forecasts were prepared using an extensive translog IU model with adaptive 

tracing (estimates): 

lnDlt = 2.129+0,4847ln Yt In Tt-O.0748(lnvt)2+0.0513 In Tt lnpr-0.2678(ln Tt)2 

Therefore, 

D CU _ 8407 O.48471n T,-O.0748 In 1/1 0.05131n P,cu-O.27In TI 
t -. Vt Tt 

Estimates of this model are provided in Table 6.3. The simulation results appear 

satisfactory. Predicted demands followed well the pattern of consumption and 

reduced average absolute error (AAE) in the expost forecasts period (Figure 6.8 

and Table 6.3). 
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Table 6.2: Actual and predicted copper consumption using the 

extensive translog IU model with trend tracing, 1939-1968 

tracing period: 1969-1973; ex post: 1974-1983 

YEAR ACTUAl. PREDICTED ERROR ......... ......- --=--
1939 1002.00 1313.58 0.31 
1940 1343.00 1621. 74 0.21 
1941 2054.00 1774.70 0.14 
1942 2035.00 1898.12 0.07 
1943 11130.00 2026.69 0.05 
1944 11161.00 2079.62 0.06 
1945 11112.00 2015.15 0.05 
1946 1797.00 1755.01 0.02 
1947 1789.00 1715.19 0.04 
1948 1719.00 1702.63 0.01 
1949 1456.00 1631.92 0.12 
1950 11132.00 1700.33 0.12 
1951 1762.00 1770.04 0.00 
1952 1775.00 1768.49 0.00 
1953 1864.00 1795.99 0.04 
1954 1642.00 1723.39 0.05 
1955 1851. 00 1811.20 0.02 
1956 1835.00 1804.31 0.02 
1957 1683.00 1714.90 0.02 
1958 1568.00 1632.86 0.04 
1959 1654.00 1710.44 0.03 
1960 1577 .00 1697.S9 0.08 
1961 1648.00 1688.86 0.02 
1962 1768.00 1752.&9 0.01 
19S3 1845.00 1784.00 0.03 
1964 1I1S9.00 1842.55 0.06 
19S5 2039.00 1031.00 0.05 
11166 2128.00 2012.09 0.05 
1967 1803.00 2031.34 0.13 
1968 2097.00 2100.08 0.00 
1969 2258.00 2138.03 0.05 
1970 2089.00 2118.46 0.01 
1971 2068.00 2115.40 0.02 
1972 2359.00 2208.45 0.06 
1973 2433.00 234G.04 0.03 

ME (OBSERVED PERIOD) • 0.0588 

YEAR ACTUAl. PREDICTED ERROR ......... --= ~ 

lG74 2436.00 2301.29 0.06 
lG75 1617.00 2133.05 0.32 
lG76 2145.00 2224.30 0.04 
lG77 2254.00 2280.63 0.01 
lG78 2611.00 2376.34 0.09 
lG7G 2681.00 2448.&3 O.OG 
lG80 2390.00 2376.7& 0.01 
11181 2511.00 2287.38 0.09 
11182 11141.00 2176.90 0.12 
11183 2227.00 2187.24 0.02 

ME (TEST PERIOD) • 0.0833 



126 

Table 6.3: Actual and predicted copper consumption using the 

extensive translog IU model with adaptive tracing, 1939-1968 

tracing period: 1969-1973; ex post: 1974-1983 

YEAR ACTUAl PREDICTED ERROR 
""'""'== -= --=== 

1939 1002.00 1028.116 0.03 
11140 1343.00 H68.71 0.09 
11141 205~.00 16115.06 0.17 
11142 2035.00 1861.41 0.09 
1943 1930.00 2027.11 0.05 
1944 11161.00 2106.92 0.07 

.11145 1912.00 2049.44 0.07 
1946 1797.00 1759.117 0.02 
11147 1789.00 1724.85 0.04 
1948 17111.00 1713.27 0.00 
1949 1456.00 1624.04 0.12 
1950 1932.00 1707.62 0.12 
1951 1762.00 17114.70 0.02 
1952 1775.00 1788.38 0.01 
1953 1864.00 1829.23 0.02 
1954 1642.00 1738.26 0.06 
1955 1851.00 1855.18 0.00 
11156 1835.00 1854.68 0.01 
11157 1683.00 1722.20 0.02 
1958 1568.00 1607.47 0.03 
1959 1654.00 16119.31 0.03 
11160 1577 .00 1686.80 0.07 
11161 1648.00 1658.88 0.01 
11162 1768.00 1721.211 0.03 
1963 1845.00 1744.711 0.05 
1964 1969.00 1812.60 0.08 
1965 2039.00 1917.53 0.06 
1966 2128.00 2006.30 0.06 
11167 1803.00 2026.59 0.12 
1968 2097.00 2107.56 0.01 
1969 2258.00 2160.78 0.04 
1970 2089.00 2148.30 0.03 
1971 2068.00 2126.97 0.03 
1972 23511.00 2214.35 0.06 
11173 2433.00 2376.40 0.02 

ME (OBSERVED PERIOD) • 0.0494 

YEAR ACTUAl PREDICTED ERROR -= -==== === 
1974 2436.00 2370.84 0.03 
1975 1617.00 2158.75 0.34 
'.976 2145.00 22711.83 0.05 
11177 2254.00 2353.77 0.04 
11178 2611.00 2473.110 0.05 
111711 2681.00 2588.75 0.03 
11180 23118.00 2516.48 0.05 
11181 2611.00 23118.86 0.04 
1982 11141.00 2172.03 0.12 
11183 2227.00 2166.16 0.03 

ME (TEST PERIOD) .. 0'.07116 
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Surprisingly good results were obtained from ETIMT. This study clearly 

suggests that the more flexible model, which is supported by economic theory, 

gives a better forecast than the simplified empirical model. These experiments 

also confinn that the model of mineral demand will be improved if the model 

includes the interaction of one or more of the economic variables e. g., relative 

price, income level, and, technology, across time. This result suggests that the 

parameters of some of the independent variables with respect to the dependent 

variable may be a constant or a function that can vary either across time or in 

response to one or more of the variables. 

The simulation performances of the estimated models are described by av

erage absolute error (AAE) as follows: 

MODEL EXPOST PERIODS AAE 

Linear Trend IU 1974 - 1983 0.284 

Lognonnal IU 1974 - 1983 0.284 

Extensive Translog IU 1974 - 1983 0.115 

Extensive Translog IU w. Trend'll:acing 1974 - 1983 0.088 

Extensive Translog IU w. Adaptive'll:acing 1974 - 1983 0.080 

This table indicates that the most reliable forecast is the extensive translog inten

sity of use model with adaptive tracing. 
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6.2.3 Exante Forecasting 

When the forecast horizon is very long, such as 10 to 15 years, a true forecast 

requires the forecasting of at least some explanatory variables. Consequently, a 

variable-rich model that perfonns well by expost analysis may not perform as well 

exante as a simpler model that contains fewer variables but variables which are 

selected for the facility by which they can be forecast. In this study, the selected 

best model was estimated again using all data, since the newest data, the data 

withheld for expost analysis, carry important infonnation related to future levels. 

Finally this selected model was used to make forecasts to year 2000 by evaluating 

it on the forecasted explanatory variables, e.g. GNP and population, and the 

sensitivity variables, e.g, price. 

Rather than forecasting price, demand forecasts were developed under a va

riety of assumptions (scenarios) concerning prices. GNP, population, and technol

ogy were forecasted in the previous chapters, these forecasts were used to prepare 

exante demand forecasts. 

The real price of copper has dropped considerably SInce 1980; the last 

10 years of data used to estimate the model. A forecast was derived from the 

assumption that real copper prices will remain constant at the average price of 

the last 10 years through year 2000. Forecasts by the selected model under that 

price assumption are illustrated in Figure 6.9. Figure 6.10 shows forecasts by the 

same model, but trend-traced; Figure 6.11 shows forecasts by the same model, but 

modified by adaptive tracing. The estimates derived compare with some derived 

by others reasonably well. Finally, Figure 6.12 shows forecasts by a new extensive 

translog model; this model employes total factor productivity, instead of time, as 

a proxy for technical change. One result of this modification is that price was 
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not statistically significant, making demand forecasts a function only of per capita 

income and technology (total factor productivity). 

6.3 Forecasts of Zinc Consumption 

6.3.1 Economic Trends and Relations 

U.S. consumption of slab zinc, shown in Figure 6.13, grew steadily until 

1973, after which the trend is to lower consumption. Although the trend in world 

consumption continues to be upward, the traditional high growth rate was mod

erated in 1973, giving a distinctly lower, but still positive, slope to the trend in 

consumption post 1973. Domestic consumption rose to 1.9 million tons in 1973 

but has steadily decreased since that time. Although the trend of U.S. zinc con

sumption was upward until 1973, the trend of intensity of use of U.S. zinc in 

the aggregate turned downward 7 years earlier, in 1967, and has been trending 

downward since that time (see Figure 6.14). The construction and transportation 

industries accounted for about 64 percent of total zinc consumption; however, 

since the mid-1970s, zinc consumption in the transportation sector has decreased 

because of reduced automobile production, aut.omotive and products downsizing, 

technological changes, and substitution. 

6.3.2 Expost Forecasting 

U.S. consumption of zinc was projected by four models: a linear trend model 

of intensity of use, a normal life cycle model of intensity of use, a lognormal model 

of the relationship of intensity of use to per capita GNP, and an extensive translog 

model of intensity of use. Figure 6.15 shows a linear trend model of zinc intensity 

of use, fitted by the method of least squares, for the last 20 years. Although this 
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model fitted the data very well, predicted demands clearly overestimated actual 

demands in the test period (Figure 6.16). 

Since IU for zinc consumption showed a symmetric life cycle pattern over 

85 years, a normal curve trend model was fitted to the IU data (Figure 6.17). Al

though the fitted normal model performed well until 1973, the more recent, expost 

predicted demands missed tracing actual demands of the test period (Figure 6.18). 

For the purpose of comparison, a lognormal model of IU and Yt (per capita GNP), 

which was indicated by historical evidence and by Malenbaum's empirical relation

ship, was also fitted to the intensity of use data using data transformations and 

least squares methods (Figure 6.19). However, the result was rather disappoint

ing. The last 10 years of predicted data show an upward trend whereas actual 

consumption data trended downward in the test period. 

An extensive translog intensity of use model (ETIUM) was u.sed to predict 

zinc consumption. As mentioned in chapter 4, when time was used as a proxy 

for technological change, some comprehensive translog models showed "wild fore

casts" due to the presence of the logarithm of time in the exponents (elasticities) 

of the explanatory variables, for time increases mechanically and inexorably as the 

forecast horizon is lenghthened. Figure 6.20 showed an extreme forecast of zinc 

consumption in the test period (1976 - 1984) when time was used as the technol

ogy proxy. Interestingly, when total factor productivity was used as a proxy for 

technical change, the translog model fit well the historical data (1929 - 1975) and 

performed well in the expost forecasts period (1976 - 1984) (Figure 6.21). This 

result indicated that even an incomplete measure of technology such as total factor 

productivity is far superior to the time proxy for technology. Average absolute 

error (AAE) was reduced from 0.4 to 0.087 in the test period (see Tables 6.4 and 

6.5). The demand equation was obtained from the following logarithmic equation, 

which was estimated by the ETIUM program (1929 - 1975). 
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Table 6.4 : Actual and predicted zinc consumption using the extensive 

translog IU model, observed period: 1929 - 1974 

YEAR ACTUAL PREDICTED ERROR 
===== c---= ======= ==== 

1929 628.00 535.57 0.15 
1930 451.00 457.59 0.01 
1931 370.00 393.63 0.06 
1932 259.00 295.29 0.14 
1933 350.00 350.36 0.00 
1934 360.00 383.09 0.06 
1935 473.00 424.17 0.10 
1936 582.00 501.90 0.14 
1937 610.00 571.04 0.06 
1938 421.00 496.39 0.18 
1939 626.00 553.39 0.12 
1940 733.00 627.57 0.14 
1941 827.00 710.23 0.14 
1942 728.00 764.69 0.05 
1943 817.00 798.91 0.02 
1944 889.00 863.14 0.03 
1945 852.00 894.70 0.05 
1946 801.00 830.86 0.04 
1947 786.00 835.26 0.06 
1948 818.00 855.79 0.05 
1949 712.00 892.84 0.25 
1950 967.00 943.46 0.02 
1951 934.00 953.60 0.02 
1952 853.00 984.78 0.15 
1953 986.00 1061.32 0.08 
1954 884.00 1074.72 0.22 
1955 1469.00 1126.94 0.23 
1956 1323.00 1115.10 0.16 
1957 1232.00 1178.43 0.04 
1958 1142.00 1185.88 0.04 
1959 1279.00 1253.88 0.02 
1960 1159.00 1255.74 0.08 
1961 1207.00 1319.72 0.09 
1962 1333.00 1397.45 0.05 
1963 1414.00 1501.48 0.06 
1964 1536.00 1555.27 0.01 
1965 1742.00 1601.48 0.08 
1966 1807.00 1638.12 0.09 
1967 1592.00 1659.36 0.04 
1968 1728.00 1748.62 0.01 
1969 1797.00 1737.11 0.03 
1970 1572.00 1692.53 0.08 
1971 1651.00 1766.05 0.07 
1972 1844.00 1816.48 0.01 
1973 1932.00 1834.73 0.05 
1974 1673.00 1378.55 0.18 

ME (OBSERVED PERIOD) = 0.0833 
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Table 6.5 : Actual and predicted zinc consumption using the extensive 

translog IU model, expost period: 1929 - 1974 

YEAR ACllJAL PREDICTED ERROR 
---------- ==---

1975 1232.00 1374.02 0.12 
1976 1537.00 1447.86 0.06 
1977 1508.00 1520.84 0.01 
1978 1590.00 1586.85 0.00 
1979 1537.00 1424.62 0.07 
1980 1260.00 1409.41 0.12 
1981 1311.00 1296.15 0.01 
1982 1051.00 1365.37 0.30 
1983 1235.00 1460.30 0.18 
1984 1339.00 1301.81 0.03 

ME (TEST PERIOD) = 0.0868 
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lnDu = 0.2836 -1.1531(lnYt)(lnPt) + 0.6999(1nYt)(lnr,) 

Therefore, 

(49.53) (81.83) 

+0.3528(lnp,)(ln rt) - 0.1193(10 rt? 

(39.21) 

R2 (Corrected) = 0.909 

(10.46) 

D:n = 1.3266y~·69991n 1"& p;-1.15311n 1/& r~.3528-0.1l931n 1"& 
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The regression results appear satisfactory. All coefficients exhibit the signs ex

pected, based upon economic theory, and the goodness of fit overall for the equa

tion, as indicated by R-square, is very satisfactory, having a value of 0.909. 

Estimated consumption and error using the above equation are shown in 

Table 6.4 for the data period and in in Table 6.5 for the test period. Average 

absolute error for each of the estimated models are as follows: 

MODEL EXPOST PERIODS AAE 

Linear Trend IU 1976 - 1984 0.342 

Normal IU (IU vs. Time) 1976 - 1984 0.341 

Lognormal IU (IU vs. GNPPC) 1976 - 1984 0.282 

Extensive Translog IU (Time) 1976 - 1984 0.400 

Extensive Translog IU (TFP) 1976 - 1984 0.087 
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Clearly, the extensive translog model using total factor productivity (TFP) 

as a technology proxy is superior to the other models when judged by AAE (0.087), 

for the next best model has an AAE of 0.282. 

6.3.3 Exante Forecasting 

Based upon these tests results, the extensive translog (TFP) was reesti

mated using all of the data, including those for the test period (1976 - 1984), 

and the resulting equation was used to forecast zinc consumption (trend-traced) 

for 1985 - 2000; these are shown in Figure 6.22. As an indication of sensitivity, 

dotted lines were included on the figure representing upper and lower bounds of 

the forecast. These lines were generated using the maximum and minimum prices 

over the last ten years; they are not confidence bounds based upon probability. 

6.4 Forecasts of Lead Consumption 

6.4.1 Economic Trends and Relations 

U.S. lead consumption exhibited a weak upward trend until 1977, decreas

ing thereafter to about the 1967 level by 1984, whereas a rather regular exponential 

trend in world consumption oflead was broken in 1977 as consumption leveled and 

declined slightly during the 1980s (Figure 6.23). The time series on intensity of 

use exhibits a strong downward trend since 1950. Reasons for the trend include 

environmental problems created by lead and the availability of several lead substi

tutes (Figure 6.24). The largest user of lead is the transportation sector, including 

lead for leade~ gasoline and for batteries. Down-sizing of the automobile has 

contributed to the decline in lead consumption: the automobile has been getting 

smaller on average, with smaller battery units, and the use of leaded gasoline has 

been declining in recent years. 
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6.4.2 Expost Forecasting 

As for other commodities studied, the last nine years of data were pur

posefully withheld to provide a test set for expost evaluation and comparison of 

models. The first analytical method employed was a simple linear trend of inten

sity of use. The regression equation estimated the best fitted trend line over the 

1920 - 1975 period (Figure 6.25). Using this equation, intensity of use of lead was 

forecast for the years 1976 - 1984. Since intensity of use is a consumption per unit 

of gross national product (GNP), intensity of use was algebraically transformed to 

predict consumption. Figure 6.25 shows a very good fit of the linear trend model 

to intensity of use. Although this model didn't estimate consumption well for 

the years 1976 - 1979, the model values are generally successful in tracing actual 

historical values (1920 - 1975) and the expost forecast period (1976 - 1984). 

The second analytical method used was a lognormal model of intensity of 

use. Figure 6.26 plots the actual intensity of use of lead against per capita GNP, 

because Malenbaum's hypothesis is that intensity of use variations are largely 

caused by variations in per capita income (GNP / population). Since the pattern 

generally is a skewed inverted U, the lognormal model of IU and Yt (GNP pet) was 

fitted using data transformations and least squares, to the intensity of use data 

and extended to 1984, Figure 6.27 shows actual and predicted lead consumption 

using the lognonnal model of IU. As indicated in the figure, predicted demands 

do not conform well to actual demands over the last 24 years (1956 - 1979), even 

though the equation of this model appears satisfactory for the five recent years 

(1980 - 1984). 

The third analytical method employed was an extensive translog IU model. 

This model is essentially an extension of the classical income demand model to 

allow not only for functional income elasticity of demand, but for functional price 
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elasticities of demand as well. The extensive translog IU model was obtained from 

the following logarithmic equation estimated by the ETIUM program. 

In Dt = 0.7727 + 0.331(1n Yt)(lnPt) + 0.3578 In 1't - 0.1392(ln 1't)2 

(281.355) (36.288) (94.64) 

R2 (Corrected) = .8523 

Therefore, 

where 

1't = time (proxy for technology) 

Although the equation of this model performed well in the observed period 

(1920 - 1975), this model provided the "wild forecasts" in the test period (1976 -

1984) (see Figure 6.28). In this case, they were due primarily to 1) the presence 

of the logarithm of price in the exponent (elasticity) of income, and 2) a very big 

jump in the real U.S. producer price from 1976 to 1981. Given these features, a 

less sensitive version of the translog equation was examined. The less sensitive 

model, which was estimated by the ETIUM program, is as follows: 

In IUt = 0.356 + 0.1186 In Yt Inp8t + 0.04171np8t InPt - 0.00481't lnpst - 0.00021'; 

(11.44) (13.94) (31.23) (13.65) 

R2 (Corrected) = .8523 

A demand equation was derived from this intensity of use model, as follows: 

D pb _ 14276 1+0.1186Inp" O.04171npl -O.0048rllnp,I-O.0002r,2 t -. Yt P8t e 
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The actual demand data, along with estimates from the model and average 

absolute errors, are listed in Tables 6.6 and 6.7. The model is plotted in Fig

ure 6.29. As indicated in the figure and tables, this approach improved expost 

forecasting considerably as it eliminated the "wild forecasts". Further improve-

ment was sought through trend tracing the extensive translog IU model by program 

ETIMTT, giving the following IU equation and its derivative demand equation: 

In IUt = 0.3285+0.04403(ln Yt)(lnpt)+0.05533(ln Yt)(lnp.,t)+0.04946(lnp.,t)(lnpt) 

-0.00512rt(lnp.,t) - 0.000155r; 

D pb _ l 3889 l+0.044lnpt+0.055lnp,t 0.0495lnpt -0.00512rt lnp,t-0.0001555rt2 

t - · Yt Pat e 

Figure 6.30, and Tables 6.8 and 6.9 show actual values and estimated values by 

the final weighted extensive translog IU model for lead, which have been smoothed 

by the procedure referred to as "trend tracing". Finally the extensive translog IU 

model was re-estimated with adaptive tracing: 

ln IUt = 0.3207 + 0.04811n Yt + 0.0673(ln Yt)(lnpt) + 0.0146(ln Yt)(lnp.,t) 

+0.04808(lnp.,t)(lnpt) - 0.002032rt lnpt - 0.002485rt lnp.,t - 0.0001593r; 

Therefore, 

D pb _ 1 3781 l+0.0673 ln Pc -0.002032 ln re 0.04808 ln Pc +0.0146 ln Jc 
t - • Yt Pt Pat 

e-0.00249rc In p, c -0.000158r,2 



Table 6.6 : Actual and predicted lead consumption using the extensive 

translog IU model, observed period: 1920 - 1975 

Time was used as a proxy for technology (T) 

YEAR AClVAl FITTED ERROR 

1920 575.80 707.81 0.23 
1921 520.60 632.63 0.02 
1922 683.20 666.59 0.02 
1923 768.00 792.14 0.03 
1924 812.20 777.71 0.04 
1925 856.50 878.76 0.03 
1926 900.90 903.02 0.00 
1927 841.00 822.99 0.02 
1928 9aO.60 796.25 0.14 
1929 972.30 855.62 0.12 
1930 768.60 682.25 0.11 
1931 567.70 674.99 0.01 
1932 416.70 450.70 0.08 
1933 449.50 460.29 0.02 
1934 488.00 490.07 0.00 
1935 538.90 617.67 0.04 
1936 633.60 633.71 0.00 
1937 678.70 703.41 0.04 
1938 646.00 602.75 0.10 
1939 667.00 662.15 0.01 
1940 782.00 725.31 0.07 
1941 1050.00 873.96 0.17 
1942 1043.00 1027.41 0.01 
1943 1113.00 1170.89 0.05 
1944 1118.00 1230.63 0.10 
1945 1051.60 1176.47 0.12 
1946 956.50 971.07 0.02 
1947 1172.00 1011.16 0.14 
1948 1133.90 1099.38 0.03 
1949 957.70 1028.23 0.07 
1950 1238.00 1099.80 0.11 
1951 1184.80 1261.19 0.06 
1952 1130.BO 1241.90 0.10 
1953 1201.60 1160.90 0.04 
1954 1094.90 1098.73 0.00 
1955 1212.60 I1Bl.74 0.03 
1956 1209.70 1194.72 0.01 
1957 1138.10 1136.68 0.00 
1958 986.40 1056.21 0.07 
11159 1091.10 1109.60 0.02 
1960 1021.20 1112.60 0.09 
1961 1027.20 1086.86 0.06 
1962 1109.60 1109.111 0.00 
1963 1163.40 1148.66 0.01 
1964 1202.10 1226.22 0.02 
1965 1241.60 1304.VO 0.05 
1966 1233.90 1342.30 0.09 
1967 1260.60 1321.02 0.05 
1968 1328.80 1333.97 0.00 
1060 13811.40 1867.111 0.02 
11170 1360.60 11117.02 0.03 
11171 1431.60 1810.22 0.08 
11172 1486.80 1873.47 0.08 
1073 1541.20 1446.116 0.06 
1974 15911.40 1600.00 0.06 
1976 1297 .10 1404.63 0.08 

ME (OBSERVED PERIOD) • 0.0555 
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Table 6.7 : Actual and predicted lead consumption using the extensiye 

translog IV model, expost period: 1976 - 1984 

Time was used as a proxy for technology (T) 

YEAR ACTUAL PREDICTED ERROR 
---- ---- --==== --- ----- -

1976 1"90.10 1 .... 9.19 0.03 
1977 1582.30 1532.99 0.03 
1978 1548.20 1560.61 0.01 
1979 1"83.00 1664.041 0.12 
1980 1205.90 1529.87 0.27 
1981 1243.20 1"79.86 0.19 
1982 1219."0 1274.04 0.04 
1983 1250.90 1258.66 0.01 
1984 1203.70 1350.27 0.12 

ME (TEST PERIOD) 0.0912 
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Table 6.8: Actual and predicted lead consumption using the 

extensive translog IU model with trend tracing, 1920 - 1969; 

tracing: 1970 - 1975; observed period: 1920 - 1975 

YEAR ACTUAL FmED ERROR 

1920 575.80 718.39 0.25 
1921 520.60 635.37 0.03 
1922 683.20 675.17 0.01 
1923 768.00 808.59 0.05 
1924 812.20 800.88 0.01 
1925 856.50 904.01 0.06 
1926 900.90 925.28 0.03 
1927 841.00 835.61 0.01 
1928 930.60 805.18 0.13 
1929 972.30 867.37 0.11 
1930 768.60 690.99 0.10 
1931 567.70 679.37 0.02 
1932 416.70 452.67 0.09 
1933 449.50 465.12 0.03 
1934 488.00 491.95 0.01 
1935 638.90 610.98 0.05 
1936 1533.60 637.68 0.01 
1937 678.70 710.35 0.05 
1938 646.00 606.36 0.11 
1939 667.00 667.01 0.00 
1940 782.00 725.57 0.07 
1941 1050.00 871.64 0.17 
1942 1043.00 1023.80 0.02 
1943 1113.00 1167.19 0.05 
1944 1118.00 1227.78 0.10 
1945 1051.60 1170.20 0.11 
1946 956.50 963.06 0.01 
1947 1172.00 1029.12 0.12 
1948 1133.90 1116.98 0.01 
1949 957.70 1037.83 0.08 
1950 1238.00 1089.28 0.12 
1951 1184.80 1264.17 0.06 
1952 1130.80 1235.49 0.09 
1953 1201.60 1164.64 0.04 
1954 1094.90 1106.29 0.01 
1955 1212.150 1187.89 0.02 
1956 1209.70 1197.07 0.01 
1957 113B.I0 1140.76 0.00 
1958 1186.40 1048.45 0.06 
1959 1091.10 1095.23 0.00 
1860 1021.20 10815.32 0.06 
1961 1027.20 1060.98 0.03 
1962 11011.60 1072.92 0.03 
1963 1163.40 1123.29 0.03 
1964 1202.10 1210.is 0.01 
1965 1241.50 lS02.911 0.05 
1966 1233.110 1334.58 0.08 
1967 1260.60 1307.82 0.04 
1968 132B.80 131S.311 0.01 
19611 1389.40 1341.00 0.03 
1970 1l14O.60 12114.77 0.05 
1971 1431.60 12152.07 0.12 
11172 1485.30 1331.31 0.10 
1973 1641.20 1385.24 0.10 
1974 1599.40 139S.OO O.llI 
1975 1297.10 1276.89 0.02 

ME (08SEJIVEI) !'ERIDD) • 0.0575 
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YEAR ACTUAL PREDICTED ERROR --------

1976 1490.10 1327.38 0.11 
1977 1582.30 1450.97 0.08 
1978 1548.20 1503.93 0.03 
1979 1483.00 1639.90 0.11 
1980 1205.90 1457.36 0.21 
1981 1243.20 1349.41 0.09 
1982 1219.40 1169.89 0.04 
1983 1250.90 1106.80 0.12 
1984 1203.70 1208.15 0.00 

ME (TEST PERIOD) = 0.0867 

Table 6.9: Actual and predicted lead consumption using the 

extensive translog IU model with trend tracing, 1920 - 1969; 

tracing: 1970 - 1975; ex post period: 1976 - 1984 
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Consumption forecasts were made using the above equation. The predicted de

mands by the model showed a very good fit to the actual data, and a small average 

absolute error (AAE) in the expost period (Figure 6.31, Tables 6.10 and 6.11). 

The average absolute errors of the estimated models are summarized below: 

MODEL EXPOST PERIODS AAE 

Linear Trend IU 1976 - 1984 0.068 

Lognormal IU 1976 - 1984 0.103 

Extensive Translog IU (TFP) 1976 - 1984 0.091 

Extensive Translog IU w. Trend Tracing 1976 - 1984 0.087 

Extensive Translog IU w. Adaptive Tracing 1976 - 1984 0.082 

In this case, the linear trend model of IU out-performed the other models in the 

expost period. 

6.4.3 Exante Forecasting 

Despite the smaller AAE of the linear trend IU model, the extensive 

translog model with trend tracing was selected for exante forecasting for the pe

riod 1985 - 2000. One justification for this is that predicted demands using a 
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Figu~e 6.31: Actual and predicted lead conswnption using the 

extensive translog IU model with adaptive tracing, 1920 - 1969; 

tracing: 1970 - 1975; ex post: 1976 - 1984 

Time was used as a proxy for technology (r) 
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Table 6.10: Actual and predicted lead conswnption using the 

extensive translog IU model with adaptive tracing, 1920 - 1969; 

tracing; 1970 - 1975; observed period: 1920 - 1975 

YEAR ACTUAL FITTED ERROR 

11120 575.80 693.17 0.20 
11121 520.60 522.30 0.00 
1922 683.20 660.08 0.03 
1923 768.00 792.06 0.03 
11124 812.20 786.85 0.03 
1925 856.50 887.19 0.04 
1926 900.110 910.97 0.01 
1927 841.00 825.85 0.02 
1928 930.60 797.08 0.14 
1929 972.30 859.27 0.12 
1930 768.60 687.07 0.11 
1931 567.70 577.25 0.02 
1932 416.70 451.60 0.08 
1933 4411.50 463.61 0.03 
1934 488.00 491.47 0.01 
1935 538.90 513.56 0.05 
1936 633.60 636.27 0.00 
1937 678.70 707.52 0.04 
1938 546.00 605.55 0.11 
1939 667.00 665.82 0.00 
1940 782.00 725.99 0.07 
1941 1050.00 872.62 0.17 
1942 1043.00 1025.84 0.02 
11143 1113.00 1172.22 0.05 
1944 1118.00 1234.65 0.10 
1945 1051.60 1176.92 0.12 
1946 956.60 967.23 0.01 
11147 1172.00 1021.44 0.13 
1948 1133.90 1108.61 0.02 
19411 957.70 1033.50 0.08 
1950 1238.00 1093.74 0.12 
11151 1184.80 1255.25 0.06 
1952 1130.80 1236.81 0.011 
1953 1201.60 1152.76 O.Oi 
11154 1094.90 1101.75 0.01 
1955 1212.60 1183.50 0.02 
1956 1209.70 1194.02 0.01 
11157 1138.10 1136.61 0.00 
1958 986.40 1051.26 0.07 
19511 1091.10 1101.150 0.01 
11160 1021.20 1099.82 0.08 
I11S1 1027.20 1073.77 0.05 
11162 1109.150 10112.92 0.02 
11163 1163.40 1135.44 0.02 
19S4 1202.10 1214.26 0.01 
11165 1241.50 1297.25 0.04 
1966 1233.90 1832.44 0.08 
1967 12150.50 15011.29 0.04 
1968 1328.80 1520.61 0.01 
1969 1589.40 1343.69 0.03 
1970 1360.150 aOO.19 0.04 
11171 1431.50 1285.55 0.10 
1972 14115.30 1349.22 0.09 
1973 1541.20 1415.80 0.08 
1974 1599.40 1450.15 0.011 
1975 1297.10 1352.54 0.04 

ME (OBSERVED PERIOD) • 0.0556 
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Table 6.11: Actual and predicted lead consumption using the 

extensive translog IU model with adaptive tracing, 1920 - 1969; 

tracing; 1970 - 1975; ex post period: 1920 - 1975 

YEAR ACTUAL PREDICTED ERROR --- ==== --
1976 1490.10 1396.86 0.06 
1977 1582.30 1488.52 0.06 
1978 1548.20 1521.92 0.02 
1979 1483.00 1629.29 0.10 
1980 1205.90 1486.26 0.23 
1981 1243.20 1423.71 0.15 
1982 1219.40 1233.75 0.01 
1983 1250.90 1209.08 0.03 
1984 1203.70 1297.63 0.08 

ME (TEST PERIOD) • 0.0820 
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linear trend model in lU exhibit a sharply decreasing trend in the exante forecasts 

(Figure 6.32) .. Such a trend does not seem credible on economic grounds. Another 

justification for using the translog instead of linear trend lU model is that a linear 

trend model in lU does not consider other economic information, such as price, 

and income, thus it is less flexible in dynamics than the extensive translog lU if 

the forecasts of income are believed to be credible. 

In this study the exante forecasts were made by reestimating the extensive 

translog lU model using the entire time series, giving the results shown in Fig

ure 6.33. As an indication of sensitivity, dotted lines were included on the figure 

representing upper and lower bounds of the forecast. These lines were generated 

using the maximum and minimum observed prices over the last ten years. 

6.5 Forecasts of Potash Consumption 

6.5.1 Economic Trends and Relations 

U.S. and world potash consumption, shown in Figure 6.34, exhibited a 

strong upward trend from 1961 to 1978, after which consumption seemed to level 

off, although erratically. The compound annual growth rate from 1961 to 1978 was 

very high, about 6 percent. The time series for U.S. intensity of use (Figure 6.35) 

for potash clearly shows an increasing trend. Potash is a unique mineral in that 

it is used almost entirely in fertilizers (about 95 percent) which contain potash in 

various chemical forms. Fertilizers are in turn used in the agriculture industry. 

6.5.2 Expost Forecasting 

U.S. consumption of potash was projected by five models: a linear trend 

model of intensity of use, a lognormal model of the relationship of intensity of use 

to per capita income (GNPPC), an extensive translog model of intensity of use, a 



2000 

1800 

Cf.I 

~ 1200 

ta o = Cf.I 
~ 
Z 
Ci!J 

~ 
Eo-

800 

LEGEND 
• = ACTUAL 
0= PREDICT 1 
~ = PREDICT 2 

O+---------~----------~----------r_--------_, 
1020 1040 1980 

YEAR 
1980 

Figure 6.32: Actual and predicted lead consumption using the 

extensive translog IU model (predict 1) 

and the linear trend IU model (predict 2) 

2000 

170 



2000 

1800 

[f.) 

~ r" 1200 

~ 
c:I 
Z 
~ 5 800 

= E-o 

LEGEND 
• ACTUAL 
o PREDICT 
c U.S.B.M. 

AAE (OBSERVED PERIOD) = 0.061 

c 

:.: .............. . 
......... 

04---------~~---------r----------~--------~ 
ID20 ID40 IDeo IDBO 2000 

YEAR 

Fisure 6.33 : Projections of U.S. lead consumption 

to the year 2000 

171 



172 

LEGEND 
• - u.s. 
o - World 

1900 1920 1910 1960 1980 2000 

'tear 

Source of Data: U.S. Bureau of Mines 

Figure 6.34 Trends in world and U.S. potash consumption 
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learning model, and an extensive learning model. Figure 6.35 shows the fit of the 

linear trend model of intensity of use of U.S. potash. The equation of the trend 

model is given as: 

[U," = 0.06229 + 0.06337T 

(0.52) (19.74) 

R2 (ColTected) = .86 D.W. = .373 

F(1,64) = 389.825 SER = .49676 

Transforming the results to estimate annual demand: 

D: = (0.06229 + O.06337T)GN P, 

The model suffers from autocolTelation in the elTor terms of the observed period, 

and there is a wide variation of the most recent years of data around the values 

estimated by the trend model. Overall, however, the fit in the observed period 

is reasonably good (Figure 6.36). For the purpose of comparison, a lognormal 

model of IU and y, (per capita GNP), which is indicated by historical evidence 

and Malenbaum's empirical relationship, was also fitted to the intensity of use 

data using data transformations and least squares. The demand equation derived 

from the lognormal intensity-of-use model is as follows: 

I: (3207.76 _1.(lnGNPPcc- 7.771411)2) D, = e }" U180& GNP, 
1.918J2i 

Demand estimates by the model are plotted in Figure 6.37. Although the 

model fits the data very well, its estimates miss the actual data of the test period 

by a wide margin. 
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When there are predictable changes in potash consumption as GNPPC 

increases, a learning model provides a basis for the estimation of future consump-

tion, given an estimate of future GNPPC. Examination of patterns is an essential 

step in finding an appropriate mathematical model for the learning measure. Fig

ure 6.38 shows four different linear patterns in the learning measure (cumulative 

consumption of potash / cumulative GNP) as cumulative output (GNPPC) has 

increased over the past five decades (1932 - 1984). The structure of the simple 

learning model is represented by the following set of equations: 

- 1)t -' Zt = -=- = f(Yi) 
Yi 

Generally, 

where 
_ t 

Dt = ~ di = cumulated demand 
i=l _ t 

Yi = ~ Yi = cumulative GNPPC 
i=l 

Zt = response variable = t 
The purpose of this model is to establish the relationship between response variable 

Zt and income Yi, and, finally, to forecast annual consumption using estimated 

future per capita income. 

The data (t and Yi) show two patterns in the latter part (higher values of 

iii) of the curves: one of which exhibits a strong upward trend (the period before 

1979), and one beginning after 1979 (Figure 6.39). The learning relationship for 

the first trend is as follows (1946 - 1974): 
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InZt = 2.27473 + 0.78697lnYt 

Corrected R2 = .999 SE = 0.00974 

F(l,27) = 30897.689 D.W. = 0.367 

Transforming the results to estimate annual demand: 

Figure 6.40 shows potash consumption estimated from the learning model 

fitted to the actual data. The goodness of fit overall for the equation, as indicated 

by R2, is very satisfactory with a value of .999. As expected, the estimates depict 

well the overall pattern and are not disturbed much by cyclical patterns. The 

predicted annual demand curve is also generally successful in tracing the actual 

values and expost forecast period before 1979. The average absolute error (AAE) 

for estimates of 1975-1979 is impressive (0.04), although errors for most recent 

years are higher. It was felt that the mineral demand model would be improved if 

the model included other variables, e.g., price and technological change, not just 

an economic activity variable. The more extensive model was estimated, giving 

the following equation for cumulative demand. 

Dt = 210.3V,-O.2281 fO.0398In r 

where 

Vi = cumulative value of potash 

T = technical change (time was used as a proxY)j f = cumulative T 

Consumption forecasts based upon the above equation are shown in Fig-

ure 6.41. The simulation results appear satisfactory,. All coefficients exhibited 
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expected signs, and the goodness of fit overall for the equation, as indicated by 

R2, is very satisfactory, with a value of .999. The predicted annual demand curve 

captured well the recent trend of actual data in the expost period. 

An extensive translog intensity of use model was estimated using program 

ETIUM and the following explanatory variables: GNP, population, consumption 

series, real price and time as a proxy for technology. Price and GNP were adjusted 

with the 1972 implicit price deflator. The estimated equation wa.., transformed to 

the following demand equations : 

lnDu = 1.8703 - 0.27951npt + 0.1709(lnrt)2 

(5.3) (296.2) 

Corrected R2 = .974 

Therefore, 

D: = 6.4902p;-0.2795 r:·170910 TC 

Estimates for the data and expost periods using the above equation are shown in 

Figure 6.42, along with actual consumption values. Although the average absolute 

error for the estimates over the expost period (1975 - 1984) are slightly higher 

(0.14) than for previous models, the model is generally successful in tracing the 

recent trend, which falls between a strong old upward trend and a new weak 

upward trend. 

Since newest information (latest data) usually is most significantly corre

lated with future values, which are to be predicted, the recent pattern of the 

learning measure with GNPPC (Figure 6.38) should be carefully examined to de

termine whether it marks the beginning of a new long-term trend or is simply a 
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strong cyclical pulse. Although the new pattern has not been established long, 

the slope of the recent relationship clearly is lower. Even though the new pattern 

can be observed for only a short period, when a cumulative series shows such a 

strong change, it most likely represents a new relationship. Using values from the 

new pattern, the cumulative response variable Zt was regressed on the cumulative 

income variable Yt by the OLS method: 

In Zt = 4.231 + 0.42089 In Yt 

(56.42) (30.24) 

Corrected R2 = .997 D.W. = 2.316 

Therefore, 

dt = 6.0118~o.42089 Yt 

The model which is derived from the latest trend in the learning meaure also 

showed an excellent fit to actual recent data (see predict 2 in Figure 6.40), sug

gesting a new relationship for recent years. 

6.5.3 Exante Forecasting 

Based upon these tests results, several possible exante forecasts could be 

made. Figure 6.43 shows forecasts by the latest trend learning model; Figure 6.44 

shows forecasts by an extensive translog model fitted to the data for 1932 - 1984 

(predict 1 in the figure), and the same model, fitted to the data for 1961 - 1984 

(predict 2 in the figure). Both extensive translog models employed total factor 

productivity, instead of time, as a proxy for technical change. and perfonned well 

in the observed period. 
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As mentioned in section 3.5, a new combined model may, in some sense, 

improve the accuracy of exante forecasts. The generalized formUla is as follows: 

where 
tlar(e(l» 

WI = tlar(eP»+!ar(e~2» 
tlar(e(l» 

WI = tlar(e~1»+!ar(e~2» 
ep), e~2) represent the residuals at year t for models 1 and 2, respectively. 

Using these weights, a weighted model was constructed: 

DA k _ 11277E 05 3.I849-.78321n Ye -.02181npe 6.0548-.524 r e 
t - • - Yt Pt Tt 

The forecast by this weighted model is illustrated in Figure 6.45. Estimates by 

this model compare quite favorably with those by the latest trend learning model 

throughout most of the forecast period, but because the new learning pattern 

begins at a lower level and has a steeper trajectory, the two forecast series cross 

each other, with the forecast in year 2000 by the weighted model being lower than 

that by the learning model. The overall similarity of forecasts by the two models 

lends strength to the proposition that the actual values will turn out to be similar 

to forecasts by one or both models. 
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CHAPTER 7 

VECTOR PROJECTION 1 FOR MODELS 

WITH VARYING COEFFICIENTS 

7.1 Time Varying Coefficient Demand Model 

190 

This model allows for the rate of change of the dependent variable with 

respect to each of the explanatory variables to vary over time. The initial model 

form is as follows, assuming statistical independence of the explanatory variables: 

and, 

dt = (30t + (3uxu + ... + (3mt Xmt + Ut 

dt = dependent variable, 

POt = ao . kt, 

8d 
(3u = al . (Oxl )t, 

8d 
(3mt = am' (-8 )t, 

Xm 

Xl, ••• ,Xm = explanatory variables 

Ut = random error term 

(7.1) 

1 This model was developed by Professor Harris. Those interested in details 

of the model specification are directed to the paper authored by DeVerle P. Harris 
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Then, 

(7.2) 

Suppose that kt, (::'1 )t, ... , (a~:')t are functions of time, t: 

Then, 

kt = foCt), 
ad 

(axl)t = fl(t), 

(7.3) 

Equation 7.3 assumes that the explanatory variables are statistically in-

dependent. In practice, there are one or more collinear relations among a set of 

explanatory variables to be used in a linear regression. One possible way to make 

them statistically independent is to replace them with scores of orthogonal factors. 

This constitutes a linear transformation of intercorrelated original variables to a 

set of the orthogonal (statistically independent) variables, factor scores: 

where, 

F I, •.• ,F m = the factor scores, 

aifi(t) = the time varying coefficients for the ith variables 

Ut = random disturbance term 
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7.2 General Concepts of Correlated Variables and Factors 

Commonly, economic variables are highly intercorrelated, and the forecast 

of a dependent variable based upon separate projections of each explanatory vari

able is problematic; that is, the state of the predicted value is unstable. One 

possible solution is to project the explanatory variables simultaneously. Vector 

projection has the distinct advantage that it honors the correlation between the 

variables. 

where, 

Consider the general factor model: 

FIt = bllzIt + ... + b1mZmt 

F mt = bm1zlt + ... + bmmzmt 

Xit - Xi 
Zi = 

U· I 

= the standardized variables, 

b i = the factor score coefficients, 

Fit = factor scores, 

i = 1, ... ,m, 

t = 1, ... ,m. 
In vector and matrix notations, 

where, 



where, 

and, 

(
Fit ) 

f t = : , 
Fmt 

Zt = (Xt - m)' . E, 

where, 

(
il 

:E= 

o 

o 
..!.. 
0'2 

o 

o 
o 

o n O'm 

7.3 Case Study - U.S. Copper Demand 

193 

In the case study of forecasting copper demand, the model considered con

sisted of four explanatory variables: real GNP in per capita terms (Yt), the price of 

copper (Pcut), the price of aluminum (Palt), and total factor productivity (Tt). The 

time series of Yt, Pcut, Palt, and Tt were factor analyzed, in which commonalities 

of 1.0 were assumed, and the number of factors extracted equals the number of 
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variables. The percentage of the variation in the variables explained by factors 1, 

2, 3, and 4 are 63.6 %, 19.1 %, 16.8 %, and O.S %, respectively. Table 7.1 shows 

the factor matrix and the factor loadings after varimax (orthogonal) rotation of 

factors. Varimax rotation reveals that factors 1,2,3, and 4 reflect primarily Yt and 

Tt, pcut, and Palt, respectively. Thus, the variation of own income and productivity 

constitute the largest component of common variance (63.1 %) and own price is 

the second largest (19.1 %). Factor analysis yielded the following equations for 

the factor scores: 

FIt = 0.S86( Yt - y) _ 0.172(Pcu t - Pc;;) + 0.220(Palt - Pc;;) + 0.S49( Tt - T) 
G'y G'pcu G'pal G'r 

Fu = -0.088(Yt - Y) + 1.079(PCUt - Pc;;) + 0.108(Palt - Pc;;) _ 0.104(Tt - T) 
G' Y G' Pcu G' Pal G'r 

F3t = 0.131( Yt - Y) + O.l1(PCUt - Pc;;) + l.11(Palt - Pc;;) + 0.124( Tt - T) 
G'y G'pcu G'pal G'r 

F 4t = -S.070( Yt - Y) _ 0.403( Pcut - p;;; ) _ 0.069( Palt - Pc;; ) + S.20( Tt - T) 
G'y G'pcu G'pal G'r 

The actual values of the factor scores, listed in Table 7.2, are used to deter

mine the fi(t) which is the rate of change of the per capita demand with respect 

to each of the factor scores. Computation of the fi(t) can be made by the SLOPE 

program (see appendix). Given estimates of fi(t), the next step is to estimate 

coefficients of the general linear model. 

(7.S) 

where, 

Zit = fIt . FIt 



Factor 1 

Tt 0.94212 

Yt 0.92687 

Pcut 0.59636 

Polt -0.66455 

Factor 1 

Yt 0.96297 

Tt 0.95106 

PCUt 0.19389 

Polt -0.23909 

Table 7.1 

Factor Matrix 

Factor 2 

0.26343 

0.32900 

-0.74970 

0.15957 

Factor 3 

0.18263 

0.15324 

0.28680 

0.73001 

Rotated Factor Matrix 

Factor 2 Factor 3 

0.14034 -0.21022 

0.21037 -0.20252 

0.97202 -0.13259 

0.13656 0.96135 
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Factor 4 

-0.09825 

0.09583 

0.00783 

0.00139 

Factor 4 

-0.09378 

0.10106 

0.00219 

-0.00050 
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Table 7.2: Time series of factor scores 

Factor 1 Factor 2 Factor 3 Factor 4 

-0.437 0.282 -0.966 1.704 
-0.995 -0.925 -0.905 0.496 
-1.260 -2.891 -0.720 0.228 
-1.397 -2.943 -0.533 0.133 
-1.504 -1. 824 -0.529 -0.001 
-1. 473 0.277 -1. 034 -0.796 
-0.221 0.118 -1.425 -1.205 
-0.333 -0.026 -1. 352 -1.273 
-0.889 0.739 -1.186 -0.975 
-0.536 0.546 -1. 016 -0.758 
-0.257 -0.011 -0.902 -0.703 
-0.335 -0.070 -0.827 -0.667 

0.514 -0.439 -0.835 -0.289 
0.643 -0.068 -0.886 -0.159 
1. 981 -0.511 -0.860 0.331 
2.653 -1.122 -0.903 0.729 
0.230 0.048 -0.478 0.611 

-0.556 0.293 -0.481 0.290 
0.108 0.320 -0.437 0.271 
0.248 0.233 -0.446 0.278 

-0.190 0.566 -0.408 -0.140 
-0.236 0.678 -0.318 -0.487 
-0.376 1.600 -0.173 -0.753 
·~O. 252 1. 791 0.013 -0.560 

0.061 1.464 0.148 -0.438 
-0.023 0.788 0.264 -0.550 

0.124 0.123 0.242. -0.576 
0.315 -0.039 0.349 -0.598 
0.867 -0.373 0.343 -0.480 
1. 923 -0.912 0.100 -0.380 
0.789 0.107 0.418 -0.612 
0.350 0.514 0.635 -1.063 
0.830 0.632 0.756 -1.304 



Z2t = ht· F2t 

Z3t = fat . F3t 

Z4t = ht . F4t 

Ut = random error term 
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Ordinary least squares with the constant forced to zero, yielded the follow

ing equation: 

d t = 1.00877 fot + 0.9715zH + 1.39034z2t 

(78.97) (15.19) (9.97) 

+1.01288Z3t + 1.00577z4t (7.6) 

(10.59) (4.57) 

Corrected R2 = .678 SE = 127.73 

F(5,28) = 17.873 DW = 2.047 

Examination of the respective t-statistics of equation 7.6 shows that all 

explanatory variables are significant, and no significant serial correlation is present. 

Figure 7.1 shows actual values and estimated values by this model. This figure 

shows that a vector model with time varying coefficients traced well the actual 

historical values in the base period (1941 - 1973) and in the ex post forecast 

period (1974 - 1982). 
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Ys!.riable Coefficient Model with Factor Scores of 

Logarithms as Explanatory Variables 

Variables selected by stepwise regression include In du , (In Yt)2, In Yt ·In T, 

and (In T)2. These variables were submitted to factor analysis, yielding the' follow-

ing factor score equations: 

Fu = 2.635(Xlt - Xl) + 1.01l(X2t - Xi") _ 2.934(X3t - Xi) 
U X1 U X2 U X3 

Fu = _2.029(Xlt - Xl) _ 0.923(X2t - Xi) + 3.663(X3t - Xi) 
U X1 U X2 U X3 

Fat = _20.96(Xlt - Xl) + 27.66(X2t - Xi") _ 7.832(xat - Xi) 
U X1 U X2 U X3 

where, 

Xu = (InYt? 

X3t = (In T)2 

Based on the factor scores and slopes, the following equation is estimated 

by ordinary least squares, specifying an intercept of zero: 

In du = 1.0066/ot + 1.09838zlt + 1.05718zu + 0.97139z3t (7.7) 

(156.12) (12.25) (8.84) (16.18) 

Corrected R2 = .732 SE = 0.078823 

F(4,29) = 30.174 DW = 1.770 

where, 



ZIt = lIt • FH 

Z2t = lu . F2t 

Zat = fat . Fat 

Z4t = 14t . F4t 
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Equation 7.7 has a favorable Durbin-Watson statistics of 1.77, indicating 

no significant autocorrelation, and overall regression significance by the F-test is 

higher and the goodness of fit is better than equation 7.6. Figure 7.2 presents 

the actual and predicted values of this form of the variable coefficients model. As 

Figure 7.2 indicates, the model predicts fairly well for the period 1941 to 1973, 

successfully locating most of turning points for the ex post period 1974 to 1982. 

Vector Projection and Ex ante Forecasting 

Although the above results showed reasonable forecasts, true forecasts are 

not ex post but ex ante forecasts. In order to make the ex ante forecasts, we need 

to obtain forecasting equations - and ultimately the forecasts - for lo(t), fI(t), 

Fl(t), h(t), F2(t), fa(t), Fa(t), h(t), and F4(t). The intercorrelations among 

the variables can be preserved by forecasting the f's and F's. Autoregressive 

stepwise regression was used to estimate moving coefficients (slopes) and factor 

scores (Table 7.3). The forecasts made using these equations are plotted in Figures 

7.3 - 7.11. Based upon the forecasted values of slopes and factor scores, forecasts of 

copper demand are obtained (Figure 7.12). As can be seen in Figure 7.12, vector 

projection with time varying coefficients produces a resonable estimate of copper 

demand for 3 years and maintained the overall trend in the average consumption 
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Table 7.3 Forecasting Equations of Slopes and 
Factor Scores (U.S. Cu Demand: 1941 - 1973) 

f's abd F's Forecasting Equations 

/0 1143.97 (22.7) + 0.4103 /OC-1 (10.4) 
Corrected R2 = 0.23 

II 52.403 (0.89) + 0.302 IIC-1 (2.7) 
Corrected R2 = 0.05 

12 83.1 (0.37) + 0.6454 ht-1 (21.0) 
Corrected R2 = 0.38 

fa 15.55 (0.23) + 0.547 fat-1 (10.7) 
- 0.439 fac-2 (6.89) 
Corrected R2 = 0.25 

h -27.27 (1.04) + 0.494 14t-1 (9.7) 
Corrected R2 = 0.21 

F1 -2.81 (23.2) + 0.731 F1t- 1 (20.7) 
- 0.3 F1 t-2 (4.3) + 0.66 Yt (23.9) 
Corrected R2 = 0.89 

F2 -0.1 (1.9) + 0.773 F2t- 1 (44.5) 
- 0.257 F2t- S (4.89) 
Corrected R2 = 0.59 

F3 - 0.0016 (0.0002) + 0.931 F3t- 1 (26.0) 
- 0.49F3t_2 (4.4) + 0.25 F3t- 3 (1.9) 
Corrected R2 = 0.47 

F4 -0.015 (0.02) + 1.108 F4t- 1 (49.1) 
- 0.503 F4t-2 (10.1) 
Corrected R2 = 0.63 

Note: The numbers in parenthesis next to the 
regression coefficients are associated F-ratios 
which indicate the statistical significance 
of the variables. 
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level. So far, this model looks promising for short and intermediate run forecasts. 

Perhaps even more promising for long run forecasts is the development of forecasts 

of factor scores and the corresponding slopes. As can be seen in the ex post forecast 

analyses, forecasts can be improved if better forecasts of slopes and factor scores 

can be obtained. 

7.4 Price and a Simultaneous Model of Demand and Supply 

Generally, in a condensed form, the structural form of the basic econometric 

model can be represented by the following set of equations: 

Qst = f(Pt , Yt) + Vi 

Qdt = f(Pt , Zt) + Wt 

Qst = Qdt 

(7.8) 

(7.9) 

(7.10) 

The first two equations define separately, apparent supply (Qst), and ap

parent demand (Qdt). Both are postulated to be functions of real prices (Pt ) 2 

and other relevant exogeneous variables (Yt, Zt). Equation (7.8), which defines 

aggregate supply, contains real price, and exogenous variables, Yt. Equation (7.9), 

which defines aggregate mineral demand, is a function of real price and other exo

geneous variables, Zt. The last equation is an equilibrium condition, stating that 

aggregate demand is equal to aggregate supply. In these equations, Vi, Wt are 

additive random disturbance terms. 

Demand for a mineral is derived from the demand for final goods and is 

attributable largely to the use of minerals in the production of capital goods and 

consumer durables. The inherent cyclicality in the manufacture of these goods 

2 The real price is defined the ratio of the nominal price to a certain deflator. 
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leads to periodic fluctuations in mineral demand. Shipments to each market for 

production are explained in terms of the level of activity and the price of sub

stitutes for the· mineral in that market. Technological advances in production 

processes, design changes, and governmental policies all contribute to variation 

over time of the amount of a mineral in final goods. The structural form of the 

minimal long run mineral market model may be given by the following: 

where, 

. Qat = f(Pt,Ct,Lt,Rt,Tt(a» 

Qdt = f(Pt, Pat, yt, Tt(d» 

Qat = Qdt 

Endogeneous Variables 

Pt = real mineral prices, 

Qat = aggregate apparent mineral supply, 

Q dt = aggregate apparent mineral demand, 

Exogeneous Variables 

Ct = aggregate apparent mineral capacity, 

PlJt = prices of substitution materials, 

L t = unit costs of production, 

Rt = mineral resource availability, 

yt = income of consumers, 

Tt(lJ) , Tt<d) = technology in supply and demand respectively. 

(7.11) 

(7.12) 

(7.13) 
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Although market price is always determined by the interactions of demand 

and supply, prices generally are forecast by the reduced form equation, which 

expresses the dependent variables in terms of the exogeneous variables of the 

system. Thus, through the reduced form equation foundations of both supply 

and demand are considered by the forecast model. By solving the above three 

equations, the reduced form for price can be stated as: 

(7.14) 

Although the reduced form equation provides a tool for forecasting price, 

there are some drawbacks in using this methodology. From both the practical 

and theoretical points of view, the forecast of the dependent variables should 

be based on the forecasts of the explanatory exogenous variables. There is a 

difficulty and inconsistency in forecasting these variables separately because of 

their interdependencies. One way of solving this problem is to use vector projection 

to forecast all exogeneous variables simultaneously. 

7.5 Projection of Mineral Prices 

7.5.1 Perspective 

Price is one of the most important determinants of mineral consumption. 

In general, most mineral prices are volatile, exhibiting wide fluctuations. Figure 

7.13 shows cyclical fluctuations in real mineral prices (1980 $). As can be seen 

in Figure 7.13, real prices of aluminum, zinc, lead, and potash decreased in the 

1960's and increased substantially during the 1970's, but fell again in the early 

1980's. Figure 7.14 shows cyclical swings in copper prices that actually occured 

due to market disequilibria as demand or supply shifted. 
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Figure 7.14: U.S. copper price (1980 $) for market 

disequilibria. as demand or supply shifts 
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Actual demand and supply in future periods probably will be just as de

pendent upon price as they are today, and price levels will fluctuate as necessary 

to clear markets. Even so, a long term forecast is less dependent on price than a 

short one, because of the additional influences of changing technologies of metal 

use and of metal production. Furthermore, realism dictates that the objective in 

price forecasting should be to estimate well the overall price level or trend in price 

level during the forecast period. It follows when there is a reasonable amount of 

competition and short run disequilibria in markets is ignored, the general price 

level is determined by technical factors, such as grade of ore, and total factor pro

ductivity in supply, and factor productivity in the consuming industries, e.g., the 

manufactured or processed products industries. Consequently, if means can be 

found to forecast these technical factors, they may be useful for forecasting price, 

particularly if these relations are part of a system with feedback from demand 

and supply. Drawing upon the above concepts, the following factors should be 

considered in forecasting prices: 

(a) Direct projection of long term price by time series usually is not feasible, 

because price trends are modified continuously by supply and demand relations. 

(b) Price level must in part reflect technological factors of both supply and demand. 

One or more of these factors may involve a learning relation which can be related 

to a basic determinant, e.g. resource, population, income, etc. 

( c) Price level may be estimated by evaluating the relationship of price to the 

technological factor on the projected level of the technological factor. 

As stated earlier, there are some difficulties in using the reduced form equation 

for the purpose of price forecasting, since the forecast of this equation is based on 

forecasts of explanatory exogeneous variables. Because of the difficulty of making 

forecasts of these exogeneous variables which are consistent, vector projection is 
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introduced to forecast these variables simultaneously (Harris, 1987). When the 

original variables are correlated, a projected level of one of them implies levels of 

the others that are correlated. Thus, in a strict sense, price and other explanatory 

exogeneous variables from supply and demand sides should not be separated if they 

are correlated. Instead, they should be projected simultaneously. One way of doing 

this is to factor the variables and project factor scores, which are independent, and 

then transform back to the original variables. The projecting of factors may be 

especially important to ex ante forecasting because of the explicit consideration of 

the correlations among explanatory variables. By combining the vector projection 

and econometric analyses, we may be able to reduc;:e problems in price forecasting. 

7.5.2 Case Study - u.s. Copper Price 

The model of the US copper industry is based upon annual data for the 

1941 - 1978 period. The last few years of data (1979 - 1986) were puposefully 

withheld as a test set. The basic model used in this study was reviewed in section 

7.4, as specified here, average copper grade, Gt , is used as resource availability, 

Rt , and the price of aluminum, Pal t , is used as price of substitute, Pst: 

where, 

Pcut = real copper price 

Ct = aggregate copper capacity 

L t = unit labor cost 

(7.15) 



Gt = average copper grade, 

which is a proxy for resource availability, Rt 

Pal t = real aluminum price 

Yt = per capita GNP 

Tt = total factor productivity 
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The first step in estimation was to process all exogeneous variables through 

factm" analysis, extracting six common factors. Then, using the factor score equa

tions, time series for the six factor scores were computed. Table 7.4 shows the 

factor matrix and the varimax rotated factor matrix. The percentage of the com

mon vaiance of the variables explained by factors 1,2,3,4,5, and 6 are 85.1 %, 12.1 

%,2.0 %, 0.4 %,0.3 %, and 0.1 %. Using the factor scores and the computer pro

gram (SLOPE), slope time series were computed. Based upon factor scores and 

slopes, the parameters of the copper price equation were estimated by ordinary 

least squares in which the constant is forced to ·zero. 

Pcut = 0.99229· fo(t) + 1.01054· fl(t)Fl(t) + 0.97050· h(t)F2(t) 

(57.8) (14.3) (9.55) 

+ 1.12582 . fa(t)Fa(t) + 0.78050· f4(t)F4(t) 

(15.8) (3.6) 

+ 1.02693 . fs(t)Fs(t) + 1.31084· J6(t)F6(t) 

(4.3) (7.5) (7.16) 

Corrected R2 = 0.74 DW = 1.82 

SE = 8.169 F(7,31) = 18.893 
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Table 7.4.1 Factor Matrix 

F1 F2 F3 F4 F5 F6 

Tc 0.98520 0.12666 -0.02179 0.06912 -0.08168 0.03763 

1'; 0.98407 0.15879 0.01538 0.03760 -0.01819 -0.06640 

Gc -0.97665 0.10262 0.13856 0.12494 0.02857 0.00007 

L, 0.96123 0.21346 -0.14189 0.03503 0.09415 0.01580 

C, 0.95252 0.10385 0.28132 -0.04283 0.02715 0.01454 

Pale -0.61753 0.78525 -0.01633 -0.03894 -0.01606 0.00113 

Table 7.4.2 Rotated Factor Matrix 

F1 F2 F3 F4 F5 F6 

L, 0.97511 -0.19668 -0.00455 -0.2264 -0.08440 -0.5306 

1'; 0.95553 -0.25260 .0.13292 -0.00343 0.00973 0.07339 

TC 0.94923 -0.28295 0.08956 0.0003 0.10404 -0.00i33 

C, 0.86725 -0.28407 0.40878 -0.00563 0.00602 0.00328 

G, -0.85100 0.48201 -0.02230 0.20728 0.00254 0.00089 

p.1t -0.24256 0.96824 -0.06002 0.00798 -0.00324 -0.00153 
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The number in parentheses below the regression coefficients are associated t

statistics which indicate the statistical significance of the variables. Upon examin

ing the respective t .. statistics, it can be seen that all factor variables are significant 

at the 1 % level. The Durbin-Watson statistic is within the range of acceptance, 

meaning that there is no significant serial correlation present. The goodness of fit 

overall for the equation, as indicated by R2, is satisfactory with a value of 0.74 

and is better than the OLS regression * of the original variables. 

The last step is to make the forecasts of f's and F's. It was assumed 

that all the variables had autoregressive properties as well as a trend component. 

Stepwise regression was used to estimate the equations (Table 7.5). The forecasts 

made using these equations are shown in figures 7.15-7.27 of Appendix E, as well 

as, the forecast values for each period. Next, the forecast values for each period are 

substituted into equation 7.16 to obtain forecasts for copper price. It is interesting 

to see the very good fit of the model for copper prices in the base period (1941-

1978) and the ex ante (1978-1986) forecasts by the model (Figure 7.28). This result 

* 

P cut = 159.9 + 0.02Ct - 4.94Lt - 147.3Gt + 0.61P"'t 

(2.47) (0.96) (-0.63) (-3.0) (1.6) 

+ 1.38Tt - O.11Yi 

(1.11) (-1.6) 

Corrected R2 = 0.45 DW = 1.21 

SE = 11.99 F(6,31) = 6.006 
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Table 7.5: Forecasting equations of slopes and 

factor scores (U.S. copper price: 1941-1978) 

f's abd F's Forecasting Equations 

fo 60.5 (18.6) + 0.64 10'-1 (6.8) 
- 0.353 IOt-2 (5.5) 
Corrected R'l = 0.29 

/1 2.866 (0.3) + 0.61 11'-1 (13.0) 
-0.33 11(t - 2) (2.8) - 0.2 /1'-3 (1.2) 
-0.198 f1,-e .£ 

d 
Corrected R'l = 0.35 u 

:e 
h 6.5 (1.5) + 0.712,_1 (17.9) .S 

..c 
-0.5 12,-2 (7.3) + 0.24 hC-3 (2.0) u :s 
Corrected R'l = 0.29 It 

13 -8.0 (1.8) + 0.84 bC-1 (32.44) .§ 
iii 

- 0.53 13,-2 (12.9) + 0.47 t (2.9) .. 
~ 

Corrected R'l = 0.50 1 J. 0.6 (0.06) + 0.4 1.,-1 (5.7) 'i -0.2 hC-2 (1.4) - 0.15 t (1.6) 
Corrected R'l = 0.14 " 

Is 0.76 (0.26) + 0.65 IsC-1 (22.3) 
:a 
!I 

-0.22 lac-3 Ii 
'u 

Corrected R'l = 0.35 IS 

Ie -1.2 (0.4) + 0.657 /&'-1 (27.2) ~ 
c 

Correctf'd R'l = 0.42 0 

F1 - 0.69 (36.4) + 0.62 F1C- 1 (77.1) 'i 
+ 0.036 t (44.7) 
Corrected R2 = 0.98 " -5 

F2 - 0.098 (1.8) + F2c-J (47.6) S II 
- 0.23 F2,_1I (4.3) 1i ~ 
Corrected R2 = 0.57 

c .~ 
.11 

F3 - 0.03 (0.15) + 0.82 F3,-1 (49.0) 
II " ..c ..c .. .. 

+ 0.21 Fa'-3 (2.4) - 0.27 F3c- e (5.6) 
c '0 ~ 

Corrected R2 = 0.77 Co 8 

F. - 0.005 (0.002) + 0.88 F.'-l (28.9) 
.5 B 
j $ 

- 0.32 F. c_2 (3.8) - 0.19 F.c- a (2.2) e, 
Corrected R2 = 0.51 E 'iI 

:0 01 c 
.~ Fa - 0.31 (1.24) + 0.57 Fac- 1 (13.7) ., 

- 0.24 FII ,_3 (1.9) + 0.35 Fac_. (3.7) t= :3 
- 0.23 Fllt- e (2.0) + 0.02 t (1.4) .8 .. 

0 
., 

Corrected R2 = 0.39 z -5 

Fe 0.012 (0.02) + 1.14 Fec- 1 (62.4) 
- 0.6 Fet- 2 (17.2) 
Corrected R2 = 0.64 
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suggests that the copper price can be forecasted well using a vector projection 

model. Based upon this test result, this model was reestimated using all of the 

data, including those for the test period (1979 - 1986). Table 7.6 shows the varimax 

rotated factor matrix. Table 7.7 shows the forecasting equations of slopes and 

factor scores. The resulting equation was used to forecast copper prices for 1987 

- 2000, which are shown in Figure 7.29. Price forecasts from other institutions 

are shown in Figure 7.30. All price projections have been converted to constant 

1980 dollars for the purpose of comparison. The forecast values of the equations 

of factor scores and the corresponding slopes are plotted in Figures 7.31 - 7.43 of 

Appendix E. 

7.6 Transformation To The Original Variable Space 

Given Zt = (Xt - m)'· E, 

where, 

( ~ E= 

o o 

7.6.1 Perspective 

o 
o 

o D Urn 



226 

Table 7.6 Rotated Factor Matrix 

F1 F2 F3 F4 F5 F6 

Yi 0.96917 -0.19009 0.13119 0.00634 0.06324 -0.05765 

L t 0.96593 -0.14845 0.11722 -0.10303 -0.14343 -0.00199 

Tt 0.95078 -0.24447 0.14429 -0.06262 0.07883 0.07276 

Ct 0.81414 -0.26547 0.51230 -0.06504 -0.00249 0.00116 

Gt -0.79842 0.47024 -0.18918 0.32479 0.01029 -0.00367 

Pal t -0.18567 0.97920 ·0.07643 0.02928 -0.00103 ·0.00130 
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Table 7.7: Forecasting equations of slopes and 

factor scores (U.S. copper price: 1941-1984) 

f's abd F's Forecasting Equations 

10 63.8 (12.3) + 0.53 10.-1 (12.7) 
- 0.23 /0.-2 (2.5) - 0.18 10.-11 (1.4) 
+ 0.21 lo.-s (2.0) 
Corrected R2 = 0.20 !l 

It - 3.30 (0.2) + 0.41 ft.-l (9.1) ~ 
:;:; 

- 0.3 ft(t - 3) (4.7) .5 

Corrected R2 = 0.23 :§ 
..c 

12 8.07 (2.7) + 0.7312._1 (21.6) • 
-0.512._2 (7.9) + 0.27 12.-3 (2.9) .§ 

0; 
Corrected R2 = 0.30 .. 

~ 

13 - 3.1 (0.5) + 0.75 /3.-1 (28.0) 1 - 0.43 13.-2 (9.3) .; 
Corrected R2 = 0.38 

14 -2.1 (1.3) + 0.52 14.-1 (15.3) ., 
Corrected R2 = 0.25 :it 

:l 
!s. 2.28 (1.4) - 0.32 /5.-3 (4.7) 

CI 

.~ 
Corrected R2 = 0.08 IS 

/6 15.38 (3.7) + 0.2/sc_s (1.7) § 
CI 

- 0.22 /o.-s (2.1) - 0.015 Yj (3.4) 0 

Corrected R2 = 0.09 'I 
FJ - 1.156 (41.8) + 0.54 F1.-1 (47.4) t:: ., 

+ 0.00126 Yj (46.3) ..c .. 
Corrected R2 = 0.98 .s Jl 

F2 - 0.09 (1.8) + 0.76 F2.-1 (64.2) ~ j ., 
CI i - 0.22 F2.-S (4.7) .!I 

Corrected R2 = 0.62 II ., 
.:; ..c .. 

F3 - 0.0066 (0.009) + 1.3 F3 ._1 (81.7) 
CI 'l5 ~ 

- 0.92 F3.-2 (2.4) + 0.49 F3.-3 (7.9) .Q. 8 
.S fa 

Corrected R2 = 0.79 u 

E !S 
F. - 0.00105 (0.0001) + 1.08 F •• - 1 (41.3) a, 

~ 'iii 
- 0.55 F •• - 2 + 0.43 F •• _3 (2.9) =- ";iI CI 

- 0.24 FU-4 (1.9) ., .!:! 

Corrected R2 = 0.60 ~ 1 
FII - 0.0407 (0.25) + 0.79 FII ._1 (66.5) .8 • 

0 ., 
Corrected R2 = 0.60 z .:; 

Fo -0.0109 (0.01) + 0.87 Fe'-1 (33.0) 
- 0.28 Fe'-2 (3.4) 
Corrected R2 = 0.48 
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In vector and matrix notations, 

f, = Bz" 

where, 

Therefore, 

(
FIt) 

f, = : , 
Fm , 

. B-1£, I.e. Zt = t 

(x, - m)' . E = B-l f, 

In terms of original variables, 

1.6.2 Projection of Original Variables 

to Forecast Copper Demand 

230 

.. 

(7.17) 

As a demonstration, consider the case of the US copper price (Eq. 7.15). 

From the foregoing procedure, the variables Ct , L" G" Palt, 1';, and Tt were trans

formed to the 6 common factors. Then, given forecast values for f t (factor scores), 

the values of the original variables implied by them can be computed by use of 

Eq. 7.17. As mentioned previously, factor scores were forecast by autoregressive 

relations (see Figures 7.38 - 7.43). Forecasts for original variables were obtained by 

substituting these projected values of factor scores into equation 7.17. Figure 7.44 

shows the actual and predicted values of US aluminum prices. Figure 7.45 also 

presents the actual and predicted values of US GNP. As Figure 7.45 indicates, 

the learning model and the variable coefficients model produce almost identical 

l'esults. 
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CHAPTERS 

CONCLUSION 

This dissertation found that dynamics of intensity of use and economic 

theory of derived demand can both be accomodated through an extensive translog 

demand model. The first step in this recognition is that the skewed life cycle 

empirical pattern of intensity of use IUt plotted against per capita income (Yt) is 

of lognormal form. The second link is mathematical; specifically, it can be shown 

that a lognormal intensity of use model can be transformed into an equivalent 

simple translog intensity of use model: 

IU - A ao+at 1n y, 
t - Yt 

Noting that intensity of use is the ratio of per capita demand to per capita income 

( ~) permits the rewriting of the above intensity of use model as a per capita 

translog demand model: 

This model can be recognized as a dynamic version of a simple income demand 

model: dt = Ay~t. Such recognition constitutes the last link in the evolution of 

the extensive translog demand model, because given that recognition, traditional 

demand theory leads to the extension of the model to include other variables, such 

as own price, Po, substitute price, Pa, and technical change, r: 
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This is the full fonn of a translog demand model having four explanatory variables. 

are not significant, thus estimated models are of much simpler form. Empiri

cal testing of the model showed that generally it performs better than the other 

models tested, which included trend models (linear, derivative logistic, derivative 

Gompertz, normal, and lognonnal) of demand and of intensity of use; conventional 

intensity of use models in which intensity of use is a function of per capita income 

(linear, normal and lognonnal), and traditional demand models which include 

income and price. 

Data on copper, zinc, lead and potash were used to test forecasting models. 

Models were compared by ex post performance on a test period. It was found that 

variables such as income, technological change, and relative prices all affect the 

demand for a mineral commodity in the United States and should be considered in 

making lorig-term forecasts. Empirical results showed that the extensive translog 

model, which is a flexible function and includes both the classical case of fixed 

coefficients and the dynamic case of varying coefficients of the explanatory vari

ables, gave better forecasts than the original intensity of use model. The model 

used is small, consisting merely of four variables, but this does not seem to be 

an important limiting factor for the model's simulation performance. Moreover, 

being small, these models are easier to maintain and use, because fewer indepen

dent variables have to forecast in advance. Demand forecasts by the extensive 
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translog model were generated by trend-tracing or adaptive smoothing mecha

nisms. These statistical operations should be extended to trace or smooth the 

forecasts themselves. Although the extensive translog IU models were found to 

make much better forecasts than other models tested, some of the translog models 

were not appealing because the price of the mineral had a positive sign. Of course 

such a result conflicts with price theory and the theory of derived demand. Even 

so, such a result is not unusual in econometric analyses in which a time series of 

quantities traded and their prices are employed to estimate the parameters of a 

single equation model of demand, particularly when a long time series is employed. 

This is simply the familar identification problem compounded by the long time 

series. Simply stated, a price coefficient that is both statistically significant and 

of wrong sign is evidence that demand shifts have dominated the market, which 

has the effect that market quantities and prices define the supply curve more than 

the demand curve, or the effect of other variables surpasses that of own price. Of 

course, one remedy is to model both demand and supply, and to estimate their co

efficients simultaneously. Accordingly, additional research is needed to explore the 

construction of an econometric system sufficient to identify the translog demand 

relationship .. 

A second major finding of this dissertation is that the simple learning model 

that has been employed for many years in the description of and projection of sys

tem or process performance promises to be very useful in long term forecasting, 

especially of technology or related productivity measures. Initial investigation 

suggests that its usefulness may extend beyond "technology-related measures" to 

more standard economic ones, such as GNP, price, consumption share, supply 

share, etc. It follows naturally that future forecasts may be improved by using 

the learning model jointly with an extensive translog demand or intensity of use 
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model, the learning model providing the projection for technology and the ex

tensive translog model providing the demand estimated for the projected levels of 

explanatory variables, e.g., income, technology, and price. Preliminary experimen

tation shows that learning models may be very useful in the long-term forecasting 

of economic measures, such as metal demand, income, or productivity. Although 

this study demonstrated such applications and the fact that for those experiments 

the learning model outperformed other, more traditional approaches, these models 

have been very simple, and their use based upon empirical relations. A major area 

for further development is the integration of economic theory with the learning 

model, which would be required for a more economic assessment. Additionally, the 

appropriate functional form of the learning curve should be rigorously examined 

instead of accepting routinely the standard log linear equation. 

Subsequent to the investigation of the ex post performance of various mod

els, the preferred model was reestimated on the entire data set (including the ex 

post test period) and used to forecast demand to year 2000. The year 2000 U.S. 

demand forecasts for copper, zinc, lead, and potash are listed in Table 8.l. 

A third major finding is that casting a reduced form price equation as 

a vector model which honors correlations that exist between relevant economic 

and technologic variables with varying coefficients, which captures changes across 

time in model parameters, can be an effective method for long term forecasting of 

mineral prices. Such a model recognizes 1) that over a long time series prices and 

quantities reflect changi ng determinants of supply and demand, as well as the 

effect of price on demand and supply and, therefore, prices can be forecast by the 

reduced form equation, 2) that exogeneous variables forecasts (required to make 

price forecasts) by the reduced form equation should be made by vector projection 

so as to honor variable correlations, and 3) that parameters may change across 
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Table 8.1 : The year 2000 U.S. demand forecasts 

for copper, zinc, lead and potash 

COMMODITY 1984d 2000a MODEL 

Copper 2323 34646 Extensive Translog IU (TFP)* 

Zinc 1339 13326 Extensive Translog IU with 
Trend Tracing (TFP)* 

Lead 1331 13116 Extensive Translog IU with 
Trend Tracing (TFP)* 

Potash 6638 10056c Combined Extensive Translog IU 

a: Year 
b: Thousand short tons 
c: Thousand short tons of K20 equivalent 
d: Last data used in model development for exante forecasts 
* (TFP, total factor productivity was used as a proxy for technology) 
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time; consequently, empirical methods should be adapted to identify these changes 

and use them in forecasting, if they exist. Initial investigation suggests that this 

model looks promising for forecasts of mineral prices, and other variables, e.g., 

mineral demand, and other explanatory variables, particularly if better forecasts 

of slopes and factor scores can be obtained. One possible way to improve slopes 

and factor score forecasts is to use other models, such as multivariate state-space 

and learning models to forecast factor scores and slopes instead of autoregressive 

relations. 

Additional research should examine further the design, use, and perfor

mance of vector models, or even systems which integrate learning relations with 

other models or relations. 

Regarding price, further research also should investigate the classical iden

tification problem within the framework of extensive translog, extensive learning, 

and vector demand models, or systems if such should be necessary for identifica

tion. 
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APPENDIX A 

BASIC DATA USED 

The following references document the original sources for the data used in 

the research. See the List of References. 

1. Billions of 1972 dollars. 

Bureau of the Census, Historical Statistics; 

Bureau of Economic Analysis, Survey of Current Business and National 

Income and Product Accounts. 

2. Millions of Residents. 

Manthy; 

Bureau of the Census, Statistical Abstract. 

3. Primary plus old scrap copper consumption, thousands of short tons. 

ManthYi 

U.S. Bureau of Mines, Mineral Yearbooks. 

4. Primary metal plus nonmetal plus old srap zinc consumptions, thousand 

short tons metal content. 

Bureau of the Census, Historical Statistics; 

U.S. Bureau of Mines, Mineral Yearbooks. 

5. Apparent lead consumption - U.S. 

U.S. Bureau of Mines, Mineral Yearbooks. 
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6. U.S. apparent consumption of potash, all uses, thousand short tons of K20 

equivalent. 

ManthYi 

Bureau of Mines, Mineral Facts and Problems. 

7. Copper (Electrolytic) prices, cents per pound - at New York. 

American Metal Market. 

8. Zinc (prime western) prices, cents per pound - delivered. 

American Metal Market. 

9. Aluminum prices, Average daily prices, New York, 99 %, virgin ingot, Cents 

per pound. 

American Metal Market. 

10. Lead prices, cents per pound - U.S. primary producers. 

American Metal Market. 

11. U.S. potash prices, average price per ton of K20 equivalent, dollars per 

ton, 

U.S. Bureau of Mines, Mineral Yearbooks. 

12. World refined copper consumption, Thousand short tons. 

Non-ferrous Metal Data, various years, American Metal Market. 

13. World refined zinc consumption, Thousand short tons. 

Non-ferrous Metal Data, various years, American Metal Market. 

14. World refined lead consumption, Thousand short tons. 

Non-ferrous Metal Data, various years, American Metal Market. 

15. World potash consumption, Thousand short tons of K20. 

FAD Fertilizer Yearbook, several years, Food and Agriculture Organization 

of the United Nations. 
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U.S. MINERAL CONSUMPTION DATA 
.===~===~==.m=a==.aa==a============ 

YEAR GNP POP COPPER ZINC 
==c==== =========== -=======cac= ===-=-=-====== _=11:1========= 

1. 2. 3. 4. 

1900 124.900 76.100 178.000 102.000 
1901 135_700 77 .600 191. 000 142.000 
1902 144.900 79.200 276.000 153.000 
1903 149.500 80.600 263.000 154.000 
1904 148.000 82.200 241.000 181. 000 
1905 165.000 83.800 281.000 200.000 
1906 175.800 85.500 368.000 221. 000 
1907 180.400 87.000 273.000 229.000 
1908 175.800 88.700 252.000 215.000 
1909 181. 900 90.500 389.000 271. 000 
1910 188.100 92.400 471.000 246.000 
1911 192.700 93.900 448.000 280.000 
1912 203.500 95.300 526.000 340.000 
1913 205.000 97.200 543.000 295.000 
1914 195.800 99.100 433.000 300.000 
1915 194.300 100.500 718.000 365.000 
1916 209.700 102.000 1090.000 459.000 
1917 211. 200 103.300 1081.000 414.000 
1918 237.400 103.200 1184.000 424.000 
1919 228.200 104.500 610.000 324.000 
1920 218.900 106.500 696.000 323.000 
1921 200.400 108.500 437.000 263.000 
1922 231.300 110.000 651. 000 440.000 
1923 259.000 111.900 921.000 515.000 
1924 259.000 114.100 944.000 512.000 
1925 280.600 115.800 992.000 579.000 
1926 297.600 117.400 1122.000 622.000 
1927 296.000 119.000 1051.000 583.000 
1928 297.600 120.500 1170.000 627.000 
1929 315.700 121.800 1294.000 628.000 
1930 285.600 123.200 975.000 451. 000 
1931 263.500 124.100 712.000 370.000 
1932 227.100 124.900 441.000 259.000 
1933 222.100 125.700 600.000 350.000 
1934 239.100 126.500 634.000 360.000 
1935 260.000 127.400 803.000 473.000 
1936 295.500 128.200 1039.000 582.000 
1937 310.200 129.000 1104.000 610.000 
1938 296.700 130.000 674.000 421. 000 
1939 319.800 130.000 1002.000 626.000 
1940 344.100 132.600 1343.000 733.000 
1941 400.400 133.900 2054.000 827.000 
1942 461.700 135.400 2035.000 728.000 
1943 531.600 137.300 1930.000 817.000 
1944 569.100 138.900 1961.000 889.000 
1945 560.400 140.400 1912.000 852.000 
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U.S. MINERAL CONSUMPTION DATA ---Continued 
==_a~=======c=~==a_a=============== 

YEAR GNP POP COPPER ZINC 
:=cs::::ac== =========== =========== =========1:=== ============ 

1. 2. 3. 4. 

1946 478.300 141.900 1797.000 801.000 
1947 470.300 144.700 1789.000 786.000 
1948 489.BOO 146.200 1719.000 81B.000 
1949 492.200 149.800 1456.000 712.000 
1950 534.BOO 152.300 1932.000 967.000 
1951 579.400 154.900 1762.000 934.000 
1952 600.BOO 157.600 1775.000 853.000 
1953 623.600 160.200 1864.000 986.000 
1954 616.100 163.000 1642.000 884.000 
1955 657.500 165.900 1851.000 1469.000 
1956 671.600 168.100 1835.000 1323.000 
1957 683.800 172.000 1683.000 1232.000 
1958 680.900 174.900 1568.000 1142.000 
1959 721.700 177.800 1654.000 1279.000 
1960 737.200 180.700 1577.000 1159.000 
1961 756.600 183.700 1648.000 1207.000 
1962 800.300 186.500 1768.000 1333.000 
1963 832.500 189.200 1845.000 1414.000 
1964 876.400 191. 900 1969.000 1536.000 
1965 929.300 194.300 2039.000 1742.000 
1966 984.800 196.600 2128.000 1807.000 
1967 1011.400 198.700 1803.000 1592.000 
1968 1058.100 200.700 2097.000 1728.000 
1969 1087.600 202.700 2258.000 1797.000 
1970 1085.600 204.900 2089.000 1572.000 
1971 1122.400 207.100 2068.000 1651. 000 
1972 1185.900 209.300 2359.000 1844.000 
1973 1255.000 211.400 2433.8BO 1932.000 
1974 1248.000 213.300 2436.080 1673.000 
1975 1233.900 215.500 1617.070 1232.000 
1976 1300.400 217.600 2145.080 1537.000 
1'977 1369.700 219.BOO 2254.200 1508.000 
1978 1438.600 222.100 ~611.350 1590.000 
1979 1479.400 224.600 ;'Hi80.790 1537.000 
1980 1474.000 227.200 2397.500 1260.000 
1981 1502.600 229.300 2511. 040 1311.000 
1982 1472.200 233.000 1941.150 1051.000 
1983 1523.800 235.200 2226.650 1235.000 
1984 1623.700 237.019 2323.000 1339.000 
1985 1672.500 239.283 2313.200 1413.000 
1986 1719.900 214.596 2213.200 1426.710 
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U.S. MINERAL CONSUMPTION DATA 
~aa=_m=a __ c=_.=.a_. __ a ___ a_a.a====~ 

YEAR LEAD POTASH 
a===a=== =====ar==c:== caca=e_=mD== 

5. 6. 

1920 575.800 265.000 
1921 520.600 83.000 
1922 683.200 209.000 
1923 768.000 229.000 
1924 812.200 222.000 
1925 856.500 282.000 
1926 900.900 291. 000 
1927 841.000 274.000 
1928 930.600 390.000 
1929 972.300 382.000 
1930 768.600 390.000 
1931 567.700 262.000 
1932 416.700 168.000 
1933 449.500 293.000 
1934 488.000 275.000 
1935 538.900 420.000 
1936 633.600 396.000 
1937 678.700 556.000 
1938 546.000 468.000 
1939 667.000 387.000 
1940 782.000 449.000 
1941 1050.000 491. 000 
1942 1043.000 636.000 
1943 1113.000 678.000 
1944 1118.000 754.000 
1945 1051.600 809.000 
1946 956.500 867.000 
1947 1172.000 1011.000 
1948 1133.900 1100.000 
1949 957.700 1070.000 
1950 1238.000 1412.000 
1951 1184.800 1653.000 
1952 1130.800 1731. 000 
1953 1201.600 1816.000 
1954 1094.900 1971.000 
1955 1212.600 2054.000 
1956 1209.700 2058.000 
1957 1138.100 2085.000 
1958 986.400 2281.000 
1959 1091.100 2373.000 
1960 1021.200 2337.000 
1961 1027.200 2276.000 
1962 1109.600 2557.000 
1963 1163.400 2882.000 
1964 1202.100 3199.000 
1965 1241.500 3391.000 



YEAR 
II:=C:===== 

1966 
1967 
1968 
1969 
1970 
1971 
1972 
1973 
1974 
1975 
1976 
1977 
1978 
1979 
1980 
1981 
1982 
1983 
1984 
1985 
1986 

U.S. MINERAL CONSUMPTION DATA---Continued 

LEAD 
a_IIII:_8:I:==== 

5. 

1233.900 
1260.500 
1328.800 
1389.400 
1360.600 
1431.500 
1485.300 
1541.200 
1599.400 
1297.100 
1490.100 
1582.300 
1548.200 
1483.000 
1205.900 
1243.200 
1219.400 
1250.900 
1203.700 
1265.770 
1239.870 

POTASH 
=-=aBC:==C:==== 

6. 

4004.000 
4141.000 
4340.000 
4720.000 
4728.000 
4815.000 
4816.000 
5563.000 
6086.000 
5111.000 
6149.000 
6605.000 
6836.000 
7624.000 
6999.000 
6849.000 
5647.000 
6231.000 
6638.000 
5892.900 
5538.400 
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u . S. MINERAI. PRICES DATA 
.a= ___ ====._.u=_=c==_. __ ==_== 

YEAR COPPER ZINC ALUM LEAD ._.=a= a:an:z:cu=:a:=a== _am_cm.:c=== mm_c:=aaa __ -== m==a====== 

7. 8. 9. 10. 

1910 12.890 5.420 22.980 4.330 
1911 12.550 5.700 20.340 4.310 
1912 16.490 6.930 22.520 4.380 
1913 15.520 5.610 23.630 4.260 
1914 13.320 5.110 18.600 3.740 
1915 17.470 14.160 34.130 4.480 
1916 28.460 13.570 60.730 6.800 
1917 29.190 8.930 51.250 8.920 
1918 24.680 8.040 33.600 7.250 
1919 18.900 7.040 32.140 5.540 
1920 17.500 7.770 30.610 7.930 
1921 12.650 4.670 21.210 4.390 
1922 13.560 5.740 18.680 5.520 
1923 14.610 6.670 25.410 7.180 
1924 13.160 6.350 27.030 8.110 
1925 14.160 7.660 27.190 8.920 
1926 13.930 7.370 26.990 8.250 
1927 13.050 6.250 25.410 6.520 
1928 14.680 6.030 23.900 6.140 
1929 18.230 6.490 23.900 6.660 
1930 13.110 4.560 23.790 5.390 
1931 8.250 3.640 23.300 4.050 
1932 5.670 2.880 23.300 3.040 
1933 7.150 4.030 23.300 3.740 
1934 8.530 4.160 21.580 3.730 
1935 8.760 4.330 20.500 2.920 
1936 9.580 4.900 20.500 4.560 
1937 13.270 6.520 20.080 5.860 
1938 10.100 4.610 20.000 4.590 
1939 11. 060 5.120 20.000 4.900 
1940 11.410 6.340 18.690 5.030 
1941 11. 880 7.480 16.500 5.640 
1942 11. 880 8.250 15.000 6.350 
1943 11. 880 8.250 15.000 6.350 
1944 11. 880 8.250 15.000 6.350 
1945 11. 880 8.250 15.000 6.350 
1946 13.920 8.730 15.000 7.960 
1947 21.150 10.500 15.000 14.500 
1948 22.200 13.580 15.740 17.870 
1949 19.360 12.150 17.000 15.180 
1950 21.460 13.880 17.880 13.100 
1951 24.370 17.990 19.000 17.290 
1952 24.370 16.210 19.410 16.270 
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U.S. MINERAL PRICES DATA---Continued 
._aaa_======a=._.a=ca_.= ___ == 

YEAR COPPER ZINC ALUM LEAD 
._aa== ======s::=== =========== ====-===a-==== ========== 

7. 8. 9. 10. 

1953 28.920 10.860 20.930 13.290 
1954 29.820 10.690 21.780 13.850 
1955 37.390 12.310 23.680 14.940 
1956 41.990 13.500 26.010 15.810 
1957 29.990 11.400 27.520 14.460 
1958 26.130 10.310 26.890 11.900 
1959 30.820 11.460 26.850 12.010 
1960 32.160 12.950 27.230 11.750 
1961 30.150 11.550 25.460 10.700 
1962 30.830 11.630 23.880 9.430 
1963 30.830 12.010 22.620 10.940 
1964 32.180 13.570 23.720 13.420 
1965 35.020 14.500 24.500 15.800 
1966 35.830 14.500 24.500 14.920 
1967 37.920 13.850 24.980 13.800 
1968 41.170 13.500 25.580 13.010 
1969 47.430 14.650 27.180 14.730 
1970 58.070 15.320 28.720 15.490 
1971 52.090 16.140 29.000 13.690 
1972 51.280 17.720 26.670 15.340 
1973 59.300 20.260 25.330 16.310 
1974 77.060 35.940 34.060 22.490 
1975 64.720 38.900 39.790 21.480 
1976 69.460 37.450 44.490 23.100 
1977 66.490 34.380 51.350 30.720 
1978 72.380 31.140 54.420 33.760 
1979 91.800 37.860 61. 010 53.190 
1980 102.200 38.030 70.870 42.910 
1981 85.590 45.420 77 .190 37.110 
1982 74.560 40.240 76.380 26.030 
1983 78.180 43.020 77.530 21. 820 
1984 68.720 49.750 81.000 26.920 
1985 66.97 40.37 81.000 19.07 
1986 66.05 38.00 81.000 22.05 
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u.s. MINERAL PRICES DATA 

YEAR POTASH 
aD:II====== cu===c===== 

11. 

1932 17.320 
1933 16.270 
1934 12.510 
1935 12.270 
1936 17.570 
1937 19.320 
1938 19.570 
1939 18.970 
1940 18.530 
1941 17.460 
1942 17.980 
1943 18.690 
1944 19.110 
19015 18.980 
1946 19.230 
1947 17.770 
1948 16.750 
1949 17.020 
1950 20.220 
1951 20.800 
1952 21.710 
1953 22.050 
1954 21.960 
1955 22.370 
1956 22.330 
1957 21.970 
1958 20.640 
1959 20.020 
1960 22.090 
1961 24.880 
1962 25.240 
1963 24.960 
1964 25.500 
1965 26.570 
1966 23.860 
1967 20.670 
1968 17.670 
1969 16.120 
1970 21.650 
1971 24.590 
1972 24.810 
1973 26.370 
1974 37.140 
1975 54.220 
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u.s. MINERAL PRICES DATA---Continued 

YEAR POTASH 
-==-= __ =a= ===a ____ == 

11. 

1976 50.370 
1977 48.780 
1978 51. 970 
1979 61. 380 
1980 82.980 
1981 89.620 
1982 78.420 
1983 74.850 
1984 75.900 
1985 71.22 
1986 66.35 
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APPENDIX B 

COMPUTER PROGRAM 

FOR 

EXTENSIVE TRANSLOG IU 

". 



PROGRAM EXTENSIVE TRANS LOG IU WITH TREND AND ADAPTIVE TRACING 
CHARACTER*20 INPFIL,OUTFIL,TTL*30 
DIMENSION HNM(lS),XNM(lS),YNM(lS),TLA(lS),TLB(lS),IPK(14,100) 
DIMENSION XX(SO,lOO),Z(lOO),Y(lOO),POP(lOO),D(lOO),Pl(lOO) 

+, P2(100),T(100),B(100),ZH(100),DH(100),ERROR(100) 
+, K(100),ALFA(2),IJOB(2),IND(100),ANOVA(SO),ZHH(100) 
+, XYB(SO,S),VARB(300),XY(100,SO),XA(100,SO),IBUF(16) 
+, XN(100),V(100),W(100),XBB(SO,100),DHH(100),SB1(lOO) 
+, DHD(lOO),SBB(lOO),BB(lOO,lOO),Bl(lOO,lOO),HWAN(lOO) 
+, ERR(lOO) 

WRITE(*,800) 
READ (*,810) INPFIL 
WRITE (*,820) 
READ (*,810) OUTFIL 
OPEN (UNIT-S,FILEc INPFIL,STATUSc'OLD') 
OPEN (UNIT-6,FILE= OUTFIL,STATUS-'NEW') 
WRITE(*,82S) 
READ (*,*) INB,MAX 
WRITE(*,830) 
READ (*, *) NS,MV 
NV"MV+l 
WRITE (*,840) 
READ(*,*) NYR,INC 
ALFA(1)"0.05 
ALFA(2)cO.05 
IJOB (1) .. 0 
I JOB (2)=1 
MM"2*MV+l 
DO 111 J-l,MM 
IND(J)-O 

111 CONTINUE 
IND(MV)"l 
WRITE(*,970) 
READ(*,920) HNM 
WRITE (*,980) 
READ(*,920) XNM 
WRITE(*,990) 
READ(*,920) YNM 
DO 100 I-l,MAX 
READ(S,*,END-101) Y(I),POP(I),D(I),Pl(I),P2(I),T(I) 
Dl-D(I)/POP(I) 
n .. y (I) /POP (I) 
Cl-ALOG(Yl) 
C2-ALOG(P1(I» 
C3-ALOG (P2 (I) ) 
C4-ALOG (T (I) ) 
XX (1, I) -Cl 
XX(2,I)-Cl**2 
XX(3,I)-Cl*C2 
XX(4,I)-Cl*C3 
XX(S,I)-Cl*C4 
XX(6, I)"C2 
XX(7,I)-C2**2 
XX (8, I)-C2*C3 
XX(9,I)"'C2*C4 
XX(10,I)-C3 
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XX (11, I)-C3"''''2 
XX(12,I)-C3"'C4 
XX(13,I)-C4 
xx (14, I) -C4"''''2 
XX(15,I)-ALOG(D1) 
DO IO-1,NV 
XY(I,IO)-XX(IO,I) 
ENDDO 

100 CONTINUE 
101 CONTINUE 

'" 

HRITE("',882) 
READ ("',*) ISEL 

'" IF ISEL-1 TRANSLOG IU MODEL 
'" IF ISEL .. 2 TIM W. TREND TRACING: "WINDOW MOVING" 
'" IF ISEL-3 TIM W. ADAPTIVE TRACING 
'" IF(ISEL.EQ.1) THEN 

GOTO 333 
ELSE 
HRITE(*,883) 
READ ("',"') INS 
GOTO 334 
ENDIF 

333 DO 521 I-INB,NS 
00 521 IO"l,NV 
I21-I-INB+1 
XY(I21,IQ)-XX(IO,I) 
NA-NS-INB+1 

521 CONTINUE . 
CALL RLSEP(Xy,NA,MV,100,ALFA,IJOB,~ND,ANOVA,XYB,50,VARB,IER) 
HRITE (6, 720) (INO (1M), IM=l,MM) 
HRITE(6,730) (ANOVA(KK),KI<-1,16) 
HRITE(6,740) 
HRITE(6,745) «XYB(IK,I2),I2-1,5),IK-1,NV) 
HRITE(6,750) (VARB(ID),ID-1,12) 
HRITE(6,760) IER 
MX-NV'" (NV+1) /2 
00 201 LL-1,NV 
B(LL)IttXYB(LL,2) 

201 CONTINUE 
WRITE (6, 880) 
SB-B(NV) 
YMAX-O. 
00 421 I-INB,MAX 
JYR-NYR+I-1 
XN(I)-JYR 
XS"SB 
DO 321 J-1,MV 
XB-XS+B(J)*XX(J,I) 

321 CONTINUE 
ZH (I)-XB 
DH·(I)-EXP (ZH(I» *POP (I) 
ERROR(I)-ABS«D(I)-DH(I»/D(I» 
ERR (1) -ERROR (I) 
WR1TE(6,9~0) JYR,D(I),DH(I),ERROR(I) 
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IF(YMAX.LT.D(I)) YMAX-D(I) 
IF(YMAX.LT.DH(I)) YMAX-DH(I) 

421 CONTINUE 
CUME-O.O 
CUMER-O.O 
IF (NS.EQ.MAX) THEN 
GOTO 117 
ELSE 
DO 425 I-NS+1,MAX 
CUMER-CUMER+ERR(I) 

425 CONTINUE 
AVERR-CUMER/ (MAX-NS) 
WRITE (6, 885) AVERR 

117 DO 423 I-INB,NS 
CUME-CUME+ERR(I) 

423 CONTINUE 
AVER-CUME/(NS-INB+1) 
WRITE(6,B81) AVER 
ENDIF 
GOTO 406 

334 NTEMP-INS-NS+1 
DO 600 I1-1,NTEMP 
IF(ISEL.EQ.2) THEN 
DO 500 I2-INB+I1-1,NS+I1-1 
DO 500 13-1,NV 
I21-I2-INB-Il+2 
XA(I21,I3)=XX(I3,I2) 
NA-NS-INB+1 

500 CONTINUE 
CALL RLSEP(XA,NA,MV,100,ALFA,IJOB,IND,ANOVA,XYB,50,VARB,IER) 
ELSE 
DO 502 I2-INB,NS+I1-1 
DO 502 13s 1,NV 
I21-12-INB+1 
XA(I21,I3)-XX(I3,I2) 
NA-NS-INB+Il 

502 CONTINUE 
CALL RLSEP (XA,NA,MV, 100,ALFA, IJOB,IND,ANOVA,XYB,50,VARB, IER) 
ENDIF 
WRITE (6, 680) 11-1 
WRITE (6,720) (IND(IM),IM=l,MM) 
WRITE (6,730) (ANOVA(KK),KK-1,16) 
WRITE (6, 740) 
WRITE (6, 745) «XYB (IK, 12) ,12-1,5) , IK.1,~) 
WRITE (6,750) (VARB(ID),ID-1,12) 
WRITE (6,760) IER 
MX-NV*(NV+1)/2 
DO 200 LL-1,NV 
B(LL)"XYB(LL,2) 

200 CONTINUE 
SB-B(NV) 
SBB(Il)-SB 
YHAX-O. 
DO 400 I-INB,INS 
XB-SB 
DO 300 J-1,MV 
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XBaXB+B(J)*XX(J,I) 
BB (11, J) -B (J) 

300 CONTINUE 
XBB (ll, I) aXB 
ZH(I)-XB 
DH(I)-EXP(ZH(I»*POP(I) 
DHD(I)-DH(I) 

400 CONTINUE 
ZHH (I1)-XB 
SUM"O. 
DO 402 I-NS+Il,INS 
SUM=SUM+(D(I)-DH(I»**2 

402 CONTINUE 
IF(INS-NS-Il+l.EO.O) GOTO 510 
SUM-SUM/(INS-NS-Il+l) 
V(ll)-SUM 
IF(Il.EO.l) GOTO 600 
W(Il-l)-V(Il-l)/(V(Il-l)+V(Il» 
W(Il)-l.-W(Il-l) 
TEMP-W(Il-l)*ZHH(Il-l)+W(Il)*ZHH(Il) 
ZHH(Il)-TEMP 
WRITE (6, 690) W(Il-l),W(Il) 
DO 403 I"l,INS 
DHH(I)-EXP (TEMP) *POP (I) 

403 CONTINUE 
IF (Il.LE.2) THEN 
SB1(Il)-W(Il-l)*SBB(Il-l)+W(Il)*SBB(Il) 
ELSE 
SB1(Il)=W(Il-l)*SB1(Il-l)+W(Il)*SBB(Il) 
ENDIF 
DO 407 J"l,MV 
IF (Il.LE.2) THEN 
Bl(Il,J)-W(Il-l)*BB(Il-l,J)+W(Il)*BB(Il,J) 
ELSE 
Bl(Il,J)-W(Il-l)*Bl(Il-l,J)+W(Il)*BB(Il,J) 
ENDIF 

407 CONTINUE 
WRITE (6, 700) SB, (B (J), J-l,MV) 
WRITE(6,710) SB1(Il), (Bl(Il,J),J-l,MV) 
SUM .. 0 
DO 409 I-NS+Il,INS 
SUM-SUM+(D(I)-DHH(I»**2 

4 0 9 CONTINUE 
SUM-SUM/(INS-NS-Il+1) 
VIllI-SUM 

600 CONTINUE 
510 WRITE(6,880) 

DO 541 I-INB,MAX 
XXB-SBl (11-1) 
DO 540 J-l,MV 
XXB-XXB+Bl(Il-l,J)*XY(I,J) 

540 CONTINUE 
HWAN(I)-XXB 

541 CONTINUE 

.' 

DO 405 I-INS,MAX 
JYR-NYR-l+I 
XN(I)-JYR 
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IF(I1.LE.3) THEN 
ERROR(I)-ABS«D(I)-DHD(I»/D(I» 
WRITE (6, 960) JYR,D(I),DHD(I),ERROR(I) 
IF(YMAX.LT.D(I» YMAX-D(I) 
IF(YMAX.LT.DHD(I» YMAX-DHD(I) 
ELSE 
DH(I)-EXP(HWAN(I»*POP(I) 
ERROR(I)-ABS«D(I)-DH(I»/D(I» 
ERR (I) -ERROR (I) 
WRITE (6, 960) JYR,D(I),DH(I),ERROR(I) 
IF(YMAX.LT.D(I» YMAX-D(I) 
IF(YHAX.LT.DH(I» YMAX-DH(I) 

C YMAX-AMAX1(D(I),DH(I» 
ENDIF 

405 CONTINUE 
CUME"O.O 
CUMER-O.O 
IF (INS.EQ.MAX) THEN 
GOTO 439 
ELSE 
DO 429 I-INS+1,MAX 
CUMER=CUMER+ERR(I) 

429 CONTINUE 
AVERR-CUMER/ (MAX-INS) 
WRITE(6,885) AVERR 

439 DO 428 I-INB,INS 
CUME-CUME+ERR(I) 

428 CONTINUE 
AVER-CUME/(INS-INB+1) 
WRITE (6, 881) AVER 
ENDIF 

406 DY-YHAX*.2 
C 
C** START PLOT 
C 

WRITE(*,610) 
READ (* , *) IWHERE 

C 
C IF IWHERE-1 LASER PRINTER 
C IF IWHERE-2 SCREEN DUMP 
C IF IWHERE-3 LINE PRINTER 
C 

GOTO (411,412,413), IHHERE 
411 IBUF(l)-O 

CALL IOHGR(IBUF,-104) 
CALL TALARS 
GOTO 450 

412 CALL TK4010(960) 
GOTO 450 

413 CALL PNTRNX 
450 CONTINUE 

1IRITE(*,620) 
READ (*, *) ALA,ALB 

.1IRITE (*, 650) 
READ (*,920) TLA 
1IRITE(*,660) 

254 



READ (*,920) TLB 
C CALL INTAXS 
C CALL XINTAX 
C CALL YINTAX 
C 
C SETUP LEGEND 
C 

C 

CALL LINES(TLA,IPK,l) 
CALL LINES(TLB,IPK,2) 
XN-XLEGND(IPK,2) 
YW-YLEGND(IPK,2) 
CALL MYLEGN('$',100) 
MNC-MAX+INC 
MMM-NYR+MNC 
AINC-INC 
ANYR-NYR 
WRITE (*,670) 
READ (*, *)' IROTATE 

C IF IROTATEc 1 NO ROTATION 
C IF IROTATEc 2 ROTATION 
C 

GOTO (511,512), IROTATE 
511 CALL HWROT('COMIC') 

GOTO 550 
512 CALL HWROT('MOVIE') 
550 CONTINUE 

CALL AREA2D(6.,6.) 
CALL INTAXS 
CALL XNAME (XNM, 100) 
CALL YNAME(YNM,100) 
CALL TRIPLX 
CALL HEADIN(HNM,100,1.2,1) 
CALL RESET ('TRIPLX') 
CALL GRAF(REAL(NYR),REAL(INC),REAL(MMM),O.,DY,YMAX) 
GOTO(417,418,418) ISEL 

417 CALL MARKER(15) 
. CALL CURVE (XN (INB) , D (INB) ,MAX-INB+1, 1) 

CALL MARKER (16) 
CALL CURVE (XN (INB) ,DH (INB) ,MAX-INB+1, 1) 
GO TO 427 

418 IF(I1.LE.2) THEN 
CALL MARKER (15) 
CALL CURVE (XN (INB) , D (INB) , MAX- INB+l, 1) 
CALL MARKER (16) 
CALL CURVE(XN(INB),DHD(INB),MAX-INB+1,1) 
ELSE 
CALL MARKER (15) 
~L CURVE(XN(INB),D(INB),MAX-INB+1,1) 
CALL MARKER (16) 
CALL CURVE (XN(INB) ,DH(INB) ,HAX-INB+1,1) 
ENDIF 

427 CALL LEGEND(IPK,2,ALA,ALB) 
CALL ENDPL (0) 
CALL DONEPL 
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610 
+ 
+ 
+ 
+ 

620 
+ 

650 
660 
670 

+ 
+ 
+ 

680 
690 
700 

+ 
710 

+ 
720 
730 
740 
745 
750 
760 
800 
810 
820 
825 
830 
840 
880 
881 
885 
882 

+ 
+ 
+ 
+ 

FORMAT(III,SX,'***** PLOT DESTINATION ***** , 
II,SX,' IWHEREal LASER PRINTER' 
I,SX,' IWHERE=2 SCREEN DUMP' 
/,SX,' IWHERE=~ LINE PRINTER' 

, //,SX,' WHAT IS YOUR CHOICE? ',$) 
FORMAT(II/,SX,'***** LEGEND OF PLOT ***** , 
, //,SX,'LOCATION OF LEGEND (X,Y) ---> ',$) 
FORMAT ( SX,'FIRST LEGEND IS ',$) 
FORMAT ( SX,'SECOND LEGEND IS ',$) 
FORMAT(/I/,SX,'***** ROTATION OPTION ***** , 

. I/,SX,' IROTATE-l NO ROTATION' 
/,SX,' IROTATE-2 ROTATION' 

, I/,SX,' WHAT IS YOUR CHOICE? ',$) 
FORMAT(lHl,/II,SX,'ITERATION • ',13) 
FORMAT ( /,lOX,'WEIGHT(l) - ',E13.4,SX,'WEIGHT (2) = ',E13.4) 
FORMAT(/I/,SX,'CONSTANT B(O) - ',E13.4, 

I/,SX,'COEFFICIENT B(I) - ~,I, (6E13.4» 
FORMAT(/I/,SX,'WEIGHT CON. B(O) - ',E13.4, 

/I,SX,'WEIGHT COEF. B(I) - ',I, (6E13.4» 
FORMAT (//SX,' IND-' I, (1S15, /) ) 
FORMAT(/ISX,' ANOVA :',1, (6E13.4» 
FORMAT(/ISX,' XYB :'/) 
FORMAT (5F12.4) 
FORMAT(/ISX,' VARB :',1, (6E13.4» 
FORMAT(115X,' IER=',IS) 
FORMAT(II/,5X,'PLEASE TYPE INPUT FILENAME (.DAT) : ',$) 
FORMAT (A20) 
FORMAT ( SX,'PLEASE TYPE OUTPUT FILENAME (.OUT) : ',$) 
FORMAT ( 1/,5X,'DATA FOR BEGINNING I, ENDING I (INB,MAX): ',$) 
FORMAT( 1/,5X,'DATA FOR SELECTING I, VARIABLE I (NS,MV): ',$) 
FORMAT ( /,SX,'ENTER THE BEGINNING YEAR , INC. YEAR : ',$) 
FORMAT ( II,' YEAR',9X,'ACTUAL'9X,'FITTED',10X,'ERROR'/) 
FORMAT ( 11,10X,'AAE (OBSERVED PERIOD) - ',F10.4) 
FORMAT ( 1/,lOX,'AAE (TEST PERIOD) - ',F10.4,/) 
FORMAT(III,5X,'***** MODEL SELECTION ***** , 

//,5X,' ISEL-l TRANSLOG IU MODEL' 
/,5X,' ISEL=2 TIM W. TREND TRACING' 
I,SX,' ISEL-3 TIM W. ADAPTIVE TRACING' 

, /1,5X,' WHAT IS YOUR CHOICE? ',$) 
883 FORMAT( //,SX, 'DATA FOR ENDING I OF SIMULATION (INS) :',$) 
900 FORMAT(IS,7F10.0) . 
910 FORMAT(5X,7F10.0) 
920 FORMAT (lSA4) 
950 FORMAT (/7F10.4) 
960 FORMAT (IS,SF1S.2) 
970 FORMAT(I//,SX,'HEADING AND TITLES MUST BE ENDED WITH $' 

+, /I,SX,'TITLE OF HEADING: ',$) 
980 FORMAT ( Sx,'NAME OF X AXIS: ',$) 
990 FORMAT ( SX,'NAME OF Y AXIS: ',$) 

STOP 
END 
SUBROUTINE LSTRG(X,TTL,N) 
CHARACTER X(30),TTL*30 
DO 100 1-30,1,-1 
IF(X(I).NE.") GOTO 200 

100 CONTINUE 
200 N-I 

TTL-' $' 
DO 300 J-N,l,-l 
TTL-X(J)//TTL 

300 -CONTlNUE-
C WRlTEC*,' (IS,A30)') N,TTL 
C WRITE (*,' (IS,SX,30Al)') N, (X(I),I-l,N) 

RETURN 
END 

256 



257 

APPENDIX C 

COMPUTER PROGRAM 

FOR 

LEARNING CURVE 



PROGRAM LEARNING CURVE WITH FILTERING STEP 
CHARACTER*20 INPFIL,OUTFIL 
DIMENSION HNM(lS),XNM(lS),YNM(lS),TLA(lS),TLB(lS),IPK(14,lOO) 
DIMENSION X(100),Y(100),BT(100),AT(100),ZT(100),IBUF(16) 

+, ABT(100),AZT(100),YHAT(100),ZTHAT(100),ATHAT(100),XN(100) 
COMMON/ONE/ICUT 

*** 
****************************** 
*** SET UP DATA *** 
****************************** 
*** 

WRITE(*,200) 
READ (*,210) INPFIL 
WRITE (*,220) 
READ (*,210) OUTFIL 
OPEN (UNITaS,FILEc INPFIL,STATUS-'OLD') 
OPEN (UNIT-6,FILE- OUTFIL,STATUS-'NEW') 
WRITE (*,830) . 
READ (*, *) NUM 
READ(S,*) (X(J),Y(J),J=l,NUM) 
WRITE (*,840) 
READ(*,*) NYR,INC 
WRITE(*,970) 
READ(*,920) HNM 
WRITE(*,980) 
READ(*,920) XNM 
WRITE(*,990) 
READ(*,920) YNM 

*** 
********************************** 
*** COMPUTE THE SUMS *** 
********************************** 
*** 

XSUMcO.O 
YSUM ... O.O 
YMAX"O. 
XMAX-O. 
DO 110 J a 1,NUM 

XSUMIOXSUM+X(J) 
BT(J)-XSUM 
YSUM-YSUM+Y(J) 
AT (J)-YSUM 
ZT(J)-AT(J)/BT(J) 
ABT(J)-ALOG(BT(J» 
AZT(J)-ALOG(ZT(J» 

IF (XMAX. LT .ABT (J» XMAX-ABT (J) 
IF(YMAX.LT.AZT(J» YMAXaAZT(J) 
DX-XMAX*.2 
DY-YMAX*.2 

110 CONTINUE 

******************************************** 
*** START PLOT OF LEARNING CURVE *** 
******************************************** 

C 
C 
C 
C 
C 

IfRITE(*,600) 
READ (*, *) IWliERE 

IF IWliERE-1 
IF IWHERE-2 
IF IWliERE-3 

LASER PRINTER 
SCREEN DUMP 
LINE PRINTER 

GOTO (411,412,413), INHERE 
411 IBUF(1)-3 

CALL IOMGR(IBUF,-104) 
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CALL TALARS 
GOTO 450 

412 CALL TK4010(960) 
GOTO 450 

413 CALL PNTRNX 
450 CONTINUE 

CALL LlNES(TLA,IPK,l) 
CALL MYLEGN('$',lOO) 
HNC-MAX+INC 
HMM-NYR+HNC 
AINC-INC 
ANYR-NYR 
WRITE(*,670) 
READ (*,*) IROTATE 
GOTO (511,512), IROTATE 

511 CALL HWROT('COMIC') 
GOTO 550 

512 CALL HWROT('MOVIE') 
550 CONTINUE 

*** 

CALL AREA2D(6.,6.) 
CALL XNAME (XNM, 100) 
CALL YNAME (YNM, 100) 
CALL SWISSM 
CALL HEADIN(HNM,100,1.2,1) 
CALL RESET('SWISSM') 
CALL INTAXS 
CALL GRAF(O.,DX,XMAX,O.,DY,YMAX) 
CALL MARKER (0) 
CALL CURVE (ABT, AZT, NOM, 1) 
CALL LEGEND (IPK, 2, ALA, ALB) 
CALL ENDPL (0) 
CALL DONEPL 

****************************** 
*** FILTERING STEP ***** 
****************************** 
*** 

*** 

WRITE(*,888) 
READ (*,*) ICUT 

***************************************** 
*** COMPUTE ZTHAT AND ATHAT *** 
***************************************** 
*** 

CALL LEAST(NUM,ABT,AZT,ALPA,BETA) 
DO 20 J-ICUT,NUM 

ZTHAT(J)-EXP(ALPA)*BT(J)**BETA 
ATHAT(J)-ZTHAT(J)*BT(J) 

20 CONTINUE 
*** 
***************************** 
*** COMPUTE YHAT *** 
***************************** 
*** 

YHAT (1) -ATHAT (1) 
DO 30 J-ICUT+l,NUM 

YHAT(J)-ATHAT(J)-ATHAT(J-l) 
30 CONTINUE 
*** 
************************************** 
*** COMPUTE ABSOLUTE ERROR *** 
************************************** 
*** 

100 
NRITE(6,100) ALPA,BETA 
FORMAT (lH , III, 20X, 'LEARNING CURVE MODEL', I, 

+ 20X,'--------------------',III, 
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+ 15X,'INTERCEPTION: ALPA - ',F5.2,/, 
+ 15X,'SLOPE OF CURVE: BETA m ',F5.2,///, 
+ 12X,'YEAR',9X,'ACTUAL',9X,'PREDICTED',BX,'ABE',/ 
+ 12X,'----',9X,'------',9X,'---------',BX,'---',/) 

DO 40 J-ICUT+1,NUM 
RELERR-ABS«Y(J)-YHAT(J»/Y(J» 
JYR-NYR-1+J 
XN (J) -REAL (JYR) 
WRITE(6,120) JYR,Y(J),YHAT(J),RELERR 

120 FORMAT(12X,I4,4X,F10.2,7X,F10.2,4X,F10.2) 
IF(YMAX.LT.Y(J» YMAXaY(J) 
IF(YMAX.LT.YHAT(J» YMAX-YHAT(J) 

40 CONTINUE 
DY-YMAX*.2 

***********~**************************** 
*** START PLOT IN TIME DOMAIN **** 
**************************************** 

WRITE(*,970) 
READ (*,920) HNM 
WRITE(*,9BO) 
READ (*,920) XNM 
WRITE(*,990) 
READ(*,920) YNM 
WRITE(*,600) 
READ (*, * ) IWHERE 
GOTO (611,612,613), IWHERE 

611 IBUF(1)=3 
CALL IOMGR(IBUF,-104) 
CALL TALARS 
GOTO 651 

612 CALL TK4010(960) 
GOTO 651 

613 CALL PNTRNX 
651 CONTINUE 

WRITE (*,620) 
READ (*, *) ALA, ALB 
WRITE(*,6S0) 
READ (*,920) TLA 
WRITE(*,690) 
READ (*,920) TLB 
CALL XINTAX 
CALL YINTAX 
CALL LINES(TLA,IPK,l) 
CALL LINES (TLA, IPK,2) 
XW-XLEGND(IPK,2) 
YW-YLEGNDCIPK,2) 
CALL MYLEGN('$',100) 
MNC-NUM+INC 
MMM-NYR+MNC 
AINC-INC 
ANYR-NYR 
WRITE(*,670) 
READ (*,*) IROTATE 
GOTO (711,712), IROTATE 

711 CALL HWROT('COMIC') 
GOTO 750 

712 CALL HWROT('MOVIE') 
750 CONTINUE 

CALL AREA2D(6.,6.) 
CALL XNAME (XNM, 100) 
CALL YNAME (YNM, 100) 
CALL S19ISSM 
CALL HEAD IN (HNH, 100, 1.2, 1) 
CALL RESET (' SWISSH') 



600 

620 

650 
690 
670 

C 
200 
210 
220 
830 
840 
888 
900 
910 
920 
950 
960 
970 

980 
990 

*** 
*** 
*** 

*** 

+ 
+ 
+ 
+ 

+ 

+ 
+ 
+ 

+ 

CALL GRAF(REAL(NYR),REAL(INC),REAL(MMM),O.,DY,YMAX) 
CALL MARKER (15) 
CALL CURVE(XN(ICUT+1),Y(ICUT+1),NUM-ICUT,1) 
CALL MARKER (16) 
CALL CURVE(XN(ICUT+1),YHAT(ICUT+l),NUM-ICUT,1) 
CALL LEGEND(IPK,2,ALA,ALB) 
CALL ENDPL(O) 
CALL DONEPL 
FORMAT(///,5X,'*---* PLOT DESTINATION ***** , 

//,5X,' IWHERE=l LASER PRINTER' 
/,5X,' IWHEREm2 SCREEN DUMP' 
/,SX,' IWHERE=3 LINE PRINTER' 

, //,SX,' WHAT IS YOUR CHOICE? ',$) 
FORMAT(///,SX,'--*-* LEGEND OF PLOT *--** , 
, //,SX,'LOCATION OF LEGEND (X,Y) ---> ',$) 
FORMAT ( SX,' FIRST LEGEND IS ',$) 
FORMAT ( SX,' SECOND LEGEND IS ',$) 
FORMAT(///,SX,'-**** ROTATION OPTION *-*** , 

//,SX,' IROTATE=l NO ROTATION' 
/,SX,' IROTATE-2 ROTATION' 

//,SX,' WHAT IS YOUR CHOICE? ',$) 

FORMAT(///,5X,'PLEASE TYPE INPUT FILENAME (.DAT) ',S) 
FORMAT (A20) 
FORMAT ( SX,'PLEASE TYPE OUTPUT FILENAME (.OUT) ',S) 
FORMAT( //,SX,'ENTER THE NUMBER OF DATA :/,$) 
FORMAT ( /,SX,'ENTER THE BEGINING YEAR, INC. YEAR :',S) 
FORMAT ( /,SX,'ENTER POINT CUT OF DATA :',S) 
FORMAT(IS,7F10.0) 
FORMAT (SX,7F10.0) 
FORMAT (15M) 
FORMAT (17Fl 0 .4) 
FORMAT(IS,SF1S.2) 
FORMAT(///,SX,'HEAOING AND TITLES MUST BE ENDED WITH S' 
, //,SX,'TITLE OF HEADING: ',$) 
FORMAT ( . SX,'NAME OF X AXIS: ',$) 
FORMAT ( SX,'NAME OF Y AXIS: ',$) 
STOP 
END 

SUBROUTINE LEAST(NUM,ABT,AZT,ALPA,BETA) 
DIMENSION ABT(100),AZT(100) 
COMMON/ONE/ICUT 

-**-*--*--*-------*--**-*----
*** COMPUTE ALPA -*
-**-*-***-*--*----*--**----**-
*** 

55-0.0 
TT-O.O 
UU-O.O 
W-O.O 
DO 10 J-ICUT,NUM 

SS-55+ABT(J)-ABT(J) 
TT-TT+AZT (J) 
UU-UU+ABT (J) 

10 W-W+ABT(J)-AZT(J) 

*--
'AUX-(NUM-ICUT+1)-SS-UU-UU 
ALPA-(SS*TT-UU*VV)/AUX 

******************--*-******
--- COMPUTE BETA *-* 
**-***---***-***.*-***-*-*-*
*-* 
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BETAa«NUM-ICUT+l)-VV-UU-TT)/AUX 
RETURN 
END 
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*** 

PROGRAM LEARNING CURVE WITH STATSTICS 
CHARACTER*20 INPFIL,OUTFIL 
DIMENSION X(100),Y(100),BT(100),AT(100),ZT(100), 

+ ABT(100),AZT(100),YHAT(100),ZTHAT(lOO),ATHAT(100), 
+ DATA(100) 

***************** •• **.******** 
*** SET UP DATA .** 
**.************.* ••• ** •• ****.* 
*** 

WRITE(*,200) 
READ (·,210) INPFIL 
WRITE(·,220) 
READ (*,210) OUTFIL 
OPEN (UNIT-S,FILED INPFIL,STATUS-'OLD') 
OPEN (UNIT-6,FILE= OUTFIL,STATUS-'NEW') 
WRITE(·,215) 
READ(·,·) N 
READ(S,*) (X(J),Y(J),J=l,N) 

C IF(J.LE.O) GOTO 51 
*** 
*******.************* •• ****.*.**** 
.** COMPUTE THE SUMS *** 
********************************** 
*** 

XSUM=O.O 
YSUM=O.O 
DO 10 J=l,N 

XSUM-XSUM+X(J) 
BT(J)-XSUM 
~St"!-!-YSUM+Y (J) 
AT (J)-YSUM 
ZT(J)~AT(J)/BT(J) 
ABT(J)-ALOG(BT(J» 
AZT(J)-ALOG(ZT(J» 

C WRITE(*,*) J,ABT(J),AZT(J) 
10 CONTINUE 
**.****.*.***.********.**.***.***.**.**** 
*** COMPUTE ZTHAT AND ATHAT .*. 
******.****** •• * •••• **.*****.***********. 
**. 

CALL STATS (N,AZT,BMIN, BMAX,BBAR, BVAR,BSV,BSE, 
+ BSK,BKUR,BSR) 

CALL STATS (N,ABT,ZMIN,ZMAX,ZBAR,ZVAR,ZSV,ZSE, 
+ ZSK,ZKUR,ZSR) 

CALL FORMOD (N,AZT,ABT,BETA,TBETA,ALPHA,TALPHA, 
+ FRATIO,RSQD,BBAR,ZBAR,ZVAR,ZSE,RESD1) 

DO 20 J-l,N 
ZTHAT(J)-EXP (ALPHA) * (BT(J)**BETA) 
ATHAT(J)MZTHAT(J)*BT(J) 

C WRITE(*,*) J,ALPHA,BETA,BT(J),ZTHAT(J),ATHAT(J) 
20 CONTINUE 
* •• 
***** •• *******************.** 
*** COMPUTE YHAT *** 
***************************** 
*** 

YHAT (1) -ATHAT (1) 
DO 30 J-2,N 

YHAT (J)-ATHAT (J)-ATHAT (J-l) 
C WRITE(*,*) J,YHAT(J),ATHAT(J) 
30 CONTINUE 
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*** 
************************************** 
*** COMPUTE ABSOLUTE ERROR *** 
************************************** 
*** 

100 

40 
110 
200 
210 

. 215 
220 

*** 
*** 

+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 

WRITE(6,100) ALPHA,TALPHA,BETA,TBETA,FRATIO,RSQD 
FORMAT(lH ,111,21X,'LEARNING CURVE MODEL', I, 

21X,'--------------------',III, 
lSX,'INTERCEPTION: ALPHA - ',F10.5,1, 
lSX,' T-STATISTIC (ALPHA) - ',F10.S,I, 
lSX,'SLOPE OF CURVE: BETA • ',F10.S,I, 
lSX,' T-STATISTIC (BETA) - ',F10.S,I, 
lSX,' F-RATIO - ',F10.S,I, 
lSX,' R-SQUARED· ',F10.S,III, 
l3X,'ACTUAL',6X,'PREDICTED',SX,'ERROR(%)' ,1 
l3X,'------',6X,'---------',SX,'--------' ,1) 

DO 40 J-l,N 
RELERR-ABS«Y(J)-YHAT(J»/Y(J»*lOO 
WRITE(6,110) Y(J),YHAT(J),RELERR 
FORMAT(10X,F8.2,5X,F8.2,6X,F8.2) 

FORMAT(III,5X,'PLEASE TYPE INPUT FILENAME (.DAT) ',$) 
FORMAT (A20) 
FORMAT( 11,5X,'ENTER THE NUMBER OF DATA : ',$) 
FORMAT ( SX,'PLEASE TYPE OUTPUT FILENAME (.OUT) ',$) 
STOP 
END 

SUBROUTINE STATS(NUMBER,DATA,EHIN,EMAX,EBAR,EVAR, 
* ESV,ESE, ESK,EKUR, ESR) 

DIMENSION DATA(lOO) 
REAL NUMBR1,NUMBR2 
EBAR-O.O 
ESUH-O.O 
E2=0.0 
E3-0.0 
E4-0.0 
NUH1-NUMBER-3 
IF (NUH1.GE.24) NUHl=24 

C*** COMPUTE THE MEAN OF DATA 
DO 90 N-l,NUMBER 
ESUH-ESUH+DATA(N) 

90 CONTINUE 
NUMBR1-NUMBER 
EBAR-ESUH/NUMBRl 

C*** COMPUTE THE MIN AND MAX OF DATA 
EMIN-DATA(l) 
EMAX-DATA(l) 
DO 80 K-2,NUHBER 
IF (DATA(K) .LT.EHIN) EHIN-DATA(K) 
IF(DATA(K).GT.EMAX) EMAX-DATA(K) 

BO CONTINUE 

C*** CALCULATE THE BASIC STATISTICS 
C* v.ARIANCE ••••••••••••• EVAR 
C* SAMPLE VARIANCE •••••• ESV 
C* SAMPLE STD DEY ••••••• ESE 
C* SKEWNESS ••••••••••••• ESK 
C* ~TOSIS ••••••••••••• EKUR 
C* STUDENTIZED RANGE •••• ESR 

DO B2 M-l,NUMBER 
SXX-(DATA(M)-EBAR) * (DATA(M)-EBAR) 
E2-E2+SXX 
E3-E3+(SXX*(DATA(M)-EBAR» 
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E4-E4+(SXX**2.0) 
82 CONTINUE 

EVAR-E2/NUMBRl 
ESV-E2/(NUMBR1-l.O) 
ESE-ESV**(O.5) 
ESR-(E31 (ESE**3.0»INUMBRl 
ERUR-(E4/(ESE**4.0»/NUMBRl 
ESR-(EMAX-EHIN)/ESE 
RETURN 
END 

265 

SUBROUTINE FORMOD (IORTOT,FFOR,ZFOR,BETA,TBETA,ALPHA,TALPHA, 
* FRATIO,RSQD,FBAR,ZBAR,ZVAR,ZSE,RESD1) 

DIMENSION FFOR(lOO),ZFOR(lOO),RESD1(lOO) 
REAL IOROT1,IOROT2 

IOROT1-IORTOT 
CVPROD-O.O 
SQRESD"O.O 
ZSQ-O.O 
TSS-O.O 
RSS"O.O 
ESSa:O.O 

C*** CALCULATE THE COVARIANCE 
DO 94 L-l,IORTOT 
CVPROD-CVPROD+«FFOR(L)-FBAR)*(ZFOR(L)-ZBAR» 

94 CONTINUE 
COV-CVPROD/IOROTl 

C*** CALCULATE ALPHA AND BETA 
BETA-COV/ZVAR 
ALPHA-FBAR-(BETA*ZBAR) 

C*** CALCULATE RESIDUAL VARIANCE 
DO 96 R-l,IORTOT 
SQRESD-SQRESD+(FFOR(R)-ALPHA-(BETA*ZFOR(R»)**2 

96 CONTINUE 
SRESD-SQRESD/(IOROTl-2.0) 

C*** CALCULATE STANDARD ERRORS OF ALPHA AND BETA 
DO 97 K-l,IORTOT 
ZSQ-ZSQ+(ZFOR(K) **2) 

97 CONTINUE 
SALPHA-«SRESD**.S)*(ZSQ**.S»/«ZSE)* 

+ «IOROT1)*(IOROT1-l.O»**.5) 
SBETA-(SRESD**.S)/«ZSE)*«IOROT1-l.O)**.S» 

C*** CALCULATE T-STATISTICS FOR ALPHA AND BETA 
TALPHA-ALPHA/ SALPHA 
TBETA-BETA/SBETA 

C*** CALCULATE THE TOTAL SUM OF SQUARES (TSS), REGRESSION SUM 
C*** OF SQUARES (RSS) AND ERROR SUM OF SQUARES (3SS). 

DO 98 K-l, IORTOT 
TSS-TSS+(FFOR(K)-FBAR) **2 
RSS-RSS+(ALPHA+(BETA*ZFOR(K»-FBAR) **2 
ESS-ESS+(FFOR(K)-(ALPHA+(BETA*ZFOR(K»»**2 

98 CONTINUE 

C*** CALCULATE R-SQUARED 
RSQD-RSS/TSS 

C*u CALCULATE F-RATIO 
FRATIo-(RSS/l.O)/(ESS/(IOROTl-2.0» 

C*** CALCULATE ARRAY OF RESIDUALS: 



DO 81 M=l,IORTOT 
RESD1(M)-FFOR(M)-ALPHA-(BETA*ZFOR(M)) 

81 CONTINUE 
RETURN 
END 
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APPENDIX D 

COMPUTER PROGRAM 

FOR 

267 

CALCULATION OF MOVING SLOPES(;;)t AND PRODUCT(~;)tFt 

FROM FACTOR SCORES 



PROGRAM SLOPE 
DIMENSION D(lOO,lOO),DO(lOO,lOO),SUM(lOO),DH(lOO) 
DIMENSION DD (lOO, 100) , Z (l00, 100) , DLDH (l00) 
DIMENSION SUMl (100),SUM2 (100) 

C SLOPE COMPUTATION PROGRAM 
OPEN(UNIT-5,FILE-'FSP.DAT',STATUSm'OLD') 
OPEN(UNIT-3,FILEc'FSP.OUT',STATUS='NEW') 
READ (5, *) N, JK, NV 
READ (5, *) «D(I,J) ,J-l,NV), I-1,N) 
DO 151 I-1,N 
DO 151 J-1,NV 
DO (I,J)-D(I,J) 

151 CONTINUE 
C COMPUTATION OF DHAT 

DO 15 I-1,N-JK+1 
DO 16 J-1,NV 
SUM(J)=O.O 
DO 17 K"'l,JK 
SUM(J)=SUM(J)+DO(K+I-1,J) 

17 CONTINUE 
SUM(J)-SUM(J)/JK 
DO 18 K-1,JK 
D(K+I-1,J)cDO(K+I-l,J)-SUM(J) 

18 CONTINUE 
16 CONTINUE 

DH(I)-SUM(l) 
DO 19 J c1,NV-l 
SUM1(J)-0.0 
SUM2(J)cO.0 
DO 20 K"l,JK 
SUM1 (J)-SUM1 (J)+D(I+K-1,1)*D(I+K-1,J+1) 
SUM2 (J)-SUM2 (J)+D(I+K-l,J+1)**2 

20 CONTINUE 
DD(I,J)-SUM1(J)/SUM2(J) 

19 CONTINUE 
15 CONTINUE 

IA=(JK-1)/2 
DO 50 IJ-1,N-JK+1 
DO 50 K-1,NV-1 
Z(IJ,K)-DD(IJ,K)*DO(IJ+IA,K+1) 

50 CONTINUE 
DO 51 IK=l,N-JK+l 
ZSUM"O.O 
DO 52 II-1,NV-1 
ZSUM=ZSUM+Z(IK,II) 

52 CONTINUE 
Z(IK,NV)-ZSUM 

51 CONTINUE 
DO 54 JM-1,N-JK+1 
DLDH (JH)-DH(JM)-Z (JM,NV) 

54 CONTINUE 
DO 30 JJ-1,N-JK+1 
WRITE (3, 35) JJ,DLDH(JJ), (DD(JJ,J),J-1,NV-1) 

35 FORHAT(I6,5F15.5/) 
30 CONTINUE 

DO 32 K-l,N-JK+1 
WRITE(3,29) DLDH(K), (Z(K,J),J-1,NV-1) 

29. FORHAT(F15.6,4F15.6/) 
32 CONTINUE 

STOP 
END 
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APPENDIX E 

FORECAST OF MOVING SLOPES(;;}t AND FACTOR SCORES (Ft) 
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