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ABSTRACT 

The optical ring .cavity has been studied for about ten years, both theoretically 

and experimentally. In these studies the uniform plane wave approximation has 

been used. In this work we investigate effects which result from the retention of 

the transverse diffraction. We establish that transverse structure is inevitable since 

plane wave fixed points are susceptible to transverse instabilities (modulational 

instability). We show that this instability is a universal mechanism for initiating 

various interesting and complicated, yet understandable, dynamical reponses in a 

one and a two transverse dimensional cavity. 
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INTRODUCTION 

Optical bistability has been studied for potential application as ultra-fast, optical 

switching devices since it was first conceived by Seidel [1 J in 1969. In bistability the 

intensity of the output from a device traces out a hysteresis response curve as 

control parameters such the the input field intensity or the cavity detuning are 

changed (Fig. 0.1). Hence, bistabilities are potential switches. In optical bistability, 

light is used instead of an electric current. Hence, the switches are very fast. 

Optical bistability is categorized into two classes: absorptive bistability where the 

nonlinear effect is caused by an intensity dependent absorption of the optical field 

energy in the medium; and dispersive bistability where the nonlinear effect originates 

from an intensity dependent refractive index. These two sources of nonlinearity are 

not mutually exclusive phenomena. The first experimental observation of dispersive 

bistability was made with a Fabry-Perot resonator in 1976 by Gibbs et al [2]. Various 

mathematical models have been used to study optical bistability since 1969 when 

Szoke et al [3] proposed the first purely absorptive bistability model for a Fabry

Perot resonator. For dispersive bistability Gibbs et al [2] gave the first analytical 

model. The best known model is that of Bonifacio and Lugiato, proposed in 1978 [4] 

for a ring resonator, a configuration much simpler than that of a Fabry-Perot. In a 

ring resonator a single optical field propagates through the medium in one direction. 
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The model is based on the Maxwell-Bloch equations in which the equation of state is 

derived by by adiabatically eliminating the Bloch variables. Bonifacio and Lugiato 

showed that their model exhibits absorptive bistability in the mean field limit. 

Ikeda noted later that the transmitted output field can be unstable and undergoes 

a period doubling cascade bifurcation to chaos [5]. In his model Ikeda relaxed the 

mean field limit and studied dispersive bistability. He reduced the model to a simple 

two dimensional map, to which we will refer as the Ikeda map. His findings were 

later experimentally confirmed by Gibbs et al in a hybrid optical system [6]. 

In the above analyses, a plane wave optical field is assumed. Once the transverse 

structure in the cavity field is included, local effects such as diffraction and self

focusing become important. Some analysis has been done to derive a state equation 

for the cavity field in a Fabry-Perot resonator in the mean field limit by Drummond 

[7] and by Ballagh et al [8]. Numerical studies of the field profile during switch

up have been carried out by, among others, Rozanov [9] and Moloney et al [10]. 

Moloney et al studied a ring cavity with the medium polarization obtained from 

the Bloch equations in the adiabatic approximation. Moloney et al noted that, with 

a large Fresnel number and a self-focusing nonlinearity, the switched-up beam forms 

rings. These rings are identified as solitary wave solutions of a nonlinear Schrodinger 

equation by Mclaughlin et a1 [11]. Moloney found that with a Gaussian beam there 

exist other bifurcations to choas than Ikeda's senario [12]. Modification of Ikeda's 

senario was also done, within the context of plane wave analysis, by Gibbs et al [13J. 
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Fig. 0.1. Bistable Response Curve. 
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3 

Fig. 0.2. Schematic Representation of Optical 
Ring Cavity. 

9 
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They studied a differential delay equation which arises by eliminating the abiabatic 

approximation. Inclusion of transverse structure in the optical field or elimination 

of the adiabatic approximation introduces more degrees of freedom to the ring 

cavity problem, a step closer to solving the complete Maxwell-Bloch equations. 

Therefore, results derived from the Ikeda map are misleading, especially when we 

consider transverse effects such as ring formation in the optical field which the low 

dimensional plane wave approximation cannot possibly predict. A thorough review 

of the subject can be found in the book by Gibbs [14]. 

Earlier numerical experiments [15] showed that under a wide Gaussian pump 

beam, a smooth output beam profile in a ring cavity breaks up and develops a 

short scale spatial instability. My main objective in this thesis is to study the mech

anism of this modulational instability and its effect on a long time dynamic evolu

tion of the output beam. The work may be organized into three distinct classes of 

phenomena. For the case of a one dimensional planar waveguide, the modulational 

instability leads to: (1) recurrence phenomena where the modulation grows and 

collapses cyclically; (2) soliton/solitary wave ring formation. The former is a small 

amplitude effect (associated with the lower branch of the hysteresis loop) and the 

latter a large amplitude effect (associated with the upper branch). The third class 

of phenomena involves the fully two transverse dimensional bulk medium for which 

the instability causes (3) ring filamentation and symmetry breaking. We would like 

to understand theoretically the origin and consequences of these three instability 
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effects. 

The optical ring cavity is schematically presented in Fig. 0.2. The electric field 

propagates in the nonlinear medium according to the Maxwell-Bloch equations 

which can be reduced to a nonlinear Schrodinger equation (NLS) with a saturable 

nonlinearity by adiabatically eliminating the Bloch variables and assuming no power 

absorption in the medium. As the field completes one cycle of propagation in the 

cavity and returns to the mirror 1, it is subjected to a feedback which consists of 

the complex phase shift ei'P, an energy loss R( < 1) due to the partially transmitting 

mirror and a forcing A(x) by the input pump beam. The field, thus modified, makes 

another cycle of propagation and this process repeats. The change in the ouput after 

each round trip is completely determined by a discrete map. Let Gn(z,x) be the 

envelope of the electric field in the resonator at the n-th cycle of propagation, nor-

mali zed to the mirror transmissivity, where z is the longitudinal (propagation) and 

x = (x, y) the transverse coordinates. With the round trip distance being normal-

ized to 1, the transmitted field is Gn(l, x). The discrete map Gn- 1(1, x) I--t Gn(1, x) 

is an infinite dimensional map which is a composition of the propagation equation, 

(1) 

where 'Y is the transverse coupling coefficient and V'~ = 8 2 / 8x2 + 8 2 / 8y2 and p the 

strength of nonlinearity and N(I) = 1/(1 + 21); and the feedback, 
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(2) 

The infinite dimensional map (1,2) can be thought of as a periodically damped 

and kicked nonlinear Schrodinger equation. In our analysis we construct various 

fixed points of the infinite dimensional map, numerically or analytically, and then 

linearize the map about them to study their stability. That is, for each fixed point 

solution Gfp we write the total field as Gn(z,x) = Gfp + gn(z,x) and substitute it 

in the equations (1) and (2). The perturbation gn is found to satisfy a linearized 

map; that is, the partial differential equation 

and the initial condition 

(4) 

The simplest solution of the infinite dimensional map (1,2) is a plane wave field 

which is independent of the transverse coordinates, that is, G = G(z). (A(x) = a == 

const. is tacitly assumed.) In this case the NLS can be solved exactly. Its solution, 

when substituted in the feedback condition (2), yields the Ikeda map, 
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(5) 

where Gn is a complex number. This is an invertible and dissipative two dimensional 

map. Its main features are: (1) it exhibits mutistable hysteresis behavior; (2) fixed 

points of the map undergo a period-doubling cascade to chaos as the pump beam 

amplitude a increases. The plane wave results of Ikeda form the initial basis of the 

present work. 

The plane wave results can be used for intuition, even when the beam profile 

has transverse structure. Consider the field with a very wide Gaussian profile in the 

one dimensional planar waveguide Then the transverse field coupling is very weak 

('Y ~ 1) and II f}2Gn /ox 2 II ~ 1 in the NLS and the field behaves ahnost like a plane 

wave, at least until it develops large transverse gradients. It tends to reach a weakly 

unstable fixed point as predicted by the plane wave Ikeda map. The modulational 

instability that develops on this fixed point can be regarded as an instability on its 

constituent plane wave pieces. In particular, we approximate the whole Gaussian

like weakly unstable profile by a corresponding plane wave fixed point at the center 

of the beam (the uniform plane wave approximation). The transverse stability of 

this plane wave fixed point is studied by our linearization scheme (3) and (4), 

where G Jp represents the plane wave fixed point. We assume that the perturbation 

9 is of the form eikx + e-ikx and study the unstable eigenvalue (equivalently, the 
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growth rate of the mode k per round trip) of the linearized map as a function of 

the spatial Fourier mode k and the plane wave pump amplitude a. We will find 

that there exists a band of unstable wavenumbers. Depending on the location of 

this band the transverse instability comes in two types: (1) a Benjamin-Feir type 

where the perturbation grows as it propagates in the cavity and overcomes the loss 

in the feedback; (2) an oscillatory type where the perturbation is neutrally stable in 

propagation but gets amplified by the feedback. In general, the former is long wave, 

upper branch phenomena and the latter short wave, lower branch phenomena. We 

see that, depending on the sign of the unstable eigenvalue>. of the linearized map, a 

period-2 (>. < -1) or a pitchfork/saddle-node type bifurcation (>. > 1) occurs. This 

analysis assumes the infinitely extended plane wave fixed point. Once the width or 

"aperture" of the approximating plane wave is restricted to fit the Gaussian beam 

profile, the continuous band of wavenumbers becomes discrete. Adjusting the width 

of the plane wave,or equivalently our computational spatial domain, we change 

the distribution of these discrete (Fourier) modes in the unstable band. The initial 

stage of the modulational instability with a Gaussian pump beam will be seen well 

approximated by this apertured plane wave model. 

For the oscillatory type instability we will find numerically that the modula

tional instability of a plane wave fixed point eventually saturates and the output 

approaches another fixed point which resembles cos kx where k = kmax == most 

unstable wavenumber. This saturated fixed point can be calculated analytically in 
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terms of an elliptic integral. Its stability will be examined in Chapter 4 by the lin

earized map (3) and (4) with GJp being the saturated fixed point. We will find that 

it is unstable to a band of wavenumbers which is shifted slightly higher than the one 

found by the linearization about the plane wave fixed point. In our apertured plane 

wave, discrete spatial mode computation we find that a single discrete mode k' can 

fall in the new band. This mode is originally outside the unstable band found by 

the linearization about the plane wave fixed point. The sideband instability will be 

found restricted to the three dimensional Fourier space spanned by (0, k, k') at least 

initially. As a result of the instability, the output undergoes a quasiperiodic motion 

which includes the recurrence phenomenon. In the recurrence the original plane 

wave state and the saturated state which is mentioned above reappear regularly. 

This is similar to the dynamic response of the cavity under a Gaussian pump beam. 

The output recurrent response is projected in the Fourier space and seen to trace 

out a heteroclinic orbit which wanders in the neighborhoods of the plane wave and 

the saturated fixed point. The stable and unstable manifolds of each of the fixed 

points are found. This and other responses are identified in the phase space and 

reproduced by a finite system of ordinary differential equations based on a Fourier 

mode truncation. In addition, the singular value decomposition technique is tried 

as an alternative truncation scheme. 

For the case of soliton/solitary wave fixed points which evolve from the Benjamin

Feir type modulational instability on a fiat-topped upper branch plane wave fixed 
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point, we will again use the linearized map (3) and (4). The soliton/solitary wave 

solution of NLS is characterized by two parameters: A (amplitude) and I (phase). 

The linearized map will define a new two dimensional map (An-I, In-d 1--+ (An, In). 

Fixed points (solitons/solitary waves) of this map are found and their stability is 

analyzed in Chapter 5. Numerical comparison shows a good agreement between 

the predicted and the actual fixed points. In connection with this type of modu

lational instability we examine recent results by Lugiato et al [17]. These authors 

examined the same problem in the mean field limit where the field changes little 

during propagation. They obtained a single partial differential equation for the field, 

and showed that its plane wave fixed point solution goes unstable to a transverse 

perturbation. We will reproduce their results by reducing the infinite dimensional 

map (1,2) to a single NLS equation assuming the strength of nonlinearity p ~ 1 

and show that the instability they found is nothing but the Benjamin-Feir type 

modulational instability of (1,2). 

In the fully two transverse dimensional computation in Chapter 6 we observe 

a long time evolution of the output field with a relatively intense Gaussian pump 

beam. Some effects of the 1-D computation extend into the two dimensions. How

ever, because of an extra degree of freedom, the modulational instability produces 

higher dimensional structures. The modulational instability eventually leads to fila

mentation, which initiates the subsequent dynamical formation of complex patterns. 

The spatial pattern of the output beam is seen to lose its symmetry gradually. It 
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initially has a perfect radial symmetry as solitary wave rings form. Modulational 

instability and filamentation of the rings generate patterns which are symmetric 

with respect to the x- and the y-axis. Numerical noise dest~oys this symmetry and 

completely asymmetric patterns emerge. These patterns consist of individual fila

ments and broad ridges: filaments fuse themselves together to become ridges and 

ridges break up in filaments in a cyclic but far from periodic fashion. 

After the background theory in Chapter 1, we will review the plane wave analysis 

of the Ikeda map in Chapter 2. Then in Chapter 3 we will investigate transverse 

stability of a plane wave fixed point which uniformly approximates a weakly unstable 

wide Gaussian-shaped fixed point. We will show that even though it can be stable 

to the plane wave mode (k = 0), it goes unstable to a finite band of nonzero k. Of 

two types of modulational instability, the Benjamin-Feir and the oscillatory type, 

the latter is treated first in Chapter 4 and the former in Chapter 5. Finally, the 

fully two transverse dimensional computational result is presented in Chapter 6. 
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BASIC EQUATIONS 
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The optical ring cavity consists of a laser source, two level, homogeneously broad

ened medium for which we set the coordinate system such that z is the propagation 

and x and y are the transverse directions, a detector and three mirrors arranged as 

in the Fig. 0.2. The usual ring cavity configuration as seen in [4] becomes equivalent 

to ours if we ignore the free space propagation of the field. One of the mirrors, 1 

is a highly reflective half mirror. An electric field E(t, x, y, z) enters the medium 

through mirror 1 and bounces off mirrors 2 and 3 and back to mirror 1 where part 

of it is transmitted to the detector and the rest is reflected and joins the field from 

the source forming a new field which reenters the medium. There is no free propa

gation of the field in our model. Our goal is to study asymptotic state of the output 

field as this process repeats many times. Mathematically, there are two components 

to this problem. One is propagation of the electric field in the nonlinear medium 

which can be expressed in terms of a partial differential equation which is called a 

nonlinear Schrodinger equation or NLS and the other is a feedback mechanism, that 

is, mirror loss and pumping of the resonator which can be expressed by a discrete 

map. 

Assuming the fast decaying, two-level atomic medium we adiabatically eliminate 
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the medium variables. Then using Maxwell's equations, we can derive the following 

equations for the electric field envelop Gn (z, x, y) in the medium which is slowly 

varying in both t and z and whose transverse coordinates are normalized to the 

diameter of the Gaussian pump (input) beam (see Appendix A for detail): 

where the medium length is normalized to 1 and x = (x, y) 

ln2 
"(=--

41l'F 

(6) 

(7) 

where F is the Fresnel number which is proportional to the square of the transverse 

width of the pump beam; p the strength of nonlinearity; A( x, y) the Gaussian pump 

(input) field which already includes the transmissivity factor VT of the mirror 1 and 

represents forcing in the resonator; VIi the reflectivity of mirror 1 which introduces 

disspation in the system; cp the phase shift in the carrier wave as the field returns 

to mirror 1. We used the symbol R instead of VIi in the boundary condition to 

mal{e it conform to the traditional expressions. N is a nonlinear function of G and 

we consider two types of nonlinearity, i.e., 



20 

saturable 

Kerr 

The Kerr nonlinearity is a small amplitude approximation of the saturable nonlin-

earity. Both cases will be treated although much of our results hold for any type of 

nonlinearity. The subscript "n" denotes the n-th circuit or pass of the field in the 

cavity and represents a discrete time variable. 

Initially, there is no field in the cavity so Go(z,x) = O. In the first pass Gl(O, x) = 

A(x) at the entrance of the medium. It propagates through and comes out as 

Gl(l,x) according to NLS. Then it is damped and phase-shifted before kicked by 

the pump field and for the second pass we have a new initial condition G2(0, x) = 

A(x) + ReirpG1(1, x) and so forth. Our goal is to investigate the asymptotic state of 

the output field, i.e., 

lim Gn (1, x). 
n-+oo 

The Fresnel number F is proportional to the square of the width/diameter of the 

Gaussian pump beam. Therefore, the broader the beam is, the smaller the effect of 

the diffraction and the field may be expected to behave like a plane wave. Indeed, 

as will be discussed in Chapter 2, the Ikeda map is derived from (6) by dropping the 

diffraction term since a plane wave is approximated by a extremly broad Gaussian 

beam. 
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This system is a combination of a partial differential equation and a discrete 

map or a boundary condition. We see that unless the partial differential equation 

is completely solved and its solution known in a simple closed form, the extent of 

any analysis is severely limited. A few simple solutions of NLS are known. The 

simplest is a plane wave solution which is obtained by dropping the dispersion term 

of NLS. This solution is the basis of the plane wave analysis of the optical ring cavity 

summarized in the next chapter. This analysis assumes that its results extend to 

broad beams; beams may hundreds of wavelengths wide. This is referred to as the 

uniform plane wave approximation. In dispersive nonlinear systems such as ours the 

above assumption is not valid. A well known example is small scale self-focussing 

instabilitites of wide beams. In many cases the asymptotic states of the field which 

emerge from the plane wave instabilities are the soliton/solitary wave solutions of 

the equation (6). They are seen to playa paramount part in determining the fixed 

points of the infinite dimensional map, (6,7) as reported in [18]. These solutions are 

used to reduce the dimension of the dynamics. Some other solutions of NLS like a 

cnoidal wave or a soliton plus shelf solution [18] are known. But their expressions are 

unwieldy and heavy computation has to be used to study their stability. Without 

the diffraction term, the problem reduces to the Ikeda map [5] which we will discuss 

in the next chapter. 

In most of the work below, we assume only one transverse dimension so that 

Gn(z,x) is our field. Later on in Chapter 6, we solve for the full two spatial dimen-
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sional field. The mirror loss R is typically set to .9 (high finesse cavity). The pump 

beam A is assumed to be real. Its intensity at the center A2(0, 0) is our main control 

parameter. 
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In this chapter we summarize some known results of the plane wave analysis 

mentioned above which are relevant to our subsequent analysis. In particular, the 

stability of a plane wave fixed point of the Ikeda map is reviewed. For a comprehen

sive treatment of this subject see [14]. In their paper [20] Ikeda et al obtained the 

following differential-difference equations for the ring cavity in the uniform plane 

wave approximation: 

E(t) = A + BE(t - tR)ei['P(t)-'Pol, 

,-lcp(t) = -cp(t) + /E(t - tR)/2, 

where cp( t) is the shift of the complex phase of the electric field E( t) in the medium, 

CPo the cavity mistuning, tR the round trip time, , the Debye relaxation rate, B 

mirror' loss, A the pump beam amplitude. Assuming ,tR -jo 0 such that cp(t) follows 

the field adiabatically, they solved the second equation at the steady state and 

substituted the result in the first equation to obtain the difference equation: 
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which can be written as a map by defining En = E(ntR) 

(8) 

The equation (8) is what we call the Ikeda map. They studied this map numerically 

and found that the output field could undergo a period doubling cascade to chaos. 

In our formulation, the uniform plane wave approximation yields 

2i~n - pN(/Gn/2 )Gn = 0, 

Gn+1(Z = 0) = a + Rei'PGn(z = 1), 

(9) 

(10) 

where a is the (plane wave) pump beam amplitude which is a real constant; the 

rest of the parameters are as explained in the previous section. The propagation 

equation (9) can be solved exactly and its solution is given by 

which is substituted in the map to yield our Ikeda map: 

(11) 

where Gn = Gn(O) and it is a complex constant. The map (11) should be compared 
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with the map (8). This complex map has fixed points. They can be found by setting 

G = Gn+1 = Gn in the map (11). After some algebra, we get the fixed point equation 

relating the output G to the pump a: 

(12) 

This fixed point curve may possesse multi-stable loops for both Kerr and saturable 

nonlinearities as seen in Fig. 2.1. In order to study the stability of these fixed points 

found by the equation (12), we linearize the map (11) about them. Or, equivalently, 

we linearize the equation (9) and substitute its second order solution in the map 

(10). Let us take the latter approach which we will see again in the subsequent 

chapters. Consider a small perturbation gn(z) on the fixed point G such that 

Substituting this in NLS, we obtain the ordinary differential equation, 

. . fLN'(I) ( *) 
gn = -z 2 gn + gn , 

where· means d/dz and fL = pI and I = IGI2. We solve this and get 
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where an and (in are real constan~s. This solution is put in the map (10), which 

yields the following relation between the successive coefficients: 

( 
an+l ) = M ( an) = R ( cos¢+ J.lN'(1)sin¢ 

(in+! (in sin ¢ - J.lN' (1) cos ¢ 

-sin¢ ) ( an) 
cos ¢ (in 

where ¢ = <p-pN(I)/2. Since detM = R2 < 1, the linear map M is contracting and 

invertible. We study the eigenvalues of the matrix M to determine the stability of 

the fixed point G. The eigenvalues>. are found to satisfy the characteristic equation: 

>.2 _ 2Rb>' + R2 = 0, 

where b = cos ¢ + J.lN' (1) sin ¢ /2. Solving this, we get 

>. = R(b ± v'b'2'=1). 

The fixed point G is stable if I>'; 1 < 1 for both eigenvalues i = 1,2. Since >'1>'2 = 

R2 < 1, they stay on the circle of radius R in the complex plane when they are a 

complex conjugate pair. So instability occurs when both are on the real axis and one 

of them goes outside of the unit circle. For instance, take the plane wave fixed points 

on the curve (b) in Fig. 2.1. Since this is with the Kerr nonlinearity, N(1) = 1- 21 

and N' (1) = -2 and b = cos ¢ - J.l sin ¢. We compute the unstable eigenvalue as a 
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function of the fixed point amplitude Gpw along the curve (b). The result is seen 

Fig. 2.2. We see that the entire lower branch is stable; the middle branch is unstable 

with the unstable eigenvalue> 1; the unstable fixed points on the upper branch 

have the unstable eigenvalue < -1. 
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Fig. 2.1. Plane Wave Fixed Points. ¢ = .4, 
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small amplitude both agree since the Kerr non
linearity is a small amplitude expansion of the 
saturable nonlinearity. 
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CHAPTER 3 

TRANSVERSE STABILITY OF PLANE WAVE FIXED POINT 

Consider the ring resonator pumped by a broad Gaussian beam. Since the corre

sponding Fresnel number is large and thus the diffraction term is small, we expect 

that the field behaves as if it were made up of piecewise plane waves, at least until 

a sharp gradient develops on its profile. Therefore, with this limitation, the fixed 

point curve in Chapter 2 applies. If the amplitude of the input at the beam center 

is less than the critical value, it will approach a Gaussin shaped fixed point on the 

lower branch of the hysteresis loop; if the amplitude exceeds the critical value, a 

fixed point shaped as a top hat will occur, where the center of the input beam 

switches to the upper branch and the wing to the lower branch. In the limit of 

F --+ 0 these are the fixed points under the Gaussian pump beam. What is the 

effect of nonnegligible diffraction on their stability due to a large but finite F? Nu

merical computations show that a short scale modulation or rings develop on the 

broad ,fixed points. (Fig. 3.1 and Fig, 3.2) We would like to understand the nature 

of this instability. It is natural to cast the problem as a question of how each plane 

wave piece develpes modulation, that is, how stable a plane wave fixed point is to 

transverse perturbation. To answer this question we have to repeat the lineariza

tion in the previous chapter with the transverse dimensions included. We will find 
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in the following analysis that a plane wave fixed point may become unstable to a 

band of wavenumbers k and that there are two types of transverse instability. One 

is a medium induced Benjamin-Feir type instability where the perturbation grows 

exponentially inside the cavity (small scale self-focussing in nonlinear optics) and 

the other is what we call an oscillatory type instability where the perturbation is 

neutrally stable in the cavity but gets amplified by the feedback. For both types we 

will find that a plane wave fixed point undergoes a pitchfork bifurcation if k = 0 is 

outside the unstable band of wavenumbers. A smooth transition from one instabil-

ity to the other can exist as the unstable wavenumber k changes within the band 

for a given plane wave fixed point so that the same plane wave fixed point can be 

subject to both types of instability depending upon the choice of k. In general, low 

wavenumbers are likely to go Benjamin-Feir unstable. We first do linear stability 

analysis and then discuss computational procedures and results. Our interest is in 

a neighborhood of a plane wave fixed point and a long time evolution of an injected 

perturbation will be studied in the next chapter. 
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Fig. 3.1. Modulational Instability Under Gaus
sian Pump Beam on Lower Branch Fixed Point. 
Here F = 33.33 and we used saturable nonlinear
ity. The solid profile is a weakly unstable lower 
branch fixed point reached after 70 round trips. 
It develops modulation after another 90 round 
trips drawn in as a dashed curve. a(O) = .12. 
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3.1 LINEAR STABILITY ANALYSIS 

We want to study the stability of a plane wave fixed point to a transverse pertur-

bation of the type c:( eikx + e-ikx ). This is basically the same linear stability analysis 

reported in [15]. 

Consider the NLS equation (6) and let G = Gpw(z) + g(z, x) where Gpw(z) is a 

plane wave fixed point solution in the medium. We substitute this ansatz in (6) and 

look at a linearized equation in g: 

(13) 

where I = GpwG;w and p = pl. Let us expand g as 

After substitution, we get the following system of ordinary differential equations: 

A._k = i 2 I i I 2 
-('2)[k 'Y + pN(I) + pN (I)]A_k - ('2)pN (I)GpwAk 

A.o = 
i,i I 2 

-('2)fpN(I) + pN (I)]Ao - ('2)pN (I)Gpw~ 

A.k = _(~)[k2'Y + pN(I) + pN'(I)]Ak - (~)pN'(I)G;wA:'k' (14) 
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They can be solved exactly using the plane wave solution of the form 

which yields the solutions 

(15) 

where a, b, c, d are some constants and 

v('yP + J.lN'(I))2 - (J.lN'(I))2 
v= ~-----------------------2 

For both saturable and Kerr cases, N' (I) < 0 so that v becomes purely imaginary 

for a small k in which case the well-known Benjamin-Feir instability [19] occurs. We 

call the other case oscillatory: 

Benjamin-Feir if 

oscillatory if 

_2/fN'(I) > P > 0 
'Y 

Because of the mirror loss R, the Benjamin-Feir instability does not necessarily 
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survive as the field circulates in the resonator. We substitute (15) into the map and 

get 

Conjugate the second expression and use the relations 

Then we get 

where 

i(1 -.~) sin if>e- ill 
) 

e~iJl [(1 _ ~)e-i'" + (1 + ~)ei"'l 

with 

if> = cp - p~(I). 

Then the eigenvalue >. of RM satisfies 



where 

b( ,k2 j <p,I, p) = cos v cos ¢ + ~ sin v sin ¢ 
v 

For the Benjamin-Feir case, analytical continuation yields: 

Then we have 

b( ,k2
j <p, I, p) = cosh v cos ¢ + ~ sinh v sin ¢. 

v 

'\},2 = R(b ± Vb2=1). 

The two eigenvalues of the quadratic equation always satisfy 

36 

When they come in a conjugate pair ,which happens if Ibl < 1, they stay on the 

circle of the radius R in the complex plane such that 1'\},21 < 1 and the plane wave 

fixed point is transversally stable. When Ibl = 1 , both eigenvalues have come down 
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on the real axis. And when (R + 1/ R)/2 > Ibl > 1 , they are real but still inside 

the unit circle. When Ibl > (R + 1/ R)/2 , one of them goes outside the unit circle, 

either in the positive or the negative real direction depending on the sign of band 

the plane wave fixed point becomes a saddle. (See the Fig. 3.1.1.) 

In passing, we note that the b function is dependent on the amplitude of a plane 

wave fixed point but not on its phase. When ..,fYk ~ 1, v ~ () and b = cos(v - ifJ) 

and thus a fixed point is always stable. On the other hand, when ..,fYk ~ 1, b = 

cos ifJ + pN' (I) sin ifJ/2 which is exactly the same result we obtained in the previous 

chapter in the stability analysis of the Ikeda map. 

Given a plane wave fixed point, we want to know what Fourier modes are unstable 

by computing b as a function of k. The b function depends on I,p, ifJ therefore <p 

and ,P where, appears as a scaling factor. For example, with R = .9, <p = .4, F = 

33.33, p = 6., and varying IGpwl we obtain the b curves in Fig. 3.1.2 where the 

horizontal dashed lines represent b = ±(R + 1/R)/2,the dashed portion of each 

curve represents the oscillatory type and the solid portion the Benjamin-Feir type 

instability. In this case the unstable eigenvalue breaks away in the negative real 

direction and so a band of wave numbers k which corresponds to the region of the 

curve which dips below the negative threshold are unstable. One sees that the curve 

dips deeper ,therefore the growth rate of the instability increases with IGpwl and in 

addition that the unstable band shifts to the high wavenumber while it widens. The 

effect of changing <p is seen in Fig. 3.1.3. For this figure we fixed IGpwl = .187. One 
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notices that there is virtually no change in the growth rate of the instability, that 

it simply shifts the unstable band. Another example is shown in Fig. 3.1.4 where b 

goes above the threshold b = (R + 1/ R) /2 and the Benjamin-Feir instability occurs. 

R 

Fig. 3.1.1. Motion of Eigenvalues). in Complex 
Plane. (A) b < 0 and the unstable eigenvalue 
breaks away in the negative direction thus pe
riod 2 bifurcation results. (B) b > 0 where the 
unstable eigenvalue breaks to the positive real 
direction. The solid curve is the unit circle and 
the dashed curve is the circle with radius R. 
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Fig. 3.1.2. Change of b-curve with IGI. The 
plane wave fixed point amplitudes are IGpw I = 
(a).15, (b).20, (c).25, (d).30 and indicated on the 
fixed point map on the left. In each of the corre
sponding b-curves on the right the solid portion 
represents the Benjamin-Feir type growth of the 
perturbation and the dashed portion represents 
the oscillatory type neutral state of the pertur
bation. The horizontal dashed lines represent the 
stability threshhold bcritica/ = ±(R+l/ R)/2. The 
curves dip deeper below the negative. threshold 
-(R + 1/R)/2 ~ -1.01, indicating the modu
lational instability grows faster. We used F = 
33.33, p = 6. and Kerr nonlinearity. 
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3.2 COMPUTATIONAL PROCEDURES 

In numerically simulating the ring resonator, one has to restrict the problem to a 

finite domain. Physically, this means that we choose a finite aperture for the input 

beam. Since our computation uses a spectral method in the transverse directions, 

this means that available Fourier modes are not continuous but discrete. The wider 

the domain is, the denser the distribution of modes and thus the closer to a con-

tinuous model. In practice, we are limited by the nmnber of modes or the number 

of spatial grid points that we can use. We have to take care that points are not 

spread too thin to capture the fine structure by widening the domain, and that the 

resulting aliasing is minimal. 

The numerical method used to solve NLS is a third order split step FFT method 

in conjunction with Richardson extrapolation which should give a fourth order 

overall accuracy in ~z. (See appendix B for details of the split step method.) The 

accuracy of integration of NLS is constantly monitored by two conserved quantities: 

the L2 norm of the solution and the Hamiltonian of NLS which has the form 

l L'2 
H = [IGx I2 + (ph)F(GG*)]dx 

-L/2 

where F'(I) = N(I). The accuracy of ~ 10-1 in H is maintained in most computa-

tions. In addition, different step sizes are later used to confirm the convergence of 
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the solution. 

Given the parameter values of R, p, cp, we calculate a plane wave fixed point 

according to the equation (12). The kind of plane wave fixed points in which we are 

interested are those which are stable to the plane wave perturbation but tranversally 

unstable. Once we get the fixed point, we compute the b-curve for various k values 

to see which modes are unstable. We then choose the transverse spatial period L as 

an integral multiple of the wavelength 271"/ k for a particular unstable wave number 

k, usually the most unstable wave number kmax since this plane wave fixed point is 

most likely to pick up kmax in the continuous limit. In most cases we have chosen 

16x(wavelength) with k = kmax so that the allowed wave numbers are 

kn = nI
k
6 n=1,2, ... 

This choice of 16 is arbitrary and has been made to compare with earlier numerical 

results for a Gaussian pump beam. Fig. 3.2.1 shows the same b-curve (b) in Fig. 

3.1.3 for the infinite period. Marks on the threshold line represent these discrete 

wave numbers that are allowed in this box length. In this example, only kIS , k16 , 

and kI1 are unstable. 

We initialize the system with the plane wave fixed point obtained above and ,after 

a few passes, introduce an even perturbation € cos kx only once and then observe 

its evolution. The choice of an even perturbation excludes odd k-modes like kl1 . 
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Usually, E = .001 was taken. The Fourier analysis of the output field at each pass 

as well as the amplitude of the beam center IGn(z = 1,x = 0)1 is collected to form 

a time series to aid our analysis. 
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Fig. 3.2.1. The b-curve in the Finite Domain. 
The plane wave fixed point used is indicated on 
the left which is IGl'wl = .2. Numbered marks on 
the threshold line (dashed) indicate allowed dis
crete modes that fit in the periodic box. In this 
case the modes k1S(= 32.94), k16(= 35.14), k17(= 
37.34) are unstable. The width of the box is de
fined by 16 X (211"/35.14). 
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3.3 RESULTS 

As mentioned above, a plane wave fixed point undergoes a pitchfork bifurcation. 

When the unstable eigenvalue breaks out in the negative real direction, Ak changes 

its sign after each round trip while growing exponentially. The perturbation flips its 

shape (Fig. 3.3.1). If it goes unstable in the positive real direction, the perturbation 

simply grows in the same direction (Fig. 3.3.2). 

Let us take the parameter values in Fig. 3.1.4 and the wavenumber k = k16 = 

kmax = 34.08 which has the maximum growth rate for the plane wave fixed point 

IGpwl = .187. The linear theory predicts its growth rate at 1.089. The time series 

obtained from the perturbation computation is shown in Fig. 3.3.3 where the top 

figure is the trace of IGn(z = 1, x = 0)1 and the bottom figure is that of the 

Fourier components of Gn(z = 1, x) in the log scale. The horizonal axis N represents 

the number of passes. Each Fourier mode is numbered by its index: 0 for ko, for 

example. The perturbation was injected at the pass 10 and then turned off. The 

slope of the trace of the k16 mode (labeled 16 in the picture) in the linear growth 

region gives the growth rate which is measured at 1.089. This shows that the linear 

theory is good up to about 70 passes and thereafter the nonlinearity begins to take 

an effect and the growth levels off. We then go back to Fig. 3.1.2 and compared 

the growth rates of kmax for each plane wave fixed point a through d, which is 
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summarized in Table. 3.3.4 below. The comparison is very good. 

This analysis is pertinent to a more general Gaussian pump beam with a large 

Fresnel number. Let A( x) = A(O)e-x2
• In this case the field behaves like a piecewise 

plane wave and reaches a fixed point according to the plane wave fixed point curve 

obtained previously. Then the effect of the weak transverse coupling gradually takes 

place and each piecewise plane wave goes unstable as predicted by the b-curve the 

details of which will be discussed in later chapters. Because of the gradient of the 

Gaussian, the observed wavenumber varies slightly over the whole field. In Fig. 3.3.5 

we see the transverse instability taking place on a lower branch Gaussian fixed point 

with the corresponding plane wave pump analogue superimposed. This illustrates 

the relevancy of studying modulational instability on plane wave fixed points rather 

than on more realistic Gaussian beams which is much harder. The analysis of the 

former gives insights into the latter. In the following two chapters we will attempt 

to know more about it. In Chapter 4 we study the oscillatory type and in Chapter 5 

the Benjamin-Feir type instability. The difference is in the mathematical treatment 

of their respective asymptotic states. 



d~-------------------------------------------' 

'" .; 

~+---------~----------~----------r---------~ 
-1.47483 -a.7l71 I D.aJOOO 

X 
0.73741 1.47i83 

Fig. 3.3.1. Period 2 Bifurcation For Negative 
Unstable Eigenvalue. The solid curve is the field 
profile at 40 round trips after a flat plane wave 
fixed point was perturbed by 0.001 cos kmaxx 

whose corresponding eigenvalue is -1.089. The 
dashed curve is that at 41st round trip. Notice 
a slight increase in the perturbation amplitude 
at the 41st profile. With Kerr nonlinearity and 
IGpwl = .187,F = 33.33,p = 6.,cp =.4 In this 
case k max lies in the oscillatory band. 
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Fig. 3.3.2. Bifurcation For Positive Unstable 
Engenvalue. Here kmax has the unstable eigen
value = 1.849. The solid profile is 10 round trips 
after the perturbation was injected. The dashed 
profile is the very next output field. With Kerr 
nonlinearity and IGpwl = .6, F = lOO,p = 2. 
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Fig. 3.3.3. Growth of k16 v.s. Number of Pass. 
The mode k16 is chosen to be equal to the 
most unstable wave number kmax = 34.08. The 
plane wave fixed point IGpwl = .187 was per
turbed at the pass N =11 with the perturbation 
0.001 cos k16X. Note the growth of its first higher 
harmonic k32 • 

/Gpwl kmax Predicted Actual 
0.15 31.31 1.019 1.019 
0.20 35.14 1.117 1.117 
0.25 39.53 1.246 1.247 
0.30 44.35 1.400 1.401 

Table 3.3.4. Comparison of Growth 
Rate. /Gpwl =.187,cp =.4,F =33.33,p =6 
and Kerr nonlinearity are used. 
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Fig. 3.3.5. Comparison of Transverse Instabil
ity With Gaussian and Plane Wave Pumping. 
The solid curve is the beam profile under the 
Gaussian pump beam with Kerr nonlinearity at 
the 125th pass. Modulational instability has de
veloped spontaneously. The dashed curve is the 
beam profile under the plane wave pump beam 
with the same parameters at the 51st pass. The 
plane wave fixed point whose amplitude is ap
proximately that of the center beam amplitude 
of the unstable Gaussian lower branch fixed point 
of the former was perturbed by kma:c predicted by 
the linear theory. 
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CHAPTER 4 

OSCILLATORY TYPE INSTABILITY 
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In this chapter we will investigate the map induced transverse instability mainly 

on a lower branch plane wave fixed point where the field is neutrally stable inside 

the medium. The relevance of studying this to the general Gaussian beam pumping 

was illustrated in Fig. 3.3.5 in Section 3.3. As the analysis in Section 3.1 shows, a 

plane wave fixed point bifurcates to a period 2 state when the unstable eigenvalue 

for the perturbation € cos kx crosses the unit circle in the negative real direction. 

The perturbation eventually grows out of a linearized neighborhood and saturates. 

It mayor may not reach another fixed point. A new fixed point, if reached, resembles 

cos kx with its harmonics. The fixed point amplitude increases with the amplitude 

of the plane wave fixed point IGpwl which we have started with. It also increases 

as the unstable wavenumber k increases within the band. This new fixed point 

can go unstable to its sideband modes and its stability in general depends on its 

amplitude: the taller the fixed point, the more unstable it is. We will investigate this 

sideband instability in detail and show that it is essentially the same mechanism as 

the transverse modulational instability studied in Chapter 3. 

A long time evolution of the output field from this sideband instability is varied 

and complex. If we examine each output field in the Fourier space, we notice that 
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more than 7 or 8 modes are being excited. How it evolves sensitively depends on 

the kind of nonlinearity and the saturated fixed point, especially on its amplitude. 

One example of a long time evolution that will be examined here is a quasiperiodic 

recurrence of the original plane wave fixed point. This phenomenon was already 

observed with a Gaussian beam where a Gaussain shaped lower branch fixed point 

recurs after irregular episodes of the modulational instability (Fig. 4.1 and Fig. 4.2). 

This recurrence will be found to be taking place near a heteroclinic orbit that passes 

through the plane wave fixed point. It happens more readily with the saturable than 

with the Kerr nonlinearity. 

In Section 4.1 we will first study fixed points that evolve from the modulational 

instability. We then will compute a long time behavior of the output due to the 

sideband instability and identify the recurrence phenomenon. We note the difference 

in reponse between the Kerr and the saturable nonlinearity. In Section 4.2 we will 

analyze the sideband instability using Fourier modes and give it a mathematical 

explanation by a truncated model. A global picture of the recurrent orbit will be 

given in Section 4.3 where, in addition to the Fourier model, the singular value 

decomposition is employed in an attempt to find better basis ftmctions other than 

Fourier eigenftmctions. 



Fig. 4.1. Recurrence Response Under Gaus
sian Pump Beam. Saturable nonlinearity is used. 
Numbers represent the number of passes the 
beam has gone through the medium. The field 
collapses to a Gaussian shaped weakly unstable 
fixed point at about the 560th pass. This process 
repeats. The beam center dynamics are seen in 
the next figure. 
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Fig. 4.2. Time Series Data of Periodic Collapse 
With Gaussian Pumping. The amplitude of the 
beam center IGn(z = 1,x = 0)1 is plotted as a 
function of the number of pass N. Change in the 
beam profiles is seen in the previous figure. With 
the saturable nonlinearity and IA(OW = .185. 
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4.1 COMPUTATIONAL RESULTS 

Let's examine the case with p = 6, IGpwl = .187 and the Kerr nonlinearity. (The 

following discussion deals with a plane wave pump beam, not a Gaussian pump 

beam.) The plane wave fixed point perturbed by cos kx, where k = kmax = 34.08 

according to the transverse stability analysis in Section 3.1, reaches another fixed 

point that has an k dominant cosine-like profile (Fig. 4.1.1) with its harmonics 

which we call a period-2 16 wave fixed point since the field flips its profile after each 

pass. The fixed point is a spiral sink. (The periodic box length is fixed so that it 

is equal to 16 x 27r/k.) For the corresponding time series data return to Fig. 3.3.3. 

For a large IGpwl ~ 3.0 the transient persists and no fixed point is attained where 

k actively interacts with it harmonics and never settles down. 

Unfortunately no simple way to calculate the analytical form of a 16 wave fixed 

point is available. One might take a usual asymptotic expansion approach to the 

third order with the assumption IAkl ~ 1. It, however, gives an unwieldy expression 

and slow convergence . Or one might try Fourier mode analysis which is outlined 

below. It gives a solution implicitly in terms of an elliptic integral and as will be 

found, it is not any simpler than directly computing the equations (17) . In both 

cases one assumes that the true solution is well approximated by 2 Fourier modes, 

0, k which is not always the case in some parameter range. To solve NLS in a two 
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Fig. 4.1.1. 16 Wave Fixed Point. Top: spatial 
profile taken at the 196th round trip which has 
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mode expansion we ignore all harmonics of k and assume spatial symmetry. Thus 

we expand an NLS solution like 

G(z, x) = Ao(z) + 2Ak(Z) cos(kx) (16) 

and substitute this in NLS and form a pair of nonlinear ordinary differential equa-

tions: 

Ao = -(~)pAo + ip(2D -IAoI2)Ao + 2ipA%A~ 

Ak = -( ~)( ,k2 + P )Ak + ip(2D - IAkI2)Ak + ipA~Ak' (17) 

where D = IAol2 + 21Akl2 is a constant of motion. Another conserved quantity, an 

finite mode analogue of the Hamiltonian is given by 

(18) 

Let Ao(z) = JX(z)ei(}x(z) and Ak(Z) = JY(z)ei(}Y(z) and O(z) = Ox - Oy. Then (17) 

implies 

x = 4pXY sin 2(} 



Y = -2pXY sin 28 

together with the conserved quantities that we assume are given 

D = X+2Y 

H = D2 + 2y2 + 4XY(1 + cos 28) _ 2P, Y. 
p 
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Using the constants of motion we eliminate the Y and () dependence from the X 

equation and obtain 

4p2 X2[(1 + .82)W2 + .81 W + .80][(1 - .82)W2 + .81 W + .8ol 
W2 

= 

where W = D - X,.82 = -1/2 and.81 = 2D - k2,/p and.8o = H - D2. Then the 

solution is given by 

rD-X(z) W 2dW 

JD-X(O) 2p(D _ W)2J f(W) = z, 

From this we can calculate Y(l) and 8(1) and the map becomes 
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X n+1(O) = a2 + R2 Xn(l) + 2aR.JXn(1) cos( cp + Ox,n(1)) 

Yn+1(O) = RYn(l) 

Dn+1 = a2 + R2Dn + 2aR.JXn(1) cos(cp + Ox,n(l)) 

Hn+1 = D~+l + 2R2Y;(1) 

Because of the explicit dependence of the map on the phase solution Ox(l), we need 

to solve the differential equation for Ox (z) along with the X and Y equations already 

listed above. To obtain a fixed point we have to iterate the map numerically. It is 

workable but not any more economical and simpler than numerically integrating 

the equations (17). We agree from now that whenever the fixed point is mentioned, 

it means a result obtained by numerically integrating the full system (6) or its 2 

mode approximation (17). 

As will be summarized below, a period-2 16 wave fixed point depends not only on 

the choice of a plane wave fixed point, in particular its amplitude IGpwl, also on the 

choice of an unstable wavenumber k with which one perturbs Gpw • The amplitude 

of a 16 wave fixed point increases as IGpwl increases and as k moves from left to 

right within the unstable band determined by the transverse stability analysis in 

Section 3.1. 
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Numerical computation shows that this fixed point is unstable to sideband modes. 

(Recall that our computation is carried out in a finite domain and only discrete 

wavenumbers are allowed. IT k = kl6 according to the discretization scheme given in 

Section 3.2, its sideband modes are ... < kl4 < k l5 < k < kiT < k l8 < .... ) Fig. 4.1.2 

is a time series data obtained by seeding the fixed point with € cos k' x perturbation. 

We choose k' = kl8 which is found in Fig. 3.2.1 in Section 3.2. As we can see from 

the figure, this particular mode was outside the unstable band calculated from the 

transverse stability analysis of the plane wave fixed point \Gpw \ = .187. Introduction 

of the perturbation generates a hord of new modes like k2' k4' ... , k14 , k20 , ... through 

the nonlinearity. They grow exponentially by the resonator feedback. As will be 

seen in the next section, there exists a specific and strongly unstable direction in 

the L2 space such that regardless of the form of an injected perturbation, the 16 

wave fixed point evolves in a very similar way and at 0(1) the eventual state is 

indistinguishable. Of all possible sideband modes, kl8 continues to grow to 0(1) 

which suggests that this is the most unstable direction in the Fourier space. Since 

kl8 = kl6 + k2' the sideband instability appears as a long wave modulation on the 

16 wave fixed point (Fig. 4.1.3). 

A sequence of experiments are conducted to study this sideband instability. We 

first pick an arbitrary plane wave fixed point Gpw and perturb it by € cos kmaxx as 

prescribed by the transverse stability analysis and grow it to a period-2 16 wave fixed 

point G16• Then we perturb Gl6 by its discretized sideband mode € cos k' x. From 
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Fig. 4.1.2. Growth of Sideband Modes. A 
period-2 16 wave fixed point was perturbed 
at N = 211 by the sideband perturbation 
0.001 cos k1Sx. Notice numerous other sideband 
modes generated by the nonlinearity. 

61 



~.---------------------------------------------~ 

~ +-----------r---------~r_--------~----------~ 
-1_47463 0.00000 0.73741 

X 

~.---------------------------------------------~ 

Ullil 
to • 
a: 0 

8 
o+-----------r---------~r_--------_.----------_1 

-1_4748'5 -0.73741 0.00000 0.73741 1.47483 
X 

Fig. 4.1.3. Sideband Instability on 16 Wave 
Fixed Point. Top: at 300th pass. Bottom: at 
330th pass. They correspond to the time series 
data in Fig. 4.1.2. 
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this Gpw ~ GI6 ~ sideband instabilty computation we find that with the choice 

of IGpwl < .16, GI6 is stable. We also find that it is always the mode k' = kI8 that 

outgrows all the other sideband modes. As IGpwl increases, so does the amplitude of 

GI6 and the growth rate of k I8 • In our parameter range we find that the kI8 mode 

always lies outside of the unstable band as in Fig. 3.2.1. 

What is a long time state of the field from the sideband instability? With the 

Kerr nonlinearity the asymptotic state is generally turbulent with 0 and kI8 being 

dominant modes. Let us call this a turbulent 18 wave state. The asymptotic state 

depends sensitively on a GI6 state which in turn depends on the choice of an unstable 

wavenumber as mentioned above. We find that if the unstable wavenUlllber moves 

from left to right, the corresponding GI6 will have a larger amplitude and a long 

time state that evolves from it by the sideband instability exihits quasiperiodic ~ 

turbulent behaviors. There exists, however, a small window in the turbulent region 

of the unstable k band where a spatially more coherent reponse is observed although 

it is only a transient. This consists of a near recurrence of the Gpw state. With the 

parameter values listed at the beginning of this section, the unstable band ranges 

from 31.16 to 36.79 with respect to the IGpwl = .187 plane wave fixed point. If we 

choose k = 34.99 > kmax to perturb it, the resulting period-2 16 wave fixed point 

goes sideband-unstable and evolves as shown in Fig. 4.1.4. Since Gpw is unstable 

to k, each time it appears it goes unstable. As will be seen later, this recurrence 

happens more readily with the saturable nonlinearity. 
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Fig. 4.1.4. Recurrence of Plane Wave Fixed 
Point. The turbulent 18 wave state decays to the 
plane wave fixed point. The k18 perturbation is 
introduced at the 224th pass on the 16 wave fixed 
point with k16 = 34.99. For visual clarity some 
modes are omitted in the Fourier analysis. 
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The turbulent 18 wave state is not pure in the sense that it contains modes 

other than k18 and its harmonics. It is compared with the pure 18 wave fixed point 

generated with the same parameter values. (Fig. 4.1.5) This pure state is found to 

be sideband-unstable and eventually becomes turbulent, which suggests the senario 

that the 16 wave fixed point tries to reach the pure 18 wave state after the sideband 

instability but it never succeeds and becomes turbulent because of the presence of 

sidband modes of k18 • 

The sideband instability occurs with the saturable nonlinearity too. This makes 

sense because the field amplitude is relatively small and thus the saturable nonlin

earity is almost Kerr-like. The amplitude of the 16 wave fixed point is in general 

about 10 % greater with the saturable nonlinearity than with the Kerr. But we 

expect some differences as the € cos k18X perturbation grows. As with the Kerr non

linearity, it goes to a k18 dominant turbulent state as the pump beam intensity 

increases. Since the saturable nonlinearity excites all Fourier modes however small 

they may be, the 16 wave fixed point can go unstable spontaneously. A difference is 

that prior to breaking into turbulence there exists a transitional parameter window 

in the pump beam intensity where the k16 and the k18 mode exchange energy in a 

quasiperiodic fashion. In Fig. 4.1.6 we projected the dynamic response of the field 

on the Fourier coordinates (0, k 16 , k 18 ) by plotting the real part of the Fourier ampli

tude of each mode. (A) With IGpwl = .177 the period-2 16 wave fixed point is stable 

and a.ppears as two dots in the phase space spread horizontally in the k16 direc-
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Fig. 4.1.5. A Pure 18 Wave Fixed Point. This 
never appears in the computation because of the 
sideband instability. 
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Fig. 4.1.6. Phase Portraits of Beam Dynamics 
Due to Sideband Instability. The field is pro
jected on the Fourier coordinates (0, k16 , k18). 
The pump beam intensity is increased. (A) A 
period-2 16 wave fixed point. (B) A quasiperi
odic state. (C) A quasiperiodic state with the 
recurrence of the plane wave fixed point. (D) A 
quasiperiodic 18 wave state. 
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tion (designated by "16"). One represents the spatially 7r phase shifted or "flipped 

over" state of the other. The plane wave fixed point Gpw is located in the middle 

the pair of points. (B) With Gpw = .185 the 16 wave fixed point is unstable to the 

k18 mode and the orbit is quasiperiodic and stays near the period-2 16 wave fixed 

points of (A). The orbit spreads a little in the k18 direction (designated by "18") 

signifying the energy exchange. (C) With Gpw = .187 the orbit comes closer to the 

plane wave fixed point, signifying its recurrent appearance. See the corresponding 

diagram in Fig. 4.1.7. The spatial profiles are plotted in Fig. 4.1.8 below. The orbit 

does not quite come near a pair of 18 wave fixed points (not shown) located at 

the top and the bottom. (D) The field is trapped by the unstable period-2 18 wave 

fixed points which are approximately located at the center of each quasiperiodic 

loop. (We chose IGpwl = .196) At a higher pump intensity these loops break and 

the trajectory becomes chaotic. 

Let us examine this recurrence in more detail. FigA.1.8 shows the change in the 

spatial profile of the field during one cycle. As the k18 mode grows and the modu

lation progresses, it creates two nodes each of which split into two wave crests. (16 

wave --+ 18 wave.) The 18 wave field initially grows but cannot attain a fixed point. 

It collapses back towards the weakly unstable plane wave fixed point. The extra 

crests disappear and the output becomes a low amplitude 16 wave tiled on the flat 

background. Since the plane wave state is unstable to k16, it again begins to grow 

and comes near the period-2 16 wave fixed point. The process repeats. The 18 wave 
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Fig. 4.1.7. Schematic Representation of Recur
rent Orbit. Here only one half of the period-2 or
bit is drawn. There are two unstable fixed points: 
plane wave and period-2 16 wave fixed points. 
The 16 wave fixed point is a spiral node. The un
stable manifold connecting the plane wave fixed 
point to the pair of 16 wave fixed points is due to 
the modulational instability. The orbit emanat
ing from the 18 wave fixed points is' due to the 
sideband instability. 
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Fig. 4.1.8. Spatial Profiles at Recurrence. The 
modulation due to the sideband instability sets 
in on the period-2 16 wave fixed point (at the 
750th round trip). As the modulation deepens, 
each node begins to split into two crests (792) 
and an 18 wave state emerges (826). But it imme
diately collapses (838) and the field almost goes 
back to the plane wave fixed point (844) and be
comes a low amplitude 16 wave state. Since the 
plane wave fixed point is unstable to the 16 wave, 
it begins to grow (854) and saturates into the 
weakly unstable 16 wave fixed point (886). The 
process repeats. We used the saturable nonlin
earity and F = 33.33,p = 6., <p = A,IGpwl = 
.18721,k = 34.12. 
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field which appears briefly before the collapse is decidedly a low amplitute state, 

different from the pure 18 wave fixed point one can obtain numerically. Computa

tions show that the 'pure 18 wave state is sideband-unstable much the same way as 

in the Kerr case. The collapse therefore occurs well before the field reaches this pure 

state. At a higher pump beam intensity (a2 = .12) the field almost reaches this pure 

18 wave fixed point as all the energy of the field is tranferred from the 16 wave state 

to k18 and its harmonics. But the presence of other modes prevents it and the final 

state is a quasiperiodic oscillation in a small neighborhood of the period-2 18 wave 

fixed point. (See (D) in Fig. 4.1.6.) Fig. 4.1.9 shows the corresponding time series 

data. We see from this that the field tries to spiral into the 18 wave fixed point near 

the 400th pass but the k26 mode begins to grow almost exponentially at the same 

time. It does not overtake the k18 but levels off after the 560th pass. By this time, 

mode interaction has revived the k16 to about 1/10 of its previous magnitude. The 

final state of the field is the 18 wave fixed point jiggled by the k26 • 

As we have seen, in the recurrence the trajectory comes back to a neighborhood 

of the plane wave fixed point where the modulational instability analysis is valid. 

The field is under the influence of the most unstable eigenvalue whose corresponding 

eigenvector lies in the k16 direction. Since this eigenvalue is real, we can loosely say 

that the whole field is simply amplified while its complex phase remains constant, 

that is, the direction of the amplification or growth of the field is given by the 

complex phase that the field has as it enters the neighborhood. By slightly changing 
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parameter values at the recurrence, we can change the direction in which the field 

enters the neighborhood and complex phase of the field in there, therefore, the 

direction in which it is amplified. Computations show that the recurrent trajectory 

is sensitive to the choice of k16 • 
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Fig. 4.1.9. 18 Wave Fixed Point As a Transient. 
A period-2 16 wave fixed point was perturbed by 
the k18 sideband mode. The field tries to go to 
the 18 wave fixed point at about the 400th pass 
but is sidetracked due to the growth of k26 • It 
eventually undergoes a quasi-periodic oscillation 
around the 18 wave fixed point. 
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4.2 LOCAL ANALYSIS 

In the previous section we saw different types of modulational instability. We have 

found in particular that a 16 wave fixed point is unstable to the sideband mode k18 

and that a numerically generated pure 18 wave fixed point is also sideband-unstable. 

Our next step is to do a linear stability analysis about the neighborhoods of these 

fixed points and identify the most unstable directions. It is only natural that we 

project NLS on Fourier bases. One disadvantage, however, is the number of modes 

that we have to include for a correct linearization. Fig. 4.1.2 indicates that at 

least eight sideband modes are needed. The resulting system of ordinary differential 

equations are coupled and hard to see the effect of one on another. Therefore, we 

simply ignore coupling among sideband modes hoping that along the most unstable 

direction the decoupled model will capture the qualitative feature of the sideband 

instability. The result will be found to simulate the sideband instability satisfactorily 

and imply that k18 enslaves the other modes. 

Let us first linearize NLS about a period-2 16 wave fixed point using the Kerr 

nonlinearity and projecting it on the Fourier bases. (We will deal with the saturable 

nonlinearity at the end of this section.) The sideband instability manifests itself 

as a slowly varying modulation on the 16 wave fixed point beam profile. However, 

we cannot take a slowly varying approach since the fast varying part of the fixed 
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point is not isolated and the assumption k2 « kI6 gives incorrect results. After 

the injection of a perturbation f cos k' x on the 16 wave fixed point, numerous other 

sideband modes are created on both sides of the 0 mode, the fundamental kI6 and its 

harmonics in the Fourier spectrum. In the order of Fourier amplitude the first group 

of sideband modes consist of k14' kIS , k30 , k34 and the second of k12' k20, k2S , k36. Each 

group has its own distinct growth rate that all of its modes share which suggests 

that one mode enslaves the rest. Let G f,n( x, z) be a 16 wave fixed point solution in 

the medium at the n-th round trip. Let us assume the solution form Gn = G f,n + gn 

in NLS where II Gf,n II~II gn II. We find gn satisfies: 

2ign,% + ,gn,xx + p( 4 1 G f,n 12 -1 )gn + 2pG},ng~ = O. (19) 

We expand Gf,n in the modes k16 , k32 and gn by the side band modes that belong 

to the first group, i.e., write: 

G f,n = Ao + 2AI6 cos( k16X) + 2A32 cos( k32 X ) 

gn = ao + 2a2 cos( k2X) + 2aI4 cos( k14X) + 2aI6 cos( k16X ) 

+2aIS cos( kISX) + 2a30 cos( k30X) + 2a32 cos( k32X) 

+2a34 cos( k34X). 
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We substitute them in (19). At 0(1) we have the equations (17). At O(e) we have 

a system of 16 ordinary differential equations which are linear in ai and ai. We 

will solve this in the small amplitude approximation where we assume that Al6 is 

sufficiently small so that we can ignore all its harmonics thus reducing the number 

of equations down to 10. Then the al8 equation becomes 

al8 = -(~)['Yk~8 - p(4D -1)]aI8 + ip(A~ + 2A~6)a;:8 

+2ip(A~AI6 + AoA;:6)(a2 + a34) 

+4ipAoAI6( a; + a;4) (20) 

where again D = lAo 12 + 21Al612 which is the L2 nonn or energy of the 16 wave fixed 

point as in the previous section. One immediately notices that without the a2, a34 

tenns, the equation (20) is very similar to (14). The only difference is that IAol2 is 

replaced by D and A5 by A5 + 2A~6' Let us examine this decoupled al8 equation. 

(This is equivalent to projecting NLS onto the Fourier modes 0, k16, kI8.) To take 

advantage of our previous calculation in Section 3.1 we rewrite the above cosine 

expansions as 
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Then we find that (20) can be written in the matrix form: 

(21) 

where 

Note that when A±16 = 0, the system (21) reduces to the system (14), that is, the 

transverse stability analysis of a plane wave fixed point in Section 3.1. We remove the 

constant phase by the transformation a±IB = e-iAzb±IB' The system (21) becomes 

(
bIB) ( 0 

biB = H*(z) 
H(z) ) ( :IB ) 

o b_18 

where H(z) = iph(z)e2iAz • Define the fundamental solution matrix T by 

(

bIB ) = T ( C
IB 

) = ( TI (z) T
3

( z) ) ( C
l8 

) 

b:"18 C:'18 T2(z) T4(Z) C:'18 

where C±18 are some constants and the matrix T satisfies 

. ( 0 T-
H*(z) 

(22) 
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with 

T(O) = I. 

In the original variables we have 

(23) 

We substitute a±18(1) in the map and obtain the following relation between succesive 

coefficients: 

where </> = cp - ~. Since a18 = a-18 and C18 = C-18 in the equations (23), we have 
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From the equation (22) we have 

which, combined with its initial condition, yields 

Using these relations, we can simplify the expression for the eigenvalues of the 

matrix in the equation (24) to get 

A = R( b ± .Jb2=T) 

where 

Given Ao( z) and A±16( z), we compute Tl (1) and A. We note that we can let k18 be 

a free parameter k just as in (14) so that this result mimicks the continuous case. 

When the real part of the unstable eigenvalue is plotted as a function of the free 

parameter k, we get a stability curve very similar to the ones gotten in Section 3.1. 
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The effect of the nonzero A±16 appears to be a "shift" of those b-curves to a higher 

wave number. As a consequence, kl8 is now in the unstable band (Fig. 4.2.1). The 

growth rate of kl8 predicted by this analysis is consistently smaller than the true 

value but not by much. The comparison of growth rates is tabulated in Table. 4.2.2. 

It shows in addition the error with which the true 16 wave fixed point is approxi

mated at 0(1) by the two modes 0, k16• It is about 10%. The qualitative agreement 

is quite good as one compares the actual and predicted trajectories of al8 in the 

complex plane in Fig. 4.2.3. Immediately after the injection of the perturbation 

alB feels both stable and unstable eigenvalues and it meanders. It then takes off 

diagonally preserving its complex phase since the unstable eigenvalue is real. Com

putations affirm that in a neighborhood of the 16 wave fixed point the dynamics are 

roughly 3 dimensional, that is, they occur in a Fourier space spanned by 0, k16' klB . 

This decoupled model works only for klB dominant dynamics. In a parameter region 

where this is not the case it gives erroneous results. For a true result we have to 

solve numerically the full set of ordinary differential equations for all the sideband 

modes. The equations for other sideband modes like a2, a34 are similar in form to 

(20) except they are driven by alB' (Appendix C.) 

As we noted, computations show that a pure 18 wave fixed point is sideband

unstable. It, therefore, appears only as a transient in our experiments in which 

numerous sideband modes are already present. In order to analyze its stability, we 

linearize NLS about the 18 wave fixed point. The procedure is exactly the same as 
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Fig. 4.2.1. Stability of 16 Wave Fixed Point. 
The unstable band now includes the. discrete 
sideband mode k18• 

L2 norm error Predi~ted kI8 

k I6(= kma .• J from true 16 wave growth rate 
fixed point (%) 

33.53 7.9 1.0064 
34.08 9.1 1.0183 
34.32 9.6 1.0231 
34.73 11.1 1.0306 
35.14 12.8 1.0380 

Table 4.2.2. Growth Rates From Decoupled 
Model. 16 wave fixed points are approximated 
by 2 modes. 
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Actual kI8 

growth rate 

neutral 
1.0411 
1.0720 
1.0969 
1.1175 
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with a 16 wave fixed point. In fact, all we need to do is to replace the index 16 by 

18 in the above analysis. We then obtain a new b-curve just as before. The result 

is that an unstable band appears further shifted to the right. This time k20 gets 

inside the unstable band. The relevancy of this fact to the true dynamics is not 

clear because the 18 wave fixed point is a high amplitude state and its first hamonic 

mode k36 is not actually negligible anymore. The fact that the 18 wave fixed point 

is unstable is already seen in Fig. 4.1.9 in the previous section. There we saw the 

exponential growth ofthe mode k26 • 

With the saturable nonlinearity a Fourier expansion becomes more complicated. 

To expand the nonlinear part of NLS we let: 

G 
1 +21G12 = B 

or, 

G = B+2BGG*. 

Then, expand G and B by Fourier modes: 
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Subsitution in the above equation gives the expression which is linear in the coeffi-

cients B's. In the vector form we can rewrite it as: 

Ao = M Bo 

where M is a matrix nonlinear function of A's and A·'s which we invert and, com-

bining the result with the linear part we finally obtain the expansion of NLS in the 

Fourier bases: 

A_1 

2i Ao + -'"( 

A1 

P -1 

o M - 1 -p Ao =0. (25) 
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Linearized equations based on this expansion were numerically integrated and 

we observed a good qualitative agreement as with the Kerr case. 



85 

4.3 GLOBAL ANALYSIS OF THE RECURRENCE PHENOMENON 

In Section 4.1 we reduced our full system to a set of two ordinary differential 

equations which approximate the path from the plane wave fixed point to the period-

2 16 wave fixed point. Each of these unstable fixed points was analyzed locally, the 

former in Section 3.1 and the latter in Section 4.2. We know all unstable directions 

from these fixed points. In this section we attempt to present a finite system which 

completes a global picture of the recurrence phenomenon, that is, a system which 

describes an orbit from the unstable period-2 16 wave fixed point to the 18 wave 

state and back to the plane wave state. Of course, with enough Fourier modes we 

could reproduce these results but only with a large system. So we will also explore 

another technique-the singular value decomposition. Again, because of the lack of 

simple closed expressions for the fixed points our results are heavily computational. 

The key idea is to identify the best basis functions to enable us to capture the 

dynamics. 

The simplest global model is the one with the 3 Fourier modes, ko, k16 , and k18 

which has been used in the linearized theory in the previous chapter, that is, we 

express the field as 

G(z, x) = Ao(z) + 2A16(Z) cos k16X + 2A1S(z) cos k1Sx. 
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For the parameter range in question with the Kerr nonlinearity, this 3 mode model 

has a 16 wave fixed point which is within about 10% in L2 norm from the true fixed 

point as mentioned in Section 4.2. It goes unstable to the k18 perturbation but no 

turbulent or quasiperiodic state results because of the lack of other sideband modes. 

It instead reaches a stable 18 wave fixed point. With the saturable nonlinearity the 

NLS equation is decomposed as in the equation (25) in the previous section. We use 

eight Fourier modes, ko, k16 , k32 ,k18 , k36, k14' k20, and k34 and solve the resulting 

system of ordinary differential equations numerically. The numerical integration is 

rather expensive since it involves the inversion of a large ~atrix at every integration 

step. This truncation yields the recurrent orbit shown in Fig. 4.3.1 with the param

eter values which produced the orbit (C) in Fig. 4.1.6. The approximated orbit is 

seen geometrically similar to the actual orbit and the corresponding time series of 

the beam center shows the quasiperiodic collapse as seen in Fig. 4.3.2. 

We found that the Fourier expansion becomes very complicated when more than 

three modes are involved. We realize that the Fourier modes are not the most effi

cient eigenfunctions. An alternative way is to use the singular value decomposition 

(SVD) technique to find basis functions onto which to project the solution. As is 

mentioned in Appendix D, we apply the method on a set of vectors to find op

timallinear basis vectors that spans the entire set or an attractor. Each singular 

value represents weight attached to the corresponding basis vector. Let us apply the 

SVD method on the recurrent orbit (C) in Fig. 4.1.6. Fig. 4.3.3 lists the first five 



87 

eigenfunctions E1(x), ... , Es(x) thus computed. The real and the imaginary part 

of each complex eigenfunction together with its absolute value and Fourier analysis 

are shown in the figure. El(X) represents the plane wave :fixed point; E 2(x) the 16 

wave fixed point; E3(X) the 18 wave state. Each eigenfunction has more than one 

Fourier component. For instance, El is composed of ko and k32 with ko dominant; 

E2 of k16 and k18 with k16 dominant; E3 of k16 and k18 with k18 dominant. Since one 

SVD eigenfunction accounts for several Fourier modes, there is a possibility that 

use of these eigenfunctions could reduce the number of basis functions necessary to 

resolve the recurrent orbit down, say, from eight which is the number with Fourier 

modes. In addition to the above three, we have E4 which is a k34 dominant eigen

function and Es which is a k32 dominant eigenfunction. We then project the actual 

outputs on the first 50 eigenfunctions found by the SVD method and compare their 

coefficients. We found from the computation that at least 6 SVD eigenfunctions are 

needed. The sixth eigenfunction appears significant especially before the 18 wave 

state begins to collapse. 

It seems that for this particular phenomenon the SVD method does not signifi

cantly improve the result with the Fourier bases. The singular values do not decay 

rapidly enough (about by the factor 1/2) for the method to be effective. Because of 

the saturable nonlinearity, the NLS equation cannot be easily decomposed on the 

SVD eigenfunctions. 
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CHAPTER 5 

BENJAMIN-FEIR TYPE INSTABILITY 
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A formation of the solitary ring structure in the Gaussian beam switch-up has 

been known [11]. The transverse stability theory of Section 3.1 will explain in the 

following discussions that the Benjamin-Feir type transverse instability is responsi

ble for triggering its fonnation. This is because prior to the formation of the ring, 

the Gaussian pump beam switches up to a weakly unstable plane wave fixed point 

on the upper branch of the hysteresis loop due to a large Fresnel number. The 

transverse stability theory will show that this upper branch plane wave fixed point 

goes unstable and develops modulation, especially the Benjamin-Feir type instabil

ity. Fig. 5.1 illustrates a typical soliton ring formation in the beam switch-up. To 

show that the modulational instability does cause the formation of the solitary wave 

rings, one can introduce a unifonn perturbation € cos kx on the flat-topped upper 

branch fixed point with k found from the stability analysis. One observes that the 

perturbation grows into the same ring sturcture [25]. However, our finite domain, 

plane wave pump computation does not simulate long time Gaussian beam dynam

ics correctly because of the difference in the boundary conditions. One thing we 

emphasize here is that the Benjamin-Feir type instability itself is completely inde

pendent from beam switch-up phenomena or bistability. It can occur in the single 
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response case. The transverse instability claim.ed by Lugiato et al [17] in the ring 

cavity in the mean field limit will be found to be equivalent to our Benjamin-Feir 

type transverse instability in the limit of a small feedbac~ effect. In this limit we 

can combine both the partial differential equation (6) and the map (7) and reduce 

them to a single equation. We will see that in this case only the Benjamin-Feir type 

instability is possible. In the following we first present some of the computational 

results and then the soliton reduction method which predicts what solitons emerge 

as fixed points in the infinite domain with a Gaussian pump beam. 



Fig. 5.1. Soliton Ring Formation. The pump 
beam is a broad Gaussian (0). Its high inten
sity part switches up approximately to the up
per branch of the hysteresis loop (at the 15th 
round trip). The flat-topped fixed point goes un
stable as modulation starts from the high gra
dient wings (25). The modulation propagates 
toward the beam center (35,45,60). After self
rea..-rrangement (90) the field settles down to a 
fived solitary wave ring (200). We used F = 
100,p = 2, <p = .4 and A(0)2 = 0.042. 
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5.1 COMPUTATIONAL RESULTS 

With the Gaussian pump beam the soliton ring starts to grow on the unstable 

flat topped fixed point from a short wave perturbation created by the large gradient 

drops on both sides of the flat top. The perturbation creeps towards the center of 

the field while growing exponentially. Let us examine the case with the saturable 

nonlinearity and F = 200, p = 1.3. The pump beam switches up at about the 60th 

round trip (Fig. 5.1.1). Its center amplitude wobbles but is ~ .62. At this set of 

parameter values the asymptotic state is a single ring plus a center soliton. As seen 

from the time series the field reaches a flat-topped state at about 50th pass. The 

perturbation saturates and settles down at about 150th pass after overshooting. We 

assume that the flat-topped portion is uniformly approximated by a plane wave fixed 

point with IGpwl = .62. The b-curve corresponding to this plane wave fixed point 

is drawn in Fig. 5.1.2. The figure tells us that it undergoes the Benjamin-Feir type 

transverse instability (solid curve) and since the eigenvalue is seen to be positive, 

no period-2 bifurcation will occur. The computed most unstable wavenumber k max 

is 37.33 and its unstable eigenvalue or growth rate is 1.056. Under the plane wave 

pump beam the perturbation to cos kmaxx would grow exponentially at this rate. To 

see whether this wavenumber or any other which is close to it is actually growing at 

the predicted rate, we go back to the Gaussian pump computation and measure its 
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Fig. 5.1.1. Fonnation of a Soliton Ring. Top: 
A flat topped state just before going unstable 
to a perturbation from the wings at 60th pass. 
Bottom: A three soliton ring fixed point at 200th 
pass. 
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nential growth regions. The measure growth rate 
is 1.071 while the predicted rate is 1.056. Due to 
nonlinear mode coupling kmax is not the domi
nant wavenumber in the final asymptotic state 
(at 200th pass). 
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growth rate. The time series data is plotted in Fig. 5.1.3. The closest wavenumber 

turns out to be 36.96. The time series data is plotted in the log scale so that if 

there exits a linear growth region, we simply take its slope ~or the growth rate. The 

measured growth rate is 1.071 in the region of the time series data indicated in the 

figure. The discrepancy is due to the strong mode-to-mode coupling in the Gaussian 

pump beam case. 

Recently Lugiato et al examined essentially the same ring cavity in the mean field 

limit and derived the following partial differential equation that the field satisfies: 

~~ = EJ - (1 - iO)E + ia ~:~ + ilEI2 E 

where EJ is the input beam which is assumed to be a real quantity, t the nondi-

mensionalized time coordinate along which the field travels in the cavity, x the 

nondimensionalized transverse coordinate. They found that a stationary plane wave 

solution of this equation is transversally unstable and the perturbation like cos kx 

grows exponentially. To show that this phenomenon is simply the present Benjamin-

Feir type transverse instability, let us first write the ring cavity equations (6) and 

(7) to show clearly the interchangeability of the nonlinear strength and the medium 

length by the coordinate transformation pz ~ z: 

8Gn = . .1.. 8
2
Gn _ iN(IG 12)G 

8z z 2p 8x2 2 n n 
(26) 
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(27) 

In the mean field liinit the length of the medium p is assumed very small so that 

the field changes little as it exits the medium and its change is approximated by 

the second order term of the Taylor expansion of (26) in the propagation direction; 

and R ~ 1, <p ~ O,a ~ 1 such that the field has to circulate the resonator many 

times before it is affected by the nonlinearity. The solution of the equation (26) is 

written as 

This is substituted in the map (27). Using the approximation 

Rei'P ~ (1 - T)(1 + i<p) ~ 1- (T - i<p) 

where T is the transmission coefficient, we can write it as 

Gn+1(0, x) - Gn(O, x) 
p 

a (T ·'P)G (0 ) . 'Y ()2Gn I = - - - - z- n ,x + z- --2-
P P p 2p ax (O,x) 

-~N(IGn(O, xW)Gn(O, x). 

In order to make a partial differential equation out of this expression as p -+ 0, 
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we redefine the dependence of the field on the longitudinal variable z such that 

Gn(O,x) = G(z,x) and Gn+1(O,x) = G(z + p,x) where 0 $ z < 00. That is, we 

regard the field as propagating through many identical cavities arranged in a series, 

rather than circulating through a single cavity repeatedly. We now take the limit of 

this expression as p -t 0 assuming 

The result is again a nonlinear Schrodinger equation: 

(28) 

which is essentially the same equation derived by Lugiato et al. The stationary 

plane wave solution Gpw ofthe equation (28) is obtained by letting 8G / 8z = 0 and 

turning off the diffraction term: 

IG".,I' (01 + (0, _ N(I~""I')) ') = El. 

Our discrete map (12) can be shown to reduce to this expression in the limit of 

P -t O. Since the equation (28) is a nonlinear Schrodinger equation, we expect that 

the plane wave solution undergoes the Benjamin-Feir instability, which is exactly 
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what Lugiato et al showed. To study this, we linearize (28) about Gpw by the ansatz 

G = Gpw + B(z,x) and get 

where 

£, _ ~ () . (N + IN' (I) _ () _ f3 fj2 ) 
- oz + 1 + z 2 2 ox2 ' 

Since 

we let B = eikx+uz and get 

The Benjamin-Feir instability occurs when u > 0 or, equivalently, 

which gives the following unstable band 



where 

(
IN'(I))2 2 - 01 2 

and we assume O2 - N(I)/2 > 0 and (IN'(I)/2)2 - O? > O. 
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On the other hand, our transverse stability theory in Section 3.1 tells us that 

when p ~ 1 and the effect of the feedback is very small, the b-function for the 

Benjamin-Feir case becomes 

where v = J(pN'(I))2 - ("'(k2 + pN'(I))2/2, ¢J = cp - pN(I)/2 and 0 = h'P + 

pN' (I)l/2. Since b stays near 1, the unstable eigenvalue should break out in the 

positive real direction and thus no period-2 bifurcation is possible. (See Fig. 3.1.1 

in Section 3.1.) The threshold value is approximated by 

1 ( 1) T2 - R+- ~1+-
2 R 2 

so that the modulational instability occurs if 
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We substitute the corresponding expressions for v, <p and 0 and after some algebra 

obtain 

_(/P PN(I)+ILN'(I)_)2 (ILN'(I»)
2 

T2 
2 + 2 cp + 2 >. 

Recall that IL = pl. Then we divide both sides of this inequality by p2 and let 

P -4 O. We see that the result is exactly the same as (29). Therefore, the transverse 

instability of the ring cavity in the mean field limit is nothing but the Benjamin-

Feir type modulational instability in the limit of p -4 O. 
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5.2 SOLITARY WAVE REDUCTION METHOD 

For the Benjamin-Feir instability with the Gaussian input we have observed 

soliton ring fixed points. The soliton ring fixed point which we asswne consists of 

well separated single solitons with no radiation can be given analytically by the 

following reduction method [18]. We will first briefly review the theory and then 

compare its prediction with actual fixed points. As in the previous section, we first 

rewrite (6) with the Kerr nonlinearity as 

2· 8Gn ! 8
2
Gn _ N(IG 12)G = O' 

z 8z + f 8x 2 n n , 
(30) 

with the map: 

where f = ph. The equation (30) has a general stationary soliton solution: 

Gs(z, y; >., ,) = S(>.y; >')ei [(>,2-1)(z/2)+'Yl, 

where y = VJx and S(O; >.) = >.sechO with 0 = >.y. Each soliton is parametrized 

by two variables: >. (amplitude) and , (phase constant). The latter should not 
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be confused with the diffraction strength in (6). The idea is to study the map 

().n-l,'Yn-l) t-t (>.n,'Yn) for a fixed point. Suppose that at the nth pass a pure 

soliton with ().n, 'Yn) has emerged toward the end of the cavity. (For this we need a 

large p.) Then after being damped and kicked in the map, a new initial condition 

for the next round trip becomes 

(31) 

Here we make an ansatz that this grows into another soliton with the parameters 

().n+ll'Yn+1), that is, we assume 

where g is a residual (perturbation) which by assumption does not affect the n+1st 

soliton parameters as it propagates in the medium and satisfies the linearized equa

tion of (30): 

2igz + ::; + (41Gs12 
- l)g + 2G~g· = o. 

If g should take either of the forms 
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g(1) aGs = f a).. I'\='\n+l 

g(2) aGs = f a'Y 1'Y='Yn+l' 

it would modify our expected soliton parameters by the amount f thus a contra-

diction. So we eliminate these worst cases by demanding the general solution 9 be 

orthogonal to the above solution forms. From the initial condition (31) we get 

g(O, y) = a(y) + Rei"'GS,n(P, y) - GS,n+1(O, y). (32) 

Using this expression, we impose the orthogonality condition at z = 0 which gives 

where 
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Bs(>..n/ .An+!) = ~ J sechBsech(.An B / .An+ 1 )dB 

Bp(.An/ .An+!) = J (BsechB)osech(.An B / .An+! )dB 

r n,n+l = cP + (In -In+d + (p/2)(.A~ - 1). 

By setting .A = .An+! = .An, 'Y = In+! = In we obtain a (soliton) fixed point which is 

given by 

.A = As(.A)cos/+R.Acosr 

o = -Apsin l + R.A sin r, (34) 

where r = cP - p(.A2 
- 1)/2. If a(y) = a == constant, then As = arr/2 and Ap = 0 

and (34) reduces to the constant Kerr map which yields 

.Aj = J1 + 2(jrr - cp)/p 

cos Ij = (2/rra)[1 - (-l)j R].Aj (35) 

The fixed point is plotted in Fig. 5.2.1. Note that (35) imposes a restriction on a 

such that (2/rra)[1-( -l)iR].Aj ~ 1. One recalls the general assumption made in the 

above analysis: p has to be large to ensure the formation of a soliton; and because 
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9 in (32) is of O( e) we have to have a ~ I,R ~ 1, and cp ~ 0 (mod 271-). This 

means that the effect of the feedback is very small and, therefore, the field mostly 

sees the medium. In light of this, we see from (35) that if j is odd, COS,j ex: Aj/a 

and thus A should be of the same order as a and thus small while if j is even, 

COS,j ex: (1 - R)Aj/a and thus A is of 0(1). Therefore, an odd j solution is of little 

interest to us. 

To study the stability of a soliton fixed point defined by (A, I), we linearize the 

map (33) about it. We let An = A + Xn and ,n = , + 'Yn and substitute it in (33). 

We obtain 

( 
~n+' ) = 

,n+! 

PA 1 

( :: ) 
-p>'(1ra/2) sin "Y+R/2 -(1ra/2)sin"Y 

l-R/2 l-R/2 

where we assumed j =even. The eigenvalues Il of the matrix satisfies 

2 _ 1 - (prra/2)A sin, R/2 _ 0 
Il 1 _ R/2 Il + 1 - R/2 - . 

When R ~ 1, we have 1~k~2 ~ 1- 2T which implies that 1l11l2 < 1. The bifurcation 

is a familiar one: if they come in a complex conjugate pair, they are stable; one of 

them can go unstable only if they are both real (pitchfork bifurcation). At the left 

extremum at a = 2Ao(1 - R)/rr with j = 0, we have COSIO = 1 thus sin,o = 0 

in the characteristic equation and the eigenvalues A become ~ 1 ± y'2T. Thus the 
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unstable eigenvalue> 1. In Fig. 5.2.1 each fixed point represents two solitons with 

the parameters ±,j which is degenerate in the figure. 

If a(y) is a broad Gaussian function with spatial variation, Ap :f. O. Let a( 0) = 

ao(1 + od( 020)) and assume f to be of the form e-02 such that its 0 derivative is an 

odd function. Let As = ao71"(1 + €d/2 and Ap = €2 where €1 and €2 are of O(€). Let 

.A< = ).0 +).1 + ... and ,( = ).0 +).1 + .... Then at O(€) (34) yields the correction 

term 

where j =even and a > 71"/[2).°(1 - R)J. This is a parabola near the left hand side 

limit of the 0(1) constant Kerr map. Thus the degeneracy of the constant Kerr map 

breaks and the solid line in Fig. 5.2.1 opens up. In a more general case we need to 

compute As and Ap and from (34) we get by eliminating the sine and cosine terms 

which is plotted in Fig. 5.2.2. A sample computation was done and compared with 

the true soliton fixed point. Fig. 5.2.3 shows two soliton fixed points from the infinite 

dimensional map in relation to the predicted reduced Kerr map. Fig. 5.2.4 shows 

the amplitude profiles of actual and predicted soliton fixed points. 
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Fig. 5.2.1. A Reduced Constant Kerr Map Un
der a Plane Wave Pump Beam. The solid lines 
represent soliton fixed points. Here only )..j,j = 
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Fig. 5.2.2. A Reduced Kerr Map Under a Broad 
Gaussian Pump Beam. Degeneracy is broken 
and a constant Kerr fixed point map opens up. 
(a)F = 5,cp = .4,p = 2. (b)F = l,cp = .4,p = 2. 
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Fig. 5.2.3. Actual.Soliton Fixed Points and Pre
dicted Fixed Points. The dot-dashed part de
notes the region where the perturbation in NLS 
is small. The two crosses denote the numerically 
generated soliton fixed points from the infinite
dimensional Kerr map. F = 0.8, p = 1.5, I{) = 0.4. 

1.0 

IGIO.5 

Fig. 5.2.4. Profiles of Observed and Predicted 
Soliton Fixed Points. The solid curve represents 
a numerically generated fixed point of the infinite 
dimensional map; the dashed curve represents 
the corresponding fixed point of the reduced Kerr 
map. F = 0.8,p = 1.5,1{) = 0.4, A(0)2 = 0.004. 
The relative error is 6.7%. 
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CHAPTER 6 

TWO DIMENSIONAL CASE 

In this chapter we present preliminary computational results on the two trans

verse dimensional case. The modulational instability analysis in Chapter 3 is easily 

extended to the two transverse dimensions with kx being replaced by k·x where k = 

(kx, ky) and x = (x, y). We obtain the same b-function with k = \k\ = Jk; + k~. As a 

result, the eigenfunction ek .x grows when b exceeds the critical values ±(R+ 1/ R)/2. 

The unstable wavenumber vector k is confined to an annulus centered at the origin 

and the instability is directionally degenerate in the (kx, ky ) space. The modula

tion can grow in any direction as long as the stability criterion is satisfied. In the 

two transverse dimensional computation, this occurs as modulation of rings in the 

azimuthal direction. The modulation grows and eventually leads to £.lamentation. 

Filamentation breaks the radial symmetry and eventually leads to the formation of 

totally asymmetric patterns. 

Some of the results from the one dimensional computation are carried over in 

the two dimensional case such as beam switch-up, development of the (radially 

symmetric) modulational instability on the weakly unstable flat-topped, cylindrical 

fixed point. Each solitary wave in the one dimensional case corresponds to a circular 

ring in the two dimensinal case. Fig. 6.1 shows a contour plot of the ring structure 
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on the output which is radially symmetric. The corresponding amplitude profile 

of the same beam is seen in Fig. 6.2. The only difference is that the beam center 

constantly rises and falls and never settles down. 

In our computation we used the Gaussian beam pump with A2(X = 0, y = 0) = 

.055, which is far greater than the switch-up intensity in the corresponding plane 

wave hysteresis loop. We also used the saturable nonlinearity and F = 100, p = 

2, c.p = .4. Our computer code is a simple extension of the I-D program based on 

the fast Fourier transform. The spatial grid size is 512x512 and our computational 

domain is a square with -3.2 ::; x ::; 3.2 and -3.2 ::; Y ::; 3.2. Error in the Hamil

tonian was kept less than 0.00025 % per pass during the run. The computation 

was carried out up to < 2000 passes. At this high intensity outer rings are in a 

constant motion including the wing. But at ~400 they seem to briefly settle down 

maintaining approximately the same amplitudes pass after pass. At this point the 

outermost solitary wave ring begins to develop modulation in the azimuthal direc

tion (Fig. 6.3) and eventually becomes filamented (Fig. 6.4). The amplitude of the 

outermost ring at the onset of the modulation is large. Consider malcing a lateral 

cut on the ring at some location and opening it up to form a long solitary wave crest 

extending in a straight line. If we apply the modulational instability criterion on 

this beam by using the uniform plane wave approximation at its crest, we will see 

that the plane wave goes unstable (Benjamin-Feir type). This has been known at 

least for the case of the pure propagation of a solitary wave with no feedback [21J. 
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Also for the pure propagation of a laser beam, filamentation of rings are numerically 

observed and the Benjamin-Feir instability is suggested to be responsible [22]. With 

feedback the dynamical pattern formation is confined in the vicinity of the beam 

center and individual filaments interact themselves. They merge together and form 

broad ridge-shaped structures which in turn break up in filaments. Fig. 6.5 shows 

one such pattern. We notice that it has lost the radial symmetry and posses only 

the "folding" symmetry with respect to the x- and the y-axis. (These patterns 

occur far away from the boundary of the computational domain and each contour 

picture occupies only 1/9th of the whole area. If we examine fringe patterns, we 

see that they are circular with their amplitude variation less than 10-7 • We believe 

that the appearance of the folding symmetry is not due to the geometrical shape of 

the computational domain.) Resulting intensity patterns are very complex. They do 

not seem to repeat themselves. One would like to associate change in patterns with 

some quantities like the total energy of the field, or the L2 norm of the solution. But 

the energy is found to be a very degenerate measure and two completely different 

patterns can have the same energy. Except for the early dynamical stage where the 

beam switches up and develops the radially symmetric modulational instability, the 

energy fluctuates remarkably little. 

Even though patterns are exceedingly complex, some general observations can 

be made with respect to their formation. Firstly, low amplitude filaments tend to 

focus sharply because at the low amplitude the saturable nonlinearity behaves like 
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the self-focussing Kerr nonlinearity. Secondly, the wavelength of modulation which 

develops on a ridge appears to depend on its amplitude-this is also true on a ring. 

Most ridges we observe are of approximately the same ampli~ude when they saturate 

such that they break in a similar spatial scale. When filements start to focus near 

the wing, they draw energy even from it. Therefore, the wing is not islated from the 

filament-ridge dynamics of the beam center. 

The axis folding symmetry is broken near the 950th pass due to the numeri

cal noise and a completely asymmetrical pattern appears. The symmetry breaking 

starts at the lower left hand corner where a pair of filaments sit (Fig. 6.6). After 

some passes we see an asymmetrical pattern, similar to convection roll patterns in 

fluid dynamics in Fig. 6.7. The corresponding amplitude profile is given in Fig. 6.S. 

Short and long ridge structures and well focussed filaments are randomly placed, 

even though the lower branch fixed point still seems to retain a radial symmetry. 

The wing, at this instance, has disappered altogether. But it comes back later with 

multiple foci which affect the whole beam pattern. 
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Fig. 6.1. Contour Plot of a 2-D Output Beam in 
the Radially Symmetric Modulational Instabil
ity. As in the one dimensional computation, radi
ally symmetric modulational instability develops 
from the large gradient wing of the cylindrical 
switched-up beam. Each modulation represents 
a ring. (See Fig. 6.2 for its amplitude profile.) 
The modulation develops spontaneously. 
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Fig. 6.2. Amplitude Profile of Rings. This is an 
amplitude profile in the first quadrant of the con
tour plot of the previous output. The wing is 
clearly seen almost forming another low ampli
tude ring. 
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Fig. 6.3. Azimuthal Modulational Instability on 
the Ring. The outermost ring is the first to de
velop modulation and eventually become fila
mented. After 450 resonator passes. 
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Fig. 6.4. Contour Plot of Filamented Ring. In 
addition to the filamented outermost ring, the 
second outer ring is beginning to filament. Since 
these two rings are close to each other, a lateral, 
mutual influence is seen between them. After 500 
resonator passes. 
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Fig. 6.5. Contour Plot of Merged Filaments. 
Note that the pattern has lost the initial radial 
symmetry and is now symmetric only with re
spect to the axes. Foci in the wing will self-focus 
later. After 900 resonator passes. 
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Fig. 6.6. Onset of Symmetry Breaking. After 
950 round trips. 
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Fig. 6.7. Contour Plot of Asymmetric Pattern. 
After 1000 passes. 
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Fig. 6.8. Amplitude Profile of Asymmetric Pat
tern. Only the profile over the first quadrant of 
the domain is shown. See Fig. 6.7 for its contour 
plot. 
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CONCLUSION 

We have found in this work that the modulational instability is universal and that 

it triggers the formation of various, complex patterns in the one transverse dimen

sional planar waveguide as well as in the two dimensional bulk nonlinear medium. 

Because of the inherent transverse variation in the laser beam, this instability is 

inevitable and thus the dynamical senario predicted by the traditional plane wave 

analysis of the optical ring cavity has to be modified. We saw in detail how the 

infinite dimensional map can be reduced to finite dimensions using discrete Fourier 

modes in the case of the recurrence phenomena and soliton/solitary wave nonlinear 

modes in the case of the soliton/solitary wave fixed points. We realized, however, 

that the infinite dimensional map is constructed in such a way that a full analyt

ical treatment of this subject requires solutions of NLS in relatively simple closed 

forms. Except for solitons and constant (plane wave) solutions, this is not the case 

and to this extent any analysis is limited. In the two transverse dimensional case we 

observed a hitherto unknown, complex pattern formation under a strong Gaussian 

pump beam. Interplay between filaments and broad ridges is identified as a major 

factor in the pattern formation. 

A still more realistic approach to this problem is to discard the adiabatic approx

imation in the Bloch equations. A fully coupled, time dependent beam propagation 
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problem in the nonlinear medium in the two spatial dimension will be useful not 

only in the optical ring cavity problem but also in other optics fields. This will be 

my future project. 
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APPENDICES 

A. DERIVATION OF BASIC EQUATIONS 

The propagation equation (6) is derived from the Maxwell-Bloch equations. Let 

E be the electric field and P the polarization. Assuming no free charge, no cur-

rent density, no magnetization and spatially homogeneous polarization, we get the 

following wave equation from the Maxwell's equations in Gaussian units: 

(36) 

The Bloch equations for the two level atomic system with phenomenological level 

losses are given by 

At = -2i(A - (2i/h)FprJ - 'YabA 

11t = (ip/h)(FA* - F* A) - 'Ya(11 + 1) 

where A is the complex atomic polarization, 11 the level population difference, 

( the frequency de tuning given by Wab - W where Wab is the energy separation 

between the levels and W is the electric field energy (carrier frequency), p the 
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atomic dipole moment, 'Yab,'Ya the level loss constants, E = Fe-iwt + F"eiwt and 

P = !np(Ae-iwt + A*eiwt ) where n is the number of atoms per unit volume and 

homogeneous broadening is assumed. Because of the high qptical carrier frequency 

of P, we replace its second time derivative on the right side of (36) by _w2 P. One 

further assumes that the medium response is much faster than the round trip time 

and it follows the field which is slowly varying in t and z adiabatically and instanta-

neously. So we let the fast time derivatives equal zero: At = 0 and 'T]t = OJ and solve 

the Bloch equations at steady state. The resulting algebraic equations are solved 

for A which is expressed in terms of F and F*: 

where ~ = -( Wab - w) > 0 so that the carrier frequency is greater than the cavity 

frequency which makes it self-focussing nonlinearity. We then explicitly write the 

dependence of the field on the longitudinal (z) carrier wave by F = G(x,y,z,t)eikz 

where G is slowly varying in t and z and substitude it in (36) together with A. 

Ignoring the second derivatives of G in t and z, we obtain 

where V'T = {)2 jox 2 and A is the same as before except F is replaced by G. We 

assume then that the cavity is far from resonance and in particular 'Y ~ ~ so that 

attenuation in medium is negligible. Rescale according to 
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..;2p VfabG G d 2ao -- -- ~ an -z~z 
6.h fa 6.' 

where the linear absorption coefficient on resonance is given by ao = pw2/kh. The 

along the characteristic T = t - z / c we have 

i6. . pG 
2Gz = 2aok Gxx - z 1 + 2/G/2' 

Normalize x to the input Gaussian width Wo to have the diffraction coefficient 

B. SPLIT STEP METHOD 

The split step method can be applied to a wide range of parabolic nonlinear 

partial differential equations. A exhaustive survery of various numerical methods 

on NLS is found in [23] which concludes the superiority of this particular method 

to other finite difference methods. The idea is to solve the linear and the nonlinear 

part of NLS separately and combine both solutions together in a way consistent 

with the original NLS. Let us write NLS as the following: 
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qt = Lq + N(t)q, (37) 

where q = q(t, x) and L is a linear operator (hfJ2 /8x2) and N(t) is a nonlinear 

operator which depends on the solution q i.e. t. Expand the solution in a Taylor 

series about q(O, x) using (37): 

q(.6.t,x) = q(O,x)+,6.tqt(O,x)+(.6.t2/2)qtt(O,x)+ ... 

= [1 + .6.t(L + N(O» + (.6.t2 /2)(L2 + N(O)2 + LN(O) + N(O)L 

+Nt(O» + O(.6.t3 )]q(O, x). (38) 

We solve the linear and the nonlinear part separately, that is, from the linear 

part 

we get 

q(.6.t,x) = .c~tq(O,x) 

= eL~tq(O, x) 

= (1 + L.6.t + L2(.6.t)2 + O(,6.t3 »q(O, x); 

and then from the nonlinear part 

qt = N(t)q, 

we get 

q(,6.t/2,x) = N~t/2(O)q(O,x) 

(39) 



= [1 + N(0)6.t/2 + ~(Nt(O) + N2(0))(6.t/2)2 + 

O(6.t3)]q(0, x). 
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(40) 

We advance the solution only by 6.t/2 for the nonlinear part. We then combine (39) 

and (40) to form 

which, in terms ofthe Taylor series expansions, agrees with (38) up to O(6.t3). (One 

ignores Nt(O) in linear analysis.) In another words, we first advance a given initial 

condition by the nonlinear part for half the time step then advance the result by 

the linear part for the full step and then by the nonlinear part for half the step. 

The linear part is solved by the Fast Fourier transform and the nonlinear part can 

be solved exactly for any nonlinearity which is a function of Iq12. The trWlcation error 

for this splitting is therefore third order in t. This is combined with the Richardson 

extrapolation method to give the fourth order accuracy [26]. All the computation 

in this work was done by the above three-fold splitting applied over 6.t/2 which is 

slightly better. To resolve a fine spatial structre we used up to 1024 grid points. 

Relative error in the L2 nonn and the Hamiltonian is kept about 10-7 in percentage 

throughout. 



134 

C. SIDEBAND DECOMPOSITION OF NLS 

In Section 4.2 we linearized NLS about the 16 wave fixed point G16(Z, x) = 

Ao(z) + 2A16coskx and expanded the perturbation in the sideband modes. We 

studied only the equation for the Fourier coefficient alS. The rest of the coefficients 

satisfy the following ordinary differential equations: 

i10 = ~oao + Bl a~ + B 2a16 + B3a~6 

0,2 = ~2a2 + Bla; + B 2(a14 + alS) + B~(ai'4 + ai's) 

0,14 = ~14a14 + Bl a~4 + B 2( a2 + a30) + B 3( a; + a;o) 

0,16 ~16a16 + Bl ai'6 + B2ao + B3a~ 

0,30 = ~30a30 + Bla;o + B 2a14 + B3ai4 

0,34 = ~34a34 + Bl a;4 + B 2alS + B 3ais, 

where ~i = -ihkl- p(4D - 1)]/2 and Bl = ip(A5 + 2Ai6) and B2 = 2ip(A~A16 + 

AoAi6) and B3 = 4ipAoA16. The ao and a16 equations and the rest are coupled 

separately because of the way we expanded the NLS solution. The coefficient a34 is 

seen driven directly by alS since k34 = ko + kl6 + klS . For the true linearization, this 

large system has to be solved albeit numerically. We found, as in the Table 4.2.2, 

that the first order equations in 'Ao and Al6 alone do not give a good approximation 
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for the true 16 wave fixed point. This situation was somewhat improved by taking 

the Ao( z), A1S( z) values directly from results of the full numerical integration of 

the infinite dimensional map which includes coefficient for higher harmonics like 

The matrix equation (22) in Section 4.2 is integrated by using the Runge-Kutta 

fourth order method. All the computation was done with error < 10-7 in the con-

D. SINGULAR VALUE DECOMPOSITION 

Consider a set of functions S = {SI(X), ... ,SN(X)} in the L2 space. We want to 

find a set of orthogonal basis functions W = {<Pl(X), .. " <PM(X)} which "best" spans 

the subset. By "best" we mean that the projection of S on V is maximal, that is, 

<PI (x) maximizes the functional 

N 

m(f) = L 1< s;(x),J(x) > I 
;=1 

where < s;(x),f(x) >= J s;(x)f(x)dx. (For simplicity we assume that all functions 

are real.) Once we find a set of orthogonal basis Wj = {<Pl(X),"" <p;(x)}, <Pj+l(X) is 

defined such that it maximizes the functional m(f) and satisfies the orthogonality 
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condition l/Ji+l(X) .l Wi' The orthogonal set W can be found by the SVD method. 

To see this, we let Si = (8it' ... ,8iM) where 8ij = 8i( x j) with X HI - Xj = ..6.x =:const. 

for j = 1"", M. We construct the matrix A such that 

811 812 • • 81M 

Let f = (il,''', fN) be a vector where Ii = f(xj). Then 

SI • f 

Af=b= 

SN' f 

Since in the rectangle approximation 

M J 8i(X)f(x)dx::::! ~8idj..6.x = Si' f..6.x, 
3=1 

the vector b consists of the projections of the functions 8i(X) on f(x). Thus, maxi-

mizing the functional m(i) is the same as maximizing the length of b. On the other 



137 

hand, the singular value decomposition tells us [27] that the N x M matrix A can 

be decomposed as 

(41) 

where U is an N x N and V an M x M orthogonal matrix and ~ is an N x M 

matrix which consists of 

o 
~= 

o 

o 0 0 0 0 

The numbers oA~ 0) are called singular values of A and ordered in decreasing 

magnitude, 0"1 ~ 0"2 ~ ••• ~ O"M. From the decompostion (41), we have 

Since the multiplication by an orthogonal matrix does not change the length of a 
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vector, we have 

where II . II is the usual Euclidean norm. Consequently, maximizing the length of b 

is equivalent to maximizing the length of the vector 

(42) 

where v j are column vectors of V, (VIj, ••• , V M j)T, or so called right singular vectors 

of A. Since V is an orthogonal matrix, these singular vectors are mutually orthogonal 

by definition. Suppose all singular vectors and f are normalized to the unit length. 

Then, we have 

where ai is the directional cosine of f to Vi which satisfies 

a~ + a~ + ... + alt = 1. 

We find that, because of the relative magnitude of the singular values, if al = ±1 

and a2 = ... = aM = 0, or, f = Vb it will have the largest projection 0"1; if a2 = ±1 

and al = a3 = ... = aM = 0, or, f = V2, it will have the second largest projection 
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(72 and so on. (The scaling asswnes a linear nature of the set S.) We define each 

basis function tPj(x) by tPj(Xk) = Vkj for k = 1,· .. ,M. If the singular values decay 

rapidly after the first, say, three values, it means that the corresponding first three 

right eigenvectors are prime candidates for our linear bases. 

E. SOLITON PLUS SHELF SOLUTION 

The soliton plus flat background solution is obtained by the Backland trans-

formation. The calculation can be simplified using the general formula derived by 

Meinel and Neugebauer [28] which they obtained by using a dressing variant on the 

Jost solution of the AKNS equations for the seed field functions. Let us scale our 

NLS such that we have 

Let qo be a seed solution which we asswne to be a plane wave solution of the above 

NLS, i.e., qo = K e2ilKI2t with some constant K. The new solution then is given by 

(43) 
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where a is found to satisfy the Riccati equations: 

at = _Ca2 + 2Aa + B; 

and the time evolution matrix elements are given by 

B = 2(qo + iqO,Xl 

C = -(2(q~ - iq~,x); 

and the eigenvalue is ( = e + i7J which is the soliton spectrum. When K = 0 or 

qo = 0, the Riccati equations give a = e-2iex-4ie2tHl which upon substitution in (43) 

gives the single soliton solution: 

With the plane wave soliton qo we obtain 



where 

f = K* /2iw + e2iw(x+(t)+fl, 

f3 = i(( - w)/I{*, 

w = J(2 + IKI2, 
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(44) 

and n is a constant of integration as before. For a stationary soliton we set e = 0 

so that w = iJ1]2 - IKI2 where we assume 1] > IKI. With this value of w we have 

From this we see that 

lim f = K* /2iw, 
x--++oo 

lim f = e-2v''l2-IKI2 (x+i'lt) 
x~-oo 

which are Bubstituted in (44) and yield after some algebra 
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The expression inside the square brackets turn out to be -1 in the both limits; 

therefore, the solution tends to the 7r phase shifted plane wave solution. A direct 

substitution of (44) confirms this is indeed a solution of NLS. Because of the nonzero 

1< the solution is not centered at x = 0 anymore. Fig. E-l shows the spatial profile 

of the soltuion during one cycle of oscillation. 



x 

Fig. E-l Soliton Plus Shelf Solution in One Cy
cle of Oscillation. The solid curve represents the 
Backland transformation of the constant and the 
soliton solution (dashed). 
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