
Thermal and fingering convection in
superposed fluid and porous layers.

Item Type text; Dissertation-Reproduction (electronic)

Authors Chen, Falin.

Publisher The University of Arizona.

Rights Copyright © is held by the author. Digital access to this material
is made possible by the University Libraries, University of Arizona.
Further transmission, reproduction or presentation (such as
public display or performance) of protected items is prohibited
except with permission of the author.

Download date 24/05/2023 21:38:14

Link to Item http://hdl.handle.net/10150/184774

http://hdl.handle.net/10150/184774


INFORMATION TO USERS 

The most advanced technology has been used to photo
graph and reproduce this manuscript from the microfilm 
master. UMI films the text directly from the original or 
copy submitted. Thus, some thesis and dissertation copies 
are in typewriter face, while others may be from any type 
of computer printer. 

The quality of this reproduction is dependent upon the 
quality of the copy submitted. Broken or indistinct print, 
colored or poor quality illustrations and photographs, 
print bleedthrough, substandard margins, and improper 
alignment can adversely affect reproduction. 

In the unlikely event that the author did not send UMI a 
complete manuscript and there are missing pages, these 
will be noted. Also, if unauthorized copyright material 
had to be removed, a note will indicate the deletion. 

Oversize materials (e.g., maps, drawings, charts) are re
produced by sectioning the original, beginning at the 
upper left-hand corner and continuing from left to right in 
equal sections with small overlaps. Each original is also 
photographed in one exposure and is included in reduced 
form at the back of the book. These are also available as 
one exposure on a standard 35mm slide or as a 17" x 23" 
black and white photographic print for an additional 
charge. 

Photographs included in the original manuscript have 
been reproduced xerographically in this copy. Higher 
quality 6" x 9" black and white photographic prints are 
available for any photographs or illustrations appearing 
in this copy for an additional charge. Contact UMI directly 
to order. 

U-M-I 
University Microfilms International 

A Bell & Howell Information Company 
300 North Zeeb Road, Ann Arbor, M148106-1346 USA 

313/761-4700 800/521-0600 





Order Number 9000'168 

Thermal and fingering convection in superposed fluid and 
porous layers 

Chen, Falin, Ph.D. 

The University of Arizona, 1989 

U·M·I 
300 N. Zeeb Rd. 
Ann Arbor, MI 48106 





THERMAL AND FINGERING CONVECTION IN SUPERPOSED 

FLUID AND POROUS LAYERS 

by 

Falin Chen 

A Dissertation Submitted to the Faculty of the 

DEPARTMENT OF AEROSPACE AND MECHANICAL ENGINEERING 

In Partial Fulfillment of the Requirements 
For the Degree of 

DOCTOR OF PHILOSOPHY 
WITH A MAJOR IN MECHANICAL ENGINEERING 

In the Graduate College 

THE UNIVERSITY OF ARIZONA 

I 98 9 



THE UNIVERSITY OF ARIZONA 
GRADUATE COLLEGE 

As members of the Final Examination Committee, we certify that we have read 

Falin Chen the dissertation prepared by -----------------------------------------------
entitled Thermal and Fingering Convection in Superposed Fluid and Porous 

Layers 

and recommend that it be accepted as fulfilling the dissertation requirement 

for the Degree of Doctor of Philosophy 

Dr. C. F. Chen 
Date l? ('>-vi ~ 

Dr. J. C. Heinrich ~''cu~~ 
avk-~ Dr. A. J. Pearlstein 

Date 
l/22/17 

Date 

Date 

Date 

Final approval and acceptance of this dissertation is contingent upon the 
candidate's submission of the final copy of the dissertation to the Graduate 
College. 

I hereby certify that I have read this dissertation prepared under my 
direction and recommend that it be accepted as fulfilling the dissertation 
requirement. 

Dr. C. F. Chen U ilL 
Dissertation Director Date 



3 

STATEMENT BY AUTHOR 

This dissertation has been submitted in partial fulfillment of requirements for an 
advanced degree at The University of Arizona and is deposited in the University Library 
to be made available to borrowers under rules of the Library. 

Brief quotations from this dissertation are allowable without special permission, 
provided that accurate acknowledgment of source is made. Requests for permission for 
extended quotation from or reproduction of this manuscript in whole or in part may be 
granted by the head of the major department or the Dean of the Graduate College when in 
his or her judgment the proposed use of the material is in the interests of scholarship. In 
all other instances, however, permission must be obtained from the author. 

SIGNED: __ --'~ __ 6_?/J_c;_n:__=e.'_'';J'___ ______ _ 



4 

DEDICATION 

This dissertation is dedicated to the memory of my mother, Sho-In Chen. She 

supported me both financially and spiritually throughout the course of this work. She did 

not live to see its completion, but her influence is there nonetheless. 



5 

ACKNOWLEDGMENT 

I would like to take this opportunity to express my sincere and deep sense of 

gratitude to my dissertation advisor, Professor Chuan F. Chen. From his knowledge, 

guidance and constructive criticism throughout the development of this dissertation, I 

received immense benefit, which I had never experienced before. For his friendship, 

kindly support, and encouragement, I would also like to give my sincere appreciation. 

Without his guidance and counseling, this dissertation could not have been finished. 

Professor Arne J. Pearlstein, my good friend, is the second person to whom I am 

very grateful. His extensive knowledge of the complex world supplies me with an 

abundance of information for this dissertation. His continuous helpful counseling and 

interest in my dissertation and his critical correction of this dissertation are appreciated. I 

enjoyed every discussion I had with him. I would like to thank Professor Juan C. Heinrich 

for his involvement with my dissertation research. His insights into the numerical work 

proved to be helpful. 

Thanks also go to Dr. J.M. McDonough of UCLA for his introducing to me the 

numerical scheme used in this dissertation and for several exciting discussions. The 

technical staff of the AME Department, for all their help in the construction of the 

experimental apparatus, is appreciated. 

Special thanks go to my wife, Chiuhsia. She devoted herself completely to the 

family in these years, the most important period in her life. Because of her, our children 

Yin and Yu are always smiling ~nd I was able to pursue this degree without discontinuity. 

Finally, I would like to acknowledge the support of the National Science Foundation 

through grant MSM-87-02732 and the National Aeronautics and Space Administration

Lewis Research Center through grant NAG-3-723. The computing service and computing 

time provided by the San Diego Supercomputer Center (CRA Y X-MP/48) are appreciated. 



6 

TABLE OF CONTENTS 

Page 

LIST OF ILLUSTRATIONS 8 

LIST OF TABLES ....................................... 13 

NOMENCLATURE. .. . . . . . . . . . . . . . . . . .. . . . . . . . . . . . . . . . .. 14 

ABSTRACT .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 18 

I. INTRODUCTION. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 20 

1.1 Thermal Convection ............................... 20 
1.2 Finger Convection ................................ 21 
1.3 Mathematical Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 22 
1.4 Objectives of the Present Study . . . . . . . . . . . . . . . . . . . . . . .. 23 

2. LINEAR STABILITY ANALYSIS. . . . . . . . . . . . . . . . . . . . . . . . . . . .. 26 

2.1 General Governing Equations ......................... 27 
2.2 Linear Stability Formulation . . . . . . . . . . . . . . . . . . . . . . . . .. 30 
2.3 Method of Solution ............................... 34 
2.4 Results and Discussion ............................. 35 

2.4.1 Thermal Convection Case .................... 35 
2.4.2 Salt Finger Case .......................... 37 

2.5 Summary for Linear Analysis ............. . . . . . . . . . . .. 40 

3. EXPERIMENTAL INVESTIGATION .......................... 53 

3.1 Experimental Apparatus and Procedure . . . . . . . . . . . . . . . . . .. 55 
3.2 Experimental Results .............................. 59 

3.2.1 Critical Rayleigh Number .................... 59 
3.2.2 Critical Wavelength ........................ 61 

3.3 Summary of Experimental Investigation .................. 62 

4. NUMERICAL STUDY OF NONLINEAR BEHAVIOR ............... 76 

4.1 Nonlinear Formulation ............................. 79 
4.2 Numerical Method ................................ 82 
4.3 Results and Discussion - Thermal Convection . . . . . . . . . . . . . .. 90 

4.3.1 Verification of the Method of Calculation .......... 90 
4.3.2 Two-Layer System with Pr = 6.26 .,. . . . . . . . . . . .. 93 
4.3.3 Summary for Thermal Convection ............... 97 



7 

TABLE OF CONTENTS--continued 

Page 

4.4 Results and Discussion - Finger Convection . . . . . . . . . . . . . . .. 98 
4.4.1 kinear Onset . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 99 
4.4.2 5! = 0 ................................. 99 
4.4.3 d = 1, 0.5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 103 
4.4.3 Summary for Nonlinear Salt-Finger Convection ...... 106 

5. SUMMARY AND CONCLUSIONS ........... . . . . . . . . . . . . . . . .. 137 

REFERENCES ......................................... 142 



8 

LIST OF ILLUSTRATIONS 

Figure Page 

1.1 Schematic description of the physical problem 25 

2.1 Marginal stability curves for the thermal convection case 41 

" 2.2 Variation of critical Rm and 3m with d for 
the thermal convection case ........................... 42 

2.3 Streamline pattern and W for the thermal convection 
A. /\ 1\ " 

case: (a) d = 0.1; (b) d = 0.12; (c) d = 0.13, (d) d = 0.33 43 

2.4 The critical thermal Rayleigh numbers for the porous 
and fluid layers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 44 

" 2.5 Variation of critical Ram and 3m with d for 
fingering convection case with Rm = 0.01 .................. 45 

2.6 Streamline pattern and W for lhe salt-fin~er case with 
Rm,,= 0.01 and ~ = 0.003: (a) d = 0.1; (b) d = 0.2; 
(c) d = 0.5; (d) d = I ............................... 46 

" 2.7 Variation of critical Ram and am with d for various Rm 
(a) Ram; (b) am ................................... 47 

2.8 Streamline pattern and W f~r the salt-fjnger case with 
Rm...= 1 and 0 =,,0.003: (a) d = 0.1; (b) d = 0.2; 
(c) d = 0.5; (d) d = I ............................... 49 

2.9 Streamline pattern and W fOJ the salt-fiQger case with 
Rm...= 20 and 0 ~ 0.003: (a) d = 0.1; (b) d = 0.2; 
(c) d = 0.5; (d) d = 1 ............................... 50 

2.10 Streamline pattern and W for the salt-finger case with 
" " Rm,,= 50 and 0 ~ 0.003: (a) d = 0.1; (b) d = 0.2; 

(c) d = 0.5; (d) d = 1 ............................... 51 

3.1 Variation of the critical Rayleigh number with depth ratio. The 
solid line is for 0 = 1.77 X 10-3 and fT = 0.7, appropriate 
for a water-saturated porous layer with 4 em thickness; the 
dotted line is for 0 = 3.53 X 10-3 and fT = 0.4 appropriate 
for a glycerin-saturated porous layer with 2 em thickness. 
The experimental points are evaluated at a reference temperature 
equal to the interface temperature. Horiwntal and vertical 
lines indicate possible errors . . . . . . . . . . . . . . . . . . . . . . . . . .. 64 



LIST OF ILLUSTRATIONS--continu,\d 

3.2 Variation of the critical wavenumber with depth ratio. 
For the parameters used to calculate the solid and the 
dotted lines, see Fig. 3.1. The experimental points are 
obtained from temperature distributions (squares) and liquid 
crystal film (circles). The error bars are centerd about 

9 

Page 

their respective symbols . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 65 

'" 3.3 Experimental setup for d = 1 case with 100% glycerin. 
The glass beads are packed carefully in regular horizontal 
rows to obtain a regular interface ....................... 66 

3.4 Experimental heat flux curve for a 4-cm-thick porous 
layer. Different symbols denote different expeaiments 
with the same packing of glass beads ..................... 67 

3.5 Heat transfer results (NusseJt number vs. Rm) for 
the porous layer . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 68 

3.6 Temperature distributions in the porous layer. X denotes 
the 10ngitudinaJ direction and Y denotes the transverse 
dirextion. (a) d = 0.1 at AT = 21.2DC = 1.54 ATcrit; 
(b) d = 0.2 at AT = 33.5DC = 2.89 ATcrit .................. 69 

3.7 Liquid crystal film fixec.! to a transparen"t wall showing 
convection patterns for d = 0 (top) and d = 0.1 (bottom). 
Blue signifies 30DC and orange 25DC. The convection cells 

" are three-d!mensional, and increase in size frop d = 0 to 
0.1. The p..1cture was taken at 1.46 ATcrit for d = 0 and 1.59 
ATcrit for d = 0.1 ................................. 70 

3.8 ~onvection patterns for a = 0.2 (top) at 3.0 ATcrit and 
d = 0.5 (bottom) at 1.~3 ATcrit '. Note the "dramatic increase in 
the wavelength from d = 0.1 (FIg. 3.7) to d = 0.2 ............. 71 

3.9 Convection pattern (top) for d = 1.0 at 1.98 ATcrit and 
shadowgraph (bottom) taken at approximately the same time. 
Since the shadowgraph integrates the flow structure through the 
entire width of the tank, one can discern the three-dimensionality 72 

" 4.1 Oscillation in the Nusselt number in a porous layer (d = 0) 
at Rm = 480 and Prm = 4.5 ........................... 107 



10 

LIST OF ILLUSTRA TIONS--continued 

Page 

4.2 Variatwn of the Nusselt number with wavenumber for a porous 
layer (d = 0) at Rm = 200. -- Present results; 0 

4.3 

4.4 

4.5 

4.6 

4.7 

4.8 

4.9 

4.10 

4.11 

Georgiadis and Catton (1986); 0 Combamous and Bories (1975) ... 108 

/\ 

Steady-state streamline patterns and isotherms for d = I and 
~ = 10 Rm at increasing values of the Darcy number 52. 

c 
(a) 52 = 0.8887 X 10-5 = 6~, ¢ = 0.389; (b) 52 = 1026;, 

¢ = 0.81; (c) 62 = 9 x 1025~, ¢ = 0.925; (d) 62 = I045~, 

¢ = 0.975 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 109 

/\ 

Variation of Nusselt number with wavenumber for d = 1, 
Pr = 6.26 for 1.5 x Rm ~ Rm ~ 20 x ~ ................. 110 

c c 

/\ 

Steady-state streamline patterns and isotherms for d = 1, 
Pr = 6.26 with il1/J = 0.4 and il9 = 0.01. (a) Rm = 1.5 x Rm ; 

c 

(b) Rm = 3 x Rm ; (c) Rm = 5 x Rm ; (d) Rm = 10 x Rm ; 
c c c 

(e) Rm = 20 x Rm ................................ III 
c 

/\ 

Steady-state streamline patterns and isotherms for d = 0.5, 
Pr = 6.26 with il1/J = 0.2 and il9 = 0.02. For values of Rm 
corresponding to (a)-(e), see Fig. 4.5 ..................... 112 

. /\ /\ 

StreamlIne patterns for d = 1 and d = 0.5 at onset 
according to the linear stability theory .................... 113 

/\ 

Steady-state streamline patterns and isotherms for d = 0.2 
and Pr = 6.26 with 1:l.1/J = 0.2 and 1:l.9 = 0.02. For values of Rm 
corresponding to (a)-(e), see Fig. 4.5 ..................... 114 

/\ 

Steady-state streamline patterns and isotherms for d = 0.1 
and Pr = 6.26 with 1:l.1/J = 0.5 and 1:l.9 = 0.1. For values of Rm 
corresponding to (a)-(e), see Fig. 4.5 ..................... 115 

/\ 

Variation of Nusselt number with Rayleigh number for d = 0, 
0.1,0.2,0.5,andI ................................. 116 

Comparison of computed values of Nu with experimental results. 
The open symbols are experimental ~ints and the filled squares 

/\ /\ 

are computed values. (a) d = 0.2; (b) d = 0.1 ................ 117 



11 

LIST OF ILLUSTRA TIONS--continued 

Page 

4.12 Steady-state streamline patterns, isotherms and iso
concentration contours for Rm = 1 with various Ram; 
(a) Ram = 1.5 X Ram(crit); (b) Ram = 3 X Ram(crit); 
(c) Ram = 5 X Rem(crit); (d) Ram = 10 X Ram(crit) ••••••••.••••. 118 

4.13 Time evolution of Nusselt and Sherwood numbers of 
Rm = 1 and Ram = 11 X Ram(crit) • • • • • • • • • • . • • • • • • . • • . . .. 119 

4.14 Streamline patterns, isotherms and isoconcentration contours 
corresponding to times shown in Fig. 4.13. (a) t = 0.313; 
(b) t = 0.315; (c) t = 0.317; (d) t = 0.319; (e) t = 0.322 .......... 120 

4.15 Steady-state streamline patterns and corresponding isotherms 
and isoconcentration contours for Rm = 50 with various Rem; 
(a) Ram = 1.5 X Ram(crit); (b) Rem = 3 X Ram(crit); 
(c) Ram = 4 X Ram(crit) .•••...••••.••••....•.•.....•. 121 

4.16 Time evolutions of Nusselt and Sherwood numbers for 
Rm = 1 and Ram = 5 X Ram(crit). N = 25 .................. 122 

4.17 Streamline patterns, isotherms and isoconcentration 
contours for parameters corresponding to those shown 
in Fig. 4.16. Dimensionless times are (a) t = 0.421; 
(b) t = 0.427; (c) t = 0.432; (d) t = 0.437; 
(e) t = 0.441 ..................................... 123 

4.18 Nusselt and Sherwood numbers for various Rom for 
Rm = 1 and 50 ................................... 124 

4.19 Steady-state streamline pattxrns, isotherms and iso
concentration contours for d = 1, Rm = 0.01 with 
various ~om. (a) Rem ~ 1.5 X R~(crit); (b) Ram .= 3 X Ram(crit); 
(c) Ram - 5 X Ram(crit), (d) Rsm - 10 X Ram(crit), 
(e) Ram = 20 X Rsm(crit) " • • • • • . • . • • • • • • • • • • . . . . • . • • • •. 125 

4.20 Steady-state streamline patterns, isotherms and iso-
A 

concentration contours for d = 0.5, Rm = 0.01 with 
various ~am' (a) Ram ~ 1.5 X Ra~(crit); (b) Ram .= 3 X Ram(crit); 
(c) Ram - 5 X Ram(crit), (d) Rem - 10 X Rsm(crit), 
(e) Ram = 20 X Ram(crit) . • • . • . • • • . • • • • . . . . . . . . • . . . . . .. 126 



12 

LIST OF ILLUSTRATIONS--continued 

Page 

4.21 Nusselt and SheJ:.wood numbers versus Ram with 
~ = 0.01 and d = 0.5 and 1 .......................... 127 

1'\ 

4.22 Time evolution of kinetic energy of the flow for d = 1, 
~ = 1 and Rsm = 10, 15, 17 and 18 ......... . . . . . . . . . . .. 128 

1'\ 

4.23 Time evolution of Nusselt and Sherwood numbers for d = 1, 
~ = 1 and Rsm = 20 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 129 

1'\ 

4.24 Time evolution of kinetic energy of the flow for d = 1, 
~ = 50 and Ram = 70 and 90. Solid lines: 5 terms; 
Dotted lines: 8 terms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 130 



LIST OF TABLES 

Table 

2.l Comparison of Critical Conditions for the Thermal 
Convection Case Obtained in the Present Study with 
those of Sun (1973, Table 3.5) for 0 = 0.001969, 

13 

Page 

fT = 0.6976, K = 10-4 cm2 , & = 0.1 ...................... 52 

3.l Experimental Values of the Critical Rayleigh Number .......... 73 

3.2 Summary of Fluid Properties .......................... 74 

3.3 Experimental Values of the Critical Wavelength (cm) 
with Estimated Errors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 75 

4.1 Comparison of the Steady-State Nusselt Numbers 
for Various Rayleigh Numbers Obtained in This 
Study with the Results Obtained by Previous 
Investigators ..................................... 131 

4.2 Comparison of the Critical Rayleigh Number of the 
Porous Layer as Calculated by Linear Stability Theory 
and a Nonlinear Computational Scheme . . . . . . . . . . . . . . . . . . .. 132 

4.3 Computational Parameters Used in Current Study ............. 133 

1\ 

4.4 Nusselt Number Results at d = 1 for Various Prandtl 
Numbers ....................................... 134 

4.5 Nusselt and Sherwood Numbers for Various Ram with 
~ = 1 and Computation Details; (sl): Steady State 
with Single Cell; (s3): Steady State with Triple Cell; 
(01): Oscillatory State with Single Cell; (03): Oscil-
latory State with Triple Cell ................ . . . . . . . . . .. 135 

4.6 Nusselt and Sherwood Numbers for Various Ram with 
~ = 50 and Computation Details; (sl): Steady State 
with Single Cell; (s3): Steady State with Triple Cell; 
(01): Oscillatory State with Single Cell; (03): Oscil-
latory State with Triple Cell ......................... " 136 



14 

NOMENCLATURE 

a Dimensionless wavenumber in the fluid layer 

~ Dimensionless wavenumber in the porous medium 

B Drag constant, coefficient of Forchheimer term in Eq. (2-6) 

Cp Specific heat of the fluid at constant pressure 

D Diameter of a glass bead 

d Thickness of the fluid layer 

dm Thickness of the porous layer 

1'\ 

d Depth ratio (d/dm ) 

Df Salt diffusivity in the fluid layer 

Dm Salt diffusivity in the porous layer 

(lIf PoCpDf 

(lim PoCpDm 

f Planar function of normal mode expansion in the fluid layer 

fm Planar function of normal mode expansion in the porous layer 

f· k Functional of nonlinear terms I, 

g Gravitational acceleration 

" " H 1 + lid 

kf Thermal conductivity in the fluid layer 

km Thermal conductivity in the porous medium, t{!kr + (1 - t{!) kg 

kg Thermal conductivity of a glass bead 

k Unit vector in the z-direction 



15 

NOMENCLA TURE--continued 

K Permeability 

l d/v'K 

Lef Lewis number in the fluid layer, DrI-Xr 

Lem Lewis number in the porous layer, Dm/.~m 

P Pressure 

Pr PrandtI number in the fluid layer (v/-Xr) 

Prm PrandtI number in the porous layer (v/>'m) 

R Thermal Rayleigh number in the fluid layer, gad3 (Tu - To)!v>.c 

Ra Salt Rayleigh number in the fluid layer, gpd3 (Su - So)/vDc 

Rm Thermal RayleIgh number in the porous medium, goomK(TO - Tl)/v-\n 

Ram Salt Rayleigh number in the porous medium, gp~K(So - Se)/vDm 

Rp Ratio of density excesses 

S Salinity 

J Salinity function in normal mode expansion 

T Temperature 

t Time 

u Velocity vector,.!!. = (u, v, w) 

u Velocity in the x-direction 

v Velocity in the y-direction 

w Velocity in the z-direction 

W Vertical velocity in normal mode expansion 



16 

NOMENCLATURE--continued 

Greek Symbols 

a Thermal expansion coefficient 

8: Beavers-Joseph constant 

ak Wavenumber in Galerkin s~ries 

f3 Concentration expansion coefficient 

5 v'K/dm 

V~ Horizontal part of Laplacian operator, 82/8x2 + a2 /8y2 

fT >.rl>'m 

fS Dc/Dm 

>.r Thermal diffusivity in the fluid layer 

>'m Thermal diffusivity in the porous layer 

"IT (Tu - To)/(To - Tt) 

"Is (Su - So )/(So - Sf) 

4> Porosity 

p Density of the fluid 

I' Dynamic viscosity 

v Kinematic viscosity 

() Normalized dimensionless temperature 

e Normalized dimensionless temperature 

q Temporal eigenvalue 

T Diffusivity ratio, Dm/>'m 



17 

NOMENCLATURE--continued 

Subscripts 

f Fluid layer 

k Index of series 

l Lower boundary 

m Porous medium 

0 Interface 

u Upper boundary 

Superscripts 

( )* rf>( )f + (I - ¢)( )m 

l time-step 



18 

ABSTRACT 

Thermal and fingering convection in a horizontal porous layer underlying a fluid 

layer was studied using linear stability analysis, experiment (for the thermal convection 

case only), and nonlinear simulation. For the thermal convection case, the linear analysis 

shows that when the fluid layer is thin, convection is largely confined to the porous layer. 

When the fluid layer thickness exceeds 15% of the porous layer thickness, convection is 

localized in the fluid layer and the critical wavelength is dramatically reduced. Experi-

mental investigations were then conducted in a test box 24 cm x 12 cm x 4 cm high to 

substantiate the predictions. The ratio of the thickness of the fluid layer to that of the 

porous layer, a, varied from 0 to I. The results were in good agreement with predictions. 

To investigate supercritical convection, a nonlinear computational study was carried out. It 

A 

was found that for d ~ 0.13, the Nusselt number increases sharply with the thermal 

A • • 
Rayleigh number, whereas at larger values of d, the Increase IS more moderate. Heat 

• A 
transfer rates predIcted for d = 0.1 and 0.2 are in good agreement with the experimental 

results. 

For salt-finger convection at Rm ~ 1, the critical value of the solute Rayleigh 

A 

number Rum decreases as d increases; the convection is unicellular. For 5 ~ Rm ~ 10, the 

critical Rom initially decreases with a, and then remains almost constant for larger values of 

d; multicellular convection prevails at high a. For 20 ~ Rm ~ 50, the critical Rem first 

decreases and then increases as a increases from 0 to 0.1. When a> 0.1, the critical Rom 

decreases slowly with a and remains almost constant for a ~ 0.4. In the nonlinear 

computations for Rm = 1, periodic convection sets in at a value of Rom between ten and 

eleven times the critical value. For the case of Rm = 50, an aperiodic oscillation occurs 

when Rom is between four and five times the critical value. For the superposed layer cases 
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A 
d = I and 0.5, the convection characteristics are similar to those of thermal convection 

when ~ = O.oI. For Rm = I, it was found that the onset of salt-finger convection is 

oscillatory. For Rm = 50, the nonlinear code failed to obtain satisfactory results. 
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CHAPTER 1 

INTRODUCTION 

The convective motion in a system consisting of a horizontal porous layer 

underlying a fluid layer is of interest in many practical applications, including geothermal 

systems, groundwater pollution, fiber and granular insulation, solidification of castings, etc. 

In a wide variety of such problems, the physical system can be modeled as a two

dimensional horizontally unbounded problem with the upper and lower walls held at 

different temperatures and species concentrations. The present study is motivated by 

convective motion in a solidifying casting. In the solidification of castings, the frozen solid 

region is separated from the liquid region by a mushy zone consisting of a finite meshwork 

of dendrites immersed in the melt. Fluid flow, due to buoyancy or double-diffusive 

effects, can alter the chemical homogeneity and grain structure of the solidified casting. 

For theoretical and computational purposes, the mushy zone can be regarded as a porous 

medium. Accordingly, in the present study, we will investigate thermal and finger 

convection in a horizontal porous layer of constant porosity underlying a stratified fluid 

layer. 

1.1 Thermal Convection 

Thermal convection in a single fluid layer or porous layer is well understood 

theoretically and experimentally. The most thorough sources of information relevant to 

buoyancy-driven flow in a horizontal fluid layer and a horizontal porous layer can be 

found in Turner (1973) and Cheng (1978), respectively. Relatively less research has been 

devoted to natural convection in superposed fluid and porous layers. Several similar linear 

stability analyses of this problem have preceeded this study. In his Ph.D. thesis, Sun 
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(1973), conducted theoretical and experimental investigations of the problem for small 

depth ratios. Nield (1977) considered the limiting case of the wavenumber approaching 

zero. Somerton and Catton (1982) considered the stability of superposed fluid and porous 

layers with internal heat sources. 

Recently, several nonlinear numerical studies have been carried out involving 

combined fluid and porous layers. Poulikakos (1986) treated a problem in which 

superposed fluid and porous layers were confined within a box. The ratio of the box 

height to its width was varied between 0.2 and 1.0. Solutions were obtained using a finite

volume algorithm. Nishimura et al. (1986) considered the two-dimensional problem of 

superposed layers in a box. A constant temperature difference was maintained between 

the vertical walls, the length of which was taken as five times the length of the horizontal 

walls. Solutions were obtained by a finite-element method. The results compare favorably 

with experimental results obtained by the same authors. Beckerrnann et al. (1988) 

considered three combinations of fluid and porous layers heated from the side, including a 

fluid layer on top of a porous layer. The solutions obtained by the finite-volume method 

agreed well with those obtained by experiment. 

1.2 Finger Convection 

In the directional solidification of binary alloys, a molten liquid typically overlies 

the solid, and the temperature and the concentration of the higher melting component both 

increase upward. This simultaneous increase in the temperature and the concentration is a 

situation in which finger convection may occur. Two excellent reviews (Ostrach, 1983; 

Glicksman et aI., 1986) have pointed out that double-diffusive effects must be taken into 

account in order to correctly predict the convective motion occurs in the melt. 



22 

Since the review of double-diffusive convection by Turner (1973), there have been 

several review and summary articles summarizing more recent results (Schechter et aI., 

1974; Huppert and Turner, 1981; Chen and Johnson, 1984; Turner, 1985). As far as the 

author is aware, no theoretical work on finger convection in a fluid superposed over a 

porous layer has been published. Likewise, there appears to be no published experimental 

data available. 

1.3 Mathematical Model 

Mathematically, the problem involves the coupling of the momentum equation for 

the fluid region (i.e., the Navier-Stokes equation) with the momentum equation for the 

porous medium (typically some form of Darcy's law) through an appropriate set of 

matching conditions at the fluid/porous layer interface. Depending on the form of the 

momentum equation chosen for the porous medium, the two sets of differential equations 

may be of different order, necessitating the use of empirical matching conditions. In the 

case where the flow in the porous medium is assumed to be governed by Darcy's law, 

Beavers and Joseph (1967) proposed the use of a "slip-flow" matching condition with the 

slip velocity proportional to the shear rate at the interface. Taslim et al. (1985) and Nield 

(1977, 1983) have used this approach to study the thermal instability of superposed fluid 

and porous layers heated from below. Neale and Nader (1974) found that, at the interface, 

the slip-flow hypothesis of Beavers and Joseph, although physically unrealistic, provides an 

excellent mathematical model (when used with Darcy's law) for hydrodynamic studies in 

porous/fluid interface problems. Owing to the no-slip condition on the rigid boundary, 

however, they proposed the use of the Brinkman-extended Darcy equations to account for 

the macroscopic flow in the porous medium. At the interface, they suggested that the 

shear stress in the porous medium is equal to the shear stress on the fluid side. 
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Somerton and Catton (1982) and Nishimura et at. (1986) used the Brinkman

extended Darcy equations, together with the matching conditions at interface, to investigate 

the stability of and heat transfer in superposed horizontal fluid and porous layers. 

Poulikakos (1986) and Beckerman et al. (1988) performed numerical studies of natural 

convection between horizontal/vertical fluid and porous layers inside a rectangular 

enclosure. They combined the governing equations of the fluid and porous layers into one 

set of equations valid for the entire domain. They claimed that the finite-volume 

numerical scheme ensured the continuity of the velocities and stresses at the interface are 

satisfied automatically. However, for a number of examples with a Darcy number of 10-4 

presented in Poulikakos (1986), the streamline patterns show that there is quite a bit of 

flow penetration from the fluid layer into the porous layer. This quite unusual 

phenomenon leads one to suspect that the one-equation model, which does not explicitly 

account for the interface boundary conditions, might underestimate the resistance of the 

porous medium near the interface. 

1.4 Objectives of the Present Study 

In this study, use is made of the Navier-Stokes equations for the fluid layer and the 

extended Darcy's equations (including Brinkman and Forchheimer terms) for the porous 

layer. Proper boundary conditions are applied at the interface between the fluid and 

porous layers. 

Fig. 1.1 provides a schematic of the physical situation corresponding to the initial 

and boundary conditions of the problem. The superposed fluid and porous layers are 

perpendicular to the gravity force, and are bounded above and below by parallel, rigid, 

perfectly conducting and diffusing plates, at which the temperatures and salinities are held 

constant. For the finger convection case, the temperature and salinity at the top boundary 
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are higher than at the bottom. Under such circumstances, a stabilizing temperature 

gradient and a destabilizing salt gradient compete with each other. For sufficiently 

destabilizing salt gradients, the fluid becomes unstable and finger convection occurs. 

There are three major parts which constitute this dissertation: a linear stability 

analysis, a fully nonlinear computational simulation, and experimental verification of the 

numerical results. In the theoretical sections, both thermal and finger convection will be 

studied. However, only thermal convection was studied experimentally. The stability 

analysis will be performed first to find circumstances for which the onset of thermal or 

finger instabilities occur. Then a series of experiments will be conducted to check the 

accuracy of the linear theory and to provide valuable foresight for the nonlinear 

computations. Fina])y, numerical techniques will be applied to study the nonlinear 

behavior of the thermal and finger convection in this superposed two-layer problem. The 

quantitative results for thermal convection were checked with the experimental 

measurements. 
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CHAPTER 2 

LINEAR STABILITY ANALYSIS 

The onset of finger convection in a porous layer has been considered by Nield 

(1968) and Taunton, Lightfoot, and Green (1972). It is known, however, that when a 

porous layer underlies a fluid layer, the critical condition for the onset of thermal 

convection in a singly-stratified system heated from below is considerably different from 

that for a porous layer alone. Sun (1973) was the first to consider such a problem, and he 

used a shooting method to solve the linear stability equations. The results showed that the 

critical Rayleigh number in the porous layer, Rm , decreased continuously as the thickness 

of the fluid layer was increased. He further considered the effect of volumetric heat 

generation in the porous layer. He also performed experiments to verify his predictions. 

Nield (1977) considered the problem with surface iension effects at a deformable upper 

surface. He obtained asymptotic solutions for small wavenumbers for a constant-heat flux 

boundary condition. Somerton and Catton (1982) departed from the formulations used by 

Sun and Nield by including the Brinkman term in the Darcy equation for the porous layer. 

They used the Galerkin method to solve the problem of a volumetrically heated porous 

layer underlying a fluid layer. More recently, Derjani et at. (l986) have considered the 

convective stability of a porous layer sandwiched between two fluid layers. They used a 

rapidly convergent power series to obtain results for a up to 0.1. 

In this chapter, the additional effect of a salinity gradient is considered. The 

general governing equations are first formulated for a porous layer underlying a fluid layer 

with temperature and salinity gradients existing in both layers. For small disturbances to 

the motionless conduction solution, these equations can be linearized. We then assume that 
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the onset of convection occurs via monotonically growing disturbances. The resulting 

eigenvalue problem is then solved by a shooting method. To validate our method of 

solution and the associated computer program, the results will first be compared with those 

of Sun (1973) for the thermal convection case. Then the results for the onset of salt-finger 

convection will be presented. 

2.1 General Governing Equations 

A porous layer of thickness dm underlying a fluid layer of thickness d is 

considered. The top of the fluid layer and the bottom of the porous layer are bounded by 

rigid walls which are maintained at different constant temperatures and salinities. For the 

salt-finger case, the temperature and salinity at the bottom boundary are lower than those 

at the upper boundary. A Cartesian coordinate system is chosen with the origin at the 

interface between the porous and fluid layers and the z-axis vertically upward (see 

Fig. 1.1). The continuity, momentum, energy, and concentration equations for the fluid 

layer are, respectively, 

v . u = 0 (2-1) 

Po [ai, + ~ . v~l = -vp + pV2~ - p,g[l - o(T - To) + pes - So)l~ (2-2) 

as + u . VS = Dr V2S (2-4) at -

The same equations for ·the porous layer are (Georgiadis and Catton, 1986; Murray, 1986) 
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a( t/Jpo) + V. (p II ) = 0 at 0 =m (2-5) 

[
I a~ B 1 p - --- + - I~I ~ = -VP _ 1!. ~ 

o if> at K - - m K-

2~ 
- pog[1 - o(Tm - To) + f3(Sm - So)] ~ + J.' V T (2-6) 

t/J aSm + ~ . VS = D V2c;: (2-8) at - m m "'In 

In both sets of equations, the Boussinesq approximation has been applied and Q and f3 are 

defined as 

Q = _ 1.. (Ei!..) 
Po aT P,S' 

f3 - 1.. (§.p..) 
- Po as T,P 

(2-9) 

In equation (2-6), the Brinkman extension is included in the momentum equation and ~ 

represents the filtrate velocity in the porous medium. The use of Brinkman terms, as 

discussed by Nield (1983), is important when the porosity is large. The permeability of the 

porous medium is denoted by K. For a porous medium in which the solid phase consists 

of glass spheres, K is obtained from the Kozeny-Carmen relation (Combarnous and Bories, 

1975), 

-~~ 
K - 172.8 (l-t/J)2 ' 

in which D is the diameter of the spheres. The thermal conductivity of the porous 

medium, km' is calculated from 

where kg is the thermal conductivity of the glass. 



29 

It has been realized that the inclusion of inertial effects by adding ~ . V~ cannot 

be correct. Beck (1972) pointed out that this term vanishes identically if the flow is 

unidirectional and hence cannot represent the known effect (increase in drag) in that case. 

For many naturally occurring porous media, Nield and Joseph (1985) showed that I~I ~ 

is the appropriate inertial term in the momentum equation. This is a modification of an 

equation associated with the names of Dupuit and Forchheimer. The effect of inertia is a 

drag term which is quadratic in the velocity ~. The coefficient B, which is called the 

form drag constant, is independent of the viscosity and the other properties of the fluid, 

but is dependent on the geometry of the medium. It can be expressed as 

1.75D 
B = 150(1-1/» , 

where D and I/> are, respectively, the diameters of glass beads (which constitute the porous 

medium) and the porosity of the porous medium (Georgiadis and Catton, 1986). Experi-

mental support for this form of the quadratic drag is described by Ward (1964), while the 

many experimental results summarized by MacDonald et al. (1979) are consistent with this 

form. 

The boundary conditions at the top and bottom boundaries are no-slip, constant 

temperatures, and salinities: 

v = W = 0, T = T u , at z = d, (2-10) 

at z = -dm , (2-11) 

At the interface, z = 0, we require continuity of the velocities, temperatures, salinities, 

normal stresses, shear stresses, heat fluxes, and salt fluxes, leading to 
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av aVm 
fJ az = fJ a:L' 

(2-12) 

Ir_ aT = k aTm 
'~az m 8z 

It is noted that the "effective viscosity" in the porous medium is simply chosen to be equal 

to the fluid viscosity (Neale and Nader, 1974). 

2.2 Linear Stability Formulation 

In the linear stability analysis, the viscous effect is neglected in the porous medium; 

hence, the Brinkman term will not be included in Eq. (2-6) in this chapter. Thus, 

enforcement of the continuity of the horizontal velocities and shear stresses of Eq. (2-12) 

will be replaced by the Beavers-Joseph condition (Beavers and Joseph, 1967), which relates 

the shear in the fluid to the slip velocities at the interface. In terms of vertical velocities, 

this condition is 

(2-13) 

in which a is a constant approximately equal to 0.1 as determined by Beavers and Joseph 

(1967). This condition has been supported experimentally and theoretically by Neale and 

Nader (1974), Beavers, Sparrow, and Masha (1974), and Nield (1983). 

In rendering the equations nondimensional, separate length scales are chosen for the 

fluid layers and the porous layers so that both layers are of unit depth, as was done by 
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Nield (1983). For the fluid layer, the acharacteristic length is chosen as d, time as d2 /Ar, 

velocity as II/d, temperature as (Tu-To)II/>.c, and salinity as (Su-So) II/Dc. For the porous 

layer, ~, cI!/-\n, II/~, (To-Tl) II/-\n, and (So-Su) II/Om are chosen for the 

corresponding characteristic quantities. Here, To and So are the temperature and salinity at 

the interface for the conduction solution. The steady basic state is quiescent; the eight 

equations reduce to the diffusion equations for temperature and salinity in the fluid and 

porous layers. Applying the boundary conditions that the temperature, salinity, heat flux, 

and salt flux must be continuous through the interface, we obtain the solution 

T= To + (Tu - To) z/d 

S = So + (Su - So) z/d for 0 ~ z ~ d 

and 

where the values at the interface are 

The pressure is hydrostatic and need not be presented here. 

Four important nondimensional parameters appear in the disturbance equations for 

each layer; these are the Prandtl numbers Pr and Prm, Lewis numbers Lee and Lem, 

thermal Rayleigh numbers Rand Rm, and salt Rayleigh numbers Ra and Rem. For the 

fluid layer, the Rayleigh numbers are defined as 
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R = ga(Tu - TcJcP/(v>.r) 

The Rayleigh numbers for the porous layer are defined in terms of the permeability K: 

A normal mode expansion is used for the dependent variables as follows: 

(w, T, S) = [W(z), O(z), .f(z)] f(x,y) eat 

where 

V~f + a2 f = 0, 

and similarly for the variables in the porous layer. The separation constants a and am are 

nondimensional horizontal wavenumbers. Since the dimensional horizontal wavenumber 

must be the same for the fluid and porous layers if matching of solutions in the two layers 

A 

is to be possible, one must have aid = ~/~ and hence d = a/~. The temporal 

eigenvalues 0 and om are generally complex. 

We denote the differential operators d/dz and d/dzm by D and Dp ' respectively, 

and apply the normal mode expansion in the equations and boundary conditions as shown 

below: 

D4W - r2a2 + .!!.....) D2W + (a2 .!!..... + a4) W = a2 RO - a2 R .f t Pr Pr 8 
(2-14) 

D2 0 - (a2 + 0)0 = W (2-15) 



The boundary conditions are: 

W(I) = 6(1) = J(l) = DW(I) = Wm(-l) = (1m(-I) = J m(-I) = 0 

At the interface z = 0, 

{1 = ET e 
'YT m 
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(2-16) 

(2-17) 

(2-18) 

(2-19) 

(2-20) 

(2-21 ) 

(2-22) 

(2-23) 

(2-24) 

(2-25) 

(2-26) 

(2-27) 

The eigenvalue problem consists of an eighth-order ordinary differential equation 

(ODE) syste~ in the fluid layer and a sixth-order ODE system in the porous layer, with 14 
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boundary conditions. For the salt-finger case, the temperature and salt stratifications are 

" stabilizing and destabilizing, respectively. One may regard R, Rm, d, and all properties of 

the fluid and the porous medium as given, and the eigenvalues Ram (and Ra) are sought 

for given ~ (and a). 

2.3 Method of Solution 

A shooting method using fourth-order Runge-Kutta integration will be applied to 

solve these ordinary differential equations with the relevant boundary conditions. Each 

iteration of the shooting technique will start at the interface and end at the top and bottom 

boundaries. Each iteration requires 14 initial conditions at the interface, seven of which 

are known and seven of which have to be guessed. The so-called unit disturbance method 

will be applied here for the initial guesses. This consists of setting one of the unknown 

initial conditions to unity and the others to zero, and carrying out the integration seven 

times (once for each set of initial conditions). After integrating seven times, an array of 

boundary ·values W(l), 6(1), .1'(1), DW(I), Wm(-I), 9m(-I), and .1' m(-I) is obtained at the 

top and the bottom walls. The boundary conditions require that some linear combination 

of the seven sets should vanish. Hence, a seven-by-seven determinant is obtained which 

/\ 

depends on all of the parameters, and in particular on Ram' am' Rm, and d. Setting this 

determinant to zero, the eigenvalue Ram may be obtained by bisection for chosen values of 

/\ 

~, Rm, and d. 

Having obtained the eigenvalue Ram' the eigenfunctions W, 9, and .1' in the fluid 

layer and W m' 9m, and .1' m in the porous layer are then computed. This is accomplished 

by determining the coefficients of the solutions of the seven initial value problems using 

the system of seven homogeneous algebraic equations previously obtained. The seven 

coefficients are determined to within one arbitrary normalization constant. With these 
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coefficients known, one can then start with the "correct" initial conditions and integrate 

across the layers to obtain the perturbations of vertical velocity, temperature, and salinity. 

Some difficulties may arise when using the shooting method to solve differential 

equations with coefficients whose magnitudes differ by several orders of magnitude (Antar, 

1976). To overcome these difficulties, a Runge-Kutta subroutine written by Forsythe, 

Malcolm, and Moler (1977) is employed here. This subroutine is designed to solve mildly 

stiff differential equations in which the coefficients in the equations have disparate 

magnitudes. 

2.4 Results and Discussion 

It is known that, for a single component fluid, the principle of exchange of 

instabilities holds for a Newtonian fluid layer or a porous layer. Furthermore, this 

"principle" also holds for the onset of fingering convection in a layer of Newtonian fluid or 

porous medium. In the following, it is assumed that, for the present situation, the 

principle also holds, and the onset of instability is in the form of monotonically growing 

disturbances leading to steady convection. In the following calculations, (1 is set to zero. 

The calculation procedure and associated computer program are first checked by 

comparing the results for thermal convection with the results of Sun (1973). In this 

process, some interesting aspects heretofore overlooked by previous investigators have been 

uncovered. The results for the salt-finger case are presented in Section 2.4.2 

2.4.1 Thermal Convection Case 

In his Ph.i). thesis, Sun (1973) considered the onset of thermal convection in a two-

/\ 

layer system. He presented results of calculations for depth ratios d from 0.001 to 0.13 for 

6 = 0.001969, £T = 0.6976 and & = 0.1. Using the same values of these parameters, results 

/\ 

for d up to 1.0 have been computed in this study. The present results and those of Sun 
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" (1973) are compared in Table 2.1. It can be seen that for d ~ 0.10, the agreement is 

reasonable. Beyond that depth ratio, the results differ. 

In order to resolve the discrepancy, we investigated the marginal stability curves. 

" Results at a number of depth ratios are shown in Fig. 2.1. For d ~ 0.14, the marginal 

" stability curves are bimodal, exhibiting two local minima. For d < 0.13, the long-wave 

branch is the more unstable, whereas for a ~ 0.13, the short-wave branch is the more 

unstable. At higher values of a, the long-wave local minimum disappears. Since Sun 

(1973) computed the margin~l stability curve over only a small range of wavenumbers in 

the neighborhood of the long-wave critical point, he missed this interesting facet of the 

problem. The precipitous drop of the critical value of -~ with increasing a and the 

discontinuous change of the critical wavenumber are shown in Fig. 2.2. The kink in the 

" . Rm curve at d = 0.13 corresponds to the sudden Jump from one mode to another. The 

wavelength decreases almost tenfold at that point. 

In an effort to understand the cause of this change in preferred mode, the 

eigenfunction W together with the two-dimensional streamline patterns are presented for 

four depth ratios in Fig. 2.3. For each case presented, the profile of W (shown on the left 

of the figure) has been normalized so that its maximum magnitude is 1.0. The porous 

layer extends from -1 to 0 in the vertical direction, and the fluid layer extends from 0 and 

" " d. The width of the streamline plot is the critical wavelength. It is seen that for d = 0.10, 

the convection occurs in both the fluid and porous layers, with each convection cell having 

" a width of the same order of magnitude as the porous layer thickness. As d increases to 

0.12, the convective motion in the fluid layer becomes stronger than that in the porous 

" layer. At d = 0.13, the convection is almost completely confined to the fluid layer and the 

dramatic reduction of the critical wavelength is clearly evident. " For 0.13 ~ d, the 

convection remains localized in the fluid layer; the convection cells in the fluid layer are 
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A 

nearly square, and the circulation in the porous layer diminishes in strength as d increases. 

For d ~ 0.5, the velocity in the porous layer is essentially zero. The modal change at 
A . 

d = 0.13 is the result of switching from a flow in both the fluid and porous layers to one 

largely confined to the fluid layer. 

2.4.2 Salt-Finger Case 

In the salt-finger case, the stiffness problem mentioned in Section 2.3 becomes more 

A 

severe. Cases with higher d or Rm result in large differences in the order of magnitude of 

A 

the coefficient in the linear disturbance equations. For example, for the case of d = I and 

Rm = 50, the thermal Rayleigh number R is 1.13 X 107 • The coefficients in the 

momentum equation of the fluid layer, therefore, differ by seven orders of magnitude or 

more. The Runge-Kutta shooting code used in the thermal case gives a determinant on 

the order of 1030 or larger. The bisection method is thus unable to accurately locate the 

zero of the determinant and hence the shooting fails. 

A code named LSODE (Livermore Solver for Ordinary Differential Equations) is 

then chosen for the salt-finger computation in this section. This solver deals with the stiff 

case by using the Backward Differentiation Formula (BDF) method and with the nonstiff 

case by the Adams method. Because many stiff problems are often nons tiff in the initial 

phase, integrating through the transient with the stiff method is very expensive. This code 

can automatically switch between the Adams and the BDF methods whenever appropriate. 

The overhead of making the switching decisions is small (Petzold, 1983). 

For the salt-finger case, the temperature gradient is stabilizing. The critical salt 

Rayleigh number which would cause the onset of convection will be sought. The property 

values are taken to be S = 0.0023, €T = 0.7, and €s = 3.75. 
A 

We define "IT = d/€T and 
A 

"Is = d/€s· The first case to be examined is Rm = om, in which the temperature gradient 
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is stabilizing. Since Rm is small, the stability characteristics are expected to be similar to 

thase for thermal convection. We calculate the critical solute Rayleigh number Ram and 

A 

the corresponding wavenumber ~ for d varying from 10-4 to 1.0; the results are shown in 

A 

Fig. 2.5. It is seen that ~ jumps from 2.3 to 8.7 when d increases from 0.26 to 0.27. 

A 

Also, Ram decreases with increasing d and an inflection point occurs in the range 

A 

0.26 < d < 0.27, where the sudden jump in ~ occurs. We also examine the eigenfunction 

A 

Wand the corresponding streamline patterns for various values of d. For the case of 

A 

d = 0.1, convection is predicted to occur in both fluid and porous layers. The convection 

A 

cells are nearly square, with the flow passing through both layers as a single cell. As d 

approaches the value at which the jump occurs in ~, the flow is increasingly confined 

within the fluid layer. For larger d, the wavelength of the convection cell is reduced to 

the scale of the fluid layer depth, and appears to be nearly square again. As a whole, it is 

evident that for small Rm, the stability characteristics of fingering convection are similar to 

those for thermal convection. 

" We then increase Rm from to 50; the critical Ram and ~ vary with d, as shown 

" in Figs. 2.7a and 2.7b, respectively. For ~ = 1, the critical value of ~m decreases as d 

increases, while the wavenumber decreases with increasing d. In the range 0.3 < a < 0.4, 

A 

the wavenumber varies more slowly with d than outside this range. Unlike the thermal 

convection case, no precipitous change of wavelength is found. When Rm increases to 5, 

the critical Ram decreases sharply when a is small and remains almost constant as a 
increases. The critical wavenumber, meanwhile, decreases as a increases. Similar results 

are observed for Rm = 10. For Rm = 20, the critical ~ has a local minimum and a local 

•• I\. A 

maxImum In the range d < 0.2. In the same d range, the critical Ram also develops a local 

minimum and a local maximum. Higher Rm enhances this change more; see curves of Ram 

and am for the cases of Rm = 30 and 50. 
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In order to gain more physical insight into the instability, the eigenfunction Wand 

the corresponding streamline patterns are examined in Fig. 2.8 for four depth ratios with 

A Rm = 1. One can see that convection occurs in both fluid and porous layers when d is 

A A • 
small (= 0.1) and is confined to the fluid layer when d ~ 0.2. At d = I, a bIcellular 

convection is observed in the fluid layer, with the cell near the top boundary being 

A 

stronger. For higher Rm , say 20, Fig. 2.9 shows the convection in the porous layer for d 

up to 0.2. When d increases to 0.5, the convection sustained in the porous layer virtually 

vanishes and bicellular convection is found in the fluid layer. The cell near the top 

" boundary is still the strongest. For d = I, four convection cells occur in the fluid layer 

with the strongest cell at the top. For Rm = 50, Fig. 2.1 0 shows that multicellular 

" A convection in the fluid layer occurs for d = 0.2, for which value of d convection still 

occurs in the porous layer. The number of convection cells in the fluid layer increases as 

" " d increases. At d = I, five cells exist in the fluid layer with the strongest one at the top. 

From the flow patterns, one sees a correlation of high aspect ratio convection cell 

with increased stability of the two-layer system. It is interesting to reexamine Figs. 2.8 

through 2.1 0 again with this perspective. For Rm = 1, three depth ratio regions can be 

" discerned on the basis of the predicted convective flow. They are: d ~ O. I, in which a 

" single low aspect ratio cell occurs; 0.2 ~ d ~ 0.5, in which a single high aspect ratio cell 

A " occurs; and d = 1, multiple high aspect ratio cells. In the region d ~ 0.1, Fig. 2.7a shows 

that the critical Ram drops sharply with increasing a as for the thermal case. For larger a, 
the critical Rem decreases and the convection cells have higher aspect ratios. When 

" multicellular convection occurs, the critical Rem remains almost constant as d increases. By 

looking at the Rem curve in Fig. 2.7(a) and the corresponding streamline patterns in Fig. 

A 

2.10, it is found that, at d = 0.2, when multiple cells appear in the fluid layer and 
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convection in the porous layer still persists, the system is more stable than at a = 0.1, when 

the single low aspect ratio cell dominates the system. This observation awaits the 

confirmation of experimental results. 

2.5 Summary for Linear Analysis 

For the thermal convection case, the critical critical value of -Rm decreases 

precipitously with increasing depth ratio. The marginal stability curve is bimodal for small 

1\ 

depth ratios. For d < 0.12, the long-wave branch is the most unstable and the convection 

1\ 

is largely confined to the porous layer. For d > 0.12, the short-wave branch is the more 

unstable and the convection is localized in the fluid layer. 

For the salt-finger convection case, Rm determines whether the layers become less 

1\ 

stable as d increases, as in the thermal case. For Rm :S 5, the layers become less stable as 
A 

d increases. For IO:s Rm :S 50, it is found that the layers first become less stable, and 

1\ 

then more stable as d increases from 0.1 to 0.2; consequently, the critical Rsm remains 

almost constant as a continues to increase. From Wand the streamline patterns, we see 

that the multicellular convection prevails in the salt-finger case. 
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(a) 

(b) 

(d) 

Figure 2.3 
A 

Streamline pattern and W for the thennal convection case: (a) d = 0.1; A A 7\ 
(b) d = 0.12; (c) d = 0.13; (d) d = 0.33. 
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Streamline pattern and W for the salt-finger case with Rm = 50 and 
6 = 0.003: (a) d = 0.1; (b) d = 0.2; (c) d = 0.5; (d) d = I. 
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0.001 

0.01 

0.04 

0.10 

0.11 

0.12 

0.13 

0.33 

0.5 
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Comparison of Critical Conditions for the Thermal Convection Case Obtained 
in the Present Study with those of Sun (1973, Table 3.5) for 6 = 0.001969, 
€T = 0.6976, K = 10-4 cm2 , & = 0.1. 

Present Study Sun (1973) 

-Rm -Rm 

39.422 3.14 39.426 3.14 

36.702 3.02 37.951 3.10 

24.722 2.35 26.331 2.50 

19.093 2.14 18.197 2.20 

14.294 23.41 17.284 2.20 

10.242 21.60 16.370 2.20 

7.535 20.05 15.426 2.20 

0.207 8.29 

0.041 5.55 

0.0027 2.82 
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CHAPTER 3 

EXPERIMENTAL INVESTIGA nON 

In Chapter 2, we studied the onset of salt-finger convection in superposed fluid and 

porous layers by linear stability theory. The motion in the fluid layer was governed by the 

Navier-Stokes equation, and the motion of the fluid in the porous layer was governed by 

Darcy equation. Because of the difference in the order of the differential equations 

involved, a velocity slip condition proposed by Beavers and Joseph (1967) was applied at 

the interface. It was further assumed that the motion was two-dimensional and the layers 

were of infinite horizontal extent. In order to check the method of analysis and the 

associated computational program, we first calculated the onset conditions for a pure 

thermal convection case and compared our results with those of Sun (1973). 

" For the thermal convection case at a given depth ratio d (the ratio of the fluid layer 

depth to porous layer depth), the critical conditions are determined by three parameters: 

the Darcy number 6, the ratio of thermal diffusivities £T' and the accommodation 

coefficient & at the interface. The Darcy number is given by 62 = K/d~, where K is the 

permeability and dm is the thickness of the porous medium. The thermal diffusivity ratio 

£T = >.r/>-m, in which >.c and .Am are the thermal diffusivities of the fluid layer and porous 

medium, respectively. Here,.Am is defined as the ratio of the thermal conductivity of the 

porous medium to the heat capacity per unit volume of the fluid (pc)r. The thermal 

conductivity of the medium km is given by (see Chapter 2) 

(3-1 ) 

where kg is the thermal conductivity of the glass. 
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Using the same values of 6 (= 0.002), ET (= 0.7), and 8: (= 0.1) as those used by Sun 

(1973), the results for both the critical Rayleigh number and the critical wavenumber 

'" '" agreed very well with Sun's for d ~ 1. For d = 0.11, the critical wavenumber calculated in 

the present work was almost ten times larger than that calculated by Sun. Further 

investigation showed that the marginal stability curve was bimodal and, at approximately 

'" d = 0.12, the critical mode shifted from the long wavelength branch to the short 

'" wavelength branch. When the depth ratio is small (d ~ 0.1), the motion occurs in both 

'" fluid and porous layers. When the depth ratio d > 0.1, the fluid layer was of sufficient 

depth to become the more unstable of the two layers, and the convection is largely 

confined therein. 

For two different sets of 6 and lOT' the variations ~f the critical Rayleigh number 

and wavenumber with depth ratio are presented in Figs. 3.1 and 3.2. Two theoretical lines 

are shown: the solid line is for 6 = 1.77 X 10-3 and ET = 0.7, and the dotted line is for 

6 = 3.53 X 10-3 and ET = 0.4. The former represents a 4-cm-thick porous layer of 3-mm-

diameter glass beads saturated with water, and the latter represents a 2-cm-thick layer of 

similar beads saturated with 100% glycerin. The Rayleigh number Rm is defined earlier in 

Chapter 2. 

The temperature difference across the porous layer can be related to the 

temperature difference fj. T across the two layers when the system is in the conduction 

mode prior to the onset of instability, 

(3-2) 
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In Fig. 3.1, we show the rapid decrease of - Rm with increasing depth ratio a. The 

1\ 

abrupt change in the rate of decrease of -Rm at d !!:! 0.13 is due to the sudden shift of the 

global minimum on the neutral curve from the long wavelength branch to the short 

wavelength branch. The sudden increase of the critical wavenumber at the critical depth 

ratio is shown in Fig. 3.2. 

In his Ph.D. dissertation, Sun (1973) conducted experiments in a circular tank 29 cm 

in diameter and approximately 8 cm deep. The solid matrix consisted of glass beads 6 mm 

in diameter, and the saturating fluid was water. Experiments were conducted with three 

• 1\ 

depth ratIos, d = 0.0609, 0.109, and 0.211. The measured critical Rayleigh number 

confirmed the general decreasing trend predicted by the stability theory as the depth of the 

fluid layer was increased. No provisions were made, however, to detect the size of the 

convection cells. 

3.1 Experimental Apparatus and Procedure 

The experiments were performed in a box which was used by Murray and Chen 

(1989) to investigate the onset of double-diffusive convection in a porous layer. The box 

had inside dimensions of 24 cm long x 12 cm wide x 4 cm high. The side walls of the 

box were made of glass, and the top and bottom constant-temperature walls were made of 

brass. The removable top wall was provided with passages through which water from a 

constant-temperature bath was circulated. The bottom wall was of sandwich construction, 

consisting of an upper plate made of brass and a lower plate made of aluminum, in which 

water passages were provided. Sandwiched between these two plates was an RdF Microfoil 

heat flux sensor with dimensions of 4 cm x 1.5 cm. This sensor was located at the center 

of the aluminum plate, from which sufficient material was removed to accommodate the 

sensor. In order to insure good thermal contact between the aluminum plate, the heat flux 
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sensor, and the brass plate, Dow Corning Silicone heatsink compound was embedded in the 

top and bottom walls near the inside surfaces at the center and periphery of each wall. 

The box was insulated on all faces with styrofoam. Water at different temperatures was 

supplied by two separate constant-temperature baths. Using the thermal conductivity 

values given by Segur (1953), the heat flux sensor was calibrated by filling the box with 

glycerin and imposing a stable temperature difference. 

The solid matrix consisted of glass beads with a nominal diameter of 3 mm. The 

permeability K of such a porous medium was obtained by using the Kozeny-Carman 

relation (Combarnous and Bories, 1975), as shown in the previous chapter. 

A 

Experiments with six depth ratios (d = 0.0, 0.25, 0.1, 0.2, 0.5, and 1.0) were 

performed; three of these were below and three above the critical depth ratio. These 

experiments were conducted in the test tank with a fixed height of 4 cm. The depth of 

A • 

the porous layer dm varied according to dm = 4 cm/(I + d), whIch in the present 

experiments varied from 4 cm to 2 cm. 
A 

For the d = 0.025 case, special provisions were 

made to support the top constant-temperature wall 1 mm above the porous layer which 

was 4 cm in depth. When filling the tank with fluid-saturated porous medium, it was 

important to avoid trapping air bubbles among the glass beads. We first immersed the 

glass beads in a beaker filled with the saturating fluid. Then, the wetted beads were ladled 

with a spoon into the test tank. For a very viscous fluid, such as glycerin, extra care must 

be taken since any sudden motion of the spoon would generate a number of air bubbles, 

which would persist in the fluid for a long time. After the glass beads were packed to the 

desired height, additional fluid was added to fiII the tank to 4 cm in depth. The top 

constant-temperature plate was then carefully placed on top of the fluid layer, resting on 

plexiglass stays placed at the two ends of the tank. Care was taken not to trap any air 

bubbles between the fluid surface and the top wall. 
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In order that the overall temperature difference across the test tank was not too 

small to be determined accurately, and at the same time not too large to incur sizeable 

property variations, fluids of higher viscosity were used as the depth ratio was increased. 

" Four different fluids were used: water for d = 0, 0.025, and 0.1; 60% glycerin-water 

solution for a = 0.2; 90% glycerin-water solution for a = 0.5; and 100% glycerin for 

" d = l.0. For these fluids, the diffusivity ratio tOT varied from 0.4 (glycerin) to 0.7 (water). 

The size of the convection cells was determined by three different methods. In the 

first method, it was inferred from the temperature distributions measured in the 

longitudinal and transverse directions. Temperatures at selected locations in a horizontal 

plane 2 cm above the bottom of the tank were measured by thermocouples which were 

fixed onto a grid. The grid was made of a plexiglass frame spanning the inside of the box 

with two tightly stretched nylon lines in the longitudinal and transverse directions. 

Thermocouples made of 36-gauge copper and constantan wires were attached onto the 

nylon wires; 14 of these were on the longitudinal line and 6 were on the transverse line. 

The distances between the thermocouples were adjustable to accommodate the dispamte 

wavelengths anticipated from the stability analysis. The thermocouple outputs were 

converted into temperatures by a Fluke Datalogger. 

/\ 

For experiments with d ~ 0.2 in which the fluids were glycerin-water solutions, 

convection patterns in the fluid layer at supercritical states could be detected by shadow-

graphs. This is because the variation of the index of refraction with temperature for 

glycerin is approximately three times as large as that for water. At 15°C, the respective 

values are 2.25 x IO-4°C-l (Segur, 1953) and 0.7 x IO-4oC-l (Weast, 1975). In these cases, 

the wavelengths obtained from temperature measurements were compared with those 

obtained by shadowgraph. 



58 

The third method involved the use of a liquid crystal film. It became evident from 

the temperature readings early in our investigation that the convection pattern was three

dimensional. In order to visualize the pattern over the entire tank, we used a liquid crystal 

film glued to a plexiglass sheet 1.58 cm (1/16 inch) thick, which was the same size as the 

top cooling plate. The temperature range of the film was from 25°e (orange) to 300 e 

(blue). Intermediate temperatures were shades of yellow and green. At the desired 

condition when the convection cells were fully developed, the top cooling plate was 

removed, and the sheet with liquid crystal film was carefully placed on top of the fluid 

layer so as not to trap any air bubbles under the sheet. With practice, the removal of the 

plate and placement of the sheet could be completed in less than two minutes. The color 

pattern in the liquid crystal film would slowly emerge, and it was recorded by a camera 

mounted vertically above the tank. 

Each experiment was started by increasing the temperature of the bottom wall by a 

predetermined amount and, at the same time, decreasing the temperature of the top wall 

by the same amount. In this manner, the mean temperature was maintained close to room 

temperature. The. diffusion time based on a 2-cm layer of 100% glycerin was 2200 secs. 

The temperature difference across the tank was increased by approximately 3°e every 2 

hours. The actual temperature differences are shown in Fig. 3.4. The voltage output of 

the heat flux meter and temperatures at selected points were recorded every minute; these 

readings indicated that a steady state was generally established within 40 minutes. The 

temperature difference across the tank was slowly increased to approximately 200 e in five 

or six steps. The experiment was repeated five times with the same packing of glass beads 

so that there would be a good coverage of data points within the temperature difference 

range. As shown in Fig. 3.4, the five experiments were cnducted with different initial 
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values of AT. The mean initial temperatures also differed slightly. A total of 39 

experiments were performed. 

3.2 Experimental Results 

3.2.1 Critical Rayleigh Number 

For data reduction, the porosity of the porous medium must be measured in situ. 

This is particularly important for this set of experiments because the glass beads must be 

packed carefully in order to present a nearly flat interface. A photo showing the 

1\ 

experimental setup for d = 1.0 is presented in Fig. 3.3. It can be seen that the glass beads 

are packed in regular horizontal rows with very few defects. The measured values of 

porosity ifJ for four different packings of the glass beads ranged from 0.341 to 0.350, with 

an average of 0.345, which was taken as the porosity of the medium. Random packings of 

glass beads yielded an average ifJ of 0.390. Both values are well within the theoretical 

range of 0.259 to 0.875 given by Scheidegger (1974). 

1\ 

To· check out the experimental system, we ran a set of experiments for d = 0, a 

4 cm thick layer of water-saturated glass beads. The heat flux curve is shown in Fig. 3.4, 

with a critical AT of 15.2°C. As shown in Fig. 3.4, the critical AT is determined by the 

intersection in the heat flux-AT plane of a straight line (for sman AT) on which the heat 

transfer is solely by conduction and a curve (for higher AT) on which convection also 

contributes. The intersection of the straight line and curve is determined as the 

intersection of a straight line and a quadratic which are individually fitted to the data. 

The data used to compute the straight line and quadratic curve, respectively, are chosen so 

that a 4°C region of overlap exists. The physical properties are evaluated at the mean 

temperature of 24°C using the correlation given by Burretta (1972) for water. The critical 

Rayleigh number is found to be 40.07, as shown in Fig. 3.5, which is in excellent 
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agreement with the theoretical value of 4~ given by Lapwood (1948) and the experimental 

results of Combarnous and LeFur (1969), Elder (1967), Katto and Masuoka (1967), and 

Burretta (1972). 

The same procedure was followed to determine the critical values of l:l. T for 

A 

0.025 ~ d ~ 1.0. When converting these critical values of l:l.T to Rayleigh numbers, a 

question arises as to what temperature should be used for the evaluation of the physical 

A 

properties. Since the convection occurs predominantly in the porous layer at small d and 

A 

in the fluid layer at large d, we calculated the Rayleigh numbers based on the physical 

properties at three different temperatures: Tmp ' the mean temperature of the porous layer; 

Tmf, the mean temperature of the fluid layer; and To, the temperature at the interface. 

These Rayleigh numbers, together with the theoretical value predicted by the linear 

stability theory, are shown in Table 3.1. It can be seen that, in general, the Rayleigh 

numbers evaluated at To, the interface temperature, give the least relative error with 

respect to the predicted value. This set of critical Rayleigh numbers is shown in Fig. 3.1 

along with the theoretical curve. The agreement is quite good. Error bars are shown for 

each data point. The horizontal bar indicates the possible error resulting from the 

uncertainties in the measurement of the depth of the two layers. The vertical bar indicates 

the uncertainties in the Rayleigh number determination. The sources of error are due to 

the uncertainties of the critical temperature difference, permeability of the porous medium, 

vertical position of the interface between two layers, and so on. As to the critical l:l.T, the 

thermocouples contribute less than 1% uncertainty. The graphical determination of the 

intersection of the straight line and the quadratic curve contributes about a 5% error to 

l:l. T. The uncertainties of l:l. T due to the heat flux measurement and the range of overlap 

of the data is negligible and neglected, respectively. Therefore, the total uncertainty of the 
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critical 1:1 T is about 6%. The permeability of the porous medium, which is calculated by 

using the Kozeny-Carmen relation (as shown on p. 26) with the measured porosity as 

discussed in Section 3.2.1, has an uncertainty of approximately 2%. The uncertainty of the 

porous layer thi~kness is estimated to lie in the range of 5% for a = I to 2% for a = o. 

(The porous layer thickness is measured at three horizontal positions using a plastic ruler 

with I mm divisions.) Finally, there is also an uncertainty of less than I % in the physical 

properties due to the uncertainty of To, which serves as a reference temperature to 

calculate the physical properties. As a result of the combined uncertainties in all the 

quantities used to determine the critical Rayleigh number Rm , the error is estimated to be 

A A 
about 15% for d = I and about 8% for d = O. The physical properties of the fluid 

evaluated at To are summarized in Table 3.2. 

3.2.2 Critical Wavelength 

A 

Temperature distributions in the longitudinal directions for the cases of d = 0.1 at 

A 

I:1T = 21.2°C and d = 0.2 at I:1T = 33.5°C are shown in Figs. 3.6a and 3.6b. The 

A 

temperature distribution in the transverse direction for d = 0.2 is also shown in Fig. 3.6b. 

It is noted that these two graphs have the same length scale to emphasize the abrupt 

decrease in the critical wavelength. An upward motion of the fluid would induce a 

relatively higher temperature reading, whereas a downward motion of the fluid would 

" induce a relatively lower temperature. For d = 0.1, the wavelength of the convection cells 

obtained by measuring the distance between either the maxima or the minima of the 

A 

longitudinal temperature distribution was 9 cm. For d = 0.2, there were 4 minima and 3 

maxima, and the average wavelength obtained was 1.1 em, an eightfold decrease for a 

slight increase in the fluid layer thickness. We have shown the temperature distributions at 

supercritical states so that the structure of the convection cells was clearly discernible. 
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These fully developed cells could be traced to cells at temperature differences only slightly 

larger than the critical value, the wavelengths of which were approximately equal. 

1\ 

The temperature distribution in the transverse direction for d = 0.2 indicated that 

the convection pattern was three-dimensional. This was true for every nonzero depth 

1\ 

ratio. In some cases for d = 0, the convection pattern was two-dimensional, as shown in 

flow visualization pictures made by Murray (1986). However, there were instances in 

1\ 

which the pattern was three-dimensional. For d > 0, the convection pattern was invariably 

1\ 

three-dimensional. For d = 0.2, the fluid used was a 60% glycerin-water solution, and we 

were able to obtain shadowgraphs, with faint shadows showing a few convection cells at 

.6T = 35.5°C. The wavelength was estimated to be 1.5 em, as compared to l.l em 

obtained from the temperature distribution. Wavelengths of convection cells at a = 0.5 and 

1.0 were similarly determined from the experimental temperature distributions. 

The convection patterns revealed by the liquid crystal film are shown in Figs. 3.7, 

1\ 

3.8, and 3.9. In Fig. 3.7, patterns for d = 0 and O. I are shown. The temperature 

differences across the tank just prior to the exposure of these photos are given in the 

figure captions; they range between 1.5 and 3.0 times the critical temperature difference. 

1\ 

For d = 0, three prominent upward plumes show in blue. The downward plumes in 

orange were distributed around the edge of each cell. 
1\ • 

At d = 0.1, the convectton cells 

• 1\ 

were noticeably larger than for d = O. When the depth ratio was increased to 0.2 

(Fig. 3.8), the convection cells became much smaller and were distributed more or less 

1\ 

evenly in the central portion of the tank. As d was further increased, the horizontal scale 

of the convection cells increased because the convective motion was essentially confined 

within the upper fluid layer. For a = 0.5, the cells were regularly spaced in the tank. For 

1\ 

both d = 0.2 and 0.5, the temperature difference between the hot and cold plumes was less 
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1\ • • 
than SoC, resulting in a color range from yellow to blue. For d = 1.0, we present a hqUld 

crystal pattern and a shadowgraph, taken at approximately the same time, in Fig. 3.9. The 

1\ • 
convection cells continued to increase in size as d lDcreased. The shadowgraph is a 

projection of the three-dimensional flow field, and shows overlapping cellular structures 

because the light passes through the entire width of the tank. 

Estimates of wavelengths from these flow patterns are listed and compared to those 

predicted by theory and obtained by other measurement techniques in Table 3.3 and the 

data points shown in Fig. 3.2. There is reasonable agreement between the theoretical and 

the experimental values. 

3.3 Summary of Experimental Investigation 

A. The precipitous decrease of the critical Rayleigh number -Rm as the thickness of the 

overlying fluid layer increases from zero as predicted by the linear stability theory was 

confirmed by experimental results. 

B. 
1\ 

The sudden decrease in the critical wavelength between d = 0.1 and 0.2 as predicted 

by the linear theory was confirmed by temperature measurements and the liquid 

crystal film pattern. 

C. It was found that the convection cells were three-dimensional. 
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Depth Ratio 
Variation of the critical Rayleigh number with depth ratio, The solid line is 
for 0 = 1.77 X 10-3 and fT = 0.7, appropriate for a water-saturated porous 
layer with 4 cm thickness; the dotted line is for 6 = 3.53 X 10-3 and fT = 
0.4 appropriate for a glycerin-saturated porous layer with 2 cm thickness. 
The experimental points are evaluated at a reference temperature equal to 
the interface temperature. Horizontal and vertical lines indicate possible 
errors. 
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Figure 3.2 Variation of the critical wavenumber with depth ratio. For the parameters 
used to calculate the solid and the dotted lines, see Fig. 3.1. The experi
mental points are obtained from temperature distributions (squares) and 
liquid crystal film (circles). The error bars are centered about their 
respective symbols. 
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Figure 3.3 
/\ 

Experimental setup for d = 1.0 case with 100% glycerin. The glass beads are 
packed carefully in regular horizontal rows to obtain a smooth, flat interface. 
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Liq~d crystal film Qxed to a transparent wall showing convection patterns 
for d = 0 (top) and d = 0.1 (bottom). Blue signifies 30°C and orange 25°C. 

'" The convection cells are three-dimensional, and in£rease in size from d = 0 
~o 0.1. The picture was taken at 1.46 t!. Terit for d = 0 and 1.59 t!. Terit for 
d = 0.1. 
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A A 
Figure 3.8 Convection patterns for d = 0.2 (top) at 3.0 ATcrit and d = O.5,.(bottom) at 

1.33 A 1crit. Note the dramatic increase in the wavelength from d = 0.1 (Fig. 
3.7) to d = 0.2. 
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" Convection pattern (top) for d = 1.0 at 1.98 .6. Tcrit and shadowp.raph (bottom) 
taken at approximately the same time. Since the shadowgraph integrates the 
flow structure through the entire width of the tank, one can discern the 
three-dimensionali ty. 
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CHAPTER 4 

NUMERICAL STUDY OF NONLINEAR BEHAVIOR 

In Chapter 2, we conducted a linear stability analysis of superposed fluid and 

porous layers heated from below. We predict that there is a critical depth ratio, the ratio 

of the thickness of the fluid layer to that of the porous layer. For depth ratios less than 

the critical value, the onset of thermal convection is in the form of large convection cells 

in the porous layer with wavelength comparable to the depth of the porous layer. For 

depth ratios larger than the critical value, the onset of thermal convection is confined 

within the fluid layer. The marginal stability curve is bimodal, and at the critical depth 

ratio, the critical wavenumber increases by one order of magnitude. For a porous layer 

consisting of 3 mm diameter glass beads saturated with water, the critical depth ratio is 

0.13. The theoretical prediction has been verified experimentally in Chapter 3. In 

practical applications in which these convective phenomena are important, the Rayleigh 

number would be highly supercritical. In this chapter, we use a numerical procedure to 

investigate convection at Rayleigh numbers up to 20 times the critical value. 

Recently, there have been several nonlinear numerical studies carried out involving 

combined porous and fluid layers in thermal convection. Poulikakos (1986) treated a 

problem in which superposed fluid and porous layers are confined within a two

dimensional box. The ratio of the height of the box to its width was varied between 0.2 

and 1.0. The same fundamental equations were taken to govern the motion in the fluid 

and porous layers. This is accomplished by using a parameter which is zero in the fluid 

region and unity in the porous region, thus eliminating terms such as the Darcy term in 

the fluid region. By this formulation, no explicit account needs to be taken of the 
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interface between the fluid and the porous layer. Solutions were obtained using a finite

volume algorithm. In a number of examples with a Darcy number of 10-4 , the streamline 

patterns show quite a bit of flow penetration from the fluid layer into the porous layer. 

The work of Nishimura et al. (1986) was discussed in Section 1.2. The results compare 

favorably with experimental results obtained by the same authors. Beckermann et al. 

(1988) considered three combinations of fluid and porous layers, including a fluid layer 

above a porous layer, heated from the side. A one-equation model similar to that 

developed by Poulikakous (I986) was used to describe the motion both in the fluid and the 

porous layers. A finite-volume method was used to solve the equations. Results obtained 

by computation agreed well with those obtained by experiment. 

A nonlinear treatment of "double-diffusive" fingering convection in a fluid layer 

was first presented by Straus (1972). He found that only small-scale motions are stable 

and the wavelength of the preferred mode compares favorably with the wavelength that 

maximizes the salt flux. Because of the dynamic feature of the flow instability, the 

double-diffusive problem with saltier and warmer fluid below has attracted considerable 

attention for more than a decade. For example, Huppert and Moore (1976) employed 

perturbation analysis and direct numerical simulation of the governing equations to trace 

out the possible forms of large-amplitude motion as a function of the Rayleigh numbers, 

Prandtl numbers, and Lewis numbers. They found two branches of time-dependent 

asymptotic solutions, which bifurcate from the motionless conduction solution. One is an 

oscillatory branch emanating from the linear oscillatory mode. The other branch is one of 

steady solutions, and emanates from the linear monotonic mode. Knobloch et al. (1986) 

uncovered a range of temporal chaos in which sequences of period-doubling bifurcations 

follow the periodic oscillations found by Huppert and Moore. 
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In his dissertation, Murray (1986) investigated double-diffusive convection in a 

horizontal porous layer bounded by two rigid planar boundaries at the top and bottom, by 

both experimental and numerical approaches. He found that the oscillatory motion 

predicted by linear theory was unstable at finite amplitude. The breakdown of the initial 

oscillatory motion is followed by a large increase in the heat transport, as observed in his 

experiments. Piacsek and Toomre (1980) studied the finite amplitude growth of salt 

fingers across the interface in a two-layer fluid (warm saline over cold fresh water). Their 

study emphasized evolving shapes of the fingers, their collective growth behavior, and the 

associated vertical fluxes of heat and salt. They found that the fingers terminate as they 

penetrate into the quiescent fluid region and their shapes become bulbous. An 

experimental investigation of fingering growth in two immiscible fluid layers of different 

densities saturating a porous medium was carried out by Imhoff and Green (1988). By 

measuring the solute flux, they found that the fingering transport rate can be two orders 

of magnitude larger than that associated with the molecular diffusion in a motionless fluid. 

In our investigation, we use the Navier-Stokes equations for the fluid layer and the 

extended Darcy's equation (including Brinkman and Forchheimer terms) for the porous 

layer. Proper boundary conditions are applied at the interface between the fluid and 

porous layers. The flow is assumed to be two-dimensional and periodic in the horizontal 

direction. The horizontal extent of the calculation domain is taken equal to the critical 

wavelength, predicted by linear stability theory (Chapter 2). A Galerkin method is applied 

in the horizontal direction, and a hybrid finite-difference method is used in the vertical 

direction. The hybrid method performs time-differencing using the implicit scheme of 

Crank-Nicolson for the diffusion terms and the explicit Adam-Bashforth scheme for the 

nonlinear terms. This numerical algorithm is second-order accurate in both time and space. 
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Thermal convection will be first studied nonlinearly. The computational method is 

first verified with results obtained by Combarnous and Bories (1975) and Georgiadis and 

Catton (1986) for porous layers, and with the results of the linear stability theory. Then 

the algorithm was applied to the two-layer system to study the effects of depth ratio, 

Rayleigh number, and Prandtl number on the characteristics of thermal convection. 

"-
Results for d = 0.1 and 0.2 are in good agreement with the experimental values found in 

Chapter 3. For Rm as large as 20 times the critical, it is found that the two-dimensional 

simulation of thermal convection in the two-layer system reaches a steady state for 

"-
0.1 < d < I. 

In the fingering computation, the linear onset Ram will be first checked by the 

nonlinear approach. For lack of information about finite amplitude motion of salt-finger 

"-
convection in a porous layer (d = 0), we proceed with a series of computations by fixing 

~ = I and 50, and increasing Ram stagewise to supercritical values. For Rm = I, near 

the thermal convection case, the fingering convection changes from steady to oscillatory 

motion when Rom exceeds 10 to II times the critical value. For Rm = 50, the transition to 

oscillatory convection occurs for Ram between four and five times the critical value. In 

"-
the computations of d = 0.5 and I, with small Rm (= 0.01), fingering convection is stable 

for Rom up to 20 times the critical and the number of cells remains the same as at onset. 

~ ~ 1, the time evolution of the kinetic energy shows that the onset of convection in a 

superposed layer system may be oscillatory. A detailed discussion is given at the end of 

this chapter. 

4.1 Nonlinear Formulation 

The flows in the porous and fluid layers will be simulated by the Brinkman-

Forchheimer-extended Darcy equations and Navier-Stokes equations, respectively. The 
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equations and boundary conditions have been given in Eqs. (2-1) through (2-12). To 

render the equations nondimensional, the total height H of these two layers is chosen as the 

characteristic length, instead of using different length scales for the fluid and porous 

layers. In addition, for the fluid layer, the characteristic time and pressure are chosen to 

be H2 lAc and Po 112 /H2. These are also used for the porous layer. The velocity is taken as 

IIe/H, the temperature as (Tu-To) II/Ar, and the salinity as (Su-So) II/Dc, for the fluid 

layer. For the porous layer, IIm/H, (To-Tl) II/Am' (So-Sl) II/Om' are chosen for the 

corresponding quantities. After nondimensionalization, the governing equations for the 

fluid layer become 

8V + 8W = 0 
By 8z 

1.. BV + Y 8Y + W 8Y = _ ~ 82Y 82Y 
Pr at ay iJz ay + 8y2 + iJz2 

1.. aw + Y aw + w 8W = _ £.I? + a2w + 8
2
W + fp (R9 - Ra S) 

Pr at ay iJz iJz ay2 8z2 

Be [ae 89] aZ9 8Z9 at + Pr V ay + W 8z = 8yZ + iJz2 

1- as + Sc [v 8S + W as] = 8
z
S + 8

z
S 

Le at 8y iJz 8yZ 8z2 

The equations for the porous layer are 

8Vm + 8Wm = 0 
By 8z 

cP IPr 8~m + B: I~ml Vm 

= - Bpm_ 
8y 

1 [8
Z
Vm + 8

Z
Vm] 

Vm + ~ 8 2 8 2 
'I' Y z 

(4-1 ) 

(4-2) 

(4-3) 

(4-4) 

(4-5) 

(4-6) 

(4-7) 



1 aWm BKH 111_ 1 Wm 
tPPr at+ = 

=- 8pm [~a]2 az- 0 

The nondimensional boundary conditions are: 

A 

Z = l/H: 

v = W = 0, 

A 

Z= -1/0+d): 

V = W =0 
m m ' 

Z = 0: 

V=Vm • 

9= i. 
Pr ' s= ~. 

av aVm 
iii = az' 
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(4-8) 

(4-9) 

(4-10) 

(4-11 ) 

(4-12) 

P = Pm 

(4-13) 
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The important dimensionless parameters are the Rayleigh numbers (R, Ra , Rm , 

Ram), Prandtl numbers (Pr, Prm), Lewis numbers (Le, Lern ), Darcy number (8), and depth 

1\ 1\ 1\ 

ratio (d, or H = 1 + lid). Because Eqs. (4-1) through (4-13) constitute an initial boundary 

value problem, an initial condition is needed. The computations are started from the 

quiescent basic state with linear vertical distributions of temperature and salinity. A small 

perturbation in the salinity (for the salt-finger case) or temperature distribution (for the 

thermal convection case) is then introduced. The subsequent motion is then computed 

from the basic equations. The temporal evolution of the fingers will be investigated, and 

based on the parameters above, a discussion will be given. 

4.2 Numerical Method 

The two most popular and successful methods for solving systems of partial 

differential equations (PDEs) arising from convection-diffusion problems are the finite-

difference and spectral schemes. Spectral methods have been widely used for natural 

convection problems. This is because relatively few degrees of freedom are needed to 

approximate a given function (especially a smooth one), which reduces both computer 

storage and execution time. Also, they are relatively easy to implement if the boundary 

conditions allow the use of trigonometric functions. 

In this study, we employ a method developed by Rogers and Beard (1969) and 

Meyer-Spache and Keller (1980) for the Taylor-Couette problem and by McDonough 

(1980) for the two-dimensional Rayleigh-Benard problem, which combines the Galerkin 

and finite-difference methods. Georgiadis and Catton (1986) applied the same scheme as 

used by McDonough to Benard convection in a porous medium. Recently, Buell (1988) 

extended this method to obtain three-dimensional solutions of a natural convection 

problem. 
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The basic idea of these "mixed" methods is to use the Galerkin method in the 

direction(s) where it is most efficient or convenient, and to use finite differencing in the 

other direction(s). Thus, the dependent variables are expanded in Fourier series in the 

direction(s) in which the soution is periodic and the Galerkin method is applied. A system 

of PDEs containing derivatives with respect to time and the remaining spatial coordinate(s) 

is obtained. Its solution is approximated by a second-order-accurate central differencing 

scheme. To deal with systems of nonlinear algebraic equations, which resulted from 

applying the Galerkin method in one or more directions to a steady PDE, Meyer-Spache 

and Keller (1980) used a full Newton's method, while McDonough (1980) performed a 

modal decoupling. Both methods require tedious iterations and initial guesses, or some ad 

hoc damping factors, even though modal decoupling significantly reduces the number of 

iterations. To avoid these difficulties for the initial boundary value problem in this study, 

we employ the Adams-Bashforth explicit scheme to deal with the nonlinear terms. This 

way, the nonlinear terms become forcing terms on the right-hand side of the equations, 

and the equations for each mode of W, T, etc., can be solved separately. 

It is assumed that the flow exhibits a horizontal periodicity. Truncated Fourier 

series which are formed in the functional space spanned by an orthonormal basis are 

utilized to represent the solution. In the fluid layer, 

V(y,z,t) 0 V k(z,t)sin Qk y 

W(y,z,t) 0 W k (z,t)cos Qk y 

N 
9(y,z,t) 9 0 (z,t) +L 9k(z,t)cos Qk y 

(4-14) = 

S(y,z,t) So(z,t) k=1 Sk (z,t)cos Qk y 

P(y,z,t) Po (z,t) Pk(z,t)cos QkY 
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and in the porous layer. 

v m(y.z.t) 0 Vk(z.t)sin QkY 

Wm(y~z.t) 0 Wk(z.t)COS QkY 

9 m(y.z.t) eo (z.t) N ek(z.t)cos QkY 

Sm(y.z.t) = So(z.t) +L ~ (z.t)cos Qk y (4-15) 

k=I 
Pm (y.z.t) Po (z.t) Pk (z.t)cos Qk y 

I !1m I(y.z.t) Qo(z.t) Qk(z.t)cos QkY 

where Qk = ka with k = 1. 2. 3 ..... N. and a is the nondimensional wavenumber found in 

the linear stability analysis (see Chapter 2). According to the continuity of the velocities at 

the interface between the fluid and porous layers. the nondimensional wavenumbers in 

both layers are commensurable. 

Rabinowitz (I968) proved the existence of small amplitude steady solutions of the 

Rayleigh-Benard problem. which could be represented by the expansions in (4.14) with 

S = O. McDonough (1980) used (4.14) with S = 0 to compute steady supercritical thermal 

conduction. The expansion (4.15) has been used (with S = 0) by Georgiadis and Catton 

(1986) to compute steady supercritical convection in a porous layer. By numerous 

numerical tests. McDonough (1980) and Buell (1988) have studied the convergence rates 

and the absolute accuracy of the technique. 

After eliminating the pressures in Eqs. (4-2). (4-3). (4-7). and (4-8) by taking the 

curl. we substitute Eqs. (4-14) and (4-15) into the resulting equations. take Galerkin inner 

products (over the y-direction). and obtain a system of PDEs: 



Fluid Layer: 

N 
aso Pr L - -+ DZS = - D(w·e.) at 0 2 J J 

Porous Layer: 

j=1 

BH- -
= K f1•k - f 2•k 

- N 
e ... c/> BSo - Sc L --

- -A..!... _ + D2S = =m. D(W.S.) 
Lem at 0 2 J J 

j=1 
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(1~k~N) (4-16) 

(1 ~ k ~ N) (4-17) 

(4-18) 

(1 ~ k ~ N) (4-19) 

(4-20) 

(l ~ k ~ N) (4-21 ) 

(1 ~ k ~ N) (4-22) 

(4-23) 

(1 ~ k ~ N) (4-24) 

(4-25) 



86 

The boundary conditions can be written as 

" z = 1/H: 

(4-26) 

" z = -l/(J+d): 

- -1 
9 0 = -. Prm 

(4-27) 

z = 0: 

(4-28) 

= _1_ [_ aDWk] + BHa:k f 
t/J Pr at K 5,k 

in which fn,k' n = 1 ..... 5. are forcing terms in the fluid layer. 



f1,k = f f{:~ 11 (k,i,j)(Wl'Wj + WiWj) - ~ 11 (k,j,i) 
. 1 . 1 J 1= J= 

X (W;Wj + W; W'j) + of [ ~ I, (i,i,k)W;Wj + I, (k,iJ)W; Wi.]) 

N N 
fS,k = e~Wk + L L [~I1(i,j,k)Wi9j + 12 (k,i,j)Wi 9j ] 

i=1 j=1 

N N 
f = '\' '\' [II (k,i,j) W:W~ _ II (k,j,i) W. W'!] 

5,k L L ~ I J a. I J ' 
. 1 . J 1= J=1 

and fn,k' n = 1, ... ,5, are the counterparts in the porous layer, 

ak I (k . ')(W"Q W'Q'l - ~ 1 ,1,J i j + i j 

N N 
fS,k = e~Wk + L L [ ~ I1(i,j,k)Wi8j + I2 (k,i,j)Wiej ] 

i=l j=l 
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(4-29) 

(4-30) 

(4-31) 

(4-32) 

(4-33) 

(4-34) 

(4-35) 

(4-36) 



f4 )< - s;. W. + f. f. [ ~ ',(i,j,k) WiSj + ',(k,i,j) Wi Sj ] 

i=l j=l 
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(4-37) 

(4-38) 

The D and prime in the above equations denote z-derivatives. The convolution products 11 

and 12 are 

tr/a 

11 (k,i,j) = 2a r sin elk y sin Clj y cos aj y dy = 
tr Jo 

tr/a 

12(k,i,j) = 2a r cos ak Y cos eli y cos aj y dy = 
. tr JO 

0.5, j = Ik - il 

-0.5, j = k + i 

0, others 

0.5, j = Ik - il or 

j = k + i 

0, others 

(4-39a) 

(4-39b) 

The quadratic Forchheimer terms in Eqs. (4-34) and (4-38), i.e., I~I, are evaluated first 

in the physical plane by the relation l!;n I = (v! + w!t)1/2 and then transformed to the 

spectral plane to evaluate Qk by using the discretized Fast Fourier Transform (FFf) at 

each time step. 

For solving nonlinear convection-diffusion equations in one spatial dimension, 

Peyret and Taylor (1982) suggested the Crank-Nicolson/Adams-Bashforth hybrid scheme 

when diffusion (viscosity or thermal diffusivity) is not too small. This hybrid implicit/ 

explicit method is computationally efficient because the nonlinear terms are handled 
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explicitly and, thus, iteration is avoided. In addition, the severe time step restriction 

characteristic of the explicit method is relaxed by advancing the diffusion terms implicitly 

(Crank-Nicolson). To illustrate the computation procedures more clearly, we choose Eq. 

(4-25) as a typical example to discretize as follows: 

(4-40) 

Forward Time Step Crank - Nicolson Adams-Bashforth 

where Lf is the differential operator D2 - Q~ at time step t. At t = 0, let C1 = I and 

C2 = 0 so that the nonlinear terms are advanced initially by the forward Euler method. 

Thereafter, C1 = 1.5 and C2 = 0.5 are used in the right-hand side of Eq. (4-40) until the 

end of the computation (usually when a steady state is reached). The spatial derivatives in 

the z-direction are approximated by standard central differences. This scheme is second-

order accurate in space and time. 

The initial conditions are zero except for a sinusoidal temperature perturbation in 

the z-direction with maximum magnitude of 10-4• Three other types of perturbations have 

been tried. These are sinusoidal perturbations with two and ten times the fixed initial 

wavenumber, and a random perturbation. The final steady states obtained for all four 

initial conditions are exactly the same, as characterized by the Nusselt number and the 

kinetic energy in the fluid and porous layers. Only the time to reach steady state depends 

on the initial conditions. For all subsequent calculations, the sinusoidal perturbation with 

one complete wave in each layer is used. Five to twelve terms were used in the Fourier 

expansion, depending on the depth ratio and Rayleigh number. The computations were 

carried out on a SCS 40 mini-supercomputer at the University of Arizona and on a 

CRA Y-XMP/48 at the San Diego Supercomputer Center. 
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4.3 Results and Discussion - Thermal Convection 

To deal with thermal convection, the equations and boundary conditions which 

correspond to salinity will not be considered. The inhomogeneous terms in boundary 

conditions (4-26) and (4-27) will change sign to yield a system heated from below. 

For the results reported in this section, calculations are made for the following set 

of parameters: 

if> = porosity = 0.389 

62 = Darcy number = 0.8897 x 10-6 

€T = diffusivity ratio = 0.725 

Gm = specific heat ratio = 0.69 

corresponding to a porous medium consisting of 3-mm-diameter glass beads saturated by 

water. 

Before we used the computer code to calculate the convection flow in the two-layer 

system, we applied it to two previously studied cases for verification. One case is for 

"-
d = 0, the porous layer alone, and the other is for the determination of the critical 

condition for the onset of convection in a two-layer system. 

4.3.1 Verification of the Method of Calculation 

"-
4.3.1.1. Convection in a Porous Layer. The case d = 0 with Prm = 4.5 serves as the 

first test of the accuracy of the numerical algorithm. It is known that for all Prm, the 

fluid remains stationary below the first critical Rayleigh number Rm = 41l'2 (Lapwood, 

1948), where heat is transferred by conduction alone. Above this value of Rm, steady 

convection prevails until a second critical value is reached when oscillatory motion first 

appears. Our computation yields a value for the second critical Rayleigh number between 
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390 and 400. Caltagirone (1975) used a finite difference scheme for flow in a square cell 

and found that the value of the second critical Rm is 384 ± 5; whereas the value reported 

by Schubert and Straus (1982) is between 380 and 400. Our computations for Rm = 480 

(see Fig. 4.1), show that the Nusselt number oscillates with a period of 0.0069, which 

compares well with the value of 0.0073 obtained by Schubert and Straus (1982) (using our 

time scale). The Nusselt number fluctuates between 5.54 and 5.92 in the current study and 

between 5.61 and 5.95 in the work of Schubert and Straus (1982). Further checks of the 

computer code were made for steady-state cases, i.e., Rm less than 380. The results, as 

shown in Table 4.1, are in excellent agreement with those of earlier investigations. Notice 

that in this study various numbers of terms of Galerkin series are taken for high Rayleigh 

number cases. A detailed discussion of the influence of the number of terms can be found 

in Schubert and Straus (1982). 

It is known that as Rm is increased into the supercritical range, heat transfer is 

maximized with cells of decreasing wavelength. We have computed the Nusselt number 

over a range of wavenumbers from 2 to 8 at Rm = 200. These results are compared with 

those obtained by Combamous and Bories (1975) and by Georgiadis and Catton (1986) in 

Fig. 4.2. It is seen that agreement between our results and those of Georgiadis and Catton 

(1986) is quite good, and that our results are generally higher than those of Combarnous 

and Bories (1975), but with a similar trend. 

4.3.1.2 Onset of Convection in a Two-Layer System. We determine the onset of 

convection using the nonlinear program by monitoring the time evolution of the kinetic 

energy of the system due to an initial temperature perturbation of magnitude 10-4 • The 

aspect ratio of the computational domain is again fixed by the critical wavelength 

computed in the linear stability analysis. At subcritical Rayleigh numbers, after the initial 



92 

disturbance, the kinetic energy decays indefinitely, whereas at supercritical Rayleigh 

numbers, the kinetic energy grows to large magnitudes. At the critical Rayleigh number, 

the kinetic energy remains constant at a rather low level. The critical Rayleigh numbers 

thus determined for d = 0, OJ, 0.2, 0.5, and 1 are compared in Table 4.2 with the 

corresponding values obtained using the linear stability analysis described in Chapter 2. 

The agreement is generally good, with discrepancies of less than 15%. It is noted, 

however, that the basic equations are different in the nonlinear calculation and the linear 

stability analysis. In the former, Darcy's equation is augmented by the Brinkman term and 

by requiring continuity of horizontal velocities and shear stress at the interface. In the 

latter, Darcy's equation is used and a velocity slip is applied at the interface according to 

the Beavers and Joseph (1967) condition. The slight discrepancy in the results might be 

attributable to the difference in the basic equations. The critical wavenumber as predicted 

by the linear stability theory for each depth ratio is also listed in Table 4.2 for later 

1\ 

reference. It is seen that the critical wavenumber increased sevenfold between d = 0.1 and 

0.2. 

4.3.1.3 Rate of Convergence of the Method. The convergence of the hybrid 

/\ 

scheme was tested in the following way. For d = 1.0, Pr = 6.26, and Rm = 3.0 X ~(crit), 

the Nusselt number is evaluated with varying numbers of terms and grid points. First, we 

fixed the number of grid points at 50 in each of the layers. The calculation yields a 

Nusselt number of 1.329 for three terms, and 1.335 for five or seven terms. It is seen that 

five terms of the Fourier series are sufficient to represent the solution correctly. We then 

used the five-term representation, and systematically varied the number of grid points in 

both layers from 30-30 to 100-100 points. The results are listed below: 
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Points 30-30 40-40 50-50 60-60 70-70 80-80 100-100 

Nu 1.310 1.324 1.335 1.343 1.349 1.353 1.355 

Error (%) 3.3 2.3 1.5 0.88 0.44 0.15 0.0 

~ 

It is found that, for the case d = I, Pr = 6.26 and Rm = 3 x Rm(crit), the solution 

converges with an approximate second order rate. The same results were observed by 

McDonough (1980) when thls hybrid scheme was applied to a single fluid layer. The 

number of grid points used for each depth ratio is shown in Table 4.3. Further 

information about the computational parameters is presented in Section 4.3.2. 

4.3.2 Two-Layer System With Pr = 6.26 

4.3.2.1 a = 1 and 0.5. After demonstrating that the reliability of the computational 

scheme, we apply it to the two-layer problem with a depth ratio of l. We ,first study the 

effect of increasing the Darcy number. This study is carried out in the spirit of testing 

the computer program, since we know that as the Darcy number 02 is increased, the 

porosity of the porous medium increases and the two layers will behave like a single fluid 

layer. This is indeed the case, as shown in Fig. 4.3. In this figure, streamline patterns and 

isotherms are shown for 02 = o~ = 0.8897 X 10-6 , 1020~, 9 x 1020~, and 1040~. The 

permeability K increases 104-fold in this sequence. Results are shown for Rm = 10 x Rffic' 

where Rm is the critical value of Rm' As the Darcy number changes, the linear stability 
c 

analysis predicts that the critical wavenumber does also. The horizontal extent of the 

computational domain (determined from the linear stability analysis), increases as 02 
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increases. As can be seen in Fig. 4.3, the convection is confined mainly within the fluid 

layer for 62 ~ 1026;' However, at 62 = 9 x 1026~ (Fig. 4.3c), extensive penetration of 

fluid motion into the porous layer is evident. At 62 = I046~ (Fig. 4.3d), the effect of the 

interface is completely negligible. 

In this series of computations, we have again fixed the aspect ratio of the 

computational domain at supercritical Rayleigh numbers to be the same size as at onset. 

We have made a series of calculations of the steady-state Nusselt number for Rm = 1.5, 3, 

5, 10, and 20 times Rm , for a range of wavenumbers from 2.0 to 6.0. The results are 
c 

shown in Fig. 4.4. The critical wavenumber for this case is 2.86. It is seen from Fig. 4.4 

that the maximum of each curve is quite shallow; at 3m = 2.86, the Nusselt number is 

either at or very close to its maximum value. In view of these results, it is reasonable to 

assume that the characteristics of convection at the critical wavenumber are representative 

of the flow in the two-layer system. Therefore, in all subsequent calculations, we fix the 

size of the convection cell for all supercritical Rayleigh numbers to be that at onset. 

In Figs. 4.5 and 4.6, we present the steady-state streamline patterns and isotherms 

1\ 

for 1.5 Rm ~ Rm ~ 20 Rm at d = 1.0 and 0.5, respectively. The dotted line in each cell 
c c 

denotes the position of the interface. It is seen that the lower boundary of the convection 

cell in the fluid layer is located slightly above the interface. For the value of At/; = 0.4 

chosen for the streamline plots, convective motion in the porous layer is too weak to be 

discerned, except for Rm = 20 Rffic' The isotherms do, however, indicate a pair of 

counter-rotating cells in the porous layer. The slight upward displacement of the convec

tion cells in the fluid layer also occurs for a = 0.5, as shown in Fig. 4.6. This is consistent 

with the results found in the linear stability study. The streamlines at onset, shown in Fig. 

4.7, have the same characteristics as those obtained by the nonlinear calculation. 
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4.3.2.2 a = 0.2 and 0.1. Results for a = 0.2 and 0.1 for the same range of Rayleigh 

numbers are shown in Figs. 4.8 and 4.9. In Fig. 4.8, we see that convection cells extend 

the entire depth of the fluid layer. At the two higher Rayleigh numbers, counter-rotating 

" cells in the porous layer are clearly exhibited. For d = 0.1, as shown in Fig. 4.9, the 

convection is confined to the porous layer. It is noted that for a = 0, the onset of 

oscillatory convection occurs at approximately Rm = 7 Rm' No oscillations have been 
c 

" found, even at 20 Rm ' for d = 0.1 or 0.2. 
c 

4.3.2.3 Nusselt Number. The Nusselt number is given by 

" Nu = _ dTo{z = I/H) 
dz 

where To is the zero-th mode of the Fourier expansion for temperature. This is the 

average dimensionless heat flux over a convection cell because the zero-th mode is the 

average of the function being expanded. The variation of Nusselt number with Rayleigh 

number for the cases considered is summarized in Fig. 4.10. It is seen that the Nusselt 

numbers for a = 0 and a = 0.1 are almost the same for the same value of Rm/Rm' The 
c 

curve for a = 0 terminates at Rm/Rm = 9.63, beyond which no steady solution exists. 
c 

The sudden drop in Nusselt number between a = 0.1 and a = 0.2 is the result of the 

change in the convection pattern. For a ~ 0.2, the convection is confined within the fluid 

layer, with the porous layer serving as insulation. 

As a further check on our computational scheme, we have evaluated the NusseIt 

number for a = 0.2 with Rm equal to 2 and 3 times Rm and for a = 0.1 with Rm equal to 
c 

1.5 and 2 times Rm . In all cases, the dimensionless parameters correspond to the physical 
c 

properties in the experiments we performed earlier (Chapter 3). It is noted that for 

" d = 0.2, the fluid used was a 60% glycerine-water solution with a Prandtl number of 100, 
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" . and for d = 0.1, the flUId was water. The comparisons are made in Figs. 4.1la and band 

in the table. 

Nusselt Number 

" d Rm/RrIlc Experimental Computed Error 

0.2 2 1.06 1.053 -0.8% 

3 1.21 1.145 -5.7% 

0.1 1.5 1.38 1.425 +3.2% 

2 2.11 2.032 -3.8% 

In Figs. 4.11a and b, the experimental data points are unfilled symbols and the two 

computed values are represented by dark squares. It can be seen that agreement in both 

cases is very good. Numerical values are given in the table above, in which the error 

represents the difference between computed and experimental results. 

4.3.2.4 Effect of Prandtl Number. To investigate the effect of Prandtl number on 

the characteristics of thermal convection, we have made calculations with Pr = 0.72 and 

" 100 for d = 1.0, keeping all other physical properties the same as in the previous cases. 

Up to Rm = 20 Rm , no oscillations are encountered, as is the case for water. The 
c 

streamline patterns and the isotherm distributions are generally similar to those we have 

shown for water in Fig. 4.5. The Nusselt numbers at five supercritical Rayleigh numbers 

are given in Table 4.4 for Pr = 0.72, 6.26, and 100. It is seen that the heat transfer rate is 

only slightly affected by a more than 100-fold increase in the Prandtl number. 

4.3.2.5 Comments on the Numerical Scheme. The usual von Neumann stability 

analysis is not applicable because of the inherent nonlinearity in the governing equations. 
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A complete analysis of stability of the system represented by Eqs. (2-1) through (2-8) and 

their respective boundary conditions, Eqs. (2-10) through (2-12), would be an enormous 

task. However, from a numerical determination of the stable region in the parameter 

space, Pruett (1986) found for this hybrid scheme that as the finite difference grid is 

refined (corresponding to a higher Prandtl number fluid in our system), smaller time steps 

are required. 

In this study, the number of grid points and the corresponding time steps used were 

1\ 

determined by trial and error. In general, for cases with smaller d or higher Rm, finer 

grid and smaller time steps are needed. Convergence of the Fourier series deteriorates 

• 1\. 
wIth smaller d or hIgher Rm. A detailed discussion of the convergence of the hybrid 

scheme can be found in McDonough (1980). Truncation of the series at the values of N 

shown in Table 4.3 leads to errors of about 2% in the NusseIt number, as determined by 

comparison to results for larger N. Table 4.3 summarizes the computational parameters 

used in the current study. 

4.3.3 Summary for Thermal Convection 

The following conclusions may be drawn from the present investigation: 

1\ 

1. For 0.1 ~ d ~ I, the convection pattern at the onset of convection persists up to 

Rayleigh numbers equal to 20 times the critical value, and the convection approaches 

a steady state. 

2. Heat transfer rates for superposed layers with depth ratios less than the critical value 

increase much faster with Rayleigh numbers than those with depth ratios greater than 

the critical. This is because at low depth ratios, significant convection occurs 

throughout the combined layer; at high depth ratios, convection is confined within the 

fluid layer and heat transfer is limited by conduction through the porous layer. 
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4.4 Results and Discussion - Finger Convection 

In this section, we account for mass transfer in the flow. The system is heated 

from above and cooled from below, and the concentration of a densifying solute is higher 

at above and lower below. The thermal gradient serves as a stabilizing factor and the 

solute gradient as a destabilizing factor. In each of the following computations, a 

stabilizing thermal gradient (Rm) and a destabilizing solute gradient (Ram) above the 

critical value are prescribed. The value of Ram ranges from slightly above the critical to 

highly supercritical. The parameters such as fT' 6, Gm , and 4> used in this section are the 

same as those in Section 4.3. One new parameter, fS' the solute diffusivity ratio, is 

defined as follows: 

Of 1 
fS ;:: Om ;:: 0.74> ;:: 3.67 

This value corresponds to a salt solution saturating a porous medium consisting of 

3 mm-diameter glass beads. Because we made no attempt to pursue a parametric study 

with regard to Prm (and Pr) and Lem (and Le) in this study, Prm ;:: 4.5 and Lem = 0.3, 

which is not relevant to salt water solution, are used in all the computations in this section . 

.... 
There remain three parameters, Rm, Rom' and d, which are considered to be 

influential. 
.... 

Three different values of d, 0, 0.5 and 1, are studied. For fixed Rm, we 

increase Ram from slightly above the onset into the supercritical range. Nusselt and 

Sherwood numbers are the major measures of the strength of the convection, and 

streamline patterns, isotherms, and isoconcentration contours are used to study the transport 

phenomena. (The Sherwood number, which accounts for the convective salt flux, has the 

same definition as the Nusselt number presented in Section 4.3.2, except 9 0 is replaced by 

So·) 
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4.4.1 Linear Onset 

The psuedo-spectral/finite-difference code is first used to examine the critical Ram 

for given Rm and d. Again, a vertical sinusoidal perturbation of solute with amplitude of 

10-4 superimposed on a quiesCent basic state with linear thermal and solute gradients in the 

vertical direction is used as the initial condition. The temporal evolution of the kinetic 

energy is used to determine if the disturbance grows or decays. The results are listed 

below and compared with those obtained by the linear approach. 

A 

d 0 0.5 1.0 

~ 50 O.oI om 

Linear 
am 3.14 3.14 5.21 2.34 
Rm 40.5 89.5 2.82 0.39 

Nonlinear 
Ram 41.0 90.0 3.05 0.42 

A 

The critical values of Rom for d = 0 computed by the linear and nonlinear 

A 

approaches are in excellent agreement. For d = 0.5 and I, the agreement is generally good, 

with discrepancies of less than 10%. This may be due to the use of different momentum 

equations in the porous medium, as discussed in Section 4.3.1.2. The critical wavenumbers 

predicted by the linear stability analysis were used in the computation. 

A 

4.4.2 d = 0 

As far as the author is aware, there is no published literature concerning nonlinear 

fingering convection in a porous medium. Nield (1968) determined the onset Ram 
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theoretically for various kinds of boundary conditions. Straus (1972) studied the finite 

amplitude fingering convection in a fluid layer and found that supercritical convective 

fingering is stable only when the wavelength is much smaller than that at the onset. Here, 

we pursue a computational study for Ram ranging from near the onset to highly 

supercritical. Two different values of Rm, 1 and SO, are considered. For Rm = 1, we 

expect the convective motion to be similar to that of thermal convection; totally different 

results are anticipated for Rm = SO, as discussed in Chapter 2. 

With Rm = 1, we extend Ram from 1.5 to 11 times the critical. At a value of Ram 

between 10 and 11 times critical, oscillatory convective motion begins. For each value of 

Ram' extensive tests of convergence rate are conducted. As shown in Section 4.3.1.3, the 

Nusselt number is the measure of convergence. A result with an error of less than 2%, 

which is attributed to the truncated terms, is regarded as a converged solution. The error 

is evaluated on the basis of the results obtained by using the highest number of terms. 

From Section 4.3.1.3, we are aware that the convergence rate of the Galerkin series is 

second order for the cases which attain steady solutions. Nevertheless, more terms are 

needed to simulat~ higher Rayleigh number cases. For unsteady solutions, a large number 

of terms in the Galerkin series is necessary to obtain a converged solution. This is shown 

in Section 4.3.1.3 and is consistent with the results of Schubert and Straus (1982), as well as 

those of Steen and Aidun (1988). 

Table 4.5 summarizes the results obtained for Rm = 1. The value of Ram varies 

from 1.5 to 10 times the critical. (Results for Ram = II X Rsm(crit) are discussed below.) 

Different numbers of grid points and terms in the Galerkin series are used to test the 

convergence of the solution. It is found that, for Ram less than or equal to five times the 

critical, the Nusselt and Sherwood numbers given by the 5-term-50-point simulation are in 

good agreement with those from 12-term-50-point or 5-term-l00-point simulations. In 
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these cases, steady unicellular convection is observed. When Ram increases to ten times the 

critical, the results are more sensitive to the number of terms retained in the Galerkin 

series. From Table 4.5, one can see that oscillatory unicellular convection is obtained when 

only five terms are used. A steady-state solution with tricellular convection is obtained 

using eight terms, and the Nusselt and Sherwood numbers differ considerably from the 

5-term results. When 12 terms are used, oscillatory tricellular convection is again 

predicted. The converged solution is not found until the number of terms increases to 16 

and 20. The Nusselt numbers are almost the same using 16 terms and 20 terms, and the 

corresponding streamline patterns are essentially identical. To examine the convergence 

rate, we use a 16-term-80-point discretization for Rem = 10 X Rsm(crit) and find that the 

Nusselt and Sherwood numbers differ by less than 1% from those obtained using a 

16-term-SO-point discretization. For ~ = 1, we present the steady-state streamlines, 

isotherms and isoconcentration contours in Fig. 4.12. 

In the thermal convection case, Rm = 390 is the critical value for the onset of 

oscillatory motion, which is so-called secondary onset. For Rm larger than the secondary 

onset, the flow becomes oscillatory with constant period and amplitude. As reported in 

Section 4.3.1, the Nusselt number oscillates between 5.54 and 5.92 with a period of 0.0069. 

In the fingering convection case for Rm = I, we anticipate the secondary onset will lie 

close to that of thermal convection. Accordingly, we compute the case of Ram = 

II X Ram(crit) and find that the convection turns out to be oscillatory. The period is 0.011, 

with the Nusselt number oscillating between 2.01 and 3.23, and Sherwood number between 

5.04 and 5.72. The oscillation is regular and stable (see Fig. 4.13). In this computation, a 

30-term-50-point discretization is necessary to accurately simulate the oscillatory motion. 

A further 30-term-80-point computation was conducted and resulted in a solution which 

differed by less than 2% in the Nusselt and Sherwood numbers. 
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Higher values of the secondary onset Rayleigh number (between 400 and 440) and 

longer oscillation periods of the fingering convection than those found for thermal 

convection are not surprising because in fingering convection, the temperature gradient, 

viscous dissipation, and thermal conduction are all stabilizing, in contrast to the thermal 

convection case in which only viscous dissipation and thermal conduction are stabilizing. It 

is evident that the temperature gradient makes a much more significant contribution than 

dissipative effects in stabilizing the flow. By observing the streamline patterns and 

corresponding isotherms and isoconcentration contours during an oscillation period, as 

shown in Fig. 4.14, we find that the flow is unicellular and speeds up and slows down 

during the cycle, and that the convection pattern changes very little during a cycle. 

The case of Rm = SO was examined next. According to the linear stability analysis 

of Chapter 2, the onset Ram is 89.5; this value was confirmed by the nonlinear approach in 

Section 4.4.1. We then increase Ram from 1.5 to 5 times the critical, at which value 

oscillatory convection is found. Table 4.6 summarizes the results for ~ = so. 

Convergence testing was done by increasing the number of terms in the Galerkin series. 

The number of ~rid points of the finite difference scheme was fixed at 50 since the 

experience gained with the Rm = 1 case shows that use of SO points gives a solution with a 

reasonable error, i.e., less than 2%; also the flow pattern is not affected by the resolution 

of the vertical discretization. 

For R8IlI = 1.5 X Ram(crit), five terms are enough to obtain a converged solution, in 

which steady unicellular convection occurs. Increasing Ram to three times the critical, a 

5-term horizontal discretization results in oscillatory unicellular convection. After adding 

three more terms in the series, a unicellular steady-state is found and the Nusselt and 

Sherwood numbers are found to be in good agreement with those obtained using 12 terms. 
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The number of terms again becomes more important for higher Rayleigh numbers. For 

Ram = 4 X Ram(crit), a converged solution is not obtained until 12 terms are used. The 

differences in Nusselt and Sherwood numbers between those obtained using 12 and 16 

terms is negligible. Steady unicellular convection is found in this case. The streamline 

patterns and corresponding isotherms and isoconcentration contours are shown in Fig. 4.15. 

Oscillatory convection is observed when Ram is increased to five times the critical. 

Twenty-five terms are necessary to simulate the oscillatory fingering convective flow in 

this case. A comparison (not shown here) was made between the periods and amplitudes 

obtained using 30 terms and 25 terms to assure that the solution is converged. Figure 4.16 

illustrates the evolution of Nusselt and Sherwood numbers with time and shows that the 

oscillation appears to have undergone period-doubling. To gain physical insight into the 

oscillations, the streamlines, isotherms, and isoconcentration contours between t = 0.42 and 

t = 0.44 are presented in Fig. 4.17. One can see that the core of the convection cell moves 

back and forth along the diagonal of the square. (For salt finger convection in a porous 

medium, ~ :: 11".) Convective flow patterns change very little. To see the dependence of 

the Nusselt and Sherwood numbers on Ram' we graphically represent in Fig. 4.18 the 

results shown in Tables 4.5 and 4.6. That the slope of the Sherwood number curve is 

larger than that of the Nusselt number is obviously due to the fact that the solute 

diffusivity is about three times as large as the thermal diffusivity (Lem = 0.3). 

" 4.4.3 d = I, 0.5 

" For the two-layer system, the depth ratios d = 1 and 0.5 will be examined; the cases 

of Rm = 0.01, 1 and SO are discussed extensively in this section. When ~ = om, steady 

states are reached for 1.5 x Ram(crit) :5 Ram :5 20 X Ram(crit) and the number of cells in the 

1\ 

fixed computational domain remains constant for both d = I and 0.5. The streamline 
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patterns and the corresponding isotherms and isoconcentration contours for a = I and 0.5 

are summarized in Figs. 4.19 and 4.20, respectively. Figure 4.19 illustrates that unicellular 

convection, mostly confined in the fluid layer, accounts for the fingering convection in the 

superposed-layer system when a = I; the porous layer serves as a conduction layer. In Fig. 

4.20 for a = 0.5, one can see that convection is largely confined to the fluid layer; 

nevertheless, convection penetrates into the porous layer when Ram is high. This is evident 

from the porous layer isoconcentration contours in Figs. 4.20(c) through 4.20(e). The solute 

transfer through both layers is more efficient than at low Rsm. The Nusselt and Sherwood 

numbers increase with increasing Ram and are shown in Fig. 4.21. The Nusselt numbers for 

A A 
d = I and 0.5 have a similar dependence on Ram' The Sherwood number for d = I, 

however, increases with increasing Rum more rapidly than Sh for a = 0.5, when Ram is 

" small. When Ram is larger than five times the critical, the Sh-Rsm curve for d = 1 has a 

A • 
smaller slope than that for d = 0.5. Except for the solute transfer 10 the porous layer, most 

of the phenomena predicted for the Rm = 0.01 case are similar to those for the thermal 

case. 

For ~ = ~, oscillatory convection is observed when Rsm is slightly above the onset 

value. Figure 4.22 illustrates the evolution of the kinetic energy for various values of Ram' 

For Rom = 10 and IS, the kinetic energy decays exponentially with time. The oscillatory 

behavior starts at Ram = 17, for which the curve first decays and then grows oscillatorily 

with time; the interval between consecutive maxima seems to be constant after the curve 

starts to ascend. Similar phenomena are predicted for Rsm = 18 even though the oscillation 

seems to be irregular before it reaches its maximum kinetic energy level. All the results 

discussed above are obtained by using 12-term-IOO-point (50 points for each layer) 

simulation, which gives a converged solution. The critical Ram of linear stability analysis is 
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16.78. We also compute the Nusselt and Sherwood numbers for Ram = 20 and the results 

are shown in Fig. 4.23. The oscillation has a complex periodic waveform and the Nusselt 

and Sherwood numbers are in phase. The solution does not converge until 12 terms in the 

Galerkin series are used. 

From the results for Rm == I, one may suspect that the onset of fingering 

convection in the superposed fluid and porous layers might be oscillatory for Rm ~ I. 

This would controvert the assumption we made in the beginning of the linear stability 

analysis. It would also be a departure from the conventional results for the single layer 

system, because the principle of exchange of stabilities holds for a single fluid layer and 

for a single porous layer. Unfortunately, this question cannot be settled until a more 

general linear stability analysis is conducted. It is believed that the large difference in the 

magnitudes of the coefficients in the equations of the fluid layer when ~ is large (see 

discussion in Section 2.4.2) may lead to ill-conditioned matrices. Special attention should 

be paid to choosing a numerical scheme to discretize the ordinary differential equations 

resulting from linearization, Fourier decomposition, and Laplace transformation of the 

governing equations. 

Additional difficulties arise when Rm increases more. The problems are apparent in 

terms of computational accuracy and computer time. We compute the time evolution of 

kinetic energy of the flow for Rm = 50, with Ram = 70 and 90; the critical Ram from 

linear stability analysis is 84.06. It is found that (see Fig. 4.24) the time evolution of 

kinetic energy for these two cases is indistinguishable until the dimensionless time reaches 

0.0045, for N = 5. After that, the kinetic energy in these two cases evolves similarly, with 

sma]) differences. We suspect that the five-term simulation may not be accurate. 

Therefore, an eight-term simulation was carried out for Rsm = 70 and 90; the results are 
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shown in Fig 4.24 by dotted lines. No significant differences are evident. Nevertheless, 

from the numerical values of the terms in the vertical velocity series, one finds that, even 

though the first term dominates for both five-term and eight-term simulations, the second 

term of the eight-term simulation was three orders of magnitude larger than its counterpart 

in the five-term discretization. It is believed that many more terms are required to 

accurately simulate the salt-finger convection in the superposed layer system with Rm on 

the order of 50. For an 8-term-l00-point computation for 3000 time steps, more than one 

CPU hour of CRA Y-XMP/48 time is required. Due to the author's limited computational 

access, further computation at high Rm is not possible at present. 

4.4.4 Summary for Nonlinear Salt-Finger Convection 

1. " . In a pure porous layer, d = 0, there IS an asymptoticaIIy steady solution for 

Ram ~ 10 X Rsm(crit) if Rm = 1, and for Ram ~ 4 X Ram(crit) if Rm = 50. 
A 

2. For d = 0, there is an oscillatory asymptotic solution for Ram = II X Rsm(crit) if 

Rm = I, and for Ram = 5 X Ram(crit) if Rm = 50. For the former, Nu and Sh oscillate 

periodically; for the latter, the solution is aperiodic. 

A . 
3. For d = 0.5 and I, when Rm = 0.0 I, the convective characteristics are similar to the 

4. 

thermal case: the flow is steady weII into the supercritical range (1.5 ~ Ram/Ram(crit) 

~ 20), and the number of cells remains independent of Ram. 

" For higher Rm (~ 1) and d = I, evidence is found that the onset of motion might be 

oscillatory. For Rm = 50, the current numerical scheme is not able to obtain an 

accurate solution, due to the slow convergence of the series used in this study. 
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" Oscillation in the Nusselt number of fluid motion in a porous layer (d = 0) at 
~ = 480 and Prm = 4.5. 
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Variation of the Nusselt number with wavenumber for a porous layer 
(d = 0) at Rm = 200. -- Present results; 8 Georgiadis and Catton 
(1986); 0 Combamous and Bories (1975). 
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Figure 4.3 Steady-state streamline patterns and isotherms for d = 1 and Rm = 10 Rille at 

increasing values of the Darcy number 62• (a) 62 = 0.8887 X 10-5 = 6;, 

¢ = 0.389; (b) 62 = 1026:, ¢ = 0.81; (c) 62 = 9 x 102 6;, ¢ = 0.925; 

(d) 62 = 1046:, ¢ = 0.975. 
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Figure 4.4 Variation of Nusselt number with wavenumber for d = 1, Pr = 6.26 for 
1.5 x Rm ~ Rm ~ 20 x Rm . 
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Figure 4.5 
A. 

Steady-state streamline patterns and isotherms for d = 1, Pr = 6.26 with 
l:!.t/J = 0.4 and l:!.9 = 0.01. (a) Rm = 1.5 x Rm; (b) Rm = 3 x Rm ; 
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(c) Rm = 5 x Rm ; (d) Rm = 10 x Rm_; (e) Rm = 20 x Rm . c --~ c 
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Figure 4.6 Steady-state streamline patterns and isotherms for d = 0.5, Pr = 6.26 with 
l:1¢ = 0.2 and l:1e = 0.02. For values of Rm corresponding to (a)-(e), see Fig. 
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'" " Figure 4.7 Streamline patterns for d = 1 and d = 0.5 at onset according to the linear 
stability theory. 
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4.5. 
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b 

c 
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"-
Steady-state streamline patterns and isotherms for d = 0.1 and Pr = 6.26 with 
/).1/1 = 0.5 and /).6 = 0.1. For values of Rm corresponding to (a)-(e), see Fig. 
4.5. 
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Variation of Nusselt number with Rayleigh number for d = 0, 0.1, 0.2, 0.5, 
and 1. 
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Figure 4.12 Steady-state streamline patterns, isotherms and isoconcentration contours for 
Rm = J with various R Bm; (a) R Bm = 1.5 x Rsm(crit); (b) R Bm = 3 x Ram(crit); 
(c) R Bm = 5 x Rsm(crit); (d) R Bm = 10 X RBm(crit). 
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Figure 4.13 Time evolution of Nusselt and Sherwood numbers of Rm = I and Rsm = 
]] x Ram(crit). 
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Figure 4.14 Streamline patterns, isotherms and isoconcentration contours corresponding to 
times shown in Fig. 4.13. (a)t"'O.313; (b)t=O.315; (c)t"'O.317; (d)t=O.319; 

(e)t"O.322. 
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Figure 4.15 Steady-state streamline patterns and corresponding isotherms and isocon
centration contours for Rm = 50 with various Ram; (a) Ram = 1.5 X Rsm(critj; 

(b) Ram = 3 X Rsm(critj; (c) Ram = 4 X Rsm(critj· 
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Figure 4.16 Time evolutions of Nusselt and Sherwood numbers for Rm = 50 and Ram = 
5 X Ram(crit). N = 25. 
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Figure 4.17 Streamline patterns, isotherms and isoconcentration contours for parameters 
corresponding to those shown in Fig. 4.16. Dimensionless times are 
(a) t = 0.421; (b) t = 0.427; (c) t = 0.432; (d) t = 0.437; (e) t = 0.441. 
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Steady-state streamline patterns and corresponding isotherms and isoconcen
tration contours for a = I, Rm = O.oI with various Ram. 
(a) Ram = 1.5 X Ram(crlt); (b) Ram = 3 X Ram(crit); (c) Ram = 5 X Ram(crlt); 
(d) Ram = 10 X Ram(crit); (e) Ram = 20 X Rsm(crit). 
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Figure 4.22 Time evolution of kinetic energy of the flow for d = I, Rm = I and Rsm = 
10, 15, 17 and 18. 
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" Figure 4.24 Time evolution of kinetic energy of the flow for d = I, Rm = 50 and 
Ram = 70 and 90. Solid lines: 5 terms; Dotted lines: 8 terms. 



131 

Table 4.1 Comparison of Steady-State Nusselt Numbers for Various Rayleigh Numbers 
Obtained in This Study with the Results Obtained by Previous Investigators 

~ 100 200 250 300 350 380 

Caltagirone 2.651 3.813 4.199 4.523 
(1975) 

Schubert and 4.79 4.94 
Straus (1982) 

Combarnous and 2.6 3.8 4.4 
Bories (1975) 

Present Study 2.62 3.84 4.59 4.89 5.03 

(No. of terms used) (5) (5) (10) (15) (15) 
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Table 4.2. Comparison of the Critical Rayleigh Number of the Porous Layer as Calcu
lated by Linear Stability Theory and a Nonlinear Computational Scheme. 

" d 0 0.1 0.2 0.5 1.0 

Linear Stability 

!lm 3.14 2.16 14.09 5.70 2.86 

~ 39.48 19.63 4.29 0.113 0.0071 

Nonlinear Results 

Rm 39.50 17.80 4.85 0.132 0.0081 
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Table 4.3 Computational Parameters Used in the Current Study 

Grid Points No. of No. of 
Rm/Rm(crit) " d (Fluid-Porous) Terms ~t Time Steps 

0.1 50-500 5 Ix 10-3 1800 

0.2 60-120 5 5x 10-4 300 
1.5 

0.5 40-80 9 3xl0-4 650 

1.0 50-50 6 Ix 10-3 300 

0.1 50-500 9 lxlO-4 1600 

0.2 60-120 5 3xl0-4 50 
3.0 

0.5 40-80 5 lxl0-3 120 

1.0 50-50 5 Ix 10-3 120 

0.1 50-500 9 Ix 10-4 II 00 

0.2 60-120 7 2xl0- 4 70 
5.0 

0.5 40-80 5 3xl0-4 120 

1.0 50-50 5 Ix 10-3 80 

0.1 50-500 12 3xlO-5 1200 

0.2 60-120 7 5x 10- 5 70 
10.0 

0.5 40-80 5 2xlO-4 90 

1.0 50-50 5 JxlO-4 90 

0.1 50-500 12 2xlO- 5 1200 

0.2 60-120 7 3x 10- 5 60 
20.0 

0.5 40-80 5 lxl0- 4 80 

1.0 50-50 5 2x 10-4 50 
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" . Table 4.4 Nusselt Number Results at d = I for Various Prandtl Numbers. 

0.72 6.26 100.0 

1.5 Rm 1.134 1.134 1.134 
c 

3.0 Rm 1.328 1.329 1.329 
c 

5.0 Rm 1.426 1.423 1.422 
c 

10.0 Rm 1.512 1.523 1.517 
c 

20.0 Rm 1.595 1.620 1.594 
c 



Table 4.5 

No. of Terms 
No. of Points 

Ram lRam( crit) 

Nu 
1.5 

Sh 

Nu 
3.0 

Sh 

Nu 
5.0 

Sh 

Nu 
10.0 

Sh 
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Nusselt and Sherwood Numbers for Various Solute Rayleigh Numbers and 
~ = 1 with Different Numbers of Terms Used 
(sl): steady state with single cell 
(s3): steady state with triple cell 
(01): oscillatory state with single cell 
(03): oscillatory state with triple cell 

5 8 12 16 20 5 5 16 
50 50 50 50 50 80 100 80 

1.096 1.096 1.092 
(sl) (s1) (s1) 

1.746 1.746 1.740 

1.415 1.415 1.409 
(s1) (sl) (s1) 

2.946 2.946 2.937 

1.809 1.802 1.797 1.803 1.801 
(sl) (sl) (sl ) (s1) (s1) 

3.870 3.837 3.821 3.834 3.822 

2.900 1.935 2.100 2.512 2.512 2.510 
(01 ) (s3) (03) (sl) (sl) (sl) 

7.400 5.509 5.400 5.135 5.137 5.131 
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Nusselt and Sherwood Numbers for Various Solute Rayleigh Numbers and 
Rm = 50 with Different Numbers of Terms Used 
(51): steady state with single cell 
(53): steady state with triple cell 
(01): oscillatory state with single cell 
(03): oscillatory state with triple cell 

Terms 5 8 12 16 20 25 

Ram/Ramc 

Nu 1.114 1.114 
1.5 (51) (51) 

Sh 1.862 1.861 

Nu 1.500 1.532 1.527 
3.0 (01 ) (51) (sl) 

Sh 2.946 2.946 3.319 

Nu 2.000 1.613 1.808 1.807 
4.0 (01 ) (53) (51) 

Sh 5.000 4.640 3.944 3.942 

Nu 1.700 1.951 2.200 2.300 
5.0 (03) (53) (01 ) (01) 

Sh 4.700 5.859 5.100 5.200 
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CHAPTER 5 

SUMMARY AND CONCLUSIONS 

In the directional solidification of cqncentrated alloys, the frozen solid region is 

separated from the melt region by a mushy zone consisting of dendrites immersed in the 

melt. Simultaneous occurrence of temperature and solute gradients through the melt and 

mushy zones may be conducive for the occurrence of salt-finger convection, which may in 

turn cause adverse effects such as channel segregation. The problem of finger convection 

in a porous layer underlying a fluid layer is considered by using three distinct, but related 

approaches. They are linear stability analysis, experimental investigations, and nonlinear 

numerical simulation. 

In the linear stability analysis, we consider the onset of thermal and finger 

convections in a horizontal porous layer underlying a fluid layer. The top of the fluid 

layer and the bottom of the porous layer are bounded by rigid walls which are maintained 

at different constant temperatures and salinities. Motion is governed in the upper fluid 

layer by the Navier-Stokes equations and in the lower porous layer by Darcy's equations. 

Because of the difference in the order of these two sets of equations, a velocity slip 

boundary condition proposed by Beavers and Joseph (1967) is applied at the interface. 

The linear stability equations are solved by a shooting method. The results show 

" that at low depth ratios, d (the ratio of the fluid layer depth to the porous layer depth), the 

" marginal stability curve is bimodal. It is seen from Fig. 2.1, for d ~ 0.]4, that there are 

two relative minima on the marginal stability curve. For a < 0.13, the small wavenumber 

" branch is the more unstable, whereas for d> 0.]4, the larger wavenumber branch is more 

unstable. The precipitous drop of the critical Rayleigh number Rm with increasing a and 
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the rapid change in the critical wavenumber at a ~ 0.13 are shown in Fig. 2.2. Streamline 

patterns at a = 0.12, 0.13, and 0.33 are shown in Fig. 2.3. They clearly indicate that for 

A A 
d < 0.13, convection is largely confined to the porous layer, while for d > 0.13, convection 

is localized in the fluid layer. 

We then conducted experimental investigations to substantiate the results of our 

stability analysis. Experiments have been carried out in superposed horizontal fluid and 

porous layers contained in a test box 24 cm x 12 cm x 4 cm high. The porous layer 

consisted of 3-mm diameter glass beads, and the fluids used were water, 60% and 90% 

glycerin water solutions, and 100% glycerin. 
A 

The depth ratio d varied from 0 to 1.0. 

A 

Fluids of increasing viscosity were used for cases with larger d in order to keep the 

temperature difference across the tank within reasonable limits. The top and bottom walls 

were kept at different constant temperatures. The onset of convection was detected by a 

change of slope in the heat flux curve. The size of the convection cells was inferred from 

temperature measurements made with embedded thermocouples and from temperature 

distributions at the top of the layer recorded with liquid crystal film. The experimental 

results showed a precipitous decrease in the critical Rayleigh number as the depth ratio 

was increased from zero and an eightfold decrease in the critical wavelength between 

A 

d = 0.1 and 0.2. These results are in good agreement with the predictions of linear 

stability theory. 

Finally, nonlinear computational investigations of thermal and finger convection due 

to heating superposed fluid and porous layers from below were carried out. The motion of 

the fluid in the porous layer is governed by the Darcy's equation with the Brinkman and 

Forchheimer terms included to account for viscous and inertial effects. The motion in the 

fluid layer is governed by the Navier-Stokes equations. The flow is assumed to be two-
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dimensional and periodic in the horizontal direction, with wavelength equal to the critical 

value at onset as predicted by the linear stability theory. The numerical scheme used is a 

combined Galerkin and finite-difference method, and proper boundary conditions are 

applied at the interface. 

1\ 

For the thermal convection case, results have been obtained for depth ratios d = 0, 

1\ • 
0.1, 0.2, 0.5 and 1.0. For d = 0.1 and the RayleIgh number of the porous layer equal to 20 

times the critical value, the convection is largely confined to the porous layer, similar to 

the situation at onset, even though the Rayleigh number for the fluid layer is well into the 

supercritical regime. The Nusselt number for a less than the critical value (0.13 in the 

1\ 

present case) increases sharply with Rm, whereas at larger values of d, the increase is very 

moderate. Nusselt numbers predicted by the numerical scheme for d = 0.1 and 0.2 show 

good agreement with the experimental results. 

In the salt-finger regime, the linear stability analysis was used to calculate the 

stability criteria. It was found that the stability characteristics depend considerably on Rm. 

When Rm is small, say 0.01, the critical value of Ram decreases as a increases, which is 

similar to the thermal convection case. When ~ = I, the layers are destabilized as a 
increases and multicellular convection is predicted in the fluid layer. For 5 ~ Rm ~ 50, it 

1\ 

is found that Rom first decreases and then increases as d increases from 0.1 to 0.2. The 

critical Rom remains almost constant for the rest of the range of d. From W(z) and the 

streamline patterns, it is concluded that multicellular convection prevails in the salt-finger 

1\ 

case and causes the layers to be less stable as d increases. 

Nonlinear computation was then used to study salt-finger convection near onset and 

in the supercritical range. 
1\ 

The case d = 0 was first studied extensively to examine the 

convective features in the porous layer. For Rm = I, oscillatory convection was not 
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predicted until Rum was between ten and eleven times the critical value. The oscillations 

are preiodic. The number of convection cells in the prescribed computational domain 

remains fixed up to this supercritical stage. The stability chamcteristics are similar to the 

thermal convection case. For Rm = 50, aperiodic oscillations of the flow set in when Ram 

is between four and five times the critical value. The critical wavelength at the oscillatory 

~ 

stage is the same as with that at the onset. For the superposed layer cases d = 1 and 0.5 

with Rm = 0.01, the convective characteristics are again similar to those for the thermal 

convection case. For Rm = 1, evidence is found that the salt-finger convection has an 

oscillatory onset. This finding controverts the assumption in the linear stability analysis 

that the principle of exchange of stabilities holds for finger convection in this superposed 

layer system. The answer to this question awaits a more geneml linear stability analysis, 

involving solution of the complex eigenvalue problem in Chapter 2. In the computation 

for Rm = SO, the nonlinear code seems to have failed to obtain satisfactory results. It is 

suspected that this might be due to the greater importance of higher modes at Rm = SO 

than at smaller ~. 

The results from the nonlinear salt-finger computation show that oscillatory onset 

might occur when Rm ~ 1. Future work to look for oscillatory onset of salt-finger 

~ 

convection for d:/:O is strongly recommended. Because of the slow convergence rate of 

the Galerkin series used in this study for unsteady solutions, a better Galerkin series or full 

finite difference scheme is recommended for use in future work. 

In this dissertation, we have set up a mathematical model for thermal and fingering 

convection in superposed fluid and porous layers; the fingering convection is believed to be 

important in setting the stage for the onset of the ejection of liquid plumes from the 

porous layer. By comparison to experiment, our mathematical model is shown to be able 
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to predict the convective motion in superposed fluid and porous layers. Nevertheless, in 

the present work, the porous medium is assumed to be homogeneous, isotropic, and phase 

changes are excluded. We also ignore the motion of interface between the fluid and 

porous layers which occurs during the solidification process. It is recommended that, in 

future work, one should consider the anisotropic effects in the porous medium. From 

Castinel and Cambamous (1975) and Tyvand (1980), it is found that the anistropy affects 

the onset Rayleigh number and critical wavelength substantially. The phase change in the 

porous medium will, in turn, affect the porosity of porous medium, and is believed to be 

one of the important mechanisms which drives the ejection of light, cold liquid plumes 

from the dendritic region into the melt. By including the moving interface condition and 

the considerations above, one can hope to completely and correctly simulate fluid motion 

during directional solidification. 
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