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ABSTRACT 

Intermediate-degree g-modes (those with angular order i ~ 30) were 

first observed in the late 1970's by Hill and Caudell (1979). However, 

it wasn't until 1986 that a preliminary survey was made of the 

differential radius observations (see Bos 1982) and a set 

multiplets exhibiting mode-locking was classified by Hill (1986). 

1979 

of 4 

These 

multiplets with angular order i ~ 30 and eigenfrequencies of ~ 350 ~Hz 

were used as a starting point for the comprehensive analysis discussed 

in this work. This comprehensive study culminated in the classification 

of a set of 20 intermediate-degree g-mode multiplets containing over 600 

normal modes of oscillation. Each of these multiplets was found to 

contain mode-coupled sections. Of more importance, however, are the 

internal properties of the Sun that can be inferred from this large body 

of classified modes. In this work two significant consequences will be 

discussed. 

Because these modes of oscillation are localized within the inner 

50% of the Sun by radius and because of their large temperature 

eigenfunctions implied by the observed phase-locking, these modes of 

oscillation provide a modification of the effective temperature profile 

defined for a given process in the Sun. One of these processes is the 

8B neutrino production. The second consequence of these observations is 

a predicted periodic modulation of the neutrino production rates. The 

existence of a large set of mode-coupled gravity modes will lead to a 

low-frequency modulation of neutrino production rates which may account 

for the observed periodicity in the 8B neutrino production (see Haubold 

and Gerth 1985). The prediction of this periodicity in the neutrino 
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production rates is unique among all the competing theories that resolve 

the solar neutrino paradox and is testable by the new generation of 

solar neutrino detectors. 
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CHAPTER 1 

INTRODUCTION 

Over the last three decades, much has been learned about our Sun 

and many discrepancies between our theoretical models of the Sun and our 

oi)servationa1 knowledge of the Sun have been resolved. However, many 

serious problems remain. Our theoretical models of solar convection, of 

solar magnetic field effects, and of energy production in the core (e.g. 

the solar neutrino paradox) are still incomplete. We also lack detailed 

knowledge of the exact chemical abundances of the Sun for even such 

basic nuclides as H, 3He, 4He, and Deuterium. It is apparent, from this 

perhaps overly pessimistic view of the state of solar physics, that much 

work remains to be done. Fortunately, we do have several observational 

tools at our disposal to probe the solar interior. One of these tools 

is the observed solar neutrino flux. Another tool is the observed 

global solar oscillations. Because of the diversity of properties 

between various subsets of global oscillations, it is this last one that 

holds the most promise for resolving some of the discrepancies between 

theory and observation. 

In this chapter, a number of topics will be introduced which are 

important to solar physics. These topics range from the basic equations 

used to describe the normal modes of oscillation, to the solar neutrino 

paradox, and to the general properties of the various subsets of modes. 

The equations used to describe large scale motion (oscillations) can be 

derived from the basic equations of hydrodynamics and heat flow. This 

is generally done by applying a perturbational analysis to this set of 
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basic equations. In the following sections the basic set of equations 

will be introduced, followed by a discussion of how one applies the 

perturbation theory and finally the equations that result in a 

"linearized theory". After completing this, the general properties of 

various subclasses of modes will be discus.sed and the location of these 

subclasses in the eigenfrequency spectrum will be noted. Finally, the 

solar neutrino paradox, mode-coupling and the 1979 solar differential 

observations taken at SCLERAl will be discussed briefly. The topics 

introduced will be useful in later chapters during the discussions of 

data analysis, phase-locking, and the relevance of the 

intermediate-degree gravity-modes to the neutrino paradox. 

lSCLERA is an acronym for the Santa Catalina Laboratory for Experimental 

Relativity by Astrometry, a facility operated by the University of 

Arizona. 

1.1 Basic Equations of Hydrodynamics and Heat Flow. 

The basic equations of hydrodynamics and heat flow, as with most 

classical physics, are a consequence of conservation theorems. The 

first of these conservation theorems is the mass conservation equation 

or continuity equation. Simply stated, it says that "the time rate of 

change of mass within a certain unit volume is equal to the mass flowing 

in through the boundary surfaces of the volume per unit time". Writing 

this quantitatively, one has 

QQ 
dt 1.1 



Making use of the Stokes or material derivative 

~ 
dt 
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1.2 

and vector identities, this can be simplified to the more familiar form 

~ 
at 

where p is the mass density and ~ is the fluid velocity. 

1.3 

The second of the basic equations is conservation of linear 

momentum. This conservation principle is essentially Newton's second 

law, as applied to a fluid. It simply states that "the time rate of 

change of momentum within a given volume is equal to the net force 

exerted on the mass within the volume". Writing this quantitatively one 

has (and making use the Stokes 

conservation) 

a~ 
p at + 

derivative 

- v p p v ~ 

and assuming mass 

+ p f 1.4 

where P is the total pressure, ~ is the gravitational potential, ~ is 

the fluid velocity (linear momentum per unit mass), and f is the sum of 

all other external forces per unit mass. The external forces might 

include viscous forces, magnetic forces, or forces due to rotation. 

The third basic equation is conservation of thermal and 

mechanical energy. This equation is essentially the sum of the first 

law of thermal dynamics and the scalar product of equation 1.4 and the 
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-t 
velocity v. It states that the "time rate of change of the sum of 

kinetic and internal (thermal) energy is equal to the rate at which 

forces are doing work on the mass plus the net rate of gain of heat 

energy". Writing the equation out quantitatively, one has (again making 

use of the Stokes derivative) 

8CeE + ev2 / 2) + ~'V(pE + pv2/2) 
8t 

V' (P ~) 1.5 

where E is the internal energy per unit mass, 1 is the sum of external 

forces per unit mass, and dq/dt is the net rate of gain of heat per unit 

mass. The net rate of gain of heat is just the difference between the 

heat gained from the sources and the heat lost from the sinks. Iff is 

defined to be the total gain of heat per unit mass from thermonuclear 

... 
sources and F is defined to be the total vector energy flux due to all 

transport mechanisms (such as radiation, conduction, convection, 

neutrino loss, mass loss, etc.) then dq/dt is given by 

.llil 
dt 

1 ...... 
- V·F p 1.6 

Besides the three equations discussed above, there are a number 

of supplementary equations that are needed to complete the description 

of the system. The first of these equations is Poisson's equation, 

1.7 
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where G is the gravitational constant. Poisson's equation gives a 

relationship between the gravitational potential and the mass density. 

The second supplementary equation relates the production of 

thermonuclear energy per unit mass, e, to the mass density, temperature, 

and chemical composition. In most cases e has the following general 

temperature dependence, 

A T6 -2/3 exp ( - B T6 l / 3 ) 1.8 

where A and B are constants which depend upon chemical abundances, 

density and the efficiency of the various reactions in the 

nucleosynthesis process and T6 is the temperature in units of 106 

degrees K. The methods used to calculate e are discussed in detail in 

most texts on stellar interiors and stellar evolution (cf. Cox and Giuli 

1968, Clayton 1968). The third supplementary equation provides a 

relation between the radiative flux and temperature. Within the solar 

interior, the divergence of the radiative flux, 
-+ -+ 
\1·F r' is generally 

expressed as 

1.9 

where SA = SA(T) is known as the source function, J A = JA(T) is the mean 

intensity, X
A 

is the total extinction coefficient (or absorption per 

unit volume) which includes both absorption and scattering, and A is 

the wavelength. To calculate the divergence of the radiative flux one 

typically makes a number of assumptions about the source function and 
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the mean intensity. For a thorough discussion of these assumptions and 

radiation transfer in general, reference is made to texts such as 

Mihalas (1978), Novotny (1973), and Logan (1984). The fourth 

supplementary equation relates the specific entropy of the system to the 

internal energy and the work done on the system. This relation, known 

as the thermodynamic identity, is a combination of the first and second 

laws of thermodynamics. Writing this relation quantitatively gives 

T dS dE + P d(;) 1.10 

where T is the temperature and S is the specific entropy. The last 

supplementary equation is known in general terms as the equation of 

state. It provides a relation for pressure in terms of temperature, 

density, and chemical composition, or alternatively, for the specific 

entropy in terms of density, chemical composition and temperature. In 

either case the following assumption will be made: over the time scale 

of the oscillations the chemical composition remains essentially 

constant and therefore it will be neglected from this point forward. 

The equation of state, used both in theoretical relations and numerical 

models, does not appear as an equation per se but instead manifests 

itself in terms of a set of thermodynamic parameters. This set of 

thermodynamic parameters (usually given as a function of radius) 

inclUdes the following: 

the adiabatic temperature gradient 

( 
8lnT ) 
81nP S 1.11 
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the adiabatic exponent, r 1 : 

( 
81nP ) 
81np S 1.12 

the adiabatic exponent, r3: 

( 
81nP ) 
81np S + 1 1.13 

the specific heat at constant volume 

1.14 

the specific heat at constant pressure 

1.15 

1.2 Perturbation Theory. 

The equations of hydrodynamics and heat flow give solutions (or 

fluid parameters) that allow one to describe the characteristics of a 

given fluid element in time and space. The traditional method of 

deriving the equations that describe solar oscillations has been to 

assume that these oscillations are small perturbations of the fluid 

parameters from their equilibrium values. There are two ways of 

describing these perturbations the Eulerian variation and the 

Lagrangian variation. 
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The Eulerian variation for a given physical quantity is defined 

to be the difference between the values of this physical quantity in the 

perturbed and unperturbed solutions at the same point in space and time. 

Writing this definition in a quantitative manner gives 

, ~ 
f (r,t) f(~,t) 1.16 

where the prime denotes the Eulerian perturbation (or variation), f 

denotes the physical quantity in general and fo denotes the physical 

quantity in the unperturbed solution. When using the Eulerian 

perturbation, one is actually comparing the properties of two different 

fluid elements, one fluid element corresponding to the perturbed 

solution and the other corresponding to the unperturbed solution. 

On the other hand, the Lagrangian variation (or perturbation) of 

a given physical quantity is defined to be the difference between the 

values of this quantity in the perturbed and unperturbed solutions while 

following the same fluid element. Writing this definition explicitly 

gives 

Sf(~,t) f(~,t) 1.17 

where Sf denotes the Lagrangian perturbation, f is the physical quantity 

in general, fo is the physical quantity in the unperturbed solution, 
~ 

r 

~ 

denotes the location of the fluid element in general, and ro denotes the 

location of the fluid element in the unperturbed solution. The 

Lagrangian perturbation allows us to see how the properties of a fluid 

element change between the perturbed and the unperturbed solutions. 
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While doing theoretical calculations, it is sometimes useful to 

have a relationship between the Eulerian perturbation and Lagrangian 

perturbation. This relationship can be derived relatively easily by 

adding and subtracting fo(~,t) on the right side of equation 1.17. 

Making use of equation 1.16 gives the result 

Of(~,t) f' (~,t) + (fo(~,t) 1.18 

-> 
If the quantity in the brackets is expanded in a Taylor series about ro, 

then keeping terms only to first order gives 

Of(t t) 
'-to -;t-+-+ 

f (r,t) + (~·V) fo(r,t) 1.19 

where ~ is defined to be ~ = ~ - ~o. From this definition for ~ one can 

see that ~ is the Lagrangian perturbation of position. 

When using the Lagrangian and Eulerian perturbations, care must 

be taken to apply the perturbation in the proper order with the other 

differential operators (c.f Lynden-Bell and Ostriker 1967; Cox 1980). 

The manner with which the Eulerian and Lagrangian perturbations commute 

with the other differential operators can be summarized in a set of 

commutation relations. If is defined to be the standard spatial 

derivative and d/dt is the material derivative (cf. equation 1.2), then 

the commutation relations are given by 

o 1.20 

o 1.21 
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o [ (i , v ] _ od 0 1.22 

These relations are valid at least to first order in smallness. 

With the use of the above commutation relations, one can derive 

equations relating e to the Eulerian perturbation of the fluid velocity 

and the Lagrangian perturbation of the fluid velocity, respectively. 

-fo -fo • 
Let rand ro be the posit~on vectors of the same fluid element at time t 

for the perturbed and the unperturbed solutions, respectively. Then the 

respective fluid velocities for the perturbed and the unperturbed 

solutions are 

-fo -fo 
v(r,t) 

dt; 
dt and 

-fo 

dro 

dt 1. 23 

Making use of equation 1.17 and then applying the Stokes derivative, 

results in the following 

-fo 
{iv d 

dt 
if. 
at + 1.24 

Using this equation and equation 1.19 one gets the Eulerian perturbation 

of the velocity 

if. 
at + 1. 25 
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For the special case where one is considering a spherically symmetric 

star where the unperturbed solution represents a static one (i.e., no 

rotation or circulation so that ;0 = 0) one has to first-order accuracy 

-.' v 
-. 

Bv -. 
v 

gz 
dt 

gl 
at 1.26 

The Eulerian perturbation of the product of two physical 

quantities, a and b, is given by 

, , , , 
(a b) ab + ab + ab 1. 27 

The Eulerian perturbation of the ratio of two physical quantities, r 

ajb, is most easily obtained by multiplying through by b and then using 

equation 1.27 to give 

, , , , 
b r a r b r b 1.28 

In first order theory, the last terms in equations 1.27 and 1.28 are 

considered to be second order and hence are dropped. The Eulerian 

perturbation of a function of two or more physical quantities is 

obtained by using the standard chain rule for derivatives. For example, 

if a and b are two physical quantities and f = f(a,b), then the Eulerian 

perturbation of f is given by 

, 
f 

af(a. b) 
8a a + 

8f(a, b) , 
8b b 1. 29 
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Similar relations can be derived for the Lagrangian perturbation. 

With the above preparation, linearized equations describing 

oscillations can be derived by expanding the physical quantities in the 

form 

f 

where the subscript zero 

quantities are assumed 

quantities. For this 

quantities are dropped 

Applying equation 1.30 to 

fli2. 
at 

, 

, 
fo + f 1.30 

denotes the unperturbed state. The perturbed 

to be very small compared to the unperturbed 

reason, products of two or more perturbed 

(the equations are kept to first order). 

the continuity equation results in 

v· ( + '-+ ) p Vo 1. 31 

where use has be made of the unperturbed equation to cancel unperturbed 

terms. One could obtain similar results by applying the Lagrangian 

perturbation. 

1.3 The Linearized Theory. 

The linearized theory of solar oscillations can be constructed 

from the basic equations of hydrodynamics and heat flow by applying the 

tools from the perturbation theory outlined in section 1.2. In doing 

this one generally assumes that the Sun is a spherically symmetric 

system and thus the solutions can be well represented by the spherical 
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harmonics, ~(8,~). With this assumption the scalar physical quantities 

are then written in the form (for the Eulerian perturbation) 

, 
f (r,8,I/J,t) 2 f~(r) ~(8,~) exp(iat) 1.32 

n,i,m 

and vector quantities are written as 

.... , 
f (r,8,I/J,t) 2 

.... , 
f n (r,8,~) exp(iat) n,AO,m 1. 33 

n,i,m 

with 

.... , 
f n (r,8,1/J) n,AO,m 

, 
where f (r) contains the radial dependence of the radial component of n,r , 
the eigenfunction (denoted by the subscript r) and f h(r) contains the n, 

radial dependence of the horizontal component of the eigenfunction 

(denoted by the subscript h). The indices n, i, and m denote the 

radial, angular, and the azimuthal eigenvalues, respectively. 

Corresponding relations can also be written for the Lagrangian 

perturbation. 
.... , , 

Assuming the forms of e, P , ~, and oSNA as given by equations 

1.32 1.34 and applying the perturbation theory discussed in section 

1.2 to the basic equations of hydrodynamics and heat flow, a set of 
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ordinary differential equations can be derived (cf. Unno et al. 1979). 

This set of equations describing solar oscillations consists of the 

following: 

1 dP 
P dr 

, 
+ + 

+ 

+ + 

, 

+ 
del> 
dr 

, 

, 
P 
pc 2 

, 
4nGp ( ~C2 + 

1.35 

1. 36 

1. 37 

where the notation is as follows: P is the Eulerian perturbation of 

pressure, g g(r) is the gravitational acceleration, c = c(r) is the 
, 

speed of sound, cI> is the Eulerian perturbation of the gravitational 

potential, f is the Eulerian perturbation of electromagnetic and 

external forces, a is the angular frequency of the oscillation, and L! 

and N denote the Lamb frequency and the Brunt-V&is&l& frequency, 

respectively. The Brunt-V&is&l& frequency is defined to be 
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( 
dIne 

- g dr 1. 38 

and the Lamb frequency is defined as 

1. 39 

The Lamb frequency and the Brunt-V~is~l~ frequency characterize the 

local vibrational properties of the intra-solar medium. The terms on 

the right sides of equations 1.35 1.37 are external force and 

nonadiabatic terms which have been included for completeness. 

Neglecting the right-hand sides of equations 1.35 - 1.37 gives the basic 

equations for oscillations in the linear adiabatic approximation with no 

external forces. 

Analytic solutions for this set of three coupled differential 

equations exist only in certain asymptotic limits (cf. Unno et. al. 

1979; Cox 1980). While these asymptotic solutions are useful for 

qualitative studies of the solar models, the method of choice for 

solving this set of equations is with the use of a high speed digital 

computer. To obtain numerical solutions for these differential 

equations, one typically reduces equation 1.37 to two first order 

differential equations and then rewrites the set of equations in terms 

of dimensionless variables (cf. Dziembowski 1971; Unno et. al. 1979; and 

Cox 1980). One of the most common sets of dimensionless variables is 

the Dziembowski variables (Dziembowski 1971). These four variables are 

Yl 
c;r 
r 

.L 
, 

( g + 
gr p ~'J 1.40 
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1 ' -w gr and 1 dw 

g dr 

, 
32 

1.41 

By also introducing the following dimensionless equilibrium parameters: 

v 
g 

U 

A * 

41l"pr3 

M 1.42 
r 

r N2 
1.43 

g 

and with the dimensionless frequency w, the dimensionless radius x, and 

the fractional mass M defined by 
r 

a 2 Rs 
GM x , and 

dMr 
dr 

equations 1.35 - 1.37 can be rewritten as follows; 

and 

dYl 
X -- = dx (V - 3) Yl g + + V Ys g 

2 * * (clw - A ) Yl + (A - U + 1) Y2 

dys 
x dx = (1 - U) Y3 + Y4 

* = UA Yl + UV Y2 g + [£(£+1) - UV ] Ys g 

1.44 

1.45 

1.46 

1.47 

1.48 
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In this manner the equations for the linear adiabatic nonradial 

oscillations are reduced to a system of four simultaneous first order 

differential equations with four dimensionless variables. These 

equations form an eigenvalue problem with their appropriate boundary 

conditions. For a discussion of the boundary conditions see Unno et al. 

(1979), Cox (1980), and Hill and Logan (1984). Given a solar model, one 

can then solve numerically for the eigenvalues and eigenfunctions for 

nonradial adiabatic oscillations. 

1.4 The General Properties of the Adiabatic Nonradial Oscillations and 
the Theoretical Eigenfreguency Spectrum. 

For the adiabatic nonradial oscillations, three parameters are 

used to characterize an eigenmode. They are the number of nodes n, in 

the radial direction, the number of nodal lines l, on the spherical 

surface, and the number of nodal lines m, in the azimuthal direction. 

This classification scheme is analogous to the energy levels of an atom 

where one has the principle quantum number n, the angular quantum number 

l, and the magnetic quantum number m. However, unlike quantum 

mechanics, the radial eigenvalue n is not bounded from below. This is a 

consequence of the fact that the system has two restoring forces; 

pressure and gravity. For this reason, there are two sequences of 

eigenvalues, one associated with the pressure restoring force where 

lim ==> <Xl (known as p-modes) 1.49 
n .... <Xl 

and one associated with the gravity restoring force where 
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lim o (known as g-modes) 1.50 
n -+ <Xl 

Equation 1.49 simply states that a higher frequency and thus a larger 

restoring force requires a shorter wavelength for pressure modes (or 

acoustic modes) whereas equation 1.50 states that a higher frequency and 

a larger restoring force requires a longer wavelength for the gravity 

modes. Examples of these two types of oscillations exist on earth. The 

most common example of oscillations with a pressure restoring force is 

sound waves, while ocean waves are a typical case of oscillations 

associated with gravity acting as a restoring force. 

As mentioned in section 1.3 there are two characteristic 

frequencies which determine the local vibrational properties of any 

medium (cf. 1.38 and 1.39). These are the Brunt-V~is~l~ frequency and 

the Lamb frequencies. In figure 1.1 are plotted the Brunt-V~is~l~ 

frequency and several of the Lamb frequencies (the Lamb frequency is 

dependent upon cf. equation 1.39) for the standard solar model of 

Saio (1982). The Brunt-V~is~l~ frequency increases from zero at the 

center to a maximum and then decreases, becoming negative in the 

convection zone. The Lamb frequency in general decreases monotonically 

from the center to the surface. The region in which the acoustic modes 

exist is where a > L£ and a > N and the region in which the gravity 

modes exist is where a < L£ and a < N. In the other regions (L£ > a > N 

and L2 < a < N) the oscillation is evanescent. From figure 1.1 one can 

see that the gravity modes are localized in the solar interior while the 

acoustic modes reside mainly in the outer part of the Sun. Note from 

figure 1.1 that as £ is increased from 2 to 20 the acoustic modes are 
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Figure 1.1 The Brunt-V~is~l~ frequency and several Lamb frequencies 
(the Lamb frequency is 1 dependent) for the standard solar 
model of Saio (1982). The Lamb frequency is plotted for 1 
values of 1, 2, 4, and 20. 



36 

localized increasingly closer to the solar surface. 

If the system of linear equations described in section 1.3 is 

solved for the theoretical eigenfrequencies, a theoretical 

eigenfrequency spectrum can be constructed. Shown in figure 1.2 is the 

theoretical eigenfrequency spectrum resulting from the standard solar 

model of Saio (1982). The ordinate is frequency in mHz plotted with a 

logarithmic scale and the abscissa is the angular eigenvalue ~ plotted 

with a logarithmic scale. The lines denote eigenfrequencies of constant 

radial eigenvalue n. This eigenfrequency spectrum can be divided into 

two regions. In the region above n = 0 are the acoustic modes (or p

modes) while the region below n = 0 has the gravity modes (or g-modes). 

In this figure the gravity modes are denoted with negative radial 

eigenvalues. Within this work, gravity modes will be denoted by the 

negative radial eigenvalues only in cases where there is a possibility 

for confusion between gravity modes and acoustic modes. The n - 0 modes 

are known as fundamental or f-modes and have zero nodes in the radial 

dependence of the eigenfunction. 

The boxed-in areas in figure 1.2 denote regions of the 

eigenfrequency spectrum previously or currently under study at SCLERA. 

The modes within these boxed-in areas have very different radial 

properties. The boxed region in the upper left hand corner of figure 

1.2 outlines part of the eigenfrequency spectrum know as the five-minute 

acoustic modes. The radial eigenfunction (Yl €r/r) for a typical 

five-minute acoustic mode (with n ~ 15 and ~ - 3) is shown in figure 

1.3. The radial eigenfunction for this five-minute acoustic mode spans 

nearly the whole solar interior. The region of the low-order (n = 1, 2 

and 3), low-degree (~ = 2 thru 22) acoustic modes outlined in the box 
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Figure 1.2 The theoretical eigenfrequency spectrum computed from the 
standard solar model of Saio (1982). The lines represent 
eigenfrequencies of constant radial order n. The boxed-in 
areas are regions of the eigenfrequency spectrum previously 
or currently under study at SCLERA. 
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just below the five-minute modes has radial eigenfunctions which are 

localized almost exclusively in the convection zone. A typical example 

of a low-order, low-degree acoustic mode eigenfunction for n - 2, 2 - 10 

is shown in figure 1.4. Just to the right of the low-order, low-degree 

eigenfrequency spectrum shown in figure 1.2 are the intermediate-degree 

f-modes. As mentioned above, the f-modes have zero radial nodes in 

their eigenfunction. The f-modes are a unique subclass of modes because 

for 2 values less than about 17 their radial properties are those of a 

gravity mode whereas for 2 greater than 17 their radial properties are 

those of an acoustic mode. Shown in figure 1.5 is an example of the 

radial eigenfunction for an 2 = 30 f-mode (n = 0). Note that the f

modes (for 2 > 17) reside very close to the solar surface. In the lower 

left hand corner of figure 1.2 are the low-degree gravity modes. The 

low-degree gravity modes reside deep in the solar interior. This 

property is shown by the radial eigenfunction for the n = -15, 2 = 3 

gravity mode plotted in figure 1.6. Finally, in the far right-hand side 

of figure 1.2, just below the f-modes are the intermediate-degree 

gravity modes. Like the low-degree gravity modes, these modes are also 

localized within the inner 50% by radius of the solar interior. A 

typical example of the radial eigenfunction for a intermediate-degree 

gravity mode with n -15, and 2 = 30 is shown in figure 1.7. It is the 

intermediate-degree gravity modes which will be studied in detail in the 

remainder of this work. For this reason, the convention which denotes 

g-modes with a negative radial order will be dropped from this point 

forward. 

By making use of the differences in properties between the 

various subsets of modes listed above, the modes can be used to probe 
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The radial eigenfunction <e /r) for a typical five-minute 
acoustic mode with radial orde? n - 15 and angular degree ~ 
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Figure 1.4 The radial eigenfunction (e /r) for a low-order, low-degree 
acoustic mode with radial order n - 2 and angular degree 
.2 - 10. 
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specific regions of the solar interior. For example, to probe the deep 

solar interior one would look at the observed properties for the low-

degree and intermediate-degree gravity modes (cf. figures 1.6 and 1.7). 

On the other hand if one wanted to learn about the solar convection 

zone, the low-order, low-degree acoustic modes would provide a useful 

tool (cf. figure 1.4). 

1.5 The Solar Neutrino Paradox. 

There are two basic independent processes for the thermonuclear 

reactions which produce energy in the solar core. These two processes 

are the proton-proton chain reactions and the Carbon-Nitrogen-Oxygen 

(CNO) cycle. Within the Sun, the more important of these two processes 

is the proton-proton chain or pp reactions. The pp reactions can be 

subdivided into three subprocesses known as the PP I, the PP II, and the 

PP III reactions. Using the notation of Unno et. al. (1979), these 

three reactions can be written respectively as follows: 

+ IH(lH,e ve)2H(lH,~)3He(3He,21H)4He (PP I) l.sla 

(PP II) L> 3He(4He,~)1Be(e- ,ve)1Li(lH,~)8Be ==> 24He 

(PP III) L> 1Be(lH,~)8B( ,e+ve )8Be ==> 24He 

where the notation A(B,X)Y corresponds to the reaction 

A + B ==> x + Y l.slb 

The PP I process accounts for approximately 86% of the 4He produced 

while the PP II process accounts for slightly less than 14% and the PP 
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III process accounts for less than 0.1%. Each of these three PP 

processes produce electron neutrinos. The most energetic of these 

neutrinos, with a mean energy of 7.3 Mev, are the neutrinos produced by 

the decay of 8B. 

Of all the neutrinos produced in the PP reactions, the only 

neutrinos observed have been produced mainly by the PP II reaction. 

These neutrinos were observed with a detector designed by Davis and 

collaborators (cf. Rowley et. a1. 1980) which makes use of the following 

reaction: 

v e + ==> + e 1. 52 

After averaging the observed neutrino capture rate over more than 10 

years of data this experiment gives a value for the neutrino flux of 

~ 2.0 ± 0.3 SNU (cf. Rowley, Cleveland, and Davis 1985). The unit SNU 
_36 

(or solar neutrino unit) corresponds to 10 neutrino captures per 

second per 37C1 atom). The successful observation of these neutrinos 

constituted the first direct experimental evidence that thermonuclear 

processes occur within the Sun. However, this value obtained by Davis 

and collaborators has revealed a serious discrepancy between the 

theoretical neutrino production rate calculated using a standard solar 

model and the rate indicated by experiment. Currently the theoretical 

production rate (cf. Bahcal1 1985) is ~ 6.0 SNU. This discrepancy of a 

factor of 3 between theory and observations is known as the solar 

neutrino paradox. 

The discrepancy between the observed neutrino production rate 

and the theoretical rate implies that the standard solar model and/or 
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the physical processes relating to the thermonuclear reactions within 

the solar core are significantly different from what is predicted for 

the standard solar model. Many mechanisms have been proposed to account 

for this discrepancy. For instance, some workers have assumed that the 

chemical composition within the central core of the Sun is significantly 

different from what is observed at the solar surface (cf. Iben 1968; 

Hoyle 1975). Others (cf. Schatzman et. al. 1981; Christensen-Dalsgaard 

et. al. 1979; and Gough 1981a,b) have introduced mechanisms such as 

turbulent diffusion mixing, high speed rotation of the central core, and 

strong magnetic fields within the core to modify the density and the 

effective temperature profile of the Sun, which then modify the neutrino 

production. Still others have proposed the e~istence of exotic 

particles such as magnetic monopoles (cf. Trefil et. al. 1983) and 

weakly interacting massive particles or WIMP's (cf. Faulkner and 

Gilliland 1985) which would be trapped within the solar core. And still 

some others, under the assumption that the neutrinos have mass, even 

though extremely small, hypothesize either that the discrepancy can be 

resolved by the neutrino oscillating among the three neutrino flavors; 

electron, muon, and tau (cf. Close 1980) or by the 

Mikheyev-Smirnov-Wo1fenstein (MSW) effect (cf. Balantekin, Fricke, and 

Hatchell 1988). 

Besides the discrepancy between the mean observed neutrino 

capture rates and the theoretically predicted capture rates, there is 

another feature in the data of Davis and collaborators that merits 

investigation. It has been pointed out by a number of workers that the 

neutrino capture rates obtained by Davis exhibit periodic modulation 

(cf. Sakurai 1979,1984; Haubold and Gerth 1985; Davis 1986). If this 
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modulation in the observed neutrino capture rate is indeed real, then it 

adds a whole new dimension to the solar neutrino paradox: any solution 

that deals with the discrepancy between the observed mean neutri.no 

capture rate and the theoretically predicted rate must also be able to 

address the temporal modulation in the capture rate as well. 

This is an exciting period in this field because a number of 

solar neutrino detectors have just come on-line or will soon be on-line. 

One can hope that these detectors will not only confirm the 

observational results of Davis and collaborators but also give 

information regarding some of the neutrino production rates resulting 

from the other PP processes. The most recent solar neutrino detector to 

come on-line is the Cerenkov radiation detector located in Japan called 

Kamiokande II. The initial results from this detector support the work 

of Davis (cf. Koshiba 1987). Other experiments that are being prepared 

or are being planned are the gallium-germanium experiment at Baksan, 

USSR, the Italian project which includes Icarus (a large liquid argon 

drift chamber), LVD (a large liquid scintillator), and GALLEX (a 

gallium-germanium experiment). 

1.6 The Properties of Mode-Coupling and Constructive Interference. 

There are two general ways that modes of oscillation can 

interact with each other. The most widely recognized way is the 

"beating" together of two modes of different frequency. This effect can 

be illustrated by simple example. Consider the real parts of two modes 

of oscillation, 

and 1. 53 
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where 0i and a i are the frequency and the phase of the oscillation, 

respectively. The addition of these two modes gives 

ex cos ( o-t + Q ) cos ( Llot + Lla ) 1.54 

where a a ) and Llo ( Lla ) are the average and the difference of the 

two frequencies (phases), respectively. This coupling between two 

modes may excite other modes at the frequencies 0- and Llo. 

The second way that mode-coupling may occur is by phase-locking. 

The properties of the modes relevant to this case are those of a 

rotationally split multiplet where the modes may have their frequencies 

and phases nearly uniformly spaced. The mode eigenfunction is then 

proportional to 

A ex exp [ -27Ti ( vn1! + mVn1! ) + i (cpn1! + m Cp~1! ) + im¢> ] ,1.55 

, 
where vn1! and vn1! are frequencies, CPn1! and CPn1! are phases and ¢> is the 

azimuthal angle in a spherical system. Making a transformation to the 

rotating coordinate system 

, , 
~ ¢> 271"vn1!t CPn1! + 1. 56 

reduces equation 1.55 to 

A ex exp [ - 271"i v n1! + iCPn1! + im~ ] 1.57 
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where ~ is the azimuthal angle in the rotating coordinate system. From 

this equation one can see that it is possible for modes of a mUltiplet 

to meet the conditions necessary to obtain phase-locking; the modes all 

have the same frequency of oscillation and the addition of all the modes 

in the phase-locked section results in stable regions of constructive 

interference. For a full discussion of mode-coupling and non-linear 

effects see Czarnowski (1989). 

1.7 The 1979 Solar Differential Radius Observations. 

The 1979 solar differential observations obtained by Bos (1982) 

have received considerable attention (e.g. Bos and Hill 1983; Hill 

1984). The observations span a 41 day period from June 1 thru July 12, 

1979 with data taken on 18 days for an average of 9.2 hours per day. 

The data set consists of a set of six functionals of the intensity 

distribution near the solar limb. These six functionals of intensity 

were obtained simultaneously at three pairs of diametrically opposed 

positions on the limb. The center diameter was centered on the solar 

equator, and the other two diameters were positioned at 1/8 radian above 

and below. Each of the six functionals contains spatial information 

from the solar surface which spans an area of 100 arcsec by 255 arcsec. 

The resolution in spatial Fourier transform space is ~ 4/R0 by 1/(nR0 ). 

For future reference the detectors were numbered 1 thru 6 in a counter 

clockwise manner with detectors 2 and 5 being the equatorial pair. The 

detector configuration is shown schematically in Bos and Hill (1983). 

The value of a functional of the intensity is defined to be 

simply the difference between two positions on the solar limb. These 

two positions are determined by the finite Fourier transform definition 
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(FFTD). This definition was developed by Hill, Stebbins, and Oleson 

(1975) in response to the problem presented by observing through the 

Earth's atmosphere. The finite Fourier transform F(G; q, a) of the 

solar intensity G(u) is given by 

F(G; q, a) 

.5 J G(q + a sin(~s)) cos(2~s) ds 

-.5 

1. 58 

where u = q + a sin(~s) is the radial distance measured from the center 

of the solar disk and a is the scan amplitude. The solar edge is 

defined to be at the radial location q = qo that gives a value of zero 

for the integral transform for a given scan amplitude a. There are 

several important features about the FFTD that make it advantageous to 

use. Besides being easy to implement, the integral transform is 

insensitive to atmospheric seeing, and the definition of the solar edge 

(q = qo) is single-valued (cf. Hill, Stebbins, and Oleson 1975; Hill 

1978). 

As mentioned above, the observt~d value of the intensity 

functional is the difference between two positions on the limb as 

determined by the FFTD for two different scan amplitudes. The scan 

amplitudes, a, for the 1979 observations were nominally taken as 6.8 

arcsec and 27.2 arcsec. The difference, 0, between these two scan 

amplitudes is typically 3.5 arcsec. Four different linear combinations 

were generated from the six o.(t) (one from each detector) and these 
1 

combinations were Fourier analyzed. These combinations were designed so 

that a given combination would contain information about modes which 



51 

satisfied certain spatial symmetry relations. These four combinations 

wi.th their associated symmetry properties are as follows: 

6 

~l - *2 °i(t) (! :~:~) 1. 59 
1 

s 6 

~2 1 [ 2 °i(t) ~Oi(t)] 6 
1 

(i Odd) 1.60 m odd 

~s 
1 [ (Ol(t) - 0s(t» + (06(t) - 04(t» ] 4 (; Odd) 1.61 even 

~4 
1 [ (Ol(t) - 0s(t» - (06(t) - 04(t» ] 4 

(i even) . 1.62 m odd 

The resulting four power spectra obtained in this way from the 1979 

differential observations can therefore provide the following 

information for use in the mode classification: (1) the multiplet fine 

structure of the eigenfrequency spectrum expected for a slowly rotating 

axisymmetric system, (2) the symmetry properties of the eigenfunction, 

(3) the parities of i and m, (4) the magnitude of i, (5) the exp(im¢) 

dependence of the eigenfunction, and (6) the O-dependence of the 

eigenfunction as given by the spherical harmonic ~(O,¢). This 

information provides a frame work for the mode classification program 

which enables one to determine if a set (or family) of peaks in the 

power spectra defines a rotationally split multiplet. 
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CHAPTER 2 

DATA ANALYSIS 

In the analysis presented here, the power spectra of the 1979 

discussed in section 1.7 were examined for evidence of 

intermediate-degree gravity modes. This search for gravity modes was 

motivated by the works of Hill and Caudell (1979) and Hill (1986). In 

the work of Hill (1986), a set of 4 intermediate-degree gravity modes 

was tentatively classified with radial orders of n ~ 14 and angular 

degree £ ~ 30. The properties of this set of multiplets (and in 

particular the properties of a multiplet tentatively classified n ~ 15, 

£ ~ 30) were used as a starting point for an extensive study of the 

intermediate-degree g-modes in the 240 - 450 ~Hz region of the power 

spectra. 

In this chapter I will discuss the criteria used to determine 

whether a family of peaks in the power spectra defines a rotationally 

split multiplet. The mode classification criteria used in this work to 

classify the intermediate-degree g-modes is similar to the 

classification criteria used by Hill (1984, 1985, 1986), and Rabaey, 

Hill, and Barry (1988). These criteria provide a framework that enables 

one to determine if a set (or family) of peaks in the power spectra 

defines a rotationally split intermediate-degree g-mode multiplet. The 

criteria can be subdivided into two subsets, with one containing "mode

coupled" criteria and the other containing "global" criteria. The 

family of peaks must satisfy all of the requirements in both subsets to 
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After completing this, 

the actual procedure used to implement these criteria is discussed. 

2.1 "Global" Mode Classification Criteria. 

The first subset (Le., "global" criteria), as its name implies, 

deals with the general properties of the mUltiplet and involves all of 

the peaks in the family. These criteria explicitly ignore any evidence 

of mode-coupling. 

considered a good 

satisfied: 

Therefore, a family of peaks in the power spectra is 

"global" candidate if the following conditions are 

Gl). The family of peaks must consist of a set of peaks in 

frequency which deviate only slightly from an overall 

Zeeman-like (uniformly spaced) frequency pattern. Note 

that implicit in this criterion is the constraint that 

the difference in slopes between adjacent mode-coupled 

sections must be a minimum. 

G2). The m = 0 frequency found for each multiplet must be 

consistent with those found for neighboring multiplets in 

n and .e. 

G3). The first-order rotational splitting effects observed 

for the multiplet as a whole must be consistent with 

those found for neighboring multiplets in n and .e. 

G4). The higher order splitting effects must be consistent 

with those found for neighboring multiplets in n and .e. 

G5). Those frequency locations (normal mode locations) 

which have reduced detector sensitivity (caused by the 

spatial filtering due to the detector geometry; see 
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paragraph below for a discussion) are excluded from the 

classification procedure. 

G6). The i classification and the m o mode must be 

verified by properties introduced by the detector 

geometry. 

The last two global criteria (statement G5 and statement G6) 

require some explanation. An analysis was done to determine the 

properties of the spatial filtering due to the detector geometry. These 

properties were determined by averaging the spherical harmonic ~(O,O) 

over the detector geometry. The criterion G5 will be discussed first. 

It was found for a given value of i between the limits studied 

in this work (i = 27 to 34) that the relative detector sensitivity is 

observed to pass through at least one zero as Iml is incremented from 0 

to a maximum value of i. This feature is due to the O-dependent 

properties of the ~(O,O). In order to maintain a proficient mode 

classification process, the modes with reduced detector sensitivity near 

the zeros of ~, where ~ is the average of the ~(O,O) over 0 for the 

detector geometry, were not included in the classification program. 

Quantitatively, those modes of a multiplet with associated 

0.05 maxi ~ I were not included, where maxi ~ I is the absolute value 

of maximum ~ for a particular i and parity of (i+m). This property 

forms the basis for criterion G5 and was used successfully by Rabaey, 

Hill, and Barry (1988) to classify a set of 19 intermediate-degree 

f-mode mUltiplets. 
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Besides the detector sensitivity property (as stated in G5), it 

was also found at a zero of the ~ that there was an overall sign change 

in the ~. 

from Iml 

That is, as one increments Iml (for a given parity of I+m) 

< Imol to Iml > Imol one pick up an overall minus sign (mO 

denotes the location where ~ - 0). This minus sign has the effect of 

adding an additional factor of ~ radians to the phases on one side of 

the mO location relative to the phases on the other side. The values of 

mo for which ~ = 0 are tabulated in table 2.1. Note that there are two 

columns, one for each parity of (I+m). Suppose, for a moment, that 

happens to fall within the bounds of a mode-coupled section. Then all 

of the mode phases with a particular (I+m) parity on one side of mO will 

be shifted by ~ radians relative to those mode phases with the same 

U+m) parity on the other side. Thus, this property of the detector 

geometry will introduce a very distinct signature into the plots of the 

mode phases versus m. Therefore, as stated in criterion G6, the 

uniqueness of the locations of ~ o allows for the classification of I 

and the identification of the m o frequency. This feature of the 

detector properties was used by Hill (1986) to make a tentative 

classification of a set of 4 intermediate-degree g-modes. 

It should be noted that these considerations of the detector 

geometric properties do not include the properties of the FFTD (see 

section 1.6) operating on the exp(im~). These properties of the FFTD 

introduce an independent set of zeros in the detector sensitivity. 

Reference is made to Hill, Alexander and Caudell (1985) for information 



TABLE 2.1 

Values of m where ~ = o. The quantity ~ is the spherical 

harmonic, ~(O,o), averaged over the detector geometry. There are two 
cases of interest; (£+m) even and (£+m) odd. 

mo for (£+m) even mO for (£+m) odd 

27 22 11 

28 23 14 

29 24 15 

30 25 18 

31 26 19 

32 27 20 

33 30 23 

34 9, 31 24 

56 
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on the properties (cf. w(m) in Hill, Alexander and Caudell 1985). 

2.2 "Mode-Coupled" Mode Classification Criteria. 

The second subset of criteria deals with the "mode-coupled" 

properties of the multiplet and involves only those peaks belonging to a 

given mode-coupled section within the multiplet under study. As 

pointed out in section 1.6, one way mode-coupling is manifested by a 

linear relationship between frequency and m and a 

relationship between phase and m. Therefore, 

considered a good "mode-coupled" candidate if the 

are satisfied: 

corresponding linear 

a family of peaks is 

following conditions 

Ml). The peaks within a mode-coupled section must display 

a nearly uniform Zeeman-like splitting. 

M2). A mode-coupled section which meets criterion Ml must 

have a corresponding phase vs. m plot with the phases 

exhibiting a nearly uniformly spaced pattern (i.e., the 

phases must exhibit phase-locking). 

M3). The departure from uniform spacing (quadratic, cubic, 

etc.) for both phase and frequency must be negligible 

within a mode-coupled section. 

M4). The 

coupled 

difference in slopes between 

sections must be minimal. 

adjacent mode

Although this 

criterion is implicit in the global criterion Gl, it is 

included here for completeness. 
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2.3 Mode Classification Procedure. 

Before discussing the mode classification procedure for the 

intermediate-degree g-modes, one should pause for a moment to compare 

the major difference between the mode classification procedure used here 

and that which was used by Hill (1984, 1985) and Rabaey, Hill, and Barry 

(1988). This difference concerns the use of the horizontal spatial 

properties of the modes as measured by the Dij . The Dij are defined to 

be proportional to the ratio of the finite Fourier transform of the 

sin(m~) component of the mode eigenfunction to the finite Fourier 

transform of the cos(m~) component of the mode eigenfunction. The 

properties of Dij are discussed in detail in the works of Hill (1984), 

Caudell, Hill and Bos (1984) and Hill, Alexander and Caudell (1985). 

While the works of Hill (1984) and Rabaey, Hill, and Barry (1988) used 

the D .. as a fundamental tool in their mode classification scheme, this 
~J 

was not done here. The Dij were not used in the mode classification 

procedure due to a reduced effectiveness caused by the closeness of the 

first-order rotational splitting, v~i' to a frequency of 1/4days. 

However, the D .. were used to test the 
~J 

effectiveness of the 

classification procedure and the results of this test will be discussed 

in later chapters. 

With the criteria for mode classification enumerated above, the 

mode classification procedure was initiated with the mUltiplet 

tentatively classified as g15 30 (n = 15, i-3D) by Hill (1986). The , 
frequencies of the peaks suspected of being members of this mUltiplet 

were plotted versus m. Those peaks that occurred at locations which 

were found to have reduced detector sensitivity were excluded. Next, 
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the phases of the peaks were plotted versus m and a search was made for 

the mO locations. Once the mO locations were identified, it was a 

simple matter to use table 2.1 to classify the mUltiplet as being an 

i = 30. 

After the i classification was determined, linear least-squares 

fits of frequency versus m and phase versus m were done for each 

mode-couple section of the multiplet, making certain that the condition 

M3 listed above in section 2.2 was satisfied. The binomial used for the 

frequency fit analysis is written as 

2.1 

, 
where fni is the mode-coupled section's m = 0 eigenfrequency and fni is 

referred to as the mode-coupled section's first-order rotational 

splitting effect. The maximum deviation allowed between any peak and 

the fit frequency was ± 0.1 pHz. If a peak in the power spectra was 

farther than 0.1 pHz away from its fit frequency, it was discarded from 

the set under consideration and the set was refitted using equation 2.1. 

Likewise, if a peak was found less than 0.1 pHz from the fit frequency 

and it originally had not been considered a member of the multiplet, 

then it was included and the whole set was again refitted using 

equation 2.1. 

The binomial used for the phase fit analysis is written as 

2.2 
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, 

where ~n~ is referred to as the mode-coupled section's phase slope. 

Since the phases are known only to within an additive mUltiple of 2n, 
2 

the best fit was taken to be the one that minimized X for the set. 

Next, a quadratic least-squares fit of frequency versus m was 

done to determine the global properties of the multiplet. The trinomial 

used for the fit analysis is written as 

2.3 

, , 
where the three coefficients, vn~' vn~' and vn~ will be referred to 

as the m o eigenfrequency, the first-order rotational splitting 

effect, and the second-order splitting effect, respectively. These 

coefficients in equation 2.3 should not be confused with the 
, 

coefficients fn~ and fn~ in equation 2.1, since equation 2.3 deals with 

all of the modes within the multiplet while equation 2.1 deals only with 

those modes belonging to the same mode-coupled section. Finally, the n 

classification was made by using theoretical eigenfrequencies generated 

from the standar1 solar model of Saio (1982) (see figure 1.2 and 

section 1.4). 

The culmination of the analysis above confirmed the preliminary 

classification (by Hill 1986) of glS,30 mUltiplet. The observed 

frequency versus m plot for the multiplet classified as glS,30 is shown 

in figure 2.1. The ordinate in figure 2.1 requires a little 

explanation. To show sufficient detail in the figure, an offset value 

(in JLHz) of 

v(m) 341.444 2.890 m 2.4 
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Figure 2.1 The observed mode frequencies versus the azimuthal 
eigenvalue m for the n - 15, i - 30 gravity mode multiplet. 
To show sufficient detail in the figure, an offset value (in 
pHz) of v(m) - 341.444 - 2.890 m was subtracted from each 
mode frequency. 
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was subtracted from each mode frequency, thus the ordinate zero is the 

line in frequency corresponding to equation 2.4. The vertical lines 

separate the individual mode-coupled sections. The line drawn through 

the frequencies belonging to each of the mode-coupled sections shows the 

fit frequencies determined by doing the linear least-squares analysis 

using equation 2.1. The corresponding phase versus m plot is shown in 

figure 2.2. The phases are plotted in units of 2~. The line drawn 

through each mode-coupled section represents the linear least-squares 

analysis done using equation 2.2. 

With this completed, work was started on contiguous multiplets 

in i with one added constraint. This constraint, which is in addition 

to the criteria listed in sections 2.1 and 2.2, requires that the 

composite list of observed properties must be internally consistent for 

the set as a whole. The enforcement of this constraint in conjunction 

with the identification of each new multiplet requires the re-evaluation 

of each previously identified multiplet and conversely the evaluation of 

the newly identified multiplet against the properties of the set of 

multip1ets as a whole. 

It was in this manner that a search was made for evidence of 

1012 possible modes (for which ~ ~ 0.05 max I ~ I ) and a total of 639 

modes belonging to 20 multiplets were identified and classified. The 

set of multip1ets was limited to 20 simply to keep the problem at a 

reasonable size. This set of multip1ets is by no means a complete set 

of the multiplets that are detectable in the 1979 data. 
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Figure 2.2 The observed mode phases versus the azimuthal eigenvalue m 
for the n - 15, l - 30 gravity mode mUltiplet. Note the 
three distinct sections. 
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CHAPTER 3 

RESULTS OF THE MODE CLASSIFICATION PROCEDURE 

As mentioned above in section 2.3, the culmination of the mode 

classification procedure was the identification of 639 modes belonging 

to a set of 20 multiplets. This set of 20 multiplets is comprised of 

the following 3 subsets: 8 multiplets with radial order n 14 and 

angular degree i = 27 to 34, 7 multiplets with radial order n 15 and 

angular degree i 28 to 34, and 5 multiplets with radial order n 16 

and angular degree 2 30 to 34. In this chapter I will present the 

observed properties for this set of intermediate-degree g-modes. 
/ 

Presented first will be the observed "global" properties (vni , vn2 ' and 
/ / 

vni/2! ; see equation 2.3) obtained by enforcing the "global" criteria 

listed in section 2.1. Presented last will be the observed mode-coupled 
/ / 

properties (fni and ~n2 see equations 2.1. and 2.2, respectively) 

obtained by enforcing the "mode-coupled" criteria listed in section 2.2. 

3.1 The m = 0 Eigenfrequency Spectrum, vn2 . 

The m = 0 eigenfrequencies, vn2 ' were obtained by performing the 

quadratic least-squares analysis (outlined in section 2.3, see equation 

2.3) on all of the modes belonging to a multiplet. These frequencies 

are tabulated in table 3.1. The eigenfrequencies are listed in columns 

according to their n classification. The errors quoted are the formal 

errors found during the quadratic least-squares analysis discussed in 

section 2.3. The observed m = 0 eigenfrequencies can be compared to the 

theoretical eigenfrequencies computed using the standard solar model of 
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Saio (1982). Table 3.2 shows this comparison as the difference between 

the observed eigenfrequencies and the theoretical eigenfrequencies. 

Studying this comparison in table 3.2, one can see that the observed 

m - 0 eigenfrequencies are on the average ~ 2.0 ~Hz smaller than the 

theoretical m 0 eigenfrequencies. The magnitude of the discrepancy 

between the observed and the theoretical eigenfrequencies is greatest 

for large i, and decreases as i decreases. 

This difference between the observed and the theoretical 

eigenfrequencies can be compared to those differences obtained for other 

sets of classified multiplets. Hill (1985) and Hill and Gu (1988), 

while studying 

eigenfr~quencies 

low-degree gravity modes, 

to be ~ 2.0 ~Hz larger 

found the observed 

than the theoretical 

eigenfrequencies. Hill (1984), studying the low-order low-degree 

acoustic modes, found the observed frequencies to be about ~ 10 ~Hz 

larger than the theoretical frequencies. The investigation of the 

intermediate-degree f-modes (those modes with radial order n 0) by 

Rabaey, Hill, and Barry (1988) found the observed m o frequencies 

about ~ 10 ~Hz larger than the theoretical frequencies. Making use of 

the different radial properties of these modes (f-, p-, and g-modes; 

c.f. figures 1.3 - 1.7), one could conceivably identify the source or 

sources of this departure between theory and observations. For a 

thorough discussion of this problem, see Rosenwald (1989). 

3.2 The Observed First-Order Rotational Splitting, vni . 

The first-order rotational splitting effects, denoted by vni' 

were obtained for each multiplet. This was done by performing the 

quadratic least-squares analysis (the same fit referred to in section 
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3.1 and outlined in section 2.3) of all the modes contained in a 

multiplet. The results of this analysis are tabulated in table 3.3. 

The first-order rotational sp1ittings for n - 14, 15 and 16 are plotted 

in figures 3.1, 3.2, and 3.3, respectively. All values are in ~Hz and 

the errors are the formal errors found during the least-squares 

analysis. Recall that a concern was expressed in section 2.2 about the 

closeness of the first-order rotational splitting to 1/4days (1/4days = 

2.8875 ~Hz). Studying each of the figures in turn, one can see that the 

values observed are statistically different from 1/4days. From table 

3.3 one can see that the observed rotational splitting is consistent 

with the rotational splitting effects observed by Hill (1985) and Hill 

and Gu (1988) for the solar interior. 

, , 
3.3 The Observed Second-Order Splitting Effects, vn£/21. 

, , 
The second-order splitting effects, denoted by vn£/2!, were 

obtained for each multiplet by doing the quadratic least-squares fit 

analysis (the same fit referred to in sections 3.1 and 3.2) outlined in 

section 2.3 for all the modes contained within a multiplet. The results 

are presented in table 3.4. All values are in nHz and the errors are 

the formal errors found during the least-squares analysis. Notice that 

" 2 the second-order splitting effects are presented as vn££ /21 and not as 

This was done because it can be shown theoretically that the 

second-order splitting effects vary as Thus if the 

second-order splitting is presented any residual 

dependence on £ will be projected or made more apparent. The 

second-order splitting effects for n 14, 15, and 16 are plotted in 

figures 3.4, 3.5, and 3.6, respectively. From figures 3.4, 3.5, and 3.6 
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(or table 3.4) one can see that the second order splitting effects are 

typically ~ -260 nHz and, taken as a set, are internally consistent. 

, 
3.4 The Observed First-Order Rotational Splitting fn£' for the 

Phase-Locked Sections. 

A linear least-squares analysis was done on the frequencies 

versus m for each mode-coupled section. The coefficients f~£, obtained 

in this manner for n = 14, 15, and 16 are tabulated in tables 3.5, 3.6, 

and 3.7, respectively. The tables each have three columns, indicating 
, 

(from left to right) the mUltiplet £ classification, the frequency fn£ 

in ~Hz, and the interval in m spanned by the mode-coupled section. Note 

that each of the multiplets contains 3 mode-coupled sections. The 

length (length being defined as the distance in m spanned by the mode-

coupled section of the mUltiplet) of the mode-coupled sections varies 

from a minimum of 9 to a maximum of 31, with a typical mode-coupled 

section having a length of ~ 20. The errors shown are the formal errors 

found during the linear least-squares analysis. All frequencies are in 

~Hz. 
, 

The coefficients fn£ are also plotted in figures 3.7, 3.8, and 
, 

3.9. Those coefficients fn£ corresponding to mode-coupled sections 

observed to contain m ~ +22 are shown in figure 3.7, those containing m 

~ 0 are shown in figure 3.8, and those containing m ~ -22 are shown in 
, 

figure 3.9. In each of the figures, the coefficients fn£ belonging to 

n = 14 are plotted with crosses, those belonging to n 15 are plotted 

with squares and those belonging to n - 16 are plotted with diamonds. 

Also shown in each of the figures is a horizontal line which marks the 
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frequency 1/4days. Note that for each set of coefficients. fn£ is 

statistically different from the frequency of 1/4days. The three 

figures show that the mode-coupled sections belonging to each of the 

three cases are each consistent as a group. 

, 
3.5 The Observed Phase Slopes ¢n£ for the Mode-Coupled Sections. 

A linear least-squares analysis was done on the phases of the 

modes versus m for each mode-coupled section as outlined in section 2.3. 

The results of this analysis are tabulated in tables 3.8. 3.9. and 3.10 

for the classifications n = 14. 15. and 16. respectively. Again each of 

the tables contains (from left to right) the £ classification of the 

mu1tip1ets, the phase slopes for each mode-locked section. and the 

interval over m that the phase-locked section spans. All values are in 

units of 2rr and the errors shown are the formal errors found during the 

least-squares analysis. 



TABLE 3.1 

The observed m = 0 eigenfrequency spectrum, vn2' (obtained from a 

quadratic least-squares fit of all the observed members of a 

multiplet) for the intermediate-degree g-modes. All frequencies are 

in pHz. The quoted errors are the results obtained in the quadratic 

least-squares fit. 

27 

28 

29 

30 

31 

32 

33 

34 

n = 14 
(pHz) 

339.554 ± 0.014 

342.413 ± 0.016 

345.049 ± 0.016 

347.497 ± 0.014 

350.004 ± 0.014 

352.104 ± 0.015 

354.216 ± 0.019 

356.160 ± 0.020 

n = 15 
(pHz) 

336.378 ± 0.013 

338.914 ± 0.015 

341.467 ± 0.014 

343.867 ± 0.017 

345.883 ± 0.021 

348.147 ± 0.014 

350.150 ± 0.020 

n = 16 
(pHz) 

335.168 ± 0.012 

337.558 ± 0.015 

339.908 ± 0.020 

342.092 ± 0.028 

344.007 ± 0.013 
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TABLE 3.2 

A comparison between the observed m - 0 eigenfrequencies, vni' and the 

theoretical m - 0 eigenfrequencies. Presented here is the observed 

frequency minus the theoretical frequency. All values are in ~Hz. 

27 

28 

29 

30 

31 

32 

33 

34 

n "" 14 
(~Hz) 

-0.878 ± 0.014 

-1. 395 ± 0.016 

-1.927 ± 0.016 

-2.465 ± 0.014 

-2.775 ± 0.014 

-3.335 ± 0.015 

-3.738 ± 0.019 

-4.179 ± 0.020 

n "" 15 
(~Hz) 

-0.640 ± 0.013 

-1. 438 ± 0.015 

-2.032 ± 0.014 

-2.612 ± 0.017 

-3.406 ± 0.021 

-3.808 ± 0.014 

-4.331 ± 0.020 

n "" 16 
(~Hz) 

-1.973 ± 

-2.701 ± 

-3.306 ± 

-3.925 ± 

0.012 

0.015 

0.020 

0.028 

-4.672 ± 0.013 
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TABLE 3.3 

The observed first-order rotational splitting, vnl' (obtained from the 

quadratic least-squares fit of all the observed members of a 

multiplet) for the intermediate-degree g-modes. All frequencies are 

in ~Hz. The quoted errors are the results obtained in the quadratic 

least-squares fit. 

27 

28 

29 

30 

31 

32 

33 

34 

n = 14 
(~Hz) 

-2.8908 ± 0.0007 

-2.8947 ± 0.0007 

-2.8968 ± 0.0007 

-2.8934 ± 0.0006 

-2.8984 ± 0.0005 

-2.8939 ± 0.0005 

-2.8888 ± 0.0005 

-2.8939 ± 0.0005 

n - 15 
(~Hz) 

-2.8942 ± 0.0005 

-2.8972 ± 0.0006 

-2.8914 ± 0.0005 

-2.8952 ± 0.0006 

-2.8944 ± 0.0005 

-2.8912 ± 0.0005 

-2.8957 ± 0.0006 

n - 16 
(~Hz) 

-2.9001 ± 0.0005 

-2.8922 ± 0.0005 

-2.8987 ± 0.0006 

-2.8926 ± 0.0007 

-2.8944 ± 0.0004 

71 



-2.890 

N 
::r:: 
j., 

-2.895 
..... 
~. 

-~ 

-2.900 

i 

26 28 

n 14 

~ 

30 
I 

32 34 

Figure 3.1 The observed first-order rotational splitting, denoted by 

vnl' for the multiplets classified as n - 14. Note that 

the observed values are statistically different from the 

frequency of 1/4days - 2.8875 ~Hz. 
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Figure 3.2 The observed first-order rotational splitting, denoted by 

vn~' for the multiplets classified as n - 15. Note that 

the observed values are statistically different from the 

frequency of 1/4days - 2.8875 pHz. 
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Figure 3.3 The observed first-order rotational splitting, denoted by 

vnl' for the mUltiplets classified as n - 16. Note that 

the observed values are statistically different from the 

frequency of lj4days - 2.8875 pHz. 
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TABLE 3.4 

The observed second-order splitting effects (obtained from the 

quadratic least-squares fit of all the observed members of a 
" 2 multiplet), presented here as vnii /21, for the intermediate-degree 

g-modes. All frequencies are in nHz. The quoted errors are the 

results obtained in the quadratic least-squares fit. 

27 

28 

29 

30 

31 

32 

33 

34 

n = 14 
(nHz) 

-184 ± 34 

-299 ± 35 

-274 ± 35 

-225 ± 30 

-249 ± 32 

-254 ± 34 

-197 ± 38 

-155 ± 38 

n = 15 
(nHz) 

-281 ± 26 

-334 ± 32 

-276 ± 32 

-123 ± 34 

-284 ± 37 

-269 ± 32 

-291 ± 40 

n = 16 
(nHz) 

-309 ± 

-323 ± 

-366 ± 

-304 ± 

-243 ± 

25 

32 

37 

54 

24 
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Figure 3.4 The observed second-order splitting effects vni for the 

multiplets classified as n - 14. Because it can be shown 

theoretically that the second-order splitting effects vary 

as [1/[1(1+1) ,; 23/4]), the second-order splitting is 
presented as vn11 /21 to make any residual dependence on 1 

more apparent. 
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" Figure 3.5 The observed second-order splitting effects vn1 for the 

multip1ets classified as n - 15. Because it can be shown 

theoretically that the second-order splitting effects vary 

as (1/[1(1+1) ,; 23/4]). the second-order splitting is 
presented as v

n1
1 /2! to make any residual dependence on 1 

more apparent. 
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Figure 3.6 The observed second-order splitting effects vnl for the 

mu1tip1ets classified as n - 16. Because it can be shown 

theoretically that the second-order splitting effects vary 

as (1/[1(1+1) ,; 23/ 4J), the second-order splitting is 

presented as vn11 /2! to make any residual dependence on 1 

more apparent. 
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TABLE 3.5 

The first-order rotational splitting effects for the mu1tip1ets 
classified as n = 14. These coefficients were obtained from a linear 
least-squares fit of the peaks belonging to a given mode-coupled 
section. All frequencies are in pHz and the errors are the formal 
errors found from the linear least-squares analysis. 

, 
f 14 ,.€ (pHz) interval of m 

-2.8768 ± 0.0029 -27,-6 
27 -2.8953 ± 0.0035 -5,13 

-2.9112 ± 0.0051 14,27 

-2.8836 ± 0.0036 -28,-12 
28 -2.8937 ± 0.0034 -11,10 

-2.9143 ± 0.0041 11,28 

-2.8846 ± 0.0045 -29,-12 
29 -2.8910 ± 0.0022 -11,10 

-2.9100 ± 0.0025 11,29 

-2.8825 ± 0.0023 -30,-13 
30 -2.8905 ± 0.0019 -12,12 

-2.9126 ± 0.0045 13,30 

-2.8869 ± 0.0023 -31,-16 
31 -2.8958 ± 0.0025 -15,9 

-2.9097 ± 0.0035 10,31 

-2.8736 ± 0.0051 -32,-18 
32 -2.8924 ± 0.0041 -17,5 

-2.9062 ± 0.0015 6,32 

-2.8799 ± 0.0025 -33,-8 
33 -2.8891 ± 0.0018 -7,19 

-2.9040 ± 0.0040 20,33 

-2.8881 ± 0.0056 -34, -18 
34 -2.8967 ± 0.0038 -17,10 

-2.9000 ± 0.0028 11,34 
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TABLE 3.6 

The first-order rotational splitting effects for the multiplets 
classified as n = 15. These coefficients were obtained from a linear 
least-squares fit of the peaks belonging to a given mode-coupled 
section. All frequencies are in ~Hz and the errors are the formal 
errors found from the linear least-squares analysis. 

, 
f 15 1. (~Hz) interval of m , 

-2.8798 ± 0.0047 -28,-11 
28 -2.8904 ± 0.0021 -10,11 

-2.9095 ± 0.0032 12,28 

-2.8781 ± 0.0081 -29,-20 
29 -2.8900 ± 0.0020 -19,5 

-2.9060 ± 0.0021 6,29 

-2.8808 ± 0.0017 -30,-6 
30 -2.8853 ± 0.0058 -5,8 

-2.9086 ± 0.0019 9,30 

-2.8865 ± 0.0021 -31,-8 
31 -2.8934 ± 0.0036 -7,15 

-2.9033 ± 0.0075 16,31 

-2.8830 ± 0.0021 -32,-14 
32 -2.8931 ± 0.0022 -13,11 

-2.9048 ± 0.0022 12,32 

-2.8781 ± 0.0029 -33,-12 
33 -2.8893 ± 0.0012 -11,17 

-2.9040 ± 0.0042 18,33 

-2.8809 ± 0.0027 -34,-10 
34 -2.8830 ± 0.0050 -9,6 

-2.9075 ± 0.0025 7,34 
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TABLE 3.7 

The first-order rotational splitting effects for the mUltiplets 
classified as n = 16. These coefficients were obtained from a linear 
least-squares fit of the peaks belonging to a given mode-coupled 
section. All frequencies are in pHz and the errors are the formal 
errors found from the linear least-squares analysis. 

, 
f 16 ,.e (JlHz) interval of m 

-2.8840 ± 0.0023 -30,-11 
30 -2.8965 ± 0.0076 -10, -1 

-2.9081 ± 0.0009 0,30 

-2.8821 ± 0.0022 -31,-11 
31 -2.8917 ± 0.0018 -10,12 

-2.9097 ± 0.0039 13,31 

-2.8873 ± 0.0017 -32,-8 
32 -2.9050 ± 0.0073 -7,8 

-2.9134 ± 0.0054 9,32 

-2.8864 ± 0.0026 -33,-10 
33 -2.8936 ± 0.0036 -9,16 

-2.9116 ± 0.0041 17,33 

-2.8835 ± 0.0026 -34, -15 
34 -2.8961 ± 0.0012 -14,13 

-2.9079 ± 0.0019 14,34 
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Figure 3.7 The observed first-order rotational splitting fn1 , for the 

mode-coupled sections containing m ~ +22. The 

coefficients belonging to n - 14 are plotted with crosses, 

those belonging to n - 15 are plotted with squares and 

those belonging to n - 16 are plotted with diamonds. The 

horizontal line marks the frequency 1/4days - 2.8875 ~Hz. 
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Figure 3.8 The observed first-order rotational splitting fnl' for the 

mode-coupled sections containing m ~ O. The coefficients 

belonging to n - 14 are plotted with crosses, those 

belonging to n - 15 are plotted with squares and those 

belonging to n - 16 are plotted with diamonds. The 

horizontal line marks the frequency 1/4days - 2.8875 ~Hz. 
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Figure 3.9 The observed first-order rotational splitting f nl , for the 

mode-coupled sections containing m ~ -22. The 

coefficients belonging to n = 14 are plotted with crosses, 

those belonging to n - 15 are plotted with squares and 

those belonging to n - 16 are plotted with diamonds. The 

horizontal line marks the frequency 1/4days - 2.8875 ~Hz. 
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TABLE 3.8 

, 
The phase slopes, ~n£' for the mu1tip1ets classified as n - 14. All 

values are in units of 2~ and the errors are the formal errors found 

from the linear least-squares analysis. 

27 

28 

29 

30 

31 

32 

33 

34 

, 
~14,£ 

(units of 2~) 

0.929 ± 0.008 
0.851 ± 0.007 
0.824 ± 0.018 

0.347 ± 0.009 
0.645 ± 0.008 
0.051 ± 0.013 

0.871 ± 0.011 
0.858 ± 0.003 
0.809 ± 0.009 

0.910 ± 0.007 
0.859 ± 0.005 
0.101 ± 0.007 

0.454 ± 0.011 
0.860 ± 0.003 
0.841 ± 0.009 

0.839 ± 0.011 
0.352 ± 0.008 
0.861 ± 0.005 

0.834 ± 0.007 
0.836 ± 0.004 
0.383 ± 0.012 

0.338 ± 0.007 
0.357 ± 0.008 
0.828 ± 0.006 

interval of m 

-27,-6 
-5,13 
14,27 

-28,-12 
-11,10 
11,28 

-29,-12 
-11,10 
11,29 

-30,-13 
-12,12 
13,30 

-31,-16 
-15,9 
10,31 

-32,-18 
-17,5 

6,32 

-33,-8 
-7,19 
20,33 

-34,-18 
-17,10 
11,34 
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TABLE 3.9 

, 
The phase slopes, ~n£' for the multip1ets classified as n - 15. All 

values are in units of 211" and the errors are the formal errors found 

from the linear least-squares analysis. 

, 
~15 £ , interval of m 

(units of 211") 

0.420 ± 0.015 -28,-11 
28 0.832 ± 0.008 -10,11 

0.388 ± 0.009 12,28 

0.402 ± 0.020 -29,-20 
29 0.864 ± 0.007 -19,5 

0.862 ± 0.006 6,29 

0.813 ± 0.007 - 30, - 6 
30 0.156 ± 0.007 -5,8 

0.820 ± 0.004 9,30 

0.891 ± 0.005 -31,-8 
31 0.371 ± 0.006 -7,15 

0.317 ± 0.017 16,31 

0.409 ± 0.007 -32,-14 
32 0.819 ± 0.003 -13,11 

0.853 ± 0.006 12,32 

0.931 ± 0.008 -33,-12 
33 0.863 ± 0.003 -11,17 

0.879 ± 0.007 18,33 

0.855 ± 0.009 -34,-10 
34 0.350 ± 0.003 -9,6 

0.842 ± 0.004 7,34 
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TABLE 3.10 

, 
The phase slopes, ~n2' for the mu1tip1ets classified as n = 16. All 

values are in units of 2~ and the errors are the formal errors found 

from the linear least-squares analysis. 

, 
~16 P-, interval of m 

(units of 2~) 

0.837 ± 0.009 -30,-11 
30 0.828 ± 0.009 -10, -1 

0.844 ± 0.003 0,30 

0.889 ± 0.008 -31,-11 
31 0.351 ± 0.004 -10,12 

0.316 ± 0.009 13,31 

0.898 ± 0.006 -32,-8 
32 0.423 ± 0.031 -7,8 

0.805 ± 0.011 9,32 

0.880 ± 0.009 -33,-10 
33 0.874 ± 0.007 -9,16 

0.869 ± 0.006 17,33 

0.840 ± 0.008 -34,-15 
34 0.838 ± 0.004 -14,13 

0.336 ± 0.005 14,34 
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CHAPTER 4 

DISCUSSION, PART 1: 

Tests of the Effectiveness of the Mode Classification Procedure 
and of the Properties of the Intermediate-degree g-modes. 

It is reasonable at this point in the analysis to ask the 

questions; "Are these results significant - - and if so, what is their 

significance? Are these results internally consistent? That is, do 

these families of peaks, classified as multiplets, display the correct 

symmetry properties that one would expect? How confident is the 

assigned ~ and m classification? What is the estimated number of 

incorrectly classified peaks?" 

By addressing these questions one will be able to evaluate the 

effectiveness of the mode classification procedure and also to test the 

properties of the families of peaks classified as intermediate-degree g-

mode multiplets. First, the probability of finding a set of classified 

peaks in the power spectra from a set of peaks randomly distributed in 

frequency will be addressed. Secondly, the results of tests conducted 

to determine the horizontal spatial properties and to determine whether 

the correct ~ classifications were made for this set of peaks will be 

discussed. Following this will be a discussion of the observed symmetry 

properties for this set of peaks and finally, the statistical 

significance of the observed phase-locking will be discussed. 
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4.1 What is the Probability that this Set of Classified Mu1tip1ets 
Could be Based on a Set of Peaks Randomly Distributed in Frequency? 

In order to determine the probability that the set of mul~iplets 

reported in chapter 3 could be derived from a set of randomly 

distributed peaks, one first needs to determine the probability of 

finding a mode excited and subsequently observed within a given 

multiplet. The probability of excitation and detection is determined 

empirically from the observed mu1tip1ets and is denoted by the ratio 

The ratio Rnn is defined as R = N IN 
~ n£ n£ £,max' where Nn£ is the 

number of modes observed for a given multiplet and Nn is the maximum 
~,max 

number possible for the multiplet. For this study, Nn is equal to 
~,max 

2£+1 minus the number of mode locations in the multiplet that have a 

~ ~ 0.05 maxi ~ I. For this set of mu1tip1ets, the ratio Rn£ (or 

detection probability) was found to range from a low of 0.500 for the 

n = 15, £ 34 mUltiplet to a high of 0.774 for the n 16, £ 30 

multiplet. 

Secondly, if a location in frequency is chosen at random, the 

pr0babi1ity of finding a peak at that location within a frequency 

interval of ±Av will have to be determined. This probability was 

determined empirically from the data set by Hill (1984). He found this 

probability, rr(~v), to be 

4.1 
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where p is the observed average peak density in the region of the power 

spectra under study. With ~v - 0.1 ~Hz, the values of rr(~v) range from 

a high of 0.481 for the multiplet n - 16, i - 31 to a low of 0.463 for 

the multiplet n = 14, i - 30. 

The formal comparison between the observed detection 

probability, Rni' and the probability, rr(~v), is made by forming the 

difference d, where d is defined as 

4.2 

with the sum being over all the multiplets in the set. In essence, what 

one is doing is assuming that there is no order in the power spectrum as 

measured by rr(~v) (thus rr(~v) is our null hypothesis) and then comparing 

this to the order actually found, measured by Rni' The result found for 

the observed set of multiplets is 

d = 3.209 ± 0.301 4.3 

This number represents a 10.7 standard deviation result. Therefore, the 

probability of obtaining a difference of 10.7 standard deviations is 

estimated be of the order of 

4.4 

if the power spectrum consists of a set of randomly distributed peaks. 

To obtain this result in equation 4.4, it was assumed that the 
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probability distribution for d was a standard normal distribution. 

Because of the large number of data points (639 modes), this is a good 

approximation for small values of diu. However, for the result diu 

10.7 presented above one must be careful, since this value of 10.7 is 

"so far out in the tail" of the probability distribution. In this 

region of the probability distribution, the true probability 

distribution may not be well approximated by a standard normal 

distribution. Thus the probability is estimated to be < 10-15 that this 

set of Zeeman-like frequency patterns were obtained from a set of 

randomly distributeu peaks in frequency. 

This test result showing that multiplets have been detected in 

the power spectrum belongs in the class of "sufficient condition" tests. 

The term sufficient condition is used to designate those experimental or 

observational results that by themselves constitute a sufficient proof 

of a hypothesis within the limits of accuracy. This can be compared to 

the term "necessary condition" which designates a result which does not 

by itself constitute a proof of a hypothesis but instead is a necessary 

result if the hypothesis is correct. For the case here, the sufficient 

condition is that the comparison d is statistically far from the null 

(or random) hypothesis. 

4.2 Test of the Horizontal Spatial Properties. 

The horizontal spatial properties as measured by the Dij have 

been discussed in detail in the works of Hill (1984), Caudell, Hill, and 

Bos (1984) and Hill, Alexander, and Caudell (1985). They found that the 

Dij (defined to be proportional to the ratio of the finite Fourier 

transforms of the sin(m~) to the cos(m~) components of the mode 
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eigenfunction) is a quasi-periodic function of m that passes through 

zero at m = 0, Iml ~ 6.3, and Iml ~ 15.6 for Iml < 23. In the work of 

Rabaey, Hill, and Barry (1988) this result was extended out to Iml < 37 

and additional zeros were found at Iml ~ 22.5, Iml ~ 27.5, and Iml ~ 34. 

If this quasi-periodic function exists for a given set of modes, it 

establishes an isomorphism (a one-to-one correspondence) between a 

family of modes ordered according to frequency and this same family 

ordered according to the quantity Dij , and thus according to m. 

Furthermore, the existence of this function for the observed modes not 

only confirms that a significant number of these families of modes are 

mu1tip1ets, but also that a significant number of the modes belonging to 

these mu1tip1ets have the correct m classification. 

Recognizing that the observed D .. 
~J 

will be contaminated by 

aliasing of peaks in the power spectrum due to the observing window 

function (this is especially true for this analysis since the 

first-order rotational splitting is close to the frequency of 1/4days) 

and that D .. is antisymmetric about m = 0, the average of D .. over modes 
~J ~J 

with the same 

defined as 

Iml will be examined instead. 

[ sgn(m) Dij 1 
N(m) 

This average, <D .. >, is 
~J 

4.5 

where the sum is over all modes with the same Iml, N(m) is the number of 

modes with the classification Iml and sgn(m) is 

sgn(m) = { -i for m > 0 
furm<O 4.6 
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The results obtained for <Dij> versus m are presented in figure 4.1. 

The error bars in figure 4.1 represent the standard deviations obtained 

from the scatter in the at each Iml value. Of the 639 modes 

classified, 49 were excluded because their individual Dij's were 3 or 

more standard deviations from the mean. 

The results presented in figure 4.1 can be compared to the <Dij> 

functions obtained by Hill (1984) and Rabaey, Hill and Barry (1988). 

Making the comparison, one finds the quasi-periodic structure (and the 

locations of <D .. > = 0) in this work to be in very good agreement with 
1J 

the previous works. Recall that in section 2.3 it was noted that the 

Dij's were not part of the classification procedure used here to 

identify and classify the multiplets. This was different from the 

classification procedures used by Hill (1984) and Rabaey, Hill, and 

Barry (1988). In those two works the D .. 's were a fundamental part 
1J 

the classification procedure. This fact greatly enhances 

significance of the findings shown in figure 4.1. 

of 

the 

For an arbitrarily chosen set of D.j/s it was found that D .. can 
1 1J 

be well represented by a random normal variable with a mean of zero. 

Thus, if a significant number of the families of peaks are not members 

of multiplets or if a significant number of modes have an incorrect m 

classification, then one would expect that the <Dij> would be ~ 0 for 

each value of Iml. Comparing this to the result in figure 4.1, one can 

see that there is a statistically significant difference. This 

difference can be quantified by calculating the value of t, defined to 

be 
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The observed <D .. > for the intermediate-degree g-modes. The 
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error bars represent the standard deviations obtained from 

the scatter in Dij at each Iml value. 
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t ( [ In )1/2 
4.7 

where var denotes the variance of <Dij> for a particular I m I, n is the 

number of degrees of freedom and the function f(m) is defined as 

+1 for Iml = 1 - 5 

-1 for Iml = 8 - 14 

+1 for Iml = 17 - 21 
f(m) 4.8 

-1 for Iml = 24 - 26 

+1 for Iml = 29 - 32 

-1 for Iml = 35 - 36 

based upon the work of Rabaey, Hill, and Barry (1988) and Hill (1984). 

The summations in equation 4.7 are over the Iml values listed in 

equation 4.8. The Iml values of 0, 6, 7, 15, 16, 22, 23, 27, 28, 33, 

and 34 were excluded because the functional <D .. > passes through zero 
1.J 

near these Iml values. Those D .. 's which differed by 3 or more standard 
1.J 

deviations from the mean were not excluded in this analysis. The result 

is 

t = 4.67 ± 1.00 4.9 

Because Dij is well represented by a random normal variable with a mean 

of zero this implies that the statistic t has a student's t distribution 

with 458 degrees of freedom (cf. Spiegel (1975». However, in the limit 
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that the number of degrees of freedom becomes large, the student's t 

distribution is very well approximated by a normal distribution with a 

mean of zero and variance of one. Therefore, the probability of 

obtaining the result given in equation 4.9 from a randomly chosen set of 

Dij'S is estimated to be 

4.10 

From the results above, one may conclude that multiplets have 

been observed and that a large fraction of the modes that belong to 

these multiplets have the correct m classification. This conclusion 

further enhances the result obtained in section 4.1, since the arguments 

leading to the two results are independent. 

4.3 Test for Correct 2 Classification. 

One of the considerations used in the mode classification 

procedure discussed in section 2.1 was the 2 and m dependence of the 

quantity ~, which gave an estimate of the detector sensitivity. If it 

was determined that the detector sensitivity was low for a mode with a 

particular (2,m) combination (i.e., ~ S 0.05 max 1 ~ I) then no search 

was made for a mode having this classification. Because the detector 

sensitivity depends upon both 2 and m, the correctness of the (2,m) 

classification can be tested by examining the actual detector 

sensitivity at those mode locations where ~ S 0.05 max Ym 1 2 • 

However, recall that the fidelity of the m classification has already 
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been tested by the study of the Dij . This means that the test for the 

correctness of (2,m) classification in actuality becomes a test of the 2 

classification. 

To implement this test, the exercise described in section 4.1 

will be repeated for those mode locations identified as having a 

~ ~ 0.05 max 1 ~ I. Put explicitly, the difference, d n 1 ' between n ... , 0 

N n 1 liN 1 and n(6v) will be calculated, where for a given nand 2, n ... , 0 max, 0 

N n2,10 and N max, 10 are the number of peaks observed and the maximl~ 

number of modes set aside, respectively, at the mode locations where 

y; ~ 0.05 max 1 Y; I· Carrying out the sum of d n lover all of the n ... , 0 

multip1ets gives 

d10 = 0.963 ± 0.661 4.11 

This result is very different from the value of d given in equation 4.3. 

This result is statistically close to what one would expect from a 

random distribution of peaks in frequency. Comparing this to equation 

4.3, one can see that there is a significant difference. This means 

that the observed coincidence rate at the ~ ~ 0.05 max 1 ~ mode 

locations is statistically close to what one would expect if the peaks 

were randomly distributed in frequency and, therefore, the set of 

mu1tip1ets have the correct classification with respect to 2. This 

conclusion falls in the necessary condition class of results. 



98 

4.4 Symmetry Properties of the Modes. 

Because of the design features of the detector used to take the 

1979 differential radius observations (see section 1.6), a significant 

amount of spatial information is present in the power spectra. Under 

the assumption that the Sun closely approximates an axisymmetric system, 

a set of four power spectra was obtained by Bos (1982) which exhibited 

various symmetry properties of the eigenfunctions as derived from £ and 

m (see section 1.7; see also Bos and Hill 1983 and Hill 1984). Because 

the eigenfunction for a given mode of oscillation will have definite 

symmetry properties, this implies that it will be maximally allowed in 

one of the four power spectrum and maximally forbidden in one of the 

four power spectrum. This means that if one knows the symmetry 

properties of one member of a mUltiplet then it will specify the 

symmetry properties for the remaining modes in the multiplet. 

To test whether the eigenfunctions for the classified modes 

exhibit the proper symmetry properties, a search will be made for 

evidence of symmetry violation. That is, one will look for evidence of 

modes where this evidence is forbidden on symmetry grounds. Formally, 

the test was carried out by first generating the frequency for each mode 

location using the polynomial described in section 2.3 (see equation 

2.1). Next, going to the spectrum which should contain the maximally 

allowed signal for the mode, the distance in frequency to the nearest 

peak was recorded in a histogram. This same procedure is used for the 

maximally forbidden spectrum. The two histograms that culminated from 

this procedure are shown in figures 4.2 and 4.3. Figure 4.2 shows the 

histogram that resulted from the symmetry-allowed test and figure 4.3 
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Figure 4.2 The symmetry-allowed histogram which resulted during an 
examination of the symmetry properties of the intermediate
degree g-modes. The solid curve is an estimate of the 
number of classified modes which are aliased peaks or peaks 
from other multiplets. 
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shows the histogram that resulted from the symmetry-forbidden test. By 

inspection, one can see that these two figures are different at a 

statistically significant level. This further supports the above 

evidence that multiplets have been detected. 

The two histograms obtained above can be used to determine an 

estimate of the number of correctly classified modes. The distribution 

in figure 4.3 can be well represented by two Gaussian distributions. 

With this information from figure 4.3, one can construct a model 

"background" distribution function for figure 4.2. This model 

background is shown in figure 4.2 as the solid curve. Using this, one 

can estimate the number of classified modes which are aliased peaks or 

peaks from other multiplets. The number of peaks in the background 

between ~v = ±0.1 was found to be 210 ± 21. From this estimate one can 

draw the conclusion that in the region of ~v ~ ±O.l, the number of peaks 

that show the correct symmetry-allowed evidence (and therefore are 

correctly classified) is 429 ± 26 out of 639 peaks. This implies that 

67% ± 4% are correctly classified. In actuality, this result is a lower 

limit, since it was observed that the main contribution to the 

symmetry-forbidden histogram for several multiplets was due to 

multiplets which were allowed in that power spectrum. Thus, if one were 

to exclude these classified peaks from appearing in the 

symmetry-forbidden histogram the estimate of the background would 

decrease and the number of correctly classified peaks would increase. 

4.5 What is the Statistical Significance of the Observed Phase-Locking? 

The final test in this chapter addresses the question: How 

statistically significant is a particular phase-locked section? In 
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order to answer this, one needs to review the data analysis procedure 

involving the phase information. The phases used were tabulated for 

each mode from the appropriate Fourier transforms and then the phases 

belonging to a particular mode-coupled section were fitted using a 

linear least-squares analysis. Since these phases are only determinable 

to within an additive multiple of 2~ radians, an extra degree of freedom 

is introduced for each phase which allows the phase to be shifted by 

additive multiples of 2~ radians. During the mode classification 

process, the set of phases for a mode-coupled section was shifted by 

these additive multiples of 2~ radians until the minimum standard 

deviation for the least-squares fit was found. The resulting observed 

minimum standard deviations are given in the second columns of figures 

4.1, 4.2, and 4.3 for n 14, 15, and 16, respectively. Because the 

standard deviation of the fit measures the "goodness" of the 

least-squares fit, it will also be used to judge the statistical 

significance of the phase-locked sections. Therefore, the question that 

will be addressed is: Given a phase-locked section, how likely is it 

that one would find a particular observed standard deviation from a 

similar set of totally random phases? 

This question can best be answered by use of a Monte Carlo 

numerical simulation. For a given mode-coupled section, a set of random 

phases was first generated and then distributed over m in a manner 

equivalent to the observed mode-coupled set. These phases were then 

shifted modulo 2~ until the minimum standard deviation was found for the 

random set. This minimum standard deviation was then sorted into an 

accumulating histogram. 

trials were completed. 

The algorithm above was repeated until 10,000 

The Monte Carlo simulation was done for all 60 
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of the mode-locked sets. Typical functions (for n 15, 1 30, 

interval [9, 30) probability density and probability distribution 

are shown in figures 4.4 and 4.5, respectively. The results of this 

numerical simulation are also tabulated in tables 4.1, 4.2, and 4.3 for 

n - 14, 15, and 16, respectively. The columns from left to right are 

the classification, the standard deviation obtained from the 

least-squares fit of the observed phases, the probability that one would 

find a standard deviation less than or equal to the observed value if 

the phases were random, and the mode-coupled interval. All of the 

standard deviations are in units of 2~. 

Before leaving this section, one final question can be 

addressed: Taking these mode-locked sections as a set, what is the 

probability of finding a set of 60 sections that exhibit the observed 

standard deviations? To quantify this, one can define the variable S to 

be 

S 4.12 

where s. is the standard deviation associated with the i'th phase-locked 
l. 

section and the sum is over the 60 observed standard deviations. The 

result for this set of 60 mode-locked sets is 

S 7.87 4.13 

where S is in units of 2~. 
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The probability density function for S is easily obtained by 

noting that the probability density function associated with the sum of 

2 random variables, X + Y, is equal to the convolution of the 

individual density functions, fx*fy. Putting this explicitly, 

4.14 

By applying this theorem in a recursive manner, a probability density 

function and a probability distribution function were obtained for the 

random variable S (cf. equation 4.12) from the 60 individual density 

functions for si. The probability density function and the probability 

distribution function for the random variable S are shown in figures 4.6 

and 4.7, respectively. Figure 4.7 also contains an enlarged inset in 

the region of interest for equation 4.13. From figure 4.7 one can see 

that the probability of obtaining an S = 7.87 is = 1.3 x 10- 12 Because 

the signature of phase-locking was used in the classification procedure, 

one must allow for the added degrees of freedom introduced. Hence, the 

probability of obtaining an S = 7.87 is estimated to be within three or 

-12 four orders of magnitude of 10 if the 60 mode-locked sets consisted 

of random phases. This result greatly enhances the results obtained 

above and belongs in the necessary condition class of results. 
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Table 4.1 

The standard deviations obtained during the linear least-squares 
analysis of the observed phase slopes for the mUltiplets classified as 
n = 14. All values are in units of 2~. The third column shows the 
probability of finding this standard deviation if the phases are random. 

27 

28 

29 

30 

31 

32 

33 

34 

standard deviation 
(units of 2~) 

0.1255 
0.1004 
0.1333 

0.1301 
0.1514 
0.1889 

0.1625 
0.0779 
0.1656 

0.1148 
0.1366 
0.0975 

0.1548 
0.0893 
0.1430 

0.1331 
0.1000 
0.1317 

0.1667 
0.0923 
0.1481 

0.0919 
0.1259 
0.1143 

probability 

0.098 
0.001 
0.624 

0.234 
0.095 
0.987 

0.75~3 
< 10 
0.864 

0.005 
0.007 
0.959 

0.629 
0.002 
0.333 

0.669 
0.023 
0.015 

0.398 
0.098 
0.489 

0.030 
0.369 
0.004 

interval of m 

-27,-6 
-5,13 
14,27 

-28,-12 
-11,10 
11,28 

-29,-12 
-11,10 
11,29 

-30,-13 
-12,12 
13,30 

-31,-16 
-15,9 
10,31 

-32, -18 
-17,5 

6,32 

-33,-8 
-7,19 
20,33 

-34, -18 
-17,10 
11,34 
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TABLE 4.2 

The standard deviations obtained during the linear least-squares 
analysis of the observed phase slopes for the multiplets classified as 
n = 15. All values are in units of 2~. The third column is the 
probability of finding this standard deviation if the phases were 
random. 

28 

29 

30 

31 

32 

33 

34 

standard deviation 
(units of 2~) 

0.1902 
0.1720 
0.1335 

0.1461 
0.1690 
0.1754 

0.1935 
0.0701 
0.1046 

0.1402 
0.0903 
0.1490 

0.1478 
0.0583 
0.1347 

0.1491 
0.0886 
0.1000 

0.1475 
0.0302 
0.1242 

probability interval of m 

0.721 -28,-11 
0.178 -10,11 
0.146 12,28 

0.916 -29,-20 
0.125 -19,15 
0.255 16,29 

0.525 -30,-6 
0.028 -5,8 
0.002 9,30 

0.004 -31,-8 
0.140 -7,15 
0.497 16,31 

0.054 -32, -14 
0.281 -13,11 
0.012 12,32 

0.71?3 -33,-12 
< 10 -11,17 
0.083 18,33 

0.107 --34,-10 
0.056 -9,6 
0.149 7,34 
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TABLE 4.3 

The standard deviations obtained during the linear least-squares 
analysis of the observed phase slopes for the mu1tip1ets classified as 
n ~ 16. All values are in units of 2rr. The third column is the 
probability of finding this standard deviation if the phases are random. 

30 

31 

32 

33 

34 

standard deviation 
(units of 2rr) 

0.1751 
0.0659 
0.1465 

0.1880 
0.0881 
0.1739 

0.1741 
0.1937 
0.1473 

0.1918 
0.0917 
0.0924 

0.1767 
0.0911 
0.0831 

probability 

0.472 
0.04!3 
< 10 

0.595 
0.013 
0.600 

0.473 
1.000 
0.863 

0.602 
0.540 
0.011 

0.318 
0.069 
0.003 

interval of m 

-30,-11 
-10,-1 

0,30 

-31,-11 
-10,12 
13,31 

-32,-8 
-7,8 
9,32 

-33,-10 
-9,16 
17,33 

-34,-15 
-14,13 
14,34 
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n - 15, 1 - 30 interval => [9,30] 

0.1 0.2 
sigma in units of 21T 

Figure 4.4 The probability density function obtained from a Monte Carlo 
simulation of the n - 15, 2 - 30 (interval - [9,30]) phase 
diagram. This result was obtained from 10,000 trials. 
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Figure 4.5 The probability distribution function obtained from a Monte 
Carlo simulation of the n - 15, 2 - 30 (interval - [9,30]) 
phase diagram. This result was obtained from 10,000 trials. 
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Figure 4.6 The probability density function for the random variable S. 
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the convolution theorem to the probability density functions 
obtained for the individual phase-locked sections. 
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CHAPTER 5 

DISCUSSION, PART 2: 

The Observed Properties of the Intermediate-Degree g-Modes with 
Phase-Locking and their Relevance to the Neutrino Paradox. 

In the previous chapters the results of the mode classification 

procedure have been presented, and then subjected to a series of te8ts. 

The purpose of these tests was to evaluate the fidelity of the 

classification procedure and to determine if the properties of this set 

of mu1tip1ets were indeed internally consistent. It is from this 

standpoint that the properties of this set and the implications of these 

properties will be discussed. 

5.1 The Intermediate-Degree Gravity Modes and the Neutrino Paradox. 

The results presented above provide evidence that 20 

intermediate-degree gravity mode mu1tip1ets exhibiting phase-locking 

have been observed. The discovery of phase-locked gravity modes offers 

a possible resolution to the discrepancy between the theoretically 

predicted 8B neutrino flux and the observed 8B neutrino flux. This 

possible solution was noted in the 1970's by Hill (cf. Barabanov et al. 

1978; Thomsen 1978) and was discussed more recently in Hill (1986) and 

in Hill and Rosenwald (1986). 

The evidence of a single mode-coupled section leads to a 

modification of the time averaged theoretical neutrino production rates 

as determined from a standard solar model with no solar oscillations. 
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Because these modes reside deep in the interior of the Sun, the very 

fact that these mode-coupled sections are observed allows one to make 

two important statements about the properties of these modes. The first 

property is that the relative amplitudes of the temperature 

eigenfunctions in the core are large. 

mode-coupling implies that non-linear 

The second property is that the 

effects are important. 

which may modify 

These 

the observed properties provide two mechanisms 

effective temperature profile for a given process in the Sun. The first 

of these mechanisms is the energy transport associated with the modes of 

oscillation. This mechanism could decrease the effective temperature in 

the solar interior because of the efficiency of the energy transport by 

the gravity modes. However, compared to the second mechanism it is 

expected to have a lesser impact. 

The observed large temperature eigenfunctions, in 

with the non-linear effects, provide the second mechanism. 

conjunction 

These non-

linear effects (and the large temperature eigenfunction) could directly 

modify the effective temperature profile for a given nuc1eosynthesis 

reaction. To see this one must draw a distinction between the effective 

temperature profiles for a given process with and without oscillations 

present. The effective temperature profile for a given process with no 

oscillations is equal to the mean temperature and is the same for all 

processes. From this temperature profile one can calculate the reaction 

rate for a given process by using the standard theoretical formulas 

obtained from quantum mechanical considerations (cf. equation 1.6; 

Clayton 1968; and Novotny 1973). These reaction rates r ij have the 

following general form: 
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ex 2 
r exp( -r) 5.1 

where r is defined to be 

r 42.48 [ Zi Zj Aij ] 1/3 

Ts 
5.2 

Z. is the atomic number of the ith species, A .. is the reduced mass of 
1 ~ 

the ith and jth species in amu and Ts is the temperature in units of 106 

degrees K. On the other hand, the definition of the effective 

temperature profile with solar oscillations is slightly more 

complicated. In this case the temperature "seen" by the nuclear process 

becomes 

To ==> ilT(t) 5.3 

where To is the temperature profile without solar oscillations and ilT 

contains the temperature fluctuations summed over all the modes of 

oscillations. The introduction of a time-dependent temperature implies 

that the reaction rate will also be time dependent. With this in mind 

the effective temperature for a given process will be defined as that 

temperature which gives the reaction rate one would obtain by averaging 

over the time-dependent reaction rate. Putting this quantitatively, 

< r .. (To + ilT(t» > 
1J 

5.4 
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where the brackets < > denote the time average. The basic properties of 

equation 5.4 can be illustrated by letting ~T(t) be represented by a 

square wave with an amplitude ~T. Then, with the use of equation 5.1 

one has 

5.5 

where 

5.6 
± ~T 

Because will in general be different for different species (cf. 

equation 5.2), the effective temperature will also be different. From 

equation 5.5 one can also deduce that the effective temperature will be 

greater than To, implying that the oscillations enhance the efficiency 

of a given process. This means that one must modify To such that the 

following condition holds 

r ij (Teff) 5.7 

where r .. (obs) is the observed reaction rate. For the case of the 8B 
1J 

neutrino production rate, this implies in the most simplified analysis 

that one must decrease To, and thus Teff' to bring rij(obs) into 

agreement with theory. In a more complete analysis, the rate equations 
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which govern the abundances of the elements reacting in the PP processes 

(cf. equation 1.51) must be included and the solar model as a whole must 

be allowed to evolve to an equilibrium state. Since the introduction of 

oscillations in general tends to enhance the efficiency of a given 

process, the outcome of this analysis would be a new To which is less 

than the To found with no solar oscillations. In either case (increased 

energy transport or non-linear effects) the end result is a reduction in 

the effective temperature profile for the 8B neutrino production. 

5.2 The Intermediate-Degree Gravity Modes and Periodicity in the 8B 

Neutrino Production Rate. 

The evidence of two or more phase-locked sections leads one to a 

modification of the time averaged theoretical neutrino production rates 

as determined from an oscillation-free standard solar model as well as 

to a periodic modulation in time of these neutrino production rates. 

The modulation of the neutrino production rates could occur in the 

following manner. For a set of phase-locked modes belonging to the 

multiplet gn,i' there exists a rotating coordinate system with a 

rotational speed of 0 

frequency of oscillation. 

, 
2~f n, where each mode will have the same 

n,'" 

Thus, there will be regions of constructive 

interference where the temperature eigenfunctions can all be in phase. 

These regions of constructive interference will also be rotating at 
, 

2~f n' n,'" 
For a different set of phase-locked modes, there will be 

another rotating coordinate system, with a slightly different rotation 

rate, which will have identical properties with respect to regions of 

constructive interference. It is this difference in rotation rates 
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between the respective regions of constructive interference that is 

important. Periodically, these two regions of constructive interference 

belonging to the two different phase-locked sets will come into phase 

both temporally and spatially. Because of the importance of the higher-

order terms in the process as indicated by the observed phase-locking, 

this concurrence of the two different regions of constructive 

interference will lead to enhanced neutrino production rates. The 

amplitude of the modulation will depend upon both the properties of the 

mode-coupled sections as well as the details of the neutrino production. 

The periodicity of the modulated neutrino production rates can 
, 

be obtained directly by taking differences between the observed f n,.e 

found from each of the mode-coupled sections. However, to minimize the 

effect of scatter in the data, a linear least-squares fit was made of 
, 

the observed f n versus .e for the three cases outlined in section 3.4 
n,'" 

(cf. figures 3.7, 3.8 and 3.9). The binomial used for this linear 

least-squares analysis is the following: 

+ 5.8 

where the subscript i denotes the three cases (i = 1, 2, and 3). Three 

sets of differences were then formed from among the three cases using 

the results obtained from the fit analysis. The three differences 

formed are the following: 
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, 
c1 (.e) - c 2 (.e ) 

, , 
Llc(.e, .e ) c 1(.e) - c 3 (.e ) 5.9 

, 
c

2
(.e) - c 3 (.e ) 

, 
where .e and.e vary from 27 to 34. The results obtained by this method 

are shown in the histogram presented in figure 5.1. The abscissa is 

frequency in nHz. Also marked in figure 5.1 are the periods obtained by 

Haubold and Gerth (1985) from a power spectrum analysis of the observed 

8B neutrino capture rates (cf. Rowley et. al. 1985). 

An estimate of the fractional temperature change needed to 

produce the amplitudes of the modulation of the observed 8B neutrino 

production rate can be obtained by studying the temperature dependence 

of the PP reactions (cf. equation 1.51; Clayton 1968; Sakurai 

1981,1984). The production of the 8B neutrino is directly affected by 

the competition between the PPII and the PPIII for the 1Be atom and is 

indirectly affected by competition between the PPI and PPII for the aHe 

nuclide. This can be quantified in the following way. Let FI , FII , and 

FIll be the fraction of alpha particles produced by the PPI, PPII, and 

the PPIII processes, respectively, where FI + FII + FIll = 1. Then from 

equation 1.51, one can see that FII is proportional to the rate of 

electron capture by 1Be, denoted by r e7 , and that FIll is proportional 

to the rate of proton capture by 1Be, denoted by r p7 ' Thus, 

+ 5.10 

Rewriting equation 5.1 in terms of FI and defining A = re7/rp7 gives 
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Figure 5.1 A histogram of the frequencies of constructive interference 
between two mode-coupled sections. The frequencies are in 
nHz (along the lower axis) and periods are in years (along 
upper axis). The periods obtained from the observed BB 

"neutrino capture rates found by Haubo1d and Gerth (1985) are 
as marked. 
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5.11 

The variables FI and A are complex functions of temperature and chemical 

composition (cf. Clayton 1968, chapter 5). Using the results of Clayton 

(1968) one has 

A = 1.12 x 10- 16 T;1/6 exp ( 102.65 T;1/3 ) 5.12 

where nand n are the number density of protons and electrons, e p 

respectively, 

[ ( 1 + ~ P/2 1 ] 

[ ( 1 + ~ P/2 + 3 ] 

5.13 

5.14 

and 4He and H are the number of alpha particles and protons, 

respectively. Figure 5.2 shows FIll plotted as a function of 

temperature for the particular case of 4He/H = 8.681 x 10- 2 (X = .72 and 

Y = .25, where X and Yare the fractional mass of Hand 4He, 

respectively) and n /n z 1. Although figure 5.2 shows the fraction of 
e p 

alpha particles produced by the PPIII reaction, FIll is also a very good 

approximation of the temperature dependence for the 8B neutrino 
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Figure 5.2 The fraction of alpha particles produced by the PPIII 

reaction, FIll' as a function of temperature for the case of 

X - :72 and Y - .25 (where X and Yare the fractional mass 

of Hand 4He, respectively). The temperature is plotted in 

units of 106 degrees K. 



122 

production. This is the case because the 8B lifetime against positron 

decay is short (r z 0.78 seconds) compared to most other reaction times 

in the PP processes. Therefore, the sequential reactions 

+ 7Be(p,7)BB(e v)BBe ==> 24He can be considered to be the single step 7Be 

+ H ==> 24He + v and from here forward FIll will be referred to as the 

BB neutrino production rate as a function of temperature and chemical 

composition. 

The fractional variation of the BB neutrino production rate as a 

function of the fractional variation of temperature can be found 

directly by differentiating equation 5.10. Carrying out this 

differentiation and assuming that 4He/H and n /n are constants gives e p 

the result 

+ 5.15 

where 01 is the temperature dependence due to the competition between 

the PPI and the PPII processes (i.e., the contribution due to FI ) and 02 

is the temperature dependence due to the competition between the PPII 

and the PPIII processes. The functions 01 and 02 are given, 

respectively, by: 

100 T- l / 3 
6 

3 (a + 2) + 9 (a 2 + 2a)1/2 5.16 

and 
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O~ + A 
A + 3 5.17 

The functional dependences of 01' 02' and. 01 + 02 with respect to 

temperature are shown in figure 5.3. From figure 5.3 one can see that 

02 is approximately a factor of three larger than 01 in the region of 

interest for the Sun (10 < T6 < 20). Both 01 and 02 decrease as 

temperature increases, implying that the fractional change in 8B 

neutrino production is less sensitive to a change in temperature as the 

temperature increases. In the temperature region of interest for the 

Sun, one can see that the 8B neutrino production rate is highly 

sensitive to a temperature change. For example, taking T6 14 and 

~FIII/FIII z 2/3, one finds from figure 5.3 that one would need a 

temperature change of z 3.3%. Care should be exercised when using this 

equation because of the assumptions made during its derivation. One of 

these assumptions was that the overall 4He production remains 

essentially constant over time. 
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Figure 5.3 The functional dependence of °1 , °2 , and 01 + 02 with 
respect to temperature. Temperature is plotted in units of 
106 degrees K. 01 is essentially the temperature dependence 
of the competition between the PPI and PPII processes, while 
02 is essentially the temperature dependence due to the 
competition between the PPII and PPIII processes. 
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CHAPTER 6 

CONCLUSIONS 

A set of 20 intermediate-degree g-mode multiplets with m - 0 

eigenfrequencies between 335 pHz and 360 pHz has b~en identified and 

classified. Each of the multiplets was observed to exhibit 3 mode-

coupled sections. These mode-coupled sections were manifested by a 

nearly linear relationship between mode frequency and the azimuthal 

eigenvalue m, and between mode phase and m. The probability that these 

multiplets were obtained from a set of peaks randomly distributed in 

-15 frequency is < 10 Similarly, the probability of obtaining a set of 

mUltiplets with the observed linear phase relationship is estimated to 

be within three or four orders of magnitude of The observed 

horizontal spatial properties of the multiplets (as measured by the D .. ) 
1.J 

are consistent with those obtained by Hill (1984), Hill and Gu (1988), 

and Rabaey, Hill, and Barry (1988). The observed first order rotational 

splitting is consistent with the rotational splitting effects observed 

by Hill (1985) and Hill and Gu (1988) for the solar interior. 

The ability to predict both a change in amplitude of solar 

neutrino production and a modulation of the solar neutrino production 

places solar seismology in a unique position. Unlike most, if not all, 

of the other hypotheses put forward to resolve the solar neutrino 

paradox, the ability to predict both a change in production rates and a 

modulation of these production rates is a natural consequence of 

mode-coupling. Furthermore, this hypothesis can be tested directly by 
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making cross correlations of neutrino capture rates as observed, for 

example, by neutrino detectors such as the 8B neutrino detector at the 

Homestake Gold Mine (see Rowley, Cleveland, and Davis 1985), and the 

predicted modulation function based on the observed gravity mode 

properties. 
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