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ABSTRACT 

Two-dimensional flow in a viscous incompressible fluid, generated by a 

circular cylinder executing large-amplitude rectilinear oscillations in a plane 

perpendicular to its axis and parallel to one of the sides of a surrounding rectangular 

box filled with incompressible fluid is studied numerically. The circular cylinder 

moves back and forth through its own wake, resulting in an extremely complex flow 

field. 

For ease of implementing boundary conditions, a numerically generated body

fitted coordinate system is used. At each time step, the physical domain is doubly

connected, and a cut is introduced in order to map it into a rectangular computational 

domain. A body-fitted grid is generated by solving a pair of Laplace equations with 

a simple grid spacing control method which preserves the essential one-to-one 

property of the mapping. 

A finite difference/pseudo-spectral technique is used in this work to solve the 

Navier-Stokes equations in velocity-vorticity formulation. The time integration of the 

vorticity transport equation is handled by a fully explicit three-level Adams-Bashforth 

method. The two Poisson equations for the velocity components are 11-banded and 

block-diagonal in form, and are solved by a preconditioned biconjugate gradient 

routine. 

An integral constraint on the vorticity field is used to determine the boundary 

vorticity that simultaneously satisfies the no-slip and no-penetration conditions. The 

surface vorticity is uniquely determined by a general solution procedure developed in 

this study which is valid for flows over multiple solid bodies. With this approach, the 

physical process of vorticity generation on the solid boundary is properly simulated 
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and the principle of vorticity conservation is satisfied. 

Results for various test cases and the complex vortex shedding phenomena 

generated by an oscillating circular cylinder are presented and discussed. 
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CHAPTER 1 

INTRODUCTION 

Flow past a circular cylinder has been the subject of numerous investigations 

for over a century. The problem is not only of fundamental fluid mechanical interest 

but also of practical importance since many structures, such as smokestacks, cables, 

and unburied undersea pipelines and piles, are of circular cylindrical construction. 

Since the Navier-Stokes equations which govern the fluid motion are nonlinear, 

no analytical tool is available to obtain exact solutions for flows past bodies of finite 

size. Therefore, approximate solutions are normally sought for such flow problems. 

The approximate solutions may either be analytical solutions of simplified versions of 

the Navier-Stokes equations, or numerical solutions of the simplified or full Navier

Stokes equations. 

The first analytical treatment of the flow around a circular cylinder was given 

by Stokes (1851). For flows at very small Reynolds numbers (Re, herein based on the 

diameter of the cylinder unless otherwise specified), Stokes linearized the governing 

equations by completely neglecting the convective terms. He was unable to obtain 

the steady solution to his linearized equations, although the same approach had been 

successfully applied to the flow past a sphere. This famous Stokes' paradox 

remained unresolved until Oseen (1910) pointed out that the omission of the inertia 

forces, which are dominant far from the circular cylinder, was the cause of failure. As 

a remedy, Oseen proposed an alternative linearization in which the inertial terms were 

approximated by their linearized form valid far from the circular cylinder. The 
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solution of Oseen's equations (Lamb 1911) is a uniformly valid first order 

approximation for low Reynolds number flows past a circular cylinder (cf. Van Dyke 

1975). 

There is excellent agreement between the drag coefficients obtained by theory 

(Lamb 1911, Kaplun 1957) and experiment (e.g., Tritton 1959) at low Re. As Re 

increases, however, the Stokes and Oseen approximations have to be abandoned. No 

other analytical method is currently available to tackle the Navier-Stokes equations for 

flows at intermediate Reynolds numbers. Therefore our knowledge of the flow past a 

circular cylinder has mostly come from experimental observations and, with the advent 

of high-speed, large-memory computers, numerical solutions of the full Navier-Stokes 

equations. 

In this chapter, the objectives of the present research are described, followed 

by a comprehensive review of previous experimental and numerical studies relevant to 

the present work. Recent theoretical studies on the hydrodynamic stability of two

dimensional wake flows, motivated by experimental work, are also discussed. 

Although the present work concerns the flow field generated by an oscillating circular 

cylinder in an otherwise quiescent fluid, a review of the flow past a stationary circular 

cylinder is included to provide perspective. The chapter concludes with a 

description of the physical problem of interest. 

1.1 Objectives of Present Research 

In the present work, we study the two-dimensional viscous incompressible flow 

generated by a circular cylinder executing large-amplitude, time-periodic rectilinear 

oscillations along a line parallel to one of the sides of a rectangular box. The 

cylinder thus moves back and forth through its own wake. We are interested in 
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investigating, in the laminar flow region, the vortex shedding of the oscillating circular 

cylinder and the complicated flow field resulting from the interaction among vortices 

and the cylinder itself. 

In addition to its fundamental fluid mechanical interest, the problem is of 

interest in connection with mass transfer in an electroplating cell with a reciprocating 

paddle (Castellani et al. 1978, Rice et al. 1988) in which disk heads are plated by the 

anomalous codeposition of iron and nickel as a magnetic alloy. The details of the 

fluid mechanics and mass transfer are especially important because the deposition of 

Ni is kinetically controlled, and that of Fe is mass transfer controlled. Thus, the 

composition of the magnetic alloy is very sensitive to the mass transfer conditions 

under which it is deposited. In certain applications, the very strong dependence of 

the magnetic properties (particularly the coercivity) on composition leads to a 

sensitive dependence of material properties on agitation. 

1.2 Uniform Flow Past a Stationary Circular Cylinder 

1.2.1 Previous Experimental and Theoretical Work 

Over the years several reviews on the subject of flow past a stationary circular 

cylinder have been published, including those of Morkovin (1964) and Berger & Wille 

(1972). Here, more recent studies are also included to make the discussion complete. 

Early experimental studies show that a pair of symmetrical attached eddies 

appears at the downstream side of the circular cylinder at Re EO 5 (Taneda 1956) or 

Re '" 4.4 (Coutanceau & Bouard 1977). The fluid in the attached eddies is separated 

from the mainstream by vortex layers which are a continuation of the laminar 

boundary layers after separation. These vortex layers emanate from each side of the 

circular cylinder and join together downstream. As Re increases, the attached eddies 
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become more and more elongated and the circulatory motion therein intensifies. 

Eventually they become asymmetric and unsteady, alternately breaking away from the 

circular cylinder to form the well-known Karman vortex street. 

The Reynolds number at which the vortex street first appears, denoted by Res, 

is commonly taken to be 40 (Kovasznay 1949), although different values (Res - 34, 45, 

and 50) have been experimentally observed by Coutanceau & Bouard (1977), Taneda 

(1956), and Nishioka & Sa to (1974). [According to the linear stability analyses of 

Jackson (1987) and Zebib (1987), disturbances grow for Re> 40 and Re > 45, 

respectively.] The scatter in the experimental data may be due to different freestream 

disturbance levels, different blockage ratios, nonuniformities of the incident flow, 

surface roughness and other imperfections of the test cylinders, and three-dimensional 

effects caused by finite length/diameter ratios, etc., in different experiments. In fact, 

previous experiments have shown that, at low Re, reduction of the length/diameter 

ratio tends to suppress vortex shedding (Nishioka & Sato 1974, Coutanceau & Bouard 

1977). Higher blockage ratios D/H (0 being the cylinder diameter and H being the 

cross-stream dimension of the test section) tend to stabilize the wake (Taneda 1965). 

Also vortices are normally not shed in phase along the cylinder span, as is evidenced 

by oblique vortex filaments observed in experiments (Tritton 1959, Koopmann 1967). 

The three-dimensionality is thought to be primarily due to imperfections of the test 

cylinders, nonuniformity of the incident flow, and end-effects (Taneda 1965, Gaster 

1969, 1971, Williamson 1988a). 

In a systematic study of the vortex shedding phenomenon, Strouhal (1878) 

discovered that the dimensionless shedding frequency fs D/U was almost constant for a 

wide range of Re, where fs is the dimensional vortex shedding frequency and U is the 
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incident flow velocity. The dimensionless group fs DIU is now called the Strouhal 

number (St). Rayleigh (1945) pointed out that St should depend on Re. The 

experimental variation of St with Re has been reported over a wide range of Reynolds 

numbers (Roshko 1953, 1961, Bishop & Hassan 1964a, Bearman 1969, King et al. 1973). 

In a celebrated paper, Karman & Rubach (1912) studied the linear stability of 

staggered vortex streets using an inviscid vortex model. They found that all streets of 

point vortices are unstable with respect to inviscid disturbances, except those with a 

spacing ratio h/L of 0.281, where hand L are the cross-stream and streamwise 

spacings of the vortices, respectively. Much effort was subsequently devoted to the 

inviscid linear stability theory and measurements of the spacing ratio. It was not until 

much later that Domm (1956) proved analytically that the vortex street satisfying 

Karman's stability condition is unstable at second order (in amplitude) while all other 

vortex arrangements are unstable at first order. Thus, the fair agreement between the 

spacing ratios observed in many experiments and the theoretical value (0.281) of 

Karman & Rubach turned out to be fortuitous. 

The fact that attached eddies elongate and become asymmetric and unsteady 

as Re approaches Res naturally leads to the suggestion that the vortex street is a 

consequence of the instability of the attached eddies (Goldstein 1938). However, the 

wake behind the circular cylinder is composed of both the attached eddies and the 

laminar wake downstream. It could also be the instability of the laminar wake that is 

responsible for the appearance of the vortex street. The flow visualization pictures of 

Homann (1936) clearly show that the laminar wake undergoes a sinusoidal oscillation 

at Re slightly less than Res' Kovasznay (1949) observed that the vortices were not 

shed directly from the circular cylinder but rather were formed some distance 
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downstream as a result of instability of the vortex layers. This notion of the laminar 

wake instability is further supported by an experiment of Taneda (1958) in which a 

vortex street was observed in the wake of a flat plate placed parallel to the incident 

flow, even though in this case no attached eddies exist. Tritton (1959), in a wind 

tunnel experiment aided by flow visualization in a water tunnel, observed that the fluid 

in the attached eddies remained separated from the mainstream up to Re E!! 90, above 

which it broke away into the wake. Thus he concluded that "only then is the common 

way of speaking of the vortex street being produced by shedding of the attached 

eddies strictly correct". 

It should be pointed out that the discontinuity in the fs versus Re curve at 

Re E!! 90 observed by Tritton (1959) is still controversial. Gaster (1969,1971), using 

slightly tapered circular cylinders to simulate the nonuniformity in the incident flow, 

showed that the discontinuity observed by Tritton might have been due to three

dimensional effects. Friehe (1980), using tensioned Nichrome wires as test cylinders, 

observed discontinuities in the range 50 ;!; Re ;!; 175. Recent experiments of Van Atta 

& Gharib (1987), who used. steel wires as test cylinders, showed several 

discontinuities in the fs - Re plots, which they called 'windows of chaos'. 

Sreenivasan (1985) earlier made similar observations. In both of these studies, the 

cylinders underwent flow-induced vibrations. When the cylinder vibration was 

suppressed, the number of discontinuities was reduced. These results suggest that the 

discontinuity observed by Tritton may have been due to cylinder vibrations not 

observable by the unaided eye. More recently, Williamson (1988a) has suggested that 

the discontinuity is due to oblique vortex shedding, which is caused by the finite 

length/diameter ratio in experiments. By angling the endplates of the test cylinders, 
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vortex shedding parallel to the cylinder was induced and the discontinuity in the fs 

versus Re curve was eliminated. 

For 40 < Re < 150 , which Roshko (1953) called the.stable range, the vortex 

street maintains its regular arrangement for a distance up to 40-50 diameters 

downstream. A higher upper limit (Re .. 200) has been reported in more recent low 

disturbance level experiments (Nishioka & Sato 1978). As vortices are convected 

downstream, they decay via viscous diffusion. Meanwhile, both the cross-stream and 

streamwise spacings grow, with the latter growing more slowly than the former (Fage 

& Johnson 1928). In an experiment performed in a long towing tank facility, Taneda 

(1959) was able to observe the development of the vortex street several thousand 

cylinder diameters downstream. For Re < 150, he found, as did Roshko (1953), that 

the wake was always laminar and the vortex structure abruptly lost its coherence and 

broke down into a less ordered pattern about 50 cylinder diameters downstream. In 

addition, he made the striking observation that, downstream of the visually disordered 

state, a secondary vortex street evolved. The secondary vortex street had a much 

longer streamwise spacing, typically on the order of 2 to 10 times that of the primary 

vortex street, depending on Re. The secondary vortex street alternately formed and 

broke down, with the streamwise spacing increasing downstream. This wavenumber 

selection phenomenon strongly suggests a competition between unstable modes in the 

vortex street. Studying the hydrodynamic instability of the wake velocity profiles via 

the well-known Orr-Sommerfeld equation (cf. Drazin & Reid 1981) may ultimately 

provide the long overdue answer to the mechanism of the formation of the vortex 

street. 

In fact, recent theoretical studies by Triantafyllou et al. (1986) and Monkewitz 
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& Nguyen (1987) show promising results along these lines. In these studies, the 

inviscid Orr-Sommerfeld (Le., Rayleigh) equation was used to study the stability of 

parallel wake velocity profiles at various downstream locations for given Re. Profiles 

for which disturbances grew were classified as absolutely or convectively unstable. 

Briefly, a disturbance in the form of a delta function in both space and time is 

introduced as a forcing term in the Rayleigh equation. The impulse response (Le., 

Green's function) of the system is sought. If the disturbance grows and propagates 

both upstream and downstream, the instability is said to be of the absolute type, while 

if the disturbance grows and propagates only in the downstream direction, the 

instability is said to be of the convective type. In the case of absolute instability, 

disturbances will grow, limited by nonlinearities, at any location and eventually a self

sustained oscillation is established. On the other hand, in the case of convective 

instability, unsustained disturbances will be convected away, eventually leaving an 

undisturbed flow field. Triantafyllou et al. (1986) analyzed the stability of the wake 

velocity profiles reported by Kovasznay (1949). At Re ... 34, Kovasznay vibrated the 

test cylinder and observed the appearance of the vortex street, which faded away 

once the vibration stopped. At this Re, Triantafyllou et al. (1986) found that the time

averaged velocity profile two diameters downstream of the center of the cylinder 

supported a convective instability which agreed with Kovasznay's observation. At 

Re .. 56, they found that the instability which caused staggered arrays of vortices was 

of the absolute type while the instability leading to symmetric arrays of vortices was 

of the convective type. This explains why staggered arrays of vortices, rather than 

symmetrical ones, are observed in the wake. Moreover, the computed critical 

frequency corresponds to St ... 0.13, in good agreement with the value (0.13) reported 
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by Kovasznay (1949) and Roshko (1953). In the study of Monkewitz & Nguyen (1987), 

a two-parameter correlation for the near and far-wake velocity profiles was used in 

the stability analysis. The varicose mode (corresponding to the symmetric vortex 

arrangement) was also found to be convectively unstable everywhere, and the Karman 

vortex street was linked to the absolute instability of the sinuous mode. 

The excellent agreement between the theoretical study of Triantafyllou et al. 

(1986) and experiments, however, should be evaluated with caution. As per discussion 

with Professor Gaster, the use of the time-averaged velocity profile of the periodic 

wake, which is already the consequence of the flow instability, is questionable. 

Further studies on the stability of the steady solutions of the Navier-Stokes equations, 

which can be obtained numerically at Reynolds numbers well above 40 (e.g., Fornberg 

1980, 1985), may prove valuable. 

At Re > 150 (or 200 as noted above), the flow past a circular cylinder is further 

complicated by a transition to turbulence. Roshko (1953) observed that the transition 

always occurs in the free vortex layers, i.e., the recirculating fluid becomes turbulent 

before breaking away. The vortex street downstream is therefore composed of 

turbulent fluid. As Re is increased, the point of transition moves toward the 

separation point on the cylinder surface. It is also observed that increasing the 

freestream turbulence level causes the transition point to move closer to the cylinder. 

At an Re on the order of 5 x 104 , the transition point reaches the separation point and 

remains there as Re is further increased. At a still higher Re on the order of lOS, the 

transition point moves ahead of the separation point. When this occurs, the turbulent 

boundary layer separates at a point on the downstream side of the cylinder surface. 

The wake width is then greatly reduced, resulting in a sharp drop in the drag 
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coefficient. 

The influence of a side wall on the vortex shedding from a circular cylinder, 

which is of direct relevance to the present work, has been investigated by a number 

of authors (e.g., Bearman & Zdravkovich 1978, Buresti & Lanciotti 1979, Angrilli et al. 

1982, Grass et al. 1984). The Reynolds numbers of interest in most of these studies 

are on the order of tens of thousands which are typical for flow past pipelines near 

the seabed. The results of these studies are quite inconsistent, presumably because 

the boundary layer thickness on the plane wall differs in the experimental setups. 

Nonetheless, it is generally agreed that for G/D below 0.3 (G being the size of the 

gap between the cylinder and plate), vortex shedding is suppressed. However, 

Taneda (1965), towing a circular cylinder near a plane wall in a fluid at rest (with 

G/D .. 0.6 and 0.1), thus eliminating the boundary layer on the plane wall, observed a 

single row of vortices shed from the far side of the circular cylinder at Re .. 170. 

The shedding frequency decreases with G/D, and the shed vortices break down after 

only several wavelengths. 

1.2.2 Previous Numerical Work 

Thom (1928, 1933) was the first to successfully obtain numerical solutions of 

the steady Navier-Stokes equations for two-dimensional incompressible flow past a 

circular cylinder. His work is especially admirable since the calculations were 

performed on a single desk calculator! Since then many other steady solutions have 

been reported for this flow at various Reynolds numbers (e.g., Kawaguti 1953, Allen & 

Southwell 1955, Apelt 1961, Takami & Keller 1969, Hamielec & Raal 1969, Dennis & 

Chang 1970, Takemitsu 1980, Fornberg 1980, 1985). For Re < 40, these calculations, 

except the one by Allen & Southwell which showed a decrease in the length of the 
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attached eddies above a certain Re (see the note by Kawaguti 1959), predicted 

general features of the flow which agreed well with available experimental results. 

The steady solution can also be obtained by solving the time-dependent 

Navier-Stokes equations, with or without symmetry condition imposed, until the 

solution converges. Previous work of this type has been reported by Payne (1958), 

Kawaguti & Jain (1966), Ingham (1968), Son & Hanratty (1969) and others. At 

Reynolds numbers on the order of hundreds, the steady solution is approached very 

slowly. 

The main motivation for computing steady solutions at Re well above 40 is to 

gain insight into the asymptotic nature of the flow at large Re. To date, reliable 

numerical solutions for Re > 1000 are still lacking and no conclusion can be drawn 

regarding the validity of various theoretical predictions (cf. Fornberg 1985). 

All of the aforementioned numerical simulations employed the streamfunction

vorticity (1/1 - w) formulation of the Navier-Stokes equations. The primary reason for 

its popularity in two-dimensional calculations is the fact that earlier attempts using 

other formulations [e.g., primitive-variable (u-v-p) and streamfunction (1/1) formulations] 

were unsuccessful. The advantages and disadvantages of various formulations, 

including the velocity-vorticity (u-v-w) formulation proposed by Fasel (1973), have 

been thoroughly discussed (Fasel 1980). Since all numerical simulations of a uniform 

flow of infinite extent past a circular cylinder inevitably have to be confined within a 

finite computational domain, conditions are normally imposed on a fictitious boundary 

a finite distance from the circular cylinder. These conditions can be obtained either 

by assuming the flow to be inviscid, or from the asymptotic behavior (e.g., Imai 1951) 

far away from the circular cylinder. In order to accurately approximate the imposed 
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far-field behavior of the flow field, it is required to place the fictitious boundary far 

away from the circular cylinder. In this work, an approach is used for a bounded 

domain which, if applied to flows on unbounded domains, completely avoids the need 

to impose conditions at a fictitious boundary. 

Several numerical studies of the Karman vortex street have also appeared in 

the literature. In numerical simulations, the non idealities which are unavoidable in 

experiments, such as freest ream turbulence, nonuniform incident flow, imperfections of 

the circular cylinder, etc., can all be avioded. Therefore, steady solutions can be 

obtained at Re far beyond 40, even though above this Re the Karman vortex street is 

always observed experimentally. Although the round-off error inherent in numerical 

simulations would eventually lead to the appearance of the vortex street, the time 

required may be long (Sreenivasan et al. 1989, Strykowski & Sreenivasan 1989), and 

asymmetric perturbations are usually introduced to induce the development of the 

vortex street, such as rotating the cylinder back and forth for one cycle after 

calculations have been performed over a certain dimensionless time. 

Thoman & Szewczyk (1969), using a hybrid grid with cylindrical and 

rectangular structure adjacent to and far from the cylinder, respectively, obtained 

Karman vortex streets for Re - 200, 4 x 104 and 3 x lOS. However, their results are 

probably not very accurate since the numerical method used was only first-order 

accurate in space and time, and the computer memory and speed available were not 

sufficient to achieve the desired accuracy. 

Dawson & Marcus (1970) studied the vortex street at Re .. 100 using a 

Cartesian grid. Interpolation was required on the cylinder boundary since the grid 

was not body-fitted. The Strouhal number they reported was about 30 lower than the 
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experimental value. 

Jordan & Fromm (1972), imposing far-field conditions at a large distance (187.9 

radii) from the circular cylinder, obtained vortex streets for Re - 100, 400 and 1000. 

The reported Strouhal numbers agreed well with the experimental results of Roshko 

(1953). 

Lin et al. (1976) studied flows past a circular cylinder at Re - 40, 80 and 200 

using three finite-difference schemes. The fictitious outer boundary was placed 90 

radii from the circular cylinder. The imposed condition that the forward stagnation 

point be located at the front of the cylinder may have rendered the results inaccurate. 

Patel (1978), using a semi-analytical approach in which the streamfunction and 

vorticity were represented by finite Fourier series, studied the vortex streets at 

Re = 100, 200 and 500. The fictitious outer boundary was placed 102.9 radii from the 

circular cylinder. The Strouhal numbers reported were about 20 lower than the 

experimental results of Roshko (1953). 

Lecointe & Piquet (1984) studied the Karman vortex street at Re = 200 using 

several finite difference schemes. They concluded that a particular fourth-order 

compact implicit method yielded the best result. Their test cases also included a 

circular cylinder executing oscillations in-line with the incident uniform flow, which 

wi II be discussed further in §1.3.1. 

Numerical studies of the vortex street based on the primitive-variable 

formulation of the Navier-Stokes equations have been reported by Rumsey (1985), 

Braza et al. (1986), Rumsey et al. (1987), Eaton (1987), and others. Braza et al. (1986) 

reported extensive results on the velocity field in the near wake of a circular cylinder 

for Re '" 1 00, 200 and 1000. At Re - 100 and 200, the computed shedding frequencies 
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and time-averaged drag coefficients agree well with experimental results. They noted 

that the Re .. 1000 calculation, carried out well above the transition to turbulence, 

could only be considered qualitative. The results could, however, be compared to 

experiment or a three-dimensional simulation, in order to determine which two

dimensional features in the three-dimensional flow are characteristic of the (unstable) 

two-dimensional solution. In the work of Rumsey et al. (1987), the energy equation 

and the perfect gas equation of state were included in a compressible flow 

calculation. For flow past a circular cylinder at Re - 174 with a Mach number of 0.3, 

an extensive grid refinement study was conducted and the Strouhal number was 

obtained by extrapolating to the limit of zero grid spacing. The lift coefficient 

reported was periodic in time, in contrast to the earlier results of Rumsey (1985) 

where more than one frequency appeared in the lift coefficient time series when a 

relatively coarse radial grid was used. In the work of Eaton (1987), a Galerkin finite

element method was used. Detailed analyses were carried out on the streamline, 

streak line and material-line patterns in the near wake of the circular cylinder at 

Re = 110. 

1.3 Flow Around an Oscillating Circular Cylinder 

The vortex shedding phenomenon discussed in §1.2 gives rise to a fluctuating 

force nearly perpendicular to the incident flow direction. The transverse component 

(lift) has a frequency fs while the in-line component (drag) has a frequency of 2fs' 

The circular cylinder may therefore oscillate transversely under the influence of the 

fluctuating lift force. If the natural frequency of the elastic or elastically mounted 

cylinder is near fs' a nonlinear interaction will cause the vortex shedding to be 

captured by the cylinder's vibration. This is known as lock-in, wake capture, 
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synchronization or locking-on. In general, locking-on increases the vortex strength, 

the fluctuating force and the two-dimensionality of the flow. Sarpkaya (1979) has 

given a review on the locking-on phenomenon due to flow-induced vibrations. Since 

the flow-induced vibration is difficult to control experimentally, it is common to study 

the locking-on phenomenon by imposing a controlled rigid body oscillatory motion on 

a cylinder in a uniform flow. Reviews on the locking-on phenomenon due to forced 

oscillations have been given in papers by Bearman & Graham (1980) and Bearman 

(1984), and in a book by Chen (1987) which covers a wide variety of flows about rigid 

and elastic circular cylindrical structures. 

1.3.1 Oscillating Circular Cylinder in a Uniform Flow 

The locking-on phenomenon was first reported by Bishop and Hassan (1964b). 

By forcing a circular cylinder to oscillate transversely to the incident flow in the 

range 5000 < Re < 10,000, they found that within a range of frequencies around fs' the 

vortex shedding frequency was locked to the imposed oscillation frequency and the 

natural Strouhal frequency was lost. The locking-on frequency range widened as the 

oscillation amplitude was increased. Locking-on was also observed near frequencies 

that were integral multiples of fs' 

Koopmann (1967), using smoke for the flow visualization in a wind tunnel 

experiment, forced the cylinder to oscillate transversely at frequencies near fs in 

uniform flows at Re .. 100, 200 and 300. At a fixed oscillation frequency f, the 

oscillation amplitude was slowly increased. At a threshold amplitude of about 10 of 

the cylinder diameter, depending on f and Re, dramatic changes in the vortex street 

were observed. The vortex filaments, which had been oblique to the cylinder axis, 

suddenly became aligned parallel to the cylinder. When this occurred, the loss of 
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temporal periodicity was delayed from Re - 150 (or 200 as noted in 61.2) to a much 

higher Re, as also reported by Griffin & Votaw (1972). Moreover, above the threshold 

amplitude for a fixed frequency, Koopmann found that the cross-stream spacing of the 

vortices decreased with increasing amplitude while the streamwise spacing was 

unaffected. By varying the oscillation frequency while keeping the amplitude fixed 

above the threshold, Koopmann found that the streamwise spacing varied inversely 

with the frequency ratio flfs (Le., the vortex street was compressed in the streamwise 

direction for f > fs and stretched for f < fs}' With Re fixed, locking-on was found to 

occur within a range of frequencies around the natural shedding frequency. This 

range widened with increasing oscillation amplitude, in good agreement with the 

observations of Bishop & Hassan (1964b). The vortex streets at the upper and lower 

locking-on frequency limits had very different structures. At the upper limit, the 

vortices were staggered and resembled the Karman vortex street except that both 

streamwise and cross-stream spacings were reduced. At the lower limit, the increase 

of the streamwise spacing and the decrease of the cross-stream spacing made the 

vortex wake appear to consist of colinear vortices of alternating sign. 

The locking-on phenomenon associated with a circular cylinder undergoing 

transverse oscillations was also studied by Griffin & Ramberg (1974) at Re .. 144 and 

190. In addition to the phenomena described by Koopmann (1967), they observed a 

peculiar structure of the vortex wake at a frequency (0.85 fs) in the lower locking-on 

range. At an oscillation amplitude of 0.8 0 (above the amplitude at which colinear 

vortices appear), the vortex shed from one side of the circular cylinder showed signs 

of breaking up into two separate vortices. When the oscillation amplitude was about 

one cylinder diameter, Griffin & Ramberg (1974) observed that two full vortices of like 
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sign were formed during one oscillation cycle while a single vortex of opposite sign 

was shed during the subsequent cycle. This vortex fission phenomenon was observed 

by Christiansen & Zabusky (1973) in a numerical simulation of four colinear vortices 

of alternating sign in an inviscid fluid. 

It should be mentioned that during locking-on, the cross-stream spacing of the 

vortex street is not always reduced. Taneda (1965) observed that both the streamwise 

and cross-stream spacings increased (to about 1.7 the spacings of the Karman vortex 

street) when the circular cylinder oscillated transversely at a frequency of fs/2 in a 

uniform flow at Re ... 55. 

For a circular cylinder oscillating in-line with the incident flow, Griffin & 

Ramberg (1976) reported that locking-on occurred at frequencies near 2fs and that the 

observed vortex street pattern depended on the amplitude of oscillation. The 

Reynolds number was -::hosen as 190 so that comparison could be made to their 

previous results for a transversely oscillating cylinder. In the first pattern, where only 

one vortex was shed during a cycle of the cylinder motion, the dependence of the 

ratio of cross-stream to streamwise vortex spacing on the amplitude and frequency of 

the oscillation was similar to the transversely oscillating cylinder. Again, in the lower 

part of the locking-on frequency range, the vortex street became almost a line of 

counter-rotating vortices when the oscillation amplitude was well above the threshold. 

In the second pattern, two vortices of opposite sign were shed during each oscillation 

cycle, with one appearing to be stronger than the other. They formed a vortex pair 

while being convected downstream. Over the range of locking-on frequencies 

studied, these two patterns existed intermittently, in contrast to the similar experiment 

of King et al. (1973) where a single wake pattern existed in each of several distinct 
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frequency ranges. A third vortex pattern was observed by Griffin & Ramberg (1976) 

when the oscillation amplitude was further increased. In this pattern, three vortices 

were shed during two successive cycles of the cylinder oscillation; one counter

clockwise vortex was shed during a cycle while two clockwise vortices were shed 

during the subsequent cycle. This vortex fission phenomenon was also observed in 

the case of a transversely oscillating cylinder discussed above. 

It generally has been accepted that oscillating bluff bodies shed vortices either 

at the Strouhal frequency fs when the oscillation frequency f is outside the locking-on 

range, or at frequencies commensurate with f when locking-on occurs (Koopmann 

1967, Griffin & Ramberg 1974). However, a recent experimental study by Barbi et al. 

(1986) of an in-line oscillating circular cylinder in the range 3000 < Re < 40,000 

showed that, as f approaches the lower limit of the locking-on frequency range from 

below, there is a progressive decrease of the actual shedding frequency, denoted by 

fv, with fv slowly changing from fs to f. This is in good agreement with the 

observations of Bishop & Hassan (1964b). Before the locking-on occurs, f and fv are 

incommensurate (Le., the flow is quasi-periodic). Locking-on was observed near 

f - fs' in contrast to the value of 2fs reported by Griffin & Ramberg (1976). Two 

symmetrical vortices are shed simultaneously during one cycle of the cylinder motion. 

The vortex street is composed of a symmetric, rather than the commonly observed 

staggered, array of vortices. 

Numerical studies on the flow past an oscillating circular cylinder have been 

reported by Hurlbut (1978), Hurlbut at al. (1982), Lecointe & Piquet (1984, 1985a,b), 

Tamura et al. (1988) and others. 

In the studies of Hurlbut and Hurlbut et aI., the primitive-variable formulation of 
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the Navier-Stokes equations was used. For a circular cylinder oscillating in-line with 

the incident flow, they studied flows at Re .. 80 and 100 with an oscillation amplitude 

ratio AID of 0.14, which was above the locking-on threshold amplitude in the 

experiments of Tanida et al. (1973). For the case of e transversely oscillating 

cylinder, the flow was studied only at Re .. 80 due to the excessive computer time 

required (30 hours on their machine). As in the stationary cylinder case, disturbances 

were added after attached symmetric vortices had appeared, in order to promote 

vortex shedding. Whether or not locking-on had occurred was determined by 

comparing the vortex shedding frequency with the (computed) Strouhal frequency, and 

by the instantaneous streamline plots over a full period of cylinder oscillation. 

Frequencies both within and outside the locking-on range were tested and good 

agreement of the time-averaged lift and drag coefficients with the experiments of 

Tanida et al. (1973) was achieved. 

In the work of Lecointe & Piquet, the l/J - w formulation of the Navier-Stokes 

equations was solved by both second and fourth order accurate finite difference 

methods. Sinusoidal motion of the cylinder was imposed after the Karman vortex 

street was approximately established for a fixed-cylinder flow at Re .. 200. The 

experiment of Koopmann (1967) was used as a guide in selecting the cases studied. 

To decide whether locking-on had occurred, the time history of lift and drag 

coeffi'cients and the vorticity field were analyzed and compared to those computed 

for a stationary cylinder. Results for cases within and outside the locking-on range 

agreed well with the experiments of Koopmann. 

In the study of Tamura et al. (1988), both the forced and vortex-induced 

transverse oscillations of a circular cylinder in a uniform stream at Re .. 3000 and 
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10,000 were investigated by solving the incompressible Naiver-Stokes equations in 

generalized coordinates. The detailed structure of the vortex shedding from the 

oscillating cylinder was presented, and found to be significantly different from the 

fixed cylinder case. 

1.3.2 Oscillating Cylinder in a Quiescent Fluid 

This case, which is closely related to the present work, is an essential step to 

a better understanding of the mechanism of the locking-on phenomenon described in 

§1.3.1. When the oscillation amplitude of the circular cylinder is large, even without 

the incident flow, a complicated flow field can be generated which is at least as 

complex as the locking-on phenomenon, as discussed below. 

In a reference frame fixed with the circular cylinder, the fluid appears to 

undergo an oscillatory motion that reverses direction every half-cycle. If the 

oscillation amplitude and the Reynolds number are large enough so that vortex 

shedding occurs, vortices shed during one half-cycle will be convected backwards 

past the cylinder during the subsequent half-cycle. They will interact not only with 

the cylinder but also with vortices currently being generated. It is conceivable that 

the number of the vortices shed and their relative locations, which determine how 

vortices interact with each other and consequently the flow field, depend on the 

oscillation period T, magnitude of the oscillation velocity Urn' and the cylinder 

diameter D. Also of importance is the kinematic viscosity v, which determines the 

rate at which vortices decay. The interaction among vortices can result in a very 

complicated flow field with vortex street(s) transverse to the cylinder oscillation 

direction (Williamson 1985). 

Stokes (1851), whose main interest was the drag on the oscillating body rather 
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than the flow field generated, was the first to show that the drag acting on a circular 

cylinder (or sphere) undergoing a sinusoidal oscillation in a viscous fluid depends on 

both Re and another parameter, say, A - D2/(vT). Keulegan & Carpenter (1958) 

studied the forces exerted on fixed cylinders immersed in simple sinusoidal currents. 

They used Morison's strictly empirical (cf. Sarpkaya 1986) equation (Morison et al. 

1950) 

(1.1 ) 

to obtain the inertia (Crn ) and drag (Cd) coefficients from the measured drag forces F 

on test cylinders of various cross-sections. Here p is the density of the fluid, D is the 

characteristic length of the body normal to the flow, Ao - "D2 /4 is a circular area, 

and Urn is the maximum velocity during one cycle. 

For Re in the range of 4700 - 22,700, Keulegan & Carpenter correlated Crn and 

Cd with a dimensionless parameter Urn TID to good accuracy, while no correlations of 

the coefficients Crn and Cd with Re seemed to exist. The lack of correlation of these 

coefficients with Re was also reported by Sarpkaya (1975). The parameter Urn TID is 

often referred to as the Keulegan-Carpenter number (Kc) in the literature. Note that 

Kc .. Re/A. In the case of a purely sinusoidal oscillation, Kc .. 2" AID, where A is 

the amplitude of the oscillation. Thus, Kc is a measure of the ratio of the oscillation 

amplitude to the body size. 

The experiments of Keulegan & Carpenter (1958) and Sarpkaya (1975) were 

conducted with cylinders fixed in an oscillatory flow in which the variation of Kc was 

achieved by varying the size of the test cylinder. Since changing the cylinder size 

also changed Re, a systematic study of the Re dependence of these force coefficients 
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was difficult. Garrison et al. (1977), forcing a cylinder to oscillate in an otherwise 

stationary fluid where Urn could easily ba varied without changing the oscillation 

amplitude (i.e., Kc), found that Crn and Cd also depended strongly on Re. Sarpkaya 

(1976) also arrived at the same conclusion. This is in agreement with Stokes' 

prediction that these coefficients depend on two dimensionless parameters. 

Most investigations to date have been primarily concerned with the 

measurement of forces exerted on the cylinder (Morison et al. 1950, Keulegan & 

Carpenter 1958, Sarpkaya 1975, Bearman et al. 1985, Sarpkaya 1986). A few 

investigations have included flow visualization (Keulegan & Carpenter 1958, Honji & 

Taneda 1969, Grass & Kemp 1978, Tatsuno 1980, Honji 1981, Sorokodum 1982, 

Williamson 1985, Sarpkaya 1986). Among these, the study by Williamson is the most 

systematic, and offers an excellent description of the flow field over a wide range of 

Kc. 

Williamson (1985), using both a U-shaped vertical water channel with a circular 

cylinder fixed therein, and a cylinder oscillating in a rectangular water tank, made an 

extensive study of the vortex patterns for Kc up to 60 with A fixed. He divided Kc 

into several ranges within which distinct vortical wakes were observed. 

0< Kc < 7 

In this range of Kc, no vortices were shed directly from the cylinder. The 

'attached' vortices formed during the first half-cycle move around the cylinder and 

pair with those formed at the other side of circular cylinder during the second half

cycle. The vortex pairs, which are symmetric about the midplane, with each pair 

composed of counter-rotating vortices, then move away from the cylinder due to self

induction. For Kc < 4, the flow is symmetric about the direction of oscillation. In the 
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range 4 < Kc < 7, the attached vortex pair formed behind the cylinder becomes 

increasingly asymmetric, with one vortex being stronger than the other, which is a 

sign of imminent vortex shedding. 

It should be pointed out that, for Kc « 1, the oscillation amplitude is small, so 

that the attached vortices generated during the first half-cycle do not move close 

enough to the vortices generated at the other end of the circular cylinder during the 

second half-cycle for the vortex pairing process to occur. Analytical treatment of the 

Navier-Stokes equations using a perturbation technique yields the steady streaming 

phenomenon in which four vortices around the cylinder remain attached (Schlichting 

1979). While Honji (1981), Sorokodum (1982), and many other authors (cf. Telionis 

1981) have observed four stable attached vortices at small Kc, Williamson (1985) 

reported no lower limit below which the vortex pairing process described above was 

absent. Numerical work on the steady streaming How has been reported by Skavlem 

& Tjotta (1955), Haddon & Riley (1979), Bertelsen et a!. (1973), Pattani & Olson (1987, 

1988) and others. All of these numerical studies are limited to very small values of 

Kc. In passing, it is worth mentioning that for 70 < A ( .. Re/Kc) < 700 and 0 < Kc < 4, 

Honji observed that above a threshold Kc which decreases as A increases, the 

periodic two-dimensional streaming flow became unstable with respect to spanwise 

periodic disturbances. As a consequence of this instability, chains of equally spaced 

vortices, each in the form of a mushroom, appeared periodically in time along the 

span of the cylinder. This three-dimensional flow appears to have been reported first 

by Honji. A three-dimensional linear stability analysis of the time-periodic two

dimensional flow has been carried out by Hall (1984) using Floquet theory in time. 
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7 < Kc < 15 

In this range, the amplitude of the cylinder oscillation is large enough to allow 

two vortices to be shed during each full cycle of cylinder motion. This range is 

further divided into lower (7 < Kc < 13) and upper (13 < Kc < 15) subranges. 

In the lower subrange, two shed vortices of opposite sense are generated 

during a full cycle and move away in a direction roughly perpendicular to that of the 

cylinder motion, forming a staggered vortex street. This vortex street, which has a 

striking resemblance to the Karman vortex street, appears predominantly on one side 

of the line along which the center of the cylinder moves (hereinafter referred to as the 

midline), but can intermittently move to the other side and persist for a number of 

cycles. 

In the upper subrange, two pairs of vortices are formed during a full cycle of 

the cylinder oscillation. One pair is composed of small 'attached' vortices while the 

other is composed of shed vortices. Each pair moves away from the circular cylinder 

in diametrically opposite directions inclined about 450 from the midline. 

15 < Kc < 24 

It is clear that as Kc increases, more and more vortices will be shed during 

each cycle. In this range of Kc, four vortices are shed during a full cycle of the 

oscillation. From these four vortices, two inclined vortex streets are formed which 

move away from the cylinder in opposite directions. 

24 < Kc < 32 

In this range, six vortices are shed during each full cycle of the motion, and 

form into three vortex streets. Two vortex streets on one side of the midline are 
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similar to each other - each being composed of counter-rotating vortex pairs 

travelling away at small angles with respect to the midline. The third street, on the 

other side of the midline, is composed of staggered vortices resembling the Karman 

vortex street and travels away from the cylinder in a direction roughly perpendicular 

to that of the cylinder motion. 

Kc> 32 

At even higher Kc, Williamson found the structure of the vortex streets difficult 

to observe, as the first vortex shed during each half-cycle had almost disappeared 

due to viscous diffusion by the end of the half-cycle. The flow is more complicated 

since the cylinder runs into the vortex street(s) that are almost in-line with the 

cylinder motion. As more and more vortices are shed at higher Kc, the interaction 

among the shed vortices and the circular cylinder inevitably leads to a very complex 

flow field. 

From the above discussion, we see that, as Kc is incremented by about 8, the 

number of vortices shed during each half-cycle increases by one. This is also 

observed in recent experiments of Obasaju et el. (1988). 

The work of Williamson (1985) was performed with A ( .. Re/Kc) fixed. It is not 

clear how variation of A affects the flow pattern if Kc is kept constant. As discussed 

in th~ beginning of this section, the flow depends on two parameters (Kc and Re, or 

Kc and A). To date, the Kc at which the onset of vortex shedding occurs (Kccrit) is 

still not well documented. Bearman et al. (1985), using the sharp increase in the drag 

coefficient as the means of deciding the onset of vortex shedding, studied the 

dependence of KCcrit on A ( .. Re/Kc). For A .. 196, 483 and 1665, KCcrit varies 

inversely with A and is on the order of 2. More work is needed to establish the 
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functional relationship between KCcrit and Re (or A). 

It appears that the increasing number of vortices shed per cycle as Kc 

increases may be closely related to the increase in the number of vortices shed with 

increasing amplitude in the locking-on range, as discussed in 61.3.1. Recently, 

Williamson (1988b) has conducted an extensive flow visualization of the locking-on 

phenomena due to a circular cylinder oscillating transversely over a wide range of 

amplitudes in various incident flow conditions. Distinct vortex patterns were identified 

according to the numbers and types of vortices shed over a full cycle of oscillation. 

The present work investigates the formation of vortices at low to moderate Keulegan

Carpenter numbers in order to gain further insight into the locking-on mechanism. 

Numerical studies of an oscillating cylinder at moderate Kc in a quiescent fluid 

have been reported by Hurlbut (1978), Hurlbut et al. (1982), Baba & Miyata (1987) and 

others. The cylinder motion in these studies was sinusoidal. Cases studied by 

Hurlbut et al. are Re '" 1 and 10 with an amplitude ratio AID of 0.1, and Re = 100 with 

AID co 0.1, 1.0 and 2.0. At AID", 0.1, they found no flow separation, and hence no 

wake formation, at all three values of Re, in agreement with experimental observations 

of Bearman et al. (1985). At Re IS 100 and AID ... 1.0 and 2.0, vortices were shed, in 

agreement with the observations of Williamson (1985). In the work of Baba & Miyata, 

oscillatory flows with Kc '" 5 and 7 at Re ... 1000 were investigated. An existing 

Navier-Stokes code for three-dimemsional problems was used to investigate two

dimensional flows. Even with the code fully vectorized, the amount of CPU time 

required was excessive (four hours for 1.75 cycles on a Japanese supercomputer 

HITAC S810/20). 

In this work, the unsteady flow field generated by a circular cylinder 
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oscillating inside a rectangular box filled with an incompressible fluid is investigated 

numerically. The circular cylinder undergoes a periodic rectilinear motion in a 

direction normal to the generator of the circular cylinder and parallel to a plane 

boundary of the rectangular container. The flow is assumed to be two-dimensional, 

corresponding to the spanwise dimension of the cylinder and the box being large 

compared to the other dimensions. The complicated vortex pairing processes 

discussed in §1.3.2 are investigated by numerical solution of the Navier-Stokes 

equations. 
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CHAPTER 2 

DEVELOPMENT OF EQUATIONS 

In this chapter, the governing equations for the time-dependent two-

dimensional incompressible flow are presented. For ease of implementing boundary 

conditions, a numerically generated body-fitted coordinate system is used. The 

governing equations and boundary conditions are rewritten in the transformed 

coordinates. A generalization of the Biot-Savart velocity induction law to domains 

containing rigid bodies is presented. Based on the generalized Biot-Savart law, an 

integral constraint that allows the determination of vorticity values on solid bounding 

surfaces is presented. The advantages of applying the Biot-Savart law are discussed. 

2.1 Navier-Stokes Equations 

The governing equations which describe the motion of a viscous 

incompressible fluid are the continuity and momentum equations. These equations are 

derived from conservation of mass and Newton's law of motion. 

Expressed in terms of the velocity vector V' and the pressure p', where the 

prime is used to denote dimensional variables, they are 

V· V' ... 0 (2.1 ) 

av' + V' . V V' _ f' - Vp' + V V2 V' 
m' p 

(2.2) 

where p and v are the density and kinematic viscosity of the fluid, respectively, f' is 

the body force, and t' is the time. 



It is convenient to introduce the vorticity vector w' defined by 

w' - V x V' 

and consider the vorticity transport equation 

aw' + V' . V w' _ w' . V V' + V V2 w' 
at' 
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(2.3) 

(2.4) 

obtained by taking the curl of both sides of (2.2). In the process of taking the curl, 

equations (2.1) and (2.3) are utilized, and the body force f' (assumed to be 

conservative) along with the pressure gradient are eliminated. 

Equations (2.1), (2.3) and (2.4), together with appropriate boundary conditions, 

are sufficient to specify the motion. Alternatively, one may consider (2.4), a vector 

Poisson's equation for velocity 

V2 V' .. - V x w' (2.5) 

and appropriate boundary conditions. Equation (2.5) is a direct consequence of the 

vector identity 

V x V x V' - V ( V . V' ) - V2 V' 

and equations (2.1) and (2.3). 

(2.6) 

For a circular cylinder undergoing oscillatory motion, we use the diameter D as 

the length scale, and the period T of the oscillation as the time scale. The 

dimensionless form of (2.4) is 

_1_ aw + V . V w __ 1_ V2 w 
Kc at Re 

(2.7) 

where the Reynolds number Re III UmDlv is based on the maximum speed Um and the 

diameter of the circular cylinder, and Kc "" Um TID is the Keulegan-Carpenler number. 
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Note that the vortex stretching term, w . V V, is identically zero for two-dimensional 

problems. 

For the test case of flow over a circular cylinder accelerating impulsively from 

rest to a state of uniform translation at a speed U, we use, consistent with most of the 

existing literature, the radius R of the cylinder as the length scale, and R/U as the 

time scale. The dimensionless form of (2.4) in this case is 

aw + V . V w.. .£ V2 w at Re (2.8) 

where Re is based on the diameter of the circular cylinder. 

For cases where the circular cylinder is set impulsively into rotatory motion at 

a constant angular velocity n in a quiescent fluid, the length scale is chosen to be the 

radius R of the rotating circular cylinder and the time scale is 1/n. The Reynolds 

number is defined as Re .. n R2/v. The dimensionless form of (2.4) in this case is the 

same as (2.8) except that the coefficient in the viscous diffusion term is 1/Re instead 

of 2/Re. We note that, since the nonlinear convective term V . V w in (2.8) is 

identically zero (e.g., when the domain is unbounded or the outer boundary is a 

second cylinder coaxial with the rotating cylinder), if one uses the viscous diffusion 

time R2/v as the time scale, the Reynolds number does not appear in the vorticity 

transport equation. 

In order to solve formulations of the Navier-Stokes equations involving w as 

one of the dependent variables, boundary conditions for ware required. Various 

methods for determining the boundary vorticity values have been proposed, most of 

which utilize known quantities such as the streamfunction I/J or the velocity adjacent to 

the boundary. [See Roache (1976) for a comprehensive review.] Since vorticity 

generation at solid boundaries plays a major role in the determination of the flow 
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field, the importance of the accurate representation of the vorticity boundary condition 

cannot be overemphasized. In the next two sections, it will be shown that a kinematic 

relationship between the velocity and vorticity fields, together with the no-slip and 

no-penetration conditions, allows the unique specification of the vorticity on the 

boundaries. 

The boundary condition for the velocity is simply the imposed motion on the 

rigid body. For unbounded fluids, we also have V - Voo far from a solid boundary. 

For domains having two or more solid boundaries, the widely used 

streamfunction-vorticity (t/J - w) formulation of the Navier-Stokes equations is not well 

suited. This is because one can only specify t/J on one of the boundaries while the 

values of t/J on the remaining boundaries have to be determined as part of the solution 

procedure. Although this can be handled by requiring that the line integral of the 

pressure field over a closed contour vanish (Le., pressure be single-valued, see 

Pearson 1965, Sood & Elrod 1974, Haussling 1979, Dvinsky & Popel 1986), the use of 

a u-v-w formulation completely eliminates this added complication. Moreover, since 

the velocity field is of primary interest in this work, it is natural and convenient to 

solve the Navier-Stokes equations in the u-v-w formulation. The relative merits of 

various formulations of the Navier-Stokes equations have been presented by Fasel 

(1980). Recently, Speziale (1987) has pointed out an important advantage of the 

velocity-vorticity formulation over the primitive-variable formulation when the 

reference frame is undergoing rotation. 

2.2 Biot-Savart Law of Induced Velocity 

The definition (2.3) allows the determination of the vorticity field from a known 

velocity field. Conversely, one can determine the velocity field from a known 

vorticity field via the well known Biot-Savart induction law. In two-dimensional form, 
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it can be written as (e.g., Milne-Thomson 1966) 

v ( ro, t ) .. _ .!. II w ( r, t ) x ( r - ro ) dA 
2" R 1 r - rO 12 

(2.9) 

where the subscript 0 denotes the field point where the induced velocity is evaluated. 

In deriving (2.9), it has been assumed that no solid body is present in the flow field 

and that the domain R is unbounded. 

A generalization of (2.9) to a domain D bounded by an inner boundary f1 and 

an outer boundary f2 is (e.g., Wu and Thompson 1973, Lecointe & Piquet 1985b) 

P V ( t) _ II w ( r, t ) x ( r - ro ) dA 
D D ro," 1 12 D r - ro 

+ I [ VD ( r, t ) . n ] ( r - ro ) - [ VD ( r, t ) x n ] x ( r - ro ) ds (2.10) 

f1+f2 Ir- rol2 

where n is the outward normal unit vector, the subscript D indicates the domain under 

consideration, and PD .. 0, rr, or 2" depending on whether the field point ro is outside 

D, on the boundary ([1 or f 2) of D, or inside D, respectively. For the flows 

investigated in this study, the outer boundary r 2 is either a stationary solid boundary 

or at infinity. In the former case, the integral in (2.10) over r 2 vanishes. In the latter 

case, it can be shown, using the residue theorem in the complex plane, that the 

integral over r 2 is identically PD V DC" where V 00 is the uniform velocity at infinity. 

For fluid at rest at infinity, there is also no contribution from the integral over r 2' 

since V 00 ... O. Denoting by 1) PD V 00 the contribution due to the integral over r 2' 

where 1) .. 1 for the case of unbounded fluid with a uniform velocity at infinity, and 
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6 .. 0 for the other cases discussed above, equation (2.10) becomes 

P V ( t) 6 P V _ II fA) ( r, t ) x ( r - ro ) dA 
o 0 ro, = 0 00 0 1 r - rO 12 

+ J [VO ( r, t ) . nJ ( r - rO ) - [VO ( r, t ) x nJ x ( r - rO ) ds (2.11) 
f1 1 r - rO 12 

which is one of the forms used by Wu (1976), Wu & Gulcat (1981), and Wang & Wu 

(1986). The integral over f1 in (2.11) represents the contribution to the induced 

velocity due to the vorticity inside the domain 8 bounded by f 1 . This point wi" soon 

become clear. 

A similar expression can be written for the singly connected domain 8, which 

in most cases is a solid body. Conceptually, one can replace the solid body by a 

fluid having a constant vorticity equal to twice the angular velocity n of the solid 

body. We then have 

P V ( t) _ Ii 2 n ( r, t ) x ( r - ro ) dA 
B B ro, - 8 1 r - ro 12 

+ J [VB ( r, t ) . NJ ( r - ro ) - [VB ( r, t ) x NJ x ( r - ro ) ds (2.12) 
f1 1 r - ro 12 

where PB is the scale factor for the domain 8, defined in the same way as Po in 

(2.10). We note that the outward unit normal N in (2.12) is opposite to n in (2.11). 

For points outside 8, (Le., inside 0), we have PB .. O. Equation (2.12), with N 

replaced by -n, becomes 
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I [Vo ( r, t ) . n] ( r - ro ) - [Vo ( r, t ) x r] x ( r - ro ) ds 

f1 Ir- rol2 

__ I r 2 n ( r, t ) x ( r - ro ) dA 

JB Ir- rol2 
(2.13) 

where the subscript D is used since VB - Vo on f1' if the no-slip condition is 

satisfied. 

For n '" 0, it follows from (2.13) that the integral over f 1 vanishes. Thus, the 

-
integral over f 1 in (2.11) vanishes when the body undergoes a purely translational 

motion. 

Defining an extended velocity field V ( ro ) as 

v(rOI -{ 

Vo 

( Vo + VB )/2 

VB 

if ro is in D; 

if ro is on f1 ; 

if ro is in B, 

(2.14) 

one can combine (2.10) and (2.12) into a single expression for the generalized Biot-

Savart law 

v ( ro, t ) .. _ i. II fA) ( r, t ) x ( r - ro ) dA 
27T D 1 r - ro 12 

_ i. I r 2 n ( r, t ) x ( r - ro ) dA 
27T J B 1 r - ro 12 

+ i. J {[VB ( r, t ) - Vo ( r, t )] x N} x ( r - ro ) ds + 0 V (2.15) 
27T f1 1 r - ro 12 00 

where we have used the fact that the sum of PB and Po is 27T. It is clear that (2.15) is 



58 

also valid at corners of a nonsmooth boundary since PB and Po, which are essentially 

the corner angles in regions Band D, respectively, always add up to 2". 

In (2.15), the no-penetration condition has been applied, while the no-slip 

condition has not been imposed. The unit normal vector has been taken to be N, 

which is directed away from the region B into the fluid. 

For viscous fluids, the no-slip condition requires ( VB - Vo ) x N .. O. Equation 

(2.15) then reduces to 

v ( ro, t ) .. _ ...L II fA) ( r, t ) x ( r - ro ) dA 
2" D 1 r - ro 12 

_ ...L II 2 n ( r, t ) x ( r - ro ) dA + 6 V 
2" B 1 r - ro 12 00 

(2.16) 

which is another form used by Wu et al. in an integro-differential formulation of the 

Navier-Stokes equations (Wu & Thompson 1973, Wu, Sam path & Sankar 1978). Note 

that no line integration appears in (2.16). Therefore, the generalized Biot-Savart law 

(2.16) is simply the classical Biot-Savart law applied to the combined fluid and solid 

regions, with each solid body replaced by a fluid in which the vorticity is equal to 

twice the angular velocity of the solid body. 

On the other hand, in the work of Taslim et al. (1984) and Kinney et al. (1988), 

a slip velocity on f1 is allowed, as for an inviscid fluid: The jump in the tangential 

velocity, ( VB - Vo ) X N, in (2.15) corresponds to the strength of the vortex sheet on 

the body surface. This vortex sheet then diffuses into the viscous fluid to reduce the 

slip velocity to zero. The strength of the vortex sheet is calculated at each time-step; 

the sheet is then allowed to diffuse into the fluid. In the present work, no vortex 
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sheet exists during the entire simulation since the fluid under consideration is viscous. 

The no-slip and no-penetration conditions are satisfied simultaneously, during both the 

calculation of the boundary vorticity, discussed in §3.2, and the determination of the 

velocity field, discussed in §3.3. This is in contrast to the method of Gatski et al. 

(1982), where only the no-penetration condition is used in the determination of the 

velocity field, and the no-slip condition is used separately in obtaining the boundary 

vorticity. The initial condition at the inception of the motion is discussed in §3.4. 

2.3 Determination of Boundary Vorticity Using Biot-Savart Law 

When the Navier-Stokes equations are cast in the velocity-vorticity formulation 

(2.4) and (2.5), no explicit condition is available for the boundary values of vorticity. 

One must calculate the boundary vorticity values as part of the solution process. The 

definition (2.3) has been widely used to approximate the values of vorticity on the no

slip boundary using one-sided difference formulae. Roache (1976) reports that the 

first order formula usually yields stable solutions, while the second order formula 

tends to give unstable results. A plausible explanation of this peculiar phenomenon 

has been given by Wu (1976), where it is shown that the first order formula satisfies 

the vorticity conservation law (cf. Lagerstrom 1964), while the second order formula 

does not. Wu (1976) also shows that the first order formula is incapable of 

accounting for the generation of vorticity due to the presence of the tangential 

pressure gradient along the body surface. A more recent study of methods for 

obtaining the boundary vorticity, including an integral method in the same spirit as the 

one to be presented in this section, has been conducted by Rinaldo and Giorgini 

(1984). They found that this integral method for the boundary vorticity yields a stable 

scheme and highly accurate results, while the first order formula is stable but less 
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accurate. Again, the second order formula was reported to be unstable. A third 

order method was also found to diverge after a finite number of time-steps. Recently, 

Anderson (1989) has presented, for the 1/J - w formation of the . Navier-Stokes equations, 

a method derived from an integral constraint for determining the boundary vorticity 

such that the vorticity created at the boundary ensures that the no-slip condition is 

satisfied. 

The generalized Biot-Savart induction law (2.16), which links the velocity and 

vorticity fields, provides a basis for determining the vorticity values on the solid 

boundary. This approach has been used by Wu et al. and is summarized below. For 

ease of discussion, we focus attention on the case of a single body B, having r1 as 

its boundary, moving in a domain bounded by a nonrotating solid boundary r2 . The 

generalization to cases for which r1 is composed of the boundaries of several bodies 

and r 2 undergoes a rotatory motion is trivial. 

When (2.16) is applied to points fb on the solid boundaries r1 and r2 , one 

obtains 

v ( fb' t ) .. _ 1.. II W ( f, t ) x ( f - fb) dA 
2" 0 1 f - fb 12 

_ 1.. II 2 n ( f, t ) x ( f - fb ) dA 
2" B 1 f - fb 12 

(2.17) 

where the last term in (2.16) is identically zero for the case discussed here. 

With the boundary motion V ( fb' t ) and n specified, (2.17) determines the 

value of the first integral on the right hand side. Thus, the vorticity distribution in the 

fluid and on the boundaries r1 and r2 is restricted kinematically via (2.17). In 
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particular, if the vorticity in the fluid region is known, the only unknowns in (2.17) are 

the vorticity values on the boundaries r1 and r 2' Therefore, the normal and 

tangential components of (2.17) are Fredholm integral equations of the first kind that 

can be solved to obtain (,) on the boundaries. The theory of Fredholm integral 

equations can be found in many treatises (e.g., Kellogg 1953, Kanwal 1971). 

Numerically, we use a finite difference/pseudo-spectral technique, presented in 

Chapter 3, to advance the vorticity transport equation explicitly in time to obtain the 

vorticity values at the interior grid points. At this stage, the vorticity values at the 

boundaries r1 and r 2 are still lagging one time-step. If this vorticity field is used to 

evaluate the right hand side of (2.17), the result will not satisfy the no-slip and no

penetration conditions, i.e., the tangential and normal components of (2.17). A 

correction to the boundary vorticity is needed in order to make (2.17) an identity. 

Therefore, at each time-step, the vorticity generated at the solid boundaries is 

calculated so as to satisfy the no-slip and no-penetration conditions. Once the values 

of the vortcity generated at the boundaries are obtained by the solution procedure to 

be presented in §3.2, they are added to those at the previous time-step to obtain the 

updated boundary vorticity. 

Although the generalized Biot-Savart law is used in this work primarily as a 

kinematic constraint for determining the vorticity values on solid boundaries, some 

advantages of the integro-differential formulation used by Wu et a!. should be 

mentioned here. 

First, if the vorticity were known everywhere in the flow field, equation (2.16) 

would allow a point-by-point evaluation of the velocity field. For bodies immersed in 

a fluid extending to infinity, there is no need to impose the far-field velocity boundary 
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condition on the outer perimeter of the finite computational domain. In fact, the 

velocity boundary condition at infinity is contained implicitly in (2.16) (Wu & 

Thompson 1973). On the contrary, solution of the Poisson equation (2.5) for the 

velocity would require specification of the velocity on the outer boundary of the 

computational domain. The imposed numerical far-field velocity boundary condition 

has been reported to strongly affect the accuracy of the numerical solution (Fornberg 

1980). In Wu's approach, this problem is completely eliminated since application of 

(2.16) to points on the outer boundary yields numerically exact velocity values there, 

as long as the vorticity is contained in the computational domain. Therefore, for 

problems with vorticity confined to just a small portion of the flow field, such as the 

initial flow field generated by an impulsively started body, one can place the outer 

computational boundary very close to the solid body. This greatly reduces the size 

of the computational domain and consequently, the required memory and CPU time. 

The use of the Biot-Savart induction law to confine the numerical computation within 

the viscous region has been reported earlier by Payne (1958). In the conventional 

finite difference method, the outer computational boundary is normally placed on the 

order of a hundred radii away from the body. This is required in order to justify the 

imposed far-field velocity conditions. With the Biot-Savart law, the computational 

domain can be drastically reduced to just a few body radii beyond the distance at 

which the vorticity is negligibly small. It will be demonstrated in Chapter 4 that, for 

an impulsively started circular cylinder, a computational domain with the outer 

boundary placed only four radii away from the center of the cylinder is sufficiently 

large for the time span investigated. 

Second, since the portion of the field in which the flow is irrotational does not 
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contribute to the Biot-Savart induced velocity, all computations can be confined to 

regions with nonnegligible vorticity. This feature removes the difficulties caused by 

vastly disparate length scales in the viscous and inviscid regions for high Reynolds 

number flows. While most viscous-inviscid interaction schemes require iterative 

matching of the viscous and inviscid zones, the 1nviscid region is completely removed 

from the computational loop in Wu's integro-differential approach. 

It is known that computing the velocity field point-by-point using the direct 

numerical integration of (2.16) is much more time consuming than solving (2.5) by the 

finite difference method. Even when the velocity is computed only at points on the 

outer perimeter of the reduced computational domain, with the remaining interior 

velocity field obtained from (2.5), the amount of computer time required is still 

excessive. However, Ting (1981, 1983) and Weston & Liu (1982) have developed a 

very efficient method for evaluating the Biot-Savart integral for the far-field velocity. 

This method, which is presented in Appendix B, requires only about the same order of 

CPU time as the solution of (2.5) by the finite difference method. 

One can take further advantage of the explicit nature of (2.16) by decomposing 

the flow field into several subdomains (Wu, Sampath & Sankar 1978). Briefly, (2.16) is 

used to obtain the velocity at points along the boundary of each subdomain; these 

values are then used as the boundary conditions for the Poisson equation (2.5) in each 

subdomain. This effectively reduces the problem of solving a large equation system 

to one involving several smaller systems. In addition, since the solution of the 

Poisson equation in each subdomain is independent of the solutions in the others, the 

method is perfectly suited for parallel computation. This is in contrast to the 

multi grid iterative method (Brandt 1977), where solution of the Poisson equation is 
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accomplished by using a series of grids over the domain of interest, with the solutions 

on each grid being interdependent. For parallel machines with many CPUs, the 

explicit nature of (2.16) may make it more efficient to apply the Biot-Savart law point

by-point than to solve implicitly the Poisson equations (2.5) for the entire velocity 

field. In this study, (2.5) is solved by the finite difference method to update the 

velocity field, and domain decomposition is not employed. We note that the vorticity 

transport equation (2.4) can also be cast in an integral representation (Wu & Rizk 

1978), thus resulting in a formulation that is completely integral. 

Finally, for flows on unbounded domains, the computational domain has to 

grow in time, in principle, as the vorticity is convected downstream. In practice, 

however, the computation can still be confined within a finite computational domain, if 

the vorticity which escapes from the computational domain is accounted for when the 

total vorticity conservation law, which is presented in Chapter 3, is imposed (C. M. 

Wang 1988, private communication). This is because the velocity near the body 

induced by the escaped vorticity is negligible, due to the weakness of the latter in 

the far wake. In the study of uniform flow past a circular cylinder, Anderson (1989) 

also neglected the effect of the escaped vorticity on the flow field. At each time

step, the amount of vorticity escaped from the computational domain was recorded in 

order to determine the value of the vorticity generated at the solid boundary. For a 

more detailed discussion of the advantages of the Biot-Savart law, the reader is 

referred to a recent paper by Wu (1987). 

2.4 Governing Equations in Transformed Coordinates 

Over the past decade, the use of numerically generated body-fitted coordinate 

systems has greatly simplified the development of computer codes for solving fluid 
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flows over bodies of arbitrary shape. With body-fitted coordinate systems, the 

physical boundaries coincide with the coordinate lines (or surfaces in 3-D). In body-

fitted coordinate systems, the application of boundary conditions therefore requires no 

interpolation. 

In this study, the generation of the body-fitted coordinate system is 

accomplished by solving a pair of Laplace equations, as presented in Appendix A. 

The grid spacing control is based on the method proposed by Nakamura (1982). 

For the case where the circular cylinder moves inside a stationary container, 

the domain (and hence the grid) in the physical space changes with time. However, 

in the rectangular computational domain, the grid points remain fixed for all time. 

This allows one to solve time-dependent problems with moving boundaries on a fixed 

rectangular grid without interpolation, no matter how the grid points move in the 

physical domain (Thompson et al. 1974). Movement of the grid points in the physical 

domain simply introduces additional convective terms into the governing equations 

expressed in the transformed (E - Tj) coordinates. 

The transformed versions of (2.5) and (2.7), with (2.7) expressed in conservative 

form, are (cf. Reddy & Thompson 1977, Baba & Miyata 1987) 

0/ u~~ - 2 f3 u~1j + 'Y uljlj + J2 P u~ + J2 Q ulj - J ( xlj w~ - x~ wlj ) (2.18) 

0/ v~~ - 2 f3 v~1j + 'Y vl/Ij + J2 P v~ + J2 Q vlj co J ( Yl/ w~ - y~ wlj ) (2.19) 

~ ~( ) Wt - J ( w~ Yl/ - wl/ y~ ) - J w~ xl/ - wlj x~ 

- ~c [ Yl/ ( UW )~ _ y~ ( UW )1/ ] - ~c [ x~ ( vw )Ij - xl/ ( VW )~ ] 

+ R~~2 (0/ wEE - 2 f3 wEI) + 'Y wl)l) ) + ~~ (P wE + Q wI)) (2.20) 

where 



IX _ X2 + y2 
II II 

f3 .. X~ XII + y~ YII 

'Y - xl + yl 
p .. ~xx + ~yy 

a .. '1xx + '1yy 
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(2.21 ) 

and J .. x~ YII - xII y~ is the Jacobian of the transformation. Here, the subscripts 

denote partial differentiation. The first two terms involving the time rate of change of 

the grid coordinates on the right hand side of (2.20) are the additional convective 

terms mentioned before. It is understood that the time derivatives in (2.20) are 

evaluated with ~ and '1 held constant. Here, the vorticity vector '" has been replaced 

by a scalar '" since there is only one vorticity component in two-dimensional 

problems. 

To express all derivatives in the ~ - '1 coordinates, the above expressions for P 

and a in (2.21) are written as 

In this work, the transformation of the governing equations and the derivation 

of the finite difference stencil are carried out with the aid of the symbol manipulator 

MACSYMA. The use of a symbol manipulator greatly facilitates the code development 

and virtually eliminates the potential for error in the FORTRAN code. In fact, the 

whole subroutine for advancing the vorticity transport equation by the explicit Adams-

Bashforth method is generated by a MACSYMA code. A complete listing of the 
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MACSYMA code is provided in Appendix 0 for completeness. The structure of the 

MACSYMA code is similar to, and some of the subroutines are taken from, the work of 

Steinberg & Roache (1985). The reader is cautioned to an error in that paper, in 

which the last line on page 269 should read ii,l,nn),jj,l,nn) instead of ii,ji,nn),jj,l,nn). 

This effectively misses a factor of 2. The FORTRAN code generated by that incorrect 

MACSYMA code is, however, correct due to a compensating factor of 2 in the finite 

difference expression for the cross-derivative term on the 27th line of page 271 

(S. Steinberg 1988, private communications). 
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CHAPTER 3 

NUMERICAL METHOD 

In this chapter, a general computational procedure for solving two-dimensional 

incompressible flows in doubly-connected domains is presented. The procedure can 

also be applied to three-dimensional flows in multiple-connected domains. The 

uniqueness of the solution of the integral constrain~ equation (2.17) for the boundary 

vorticity is discussed. A general solution technique for the boundary vorticity is 

developed and presented. 

Due to the motion of the circular cylinder inside a stationary container, the 

physical domain changes as a function of time. At each time-step, the physical 

domain is doubly-connected, and a cut is introduced to map it into a rectangular 

computational domain. As a result, the solution will be periodic in one of the 

computational directions. 

Equations (2.18) - (2.20) are solved by a finite difference/pseudo-spectral 

technique. In deriving the discretized equations for (2.18) - (2.20), second order 

central differences are used for all derivatives with respect to 1/, while a pseudo

spectral transform method (Orszag 1980) is used to evaluate all derivatives with 

respect to~. The cross-derivative terms are approximated by central differencing in 1/ 

followed by a pseudo-spectral transform in~. The purpose of evaluating ~derivatives 

pseudo-spectrally is to achieve the best possible accuracy, since all dependent 

variables, including the metric quantities of the mapping, are periodic in ~ due to the 

O-type grid chosen. Briefly, the quantities to be differentiated with respect to ~ are 
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first transformed into the Fourier space where differentiations are performed, then the 

results are transformed back to the computational ( ~ - f/ ) space. The transformation 

between these two spaces can be efficiently carried out by the FFT (Fast Fourier 

Transform) algorithm of Cooley and Tukey (1965). One must be careful in performing 

the differentiation this way when using an FFT algorithm that requires the number of 

sampling points to be an even integer. It has been pointed out (Zang et al. 1982) that 

the highest Fourier mode will make a purely imaginary contribution to the odd 

.derivatives of the transformed quantity. This highest Fourier mode must be filtered 

out in order to yield physically meaningful and correct results. 

3.1 Vorticity Field 

The time integration of (2.20) is performed by a fully explicit 1hree-level 

Adams-Bashforth method. The discretized equation is 

n+1 n [3 ( )n 1 ( )n-1] At WI.I .. wl,1 + '2 wt 1,1 - '2 Wt 1,1 .u. (3.1 ) 

where wrl and wri 1 are the approximations to w at the n-th and (n+ 1 )-th time levels, 

respectively, at the location ( i Ll~, j Llf/). Note that, with no loss of generality, the 

grid spacings Ll~ and Llf/ in the computational domain are taken to be unity, and that 

the time-step size Llt need not be constant. The values of (wt)rl at all interior grid 

points are obtained by evaluating the right hand side of (2.20) using the finite 

difference/pseudo-spectral method described above, and the values of (Wt)rj1 are 

readily available from the previous time-step. For time-dependent grid systems, the 

rate of change of the coordinates at the n-th level is taken to be the difference of the 

coordinates at the (n+ 1 )-th and (n-1 )-th time levels divided by 2Llt, provided Llt is 
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constant. To start a three-level scheme, a two-level scheme is required at the first 

time-step. For that purpose, an explicit Euler method is used in this study. 

3.2 Uniqueness of Solution of Fredholm Integral Equation 

As discussed in §2.3, the vorticity field is restricted kinematically via (2.17), 

which has two components for two-dimensional problems. With the vorticity values in 

the interior of the domain having been obtained by explicit solution of (2.20), the only 

unknowns in (2.17) are the vorticity values at the boundaries. As discussed in §2.3, we 

treat the boundary vorticity values generated at the new time-step as the unknown 

quantities, which are determined and added to the boundary vorticity values at the 

previous time-step so that the no-slip and no-penetration conditions are satisfied. 

Numerically, these conditions are imposed at discrete "control points" on the solid 

boundaries. Here, the control points are chosen as the midpoints of the line segments 

joining two adjacent grid points on the solid boundaries, in much the same way as the 

well known panel method (cf. Kuethe & Chow 1986). One can also choose the control 

points to coincide with grid points on the boundaries. This simply increases from one 

to two the number of singular elements per control point for which (2.17) is evaluated, 

and can in some cases decrease the rank of the resulting influence matrix by one. 

After performing the area integrations for the two components of (2.17), (see Appendix 

8), we obtain two linear equation systems for the boundary vorticity values generated 

at the new time-step, arranged in vector form as wb' Written in matrix-vector form, 

these linear equation systems are 

(3.2.a) 

(3.2.b) 
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where A1 and A2 are matrices of dimension N x N, N being the total number of 

boundary nodes. 

In writing down the two components of (2.17), one can express the induced 

velocity in terms of either x- and y-components, as in this study, or in terms of 

components locally normal and tangential to the body surface. 

It has been pointed out several times (Wu 1976, Wu & Gulcat 1981) that (3.2.a) 

and (3.2.b) must have a common solution. This will be true if the velocity components 

of the imposed motion on the solid boundaries are physically correct. For flows in 

doubly-connected domains, A1 and A2 in (3.2.a) and (3.2.b) are singular (Wu 1976, 

Taslim et al. 1984). To obtain the common solution of (3.2a, b), Wu solved the 

tangential component of (2.17) together with an additional equation derived from the 

principle of total vorticity conservation. More specifically, the tangential component 

of (2.17) is solved for the unknown boundary vorticity values to within an arbitrary 

constant, which is then determined by imposing the total vorticity conservation law 

(Wahbah 1978). 

The total vorticity conservation law states that the vorticity in the combined 

fluid and solid regions must be a constant for all time (cf. Wu 1976, Ting 1983). In 

two dimensions, this can be shown easily as follows. 

The total vorticity in the fluid domain 0, wo, can be written in terms of line 

integrals of the velocity V as 

'" II [~~ -~u] dx dy '" I (u dx + v dy) '" I V . ds (3.3) 
o y r1 + r 2 r1 + r 2 
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where Green's theorem for doubly-connected domains has been applied. Following 

the usual convention, the line integration is performed counterclockwise along r 2 and 

clockwise along r1 • For cases where r2 is either located at .infinity where the flow is 

uniform, or is a motionless solid boundary, the integral over r 2 in (3.3) vanishes. 

Equation (3.3) then becomes 

WD = J V· ds 
r1 

(3.4) 

Now, if the no-slip condition is satisfied, the integral in (3.4), after application 

of Green's theorem to the singly-connected domain B bounded by r1 , becomes 

J V· ds '" - I W dA .. -We 
r1 B 

(3.5) 

The negative sign in (3.5) is due to the clockwise sense of the line integral along r1 , 

which is opposite to the usual orientation in Green's theorem. 

Combining (3.4) and (3.5), we obtain 

We + WD .. II W dA ... 0 
B+D 

(3.6) 

which states that the integral of the vorticity over the combined fluid and solid 

regio~s is identically zero. This is true even when the body B undergoes arbitrary 

translational and rotatory motions. The total vorticity would be a constant if the outer 

boundary r 2 undergoes a rotatory motion. 

Note that in arriving at (3.6), the no-slip condition has been imposed. Namely, 

no vortex sheet is present at the body surface. Therefore, the principle of vorticity 

conservation is the consequence of the no-slip condition at the solid boundary. 
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Extension of the derivation to regions with multiple solid bodies is obvious. 

Theoretically, solving (3.2a) is equivalent to solving (3.2b). Numerically, 

however, the above procedure for rendering the solution wb unique is not applicable 

to general problems. It has been reported by Wahbah (1978), and confirmed by the 

present author, that for flow over a symmetric body, the matrices in (3.2.a) and (3.2.b) 

can both have deficiency of two, instead of unity as required in Wu's approach for 

rendering the solution unique. Although this can be avoided by deliberately 

distributing the boundary nodes asymmetrically, a more general procedure is 

desirable, and is required for domains with multiple solid bodies. Moreover, even if 

one can obtain a unique solution by solving one of the two systems in (3.2) and 

satisfying the total vorticity conservation condition, the solution obtained will not 

satisfy the other system identically. This is due to errors inherent in the numerical 

integration which sets up the matrices in (3.2) (Reddy & Thompson 1977). A general 

solution procedure, which is more robust and is also applicable to domains having 

multiple solid bodies, is developed in this study. 

Since solution of either (3.2.a) or (3.2.b), together with the total vorticity 

conservation law, does not in general yield a unique solution to a well-posed physical 

problem, one has to utilize the information contained in both (3.2.a) and (3.2.b). Since 

a vorticity distribution satisfying one system in (3.2) and the total vorticity 

conservation condition does not satisfy the other system in (3.2) exactly, a better 

approach would be to minimize (in the least-squares sense) the residuals for both 

linear equation systems. We note that the differential system (2.1) and (2.3), from 

which (2.17) is derived (Wu & Thompson 1973), is uniquely solvable if only the normal 

velocity component is specified on the boundary. In this sense, there are too many 
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boundary conditions for the velocity field and none for the vorticity field. The no-

penetration condition is normally used to determine the velocity field, while the no-

slip condition is used separately to determine the vorticity values on the solid 

boundary (e.g., Gatski et al. 1982, Kinney at al. 1988). Recently, Gunzburger & 

Peterson (1988) have proposed imposing both the no-slip and no-penetration 

conditions simultaneously, also in a least-squares manner, in the context of the finite 

element method. 

We write the scalar residual E, obtained by summing up the inner products of 

the residual vectors in (3.2.a) and (3.2.b), as 

We then minimize E by requiring 

(3.8) 

After applying (3.8) for all k ranging from 1 to N, a new set of N linear 

equations is obtained 

(3.9) 

where the new N x N matrix A is in general nonsingular, and can be inverted to 

obtain the vorticity generated at the solid boundary. Note that since we are solving 

both components of (2.17) simultaneously, the principle of vorticity conservation, 

which is essentially equivalent to the no-slip condition, need not be explicitly 

imposed. Numerical results show that the vorticity field obtained by the above 

procedure satisfies this principle. 

We note that there are special cases for which the matrix A in (3.9) is still 

singular. An example is the case of a circular cylinder undergoing pure rotation in an 
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unbounded domain. The singularity of A is due to the fact that, when (2.17) is 

applied on the surface of the rotating cylinder, the surface velocity (Le., the left hand 

side) is identically equal to the second integral on the right hand side. Thus, the 

information on the angular velocity of the cylinder is lost. Since a constant vorticity 

distribution on the surface of the circular cylinder does not induce any velocity inside 

itself, the addition of an arbitrary constant to the boundary vorticity preserves the 

identity (2.17). The sum of all elements in each row of A is found to be numerically 

close to zero in this case, signifying that the system is solvable up to an arbitrary 

constant. \/'vllen this is the case, we incorporate the principle of vorticity 

conservation, which dictates the angular velocity of the circular cylinder, in the 

solution procedure as follows. 

Expressing the total vorticity conservation law in the form (see Appendix C) 

(3.10) 

(3.9) and (3.10) can now be solved to obtain a unique solution for the boundary 

vorticity wb' At this point, one can apply the procedure outlined by Wahbah (1978), 

in which the singular system (3.9) is solved with one of the unknowns assigned an 

arbitrary constant, which is then determined by imposing (3.10). For a circular 

cylinder set impulsively into purely rotatory motion in an unbounded quiescent fluid, 

however, it is found that this procedure lacks the desired accuracy and the solution 

loses its axisymmetry after a few time-steps. In principle, one should be able to 

obtain a nonsingular equation system if the total vorticity conservation law is 

incorporated in defining the residual E in (3.7). However, the resulting equation 
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system is extremely ill-conditioned, presumably due to the fact that each 81 in (3.10) 

is several orders of magnitude smaller than the elements of A1 and A2 in (3.2.a) and 

(3.2.b). Instead of including the principle of the total vorticity conservation in the 

minimization of the residual, we simply add (3.10) to every linear equation in the new 

system (3.9). This produces a nonsingular equation system since the total vorticity 

conservation law is now incorporated in the new equation system. The smallness of 

the coefficients al in (3.10) does not present a problem since the sum of all aj is 

orders of magnitude larger than the sum of the elements in each row of A in (3.9). 

(As mentioned above, the latter sums are numerically close to zero.) 

In this study, incorporation of the principle of vorticity conservation is required 

only for the case of a impulsively rotated circular cylinder, presented in §4.1, and the 

case of eccentrically rotating cylinders, presented in §4.3. For the remaining cases 

investigated, our solution procedure, which satisfies both the no-peneration and no

slip conditions at solid boundaries, automatically guarantees that the total vorticity is 

conserved, albeit approximately. Numerical results show that the total vorticity for 

various cases presented in Chapter 4 is close to zero (about 10-5 or smaller) at all 

times. At this point, we do not have a general theorem as to when the principle of 

vorticity conservation need be explicitly incorporated in the numerical computation. 

Our experience shows that for a cylinder undergoing rectilinear motion, it is neither 

necessary nor advisable to incorporate the principle of vor.ticity conservation, since it 

is contained implicitly in the no-slip condition. 

The above procedure, which is very straightforward, resolves the difficulty 

encountered in applying Wu's method to domains having multiple solid bodies. It is 

noted that Wang (1983) has presented a method for treating flows in doubly-
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connected domains. However, his method is only applicable to dC'lmains that can be 

conformally mapped into a circular annular region. 

3.3 Velocity Field 

When (2.18) and (2.19) are discretized at each interior grid point by the finite 

difference/pseudo-spectral method, a nine-point stencil is involved due to the 

presence of the cross-derivative terms. The resulting equations for the velocity 

components at all interior grid points can be written as 

M u - f 

Mv=g 

(3.11 ) 

(3.12) 

where the sparse matrix M is 11-banded rather than 9-banded, due to the periodicity 

in the ~ direction, and f and g are vectors resulting from the forcing terms and 

boundary conditions. For domains with solid boundaries, the boundary condition for 

the velocity is simply the imposed velocity on each solid body. 

For domains extending to infinity, the Biot-Savart induction law (2.16) is 

applied, after the entire vorticity field has been updated, at points on the outer 

boundary of the finite computational domain. This provides an excellent 

approximation to the velocity boundary conditions for solving (2.18) and (2.19) since 

the vorticity outside the chosen computational domain is negligibly small. As a good 

approximation (Ting 1981), the vorticity on the outer boundary of the computational 

domain is taken to be zero. 

The sparse matrix equation systems (3.11) and (3.12) are each solved by a 

preconditioned biconjugate gradient routine specifically developed for 11-banded 

matrix equations (Chen et al. 1989). Note that (3.11) and (3.12) share the same 
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11-banded matrix. Therefore, the incomplete LU decomposition used to speed up the 

iterative convergence needs to be performed only once and stored for subsequent 

time-steps if the grid is time-independent, or once per time-step if the grid changes 

with time. To achieve faster convergence, the initial guesses are obtained by linear 

extrapolation from the solutions of u and v at two preceding time-steps, as proposed 

by Haussling (1979) in a numerical study of the Weis-Fogh mechanism of lift 

generation. 

3.4 Initial Flow Field 

In most computations of flow over impulsively started bodies, the initial flow 

field is taken to be the potential flow since the vorticity at t '" 0+ is concentrated on 

the body surface in the form of a vortex sheet (or sheets for multiple bodies). The 

potential flow can be obtained by the well known panel method commonly used in 

aerodynamics (Kuethe & Chow 1986). The values of the vorticity on the boundary 

surface are obtained by distributing the strength of the vortex sheet into cells of 

quadrilateral shape having the body surface as one side (Wu 1976). In this work, the 

determination of the initial flow field involves no calculation of the potential flow. 

Instead, the same procedure for determining the boundary vorticity distribution 

satisfying the no-slip and no-penetration conditions is applied. This effectively 

comb.ines into one step the processes of determining and distributing the strength of 

the vortex sheet. More specifically, (2.17) is solved for the unknown boundary 

vorticity, with the vorticity taken to be zero everywhere in the interior fluid domain. 

Once the boundary vorticity values are obtained, the initial velocity field is 

determined by solving (2.18) and (2.19), with the far-field velocity condition obtained 

by applying (2.16) to points on the outer boundary if it is ficticious. For a circular 
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cylinder set impulsively into rectilinear motion, the above method produces an initial 

flow field which is very close to the exact potential flow. For flows over multiple 

solid bodies, the method avoids the complexity involved in the potential flow 

calculation in which the circulation over each solid body has to be determined 

(Giesing 1968). 

It is understood that errors are present near the initial time due to the inability 

of any numerical method to resolve the infinitely thin boundary layer. However, as 

discussed by Lugt & Haussling (1974), even in the worst case of a body set 

impulsively into motion, the duration of these errors is confined to a limited time very 

close to t = O. Although perturbation solutions in which time is the small parameter 

have been used as the initial flow fields in some numerical studies (e.g., Badr and 

Dennis 1985), that approach is not adopted here since we are interested in the long

time behavior of the flow field. 

3.5 Computational Procedure 

The computational loop to advance the solution from one time level to the next 

consists of the following steps: 

1). The vorticity transport equation (2.20) is solved explicitly to obtain new 

vorticity values at all interior grid points. 

2). With known vorticity values at the interior grid points, the kinematic 

constraint (2.17) is used to obtain the vorticity values on the boundaries. 

3). Using updated vorticity values, Poisson equations (2.18) and (2.19) are 

solved to obtain the new velocity field. 
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CHAPTER 4 

RESULTS AND DISCUSSION 

In this chapter, we first present results for various test cases. Comparison to 

exact solutions is made whenever possible. For cases for which no exact solutions 

exist, we compare our results to those of previous numerical and experimental work 

when available. The test cases chosen are 

1. A circular cylinder set impulsively into purely rotatory motion in an 

unbounded domain. 

2. A circular cylinder set impulsively into rectilinear motion in an unbounded 

domain. 

3. A circular cylinder rotating eccentrically in a stationary circular cylinder. 

4. A circular cylinder oscillating rectilinearly in a stationary circular cylinder. 

Finally, results for a circular cylinder oscillating in a rectangular box are presented in 

§4.5. 

4.1 Impulsively Rotated Circular Cylinder 

The flow generated by a circular cylinder which accelerates impulsively from 

rest to a state of counterclockwise rotation at constant angular velocity n in an 

unbounded quiescent fluid is studied as a first check of the computer code developed 

in this work. It is chosen simply to make sure that the code, which is developed for 

two-dimensional flows generated by a body executing arbitrary motion in bounded or 

unbounded domains, is capable of simulating essentially one-dimensional flows. 

As discussed in §2.1, this problem can be scaled so that Re does not appear in 

the vorticity transport equation. In that case the dimensionless time is defined as 
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R2/v, where R is the radius of the cylinder. We compare our results to a 

nondimensionalized form of those given by Mallick (1957), who represented the exact 

solution as an infinite sum of terms consisting of products of Bessel functions in the 

radial coordinate and decaying exponentials in time. 

The numbers of grid lines chosen in the azimuthal and radial directions are 32 

and 16, respectively. The grid lines are distributed evenly in the azimuthal direction, 

while in the radial direction, an exponential stretching of the form r .. eO.0488(J-1) ;.C) 

used, where 1 ~ j ~ 16. Thus the smallest radial grid spacing is 5% of the cylinder 

radius and the outer computational boundary is a circle with a radius slightly greater 

than 2.0. The time increment is chosen to be 2 x 10-6 for the first ten steps, and 

2 x 10-5 for the next 29 steps, which brings the time level to 6 x 10-4. A time-step 

size of 2 x 10-4 is used in the remainder of the simulation. 

Figure 1.a shows the vorticity distribution along a radial line at three different 

time levels. The curves represent the exact solution of Mallick (1957), while the dots 

are the numerical results obtained in this study. It is clear that, due solely to viscous 

diffusion, the vorticity spreads further into the fluid as time progresses. Eventually, a 

steady state is approached, in which the vorticity is essentially zero everywhere since 

it has spread over an area of infinite extent. Figure 1.b shows the exact and 

numerically computed values of the tangential velocity along a radial line at the same 

time levels as those in Figure 1.a. The agreement between the numerical results and 

the exact solution (Mallick 1957) is excellent. 

We note that, since we use a fully explicit Adams-Bashforth method to advance 

the vorticity transport equation in time, the time-step size is limited by numerical 

stability. A linear stability analysis of the numerical scheme adopted to solve (2.20) 

can be conducted by "freezing" the coefficients of the nonlinear convective terms. 
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However, even this proves to be formidable. Even if an expression for the stability 

constraint could be derived, it would only be useful as a guide in selecting the time

step size since the analysis is linear. In a linear stability analysis of the FTCS 

(forward in time, central in space) method for solving the viscous Burgers equation, 

Thompson, Webb & Hoffman (1985) showed that, for a given Reynolds number and 

grid spacings, there are both upper and lower limits on the time-step size within 

which the numerical scheme is stable. In other words, for fixed grid spacings and 

time-step size, there are both upper and lower limits on the Reynolds number beyond 

which the FTCS method will eventually diverge. Those authors also proved 

theoretically and verified numerically the falsity of the common belief that it is not 

possible to compute stable solutions at high Reynolds numbers without the use of a 

fine grid. 

Since a general stability constraint on the time-step for the explicit Adams

Bashforth method of solving (2.20) is unavailable, we therefore use the stability 

constraint of the FTCS method as a guide in selecting the time-step size. For the 

case of flow generated by an oscillating circular cylinder, the number of time-steps 

required for a full cycle of oscillation is proportional to Kc (Le., the oscillation 

amplitude). Therefore, the time-step size is inversely proportional to Kc (Baba & 

Miyata 1987). We note that Lilly (1965) has studied the stability and accuracy of 

various numerical schemes, including the Adams-Bashforth method, in solving a 

simpler equation system. 

4.2 Impulsive Rectilinear Motion of 8 Circular Cylinder 

There have been many numerical and experimental studies of the flow over a 

circular cylinder which accelerates impulsively from rest to a state of uniform 

translation in an unbounded quiescent fluid. At early times, the flow is symmetric 
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about the midline for all Reynolds numbers. As time progresses, a steady symmetric 

flow or an unsteady asymmetric vortex shedding flow develops, depending on whether 

Re is below or above Res (E!! 40), respectively. 

In most numerical studies, an exponential stretching in the radial direction is 

employed to place the outer computational boundary far (on the order of a hundred 

radii) from the circular cylinder. This is required in order to justify the imposed far

field velocity condition on the outer boundary of the finite computational domain. In 

this study, the far-field velocity is calculated by the Biot-Savart law (2.16), which 

completely eliminates the difficulty of imposing the far-field velocity condition. 

Here, we present results for a circular cylinder moving impulsively in the -x 

direction at Re .. 200. The number of grid lines is 128 in the circumferential direction 

and 45 in the radial direction. The radial stretching is of the form r - e"(j-1)/100 for 

1 ~ j ~ 45, which is the same as that used by Son & Hanratty (1969), who used 41 and 

161 grid lines in the circumferential and radial directions, respectively. The outer 

boundary in this study is therefore located at about 4 radii, compared to 152.4 radii in 

Son & Hanratty. The time increment is chosen to be 10-4 for the first ten steps, and 

10-3 for the next 29 steps, which brings the time level to 0.03. A time-step size of 

0.Q1 is used in the remainder of the simulation. The simulation is stopped at t .. 3.5. 

To ensure that no vorticity has escaped from the computational domain, the vorticity 

values near the surrounding outer computational boundary are examined and found to 

be negligibly small at the end of the simulation. We note that, as in the work of Son 

& Hanratty, no symmetry condition about the midline is imposed in this study. 

Figure 2.a shows the vorticity distribution on the lower surface of the circular 

cylinder for the symmetric flow. For the purpose of comparison, results are presented 

at time levels identical to those shown by Son and Hanratty. The existence of a 
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separation bubble at larger time levels. characterized by a change of sign in the 

surface vorticity. is well simulated. The flow first separates at the rear end of the 

circular cylinder and the separation point moves upstream as time progresses. The 

magnitude of the surface vorticity in our Figure 2.a is slightly smaller than reported in 

Figure 9 of Son & Hanratty. presumably due to the use of a finer grid and the 

pseudo-spectral transform in the circumferential direction in this study. Also. the 

time-step size in their study is fixed at 0.04. while w~ use much smaller (10-4 and 

10-3) time-step sizes during the initial startup. and 0.Q1 for all subsequent steps. 

Figure 2.b shows the same information presented in Figure 2.a except that 

results obtained using 32 and 64 grid lines in the circumferential direction. with the 

radial grid lines unchanged. are also included. It is clear that. when the grid is 

refined in the periodic direction. the solution at each time level remains virtually 

unchanged, which demonstrates the spectral accuracy achieved by the pseudo

spectral transformation in the periodic direction. 

Figure 2.c shows the velocity, relative to a reference frame fixed with the 

circular cylinder, along the centerline of the wake. For small times, there is no 

separation bubble. The length of the separation bubble (Le., the reversed flow 

region) increases with time, which agrees very well with the experimental data of 

Honji & Taneda (1969) and the numerical results of Collins & Dennis (1973). Note that 

the velocity at the outer boundary (r .. 4) of the computational domain calculated 

using the Biot-Savart law (2.16) is not the uniform velocity at infinity. Figure 2.d 

shows the same information presented in Figure 2.c, except that results using coarser 

grids are included as discussed for Figure 2.b above. 



85 

4.3 Rotation of One Member of a Pair of Eccentric Cylinders 

The transient, and ultimately steady, flow between two eccentric cylinders, with 

the inner one set impulsively into a purely counterclockwise rotatory motion at a 

constant angular velocity n and the outer one held stationary, is presented. This case 

has been studied extensively due to its importance in lubrication applications (e.g., 

Sood & Elrod 1974, Ballal & Rivlin 1976, Singh & Rajvanshi 1982). It is a good test 

case for numerical schemes since flow separation occurs at virtually all Reynolds 

numbers when the eccentricity is high. 

Here, the grid is generated using the generalized bipolar coordinate system of 

Wood (1957). With the origin of the Cartesian coordinate system placed on the axis 

of the outer cylinder, and the axis of the inner cylinder located at (x1' 0), the bipolar 

grid coordinates can be expressed as 

where 

x(E, '1) .. a f + a !/ ( 1 + "(2 ) cos ~ + ( 1 + !/2 ) "( 
1 + 2 '1 1 cos E + '12 12 

!/ ( 1 - "(2 ) sin E 
Y(E, '1) '" a 1 + 2 '1 1 cos E + '12 12 

2 f 

1=-~========~========~ 
[In-(l+<)'] [l~J'-(l-')'] 

(4.1 ) 

(4.2) 

(4.3) 

f (the eccentricity ratio) is the distance between the axes of the cylinders scaled by 

the radius a of the inner cylinder as 

(4.4) 
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and b is the radius of the outer cylinder. 

In (4.1) and (4.2), 0 s: ~ s: 2rr and fI varies from 1 for the inner cylinder to flo for 

the outer cylinder, with flo given by 

flo -

b 
i+£-1 

b 1--1-£1 a 

(4.5) 

When £ .. 0, we see that the generalized bipolar coordinate system (4.1) and 

(4.2) degenerates to the polar coordinate system, whereas the standard bipolar 

coordinate system (cf. Margenau & Murphy 1956) cannot be applied to concentric 

annular regions. This allows Wood's bipolar coordinate system to be used in the 

study of a circular cylinder oscillating rectlinearly about the center of a larger 

circular cylinder, results for which are presented in §4.4. 

In this study, the parameters chosen are bla .. 2.0, £ ... 0.5, Re", n a2 /v .. 37.2, 

which are identical to those of a case studied by Sood & Elrod (1974) and Ballal & 

Rivlin (1976). The numbers of grid lines chosen are 64 and 15 in the circumferential 

m and radial (fI) directions, respectively. In the ~ direction, the spacing il~ is 

constant ( .. 11'/32), while in the fI direction, the value of fI at the j-th grid line is 

flj ... 1 + ( flo - 1 ) s(j; so' s1 ) (4.6) 

where 0 s: s(j; so' sd s: 1 is the stretching function Vinokur (1983) designed to 

minimize errors associated with grid stretching, and So and s1 control the grid 

spacings at the inner and outer cylinders, respectively. Details of the stretching 

function are presented in Appendix A. Here, we set So - s1 - 0.8, which yields a 

smallest radial grid spacing of about 2.7% of the inner cylinder radius. 

The time-stepping during the initial stage is the same as that used in §4.2. The 
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time-step size after t - 0.03 is set at 0.005 instead of 0.01 due to numerical stability 

considerations. The simulation is continued until t - 20, at which time the velocity 

components and vorticity are found to devie.te from those at t - 15 by less than 0.01 % 

at all grid points. Therefore, we regard the solution at t - 20 as the steady solution. 

Figures 3.a and 3.b show the circumferential velocity across the wide (E '" 0) and 

narrow (E" 1T) gaps, respectively. At small values of t, the fluid near the outer 

cylinder at E '" 0 is almost motionless, as shown in Figure 3.a. As t increases, a 

reverse flow region develops at E - 0 near the stationary cylinder. The velocity in the 

reverse flow region, however, is small compared to that near the rotating cylinder. 

The 1j-location at which the flow reverses direction appears to remain relatively 

unchanged, in agreement with the result of Sood & Elrod. 

Figures 3.c and 3.d show the vorticity distributions on the ou~er and inner 

cylindrical surfaces, respectively, where the distribution on each cylinder is a function 

of polar angle e measured with respect to the center of that cylinder. In Figure 3.c, 

the vorticity over the outer cylinder surface undergoes a sign change at two angular 

locations where the flow separates. Separation occurs initially near e .. 1T (Le., the 

narrow gap) on the outer cylinder. The separation points move apart as time 

progresses, and remain fixed when the steady solution is reached. In Figure 3.d, the 

vorticity on the inner cylinder remains negative for all time. The solutions beyond 

t '" 1 0 are not shown since they are graphically indistinguishable from the results at 

t .. 10. The steady velocity field, streamline pattern and the equi-vorticity contours 

are presented in Figures 3.e, 3.1 and 3.g, respectively. In Figure 3.e, the symbols do 

not necessarily accurately reflect the magnitude of small velocities, but merely serve 

to illustrate the flow direction. Figure 3.1 shows that the separation bubble, which is 

symmetric about the line joining centers of the cylinders for Stokes flow (8allal & 
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Rivlin 1976), is displaced slightly counterclockwise due to nonlinear convective 

effects. The asymmetry is also apparent in the equi-vorticity contours shown in 

Figure 3.g. Overall, the size and shape of the separation bubble agree very well with 

results obtained by previous authors (Sood & Elrod 1974, Ballal & Rivlin 1976). We 

note that Korczak & Patera (1986) have obtained solutions at Re .. 300 in the same 

geometry presented here using a spectral element method. At this Re, the separation 

bubble spreads over a wider polar angle on the outer cylinder, and its core is shifted 

further in the downstream direction. 

A word about how the streamfunction 1/J is obtained from the velocity field is in 

order here. The relationships between 1/J and the velocity components 

are written in the transformed coordinates as 

- xlj 1/JE + xE 1/J1j - J u 

- Ylj 1/JE + YE 1/J1j ... J v 

where 

(4.7.a) 

(4.7.b) 

(4.8.a) 

(4.8.b) 

(4.9) 

is the Jacobian of the transformation, and the subscripts denote partial differentiation. 

Equations (4.8.a) and (4.8.b) are discretized by evaluating the coefficients xE 

and YE pseudo-spectrally, while all fl derivatives are evaluated by the one-sided, two

point finite difference formula. The reason for use of one-sided differencing is to 

yield a diagonal-dominant linear equation system. Moreover, this allows values of 1/J 

to be obtained one fl-line at a time by marching away from one of the solid 
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boundaries over which 1/J can be assigned an arbitrary constant. Here, we assign 

1/J .. 0 on the outer boundary and march inward by solving discretized forms of (4.8.a) 

and (4.8.b) written as 

(4.10.a) 

YI.I+ 1 - YI.I .J. ().J. YI,I+ 1 - YI,I .J. (J) () ./. 2 'I'1-1,j - y~ I,j 'I'1,j - 2 'I'1+1,j" V I,j - y~ I,j 'I'1,j+1 (4.10.b) 

where (x~)I,j and (Y~)I,j denote the values of x~ and y~ at the grid point (i, j), which are 

obtained pseudo-spectrally. 

After writing down (4.10.a) and (4.10.b) for all i ranging from 1 to N1 on the 

j-th constant 11-line, where N1 is the number of grid lines in the ~ direction, the 

resulting equation systems are expressed as 

(4.11.a) 

(4.11.b) 

where M1 and M2 are nonsingular 5-banded, instead of tridiagonal, matrices due to 

the periodicity in the ~ direction, and '" is a vector containing values of the unknown 

streamfunction at all nodes on a constant 11 line. 

We solve (4.11.a) and (4.11.b) by the least-squares technique presented in §3.2 

for obtaining the boundary vorticity. After carrying out the procedure in which the 

residual is minimized, a new system of N1 linear equations is obtained which can be 

easily solved for the values of 1/J on the j-th constant 11-line. The marching procedure 

is continued until the inner boundary is reached. 

For the case of a circular cylinder oscillating in a circular or rectangular 

container, it is sometimes convenient to present the flow field in a reference frame 

fixed with the oscillating cylilnder. In this case, the values of 1/J can be obtained 
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~imply by subtracting the contribution due to a uniform translation from those in a 

frame fixed with the container. The former is the product of the instantaneous 

cylinder velocity and the y coordinate of each grid point. Alternatively, one can set 

l/J 0: 0 on the oscillating cylinder and march outward to get more accurate results in 

the near-field where the grid spacings are smaller. In doing so, the velocity field has 

to be expressed in a frame fixed with the oscillating cylinder. 

4.4 Oscillating Circular Cylinder in a Circular Domain 

The flow generated by a circular cylinder undergoing rectilinear harmonic 

motion about the center of a stationary circular container is investigated here. 

Oscillation amplitudes much smaller than, and of the same order as, the cylinder 

diameter are investigated. In all cases presented in this section, the simulation starts 

with a motionless fluid confined by initially concentric cylinders. The rectilinear 

harmonic oscillation is imposed impulsively on the inner circular cylinder at t = 0+. 

In the results shown, the cylinder reaches the rightmost and leftmost points of its 

excursion at t .. 0.25 and t '" 0.75, respectively. The temporal period of the harmonic 

oscillation is unity. 

4.4.1 "Steady" Streaming Flow 

When the oscillation amplitude is small compared to the diameter of the 

circular cylinder, the velocity V can be decomposed into a time-periodic part V with 

zero mean (time-averaged), and a nonzero mean part V due to nonlinear convective 

effects. As discussed in §1.3.2, the nonlinear "steady" streaming flow V has been 

studied extensively. Here, we present results for the streaming flow between two 

circular cylinders having a ratio of diameters of 4.08, at Re .. 16.5 and Kc ... 0.286. 

Results for these values are compared to the theoretical and experimental results of 
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Bertelsen et al. (1973) (The values of Re and Kc in their experiments are uncertain by 

approximately 13% and 5% respectively.). 

In contrast to all previous numerical investigations, where the physical domain 

is taken to be a concentric circular annulus due to the smallness of the oscillation 

amplitude, we faithfully represent the time-dependent physical domain by generating 

a new grid at each time-step. An orthogonal grid is generated using the generalized 

bipolar coordinate system of Wood (1957), presented in §4.3. The numbers of grid 

lines are 64 and 45 in the circumferential and radial directions, respectively. The 

grid spacing ~~ in the circumferential direction is uniform, while in the radial 

direction, the grid lines are clustered near both cylinders according to (4.6), where 

So = 0.5 and s1 '" 0.6 are used in the stretching function s, which yields a smallest 

radial grid spacing of about 1.8% of the inner cylinder diameter. A constant time-step 

size of 0.0025 is used, and the simulation is continued until t '" 20. The velocity 

components and vorticity during the time levels between t '" 19 and 20 are found to 

deviate from those of two cycles earlier (between t = 17 and 18) by less than 0.01% at 

all grid points. Therefore, a time-periodic solution is obtained within 20 cycles. 

Figure 4.a shows the streamlines of V, which is obtained by time-averaging V 

over 100 equal time steps during a period of oscillation between t '" 19 and 20. As 

observed in the experiment of Bertelsen et Ell. (1973), there are four attached vortices 

around the oscillating circular cylinder and four much weaker vortices in the outer 

region. In the outer region, fluid moves away from the oscillating cylinder along the 

line of the cylinder oscillation, and circulates around and moves toward the oscillating 

cylinder along a line perpendicular to the cylinder oscillation. In the inner region, the 

flow direction is reversed. Our Figure 4.a agrees qualitatively with the flow 
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visualization reported in Holtsmark et al. (1954), although in their experiments, slightly 

different parameters (Re - 11.73, Kc - 0.18) were chosen, and the ratio of cylinder 

diameters was 20, instead of 4.08 in this study. 

For this flow, Figure 4.b shows the component of V normal to a radial line at 

e .. 450 , which agrees very well with the theoretical and experimental results of 

Bertelsen et £II. (1973), if their Figure 11 is normalized by the amplitude of the 

oscillation velocity in the experiment. The velocity of the streaming flow, especially 

in the outer region, is small (on the order of 10-4 ) compared to the velocity of the 

cylinder oscillation. 

4.4.2 Vortex Shedding Flow 

When the oscillation amplitude is on the order of or larger than the cylinder 

diameter, vortices are shed and the interaction among them leads to very complicated 

flow fields, as discussed in §1.3.2. In visualizing flow around an oscillating cylinder, 

the reference frame can be fixed with respect to either the oscillating cylinder or an 

inertial frame. Both methods have drawbacks. In the former, the time-dependent 

oscillating flow can mask the appearance of vortices (Williamson 1985). [Perry et al. 

(1982) have shown vastly different streamline patterns of the Karman vortex street 

observed in reference frames moving at different velocities.] In the latter, the 

oscillating body surface is no longer a streamline and the attached eddies at the rear 

of the cylinder can become unrecognizably masked in this reference frame. The 

vorticity field, on the other hand, remains the same in both reference frames and gives 

more physical insight to the vortex shedding process, as will become clear in the 

following discussion. Here, we present results for a circular cylinder undergoing 

rectilinear harmonic oscillation about the center of a circular container having a 



93 

diameter ten times that of the oscillating cylinder. Oscillation amplitudes 

corresponding to Kc .. 5 and 10, with Re fixed at 200, are investigated. A bipolar 

grid system, with uniform and nonuniform spacings in the circumferential and radial 

directions respectively, as discussed in 64.3, is generated at each time-step. 

Kc .. 5 

The numbers of grid lines chosen are 128 and 101 in the circumferential and 

radial directions, respectively. The stretching function s in (4.6) that controls the 

radial grid distribution is used with So - 0.5 and s1 .. 1.0, which yields a smallest 

radial grid spacing of about 2% of the inner cylinder diameter. A constant time-step 

size of 5 x 10-4 is used, and the simulation is stopped after 2 cycles. 

Figures 5.a - 5.k show the equi-vorticity contours over a half-cycle during the 

second period of the oscillation. In these figures and those for cases that follow, 

vortices are identified using nearby capital Latin letters. The identification of some of 

the vortices with their respective labels has been rendered unambiguous by the 

addition of one or more connecting lines when necessary. In order to present the 

details of the flow near the oscillating cylinder, we show only regions where the 

vorticity is strong. At each time level, we have included a subplot to indicate the 

direction of motion of the circular cylinder (solid circle) and its position relative to 

the extremal points of its excursion (open circles). We have used a fixed contour 

increment, unity in this case, for all plots so that the growth and decay of vortices can 

be easily discerned. The number of contour lines thus varies from plot to plot since 

the maximum vorticity changes as the cylinder accelerates and decelerates. Figure 

5.a shows the vorticity field at t - 1.25 when the cylinder is at its rightmost excursion 

and is about to reverse direction. The outermost contours of vortices A, A', B, and B' 
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have a vorticity value of -1.0 or +1.0, and the strength of the vortices increases 

inwardly, reaching an extremum at the core. The vorticity gradient near the cylinder 

surface is high, as indicated by the densely packed bound vortices, denoted by C and 

C', emanating from and terminating on the cylinder surface. As the cylinder moves 

into the wake generated during the previous half-cycle, when vortices A and A' were 

shed, it splits vortices Band B', as shown in Figures 5.a - 5.e. Meanwhile, the 

strength of vortices A and A' decreases due to viscous diffusion. In Figure 5.f, the 

cylinder is at its maximum velocity, and the new vorticity generated at the cylinder 

surface (clearly visible at the rear of the cylinder, denoted D and D') is of opposite 

sense to that of vortices C and C', respectively, previously attached to the surface of 

the cylinder. In Figure 5.i, the cylinder has moved past vortices Band B', and 

vortices A and A' have amalgamated with C and C', respectively. In Figure 5.k, where 

the cylinder has reached the leftmost extreme of its excursion, the vortex structure is 

approximately related by reflection to that shown in Figure 5.a, although the flow 

clearly has not yet reached a time-periodic state. In summary, we see that when the 

cylinder reverses direction, the vortex structure near the cylinder consists of free (B 

and B' in Figure 5.a) and bound (C and C') vortices. As the cylinder accelerates and 

decelerates over the half-cycle, the free vortices are ejected away from the cylinder, 

and new vorticity generated at the body surface displaces the bound vortices of 

opposite sense previously attached to the body surface, which in turn form into free 

vortices. The process repeats itself during the next half-cycle. 

As discussed in §1.3.2, Williamson (1985) observed that, at this and even lower 

Kc, two counter-rotating vortices rather than a single vortex (our B or B' in Figure 

5.k), are formed on each side of the midline. The difference may be due to the much 
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higher Re (in excess of 2000) used in his experiment. From the above discussion, it is 

plausible that at higher Re, vortices C and C' in Figure 5.k might also be left behind 

the cylinder and interact with Band B' to form two counter-rotating pairs. One would 

also expect that, at higher Kc and the same Re (a 200), vortices C and C' will also be 

shed during the same half-cycle and interact with Band B' in a similar way. 

In the following, we present the instantaneous streamlines, in reference frames 

fixed with the oscillating and stationary cylinders, respectively. Since the magnitude 

of the cylinder velocity varies from zero to unity, one finds that keeping the 

streamline contour increment constant gives too many contours when the velocity is 

high and not enough when the velocity is small. Therefore, we fix the number of 

contours and allow the contour increment to vary from plot to plot. 

In Figures 6.a - 6.k we show the instantaneous streamlines in a reference frame 

moving with the velocity Vc of the oscillating cylinder at the same times as presented 

in Figures 5.a - 5.k. Far away from the cylinder, the flow is uniform and is therefore 

not shown. In Figure 6.a, the flow is from left to right and is about to reverse 

direction. Four vortices corresponding to A, A', B, and B' in Figure 5.a are clearly 

visible. Results at slightly later times are shown in Figures 6.a.1 and 6.a.2 to depict 

the details of the rapidly varying flow during reversal of the cylinder motion. In 

Figure 6.a.1, the vortices are still visible when IV c I is small. As IV c I increases, 

however, the vortices become masked (Williamson 1985), as shown in Figures 6.a.2 

and 6.b - 6.d. Before the cylinder reaches its maximum speed, a new pair of 

attached vortices appears at its rear, as shown in Figure 6.e. The attached vortex pair 

grows and the separation points gradually move upstream as I Vc I decreases near the 

end of the half-cycle, as shown in Figures 6.1 - 6.i. In Figure 6.j, the separation points 
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join at a location ahead of the circular cylinder. Results at two additional times 

(Figures 6.j.l and 6.j.2) are provided to show how vortices 8 and 8' in Figure 5.j 

become unmasked as Vc approaches zero in Figure 6.k. 

For the same flow, Figures 7.a - 7.k depict the instantaneous streamlines in a 

frame fixed with the outer stationary cylinder. Figure 7.a is a global view of Figure 

6.a when the inner cylinder is momentarily at rest. We note that vortices A and A' in 

Figures 5.a - 5.d, which were shed during the previous half-cycle, although visible in 

Figures 7.a - 7.d, become difficult to discern when the speed of the cylinder is near 

its maximum at t = 1.50. As mentioned above, the boundary of the moving cylinder is 

not a streamline in this reference frame and the attached vortex pair discernible in 

Figures 6.e - 6.j is not recognizable in Figures 7.e - 7.j. However, the shed vortices 8 

and 8' in Figures 5.g - 5.j are not masked in this reference frame, as Figures 7.g - 7.j 

clearly show. 

From the above, we see that the streamline pattern, which can be made visible 

in experiments by flow visualization techniques, sometimes fails to reveal the 

underlying vortex shedding process. The vorticity field, on the other hand, leads to a 

better understanding of complicated unsteady flow phenomena, but is difficult to 

obtain experimentally. 

Kc .. ,10 

The numbers of grid lines and the stretching function in the radial direction are 

the same as for the case of Kc .. 5 described above. A constant time-step size of 

2.5 x 10-4 is used, and the simulation is stopped after 2.25 cycles (Le., t .. 2.25). 

Figures 8.a - 8.k show the equi-vorticity contours over a half-cycle between 

t =1.75 and 2.25. The contour increment is set at 0.5 for all plots so that the 
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formation of the counter-rotating vortex pair can be observed. Figure B.a shows the 

vorticity field at t ... 1.75 when the cylinder is at its leftmost excursion and is about to 

reverse direction. The vortex structure consists of single vortices A, A', 0, and 0', 

and two counter-retating vortex pairs 8-C and 8'-C'. The outermost vorticity contour 

of each vortex has a value of -0.5 or +0.5; the strength increases inwardly, reaching 

an extremum at the core. The vorticity gradient near the cylinder surface is high, as 

indicated by the densely packed bound vortices, denoted by E and E', emanating from 

and terminating on the cylinder surface. As the cylinder moves into the wake 

generated during the previous half-cycle, when counter-rotating vortex pairs 8-C and 

8'-C' were shed, it splits the single vortices 0 and 0', as shown in Figures B.a - B.e. 

Meanwhile, the strength of the counter-rotating vortex pairs 8-C and 8'-C' decreases 

due to viscous diffusion. In Figure B.d, vortices C and C' have become too weak to 

be visible and vortices 8 and 8' now appear as single vortices. In Figures B.b - 8.h, 

vortices 0 and 0' undergo an interesting merging process with vortices A and A' of 

the same sense, which were shed one full cycle earlier (Le., during the half-cycle 

between t ... 0.75 and t .. 1.25). We denote the merged vortices by 0 and 0' in Figure 

8.f, where the cylinder speed is at its maximum, and the new vortices generated at the 

cylinder surface (clearly visible at the rear of the cylinder, and denoted by F and F'), 

are of opposite sense to the vortices E and E' previously attached to the surface of 

the cylinder. In Figures B.f - h, the cylinder has moved past the vortices 0 and 0', 

and the vorticity contours E and E' have become highly elongated in the near wake of 

the cylinder. Eventually, as shown in Figures 8.i and B.j, the tips break and form two 

weak vortices G and G' that pair with merged vortices 0 and 0' to form two counter

rotating vortex pairs. As the cylinder decelerates, vortices E and E' approach the 
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cylinder, as shown in Figures 8.i - 8.k. In Figure 8.k the cylinder has reached the 

rightmost extreme of its excursion, and the vortex structure ic similar to that shown in 

Figure 8.a, although the flow clearly has not reached a time-periodic state. In 

summary, we see that when the cylinder reverses direction, the vortex structure near 

the cylinder consists of a pair of free (0 and 0' in Figure 8.a) and bound (E and E') 

vortices. As the cylinder accelerates and decelerates over the half-cycle, the free 

vortices are ejected away from the cylinder, and amalgamate with single vortices of 

the same sense shed during the previous cycle (A and A' in Figure 8.a, which were 

counter-rotating pairs before their partners decayed.) New vorticity generated at the 

body surface displaces vorticity of opposite sense previously attached to the body 

surface, which in turn forms into elongated free vortices. The tips of the elongated 

vortices break, and then pair with amalgamated vortices to become counter-rotating 

pairs. The counter-rotating pairs shed during the previous half-cycle (B-C and B'-C' 

in Figure 8.a) become single vortices due to decay of the weaker vortex of each pair. 

The process repeats itself during the next half-cycle. 

From the above discussion, it is expected that at higher Reynolds numbers, the 

single vortices (B and B' in Figure 8.k) will remain as counter-rotating vortex pairs 

since their partners (vortices C and C' in Figure 8.a) are longer lived due to lower 

viscous diffusivity. 

As for the case of Kc .. 5, we have also plotted instantaneous streamlines. 

Again, we found them to be less revealing of the underlying vortex shedding process, 

and so we have omitted their presentation. 

4.5 Oscillating Circular Cylinder in a Rectangular Domain 

In this section, we present results for the flow generated by a circular cylinder 
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executing rectilinear harmonic motion in a direction parallel to the longer side of a 

surrounding rectangular box. When the cylinder oscillates along the midline of the 

box, the flow near the cylinder is similar to those presented in §4.4, provided that the 

size of the rectangular box is large compared to the circular cylinder. When the 

cylinder oscillates along a line parallel to but different from the midline, asymmetric 

vortex shedding occurs naturally without the introduction of disturbances, as discussed 

below. 

Here, we present results for the flow generated by a circular cylinder 

oscillating along a line parallel to and 1.5 diameters from the longitudinal midline of a 

rectangular box having a width and height of 12 and 8 cylinder diameters, 

respectively. Thus the gap between the cylinder surface and the closer of the two 

plane walls is two cylinder diameters. Oscillation amplitudes corresponding to Kc ... 5 

and 10 are investigated at Re .. 200. In both cases, the simulation starts with the 

cylinder longitudinally centered along its line of travel in a motionless fluid. At 

t ... 0+, the cylinder is impulsively started into rectilinear harmonic motion which is 

symmetric about its initial position. In the results shown, the cylinder reaches the 

uppermost and lowermost points of its excursion at t - 0.25 and t - 0.75, respectively. 

The temporal period of the harmonic oscillation is unity. 

The numbers of grid lines chosen are 128 and 61 in the circumferential and 

radial directions, respectively. The stretching function s in (4.6) that controls the 

radial grid distribution is determined by So - 1.5 and s1 - 0.5, which yields a smallest 

radial grid spacing of about 2.3% of the cylinder diameter. A constant time-step size 
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of 5 x 10-4 is used, and the simulation is stopped after 1.75 cycles. 

Figures 9.a - 9.u show the equi-vorticity contours over a full cycle between 

t .. 0.75 and 1.75. To observe the growth and decay of vortices, the contour 

increment is chosen as unity for all plots presented. Figure 9.a shows the vorticity 

field at t - 0.75 when the cylinder is at the lower (in the figure) extreme excursion. 

The vortex structure consists of free vortices C and 0 near the cylinder. The 

outermost contour of each vortex has a vorticity value of -1.0 or +1.0, and the strength 

of the vortex increases inwardly, reaching an extremum at the core. The vorticity 

gradient near the cylinder surface is high, as indicated by the densely packed 

contours of bound vorticity, denoted by C and 0, emanating from and terminating on 

the cylinder surface. As the cylinder moves upwards, it splits vortices C and 0, as 

shown in Figures 9.a - 9.e. At the time shown in Figure 9.f, the cylinder is at its 

maximum speed, and the newly generated bound vorticity at the cylinder surface, 

denoted by E and F, is clearly visible at the rear of the cylinder. When the cylinder 

velocity is high, vorticity generated on the surface of the rectangular box is clearly 

visible at the plane wall closest to the cylinder, as shown in Figures 9.e - 9.i. As the 

cylinder decelerates in Figures 9.g - 9.k, the cylinder moves past vortices C and D, 

and the vortices E and F have become highly elongated in the near wake of the 

cylinder. In Figure 9.1, the cylinder has reversed direction, vortices C and 0 have 

been displaced relative to the cylinder, and vortex B has amalgamated with the 

elongated vortex C of the same sense from the other side of the cylinder. As the 

cylinder moves downwards, it separates the amalgamation of vortices Band C from 

the vortex D, as shown in Figures 9.m - 9.0. In the time between Figures 9.0 and 9.p, 

the amalgamation of vortices Band C undergoes fusion due to interaction with the 
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bound vortex E of opposite sense. In Figure g.p, the cylinder has again reached its 

maximum speed, and the bound vortices generated at the cylinder surface, denoted by 

G and H, are clearly visible at the rear of the cylinder. Again, when the cylinder 

speed is high, vorticity generated at the surface of the box is visible at the nearby 

plane wall, as shown in Figures 9.n - 9.s. In Figure 9.q, the cylinder has moved past 

vortices C and 0, and encounters vortex B. Vortex B then amalgamates with vortex F 

of the same sense, as shown in Figures 9.q - 9.s. As the cylinder moves further 

toward the lower extreme of its excursion, it also encounters vortex A, as shown in 

Figures 9.r - 9.u. In Figure 9.u, the vortex structure is quite different from that exactly 

one oscillation cycle earlier (Figure 9.a). During the first cycle, the vorticity is still 

concentrated very close to the circular cylinder and the asymmetry of the flow is less 

pronounced. As the vorticity is diffused and convected outwards, its interaction with 

the rectangular box leads to the complicated asymmetric flow. As discussed in §4.6, 

the time span investigated is relatively short, and it is not clear whether the flow has 

emerged from the initial transient state. 

Kc .. 10 

At this Kc, the flow is much more complicated, as will become clear in the 

following discussion. The numbers of grid lines and the stretching function in the 

radial direction are the same as the case of Kc '" 5 described above. A constant 

time-step size of 2.5 x 10-4 is used. 

Figures 10.a - 10.u show detailed equi-vorticity contours near the cylinder over 

a full cycle between t '" 1.25 and 2.25. The corresponding global pictures are Figures 

10.a.1 - 10.u.1. To observe the growth and decay of vortices, the contour increment 

is chosen as unity for all plots presented. Figure 10.a shows the vorticity field at 
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t ... 1.25 when the cylinder is at the upper (in the figure) extreme of its excursion and 

is about to reverse direction. The vortex structure consists of free vortices 0 and E 

near the cylinder, and vortices A, B, and C shed during the 'previous half-cycle. As 

will become clear in the following discussion, vortex B was pinched off from vortex E 

by the tip of the elongated vortex 0 of opposite sense. The outermost contour of 

each vortex has a vorticity value of -1.0 or +1.0, and the strength increases inwardly, 

reaching an extremum at the core. The vorticity gradient near the cylinder surface is 

high, as indicated by the densely packed CC:1tours of bound vorticity, denoted by F 

and G, emanating from and terminating on the cylinder surface. As the cylinder 

moves into the wake generated during the previous half-cycle, it splits vortices 0 and 

E, as shown in Figures 10.a - 10.e. In Figure 10.d, vorticity generated at the wall of 

the rectangular box is clearly visible. In Figure 10.f, the cylinder is at its maximum 

speed, and the newly generated bound vorticity at the cylinder surface, denoted by H 

and I, is clearly visible at the rear of the cylinder. The cylinder has now moved past 

vortices 0 and E, and the vortices F and G have become highly elongated in the near 

wake of the cylinder. In Figure 10.g, the tip of vortex G (of positive sense) is drawn 

across the wake and interacts with the vortex F of opposite sense. In Figure 10.h, the 

tip of vortex F has been pinched off by vortex G (due to cancellation of vorticity of 

opposite senses) and shed into the fluid. The pinched-off vortex, denoted by J, 

amalgamates with vortex E of the same sense shed from the other side of the 

cylinder, as shown in Figures 10.i - 10.k. When the cylinder speed is high, vorticity 

generated at the plane wall of the box intensifies, as shown in Figures 10.e - 10.h. As 

the cylinder decelerates, new bound vorticity H generated at the rear of the cylinder 

displaces vortex F away from the cylinder surface, and joins with part of vortex G 
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attached to the surface of the cylinder, as shown in Figures 10.i - 10.k. Meanwhile, 

vortex F joins with newly generated bound vorticity I of the same sense. At the time 

shown in Figure 10.k, the cylinder has reached the uppermost extreme of its 

excursion, and the vortex structure is similar to that shown in Figure 10.a. Vortex B in 

Figure 10.a and vortex J in Figure 10.k are both pinched off by vorticity of opposite 

sense, as alluded to before. 

Continuing to a new half-cycle:, we observe vortex shedding phenomena 

different from those discussed above. We note that, in Figure 10.k when the cylinder 

is at the lower extremum of its motion, vortices F and G, although similar in shape to 

their counterparts 0 and E in Figure 10.a, are at slightly different locations with 

respect to the cylinder. The mutual induction between these vortices enables them to 

move on the same side of the cylinder while the cylinder reverses direction, as shown 

in Figures 10.1 and 10.m. This is in good agreement with the experimental 

observations of Williamson (1985) and Obasaju et al. (1988) at the same Kc, although 

the Reynolds numbers are in excess of 4000 in their experiments. In Figure 10.n, 

vortex F has completely amalgamated with vortex I of ~he same sense. In Figures 

10.n and 10.0, newly generated bound vorticity, denoted by K and L, is clearly visible 

at the rear of the cylinder. However, the bound vortex L disappears by t .. 2.00 

(Figure 10.p), presumably due to vorticity cancellation with the amalgamated vortex I 

of opposite sense, as shown in Figure 10.0. Meanwhile, vortex G was shed into the 

fluid between t ... 1.75 and 1.80 (Figures 10.k and 10.1). Vorticity of both positive and 

negative senses generated at the near wall of the rectangular box is visible in Figures 

10.0 - 10.s. The point on that wall where the vorticity changes sign corresponds to 

the point of flow separation, which is identifiable in the corresponding velocity plots 
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to be presented shortly. In Figures 10.q - 10.s, the tip of the bound vortex H is drawn 

acrOSR the wake and cuts off the tip of vortex I. The tip of vortex I is shed as free 

vortex N, which then pairs with vortex G. Vortex N is stronger than vortex J in Figure 

10.h of the previous half-cycle due to the amalgamation of vortices F and I of the 

same sense in the later haif-cycle. As the cylinder moves toward the end of the half

cycle, newly generated bound vorticity M first becomes visible at the rear of the 

cylinder in Figure 10.r, and displaces part of vortex I from the cylinder surface before 

joining with vortex H of the same sense, as depicted in Figures 10.s - 10.u. We note 

that the amalgamation of E and J in Figures 10.i - 10.u eventually leads to a single 

rounded vortex J in Figure 10.u. This is in qualitative agreement with the vortex 

merging process in an unbounded domain studied by Weston & Liu (1982) and Liu et 

al. (1985). We also note that the vortex C shed toward the nearby plane wall changes 

from a relatively rounded shape (Figure 10.k) to a rather irregular shape (Figures 10.1), 

presumably due to interaction with the vorticity generated on the plane wall. 

At this point, a determination as to which of the two vortex shedding modes, 

discussed above for two consecutive half-cycles, persists as time progresses can not 

be made. We are unable to continue the simulation due to limited CPU time. We 

hope that further investigation of the long time behavior of the vortex shedding 

phenomena will soon be possible. 

Figures 11.a - 11.u show the velocity vector field with respect to a reference 

frame fixed with the motionless rectangular box over the full cycle discussed above. 

To avoid overcrowding, we have shown the velocity vector at every other grid point 

in both the radial and circumferential directions; its length corresponds to one-half of 

the actual magnitude of the dimensionless velocity. The velocity of the cylinder, 
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indicated by the length of an interior arrow, is unity in Figure 11.1. The arrow in 

Figure 11.1 would have covered the entire diameter of the cylinder, had the velocity 

been drawn to scale. Since we use a fixed-sized arrowhead, the velocity vector does 

not necessarily reflect the magnitude of the velocity when the latter is small, but 

merely serves to illustrate the flow direction. A separate plot, Figure 11.a.1, with 

arrowhead drawn proportional to the velocity magnitude, is included to illustrate the 

stillness of the fluid far from the cylinder. 

Rather than repeating a detailed discussion of the flow field, we simply point 

out some of the essential features observed in these plots. In Figure 11.a, the strong 

vortices corresponding to D and E in Figure 10.a near the cylinder are clearly shown. 

However, not all of the weaker vortices further away from the circular cylinder are 

identifiable in the picture. We note that a saddle point, indicated by a cross in 

Figure 11.a, is present amid four nearby recirculation regions. When the cylinder 

speed is high, the entrainment of fluid into the near wake of the cylinder can be 

clearly seen in Figures 11.e - 11.g. The fluid velocity is considerably higher across 

the narrow gap between the cylinder and wall than on the other side of the cylinder, 

as shown in Figure 11.g. The vortex pinching-off process discussed for Figures 

10.f - 10.h is also discernible in Figures 11.f - 11.h. In Figure 11.g, relatively high 

velocity fluid from the narrow gap meets fluid, also at relatively high velocity, on the 

other side of the cylinder. Some of the fluid is entrained into the vortex formation 

region at the rear of the cylinder and some moves downstream. This vortex shedding 

process agrees very well with the physical mechanism proposed by Gerrard (1966). 

The pinched-off vortex (J in Figure 10.h), however, is not easily identifiable from the 

velocity distribution. 
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The vortex amalgamation process discussed for Figures 10.k - 10.n 

corresponds in the velocity field to the following. Fluid in the immediate wake 

adjacent to the cylinder is drawn into the cylinder-wall gap as shown in Figures 

11.k - 11.n. The subsequent vortex pinching-off process is repeated in Figures 

11.r - 11.1. In Figures 11.e - 11.u, we observe that, on the plane wall closest to the 

circular cylinder, the flow reverses direction at a separation point, which moves as the 

cylinder oscillates back and forth. 

4.6 Discussion 

In the above simulation of the flow generated by an oscillating circular 

cylinder in a rectangular box, the amount of CPU time required is about 3.5 second 

per time-step on a CRAY 2, with no multi-tasking. The bulk of the CPU time is spent 

roughly equally on steps (2) and (3) presented in 63.5. Step (1), being fully explicit 

and vectorized, requires relatively little CPU time. We note that the explicit method 

presented in this study requires no back-and-forth iteration between the velocity and 

vorticity fields. This is one of the advantages of the present method over implicit 

methods, which normally require iteration. The numerical stability constraint on the 

time-step size of the explicit method, however, is quite severe, especially for flows 

with high Re and Kc. For the Kc - 5 and 10 flows investigated, with Re fixed at 200, 

the numbers of time-steps required per oscillation cycle are 2000 and 4000, 

respectively. As a result of the stability constraint, we have not been able to carry 

out the simulations to longer times, and have restricted our investigation to flows at 

moderate Re and Kc. For unsteady flows, the stability constraint may not be overly 

restrictive since a small time step may also be required in implicit methods in order 

to resolve rapidly varying flow phenomena. 
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For the flow generated by an oscillating circular cylinder, it has been observed 

experimentally and shown theoretically that, at low Kc (s: 4), the time-periodic two

dimensional flow becomes unstable with respect to three-dimensional disturbances 

(Honji 1981, Hall 1984). It has also been observed experimentally that, at high Kc 

(~ 7), asymmetric vortex shedding occurs even in symmetric geometries (Bearman & 

Graham 1980, Williamson 1985, Obasaju et al. 1988). We have not introduced any 

disturbance to the flow in our numerical simulation; symmetric solutions are obtained 

at Kc = 5 and 10 for a circular cylinder oscillating rectilinearly about the center of a 

larger circular cylinder. 

In conclusion, the complex vortex shedding phenomena from an oscillating 

circular cylinder has been investigated by a numerical method developed in this 

study. The results obtained demonstrate that the method is capable of simulating 

various flow phenomena in complicated geometries. The method is of vorticity

generation type in that vorticity generated at the cylinder surface is properly 

simulated, and the principle of vorticity conservation is satisfied. The Biot-Savart law, 

which links the velocity to the vorticity field, is used as an integral constraint to 

determine the amount of vorticity generated on the solid boundary. To deal with 

problems in which the physical domain changes with time, a very efficient numerical 

grid generation technique is applied. The use of the fully explicit Adams-Bashforth 

method to advance the vorticity transport equation in time, and the explicit nature of 

the Biot-Savart velocity induction law make this method very attractive for future 

parallel computers with many CPUs since the method can be fully vectorized and 

multi-tasked. Extension to three-dimensional flows over multiple solid bodies is 

straightforward. 
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Figures 1.a - b Comparisons between the exact (curves) and numerical (dots) 

solutions for the vorticity (l.a) and velocity (l.b) along a radial line 
at different times for an impulsively rotated circular cylinder. The 
time is scaled by R2 Iv. 
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Figures 2.a - b Surface vorticity on an impulsively started circular cylinder at 
different times using 45 grid lines in the radial direction and 128 
grid lines in the circumferential direction, Re .. 200. In 2.b, results 
using 32 and 64 grid lines in the circumferential direction are 
included. 
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Figures 2.c - d Radial velocity along the wake centerline of an impulsively started 
circular cylinder at different times using 45 grid lines in the radial 
direction and 128 grid lines in the circumferential direction, 
Re .. 200. The reference frame is fixed with the circular cylinder. 
See Figure 2.a for legend. In 2.d, results using 32 and 64 grid lines 
in the circumferential direction are included. 
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Figures 3.a - b Circumferential velocity across the wide gap (3.a) and narrow gap 
(3.b) of eccentric circular cylinders, with inner one (radius .. 1) 
rotated impulsively and outer one (radius - 2) stationary, at different 
times, Re - 37.2. The center of inner cylinder is at (-0.5, 0) 
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Figures 3.c - d Surface vorticity on the stationary (3.c) and eccentrically rotating 
(3.d) circular cylinders at different times, Re .. 37.2. See Figure 3.a 
for legend. 
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The velocity vector field of the steady flow in an annulus with inner 
cylinder rotating and outer cylinder stationary, Re - 37.2. 
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Streamline contours for the steady flow in an annulus with inner cylinder 
rotating and outer cylinder stationary, Re .. 37.2. Solid (dashed) lines 
represent constant positive (negative) function values with equal 
increments A+ (AJ between them. 
I/Jmax '" 0.306, I/Jmln" -0.025, A+ I/J .. 0.051, A_I/J ... 0.004 
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Equi-vorticity contours for the steady flow in an annulus with inner 
cylinder rotating and outer cylinder stationary, Re .. 37.2. The plotting 
convention is the same as in Figure 3.1. 
wmax • 0.336, wmln- -2.255, ~+w .. 0.084, ~_w - 0.188. 
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Streamlines of the steady streaming flow in a circular annulus at 
Re .. 16.5, Kc .. 0.286. The plotting convention is the same as in Figure 
3.f. 
1/Imax "'" 4.658 X 10-3 , 1/Imln- -4.658 X 10-3, 
A+1/I .. 3.105 x 10-4, A_1/I - 3.105 X 10-4. 
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Figures 5.a - b Equi-vorticity contours for the unsteady flow generated by a 
harmonically oscillating circular cylinder within a circular container. 
Ratio of diameters - 10, Re .. 200, Kc .. 5. In each Figure, a subplot 
is included to indicate the direction of motion of the circular 
cylinder (solid circle) and its position relative to the extremal points 
of its excursion (open circles). The plotting convention is the same 
as in Figure 3.f. A+w .. A_w - 1.0 
(a) t ... 1.25, wmax " 40.60, wmln'" -40.60. 
(b) t .. 1.30, wmax " 50.20, wmln- -50.20. 
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(c) t .. 1.35, wmax " 57.60, wrnln" -57.60. 
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Figures 6.a -a.1 Streamline contours in a frame fixed with the oscillating cylinder for 
the case in Figure 5. 
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Figures 6.a.2 - b As in Figure 6.a 
(a.2) t - 1.28, il+l/J ... 2.04 x 10-2, il_l/J ... 2.04 x 10-2. 
(b) t .. 1.30, il+l/J .. 3.20 x 10-2, il_l/J ... 3.20 x 10-2. 
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Figures 6.c - d As in Figure 6.a 
5.95 X 10-2 , A_t/J 
8.15 x 1 0-2, A_ t/J 

5.95 X 10-2• 
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(c) t 1.35, A+t/J 
(d) t 1.40, A+t/J 
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As in Figure 6.B 
(e) t _ 1.45, ll.+tP .. 9.53 x 10-2, ll._tP '" 9.53 x 10-

2
. 

(f) t", 1.50, ll.+tP - 9.98 x 10-2, ll._tP .. 9.98 x 10-
2

. 
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Figures 6.g - h As in Figure 6.a 
(g) t 1.55, il+l/J - 9.48 x 10-2, il_l/J - 9.48 x 10-2• 
(h) t .. 1.60, il+l/J - 8.06 x 10-2 , il_l/J ... 8.06 x 10-2 . 

128 



= 

(i) 
.--------- .tr)) ,.--------------------.. & ' ,,-----------------

--

(j) :::::::---.. ~r@]~ ~~~~;~~~~::::::::::::: ----- .............. ', ~,'''':::- ...... -------------
._--- ---- " " ~III' .. __ ---:------------._---:-- .......... ",.... ,~"'" --:- ...... :-----------___ - ...... """ ... ,...... ","'1" -... ---- ______ _ 
---=: ... - ... : ... .:,~ ....... -=-- --_ ... -::::~~~",' ,--- ... ::---- ---- ... --:.:--: ...... -... -..-... -::":.: :::::::::: ::=; ::::';,,': .. -_ ............ ::::::::::: 

[~{][l~:rl~Jr;f~~jt~~~~~~~~(~~~~~~~~ii~!~~~~~~~~~ 
Figures 6.i - j As in Figure 6.a 

(i) t 1.65, A+'" 
(j) t - 1.70, A+'" 
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3.06 X 10-2, A_'" 

5.85 X 10-2• 
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Figures 6.j.1 - j.2 As in Figure 6.a 
(j.1) t 1.72, t:.. .. 1/J 
(j.2) t - 1.74, t:.. .. 1/J 
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Figure 6.k As in Figure 6.a. t .. 1.75,1:1+1/1 '" 1.06 x 10-2 ,1:1_1/1 ... 1.06 x 10-2. 
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Figure 7.i As in Figure 7.a. t .. 1.65, A+I/J .. 1.70 x 10-2, A_I/J .. 1.70 x 10-2. 
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Figure 7.j As in Figure 7.s. t ... 1.70. A+I/J .. 1.39 x 10-2• A_I/J - 1.39 x 10-2. 
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Figure 9.a Equi-vorticity contours for the unsteady flow generated by a 
harmonically oscillating circular cylinder within a rectangular box. 
Re .. 200, Kc .. 5. The plotting convention is the same as in Figure 3.f. 
~+w .. ~_w .. 1.0. t - 0.75, wmax " 41.20, wmln - -33.28 
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Figure 9.b As in Figure 9.B t - 0.80, wmax " 51.86, wmln - -40.72. 
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Figure 9.0 As in Figure 9.a t .. 0.85, "'max" 60.40, "'mln- -51.16. 
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Figure 9.d As in Figure 9.a t .. 0.90, wmax " 63.30, wmln - -59.24. 
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Figure 9.e As in Figure 9.a t .. 0.95, wmax "" 54.46, wmin" -54.66. 
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Figure 9.f As in Figure 9.a t .. 1.00, wmax • 44.03, wmln- -46.60. 
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Figure 9.g As in Figure 9.a t .. 1.05, w max " 33.30, wmln - -38.27. 
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Figure 9.h As in Figure 9.a t .. 1.10, wmax '" 20.19, wmln" -25.94. 
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Figure 9.i As in Figure 9.a t .. 1.15, w max '" 20.56, wmln "' -15.77. 
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Figure 9.j As in Figure 9.a t ... 1.20, wmax " 26.71, wmln '" -23.74. 
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Figure 9.k As in Figure 9.a t .. 1.25, wmax • 30.48, wmln" -36.44. 
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Figure 9.1 As in Figure 9.a t - 1.30, wmax '" 34.32, wmln" -47.97. 
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Figure 9.m As in Figure 9.a t .. 1.35, wmax " 43.00, wmln"' -58.88. 
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Figure 9.n As in Figure 9.a t - 1.40, w max - 55.82, wmln - -64.65. 
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Figure 9.0 As in Figure 9.a t .. 1.45, wmax" 55.98, wmin- -58.92. 
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Figure 9.p As in Figure 9.a t .. 1.50, wmax • 47.18, wmln - -45.90. 
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Figure 9.q As in Figure 9.a t .. 1.55, wmax " 37.64, wmin- -32.64. 
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Figure 9.r As in Figure 9.a t .. 1.60, w max '" 23.87, wmln" -17.42. 
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Figure 9.s As in Figure 9.a t .. 1.65, wmax " 12.98, wmln - -21.14. 
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Figure 9.t As in Figure 9.a t - 1.70, wmax " 20.93, wmin'"' -22.99. 
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Figure 9.u As in Figure 9.a t .. 1.75, w max • 29.62, wmln" -24.78. 



o 

A 

~".,.-- ....... " 
I I 

, I 
I I 
\ ,," , ' ... __ ... 

E 

B C 

,~, , \ 

" \ , \ 
, I 
, I 
I \ 
I \ , ....... , 

, I , \ 
,I , , 

\.1 f\ 
,.. V 
v 

170 

Figure 10.a Equi-vorticity contours for the unsteady flow generated by a' 
harmonically oscillating circular cylinder within a rectangular box. 
Re =200, Kc .. 10. The plotting convention is the same as in Figure 3.f. 
L1+ W '" L1_ W ... 1.0. t .. 1.25, w max '" 35.85, wmln - -33.51. 
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Figure 10.a.1 The global picture of Figure 10.B. 
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Figure 10.b.1 The global picture of Figure 10.b. 
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Figure 10.c As in Figure 10.a t .. 1.35, w max " 54.49, wmln - -58.86. 
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Figure 10.c.1 The global picture of Figure 1 D.c. 

175 



F 

D 

A 

B 

' ... , \ 
, I , 
\ ' .. -' 

c 

Figure 10.d As in Figure 10.a t .. 1.40, w max '" 53.48, wmin= -50.56. 
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Figure 10.d.1 The global picture of Figure 10.d. 
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Figure 10.e As in Figure 10.a t .. 1.45, wmax " 45.73, wmln" -40.42. 
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Figure 10.e.l The global picture of Figure 10.e. 
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Figure 10.f As in Figure 10.a t .. 1.50, w max • 44.30, wmln " -35.14. 
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Figure 10.f.1 The global picture of Figure 10.f. 
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Figure 1 0.g.1 The global picture of Figure 10.g. 
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Figure 10.h As in Figure 10.a t - 1.60, wmax • 20.49, wmin- -19.38. 
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Figure 10.h.1 The global picture of Figure 10.h. 
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Figure 10.i As in Figure 10.a t - 1.65, wmax • 15.69, wmin- -8.07. 

I 
I 
I 
I 
I 
I 
I 
I 

, 
I 
r 
I , , 
I 

186 



o 

Figure 10.i.l The global picture of Figure 10.L 
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Figure 10.j As in Figure 10.a t .. '1.70. wmax " 16.72. wmln'" -12.06. 
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Figure 10.j.1 The global picture of Figure 10.j. 
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Figure 10.k As in Figure 10.6 t .. 1.75, w max " 11.96, wmin lC -17.D1. 
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Figure 10.k.l The global picture of Figure 10.k. 
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Figure 10.1 As in Figure 10.a t - 1.80, wmax " 19.28, wmin" -21.38. 
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Figure 10.1.1 The global picture of Figure 10.1. 
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Figure 10.m As in Figure 10.a t .. 1.85, wmax " 29.12, wmin"' -41.37. 

, , , 
I 
I 
I 
I 

194 



195 

, 

Figure 10.m.1 The global picture of Figure 10.m. 
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Figure 10.n As in Figure 10.a t - 1.90, wmax - 40.22, wmln - -61.86. 
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Figure 10.n.1 The global picture of Figure 10.n. 
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Figure 10.0 As in Figure 10.8 t - 1.95, wmax • 41.21, wmln- -56.73. 
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Figure 10.0.1 The global picture of Figure 10.0. 
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Figure 10.p As in Figure 10.a t .. 2.00, w max '" 32.69, wmln"' -39.75. 
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Figure 1 D.p.1 The global picture of Figure 1 D.p. 
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Figure 10.q As in Figure 10.a t '" 2.05, wmax " 31.28, wmln'" -33.14. 
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Figure 10.q.1 The global picture of Figure 10.q. 
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Figure 10.r As in Figure 10.a t - 2.10, wmax " 23.17, wmin'" -24.87. 
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Figure 10.r.1 The global picture of Figure 10.r. 
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Figure 10.s As in Figure 10.a t .. 2.15, wmaxm 13.84, wmln - -17.48. 

206 



207 

, 

Figure 10.5.1 The global picture of Figure 10.5. 
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Figure 10.t As in Figure 10.a t - 2.20, wmax • 16.02, wmln" -19.85. 
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Figure 10.t.l The global picture of Figure 10.t. 



H 

N 

.... -----
", 

~ , , \ 
\ , 
", 

................ ~/ 
... __ .... ;1' 

" '\ , \ 

1,1 \ 

I 

J 

G 

Figure 10.u As in Figure 10.6 t .. 2.25, w max " 18.80, wmln - -28.81. 
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Figure 10.u.1 The global picture of Figure 10.u. 
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Figure 11.a Velocity field for the unsteady flow generated by an oscillating circular 
cylinder in a rectangular container. Re .. 200, Kc .. 10, t .. 1.25. 



... . . , 

, , " .. 
, ' . 

, ' ' , 
• .,', I 

, • '. • 't t'. 
, , '\ '. , \ \'" , , , , , , 

...... ... ',- I 

.. ...... " ........ :--::" 
, -

-----, -------_ .... .. 
',,- ..... ' 
""-" , 

" .. '" ,0' 

,\, ,. ","10 

"""'It". ""," "~"~I ', .... 
"" "'" 
"1 "" '" 
1111""", 
I I, " • 

" " " , 'f 'f '. ," " " 
I I," ,", ", '. 

;"',',',', " 
,,111 '" , • " 

--:'-.' ... ' .. ' 'f ',', . 
\ .... :- __ ,. -.'.'. I, to ---- . , ' .. - ...... 

, --" ... , , ' , ,,-....... , 
'",. ... ," " , I"'" \' " 

\
t I I 

\ ' I 
... 

213 

Figure 11.a.1 Same as Figure 11.a except that the arrowhead is proportional to the' 
magnitude of velocity. 
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Appendix A 

GRID GENERATION 

In this Appendix, we present a method for generating a body-fitted grid by 

solving a system of elliptic partial differential equations. In the work of Thompson et 

al. (1974), a two-dimensional grid is generated by solving 

~xx + ~yy .. F1 (~, 1)) 

1)xx + 1)yy ... F2 (~, 1)) 

(A.1 ) 

(A.2) 

where F1 and F2 are forcing terms that control the grid spacing in the physical 

domain. 

To solve for the grid coordinates in the physical domain, the roles of 

dependent and independent variables in (A.1) and (A.2) are interchanged to yield 

a x~~ - 2 {3 x~1j + 'Y xljlj .. - J2 ( x~ F1 + xlj F2 ) 

a y~~ - 2 {3 Y~1j + 'Y Yljlj .. - J2 ( YIj F1 + Y~ F2 ) 

(A.3) 

(AA) 

where a, {3, and 'Yare given in (2.20) and J .. x~ YIj - xlj Y~ is the Jacobian of the 

mapping. 

The use of forcing terms in controlling the grid spacing has found widespread 

popularity in the literature [see, for example, the review paper by Thompson (1984)]. 

Unfortunately, with these forcing terms, the essential property of the one-to-one 

mapping enjoyed by solving Laple.ce's equation (Le., with F1 .. F2 .. 0) is lost (cf. 

Eiseman 1985). Here we present, from a very natural point of view, a different way of 

achieving grid spacing control without the use of forcing terms. This idea has been 

proposed by Nakamura (1982) in a paper on a parabolic grid generation technique, 
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but has been largely overlooked by the scientific community. 

The key idea in the paper of Nakamura is that the requirement that the grid be 

uniformly spaced in the computational domain is necessary only when the grid is used 

in the fluid mechanics computation. There is absolutely no such restriction during the 

stage of generating the grid. It is only in the Navier-Stokes code that the 

computational grid spacings are taken to be uniform, generally with spacings set to 

unity. 

Suppose a grid has been generated by solving (A.3) and (A.4) with Fl .. F2 '" 0 

and .6.E - .6.1/ .. 1. In order to have the curvilinear grid line corresponding to, say, 

1/ = 2 closer to the body contour (corresponding to 1/ .. 1), one need not add forcing 

terms ; rather one can simply pick the curve corresponding to, say, 1/ - 1.2. With this 

in mind, it is now only natural to solve 

O! xEE - 2 f3 xEI/ + 'Y xl/l/ - 0 

O! YEE - 2 f3 YEI/ + 'Y Yl/I/ .. 0 

(A.5) 

(A.6) 

on a nonuniformly spaced E - 1/ grid, rather than (A.3) and (A.4) on a grid uniformly 

spaced in the (E - 1/) plane. When the grid obtained this way is used in the Navier

Stokes computation, the grid in the computational domain, like grids generated by 

other means, is taken to be uniformly spaced. Mathematically, one can view the 

mapp.ing M between the physical domain and the uniformly spaced computational 

domain to be composed of two steps. The first step is the mapping Ml from the 

physical domain to the nonuniformly spaced E - 1/ grid. The second is the mapping 

M2 from the nonuniformly spaced E - 1/ grid to the uniformly spaced one. Since we 

are only interested in the mapping M ( .. M2 M1), there is no need to calculate the 

intermediate mappings Ml and M2 at all. In fact, when one uses a cylindrical 

coordinate system with grid lines stretched exponentially in the radial direction, the 
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concept that the grid spacing in the transformed plane need not be uniform during the 

grid generation stage has been unknowingly accepted. The freedom of picking the 

constant 'I1-lines at desired locations for the bipolar grid system described in §4.3 also 

serves to reinforce this idea. 

The use of nonuniform grid spacings in the ~ - '11 plane reduces the order of 

accuracy of the numerical scheme adopted in solving (A.5) and (A.6). This is, 

however, of little concern since the partial differential equations are used as a means 

to generate the grid, and no grid is "more accurate" than another. In the parabolic 

grid generation technique, Nakamura parabolized the Laplace equations (A.5) and 

(A.6), essentially by replacing the unknown coordinates on one interior grid line with 

known values on the outer boundary, thus allowing the solution of the Laplace 

equations to be obtained one grid line at a time. The large truncation error due to 

vastly different nonuniform grid spacings, however, can cause the grid lines to 

overlap. This limits the method of Nakamura to domains where the inner and outer 

boundaries are not far apart. 

Equations (A.5) and (A.6) are discretized using central difference formulae with 

nonuniform grid spacings: (cf. Lapidus & Pinder 1982) 

(A.7) 



where 

A~l .. ~I,/ - ~1-1 ,/ 

A~2 .. ~I+ 1,/ - ~I,/ 

A111 .. 111,/ - 111,/-1 

A112 .. 111,/+1 - 111,/ 

Similar expressions are obtained for the derivatives of y. 
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(A.8) 

Since the coefficients ti, {3 and 'Y render (A.5) and (A.6) nonlinear, we solve 

them iteratively by calculating these coefficients using values of the (x, y) coordinates 

at the previous iteration until the solutions converge. The initial guesses are obtained, 

as in the EAGLE code (Thompson 1987), by transfinite interpolation which will be 

discussed shortly. 

In most previous work where the grid spacing in the ~ - 11 plane has been 

taken to be uniform during the grid generation stage, the values of ~ and 11 have 

normally been taken to be those of grid line indices i and j for convenience, although 

they could be scaled by an arbitrary constant. Here, the values of ~ and 11 are not 

necessarily evenly spaced but are determined according to the type of grid clustering 

desired in the physical domain. For example, when exponential grid stretching is 

desired for constant l1-lines in the physical domain, we simply assign values for 

l1-lines using an exponential function. It is clear that the grid clustering can be easily 

controlled with a nonuniform ~ - 11 grid discussed here. On the contrary, choosing the 

forcing functions F1 and F2 in (A.3) and (A.4) to achieve the desired grid clustering 

while maintaining the one-to-one mapping is not a trivial task. 

We introduce a cut at a suitable location to allow the doubly-connected 

domain bounded by the circular cylinder and the rectangular box to be mapped to a 

rectangular computational domain in the ~ - 11 plane, as shown in Figure A.1. This 
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kind of grid is normally referred to as an O-type grid. The boundary conditions for 

(A.5) and (A.6) are the assigned coordinates of the grid points on the inner and outer 

boundaries. The discretized linear systems of equations for x and yare both 

11-banded due to the periodicity in the ~-direction. They are solved by the same 

biconjugate gradient method (Chen et al. 1989) used in solving (3.11) and (3.12) for 

the velocity field. Since one need not solve (A.5) and (A.6) to great precision, a less 

stringent convergence criterion is employed. 

As mentioned abgve, the initial guesses for the physical coordinates x and y 

are obtained by transfinite interpolation, which produces interior grid coordinates by 

interpolating the known coordinates on four sides of a quadrilateral domain. Here, a 

brief account is given of how the transfinite interpolation is implemented. For a 

detailed discussion of the theory of transfinite interpolation, the reader is referred to 

Thompson, Warsi & Mastin (1985). 

For an N1 x N2 grid, we take the first constant 1/-line to correspond to the 

circular cylinder and the N2-th constant 1/-line to correspond to the entire rectangular 

box. The first and (N1 + 1 )-th constant ~-lines coincide, which corresponds to the cut 

in the physical domain. To apply transfinite interpolation, it is necessary to assign 

coordinates for points on the cut. Note that in solving (A.5) and (A.6), only periodicity 

rather than a Dirichlet-type condition is assumed on the cut. 

With the Cartesian coordinates (x, y) specified for all grid points on the four 

boundaries of the computational domain, the coordinates of the interior grid points are 

generated by the transfinite interpolation described below. 

We introduce linear Lagrange interpolation functions for the curvilinear ~ - 1/ 

directions as 
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r ( ~, 1/ ) - [ 1 - f1 ( ~, 1/ ) I r ( ~1 , 1/ ) + f1 (~, 1/ ) r ( ~N1 +1' 1/ ) (A.9) 

r ( t 1/ ) .. [ 1 - f2 ( ~, 1/ ) I r ( ~,1/1 ) + f2 ( ~, 1/ ) r ( ~, 1/N2 ) (A.10) 

where r denotes the Cartesian pair (x, y), ~I denotes the ~ value at the i-th constant 

~-line, 1/j denotes the 1/ value at the j-th constant 1/-line, and f1 ( ~, 1/ ) is the 

interpolation function which varies from 0 to 1 for ~1 ~ ~ ~ ~N1 +1 for all values of 1/. 

Similarly, f2 ( ~, 1/ ) varies from 0 to 1 for 1/1 ~ 1/ ~ 1/N2 for all values of~. Note that 

(A.9) matches all points on the boundaries having 1/ = 1/1 and 1/ -= 1/N2 ' and (A.10) 

matches all points on the boundaries having ~ .. ~1 and ~ .. ~N1 +1' which is the cut in 

this study. Adding (A.9) and (A.10) together, however, does not produce an 

interpolation function in both directions that matches the (x, y) coordinates on all four 

boundaries. This point is made clear on page 312 of Thompson, Warsi & Mastin 

(1985). 

Following Thompson, Warsi & Mastin, the transfinite interpolation that matches 

all grid points on four boundaries is 

r ( ~, 1/ ) .. [ 1 - f1 ( ~, 1/ ) I r ( ~1 ' 1/ ) + f1 (~, 1/ ) r ( ~N1 +1' 1/ ) 

+ [ 1 - f2 ( ~, 1/ ) I r ( ~, T/1 ) + f2 ( ~, 1/ ) r ( ~, 1/N2 ) 

- [ 1 - f1 (~, 1/ ) I [ 1 - f2 ( ~ , T/ ) I r ( ~1 ,1/1 ) 

- [ 1 - f 1 (~, T/ ) I f 2 ( ~, T/ ) r ( ~1 , 1/N2 ) 

- f 1 (~, T/ ) [ 1 - f 2 ( ~, 1/ ) I r ( ~N1 +1' 1/1 ) 

- f1 (~, 1/ ) f2 ( ~, 1/ ) r ( ~N1 +1' 1/N2 ) (A.11 ) 

The last four terms in (A.11) account for the mismatch on the boundaries when 

only the sum of (A.9) and (A.10) is used as the interpolation function (Thompson, 

Warsi & Mastin 1985). In this study, (A.11) can be simplified because the first and the 
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last constant ~-Iines coincide. 

The interpolation functions f1 and f2 are obtained from the point distribution on 

the opposing boundaries, i.e., f1 ( ~, 'I ) is calculated from the point distribution on the 

first and last constant ~-Iines and f2 ( ~, 'I ) is calculated from the point distribution on 

the first and last constant 'I-lines. Here, we describe how f2 is obtained, since in this 

study f1 is simply the point distribution on the cut. 

First, we define the fractional arc length for a point as the ratio of the arc 

length, measured from the starting point of the curve on which the point resides, to 

the total arc length of the curve. Each point on each boundary is characterized by its 

fractional arc length. Denoting the fractional arc lengths for points on the circular 

cylinder and the box as g1 (~) and gN2 (~), respectively, the interpolation function 

f2 is obtained by linear interpolation of g1 and gN2 as 

(A.12) 

With the interpolation functions f1 and f2 known, the coordinates of all interior 

grid points can be obtained by the transfinite interpolation (A.11). The result is used 

as the initial guess for solving the nonlinear system of equations (A.S) and (A.6). The 

iterative solution procedure is continued until the absolute difference between 

solutions at two successive iterations is less than a prescribed amount at all grid 

points. 

To demonstrate the grid spacing control method presented here, we present 

two relatively coarse grid systems, having N1 .. 64 and N2 - 31, obtained by solving 

(A.S) and (A.6). Figure A.2 is the grid for a 20 by 12 rectangular box with the circular 

cylinder of diameter unity having its center located five diameters to the left of the 

center of the box. This grid is generated by solving (A.5) and (A.6) with uniform grid 
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spacings in the ~- and f)-directions. It is clear that in the region far away from the 

circular cylinder, the grid distribution is rather poor since the Laplace equations tend 

to cause grid lines to move closer to the convex boundary and away from the 

concave boundary. To move more grid lines toward the poorly represented region, 

while keeping the same number of grid lines, we simply use nonuniform grid spacings 

in 1/, with 1/ values ranging from 0 to 1, according to the stretching function of Vinokur 

(1983) described below. 

To distribute N points (counting both end points) on a curve having its arc 

length normalized as unity, with control over the grid spacings at both ends, we 

proceed as follows. 

Let So and s1 denote, respectively, the ratios of the spacings at both ends to 

the spacing 1/(N-1) if points were distributed evenly. We define 

(A.13) 

(A.14) 

Clearly, one should choose So and s1 such that B is less than unity if grid lines are to 

be clustered at both ends. In some cases, however, it is desirable to have B > 1 to 

achieve grid clustering away from one or both boundaries. We note that we have 

defined B to be the inverse of that used in Vinokur. The stretching function s is given 

by 

( " ) X(j) 
s J, so' s1 - A + ( 1 - A ) X (j) (A.15) 

where the function X depends on the value of B as follows: 



B < 1 

and li is the solution of 

sinh li 1 
-li-""S' 

for which a very accurate approximate solution has been given by Vinokur. 

B> 1 

and li is the solution of 

,.n[ 6 [id]] 
2 tan [~] 

sin li 1 
-li-- S' 

for which a very accurate approximate solution has also been given by Vinokur. 
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(A.16) 

(A.17) 

(A.18) 

(A.19) 

When B is very close to unity, both of the above formulae break down. The 

following formula is recommended when 1 B - 11 < 0.001 (Vinokur 1983) 

x ( j ) '" -.L [1 + 2 ( B-1) [-.L _1 ] [1- -.L]] N-l N-l 2 N-l 
(A.20) 

Figure A.3 shows the grid, generated with uniform spacings in the ~-direction 
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and nonuniform spacings in the 'I1-direction according to the stretching function 

discussed above with So - 1.0 and sl - 0.2, which clearly demonstrates that the 

method is capable of achieving grid spacing control without the use of forcing terms. 

As mentioned earlier, the (x, y) coordinates of the grid points on the 

boundaries (Le., perimeters of the circular cylinder and the box) must be specified in 

order to solve (A.S) and (A.6). In this study, we uniformly distribute points on the 

moving circular cylinder. The distribution of points on the box boundary is 

determined as follows. 

With the origin of the Cartesian coordinates located at the center of the 

rectangular box, and the circular cylinder moving along the line y .. Y1' we divide the 

perimeter of the box into an upper and a lower portion along y -= Y1' Half of the 

total grid points on the box boundary are distributed on each portion. Each point is 

characterized by a fractional arc length according to the stretching function (A.1S) 

described above, where we set So .. sl .. S so that the boundary grid points are 

symmetric about the y-axis. The value of S depends on the dimensions of the box 

and Y1' For the lower portion, an appropriate choice is S .. W/(H + 2 Y1)' where W 

and H are the width and height of the box, respectively. To ensure that no abrupt 

change of grid spacing at the junction of two portions occurs, the value of S for the 

upper portion is obtained from that for the lower portion scaled by the ratio of the 

arc length of each portion, (W + H + 2 Y1 )/(W + H - 2 Y1 ). 

Since the physical domain changes with time, an efficient method of generating 

a new grid at each time step is desirable. Instead of solving (A.S) and (A.6) at each 

time step, we obtain a new grid by linear interpolation of the grids generated with the 

cylinder at its extreme excursions. More specifically, a grid is generated initially by 

solving (A.S) and (A.6) with the cylinder at one of its extreme e)(cursions. The mirror 
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image of this grid about the y axis is used as the grid when the cylinder is at the 

other extreme excursion. As the cylinder oscillates between these extreme locations, 

a grid is obtained by linear interpolation of these grids according to the location of 

the circular cylinder. Thus, we only need to solve (A.S) and (A.6) once during the 

entire simulation. All grid points, except those on the rectangular box, change 

location from one time step to another. 
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Figure A.1 Mapping between the physical and computational domains. 
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Figure A.2 Grid generated by solving a pair of Laplace equations without spacing 

control. 
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Figure A.3 Grid generated by solving a pair of Laplace equations with spacing 

control. 
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APPENDIX B 

EVALUATION OF THE BIOT-SAVART INTEGRAL 

In this Appendix, we present an efficient numerical method for evaluating the 

Biot-Savart integral over the domain D in (2.16) or (2.17). In (2.17), we treat the 

vorticity values generated at the solid boundary as unknowns to be determined and 

added to the boundary vorticity values at the previous time step such that the no-slip 

and no-penetration conditions are satisfied at each time step. After performing the 

numerical integration, a linear equation system for the unknown vorticity is set up for 

each component of (2.17). 

Direct numerical evaluation of the Biot-Savart integral is extremely time 

consuming. Even if the induced velocity is evaluated only at nodes on the 

boundaries, the number of operations required is N3 and N5 for two- and three

dimensional problems, respectively, where N is the number of grid points in each 

direction. To overcome this difficulty, Ting (1981, 1983) and Weston & Liu (1982) 

have developed a very efficient method for calculating the far-field velocity for flows 

in unbounded domains. With their method, which utilizes the asymptotic behavior of 

the velocity and vorticity fields, the number of operations required for evaluation of 

the far-field velocity is comparab!p, to that required for solving the Poisson equation 

(2.5) for the interior velocity field by the finite difference method. The size of the 

computational domain is drastically reduced since the computation can be confined to 

regions with nonnegligible vorticity. This method has been successfully applied to 

studies of vortex interaction and merging in both two- and three-dimensional 

problems (Liu & Ting 1982, Liu et al. 1985, Chamberlain & Liu 1985, Liu et al. 1986, 
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1988). In the present work, the flow is bounded by one or more solid boundaries. 

Some modifications to the asymptotic method are required since the solid boundaries 

are not far from the vorticity field. 

We subdivide the fluid domain into a finite number of small quadrilateral 

elements. The asymptotic method is applied to each individual element that is judged 

to be sufficiently far from the field point on the boundaries where the induced 

velocity is evaluated. This is essentially the modification employed by Liu et al. 

(1988). For elements that are close to the field point, direct numerical integration 

using the isoparametric mapping in the finite element or boundary element methods is 

applied (cf. Zienkiewicz 1977, Brebbia & Venturini 1987). Direct numerical integration 

is required in setting up the linear equation systems for the unknown values of 

vorticity generated at the solid boundaries at each time step. We first present the 

method of direct numerical integration, followed by a description of the asymptotic 

method of Ting and his colleagues. 

In the direct numerical integration, it is required in general to approximate the 

distribution of the integrand over each element, typically of triangular or quadrilateral 

shape in two-dimensional problems. To obtain the function distribution over each 

element, a smooth surface patch is typically constructed that passes through the 

function valuer. at all nodal points of the element. The surface patch can be 

constructed using either a polynomial in the physical (x, y) coordinates, as in the 

work of Wahbah (1978), or the isoparametric mapping commonly used in the finite 

element method. The former is strictly applicable to triangular elements, although 

analytic integration results for straight-edged polygons have also been presented. 

This restriction is due to the well known fact that, except for triangular elements, 
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fitting a surface patch over each element using a polynomial in the physical 

coordinates (x - y) will not result in a global surface which is CO continuous. In 

order to have inter-element continuity, one must use either rational polynomials 

(Wachspress 1975) or isoparametric mappings. The latter approach is adopted in this 

study. 

Here we consider the velocity components ua and va at a field point (xo, yo) 

induced by the vorticity inside a single quadrilateral element. The induced velocity 

components at the field point, based on the Biot-Savart law (2.17), with contributions 

due to solid body rotation excluded, are 

1 II w(x, y, t) (y - yo) 
Ua (Xo, yo, t) = 2" ( )2 ( )2 dx dy 

~D x - Xo + Y - yo 
(B.1 ) 

1 II w(x, y, t) (x - Xo) 
Va (Xo, Yo, t) ... - -2 ( )2 ( )2 dx dy 

" ~D x - Xo + Y - yo 
(B.2) 

where the integration is performed over the domain ~D of the element. For a rotating 

circular cylinder, the second integral in (2.16) can be evaluated analytically, and 

corresponds to a circumferential velocity with magnitude inversely proportional to the 

distance between the field point and the center of the cylinder. 

It is convenient to introduce a coordinate translation to make the field point 

(xo, Yo) the origin of the new coordinate system. With the coordinate translation 

y .. y - Yo 

(B.1) and (B.2) become 

(B.3.a) 

(B.3.b) 
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(B.4) 

(B.5) 

The isoparametric representations for the vorticity and the physical coordinates 

are 

4 

w=LNI Wj 

i=l 

4 

X = LNI XI (B.6) 

ic1 

4 

V", LNI VI 

i=l 

where 

N1 .. ( 1 - ~ ) ( 1 - 1'/ ) / 4 

N2 .. ( 1 + ~ ) ( 1 - 1'/ ) / 4 

N3 .. ( 1 + ~ ) ( 1 + 1'/ ) / 4 (B.7) 

N4 .. ( 1 - ~ ) ( 1 + 1'/ ) / 4 

are the shape functions, and the subscript i denotes function values evaluated at the i-

th node. The nodes of each quadrilateral element af'O numbered counterclockwise, 

with the first node located at (-1, -1) in the (~, 1'/) plane. 

With these isoparametric representations, the numerical integration is 

performed over the square [-1, 1] x [-1, 1] in the (~, 1'/) plane as 
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1 1 
..L J J w(E. !l) V(~, !l) J(~ 1/) d~ d1/ 
2" -1 -1 X2(E, 1/) + V2(~, 1/) , 

(B.8) 

(B.9) 

where 

8X 8V 8X 8V 
J.. 8~ 81/ - 81/ a[ (B.l0) 

is the Jacobian of the mapping. 

For field points that lie outside the quadrilateral element, equations (B.8) and 

(B.9) can be evaluated readily by Gaussian quadrature (Davis & Rabinowitz 1984). 

When the field point is on the boundary of or inside the quadrilateral element, (B.8) 

and (B.9) become singular integrals. Special techniques are then required since 

standard Gaussian quadrature methods fail to produce accurate results, even when 

many Gaussian points are used in each direction. Many papers specifically devoted 

to methods for the accurate evaluation of singular integrals have appeared in the 

literature (e.g., Lachat & Watson 1976, Lean & Wexler 1985, Aliabadi et al. 1985, 

Telles 1987). Here, the singular integral over the bilinear quadrilateral element can 

be reduced analytically to a line integral as outlined below. 

Using the isoparametric representations (B.6), equation (B.8) can be rewritten as 

(B.l1 ) 
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where 

(8.12) 

In (8.12), f l) (0 s: j s: 3) and gk (0 s: k s: 2) are functions of f'/ and the values of X and Y 

at the nodal points. These functions are obtained by substituting (8.6) and (8.10) into 

(8.8) and collecting coefficients of like powers of ~ in the numerator and denominator, 

respectively. The tedious algebraic manipulations are easily handled by the symbol 

manipulator MACSYMA. The subscript i in fl) indicates that these functions vary from 

node to node due to the isoparametric representation for w in (8.6). 

After analytically integrating (8.12) in ~ (again, using MACSYMA), the result is a 

line integral in f'/ written as 

where 

g1 + 2 g2 

J4 go g2 - g~ 
- tan-1 

fl3 g~ - (f12 g~ + 3 fl3 go gd g2 + (fl1 g1 + 2 fl2 go) g~ - 2 fiD g~ 

g~ J 4 go g1 - g~ 

(8.13) 

(8.14) 

(8.15) 

(8.16) 
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The trigonometric identitity 

tan-1 A - tan-1 B .. tan-1 A-B 
1 + A B (B.17) 

can be used to reduce by half the time-consuming evaluation of the inverse tangent 

functions in (B.13). 

The line integration in 1/ in (B.13) is carried out by the standard Gaussian 

quadrature method. Normally, four to eight Gaussian points, with finer grid spacing 

requiring fewer Gaussian points, are sufficient to achieve highly accurate results. The 

same procedure is applied to the evaluation of (B.2) 

It is clear that the velocity induced by the vorticity in a regular or singular 

quadrilateral element can be expressed as 

4 

ue .. Lai wi 

i .. 1 

4 

ve" Lbj wi 
i .. 1 

(B.18) 

(B.19) 

where the coefficients ai and bj depend only on the grid coordinates (X, Y) relative to 

the field point. Therefore, for grid systems that remain fixed in time, these 

coefficients need be evaluated only once and stored for all subsequent computational 

loops. The memory required, however, is quite extensive if coefficients for all nodal 

points in the domain are stored. Since most of the interior cells are handled by the 

very efficient asymptotic method, we only store the coefficients associated with the 

quadrilateral elements surrounding the solid boundaries, to which we refer as 

boundary cells, for cases where the grid is fixed. One can also store coefficients 

associated with cells adjacent to the boundary cells over which the finite-element-

type numerical integration is performed. The combined integration method developed 
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in this study allows an optimal tradeoff between memory and CPU time. 

The above finite-element-type integration schemes are applied over all 

boundary cells. Suppose there are N grid points on the solid boundaries, and hence 

N control points. After performing the Biot-Savart integration over all boundary cells 

by the finite-element-type methods described above, a linear equation system is 

obtained for each component of (2.17). These are written as 

(B.20) 

(B.21 ) 

The i-j-th element of the influence matrix A1 or A2 corresponds to the 

appropriate component of the velocity induced at the i-th control point by unit 

vorticity at the j-th boundary grid point, which is shared by two adjacent boundary 

cells. The vectors c1 and c2 in (B.20) and (B.21) come from all four terms in (2.17), 

with the vorticity on the boundary taken at the previous time step. 

For interior cells far from the field point (xo, Yo), equations (B.l) and (B.2) can 

be approximated as (Ting 1983) 

(8.22) 

(8.23) 

where 

We" J J AD W dx dy (8.24) 

is the total vorticity in the element AD, and Xcg and Ycg are the coordinates of the 

'center of gravity' of the vorticity distribution in the cell, given by 
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Xcg - J t~D w x dx dy I we (B.25) 

Ycg - J J AD W Y dx dy I we (B.26) 

Evaluation of ue and ve using (B.22) and (B.23) is much more efficient than 

evaluation of (B.8) and (B.9) by two-dimensional Gaussian quadrature. This is because 

Xcg and Ycg are evaluated only once per time step for each element, while the kernels 

in (B.8) and (B.9) have to be recalculated for every field point (xo, Yo). The situation 

is even worse since these kernels are evaluated at all Gaussian locations in the 

isoparametric finite element, which increases by another factor of 16 the number of 

operations required if four Gaussian points are used in each direction. The evaluation 

of Xcg and Ycg is accomplished using an isoparametric mapping similar to that used in 

the evaluation of we in (B.24), as discussed in Appendix C. We do not include 

explicit expressions for Xcg and Ycg as they can be easily obtained by a minor 

modification of the MACSYMA code for the calculation of the total vorticity presented 

in Appendix C. We note that the number of operations required in evaluating both 

components of (2.16) or (2.17) is only slightly higher than (much less than twice) that 

required for only one component. This is because most operations are identical for 

both components, and thus need be performed only once. When the number of grid 

points on each solid boundary is large, further savings in CPU time can be achieved 

by evaluating the induced velocity at every other point. A cubic spline interpolation 

scheme is then used to obtain the values at intermediate points. This method has 

been reported by Liu et al. (1988) to be very accurate and to further improve the 

computational efficiency. 

We note that in (B.22) and (B.23), higher order terms in the asymptotic 
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expressions reported by Ting (1983) and Weston & Liu (1982) have not been included. 

This is appropriate in this study since the induced velocity on the solid boundaries is 

due largely to the vorticity in the nearby elements, over which the more accurate 

direct numerical integration methods for singular and regular integrals are performed. 

To decide when the asymptotic formulae (8.22) and (8.23) can be applied, the ratio 

LIE is used as a measure of the closeness of the field point (xo, Yo) to the element. 

Here L is the distance between (xcg , YCg) and (xo, Yo), and E is taken to be the larger 

of the two diagonal dimensions of the element. Numerical experiments show that, for 

the fine grids used, accurate results are obtained using (8.22) and (8.23) when this 

ratio is greater than five. When this ratio is less than five, we use the finite-element

type method, with more Gaussian points used as this ratio becomes smaller. Finally, 

the special method for the singular integral is applied when the field point falls on a 

boundary of the element. 
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APPENDIX C 

EVALUATION OF THE TOTAL VORTICITY 

In §3.2, it was shown that the total vorticity in the combined fluid and solid 

regions for cases considered in this study is identically zero for all time. In this 

Appendix, we present the numerical method for enforcing the principle of total 

vorticity conservation when the cylinder undergoes pure rotation. 

We rewrite equation (3.6) as 

(C.1) 

where the domain D is the fluid region, and we is the equivalent total vorticity of the 

solid body, which is equal to the product of the cross-sectional area of B and twice 

the angular velocity of the solid body. 

As discussed in Appendix B, fitting a surface patch over each quadrilateral 

element using a polynomial in the physical coordinates x and y will not result in a 

global surface which is CO continuous. Here, the fluid domain is divided into a finite 

number of quadrilateral isoparametric elements. The isoparametric representations for 

x, y, and ware 

4 

x .. LN' XI 

i .. 1 
4 

y- LN' YI 
i-1 
4 

W=LN' W, 
i .. 1 

(C.2) 
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where NI are the shape functions given in (8.7), and the subscript i denotes the 

function values at the i-th node. The nodes of each quadrilateral element are 

numbered counterclockwise, with the first node located at (-1, -1) in the (E, 11) plane. 

The principle of total vorticity conservation can now be written as 

(C.3) 

where we is the total vorticity in each quadrilateral element, which is 

(C.4) 

where 

(C.5) 

With the isoparametric representations (C.2), the integration in (C.4) can be 

carried out analytically. The result is written as 

(C.S) 

where the coefficients ci depend only on the coordinates of the nodal points. They 

are obtained by a simple MACSYMA code at the end of this Appendix as 
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(C.7) 

Treating the vorticity values generated at the boundary at the new time step as 

unknown quantities, as discussed in §3.2, it is clear that, after summing up 

contributions from all elements, equation (C.3) can be written as 

(C.7) 

where N is the total number of grid points on the solid boundaries, aj is the 

contribution due to unit vorticity at the i-th boundary node, which is shared by two 

adjacent boundary cells, and d contains contributions from wB' the updated vorticity 

in the interior fluid domain and the boundary vorticity at the previous time step. 



MACSYMA Code For the Evaluation of the Total Vorticity 

writefile(totalout) 
r define the isoparametric trial functions "'I 

n[1):(1-xi)*(1-eta)/4 
n[2):(1 +xi)*(1-eta)/4 
n[3):(1 +xi)*(l +eta)/4 
n[4):(1-xi)*(1 +eta)/4 
x:ratsimp(sum(n[i]"'concat(x,i),i,l,4)) 
y:ratsimp(sum(n[i)"'concat(y,i),i,l,4)) 

r define the Jacobian of the transformation "'I 
dxdxi:diff(x,xi); 
dxdeta:diff(x,eta); 
dydxi:diff(y,xi); 
dydeta:diff(y,eta); 
detjac:dxdxi*dydeta-dxdeta*dydxi; 

r integrate the total vorticity, which is sum(total[i)*w[i),i,l,4) *1 
r the integrand for total[i) is n[i)*detjac *1 

for i:1 thru 4 dot 
total[i):n[i]*detjac, 
total[i):integrate(total[i],xi), 
total[i):ratsimp(ev(total[i],xi .. 1 )-ev(total[i],xi .. -1)), 
total[i]:integrate(total[i],eta), 
total[i]:ratsimp(ev(total[i],eta .. 1 )-ev(total[i],eta .. -1)), 
end) 
for i:1 thru 4 dot 
temp:concat(total,i), 
fortran(tempctotal[i]), 
end) 

closefi le(totalout) 

FORTRAN Statements Generated By the MACSYMA Code 

total1 '" ((x3+x2-2*x1 )*y4+(x2-x4)*y3+( -x4-x3+2*x1 )*y2+(2*x4-2*x2)* 
1 y1 )/12.0 
total2 .. ((x3-x1 )*y4+(-x4+2*x2-x1 )*y3+(2*xl-2*x3)*y2+(x4+x3-2*x2)* 

1 y1)/12.0 
total3 .. ((2*x3-x2-x1 )*y4+(2*x2-2*x4 )*y3+(x4-2*x3+x1 )*y2+(x4-x2)*y 

1 1)/12.0 
total4 .. ((2*x3-2*x1 )*y4+(-2*x4+x2+x1 )*y3+(x1-x3)*y2+(2*x4-x3-x2)* 

1 y1 )/12.0 
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APPENDIX D 

MACSYMA CODE FOR TRANSFORMING GOVERNING EQUATIONS 

difference(u,f,exp):=block( 

1* This program provides the central difference formulas. *1 
exp:subst( 

(u[i+ 1 ,jJ-2*u[i,jJ+u[i-1 ,j]), 
diff(f ,xi,2),exp), 

exp:subst( 
(u[i,j+ 1 )-2*u[i,jJ+u[i,j-1]), 
diff(f,eta,2),exp), 

exp:subst( 
(u[i+ 1 ,j+ 1 )-u[i+ 1 ,j-1 )-u[i-1 ,j+ 1 )+u[i-1 ,j-1 ])/4, 
diff(f,xi,1 ,eta, 1 ),exp), 

exp:subst( 
(u[i+ 1 ,jJ-u[i-1 ,j])/2, 
diff(f,xi,1 ),exp), 

exp:subst( 

exp) 

(u[i,j+ 1 )-u[i,j-1 ])/2, 
diff(f,eta,1 ),exp), 

1* The following p(ogram transforms the Laplacian operator *1 
1* Metric quantities and the coefficients of the transformed Laplacian *1 
1* are recorded in "metric" "'I 

laplaceO:=block([eqn1,eqn2,eqn3,eqn4,eqn5,eqn6), 
ind:[x,y), 
newind:[xi,eta), 
depends(z,[x,y,t),[x,y,omega,u,v),[xi,eta,tau),t,tau), 
derivabbrev:true, 

1* define the Jacobian *1 
jac:diff(x,xi)*diff(y,eta)-diff(x,eta)*diff(y,xi), 

args:"(i,j)" , 
eqn1 :z20=diff(z,xi,2), 
eqn2:z11=diff(z,xi,1 ,eta, 1), 
eqn3:z02 .. diff(z,eta,2), 
eqn4:z10 .. diff(z,xi), 
eqn5:z01 ... diff(z,eta), 
eqn6:ztau .. diff(z,tau), 
transform:solve([eqn1,eqn2,eqn3,eqn4,eqn5,eqn6), 
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[diff(z,x,2),diff(z,x,l,y,l ),diff(z,y,2), 
diff(z,x),diff(z,y),diff(z,t)]), 
transform:factor( ev( transform,diff( t, tau ) .. 1 )), 
transform:ratsimp(ratsubst(concat(detjacob,args),jac,transform)), 

laplace:diff(z,x,2)+diff(z,y,2), 1* laplacian operator 1f1 
laplace:ev(laplace,transform), 1* transform the Laplacian operator *1 

kill(labels), 1* free some memories *1 
1* collect the coefficients *1 

for ii:O thru 2 do for jj:O thru 2-ii do 
aa[i i ,jj]:ratcoef( I ap lace,concat(z, i i ,jj)), 

metric:[], 1* start a list of the metric quantities *1 
1* write the formulas for the first and second spatial derivatives of *1 
1* the independent variables *1 

for nth:1 thru 2 do for kk:1 thru 2 do for ii:O thru nth do( 
jj:nth-ii, 
temp1 :concat(ind[kkl,ii,jj,args), 
temp2:difference(ind[kkl,ind[kkJ,diff(ind[kkJ,xi,ii,eta,jj)), 
metric:endcons(temp 1=temp2,metric), 

end), 

1* record the Jacobian and its inverse 1f1 
metric:endcons( detjac .. jac,metric), 
rdetconcst( oneover J,args), 
metric:endcons(rdet-1.1detjac,metric), 
metric:endcons(rdetjac2-rdet*rdet,metric), 
metric:endcons(rdetjac3 .. rdet*rdetjac2,metric), 

1* write the formllias for the time rate of change of *1 
1* the independent variables *1 

temp1 :concat(xt,args), 
temp2:( concat(x,args )-concat(xold,args))1 dt, 
metric:endcons(temp1 =temp2,metric), 
temp1 :concat(yt,args), 
temp2:( concat( y ,args )-concat(yol d ,args))1 dt, 
metric:endcons(temp 1 =temp2,metric), 

1* record the coefficients of the transformed Laplacian operator *1 
metri c:endcons( concat( c20,args ) .. aa[2,Ol,metri c), 
metric:endcons(concat(c11,args) .. aa[l,l ],metric), 
metric:endcons( concat( c02,args )-aa[O,21,metric), 
metric:endcons( concat( c1 O,args)-aa[l,Ol,metric), 
metric:endcons( concat( c01,args ).aa[O, 11,metric), 
lap I ace:concat( c20,args )*d i ff( omega,xi ,2)+ 

concat(c11,args)*diff(omega,xi,l,ets,l )+ 
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end) 

concat( c02,args )*diff( omega,eta,2)+ 
concat( c1 O,args )*diff( omega,xi)+ 
concat( c01,args)*diff( omega,eta), 

1* This program transforms the vorticity transport equation */ 
/* and discretizes the time derivative explicitly */ 

transportO:=block([eqn1,eqn2,eqn3,transform1,transform2,transform3], 

depends([z,uz,vZ],[x,y,t],[x,y,omega,uomega,vomega],[xi,eta,tau],t,tau), 
/* uz(x,y)=u(x,y)*z(x,y) and similarly for vz(x,y) */ 
/* z(x,y) corresponds to omega(xi,eta) in the transformed plane */ 

eqn1 :zl O .. diff(z,xi), 
eqn2:z01 .. diff(z,eta), 
eqn3:ztau=diff(z,tau), 
transform1 :solve([eqn1,eqn2,eqn3],[diff(z,x),diff(z,Y),diff(z,t)]), 
transform1 :ev(transform1,diff(t,tau)= 1), 

eqn1 :uz1 O=diff(uz,xi), 
eqn2:uz01 .. diff(uz,eta), 
eqn3:uztau .. diff(uz,tau), 
transform2:solve([eqn1,eqn2,eqn3],[diff(uz,x),diff(uz,y),diff(uz,t)]), 
transform2:ev(transform2,diff(t, tau) .. 1 ), 

eqn1 :vz1 O .. diff(vz,xi), 
eqn2:vz01 .. diff(vz,eta), 
eqn3:vztau=d i ff(vz, tau), 
transform3:solve([eqn1,eqn2,eqn3],[diff(vz,x),diff(vz,y),diff(vz,t)]), 
transform3:ev( transform3,di ft(t, tau )-1 ), 

1* Transform the vorticity transport equation written in conservative form */ 
1* the viscous diffusion terms to be included later */ 

transportdiff(z,t)/kc+diff(uz,x)+diff(vz,y), 

transportev(transport,transform1,transform2,transform3), 
transportratsubst( concat( detjacob,args ),jac, transport), 
transportsubst( d iff( omega,x i ),z 10, transport), 
transportsubst(diff(omega,eta),z01,transport), 
transportsubst( d iff( omega, tau ),ztau, transport), 
transportsubst( d iff(uomega,xi ),uz 10, transport), 
transportsubst(diff(uomega,eta),uz01,transport), 
transportsubst(diff(uomega,tau),uztau,transport), 
transportsubst( di ff(vomega,xi), vz 10, transport), 
transportsubst(diff(vomega,eta),vz01,transport), 
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transport:subst( d iff(vomega, tau), vztau, transport), 

1* move everything except the term diff(omega,tau) to the right hand side */ 
temp:ratcoef(transport,diff( omega, tau», 
dvortdt:-ratsimp(transport/temp-diff(omega,tau», 

1* now include the viscous diffusion terms */ 
dvortdt:dvortdt+laplace/re/temp, 

1* the complete vorticity transport equation for checking purposes */ 
transport:transport-Iaplace/re, 

1* all xi derivatives are evaluated pseudo-spectrally */ 
dvortdt:subst( concat(w1 0, "(i)" ),diff( omega,xi),dvortdt), 
dvortdt:subst(concat(w11, "(i)"),diff(omega,xi,1,eta,1 ),dvortdt), 
dvortdt:subst( r.:oncat(w20, II (i)" ),d iff( omega,xi ,2),dvortdt), 
dvortdt:subst( concat( duwdxi, "( i)" ),d iff( uomega,xi ),dvortdt), 
dvortdt:subst( concat( dvwdxi, "( i)" ),d iff(vomega,xi ),dvortdt), 

1* now finite differencing all eta derivatives */ 
dvortdt:difference(w,omega,dvortdt), 
dvortdt:d i fference( uw ,uomega,dvortdt), 
dvortdt:d i fference(vw, vomega,dvortdt), 

1* write out the nonlinear terms */ 
for ii:-1 thru 1 do for jj:-1 thru 1 do( 

dvortdt:subst(u[i+ii,j+iil*w[i+ii,j+jj), 
uw[i+i i ,j+ jiJ,dvortdt), 

dvortdt:subst(v[i+ i i ,j+ jiJ*w[ i+ i i ,j+ iil, 
vw[i+ii,j+iil,dvortdt), 

end), 

newvort:[), 1* start a list */ 
temp 1 :concat( dwdt,args), 
temp2:dvortdt, 
newvort:endcons(temp 1 .. temp2,newvort), 

end) 

notateO:=block([temp1), 
/* Introduce FORTRAN notation by calling the program "notation" */ 
1* on the lists that have been created so far. */ 

for ii:1 thru 2 do ( 
metric:notation(metric,ind[ii]), 
newvort:notation( newvort, ind[ i i]), 
end), 

end) 
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notation(exp,vari):cblock( 
1* Make the substitution of atomic variables for derivatives. */ 

for ii:O thru 2 do( 
jj:2-ii, 
exp:subst(concat(vari,ii,ii,args),diff(vari,xi,ii,eta,jj),exp), 
end), 
for ii:O thru 1 do( 
jj:l-ii, 
exp:subst( concat(vari, i i ,ii ,args ),diff(vari ,xi ,i i ,eta,jj),exp), 
end), 
exp:subst( concat(vari ,t,args) ,diff(vari ,tau),exp), 

exp) 

1* The following program sets up the finite difference stencil */ 
1* for the Poisson equation and records in "stencil" */ 

schemeO:=block([templ,temp21, 

/* discretize the Laplace operator and collect the coefficients of */ 
/* the finite difference stencil */ 

kill(labels), 1* free some memories */ 

stencil:[], 1* initialize a list */ 
discrete:difference(w,omega,laplace), 
templ:cc, 
temp2:ratcoeff(discrete,w[i,j]), /* the center grid */ 
stenci I :endcons(temp 1 =temp2,stenci I), 
templ:cn, 
temp2:ratcoeff(discrete,w[i,i+ 1]), /* the north grid */ 
stenci I :endcons(temp 1 ctemp2,stenci I), 
templ:cs, 
temp2:ratcoeff(discrete,w[i,i-l]), /* the south grid */ 
stenci I:endcons(temp 1 =temp2,stencil), 
templ:ce, 
temp2:ratcoeff(discrete,w[i+ l,j]), /* the east grid */ 
stenci I:endcons(temp 1 ctemp2,stenci I), 
templ:cw, 
temp2:ratcoeff(discrete,w[i-l,j]), 1* the west grid */ 
stenci I:endcons(templ ctemp2,stenci I), 
templ:cne, 
temp2:ratcoeff(discrete,w[i+ l,i+ 1]), 1* the north-east grid */ 
stenci I :endcons(temp 1 .. temp2,stenci I), 
templ:cnw, 
temp2:ratcoeff(discrete,w[i-l,i+ 1]), /* the north-west grid */ 
stencil:endcons(templ ctemp2,stencil), 
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temp1:cse, 
temp2:ratcoeff(discrete,w[i+1,j-1]), 1* the south-east grid *1 
stenci I:endcons(temp 1-temp2,stenci I), 
temp1:csw, 
temp2:ratcoeff(discrete,w[i-1,j-1]), 1* the south-west grid *1 
stenci I:endcons(temp 1-temp2,stenci I), 

end) 

1* The next program takes the previously computed expressions, *1 
1* converts them to FORTRAN notation and then writes FORTRAN subroutines *1 
1* into a file "METRIC" *1 

myfortranO: .. block( 
kill(labels), 1* clear some memory *1 

writefile(METRIC), 1* open the file for the subroutine metric*1 
1* print the subroutine header. *1 

print(" subroutine metric"), 
1* write the FORTRAN formulas for the metric quantities and *1 
1* the coefficients of the Laplace operator in the transformed plane. *1 
1* this is only the main body of the subroutine *1 

1I:length(metric), 
for ii thru II do print(fortran(metric[ii])), 

1* write the stencil elements *1 
1I:length(stencil), 
for ii thru II do print(fortran(stencil[ii])), 

closefile(METRIC), 

writefile(newvort), 1* open the file for the subroutine newvort *1 
1* this is a complete subroutine *1 
It< print the subroutine header. *1 

print(" subroutine newvort"), 
1* use the cliches defined in the main program *1 

print(" use parametr"), 
print(" use cmmnblks"), 
print(" dimension temp(nxi),w1 0(nxi),w11 (nxi),w20(nxi), "), 
print(" 1 duwdxi(nxi),dvwdxi(nxi),dwdt(nxi,2:netam1 ),wnew(nxip1 ,neta)"), 

do 70 j .. 2,netam1 "), 

perform all xi derivatives in Fourier space"), 

print("c"), 
print(" 
print("c"), 
print("c 
print("c"), 
print(" 
print(" 
print(" 

do 10 i .. 1,nxi"), 
temp(i) .. w(i,j)"), 

10 continue"), 
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call fft2(temp,wl0,w20)"), 

do 15 i .. l,nxi"), 

print(" 
print("c"), 
print(" 
print(" 
print(" 
print(" 
print("c"), 

temp(i) .. (w(i,j+ 1 )-w(i,j-l »*.5"), 
15 continue"), 

call fftl (temp,wll )"), 

print(" do 20 i-l,nxi"), 
print(" temp(i)-u(i,j)*w(i,j)"), 
print(" 20 continue"), 
print(" call fftl (temp,duwdxi)"), 
print("c"), 
print(" do 30 i-l,nxi"), 
print( II temp( i ) .. v( i ,j)*w( i ,j)"), 
print(" 30 continue"), 
print(" call fft1 (temp,dvwdxi)"), 
print("c"), 
print(" do 40 i-l,nxi"), 
1I:length(newvort), 
for ii thru II do print(fortran(newvort[ii])), 
print(" 40 continue"), 
print("c"), 
print(" 
print("c"), 

if(nthtime .eq. 1) then"), 

print("c first time step uses the Euler method before the"), 
print("c three-step Adams-Bashforth method can be started"), 
print(" do 50 i-l,nxi"), 
print(" wnew(i ,j)-w( i ,j)+dt*dwdt( i ,j) "), 
print(" 50 continue"), 
print("c"), 
print(" 
print("c"), 

else"), 

print("c Explicit Adams-Bashforth method"), 
print(" do 60 i .. l,nxi"), 
print(" wnew(i,j) .. w(i,j)+dt*(1.5*dwdt(i,j)-0.5*dwdtold(i,j»"), 
print(" 60 continue"), 
print("c"), 
print(" end if"), 
print(" 70 continue"), 
print("c"), 
print("c save dwdt for the next time step and replace w with new"), 
print("c values. treat the arrays as one dimensional arrays so that"), 
print("c longer vectors are obtained for vectorization. "), 
print(" do 80 i-1,neqn"). 
print(" dwdtold(i,2)-dwdt(i,2)"), 
print(" 80 continue"), 
print("c"), 
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print("c duplicate the values on the cut of the mapping"), 
print(" do 90 j .. 2,netam1 "), 
print(" wnew(nxip1,j)-wnew(1,j)"), 
print(" 90 continue"), 
print("c"), 
print("c update the interior vorticity field"), 
print(" do 100 i-1,nxip1*netam2"), 
print(" w(i,2)-wnew(i,2)"), 
print(" 100 continue"), 
print(" return"), 
print(" end"), 

closefile(newvort), 

/* write out all expressions in algebraic form to facilitate checking */ 
writefile(formulas), 

1I:length(metric), 
for ii thru II do disp(metric[iiJ), 
II: length(stenci I), 
for ii thru II do disp(stencil[iiJ), 
II: length( newvort), 
for ii thru II do disp(newvort[iiJ), 
disp(transport",O), 

closefile(formulas), 
end) 

1* This is the driver program */ 
laplaceO 
transportO 
notateO 
schemeO 
myfortran() 
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c 

c 

Subroutine Generated By the MACSVMA Code 

subroutine newvort 
use parametr 
use cmmnblks 
dimension temp(nxi),w10(nxi),w11 (nxi),w20(nxi), 

1 duwdxi(nxi),dvwdxi(nxi),dwdt(nxi,2:netam1 ),wnew(nxip1 ,neta) 

do 70 j=2,netam1 

c perform all xi derivatives in Fourier space 
c 

c 

c 

c 

c 

c 

c 

do 10 i .. 1,nxi 
temp( i )-w( i ,j) 

10 continue 
call fft2(temp,w10,w20) 

do 15 i ... 1,nxi 
temp(i) .. (w(i,j+ 1 )-w(i,j-1 ))*.5 

15 continue 
call fftt (temp,w11) 

do 20 i-1,nxi 
temp( i ) .. u(i ,j )*w( i ,j) 

20 continue 
call fftt (temp,duwdxi) 

do 30 i .. 1,nxi 
temp(i ) .. v( i ,j)*w( i ,j) 

30 continue 
call fftt (temp,dvwdxi) 

do 40 i .. 1,nxi 
dwdt(i,j) .. kc*(c20(i,j)*w20(i)+c11 (i,j)*w11 (i)+c1 0(i,j)*w1 O(i)+cO 

1 2(i,j)*(w(i,j+ 1 )-2*w(i,j)+w(i,j-1 ))+c01 (i,j)*(w(i,j+ 1 )-w(i,j-t) 
2 )/2.0)/re-((wt O(i)*xOt (i,j)-(w(i,j+ 1 )-w(i,j-1 ))*x1 0(i,j)/2.0)*y 
3 t(i,j)+((w(i,j+ 1 )-w(i,j-1 ))*xt(i,j)/2.0-(u(i,j+ 1 )*w(i,j+ 1 )-u(i, 
4 j-1 )*w( i ,j-1 ))*kc/2.0)*y1 O( i ,j)+( duwdxi(i )*kc-w1 O( i )*xt( i ,j))*y 
5 01 (i,j)+(v(i,j+ 1 )*w(i,j+ 1 )-v(i,j-1 )*w(i,j-1 ))*kc*x1 0(i,j)/2.0-d 
6 vwdxi (i )*kc*x01 (i ,j))/ detjacob( i ,j) 

40 continue 

if(nthtime .eq. 1) then 

c first time step uses the Euler method before the 
c three-step Adams-Bashforth method can be started 

do 50 i .. 1,nxi 
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c 

c 

wnew( i ,j)-w( i ,j)+dt*dwdt( i ,j) 
50 continue 

else 

c Explicit Adams-Bashforth method 

c 

c 

do 60 i.1,nxi 
wnew(i,j)-w(i,j)+dt*(1.5*dwdt(i,j)-O.5*dwdtold(i,j)) 

60 continue 

end if 
70 continue 

c save dwdt for the next time step and replace w with new 
c values. treat the arrays as one dimensional arrays so that 
c longer vectors are obtained for vectorization. 

do 80 i-1,neqn 
dwdtold(i ,2)-dwdt(i,2) 

80 continue 
c 
c duplicate the values on the cut of the mapping 

do 90 j .. 2,netam1 
wnew(nxip1 ,j)m wnew(1 ,j) 

90 continue 
c 
c update the interior vorticity field 

do 100 i-1,nxip1*netam2 
w(i,2)-wnew(i ,2) 

100 continue 
return 
end 
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