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ABSTRACT

Steady, inviscid, supersonic flow past conical wings is
studied within the context of irrotational, nonlinear theory. An
efficient numerical method is developed to calculate cones of arbi-
trary section at incidence. The method is fully conservative and
implements a body conforming mesh generator. The conical potential
is assumed to have its best linear variation inside =ach cell; a
secondary interlocking cell system is used to establish the flux
balance required to conserve mass. In regions of supersonic cross
flow, the discretization scheme is desymmetrized by adding the ap-
propriate artificial viscosity in conservation form. The algorithm
is nearly an order of magnitude faster than present Euler methods.
It predicts known results as long as the flow Mach numbers normal to
the shock waves are near 13 qualitative features, such as nodal point
lift-off, are a1sb predicted correctly. Results for circular and
thin elliptic cones are shown to compare very well with calculations
using Euler equations. This algorithm is then implemented in the
design of conical wings to be free from shock waves terminating em-
bedded supersonic zones adjacent to the body. This is accomplished
by generating a smooth cross-flow sonic surface by using a ficti-
tious gas law that makes the governing equation e11fptic inside the
cross-flow sonic surface. The shape of the wing required to provide
this shock-free flow, if such a flow is consistent with the sonic
surface data, is found by solving the Cauchy problem inside the sonic

X



Xi
surface using the data on this surface and, of course, the correct
gas law. This design procedure is then demonstrated using the simple

case of a circular cone at angle of attack.



CHAPTER 1
INTRODUCTION

Conical flows are one of the simplest types of inviscid flows
that have the basic features of a three-dimensional flow. A flow
field is classified as conical when all the physical properties,
namely, viz., the pressure, density, velocity and entropy, remain
constant along every straight Tine through a given point called the
apex. Conical flow is found to exist, for example, around cones of
finite length in supersonic flow because of the Law of Forgidden
Signa]s‘. Topo]ogica] features of conical flows can be easily under-
stood by studying the cross-flow streamlines, that is, the traces of
the conical stream surfaces's intersection with a sphere, as sketched
in Figure 1. The cross-flow streamlines will have critical points
where the cross-flow velocities vanish. For a special class of
critical points, one can derive rules for the number of these points
using Poincare indicés. Thus, for example, irrotational conical
flows will have an equal number of saddle points and nodes. At high
angle of attack, conical streamline patterns exhibit certain global
changes such as the 1ift off of the leeward node and, perhaps, the
appearance of spiral nodes. 1In addition,\the cross flow may become
supersonic as it expands about the leading edge, leading to an em-

bedded supersonic cross-flow region terminated by a shock wave. The

jsentropic assumption retains all of the topological features of
1



projection of streamlines on
sphere R=const

shock wave

\\\\\ conical

\ stream surface

cone

shock wave

bow shock wave

Figure 1. Conical flow particle trajectories and stream surface
(from Ref. 1), and sketch of flow about an elliptic
cone showing bow shock wave, cross-flow sonic surface
and cross-flow shock waves.



these f]ow§ except spiral nodes2 and should provide an adequate ap-
proximation to the quantitative flow features if the normal Mach num-
ber to any shock is less than 1.23. This approximation greatly sim-
plifies the computations because the governing equation is scalar and
the multivalued possibility at the nodal point (vortical singularity)
is eliminated.

It is well known that the most suitable flow structure for a
classical slender-wing airplane has lTeading-edge separation. The re-
sulting vortices are highly stable and, while contributing to the
induced drag, also increase the 1ift because of the Tow pressures they
induce. These vortices usually increase the 1ift-to-drag ratio for
a delta wing. In fact, all the slender-wing configurations have this
kind of flow structure. However, the modern supercruiser concept
demands efficient supersonic cruise and high-level transonic, as well
as supersonic, manueverabi1ity4. In order to obtain this level of
performance, the wings have to be réfginvely thick, should have tran-
sonic leading edges and attached f]ows. A delta wing with transonic
Teading edge wiil, in general, have cross-flow shocks. To obtain at-
tached flow this configuration should have a cross flow that is
shock free or contains only weak shocks.

A recent assessment of the existing aerodynamic design tech-
niques for supersonic aircraft6 shows that there is need for a nu-
merical method that is reliable, reasonably fast and, most important
of all, can handle arbitrary geometries. The present study was tai-

Tored to meet these needs to some extent, but is restricted to coni-

cal wings.



In this thesis, the theory of irrotational conical flows is
described in a general coordinate system defined on a unit sphere.
A finite area method is described7 that represents an extension of
Jameson's finite volume method8 to vector fields defined on a curved
surface. The Tocal similarity between the highest-order terms of
the partial differential equation describing conical flows and that
describing plane transonic flows has been exploited to devise a
suitable artificial viscosity to implement the entropy condition, as
well as to construct a stable iteration scheme. In the second part
of the thesis, a method is described for finding cones with shock-

free cross flow.



CHAPTER 2
IRROTATIONAL CONICAL FLOWS

2.1 Governing Equations

We may obtain the equations governing conical flow in a gen-
eral coordinate system by first projecting the Euler equations for a
general three-dimensional flow onto a sphere of radius r, and then
scaling them to obtain the description on the unit sphere. For the ir-
rotational formulation we only need the mass continuity and the energy
equations. We first note that the mainstream velocity components, Qi,

~

and their projection on the sphere of radius r, v%, are related by

va__:B](.].Q'i .
where
. i
Bl:ﬁ%, a=1,2andi=1, 2, 3

9

(1)

are the projection factors (or the tangent vectors). Here, Xi are
coordinates in Euclidian 3-space and % are the parametric coordi-
nates on the surface of the sphere. Thus, the magnitude of main-
stream velocity
o% = q'o, = Vv, + Q3

where QR is the radial velocity. Therefore, the mainstream flux
vector, Li, and the cross-flow flux vector, ﬁa, (bofh are relative
tensors9 of type 1-0-1 in their respective spaces) are related by

o0 oay
W—B_i'. s



where

and
Li =0 /G Qi
Here, p is the gas density, G and § are respective]y the determinants
of the metric tensors in spaces xi and =%.
Now if we choose the same coordinates, =%, on the unit sphere

with metric tensor gaB, then

=1 o _ 2 o8
gaB_Y‘ZgaB’g rg

2

and if we choose X as'(s‘, =°, r) then,

~

1 1
g=—Fx9=—750G.
v r*

If we note that the magnitude of cross-flow velocity
qZ = vV = VY
is independent of r, where V¥ is the velocity defined on the unit

sphere, we get the relations

V =1y and V¥ =V,
o r a

Thus, the flux vector on the unit sphere W* = p Vg V* is related to

the mainstream flux vector by

o _ 1,1
W™ = - L B_i

If we now consider the divergence for the relative tensor

W%, then

=

W =3_i
[

Q
Q
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The first term in the right-hand side is the divergence for the main-
stream flux and thus equal to zero. Thus, using the earlier relations,
we find the continuity equation for conical flows on a unit sphere to
be

o
MEV—"'ZDJQ_QR:O
]

[n

If the irrotational assumption is made, the velocity Q1 will

have a potential ¢(x') such that, for conical flows

o(x') = rF(z%)
where F(=*) may be called the conical potential, since

- oF )
Va = e and QR F(s7) .

For the purpose of analysis, we scale all the variables with
the freestream values and thus obtain continuity of cross-flow vector

field, namely, viz..

o
éﬂfg_!_ +20/gF=0 , (2.1)
o

11



where
o= B 2 (2.2)

and energy equation giving the density is
Y= W (1 -y, - FR) (2.3)

Here M_ is the freestream Mach number and vy the specific heat ratio.
Substituting Equations (2.2) and (2.3) into Equation (2.1)
and performing the differentiation, we find the quasilinear form of
of the governing partial differential equation:
2

o8_VOVPY _a°F BF a8y
"@[(9 2/ 50,2B +H (F, il )] =0 (2.4)

where a, the speed of sound, is given by

a?uZ = ov1 (2.5)

Equation (2.4) changes its type when

<g12 ) y1>2 i <gn i lﬁ) <922 _yf) o
a2 az a2

or, noting g > 0 always, when
2

1 <qc ) -
~{—=-1)=0
9\ 4%

Here we use the notation

v (@) Vam () e == ()

Thus, the equation is hyperbolic, parabolic or elliptic depending on
whether the cross-flow Mach number, Mc, is greater, equal or less
than one (see Figure 2). We could also derive this result by choos -

ing a local coordinate system aligned with the cross-flow streamlines.



hyperbolic

elliptic

cone —c
LM

Figure 2. Cross-flow pattern for an elliptic cone at angle of
attack showing cross-flow supersonic zones, shock waves
and cross-flow streamlines.



that

Here €
o

We define streamwise and normal coordinates, s, n, such

2zt @ 35
Vo3n =0 and €48 Vies =0
Cth a5% 5P % pzP
Yt Sagan an Y a5 as !

is the surface permutation symbol. Then we find

Note also that ir these coordinates

and

and

o%F _ VWP 0% Ll
T2 ,o0.B >
9s qc 95 9E

o%F _ gas_v“v8> o%F ...
an2 qi as%3=P

10

Using these relations, we may write the governing partial differen-

tial equation as

P
a2

2 2 -
_@[(qi_aZ)g__F_aZBF]+ ..... -0 (2.6)



(A

We also note the following structure of these equations. Replacing
2

the expression for azF/as » we obtain
_o_fi[vveazF asz_]+ ..... -
a2 3:3"8 8n2
where
e a_>
2
\ ag

Now, if we define two functions P,'Q such that

. 2 \2
] <u“F+uv——F—>

a? 352 dEdN
and
- 2 2
. 7q 9°F 2 3°F
Q = w3 (o 5+ v Z)

then the partial differential equation becomes
P+ Q) +p/giLa e =0. (2.7)

This form is useful for explaining the introduction of a corservative
artificial viscosity.

Finally, we note that the governing equation is of quasi-
linear type and, hence, that it admits shock jumps. The jump con-

dition that conserves mass follows immediately from Equation (2.1):

<5g{> _ [ovgv] :
9%/ shock [ovgu] (2.8)

where [--] denotes the change in the variable across the discontin-

uity. The above is obvious]y the jump condition also implied by the

mainstream continuity equation together with the conical assumption.
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2.2 Some Aspects of the Cross-Flow Sonic Surface

Sonic bubbles that appear in conical cross flows differ from
those of transonic flows in many aspects. In transonic flow the
flow properties attain uniform state on the sonic line,whereas in
conical flows the appearance of the radial velocity term in the
Bernoulli equation causes the flow properties to vary along the sonic
line. Plane transonic flow is governed by a homogeneous set of par-
tial differential equations and, therefore, it is possible to obtain
a linear problem through a Legendre transformation. This property
also gives us the well-known Nikolskii-Taganov monotonic ru]e]oz if
an observer moves along the sonic line keeping the subsonic zone al-
ways to his left, then the stream vector will rotate in the clockwise
direction. However, in conical flows, due to the inhomogeneous
terms in the governing equation, it is not possible to obtain linear

equations using a hodograph transformation, and also it is difficult

to say anything definite about the streamline slope. Some properties

]], and, with

of conical sonic surfaces have been worked out by Salas
the aid of some of his results, we will study some relevant aspects

for shock-free flows.

First, we note an interesting behavior of the pressure at
the point where a cross-flow streamline exits the hyperbolic zone.
Consider the Bernoulli equation

1 (a2 4+ F2y + P . .
5 (qC + F°) + T o constant; (2.9)
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taking the derivative in the s direction and substituting the adia-

batic relation

p=_t_ oY
yM

o

we get

2o ooq [aeer]

Now, from the definition of the cross~-flow Mach number,
oM
_£=1[E5-M 22 ]
alys C 3s
Using this and the energy equations, we obtain the relation at the

sonic surface for the streamwise pressure gradient, namely,
oM

'g% - (?ET) P [qc a—s£ * F] . (2.10)
From this we see that since F is always positive, the pressure always
decreases when the streamline enters the hyperbolic zone, which is
similar to transonic flows. However, when it exits the hyperbolic
zone, the pressure could either increase or decrease. This is in
contrast to what happens in transonic flows where the pressure always
increases as the streamline exits the sonicsurface because the radial
velocity term F does not appear in the equation for %E—. This pos-
sibility Teads us to believe that a shock-free situation is more
likely in conical flows. We recall here that in transonic flows the

12

shock-free situation has been proved to be mathematically isolated ™.

A similar perturbation theory for shock-free conical flows does not yet

exist and shock-free solutions have not previously been shown to exist.
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Next, we will observe a unique feature of ithe cross-flow
sonic 1ine. We will first obtain a description for the sonic line
by expanding the cross-flow velocity and the speed of sound and

equating them. Thus, we write

3 * *
= a% a8 - T
a=a +<as> ds +<an> dn + s
aq * . *
= % —£c _C)  Ap 4 v
9. = @ 5 ) ds +<$r1> dn + >

and also, from the energy equation,

(2)"- - () (%)

Thus, the equation of the line 9. = @ is

M\ *

c
g_2>som'c Tine T (7%> * :qsc * (2.1m)
)
This relation indicates that the angle at which the cross-*
flow sonic line meets the body is determined by the éign of <§%€> .
This means that if this quantity is negative, the sonic line could
meet the body at an obtuse angle. Salas incorrectly predicts this
possibility for a circular cone and then uses an argument based on
pressure to speculate on the possibility of a shock wave. However,
one could rule out the existence of smooth flow with this kind of a
bubble using the following rigorous argument. At the sonic line, the
characteristics are normal to the streamlines and, therefore, from

Figure 3, it is clear that for a sonic line of this kind, character-

istics of the same family will intersect. Thus, if, through the
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Shock free crossflow

Sonic line meeting the body at an obtuse angle

Figure 3. Types of sonic lines that terminate in the body.
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above analysis, we arrive at a sonic line of this type, then for this
cone a shock-free cross flow is impossible. In fact, one may work
out a rule to identify conical shapes for which shock-free cross flow
is impossible. For convenience, we will work in the stereographical-
1y projected plane. If one chooses a Cartesian system (x, y) in

this plane, then the metric tensor will be:

32 0
9up = .
0 J2
where
2
J=—-2
1+ X2 + y2

If a denotes the inclination of the streamline with

dY _ -
‘H"tand s

then the irrotationality condition becomes

at the body, shock-free cross flow on a general cone is impossible,

and hence, for cones with

1 ad |
R o< 0 (2.12)

shock free cross flow is impossible.
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We note that

3 o1 ez @ .1 .o~ D
'a_s'—d COSa 3X+J STna 3Y >
2 . lgia® .1 28
—a‘r']‘ = J S1hno X + J cosa 3Y °
ds? = g2 (ax% + dv%)

and R is the radius of curvature of the image of the cone in the
stereographically projected plane. Thus, cones that satisfy the
above rule will not have a shock-free cross-flow.

We will now show that this condition is not satisfied on a
circular cone. Consider a circular cone of half angle wc. Then the
radius of the circle on the stereographically projected plane is

l”c
a = tan >

since

wc <90°, ac<]l

Thus, on the body

2
J:
1+a2
and
9q q
c.c (1._
=5 (3-199) >0



CHAPTER 3
THE NUMERICAL METHOD

In this chapter, a numerical method for the calculation of
cones of arbitrary section at angle of attack is described. Al11 the
shock waves are captured correctly by making the scheme to be fully
conservative]3. In isentropic computations one chooses to conserve
mass instead of momentum across the shock waves so that the shock
position will be correctly represented. The resulting normal-momen-
tum jump will then represent the "isentropic wave drag".

The method used here is distinguished from finite-difference
methods by two unique features. The grids for the surface portion
is generated separately, so that the main code is entirely independ-
ent of the shape of the cone; the differential equation is satisfied

in the integral form and, thus, solid boundary conditions are imple-

mented in a straightforward way.

3.1 The Finite Area Method

The conventional finite-volume method]4 (for 2-D) could be
extended to a vector field defined on a non-Euclidian space as long
as we have a similar partial differential equation. In this section
a finite area method on a unit sphere is developed. It should be
emphasized, however, that the derivation would be the same for a vec-
tor field on a general curved surface. Let us assume that a smooth
grid is generated over the computational portion of the sphere and

18



19
that the surface coordinates ¢ % (Tatitude 8, longitude w) are pro-

vided at the nodal points:

()

In order to implement the finite area method, the coordinate cells
are mapped to a square using a local bilinear transformation in the
parametric space (see Figure 4). Since the partial differential
equation is second order, the integration is performed over a second-
ary interlocking flux cell, as shown in Figure 5. The potential is
defined on the nodes of coordinate cell and the flow and the geo-
metric quantities are defined at the center of these cells in the

mapped space. The local bilinear transformation is represented by

s . . 4 ..
6=t s'o' and y= I sty

i=1 i=1

Here, i denotes the nodal values and
st =2+ c'e) (4 +nln)
4 4
The geometric quantities can be calculated in the following

manner. The metric tensor in the spherical coordinate system, 0% is

?
_ sin"y O
g = [ } (3.1)
aB 0 1

ﬁ= siny . (3.2)

o

and

In a mapped coordinate system, =, the metric tensor is
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Figure 4. The computational domain and a sketch of the bilinear para-

metric transformation on a unit sphere.
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92 "%, "~ & (3.3)

and

a=43 9

Here, J is the Jacobian of the parametric transformation e“(EB), i.e.,

Yg = sinb (80 - 8 u.) . (3.4)
Because the geometric quantities are always evaluated at the

center of the cells, the bilinear transformation and its best linear

substitute have the same ro]els. Thus we take

i 1
S

_1 i
Sy 77 + 8¢ +n

and thus,
o'e! , etc., (3.5)

4
=1

3] =

5o

and at the center of the cell

o' , etc. (3.6)
'] ey

H ™MD

.I
e:-
F

Equations (3.1) - (3.6) define the geometric quantities at the center
of primary cells. The flow quantities may be calculated as follows:
Let f be the disturbance to the freestream potential f_ due to the
body, i.e., F = f_+ f. Then we assume the disturbed potential also

to have the bilinear form

Thus at the center of the cells,

4
fo= I

ici
g f , etc. ,
2 i=1
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and

Fo=4 i

4
En 'iE

Enf
1

Here, again, if f N is not needed in the formulation, then best lin-

3
ear variation of f is implied.
The total velocity is calculated from

of
o0 f
Ve = gaB[——B+—-—-—38:l
9= 98

and

f

o = COSay COSY + sinaA sing siny
where ap is the angle of attack.

We are now ready to implement the finite area method. We
integrate the weak conservation law over a domain @ bounded by a

curve c on the surface, so that

0
f(.l..@g_‘fg_\/_+2pp> do =0 ;
A /g =%

applying surface divergence theorem to the first term, we find

f pV°‘na ds +f2pF do = 0

c Q
This relation is valid for any arbitrary g and, therefore, also valid
Tocally for a flux cell. Since flux-cell faces are parallel to co-
ordinate lines in the mapped plane, we obtain, using one-point evalu-

ation for each integral,

sLo/gu] + s[pv/gV] + (20/gF), = 0 (3.7)
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Figure 5. Sketch of primary cells and the flux cell.
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for each cell where s[--.] denotes the net flux changes across the
cell and (---)0 the average over the cell. We also need to define
the flux quantities at points A, B, C and D of the flux-cell faces.
Since the flow quantities are defined at the center of primary cells,

the simplest approximation to the Equation (2.1) is then
+ qF) = .
undg(p/§U) ugén(pfgv) + ugun(ZpVQF) 0 (3.8)

where y and & are respectively the averaging and central-difference
operators.

We note here that the term an is not used in this simplified

formulation. One could introduce this coupling by adding a lumping

term derived by shifting the flux terms (as shown in Figure 5):

1
v sgn[(Ag + An) ngF BganugF BnagunF] (3.9)

where

da
2
b= o (2 2)
a
= UF
= i
Bn = p/g a2

and g s an adjustable parameter such that 0 < g < 1/2. An alterna-
tive and perhaps much better, albeit expensive, method is to use higher-
order integration. Another feature of Equation (3.7) is that it does

not satisfy the freestream condition identically, and this could be
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corrected by subtracting the freestream error

unﬁg(VEUm) + uEGH(VEVw) + ugun(ZVEfm) (3.10)
from Equation (3.7).

3.2 Boundary Conditions

We consider the computational domain shown in Figure 4. The
outer boundary C0 is taken well outside the bow shock wave. Bound-
aries C] and C2 are symmetry planes and Cb is the cone body where the
normal velocity vanishes.

3.2.1 Quter Boundary. At the outer boundary, all the dis-

turbance vanishes, i.e., f, fg, fﬁ are all zero. This is implemented
by setting the reduced potential to zero on two outer grid rings,
i.e., if Nz grids are the rings, then

f(I, N2 +1) = (I, N2 +2)=0

3.2.2 Symmetry Plane. At the symmetry plane, we introduce

an additional grid line and explicitly set the reduced potential to
be the same on two lines. Thus, if N] grids are in the circumferen-
tial direction, then

f(1, J) = (3, J) and f(Nl-l, J) = f(N]+1, J)

3.2.3 Cone Surface. On the body surface the normal velo-

city should be zero. If B(=%) is the cone surface, then v’ iﬂ%—= 0
3X
implies V& Jﬂ% = 0 since the body is a cone. If the body coincides

3%
with a coordinate surface, & for example, then B(Ea) = n = 0 and the

boundary condition implies V = 0, i.e., the contravariant cross-flow

component that does not lie on the body must vanish. This is



Fictitious line

Figure 6.

Flux cell arrangements at the body.
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implemented by using flux reflections in the following way. Let us
assume that a fictitious line is introduced below the boundary, as

shown in Figure 6. The relevant condition is then
(ovgU)y = (ovU),
(o/50), = (o/U);
(o/V); = - (ovaV), ,

-

- (D@V)3

(20/9F); = (20/9F),

-

and

(20/gF), = (20/gF)4 .

This method enables one to implement the boundary condition without

introducing any special coding routines.

3.3 Artificial Viscosity and Upwind Differencing

The governing partial differgnt?a] equation becomes hyper-
bolic in the cross-flow supersonic 286;; and the finite area method
is only conditionally stable in these zones. Also, at the sonic
lines, the characteristics form a cusp normal to the cross-flow
streamlines, and thus it is impossible to achieve stability without
some kind of backward differencing in the time-Tike direction. In
general, the crossflow streamline (the time-like direction) does not
coincide with a coordinate direction, and thus the best way to per-
form the backward differencing is to upwind difference the fss term

(rotated differencing)ls. The scheme also needs to have a few other

essential features. At the shock waves. the gradients are high and
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the resultant high-frequency errors need to be stabilized. In ad-

]Z somehow to

dition, one needs to implement the entropy condition
eliminate unphysical expansions. All the above requirements can be
met by a simple modification of the scheme that also preserves the
conservative nature of the method.

We noticed earlier that the higher-order terms of the govern-
ing partial differential equations are analogous to plane transonic
flows. Thus, if we des' mmetrisize the above scheme by upwinding fss
with first-order accuracy, then the resultant truncation errors will
look 1ike the viscous terms for plane transonic flows and, therefore,
may be expected to capture any shock waves and insure the entropy
condition.

18 to develop a quasi-

These considerations motivated Grossman
linear finite-difference method for this problem. However, both the
difference main scheme and the artificial viscosity should be in the
conservation form so that no source-like terms are introduced at the
shocks, and this can be done in the following way. We explicitly add
to the residual a viscosity term that is first-order (at least near
the shocks) and that could effectively represent fss with an upwind
bias. When we are working in a transformed space where the mesh size
is unity, the following elegant structure exists for the above modi-
fication procedure. Consider the case of VY > 0. We noticed earlier
that the terms contributing the fss term have a structure containing

-(P + Q) and, therefore, will effectively be evaluated as 'Pij - Qij

in the finite-area scheme. To upwind with first-order accuracy, we
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~

need to replace them by -P. Q; j-1° and this means we need to

1'1sj B

add a conservative viscosity Tij’ such that Tij = (Pii - Pi-lzj) +

Q5 = Q4,5-1)> to the residual R;;. Here the terms P, and Q;; are

evaluated in the following manner:

~ 2 '*
P Uij[p—@u—é F 4 R7QUV o o

- 2
pvguVv pvYgV
Qs = ij [ 2 Sl Sonf

We define the switching function as

1 - —l?- """ for (i,j) supersonic point.
“13
Qg """ for (i,j) subsonic point.

~

and the coefficients appearing in Pij and aij are calculated at a
nodal point as the average of their values at the neighboring cell
centers.

The method has to be appropriately modified for other direc-
tions of contravariant velocities. For later reference let us note
that,in the iimit, the above procedure induces an artificial viscos-

ity of the form:

0/g ,
n 2 [|u] (UF VFggn) + |V|(UF€'m + Vann)] x (Mesh Size)

+
EEE

The above method makes the scheme first-order everywhere in
the cross-flow supersonic zones. However, one could devise a hybrid
scheme that is almost second-order by adding a second-order viscosity

in the smooth hyperbolic regions and gradually switching to first
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order near the shocks. We consider again the case V¢ > 0 and mesh
size unity.

We notice, as before, that the terms Eij and 6ij (and there-
fore, fss) could be represented with second-order accuracy by the up-

~ ~

wind terms in the form 2Pi_]’j - Pi-2,j Qi,j-z respec-
tively. Thus, we need to add a conservative second-order quantity

in the form

~ ~ ~ ~ ~

Pig T P P P2t Uiyt B Yy

In order to change from this to first-order viscosity near the shocks,

we use this in the hybrid form

HTy5 = [Py - (=AY Pyq 53 - 1Py g 5

= (]'A) Pi-z,j}] + [{Qij - (1'8) Qi,j-1}

~

_.{Qi,j-] = (]’B) 6i,j-2}] s

where A = A,p, and B = A_p_ are the shock detection functions. A,,A

] E 2 n el -l 2
are 0(1) parameters and should be chosen such that A = 1, B = 1 near
the shocks. Thus, in the smooth regions, A = 0, B = 0 and scheme

will be second-order, and near the shocks it will be first-order.

3.4 Construction and Analysis of the Iterative Scheme

The scheme devised in the previous chapters will give us a
nonlinear system of algebraic equations tc scive. We note here that
the boundaries separating the elliptic and hyperbolic zones, the lo-
cation of shock waves and the time-like direction of hyperbolic

points are not known a priori, and in general, cross-flow streamlines
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do not coincide with any of the grid lines. Because of this complex-
ity, we need to solve this system of equations by an iterative pro-
cedure even in the hyperbolic zones.

Thus, the iteration procedure has to be very carefully con-
structed to avoid instability, especially in the cross-flow supersonic
zones. On the other hand, we need a scheme that is reasonable fast.
The method chosen here is a Tine relaxation procedure with three grid
levels. Once this method has been validated and the numerical be-
havior of the code is well understood, one could use a multigrid pro-
cedure to accelerate the solution procedure.

The 1ine relaxation procedure constructed here is different
and much more involved than the conventional methods. First, we note
that an iterative procedure for a steady problem could be considered
equivalent to a problem of evolution in an artificial time. A suit-
able unsteady problem for our case may be found in an indirect way.
We assume that the flow field is being solved by descretizing the
partial differential equation in its quasilinear form using Jameson's
rotated-difference scheme along with his special relaxation method.
The corresponding artificial evolution problem will then give us a
suitable time dependent partial differential equation. The stability
properties of the unsteady equation presented by Jameson was with re-
spect to Cartesian velocities of the specific problem and, thus, does
not give much insight into the algorithm. In this section, the con-
struction and ana]ysfs is presented in detail in terms‘of general
variables. Let us consider the Cauchy problem for the partial dif-

ferential equation describing the local evolution of the error E(,t)
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* E“[!z" Free ¥ ug (Ergn * Egnn) * v_i_ Ennn]
with

E(z%, o) = ¢(=%)
where u is the switching function and (>0), is a small parameter
representing the mesh size. We will assume V* > 0. Terms in the
left-hand side will depend on the type of iterative procedure, and
the second term in the right-hand side is due to the artificial vis-
cosity obtained by upwind differencing. We will analyze the local
behavior of this equation by freezing the coefficients.

Fourier transformation gives

E(k,t) = a(k) elotiwlt

where o can be easily shown to be

2 2
n_ 2\ 2., /12 w 22_v2
o 5) K™ ) e 6 )

2
A- + (Bk.I + Ckz)

2
kz]

g =

2,3 2,3

U k.l v k2
eu(Bk-|+Ck2) [—a—z— a (k-lk +k kZ) + —a"z—]

2 2
AS + (Bk1 + Ckz)

Therefore the L, norm provides

2
- ~ oy ot
IIE(k’t)I|2 = [lo(k)e® Ilg

and if o <0 and t > 0, then
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[1E(z%, t)]], < [[E(z%s 0)]],

Thus, the partial differential equation is well posed in the sense

of L2 if the condition on ¢ < 0 is satisfied. Now we note that at

2
subsonic cross-flow points, the po]ynom1a1 < n_u ) k% + 2<§]2
a
U‘é)k]k2 + (22 - -—-)kz is positive definite and, therefore, if we
a

choose the term A > 0, we will satisfy the above inequality. However,
of supersonic cross-flow points this polynomial is indefinite and we
thus choose the relations

A=0, B>0 and C> 0.
We note here that in smooth supersonic cross-flow regions, the above
choice of parameters will give an almost undamped equation. Near
the shock waves, frequencies are high due to large gradients and from
the expression for g we note that these modes are heavily damped
since g ~ -k2 for large k. We will now further analyze the partial
differential equation in the smooth regions with the viscous terms
ignored. Transforming the equation to the streamwise coordinate

system,

e 4+

E + 2BE . = (1 - Mc ss nn

AE, + 2B oFnt

1
It is easy to find the other principal coordinate that reduces this
equation to the canonical form
Bz
2 1 - BZ ) E.+AE, =.0
Me-1Ege-Enn\ 2y ~ B2 ) BrrhEr
o

where
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(1-2)
At subsonic cross-flow points T is the time-like direction. How-
ever, at supersonic cross-flow points. either s or n could be made
and B,. We

1 2
choose s to be the time-like direction so that the unsteady problem

the time-1ike direction by appropriately choosing B

will be compatible with the steady problem. This means we need the

condition
By > (M2 - 1) BZ
at the supersonic cross-flow points.

When constructing the iteration scheme, one should make sure
that the resultant unsteady equation will satisfy the above conditions
in order to obtain convergence to the steady solution.

The equation of the characteristic cone could be easily de-
rived from the canonical form of the partial differential equation
and is given by

2 2 2
(Mc-1)(t +2B2nt) - 2B;st + (st-Bln) =0 .

B

This cone touches the plane t = 0 along the line n = Eg-s. The most
1
retarded characteristic can be found by maximizing t/s with respect

to n/s and is given by

2B

2
C

1
-1)

wlcn
[\

s and t = S

1 (M

Implications of these results on the convergence mechanism will be

clearly seen once the difference scheme is constructed.
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When the partial differential equation is descretized in its
quasilinear form, central differences are used everywhere except at
the supersonic points where the term contributing to- the fss term
are upwind-differenced. From this difference equaticn one snould
construct the Tine relaxation procedure such that the resultant un-
steady equation will satisfy all the conditions derived before.

We will now construct the iteration scheme to sweep circum-
ferentially from windward to leeward in lines. We consider the case

of V®* > 0. At subsonic cross-flow points we will use,
+ -~

fee = fic,g ~ %3t finyy o
o +
fn = Fivger ~ 2657 5500
and
_]_ - + - +
fen = 7 [fier 501 = Tiet,541  Tien,s-1 * FiorLia1ds

where f+ denotes the new level and f the update such that

~

+ = -
fis = Tig *op (Fyy - Fy5)

Here, wR is the over-relaxation factor and is > 1. When updating the
scheme at supersonic cross-flow points, we make sure that the number
of old and new values cancel in each term so that the effective con-

tributions to the term E, would be zero. Thus, we take for the fss

t
contribution
+ +
fee = 255 - Fig - 20,5 * Ty
= ot - F - 2f) L+ f
fon = 2Fi5 - Fig ~ 2T Y T2
+ +
feon = 25 - Fig - Ficg ~ it fiaga o
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and for fnh contributions,

+ +
feg = Tiog ~Tig ~Tig g o
_1 e ; t
fen = 7 [fien,501 = Ticrge1 = Finn,5-1 * Tiop, 310
o+ + +
fan = Tisgen = 2y * iy

We may now write the iterative scheme for finite-area method

as
AiCis * AplCiy - Cig g0 + Ay (Cy5 - G5 54)
* Ry (Coy = Gy ) = Ryy + Ty + Ag (G g 5oy
- Cq,541) o

where,
C..=f . -

is the correction.
If we'consider that Rij + Tig‘gre equivalent to their quasi-
linear finite difference equivalents multiplied by pvg, then the up-

dating procedure described above will give the following values for

><u-)§- - > subsonic cross-flow

0 supersonic cross-flow

2
— (11 U U uv
A, = p/g <% -+t 3w+ 2 ——'>
a2 a2 a2 ,

(]
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a a a
22 2 2
P v -V
A =p/9 <g '—+]J"—> s
4 a2 a2
L1 (a2 W, W
oo g (-0 )

This scheme should be modified when V changes sign.
We could get further insight into this scheme by looking at
the equivalent time dependent equation. This is obtained by taking

the Timit At, ag, an » 0,

+
Lo~ F,
C'ij :(E_J_AT_]_J_)A = .g_i At, etc.

Thus, the local error equation will be
2
ot ((g" -U_2><w£- ]> By = —— Epy
a R /gqC

2
)

2
c

E.. tE

+£(1'M sS nn

qc )Est}=(]-M

for subsonic points and

ot - =gy - EB WD) e
/a9, c

_ 2
=0 - Mc) Ess *En

for supersonic points. )
Note that the quantity (g” - l—%> is positive definite at

' a
subsonic cross-flow points and, therefore, as long as wp < 2, the co-

efficient of Ey will be positive. At supersonic cross-flow points
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the gradients in the s direction are larger than those in the n

direction. The above consideration gives us the following model

equation for the error near the shocks in the supersonic zone:

ANAURIVIN .
2(As>< 9. )Est I':ss T as Esss

Fourier transformation gives us

A ) 2 g | q
E(k,t) = E(kﬂ)exp([- (2 % { D;—[%I—}k‘Z)- i <z 2—,5; { UT[C‘—,T}K>] t>

This tells us the kind of damping provided by the scheme near the
shocks. Here the change of sign of the velocity V (contravariant
component that does not 1ie in the sweep direction) does not affect
the damping. But if the sign of U changes (sweeping against the
flow), then the scheme could become unstable. This becomes an im-
portant factor in choosing the type of sweep for high angle of attack
cases.

Next we will verify the compatibility condition derived be-
fore. In order to make s as the time-Tike direction in unsteady pro-

blems as well, we need the inequality
4(9—’-’—1)2 M2 - 1) > 1
v 9 e

to be satisfied at supersonic points in the cross flow.

To ensure that the above condition is always satisfied, es-
pecially near the sonic line, we further augment the ESt term by
adding A igﬂl—fst wheré A is as small as possible and yet sufficient

9e
to ensure stability. The term fst has to be represented by an upwind
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difference, so we write this as

U+v U v
~—)|— (C.. - C. )+ —(C,. -C, . .
A(qc )[qc (€45 = Cia1,5) A, €5 - G ,J-l)]
Finally, we will study the characteristic cone of the artificial

time-dependent equations. From our earlier results we know that the

characteristic cone touches the (s.n) plane along the line

-V
— > S
2/g (U+|V[)(M-1)

t=0 and n =

at supersonic cross-flow points and

at subsonic cross-flow points.

Also, the most retarded characteristic is

n=-— v 5 S
2/g (U+|V]) (M_-1)
and
t = 2 (U+|V]} S
9¢

at supersonic cross-flow points, and

n:__.__v_.__z__.s
/au(l-Mc)
and
1]
t=-—s
qC

for subsonic cross-flow points.
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Figure 7. Unsteady characteristic cones for subsonic and supersonic
points.
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From the figure we can see that in smooth supersonic cross-
flow regions, convergence occurs when the characteristic cone
eventually ceases to touch the initial data plane and intersects the
constant Cauchy data, as shown in Figure 7.

At subsonic cross-flow points, the characteristic cone angle
will be greater than 90° and the convergence is due to damping intro-
duced by the term ft. We note here that the region of dependence in
both supersonic and subsonic cross-flow points is a single line at
the current level, and we need to update the points surrounding this
line. Finally, we observe that the smaller the characteristic cone
angle, the faster the convergence for cross-flow supersonic points.
This means that adding additional fst terms will slow down the scheme

considerably, especially near MC = ],

3.5 Grid Generation

In this section, two efficient methods are described for the
generation of grids over the computational portion of the unit sphere.
Smooth grids improve the accuracy of finite area methods and almost
orthogonal grids give good stability properties. It is desirable to
have grids clustered wherever the flow properties vary rapidly (across
shocks and near the body). In our case, however, the presence of the
bow shock as well as the body shock makes it impossible to cluster
the grids by simple means, because the location of these shocks is
not known in advance. It was, therefore, decided to use almost uni-

form grids, and they have been found to give excellent results.
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Suppose a special coordinate system =% is chosen on the sur-

face so that the metric tensor

aB- ' 2

19

then =% are called the isothermal coordinate system

» and this
transformation maps the surface portion conformally to a plane. For
a spherical surface, this could be done using a stereographic pro-

jection:

z=¢ + 1in = tan %-e1e
Here z is a complex variable. At this stage we could take two dif-
ferent routes to generate the grids. The most straightforward way
is to apply a conformal transformation followed by a simple shearing
to obtain a rectangular region. A suitable conformal transformation
is the "Joukowski transformation” and this would transform almost
elliptical regions to almost circular shapes. Let

W(z) = Re'®

then the Joukowski transformation could be written as
2
_ d
z =W+ W

where W =‘Vd2 are singular points.
We could now transform the computational domain to a rectan-
gular region by a simple shearing:

X=9¢
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and
Y = R - Rbody
R - R
outer body
Here, Rbody and Router can be obtained by spline fitting the body

shape and the outer boundary. In the rectangular region obtained we
generate uniform or nonuniform grids and thus obtain corresponding
representations on the sphere.

This method 1is thus only suitable for straight wings of al-
most elliptic sections. For shapes that are highly cambered and
complicated, a numerical grid generation method is needed. The
method developed here can be considered an extension of Thompson's
grid generation method20 for curved surfaces.

Suppose we assume that the body-conforming coordinates x>

satisfy Laplace's equation in the isothermal coordinates Ea, i.e.,

55%9zP
and
82
__.L_ - 0
9%5zP

in the computational domain. Then the solution of these equations
will give us the coordinates of the grid points. Suppose we apply a
transformation to interchange the dependent and independent variables.
We get

af 825 -
ax%ax
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and
g8 2. g
ax%ax®
where
g =25 g
B 5x* axP

These two coupled, quasilinear, elliptic equations are to be solved
in a rectangular domain with Dirichlet boundary conditions. In gen-
eral, this procedure does not give orthogonal grids, but the maximum
principle guarantees that the grids will not cross. Here we note
that we began with an isothermal coordinate system to avoid grid dis-
tortion. The boundary conditions are provided, as before, by curve
fitting the body and outer boundary. Simple clustering could easily
be done with this method. Since the equations are elliptic they
could be discretized using central differences and éo]ved quite rap-

idly by a line-relaxation method.



CHAPTER 4
A DESIGN METHOD TO OBTAIN CONICAL WINGS WITH SHOCK-FREE CROSS-FLOW

As noted before, although conical wings with shock-free crﬁss-
flow are of practical interest, there is no evidence that such flows
exist. However, one could devise a direct approach to search for such
flows. Suppose we consider a test case with shocked cross-flow and
change the gas law inside the cross-flow bubble in such a way that the
resulting partial differential equation is elliptic; then the elliptic-
to-elliptic transition will result in a smooth sonic surface. We may
accept the solution outside this surface (which includes the bow shock
wave and part of the cone) and use the flow properties on the surface
to solve the Cauchy problem for the actual gas law (for the actual gas
law the governing equation is hyperbolic) to obtain the new body shape
inside the surface. However, one should note that in this method there
is no guarantee that a certain gas law will provide Cauchy data that
will provide a smooth flow up to the body. This method is still pref-
erable because it is direct and only part of the configuration is being
modified. This method has been successfully introduced to transonic

22. The. application of this fictitious-gas method is

flows by Sobieczky
not straightforward for conical flows for the following reasons. In
plane transonic flow a sonic bubble is defined by the statement Q > a*
where a* is the speed of sound at the sonic condition and is a known
constant. In conical flows, however, a* varies and thus is an unknown.
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This difficulty can be eliminated by first computing the actual speed

of sound and, whenever it is less than the cross-flow velocity, re-
placing it by the fictitious speed of sound. When we change the gas law,
we must take care to preserve mass conservation at the sonic line. In
conical flows, because the density varies along the sonic 1ine, the
gas law should be chosen to give continuous density across the conic

line. Let us first Took at the simplest way to meet these requirements.

The energy eguation is

Ma? = oY1 =1+ w2 (12 g% - F2)
and at sonic conditions R 2
1T+ =M (1 - Fy)
M2a2 = Y1 - 2 = *
ik P izl
2
Thus, if we use the gas Tlaw of the form
1+ 51 w2 (1 - F2)
M232= 'Y"]= 2 o
@ ° hadl
2

then the flow properties would be continuous across the sonic line

and the resulting partial differential equation will have the form

aB 3°F b e =0

and is elliptic. This could be called the incompressible analog

for conical flows. In this scheme the artificial viscosity is
switched off and the iteration coefficients are specialized to the
case of a ~ ». We will now examine a few other forms of the gas law.

Let us consider the gas law
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v=-1 _ 2.2
o =M.

Density is again continuous across the sonic line and the resulting

partial differential equation is

oy, 2
<ga8+ 22V v ) 8 F 4o =0
9. (v-1)

=%zP

and is of elliptic type. Of course, we switch off the viscosity and

use the elliptic iteration coefficients with

s 92 (y1)
Q= - =

One could use a gas law in a more general form as

2.2 4] _[”‘%lME (1 - 7]

Meal = , 2 2)

-C (qC - a

bR
2

where the constant C should be chosen to give an elliptic equation.
In changing the gas law inside the sonic surface, one needs to make
sure that the gas law near the bow shock wave is correct. This was
done by first solving the real problem to convergence, so that the
bow shock and the cross-flow sonic bubble are well developed, and
then using this as the initial condition to solve the problem with a
fictitious gas law inside the sonic .surface.

We will now consider the Cauchy problem for the cross-flow
sonic bubble. In plane transonic flow, the best method for solving
this problem is to apply the hodograph transformation to the partial
differential equation and solve the resulting linear partial differn-

tial equations using the method of characteristics. Here the



48
simplicity is due to the homogeneous nature of the equations and also
because only one stream function is necessary to describe the problem.
This makes streamline tracing particularly easy. However, in conical
flows the method of characteristics does not have any advantage be-
cause, as mentioned before, a Legendre transformation will not result
in a linear equation and we also need two stream functions to describe
the flow. It was, therefore, decided to solve this problem using a
finite-difference marching method in a mapped zone, as shown in Fig-
ure 8. The easiest way to solve this problem is to use an explicit
predicter-corrector method. However, if better stability properties
are desired, one could use an implicit method. Writing the governing

equation in the quasilinear form in full,

oy, B 2
<g°‘3-Vg>9F +(2-—ME)F+—1—V°‘3—/§
g aE

This, along with the irrotationality condition, could be written in

the vector form as,

av 3V

o _ B
el Aug T B, - (4.1)

We will now develop a second-order-accurate method for the
* +
solution of Equation (4.1). Suppose Vao, Va and Va are the old,
the predictor and the corrector level values, then

aV \°
* 0 o
V, =V, *&n <_3n> (4.2)

o

and
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ﬁ Mapped domain for
Cauchy problem
inside the bubble.

Figure 8. Regions 2 and Q, are calculated respectively by the usual
algorithm and the marching algorithm.



vF=
o

v * 50
3 .
[va° + v; + An <—§-nﬁ> ] . (4.3)

Equations (4.3), (4.2) and (4.3) give us an explicit system

N[~

to solve. At the old level, the derivative in the space-Tlike direc-

tion is backward-differenced:

v\’ .
<‘a‘é‘> = {59 - O ) s

and at the predictor level, forward-differenced:

*
3V
al) _ : _ 1
(‘zf) = [V, - W] &
We use the same method to obtain the potential at the new

Tevel:

F0 + AnvO

-
I

and

Ft o %.[FO +F 4 oy



CHAPTER 5
RESULTS AND DISCUSSION

Computations were made to demonstrate that the method pre-
dicts qualitative features correctly and their quantitative aspects
accurately. ATl calculations were performed on three mesh levels,
starting with a 16 x 16 grid system. On this initial grid 150 iter-
ations were performed and this was followed by 100 iterations at
both the 32 x 32 and final level. Convergence for the last two grids
is reliable after 30 to 50 iterations, depending on whether or not
there is a body shock wave. The possible types of sweep are shown in
Figure 9. It has been found through numerical experimentation that
circumferential sweep gives the fastest convergence and is also more
stable.

The first example is a circular cone of half angle 10° at
Mach 2 and angle of attack 10f. Results are compared with Euler com-

22, and it is seen that the agreement is excel-

putation by D.J. Jones
lent at all the grid levels. Since, in this case the cross flow is
subsonic, convergence is quite rapid and on the 16 x 16 grid, 70
jterations were sufficient. This coarse grid requires only a few
seconds in CDC 7600 CPU time. Cross-flow streamline patterns were
obtained by integrating the velocity field, and Figure 12e compares

these patterns for the 10° and 20° angle of attack cases. The 1ift-

off phenomenon is clearly seen in the figure. The next series of
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Figure 9.

|

\

Computational boundaries and various possibilities for
line relaxation.
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figures show the result for a 6:1 e]liptié cone at each mesh level.
In this case, due to the body shock wave, resolution is good only at
the final level. These results are compared with those obtained by
Siclari using the Euler equation523. The agreement is generally ex-
cellent except for the extra leading-edge suction, which may be a
consequence of the potential approximation to the bow shock wave, and
except for the post-shock pressure. We note here that the rotational
calculation does not show the expected shock-foot singularity cap-
tured by the present irrotational calculations. The third example

is a thin elliptic wing of major-to minor axis ratio 13:1. Figure
16d compares the Euler results of Siclari, the non-conservative
potential finite-difference results of Grossman, and the present
results. Here all three methods capture, to some extent, the shock-
foot singularity. The finite area method agrees well with the ro-
tational results. The difference in the shock position between the
conservative and non-conservative method is to be noted. A few im-
por?ant observations are noted below.

It is often difficult to get the iteration scheme to converge
for very thin wings with the coarse mesh due to the rapid expansion
at the leading edge. One could introduce extra damping at the shock
wave by an early switching to upstream differencing, but this could
smear the shocks badly. The shock resolution of the present method
is very good, with most shock waves only spanning two interior mesh

points. Even with the fine mesh, the present method is an order of

magnitude faster than the Euler-equation method on a coarser grid.
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Results of the design procedure given here are limited. The
simplest fictitous gas law has been used for circular cone at Mach 2
and 20° angle of attack. The shape of sonic surface on the cone
using the real and fictitous gas laws are shown in Figures 17a and
17b, respectively. Figures 17c and 17d show the pressure distribu-
tion on the cone and on the modification of this cone that makes the
flow shock-free. As in the planar case, only slight changes in body

shape are required to eliminate the cross-flow shock wave.
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Figure 14a. The 32 x 32 mesh for a 6:1 elliptic cone at 10° angle
of attack. :
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The 64 x 64 mesh for a 13:1 elliptic cone at 10° angle
of attack.
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CHAPTER 6
CONCLUSION

An efficient numerical method has been developed for the
computation of supersonic conical flows under the potential approxi-
mation. This method combines ideas from finite element and finite
difference methods in order to solve a quasilinear partial differen-
tial equation of mixed type in an arbitrary domain. The type-
dependent differencing invoked for the flow field computations was
originally developed for planar transonic flows with embedded re-
~gions of supersonic flow. Not surprisingly, this differencing also
proved to be reliable for conical fields with their extensive super-
sonic zones and embedded shock waves. The finite area concept is,
of course, a general one and could be applied to any vector field
on a curved surface described by simii&r partial differential equa-
tions. The conservative differencing implemented here provides a
good approximation to the shock locations and shock strengths for
flows where the potential approximation is a reasonable one.

Possible improvements to the numerical scheme developed here
include the following: 1instead of capturing the shock waves they
could be found through a second-order accurate shock-fitting procedure
consistent with the finite area concept; multigrid methods could be
used to accelerate the convergence of the iterative procedure;
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finally, a higher-order integration method would improve the accuracy
of the discretization procedure.

Using this algorithm and the fictitious gas concept, we have
also demonstrated that shock-free cross flows are possible for con-
figurations that satisfy a geometric constraint. Two possible ex-
tensions of this shock-free design capability could be valuable.
First, a generalization of the method of constructing the sonic sur-
face so that it is more likely that no Timit lines will be encountered
in the Cauchy problem would make the algorithm a better design tool.
Second, mathematical analysis is needed to determine whether or not
the perturbation problem for flows without cross-flow shocks is pro-
perly set. If this is the case, then for conical flows, shock-free
cross flows need not be mathematically isolated, as they are in

planer flows.
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